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Abstract

The field of image reconstruction and inverse problems in imaging have been revolutionized by the
introduction of methods which learn to solve inverse problems. This thesis investigates a variety of
methods for learning to solve inverse problems by leveraging data: first by exploring the online sparse
linear bandit setting, and then by investigating modern methods for leveraging training data to learn
to solve inverse problems. In addition, this thesis explores a multi-model method of leveraging human
descriptions of change in time series of images to regularize a graph-cut-based change-point detection
method.

Recent research into learning to solve inverse problems has been dominated by “unrolled optimiza-
tion” approaches, which unroll a fixed number of iterations of an iterative optimization algorithm,
replacing one or more elements of that algorithm with a neural network. These methods have several
attractive properties: they can leverage even limited training data to learn accurate reconstructions,
they tend to have lower runtime and require fewer iterations than more standard methods which
leverage non-learned regularizers, and they are simple to implement and understand. However,
learned iterative methods, like most learned inverse problem solvers, are sensitive to small changes in
the data measurement model; they are uninterpretable, suffering reduced reconstruction quality if
run for more or fewer iterations than were used at train time; and they are limited by memory and
numerical constraints to small numbers of iterations, potentially lowering the ceiling for best available
reconstruction quality using these methods.

This thesis proposes an alternative architecture design based on a Neumann series, which is
attractive from a practical perspective for its sample complexity performance and ease to train compared
to methods based on unrolled iterative optimization. In addition, this thesis proposes and tests
two techniques to adapt arbitrary trained inverse problem solvers to different measurement models,
enabling deployment of a single learned model on a variety of forward models without sacrificing
performance or requiring potentially-costly new data. Finally, this thesis demonstrates how to train
iterative solvers that are unrolled for an arbitrary number of iterations. The proposed technique for the
first time permits deep iterative solvers that admit practical convergence guarantees, while allowing
flexibility in trading off computation for performance.
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Chapter 1

Introduction and Background
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1.1 Introduction

Structure and Overview

The structure of this work is as follows:

• Chapter 1 presents an overview of learning to solve inverse problems in imaging, which acts as
background for the next three chapters.

• Chapter 2 presents the Neumann network, a method to leverage limited training data for linear
inverse problems in images. The Neumann network is related to other data-driven approaches to
solving inverse problems in imaging, particularly learned iterative methods. The final version of
this work will include some further investigation of learned denoisers and regularizers for the
aforementioned iterative optimization approaches, as well as modifications to improve their data
efficiency. The work in this chapter was performed jointly with Greg Ongie and Rebecca Willett.

• Chapter 3 and Chapter 4 tackle two problems in the field. First, we explore model adaptation: deep
inverse solvers are almost universally brittle to changes in the measurement model, limiting the
wider adaptation of these methods to highly controlled applications. Second, “unrolled” methods
are based on more traditional optimization methods, but are in general uninterpretable and do
not converge to useful solutions. We introduce a method based on Deep Equilibrium models [7]
which permits efficient training and practical convergence guarantees for optimization algorithms
with deep regularizers, a first in the literature. The work in these chapters was performed jointly
with Greg Ongie and Rebecca Willett.

• In Chapter 5, a method for the linear bandit problem for sparse data is proposed and analyzed.
In this case, a Bayesian method known as the Relevance Vector Machine is leveraged as part of a
bandit algorithm to achieve competitive regret bounds that depend on the accuracy of the learned
regularizer, with respect to the sparsity of the underlying signal. This work was performed with
Rebecca Willett [21].

• Chapter 6 is a brief diversion away from learning to solve linear inverse problems into learning
deep learning machinery for detecting and describing changes in visual streams. Visual streams
are time series of images in which two successive images may be separated by viewpoint shifts,
lighting changes, and other “nuisance” changes caused by gaps in time between capturing
successiv frames. We demonstrate that by regularizing the changepoint method with a deep
network that annotates these streams with language descriptions, the changepoint detection
task becomes easier. The work in this chapter was performed jointly with Ruotian Luo, Greg
Shakhnarovich, and Rebecca Willett.

The remainder of the introduction provides some background on solving inverse problems with
deep networks, while outlining the setting and notation for the treatment of linear inverse problems
used for the remainder of this work. As Chapter 6 studies a different problem than the other chapters,
it is self-contained, and the study of prior work is in the introduction to that chapter.
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1.2 Deep Regularizers for Linear Inverse Problems

The majority of this dissertation investigates various methods for solving inverse problems, in which
we wish to reconstruct an image x? from corrupted measurements y. When y is a noisy function
of x?, i.e. y = A(x?) + ε, where in our case A(·) is some non-invertible function. Inverse problems,
especially linear inverse problems, are ubiquitous in application: common examples include image
superresolution, deblurring, dehazing, MRI image reconstruction, and phase retrieval.

Concretely, we assume the following model for measurements. We observe y = Ax? + ε, where
y, ε ∈ Rm, x? ∈ Rn, and A ∈ Rm×n. This model encompasses multidimensional data (say, RGB
images) by first vectorizing x. Complex data can be used as well, but for simplicity we always treat
complex-valued images as two-channel images - one channel for the real part, and one for the imaginary
part.

A simplifying assumption this work makes is that ε is isotropic Gaussian noise. That is, y ∼

N(Ax?,σ2I) for some σ2 ∈ R. In this case, it is simple to show that the maximum-likelihood estimate is:

x̂MLE = arg min
x

||y− Ax||22 (1.1)

If A is full-rank and m > n then the above has a trivial solution x̂MLE = (A>A)−1A>y. This
solution is generally avoided for nontrivial problems, as the direct inverse is sensitive to noise if A
is poorly-conditioned (some of its eigenvalues are much smaller than the others), and it may not
lead to unique solutions for non-full-rank A. The rest of this work assumes that A is either not full
rank (subsampled MRI, superresolution) or is so poorly-conditioned that direct inversion is unstable
(deblurring).

To alleviate the stability and non-uniqueness problems, a typical approach is to introduce a regular-
izer r(x) which represents knowledge about desirable solutions into the reconstruction process. This
can be interpreted as a maximum a posteriori estimate:

x̂MAP = arg min
x

− log(p(x|y)) − log(p(x)) = arg min
x

||y− Ax||22 − log(p(x)). (1.2)

More generally, it is typical to replace − log(p(x)) with some r(x) representing prior knowledge of
the distribution or structure of x. For example, the Tikhonov regularizer [58] corresponds to λ||x||22.
Common non-learned regularizers include total variation [62], sparsity in a (potentially overcomplete)
basis [64, 59], or rank of some structured representation of the data [53].

This work does assume that A is given by the world; that is, we cannot choose A to be favorable in
some way for reconstruction. While the field of sampling and compressed sensing are rich ones, this
problem is out of scope for this thesis.

However, when training data is available, it is possible that the above “static” regularizers may
be suboptimal. In several applications, large datasets are becoming available (see, for example, the
fastMRI dataset [67]), which permit learning to solve inverse problems. A broad collection of recent
works, as surveyed by [6] and [42], have explored using machine learning methods to learn to solve
inverse problems in imaging. The below provides an exploration of some of the broad categories of
learning to solve inverse problems, with particular focus on unrolled optimization, which can often be
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Figure 1.1: Diagram of residual learning to learn to solve inverse problems. In this case the residual
network acts to correct the structured errors produced by the approximate inverse in the first step of
this algorithm.

interpreted as learning a good r(x) using training data.
Throughout, we assume we have training samples of the form (xi,yi) for i = 1, . . . ,N, where

yi = Axi + εi, A ∈ Rm×n is known and the noise εi is treated as unknown.

1.3 Neural Networks for Inverse Problems in Imaging

There are several general categories of methods used to learn to solve inverse problems, which are
reviewed below.

Residual Networks and Simple Model-Agnostic Methods

An agnostic learner uses the training data to learn a mapping from y to x with limited knowledge
of A at any point in the training or testing process [66]. The general principle is that, given enough
training data, we should be able to learn everything we need to know about A to successfully estimate
x. Empirically, the success of this approach appears to be highly dependent on the forward operator A.
This straightforward approach has been demonstrated on superresolution [17, 33], blind deconvolution
[66], and motion deblurring [57], among others. In general, this approach requires large quantities of
training data because it must not only learn the geometry of the image space containing the x’s, but
also aspects of A.

Alternately, if A is known, a particularly successful approach to solving inverse problems with
neural networks has been through residual learning [27].

Residual learning constructs an output of a neural network f(·) of the form z = f(x) + x. Residual
networks were originally proposed in [27], but began to see widespread use in image reconstruction
when introduced as a form of image denoiser by [68]. The chief insight made by this work was that
training a neural network to only learn the noise in a noisy image is a simpler task than forcing the
neural network to learn to reproduce the original image in its entirety. Here, it is expected that f(x),
the output of just the neural network, is expected to have small norm.

However, in inverse problems, it is often the case that residual learning is not possible, since y and
xmay not lie in the same space (as in MRI reconstruction, or more simply, superresolution, in which
y is a different size than x). To enable using residual learning, typically some initial reconstruction
A†(y) is what is used. In this case, the residual network is of the form A†(y) + f(A†(y)). A†(·) is
not necessarily a pseudoinverse for A, but must be a function that maps from the y-space to x-space.
For concreteness, in MRI this may be a zero-filled IFFT, whereas in superresolution this may be any
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number of upsampling schemes for the downsampled y, like bicubic or nearest-neighbor interpolation.
An alternate approach is to learn some initial linear mapping A†, using a fully-connected layer of
appropriate size, as in [70].

Training proceeds by minimizing the mean squared error between the residual reconstruction and
xi over all xi.

A number of problems have been tackled in this way: see [quan2018compressed, 70, 41, 31] for
some examples. The residual network approach is appealing: test-time reconstruction is often very fast
compared to classical iterative approaches, and training is quite straightforward. However, because
little knowledge of the forward model is “built-in” to the network, resnets can require large datasets
to achieve high accuracy, and they are tied to particular forward models. Since the deep network is
learning to “denoise” the particular structured noise introduced by the potentially crude reconstruction
A†, using these methods for multiple forward models requires training multiple networks. In Section
5, we address this brittleness to changes in the forward model, and introduce a method to alleviate this
issue.

Decoupling Training From Reconstruction

A decoupled approach operates in two stages. In the first stage, a collection of training images xi is used
to learn a representation of the image space of interest. In the second stage, this learned representation
is incorporated into a mapping from (y, x) to β̂. That is, the learning takes place in a manner that is
decoupled from the inverse problem at hand. Here we present two examples of this.

Learning to Reconstruct Images Via Generative Models

In the simplest method for solving inverse problems with deep generative models, it is typically
assumed that the practitioner has access to a model G for x’s that takes as input a low-dimensional
latent vector z ∈ Rd where d < p and outputs x = G(z). The details of the generative model are
typically not essential. The basic idea is that the images of interest lie oa low-dimensional submanifold
that can be indexed by z. Then solving the inverse problem corresponds to solving a constrained
optimization problem:

min
z
‖y− Ax‖2

2s.t.x = G(z)

which gives a reconstruction of the form:

x̂ = arg min
x=G(z),z∈Rd

‖y− Ax‖2
2. (1.3)

Practically, solving for z is done by gradient descent (or projected gradient descent, if z is constrained
to some set) on the z vector. However, the above formulation assumes that G(·) is a good generative
model for the image set in question. For datasets with limited variety or low dimensionality, this may
be a reasonable assumption, but in more complex settings like MRI reconstruction, the problem of
training a good generative model is still open. This overall approach was originallydescribed in [9]
with applications to compressed sensing, and has been followed up on by further work [26, 25, 15,
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Figure 1.2: Solving a simple deblurring problem with CSGM and IAGAN. The forward model here is a
motion blur with kernel size 7 × 7 and θ = 10 degrees. CSGM struggles to accurately model the data
distribution, while IAGAN retrains the network G to fit the measurements ymore exactly.

28]. The original method (entitled Compressed Sensing with Generative Models, or CSGM), does not
require pairs of (xi,yi) for training, but does incur a significant computational cost at test time.

By contrast, the Deep Image Prior approach [60] proposes fixing the input to a randomly-initialized
deep network, which for simplicity we also refer to as G(z). However, rather than performing gradient
descent on z, the authors of [60] propose running gradient descent on the parameters of G(z), which I
denote θ. This gives an estimated solution of the form:

x̂ = G(z; θ̂); θ̂ = arg min
θ

‖y− AG(z; θ)‖2
2. (1.4)

Perhaps surprisingly, this method has been shown to work well for superresolution, JPEG artifact
removal, and other tasks. This implies that simply constraining a reconstruction to be the output of
a (deep) convolutional network is a worthwhile regularizer in itself. Unfortunately this approach is
even more costly than CSGM: each reconstruction requires retraining G, which is difficult to perform
in a batched fashion.

More recent work, known as Image-Adaptive GANs [29] CSGM and the Deep Image Prior approach.
This work alternates between optimizing z and θ:

x̂ = G(ẑ; θ̂); ẑ, θ̂ = arg min
z,θ

‖y− AG(z; θ)‖2
2. (1.5)

While the computational downsides of Deep Image Prior are still present, this method does produce
greatly improved reconstructions over CSGM, while being model-agnostic. The success of this approach
indicates that learning a perfect generative model may not be neccessary to produce good solutions to
inverse problems, at a significant computational cost. Comparisons between reconstructions produced
by CSGM and IAGAN are provided in Fig. 1.2.

Plug-and-Play and RED

To motivate an alternative to learning a generative model, recall the MAP estimator:
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x̂MAP = arg min
x

||y− Ax||22 − log(p(x)).

To calculate x̂MAP a reasonable approach is to choose some starting point and run gradient descent
on the above objective function. The gradient step will be of the form:

x̂
(k+1)
MAP = x̂

(k)
MAP − ηA>(Ax̂(k)MAP − y) − η∇ log(p(x)).

The problematic term here is the score ∇ log(p(x)). [4] investigated the properties of neural
networks trained to denoise data corrupted by Gaussian noise (which will be denoted R(x)), and
revealed that ∇ log(p(x)) can be approximated by ∇ log(p(x)) ≈ (R(x) − x)/σ2. Hence we can plug in
a pretrained denoising network (or some other accurate denoiser) to calculate the above xMAP.

However, the above result assumes that the denoiser is MSE-optimal and that the approximation
from [4] is valid. In practice these are hard constraints, and the above algorithm tends to not perform
well. However, the insight that a pretrained denoiser may be useful to “plug in” to an optimization
algorithm is still valid. This is exactly the approach used by the Plug and Play and Regularization By
Denoising methods.

The Plug-and-Play approach was originally proposed in [61], in which it was used in the context of
the ADMM algorithm. The original method replaces a proximal operator in ADMM with an existing
denoiser, but the Plug-and-Play approach has been expanded to a number of other optimization
algorithms, such as the primal-dual algorithm [37], generalized approximate message passing [39],
and many others (see, for example [30, 56, 10]). The simplest of these is Plug-and-Play for the proximal
gradient algorithm.

A proximal gradient algorithm [51, 43] starts with an initial estimate x(0) and step size η > 0 and
then iterates between computing a gradient descent step that pushes the current estimate x(k) to be
a better fit to the data, followed by a proximal operator that finds an estimate in the proximity of the
resulting iterate that matches some prior condition. This second step is often thought of as a denoising
step, and is what is replaced in Plug-and-Play proximal gradient descent.

An alternative to Plug-and-Play, which only implicitly defines a regularizer r(·), is Regularization by
Denoising (RED) [49]. In RED, r(x) = x>(x−R(x))/2, where as before R(x) is some pretrained denoiser.
Under certain conditions on R(·) [48], the gradient∇r(x) = x− R(x). A number of algorithms were
proposed in [49, 48] for solving this problem. In general, RED and Plug-and-Play provide comparable
reconstruction quality, but have different constraints on the denoisers to ensure convergence, which
can be difficult to enforce or verify for general deep denoisers [50].

The key feature in both generative-model-based and learned-denoiser-based approaches is that all
training takes place independently of A – i.e., we either learn a generative model or a proximal operator
using the training data, neither of which require knowledge of A. The advantage of this approach is that
once training has taken place, the learned generative model or proximal operator can be used for any
linear inverse problem, so we do not need to re-train a system for each new inverse problem. In other
words, the learning is decoupled from solving the inverse problem. However, it is typically required
to train a number of denoisers for different noise levels, as well as choose optimization parameters
by cross-validation. Some recent work has focused on automatically tuning the parameters in the
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optimization method used, by training a separate agent which dynamically selects parameters during
test time [63].

The flexibility of the decoupled approach comes with a high price in terms of sample complexity.
To see why, note that learning a generative model or a denoising autoencoder fundamentally amounts
to estimating a probability distribution and its support over the space of images; let us denote this
distribution as φ(x). Thoroughly understanding the space of images of interest is important if our
learned regularizer is to be used for linear inverse problems of which we are unaware during training.

On the other hand, when we know A at training time, then we only need to learn the conditional
distribution φ(x|Ax) or φ(x|y) [19].

For example, imagine an image inpainting scenario in which we only observe a subset of pixels in
the image x. Rather than learn the distribution over the space of all possible images, we only need to
learn the distribution over the space of missing pixels conditioned on the observed pixels, φ(x|Ax). Of
course, φ(x|Ax) can be calculated from φ(x) and A using Bayes’ law, but the latter distribution may lie
in a much lower-dimensional space, making it easier to learn with limited data.

It is well-known that the accuracy of any estimate of φ(x) has a minimax rate that scales as
O(N− α

2α+p ) with N the number of training samples, p the dimension of φ(x), and α a smoothness
term [18, 14, 32]. This scaling is quite restrictive, but if the conditional density only depends on a
subset of size p ′ of the original p coordinates, the rate for estimating the conditional density function is
O(N− α

2α+p′ ) [19].
The key point is that decoupled approaches (implicitly) require learning the full density φ(x),

whereas a method that incorporates A into the learning process has the potential to simply learn the
conditional densityφ(x|Ax), which often can be performed accurately with relatively little training data.
This observation is supported by experimental results in Chapter 2, which illustrate that decoupled
approaches generally require far more training samples than methods that incorporate knowledge of
A.

In addition, Plug and Play and RED tend to assume that the noise distribution at test time is
relatively unstructured. Practically, this imposes constraints on what problems are best to address with
these approaches: very low sampling rates in MRI or compressed sensing, or extreme distortion in
deblurring tend to be more difficult to tackle with Plug and Play or RED.

x + ηA⊤(y − Ax)

−ηRθ( ⋅ ) =
+̂x0

x + ηA⊤(y − Ax)

−ηRθ( ⋅ ) =
+̂x1

x + ηA⊤(y − Ax)

−ηRθ( ⋅ ) =
+̂xB−1…̂x2 ̂xB

Figure 1.3: Unrolled gradient descent network. The result of B iterations of gradient descent with a fixed step
size η and regularizer with gradient R, as in (??) is equivalent to the output of the above network, with each block
corresponding to a single iteration. The network maps a linear function of the measurements, x(0) = ηA>y, to a
reconstruction β̂ by successive application of an operator of the form [I− ηA>A](·) − ηR(·) and addition of ηA>y.
Here R is a trained neural network, and the scale parameter η is also trained.
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Review of Deep Unrolling Methods

Plug and Play and RED are attractive because they may be applied for a wide range of inverse problems,
but in exchange they can require learning the data distribution φ(x), and often do not deal well with
structured noise. Rather than first learn, then use the learned network in an optimization algorithm, a
recent trend in learning to solve inverse problems, called Deep Unrolling, trains a network as part of
an optimization algorithm directly.

Deep Unrolling encompasses inverse problem solvers which consist of a fixed number of archi-
tecturally identical “blocks,” which are often inspired by a particular optimization algorithm. These
methods represent the current state of the art in MRI reconstruction, with most top submissions to the
fastMRI challenge [40] being some sort of unrolled net. Unrolled networks have seen success in other
imaging tasks, e.g. low-dose CT [65], light-field photography [13], and emission tomography [36].

For demonstration, a specific variant of deep unrolling methods based on gradient descent is
described here, although many variants exist based on alternative optimization or fixed point iteration
schemes [42]. Recall from above that if there is a known regularization function r that could be applied
to an image x, then we could compute an image estimate by solving the optimization problem

x̂ = arg min
x

1
2‖y−Ax‖2

2 + r(x). (1.6)

If r is differentiable, this can be accomplished via gradient descent. That is, we start with an initial
estimate x0 such as x0 = A>y and choose a step size η > 0, such that for iteration k = 1, 2, 3, . . ., we set

xk+ 1 = xk+ ηA>(y−Axk) − η∇r(xk),

where∇r is the gradient of the regularizer.
The block diagram for the unrolled gradient descent estimator is shown in Figure 1.3. We can

now represent the gradient of the regularizer, R(·), with a trainable neural network. In contrast to
the decoupled approach described above, unrolled optimization methods learn the regularizer (or
its gradient) in the context of the forward model A and training observations yi by minimizing the
disparity between the true xi and β̂(yi), the output of the full network (see Figure 1.3). This end-to-end
training sidesteps the sample complexity challenges described in Section 1.3.

x + ηA⊤(y − Ax) proxRθ
( ⋅ ) =̂x0 ̂x1 ̂xB−1… ̂xBx + ηA⊤(y − Ax) proxRθ

( ⋅ ) =

Figure 1.4: Unrolled proximal gradient descent network. The result of B iterations of proximal gradient descent
with a proximal operator proxRθ(x) is equivalent to the output of the above network, with each block corresponding
to a single iteration. The network maps a linear function of the measurements, x(0) = ηA>y, to a reconstruction
β̂ by successive application of an operator of the form Rθ

(
[I− ηA>A](·) + ηA>y

)
. Here R is a trained neural

network, and the scale parameter η is also trained.

The unrolling approach can be applied to a variety of optimization algorithms beyond gradient
descent. The earliest proposed unrolled inverse problem solver was [23], in which the authors proposed
unrolling the Iterative Shrinkage and Thresholding Algorithm (ISTA) [8] and the coordinate descent
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algorithm; further refinements of this approach were proposed in [54, 30]. More recent work has
illustrated the efficacy of unrolled optimization as applied to (proximal) gradient descent [11, 16, 35],
alternating directions method of multipliers [55], primal-dual methods [1], half-quadratic splitting
[52, 69], block coordinate descent [46, 47, 12], alternating minimization [2], iterative reweighted least
squares [3, 44], and approximate message passing [38]. In proximal gradient settings, the learned
neural network is interpreted as a learned proximal operator (see Fig 1.4), whereas in the gradient
descent network (see Fig 1.3), the learned neural network can be interpreted as the gradient of some
regularizer. In other words, for different unrolled optimization methods the learned neural network
can play different roles.

More generally, deep unrolled methods fix some number of iterations K of an existing iterative
optimization scheme (typically K ranges from 5 to 10), declare that xK will be the estimate x̂, and
model one or more operations of the iterative scheme with a neural network, denoted Rθ(x), that can
be learned with training data. We assume that all Rθ have identical weights, although other works also
explore non-weight-tied variants [1].

Training attempts to minimize the cost function
∑n
i=1 ‖x̂(K)(yi; θ)−x∗i‖2

2 with respect to the learnable
network parameters θ. This form of training is often called “end-to-end”; that is, we do not train the
network representing ∇r in isolation, but rather on the quality of the resulting estimate x̂(K), which
depends on the forward model A.

In a related but separate subfield, [wu2019learning] describes a unrolling approach to learning a
forward model in an imaging context, but with the goal of designing a forward model that optimizes
reconstruction quality, rather than estimating a correction to the forward model from measurements.

The number of iterations is kept small for two reasons. First, at deployment, these systems are
optimized to compute image estimates quickly – a desirable property we wish to retain in developing
new methods. Second, it is challenging to train deep unrolled networks for many iterations due to
memory limitations of GPUs because the memory required to calculate the backpropagation updates
scales linearly with the number of unrolled iterations.

While for practical reasons the number of blocks B must be kept small in end-to-end training,
empirically this does not appear to be an obstacle to good performance. For example, [23] notes that
end-to-end training reduces the iterations of the ISTA algorithm required to achieve a fixed error rate by
a factor of 20, and [16] achieve promising performance with B = 8 proximal gradient descent iterations.
Chapter 2 proposes and demonstrates a method that resembles Deep Unrolling, but bypasses some
practical issues during training to ensure better performance in the low-sample case by being based on
the Neumann series expansion rather than an existing optimization method.

Another strategy to enable deeper unrollings is to perform block-by-block training as in [47];
however, this approach is unsuitable when the neural network weights are shared between blocks,
which is the case in our setting. It is possible to relax the shared-weights assumption, but [2] has
illustrated that in the low-sample setting, different learned weights in each block can be suboptimal.

However, tying an unrolled network to a particular B limits flexibility in deployment. If a particular
datapoint only requires a rough reconstruction, or a different one requires more detail than most
other datapoints, a deep unrolled system cannot accommodate these requirements. As a workaround,
consider training such systems for a small number of iterations K (e.g., K = 10), then extracting the
learned regularizer gradient∇r, and using it within a gradient descent algorithm until convergence
(i.e. for more iterations K than used in training). Our numerical results highlight how poorly this
method performs in practice (See Fig. 1.5). Choosing the number of iterations K (and hence the test
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K=1 K=10 K=20 K=30 K=40

K=50 K=60 K=70 K=80 K=90

Figure 1.5: Sample images and reconstructions from Deep Unrolled Proximal Gradient Descent trained
for 10 iterations performing Gaussian deblurring with Gaussian noise with σ = 0.01. Each image
represents the output of iterate number K. While at 10 iterations the reconstruction quality is state-
of-the-art, after 10 iterations additional iterations decrease reconstruction quality significantly. The
ground truth may be viewed in the final column of Figure B.3. Chapter 4 addresses this problem,
introducing a novel method to train learned iterative networks to convergence.

time computational budget) at training time is essential.
Chapter 4 introduces a method based on Deep Equilibrium [7] to train Deep Unrolled models with

an arbitrary number of iterations. By training the full optimization process, a Deep Equilibrium-based
reconstruction method can guarantee convergence, and enables adaptive computation: computation
can be dynamically allocated to images which require better reconstruction quality, while less-essential
images can save computation but not worry about disastrous reconstructions.

Instability in Inverse Problems

Chapter 3, on model adaptation, is motivated in part by experiments presented in [5], which show
that deep neural networks trained to solve inverse problems are prone to several types of instabilities.
Specifically, they showed that model drift in the form of slight changes in the forward model (even
“beneficial” ones, like increasing the number of k-space samples in MRI) often have detrimental impacts
on reconstruction performance. While [5] is mostly empirical in nature, a follow-up mathematical
study [22] provides theoretical support to this finding, implying that instability arises naturally from
training standard deep learning inverse solvers. However, recently [20] has shown that the instabilities
observed in in [5] can be mitigated to some extent by adding noise to measurements during training,
though such techniques are not sufficient to resolve artifacts arising from substantial model drift. To
address a subset of these issues, [45] and [34] propose adversarial training frameworks that increases
the robustness of inverse problem solvers. However, [45] and [34] focus on robustness to adversarial
perturbations in the measurements for a fixed forward model, and do not address a global change in
the forward model. Chapter 3 focuses on two methods for adapting inverse problems trained on one
forward model to another without retraining.

A recent paper [24] has proposed domain adaptation techniques to transfer a reconstruction network
from one inverse problem setting to another, e.g., adapting a network trained for CT reconstruction to
perform MRI reconstruction. However, the focus of that approach is on adapting to changes in the image
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distribution, whereas Chapter 3’s approaches focus on changes to the forward model assuming the image
distribution is unchanged.
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Chapter 2

Neumann Networks
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2.1 Introduction

The following chapter will focus on the main problem proposed in the introduction: given a limited
number of samples that are obtained with a fixed number of measurements each, find the optimal
reconstruction for a new data point. This is the problem of learning to solve linear inverse problems,
and we will be particularly interested in their applications in imaging and image reconstruction.

Specifically, we investigate finding some x that minimizes the following cost, where r(x) represents
a learned regularization term, which will be elaborated on later:

x̂ = arg min
x

||y− Ax||22 + r(x). (2.1)

This chapter is structured as follows: we will examine the literature in learned methods for linear
inverse problems, and then we will examine some theoretical results on optimal reconstructions, as well
as sample complexity of learning certain kinds of regularizers. After that, we introduce the motivation
for and architecture of the Neumann network. Several modifications of the Neumann network are also
introduced, one based on patchwise regularization, which is more applicable in general.

2.2 Learning to Regularize

In this chapter we consider solving linear inverse problems in imaging in which a p-pixel image,
x? ∈ Rp (in vectorized form), is observed via m noisy linear projections as y = Ax? + ε, where
y,ε ∈ Rm and A ∈ Rm×p. This general model is used throughout computational imaging, from basic
image restoration tasks like deblurring, super-resolution, and image inpainting [24], to a wide variety
of tomographic imaging applications, including common types of magnetic resonance imaging [20],
X-ray computed tomography [18], radar imaging [7], among others [6]. The task of estimating x? from
y is often referred to as image reconstruction. Classical image reconstruction methods assume some
prior knowledge about x? such as smoothness [52], sparsity in some dictionary or basis [21, 37, 57], or
other geometric properties [49, 55, 15, 39], and attempt to estimate a x̂ that is both a good fit to the
observation y and that also conforms to this prior knowledge. In general, a regularization function r(A)

measures the lack of conformity of A to this prior knowledge and x̂ is selected so that r(x̂) is as small
as possible while still providing a good fit to the data.

However, recent work in computer vision using deep neural networks has leveraged large collections
of “training” images to yield unprecedented image recognition performance [25, 28, 32], and an
emerging body of research is exploring whether this training data can also be used to improve the
quality of image reconstruction. In other words, can training data be used to learn how to regularize
inverse problems? As we detail below, existing methods include using training images to learn a low-
dimensional image manifold and constraining x̂ to lie on this manifold [9] or learning a denoising
autoencoder that can be treated as a regularization step (i.e., proximal operator) within an iterative
reconstruction scheme [41].

We propose a novel neural network architecture based on the Neumann series expansion [50, 23]
that we call a Neumann network, we describe several of its key theoretical properties, and empirically
illustrate its superior performance on a variety of reconstruction tasks. In particular,
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• Neumann networks, which directly incorporate the forward operator A into the network architec-
ture, can have dramatically lower sample complexity than model-agnostic networks that attempt
to learn the entire image space. As a result, they are much more amenable to applications such
as medical imaging or scientific domains where datasets may be smaller.

• Neumann networks naturally yield a block-wise structure with skip connections [25] emanating
from each block. These skip connections appear to yield a smoother optimization landscape that
is easier to train than related network architectures.

• When the images of interest lie on a union of subspaces, and when the trainable nonlinear
components of the network have sufficient expressiveness/capacity, there exists a Neumann
network estimator that approximates the optimal oracle estimator arbitrarily well. Furthermore,
after training the Neumann network on simulated data drawn from a union of subspaces, we
show the learned nonlinear components in the trained Neumann network have the form predicted
by theory.

• A simple preconditioning step combined with the Neumann network further improves empirical
performance.

• Modification to enforce local regularization provides superior sample complexity performance
on some types of imagery.

• The empirical performance of the Neumann network on superresolution, deblurring, compressed
sensing, and inpainting problems exceeds that of competing methods.

2.3 Neumann Networks

Below, we adopt the following strategy. First, we consider the setting in which the gradient of the
regularizer is a linear operator and derive a simple Neumann series approximation to an optimal
solution of (2.1). We then consider the overall Neumann network formed if R is represented by a
(potentially nonlinear) neural network. In this section, we treat a nonlinear network operation as a
heuristic that we justify theoretically in Section 2.5. This section also describes a simple preconditioning
step that can improve the accuracy of our approach and an explicit comparison between the proposed
Neumann network and the unrolled gradient descent network described in Section ??.

Proposed Network Architecture

Our proposed network architecture is motivated by the regularized least squares optimization problem
(2.1) in the special case where the regularizer r is quadratic. In particular, assume r(A) = 1

2 A>RA so
that∇r(A) = RA for some matrix R ∈ Rp×p. Then a necessary condition for x? to be a minimizer of
(2.1) in this case is

(A>A + R)x? = A>y. (2.2)

Assuming the matrix on the left-hand side is invertible, the solution is given by

x? = (A>A + R)−1A>y. (2.3)
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Figure 2.1: Proposed Neumann network architecture. Inspired by the Neumann series expansion for computing
the inverse of an operator, a Neumann network maps a linear function of the measurements, Ã(0) = ηA>y to
a reconstruction x̂ by successive application of an operator the form [I − ηA>A](·) − ηR(·) while summing the
intermediate outputs of each block. Here R is a trained neural network, and the scale parameter η is also trained.
Unlike other networks based on unrolling of iterative optimization algorithms, the series structure of Neumann
networks lead naturally to skip connections [25] (highlighted in red) that route the output of each dashed block
to directly to the output layer.

In order to approximate the matrix inverse in (2.3) we consider a Neumann series expansion of
linear operators [50, 23], which we now recall. Let A be any p× pmatrix and let I denote the p× p
identity matrix. If the Neumann series

∑∞
k=0 Ak converges then I− A is invertible and we have

(I− A)−1 =

∞∑
k=0

Ak = I+ A + A2 + A3 · · · (2.4)

In particular, a sufficient condition for the convergence of the Neumann series is ‖A‖ < 1 where ‖ · ‖ is
the operator norm. We will make use of an alternative form of the same identity:

B−1 = η

∞∑
k=0

(I− ηB)k, (2.5)

which is obtained through a change of variables.
Applying the Neumann series expansion (2.5) to the matrix inverse appearing in (2.3), we have1

x? =

∞∑
j=0

(I− ηA>A − ηR)j(ηA>y). (2.6)

Truncating the series in (2.6) to B+1 terms, and replacing multiplication by the matrixRwith a general
mapping R : Rp → Rp, motivates an estimator x̂ of the form

x̂(y) :=

B∑
j=0

([I− ηA>A](·) − ηR(·))j(ηA>y). (2.7)

We turn (2.7) into a trainable estimator by letting R = Rθ be a trainable mapping depending on a
vector of parameters θ ∈ Rq to be learned from training data. Specifically, in this work we assume Rθ
is a neural network, where θ is a vectorized set of weights and biases that define the network. We also
treat the step-size choice η as a trainable parameter. The class of estimators x̂(y) = x̂(y;θ,η) specified
(2.7) with trainable network R = Rθ we call Neumann networks.

1The series in (2.5) is guaranteed to converge if ‖I− ηB‖ < 1. Hence, the expansion in (2.6) is valid provided
‖I− η(A>A +R)‖ < 1, which holds if and only if A>A +R is positive definite and η < ‖A>A +R‖−1.
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Observe that Neumann networks are motivated by an application of the Neumann series identity
in the case where the gradient of the regularizer is a linear operator (or, equivalently, the regularizer is
quadratic). However, for a general regularizer r such that R = ∇r is nonlinear, the Neumann network
estimator x̂(y) in (2.7) may not be a good solution to the optimization problem (2.1). This is because
the Neumann series identity (2.5) only holds for linear operators. Despite this fact, we show in the
next section that a Neumann network estimator is still mathematically justified under certain model
assumptions on the data distribution for which the ideal R is piecewise linear. For now, we simply treat
the Neumann network estimator as a heuristic motivated by case where R is linear.

To see how (2.7) can be formulated as a network, observe that the terms in (2.7) have the following
recursive form: let the input to the network be Ã(0) := ηA>y and define

Ã(j) := (I− ηA>A)Ã(j−1) − ηR(Ã(j−1)) (2.8)

for all j = 1, ...,B. Then we have x̂(y) =
∑B
j=0 β̃

(j).
Figure 2.1 shows a block diagram for implementing the Neumann network using the recursion

(2.8). Each block with a dashed boundary in Figure 2.1 represents an application of the operator
[I− ηA>A](·) − ηR(·). Due to its underlying series structure, the Neumann network has several skip
connections (highlighted in red) that route the output of each dashed block (i.e., the β̃(j)’s) to the
output layer, similar to those found in residual networks [25] and related architectures [28]. These
skip connections are a distinguishing feature of Neumann networks compared to networks derived
from unrolled optimization approaches, such as unrolled gradient descent (see Figure 1.3). We
hypothesize these additional skip connections result in a smoother optimization landscape relative
to other unrolling approaches, which allows for easier training via stochastic gradient descent. See
Section 2.6 for empirical evidence and more discussion on this point.

Equivalence of Unrolled Gradient Descent and Neumann Network for a Linear Learned
Component

Suppose the learned component R is linear, i.e., R(A) = RA for some matrix R ∈ Rp×p. The Bth
iteration β(B) of unrolled gradient descent with step size η > 0 and initialization β(0) = ηA>y can be
expanded to obtain

A(B) = η

B∑
j=0

(I− ηA>A − ηR)jA>y,

which is precisely the form of the Neumann network estimator (2.7). Therefore, if R is linear the
estimator obtained using a unrolling of gradient descent and the Neumann network estimator are the
same. When R is nonlinear we no longer have this equivalence.

2.4 Modifications to the Neumann Network

In this section, some potential architectural modifications to the "vanilla" Neumann network are
outlined. First, a straightforward derivation of how to include preconditioning in the Neumann
network is outlined
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Figure 2.2: Proposed preconditioned Neumann network architecture. The network has the same basic architecture
as a Neumann network, but uses a different linear component given by Tλ = (A>A + λI)−1 where λ > 0 and a
different initialization Ã(0) = TλA>y. When the matrix inverse in Tλ is computationally prohibitive to apply, we
replace all instances of Tλ with an unrolling of a fixed number of iterations of the conjugate gradient algorithm,
similar to [2]. Here R̃ is a trained neural network, and the scale parameter λ is also learned.

Efficiently finding a solution to the linear system (2.2) using an iterative method is challenging
when the matrix A>A+R is ill-conditioned. This suggests that the Neumann network approach, which
is derived from a Neumann series expansion of the system in (2.2), may benefit from preconditioning.
To begin, consider a preconditioner for (2.2).

Starting from (2.2), for any λ > 0

(A>A + λI)x? + (R− λI)x? = A>y. (2.9)

Applying Tλ := (A>A + λI)−1 to both sides and rearranging terms gives

(I− λTλ + R̃)x
? = TλA>y. (2.10)

where R̃ = TλR. Following the same steps used to derive the Neumann network, the modified estimator
is now

x̂pc(y) =

B∑
j=0

(λTλ(·) − R̃(·))jTλA>y (2.11)

which we call a preconditioned Neumann network. Here R̃ = R̃θ is a trainable mapping depending on
parameters θ. We also treat λ > 0 as a trainable parameter when gradients with respect to λ are easily
calculated (more on this below).

As shown in Figure 2.2, a preconditioned Neumann network has the same basic network architecture
as the standard Neumann network, except the linear component [I− ηA>A](·) is replaced with [λTλ](·)
and the learned component [−ηR](·) is replaced with [−R̃](·). The preconditioned Neumann network
also has a different initialization, β̃(0) = TλA>y, which is the solution to the Tikhonov regularized least
squares problem minA ‖AA−y‖2 + λ‖A‖2. For many inverse problems in imaging, such as deblurring,
this is much more accurate approximation to the ideal solution than the matrix transpose initialization
β̃(0) = ηA>y of the standard Neumann network. Hence, we might expect that a preconditioned
Neumann network could achieve higher quality solutions with fewer blocks B. Our experiments on
deblurring of natural images (see Figure 2.9(b)) support this observation.

Applying Tλ(·) may be computationally prohibitive for certain large-scale inverse problems in imag-
ing, such as those arising in CT and MRI reconstruction. To address this issue, we adapt the approach
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of [2] and replace all instances of Tλ(·) in the preconditioned Neumann network by an unrolling of a
fixed number of iterations of the conjugate gradient (CG) algorithm [26], which approximates the
application of Tλ(·). Unrolling CG does not require any additional trainable parameters, and back-
propagation through the CG layers can be performed via automatic differentiation. This strategy has
been shown to be effective for various large-scale MRI reconstruction problems [3, 43]. Incorporating a
trainable λ parameter into this approach is simple since the derivatives of the end-to-end network x̂pc
with respect to λ are also easily computed by automatic differentiation. In particular, we do not need
Tλ to have an analytic expression in terms of λ in order to compute derivatives.

Finally, we note other preconditioned Neumann networks could be derived by replacing I with
a general matrix S such that A>A + λS is positive definite, e.g., S = D>D where D is a discrete
approximation of the image gradient. For simplicity, S = I in further sections.

Patchwise Regularization

Exploiting the geometry of image patches is leveraged in a myriad of image processing tools, including
nonlocal means [11], dictionary learning [37, 4], BM3D [14, 39], Gaussian mixture model priors [60,
51], and more. However, state-of-the-art methods for neural network-based image reconstruction do
not leverage patch geometry.

In the presence of large training datasets, this is in general a reasonable approach. By including
more of the image in the network’s receptive field, the network can incorporate longer-range correlation
structure between areas of an image, for more accurate reconstruction. However, in the case of small
datasets, learning complex correlation structure is simply not possible; recall the earlier exponential
sample complexity bounds on learning prior distributions. In the small training set case, we focus on
learning a prior for image patches – small blocks of pixels, such as 8× 8 or 16× 16.

Some prior work has explored leveraging patch geometry. For instance, [44, 10] both train entirely
on patches but on special forward models where the operator A can be decomposed across patches;
they split the corrupted image into multiple patches and reconstruct those independently. In contrast,
this paper describes a framework in which A may be an global operator, such as k-space measurements
in MRI or radar returns, but in which the regularizer may be decomposed across patches. This is similar
in spirit to the patch-based decomposition of regularizers in [17], but while that prior work assumed
patches lie along a low-dimensional subspace, here we learn the patch geometry from training images
using a neural network.

Extract 
Patches

Subtract 
Means

Add Back  
Means

Pass Through 
Deep Patchwise 

Regularizer

+

Recombine 
Patches

Figure 2.3: Visual representation of patchwise regularization using a deep network. The network separately
processes N patches of dimension p× p× 3, where N is the number of (potentially overlapping) patches of size
p× p that are used to represent the original image. By operating on small p× p patches, the regularizer learns
from N× nsamples unique patches during training.

We utilize a flexible procedure in which a deep regularizer is applied in a patchwise manner.
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Specifically, the regularizer operates by dividing the input image into overlapping patches, subtracting
the mean from each patch (a standard preprocessing technique in patch-based methods [33]), and
passing each mean-subtracted patch through the learned component (e.g., neural network). The means
from the original patches are added to the outputs of the patches, which are then recombined. Figure
2.3 is a graphical representation of the described procedure. Mathematically, this can be represented
by the following expression:

R(A) = P−1
({
R̃
(

P(x, i) − P(x, i)
)
+ P(x, i)

}n
i=0

)
. (2.12)

Here, P(·, i) is a patch extraction operator which outputs the ith patch of an image, and P−1(·) recom-
bines a set of potentially overlapping patches, where overlapping pixels are averaged. In this case, R̃(·)
is a deep network operating on each patch individually. P(x, i) denotes the average of an individual
patch.

While here we propose a patch-based regularizer in the context of the Neumann network, patch-
based networks may be trained alone for use in an iterative reconstruction algorithm like [47]. The
former case is straightforward, as a single whole-image network can be replaced by the regularizer in
Eq. 2.12. Training is simple, as gradients can flow along the patch-combination and patch-extraction
operators. Training an offline patchwise regularizer typically requires learning a denoising neural
network, which is trained using image patches instead of full images.

2.5 Theory

The Neumann network architecture proposed in the previous section is motivated by the Neumann
series expansion of a (potentially nonlinear) operator R representing the gradient of a regularizer.
Strictly speaking, this Neumann series expansion is valid (i.e., corresponds to the solution of the
equation (2.1)) only if R is linear. However, restricting R to to be linear severely limits the class of
estimators that can be learned in our framework. In particular, if R is linear then the resulting learned
estimator has to be linear, which is suboptimal for many data types.

In this section we show that a Neumann series approach is still mathematically justified for data
belonging to a union of subspaces (UoS) model. The reasons for focusing on a UoS model are two-fold:
First, UoS models are a natural generalization of linear subspace models and are used widely in many
signal and image reconstruction problems, either as a deterministic model [19, 8, 35] or as a statistical
model in the form of a Gaussian mixture model with low-rank covariances [46, 56, 27]. Second, we
believe UoS models represent a reasonable trade-off between model complexity/expressiveness and
analytic tractability, and provide some insight on the expected behavior of Neumann networks beyond
the setting where R is linear.

To be precise, here we consider the class of Neumann network estimators x̂ given in (2.7) that are
specified by a (potentially nonlinear) mapping2 R : Rp → Rp, step size η, and number of blocks B. We
study two questions:

1. Can a Neumann network estimator be used to reconstruct images belonging to a UoS, and if so,
what is an optimal choice of R?

2Here we do not assume R is a neural network with a particular architecture, but study the idealized case where R can
represent any mapping from Rp to Rp.
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2. Can this R be learned using standard neural network architectures and training?

Our main result, given in Theorem 1, addresses the first question by showing there exists a Neumann
network estimator with a piecewise linear R that gives arbitrarily small reconstruction error under mild
assumptions on the subspaces and their interaction with the measurement operator. We study the
second question empirically, and show that the learned R well-approximates the predicted optimal
piecewise linear R in an idealized setting.

Images Belonging to a Single Subspace

Suppose the ground truth images belong to an r-dimensional subspace S ⊂ Rp. Let U ∈ Rp×r be
a matrix whose columns form an orthonormal basis for S. Assume m > r and AU ∈ Rm×r is full
rank. In other words, we assume there is no image in the subspace also in the nullspace of A besides
the zero image3. Then given noise-free linear measurements of the form y = Ax? of any data point
x? = Uw? ∈ S we can always recover x? by applying the linear estimator

x̂o(y) = U(U>A>AU)−1U>A>y (2.13)

since it is easy to check that x̂o(y) = x?. In other words, there always exists a linear estimator that
gives exact recovery of images belonging to the subspace from their noise-free linear measurements.

Our first result shows that there exists a linear Neumann network estimator of the form (2.7) (i.e., a
linear choice of R in (2.7)) such that for all points in the subspace the reconstruction error can be made
arbitrarily small by choosing the step size η and block size B appropriately. For simplicity, we restrict
ourselves to the case of noise-free measurements and where A has orthonormal rows.

Lemma 1. Let A ∈ Rm×p be any measurement matrix with orthonormal rows, and let S ⊂ Rp be an r-
dimensional subspace with orthonormal basisU ∈ Rr×p. Supposem > r and AU ∈ Rm×r is full rank. Then
for any η ∈ (0, 1], the B-term Neumann network estimator x̂ with linear R(A) = Rβ where R ∈ Rp×p is given
by

R = −cη,B (I− A>A)U(U>A>AU)−1U>A>A (2.14)

for a constant cη,B depending only on η and B, satisfies the error bounds

‖x̂(Ax?) − x?‖ 6 (1 − η)B+1‖Ax?‖. (2.15)

for all x? ∈ S.

The proof of Lemma 1 is given in the Appendix of [22]. The main idea behind the proof is that
with this choice of R the Neumann network terms β̃(j) simplify to

β̃(j) = ajA>Ax? + bj(I− A>A)x? (2.16)

for some constants aj and bj that satisfy
∑
j aj ≈ 1 and

∑
j bj ≈ 1. Hence, we have x̂(y) =

∑B
j=0 β̃

(j) ≈
A>Ax? + (I− A>A)x? = x?.

3This assumption is met in many practical settings. For example, in an inpainting setting it is equivalent to assuming there is
no image in the subspace having support contained entirely within the inpainting region. Likewise, in compressed sensing by
subsampling DFT coefficients, it is equivalent to assuming there is no image in the subspace bandlimited to the set of unobserved
DFT coefficients. Both of these assumptions are reasonable for subspaces spanned by natural images.
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Images Belonging to a Union of Subspaces

Now we suppose that the images belong to a UoS ∪Kk=1Sk ⊂ Rp where, for simplicity, we assume each
subspace Sk has dimension r. For all k = 1, ...,K we let Uk ∈ Rp×r denote a matrix whose columns
form an orthonormal basis for Sk. Again, we assume m > r and AUk ∈ Rm×r is full rank for every
k = 1, ...,K. In other words, we assume there is no image in the UoS also in the nullspace of A besides
the zero image.

Let y = Ax? be the measurements of any point x? belonging to the UoS. If we know x? belongs to
the kth subspace, i.e., x? = Ukw

? for somew? ∈ Rp, then similar to the single subspace case, we can
apply the estimator

x̂o(y;k) := Uk(U>kA>AUk)−1U>kA>y (2.17)

since it is easy to see that x? = x̂o(y;k). We call x̂o(y;k) the oracle estimator, since it assumes knowledge
of the subspace index k to which the image belongs.

We show that, under appropriate conditions on the subspaces and the measurement operator, there
is a piecewise linear choice of Neumann network estimator (i.e., an estimator of the form (2.7) with
R piecewise linear) that recovers any image belonging to the UoS from its noise-free measurements
with arbitrarily small reconstruction error. In other words, there is a Neumann network estimator that
well-approximates the oracle estimator.

Specifically, we consider a piecewise linear function R∗ of the form

R∗(A) =


R1A if A ∈ C1

...
...

RKA if A ∈ CK

(2.18)

where each Rk is a p × p matrix, and the regions Ck are disjoint and whose union is all of Rp. The
main idea behind our analysis is this: If the ground truth point x? belongs the kth subspace, then we
prove that the Neumann series summands β̃(0), β̃(1), ..., β̃(B) all lie in the same region Ck. This means
that the same Rk is used in computing each summand, so we can write

x̂(y) =

B∑
j=0
β̃(j) =

B∑
j=0

(I− ηA>A − ηRk)
j(ηA>y).

Choosing Rk to have the same form as in the single subspace case (see Lemma 1), we then will have
x? = x̂o(y,k) ≈ x̂(y).

To be exact, we specify Rk and Ck as follows. Similar to Lemma 1, we choose

Rk=−cη,B (I− A>A)Uk(U
>
kA>AUk)−1U>kA>A,

for all k = 1, ...,K, where cη,B > 0 is a constant depending only on η and B. We also define the
corresponding region Ck as

Ck = {A ∈ Rp : dA,k(A) < dA,`(A) for all ` 6= k}

where dA,k(A) := ‖(I − AUk(AUk)+)AA‖ is the distance between the vector AA and the subspace
span(AUk). In other words, Ck is the set of all points whose distance to the kth subspace is smaller
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than the distance to all other subspaces, as measured by the functions dA,` for all ` = 1, ...,K.
We now state our main theorem:

Theorem 1. Let A ∈ Rm×p be any measurement matrix with orthonormal rows, and for all k = 1, ...,K let
Uk ∈ Rp×r be an orthonormal basis for the kth subspace Sk with dim span(AUk) = r. Suppose span(AUk)∩
span(AU`) = {0} for all k 6= `. Then the Neumann network estimator x̂ with step size η ∈ (0, 1) and piecewise
linear R = R∗ satisfies

‖x̂(Ax?) − x?‖ 6 (1 − η)B+1‖Ax?‖, (2.19)

for all x? ∈ ∪Kk=1Sk.

The condition span(AUk) ∩ span(AU`) = {0} for all ` 6= k, appearing in Theorem 1 is not overly
restrictive if we take into account the statistics of natural images. For instance, this condition holds for
a generic union of r-dimensional subspaces providedm > 2r, regardless of the number of subspaces
in the union4. Moreover, based on results in compressive sensing using low-rank Gaussian mixture
models [45, 46], we conjecture this condition can be weakened under appropriate assumptions on A
and appropriate modification of R∗, but we do not pursue this refinement here.

Theorem 1 shows there exists a Neumann network estimator with a certain choice of R∗ that well-
approximates an oracle estimator for images belonging to a union of subspaces. In principle, since R∗

is piecewise linear with a finite number of regions, it is realizable as a sufficiently deep neural network
with ReLU activations [5]. However, this does not necessarily mean that a Neumann network estimator
with R given by a ReLU network when trained on images belonging to a union of subspaces will recover
R = R∗ specified in Theorem 1. For example, there may be other R ′ that yield similar training loss as
R∗, or the learned component may be under-parameterized (e.g., not enough layers) in such a way
that it cannot well-approximate R∗. Nevertheless, one would hope that given sufficient training data
and a sufficiently expressive network architecture for the learned component, it may be possible to
learn a good approximation to R∗ as specified in Theorem 1. Below we illustrate that this is indeed the
case for a Neumann network trained on images belonging to synthetic union of subspaces.

Finally, using the equivalence of Neumann networks and unrolled gradient descent networks
estimators in the case where the learned component R is linear (see Sec. 2.3), we show that an unrolled
gradient descent network as defined in (??) with the same piecewise linear R = R∗ as defined in (2.18)
satisfies the error bounds as in Theorem 1:

Corollary 1. Under the same assumptions as Theorem 1, the unrolled gradient descent estimator x̂ ′(y) = β(B)

with step size η ∈ (0, 1) and R = R∗ as defined in (2.18) satisfies

‖x̂ ′(Ax?) − x?‖ 6 (1 − η)B+1‖Ax?‖, (2.20)

for all x? ∈ ∪Kk=1Sk,

Corollary 1 shows that the equivalence between unrolled gradient descent estimators and Neumann
network estimators observed in the case where R is linear carries over to the special case where R = R∗

is piecewise linear and the networks are evaluated on linear measurements of points belonging to the
union of subspaces.

4This is because if span(Uk), k = 1, ...,K, are generic r-dimensional subspaces in Rp, then Vk = span(AUk), k = 1, ...,K,
are generic r-dimensional subspaces in Rm. Since two generic subspaces are linearly independent provided the sum of their
dimensions does not exceed the ambient dimension, we see that Vk and V`, k 6= ` collectively span a 2r-dimensional subspace,
which is only possible if their intersection is trivial.
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Empirical Validation

Here we illustrate empirically that the optimal R∗ predicted by Theorem 1 is well-approximated by
training a Neumann network for a 1-D inpainting task on synthetic UoS data. We generate random
training data belonging to a union of three 3-dimensional subspaces in R10, and train a Neumann
network to inpaint five missing coordinates (i.e., A ∈ R5×10 restricts a vector to coordinates 1–5).
We parameterize the learned component R of the Neumann Network as a 7-layer fully connected
neural network with ReLU activations, which is trained by minimizing the mean squared error of the
reconstruction over the training set using stochastic gradient descent (more details on this experiment
can be found in the Supplementary Materials).
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Figure 2.4: Example output of Neumann network trained on synthetic union of subspaces data for a 1-D inpainting
task. Here a vector x? ∈ R10 is drawn from one of the subspaces, and its measurements y = AA∗ (restriction to
first five coordinates) are input into the Neumann network, which faithfully restores the missing coordinates. The
output x̂ of the Neumann network is a sum of terms β̃(j) (shown in bottom left). As predicted by Theorem 1, the
terms β̃(j) are weighted linear combinations the projections of x? onto the observed and unobserved coordinates.
Also as predicted by Theorem 1, the outputs of the learned component R(β̃(j)) (shown in bottom right) are zero
in the observed coordinates and scaled projections of x? in the unobserved coordinates.

Figure 2.4 illustrates the output of the trained Neumann network for one specific input, including
the outputs from the intermediate Neumann network terms β̃(j) and the learned component outputs
R(β̃(j)). As predicted by Theorem 1, the Neumann network terms β̃(j) have the form ajA>Ax?+bj(I−
A>A)x? for some constants aj and bj. Also, the outputs of the learned component R(β̃(j)) all lie in the
null space of A, i.e., are vectors supported on coordinates 6 − 10.

Figure 2.5 displays the results of a quantitative experiment to assess whether the learned component
R is piecewise linear as predicted by Theorem 1. First, we test whether the learned R is approximately
linear when restricted to inputs belonging to each subspace, i.e., we test whether R(x?1 + x?2) ≈ R(x?1) +
R(x?2), for all x?1 , x?2 belonging to the same subspace. As baselines we compare to the case where x?1
and x?2 belong to different subspaces, and the case where x?1 and x?2 are Gaussian random vectors. In
Figure 2.5 we display a boxplot of the relative error ‖R(x?1 + x?2) − R(x

?
1) − R(x

?
2)‖/γ of 1024 randomly

generated x?1 , x?2 , which are normalized such that ‖x?1‖ = ‖x?2‖ = γ. Here we set normalization to
γ = 0.25, though similar results were obtained for γ ∈ [0.1, 0.5] (not shown). As predicted, the relative
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Figure 2.5: Piecewise linearity test. We measure how linear the learned R is when evaluated at two vectors drawn
from the same subspace, from two different subspaces, or from two random Gaussian vectors. The plot illustrates
that the learned R only behaves like a linear operator when the vectors belong the same subspace (i.e., the relative
error is small), which indicates the learned R is approximately piecewise linear, as predicted by Theorem 1.

error concentrates near zero in the case where x?1 , x?2 belong to the same subspace, and is otherwise
large, indicating the learned R is indeed approximately piecewise linear as predicted by Theorem 1.

In the Supplementary Materials we provide more empirical evidence that the R learned in this
experiment closely approximates the ideal R∗ predicted by Theorem 1. Specifically, we demonstrate
that the learned component behaves as expected on inputs restricted to the column space and row
space of the forward model A. These experiments verify that, at least for this 1-D inpainting task
on synthetic data, the ideal piecewise linear R∗ predicted by Theorem 1 is well-approximated with
standard neural network architectures and training.

A more systematic study involving different forward models A and different network architectures
is needed to determine whether the ideal R∗ identified in Theorem 1 is learnable more generally for
large-scale imaging data and using practical architectures like convolutional neural networks. Also,
our results do not address the case of noisy measurements or forward models with non-orthogonal
rows, which are important considerations for many inverse problems. We leave these as open questions
for future work.

Finally, while our focus in this section was on UoS models, our analysis does not rule out the
applicability of Neumann networks to other non-linear models. Indeed, in the next section we show
empirically that Neumann networks perform well on a variety of linear inverse problems when trained
on realistic image datasets that are unlikely to be perfectly captured by a low-dimensional UoS model.

2.6 Experiments

We begin this section with a comparison of Neumann networks against other methods of solving
several different inverse problems with learned components. After that, we investigate the effect of
larger and smaller training sets on all methods, demonstrating that Neumann networks are robust to
small training set sizes. We follow these experiments with an illustration of the effects of incorporating
preconditioning into the Neumann network for deblurring, which is shown to give a gain of several dBs
of PSNR, permitting smaller networks and allowing for faster training and implementation. We follow
with an investigation into an MRI reconstruction problem to demonstrate the proposed methods in a
large-scale setting. Finally, we explore the optimization landscape of Neumann networks relative to
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unrolled gradient descent, illustrating that Neumann networks have smoother loss landscapes than
unrolled Gradient Descent, while also generally achieving lower test set errors.

Datasets and Comparison Methods

In our experiments, we consider three different small-scale training sets: CIFAR10 [31], CelebA [36],
and STL10 [13], and one larger-scale undersampled MRI reconstruction task.

The CIFAR10 dataset is a machine learning standard, consisting of real-world images of both
man-made and natural scenes [31]. The dataset has been resized to be 32× 32 pixels.

We use a subset of the aligned Celebrity Faces With Attributes (CelebA) dataset [36]. The CelebA
dataset consists of human faces at a variety of angles, and the subset that is used here has been aligned
so that all faces lie in the center of the image.

The STL10 dataset [13] is a curated subset of the ImageNet dataset, and was originally intended to
be used with semisupervised learning problems. In our experiments, we have resized all CelebaA and
STL10 images to be 64× 64 pixels.

We select a subset of images of size 30,000 uniformly from each individual dataset to be used for
training in the results presented below.

We use these training sets in seven different inverse problems in imaging: Block inpainting, de-
blurring, deblurring with additive noise ε of variance 0.01, superresolution (SR4 and SR10) with two
different upsampling levels (4x and 10x across the entire image, respectively), and compressive sensing
(CS2 and CS8) with two separate levels of compression (2x and 8x, respectively). The compressed
sensing design matrices are random Gaussian matrices.

We compare Neumann networks (NN) and preconditioned Neumann networks (PNN) with four
methods which can be applied to solve a variety of inverse problems:

We first compare to the gradient descent network (GDN), an unrolled optimization algorithm that
is trained end-to-end. While theoretical properties GDN and NN are examined in Section 2.5, we
hope to compare the qualitative and quantitative differences between the two architectures. For a fair
comparison, we use an identical architecture for the nonlinear learned component in the gradient
descent network and the nonlinear learned component in the Neumann network.

We also compare to MOdel-based reconstruction with Deep Learned priors (MoDL) [2], another
unrolled algorithm containing a novel data-consistency step that performs conjugate gradient iterations
inside the unrolled algorithm. MoDL is also trained end-to-end, and also shares learned parameters
between the learned algorithm. In our main experimental section, we use an identical architecture for
the learned component of MoDL as is used in GDN and NN.

Trainable Nonlinear Reaction Diffusion (TNRD) [12] is an unrolled optimization algorithm that
closely resembles GDN, but with a specific, novel architecture for the learned component motivated by
insights from diffusion methods for inverse problems. The learned components in each block consist of
a single filter, followed by a learned nonlinearity, and then the transpose of the single filter is applied.
Weights are not shared across blocks in TNRD.

The residual autoencoder (ResAuto), first proposed in [38], is an agnostic method. In Section 1.3,
we discussed agnostic methods that learn a mapping from y to A, but in these experiments, we
consider a variant of an agnostic learner that learns a mapping from A>y to x̂ but does not otherwise
use A. Specifically, we construct a 12-layer convolutional-deconvolutional residual neural network
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(almost twice as many layers as the network used in the Neumann network), with a channel-wise fully
connected layer.

Compressed Sensing using Generative Models, (CSGM) [9] is a decoupled method which first
trains a generative model for the data. After training the generative model, arbitrary inverse problems
can be solved by finding the image in the range of the generator which is closest to the distorted image.
As in the setup of [9], in our experiments we train three generative networks, one for each dataset.

Our final method does not incorporate training data at all into the solution of the inverse problem.
We reconstruct using total-variation regularized least squares (TV). We minimize our objective using
the algorithm of [54], with hyperparameters chosen via cross-validation over a held-out validation set
for each dataset and inverse problem.

Training and Implementation

Given training pairs {(Ai,yi)}Ni=1, and assuming the learned component R inside the Neumann network
depends smoothly on a set of parameters θ, i.e., the partial derivatives ∂θR(A;θ) exist, we train a
Neumann network x̂ by minimizing the empirical risk L(θ) =

∑N
i=1 ‖x̂(yi;θ) − Ai‖2.

In the Supplemental Materials we derive the backpropagation gradients ∂θL(θ) in the case where
x̂ is a Neumann network or a gradient descent network.

The learned components of NN, GDN, and MoDL have identical architectures: a 7-layer convolutional-
deconvolutional neural network with a single channel-wise fully-connected layer [42], inspired by
architectural choices in [16, 38, 30].

For NN, GDN, MoDL, and TNRD we used architectures with B = 6 blocks. The learned component
is fixed per network, i.e., the learned component in the first block has identical weights to the learned
component in all other blocks in any given method and inverse problem, except in TNRD. While using
a larger B is possible, we found that increasing B beyond 8 led to greatly increased sensitivity to SGD
step size schedule choices. This phenomenon can be observed in Section 2.6. Anecdotally, we find that
it is more difficult to choose SGD step sizes for GDN than for NN even for small B, and this difficulty
became problematic for B greater than 6.

The ResAuto architecture imitates the architecture of [38], an approach that highly resembles the U-
Net [48], but adjusted for good performance on inverse problems like superresolution, deblurring, and
inpainting. Superficially, the architecture resembles an expanded version of the previously-described
learned component, with 12 convolution or deconvolution layers instead of 7.

Runnable code can be found online at: github.com/dgilton/neumann_networks_code

Small-scale Experiments

In this section, a variety of methods are used to solve the previously-described inverse problems on
three datasets. First, a quantitative comparison in terms of PSNR of the previously-outlined approaches
on a variety of datasets and inverse problems is described in Table 2.1.

We observe that NN and GDN are competitive across all inverse problems and datasets. State-of-
the-art methods like MoDL and TNRD perform quite well across all datasets, but the differences in
architecture between PNN and MoDL appear to give an edge to PNN, which we hypothesize is an
effect of our previously-highlighted skip connections. All methods that incorporate the forward model
into the training and reconstruction process perform competitively in our small-scale experiments.

https://github.com/dgilton/neumann_networks_code
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CSGM appears to suffer because of the lack of training data across all experiments. CSGM must
learn the manifold associated with each dataset before being able to produce accurate reconstructions,
which in our relatively sample-limited setting appears not to happen. See Figure 2.8 or the Supplement
for examples of images produced by CSGM. While TV reconstructions are reasonably accurate across
problems, they are not as accurate as learned approaches, especially in inpainting and compressed
sensing.

Inpaint Deblur Deblur+ε CS2 CS8 SR4 SR10

C
IF

A
R1

0

NN 28.20 36.55 29.43 33.83 25.15 24.48 23.09
PNN 28.40 37.83 30.47 33.75 23.43 26.06 21.79
GDN 27.76 31.25 29.02 34.99 25.00 24.49 20.47
MoDL 28.18 34.89 29.72 33.47 23.72 24.54 21.90
TNRD 27.87 34.84 29.70 32.74 25.11 23.84 21.99
ResAuto 29.05 31.04 25.24 18.51 9.29 24.84 21.92
CSGM 17.88 15.20 14.61 17.99 19.33 16.87 16.66
TV 25.90 27.57 26.64 25.41 20.68 24.71 20.68

C
el

eb
A

NN 31.06 31.01 30.43 35.12 28.38 27.31 23.57
PNN 30.45 33.79 30.89 32.61 26.41 28.70 23.74
GDN 30.99 30.19 29.27 34.93 28.33 27.14 23.46
MoDL 30.75 30.80 29.59 30.22 25.84 26.42 24.12
TNRD 30.21 29.92 29.79 33.89 28.19 25.75 22.73
ResAuto 29.66 25.65 25.29 19.41 9.16 25.62 24.92
CSGM 17.75 15.68 15.30 17.99 18.21 18.11 17.88
TV 24.07 30.96 26.24 25.91 23.01 26.83 20.70

ST
L1

0

NN 27.47 29.43 26.12 31.98 26.65 24.88 21.80
PNN 28.00 30.66 27.21 31.40 23.43 25.95 22.19
GDN 28.07 30.19 25.61 31.11 26.19 24.88 21.46
MoDL 28.03 29.42 26.06 27.29 23.16 24.67 16.88
TNRD 27.88 29.33 26.32 31.05 25.38 24.55 21.21
ResAuto 27.28 25.42 25.13 19.48 9.30 24.12 21.13
CSGM 16.50 14.04 15.59 16.67 16.39 16.58 16.47
TV 26.29 29.96 26.85 24.82 22.04 26.37 20.12

Table 2.1: PSNR comparison for the CIFAR, CelebA, and STL10 datasets respectively. Values reported are the
median across a test set of size 256.

The residual autoencoder in particular has excellent performance on certain problems like inpaint-
ing and superresolution, but is not competitive for compressed sensing and deblurring. Recall the
motivation for the residual autoencoder: the closer A>y is to the ground truth x?, the simpler the
residual x?−A>y that the network must learn. With this in mind, it seems reasonable that the residual
autoencoder should perform well on small-scale downsampling, inpainting, and deblurring, but would
fail to generate high-quality reconstructions for compressed sensing or heavy downsampling where
A>y is likely to be a poor approximation of x?.

The difference in performance between PNN and NN in Table 2.1 can provide some insight regarding
the usage of various architectures. First, although PNN performs well for 4x superresolution, deblurring,
and deblurring with noise, preconditioning is not a universal solution: inpainting and compressed
sensing are perfectly conditioned and preconditioning appears to worsen performance. We see similar
effects with MoDL, which performs better than NN or GDN on certain problems, but suffers especially
in compressed sensing. These results further emphasize that consideration of the specific forward
model at hand should be an important element of designing learned inverse problem solvers.



34

Original and
A>y NN GDN ResAuto

Figure 2.6: Reconstruction comparison on the CelebA dataset for the deblur plus noise problem. While the
Neumann networks (NN) and gradient descent networks (GDN) perform well, the differences are most apparent
the residual images in the second row, especially in the background reconstruction. Residuals are formed by
displaying the norm across color channels of the error at each pixel, scaled by a factor of 6.

Original and
A>y NN GDN ResAuto

Figure 2.7: 8x compressed sensing reconstruction comparison on STL10. ResAuto fails to invert the compressed
sensing problem adequately. The Gradient Descent network (GDN) reconstructs accurately but generates more
artifacts than the Neumann network (NN).

Figures 2.6 and 2.7 demonstrate more qualitative and quantitative detail in some examples from
several different inverse problems and all three datasets. In these figures the residuals are shown for
illustrative purposes: the residuals are formed by displaying the scaled pixelwise norm across color
channels of the difference x? − x̂ where x? is the true image, and x̂ the estimate, scaled by a factor of 6.
Magnitudes are clipped to be less than or equal to 1.

Effect of Sample Size

In section 1.3 we hypothesized that incorporating information about the forward operator would have
implications for the sample sizes required to achieve particular error rates.

A coarse comparison of the presented learning-based methods at different sample sizes is provided
in Figure ??. We observe that while all methods suffer a decrease in PSNR at low sample sizes, the
Neumann network has the highest-quality reconstructions at only 2,000 images, and also enjoys the
largest increase of performance when going from 2,000 to 30,000 training images. Gradient descent
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Original and
A>y NN GDN ResAuto CSGM

2k

A>y and
Residuals

30k

A>y and
Residuals

Figure 2.8: A qualitative comparison of the reconstructions produced for the deblurring problem on a single
image at two different training set sizes, along with the associated residual images. Residual images are scaled by
a factor of 6.

Figure 2.9: Performance comparisons. (a) Median PSNR of methods trained with different sample sizes of 2,000,
30,000, and 50,000. Neumann networks (NN) and Preconditioned Neumann networks (PNN) scale very well
with training set size, with smaller marginal gains as training sizes increase. All PSNR values are for the CIFAR-10
dataset, and the inverse problem used is the previously described deblurring problem. (b) PSNR (dB) for the
standard and preconditioned NN. The inverse problem in this case is deblurring with a Gaussian kernel of size
5× 5 and variance σ = 5.0.

network performs well even at very low sample sizes, but artifacts are present in reconstructions at low
sample sizes, visible in Figure 2.8.

Methods that do not incorporate the forward model, like ResAuto and CSGM, perform poorly in
the low-sample regime, as discussed in Section 1.3. While ResAuto performs competitively at 30k
iterations, there is little change between image qualities produced at these sample sizes, and even a
very slight decrease in performance. CSGM improves significantly with increasing samples, but does
not produce high-quality reconstructions on this inverse problem.
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Effect of Preconditioning

Figure ?? illustrates the effect of preconditioning on the performance of the Neumann network with
different numbers of blocks B on a deblurring task. While the original Neumann network does not
surpass 32 dB PSNR with 8 blocks, the preconditioned Neumann network surpasses the original with
only B = 2, and continues to improve as the number of blocks increases. Example images are included
in the supplementary materials.

The forward problem in this case is Gaussian deblurring with σ = 5.0 and a blur kernel of size
5× 5. The corresponding A is very poorly conditioned, and a λ of 0.01 is used in the preconditioning
matrix (A>A + λI)−1.

Depending on the structure of A and how easily (A>A + λI)−1 can be computed, preconditioning
can be computationally costly, but it appears to permit fewer Neumann network blocks for comparable
performance. Since the primary resource bottleneck for training the Neumann network end-to-end is
memory, fewer blocks permits faster training, or alternately, allows implementations to achieve higher
performance than would otherwise be possible with fixed computational resources.

Effect of Patchwise Reglarization

In this section, we illustrate the effects of learned patch-based regularization on sample complexity,
and follow these results by demonstrating that systems with local regularization are able to generalize
well even when trained with a single image.

In all experiments we train and test using subsets of the SpaceNet dataset [53]. We use the AOI1
subset of images, which consists of aerial 3-band imagery of a 2544 square kilometer region of Rio de
Janeiro captured by a WorldView-2 satellite system. Training images have a resolution of 50 cm, and
are 416x416 pixels in size. The forward model in this case is a Gaussian blur with kernel size 9× 9 and
variance parameter σ2 = 2, where noise is added after blur with standard deviation σ = 0.03. Some
fraction of the dataset contains images with missing regions. We removed all such images by hand,
and selected the training set from the remaining images. All numerical results shown in this section
use a single held-out test set.

RED, by contrast, leverages a pretrained learned denoiser, which we denote R̂(·). The RED estimator
minimizes a particular energy functional:

ÂRED = arg min
A

||y− AA||22 +
λ

2 A>(A − R̂(A)) (2.21)

In our experiments, we use ADMM to minimize (3.7).
We use FFDNet [58] as a denoiser for RED. FFDNet is a denoising convolutional network that is

designed to work with spatially-variable noise levels. We train the FFDNet by learning to denoise
image patches, whose size depends on the experiment. At test time, the whole image is regularized
by combining patchwise estimates in the manner illustrated by Fig. 2.3. The learned element of the
Neumann network is a two-block residual network with identical structure to the residual learned com-
ponent used in [40]. Other results in this chapter utilize a network based on a residual autoencoder that
resembled the U-Net [48], but memory restrictions for the full-image regularizers necessitated a more
lightweight network. We chose the learned component of [40] because of its empirical performance as
well as prior use in an unrolled iterative algorithm.
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We use both methods to demonstrate that the improvements seen below are a result of the improved
sample complexity permitted by regularizing locally.

Sample Complexity

In this section, we explore our previous hypothesis that a deep regularizer that operates on small
patches will have better performance in the small-sample case than a comparable regularizer that
operates on larger patch sizes.

8× 8 16× 16 64× 64 Full Image

RE
D

100 30.01± 1.14 29.46± 1.16 29.33± 1.07 29.32± 1.18
500 31.33± 1.22 30.19± 1.10 30.96± 1.27 29.51± 1.29
1000 33.47 ± 1.26 31.47 ± 1.26 31.12± 1.21 30.03± 1.32

N
N

100 32.64± 1.26 31.22± 1.35 28.88± 1.14 27.08± 1.00
500 32.87 ± 1.24 31.93± 1.46 31.09± 1.34 27.81± 1.01
1000 32.90± 1.25 32.20± 1.44 32.19± 1.44 29.85± 1.17

Table 2.2: PSNR (dB) comparison for deblurring across several training set sizes (i.e., number of training images)
with different regularizer patch sizes. Results are the mean plus and minus the standard deviation of PSNR over a
test set of size 64.

Original Subimage 8×8 NN 16×16 NN 64×64 NN Full-Image NN

Blurred Subimage 8×8 RED 16×16 RED 64×64 RED Full-Image RED

Figure 2.10: Zoomed-in visual comparison of reconstruction quality for a variety of regularization patch sizes for
both the Neumann Network (NN) and Regularization by Denoising (RED). Larger patch sizes result in visual
artifacts and reduced PSNR. Sub-images are 100× 100 pixels, representing a 50 m × 50 m area on the ground.

In Table 2.2, the empirical results support our sample complexity hypothesis. While both NN and
RED enjoy higher PSNR with increasing training set sizes, decreasing the size of the patches that are
input to the regularizer has a dramatic effect on PSNR. For the Neumann network, shrinking the
patch size from 64× 64 to 8× 8 has comparable effect on PSNR as a 10× increase in training set
size. A qualitative, visual comparison of detail in a test image reconstructed by the networks trained
on 1000 images is given in Figure 2.10.

Single-Image Training

We demonstrate that enforcing locality in a learned regularizer permits training on a single ground
truth image while still enjoying competitive reconstruction accuracy. In this experiment, the training
set consists only of a single clean image. Training was performed with identical parameter settings
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as prior experiments. The number of training steps was 1000. The held-out test set was the same as
previous experiments.

Table 2.3 contains test PSNR results. The results shown here are for a single instance of this
experiment: while any training image may be chosen, we found empirically it is beneficial to train on
an image with a variety of visual features. Fig. 2.11 contains some sample reconstructions of an image

8× 8 Full Image
RED 26.60± 1.54 21.02± 0.57
NN 31.90± 1.42 18.34± 1.31

Table 2.3: PSNR (dB) comparison for single-training-image reconstruction. When there is just one training image,
local regularization does not overfit, unlike full-image regularization. Results are the mean plus and minus the
standard deviation over test set of size 64.

Original 8x8 NN - PSNR: 31.33 8x8 Red - PSNR: 26.80

Blurred Input Full-Image NN - PSNR: 17.81Full-Image RED - PSNR: 20.87

Figure 2.11: Single-image Training Reconstruction. Local regularization enables competitive reconstruction
quality with a single training image, while unrestricted training on a single image results in a poor, noisy recon-
struction. The inverse problem is Gaussian deblurring with kernel size 9× 9, variance σ2 = 2, and noise level 0.03.

from the test set. We find using patchwise regularizers produces high-quality reconstructions, while
regularizers operating on the full image result in noisy artifacts that are likely a result of overfitting to
the single training image.

MRI Experiments

In this section we provide results of multi-coil MRI reconstruction from undersampled measurements.
Full training and test data is the data used for the experiments in [2], consisting of 12-coil Cartesian
sampled k-space data of dimension 232× 208× 12 with known coil sensitivity maps. The size of the
training set is 360 such acquisitions across 4 subjects, with testing being performed on 40 images from
one, separate subject who was not used for training. The sum-of-squares reconstruction is treated as
ground truth. Further details of the data acquisition can be found in [2].

All experiments are for 4× undersampling, although we differ from [2] in that we train on a fixed
k-space undersampling mask. The undersampling mask is fully sampled in the center 0.15 fraction of
frequencies, with the remaining frequencies being sampled according to a random Gaussian pattern.
The mask is visualized in figure 2.12.

For the MRI experiments we follow the precedent set by [2] in our choice of learned component,
using only a simple five-layer convolutional network with 64 filters per layer and ReLU nonlinearities
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Original/Mask PNN NN MoDL GDN2 GDN1 TNRD TV
PSNR (dB) 34.95 dB 33.09 dB 34.09 dB 33.18 dB 31.37 dB 32.39 dB 32.29 dB

Test Time (sec) 16.3 sec 5.5 sec 14.3 sec 5.7 sec 3.1 sec 4.0 sec 349.2 sec

Figure 2.12: A comparison of MRI reconstruction quality for a variety of trainable and non-trainable image
reconstruction methods. The 12-coil data is undersampled by a factor of 4× and Gaussian noise with σ = 0.01 is
added in k-space. The reconstructions are displayed in the first row, while the second row contains the residual
images scaled by a factor of 4. PSNR is displayed next to the method name, while below each method name is the
mean time required to reconstruct a single MRI image in seconds. GDN2 denotes the Gradient Descent network
using the same initialization as the preconditioned Neumann network, while GDN1 uses the same initialization as
the Neumann network.

for all architectures other than TNRD. The TNRD architecture follows the architecture proposed in [12].
The Neumann network results presented here are for the preconditioned Neumann network (PNN),
and the number of blocks for GDN, PNN, MoDL, and TNRD is fixed to be 5. The preconditioning
operator in PNN is implemented through 10 conjugate gradient iterations, identically to [2]. We
compare to GDN with the same initialization as NN (GDN1) and as PNN (GDN2) to study the effect
of different initializations on GDN.

We observe that unrolled optimization approaches are advantageous in this setting compared to
the more traditional TV-regularized reconstruction. Preconditioning, both to improve initialization as
in GDN2, and incorporated into the architectures, as in PNN and MoDL, improves PSNR significantly
in this setting.

A major benefit of learned reconstruction methods is their test time, which is displayed beneath the
method name and PSNR in Figure 2.12. We note that all learned approaches reconstruct an order of
magnitude faster than the agnostic TV approach. Although preconditioning incurs an additional cost
in terms of test time, the performance increase is substantial for MoDL and PNN.

Optimization Landscapes

The performance of the Neumann networks (NN) and Gradient Descent networks (GDN) are very
similar across a range of problems and datasets, but NN slightly outperforms GDN consistently. We
hypothesize this is due to differences in the connectivity of their network architectures and the effect
this has on training.

Specifically, both NN and GDN contain connections across blocks, but differ mainly in their direction
and extent. Adjacent blocks in both networks share residual connections as in a ResNet [25] (the
inclusion of the identity I in the linear part [I− ηA>A](·) of each block of NN and GDN is a residual
connection). However, the main difference is that NN contain additional “skip” connections that
connect each block with the final layer, similar to architectures like DenseNets [28]. Recent work [34]
has highlighted the role of residual connections in the optimization landscape of deep architectures,
implying that residual connections “smooth" the optimization landscape. Specifically, fewer local
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(a) Neumann Loss
Surface

(b) Neumann
Contour

(c) GDN Loss
Surface (d) GDN Contour

Figure 2.13: Optimization landscapes and contour plots. (a) The optimization landscape associated with the
training loss of the Neumann network around the center optimal point. (b) The associated contour plot. (c) The
optimization landscape associated with the training loss of the gradient descent network. (d) The associated
contour plot. Neumann network landscapes tend to have wider basins around the minimizer and be steeper
outside the basin of the minimizer, which are both more favorable to practical optimization by SGD. Figures use
the CIFAR-10 dataset and, from top to bottom, deblurring inverse problem with σ = 2.5, 10× superresolution, and
compressed sensing with 8× compression.

minima tend to be present, and those minima tend to be wide, as opposed to sharp. In addition, the
authors of [34] note that skip connections from intermediate or early layers of deep networks to final
layer tend to provide stronger smoothing effects on optimization landscapes than residual connections
alone. Hence, we might expect the additional skip connections present in NN also lead to a smoother
optimization landscape.

In Figure 2.13 we illustrate the optimization landscapes using the method of [34], which proposes
a procedure for projecting the loss landscape of very high-dimensional models into two dimensions
for visualization purposes. Suppose that the fully-trained network has a set of parameters which is
vectorized θ̂ ∈ RK. We draw two independent standard Gaussian vectors v1, v2 with dimension K,
and normalize them in the manner described in [34] that accounts for the scaling ambiguity of ReLU
networks. Then we compute the test and training set error for parameters given by θ̂+ τ(iv1 + jv2) for
step size τ > 0 and integers i, j. The plots above are generated for i, j ∈ {−125, ..., 125} and τ = 0.01.
We demonstrate plots for three different forward models: deblurring, compressed sensing with 8×
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compression, and 10× superresolution.
Figure 2.13 illustrates several attractive properties of the NN and GDN. Local minima appear to

be rare in the neighborhood of the trained minima for GDN and NN. While neither is convex, it is
interesting to note that the NN landscapes seem to have much wider basins around minima and higher
slope outside this main basin. GDN’s optimization landscape appears to require a search around a
low-slope landscape until finding a region of high curvature in the deblurring and compressed sensing
case, and contains more local minima than NN.

In addition, experimental evidence and some theory indicate that wider local minima have better
generalization properties [29]. This does not indicate that one architecture should perform better than
another, but if both networks achieve similar training error, wider local minima may translate to better
test performance.

2.7 Notes for Practitioners

In this section, we will address certain issues that may arise when implementing the ideas presented
in this chapter. In particular, this section will focus on some of the choices made during design and
implementation of these algorithms.

Normalizing and the use of η

In the time since this chapter was written and published, one of the most common questions raised by
practitioners is on the role of η in the expression:

x̂(y) =

B∑
j=0

([I− ηA>A](·) − ηR(·))j(ηA>y).

In the publicly-released code, the above is implemented with the following expression:

x̂(y) =

B∑
j=0

([I− ηA>A](·) − R(·))j(ηA>y),

which is identical to the original formulation except that ηR(·) has been replaced by R(·). In practice,
this simple change can improve results significantly, especially for measurement models that require
choosing very small η. In this case, the R(·) network “absorbs” the η term, and we assume that it can
learn to produce outputs on the correct scale during training.

In practice, some measurement models require η = 0.0001 or smaller, since A>A is expansive
without multiplying by η. In this case, multiplying R(·) by 0.0001 can make learning difficult, as the
final reconstruction will not depend strongly on R(·) so backpropagation can be difficult unless the
learning rate is quite high.

Hyperparameter Choices

Another common question related to the practice of iterative reconstruction networks is what to do
when the network is not training well. Specifically, which parameters are best to tune?
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In this chapter and the others, empirically it appears that the most important parameters are:
learning rate, η, and finally the initial weights of R(·). A typical tuning procedure will first choose
η (or other architecture-specific parameters) by setting R(·) to 0 and choosing η so that the final
reconstruction is at least not worse than A>y. Beyond that, as with many optimization problems, the
key issues are step size and the initial point. Empirically, smaller weights are better; R(·) having small
norm appears to be valuable.

Choices for R(·)

Typical choices for R(·) are: a U-net [48], DnCNN [59], or a very small 3-layer convolutional network.
This section summarizes some benefits and downsides of each, based largely on practical experience.

The U-net is a convolutional-deconvolutional network, with connections between layers that use
the same scale. In the best case, they produce high-quality reconstructions, and have inbuild residual
connections, which can help significantly in practice when the optimal form of R(·) is something like a
denoiser. However, the convolution-transpose layers can, for certain types of images and at certain
resolutions, result in undesirable "speckling" artifacts. These artifacts are a side-effect of mismatches
between the stride used in a convolution-transpose layer and its kernel width, and are well-known in
the superresolution community. Sometimes it may be beneficial to add an extra convolutional layer at
the end of the U-net to repair these speckling artifacts. All the same, most state-of-the art systems (as
of 2021) leverage a U-Net as regularizer.

The DnCNN is a simple architecture, consisting simply of a number of residual connections and
convolutional layers that maintain the spatial resolution of the initial image, sidestepping the need
for upsampling or downsampling used in the U-net. As such, the characteristic artifacts mentioned
previously cannot exist, at the cost of higher number of parameters and an increased memory footprint
(since the intermediate layers of the network work on the same spatial resolution as the initial layers).

Very small networks are typically used in methods like TNRD or Deep Primal Dual Networks
[1], where the iterative algorithm is iterated up to 20 times and R(·) may not be shared among layers.
This necessitates smaller individual R(·) for practical reasons. Deep Primal Dual networks are vying
for the state-of-the-art in medical image reconstruction utilizing this style. The downside of this
approach is that the final reconstruction algorithm is essentially one massive end-to-end network,
making interpretation impossible. However, if the end goal is massive parameterization for good
performance and data is plentiful, this has been demonstrated to be a successful approach.
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(a) Ground truth (b) No model drift (c) Model drift (d) Model drift w/model
adaptation

Figure 3.1: Small perturbations in measurements for deep learning-based image reconstruction oper-
ators can lead to both subtle and obvious artifacts in reconstructions across problems and domains.
In the top row, we present results for undersampled MRI reconstruction of knee images, and the
second row illustrates deblurring images of human faces. (a) Ground truth image. (b) No model drift.
Training and test data correspond to same model, A0, yielding accurate reconstruction via learned
model. (c) Model drift but no model adaptation. Training assumes model A0 but at test time we have
model A1. Reconstruction using trained network without model adaptation gives significant distortions.
(d) Model drift and model adaptation. Training assumes model A0 but at test time we have model
A1. Reconstruction using model adaptation prevents distortions and compares favorably to the setting
without model drift. The MRI example demonstrates our Reuse and Regularize method (Alg. 2), and
the deblurring example demonstrates our Parameterize and Perturb method (Alg. 1). Experimental
details are in Section 3.4.

3.1 Introduction

Repeated studies have illustrated that neural networks can be trained to solve inverse problems in imag-
ing, including problems such as image reconstruction in MRI, inpainting, superresolution, deblurring,
and more. Recent reviews and tutorials on this topic [4, 24] have described various approaches to this
problem. For concreteness, we focus on the case of linear inverse problems in imaging. In the general
framework of interest, an unknown n-pixel image (in vectorized form) x ∈ Rn (or Cn) is observed via
m noisy linear measurements y ∈ Rm (or Cm) according to the model

y = A0x+ ε, (3.1)

where the matrix A0 ∈ Rm×n (or Cm×n) is the forward model and ε represents a vector of noise. The
goal is to recover x from y.

In this paper, we focus on the setting in which the forward model A0 is known and used during
training. Past work has illustrated that leveraging knowledge of A0 during training can reduce the
sample complexity [12]. This paradigm is particularly common in applications such as medical imaging,
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where A0 represents a model of the imaging system. For instance, in magnetic resonance imaging
(MRI), A0 reflects which k-space measurements are collected.

Unfortunately, these methods can be surprisingly fragile in the face of model drift, which occurs
when, at test time, we are provided samples of the form

y = A1x+ ε
′ (3.2)

for some new forward model A1 6= A0 and/or a change in the noise distribution (i.e., the noise ε ′ is
distributed differently than ε). That is, assume we have trained a solver that is a function of both
the original forward model A0 and a learned neural network. One might try to reconstruct x from y

using this solver, but it will perform poorly because it is using a misspecified model (A0 instead of
A1). Alternatively, we might attempt to use the same general solver where we replace A0 with A1 but
leave the learned component intact. In this case, the estimate x computed from y may also be poor, as
illustrated in [3] and [15]. The situation is complicated even further if we do not have a precise model
of A1 at test time.

These are real challenges in practice. For example, in MRI reconstruction there is substantial
variation in the forward model depending on the type of acquisition – e.g., Cartesian versus non-
Cartesian k-space sampling trajectories, different undersampling factors, different number of coils
and coil sensitivity maps, magnetic field inhomogeneity maps, and other calibration parameters [10]
– all which need to be accounted for during training and testing. A network trained for one of these
forward models may need to be retrained from scratch in order to perform well on even a slightly
different setting (e.g., from six-fold to four-fold undersampling of k-space). Furthermore, training
a new network from scratch may not always be feasible after deployment due to a lack of access to
ground truth images. This could be either due to privacy concerns of sharing patient data between
hospitals and researchers, or because acquiring ground truth images is difficult for the new inverse
problem.

This leads us to formulate the problem of model adaptation: given a reconstruction network trained
on measurements from one forward model adapt/retrain/modify the network to reconstruct images
from measurements reflecting a new forward model. We consider a few variants of this problem: (a)
the new forward model A1 is known, along with one or more unlabeled training samples yi reflecting
A1, and (b) A1 is unknown or only partially known, and we only have one or more unlabeled training
samples reflecting A1. These training samples are unlabeled in the sense that they are not paired with
“ground truth” images used to generate the yi’s. Our proposed model adaptation methods allow a
reconstruction network to be trained for a known forward model and then adapted to a related forward
model without access to ground truth images, and without knowing the exact parameters of the new
forward model.

Model drift as stated above is a particular form of distribution drift, in which the distribution of
Y|X = x changes between training and deployment and we know Y has a linear dependence on X before
and after the drift (even if we do not know the parameters of those linear relationships, represented
as A0 and A1). For example, if we assume a noise model ε ∼ N(0,σ2I), then the training distribution
is Y|X = x ∼ N(A0x,σ2I) and the distribution at deployment (assuming the same noise model) is
Y|X = x ∼ N(A1x,σ2I). In general, distribution drift challenges may be addressed using transfer
learning [25, 35, 33] and domain adaptation [23, 18, 34]. One of the methods we explore in the body
of the paper, Parameterize and Perturb, shares several features with transfer learning methodology.
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However, since in our setting we have a specific form of distribution drift, it is possible to design more
targeted methods with better performance, as illustrated by existing specialized methods for image
inpainting [9], as well as our general-purpose Reuse and Regularize method (detailed below).

3.2 Problem Formulation

Here we formalize the problem of model adaptation as introduced above.
Suppose we have access to an estimator x̂ = f0(y) that has been designed/trained to solve the

inverse problem
y = A0x+ ε, x ∼ PX, ε ∼ PN0 (P0)

where A0 is a known (linear) forward model, PX denotes the distribution of images x and PN0 denotes
the distribution of the noise ε. We assume the trained estimator “solves” the inverse problem in the
sense that it produces an estimate x̂ = f0(y) such that the mean-squared error (MSE) Ex,ε[‖x̂− x‖2] is
small.

Now assume that the forward model has changed from A0 to a new model A1 and/or the noise
distribution has changed from PN0 to a new noise distribution PN1 , resulting in the new inverse problem

y = A1x+ ε
′, x ∼ PX, ε ′ ∼ PN1 . (P1)

We consider both the case where A1 is known (i.e., we have an accurate estimate of A1) and the case
where A1 is partially unknown, in the sense that it belongs to a class of parameterized forward models,
i.e., A1 ∈ {A(σ) : σ ∈ Rq}, where the parameters σ ∈ Rq are unknown.

The goal of model adaptation is to adapt/retrain/modify the estimator x̂ = f0(y) that was designed
to solve the original inverse problem (P0) to solve the new inverse problem (P1). We will consider two
variants of this problem:

• Model adaptation without calibration data: In this setting, we assume access to only one measurement
vector y generated according to (P1).

• Model adaptation with calibration data: In this setting we assume access to a new set of measurement
vectors {yi}Ni=1 generated according to (P1), but without access to the paired ground truth images
(i.e., the corresponding xi’s).

While the above discussion centers around a general estimator x̂ = f0(y), we are particularly
interested in estimators that combine a trained trained deep neural network component depending
on a vector of weights/parameters θ0, along with the original forward model A0; we will call such
an estimator a reconstruction network. Specifically, we assume that the forward model A0 (or other
derived quantities, such as its transposeA>0 , psuedo-inverseA†0, etc.) is embedded in the reconstruction
network, either in an initialization layer and/or in multiple subsequent layers. This is the case for
networks based on unrolling of iterative algorithms (see, for example, [gregor2010learning, 32, 21, 24,
4], and references therein), in which A0 appears repeatedly in the network in “data-consistency” layers
that approximately re-project the intermediate outputs of the network onto the set of data constraints
{x ∈ Rn : A0x = y}. In general, we will assume the reconstruction network can be parametrized as
f0(·) = f(·; θ0,A0) where θ0 ∈ Rp is the vector of pre-trained neural network weights/parameters and
A0 is the original forward model.
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Finally, to simplify the presentation, we will assume an additive white Gaussian noise model for
both (P0) and (P1), i.e., PN0 = N(0,σ2

0I) and PN1 = N(0,σ2
1I) with known variances σ2

0 and σ2
1. In this

case the negative log-likelihood of x given y under measurement model (P1) is 1
2σ2

1
‖A1x− y‖2

2, which
justifies our use of quadratic data-consistency terms in the development below.

(a) Original reconstruction network.

(b) Model adaptation by Parametrize and Perturb (P&P).

(c) Model adaptation by Reuse & Regularize (R&R).

Figure 3.2: Three basic paradigms of reconstruction under “model drift”. (a) If the training data is
generated using the model y = A0x+ ε, this can be used to learn a reconstruction network f(y; θ0,A0)
which is parameterized by weights or parameters θ0 and may also explicitly depend on forward model
A0. (b) Parametrize and Perturb (P&P): If at test time we are presented with data corresponding to
the model y = A1x+ ε

′, we may not only use the new forward model A1 but also learn a perturbation
δ to the original network parameters θ0 to compensate for the model drift. (c) Reuse and Regularize
(R&R): Alternatively to P&P, we may reuse the pre-trained network f0 as an implicit regularizer in
an iterative model-based reconstruction scheme. The proposed scheme alternates between applying
f0 ◦A0, which denoises and/or removes artifacts, and a data-consistency step (denoted by DCA1 above)
that enforces the estimated image x̂ satisfies A1x̂ ≈ y.

The feasibility of model adaptation

To compute an accurate reconstruction under the original forward model, A0, the learned solver must
reconstruct components of the image that lie in the null space N(A0): for superresolution, these are
high-frequency details lost during downsampling, and in inpainting, these are the pixels removed by
A0.

Reconstructing under a different forward model, A1, requires reconstructing different components
of the image in the null space N(A1). The general intuition behind model adaptation is that if A0 and
A1 are similar, then the mapping represented by f0 can inform the new mapping that we need to learn
from image components in the range of A1 to components in N(A1). For example, in an inpainting
setting, the learned network not only represents the missing pixels, but it also represents some function
of the observed pixels that are relevant to filling in the missing pixels. Thus ifA1 has a similar null space
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(e.g., an offset in the collection of missing pixels), it is reasonable to expect that the original network
has learned to represent some information about image components in the null space of A1 but not
in the null space of A0. As the null spaces of A0 and A1 get further apart, model adaptation becomes
less effective. This is similar to the widely-noted behavior of transfer learning, where transfer learning
efficacy depends on the similarity of the training and target distributions. This intuition is supported
by our empirical results, which illustrate that when A0 and A1 correspond to different blur kernels or
perturbed k-space sampling patterns in MRI, the learned mapping f0 does contain information about
image components in the null space of A1 that can be leveraged to improve reconstruction accuracy,
even without additional training samples drawn using the model A1.

3.3 Proposed Approaches

We propose two distinct model adaptation approaches, Parameterize & Perturb (P&P) and Reuse &
Regularize (R&R), as detailed below.

Parametrize and Perturb: A transfer learning approach

Let f0 be a reconstruction network trained to solve inverse problem (P0). Suppose we can explicitly
parameterize f0 both in terms of the trained weights/parameters θ0 and the original forward model
A0, i.e., we may write f0(·) = f(· ; θ,A0). Given a new measurement vector y under the measurement
model (P1), a “naive” approach to model adaptation is to simply to replace substitute the new forward
model A1 for A0 in this parametrization, and estimate the image as f(y; θ0,A1). However, as illustrated
in Figure 3.1, this can lead to artifacts in the reconstruction due to model mismatch.

Instead, we propose estimating the image as f(y; θ1,A1) where θ1 is a perturbed set of of network
parameters obtained by solving the optimization problem:

min
θ
‖y−A1f(y; θ,A1)‖2

2 + µ‖θ− θ0‖2
2. (3.3)

where µ > 0 is a tunable parameter. The first term enforces data consistency, i.e., the estimated image x̂
should satisfy y ≈ A1x̂, while the second term ‖θ− θ0‖2

2 ensures the retrained parameters θ stay close
to the original network parameters θ0. This term is necessary to avoid degenerate solutions, which we
demonstrate in the appendix. Our use of a proximity term of this form is also inspired in part by its
success in other transfer learning applications (see, e.g., [36]).

If the forward model A1 is also unknown, we propose optimizing for it as well in the above
formulation, which gives:

min
θ,A∈A

‖y−Af(y; θ,A)‖2
2 + µ‖θ− θ0‖2

2. (3.4)

where A denotes a constraint set. We assume the forward model is parameterized such that the
constraint set is given by A = {A(σ) : σ ∈ Rq}, where A(σ) denotes a class of of forward models
parametrized by a vector σ ∈ Rq with q � m · n (e.g., in a blind deconvolution setting, A(σ)
corresponds convolution with an unknown kernel σ). In particular, we propose optimizing over the
parameters σ, which is possible with first-order methods such as stochastic gradient descent, provided
the map σ 7→ Aσ is first-order differentiable.
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Algorithm 1: Parameterize & Perturb (P&P)
Input Original forward model A0, new forward model A1,

pre-trained reconstruction network f0(·) = f(·; θ0,A0),
regularization parameter µ, new measurements y.

1: Modify the reconstruction network f0 by internally
changing A0 to A1, to obtain the estimate f(y; θ0,A1)

2: Fine-tune the network weights as θ1 = θ0 + δ where δ is a
perturbation learned by solving (3.3)

The preceding discussion focused on the case of reconstructing single measurement vector y at test
time, i.e., model adaptation without calibration data. Additionally, we consider a P&P approach in the
case where we have access to calibration data y1, ...,yN generated according to (P1). In this case we
propose retraining the network by minimizing the sum of data-consistency terms over the calibration
set:

(θ1,A1) = arg min
θ,A∈A

1
N

N∑
i=1
‖yi −Af(yi; θ,A)‖2

2 + λ‖θ− θ0‖2
2. (3.5)

At deployment, we propose using the retrained network x̂ = f(y; θ1,A1) as our estimator.
It is worth noting that the P&P model adaptation technique presented above bears similarities to

the deep image prior (DIP) approach to solving inverse problems as introduced in [13]. However,
P&P differs from DIP in two key aspects: First, in DIP the reconstruction network is initialized with
random weights, whereas in P&P we start with a network whose initial weights θ0 are obtained by
training to solve the initial inverse problem (P0). Second, we explicitly enforce proximity to the initial
weights to prevent overfitting to the data, and do not rely on early stopping heuristics as is the case
DIP. The P&P approach also shares similarities to the “fine-tuning” step proposed in the Σ-net MRI
reconstruction framework [17], where a loss similar to (3.3) is minimized to enforce data consistency at
test time. However, different from P&P, the fine-tuning approach in [17] regularizes the reconstruction
by minimizing the loss between initial reconstruction and the new network output in the SSIM metric.
As demonstrated in Figure 3.1, this initial reconstruction can have severe artifacts in certain settings
due to model mismatch, in which case enforcing proximity in image space to an initial reconstruction
is less justified.

Reuse & Regularize: Model adaptation without retraining

One drawback of the P&P approach is that it requires fine-tuning the network for each input y, which
is computationally expensive relative to a feed-forward reconstruction approach. Additionally, the
P&P approach is somewhat indirect, relying only on the inductive bias of the network architecture and
its original parameter configuration to impart a regularization effect for the new inverse problem (P1).
Here we propose a different model adaptation approach that does not require retraining the original
reconstruction network, and explicitly makes use of the fact that the original network is designed to
solve (P0).

Suppose we are given a reconstruction network f0(y) trained to solve (P0). The key idea we exploit
is that the composition of f0 with the original forward modelA0, should act as an auto-encoder, i.e., if we
define the map g : Rd → Rd by g(x) = f0(A0x) then by design we should have g(x) ≈ x for any image x
sampled from the image distribution PX. See Figure 3.3 for an illustration in the case of undersampled
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Figure 3.3: Illustration of the auto-encoding property of the map f0 ◦A0 as used in the proposed R&R
model adaptation approach, illustrated in an undersampled MRI reconstruction setting.

MRI reconstruction.
Given this fact, one simple approach to reconstructing a measurement vector y under (P1) is to

start from an initial guess, e.g., the least squares solution x(0) = A†1y, and attempt to find a fixed-point
of g(·) by iterating:

x(k+1) = g(x(k)), k = 0, 1, 2, ... (3.6)

However, this approach only uses knowledge of the new forward model A1 in the initialization step.
Also, unless we can guarantee the map g(·) is non-expansive (i.e., its Jacobian is 1-Lipschitz), these
iterations could diverge.

Instead, building off the intuition that g acts as an auto-encoder, we propose using g as a regular-
izer in an iterative model-based reconstruction scheme. In particular, we adopt a regularization-by-
denoising (RED) approach, which allows one to convert an arbitrary denoiser/de-artifacting map into
a regularizer [28]. The RED approach is motivated by the following cost function:

min
x

1
2‖A1x− y‖2

2 + λρ(x) (3.7)

where the function ρ(x) := x>(x− g(x)) can be interpreted as a regularizer induced by the map g(x)
and λ > 0 is a regularization parameter. Under appropriate conditions on the function g, one can
show ∇ρ(x) = x − g(x). This fact is used in [28] to derive a variety of iterative algorithms based on
first-order methods (see also [27] for further analysis of RED, including convergence guarantees).

Algorithm 2: Reuse & Regularize (R&R)
Input Pre-trained reconstruction network f0(·), original

forward modelA0, new forward modelA1, regularization
parameter λ > 0, max iterations K, new measurements y.

1: x← A†1y . least-squares initialization for k = 1, 2, ...,K do
2:

z← f0(A0x) . regularize using pre-trained network
3: x← (A>1 A1 + λI)

−1(A>1 y+ λz) . data consistency
4: return x

For simplicity, we focus on a RED approach with proximal gradient descent (see, e.g., [26]) as the
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base algorithm with stepsize τ > 0. This results in an alternating scheme:

z(k) = (1 − τ)x(k) + τg(x(k))

x(k+1) = arg min
x

1
2λ‖A1x− y‖2

2 +
1

2τ‖x− z
(k)‖2

2

The x-update above has the closed-form expression

x(k+1) =
(
A>1 A1 +

λ
τ
I
)−1 (

A>1 y+ λ
τ
z(k)

)
(3.8)

For simplicity of implementation and to reduce the number of tuning parameters, we fix the stepsize
to τ = 1 in all our experiments. We summarize these steps in Algorithm 2.

Note that in the limit as λ→∞, Algorithm 2 reduces to the fixed-point scheme (3.6), and in the
limit as λ→ 0 Algorithm 2 will return the initialization x = A†1y. In general, the output from Algorithm
2 will interpolate between these two extremes: x will be an approximate fixed point of g and will
approximately satisfy data consistency, i.e., y ≈ A1x.

For certain types of forward models the x-update in (3.8) can be computed efficiently (e.g., if A1

corresponds to a 2-D discrete convolution with circular boundary conditions, then A>1 A1 diagonalizes
under the 2-D discrete Fourier transform). However, in general, the matrix inverse (A>1 A1 + λI)

−1 may
be expensive to apply. Therefore, in practice we propose approximating (3.8) with a fixed number of
conjugate gradient iterations.

A notable aspect of the R&R approach is that it has potential to improve the accuracy of network-
based reconstructions even in the absence of model drift, i.e., even if A1 = A0. This is because data-
consistency is not guaranteed by certain reconstruction networks (e.g., U-Nets). However, we are
less likely to see a benefit in the case where the reconstruction network already incorporates data-
consistency layers, such as networks inspired by unrolling iterative optimization algorithms. We
explore this aspect empirically in Section 3.4 in the context of MRI reconstruction.

Algorithm 3: Reuse & Regularize with fine-tuning
(R&R+)

Input Pretrained reconstruction network f0(·) = f(·; θ0),
original forward model A0, new forward model A1,
regularization parameter λ, new measurements y.

1: Construct an estimator x̂(y; θ0) by unrolling K iterations
of Algorithm 2

2: Fine-tune the network weights as θ1 = θ0 + δ where δ is a
perturbation learned by approximately minimizing the
cost (3.10) via SGD.

3: return x = x̂(y; θ1)

The R&R approach can also be extended the case where the new forward model A1 depends on
unknown parameters. First, we define an estimator x̂(y;A1) by unrolling of a fixed number of iterates
of Algorithm 2, i.e., we take x̂(y;A1) = x

(K) where x(K) is the Kth iterate of Algorithm 2 with input y
for some small fixed value of K (e.g., K = 5). SupposingA1 belongs to a parameterized class of forward
models A(σ), i.e., A1 = A(σ1) for some set of parameters σ1, we propose estimating σ1 by minimizing
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data-consistency of the estimator:

σ̃1 = arg min
σ

‖A(σ)x̂(y;A(σ)) − y‖2
2 (3.9)

The resulting image estimate is then taken to be x̂(y; Ã1) where Ã1 = A(σ̃1).
Finally, we also consider a combination of the P&P and R&R approaches where we additionally

fine-tune the weights θ0 of the reconstruction network f0 embedded in the unrolled R&R estimator.
Writing this estimator as x̂(y; θ0), similar to the P&P approach we propose “fine-tuning” the weights
θ0 by approximately minimizing the cost function

min
θ
‖A1x̂(y; θ) − y‖2

2, (3.10)

to obtain the updated network parameters θ1 = θ + δ where δ is some small perturbation. The
estimated image is then given by x = x̂(y; θ1). We call this approach R&R+. Empirically we see
consistent improvement in reconstruction accuracy from R&R+ over R&R without any fine-tuning
(see Figures 3.7 and 3.8). However, this comes at the additional computational cost of having to retrain
the reconstruction network parameters at test time.

3.4 Experiments

In this section we empirically demonstrate our approach to model adaptation on three types of inverse
problems with two example reconstruction network architectures. We have chosen these comparison
points for their simplicity and to illustrate the broad applicability of our proposed approaches. In
particular, our approaches to model adaptation are not tied to a specific architectural design.

Methods and datasets used

We demonstrate our approaches on three inverse problems: motion deblurring, superresolution, and
undersampled single-coil MRI reconstruction.

For motion deblurring, our initial model A0 corresponds to a 10◦ motion blur with a 7 × 7 kernel,
and A1 is a 20◦ motion blur with a 7× 7 kernel, with angle given with respect to the horizontal axis. In
superresolution, our initial model is a bilinear downsampling with rate 2×, and A1 corresponds to 2×
bicubic downsampling.

MRI reconstruction is performed with a 6× undersampling of k-space in the phase encoding
direction for both A0 and A1. The sampling maps are shown in Fig 3.4.

We use two datasets in our experiments. First, for motion deblurring and superresolution, we train
and test on 128x128-pixel aligned photos of human faces from the CelebA dataset [19].

The data used in the undersampled MRI experiments were obtained from the NYU fastMRI
Initiative [38]. The primary goal of the fastMRI dataset is to test whether machine learning can aid
in the reconstruction of medical images. We trained and tested on a subset of the single-coil knee
dataset, which consist of simulated single-coil measurements. In all tests, we use complex-valued data,
which interfaces with our deep networks by treating the real and imaginary parts of the images as
separate channels. We measure reconstruction accuracy with respect to the center 320×320 pixels of
the complex IFFT of the fully-sampled k-space data. For the purpose of visualization, we display only
the magnitude images in the following sections.
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(a) Original k-space sam-
pling pattern (A0)

(b) Resampled k-space
sampling pattern (A1)

Figure 3.4: Visualization of k-space masks used for MRI experiments. Each mask represents a 6-fold
Cartesian undersampling with 4% of the center k-space lines fully sampled, and the remaining lines
sampled according to a Gaussian variable density scheme. The A1 mask contains the same center lines,
but the higher frequency k-space lines are sampled separately.

Learning rates and regularization parameters (i.e., µ in Algorithm 1 and λ in Algorithm 2) were
tuned via cross-validation on a hold out validation set of 512 images for CelebA, and 64 MR images for
fastMRI. Batch sizes were fixed in advance to be 128 for the motion blur and superresolution settings,
and 8 for the MRI setting. Hyperparameters were tuned via grid search on a log scale. For R&R, we
use K = 5 iterations in the main loop of Algorithm 2. During training, we add Gaussian noise with
σ = 0.01 to all measurements, as suggested by [11] to improve robustness.

We compare the performance of two reconstruction network architectures across all datasets. First,
we utilize the U-Net architecture [29]. Our U-Net implementation takes as input the adjoint of the
measurements under the forward model A>0 y or A>1 y, which is then passed through several CNN
layers before obtaining a reconstructed image x̂.

We also utilize the MoDL architecture [1], a learned architecture designed for solving inverse
problems with known forward models. MoDL is an iterative or “unrolled” architecture, which alter-
nates between a data-consistency step and a trained CNN denoiser, with weights tied across unrolled
iterations. We use a U-Net architecture as the denoiser in our implementation of MoDL, ensuring that
the overall number of parameters (except for a learned scaling factor in MoDL) is the same in both
architectures.

To compare to deep learning-based approaches which do not require training on particular forward
models, we compare to the Image-Adaptive GAN (IAGAN) [16] and to Regularization by Denoising
(RED) [28]. IAGAN leverages a pretrained GAN to reconstruct arbitrary linear measurements by
fitting the latent code input to the GAN, while also tuning the GAN parameters in a way similar to our
proposed P&P approach and the Deep Image Prior approach [13].

RED requires only a pretrained denoiser, which we implement by pretraining a set of residual
U-Net denoisers on the fastMRI and CelebA training sets, with a variety of different Gaussian noise
levels. Specifically, we train 15 denoisers for each problem setting, with σ ranging from 10−4 to 101 on
a logarithmic scale. All results shown are tuned on the validation set to ensure the optimal denoisers
are used.

We also compare to a penalized least squares approach with total variation regularization [30],
a classical approach that does not use any learned elements. While more complex regularizers are
possible, total variation (TV) is used because of its status as a simple, widely-used conventional baseline.
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Baselines

TV RED Train w/A0 Train w/A0 Train w/A1
Test w/A0 Test w/A1 Test w/A1

Blur 27.61 30.23 U-Net 34.15 25.42 33.98
MoDL 36.25 23.91 36.13

SR 28.33 28.59 U-Net 30.74 26.3 31.22
MoDL 31.32 22.27 31.98

MRI 25.09 27.76 U-Net 31.51 27.47 32.33
MoDL 31.88 22.82 31.79

Proposed Model Adaptation Methods
Known A1 Unknown A1

P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3) P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3)

Blur U-Net 33.01 32.11 33.50 29.18 27.67 30.05
MoDL 30.08 33.82 34.73 29.89 27.81 27.94

SR U-Net 28.00 29.95 29.99 27.77 26.98 29.35
MoDL 24.59 28.18 29.83 23.14 24.93 25.29

MRI U-Net 29.07 29.71 31.43 28.92 28.06 29.54
MoDL 30.63 30.25 31.44 26.64 23.46 27.67

Table 3.1: Comparison of performance of various baseline methods for inverse problems across a
variety of datasets and forward models. The metric presented is the mean PSNR. SSIM values can be
found in Table A.2

Parametrizing forward models

Both of our proposed model adaptation methods permit the new forward model to be unknown during
training, provided it has a known parametrization. In this case, the parameters describing the forward
model are learned along with the reconstruction. Here we describe the parametrizations of the forward
models that are used.

For the deblurring task, the unknown blur kernel is parametrized as a 7x7 blur kernel, initialized
with the weights used for the ground-truth kernel during the initial stage of training. Practically, this
is identical to a standard convolutional layer with a fixed initialization and only one learned kernel.

A similar approach is used for superresolution. The forward model can be efficiently represented
by strided convolution, and the adjoint is represented by a standard "convolution transpose" layer,
again with the weights initialized to match the forward operator in the initial pre-training phase.

In the case of MRI, we use two choices of A1, depending on whether we assume A1 is fully known
or not. In the case A1 is fully known, we utilize another 6× undersampled k-space mask, but with
resampled high-frequency lines. We display the original and new k-space sampling masks in Figure
3.4. To illustrate the utility of our approach under miscalibration of the forward model in an MRI
reconstruction setting, we also consider a unknown random perturbation of the original k-space lines,
which we attempt to learn during reconstruction. The vertical k-space lines are still fully sampled, as
are the center 4% of frequencies, but all high frequency lines are perturbed uniformly at random with
a continuous value from -2 to 2. We wish to emphasize that this experiment is not meant to reflect
clinical practice, since such miscalibration of k-space sampling locations is not typically encountered in
anatomical imaging with Cartesian k-space sampling trajectories. However, we include this experiment
simply to illustrate that our approach could be extended to unknown parametric changes in the forward
model in an MR reconstruction setting.
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Ground Blurred TV-Regularized RED
Truth Reconstruction

Figure 3.5: Comparison figures for the deblurring methods in Figure 3.7. We present the ground truth,
the blurred image (with Gaussian noise with σ = 0.01 added), a total variation (TV) regularized
reconstruction, and a comparison to Regularization by Denoising (RED), a model-agnostic method
leveraging a deep denoiser. Below each of the above is the residual image, multiplied by 5× for ease of
visualization.

Ground IFFT TV-Regularized RED
Truth Reconstruction Reconstruction

Figure 3.6: Comparison figures for the MRI reconstruction methods in Figure 3.8. We present the
IFFT with all k-space data maintained, the naïve IFFT reconstruction after k-space masking, a total
variation (TV) regularized reconstruction (with PSNR 27.3 dB), and a RED reconstruction (with PSNR
28.4 dB). We also present the residuals relative to the fully-sampled IFFT, multiplied by 5× for ease of
visualization.

Main results

In Table 3.1 we present our main results. We present sample reconstructions for the deblurring problem
and MRI reconstruction problem in Figs. 3.7 and 3.8. For reference, the ground truth, inputs to the
networks, a total variation regularized reconstruction, and a RED reconstruction are presented in Figs.
3.5 and 3.6. We also provide in the Appendix a table of SSIM values as well as the full version of Table
3.1, which contains the standard deviations of PSNR.

While the magnitude of the improvements vary across domains and problems, we find that retrain-
ing the network with the proposed model adaptation techniques significantly improve performance by
several dBs in the new setting. This effect is particularly striking in the case of MRI reconstruction with
MoDL, where the “naive” approach of replacing A0 with A1 in the network gives catastrophic results
(a roughly 9 dB drop in reconstruction PSNR), while the proposed model adaptation approaches give
reconstruction PSNRs within 1-2 dB of the baseline approach of training and testing with the same
forward model in the case where A1 is known.
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Train w/A0 Train w/A0 P&P R&R R&R+ P&P R&R R&R+
Test w/A0 Test w/A1 Known A1 Known A1 Known A1 Unknown A1 Unknown A1 Unknown A1

U-Net

U-Net
Residual

MoDL

MoDL
Residual

Figure 3.7: Visual examples of reconstruction quality for the motion deblurring inverse problem solved
by U-Net and MoDL, as well as the associated residuals. Each residual is multiplied by 5 for ease of
inspection. The initial forward model A0 is a 7x7 motion blur with angle 10◦, and the A1 model has a
7x7 motion blur kernel with angle 20◦. The analogous figure for the superresolution problem, and
further examples, are available in the Appendix. Best viewed electronically.

Train w/A0 Train w/A0 P&P R&R R&R+
Test w/A0 Test w/A1

U-Net

U-Net
Residual

MoDL

MoDL
Residual

Figure 3.8: Visual examples of different reconstruction approaches for the MRI inverse problem under
model drift, along with associated residuals. All residual images are scaled by 5x for ease of inspection.
Best viewed electronically.
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Figure 3.9: Naïvely learning to deblur with a single network and multiple blur kernels sacrifices
performance on all blurs. In green, the test-time accuracy of a network trained to deblur multiple blurs,
tested on a known kernel. In orange, the same network, but tested on a new blur that was not used
during training. In black, our proposed P&P approach (Alg. 1), with a known model, and in yellow
the same with a learned forward model. Blue and red show the performance of our R&R approach
(Alg. 2), with and without a known forward model.

Learning multiple forward models

In this section we explore an alternative approach to model adaptation. In this setting, we assume
that a set of candidate forward models are known during training time. During test time, a single
forward model is used for measurement, but the test-time forward model is not known during training.
This case represents the setting where the forward model might be parametrized, and so a reasonable
approach may be to train the learned network using a number of different forward models to improve
robustness.

In simple settings, training on multiple models might be reasonable. However, when the forward
model parameterization is high-dimensional, learning to invert all possible forward models may be
difficult.

We demonstrate this setting with a deblurring example, in which the same network is trained using
a number of blur kernels. The blur kernels are the same kernels used for comparisons in [14]. For
consistency, we resize all 50 blur kernels to 7x7, and normalize the weights to sum to 1. We compare
reconstruction accuracy when the ground truth blur kernel is included in the set of kernels used for
training, as well as when the reconstruction network has never seen data blurred with the testing
kernel.

The results are shown in Fig 3.9. Experimentally, we find that training on multiple blur kernels
simultaneously incurs a performance penalty as the number of blur kernels used in training increases.
In this setting, where the forward model has many degrees of freedom and data is limited, attempting
to learn to solve all models simultaneously is worse than transferring a single learned model, even in
the absence of further ground truth data for calibration.

Adapting to variable sampling rates in single-coil MRI

A particular concern raised in [3] is related to the stability of a learned solver with respect to the
level of undersampling at measurement time. In particular, the authors of that work observe that an
image reconstruction system trained to recover images sampled at a particular rate would experience a
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2× 4× 6× 8× 12×
Single-Model 35.74 32.53 31.51 30.69 29.48

6× No adaptation 27.02 30.20 31.51 27.76 26.15
6× R&R 35.11 32.61 31.73 29.40 27.34

Multi-Model 33.99 31.62 30.48 29.25 28.35
Multi-Model R&R 35.80 32.35 30.81 29.60 28.61

Table 3.2: Comparison of reconstruction PSNR for a variety of MRI acceleration factors for several
different approaches. “Multi-model” refers to a U-Net trained for reconstruction on all shown sampling
rates, whereas each column of the “Single-Model” results represents a network trained for that particular
sampling pattern. 6× refers to the network shown in other experiments. Training a single-sample model
consistently performs well for that particular forward model, but at the cost of lower performance on
other accelerations, even for higher sampling rates. The multi-model approach sacrifices performance
on any one forward model, but most of the difference can be removed by augmenting the multi-model
network with our R&R method.

degradation in reconstruction accuracy for higher sampling rates than the one the system was trained
on.

In Fig. 3.10 we explore this problem in the MRI setting using a U-Net as the reconstruction method,
and demonstrate that our R&R method can adapt to this setting as well. By using R&R during inference,
the learned network was trained at a 6× accceleration acquisition setting, but was safely deployed
for other accelerations without significant degradation in reconstruction quality, and comparing favorably to
networks trained explicitly for other sampling rates.

For comparison purposes, we also train a U-Net using multiple sampling masks. During training,
the multiple-model solver is trained to reconstruct MRIs that are measured using the five different
sampling patterns demonstrated in Fig. 3.10. We present the mean PSNR on the test set in Table 3.2,
along with the mean test PSNR for applying R&R to the multiple-model solver, assuming at test time
that the sampling pattern is known. Reconstructions from the multiple-model solver can be found
in the Appendix. We observe that training with multiple models means that at test time all models
produce reasonable reconstructions, but at the cost of reconstruction quality compared to networks
trained for single sampling patterns.

In this experiment, we also observe an interesting side-effect of R&R: when R&R is used to “adapt”
to a forward model A0 that the original network was trained on, we tend to see an improvement in
reconstruction quality. This effect is most pronounced for the U-Net trained to reconstruct multiple
sampling patterns, but is also true for the “dedicated” solver, demonstrated in Fig. 3.10.

Model adaptation under variable model overlap

In this section we explore how varying the distance between the forward models A0 and A1 affects
reconstruction quality, and how our proposed R&R method deals with different amounts of overlap
between A0 and A1. The forward model under investigation is 6× single-coil MRI reconstruction.

To explore variable levels of model drift in the single-coil MRI reconstruction case, we vary which
k-space frequencies are sampled in a Cartesian pattern. Specifically, we construct a list of “non-sampled”
frequencies and a list of “sampled” frequencies under A0. We create A1 by swapping n “sampled”
frequencies for n frequencies in the original “non-sampled” list, to ensure that the new A1 contains
exactly n frequencies that were not sampled under A0. We do not swap the 4% center frequencies in
any test.
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4x Acceleration 6x Acceleration 8x Acceleration2x Acceleration

k-space 
masks

Fully-sampled 
IFFT

Model  
Adaptation 
with R&R

No  
Adaptation

25.86 27.44 29.49 27.89
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12x Acceleration

27.06

28.54
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Figure 3.10: Using the R&R model adaptation approach permits using a U-Net trained for 6× accelera-
tion on MRI reconstruction across a range of acceleration parameters. The various k-space sampling
patterns used in these experiments are shown in the top row. Without adaptation (second row),
the reconstruction quality decreases when changing the acceleration factor, even when more k-space
measurements are taken, as originally observed in [3]. The R&R reconstructions (third row) compare
favorably to the performance of networks trained on each particular k-space sampling pattern (bottom
row). The PSNR of each image is presented in dB in yellow on each image.

In Fig. 3.11 we plot n vs the mean PSNR over 10 separate instantiations of the above experiment
for a no-adaptation approach as well as our R&R method. We run 10 separate instances since the
frequencies that are swapped, as well as what frequencies they are swapped to, is random, introducing
some variance to the process. We also visually represent the maximum and minimum PSNR across all
instances with shading.

Note that the new A1 in this subsection is different than the A1 used in other MRI experiments in
Table A.1 or Fig. 3.8. The A1 in Fig. 4b corresponds to a new random selection of frequencies, some of
which might also be represented in A0 (in Fig. 4a). In contrast, the A1 used for the results in Fig. 3.11
may be "harder" for model adaptation because the new frequencies were explicitly chosen to have zero
joint support with those in A0. In this experiment, the number of changed frequencies acts as a proxy
for the difference between N(A0) and N(A1), the null spaces of A0 and A1.

Sample complexity

Our other experiments assume that model adaptation is performed at the level of individual test
samples. However, in the case where we have access to a calibration set of measurements under the new
forward model A1 that we can leverage to retrain the network using the P&P approach.

In the transfer learning setting, a key concern is the size of the transfer learning set necessary
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Figure 3.11: Comparison of the mean PSNR for the R&R method and no adaptation for single-sample
MRI reconstruction vs. the number of frequencies that differ between A0 and A1. The shaded areas
represent the standard deviation of mean test PSNR over 10 runs, since frequencies are replaced
randomly.

Figure 3.12: Performance of the P&P model adaptation approach for motion deblurring as a function
of the number of calibration samples (blurred images) under the new forward model. Both of our
approaches outperform a naive approach (“No Adaptation”), even without exact knowledge of the
new forward model.

to achieve high-quality results. In this section we compare the performance of P&Pacross different
calibration set sizes.

In Fig. 3.12 we explore the effect of the number of samples observed under the new forward model
on the adapted model. We observe that even without knowing the forward model, a single calibration
sample is sufficient to give improvement over the “naive” method that replaces A0 with A1 without
further retraining. When the forward model is known during calibration and testing, a single example
image can result in a 2 dB improvement in PSNR.

Model-blind reconstruction with generative networks

Recent work [8, 2, 5, 16] has explored solving inverse problems using generative networks, which
permit reconstruction under arbitrary forward models assuming an expressive enough generative
network. In particular, [2] and [5] consider the case where the forward model is either partially or



65

Truth R&R+ IAGAN

Figure 3.13: Comparison of model adaptation (R&R+) with a model-blind GAN-based reconstruction
approach (IAGAN [16]) for 2× super-resolution. While a GAN-based approach only requires learning
a single generative network for all forward models, our results suggest that a network trained for a
specific forward model with the same number of training samples gives better reconstructions. Best
viewed electronically.

entirely unknown, and hence may be learned by parameterizing and jointly optimizing over both the
forward model and the latent code for the generative network.

In Fig. 3.13 we provide an illustration of reconstructions obtained by the method of [16], compared
to our proposed R&R approach. In our demonstration, as in [16], the generative network under
consideration is a pretrained Boundary Equilibrium GAN (BEGAN) [6]. The reconstruction quality is
higher when a model-specific network is used, especially when examining fine details and textures.

In the absence of (xi,yi) pairs, a generative approach may be reasonable. However, learning the
data manifold in its entirety requires a great deal of data at minimum, along with a sufficiently large and
well-tuned generator. The authors of [37] also note this fundamental limitation: for smaller or simpler
applications, learning a high-quality GAN is straightforward, but for more complex applications it is
difficult to train GAN models that are sufficiently accurate to rely on for high-quality reconstructions.

3.5 Discussion and Conclusion

This paper explores solutions to the fragility of learned inverse problem solvers in the face of model
drift. We demonstrate across a range of simple, practical applications that using a learned image
reconstruction network in settings even slightly different than they were trained in results in significant
reconstruction errors, both subtle and obvious. We propose two model adaptation procedures: the
first is based on a transfer learning approach that attempts to learn a perturbation to the pre-trained
network parameters, which we call Parametrize and Perturb (P&P); the second reuses the network
as an implicitly defined regularizer in an iterative model-based reconstruction scheme, which we call
Reuse and Regularize (R&R). We also look at a hybrid approach combining these techniques we call
R&R+.

We show that our model adaptation techniques enable retraining/reuse of learned solvers under
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a change in the forward model, even when the change in forward model is not known. In addition,
we demonstrate that just learning to invert a variety of forward models at once is not necessarily the
solution to the problem of model drift: directly training on many forward models empirically appears
to cause reconstruction quality to fall across all learned models. We also show that our approach is
superior to one that requires learning a model of the entire image space via a generative model.

The proposed P&P, R&R, and R&R+ model adaptation approaches each have different trade-
offs, and may be useful in different scenarios. In general, we observe that R&R+ produces superior
reconstructions over R&R and P&P, but incurs significant computation and time costs associated with
network retraining specified in (3.10). The P&P approach also incurs similar costs associated with
network retraining. However, when a calibration set is available (as in Section 3.4), the P&P approach
only needs to be retrained once, and computation cost at deployment matches the original solver.
However, we observe two significant benefits of the R&R approach. First, empirically we observe that
only few iterations of R&R (see Algorithm 2) tend to be required to give accurate results (namely, 5
iterations in all our experiments), which increases computational cost by only a constant factor relative
to the original reconstruction network. In addition, in the R&R approach only one new parameter
is introduced, in contrast to several parameters related to the optimization required for P&P and
R&R+. Finally, our experiments suggest that the improvement offered by R&R+ tends to be marginal
relative to the improvement seen by going from no adaptation to R&R. Therefore, in situations where
reconstruction time is crucial, model adaptation by R&R may be preferred over R&R+.

One surprising benefit of the R&R approach is that even in the absence of model drift (i.e.,A0 = A1)
the reconstruction accuracy improves relative to the output from the reconstruction network. This is
because R&R iteratively modifies the output of the network to enforce data-consistency at test time. This
may potentially resolve the issue raised in [31] about whether learned image reconstruction networks
are truly “solving” a given inverse problem, i.e., give a well-defined inverse map of the measurement
model. However, to show this would require a much more detailed analysis of the estimator defined
by the R&R approach that is beyond the scope of this work.

Adapting learned inverse problem solvers to function under new forward models is just one step
towards robustifying these powerful approaches. Our approach for unknown A1 assumes an explicit
parametrization of the forward model, but such a parametrization is not always straightforward or
realistic. How best to adapt to complex changes in the forward model that are not easily parametrized is
an important open question for future work; see [20] for one recent approach to learning non-parametric
(and potentially non-linear) changes to forward models in an iterative reconstruction framework.

While this work focused on linear inverse problem, many of the principles introduced in this work
extend also to non-linear inverse problems. For example, the R&R approach, which is based on the
regularization-by-denoising technique (RED), is readily adapted to non-linear problems amenable to a
RED approach, which includes phase retrieval [22] among others.

Our empirical evidence suggests that successful model adaptation is possible provided the nullspace
(or approximate nullspaces) of A0 and A1 are close in some sense. However, in settings where
nullspaces of A0 and A1 are far apart, model adaptation may lead to artifacts or hallucinated details
in the reconstructions. In order to understand these limitations of model adaptation, recent methods
introduced to quantify hallucinations induced by neural-network based reconstructions may prove to
be useful [7].

Finally, while we focused our attention on model drift, an important open problem is how to adapt
to simultaneous model and data distribution drift, and the extent to which these effects can be treated
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independently. We hope to address these questions in future work.

3.6 Notes for Practitioners

In this section, we will address certain issues that may arise when implementing the ideas presented
in this chapter. In particular, this section will focus on some of the choices made during design and
implementation of these algorithms.

R&R

As in prior chapters, the regularized inverse used in R&R can be implemented with a conjugate
gradient algorithm, and in all the experiments used in this chapter, that is the approach that is used.
However, it is not necessary to ensure that R&R can be backpropagated through unless R&R+ is being
used, so non-differentiable approaches can also be used.

The regularized inverse in R&R is why Alg 2 is ordered as presented. If the order is swapped,
the first step of the R&R algorithm is: z ← (A>1 A1 + λI)

−1(A>1 y + λx). This is fine if A1 is known.
However, in the case where A1 is unknown, typically it is initialized to be A0. In this case, the previous
expression is:

z← (A>0 A0 + λI)
−1(A>0 (A0x

? + ε) + λx).

Since we typically initialize x0 with A>0 y (or the zero vector):

z← (A>0 A0 + λI)
−1(A>0 (1 + λ)y).

This term is highly sensitive when y is measured under A1. If the overlap between A1 and A0 is
small, performing this inverse can create artifacts in z. For this reason, we first pass the reconstruction
through f0(A0·), followed by the data-fit term.

P&P and R&R+

Tuning P&P and R&R+ can be a delicate process. In particular, choosing the learning rate is crucial.
Empirically it appears sufficient to choose the learning rate based on a small validation set of 2-5 images.
A general tip is that the learning rates used for P&P and R&R+ should be around three orders of
magnitude smaller than the learning rates used to train the original network. Higher will result to
overfitting to the measurements, but too low will not actually improve the reconstructions. As in Deep
Image Prior and IAGAN, early stopping is helpful here, to prevent the aforementioned overfitting to a
particular measurement.

A note on practicality: R&R+ with iterative networks like MoDL is likely too computationally
expensive to be practical. The memory requirements to train what is essentially MoDL inside MoDL
quickly become prohibitive.
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Chapter 4

Deep Equilibrium Architectures for Learned
Optimization in Inverse Problems
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4.1 Introduction

A collection of recent efforts surveyed in [26] consider the problem of using training data to solve
inverse problems in imaging. Specifically, imagine we observe a corrupted set of measurements y of
an image x? under a linear measurement operator A with some noise ε according to

y = Ax? + ε. (4.1)

Our task is to compute an estimate of x? given measurements y and knowledge of A. This task is
particularly challenging when the inverse problem is ill-posed, i.e., when the system is underdetermined
or ill-conditioned, in which case simple methods such as least squares estimation may not have a
unique solution or may produce estimates that are highly sensitive to noise.

K=0 K=10 K=20 K=30 K=40

DE-Prox
(ours)

DU-
Prox

Figure 4.1: Deep Unrolling (DU) methods are state-of-the-art deep networks for image reconstruction
that unroll iterative optimization algorithms for a fixed number of iterations K. As shown above in an
illustrative example with Deep Unrolled Proximal Gradient Descent (DU-Prox), these methods do not
allow flexible operation at test time: unrolling for K iterations where K was not used at training results
in severe artifacts. By utilizing Deep Equilibrium networks (DE-Prox above), our method trains inverse
solvers to return good reconstructions at convergence, instead of at an arbitrary number of iterations,
resulting in a flexible, higher-performing image reconstruction technique.

Decades of research has explored geometric models of image structure that can be used to regularize
solutions to this inverse problem, including [34, 31, 11] and many others. More recent efforts have
focused instead on using large collections of training images, {x∗i }ni=1, to learn effective regularizers.

One particularly popular and effective approach involves augmenting standard iterative inverse
problem solvers with learned deep networks. This approach, which we refer to as deep unrolling
(DU), is reviewed in 4.2. The basic idea is to build an architecture that mimics a small number of
iterations of an iterative algorithm. In practice, the number of iterations is quite small (typically 5-10)
because of issues stability, memory, and numerical issues arising in backpropagation. This paper
sidesteps this key limitation of deep unrolling methods with a novel approach based on deep equi-
librium models (DEMs) [4], which are designed for training arbitrarily deep networks. The result
is a novel approach to training networks to solve inverse problems in imaging that yields a consis-
tent improvement in performance above state-of-the-art alternatives and where the computational
budget can be selected at test time to optimize context-dependent tradeoffs between accuracy and
computation. The key empirical findings, which are detailed in 4.6, are illustrated in Fig. 4.2.
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Figure 4.2: (a) PSNR of reconstructed images for an MRI reconstruction problem as a function of
iterations used to compute the reconstruction. Unrolled methods are optimized for a fixed computa-
tional budget during training, and running additional steps at test time yields a significant drop in
performance. Our deep equilibrium methods can achieve the same PSNR for the optimal computational
budget of an unrolled method, but can trade slightly more computation time for a significant increase
in the PSNR, allowing a user to choose the desired computational budget and reconstruction quality.
(b) Standard unrolled deep optimization networks typically require choosing some fixed number of
iterates during training. Deviating from this fixed number at test time incurs a significant penalty
in PSNR. The forward model here is 8x accelerated single-coil MRI reconstruction, and the unrolled
algorithm is unrolled proximal gradient descent with K iterates, labeled PROX-K (Fig. 4.4). For further
experimental details see 4.6.

Contributions

This chapter presents a novel approach to machine learning-based methods for solving linear inverse
problems in imaging. Unlike most state-of-the-art methods, which are based on unrolling a small
number of iterations of an iterative reconstruction scheme (“deep unrolling”), the proposed method
is based on deep equilibrium models that correspond to a potentially infinite number of iterations.
This framework yields more accurate reconstructions that the current state-of-the-art across a range of
inverse problems and gives users the ability to navigate a tradeoff between reconstruction computation
time and accuracy at test time. Furthermore, because our formulation is based on finding a fixed
points of a operator, we can use standard acceleration techniques to speed test time computations
– something that is not possible with deep unrolling methods. In addition, our approach inherits
provable convergence guarantees depending on the “base” algorithm used to select a fixed point
equation for the deep equilibrium framework. Experimental results also show that our proposed
initialization for Deep Equilibrium Models based on pre-training is superior to random initialization,
and the proposed approach is more robust to noise than past methods. Overall, the proposed DEM
approach is a unique bridge between conventional fixed-point methods in numerical analysis and
learning-based techniques for inverse problems in imaging.
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4.2 Relationship to Prior Work

Review of Deep Unrolling Methods

Deep unrolling methods for solving inverse problems in imaging consist of a fixed number of archi-
tecturally identical “blocks,” which are often inspired by particular optimization algorithm. These
methods represent the current state-of-the-art in MRI reconstruction, with most top submissions to
the fastMRI challenge [25] being some sort of unrolled net. Deep unrolling architectures have also
been successfully applied to other inverse problems in imaging, such as low-dose CT [38], light-field
photography [10], and emission tomography [23].

We describe here a specific deep unrolling method based on the gradient descent algorithm,
although many other variants exist based on alternative optimization or fixed point iteration schemes
[26]. Suppose we have a known regularization function r that could be applied to an image x; e.g., in
Tikhonov regularization, r(x) = λ

2 ‖x‖2
2 for some scalar λ > 0. Then we could compute an image

estimate x̂ by solving the optimization problem

x̂ = arg min
x

1
2‖y−Ax‖2

2 + r(x). (4.2)

If r is differentiable, this can be accomplished via gradient descent. That is, we start with an initial
estimate x0 such as x0 = A>y and choose a step size η > 0, such that for iteration k = 1, 2, 3, . . ., we set

xk+ 1 = xk+ ηA>(y−Axk) − η∇r(xk),

where∇r is the gradient of the regularizer.
The basic idea behind deep unrolled methods is to fix some number of iterations K (typically K

ranges from 5 to 10), declare that xK will be our estimate x̂, and model ∇r with a neural network,
denoted Rθ(x), whose weights θ can be learned from training data. For example, we may define the
unrolled gradient descent estimate to be x̂(K)(y; θ) := x(K) where x(0) = A>y and for k = 0, . . . ,K− 1
we have the recursive update

xk+ 1 = xk+ ηA>(y−Axk) − ηRθ(xk). (4.3)

Training attempts to minimize the cost function
∑n
i=1 ‖x̂(K)(yi; θ) − x∗i‖2

2 with respect to the network
weights θ. This form of training is often called “end-to-end”; that is, we do not train the network Rθ
that replaces∇r in isolation, but rather on the quality of the resulting estimate x̂(K), which depends on
the forward model A. Above we assume that all instances of Rθ have identical weights θ, although
other works explore variants where the Rθ has iteration dependent weights [1].

The number of iterations in deep unrolling methods is kept small for two reasons. First, at deploy-
ment, these systems are optimized to compute image estimates quickly – a desirable property we wish
to retain in developing new methods. Second, it is challenging to train deep unrolled networks for
many iterations due to memory limitations of GPUs because the memory required to calculate the
backpropagation updates scales linearly with the number of unrolled iterations.

As one potential workaround, suppose we train a deep unrolled method for small number of
iterations K (e.g., K = 5), then extract the learned regularizer gradient Rθ and at inference time run
the iterative scheme (4.3) until convergence (i.e., for more iterations K than used in training). Our
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numerical results highlight how poorly this approach performs in practice (section 4.6). Choosing a
sufficiently large number of iterations K (and hence the computational budget for inference) at training
time is essential. As we illustrate in Fig. ??, one cannot deviate from the choice of K used in training
and expect good performance.

Review of Deep Equilibrium Models

In [4], the authors propose a method for training arbitrarily-deep networks given by the repeated
application of a single layer. More precisely, consider an L-layer network with input y and weights θ.
Letting xk denote the output of the kth hidden layer, we may write

xk+ 1 = f
(k)
θ (xk;y) for k = 0, . . . ,L− 1

where k is the layer index and f(k)θ is a nonlinear transformation such as inner products followed by the
application of a nonlinear activation function. Recent prior work explored forcing this transformation
at each layer to be the same (i.e. weight tying), so that f(k)θ = fθ for all k and showed that such networks
still yield competitive performance [12, 5]. Under weight tying, we have the recursion

xk+ 1 = fθ(xk;y). (4.4)

The limit of xK as K→∞, provided it exists, is a fixed point of the operator fθ(·,y). In [4] the authors
show that the network weights θ can be learned with constant memory using implicit differentiation,
bypassing computation and numerical stability issues associated with related techniques on large-scale
problems [9, 16]. This past work focused on sequence models and time-series tasks, assuming that
each fθ was a single layer of a neural network, and did not explore the image reconstruction task that
is the focus of this paper. Following the posting of a preprint of this paper, [17] propose “fixed-point
networks” using a strategy similar to ours, independently verifying the potential of this framework in
image reconstruction.

Plug-and-Play and Regularization by Denoising Methods

Initiated by [36], a collection of methods based on the plug-and-play (PnP) framework have been
proposed, allowing denoising algorithms to be used as priors for model-based image reconstruction.
The starting point of PnP is to write reconstructed image as the minimizer of a cost function given
by a sum of a data-fit term and a regularizer as in (4.2). Applying alternating directions method of
multipliers (ADMM, [7, 8]) to this minimization problem gives a collection of update equations, one
of which has the form

arg min
x

1
2σ‖z− x‖

2
2 + r(x),

where r(x) is the regularizer and σ > 0 is a parameter; this update can be considered as a “denoising”
of the image z. PnP methods replace this explicit optimization step with a “plugged-in” denoising
method. Notably, some state-of-the-art denoisers (e.g., BM3D [11] and U-nets [30]) do not have an
explicit r associated with them, but nevertheless empirically work well within the PnP framework. A
related framework called Regularization by Denoising (RED) [29] is based on a similar philosophy as
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PnP, but instead considers an explicit regularizer of the form

r(x) = x>(x− ρ(x)),

where ρ(x) corresponds to an image denoising function.
Recent PnP and RED efforts focuses on using training data to learn denoisers [24, 32, 41, 35, 19]. In

contrast to the unrolling methods described in section 4.2, these methods are not trained end-to-end;
rather, the denoising module is trained independent of the inverse problem at hand (i.e., independent
of the forward model A). As described by [26], decoupling the training of the learned component
from A results in a reconstruction system that is flexible and does not need to be re-trained for each
new A, but can require substantially more training samples to achieve the reconstruction accuracy of a
method trained end-to-end for a specific A.

4.3 Proposed Approach

Our approach is to design an iteration map fθ(· ;y) so that a fixed-point x(∞) satisfying

x(∞) = fθ(x
(∞);y) (4.5)

is a good estimate of the image x? given its measurements y.
Here we describe choices of fθ (and hence of the implicit infinite-depth neural network architec-

ture) that explicitly account for the forward model A and generally for the inverse problem at hand.
Specifically, we propose choosing fθ based on different optimization algorithms applied to regularized
least squares problem (4.2). This approach is similar to a DU approach (see 4.2), but where the number
of iterations is effectively infinite – a paradigm that has been beyond the reach of all previous deep
unrolling architectures for solving inverse problems in imaging. Below we consider three specific
choices of fθ, but we note that many other options are possible.

Deep Equilibrium Gradient Descent (DE-Grad)

Connecting the unrolled gradient descent iterations in (4.3) with the deep equilibrium model in (4.4),
we let

fθ(x;y) = x+ ηA>(y−Ax) − ηRθ(x). (4.6)

Recall that in this setting Rθ is a trainable network that replaces the gradient of the regularizer. See
Figure 4.3 for a block diagram illustrating this choice of fθ.

x + ηA⊤(y − Ax)

ηRθ( ⋅ ) =
+x fθ(x; y)

Figure 4.3: Deep Equilibrium Gradient Descent (DE-Grad)
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Deep equilibrium proximal gradient (DE-Prox): Proximal gradient methods [27] use a proximal
operator associated with a function h:

proxh(x) = arg min
u

1
2‖u− x‖2

2 + h(u). (4.7)

Specifically, the proximal gradient descent algorithm applied to the optimization problem in (4.2)
yields the iterates

xk+ 1 = proxηr(xk+ ηA
>(y−Axk)),

where η > 0 is a step size. Similar to the deep unrolling approach of [21], we consider replacing proxηr
with a trainable network Rθ : Rn → Rn, which gives the iteration map

fθ(x;y) = Rθ(x+ ηA>(y−Ax)). (4.8)

See Figure 4.4 for a block diagram illustrating this choice of fθ.

x + ηA⊤(y − Ax) proxηrθ
( ⋅ ) =x fθ(x; y)

Figure 4.4: Deep Equilibrium Proximal Gradient (DE-Prox)

Deep equilibrium alternating direction method of multipliers (DE-ADMM): The Alternating Di-
rections Method of Multipliers (ADMM, [7]) is an efficient first-order algorithm for large-scale con-
strained optimization problems. ADMM can be applied to the uncontrained optimization problem
(4.2) by rewriting it as the equivalent constrained problem

min
x,z

1
2‖y−Ax‖2

2 + r(z) subject to z = x.

The augmented Lagrangian (in its “scaled form” – see [7]) associated with this problem is given by

Lα(x, z,u) := 1
2‖y−Ax‖2

2 + r(z) +
1

2α‖z− x+ u‖
2
2

where u is an additional auxiliary variable and α > 0 is a user-defined parameter. The ADMM iterates
are then

z(k+1) = arg min
z

Lα(xk, z,u(k))

x(k+1) = arg min
x

Lα(x, z(k+1),u(k))

u(k+1) =u(k) + z(k+1) − x(k+1),

(4.9)

Here the z- and x-updates simplify as

z(k+1) =proxαr(x
(k) − u(k))

x(k+1) =(I+ αA>A)−1(αA>y+ z(k+1) + u(k)).
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As in the DE-Prox approach, proxαr(·) can be replaced with a learned network, denoted Rθ. Making
this replacement, and substituting z(k+1) directly into the expressions for x(k+1) and u(k+1) gives:

x(k+1) =(I+ αA>A)−1(αA>y+ Rθ(z
(k) − u(k)) + u(k))

u(k+1) =u(k) + Rθ(z
(k) − u(k)) − x(k+1). (4.10)

Note that the updates for x(k+1) and u(k+1) depend only on the previous iterates x(k) and u(k). There-
fore, the above updates can be interpreted as fixed-point iterations on the joint variable q = (x,u),
where the iteration map fθ(q;y) is implicitly defined as the map that satisfies

q(k+1) = fθ(q
(k),y) with q(k) := (z(k),u(k)). (4.11)

Here we take the estimated image to be x∞, where q(∞) = (x(∞),u(∞)) is a fixed-point of fθ(·;y). See
Figure 4.5 for a block diagram illustrating this choice of fθ.

(A⊤A + αI)−1(αA⊤y + u + z′ )Rθ(x − u) =

+
q fθ(q; y)

x

u

x′ 

u′ −
z′ 

+

+
−

Figure 4.5: Deep Equilibrium Alternating Direction Method of Multipliers (DE-ADMM)

4.4 Calculating forward passes and gradient updates

Given a choice of iteration map fθ(·;y) defining a DEM, we confronted the following obstacles. (1)
Forward calculation: given an observation y and network weights θ, we need to be able to compute a
fixed point of fθ(·;y) efficiently. (2) Training: given a collection of training samples {x?i }ni=1, we need to
find the optimal network weights θ.

Calculating Fixed-Points

Both training and inference in a DEM require calculating a fixed point of the iteration map fθ(·;y)
given some initial point y. The most straightforward approach is to use fixed-point iterations given in
(4.4). Convergence of this scheme for specific fθ designs is discussed in Section 4.5.

However, fixed-point iterations may not converge quickly. By viewing unrolled deep networks as
fixed-point iterations, we inherit the ability to accelerate inference with standard fixed-point accelerators.
To our knowledge, this work is the first time iterative inversion methods incorporating deep networks
have been accelerated using fixed-point accelerators.

Anderson Acceleration: Anderson acceleration [37]1 utilizes past iterates to identify promising
directions to move during the iterations. This takes the form of identifying a vector α(k) ∈ Rm and
setting, for β > 0

x(k+1) = (1 − β)

m−1∑
i=0

α
(k)
i x(k−i) + β

m−1∑
i=0

α
(k)
i fθ(x

(k−i);y).

1Anderson acceleration for Deep Equilibrium models was introduced in a NeurIPS tutorial by [18].
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We find α(k) by solving the optimization problem:

arg min
α

||Gα||22, s.t. 1>α = 1 (4.12)

withG a matrix withm columns, where the ith column is the (vectorized) residual fθ(x(k−i);y)−x(k−i).
The optimization problem in (4.12) admits a least-squares solution, adding negligible computational
overhead whenm is small (e.g.,m = 5).

In Section 4.6 we compare the performance and time characteristics of solving using Anderson
acceleration with standard fixed-point iterations, as well as a technique which uses Broyden’s method
(a quasi-Newton algorithm) to find fixed points, as proposed in [4].

An important practical consideration is that accelerating fixed-point iterations arising from op-
timization algorithms with auxiliary variables (like ADMM) is non-trivial. Our implementation of
DE-ADMM accelerates ADMM using the results of [40]. However, in general acceleration is not
required to learn to solve inverse problems, and for other algorithms or settings standard fixed-point
iterations may be attractive for their simplicity of implementation.

Gradient Calculation

In this section, we provide a brief overview of the training procedure used to train all networks in
Section 4.6. We use stochastic gradient descent to find network parameters θ that (locally) minimize
a cost function of the form 1

n

∑n
i=1 `(x

(∞)(yi; θ), x∗i ) where `(·, ·) is a given loss function, x∗i is the ith
training image with paired measurements yi, and x(∞)(yi; θ) denotes the reconstructed image given
as the fixed-point of fθ(· ;yi). For our image reconstruction experiments, we use the mean-squared
error (MSE) loss:

`(x, x?) = 1
2 ||x− x

?||22. (4.13)

To simplify the calculations below, we consider gradients of the cost function with respect to a
single training measurement/image pair, which we denote (y, x∗). Following [4], we leverage the fact
that x(∞) := x(∞)(y; θ) is a fixed-point of fθ(·;y) to find the gradient of the loss with respect to the
network parameters θwithout backpropagating through an arbitrarily-large number of fixed-point
iterations. We summarize this approach below.

First, abbreviating `(x(∞), x?) by `, then by the chain rule the gradient of ` with respect to the
network parameters is given by

∂`

∂θ
=
∂x(∞)

∂θ

>
∂`

∂x(∞)
. (4.14)

where ∂x(∞)

∂θ
is the Jacobian of x(∞) with respect to θ, and ∂`

∂x(∞) is the gradient of `with respect to its
first argument evaluated at x(∞). Since we assume ` is the MSE loss, the gradient ∂`

∂x(∞) is simply the
residual between x? and the equilibrium point: ∂`

∂x(∞) = x(∞) − x?.
Now, in order to compute the Jacobian ∂x(∞)

∂θ
we start with the fixed point equation: x(∞) =

fθ(x
(∞);y). Differentiating both sides of this equation, and solving for ∂x(∞)

∂θ
gives

∂x(∞)

∂θ
=

(
I−

∂fθ(x;y)
∂x

∣∣∣∣
x=x(∞)

)−1
∂fθ(x

(∞);y)
∂θ

. (4.15)
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Plugging this expression into (4.14) gives

∂`

∂θ
=
∂fθ(x

(∞);y)
∂θ

>(
I−

∂fθ(x;y)
∂x

∣∣∣∣
x=x(∞)

)−>
∂`

∂x(∞)

This converts the memory-intensive task of backpropagating through many iterations of fθ(· ;y) to the
problem of calculating an inverse Jacobian-vector product. To approximate the inverse Jacobian-vector
product, first we define the vector β(∞) by

β(∞) =

(
I−

∂fθ(x;y)
∂x

∣∣∣∣
x=x(∞)

)−>
(x(∞) − x?).

Following [18], we note that β(∞) is a fixed point of the equation

β(k+1) =

(
∂fθ(x;y)
∂x

∣∣∣∣
x=x(∞)

)>
β(k) + (x(∞) − x?), (4.16)

and the same machinery used to calculate the fixed point x(∞) may be used to calculate β(∞). For
analysis purposes, we note if β(0) = 0, simple fixed-point iterations (4.16) may be represented by the
Neumann series:

β(∞) =

∞∑
n=0

[(
∂fθ(x;y)
∂x

∣∣∣∣
x=x(∞)

)>]n
(x(∞) − x?). (4.17)

Convergence of the above Neumann series is discussed in Section 4.5.
Conventional autodifferentiation tools permit quickly computing the vector-Jacobian products in

(4.16) and (4.17). Once an accurate approximation to β(∞) is calculated, the gradient in (4.14) is given
by

∂`

∂θ
=
∂f(x(∞);y)

∂θ

>
β(∞). (4.18)

The gradient calculation process is summarized in the following steps, assuming a fixed point x(∞) of
fθ is known:

1. Compute the residual r = x∞ − x∗.

2. Compute an approximate fixed-point β(∞) of the equation β =
(
∂fθ(x;y)
∂x

∣∣
x=x(∞)

)>
β+ r.

3. Compute ∂`
∂θ

= ∂fθ(x
(∞);y)
∂θ

>
β(∞).

4.5 Convergence Theory

Here we study convergence of the proposed deep equilibrium models to a fixed-point at inference time,
i.e., given the iteration map fθ(· ;y) : Rd → Rd we give conditions that guarantee the convergence of
the iterates x(k+1) = fθ(x

(k);y) to a fixed-point x(∞) as k→∞.
Classical fixed-point theory ensures that the iterates converge to a unique fixed-point if the iteration

map fθ(·;y) is contractive, i.e., if there exists a constant 0 6 c < 1 such that ‖fθ(x;y) − fθ(x ′;y)‖ 6
c‖x − x ′‖. Below we give conditions on the regularization network Rθ : Rd → Rd (replacing the
gradient or proximal mapping of a regularizer) used in the DE-Grad, DE-Prox and DE-ADMM models
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that that ensure the resulting iteration map is contractive and thus the fixed-point iterations for these
models converge.

In particular, following [32], we assume that the regularization network Rθ satisfies the following
condition: there exists an ε > 0 such that for all x, x ′ ∈ Rd we have

‖(Rθ − I)(x) − (Rθ − I)(x
′)‖ 6 ε‖x− x ′‖ (4.19)

where (Rθ − I)(x) := Rθ(x) − x. In other words, we assume the map Rθ − I is ε-Lipschitz.
If we interpret Rθ as a denoising or de-artifacting network, then Rθ − I is the map that outputs the

noise or artifacts present in a degraded image. In practice, often Rθ is implemented with a residual
“skip-connection”, such that Rθ = I+Nθ, whereNθ is, e.g., a deep U-net. Therefore, in this case, (4.19)
is equivalent to assuming the trained network Nθ is ε-Lipschitz.

First, we have the following convergence result for DE-Grad:

Theorem 4.1 (Convergence of DE-Grad). Assume that Rθ−I is ε-Lipschitz (4.19), and let L = λmax(A
>A)

and µ = λmin(A
>A), where λmax(·) and λmin(·) denote the maximum and minimum eigenvalue, respectively. If

the step-size parameter η > 0 is such that η < 1/(L+ 1), then the DE-Grad iteration map fθ(·;y) defined in
(4.6) satisfies

‖fθ(x;y) − fθ(x ′;y)‖ 6 (1 − η(1 + µ) + ηε)︸ ︷︷ ︸
=:γ

‖x− x ′‖

for all x, x ′ ∈ Rd. The coefficient γ is less than 1 if ε < 1 + µ, in which case the the iterates of DE-Grad
converge.

Proof. Let fθ(x;y) be the iteration map for DE-Grad. The Jacobian of fθ(x;y) with respect to x ∈ Rd,
denoted by ∂xfθ(x;y), is given by

∂xfθ(x;y) = (I− ηA>A) − η∂xRθ(x) ∈ Rd×d

where ∂xRθ(x) ∈ Rd×d is the Jacobian of Rθ : Rd → Rd with respect to x ∈ Rd. To prove fθ(· ;y) is
contractive it suffices to show ‖∂xfθ(x;y)‖ < 1 for all x ∈ Rd where ‖ · ‖ denotes the spectral norm.
Towards this end, we have

‖∂xfθ(x;y)‖ = ‖(I− ηA>A) − η∂xRθ(x)‖
= ‖ηI+ (1 − η)I− ηA>A− η∂xRθ(x)‖
= ‖(1 − η)I− ηA>A− η(∂xRθ(x) − I)‖
6 ‖(1 − η)I− ηA>A‖+ η‖∂xRθ(x) − I‖
6 max

i
|(1 − η) − ηλi|+ ηε (4.20)

where λi denotes the ith eigenvalue of A>A, and in the final inequality (4.20) we used our assumption
that the map (Rθ − I)(x) := Rθ(x) − x is ε-Lipschitz, and therefore the spectral norm of its Jacobian
∂xRθ(x) − I is bounded by ε.

Finally, by our assumption η < 1
1+L where L := maxi λ1, we have η < 1

1+λi for all i, which implies
(1 − η) − ηλi > 0 for all i. Therefore, the maximum in (4.20) is obtained at µ := mini λi, which gives

‖∂xfθ(x;y)‖ 6 1 − η(1 + µ) + ηε.
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This shows fθ is γ-Lipschitz with γ = 1 − η(1 + µ) + ηε, proving the claim.

Convergence of PnP approaches PnP-Prox and PnP-ADMM is studied in [32]. At inference time,
the proposed DE-Prox and DE-ADMM methods are equivalent to the corresponding PnP method but
with a retrained denoising network Rθ. Therefore, the convergence results in [32] apply directly to
DE-Prox and DE-ADMM. To keep the paper self-contained, we restate these results below, specialized
to the case of the quadratic data-fidelity term assumed in (4.2).

Theorem 4.2 (Convergence of DE-Prox). Assume that Rθ− I is ε-Lipschitz (4.19), and let L = λmax(A
>A)

andµ = λmin(A
>A) > 0, where λmax(·) and λmin(·) denote the maximum and minimum eigenvalue, respectively.

Then the DE-Prox iteraion map fθ(·,y) defined in (4.8) is contractive if the step-size parameter η satisfies

1
µ(1 + 1/ε) < η <

2
L
−

1
L(1 + 1/ε) .

Such an η exists if ε < 2µ/(L− µ).

See Theorem 1 of [32].

Theorem 4.3 (Convergence of DE-ADMM). Assume that Rθ − I is ε-Lipschitz (4.19), and let L =

λmax(A
>A) and µ = λmin(A

>A) > 0, where λmax(·) and λmin(·) denote the maximum and minimum eigen-
value, respectively. Then the iteration map fθ(·;y) for DE-ADMM defined in (4.11) is contractive if the ADMM
step-size parameter α parameter satisfies

ε

(1 + ε− 2ε2)µ
< α.

See Corollary 1 of [32].
Unlike the convergence result for DE-Grad given in Theorem 1, the convergence results for DE-Prox

and DE-ADMM in Theorem 2 and Theorem 3 make the assumption that λmin(A>A) > 0, i.e., A
has a trivial nullspace. This is condition is satisfied for certain inverse problems, such as denoising
or deblurring, but violated in many others, including compressed sensing and undersampled MRI.
However, in practice we observe that the iterates of DE-Prox and DE-ADMM still appear to converge
even in situations where A has a nontrivial nullspace, indicating this assumption may be stronger than
necessary.

Finally, an important practical concern when training deep equilibrium models is whether the
fixed-point iterates used to compute gradients (as detailed in Section 4.4) will converge. Specifically,
the gradient of the loss at the training pair (y, x∗) involves computing the truncated Neumann series
in (4.17). This series converges if the Jacobian ∂xfθ(x;y) has spectral norm strictly less than 1 when
evaluated at any x ∈ Rd, which is true if and only if the iteration map fθ(· ;y) is contractive. Therefore,
the same conditions in Theorems 1-3 that ensure the iteration map is contractive also ensure that the
Neumann series in (4.17) used to compute gradients converges.

4.6 Experimental Results

Comparison Methods and Inverse Problems

Our numerical experiments include comparisons with a variety of models and methods. Total-variation
Regularized Least Squares (TV) is an important baseline that does not use any training data but rather
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Table 4.1: Mean Test PSNR and SSIM comparison across reconstruction approaches and problems; for
each setting, the best PSNR and SSIMs are in bold.

Plug-n-Play
(DnCNN
denoiser)

RED
(DnCNN
denoiser)

Deep Unrolled Methods Trained
End-to-End

Deep Equilibrium (Ours)

TV Prox ADMM ADMM Grad Prox ADMM Neumann Grad Prox ADMM
Deblur (1)
PSNR 26.79 29.77 29.95 29.78 32.23 31.64 31.45 32.39 32.43 31.87 32.30
SSIM 0.86 0.88 0.89 0.89 0.93 0.93 0.93 0.94 0.94 0.93 0.94
Deblur (2)
PSNR 31.31 35.25 35.61 35.22 36.10 36.92 36.14 36.24 37.99 37.84 37.95
SSIM 0.90 0.96 0.96 0.96 0.97 0.97 0.97 0.97 0.98 0.97 0.98
CS (4x)
PSNR 26.04 27.79 27.85 27.80 29.32 29.65 29.09 29.59 31.46 31.51 31.64
SSIM 0.83 0.87 0.87 0.86 0.88 0.89 0.88 0.89 0.93 0.93 0.93
MRI (8x)
PSNR 26.64 28.45 28.39 29.89 31.13 30.97 31.82 31.64 32.01 31.02 31.38
SSIM 0.78 0.85 0.85 0.88 0.89 0.88 0.88 0.89 0.89 0.88 0.89
MRI (4x)
PSNR 31.22 31.56 31.92 32.37 32.44 32.49 32.56 32.62 33.41 33.66 33.72
SSIM 0.88 0.89 0.89 0.90 0.91 0.91 0.91 0.92 0.91 0.92 0.92

leverages geometric models of image structure [31, 33, 6]. The PnP and RED methods are described in
section 4.2; we consider both the original ADMM variant of [36] PnP-ADMM and a proximal gradient
PnP-Prox method as described in [32]. We utilize the ADMM formulation of RED. Deep Unrolled
methods (DU) are described in section 4.2; we consider DU using gradient descent, proximal gradient,
and ADMM. The preconditioned Neumann network [15] does not have simple Deep Equilibrium or
Plug-and-Play analogues, and is included as an alternative deep unrolled method.

All deep unrolled methods have tied weights, i.e. the network used at each iteration is the same.
This is done to ensure that the number of parameters in the deep unrolled, deep equilibrium, and
Plug-and-Play/RED methods are the same. Moreover, on modestly-sized datasets recent work has
shown that tied weights result in better reconstructions [2].

We compare the above approaches across three inverse problems: Image deblurring (Deblur),
compressed sensing (CS), and accelerated MRI reconstruction (MRI). In the Deblur setting we simulate
blurry images using 9× 9 pixel Gaussian blur kernel with variance 5 and consider two noise levels:
Deblur (1) refers to the setting of additive white Gaussian noise with variance σ = 0.01 (high noise),
and Deblur (2) refers the setting of additive white Gaussian noise with standard deviation σ = 0.0001
(low noise). In the CS setting, we take linear measurements of the image by forming inner products
with random Gaussian vectors whose entries i.i.d. standard normals, and use an undersampling factor
of 4×, i.e., the corresponding forward model A has 4× is a random Gaussian matrix fewer rows than
columns. The measurements are then corrupted with additive white Gaussian noise with standard
deviation σ = 0.01. In the MRI setting, we investigate recovery at 4× and 8× acceleration, where “ρ×
acceleration” indicates an undersampling factor of ρ in k-space (not to be confused with the acceleration
techniques used in finding fixed points). Our MRI experiments focus on the case of (virtual) single-
coil MR data acquired on a Cartesian grid in k-space, where corresponding forward model A is a
subsampling of rows of the discrete Fourier transform matrix. We additionally add complex white
Gaussian noise to the undersampled k-space measurements with standard deviation σ = 0.01.

For the Deblur and CS problems, we utilize a subset of the Celebrity Faces with Attributes (CelebA)
dataset [20], which consists of centered human faces. We train on a subset of 10000 of the training
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images. All images are resized to 128×128. For the MRI problem, we use a random subset of size 2000
of the fastMRI single-coil knee dataset [39] for training. We trim the ground truth MR images to a
320×320 pixel region-of-interest.

Architecture Specifics

For our learned network, we utilize a DnCNN architecture as in [32]. (We also experimented with
U-Nets, but found that DnCNN yielded superior performance for both our proposed deep eq methods
and the comparison methods.) For both the CelebA and fastMRI datasets, we train six DnCNN
denoisers with noise variances σ2 = 0.1, 0.05, 0.02, 0.01, 0.005, 0.001 on the training split. Training
follows the methodology of [32]. Specifically, to ensure contractivity of the learned component, we
add spectral normalization to all layers, ensuring that each layer has a Lipschitz constant bounded
above by 1. This normalization is enforced during pretraining as well as during the Deep Equilibrium
training phrase.

During training, we utilize Anderson acceleration for both the forward and backward pass fixed-
point iterations. In backward passes, the number of fixed-point iterations was limited to 50 due to
memory constraints, but fixed-point iterations in forward passes were run until convergence was
observed (defined to be when the relative norm difference between iterations is less than 10−3). Test
time results were produced using the same method as the forward pass during training, but over the
test set. We compare different fixed-point calculation methods for the forward and backward passes in
Section 4.6.

Further details on settings, parameter choices, and data may be found in the supplementary
materials and in our publicly-available code.2

Parameter Tuning and Pretraining

Each of the iterative optimization algorithms we test has its own set of hyperparameters to choose,
e.g., the step size η in DE-Grad, plus any parameters used to calculate the initial estimate x(0). Tuning
hyperparameters requires choosing a particular regularization network Rθ during tuning. We choose
from a collection of Rθ that have been pretrained for Gaussian denoising at different noise levels.
Pretraining can be done on the training dataset (e.g., training on MRI images directly) or using an
independent dataset (e.g., the BSD500 image dataset [22]). We use the former approach in our
experiments.

To tune hyperparameters, we first choose parameters to optimize the performance of PnP on a
validation set via a grid search over pretrained Rθ as well as algorithm-specific hyperparameters (such
as the η step-size parameter in gradient descent approaches). Then, we use the PnP hyperparameter
settings as initial hyperparameter values when training Deep Equilibrium or Deep Unrolling methods.

Main Results

We present the main reconstruction accuracy comparison in Table 4.1. Each entry for Deep Equilibrium
(DE), Regularization by Denoising (RED), and Plug-and-Play (PnP) approaches is the result of running
fixed-point iterations until the relative change between iterations is less than 10−3. During training, all
DE models were limited to a maximum 100 forward updates, but terminate iterations on the relative

2Available at: https://github.com/dgilton/deep_equilibrium_inverse

https://github.com/dgilton/deep_equilibrium_inverse
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norm difference between iterations falling below 10−3. The DU models are tested at the number of
iterations for which they were trained and all parameters for TV reconstructions (including number of
TV iterations) are cross-validated to maximize PSNR. Performance as a function of iteration is shown in
Figs. 4.2, ??, and section 4.6, with example reconstructions in Fig. 4.7. Further example reconstructions
are available for qualitative evaluation in the supplementary materials.

We observe our Deep Equilibrium-based approaches consistently outperform Deep Unrolled ap-
proaches across different choices of base algorithm (i.e.,Grad,Prox,ADMM). Among choices of iterative
reconstruction architectures for fθ, there does not appear to be an obvious winner, suggesting the
optimal choice may be problem- or setting-dependent.
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(b) Deblurring.

Figure 4.6: Iterations vs. reconstruction PSNR for DE-Prox and competing methods for (a) deblurring
and (b) compressed sensing. MRI results are in Fig. 4.2. The deep unrolled prox grad was trained for
10 iterations. In all examples, deep unrolling is only effective at the number of iterations for which it is
trained, whereas deep equilibrium achieves higher PSNR across a broad range of iterations, allowing a
user to trade off computation time and accuracy.

(a) Ground
truth

(b) IFFT (A>y), PSNR =
24.53 dB.

(c) DU-Prox, PSNR =
31.02 dB

(d) DE-Prox, PSNR =
32.09 dB

Figure 4.7: 8× accelerated MRI reconstruction example. Best viewed digitally.

As seen in Figs. 4.2, ??, and ??, the Deep Equilibrium approach generally outperforms Deep
Unrolled solvers. Figs. 4.2, ??, and ?? show that our approach requires no more computation than Deep
Unrolled networks to achieve the same performance level and has an increasing advantage with further
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Total Time (s) Time/Iteration (s) PSNR (dB)
Plug & Play 1.24 0.025 31.56
DU-Prox 0.25 0.025 32.49
DE-Prox 1.22 0.025 31.86
DE-Prox (Anderson) 1.17 0.046 33.66
DE-Prox (Broyden) 1.85 0.039 33.61

Table 4.2: Comparison of computation time required to reach convergence and resulting reconstruction
PSNR in 4× accelerated MRI reconstruction.

computation.

Effect of Acceleration

Here we demonstrate the effect of using different fixed-point solvers during both the training and
inference procedures. Leveraging acceleration can decrease computational costs during both training
and inference and result in better empirical performance at inference. Table ?? compares Anderson
accelerated Deep Equilibrium approaches with Deep Unrolling, Plug and Play, Deep Equilibrium
utilizing Broyden’s Method (as was used in [4]), and non-accelerated Deep Equilibrium. All results
were determined using PyTorch utilizing an NVidia RTX 2080 Ti GPU. As mentioned previously,
non-accelerated Deep Equilibrium at inference time has identical per-iteration cost and memory
requirements as Plug and Play and Deep Unrolling.

We observe that while finding the fixed-points using Broyden’s method and Anderson acceleration
requires more time per iterate, convergence occurs faster than a standard fixed-point iteration so the
net time spent at inference is less. Since the Broyden solution was slightly worse in terms of PSNR,
Anderson acceleration was used for all other experiments.

For practical matters, the memory cost of each of the compared methods may also be an important
factor to consider. At train time, Deep Unrolled methods require memory scaling linearly with the
number of iterations used, while Deep Equilibrium methods require only the memory necessary to
compute the gradient in (4.16), which is what permits training at convergence. Plug and Play methods
are the least memory-intensive of all to train. At inference time, each method only needs to store at
most a constant number of iterations, so all methods are cheap in terms of memory to evaluate.

Effect of Pre-Training

Here we compare the effect of initializing the learned component Rθ in our deep equilibrium models
with a pretrained denoiser versus initializing with random weights. We use the same hyperparameter
tuning scheme described in Section 4.6.

We present our results on Deep Equilibrium Proximal Gradient Descent (DE-Prox) in Figure 4.8(a).
We observe an improvement in reconstruction quality when utilizing our pretraining method compared
to a random initialization. We also note that pretraining enables a simple choice of algorithm-specific
hyperparameters. For example, with random initialization, choosing the proper internal step size for
DE-Prox would require training several different DE-Prox instances, and choosing the correct step size
based on validation set, in addition to any other parameters, such as the learning rate used during
training.
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Figure 4.8: (a) Comparison of learned DE-Prox reconstruction quality across three different inverse
problems: Deblurring (Blur), compressed sensing (CS), and undersampled MRI reconstruction (MRI).
In our experiements, initializing with a pretrained denoiser routinely offered as good or better recon-
struction quality (in terms of PSNR) than a random initialization. (b) Noise sensitivity comparison
between DU-Prox and DE-Prox. The forward model used is 8×MRI reconstruction, and σ here corre-
sponds to the level of Gaussian noise added to observations.

Noise Sensitivity

We observe empirically that the Deep Equilibrium approach to training achieves competitive recon-
struction quality and increased flexibility with respect to allocating computation budget at test time.
Recent work in deep inversion has questioned these methods’ robustness to noise and unexpected
inputs [3, 28, 14].

To examine whether the Deep Equilibrium approach is brittle to simple changes in the noise
distribution, we varied the level of Gaussian noise added to the observations at test time and observed
the effect on reconstruction quality in a setting where DE-Prox and DU-Prox perform similarly. Fig.
4.8(b) demonstrates that the Deep Equilibrium model DE-Prox is more robust to variation in the noise
level than the analogous Deep Unrolled approach DU-Prox. The forward model used in Fig. 4.8(b) is
8×MRI reconstruction.

4.7 Notes for Practitioners

In this section, we will address certain issues that may arise when implementing the ideas presented
in this chapter. In particular, this section will focus on some of the choices made during design and
implementation of these algorithms.

Tips for Training

In the work done in this chapter, the same fixed-point solver was used to find both the gradients used
for training and for finding the fixed-point. More concisely, the same solver was used for forward and
backward passes. It is not clear that this is the optimal way to do things, and there is quite a bit of room
in how best to train deep equilibrium models. Recent follow-on work [17] has proposed discarding the
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entire inverse-Jacobian calculation, which is equivalent to just backpropagating on the final fixed-point
step.

When implementing Anderson acceleration, it is possible to regularize the linear inverse problem
by replacing G with G+ λI. Empirically, this stabilizes training for small λ, like 0.01 or 0.001, but does
not seem to improve final reconstruction quality once the network is trained. However, this was not
used for the experiments in this paper, for simplicity’s sake. The β in Anderson acceleration is almost
always set to 1.5 or 2.5, the “over-relaxed” setting.

Denoisers and Plug-and-Play

The role of the denoiser is central to Plug-and-Play algorithms. In particular, if the denoiser is not
sufficiently expressive and not trained with sufficiently many images, the results will be poor. A core
challenge for plug and play systems is that they are using Gaussian denoisers to correct what is usually
highly structured noise. For a concrete example: the aliasing artifacts that arise in subsampled MRI
are not spatially invariant, and usually have a great deal of structure that depends on the underlying
image. This can present challenges depending on the quality of the denoiser.

Remarkably, it does seem that training a Gaussian denoiser with the right level of noise can (some-
what) sidestep these issues. However, a priori determining the optimal level of noise depends on the
forward model and the architecture in question. While for several of the forward models used in this
chapter the same denoiser was used for DE-Grad, DE-Prox, and DE-ADMM, that was not universally
true.

The takeaways are: for severely corrupted image reconstruction problems, be prepared to spend a
lot of time tuning Plug and Play approaches; train several denoisers at a range of noise levels to get the
best performance; and choose the right denoiser for the setting and architecture.

Spectral Bounds

The technique used to bound the spectral norm in this chapter is only an approximate upper bound,
and appears to limit the capacity of the network used somewhat. An earlier draft utilized normalized
U-nets, which ran into trouble on the more complex MRI data, but the current draft is able to use
normalized DnCNNs for all settings. Given that the current pretraining followed by tuning procedure
is time-consuming, it is an open question whether the techniques used in this paper to train Deep
Equilibrium networks for image reconstruction are optimal.

4.8 Conclusions

This chapter illustrates non-trivial quantitative benefits to using implicitly-defined infinite-depth
networks for solving linear inverse problems in imaging. Other recent work has focused on such
implicit networks akin to the deep equilibrium models considered here (e.g. [13]). Whether these
models could lead to additional advances in image reconstruction remains an open question for future
work. Furthermore, while the exposition in this work focused on linear inverse problems, nonlinear
inverse problems may be solved with iterative approaches just as well. The conditions under which
deep equilibrium methods proposed here may be used on such iterative approaches are an active area
of investigation.
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Chapter 5

Learned Regularizers Using the Relevance
Vector Machine for Sparse Linear Bandits
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5.1 Learned Regularizers for Online Sparse Regression

Classical multi-armed Bandit (MAB) algorithms are often described in the context of a gambler facing
an array of slot machines. Each time one of the machine’s arms is pulled, it gives the gambler a reward;
the rewards are typically stochastic and identically distributed for each arm, and each arm has its
own unknown average payoff. The gambler must devise a strategy for pulling slot machine arms to
maximize his/her total rewards from the machines, balancing between exploration (i.e., estimating the
average payoff of each arm) and exploitation (i.e., pulling arms known to have large average payoffs).
Linear MABs (LMABs) assume that each slot machine is associated with a known feature vector, and
the expected payoff of the machine will be the inner product of this feature vector and an unknown
weight vector. In this setting, a pull of any arm provides some information about the unknown weight
vector and hence insight into the average payoff of all the other arms. Classical and linear MABs are
applicable in a variety of settings, notably online advertising.

In many contexts, the unknown weight vector is sparse because only a few features of the arms are
relevant to the expected rewards. However, standard linear bandit strategies do not exploit this sparsity
and yield far smaller rewards than oracle LMAB algorithms with full knowledge of the support of
the weight vector. Relatively few studies have focused on sparse LMAB. This paper describes a new
approach to LMABs that leverages ideas from Linear Thompson Sampling [5] and Relevance Vector
Machines [10]. We present our proposed algorithm, theoretical regret bounds, and simulation results
illustrating how the proposed approach adapts to sparse weight vectors and outperforms competing
algorithms.

Problem formulation

Consider a collection X of N arms that are represented by d-dimensional feature vectors denoted
x(1), . . . , x(N) ∈ Rd. Our interest is in settings with large d. Without loss of generality, assume the
features, x ∈ X have `2 norm at most one, and that also ‖θ∗‖2 6 1. These assumptions alter any
theoretical bounds on performance only by constants. At each time t = 1, 2, . . ., the user selects an arm
xt ∈ X and receives a reward yt ∈ R. We model the reward as an unknown, noisy linear function of
xt; specifically,

yt = 〈θ∗, xt〉+ ηt , (5.1)

where ηt is a noise term that is drawn from a zero-mean Gaussian distribution with variance σ2

conditioned on x1:t and η1:(t−1), and θ∗ ∈ Rd is an unknown weight vector reflecting how much
different features of the arms contribute to the reward. If we knew θ∗, then we would choose

x∗ := arg max
x∈X

〈θ∗, x〉

at each round to maximize expected rewards. However, θ∗ is unknown, and estimating θ∗ is non-trivial
due to the high dimensionality of the arms. This paper assumes that θ∗ is s-sparse for some s� d,
meaning that θ∗ is supported on at most s unknown indices.
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We also define Xt :=
[
x1 · · · xt

]>
∈ Rt×d, yt :=

[
y1 · · · yt

]>
∈ Rt, and let

θ̂t :=
(
X>t Xt + λI

)−1
X>t yt := Σ

−1
t X

>
t yt (5.2)

be the ridge regression estimator of θ∗ given the arms and rewards up to time t, where Σt ∈ Rd×d is
defined as above, and λ ∈ R is a regularizing constant.

Existing linear MAB algorithms provide analysis on their cumulative rewards up to time step T .
Define [T ] := {1, . . . , T }. Instead of guaranteeing an absolute quantity on the cumulative rewards, these
algorithms guarantee a relative quantity called cumulative pseudo-regret, which measures the extra
expected cumulative reward one could have received by pulling x∗ at each round:

R(T) :=

>∑
t=1
〈θ∗, x∗〉− 〈θ∗, xt〉 , (5.3)

which we refer to as regret.

5.2 Related work on linear bandits

The first formal linear stochastic MAB analysis appears in [6] but is under a more general family of
problems. Dani et al. [8] focus on the linear stochastic MAB case and propose an algorithm based on
confidence bounds with a regret bound that is later shown to be optimal up to logarithmic factors
by [9].

Optimism in the Face of Uncertainty for Linear Rewards (OFUL)

Abbasi-Yadkori et al. [1] propose a significantly tighter confidence bound, which slightly improves the
regret bound and improves the practical performance by orders of magnitude. This method is coined
“Optimism in the Face of Uncertainty for Linear Rewards (OFUL)” [1]. estimator of θ∗ given the arms
and rewards up to time t.

OFUL chooses which arm to pull by solving the following optimization problem:

(θ̃t, xOFUL
t ) := arg max

θ∈Ct−1,x∈X
〈θ, x〉 . (5.4)

whereCt−1 ⊆ Rd is a confidence set that containsθ∗with high probability. This approach is “optimistic”
in the following sense: we know θ∗ ∈ Ct−1 with high probability, but nothing more, so we choose θ̃t
to be the weight vector in Ct−1 that would yield the maximum reward given the best arm pull, and we
optimistically use that weight vector to choose xt.

Define ‖x‖A :=
√
x>Ax. One can fix x and find the maximizer θ̃(x) := maxθ∈Ct−1〈θ, x〉 in a closed

form using the Lagrangian method, which simplifies (5.4) to

xOFUL
t = arg max

x∈X
〈θ̂t−1, x〉+

√
βt−1 · ‖x‖Σ−1

t−1
. (5.5)

for βt−1 ∈ R. Details can be found in [1]. The optimization problem (5.5) has a natural interpretation
of balancing between the first “exploitation” term that encourages arms aligned with the current ridge
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regression estimator θ̂t and the second “exploration” term that encourages arms aligned with the
directions that are probed less so far.

OFUL achieves the near-optimal regret Õ(d
√
T) [9], which implies that in the long-term, OFUL

will retrieve as large a cumulative reward as one could hope.

Linear Thompson Sampling

Linear Thompson Sampling (LTS) is a linear extension of the Thompson sampling algorithm. Thomp-
son sampling is empirically and theoretically attractive, being simple to implement and near optimal
in practice and theory [3]. Departing from OFUL-based algorithms, LTS samples a vector θ̃t from a
multivariate normal distribution N(θ̂t, v2Σ−1

t ) for v ∝
√

9dσ2 log(T) ∈ R and then chooses the arm

xLTS
t = arg max

x∈X
〈θ̃t, x〉.

The regret bound of LTS is Õ(d3/2
√
T) [4].

Algorithm 4: Linear Thompson Sampling (LTS) [4]
1: Initialize θ̂1 = 0 and Σ1 = Id
2: Let δ ∈ (0, 1) and set v =

√
9dσ2 log(T/δ) for t = 1, 2, . . . , T do

3:
Sample θ̃t from the distribution N(θ̂t, v2Σ−1

t )
4: Play arm xt := arg maxx∈X〈x, θ̃t〉
5: Receive reward yt
6: Set Σt+1 = Σt + xtx

>
t = Id + X>t Xt

7: Set θ̂t+1 = Σ−1
t+1X

>
t yt

LTS and OFUL share some important features. Specifically, both algorithms begin by computing
the ridge regression estimate θ̂t, and encouraging exploration in order to avoid the potential pitfalls of
being greedy. OFUL chooses the most optimistic estimate from θ̃t ∈ Ct−1, and LTS draws θ̃t from
a Gaussian centered at θ̂t, which has Ct−1 as a level set. Both algorithms choose the next arm xt to
maximize the inner product between the arm feature vector and their “proxy” weight vector. For large
collections of arms, LTS is more computationally efficient, while OFUL has the lower regret bound.

5.3 Sparse linear bandits

The above approaches do not leverage sparsity in the weight vector θ∗. While there is increasing interest
in sparse models, there is no consensus on how to best incorporate them within bandit algorithms.
Naïvely, we might consider computing a sparse estimate θ̂t using LASSO or elastic net regression
instead of the ridge regression estimate in (5.2). This approach can yield some empirical advantages,
but it is difficult to characterize the confidence set Ct associated with the new sparsity-promoting
estimate θ̂t. Without this confidence set, we cannot improve the scaling of the regret bounds.

Bounding techniques used in standard LASSO analysis rely upon the matrix Xt satisfying certain
properties (e.g., the restricted isometry property or restricted eigenvalue condition), but in the bandit
setting Xt corresponds to the sequence of arms selected and is not guaranteed to have this property.
Two approaches have been proposed to address this challenge.
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The first approach [2] assumes the existence of an online learning algorithm that can be used to
estimate θ̂t (e.g., online LASSO). This algorithm is used to predict yt and it is assumed that there is a
known upper bound on the prediction loss. The predictions and the bound on the prediction error is
used to determine a confidence set analogous to Ct in the OFUL algorithm. However, known bounds
on online LASSO algorithms are too loose for this method to perform well in practice.

The second approach [7] operates in two epochs. For the firstO(
√
T) rounds, random non-adaptive

arms are pulled in a “support exploration phase”; based on the rewards from these rounds, the support
of θ∗ is estimated, and for the remaining rounds the OFUL algorithm is run on the estimated support
of θ∗. However, the support exploration phase is non-adaptive and hence this approach can yield
smaller cumulative rewards than alternative methods, particularly with the support size s of θ∗ is
small relative to

√
T . This is illustrated in the simulations below.

5.4 Relevance vector machines

The relevance vector machine (RVM) is a Bayesian framework that is particularly useful in sparse
regression and classification tasks, introduced in [10]. The RVM setup considered here assumes we
observe

y = Xθ∗ + η,

where η ∈ Rt is a Gaussian noise vector with distribution N(0,σ2It). The RVM assumes a prior on θ∗

of the form
θ∗ ∼ N(0, A−1),

where A ∈ Rd×d is a diagonal matrix of hyperparameters withAi,i = αi; we defineα :=
[
α1, α2, . . . , αd

]

to be the diagonal elements of A. That is, the ith element of θ∗ is a zero-mean Gaussian with variance
α−1
i .

The RVM further assigns a hyperprior on α:

α ∼

d∏
i=1

Gamma(0, 0).

Using Bayes’ rule, the posterior distribution of θ∗ is

θ∗|y,α ∼ N(θ̂,Σ−1) (5.6a)

where

Σ = A + σ−2X>X (5.6b)

θ̂ = σ−2Σ−1X>y (5.6c)

If all the αi’s are equal to λ, then this estimate is equivalent to (5.2). Since α is unknown and
computing the full posterior is computationally intensive, [10] proposes choosing α to maximize
p(y|α) and describes an iterative approach to solving this optimization problem, with computational
speedups detailed in [11].

The Relevance Vector Machine is appealing for our task for two reasons. First, as noted in [10], the
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RVM tends to produce estimates of αwhich are very sparse. Secondly, the form of θ̂ in (5.6) is very
similar to the ridge regression estimator of (5.2) that is used in LTS and OFUL, so some regret bounds
might be feasible to propose.

5.5 Relevance vector machine linear Thompson sampling (RVM-LTS)

In the stochastic linear bandit regime, the RVM is interesting because the posterior distribution in (5.6)
can be used within an LTS framework to draw θ̃t (instead of the original N(θ̂t, v∗Σ−1

t ) described in
Section 5.2). By using the RVM posterior this way, we essentially form a sampling distribution (with a
level set corresponding to a confidence set Ct) that adapts to the unknown sparse support of θ∗.

Algorithm

Our proposed approach is in Algorithm 5; the overall structure is similar to the LTS algorithm described
in Section 5.2, with two key differences. First, in line 7, the covariance matrix is offset by diagonal
matrix A instead of the conventional λId. Second, in line 6, A is updated adaptively based on the data
acquired so far. It is this adaptation that allows the sparsity of θ∗ to be exploited. Note that A can be
updated quickly by using the algorithm outlined by Tipping and Faul [11] 1.

Algorithm 5: Relevance Vector Machine Linear Thompson Sampling (RVM-LTS)
1: Initialize θ̂1 = 0 and A = Σ1 = Id
2: Let δ ∈ (0, 1) and set v =

√
9dσ2 log(T/δ) for t = 1, 2, . . . , T do

3:
Sample θ̃t from the distribution N(θ̂t, v2Σ−1

t )
4: Play arm xt := arg maxx∈X〈x, θ̃t〉
5: Receive reward yt
6: Update A using [11]
7: Set Σt+1 = Σt + xtx

>
t = v2A + X>t Xt

8: Set θ̂t+1 = Σ−1
t+1X

>
t yt

To better understand the sparse case, consider an oracle with perfect knowledge of the support of
θ∗, denoted S := supp(θ∗). Then if αi =∞ for i /∈ S and αi = λ for i ∈ S, and if we omit updating A
in line 6, then RVM-LTS amounts to LTS on the true support of θ∗ and ignoring all other coordinate
axes. Of course, in a practical problem we do not have such oracle knowledge. To adapt to this, our
method updates its estimate of α using [11].

Regret bounds for fixed A

The above algorithm is, on the surface, very similar to standard Linear Thompson Sampling. However,
the addition of the A matrix instead of Id has some significant theoretical consequences.

First, note that within the RVM updating scheme, for i /∈ supp(θ∗), αi →∞. Let

Sα := {i : 1/αi = 0}
1A note for practical implementation is added here. The authors of [11] allow αi to go to infinity, which allows for the

omission of that particular dimension from calculations of θ̂t. Our implementation, for numerical stability, instead sets all αi
that have been set to∞ by theα-updating algorithm to some suitably large αmax.
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denote the support of the diagonal of A−1 and let sα := |Sα| be the size of that support; in practice,
we often see sα is close to the true support size of θ∗. Further, let S = supp(θ∗) and αS be α on S and
zero elsewhere.

We then have the following regret bound for Algorithm 5 for fixed A (i.e., when we omit line 6).

Theorem 5.1. Assume supp(θ∗) ⊆ Sα. For δ ′ > 0, with probability at least 1 − δ ′, the pseudo-regret of
Algorithm 5 for fixed A at time T is bounded by

R(T) =O

(
min{

√
sα,
√

logN}

×
[
σ

√
sα log T

2ᾱ+ T 3

δ ′ sα
√
α

+ ‖αS‖2

])
,

where ᾱ := 1
sα

∑
i∈Sα

αi is the arithmetic mean of α and sα
√
α = (

∏
i∈Sα

αi)
1/sα is the geometric mean of α,

both on the nonzero support.

Sketch proof: The proof of this theorem follows the main steps of the LTS regret bound in [4, Theorem
1], but accounts for A by leveraging [1, Lemma 9]. This results in an altered [4, Lemma 8] giving:

||ξ||M−1
t

6 R

√
d log ᾱ+ t

δ ′ sα
√
α

.

Furthermore, Lemma 1 of [4] bounds |x>i θ̂t − x
>
i θ
∗| for i = 1, . . . ,N; this bound must be altered to

account for arbitrary A, which results in the ‖αS‖2 term in the final bound. This can be done by noticing
that in the proof of [4, Lemma 1] we have now that µ̂− µ =M−1

t−1(ξt−1 − Aµ), and propagating this
through gives that

||ξt−1 − Aµ||M−1
t−1

6 R

√
d log ᾱ+ t

δ ′ sα
√
α

+ ‖αS‖2.

The remainder of the proof does require changing the constants lt and vt in the proof to fit the
above results, but such redefinition does not substantially affect the structure of the proof.

5.6 Simulations

In this section we present several simulations to demonstrate regret performance for the algorithm.
First, plots of regret vs. number of nonzero elements in θ∗(s) are provided. A comparison is done with
state-of-the-art linear bandit algorithms and another sparse linear bandit algorithm. The effect of noise
on the above algorithms is also investigated.

The four main algorithms that we compare are OFUL [1], as outlined in Section 5.2, Linear Thomp-
son Sampling ( [4]), as outlined in Section 5.2, our proposed RVM-Linear Thompson Sampling
(Algorithm 5, and the sparse linear bandit algorithm of [7], outlined in 5.3, which we refer to as Epoch
SOFUL (Epoch Sparse OFUL).

In Figure 5.1 we illustrate the per-round regret of these algorithms. The experimental setup consists
of N = 1000 possible arms with unit-norm feature vectors in R100, which are 5-sparse. The bandit runs
for 200 rounds, and the results are averaged over 100 trials. The RVM-LTS algorithm achieves favorable
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Figure 5.1: The per-round regret for several different bandit algorithms. Here, s = 5, d = 100, and the
number of arms isN = 1000. Colorbars represent the standard deviation of the per-round regret, and
the center lines are the mean over the 100 trials.

Figure 5.2: The total regret vs. s at T = 200 for several different bandit algorithms. Here, d = 100, the
number of arms isN = 1000. Each algorithm was run 300 times for each value of s. The shaded regions
represent the standard deviation of the cumulative regret, and the center lines are the mean over the
300 trials.

per-round regret, notably beginning its exploitation phase at the same time as the Oracle Thompson
Sampling. Because they do not make use of the sparsity of θ∗, standard Thompson Sampling and
OFUL require roughly d arm pulls to begin reducing the per-round regret, while Epoch-OFUL pulls
arms for a much shorter time before beginning its exploitation phase.

In Figure 5.2, the total regret is plotted vs. s, where θ∗ is s-sparse. The algorithms compared include
the previously identified, plus an “Oracle Thompson Sampling” algorithm. In the oracle algorithm, the
bandit is given the true support of θ∗, and runs Linear Thompson Sampling over that true support. As
can be seen in Figure 5.2, the oracle should outperform any other algorithm for low s, but is identical
to Linear Thompson Sampling when s = d. The RVM-LTS regret is closer to the Oracle Thompson
Sampling bound for low s, implying that especially for low S, RVM-LTS is performing nearly as well as
we could with full prior knowledge of the support.
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Figure 5.3: The total regret at T = 200 vs. noise power for several different bandit algorithms. Here,
d = 100, the number of arms is N = 1000. Each algorithm was run 500 times for each value of σ2.
Colorbars represent the standard deviation of the cumulative regret, and the center lines are the mean
over the 500 trials.

As s grows, the Epoch SOFUL regret goes up significantly, which is expected of a sparse linear
bandit algorithm. Interestingly, the RVM-LTS algorithm achieves lower regret than the oracle as s
approaches d, indicating that the RVM-LTS algorithm may have some advantages even in the classical
(non-sparse) linear bandit setting.

Finally, Figure 5.3 illustrates the regret response of the different linear bandit algorithms to increasing
the variance of the zero-mean Gaussian noise in the rewards. Past σ2 = 1, all the algorithms have
roughly similar cumulative regret, so no algorithm under consideration appears to have an advantage
in the presence of high-variance noise. However, in the low-noise regime, the RVM-LTS algorithm
achieves very good regret.

5.7 Wrap-Up

This paper outlines an algorithm that combines the Relevance Vector Machine with Linear Thompson
Sampling to yield a sparse linear bandits algorithm that empirically outperforms competing algorithms
and is nearly as good as a support oracle. The RVM allows the sparse support of θ∗ to be estimated
quickly and accurately, so that after relatively few pulls the algorithm performs as well as one operating
in a lower-dimensional feature space. As a result, the algorithm is able to home in on the best arms
more quickly than conventional algorithms. In addition, we have a preliminary regret bound for fixed
A case.

The empirical results demonstrate that this algorithm achieves better regret than the state-of-the-art
linear bandit algorithms, and performs well compared to another sparse bandit algorithm. Perhaps
more impressively, the RVM-LTS algorithm achieves regret only slightly worse than the regret obtained
by Thompson Sampling over the true sparse support ofθ∗ for relatively small s. The algorithm responds
to noise relatively well, and in the worst noise case appears to be no worse than standard Thompson
Sampling in terms of regret.

From a purely practical standpoint, one disadvantage of the RVM-LTS method is the time complexity.
Because A changes with time, rank-one updates to Σ−1

t are no longer possible. Especially in the case
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where d is very large, this can lead to long computation times. Further work on the updating process
which takes advantage of the structure of the RVM updates could yield computational benefits.

Finally, note that the RVM-LTS algorithm has better regret and higher rewards than other methods
even when s is close to d or θ∗ was dense. The behavior of the A updates and of the algorithm as a
whole are fairly straightforward in the sparse case, at least in a general sense. However, as θ∗ becomes
less sparse, the behavior of the RVM updates is less well understood. The fact that the algorithm, at
least in simulations, outperforms standard linear bandit methods indicates that further investigation is
warranted.
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Chapter 6

Learned Change Captioning using Image
Sequences
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Figure 6.1: A subsequence from “Street Change,” a proposed dataset for change detection and de-
scription for visual streams. The dotted line denotes the location of a change point, where at least one
non-distractor element of the scene has changed. Some human descriptions for the change across the
change point are: “The truck is gone.” “The construction vehicle is no longer there.”

6.1 Introduction

This paper poses and addresses a new challenge in computer vision: detection of meaningful changes
in sequences of images. Classical change detection methods model samples before and after a change as
drawn from different probability distributions and typically focus on low-dimensional data or known
models of the changes of interest. Such tools are inapplicable here. Rather, our approach leverages the
probability distributions (implicitly) represented by a learned model to detect changes.

We focus on visual streams: time series of images of a scene captured with variable time-lapses
between images, under variable camera angles, lighting conditions, and in the midst of other natural
changes, such as seasonal changes. This setting is quite different from a video analysis setting, in
which we might expect significant consistency between subsequent frames. For instance, a sequence
of street-level data (Figure C.2) reflects both changes in the status of road repairs and changes in the
weather, where the former is considered meaningful and the latter considered a nuisance to a human
observer. Similar challenges arise in diverse applications such as remote sensing, evaluating insurance
claims, urban planning, and disaster relief.

We place no a priori assumptions on what constitutes a meaningful change. Instead, we aim to learn
the relevance of visual change from supervision provided by natural language descriptions of relevant
change. We show that such language-informed learning improves our ability to localize change in a
visual stream. In addition, it provides us with the tools to generate change descriptions, making the
detections more interpretable and accessible to human users.

Past work [shi2020finding, 33] has explored describing the change between pairs of images. How-
ever, when presented with a stream of images, using the outputs of change description methods to
localize change in time is nontrivial. We go beyond this setup and develop a novel change detection
framework that uses representations learned from both language and visual supervision. These repre-
sentations are used to (a) construct a graph in which edge weights reflect the likelihood of a change
between each pair of images in the stream and (b) quantify the consistency of change descriptions
among pairs of graph edges. This leads to a graph-cut algorithm to localize the time of the change.

A prevailing challenge in this approach is the difficulty and expense of collecting visual streams
annotated with natural language descriptions of change. On the other hand, unannotated visual
streams are plentiful and reflect both meaningful and nuisance changes. To address this challenge, we
develop a semi-supervised extension of our method, that uses both a small collection of annotated
visual streams and a separate collection of unannotated visual streams to train a system for automatic
detection and description of changes.
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In summary, our contributions include:

• A new approach to change detection in visual streams, based on a graph cut measure incorporat-
ing consistency information.

• A framework that incorporates natural language change annotations into joint training for change
detection and change description.

• Two new datasets, one synthetic and one real, of visual streams, annotated with known change
points and change descriptions in natural language.

In our experiments, we show that the graph cut change detection mechanism, and the language-
informed representation learning in our framework, improve upon baselines for both change detection
and change description that do not use these innovations. This is a new, previously unexplored way to
leverage the interaction between vision and language.

As an additional contribution, we propose a semi-supervised framework for learning to describe
complex human-defined visual changes that may be of independent interest, leveraging unlabeled data
to improve performance – an important feature given the cost of labeling visual streams by humans.

6.2 Related work

Change point detection and localization

Change point detection and localization is a classical problem in time series analysis. Typical approaches
aim to determine whether and at what time(s) the underlying generative model associated with the
signal being recorded has changed [29, 10, 27]. Such techniques are also used in video indexing, to
detect a scene cut, a shot boundary, etc. [34, 37, 16, 36, 15, 48].

While more modern methods for visual change detection can deal with certain distractor changes
[4], in general such approaches are designed to perform pixel-level detection. These networks require
expensive handcrafted ground truth maps for supervised training and are typically not robust to
complex combinations of distractors like seasonal variation, lighting changes, and long between-frame
times. Much current work on high-dimensional change point detection (e.g., [5, 42]) assumes that the
time series has a mean that is piecewise-constant over time; this is violated by real-world data, such as
shown in Fig C.2.

Automatic description of the visual world

While automatic image description (or “captioning”) has received growing attention in the computer
vision community in the past several years [46, 18, 8, 25], such tools are inadequate for the detection of
changes in a visual stream. Describing changes in a scene is fundamentally different from recognizing
objects in an image. Unlike in classical automatic image captioning, a visual stream may contain no
relevant changes and it may contain multiple objects that do not change. Furthermore, video captioning
methods [40, 30, 43] are inapplicable because in many visual streams there are relatively large periods
of time between subsequent images; for instance, a satellite may pass over a location only once per day.
Finally, the images of interest may be corrupted by blur, shifts, and varying environmental conditions
that make identifying changes challenging.
Visual descriptions. The task of describing the content of an image or video in natural language, often
referred to as image/video captioning, has emerged as one of the central tasks in computer vision in
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recent years [41, 7, 18, 40, 35, 49, 20]. Typically, captioning is approached as a translation task, mapping
an input image to a sequence of words. In most existing work, learning is fully supervised, using
existing data sets [47, 24, 21, 45] of “natural images/videos” with associated descriptions. However,
when faced with drastically different visual content (e.g., remote sensing or surveillance videos) and a
different type of descriptions (in our case describing change), models trained on natural data lack both
the visual “understanding” of the input and an appropriate vocabulary for the output. We address
this limitation by leveraging novel semi-supervised learning methods, requiring only a small amount
of labeled data.
Automatic description of change. Change is implicitly handled in methods for captioning video [30,
43, 31, 3]. However, when describing changes in the videos, these methods tend to focus on describing
the “updated scene” rather than the nature of the change between the scenes.

The most related work to ours are [shi2020finding, 17, 33, 28], which also attempt to generate
descriptions for human-defined changes in images. [17] proposes the Spot-the-Diff dataset, where
pairs of images are extracted from surveillance videos. The viewpoints are fixed and there is always
some change. [33] proposes CLEVR-Change, a dataset where pairs of synthesized images are pro-
vided with synthesized change descriptions. Lighting and viewpoint can vary between image pairs.
[shi2020finding] improves on [33] by introducing an architecture that explicitly disentangles view-
point changes from other changes between two images. We extend [33] in two ways. First, we consider
a series of images instead of two, where a change can possibly happen at any timestep. Secondly,
we consider a semi-supervised setting where only a subset of image series has associated change
descriptions annotated. Moreover, we report results not only on CLEVR-change and Spot-the-Diff, but
also a newly collected street-view dataset.
Semi- and unsupervised captioning. The goal of unsupervised or unpaired captioning is to learn to
caption from a set of images and a corpus, with no mapping between the two. Usually, some pivoting
is needed: [11, 12] tackle unpaired captioning with a third modality: Chinese captions and scene
graphs respectively. Similarly, [9, 22] use visual concept detectors trained on external data to bridge
the unpaired images and captions.

In the semi-supervised setting, extra unlabeled data supplement paired image caption data. [liu2018show]
uses self-retrieval to mine negative samples from unlabeled images to improve captioning performance.
[19] uses a GAN to generate pseudo labels, making extra unpaired images and captions paired. [2, 39]
exploit additional unpaired text and image for novel object captioning.

Our work is similar to [liu2018show] but there are several important differences. First, we use
a real-fake discriminator instead of a retrieval-based discriminator. Second, the datasets/tasks are
different. Our datasets are more under-annotated and out-of-domain than COCO[24], a large natural
image dataset that can benefit easily from pretrained vision networks. Note that, despite the similar
technique, our focus in this paper is not to propose a new semi-supervised technique, but a more
general setting of change descriptions in an annotation-restrained situation.

6.3 Change detection as a graph cut

Assume we are given a visual stream: an ordered sequence of images {It}Tt=0. Nuisance changes, such
as viewpoint, lighting, or weather variation, may be observed between any pairs of frames of the
stream. There is some unknown τ ∈ {0, . . . , T − 1} such that between t = τ and t ′ = τ + 1 a relevant
(non-nuisance) change occurs. Our goal in change detection is to estimate τ.
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Figure 6.2: Visual representation of graph given by a time series. Selecting a changepoint τ (the dotted
line), partitions the edges into Eτ, in black, and Ecτ, in green.

Figure 6.3: System diagram. G generates descriptions for an input image pair (It, It′), and D predicts
whether a candidate text string is an accurate description of the change between It and It′ . The
generator G and discriminator D are trained jointly to account for limited quantities of annotated
training data.

All the approaches we will discuss rely on two “building blocks”, which operate on an image pair
(It, It′):

• a change score P(It, It′): a statistic which is high for pairs (It, It′) where a change has occurred
between t and t ′, and is low otherwise; and

• a latent representation of the image pair, denoted h(It, It′).

The change score P(It, It′) could, for instance, be derived from the distance between feature vectors
extracted from the two images (perhaps modulated by an attention mechanism), or, as we will see
later, from the likelihood that the description “no change” is accurate for the image pair, as computed
by visual change description systems like [liu2018show]. A simple choice for h(It, It′) could be the
concatenation of a representation of It and It′ . We propose an h(It, It′) that depends on the internal
representation of a neural network that has learned to describe the change between h(It, It′).

We can use P and h to define different score functions for various candidate values of τ in a visual
stream. We will compute an estimate τ̂ by maximizing these score functions: for any method which
generates a score SX(τ), the detected changepoint is τX = arg maxτ SX(τ). To make this concrete, we
describe these change measures in the context of language-informed representations in Section 6.4.

Step-wise scores. This approach finds the consecutive pair of frames in the stream which is most
likely to contain a change between that pair, according to P. We define the step-wise score as Sstep(τ) :=
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P(Iτ−1, Iτ) and the associated change point estimate as τstep = arg maxτ Sstep(τ). Unfortunately, if P is
noisy or imperfect, the step-wise approach may be prone to errors and spurious detections.

Graph cut scores. To address the noise sensitivity of the step-wise approach, we propose a strategy
based on graph cuts. Consider the complete graph with vertices for all frames, t ∈ {0, . . . , T − 1}. A
candidate change point τ induces a graph cut, where the edges that are cut connect some t 6 τ and
t ′ > τ; we denote the set of these edges as Eτ. A visualization is provided in Figure 6.2, where a
candidate τ results in an edge partitioning into Eτ, in black, and its complement Ecτ, in green.

We assign an edge weight given by P to each pair of nodes t and t ′, and define a score function for
the graph cut induced by τ:

SGC(τ) =
1

|Eτ|

∑
(t,t′)∈Eτ

P(It, It′) −
1

|Ecτ|

∑
(t,t′)∈Ecτ

P(It, It′). (6.1)

The value of SGC is high if the change score is high for frame pairs straddling the hypothesized change
point, compared to the score for pairs that are on the same side of the change. While graph cut problems
are often computationally prohibitive, in this setting, there are only T − 1 cuts (corresponding to T − 1
candidate values of τ) that are considered.

Consistency scores. The scores above depend only on the pairwise relation P(It, It′). However,
learned hidden representations h(It, It′) may contain more information relevant to change between
t and t ′. In particular, we may want to ensure that all the pairs (It, It′) with t 6 τ and t ′ > τ have
similar representations (since they should correspond to the same change). Informally, if τ is the true
change point, then we may expect that all pairs (It, It′) which straddle τwill result in a similar joint
representation, if that representation is the result of training to be used for detecting or describing
changes.

We measure the similarity between joint representations of two frame pairs, h(It, It′) and h(Is, Is′)
using cosine similarity. This leads to a “consistency score”:

SCS(τ) =
∑

(t,t′)∈Eτ
(s,s′)∈Eτ

cos [h(It, It′),h(Is, Is′)] . (6.2)

The consistency score SCS sums over all pairs of black edges in Figure 6.2, finding the average similarity
of the associated hidden representations.

Consistency-regularized graph cut scores. Ideas from both the graph cut score and the consistency
score can be combined to form a consistency-regularized graph cut score or “regularized cut” (RC):

S
(β)
RC (τ) = βSGC(τ) + SCS(τ) (6.3)

for a user-specified tuning parameter β > 0. The consistency score (6.2) is equivalent to SRC (6.3) with
β = 0.
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6.4 Language-informed change representation

Until now we have used the ground truth indicating the change point as the only source of supervision
regarding meaningful changes in training data. We now introduce an additional source: Suppose we
have L image pairs labeled with change descriptions,

(
I`t′ , I`t,w`

)
, ` = 1, . . . ,L. The natural language

expressionw` describes the relevant change between I`t′ and I`t, or indicates “no change”.This suggests a
new task: learning to describe the change. We next explain our approach to this task and then discuss how
language supervision may allow us to learn better frame pair representations to use in graph-cut-based
change detection.

Learning to generate change description

We train a conditional generative model G that allows us to calculate the likelihood p(w|It, It′) of a
change description w given an image pair, as well as sample (estimate) a description ŵG for a given
image pair. As part of its operation, G(It′ , It) computes a hidden state h(It′ , It), which we can use for
change detection (see Section 6.3).

We also train (jointly with the generator G) a discriminator D. For two images It and It′ and
description w, this discriminator computes a “compatibility score” D(w, It, It′), which is an estimate
of the binary variable P(w, It, It′) indicating if w is a valid description of the change between It and
It′ . We introduce D for two reasons: it provides an adversarial loss, in addition to the traditional
cross-entropy loss, which improves the learning of G and allows for a semi-supervised extension. It
also provides us with a language-informed pairwise change score: two frames are likely to convey a
change if D assigns low probability for “no change” as their description.

We first pretrain G and D, then fine-tune them jointly. Pretraining of the change description
generator G proceeds by maximum likelihood as outlined in [33]. We diverge from their formulation
by describing pairs of images with no relevant change with a special “nochange” token, rather than
full sentences like “Nothing happened,” or “No change.” For all other pretraining details, see [33].

To train the discriminator, we minimize the loss:

LD := −

L∑
`=1

logD(w`, I`t, I`t′) (6.4)

−
∑
` 6=`′

log(1 −D(w`, I`′t , I`′t′)). (6.5)

The sum in (6.4) is over labeled pairs with known change annotations; these are the positive
examples for D. Note that these may include pairs with no change, annotated by w =“nochange”. The
second sum in (6.5) is over examples obtained by matching one pair with the annotation for another
pair. Here we assume that, with high probability, such a randomly matched annotation will not be
valid for the given pair, and so these are negative examples for D.

During the joint fine-tuning, the objective for D is to attempt to distinguish descriptions generated
by G and true natural language annotations. The objective for G is to generate change descriptions that
the discriminator labels as “valid,” while still staying close to the ground truth data. To this end, we
simultaneously maximize the likelihood of the ground truth and the outputs of the discriminator for
descriptions generated by G. We use the following loss, with LG being the loss used during pretraining
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G:

L
joint
G :=

L∑
`=1

LG(w
`, I`t, I`t′) (6.6)

− λG

L∑
`=1

logD(G(It, It′), It, It′). (6.7)

In (6.7) we pass to D descriptions sampled from G, G(It, It′). Since this sampling is not differentiable,
we treat training G using D as a reinforcement learning problem, which we solve using REINFORCE
[44]. This approach has been used elsewhere for learning in sequence generation [26, 14].

Here the policy is given by G, parametrized by the network parameters θG, which predicts a
distribution pG(w|It, It′) over descriptions. We wish to maximize some reward, R(w, It, It′), which
should be high for valid change descriptions and their associated images. The gradient of the expected
reward for G is approximated by:

∇GEw [R(ŵG, It, It′)]

≈ R(ŵG, It, It′)∇θG log pG(ŵG|It, It′),

where ŵG is the result of sampling from pG(w|It, It′), and pG(ŵG|It, It′) is defined by the output of
G. In our setting, R(ŵG, It, It′) is given by logD(ŵG, It, It′). This permits the full gradient of Ljoint

G to
be approximated at training points. The loss for D during joint training becomes

L
joint
D := LD + λD

L∑
`=1

logD(G(I`t, I`t′), I`t, I`t′) (6.8)

where we retain the pretraining loss LD to ensure thatD continues to perform well on real descriptions.
Reinforcement learning is not needed during this phase, since the sampled descriptions from G can be
treated as constant inputs and are not backpropagated through.

Language-informed change scores

Computing change statistics The change detection scores described in Section 6.3 relied on two
key elements: P(It, It′), which reflects the likelihood that a change occurred between times t and t ′,
and h(It, It′), a latent representation of the pair. Here, we describe how the framework depicted in
Figure 6.3 and described at the beginning of Section 6.4 can be used to compute these quantities, as
well as a standalone, “image-only” network trained specially for the task that we use as a baseline for
comparisons. First, we note that by fixing the test description to the “nochange” token, we can define:

P(It, It′) := −D(“nochange”, It, It′) (6.9)

which uses the discriminator’s predicted label as a measure of how poorly the “nochange” description
fits the pair of images It and It′ . Furthermore, we let the representation of a pair, h(It, It′), be the final
hidden state of the description generator G(It, It′).

Now a natural interpretation of the scores in Section 6.3 arises: we seek a change point τ̂ such that for
all pairs (It, It′), where t 6 τ but t ′ > τ, D(“no change”, It, It′) is low. In addition, the representation



111

consistency term encourages us to choose a change point where the generator Gwill output similar
descriptions of the change that has occurred across τ for all possible pairs. In this formulation, the
language model becomes an integral part of the change point detection method.

Language-free variant for comparison The above methods rely only on a statistic P(It, It′) that quan-
tifies the likelihood of there being a meaningful change between It and It′ and a latent representation
of the pair, h(It, It′). We described above how these quantities could be computed using a change
description framework. However, P and hmight also be computed by an analogous system trained
only to predict whether (It, It′) reflects a meaningful change without natural language annotations on the
samples. We construct such a system to serve as a baseline method, allowing us to assess the change
detection performance impact of using natural language annotations during training.

Specifically, we define D̃(It, It′) as an “image-only" change detector, trained to classify whether pairs
contain a change or not using a binary cross-entropy loss, where a positive label indicates no change. In
our implementation, D̃(It, It′) learns to produce visual features using the same architecture to extract
visual features as the generator G. The visual features are passed through several fully-connected
layers, and the output of D̃(It, It′) is a single label. Now we can define an image-only change score:

P̃(It, It′) := −D̃(It, It′), (6.10)

where P̃(It, It′) is an estimate of the probability that a change has occurred between t and t ′ that
has been trained without using language information. This yields an “image-only” version of Sstep and
SGC (6.1) where P̃ is used instead of P. We can also define an “image-only representation consistency”
used in SCS (6.2) and SRC (6.3), but using the penultimate layer of the network used to compute
D̃(It, It′) as the latent h(It, It′).

Semi-supervised learning

Since obtaining natural language annotations for change is much more expensive than collecting just
the raw data with a known change point, we consider a semi-supervised extension. In addition to the
labeled data, a set of U unlabeled pairs (Iut′ , Iut ) ,u = 1, . . . ,U is presumed to only contain pairs where a
change does occur between Iut′ and Iut , although no description of this change is available.

During pretraining, we add a term to the discriminator loss in (6.4) and (6.5):

LD = (6.4) + (6.5) −
∑
`,u

log(1 −D(w`, Iut , Iut′)) (6.11)

This expression matches annotations from labeled data to unlabeled pairs, which we assume is unlikely
to create valid descriptions. Since the labeled pairs may be pairs with no relevant change, we ensure the
unlabeled pairs contain some relevant change so “nochange” is not a valid description. This procedure
uses un-annotated data to create more negative examples for D. Finally, during joint fine-tuning of
G and D, we modify the sums in (6.7) and in (6.8) to be over both labeled and unlabeled examples.
Thus, the un-annotated data are incorporated into training both G and D.
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6.5 Experiments

Datasets: change description CLEVR-Change (introduced in [33]) is a synthetic dataset, with a vari-
ety of distractor changes and a curated set of “relevant” changes. Each image depicts colored geometric
primitives on a flat, infinite ground plane (see Fig. 6.2 for an example). CLEVR-Change includes, for
each initial frame, a second frame in which only nuisance changes have occurred, as well as a second
frame in which both nuisance and relevant changes have occurred. We augmented the roughly 39000
change/distractor pairs in the CLEVR-change dataset with 10000 unlabeled pairs of images, using the
original generation procedure. These additional unlabeled pairs always contain a change.

Spot-the-Diff [17] is a video surveillance change description dataset that consists of pairs of aligned
surveillance images and associated human-generated captions for the visual changes in each pair. Each
pair is assumed to contain a change, with similar lighting conditions between the “before” and “after”
frames, so this dataset does not contain the nuisance changes in contrast to CLEVR-Change.

Datasets: visual streams Due to the lack of standard datasets for our task, we propose two datasets
for evaluation of captioning and changepoint detection on visual streams.

The first dataset we introduce is a modification of CLEVR-Change. We adapt the generation
procedure in [33] to generate a visual stream instead of a pair of images. Over the course of a sequence,
the camera follows a random walk, while the light intensity also follows a random walk, to encourage
robustness to nuisance changes. At some time in the sequence, one of the non-nuisance change types
from the original CLEVR-Change occurs. Each sequence contains 10 images, with changepoints
uniformly distributed over the dataset. See the supplementary materials for further details.

We also propose the “Street Change” dataset, an extension of the VL-CMU dataset [badino2012real],
which consists of 151 image sequences captured in an urban environment during different seasons
and times of day. Each sequence contains multiple views of a scene that are captured at an initial date,
and then a second subsequence that is captured at a later date. The original change detection dataset
was curated by [1], and we have engaged human labelers from Amazon’s Mechanical Turk to provide
change annotations for training. There are at least three captions for both the original and time-reversed
sequences, which were curated after collection to ensure high-quality labels.

The “Street Change” dataset contains both minor and major nuisance changes across the dataset.
Frames are captured from many different viewpoints, and there are often lighting changes across
the sequence. Some sequences span seasons, introducing changes in vegetation, weather, etc., which
a model must learn to ignore. An example sequence is in Fig. C.2, along with associated human
annotations. More examples are included in the supplementary materials.

The goals of our experiments are an assessment of the proposed system of change description, of
the role language supervision may play in improving change detection, and of the effect of unlabeled
data on the performance. We find that the RC approach, which leverages both D and the generative
language modelG, outperforms other proposed changepoint detection methods and provides superior
change descriptions, with both the representation consistency term and the use of language in training
contributing to its performance.

Implementation details Before presenting our main results, we outline the architecture choices for
G and D. G uses the DUDA architecture introduced in [35], which can be trained to be robust to
lighting and pose changes. Briefly, visual features from It and It′ are extracted by a pretrained ResNet
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Figure 6.4: Precision-recall curves for (a) CLEVR-Sequence, and (b) Street Change. Methods compared
are change detection via Stepwise Comparisons, change detection with Consistency Only, change
detection with Graph Cut Only, and change detection via the Regularized Cut (Proposed). Methods
denoted with dotted lines do not leverage language annotations during training (Image Only). Adding
language to training and leveraging the internal language representations generated by a change
description system improve change detection performance in visual streams significantly on both
datasets.

[13]. These features are added together based on a temporal attention mechanism, which permits
the network to attend to It and It′ in a dynamic fashion as the caption-generating LSTM evolves. The
LSTM outputs a hidden state, which is used to estimate a probability distribution over words at each
time step 1, . . . ,K. G is pretrained by standard maximum-likelihood methods and teacher forcing.

The discriminator D shares the architecture of DUDA with G. However, instead of using the LSTM
model to estimate the word sequence w = (w1, . . . ,wK) given (It, It′), in D the LSTM model takes
w as an input. The final LSTM state hK is fed to a multi-layer fully connected classifier. The output
D(w, It, It′) attempts to classify if the input w is a valid description of change from It to It′ . D is
pretrained with a standard cross-entropy loss.

The three generators differ architecturally only in the dimension of the final output ofG, pG(w|It, It′),
which is 64, 2404, and 420 for CLEVR, Spot-the-diff, and Street Change respectively. At test time, de-
scriptions are sampled greedily. See the supplementary material for further details.

Both G and D are pretrained for 40 epochs using Adam [adam]. Joint training proceeds for 20
epochs. The learning rate begins at 0.001 and decays by a factor of 0.9 every 5 epochs. λ in L3 is set to
0.001. The image-only discriminator D̃ is trained for 40 epochs using Adam with a learning rate of
0.001. To choose β in SRC (Eq. 6.3), we used a held-out set of 20 sequences from CLEVR Sequence. We
use β = 0.1 for both CLEVR Sequence and Street Change.

Evaluation To evaluate the quality of change detection methods, we report precision-recall curves in
Figure 6.4. For description tasks, we report BLEU-4 [32], CIDEr [38], ROUGE-L [23], and METEOR
[6]. BLEU-4 and CIDER scores across different labeled and unlabeled training set sizes are displayed
in Figure 6.5.

Change detection and ablation study We begin by reporting changepoint detection results on CLEVR
Sequence and Street Change in Figures 6.4. In addition, we compare to several ablations of the proposed
method.
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First, we compare our proposed method SRC (6.3) to baselines that use only one of its components,
either the Consistency score SCS (6.2) or the Graph Cut score (6.1), and to the more naive Stepwise
score Sstep.

We also assess the importance of language-informed representations, by constructing an “image-
only" counterpart for each of the baselines, as outlined in Section 6.4. These methods use P̃ in (6.10) to
calculate scores, and the penultimate layer of D̃(It, It′) for hidden representations h̃(It, It′). This is
in contrast to our language-informed methods that rely on the machinery learned in the context of
change descriptions to derive P and h.

We observe that traditional statistical methods for change detection, based on density estimation,
are not applicable here, due to the high dimensionality of image features, scarce data, and the need
to separate nuisance change from meaningful change. Our “image only” ablations can be seen as an
adaptation of such traditional methods using modern learned representations.

We observe a consistent improvement from image-only methods to their counterparts that use a
language-informed D. The results indicate that incorporating language into the model may provide a
more direct signal for focusing representation learning on meaningful changes. In addition, the Graph
Cut and Consistency scores both improve detection compared to stepwise approaches; combining the
two leads to further improvements.

Adapting ST&D to change description. An alternative approach to recognizing valid descriptions
called Show, Tell, and Discriminate (ST&D) is proposed in [liu2018show] for single-image captioning.
It embeds the descriptions w and images I in a common space and attempts to increase the cosine
similarity of the embeddings s(w, I). The embedding module is trained with a hard triplet loss on
labeled data: LST&D =

∑L
i=1 maxi 6=j

(
α− s(wi, Ii) + s(wi, Ij)

)
+

for margin α. Joint training proceeds
similarly to our approach, with LST&D providing the discriminative reward to G.

We have modified ST&D to perform change description, so the embedding module operates on pairs
of images rather than single images. Since our change detection method does not require any particular
architecture to function, we note that this adapted approach can be used for change detection. In this
case, the pairwise statistic P(It, It′) is the cosine similarity between the embedding of the pair (It, It′)
and the “nochange” token. The generator’s hidden vector is used for the Description Consistency term.
Further implementation details are available in the supplement.

Change description performance comparison We also evaluate the change description performance
of our generator-discriminator architecture. We compare with DUDA [33], Finding it at Another Side
(FAS) [shi2020finding], and our modified ST&D [liu2018show] on the CLEVR-Change (Table 6.1)
and Spot-the-Diff (Table 6.2) datasets. We observe that our approach consistently performs favorably
to all other methods across datasets and metrics.

For Street Change, we compare our proposed approach to the captions produced by the modified
ST&D method (Table 6.3). We again observe competitive results to the existing method. Since Street
Change is a set of visual streams rather than pairs, we generate descriptions from random pairs of
images across the changepoints.

Semi-supervised learning of change description Finally, we explore the performance of the pro-
posed semi-supervised change captioning scheme. We compare our semisupervised approach to an
adapted version of ST&D, which learns a joint embedding of image pairs and captions, rather than
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Metric BLEU-4 METEOR ROUGE CIDER
DUDA [33] 47.3 33.9 70.8 112.3
ST&D [liu2018show] 56.4 40.2 73.3 106.4
FAS [shi2020finding] 51.3 37.8 70.4 115.8
Ours 56.8 40.7 72.9 109.5

Table 6.1: Comparisons of performance on the change captioning subtask on the CLEVR-Change [33]
dataset, using a variety of standard language metrics.

Metric BLEU-4 METEOR ROUGE CIDER
DUDA [33] 8.1 11.5 28.3 34.0
ST&D [liu2018show] 13.0 13.5 30.8 47.7
FAS [shi2020finding] 11.1 12.9 33.2 42.5
Ours 15.8 14.0 33.3 51.4

Table 6.2: Comparisons of performance on the change captioning subtask on the Spot-the-Diff [17]
dataset.

Metric BLEU-4 METEOR ROUGE CIDER
ST&D 39.1 39.2 74.2 119.3
Ours 42.9 39.9 74.6 124.1

Table 6.3: Comparisons of performance on the change captioning subtask on the introduced Street
Change dataset.

learning a discriminator. Figure 6.5 explores a range of training set sizes, varying the number of
unlabeled image pairs for a set of 10000 labeled image pairs. We see consistent improvements from
unlabeled data; our approach appears to use additional unlabeled data more effectively, outperforming
the adapted ST&D approach.

We provide further plots across a range of labeled training set sizes in the Supplementary Material,
along with similar plots for Spot-the-Diff and Street Change.

0 1k 10k 30k
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Unlabeled 
Data Points

Figure 6.5: Illustrating the effect of additional unlabeled samples for the CLEVR-Change change
captioning subtask. We observe that additional unlabeled examples improve change captioning
performance significantly. The number of pairs with known captions is 10000. Dashed lines represent
the performance of ST&D adapted to image pairs, whereas solid lines are our proposed method.
Further plots are available in the Supplementary Materials.
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6.6 Conclusions

This paper explores learned change detection in visual streams using training data that has been
annotated with natural language descriptions of the interesting changes. Our novel change detection
framework is based on a graph cut algorithm that uses a learned model of the likelihood of a change
between two images and a consistency score that leverages learned latent representations of image
pairs. While natural language labels have a strong positive impact on change detection performance,
we recognize that labeled training data is often difficult and expensive to obtain. With this challenge in
mind, we develop a semi-supervised training regimen that fully leverages unlabeled data. A broad
array of experiments on newly developed datasets consisting of visual streams with natural language
labels help quantify the performance gains associated with different amounts of unlabeled data on
both captioning and detection. A core foundational challenge moving forward is to develop a broader
understanding of the role of language annotations and models in facilitating change detection.
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Baselines

TV RED Train w/A0 Train w/A0 Train w/A1
Test w/A0 Test w/A1 Test w/A1

Blur 27.61 ± 2.57 30.23 ± 2.98 U-Net 34.15 ± 2.33 25.42 ± 1.74 33.98 ± 2.15
MoDL 36.25 ± 2.25 23.91 ± 2.02 36.13 ± 2.19

SR 28.33 ± 2.42 28.59 ± 2.09 U-Net 30.74 ± 2.59 26.3 ± 1.65 31.22 ± 2.71
MoDL 31.32 ± 2.65 22.27 ± 2.04 31.98 ± 2.61

MRI 25.09 ± 2.50 27.76 ± 3.37 U-Net 31.51 ± 2.83 27.47 ± 2.47 32.33 ± 2.64
MoDL 31.88 ± 2.85 22.82 ± 2.75 31.79 ± 2.81

Proposed Model Adaptation Methods
Known A1 Unknown A1

P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3) P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3)

Blur U-Net 33.01 ± 1.85 32.11 ± 2.64 33.50 ± 2.47 29.18 ± 1.81 27.67 ± 2.23 30.05 ± 2.73
MoDL 30.08 ± 1.59 33.82 ± 1.73 34.73 ± 1.82 29.89 ± 1.66 27.81 ± 2.3 27.94 ± 2.4

SR U-Net 28.00 ± 1.83 29.95 ± 2.49 29.99 ± 2.48 27.77 ± 2.15 26.98 ± 2.39 29.35 ± 2.36
MoDL 24.59 ± 2.31 28.18 ± 1.64 29.83 ± 2.00 23.14 ± 2.01 24.93 ± 2.04 25.29 ± 2.33

MRI U-Net 29.07 ± 2.72 29.71 ± 2.75 31.43 ± 2.99 28.92 ± 3.04 28.06 ± 2.63 29.54 ± 2.53
MoDL 30.63 ± 2.85 30.25 ± 3.10 31.44 ± 2.75 26.64 ± 2.60 23.46 ± 2.54 27.67 ± 2.62

Table A.1: Comparison of performance of various baseline methods for inverse problems across a
variety of datasets and forward models. The metric presented is the mean PSNR ± the standard
deviation.

Baselines

TV RED Train w/A0 Train w/A0 Train w/A1
Test w/A0 Test w/A1 Test w/A1

Blur 0.94 ± 0.06 0.96 ± 0.05 U-Net 0.98 ± 0.05 0.89 ± 0.09 0.98 ± 0.05
MoDL 0.98 ± 0.03 0.84 ± 0.08 0.98 ± 0.04

SR 0.95 ± 0.06 0.96 ± 0.03 U-Net 0.97 ± 0.03 0.92 ± 0.09 0.97 ± 0.02
MoDL 0.97 ± 0.04 0.89 ± 0.06 0.98 ± 0.04

MRI 0.79 ± 0.04 0.80 ± 0.05 U-Net 0.82 ± 0.06 0.74 ± 0.06 0.82 ± 0.06
MoDL 0.83 ± 0.06 0.65 ± 0.08 0.83 ± 0.06

Proposed Model Adaptation Methods
Known A1 Unknown A1

P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3) P&P (Alg. 1) R&R (Alg. 2) R&R+ (Alg. 3)

Blur U-Net 0.81 ± 0.09 0.81 ± 0.07 0.82 ± 0.07 0.75 ± 0.05 0.79 ± 0.09 0.77 ± 0.08
MoDL 0.82 ± 0.07 0.81 ± 0.09 0.83 ± 0.07 0.72 ± 0.09 0.68 ± 0.07 0.75 ± 0.10

SR U-Net 0.94 ± 0.09 0.96 ± 0.04 0.96 ± 0.04 0.94 ± 0.09 0.94 ± 0.08 0.96 ± 0.06
MoDL 0.92 ± 0.06 0.94 ± 0.02 0.95 ± 0.02 0.91 ± 0.04 0.92 ± 0.02 0.94 ± 0.01

MRI U-Net 0.81 ± 0.09 0.81 ± 0.07 0.82 ± 0.07 0.75 ± 0.05 0.79 ± 0.09 0.77 ± 0.08
MoDL 0.82 ± 0.07 0.81 ± 0.09 0.83 ± 0.07 0.72 ± 0.09 0.68 ± 0.07 0.75 ± 0.10

Table A.2: Comparison of performance of various baseline methods for inverse problems across a
variety of datasets and forward models. The metric presented is the mean SSIM ± the standard
deviation.

This Appendix presents companion tables to Table 3.1 which contain further information, including
corresponding mean SSIM over the test set, as well as the standard deviations of PSNR and SSIM.

Supplemental Figures

Here we include visual figures to illustrate some sample reconstructions from the methods outlined
in the main work. The figures illustrated are chosen to be close to the median performance while
maintaining a range of subjects. The three test images used in the figures are within the inter-quartile
range of reconstruction PSNR for all reconstruction methods.

We also include a brief ablation study indicating that the proximity term in (5) of the main text is
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Figure A.1: Role of proximity term in model adaptation for motion deblurring with P&P. When ablating
the term that promotes proximity to the initial network weights in the P&P approach (i.e., setting
µ = 0), the retrained network outputs degenerate solutions that match the measurements (center
row), but lack fidelity with the ground truth (top row). By including the proximity term (µ 6= 0),
we find a small corrective perturbation to the network weights that improves reconstruction accuracy
significantly (bottom row).

necessary for high-quality reconstructions, as well as providing an additional row of Figure 10 for a
U-Net trained on multiple forward models.

Motion Deblurring

In Figures A.2, A.3, and A.4 we present sample visualizations for the motion deblurring setting. Figure
A.2 contains the original images, as well as the blurred images and a sample total-variation regularized
reconstruction.

Figure A.3 and A.4 present reconstruction results for the images shown in Figure A.2. Digital
viewing is recommended.

Superresolution

As in the previous subsection, Figures A.5, A.6, and A.7 demonstrate sample visualizations for the
superresolution setting. Figure A.2 contains the original images, as well as the upsampled y and a
sample total-variation regularized reconstruction.

Figure A.6 and A.7 present reconstruction results for the images shown in Figure A.5. Digital
viewing is recommended.

Proximity loss study

In this section we examine the effect of training without the proximity term in the adaptation loss of Eq.
5, demonstrating that just refitting the data without staying close to the original model is not enough.

In Figure A.1 we demonstrate the effect of ablating the proximity term in Eq. 5, which we believe
are necessary to avoid degenerate solutions. Optimizing Eq. 5 without proximity terms fails to leverage
the network learned for A0 using ground truth images x. Without the proximity term, our solution relies
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Ground Blurred TV RED
Truth Reconstruction

Figure A.2: Ground truth, blurred, and a classical TV-regularized reconstruction for the motion
deblurring inverse problem. Compare the reconstructions to the learned reconstructions in Fig. A.3
and A.4.

Train A0 Train A0 P&P R&R R&R+ P&P R&R R&R+
Test A0 Test A1 Known A1 Known A1 Known A1 Unknown A1Unknown A1Unknown A1

Figure A.3: Visual examples of reconstruction quality for the U-Net solver for the motion deblurring
inverse problem.
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Train A0 Train A0 P&P R&R R&R+ P&P R&R R&R+
Test A0 Test A1 Known A1 Known A1 Known A1 Unknown A1Unknown A1Unknown A1

Figure A.4: Visual examples of reconstruction quality for the MoDL solver for the motion deblurring
inverse problem.

Ground AT0 y TV RED
Truth Reconstruction

Figure A.5: Ground truth, AT0 y, and a classical TV-regularized reconstruction for the superresolution
inverse problem. Here, AT0 y is the input of the initial trained network, and corresponds to downsam-
pling under A0 and upsampling back to the original size with AT0 .
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Train A0 Train A0 P&P R&R R&R+ P&P R&R R&R+
Test A0 Test A1 Known A1 Known A1 Known A1 Unknown A1Unknown A1Unknown A1

Figure A.6: Visual examples of reconstruction quality for the U-Net network for the superresolution
inverse problem.

Train A0 Train A0 P&P R&R R&R+ P&P R&R R&R+
Test A0 Test A1 Known A1 Known A1 Known A1 Unknown A1Unknown A1Unknown A1

Figure A.7: Visual examples of reconstruction quality for the MoDL network for the superresolution
inverse problem.

too heavily on y, and not enough on the information encoded in f0. We empirically find the proximity
term is necessary to maintain good reconstructions.

Adapting to variable sampling rates in single-coil MRI: Expanded figure

In Fig. A.8 we present an expanded version of the original figure in the main chapter, including the
reconstructions produced by the U-Net trained to reconstruct multiple forward models.
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4x Acceleration 6x Acceleration 8x Acceleration2x Acceleration

k-space 
masks

Fully-sampled 
IFFT

Model 
Adaptation 
with R&R

No  
Adaptation

25.86 27.44 29.49 27.89

29.6929.8631.5335.34

12x Acceleration

27.06

28.54

28.9028.9831.1431.54 28.55

Trained for 
Multiple 

Accelerations

29.3829.4931.9335.49 28.74

Trained for 
Same 

Acceleration

Figure A.8: Using the R&R model adaptation approach permits using a U-Net trained for 6× accelera-
tion on MRI reconstruction across a range of acceleration parameters. The various k-space sampling
patterns used in these experiments are shown in the top row. Without adaptation (second row), the
reconstruction quality decreases when changing the acceleration factor, even when more k-space measure-
ments are taken, as originally observed in [1]. The R&R reconstructions (third row) compare favorably
to the performance of networks trained on each particular k-space sampling pattern (second-to-bottom
row). Training for multiple accelerations (bottom row) appears to be inferior in terms of reconstruction
quality to dedicated training or adapting with R&R. The PSNR of each image is presented in dB in
yellow on each image.
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B.1 Further Qualitative Results

In this section, we provide further visualizations of the reconstructions produced by Deep Equilibrium
models and the corresponding Deep Unrolled approaches, beyond those shown in the main body.
Figures B.3, B.2, and B.1 are best viewed electronically, and contain the ground-truth images, the
measurements (projected back to image space in the case of MRI and compressed sensing), and
reconstructions by DU-Prox and DE-Prox.

We also visualize the intermediate iterates in the fixed-point iterations, to further demonstrate the
convergence properties of DEMs for image reconstruction. We find that DEMs converge quickly to
reasonable reconstructions, and maintain high-quality reconstructions after more than one hundred
iterations.

Ground
Truth

IFFT
A>y

DU-Prox

DE-Prox
(Ours)

Figure B.1: Sample images and reconstructions with for 8× accelerated MRI reconstruction with
additive noise of σ = 0.01. Best viewed electronically.

Visualizing Iterates

In Figures B.5 and B.4 we visualize the outputs of the K’th iteration of the mapping fθ in DE-Prox. We
observe that across forward problems, the reconstructions converge to good reconstructions.

We illustrate 90 iterations for both compressed sensing and MRI reconstructions.
For further illustration we also demonstrate the qualitative effects of running DU-Prox for more

iterations than it was trained for.
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Ground
Truth

A>y

DU-Prox

DE-Prox
(Ours)

Figure B.2: Sample images and reconstructions for 8× Gaussian compressed sensing with additive
noise of σ = 0.01. Best viewed electronically.

Further Experimental Details

In this section we provide further details related to the experimental setup.
The input to the deblurring algorithms is the preconditioned measurement (A>A + λI)−1A>y,

where λ is set to be equal to the noise level σ. For MRI reconstruction and compressed sensing
experiments, the input is instead simply A>y. The masks used in the MRI reconstruction experiments
are based on a Cartesian sampling pattern, as in the standard fastMRI setting. For both 4× and 8×,
the center 4% of frequencies are fully sampled, and further frequencies are sampled according to a
Gaussian distribution centered at 0 frequency with σ = 1.

The compressed sensing design matrices have entries sampled and scaled so that each entry is
drawn from a Gaussian distribution with variance 1/m, where A ∈ Rm×n. The same design matrix is
used for all learned methods.

Optimization algorithm parameters for RED, Plug-and-Play, and all Deep Equilibrium approaches
are all chosen via a logarithmic grid search from 10−4 to 101 with 20 elements in each dimension of the
grid. All DU methods were trained for 10 iterations. All testing was done on an NVidia RTX 2080 Ti.
All networks were trained on a cluster with a variety of computing resources 1. Every experiment was
run utilizing a single GPU-single CPU setup with less than 12 GB of GPU memory.

1See: https://slurm.ttic.edu/

https://slurm.ttic.edu/


132

Ground
Truth

Measure-
ments y

DU-Prox

DE-Prox
(Ours)

Figure B.3: Sample images and reconstructions for Gaussian deblurring with additive noise of σ = 0.01.
Best viewed electronically.

K=0 K=10 K=20 K=30 K=31

Figure B.4: Sample images and reconstructions for MRI reconstruction with acceleration 4× and
additive Gaussian noise with σ = 0.01. Each image represents the output of iterate number K. Below
each image is the residual between iterate K and the previously-visualized iterate, or in the case of
K = 0, between the input to the network and the output of the initial iterate. In this case, the algorithm
stops iterating (as the relative norm between iterations drops below 10−3) at iteration 31. The ground
truth may be viewed in the initial column of Figure B.1. Best viewed electronically.
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K=0 K=10 K=20 K=30 K=40

K=50 K=60 K=70 K=80 K=90

Figure B.5: Sample images and reconstructions from DE-Prox reconstructions, with the forward model
8×Gaussian compressed sensing with Gaussian noise with σ = 0.01. Each image represents the output
of iterate number K. The ground truth may be viewed in the final column of Figure B.2. Best viewed
electronically.



134

Appendix C

Chapter 6: Additional Material



135

Figure C.1: A sample sequence from “Street Change.” Ground Truth Annotations: “Construction signs
are gone from the street,” “the road sign is gone,” “the construction sign is gone,” “the construction
signs are gone.” Generated Annotations: “the street sign is missing,” “the construction work is done,”
“the signs were placed.” Note the visual distortions and occlusion in the initial half of the sequence,
which is present in several other sequences in the dataset.

In the following appendix we provide further information regarding the “Street Change” and
CLEVR-Sequence datasets. We provide several example sequences, explain the annotation gathering
procedure for Street Change, and provide further information that was not contained in the main
document.

C.1 CLEVR-Sequence

CLEVR-Sequence is an extension of the CLEVR-Change dataset of [2]. The CLEVR-Change dataset
consists of triplets of images along with annotations: one “original” image, a “change” image, and a
“distractor” image.

CLEVR-Sequence, by contrast, consists of sequences of ten images. The changes between all but
one pair in the sequence are “distractor” changes, in which the camera moves and the lighting changes
slightly. For one pair, there is, in addition to the distractor change, a non-distractor change, in which
one of the possible changes from [2] occurs with uniform probability over the change types. For clarity,
these are: Color (an object changes color), Texture (the material of a single object changes), Add (a
new object appears), Drop (a previously-present object disappears), and Move (a single object moves
in the scene).

We generate 400 sequences for each candidate changepoint in the range {1, 2, 3, 4, 5, 6, 7, 8}, assuming
0 indexing. We also generate 400 “distractor” sequences in which no change occurs at any point.

We attempt to imitate the characteristics of distractor changes as outlined by the authors of [2]
as closely as possible. Annotations are produced automatically for each sequence using the same
methodology as the CLEVR-Change dataset as outlined by the authors.

C.2 Street Change

The images in the Street Change dataset were curated by [1], and are grouped into 151 unique image
sequences of variable lengths. The minimum sequence length is 2 (this length-2 sequence was omitted
from training and testing), and the maximum is 42. As mentioned in the main body, the average
sequence length is approximately 9.
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Figure C.2: A sample sequence from “Street Change.” Ground Truth Annotations: “There is no more
sign on sidewalk,” “the wooden barrier is gone,” “the barricade is gone,” “the wooden barricade on
the sidewalk disappeared,” “the construction barrier is gone,” “there is no longer a wooden barrier on
the sidewalk.” Generated Annotations: “the saw horse is gone,” “the construction barricade is gone,”
“the construction barrier on the sidewalk is no longer there.” While visually finding the changepoint
is straightforward in some sequences, there are many examples like this sequence, where the visual
distinction between the first and second halves of the sequence is subtle.

Figure C.3: A sample sequence from “Street Change.” Ground Truth Annotations: “The trash is gone,”
“the garbage can is gone,” “the bush is no longer there,” “the garbage can has been removed,” “the
yard now has grass.” Generated Annotations: “The garbage can was removed,” “the trash can is gone,”
“garbage is gone.” Shorter sequences tend to contain larger viewpoint changes between frames.
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Labeled 1000 2000 10000 20000
Unlabeled 1k 10k 30k 1k 10k 30k 1k 10k 30k 1k 10k 30k

Ours

C 57.1 44.8 42.7 58.1 60.2 61.4 93.7 98.5 103.3 100.2 100.5 110.0
B 30.8 28.5 26.9 34.2 34.6 34.7 49.3 51.5 51.6 54.5 54.8 56.4
M 32.2 30.1 29.5 32.4 32.6 33.2 39.3 39.3 39.5 39.9 41.1 42.9
R 69.2 65.6 65.1 70.2 70.3 70.9 78.8 79.8 80.8 81.2 82.4 83.5

ST&D

C 42.4 42.7 43.6 55.7 58.2 60.3 92.8 93.9 102.0 98.4 105.1 106.4
B 27.0 26.3 27.1 32.4 46.9 47.2 48.7 51.8 52.0 55.3 55.3 57.3
M 29.4 29.8 29.6 31.5 32.8 33.0 38.3 38.7 40.7 38.9 40.9 42.2
R 65.4 65.8 65.6 65.8 69.8 70.0 78.9 79.1 81.5 79.3 82.0 83.3

Table C.1: Semi-supervised scaling with respect to labeled and unlabeled training set size for CLEVR-
Change using our method and Show, Tell, and Discriminate. We report CIDEr (C), BLEU-4 (B),
METEOR (M), and ROUGE-L (R) (scaled by 100×).

In Street Change, the change point is always the center frame of the sequence. For methods which
learn by leveraging the entire sequence simultaneously, this may be a problematic bias, but since we
learn and infer using only pairwise comparisons, this bias is less concerning.

Captions were gathered using Amazon’s Mechanical Turk. Annotators were presented with a pair
of images and asked to describe in a single brief sentence the major changes between them, ignoring
nuisance changes. Annotators were given guidance on what to consider nuisance changes, like weather,
lighting, time of day, and camera angle. Annotations for both the original sequences and time-reversed
sequences were gathered, as a form of data augmentation.

The gathered annotations were curated by hand to remove descriptions of nuisance changes,
ensure consistent spelling, ensure each annotation was a single sentence, and confirm accuracy of
the annotations. We collected six annotations for each sequence (and six more for the time-reversed
sequence), to ensure that there would be at least three acceptable annotations for each sequence.

Example Street Change Sequences

Here we illustrate some sample full sequences from the Street Change Dataset, along with the as-
sociated ground-truth annotations, and the annotations produced by our method with 100 labeled
training sequences and 30 unlabeled training sequences. The displayed images are drawn from the test
sequences. To generate multiple captions, different pairs in the sequence were sampled; the language
model is sampled greedily for all pairs.

All images best viewed digitally.

C.3 Additional Language Results

In this section we provide additional metrics on performance of the semi-supervised change captioning
subtask, exploring the sample complexity of these methods with respect to size of the labeled and
unlabeled dataset size.
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Labeled 2000 5000 8000 9000
Unlabeled 1k 2k 5k 8k 1k 2k 5k 1k 2k 1k

Ours

C 11.1 11.4 12.5 13.2 21.7 21.8 23.1 30.4 30.8 33.3
B 5.2 14.4 13.3 14.6 10.5 11.7 15.2 9.9 12.8 16.1
M 19.6 22.1 22.7 23.1 22.2 22.1 23.5 22.9 23.0 24.0
R 39.1 47.7 48.6 50.3 46.2 47.5 50.4 48.5 49.3 51.4

ST&D

C 10.2 9.9 10.5 11.4 18.5 19.6 21.3 29.0 30.1 30.8
B 3.8 8.4 10.1 9.6 11.2 12.9 13.7 10.6 11.5 13.0
M 16.9 16.6 17.1 17.1 20.4 21.2 22.3 22.5 22.9 23.5
R 38.9 38.7 40.6 41.1 42.4 43.1 47.7 47.0 47.1 47.7

L 30 100 130
U 100 30 0

Ours

C 86.6 116.0 119.8
B 30.5 41.7 42.6
M 33.8 40.5 39.9
R 66.6 75.9 73.5

ST&D

C 64.4 105.2 112.7
B 26.7 38.9 38.6
M 32.0 39.3 38.8
R 64.5 72.6 73.1

Table C.2: Left: Semi-supervised scaling with respect to labeled and unlabeled training set size for
Spot-the-Diff, and Right Street Change on a variety of language metrics (scaled by 100×) using our
method and Show, Tell, and Discriminate. Note that training set size for Street Change is in terms of
number of labeled sequences, instead of image pairs.
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