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ABSTRACT

In discrete undirected graphical models, the conditiondependence of the node labélsis
specified by the graph structure. We study the case where ithanother input random vectar
(e.g. observed features) such that the distributtol | X) is determined by functions of that
characterize the (higher-order) interactions amongttse The main contribution is to learn the
graph structure and the functions conditioned0@at the same time.

Parameterizing the graphical models with potential fuoredi might lead to overparameteri-
zation. We prove that the discrete undirected graphicaletsodith featureX are equivalent to
the multivariate discrete models. The reparameterizagfoime potential functions in graphical
models by conditional log odds ratios of the latter offergadages in the representation of the
conditional independence structure. And the two paranzetéwns are proved to be equivalent.
In addition, the spaces of conditional log odds ratios cachmesen flexibly. They could be lin-
ear functional spaces (parametric), or separable Repircgldernel Hilbert Spaces determined by
kernels (non-parametric).

To obtain a sparse estimation of the graph structure, we sepoStructure Lasso (SLasso)
penalty on groups of the conditional log odds ratios to leaengraph structure. These groups
with overlaps are designed to enforce hierarchical functelection. An efficient gradient descent
algorithm is given to estimate the complete model. The dlabavergence of the algorithm is
guaranteed. And a greedy approach is applied when the ggéanigé. The BGACV tuning method
is derived to select the tuning parameter. It achievesfaat@®y numerical results in simulation

studies.



The asymptotic analysis shows that the SLasso method igstemisin terms of estimating
the graph structure. The consistency properties hold fur thee parametric models and the non-
parametric models. The experiments show that the SLasdooohét able to recover the graph

structure with increasing sample size. It also outperfasther methods in the simulation studies.



Chapter 1

Overview

In undirected graphical models (UGMs), a graph is definedras- (£2, ), whereQ) =
{1,---, K} is the set of nodes anfl C () x (2 is the set of edges between the nodes. In fagds,
associated to a multivariate response variable (Y3, -- -, Yx)T, andE specifies the conditional
independence structure among the components. The UGMsbleavewidely used in computer
vision, natural language processing and other applicatibar example, the Conditional Random
Fields (CRFs) (Lafferty et al. (2001) [48]) and the extensioe.g., dynamic CRF (Sutton et al.
(2007) [82]), are well known in Natural Language Processmmgmunity. The CRFs achieve great
success by modeling the effects of featukesn the labels (responseg)of the nodes. There are
also numerous applications of the UGMs to computer visia@el{Ski et al. (2007) [83], Schnitzs-
pan et al. (2009) [77]), image processing (Schmidt et al08(76]), social networks (Banerjee
et al. (2008) [8]), and so on.

Graphical Models facilitate the prediction &f by modeling the relations between its com-
ponents. Multi-task learning (Caruana (1997) [15]) is teflato Graphical Models in this sense.
The difference is that the multi-task learning is not focus@ higher order interactions on the
responses. In the Multi-task learning setting, a set of Mag®ns are given for each of the
tasks. In many cases, these tasks will share the same settofee. The general assumption is
that there are certain relations between the tasks. Thetefmdeling thd” tasks at the same time
and considering the relations will be a better choice theating each task independently. For ex-
ample, learning speech recognition models for differesgprs could be treated as a multi-task

learning problem, since the commonality between diffesp@iakers could be utilized to improve



the performance. Another example is identifying differbat related objects in computer vision
(Torralba et al. (2004) [85]).

Evgeniou et al. (2005) [22] considered the embedding of ¢a¢uires into another space and
proposed to learn at the same time fheask functions that are in Reproducing Kernel Hilbert
Spaces (RKHS). The algorithm works for the linear task fiomg with linear embedding. Ar-
gyriou et al. (2008) [3] proposed a framework to learn spaepeesentations shared across mul-
tiple tasks. The objective function is non-convex becatis®s to learn the feature map and the
regression parameters at the same time. They proved thabtheonvex problem is equivalent to
a convex problem and provided the corresponding iteratteereating algorithm. This method is
also related to multiple kernel learning (Bach et al. (2q@$)) Caponnetto et al. (2008) [13] stud-
ied the theoretical conditions under which every contirauounction in a RKHS can be uniformly
approximated in the multi-task settings.

The UGMs are powerful in modeling the joint distribution¥dfconditioned on input variables
X. The graph structure specifies the conditional indeperalantong the nodes. In many ap-
plications, the graph is pre-determined by certain domaimwktedge. For example, Duan et al.
(2008) [20] proposed a collective model for labeling musgnals with fully connected graph,
which they called collective conditional random fields. ¥hmeave50 labels in10 semantic cat-
egories such as genre (blues, rap, ...), instrument (gizno, ...), production (studio, live),
rhythm(strong, weak, middle), and etc. It is possible tloames links should not appear, e.qg., pro-
duction and instrument. Estimating the parameters witkeheteractions included will possibly
lead to overfitting. It is important to learn the graph stasetand the functions associated with the
structure at the same time.

Many prior works have focused on the graphical structurenieg without conditioning on
X. For instance, Meinshausen and Biihimann (2006) [63] and Beal. (2009) [67] studied the
sparse covariance estimation of the Gaussian Markov Rarkdelals (Speed and Kiiveri (1986)
[80]). The covariance matrix fully determines the indepamzk structure in the Gaussian distri-
bution, and thus, specifies the linkage. But it is not the dasaon-elliptical distributions, such

as the distribution of the multivariate discrete randomalaes. Ravikumar et al. (2010) [71] and



Xue et al. (2010) [98] discussed consistent structure 8eteof Ising models based on tlig
regularized logistic regression, while Hofling and Tilvahi (2009) [33] proposed using pseudo-
likelihood with [; penalty for estimating sparse Ising models. Ising modedsspecial cases of
discrete UGMs with only pairwise interactions, and (usgaiithout features. We focuse on the
discrete UGMs with both higher order interactions and fiesgtu It is important to note that the
graph structure may change conditioned on diffet®rd, thus our approach may lead to better
estimations and interpretation.

In addressing the problem of structure learning with fesgutiu et al. (2010) [55] assumed
thatY is Gaussian distributed giveXi, and they partitioned the space &finto bins. We do not
assume any special structures’ok in this work but focus ort” which is multivariate discrete
when conditioned onX. Schmidt et al. (2008) [76] proposed a framework to joindgrn the
pairwise CRFs and the parameters with bléckegularization. Bradley and Guestrin (2010) [11]
learned tree CRF that recovers a max spanning tree of a ctengpbgoh based on heuristic pairwise
link scores. These methods utilize only pairwise informatio scale to large graphs. The closest
work is Schmidt and Murphy (2010) [75], which examined thghar-order graphical structure
learning problem without considering features. They use@daive set method to learn higher
order interactions in a greedy manner. Their model is oeeaqmeterized, and the hierarchical
assumption is sufficient but not necessary for conditiondépendence in the graph. Buchmann
et al. (2012) [12] proposed a structure learning method ity UGMs without features based
on spectral parameterization. This parameterization isvatent to the multivariate Bernoulli
parameterization discussed in Section 2.2. They compadifedesht parameterizations and showed
that the spectral parameterization is one of the best paifigr parameterizations.

To the best of our knowledge, no previous work addressedsueiof graph structure learning
of all orders while conditioning on input features. The atege is the combination of the graph
structure learning and the flexible choice of the functiapaces oX'. Our contributions include
a reparemeterization of the UGMs with bivariate outcomeshieymultivariate Bernoulli (MVB)
models. It can be easily extended to general discrete UGM&@sn in Section 2.3. The set of

conditional log odds ratios in the MVB models are completeejoresent the effects of features



on responses and their interactions at all levels. The gpanghe set of functions are sufficient
and necessary for the conditional independence in the giaghtwo nodes are conditionally
independent if and only if all the interactions that conthiese two nodes are constant zero; and
the higher order interaction among a subset of nodes measafidhe variables is separable from
the others in the joint distribution.

To obtain a sparse graph structure, we impose StructureolL(@isasso) penalty on groups
of the conditional log odds ratios with overlaps. SLasso loarviewed as the group lasso with
overlaps. The group lasso that is proposed in Yuan and LiGGR[L00] leads to the selection of
variables in groups. They showed that it is consistent whergtoups are exclusive and cover the
whole set. Jacob et al. (2009) [35] considered the penaltyroaps with arbitrary overlaps. Zhao
etal. (2009) [103] set up the general framework for hiergatvariable selection with overlapping
groups, which we adopt here for the functions. Our groupdasigned to enforce the sparsity
on the set of functions and shrink higher order interactsinglar to the hierarchical inclusion
restriction in Schmidt and Murphy (2010) [75]. We give a groal linearization algorithm that
efficiently learns the complete model, where the normabrdfactor is calculated by the junction
tree algorithm (Koller and Friedman (2009) [44]). The glb@nvergence is guaranteed (Wright
(2010) [96]). It can be used in applications where the nunabeesponses is small, such as the
Census Bureau data in Section 5.2. It can also be applieddelrtize relations of multiple clinical
responses (hypertension, diabetes, etc.) and how theyffacted by the person’s genetic and
environmental variables (smoking, income, etc). We thappse a greedy search algorithm to
scale our method to large graphs as the number of parametevs gxponentially. This algorithm
can scale to large graphs (100 nodes or more) by a greedyagpehsfrom main effects to higher
order interactions.

In addition, we allow the conditional log odds ratios of tleénj distribution be functions in
any separable Reproducing Kernel Hilbert Spaces. In this wa extend the linear models to
the non-parametric models. For the non-parametric reigress exponential families, Lin and
Zhang (2006) [53] proposed the component selection and sgnimgpoperator (COSSO) method

for model selection and estimation. They proposed itegalternating algorithm for learning the



model parameters and the dummy variables that determieesptirsity in the model. Although
optimizing over the two sets of parameters is not convey #owed it is equivalent to a con-
vex optimization problem. They also showed the rate of CO®Stnators converging to the
true model in terms of thé, norm of the function values on the observations. Other egfegs
about the asymptotic results of non-parametric modelsidebut not restricted to Bach (2008)
[6], Radchenko and James (2010) [69], Ravikumar et al. (R00Y, Meier et al. (2009) [62],
Huang et al. (2010) [34], and Koltchinskii and Yuan (20109][4Our contribution is to give the
sufficient and necessary conditions for the model selectimsistency of SLasso with parametric
and non-parametric models. Due to the special design otthetgre penalty, the SLasso method
is consistent in terms of graphs structure estimation. iat the true model satisfies the hier-
archical structure assumption, the SLasso method is d¢ensis estimating the set of non-zero
conditional log odds ratios. If not, the SLasso method vedlaver a superset of the non-zero con-
ditional log odds ratios in the true model. The supersetsitill give the same graph structure, so
the result will still preserve the conditional independestructure.

The thesis is organized as follows: Chapter 2 introducesGitaghical Models, multivariate
Bernoulli model and its generalizations, multivariatecdete model. We show that Graphical
Models are equivalent to the multivariate discrete modelapter 3 discussed the SLasso method
and the structure penalty. We provided the gradient desagotithm for learning the model.
We derive the GACV and BGACYV score to select the tuning patame&hapter 4 discusses the
asymptotic results for parametric and non-parametric tisodehe experiments are discussed in
Chapter 5. Chapter 6 gives the concluding remarks.

The notations in this paper are summarized in Table 1.1. Miithpecial notice| - ||, denotes
the Euclideari,, normifn =1,2,---; || - || denotes the norm in the spatg || - || x denotes the
norm induced by the kerné{; || - ||  denotes the conjugate norm with respecytdf 7 is itself a

norm (or a penalty) as defined in Definition 4.17.



Table 1.1 Notations

Symbol | Description
|-l Euclidean/; norm
n Sample size
P Number of covariates
K Number of Response/Output
Y K dimensional Response/Output
X Covariates/Feature/Input,x p matrix
Q Setof{1,2,..., K}
©(£2) | Power set of2 except the empty set
w,k,v | Element ofp(£2) used for indexing
ye(@) | y2(@) = ke ur(2)
V(i) | Augmented responség' (i), ..., y"(i)) wherey” (i) = [, v (@)
c Model parameters
D Dimension ofc”. Itis (p + 1) in linear models
K Number of f“’s. Itis |p(Q2)] if there is no restriction on the model
T, T, = {w|v C w} is the subgraph rooted atcontaining all its descendants
fh T = (f¥),w € T, wheref* is the conditional log odds ratio
J(f) | Penalty onf
Ty The objective with tuning parametar
Do Weight for penalty on structurg,
sy, 7, | Subgradient oh.J(f*) of thevth group
S(y; ) | Sy @) = 3 peqe Y f"




Chapter 2

Graphical Models and Multivariate Discrete Distribution

In this chapter, we will discuss the distribution of a mudtivate discrete random vector which
has higher order interactions. We will show that the formataof the multivariate discrete distri-
bution is equivalent to the discrete Undirected Graphicatkls. And the former is more suitable

for learning the graph structure.

2.1 Discrete Undirected Graphical Models

In Undirected Graphical Models (UGMs), a graph is definedzas- (2, E), whereQ) =
{1,---, K} is the set of nodes anfl C 2 x ( is the set of edges between the nodes. A UGM
is also called a Markov Random Field (Kindermann et al. (3940]) because of its Markov
properties we will discuss later.

Suppose the multivariate response vector associatedhvthades iy = (Y3, -+, Yx)T, and
suppose there is@dimensional predictive variabl& which can be viewed as common features
shared by thd{ response variables. We call a UGM with discrete responsablas as a discrete
UGM.

The Markov property formulates the conditional indepermaestructure of a UGM: given three
sets of nodes!, B, C'in 2, A and B are independent givedi if all the paths from a node iAd to
a node inB will go throughC'. Define a clique to be a fully connect subgraphthfand define a
maximal clique to be a clique which is not properly containedny other cliques. The Markov

property leads to the conclusion that any two nodes not inqai€lare conditionally independent



given others. This property gives a reasonable decompositi the graphG according to the
cliques.
One formulation of the joint distribution of discrete = (Y1, ..., Yx)T conditioned onX is

parameterized by a set of potential functions on a set oitjpeas (Bishop (2006) [10] Chapter 8)

P(}q:yla~~~aYK:yK|X):%HCDC(:UC;X) (2.1)
cec

whereZ(X) is a normalization factor that ensurg$.) is a well defined probability measure

Z2(X)=> 1] ®clye; X) (2.2)

y CeC

The distribution in Equation (2.1) is factorized accordiagC, which is usually the set of
cliques in the graph.®.(X) is a potential function ofX on C, indexed by the realization of

Yo = yo = (¥i)icc, that is

Po(X) =D I1(Yo = ye)®olye; X) (2.3)

yc
where!(-) is the indicator function. And we only considég > 0 to make sure the probability
will always > 0.

For the purpose of efficient computatiahjs often chosen to be the set of maximal cliques.
Different representations by non-maximal cliques can bweded to maximal cliques represen-
tation by reformulation of the potential functions (Waingiht and Jordan (2008) [94] Chapter 2).
SoC does not have to be the set of cliques implied by the grapbtsie, as long as it is sufficient
to represent the joint distribution. For example, the meastagal and trivial choice for any given
graph isC = {Q}. In this case, we cannot infer the conditional independémee the formulation
in Equation (2.1). There ar®® potential functions for any given graph, even a sparse ohés T
number is much more than that in a maximal cliques represSensafor a sparse graph. This is
because choosir@as{(2} is over-parameterized. And a lot of those potential fumiare trivial
in the sense of being constant functions. In this case, thdittonal independence between the

response variables is implicitly formulated by the formué potential functions.



Example 2.1. In Figure 2.1(a), we have a triangle cliqug, Y, Y3} indicate a third order in-
teraction. Y, is independent with other nodes. Additionally, there is awige interaction be-
tweenY; and Y. Y, is conditionally independent with; or Y; givenY;. C in Figure 2.1(a) is
{{1,2,3},{3,4}}.

In Figure 2.1(b),Y5, Y5 are another set of interacted random variables which areepehdent
of other 4 nodes. In this casé€Ys, Y,} are conditionally independent given, so are{Y7,Y,}.
C={{1,2,3},{3,4},{5,6}}.

In Figure 2.1(c),Ys, Ys, Y7, Ys form a 4-node clique that are independentfo Y5, Y3 and Y.
C={{1,2,3},{3,4},{5,6,7,8}}.

In Figure 2.1(d),Ys, - - - , Y3 form a 4-node cliqueYy, Y74 are connected to the clique through

Yy, C = {{1,2,3}, 13,4}, {4,5}, {5,6,7,8}, {7, 9}, {9, 10} }.

2.2 Multivariate Bernoulli Distribution

The Graphical Model representation in Equation (2.1) isgrdw in formulating the joint dis-
tribution of the multivariate discrete random variablethé graph structure is known in advance.
It greatly reduces the number of parameters. But if the grapmknown in advance, estimat-
ing the potential functions on all possible cliques tendbeocover-parameterized (Schmidt and
Murphy (2010) [75]). Furthermore, forcingg ®-(yc; X) = 0 is sufficient for the conditional
independence among the nodes but not necessary (see S&eti8n Therefore, we introduce
another parameterization to learn the joint distributidrew the conditional independence (graph
structure) is not known.

In this section, we consider the multivariate Bernoulli (BMandom variables, i.e/, = 0 or

1. The general results of multivariate discrete random Wéggmare provided in Section 2.3.

2.2.1 Multivariate Bernoulli Distribution formulation

The multivariate Bernoulli (MVB) model of random variables is equivalent to Equation (2.1)

with binary nodes (see Theorem 2.3). It Rds— 1 natural parameters (Whittaker (1990) [95]) if
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Figure 2.1 Graphical model examples.
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the graph is fully connected. The distribution of the MVB nebis

PO =y, Yie = el X) = exp (YT F(X) = b(F (X))} (2.4)
= exp{ylfl(X) +...+nyK(X)
+ ylygfl’z(X) 4 yK—lnyK_l’K

ey [ (X)) = (X))

Here, we use the following notations. Let= {1, ..., K} be the set of the nodes in the graph.
Denotep((2) the power set of? leaving out the empty séf)} to index the components from main
effects to higher order interactions in the model. Therel@(@)| = 2% — 1 components {~’s)
in (2.4) as free parameters. Letdenotes a set ip(Q), definey = (y',--- ,y*,---,4*) be the
augmented response with

v =] v (2.5)
€W

Given the predictive variabl&’, f = (f',..., f,..., f*)is a vector of functions ok, called
conditional log odds ratios (Gao et al. (2001) [25]). It is@teferred to as natural parameters in
the exponential family (McCullagh and Nelder (1989) [60)e will call f!,--- . f& main effects,
andf2, ... 1K the interactions between the response variables.

From the distribution of a MVB random variablg(x) is equivalent to
f(x) =1logOR(Y;,i € w|Y; =0,j ¢ w; X = x) (2.6)

Here, the odds ratios are calculated recursively as

. P, =1X=u2)
omnu>4g_1_HK:HX:xy (2.7)
_ OR(Yicw|Ypy=1,X =)

 OR(Yi,i €w|Yy=0,X =2)

The following two notations are useful in optimization aratgmeter tuning

OR(Y;,i € wU {k} X = z) , with k ¢ w (2.8)

S(y;w) =y o) SU) = fr(w); (2.9)

KCw KCw
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Then the normalization factor is

exp(b(f(2))) =1+ Y exp(5¥(x)) (2.10)

weP(2)

In practice, thexp(b(f(z))) is calculated by the junction tree algorithm (Koller andefeiran
(2009) [44] Chapter 10) to avoid enumeratitigpossible values df , which is intractable in large
graphs.

We assumg® is in a separable Reproducing Kernel Hilbert Space (RKHSWith kernel K,
(Wahba (1990) [90]). The details are discussed in Sectién\&e focus on estimating the set of

f“(x) with featurex where the sparsity in the set specifies the graph structure.

2.2.2 Relations to Binary Undirected Graphical Models

We present the following lemma and theorem which show thévatpnce between the binary
UGM in Equation (2.1) and the MVB model in Equation (2.4):

Lemma 2.2. In a MVB model, define the odd-even partition of the power Betas: p,(w) =
{k Cw | |k| = |w| — k,wherek is odd}, andp.(w) = {k C w | |k| = |w| — k, wherek is ever}.

Note|p,(w)| = |pe(w)| = 2*I~1. The following properties hold:

P(Y;=1,icw,andY; =0,j € Q\w|X)

exp(SY(X)) = PIY, = 0.1 € OX) (2.11)
w - Hﬁem(m PY,=1,ierY; =0,j € Qk|X)
P =l e P =T iemY, =0,j € DalX) (212)
_ Z(X)
b(f(X)) = log Moo (0: X) (2.13)

Proof. This lemma follows from the formulation of MVB in Equation.@ and the definition of

odds ratios in Equation (2.6). O

Theorem 2.3. A UGM of the general form2(1) with binary nodes is equivalent to a MVB model

of (2.4). In addition, the followings are equivalent:

1. There is ngC|-order interaction in{Y;,i € C'};
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2. There is no cliqué&’ C 2 in the graph;

3. f¥ =0forall wsuch that” C w.
Proof. The proof is given in Appendix A.1. O

The |C|-order interaction in{Y;,i € C} is defined as{Y;,i € C} are not separable in the
joint distribution. Theorem 2.3 states that there is a diquin the graph, if and only if there is
w 2 C, f¥ # 0inthe MVB model. The advantage of modeling by MVB is that tparsity in
f“’s is sufficient and necessary for the conditional indepandén the graph, thus fully specifying
the graph structure. Specially;, Y; are conditionally independent if and onlyfif = 0 for any
w such that{i, j} C w. This showed the interaction is non-zero if all the nodeslved are not

pairwisely conditionally independent.

2.2.3 Examples in Bivariate Case

For a graph withX" nodes, suppose we choase= {2}, the parameters in binary UGM are
{®, | w C Q}, whered,, = 0o(Y; = 1,7 € w,andY; = 0, j €  — w) is the potential function.
We usually restrictby = 1 to make the model identifiable. So there afe— 1 free parameters.
Similarly, there are als®* — 1 free parameters in MVB modef{, ..., f9)

WhenK = 2, Q = {1,2},C = {Q}, write p,,,, = P(Y; = y1, Yy = y2|X) for simlicity, the

distribution ofY” given X is:

P(Y1 =y, Yy = y2|X) _ pzl/iyzp?fé(l—yz)péll—yl)y2p(()10—y1)(1—y2) (2.14)

= exp {y1 log el + ys log Lot + 1192 log PuPoo + log(poo)}
Poo Poo P1oPo1

The MVB formulation of the distribution isf¢” denotesf*(X) for simplicity):

P(Y1=y2,Ys = 1| X) = exp {y1f1 + 42/ + e f1 (2.15)

—log [exp(f1) + exp(f?) + exp(f' + f2+ 3] }
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Write (Y7 = s, Y = yo; X) as®,,,, for simplicity, then the distribution with UGM param-

eterization is

1
Z(X)
Comparing Equation (2.14), (2.15) and (2.16), and applthegesults in Lemma 2.2, we know

P(Y1 =y, Y2 = 1| X) = Dy, (X) (2.16)

1 1 1
Poo = 2(1)007 Po1 = Eq)on P1o = E(I)w, P11 = 2(1)11

P11p
f1 = log(p1o), f2 = log(po1), fl’2 = log —
P1oPo1

And the relations between UGM and MVB are

1 lg%,
00

12 lg%,
00
(bll'@OO

1,2 — 10 —1 - =u
f g1 - By

Note, the independence betwegnandY; implies:

(I)ll : (POO -0
(I)Ol : (I>10

Therefore,f 2 being zero in the bivariate MVB model is sufficient and neaeg$or the con-

=0 or log

ditional independence in the model. On the other h&angdd = 0 is a sufficient condition but not

necessary.

2.3 Multivariate Discrete Distribution

The distribution of a general multivariate discrete rand@otor wherey), € {0,--- ,m — 1}

can be extended from Equation (2.4).

Proposition 2.4. LetV = {1,....,m — 1}, y, = (¥i)icw, then

Q
P(Yi=y,- Y =yx|X) =exp{ > Y I(yo=0)f —b(f)} (2.17)

w=1 peVlvl

where! is an indicator function and’™ = V x --- x V is the Cartesian product of V''s. Each

fisa(m — 1)l dimensional vector.
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Note

(m —1) r + (m — 1) k +oot (m =1 K =m"t —1 (2.18)
1 2 K

Thus, the number of free parameters in Equation (2.17) ialéqthe number in Equation (2.1).
And similarly, the multivariate discrete distribution foulation is equivalent to UGM whose re-

sponse variables taking valuelih= {0,1,--- ,m — 1}.
2.4 Multivariate functions in Reproducing Kernel Hilbert S paces

The Reproducing Kernel Hilbert Space (Aronszajn (1950) f4]is a Hilbert space of func-
tions onX for which all the evaluation functionals are bounded anddin It is associated with
a unique Kernel functioniX which is positive definite in the sense that for any= 1,2, -,
z(1),---,z(n) € Xanday, -+ ,a, € R, 3" a;a;K(x(i), 2(j)) > 0. K(z,-) is the Reisz
representer of the evaluation functional such tétz,-), f),, = f(z), forany f € H. More
details about the related theorems and choicds o&n be referred to Wahba (1990) [90].

The extension to the general Reproducing Kernel Hilbertc8paf multivariate functions is
discussed in Wahba (1992) [91]. Micchelli and Pontil (20[@5)] gave another general extension
to Hilbert space valued functions. They showed the repteséimeorem holds and provided prac-
tical discussions about the regularization problems, dsasdhe form of Kernels. Another good
reference to vector valued Reproducing Kernel Hilbert 8gam be found in Carmeli et al. (2006)
[14].

Let f be aM dimensional vector valued function &) thatisf(z) = (f*(z), -+, fM(z))’ €
RM. Let u,v index theu-th andv-th components off (z); M = {1,---,M}. Let K be an
positive definite function oM x X} x {M x X} in the sense that for any = 1,2,---,
z(1),---,z(n) € X,anda,; € Rforu=1,--- M,i=1,---,n

n

M
Z Z Qi K (u, (1);0,2(5)) > 0 (2.19)

u,v=11,j=1
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For any fixedv, x, we define thel/ dimensional vector function as

K(1,v,7)

" B K(2,v,7)
(') = (2.20)

K(M, v, x)

Then, the RKHSH ;- associated with kerngk is defined as the closure of all the countable
linear combinations of Equation (2.20) in the form fifr) = 20, S ¢ i Ky (7). K, iS
the Reisz representer of the evaluation functional sudihd<, .),, = f*().

The famous Kimerdolf and Wahba representer theorem (Kiareéhd Wahba (1971) [39]) can
be extended to the multivariate case in Wahba (1992) [91{.yL€) denote the-th component
of the i-th response. Suppose the observation is Gaussian datahatefi(i) = fY(z(i)) +
€°(i), wheree(i),i = 1,--- ,n are iid multivariate Gaussian random variatN¢0, o*7,,). The

minimizer of the following objective function

n M
Jnin Z > W) = £o@(@)) + M (2.21)
has the form of
) n M
F@) =3 ik, q(2) (2.22)

=1 v=1
We assume in the MVB distributiotf,is in a Reproducing Kernel Hilbert Space (RKHB),
with kernel K. Since we do not assume any special connection between angf ganditional
log odds ratios, we will supposg’ € H,, which is only associated with a reproducing kerhgl

It is equivalent to assum& (u, -; v, -) = 0 for anyu # v in the general representation. In this case,

M
1A 1 = 220 1171
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Chapter 3
Structure Lasso Model for Graph Learning

3.1 Structure Lasso
3.1.1 Structure Penalty

In many applications, the assumption is that the graph hgsfew large cliques. It is nat-
ual to build up higher order interactions if (at least somie)he lower order interactions exist.
One example is the forward search strategy in multivaridegptive regression splines (MARS,
Friedman (1991) [24]). In terms of graph structure learniwg are mainly interested in the set
of maximal cliques” which determines the conditional independence structitieeograph. Any
C € C contains the cliques of its subset with smaller size. It $easlto include a higher order
interaction only when all its lower order interactions ameluded. Although, with careful choice
of the potential functio® on the maximal cliqué€’, we might obtain a MVB distribution where
some lower order interactions are zero giyénis non-zero in the model. For examp)g;?? # 0
but f12 = 0 in the true mode. This situation is highly related to the peeterization of the joint
distribution, but it does not affect the conditional indegence structure of the graph. Later on,
the theoretical studies show that this hierarchical retsbn will lead to the estimation consistency
in graph structure learning. Schmidt and Murphy (2010) @&plied the same hierarchical inclu-
sion restriction in structure learning with the graphicaldal parameterization (Equation (2.1)).
Radchenko and James (2010) [69] also suggested to incladedim effects ahead of the pairwise
interaction terms in high dimensional settings for lineagression.

Our model is to fit the graphical model by its multivariate Beulli parameterization. We

consider the conditional distribution of the nodés$) (given the predictive variablesX(). The
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sparsity in the set of conditional log odds ratios is suffitiand necessary for the conditional
independence in the graph. Our model are very flexible ftiat) can be in an arbitrary separable
RKHS.

LetY (i) = (Yi(4),...,Yk(4)), X (i) = (X1(7),...,X,(i)) be theith observation. The aug-

mented representation of the multivariate response is:

V@) = (y' @), (@), -,y (0)" (3.1)

The joint distribution in Equation (2.4) contaiti§ = ()| = 2 — 1 conditional log odds
ratios in the complete model. Suppose the input varidble X ¢ R?, the model hag = p - K
free parameters. In cases where there are no predictiveblesi e.g., Hofling and Tibshirani
(2009) [33] and Ravikumar et al. (2010) [71], the complete BMistribution hag = 2K — 1 free
parameters. We first consider learning the full model wheis small, and later propose a greedy
search algorithm to scale to large graphs.

To obtain a sparse estimation of the conditional log oddesatve follow the framework of
penalized likelihood method (Good and Gaskins (1971) [29])
win T0(F) = £ + AT () = - 37 (=907 fal) +50) 0T (3

feHK

i=1

Here, the loss function is the negative log likelihood of dservationZ = (X, Y)
L(Y; f(X)) = =YV [(X) +b(f(X)) (3.3)

and denotel,(f) = L(Y; f(X)). Then,L(f) = + 31", Ly, (f) is the negative log likelihood
that evaluate the goodness-of-fif.(-) is the penalty that enforce the smoothness and sparsity of
the vector valued functiori. And \ is the tuning parameter, which controls the trade-off betwe
L andJ.

Our objective is to obtain a sparse estimation of the cliguéise graph through the sparsity of
the components in the vector-valued functinTake the pairwise links for example. No link be-
tweenY, Y; in the graphical model means they are conditionally inddpahgiven other nodes, or

equivalently,f“ = 0 for all w O {s,t} (Theorem 2.3). For example, in Figure (2.1(1)), Y, are
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conditionally independent mearis?, 124, f134 1234 gre all zero. This objective is similar to
the sparse covariance matrix estimation in Gaussian MaRemdom Fields for neighborhood se-
lection with lasso (Meinshausen and Buhlmann (2006) [6Bfe sparse penalty (-) is designed
to construct such a graph with sparse cliques. However, adaetwill deal with higher order co-
variance structures that do not exist in Gaussian data.ditiad, we not only consider the graph
structure of responsés alone, but also the effects of predictive variablésnY .

To satisfy this intuition, the penalty is designed to shidher order interactions in a hierar-
chical manner. The hierarchical assumption is that if there interaction on cliqué€’, then f“
should be zero, for alb O C. We consider the Structure Lasso (SLasso) penalty to skuokf“
toward zero. It is guided by a lattice like Figure (3.1). Théite hask nodes:1, ..., w,...,Q.
There is an edge from,; to w, if and only if w; C wy and|w;| + 1 = |we|. Jenatton et al. (2011)
[36] discussed how to define the groups to achieve differentzero patterns in a structured way.

Let 7, = {w € p()|v C w} be the subgraph rooted atin the lattice, including all the
descendants of. 7 = {1}, ..., T} categorize all the functions into groups with overlaps. @en
™ be the vector of functions that concatenates all the compsn# f in 7, such thatf?> =
(f¥)wer,. Based on the discussion of the extension of RKHS theoremsadior valued functions
in Section 2.4, we know’* € H, which is a RKHS associated with kerngl., . And K, is the

original kernelK restricted on the index s&t,. The Structure Lasso (SLasso) penalty on group

Hr, — Pv Z waH’?-Lw
UJET”U

wherep, is the weight for the penalty of,. p, is empirically chosen ag%‘, since we do not hope

is:

To(f) = poll f*

to penalize too much on the components that appear in manypgroAnd the complete penalty

T = L= v > I, (3.4)
vEP(Q) vEP(Q) weTy

function is



Figure 3.1 Hierarchical lattice for penalty

20
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Then, the objective is:

min Ly(f) = £()+ X 3 po [ D I (3.5)
vEP(Q) w€eTy

The following example helps illustratgé 7, and the objective function.

Example 3.1.1f K = 3, the vector-valued function isf = (f', f2, f3, f12, f13, 23, f123). The
group at nodel in the lattice (Figure (3.1) ) is™ = (1, f42, f13, f123) and the objective is

min £(£) +A(pr/ TP+ T2+ 7T + 727

feHK

ooV TP+ T2+ 1725+ 1729
oo/ TP+ I+ T3P + 17222 (3.6)
P2V 4+ 17523012 + pusv/ILF3I2 + 1172312

223V I+ 272 + praa /1727

In non-parametric smoothing regression problems, Lin amang (2006) [53] first proposed
the penalty on the sum of RKHS norms instead of the squareshiswtw select the functional
components in Smoothing Spline ANOVA model (Wahba et al98)992]). The RKHS norm
1 £ ||y, is nonsmooth af”> = 0, which leads to the sparse estimation of the componentsnWhe
fT £ 0, the norm penalty will enforce the smoothness of the fumctiche penalty on the norm of
a function in a RKHS can be viewed as a penalty on a group of hpatameters, if the RKHS is
finite dimensional. Yuan and Lin (2006) [100] proposed Grbapso for the parametric regression
with similar philosophy. The structure penalty has the saiffiect, except we are dealing with
vector-valued functions and we group the components oftthetions with overlaps.

The negative log likelihood.(Y; f(X)) of the MVB distribution ensures the loss functional
Ly(-) : Hx — Ris strictly convex and continuously twice differentiab&nce it does not cause
problems for understanding the next theorem, we postpandititussion of the differentials and
other functional operations oH i in Section 4.3.1, where we are dealing with the asymptotic
results. The following theorem is the extension of the Kidodirand Wahba representer theorem

to vector valued functions and structure penalty.
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Theorem 3.2. If the loss functionC(f) is convex and continuously twice differentiable, and the
penalty function7(f) is a norm ont x, then the objective in EquatioB.p) is convex, and there
exists a minimizer of Equatio8.6). Letf be such minimizer, and assume the ketiia$ diagonal

in the sense thak'(u, -;v,-) = 0 foranyu,v € () if u # v, then thew-th component of is

fve span{ K, x@;)(+),7 = 1,---n}. That is, f(-) = Yoy VK, x i) (), for some real valued; .
Proof. See Appendix A.2. O

The representer theorem ensures that the solution of thea@metric functional optimization
in Equation (3.5) is in a finite dimensional space. This iswcia property for the feasibility of
solving the objective function.

In addition, the following theorem shows that SLasso methddeves the hierarchical inclu-
sion restriction we impose on the graphical model. Thatyispinimizing the objective (3.5)f“*
will enter the model beforg®? if w; C wy. Or equivalently, iff“* is zero, there will be no higher
order interactions ow, D w;. Itis an extension of Theorem 1 in Zhao et al. (2009) [103].

The reason can be easily perceived in the following examgle’> = 0 only occurs when

fTa2r = 0. Otherwise,

[l ||HT{1 " is not at the singular point, and thus the probability of
f12 = 0 is almost zero. However, jf123 = (0, we will still have the penalty orf'2 which may or

may not shrink it to zero.

Theorem 3.3.Letw;,ws € p(Q) andw; C ws. If  is the minimizer of3.5) given the observations,

then0 € 91, (f) which is the subgradient df at f. In addition, f*> = 0 almost surely iff*: = 0.

Proof. The proof is given in Appendix A.3. O

3.1.2 Pattern Selection by SLasso/COSSO Penalty

The structure penalty will satisfy the hierarchical inatusassumption in the estimated model.
In some real applications, it might be preferred to allowheigorder interactions exist even some or
none of its lower order ones are in the model. But SLasso dgneld sparsity within the groups.

Friedman et al. (2010) [23] considered the sparse group laggrion with the combination df
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andl, norm as the penalty for parametric linear regression mudel = X (i)7 3 + €(i)

G
J(B) = MBI+ A2 D> 1182 (3.7)

g=1
wheref is model parameter; is a partition of the components jhwithout overlaps, and? =
(Bj);eq- They proposed to solve the optimization problem by coatdimlescent procedure.

Yuan et al. (2011) [99] studied the problem of overlappingugrlasso problem with the penalty
of the same formulation as in Equation (3.7), except that #ilew the groups overlap with each
other. They proposed a fast algorithm based on gradienedestethods which solve the convex
dual problem to obtain the proximal operator of the origmatimization problem.

To extend the idea of sparse group lasso to the vector valuatidnal space, we consider the

following SLasso /COSSO penalty

T(f) =T+ AT (3.8)

= > po [ DI A DD N
vEP(Q) weT, vEP(Q)

where 7°(f) is the structure penalty defined in Equation (3.4) afd(f) is the COSSO type

penalty function presented in Lin and Zhang (2006) [58]s another tuning parameter that con-
trols the trade-off between the two sparse penalties. Hsy &0 verify that7(f) is also a norm on
‘Hx, then the representer theorem in Theorem 3.2 holds.

In linear models, to select the features within each comwlti log odds ratio, we propose the

following feature selection objective

T(f)=T(f)+T"f) (3.9)

Z po [ D IF<IB, +A Z e”[l1
vEP(Q weTy veP(Q

wherec” is the vector of paramters ift. This objective can be used to select features in multivari-

ate Bernoulli data where not all of the predictive varialdesrelated to the response.
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3.2 Estimating the Complete Model for Small Graphs

In this section, we discuss the parameter estimation whereth RKHS 7, is composed of a
constant functions space and a non-constant RK#S= H,, (&H,, 1. We takeH,, = {1}, which
refers to the constant function space. Atd; could be a linear function space (Example 3.4), a

B-Spline function space (Example 3.5), or a general RKHS.

Example 3.4.Suppos& = [—1,1]P, H,1 = {1} & - - & {z,} is a RKHS of linear functions. We
denote{x; } as a space of linear functions grth component of, and assume thg, inner product
on{z;}: (f, )z, = f[_m] fg. For example, the functions ifx;; } has the form ofz;. Itis easy to
obtain the following results: the associated kernekis , ;(s,t) = $st; the functionf¥ € {x;}
must be in the span of the basis functions obtained Q.. ). fi° € span{ K, ;) (-, 2(i)),i =

1,---,n} forsomen andz(1),--- ,z(n) € R. So it has the form of

= g Z bizi-x = cjx (3.10)

for someby,--- ,b, € R,andc; = >, bz(). 3, = 2(e9)2.

The function in{1} is a constant:fy’ = ¢5; the associated kernel withl} is K, (1y(s, t) = 3,
11, = 25>

Theorefore, by specificly choosiitg,, i.e. K, = 1;:0 O p Koy = %Kwo + %Zle Ko (e}

the functionf“ € H,, has the form of

p
T) =+ (3.12)
j=1
Its norm is|| f“[|ye = || - || stands for Euclidear, norm. Here, we denote’ =
(cg,..., p) € Rrt! as a vector of length + 1 andc = (¢*),ep@) € RX7 js the concatenated

vector of all parameters, whefe= (p + 1). Letc™ = (¢*).er, be a(p+1) - |T?| vector, then the

min  Zy(c +)\va DY 12, (3.12)
cERKP weT,
(

= L(c) + )\vaHcT”

objective 8.5) is now
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andT, is the subgraph rooted atdefined in the previous section.

Example 3.5.B-spline basis functions are used in many applictions,l@gh dimensional additive
modeling (Meier et al. (2009) [62] and Huang et al. (2010) [34The details about B-spline basis
functions can be found in Appendix A.8 and in De Boor (1988).[1

Suppose&X = [—1,1]?, H,, is a B-Spline function space, with reasonable amount ofsbasi

functions. And we also assume thenorm on#,,. Eachf“(z) € H,, has the form of
D
v)=c+ > g7(x5) (3.13)
=1

wheregs (z;) = Zszl 5. Br(;) is spanned by the B-spline basis functiq;(-) }r—1,...p; D is
the number of basis functions, and it is determined by thebeurof knots. See Section A.8 for
more details.

Let BY be aD x D matrix whosék, [-th element |S{B Kl = f[ L] gr(x)gi(z)dx; and BY =

diag(1, BY,-- -, By) be the blockwise diagonal matrix. Then, the norntpnis
p
1105 = 512+ Y (@) By = (¢) B e = ||| i, (3.14)
Here, we denote” = (¢, ¢{),--- , ¢, - - , ¢5p) as the finite dimensional parameterfii”+!

for w-th component of; ¢ = (¢*)uep) € RE? js the concatenated vector of all parameters,
wherep = pD + 1. Denotec™ = (¢*) 7, be a(pD + 1) - |T°| vector. We will obtain a similar

objective function as in Equatio.(L2)
min - T(e +A2pv /ZT 715, (3.15)
= L() + A Y polle™ e,
where|[c" || iy, = [/ Iz, = Xoer, 1.

3.2.1 Gradient Method by Proximal Linearization

Many applications do not involve a large amount of responseg, the Census Bureau data

in our experiment. In these applications, the deep undeisigs of the higher order interaction
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structure are preferrable. So it is desirable to learn timeptete model when the graph is small.
In this section, we propose a method to optimize Equatids) (8.the general form of a complete
model.

In solving the optimizaition problem, each conditonal ladgde ratiof“ is in a finite dimen-
sional function space spanned by the kernel function etedi@n the: oberservationst(1),--- ,z(n) €
RP. This is enusred by the representer theorem. It is natungkte /“ as a vector of parameters
& € RP. p = p+ 1 for linear casep = pD + 1 for the B-spline case; and = n for a general
RKHS case. Denote the basis functions %uief’{ lj=1,--- ,35}, and ¢“ be thep dimensional

vector of the basis functions, then the formf¢fcan be written as
P
fO= (@)= &os() (3.16)
j=1

Here, we usé], to denote the x p kernel matrix, which is determined by the observations
in an infinite dimensional RKHS, i.e., thek-th element of2, is K, (z(j),z(k)); or which is
determined by the basis functions, i.égﬁ?’,gﬁ‘,‘;%_{w, foranyj k = 1,---,p. Without special
notice, we use* instead off“, and the norm of* is ||“||x, = ||f“||x, = (¢*)TE.¢*, and
the inner product ofR? with respect to the kernel matrik., is (¢, d*) = (¢*)"5,d for any
&, dv € RP.

The definition of%,, can be extended from-th component tds - j x K - j kernel matrix>
of the vector valued function space, which is blockwise diad. The(u, v)-th block of X is 0 if
u # v; the (v, v)-th block isX,. Similarly, (-, -),-, and|| - || x can be defined.

Lin and Zhang (2006) [53] proposed an equivalent formutatid the COSSO objective to
solve the functional optimization problem with RKHS normiigh are nonsmooth at the singular
point. The equivalent formulation of Equation (3.5) is

1
fomin L)+ M 2()9) m;ﬂ 1£415e.) + Ao X(jm o (3.17)

In the equivalent formulationy, is the dummy variable. The procedure is to iteratively fix

~ to get an optimal solution of, and then fixf to obtain a solution ofy. It is efficient for the

guadratic loss function on Gaussian data, but the altergagptimization might not scale well in
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our case. In stead, we estimate the complete model withtaHdation levels by iteratively solving
the following proximal linearization problem similar to Wht (2010) [96]. Other references use
the proximal method include Mairal et al. (2010) [59]. Welwdévelop the formulation for the

general RKHS cases.

min Ly + (VL ¢ = ci)yy,. + %Hc — |2, + AT () (3.18)

cERK D
In Equation (3.18), lety be the concatenated vector of all basis functiofis;= L(¢”cy);
VL, = VL(¢Ter); and oy, is a positive scalar chosen adaptivelykét step. Without causing
ambiguity, we denote;, as the value of at kth step. Algorithm 1 summarized the framework of
solving (3.5).
Following the analysis in Wright (2010) [96], we can showttli@e proximal linearization

algorithm will converge for the negative log-likelihoodsk®function with the SLasso penalty.

Proposition 3.6. Let the objective function be defined in Equati8rb}, with £ be the negative
log-likelihood of the MVB distribution, and” be the SLasso penalty. Suppose the scaling factor
oy, is chosen as described. Then, the sequéngck generated by Algorithm 1 will converge to the

global minimum ofZ, and the convergence rate is Q-Quadratic.

See Nocedal and Wright (1999) [66] page 29 for the definitiiihe convergence rate.

3.2.2 Dual of the Proximal Linearization Problem

Since the framework of gradient descent method works forirsglthe SLasso problem, it
remains to solve the proximal linearization subproblemgpu&tion (3.18). Although we can view
it as solving a local problem of group lasso with overlapssiby no means trivial due to the
non-smoothness at the singular point, which is complichtethe overlaps.

In recent years, several papers have addressed the prdideiving group lasso with overlaps.
Jacob et al. (2009) [35] duplicated the design matrix colsithiat appear in group overlaps, then
solved the problem as group lasso without overlaps. Kim aimg) X2010) [38] reparameterized
the group norm with additional dummy variables as did in Lid&hang (2006) [53]. They

alternatively optimized the model parameters and the dummmeg at each step. As stated before,
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Algorithm 1 Proximal Linearization Algorithm

Input: cq, 2o, Qmin, Omaz, ¢ > 1,tol > 0, observationsy(1), z(1)), - - -

Output: ¢4
repeat
Choose;, € [Wmin, Qmac]
Solve Eq (3.18) forl, = ¢ — ¢4,
while 6, = Z(¢"cx) — Ta(¢” (e, + di)) < |||, do
/I Insufficient decrease
Setay, = max(min, ()
Solve Eq (3.18) fori,,
end while
Setagy1 = i/
Setcy 1 = ¢, + dy,

until 6, < tol
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this method might not scale well in multivariate Bernoubitd with SLasso penalty. Instead, we
will solve (3.18) by its smooth and convex dual problem inYeaal. (2011) [99] and Mairal et al.
(2010) [59].

To solve the following objective of the proximal linearizat problem in Equation (3.18), we
solve its dual problem as suggested in Yuan et al. (2011) [98§.A° = {v € p(Q)|||c*| = 0},
andA = p(Q2) \ A° be the complement. Defing for everyv € p(£2) as

50 €Sy = {5 = (")ucot) | 5 ERET [[s]x < Apy, ¥ = 0if w ¢ T,}  (3.19)
Then the subgradient of (3.18) is:

K-VL+aK(e—c)+ Y sut Y 1 (3.20)
vEAC ucA

wheres, is the subgradient ofp, || ¢

K, forv € A°andr, is the subgradient for € A:
r, = argmax, cs(su, )k, foru e A (3.21)

The subgradient, is in a unit ball of certain subspace B 7 for the linear case. These
subspaces are not orthogonal to each other. Thissare not separable, and closed form solution
of (3.18) cannot be obtained. We solve the proximal subprob{3.18) by its smoothing and
convex dual problem as suggested by Yuan et al. (2011) [98%e £8.18) is equivalent to

«
min max¢(c, S) = (VLy,c—a) + —lle—elie + Y (sl (3:22)
ccRK-5 SES 2 —
whereSis akk - p x |p(Q)| matrix whose columns ate,. S = {S|S = (s1,...,50,...,5q), Sy €

S, forv € p(Q2)} is the feasible region of. Sincey (-, S) is lower semicontinuous and(c, -) is
upper semicontinuous, there exists a saddle point andchéftxeandmin are exchangeable (Barbu

and Precupanu (2012) [9]). The solution of minimizing:, S) is:
- . 1 1
¢ = argmin Y (c, S) = ¢, — a—kVLk T zv: Sy (3.23)

Substitute® back into (3.22), we have the dual problem of (3.18) as:

1
maxn(5) = —| > slli + <akck ~ VLY. sv> (3.24)

K
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Following the proof in Yuan et al. (2011) [99], we can showtthéS) is convex and Lipschitz
continuous. The differential is,ce” wheree € RX7 is a vector of ones. Hence, (3.24) can be
solved by existing gradient methods. We use the accelegasetlient descent method in Liu et al.
(2009) [56].

3.3 Estimating Large Graphs by Greedy Search Algorithm

The above algorithm is efficient on small graplis & 20). It usually terminates within 20
iterations in our experiments. However, the issue of estiga complete model is the exponential
number off“’s and the same amount of groups involved in objective (3.t23 intractable when
the graph becomes large. The hierarchical assumption an8lthsso penalty lend themselves

naturally to a greedy search algorithm:

1. Start from the set of main effects ds = {f*,---, fX}. Suppose all higher order interac-

tions are zero.

2. In stepi, remove the nodes that are notdn from the lattice in Figure 3.1. Obtain a sparse

estimation of the functions id; by algorithm (1). Denote the resulting sparse 4gt

3. LetA;,; = A.. Keep adding the higher order interactions intg ; if all its subsets of

interactions are included iA;. And also add the nodes into the lattice in Figure 3.1.

Iterate ste@ and3 until convergence. The algorithm is similar to the activiersethod in Schmidt
and Murphy (2010) [75]. It has multiple runs of Algorithm 1eaforce the hierarchical assump-
tion. It is not guaranteed to converge to the global optimiNanetheless, our empirical experi-

ments show its ability to scale to large graphs.

3.4 Parameter Tuning

In the regularization problems, choosing a good tuningrpatar )\ is a crucial part in fitting
the model. Some model selection criteria could be used tosshy, such as Akaike informa-
tion criterion (AIC)(Akaike (1973) [1]) and Bayesian infoation criterion (BIC) (Schwarz (1978)
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[78]). These criteria requires the estimation of the degfdeesedom, which is not trivial for non-
Gaussian data penalized with structure penalty. In Efr@®942 [21], the generalized degree of

freedom is defined as

df =" cov (f y@)) (3.25)
i=1

wheref; = f (X;) is the estimated conditional log odds ratios evaluateanThe alternative is
the cross validation procedure based on the predictive regaare error. In Gaussian datagif
is known, the Stein’s unbiased risk estimator (SURE) (S{£881) [81]) can be used. Whenis
unknown, generalized cross validation (GCV) was proposé&ghlub et al. (1979) [28] and Craven
and Wahba (1979) [16]. The minimizer of the GCV score is a gesttnator of the minimizer of
the predictive mean square error. Other references abeuaisymptotic properties of GCV are Li
(1985) [50], Li (1986) [51], and Li (1987) [52].

In the non-Gaussian exponential family, Xiang and Wahb&§)997] proposed generalized
approximate cross validation (GACV) to obtain thas a minimizer of the comparative Kullback-
Leibler (CKL) distance, which serves as a proxy of the KL aigte between the true regression
function f* and the estimated functioﬁ. The goal of GACV is to minimize the KL distance,
instead of selecting the “true” model. The consequenceas @ACV tends to be conservative
in the screening and therefore includes noisy patterns.ehl. (2008) [79] proposed B-type
GACV (BGACV), which is aimed to balance the KL divergence dhd penalty of selecting a
noise pattern.

In this section, we will derive the GACV and BGACYV tuning eniia for learning graph struc-
ture with SLasso penalty in general non-parametric sedtihgthe end, we will give the approxi-
mation of the degrees of freedom of SLasso for AIC and BICrtgmriteria.

Suppose we have observations(Y' (i), X (i)), fori = 1,--- ,n. Denote the grand design

matrix as

p=(payr - D)’ (3.26)
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whereD(i) isaK x K - j matrix

¢H(X(#)" 0 0
D(i) = ! ¢2(X_(i))T N ! (3.27)
0 0 X ()"

where¢” (X (7)) is ap dimensional vector of basis functions evaluated¥) for w € p(12), i.e.
¢*(X (1) = (¢7 (X (@), (X (@), -+, g (X()")" (3.28)

Let f be the vector of evaluations gfon then observations, Then, we haye= Dc wherec is
thep dimensional model parameter, afd- j is determined by the number of the basis functions.

Denote Sy = S“(X (7)), whereS“ is defined in Equation (2.9). Then the normalization
factor of thei-th data is denoted as = b(f(X(4))) = log(1+ Y., expS¥), and writeb =
(b1, ,b,)T. See Section 2.2.1 for more details.

The mean of the augmented respope) in the MVB model is ak dimensional vector

p(i) = (' (@), D), (D))" (3.29)
= EY(@)[X (), f]

where

abi o Z/{ETM exp Sf

pe(i) = Ely*(3) | X(0).f] = 55t = =e<tes

(3.30)

Denotef, the minimizer of Equation (3.5) with tuning parameledenotef) . the minimizer
of Equation (3.5) with tuning parametarand small perturbatioa on ); and denotefi_i} the
minimizer of Equation (3.5) withi-th data point omitted. Lef,, f3., /. ! be the corresponding
evaluation offy, fi ., fAH} on the observations respectively, with model paramgtet, ., c[;“.

The CKL distance between the true model and the estimate@lnsd

n

CKL(Y) = =37 [~u(i)” fu(a(i)) + b2 (x(1))] (3.:31)

1=1
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As a good estimator dfKL(\), the leaving-out-one cross validation function is

n

V) == 37 [V i) + b ()

1=1

= OBS(\) + % Z Vi)t [f,\(x(i)) — (:c(z’))]
= oBS() + V" (£~ 7i7) (3:32)

where

n

1 ) . . 1 - =
OBS(A) = — 3 [-Y6) fa(@(@) + b)) = - (- +178)  (339)
i=1
The GACV method provides a good approximatior(g?f\ - f;"}> for fast computation. The
key idea is to identify the - K x n - K influence matrix/ (Xiang and Wahba (1996) [97] and Ma

(2010) [58] Chapter 3) which implies
fre—fr=He (3.34)

wheree is the perturbation opy. We suppose the perturbation is very small such that thezeom-
patterns in the estimated model will not change. We willwkethe formulation of the influence
matrix H for the GACV score.

We first state the Leaving-out-one Lemma which is first disedsn Craven and Wahba (1979)

[16] and extended to multivariate case in Ma (2010) [58].

Lemma 3.7. Leaving-out-one Lemma
Replace the-th observed responsg(:) by a new responsy. Supposé, i, 37] be the mini-

mizer of

S Lo+ (=ITFEX@) + X D)) + AT () (3.35)

ki

Theni i, ik (i) = £17, whereu{ (6)) = B[ 1, 7]
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The K x K covariance matrix of theth augmented response under the estimated distribution

W (i) = var(Y(i) | X (i), f) (3.36)

where the(a, §)-th element ofV (i) is:

. 9?b;
Wiles = oy (837
1
= (oo b2 expb; - Z expSf—ZexpSf-ZexpSf
(exp b;) weTaNTs wET weTp
= X ewst | )0
XD b wETwNTp

RememberA = {v € p(Q)|| f™

a sub-vector of: with all the components it4, i.e. ¢* = (¢*).ea. Foranyv € A, let I be a

= 0}¢ is the cover of the non-zero patternscin_et ¢* be

|A| - p x |A| - p diagonal matrix whose-th diagonalp x p block is a identity matrix itv € T,.

Then, thev-th group penalty/, (/) can be written as:

=pu, [ D Il = poll I el (3.38)
WET’U

Note I7! is symmetric ands - I} = I, direct calculation yields the derivative and Hessian

of the penalty term:

oJ I# S 4t
Ys Dy (3.39)
DA ; 1A Al ke o
j - (I# Zalllz %, — (I7 Bac) - (I7) X ac)) 3.40
Aa AT Z Z ||I.ACA||3 ( . )
C ¢ veA veA Ty Ka

where.J, is the second order derivative df.

Let D be the matrix composed by the columnsdfvhose index is inA.
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The analysis of the first order Taylor expansiorgg(cﬁe, Y + €) leads to the formulation of

H. The Taylor approximation is

ol
0= ﬁ(cﬁ‘,g, V+e) (3.41)
0L 0*T 0*T
~ %j(cﬁy) + W(Cf,y)(cfg — )+ W(Cf,y)e
— 0°T, A A A 0°T, A
= W(Cmy)(cx,g —a)+ W(Cmyﬁ
Note
PI, | 4 0L P
— 2 (L Y) = + A 3.42
DcAYAT (. 9) DcAYAT DeAJAT ( )
— LW AY
n
veA
and,
80"‘(837)T<CA V) = _ED (3:43)
Therefore

0’1 oz
A A A A A A
C)\’e 5% (aC'AaOAT (C)\ ) y)) 0CA(8)7)T (C)\ )

-1
= (DTWD + An vajv> De

Ve (3.44)

veA

Remembere is a small perturbation op; ﬁ = Dcf‘ is the estimated function value with tun-

ing parametea; andf}ye = ch‘,g is the estimated function value with the perturbation. €fane,

the influence matrix{? is

H= D(DTWD v )\n; pvjv>_1DT (3.45)

The(i, j)-th K x K submatrix ofH is

H(i.j) = D) (D"WD + AnY_p,.J,) 'DEj) (3.46)

veA
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Note the following two approximations

ATX @) = KX @) = H6) (157 6) - 26)) (3.47)
ik ) — i) = W) (X)) = (X))

The approximation of thé'V" score in Equation (3.32) is
ACV(\) = OBS(\ Zy (I — H (i, YW (@) " H(i,i)(V(i) — p(i)) (3.48)

LetQ(i) =1 — H(i,9)W (i) fori = 1,...,n, define the generalized average matrix (Gao et al.
(2001) [25]), denoted a9, of {Q(i),i = 1,...,n} as follows

o gl
)

Q=(0—Vpeg+7-ec" =] ° ! (3.49)

Y 0

wheree is the unit vector of lengtt’ and
5= ! v L 1TQM)e — tr(QU))] (3.50)
ng Y iy tr(Q(1))’ ng(q —1)
Let A be the generalized average{df (i,i),i = 1,--- ,n}, the GACV score is
1 < -

GACV(A) = OBS(\) + ~ > YHOQTH V(i) — ma(d) (3.51)

i=1
The degrees of freedom of multivariate Bernoulli data isegalty difficult to obtain. But we
can have a good approximation from GACV (Shi et al. (2008]))[&9

Zy ()T Q H (V(i) — (i) (3.52)

So the BGACYV score can be defined as

BGACV(\) = OBS()) + 218"

Z Y@)'QTH V(i) — (i) (3.53)
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For the model selection criteria AIC and BIC, Ma (2010) [58&ge 53) showed that the degree

of freedom can be approximated by
df = tr(WH) (3.54)
Therefore, the AIC and BIC criteria are provided as follows

AIC(N) = OBS()) + %tr(WH) (3.55)

BIC()) = OBS()\) + %log”

tr(W H) (3.56)
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Chapter 4

Asymptotic Results

In this chapter, we consider the model selection consigtehgraph structure learning. The
problem is described in Equation (3.2). Suppose the set vfzeoo conditional log odds ratios
is P in the true model, we will prove that SLasso can identify toeer of P. The cover of
P follows the hierarchical inclusion assumption. Thus, Sloawill eventually recover the same
graph structure as in the true model. We derive the necessatsufficient conditions for the
consistency of SLasso in terms of graph structure learnimgna — oo.

Sparse penalties have been widely used in the model selqmtidlems and in high dimen-
sional data. Here, we by no means intend to give a comprelesresiiew of the asymptotic results
of the model selection methods, but only discuss the mastaat literatures.

The asymptotic properties of Lasso (Tibshirani (1996) J8#ve been studied in many ref-
erences. Knight and Fu (2000) [42] showed that the Lassoagtimator of a linear regression
problem is\/n-consistent for a Gaussian random variable with the meamghtsie true model
parameters, and the variance controlled by the noise andasign matrix. But this estimation

consistency does not lead to the sparsistency, which means
P(P=P)—1 (4.1)

where? is the set of estimated non-zero patterns. In this chap&rvili use non-zero patterns
and non-zero conditional log odds ratios interchangeably.

Zhao and Yu (2006) [102] gave the Irrepresentable Condimorsign consistency, which is
a stronger version of the sparsistency, of the Lasso typmatsirs. Roughly speaking, if the

covariances between the predictor variables in the trueetreott those not in the true model are
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small, the Lasso can select the true model wher> oo. We will follow this idea to show the
SLasso method is sparsistent under some regularity conditi

The structure penalty in SLasso can be viewed as an exteofsiba overlapping Group Lasso
on functions in certain Reproducing Kernel Hilbert SpacBse Group Lasso has been proposed
in Yuan and Lin (2006) [100]. The advantage is that the Groagsb will select the variables in
groups, which predetermined by certain domain knowledgeahd Zhang (2009) [54] extended
the L, consistent results from Lasso (Meinshausen and Yu (2008) {6 Group Lasso. Bach
(2008) [6] derived the necessary and sufficient conditiengle model selection consistency of
Group Lasso. The results apply to both the linear regresmmahthe non-parametric regression
of Gaussian data where the functions are in separable RKHS&Ichenko and James (2010)
[69] studied the variable selection in the nonlinear Garssegression models of up to second
order interactions. Their results showed the sparsistefdiie model with overlapped group
lasso penalty. Jenatton et al. (2011) [36] gave the genardéline for constructing the sparsity-
inducing norms for specific requirements based on the qweirig among the group penalties.
For the Gaussian data, they derived the necessary and eniffocinditions for the model selection
consistency. Since the groups have overlaps, the methdégbisansistent in terms of the cover of
the non-zero patterns. Percival (2012) [68] derived thergudgtic distribution of linear regression
with overlapping group lasso penalty. They also preserttedihite sample bounds on prediction
and estimation.

The asymptotic results about non-Gaussian exponentidliésnare not trivial to obtain be-
cause of the complexity of the loss function. Meier et al.0@0[61] extended the Group Lasso
to logistic regression models. Their consistency reshitsved that the squared distance between
the conditional log odds ratio of the fitted model and thathe& true model goes t0 in proba-
bility. Van De Geer (2008) [86] proved that under certainulagty conditions, the excess risk of
the estimator is bounded above with probability that godsaxponentially fast and the estimator
will converge to the true parameters. Rocha et al. (2009) pr@vided the asymptotic distribu-

tion for the Lasso type estimators with the logistic regi@ss$oss and the hinge loss for SVM.
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And they derived the necessary and sufficient conditionsparsistency based on the asymptotic
distribution of the estimator.

The asymptotic properties with nonlinear models have atsntstudied in many references.
As mentioned before, Bach (2008) [6] and Radchenko and J&20é&€) [69] studied the consis-
tency results for nonlinear regression problems. Addithadels are popular in non-parametric
regression problems (Hastie and Tibshirani (1990) [31Rpvikumar et al. (2009) [70] proposed
sparse additive models for high dimensional non-parameggression. The penalty can be viewed
as the summation of the functional norms. They showed tli@afir is sparsistent with increasing
number of orthogonal basis functions. Meier et al. (2002) [Foposed the sparsity-smoothness
penalty for non-parametric additive models. The penaltyeach function contains both tlig
norm of the function values and the quadratic smoothnesaliyermThey showed the asymptotic
optimality of the estimator with increasing number of bdsisctions. Huang et al. (2010) [34]
applied adaptive Group Lasso to select non-zero compoiretite non-parametric additive mod-
els. They showed the estimation consistency in termi abrm, and sparsistency for adaptive
Group Lasso penalty. Koltchinskii and Yuan (2010) [45] dissed the asymptotic properties in the
general multiple kernel learning setting. The target is toimize the empirical risk penalized on
the function norms. They established the oracle ineqealitor the excess risk of the estimators
in Reproducing Kernel Hilbert Spaces. The inequalities$ tizdd with large probability gave the
diminishing bound for the excess risk as the number of olasiemns goes to infinity.

In this chapter, we will focus on the consistency of the Shasgthod in terms of graph
structure learning in parametric and non-parametricreggti We will provide the necessary and

sufficient conditions for the consistency.

4.1 Consistency of Graph Structure Learning of Linear Modebk

In this section, we show that the model with the linear caoddl log odds ratios will consis-
tently estimate the graph structure under certain conditid®Ve assume the random design where
Z; = (Y, X;),i=1,---  ,narerandom variables. We suppadsec Y, X; € X, andP is the prob-

ability measure ofY x X. In real applications, we havé = R* andX = RR?. Let the conditional



41

log odds ratios be the same as defined in Equation (3.11)86:0)
p
x)=cy + Z cjx;
j=1

wherec” = (cg, ..., )" € RP is a vector of lengthp = p + 1 andc = (¢*)uepa) € RE7 js the

) P
concatenated vector of all parameters of lenfgth.
To make the notations consistent throughout this chaptemill use f to denote the model

parameters if it does not lead to ambiguity.

Definition 4.1. Let 7T = {T,|v € p(Q?)} be a partition (with overlaps) of?, as a collection of
groupsT,. LetP = {v € p(Q) | || f*|| # 0|} be the set of indices of non-zero patterns. The cover

of P with respect to the partitioff is:

Azcover(P)z( U Tv> = ( U Tv) (4.2)

v:TyNP=0 v:|| fTv ||=0

= U wep®@lwco)

il 570
={v e p@II*

= 0}°

Note the last equality holds due to the specialty of the nodaal structure of7. Write the

complement afd as. A< = 2 \ \A. The following notations are useful in the later derivason

Ta={T|T, N A# 0} = {T,|[| f™| # 0} (4.3)

7= (7 )weas 1 —f“Z T (4.4)

La(f*) = LTaf); Tal f““ > J(Iaf) (4.5)
vEP(Q)

wherel 4 is a diagonal matrix whoseth diagonal block is @ x p identity matrix ifi € A.

Here we will give an example of the cover. In Figure 1= AU BUC; A, B, C are the
groups; the true positive patterns arefn Then, the cover of” with respect to the groups is

AU (B\ C) (all the red region).
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Note that from the above definitiolvw € A, v C w = w € T,,T, € TA. Also note that
the graph induced bf and.A are the same. This means that if the estimated non-zerampatte
are consistent tol, the estimation is consistent in terms of graph structuhe donclusion of the

following corollary follows Theorem 3.3 and the definitiohtbe cover in Equation (4.2).

Corollary 4.2. Let’P be the non-zero patterns in the SLasso estimation of Equéli). Then

cover(P) = P almost surely.
Proof. The corollary follows directly from Theorem 3.3 and the digiiom of the cover. O

We are interested in developing the theory that shows tiveastd non-zero patterns (or equiv-
alently, their coverAd) converge to the true coved. Let L(Y; f(X)) be the loss function as
defined in Equation (3.3), and denatg (f) = L(Y; f(X)). Supposef* is the true model pa-
rameter, such thatf*)” = 0if v ¢ P. In the exponential familyf* = arg min; E;[L,(f)], and
VE [Lz (f*)] =E[VLg(f*)] =0, sincef* is optimal.

Assume the loss function has the following properties:
1. Ep|L(Y; f(X))| < oo forany f € RE?
2. L is convex and twice-continuously differentiable in thesw®tcomponent, and

Ep [VL(Y; f5(X)VL(Y; f5(X)T] < 00 (4.6)

3. The risk functionR(f) = Ep[L(Y; f(X))] is twice differentiable atf* and its Hessian

matrix
H(f) = V’Ep[L(Y; f(X))] (4.7)
is strictly positive definite af™.

It is obvious that the loss function takes the form of the tiggdog-likelihood of the exponen-
tial family satisfies the above properties.
To show the model consistency of the SLasso method, we vatlderive the asymptotic dis-

tribution of the estimated parametefs and then lead to the necessary and sufficient conditions



Figure 4.1 Cover of the positive patterns
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similarly to the irrepresentible condition in Zhao and YO0@B) [102] and Rocha et al. (2009) [72].

The following lemma presents the asymptotic distributidmch is the key to the later proofs.

Lemma 4.3. Suppose\, is a sequence of positive values which satisfies— 0 and \,,\/n —
o asn — oo. Let f* denote the true model parameters, = argmin, 7y, (f), H(f*) =

V2E[Lz(f*)]- Then,

o (Fa £7) S 6 = argmin W(0) = J67H(E)S + [(4)154 4 7(64)] (48)
wherey# is defined in Equatiord(4) whenf = f*.
Proof. See Appendix A.4. O

Before getting to the necessary and sufficient conditiorte@tparsistency of SLasso model,
we define the conjugate norm with respect to pendltyet f € RE?, 7 as defined before, define

the conjugatg7-norm as

Ifllg =" max (fg) (4.9)

geERK P, 7 (g)<1
We can thinkf as a linear operator that maps frdk? ontoR asf(g) = (f,g). Then, the
norm|| f|| 7 is the conjugate norm defined on the linear operator withaetsp the penalty function

J.

Theorem 4.4.Necessary condition
Let\,, f*and H(f*) as defined in Lemma 4.3{ defined in Equation4.2). LetH 44 be the
sub-matrix ofH (f*) where the rows ind and the columns itd of H are selected. LeH 4.4 be

defined similarly. IfA is estimated consistently, that (A, = A) — 1 asn — oo, where

An = Po = {wlf2 #0}, thenHHACAHAA_l'VAHJAC <1
Proof. Leté, = f, — f*, thens, % 5. From Lemma 4.3, the assumptidif.Ac = Ac) — 1 leads
to 04° = 0. The KKT condition of Equation (4.8) is

Had0"+4% =0 (4.10)

Huesd + ) 5, =0 (4.11)

veAC
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wheres, is defined slightly different from Equation (3.19) as

s € R |Is]| < py, s = 0if w ¢ T} (4.12)

Sy € Sv = {S = (Sw)wEAC

From equation 4.10, we géi“ = —H 4 '~4, therefore:
HucaHan 'y = Z Sy (4.13)
veAC
For anyf4° € R
—Tac () = = Y LX) < (50 1) <) () = Tae (1Y) (4.14)
vEAC vEAC

The inequality holds when for eache A€

I fA°
Sy = pvﬁ (4.15)
wherelr, is a diagonal matrix whoseth diagonal element isif : € T,,. So,
[(HacaHaa 'y, 4] < Tae(F7) (4.16)
This leads to the conclusion that
HHAcAHAA—l,VAHJAC <1 (4.17)
(|

Before moving to the theorem of sufficient condition, we préshe lemma about the SLasso es-

timation on the restricted problem oh

Lemma 4.5. Let f;;‘ be the solution of the following problem restricted.dn

f;;‘ = arg min EA(fA) + )\njA(fA) (4.18)

FAERIA

where£ 4 and.7 4 are defined in Equatior(5). LetP, 4 = {v|||f*|| # 0} andA,.4 = cover(P,4),

then

fAL A and P (AM - A) 1 (4.19)
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Proof. See Appendix A.5. O

Theorem 4.6. Sufficient condition

Let \,, f* and H(f*) as defined in Lemma 4.3. }IFHACAHAA‘WAHJAC < 1, then A is
consistently estimated in the sense that,, = A) — 1 asn — oo, whereA,, = P,, = {vl|| 7| #
0}.

Proof. We prove the result based on the primal dual witness teckmidpich were used in Raviku-
mar et al. (2009) [70] and Wainwright (2009) [93].

Let f;‘ be the solution of the restricted problem as defined in Eqna#.18), and pacf,f‘
with zeros onA°¢ to obtain f,. From Lemma 4.5fA & f*A andP (/lnA = A) — 1. Thus,
to prove the conclusion, we need to show tfiasatisfies the optimality condition of objective in
Equation (3.5).

For largen, 44 is well defined as

Pv

44 = (4)wea  Wherey” = f2 - (4.20)
oo 1l
andyA & A4,
The optimality condition ond is already satisfied due to the definition fof
(vc( f")>A FAAA =0 4.21)
It remains to show that there existas defined in Equation (4.12) such that
(vg( fn)>Ac A s, =0 (4.22)
vEAC
that is,||A (vcf fn>>Ac” g < 1.
Letd, = f, — f* & = 0. Note
. 1 <& R
VEU) = 5 2 Vel
1 - * 1 - 2 %\ & N
= | =D VL) + |- D VPLz(f)0n| + op([1du)
i=1 i=1

= Dy + Hy,d, + 0,([|6,]]) (4.23)
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As we have shown in Lemma 4.8,, % 0 andH,, & H(f*).

SincefA° = f*A° = 0, we have from the above equation that
(VL)) = Haadit +0,(1) (4.24)
(vaf,g)AC = Hoaeu6% + 0,(1) (4.25)
From Equation (4.24) we have
On = =M Haa "4 + 0,(1) (4.26)
Then, the following equality holds becausé 2> ~4
(VE(F) . = —MHacataa™'v* + 0,(1) (4.27)
Therefore, for any° € Rl the following inequality holds by the sufficient condition
(P4 (VEGD) )] = Ml HacaLaa™ )+ 0,(1) (4.28)
< AT (fA)  for largen

This completes the proof. O

4.2 Sparsistency of SLasso on Pattern Selection

Friedman et al. (2010) [23] proposed the sparse group lagsoi@n with the combination of
thel; andl; norm as the penalty for the parametric linear regressionemdte extended the idea

to multivariate Bernoulli data as presented in Section23.The objective is

Z(f) = L(f) + An (J(J”)JrA > f“’m) (4.29)

weP()

Zou and Hastie (2005) [104] proposed the Elastic Net thatkioes two different types of
penalties. Yuan and Lin (2007) [101] showed the regularyditions for Elastic Net to consis-
tently estimate the non-zero patterns in linear modelsadéYu (2010) [37] studied the model
selection property of Elastic Net in general settings whleeenumber of non-zero parameters and
that of the sample size all go to infinity. Here, we study tharsistency property of SLasso on

pattern selection.
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Theorem 4.7.Necessary condition
Let \,, f* and H(f*) defined similarly,? and A defined in Equation4.2) whenf = f*.

Let Hpp be the sub-matrix off (f*) where the rowsP and columnsP of H are selected. Let

~

H pp, Hap be defined similarly. I is estimated consistently, that B(P,, = P) — 1 as
n — oo, whereP, = {w|f“ # 0}, then
| HappHpp~" (v + Asign(f7))|| L < A
HHACPHPP_I (773 + j\sign(f*P)) HJAc-i-S\ll <1

Theorem 4.8. Sufficient condition
Let\,, f*and H(f*) defined similarly. If

| HappHpp ™ (77 + Asign(f7)) || < A
HHAcppr_l (')/P + S\SIgn(f*P)) HJAc-‘rS\l1 < 1

thenP is consistently estimated in the sense tﬁéﬁn =P) - lasn — 1, whereP, =

{ulllf211 # 03

Proof. The proof of the above two theorems are similar to those ptedan the previous section.

We only need to note the following KKT conditions of the olijee.

Hppd? + U sign(ép) =0 (4.30)
Hppp0” + 44 4 Asigntgp =0 (4.31)
Haepd” + ) sy + Mae =0 (4.32)

veAC

wheret 4 is the subgradient dff||,.
Note [[t4]|; < 1; v\ = 0. Applying the techinques to the above KKT conditions will

complete the proof.
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4.3 Consistency of Graph Structure Learning with Non-paranetric Model
4.3.1 Fréchet derivative

We will review the Fréchet derivative in functional spanethis section. More details can be
found in Akerkar (1999) [2].

Definition 4.9. Fréchet derivative
Let X, Y be Banach spaced] C X be an open subset &, andF : U — Y a map. The
Fréchet derivative of” at o, VF'(x), is a linear map fronX to Y if and only if

y | F(zo +6) — F(x0) — VE(20)(9)]|
11m
5€X,||5]—0 0]l

=0 (4.33)

If F'is a continuous map, theviF' is a continuous linear map. L&t(X,Y) be the space of
linear operators that map elementsfofo Y. Then,VF(zy) € L(X,Y),andVF : U — L(X,Y).

We now define the second order Fréchet derivative.

Definition 4.10. Higher order Fréchet derivative

Let X, Y be Banach space$; C X be an open subset &f; and F' : U — Y a map. If the
Fréchet derivativé/ F' is continuous and differentiable at, we write the second order derivative
of F atzy asV*F(xy), which is the Fechet derivative o¥ F'.

m-th order Frechet derivative can be defined similarly for= 3,4, - - -.

If V2F(x) exists on for any: € U, we denote the second order derivative\asd” : U :—
L(X,L(X,Y)). SinceL(X, L(X,Y)) andL(X x X, Y) are isomorphicV2F(z,) can be treated as
a bilinear operatorX x X — Y.

We summarize the Taylor's theorem extended to Banach spaeelton Theorem 2.5 in Akerkar
(1999) [2].

Proposition 4.11. Taylor’s theorem on Banach space
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LetX, Y are Banach spaceg] C X open;{z + 7|0 <7 <1} CU; F: U — Y bem-times

differentiable and the derivatives up to the ordemotontinuous. Then,

F(a +0) =F(x) + VF(x)(6) + 5V°F(2)(5.0) (4.34)

P Z%V’”F(x)(d--- ,8) + o(]|5]”)

Definition 4.12. Partial Fréchet derivative
Let X, X5, Y be Banach spaced/; C X;, be an open subset &F; fori = 1,2. LetX =
Xy xXo,U=U; xUsy;and F : U — Y be differentiable. For anyz;, x2) € U, define the partial

map of F on the first part ;) as

ng . Ul —Y (435)

Fm(xl) = F(xl, 932)
The partial Fechet derivative of" on the first part a{z;, x2) is defined as

VlF(l'l,l'g) : Xl —Y (436)
vlF(l’1,$2>(51) = VFIQ (xl)(él)
The partial Fiechet derivative on the second pa¥; F', can be defined similarly. Also, the second

order partial Frechet derivative, e.gV?, F, can be defined according to the definition of higher

order derivative and partial derivative.

If £ is a continuous map, it is continuously differentiable(at, x»), if and only if F' is
partially differentiable and the partial derivatives aomtinuous maps. And we have the following

relation:
VF([L'l, 1'2)(51, 52) = VlF(xl, 1'2)(51) + VQF(ZL'l, 1'2)((52) (437)

Now, we will present the final result that is useful in the taterivations. It is the chain rule of
Fréchet derivative from the Theorem 2.1 in Akerkar (1929) [



51

Proposition 4.13. Chain rule

LetX,Y,Z be Banach space$] C X,V C Y open subsets. Let : U — Y, G : V — Z be
continuous maps, such that{U) C V. Lety, = F(z,), suppose the Echet derivative§ F'(z)
andVG(yo) exist. TherG o F' is Fréchet differentiable at, and

V(G o F)(xo) = VG(yo) o VF (o) (4.38)

4.3.2 Differential Calculus of the Loss Functions

We first define the loss function

L:ZxF >R (4.39)
(Z, f) = L(Z: f)

whereF is the domain of the second elementiofin the linear casef = RE?,
AssumelL satisfies the following properties (similar to the assumpin Section 4.1 but on the

F domain instead of the domain of model parameters in thericese).
1. Ep||L(Z; f)|| < oo for eachf € F.

2. L is convex and twice-continuously differentiable in the@st component.

Ep||V,L(Z; )| < (4.40)

3. Therisk functionR(f) = Ep[L(Z; f)] is twice differentiable af* and its Hessian is strictly

positive definite aff*:

H(f)=V3Ep|L(Z; f)] (4.41)

Suppose we have the random design and each observatiprHgY;, X;), fori = 1,--- n.
Y; € Y, X, € Xare random vectors. L& = Y x X, andP be the probability measure ¢h Let
C(Z,R) be the space of continuous and bounded functiors C(Z, R) : Z — R, whereR is a

Banach space.



52

Definition 4.14. LetZ, R, C(Z, R), Hx as defined before. The expectation operdipt and the

loss operatotl. , are defined as follows.

Ep:C(Z,R) =R (4.42)
Ep(g) =Ep(9(Z))
Ly:Hix =R (4.43)

Lz(f) = L(Z; f)
In addition, define the Hessian operator
H:Hi — L(Hg x Hg, R X R) (4.44)
H(f)=V*(EpoL))(f)
And the risk operator

R:Hx =R (4.45)
R(f) = Ep o L)(f)

It is obvious thatl; is convex and twice-continuously Fréchet-differentat®incel . (f) €
C(Z,R), Epo L(y(f) = Ep[L(Z; f)] based on the definition df». Note for any linear functional
F,we haveVF(f)(g) = F(g). And sinceE’s is a linear operator, we have

VEp[L(Z; f)] = V(Ep 0 L())(f) (4.46)
= VEp(L()(f)) o VL (f)
=FEpo VL(.)(f)
Similarly, for the second order derivative,

V2 (Ep o Ly)(f) = Ep o VLy(f) (4.47)

Let f* be the true model. From the properties of the loss functidndalis easy to show that

M(f*) = Ep|VLz(f*)|I> < oo and H(f*) is strictly positive definite in the sense that for any
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91,92 € Hy, H(f*)(g1, g2) is positive definite iR x R. Note H(f*) € L(Hg, L(Hk,R)), its
range is dense aniaf) ;- || Z(f*)(f)Il = [[H(f*)(9)l > 0foranyg € Hg thatg # 0 and
lg]l < 1. Since a linear operatdf is invertible if and only if its range is dense and boundednfro
below (Halmos (1998) [30]), we know/ ( f*) is invertible.

To understand the inverse of the bounded bilinear operdtgi*), we denoted as the Reisz
representer of{(f*) which is a bounded linear operator frob, onto itself. That is, for any
fr9 € Hi, H(f*)(f,9) = (Af, 9)y,.- LeLG = H(f*)(f,-) which is a bounded linear operator
from H x ontoRR, andn the Reize representer 6fsuch that? = (1, -)HK. Thenf = A lng =
H(f*)~"(G). Ina spectial case wheti = (v,-),, , H(f*) " ({7,")5,.) = A~".

The proofs in the following section needs the strong law adéanumbers in Banach space.
See Ledoux and Talagrand (1991) [49] for more details. Tleerdm require${, be a sepa-
rable Hilbert space, or equivalently, requitEsbe square integrable, by Mercer-Hilbert-Schmidt

theorem.

4.3.3 Consistency Results for Reproducing Kernel Hilbert Sace

To show the sparsistency results in Reproducing KerneldtilBpace, we need the general
version of Lemma 4.3. Lemma 4.16 will give the asymptotidrdisition of the estimated function
f.. Before that, we will present the following lemma about tlenergence of a sequence of
Hilbert space valued random variables as the estimateseagfuesce of essentially strictly convex
objective functionals.

Let (£, &, P) be a probability spacé{, be a Reproducing Kernel Hilbert Space with kernel
K. W,,n=1,2,--- andW are random functionals defined éh x £ to R. We usually denote
W (9, -) or W(9) for the random functionaly/ (-, e) for e € £ as a realized functional cH . We
are interested in the convergence of the approximatioh-efarg mingeq,, W(J) by a sequence

0, = argmings.4, - W,(5). For more about the random functions and the convergenattsgefer
to Korf and Wets (2001) [46] and Vogel and Lachout (2003) [88Id the references therein.

Lemma4.15.LetW, n = 1,2,--- andWW be random functions defined &fy, x £ toR. Suppose

W, andW are continuous and essentially strictly convex?dp. If IV, point-wisely converges in



Table 4.1 Summary of the functional operators wikes- R

Operator Mapping

Ly(-) € C(Hgk,R) Hxk - R
Ly(f) € C(Z,R) Z—R
VL(f) e C(Z,L(Hk,R)) Z — L(Hk,R)
EpoVLy(f) € L(Hk,R) Hxk - R

Voo VL (f) € L(Hkg X Hg,R) | Hi x Hix — R
EpoV2Liy(f) € L(Hix x Hie,R) | Hi x Hi — R
H(-) € L(Hkg x Hg,R) Hrx x Hk = R
H(f)(-) € L(Hk, R) Hix — R
H7() e L(L(Hgk,R), Hr) L(Hg,R) — Hy
M(-) € L(Hkg x Hk,R) Hrx x Hk = R
R(-) € C(Hk,R) Hx — R

54



55

probability to 1V, i.e., for anys € Hy, W, (8) 2 W(4), then,
arg min W,,(9) 4 argmin W(6) (4.48)
0EH K deEHK

Proof. See Appendix A.6. O

Lemma 4.16.Suppose,, is a sequence of positive values which satisfies> 0 and\,,y/n — oo
asn — oco. Let f* denote the true model iy, f, = arg min req,, Iy, (f), H(f*) is the Hessian
as defined before. Then,

U= 1) = argmin 7(5) = LH(G,0) + (7464, + Te() (4.49)
n SeEH K 2 K

with v defined in the following equation when= f*.

7A = (7")wea, =/ Z £ (4.50)

vCw

||7'lTU

Proof. See Appendix A.7. O

Before presenting the consistency results, we define thegate,7-norm on the linear oper-

ator fromH x ontoRR.

Definition 4.17. Let F' : Hx — R be a linear operator,7 is a norm onH, the conjugate

J-norm is defined as

Fll7s= F(f 4.51
1Plls = ,_max _ IF ()l (4.51)

The conjugate/ 4c-norm can be defined naturally.

Theorem 4.18.Necessary condition for RKHS

Let\,, f* and H(f*) as defined in Lemma 4.18, A, defined in Equation42) for f = f*
andf = fn respectively. Lef] 4 4 and H 4c 4 be the second order partial derivative b, at f*. If
A is estimated consistently, that B(A, = A) — 1 asn — oo, whereA, = P, = {w|f“ # 0},

thenHHAcA ) o Hau(f* <<7 >HA> < 1.

e
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Proof. SinceH (f*) is a symmetric bilinear operator, we haVe? (f*)(0,0) : Hx x Hx — R.
For anyg € Hg,

VH(f*)(9,0)(g,9) = ViH(f*)(0,0)(g) + V2H(f*)(6,6)(g) (4.52)
= H(f")(g,0)+ H(f*)(d,9) = 2H(f")(g,9)

We can viewH ( f*) as an operator frori{ i — R such that it maps any e H to H(f*)(0,9).
ThenVH(f*)(9,0) : Hx — R such that for any € Hx, VH(f*)(9,6)(g9) = 2H(f*)(g,9). In
addition, H(f*)(6) = H(f*)(4,-) can be viewed as an linear operator frétg ontoR. And all
these definitions and results can be natually applied toetbersl order partial derivativés 4 (f*)
and H g 4(f*).

DenoteF, .4 = (4, ->HA as a linear operator frofi{ 4 ontoR. The generalized KKT condition

(Luenberger (1997) [57]) of Equation (4.49) is

Haa(f)(6 + Fa=0 (4.53)
Haea(f)(6*) + > 5, =0 (4.54)
veAC

In the above equation,, is an operator fronH 4 to R defined below:

Sp € Sp ={5 = (8“)weu | 5§ € L(Hu,R), (4.55)
|5(6™)| < pollI7, (67) ||y, for anys™” € Hye, ands = 0if w ¢ T,}
wherelr, : H — H .4 is a linear operator such that for aiye H e, (I, ()" = 0if w ¢ T,;

and(Ir,(f))” = fYifw e T,.
SinceH a4(f*) € L(H,L(H,R)) is invertible, we havé” = H 44(f*)~'(£,4). Then,

Huea(f*) o Haa(f) " (Foa) + > su=0 (4.56)

veAC
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The following inequality completes the proof:

= | Z Sv(fAc)

vEASC

< Z ‘Sv(fAc)

vEAC

< S pulEn () e, = e ()

vEAC

| Haea(f*) o Haa(f*) 7 (F,a) (fY) (4.57)

holds for anyf4° € H 4. O

Theorem 4.19. Sufficient condition for RKHS

Let\,, f*andH (f*) as defined in Lemma 4.16.HIHACA(f*) o Hau(f*)™! ((7““, ->HA) ’jAc
1, then A is consistently estimated in the sense thay,, = A) — 1 asn — oo, where
A =Po = {olllf2) # 0}

A\

Proof. We prove the result similarly as we did in the linear case.

Let f;f be the solution of the restricted problem as defined in Eqn4#.18), and pagf;j‘ with
constant zero functions Q¢ to obtainf,. From Lemma 4.5A4,, % A. And applying similar
techinques, we havﬁf‘ Ly fA. Thus, to prove the conclusion, we need to show fhatatisfies
the optimality condition of objective in Equation (3.5).

For largen, 4 is well defined similarly to Equation (4.50)

N 2w Aw Fw Pv
74 = (§)uea whereq” = firy " ——— (4.58)
Ugw ||fnv||HTv

andy* % 44,

The optimality condition om4 is already satisfied due to the definitionfgf which implies

(el fn))A + (34, ),,, =0 (4.59)

It remains to show that there exists as defined in Equation (4.55) such that

(vz( fn))Ac A S s, =0 (4.60)

vEAC
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That is, we need to show

H (vc( fn)) <A, (4.61)

Letd, = f, — f* & 0. Note

VLG =5 S VL)
i=1

- [% S EA| 4 |3 VL) | ol
= Dy + Ho(0,) + 0,([10al]) (4.62)
As we have shown in Lemma 4.1B,, & 0 andH,, & H(f*).
SincefA° = f*A° = 0, we have from the above equation that
(VE(h) | = Haalr )G +0,(1) (4.63)
(VE(f) . = HaealF )G +0,(1) (4.64)
From Equation (4.63) and Equation (4.59) we have
Op = ~ A Haa(f) H(Fya) + 0,(1) (4.65)
where
Foa= ("), and Fab Fa=(74), (4.66)
Then, the following equality holds becau®é 2> 4
(VE(£) = =MHoea(F) o Haa(F) 7 (E0) +0,(1) (4.67)

Therefore, for anyf* € H 4, the following inequality holds because of the sufficientdie

tion

—\,

(P ) o a5 ((0409,,)),, [+ o)
(4.68)

<fAC’ (VE(ﬁJ) Ac >HAC

< AT ac () for largen

This completes the proof. O
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Chapter 5
Numerical Studies

5.1 Simulations
5.1.1 Simulation Settings

In the simulation, we create 6 graphs. The first four grapagapicted in Figure 2.1. Graph
5 has 100 nodes where the first 8 nodes have the same strugtar€igure 2.1(c) and the others
are independent. Graph 6 also has 100 nodes where the firetl&8 have the same connection as
in Figure 2.1(d) and the others are independent.

We generate 100 independent datasets for each experintarthe@isame setting, and evaluate
the performance based on the averaged results on the 1Qéemdient runs. Here is how the first
data set is generated:

The length of the feature vectqy, is set to0 or 5 in our experiment. Whep = 0, we are
considering the graphical models without input featuresr F= 5, X = (X3,...,X5), each
fe(z) =5 + Z?:l ctxy, forw € p(Q2). The true sets of the model parametets, are provided
in Appendix B. The featuresY;, are i.i.d uniform on [-1, 1].Y is sampled according to the
probability in Equation (2.4). Gibbs sampling is applied @raph 5 and 6.

We use BGACV (B-type generalized approximate cross vabdaBACV) (Xiang and Wahba
(1996) [97], Shi et al. (2008) [79]) to choose the reguldra parameter\ for the complete
model (graphs 1-4). The performance of choosing the tunamgrpeter by GACV is not presented
here because it is comparable to BGACV in terms of recovetiegtrue non-zero patterns, but

with more false detections. We use BIC for greedy searchrigigo in Graph 5 and 6 due to the
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computational consideration. The range\as chosen according to Koh et al. (2007) [43]. The

details of the tuning methods are discussed in Section 3.4.

5.1.2 Estimation Consistency of SLasso

We evaluate the graph structure estimation accuracy of bass® method, and compared it to
two closely related graph structure learning methods.iktpand Tibshirani (2009) [33] proposed
using pseudo-likelihood witlh;, penalty for estimating sparse pairwise binary Markov medel
They only consider pairwise interactions, and there arepatifeatures involved. The method is
published as an R package, BMNSchmidt and Murphy (2010) [75] considered the problem of
learning higher-order graphical structure without feasur They used the log-linear models and
overlapping penalties. Their code, LLM, is published ogdinWe choose the tuning parameters

for BMN and LLM by cross validation.

5.1.2.1 Whenp =0

To make a fair comparison, we first Iet= 0, which corresponds to the graphical models
without input features.

In Table 5.1, we count, for each conditional log odds rafi,the number of runs out of 100
where f¢ is recovered |(¢“|| # 0). If a recoveredf* is in the true model, it is considered as
true positive, otherwise false positive. The sample siz€i¥. We list in the table the average
discovery rate on a selected subset of the non-zero conditiog odds ratios in the true model.
The last column is the average discovery rate of all the zattems in the true model. The main
effects are always detected correctly, thus, are not listetie table. LLM takes too long to
converge on Graph 5 and 6. So the corresponding results apeawided.

According to Table 5.1, BMN, LLM, and SLasso achieve veryilmresults on the sim-
plest graph (Graph 1). On Graph 3-6, SLasso is more effectwepared to BMN and LLM.

BMN cannot detect higher order interactions because it oahsiders the pairwise interactions.

http://cran.r-project.org/web/packages/BMN/index.html
’http://www.di.ens.fr/~mschmidt/Software/thesis.html
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Table 5.1 The average discovery rate of a selected set obineero patterns whem= 0,

n = 1000. The last column, FP (False Positive), is the average desgaate of all the zero

patterns in the true model. Note, the numbers of the zerenatin the true model for the 6
graphs are 6, 51, 231, 994)*°, and10?° respectively.

Graph| Method | f1:2  fL3 23 34 f123 4578 5678  pp
BMN |1.00 1.00 1.00 1.00 O - - 025
1 |LLM |1.00 1.00 1.00 1.00 0.93 - - 096
Slasso| 1.00 1.00 1.00 1.00 1.00 - - 048
BMN [0.98 053 0.16 021 0 - - 0
2 |LLM |1.00 1.00 0.89 1.00 0.89 - - 761
SlLasso| 0.94 0.92 0.90 096 0.90 - - 094
BMN |0.72 0.75 024 034 0 0 0 001
3 |LLM |1.00 1.00 1.00 1.00 050 0.70 0.13 11.96
Slasso| 1.00 1.00 1.00 1.00 1.00 1.00 0.98 1.68
BMN [0.81 096 099 001 O 0 0  0.02
4 |LLM |1.00 099 1.00 096 010 022 0  2.09
SlLasso| 1.00 1.00 1.00 0.94 1.00 1.00 0.20 0.98
BMN | 041 024 0.05 007 O 0 0 0091
° |Slasso| 099 099 098 097 095 092 0 397
BMN |0.29 078 071 0 O 0 0 001
° |Slasso| 1.00 095 1.00 099 094 082 0 358
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SLasso achieves relative better performance on true pesitie as well as false positive rate com-
pared to LLM.

Now, we evaluate the true positive rate and false positite o& recovering the conditional
log odds ratios in the model, with increasing sample sizeFijure (5.1) - (5.4), we show the
learning results in terms of true positive rate (TPR) andeglositive rate (FPR) as sample size
increases from 100 to 1000. Subfigure (a) and (b) are measurtte unit of the conditional log
odds ratios (some times are called patterns). Subfiguren@t)@ are measured on the unit of
the cligues. There are 2, 3, 3, 6, 3, 6 cliques in the true nspdespectively. We consider all
the possible cliques of any size in the graph. The total nunmba graph ofK nodes i2X — 1.
We calculate the TPR on cliques by dividing the average divesanber of correctly discovered
cliques by the number of cliques in the graph. The FPR on eBds calculated by dividing the
average overall number of false discovered cliques by tmebeu of nonexistent cliques in the
graph. As we discussed in Chapter 2, the graph structuretendadnditional independence is
determined by the cliques. And according to the asymptoiadyesis in Chapter 4, the estimation
of SLasso is consistent in terms of cliques. So, the resultsliques are important criteria for
evaluating the estimation consistency of a graph strudaaing method. Since BMN does not
consider interactions higher than second order, we willincude its TPR/FPR on the unit of
cliques.

The experimental settings are the same as before. The trdelparameters are listed in
Appendix B.1. In these figures, we can see that SLasso ashsatisfying performance in TPR
with FPR well controlled. With increasing sample size, teeate of SLasso is getting close to
the true graph structure.

In Graph 2, LLM outperforms SLasso in terms of pattern TPRhatcost of high pattern FPR.
As a result, more noisy cliques (possibly larger cliques)racovered by LLM, which causes the
worse performance of clique TPR and clique FPR compared&sSi.. SLasso outperforms LLM
in other scenarios.

BMN has good performance on simpler graphs (Graph 1 and 2wekMer, it misses many

pairwise interactions when graphs are large and contalmehigrder interactions.
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5.1.2.2 Whemp =5

Here, we let the input feature be a vector of 5 dimensions.alwlel'5.2, BMN and LLM are
able to recover the pairwise interactions, but they canndttigher order interactions effectively.
In addition, BMN and LLM will detect many false positive paths which are pairwise. This is
mainly because of the effects of input features. In conti@kasso can effectively exploit the
features to achieve good performance as it did when there fisature.

The Figure (5.5) - (5.8) show the convergence of SLasso imathg the graph structure. It
achieves high TPR with FPR well controlled. LLM obtains higfAR at the cost of high FPR.

5.1.3 SLasso with Feature Selection

In this section, we evaluate the performance of SLasso witufe selection. The objective is

in the following equation where the penalties are definedjadtion (3.9).

()= L)+ A D po DIl + 3 Y el (5.1)
vER(N) weTy vER(N)

The experiment is performed on Graph 3, with the same setiadpefore. The true parameters
are the same as in Appendix B.2, except #jfaaindc4 are set as 0 for all, i.e. X; and X3 are
irrelevant variables. The second tuning paramgierchosen to bé.06 based on empirical results.

For each sample size ranging from 100 to 1000, we carry ouint@pendent runs and average
the results. We count the correctly and incorrectly discedgarameters and compare them to the
true models. The true positive rate and false positive nagkted in the figure. We can see that

with increasing sample size, SLasso recover the non-zeeoders more accurately.

5.1.4 Comparison with Ordinary Lasso

In this section, we compare the SLasso method with the orgllreesso for multivariate Bernoulli

data, which we call “Vanilla” in Equation (5.2). For each bétsample size&)0, 200, - - - , 1000,
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Table 5.2 The average discovery rate of a selected set obineero patterns whem= 5,

n = 1000. The last column, FP (False Positive), is the average desgaate of all the zero

patterns in the true model. Note, the numbers of the zerenatin the true model for the 6
graphs are 6, 51, 231, 994)*°, and10?° respectively.

Graph Method f1,2 f1,3 f2’3 f3,4 f1’2’3 f5’7’8 f5,6,7,8 FP

BMN 1.00 1.00 0.97 013 O - - 2.00
1 LLM 1.00 1.00 1.00 0.97 1.00 - - 2.12
SlLasso| 1.00 1.00 1.00 1.00 1.00 - - 0.04
BMN 0O 100 100 100 O - - 3.14
2 LLM 0.63 1.00 1.00 1.00 O - - 18.12
SLasso| 1.00 0.95 1.00 1.00 0.95 - - 0.96
BMN 1.00 099 100 1.00 O 0 0 1.57

3 LLM 1.00 1.00 1.00 1.00 0.09 0.76 0 17.17
SlLasso| 1.00 1.00 1.00 0.98 1.00 1.00 1.00 0.35
BMN 1.00 1.00 1.00 1.00 O 0 0 9.10

4 LLM 1.00 1.00 1.00 1.00 0.16 0 0 16.45
SLasso| 1.00 1.00 1.00 0.86 1.00 0.99 0.15 0.24

BMN 0.67 0.78 045 054 O 0 0 4.67
° SlLasso| 0.99 0.99 0.98 0.97 0.80 0.71 0 1.97
BMN 0.72 0.85 064 054 O 0 0 6.17
° SlLasso| 1.00 1.00 1.00 0.99 0.94 0.85 0 1.58
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we evaluate the methods on 100 separate runs and averagefinenance. In each run, we gen-
erate 2 datasets for the graph structure as in Figure (2~d)d)). One of the data set is used for
training and the other for testing.

The true set of the model parametets,j = 1,--- , 5, are shown in Appendix B.2. The fea-
tures, X, are i.i.d uniform on [-1, 1]Y" is sampled according to the probability in equation (2.4).

We evaluate the following 5 models

1.Vanilla : mi 7 f)+A o 52
anilla m;n A(f) Z|c| (5.2)

2.5Lasso : mfin (f) = )+ A Z Do /Z | f<113,. (5.3)
vEP(Q weTy

3.SLasso — Refit : Refit the logistic regression on the subset selected by $Lass (5.4)
4.Full : Fit the logistic regression without model selection (5.5)

5.Best : Use the true model parameters on test set (5.6)

We evaluate “BAC”(Balanced Accuracy, equals to (sensitivispecificity)/2) and “Log-likelihood
on the test set and average the results ovet@heuns for each of the sample size. The results are
plotted in Figure (5.10(a)), (5.11(a)) ,(5.12(a)), (5d)3(and Figure (5.10(b)), (5.11(b)), (5.12(b)),
(5.13(b)).

In Figure (5.12(a)) and Figure (5.13(a)), “SLasso-Refitiiages almost the same performance
as “Best”. This is because with increasing sample size, §Statends to select the true non-zero
patterns, which makes the refitted models close to the trudelaoSince “SLasso” is itself a the
model selection method, and thus provides biased estimatdhe model parameters with finite
sample size, the BAC performance is below “SLasso-Refit” ‘@west”. The “Vanilla” is below
“SLasso” and “Full”. One possible reason is using a singlarg parameter in the “Vanilla”
model. In addition, the sparsity on the level of graph stitecis more important than the sparsity
on the level of model parameters. This might also be the retsat “Vanilla” is not as good as
other methods.

In Figure (5.12(b)) and Figure (5.13(b)), similar results abserved. “SLasso-Refit” achieves

almost the same performance as “Best” with increasing sausipe. In terms of log-likelihood
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on the test set, “Vanilla” and “SLasso” achieve very closdgrenance, since they are both model
selection methods.

For Graph 1 and Graph 2 which have simpler structure compar€daph 3 and Graph 4, the
performance of “SLasso” is not as good as “Vanilla” or “Fullih Figure (5.10(a)), 5.11(a), and
Figure 5.10(b), 5.11(b)). The reason may be the benifitstohasing the correct graph structure
for a simple graphical model is overwhelmed by the bias bnblay SLasso. But still, after re-
fitting on the non-zero patterns estimated by SLasso , “SU-B&dit” achieves almost the same

performance as “Best” with increasing sample size.

5.1.5 Consistency in Estimating the Cover of Non-zero Pattas

The grouping structure of the penalty in SLasso objectivetion in Equation (3.5) produces
the consistency property of estimating the cover of no-patterns (see Section 4.1). If the true
graphical model has the hierarchical structure, the SLasstthod will recover the same set of
non-zero patterns when sample size goes to infinity. Howeéwee true graphical model does not
have the hierarchical structure, e.g. a fourth order icteyas exists without some/all the lower
order interactions, the SLasso method can recover the sapk gtructure eventually, but with all
lower order interactions included.

In this section, we will show the consistency of the SLassthoa when the graph does not
have the hierarchical structure. We carry out the experimmen Graph 3 whep = 5. Only the
main effects ang“, w = {3,4},{1, 2,3}, {5, 6, 7,8} are non-zero. The true model parameters we

use are listed below.

Graph 3, p=5
{1} {2} {3} {4} {5} {63} {73} {8}
-0.5000 0.7500 -0.5000 0.5000 1.0000 1.0000 -0.7500 0.5000
0.7500 0.5000 -0.5000 -0.7500 1.0000 -0.7500 -1.0000 -0.5000
-0.7500 0.5000 -0.5000 0.7500 -0.7500 -1.0000 -1.0000 -1.0000

-0.5000 1.0000 -1.0000 -0.7500 0.5000 -0.5000 1.0000 0.5000
-0.7500 0.5000 0.5000 -0.7500 -0.5000 -1.0000 0.5000 0.5000
-0.4000 -0.4000 -0.8000 -0.8000 -0.4000 -0.4000 -0.4000 -0.4000
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{3,4} {1,2,3+ {5,6,7,8}
-0.6000 0.6000 -0.3000
0.4500 0.4500 -0.4500
-0.3000 -0.6000 0.6000
0.3000 -0.3000 0.6000
-0.6000 -0.6000 -0.4500
2.0000 2.6000 3.6000

As we did in the previous section, we plot the performancevefriiethods in terms of balanced accuracy
andlog-likelihood in Figure (5.14). It is worthy of noting thaSLasso” is better than “Best” in terms of
balanced accuracy. It may be because training the “SLasedéhalleviates the overfitting issue with the
above chosen model parameters. But in terms of log-likelih¢éSLasso” is not as good as other methods,
except for “Full” which tends to overfit in the setting. “SlsasRefit” is getting very close to “Best” in
both balanced accuracy and log-likelihood, when sample lsecomes large. This shows that when the
SLasso method recovers the true graph structure (in higbapitity when sample size is large), refitting
the model achieves very similar results as those achievéiaracle scenario.

Although SLasso discovers many lower order interactionsriggng to the three cliques in the hierar-
chical structure, it performs very well in terms of struetdearning. The TPR of SLasso recovering the

cliques is92.34%, with 1.54 false discovered cliques in one run on average, when thelsaizp is 1000.

5.2 Case Study: Census Bureau County Data

We use the county data from U.S. Census Butd¢awalidate our method. We remove the counties
that have missing values and obtain 2668 entries in totaé ditcomes of this study are summarized in
Table 5.3. “Vote” Scammon et al. (2005) [74] is coded as 1éf Republican candidate won in the 2004
presidential election. To dichotomize the remaining outes, the national mean is selected as a threshold.
The data is standardized to mean 0 and variance 1. The foldpfeatures are included: Housing unit
change in percent from 2000-2006, percent of ethnic groppssent foreign born, percent people over

65, percent people under 18, percent people with a high $eldocation, percent people with a bachelors

3 http://www.census.gov/statab/wwwi/ccdb.html
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Table 5.3 Selected response variables

Response Description Positive%
\ote 2004 votes for Republican presidential candidate | 81.11
Poverty | Poverty Rate 52.70
VCrime | Violent Crime Rate, eg. murder, robbery 23.09
PCrime | Property Crime Rate, eg. burglary 6.82
URate Unemployment Rate 51.35
PChange| Population change in percent from 2000 to 2006 | 64.96

degree; birth rate, death rate, per capita government eitpieain dollars. By adjusting, we observe new
interactions enter the model. The graph structurg ef 0.1559 is shown in Figure 5.15(a). The results of
BMN (the tuning parameter is 0.015) is in Figure 5.15(b). Themployment rate plays an important role
as a hub as discovered by SLasso , but not by BMN.

We analyze the link between “Vote” and “PChange”. Thoughrttegginal correlation between them
(without X) is only 0.0389, which is the second lowest absolute pairwise correlatibe,link is firstly
recovered by SLasso . It has been suggested that there exliad®nnectich This shows that after taking
features into account, the dependence structure of reepanables may change and hidden relations could
be discovered. The main factors in this case are “percewffadgausing unit change”;) and “population
percentage of people over 65X¢§). The part of the fitted model shown below suggests that asihgu
units increase, the counties are more likely to have bothipesesults for “Vote” and “PChange”. But this
tendency will be counteracted by the increase of people @vethe responses are less likely to take both

positive values.

fVote = 0.2913 - X7 +0.3475 - Xo + - - -
fPC’hange = 1.4726 - X1 —0.3709 - X2 + -

fyetePChange — (1358 - X — 0.0458 - Xo + - -

4http://www.ipsos-mori.com/researchpublicati0ns/wsbarchive/2545/AnaIysis-PopuIation-change-tumbatelection.aspx
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PChange VCrime
6 (0.0130)

1(0.2539

7(0.0001)

Vote 7(0.0001 .
. 7 (0.0003) /5 (0.0244) PCrime
4(0.046 (0.0534)
2 (0.1392)
URate Poverty
(a) SLasso-Complete
PChange VCrime
3 (0.9761)

Vote 5(0.5317) PCrime

7(0.1589 2(0.7673)

1(1.1754)

URate Poverty

(b) BMN

Figure 5.15 Interactions of response variables in the GeBsweau data. The first number on the
edge is the order at which the link is recovered. The numbberanket is the function norm on the
clique and the absolute value of the elements in the corat@mtrmatrix, respectively. We note
SLasso discovers at 7th step two third-order interactidmshvare displayed by two circles in (a).
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Chapter 6

Concluding Remarks

The graphical models are very popular in modeling the m@atin a set of discrete random variables
Y. Itis more interesting to estimate the distributiontotonditioned on another set of predictive variables
X. When the graph structure is given, the parameterizatioh patential functions are effective in esti-
mating the model parameters. However, if we want to learrgthph structure and the functions dfthat
characterize the (higher-order) interactions amongtsethis method could lead to over-parameterization.

Ouir first contribution is the reparameterization of therdisition of Y conditioned onX by multivari-
ate discrete distributions. The conditional log odds salecompose the effect 6f on Y to main effects
and interactions of all orders. We prove the multivariasedite distributions are equivalent to the graphical
models parameterized by potential functions. The multtardiscrete model is easy to interpret the inter-
actions among the nodes, since we prove the equivalence afptrsity in the set of“’s to the sparsity
of the cliques in the graph. And the sparse estimation of ¢hefsconditional log odds ratios leads to the
conditional independence in the graphical model.

We propose the SLasso method to learn the graph structuréstspecified by the conditional log
odds ratios defined on the predictive variabdesThe advantage is the combination of the graph structure
learning and the flexible choice of the functional spacesonThe method solves a maximum likelihood
problem penalized by a structure penalty. The penalty iggded on groups of the conditional log odds
ratios, following the hierarchical structure assumptigin efficient gradient descent algorithm is given
to estimate the complete model. The global convergenceeohltporithm is guaranteed. And a greedy
approach is applied when the graph is large. The BGACV tunieghod is derived to select the tuning
parameter. It achieves satisfactory numerical resultsnalation studies.

In addition, we allow the log odds ratios of the joint distrion conditioned on the predictive vari-

ables be functions in any separable Reproducing KernekHiBpaces. In this way, we extend the linear
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models to teh non-parametric models. The asymptotic aisady®ws that the SLasso method with para-
metric models and non-parametric models is consistenrimg@f graph structure estimation, because of
the special design of the structure penalty. That is, if the model satisfies the hierarchical structure as-
sumption, the SLasso method is consistent in estimatingehef non-zero conditional log odds ratios. If
not, the SLasso method will recover a superset of the nomemmrditional log odds ratios in the true model.
The superset will still give the same graph structure, soettenation will still preserve the conditional
independence structure.

This model can be applied to a variety of areas. One apicadito discover the relations of multiple
symptoms or clinical responses and how they are affectetidgnvironmental and genetic covariates of
the subjects. Smoking could be significant for many diseasédsheir interactions, but other covariates,
such as taking Vitamin might be only related to a subset ofyimeptoms.

We can apply this method on Facebook data if available in derd. Say we havél ads (or ads
categories), which will be clicked (1) or not (0) by the us€k9. The observations of the clicks will be
of multivariate Bernoulli distribution conditioned oK. The intuition is that those ads are related to each
other. But these relations will depend on the features olgers, because different users have different
browsing patterns. We are also interested in the prediciauser’s browsing behavior. In addition, we
want to make better use of the social network between thes ueqy., friends, families, or subscriptions.
This introduces another network, which is éh and will be treated as known in the future work. The
relationships between the users will provide addition&drimation in the prediction, because friends are

likely to share similar interests.
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Appendix A: Technical Proofs

A.1 Proof of Theorem 2.3

Proof. Given UGM (2.1), the corresponding parameterization in MiviBdel is shown in Equation (2.12)
of Lemma 2.2.

The expression ofxp(S¥(x)) in Equation (2.11) follows from the definition of the conditial log
odds ratios in (2.6).

Lety¢ be arealization ofc suchthayy = {yy’ | i € C'} whereyy’ = 1if i € wandy;’ = 0 otherwise.
Let the odd-even partition of the power setwflefined as in Lemma 2.2. The conditional log odds ratios
in MVB model are:

[Lecp. @) Heee oy @)
Hnégoo(w) HCEC (I)C(yg'; ‘T)

Z(z)
[Ieee Pc(0;2)

Conversely, given the MVB model of (2.4), the cliques can beednined by the nonzerf”’: clique

f¥(z) =log

and b(f) = log (A.1)

C exists ifC' = w and f¥ # 0. Then the maximal cliques can be inferred from the graplctira. And
suppose they ar€y, ..., C,,. Letw; = C;,fori =1,...,m,andk; =0, k; = C;N(Ci—1U---UCY),i =

2,...,m. Then the parameterization is:

P, (ye,; ) = exp (S (y;2) — S (y;2)) and Z(x) = exp(b(f)) (A.2)

whereS¥(y;x) = >, y"f*(z). Thus, UGM (2.1) with bivariate nodes is equivalent to MVBAR

In the latter part of the theorem, = 2 and3 = 1 follow naturally from the Markov property of
graphical models. To show = 3, lety¢ be a realization ofc such thaty¢. = (v);cc whereyy = 1 if
i € wandyy = 0 otherwise. Notice that wheneven C' = ' N C, we havey, = yg’. For any possible
v=rNC, K € {k|k =vUu, s.t.u C w—v} will satisfy the conditionx’ N C' = v. There arel~~*! such
' in total due to the choice af. Also, they appear in the nominator and denominator of BEogngR.12)

equally. So, forany’ € C,

[T ®cweiz)= ] ®olyes) (A.3)

KEVY, REVY

even

It follows that f« = 0 by (2.12). O
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A.2 Proof of Theorem 3.2

Proof. The existence of the minimizer can be shown following theopad Theorem 1 in Lin and Zhang
(2006) [53]. Let the projection of onto span{K(x;,-),i = 1,...,n} C Hx beg, andh = f — g.
Note, | f1I5,. = lgllF,. + |23, andf(z;) = (K(xi,-), f) = (K(xi,-), ), then the objective function in
Equation (3.5) is

LS L@ o) A Y pe |3 el + 3 I, (A4)
i=1

veEP(Q) weT, weT,

Therefore, we know the minimizer is kpan{ K (z;,-),i = 1,...,n}.

A.3 Proof of Theorem 3.3

Proof. We give the proof for the linear case. The convexity ofs easy to check, since and.J(f7+) are
all convexinc. Suppose there is somg D w; S.t. &2 # 0 andé“* = 0, by the groups constructed through
Figure 3.1,/[¢™ || = ||(¢*)ucw| # 0 for allv C wy. So the partial derivative of the objective (3.12) with

respect ta“* até“! is

oL
A Py =0 (A.5)
acw1 W1l =¢wl 1); ” Ty H
Thus, the probability of ¢~2 # 0} equals to the probability o{acwl \cw] _s = 0}, whichis 0. O
A.4  Proof of Lemma 4.3
Proof. Let
I . .
Un(8) = — ; Lz, (£ + And) = Lz, ()] (A.6)
V(6) = A [T (f" 4+ And) = T (f7)] (A7)
Noted,, " (f — f*) is the minimizer o%zUn(é) + A%szn(é). We will first show the convergence

of U, (6) andV,,(0).
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ForV,,(d), consider the cases where= A first.

o (T Mg ) = B | = (T s = T

e 20T AT 4 AT |2
Mo 5T+ A0 || + [ £
T
Dy (f*Tv) 5Tu

S
An

, asm — oo (A.8)
(K
Forv € A, we have
1 «T, 7.\ «T, T,
1 (T ) = ()] = ) (A.9)
Then, we get the convergence resultié;Vn(é):
1 c
A—%vn(a) — (YHT6A + 7 (67), ash, = oo (A.10)
ForU,(¢), we have
1 1 1 . .
32Un(0) = 55 - =D Lz (F*+ And) = Lz, (f) (A11)
n n i=1
-1 izn:wz,(f*) o7 izn:szZ.(f*) 540, (1912
AnV/1 N4D — ' 2n ' P\ n

Let M(f*) = E[VLz(f*)VLz(f*)]. By central limit theorem,ﬁ S VLz(f*) 4w o=
N(0,M(f*)), sinceE[VLz (f*)] = 0 andvar(VLz(f*)) = E[VL(Y; f*(X))VL(Y; f*(X))"] =
M(f*). So the first term converges@®an probability as\,,/n — co whenn — cc.

NoteE [V2Lyz, (f*)] = V2E Lz, (f*)] = H(f*), we have
1« oo Q5. .
- ;aTVZLZ{,( 0 22 6TH(f%)o (A.12)

Then, we get the convergence resultié{Vn(é):

1 b 1
/\—2Un(5) =3

n

STH(f)0 (A.13)
Therefore,

U (5) + Va(8) B W(6) = %5TH( £+ (FAT5A + T (64) (A.14)
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Finally, sinceU,,(d) + V;,(9) is convex and¥ (¢) has a unique minimum, it follows Geyer (1996) [27]
and that

S (f 1) = arg min(U, () + Vi () (A15)

” 1 c
45 = arg min §5TH(f*)5 + (vHT6A + T(64)
é

More general version of the convergence in minimizationréordom functions on finite dimensional

Hilbert space can be found in Knight (1999) [41] and RocKafeind Wets (1998) [73].

A.5 Proof of Lemma4.5

Proof. We knowf;“ is unique since the objective function in Equation (4.183ti®ngly convex. Using
the techniques when proving Lemma 4.3, %econsistent result of,;“ for £*4 which is similar to the
one implied in Equation (4.8) means thfa;f 2y A This implies thatP (7? - 75m4> — 1. Since
A = cover(P), we haveP (A C AM) — 1. SinceP, 4 = A, 4 almost surely as shown in Lemma 4.2,
we haveP (A C 75n,4> — 1. Poa C Ais always true, s® (75m4 = A) — 1. The conclusion of

Lemma 4.5 follows from Lemma 4.2. O

A.6 Proof of Lemma 4.15

Proof. First, Volle and Hiriart-Urruty (2011) [89] showed that a akdy lower-semicontinuous function
defined on a reflexive Banach space has a unique minimizerdibaly if it is essentially strictly convex.
Note, a RKHS is a reflexive Banach space. The properties oblfjective function provides sufficient
conditions forl¥,, andW attaining a unique minimizer.

Note, a sequencgF,, : Hx — R} is said to epi-converge td' : Hx — R at f € Hy if for any
fn = f liminf F,(f,) > F(f) and3f, — f such thatimsup F,,(f,) < F(f) (Dong and Wets (2000)
[19]). Vogel and Lachout (2003) [88] showed that the poigerconvergence in probability for @lle H x
implies thatF,, epi-converges td in probability. We introduce the notion of epi-convergenceutilize
the general convergence results. More about the epi-cgemee in probability can be found in Geyer
(1994) [26], Hess (1996) [32], and Lachout (2006) [47]. Itierth noting that the continuity oil/,,, W

and point-wise convergence f,, to W ensurd//,, epi-converges tdV in probability.
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SinceW,, epi-converge td¥ in probability, we can find another set of random elemétifsand W’
which are identically distributed d%,, and1W, andW,, epi-converges t®) almost surely (Van Der Vaart
and Wellner (1996) [87]).

Letd), = argmingey,, W/ andd’ = argmingeq,, W'. SinceW,,(6) =4 W, (8) andW (8) =4 W (9),
it is easy to see thaf, andd’ have the same distribution &s andé, which are the minimizers df/,, and
W, respectivelyd!, =4 6, andd’ =4 9.

It follows Theorem 2.11 and Corollary 2.13 in Attouch (1988) that for F,,,n = 1,2,--- and F’
which are functionals defined on a separable Hilbert spadé F,, epi-converges t¢’ andF' has a unique
minimizer, thenarg min F,, — argmin F'. SinceW),(-,e) epi-converges tdV’’(-, e) for almost alle € &,
denoted), , = argmin W},(3,e) andd. = argmin W’(6, e), thend!, , — &/ for almost alle € &, which

implies that/, — &' almost surely. Thereforeyg ming.y, Wn(8) % arg mingey, W(5).

]

A.7 Proof of Lemma 4.16

Proof. Similarly, let
Un8) = = "Lz, (F° + Md) — L (7)) (A16)
i=1
Va(8) = A [J (f" + X)) = T (f7)] (A.17)
Wald) = 15 10a0) + Va(6)] (A.18)
From the Taylor’'s theorem in Banach space,
S Un(8) = 5 3 [E2 (F 4+ M) — L ()] (A19)
n n i=1

1|1 .
= [;;vmf )(9)

_l’_

n

o>V LA()6.5)
=1

52
A

Becausd..(f) is a bounded continuous operatorfe Z, and f* is optimal for the risk operator, we
have for any € Hg
Ep[VLz (f*)(6)] = Ep o VL) (f*)(0) (A.20)
= V(Ep o Liy)(f)(6)

=0
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So the first termg= [L 3" | VL7 (f*)(6)] == 0 by the law of large numbers in Banach space

(Ledoux and Talagrand (1991) [49]).

For the second term,

EpV2Lz,(£*)(6,8) = V*(Ep o L())(f*)(6,9)
= H(f")(9,0)

So the second terfyk- S | V2L (£)(6,6)] == SH(f*)(6,6). Therefore,

H(f)(6,0)

>
S =
N
N —

ForV,,(d), consider the cases where= A first.

T, T, T, |12
1 «T, T «T Po 2 <f *5 And v>7.,5 + [ And7 113,
N JU v )\77/6 v | J’U v _ v K
)\n [ <f > (f )} )\n Hf*Tv 4 )\n(sT“”HK 4 ”f*TU”HK
*Tu75TU
N pv<fT—>HK7 asn — oo
”f* v”HK

Forv € A€, we have

%n (2 (£ 4 0™ ) = T (5] = 2u(6™)

So,
A—livn(a) = (74,64, +T(0), asn— oo
Therefore,
1
Wn(8) = 1—5[Un(0) + Va(9)]
1 c
5 SH()8,0) + (14 64),, 4+ Tae(5)

The conclusion of the lemma follows Lemma 4.15.

(A.21)

(A.22)

(A.23)

(A.24)

(A.25)
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A.8 B-spline

Givenm knots,ty < t; < --- < t,,_1, the B-spline basis functions of degréeare defined recur-

sively De Boor (1978) [17]:

1; if e <t <tk

bro = ,fork=0,--- ,m—2
0; otherwise
t—t t —1
bt = by 1 (t) + by 1 (b), fork =0, ;m—d—21=0,--,d
te+i — tk teti+1 — et

Let Bi(-) = bga(-), then{By,k = 0,--- ,m —d — 2} arem — d — 1 basis functions, which span the
functional spacé. The B-spline curve i is:

m—d—2

g(t) = Y Bx(t) (A.26)

k=0
wherecy's are the control points to be estimated. In our simulatindies,c,’'s are assumed to be one
dimensional scalers for simplicity.

Supposer € R?, we let eachy“(z) be inBy @ B, @ - - - ® B,. Here, 3, is a space of constant functions

andB;,j =1---,pis aB-spline functional space on domaimgt Therefore,
p
fla) =+ g5 () (A.27)
j=1

wheregy € B; are defined similarly as in (A.26) (z;) = S ¢ Bi(z;), andD = m — d — 1is the

number of basis functions.
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Appendix B: True Model Parameters in the Experiment

Here, we list the true model paramters we used in the expaténene column for one conditional log
odds ratio. Without special notice, we use these paramttagenerate the data in the experiments. For

p = 5, we list the6 paramters in one column in the ordef’, - - - , ¢, 5, wherecy is the intercept.

Bl p=20

Graph 1, p =0
{1} {2} {3} {4} {1,2} {1,3} {2,3} {3,4}
-2.0000 -2.0000 -2.0000 -2.0000 1.2000 1.2000 1.2000 1.2000

{1,2,3%}
1.2000

Graph 2, p =0
{1} {2} {3} {4} {5} {63 {1,2} {1,3}
-0.3778 -0.2667 -0.0444 -0.3778 0.0667 0.0667 0.2889 -0.0444

{2,3} {3,4} {5,6} {1,2,3}
-0.2667 -0.4889 -0.4889 1.0000

Graph 3, p =0
{1} {2} {3} {4} {56} {6} {7} {8}
-0.2000 -0.2000 -0.2000 0.2000 -0.2000 -0.2000 -0.2000 -0.2000

{1,2} {1,3} {2,3} {3,4} {5,63  {5,7} {5,8} {6,7}
0.4000  0.4000  0.2000  0.5000  0.2000  0.3000  0.5000  0.6000

{6,8} {7,8} {1,2,3+ {5,6,7+ {5,6,8+ {5,7,8+ {6,7,8+ {5,6,7,8%}
0.5000 0.5000 0.3000 -0.2000 -0.2000 -0.2000 -0.2000 1.0000

Graph 4, p =0
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{1}
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-2.4000
-1.2000
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{5,8}
0.3000
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-0.2000

{2}
-3.0000
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3.0000
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{3}

-0.

2000
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0.
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4000
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.0000
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0.2000
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0
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Graph 1, p =

{4}
3.0000
3.0000
-2.0000
3.0000
2.0000
1.0000

{

1.

5}
.4000

2,3}
.4000

6,9}
.4000

.4000

5
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2000
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.4000
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{6}
-0.2000
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{7,8}
0.5000

{1,3}
-2.4000
-1.2000

2.4000
-2.4000
-1.2000

1.2000

{7}
-0.2000

{4,5}
0.6000

{9,10%}
0.6000

{2,3}
1.8000
-1.2000
2.4000
1.2000
-1.2000
1.2000
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{8}
-0.2000

{5,6}
0.3000

{1,2,3}
0.6000

{3,4}
-2.4000
-2.4000

2.4000

1.8000
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{1} {2}
-3.0000 -2.0000
-4.0000 3.0000

4.0000 4.0000
-2.0000 4.0000

2.0000 -4.0000

1.0000 1.0000

{2,3} {3,4}
2.4000 1.2000
1.2000 -1.2000
-1.8000 -1.8000
-1.2000 2.4000
-1.8000 2.4000
1.2000 1.2000

{1} {2}
-0.5000 -1.0000
-0.5000 -1.0000
-0.5000 1.0000

0.5000 0.5000
-1.0000 1.0000
-2.0000 -2.0000

{1,2} {1,3%

0.6000 -0.3000
-0.3000 0.6000
-0.6000 0.6000
0.6000 -0.3000

{3}
3.0000
2.0000
-2.0000
2.0000
-3.0000
1.0000

{5,6}
1.2000
-1.8000
1.8000
1.8000
2.4000
1.2000

{3}
-1.0000
0.5000
1.0000
0.5000
0.7500
-2.0000

{2,3}
-0.6000
-0.3000
-0.3000
-0.3000

Graph 2, p =5
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3.0000 -2.0000
3.0000 4.0000
-4.0000 4.0000
2.0000 -2.0000
4.0000 4.0000
1.0000 1.0000
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1.2000

Graph 3, p =5

{4} {5}
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{63}
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0.5000
0.7500
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-0.4500
-0.6000
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-0.3000

{1,2}
1.8000
1.8000
-1.2000
1.8000
1.2000
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{7}
-1.0000
-1.0000

0.7500
-0.7500
-0.5000
-2.0000

{5,8}
0.4500

-0.4500
0.4500

-0.3000
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{1,3%}
-1.8000
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{8}
-0.7500
0.7500
0.5000
-0.5000
0.5000
-2.0000

{6,7%}
-0.4500
-0.3000
-0.6000
0.4500
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-0.6000 -0.4500 -0.6000 -0.4500 0.6000 0.4500 -0.3000 -0.3000
1.2000 1.2000 1.2000 1.2000 1.2000 1.2000 1.2000 1.2000

{6,8} {7,8} {1,2,3y {5,6,7+ {5,6,8+ {5,7,8+ {6,7,8+ {5,6,7,8}
0.3000 0.4500 0.6000 0.6000 -0.6000 0.3000 0.4500 -0.6000
-0.6000 -0.4500 -0.3000 0.4500 -0.6000 -0.6000 -0.6000 -0.4500
-0.4500 0.6000 0.6000 0.4500 -0.6000 -0.3000 0.6000 0.6000
0.3000 -0.6000 0.3000 -0.6000 0.3000 -0.6000 0.6000 -0.3000
-0.4500 -0.4500 0.3000 0.4500 -0.6000 -0.3000 0.3000 -0.6000

1.2000 1.2000 1.2000 1.2000 1.2000 1.2000 1.2000 1.2000

Graph 4, p =5

{1} {2} {3} {4} {56} {6} {7} {8}

-0.5000 -0.7500 0.5000 0.7500 0.7500 -1.0000 0.5000 -0.7500
-1.0000 -0.7500 -0.7500 0.5000 -1.0000 -0.7500 -0.5000 0.7500
0.5000 -1.0000 -1.0000 -1.0000 0.7500 0.5000 0.7500 -0.7500
-0.5000 -0.5000 0.5000 1.0000 0.5000 -1.0000 0.7500 -0.5000
0.7500 1.0000 1.0000 -0.7500 -0.7500 -0.5000 0.5000 1.0000
-1.5000 -1.5000 -1.5000 -1.2000 -1.2000 -1.5000 -1.5000 -1.5000

{9} {10} {1,2} {1,3%} {2,3%} {3,4%} {4,5% {5,6%

0.7500 0.5000 -0.6000 -0.3000 -0.6000 0.4500 -0.4500 0.3000
-0.7500 0.7500 -0.6000 -0.4500 -0.3000 0.4500 -0.6000 -0.3000
-1.0000 -1.0000 -0.6000 -0.3000 -0.3000 0.6000 -0.4500 0.3000
0.5000 -0.5000 0.6000 -0.6000 0.4500 -0.3000 0.4500 -0.4500
0.7500 -0.7500 -0.3000 0.6000 -0.3000 -0.4500 -0.6000 0.3000
-1.5000 -1.5000 1.2000 1.2000 1.2000 1.5000 1.8000 1.2000

{5,7} {5,8} {6,7} {6,8} {6,9} {7,8} {9,103} {1,2,3}
-0.4500 0.4500 -0.4500 0.4500 -0.4500 0.4500 -0.6000 -0.3000
-0.6000 -0.4500 0.3000 0.4500 0.6000 0.4500 0.6000 0.3000



-0.4500
-0.4500
-0.4500

1.2000

{5,6,7}
-0.3000
-0.6000

0.3000
-0.6000
-0.6000
-0.9000

0.4500
0.3000
0.3000

1.2000

{5,6,8%}

0.4500
-0.6000
-0.6000
-0.3000
-0.4500
-0.5000

-0.
-0.
-0.

1.

{5,7,8}

-0

-0.
0.

3000
3000
3000
2000

.3000

6000
3000

.3000
.4500
.5000

0.4500 0.
0.4500 -0.
0.6000 0.
1.2000 1.

{6,7,8% {5,6,7,8}

0.3000 -0.
0.6000 -0.
-0.4500 0.
-0.6000 0.
-0.6000 -0.
-0.5000 2.

6000
3000
6000
2000

3000
3000
6000
4500
3000
4000

0.6000
-0.4500
0.3000
1.2000

-0.3000
0.3000
0.6000
1.8000

97

-0.3000
-0.6000
0.3000

2.0000
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