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ABSTRACT

Uncertainties in the measured electromagnetic properties of materials and uncertainties

in dimensions of fabricated circuits and devices give rise to statistical uncertainties in field

values obtained in computational electromagnetics (CEM) simulations. It is desirable to

efficiently quantify such uncertainties resulting in the computed fields.

We have developed a classification framework for existing methods of uncertainty quan-

tification in CEM. The existing methods have an opaque terminology that hides the math-

ematical strategies employed by these methods for uncertainty quantification. The frame-

work we have developed addresses this opaque terminology by classifying the existing

methods into well-defined groups with transparent terminology. This classification eluci-

dates the relationships between the existing methods, if any. The classification framework

also reveals new directions for research in the field of uncertainty quantification for CEM.

We have analyzed the accuracy and the efficiency of using polynomial models in approx-

imating statistical field variation in CEM simulations. Canonical scatterers with dielectric

uncertainties were chosen as the performance evaluation testbeds. The accuracy of poly-

nomial approximations was shown to be strongly dependent on the mean dielectric prop-

erties of the scatterer. Extremely high-order expansions are necessary to achieve accurate

approximations in some instances. The computational cost of higher-order approxima-

tions limits the utility of polynomial basis function expansions in CEM uncertainty quan-

tification.

We have developed a new gradient estimation method using electric field integral equa-

tions to be used for sensitivity analysis in CEM. The cost of this new method does not
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scale with the number of uncertain parameters. Performance evaluation using the canon-

ical dielectric cylinder and the 2D photonic crystal waveguide branch testbeds revealed

that the new method is significantly better than the difference approximation technique

in accuracy and that the new method is reliable even in realistic scenarios. The cost of the

new method however scales with the number of observation points.

Finally, we have investigated the impact of sampling-based uncertainty quantification

methods with regards to their computational efficiency. In sampling methods, compu-

tational efficiency depends on the sampling distribution and on whether the sampling is

random or deterministic. Investigation was carried out using three distinct representative

examples. Uniform deterministic sampling was observed to have a significant advantage

over other forms of sampling in terms of computational efficiency for all the three exam-

ples.
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Chapter 1

Introduction

1.1 Background and literature review

The significant improvements made in computational capabilities in the last few decades

have led to the possibility of running 3D full-wave numerical electromagnetics simula-

tions even on personal computers. These simulations help in providing significant insight

into several important applications in the vast field of applied electromagnetics. These

simulations can be designed using different computational techniques or algorithms such

as the finite-difference time-domain (FDTD) method [1], the finite element method (FEM)

[2], and the method of moments (MoM) [3]. Such techniques collectively form the field of

computational electromagnetics (CEM).

There are inherent uncertainties in the measured values describing the electric and

magnetic properties of materials used in CEM simulations due to factors such as intrinsic

heterogeneity and changing ambient conditions of temperature, humidity, and pressure.

Similarly, the measured values describing the dimensions of the devices and circuits mod-

eled in CEM simulations have uncertainties associated with them due to manufacturing

tolerances. These uncertainties give rise to variability in the manner in which electromag-

netic waves interact with the materials and devices which, in turn, gives rise to variabili-

ties in the measured field values in CEM simulations.

The full potential of CEM simulations can be realized when computationally efficient

techniques are developed to estimate the variability resulting in the electromagnetic field

quantities due to known material and dimensional uncertainties incorporated into the
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CEM simulations as inputs. The process of measuring such variability resulting in field

quantities is called uncertainty quantification. The uncertain material and dimensional

properties can be denoted as random variables and the field quantities or related quanti-

ties such as S-parameters and voltages can be modeled as functions of random variables.

Uncertainty quantification in computational electromagnetics is limited to estimating the

statistical parameters like mean and standard deviation of these functions of random vari-

ables in the subsequent chapters of this dissertation.

Several techniques ([4]-[14]) have been proposed in the last few years for efficient un-

certainty quantification in CEM simulations. The terminology used for these proposed

techniques is often opaque and not indicative of the mathematical tools and concepts

employed in them for uncertainty quantification.

1.2 Motivation

The opaque terminology of the proposed uncertainty quantification methods hinders

researchers from answering important questions regarding the similarities between the

methods, if any, and questions regarding their relative strengths and weaknesses. Previ-

ous attempts of a literature review on such methods in CEM ([4]) have not addressed this

issue of opaque terminology. There is significant advantage in drawing a big-picture un-

derstanding by studying all the mathematical concepts used by these proposed methods

for uncertainty quantification. Such an understanding would help us categorize similar

methods and reflect on the kind of problems that each of these methods is best suited to

solve.

Many of the proposed efficient methods of uncertainty quantification in CEM ([4]-

[11]) approximate the stochastically varying field quantities as polynomials in terms of

random variables. The universal applicability in terms of practical computational cost is

not guaranteed for such polynomial model approximation.

Sensitivity analysis is the same as uncertainty quantification in problems where the

magnitudes of input uncertainties are small. For such small magnitudes of uncertainties,
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approximating fields as linear functions in random variables is sufficient to perform accu-

rate uncertainty quantification. Therefore, sensitivity analysis amounts to estimation of

first-order derivatives of field variation with respect to every random variable or, in other

words, estimation of the gradient of fields with respect to the multiple random variables

as dimensions instead of the spatial dimensions. The techniques currently used to esti-

mate derivatives of field variation with respect to the random variables have challenges

regarding computational efficiency, accuracy, and robustness towards simulation related

numerical errors.

In sampling-based uncertainty quantification methods, the computational efficiency

of the uncertainty quantification procedure is observed to be dependent on the sampling

distribution of the random variable. In random sampling, the efficiency is known to

change for every random realization. The proposed sampling methods ([13]-[14]) have

been implemented in specific applications where the results are highly accurate in order

to showcase the effectiveness of these methods.

1.3 Specific research aims

Aim 1: To develop a classification framework for methods of uncertainty quantifica-

tion in CEM. We have developed a classification framework for the methods of uncer-

tainty quantification in CEM. In this framework, the methods are categorized based on

the mathematical tools and concepts they use for quantifying uncertainties in field val-

ues. We have developed a transparent terminology for all the proposed methods using

this framework. Furthermore, we have identified the existing similarities between the

proposed methods using the framework.

Aim 2: To investigate the accuracy of polynomial approximations to the statistical field

variation in canonical scattering examples involving dielectric uncertainties. We in-

vestigated the accuracy of polynomial approximations using three canonical scattering

scenarios with dielectric uncertainties. Analytical expressions for field values were used
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to assess the accuracy of the standard deviation of the field quantities derived from such

polynomial model approximations. We identified several instances of mean dielectric

properties of the canonical scatterers where such polynomial model approximation is im-

practical in terms of the computational cost required for uncertainty quantification.

Aim 3: To develop a sensitivity analysis technique for scattering scenarios involving a

large number of sensitivity parameters and a small number of observation points. We

developed a sensitivity analysis technique using electric-field integral equations where

the cost of gradient estimation does not scale with the number of random variables. This

makes sensitivity analysis practical even in case of a large number of random variables.

The cost however scales with the number of observation points.

Aim 4: To investigate the impact of sampling techniques on the efficiency of uncer-

tainty quantification in computational electromagnetics. We investigated random and

deterministic sampling methods in terms of their impact on the computational efficiency

of the uncertainty quantification procedure. We carried out the investigation in three dis-

tinct representative CEM simulation examples assuming one random variable in each. We

also investigated the impacts of uniform sampling and sampling based on the distribu-

tion of the random variable on the computational efficiency of uncertainty quantification.

Uniform deterministic sampling distribution provided in the most computationally effi-

cient uncertainty quantification in each of these three distinct examples.
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Chapter 2

A Classification Framework for Methods in Uncertainty Quan-
tification

2.1 Introduction

Several methods ([1]-[14]) have been proposed in the last decade for efficient uncertainty quantification

in computational electromagnetics (CEM) simulations. These methods have an opaque terminology in

the sense that the terminology does not clearly indicate the mathematical techniques that are employed

for uncertainty quantification. However, there can be a significant advantage in drawing a big-picture

understanding by studying all the mathematical concepts and tools used by the published methods for

uncertainty quantification in CEM. Such an understanding would help us in organizing and classifying the

methods into categories, developing an overall organizational framework or a classification framework in

the process. This chapter describes in detail the classification framework we have developed for methods

in uncertainty quantification.

2.2 Defining the uncertainty quantification problem in CEM

2.2.1 Modeling uncertain parameters as random variables

In CEM simulations, the uncertain dielectric and/or magnetic properties of some or all materials in the

simulation domain are the most common uncertain parameters. The other common uncertain parameters

are the dimensions circuits and devices. We model these uncertain parameters as random variables de-

noted by ξi where i represents the index of the random-variable. We assume that there are N such random

variables. We group these N random variables together as a random vector denoted by ξ.

ξ = [ξ1 ξ2 · · · ξN ]
T (2.1)
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2.2.2 Modeling field quantities as functions of multiple random variables

We model field quantities or related quantities such as S-parameters and voltages as functions of mul-

tiple uncertain model parameters or random variables. The field quantities are denoted by X(ξ).

X(ξ) = X(ξ1, ξ2, . . . , ξN) (2.2)

The field quantities are either functions of space and time in time-domain CEM simulations or they are

functions of space and frequency in frequency-domain CEM simulations. The fields are now modeled as

functions of uncertain parameters also. These fields are therefore expressed as:

X(ξ) = X(ξ1, ξ2, . . . , ξN , t, ~r) (2.3)

or

X(ξ) = X(ξ1, ξ2, . . . , ξN , ω, ~r) (2.4)

Here, t represents time, ω represents angular frequency and ~r represents position vector.

2.2.3 Considering the most general joint probability density function (PDF)

We assume the most general case with regards to the joint probability distribution of the N random

variables in the vector ξ. We do not make any specific assumptions about the mutual independence of

or about the mutual correlation between the different random variables. We denote the generalized joint

probability density function of the random vector ξ as p(ξ).

p(ξ) = p(ξ1, ξ2, . . . , ξN) (2.5)

The probability distributions in most real cases are assumed a priori except in a few cases where the distri-

bution is based on actually collected statistical data.

2.2.4 Evaluating mean and variance integrals of fields

We denote the mean and variance of fields or of related quantities as 〈X(ξ)〉 and σ2{X(ξ)} respectively.

Incorporating the joint probability density function, the mean and variance ofX(ξ) are expressed in integral

forms as follows:

〈X(ξ)〉 =

∫ ∫
· · ·
∫
X(ξ)p(ξ)dξ1dξ2 · · · dξN (2.6)
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σ2{X(ξ)} =

∫ ∫
· · ·
∫

(X(ξ)− 〈X(ξ)〉)2
p(ξ)dξ1dξ2 · · · dξN (2.7)

We propose a classification framework for existing uncertainty quantification methods in CEM based

on:

i) the different ways of representing X(ξ) in the integrands of the mean and variance integrals stated

above; and

ii) the different ways of evaluating the mean and variance integrals for each of those representations.

We explain this classification framework elaborately in the subsequent sections of this chapter. The

framework is composed of multiple levels of dichotomous classifications based on the steps taken at var-

ious stages of the uncertainty quantification procedure. We provide a bird’s-eye view of these multiple

stages of classification with the help of elaborate tree diagrams in the end. We also depict each individ-

ual dichotomous classification using a simple tree diagram indicating its location within the larger tree

diagram. Furthermore, we summarize all the prominent distinguishing features for each dichotomous

classification in tabular form.

2.3 Our primary classification

2.3.1 Criterion for our primary classification

We primarily classify uncertainty quantification methods in CEM into two categories namely basis-

function expansion (BFE) methods and sampling methods. This classification is based on the different

ways in which the field function X(ξ) can be represented in terms of the uncertain model parameters.

2.3.2 BFE methods

In BFE methods, we represent the function X(ξ) using a weighted sum of known basis functions in ξ

denoted as ψj(ξ) where j indicates the index of the basis-function. We assume that there are P such basis

functions. We denote the weights or the unknown coefficients of these basis functions as χj . Using these

basis functions and their corresponding coefficients, we represent the fields, X(ξ), as BFEs. We summarize

this representation in the following equation:

X(ξ) =

P∑
j=0

χjψj(ξ) (2.8)
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Based on this representation of X(ξ), we write the final expressions for mean and variance of X(ξ) as

follows:

〈X(ξ)〉 =

P∑
j=0

χj〈ψj(ξ)〉 (2.9)

σ2{X(ξ)} =

P∑
j=0

χ2

jσ
2{ψj(ξ)}+ 2

P∑
r=0

P∑
s=0
s 6=r

χrχs[Cov{ψr(ξ), ψs(ξ)}] (2.10)

In these equations, we use 〈ψj(ξ)〉 and σ2{ψj(ξ)} to denote mean and variance of the jth basis function

respectively. We use Cov{ψr(ξ) , ψs(ξ)} to denote the covariance between the rth and the sth basis func-

tions. The covariance is defined as the difference between the mean of the product and the product of the

means. We term these three quantities namely mean, variance and covariance as statistical parameters of

the basis functions. Since the basis functions are chosen a priori, their statistical parameters are known a

priori. Uncertainty quantification in BFE methods amounts to calculating the coefficients in the BFEs.

2.3.3 Sampling methods

In sampling methods, we represent the functionX(ξ) using individual function values evaluated corre-

sponding to sample values of the different uncertain model parameters that are part of the random vector

ξ. The kth sample value is denoted as ξk. Here, k represents the index of the sample values. We assume that

there are M samples of the random vector ξ. We denote the field function values calculated correspond-

ing to the sample values asX(ξk). We use the following expressions for the mean and variance of fieldX(ξ):

〈X(ξ)〉 =

M∑
k=1

[λkX(ξk)] (2.11)

σ2
{
X
(
ξ̄
)} M∑

k=1

[λkX
2(ξk)]−

M∑
k=1

[λkX(ξk)]
2 (2.12)

Here, λk represents coefficient corresponding to the function value evaluated for the kth sample. The

values of λk depend on sampling distribution and sampling density. For example, if the sampling is based

on the probability distributions of the uncertain parameters and if the sampling density is very high, we

can assume all λk to be (1/M).

2.3.4 Our primary classification summarized

We depict our primary dichotomous classification of methods of uncertainty quantification in CEM in

a simple tree diagram given in fig. 2.1. We summarize the distinguishing features of methods belonging to

this dichotomy in table 2.1.
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Table 2.1: Table describing the contrasting branches in our primary classification of uncertainty
quantification methods in CEM

Distinguishing
Criterion

BFE Methods Sampling Methods

Representation of
X(ξ)

Express X(ξ) as a weighted

BFE: X(ξ) =
P∑
j=0

χjψj(ξ)

Sample ξ to obtain:
{ξk : k = 1, 2, ..,M};

and compute X(ξ) to obtain:
{X(ξk) : k = 1, 2, ..,M}

Mean 〈X(ξ)〉 =
P∑
j=0

χj〈ψj(ξ)〉 〈X(ξ)〉 =
M∑
k=0

[λkX(ξk)]

λk is the kth sample weight

Variance

σ2{X(ξ)} =
P∑
j=0

χ2
jσ

2{ψj(ξ)}+

2
P∑
r=0

P∑
s=0
s 6=r

χrχs[Cov{ψr(ξ), ψs(ξ)}]
σ2{X(ξ)} =

M∑
k=0

[λkX
2(ξk)]−

M∑
k=0

[λkX(ξk)]
2
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Methods of Uncertainty
Quantification in CEM

BFE
Methods

Sampling
Methods

Level 0

Level 1

Figure 2.1: Tree diagram showing our primary classification of uncertainty quantification methods in CEM

We explain the classification of BFE methods elaborately in the next section. We similarly explain the

classification of sampling methods similarly in the subsequent section.

2.4 Uncertainty quantification procedure in BFE methods

In BFE methods, we approximate the fields or the related quantities, denoted by X(ξ), using a BFE. In

the process, we first decide the type of basis functions to be used in the BFE. The type can be polynomial

or non-polynomial like trigonometric basis functions or wavelets. We then decide the number of such basis

functions P . Once the type and number of basis functions are decided, we estimate the mean and variance

of X(ξ) in two steps as follows:

Step 1 : Evaluation of coefficients

We evaluate the coefficients χj by running one modified or multiple conventional CEM simulations.

We either modify the CEM algorithm so that we can evaluate all the coefficients of the BFE in one simu-

lation directly or we run multiple conventional CEM simulations corresponding to quadrature points that

are chosen a priori using which the coefficients of the BFE can be quickly evaluated indirectly. This step of

running a one modified or multiple conventional simulations is the computationally most intensive step.

Step 2 : Evaluation of statistical parameters of basis functions

Once the coefficients are evaluated, we calculate the statistical parameters of the field functions using

equations 2.9 and 2.10. The statistical parameters of the basis functions are known a priori. The is the

computationally cheap step.

The computational accuracy of BFE methods scales with number of basis functions P and that of sam-

pling methods scales with number of samples M . The computational cost for BFE methods can be given as

that of O
(
(P + 1)

K
)

conventional CEM simulations. The value ofK varies from just above 0 to 2 depending
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Table 2.2: Table describing the contrasting branches in our primary classification of BFE methods

Distinguishing
Criterion

Non-polynomial BFE
Methods

Polynomial BFE
Methods

Type of basis
functions Non-polynomial Polynomial

on the specific BFE method used. The computational cost of sampling methods can be given as that of O(M)

conventional CEM simulations. The BFE methods are computationally very efficient if the appropriate ba-

sis functions for the given problem are used. However, appropriate basis functions for a given problem of

uncertainty quantification are not known a priori. Indirect coefficient estimation is easy to implement and

is suitable for High-Throughput Computing (HTC) platforms. The direct coefficient estimation requires

change in algorithm and is suitable for a High-Performance Computing (HPC) platform.

We now classify BFE methods starting with the type of basis functions used in the BFE.

2.4.1 Our primary classification of BFE methods

Our primary classification of BFE methods is based on whether the basis functions used are polynomial

or non-polynomial in nature. Our primary classification of BFE methods is shown in a tree-diagram in

fig. 2.2. Table 2.2 distinguishes between the two branches in the classification. The two branches in this

classification are elaborately explained in the next two sections.

BFE
Methods

Non-polynomial
BFE Methods

Polynomial
BFE Methods

Level 1

Level 2

Figure 2.2: Tree diagram showing our primary classification of BFE methods

2.4.2 Non-polynomial BFE methods

In these methods, the basis functions ψj(ξ) are non-polynomial in nature like trigonometric basis func-

tions or wavelets for example. To the best of our knowledge, there has been only a limited attempt of using

non-polynomial basis functions in a BFE-based uncertainty quantification method so far like the one using

wavelets [1]. Hence, we have not classified non-polynomial BFE methods any further.
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2.4.3 Polynomial BFE methods

In these methods, the basis functions ψj(ξ) are polynomial in nature. The polynomial BFE methods

are the most widely published methods in the field of uncertainty quantification. The polynomial BFE

methods are further classified based on whether the BFE is an orthogonal polynomial BFE or a Taylor-

series expansion. This classification is shown in a tree-diagram in fig. 2.3. Table 2.3 distinguishes between

the two branches in the classification. It can be proven that any polynomial function of ξ can be modeled

both by using orthogonal polynomial basis functions and by using terms in the Taylor-series expansion.

Polynomial
BFE Methods

Orthogonal
Polynomial

BFE Methods

Taylor-series
Expansion
Methods

Level 2

Level 3

Figure 2.3: Tree diagram showing our classification of polynomial BFE methods

In table 2.3, φ{i,j}(ξi) represents an orthogonal polynomial in ξi where index i represents ith random

variable and index j represents jth basis function. So, φ{i,j}(ξi) represents the orthogonal polynomial in the

ith random variable ξi which is part of a continuous product of orthogonal polynomials in all N random

variables to form the complete jth basis function ψj(ξ):

ψj(ξ) =

N∏
i=1

φ{i,j}(ξi)

ξ0
i represents the value in the ith random variable at which the partial derivative with respect to the

random variable is calculated. Operator ||·||
2,w

represents L2 norm with w(·) as the weighting function.

Usually the weighting function is the joint probability distribution of the random variables, p(·), but it need

not necessarily be so.

In table 2.3, the Taylor-series expansion for the stochastic function X(ξ) is valid in the neighborhood

of the point ξ0 at which the derivative is computed. In the methods based on Taylor-series expansion,

the coefficients are partial derivatives of X(ξ) of varying orders and dimensions. These partial derivatives

are calculated at ξ = ξ0 and can be expressed as ∂n1∂n2 ···∂nNX(ξ)
∂ξn1

1 ∂ξn2
2 ···∂ξ

nN
N

∣∣∣
ξ=ξ0

. Here, it is assumed that the Taylor-

series expansion is of order D. Also, the coefficient and the polynomial are each given a subscript j but
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Table 2.3: Table describing the contrasting branches in our classification of Polynomial BFE methods

Distinguishing
Criterion

Orthogonal Polynomial BFE
Methods

Taylor-series Expansion Methods

Polynomial
basis functions

ψj(ξ) =
N∏
i=1

φ{i,j}(ξi) where

φ{i,j} : Orthogonal
polynomial in ξi

ψj(ξ) =
N∏
i=1

(ξi−ξ0
i )
ni

ni!

Field quantities X(ξ) =
P∑
j=0

χj

(
N∏
i=1

φ{i,j}(ξi)

) X(ξ) =
D∑

n1=0∑
i
ni≤D

· · ·
D∑

nN=0

[
∂n1∂n2 ···∂nNX(ξ)
∂ξn1

1 ∂ξn2
2 ···∂ξ

nN
N

∣∣∣
ξ=ξ0

.
N∏
i=1

(ξi−ξ0
i )
ni

ni!

]

Coefficients
χj =(

1
||ψj(ξ)||22,w

)∫
ψj(ξ)X(ξ)w(ξ)dξ

χj = ∂n1∂n2 ···∂nNX(ξ)
∂ξn1

1 ∂ξn2
2 ···∂ξ

nN
N

∣∣∣
ξ=ξ0

Tools for
evaluation of
coefficients

Orthogonality conditions Derivative estimation techniques like
difference approximation
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expressed only in terms of orders in individual random variables i.e., ni. This will be explained in detail in

the subsection on Taylor-series expansion methods.

2.4.3.1 Orthogonal polynomial BFE methods

In these BFE methods, the basis functions are continuous products of orthogonal polynomials in indi-

vidual random variables. All the orthogonal polynomials of a particular random variable must be of the

same class and this class can be Hermite, Jacobi, Laguerre, Legendre or even a class that is custom-defined

specifically for the problem. These classes of polynomials vary based on the different weighting functions

associated with their L2 norms. However, orthogonal polynomials of two different random variables need

not be of the same class. In other words, the polynomials in the ith random variable can be of Hermite class

and the polynomial in the (i + 1)th random variable can be of Legendre class and so on. It can be proven

that any polynomial function of ξ can be modeled as an orthogonal polynomial BFE of this kind with the

appropriate coefficients. As basis functions are continuous products of the chosen orthogonal polynomials

in individual random variables, any two basis functions are also considered to be orthogonal. The weight-

ing function associated with the L2 norm of a basis function is the continuous product of the weighting

functions of orthogonal polynomials in individual random variables that make up the basis function. Usu-

ally the weighting function is the joint probability distribution of the random variables, p(·), but it need not

necessarily be so. ∫
φ{i,r}(ξi)φ

{i,s}(ξi)wi(ξi)dξi = δrs ||φ{i,r}(ξi)||22,wi (2.13)

ψr(ξ) =

N∏
i=1

φ{i,r}(ξi) (2.14)

w(ξ) =

N∏
i=1

wi(ξi) (2.15)

=⇒
∫
ψr(ξ)ψs(ξ)w(ξ)dξ = δrs ||ψr(ξ)||2

2,w
(2.16)

Here, wi(ξi) represents weighting function associated with L2 norm of φ{i,r}(ξi) and w(ξ) represents

weighting function associated with L2 norm of ψr(ξ). δrs represents Kronecker delta for indices r and s.

Operator ||·||
2,w

represents L2 norm with weighting function w(·).

Our classification of the orthogonal polynomial BFE methods is based on whether the coefficients of

the BFE are directly estimated or indirectly estimated and the classification is shown in a tree-diagram in

fig. 2.4. Table 2.4 distinguishes between the two branches in the classification.
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Orthogonal Polynomial
BFE Methods

Indirect Coefficient
Estimation Methods

Direct Coefficient
Estimation Methods

Level 3

Level 4

Figure 2.4: Tree diagram showing our classification of orthogonal polynomial BFE methods

In table 2.4, ξq represents the qth quadrature point of ξ. Q represents total number of quadrature points.

Estimating coefficients indirectly using quadratures

In these methods, the coefficients are given integral expressions devised using the orthogonal properties

of the basis functions chosen. The stochastic function X(ξ) forms a part of the integrand in these inte-

gral expressions. The integrand in these integrals is therefore in the form of polynomial times a weighting

function in ξ which is ideal to be solved using quadrature points. The evaluations of the X () values corre-

sponding to all the quadrature points is the computationally most intensive part of the whole uncertainty

quantification procedure in these methods.

The domain of integration of these integrals can be divided into smaller sub-domains and the integrals

can be solved separately in each of these sub-domains using quadratures to improve the overall accuracy

of coefficient estimation. There are methods published where there is no division into sub-domains like the

general probabilistic collocation method [2]. The division into sub-domains can be done adaptively where

accuracy of the quadrature estimate of the integral is compared before and after every step of division into

sub-domains as seen in the multi-element probabilistic collocation (ME-PC) method [4]. The division into

sub-domains can also be non-adaptive or fixed in nature based on approximation theories like the high-

dimensional model representation (HDMR) theory. In [3], both fixed sub-domain division using HDMR

and adaptive sub-domain division using ME-PC is implemented simultaneously.

The number of coefficients P + 1 when the number of random variables is N and the order of the BFE

polynomial is D is given by [2]:

P + 1 =
(N +D)!

N !D!
(2.17)

The accuracy of these methods scales with P . The computational cost can be estimated to be as that of

O
(
(P + 1)

K
)

conventional CEM simulations whereK varies from significantly less than 1 to nearly 2 for the

various methods used i.e. [2], [3] and [4]. The main advantage of these methods is that the algorithm used is
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Table 2.4: Table describing the contrasting branches in our classification of orthogonal polynomial BFE
methods

Distinguishing
Criterion

Indirect Coefficient Estimation Methods
Direct Coefficient Estimation

Methods

Procedure of
coefficient
estimation

Indirect estimation using integrals:

χj =

(
1

||ψj(ξ)||22,w

)∫
ψj(ξ)X(ξ)w(ξ)dξ

which are solved using quadratures:

χj =

(
1

||ψj(ξ)||22,w

)
Q∑
q=1

ψj(ξ
q)X(ξq)w(ξq)

In the CEM algorithm,
i) substitute BFEs for fields,
ii) use orthogonal property of
basis functions in each step,

to obtain expressions for a
direct coefficient estimation

Computationally
most intensive

step

The multiple deterministic CEM simulations
to evaluate X(ξq)

The modified CEM simulation
to estimate χj, j = 1 toP

the already established conventional deterministic CEM algorithm without modifications. The simulations

corresponding to the various quadrature points can be run in parallel on a HTC platform.

Hence, the orthogonal polynomial BFE methods with indirect coefficient estimation can be divided into

three final categories as shown in the tree diagram in fig. 2.5. Table 2.5 distinguishes between the branches

listed in the classification shown in fig. 2.5.

Estimating coefficients directly by modifying the CEM algorithm

In these methods, each step in the standard CEM algorithm meant to evaluate fields, X(ξ), is modified in

multiple steps so that it evaluates the coefficients in the BFE, χj, j = 1 toP , directly. This modification is

done by exploiting the orthogonality of basis functions in the BFE using the Galerkin methods. This mod-

ified simulation which directly computes the coefficients in the BFE is the computationally most intensive

part of the whole uncertainty quantification procedure.

The number of coefficients P + 1 when the number of random variables is N and the order of the BFE

polynomial is D is given by equation 2.17.

For large N and D, P is very large. Many of these coefficients may be small in magnitude which

do not contribute significantly to the BFE. The evaluation of coefficients of such small magnitudes can

be avoided in the modified CEM algorithm. In other words, such coefficients and their associated basis

functions can be omitted from the BFE. There are methods published with no such omission of coefficients

like the generalized polynomial chaos expansion (PCE) ([2,[9]). Also, the omission of coefficients can be

done adaptively as in [6]. The omission of coefficients can also be non-adaptively or in a fixed manner

based on any approximation theories like the HDMR as in [5].
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Indirect Coefficient
Estimation Methods

Methods with
Division into
Subdomains

Methods with
Adaptive

Division into
Subdomains

Methods with
Fixed

Division into
Subdomains

Methods without
Division into
Subdomains

Polynomial
BFE Methods
→ Level 4

Level 4

Level 5

Figure 2.5: Tree diagram showing our classification of orthogonal polynomial BFE methods with indirect
coefficient estimation

The accuracy of these methods scales with P . The computational cost can be estimated to be as that

of O
(
(P + 1)

K
)

conventional CEM simulations where K varies from nearly 2 for non-adaptive methods to

anywhere from significantly less than 1 to nearly 2 for the adaptive methods. The main disadvantage of

these methods is the need to develop a modified complex algorithm based on which a single simulation

can be run to obtain all the coefficients. This single simulation cannot be broken down into completely

independent parts and run in parallel on a HTC platform. However, the algorithm can be parallelized

locally on a HPC machine the procedure of which can get further more complicated.

Hence, the orthogonal polynomial BFE methods with direct coefficient estimation can be divided into

three final categories as shown in the tree diagram in fig. 2.6. Table 2.6 distinguishes between the branches

listed in the classification shown in fig. 2.6.

2.4.3.2 Taylor-series expansion methods

In these BFE methods, the stochastic field function is expressed in the multi-variable Taylor-series ex-

pansion in terms of the random variables centered at a point ξ0 in the sample space as follows:

X(ξ) =

D∑
n1=0∑
i
ni≤D

· · ·
D∑

nN=0

[
∂n1∂n2 · · · ∂nNX(ξ)

∂ξn1
1 ∂ξ

n2
2 · · · ∂ξnN

N

∣∣∣∣
ξ=ξ0

.
N∏
i=1

(ξi − ξ0
i )
ni

ni!

]
(2.18)

Here, each coefficient is a partial derivative estimated at the point ξ0. The coefficients are partial deriva-

tives of different orders from 0 to D and of different dimensions from 0 to N . The number ni represents the
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Table 2.5: Table describing the contrasting branches in our classification of orthogonal polynomial BFE
methods with indirect coefficient estimation

Distinguishing
Criterion

Methods with Division into
Subdomains

Methods without Division into
Subdomains

Procedure of
integral

evaluation

Division of integral domain into
subdomains and separate integral

evaluation in each subdomain

No division of integral domain
into subdomains and only one

integral evaluation
Procedure of
division of

integral domain
Can be adaptive or fixed No division

Table 2.6: Table describing the contrasting branches in our classification of orthogonal polynomial BFE
methods with direct coefficient estimation

Distinguishing
Criterion

Methods with Omission of
Coefficients

Methods without Omission of
Coefficients

Procedure used
in modified CEM

routine

Only significantly contributing
coefficients computed in modified

CEM routine

All coefficients computed in
modified CEM routine

Procedure of
omission of
coefficients

Can be adaptive or fixed No omission
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Direct Coefficient
Estimation Methods

Methods with
Omission of
Coefficients

Methods with
Adaptive

Omission of
Coefficients

Methods with
Fixed

Omission of
Coefficients

Methods without
Omission of
Coefficients

Orthogonal Polynomial
BFE Methods
→ Level 4

Level 5

Level 6

Figure 2.6: Tree diagram showing our classification of orthogonal polynomial BFE methods with direct
coefficient estimation

order of derivative of field function with respect to the ith random variable ξi. The order of the total poly-

nomial expansion is D and hence we have the limitation that
∑
i

ni ≤ D. The number of such coefficients or

partial derivatives P + 1 for order D and with N random variables can be given by equation 2.17.

In table 2.3, we have written the coefficient and polynomial part of this expression with a subscript

j. We meant that j varies from 0 to P as there are P + 1 coefficients and polynomials. Nevertheless, the

single-term index j can be translated to an N -term index {n1n1n2 · · ·nN}with a condition on the individual

parts of the N -term index that
∑
i

ni ≤ D.

The coefficients are derivatives of the field function X(·) that can be estimated either directly or indi-

rectly and our primary classification of Taylor-series expansion methods is based on this distinction. The

classification is shown in figure 2.7. Table 2.7 distinguishes between the branches listed in the classification

shown in fig. 2.7.

Direct Estimation of Derivatives

In these methods, the coefficients of Taylor-series expansion or derivatives of field functions with respect

to random variables are directly computed by incorporating the derivative calculation in the the CEM

algorithm. The most common direct derivative estimation method used is the auto-differentiation. The

Taylor-series expansion may be truncated to orders less than 2 which are meant to be used in sensitivity

analysis problems like in [7]. The expansion can retain higher order derivative terms without truncation as

in [8]. The classification of Taylor-series expansion methods with direct derivative estimation into methods
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Figure 2.7: Tree diagram showing our classification of of Taylor-series expansion methods

using low-order Taylor-series expansion and methods using high-order Taylor series expansion is shown

in figure 2.8.

The accuracy of these methods scales with D for a fixed N . The computational cost can be estimated as

that of O(N) conventional CEM simulations for sensitivity analysis problems where the expansion is trun-

cated to be of first or second order. The computational cost of a higher-order Taylor series expansion can

be estimated as that of O
(
(P + 1)

K
)

conventional CEM simulations where K varies from almost 1 to nearly

2. The main disadvantage of these methods is the possibility of numerical errors from CEM simulations

heavily undermining the accuracy of derivative estimation especially for higher order derivatives. Also,

the CEM algorithm has to be altered for these methods.

Indirect Estimation of Derivatives

In these methods, the coefficients of Taylor-series expansion or derivatives of field functions with respect

to random variables are indirectly computed by using techniques like difference approximation or adjoint

sensitivity. For example, the difference approximation of the first-order derivative of the field function X(.)

with respect to ith random variable ξi can be written as:

∂X(. . . , ξi, . . .)

∂ξi
≈ X(. . . , ξi + ∆, . . .)−X(. . . , ξi, . . .)

∆
(2.19)

The idea of difference approximation can be extended to estimate higher order derivatives. Difference

approximation requires a convergence test to identify the ideal magnitude of difference for high accuracy

which increases the computational cost of the method. Also, the numerical errors in deterministic CEM sim-

ulations can be so high that the difference approximation technique would never provide an accurate result

for derivative estimation no matter how ideal the chosen magnitude of difference is. Even adjoint sensitivity

analysis which is based on modifying the Maxwell’s differential equations to obtain the derivatives suffers

when there are large numerical errors in CEM simulations. An alternate integral equation-based indirect
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Figure 2.8: Tree diagram showing our classification of Taylor-series expansion methods with direct deriva-
tive estimation

derivative estimation technique that we developed is mentioned in chapter 4. The classification of Taylor-

series expansion methods with indirect derivative estimation into methods using low-order Taylor-series

expansions and methods using high-order Taylor series expansions is shown in figure 2.9. A difference

approximation based low-order Taylor series expansion method is proposed in [9] where it is termed as

method of moments. Adjoint sensitivity analysis that is suitable for high order Taylor series expansion

even with nonlinear media is proposed in [10].

2.4.4 Classification of BFE methods summarized

We summarize the classification of BFE methods in the tree diagram given in fig. 2.10.

2.5 Uncertainty quantification procedure in sampling methods

2.5.1 Our primary classification of sampling methods

In sampling methods, the primary step is to sample the random variables at different points in the

sample space and to run conventional deterministic CEM simulations corresponding to those sample points

to obtain field values at those sample points. Sampling methods vary from each other in terms of the

sampling strategy used. The sampling can be done once and the corresponding field values can be obtained

for estimating mean and variance. Instead, the sampling can be repeated several times or in multiple

levels. In multi-level sampling, field values corresponding to sample values are evaluated after every level

of sampling. The useful field information obtained at the end of every level is used to perform a better
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Table 2.7: Table describing the contrasting branches in our classification of orthogonal polynomial BFE
methods

Distinguishing
Criterion

Indirect Derivative Estimation
Methods

Direct Derivative Estimation
Methods

Procedure of
derivative
estimation

Indirect estimation using techniques
like difference approximation:

∂X(...,ξi,...)
∂ξi

≈ X(...,ξi+∆,...)−X(...,ξi,...)
∆

In the CEM algorithm,
i) apply derivatives to fields in

update expressions,
ii) obtain update expressions for

derivatives of fields,
for a direct derivative estimation

Computationally
most intensive

step

The multiple deterministic CEM
simulations to evaluate derivatives

The modified CEM simulation to
estimate the derivatives

sampling in the next level. The mean and variance are estimated after every level of sampling. The rate

of convergence of these mean and variance estimates is tracked carefully after every level of sampling.

The sampling and field evaluations are stopped once the desired convergence in the mean and variance

estimates is reached. The classification of sampling methods into one-time sampling methods and multi-

level sampling methods is shown in figure 2.11. Table 2.8 distinguishes between the branches listed in the

classification shown in fig. 2.11.

The contents of table 2.8 will be explained in the next two subsections.

2.5.2 One-time sampling methods

In these methods, sampling of the random variables ξ is done just once to obtain the appropriate sam-

ple points {ξk : k = 1, 2, . . . ,M} corresponding to which the field values {X(ξk) : k = 1, 2, . . . ,M} are cal-

culated using which the mean and variance of field values can be estimated. The expressions for mean and

variance of field values in case of M samples are given as:

〈X(ξ)〉 =

M∑
k=1

[λkX(ξk)] (2.20)

σ2{X(ξ)} =

M∑
k=1

[λkX
2(ξk)]−

M∑
k=1

[λkX(ξk)]
2 (2.21)

Here, λk refers to the sample weights which depend on the sampling strategy in relation to the assumed

probability distribution of the uncertain model parameters. For example, if the random variables are all

having normal distributions and the sampling is also based on normal distribution, then the values of all λk

would be uniformly 1/M . The one-time sampling methods may be based on sparse sampling strategies like
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Table 2.8: Table describing the contrasting branches in our primary classification of sampling methods

Distinguishing
Criterion

Multi-level Sampling Methods One-time Sampling Methods

Representation of

Sample ξ to obtain:
{ξkl : kl = 1, 2, . . . ,Ml};

and compute X(ξ) to obtain:
{X(ξkl ) : kl = 1, 2, . . . ,Ml} for every

level l = 1, 2, 3, . . . , L

Sample ξ to obtain:
{ξk : k = 1, 2, . . . ,M};

and compute X(ξ) to obtain:
{X(ξk) : k = 1, 2, . . . ,M}

Mean
〈X(ξ)〉l =

Ml∑
kl=0

[λkl
X(ξkl )]

λkl
is the kthl sample weight

〈X(ξ)〉 =
M∑
k=0

[λkX(ξk)]

λk is the kth sample weight

Variance
σ2
l {X(ξ)} =

M l∑
kl=1

[λklX
2(ξkl)]−

M l∑
kl=1

[λklX(ξkl)]
2

σ2{X(ξ)} =
M∑
k=0

[λkX
2(ξk)]−

M∑
k=0

[λkX(ξk)]
2
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Figure 2.9: Tree diagram showing our classification of Taylor-series expansion methods with indirect
derivative estimation

the Kalman-filter based unscented transformation [11]. The one-time sampling method can also be based

on dense sampling strategies like the standard Monte Carlo method [9]. The classification of one-time

sampling methods into sparse sampling methods and dense sampling methods is shown in figure 2.12.

The main disadvantage of this method is that the sampling does not provide any room for improve-

ment. Most realistic scenarios are such that we have no information of field variation with respect to un-

certain parameters a priori. Hence, it is not possible to have samples chosen suitably for computational

efficiency in case of one-time sampling. However, the simulations corresponding to each sample value can

be run in parallel, if possible, on a HTC platform. The computational accuracy and cost of these methods

scale with the number of samples M .

2.5.3 Multi-level sampling methods

In these methods, sampling of the random variables ξ is done more than one time or in more than one

level. Let the sampling be done in levels l = 1, 2, 3, . . . , L. Sampling of the random variables ξ is done

at each level l to obtain the appropriate sample points {ξkl : kl = 1, 2, . . . ,Ml} corresponding to which the

field values {X(ξkl ) : kl = 1, 2, . . . ,Ml} are calculated using which the mean and variance of field values

can be estimated at the level l. The mean and variance estimates are then obtained for each level using

expressions similar to 2.20 and 2.21 respectively. The field variation information along with the convergence

information of mean and standard deviation estimates obtained in one level of sampling can inform the

way sampling is done in another level in order to improve the computational efficiency of the uncertainty

quantification procedure. This can be done in many ways. The multiple levels can be used to cover the
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Figure 2.10: Tree diagram summarizing our classification of BFE methods

high number of dimensions efficiently in problems with a large number of uncertain parameters [12]. The

multiple levels can be used to improve the sampling using Bayesian learning strategies like in the Markov

Chain Monte Carlo methods [13]. The multiple levels can be the two different levels used in a mixed fidelity

method also [14]. In a mixed fidelity method, the sampling is done in two levels where one level of sampling

is very dense and the other is sparse. For the dense set of samples, either a no-cost surrogate model or low-

cost, low-accuracy CEM simulations are used to obtain the field values corresponding to samples. Such a

solution is called a low fidelity solution. For the sparse set of samples, high-cost and high-accuracy CEM

simulations are used to obtain the field values corresponding to samples and such a solution is called a

high fidelity solution. In a mixed fidelity method, the low fidelity solution and the high fidelity solution is

combined in a unique way to get an accurate mixed fidelity solution.

In many realistic scenarios, we have very smooth variation of field quantities with respect to random

variables. Such a smooth variation can be easily captured using field values evaluated corresponding to

a small number of samples in a one-time sampling strategy. In these cases, multi-level sampling proves

to be overkill. Sometimes, the field information obtained from simulations might have misleading level

of numerical errors in them. In these cases, multi-level sampling will prove to be counter productive.

Similarly, in case of mixed-fidelity methods, the low fidelity information obtained might be completely

unreliable to be used in a mixed fidelity solution.
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Figure 2.12: Tree diagram showing our classification of one-time sampling methods

The biggest advantage of multi-level sampling technique is the effective use of computational resources

by sampling efficiently at appropriate places in the sample space. This is very helpful when the computa-

tional resources available are limited. The computational accuracy and cost of these methods scale with the

total number of samples
L∑
l=1

Ml.

2.5.4 Classification of sampling methods summarized

We summarize the classification of sampling methods in the tree diagram given in fig. 2.13.

2.6 Conclusions

The classification framework presented here enables a systematic categorization of known methods in

uncertainty quantification in CEM. The framework offers a standardized terminology and elucidates rela-

tionships between existing methods. The framework can be used to categorize all the published methods

in the field of uncertainty quantification in CEM into specific groups that are defined within the framework

with a transparent terminology. We can observe the distribution of the methods into the different groups in

the framework and get an idea of which mathematical techniques are well developed and properly imple-

mented and which ones are in the early stages of development and/or application. For example, we can

say that a lot of work has been done regarding polynomial BFE methods but very limited work has been

done regarding non-polynomial BFE methods. Thus, the framework reveals directions for future research

in this field. New techniques that mix mathematical techniques from different groups mentioned in the

framework can also be developed, if possible.
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Chapter 3

Polynomial Approximation of Stochastic Field Variation

3.1 Introduction

Many techniques for uncertainty quantification in CEM model the stochastic field variation caused by

uncertainties in material properties using polynomial expansions. The fields are represented as polyno-

mial functions of the uncertain material properties (e.g. [1]–[10]). The coefficients of the polynomials are

obtained using either a single stochastic CEM simulation or a small number of deterministic CEM simu-

lations. Once the coefficients are obtained, the polynomial expansion is used to evaluate the mean and

variance of the field quantities of interest.

The polynomial order of the expansion directly impacts the computational complexity of the CEM

simulation. For example, we have previously shown that the polynomial order required to obtain accurate

field means and variances using the polynomial chaos expansion (PCE) technique with the finite- difference

time-domain (FDTD) method can be very small for some problems but extremely large for others [11]. Thus

the computational cost of PCE-FDTD is highly variable, and in some cases prohibitively high. Furthermore,

the necessary polynomial order to achieve sufficient accuracy is not known a priori. While this previous

investigation provides important specific insights about the computational complexity of PCE-FDTD, it

does not yield broadly applicable insights about the accuracy of polynomial approximations in general.

A fundamental question is whether polynomial functions yield adequate approximations of the rela-

tionship between uncertain material properties and field quantities. We decouple this underlying question

from the confounding problem of accurately estimating the coefficients for a given expansion. We seek

to assess the inherent approximation capability of polynomial approximations. This is achieved by inves-

tigating the accuracy with which polynomial model expansions of different orders capture the standard

deviation of statistical variations in field values in three canonical scattering scenarios involving simple

scatterers with dielectric uncertainties for which the exact field solution is well known. Use of known exact

field solutions eliminates the effects of errors in polynomial coefficient estimation that result from using

particular computational methods (e.g. PCE-FDTD). We determine the order required to achieve accurate
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polynomial approximations of field value variations and show that many scenarios require too high of an

order to be effective in practice. The existence of such cases in simple scattering scenarios suggest that great

care must be exercised in using polynomial approximations of statistical field variations for uncertainty

quantification in CEM.

The next section briefly describes the three scattering scenarios. Section 3.3 presents the investigation

procedure. The last two sections detail the results and the conclusions. We use 〈·〉 to denote the mean value

and s.d. {·} to denote standard deviation throughout this dissertation.

3.2 The Scattering Scenarios

We consider three canonical scattering scenarios involving uniform plane waves incident upon scatter-

ers with dielectric uncertainties: a dielectric slab of finite thickness and infinite area, a dielectric circular

cylinder of infinite length, and a dielectric sphere. The well-known analytical expressions for the electric

field phasors at observation points outside the scatterer are used to benchmark the accuracy of the polyno-

mial approximation.

3.2.1 Slab with uncertain dielectric properties

A dielectric slab of thickness equal to 2λ0 , where λ0 is the free-space wavelength, is illuminated by a

uniform plane wave at normal incidence. Two observation planes are chosen, one in the backscatter region

and the other in the forward scattering region. The electric fields in each of these planes are evaluated

for varying values of the dielectric properties of the slab. The observation plane in the forward scattering

region is considered in our analysis only if the magnitude of fields reaching this region is greater than 0.1%

of the magnitude of the incident field.

3.2.2 Cylinder with uncertain dielectric properties

A dielectric circular cylinder of infinite length and cross-sectional radius equal to λ0/2 is illuminated

by a uniform plane wave at normal incidence with the electric field vector oriented parallel to the axis

of the cylinder (i.e., the transverse magnetic scattering scenario). A set of observation lines at different

azimuth angles is chosen at a constant radial distance of 9λ0/10 from the cylinder axis. The electric fields

are evaluated for varying values of the dielectric properties of the cylinder.

3.2.3 Sphere with uncertain dielectric properties

A dielectric sphere of radius equal to 5λ0/12 is illuminated by a uniform plane wave. The observation

points are chosen at different azimuth and polar angles at a constant radial distance of 5λ0/8 from the
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center of the sphere. The electric fields at these observation points are evaluated for varying values of the

dielectric properties of the sphere.

3.3 Investigation Procedure

We first consider uncertainty in the relative permittivity, εr, of the dielectric scatterer assuming fixed

effective conductivity, σ. We choose a standard deviation for εr that is 2.5% of its mean value, 〈εr〉. We

consider 100 scenarios of 〈εr〉 ranging from 1.3 to 80.5. This spans the range of 〈εr〉 values from that close

to air all the way up to that of water. For each value of 〈εr〉, we consider 100 fixed values of σ in the range

from 5 mS/m - nearly lossless - to 5000 mS/m - very lossy - at an operating frequency of 2 GHz.

The normalized electric field phasor at any observation position ~ri, denoted byE(~ri), is obtained using

the relevant analytical expression [12]. Here, the normalization factor is the magnitude of the incident field.

For each of the 100×100 combinations of 〈εr〉 and σ of the dielectric scatterer, we estimate the mean and

standard deviation of the magnitude of the normalized field phasor, |E(~ri)|, at each ~ri by evaluating the

following two integral expressions numerically:

〈|E(~ri)|〉 =

∫
|E(~ri, εr)| p(εr) dεr (3.1)

s.d.{|E(~ri)|} =

√∫
(|E(~ri, εr)| − 〈|E(~ri)|〉)2

p(εr) dεr (3.2)

Here, p(εr) represents the probability distribution of εr. In our investigation, we assume all uncertain di-

electric parameters to have a normal distribution, as in [4]. Hence, p(εr) is expressed as follows:

p(εr) =
1√

2π (s.d.{εr})
exp

(
− (εr − 〈εr〉)2

2 (s.d.{ εr })2

)
(3.3)

For each of the 100×100 combinations of 〈εr〉 and σ of the dielectric scatterer and at each ~ri, we fit poly-

nomial model expansions to the analytical expression forE(~ri) over the range of variation of εr and denote

the polynomial approximation as Ê(~ri, D), where D is the polynomial order. We consider orders ranging

from 1 to 50. In this study we have chosen to use orthogonal polynomials, specifically Hermite polynomials

with an orthogonalization weight function given by p(εr). The polynomial model approximation Ê(~ri, D)

is expressed in terms of Hermite polynomials as follows:

Ê(~ri, D) =

D∑
n=0

χnHn

(
εr − 〈εr〉√

2 (s.d.{ εr })

)
(3.4)
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where χn represents the nth coefficient in the polynomial model approximation and Hn(·) represents the

nth order Hermite polynomial. The nth coefficient, χn, is obtained by numerically evaluating the following

integral:

χn =
1

||Hn||2

∫
E(~ri, εr) Hn

(
εr − 〈εr〉√

2 (s.d.{ εr })

)
p(εr) dεr (3.5)

where ||·||
2

represents the l 2-norm.

Each of the integrals in (3.1), (3.2) and (3.5) is computed numerically using a Riemann sum approxi-

mation. The number of terms required for a highly accurate approximation of the integral is determined

via a convergence test. Specifically, the number of terms is successively doubled until the new result repre-

sents less than a 0.1% change in the approximation, at which point we conclude that convergence has been

reached.

The estimated standard deviation of the magnitude of the approximated field phasor, |Ê(~ri, D)|, is

obtained for orders D = 1 to 50 using (3.2) and compared to the standard deviation of the magnitude of

the exact field phasor at every ~ri using the following error metric:

e(D) = max
~ri

{
|s.d.{|E(~ri)|} − s.d.{|Ê(~ri, D)|}|

〈|E(~ri)|〉

}
(3.6)

This error metric represents the maximum difference between the actual and approximated standard devi-

ations expressed as a fraction of the mean value of the magnitude of the field phasor. Here, the maximum

is taken over all observation points ~ri.

We define Dmin as the minimum order for which the error metric is less than 0.01 or 1%. The values

of Dmin for all the 100×100 combinations of 〈εr〉 and σ are determined for each dielectric scatterer. The

procedure is repeated for the case of 5.0% uncertainty in εr and each fixed σ.

Next, the analysis is repeated for 2.5% and 5.0% uncertainties in σ while εr is held fixed.

3.4 Results and Discussion

Figure 3.1(a) and (b) depicts Dmin for 2.5% and 5% uncertainty, respectively, in εr, for the dielectric slab

scenario. The required polynomial order varies widely from 1 to greater than 50. We see similar results for

the dielectric cylinder scenario and the dielectric sphere scenario with uncertain εr as shown in Figures 3.2

and 3.3. It is not surprising to see that accurately approximating the functional dependence of the field on εr

requires a very high order polynomial expansion in certain instances, given that the analytical expressions

for the field values involve infinite series of Bessel functions (in the case of the cylinder) and spherical Bessel

functions (in the case of the sphere) [12].
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Figure 3.1: Color images of Dmin for dielectric slabs with known σ and uncertain εr. (a) 2.5% uncertainty, (b)
5% uncertainty in εr of the slab.

The plots in Figure 3.4 provide insights as to why the polynomial order necessary for an accurate ap-

proximation of the field dependence on εr of sphere is so highly variable. Figure 3.4(a) shows the variation

of the electric field phasor magnitude (at 2 GHz) at a single observation point located outside the dielectric

sphere as a function of εr with fixed σ = 12.5 mS/m. The field phasor is observed at a polar angle of 45◦and

an azimuth of 0◦with respect to the direction of plane wave incidence. The complicated field variation is

attributed to the complex interplay between constructive and destructive wave interference that takes place

within and around the sphere as the electrical size of the sphere increases.

The minimum required polynomial order for accurately representing the variation in electric field out-

side the dielectric sphere, for a 2.5% uncertainty in εr, is plotted in Figure 3.4(b) as a function of 〈εr〉. For

small values of 〈εr〉, an uncertainty of 2.5% does not cover any regions of significant field variations seen

in Figure 3.4(a). For example, a standard deviation of 2.5% around a mean of 10 corresponds to only 0.25

units of relative permittivity – a very small range over which the field variation is not dramatic. Hence, the

field variation can be accurately approximated using relatively low order polynomial expansions in this

regime. However, for large values of 〈εr〉, an uncertainty of 2.5% is large enough to cover regions of signif-

icant field variations seen in Figure 3.4(a). Hence, the field variation in this regime can only be accurately

approximated using polynomial expansions of very high order.

We foundDmin = 1 for all considered cases of uncertain σ and fixed εr and for all three types of scatterers.

Hence, we are not showing the corresponding figures. The utility of a polynomial expansion of first order

indicates that the fields vary linearly with uncertain σ in these scenarios.
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Figure 3.2: Color images ofDmin for dielectric cylinders with known σ and uncertain εr. (a) 2.5% uncertainty,
(b) 5% uncertainty in εr of the cylinder.
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Figure 3.3: Color images of Dmin for dielectric spheres with known σ and uncertain εr. (a) 2.5% uncertainty,
(b) 5% uncertainty in εr of the sphere.

3.5 Conclusions

This investigation has demonstrated two key points. First, the accuracy of polynomial approximations

of field variations varies significantly with mean dielectric properties for canonical scattering scenarios.

Lower-order polynomial expansions are sufficient for cases where the field variation is not significant over

the range of uncertainty in dielectric properties, while higher-order polynomial expansions are required

for cases where the field variation with dielectric properties is significant over the range of uncertainty. In

fact, it is not uncommon for the required polynomial order to exceed what is practical from a computa-

tional point of view in these simplest scattering scenarios. Second, the applicability of such polynomial

approximations to a given canonical scattering problem involving dielectric uncertainties and, by exten-

sion, to uncertainty quantification problems involving more complicated scatterers that exhibit dielectric
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Figure 3.4: A dielectric sphere of radius = 5λ0/12 and σ = 12.5 mS/m is illuminated by a uniform plane
wave. The electric field phasor at f = 2 GHz is observed at a point ~ri located at 5λ0/8 from the center of
sphere and at a polar angle of 45◦and an azimuth of 0◦with respect to the direction of plane wave incidence.
(a) Magnitude of the observed field phasor as a function of εr. (b) Dmin as a function of 〈εr〉 assuming 2.5%
uncertainty in εr of the sphere.

uncertainties, cannot be determined a priori. One proposed approach [8] for addressing these computa-

tional challenges involves dividing the domain of field variation into subdomains adaptively until low-

order polynomial approximations are accurate in each of the subdomains. However, there is no evidence

to date suggesting that such strategies reduce the computational cost to practical levels for a wide range of

uncertainty quantification problems in CEM.
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Chapter 4

Sensitivity Analysis using Electric Field Integral Equations
(EFIE)

4.1 Introduction

The most commonly used deterministic CEM techniques are the Finite Difference Time-Domain (FDTD)

method [1], Finite-Element Method (FEM) [2] and Method of Moments (MoM) [3]. However, the various

properties of the scatterers, sources and receivers cannot be known deterministically either due to the limi-

tations of current measurement techniques or due to the fact that these properties are dynamically changing

depending on the surrounding ambient conditions of temperature, pressure and humidity. Quantifying the

uncertainty resulting in the fields [4] due to uncertainties of low magnitude in material and geometric prop-

erties is called sensitivity analysis. Sensitivity analysis of field values with respect to uncertainties in the

various properties of scatterers, sources and receivers, if done with low computational cost, can be of great

help in improving the computational efficiency and accuracy of such uncertainty quantification.

In problems involving antenna design [5], calibration of sensing antennas [12] and inverse scattering [6],

we need to tweak the properties of sources, scatterers and receivers in order to get a desired field output. It

is advantageous to have a method to evaluate the sensitivity of field output towards these properties. This

would help in accelerating the procedure used to solve design optimization problems, system calibration

problems or the inverse-scattering imaging problems if the sensitivity analysis method employed is of low

computational cost.

In sensitivity analysis, each property of scatterers, sources and receivers on which the field values de-

pend is termed as sensitivity parameter or simply a parameter. The sensitivity analysis can be local or

global. Local sensitivity analysis is that which is relevant over an infinitesimally small neighborhood re-

gion around a chosen point in the multi-dimensional space spanned by the parameters. Global sensitivity

analysis is that which is relevant over a relatively larger region in the multi-dimensional space spanned

by the parameters covering all the plausible values that each parameter can take according to the problem
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at hand. Both local and global sensitivity analysis techniques can be effectively used to improve compu-

tational efficiency of various design optimization problems and uncertainty quantification problems. We

propose a new local sensitivity analysis technique in this dissertation.

Local sensitivity analysis requires estimating the gradient of field values at a chosen point. Estimating

the gradient involves estimating derivatives of field values with respect to every parameter. Let {ξ1, ξ2, ..., ξN}
represent N parameters in a local sensitivity analysis problem and let X(ξ1, ξ2, ..., ξN) represent a field value

in the problem. The field value is denoted here as a function of all the N parameters. The gradient of the

field value X can be written as:

∇X(. . . , ξi, . . .) =

N∑
i=1

∂X(. . . , ξi, . . .)

∂ξi
ξ̂i (4.1)

Here, ξ̂i represents a unit vector in the dimension represented by the ith parameter ξi. Each of the N deriva-

tive terms in equation (4.1) have to be estimated that form the gradient.

Let {ξ0
1 , ξ

0
2 , . . . , ξ

0
N} represent the chosen point in the multi-dimensional parameter space. We need to

estimate the gradient at that point, ∇X(. . . , ξi, . . .)|{...,ξi,...}={...,ξ0
i,...}

. The estimation of this gradient involves

estimating the derivatives, ∂X(...,ξi,...)
∂ξi

∣∣∣
ξi=ξ

0
i

.

The most commonly used derivative estimation technique in the realm of CEM simulations is difference

approximation [7]. Field values are recorded in this technique using deterministic CEM simulations before

and after introducing a small perturbation in the parameter with respect to which the derivative to be

estimated is defined. The difference in the field values recorded before and after the perturbation is divided

by the magnitude of perturbation introduced in the parameter to get an estimate of the derivative. Let ∆i

be the magnitude of perturbation added to the ith parameter at the point ξ0
i . The difference approximation

of the derivative of field value, X(. . . , ξi, . . .), with respect to parameter ξi at the point ξ0
i can be written as:

∂X(. . . , ξi, . . .)

∂ξi

∣∣∣∣
ξi=ξ

0
i

≈ X(. . . , ξ0
i + ∆i, . . .)−X(. . . , ξ0

i , . . .)

∆i

(4.2)

Difference approximation of derivative obtained using an arbitrary value of magnitude of perturbation

may not be accurate. Let ∆̃i be the scaled magnitude of perturbation introduced in the ith parameter where

∆̃i = ∆i/ξ
0
i . Too small a magnitude of ∆̃i may cause the accuracy of the corresponding derivative estimate

to be bogged down by numerical errors that may have crept into field values while using CEM simulations

to obtain them. Too high a magnitude of ∆̃i may cause the accuracy of the corresponding derivative esti-

mate to be bogged down by the plausible non-linearity of field variation with respect to the ith parameter

near the chosen point. The accuracy is not affected only if the field value varies linearly with respect to ξi

in the range from ξ0
i to ξ0

i + ∆i since the difference approximation is a linear approximation technique. So,
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a convergence test is required to arrive at a favorable value of magnitude of perturbation, ∆̃i, for which

the difference approximation of derivative will be accurate. Multiple CEM simulations may be required for

recording fields corresponding to multiple values of the magnitude of perturbation during the convergence

test thereby increasing the cost of the procedure. Also, the required computational load for the difference

approximation technique scales with the number of parameters which makes the technique disadvanta-

geous when the total number of sensitivity parameters is very high. The required computational load for

other existing derivative estimation techniques like auto-differentiation [8] also scales with the number of

parameters.

We present a new derivative estimation technique in this dissertation that uses the electric-field integral

equations (EFIE). The technique is to be used towards estimating the gradient of field values which is in turn

to be used for the local sensitivity analysis. The derivatives are represented as volume integrals using EFIE

in this technique. The volume integrals are then evaluated using discrete Riemann sum approximations

where the field values and spatial gridding necessary for the discrete Riemann sum approximation are

obtained from deterministic CEM simulations. This new technique does not require any perturbation and,

as a result, does not require any convergence test. Accuracy of the derivative estimate increases with the

increase in spatial grid resolution and hence, using a good resolution in deterministic CEM simulations

guarantees an accurate estimate. The cost of EFIE method does not scale with the number of parameters

but it does scale with the number of observation points at which gradients of field values are to be estimated.

Hence, this new method is suitable for problems with a large number of parameters and a small number of

observation points.

The following section contains a detailed procedure of derivative estimation using EFIE. A scattering

scenario involving the two-dimensional canonical cylindrical scatterer is used to compare the EFIE method

with difference approximation method in Section 4.3. Here, the results of derivative estimation obtained

using the two methods are measured against the known analytical solution of derivative of fields for this

example so as to compare the accuracy of the two methods. Also, the computational cost of the two meth-

ods in this scattering example are compared in this section. In Section 4.4, we use the EFIE method in a

two-dimensional photonic crystal waveguide branch [14] example. Here, we study the sensitivity of trans-

missivity in one of the outlets of the branch towards the radii of dielectric rods in the vicinity of the branch.

The results of this study are discussed in section 4.5. The last two sections detail the conclusions and list

the acknowledgements respectively.
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4.2 Derivative estimation using EFIE

Consider a generic 3D scattering scenario where there are M homogeneous scattering regions with

permittivities of ε1, . . ., εj , . . ., εM and volumes of V1, . . ., Vj , . . ., VM for the M regions respectively. The

background region is air with a permittivity of ε0. All the scattering regions along with the background are

considered to be non-magnetic or, in other words, they all have a permeability which is same as that of free

space (µ0). There is one observation point, ~r, and one source point, ~r0. Let all the electric field phasors be

recorded at an angular frequency, ω.

The Electric Field Integral Equation (EFIE) for the scattered electric field phasor, ~E s, at observation

point, ~r, resulting from a small change of ∆εj in the permittivity of the jth homogeneous scatterer can be

written as follows [9]:

~E s(~r |~r0) = ~E t(~r |~r0)− ~E i(~r |~r0)=ω2µ0

∫∫∫ [
Ḡb(~r ′|~r )· ~E t(~r ′|~r0)

]
∆εj dVj (4.3)

Here, ~E t and ~E i represent the total and incident electric field phasors respectively. ~E s(~r |~r0) represents

the scattered field phasor at observation point, ~r, due to a source at ~r0. Similarly, ~E t(~r ′|~r0) represents total

field phasor at an arbitrary point, ~r ′, inside the jth homogeneous scattering region due to a source at ~r0.

Ḡb(~r ′|~r ) represents the background dyadic Green’s function at ~r ′ with respect to the observation point, ~r.

The operator (·) represents a dot product between the dyadic Green’s function and the field phasor vector.

Let ε0j be the chosen value of net permittivity of the jth homogeneous scattering region at which the

derivative of field phasor with respect to relative permittivity is to be estimated. Let us assume that the

chosen value of relative permittivity of the region is ε0r,j . Let us assume that the change in net permittivity

of the region, ∆εj , is caused by a small perturbation ∆ introduced in the relative permittivity of the region

only. The change in the net permittivity of the region, ∆εj , can now be expressed as follows:

∆εj = ε0
(
ε0r,j + ∆

)
− ε0ε0r,j = ε0∆

The total field phasors at the observation point and at an arbitrary point, ~r ′, in the scattering region

along with the incident field phasor at the observation point can now be expressed in a new form by incor-

porating the information of perturbation in relative permittivity as follows:

~E t(~r |~r0)→ E(~r |~r0)|εr,j=ε0
r,j+∆

~E t(~r ′ |~r0)→ E(~r ′ |~r0)|εr,j=ε0
r,j+∆

~E i(~r |~r0)→ E(~r |~r0)|εr,j=ε0
r,j
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Therefore, using these new forms for the field phasors, the EFIE in (4.3) can be rewritten as follows:

~E(~r |~r0)|εr,j=ε0
r,j+∆
− ~E(~r |~r0)|εr,j=ε0

r,j

=ω2µ0ε0

∫∫∫ [
Ḡb(~r ′|~r )· ~E(~r ′|~r0)|εr,j=ε0

r,j+∆

]
∆ dVj (4.4)

Assuming a small perturbation in the relative permittivity of the jth homogeneous scattering region

(i.e., ∆ → 0), we can apply the Born approximation [10] to the EFIE in (4.4). In other words, we can

approximate field phasor ~E(~r ′|~r0)|εr,j=ε0
r,j+∆ inside the integral with the field phasor ~E(~r ′|~r0)|εr,j=ε0

r,j
. With

this approximation, the derivative of the field phasor ~E(~r |~r0) with respect to the relative permittivity εr,j of

the jth homogeneous scattering region at the value ε0r,j can be expressed as follows:

∂ ~E(~r |~r0)

∂εr,j

∣∣∣∣∣
εr,j=ε0r,j

= lim
∆→0

 ~E|εr,j=ε0
r,j

+∆
− ~E|

εr,j=ε0
r,j

∆

 = ω2µ0ε0

∫∫∫ [
Ḡb(~r ′|~r )· ~E(~r ′|~r0)|εr,j=ε0

r,j

]
dVj (4.5)

Using a similar procedure, we can obtain the derivative of the field phasor ~E(~r |~r0) with respect to the

conductivity σj of the jth homogeneous scattering region at the value σ0
j and express it as follows:

∂ ~E(~r |~r0)

∂σj

∣∣∣∣∣
σj=σ0

j

= lim
∆→0

 ~E|σj=σ0
j
+∆
− ~E|

σj=σ0
j

∆

= −jωµ0

∫∫∫ [
Ḡb(~r ′|~r )· ~E(~r ′|~r0)|σj=σ0

j

]
dVj (4.6)

We notice that the integral expression for the derivative with respect to the conductivity σj of the jth

homogeneous scattering region is very similar in structure to the expression for the derivative with respect

to relative permittivity εr,j of the region. The only difference is in the constant multiplication factor. We also

notice from equations (4.5) and (4.6) that the derivative with respect to any dielectric property of a particular

homogeneous scattering region depends only on fields recorded inside that homogeneous scattering region.

The electric field phasor inside the integral in equations (4.5) and (4.6), ~E(~r ′|~r0), can be expressed in

terms of its cartesian components as follows:

~E(~r ′|~r0) =


Ex(~r ′|~r0)

Ey(~r ′|~r0)

Ez(~r
′|~r0)


The background dyadic Green’s function Ḡb(~r ′|~r ) at the point ~r ′ inside the jth homogeneous scattering

region can be expressed in terms of the field phasors ~E(~r ′|~r )|εr,j=ε0
r,j

recorded inside the scattering region
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when a dipole current source of length L is placed at observation point ~r instead of source point ~r0 [10] as

follows:

Ḡb(~r ′|~r ) =

(
j

ωµ0L

)
·


1
Ix
Ex(~r ′|~r )

∣∣∣
Iy,Iz=0

1
Ix
Ey(~r ′|~r )

∣∣∣
Iy,Iz=0

1
Ix
Ez(~r

′|~r )
∣∣∣
Iy,Iz=0

1
Iy
Ex(~r ′|~r )

∣∣∣
Iz,Ix=0

1
Iy
Ey(~r ′|~r )

∣∣∣
Iz,Ix=0

1
Iy
Ez(~r

′|~r )
∣∣∣
Iz,Ix=0

1
Iz
Ex(~r ′|~r )

∣∣∣
Ix,Iy=0

1
Iz
Ey(~r ′|~r )

∣∣∣
Ix,Iy=0

1
Iz
Ez(~r

′|~r )
∣∣∣
Ix,Iy=0

 (4.7)

Here, Ix, Iy and Iz are the currents in the dipole current source of length L placed at ~r when the dipole is ori-

ented along x, y and z directions respectively. The field phasor componentsEx(~r ′|~r ),Ey(~r ′|~r ) andEz(~r
′|~r )

are recorded in the scattering region for each of these dipole orientations when there is no perturbation in

the relative permittivity in the region i.e., εr,j = ε0r,j .

The electric fields in (4.7) are obtained using a deterministic CEM simulation. So, a separate deter-

ministic CEM simulation is needed for every dipole orientation at every observation point, ~r, to obtain

corresponding field phasors. However, we can obtain derivatives of a field phasor component at an ob-

servation point, ~r, with respect to dielectric properties of all the M homogeneous scatterers using the field

data obtained from just two CEM simulations, one with the source placed at the source point and the other

with a dipole current source placed at the observation point respectively. Here, the dipole current source

placed at the observation point should be oriented in the same direction as the component of field phasor at

the observation point whose derivative we intend to estimate. Therefore, we can conclude that the cost of

this EFIE based sensitivity analysis does not scale with the number of sensitivity parameters but does scale

with the number of observation points and also with the number of phasor components at each observation

point whose derivatives have to be estimated.

Let us assume we only intend to estimate the derivatives of z components of field phasor in equations

(4.5) and (4.6). The field data and the spatial gridding used in the two required deterministic CEM simu-

lations can be used to evaluate the integrals mentioned in equations (4.5) and (4.6) using discrete Riemann

sum approximations. Their discrete forms are as follows:

∂Ez(~r |~r0)

∂εr,j

∣∣∣∣
εr,j=ε0r,j

≈ jωε0
L

∑
~r ′

[
Ḡb(~r ′|~r )· ~E(~r ′|~r0)|εr,j=ε0

r,j

]
z

∆vj(~r
′) (4.8)

∂Ez(~r |~r0)

∂σj

∣∣∣∣
σ=σ0

j

≈ 1

L

∑
~r ′

[
Ḡb(~r ′|~r )· ~E(~r ′|~r0)|σj=σ0

j

]
z

∆vj(~r
′) (4.9)
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Here, ∆vj(~r
′) represents the volume of the discrete grid-unit (voxel) at position ~r ′ inside the volume of

the jth homogeneous scatterer of volume Vj . The subscript z used for the dot product of the dyadic back-

ground Green’s function and electric field phasor vector in the R.H.S of the equations above represents the

z component of the dot product.

In most cases, the spatial gridding is dense to ensure high accuracy of field values obtained in determin-

istic CEM simulations. Hence, there is little loss of accuracy by using these Riemann sum approximations

to solve the integrals. It should also be noted that the field values in the integral can be obtained using any

CEM simulation technique like FDTD, FEM and MoM. However, we have used the FDTD method [1] to

obtain all the results shown in this dissertation.

4.3 EFIE-based derivative estimation in a canonical scattering problem

Consider the canonical scattering scenario of an infinitely long dielectric cylindrical scatterer with a

single source and a single observation position in the back-scatterer region. The scatterer has a radius a,

relative permittivity εr and conductivity σ.

Let us assume the cylindrical scatterer is oriented along the z direction. Now, we move from the three-

dimensional full wave to the two-dimensional transverse magnetic (TMz) polarization where only z com-

ponents of electric fields are non-zero and where there can only be current sources oriented in z direction.

The background dyadic Green’s function in (4.7) can be simplified as follows:

Ḡb(~r ′|~r ) =

(
j

ωµ0LIz

)
Ez(~r

′|~r )

Using the procedure that led to the development of equations (4.5) and (4.6), we can obtain expressions

for derivatives of field value (z component of electric field phasor) at observation position with respect to

εr and σ of scatterer at the values ε0r and σ0 respectively as follows:

∂Ez(ρ, φ |ρ0, φ0)

∂εr

∣∣∣∣
εr=ε0r

= ω2µ0ε0

∫∫
Ez(ρ

′, φ′ |ρ, φ)|
εr=ε0

r

Ez(ρ
′, φ′ |ρ0, φ0)|εr=ε0

r

dS (4.10)

∂Ez(ρ, φ |ρ0, φ0)

∂σ

∣∣∣∣
σ=σ0

= −jωµ0

∫∫
Ez(ρ

′, φ′ |ρ, φ)|
σ=σ0Ez(ρ

′, φ′ |ρ0, φ0)|σ=σ0 dS (4.11)

We observe that the integrals in the EFIEs given in equations (4.10) and (4.11) are two-dimensional

integrals reflecting the fact that we are dealing with a two-dimensional scattering scenario. We can solve

these two two-dimensional integrals by evaluating their discrete Riemann sum approximations like the

ones shown in equations (4.8) and (4.9) of the previous section.
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We can demonstrate how the EFIE-based sensitivity analysis technique can be used to obtain deriva-

tives of field values with respect to dimensions of dielectric scatterers using this canonical scattering exam-

ple. Here, let us try to evaluate derivative of field value Ez(ρ, φ |ρ0, φ0) with respect to variation in radius a

of scatterer. Let there be a small perturbation of ∆ (∆ → 0) in the radius at a value a0. Now, the region of

infinitesimal cross-sectional area between the concentric circles of radius a0 and a0 + ∆ is the region whose

dielectric properties change or, in other words, the region over which the EFIE is to be formulated. The

change in the dielectric properties is just the difference between total permittivity of scatterer and that of

air as the medium in this region changes from air to the scatterer as a result of the perturbation in radius.

So, the change in permittivity can be expressed as follows:

∆ε = ε0

(
εr − 1.0 +

σ

jωε0

)
Let us use the cylindrical coordinate system to evaluate the area element dS in the region where EFIE

is to be formulated. The value of cylindrical coordinate ρ′ throughout the region of infinitesimal cross-

sectional area can be approximated as a0 since ∆ → 0. Hence, using cylindrical coordinates, the area

element dS can be written as:

dS = ρ′dφ′ = a0∆dφ′

Therefore, the EFIE to evaluate the derivative of field value with respect to radius can be written as

follows:

Ez(ρ, φ |ρ0, φ0) |a=a0+∆
− Ez(ρ, φ |ρ0, φ0) |a=a0

= ω2µ0ε0

∫
Ḡb(a0, φ′ |ρ, φ)Ez(a

0, φ′ |ρ0, φ0)|a=a0

(
εr − 1 +

σ

jωε0

)
a0dφ′

(4.12)

The derivative of field value Ez(ρ, φ |ρ0, φ0) at the observation point with respect to radius a of the

scatterer at the value a0 can be then be expressed as follows:

∂Ez(ρ, φ |ρ0, φ0)

∂a

∣∣∣∣
a=a0

= lim
∆→0

[
Ez(ρ, φ |ρ0, φ0)|a=a0+∆

− Ez(ρ, φ |ρ0, φ0)|a=a0

∆

]

= ω2µ0ε0

∫
Ez(a

b, φ′ |ρ, φ)|
a=a0Ez(a

b, φ′ |ρ0, φ0)|a=a0

(
εr − 1 +

σ

jωε0

)
a0dφ′

(4.13)
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We observe in this EFIE that the integral is a 1D integral reflecting the fact that we are dealing with only

one of the dimensions of the cylindrical scatterer i.e., the radius. We can solve this 1D integral by evaluating

its discrete Riemann sum approximation similar to the ones seen in equations (4.8) and (4.9).

A similar EFIE-based methodology can be used to estimate derivatives of field values with respect

to the multiple dimensions of more complexly-shaped scatterers like a polygon-shaped scatterer, where

derivative with respect to one of its side is to be evaluated, for example. Also, similar methodologies can be

used to estimate derivatives of field values with respect to various other parameters such as permeability

of magnetic scatterers; shape/dimensions of metallic scatterers; and position/distance of any scatterer with

respect to a fixed point in space.

4.4 Investigating accuracy of EFIE-based derivative estimation

Analytical field values and the analytical derivatives of field values are known in the canonical scatter-

ing scenario of an infinitely long dielectric cylindrical scatterer with a single source and a single observation

position that was discussed in the previous sub-section. We can use these analytical solutions to determine

and compare the accuracy of EFIE-based derivative estimation technique with that of difference approxi-

mation.

Consider a cylindrical scatterer of radius a = λ0/4 where λ0 represents the free-space wavelength.

The source is at (ρ0, φ0) = (λ0/2, 0) and the observation position is at (ρ, φ) = (3λ0/4, 0) which is in the

back-scatter region. The back scatter region is chosen because the variation in magnitude of field values is

highest at this position for a range of different values of a, εr and σ of the scatterer. A two-dimensional TMz

polarization is assumed.

We chose 100 equally spaced values of permittivity, ε0r , of scatterer from 2 to 81.2. For each value of

ε0r , we chose 100 values of loss tangent tan (δ) of scatterer from 0.001 to 10.0. For each of these 100 x 100

(=10,000) combinations of ε0r and tan (δ) of scatterer, we computed analytical value of derivative of field

at observation position with respect to εr and a of scatterer. We compared the magnitude of estimated

derivative of the field value i.e.,
∣∣∣∂Ez

∂ξ

∣∣∣
est.

(estimated either using EFIE method or difference approximation

in the realm of FDTD simulations) to the analytical derivative
∣∣∣∂Ez

∂ξ

∣∣∣ using the following error metric:

err =

∣∣∣∣∣∣∣∣∂Ez

∂ξ

∣∣∣∣
est.

−
∣∣∣∣∂Ez

∂ξ

∣∣∣∣∣∣∣∣∣∣∣∣∂E∂ξ
∣∣∣∣ (in %) (4.14)

Here, ξ represents the uncertain parameter which can either be εr or a of scatterer. The error in magni-

tudes of the two derivatives with respect to both εr and a of scatterer were evaluated for both the EFIE-based
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(a)

(b)

Figure 4.1: Histograms showing distribution of errors in the estimated magnitudes of derivatives of field
value at a back-scatter observation position in a canonical cylindrical scattering scenario with respect to (a)
relative permittivity, εr and (b) radius, a respectively of the cylindrical scatterer. The errors are evaluated
for derivatives estimated using the EFIE method and also using the difference approximation method for
different choices of scaled magnitude of perturbation in sensitivity parameter, ∆̃. The error values are
evaluated for 10,000 variations of the cylindrical scatterer with respect to its relative permittivity and loss
tangent. The height of a bar in these histograms corresponding to any particular error bin represents the
fraction of the 10,000 cases for which the error value in estimated derivative falls within the boundaries of
the bin.

derivative estimation technique and the difference approximation technique. The error evaluation for dif-

ference approximation technique was repeated for multiple choices of the scaled magnitude of perturbation

∆̃. Representative error bins (in %) were chosen and placed on x-axis of histogram plots. For each error

bin, the number of cases where error falls in the range given in error bin was counted. The fraction of

this number over 10,000 was marked using a bar placed against the respective error bin in the plots. The

bars corresponding to both EFIE-based derivative estimation method and to the multiple choices of ∆̃ in

case of difference approximation technique were placed in the same plot. Figure 4.1(a) shows histogram
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plot for errors in estimated magnitude of derivative with respect to εr of scatterer and Figure 4.1(b) shows

histogram plot for errors in estimated magnitude of derivative with respect to a of scatterer respectively.

The error in magnitude of the EFIE derivative with respect to both εr and a of scatterer is low (<2.5%)

for a larger number of cases compared to that of difference approximation for all choices of ∆̃ considered. ∆̃

is the scaled magnitude of perturbation in the sensitivity parameter given by ∆̃ = ∆/ε0r or ∆̃ = ∆/a0 where

∆ is the magnitude of perturbation in the parameter. There are some choices of ∆̃ for which difference

approximation error is high for almost all of 10,000 cases. There is no way of determining a good choice

of ∆̃ a priori. Also, the peak value of error in EFIE-based derivative estimate is below 100% in both the

plots whereas the peak value of error in difference approximation based derivative estimate is considerably

higher that 100% in both the plots.

4.5 Application

The EFIE derivative estimation can be used to calculate the derivative of field value at an observation

point with respect to multiple sensitivity analysis parameters in an electromagnetic scenario. Each such

derivative requires an EFIE integral formulation. However, all these formulated integrals can be evaluated

by post processing field data from just two CEM simulations, one with source placed at the actual source

position and another with source placed at the observation point. In other words, the cost of estimating a

gradient of a field value at an observation point with respect to a vector of sensitivity analysis parameters

does not scale with respect to the number of parameters in the vector. However, with every new obser-

vation point, one extra simulation is required with source placed at the new observation point. Therefore,

suitable applications of the EFIE method with a small number of observation points and a large number

of parameters include designing of 1D Bragg filter gratings [11], studying antenna systems for sensing

applications [12], designing photonic devices such as Wavelength Division Multiplexers [13] etc. In two-

dimensional photonic crystal waveguide branch [14], where the number of relevant observation points is

low, EFIE-based derivative estimation can serve as a reliable and cost-effective tool for sensitivity analysis.

In the waveguide branch example, consider the radii of 105 rods in the proximity of the waveguide

branch to be sensitivity parameters. The photonic crystals used in this waveguide branch have a band-gap

in two-dimensional TMz polarization. The transmissivity in one of the two branch outlets, measured as a

% of maximum possible transmissivity of 0.5, is the physical quantity whose sensitivity with respect to the

105 parameters is analyzed. Let, d be the lattice constant of the crystal structure, ρ be the radius of crystals

which are cylindrical dielectric rods (ρ = 0.2d) and let the frequency range of interest be 0.34c/d to 0.41c/d

where c is the speed of light in vacuum. We first assume the 105 parameters to be varying simultaneously

and not independently for simplicity. We estimate the change in transmissivity for a simultaneous change
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of ±1% in the radii of all the 105 rods both by using an extra deterministic CEM simulation and by using

linear interpolation with the help of EFIE-based derivative and then, we compare the two results. We then

assume the 105 parameters to vary independently and obtain the 105 term gradient using the EFIE method.

We estimate the change in transmissivity for a small change in the 105 parameters in the gradient descent

direction both by using an extra CEM simulation and by using linear interpolation with the help of EFIE-

based gradient and then, we compare the two results. Here, the change in the gradient descent direction of

the 105 parameters is such that the maximum change in any of the 105 parameters is ±1%.

In [14], two identical defect rods of undecided radius, ρ
D

, are deliberately introduced at the entrance of

the two outlets of the branch in order to increase the transmissivity to an optimum value of 100%. However,

there is no procedure given in [14] to determine the radius, ρD , of the defect rods for which the transmis-

sivity in the out channel will be optimum. We propose to determine this radius using the EFIE method. To

begin, we use a generic initial guess of 0.05d for the radius of the two defect rods. We compute the trans-

missivity using a deterministic FDTD simulation and also obtain an EFIE-based derivative of transmissivity

with respect to radius of the two defect rods. We then predict the value of radius, ρD , of the two rods for

which transmissivity will be optimum using linear interpolation with the help of EFIE-based derivative.

We run an extra deterministic FDTD simulation for this EFIE-predicted value of radius of the two rods and

check if the transmissivity is indeed optimum at this radius.

4.6 Results and Discussion

In Figure 4.2(a), the diagram of the waveguide branch is shown with the 105 relevant rods in the prox-

imity of the branch shown in gray unlike the remaining rods which are shown in black. The input and

output channels are marked in this diagram. The transmissivity for a simultaneous change of ±1% in the

radii of 105 rods is obtained using both extra deterministic FDTD simulations and linear interpolations us-

ing EFIE derivative and plotted in Figure 4.3 along with transmissivity for no change in radii (baseline).

The results obtained using linear interpolations with EFIE derivative estimate and using extra simulations

seem to be in agreement with each other.

The gradient of transmissivity with respect to the 105 parameters is obtained using the EFIE method.

In Figure 4.4, the changed transmissivity for a small change in the radii of 105 rods in the gradient descent

direction is obtained using both extra FDTD simulations and linear interpolations with EFIE gradient and

plotted along with transmissivity for no change in radii (baseline). The change in the radii of 105 rods in

the gradient descent direction is such that the maximum change in any of the 105 radii is ±1%. The EFIE

gradient interpolation result and the result obtained using extra simulation seem to be in agreement with

each other.
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Figure 4.2: Diagrams of the two-dimensional photonic crystal waveguide branch showing the diameter of
rods 2ρ and the lattice constant d along with the in and out channels. The 105 relevant rods in the vicinity
of the branch whose radii affect the transmissivity in output channel most significantly are marked in gray
in (a). Radii of these 105 rods are the sensitivity parameters in the problem. The two extra defect rods of
undecided radius, ρD that are deliberately introduced in the waveguide branching region to improve the
transmissivity in output channel to an optimum value are marked in gray in (b).
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Figure 4.3: Transmissivity (measured as % of ideal transmissivity, 0.5) at the output channel of waveguide
branch for unchanged radii of 105 rods is plotted (baseline) against normalized frequency. The results for
transmissivity obtained using extra FDTD simulations and using linear interpolations with EFIE derivatives
for simultaneous changes of +1% and -1% in radius of all the 105 relevant rods are also plotted.

In Figure 4.2(b), the diagram of the waveguide branch is shown with the two defect rods that are delib-

erately introduced in the two outlets of the waveguide branch to increase transmissivity to the maximum.
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Figure 4.4: Transmissivity (measured as % of ideal transmissivity, 0.5) at the output channel of waveguide
branch for unchanged radii of 105 rods is plotted (baseline) against normalized frequency. The gradient
of transmissivity with respect to the 105 radii of rods is estimated using the EFIE method. The results for
transmissivity obtained using extra FDTD simulations and using linear interpolations with EFIE gradient
for a small change in the radii of 105 rods in the gradient descent direction are also plotted. The small
change in radii of 105 rods in the gradient descent direction is such that the maximum change in any of the
105 values is ±1%.

These are shown in gray unlike other rods that are in black. The transmissivity for no defect rods and for

an initial guess of 0.05d for the radius, ρD , of the defect rods are plotted in Figure 4.5. The EFIE derivative

of transmissivity with respect to radius of defect rods is evaluated. Using linear interpolation with help of

the derivative, it is seen that at a value of 0.081d for the radius, ρ
D

, of the rods, transmissivity reaches the

optimum of 100% at a frequency of 0.41c/d. This information is verified by running an extra FDTD simula-

tion with the radius of rods having the predicted value of 0.081d and plotting the computed transmissivity

in Figure 4.5. The transmissivity at a frequency of 0.41c/d is observed to be 99.99%. Hence, for this specific

application, EFIE method proves to be both a good design optimization tool and an effective sensitivity

analysis tool.

4.7 Conclusions

The required computational load for the EFIE-based sensitivity analysis method does not scale with

the number of parameters. This puts the EFIE method at a very advantageous position to tackle problems

where the number of sensitivity parameters is very high.

EFIE-based sensitivity analysis method provides an explicit expression for the derivative and hence, no

convergence test is required as opposed to difference approximation-based sensitivity analysis. The extra
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Figure 4.5: Transmissivity (measured as % of ideal transmissivity, 0.5) at the output channel of waveguide
branch for no extra defect rods in the branch is plotted against normalized frequency. The transmissivity in
the output channel for an initial guess of radius of 0.05d for the extra defect rods is also plotted. Also, the
EFIE method predicts that optimum value of radius of extra defect rods for which transmissivity is 100% is
0.081d is plotted. Using an extra FDTD simulation, the transmissivity in the output channel for an optimum
value of radius of 0.081d for the extra defect rods is also plotted.

computational cost involved in performing the convergence test is avoided making EFIE method more

efficient computationally.

In the 10,000 variations of the canonical scattering problem involving the cylindrical scatterer, the

derivatives estimated using EFIE-based sensitivity analysis method were observed to be more accurate

on an average than the derivatives estimated using difference approximation method despite using a wide

range of choices for the magnitude of difference or perturbation.

The required computational load for the EFIE-based sensitivity analysis method scales with the number

of observation points and hence, cannot be used in applications with a large number of observation points.

A classic example of such an application is the estimation of SAR (Specific Absorption Rate) [15].

A thorough comparison can be made between the adjoint sensitivity method and the EFIE method as

future work in order to identify if the EFIE method has any specific advantages and/or limitations over the

adjoint sensitivity method.
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Chapter 5

Impact of Sampling Methods on Efficiency of Uncertainty
Quantification

5.1 Introduction

There are inherent uncertainties in the measured properties of both naturally occurring and artificially

engineered materials due to a variety of factors such as intrinsic heterogeneity, imperfections in measure-

ment processes, and changing ambient conditions of temperature, pressure and humidity. Similarly, there

are inherent uncertainties in the dimensions of fabricated devices and circuits due to manufacturing toler-

ances. These material and dimensional uncertainties translate to variability in the manner in which electro-

magnetic waves interact with such structures and ultimately impact the performance of the system.

Computational electromagnetics (CEM) simulations may be used to quantify the uncertainty in device

performance due to material and dimensional uncertainties. Sampling-based uncertainty quantification

methods use post-processing of computed field values corresponding to different sample values of the un-

certain model parameters to estimate the statistical properties, for example, mean and standard deviation,

of the output. In standard Monte Carlo methods [1], the samples are randomly chosen (e.g. [2]–[5]). Al-

ternately, the samples may be deterministically chosen at pre-calculated quadrature points [6] for use in

probabilistic collocation methods (e.g. [7]–[10]). The samples may follow the probability distribution of the

stochastic model parameters or the samples may be uniformly distributed across the sample space.

In this dissertation, we evaluate the efficiency of random and deterministic sampling methods for un-

certainty quantification in three representative CEM simulation examples. The first two examples are based

on two-dimensional photonic crystal structures designed to operate as either a waveguide branch [11] or a

channel-drop filter [15]. The third example involves a metamaterial unit element consisting of an infinitely

long isolated cylindrical dielectric rod [19].

In each of the three representative examples, one design feature is assumed to have some inherent

uncertainty. The uncertain model parameter is either a dimension or a material property. Since these

structures are nano-fabricated, it is common to have uncertainties in feature dimensions. Similarly, since
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the desired material properties of some of these nano-fabricated structures are achieved using doping,

uncertainties in the material properties are also likely. The uncertainty in the performance of each device is

quantified using a statistical description of an "output" field quantity for a given uncertainty in the "input"

or model parameter. The variations in the chosen output quantity for these three different representative

examples are observed to be very dissimilar both in terms of type and magnitude of variation.

The efficiency of uncertainty quantification is evaluated for four different sampling methods in each of

the three representative examples. The accuracy of the estimated mean and standard deviation of the output

quantity is computed as a function of the number of samples for deterministically and randomly chosen

samples using either a uniform distribution or the distribution of the uncertain parameter. A comparison of

efficiency across different sampling methods reveals that uniform deterministic sampling method provides

the most efficient uncertainty quantification in each case studied. Analysis of the results suggests that

uniform deterministic sampling is the best sampling strategy in the absence of strong prior information on

how the output varies with the uncertain parameter.

The three representative examples are described in detail in Section 5.2. The analysis methods used for

the investigation of the efficiency of the sampling methods are also described in Section 5.2. The results

from the investigation of the efficiency of the sampling methods for the three representative examples are

presented and discussed in Section 5.3. Concluding remarks are provided in Section 5.4.

5.2 Test beds and Analysis Methods

5.2.1 Waveguide branch

A 90◦ waveguide branch is a common building block in photonic crystal circuits (e.g. [11]–[14]). A

schematic diagram of the 2D photonic crystal waveguide branch used as a testbed for this study is shown

in Figure 5.1(a). The specific configuration for this waveguide branch is taken from [11]. The black circles

represent cross sections of cylindrical silicon rods (εr = 11.56), each of which is surrounded by air. The rods

form a periodic array with a lattice constant of a. The radius of each rod is 0.2a. The line of missing rods

in the array serves as a waveguide that permits the transmission of a TMz wave (where z is perpendicular

to the plane of the array) from the input channel to the output channels of the device. The frequency of

operation is chosen to be 0.35(c/a), where c is the speed of light in air.

The radius of the center rod (in red) of the waveguide branch is chosen as the model parameter that

has statistical uncertainty. The mean radius of the center rod is 0.2a, and its probability density is described

by a beta (3, 3) distribution as shown in Figure 5.2(a) [3]. This distribution for the rod radius has finite

support between 50% and 150% of the mean value of the radius. The transmissivity of the waveguide

branch, defined as the fraction of the incident power at the input channel that exits through the output
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Figure 5.1: Schematic diagrams for two 2-D photonic crystal waveguide devices comprising arrays of cylin-
drical silicon rods (black) surrounded by air. (a) Waveguide branch with uncertainty in the radius of the
center rod (red). (b) Channel-drop filter with uncertainty in the permittivity of the defect rods (red).

channel, as labeled in Figure 5.1(a), is normalized by its maximum possible value of 0.5. This normalized

transmissivity is chosen as the output field quantity of interest for which the mean and standard deviation

are to be estimated.

5.2.2 Channel-drop filter

Channel-drop filters represent another canonical class of photonic-crystal-based devices used in pho-

tonic integrated circuits (e.g. [15]–[18]). The schematic diagram of the 2D photonic crystal channel-drop

filter used as the second testbed for our study is shown in Figure 5.1(b). This specific configuration was re-

ported in [15]. The black, grey, and red circles represent cross sections of cylindrical rods. The black circles

that comprise the vast majority of elements in the photonic crystal correspond to silicon rods (εr=11.56),

each with a radius of 0.2a. The four grey circles near the center of the diagram represent coupling rods that

have the same radius as the silicon rods but a different permittivity (εr = 9.5). The two smaller red circles

at the center represent the defect rods each with a radius of 0.05a. The coupling and defect rods assist in

coupling the light from the "add" waveguide near the top of the diagram to the "drop" waveguide near the

bottom of the diagram. The frequency of operation is chosen to be 0.37306(c/a). This corresponds to the

filter’s drop frequency, that is, the frequency at which the light entering the device through the input port

of the add waveguide is almost entirely coupled to the adjacent drop waveguide leaving very little light to

exit through the add waveguide’s output port. The transmissivity at this frequency is highly sensitive to

the defect rod permittivity.

The relative permittivity of the defect rods is chosen as the model parameter that has uncertainty. The

mean value is εr = 6.6. A normal distribution is assumed for the permittivity’s probability density function
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Figure 5.2: Probability density functions for the rod radius and permittivity in three simulated structures. 〈·〉
represents mean value. (a) Beta (3, 3) distribution representing the radius of the center rod in the waveguide
branch and the radius of the isolated rod. (b) Normal distribution representing the permittivity of the defect
rods in the channel-drop filter.

as shown in Figure 5.2(b). The standard deviation for this distribution is 1% of the mean value. Since

the normal distribution does not have finite support, we confine the permittivity sample space to a range

spanning 95% and 105% of the mean value; this corresponds to a width of 10 standard deviations – a range

that is sufficiently wide to permit truncating the distribution outside of this range. The transmissivity of the

channel-drop filter, defined as the fraction of the incident power that exits the device through the output

port, as labeled in Figure 5.1(b), is chosen as the output field quantity of interest for this testbed.

5.2.3 Isolated dielectric rod

The polarizability of a single infinitely long cylindrical dielectric rod in air [19] exhibits resonances that

give rise to exotic properties of all-dielectric metamaterials consisting of numerous such rods embedded

in a background medium. We specifically take the example of a TMz-polarized plane wave incident on a

z-oriented infinitely long cylindrical rod of εr = 18 [19] as the third testbed in this study.

The radius of the rod is chosen as the parameter that has uncertainty. The mean value of the radius

is 0.2λ0 where λ0 is the free-space wavelength corresponding to the chosen frequency of operation. The

probability density of the uncertain radius is assumed to be a beta (3, 3) distribution as shown in Figure

5.2(a) [3]. This distribution has finite support between 50% and 150% of the mean value. The polarizability

of the rod in the z-direction (αzz) normalized by the cross-sectional area of the dielectric rod, is the chosen

output field quantity of interest for this testbed.
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5.2.4 Analysis methods

The normalized transmissivity as a function of the center rod radius in the waveguide branch example,

the normalized transmissivity as a function of the defect rod permittivity in the channel-drop filter exam-

ple, and the normalized polarizability as a function of the rod radius in the isolated rod example are plotted

in Figures 5.3(a), (b), and (c), respectively. These plots illustrate the characteristics of the output quantity.

The plots in Figures 5.3(a) and (b) were obtained by conducting CEM simulations of the waveguide branch

and the channel-drop filter respectively for 500,000 different values of the corresponding uncertain param-

eter uniformly distributed over the sample space. The CEM simulations were conducted using the finite-

difference time-domain (FDTD) [20] technique. The plot in Figure 5.3(c) was obtained by evaluating the

known analytical solution [21] for normalized polarizability at 500,000 different values of the correspond-

ing uncertain parameter, uniformly distributed over the full range of its sample space.

The mean and standard deviation were estimated using deterministic or randomly chosen samples

obtained using both a uniform distribution and the probability distribution of the uncertain parameter.

The output quantities were obtained using CEM simulations in the case of waveguide branch and channel-

drop filter and the known analytical solution in the case of the isolated rod. The output as a function of

the uncertain parameter was approximated using spline interpolation1. The mean and variance integrands

of the output for each example were estimated using the spline fit and the probability distribution of the

uncertain input parameter. The actual mean and variance integrands were similarly obtained using the

dense samplings depicted in Figure 5.3. The performance of random sampling methods is characterized

using the median and upper/lower quartiles of 1000 sets of samples.

5.3 Results and Discussion

The unique features observed in each of the three plots in Figure 5.3 indicate that the three examples

used for the investigation in this paper are distinct in nature. The impact of sampling is illustrated in Figure

5.4 by comparing the true integrand for the variance to the spline fit based on seven deterministically chosen

samples. Both uniformly distributed samples and samples chosen based on the distribution of the uncertain

parameter are shown for all three devices.

Figure 5.4(a) shows that the spline fit based on uniform sampling underestimates the area under the

transmissivity variance integrand curve between 1.2〈r〉 and 1.35〈r〉 and overestimates the area between

1.35〈r〉 and 1.5〈r〉. The overestimation and underestimation errors tend to offset each other. The spline

fit based on beta (3, 3) sampling overestimates the area under the transmissivity variance integrand curve

1Other interpolation/function-fitting techniques were investigated ([6]–[10], [22]) but no significant im-
provements over spline interpolation were observed in terms of the efficiency of uncertainty quantification.
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Figure 5.3: Computed device performance characteristics as functions of rod radius and permittivity. 〈·〉
represents mean value. (a) Transmissivity of the waveguide branch, normalized by its maximum possible
value (50%). (b) Transmissivity of the channel-drop filter. (c) Polarizability of the isolated rod, normalized
by the rod’s cross-sectional area.

between 1.25〈r〉 and 1.5〈r〉. This is due to the fact that the beta (3, 3) distributed samples are concentrated

in the central region between 0.8〈r〉 and 1.2〈r〉. In this example, the spline fit based on the uniformly

distributed samples approximates the transmissivity variance integrand function better than one based on
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beta (3, 3) distributed samples because the samples outside the central region lead to a better approximation

of the integrand.

In Figure 5.4(b), the spline fit based on uniform sampling is nearly indistinguishable from the actual

transmissivity variance integrand curve. The transmissivity function is a very smooth curve as seen in Fig-

ure 5.3(b). A low quality factor trough is present at the mean value of uncertain parameter. Consequently,

the transmissivity variance integrand function is also very smooth as seen in the black reference plot in

Figure 5.4(b). This very smooth curve can be very accurately approximated using a spline fit based on a

small number of uniformly distributed samples. However, the spline fit based on normally distributed

samples overestimates the area under the transmissivity variance integrand curve outside the central re-

gion of 0.985〈εr〉 to 1.015〈εr〉. This is due to the fact that the samples are concentrated in the central region

of 0.985〈εr〉 to 1.015〈εr〉. Lack of samples results in poor accuracy outside this region. Uniform sampling

provides a more accurate fit to the variance integrand than normal sampling, leading to more accurate

variance estimates.

Neither uniform nor beta (3, 3) distributed samples capture the sharp features that are present in the

actual polarizability variance integrand shown in Figure 5.4(c) due to an insufficient number of samples.

An increase in the number of samples is expected to significantly improve the accuracy of the spline fits.

A small increase in the number of samples will lead to the new samples populating the region given by

r < 0.8〈r〉 and thereby dramatically improving the accuracy of spline fits. The accuracy is expected to

improve faster with uniform sampling because it leads to proportionally more samples throughout the

region 0.5〈r〉 to 0.8〈r〉. In contrast, beta (3, 3) sampling concentrates samples near 〈r〉.
These three examples illustrate that important features in the variance integrand are not generally lo-

cated in the high probability regions of the uncertain parameter. Hence, uniform sampling is more likely

to capture these features and produce more accurate results. This inference is supported by the numerical

evaluation of the mean and standard deviation that follows.

The accuracy of the estimated mean or standard deviation based on random sampling varies consider-

ably as shown by the large inter-quartile range in each of the Figures 5.5, 5.6, and 5.7. This uncertainty in

the error is a significant disadvantage of random sampling.

The median errors of random sampling are comparable to deterministic sampling using the probabil-

ity distribution of the uncertain parameter for the waveguide branch (Figures 5.5(a)-(b)) and channel-drop

filter (Figures 5.6(a)-(b)). In contrast, uniform deterministic sampling generally outperforms more that 75%

of uniformly generated random sampling realizations for these two examples (Figures 5.5(c)-(d); Figures

5.6(c)-(d)). Uniform deterministic sampling also is observed to outperform both random sampling strate-

gies and deterministic sampling based on the distribution of the uncertain parameter in Figures 5.5 and 5.6.
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These results are consistent with the nature of the spline fits observed in Figures 5.4(a)-(b). Uniform deter-

ministic sampling better captures the behavior of the integrand over the range of the uncertain parameter.

The results for the isolated rod polarizability shown in Figure 5.7 are consistent with those of waveguide

branch and channel-drop filter provided the complex features present in Figure 5.3(c) are considered. For

example the performance of all the deterministic sampling approaches is a non-monotone function of the

number of samples. Changing the number of deterministic samples also changes the location of those

samples. The effect of sample location is significant when the number of samples is relatively small due

to the complexity of relationship between rod radius and polarizability. Random sampling schemes have

identical limitations; the median and inter-quartile ranges are only monotone decreasing because they are

averaged over many realizations. Note that deterministic sampling has generally better performance than

the median of random sampling for more than 45 beta (3, 3) samples or more than 10 uniform samples.

As with the waveguide branch and channel-drop filter, uniform deterministic sampling (Figures 5.7(c)-

(d)) outperforms deterministic sampling based on the probability distribution of the uncertain rod radius

(Figures 5.7(a)-(b)). Furthermore, Figure 5.7 indicates that uniform deterministic sampling outperforms a

majority of the realizations obtained by random sampling.

The deterministic sampling errors are also non monotone functions of the number of samples in the

channel-drop filter as shown in Figure 5.6. The degree of non-monotonicity in the channel-drop filter is

much less than that of the rod polarizability shown in Figure 5.7 because the quality factor of the null in

transmissivity is much lower than the quality factors of nulls in normalized polarizability. Higher quality

factors increase the sensitivity of the results to the exact locations of samples.

In general, it is impossible to predict in advance the regions of the sample space containing the most im-

portant features of the output function for estimating its moments. Furthermore, as illustrated in these three

test beds, the regions of sample space containing important features do not correspond to high probability

regions of the uncertain parameter. These attributes favor a uniform deterministic sampling strategy as it

is less likely to undersample important features in the output function. Indeed, the best overall accuracy

is obtained using uniform deterministic sampling in all three examples studied in this paper. Improving

on uniform deterministic sampling requires either a priori information concerning the dependence of the

output function on the uncertain parameters or being lucky when choosing samples randomly.

5.4 Conclusion

This investigation has demonstrated two key points. The first point is that the uniform determinis-

tic sampling strategy has a significant advantage over other deterministic or random sampling strategies

in terms of the efficiency of uncertainty quantification in three distinct representative examples namely
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Figure 5.4: Computed variance integrands for device performance characteristics as functions of rod ra-
dius and permittivity. The actual integrand (black solid line) is compared with spline fits (red dotted and
dashed lines) obtained using function evaluations at seven sample values (circles/triangles). Samples are
deterministically chosen and are either uniformly distributed or have the same distribution as that of the
design parameter. 〈·〉 represents mean value. (a) Transmissivity of the waveguide branch. (b) Transmissiv-
ity of the channel-drop filter. (c) Polarizability of the isolated rod.

waveguide branch, channel-drop filter, and isolated photonic crystal rod. The second point is that improv-

ing over uniform deterministic sampling in terms of efficiency requires a priori information concerning the
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Figure 5.5: Errors (dB) in the estimated mean and standard deviation (s.d.) of the waveguide branch trans-
missivity as a function of the number of samples used in the spline fits. Both deterministic and random
sampling techniques are considered. Random sampling errors are quantified in terms of the median (black
dotted line) as well as upper and lower quartiles (red dotted lines) for 1000 random realizations. (a) Error
estimating mean, beta (3, 3) sampling. (b) Error estimating the standard deviation, beta (3, 3) sampling. (c)
Error estimating mean, uniform sampling. (d) Error estimating the standard deviation, uniform sampling.

dependence of the output function on the uncertain parameters which is not possible to obtain in case of

realistic uncertainty quantification problems.

Deterministic sampling is seen to be advantageous in terms of reliable efficiency of uncertainty quan-

tification in favor of random sampling for all the three distinct representative examples investigated. This is

based on the fact that the large interquartile ranges seen in the figures for random sampling demonstrates

the range of variation in the accuracy of uncertainty quantification with varying sampling realizations.

Even when the deterministic sampling strategy produces a non-monotone functions of errors in mean and

standard deviation with respect to number of samples, as in the example of isolated rod, the disadvantage

is not limited to deterministic sampling but also extends to any sampling realization of random sampling.
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Figure 5.6: Errors (dB) in the estimated mean and standard deviation (s.d.) of the channel-drop filter trans-
missivity as a function of the number of samples used in the spline fits. Both deterministic and random
sampling techniques are considered. Random sampling errors are quantified in terms of the median (black
dotted line) as well as upper and lower quartiles (red dotted lines) for 1000 random realizations. (a) Error
estimating mean, normal sampling. (b) Error estimating the standard deviation, normal sampling. (c) Error
estimating mean, uniform sampling. (d) Error estimating the standard deviation, uniform sampling.

The investigation can be extended to include adaptive sampling techniques as future work in order to

see how advantageous it is, if at all, to use adaptive sampling over uniform deterministic sampling for the

same three representative examples.
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