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Differential Modules in Commutative Algebra

Maya Banks

Abstract

Differential modules generalize many familiar objects in commutative algebra. They arise
naturally in connections with algebraic geometry and topology, and can also provide new insights
and a fresh perspective on things as well-studied as free resolutions and complexes. In this thesis,
we explore several homological and combinatorial properties of differential modules, compar-
ing and contrasting with free resolutions. First, we study differential modules whose homology
are a complete intersections by constructing a generalization of the Koszul complex. Second,
we study differential modules as deformations of free complexes and obtain some results related
to some rank conjectures in commutative algebra and algebraic topology. Finally, we study the
graded Betti numbers of differential modules and propose a combinatorial theory mirroring that
of Boij-Soderberg theory for minimal free resolutions. Throughout, we gain various insights on
classical results and constructions in commutative algebra.
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Chapter 1

Introduction

1.1 Differential Modules

A differential module is a module equipped with a self-map that squares to zero. The reader will
immediately note that this general definition encompasses a great many familiar mathematical
objects such as resolutions and chain complexes, dg-algebras, pages of a spectral sequence, and
more. Indeed, this simultaneous generalization is a key motivating feature of differential modules
as objects of study: by investigating the structure and properties of differential modules, we can
bring to light key similarities and differences between the various objects that they generalize.
This helps us answer questions about which structures are actually crucial to some of our favorite
results and constructions, which are merely convenient for the proof techniques, and which are
simply superfluous.

Beyond this rather meta motivation, differential modules also arise as concrete objects in com-
mutative algebra, algebraic geometry, and topology, and thus require the development of their own
theoretical tools and techniques. A prime example of this in toric geometry comes in generalizing
Koszul duality and the BGG correspondence to the nonstandard and multigraded setting, wherein
one side of the correspondence involves differential modules rather than just complexes [BE21].
Another, to which we will return later on, is the Buchsbaum-Eisenbud—Horrocks conjecture and

its connections to the Toral Rank Conjecture in algebraic topology [Car86; Hal85; BE77; Har79].



Let us consider an example of a free differential module—one where the underlying module
is free. A free module endomorphism is given by a square matrix with entries in the ring, so this
is how we will represent the differentials of free differential modules. Let S = Clz,y, z|, the
standard graded polynomial ring over the complex numbers. The module M = S/(z,y,z) ~ C

has minimal graded free resolution

We can consider F as a differential module by an operation called folding, where we col-
lapse F' into a single graded module and consider the differential on F' as a single square-zero

endomorphism.

g 0z y =z O 0 0 0
o 0000 yvw = 0 O
Sy prr
Fold’(F) = & v

S(—2)? 0000 0 0 0 =z
o 0000 0 0 0 -y
S(=3) 0000 0 0 0 =z

0000 0 O 0 O

The “0” superscript indicates that the differential is a degree O map (this is true for the initial
free resolution F'; since we introduced no degree shifts during folding, it remains true for the
differential module). By imposing the appropriate degree shifts on the summands of the underlying
module, we can use the folding operation to obtain from F' a differential module whose differential
is homogeneous of degree a for any a € Z. The differential will be represented by an identical
matrix, but the degree shifts in the underlying module will change. For instance, in degrees 2 and

—1 we get the following underlying modules upon applying the folding functor:



S S
@ @
S(1)° S(-2)°
Fold*(F)= & |, Fold Y(F)= &
S(2)° S(—4)°
® ®
5(3) S5(=6)

A recurring theme observed in the results in this thesis is that the degree of the differential
module can have a substantial impact on various features of the differential module, including its
numerical invariants. This is a stark departure from the world of graded free complexes, where we
may always shift the degrees of individual free modules to assume that the degree of the differential
is 0. For a differential module, the source and target of the differential are the same underlying
module, so we can’t shift degree on the source without similarly shifting the target.

We can also modify the differential to obtain new differential modules on the same underlying
module by replacing some of the zeroes in the upper right corner of the matrix by nonzero elements
of S in such a way that the matrix still squares to zero (a systematic exploration of this process
is the content of Chapter 3). For example for each of the three folds of F' given above, we could
modify the differentials in as follows. In the examples below we use colors to indicate the block

structure of the differential.

Example A (Degree 0).

g 0z y 2z 22 0 o> 23
o 00 0 0 y z 0 —y?
0000 —x O z 0
S(_1)3 2
e 0000 0 -2z -y —2x
" ]o0o00 0 0 0 =z

S(—2)3
© 00 00 O 0 0 -y
00 00 O 0 0 T

5(=3)
00 00 O 0 0 0




Example B (Degree 2).

nw W
TP WO RO W

Example C (Degree -1).

Notice that the degree of the differential module determines the degrees of the elements that
can be placed in various entries in the matrix, since a degree a differential module must have a

differential that is homogeneous of degree a. Another way to visualize the three examples above

o O O O O o o o

O O O O o o o o

SO O O O O O O R

S O O O O O O R

O O O O O O O w

S O O O O O o w

O O O O O O O W

S O O O O O O

is as the complex F with additional maps added.

Example A.

o O o o O

o O O o O

o v O

o O o O

o O O O

I\

o O O O




Example B.
y z 0 5
(29 2] {ox o —Zy} 7]
(10 -1] 1
o)
Example C.
0

Minimal free resolutions are objects that are both integral to and extremely well studied in
commutative algebra and its connections with algebraic geometry. A central aim throughout this
thesis is investigating how the well-known properties and behavior of minimal free resolutions
lift to differential modules. For the remainder of this introduction, we explore this theme for the

minimal free resolution F and the differential modules in Examples A, B, and C above.

1.2 Complete Intersections, Koszul Complexes, and DG Structures

The resolution F is a Koszul complex on the variables x, y, z. Koszul complexes are extremely well
understood and are a valuable tool for generating examples of free complexes and minimal free
resolutions of complete intersections, and for computing important invariants of modules (such as
Koszul homology). Koszul complexes also have the structure of a differential-graded (dg) algebra.
We can view F as an exterior algebra over C: If E = R? with basis ey, es, e3, then F is equivalent
as a dg algebra to \°® F where the differential takes an element a to a A (ze; — yes + wes). In
other words, the differential corresponds to multiplication by a certain exterior element of degree

1 (or -1 depending on the grading convention).



We can view the differentials in Examples A, B, and C above as each incorporating not just a

single exterior element, but a sequence of compatible exterior elements.

Example A. Define exterior elements f1, f2, f3 to be

1
f1:Z€1—y62+.T€3€/\E

2
fo = —y2€1/\62—.7}262/\€3 € /\E
3
f3:Z3€1/\62/\63 E/\E

Multiplication by f; defines a map /\j FE— /\j TR Combining these three multiplication maps
along with a sign convention defines the degree O differential on A\* E given by the matrix in
Example A above. Examples B and C can be obtained similarly, and we note that this construction

is independent of the grading on S, using only the grading of the exterior algebra A\°* E.

This construction is an example of what we define in Chapter 2 as a Koszul differential module.
In general, this construction may break the dg algebra structure (i.e. the differential defined may
not satisfy the Leibniz rule required for a dg algebra). Examples A and C can both be given the
structure of a dg algebra, while there is no way to define such a structure on Example B. This is
because Examples A and C happen to be isomorphic to Fold’(F) and Fold™!(F), respectively,
and thus simply inherit their dg structure from F. We show that a Koszul differential module can
actually only be given a dg algebra structure if it is isomorphic to a fold of a complex with such
a structure. In fact, Koszul differential modules not isomorphic to folds of such complexes can
not even have the structure of a dg-module over the minimal free resolution of their homology.
In other words, the theory of dg structures on minimal free resolutions is in some respect special
to the case of complexes, requiring crucial structure that is lost upon passage to the category of
differential modules.

Our study of Koszul differential modules is motivated in part by the question of somehow
classifying differential modules that have a certain homology. Since the Koszul complex gives
a minimal free resolution of a complete intersection, one goal of the Koszul differential module

construction is to understand in general the differential modules whose homology is isomorphic



to a complete intersection. All three of our running examples so far constitute Koszul differential
modules with homolgoy S/(z,y, z), but in general there are some additional assumptions needed
to guarantee that a differential module with complete intersection homology is Koszul. The theory
of Koszul differential modules built up in Chapter 2 constitutes a partial characterization of differ-
ential modules with complete intersection homology, and in Chapter 3 we take a totally different

approach to obtain a much more general classification.

1.3 Deformations and Total Rank

We can also study the Betti numbers of F', which are the ranks of the free modules appearing in the
resolution. Buchsbaum—Eisenbud and Horrocks [BE77; Har79] asked whether the rank of the ;™
free module in a minimal free resolution of M has rank at least (COdifl M ), a question now referred
to as the Buchsbaum-Eisenbud-Horrocks (BEH) Conjecture. The resolution F' is a minimal free
resolution of S/(x,y, z), which has codimension 3, so we notice that F achieves the predicted
bound. Walker [Wall7] and Walker—VandeBogert [VW24] proved a slightly weaker version of the
BEH conjecture known as the Total Rank Conjecture, which states that the sum of the ranks of the
modules appearing in the minimal free resolution of M is at least 2¢04im M

Carlsson linked the BEH Conjecture and the Total Rank Conjecture to a set of conjectures
in algebraic topology, known as different versions of the Toral Rank Conjecture [Car86]. This
conjecture posits that if a rank n torus—either (7 /pZ)™ or (S')"—acts nicely (this means freely

or semi-freely) on a nice topological space X (this means a finite CW complex or a smooth mani-

fold), then the homology groups of X satisfy
Z ranky H;(X;G) > 2"

where k is either Z/pZ or Q and G is (Z/pZ)™ or (S')", respectively. The p-group version of
this conjecture is due to Carlsson, while the rational version was conjectured by Halperin [Hal85].
Carlsson posed a stronger algebraic conjecture that would imply the Toral Rank Conjecture.

His original formulation was only for k = [F'9, but we state it here for any k, since it’s just as false



either way.

Conjecture 1.3.1. If D is a free graded differential module of degree 1 over S = Kk[x1, ..., z]

with finite length homology, then rankg D > 2",

Iyengar—Walker provided a counterexample to the above in the form of a free complex with
smaller than expected total Betti numbers [IW18] (when the characteristic of the field is not equal
to 2); however, their counterexample does not come from topology. The question of which dif-
ferential modules satisfy the 2" bound remains open, as does the question of what a tight lower
bound on total rank of a differential module with finite length homology should be.

Let us return to F as our example. The homology of F is finite length, as is the homology
of Fold?(F') and each of the slightly altered differential modules above, all of which have total
rank 8 = 23. However, the differential in Example B is not minimal (i.e. it contains a unit). By
performing a series of (nonobvious) row and column operations, we can find that Example B is

isomorphic to a differential module with the same underlying module but differential given by the

matrix

0010 O 0 0 0
0001 O 0 0 0
0000 O 0 0 0
0000 O 0 0 0
00 0 0 =y Tz 0 z—x
0000 —y> —yz z—=x
0000 —y —y?2 yz y?
0000 =zy> 2yz -2z —xy

The upper left block is trivial, that is it contributes nothing to the homology of the differential

module. Thus we have a differential module of rank 4 whose differential is given by the matrix

Ty Tz 0 z—x

—y? —yz z—x 0

3 2 2 (*)
-y —YytE o yz Y
ry?  xyz  —xz  —xy

and whose homology is still isomorphic to C. On the other hand, notice that Examples A and C

have no scalar entries in their differentials. This means we cannot use a similar process to obtain



a differential module of smaller rank with the same homology.

In Chapter 3, we explore this phenomenom using deformation theoretic techniques to charac-
terize differential modules with given homology (up to a certain type of quasi-isomorphism). The
main result of this chapter is a geometric parameterization of flagged quasi-isomorphism classes
of differential modules with a given homology. This parameterization allows us to compute ex-
plicit bounds on the dimension of the space of such differential modules. In particular, we have a
criteria for checking whether any differential modules with homology M exist that are not quasi-
isomorphic to the fold of the minimal free resolution of M. Among the consequences of our main

results is the following:

Corollary 1.3.2. Any graded differential module over S = Clz1,. .., xy,] with homology C that

has rank < 2" must have degree 2.
This is a special case of a more general phenomenon:

Corollary 1.3.3. If M is an S-module of finite length, then degree a differential modules with

homology M and rank < 2" exist for only finitely many a € Z.

1.4 Graded Betti Numbers and Boij-Soderberg Theory

Incorporating the graded data in F, we can get a finer invariant: the graded Betti numbers of the
module M, which we represent in a Betti table. A famous theory, first conceived by Boij-Séderberg [BS08]
and first proven by Eisenbud, Schreyer, and Weyman [EFW11; ES09a; ES09b], combinatorially
characterizes all possible Betti tables of finite length modules over S, up to rational multiple. This
characterization comes in terms of what are called pure resolutions—resolutions where each ho-
mological degree contains a free module generated in only one internal degree (for instance, F is
pure). In particular, the Betti tables of finite length modules over .S span a rational cone whose
extremal rays are generated by the Betti tables of pure resolutions of finite length modules.

Differential modules lack the data of a homological grading, but they still have a notion of
a minimal free resolution [BE22], from which we can define the Betti numbers: The jth Betti

number is the number of generators of the minimal free resolution in degree j. We record the
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Betti numbers in a 1 dimensional array, the Betti vector. For some examples, the respective Betti

vectors of Examples A, B, and C are

A:(1°,3,3,1), B:(2,2,0°) C:(1°0,3,0,3,0,1)

where the symbol o denotes the 0™ entry. Note in particular the difference between Example B and
the other two: Examples A and C are their own minimal free resolutions, so we can compute their
Betti vectors by counting the number of generators in each degree. Example B is not minimal, but
it’s minimal free resolution has differential given by (*) and underlying module S(1)? @ S(2)?
(this is not obvious, but it would be if we were to actually trace through the row and column
operations used to transform the original matrix given in Example B into the block matrix where
(*) appears).

For each degree a, the folding functor descends to a map on Betti tables, taking the Betti table
(B)s, j of M to the Betti vector of the degree a fold of the minimal free resolution of M. We refer to
this as “flattening” the Betti table, which should be visualized as collapsing the 2-dimensional Betti
table to a 1-dimensional Betti vector along a line of a certain slope in the Betti table which depends
on a. The Betti vectors of degree a differential modules over S with finite length homology also
form a cone. While every Betti rable flattens to a valid Betti vector, the converse is not true: not
every Betti vector of a degree differential module with finite length homology can be obtained by
flattening the Betti table of a finite length module over S. For example, while the Betti vectors
of Example A and Example C are indeed flattenings of the Betti table of F' (in degrees 0 and -1,
respectively), the Betti vector of Example B cannot be obtained as the flattening of any Betti table
in any degree (indeed, we can check this using the the lower bound on the total rank of a minimal
free resolution—the sum of the entries in the Betti vector is less than 23, so this can’t possibly be a
flattening of a Betti table of a finite length module!).

In Chapter 4, we further investigate the combinatorics of the cone of Betti vectors of differen-
tial modules with finite length homology over S. We conjecture that while the flattening map is not

an surjection onto the set of Betti vectors, it is a surjection onto extremal rays of the Betti cone (in
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other words, that all of the “new” Betti vectors appear in the interior of the Betti cone). We prove
the conjecture for differential modules of strictly positive degree and for differential modules of
degree 0 over k[t]. Additionally we prove that there is a categorical pairing on the level of derived
categories that allows us to relate Betti vectors of differential modules with cohomology of vector

bundles on projective space.

1.5 What’s to come

The remaining chapters of this thesis consists of three distinct papers which have been included
in their entirety and may be read independently. These papers are included as they appear on the
arXiv, with only minimal edits for formatting purposes. Each chapter contains its own introduction
and background sections, thus there is redundancy in the preliminary content of each chapter.

Chapters 2 and 3 consist of joint work with Keller VandeBogert.
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Chapter 2

Differential Modules with Complete

Intersection Homology

Abstract

Differential modules are natural generalizations of complexes. In this paper, we study differential
modules with complete intersection homology, comparing and contrasting the theory of these dif-
ferential modules with that of the Koszul complex. We construct a Koszul differential module that
directly generalizes the classical Koszul complex and investigate which properties of the Koszul

complex can be generalized to this setting.

2.1 Introduction

A differential module is a module equipped with a square-zero endomorphism. While initially in-
troduced at least as far back as the classical treatise of Cartan and Eilenberg [CE16, Chapter 4], dif-
ferential modules have become a topic of recent interest in commutative algebra motivated in part
by their connections to the Buchsbaum-Eisenbud—Horrocks and Carlsson conjectures [ABIO7;
Car86; BE77; Har79], the BGG correspondence and Tate resolutions [BE21], and the represen-
tation theory of algebras ([Rou06], [RZ17]). Differential modules are a natural generalization of

chain complexes, and their study can thus provide a novel perspective on familiar objects such



13

as free resolutions. More generally, there is an ever-expanding literature focusing on the use of
differential modules to provide new insight on old conjectures (see for instance [BD10], [SU19],
and [IW18]), and also on the development of a general theory of differential modules for their own
sake (see [Stal7], [Weil5], and [ XYY 15], and the references therein).

Our work is motivated in particular by recent work of Brown and Erman [BE22], in which
they extend the notion of a minimal free resolution to differential modules. Moreover, they prove a
theorem indicating that the classical theory of minimal free resolutions still plays a significant role
in understanding the structure of minimal free resolutions of differential modules. In particular,
they show that for a differential module D with homology H (D), there is a free flag F' whose
structure and differential are partially controlled by the minimal free resolution of H (D) and
where there is a quasi-isomorphism F' — D (see Theorem 3.2.11 for the precise statement). This
result begs the question of whether properties of the minimal free resolution of the homology
H(D) can be ‘lifted’ to the free flag F'. Brown and Erman examined this in the case where the
homology is a Cohen-Macaulay codimension 2 algebra. We explore this question in the case
where H (D) is the quotient by an ideal generated by a regular sequence.

In the classical theory of minimal free resolutions, the Koszul complex is one of the most
fundamental objects of study for the simple reason of its sheer ubiquity; it is well-known to be
a minimal free resolution of ideals generated by regular sequences, but even for non-complete
intersections, properties of the Koszul homology of an ideal make their appearance in relation to
DGe-algebra techniques, the study of Rees algebras, and in the construction of more subtle types
of complexes. In this paper, we begin developing a parallel theory for differential modules by
first constructing a differential module analog of the Koszul complex, directly generalizing the
classical case. We also investigate which properties of the Koszul complex lift to the minimal free
resolution of differential modules whose homology is a complete intersection. We ask three main

questions, the first of which is the following:

Question 2.1.1. For R a graded-local ring, what are the differential modules D whose homology
is equal to the residue field R/m? More broadly, can we classify the differential modules with

homology R/I a complete intersection?
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Example 2.1.2. Let S = k[z1,...,z,] for k a field. Let D = S* with differential given by the

matrix
0 =z 1 X2 0
0 0 0 —=x
0 0 0 =z
0 0 O 0

This differential module has homology S/ (1, z2). In fact, it is the differential module we obtain
by taking the Koszul complex on the regular sequence (z1,z2) and viewing it as a differential
module whose underlying module is the sum of the free modules in the Koszul complex and whose
differential is the direct sum of the Koszul differentials. However, we can alter the differential by
adding a nonzero entry to the top right corner without changing the homology of the differential
module. That is, we get a family of differential modules Dy with the same underlying module and

differential given by

0 z1 = f
0 0 0 —zo
0 0 0 =z
0 0 O 0

Furthermore, by [BE22], every differential module with homology S/(z1,z2) admits a quasi-
isomorphism from some such D ¢. However, not all choices of f yield nonisomorphic differential
modules. For instance for f € (z1,z2) we can perform row and column operations to show that

Dy is isomorphic to our original D, but this is not the case if (for instance) f = 1.

In the above example, we see the structure of the Koszul complex itself mirrored in the struc-
ture of the differential modules D . This motivates our next two questions, which have to do with
how much of this structure is actually preserved when we pass from resolutions to differential

modules.

Question 2.1.3. The differential of the Koszul complex corresponds to a multiplication by a single
element in a particular exterior algebra. For a differential module D with complete intersection
homology, does every free flag resolution of the type described in [BE22] arise via a similar

construction?
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Question 2.1.4. The classical Koszul complex is well-known to admit the structure of a DG-
algebra. Does the generalization of the Koszul complex to differential modules admit any kind of

analogous structure?

Our results give a partial answer to Question 2.1.1—while we do not give a classification
of all differential modules with complete intersection homology, we do find constraints on such
differential modules and prove results that simplify the classification question. We show that with
some additional hypotheses, Question 2.1.3 can be answered affirmatively (see Theorem 2.4.9),
but that absent these hypotheses we can construct examples of free flags with complete intersection
homology that are not of the “expected” form. In contrast to the previous two questions, the
answer to Question 2.1.4 seems to be a resounding “no”, and indicates that generalizations of
the classical notions of DG-algebra/module structures for differential modules will require much

subtler formulations.

2.1.1 Results

Let R be a commutative graded local ring, D a module over R and d : D — D an R-module
endomorphism that squares to 0. We define the homology of D to be H(D) = ker(d)/imd. If
the underlying module D has the form 69120 F; where F; is free and the differential d satisfies
that d(F;) C €, Fi then we call D a free flag. Note that any bounded below free complex
can automatically be considered as a free flag. A core result of [BE22] states that any differential
module D with finitely generated homology admits a quasi-isomorphism from a free flag (F, d)
where

F()(iFl(iFQ(—'-'
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is a minimal free resolution of H (D) and the d restricts to  when considered as a map F; — F;_;.

In this case, we can represent d via a block matrix

0 6 Ao Aszp - Anp

00 & Asq - Apy--
0 0 Am,m—Z

0 0 0 0 1)

0 0 0 0 0

where A; ; : F; — Fj. We refer to free flags of this type as anchored free flags. Since every
differential module admits an anchored free flag resolution, it is both convenient and reasonable to
focus on differential modules of this form. To classify anchored free flag resolutions amounts to
classifying the possibilities for A; ; that yield nonisomorphic differential modules. Our first result

simplifies this task in the case where the homology is a complete intersection.

Theorem 2.1.5. Let D be a free flag differential module with homology H (D) a complete inter-
section where the differential d is given by a block matrix as above. Let F' be the minimal free
resolution of H (D) considered as a differential module. Then D = F if and only ifim A; o C im ¢

foralli > 2.

This result says that, in the case of a homology induced free flag with complete intersection
homology, the property of being isomorphic to a minimal free resolution of the homology can be
detected by only the first row of blocks in the differential. This further tells us that we can at least
partially characterize the differential modules with given complete intersection homology R/I by
the choices of nonzero maps F; — R/I.

We prove Theorem 2.1.5 in Section 2.3, along with a discussion of minimal free resolutions
of differential modules with homology k. In particular, we also show via explicit construction that
the total Betti numbers of a differential module with homology k& may be strictly smaller than the
sum of the Betti numbers of k.

In Section 2.4, we show how graded commutative algebras admitting divided powers can be
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used to construct differential modules. This allows us to construct a Koszul differential module—
a family of differential modules generalizing the Koszul complex (see Construction 2.4.3). In
much the same way as the Koszul complex provides a valuable source of examples in the study of
minimal free resolutions, Koszul differential modules generate a large set of examples of free flag
differential modules. Moreover, we prove the following theorem which shows that in certain cases
we can guarantee that anchored free flags with complete intersection homology are isomorphic to

the Koszul differential module.

Theorem 2.1.6 (See Theorem 2.4.9 for the more general statement). Let R be a Noetherian graded
local ring with maximal ideal m, D a differential R-module with H(D) a complete intersection
andlet F = P, Fi — D be an anchored free flag resolution with differential d¥. Ifim(d")NFy

is generated by a regular sequence, then F' is isomorphic to a Koszul differential module.

Finally, in Section 2.5 we consider the existence of DG-module structures on free flag resolu-
tions as posited in Question 2.1.4. This leads us to consider free flag resolutions that can be given
the structure of a DG-module over the minimal free resolution of their homology. In the classical
case of complexes, it is well-known that every free resolution admits the structure of a (possibly
non-associative) DG-algebra structure, and hence the existence of such a structure is guaranteed.
Our main result of this section is the following theorem which says that the existence of such a

DG-module structure on an arbitrary free flag resolution is in fact a much rarer property.

Theorem 2.1.7. Let I be an anchored free flag with complete intersection homology. If F' admits
the structure of a DG-module over the minimal free resolution of H(F'), then F is isomorphic to

the Koszul complex considered as a differential module.

This theorem gives an example of a property of free resolutions that does not generalize to
the setting of differential modules. The inability to generalize this property tells us that the DG-
algebra structure of free resolutions, at least for complete intersections, relies on structure that is
unique to free resolutions rather than structure that can be extended to free flags. This is in contrast

with properties that are successfully generalized to free flags in [ABIO7] and [BE22].
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2.2 Background

In this section, we introduce some background and notation on differential modules that will be
used throughout the paper. This includes a straightforward reformulation of free flag differential
modules without reference to matrices, which will be useful for avoiding complicated matrix com-
putations; this formulation is implicit in the work of Avramov, Buchweitz, and Iyengar [ABIO7],

but we state it here since it will be used frequently throughout the paper.

Notation. Throughout this paper, R will denote a graded local ring. More precisely, R = P >0 B
is an IN-graded Noetherian ring with Ry local. Moreover, all differential modules throughout this

paper will be assumed to have finitely generated homology.

Definition 2.2.1. A differential module (D,d) or (D, d") is an R-module D equipped with an
R-endomorphism d = d”: D — D that squares to 0. A differential module is Z-graded of degree
a if D is equipped with a Z grading over R such that d: D — D(a) is a graded map.

The homology of a differential module (D, d) is defined to be ker(d)/im(d). If D is Z-graded
of degree a, then the homology is defined to be the quotient ker(d)/im(d(—a)).

A differential module is free if the underlying module D is a free R-module. The differential
module D is minimal if d ® k = 0.

A morphism of differential modules ¢: (D,d”) — (D', d"") is a morphism of R-modules
D — D' satisfying d”" o ¢ = ¢ o dP. Notice that morphisms of differential modules induce well-
defined maps on homology in an identical fashion to the case of complexes. A morphism of differ-
ential modules is a quasi-isomorphism if the induced map on homology is a quasi-isomorphism.

The category of degree a differential R-modules will be denoted DM (a, R). The notation

DM(R) will denote the full category of differential modules (without any concern for grading).

Remark 2.2.2. The collection of differential modules and their morphisms forms a category, de-
noted DM(R). Notice that a differential R-module (D, d) is equivalently a module over the ring
R[z]/(x?), as mentioned in the introduction. In particular, the category DM(R) is equivalently
the category of R[z]/(z?)-modules, and as such DM(R) is an abelian category. The category

DM(a, R) is also equivalently graded modules over R[z]/(z?) in the case that x is given degree
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The following definition will play an essential role throughout the paper, and it allows us to
view the category of complexes as a subcategory of the category of differential modules, though it

is important to note that this is not necessarily a full subcategory:

Definition 2.2.3. Given any complex F', there is a functor

Fold: Com(R) — DM(R),

(F,a") ~ (D F.Pdl).

V€L 1EZ
{¢:Il-—>(h}ke»{(})¢i:Pbkal)—»PbkMCh)}.
€L

The object Fold(F,) will often be referred to as the fold of the complex F,.

The following definition introduces free flags. These are a proper subclass of differential
modules that still generalize complexes of free modules, and in general are better behaved than
arbitrary differential modules. One way to think of free flags is as differential modules admitting

a finite length filtration whose associated graded pieces are themselves free R-modules.

Definition 2.2.4. Let D be a differential module. Then D is a free flag if D admits a splitting
D = @, Fi, where each F; is a free R-module, F; = 0 for i < 0, and dp(F;) C EB]-Q- F;.
Given a free flag D with associated splitting D = @, F;, define D'=@ i<i F}. This will
be referred to as the flag filtration on F. By definition of a free flag, one has dp(D?) C D1,
implying that the associated graded object associated to the flag filtration is a chain complex.
Associated to a free flag D, there are maps A; j: F; — [Fj induced by splitting the maps

dp: F; — D! with the isomorphism Hom(F;, D'~!) = @._, Hom(F}, F}).

J<i
A core theme of [ABI07] is that the flag structure on a differential module allows many proofs
from classical homological algebra to be generalized to differential modules by substituting the

homological grading for the grading induced by the flag filtration. As such, it is useful to pass

from general differential modules to free flags, which we can do using the following definition.
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Definition 2.2.5. For any differential module D, a free flag resolution F' of D is a free flag
F' equipped with a quasi-isomorphism F' — D. A minimal free resolution of D is a quasi-
isomorphism M — D that factors through a free flag resolution F' such that M — F'is a split

injection and M is minimal.

Remark 2.2.6. Notice that if Fy — M is a minimal free resolution of a module M, then Fold(F,) —
M (where M is viewed as having the 0 endomorphism) is a minimal free flag resolution of M

(since H(Fold(F,)) = €D, Hi(F,)). In general, there may be free flag resolutions of M that

1€7,
do not arise as the fold of a complex, and it is an interesting question as to when a free flag is
isomorphic to the fold of some complex. We give a characterization of this property for certain

classes of free flag resolutions in Section 3 which turns out to be quite effective in proving some

general statements about free flag resolutions.

One way to think of free flags is as strictly upper triangular block matrices (as in the setup to
Theorem 2.1.5). This can be useful for explicit computations and more matrix-theoretic methods,
but we will also find it useful to think of free flags in a way that is not reliant on matrices. The fol-
lowing observation is a coordinate-free reformulation of the definition of a free flag that highlights

the data of the maps A; ;: F; — F; which determine the flag.

Observation 2.2.7. A free flag is equivalently the data of a collection of free modules {F; | i €

Z>0} and maps {A; j: F; — Fj | j < i}, such that for all j < i, one has the relation

D ApjAig=0.

j<k<i

Remark 2.2.8. In order to distinguish the structure maps A; ; given in Observation 2.2.7, we will
often use the more precise notation AiDj to specify that these maps determine the differential

module D.

The theory of minimal free resolutions of arbitrary differential modules turns out to be quite
subtle. However, the following result of Brown and Erman shows that the classical theory of
minimal free resolutions of modules still plays an important role in understanding the homological

properties of differential modules.
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Theorem 2.2.9 ([BE22, Theorem 3.2]). Let D be a differential module with finitely generated
homology and (Fe,d) — H(D) a minimal free resolution of H(D). Then D admits a free flag
resolution I where the underlying free module is Fy and where, in the notation of Observation

2.2.7, one has A; ;—1 = d; for all i.

2.3 Anchored Free Flags and Folds of Complexes

In this section, we prove Theorem 2.3.6, which is our first structural result about free flag resolu-

tions whose homology is a complete intersection. We make a note about terminology here:

Note. Throughout the paper, a “complete intersection” will be a quotient of a commutative Noethe-
rian ring by a regular sequence. This is a slight loosening of the more standard definition, where
it is assumed that the ambient ring is a regular ring. This decision is made for sake of conciseness

of presentation.

Specifically, we consider a free flag resolution F' as in Theorem 3.2.11 whose homology is a
complete intersection, and we show that the question of whether or not F' is trivial—i.e. where F’
is isomorphic to the fold of a Koszul complex—is entirely determined by an analysis of the “top
row” of the differential. As an application, we then completely classify all differential modules D
where H (D) is isomorphic to the residue field k& and R is regular.

We conclude the section with some interesting examples illustrating the subtlety of minimal
free resolutions of differential modules. In particular, we show that if R = k[z1,...,z,] is a
standard graded polynomial ring over a field, then k viewed as a differential R-module in degree 2
has total Betti numbers strictly less than the total Betti numbers of £ when viewed as an R-module

in the usual fashion.

Definition 2.3.1. Let F be a free flag and (F,,d) — H(F) a minimal free resolution of H(F').
If F arises as in the statement of Theorem 3.2.11, then F will be called an anchored free flag

resolution. The complex (Fu, d) is called the anchor of F.

Remark 2.3.2. An anchored free flag resolution has differential with off-diagonal blocks coming

from the minimal free resolution of the homology. These off-diagonal blocks can be thought of as
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“anchors” for the maps A; ; for ¢« — j > 2; more precisely, we have complete freedom to choose
the “higher-up” maps A; ; up to the constraint that these maps must still make the corresponding

differential square to 0.

Conceptually, the following lemma shows that if one can perform column operations on the
matrix representation of the differential of an anchored free flag to cancel a term A; o, then one
can in fact perform column operations to cancel all other terms appearing along the associated

diagonal.

Lemma 2.3.3. Let D be an anchored free flag and assume im Af?o C imdy forall 2 < i < m for

some given m. Then D is isomorphic to a free flag D’ satisfying Agé =0forall2 <i—{<m.

Proof. The assumption im Afo C imd; for all 2 < ¢ < m implies that D is isomorphic to a
differential module D’ with the same underlying module determined by maps {Af?j' cFy — Fy
i < j}, but satisfying A% =0 foralli < m and Ag_l = d; for all i.

Let 2 <7 — 1 < m. Then there is the relation

D' 4D
> A Al =0.
7<t
Since © < m + 1 and j < %, one has that A% = 0 for each j > 1 appearing in the above equality.
Thus d; o Af{ = 0, and exactness implies that im A% C imds for each ¢ < m + 1. Replacing D

with D’ and iterating this argument, the result follows. O

In particular, the above gives a criterion for D to be isomorphic to the fold of the minimal free
resolution of its homology. One might hope that this is in fact an equivalence—that is, that any
differential module isomorphic to the fold of the minimal free resolution of its homology can be

identified in this way. This is in general not the case, as we see in the following example.

Example 2.3.4. Let R = k[z1,22] and E be a rank 2 free module on the basis e, es. Let
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D = \°® E be the free flag with differential

0 a:% T1Ty X1
0 0 0 —x
0 0 0 Tl
0 0 0 0

Let K, denote the minimal free resolution of H (D)
I

Then the morphism of differential modules D — Fold(K,) induced by

(l’% 561.%'2)

K, = /O\E /I\E /2\E

1—1, el ey, €2 eg, e1 Nexy— e1 Neg +eq,

is an isomorphism, even though z1 ¢ (22, z122) = im di¥.

Note that the isomorphism described in the above example corresponds to performing row
operations on the differential to cancel out the z; in the corner. In this case, we are able to cancel
via row operations but not by column operations. This is explained by the lack of symmetry in the
differentials of the minimal free resolution of H (D). In fact, when the minimal free resolution of
H(D) is given by the Koszul complex—i.e. when H (D) is a complete intersection—this scenario
cannot arise, as we will show next.

First, notice that any morphism ¢: (D, d) — (D’,d’) of free flags with underlying free mod-
ules @, F; and @, G, respectively, decomposes as a direct sum of maps ¢; ;: I; — G for

every i,j € Z.

Lemma 2.3.5. Let D be a free flag anchored on the minimal free resolution of a finitely generated
R-module M. Assume that there exists an isomorphism ¢: D — Fold(F,), and assume that

pi—10(dl (Fy)) Cimdl foralli > 2. Thenim A; g C imdY for all i > 2.
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Proof. The map ¢ decomposes as a sum of maps of the form

$=>_ dij

ij=1

where ¢; ;: F; — F}j and n is the length of the flag (note n = oo is allowed here). We first
claim that ¢g o : Fo — Fp may be chosen to be the identity. To see this, notice that the fact that

¢ o dP = dFld(Fe) o ¢ implies that there are equalities
df o go; =0 foralli>1.

Since F, is a resolution, it follows that ¢g ; = d; 1 © ¢67i+1 for some ¢67i+1 : Fy — Fiy1. On the

other hand, let ¥ denote the inverse of ¢. By definition there is an equality

(¥)  ¢0,00 Yoo+ dr00%01+ -+ dno oo, =idg, .

Applying the functor — ®p k to (x), the fact that im ¢ ; C mF; for each ¢ > 1 (by the minimality
assumption on F,) implies that ¢o 0 © Y90 ®r k = idr, ® gk. By Nakayama’s lemma, the map
®0,0 1s a surjective endomorphism of Fp and hence an isomorphism. Changing bases as necessary,
it is thus of no loss of generality to assume ¢ o is the identity.

Now, let f; € F; be any element; the assumption that ¢ is a morphism of differential modules

then yields:

I
5
o
<.

=
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Comparing the above equality restricted to the direct summand Fj, one obtains the equality

di (din(f) = Avo(fi) + Y dj0(Ais(fi). (2.1)

0<y<i

Now, we proceed by induction on ¢ to prove the desired statement. When ¢ = 2, the above equality

becomes

df ($2,1(f2)) = A20(f2) + d1.0(d5 (f2)).

The assumption that ¢1 o(dS (f2)) € imdi implies that As(F) C imd), and Lemma 2.3.3
implies that D may be replaced with a differential module satisfying A; ;2 = 0 for all i > 2.
Proceeding inductively, assume 7 > 2; by induction, we may assume that A;; = 0 forall 1 <

j — k < i. The equality (2.1) then reduces to

df (¢i1(fi)) = Aio(fs) + di—r0(d] (f)),

and again the assumption ¢;_1(df (fi)) € imdf implies that A;o(f;) € imdf, and Lemma
2.3.3 allows us to replace D with a differential module satisfying A;; = 0 for all j — k < 4.

Iterating this argument, the result follows. O
The above holds, in particular, when H (D) is a complete intersection.

Theorem 2.3.6. Let D be an anchored free flag and assume that H(D) is a complete intersection;

that is, H(D) = R/I where I is generated by a regular sequence. Then

D = Fold(F,) <= im Afo C imd, foralli > 2.

Proof. = :Let H(D) = R/a where a is generated by a regular sequence. By definition of the
Koszul complex, the minimal free resolution of R/a satisfies d/’ ® R/a = 0 for all i, whence the
assumption ¢;_1 o(d! (F;)) C im df’ of Lemma 2.3.5 is trivially satisfied.

<= : This implication holds without any further assumptions by Lemma 2.3.3. O

Under the perspective of free flags as upper triangular block matrices, this says that the prop-
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erty of D being isomorphic to the resolution of its homology is completely detectable via only the
top row of the matrix. On the other hand, in the case where D is graded, the degrees of the entries
of the top row may be deduced by using this grading. Adding this additional structure gives strong
restrictions on the possibilities for differential modules D with complete intersection homology.

In the most restrictive case, when H (D) =2 k, we have the following.

Corollary 2.3.7. Assume R is a regular graded local ring. Let D € DM(R, a) be an anchored
free flag with H(D) = k. If a # 2, then D = Fold(K,), where K, denotes the Koszul complex

resolving k.

Proof. Since D has degree a, the minimal free resolution of H (D) is given by the Koszul complex
K, with the i*" free module with a degree shift by ia (so that the maps in the complex are all
homogeneous of degree a). The maps A; j: R(ia — a) — R(ja — j + a) in the differential on D
therefore have degree (ja — j + a) — (ia — 7). When deg A; ¢ # 0, we have im A; o ® k = 0. On
the other hand, (ja — j + a) — (ia — i) = 0 only when @ = 2 and ¢ — j = 2. Thus for a # 2 the

result follows from Corollary 2.3.6. g

The above corollary implies that in degree a # 2, all differential R-modules with homology
k have isomorphic anchored free flag resolutions, and that furthermore this resolution is minimal
and isomorphic to the Koszul complex. However, this is not true for differential modules of degree
2. In general, any R-module may be viewed as a degree a differential module, for any integer a,
and the following result shows that the homological invariants of M € DM(a, R) can vary as the

degree a varies.

Proposition 2.3.8. Let S := k[x1,...,x,] be a standard graded polynomial ring over a field k,

where n. > 2. Then there exists a degree 2 free differential module D of rank 2"~ with H(D) = k.

Proof. We construct the differential module inductively. For n = 2, let D = S? with differential
2
12 —T5

given by the matrix ) . One can check that D is a degree 2 differential module,

LI?% —X1T2
and moreover that H (D) = k.
Forn > 3, let

D, = COHG(anl Rk k‘[l‘n] m_n> Dy 1 ®p k’[l‘n])
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By the inductive hypothesis, there is an equality H(D,,_1 ® k[r,]) = k Q4 k[x,] = k[z,], and

by [ABIO7, p. 1.2] the mapping cone induces an exact triangle

klan] = H(Dp—y @y klzn])

H(Dp—1 @k klzn]) = klzn)]

Since multiplication by z,, is injective, the above exact triangle degenerates to a short exact se-
quence:

0 — klz,) = klz,] - H(D,) — 0,

in which case H(D,,) = k, as desired. Moreover, the rank of D,, is precisely 2 - rank(D,,_1) =
—d®gr S id
2.2"=2 = 2"~1Since the differential on D, is given by the block matrix ( SR onl

we can see furthermore that the degree of D, is 2. O

If we define the Betti numbers of a differential module as in [BE22], then the sum of the Betti
numbers of D is equal to the rank of the minimal free resolution of D). We next show that the
differential module constructed in 2.3.8 is actually a minimal free resolution. This will imply that
the sum of the betti numbers of a degree 2 differential module with homology k& may be at least
as small as 2"~ 1, strictly smaller than the total rank of a minimal free resolution with the same
homology. Although this differential module is certainly free and minimal, it is not immediately
obvious that it is a minimal free resolution, since this requires it to be a summand of a free flag
resolution. To prove that this is indeed the case, we leverage the mapping cone structure of the
differential module constructed in 2.3.8.

We will first need a lemma; in the following, recall that a differential module F' is contractible
if the identity map is homotopic to 0. A homotopy h for which idp = df'h + hd"" is called a

contracting homotopy.

Lemma 2.3.9. Let F and G be contractible differential modules with contracting homotopies h*’

and hC, respectively. If ¢ : F — G is a morphism of differential modules satisfying ¢ o hf' =
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hC o ¢, then the mapping cone cone(q) is contractible with contracting homotopy

F
hcone(d)) — —h 0 )
0 A

Proof. Recall that cone(¢) has underlying free module isomorphic to F' & G equipped with the

differential whose block form is given by

F
dcone(¢) _ —d 0 )
—¢ d&

Using this, we compute:

F F F F
dcone(d))hcone(¢) +hcone(¢)dcone(q5) _ —d 0 —h 0 n —h 0 —d 0
—¢ d¢ 0 n% 0 n¢)\ —¢p d¢
_(dFRE 0 N RFdF 0
\ ghF dGRC —hC¢ RnG4C
_(idp 0
S\ 0 idg)’

By definition, h<°"®(%) is a contracting homotopy. O

Corollary 2.3.10. Let D,, be the rank 2"~ free differential module over k[x1, . .., x,) defined in

Proposition 2.3.8. Then D, is its own minimal free resolution.

2
x x
Proof. Proceed by induction on n. For n = 2, the module S & S with differential y2 )
-y xy
is known to be its own minimal free resolution (see [BE22], Example 5.8). In particular, it is a

minimal free summand of the free S-module S & S(1)? @ S(2) with differential

o O O O
S O O R

Let F2 denote this free flag differential module, and notice that F? is anchored on the length 2
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Koszul complex on variables x1, xo. For n > 2, define
F™ := cone (a:n Pl @ klx,) = F @y, k:[:cn]) .

By the inductive hypothesis, the free flag ! is anchored on the Koszul complex for x1, . .., Z,_1.
Since F'™ is obtained by taking the mapping cone of multiplication by x,,, the differential module
F™ is anchored on the Koszul complex for x1, ..., .

Moreover, by induction the free flag F~! splits as a direct sum
Fn—l ~ Dn,1 D Tn—l’

where 7"~ ! is some contractible differential k[x1,...,zp_1]-module and D,,_; denotes the dif-
ferential module of Proposition 2.3.8. Combining this information, we find that there is an iso-

morphism:

F™ = cone (2, : F" ' @y klzn) = F" ' @y klzn))

= cone(Dy_1 @y k[zn] 2% Dp_1 @ k[z,]) @ cone(T" L @y, k[z,] 22 T @ k[za]) -

=D, =Tn

The image of any contractible object under an additive functor remains contractible, so the dif-
ferential module 7" ~! ®y, k[z,] is also contractible. Since scalar multiplication commutes with
any choice of homotopy, the hypotheses of Lemma 2.3.9 are satisfied for the morphism z,, :
T ! @y k[xn] — T ! @y k[z,]. It thus follows from Lemma 2.3.9 that 7" is contractible
and F™ splits as the direct sum of D,, and a contractible differential module. By definition, the

differential module D,, is its own minimal free resolution. ]

Note that because the differential module D constructed in Proposition 2.3.8 is not a free flag,
it does not itself contradict the (disproven) conjecture of Avramov—Buchweitz—lyengar that the
rank of a free flag over R with finite length homology is at least 24™(%) [ABIO7, Conj. 5.3]. In
fact, the example when n = 2 appears in [ABIO7], and this construction directly generalizes their

example.
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2.4 A Generalization of the Koszul Complex for Differential Modules

In this section, we introduce a differential module analog of the Koszul complex and show that
under certain hypotheses, all anchored free flags are isomorphic to this Koszul differential mod-
ule. We also provide an example showing that in general not all such free flags with complete
intersection homology are obtained by this Koszul differential module; to begin this section, we
recall the definition of the Koszul complex that will be most convenient for our purposes.

Let R be aring and E be a free R-module on basis e, ..., e, and ¢: E — R any R-module
homomorphism. The notation e; will be shorthand for the basis element e;; A --- A e;,, where
I = {i; < --- < i} is an indexing set of the appropriate size. Recall that the Koszul complex
can be constructed as the complex with the ith exterior power /\’ F sitting in homological degree

1 and differential

7
k+1
e‘jl""’ji = Z(_l) " Q/)(ejk)ejlyz.]’;mv]z'
k=1

Another way to view this map is as the composition

) i—1

/\ E comultiplication E® /\ E

1—1 1—1
YL Re NE= \E.

This is equivalently described as multiplication by an element f € E* (recall that A\* E is a
graded A\*® E*-module and vice versa). Choose a map A;: /\Z E — R (the notation here is
intentionally reminiscent of Observation 2.2.7). Notice that such a map is equivalently induced by
multiplication by an element f; € A" E*. This is because the pairing A’ E@ A" " E — \" E is
perfect.

Our goal will now be to generalize the exterior algebra structure of the Koszul complex to
define a “Koszul differential module”. In order to make the general construction more clear, we

illustrate with an example:

Example 2.4.1. Given an integer n, use the notation [n] := {1,...,n}. Let R = k[z; | I C
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[4], I # @] and let f; fori =1,...,4 be the elements of /\’ E* induced by the maps

2 3 4
F— R /\E—>R /\E—>R /\E—>R

0 ifi =1,
€ — T €ij €ijk > Tijk €1234 > L1234-
x;; otherwise.

Define a free flag F' whose underlying module is A® E and whose differential is given by the
maps A; ; : \' E — N\ E defined by A; ;(g) = (—1)% fi_jg. To check that this indeed defines a

differential module amounts to checking that for each ¢ > j
> ApjAi= > (“D¥(D)*fr i fik =0
j<k<i j<k<i

In this case, one just needs to verify the relations

=0, fifo—fofi=0, fifs+ fafi+fi=0.

We can generalize the construction in Example 2.4.1 to obtain a differential module in a sim-
ilar way given a suitably chosen bialgebra. Recall that an algebra admits divided powers if the
subalgebra generated by elements of even degree satisfies the axioms of a divided power algebra
(for the definition of a divided power algebra see, for instance, [ABWS82]). A canonical example
of such an algebra (and the only example we will use in this paper) to keep in mind is the exterior

algebra on a free module, where the elements of even degree are the divided power elements.

Proposition 2.4.2. Let T' denote any graded-cocommutative R-bialgebra such that T* admits
divided powers (where T™ denotes the graded dual). Given any f; € T, the notation f;: T, —

Ty_; will denote the left-multiplication map. Assume either:
i. char R =2, or

ii. char R # 2and f; - f; = 0if both i and j are even.
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Define A; j := (—1)Y fi_j: T; — T}. Then the data

{T;, Aij: T, =T | j<i, i €Z}

determines a differential module.

Proof. One only needs to verify that > Ay, jA; j, = 0 for all choices of 7 and j, and this is a

j<k<i

straightforward computation. Assume that ¢ + 5 is odd; one computes:

i—1 (i+5-1)/2
o A A= > (ArjAig+ AigjonjAiiri-k)
k=j+1 k=j+1
(i+5-1)/2
_ Z <(_1)jk+ik i (_1)j(i+jfk)+i(i+j7k)+(i7k)(kfj))fk_jfi_k'
k=j+1

Thus it suffices to show that the coefficient

(_1)jk+ik + (_1)j(i+jfk)+i(i+jfk)+(ifk)(kfj)

is 0if ¢ — k or k — j is odd. Since the above expression is symmetric in ¢ and j modulo 2, it is of

no loss of generality to assume that ¢ =2 k + 1. One computes:
jk + ik =2 jk, and

Jli+i—k) +iti+j—k) +G—k)(k—j) =i+ +k+1D)G+1)+j+k=2jk+1.

Thus the coefficient is 0 if ¢ — k& and k — j are not both even, and if they are both even, then
fi—kfr—j = 0 or appears with coefficient 2, implying that these terms vanish as well.

If 7 + j is even, then the computation is identical, with the only difference being that the term
f(2Z +j)/2 Appears. If char k # 2, then this term vanishes by assumption. If char k = 2, then the

assumption that 7" admits divided powers implies that f?

()2 = 2f((flj)/2 = 0, so all terms again

vanish. O

Notation. Let f;: T; — Rfort = 1,...,n be a collection of maps induced by multiplication by
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fi € (T;)*, where T, is any graded-cocommutative bialgebra as in the statement of Proposition
2.4.2. The notation K(fi,..., f,) will denote the (not necessarily differential) module induced

by the data {T;, (—1)ijfz'fj}'

We can also construct a “generic” Koszul differential module; we will see that the theorems
below give criteria for which free flags of the appropriate form are obtained as specializations on

the generic Koszul differential module.

Construction 2.4.3 (Generic Koszul Differential Module). Let n € N and A = Z[z; | I C

[n], I #&]. Let E = @, Ae; and let f; € A" E* be the generic maps

fi = Z xrej.

\I|=i

Next, let I be the ideal generated the relations f; f; = 0 for ¢, j both even. Then define S := A/I.
Notice by construction A/I @ K(f1,..., fn) is a differential module with homology isomorphic
to Z.

Use the notation K" := A/T @ K(fi,..., fn).

Remark 2.4.4. The relations induced by imposing the condition f; - f; = 0 for 7 and j both even
are in general quite complicated. The first case for which we obtain nontrivial equations is when
n = 4 in Construction 2.4.3, in which case we are imposing the relation f2(2) = (. Choosing
bases, notice that fo is represented as a generic 4 x 4 skew symmetric matrix and the condition
f2(2) = 0 means we are taking the quotient by the 4 x 4 pfaffian of this matrix representation.
Notice that in general, the ideal I appearing in Construction 2.4.3 is always generated by

quadratic equations in the f;.

Example 2.4.5. Assume n = 6 in the notation of Construction 2.4.3. Then the relations imposed
come from setting

@0, and fo-f1=0.

The relations f2(2) = 0 are precisely the equations of the 4 x 4 pfaffians of the 6 x 6 matrix

representation of the map f>. The additional relation f5 - f4 = 0 contributes, after choosing bases,
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the single quadratic equation

Z sgn(I C [6])zrwp) s = 0.
1ciel,
17]=2

It may be tempting to believe that all anchored free flags with complete intersection homol-
ogy arise as specializations of Construction 2.4.3. We will see that this is true if the ring has

characteristic 2, but the following example shows that this is not the case in general.

Example 2.4.6. Let £ = @?:1 Re;, where R = k[z1,...,x4] and k is a field of characteristic

# 2. Let F be the free flag defined by the following data:
A= Ao = Asp = As3 = zie} + z5eb + ies + ziel,

* 2 %
Ao = —Az1 = Ayp = 1172675 + T3€3,
*
A370 = —21)16134, A4,1 = A470 =0.

Under a choice of basis, we can write F' = R' @ F*@® RS@ R*@® R! and express the differential

d¥ as a block matrix.

R' [0 Ay Ay Asp A
RY[ 0O 0 A1 Azx A4
RCJTO O 0 Aso Ago
R*| 0 0 0 0  Ay3
RY\N0O 0 0 0 0

The blocks A; ;1 on the first off-diagonal are the matrices appearing in the Koszul complex

on (z3, 23,23, x3). The A;;_o maps are given by the following:
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a3
0 0 -z 0 0
0 0 0 —x2 0
Az,o:(atlxg 00 0O x%) Az = o 0 0 02 Ayp = 0
—L1L2
0 —X1T2 0 0 0
12

and we have A3 = (0 0 2z O).

One can check that d" squares to 0 so this data determines a well-defined free flag. However,
Az # As; since Az is given by multiplication by a nonzero element and Ay ; is not. This
means that the free flag induced by the above data is not of the form K (fi, f2, f3, f4) for any

choice of f;.

The above example hinges on the observation that if we let A1y = (:n:f s 3 x;})
T
and Ay 3 = (_372 3 -3 a:i{’) be the first and last matrices in the Koszul complex on

(23, 23, x%, x3), then A 0Ay2 + A3 0As3z = 0. The condition for F' to be a differential module

requires that Ay gAy 1 + Az 0As2 + Az A3z = 0, which in this case forces Ay 1 to be 0 modulo
(23,23, 23, x3). This “forcing” occurred due to cancellation in As gAg 2 + Az 0Ag3. Our next re-
sult shows that absent this cancellation, it is indeed the case that anchored free flags with complete
intersection homology as in Construction 2.4.3 are Koszul differential modules.

This intuition is clarified in the following definition which presents a technical condition that

will be needed as a hypothesis for the proof of Theorem 2.4.9.

Definition 2.4.7. Let R be aring and I C R an ideal. The ideal I is completely Tor-independent

with respect to a family of ideals Ji, ..., JJyifforall 1 <i¢; < --- < 4 < £, one has

Conceptually, Tor-independent objects do not have any nontrivial homological interaction;
at the level of resolutions, this means that tensoring a resolution of a module M with a Tor-

independent quotient ring preserves exactness.
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The next theorem gives a partial characterization of anchored free flags, and is the main result
of this section. The abridged version of this result states that if the homology H (D) is sufficiently
Tor-independent with respect to a subfamily of the ideals im(f;: A" E — R), then differential

modules with complete intersection homology must arise as in Proposition 2.4.2.

Remark 2.4.8. Some remarks about the statement of Theorem 2.4.9 are necessary before the full
statement: we can assume that the differential module D has free flag resolution anchored on
a Koszul complex K, resolving the complete intersection H (D). Then the components of the
flag differentials mapping to Ky = R are R-module homomorphisms f; : /\Z E — R. These
are the elements f; : /\l E — R as written in the statement of the theorem, and the conclusion
of the theorem is that D is isomorphic to the generalized Koszul flag K (fi, ..., f,) where the

fi € /\l E* arise as just mentioned.

Theorem 2.4.9. Let D be a differential R-module with H(D) a complete intersection, viewed
as the cokernel of some map fi : E — R (where E is a free R-module). Let F — D be
a free flag resolution anchored on the Koszul complex associated to fi € E* and assume that

im(f1: E — R) is completely Tor-independent with respect to the set
i
{im(fi: /\E — R) |iisevenand i < rank(E)/?}.

Then F is isomorphic to the differential module of Proposition 2.4.2, where T = \°® E.

Proof. Proceed by induction on ¢ — j — 1, where ¢, j are the indices of the component A; ; of
the differential of D. When ¢ — j — 1 = 0, this is the statement of Theorem 3.2.11 since it is
of no loss of generality to assume that D is anchored on the Koszul complex resolving H (D),
associated to some element f; € E*. Let eq,...,e, denote a basis for /. Assume now that
i —j — 1 > 1. Inducting also on j, one may assume that for all £ > 0, there is the equality
Aigjri—k = (—1)(i_k)(j_k)fi_j_1 (the base case is for kK = j + 1, which holds by assumption).

Using this, one computes:

i1
0= Z ApjAi g
k=j+1
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(x) =2- Z Je—j - fick + fl((_l)(i+1)j+i+jfi—j—1 — Aij).
i—k, j—k even
J<kZ|(i+5)/2]

If i — j > rank E, then the equality (*) reduces to fi((—=1)CFVIFHif, oy — A;00) = 0,
and exactness of multiplication by f; implies that (—1)(+Di+itif .y — A; 50y € im fy. If
i—j < rank F, then notice that for each j < k < [(i+4)/2], onehasi—kor k—j < rank(E)/2.

Define the ideal
14
a:= (im(fe: /\E—>R) | isevenand { <i—j—1) C R.

Let I be any indexing set with |[I| =i — j — 2 and let e} € /\ifj ~2 E* denote the basis element

dual to e; € A\"/~2 E. Multiplying the equality (x) on the right by e}, one obtains
fi-(b-eq) €, 2.2)

where b := (—1)(0+Diti+if, . | — A; 1. By the Tor-independence assumption, notice that if
K, denotes the Koszul complex induced by f1, then the complex K, ®z R/a must remain exact.
Combining this with (2.2) implies that b- €7 is a cycle in K, ® g R/a, and hence by exactness there
exists some a € /\2 E such that

b-e?—fl-aEaE.

Multiplying the above on the right by e fori = 1,...,n, it follows that for all indexing sets J of

size 1 — 7 — 1, there exist elements ag € /\e E such that

boey=fi-al+ > fioa]. (2.3)
£ even,
l<i—j—1

ca

Recall that the identity map /\i_j 1B /\i_j 1Eis equivalently represented as right multipli-
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cation by the trace element ), _; . €} ® e, whence:

b:b-( 3 e§®eJ)

|J|=i—j—1
= Z bey ® ey
|J|=i—j—1
= > (firades+ Y. DT (ferad)es (by23)
|J|=i—j—1 |J|=i—j—1 £ even,
0<i—j—1
(X ) X a8 )
|J|=i—j—1 £ even, |J|=i—j—1
0<i—j—1
i—j i—j—1 i—j—1+4 i—j—1
eim(flz/\E—> A E)+ 3 im(fg: AN E— A\ E)
£ even,
1<i—j—1

Recalling that b := (—1)0HDi+itif, . A, .., this means that the differential component
A; j41 differs from (—1)0FDI+H7 f; . by multiplication by the elements fy, where £ < i—j—1.
It follows that one may perform row/column operations on the matrix representation of the square-
zero endomorphism of D to ensure that A; j;1 = (—1)0FDI+4I £, o | This completes the

proof. O

The hypotheses of Theorem 2.4.9 are stated in a decent level of generality, but this is because
we needed a condition that was general enough to capture a family of the special cases for which
there existed an isomorphism to a Koszul flag. The following corollary makes explicit a list of

common cases for which the hypotheses of Theorem 2.4.9 are satisfied:
Corollary 2.4.10. The assumptions of Theorem 2.4.9 are satisfied in the following cases:
i. The free module F satisfies rank E < 3.

ii. (R, m) isa Noetherian local ring and

im(fle—>R)+ 3 im(fg: /l\E—>R)
il
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is generated by a regular sequence contained in m.

iti. Risa graded ring and

im(fle—>R)+ 3 im(fg:/g\E%R)
e

is generated by a homogeneous regular sequence of positive degree.
iv. R = klxy,...,x,] and the image of each fi: N'E — R fori = 1and i < rank(E)/2
even lie in polynomial rings in disjoint variables.
In particular, if either:
i. (R, m) isa Noetherian local ring and the first row of the matrix representation of the square-
zero endomorphism of D generates a complete intersection contained in m, or
ii. R is a graded ring and the first row of the matrix representation of the square-zero endo-
morphism of D generates a homogeneous complete intersection of positive degree,
then the assumptions of Theorem 2.4.9 are satisfied.

Interestingly, if we assume that R has characteristic 2, then the statement of Theorem 2.4.9

can be generalized significantly.

Theorem 2.4.11. Assume R is a ring of characteristic 2. Let F' be an anchored free flag with
H(F) a complete intersection. Then F' isomorphic to the differential module of Proposition 2.4.2

for some choice of f; € /\l E*, where T = \* E.

Proof. Do the computation of the previous proof, but notice that all other extraneous terms cancel
by the characteristic assumption (since one of the terms of the equation () in the proof of Theorem

2.4.9 has coefficient 2). ]

2.5 DG-module Structures on Free Flags

In this section, we study differential modules that can be given the structure of a DG-module over

some DG-algebra. Our main motivation for considering this question is based on the philosophy
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that the homological properties of a differential module are tightly linked to those of the homology,
as suggested by Theorem 3.2.11. One natural direction related to this question is the extent to
which additional structure on the minimal free resolution of the homology can be “lifted” to the
differential module. Our results here indicate that there are some very restrictive obstructions to
lifting algebra structures to the level of differential modules.

It is evident that if a free resolution F, of the homology H (D) of an anchored free flag D
admits the structure of an associative DG-algebra structure and D = Fold(F,), then the algebra
structure on F, can be transferred to a DG-module structure on D. We prove even further that if
the homology H (D) is a complete intersection, then this becomes an equivalence; more precisely:
an anchored free flag D with H (D) a complete intersection admits the structure of a DG-module
over K, if and only if D = Fold(K,), where K, denotes the Koszul complex resolving H (D).

We conclude the section with questions about DG-module structures on more general free
flag resolutions. In particular, we know of no example of a free flag admitting a DG-module
structure over the minimal free resolution of its homology that is not isomorphic to the fold of

some complex, and are very interested in any such example.

Definition 2.5.1. A (graded commutative) differential graded algebra (F,d) (or DG-algebra)
over a commutative Noetherian ring R is a complex of finitely generated free R-modules with

differential d and with a unitary, associative multiplication F' ® p F' — F' satisfying
() FiF; C Fiyj,

(b) diyj(fify) = di(fi) fj + (1) fid;(f;)s

©) fifj =(=1)"f;f; and

(d) f?=0if1is odd,

where fi, € F},.

Remark 2.5.2. Itis worth mentioning that this is a stricter definition of DG-algebra for the purposes

of this paper, but there are more general definitions in the literature.
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There does not exist a tensor product between arbitrary differential modules (or even free
flags) that directly generalizes the tensor product of complexes, but, it is possible to construct such

a product between a complex and a differential module.

Definition 2.5.3. Let F, be a complex and D a differential module. Then the box product FeXp D

is defined to be the differential module with underlying module €p,_,, F; ® g D and differential

1EZ
d"P(f;@d) = dF (fi) @ d+ (1)1 f; @ dP(d).

Remark 2.5.4. This notion of a box product was introduced in the [ABI07, Subsection 1.9].

Definition 2.5.5. Let D be a differential module whose homology is a cyclic R-module and let
F, be a minimal free resolution of H (D) admitting the structure of a DG-algebra. Then D is a

DG-module over Fj, if there exists a morphism of differential modules

p: Fo®r D — D

extending the R-module action on D. In such a case, the notation f; -p d := p(f; ® d) will be

used.

Remark 2.5.6. Sometimes the simpler notation - will be used over -p when it is clear which
product is being considered. It is important to note that there is almost no hope for an appropriate
generalization of a DG-algebra even for general free flag resolutions. This is for at least two
reasons: firstly, as already mentioned, there is no natural candidate for the tensor product of two
differential modules, so one cannot employ a definition similar to Definition 2.5.5. Secondly, the
“degree” of an element is not well-defined if it is induced by the flag filtration of arbitrary free flag

D = @,y F;, since any given f; € Fj; is contained in DJ forall j > i.

Observation 2.5.7. If F, is a complex admitting the structure of a DG-algebra, then Fold(Fy) is

a DG-module over F,.

Proof. Just define the action on Fold(F,) via the product on F. O
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Observation 2.5.8. Let ¢: D — D' be an isomorphism of differential modules and Fy a DG-

algebra minimal free resolution of H(D). If D' is a DG-module over F,, then D is a DG-module

over Fy with the induced product:
firpd:=¢""(fi -p ¢(d)).

Moreover, ¢ becomes a morphism of DG-modules with this product.

Proof. The induced product is defined by making the following diagram commute:

LRD 2 rnxD

LD LD'

Example 2.5.9. Let R = k[z1,22] and F be a rank 2 free module on the basis eq, es.

D = A\°® E be the free flag with differential

0 =1 2 23+23
0 0 O —T
0 0 O T

0 0 O 0

O]

Let

Then D admits the structure of a DG-module over the Koszul complex K, with the following

product (any product not listed is understood to be 0):

l-pd=dforalld e D, e;-pl=ey, ea-pl=eo,

e12-pl=ea— w11 — T2C9,
€1'D €2 = €12 — T1€1 — X262,

2
€1 D €12 = T2e12 — T1T2e1 — Trez, and
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2
€y D €12 = —T1e12 + Tl + x1x2€2.

Recall that by Theorem 2.3.6, the differential module D as in Example 2.5.9 is isomorphic
to the fold of the Koszul complex on (z1,z3). In fact, the product given above is induced by
this isomorphism. This construction works in general, that is if we have an isomorphism to a
DG@G-algebra, we can obtain a DG-module structure in the same way. This leads to a string of

immediate corollaries to Observation 2.5.8.

Corollary 2.5.10. Let D be an anchored free flag and assume that D = Fold(F,) where Fy —
H(D) is a minimal free resolution. If Fy admits the structure of a DG-algebra, then D admits the

structure of a DG-module over Fi,.

Proof. This follows from Observation 2.5.8 and Observation 2.5.7. O

Corollary 2.5.11. Let D be an anchored free flag and assume that the minimal free resolution F,
of H(D) admits the structure of a DG-algebra. If the matrices A; ¢ satisfy im A; o C imd, for

each i > 2, then D is a DG-module over F.

Proof. Ifim A; o C imdy, then D = Fold(F,) by Lemma 2.3.3, so employ Corollary 2.5.10. [

Corollary 2.5.12. Assume R is a regular graded local ring. Let D be a degree 0 anchored free flag
with H(D) = k. Then D admits the structure of a DG-module over the minimal free resolution of

k.

Proof. The assumption that D has degree 0 implies that each matrix A; o has entries in m, so

employ Corollary 2.5.11. O

The above string of corollaries are all proved by reducing to the case that the differential
module being considered may be realized as the folding of a DG-algebra resolution. The following
theorem shows that this assumption is not only sufficient, but also necessary for free flags with

complete intersection homology.

Theorem 2.5.13. Let D be an anchored free flag with H(D) a complete intersection. Let K,
denote the Kosul complex resolving H(D). Then D is a DG-module over K, if and only if D =
Fold(K,).
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Proof. <= : This is clear by Observation 2.5.8.

— : Choose i := min{i > 1| f; # 0}, where 4;¢ =: f; € \" E* are the defining data
of components of the differential; if no such i exists, then D = Fold(K,) by Lemma 2.3.3 and
there is nothing to prove, so assume ¢ exists. Otherwise, Lemma 2.3.3 implies that we may assume

Ay j = 0forall k — j < i. In particular, for all indexing sets I of size i, one has

d(er) = fi(er) + filer).

Assume that D has a DG-module structure over K,. By assumption H (D) = R/a for some ideal
a that is generated by a regular sequence, and f; ® R/a = 0. One can choose the algebra structure
such thater-e; = ey Aey—+t;—q forall [I|+]J] <4, where t;_; is some elementof €D, ; N E.
This is because exactness of multiplication by f1 forces ey Aej—pjz47| (er-pey) to be a boundary
in the Koszul complex induced by f1, where pjrj4 1 D — /\'I +1 £ denotes the projection onto
the corresponding direct summand (and 0 is the only boundary with k-coefficients). Let e be any
basis vector such that f;j(e;) ® R/a # 0 (such an element must exist by selection of ¢), where

|I| = i. Let £ be the first element of I and notice that:

Jiler) + fi(er) = d(eg)
=d(eg-pepe+ti-1)

= d(eg) ‘D Er\¢e — €D d(el\g) + d(ti_l).

Tensoring the above relation with R/a, it follows that f;(er) € a, which is a contradiction to the

assumptions. It follows that no DG-module structure can exist. g

In view of Theorem 2.5.13, it follows that DG-module structures over the minimal free reso-
lution of the homology are actually quite rare. Indeed, after running many examples it seems that
the only time such a DG-module structure exists is if the free flag arises as the fold of the minimal
free resolution, indicating that DG-module structures can be used to distinguish free flags that are

in the isomorphism class of a complex. It is an interesting question as to whether there exists a
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family of structures, similar to a DG-module structure, that can be used to detect the isomorphism
class of any anchored free flag. We conclude with the following (likely easier) question:

Question 2.5.14. Does there exist an anchored free flag D admitting the structure of a module

over the minimal free resolution of its homology Fe that is not isomorphic to Fold(F,)?
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Chapter 3

Differential Modules and Deformations

of Free Complexes

Abstract

We develop a theory for deforming an arbitrary free complex into a differential module. The
theory uses an iterative approach to parameterize the deformations and obstructions in terms of
certain Ext groups, giving an algorithmic realization of a result of Brown-Erman. We apply this

theory to study certain rigidity properties of free resolutions and related rank conjectures.

3.1 Introduction

A differential module is a module equipped with a square-zero endomorphism. This square-zero
map makes differential modules a natural generalizations of chain complexes—indeed, the cate-
gory of differential modules is the category to which one sometimes must pass when the classical
notion of Z-graded complexes is not general enough. This phenomenon has been observed for
instance in the multigraded analog of Koszul duality (see [HHW12], [BE21]) as well as in the lit-
erature on matrix factorizations, where it has been realized that one needs to “deform” complexes
in order to represent certain functors on the category of matrix factorizations (see [OR20, Lemma

5.3.6]). Additionally, considering these more general objects can often shed new light on classical
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homological results by highlighting which properties of complexes are essential and which struc-
ture is extraneous. For instance, while arbitrary differential modules are quite general and lack
the structure necessary to prove certain homological results, work of Avramov-Buchweitz-lyengar
[ABIO7] shows that differential modules admitting the structure of a flag (see Definition 3.2.6) still
possess many of the same properties as complexes. Differential modules with a flag structure are
objects that lie somewhere between complexes—whose differentials respect a strict homological
grading—and arbitrary differential modules. Work on the Buchsbaum-Eisenbud-Horrocks Con-
jecture on the Betti numbers of free resolutions and related conjectures of Halperin and Carlsson
in algebraic topology [ABIO7; IW18; Wall7] helps bring into focus a structural spectrum ranging
from minimal free resolutions as the most specific objects to arbitrary differential modules as the
most general. At each step, we see certain results that carry over to the next level of generality,

while others fail.

Arbitrar
Free Free Free differenti};l
. LANANAAANANA— LANANAAANAAA— LAAAANAAANAN~
resolutions exactness complexes " homological ~ flags " flag structure dul
arading modules

The overarching goal motivating our work is to understand how the objects on the right-hand
side of the picture related to the more well-studied objects on the left. Brown-Erman begin to
examine this relationship in their work on minimal free resolutions of differential modules. They
demonstrate a tight link between arbitrary differential modules and free resolutions by showing
that (under suitable hypotheses on the ambient ring), every differential module admits a minimal
free resolution that arises as a summand of a free flag whose structure is controlled by the minimal
free resolution of the homology (see [BE22, Theorems 3.2 and 4.2]). These results demonstrate
that the theory of arbitrary differential modules can be related back to the theory of minimal free
resolutions, while at the same time raising more questions about the nature of this relationship—
what properties of the homology can be ‘lifted’ to properties of the differential module? How
much variation can there be in the behavior of differential modules with the same homology?
What new geometric data (if any) do we add by passing from a minimal free resolution to a more
general differential module with the same homology? To begin to answer these questions, we

focus first on the following:
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Question 3.1.1. What are the possible differential modules with homology isomorphic to a given

module? When are two such differential modules (quasi)isomorphic?

The key results of Brown-Erman allow us to pass from arbitrary differential modules to a spe-
cial class of free flags—those that are anchored on the minimal free resolution of their homology
(see Definition 3.2.6)—so long as we work up to quasi-isomorphism. This reduces our question to
identifying the possible free flags that are anchored on the minimal free resolution of their homol-
ogy. A free flag may be pictured as a free complex with additional compatible maps that “go with
the flow” of the complex’s original differential but do not strictly respect the homological grading.

The anchor of the flag is the underlying complex, shown in red in the following visualization.

RX\_

Ey Ey Ey E3

W

Thus, the question at hand can be restated as follows:

Question 3.1.2. If we start with a minimal free resolution, what are all of the ways that we can
add in additional maps so that the total differential still squares to zero and the homology remains

unchanged?
Even in a small case, this question can be subtle.

Example 3.1.3. Let S = k[z1,...,2,] and (D, 0¢) be the differential module with underlying

module D = S @ S(—1)? @ S(—2) and differential given by the matrix

0 21 o f
o 0 0 -
9y = w2
0O 0 O T
0O 0 O 0

where f is some homogeneous degree 2 polynomial. For all choices of f, the homology of (D, d¢)
is isomorphic to S/(x1, z2) and (D, J¢) is anchored on the minimal free resolution of its homol-

ogy, which we can visualize like this:
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It is not too hard to see that when f € (z1,x2), D ¢ =~ Dy since we can turn the matrix Oy
into the matrix Jp via elementary row and column operations. But when f ¢ (x1,z2) we get a
differential module Dy that is not isomorphic to Dy, meaning that we have at least two different
flagged isomorphism classes of free flags anchored on the minimal free resolution of S/(x1, x2).
Now, we ask: given two (nonzero) degree 2 polynomials f,g are D; and D, isomorphic? To
answer this question amounts to checking for similarity of matrices over the polynomial ring in
n variables, which is in general a hard problem. Note that it is easy to parameterize the set of
free flags in the previous example that are anchored on the minimal free resolution of S/(x1, z2)
if we don’t care about isomorphism—such free flags are parameterized by homogeneous degree 2
polynomials. However, even in this small example it is not clear how to account for isomorphism

in such a parameterization.

One approach to this problem was taken in [BV22], where the authors construct a large family
of differential modules anchored on the Koszul complex and prove that under certain hypotheses
any differential module with complete intersection homology is quasi-isomorphic to one of these
“Koszul differential modules”. That being said, there are examples of free flags anchored on the
Koszul complex that do not arise as a generalized Koszul differential module (see Example 4.7
of [BV22]), so this is not a complete characterization. Moreover, this approach leaves open the
fundamental questions about the structure theory of differential modules mentioned above.

In this paper, we present a totally different approach for answering Question 3.1.1 that also
seems to be a powerful tool for studying the uniform and asymptotic behavior of free flags with a
fixed anchor. We furthermore recover and answer many of the results and questions posed in the
work [BV22], and further clarify the deep connection between the classical homological theory
of modules and that of differential modules. Our approach is motivated by deformation theory.
Brown-Erman point out that a free flag can be deformed to its anchor by adjoining a variable and

zeroing out all of the maps above the anchor [BE22, Remark 3.1]. We investigate the reverse
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direction of this observation: Given a free complex F, we can deform F into a free flag by adding
additional maps in a compatible way. We give a sense of the core idea below, reserving the full
rigor and detail for later in the paper.

3.1.1 Example: A Deformation Theoretic Approach

Suppose we have a complex

01,0 02,1 03,2 04,3
Fy Fy Fy Fs < Fy.

We consider this as a differential module with underlying module Fy & F} & F5 & F53 & Fy and

differential given by the following block matrix.

0 do 0 0 0
0 0 &y 0 0
0 0 0 832 0
0 0 0 0 O3
0O 0 0 0 0

We want to think about deforming this complex by iteratively adding maps to the upper right
blocks of this matrix. To do this, we adjoin a new variable ¢ to our ring and add maps 9; ;_» with

t as a coefficient to get the matrix

0 Do thhoy 0 0
0 0 0y tdsy O
0 0 0 3y toio
0 0 0 0 O3
o0 0 0 0

Requiring that this matrix square to 0 mod ¢? imposes the relations

01,0031 + 020032 =0

021042 +03104,3 =0
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which characterize the possible choices for 0; ;2. Next we add maps 0; ;3 with a coefficient of

t2 to get the matrix

Do thep 2039 0
0 0O21 tdy1 12041
0 0 8372 t@4’2
0 0 0  Ous
0

0
0
0
0
0 0 0 0

Requiring this to square to 0 mod ¢ imposes a new relation
01,0041 + 02,0042 + 030043 = 0.

This characterizes possible choices for 03 g and 0y 1, but it also introduces an obstruction: we may
have chosen the 0; ;> maps in such a way that there is no compatible choice at the next step! For
the final step, notice that any choice of map 3, 04,0 in the top right corner of the matrix will be
compatible with the square-zero condition mod #*. Furthermore any such matrix that squares to 0
mod t* actually squares to O on the nose, since the square doesn’t have any entries with a power
of ¢ larger than 3 (in fact, no entry has a power of ¢ larger than 2). Setting ¢ = 1 we get a free flag,

anchored on the complex we started with, whose differential is

0 010 O20 030 Osp
0 0 021 031 0Oa1
0 0 0 85 Oun
0 0 0 0 043
0 0 0 0 0

What is more, we will see later on that the homology remains unchanged at each step, and that
any free flag anchored on the minimal resolution of its homology can be obtained via a similar
process. One way to understand the possibilities for such a flag is thus to understand the possible
deformations and obstructions at each step in the process outlined above. Our core question now

becomes

Question 3.1.4. What are all of the ways to deform a complex to a free flag? What are the
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obstructions to deforming, and when do these obstructions vanish?

3.1.2 Results

The main results of this paper constitute a complete answer to Question 3.1.1 if we impose the
condition that isomorphisms of free flags should be flag-preserving (See 3.2.8 for a discussion of
this additional assumption) via a deformation-theoretic approach. We state our results here for
differential modules with a given homology, but note that in Section 3.3 we actually prove the

following results in slightly more generality.

Theorem 3.1.5. Let M be a module over S with finite minimal free resolution ¥. Every differential
module with homology M is quasi-isomorphic to one that can be realized as a deformation of F.
Furthermore, both the deformations of ¥ and the obstructions to deforming are represented by

classes in Exty (M, M).

When we work over an algebraically closed field, this description of the deformations and
obstructions yields a simple geometric description of the quasi-isomorphism classes of differential

modules with homology M.

Theorem 3.1.6. Assume Kk is algebraically closed and let Xé” denote the set of degree a differen-
tial modules with homology M, up to flagged quasi-isomorphism. Then XM has the structure of

an algebraic variety over k whose dimension is bounded above by

¢
> dimy Ext (M, M)q—iq
1=2

and below by
0 J4

> dimy Extlg(M, M)q—iq — Y _ dimy Exts(M, M)2q—ia.
=2 =4

Corollary 3.1.7. Assume k is algebraically closed and M is any S-module with minimal free

resolution F. If

ExtS (M, M)q—ia =0
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forall 2 < i < pdim(M), then every degree a differential module with homology M is quasi-

isomorphic to Fold®*(F) (in other words, M is a-rigid; see Definition 3.4.1).

Note that it is easy to write down a set of equations that cuts out the set of all free flags
anchored on a fixed complex using only the condition that the differential squares to zero, but it
is not at all clear how to write down a set of equations that also accounts for isomorphism class.
Indeed, if we were to naively take the variety cut out by these equations and try to just mod out by
isomorphism of differential modules, there is absolutely no indication, a priori, that the resulting
object would be a variety. Our approach sidesteps this particular challenge by constructing XM
iteratively as a sequence of deformations, then showing that the isomorphism class of two such
deformations at each step is controlled by higher Ext classes of the module M.

Our approach also yields several applications, one of which is that, for all but finitely many
values of a, the study of degree a differential modules with finite length homology reduces to the

study of minimal free resolutions of finite length S-modules. In particular:

Theorem 3.1.8. Let M be a module of finite length. For |a| > 0, every free degree a differential

module with homology M is quasi-isomorphic to the minimal free resolution of M.

We prove this, as well as other applications and examples, in Section 3.4. More generally,
we enumerate a list of conditions that is sufficient for the space parameterizing the isomorphism
classes of free flags anchored on a fixed complex to consist of a single point, and in the process
recover (and generalize) previous results proved in [BV22] with a completely different method.
Finally, we discuss some applications of our work to rank conjectures for differential modules. We
give some results about the existence of free flag differential modules whose total Betti number is
strictly smaller than the sum of the Betti numbers of the homology; as it turns out, our character-
ization of the “deformation” terms gives a straightforward criterion in special cases for checking
whether a differential module with unexpectedly small Betti numbers exists.

The paper is organized as follows. In Section 3.2, we establish the necessary background and
conventions on (free flag) differential modules that will be essential for the rest of the paper. In

Section 3.3 we consider an iterative process of constructing free flags with a fixed anchor and
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connect this process to the (non)triviality of certain cohomology classes of the associated endo-
morphism complex. After building up the necessary machinery, we prove our main result of the
paper, Theorem 3.3.14, and note some interesting consequences for the derived category of dif-
ferential modules. In Section 3.4, we apply the results established in Section 3.3 to understand
multiple different aspects of free flag differential modules, including rigidity, Betti deficiency, and
the connection between higher structure maps and the notion of systems of higher homotopies for

matrix factorizations.

3.2 Anchored free flags

In this section, we introduce some background and notation on differential modules that will be
used throughout the paper. From now on, unless otherwise specified, the notation S will denote
any Noetherian graded-local ring, by which we mean an N-graded ring (possibly concentrated
in degree 0) whose degree O component is local with residue field k. All modules considered
throughout this paper will be finitely generated.

Let us first recall the notion of a homogeneous differential module:

Definition 3.2.1. A differential module (D,d) or (D,d") is an S-module D equipped with an
S-endomorphism d = dP: D — D that squares to 0. A differential module is graded of (internal)
degree a if D is equipped with a grading over S such that d: D — D(a) is a graded map. The
category of degree a differential S-modules will be denoted DM(S, a).

The homology of a differential module (D, d) is defined to be ker(d)/im(d). If D is graded
of degree a, then the homology is defined to be the quotient ker(d)/im(d(—a)).

A differential module is free if the underlying module D is a free S-module, and D is minimal
if d g k = 0 (that is, the differential module D is minimal if its squarezero endomorphism is
minimal).

A morphism of differential modules ¢: (D,dP) — (D’,d”") is a morphism of S-modules
D — D' satisfying d”" o ¢ = ¢ o dP. Notice that morphisms of differential modules induce
well-defined maps on homology in an identical fashion to the case of complexes. A morphism of

differential modules is a quasi-isomorphism if the induced map on homology is an isomorphism.
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Example 3.2.2. Every homogeneous complex of S-modules may be viewed as a degree 0 differ-

ential module.

Remark 3.2.3. Differential modules are essentially the homologically ungraded analog of com-
plexes, and as such they can vary much more wildly than complexes. The useful analogy here is
the difference between graded rings versus ungraded rings: a differential S-module is equivalently
a S[t]/(t?)-module; on the other hand, the ring S[t]/(t?) may be viewed as a Z-graded ring by
assigning deg(t) = 1. Complexes are thus equivalently described as Z-graded S[t]/(t?)-modules
with respect to this grading, and homogeneous complexes are equivalently graded S[t]/(¢?)-
modules where ¢ is assigned the bidegree (1, 0) (the first component denotes homological degree,

and the second component internal degree).

Definition 3.2.4. Let S be a (positively) graded ring. The degree a fold is the functor:

Fold,: Ch(S) — DM(S, a)

(Co,0) = (€D Cilia), 0) .

where in the above Ch(S) is the category of homogeneous complexes of degree 0.

Remark 3.2.5. Notice that by construction the degree a fold of a homogeneous complex yields
a differential module of degree a. In particular, the category of homogeneous chain complexes
of S-modules not only embeds into the category of differential modules, but it also embeds into
DM(S, a) for all @ € Z. On the other hand, there is no clear relation between the categories
DM(S, a) and DM(S, b) for different values of @ and b; this is at least indicated by the fact that for
a fixed module M, the Betti numbers of a differential module D € DM(S,a) with H(D) = M

may change as a varies (see [BV22, Proposition 3.8]).

Next, we define the notion of a free flag. These can be thought of as a useful intermediary
between chain complexes of free S-modules and general differential modules, and as we shall
see are an important ingredient for generalizing free resolutions to the category of differential

modules.
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Definition 3.2.6. Let D be a differential module. Then D is a free flag if D admits a splitting
D = @,y F;, where each F; is a free S-module, F; = 0 for i < 0, and dp(F;) C ®j<i F;.
Every free flag is naturally filtered by its flag grading D° = Dy ¢ D! ¢ D? C --- by

defining

D' = PF;.

Jj<i
The spectral sequence associated to this filtration has E°-page given by a complex with differen-
tials /' : D'/D"! = F; — D*"1/D"~2 = F;_;. This complex is called the anchor of the free
flag D.
A morphism of free flags ¢ : D — D’ is flagged or flag-preserving if ¢(D?) C D' for
each ¢« > 0. The flagged quasi-isomorphism class of an arbitrary differential module D is the
set of differential modules D’ quasi-isomorphic to D and such that there exists a flag-preserving

quasi-isomorphism between free flag resolutions of D and D’, respectively.

Remark 3.2.7. The squarezero endomorphism of the free flag may be represented as a strictly

upper triangular block matrix, where the first oft-diagonal blocks list the differentials of the anchor.

Remark 3.2.8. In general, an arbitrary morphism of free flags in the category of differential mod-
ules need not preserve the flag structure. Imposing this flagged assumption firstly ensures that
kernels/cokernels/images of morphisms between free flags still have a flag structure, but there is
an alternative interpretation of flagged differential modules for which flag-preserving morphisms
arise naturally.

Let ¢ be an indeterminate assigned homological degree 2, and consider the algebra A :=
S[t]/(t?). Recall that a (homologically indexed) A.-module D over A is a graded A-module
equipped with maps mf : A?j -1 ®s D — D of degree j — 2 satisfying the Stasheff identities
(see [KelO1]). Since Ay =2 S -t is concentrated in homological degree 2, it follows that there are

induced maps

dPp =mP |te - oteo— D, — D;_..
j|D1 J \ , |D'L 7 =]

j—1 copies

Moreover, since A is being viewed as an A,,-module with trivial higher multiplications, the Stash-



57

eff identities simplify significantly and we obtain the equalities

i+1

> (-1)YdP odP ;5 =0 foralli>0.

j=1
Up to a sign convention (made precise in subsection 3.3.3) these identities equivalently define
the data of a flag structure on the complex (D, mlD ); thus a free flag is equivalently an A.-
module over A whose underlying S-module is free. Morphisms ¢ : D — D’ of A,-modules

are collections ¢; : A?j @D = D of degree j — 1 satisfying a similar set of Stasheff-type

identities. Again, in the simpler setting that we are in these identities reduce to

S hiod? = > (—1)'dP oy,

itj=k it+j=k

where ¢; == ¢j(t ®---®t®—) : D — D[—i + 1] is a morphism of the underlying modules

1—1 times
for each ¢ > 1. Thus, flag-preserving morphisms are a special case of the notion of A,,-module

morphisms, where the ambient A-algebra is particularly simple.

The next proposition shows that “deforming” a resolution does not change homology, a fact
that we will take advantage of later when studying quasi-isomorphism classes of differential mod-

ules.

Proposition 3.2.9. Let D be a free flag and assume that the anchor of D is a free resolution of

some module M. Then H(D) = M.

Proof. Define
H(D)":=1m (H(D") — H(D)) .

By definition there is an equality

H(D)=JH(D)

i>0

and by [ABIO7, Section 2.6] a spectral sequence

E} = Hj(F) = H(D),

(2
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where F denotes the underlying anchor of D. Since E? = 0 for i # 0 by assumption, the spectral

sequence degenerates on the second page and there are equalities

H(D)° = Hy(F), H(D)'=H(D)" ! fori>D0.

It follows that H (D) = Hy(F') = M. O

Remark 3.2.10. More generally, the above shows that if a free flag D is anchored on a complex
with finite length homology, then H (D) is a module of finite length (really, it suffices for any page
of the associated spectral sequence to eventually have finite length homology; this is pointed out

in [ABIO7]).

To finish this section, we state a fundamental result of Brown-Erman. One way to interpret this
statement is that if one is willing to work up to quasi-isomorphism, then the homological theory

of differential modules is anchored on the classical theory of free resolutions of modules.

Theorem 3.2.11 ([BE22, Theorem 3.2]). Let D be a differential module and (F,,d) — H(D) a
minimal free resolution of H(D). Then D admits a free flag resolution anchored on the complex

F.

Notation. For convenience, we write 6; for the map F' — F' that, when restricted to Fj is equal
to 0; ;—; for each i (in general, we assume that F; = 0 for ¢ < 0 or ¢ > ¢ so any maps to or from

such F; are defined to be the zero map).

Remark 3.2.12. Suppose that F'4 is a graded complex. Let F¢ be the complex obtained by twisting
F; by ia so that all maps are homogeneous of degree a. A free flag anchored on F¢ has underlying
module @, Fi(ai) and differential O of degree a. For each i > j, O restricts to a degree a
map 0;; : Fj(ia) — Fj(ja). It will sometimes be helpful to remember that a degree a map

Fi(ia) — F}j(ja) is the equivalently a degree a(j — i + 1) map F; — F}.
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3.3 Parameterizing Anchored Free Flags

3.3.1 Building Free flags

We describe a process for building an anchored free flag with a fixed homology M and prove that
all free flags anchored on the minimal free resolution of M arise in this way.

To begin, we introduce the first main character of this construction, the endomorphism com-
plex. We will find that all of the higher differentials of a free flag (and their obstructions) may be

reinterpreted as elements of this complex.

Definition 3.3.1. Let F be a complex of S-modules (indexed homologically). The endomorphism

complex Endg(F) is the (cochain) complex with

Endg(F) := H Homg(F,,,F,_;), and differential
neZz

dEndE"(F)(gb) — dF op— (71)|¢|¢ o dF‘

Equipped with function composition, the complex Endg(F) is naturally an associative DG-algebra.
It is useful to note that

Z'(End$(F)) = Homcy,s)(F, F[—i]),
B'(End%(F)) = nullhomotopies F — F[—i].
If F is a free resolution of some S-module M, there is an isomorphism

HY(End%(F)) = Ext% (M, M).

The following notation will be tacitly used for the remainder of this section:

Notation. Let t denote any arbitrary indeterminate. The notation .S; will denote the ring

The following construction seeks to make precise the idea of iteratively deforming a complex
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F to obtain a free flag anchored on F. In doing this construction, one needs to work in the
truncated polynomial ring S; where ¢ increases at each step, since this will allow us to guarantee

that the resulting differential module still has squarezero endomorphism.

Construction 3.3.2. Let F be any homogeneous complex of free S-modules

01,0 02,1 Op,0—1

F: I I

Fy

with (F, dy) = Fold, (F).

One can iteratively build a free flag (F, 9) anchored on F by filling in the matrix 9 diagonal
by diagonal, at the ' step lifting from a differential module over S;_; to one over S;.

Suppose we have built up a differential module (F' ® S;_1,d;—1) € DM(S;_1, a) anchored on
F ® S;_1 where

0 O thyoy - ti_Qai_l,o 0
0 0 62,1 t6371 o ti728i,1
0 O 0 03,2 t({94,2 . 0
T . 1—2 .
diy = 0 O 0 0 3473 . t 8£7£_Z+1

0 0 Q1402  tOpe—2

0 0 ag,g_l
0 O 0 0 0 e 0 0

If (F ®g Si—1,d;—1) can be lifted to a differential module (F' ®g S;, d;), we then lift by adding
maps {tiflajﬂ-’j }ﬁ;’b to d;_1 above (adding on the next off-diagonal after the ¢*~2 terms). By the
(" step we have a differential module (F ®g Sy, dy) € DM(Sy, a). By setting t = 1, we obtain a
differential module in (F, ) € DM(S, a) anchored on F¢.

We note that it will sometimes be more convenient to package together the maps {0; i ; }?;g

as one element §; € End’(F).

Remark 3.3.3. With notation as in the above construction, assign the variable £ a homological
grading by setting deg(¢) = 1 (and hence cohomological degree —1). The maps J; are a priori

elements of End’ (F), and the process of rescaling yields the map #/~1§; € End}gi (F ®g S;). In



61

other words, this rescaling process forces all of the maps to be homogeneous of cohomological
degree 1 and thus induces a Z-grading on the differential module (F' ®g S;, d;). This Z-grading in
fact agrees with the Z-grading induced by the flag grading, but the introduction of the ¢-variable
makes the bookkeeping much simpler. Similar rescaling tricks have also been used to induce 7-
gradings on Z /27Z-graded complexes (see for instance the discussion on page 2182 of [Bro+17]),

and is intimately related to the idea of “unfolding” a 7 /27Z.-graded object.

Lemma 3.3.4. Every free flag anchored on F may be obtained via Construction 3.3.2.

01,0 02,1 Op,0—1

Proof. LetF = Iy 1] Fy < 0 be any complex of free .S-modules. An

anchored free flag F' on F has differential

0 Oip oo -+ 0o

0 0 Oo1 -+ O
o=1: Do :

0 0 0 - s

0 O o - 0

Rescaling appropriately by powers of ¢ to 0, we obtain a differential module over S[t] whose

differential is

0 31,0 taz’o cee t£_18370
0 0 6271 ce #728@71
8, — . : . .
0 0 - Jie

and which specializes to (F,d) when ¢t = 1. Note that for each 7, (F ® S;,d’) is a differential
module over S;, so this is the differential module we end up with if we run Construction 3.3.2 and

at the i step pick the maps 0j,j—i as our augmenting maps. O

The main result of this section is Theorem 3.1.5 parameterizing the lifts and obstructions in
Construction 3.3.2 in terms of some cohomology groups of the endomorphism complex. We

restate the theorem precisely in its full generality here.



62

Theorem 3.3.5. The possible lifts of F @ S;_1,d;i—1) to DM(S;,a) as in Construction 3.3.2
are parameterized by H i(End:g F)a—ia- The obstructions to lifting correspond to classes in

H™*(End% F)aa—ia.

Proof. The proof is via the lemmas in the following subsection, which we combine to get the
result thusly: In Lemma 3.3.8 we parameterize the lifts at the i step. We identify these lifts
with the appropriate cohomology groups of the endomorphism complex of F in Lemma 3.3.9.
We characterize the existence of lifts by the vanishing of the appropriate cohomology classes in

Lemma 3.3.6. This yields the result. O

3.3.2 Parameterizing Lifts and Obstructions

Lemma 3.3.6. The free flag (F' ® S;_1,d;—1) can be lifted to a free flag (F ® S;,d;) by adding
maps {t710; 1, ; ?;% if and only if a certain map ¥ — F¥[—i — 1] is nullhomotopic (in other

words, a certain class in H™1(End%(F)) is 0).

Proof. Let d; be the map obtained by adding the maps ¢*~'6; to d;_; as in Construction 3.3.2.
This gives a differential module over F' ®g S; if and only if d? = 0 mod (¢*~1). Assuming that

df_l = 0 mod #~2, this happens exactly when the following condition is satisfied:

Z 0;0i41—5 =0
=1

This can rewritten as

i—1
010; + ;61 = — Z 0j0i+1—j 3.1
=2

We claim that the right hand side of (3.1) defines a chain map F — —F[—i — 1]. This means

that one must verify that there is an equality

i—1 i—1
Zéjéiﬂ_j (51 ; 51 Zéj(si—&-l—j
j=2 J=2

By assumption (F' ® S;_1,d;_1) is a differential module, which means that forany 2 < p <i—1
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there are equalities

p—1
Sp0y == Opbpr1_r and 616, = ZMM ¢
k=1 (=2

Using this, we rewrite each of the sums above to get

i—1 i—j ) i—1 7
0j0k0i12—j K = § § 000 41—00i41—j-
=2 k=1 =2 (=2

Switching the order of the sums on the right, we find

i1 i—j , i1zl
0j0k0i12—j K = § E 000 41—00i41—j-
=2 k=1 =2 j—¢

Finally, reindex the righthand sum by first replacing j by k£ + ¢ — 1 to obtain

1i—3 i—1 i—/¢

.
Z(s Skbito—jk = 000k 0i+2—0—k-
=1 (=2 k=1

%

<.
||
w

Replacing ¢ on the right with j, we see that this is indeed an equality, so the right hand side of
(3.1) is a chain map as claimed. This means that (3.1) is exactly the condition that the the maps
{0j44,;} are a nullhomotopy for this map F — F[—i — 1]. This chain map corresponds to a class
in H"™1(End%(F)). By Remark 3.2.12, the map d; has degree a — ja, so the chain map in (3.1)

has degree a — ¢a when considering the cohomology as a graded S-module. U

Remark 3.3.7. Viewing the endomorphism complex A := End%(F') as a DG S-algebra in the
standard way, the condition (3.1) is (up to some sign changes which we will not get into) equivalent

to the condition

dA(6;) = Z(—l)ﬂ'“ajam_j.

This means that in the cohomology algebra H*®(A), all of the classes Z;;é(—l)j 165,841 are
trivial, and hence the Massey powers (in the sense of [Kra66, Section 3]) <52>k are trivial for all

k > 2. Since Massey powers are known to give well-defined cohomology classes, this yields an
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alternative proof that the expression on the righthand side of (3.1) is a morphism of complexes.

In a similar vein, the following lemma shows that the isomorphism classes of two different

lifts as in Construction 3.3.2 are also parametrized by cohomology classes of Endg(F):

Lemma 3.3.8. If lifts exist as in Lemma 3.3.6, then the possible lifts are parameterized by
" "YH'(End¥ (F ®5 S;))a—ia-

Proof. The statement will follow by proving

(1) the difference of any two lifts corresponds to a well-defined cohomology class on Endg(F),

and

(2) if this difference is 0 in cohomology (that is, the maps are homotopic), then the two lifts give

isomorphic differential modules.

Suppose we have d; and d/, that are both lifts of d;_; via maps {ti_16j+i7 j ?;% and {ti_18§ tij ?;g

respectively. Since both satisfy (3.1), their difference {t'~'9; 1 ; — "'}, ; }?;’6 defines a chain
map

F®S, — —F[—’L'] ® S;

which by Remark 3.2.12 belongs to a class in Hi(Endfgi (F ®5 S;))a—ia- Suppose this map is

nullhomotopic. Then there exist hj ;1 : F; ® S; — Fj_;11 ® S; for each j so that
T 0y — 0 =t i1 Oy i1 — £ 0 R g (3.2)

Let P; is the matrix with Is on the diagonal and whose entry in the p" row and ¢** column is

t'hg» when ¢ — p = i and 0 otherwise (for instance see P, below).

1 0 t?heg O .0
01 0 ths1 0 ... 0

1 0 t*hap

00 0 1 0 t*hes—o
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By solving for t' =19/

:i.; in (3.2), we can write the differential d; as the matrix whose entries are

p
trfpfla,«,p — trfpflhr_lypama_l + trfpflap_;_l,phr’p_&_l if r—p=1

(di)pr = =710, if 1<r—p<i—1

0 otherwise

\

We claim that d] = P{_ll d; P;_; (mod t*). Note that (mod t’) the inverse lDZ:ll is the matrix with

entries .

—th, if p—k=i—1

(Pi1),r =141 if p—k=0

0 otherwise
\

Using this, we compute PijlldiPi,l entry-wise:

L 0L
(PP )pr = > (P )pa(di)ig(Pic1)gr

L
= (Pi_—ll )p,k (di)k,r + Z (Pi__11 )p,k (di)k,r—i-i-ltiil Porr—it1
k=0 k=0

(di)pr + 7N (di)pr—irthrr—izt — ' Pppic1p(di)prizts
— 22 hyi1 () pric 1 r—it 1 Rer—i1
= (d)pyr + 1 (di)pr—ittbrg—it1 — " hpyic1p(di)prio1, (mod t)
100y + T 01 phr—it1 =t hpric1 pOrpric1 i T —p =i
=t P19, if 1<r—-p<i-1

0 otherwise.
\

Since d, = PijlldiPi_l (mod tY), it follows that (F ®g S;, d;) and (F ®g S;, d.) are isomorphic
differential modules over .S;. Hence, the choices of lifts from 5;_; to S; are parameterized up to

isomorphism by a class in (t'~1) H*(End%(F ®5 S;))a—ia- O
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Lemma 3.3.9. There is an isomorphism of k-vector spaces
t""YH'(End% (F ®s S;))a—ia = H' (End%(F))a—ia.

Proof. Let ¢ : S — S; be the natural inclusion of S-algebras; notice that S; =2 @;;%) S-tlisa
free S-module. In particular, the ideal ('~ 1) := (¢=1)/(¢') C S; is isomorphic to St'~! and is
hence a free S-module of rank 1. Since tensoring with a free S-module is exact and F is a complex

of free S-modules, there is an isomorphism of S-modules
H'(Endg, (F ®s S;)) = H'(End$(F)) ®g S;.
Multiplying the above by the ideal (t'~1) C S, it follows that

(" YH'(Endy (F ®5 S;)) ~ H'(End(F)) ®s (1)

N——
~S
~ H'(End%(F)).
Restricting to homogeneous components yields the statement of the lemma. O

3.3.3 Flagged Isomorphism Classes and Homotopy Equivalence of Free Flag Data

The previous section proved Theorem 3.3.5, which we will use to classify flagged isomorphism
classes of free flags on a fixed anchor. In order to do this, we will need to understand when
two flags are determined by homotopic data (note that we have so far shown that homotopic data
implies isomorphic free flags, but not the converse). In this section we study the relationship
between the higher differentials of two flags, assuming that we know these flags are isomorphic
via some flagged isomorphism. As it turns out, this assumption forces the defining data of both

flags to be homotopic.

Notation. Let A be any Z-graded algebra. For any a € A, the notation @ is defined as

a:=(—1)""1a,  where |a| := dega.
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The following proposition is useful for translating between two equivalent perspectives on
free flags that we have been employing implicitly in earlier sections, but we will need to make this

identification precise in this section to ease the computations of Lemma 3.3.12.

Proposition 3.3.10. Let F be any complex of S-modules and E := Endg(F). Define the map

T : E — F as follows: given any ¢ € E, the map 7(¢) is defined via

T(@)(f) = (=DVe(f).

Then:

i. The map 7 : E — FE is an isomorphism of S-modules (that does not respect the algebra

structure on E).

ii. The map T : E — FE induces a bijection

{Tuples (61,.., 5n)6E2><-~><E"+1 Sal‘isfyl'ng} {Tuples (51,...,5n)€E2><...><En+1 saliafying}

dF(Si-‘y-(SidF:— 23;11 53‘52‘73' fori=1,...n dE((Si):— Z;;ll gjéi,j fori=1,...n

Proof. Proof of (i): This is immediate from the fact that 72 = idf, and the fact that 7 does not
respect the algebra structure is easily seen from the equality 7(¢)7(v)) = (—1)¥1py.

Proof of (ii): Assume that (01, ...,0,) € E* x --- x E"! s a tuple satisfying
i1
d¥6; + 6;d¥ == 5;0i;.
=1

Consider the tuple (7(01),...,7(d,)). Then:

i—1 i—1
ZT((SJ)T((SZf]) = Z(—l)]+1 : (_1)1—]—{-16]6173
Jj=1 j=1

= (—=1)Y(d¥6; + 6;d%)

= —7(d")7(8;) + (1) 7(8;)7(dF) = —d" s CED (7(5y)).

Since 7(F) = F, the above computation shows that 7 induces a bijection between the two sets of
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part (i7). O

Remark 3.3.11. For computational purposes, it is often more convenient to deal with tuples of data

satisfying the identities
i—1
== 50,
j=1

since we are then able to leverage the fact that E' is an associative DG-algebra, and in particular

satisfies the graded Leibniz rule.

Lemma 3.3.12. Let F be a complex of S-modules and E := Endg (F). Assume d* := ¢, 61, ...,0,

is any sequence of elements with §; € E*t! satisfying

i—1
dP(5;) == 6;0i;
j=1
For any sequence of elements 1, ..., with ¢y, € End‘g(F), define the sequence df =
50,01, ...,0;, via
i—1
05 := 0 + Z(@@Le + 8ietbe) + d¥ ().
=1

Then for all © > 1 there are equalities:
i, dP(o)) = — Y121 801, and
i Y5 8301y = YTy 850 — oy AP (Ve + Siatbe).

Proof. Proceed by induction on i, with base case ¢ = 1 being evident since §] := d; + dP(ar).

For i > 1, the equalities of () and (4¢) are a consequence of the following computation:

i—1 i—1 -1
N5 255 Z DA )0+ S (~ved, —Biethe) 31,
j=1 (=1 j=t+1
— i—1 i—1i—0—1
= Z@(glfj + Zgi—EdE(¢€ + Z g @Dédgfe + 5i—€¢€)
j=1 = (=1 j=1

i—1 i—

=1 j=0+1

~
—_
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i—1 i—1 i—1i—0—1
:Zgj&;j +25i—£dE(W) + Z 0;0i—j—ee
j=1 =1 (=1 j=1
i—1
+ 3 (1) P ) Z SRS
/=1 j={+1
~——

reindex: j—j—¢

_Zajaz ﬁzaz «d” (1) +Z 1) d” (i)

i—1
=Y dGae + Z bed® (5_y)
=1 N =1 T ,
=dE(&—zw£}+5>%dE(w0 =(—1)4dB (e8] _ ) —(—1)*dE ()9 _,
i—1

=> 56 ZdE Pubi_g + bie)

]:

=—dF ( +Z (el _y + 8i_pby) + d (%)) = —d"(5)).

d

Using Lemma 3.3.12, we can now show that flag-preserving isomorphisms of flagged dif-
ferential modules induce homotopy equivalences between the defining data of these differential

modules:

Theorem 3.3.13. Assume that ¢ : D — D' is a flag preserving isomorphism of free flags, where
D and D' are determined by the data 01, . ..,0, and 0}, ...,0., respectively. Then for all i =

s Ynp

1,...,n the data
i—1 i—1
V)
D 66 and Y 80,
j=1 j—1
are homotopic.

Proof. Write ¢ = ¢g + ¢1 + - - - + b, where ¢; € Hom’(F, F’) (note: F and F’ are the anchors
of D and D', respectively). Since ¢ is assumed to be an isomorphism, the map ¢y must be a
isomorphism of the underlying complexes F and F’. Changing bases as necessary, it is of no loss

of generality to assume F = F/ and ¢y = idp.
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With this, the assumption that ¢ is a morphism of flags yields the equality

0 =0i+ > (Si—epe — ¢e6;_,) foralli=1,...,n,
/=1

where the above summation uses the convention &y := d¥. For each £ > 1, define ¢, := (—1)¢

and observe that for any element f € F,, there is a string of equalities:

i

T(O)(f) = (~1)"6(f) + (=)™ Y (i—edbe — $25}_y)

(=1
i—1
= (=1)"6i(f) + Y (T(Gi-)ve(f) + Der(S1_o)(f)) + d™45TE (r(4)).
/=1

It follows that via the automorphism 7, the data of a flag preserving isomorphism is equivalently

the data of Lemma 3.3.12, which by part (i7) of Lemma 3.3.12 implies that the equations

i—1 i—1
> 60y and > 88
j=1 j—1
are homotopic. 0

3.3.4 Dimension Bounds

Using the material proved in subsections 3.3.1 and 3.3.3, we can show that for a fixed anchor
F, the flagged isomorphism classes of degree a free flags anchored on F' are parametrized by a

well-behaved geometric object:

Theorem 3.3.14. Let S be a graded-local ring where the residue field k of Sy is algebraically
closed. The set of flagged isomorphism classes of free flags in DM(S, a) anchored on a free
complex F is parameterized by a nonempty variety XF whose dimension satisfies the following

bounds:

1 L l
> " dimy H (End(F))q—ia— Y _ dimy H' (End%(F))2q—iq < dim XF <)~ dimy H (End§(F))a—ia.
=2 =4 =2
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Moreover, dim XY = 0 if and only if XF consists of a single point corresponding to the degree a

fold Fold®(F).

Note. The degree of 2a —ia rather than a —¢a in the sum corresponding to the obstructions appears

due to an indexing shift replacing ¢ + 1 by 1.

Proof. Throughout the proof, we will freely employ notation established in subsection 3.3.1, par-
ticularly Construction 3.3.2. The proof follows by inductively defining a family of algebraic va-
rieties {X;};>1 using the constructions of 3.3.1 whose points will eventually correspond to all
possible flagged isomorphism classes of free flags anchored on F. When ¢ = 1, the variety X is
defined to be the singleton corresponding to Fold*(F').

For conciseness of notation, define E; := Cl (Spec(Sym*(H"(Endg(M));))) (where C1(—)
denotes the functor sending a k-scheme to its closed points). Then for each ¢ > 1, let

vi: Xi = By,
be the map that sends the point corresponding to F' ®g S; to the chain map on the right hand
side of equation (3.1). Since this map is polynomial in the coordinates of the underlying vector
spaces, this is a morphism of (classical) varieties, and since k is algebraically closed this induces
a morphism of k-schemes.

By Lemma 3.3.6, the subset of X; that can be lifted to a differential module in X;; is the
fiber K; := v, 1(O) above the point corresponding to 0 in Egzl .- On the other hand, Lemma
3.3.8 implies that the flagged isomorphism classes of two lifts of the free flag (F' ®g S;, d;) are
parameterized by E;tl(z a0 in which case we set X;1 1= K; X E;tl(z +1)a for 7 > 1. Notice that
the points of X;;1 may explicitly be described as flagged isomorphism classes of free flags of the
form (F' ®g S;t1,d;+1), obtained as in Construction 3.3.2. Inductively, this shows that each X is
a variety and that there is an inclusion

X, C X xE*, xE*), x - xE!

a—ia*

Define XF to be X, (recall that £ is the length of F). Setting i = £ in the above inclusion and
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counting dimensions yields the upper bound on dim XF.
Next, we will establish the lower bound on dim XF. Define V™2 := imy;. By the fiber
dimension formula (see, for instance, [Har77, Exercise 3.22]) combined with the definition of X

there is a string of (in)equalities

dim K; > dim X; — dim V**+2
=dim K;_; + dim E!_,, — dim V'*2

>dimK; 1 +dimE' . —dim E{?

a—1ia 2a—1a°

Setting ¢+ = £ and inducting downward, it follows that

4
dim X > dimEy i, — > By i
—xF =2 i=4
= dimg H'(End(F))q—ia — »_ dimy H' (End(F))20—ia.
i=2 =4

This establishes the lower bound.

Finally, it remains to show that if dim XF = 0, then in fact X¥ = {Fold*(F)} is a single
point. A priori, the assumption that dim X¥ = 0 implies that XF consists of a finite set of
points. Suppose for sake of contradiction that Xf contains another point corresponding to a
flagged isomorphism class distinct from that of Fold*(F'), and denote the corresponding free flag
by F'. Choose any A € k*. If the maps do, ..., d; denote the data defining the free flag F', then
the data Ada, A\20s, ..., A\*"16, defines another free flag, denoted F}, that is also anchored on F.

We claim that F, 2 F in a flag-preserving way if X is not a root of the polynomials =" — 1 for
1 < r < £ — 1. Notice that this gives an immediate contradiction since the fact that k is infinite
implies that XF must have infinitely many points (note that k is infinite by the algebraic closure
assumption). To prove the claim, assume for sake of contradiction that there is a flag-preserving
isomorphism Fy = F for A as above. Denote by F/{ (resp. F'*) the deformed version of F (resp.

F) obtained by rescaling the maps 9; by powers of ¢. Then the free flags F/{ and F'* must also be
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isomorphic, and hence F/{ ®g9; =2 Ft®gS; foralli > 1.

Choose p := min{i > 2 | §; # 0}. Observe that p is well-defined by the assumption that F’
is not in the isomorphism class of Fold*(F). By the proof of (2) in Lemma 3.3.8, the fact that
F! ®g Spy1 = F' ®g Spy1 implies that the difference (AP~! — 1), is nullhomotopic. By the
assumptions on \ the scalar \~! — 1 is nonzero, which implies that 0p is nullhomotopic. Thus F'
may be replaced with an isomorphic free flag satisfying 62 = d3 = --- = d,, = 0. Iterating this
argument, it follows that F' has an isomorphic representative with §; = 0 for all 7 > 2, implying

that F' = Fold?(F); this contradiction yields the result. O

Remark 3.3.15. It is worth mentioning that the assumption of algebraic closure for the field k is
only necessary for invoking the equivalence of categories between the classical notion of a variety
and reduced integral k-schemes (which is induced by taking closed points). In general, the results
of 3.3.1 are totally independent of any assumptions on the base field k and hence always give rise
to at least an algebraic parametrization of free flags with a fixed anchor.

Remark 3.3.16. The assumption that the isomorphisms are flag-preserving is essential for the

well-definedness of the maps v; : X; — E;:Em That being said, it is not clear in general
what the precise difference between flagged isomorphism classes and arbitrary (not necessarily
flag-preserving) isomorphism classes is. As of yet we have not been able to find an example of
a free flag anchored on a free resolution where the isomorphism class becomes larger once the

flag-preserving assumption is dropped.
In view of Remark 3.3.16, we pose the following question:
Question 3.3.17. Assume that there is an isomorphism ¢ : D — D’ of free flags anchored on a

fixed complex F. If H/(End%(F)) = 0 for all i < 0, then is it true that there is a flag-preserving

isomorphism D — D'?

It turns out that we can also obtain dimension bounds for arbitrary (not necessarily homoge-

neous) differential modules with finite length homology:

Theorem 3.3.18. Assume that k is algebraically closed and ¥ has finite length homology. The

set of flagged isomorphism classes of free flags in DM(S) anchored on F is parameterized by a
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nonempty variety X¥ whose dimension satisfies the bounds

¢
dimy H*(Ends(F)) + dimy H*(Endg(F)) < dim X% <" dimy H'(Endg(F)).
1=2

Proof. Observe first that the constructions and results of subsection 3.3.1 are inherently indepen-
dent of the homogeneity assumption, in which case we may employ the same argument as in

Theorem 3.3.14. The finite length assumption ensures that all vector spaces involved are finite

dimensional. O

3.4 Examples and Applications

In this section, we discuss some of the applications of our results including rigidity conditions for

free complexes, total Betti numbers of differential modules, and matrix factorizations.

3.4.1 Rigid resolutions

In general, the quasi-isomorphism class of a degree a differential module is only controlled up to
some choice of free flag anchored on a resolution (this is the content of [BE22]), but it is useful to
know when one can guarantee that there are no nontrivial free flags anchored on a given complex.

This is precisely the notion of a-rigidity:

Definition 3.4.1. A homogeneous complex F is a-rigid if the only flagged isomorphism class of
a degree a free flag anchored on F is the degree a fold Fold®(F). A homogeneous S-module M

is a-rigid if some (equivalently every) homogeneous free resolution of M is a-rigid.

Remark 3.4.2. Another description of a-rigidity may be given as follows: consider the homology
functor H : DM(S,a) — S-mod which sends a given differential module D to its homology
H(D). Then a given S-module M is a-rigid if the “fiber” above M is (essentially) contained

inside the category of chain complexes, where Ch(S) C DM(S, a) as in Remark 3.2.5.

Our results also allow us to generalize a result previously proved in [BV22], and in fact we

can give a full characterization of a-rigid Artinian complete intersections:
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Theorem 3.4.3. Let S = k[x1,...,z,] (n > 2) be a standard-graded polynomial ring and M =
S/1 be an Artinian complete intersection, where I = (f1, ..., fn) is generated by a homogeneous

regular sequence with degrees d :== (dy < dg < --- < d,) (where d; :== deg f;). Then:

i. If I is not generated by linear forms and

a<di+do+n—|d or a>d,1+d,

then S/1 is a-rigid.
ii. If I is generated by linear forms, then S/I is a-rigid for all a # 2.

Remark 3.4.4. The hypotheses of Theorem 3.4.3 omit the case n = 1 for the simple reason that
this case is trivial. If n = 1, then a free flag is equivalently a complex, so S/I is a-rigid for all
a € 7Z. Likewise, if n = 2 then the flagged isomorphism classes of free flags are in direct bijection

with the Ext classes Ext?(S/1, S/I), so the statement really only needs to be proved for n > 3.

Remark 3.4.5. The quantity |d| — n is the socle degree of the complete intersection S/, typically

denoted Socdeg(S/I). This means that the bounds of Theorem 3.4.3(7) may be instead written as

a < dy + dg — Socdeg(S/I) or a>d,—1+d,}.

A quick example illustrating the statement of Theorem 3.4.3 may be useful before the proof:

Example 3.4.6. Suppose that [ is a complete intersection with degree sequence d = (2,2,5,7,9)

(where S/I is Artinian). Then

Socdeg(S/I) = |d| —n =25—5 =20,

dy + dy — Socdeg(l) =4 —20=—16, and d,_1+d,=7+9=16.

Thus S/1 is a-rigid for all ¢ < —16 and all @ > 16.

Proof of Theorem 3.4.3. We will actually prove a much more precise bound, then specialize to the

case at hand. It is well-known that for a finite length complete intersection S/ over a polynomial
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ring, the maximal nonzero degree of S/I is precisely |d| — n. Moreover, there is an isomorphism
Exts(S/1,8/I) = S/Twg \V,

where V' = @;"_ | Se; is a free S-module on basis elements e; assigned internal degree deg(e;) =

—d;. For every 1 <4 < n, there is a direct sum decomposition

/\V: @ Sejl/\-~-/\eji,

1<j1<-<gi<n

in which case

Exts(S/I,S/I)= @D  S/Tejy A+ Ney,.

1<ji<<gisn
Let ¢; (respectively 7;) be the minimal (respectively maximal) internal degree of /\Z V. In order

for Ext’s(S/1,S/I)a—ia to be 0, there must be strict inequalities

a—ai>|d —n+r;, or a—ai<¥. (3.3)

Proof of (i): Notice that ; < —(i — 1)dy — dg and ¢; > —(i — 1)d,, — d,,—1, in which
case substituting these into the inequalities (3.4.1) implies that S/ will be a-rigid if the following

inequalities hold for all 2 < ¢ < n:
a—ai>|d—n—(i—1)dy—dy or a—ai<—(i—1)d, —dy_1.

Rearranging yields the inequalities

n — |d| + da 0> d +dn—1

<d .
I i1

dn—l
i—1

The quantity d,, + is evidently maximal for ¢ = 2, yielding a > d, + dp—1. On the other

hand, we claim that n — |d| + dy < 0.
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To see this, suppose for sake of contradiction that |d| < n + ds. Since d; + (n — 1)dy < |d

B

it follows that % +ds < ;5. If n > 4, this implies that d2 < 2 and hence d; = dy = 1.
Likewise, if n = 3 then dj + da < 3, again implying that d; = dy = 1 and hence |d| < n + 1.
Since each d; > 0, it follows that |d| = n and d; = 1 forall 1 < j < n. This contradicts

the assumption that / is not generated by linear forms, so n — |d| + d2 < 0 and hence there is an

inequality
n— ‘ d ’ + do
—1

7 —

di + >dy+dy +n—|d|

It follows that if a < d; + d2 +n — |d| or a > d,,—1 + d,, then S/ is a-rigid.

Proof of (ii): This proof is essentially identical but much simpler: if [ is generated by linear
forms, then Ext%(S/1I, S/I) is generated in internal degree —i for all 2 < i < n. This means that
if S/1 is a-rigid for some a, there is an equality a — ai = —i for some 2 < i < n. Rearranging
this yields the equality 7 =

ﬁ; since ¢ must be an integer, it follows that a = i = 2. O

As it turns out, we can upgrade Theorem 3.4.3 to an equivalence:

Corollary 3.4.7. The statement of Theorem 3.4.3 is an equivalence. More precisely: adopt nota-

tion and hypotheses as in Theorem 3.4.3. If
di+dy+n—|d <a<d,1+dy

then S/1 is not a-rigid.

Proof. The proof follows by constructing an explicit free flag anchored on the Koszul complex
K, resolving S/ that is not isomorphic to Fold(K,) for every a in the appropriate interval. To
do this, it is necessary to make some initial observations. Note first that (S/I); # 0 for all
0 < j < Socdeg(S/I), so for each j we may fix a nonzero element m; € (S/I);. With notation

as in the proof of Theorem 3.4.3, consider the elements

2
mje; Aeip1 € S/T@s \V, 0<j<Socdeg(S/I), 1<i<n-—1.

Notice that each of these elements squares to 0, even when viewed in A* V, and hence induce a
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well-defined differential module by choosing all higher structure maps (of degree > 2) to be 0.

Moreover, notice that for all 1 < 7 < n — 2 there is an inequality
d; +diy1 > dip1 + dig2 — Socdeg(S/1) (3.4
since rearranging the above expression yields the inequality
n—d; <|d| — dito.

The righthand side of this inequality is at least n — 1, and since d; > 1 we also know that the
lefthand side is at most n — 1. With all of these ingredients, the proof concludes as follows:
as ¢ and j range through the values 1,...,n and 0, ..., Socdeg(S/I), respectively, the elements
mje; N\eiy1 € Ext%(S/I, S/I)_d,—d; .+ induce degree a differential modules for all d; + da —
Socdeg(S/I) < a < dp—1 + dy. The fact that @ must range through all values in this interval
follows from the inequality (3.4) along with a straightforward induction on 3.

Finally, notice that each of the differential modules induced by the elements me; Ae; 1 are not
isomorphic to a fold of the Koszul complex, since Theorem 3.6 of [BV22] would imply that m; €

I, a contradiction to the fact that m; represents a nonzero element in (S/I); by selection. O

The following example should help to illustrate the proof of Corollary 3.4.7 more clearly:

Example 3.4.8. Let S = k[r1,72,73] and I = (22,23, 23). The socle degree of S/I is 4, in
which case Corollary 3.4.7 guarantees that we should be able to construct homogeneous free flags

of degrees {0, 1,2,3,4,5}. To do this, choose elements:
1e (S/I)o, r € (S/I)l, r1Ty € (S/I)Q, T1Tox3 € (5/1)3, $1I‘2$§ S (S/I)4

(note that the choice of these elements is arbitrary — any nonzero choices will do). We then

consider the collection of elements in Ext%(S/1I, S/I):

z1x2$§61 Nea, xi1xoxzer Nes, x1x9€e1 Ney, x1€1Ney, e1/\es,
— ~——

degree 0 degree —1 degree —2 degree —3 degree —4



79

xlxgwgeg Nes, xTixox3e2 Ne3, xi1T2e2/Ne3, xTieagNe3, ex/Ne3.
—— S~——

degree —1 degree —2 degree —3 degree —4 degree —5
Notice that there is redundancy in the degrees of the differential modules induced by the Ext

elements in this collection, but they still range through all values in the interval {0, 1,2, 3,4, 5}.

Remark 3.4.9. The construction of Corollary 3.4.7 actually generalizes the construction of [BV22,
Proposition 3.8], since the differential modules constructed there are minimizations of the free flag

induced by choosing e1 A e € Ext%(k, k)s.

It is not difficult to see that the construction of Corollary 3.4.7 does not yield all possible free
flags of a given degree, it is only a sufficiency result that guarantees nonrigidity within a given

degree range. The following example helps illustrate this:

Example 3.4.10. Let S = k[x1,...,74) and I = (22,...,23), and assume that k has odd char-

acteristic. Consider the elements
f1:=x1e1 + x0€0 + x363 + T4€4, and

2
fo = zixow3ms(e] Nea +e3 Ney) € /\ V.

Notice that f5 squares to 0 after descending to the Ext algebra, but it does not square to 0 when

viewed as an element in the exterior algebra A\°® V/, since
(z1x2w324(e1 A eg + ez Aey))? = 2aa222x2e; Aea Aeg Aeg # 0.
Define
f3 := r1T9T3714 ($2x3x462 ANe3 N\ ey — x1x309€1 N\ €3N €eyq 4+ x1Xx2x8€1 N\ €2 N €4 — X1X2X3€1 N\ €2 N 63)

and notice that f1 - f3 — f3 - fi = f3. Since fa - f3 + f3 - f2 = 0, it follows that the elements
f1, f2, and f3 induce a well-defined Koszul differential module as in [BV22, Proposition 4.2], and
moreover this differential module is homogeneous of degree 0. It is not isomorphic to any of the

free flags of Corollary 3.4.7, however.
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Next, we consider the problem of understanding free flags anchored on complexes with finite
length homology. Free flags anchored on arbitrary complexes are a little more subtle than being
anchored on a free resolution, since we do not have complete control over how the homology
changes as the higher structure maps are added iteratively. However, we do at least know that
the flagged isomorphism classes are parametrized by modules concentrated in only finitely many

internal degrees. This immediately yields:

Theorem 3.4.11. Let F be any finite length complex of free S-modules with finite length homology.

Then ¥ is a-rigid for a > 0.

Proof. The flagged isomorphism classes are determined by the size of the cohomology of the
endomorphism complex End% (F). If F has finite length homology, the cohomology of Endg (F')

is 0 in sufficiently large degrees. O

Remark 3.4.12. The statement of Theorem 3.4.11 may be interpreted as a statement on the asymp-
totic behavior of free flags anchored on finite length complexes. In particular, it implies that
“interesting” homogeneous deformations of homogeneous complexes with finite length homology

are exceptional, in the sense that there is only a finite window where such deformations may occur.

3.4.2 Differential modules with small rank

In this section, we revisit the Rank Conjectures of Buchsbaum-Eisenbud—Horrocks [BE77; Har79],
Halperin [Hal85] and Carlsson [Car86]. These conjectures, concerning lower bounds on the Betti
numbers of free resolutions and toral rank of certain manifolds and CW complexes, formed part
of the motivation for [ABIO7]. In searching for a unifying conjecture that would imply both
the algebraic and topological rank conjectures, they posited that conjectures on total rank of
free complexes should also hold for differential modules admitting a free flag structure. While
Walker proved the Total Rank Conjecture for minimal free resolutions (outside of characteristic
2) [Wall7], the more general conjecture was shown to be false outside of characteristic 2 even
for complexes by Iyengar-Walker [IW18]. In light of these results, we are curious about where

precisely counterexamples to the more general conjecture can occur. We explore this question by
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relating the total Betti number of a differential module to the total Betti numbers of its homol-
ogy. To do this, we introduce the notion of Betti-deficiency, which can be viewed as a twist on

a-rigidity. First, recall the definition of a Betti number for graded differential modules:

Definition 3.4.13. The j™ Betti number 3;(D) of a Z-graded differential module D is defined as
Bj(D) := dimy H(F @5 k);,
where F' is any minimal free resolution of D (as in [BE22]). The toral Betti number is
B(D) = 3" B,(D).
JEZ

A differential module D is Betti-deficient is there is a strict inequality

B(D) < B(H(D)),

where H (D) is being viewed as a differential module with 0 endomorphism.

The j® Betti number of D counts the number of generators in degree j of a minimal free
resolution of D. Likewise, the total Betti number counts the total number of generators (i.e. the

total rank) of a minimal free resolution of D.

Remark 3.4.14. As noted in [BE22], Theorem 3.2.11 implies that there is always an inequality
B(D) < B(H(D)),

so Betti-deficient differential modules are the cases for which this inequality is strict.

Remark 3.4.15. Notice that if M is an a-rigid S-module, then there are no Betti-deficient differ-
ential modules with homology M. This is not an equivalence, however, and makes the notion of

Betti-deficiency a slightly more subtle property to study.

Using the fact that any free flag resolution F' of a differential module D may be chosen to be

anchored on a minimal free resolution of H (D), this means that a differential module is Betti-
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deficient if and only if the matrix representation of the endomorphism d" has entries residing
in the field k. On the other hand, we know that the higher off-diagonal maps are equivalently
described as elements of the endomorphism complex associated to the anchor of F'. Combining

these two facts yields the following:

Theorem 3.4.16. Let M be an S-module with finite projective dimension. If there exists a Betti-
deficient differential module D € DM(S, a) with H(D) = M, then the Betti table for M must
have two nonzero entries (in nonadjacent columns) lying on a line of slope 1 — a + % for some

J=2

Proof. Let M have minimal free resolution
F: Iy F+- -« F,

where F, = @).c;, S(—k)?*. We will use the fact that the total Betti number of a differential
module (D, 9) is equal to the number of generators in a minimal free resolution of D, and that by
[BE22, Theorems 3.2 and 4.2] we can assume that our minimal free resolution is a direct summand
of an anchored free flag resolution of D. Using the minimization procedure in [BE22, Proposition
4.1], D has a minimal free resolution that is strictly smaller than its anchored free flag resolution
exactly when the matrix representation of 0 contains a unit. Such a unit corresponds to a degree 0

map

Fiia) Fi_j((i—j + )
| I
@y S(ia — k)Pir P, S((i — j+ 1)a — £)Pi-ie

where j > 2. This means that for some 4, j, k, £ with 3; 1., 3;—; ¢ # 0, there is an equality

ia—k=({—j5+1a—"¢

(—k=(1-ja.

In the Betti table for M, 3; j is located in column ¢ and row k£ — 4, and 3;_; ¢ is located in
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column i — j and row £ — (i — j), so ;1 and /3;_; ¢ lie on a line of slope

(—(i—j)—(k—=i) L—k+j_(1-ja+j _
j J J

1—a+g.
J

O

To more concretely illustrate the idea of Theorem 3.4.16 and its proof, suppose that M has

minimal free resolution

1o} 0 17)
F 1,0 ) 2,1 j2} 3,2 Fy

and let D be a degree a differential module with homology M. If D is Betti-deficient, then the
matrix representing the differential of D’s minimal free resolution contains a unit. Suppose for
example that the unit is in the red block in the matrix below, which we can visualize via the

augmented complex on the right.

03,0
0 9 5 5 92,0 \ 03,1
1,0 2,0 3,0
0 0 b1 031 Fo %9170 Fi(a) T’l F>(2a) m F5(3a)
0 0 0 Os [ I I I
0 0 0 0 @S(—j)ﬁo,j @S(a_j)ﬁl,j @S(Qa_]-)ﬂz,j @S(:;a_j)Bg,j

The presence of a unit entry in the degree a map 03,1 means that there is a summand of Fj(a)
and a summand of F3(3a) that are generated in the degrees that differ by a, i.e some 31 j, B35 # 0
for which (3a — k) — (a — j) = a. If, for example, a = 1 one pair that would satisfy this is
B1,3 and (3 4, in red in the Betti table below. The slope of line connecting these two entries is
% =1- % + % as in the theorem.

|1:0 1 2 3
J—1:0] Boo Bin B2 B33
01 P2 P2z [Oza

2| Bo2 Bz P2a B3p
3| Boz Bia P2y Pse

In cases where we have a good understanding of the shape of the Betti table, we may obtain
concrete numerical conditions for when a differential module may be Betti-deficient. For complete

intersections for instance, we can write down a criterion in terms of the degrees of the generators
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of the ideal:

Corollary 3.4.17. Let I C S be minimally generated by a regular sequence (f1, ..., fi) where
fi has degree d;. If there is a Betti-deficient differential module in DM (S, a) with homology S/1I,

then there are subsets Ji, Jo C {1,... 4} and 2 < j < { satisfying |J2| = |J1| + j where

ZdT—Zdr:a—aj.

redy reds

Proof. The degrees of the i'™ syzygies of S/ are }_, . ; d, where |.J| = 4, which means that in the
i™ column of the Betti table the nonzero entries are located in rows (ZT cJ dT) — ¢ for all subsets
J C{1,...,¢} with |J| = i. Thus the slope of the line connecting two nonzero entries in columns

1,1+ j for j > 2 is equal to

(Z’I’EJl dr) — 10— (ZTEJQ dT) + (Z + ])

J

where Jy,Jo C {1,...,¢}, |Ji| = i, and |Jo| = i + j. Setting this equal to the slope given in
Theorem 3.4.16 and simplifying yields the result.
U

Another class of Betti tables of which we have a good understanding are the pure Betti tables—

those with only a single nonzero entry in each column.

Corollary 3.4.18. Let D € DM(S, a) be a differential module with homology M, where M has a

pure resolution with degree sequence (dy, ... ,dy). If M is Betti-deficient, then

difj—dl'
L=

Sfor some 2 < j < i</

Proof. The Betti table of M has nonzero entries 3; 4, located in the i™ column and (d; — )"

row. As in Theorem 3.4.16, if M is Betti-deficient then there are 3; 4,, 8i—jq;,_; # 0 with j > 2
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satisfying

ia—di:(i—j+1)a—di_j

dioj—di=(1—j)a
1—3 '

O]

Setting a = 0 and recalling that the degree sequence for a pure resolution satisfies dyp < d; <

-+ < dy immediately yields the following:

Corollary 3.4.19. Let D € DM(S,0) be a differential module with homology M, where the
graded minimal free resolution of M is pure. Then the total Betti number of D is equal to the sum
of the Betti numbers of M (Il.e. there are no Betti-deficient degree 0 differential modules with pure

homology).

3.4.3 Beyond free flags

We conclude with a curious observation connecting the idea of “higher maps” of a free flag with
the notion of “systems of higher homotopies” coming from the matrix factorization literature.
Notice that the sequence of maps 61, ..., d, in the definition of a free flag must satisfy the

following equations in order for the endomorphism of the free flag to square to 0:

i—1
Z 5j 9] 5i*j = 0.
j=1

One can abstract these equations to yield different types of differential modules:

Example 3.4.20. Let X denote a generic 5 X 5 skew-symmetric matrix and R = k[X] its coordi-
nate ring, where k is any field. Recall that for an indexing set [ = (i1 < --- < iy), the notation
Pf;(X) denotes the pfaffian of the submatrix of X formed by deleting rows and columns i1, . . . , iy

from X. The ideal of submaximal pfaffians Pf(X) is a grade 3 Gorenstein ideal with minimal free
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resolutions of the form
dﬁ 5 X 5 di
F: 0--R=F3—R=F,—R>=F, — R—0, where

d = (PE(X) ~Ph(X) ... Pf(X)).

Let e1,...,e5, f1,.-., f5, and g denote bases of F}, F5, and F3, respectively. The complex
F' admits the structure of a graded-commutative DG-algebra extending the standard S-module

structure with products (see [Avr98, Example 2.1.3])

€i€; = —€5€; = Z (—1)i+j+k szgk(X)fka (Z < j)
k#i,j

eifj = fiei = 0ijg.

Consider the map that multiplies on the left by e;, denoted /.,. The matrix representation of /e,

restricted to each graded component may be computed using the above product formula as so:

1 0 0 0 0 0 1 ’

0 0 0 T45 —IT35 T34 0

0| :R'> R, [0 —azu5 O w95 —woq|:R°— RS |O| :R° =R
0 0 x35 —x25 0 T93 0

0 0 —x34 x94 —To3 0 0

Consider the following block matrix:

One can verify by direct computation that d” > = Ppf 1(X)idp. In other words, the same process
for constructing a free flag has yielded a “curved” (in the sense of, for instance, [KLN10]) dif-
ferential module. Using the induced 7 /27-grading to split F' into its odd and even parts yields

a nonminimal matrix factorization of Pf;(X). In the language of matrix factorizations, the maps
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d2, ..., 0, would be called a system of higher homotopies (in this case, there is only a single higher

homotopy induced by left multiplication by ey).
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Chapter 4

Boij-Soderberg Conjectures for

Differential Modules

Abstract

Boij-Soderberg theory gives a combinatorial description of the set of Betti tables belonging to
finite length modules over the polynomial ring S = k[z1, ..., z,]. We posit that a similar com-
binatorial description can be given for analogous numerical invariants of graded differential S-
modules, which are natural generalizations of chain complexes. We prove several results that
lend evidence in support of this conjecture, including a categorical pairing between the derived
categories of graded differential S-modules and coherent sheaves on IP"~! and a proof of the

conjecture in the case where S = k[t].

4.1 Introduction

Differential modules, modules equipped with an endomorphism squaring to zero, are natural gen-
eralizations of chain complexes. Initially appearing in more of a book-keeping capacity in [CE16],
differential modules have increasingly become objects of interest in commutative algebra, alge-
braic geometry, and algebraic topology in particular as useful tools for generalizing classical re-

sults and conjectures [SU19; IW18; BE21; ABIO7; BE22; BD10]. An overarching question in
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recent years can be distilled down to the following.

Question 4.1.1. When can results about familiar objects be generalized to results about differ-
ential modules, and what insight does the ability or failure to generalize yield about the original

results?

Avramov-Buchweitz-Iyengar [ABI07] investigate this question for a special class of differen-
tial modules—flag differential modules—and find generalizations of several results in commuta-
tive algebra, including a generalization of the New Intersection Theorem of Hochster, Peskine,
Roberts, and Szpiro [Hoc74; PS73; Rob89]. Brown and Erman give a generalization of the notion
of a minimal free resolution [BE22], and Banks and VandeBogert construct a differential module
generalization of the Koszul complex [BV22]. On the other hand, [BV22] also provide examples
of the failure of certain notions to generalize nicely to the realm of differential modules, while
Iyengar and Walker similarly show that bounds on the Betti numbers of a free resolution do not
generalize to differential modules even in the case of free flags [IW18].

Our goal in this paper is to explore Question 4.1.1 for Boij-Soderberg theory, which concerns
the combinatorial structure of the set of all possible Betti tables of modules over a given ring.
Initially conjectured by Boij and Séderberg [BS08] for modules over the polynomial ring, this
theory brought a new perspective to the study of Betti tables. The Boij-Séderberg conjectures
were proven in the finite length case in 2008 by Eisenbud and Schreyer via a duality between free
resolutions of graded modules over the polynomial ring and vector bundles on projective space
[ES09a]. Their results describe the positive rational cone spanned by Betti tables belonging to
modules over the polynomial ring and give a classification, up to rational multiple, of all such
tables.

Remark 4.1.2. The original theory was developed in the finite length case and subsequently ex-
tended to other codimensions. For simplicity, we restrict ourselves here to the finite length case as

well.

The results of [ES09a; BS12] were soon generalized and extended in various directions, such
as [ES09b; Erm09; Flg10; FIK11; Ber+11; Ber+12; BS15; ES16; FLLS18; FL18; SS21] as well as

most recently in [IMW22]. In a particularly interesting extension of the original theory, Eisenbud
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and Erman [EE17] showed that the duality in [ES09a] does not actually depend on the structure
of a free resolution—the duality holds for minimal free complexes with finite length homology
more generally (a theme further explored by [IMW22]). This allowed the original Boij-Sdderberg
theory to be extended from free resolutions to the more general setting of free complexes, but it
also showed that the foundations of the theory rested on a different level of structure than what
was originally assumed and conjectured. In particular, one interpretation of this generalization is
that we should think of Boij-Séderberg theory as actually being a theory about the numerics of
minimal finite free complexes, rather than a theory about invariants of modules. This leads us to
question what the “correct” level of generality for this theory really is. That is, how far can the
original Boij-Soderberg theory extend, and what is the key structure on which the theory truly
relies? Can Boij-Soderberg theory be further generalized beyond free complexes, and what new
insight might such a generalization give us?

We posit a generalization of the Boij-Soderberg conjectures for differential modules and build
evidence in support of this conjecture, including some partial results that shed new light on some
of the key structures underlying the original theory, while simultaneously giving insight on what
makes differential modules similar to and different from complexes and free resolutions.

Let S = k[x1,...,zy,] for any field k and denote by DM(S, a) the category of differential
modules of degree a over S, that is the graded modules D over S with a square 0 endomorphism
D — D(a). For a differential module D € DM(S, a), the Betti vector of D, denoted f°M(D) is
the vector whose i™ entry counts the number of degree i generators in a minimal free resolution
of D (see Definition 4.2.7).

Let V = @l jer, Qand B = L, jez, Q. so that Betti tables and Betti vectors are naturally
elements of V and B, respectively. We denote by BSn0d(S) C V and BSpm(S,a) C B the
rational cones of Betti tables of graded, finite length S-modules and Betti vectors of degree a
differential S-modules with finite length homology.

The Betti vector of a differential module is an analogous numerical object to the Betti table of
a minimal free resolution, but it represents a certain coarsening of the data of a Betti table. More

precisely, for any a € Z we may regard any S-complex as a differential module in DM(S, a)
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via what [BE22] call the folding functor, which we define in more detail in Section 2. As an
operation on Betti tables, the folding functor “flattens” the Betti table of a minimal free resolution
by forgetting all homological data and retaining only the internal grading. In other words, this
flattening is a map V — B that maps Betti tables of minimal free resolutions of S-modules into

BSpm(S, a) for any a. We propose the following:

Conjecture 4.1.3. This “flattening” gives a surjection of cones BSy,q(S) — BSpu(S,a) for
every a. More precisely Any differential module with finite length homology has a Betti vector that
can be written as a positive rational combination of Betti vectors of differential modules whose

homology have Betti tables that are extremal in BSy,4(5).
Before moving on to our results in support of this conjecture, we first consider a small example

Example 4.1.4. Consider the two variable case when S = k[z,y] and (D, 0) is the degree 0

differential module where

D=S®S(-1)’®S(-2) and 0=

© o o o

© o ow
[
<

o O O 8

This differential module has homology k and Betti vector 3°M (D) = (1°,2, 1) where 1° indicates
that the 1 is in the degree O position in the vector. In fact, by [BV22], every degree O differential
module over S = kJz, y] with homology k has this Betti vector.

On the other hand, suppose we instead let (D, J) be a degree 2 differential module over S,

with

D=SaS(1)*®S(2) and 0=

o o o o

o o ow
\
<

S O O R

Again, D has homology k and now its Betti vector is 3°M(D) = (1,2, 1°). On the other hand, let
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(D', ") be the degree 2 differential module where

D'=S®S51)*®S(2) and 0=

o O O O

S O O 8

o O O w
8

This differential module also has homology k but, unlike (D, d), (D’,d’) is not minimal. It
vy a?
—y? —wy

We draw attention to three particular features of this example and the implications that they

has minimal free resolution

and Betti vector 3°M(D’) = (0, 2, 0°).

highlight. First, observe that 3°M(D’) cannot be the Betti vector of a fold of minimal free resolu-
tion of a finite length, graded S-module since any such module must have total Betti numbers at
least 4. In other words, while we conjecture that flattening gives a surjection on cones, this exam-
ple shows that it certainly cannot be a surjection onto the actual semigroup of Betti vectors. The
second observation is that we have two differential modules whose homologies are isomorphic,
but whose minimal free resolutions—and thus their Betti vectors—are genuinely different. This be-
havior represents a stark departure from what we are used to in the realm of finite length, graded
S-modules. Finally, we point out the differing behavior exhibited by the differential modules in
DM(S, a) as a varies from O to 2.

This third point is actually a more general phenomenon that will continue to appear. When
dealing with graded complexes, we are always free to twist the individual modules in the complex
so that the differential is of degree 0. For differential modules however, the source and target of
our differential are the same, so we can not twist one without twisting the other. This means that
we are unable to control the degree of the differential in the way that we are used to, and must
contend with differentials of nonzero degree. While a differential of nonzero degree may seem
innocuous at first glance, we will see that this variance can actually have drastic impacts on the

numerical invariants at hand. This phenomenon was observed as well in [BE22, Example 5.4] and
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[BV22, Corollary 3.7, Proposition 3.8], and turns out to be a theme underpinning our results here
as well. In general, it seems that while for degree 0 we may expect differential modules to behave
more or less similarly to complexes in many regards, the same is not the case in more general
degree. For Boij-Soderberg theory specifically, this behavior seems to support the idea that the
ability to force the differential to be degree O is actually an indispensable piece of the structure
on which the theory rests. More broadly, it seems that one answer to the question of what makes

differential modules similar to or different from complexes lies in their degree.

4.1.1 Results

We split our results into three cases depending on whether the degree of the differential module is
positive, negative, or zero. The positive degree case turns out to be much more straightforward—
as well as much less reminiscent of the standard Boij-Soderberg theory—and we are able prove

the following in full generality via quite elementary methods.
Theorem 4.1.5. Conjecture 4.1.3 is true for differential modules of degree a > 0.

We are able to prove this result by explicitly constructing all of the extremal rays of the Betti
cone. The proof relies on a certain level of “cancellation” that can appear when passing from a
differential module to its minimal free resolution—as demonstrated in Example 4.1.4. Our next
result says essentially that when the degree of the differential module is not positive, there is a
limit to this cancellation.

We prove the following which we show arises as a consequence of Avramov, Buchweitz, and

Iyengar’s Class Inequality [ABIO7, Theorem 4.1].

Proposition 4.1.6. Let ' € DM(S, a) be a free differential module with finite length homology,

and assume that a < 0. Then the Betti vector Y (F) has at least n + 1 nonzero entries.

Recall that in standard Boij-Soderberg theory the extremal rays of the Betti cone come from
the Betti tables of modules with pure resolutions, those with the fewest possible nonzero entries.
Over S = Kk[z1, ..., z,], Betti tables of pure resolutions have exactly n + 1 nonzero entries. Since

folds of pure resolutions in degree a < 0 have Betti vectors with exactly n + 1 nonzero entries,
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Proposition 4.1.6 gives a hint that the extremal rays of BSpeq(S) might remain extremal after
flattening. This would mean that the extremal rays in BSpw (.S, a) come from analogous objects
as in the standard theory. This provides some motivation for Conjecture 4.1.3 in the a < 0 case as
well as some hope that familiar methods may be applicable.

Indeed, when we restrict to the case a = 0, we are able to make use of familiar methods by
generalizing the categorical pairing of Eisenbud and Erman [EE17]. The categorified duality in
[EE17] clarified the pairing between Betti tables of finite length S-modules and cohomology tables
of vector bundles on P"~! which played a crucial role in the proof of the original Boij-Soderberg
conjectures [ES09a]. In the original proof, Eisenbud and Schreyer show a sort of duality between
BSmod(S) and the cone Cy,(P"~1) of cohomology tables of vector bundles on P!, which
they then use to prove that the facet equations of the cone spanned by the pure Betti tables are
nonnegative on the Betti table of any finite length S-module. Eisenbud and Erman then showed

that there was in fact a pairing

BSmod(S) x Cyp(P™™1) = BSmea(kl[t])

which captured this duality.
We generalize this pairing to the setting of degree 0 differential modules and prove analogs of

two key results from [EE17]. In particular, we construct a functor

®: DRy (S,0) x DP(P™ 1) — DB, (4,0)

where A = klt], D2,;(S,0) and D,,(A,0) denote the bounded derived categories of degree
0 differential modules over S and A, and DP(IP"~!) denotes the bounded derived category of

coherent sheaves on P!, We show that ® satisfies two crucial properties.
Theorem 4.1.7. Let F' € DY, (S, 0) be free and £ € DP(P"~1). Then

i. The Betti vector of ®(F,E) depends only on the Betti vector of F and the absolute Hilbert
function (see Definition 4.4.5) of £.

ii. If F® & is exact, then ®(F, £) has finite length homology.
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Thus our ® also induces a pairing

BSpm(S,0) x Cyp(P™ 1) — BSpm(A,0).

The existence of this pairing leads us to conjecture the following analog of the duality dis-

played in [EE17, Theorem 0.2].
Conjecture 4.1.8. Let b € B. Then the following are equivalent:
i. b= BPYM(F) for a degree 0 differential module F over S with finite length homology.

ii. For every vector bundle €& on P" 1, b pairs with the absolute Hilbert function of £ to give

the Betti vector of a differential module in DM (A, 0) with finite length homology.

Finally, we prove that Conjecture 4.1.3 holds for degree 0 differential modules over A, explic-

itly:

Theorem 4.1.9. Every degree 0 differential modules over A = K|t] with finite length homology
has a Betti vector that can be expressed as a positive rational combination of Betti vectors of folds

of pure resolutions whose degree sequences form a chain.

This result is part of what gives the categorical pairing its power. With a complete description
of the extremal rays and facets of the Betti cone over A, the pairing ¢ gives a machine for proving
that a certain class of linear functionals are nonnegative on every Betti vector in BSpwm(S,0) by
reducing to BSpm(A,0) as a sort of “base case”. Proving this nonnegativity is one of the main
steps in a proof of Conjecture 4.3.7 in the general case. What ultimately remains standing in
the way of a full proof of Conjecture 4.1.3 for degree 0 is a combinatorial description of the cone
spanned by the pure Betti vectors. The authors of [ES09a] describe a simplicial fan structure which
gives a facet description of the cone for finite length S-modules. While we do this for our base case
of BSpm(A,0), we have not yet been able to replicate this for BSpm (S, 0) more generally, though
computational data enables us to conjecture that the extremal facets arise similarly as in [EE17].

Once such a description is proven, we can use the categorical pairing to prove that the equations
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of these facets are actually nonnegative on all Betti vectors of degree O differential modules with
finite length homology.

In the case where a < 0, we are forced to abandon some of the methods that generalized nicely
from complexes to degree O differential modules, such as the categorical pairing. However, the
positive results we have obtained in the degree > 0 cases lead us to believe that it is natural to
extend Conjecture 4.1.3 to the negative degree case as well. That being said, in this setting, new

methods appear to be needed to tackle the conjecture and computational data has thus far proved

perplexing.

4.2 Background

For the rest of the paper, our convention will be to assume that R is graded-local with maximal

ideal m and residue field k = R/m.

Definition 4.2.1. For aring R, a differential R-module is a pair (D, ) where D is a module over
Rand 0: D — D is an R-module endomorphism squaring to 0. In the case where D is graded,
we may define, for any a € 7, a degree a differential module over R to be a differential module
(D, 0) where 0: D — D(a) is homogeneous. We denote the category of degree a differential
modules over R by DM(R, a). A morphism of differential modules is a module map that respects

the differential, that is amap f: (D, 0) — (D', ') satisfying f0 = 9’ f.

Note that the data of a differential R-module (D, ) is equivalent to the data of a graded
module over the ring R[¢]/(g?) with deg(e) = a, where the action of & corresponds to the action

of the differential 0. This implies that DM (R, a) is an abelian category.

Definition 4.2.2. For a differential module (D, 9) € DM(R, a), the homology of D is

H(D) = ker(d)/ Im(d)(—a)

. A morphism of differential modules is a quasi-isomorphism if it induces an isomorphism on

homology.
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Differential modules are in a sense a generalization of chain complexes. In particular, any
chain complex may be considered as a differential module where the underlying module is the
direct sum of the modules in the complex and the differential is the differential from the complex.

More precisely, we have a functor

Fold,: Ch(R) — DM(R,a)

(Cs,d) (@ oi(m),a) :

In general, there is no way to consistently define a tensor product of two differential mod-
ules. However, we can define the tensor product of a differential module with a complex as
follows. Given a differential module D € DM(R,a) and a graded degree a complex Co of
R, R'-bimodules, the tensor product D ®£M Co € DM(R/,a) is the differential module whose

underlying module is Fold, (D ®g C,) and whose differential is given by
d®cr d®d% () + (-1)%e e aP(d).

Since we may regard any R-module as a complex concentrated in degree O, this defines a
tensor product D ®§ M N for any R-module N.

While a differential module is a generalization of a chain complex, passing from complexes
to more general differential modules destroys the homological grading which is key to proving
many results for complexes. However, we are able to regain some of the benefits of a homological

grading for certain differential modules defined below.

Definition 4.2.3. A flag is a differential module (F’, 0) of the form F' = € F; where

oF) CcEPF

J<i

. A flag F' is free/projective if each of the Fj is free/projective. For a differential module F', the
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free/projective class of F'is
n
min {n € N such that F' admits a free/projective flag structure F' = @ FZ} .
i=0
The free class of F' over a ring R is denoted freeclassg F'. If no flag structure on F’ exists, then

we say freeclassy F' = oo

Theorem 4.2.4 ([ABI07] Class Inequality). Let D be a finitely generated differential module over

the polynomial ring S = k[z1, ..., xy,). Then
freeclassg D > height(Ann H(D)).

Given a (free) flag F', we can always extract certain complexes from F'. First observe that a
free flag F' over R consists of the data of a family of free R-modules {F;};cn and a family of

morphisms {A; j: F; — F}};~; such that
> Ajrdi;=0.
i>j5>k
In particular, this requires that A; ;_1A;411,; = 0 for all i > 1, so we there is a free complex

A1 Az
F= F+——F—F+- -
Definition 4.2.5. In the setting detailed above, we say that the flag <®i20 F;, {A”}> is anchored

by the complex F. This definition was given in [BV22].

One main goal in the study of differential modules has been to generalize constructions and
results for complexes to the differential module setting. Key progress in this endeavor was made by
Brown and Erman [BE22] in their definition of free flag and minimal free resolutions of differential

modules, which we reiterate here.

Definition 4.2.6. Let D be a differential module over a ring R. A free flag resolution of D is a

quasi-isomorphism F' — D where F'is a free flag.
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A result of [BE22] highlights an important link between a differential module D and the
minimal free resolution of its homology. Their theorem says that every differential module has
a free flag resolution anchored on the minimal free resolution of its homology. Following the

terminology of [BV22], we call these free flag resolutions anchored free flags.

Definition 4.2.7. We say a differential R-module (M, d) is minimal if (M) C mM. For a
differential R-module D, minimal free resolution of D is a quasi-isomorphism M — D that

factors through a splitting map M — F' where F' is a free flag resolution of D and M is minimal.

It is a further result of [BE22] that for differential modules admitting a finitely generated
free flag resolution, minimal free resolutions exist, are finitely generated, and are unique up to
differential module isomorphism.

We can define certain numerical invariants associated to a differential module. In particular,

we have a parallel notion of the Betti numbers of graded differential module:

Definition 4.2.8. Let D be a differential R-module with minimal free resolution F' and let N be

an R-module. Then we define
Tor®,,(D,N) := H(F @BM N).
The Betti numbers of D are then defined as
BPM(D) = dimy Tor (D, k);

Remark 4.2.9. One important observation is that, if M is a minimal free resolution of D, then
B?M(D) is equal to the number of generators of the degree j part of M as a k-vector space (see

[BE22, Remark 1.3(4)]).

Recall that a Betti diagram is called pure if it has at most one nonzero entry in each column,
and that a resolution with a pure Betti diagram is called a pure resolution. We say that a Betti
vector is pure if it is the Betti vector of the fold of a pure resolution.

Each pure Betti vector has an associated degree sequence, an increasing sequence of integers
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corresponding to the degrees of the nonzero entries in the Betti vector. We put a partial order on
the set of degree sequences of length ¢ by saying thata = (ap < a1 < --- < ay) < b = (by <

by < -+ < by)if a; < b; for every i.

4.3 From Free Complexes to Differential Modules

In this section, we compare the theory of Betti tables of free resolutions and free complexes to
that of Betti vectors of differential modules and propose a generalization of the Boij-Soderberg
conjectures for differential modules.

Let S = k[x1,...,x,] for any fixed field k. We denote the space of rational Betti vectors by
B =66 ez Q. As in the case of the original Boij-Soderberg theory, our goal is to describe the
rational cone spanned by the vectors arising as the Betti vectors of differential modules with finite
length homology.

We begin by exploring how Betti vectors of differential modules over S are related to Betti
tables of free S-complexes. First note that by Remark 4.2.9 it is enough to consider minimal free
resolutions of differential modules, and by [BE22, Theorem 3.2, Theorem 4.2] we may assume
that up to differential module isomorphism any minimal free resolution of a differential module D
is a summand of an anchored free flag resolution £' — D where F' is the fold of the minimal free
resolution of the homology H (D). We thus have that B})M(D) is at most the number of degree j

generators of F', which is in turn the sum ), 3; ;(H(D)).

Definition 4.3.1. Let (3; ;) be the Betti table of a module M over S. The degree a flattening of
(Bi,j) is the vector b € P ;7 Q defined by

b; = Z Biai+j

Remark 4.3.2. Combining the definitions of flattening and folding, we get that for F' a minimal
free resolution of M, the Betti vector of Fold,(F) is the degree a flattening of the Betti table

(6i,j) of M.

Remark 4.3.2 says that for certain differential modules D, the Betti vector is equal to the
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flattening of the Betti table of the H (D). While this is always the case when D is quasi-isomorphic
to its homology, it is not true for all differential modules. We saw this in Example 4.1.4 with a
degree 2 differential module, but such behavior also occurs in other degrees, as we see with the

following.

Example 4.3.3. Let R = k[z,y] and let D € DM(R, 0) have underlying module

RP R(-2)® R(-1)>® R(-3)*® R(—2) @ R(—4)

and differential given by the matrix

o O O O

o O O O O O o o
O O O O o o o o

SO O O O o O &8 O
S O O O O ow O

SO O O O O O O R
S O O O O O o w
S O O O 8

The homology H (D) is isomorphic to k ¢ k(—2) which has Betti table

This Betti table has degree 0 flattening (1,2,2,2,1,0,...), but the differential module D is not
minimal, so this is not the Betti vector of D. Rather, D has Betti vector (1, 2,0, 2, 1). This reflects
some “cancellation” of the R(—2) summands that occurs when passing from D to its minimal free

resolution.

Remark 4.3.4. In fact, a careful analysis (which we omit here) shows that there is no finite length
graded module over k[z,y] whose Betti table flattens to (1,2,0,2,1). However, there is a free

complex with finite length homology that gives this Betti vector. The complex in question has ho-
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mology k in degree 0 and k(—2) in degree 1. Furthermore, the fold of this complex is isomorphic
to the minimal free resolution of the differential module in the example. We note also that there is
a module whose Betti table flattens to a rational multiple of the vector (1,2, 0,2, 1), so this vector

lives on a ray contained in the Betti cone for finite length S-modules.

Example 4.3.3 shows that there can be some difference between the Betti vector of a differ-
ential module and the Betti vector of the fold of the minimal free resolution of its homology.
To understand the Betti cone of differential modules, we want to know how big this difference
can be, that is, how much “cancellation” can occur. It turns out that the answer to this question
depends substantially on the degree of the differential module, with the cases of positive degree
and nonpositive degree exhibiting quite different properties. We thus divide the remainder of our

discussion into those two cases.

4.3.1 Differential modules of degree a < 0

We begin with the nonpositive case, which we will see is the case that more closely resembles the
behavior of complexes and resolutions. The following result says, in essence, that there is a limit
to how much cancellation can occur in the Betti vector so long as the degree of the differential

module is not positive.

Proposition 4.3.5. Let F' € DM(S, a) be a free differential module with finite length homology

for some a < 0. Then F' is generated in at least n + 1 distinct degrees.

Proof. Let (F,0) be a minimal, free, graded differential module generated in degrees dy, . . ., dy
and let H = H(F'), the homology of F'. Then the grading gives a natural flag structure ' = @, F;
where Fj is the piece of F' generated in degree at least d;. This defines a flag structure on F, since
minimality and nonpositivity of a ensures that 9(F;) C @, ; Fj. Applying the Class Inequality
(Theorem 4.2.4), ¢ > height Ann(H) which is equal to n by the finite length assumption. So F'

must be generated in at least n + 1 distinct degrees. O

Note that in the case of finite length modules over S, any Betti table with exactly n + 1

nonzero entries is the Betti table of a module with a pure resolution and, furthermore, Betti table
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is determined up to scalar multiple by the choice of nonzero entries. What we have shown for
differential modules is weaker than this, but we conjecture that a similar phenomenon holds. That
is, based on experimentation, we guess that the choice of nonzero entries determines the Betti
vector up to scalar multiple, and that any Betti vector with exactly n + 1 nonzero entries belongs
to a differential module with pure homology. The reason this is nontrivial is that, due to the type
of cancellation we have observed in Betti vectors, one could imagine a differential module D with
non-pure homology H where some of the nonzero entries in the Betti table for H cancel out,

causing the number of nonzero entries in 3°M(D) to be exactly n + 1.

Remark 4.3.6. Proposition 4.3.5 relies very heavily on the degree < 0 condition. We have already
seen that for differential modules in degree a > 0 it may fail spectacularly. We will return to this

case at the end of this section.

In degree < 0, Proposition 4.3.5 tells us that differential modules with finite length homology
cannot be generated in fewer degrees than minimal free complexes with finite length homology.
In particular, their Betti vectors have at least as many nonzero entries as the degree O flattenings
of Betti tables of pure resolutions. On the other hand, we know that any flattening of a Betti table
of a finite length module over S exists as the Betti vector of a degree O differential module with
finite length homology. This leads us to suspect a Boij-Soderberg type conjecture for differential

modules.

Conjecture 4.3.7. Every differential module over S with homology of finite length has a Betti
vector that can be expressed as a positive rational combination of Betti vectors of folds of pure

resolutions with finite length homology whose degree sequences form a chain.

Conjecture 4.3.7 posits that the rational cone of Betti vectors of differential modules with finite
length homology is the “flattening” of the cone of Betti tables of finite length modules over S. That
is, up to scalar multiple, every Betti vector of a differential module with finite length homology
can be obtained by taking the flattening the Betti table of a finite length module over S, as we saw
in Example 4.3.3. We return to this example now in light of Conjecture 4.3.7 and compare the

pure decomposition of the Betti vector to that of the Betti table of the homology.
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Example 4.3.8. Let R = k[z,y] and (D, 0) be as in Example 4.3.3. The Betti table of the

homology has pure decomposition

while the pure decomposition of SPM(D) is
DM L o 1, .
F7N(D) = 5(2°,3,0,1,0) + 5(0°,1,0,3,2)

On the other hand, consider the differential module (D', d") where D’ = D is the same under-

lying module, but where @’ is now given by the matrix

0 0y 00 0
0 00 0 =z y 0
000 O0O0O0 -y O
000 O0O0O0 = O
000 0O0O0 0 -y
000O0O0O0 0 =
000 O0O0O0O O O
000 O0O0OO0O O O

(this matrix is almost the same, except that the 1 has been replaced with a 0). The homology

of (D', ") is the same as the homology of (D, ), but the Betti vector is

PM(D') = (1°,2,2,2,1) = (1°,2,1,0,0) + (0°,0,1,2,1).

In particular, the pure decomposition of the Betti vector of a differential module does not

necessarily come from the pure decomposition of the Betti table of its homology.
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4.3.2 Differential modules with positive degree

We now return to the case where our differential modules have positive degree. As we will see,
this case demonstrates behavior that differs starkly from that of DM(.S, a) for a < 0, so much so
that we may handle it with methods that are much more direct and elementary. We begin with an

example of Remark 4.3.6.

Example 4.3.9. Let R = k[x, 3] and consider the degree 1 differential module R* with differential

0z y O
000 —
9= Y. r* = RYD.
000 =
000 0

This differential module is a minimal free flag, so its Betti numbers are the number of generators

in each degree. That is, its Betti vector is (4, 0,0, ...).

One consequence of Example 4.3.9 is that the rational cone of Betti vectors of degree 2 dif-
ferential modules over k|x, y] with finite length homology includes the entire positive orthant. It

turns out that this is not an isolated phenomenon.

Proposition 4.3.10. For any a > 0, the rational cone of Betti vectors of degree a differential

modules over S with finite length homology is equal to the positive orthant in 1B.

Proof. 1t suffices to show that the standard basis vectors are in the cone, i.e. that every standard
basis vector is a rational multiple of the Betti vector of some D € DM(S, a) with finite length
homology. To show this, we show that we can get multiples of basis vectors as the degree a folds
of certain minimal free complexes.

Let K be the koszul complex on (z{, x4, ..., z%), and define K to be Fold,(K) € DM(S, a).
Then K has underlying module S2" and has minimal differential, so its Betti vector is (2", 0,0, .. .).

By twisting appropriately, we obtain a differential module whose Betti vector has 2" in the i* en-

try and O elsewhere. O

Remark 4.3.11. Any resolution may be folded into a degree a differential module for any a, and

the resulting Betti vector varies for different values of a. We can picture the vectors coming from
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pure resolutions as moving around while a varies. For positive a, some of these vectors “flare
out” as far as possible resulting in a cone that fills the entire positive orthant, losing some of its

combinatorial structure.

As an immediate corollary of Proposition 4.3.10, we obtain the following:
Theorem 4.3.12. Conjecture 4.3.7 is true for a > 0.

Proof. We will prove this by constructing the extremal rays of the cone explicitly. By Proposi-
tion 4.3.10, extremal rays of the Betti cone are spanned by the standard basis vectors e;. The
ray generated by e; contains the Betti vector of Fold,(K(z{,...,z%)[—:]). Since the Koszul

r'n

complex on (z{,...,z%) is pure of type (0, a, 2a, ..., na) with finite length homology, the Betti

rrn

cone is spanned by Betti vectors of differential modules whose homology have pure resolutions.

Furthermore, the shifted degree sequences of these resolutions form a chain. O

4.4 Categorified Duality

In this section, we restrict to the case where a = 0. We give a generalization of the categorical
pairing described in [EE17]. Our version is a pairing between the derived category of differential
S-modules and the derived category of coherent sheaves on P"~! and takes values in the derived

category of differential A-modules where A = k|t].

Definition 4.4.1. By formally inverting all quasi-ismorphisms in DM(S, a), we form the derived
category of differential S-modules, denoted Dpy; (.S, a). The subcategory of Dpy (S, @) whose ob-
jects have finitely generated homology is the bounded derived category of differential S-modules,

denoted DY, (S, a).

Notation. We denote by DM(IP"~!) the category of sheaves of differential Opn—1-modules, and
denote the corresponding derived and bounded derived categories in the same way as above. We
denote the bounded derived category of sheaves of (not necessarily differential) Op~»—1-modules
by DP(P"1).

A key ingredient of the categorical pairing is the derived pushforard of a differential module,

which we now describe here in some detail, following the same idea as [BE21, pp. 11-12].
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Definition 4.4.2 (Derived pushforward of a differential module). Let (D, §) be a representative of
aclass in DRy (P"!). Take 7: P! = P"~!' ® A! — A’ to be projection.

We exploit the equivalence in [BE21, Remark 2.3] between the category of differential mod-
ules over a ring R and the category of 1-periodic R-complexes. Taking the expansion of (D, d)
we get a 1-periodic complex Ex(D) =

e DEDED .

Now we compute the derived pushforward R, of this complex. In each position we take the

Cech resolution of D with respect to the usual affine cover of P! which gives a bicomplex

+4 +4 +4 +4
Cn—l Cn—l Cn—l
1 4 : [ 4
-0 Cl -0 Cl -0 Cl -0

where the vertical arrows are the maps in the Cech resolution and the horizontal arrows are
induced by the differential § (and thus still square to 0). We apply 7, to this complex and totalize.
Since the Cech complex is O after n steps, each diagonal of the bicomplex above contains one

copy each of C°,C!,...,C" 1, so this yields a 1-periodic complex

n—1 n—1 n—1
e P — P(CH — P € -
i=0 i=0 i=0
We consider this as a sheaf of differential Op1-modules, and the class represented by this

object is what we define to be R, (D).

Remark 4.4.3. The degree O condition is necessary in this definition of Rm.. In particular, we need
the total complex after taking the Cech resolution to be one-periodic, but this fails to be the case

if the twists of D are not the same at each spot, since twisting a sheaf can genuinely change its
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cohomology.

With this definition in hand, we now define our categorical pairing. Let p: S — S ®y A be
the homomorphism defined by x; — tx;. This defineds an S-module structure on S ®j A = S|t]
which in turn yields an action of P"~! on P4~ !. Using this action, we define for F' € DM(S), a
bigraded sheaf of differential (’)Prl -modules X F = F ®fg%1 (’)]qu, where the tensor product is
taken using the structure given by . If we write the differential 0 on F’ as a matrix, the differental
¥0 on X F is given by the matrix obtained from O by replacing every entry f by t4°&(/) f. The

purpose of this step is that it will allow us to push forward to A while still retaining all of the

graded data of our differential module over S.

Definition 4.4.4. For F' € DR,,(S,0) and £ € DP(P"~!), we define the functor
®: DPyi(S,0) x DP(P" ) — DRy (4,0)

by
®(F,€) = Rr, (ZF @M, (€ OA1)> .
A

where 7 is the projection P"~! x Al — Al

Definition 4.4.5. Let +(€) denote the vector whose 7 entry is the sum of the ranks of the hy-
percohomology modules of £(j). We define the absolute Hilbert function of £ to be the function
J + 7;(£). This should be thought of as a cousin of the Hilbert polynomial of £, but where the

Euler characteristic is replaced by the sum } R (E(7)).

Theorem 4.4.6. 3P (®(F,&)) depends only on BPM(F) and (E), in particular the Betti vector

of ®(F, E) is given by the formula
BEM(@(F,€)) = BM(F)y—;(€)

Proof. Replacing F' with its minimal free resolution, we may assume that up to quasi-isomorphism

that its underlying module is ' = P4, S(—j)P™ME) | Let F = SF ®I€7{V{1 (EXOp1). We can
A
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rewrite the underlying module of F as

F =3F @pnr (EXOp)

- @OIP" ) )ﬁDM( )i Dpn-1 (EX A)
JEL
= B (Ope-1 (=) B A=) @y (€3 4)
JEZ
=@ (e3P mA(-))
JEZ

By Definition 4.4.2, to compute R, (F) we expand F to a one-periodic complex, resolve it
with a Cech resolution at each step, then compute 7. Letting C'(—) denote the i sheaf in the

Cech resolution using the standard affine cover of P"~!, we get the following bicomplex

) _ . . . B n— . . . s
o @en O ECHT N RA()) 7 Dep € HE(D) ) BA(—))

= 0

e @ CUE) P R A=) @ C(E() PR A(—j)

e ey COEN) PN RA(=]) " ey COE() D) RA(=j) +—— -

Now we apply 7, but since every sheaf in the bicomplex is a box tensor of a sheaf on P" !
with a twist of the structure sheaf on A' and 7 is a proper map, applying 7, to C*(E(— j)ﬁDM(F )i )X
A(—7) amounts to taking global sections of C*(£(—4)?"" (F)5) tensored with the appropriate twists
of A. This turns each column into a direct sum of complexes I' (P!, C*(£(—7))) ®x A(—j).
Since I' (P!, C*(E(—j))) is a complex of k-vector spaces, the vertical maps in the bicomplex

are split. By [EFS03, Lemma 3.5], the totalization of the bicomplex is homotopic to
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e@Ht"t 7PNy @y A(- <—@Ht"t 7)) @y A(—j)
JEZL JEZ

where H'! denotes the sum of the hypercohomology modules. The differential is a sum of maps
H' — HU<Y where each map comes from taking repeated compositions of the horizontal map &
with the section that splits the vertical map. In particular, this complex is minimal and 1-periodic.
The minimal free differential A-module that this corresponds to is a representative of the class
Rm.(F) € DB,;(A,0), and we can compute its Betti vector by counting the number of generators

of the underlying module in each degree. We have

R (F @ Hl(g ,BDM(F)J ) @ A(— @ A(— BDM F)iv(€)-;
JEZ JEZ

So the Betti vector of ®(F, &) has j™ entry

BIM(@(F,€)) = B7M(F)y-4 ().

Corollary 4.4.7. Let F € D2, ,(S) and € € DP(P"~1). Then
i. BPM(F) = BPM(B(F, Opn-1(j)).

Lemma 4.4.8. As sheaves of differential Opn—1-modules, there is an isomorphism
k(t)
(EF ®IPZ‘—1 (EKX OA1)> @4 k(t) ~ (F ®IP£_1 5) Q5 k(t).

Proof. We have a commutative diagram of rings
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S —F s S A

1®]kﬂ<(t)l l1®Aﬂi(t) P Tt

Sk k(t) — S @ k(t
i ke (t) ® xk(t) P Tt

where the map ¢ is invertible. This induces a diagram
DM(P} 1) —2— DM(P"Y)
~enk(o)| |-eax0

DM(P} ) — DM(Py )

Unraveling definitions, we have ¢ (F Rpn-1 5) = XF Dpn-1 (EX Op1) as differential
modules—that is, ¢ is a map of modules that is compatible with the differential (if we consider
the differentials to be given by matrices, the map ¢ just replaces each entry f with t4°€f f). By

commutativity of the diagram, the claim follows since ¢ is invertible. O
Theorem 4.4.9. If F ® £ is exact then ®(F, E) has finite length homology.

Proof. First we note that the conditions of exactness and finite length are not altered by the grading
on A, so in what follows we will always forget the A-grading. Because flat pullback commutes

with proper pushforward [Sta22], we have a commutative diagram

— Ry
DBy (P™) —— Dpy(4)

-®ak(?) —®k(t)
o

DBy (PE) 7 Dy ()

The differential module ®(F, ) is the image under R, of the sheaf 7 = X F Bpn-t (EX
Op1). On the other hand, taking the tensor product F ® 4 k(t) gives (EF Bpn—t (EXOpn )) ®Aa
k(t). By Lemma 4.4.8, this is isomorphic to (F ® £) @y k(t). But since F' @ & is exact, (F ®
&) ®x k() is 0 in the derived category. Thus ®(F, &) ®y k(¢) must be 0 in D, (k(t)). Since
inverting ¢ yields a differential module with no homology, it therefore follows that ®(F, £) has

finite length homology. O

The implication of Theorems 4.4.6 and 4.4.9 is that the categorical pairing ¢ descends to a

pairing on cones
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BSpm(S,0) x Cyp(P™1) — BSpm(A4,0)

where Cyp,(P"~1) is the cone of cohomology vectors of vector bundles on P"~1. In Section 4.5,
we will describe the exterior facets of BSpym(A,0) as linear functionals on B, and in Section
4.6 we will use the base case of BSpm(A,0) alongside some computational data to outline a
strategy for how this pairing on cones could be used to prove Conjecture 4.3.7 in full for degree O
differential modules.

We finish this section with a concrete example to demonstrate how ® works.

Example 4.4.10. Let S = k[z, y] and let (F, J) be the fold of the Koszul complex on the variables,

SO

F=SaS(-1)*®S8(-2), 0=

o O O O

S O O R

S O O w
<

and let & = Op1. Then XF has underlying sheaf Op1 @ OP%(—I, -1)? e (’)IP%(—Z —2) with

differential
0 te ty O
—t
59— 0 0 O Y
0 0 0 tx
0 0 O 0

Tensoring with £ X O 1 does not change the underlying sheaf or differential since £ = Op:.

Now computing R, we get a differential A-module whose underying module is

P A PO = A A(-2)

JEL

since Op1(—1) has no cohomology. To compute the differential on ®(F E), we use [EFS03,

Lemma 3.5], which tells us that our differential should look like

doo di0
0 dia
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where dpo : A — Aand di; : A(—2) — A(—2) are induced by the pieces of ¥ that map
Op1 — Opy, and OIP%(—Q) — OIP}L,(_2) and are therefore O since X F" was flag. By 4.4.9 the

homology is finite length, so the map d1 o : A(—2) — A must be of the form at? for some unit

0 at?
0 0

4.5 Differential Modules Over k|t

a € A, so our differential is

In this section we investigate in detail the case of degree O differential modules over the polynomial
ring in one variable. In particular, we prove Conjecture 4.3.7 for differential modules over k|t]
with finite length homology. When combined with the results of Section 4.4, this gives a base case

for the theory in n > 1 variables.

Theorem 4.5.1. Every degree 0 differential modules over A = K|t] with finite length homology
has a Betti vector that can be expressed as a positive rational combination of Betti vectors of folds

of pure resolutions whose degree sequences form a chain.

To prove Theorem 4.5.1, we will define three cones in B. The first is the cone B of Betti
vectors of differential modules with finite length homology. The second is the cone C' spanned by
Betti vectors of folds of pure resolutions. We will show these two cones are equal via a third cone

T defined by the nonnegativity of the following linear functionals:

7B =B+ Y B and oj: B+ B; for jEZ 4.1

i#£]
Let By, 4) be the subspace of vectors b such that b, = 0 for n > p or n < p, i.e. all nonzero
entries occur between the indices p and g. We set B, o) = B, q) N B, C(, ) = B(pq) N C, and
Tip,q) = Bp,q) NT. We first show that for any p, ¢, T(, 4) € C, ) by giving an explicit algorithm

for decomposing vectors in 1" as positive rational sums of Betti vectors of folds of pure resolutions.
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Algorithm 1 Simplicial Decomposition Algorithm

Input: vector b = (b,,bpy1,...,0y) €T
Output: decomposition of b as rational combination of pure Betti vectors ceg p,
L := empty list
PHASE I:
while 7;(b) > O forall p < i < g do
Let k, £ be the first two indices such that by, by # 0
Set j to be the an index where 7;(b) is minimal
¢ := min{by, by, %Tj - b}

b:=b - ce{k’g}
add (¢, {k,l})to L
end while
PHASE II:

if 7;(b) = 0 then
fori=p,...,qdo
if b; # O then
add (b;,{i,7})to L
end if
b:=b - bie{ivj}
end for
end if
return L

We demonstrate the above algorithm with an example:

Example 4.5.2. Take b = (3,4, 2,5) and assume our nonzero window is between indicies 0 and
3. We can quickly see that 7;(b) > 0 for i = 0,...,3, so we proceed with ‘Phase I’, which is
essentially a greedy algorithm. We take (3,4,2,5) — (1,1,0,0) = (2, 3,2,5), which is our new
b. Again we check that 7;(b) > 0 for each 7. Since the first two entries are still nonzero, we take
our new b to be (2,3,2,5) — (1,1,0,0) = (1,2,2,5). Now 73(b) = 0, so we move on to ‘Phase
IT’, which tells us to decompose (1,2,2,5) as (1,0,0,1) + 2(0,1,0,1) + 2(0,0,1, 1). This gives

us a final decomposition of b as

b =2(1,1,0,0) + (1,0,0,1) + 2(0,1,0,1) + 2(0,0, 1, 1).

The correctness of the decomposition algorithm is proved in the following lemmas.

Lemma 4.5.3. If 7;b = 0 for some j and b, = 0 for k < n < l and n < k, then Phase II of the

algorithm gives a decomposition of b as a rational combination of pure Betti vectors.
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Pl’OOf. By definition, ij =0 if and only if bj = Zi;ﬁj bi, sob= Zi;ﬁj bz-e{m}. O

The next two lemmas combine to say that after each iteration of the while loop in Phase I of

the algorithm, the vector b remains in the cone 7.

Lemma 4.54. Let b € T and ¢ = min{by, by, %Tj - b} where j is an index such that T;b is

minimal. Let b" = b — cegy, y. Then 7;b" > 0 for all i.
Proof. By definition,
Tib/ = Tib — cne{k,l}
(
Tib — bpTieqr 1y

= max§ b —hrienn

Tib — (%ij)ne{k,l}

Note that e,y = 0if i = k,[ and 7€, ;3 = 2 otherwise, so we have

;b ifi==k,l
b =

max{r;b — 2b, ;b — 2b;, ;b — T;b}  ifi £k,

By assumption, 7;b > 0, so in the case where i = k,l we’re done. In the case where ¢ # k, I,

7ib — 7;b > 0 since j is an index where 7;b is minimal. Since 7;b — 7;b > 0, we must have that
max{r;b — 2by, ;b — 2b;, ;b — 7;b} > 0.

O]

Lemma 4.5.5. Let b € T and ¢ = min{by, by, %Tj - b} where j is an index such that T;b is

minimal. Let b’ = b — cey, 1. Then o;b’ > 0 for all i.
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Proof.

bi—c ifi=k,l
oib' = oib — coeq y =

by ifi £ k1

By assumption, b; > 0, so in the case where ¢ # k,l o;b’ > 0. If i = k, [,
; 1
Uz'b = bi — C= max{bi — bk, bi — bl, bi — §ij}.

If i = k, then b; — by, = 0 and if ¢ = [ then b; — b; = 0, so in eather case o;b’ = max{b; — by, b; —

bl,bi—%ij}zo. (]

We have seen already that Phase II of the algorithm terminates with a decomposition by pure

vectors, so to show that the algorithm as a whole terminates we just need the following:

Lemma 4.5.6. Phase I of the algorithm terminates, that is, after a finite number of iterations, b

will satisfy T;b = 0 for some j.

Proof. First notice that if we multiply b by a constant, the only impact on the algorithm is that at
each step the choice of ¢ will be multiplied by said constant, no other aspect of the decomposition
will be altered. Multiplying by a constant, we may assume that b; € 7 for all ¢ and, furthermore,
that > b; is even. This implies that %Tib € Z for all ¢,s0 all entries of b are integers throughout
every step of the algorithm.

We proceed by induction on the number of nonzero entries of b. If all entries are 0, the result
is trivial. Exactly one nonzero entry is impossible by the assumption that 7;b > 0 for all 4. If by,
and by are the only two nonzero entries of b, then 7,b = 7yb = 0. Suppose that b has more than
2 nonzero entries and take ¢ = min{b, by, %ij} where j is an index such that 7;b is minimal as
in the algorithm. If ¢ = by, or by, then replacing b by b — cey;, ;) results in either b, = 0 or b, = 0,
so the number of nonzero entries decreases and we may apply the induction hypothesis to get the

result.
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Now consider the case where ¢ = %ij andletb’ = b — ceqy1y- Then we have

1 b ifi=k,I
Tib, = Tib — <2ij) Tie{kJ} = .
b —1b ifi#k,l

If j # k, [ then 7;b’ = 7;b — 7;b = 0 and we’re done.

If j = korl, then ;b’ = 7,b — 7;b, in particular 7;b strictly decreases for all ¢ # k,1
every iteration. Since 7;b € Z for all i, after enough iterations there will be some i # k,[ for
which 7;b’ < 7;b. Since in each iteration, j is picked so that 7; is minimal, this means that
in the subsequent iteration of the algorithm we will be in the case where j # k, [, so the result

follows. OJ

The above lemmas combine to show that for any p < ¢, we have containment 7, ;) C C(;, o)
i.e. that the cone spanned by the pure Betti vectors is contained in the cone defined by the facet
equations in (4.1). The following proposition says that additionally any vector in 7" can be decom-

posed via pure Betti vectors whose degree sequences form a chain.
Proposition 4.5.7. The degree sequences in L form a chain.

Proof. First we consider the two phases of the algorithm separately. In Phase I, the degree se-
quence added to the list at each iteration is (k,¢) where k, ¢ are the first two indices of nonzero
entries in b. In order for the values of k, £ to change at the next iteration, one of by or by must be-
come zero, meaning that the first two indices of nonzero entries in b give a degree sequence strictly
greater than the previous (k, ¢). In Phase II, j is fixed and 7 increases, so the degree sequences
(i,7) fori < j and (j,) for ¢ > j form a chain.

What remains to prove is that the first degree sequence added to L in Phase II is greater than
the last degree sequence added to L in Phase I. Let (k, ¢) be the final degree sequence added in
Phase I. This means that for all # < k and all k < 7 < £, b; = 0 since k and ¢ are the first two
nonzero indices. If 7; - b = 0 then either j > ¢ or b = 0. In the latter case, no more degree
sequences are added, so we’re done. In the former case, the first degree sequence added in Phase

11 is either (7, j) for ¢ = k or ¢, in which case we have (i,j) > (k,¢) or i > ¢ in which case we
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also have (i,7) > (k,¢). O
We can now prove Theorem 4.5.1 by establishing the equality of the three cones B, C, and T'.

Proof of Theorem 4.5.1. The containment C' C B follows from the existence of differential mod-
ules with pure Betti vectors.

By the simplicial decomposition algorithm and subsequent lemmas, we have T(, ) € C(qp)-
Since any vector in B has finitely many nonzero entries, this gives the containment 7' C C'.

To show the containment B C T', we will prove that the functionals 7; and o; are nonnegative
on the Betti vector A°M (D) for any graded, degree O differential module D with finite length
homology over k[t]. Let D € DM(A, 0) have finite length homology H. Since H has finite length
over a PID, it is torsion. Thus H is of the form € A(—p)/(t?), so it suffices to check nonnegativity
for H = A(—p)/(t?). In this case, H has minimal free resolution A(—p — q) 4, A(—p) — 0.
By [BE22, Theorem 3.2], D has a free flag resolution F' of the form A(—p — ¢) & A(—p) with
differential 8 tg , which is minimal. Thus 3PM(D); = 1 for i = p,p + ¢ and 0 otherwise, so
7;B°M(D) = 0 or 2 and 0, °M(D) = 0 or 1.

This establishes the containments B C T° C C and C' C B. Thus the cone B of Betti vectors
of differential modules with finite length homology over A is equal to the cone C' spanned by the
pure Betti vectors.

Furthermore, by Proposition 4.5.7, every Betti vector of a differential module with finte length

homology has a decomposition by pure Betti vectors whose degree sequences form a chain.  [J

Remark 4.5.8. For Betti diagrams of finite length modules, every Betti table has a unique decom-
position by pure Betti tables whose degree sequences form a chain. For differential modules how-
ever, the Betti vector my have a nonunique decomposition even after insisting that the pure vectors
come from a chain of degree sequences. As an easy example, consider the Betti vector (1,1,1,1).
It can be decomposed either as (1,1,0,0) + (0,0,1,1),(1,0,1,0) + (0,1,0,1), or (1,0,0,1) +
(0,1,1,0). Of these three decompositions, the first two both correspond to degree sequences
that form a chain. Our algorithm would yield the first decomposition, corresponding to the

chain of degree sequences (0,1) < (2,3). The second decomposition corresponds to the chain
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(0,2) < (1,3).

4.6 Predictions for Differential Modules Over S

We conjecture that Theorem 4.5.1 gives a potential base case for the general theory in n variables.
Because the 7 and o functionals are non-negative on differential modules in D%M (A, 0) with finite
length homology, Theorem 4.4.9 implies that they are non-negative on 3PM(®(F,£)) for any
coherent sheaf € and any differential module F' € DY, (.5, 0) with finite length homology. In the
original theory, similar machinery provided a method for proving nonnegativity of facet equations
since the facet equations of the cone spanned by the pure Betti tables came from cohomology
tables of vector bundles on IP”. Due to the apparent similarity between the original theory and
the generalization to differential modules in the degree O case, we expect that something similar
might hapen here as well. This illuminates a strategy for proving Conjecture 4.3.7 in general. The
idea is that once we know the exterior facets of the cone spanned by Betti vectors of differential
modules with pure homology, this will enable us to prove non-negativity of the facet equations
on the Betti vectors of differential modules in DM (.S, 0), provided the facet equations come from
cohomology tables of sheaves on P"~! as in the original theory. Proving a facet description has
remained elusive thus far, but we can use Macaulay2 to compute facet descriptions of the cone in
finite dimensional windows.

For instance, let’s examine the case where S = k[z,y, z] and look at the cone spanned by
Betti vectors of differential modules with homology that is pure with degree sequence between
(0,1,2,3) and (4,5,6,7). A Fourier Motzkin elimination computation gives the columns of the

following matrix as a subset of the linear functionals in the facet description of the cone:
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15 15 =10 5 6 15 2 3 o5 1 8 3

10 10 6 2 -3 -8 0 1 0 O 3 0

-6 6 3 o 1 3 1 0 3 0 0 1

3 -3 1 1 0 0 1 0 -4 1 1 0 42)
1 1 0 1 0 1 0 1 3 -3 0 3

0 O 0 o 1 0 2 -3 0 6 3 8

0 O 1 2 3 3 5 6 5 10 8 15

1 1 3 -5 6 8 =9 10 12 15 -—-15 24

One might recognize the entries of each column as the ranks of the sheaf cohomology modules
of supernatural vector bundles on IP? (see [ES09b]) appearing with a single negative entry in each
column. For instance, twists of the line bundle Op2 have cohomology modules whose ranks are
given by the entries in the first three columns of (4.2), with some shift. If we look at the sign
pattern, we notice that there is a single negative entry in each column, which is exactly what we
saw in the facet equations for BSpm(A,0), where the facets were given by taking inner product
with vectors of the form 7; = (...,1,1,—1,1,...), with the negative entry occurring in the 4
entry. What is more, we see this same phenomenon repeated for all examples computed.

This leads us to a conjecture that, similarly to [EE17] the facets BSpm (S, 0) come from com-

bining the cohomology tables of certain vector bundles on IP"~! with the facets for BSpm(A, 0).

Conjecture 4.6.1. The exterior facets of the cone of Betti vectors of degree 0 differential modules
with finite length homology over S are given by the vanishing of linear functionals that arise as
the composition

@(7’5) f
D%M(S) — D%M(A) = Z

where £ is a supernatural vector bundle on P"~ and f is one of the linear functionals Tj Or 0;

defined in (4.1).

To see this in action, consider the first column of (4.2), and suppose we index so that the —6
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is the entry in position 0. The vector

(...,15,10,6,3,1,0,0,1,...)

is equal to v(Opn-1(—5)). Dot product with this vector defines a linear functional that sends
BPM(F) to BPM(®(F, Opn-1(—5))). Composing this with 79 as defined in (4.1) gives the linear

function that is dot product with the first column of (4.2).
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