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Differential Modules in Commutative Algebra

Maya Banks

Abstract

Differential modules generalize many familiar objects in commutative algebra. They arise
naturally in connections with algebraic geometry and topology, and can also provide new insights
and a fresh perspective on things as well-studied as free resolutions and complexes. In this thesis,
we explore several homological and combinatorial properties of differential modules, compar-
ing and contrasting with free resolutions. First, we study differential modules whose homology
are a complete intersections by constructing a generalization of the Koszul complex. Second,
we study differential modules as deformations of free complexes and obtain some results related
to some rank conjectures in commutative algebra and algebraic topology. Finally, we study the
graded Betti numbers of differential modules and propose a combinatorial theory mirroring that
of Boij-Söderberg theory for minimal free resolutions. Throughout, we gain various insights on
classical results and constructions in commutative algebra.
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Chapter 1

Introduction

1.1 Differential Modules

A differential module is a module equipped with a self-map that squares to zero. The reader will

immediately note that this general definition encompasses a great many familiar mathematical

objects such as resolutions and chain complexes, dg-algebras, pages of a spectral sequence, and

more. Indeed, this simultaneous generalization is a key motivating feature of differential modules

as objects of study: by investigating the structure and properties of differential modules, we can

bring to light key similarities and differences between the various objects that they generalize.

This helps us answer questions about which structures are actually crucial to some of our favorite

results and constructions, which are merely convenient for the proof techniques, and which are

simply superfluous.

Beyond this rather meta motivation, differential modules also arise as concrete objects in com-

mutative algebra, algebraic geometry, and topology, and thus require the development of their own

theoretical tools and techniques. A prime example of this in toric geometry comes in generalizing

Koszul duality and the BGG correspondence to the nonstandard and multigraded setting, wherein

one side of the correspondence involves differential modules rather than just complexes [BE21].

Another, to which we will return later on, is the Buchsbaum–Eisenbud–Horrocks conjecture and

its connections to the Toral Rank Conjecture in algebraic topology [Car86; Hal85; BE77; Har79].
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Let us consider an example of a free differential module—one where the underlying module

is free. A free module endomorphism is given by a square matrix with entries in the ring, so this

is how we will represent the differentials of free differential modules. Let S = C[x, y, z], the

standard graded polynomial ring over the complex numbers. The module M = S/(x, y, z) ≃ C

has minimal graded free resolution

F = 0 Soo S(−1)3
[x y z ]oo S(−2)3

[
y z 0
−x 0 z
0 −x −y

]
oo S(−3)

[
z
−y
x

]
oo 0oo

We can consider F as a differential module by an operation called folding, where we col-

lapse F into a single graded module and consider the differential on F as a single square-zero

endomorphism.

Fold0(F) =

S

⊕
S(−1)3

⊕
S(−2)3

⊕
S(−3)

,



0 x y z 0 0 0 0

0 0 0 0 y z 0 0

0 0 0 0 −x 0 z 0

0 0 0 0 0 −x −y 0

0 0 0 0 0 0 0 z

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0


The “0” superscript indicates that the differential is a degree 0 map (this is true for the initial

free resolution F; since we introduced no degree shifts during folding, it remains true for the

differential module). By imposing the appropriate degree shifts on the summands of the underlying

module, we can use the folding operation to obtain from F a differential module whose differential

is homogeneous of degree a for any a ∈ Z. The differential will be represented by an identical

matrix, but the degree shifts in the underlying module will change. For instance, in degrees 2 and

−1 we get the following underlying modules upon applying the folding functor:
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Fold2(F) =

S

⊕
S(1)3

⊕
S(2)3

⊕
S(3)

, Fold−1(F) =

S

⊕
S(−2)3

⊕
S(−4)3

⊕
S(−6)

A recurring theme observed in the results in this thesis is that the degree of the differential

module can have a substantial impact on various features of the differential module, including its

numerical invariants. This is a stark departure from the world of graded free complexes, where we

may always shift the degrees of individual free modules to assume that the degree of the differential

is 0. For a differential module, the source and target of the differential are the same underlying

module, so we can’t shift degree on the source without similarly shifting the target.

We can also modify the differential to obtain new differential modules on the same underlying

module by replacing some of the zeroes in the upper right corner of the matrix by nonzero elements

of S in such a way that the matrix still squares to zero (a systematic exploration of this process

is the content of Chapter 3). For example for each of the three folds of F given above, we could

modify the differentials in as follows. In the examples below we use colors to indicate the block

structure of the differential.

Example A (Degree 0).

S

⊕
S(−1)3

⊕
S(−2)3

⊕
S(−3)

,



0 x y z x2 0 y2 z3

0 0 0 0 y z 0 −y2

0 0 0 0 −x 0 z 0

0 0 0 0 0 −x −y −x2

0 0 0 0 0 0 0 z

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0


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Example B (Degree 2).

S

⊕
S(1)3

⊕
S(2)3

⊕
S(3)

,



0 x y z 1 0 −1 0

0 0 0 0 y z 0 1

0 0 0 0 −x 0 z 0

0 0 0 0 0 −x −y −1
0 0 0 0 0 0 0 z

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0


Example C (Degree -1).

S

⊕
S(−2)3

⊕
S(−4)3

⊕
S(−6)

,



0 x y z x3 0 y3 z5

0 0 0 0 y z 0 −y3

0 0 0 0 −x 0 z 0

0 0 0 0 0 −x −y −x3

0 0 0 0 0 0 0 z

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0


Notice that the degree of the differential module determines the degrees of the elements that

can be placed in various entries in the matrix, since a degree a differential module must have a

differential that is homogeneous of degree a. Another way to visualize the three examples above

is as the complex F with additional maps added.

Example A.

0 Soo S(−2)3
[x y z ]oo S(−4)3

[
y z 0
−x 0 z
0 −x −y

]
oo

[x2 0 y2 ]

gg S(−6)

[
z
−y
x

]
oo

[
−x2
0

−y2

]
hh

z3

zz
0oo
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Example B.

0 Soo S(1)3
[x y z ]oo S(2)3

[
y z 0
−x 0 z
0 −x −y

]
oo

[ 1 0 −1 ]

ff S(3)

[
z
−y
x

]
oo

[
1
0
−1

]
hh

0oo

Example C.

0 Soo S(−2)3
[x y z ]oo S(−4)3

[
y z 0
−x 0 z
0 −x −y

]
oo

[x3 0 y3 ]

gg S(−6)

[
z
−y
x

]
oo

[
−x3
0

−y3

]
hh

z5

zz
0oo

Minimal free resolutions are objects that are both integral to and extremely well studied in

commutative algebra and its connections with algebraic geometry. A central aim throughout this

thesis is investigating how the well-known properties and behavior of minimal free resolutions

lift to differential modules. For the remainder of this introduction, we explore this theme for the

minimal free resolution F and the differential modules in Examples A, B, and C above.

1.2 Complete Intersections, Koszul Complexes, and DG Structures

The resolution F is a Koszul complex on the variables x, y, z. Koszul complexes are extremely well

understood and are a valuable tool for generating examples of free complexes and minimal free

resolutions of complete intersections, and for computing important invariants of modules (such as

Koszul homology). Koszul complexes also have the structure of a differential-graded (dg) algebra.

We can view F as an exterior algebra overC: If E = R3 with basis e1, e2, e3, then F is equivalent

as a dg algebra to
∧•E where the differential takes an element a to a ∧ (ze1 − ye2 + xe3). In

other words, the differential corresponds to multiplication by a certain exterior element of degree

1 (or -1 depending on the grading convention).
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We can view the differentials in Examples A, B, and C above as each incorporating not just a

single exterior element, but a sequence of compatible exterior elements.

Example A. Define exterior elements f1, f2, f3 to be

f1 = ze1 − ye2 + xe3 ∈
1∧
E

f2 = −y2e1 ∧ e2 − x2e2 ∧ e3 ∈
2∧
E

f3 = z3e1 ∧ e2 ∧ e3 ∈
3∧
E.

Multiplication by fi defines a map
∧j E →

∧j+iE. Combining these three multiplication maps

along with a sign convention defines the degree 0 differential on
∧•E given by the matrix in

Example A above. Examples B and C can be obtained similarly, and we note that this construction

is independent of the grading on S, using only the grading of the exterior algebra
∧•E.

This construction is an example of what we define in Chapter 2 as a Koszul differential module.

In general, this construction may break the dg algebra structure (i.e. the differential defined may

not satisfy the Leibniz rule required for a dg algebra). Examples A and C can both be given the

structure of a dg algebra, while there is no way to define such a structure on Example B. This is

because Examples A and C happen to be isomorphic to Fold0(F) and Fold−1(F), respectively,

and thus simply inherit their dg structure from F. We show that a Koszul differential module can

actually only be given a dg algebra structure if it is isomorphic to a fold of a complex with such

a structure. In fact, Koszul differential modules not isomorphic to folds of such complexes can

not even have the structure of a dg-module over the minimal free resolution of their homology.

In other words, the theory of dg structures on minimal free resolutions is in some respect special

to the case of complexes, requiring crucial structure that is lost upon passage to the category of

differential modules.

Our study of Koszul differential modules is motivated in part by the question of somehow

classifying differential modules that have a certain homology. Since the Koszul complex gives

a minimal free resolution of a complete intersection, one goal of the Koszul differential module

construction is to understand in general the differential modules whose homology is isomorphic
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to a complete intersection. All three of our running examples so far constitute Koszul differential

modules with homolgoy S/(x, y, z), but in general there are some additional assumptions needed

to guarantee that a differential module with complete intersection homology is Koszul. The theory

of Koszul differential modules built up in Chapter 2 constitutes a partial characterization of differ-

ential modules with complete intersection homology, and in Chapter 3 we take a totally different

approach to obtain a much more general classification.

1.3 Deformations and Total Rank

We can also study the Betti numbers of F, which are the ranks of the free modules appearing in the

resolution. Buchsbaum–Eisenbud and Horrocks [BE77; Har79] asked whether the rank of the ith

free module in a minimal free resolution of M has rank at least
(
codimM

i

)
, a question now referred

to as the Buchsbaum–Eisenbud–Horrocks (BEH) Conjecture. The resolution F is a minimal free

resolution of S/(x, y, z), which has codimension 3, so we notice that F achieves the predicted

bound. Walker [Wal17] and Walker–VandeBogert [VW24] proved a slightly weaker version of the

BEH conjecture known as the Total Rank Conjecture, which states that the sum of the ranks of the

modules appearing in the minimal free resolution of M is at least 2codimM .

Carlsson linked the BEH Conjecture and the Total Rank Conjecture to a set of conjectures

in algebraic topology, known as different versions of the Toral Rank Conjecture [Car86]. This

conjecture posits that if a rank n torus—either (Z/pZ)n or (S1)n—acts nicely (this means freely

or semi-freely) on a nice topological space X (this means a finite CW complex or a smooth mani-

fold), then the homology groups of X satisfy

∑
rankkHi(X;G) ≥ 2n

where k is either Z/pZ or Q and G is (Z/pZ)n or (S1)n, respectively. The p-group version of

this conjecture is due to Carlsson, while the rational version was conjectured by Halperin [Hal85].

Carlsson posed a stronger algebraic conjecture that would imply the Toral Rank Conjecture.

His original formulation was only for k = F2, but we state it here for any k, since it’s just as false
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either way.

Conjecture 1.3.1. If D is a free graded differential module of degree 1 over S = k[x1, . . . , xn]

with finite length homology, then rankS D ≥ 2n.

Iyengar–Walker provided a counterexample to the above in the form of a free complex with

smaller than expected total Betti numbers [IW18] (when the characteristic of the field is not equal

to 2); however, their counterexample does not come from topology. The question of which dif-

ferential modules satisfy the 2n bound remains open, as does the question of what a tight lower

bound on total rank of a differential module with finite length homology should be.

Let us return to F as our example. The homology of F is finite length, as is the homology

of Folda(F) and each of the slightly altered differential modules above, all of which have total

rank 8 = 23. However, the differential in Example B is not minimal (i.e. it contains a unit). By

performing a series of (nonobvious) row and column operations, we can find that Example B is

isomorphic to a differential module with the same underlying module but differential given by the

matrix 

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 xy xz 0 z − x
0 0 0 0 −y2 −yz z − x
0 0 0 0 −y3 −y2z yz y2

0 0 0 0 xy2 xyz −xz −xy


The upper left block is trivial, that is it contributes nothing to the homology of the differential

module. Thus we have a differential module of rank 4 whose differential is given by the matrix


xy xz 0 z − x
−y2 −yz z − x 0

−y3 −y2z yz y2

xy2 xyz −xz −xy

 (∗)

and whose homology is still isomorphic to C. On the other hand, notice that Examples A and C

have no scalar entries in their differentials. This means we cannot use a similar process to obtain
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a differential module of smaller rank with the same homology.

In Chapter 3, we explore this phenomenom using deformation theoretic techniques to charac-

terize differential modules with given homology (up to a certain type of quasi-isomorphism). The

main result of this chapter is a geometric parameterization of flagged quasi-isomorphism classes

of differential modules with a given homology. This parameterization allows us to compute ex-

plicit bounds on the dimension of the space of such differential modules. In particular, we have a

criteria for checking whether any differential modules with homology M exist that are not quasi-

isomorphic to the fold of the minimal free resolution of M . Among the consequences of our main

results is the following:

Corollary 1.3.2. Any graded differential module over S = C[x1, . . . , xn] with homology C that

has rank < 2n must have degree 2.

This is a special case of a more general phenomenon:

Corollary 1.3.3. If M is an S-module of finite length, then degree a differential modules with

homology M and rank < 2n exist for only finitely many a ∈ Z.

1.4 Graded Betti Numbers and Boij-Söderberg Theory

Incorporating the graded data in F, we can get a finer invariant: the graded Betti numbers of the

moduleM , which we represent in a Betti table. A famous theory, first conceived by Boij-Söderberg [BS08]

and first proven by Eisenbud, Schreyer, and Weyman [EFW11; ES09a; ES09b], combinatorially

characterizes all possible Betti tables of finite length modules over S, up to rational multiple. This

characterization comes in terms of what are called pure resolutions—resolutions where each ho-

mological degree contains a free module generated in only one internal degree (for instance, F is

pure). In particular, the Betti tables of finite length modules over S span a rational cone whose

extremal rays are generated by the Betti tables of pure resolutions of finite length modules.

Differential modules lack the data of a homological grading, but they still have a notion of

a minimal free resolution [BE22], from which we can define the Betti numbers: The jth Betti

number is the number of generators of the minimal free resolution in degree j. We record the
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Betti numbers in a 1 dimensional array, the Betti vector. For some examples, the respective Betti

vectors of Examples A, B, and C are

A : (1◦, 3, 3, 1), B : (2, 2, 0◦) C : (1◦, 0, 3, 0, 3, 0, 1)

where the symbol ◦ denotes the 0th entry. Note in particular the difference between Example B and

the other two: Examples A and C are their own minimal free resolutions, so we can compute their

Betti vectors by counting the number of generators in each degree. Example B is not minimal, but

it’s minimal free resolution has differential given by (∗) and underlying module S(1)2 ⊕ S(2)2

(this is not obvious, but it would be if we were to actually trace through the row and column

operations used to transform the original matrix given in Example B into the block matrix where

(∗) appears).

For each degree a, the folding functor descends to a map on Betti tables, taking the Betti table

(β)i,j ofM to the Betti vector of the degree a fold of the minimal free resolution ofM . We refer to

this as “flattening” the Betti table, which should be visualized as collapsing the 2-dimensional Betti

table to a 1-dimensional Betti vector along a line of a certain slope in the Betti table which depends

on a. The Betti vectors of degree a differential modules over S with finite length homology also

form a cone. While every Betti table flattens to a valid Betti vector, the converse is not true: not

every Betti vector of a degree differential module with finite length homology can be obtained by

flattening the Betti table of a finite length module over S. For example, while the Betti vectors

of Example A and Example C are indeed flattenings of the Betti table of F (in degrees 0 and -1,

respectively), the Betti vector of Example B cannot be obtained as the flattening of any Betti table

in any degree (indeed, we can check this using the the lower bound on the total rank of a minimal

free resolution–the sum of the entries in the Betti vector is less than 23, so this can’t possibly be a

flattening of a Betti table of a finite length module!).

In Chapter 4, we further investigate the combinatorics of the cone of Betti vectors of differen-

tial modules with finite length homology over S. We conjecture that while the flattening map is not

an surjection onto the set of Betti vectors, it is a surjection onto extremal rays of the Betti cone (in
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other words, that all of the “new” Betti vectors appear in the interior of the Betti cone). We prove

the conjecture for differential modules of strictly positive degree and for differential modules of

degree 0 over k[t]. Additionally we prove that there is a categorical pairing on the level of derived

categories that allows us to relate Betti vectors of differential modules with cohomology of vector

bundles on projective space.

1.5 What’s to come

The remaining chapters of this thesis consists of three distinct papers which have been included

in their entirety and may be read independently. These papers are included as they appear on the

arXiv, with only minimal edits for formatting purposes. Each chapter contains its own introduction

and background sections, thus there is redundancy in the preliminary content of each chapter.

Chapters 2 and 3 consist of joint work with Keller VandeBogert.
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Chapter 2

Differential Modules with Complete

Intersection Homology

Abstract

Differential modules are natural generalizations of complexes. In this paper, we study differential

modules with complete intersection homology, comparing and contrasting the theory of these dif-

ferential modules with that of the Koszul complex. We construct a Koszul differential module that

directly generalizes the classical Koszul complex and investigate which properties of the Koszul

complex can be generalized to this setting.

2.1 Introduction

A differential module is a module equipped with a square-zero endomorphism. While initially in-

troduced at least as far back as the classical treatise of Cartan and Eilenberg [CE16, Chapter 4], dif-

ferential modules have become a topic of recent interest in commutative algebra motivated in part

by their connections to the Buchsbaum–Eisenbud–Horrocks and Carlsson conjectures [ABI07;

Car86; BE77; Har79], the BGG correspondence and Tate resolutions [BE21], and the represen-

tation theory of algebras ([Rou06], [RZ17]). Differential modules are a natural generalization of

chain complexes, and their study can thus provide a novel perspective on familiar objects such
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as free resolutions. More generally, there is an ever-expanding literature focusing on the use of

differential modules to provide new insight on old conjectures (see for instance [BD10], [ŞÜ19],

and [IW18]), and also on the development of a general theory of differential modules for their own

sake (see [Sta17], [Wei15], and [XYY15], and the references therein).

Our work is motivated in particular by recent work of Brown and Erman [BE22], in which

they extend the notion of a minimal free resolution to differential modules. Moreover, they prove a

theorem indicating that the classical theory of minimal free resolutions still plays a significant role

in understanding the structure of minimal free resolutions of differential modules. In particular,

they show that for a differential module D with homology H(D), there is a free flag F whose

structure and differential are partially controlled by the minimal free resolution of H(D) and

where there is a quasi-isomorphism F → D (see Theorem 3.2.11 for the precise statement). This

result begs the question of whether properties of the minimal free resolution of the homology

H(D) can be ‘lifted’ to the free flag F . Brown and Erman examined this in the case where the

homology is a Cohen-Macaulay codimension 2 algebra. We explore this question in the case

where H(D) is the quotient by an ideal generated by a regular sequence.

In the classical theory of minimal free resolutions, the Koszul complex is one of the most

fundamental objects of study for the simple reason of its sheer ubiquity; it is well-known to be

a minimal free resolution of ideals generated by regular sequences, but even for non-complete

intersections, properties of the Koszul homology of an ideal make their appearance in relation to

DG-algebra techniques, the study of Rees algebras, and in the construction of more subtle types

of complexes. In this paper, we begin developing a parallel theory for differential modules by

first constructing a differential module analog of the Koszul complex, directly generalizing the

classical case. We also investigate which properties of the Koszul complex lift to the minimal free

resolution of differential modules whose homology is a complete intersection. We ask three main

questions, the first of which is the following:

Question 2.1.1. For R a graded-local ring, what are the differential modules D whose homology

is equal to the residue field R/m? More broadly, can we classify the differential modules with

homology R/I a complete intersection?
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Example 2.1.2. Let S = k[x1, . . . , xn] for k a field. Let D = S4 with differential given by the

matrix 
0 x1 x2 0

0 0 0 −x2
0 0 0 x1

0 0 0 0

 .

This differential module has homology S/(x1, x2). In fact, it is the differential module we obtain

by taking the Koszul complex on the regular sequence (x1, x2) and viewing it as a differential

module whose underlying module is the sum of the free modules in the Koszul complex and whose

differential is the direct sum of the Koszul differentials. However, we can alter the differential by

adding a nonzero entry to the top right corner without changing the homology of the differential

module. That is, we get a family of differential modules Df with the same underlying module and

differential given by 
0 x1 x2 f

0 0 0 −x2
0 0 0 x1

0 0 0 0

 .

Furthermore, by [BE22], every differential module with homology S/(x1, x2) admits a quasi-

isomorphism from some such Df . However, not all choices of f yield nonisomorphic differential

modules. For instance for f ∈ (x1, x2) we can perform row and column operations to show that

Df is isomorphic to our original D, but this is not the case if (for instance) f = 1.

In the above example, we see the structure of the Koszul complex itself mirrored in the struc-

ture of the differential modules Df . This motivates our next two questions, which have to do with

how much of this structure is actually preserved when we pass from resolutions to differential

modules.

Question 2.1.3. The differential of the Koszul complex corresponds to a multiplication by a single

element in a particular exterior algebra. For a differential module D with complete intersection

homology, does every free flag resolution of the type described in [BE22] arise via a similar

construction?



15

Question 2.1.4. The classical Koszul complex is well-known to admit the structure of a DG-

algebra. Does the generalization of the Koszul complex to differential modules admit any kind of

analogous structure?

Our results give a partial answer to Question 2.1.1—while we do not give a classification

of all differential modules with complete intersection homology, we do find constraints on such

differential modules and prove results that simplify the classification question. We show that with

some additional hypotheses, Question 2.1.3 can be answered affirmatively (see Theorem 2.4.9),

but that absent these hypotheses we can construct examples of free flags with complete intersection

homology that are not of the “expected” form. In contrast to the previous two questions, the

answer to Question 2.1.4 seems to be a resounding “no”, and indicates that generalizations of

the classical notions of DG-algebra/module structures for differential modules will require much

subtler formulations.

2.1.1 Results

Let R be a commutative graded local ring, D a module over R and d : D → D an R-module

endomorphism that squares to 0. We define the homology of D to be H(D) = ker(d)/ im d. If

the underlying module D has the form
⊕

i≥0 Fi where Fi is free and the differential d satisfies

that d(Fj) ⊆
⊕

j<i Fi then we call D a free flag. Note that any bounded below free complex

can automatically be considered as a free flag. A core result of [BE22] states that any differential

module D with finitely generated homology admits a quasi-isomorphism from a free flag (F, d)

where

F0
δ←− F1

δ←− F2 ← · · ·
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is a minimal free resolution ofH(D) and the d restricts to δ when considered as a map Fi → Fi−1.

In this case, we can represent d via a block matrix



0 δ A2,0 A3,0 · · · Am,0 · · ·
0 0 δ A3,1 · · · Am,1 · · ·
...

. . .
...

0 0 0 0 · · · Am,m−2 · · ·
0 0 0 0 · · · δ · · ·

0 0 0 0 · · · 0
. . .

...
...

...
... · · ·

...


where Ai,j : Fi → Fj . We refer to free flags of this type as anchored free flags. Since every

differential module admits an anchored free flag resolution, it is both convenient and reasonable to

focus on differential modules of this form. To classify anchored free flag resolutions amounts to

classifying the possibilities for Ai,j that yield nonisomorphic differential modules. Our first result

simplifies this task in the case where the homology is a complete intersection.

Theorem 2.1.5. Let D be a free flag differential module with homology H(D) a complete inter-

section where the differential d is given by a block matrix as above. Let F be the minimal free

resolution ofH(D) considered as a differential module. ThenD ∼= F if and only if imAi,0 ⊆ im δ

for all i ≥ 2.

This result says that, in the case of a homology induced free flag with complete intersection

homology, the property of being isomorphic to a minimal free resolution of the homology can be

detected by only the first row of blocks in the differential. This further tells us that we can at least

partially characterize the differential modules with given complete intersection homology R/I by

the choices of nonzero maps Fi → R/I .

We prove Theorem 2.1.5 in Section 2.3, along with a discussion of minimal free resolutions

of differential modules with homology k. In particular, we also show via explicit construction that

the total Betti numbers of a differential module with homology k may be strictly smaller than the

sum of the Betti numbers of k.

In Section 2.4, we show how graded commutative algebras admitting divided powers can be
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used to construct differential modules. This allows us to construct a Koszul differential module–

a family of differential modules generalizing the Koszul complex (see Construction 2.4.3). In

much the same way as the Koszul complex provides a valuable source of examples in the study of

minimal free resolutions, Koszul differential modules generate a large set of examples of free flag

differential modules. Moreover, we prove the following theorem which shows that in certain cases

we can guarantee that anchored free flags with complete intersection homology are isomorphic to

the Koszul differential module.

Theorem 2.1.6 (See Theorem 2.4.9 for the more general statement). LetR be a Noetherian graded

local ring with maximal ideal m, D a differential R-module with H(D) a complete intersection

and let F =
⊕

i≥0 Fi → D be an anchored free flag resolution with differential dF . If im(dF )∩F0

is generated by a regular sequence, then F is isomorphic to a Koszul differential module.

Finally, in Section 2.5 we consider the existence of DG-module structures on free flag resolu-

tions as posited in Question 2.1.4. This leads us to consider free flag resolutions that can be given

the structure of a DG-module over the minimal free resolution of their homology. In the classical

case of complexes, it is well-known that every free resolution admits the structure of a (possibly

non-associative) DG-algebra structure, and hence the existence of such a structure is guaranteed.

Our main result of this section is the following theorem which says that the existence of such a

DG-module structure on an arbitrary free flag resolution is in fact a much rarer property.

Theorem 2.1.7. Let F be an anchored free flag with complete intersection homology. If F admits

the structure of a DG-module over the minimal free resolution of H(F ), then F is isomorphic to

the Koszul complex considered as a differential module.

This theorem gives an example of a property of free resolutions that does not generalize to

the setting of differential modules. The inability to generalize this property tells us that the DG-

algebra structure of free resolutions, at least for complete intersections, relies on structure that is

unique to free resolutions rather than structure that can be extended to free flags. This is in contrast

with properties that are successfully generalized to free flags in [ABI07] and [BE22].
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2.2 Background

In this section, we introduce some background and notation on differential modules that will be

used throughout the paper. This includes a straightforward reformulation of free flag differential

modules without reference to matrices, which will be useful for avoiding complicated matrix com-

putations; this formulation is implicit in the work of Avramov, Buchweitz, and Iyengar [ABI07],

but we state it here since it will be used frequently throughout the paper.

Notation. Throughout this paper,Rwill denote a graded local ring. More precisely,R =
⊕

i≥0Ri

is an N-graded Noetherian ring with R0 local. Moreover, all differential modules throughout this

paper will be assumed to have finitely generated homology.

Definition 2.2.1. A differential module (D, d) or (D, dD) is an R-module D equipped with an

R-endomorphism d = dD : D → D that squares to 0. A differential module is Z-graded of degree

a if D is equipped with a Z grading over R such that d : D → D(a) is a graded map.

The homology of a differential module (D, d) is defined to be ker(d)/ im(d). IfD is Z-graded

of degree a, then the homology is defined to be the quotient ker(d)/ im(d(−a)).

A differential module is free if the underlying module D is a free R-module. The differential

module D is minimal if d⊗ k = 0.

A morphism of differential modules ϕ : (D, dD) → (D′, dD
′
) is a morphism of R-modules

D → D′ satisfying dD
′ ◦ϕ = ϕ ◦ dD. Notice that morphisms of differential modules induce well-

defined maps on homology in an identical fashion to the case of complexes. A morphism of differ-

ential modules is a quasi-isomorphism if the induced map on homology is a quasi-isomorphism.

The category of degree a differential R-modules will be denoted DM(a,R). The notation

DM(R) will denote the full category of differential modules (without any concern for grading).

Remark 2.2.2. The collection of differential modules and their morphisms forms a category, de-

noted DM(R). Notice that a differential R-module (D, d) is equivalently a module over the ring

R[x]/(x2), as mentioned in the introduction. In particular, the category DM(R) is equivalently

the category of R[x]/(x2)-modules, and as such DM(R) is an abelian category. The category

DM(a,R) is also equivalently graded modules over R[x]/(x2) in the case that x is given degree
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a.

The following definition will play an essential role throughout the paper, and it allows us to

view the category of complexes as a subcategory of the category of differential modules, though it

is important to note that this is not necessarily a full subcategory:

Definition 2.2.3. Given any complex F , there is a functor

Fold: Com(R)→ DM(R),

(F, dF ) 7→
(⊕
i∈Z

Fi,
⊕
i∈Z

dFi

)
,

{ϕ : F• → G•} 7→
{⊕
i∈Z

ϕi : Fold(F•)→ Fold(G•)
}
.

The object Fold(F•) will often be referred to as the fold of the complex F•.

The following definition introduces free flags. These are a proper subclass of differential

modules that still generalize complexes of free modules, and in general are better behaved than

arbitrary differential modules. One way to think of free flags is as differential modules admitting

a finite length filtration whose associated graded pieces are themselves free R-modules.

Definition 2.2.4. Let D be a differential module. Then D is a free flag if D admits a splitting

D =
⊕

i∈Z Fi, where each Fi is a free R-module, Fi = 0 for i < 0, and dD(Fi) ⊆
⊕

j<i Fj .

Given a free flag D with associated splitting D =
⊕

i∈Z Fi, define Di :=
⊕

j≤i Fj . This will

be referred to as the flag filtration on F . By definition of a free flag, one has dD(Di) ⊂ Di−1,

implying that the associated graded object associated to the flag filtration is a chain complex.

Associated to a free flag D, there are maps Ai,j : Fi → Fj induced by splitting the maps

dD : Fi → Di−1 with the isomorphism Hom(Fi, D
i−1) =

⊕
j<iHom(Fi, Fj).

A core theme of [ABI07] is that the flag structure on a differential module allows many proofs

from classical homological algebra to be generalized to differential modules by substituting the

homological grading for the grading induced by the flag filtration. As such, it is useful to pass

from general differential modules to free flags, which we can do using the following definition.
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Definition 2.2.5. For any differential module D, a free flag resolution F of D is a free flag

F equipped with a quasi-isomorphism F → D. A minimal free resolution of D is a quasi-

isomorphism M → D that factors through a free flag resolution F such that M → F is a split

injection and M is minimal.

Remark 2.2.6. Notice that ifF• →M is a minimal free resolution of a moduleM , then Fold(F•)→

M (where M is viewed as having the 0 endomorphism) is a minimal free flag resolution of M

(since H(Fold(F•)) =
⊕

i∈ZHi(F•)). In general, there may be free flag resolutions of M that

do not arise as the fold of a complex, and it is an interesting question as to when a free flag is

isomorphic to the fold of some complex. We give a characterization of this property for certain

classes of free flag resolutions in Section 3 which turns out to be quite effective in proving some

general statements about free flag resolutions.

One way to think of free flags is as strictly upper triangular block matrices (as in the setup to

Theorem 2.1.5). This can be useful for explicit computations and more matrix-theoretic methods,

but we will also find it useful to think of free flags in a way that is not reliant on matrices. The fol-

lowing observation is a coordinate-free reformulation of the definition of a free flag that highlights

the data of the maps Ai,j : Fi → Fj which determine the flag.

Observation 2.2.7. A free flag is equivalently the data of a collection of free modules {Fi | i ∈

Z≥0} and maps {Ai,j : Fi → Fj | j < i}, such that for all j < i, one has the relation

∑
j<k<i

Ak,jAi,k = 0.

Remark 2.2.8. In order to distinguish the structure maps Ai,j given in Observation 2.2.7, we will

often use the more precise notation ADi,j to specify that these maps determine the differential

module D.

The theory of minimal free resolutions of arbitrary differential modules turns out to be quite

subtle. However, the following result of Brown and Erman shows that the classical theory of

minimal free resolutions of modules still plays an important role in understanding the homological

properties of differential modules.
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Theorem 2.2.9 ([BE22, Theorem 3.2]). Let D be a differential module with finitely generated

homology and (F•, d) → H(D) a minimal free resolution of H(D). Then D admits a free flag

resolution F̃ where the underlying free module is F• and where, in the notation of Observation

2.2.7, one has Ai,i−1 = di for all i.

2.3 Anchored Free Flags and Folds of Complexes

In this section, we prove Theorem 2.3.6, which is our first structural result about free flag resolu-

tions whose homology is a complete intersection. We make a note about terminology here:

Note. Throughout the paper, a “complete intersection” will be a quotient of a commutative Noethe-

rian ring by a regular sequence. This is a slight loosening of the more standard definition, where

it is assumed that the ambient ring is a regular ring. This decision is made for sake of conciseness

of presentation.

Specifically, we consider a free flag resolution F as in Theorem 3.2.11 whose homology is a

complete intersection, and we show that the question of whether or not F is trivial—i.e. where F

is isomorphic to the fold of a Koszul complex—is entirely determined by an analysis of the “top

row” of the differential. As an application, we then completely classify all differential modules D

where H(D) is isomorphic to the residue field k and R is regular.

We conclude the section with some interesting examples illustrating the subtlety of minimal

free resolutions of differential modules. In particular, we show that if R = k[x1, . . . , xn] is a

standard graded polynomial ring over a field, then k viewed as a differential R-module in degree 2

has total Betti numbers strictly less than the total Betti numbers of k when viewed as anR-module

in the usual fashion.

Definition 2.3.1. Let F̃ be a free flag and (F•, d) → H(F̃ ) a minimal free resolution of H(F̃ ).

If F̃ arises as in the statement of Theorem 3.2.11, then F̃ will be called an anchored free flag

resolution. The complex (F•, d) is called the anchor of F̃ .

Remark 2.3.2. An anchored free flag resolution has differential with off-diagonal blocks coming

from the minimal free resolution of the homology. These off-diagonal blocks can be thought of as
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“anchors” for the maps Ai,j for i − j ≥ 2; more precisely, we have complete freedom to choose

the “higher-up” maps Ai,j up to the constraint that these maps must still make the corresponding

differential square to 0.

Conceptually, the following lemma shows that if one can perform column operations on the

matrix representation of the differential of an anchored free flag to cancel a term Ai,0, then one

can in fact perform column operations to cancel all other terms appearing along the associated

diagonal.

Lemma 2.3.3. Let D be an anchored free flag and assume imADi,0 ⊂ im d1 for all 2 ≤ i ≤ m for

some given m. Then D is isomorphic to a free flag D′ satisfying AD
′

i,ℓ = 0 for all 2 ≤ i− ℓ ≤ m.

Proof. The assumption imADi,0 ⊂ im d1 for all 2 ≤ i ≤ m implies that D is isomorphic to a

differential module D′ with the same underlying module determined by maps {AD′
i,j : Fi → Fj |

i < j}, but satisfying AD
′

i,0 = 0 for all i ≤ m and AD
′

i,i−1 = di for all i.

Let 2 ≤ i− 1 ≤ m. Then there is the relation

∑
j<i

AD
′

j,0 ·AD
′

i,j = 0.

Since i ≤ m+ 1 and j < i, one has that AD
′

j,0 = 0 for each j > 1 appearing in the above equality.

Thus d1 ◦AD
′

i,1 = 0, and exactness implies that imAD
′

i,1 ⊂ im d2 for each i ≤ m+ 1. Replacing D

with D′ and iterating this argument, the result follows.

In particular, the above gives a criterion for D to be isomorphic to the fold of the minimal free

resolution of its homology. One might hope that this is in fact an equivalence—that is, that any

differential module isomorphic to the fold of the minimal free resolution of its homology can be

identified in this way. This is in general not the case, as we see in the following example.

Example 2.3.4. Let R = k[x1, x2] and E be a rank 2 free module on the basis e1, e2. Let
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D =
∧•E be the free flag with differential


0 x21 x1x2 x1

0 0 0 −x2
0 0 0 x1

0 0 0 0

 .

Let K• denote the minimal free resolution of H(D)

K• =
0∧
E

(
x21 x1x2

)
←−−−−−−−−−

1∧
E

−x2
x1


←−−−−−

2∧
E

Then the morphism of differential modules D → Fold(K•) induced by

1 7→ 1, e1 7→ e1, e2 7→ e2, e1 ∧ e2 7→ e1 ∧ e2 + e1,

is an isomorphism, even though x1 /∈ (x21, x1x2) = im dK1 .

Note that the isomorphism described in the above example corresponds to performing row

operations on the differential to cancel out the x1 in the corner. In this case, we are able to cancel

via row operations but not by column operations. This is explained by the lack of symmetry in the

differentials of the minimal free resolution of H(D). In fact, when the minimal free resolution of

H(D) is given by the Koszul complex—i.e. whenH(D) is a complete intersection—this scenario

cannot arise, as we will show next.

First, notice that any morphism ϕ : (D, d) → (D′, d′) of free flags with underlying free mod-

ules
⊕

i∈Z Fi and
⊕

i∈ZGi, respectively, decomposes as a direct sum of maps ϕi,j : Fi → Gj for

every i, j ∈ Z.

Lemma 2.3.5. Let D be a free flag anchored on the minimal free resolution of a finitely generated

R-module M . Assume that there exists an isomorphism ϕ : D → Fold(F•), and assume that

ϕi−1,0(d
F
i (Fi)) ⊂ im dF1 for all i ≥ 2. Then imAi,0 ⊂ im dF1 for all i ≥ 2.
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Proof. The map ϕ decomposes as a sum of maps of the form

ϕ =
n∑

i,j=1

ϕi,j ,

where ϕi,j : Fi → Fj and n is the length of the flag (note n = ∞ is allowed here). We first

claim that ϕ0,0 : F0 → F0 may be chosen to be the identity. To see this, notice that the fact that

ϕ ◦ dD = dFold(F•) ◦ ϕ implies that there are equalities

dFi ◦ ϕ0,i = 0 for all i ≥ 1.

Since F• is a resolution, it follows that ϕ0,i = di+1 ◦ ϕ′0,i+1 for some ϕ′0,i+1 : F0 → Fi+1. On the

other hand, let ψ denote the inverse of ϕ. By definition there is an equality

(∗) ϕ0,0 ◦ ψ0,0 + ϕ1,0 ◦ ψ0,1 + · · ·+ ϕn,0 ◦ ψ0,n = idF0 .

Applying the functor −⊗R k to (∗), the fact that imϕ0,i ⊂ mFi for each i ≥ 1 (by the minimality

assumption on F•) implies that ϕ0,0 ◦ ψ0,0 ⊗R k = idF0 ⊗Rk. By Nakayama’s lemma, the map

ϕ0,0 is a surjective endomorphism of F0 and hence an isomorphism. Changing bases as necessary,

it is thus of no loss of generality to assume ϕ0,0 is the identity.

Now, let fi ∈ Fi be any element; the assumption that ϕ is a morphism of differential modules

then yields:

ϕ(dD(fi)) = ϕ
( ∑

0<j<i

Ai,j(fi)
)
+ ϕ ◦Ai,0(fi)

=

n∑
i,j=1

dFj (ϕi,j(fi))

= dF (ϕ(fi)).
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Comparing the above equality restricted to the direct summand F0, one obtains the equality

dF1 (ϕi,1(fi)) = Ai,0(fi) +
∑

0<j<i

ϕj,0(Ai,j(fi)). (2.1)

Now, we proceed by induction on i to prove the desired statement. When i = 2, the above equality

becomes

dF1 (ϕ2,1(f2)) = A2,0(f2) + ϕ1,0(d
F
2 (f2)).

The assumption that ϕ1,0(dF2 (f2)) ∈ im dF1 implies that A2,0(F2) ⊂ im dF1 , and Lemma 2.3.3

implies that D may be replaced with a differential module satisfying Ai,i−2 = 0 for all i ≥ 2.

Proceeding inductively, assume i > 2; by induction, we may assume that Aj,k = 0 for all 1 <

j − k < i. The equality (2.1) then reduces to

dF1 (ϕi,1(fi)) = Ai,0(fi) + ϕi−1,0(d
F
i (fi)),

and again the assumption ϕi−1,0(d
F
i (fi)) ∈ im dF1 implies that Ai,0(fi) ∈ im dF1 , and Lemma

2.3.3 allows us to replace D with a differential module satisfying Aj,k = 0 for all j − k ≤ i.

Iterating this argument, the result follows.

The above holds, in particular, when H(D) is a complete intersection.

Theorem 2.3.6. LetD be an anchored free flag and assume thatH(D) is a complete intersection;

that is, H(D) ∼= R/I where I is generated by a regular sequence. Then

D ∼= Fold(F•) ⇐⇒ imADi,0 ⊂ im d1 for all i ≥ 2.

Proof. =⇒ : Let H(D) = R/a where a is generated by a regular sequence. By definition of the

Koszul complex, the minimal free resolution of R/a satisfies dFi ⊗R/a = 0 for all i, whence the

assumption ϕi−1,0(d
F
i (Fi)) ⊂ im dF1 of Lemma 2.3.5 is trivially satisfied.

⇐= : This implication holds without any further assumptions by Lemma 2.3.3.

Under the perspective of free flags as upper triangular block matrices, this says that the prop-
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erty of D being isomorphic to the resolution of its homology is completely detectable via only the

top row of the matrix. On the other hand, in the case where D is graded, the degrees of the entries

of the top row may be deduced by using this grading. Adding this additional structure gives strong

restrictions on the possibilities for differential modules D with complete intersection homology.

In the most restrictive case, when H(D) ∼= k, we have the following.

Corollary 2.3.7. Assume R is a regular graded local ring. Let D ∈ DM(R, a) be an anchored

free flag with H(D) ∼= k. If a ̸= 2, then D ∼= Fold(K•), where K• denotes the Koszul complex

resolving k.

Proof. SinceD has degree a, the minimal free resolution ofH(D) is given by the Koszul complex

K• with the ith free module with a degree shift by ia (so that the maps in the complex are all

homogeneous of degree a). The maps Ai,j : R(ia− a)→ R(ja− j + a) in the differential on D

therefore have degree (ja− j + a)− (ia− i). When degAi,0 ̸= 0, we have imAi,0 ⊗ k = 0. On

the other hand, (ja− j + a)− (ia− i) = 0 only when a = 2 and i− j = 2. Thus for a ̸= 2 the

result follows from Corollary 2.3.6.

The above corollary implies that in degree a ̸= 2, all differential R-modules with homology

k have isomorphic anchored free flag resolutions, and that furthermore this resolution is minimal

and isomorphic to the Koszul complex. However, this is not true for differential modules of degree

2. In general, any R-module may be viewed as a degree a differential module, for any integer a,

and the following result shows that the homological invariants of M ∈ DM(a,R) can vary as the

degree a varies.

Proposition 2.3.8. Let S := k[x1, . . . , xn] be a standard graded polynomial ring over a field k,

where n ≥ 2. Then there exists a degree 2 free differential moduleD of rank 2n−1 withH(D) ∼= k.

Proof. We construct the differential module inductively. For n = 2, let D = S2 with differential

given by the matrix

(
x1x2 −x22
x21 −x1x2

)
. One can check that D is a degree 2 differential module,

and moreover that H(D) ∼= k.

For n ≥ 3, let

Dn := cone(Dn−1 ⊗k k[xn]
xn−→ Dn−1 ⊗k k[xn]).
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By the inductive hypothesis, there is an equality H(Dn−1 ⊗k k[xn]) ∼= k ⊗k k[xn] = k[xn], and

by [ABI07, p. 1.2] the mapping cone induces an exact triangle

k[xn] ∼= H(Dn−1 ⊗k k[xn]) H(Dn−1 ⊗k k[xn]) ∼= k[xn]

H(Dn)

xn

Since multiplication by xn is injective, the above exact triangle degenerates to a short exact se-

quence:

0→ k[xn]
xn−→ k[xn]→ H(Dn)→ 0,

in which case H(Dn) ∼= k, as desired. Moreover, the rank of Dn is precisely 2 · rank(Dn−1) =

2 ·2n−2 = 2n−1. Since the differential onDn is given by the block matrix

(
−d⊗R S xn id

0 d⊗R S

)
,

we can see furthermore that the degree of Dn is 2.

If we define the Betti numbers of a differential module as in [BE22], then the sum of the Betti

numbers of D is equal to the rank of the minimal free resolution of D. We next show that the

differential module constructed in 2.3.8 is actually a minimal free resolution. This will imply that

the sum of the betti numbers of a degree 2 differential module with homology k may be at least

as small as 2n−1, strictly smaller than the total rank of a minimal free resolution with the same

homology. Although this differential module is certainly free and minimal, it is not immediately

obvious that it is a minimal free resolution, since this requires it to be a summand of a free flag

resolution. To prove that this is indeed the case, we leverage the mapping cone structure of the

differential module constructed in 2.3.8.

We will first need a lemma; in the following, recall that a differential module F is contractible

if the identity map is homotopic to 0. A homotopy h for which idF = dFh + hdF is called a

contracting homotopy.

Lemma 2.3.9. Let F and G be contractible differential modules with contracting homotopies hF

and hG, respectively. If ϕ : F → G is a morphism of differential modules satisfying ϕ ◦ hF =
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hG ◦ ϕ, then the mapping cone cone(ϕ) is contractible with contracting homotopy

hcone(ϕ) :=

(
−hF 0

0 hG

)
.

Proof. Recall that cone(ϕ) has underlying free module isomorphic to F ⊕ G equipped with the

differential whose block form is given by

dcone(ϕ) =

(
−dF 0

−ϕ dG

)
.

Using this, we compute:

dcone(ϕ)hcone(ϕ) + hcone(ϕ)dcone(ϕ) =

(
−dF 0

−ϕ dG

)(
−hF 0

0 hG

)
+

(
−hF 0

0 hG

)(
−dF 0

−ϕ dG

)

=

(
dFhF 0

ϕhF dGhG

)
+

(
hFdF 0

−hGϕ hGdG

)

=

(
idF 0

0 idG

)
.

By definition, hcone(ϕ) is a contracting homotopy.

Corollary 2.3.10. Let Dn be the rank 2n−1 free differential module over k[x1, . . . , xn] defined in

Proposition 2.3.8. Then Dn is its own minimal free resolution.

Proof. Proceed by induction on n. For n = 2, the module S ⊕ S with differential

(
xy x2

−y2 xy

)
is known to be its own minimal free resolution (see [BE22], Example 5.8). In particular, it is a

minimal free summand of the free S-module S ⊕ S(1)2 ⊕ S(2) with differential


0 x y 1

0 0 0 −y
0 0 0 x

0 0 0 0

 .

Let F 2 denote this free flag differential module, and notice that F 2 is anchored on the length 2
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Koszul complex on variables x1, x2. For n > 2, define

Fn := cone
(
xn : Fn−1 ⊗k k[xn]→ Fn−1 ⊗k k[xn]

)
.

By the inductive hypothesis, the free flagFn−1 is anchored on the Koszul complex for x1, . . . , xn−1.

Since Fn is obtained by taking the mapping cone of multiplication by xn, the differential module

Fn is anchored on the Koszul complex for x1, . . . , xn.

Moreover, by induction the free flag Fn−1 splits as a direct sum

Fn−1 ∼= Dn−1 ⊕ Tn−1,

where Tn−1 is some contractible differential k[x1, . . . , xn−1]-module and Dn−1 denotes the dif-

ferential module of Proposition 2.3.8. Combining this information, we find that there is an iso-

morphism:

Fn = cone
(
xn : Fn−1 ⊗k k[xn]→ Fn−1 ⊗k k[xn]

)
= cone(Dn−1 ⊗k k[xn]

xn−→ Dn−1 ⊗k k[xn])︸ ︷︷ ︸
=Dn

⊕ cone(Tn−1 ⊗k k[xn]
xn−→ Tn−1 ⊗k k[xn])︸ ︷︷ ︸

:=Tn

.

The image of any contractible object under an additive functor remains contractible, so the dif-

ferential module Tn−1 ⊗k k[xn] is also contractible. Since scalar multiplication commutes with

any choice of homotopy, the hypotheses of Lemma 2.3.9 are satisfied for the morphism xn :

Tn−1 ⊗k k[xn] → Tn−1 ⊗k k[xn]. It thus follows from Lemma 2.3.9 that Tn is contractible

and Fn splits as the direct sum of Dn and a contractible differential module. By definition, the

differential module Dn is its own minimal free resolution.

Note that because the differential module D constructed in Proposition 2.3.8 is not a free flag,

it does not itself contradict the (disproven) conjecture of Avramov–Buchweitz–Iyengar that the

rank of a free flag over R with finite length homology is at least 2dim(R) [ABI07, Conj. 5.3]. In

fact, the example when n = 2 appears in [ABI07], and this construction directly generalizes their

example.
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2.4 A Generalization of the Koszul Complex for Differential Modules

In this section, we introduce a differential module analog of the Koszul complex and show that

under certain hypotheses, all anchored free flags are isomorphic to this Koszul differential mod-

ule. We also provide an example showing that in general not all such free flags with complete

intersection homology are obtained by this Koszul differential module; to begin this section, we

recall the definition of the Koszul complex that will be most convenient for our purposes.

Let R be a ring and E be a free R-module on basis e1, . . . , en and ψ : E → R any R-module

homomorphism. The notation eI will be shorthand for the basis element ei1 ∧ · · · ∧ eik , where

I = {i1 < · · · < ik} is an indexing set of the appropriate size. Recall that the Koszul complex

can be constructed as the complex with the ith exterior power
∧iE sitting in homological degree

i and differential

ej1,...,ji 7→
i∑

k=1

(−1)k+1ψ(ejk)ej1,...,j̃k,...,ji .

Another way to view this map is as the composition

i∧
E

comultiplication−−−−−−−−→ E ⊗
i−1∧

E

ψ⊗1−−−→ R⊗
i−1∧

E ∼=
i−1∧

E.

This is equivalently described as multiplication by an element f ∈ E∗ (recall that
∧•E is a

graded
∧•E∗-module and vice versa). Choose a map Ai,0 :

∧iE → R (the notation here is

intentionally reminiscent of Observation 2.2.7). Notice that such a map is equivalently induced by

multiplication by an element fi ∈
∧iE∗. This is because the pairing

∧iE ⊗
∧n−iE →

∧nE is

perfect.

Our goal will now be to generalize the exterior algebra structure of the Koszul complex to

define a “Koszul differential module”. In order to make the general construction more clear, we

illustrate with an example:

Example 2.4.1. Given an integer n, use the notation [n] := {1, . . . , n}. Let R = k[xI | I ⊂
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[4], I ̸= ∅] and let fi for i = 1, . . . , 4 be the elements of
∧iE∗ induced by the maps

E → R

2∧
E → R

3∧
E → R

4∧
E → R

ei 7→ xi eij 7→


0 if i = 1,

xij otherwise.
eijk 7→ xijk e1234 7→ x1234.

Define a free flag F whose underlying module is
∧•E and whose differential is given by the

maps Ai,j :
∧iE →

∧j E defined by Ai,j(g) = (−1)ijfi−jg. To check that this indeed defines a

differential module amounts to checking that for each i > j

∑
j<k<i

Ak,jAi,k =
∑
j<k<i

(−1)kj(−1)ikfk−jfi−k = 0

In this case, one just needs to verify the relations

f21 = 0, f1f2 − f2f1 = 0, f1f3 + f3f1 + f22 = 0.

We can generalize the construction in Example 2.4.1 to obtain a differential module in a sim-

ilar way given a suitably chosen bialgebra. Recall that an algebra admits divided powers if the

subalgebra generated by elements of even degree satisfies the axioms of a divided power algebra

(for the definition of a divided power algebra see, for instance, [ABW82]). A canonical example

of such an algebra (and the only example we will use in this paper) to keep in mind is the exterior

algebra on a free module, where the elements of even degree are the divided power elements.

Proposition 2.4.2. Let T denote any graded-cocommutative R-bialgebra such that T ∗ admits

divided powers (where T ∗ denotes the graded dual). Given any fi ∈ T ∗
i , the notation fi : Tℓ →

Tℓ−i will denote the left-multiplication map. Assume either:

i. charR = 2, or

ii. charR ̸= 2 and fi · fj = 0 if both i and j are even.
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Define Ai,j := (−1)ijfi−j : Ti → Tj . Then the data

{Ti, Ai,j : Ti → Tj | j < i, i ∈ Z}

determines a differential module.

Proof. One only needs to verify that
∑

j<k<iAk,jAi,k = 0 for all choices of i and j, and this is a

straightforward computation. Assume that i+ j is odd; one computes:

i−1∑
k=j+1

Ak,j ·Ai,k =
(i+j−1)/2∑
k=j+1

(Ak,jAi,k +Ai+j−k,jAi,i+j−k)

=

(i+j−1)/2∑
k=j+1

(
(−1)jk+ik + (−1)j(i+j−k)+i(i+j−k)+(i−k)(k−j)

)
fk−jfi−k.

Thus it suffices to show that the coefficient

(−1)jk+ik + (−1)j(i+j−k)+i(i+j−k)+(i−k)(k−j)

is 0 if i− k or k − j is odd. Since the above expression is symmetric in i and j modulo 2, it is of

no loss of generality to assume that i ≡2 k + 1. One computes:

jk + ik ≡2 jk, and

j(i+ j − k) + i(i+ j − k) + (i− k)(k − j) ≡2 j(j + 1) + (k + 1)(j + 1) + j + k ≡2 jk + 1.

Thus the coefficient is 0 if i − k and k − j are not both even, and if they are both even, then

fi−kfk−j = 0 or appears with coefficient 2, implying that these terms vanish as well.

If i+ j is even, then the computation is identical, with the only difference being that the term

f2(i+j)/2 appears. If char k ̸= 2, then this term vanishes by assumption. If char k = 2, then the

assumption that T admits divided powers implies that f2(i+j)/2 = 2f
(2)
(i+j)/2 = 0, so all terms again

vanish.

Notation. Let fi : Ti → R for i = 1, . . . , n be a collection of maps induced by multiplication by
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fi ∈ (Ti)
∗, where T• is any graded-cocommutative bialgebra as in the statement of Proposition

2.4.2. The notation K(f1, . . . , fn) will denote the (not necessarily differential) module induced

by the data {Ti, (−1)ijfi−j}.

We can also construct a “generic” Koszul differential module; we will see that the theorems

below give criteria for which free flags of the appropriate form are obtained as specializations on

the generic Koszul differential module.

Construction 2.4.3 (Generic Koszul Differential Module). Let n ∈ N and A = Z[xI | I ⊂

[n], I ̸= ∅]. Let E =
⊕n

i=1Aei and let fi ∈
∧iE∗ be the generic maps

fi =
∑
|I|=i

xIe
∗
I .

Next, let I be the ideal generated the relations fifj = 0 for i, j both even. Then define S := A/I .

Notice by construction A/I ⊗K(f1, . . . , fn) is a differential module with homology isomorphic

to Z.

Use the notation Kgen := A/I ⊗K(f1, . . . , fn).

Remark 2.4.4. The relations induced by imposing the condition fi · fj = 0 for i and j both even

are in general quite complicated. The first case for which we obtain nontrivial equations is when

n = 4 in Construction 2.4.3, in which case we are imposing the relation f (2)2 = 0. Choosing

bases, notice that f2 is represented as a generic 4 × 4 skew symmetric matrix and the condition

f
(2)
2 = 0 means we are taking the quotient by the 4× 4 pfaffian of this matrix representation.

Notice that in general, the ideal I appearing in Construction 2.4.3 is always generated by

quadratic equations in the fi.

Example 2.4.5. Assume n = 6 in the notation of Construction 2.4.3. Then the relations imposed

come from setting

f
(2)
2 = 0, and f2 · f4 = 0.

The relations f (2)2 = 0 are precisely the equations of the 4 × 4 pfaffians of the 6 × 6 matrix

representation of the map f2. The additional relation f2 · f4 = 0 contributes, after choosing bases,
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the single quadratic equation

∑
I⊂[6],
|I|=2

sgn(I ⊂ [6])xIx[6]\I = 0.

It may be tempting to believe that all anchored free flags with complete intersection homol-

ogy arise as specializations of Construction 2.4.3. We will see that this is true if the ring has

characteristic 2, but the following example shows that this is not the case in general.

Example 2.4.6. Let E =
⊕4

i=1Rei, where R = k[x1, . . . , x4] and k is a field of characteristic

̸= 2. Let F be the free flag defined by the following data:

A1,0 = A2,1 = A3,2 = A4,3 = x31e
∗
1 + x32e

∗
2 + x33e

∗
3 + x34e

∗
4,

A2,0 = −A3,1 = A4,2 = x1x2e
∗
12 + x22e

∗
34,

A3,0 = −2x1e∗134, A4,1 = A4,0 = 0.

Under a choice of basis, we can write F = R1⊕F 4⊕R6⊕R4⊕R1 and express the differential

dF as a block matrix.

R1 R4 R6 R4 R1


R1 0 A1,0 A2,0 A3,0 A4,0

R4 0 0 A2,1 A3,1 A4,1

R6 0 0 0 A3,2 A4,2

R4 0 0 0 0 A4,3

R1 0 0 0 0 0

The blocks Ai,i−1 on the first off-diagonal are the matrices appearing in the Koszul complex

on (x31, x
3
2, x

3
3, x

3
4). The Ai,i−2 maps are given by the following:
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A2,0 =
(
x1x2 0 0 0 0 x22

)
A3,1 =


0 0 −x22 0

0 0 0 −x22
−x1x2 0 0 0

0 −x1x2 0 0

 A4,2 =



x22
0

0

0

0

x1x2


and we have A3,0 =

(
0 0 2x1 0

)
.

One can check that dF squares to 0 so this data determines a well-defined free flag. However,

A3,0 ̸= A4,1 since A3,0 is given by multiplication by a nonzero element and A4,1 is not. This

means that the free flag induced by the above data is not of the form K(f1, f2, f3, f4) for any

choice of fi.

The above example hinges on the observation that if we let A1,0 =
(
x31 x32 x33 x34

)
and A4,3 =

(
−x34 x33 −x32 x31

)T
be the first and last matrices in the Koszul complex on

(x31, x
3
2, x

3
3, x

3
4), then A2,0A4,2 + A3,0A4,3 = 0. The condition for F to be a differential module

requires that A1,0A4,1 + A2,0A4,2 + A3,0A4,3 = 0, which in this case forces A4,1 to be 0 modulo

(x31, x
3
2, x

3
3, x

3
4). This “forcing” occurred due to cancellation in A2,0A4,2 +A3,0A4,3. Our next re-

sult shows that absent this cancellation, it is indeed the case that anchored free flags with complete

intersection homology as in Construction 2.4.3 are Koszul differential modules.

This intuition is clarified in the following definition which presents a technical condition that

will be needed as a hypothesis for the proof of Theorem 2.4.9.

Definition 2.4.7. Let R be a ring and I ⊂ R an ideal. The ideal I is completely Tor-independent

with respect to a family of ideals J1, . . . , Jℓ if for all 1 ≤ i1 < · · · < ik ≤ ℓ, one has

TorR>0

(R
I
,

R

Ji1 + · · ·+ Jik

)
= 0.

Conceptually, Tor-independent objects do not have any nontrivial homological interaction;

at the level of resolutions, this means that tensoring a resolution of a module M with a Tor-

independent quotient ring preserves exactness.
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The next theorem gives a partial characterization of anchored free flags, and is the main result

of this section. The abridged version of this result states that if the homology H(D) is sufficiently

Tor-independent with respect to a subfamily of the ideals im(fi :
∧iE → R), then differential

modules with complete intersection homology must arise as in Proposition 2.4.2.

Remark 2.4.8. Some remarks about the statement of Theorem 2.4.9 are necessary before the full

statement: we can assume that the differential module D has free flag resolution anchored on

a Koszul complex K• resolving the complete intersection H(D). Then the components of the

flag differentials mapping to K0 = R are R-module homomorphisms fi :
∧iE → R. These

are the elements fi :
∧iE → R as written in the statement of the theorem, and the conclusion

of the theorem is that D is isomorphic to the generalized Koszul flag K(f1, . . . , fn) where the

fi ∈
∧iE∗ arise as just mentioned.

Theorem 2.4.9. Let D be a differential R-module with H(D) a complete intersection, viewed

as the cokernel of some map f1 : E → R (where E is a free R-module). Let F → D be

a free flag resolution anchored on the Koszul complex associated to f1 ∈ E∗ and assume that

im(f1 : E → R) is completely Tor-independent with respect to the set

{
im(fi :

i∧
E → R) | i is even and i ≤ rank(E)/2

}
.

Then F is isomorphic to the differential module of Proposition 2.4.2, where T =
∧•E.

Proof. Proceed by induction on i − j − 1, where i, j are the indices of the component Ai,j of

the differential of D. When i − j − 1 = 0, this is the statement of Theorem 3.2.11 since it is

of no loss of generality to assume that D is anchored on the Koszul complex resolving H(D),

associated to some element f1 ∈ E∗. Let e1, . . . , en denote a basis for E. Assume now that

i − j − 1 ≥ 1. Inducting also on j, one may assume that for all k > 0, there is the equality

Ai−k,j+1−k = (−1)(i−k)(j−k)fi−j−1 (the base case is for k = j+1, which holds by assumption).

Using this, one computes:

0 =
i−1∑

k=j+1

Ak,jAi,k
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(∗) = 2 ·
∑

i−k, j−k even
j<k≤⌊(i+j)/2⌋

fk−j · fi−k + f1
(
(−1)(i+1)j+i+jfi−j−1 −Ai,j+1

)
.

If i − j > rankE, then the equality (∗) reduces to f1
(
(−1)(i+1)j+i+jfi−j−1 − Ai,j+1

)
= 0,

and exactness of multiplication by f1 implies that (−1)(i+1)j+i+jfi−j−1 − Ai,j+1 ∈ im f1. If

i−j ≤ rankE, then notice that for each j < k ≤ ⌊(i+j)/2⌋, one has i−k or k−j ≤ rank(E)/2.

Define the ideal

a :=
(
im(fℓ :

ℓ∧
E → R) | ℓ is even and ℓ < i− j − 1

)
⊂ R.

Let I be any indexing set with |I| = i − j − 2 and let e∗I ∈
∧i−j−2E∗ denote the basis element

dual to eI ∈
∧i−j−2E. Multiplying the equality (∗) on the right by e∗I , one obtains

f1 · (b · e∗I) ∈ a, (2.2)

where b := (−1)(i+1)j+i+jfi−j−1 − Ai,j+1. By the Tor-independence assumption, notice that if

K• denotes the Koszul complex induced by f1, then the complex K• ⊗R R/a must remain exact.

Combining this with (2.2) implies that b ·e∗I is a cycle inK•⊗RR/a, and hence by exactness there

exists some a ∈
∧2E such that

b · e∗I − f1 · a ∈ aE.

Multiplying the above on the right by e∗i for i = 1, . . . , n, it follows that for all indexing sets J of

size i− j − 1, there exist elements aJℓ ∈
∧ℓE such that

b · e∗J = f1 · aJ1 +
∑
ℓ even,
ℓ<i−j−1

fℓ · aJℓ

︸ ︷︷ ︸
∈a

. (2.3)

Recall that the identity map
∧i−j−1E →

∧i−j−1E is equivalently represented as right multipli-
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cation by the trace element
∑

|J |=i−j−1 e
∗
J ⊗ eJ , whence:

b = b ·
( ∑

|J |=i−j−1

e∗J ⊗ eJ
)

=
∑

|J |=i−j−1

be∗J ⊗ eJ

=
∑

|J |=i−j−1

(f1 · aJ1 )eJ +
∑

|J |=i−j−1

∑
ℓ even,
ℓ<i−j−1

(fℓ · aJℓ )eJ (by 2.3)

= f1 ·
( ∑

|J |=i−j−1

aJ1 · eJ
)
+

∑
ℓ even,
ℓ<i−j−1

fℓ ·
( ∑

|J |=i−j−1

aJℓ · eJ
)

∈ im
(
f1 :

i−j∧
E →

i−j−1∧
E
)
+

∑
ℓ even,
ℓ<i−j−1

im
(
fℓ :

i−j−1+ℓ∧
E →

i−j−1∧
E
)
.

Recalling that b := (−1)(i+1)j+i+jfi−j−1 − Ai,j+1, this means that the differential component

Ai,j+1 differs from (−1)(i+1)j+i+jfi−j−1 by multiplication by the elements fℓ, where ℓ < i−j−1.

It follows that one may perform row/column operations on the matrix representation of the square-

zero endomorphism of D to ensure that Ai,j+1 = (−1)(i+1)j+i+jfi−j−1. This completes the

proof.

The hypotheses of Theorem 2.4.9 are stated in a decent level of generality, but this is because

we needed a condition that was general enough to capture a family of the special cases for which

there existed an isomorphism to a Koszul flag. The following corollary makes explicit a list of

common cases for which the hypotheses of Theorem 2.4.9 are satisfied:

Corollary 2.4.10. The assumptions of Theorem 2.4.9 are satisfied in the following cases:

i. The free module E satisfies rankE ≤ 3.

ii. (R,m) is a Noetherian local ring and

im
(
f1 : E → R

)
+

∑
ℓ≤rank(E)/2

ℓ even

im
(
fℓ :

ℓ∧
E → R

)
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is generated by a regular sequence contained in m.

iii. R is a graded ring and

im
(
f1 : E → R

)
+

∑
ℓ≤rank(E)/2

ℓ even

im
(
fℓ :

ℓ∧
E → R

)

is generated by a homogeneous regular sequence of positive degree.

iv. R = k[x1, . . . , xn] and the image of each fi :
∧iE → R for i = 1 and i ≤ rank(E)/2

even lie in polynomial rings in disjoint variables.

In particular, if either:

i. (R,m) is a Noetherian local ring and the first row of the matrix representation of the square-

zero endomorphism of D generates a complete intersection contained in m, or

ii. R is a graded ring and the first row of the matrix representation of the square-zero endo-

morphism of D generates a homogeneous complete intersection of positive degree,

then the assumptions of Theorem 2.4.9 are satisfied.

Interestingly, if we assume that R has characteristic 2, then the statement of Theorem 2.4.9

can be generalized significantly.

Theorem 2.4.11. Assume R is a ring of characteristic 2. Let F be an anchored free flag with

H(F ) a complete intersection. Then F isomorphic to the differential module of Proposition 2.4.2

for some choice of fi ∈
∧iE∗, where T =

∧•E.

Proof. Do the computation of the previous proof, but notice that all other extraneous terms cancel

by the characteristic assumption (since one of the terms of the equation (∗) in the proof of Theorem

2.4.9 has coefficient 2).

2.5 DG-module Structures on Free Flags

In this section, we study differential modules that can be given the structure of a DG-module over

some DG-algebra. Our main motivation for considering this question is based on the philosophy
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that the homological properties of a differential module are tightly linked to those of the homology,

as suggested by Theorem 3.2.11. One natural direction related to this question is the extent to

which additional structure on the minimal free resolution of the homology can be “lifted” to the

differential module. Our results here indicate that there are some very restrictive obstructions to

lifting algebra structures to the level of differential modules.

It is evident that if a free resolution F• of the homology H(D) of an anchored free flag D

admits the structure of an associative DG-algebra structure and D ∼= Fold(F•), then the algebra

structure on F• can be transferred to a DG-module structure on D. We prove even further that if

the homologyH(D) is a complete intersection, then this becomes an equivalence; more precisely:

an anchored free flag D with H(D) a complete intersection admits the structure of a DG-module

over K• if and only if D ∼= Fold(K•), where K• denotes the Koszul complex resolving H(D).

We conclude the section with questions about DG-module structures on more general free

flag resolutions. In particular, we know of no example of a free flag admitting a DG-module

structure over the minimal free resolution of its homology that is not isomorphic to the fold of

some complex, and are very interested in any such example.

Definition 2.5.1. A (graded commutative) differential graded algebra (F, d) (or DG-algebra)

over a commutative Noetherian ring R is a complex of finitely generated free R-modules with

differential d and with a unitary, associative multiplication F ⊗R F → F satisfying

(a) FiFj ⊆ Fi+j ,

(b) di+j(fifj) = di(fi)fj + (−1)ifidj(fj),

(c) fifj = (−1)ijfjfi, and

(d) f2i = 0 if i is odd,

where fk ∈ Fk.

Remark 2.5.2. It is worth mentioning that this is a stricter definition of DG-algebra for the purposes

of this paper, but there are more general definitions in the literature.
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There does not exist a tensor product between arbitrary differential modules (or even free

flags) that directly generalizes the tensor product of complexes, but, it is possible to construct such

a product between a complex and a differential module.

Definition 2.5.3. Let F• be a complex andD a differential module. Then the box product F•⊠RD

is defined to be the differential module with underlying module
⊕

i∈Z Fi ⊗R D and differential

dF⊠D(fi ⊗ d) := dF (fi)⊗ d+ (−1)ifi ⊗ dD(d).

Remark 2.5.4. This notion of a box product was introduced in the [ABI07, Subsection 1.9].

Definition 2.5.5. Let D be a differential module whose homology is a cyclic R-module and let

F• be a minimal free resolution of H(D) admitting the structure of a DG-algebra. Then D is a

DG-module over F• if there exists a morphism of differential modules

p : F• ⊠R D → D

extending the R-module action on D. In such a case, the notation fi ·D d := p(fi ⊗ d) will be

used.

Remark 2.5.6. Sometimes the simpler notation · will be used over ·D when it is clear which

product is being considered. It is important to note that there is almost no hope for an appropriate

generalization of a DG-algebra even for general free flag resolutions. This is for at least two

reasons: firstly, as already mentioned, there is no natural candidate for the tensor product of two

differential modules, so one cannot employ a definition similar to Definition 2.5.5. Secondly, the

“degree” of an element is not well-defined if it is induced by the flag filtration of arbitrary free flag

D =
⊕

i∈Z Fi, since any given fi ∈ Fi is contained in Dj for all j ≥ i.

Observation 2.5.7. If F• is a complex admitting the structure of a DG-algebra, then Fold(F•) is

a DG-module over F•.

Proof. Just define the action on Fold(F•) via the product on F•.
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Observation 2.5.8. Let ϕ : D → D′ be an isomorphism of differential modules and F• a DG-

algebra minimal free resolution of H(D). If D′ is a DG-module over F•, then D is a DG-module

over F• with the induced product:

fi ·D d := ϕ−1
(
fi ·D′ ϕ(d)

)
.

Moreover, ϕ becomes a morphism of DG-modules with this product.

Proof. The induced product is defined by making the following diagram commute:

F• ⊠D F• ⊠D′

D D′

·D

1⊠ϕ

·D′

ϕ−1

Example 2.5.9. Let R = k[x1, x2] and E be a rank 2 free module on the basis e1, e2. Let

D =
∧•E be the free flag with differential


0 x1 x2 x21 + x22
0 0 0 −x2
0 0 0 x1

0 0 0 0

 .

Then D admits the structure of a DG-module over the Koszul complex K• with the following

product (any product not listed is understood to be 0):

1 ·D d = d for all d ∈ D, e1 ·D 1 = e1, e2 ·D 1 = e2,

e12 ·D 1 = e12 − x1e1 − x2e2,

e1 ·D e2 = e12 − x1e1 − x2e2,

e1 ·D e12 = x2e12 − x1x2e1 − x22e2, and
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e2 ·D e12 = −x1e12 + x21e1 + x1x2e2.

Recall that by Theorem 2.3.6, the differential module D as in Example 2.5.9 is isomorphic

to the fold of the Koszul complex on (x1, x2). In fact, the product given above is induced by

this isomorphism. This construction works in general, that is if we have an isomorphism to a

DG-algebra, we can obtain a DG-module structure in the same way. This leads to a string of

immediate corollaries to Observation 2.5.8.

Corollary 2.5.10. Let D be an anchored free flag and assume that D ∼= Fold(F•) where F• →

H(D) is a minimal free resolution. If F• admits the structure of a DG-algebra, then D admits the

structure of a DG-module over F•.

Proof. This follows from Observation 2.5.8 and Observation 2.5.7.

Corollary 2.5.11. Let D be an anchored free flag and assume that the minimal free resolution F•

of H(D) admits the structure of a DG-algebra. If the matrices Ai,0 satisfy imAi,0 ⊂ im d1 for

each i ≥ 2, then D is a DG-module over F•.

Proof. If imAi,0 ⊂ im d1, then D ∼= Fold(F•) by Lemma 2.3.3, so employ Corollary 2.5.10.

Corollary 2.5.12. AssumeR is a regular graded local ring. LetD be a degree 0 anchored free flag

with H(D) ∼= k. Then D admits the structure of a DG-module over the minimal free resolution of

k.

Proof. The assumption that D has degree 0 implies that each matrix Ai,0 has entries in m, so

employ Corollary 2.5.11.

The above string of corollaries are all proved by reducing to the case that the differential

module being considered may be realized as the folding of a DG-algebra resolution. The following

theorem shows that this assumption is not only sufficient, but also necessary for free flags with

complete intersection homology.

Theorem 2.5.13. Let D be an anchored free flag with H(D) a complete intersection. Let K•

denote the Kosul complex resolving H(D). Then D is a DG-module over K• if and only if D ∼=

Fold(K•).
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Proof. ⇐= : This is clear by Observation 2.5.8.

=⇒ : Choose i := min{i > 1 | fi ̸= 0}, where Ai,0 =: fi ∈
∧iE∗ are the defining data

of components of the differential; if no such i exists, then D ∼= Fold(K•) by Lemma 2.3.3 and

there is nothing to prove, so assume i exists. Otherwise, Lemma 2.3.3 implies that we may assume

Ak,j = 0 for all k − j < i. In particular, for all indexing sets I of size i, one has

d(eI) = f1(eI) + fi(eI).

Assume that D has a DG-module structure over K•. By assumption H(D) ∼= R/a for some ideal

a that is generated by a regular sequence, and f1⊗R/a = 0. One can choose the algebra structure

such that eI ·eJ = eI∧eJ+ti−1 for all |I|+|J | ≤ i, where ti−1 is some element of
⊕

j≤i−1

∧j E.

This is because exactness of multiplication by f1 forces eI∧eJ−p|I|+|J |(eI ·DeJ) to be a boundary

in the Koszul complex induced by f1, where p|I|+|J | : D →
∧|I|+|J |E denotes the projection onto

the corresponding direct summand (and 0 is the only boundary with k-coefficients). Let eI be any

basis vector such that fi(eI) ⊗ R/a ̸= 0 (such an element must exist by selection of i), where

|I| = i. Let ℓ be the first element of I and notice that:

f1(eI) + fi(eI) = d(eI)

= d(eℓ ·D eI\ℓ + ti−1)

= d(eℓ) ·D eI\ℓ − eℓ ·D d(eI\ℓ) + d(ti−1).

Tensoring the above relation with R/a, it follows that fi(eI) ∈ a, which is a contradiction to the

assumptions. It follows that no DG-module structure can exist.

In view of Theorem 2.5.13, it follows that DG-module structures over the minimal free reso-

lution of the homology are actually quite rare. Indeed, after running many examples it seems that

the only time such a DG-module structure exists is if the free flag arises as the fold of the minimal

free resolution, indicating that DG-module structures can be used to distinguish free flags that are

in the isomorphism class of a complex. It is an interesting question as to whether there exists a
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family of structures, similar to a DG-module structure, that can be used to detect the isomorphism

class of any anchored free flag. We conclude with the following (likely easier) question:

Question 2.5.14. Does there exist an anchored free flag D admitting the structure of a module

over the minimal free resolution of its homology F• that is not isomorphic to Fold(F•)?
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Chapter 3

Differential Modules and Deformations

of Free Complexes

Abstract

We develop a theory for deforming an arbitrary free complex into a differential module. The

theory uses an iterative approach to parameterize the deformations and obstructions in terms of

certain Ext groups, giving an algorithmic realization of a result of Brown-Erman. We apply this

theory to study certain rigidity properties of free resolutions and related rank conjectures.

3.1 Introduction

A differential module is a module equipped with a square-zero endomorphism. This square-zero

map makes differential modules a natural generalizations of chain complexes—indeed, the cate-

gory of differential modules is the category to which one sometimes must pass when the classical

notion of Z-graded complexes is not general enough. This phenomenon has been observed for

instance in the multigraded analog of Koszul duality (see [HHW12], [BE21]) as well as in the lit-

erature on matrix factorizations, where it has been realized that one needs to “deform” complexes

in order to represent certain functors on the category of matrix factorizations (see [OR20, Lemma

5.3.6]). Additionally, considering these more general objects can often shed new light on classical
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homological results by highlighting which properties of complexes are essential and which struc-

ture is extraneous. For instance, while arbitrary differential modules are quite general and lack

the structure necessary to prove certain homological results, work of Avramov-Buchweitz-Iyengar

[ABI07] shows that differential modules admitting the structure of a flag (see Definition 3.2.6) still

possess many of the same properties as complexes. Differential modules with a flag structure are

objects that lie somewhere between complexes—whose differentials respect a strict homological

grading—and arbitrary differential modules. Work on the Buchsbaum-Eisenbud-Horrocks Con-

jecture on the Betti numbers of free resolutions and related conjectures of Halperin and Carlsson

in algebraic topology [ABI07; IW18; Wal17] helps bring into focus a structural spectrum ranging

from minimal free resolutions as the most specific objects to arbitrary differential modules as the

most general. At each step, we see certain results that carry over to the next level of generality,

while others fail.

Free
resolutions

Free
complexes

Free
flags

Arbitrary
differential

modulesexactness homological
grading

flag structure

The overarching goal motivating our work is to understand how the objects on the right-hand

side of the picture related to the more well-studied objects on the left. Brown-Erman begin to

examine this relationship in their work on minimal free resolutions of differential modules. They

demonstrate a tight link between arbitrary differential modules and free resolutions by showing

that (under suitable hypotheses on the ambient ring), every differential module admits a minimal

free resolution that arises as a summand of a free flag whose structure is controlled by the minimal

free resolution of the homology (see [BE22, Theorems 3.2 and 4.2]). These results demonstrate

that the theory of arbitrary differential modules can be related back to the theory of minimal free

resolutions, while at the same time raising more questions about the nature of this relationship—

what properties of the homology can be ‘lifted’ to properties of the differential module? How

much variation can there be in the behavior of differential modules with the same homology?

What new geometric data (if any) do we add by passing from a minimal free resolution to a more

general differential module with the same homology? To begin to answer these questions, we

focus first on the following:
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Question 3.1.1. What are the possible differential modules with homology isomorphic to a given

module? When are two such differential modules (quasi)isomorphic?

The key results of Brown-Erman allow us to pass from arbitrary differential modules to a spe-

cial class of free flags—those that are anchored on the minimal free resolution of their homology

(see Definition 3.2.6)—so long as we work up to quasi-isomorphism. This reduces our question to

identifying the possible free flags that are anchored on the minimal free resolution of their homol-

ogy. A free flag may be pictured as a free complex with additional compatible maps that “go with

the flow” of the complex’s original differential but do not strictly respect the homological grading.

The anchor of the flag is the underlying complex, shown in red in the following visualization.

F0 F1 F2 F3 · · ·

Thus, the question at hand can be restated as follows:

Question 3.1.2. If we start with a minimal free resolution, what are all of the ways that we can

add in additional maps so that the total differential still squares to zero and the homology remains

unchanged?

Even in a small case, this question can be subtle.

Example 3.1.3. Let S = k[x1, . . . , xn] and (D, ∂f ) be the differential module with underlying

module D = S ⊕ S(−1)2 ⊕ S(−2) and differential given by the matrix

∂f =


0 x1 x2 f

0 0 0 −x2
0 0 0 x1

0 0 0 0


where f is some homogeneous degree 2 polynomial. For all choices of f , the homology of (D, ∂f )

is isomorphic to S/(x1, x2) and (D, ∂f ) is anchored on the minimal free resolution of its homol-

ogy, which we can visualize like this:
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S S(−1)2 S(−2
(x1 x2)

(
x1
x2

)
f

It is not too hard to see that when f ∈ (x1, x2), Df ≃ D0 since we can turn the matrix ∂f

into the matrix ∂0 via elementary row and column operations. But when f /∈ (x1, x2) we get a

differential module Df that is not isomorphic to D0, meaning that we have at least two different

flagged isomorphism classes of free flags anchored on the minimal free resolution of S/(x1, x2).

Now, we ask: given two (nonzero) degree 2 polynomials f, g are Df and Dg isomorphic? To

answer this question amounts to checking for similarity of matrices over the polynomial ring in

n variables, which is in general a hard problem. Note that it is easy to parameterize the set of

free flags in the previous example that are anchored on the minimal free resolution of S/(x1, x2)

if we don’t care about isomorphism—such free flags are parameterized by homogeneous degree 2

polynomials. However, even in this small example it is not clear how to account for isomorphism

in such a parameterization.

One approach to this problem was taken in [BV22], where the authors construct a large family

of differential modules anchored on the Koszul complex and prove that under certain hypotheses

any differential module with complete intersection homology is quasi-isomorphic to one of these

“Koszul differential modules”. That being said, there are examples of free flags anchored on the

Koszul complex that do not arise as a generalized Koszul differential module (see Example 4.7

of [BV22]), so this is not a complete characterization. Moreover, this approach leaves open the

fundamental questions about the structure theory of differential modules mentioned above.

In this paper, we present a totally different approach for answering Question 3.1.1 that also

seems to be a powerful tool for studying the uniform and asymptotic behavior of free flags with a

fixed anchor. We furthermore recover and answer many of the results and questions posed in the

work [BV22], and further clarify the deep connection between the classical homological theory

of modules and that of differential modules. Our approach is motivated by deformation theory.

Brown-Erman point out that a free flag can be deformed to its anchor by adjoining a variable and

zeroing out all of the maps above the anchor [BE22, Remark 3.1]. We investigate the reverse
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direction of this observation: Given a free complex F, we can deform F into a free flag by adding

additional maps in a compatible way. We give a sense of the core idea below, reserving the full

rigor and detail for later in the paper.

3.1.1 Example: A Deformation Theoretic Approach

Suppose we have a complex

F0
∂1,0←−− F1

∂2,1←−− F2
∂3,2←−− F3

∂4,3←−− F4.

We consider this as a differential module with underlying module F0 ⊕ F1 ⊕ F2 ⊕ F3 ⊕ F4 and

differential given by the following block matrix.


0 ∂1,0 0 0 0

0 0 ∂2,1 0 0

0 0 0 ∂3,2 0

0 0 0 0 ∂4,3

0 0 0 0 0

 .

We want to think about deforming this complex by iteratively adding maps to the upper right

blocks of this matrix. To do this, we adjoin a new variable t to our ring and add maps ∂i,i−2 with

t as a coefficient to get the matrix


0 ∂1,0 t∂2,0 0 0

0 0 ∂2,1 t∂3,1 0

0 0 0 ∂3,2 t∂4,2

0 0 0 0 ∂4,3

0 0 0 0 0

 .

Requiring that this matrix square to 0 mod t2 imposes the relations

∂1,0∂3,1 + ∂2,0∂3,2 = 0

∂2,1∂4,2 + ∂3,1∂4, 3 = 0
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which characterize the possible choices for ∂i,i−2. Next we add maps ∂i,i−3 with a coefficient of

t2 to get the matrix


0 ∂1,0 t∂2,0 t2∂3,0 0

0 0 ∂2,1 t∂3,1 t2∂4,1

0 0 0 ∂3,2 t∂4,2

0 0 0 0 ∂4,3

0 0 0 0 0

 .

Requiring this to square to 0 mod t3 imposes a new relation

∂1,0∂4,1 + ∂2,0∂4,2 + ∂3,0∂4,3 = 0.

This characterizes possible choices for ∂3,0 and ∂4,1, but it also introduces an obstruction: we may

have chosen the ∂i,i−2 maps in such a way that there is no compatible choice at the next step! For

the final step, notice that any choice of map t3, ∂4,0 in the top right corner of the matrix will be

compatible with the square-zero condition mod t4. Furthermore any such matrix that squares to 0

mod t4 actually squares to 0 on the nose, since the square doesn’t have any entries with a power

of t larger than 3 (in fact, no entry has a power of t larger than 2). Setting t = 1 we get a free flag,

anchored on the complex we started with, whose differential is


0 ∂1,0 ∂2,0 ∂3,0 ∂4,0

0 0 ∂2,1 ∂3,1 ∂4,1

0 0 0 ∂3,2 ∂4,2

0 0 0 0 ∂4,3

0 0 0 0 0

 .

What is more, we will see later on that the homology remains unchanged at each step, and that

any free flag anchored on the minimal resolution of its homology can be obtained via a similar

process. One way to understand the possibilities for such a flag is thus to understand the possible

deformations and obstructions at each step in the process outlined above. Our core question now

becomes

Question 3.1.4. What are all of the ways to deform a complex to a free flag? What are the
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obstructions to deforming, and when do these obstructions vanish?

3.1.2 Results

The main results of this paper constitute a complete answer to Question 3.1.1 if we impose the

condition that isomorphisms of free flags should be flag-preserving (See 3.2.8 for a discussion of

this additional assumption) via a deformation-theoretic approach. We state our results here for

differential modules with a given homology, but note that in Section 3.3 we actually prove the

following results in slightly more generality.

Theorem 3.1.5. LetM be a module over S with finite minimal free resolution F. Every differential

module with homology M is quasi-isomorphic to one that can be realized as a deformation of F.

Furthermore, both the deformations of F and the obstructions to deforming are represented by

classes in Ext•S(M,M).

When we work over an algebraically closed field, this description of the deformations and

obstructions yields a simple geometric description of the quasi-isomorphism classes of differential

modules with homology M .

Theorem 3.1.6. Assume k is algebraically closed and let XMa denote the set of degree a differen-

tial modules with homology M , up to flagged quasi-isomorphism. Then XMa has the structure of

an algebraic variety over k whose dimension is bounded above by

ℓ∑
i=2

dimk Ext
i
S(M,M)a−ia

and below by
ℓ∑
i=2

dimk Ext
i
S(M,M)a−ia −

ℓ∑
i=4

dimk Ext
i
S(M,M)2a−ia.

Corollary 3.1.7. Assume k is algebraically closed and M is any S-module with minimal free

resolution F. If

ExtiS(M,M)a−ia = 0
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for all 2 ≤ i ≤ pdim(M), then every degree a differential module with homology M is quasi-

isomorphic to Folda(F) (in other words, M is a-rigid; see Definition 3.4.1).

Note that it is easy to write down a set of equations that cuts out the set of all free flags

anchored on a fixed complex using only the condition that the differential squares to zero, but it

is not at all clear how to write down a set of equations that also accounts for isomorphism class.

Indeed, if we were to naively take the variety cut out by these equations and try to just mod out by

isomorphism of differential modules, there is absolutely no indication, a priori, that the resulting

object would be a variety. Our approach sidesteps this particular challenge by constructing XMa

iteratively as a sequence of deformations, then showing that the isomorphism class of two such

deformations at each step is controlled by higher Ext classes of the module M .

Our approach also yields several applications, one of which is that, for all but finitely many

values of a, the study of degree a differential modules with finite length homology reduces to the

study of minimal free resolutions of finite length S-modules. In particular:

Theorem 3.1.8. Let M be a module of finite length. For |a| ≫ 0, every free degree a differential

module with homology M is quasi-isomorphic to the minimal free resolution of M .

We prove this, as well as other applications and examples, in Section 3.4. More generally,

we enumerate a list of conditions that is sufficient for the space parameterizing the isomorphism

classes of free flags anchored on a fixed complex to consist of a single point, and in the process

recover (and generalize) previous results proved in [BV22] with a completely different method.

Finally, we discuss some applications of our work to rank conjectures for differential modules. We

give some results about the existence of free flag differential modules whose total Betti number is

strictly smaller than the sum of the Betti numbers of the homology; as it turns out, our character-

ization of the “deformation” terms gives a straightforward criterion in special cases for checking

whether a differential module with unexpectedly small Betti numbers exists.

The paper is organized as follows. In Section 3.2, we establish the necessary background and

conventions on (free flag) differential modules that will be essential for the rest of the paper. In

Section 3.3 we consider an iterative process of constructing free flags with a fixed anchor and
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connect this process to the (non)triviality of certain cohomology classes of the associated endo-

morphism complex. After building up the necessary machinery, we prove our main result of the

paper, Theorem 3.3.14, and note some interesting consequences for the derived category of dif-

ferential modules. In Section 3.4, we apply the results established in Section 3.3 to understand

multiple different aspects of free flag differential modules, including rigidity, Betti deficiency, and

the connection between higher structure maps and the notion of systems of higher homotopies for

matrix factorizations.

3.2 Anchored free flags

In this section, we introduce some background and notation on differential modules that will be

used throughout the paper. From now on, unless otherwise specified, the notation S will denote

any Noetherian graded-local ring, by which we mean an N-graded ring (possibly concentrated

in degree 0) whose degree 0 component is local with residue field k. All modules considered

throughout this paper will be finitely generated.

Let us first recall the notion of a homogeneous differential module:

Definition 3.2.1. A differential module (D, d) or (D, dD) is an S-module D equipped with an

S-endomorphism d = dD : D → D that squares to 0. A differential module is graded of (internal)

degree a if D is equipped with a grading over S such that d : D → D(a) is a graded map. The

category of degree a differential S-modules will be denoted DM(S, a).

The homology of a differential module (D, d) is defined to be ker(d)/ im(d). If D is graded

of degree a, then the homology is defined to be the quotient ker(d)/ im(d(−a)).

A differential module is free if the underlying module D is a free S-module, and D is minimal

if d ⊗S k = 0 (that is, the differential module D is minimal if its squarezero endomorphism is

minimal).

A morphism of differential modules ϕ : (D, dD) → (D′, dD
′
) is a morphism of S-modules

D → D′ satisfying dD
′ ◦ ϕ = ϕ ◦ dD. Notice that morphisms of differential modules induce

well-defined maps on homology in an identical fashion to the case of complexes. A morphism of

differential modules is a quasi-isomorphism if the induced map on homology is an isomorphism.
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Example 3.2.2. Every homogeneous complex of S-modules may be viewed as a degree 0 differ-

ential module.

Remark 3.2.3. Differential modules are essentially the homologically ungraded analog of com-

plexes, and as such they can vary much more wildly than complexes. The useful analogy here is

the difference between graded rings versus ungraded rings: a differential S-module is equivalently

a S[t]/(t2)-module; on the other hand, the ring S[t]/(t2) may be viewed as a Z-graded ring by

assigning deg(t) = 1. Complexes are thus equivalently described as Z-graded S[t]/(t2)-modules

with respect to this grading, and homogeneous complexes are equivalently graded S[t]/(t2)-

modules where t is assigned the bidegree (1, 0) (the first component denotes homological degree,

and the second component internal degree).

Definition 3.2.4. Let S be a (positively) graded ring. The degree a fold is the functor:

Folda : Ch(S)→ DM(S, a)

(C•, ∂) 7→
(⊕

Ci(ia), ∂
)
,

where in the above Ch(S) is the category of homogeneous complexes of degree 0.

Remark 3.2.5. Notice that by construction the degree a fold of a homogeneous complex yields

a differential module of degree a. In particular, the category of homogeneous chain complexes

of S-modules not only embeds into the category of differential modules, but it also embeds into

DM(S, a) for all a ∈ Z. On the other hand, there is no clear relation between the categories

DM(S, a) and DM(S, b) for different values of a and b; this is at least indicated by the fact that for

a fixed module M , the Betti numbers of a differential module D ∈ DM(S, a) with H(D) = M

may change as a varies (see [BV22, Proposition 3.8]).

Next, we define the notion of a free flag. These can be thought of as a useful intermediary

between chain complexes of free S-modules and general differential modules, and as we shall

see are an important ingredient for generalizing free resolutions to the category of differential

modules.
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Definition 3.2.6. Let D be a differential module. Then D is a free flag if D admits a splitting

D =
⊕

i∈Z Fi, where each Fi is a free S-module, Fi = 0 for i ≤ 0, and dD(Fi) ⊆
⊕

j<i Fj .

Every free flag is naturally filtered by its flag grading D0 = D0 ⊂ D1 ⊂ D2 ⊂ · · · by

defining

Di :=
⊕
j≤i

Fj .

The spectral sequence associated to this filtration has E0-page given by a complex with differen-

tials dFi : Di/Di−1 = Fi → Di−1/Di−2 = Fi−1. This complex is called the anchor of the free

flag D.

A morphism of free flags ϕ : D → D′ is flagged or flag-preserving if ϕ(Di) ⊂ D′i for

each i ≥ 0. The flagged quasi-isomorphism class of an arbitrary differential module D is the

set of differential modules D′ quasi-isomorphic to D and such that there exists a flag-preserving

quasi-isomorphism between free flag resolutions of D and D′, respectively.

Remark 3.2.7. The squarezero endomorphism of the free flag may be represented as a strictly

upper triangular block matrix, where the first off-diagonal blocks list the differentials of the anchor.

Remark 3.2.8. In general, an arbitrary morphism of free flags in the category of differential mod-

ules need not preserve the flag structure. Imposing this flagged assumption firstly ensures that

kernels/cokernels/images of morphisms between free flags still have a flag structure, but there is

an alternative interpretation of flagged differential modules for which flag-preserving morphisms

arise naturally.

Let t be an indeterminate assigned homological degree 2, and consider the algebra A :=

S[t]/(t2). Recall that a (homologically indexed) A∞-module D over A is a graded A-module

equipped with maps mD
j : A⊗j−1

+ ⊗S D → D of degree j − 2 satisfying the Stasheff identities

(see [Kel01]). Since A+
∼= S · t is concentrated in homological degree 2, it follows that there are

induced maps

dDj |Di := mD
j

t⊗ · · · ⊗ t︸ ︷︷ ︸
j−1 copies

⊗−

 |Di : Di → Di−j .

Moreover, sinceA is being viewed as anA∞-module with trivial higher multiplications, the Stash-
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eff identities simplify significantly and we obtain the equalities

i+1∑
j=1

(−1)jdDj ◦ dDi−j+2 = 0 for all i ≥ 0.

Up to a sign convention (made precise in subsection 3.3.3) these identities equivalently define

the data of a flag structure on the complex (D,mD
1 ); thus a free flag is equivalently an A∞-

module over A whose underlying S-module is free. Morphisms ϕ : D → D′ of A∞-modules

are collections ϕj : A⊗j−1
+ ⊗ D → D′ of degree j − 1 satisfying a similar set of Stasheff-type

identities. Again, in the simpler setting that we are in these identities reduce to

∑
i+j=k

ψi ◦ dDj =
∑
i+j=k

(−1)idDj ◦ ψi,

where ψi := ϕi(t⊗ · · · ⊗ t︸ ︷︷ ︸
i−1 times

⊗−) : D → D[−i + 1] is a morphism of the underlying modules

for each i ≥ 1. Thus, flag-preserving morphisms are a special case of the notion of A∞-module

morphisms, where the ambient A∞-algebra is particularly simple.

The next proposition shows that “deforming” a resolution does not change homology, a fact

that we will take advantage of later when studying quasi-isomorphism classes of differential mod-

ules.

Proposition 3.2.9. Let D be a free flag and assume that the anchor of D is a free resolution of

some module M . Then H(D) ∼=M .

Proof. Define

H(D)i := Im
(
H(Di)→ H(D)

)
.

By definition there is an equality

H(D) =
⋃
i≥0

H(D)i

and by [ABI07, Section 2.6] a spectral sequence

E2
i = Hi(F ) =⇒ H(D),
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where F denotes the underlying anchor of D. Since E2
i = 0 for i ̸= 0 by assumption, the spectral

sequence degenerates on the second page and there are equalities

H(D)0 = H0(F ), H(D)i = H(D)i−1 for i > 0.

It follows that H(D) = H0(F ) =M .

Remark 3.2.10. More generally, the above shows that if a free flag D is anchored on a complex

with finite length homology, thenH(D) is a module of finite length (really, it suffices for any page

of the associated spectral sequence to eventually have finite length homology; this is pointed out

in [ABI07]).

To finish this section, we state a fundamental result of Brown-Erman. One way to interpret this

statement is that if one is willing to work up to quasi-isomorphism, then the homological theory

of differential modules is anchored on the classical theory of free resolutions of modules.

Theorem 3.2.11 ([BE22, Theorem 3.2]). Let D be a differential module and (F•, d) → H(D) a

minimal free resolution of H(D). Then D admits a free flag resolution anchored on the complex

F .

Notation. For convenience, we write δj for the map F → F that, when restricted to Fi is equal

to ∂i,i−j for each i (in general, we assume that Fi = 0 for i < 0 or i > ℓ so any maps to or from

such Fi are defined to be the zero map).

Remark 3.2.12. Suppose that F• is a graded complex. Let Fa• be the complex obtained by twisting

Fi by ia so that all maps are homogeneous of degree a. A free flag anchored on Fa• has underlying

module
⊕

i Fi(ai) and differential ∂ of degree a. For each i > j, ∂ restricts to a degree a

map ∂i,j : Fi(ia) → Fj(ja). It will sometimes be helpful to remember that a degree a map

Fi(ia)→ Fj(ja) is the equivalently a degree a(j − i+ 1) map Fi → Fj .
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3.3 Parameterizing Anchored Free Flags

3.3.1 Building Free flags

We describe a process for building an anchored free flag with a fixed homology M and prove that

all free flags anchored on the minimal free resolution of M arise in this way.

To begin, we introduce the first main character of this construction, the endomorphism com-

plex. We will find that all of the higher differentials of a free flag (and their obstructions) may be

reinterpreted as elements of this complex.

Definition 3.3.1. Let F be a complex of S-modules (indexed homologically). The endomorphism

complex End•S(F) is the (cochain) complex with

EndiS(F) :=
∏
n∈Z

HomS(Fn,Fn−i), and differential

dEnd
•
S(F)(ϕ) := dF ◦ ϕ− (−1)|ϕ|ϕ ◦ dF.

Equipped with function composition, the complex End•S(F) is naturally an associative DG-algebra.

It is useful to note that

Zi(End•S(F)) = HomCh(S)(F,F[−i]),

Bi(End•S(F)) = nullhomotopies F→ F[−i].

If F is a free resolution of some S-module M , there is an isomorphism

H i(End•S(F)) = ExtiS(M,M).

The following notation will be tacitly used for the remainder of this section:

Notation. Let t denote any arbitrary indeterminate. The notation Si will denote the ring

Si :=
S[t]

(ti)
.

The following construction seeks to make precise the idea of iteratively deforming a complex
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F to obtain a free flag anchored on F. In doing this construction, one needs to work in the

truncated polynomial ring Si where i increases at each step, since this will allow us to guarantee

that the resulting differential module still has squarezero endomorphism.

Construction 3.3.2. Let F be any homogeneous complex of free S-modules

F : F0
∂1,0←−− F1

∂2,1←−− · · ·
∂ℓ,ℓ−1←−−−− Fℓ

with (F, d1) = Folda(F).

One can iteratively build a free flag (F, ∂) anchored on F by filling in the matrix ∂ diagonal

by diagonal, at the ith step lifting from a differential module over Si−1 to one over Si.

Suppose we have built up a differential module (F ⊗Si−1, di−1) ∈ DM(Si−1, a) anchored on

F⊗ Si−1 where

di−1 =



0 ∂1,0 t∂2,0 · · · ti−2∂i−1,0 0 · · · 0

0 0 ∂2,1 t∂3,1 · · · ti−2∂i,1 · · · 0

0 0 0 ∂3,2 t∂4,2 · · · . . . 0

0 0 0 0 ∂4,3
. . . · · · ti−2∂ℓ,ℓ−i+1

...
...

...
...

. . . . . . . . .
...

0 0 0 0 0 · · · ∂ℓ−1,ℓ−2 t∂ℓ,ℓ−2

0 0 0 0 0 · · · 0 ∂ℓ,ℓ−1

0 0 0 0 0 · · · 0 0


If (F ⊗S Si−1, di−1) can be lifted to a differential module (F ⊗S Si, di), we then lift by adding

maps {ti−1∂j+i,j}ℓ−ij=0 to di−1 above (adding on the next off-diagonal after the ti−2 terms). By the

ℓth step we have a differential module (F ⊗S Sℓ, dℓ) ∈ DM(Sℓ, a). By setting t = 1, we obtain a

differential module in (F, ∂) ∈ DM(S, a) anchored on Fa.

We note that it will sometimes be more convenient to package together the maps {∂j+i,j}ℓ−ij=0

as one element δi ∈ Endi(F).

Remark 3.3.3. With notation as in the above construction, assign the variable t a homological

grading by setting deg(t) = 1 (and hence cohomological degree −1). The maps δj are a priori

elements of Endj(F), and the process of rescaling yields the map tj−1δj ∈ End1Si
(F ⊗S Si). In
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other words, this rescaling process forces all of the maps to be homogeneous of cohomological

degree 1 and thus induces a Z-grading on the differential module (F ⊗S Si, di). This Z-grading in

fact agrees with the Z-grading induced by the flag grading, but the introduction of the t-variable

makes the bookkeeping much simpler. Similar rescaling tricks have also been used to induce Z-

gradings on Z/2Z-graded complexes (see for instance the discussion on page 2182 of [Bro+17]),

and is intimately related to the idea of “unfolding” a Z/2Z-graded object.

Lemma 3.3.4. Every free flag anchored on F may be obtained via Construction 3.3.2.

Proof. Let F = F0
∂1,0←−− F1

∂2,1←−− · · ·
∂ℓ,ℓ−1←−−−− Fℓ ← 0 be any complex of free S-modules. An

anchored free flag F on F has differential

∂ =



0 ∂1,0 ∂2,0 · · · ∂ℓ,0

0 0 ∂2,1 · · · ∂ℓ,1
...

...
...

. . .
...

0 0 0 · · · ∂ℓ,ℓ−1

0 0 0 · · · 0


Rescaling appropriately by powers of t to ∂, we obtain a differential module over S[t] whose

differential is

∂′ =



0 ∂1,0 t∂2,0 · · · tℓ−1∂ℓ,0

0 0 ∂2,1 · · · tℓ−2∂ℓ,1
...

...
...

. . .
...

0 0 0 · · · ∂ℓ,ℓ−1

0 0 0 · · · 0


and which specializes to (F, ∂) when t = 1. Note that for each i, (F ⊗ Si, ∂′) is a differential

module over Si, so this is the differential module we end up with if we run Construction 3.3.2 and

at the ith step pick the maps ∂j,j−i as our augmenting maps.

The main result of this section is Theorem 3.1.5 parameterizing the lifts and obstructions in

Construction 3.3.2 in terms of some cohomology groups of the endomorphism complex. We

restate the theorem precisely in its full generality here.
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Theorem 3.3.5. The possible lifts of F ⊗ Si−1, di−1) to DM(Si, a) as in Construction 3.3.2

are parameterized by H i(End•S F)a−ia. The obstructions to lifting correspond to classes in

H i+1(End•S F)2a−ia.

Proof. The proof is via the lemmas in the following subsection, which we combine to get the

result thusly: In Lemma 3.3.8 we parameterize the lifts at the ith step. We identify these lifts

with the appropriate cohomology groups of the endomorphism complex of F in Lemma 3.3.9.

We characterize the existence of lifts by the vanishing of the appropriate cohomology classes in

Lemma 3.3.6. This yields the result.

3.3.2 Parameterizing Lifts and Obstructions

Lemma 3.3.6. The free flag (F ⊗ Si−1, di−1) can be lifted to a free flag (F ⊗ Si, di) by adding

maps {ti−1∂j+i,j}ℓ−ij=0 if and only if a certain map F → F[−i − 1] is nullhomotopic (in other

words, a certain class in H i+1(End•S(F)) is 0).

Proof. Let di be the map obtained by adding the maps ti−1δi to di−1 as in Construction 3.3.2.

This gives a differential module over F ⊗S Si if and only if d2i = 0 mod (ti−1). Assuming that

d2i−1 = 0 mod ti−2, this happens exactly when the following condition is satisfied:

i∑
j=1

δjδi+1−j = 0

This can rewritten as

δ1δi + δiδ1 = −
i−1∑
j=2

δjδi+1−j (3.1)

We claim that the right hand side of (3.1) defines a chain map F→ −F[−i− 1]. This means

that one must verify that there is an equality

 i−1∑
j=2

δjδi+1−j

 δ1
?
= δ1

 i−1∑
j=2

δjδi+1−j

 .

By assumption (F ⊗Si−1, di−1) is a differential module, which means that for any 2 ≤ p ≤ i− 1
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there are equalities

δpδ1 = −
p−1∑
k=1

δkδp+1−k and δ1δp = −
p∑
ℓ=2

δℓδp+1−ℓ.

Using this, we rewrite each of the sums above to get

i−1∑
j=2

i−j∑
k=1

δjδkδi+2−j−k
?
=

i−1∑
j=2

j∑
ℓ=2

δℓδj+1−ℓδi+1−j .

Switching the order of the sums on the right, we find

i−1∑
j=2

i−j∑
k=1

δjδkδi+2−j−k
?
=

i−1∑
ℓ=2

i−1∑
j=ℓ

δℓδj+1−ℓδi+1−j .

Finally, reindex the righthand sum by first replacing j by k + ℓ− 1 to obtain

i−1∑
j=2

i−j∑
k=1

δjδkδi+2−j−k
?
=

i−1∑
ℓ=2

i−ℓ∑
k=1

δℓδkδi+2−ℓ−k.

Replacing ℓ on the right with j, we see that this is indeed an equality, so the right hand side of

(3.1) is a chain map as claimed. This means that (3.1) is exactly the condition that the the maps

{∂j+i,j} are a nullhomotopy for this map F→ F[−i− 1]. This chain map corresponds to a class

in H i+1(End•S(F)). By Remark 3.2.12, the map δj has degree a − ja, so the chain map in (3.1)

has degree a− ia when considering the cohomology as a graded S-module.

Remark 3.3.7. Viewing the endomorphism complex A := End•S(F ) as a DG S-algebra in the

standard way, the condition (3.1) is (up to some sign changes which we will not get into) equivalent

to the condition

dA(δi) =
i−1∑
j=2

(−1)j+1δjδi+1−j .

This means that in the cohomology algebra H•(A), all of the classes
∑i−1

j=2(−1)j+1δjδi+1−j are

trivial, and hence the Massey powers (in the sense of [Kra66, Section 3]) ⟨δ2⟩k are trivial for all

k ≥ 2. Since Massey powers are known to give well-defined cohomology classes, this yields an
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alternative proof that the expression on the righthand side of (3.1) is a morphism of complexes.

In a similar vein, the following lemma shows that the isomorphism classes of two different

lifts as in Construction 3.3.2 are also parametrized by cohomology classes of End•S(F):

Lemma 3.3.8. If lifts exist as in Lemma 3.3.6, then the possible lifts are parameterized by

⟨ti−1⟩H i(End•Si
(F⊗S Si))a−ia.

Proof. The statement will follow by proving

(1) the difference of any two lifts corresponds to a well-defined cohomology class on End•S(F),

and

(2) if this difference is 0 in cohomology (that is, the maps are homotopic), then the two lifts give

isomorphic differential modules.

Suppose we have di and d′i that are both lifts of di−1 via maps {ti−1∂j+i,j}ℓ−ij=0 and {ti−1∂′j+i,j}
ℓ−i
j=0

respectively. Since both satisfy (3.1), their difference {ti−1∂j+i,j − ti−1∂′j+i,j}
ℓ−i
j=0 defines a chain

map

F⊗ Si → −F[−i]⊗ Si

which by Remark 3.2.12 belongs to a class in H i(End•Si
(F ⊗S Si))a−ia. Suppose this map is

nullhomotopic. Then there exist hj+i−1,j : Fj ⊗ Si → Fj−i+1 ⊗ Si for each j so that

ti−1∂j+i,j − ti−1∂′j+i,j = ti−1hj+i−1,j∂j+i,j+i−1 − ti−1∂j+1,jhj+i,j+1. (3.2)

Let Pi is the matrix with 1s on the diagonal and whose entry in the pth row and qth column is

tihq,p when q − p = i and 0 otherwise (for instance see P2 below).

P2 =



1 0 t2h2,0 0 . . . 0 0

0 1 0 t2h3,1 0 . . . 0

0 0 1 0 t2h4,2 . . . 0
...

...
...

. . . . . . . . .
...

0 0 0 . . . 1 0 t2hℓ,ℓ−2


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By solving for ti−1∂′j+i,j in (3.2), we can write the differential d′i as the matrix whose entries are

(d′i)p,r =


tr−p−1∂r,p − tr−p−1hr−1,p∂r,r−1 + tr−p−1∂p+1,phr,p+1 if r − p = i

tr−p−1∂r,p if 1 ≤ r − p ≤ i− 1

0 otherwise

We claim that d′i = P−1
i−1diPi−1 (mod ti). Note that (mod ti) the inverse P−1

i−1 is the matrix with

entries

(Pi−1)
−1
p,k =


−ti−1hp,k if p− k = i− 1

1 if p− k = 0

0 otherwise

.

Using this, we compute P−1
i−1diPi−1 entry-wise:

(P−1
i−1diPi−1)p,r =

ℓ∑
q=0

ℓ∑
k=0

(P−1
i−1)p,k(di)k,q(Pi−1)q,r

=
ℓ∑

k=0

(P−1
i−1)p,k(di)k,r +

ℓ∑
k=0

(P−1
i−1)p,k(di)k,r−i+1t

i−1hr,r−i+1

= (di)p,r + ti−1(di)p,r−i+1hr,r−i+1 − ti−1hp+i−1,p(di)p+i−1,r

− t2i−2hp+i−1,p(di)p+i−1,r−i+1hr,r−i+1

= (di)p,r + ti−1(di)p,r−i+1hr,r−i+1 − ti−1hp+i−1,p(di)p+i−1,r (mod ti)

=


ti−1∂r,p + ti−1∂r−i+1,phr,r−i+1 − ti−1hp+i−1,p∂r,p+i−1 if r − p = i

tr−p−1∂r,p if 1 ≤ r − p ≤ i− 1

0 otherwise.

Since d′i = P−1
i−1diPi−1 (mod ti), it follows that (F⊗SSi, di) and (F⊗SSi, d′i) are isomorphic

differential modules over Si. Hence, the choices of lifts from Si−1 to Si are parameterized up to

isomorphism by a class in ⟨ti−1⟩H i(End•S(F⊗S Si))a−ia.
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Lemma 3.3.9. There is an isomorphism of k-vector spaces

⟨ti−1⟩H i(End•Si
(F⊗S Si))a−ia ≃ H i(End•S(F))a−ia.

Proof. Let ϕ : S → Si be the natural inclusion of S-algebras; notice that Si ∼=
⊕i−1

j=0 S · tj is a

free S-module. In particular, the ideal ⟨ti−1⟩ := (ti−1)/(ti) ⊂ Si is isomorphic to Sti−1 and is

hence a free S-module of rank 1. Since tensoring with a free S-module is exact and F is a complex

of free S-modules, there is an isomorphism of S-modules

H i(End•Si
(F⊗S Si)) ∼= H i(End•S(F))⊗S Si.

Multiplying the above by the ideal ⟨ti−1⟩ ⊂ Si, it follows that

⟨ti−1⟩H i(End•Si
(F⊗S Si)) ≃ H i(End•S(F))⊗S ⟨ti−1⟩Si︸ ︷︷ ︸

≃S

≃ H i(End•S(F)).

Restricting to homogeneous components yields the statement of the lemma.

3.3.3 Flagged Isomorphism Classes and Homotopy Equivalence of Free Flag Data

The previous section proved Theorem 3.3.5, which we will use to classify flagged isomorphism

classes of free flags on a fixed anchor. In order to do this, we will need to understand when

two flags are determined by homotopic data (note that we have so far shown that homotopic data

implies isomorphic free flags, but not the converse). In this section we study the relationship

between the higher differentials of two flags, assuming that we know these flags are isomorphic

via some flagged isomorphism. As it turns out, this assumption forces the defining data of both

flags to be homotopic.

Notation. Let A be any Z-graded algebra. For any a ∈ A, the notation a is defined as

a := (−1)|a|+1a, where |a| := deg a.
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The following proposition is useful for translating between two equivalent perspectives on

free flags that we have been employing implicitly in earlier sections, but we will need to make this

identification precise in this section to ease the computations of Lemma 3.3.12.

Proposition 3.3.10. Let F be any complex of S-modules and E := EndS(F). Define the map

τ : E → E as follows: given any ϕ ∈ E, the map τ(ϕ) is defined via

τ(ϕ)(f) := (−1)|f |ϕ(f).

Then:

i. The map τ : E → E is an isomorphism of S-modules (that does not respect the algebra

structure on E).

ii. The map τ : E → E induces a bijection

{
Tuples (δ1,...,δn)∈E2×···×En+1 satisfying
dFδi+δid

F=−
∑i−1

j=1 δjδi−j for i=1,...,n

}
←→

{
Tuples (δ1,...,δn)∈E2×···×En+1 satisfying
dE(δi)=−

∑i−1
j=1 δjδi−j for i=1,...,n

}
.

Proof. Proof of (i): This is immediate from the fact that τ2 = idE , and the fact that τ does not

respect the algebra structure is easily seen from the equality τ(ϕ)τ(ψ) = (−1)|ψ|ϕψ.

Proof of (ii): Assume that (δ1, . . . , δn) ∈ E1 × · · · × En+1 is a tuple satisfying

dFδi + δid
F = −

i−1∑
j=1

δjδi−j .

Consider the tuple (τ(δ1), . . . , τ(δn)). Then:

i−1∑
j=1

τ(δj)τ(δi−j) =

i−1∑
j=1

(−1)j+1 · (−1)i−j+1δjδi−j

= (−1)i(dFδi + δid
F)

= −τ(dF)τ(δi) + (−1)i+1τ(δi)τ(d
F) = −dEndS(τ(F))(τ(δi)).

Since τ(F) ∼= F, the above computation shows that τ induces a bijection between the two sets of
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part (ii).

Remark 3.3.11. For computational purposes, it is often more convenient to deal with tuples of data

satisfying the identities

dE(δi) = −
i−1∑
j=1

δjδi−j ,

since we are then able to leverage the fact that E is an associative DG-algebra, and in particular

satisfies the graded Leibniz rule.

Lemma 3.3.12. Let F be a complex of S-modules andE := EndS(F). Assume dF := δ0, δ1, . . . , δn

is any sequence of elements with δi ∈ Ei+1 satisfying

dE(δi) = −
i−1∑
j=1

δjδi−j .

For any sequence of elements ψ1, . . . , ψn with ψℓ ∈ EndℓS(F), define the sequence dF :=

δ′0, δ
′
1, . . . , δ

′
n via

δ′i := δi +
i−1∑
ℓ=1

(ψℓδ
′
i−ℓ + δi−ℓψℓ) + dE(ψi).

Then for all i ≥ 1 there are equalities:

i. dE(δ′i) = −
∑i−1

j=1 δ
′
jδ

′
i−j , and

ii.
∑i−1

j=1 δ
′
jδ

′
i−j =

∑i−1
j=1 δjδi−j −

∑i−1
ℓ=1 d

E(ψℓδ
′
i−ℓ + δi−ℓψℓ).

Proof. Proceed by induction on i, with base case i = 1 being evident since δ′1 := δ1 + dE(ψ1).

For i > 1, the equalities of (i) and (ii) are a consequence of the following computation:

i−1∑
j=1

δ′jδ
′
i−j =

i−1∑
j=1

δjδ
′
i−j +

i−1∑
ℓ=1

(−1)ℓdE(ψℓ)δi−ℓ +
i−1∑
ℓ=1

i−1∑
j=ℓ+1

(
−ψℓδ′i−ℓ − δi−ℓψℓ

)
δ′i−j

=
i−1∑
j=1

δjδi−j +

i−1∑
ℓ=1

δi−ℓd
E(ψℓ) +

i−1∑
ℓ=1

i−ℓ−1∑
j=1

δj
(
ψℓδ

′
i−ℓ + δi−ℓψℓ

)
+

i−1∑
ℓ=1

(−1)ℓdE(ψℓ)δi−ℓ +
i−1∑
ℓ=1

i−1∑
j=ℓ+1

(
−ψℓδ′i−ℓ − δi−ℓψℓ

)
δ′i−j
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=
i−1∑
j=1

δjδi−j +
i−1∑
ℓ=1

δi−ℓd
E(ψℓ) +

i−1∑
ℓ=1

i−ℓ−1∑
j=1

δjδi−j−ℓψℓ

+
i−1∑
ℓ=1

(−1)ℓdE(ψℓ)δ′i−ℓ −
i−1∑
ℓ=1

i−1∑
j=ℓ+1︸ ︷︷ ︸

reindex: j 7→j−ℓ

ψδ
′
j−ℓδ

′
i−j

=
i−1∑
j=1

δjδi−j +
i−1∑
ℓ=1

δi−ℓd
E(ψℓ) +

i−1∑
ℓ=1

(−1)ℓdE(ψℓ)δ′i−ℓ

−
i−1∑
ℓ=1

dE(δi−ℓ)ψℓ︸ ︷︷ ︸
=dE(δi−ℓψℓ)+δi−ℓdE(ψℓ)

+

i−1∑
ℓ=1

ψℓd
E(δ′i−ℓ)︸ ︷︷ ︸

=(−1)ℓdE(ψℓδ
′
i−ℓ)−(−1)ℓdE(ψℓ)δ

′
i−ℓ

=

i−1∑
j=1

δjδi−j −
i−1∑
ℓ=1

dE(ψℓδ
′
i−ℓ + δi−ℓψℓ)

=− dE
(
δi +

i−1∑
ℓ=1

(ψℓδ
′
i−ℓ + δi−ℓψℓ) + dE(ψi)

)
= −dE(δ′i).

Using Lemma 3.3.12, we can now show that flag-preserving isomorphisms of flagged dif-

ferential modules induce homotopy equivalences between the defining data of these differential

modules:

Theorem 3.3.13. Assume that ϕ : D → D′ is a flag preserving isomorphism of free flags, where

D and D′ are determined by the data δ1, . . . , δn and δ′1, . . . , δ
′
n, respectively. Then for all i =

1, . . . , n the data
i−1∑
j=1

δjδi−j and
i−1∑
j−1

δ′jδ
′
i−j

are homotopic.

Proof. Write ϕ = ϕ0 + ϕ1 + · · ·+ ϕn, where ϕi ∈ Homi
S(F,F

′) (note: F and F′ are the anchors

of D and D′, respectively). Since ϕ is assumed to be an isomorphism, the map ϕ0 must be a

isomorphism of the underlying complexes F and F′. Changing bases as necessary, it is of no loss

of generality to assume F = F′ and ϕ0 = idF.
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With this, the assumption that ϕ is a morphism of flags yields the equality

δ′i = δi +

i∑
ℓ=1

(δi−ℓϕℓ − ϕℓδ′i−ℓ) for all i = 1, . . . , n,

where the above summation uses the convention δ0 := dF. For each ℓ ≥ 1, define ψℓ := (−1)ℓϕℓ

and observe that for any element f ∈ Fm there is a string of equalities:

τ(δ′i)(f) = (−1)mδi(f) + (−1)m
i∑

ℓ=1

(δi−ℓϕℓ − ϕℓδ′i−ℓ)

= (−1)mδi(f) +
i−1∑
ℓ=1

(τ(δi−ℓ)ψℓ(f) + ψℓτ(δ
′
i−ℓ)(f)) + dEndS(τ(F)(τ(ψi)).

It follows that via the automorphism τ , the data of a flag preserving isomorphism is equivalently

the data of Lemma 3.3.12, which by part (ii) of Lemma 3.3.12 implies that the equations

i−1∑
j=1

δjδi−j and
i−1∑
j−1

δ′jδ
′
i−j

are homotopic.

3.3.4 Dimension Bounds

Using the material proved in subsections 3.3.1 and 3.3.3, we can show that for a fixed anchor

F, the flagged isomorphism classes of degree a free flags anchored on F are parametrized by a

well-behaved geometric object:

Theorem 3.3.14. Let S be a graded-local ring where the residue field k of S0 is algebraically

closed. The set of flagged isomorphism classes of free flags in DM(S, a) anchored on a free

complex F is parameterized by a nonempty variety XF
a whose dimension satisfies the following

bounds:

ℓ∑
i=2

dimkH
i(End•S(F))a−ia−

ℓ∑
i=4

dimkH
i(End•S(F))2a−ia ≤ dimXF

a ≤
ℓ∑
i=2

dimkH
i(End•S(F))a−ia.
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Moreover, dimXF
a = 0 if and only if XF

a consists of a single point corresponding to the degree a

fold Folda(F).

Note. The degree of 2a−ia rather than a−ia in the sum corresponding to the obstructions appears

due to an indexing shift replacing i+ 1 by i.

Proof. Throughout the proof, we will freely employ notation established in subsection 3.3.1, par-

ticularly Construction 3.3.2. The proof follows by inductively defining a family of algebraic va-

rieties {Xi}i≥1 using the constructions of 3.3.1 whose points will eventually correspond to all

possible flagged isomorphism classes of free flags anchored on F. When i = 1, the variety X1 is

defined to be the singleton corresponding to Folda(F).

For conciseness of notation, define Eij := Cl
(
Spec(Sym∗(H i(EndS(M))j))

)
(where Cl(−)

denotes the functor sending a k-scheme to its closed points). Then for each i ≥ 1, let

νi : Xi → Ei+2
2a−ia,

be the map that sends the point corresponding to F ⊗S Si to the chain map on the right hand

side of equation (3.1). Since this map is polynomial in the coordinates of the underlying vector

spaces, this is a morphism of (classical) varieties, and since k is algebraically closed this induces

a morphism of k-schemes.

By Lemma 3.3.6, the subset of Xi that can be lifted to a differential module in Xi+1 is the

fiber Ki := ν−1
i (0) above the point corresponding to 0 in Ei+2

2a−ia. On the other hand, Lemma

3.3.8 implies that the flagged isomorphism classes of two lifts of the free flag (F ⊗S Si, di) are

parameterized by Ei+1
a−(i+1)a, in which case we set Xi+1 := Ki×Ei+1

a−(i+1)a for i ≥ 1. Notice that

the points of Xi+1 may explicitly be described as flagged isomorphism classes of free flags of the

form (F ⊗S Si+1, di+1), obtained as in Construction 3.3.2. Inductively, this shows that each Xi is

a variety and that there is an inclusion

Xi ⊂ X1 × E2
−a × E2

−2a × · · · × Eia−ia.

Define XF
a to be Xℓ (recall that ℓ is the length of F). Setting i = ℓ in the above inclusion and
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counting dimensions yields the upper bound on dimXF
a .

Next, we will establish the lower bound on dimXF
a . Define V i+2 := im νi. By the fiber

dimension formula (see, for instance, [Har77, Exercise 3.22]) combined with the definition of Xi

there is a string of (in)equalities

dimKi ≥ dimXi − dimV i+2

= dimKi−1 + dimEia−ia − dimV i+2

≥ dimKi−1 + dimEia−ia − dimEi+2
2a−ia.

Setting i = ℓ and inducting downward, it follows that

dim Xℓ︸︷︷︸
=XF

a

≥
ℓ∑
i=2

dimEia−ia −
∑
i=4

Ei2a−ia

=

ℓ∑
i=2

dimkH
i(End•S(F))a−ia −

ℓ∑
i=4

dimkH
i(End•S(F))2a−ia.

This establishes the lower bound.

Finally, it remains to show that if dimXF
a = 0, then in fact XF

a = {Folda(F)} is a single

point. A priori, the assumption that dimXF
a = 0 implies that XF

a consists of a finite set of

points. Suppose for sake of contradiction that XF
a contains another point corresponding to a

flagged isomorphism class distinct from that of Folda(F), and denote the corresponding free flag

by F . Choose any λ ∈ k×. If the maps δ2, . . . , δℓ denote the data defining the free flag F , then

the data λδ2, λ2δ3, . . . , λℓ−1δℓ defines another free flag, denoted Fλ, that is also anchored on F.

We claim that Fλ ̸∼= F in a flag-preserving way if λ is not a root of the polynomials xr − 1 for

1 ≤ r ≤ ℓ − 1. Notice that this gives an immediate contradiction since the fact that k is infinite

implies that XF
a must have infinitely many points (note that k is infinite by the algebraic closure

assumption). To prove the claim, assume for sake of contradiction that there is a flag-preserving

isomorphism Fλ ∼= F for λ as above. Denote by F tλ (resp. F t) the deformed version of Fλ (resp.

F ) obtained by rescaling the maps δi by powers of t. Then the free flags F tλ and F t must also be
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isomorphic, and hence F tλ ⊗S Si ∼= F t ⊗S Si for all i ≥ 1.

Choose p := min{i ≥ 2 | δi ̸= 0}. Observe that p is well-defined by the assumption that F

is not in the isomorphism class of Folda(F). By the proof of (2) in Lemma 3.3.8, the fact that

F tλ ⊗S Sp+1
∼= F t ⊗S Sp+1 implies that the difference (λp−1 − 1)δp is nullhomotopic. By the

assumptions on λ the scalar λp−1 − 1 is nonzero, which implies that δp is nullhomotopic. Thus F

may be replaced with an isomorphic free flag satisfying δ2 = δ3 = · · · = δp = 0. Iterating this

argument, it follows that F has an isomorphic representative with δi = 0 for all i ≥ 2, implying

that F ∼= Folda(F); this contradiction yields the result.

Remark 3.3.15. It is worth mentioning that the assumption of algebraic closure for the field k is

only necessary for invoking the equivalence of categories between the classical notion of a variety

and reduced integral k-schemes (which is induced by taking closed points). In general, the results

of 3.3.1 are totally independent of any assumptions on the base field k and hence always give rise

to at least an algebraic parametrization of free flags with a fixed anchor.

Remark 3.3.16. The assumption that the isomorphisms are flag-preserving is essential for the

well-definedness of the maps νi : Xi → Ei+2
2a−ia. That being said, it is not clear in general

what the precise difference between flagged isomorphism classes and arbitrary (not necessarily

flag-preserving) isomorphism classes is. As of yet we have not been able to find an example of

a free flag anchored on a free resolution where the isomorphism class becomes larger once the

flag-preserving assumption is dropped.

In view of Remark 3.3.16, we pose the following question:

Question 3.3.17. Assume that there is an isomorphism ϕ : D → D′ of free flags anchored on a

fixed complex F. If H i(End•S(F)) = 0 for all i < 0, then is it true that there is a flag-preserving

isomorphism D → D′?

It turns out that we can also obtain dimension bounds for arbitrary (not necessarily homoge-

neous) differential modules with finite length homology:

Theorem 3.3.18. Assume that k is algebraically closed and F has finite length homology. The

set of flagged isomorphism classes of free flags in DM(S) anchored on F is parameterized by a
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nonempty variety XF whose dimension satisfies the bounds

dimkH
2(EndS(F)) + dimkH

3(EndS(F)) ≤ dimXF ≤
ℓ∑
i=2

dimkH
i(EndS(F)).

Proof. Observe first that the constructions and results of subsection 3.3.1 are inherently indepen-

dent of the homogeneity assumption, in which case we may employ the same argument as in

Theorem 3.3.14. The finite length assumption ensures that all vector spaces involved are finite

dimensional.

3.4 Examples and Applications

In this section, we discuss some of the applications of our results including rigidity conditions for

free complexes, total Betti numbers of differential modules, and matrix factorizations.

3.4.1 Rigid resolutions

In general, the quasi-isomorphism class of a degree a differential module is only controlled up to

some choice of free flag anchored on a resolution (this is the content of [BE22]), but it is useful to

know when one can guarantee that there are no nontrivial free flags anchored on a given complex.

This is precisely the notion of a-rigidity:

Definition 3.4.1. A homogeneous complex F is a-rigid if the only flagged isomorphism class of

a degree a free flag anchored on F is the degree a fold Folda(F). A homogeneous S-module M

is a-rigid if some (equivalently every) homogeneous free resolution of M is a-rigid.

Remark 3.4.2. Another description of a-rigidity may be given as follows: consider the homology

functor H : DM(S, a) → S-mod which sends a given differential module D to its homology

H(D). Then a given S-module M is a-rigid if the “fiber” above M is (essentially) contained

inside the category of chain complexes, where Ch(S) ⊂ DM(S, a) as in Remark 3.2.5.

Our results also allow us to generalize a result previously proved in [BV22], and in fact we

can give a full characterization of a-rigid Artinian complete intersections:
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Theorem 3.4.3. Let S = k[x1, . . . , xn] (n ≥ 2) be a standard-graded polynomial ring and M =

S/I be an Artinian complete intersection, where I = (f1, . . . , fn) is generated by a homogeneous

regular sequence with degrees d := (d1 ≤ d2 ≤ · · · ≤ dn) (where di := deg fi). Then:

i. If I is not generated by linear forms and

a < d1 + d2 + n− |d| or a > dn−1 + dn

then S/I is a-rigid.

ii. If I is generated by linear forms, then S/I is a-rigid for all a ̸= 2.

Remark 3.4.4. The hypotheses of Theorem 3.4.3 omit the case n = 1 for the simple reason that

this case is trivial. If n = 1, then a free flag is equivalently a complex, so S/I is a-rigid for all

a ∈ Z. Likewise, if n = 2 then the flagged isomorphism classes of free flags are in direct bijection

with the Ext classes Ext2(S/I, S/I), so the statement really only needs to be proved for n ≥ 3.

Remark 3.4.5. The quantity |d| − n is the socle degree of the complete intersection S/I , typically

denoted Socdeg(S/I). This means that the bounds of Theorem 3.4.3(i) may be instead written as

a < d1 + d2 − Socdeg(S/I) or a > dn−1 + dn}.

A quick example illustrating the statement of Theorem 3.4.3 may be useful before the proof:

Example 3.4.6. Suppose that I is a complete intersection with degree sequence d = (2, 2, 5, 7, 9)

(where S/I is Artinian). Then

Socdeg(S/I) = |d| − n = 25− 5 = 20,

d1 + d2 − Socdeg(I) = 4− 20 = −16, and dn−1 + dn = 7 + 9 = 16.

Thus S/I is a-rigid for all a < −16 and all a > 16.

Proof of Theorem 3.4.3. We will actually prove a much more precise bound, then specialize to the

case at hand. It is well-known that for a finite length complete intersection S/I over a polynomial
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ring, the maximal nonzero degree of S/I is precisely |d| − n. Moreover, there is an isomorphism

ExtiS(S/I, S/I)
∼= S/I ⊗S

•∧
V,

where V =
⊕n

i=1 Sei is a free S-module on basis elements ei assigned internal degree deg(ei) =

−di. For every 1 ≤ i ≤ n, there is a direct sum decomposition

i∧
V =

⊕
1≤j1<···<ji≤n

Sej1 ∧ · · · ∧ eji ,

in which case

ExtiS(S/I, S/I) =
⊕

1≤j1<···<ji≤n
S/Iej1 ∧ · · · ∧ eji .

Let ℓi (respectively ri) be the minimal (respectively maximal) internal degree of
∧i V . In order

for ExtiS(S/I, S/I)a−ia to be 0, there must be strict inequalities

a− ai > |d| − n+ ri or a− ai < ℓi. (3.3)

Proof of (i): Notice that ri ≤ −(i − 1)d1 − d2 and ℓi ≥ −(i − 1)dn − dn−1, in which

case substituting these into the inequalities (3.4.1) implies that S/I will be a-rigid if the following

inequalities hold for all 2 ≤ i ≤ n:

a− ai > |d| − n− (i− 1)d1 − d2 or a− ai < −(i− 1)dn − dn−1.

Rearranging yields the inequalities

a < d1 +
n− |d|+ d2

i− 1
, a > dn +

dn−1

i− 1
.

The quantity dn + dn−1

i−1 is evidently maximal for i = 2, yielding a > dn + dn−1. On the other

hand, we claim that n− |d|+ d2 ≤ 0.



77

To see this, suppose for sake of contradiction that |d| < n+ d2. Since d1 + (n− 1)d2 ≤ |d|,

it follows that d1
n−2 + d2 <

n
n−2 . If n ≥ 4, this implies that d2 < 2 and hence d1 = d2 = 1.

Likewise, if n = 3 then d1 + d2 < 3, again implying that d1 = d2 = 1 and hence |d| < n+ 1.

Since each dj > 0, it follows that |d| = n and dj = 1 for all 1 ≤ j ≤ n. This contradicts

the assumption that I is not generated by linear forms, so n− |d|+ d2 < 0 and hence there is an

inequality

d1 +
n− |d|+ d2

i− 1
≥ d1 + d2 + n− |d|.

It follows that if a < d1 + d2 + n− |d| or a > dn−1 + dn, then S/I is a-rigid.

Proof of (ii): This proof is essentially identical but much simpler: if I is generated by linear

forms, then ExtiS(S/I, S/I) is generated in internal degree −i for all 2 ≤ i ≤ n. This means that

if S/I is a-rigid for some a, there is an equality a − ai = −i for some 2 ≤ i ≤ n. Rearranging

this yields the equality i = a
a−1 ; since i must be an integer, it follows that a = i = 2.

As it turns out, we can upgrade Theorem 3.4.3 to an equivalence:

Corollary 3.4.7. The statement of Theorem 3.4.3 is an equivalence. More precisely: adopt nota-

tion and hypotheses as in Theorem 3.4.3. If

d1 + d2 + n− |d| ≤ a ≤ dn−1 + dn

then S/I is not a-rigid.

Proof. The proof follows by constructing an explicit free flag anchored on the Koszul complex

K• resolving S/I that is not isomorphic to Fold(K•) for every a in the appropriate interval. To

do this, it is necessary to make some initial observations. Note first that (S/I)j ̸= 0 for all

0 ≤ j ≤ Socdeg(S/I), so for each j we may fix a nonzero element mj ∈ (S/I)j . With notation

as in the proof of Theorem 3.4.3, consider the elements

mjei ∧ ei+1 ∈ S/I ⊗S
2∧
V, 0 ≤ j ≤ Socdeg(S/I), 1 ≤ i ≤ n− 1.

Notice that each of these elements squares to 0, even when viewed in
∧• V , and hence induce a
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well-defined differential module by choosing all higher structure maps (of degree > 2) to be 0.

Moreover, notice that for all 1 ≤ i ≤ n− 2 there is an inequality

di + di+1 ≥ di+1 + di+2 − Socdeg(S/I) (3.4)

since rearranging the above expression yields the inequality

n− di ≤ |d| − di+2.

The righthand side of this inequality is at least n − 1, and since di ≥ 1 we also know that the

lefthand side is at most n − 1. With all of these ingredients, the proof concludes as follows:

as i and j range through the values 1, . . . , n and 0, . . . ,Socdeg(S/I), respectively, the elements

mjei ∧ ei+1 ∈ Ext2S(S/I, S/I)−di−di+1+j induce degree a differential modules for all d1 + d2 −

Socdeg(S/I) ≤ a ≤ dn−1 + dn. The fact that a must range through all values in this interval

follows from the inequality (3.4) along with a straightforward induction on i.

Finally, notice that each of the differential modules induced by the elementsmjei∧ei+1 are not

isomorphic to a fold of the Koszul complex, since Theorem 3.6 of [BV22] would imply that mj ∈

I , a contradiction to the fact that mj represents a nonzero element in (S/I)j by selection.

The following example should help to illustrate the proof of Corollary 3.4.7 more clearly:

Example 3.4.8. Let S = k[x1, x2, x3] and I = (x21, x
2
2, x

3
3). The socle degree of S/I is 4, in

which case Corollary 3.4.7 guarantees that we should be able to construct homogeneous free flags

of degrees {0, 1, 2, 3, 4, 5}. To do this, choose elements:

1 ∈ (S/I)0, x1 ∈ (S/I)1, x1x2 ∈ (S/I)2, x1x2x3 ∈ (S/I)3, x1x2x
2
3 ∈ (S/I)4

(note that the choice of these elements is arbitrary – any nonzero choices will do). We then

consider the collection of elements in Ext2S(S/I, S/I):

x1x2x
2
3e1 ∧ e2︸ ︷︷ ︸

degree 0

, x1x2x3e1 ∧ e2︸ ︷︷ ︸
degree −1

, x1x2e1 ∧ e2︸ ︷︷ ︸
degree −2

, x1e1 ∧ e2︸ ︷︷ ︸
degree −3

, e1 ∧ e2︸ ︷︷ ︸
degree −4

,
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x1x2x
2
3e2 ∧ e3︸ ︷︷ ︸

degree −1

, x1x2x3e2 ∧ e3︸ ︷︷ ︸
degree −2

, x1x2e2 ∧ e3︸ ︷︷ ︸
degree −3

, x1e2 ∧ e3︸ ︷︷ ︸
degree −4

, e2 ∧ e3︸ ︷︷ ︸
degree −5

.

Notice that there is redundancy in the degrees of the differential modules induced by the Ext

elements in this collection, but they still range through all values in the interval {0, 1, 2, 3, 4, 5}.

Remark 3.4.9. The construction of Corollary 3.4.7 actually generalizes the construction of [BV22,

Proposition 3.8], since the differential modules constructed there are minimizations of the free flag

induced by choosing e1 ∧ e2 ∈ Ext2S(k,k)2.

It is not difficult to see that the construction of Corollary 3.4.7 does not yield all possible free

flags of a given degree, it is only a sufficiency result that guarantees nonrigidity within a given

degree range. The following example helps illustrate this:

Example 3.4.10. Let S = k[x1, . . . , x4] and I = (x21, . . . , x
2
4), and assume that k has odd char-

acteristic. Consider the elements

f1 := x1e1 + x2e2 + x3e3 + x4e4, and

f2 := x1x2x3x4(e1 ∧ e2 + e3 ∧ e4) ∈
2∧
V.

Notice that f2 squares to 0 after descending to the Ext algebra, but it does not square to 0 when

viewed as an element in the exterior algebra
∧• V , since

(x1x2x3x4(e1 ∧ e2 + e3 ∧ e4))2 = 2x21x
2
2x

2
3x

2
4e1 ∧ e2 ∧ e3 ∧ e4 ̸= 0.

Define

f3 := x1x2x3x4 (x2x3x4e2 ∧ e3 ∧ e4 − x1x3x4e1 ∧ e3 ∧ e4 + x1x2x4e1 ∧ e2 ∧ e4 − x1x2x3e1 ∧ e2 ∧ e3)

and notice that f1 · f3 − f3 · f1 = f22 . Since f2 · f3 + f3 · f2 = 0, it follows that the elements

f1, f2, and f3 induce a well-defined Koszul differential module as in [BV22, Proposition 4.2], and

moreover this differential module is homogeneous of degree 0. It is not isomorphic to any of the

free flags of Corollary 3.4.7, however.
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Next, we consider the problem of understanding free flags anchored on complexes with finite

length homology. Free flags anchored on arbitrary complexes are a little more subtle than being

anchored on a free resolution, since we do not have complete control over how the homology

changes as the higher structure maps are added iteratively. However, we do at least know that

the flagged isomorphism classes are parametrized by modules concentrated in only finitely many

internal degrees. This immediately yields:

Theorem 3.4.11. Let F be any finite length complex of free S-modules with finite length homology.

Then F is a-rigid for a≫ 0.

Proof. The flagged isomorphism classes are determined by the size of the cohomology of the

endomorphism complex End•S(F). If F has finite length homology, the cohomology of End•S(F)

is 0 in sufficiently large degrees.

Remark 3.4.12. The statement of Theorem 3.4.11 may be interpreted as a statement on the asymp-

totic behavior of free flags anchored on finite length complexes. In particular, it implies that

“interesting” homogeneous deformations of homogeneous complexes with finite length homology

are exceptional, in the sense that there is only a finite window where such deformations may occur.

3.4.2 Differential modules with small rank

In this section, we revisit the Rank Conjectures of Buchsbaum–Eisenbud–Horrocks [BE77; Har79],

Halperin [Hal85] and Carlsson [Car86]. These conjectures, concerning lower bounds on the Betti

numbers of free resolutions and toral rank of certain manifolds and CW complexes, formed part

of the motivation for [ABI07]. In searching for a unifying conjecture that would imply both

the algebraic and topological rank conjectures, they posited that conjectures on total rank of

free complexes should also hold for differential modules admitting a free flag structure. While

Walker proved the Total Rank Conjecture for minimal free resolutions (outside of characteristic

2) [Wal17], the more general conjecture was shown to be false outside of characteristic 2 even

for complexes by Iyengar-Walker [IW18]. In light of these results, we are curious about where

precisely counterexamples to the more general conjecture can occur. We explore this question by
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relating the total Betti number of a differential module to the total Betti numbers of its homol-

ogy. To do this, we introduce the notion of Betti-deficiency, which can be viewed as a twist on

a-rigidity. First, recall the definition of a Betti number for graded differential modules:

Definition 3.4.13. The jth Betti number βj(D) of a Z-graded differential module D is defined as

βj(D) := dimkH(F ⊗DMS k)j ,

where F is any minimal free resolution of D (as in [BE22]). The total Betti number is

β(D) =
∑
j∈Z

βj(D).

A differential module D is Betti-deficient is there is a strict inequality

β(D) < β(H(D)),

where H(D) is being viewed as a differential module with 0 endomorphism.

The jth Betti number of D counts the number of generators in degree j of a minimal free

resolution of D. Likewise, the total Betti number counts the total number of generators (i.e. the

total rank) of a minimal free resolution of D.

Remark 3.4.14. As noted in [BE22], Theorem 3.2.11 implies that there is always an inequality

β(D) ≤ β(H(D)),

so Betti-deficient differential modules are the cases for which this inequality is strict.

Remark 3.4.15. Notice that if M is an a-rigid S-module, then there are no Betti-deficient differ-

ential modules with homology M . This is not an equivalence, however, and makes the notion of

Betti-deficiency a slightly more subtle property to study.

Using the fact that any free flag resolution F of a differential module D may be chosen to be

anchored on a minimal free resolution of H(D), this means that a differential module is Betti-
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deficient if and only if the matrix representation of the endomorphism dF has entries residing

in the field k. On the other hand, we know that the higher off-diagonal maps are equivalently

described as elements of the endomorphism complex associated to the anchor of F . Combining

these two facts yields the following:

Theorem 3.4.16. Let M be an S-module with finite projective dimension. If there exists a Betti-

deficient differential module D ∈ DM(S, a) with H(D) = M , then the Betti table for M must

have two nonzero entries (in nonadjacent columns) lying on a line of slope 1 − a + a
j for some

j ≥ 2.

Proof. Let M have minimal free resolution

F : F0 ← F1 ← · · · ← Fn

where Fi =
⊕

k∈Z S(−k)βi,k . We will use the fact that the total Betti number of a differential

module (D, ∂) is equal to the number of generators in a minimal free resolution of D, and that by

[BE22, Theorems 3.2 and 4.2] we can assume that our minimal free resolution is a direct summand

of an anchored free flag resolution of D. Using the minimization procedure in [BE22, Proposition

4.1], D has a minimal free resolution that is strictly smaller than its anchored free flag resolution

exactly when the matrix representation of ∂ contains a unit. Such a unit corresponds to a degree 0

map

Fi(ia) Fi−j((i− j + 1)a)

⊕
k S(ia− k)βi,k

⊕
ℓ S((i− j + 1)a− ℓ)βi−j,ℓ

where j ≥ 2. This means that for some i, j, k, ℓ with βi,k, βi−j,ℓ ̸= 0, there is an equality

ia− k = (i− j + 1)a− ℓ

ℓ− k = (1− j)a.

In the Betti table for M , βi,k is located in column i and row k − i, and βi−j,ℓ is located in
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column i− j and row ℓ− (i− j), so βi,k and βi−j,ℓ lie on a line of slope

ℓ− (i− j)− (k − i)
j

=
ℓ− k + j

j
=

(1− j)a+ j

j
= 1− a+ a

j
.

To more concretely illustrate the idea of Theorem 3.4.16 and its proof, suppose that M has

minimal free resolution

F0
∂1,0←−− F1

∂2,1←−− F2
∂3,2←−− F3

and let D be a degree a differential module with homology M . If D is Betti-deficient, then the

matrix representing the differential of D’s minimal free resolution contains a unit. Suppose for

example that the unit is in the red block in the matrix below, which we can visualize via the

augmented complex on the right.

0 ∂1,0 ∂2,0 ∂3,0
0 0 ∂2,1 ∂3,1
0 0 0 ∂3,2
0 0 0 0

 F0 F1(a) F2(2a) F3(3a)

⊕
S(−j)

β0,j
⊕

S(a − j)
β1,j

⊕
S(2a − j)

β2,j
⊕

S(3a − j)
β3,j

∂1,0 ∂2,1

∂2,0

∂3,2

∂3,0

∂3,1

The presence of a unit entry in the degree a map ∂3,1 means that there is a summand of F1(a)

and a summand of F3(3a) that are generated in the degrees that differ by a, i.e some β1,j , β3,k ̸= 0

for which (3a − k) − (a − j) = a. If, for example, a = 1 one pair that would satisfy this is

β1,3 and β3,4, in red in the Betti table below. The slope of line connecting these two entries is

1
2 = 1− 1

1 + 1
2 as in the theorem.

i : 0 1 2 3
j − i : 0 β0,0 β1,1 β2,2 β3,3

1 β0,1 β1,2 β2,3 β3,4
2 β0,2 β1,3 β2,4 β3,5
3 β0,3 β1,4 β2,5 β3,6

In cases where we have a good understanding of the shape of the Betti table, we may obtain

concrete numerical conditions for when a differential module may be Betti-deficient. For complete

intersections for instance, we can write down a criterion in terms of the degrees of the generators
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of the ideal:

Corollary 3.4.17. Let I ⊂ S be minimally generated by a regular sequence (f1, . . . , fℓ) where

fi has degree di. If there is a Betti-deficient differential module in DM(S, a) with homology S/I ,

then there are subsets J1, J2 ⊆ {1, . . . , ℓ} and 2 ≤ j ≤ ℓ satisfying |J2| = |J1|+ j where

∑
r∈J1

dr −
∑
r∈J2

dr = a− aj.

Proof. The degrees of the ith syzygies of S/I are
∑

r∈J dr where |J | = i, which means that in the

ith column of the Betti table the nonzero entries are located in rows
(∑

r∈J dr
)
− i for all subsets

J ⊂ {1, . . . , ℓ} with |J | = i. Thus the slope of the line connecting two nonzero entries in columns

i, i+ j for j ≥ 2 is equal to

(∑
r∈J1 dr

)
− i−

(∑
r∈J2 dr

)
+ (i+ j)

j

where J1, J2 ⊆ {1, . . . , ℓ}, |J1| = i, and |J2| = i + j. Setting this equal to the slope given in

Theorem 3.4.16 and simplifying yields the result.

Another class of Betti tables of which we have a good understanding are the pure Betti tables—

those with only a single nonzero entry in each column.

Corollary 3.4.18. Let D ∈ DM(S, a) be a differential module with homology M , where M has a

pure resolution with degree sequence (d0, . . . , dℓ). If M is Betti-deficient, then

a =
di−j − di
1− j

for some 2 ≤ j ≤ i ≤ ℓ.

Proof. The Betti table of M has nonzero entries βi,di located in the ith column and (di − i)th

row. As in Theorem 3.4.16, if M is Betti-deficient then there are βi,di , βi−j,di−j
̸= 0 with j ≥ 2
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satisfying

ia− di = (i− j + 1)a− di−j

di−j − di = (1− j)a

a =
di−j − di
1− j

.

Setting a = 0 and recalling that the degree sequence for a pure resolution satisfies d0 < d1 <

· · · < dℓ immediately yields the following:

Corollary 3.4.19. Let D ∈ DM(S, 0) be a differential module with homology M , where the

graded minimal free resolution of M is pure. Then the total Betti number of D is equal to the sum

of the Betti numbers of M (I.e. there are no Betti-deficient degree 0 differential modules with pure

homology).

3.4.3 Beyond free flags

We conclude with a curious observation connecting the idea of “higher maps” of a free flag with

the notion of “systems of higher homotopies” coming from the matrix factorization literature.

Notice that the sequence of maps δ1, . . . , δn in the definition of a free flag must satisfy the

following equations in order for the endomorphism of the free flag to square to 0:

i−1∑
j=1

δj ◦ δi−j = 0.

One can abstract these equations to yield different types of differential modules:

Example 3.4.20. Let X denote a generic 5× 5 skew-symmetric matrix and R = k[X] its coordi-

nate ring, where k is any field. Recall that for an indexing set I = (i1 < · · · < iℓ), the notation

PfI(X) denotes the pfaffian of the submatrix ofX formed by deleting rows and columns i1, . . . , iℓ

fromX . The ideal of submaximal pfaffians Pf(X) is a grade 3 Gorenstein ideal with minimal free
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resolutions of the form

F : 0→ R = F3
dt1−→ R5 = F2

X−→ R5 = F1
d1−→ R→ 0, where

d1 =
(
Pf1(X) −Pf2(X) . . . Pf5(X)

)
.

Let e1, . . . , e5, f1, . . . , f5, and g denote bases of F1, F2, and F3, respectively. The complex

F admits the structure of a graded-commutative DG-algebra extending the standard S-module

structure with products (see [Avr98, Example 2.1.3])

eiej = −ejei =
∑
k ̸=i,j

(−1)i+j+k Pfijk(X)fk, (i < j)

eifj = fjei = δijg.

Consider the map that multiplies on the left by e1, denoted ℓe1 . The matrix representation of ℓe1

restricted to each graded component may be computed using the above product formula as so:


1

0

0

0

0

 : R1 → R5,


0 0 0 0 0

0 0 x45 −x35 x34

0 −x45 0 x25 −x24
0 x35 −x25 0 x23

0 −x34 x24 −x23 0

 : R5 → R5,


1

0

0

0

0



T

: R5 → R1.

Consider the following block matrix:

dD :=


0 d1 0 0

ℓe1 0 X 0

0 −ℓe1 0 dt1
0 0 ℓe1 0

 .

One can verify by direct computation that dD2
= Pf1(X)idF . In other words, the same process

for constructing a free flag has yielded a “curved” (in the sense of, for instance, [KLN10]) dif-

ferential module. Using the induced Z/2Z-grading to split F into its odd and even parts yields

a nonminimal matrix factorization of Pf1(X). In the language of matrix factorizations, the maps
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δ2, . . . , δn would be called a system of higher homotopies (in this case, there is only a single higher

homotopy induced by left multiplication by e1).



88

Chapter 4

Boij-Söderberg Conjectures for

Differential Modules

Abstract

Boij-Söderberg theory gives a combinatorial description of the set of Betti tables belonging to

finite length modules over the polynomial ring S = k[x1, . . . , xn]. We posit that a similar com-

binatorial description can be given for analogous numerical invariants of graded differential S-

modules, which are natural generalizations of chain complexes. We prove several results that

lend evidence in support of this conjecture, including a categorical pairing between the derived

categories of graded differential S-modules and coherent sheaves on Pn−1 and a proof of the

conjecture in the case where S = k[t].

4.1 Introduction

Differential modules, modules equipped with an endomorphism squaring to zero, are natural gen-

eralizations of chain complexes. Initially appearing in more of a book-keeping capacity in [CE16],

differential modules have increasingly become objects of interest in commutative algebra, alge-

braic geometry, and algebraic topology in particular as useful tools for generalizing classical re-

sults and conjectures [ŞÜ19; IW18; BE21; ABI07; BE22; BD10]. An overarching question in
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recent years can be distilled down to the following.

Question 4.1.1. When can results about familiar objects be generalized to results about differ-

ential modules, and what insight does the ability or failure to generalize yield about the original

results?

Avramov-Buchweitz-Iyengar [ABI07] investigate this question for a special class of differen-

tial modules—flag differential modules—and find generalizations of several results in commuta-

tive algebra, including a generalization of the New Intersection Theorem of Hochster, Peskine,

Roberts, and Szpiro [Hoc74; PS73; Rob89]. Brown and Erman give a generalization of the notion

of a minimal free resolution [BE22], and Banks and VandeBogert construct a differential module

generalization of the Koszul complex [BV22]. On the other hand, [BV22] also provide examples

of the failure of certain notions to generalize nicely to the realm of differential modules, while

Iyengar and Walker similarly show that bounds on the Betti numbers of a free resolution do not

generalize to differential modules even in the case of free flags [IW18].

Our goal in this paper is to explore Question 4.1.1 for Boij-Söderberg theory, which concerns

the combinatorial structure of the set of all possible Betti tables of modules over a given ring.

Initially conjectured by Boij and Söderberg [BS08] for modules over the polynomial ring, this

theory brought a new perspective to the study of Betti tables. The Boij-Söderberg conjectures

were proven in the finite length case in 2008 by Eisenbud and Schreyer via a duality between free

resolutions of graded modules over the polynomial ring and vector bundles on projective space

[ES09a]. Their results describe the positive rational cone spanned by Betti tables belonging to

modules over the polynomial ring and give a classification, up to rational multiple, of all such

tables.

Remark 4.1.2. The original theory was developed in the finite length case and subsequently ex-

tended to other codimensions. For simplicity, we restrict ourselves here to the finite length case as

well.

The results of [ES09a; BS12] were soon generalized and extended in various directions, such

as [ES09b; Erm09; Flø10; FJK11; Ber+11; Ber+12; BS15; ES16; FLS18; FL18; SS21] as well as

most recently in [IMW22]. In a particularly interesting extension of the original theory, Eisenbud
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and Erman [EE17] showed that the duality in [ES09a] does not actually depend on the structure

of a free resolution—the duality holds for minimal free complexes with finite length homology

more generally (a theme further explored by [IMW22]). This allowed the original Boij-Söderberg

theory to be extended from free resolutions to the more general setting of free complexes, but it

also showed that the foundations of the theory rested on a different level of structure than what

was originally assumed and conjectured. In particular, one interpretation of this generalization is

that we should think of Boij-Söderberg theory as actually being a theory about the numerics of

minimal finite free complexes, rather than a theory about invariants of modules. This leads us to

question what the “correct” level of generality for this theory really is. That is, how far can the

original Boij-Söderberg theory extend, and what is the key structure on which the theory truly

relies? Can Boij-Söderberg theory be further generalized beyond free complexes, and what new

insight might such a generalization give us?

We posit a generalization of the Boij-Söderberg conjectures for differential modules and build

evidence in support of this conjecture, including some partial results that shed new light on some

of the key structures underlying the original theory, while simultaneously giving insight on what

makes differential modules similar to and different from complexes and free resolutions.

Let S = k[x1, . . . , xn] for any field k and denote by DM(S, a) the category of differential

modules of degree a over S, that is the graded modules D over S with a square 0 endomorphism

D → D(a). For a differential module D ∈ DM(S, a), the Betti vector of D, denoted βDM(D) is

the vector whose ith entry counts the number of degree i generators in a minimal free resolution

of D (see Definition 4.2.7).

Let V =
⊕

i,j∈ZQ and B =
⊕

j∈ZQ, so that Betti tables and Betti vectors are naturally

elements of V and B, respectively. We denote by BSmod(S) ⊂ V and BSDM(S, a) ⊂ B the

rational cones of Betti tables of graded, finite length S-modules and Betti vectors of degree a

differential S-modules with finite length homology.

The Betti vector of a differential module is an analogous numerical object to the Betti table of

a minimal free resolution, but it represents a certain coarsening of the data of a Betti table. More

precisely, for any a ∈ Z we may regard any S-complex as a differential module in DM(S, a)
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via what [BE22] call the folding functor, which we define in more detail in Section 2. As an

operation on Betti tables, the folding functor “flattens” the Betti table of a minimal free resolution

by forgetting all homological data and retaining only the internal grading. In other words, this

flattening is a map V → B that maps Betti tables of minimal free resolutions of S-modules into

BSDM(S, a) for any a. We propose the following:

Conjecture 4.1.3. This “flattening” gives a surjection of cones BSmod(S) → BSDM(S, a) for

every a. More precisely Any differential module with finite length homology has a Betti vector that

can be written as a positive rational combination of Betti vectors of differential modules whose

homology have Betti tables that are extremal in BSmod(S).

Before moving on to our results in support of this conjecture, we first consider a small example

Example 4.1.4. Consider the two variable case when S = k[x, y] and (D, ∂) is the degree 0

differential module where

D = S ⊕ S(−1)2 ⊕ S(−2) and ∂ =


0 x y 0

0 0 0 −y
0 0 0 x

0 0 0 0


This differential module has homology k and Betti vector βDM(D) = (1◦, 2, 1) where 1◦ indicates

that the 1 is in the degree 0 position in the vector. In fact, by [BV22], every degree 0 differential

module over S = k[x, y] with homology k has this Betti vector.

On the other hand, suppose we instead let (D, ∂) be a degree 2 differential module over S,

with

D = S ⊕ S(1)2 ⊕ S(2) and ∂ =


0 x y 0

0 0 0 −y
0 0 0 x

0 0 0 0


Again, D has homology k and now its Betti vector is βDM(D) = (1, 2, 1◦). On the other hand, let
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(D′, ∂′) be the degree 2 differential module where

D′ = S ⊕ S(1)2 ⊕ S(2) and ∂ =


0 x y 1

0 0 0 −y
0 0 0 x

0 0 0 0


This differential module also has homology k but, unlike (D, ∂), (D′, ∂′) is not minimal. It

has minimal free resolution (
xy x2

−y2 −xy

)

and Betti vector βDM(D′) = (0, 2, 0◦).

We draw attention to three particular features of this example and the implications that they

highlight. First, observe that βDM(D′) cannot be the Betti vector of a fold of minimal free resolu-

tion of a finite length, graded S-module since any such module must have total Betti numbers at

least 4. In other words, while we conjecture that flattening gives a surjection on cones, this exam-

ple shows that it certainly cannot be a surjection onto the actual semigroup of Betti vectors. The

second observation is that we have two differential modules whose homologies are isomorphic,

but whose minimal free resolutions–and thus their Betti vectors–are genuinely different. This be-

havior represents a stark departure from what we are used to in the realm of finite length, graded

S-modules. Finally, we point out the differing behavior exhibited by the differential modules in

DM(S, a) as a varies from 0 to 2.

This third point is actually a more general phenomenon that will continue to appear. When

dealing with graded complexes, we are always free to twist the individual modules in the complex

so that the differential is of degree 0. For differential modules however, the source and target of

our differential are the same, so we can not twist one without twisting the other. This means that

we are unable to control the degree of the differential in the way that we are used to, and must

contend with differentials of nonzero degree. While a differential of nonzero degree may seem

innocuous at first glance, we will see that this variance can actually have drastic impacts on the

numerical invariants at hand. This phenomenon was observed as well in [BE22, Example 5.4] and
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[BV22, Corollary 3.7, Proposition 3.8], and turns out to be a theme underpinning our results here

as well. In general, it seems that while for degree 0 we may expect differential modules to behave

more or less similarly to complexes in many regards, the same is not the case in more general

degree. For Boij-Söderberg theory specifically, this behavior seems to support the idea that the

ability to force the differential to be degree 0 is actually an indispensable piece of the structure

on which the theory rests. More broadly, it seems that one answer to the question of what makes

differential modules similar to or different from complexes lies in their degree.

4.1.1 Results

We split our results into three cases depending on whether the degree of the differential module is

positive, negative, or zero. The positive degree case turns out to be much more straightforward—

as well as much less reminiscent of the standard Boij-Söderberg theory—and we are able prove

the following in full generality via quite elementary methods.

Theorem 4.1.5. Conjecture 4.1.3 is true for differential modules of degree a > 0.

We are able to prove this result by explicitly constructing all of the extremal rays of the Betti

cone. The proof relies on a certain level of “cancellation” that can appear when passing from a

differential module to its minimal free resolution–as demonstrated in Example 4.1.4. Our next

result says essentially that when the degree of the differential module is not positive, there is a

limit to this cancellation.

We prove the following which we show arises as a consequence of Avramov, Buchweitz, and

Iyengar’s Class Inequality [ABI07, Theorem 4.1].

Proposition 4.1.6. Let F ∈ DM(S, a) be a free differential module with finite length homology,

and assume that a ≤ 0. Then the Betti vector βDM(F ) has at least n+ 1 nonzero entries.

Recall that in standard Boij-Söderberg theory the extremal rays of the Betti cone come from

the Betti tables of modules with pure resolutions, those with the fewest possible nonzero entries.

Over S = k[x1, . . . , xn], Betti tables of pure resolutions have exactly n+1 nonzero entries. Since

folds of pure resolutions in degree a ≤ 0 have Betti vectors with exactly n + 1 nonzero entries,
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Proposition 4.1.6 gives a hint that the extremal rays of BSmod(S) might remain extremal after

flattening. This would mean that the extremal rays in BSDM(S, a) come from analogous objects

as in the standard theory. This provides some motivation for Conjecture 4.1.3 in the a ≤ 0 case as

well as some hope that familiar methods may be applicable.

Indeed, when we restrict to the case a = 0, we are able to make use of familiar methods by

generalizing the categorical pairing of Eisenbud and Erman [EE17]. The categorified duality in

[EE17] clarified the pairing between Betti tables of finite length S-modules and cohomology tables

of vector bundles on Pn−1 which played a crucial role in the proof of the original Boij-Söderberg

conjectures [ES09a]. In the original proof, Eisenbud and Schreyer show a sort of duality between

BSmod(S) and the cone Cvb(P
n−1) of cohomology tables of vector bundles on Pn−1, which

they then use to prove that the facet equations of the cone spanned by the pure Betti tables are

nonnegative on the Betti table of any finite length S-module. Eisenbud and Erman then showed

that there was in fact a pairing

BSmod(S)× Cvb(P
n−1)→ BSmod(k[t])

which captured this duality.

We generalize this pairing to the setting of degree 0 differential modules and prove analogs of

two key results from [EE17]. In particular, we construct a functor

Φ: Db
DM(S, 0)×Db(Pn−1)→ Db

DM(A, 0)

where A = k[t], Db
DM(S, 0) and Db

DM(A, 0) denote the bounded derived categories of degree

0 differential modules over S and A, and Db(Pn−1) denotes the bounded derived category of

coherent sheaves on Pn−1. We show that Φ satisfies two crucial properties.

Theorem 4.1.7. Let F ∈ Db
DM(S, 0) be free and E ∈ Db(Pn−1). Then

i. The Betti vector of Φ(F, E) depends only on the Betti vector of F and the absolute Hilbert

function (see Definition 4.4.5) of E .

ii. If F̃ ⊗ E is exact, then Φ(F, E) has finite length homology.
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Thus our Φ also induces a pairing

BSDM(S, 0)× Cvb(P
n−1)→ BSDM(A, 0).

The existence of this pairing leads us to conjecture the following analog of the duality dis-

played in [EE17, Theorem 0.2].

Conjecture 4.1.8. Let b ∈ B. Then the following are equivalent:

i. b = βDM(F ) for a degree 0 differential module F over S with finite length homology.

ii. For every vector bundle E on Pn−1, b pairs with the absolute Hilbert function of E to give

the Betti vector of a differential module in DM(A, 0) with finite length homology.

Finally, we prove that Conjecture 4.1.3 holds for degree 0 differential modules over A, explic-

itly:

Theorem 4.1.9. Every degree 0 differential modules over A = k[t] with finite length homology

has a Betti vector that can be expressed as a positive rational combination of Betti vectors of folds

of pure resolutions whose degree sequences form a chain.

This result is part of what gives the categorical pairing its power. With a complete description

of the extremal rays and facets of the Betti cone over A, the pairing Φ gives a machine for proving

that a certain class of linear functionals are nonnegative on every Betti vector in BSDM(S, 0) by

reducing to BSDM(A, 0) as a sort of “base case”. Proving this nonnegativity is one of the main

steps in a proof of Conjecture 4.3.7 in the general case. What ultimately remains standing in

the way of a full proof of Conjecture 4.1.3 for degree 0 is a combinatorial description of the cone

spanned by the pure Betti vectors. The authors of [ES09a] describe a simplicial fan structure which

gives a facet description of the cone for finite length S-modules. While we do this for our base case

ofBSDM(A, 0), we have not yet been able to replicate this forBSDM(S, 0) more generally, though

computational data enables us to conjecture that the extremal facets arise similarly as in [EE17].

Once such a description is proven, we can use the categorical pairing to prove that the equations
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of these facets are actually nonnegative on all Betti vectors of degree 0 differential modules with

finite length homology.

In the case where a < 0, we are forced to abandon some of the methods that generalized nicely

from complexes to degree 0 differential modules, such as the categorical pairing. However, the

positive results we have obtained in the degree ≥ 0 cases lead us to believe that it is natural to

extend Conjecture 4.1.3 to the negative degree case as well. That being said, in this setting, new

methods appear to be needed to tackle the conjecture and computational data has thus far proved

perplexing.

4.2 Background

For the rest of the paper, our convention will be to assume that R is graded-local with maximal

ideal m and residue field k = R/m.

Definition 4.2.1. For a ring R, a differential R-module is a pair (D, ∂) where D is a module over

R and ∂ : D → D is an R-module endomorphism squaring to 0. In the case where D is graded,

we may define, for any a ∈ Z, a degree a differential module over R to be a differential module

(D, ∂) where ∂ : D → D(a) is homogeneous. We denote the category of degree a differential

modules over R by DM(R, a). A morphism of differential modules is a module map that respects

the differential, that is a map f : (D, ∂)→ (D′, ∂′) satisfying f∂ = ∂′f .

Note that the data of a differential R-module (D, ∂) is equivalent to the data of a graded

module over the ring R[ε]/(ε2) with deg(ε) = a, where the action of ε corresponds to the action

of the differential ∂. This implies that DM(R, a) is an abelian category.

Definition 4.2.2. For a differential module (D, ∂) ∈ DM(R, a), the homology of D is

H(D) = ker(∂)/ Im(∂)(−a)

. A morphism of differential modules is a quasi-isomorphism if it induces an isomorphism on

homology.
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Differential modules are in a sense a generalization of chain complexes. In particular, any

chain complex may be considered as a differential module where the underlying module is the

direct sum of the modules in the complex and the differential is the differential from the complex.

More precisely, we have a functor

Folda : Ch(R)→ DM(R, a)

(C•, ∂) 7→
(⊕

Ci(ia), ∂
)
.

In general, there is no way to consistently define a tensor product of two differential mod-

ules. However, we can define the tensor product of a differential module with a complex as

follows. Given a differential module D ∈ DM(R, a) and a graded degree a complex C• of

R,R′-bimodules, the tensor product D ⊗DMR C• ∈ DM(R′, a) is the differential module whose

underlying module is Folda(D ⊗R C•) and whose differential is given by

d⊗ c 7→ d⊗ ∂C(c) + (−1)deg(c)c⊗ ∂D(d).

Since we may regard any R-module as a complex concentrated in degree 0, this defines a

tensor product D ⊗DMR N for any R-module N .

While a differential module is a generalization of a chain complex, passing from complexes

to more general differential modules destroys the homological grading which is key to proving

many results for complexes. However, we are able to regain some of the benefits of a homological

grading for certain differential modules defined below.

Definition 4.2.3. A flag is a differential module (F, ∂) of the form F =
⊕
Fi where

∂(Fi) ⊂
⊕
j<i

Fj

. A flag F is free/projective if each of the Fi is free/projective. For a differential module F , the
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free/projective class of F is

min

{
n ∈ N such that F admits a free/projective flag structure F =

n⊕
i=0

Fi

}
.

The free class of F over a ring R is denoted freeclassR F . If no flag structure on F exists, then

we say freeclassR F =∞

Theorem 4.2.4 ([ABI07] Class Inequality). Let D be a finitely generated differential module over

the polynomial ring S = k[x1, . . . , xn]. Then

freeclassS D ≥ height(AnnH(D)).

Given a (free) flag F , we can always extract certain complexes from F . First observe that a

free flag F over R consists of the data of a family of free R-modules {Fi}i∈N and a family of

morphisms {Ai,j : Fi → Fj}i>j such that

∑
i>j>k

Aj,kAi,j = 0.

In particular, this requires that Ai,i−1Ai+1,i = 0 for all i ≥ 1, so we there is a free complex

F = F0
A1,0←−− F1

A2,1←−− F2 ← · · ·

Definition 4.2.5. In the setting detailed above, we say that the flag
(⊕

i≥0 Fi, {Ai,j}
)

is anchored

by the complex F. This definition was given in [BV22].

One main goal in the study of differential modules has been to generalize constructions and

results for complexes to the differential module setting. Key progress in this endeavor was made by

Brown and Erman [BE22] in their definition of free flag and minimal free resolutions of differential

modules, which we reiterate here.

Definition 4.2.6. Let D be a differential module over a ring R. A free flag resolution of D is a

quasi-isomorphism F → D where F is a free flag.
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A result of [BE22] highlights an important link between a differential module D and the

minimal free resolution of its homology. Their theorem says that every differential module has

a free flag resolution anchored on the minimal free resolution of its homology. Following the

terminology of [BV22], we call these free flag resolutions anchored free flags.

Definition 4.2.7. We say a differential R-module (M,∂) is minimal if ∂(M) ⊆ mM . For a

differential R-module D, minimal free resolution of D is a quasi-isomorphism M → D that

factors through a splitting map M → F where F is a free flag resolution of D and M is minimal.

It is a further result of [BE22] that for differential modules admitting a finitely generated

free flag resolution, minimal free resolutions exist, are finitely generated, and are unique up to

differential module isomorphism.

We can define certain numerical invariants associated to a differential module. In particular,

we have a parallel notion of the Betti numbers of graded differential module:

Definition 4.2.8. Let D be a differential R-module with minimal free resolution F and let N be

an R-module. Then we define

TorRDM (D,N) := H(F ⊗DMR N).

The Betti numbers of D are then defined as

βDM
j (D) = dimkTor

R
DM (D,k)j

Remark 4.2.9. One important observation is that, if M is a minimal free resolution of D, then

βDM
j (D) is equal to the number of generators of the degree j part of M as a k-vector space (see

[BE22, Remark 1.3(4)]).

Recall that a Betti diagram is called pure if it has at most one nonzero entry in each column,

and that a resolution with a pure Betti diagram is called a pure resolution. We say that a Betti

vector is pure if it is the Betti vector of the fold of a pure resolution.

Each pure Betti vector has an associated degree sequence, an increasing sequence of integers
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corresponding to the degrees of the nonzero entries in the Betti vector. We put a partial order on

the set of degree sequences of length ℓ by saying that a = (a0 < a1 < · · · < aℓ) ≤ b = (b0 <

b1 < · · · < bℓ) if ai ≤ bi for every i.

4.3 From Free Complexes to Differential Modules

In this section, we compare the theory of Betti tables of free resolutions and free complexes to

that of Betti vectors of differential modules and propose a generalization of the Boij-Söderberg

conjectures for differential modules.

Let S = k[x1, . . . , xn] for any fixed field k. We denote the space of rational Betti vectors by

B =
⊕

j∈ZQ. As in the case of the original Boij-Söderberg theory, our goal is to describe the

rational cone spanned by the vectors arising as the Betti vectors of differential modules with finite

length homology.

We begin by exploring how Betti vectors of differential modules over S are related to Betti

tables of free S-complexes. First note that by Remark 4.2.9 it is enough to consider minimal free

resolutions of differential modules, and by [BE22, Theorem 3.2, Theorem 4.2] we may assume

that up to differential module isomorphism any minimal free resolution of a differential module D

is a summand of an anchored free flag resolution F → D where F is the fold of the minimal free

resolution of the homology H(D). We thus have that βDM
j (D) is at most the number of degree j

generators of F , which is in turn the sum
∑

i βi,j(H(D)).

Definition 4.3.1. Let (βi,j) be the Betti table of a module M over S. The degree a flattening of

(βi,j) is the vector b ∈
⊕

j∈ZQ defined by

bj =
∑
i

βi,ai+j

Remark 4.3.2. Combining the definitions of flattening and folding, we get that for F a minimal

free resolution of M , the Betti vector of Folda(F) is the degree a flattening of the Betti table

(βi,j) of M .

Remark 4.3.2 says that for certain differential modules D, the Betti vector is equal to the
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flattening of the Betti table of theH(D). While this is always the case whenD is quasi-isomorphic

to its homology, it is not true for all differential modules. We saw this in Example 4.1.4 with a

degree 2 differential module, but such behavior also occurs in other degrees, as we see with the

following.

Example 4.3.3. Let R = k[x, y] and let D ∈ DM(R, 0) have underlying module

R⊕R(−2)⊕R(−1)2 ⊕R(−3)2 ⊕R(−2)⊕R(−4)

and differential given by the matrix



0 0 x y 0 0 0 0

0 0 0 0 x y 1 0

0 0 0 0 0 0 −y 0

0 0 0 0 0 0 x 0

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


.

The homology H(D) is isomorphic to k⊕ k(−2) which has Betti table

0 1 2

0: 1 2 1

1: - - -

2: 1 2 1

This Betti table has degree 0 flattening (1, 2, 2, 2, 1, 0, . . .), but the differential module D is not

minimal, so this is not the Betti vector of D. Rather, D has Betti vector (1, 2, 0, 2, 1). This reflects

some “cancellation” of theR(−2) summands that occurs when passing fromD to its minimal free

resolution.

Remark 4.3.4. In fact, a careful analysis (which we omit here) shows that there is no finite length

graded module over k[x, y] whose Betti table flattens to (1, 2, 0, 2, 1). However, there is a free

complex with finite length homology that gives this Betti vector. The complex in question has ho-
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mology k in degree 0 and k(−2) in degree 1. Furthermore, the fold of this complex is isomorphic

to the minimal free resolution of the differential module in the example. We note also that there is

a module whose Betti table flattens to a rational multiple of the vector (1, 2, 0, 2, 1), so this vector

lives on a ray contained in the Betti cone for finite length S-modules.

Example 4.3.3 shows that there can be some difference between the Betti vector of a differ-

ential module and the Betti vector of the fold of the minimal free resolution of its homology.

To understand the Betti cone of differential modules, we want to know how big this difference

can be, that is, how much “cancellation” can occur. It turns out that the answer to this question

depends substantially on the degree of the differential module, with the cases of positive degree

and nonpositive degree exhibiting quite different properties. We thus divide the remainder of our

discussion into those two cases.

4.3.1 Differential modules of degree a ≤ 0

We begin with the nonpositive case, which we will see is the case that more closely resembles the

behavior of complexes and resolutions. The following result says, in essence, that there is a limit

to how much cancellation can occur in the Betti vector so long as the degree of the differential

module is not positive.

Proposition 4.3.5. Let F ∈ DM(S, a) be a free differential module with finite length homology

for some a ≤ 0. Then F is generated in at least n+ 1 distinct degrees.

Proof. Let (F, ∂) be a minimal, free, graded differential module generated in degrees d0, . . . , dℓ

and letH = H(F ), the homology of F . Then the grading gives a natural flag structure F =
⊕

i Fi

where Fi is the piece of F generated in degree at least di. This defines a flag structure on F , since

minimality and nonpositivity of a ensures that ∂(Fi) ⊂
⊕

i<j Fj . Applying the Class Inequality

(Theorem 4.2.4), ℓ ≥ heightAnn(H) which is equal to n by the finite length assumption. So F

must be generated in at least n+ 1 distinct degrees.

Note that in the case of finite length modules over S, any Betti table with exactly n + 1

nonzero entries is the Betti table of a module with a pure resolution and, furthermore, Betti table
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is determined up to scalar multiple by the choice of nonzero entries. What we have shown for

differential modules is weaker than this, but we conjecture that a similar phenomenon holds. That

is, based on experimentation, we guess that the choice of nonzero entries determines the Betti

vector up to scalar multiple, and that any Betti vector with exactly n + 1 nonzero entries belongs

to a differential module with pure homology. The reason this is nontrivial is that, due to the type

of cancellation we have observed in Betti vectors, one could imagine a differential module D with

non-pure homology H where some of the nonzero entries in the Betti table for H cancel out,

causing the number of nonzero entries in βDM(D) to be exactly n+ 1.

Remark 4.3.6. Proposition 4.3.5 relies very heavily on the degree ≤ 0 condition. We have already

seen that for differential modules in degree a > 0 it may fail spectacularly. We will return to this

case at the end of this section.

In degree ≤ 0, Proposition 4.3.5 tells us that differential modules with finite length homology

cannot be generated in fewer degrees than minimal free complexes with finite length homology.

In particular, their Betti vectors have at least as many nonzero entries as the degree 0 flattenings

of Betti tables of pure resolutions. On the other hand, we know that any flattening of a Betti table

of a finite length module over S exists as the Betti vector of a degree 0 differential module with

finite length homology. This leads us to suspect a Boij-Söderberg type conjecture for differential

modules.

Conjecture 4.3.7. Every differential module over S with homology of finite length has a Betti

vector that can be expressed as a positive rational combination of Betti vectors of folds of pure

resolutions with finite length homology whose degree sequences form a chain.

Conjecture 4.3.7 posits that the rational cone of Betti vectors of differential modules with finite

length homology is the “flattening” of the cone of Betti tables of finite length modules over S. That

is, up to scalar multiple, every Betti vector of a differential module with finite length homology

can be obtained by taking the flattening the Betti table of a finite length module over S, as we saw

in Example 4.3.3. We return to this example now in light of Conjecture 4.3.7 and compare the

pure decomposition of the Betti vector to that of the Betti table of the homology.
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Example 4.3.8. Let R = k[x, y] and (D, ∂) be as in Example 4.3.3. The Betti table of the

homology has pure decomposition

0 1 2

0: 1 2 1

1: - - -

2: 1 2 1

=

0 1 2

0: 1 2 1

1: - - -

2: - - -

+

0 1 2

0: - - -

1: - - -

2: 1 2 1

while the pure decomposition of βDM(D) is

βDM(D) =
1

2
(2◦, 3, 0, 1, 0) +

1

2
(0◦, 1, 0, 3, 2)

On the other hand, consider the differential module (D′, ∂′) where D′ = D is the same under-

lying module, but where ∂′ is now given by the matrix



0 0 x y 0 0 0 0

0 0 0 0 x y 0 0

0 0 0 0 0 0 −y 0

0 0 0 0 0 0 x 0

0 0 0 0 0 0 0 −y
0 0 0 0 0 0 0 x

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0


(this matrix is almost the same, except that the 1 has been replaced with a 0). The homology

of (D′, ∂′) is the same as the homology of (D, ∂), but the Betti vector is

βDM(D′) = (1◦, 2, 2, 2, 1) = (1◦, 2, 1, 0, 0) + (0◦, 0, 1, 2, 1).

In particular, the pure decomposition of the Betti vector of a differential module does not

necessarily come from the pure decomposition of the Betti table of its homology.
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4.3.2 Differential modules with positive degree

We now return to the case where our differential modules have positive degree. As we will see,

this case demonstrates behavior that differs starkly from that of DM(S, a) for a ≤ 0, so much so

that we may handle it with methods that are much more direct and elementary. We begin with an

example of Remark 4.3.6.

Example 4.3.9. LetR = k[x, y] and consider the degree 1 differential moduleR4 with differential

∂ =


0 x y 0

0 0 0 −y
0 0 0 x

0 0 0 0

 : R4 → R4(1).

This differential module is a minimal free flag, so its Betti numbers are the number of generators

in each degree. That is, its Betti vector is (4, 0, 0, . . .).

One consequence of Example 4.3.9 is that the rational cone of Betti vectors of degree 2 dif-

ferential modules over k[x, y] with finite length homology includes the entire positive orthant. It

turns out that this is not an isolated phenomenon.

Proposition 4.3.10. For any a > 0, the rational cone of Betti vectors of degree a differential

modules over S with finite length homology is equal to the positive orthant in B.

Proof. It suffices to show that the standard basis vectors are in the cone, i.e. that every standard

basis vector is a rational multiple of the Betti vector of some D ∈ DM(S, a) with finite length

homology. To show this, we show that we can get multiples of basis vectors as the degree a folds

of certain minimal free complexes.

Let K be the koszul complex on (xa1, x
a
2, . . . , x

a
n), and define K to be Folda(K) ∈ DM(S, a).

ThenK has underlying module S2n and has minimal differential, so its Betti vector is (2n, 0, 0, . . .).

By twisting appropriately, we obtain a differential module whose Betti vector has 2n in the ith en-

try and 0 elsewhere.

Remark 4.3.11. Any resolution may be folded into a degree a differential module for any a, and

the resulting Betti vector varies for different values of a. We can picture the vectors coming from



106

pure resolutions as moving around while a varies. For positive a, some of these vectors “flare

out” as far as possible resulting in a cone that fills the entire positive orthant, losing some of its

combinatorial structure.

As an immediate corollary of Proposition 4.3.10, we obtain the following:

Theorem 4.3.12. Conjecture 4.3.7 is true for a > 0.

Proof. We will prove this by constructing the extremal rays of the cone explicitly. By Proposi-

tion 4.3.10, extremal rays of the Betti cone are spanned by the standard basis vectors ei. The

ray generated by ei contains the Betti vector of Folda(K(xa1, . . . , x
a
n)[−i]). Since the Koszul

complex on (xa1, . . . , x
a
n) is pure of type (0, a, 2a, . . . , na) with finite length homology, the Betti

cone is spanned by Betti vectors of differential modules whose homology have pure resolutions.

Furthermore, the shifted degree sequences of these resolutions form a chain.

4.4 Categorified Duality

In this section, we restrict to the case where a = 0. We give a generalization of the categorical

pairing described in [EE17]. Our version is a pairing between the derived category of differential

S-modules and the derived category of coherent sheaves on Pn−1 and takes values in the derived

category of differential A-modules where A = k[t].

Definition 4.4.1. By formally inverting all quasi-ismorphisms in DM(S, a), we form the derived

category of differential S-modules, denoted DDM(S, a). The subcategory of DDM(S, a) whose ob-

jects have finitely generated homology is the bounded derived category of differential S-modules,

denoted Db
DM(S, a).

Notation. We denote by DM(Pn−1) the category of sheaves of differential OPn−1-modules, and

denote the corresponding derived and bounded derived categories in the same way as above. We

denote the bounded derived category of sheaves of (not necessarily differential) OPn−1-modules

by Db(Pn−1).

A key ingredient of the categorical pairing is the derived pushforard of a differential module,

which we now describe here in some detail, following the same idea as [BE21, pp. 11-12].
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Definition 4.4.2 (Derived pushforward of a differential module). Let (D, δ) be a representative of

a class in Db
DM(Pn−1

A ). Take π : Pn−1
A = Pn−1 ⊗A1 → A1 to be projection.

We exploit the equivalence in [BE21, Remark 2.3] between the category of differential mod-

ules over a ring R and the category of 1-periodic R-complexes. Taking the expansion of (D, δ)

we get a 1-periodic complex Ex(D) =

· · · ← D δ←− D δ←− D ← · · ·

Now we compute the derived pushforward Rπ∗ of this complex. In each position we take the

Čech resolution of D with respect to the usual affine cover of Pn−1 which gives a bicomplex

· · · Cn−1 Cn−1 Cn−1 · · ·

· · ·
...

...
... · · ·

· · · C1 C1 C1 · · ·

· · · C0 C0 C0 · · ·

±δ ±δ ±δ ±δ

δ δ δ δ

−δ −δ −δ −δ

δ δ δ δ

where the vertical arrows are the maps in the Čech resolution and the horizontal arrows are

induced by the differential δ (and thus still square to 0). We apply π∗ to this complex and totalize.

Since the Čech complex is 0 after n steps, each diagonal of the bicomplex above contains one

copy each of C0, C1, . . . , Cn−1, so this yields a 1-periodic complex

· · · ←
n−1⊕
i=0

π∗(Ci)←
n−1⊕
i=0

π∗(Ci)←
n−1⊕
i=0

π∗(Ci)← · · ·

We consider this as a sheaf of differential OA1-modules, and the class represented by this

object is what we define to be Rπ∗(D).

Remark 4.4.3. The degree 0 condition is necessary in this definition ofRπ∗. In particular, we need

the total complex after taking the Čech resolution to be one-periodic, but this fails to be the case

if the twists of D are not the same at each spot, since twisting a sheaf can genuinely change its



108

cohomology.

With this definition in hand, we now define our categorical pairing. Let φ : S → S ⊗k A be

the homomorphism defined by xi 7→ txi. This defineds an S-module structure on S ⊗k A = S[t]

which in turn yields an action of Pn−1 on Pn−1
A . Using this action, we define for F ∈ DM(S), a

bigraded sheaf of differentialO
P

n−1
A

-modules ΣF = F̃ ⊗DM
Pn−1OPn−1

A
, where the tensor product is

taken using the structure given by φ. If we write the differential ∂ on F as a matrix, the differental

Σ∂ on ΣF is given by the matrix obtained from ∂ by replacing every entry f by tdeg(f)f . The

purpose of this step is that it will allow us to push forward to A while still retaining all of the

graded data of our differential module over S.

Definition 4.4.4. For F ∈ Db
DM(S, 0) and E ∈ Db(Pn−1), we define the functor

Φ: Db
DM(S, 0)×Db(Pn−1)→ Db

DM(A, 0)

by

Φ(F, E) = Rπ∗

(
ΣF ⊗DM

P
n−1
A

(E ⊠OA1)
)
.

where π is the projection Pn−1 ×A1 → A1.

Definition 4.4.5. Let γ(E) denote the vector whose jth entry is the sum of the ranks of the hy-

percohomology modules of E(j). We define the absolute Hilbert function of E to be the function

j 7→ γj(E). This should be thought of as a cousin of the Hilbert polynomial of E , but where the

Euler characteristic is replaced by the sum
∑

i≥0 h
i(E(j)).

Theorem 4.4.6. βDM(Φ(F, E)) depends only on βDM(F ) and γ(E), in particular the Betti vector

of Φ(F, E) is given by the formula

βDM
j (Φ(F, E)) = βDM

j (F )γ−j(E)

Proof. Replacing F with its minimal free resolution, we may assume that up to quasi-isomorphism

that its underlying module is F =
⊕

j∈Z S(−j)β
DM(F )j . Let F = ΣF ⊗DM

P
n−1
A

(E ⊠OA1). We can
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rewrite the underlying module of F as

F = ΣF ⊗
P

n−1
A

(E ⊠OA1)

=

⊕
j∈Z
O
P

n−1
A

(−j,−j)βDM(F )j

⊗
P

n−1
A

(E ⊠A)

=
⊕
j∈Z

(OPn−1(−j)⊠A(−j))β
DM(F )j ⊗

P
n−1
A

(E ⊠A)

=
⊕
j∈Z

(
E(−j)βDM(F )j ⊠A(−j)

)

By Definition 4.4.2, to compute Rπ∗(F) we expand F to a one-periodic complex, resolve it

with a Čech resolution at each step, then compute π∗. Letting Ci(−) denote the ith sheaf in the

Čech resolution using the standard affine cover of Pn−1, we get the following bicomplex

· · ·
⊕

j∈Z Cn−1(E(−j)βDM(F )j )⊠A(−j)
⊕

j∈Z Cn−1(E(−j)βDM(F )j )⊠A(−j) · · ·

...
...

· · ·
⊕

j∈Z C1(E(−j)β
DM(F )j )⊠A(−j)

⊕
j∈Z C1(E(−j)β

DM(F )j )⊠A(−j) · · ·

· · ·
⊕

j∈Z C0(E(−j)β
DM(F )j )⊠A(−j)

⊕
j∈Z C0(E(−j)β

DM(F )j )⊠A(−j) · · ·

±δ ±δ ±δ

−δ −δ −δ

δ δ δ

Now we apply π∗, but since every sheaf in the bicomplex is a box tensor of a sheaf on Pn−1

with a twist of the structure sheaf onA1 and π is a proper map, applying π∗ to Ci(E(−j)βDM(F )j )⊠

A(−j) amounts to taking global sections of Ci(E(−j)βDM(F )j ) tensored with the appropriate twists

of A. This turns each column into a direct sum of complexes Γ
(
Pn−1, C•(E(−j))

)
⊗k A(−j).

Since Γ
(
Pn−1, C•(E(−j))

)
is a complex of k-vector spaces, the vertical maps in the bicomplex

are split. By [EFS03, Lemma 3.5], the totalization of the bicomplex is homotopic to
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· · · ←
⊕
j∈Z

Htot(E(−j)βDM(F )j )⊗k A(−j)←
⊕
j∈Z

Htot(E(−j)βDM(F )j )⊗k A(−j)← · · ·

where Htot denotes the sum of the hypercohomology modules. The differential is a sum of maps

H i → H(j<i), where each map comes from taking repeated compositions of the horizontal map δ

with the section that splits the vertical map. In particular, this complex is minimal and 1-periodic.

The minimal free differential A-module that this corresponds to is a representative of the class

Rπ∗(F) ∈ Db
DM(A, 0), and we can compute its Betti vector by counting the number of generators

of the underlying module in each degree. We have

Rπ∗(F) ≃
⊕
j∈Z

Htot(E(−j)βDM(F )j )⊗k A(−j) =
⊕
j∈Z

A(−j)βDM(F )jγ(E)−j

So the Betti vector of Φ(F, E) has jth entry

βDM
j (Φ(F, E)) = βDM

j (F )γ−j(E).

Corollary 4.4.7. Let F ∈ Db
DM(S) and E ∈ Db(Pn−1). Then

i. βDM
j (F ) = βDM

j (Φ(F,OPn−1(j)).

ii. γj(E) = βDM
−j (Φ(S(j), E)).

Lemma 4.4.8. As sheaves of differential O
P

n−1
k(t)

-modules, there is an isomorphism

(
ΣF ⊗

P
n−1
A

(E ⊠OA1)
)
⊗A k(t) ≃

(
F̃ ⊗

P
n−1
k

E
)
⊗k k(t).

Proof. We have a commutative diagram of rings
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S S ⊗k A

S ⊗k k(t) S ⊗k k(t)

φ

1⊗kk(t) 1⊗Ak(t)

φ̃

φ : xi 7→ xi ⊗ t

φ̃ : xi 7→ xi ⊗ t
where the map φ̃ is invertible. This induces a diagram

DM(Pn−1
k

) DM(Pn−1
A )

DM(Pn−1
k(t) ) DM(Pn−1

k(t) )

φ

−⊗kk(t) −⊗Ak(t)

φ̃

Unraveling definitions, we have φ
(
F̃ ⊗Pn−1 E

)
= ΣF ⊗

P
n−1
A

(E ⊠OA1) as differential

modules—that is, φ is a map of modules that is compatible with the differential (if we consider

the differentials to be given by matrices, the map φ just replaces each entry f with tdeg ff ). By

commutativity of the diagram, the claim follows since φ̃ is invertible.

Theorem 4.4.9. If F̃ ⊗ E is exact then Φ(F, E) has finite length homology.

Proof. First we note that the conditions of exactness and finite length are not altered by the grading

on A, so in what follows we will always forget the A-grading. Because flat pullback commutes

with proper pushforward [Sta22], we have a commutative diagram

Db
DM(Pn−1

A ) Db
DM(A)

Db
DM(Pn−1

k(t) ) Db
DM(k(t))

−⊗Ak(t)

Rπ∗

−⊗kk(t)

Rπ∗

The differential module Φ(F, E) is the image under Rπ∗ of the sheaf F = ΣF ⊗
P

n−1
A

(E ⊠

OA1). On the other hand, taking the tensor productF⊗Ak(t) gives
(
ΣF ⊗

P
n−1
A

(E ⊠OA1)
)
⊗A

k(t). By Lemma 4.4.8, this is isomorphic to (F̃ ⊗ E) ⊗k k(t). But since F̃ ⊗ E is exact, (F̃ ⊗

E) ⊗k k(t) is 0 in the derived category. Thus Φ(F, E) ⊗k k(t) must be 0 in Db
DM(k(t)). Since

inverting t yields a differential module with no homology, it therefore follows that Φ(F, E) has

finite length homology.

The implication of Theorems 4.4.6 and 4.4.9 is that the categorical pairing Φ descends to a

pairing on cones
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BSDM(S, 0)× Cvb(P
n−1)→ BSDM(A, 0)

where Cvb(P
n−1) is the cone of cohomology vectors of vector bundles on Pn−1. In Section 4.5,

we will describe the exterior facets of BSDM(A, 0) as linear functionals on B, and in Section

4.6 we will use the base case of BSDM(A, 0) alongside some computational data to outline a

strategy for how this pairing on cones could be used to prove Conjecture 4.3.7 in full for degree 0

differential modules.

We finish this section with a concrete example to demonstrate how Φ works.

Example 4.4.10. Let S = k[x, y] and let (F, ∂) be the fold of the Koszul complex on the variables,

so

F = S ⊕ S(−1)2 ⊕ S(−2), ∂ =


0 x y 0

0 0 0 −y
0 0 0 x

0 0 0 0


and let E = OP1 . Then ΣF has underlying sheaf O

P1
A
⊕ O

P1
A
(−1,−1)2 ⊕ O

P1
A
(−2,−2) with

differential

Σ∂ =


0 tx ty 0

0 0 0 −ty
0 0 0 tx

0 0 0 0

 .

Tensoring with E ⊠OA1 does not change the underlying sheaf or differential since E = OP1 .

Now computing Rπ∗, we get a differential A-module whose underying module is

⊕
j∈Z

A(−j)βDM(F )jγ(E)−j = A⊕A(−2)

since OP1(−1) has no cohomology. To compute the differential on Φ(F, E), we use [EFS03,

Lemma 3.5], which tells us that our differential should look like

(
d0,0 d1,0

0 d1,1

)
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where d0,0 : A → A and d1,1 : A(−2) → A(−2) are induced by the pieces of Σ∂ that map

O
P1

A
→ O

P1
A

and O
P1

A
(−2) → O

P1
A
(−2) and are therefore 0 since ΣF was flag. By 4.4.9 the

homology is finite length, so the map d1,0 : A(−2) → A must be of the form at2 for some unit

a ∈ A, so our differential is (
0 at2

0 0

)

4.5 Differential Modules Over k[t]

In this section we investigate in detail the case of degree 0 differential modules over the polynomial

ring in one variable. In particular, we prove Conjecture 4.3.7 for differential modules over k[t]

with finite length homology. When combined with the results of Section 4.4, this gives a base case

for the theory in n > 1 variables.

Theorem 4.5.1. Every degree 0 differential modules over A = k[t] with finite length homology

has a Betti vector that can be expressed as a positive rational combination of Betti vectors of folds

of pure resolutions whose degree sequences form a chain.

To prove Theorem 4.5.1, we will define three cones in B. The first is the cone B of Betti

vectors of differential modules with finite length homology. The second is the cone C spanned by

Betti vectors of folds of pure resolutions. We will show these two cones are equal via a third cone

T defined by the nonnegativity of the following linear functionals:

τj : β 7→ −βj +∑
i ̸=j

βi and σj : β 7→ βj for j ∈ Z

 (4.1)

Let B(p,q) be the subspace of vectors b such that bn = 0 for n > p or n < p, i.e. all nonzero

entries occur between the indices p and q. We set B(p,q) = B(p,q) ∩ B,C(p,q) = B(p,q) ∩ C, and

T(p,q) = B(p,q)∩T . We first show that for any p, q, T(p,q) ⊆ C(p,q) by giving an explicit algorithm

for decomposing vectors in T as positive rational sums of Betti vectors of folds of pure resolutions.
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Algorithm 1 Simplicial Decomposition Algorithm

Input: vector b = (bp, bp+1, . . . , bq) ∈ T
Output: decomposition of b as rational combination of pure Betti vectors cea,b
L := empty list
PHASE I:
while τi(b) > 0 for all p ≤ i ≤ q do

Let k, ℓ be the first two indices such that bk, bℓ ̸= 0
Set j to be the an index where τj(b) is minimal
c := min{bk, bℓ, 12τj · b}
b := b− ce{k,ℓ}
add (c, {k, l}) to L

end while
PHASE II:
if τj(b) = 0 then

for i = p, . . . , q do
if bi ̸= 0 then

add (bi, {i, j}) to L
end if
b := b− bie{i,j}

end for
end if

return L

We demonstrate the above algorithm with an example:

Example 4.5.2. Take b = (3, 4, 2, 5) and assume our nonzero window is between indicies 0 and

3. We can quickly see that τi(b) > 0 for i = 0, . . . , 3, so we proceed with ‘Phase I’, which is

essentially a greedy algorithm. We take (3, 4, 2, 5) − (1, 1, 0, 0) = (2, 3, 2, 5), which is our new

b. Again we check that τi(b) > 0 for each i. Since the first two entries are still nonzero, we take

our new b to be (2, 3, 2, 5)− (1, 1, 0, 0) = (1, 2, 2, 5). Now τ3(b) = 0, so we move on to ‘Phase

II’, which tells us to decompose (1, 2, 2, 5) as (1, 0, 0, 1) + 2(0, 1, 0, 1) + 2(0, 0, 1, 1). This gives

us a final decomposition of b as

b = 2(1, 1, 0, 0) + (1, 0, 0, 1) + 2(0, 1, 0, 1) + 2(0, 0, 1, 1).

The correctness of the decomposition algorithm is proved in the following lemmas.

Lemma 4.5.3. If τjb = 0 for some j and bn = 0 for k < n < l and n < k, then Phase II of the

algorithm gives a decomposition of b as a rational combination of pure Betti vectors.
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Proof. By definition, τjb = 0 if and only if bj =
∑

i ̸=j bi, so b =
∑

i ̸=j bie{i,j}.

The next two lemmas combine to say that after each iteration of the while loop in Phase I of

the algorithm, the vector b remains in the cone T .

Lemma 4.5.4. Let b ∈ T and c = min{bk, bℓ, 12τj · b} where j is an index such that τjb is

minimal. Let b′ = b− ce{k,l}. Then τib′ ≥ 0 for all i.

Proof. By definition,

τib
′ = τib− cτie{k,l}

= max


τib− bkτie{k,l}

τib− blτie{k,l}

τib− (12τjb)τie{k,l}

Note that τie{k,l} = 0 if i = k, l and τie{k,l} = 2 otherwise, so we have

τib
′ =


τib if i = k, l

max{τib− 2bk, τib− 2bl, τib− τjb} if i ̸= k, l

By assumption, τib ≥ 0, so in the case where i = k, l we’re done. In the case where i ̸= k, l,

τib− τjb ≥ 0 since j is an index where τjb is minimal. Since τib− τjb ≥ 0, we must have that

max{τib− 2bk, τib− 2bl, τib− τjb} ≥ 0.

Lemma 4.5.5. Let b ∈ T and c = min{bk, bℓ, 12τj · b} where j is an index such that τjb is

minimal. Let b′ = b− ce{k,l}. Then σib′ ≥ 0 for all i.
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Proof.

σib
′ = σib− cσie{k,l} =


bi − c if i = k, l

bi if i ̸= k, l

By assumption, bi ≥ 0, so in the case where i ̸= k, l σib
′ ≥ 0. If i = k, l,

σib
′ = bi − c = max{bi − bk, bi − bl, bi −

1

2
τjb}.

If i = k, then bi− bk = 0 and if i = l then bi− bl = 0, so in eather case σib′ = max{bi− bk, bi−

bl, bi − 1
2τjb} ≥ 0.

We have seen already that Phase II of the algorithm terminates with a decomposition by pure

vectors, so to show that the algorithm as a whole terminates we just need the following:

Lemma 4.5.6. Phase I of the algorithm terminates, that is, after a finite number of iterations, b

will satisfy τjb = 0 for some j.

Proof. First notice that if we multiply b by a constant, the only impact on the algorithm is that at

each step the choice of c will be multiplied by said constant, no other aspect of the decomposition

will be altered. Multiplying by a constant, we may assume that bi ∈ Z for all i and, furthermore,

that
∑
bi is even. This implies that 1

2τib ∈ Z for all i,so all entries of b are integers throughout

every step of the algorithm.

We proceed by induction on the number of nonzero entries of b. If all entries are 0, the result

is trivial. Exactly one nonzero entry is impossible by the assumption that τib ≥ 0 for all i. If bk

and bℓ are the only two nonzero entries of b, then τkb = τℓb = 0. Suppose that b has more than

2 nonzero entries and take c = min{bk, bl, 12τjb} where j is an index such that τjb is minimal as

in the algorithm. If c = bk or bl, then replacing b by b− ce{k,l} results in either bl = 0 or bk = 0,

so the number of nonzero entries decreases and we may apply the induction hypothesis to get the

result.
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Now consider the case where c = 1
2τjb and let b′ = b− ce{k,l}. Then we have

τib
′ = τib−

(
1

2
τjb

)
τie{k,l} =


τib if i = k, l

τib− τjb if i ̸= k, l

.

If j ̸= k, l then τjb′ = τjb− τjb = 0 and we’re done.

If j = k or l, then τib′ = τib − τjb, in particular τib strictly decreases for all i ̸= k, l

every iteration. Since τib ∈ Z for all i, after enough iterations there will be some i ̸= k, l for

which τib′ < τjb. Since in each iteration, j is picked so that τj is minimal, this means that

in the subsequent iteration of the algorithm we will be in the case where j ̸= k, l, so the result

follows.

The above lemmas combine to show that for any p < q, we have containment T(p,q) ⊆ C(p,q),

i.e. that the cone spanned by the pure Betti vectors is contained in the cone defined by the facet

equations in (4.1). The following proposition says that additionally any vector in T can be decom-

posed via pure Betti vectors whose degree sequences form a chain.

Proposition 4.5.7. The degree sequences in L form a chain.

Proof. First we consider the two phases of the algorithm separately. In Phase I, the degree se-

quence added to the list at each iteration is (k, ℓ) where k, ℓ are the first two indices of nonzero

entries in b. In order for the values of k, ℓ to change at the next iteration, one of bk or bℓ must be-

come zero, meaning that the first two indices of nonzero entries in b give a degree sequence strictly

greater than the previous (k, ℓ). In Phase II, j is fixed and i increases, so the degree sequences

(i, j) for i < j and (j, i) for i > j form a chain.

What remains to prove is that the first degree sequence added to L in Phase II is greater than

the last degree sequence added to L in Phase I. Let (k, ℓ) be the final degree sequence added in

Phase I. This means that for all i < k and all k < i < ℓ, bi = 0 since k and ℓ are the first two

nonzero indices. If τj · b = 0 then either j > ℓ or b = 0. In the latter case, no more degree

sequences are added, so we’re done. In the former case, the first degree sequence added in Phase

II is either (i, j) for i = k or ℓ, in which case we have (i, j) > (k, ℓ) or i > ℓ in which case we
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also have (i, j) > (k, ℓ).

We can now prove Theorem 4.5.1 by establishing the equality of the three cones B,C, and T .

Proof of Theorem 4.5.1. The containment C ⊆ B follows from the existence of differential mod-

ules with pure Betti vectors.

By the simplicial decomposition algorithm and subsequent lemmas, we have T(a,b) ⊆ C(a,b).

Since any vector in B has finitely many nonzero entries, this gives the containment T ⊆ C.

To show the containment B ⊆ T , we will prove that the functionals τj and σj are nonnegative

on the Betti vector βDM(D) for any graded, degree 0 differential module D with finite length

homology over k[t]. LetD ∈ DM(A, 0) have finite length homologyH . SinceH has finite length

over a PID, it is torsion. ThusH is of the form
⊕
A(−p)/(tq), so it suffices to check nonnegativity

for H = A(−p)/(tq). In this case, H has minimal free resolution A(−p − q) tq−→ A(−p) → 0.

By [BE22, Theorem 3.2], D has a free flag resolution F of the form A(−p − q) ⊕ A(−p) with

differential

(
0 tq

0 0

)
, which is minimal. Thus βDM(D)i = 1 for i = p, p+ q and 0 otherwise, so

τjβ
DM(D) = 0 or 2 and σjβDM(D) = 0 or 1.

This establishes the containments B ⊆ T ⊆ C and C ⊆ B. Thus the cone B of Betti vectors

of differential modules with finite length homology over A is equal to the cone C spanned by the

pure Betti vectors.

Furthermore, by Proposition 4.5.7, every Betti vector of a differential module with finte length

homology has a decomposition by pure Betti vectors whose degree sequences form a chain.

Remark 4.5.8. For Betti diagrams of finite length modules, every Betti table has a unique decom-

position by pure Betti tables whose degree sequences form a chain. For differential modules how-

ever, the Betti vector my have a nonunique decomposition even after insisting that the pure vectors

come from a chain of degree sequences. As an easy example, consider the Betti vector (1, 1, 1, 1).

It can be decomposed either as (1, 1, 0, 0) + (0, 0, 1, 1), (1, 0, 1, 0) + (0, 1, 0, 1), or (1, 0, 0, 1) +

(0, 1, 1, 0). Of these three decompositions, the first two both correspond to degree sequences

that form a chain. Our algorithm would yield the first decomposition, corresponding to the

chain of degree sequences (0, 1) < (2, 3). The second decomposition corresponds to the chain
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(0, 2) < (1, 3).

4.6 Predictions for Differential Modules Over S

We conjecture that Theorem 4.5.1 gives a potential base case for the general theory in n variables.

Because the τ and σ functionals are non-negative on differential modules in Db
DM(A, 0) with finite

length homology, Theorem 4.4.9 implies that they are non-negative on βDM(Φ(F, E)) for any

coherent sheaf E and any differential module F ∈ Db
DM(S, 0) with finite length homology. In the

original theory, similar machinery provided a method for proving nonnegativity of facet equations

since the facet equations of the cone spanned by the pure Betti tables came from cohomology

tables of vector bundles on Pn. Due to the apparent similarity between the original theory and

the generalization to differential modules in the degree 0 case, we expect that something similar

might hapen here as well. This illuminates a strategy for proving Conjecture 4.3.7 in general. The

idea is that once we know the exterior facets of the cone spanned by Betti vectors of differential

modules with pure homology, this will enable us to prove non-negativity of the facet equations

on the Betti vectors of differential modules in DM(S, 0), provided the facet equations come from

cohomology tables of sheaves on Pn−1 as in the original theory. Proving a facet description has

remained elusive thus far, but we can use Macaulay2 to compute facet descriptions of the cone in

finite dimensional windows.

For instance, let’s examine the case where S = k[x, y, z] and look at the cone spanned by

Betti vectors of differential modules with homology that is pure with degree sequence between

(0, 1, 2, 3) and (4, 5, 6, 7). A Fourier Motzkin elimination computation gives the columns of the

following matrix as a subset of the linear functionals in the facet description of the cone:
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

...
...

...
...

...
...

...
...

...
...

...
...

· · · 15 15 −10 5 6 15 2 3 5 1 8 3 · · ·
· · · 10 10 6 2 −3 −8 0 1 0 0 3 0 · · ·
· · · −6 6 3 0 1 3 1 0 3 0 0 1 · · ·
· · · 3 −3 1 1 0 0 1 0 −4 1 1 0 · · ·
· · · 1 1 0 1 0 1 0 1 3 −3 0 3 · · ·
· · · 0 0 0 0 1 0 2 −3 0 6 3 8 · · ·
· · · 0 0 1 2 3 3 5 6 5 10 8 −15 · · ·
· · · 1 1 3 −5 6 8 −9 10 12 15 −15 24 · · ·

...
...

...
...

...
...

...
...

...
...

...
...



(4.2)

One might recognize the entries of each column as the ranks of the sheaf cohomology modules

of supernatural vector bundles onP2 (see [ES09b]) appearing with a single negative entry in each

column. For instance, twists of the line bundle OP2 have cohomology modules whose ranks are

given by the entries in the first three columns of (4.2), with some shift. If we look at the sign

pattern, we notice that there is a single negative entry in each column, which is exactly what we

saw in the facet equations for BSDM(A, 0), where the facets were given by taking inner product

with vectors of the form τj = (. . . , 1, 1,−1, 1, . . .), with the negative entry occurring in the jth

entry. What is more, we see this same phenomenon repeated for all examples computed.

This leads us to a conjecture that, similarly to [EE17] the facets BSDM(S, 0) come from com-

bining the cohomology tables of certain vector bundles on Pn−1 with the facets for BSDM(A, 0).

Conjecture 4.6.1. The exterior facets of the cone of Betti vectors of degree 0 differential modules

with finite length homology over S are given by the vanishing of linear functionals that arise as

the composition

Db
DM(S)

Φ(−,E)−−−−→ Db
DM(A)

f−→ Z

where E is a supernatural vector bundle on Pn−1 and f is one of the linear functionals τj or σi

defined in (4.1).

To see this in action, consider the first column of (4.2), and suppose we index so that the −6
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is the entry in position 0. The vector

(. . . , 15, 10, 6, 3, 1, 0, 0, 1, . . .)

is equal to γ(OPn−1(−5)). Dot product with this vector defines a linear functional that sends

βDM(F ) to βDM(Φ(F,OPn−1(−5))). Composing this with τ0 as defined in (4.1) gives the linear

function that is dot product with the first column of (4.2).
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