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Abstract

This dissertation focuses on developing regularization models for structured data.
Chapter 1 reviews classic regularization methods in the literature. Chapter 2
introduces the penalized Group-Bregman Divergence (BD) model. It investigates new
aspects of variable selection for group-structured data by relaxing the restrictions
on data distribution while achieving sparsity at both group and within-group level.
Theoretical results show both asymptotic and non-asymptotic properties. Numerical
studies are illustrated by both simulation and real data analysis. Chapter 3 describes
future application of penalized Group-BD model on spike train data in neuronscience,
and a continuous methodology for comparison. To study the functional connectivity,
the models are applied to each neuron and build the network by finding out a subset
of neurons out of a large pool that have either excitation or inhibition effect on the

target one.



Chapter 1

Introduction

1.1 Literature Review of Regularization Methods

Model selection is a popular topic aiming at selecting important variables that
contribute to prediction of the response variable. In practice, usually a large pool of
variables are considered but only a few of them are significant. We call this sparsity.
For example in genetic study, information of thousands of genes is collected but
only a few pathways and genes are related to the feature of interest. To discover
sparsity in selected model which cannot be achieved by the classic ordinary least
square regression, the penalized method, known as regularization, is proposed to
overcome the problem of over-parameterization. It estimates coefficients 3 € R? of

variables by minimizing the target function:



where L(3) is the loss function measuring how fit the model is, and P.(3) is the
penalty function which assesses the physical plausibility of 3 (Zhang et al., 2010).
Here, k is a tuning parameter that regularizes the penalty.

The classic Lasso method applies the L; norm to coefficients as the penalty.

Fe(B8) = [I1B]x-

The singularity at 0 makes it possible to select a sparse model. But desirable oracle
properties such as model selection consistency do not hold for Lasso generally (Fan
and Li, 2001). Fan and Li (2001) proposed the smoothly clipped absolute deviation

penalty known as SCAD with penalty function.

Po(B) =3 _pa(133))

where

(a5 = 18D+ 1101 -

for some a > 2. It satisfies the three properties—sparsity, unbiasedness, and continuity

p(181) = 1(I8] < %) +

(Fan and Lv, 2010), and has oracle properties (Fan and Li, 2001).

Both Lasso and SCAD consider parameters individually. However, it is not a
rare situation where there is group structure among variables. For example, when a
feature is categorical, we introduce dummy variables to consider differences between
levels. Then those for different levels of the same categorical feature can be considered

as a group. It is also natural in areas such as genetic study. Genes from the same



pathway or probes from the same gene form a group naturally. There are also many
other situations in which variables come in natural groups. To formulate the group
structure, assume that we have n observations, p variables, and K groups. Then the
parameter vector can be written as 3 = (87,...,8%)7, where By = (Bk1, .-, Bip,) "
is the sub-vector for the kth group. To take into account the group structure, several
methods were proposed using different penalty functions in the literature. Yuan and
Lin (2006) proposed the Group Lasso criterion by using the Ly norm within each

group and the L; norm between groups.

K
Pu(B) =&Y |1Bxll2-
k=1

Appropriate tuning parameter s can set some group coefficient vector B = 0 because
of the singularity of the penalty at B, = 0. Within each group the L, norm is applied,
so if one variable is selected to be significant, then all the other variables in the same
group will be selected as well. There are also generalizations of the Group Lasso such
as the Composite Absolute Penalty (CAP) (Zhao et al., 2009), which applies L.,

norm within group k, then take L., norm of the K group norms:

K
Pu(B)=r Y |18l
k=1

where v; > 1 are constants for ¢ = 0,1,--- , K. These methods share the same
limitation: they can achieve sparsity at the group level but fail to discover sparsity
within groups. However in real problems, within group sparsity might also be desirable.

To achieve variable selection between and within groups simultaneously, different



penalty structures are considered. For example Sparse Group Lasso (Simon et al.,

2013) uses a convex combination of the Group Lasso penalty and the Lasso penalty.

K
Po(B) = ax||B]l + (1 — @) Y v/prlBall2,
s

where a € [0, 1].

In Chapter 2 we will apply the Hierarchical Lasso (Zhou and Zhu, 2010) as the
penalty part. It decomposes each parameter into two hierarchies: group index and
individual index. The jth parameter in group k, Bj;, is written as: f[i; = drau;,
where dj, > 0 is the group index and ay; is the individual index. Then the penalty

function can be expressed as

K Pk
PoB) =) di+r ) lal.
k=1 =1

This penalty form has several advantages. First, it can remove insignificant groups
and select variables within groups flexibly. Second, compared with methods such as
the Sparse Group Lasso, it avoids introducing extra tuning parameter to the model.
Although it is not convex, we can still construct a quick iterative algorithm with a
simple analytic form for each iteration. It’s not difficult to check that the Hierarchical
Lasso has sparsity and is nearly unbiased under the criteria in Fan and Lv (2010).
It might violate the continuity property, but the discrepancy is negligible especially
when the dimension is high.

The similarity among these group variable selection methods is that they apply

certain norm to each group respectively and then consider a different norm of the



resulting group norms.

1.2 Loss Function

Compared to the study of the penalty function, the loss function part is somehow
ignored. Most results are based on the square error loss which is suitable for Normal
response but not for problems such as classification. Likelihood based functions are
also widely used as the loss which requires the distribution to be fully specified. When
the distribution of the data cannot be determined easily, it is desirable to develop
properties of group variable selection methods adjusted to a wider range of loss
functions. In Zhang et al. (2010) the author incorporate a class of loss functions called
Bregman Divergence with component-wise penalties such as Lasso and SCAD. This
loss function family includes many commonly used loss functions such as the square
error loss and log-likelihood loss for exponential family, but not limited to these. It
also applies to situations where the distribution of the observation is unknown or not
fully specified. Zhang et al. (2009) gives new aspects of Bregman Divergence applied
on non-parametric models as well.

In Chapter 2 we incorporate the Bregman Divergence loss family with the Hierar-
chical Lasso penalty to achieve group variable selection under a wider scope. We call
the corresponding method the penalized Group-BD. In Chapter 3 we consider the
application of penalized Group-BD on spike train data. Also we consider a piecewise
exponential distribution and use the corresponding log-likelihood function as the loss

function. Piecewise exponential distribution is widely used in survival analysis to



model time-to-event data. Rajaram et al. (2005) proposed a more detailed piecewise
exponential distribution model designed for Poisson network, which accord with the

spike train data.



Chapter 2

The Penalized Group Bregman

Divergence Method

2.1 Overview

To achieve variable selection for data with group structure, we have two main concerns:
what kind of penalty function to use so that sparsity can be well detected at both
group and within-group level, and what kind of loss function to use to adapt to break
the restriction of data distribution.

For the penalty part, assume there are K groups and p; variable in each group.
The original penalty considering the group structure is the Group Lasso (Yuan and
Lin, 2006) using & 3 r, ||Bx]|2 as the penalty, where By, is the coefficient vector for
group k and k > 0 is the tuning parameter. The non-differentiability of ||B||> at and

only at ||Bk||2 = 0 provides two bits of information. One is this penalty can achieve



sparsity by eliminating insignificant groups. The other is variables in the same group
can only be kept or excluded together. In other words, if a group is selected, all the
variables in that group will be selected. However, in real application, there might
also be insignificant variables in significant groups. For example, for the spike train
data, the exact length of history we should trace back to is unknown. So if we could
allow sparsity within each group as well, we could consider a comparatively longer
history without losing information or over fitting. There are penalties proposed in
literature to achieve sparsity within group as well. Here we compare two popular
ones with clear and intuitive penalty form: Sparse Group Lasso (SGL) (Simon
et al., 2013) and Hierarchical Lasso (HL) (Zhou and Zhu, 2010). The SGL has
penalty function “Zszl[aHﬁkHl + (1 — @)y/Pkl|Bx|]2] where o € [0,1] is a index
controlling the balance between group-level sparsity and within-group sparsity. The
HL considers penalty function /ﬁszzl \/m . It is equivalent to a more intuitive
form xS0 {dy + > 7ty ag;} if each coefficient fBy; is decomposed into two parts:
group index dj, and individual index ay;. Figure 2.1 gives a simple illustration of the
penalty function and contour within one group for both methods. We can see that
within one group, the SGL uses elastic net penalty (Zou and Hastie, 2005) which is a
convex combination of the L; and the L, penalty, while the HL uses square root of
the L penalty. Figure 2.2 illustrates the penalty function with different groups. From
the graphs we can clearly see that both methods can select variables at both group
and within-group level, and the HL tend to encourage more sparsity both within
and between groups under certain loss. In general it is hard to tell which method

is always superior to the other, but under certain circumstances one might give a



better result. We choose the HL. over the SGL based on the following considerations.
First, the SGL has a index «. It can be pre-determined depending on how we want to
distribute the sparsity. However for real problems, it is unknown and people usually
use grid search over [0, 1] to get optimal result. Thus compared to the HL, the SGL
has one more parameter to tune. Second, consider the penalty function within each
group denoted by Pen;(B;), we can see that |dPenf“*(8;)/dB| is bounded away
from 0 when ||B;|| — oo, while |dPen;'*(8:)/dBx| — 0 when ||B|| — oo. So when
the true parameter values are large, HL tend to provide better estimates than the the
SGL. Although the HL is no longer a convex penalty, the decomposition into group
index and individual index makes it possible to implement through simple iterative
algorithm.

For the loss function part, to broaden the scope, we consider the Bregman
Divergence (BD) (Bregman, 1967), which is a family of generalized distance measures.

It takes the following form:

Qv 1) = —q(v) +q(p) + (v — p)q (1)

where ¢(-) is called the generating function of Q(-,-). Assume that ¢(-) is concave
with the derivative ¢/(-). It is easy to see that the concavity of ¢(-) ensures that Q(,-)
is a non-negative function. When ¢(-) is strictly concave, Q(v, ) = 0 if and only if
v = p. So if we assign v and p as the observation and estimate respectively, Q(v, i)
acquires favorable properties as a loss function.

By using different generating function ¢(-), the Bregman Divergence adjusts to

various types of error measures including many popular ones in the literature (Zhang
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1 0 1
B B

Figure 2.1: 8, and 3, belong to one group. a) and b): penalty functions for SGL
(o = 0.5) and HL; c): contour of the penalty function for SGL (black solid line),
Lasso (red dashed line) and ridge (green dash-dot line); d): contour of HL penalty,
same as Lasso.

et al., 2011). For example, when ¢(u) = ap — p? with a constant a, Q(y, u) = (y — p)*
which is the quadratic loss. When ¢(u) = min{u, 1 —u}, Q(y, ) = I{y # (1 > 0.5)}
which is the misclassification loss for binary responses. q(u) = —2{plog(u) + (1 —
w)log(1—p)} gives the Bernoulli deviance loss Q(y, 1) = —{ylog(u) + (1 —y)log(1 —
1)} while q(p) = 2{u(1 — p)}/? yields the exponential loss Q(y, ) = exp{—(y —
1/2)log(p/(1 — w))} (Hastie et al., 2001). If ¢(u) = p — plog(p), then we have the
quasi-likelihood loss Q(y, 1) = y{log(y) — log(u)} — (y — p). With the necessary and

sufficient conditions provided in Zhang et al. (2009), a given loss function Q, such as
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Figure 2.2: Contour of the penalty function for SGL (red dashed line) and HL (black
solid line) when 3, and [3; belong to different groups.

Kullback-Leibler divergence and many margin-based loss functions, can also be shown
to belong to the BD family (Zhang et al., 2010). The choice of the BD function is
mainly decided by the data type instead of the exact distribution. As long as a the
chosen BD function is proper, it provides as good performance no matter which exact

one is used. Thus we no longer have the concern of illy assumed distribution.

2.2 The Penalized Group-BD Estimator

2.2.1 Model Specification

Let {(X1,Y7),...,(X,,Y,)} be observations from some underlying population (X,Y")
where X = (X1,...,X,)T € RP is the vector of explanatory variables and Y is

the scalar response. Assume the general linear model m(xz) = E(Y|X = x) =

FYBo+2TB8) = F 1 (Bo+ e, di >P% ) aks) where (B is the intercept and F(-)
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is a link function. For simplicity of notation, we consider the intercept term is included
in B and X unless otherwise specified.
Combining BD with the Hierarchical Lasso penalty, the target problem is to

minimize the following criterion function:
1 n K Pk
T(d == Y;, m(X; d ; 2.1
(d, o) n;@( m( ))+; k+f-€;|am| (2.1)

We call the corresponding estimator 352 the penalized Group-BD estimator:

By = didy,
where c/l\k and ag;, k=1,...,K, j=1,...,p; are minimizers of (2.1)

Theorem 2.1 below shows the equivalence between the optimization problem above
and that expressed in the form of the original coefficients {fy; : k =1,...,K,j =
1, ey pk}.

Theorem 2.1. If (d, &) is a local minimum of (2.1), where dy, > 0,k =1,..., K,

then B3, where By; = diQk;, is a local minimum of

n K
T(9) = QO F ) = 20E 3 Il + el + o+ el (22)

On the other hand, if B is a local minimum of (2.2), then we define (Ei: ), where

die =0, =0 if | Bl = 0, and dic = (s1B]11)/2, @ = B/ (11 Bsl11)" if 1Bells # 0.
Then the so-defined (d, &) is a local minimum of (2.1).
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The equivalence of the penalty term in (2.1) and (2.2) shows that the penalized
Group-BD estimate is identifiable. As a comparison, (2.1) gives a form more convenient

for computation while the form in (2.2) will be used in theoretical results.

2.2.2 Non-asymptotic Error Bounds

Bickel et al. (2009) shows some finite-sample error bounds for Lasso and Dantzig
estimator under the Restricted Eigenvalue (RE) assumption. Incorporating the group
structure to the RE assumption, we show some similar non-asymptotic bounds for
the Group-BD estimator.
continuity property is violated for the Hierarchical Lasso penalty, it makes the
assumption acceptable that the estimator is bounded away from 0. The RE assumption
with group structure is constructed as follows:

Group RE Assumption: Let X = (X7,..., X,,)?. For a positive integer s and

any 0 € RP, the following condition holds:

((s) =
2] X4l

min min
GCL. K}H|GI<s V67#0,3 g ¢ 19k 1 S peq (142225 (1011 \/ﬁ\/ZkeG pk(l 4 cm&)2||5k|’§
Cmin

> 0.

Let ¢;(y,0) = (07/067)Q(y, F~*(#)). Then we have Theorem 2.2.

Theorem 2.2. Consider the model in (2.2). Let 3° be the vector of true values for

the coefficients and B be the solution to (2.2). Assume that || X||o < ¢1 and for any
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B and (y,x), ¢2(y, T B) > ¢y where ¢; and cy are constants. Let G(B) = {1 <k <
K|37,1 < j < pg,s.t.Byj # 0} be the support of B. Assume the Group RE assumption
holds with ¢ = ((s) where s = |G(B°)|. Let A > 1 and v = Ac;{2log(p)}*/?/n. Let
W = (n)"V23" (Y, XTB). Assume that the tail behavior of W satisfies that
for any w > v/c;, P(W > w) < P(Z > w) where Z follows a standard normal

distribution. Then with probability at least 1 — plfAQ, the following inequalities hold:

16572
(2t

8v/sy
C%e

1657y

CQCl 7

18—8°IIx < 1B—8°l2 < (2v/5+1)

1 -
~IX(B-8)5 < . (2.3)
The first part in (2.3) shows the upper bound for prediction error and the rest

two show bounds for variable selection loss using both L; and L, norm.

2.2.3 Adaptive Penalized Group-BD Estimator

The original hierarchical penalty forces the coefficients to be equally penalized which
seems to be unfair in some sense. In order to further improve the performance of
the penalized Group-BD estimates, we adopt the idea of adding different weights to
coefficients in the penalty term known as the adaptive method (Zhou and Zhu, 2010;

Zou, 2006). The minimization problem is specified as follows:

mﬁ;nT(ﬁ) = mﬂin % g@(yb FY(X]B))

K
+2\/EZ \/wk1|ﬁk1\ + wra|Bra| + - -+ 4 W, | Bepic |
k=1
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where {wy;} are pre-specified weights. Intuitively, if a variable is significant, which
means its effect is not negligible, then we should not penalize it too much. In other
words the corresponding weight should be small. On the other side, coefficients
for insignificant variables should be heavily penalized by large weights. In practice
estimates from some simple or quick methods can be used as the weights, for example

the ordinary least square estimate:

1
Wi = —=
kj |5ols |A/ ’
kj
or ridge estimate for high dimensional cases:
1
Wkj = |B\ridge|7'
kj

where y is a positive constant.

The adaptive Lasso enjoys consistency and oracle properties (Zou, 2006) that the
original Lasso does not have under general assumptions. Similarly, for the penalized
Group-BD estimator with properly chosen weights, the adaptive estimator can achieve

desirable asymptotic properties which will be discussed in Section 2.3.

2.3 Asymptotic Properties

2.3.1 Problem Setup

To consider asymptotic properties, in this section we assume that the dimension n is

diverging. Now we have p,, variables in total and p,; variables in the kth group for
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k=1,..., K. For every n, the observations (X,;, Y,;),i = 1,2,...,n are i.i.d. from
population (X,,Y;). The subscript n shows that the term now is changing with n.

Then the problem of interest becomes

~ 1 <&
sBD - —  argminT,(8,) = arg min — Y, F7Y(XT
i g To(Bo) = argin = 3 @ (X.:8))

K
+2\/ Rn Z \/wn,k1|ﬁn,k1| + wn,k2|/8n,k2| + -+ wnykpk |Bn,kpk|- (24)
k=1

Let 32 denotes the true parameter vector and 3%, denotes the corresponding sub-
vector for group k. Without loss of generality, we assume that within group k, the first
Sni, entries of B3, are non-zero while the rest are zero for k = 1,..., K. Then denote

= Zszl Snk as the total number of truly significant variables, S = {(k, ) : 87 ; #
0} as the index set of truly significant parameters of 3%, and S¢ as the index set of
truly insignificant parameters. Let ,Bg) = B,.s be the sub-vector of 3,, corresponding
to the significant index set and B,SH) contains the remaining entries. Also we define
X® and X as entries of X corresponding to 5,&1) and 5,2“) respectively. For
notational simplicity, we consider that the intercept term is included in 67(11) and X O
unless otherwise specified.

Define

H, = { q"(m(Xn1)) X (1) X7(111)T}’
Fr(m(Xom))?

i
O = E{var(Vu | Xo) 5 X)) > &ib el

q"(
F'(m(Xn1))?

To achieve asymptotic properties, we make some general assumptions:
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Al. E(X,) =0, sup,, || Xl < o0, and sup,, E(Y;?) < oo.

A2. 3Y is sparse and sup,, ||B%]]; < .

n

A3. The generating function ¢(-) and the link function F(-) are smooth, ¢"(-) <0
and F'(-) # 0.

Ad. infreni<j<p, E{var(Y, | X,,) X2} > 0, and sup,, E{|Y, —m(X,)|'} < I!M" for

some constant M > 0 with [ =3,4,5,....

A5. The eigenvalues of H, and €2, are uniformly bounded away from O.

We define

wh = max{w, g, k=1,...,Kand j =1,..., s},

max

w(H) = min{wn,kjyk = 17"'7K andj: Sk""’pk}’

min

where wiy is the maximal weight of truly significant coefficients and wr(rllfr)l is the

minimal weight of insignificant ones.

2.3.2 Consistency

Theorem 2.3 shows that the adaptive the penalized Group-BD estimator B\fiBD is

(n/pn)'/? consistent.

Theorem 2.3. Under assumptions A1 — A4, if p/n — 0, Kk, — 0, and

lin(w(l) )1/2 _ Op(n_1/2),

max
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then there exists a local minimum ,@n of T,,(By,) such that

18 = Bl = Op((pafn)'"?).

Here we need the divergence rate of dimension p,, to be slower compared with n

(i.e. pt/n — 0). A natural consideration is whether we could extend the result to

cases with higher dimensions. It turns out that if we post constrains on both wils

and w(H)

min, We can relax p, to a higher rate. If we also assume relatively high weights
for insignificant variables, they will be more likely shrunk to zero, which helps to

achieve the consistency of the entire estimator.

Theorem 2.4. Under assumptions A1 — A5, suppose K3/ns? = O(1), st/n — 0,
(w(H))—l/Q = op(1)

min

-1
n

Sn(Pn — 8n) = O(n), (n/s,)Y? mingo 1Bp;l = 00, ki =0, K
and /@n(wg?dx)lﬂ = Op(1/n), then there exists a local minimum B, of T,.(B,) such

that |8, — 85| = Op(\/50/m).

In sparse cases, usually s,, is much smaller than p,,, so the result of Theorem 2.4
shows a much faster rate of consistency and the diverging rate of p,, is relaxed to be

comparable with n.

2.3.3 Oracle Properties
Theorem 2.5. Assume assumptions A1 — A5.

(I). For any (n/s,)"? local minimum B, satisfies

Pr(B10 = 0) — 1.
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(IT). Moreover, assume that s> /n — 0 and that the eigenvalues of 2, are uniformly

bounded away from 0, then we have
VA P HL(BY — B)Y) = N(0,G)

for any s X (s, + 1) matriz A, such that A, AT — G with G being an s X s

semi-positive definite matriz.

Theorem 2.5 shows that the penalized Group-BD estimator could achieve the
oracle properties that insignificant parameters are estimated to be exactly zero with
probability tending to 1 and estimators for significant parameters have the asymptotic
normal distribution with the same means and variances as if the zero coefficients
were known in advance (Zhang et al., 2010). Also the asymptotic normality does not
require on the specific distribution of Y,, | X,,, which is desirable when there is no

adequate information about the distribution.

2.3.4 Hypothesis Testing

We consider the following hypothesis testing about significant coefficients 52(”:

Hy: A,B8°Y =0, wversus H,: A,8°Y +£0, (2.5)

where A, is a given s x (s, + 1) matrix such that A,A7 = G, and G is a s x s
positive definite matrix. This form of hypotheses (2.5) can be adjusted to various

simultaneous tests about linear combinations of parameters.
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According to Theorem 2.5, the Group-BD estimator 3 @ has the asymptotic

covariance matrix V,, = H,'Q, H!. Define
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Then we can get

Corollary 2.6. Under assumptions A1 — A5, V,, is a consistent estimator of Vi, in

the sense that ||‘/7n — V|l = 0 in probability.
Based on the estimator of the covariance matrix, we considered a generalized
Wald-type test statistic (Zhang et al., 2010):
W = n(A, BP0 (AL QH AT (ABP0). (2.6)
Under the null hypothesis, W,, is asymptotically x? distributed as stated in Theorem
2.7.

Theorem 2.7. Under assumptions Al — A5, if s> /n — 0, then under Hy in (2.5),

W, 5 2 (2.7)

s

It can also be shown that W), has the asymptotic power 1, since W,, — oo in

probability at the rate n against any fixed alternatives.
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2.4 Implementation

Recently, the Coordinate Descent (CD) algorithm was widely applied to the penalized
linear and logistic regression (Friedman et al., 2007, 2010; Wu and Lange, 2008)
and showed computational superiority especially in sparse cases. Here we apply this
algorithm to the penalized Group-BD model.

According to (2.1), when dj, is fixed, it becomes a Lasso problem and when ay; is
fixed, it is a non-negative garrote problem (Zhou and Zhu, 2010). Define ¢;(y,6) =
(07/009)Q(y, F~1(0)), = 0,1,.... The BD loss function can be approximated by

1 n
5 Zti(Zi — Bo — i B)?,
i=1

where t; = q2(ys, Bo + 2] 8)/n and Z; = (o + 2] B) — 1 (vi, Bo + 21 B) /@2 (yi, Bo + x1 B)

(Zhang et al., 2011).

Thus the algorithm is summarized as follows:
1. Initialize di, ax; and Bi; = drag;;

2. Compute Z; and t; as described above. Set Z; = Z; — (S0, t:7:)/ (31, t;) and
T, =z — (O i tiw;) /(D0 t;) to eliminate the intercept in the model. Now

the problem is

n K K Pk
. 1 > ~T 2\2
min {gig;mzi_xi 8) +;dk+m;wkj;|akj|}.

di,ag;

3. Let .Tgkj:dkxi7kj,k)zl,...,K,jzl,...,pk.
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Inner loop for ay;:
a) Update ay; by

Pk

1 n 9 K
new . ~ ~d
Qg :argrgin{é E ti<Z2~— E :rivkjakj> + K E W E |akj|}.
J . .
i=1 k,j k=1 j=1

new

b) If max(|ays

new

— ag;j|) is small enough, let ay; = " and stop. Otherwise,

let ay; = ™ and go back to Step 3(a).
4. Let 7y = > 0% apywipg, k=1,... K.
Inner loop for dj:
a) Update di by
1 K , K
d™ = arg min {5 ;t (Zi - ;zgkdk) + ;dk}.

b) If max(|dp®™ — di|) is small enough, dy = d}*" and stop. Otherwise, let

d = dp*¥ and go back to Step 4(a)

5. Let B5" = dgay;. If |3V — B||; is small enough, stop. Otherwise, let 3 = 3"

and go back to Step 2.

See Appendix 2 for the main matlab codes of this algorithm.
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2.5 Simulation

In this section we show that under different data types, the group methods maintain
the advantage when variables are generated in groups by comparing Ridge, SCAD,
Lasso, and adaptive Lasso under BD loss together with the penalized Group-BD
and the adaptive penalized Group-BD with ridge regression weights, and also oracle
method for which consider indexes of significant variables are known. We also show
that a specific choice of the BD loss doesn’t effect the results significantly.

The response variables are generated from the following regression model:

E(Y; | X;) = F~(6;)

where 0; = 8y + X3 and F is a known link function.

For the explanatory variables, groups of size 4 or 3 are generated independently.
Within each group, covariates are normal with mean 0, variance 1 and correlation
coefficient p = 0.5. Xj, = (Xp1,..., Xpp,)" ~ N(0,%,,) for k = 1,..., K where
Y., j)=land X, (j,l) =pfor j#land j, [ =1,...,p.

For the purpose of sparsity, we consider only 3 significant groups while other
groups have coefficients 0. The following true parameter values are considered:(2, 0,

0,-2.5), (2.5, 0, 0, -2), (2, 0, 1.5). Thus we have the true parameter vector

Birwe = (2,0,0,-2.5,2.5,0,0,-2,2,0,1.5,0,...,0)T.

To compare methods under different dimensionality, we considered three different
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combination of sample size n and number of parameters p:
e Low-dimensional case: n = 400, p = 56;
e High-dimensional case: n = 200, p = 200;
e Ultra-high-dimensional case: n = 350, p = 2600.

To select the tuning parameter for methods with penalization, another n observa-
tions are generated as the tuning observations for grid search. And 10,000 testing
observations are used for the comparison results. All the results are the medians of

100 simulation runs.

2.5.1 Over-dispersed Poisson Responses

First, we consider over-dispersed Poisson responses. Y;’s are counts satisfying
var(V;| X; = x;) = 2m(x;) where m(x) = E(Y|X = «) with a logarithm link
F(0) =log(0). The negative quasi-likelihood is utilized as the BD loss.

Table 2.1 evaluates different methods through estimation accuracy and ability to
discover sparsity at both the group and individual variable level. Some observations
can be made. First, in estimation accuracy the penalized Group-BD and the adaptive
penalized Group-BD achieve lowest L; error. Second, while all methods perform
well in discovering significant variables, the penalized Group-BD and the adaptive
penalized Group-BD achieve best in discovering insignificant groups and variables.
And the low standard deviation shows stability of the two methods. Also as the

dimension increases, the performance of the penalized Group-BD and the adaptive
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Table 2.1: Simulation results for over-dispersed Poisson responses under quasi-
likelihood loss

(n,p) Method I8 — Boruell1 CZ CN
(400,56) Oracle 0.7098 (0.26) .0)  6.00 (0.
Ridge 12.6592 (0.16) .0)  6.00 (0.

SCAD 1.1478 (0.47) .5) 6.00 (0.

Lasso 2.1523 (0.89) .7)6.00 (0.

ALasso 1.2218 (0.58) .1) 6.00 (0.

GLasso 4.2969 (2.13) 4)  6.00 (0.

¢BD 1.2295 (0.91) 7)) 6.00 (0.

AgBD 1.0297 (0.71) .0)  6.00 (0.

(200,200)  Oracle 1.0201 (0.41) .0)  6.00 (0.
Ridge 12.9642 (0.32) .0) 6.00 (0.

SCAD 3.3035 (1.16) .8)  6.00 (0.

Lasso 5.4964 (2.28) .9)  6.00 (0.
ALasso 3.6827 (1.68) 184 00 (7.3) 6.00 (0.
(2.49) 5) (0.

(1.66) 3) (0.

(1.37) 3) (0.

(0.31) 0) (0.

(0.31) 0) (0.

(1.36) ) (0.

(1.80) 5) (0.

(2.06) ) (0.

1.654) 7) (1.

(1.33) 5) (0.

(0.51) 2) (0.

Z CG WG

GLasso 7.0201 (2.49)  170.50 (21 6.00
gBD 2.0109 (1.66
AgBD 1.7069 (1.37
(350,2600) Oracle 0.7210 (0.31
Ridge 12.9116 (0.31
SCAD 3.6715 (1.36
Lasso 6.1387 (1.80
ALasso 4.4927 (2.06
GLasso  10.3222 (1.654
¢BD 1.0831 (1.33
AgBD 0.9747 (0.51

191.00 6.00
6.00
6.00
6.00
6.00
6.00
6.00
4.00
6.00
6.00

(3.
192.00 (2.
2594.00 (0.

(0.
1

0.00
2547.00 (
2556.00 (15
2574.00 (12.6

8.2

1
2588.00 (7.
2593.00 (1.
2594.00 (1.
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ALasso: adaptive Lasso.; gBD: the penalized Group-BD; AgBD: the adaptive penalized
Group-BD; CZ: number of correctly discovered zero coefficients; CNZ: number of correctly
selected non-zero coefficients; CG: number of correctly selected significant groups. WG:
number of falsely discovered groups. Values in parentheses are standard deviations.
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penalized Group-BD remain stable while others’ are weaken obviously, which shows
the superiority of the group penalty under high dimensionality.

To compare the methods under different level of group-structures we also consider
various level of within-group correlation p. A illustration of estimation error of
adaptive Group-BD and SCAD is shown in Figure 2.3. Since higher correlation
indicates a stronger group structure, the adaptive Group-BD has more advantage

over non-group method SCAD.

Estimation Error
@
T
\
\
\
IS

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
rho

Figure 2.3: Estimation error under different levels of group structure. Red solid line:
SCAD:; Blue dashed line: Adaptive Group BD

2.5.2 Zero-inflated Poisson Responses

Here we consider the zero-inflated Poisson distribution with the distribution function
PY =0)=7m+(1-me?and P(Y =j) = (1—-mNe /4!, j=1,2,.... We choose
7 = 0.1. Then we compare the results using the quasi-likelihood loss pretending the
distribution is unknown with those using exact negative log-likelihood loss. From

Table 2.2 we can see that the BD loss provides similar results, which means that even
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if we don’t know the exact distribution, a properly chosen BD loss can perform just

as well.

2.5.3 Bernoulli Responses

To consider Bernoulli responses, we use the logit link F'(0) = log{f/(1 — 0)}. Both
the Bernoulli deviance loss Q(Y, ) = —2{Y log(u) + (1 — Y)log(1 — )} and the
Exponential loss Q(Y, u) = exp{—(Y — 0.5) log[p/(1 — p)]} are considered as the BD
loss. And we compare different methods by the misclassification rate.

From Table 2.3 and Table 2.4, we can see that with more limited information from
the binary responses, the advantage of the penalized Group BD and the adaptive
penalized Group BD in misclassification rate might not be as significant, but they still
outperform others and show obvious advantage in discovering insignificant variables.
Also by comparing two tables we can observe that the two loss function, both belong
to the BD family, give very similar results.

In some cases, the adaptive method (for either Lasso or the penalized Group-
BD) might be slightly worse than the unadapted method. That might be caused
by unstable performance of Ridge regression which is used as the adaptive weights
under high dimension. If a more sophisticated method is used for the weights, the
performance might be improved. However it violates the convenience purpose of using
adaptive methods, and under high dimension the unadapted penalized Group-BD
method already outperforms other methods and has performance close to oracle

results.
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Table 2.2: Simulation results for Zero-inflated Poisson responses with both negative
log-likelihood loss and quasi-likelihood loss

(n,p) Method 18 — Brruell1 CZ CNZ CG WG

Negative-likelihood loss

(400,56) Oracle 1.1422 (0.63) 50.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 12.6568 (0.12) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 13.00 (0.0)
SCAD 2.1357 (1.17) 42.00 (5.9) 6.00 (0.0) 3.00 (0.0) 6.00 (3.2)
Lasso 3.7398 (1.73) 33.00 (8.1) 6.00 (0.0) 3.00 (0.0) 10.00 (2.6)
ALasso 2.2829 (1.45) 44.00 (6.1) 6.00 (0.0) 3.00 (0.0) 5.00 (3.2)
GLasso 9.5152 (2.95) 49.00 (4.8) 3.50 (1.8) 2.00 (0.9) 0.00 (2.0)
gBD 2.0912 (1.37) 47.00 (4.2) 6.00 (0.1) 3.00 (0.1) 0.00 (1.3)
AgBD 1.7783 (1.26) 48.00 (3.5) 6.00 (0.1) 3.00 (0.1) 0.00 (1.1)

(200,200)  Oracle 1.3947 (0.79) 194.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 12.9691 (0.28) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 49.00 (0.0)
SCAD 4.4003 (1.92) 173.00 (9.6) 6.00 (0.0) 3.00 (0.0)  18.00 (7.0)
Lasso 7.3767 (3.20)  164.50 (15.0) 6.00 (0.1) 3.00 (0.0)  23.00 (8.3)
ALasso 4.8948 (2.54)  180.00 (10.0) 6.00 (0.1) 3.00 (0.0)  12.00 (7.1)
GLasso 9.4098 (2.47)  190.00 (19.2) 5.00 (1.8) 3.00 (0.9) 1.00 (8.1)
gBD 2.9411 (2.46) 190.00 (5.8) 6.00 (0.3) 3.00 (0.1) 0.00 (2.0)
AgBD 2.4578 (1.99) 191.00 (4.2) 6.00 (0.2) 3.00 (0.1) 0.00 (1.5)

(350,2600) Oracle 1.9056 (0.52)  2594.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 14.3080 (0.03) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 649.00 (0.0)
SCAD 10.1400 (2.32) 2518.00 (23.0) 6.00 (0.0) 3.00 (0.0) 68.00 (21.1)
Lasso 13.9591 (2.54) 2527.00 (17.0) 6.00 (0.0) 3.00 (0.0) 61.00 (16.0)
ALasso 12.7141 (4.16) 2548.00 (15.8) 6.00 (0.0) 3.00 (0.0) 40.00 (14.4)
GLasso 12.9657 (3.95) 2584.50 (11.2) 4.00 (1.7) 0.50 (1.0) 1.00 (1.3)
gBD 6.7392 (1.29)  2588.00 (4.3) 6.00 (0.0) 3.00 (0.0) 1.00 (2.2)
AgBD 6.2040 (2.49)  2588.00 (4.5) 6.00 (0.0) 3.00 (0.0) 1.00 (3.6)

Quasi-likelihood loss

(400,56) Oracle 0.8214 (0.44) 50.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 12.6535 (0.13) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 13.00 (0.0)
SCAD 1.2833 (0.76) 44.00 (5.0) 6.00 (0.0) 3.00 (0.0) 5.00 (3.0)
Lasso 2.6912 (1.28) 36.50 (7.6) 6.00 (0.0) 3.00 (0.0) 9.00 (3.0)
ALasso 1.5623 (0.90) 46.00 (4.6) 6.00 (0.0) 3.00 (0.0) 3.00 (2.9)
GLasso 4.3636 (1.89) 45.00 (8.1) 6.00 (0.3) 3.00 (0.1) 2.00 (3.1)
gBD 1.4192 (1.03) 48.00 (3.3) 6.00 (0.1) 3.00 (0.1) 0.00 (1.0)
AgBD 1.1598 (0.90) 49.00 (2.6) 6.00 (0.1) 3.00 (0.1) 0.00 (0.8

(200,200)  Oracle 1.1323 (0.57) 194.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 12.9331 (0.28) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 49.00 (0.0)
SCAD 3.1013 (1.49) 176.00 (9.2) 6.00 (0.0) 3.00 (0.0) 15.50 (6.8)
Lasso 6.0943 (2.42)  168.00 (12.7) 6.00 (0.0) 3.00 (0.0) 21.00 (7.9)
ALasso 4.0678 (1.93) 182.00 (8.5) 6.00 (0.1) 3.00 (0.0)  11.00 (6.6)
GLasso 6.9529 (2.73)  165.00 (24.2) 6.00 (0.8) 3.00 (0.4) 12.00 (9.8)
gBD 2.3385 (1.96) 191.00 (4.3) 6.00 (0.4) 3.00 (0.2) 0.00 (1.5)
AgBD 1.9492 (1.68) 192.00 (3.5) 6.00 (0.4) 3.00 (0.2) 0.00 (1.3)

(350,2600) Oracle 1.1702 (0.36)  2594.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge 14.2841 (0.04) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 649.00 (0.0)
SCAD 9.8301 (2.22) 2533.00 (22.7) 6.00 (0.0) 3.00 (0.0) 56.00 (19.4)
Lasso 12.3820 (1.84) 2548.00 (15.2) 6.00 (0.7) 3.00 (0.0) 43.50 (14.4)
ALasso 11.2678 (1.65) 2552.50 (15.3) 6.00 (0.7) 3.00 (0.0) 37.50 (14.6)
GLasso 12.1504 (2.90) 2587.00 (10.3) 4.50 (1.9) 0.50 (0.3) 1.00 (1.1)
gBD 7.1955 (0.88)  2590.50 (3.6) 6.00 (0.0) 3.00 (0.0) 1.00 (1.9)
AgBD 7.2277 (1.37)  2591.00 (5.6) 6.00 (0.0) 3.00 (0.0) 1.00 (3.7)




Table 2.3: Simulation results for Bernoulli responses with Deviance Loss

(n,p) Method MR CZ CNZ CG WG
(100,56)  Oracle  0.1267 (0.00) __ 50.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.0 (0.0)
Ridge  0.2471 (0.01) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0)  13.00 (0.0)
SCAD  0.1273 (0.01) 48.00 (4.0) 6.00 (0.2) 3.00 (0.0) 2.00 (2.2)
Lasso 0.1345 (0.01) 42.00 (9.8) 6.00 (0.0) 3.00 (0.0) 6.00 (4.1)
ALasso 0.1311 (0.01) 48.00 (7.5) 6.00 (0.0) 3.00 (0.0) 2.00 (3.8)
GLasso  0.1336(0.01)  37.00(11.5) 6.00 (0.0) 3.00 (0.0)  5.00(4.1)
gBD  0.1289 (0.00)  49.00 (2.8) 6.00 (0.0) 3.00 (0.0)  0.00 (1.2)
AgBD  0.1285 (0.00)  49.00 (2.2) 6.00 (0.0) 3.00 (0.0)  0.00 (L.1)
(200,200)  Oracle  0.1431 (0.01) 194.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge  0.3165 (0.01) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0)  49.00 (0.0)
SCAD  0.1983 (0.03)  190.00 (4.4) 5.00 (L6) 3.00 (0.7)  4.00 (4.3)
Lasso  0.2081 (0.02)  168.00 (20.8) 6.00 (1.4) 3.00 (0.6) 22.00 (14.6)
ALasso  0.1988 (0.02)  178.00 (14.0) 6.00 (1.2) 3.00 (0.5) 14.00 (11.1)
GLasso  0.2053(0.02) 142.00(31.7) 6.00 (1.4) 3.00 (0.6) 20.00(13.1)
gBD 0.1568 (0.02) 192.00 (2.6) 6.00 (1.0) 3.00 (0.4) 1.00 (1.6)
AgBD  0.1551 (0.02) 193.00 (1.7) 6.00 (0.9) 3.00 (0.4) 0.00 (1.2)
(350,2600) Oracle  0.1360 (0.00) _ 2594.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.0 (0.0)
Ridge  0.5058 (0.02) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 649.00 (0.0)
SCAD  0.1870 (0.03)  2590.00 (4.5) 5.00 (1.6) 3.00 (0.6) 4.00 (4.4)
Lasso 0.2152 (0.01) 2581.00 (34.7) 4.00 (0.9) 3.00 (0.6) 11.50 (31.1)
ALasso  0.2106 (0.01) 2584.00 (23.8) 4.00 (0.9) 3.00 (0.6) 10.00 (2L.8)
GLasso  0.1764(0.02)  2547.00(38.5) 6.00 (0.0) 3.00 (0.0) 12.50(17.4)
gBD  0.1425 (0.02)  2592.00 (5.2) 6.00 (0.6) 3.00 (0.3)  0.00 (3.1)
AgBD  0.1455 (0.02)  2592.00 (3.1) 6.00 (0.8) 3.00 (0.3)  0.00 (2.0)

MR: misclassification rate.

2.6 Real Data

29

In this section, we applied the adaptive penalized Group-BD method and others for

comparison to various data sets.

2.6.1 LSVT Data

Vocal impairment is reported in the vast majority of Parkinson’s disease subjects.

The extent of vocal impairment can be assessed using sustained vowel phonations
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Table 2.4: Simulation results for Bernoulli responses with Exponential Loss

(n,p) Method MR CZ CNZ CG WG
(100,56)  Oracle  0.1276 (0.00) __ 50.00 (0.0) 6.00 (0.0) 3.00 (0.0) _ 0.00 (0.0)
Ridge  0.2474 (0.01) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0)  13.00 (0.0)
SCAD  0.1286 (0.01) 50.00 (3.7) 6.00 (0.0) 3.00 (0.0) 2.00 (2.2)
Lasso 0.1348 (0.01) 42.00 (9.5) 6.00 (0.0) 3.00 (0.0) 6.00 (4.1)
ALasso 0.1316 (0.01) 48.00 (7.0) 6.00 (0.0) 3.00 (0.0) 2.00 (3.7)
GLasso  0.1342(0.01)  37.00(11.6) 6.00 (0.0) 3.00 (0.0)  5.00(4.1)
gBD  0.1200 (0.01)  49.00 (2.9) 6.00 (0.1) 3.00 (0.0)  0.00 (1.3)
AgBD  0.1287 (0.01)  50.00 (3.0) 6.00 (0.0) 3.00 (0.0)  0.00 (1.4)
(200,200)  Oracle  0.1441 (0.01) 194.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.00 (0.0)
Ridge  0.3167 (0.01) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0)  49.00 (0.0)
SCAD  0.2112 (0.03)  190.00 (4.9) 4.00 (1.7) 3.00 (0.8)  4.00 (4.8)
Lasso  0.2077 (0.02)  169.00 (19.8) 6.00 (1.4) 3.00 (0.6) 21.00 (14.2)
ALasso  0.2008 (0.02)  179.00 (14.0) 6.00 (1.2) 3.00 (0.5) 14.00 (11.1)
GLasso  0.2100(0.02) 148.00(34.4) 6.00 (1.4) 3.00 (0.7) 17.00(13.6)
gBD 0.1543 (0.02) 193.00 (2.0) 6.00 (1.0) 3.00 (0.4) 0.00 (1.4)
AgBD  0.1574 (0.03) 193.00 (1.7) 6.00 (1.1) 3.00 (0.5) 0.00 (1.3)
(350,2600) Oracle  0.1368 (0.00) _ 2594.00 (0.0) 6.00 (0.0) 3.00 (0.0) 0.0 (0.0)
Ridge  0.5058 (0.02) 0.00 (0.0) 6.00 (0.0) 3.00 (0.0) 649.00 (0.0)
SCAD  0.2059 (0.03)  2590.00 (5.5) 4.00 (1.7) 3.00 (0.8) 4.00 (5.5)
Lasso 0.2126 (0.01) 2577.00 (37.9) 4.00 (1.0) 3.00 (0.7) 16.00 (34.0)
ALasso  0.1996 (0.02) 2565.50 (30.7) 5.00 (1.0) 3.00 (0.2) 27.50 (28.4)
GLasso  0.1702(0.02)  2552.00(34.8) 6.00 (0.0) 3.00 (0.0) 10.00(14.1)
gBD  0.1410 (0.02)  2593.00 (2.4) 6.00 (0.7) 3.00 (0.3)  0.00 (L.7)
AgBD  0.1407 (0.01)  2593.00 (1.4) 6.00 (0.6) 3.00 (0.2)  0.00 (1.0)

(Tsanas et al., 2014). To extract information from vocal signals, various types of
dysphonia measures, which are clinical speech signal processing algorithms, are used.
In Lee Silverman Voice Treatment (LSVT) program, participants produced sustained
vowel /a/ phonations and vocal signals are quantified through dysphonia measures
(see Tsanas et al. (2014) for details). LSVT expert clinicians assessed sustained
vowel phonations perceptually whether they are “acceptable” or “unacceptable”. The
aim is to automatically evaluate the phonations based on the dysphonia measures

and discover which measures are most informative in assessment. Current analysis
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related to variable selection is based on subset selection through cross validation
which is already shown to be surpassed by regularization method in the literature
and the corresponding result is difficult to interpret. Instead, we apply the adaptive
Group-BD method compared with others to give some new investigation of this study.

There are 126 samples with 309 dysphonia measures in 11 types which act as
the groups. In the pre-process of the data, we eliminate variables with negligible
variation which leaves 10 groups and 243 variables. Then we use the ten-fold cross
validation to select tuning parameters and bootstrap sampling to test the results. The
misclassification rates on the test data are 0.048, 0.125, and 0.016 for SCAD, adaptive
Lasso and the adaptive penalized Group-BD respectively. Among them, adaptive
Lasso chooses 20 variables of 6 groups, SCAD chooses 5 variables of 4 groups, and
the penalized Group-BD chooses 14 variables of 2 groups. We can see that compared
with adaptive Lasso, adaptive penalized Group-BD gives lower misclassification rate
with a more sparse model. While the disadvantage of SCAD in misclassification rate
may be caused by a even more sparse model, the selected variables distribute out into
4 groups. By contrast, although the penalized Group-BD selects more variables, they
focus on two groups which implies that in practice only a few types of dysphonia
measures are needed to achieve acceptable assessment accuracy. Among the 11 groups,
the signal-to-noise ratio (SNR) type and Mel frequency cepstral coefficients (MFCC)
type are selected. SNR measures quantify excessive noise in the phonation suggesting
that incomplete vocal fold closure and vocal tremor may be the primary characteristic
that clinicians use to perceptually assess whether a phonation is “acceptable” or

“unacceptable”. MFCC measures target the placement of the articulators, which is
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known to be affected in Parkinson’s disease (Tsanas et al., 2014). The result shows
that in future phonation assessment, measurements of these two types could provide

good prediction performance without aggregating data from all 11 types.

2.6.2 Urban Land Cover Data

This data set contains urban land cover information extracted from high resolution
aerial or satellite imagery. The high resolution aerial image is classified into 9 types
of urban land cover and multi-scale spectral, size, shape, and texture information are
collected. More details can be found in Johnson and Xie (2013) and Johnson (2013).
For the purpose of variable selection, we build a multinomial model to discover which
are significant for the land cover type. Since Kullback-Leibler divergence also belongs

to the BD family, we use it as the loss function for the multinomial response:

K-1

T(8) =~ |- fl k) log(yua)| + (D VT8l

=1 k=1

where K = 9 as the number of land cover types, and p;; = exp(x;3;)/(1 +
Zk Lexp(a;By)) for j =1,...,K — 1 and pg = 1/(1 Ek ' exp(a;B1)), which
indicates that the Kth type is used as baseline type.

We average each variable on different coarser scales which results in 168 variables
(21 for each type). There are 168 cases included in the data set. We randomly
split them 100 times into a training set of 112 samples and a validation set of 56
samples. For each splitting variables selected are recorded. Consider only those that

are selected more than 50 times among the 100, we have the following results: From
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Table 2.5: (Urban Land Cover Data) Variable selected for each type of the urban
land cover

Type Variable selected

car Standard deviation of Green, Gray-Level Co-occurrence Matrix I11
concrete  Compactness,Length/Width, Near Infrared
tree Gray-Level Co-occurrence Matrix 11, Normalized Difference Vegetation Index

building Gray-Level Co-occurrence Matrix I, Standard deviation of Red
asphalt  Green, Border Index, Gray-Level Co-occurrence Matrix I

grass Green, Normalized Difference Vegetation Index
shadow  Brightness
soil Border Index, Green

the results we can observe that for some types such as car, grass and shadow, one
kind of spectral, texture and shape variables plays a more important role than other
kinds, while for types such as asphalt and tree, spectral, texture and shape variables

have mixed effects.

2.6.3 Low Resolution Spectrometer Data

The data set from the Low Resolution Observation (IRAS-LRS) program contains
a subset of observations of high intensity sources over two spectral bands between
12 hour and 24 hour right ascension. There are 531 high quality spectra observed.
Variables include 44 blue band and 49 red band channels together with astronomical
longitude and latitude information, which form 3 nature groups with size 44, 49 and
2 respectively. Spectra are classified by features of the spectrum curves. The classes
of spectra are labeled from 00 to 99 where the first digit shows the basic class and
the second shows the sub-classes. Here we only consider classification of the basic

classes ranging from 0 to 9 and apply BD generation function ¢(u) = u — plog p.
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Table 2.6: (Low Resolution Spectrometer data) Testing error and number of selected
variables and groups

Methods TE Var.Selected  Group Selected
Lasso 1.5535 (0.0593) 12.75 (2.3757)  2.42 (0.4960)
SCAD 1.5709 (0.0820) 48.44 (9.7425)  2.75 (0.4352)
gBD 1.5397 (0.0431) 10.41 (2.1932)  2.21 (0.4333)

Results in Table 2.6 show that the penalized Group-BD gives the best result with

fewest variables and groups selected.

2.6.4 Agricultural Structure Classification

In this section we apply the penalized Group-BD method on the agricultural structure
data of Australia. The purpose is to indicate the agricultural structural change in
Australia between 1986-1996 by factors such as demographic, farm financial and
household statistics. The agricultural structure to be classified includes 13 categories
labeled from 0 to 12.

From the density curve of agricultural structure in Figure 2.4, it can be considered
as over-dispersed Poisson variable. Hence we apply the BD generation function
q(p) = p— plog p. The original data set contains 1330 observations from statistical
local areas. After deleting missing values, there remains 1220 areas and 58 attributes.
Groups are naturally formed. Variables in the same group are the same measurement
or indicator in different years or at different levels. Group sizes vary from 2 to 5. The
data set is randomly divided into two parts: test set including 1/3 of all observations

and the rest that is used to fit the model. Results based on average of 100 replicates
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are shown in Table 2.7

Table 2.7: (Agricultural structure data) Testing error and number of selected variables
and groups

Methods TE Var.Selected  Group Selected

Lasso 0.6152 20.16 12.41
SCAD 0.6148 9.39 6.94
gBD 0.6085 14.58 7.54

Results show that the penalized Group-BD gives smallest test error. Lasso detects
more connections and groups than others but may yield to false discoveries while
SCAD yields the most sparse model. The penalized Group-BD should provide a good
balance in detecting sparsity. There are 4 groups containing 10 coefficients selected

more than 80 times among the 100 replications by all three methods. They are:
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farm establishment area indicating the total area of farm establishments, estimated
value of median farm in 1986 and 1996, number of farm establishments exceeding an
estimated value of agricultural operations of $30,000 and $5,000 in 1986 and 1996,
and farm family income. The estimated coefficients are shown in Fig 2.5. We can
observe similar patterns among them. Consider other groups in the entire set of
results, the penalized Group-BD selects variables in a more stable way. Lasso and
SCAD select more different variables in the 100 replicates, usually single ones from

various groups.

2.7 Discussion

We have generalized the hierarchical variable selection to a much wider range of data
types. Here we no longer need to specify the distribution of the response variable
and asymptotic results proved can be applicable to all loss functions that fit into the
Bregman Divergence family including many commonly used ones. Numerical results
show the advantage of the Hierarchical Lasso under the BD loss for different types of
data.

Here we considered known group structures. In the literature, there are already
some studies about simultaneously grouping (Bondell and Reich, 2008; Witten et al.,
2014). They assume variables in the same group either share similar effect on or
association with the response. If it is the case, then an initial grouping information is
not need. However, in reality sometimes the group structure comes in a more natural

way. When the group structure is based on non-statistical similarities, we need prior
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Figure 2.5: (Agricultural structure data) Estimated coefficients of the 10 coefficients
in Group 2, 4, 7 and 12 by Lasso, SCAD and penalized Group-BD.

information about it to consider group variable selection.

Also we consider group structures without overlapping. However in practice there
might be groups sharing the same variables. For example, in gene study some genes
may belong to more than one pathways. A natural generalization for overlapping
problems is to consider variables in the penalty term for every group they belong to.
When the number of shared variables is not diverging with the sample size n, the

asymptotic properties still hold for overlapping group structures.
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Another possible improvement is the selection of the Bregman Divergence loss.
Here we choose the loss based on the data type. For example for the binary response
case, both the deviance loss and exponential loss give similar results as illustrated
in the Section 2.5. A data driven selection of the BD function Q(v, 1) may be more

preferable and less artificial.
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Chapter 3

Future Work

3.1 Application to Spike Train Data

The penalized Group-BD method can be applied to structured data in neuronscience.
In the study of neuroscience, discovering the interaction network among neurons
is an important topic of interest. As electrically excitable cells, neurons send out
information as signals under external or internal stimulus. Here we focus on the
internal stimulus from other neurons in a certain area of the brain and the interaction
among them.

During the experiment process, when a neuron sends out a signal, known as firing
a spike, it might inhibit or excite other neurons, which will affect other neurons’
firing rates in a certain period of time. A network can be built based on this kind of
interaction. While a number of neurons from a certain region of the brain under study

might be involved in a designed activity, not every pair of them has non-negligible
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effect on each other. Thus sparse modeling is desired to discover significant relations
among neurons and eliminate insignificant connections.

For the information to be transmitted, the effect caused by spikes of other neurons
might have time lag. The spike rate at a certain time point might be effected by the
activity of other neurons in the past. Also, the activity of itself may also effect the
firing rate in the future. Thus, we consider both coupling effects from other neurons
back up to a certain period of time and autoregressive effect of the target neuron
itself.

In the literature, conventional methods such the cross-correlation (Perkel et al.,
1967) and joint peri-stimulus time histogram (Gerstein and Perkel, 1969) study a pair
or three neurons only at a time, which ignores potential relation with other neurons,
and is inefficient when the number of neurons is high. Zhao et al. (2012) introduced
the logistic regression with L; penalty to discover functional connectivity structure
among neurons by reforming the spike train data into discrete binned counts. With
Ly penalty, sparse network can be modeled. However the effects from a neuron itself
and other neurons may come with group structure. To further consider the structural
information, the Sparse Group Lasso (SGL) penalty (Simon et al., 2013) is used as
the penalty by Zhang et al. (2015), together with the Bregman Divergence (BD) as
the loss function part to generalize the logistic regression to a regularization method
that can be applied to a much wider range of Poisson process models. That inspires
us that the penalized Group-BD can also be applied to the spike train data.

Assume there are C' neurons under study. For neuron ¢, the entire process is

divided into small time bins. Within each bin, the number of spikes is counted. Let o
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denote the size of each bin and assume we have 7. time bins in total for neuron c.
Let 7 denote the kth bin, and N denote the number of spikes of neuron ¢ within
time bin 7, then the conditional intensity (mean number of spikes in that bin) of the

kth bin A (7¢|-) = E(N? |-) is modeled as

P Q
F()‘C(TR|N7}(;2,1)) = Peo + Z WC;pN:k,p + Z Z ’VC;inik,q

p=1 i#c q=1
where F(+) is a link function, F'~'(8,0) is the baseline firing rate within a bin, 7, is
the autoregressive coefficient at time lag p, and 7., is the coupling effect coefficient
of neuron ¢ at time lag q. Thus the model considers both autoregressive effect of
neuron c itself up to P time bins into the past and effects from other neurons up to

() bins back.

From the model above we can see that coefficients of the same neuron can form a

group. Let

0. = (Beo; {UC;p}p:L...,P; {'VC;iq}i¢C;q:17---,Q>

be the parameter vector. Thus the corresponding penalty of the Hierarchical Lasso

(HL) is

P.(6.) = {

P Q
chm| +Z thn'q‘}
p=1

i#c q=1

where k is the tuning parameter.
Considering model for count data, we apply quasi-likelihood function Q(y, u) =
y{log(y) — log(p)} — (y — p) which belongs to the Bregman Divergence loss function

family with generating function ¢(u) = p — plog(p). Combining with HL penalty,



42

now the regularization problem becomes:

Tec

Tc<00) = Z[ka{log(]\ffk) - log(Ac(Tk|)} - (ka - )\C<Tk5|)>] + PR(OC)

k=1

3.2 Piecewise-Exponential Likelihood and Lasso
Penalty

Regarding the spike train data introduced in the section above, the penalized Group-
BD method discretizes the waiting time between spikes. We can also model the
waiting time directly as a continuous approach. For each neuron, there might be
excitation or inhibition effects from other neurons before the next spike is fired, which
will change the firing rate of the target neuron. So instead of the classic exponential
distribution, a piecewise exponential distribution introduced in Rajaram et al. (2005)
can be incorporated. The rate of the exponential type distribution is piecewise
constant.

We can consider the spike train as a Poisson process characterized by rate A.(¢)
changing with time. Here if we consider generalized linear model for the effects on

Ac(t) of other neurons’ firing behavior, with canonical link function, we have

)\c(t; IBC; mc) = eXP(Bc,o + Z Bc,jxc,j(t))'
J#c

where B. = (Be0, Bty -+ Beets Beesty - -+, Bec)? is the parameter vector, and T ;(t)
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is related to the empirical rate of neuron j in the following way:

o (t) = log(1 + Aej(t)).

~

Xc7j(t) is the empirical rate of neuron j at time ¢ and is defined as A ;(¢) = n.;(t)/,
where n, ;(t) is the number of spikes for neuron j during time interval [t—¢,t). ¢ works
as a bandwidth. Since the empirical rate is piecewise constant, the corresponding
rate for the target neuron c is also piecewise constant. Thus the waiting time between
two spikes follows a piecewise exponential distribution. For the following notation
we omit the subscript ¢ for simplicity, while they are still set under the study of one
specific target neuron c.

Assume neuron ¢ has N spikes happening at time {t1,...,ty}. Consider the
waiting time between the ¢ — 1th and ¢th spike denoted as 7;. Let 5,1, . ,’tvl,kl denote
the time point when the vector z; changes and 7, = 571 —ti—1, Tig+1 = b — ﬁkl,
T = EZ — ’tvl,i_l, i =2,...,k. According to Rajaram et al. (2005), the conditional

density follows
kl+1

flti-1) = )\l,kl+1(H exp(—Ayi7))

i=1
where A;; = exp(Bo + >_,.. Bj7; (t14)) as defined above.

Here the time trace-back is implicated when generating the empirical rates and
the bandwidth ¢ indicates the length of time back. The coupling effect over time is
averaged and presented by a single coefficient 3; while the autoregressive effect is
simplified and merged into the baseline firing rate [,.

However not all neurons have significant coupling effect on the target neuron,
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which can still be represented by the general form above if some 3;’s can be zero.
Conventional Bayesian approaches in parameter estimation and structure learning
using the piecewise exponential model such as Laplace Approximation and variational
approach (Rajaram et al., 2005) put strong assumptions of sparsity over the network
structure, otherwise it will be infeasible to optimize over all possible networks.
To achieve sparse modeling in a more efficient and flexible way, we may consider
regularization. Combining the log-likelihood based on the piecewise exponential

density and Lasso penalty, we have the estimator:
BrEL = argminT(B;,7)

N ki+1

= arg mﬂin Z[log()\l,klﬂ) - Z ALiTiil + &[|Bl
=1

=1

where x is the tuning parameter.
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Appendix A

Proofs in Chapter 2

For simplicity in notation, we write ¢;(y,6) = (87/967)Q(y, F~1(0)), and

a(y,0) = (y—wq"(w)/F' (),
@y,0) = —q"()/F'(1)* + (y — p)A(p),

where A(u) = {¢® (1) F' (1) — ¢" () F" (1)} F' (12)*.
We first show Lemma A.1, which will be used in Theorem 2.1.

-~

Lemma A.1. Suppose (d,@) is a local minimizer of

T(d,a)Z%Z Q(Yi, m(X de‘i‘ﬁzmkﬂ

and B be the Group-BD estimate related to (ci, ), i.e. Ekj = dAk&kj. ]fo?k =0, then
Gy = 0; if di # 0, then [|Bells # 0 and di = (5||Be]l1)/2, &k = Br/ (511 Bill1) />
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Proof. 1f c/l\k = 0, then a; = 0 is quite obvious. Similarly, if a; = 0, then c?k = 0.
Therefore, if d; # 0, then @y # 0 and ||B\k|\1 # 0.

We prove dp = (k|Bil[1)/2, & = Bi/ (k| Bx|l1)"/? for dj, # 0 by contradiction.
Suppose 3k such that dp # 0 and dyy = (kB ||1)/2 Let (k||Bw|1)"2/dw = c, then
oy = ch/(HHB\k]hﬂﬂ. Suppose ¢ > 1. Let dj, = dj, and &, = &y, for k # k' and
glvk/ = 5'07;9/ and ay = ay/d’, where § satisfies ¢ > ¢’ > 1 and is very close to 1 such
that ||dy — 6'dy |1 + |G — Q|1 < 6 for some § > 0.

Then we have

~ -~

~ ~ - 1 —_ - —_
T(d.&) - T(d.&) = &ldy|+ grlapl — |del - slar],
N | —~
= (Gt 5oVl

_ _;y_n@wy—nvM@MM

< 0.

Therefore, for any & > 0, we can find d, & such that ||d — 6'd||; + ||& — @l|; < & and
T(d,&) < T(ci, a). These contradict with (c?, a) being a local minimizer.
Similarly for the case when ¢ < 1. Hence, we have the result that if dAk # 0, then

i = (5] Bell)) 2, @ = Bu/(k]|Bel1)2. O
Proof of Theorem 2.1.

Proof. Suppose (ci, @) is a local minimizer of T'(d, ), we first show that ,@, where
Bkj = dAk@kj, is a local minimizer of T'(3) as defined in (2.2), i.e. there exists a ¢’

such that if [|[AB||; < &' then T(B8 + AB) > T(B).
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We denote AB = ABD + AB® | where ABL = 0 if ||By|; = 0 and AB® =0 if
1Bkl # 0. We have [AB[l; = [ABDV]y + |AB];.

Now we show T(8 + ABWV) > T(B) if § is small enough. By Lemma A.1, we
have dy = (k]|Bsl[1)"? @k = Bi/(sl|Bxl1)? if [|dills # 0 and @, = 0 if ||dills = 0.
Furthermore, let dj, = (|8 + ABL1)V2, & = (Br + AB) /(| Bills + ABL) V2
if ||dplls # 0. Let d], = 0, &/ = 0if ||dy||, = 0. Then we have T(d/, ') = T(8+ ABW)
and T(c/l\, a) = T(B) Hence we only need to show that T(c/l\’, al) > T(c/l\, a). Note
that (c/l\, @) is a local minimizer of T'(d, ). Therefore there exists a ¢ such that for
any d’, o satisfying ||d' — d||; + ||’ — &y < 8, we have T(d', /) > T(d, &).

Now since

B-dd = |lBe+ 5801 — Bl

~ : A
< |V/mlBill = s ABL I — /1Bl
O S Ve
< s
VEIB — w1 A8,
_ 15128k
~ 2+vka — K&
1

o Lellag

2 \/ka/2

where a = min{||Bx|l1 : [|Bk|: # 0} and & < a/2.

Furthermore

By + A,@;(Cl) Br

- VElBe+A801 y/wlBl,

ey, — @l

1
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H B+ A8 B H
VellBe+ 8801 xlBe+ 280"
+H Br B
VelBe+ 8801 \JallBel
1AB" [
N Ka/2
1Bl |y 518 + ABO I — /1Bl

B+ 2801 /w8l

Y/ O <1H||AB£”||1>

T VKa/2  \Jka/2\/ka\2 \/ka/2
1 b

< 18800 (=5 + )

where b= max{|| B/ : | 8]l # 0}.

Therefore, there exists a small enough &, if |AB®M||; < & we have |d' —d|+| &' —
all; < 6. Hence T(d', &) > T(d, &) (due to local minimality) and T(8 + ABD) >
().

Next we show T(§+ ABY + AB?) > T(B\+ ABM). Note that

K

T(B+A8Y+A8%) ~T(B+A8Y) = ABPTVY Qi X[B7)+) /sl A8,
i=1 k=1
where B\* is between ,@ + ABY + ABP and ,@—I— ABW. Since |ABP)||; < ¢ is small
enough, the second term dominates the first term, hence we have T(,g + ABD 4+
ABD) > T(B+ABM).
Overall, we have that there exists a small enough &, if |AB|, < &, then T(8 +

AB) > T(B\), which implies that B\ is a local minimizer of T'(3).
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Similarly, we can prove that if [3\ is a local minimizer of T(3), and if we let
di = (k]1Bill)"?, @k = Bkl Billn)"/? for [|Bellr # 0 and let dj, = 0, @& = 0 for

||,§k||1 = 0, then (c/i\, @) is a local minimizer of T'(d, ). O
To prove Theorem 2.2, we first prove Lemma A.2.

Lemma A.2. Under the condition of Theorem 2.2, with probability at least 1—]01_*‘2

)

the following inequalities hold:

“|X(B — 8113 + 118 - Bl
< Z ¢(Y;, XzTB**)(XzT<IB - 50)>2 + 29(1 + Cmax/ Cmin) Z HB\k — Bell1-

i=1 keG(B)

Proof. Since [/3\ is a minimizer of (2.2) we have that for any 3

n

>R, FTHXTB) — Qyi, FH(XTBY) + Pu(B)

< DR, FHX[B) — QY FH(X]B%)] + Pu(B).

=1

By Taylor expansion we have

2IXB-XBNE < Y XIB)(X] (B )
i=1

IN

S (¥ XPB) (X (B - B)?

=1

1< 3
mt ZZI 0 (Y, X8 X! (B - B)
+P5(ﬁ) - PR(B\)
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where 3* is between 3° and B and B** is between B° and 3.

Since

1 ~ 1w
w2 XIB)XI(B - B) < =l > 0L XT8"X,

MR

and

P(%H;quw%& >9) < peP(W]>

IN
Q
=

It follows that on the set {1 || 3" | ¢1(Y;, X[ 8") X« < 7}, with probability at least

42
1 —p'=4", we have

ZIXB XA < Y (v XA (XT (B~ 4)

=1
= > v X8 X,
> (i, XI8)(XT(B-8")+418 - 8l

i=1

+Pn</8) - PK(B\)

B8l

IN

Adding 7|8 — 8]|1 to both side then we have

“IXB - 81 + 718 - Bl
< > (Vi XTBNXT(B - 8) +29]8 - Bl + Pu(B) — Pu(B)

=1
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< Z o(Ve, XT8N (XT(B- 8 +27 > 118k — Bl

keG(B)
Y (ww‘k i = /1Bl

keG(B
+27 Z 1Bl =& 3= v/ 1Bell
kEG(B) k¢G(B)
Since
Vv v Bill — I8 B.— 1
18el — ||5 _ 18l — |l kHl < | k“ﬂ |TH1
18ell: + /118 VAR
< 18 = Bellx
N Cmin
and
2y 3 1Bl —x Z VIIBilh <o,
kEG(B) k¢G(B
we have

LXB-BNE+ANB- Bl < D i XTB)NXI (B~ 8

=1
+2y Z 18k — Brllx
keG (B)
Brll1
kEG
S wm X?ﬁ**xxm gy
=1
+27(1 + Cmax/Cmin) Z 1Bx — Brll1-
keG(B)
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Proof of Theorem 2.2.

Proof. Let s = |G(B%)], and B = 8° in Lemma A.2,then

SIXB-BOME < 291+ /) D 1B — Bl

keG(B)

< 2’}/\/5 Z pk<1+cmax/cmin)2|’18k_/BlgH%'

keG(B?)

Under the Group RE assumption

2|X(8 — B)l2

Z pk(]- + Cmax/Cmin)2||Bk - B}?H% < C\/ﬁ

keG(B9)

(8- Bl
Voo

~ X
“IX(B - B3 < 215

Then we have

4y/sy

1 N
%HX(ﬁ - 82 < e
1 ~ 16572
EHX(ﬁ -85 < ERh

Also we have

ST 1B =B < D (14 2mae/Coin) 1B — BRI,

kgG(BY) keG(BY)

||B_/80||1 S 2(1+Cmax/cmin) Z ||Bk_132||1

keG(B°)
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2\/5 Z pk(l + Cmax/cmin)zuﬁk - /Bl(c]H%
keG(B°)
2|X(8 — 8|
W T

IN

1657

§201'

Let G = G(8Y),
1B = 8%l < 1B=8%lh < D (1+2emax/cmin) B — Bl
keG(B°)
S 2\/§ Zpk(1+cmax/cmin)2||3k _BIQH%
kec
1V/S|X(B = )l < 165y
N ¢v/n ~ Ca

By the Group RE assumption and the fact that py > 1, we have

keG
2 X(8 - 8|2 < 8V
- v T Ca

1B - Bl < \/Zpku o/ o) 21 — B3

Then we have

1687y + 84/sycy
&

1B-8 < B-8%l+ 8 -8%l.: <
= (2\/§+1)8\/§7

CQCI '
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Proof of Theorem 2.3.

Proof. We will show that for any given € > 0, there exists a constant C' such that

P(” Hﬁch (B2 + anuy,) > T,(8%) > 1 —¢,

where a, = (p,/n)'/2. This implies that with probability at least 1 — ¢, there exists
a local minimum in the ball {3° + a,u,, : ||u,| < C}. Hence, there exists a local
minimizer such that ||3, — 8°| = Op(ar).

Let a,, = (p,/n)"2,

T.(B° + apu,) — T, (B%)
= %Z[Qn(ym, FUXT(B + anun))) — Qu(Ves, F-HXTBY)]
=1

K

+ Z(P’in’wn (ﬂgk + an’u’k) - Pfﬁnywn( ?Lk))
k=1

(1) + (1D). (A1)

[1>

Let g; = (07/067)Qy(y,0), then by Taylor expansion,

n
an

(D = Q1<Ym;XTﬁO XTun+_ZQQ Ym;XT 0 (XTun>2
n

= 1
+ ZQS YmaXT (XTun)

I, + I2 + I3 (A.2)

(1>

where 3 is between 3° + a,,u and 3°.
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According to the proof in Zhang et al. (2010), when constant C' and n are large

enough, I> dominates [; and I3 uniformly on ||u,| = C.

Now consider the penalty part. Let s be the number of non-zero parameters

in the kth group of the true parameters and the first s, parameters in group k

are non-zero. Since a, = (p,/n)¥? — 0 as n — oo, for ||u,lls < C, we have

189 ki F sl > 105 ;| = lantn ;] > 0 for n large enough and g ;; # 0. Then for

the kth group,

Py om (/3219 + i) — Py, ( gk)

Jj=1

Pk
= /‘in<\ Zwkj‘ﬁigj + | —

\._

Pk
S w5y )
7j=1

v

Sk
Fin <\ D wiil B + g —
j=1

Sk
> wilBY)
j=1

v

Sk Sk Sk
(| D wsl B = an > gl = | D w621
\ 7j=1 j=1 Jj=1

where Yo = o (Wn g |[Wn gt | 4+ + Wo ks [ Wiy )/ (Wn g |B) s | 4 -+ + Wies | B g, |)-

For n large enough, we have 0 < v, < 1 and

Ynk S Oén”unkH (wn,kl + - wn,ksk)/cl (wn,k’l +-+ wn,ksk)

= apllunl/cr < a,Cler = op(1).
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Therefore by Taylor expansion,

Pfﬂn,wn (ng + anunk) - Pfin,wn( 2k)

i 1+0,(1)
> K Zwkjyﬁg,kjmTp(_%lk))
j=1
. _ﬁnan(Z;il Wi |Un k) (1 + ‘2)17(1))
\/ij:1 Wn, kj |Bg,kj|
]|\ w0k
> —apk NG (1+0,(1))
Therefore
K (I
||’U,nk;|| Wmax Sk
) > —oznffn< >1+0 1
(1) ; NG (1+0,(1))
> ot ol (funll 252 ) (14 0,1
> —apkn\w Hu|l2\/c—1(+0p())
> —ap[lu.[|Op(1)

which is also dominated by I .

Thus T,,(8° + a,u,) — T,,(B2) > 0 in probability, which complete the proof. [
Proof of Theorem 2.4.

Proof. As in the proof of Theorem 2.3, it’s suffices to show that for any given € > 0

there exists a constant C' large enough such that

P(” irﬁf_c T.(8° + ayu,) > T,(8°) > 1 —e. (A.3)
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Similarly we have T, (8% + a,u,) — T,,(82) = (I) + (1) and (I) = I; + I, + I3, where
(I), (I), I, I and I3 are defined as in ( A.1) and ( A.2).

Similar to the proof in Zhang et al. (2010) we have

L] < Op(any/su/n)ul || + Op(ann™ ) Jui L,

a;, ¢"(m(Xn1)) 1) »OT
o>~ p[ L X O x w1+ op(1
2 = 9 u, F’(m(an))Q nl“¥n1 |Up ( +OP( ))

+0p(esa/vVi)[ul|I? + Op(aq/vn)lui” |}

+0p(a2/50)||ul][]| w1,

and

Tl = Oplads¥®)|ull [+ Op(ads,) |ul 2ul];

+O0p(ay s, ) lud [[ugV (T + Op(ag) [ul|13:
For the penalty part, in the kth group

P (,ng + k) — P, ( 214)

Sk Pk
= Ky | D Wk B0+ ot D Wt i)
j=1 j=sk+1

Pk
iy | D wnkilBY 5
j=1

Pk Sk

Sk
Ry | 2 W8]+ 0 D> Wkt k] — Y W gt s
=1

J=skt+1 Jj=1

v
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Pk
—Kn an,kj|ﬂg7kj‘
j=1

Pk Sk

Sk

11 I

2 Kn, anwl(nil)l Z ’un,kj| — Rp aan(Il)aX Z |un,kj| — Rn Z wn,k’]|62,kj’
Jj=sk+1 Jj=1 J=1

Since

N T Ve

IN

Sk
(@) .
Fony | QnWmax Y |Un ksl
=1

O 8}/4 1/4 ¢y
P<W3k> [wzll,

IN

IA
O
v

-
$

Sk
Oén/llhglzxx Z |un,kj‘
j=1

IN
S

IN
5
A~~~ ~
5
~—_— ~—
N

Also

Pk
3 by w3 gl > o anl

k=1 Jj=sk+1

and

Sk K
D iy 2wl < w3 V1B
j=1 k=1
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Therefore

(1) 2 el — 0 () 1as? |~ op0)

Since ||un Il < \/pn—sn||u || = Op(a;!) by s,(pp — s,) = O(n) and «, =

(5,/m)"%, we have

Op(aZ/Va)llul" I} = Op(yan/v/m)lul P2/ |lui |1,

OP<05351/2)H’U, HHU Hl — Opa/2 1/2)HuI)HHuII H3/2 HUH)Hh

(
(

Op(ad)[ulM]F = Op(van)llui [P/ uils,
(
(

Op(@2/5) [u®[[u®], = Op(a2y/mnu® ]y I/ [,
Op(@s)[u@P [, = Op(a32s,)llu®2y/ui 1/ ul®|

With ||u,| = C and some fixed positive value Cy < C, now consider two cases: (1)
Iy < Co and (2) fjun”l|s > Co.

In Case (1), we have |[ul)|| > (C* — C2)}/2. Then for any ¢ > 0, there exists
some C large enough with ||u,|| = C such that with probability 1 — /2 and n large

enough,



dominates the following terms:

Op(an V Sn/n)Hug)Ha

Op(agsu/Vn)llul|?,
Op(apsy?)llug 1,

Op(sn/n)\/ [ut

and by r,(w))/2 = O(1), with probability 1 — £/2 for large n, the term

min

i o

dominates the following:

Op(ann™ ) ug|,
Op(apy/sn)lu [ uy 1,
Op(a®n™ ) ugV|},
Op(agpsn) |l

Op(apy/sn)[u [ uy |13,

Op(ap) a3,

op(ay).
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Thus P(infyy, j=c Tn(BY + anu,) > T,(8Y2)) > 1 — e when n is large enough.
In Case (2), —a2ullT El¢" (m(X,u) XU XN /F'(m(X,1))?ul dominates
Op(azsn/n'?)[lul|* and  Op(agsy/?)uy |,

while #, (! {|ui™]|1)2 dominates

Op(an(su/m) )ulll,  Op(sa/n)(|lu])"?

and other terms as in Case (1).
Combining the conclusions above, we have shown that for any given € > 0 there
is a constant C' large enough such that (A.3) holds for large n. Thus we have proved

Theorem 2.4. O]
Proof of Theorem 2.5.

Proof. I) It’s sufficient to show that for any 3, satisfying

18, — BLl = Op((s,/n)"?)

and j =s,+1,...,pp for any k= 1,..., K, with probability tending to 1, we

have that:

9T,(Bn)

aﬂn kg
9T,(Bn)

aﬁn,kj

<0, for B, <0,

> 0, for ﬁn,kj > 0.
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In other words, we need to show that with probability tending to 1,

mmam{@ﬁ@ﬁwwwwﬁn=0A¢%imM<0}<u

jeps U OBk

and

win jof {50 g, g0l = 00 2) sy > 0} 20 (4

Jj€D2 8ﬁn kj

For the first part,

IT,(Bn)
v - Ynza Xm n,t(kj
3ﬁn,kj E q1 5 ) i(kj)

+ E G2 (Yoir X B )X 3 (Bn — Bo)} Xoihi)

"fnwn,kjSIgn<6n,k])

\/Zﬁl wn,kl|5n,kl|

where 3 lies between 8% and (3,,.

Then

{ oT,.(Bn)
8ﬁn,kj

1
mjax EQ1 (Ynia X;ZBO)XTL i(kj)

: HIBn ﬁOH - OP( ) 5n ki < 0}

max sup
J

IN

+max —qu (Vi X0iBr ) { X (Bn Bg)}Xn,i(kj)}
T 18— |= op(\/sn/n

i /{nwn,kj Slgn(ﬁn,k])

\/Zﬁl W, ki \@mz’

I +1, —Is.

lI>
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We have |I;| = Op(n'/?), |Is] = Op((snpn/n)"?).

Since |8, — B%]| = Op((s,/n)*?) and ||B82|; is bounded, ||B,]| is also bounded.

Let wil = max{wy, xj, k =1,..., K and j = s, ...,px}, then we have

K w(H) (11)

I; > " min = K\ Wy, Op(1).

\/ wlglla)x V H/B?zHl

(H))1/2)—1

Since (K (w0 = op(1), I3 dominates I; and Io.

Thus

m?X Sup{aTn(/gn)/aﬂmk]’ : ||ﬁn - /62” = OP((sn/n)1/2)>ﬁn,kj < 0} <0

with probability tending to 1.

The second part in (A.4) can be proved similarly.

From I), we know that with probability tending to 1,

pgl  lew=an =0
Since for any group k and j =1,..., s,

apﬁn/wn( 7€LI)7 O) —
T

KWk SI80 (B j) Op(s¥2/ /)
\/Zfil wn,kl|§n,kl’




it follows that for n large enough,

0 = lqu<Ym,X$T62<”>X£?
+= Zqz Yo, X3 BAOXT (BY — BY) 1 X

+— qu (Yo, X3 BEOXDT(BY — gA0)12X )

(3/2/\/_)
K, + Ky + K,

II>

where ﬁZ(I) is between ,32(1) and BSP. We can see that

Ky — Hn(B(I) — B2

1 ~
— {3 w0 XA XX — 1 D - o)
— _{l ; 4 Xni)) @ g
ni: F’(m(Xm>>2 ni “*ni

" X, N
[;’((TZL((XMI)))? Xéll)XéIl)T] } (/Br(LI) - 52(1))

n

+= Z{Ym — m(X) JA(m( X)) X XD (BY — Bo)
= (Sn/\/_)OP( V 5n/”> = OP(Siﬂ/n)a

1 n
1l = || as(Var, X80 X[ On (52 /m) = Op(53/2/m),
=1

~ 1 —
Hy(BY = BYY) = == 3" (Y, X BI0) X1 + Op(s7/2 /).
1=1
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Thus

~ 1 n
—1/2 O _ gomy _ —-1/2 ) (DT [0(1) D
\/ﬁAnQn Hn(,Bn B, ) = \/ﬁAnQn g @1 (Yo, X, B, )Xm- +op(1).

=1

Let Z,;, = —AnQﬁl/qu(Ym-, XﬁTﬁQU))X,S?/nl/?. Now we only need to check
that Z,,; satisfies the Linderberg-Feller conditions of central limit theorem for

normality.
: (DT 0(D)\y _ . : n
Since var(q1 (Yo, X, Bn’)) = {1y, it’s obvious that > " cov(Z,;) — G.

For any 0 > 0, we have

E(||Zu|**)
= 0 OB AL X g (Y, X0 B

1 X ))
< ,(2+5)/2E An 246 Q,1/2)((1) q (m( nl Y, — X, 2448
< n UAE IR X | o ey (ot = il Km) |27
< an EO2E{( Q) | XN D2 Yo — m( X))
S C2S£LQ+6)/2n—(2+6)/2E|Yn1 . m(Xn1)|2+6
< 20820 2GR BIY 20 4 Blm( X o) [P

= Ol(su/m)*")

for some constants ¢; and ¢,. Therefore

(2490)/1

> B2l = (% 57).

Let 6 = 1, then 327, B(|| Zil|2+%) = o(1).
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Proof of Theorem 2.7.

Proof. According to the construction of W, in (2.6), it is sufficient to show that
V(A B QAT TP ABY - BiY) S N (0, 1),
From the proof of Theorem 2.5 Part II), we can get
H, (B — B0 = —% i 01 (Yo, X3 BO) X1 + Op (552 /).
i=1
Since eigenvalues of H,, is bounded uniformly away from 0 and s> /n — 0 as n — oo,

(BY — g0) = qu Vi XOT B0 XD 4 0 (1/y/m).

Let U, = A, H,'Q,H 1AL ﬁn = Anflglﬁnffn_lflg. Eigenvalues of H, 'Q, H !
uniformly bounded away from 0, so are those of U,.

Then we can see that

1
VU A, B — BYY) = SUVPALE qu Yoi, X3 B XY + 0p(1)

n
=1

Z Zy; +op(1).
i=1

[l

Now check the Linderberg-Feller conditions for {Z,;}. It’s obvious that

i cov(Zy;) = 1.
i=1
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E(||Zn1|*°) = O((s,,/n)?*%)/2) according to similar arguments used in the proof of

Theorem 2.5. It yields that >.1" | E(|| Z,]|**°) = O(s$7972 Ind/2) = o(1). Hence
VU A B — BY) % N(0.1,). (A5)

Since || A, |12 — tr(G) and |V, = V,|| = op(1) by Corollary 1, we have ||U, — U, | =
1 4,(V,, = V)AT|| < Vi = Valll|An||2 = 0p(1). By the assumption, the eigenvalues
of ﬁn are uniformly bounded away from 0 and oo with probability tending to 1.

Consequently,
1T, 0 =1l = op(1). (A.6)

Combining (A.5), (A.6) and Slutsky’s theorem, we get the conclusion that
ViU, Y2 A, (B0 — go0) 4 N(0, ).

Thus under the null hypothesis in (2.6), we have the result in (2.7).



68

Appendix B

Major Implementation of the

Algorithms in Chapter 2

The penalized Group-BD is implemented in Matlab.

function [hat_beta, iter, converge] = glmcd_glasso(x, y, lambda,

weights_pen, options, init_beta,type,group,pii)

b
b
h
b
b
h
b
h

<Input>

x: matrix of variables

y: responses

lambda: tuning parameter

weights_pen: weights for variables

options: control values

init_beta: start value of coefficient vector

type: data type



% group: group number, sizes and indexes

b

% <Output>

% hat_beta: estimated coefficient vector

% iter: number of iterations taken

/» converge: whether the iterations converge

b

% Functions used:

% BD: quadratic approximation of BD loss according to the data type
% soft_thres: soft threshold function

Yoo oo oo oo To oo ToToToToTo oo o oo fo o o o o o o o o o Jo To o ToTo T

[n, p] = size(x);

if strcmpi(type,’poi’)
Qtype=’quasi-likelihood’;

elseif strcmpi(type,’poi_zero’)
Qtype=’poi_zero’;

elseif strcmpi(type,’norm’)
Qtype=’Normal’;

elseif strcmpi(type,’bin’)&&options.qtype==
Qtype=’Deviance’;

elseif strcmpi(type,’bin’) && options.qtype==2

Qtype=’Exponential’;
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else
warning (message (’Wrong type.’));

end

if options.standardize

mean_x = mean(x); % row vector

x_c = bsxfun(@minus, x, mean_x); % centers x

norm_x = sqrt(sum(x_c."2)/n); % row vector

x_stand = bsxfun(@rdivide, x_c, norm_x); % scales x
else

x_stand = x;

mean_x = zeros(l, p); % row vector

norm_x = ones(1l,p).*(sum(x_stand."2)>0); % row vector

end

wlambda = lambda*weights_pen;
cut=4xywylambda;

sign=(wlambda < Inf & norm_x’ "= 0);
x_stand=x_stand(:, sign);

[n, p_sig] = size(x_stand);

group_sig=group.ind(sign);

%hhA%% initial values for iteration



beta0 = init_beta(l) + mean_x*init_beta(2:end);

beta = init_beta(2:end) .*norm_x’;
beta = beta(sign);
A

dd=ones (group.num,1);

d_spread= zeros(length(group_sig),1);

loc_ind=0;

for j=1l:group.num
d_spread(loc_ind+1:loc_ind+sum(group_sig==j))...
=dd (j)*ones (sum(group_sig==j),1);
loc_ind=loc_ind+sum(group_sig==j) ;

end

converge=false;

run=0;

alpha=beta./d_spread;

Betal0 = beta;
while (“converge && run <= options.maxit && max(abs(beta))<=1e3)
%hih Iteration of w and Z

run = run + 1;

if strcmp(Qtype,’poi_zero’)

[q1,92]=BD(Qtype,x_stand,y, [betal;betal ,pii);

71



else

[q1,92]=BD(Qtype,x_stand,y, [betal;betal);
end
w=q2;
theta=betalO+x_stand*beta;
Z=theta-ql./max(q2,options.zero_eps);
weight_loss = w/n;
a00=0;
change=true;
runl=0;
AlphaO=alpha;
wmean_x0= weight_loss’*x_stand/sum(weight_loss);
wcenter_x=x_stand;
active_set = 1l:p_sig;

x_d=bsxfun(Q@times,wcenter_x,d_spread’);

wnorm_x = sum(bsxfun(@times, x_d. 2, weight_loss))...

+options.zero_eps;

r_hat=Z-a00-x_d*AlphaO;

while (change && runl <= options.maxit)
runl = runl + 1;
change = false;

non_zero_set = zeros(1l,length(active_set));
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i=0;

for

j = active_set
a_jo = alpha(j);
alphadiff = (weight_loss.*r_hat)’*x_d(:,]j);
a_j = soft_thres(alphadiff + a_jO*wnorm_x(j),
wlambda(j))/wnorm_x(j);
a_j_tem=soft_thres(alphadiff + a_jO*wnorm_x(j),...
0) /wnorm_x(j);
if abs(a_j_tem)> cut(j)
if abs(a_j)>cut(j)
a_j=a_j_tem;
else
val_1=0.5*%sum(weight_loss.*(r_hat+. ..
x_d(:,j)*a_j_tem)."2)/n...
+wlambda(j)*cut(j);
val_2=0.5*%sum(weight_loss.*(r_hat+...
x_d(:,j)*a_j)."2)/n...
+wlambda(j)*a_j;
if val_1<val_2
a_j=a_j_tem;
end
end

end
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if abs(a_j) > options.zero_eps
i=i+1;
non_zero_set(1,i) = j;
Jnon_zero_set = [non_zero_set, jl;

else

end

diff = a_jO-a_j;

if abs(diff) > options.thresh
change=true;

end

alpha(j) = a_j;
r_hat = r_hat + x_d(:,j)*diff;

end

if i>0
active_set=non_zero_set(1,1:1);
else

active_set=[];
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end
end

a00=a00-wmean_x0O*alpha;

run2=0;

x_alpha=bsxfun(@times,wcenter_x,alpha’);

x_A=zeros(n,group.num) ;

for j=1l:group.num

x_A(:,j)=sum(x_alpha(:,group_sig==j),2);

end

wnorm_x = sum(bsxfun(Q@times, x_A."2, weight_loss))...
+options.zero_eps;

change=true;

DO=dd;

r_hatd=Z-a00-x_Ax*DO;
active_group = l:group.num;
while (change && run2<=options.maxit)
run2=run2+1;
change=false;
non_zero_group = zeros(1l,length(active_group));
1i=0;

for j = active_group
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d_jO =dd(j);
ddiff = (weight_loss.*r_hatd) ’*x_A(:,j);
d_j = (ddiff + d_jO*wnorm_x(j)-1/n)/wnorm_x(j);
if d_j >0
ii=ii+1;
non_zero_group(1,ii) = j;

else

end

diff = d_jo-d_j;

if abs(diff) > options.thresh
change=true;

end

dd(j) = d_j;
r_hatd = r_hatd + x_A(:,j)*diff;

end

if 1i>0
active_group=non_zero_group(l,1:ii);

else



active_group=[];

end

end

d_spread=zeros (length(group_sig),1);

loc_ind2=0;

for j=1l:group.num
d_spread(loc_ind2+1:1loc_ind2+sum(group_sig==j))...
=dd (j) *ones (sum(group_sig==j),1);
loc_ind2=1loc_ind2+sum(group_sig==j);

end

beta= alpha.*d_spread;

converge= (max(abs(beta-Beta0))< options.thresh);
BetaO=beta;

%betal=wmean_Z-wmean_x0Oxbeta;

beta0=a00;

end

iter=run;

hat_beta = zeros(p,1);

if options.standardize
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else

end

beta_tem = beta./norm_x(sign)’;

hat_a_0 = beta0 - mean_x(sign)*beta_tem;

hat_beta(sign) = beta_tem;

hat_beta = [hat_a_0; hat_beta];

hat_beta(sign) = beta;

hat_beta = [betal; hat_beta];
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