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Abstract

Let T' denote a distance-regular graph with diameter D > 3 and valency k£ > 3. For
every vertex x of I', there is an associated Terwilliger algebra T'(z). There exist well
known relations in 7'(z) called the triple product relations. In 2000, Egge introduced
the generalized Terwilliger algebra 7T associated with I". The algebra T is defined by
generators and relations, and the relations are analagous to the triple product relations.
There is a surjective algebra homomorphism f§ : 7 — T'(z). If " is a complete graph,
then f is an isomorphism. If T' is not a complete graph, then f§ may or may not be an
isomorphism, and in general the details are unknown. If fj is an isomorphism for all choices
of vertex x, we say I' is T-determined by the triple product relations. In this thesis, we
investigate a family of bipartite distance-regular graphs, said to be 2-homogeneous, and
we prove that these graphs are T-determined by the triple product relations. We obtain
this result using an algebra 7(P) constructed from a pair of character algebras that are
related in a certain way.
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Chapter 1

Introduction

Let I' = (X, R) denote a finite, undirected, connected graph, without loops or multiple
edges, with vertex set X, edge set R, path-length function 9, and diameter D > 1. For
any vertex z € X and 0 < i < D, let I';(x) denote the set of vertices in X that are at
distance i from .

We say that I is regular with valency k& whenever k& = |[['y(x)| for all z € X. We say
that I" is distance-regular whenever for any 0 < h,4,j < D and vertices x,y € X such that
O(z,y) = h, the number |I';(z) NTj(y)| is a constant depending only on h, i, j, but not on
x and y [4]. We denote this constant by chj and call it an intersection number of I'. If T’
is distance-regular, then I is regular with valency k = p{;.

Distance-regular graphs are heavily studied; see [2, 3, 4, 12, 21]. We give a few examples
of distance-regular graphs. Recall the five platonic solids: tetrahedron, cube, octahedron,
icosahedron, dodecahedron. For each of these, the 1-skeleton is a distance-regular graph.
The 1-skeleton of the tetrahedron is the complete graph on 4 vertices. For n > 1, let K,
denote the complete graph on n vertices. Then K, is distance-regular. We mentioned the
cube. More generally, the hypercube Qp of diameter D is distance-regular.

For the rest of this section, the following assumptions are in force. We assume I' is
distance-regular. To avoid trivialities, we assume D > 3 and k > 3.

Let A denote the adjacency matrix of our distance-regular graph I'. The commutative



subalgebra M of Matx (C) generated by A is called the Bose-Mesner algebra of I'. For

0<i<D,let A; € Matx(C) denote the matrix with (z,y)-entry

1 if O(z,y) = 3
(Ai)zy = (z,y € X).

0 ifd(x,y) #1

We call A; the ith distance matrix of I'. The matrices {4;}2, form a basis for M. For

0<4,5<D,

D
A A = pliAp.
h=0

The algebra M has a second basis consisting of the primitive idempotents {E;}2 ;. We

have ZZ’; o Ei = I, where I is the identity matrix. Moreover,
E,E; = 6,;E; (0<i,j< D).

For B,C € Matx(C), let BoC denote the entry-wise product of B and C. The algebra

M is closed under o [4]. Thus, there exist scalars qlhj € C (0 < h,i,j < D) such that
D
EioE;=|X[""Y q}Es (0<i,j < D).
h=0

The scalars qzhj are called the Krein parameters of I' [4].
For the rest of this section, fix a vertex  of I'. For 0 < i < D, let Ef = Ef(x) €

Matx (C) denote the diagonal matrix with (y, y)-entry

1 if d(z,y) =i
(E7 )yy = (y € X).
0 ifd(x,y)#1

We call E the ith dual primitive idempotent of I' with respect to . We have le o B =1,
and

EJE} =0, E; (0<i,j<D).



The matrices { E; } 2 form a basis for a commutative subalgebra M* = M*(z) of Mat x (C).
We call M* the dual Bose-Mesner algbebra of I" with respect to z.

For0 <i < D, let A = A’ (x) € Matx(C) denote the diagonal matrix with (y, y)-entry
(AD)yy = [X[(Ei)ay (y € X).

We call Af the ith dual distance matrix of I' with respect to #. The matrices {A;}2,

form a basis for M* [21]. For 0 <i,j < D,
D
* Ak h g%
h=0

Let T' = T'(x) denote the subalgebra of Matx(C) generated by M and M*. We call
T the Terwilliger algebra of I" with respect to x [38]. The algebra T is finite-dimensional,
semi-simple, and noncommutative in general. Some notable papers about T are [6, 8, 9, 13,

17, 32, 35, 36, 38, 39, 40]. We mention some well-known relations in 7. For 0 < h,i,j < D,

EiAE =0 iff  pli=0,

E AfE; =0 iff g} =0.

The above relations are called the triple product relations [38].

In [14], Eric Egge introduced the generalized Terwilliger algebra 7. The algebra T is
defined by generators and relations. Roughly speaking, T is obtained from T' by replacing
M and M* with more abstract algebras C' and C* called character algebras [2, 22]. The
relations for 7 are analagous to the triple product relations.

We return our attention to the distance-regular graph I' and the fixed vertex x. The
algebras M, M* are examples of character algebras. Consider the generalized Terwilliger
algebra 7T constructed from C' = M and C* = M*. As we will see, there exists a surjective
algebra homomorphism f§ : 7 — T. If the graph I" is a complete graph, then f is an

isomorphism. If T' is not a complete graph, then § may or may not be an isomorphism,



and in general the details are unknown.

In this thesis, we are interested in the case in which fj : 7 — T is an isomorphism for
every choice of x. In order to discuss this case, we make a definition. We will say that I' is
T-determined by the triple product relations whenever fj : 7 — T is an isomorphism for all
choices of x. Among our main results, we display a class of graphs that are T-determined
by the triple product relations. We now describe this class of graphs.

We will be discussing distance-regular graphs that are bipartite. For the rest of this
section, assume that I' is bipartite. We say that I' is 2-homogeneous whenever for 1 <14 <
D — 1 and vertices x,y, 2z € X such that d(z,y) = 2, d(z,2) =i, I(y, 2z) = i, the number
Ty (z) NT1(y) NT;—1(2)| is a constant depending only on ¢ and not on z, y, z.

In this thesis, we will show that if I' is 2-homogeneous bipartite, then I' is T-determined
by the triple product relations. We have an additional main result that is more algebraic
in nature. We will explain this additional result later in this section.

Concerning our results about 2-homogeneous bipartite graphs, it is convenient to con-
sider the hypercube separately.

Assume that I' is the hypercube Qp. In [15], Go showed that for all choices of vertex
x, there is an algebra isomorphism

LD/2]

T — @ MatD+1_2T((C).
r=0

In [33], Schrijver described this isomorphism in detail. He used this description to give an
improved upper bound on the number of binary codes of a fixed length. In [24], Miklavi¢
used Qp to give examples of Leonard triples. In [23], Levstein, Maldonado, and Penazzi
studied Qp from the point of view of symmetric D-tensors. In [20], Huang studied Qp
from the point of view of U(sly)-modules.

The following is our first main result.
Theorem 1. The hypercube Qp is T-determined by the triple product relations.

Next we assume that our graph I' is 2-homogeneous bipartite, but not a hypercube.



In [26], Nomura gave a classification for these graphs. In [7], Curtin displayed formulas
for the eigenvalues of I' in terms of a nonzero parameter ¢ that is not a root of unity. In
[11], Curtin showed that for all choices of vertex x, there is an algebra isomorphism

LD/2]

T — @ MatD+1_2r((C).
r=0

The following is our second main result.

Theorem 2. Assume that " is 2-homogeneous and bipartite, but not a hypercube. Then

T' is T-determined by the triple product relations.

Next we summarize our third main result. In our earlier discussion about the work of
Curtin, we mentioned a parameter q. Generalizing Curtin’s construction, we will define
a pair of character algebras C, C* parametrized by the diameter D and a nonzero ¢ € C
that is not a root of unity. The generalized Terwilliger algebra constructed from C, C* is
denoted 7).

The following is our third main result.

Theorem 3. For the above algebra TP), there exists an algebra isomorphism

[(D+1)/2]
T(D) — Z Matpyi1—2r ((C)

r=0

We will use Theorem 3 to prove Theorem 2.
This thesis is organized as follows. In Chapter 2, we review some background infor-

mation. In Chapter 3, we prove Theorem 1. In Chapter 4, we prove Theorems 2, 3.



Chapter 2

Preliminaries

In this chapter, we review some preliminary information on notation, distance-regular

graphs, totally bipartite tridiagonal pairs, idempotent systems, and character algebras.

2.1 Notation

For the remainder of this thesis, we use the following notations and conventions.
All algebras are assumed to be associative C-algebras with 1.
Let z denote an indeterminate, and let C[z] denote the algebra consisting of polyno-
mials in z with coefficients in C.
If 2 is an algebra and B C 2 is a subalgebra, then 20/ denotes the quotient algebra.
For a,b € A, we say a divides b in 2 whenever there exists some ¢ € 2 such that ac = b.
For integers i, j, we let
1 ifi=y;
0ij =
0 ife#j.

If V' is any C-vector space, then I € End(V') denotes the identity endomorphism.



2.2 Distance-regular graphs

In this section, we review some definitions and results concerning distance-regular graphs
and the Terwilliger algebra. For more information, we refer the reader to [4, 21, 38].
Suppose X is a nonempty finite set. Let Matx (C) denote the algebra consisting of the
matrices with rows and columns indexed by X and entries in C. Let C* denote the vector
space over C consisting of column vectors with coordinates indexed by X and entries in
C. The algebra Matx (C) acts on CX by left multiplication. For any positive integer n,
let Mat,,(C) denote the algebra consisting of square n x n matrices with entries in C.
Let I' = (X, R) denote a finite, undirected, connected graph, without loops or multiple

edges, with vertex set X, edge set R, and path-length distance function 0. Let

D = max{d(z,y) | x,y € X}.

We call D the diameter of I'. Vertices x,y € X are said to be adjacent whenever they
form an edge. For any vertex z € X, let I'(z) denote the set of vertices in X that are
adjacent to x.

Define A € Matx (C) with (x,y)-entry

1 if z and y are adjacent;
Agy = (z,y € X).

0 if z and y are not adjacent

We call A the adjacency matrixz of T'.
We say that I' is regular with valency k whenever k = |I'(z)| for all z € X.

For all z € X and for 0 <i < D, let

Li(z) ={y € X | d(z,y) = i}.

Note that 'y (z) = I'(x).

We say that I is distance-regular whenever for any 0 < h, 4,57 < D and vertices z,y € X



such that O(z,y) = h, the number |I';(x) NT';(y)| is a constant depending only on h,1, j,
but not on  and y. We denote this constant by p% and call it an intersection number of
I'. Observe that p?j = p?i (0 < h,i,j < D).

For convenience, we let ¢; =p}, | (1 <i<D)and b;=p}, ; (0<i<D-1).

For the rest of this section, assume I' is distance-regular. Note that I' is regular with
valency k = p{, if D > 1.

We now recall the Bose-Mesner algebra of I'. For 0 < i < D, define A; € Matx(C)

with (z,y)-entry

1 if O(z,y) =1;
(Ai)fvy: (z,y € X).

0 if d(z,y) #i

We call A; the ith distance matriz of I'. Note that Ay = I, where I € Mat x (C) denotes the
identity matrix. Note that Ay = A, provided that D > 1. The sum ZZD: o Ai = J, where

J € Matx (C) denotes the matrix with every entry equal to 1. For notational convenience,

define
Ai=0 (i<0ori>D). (2.2.1)
By [4, p. 44],
D
A A5 = plhA, (0<i,j<D). (2.2.2)
h=0

Thus {4;}2, forms a basis for a commutative subalgebra M of Matx (C). The matrix A
generates M by [4, p. 127]. We call M the Bose-Mesner algebra of T'. Note that M has
dimension D + 1.

Because A generates M, there exist polynomials {v;}2 in C[2] such that

We note that v; =1 and vy = z, provided that D > 1.

For 0 <i < D, define k; = p?i. For any x € X, k; is equal to the number of vertices at



distance i from x. We call k; the ith valency of I'. Note that kg = 1. Moreover, k; = k if
D >1.

The matrix A has D + 1 distinct eigenvalues, because A generates M and M has
dimension D + 1. Denote these eigenvalues by 0y > 61 > --- > 0p. For 0 < i < D, let
E; € Matx(C) be the matrix which acts as I on the 6;-eigenspace of A and as 0 on all

other eigenspaces of A. The matrices {Ei}i’io form a basis for M, and
ZE =1, E.E; = 6;;F; (0<1i,j<D). (2.2.3)
We call E; the primitive idempotent of T' associated with 0; (0 <i < D). Define
E; =0 (i <Oori>D). (2.2.4)
By [4, p. 45], we have Ey = | X|~1J. By construction,
A= ZeiE‘" (2.2.5)

Next we recall the Krein parameters of I'. For B, C' € Matx(C), let BoC denote their

entry-wise product. Note that
AiOA]’ :62]141 (OSZ,jSD)

Consequently, M is closed under o. Because {Ei}zgo is a basis for M, there exist scalars

gy € C (0 < h,i,j < D) such that
D
EioE;=|X[""Y q}Es (0<i,j < D). (2.2.6)
h=0
The scalars qu are called the Krein parameters of I'. By [4, p. 50], qlhj is real and nonneg-

ative for 0 < h,i,7 < D.

For convenience, we let ¢ = ¢}, ; (1<i<D)and bl =¢},,; (0<i<D-1).
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For 0 < i < D, define kf = ¢;. We call k} the ith dual valency of T.
We next recall the dual Bose-Mesner algebras of I'. Fix a vertex z € X. For 0 <17 < D,

let Ef = Ef(z) denote the diagonal matrix in Mat x (C) with (y, y)-entry

1 if O(z,y) =
(E7 )yy = (y € X).
0 if d(x,y) #1i

We call E} the ith dual primitive idempotent of I' with respect to x. Define

Ef=0 (i<0Oori>D). (2.2.7)
By construction,
D
Y E=1, E}Ej = 6, B} (0<4,j<D).
i=0

It follows that {E;}P, forms a basis for a commutative subalgebra M* = M*(x) of
Matx (C). We call M* the dual Bose-Mesner algbebra of T' with respect to x.

For 0 <1i < D, we define a diagonal matrix A* = A¥(x) € Matx (C) with (y, y)-entry
(A7)yy = | X[(Ei)ay (y € X).

Note that A5 = I. For D > 1, we abbreviate A* = A} and call this the dual adjacency

matriz of I' with respect to x. Define
A7 =0 (i<0ori>D,). (2.2.8)

By [21, Corollary 11.6], A* generates M*.
By (2.2.6),

D
ATA; = gl Ay (0<4d,j< D).
h=0
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By [21, Lemma 5.8], the matrices {A}2 form a basis for M*.

Because A* generates M, there exist polynomials {v}}2 ; in C[z] such that
A7 = v (AY) (0<i<D,).

We note that v =1 and v = z.

We next recall the Terwilliger algebra of I'. Let T' = T'(x) denote the subalgebra of
Matx (C) generated by M and M*. We call T' the Terwilliger algebra of T' with respect to
x. We remark that 7T is sometimes called the subconstituent algebra.

For D > 1, since the matrices {Ef}2 , form a basis for M*, there exist scalars 8} € C

(0 < i < D) such that
D
A" = 07E;.
i=0

Because {A;}2, and {E;}2, each constitute bases for M, there must exist scalars

pi(4),¢i(j) € C (0 <4,j < D) such that
D

A=) pi(i)Ej, Ei=1X|7 ) aili)4 0<i<D).  (229)
7=0

Similarly, there must exist scalars p}(j), ¢ (j) € C (0 <i,j < D) such that

D

D
A5 =Y prG)E;. B = XY ai ()4 (0<i<D)
§=0 §=0

By the construction of {E}}2, and {Af}2, we have
qi(j) = i (4), pi(3) = 4; () (0<i,j<D) (2.2.10)
For D > 1, we have

0; = p1(i), 0 = p*(4) (0<i<D). (2.2.11)



12
Furthermore,
pi(j) = vi(0;), p; (4) = v (07) (0<i,j<D).
By [4, Lemma 2.2.1],
po(j) =1, q(j) =1 (0<j<D). (2.2.12)

Define matrices P, Q € Matp1(C) with entries P;; = p;(i) and Q;; = ¢;(i) (0 < 4,5 <
D). Then P is the change of basis matrix from {E;}2, to {A;}2,, and |X|71Q is the
change of basis matrix from {A;}2, to {E;}2 . Moreover, P and |X|~1Q are inverses.

By (2.2.10), | X|~!P is the change of basis matrix from {A7}2  to {Ef}2,, and Q is
the change of basis matrix from {E7}2 to {AF}2.

By [38, Lemma 3.2], the following hold for 0 < h,i,j < D:

EfAEr =0 iff  pl=0,

EyAfE; =0 iff g}y =0.

The above statements are referred to as the triple product relations.
We conclude this section by recalling the notion of self-duality. We say that I" is self-
dual whenever p;f”j = qf-‘j (0 < h,i,j < D). In this case, we have k; = k} and 6; = 6}

(0 <i < D), and we have p;(j) = ¢;(j) (0 <1i,j < D). See [4, p. 49].

2.3 2-homogeneous bipartite distance-regular graphs

In this section, we review some definitions and results about 2-homogeneous bipartite
distance-regular graphs.

Throughout this section, the following notation is in force. Let I' denote a distance-
regular graph with diameter D and valency k. Fix a vertex z of I'. To avoid trivialities,

assume D > 3 and k > 3.
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Definition 2.3.1. We say I' is bipartite if the intersection number p?j = 0 whenever

h+i+jisodd (0 <h,i,j <D).

Definition 2.3.2. (See [25, Section 1]) We say I' is 2-homogeneous whenever for 1 <
i < D — 1 and vertices z,y, z such that d(x,y) = 2, d(z, z) = i, I(y, 2) = i, the number

IT1(x) NT1(y) NTi-1(2)| is a constant depending only on .

By [26], one example of a 2-homogeneous bipartite distance-regular graph is the hy-
percube Qp of dimension D (see Definition 3.2.1). The case where I' = Qp is the main
object of study in Chapter 3. For the remainder of this section, we are concerned with
the case where I' is not a hypercube.

For the rest of this section, assume I is bipartite, but not a hypercube. We recall some

equivalent conditions for I' being 2-homogeneous.

Proposition 2.3.3. (See [7, Theorem 35]) The following (i)-(iii) are equivalent:
(i) T is 2-homogeneous;
(i) there exists a nonzero q € C that is not a root of unity such that

(¢° +*) (P 1)
qP~i(q®> - 1)

0, =07 = (0<i< D)

(iii) there exists a nonzero q € C that is not a root of unity such that

PR Ui
T T WP AN -

1)
1)’ S

If (i)—(117) hold, then the set of parameters q that satisfy (ii) is equal to the set of parameters

q that satisfy (iii).

For the rest of this section, assume I is 2-homogeneous. Recall the Terwilliger algebra

T=T(x)of T



Proposition 2.3.4. (See [11, Section 5]) There exists an algebra isomorphsim
LD/2]
T — @ MatD+1_2,«((C).

r=0

Corollary 2.3.5. (See [11, Lemma 5.3]) The dimension of the C-vector space T is
dim(T) = ) (D +1—2r)%

2.4 Totally bipartite tridiagonal pairs

14

In this section, we review some definitions and results from [31] concerning totally bipartite

tridiagonal pairs and totally bipartite tridiagonal systems. For more information, we refer

the reader to [1, 5, 10, 16, 18, 19, 37].

For the rest of this section, let V' denote a vector space over C with finite positive

dimension. We recall the notion of a totally bipartite tridiagonal pair.

Definition 2.4.1. (See [31, Definition 3.1]) By a totally bipartite tridiagonal pair (or

TBT pair) on V, we mean an ordered pair A, A* of elements in End(V') that satisfy the

following (i)—(iv):
(i) each of A, A* is diagonalizable;

(ii) there exists an ordering {V;}2, of the eigenspaces of A such that

AV € Vi + Vi (0<i<D), (2.4.1)

where V_; = 0 and Vp41 = 0;

(iii) there exists an ordering {V;*}2, of the eigenspaces of A* such that

AV C Vi + Vi (0<i< DY), (2.4.2)

where V*; =0 and Vp. | =0;
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(iv) there does not exist a proper nonzero subspace W C V such that AW C W and
AW CW.

We note that if A, A* is a TBT pair on V, then so is A*, A.

From now until the statement of Proposition 2.4.14, let A, A* denote a TBT pair on
V. An ordering of the eigenspaces of A is said to be standard whenever it satisfies (2.4.1).
If the ordering {V;}2, is standard, then the ordering {Vp_;}2 is also standard, and no
further ordering is standard. Similar comments apply to A*.

From now until the statement of Proposition 2.4.14, we fix a standard ordering {V;}2,

of the eigenspaces of A and a standard ordering {V;* ZD:* o of the eigenspaces of A*.
Lemma 2.4.2. (See [31, Corollary 4.11]) We have D = D*.
We call D the diameter of the TBT pair A, A*.

Definition 2.4.3. For 0 < i < D, let E; denote the element in End(V') such that (E; —
IV;=0and E;V; =0 for j #i (0 < j < D). We call {E;}2, the primitive idempotents
of A. For 0 < i < D, let E} denote the elment in End(V') such that (Ef — I)V* = 0 and

E;Vri=0forj#i(0<j<D). Wecall {E:}P, the primitive idempotents of A*.
Lemma 2.4.4. (See [31, Section 2]) The following (i)—(iii) hold:

(i) Vi=E;V and V' = EXV (0<i<D);

(i) EiEj = 6;E; and EfE* = §;Ef (0 <i,j < D);

(iii) I =32 B and I =2 .
Definition 2.4.5. (See [31, Definition 3.7]) By a totally bipartite tridiagonal system (or
TBT system) on V, we mean a sequence

0 = (A{Ei} 2o A {E })

of elements in End(V') that satisfy the following (i)—(iii):
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(i) A, A* is a TBT pair on V;
(ii) {E;}2, is a standard ordering of the primitive idempotents of A;
(iii) {E7}2, is a standard ordering of the primitive idempotents of A*.
We say that the TBT pair A, A* and the TBT system O are associated.
From now until the statement of Proposition 2.4.14, let © = (A; {E;}2 ; A {E}2)
denote a TBT system on V. Note that the sequence

0% = (A" {E o A {E} )

is a TBT system on V. We call ©* the dual of ©. We have (0*)* = O.
Going forward, we will use the following notational convention. For any object f
attached to O, let f* denote the corresponding object attached to ©*.

Let V' denote a vector space over C of finite positive dimension, and let

0 = (A {E} Ly A {EF L)

denote a TBT system on V'. By an isomorphism of TBT systems from © to ©', we mean

a C-linear bijection ¢ : V' — V'’ such that

YA =AY, YAT = A",

E; = Ely, VE] = B (0<i<D).

We say that © and © are isomorphic whenever there exists an isomorphism of TBT
systems from © to ©’. We say that the TBT system O is self-dual whenever © and ©*
are isomorphic.

Next we recall some definitions and results concerning the eigenspaces of A.

Definition 2.4.6. For 0 < i < D, let 6; denote the eigenvalue of A corresponding to

Vi;. We call the sequence {191-}{10 the eigenvalue sequence of ©. We call the sequence
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({0:Y2.; {0: Y2, the eigenvalue array of ©.
Lemma 2.4.7. (See [31, Section 2]) We have A = Zio 0,E;.

Lemma 2.4.8. (See [31, Corollary 4.11]) We have dim E;V =1 (0 <1i < D). Moreover,
dimV =D + 1.

Definition 2.4.9. We say a basis {w;}2, for V is ©-standard if it satisfies the following
(i), (ib):

(i) w; € EfV (0<i < D);

(i) o2 w, € BV,

Lemma 2.4.10. (See [31, Definition 4.14 and Lemma 4.15]) Let {w;}2, denote a basis
for V.. The basis {wi}zD:o is O-standard if and only if there exists a nonzero w € EgV such

that w; = Efw for 0 <i < D.

Lemma 2.4.11. Let {w;}2, and {w!}2, denote ©-standard bases for V. Then there

exists a nonzero ¢ € C such that

Proof. Follows from Lemmas 2.4.8, 2.4.10. O

Lemma 2.4.12. (See [31, Lemmas 5.4, 11.7]) Let {w;}2, denote a ©-standard basis for

V. With respect to this basis, the matrices representing A and A* have the form

0 b 0 ... O 0
1 0 by ... 0 0
0 o 0O . 0 0
A: | e A diag(60, 05, ..., 00).
0 0 0 0 bpg
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The scalars {c;}2.,, {b;}25" are defined by

0107 — 000711

G = — . (1<i<D-1), (2.4.3)
9z‘—1 - 9i+1

cp = bo, (2.4.4)

bl' = CD—j (0 < ) < D — 1). (2.4.5)

We call {¢;}2, {b;} 25" the intersection numbers of ©.
Lemma 2.4.13. (See [31, Lemma 5.3]) The scalars {c;}2.,, {b:}25" are all nonzero.

For notational convenience, let cpy; =1 and b_; = 1. Let ¢ € Z. Define ¢; = 0 unless
1<i<D+1. Define b; =0 unless —1 <3< D —1.
We now relax the assumptions that A, A* is a TBT pair and © is a TBT system. We

classify the TBT systems up to isomorphism.

Proposition 2.4.14. (See [31, Theorem 11.1]) Consider a sequence of scalars taken from

C:

({0:}20: {07} 20)-

There exists a TBT system © with eigenvalue array ({0;}2.4;{0:}2,) if and only if the
following (i)—(iii) hold:

(i) 0, #6;,6; #0; if i #] (0<i,j <D);

(i) there exists B € C such that
0i—1 — BY; + 611 =0, =B +0f, =0 (1<i<D-1);
(iii) 0; +0p_; = 0, 0 +0%_, =0 (0<i < D).

In this case, © is unique up to isomorphism of TBT systems.

We conclude this section with a comment on self-duality.
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Lemma 2.4.15. (See [31, Lemma 14.5]) Let © = (A; {E;}2; A% {E}2,) denote a TBT
system on V with eigenvalue array ({0;}2;{0:}2,). The TBT system © is self-dual if

and only if 6; = 67 (0 <i < D). In this case, ¢; =c; (1 <i<D).

2.5 The subalgebra generated by A

Throughout this section, the following notation is in force. Let D denote a nonnegative

integer. Let V denote a vector space over C with dimension D + 1. Let
0 = (A {Ei} 2o A {E o)

denote a TBT system on V.

In this section, we review some definitions and results concerning the subalgebra of

End(V) generated by A.

Definition 2.5.1. Let M denote the subalgebra of End(V') generated by A. Note that

M is commutative.

Lemma 2.5.2. The elements {Ei}izo form a basis for the C-vector space M.

Proof. Follows from Lemma 2.4.4. O
We just displayed a basis for M. Shortly, we will obtain another basis for M.

Definition 2.5.3. Let {v;}2F! denote polynomials in C[z] such that

z
vo = 1, v =
1

20; = bi_1v;1 + Ciy1vi41 (1<i<D).

Lemma 2.5.4. We have

B bi—2v;—2 2<i<D+1).
ci




Proof. Follows from Definition 2.5.3.
Lemma 2.5.5. (See [30, Lemma 4.25]) The following (i), (ii) hold for 0 <i < D +1:

(i) the polynomial v; has degree i;

1
c1c2--¢i "

(ii) the coefficient of z* in v; is equal to
Lemma 2.5.6. The following (i), (ii) hold for 0 <i < D+ 1:

(i) if i is even, then

v; €span{z’ |0 < j < D+1, jis even};

(ii) if i is odd, then
v; €span{z/ |0 < j < D+1, j is odd}.
Proof. Follows from Definition 2.5.3, Lemmas 2.5.4, 2.5.5, and induction on 1.
Let i € Z. For notational convenience, define v; = 0 unless 0 <¢ < D + 1.

Definition 2.5.7. Let u denote the following polynomial in Clz]:

D

Lemma 2.5.8. (See [2, Chapter I11.1.3]) The following (i), (ii) hold:
(i) w is the minimal polynomial of A;
(it) vo41 = ke

Definition 2.5.9. Let A; = v;(A) (0<i< D+1).

Lemma 2.5.10. (See [30, Lemma 4.11]) The following (i)-(iii) hold:
(i) dim M = D + 1;

(ii) {A; Y2 form a basis for the C-vector space M;
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(i1i) Ap4+1 = 0.
We make some further observations about the elements {A;}2 .

Lemma 2.5.11. We have

A
AO = I, Al =
C1
AA; = b1 Ai—1 + i1l (1<i<D,).
Proof. Follows from Definitions 2.5.3 and 2.5.9. 0
Corollary 2.5.12. We have
A = AA; 1 —bi2A; 2 (2<i<D+1).
¢
Proof. Follows from Lemma 2.5.11. O

Let i € Z. For notational convenience, define A; = 0 unless 0 < i < D + 1.

We conclude this section with a comment.
Lemma 2.5.13. Assume O is self-dual. Then v; = v} (0<i< D+1) and pp = p*.

Proof. Follows from Lemma 2.4.15 and Definition 2.5.3. O

2.6 Idempotent systems

In this section, we review some definitions and results from [28] concerning idempotent
Systems.
Throughout this section, the following notation is in force. Let D denote a nonnegative

integer. Let V denote a vector space over C with dimension D + 1.

Definition 2.6.1. By a system of mutually orthogonal rank 1 idempotents in End(V),
we mean a sequence {E;}2, of elements in End(V) that satisfy the following (i), (ii) for

0<i,j<D:
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(i) EiE; = 0ijEs;
(ii) rank(E;) = 1.

Definition 2.6.2. (See [28, Definition 3.1]) By an idempotent system on V, we mean a

sequence

(B} o {E o)
of elements in End(V') that satisfy the following (i)—(iv):
(i) {E;}2, is a system of mutually orthogonal rank 1 idempotents in End(V);
(i) {E7}2, is a system of mutually orthogonal rank 1 idempotents in End(V);
(iti) BoE;Eo#0 (0 <i< D);
(iv) E§E;E; #£0 (0<i< D).
For the rest of this section, let ® = ({E;}2,; {E;}2,) denote an idempotent system

on V. Note that the sequence

®* = ({E{}2o: {Ei}i20)

is an idempotent system on V. We call ®* the dual of ®. We have (®*)* = ®.
Going forward, we will use the following notational convention. For any object f
attached to ®, let f* denote the corresponding object attached to ®*.

Let V' denote a vector space over C of finite positive dimension, and let

' = ({Ej} 2o {EI" }ilo)

denote an idempotent system on V’. By an isomorphism of idempotent systems from ®

to ®', we mean a C-linear bijection ¢ : V' — V' such that

VE; = Ely, VB = B[y (0<i<D).
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We say that ® and ®' are isomorphic whenever there exists an isomorphism of TBT

systems from ® to @'
Lemma 2.6.3. (See [28, Lemma 2.5]) We have Zi’;o E;,=1.

Definition 2.6.4. (See [28, Definition 5.1]) We say that ® is symmetric whenever there

exists an antiautomorphism { of End(V') that fixes each of E;, EX (0 <i < D).
For the rest of this section, assume the idempotent system & is symmetric.
Definition 2.6.5. Let M denote the subalgebra of End(V) generated by {E;}2,.

Note that M is commutative, and {E;}2, form a basis for the C-vector space M.

Shortly, we will obtain another basis for M.

Definition 2.6.6. For 0 < i < D, let m; = tr(EjE;). Note that mg is nonzero (see [29,

Lemma 7.2]). Let v = mg'.

Note that by construction, v = v*.

Lemma 2.6.7. (See [28, Lemma 6.3]) There exists a unique C-linear map p : M — M*
such that for Y € M,

YE!Ey=Y’E,.
Definition 2.6.8. Let 4; = v(E})” (0<i < D).

Lemma 2.6.9. (See [28, Lemma 7.7]) The elements {A;}2  form a basis for the C-vector

space M.
Next we recall the intersection numbers and Krein parameters of ®.

Definition 2.6.10. Because {4;}2, form a basis for M, there exist scalars p?j (0 <

h,i,j < D) such that
D
AiAj =l Ay (0<i,j<D).

h=0

We call the scalars p?j the intersection numbers of .
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Let h,i,j € Z. For notational convenience, define p?j =0 unless 0 < h,i,j < D.

Definition 2.6.11. For 0 < h,i,j < D, abbreviate qzhj = (pi‘])* We call the scalars qlhj

the Krein Parameters of ®.
Let h,i,j € Z. For notational convenience, define qzhj =0 unless 0 < h,i,5 < D.
Definition 2.6.12. Let k; = p?i (0<i< D).

Lemma 2.6.13. (See [28, Lemma 8.4]) We have

Lemma 2.6.14. (See [28, Lemma 10.11]) We have
knply = kiply, = kv, (0 < h,i,j < D).

We conclude this section with some definitions.

Definition 2.6.15. We say that ® is P-polynomial whenever the following (i), (ii) hold

for 0 < h,7,7 < D:
(i) p?j = 0 whenever one of h, i, j is greater than the sum of the other two;
(ii) p?j = 0 whenever one of h, 4, j is equal to the sum of the other two.

Definition 2.6.16. We say that ® is Q-polynomial whenever the following (i), (ii) hold

for 0 < h,i,5 < D:
(i) qzhj = 0 whenever one of h,i,j is greater than the sum of the other two;
(ii) qihj # 0 whenever one of h, i, j is equal to the sum of the other two.

We note that the idempotent system & is Q-polynomial if and only if the idempotent

system ®* is P-polynomial.
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2.7 Character algebras

In this section, we review some definitions and results concerning character algebras and
character systems. In later sections, we will show how TBT systems, symmetric idempo-
tent systems, and character systems are related.

We now define a character algebra. For more information on character algebras, see

[2, 22]. For the rest of this section, let D denote a nonnegative integer.

Definition 2.7.1. By a character algebra over C with diameter D, we mean a sequence
(C; {Xi} o)
where C is a commutative C-algebra and {X;}2, are elements in C that satisfy the
following (i)—(iv):
(i) Xo=1;
(ii) {X;}2, form a basis for the C-vector space C;

(iii) let p?j (0 < h,i,7 < D) denote scalars such that

then there exist scalars {k;}2, such that

py; = Oijki (0 <14, < D);

(iv) the linear map my : C' — C which satisfies 7o(X;) = k; (0 < i < D) is an algebra

homomorphism.

We call the scalars k; the valencies of (C;{X;})2,. We call the scalars p?j the intersection

numbers of (C;{X;}2,).

For the rest of this section, let (C; {X;}2,) denote a character algebra over C.
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Let h,i,j € Z. For notational convenience, define p?j =0 unless 0 < h,i,j < D.
Lemma 2.7.2. We have p?j = p?i (0 < h,i,7 < D).
Proof. Follows from Definition 2.7.1 and since C' is commutative. O
Definition 2.7.3. Let v = 3.2 k;. We call v the size of (C;{X;}2,).
Lemma 2.7.4. (See [29, Definition 10.5]) The scalar v is nonzero.

Next we recall the primitive idempotents of (C; {X;}2,).

Proposition 2.7.5. (See [14, Section 2]) There exists a basis {E;}2 for the C-vector

space C' satisfying the following (i)—(iii):
(i) Yoilo Ei = Xo;
(ii) BiE; = 6;;F; (0<14,j < D);
(iii) Bo=v 'S0 X
The basis {E;}2., is unique up to a permutation of E1, Es, ..., Ep.
We call the elements {F;}2  the primitive idempotents of (C;{X;}2,).

Definition 2.7.6. By a character system over C with diameter D, we mean a sequence
D D
U= (C;{Xi}izos {Ei}tio)

such that (C;{X;}2,) is a character algebra over C and {F;}2 ; are the primitive idem-
potents of C. We say that the character algebra (C,{X;}2 ) and the character system ¥

are associated.

For the rest of this section, let U = (C;{X;}2,;{Ei}2,) denote a character sys-
tem over C. By the intersection of numbers of ¥, we mean the intersection numbers

of the character algebra (C;{X;}2 ). By the valencies of ¥, we mean the valencies of

(C{XH20)-
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Let ¥/ = (C"; {X/}2,; {E!}2,,) denote a character system over C. By an isomorphism

of character systems from ¥ to W', we mean an algebra isomorphism C' — C’ that sends
We say that ¥ and ¥’ are isomorphic whenever there exists an isomorphism of character

systems from ¥ to ¥'.

Definition 2.7.7. For 0 <i,7 < D, let p;(j), ¢i(j) denote the scalars such that

Lemma 2.7.8. For 0 < j < D, we have po(j) =1 and qo(j) = 1.
Proof. Follows from Proposition 2.7.5 and Definition 2.7.7. O

Definition 2.7.9. Let P € Matp.1(C) denote the matrix with ijth entry p;(i) (0 < 4,5 <
D). We call P the first eigenmatriz of U. Let @ € Matp11(C) denote the matrix with

ijth entry ¢;(i) (0 <4, < D). We call Q the second eigenmatriz of V.

Note that P is the transition matrix from the basis {E;}2 to the basis {X;}2 for
the C-vector space C. Note that »~1(Q is the transition matrix from the basis {X;}2 to

the basis {E;}2, for the C-vector space C. Hence
PQ=QP=vl. (2.7.1)
Definition 2.7.10. We say the character system V¥ is P-polynomial whenever the follow-
ing (i), (ii) hold for 0 < h,i,5 < D:
(i) p?j = 0 whenever one of h, i, j is greater than the sum of the other two;

(ii) p?j # 0 whenever one of h, i, j is equal to the sum of the other two.

We conclude this section with a comment.
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Example 2.7.11. (See [2, Sections 1.2, 11.3]) Let I' denote a distance-regular graph of
diameter D. Fiz a vertex x of T. Let M, M*, {A;}2,, {AY2,, {E}L,, {E: 2, be
attached to T as explained in Section 2.2. Then the sequence (M;{A; Y2 ;i {E:}2,) is a
character system over C, and the sequence (M*;{A:}2 ;i {E:}2,) is a character system

over C.

2.8 Dual character algebras

In this section, we review the notion of duality for character algebras and character sys-
tems.
Throughout this section, the following notation is in force. Let D denote a nonnegative

integer. Let U = (C; {X;}2; {E;}2,) denote a character system over C.
Proposition 2.8.1. (See [29, Lemma 12.7]) There exists, up to isomorphism of character
systems, a unique character system W* = (C*; {X;}2 ; {Ef}2,) over C such that

PP* = P*P = v,

where P* is the first eigenmatrixz of W*.

We call ¥* the dual of ¥. We have (U*)* = U.
Going forward, we use the following notational convention. For any object f attached
to W, let f* denote the corresponding object attached to W*.

We say that the character system WV is self-dual whenever P = P*.
Remark 2.8.2. (See [14, Definition 3.2]) We have v = v*.
Lemma 2.8.3. (See [14, Proposition 3.6]) We have ¢;(j) = p}(j) (0 <i,5 < D).

Lemma 2.8.4. Assume the character system V is self-dual. Then

pi(j) = @(j) = ;i (j) = ¢ (j) (0<i,j < D).
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Proof. Follows from Lemma 2.8.3 applied to ¥ and ¥* and the fact that P = P*. O

Next we recall the Krein parameters of W.

Definition 2.8.5. For 0 < h,i,5 < D, abbreviate qZ’-‘j = (pf])* We call the scalars ql’-‘j the

Krein parameters of U.
Let h,i,j € Z. For notational convenience, define qzhj =0 unless 0 < h,i,5 < D.

Definition 2.8.6. We say that ¥ is Q-polynomial whenever the following (i), (ii) hold for

0<h,i,j <D:
(i) ql-hj = 0 whenever one of h,i,j is greater than the sum of the other two;
(ii) qlhj = 0 whenever one of h,i,j is equal to the sum of the other two.

We note that the character system W is ()-polynomial if and only if the character

system ¥* is P-polynomial.

Lemma 2.8.7. (See [27, Theorem 6.2]) Assume the character system ¥ is P-polynomial

and Q-polynomial. Then the following (i), (ii) are equivalent:
(i) U is self-dual;
(ii) ply = qfy (0 < h,i,j < D).
We conclude this section with a comment.

Example 2.8.8. (See [14, Example 3.3]) With reference to Example 2.7.11, the char-
acter system (M*; {A}2 ; {E}L) is isomorphic to the dual of the character system

(M; {Ai}io; {Ei}zpzo)-

2.9 TBT systems, idempotent systems, and character sys-

tems

In this section, we show how TBT systems, symmetric idempotent systems, and character

systems are related.
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Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let V' denote a vector space over C with dimension D + 1.
The next two results are about how TBT systems on V are related to symmetric

idempotent systems on V.

Proposition 2.9.1. (See [28, Theorem 21.1]) Let © = (A; {E;}2 ; A% {E;}2,) denote a

TBT system on V. The sequence

®o = ({Ei}iZo; {Ef }0)

is a symmetric idempotent system on V that is P-polynomial and Q-polynomial.

Referring to Proposition 2.9.1, we say that the TBT system © and the idempotent

system ®g are associated.

Lemma 2.9.2. Let © = (A;{E;}2; A {E}2,) denote a TBT system on V, and let

dg denote the associated idempotent system. The following (i), (ii) hold:
(i) the algebra M from Definition 2.5.1 is equal to the algebra M from Definition 2.6.5;

(ii) for 0 <1i < D, the element A; from Definition 2.5.9 is equal to the element A; from

Definition 2.6.8.

Proof. (i) Follows from Definitions 2.5.1, 2.6.5 and Lemma 2.5.2.

(ii) Follows from [30, Definition 4.4 and Lemma 4.25]. O

We next consider how symmetric idempotent systems on V are related to character

systems over C with diameter D.

Proposition 2.9.3. (See [29, Proposition 11.1]) Let ® = ({E;}2; {EF}2,) denote a
symmetric idempotent system on V. Let the algebra M be as in Definition 2.6.5, and let

the elements {A;}2  be as in Definition 2.6.8. Then the sequence

Ve = (M; {A}2o; {Ei} o)
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s a character system over C.

Referring to Proposition 2.9.3, we say that the idempotent system ® and the character

system Wg are associated.

Lemma 2.9.4. (See [29, Theorem 12.2] Let ® = ({E;}2; {EF}2,) denote a symmetric
idempotent system on V', and let Wg denote the associated character system. Let V'

denote a vector space over C with dimension D+ 1. Let ® = ({E/}2,; {E*}2) denote a

symmetric idempotent system on V', and let Vg denote the associated character system.

The following (i), (ii) are equivalent:
(i) the idempotent systems ®* and ®' are isomorphic;
(ii) the character systems U} and Yo are isomorphic.

Lemma 2.9.5. Let ® = ({E;}2;{E;}2,) denote a symmetric idempotent system on
V, and let Vg denote the associated character system. The following (i), (ii) hold for

0<h,i,j<D:
i) the scalar p. from Definition 2.6.10 is equal to the scalar p?; from Definition 2.7.1;
) the scalar pl}; from Definition 2.6.10 is equal to the scalar pl}; from Definition 2.7.1
(ii) the scalar qZhj from Definition 2.6.11 is equal to the scalar qzhj from Definition 2.8.5.

Proof. (i) Follows from Definitions 2.6.10, 2.7.1.
(i) Follows from Lemma 2.9.4 and (i). O

Lemma 2.9.6. Let ® = ({E;}2 ; {E7}L,)) denote a symmetric idempotent system on V,

and let g denote the associated character system. The following (i), (ii) hold:

(i) for 0 < i < D, the scalar k; from Definition 2.6.12 is equal to the scalar k; from

Definition 2.7.1;
(i) the scalar v from Definition 2.6.6 is equal to the scalar v from Definition 2.7.5.

Proof. (i) Follows from Definitions 2.6.12, 2.7.1 and Lemma 2.9.5.
(ii) Follows from Lemma 2.6.13, Definition 2.7.3, and (i). O
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Lemma 2.9.7. Let ® = ({E;}2 ; {Ef}2,) denote a symmetric idempotent system on 'V,

and let Yo denote the associated character system. The following (i), (ii) hold:
(i) ® is P-polynomial if and only if Vg is P-polynomial;
(i) ® is Q-polynomial if and only if Vo is Q-polynomial.
Proof. Follows from Lemma 2.9.5. O
So far in this section, we have described how TBT systems on V are related to symmet-
ric idempotent systems on V', and how symmetric idempotent systems on V are related to
character systems over C with diameter D. From this description, we can see how TBT

systems on V are related to character systems over C with diameter D. In the following

result, we emphasize some aspects of this relationship.

Proposition 2.9.8. Let © = (A; {E;}2 ; A% {E}2.,)) denote a TBT system on V. Let
the algebra M be as in Definition 2.5.1, and let the elements {Ai}igo be as in Defini-
tion 2.5.9. The sequence

Vo = (M; {Ai}2o; {Ei} o)

is a character system over C that is P-polynomial and Q-polynomial.

Proof. Follows from Propositions 2.9.1, 2.9.3 and Lemma 2.9.7. O

Referring to Proposition 2.9.8, we say that the TBT system © and the character system
Vg are associated.

For the rest of this section, let © = (A; {E;}2; A*; {E} }i—0) denote a TBT system on
V,and let o = (M;{A;}2; {E:}2,) denote the associated character system. Our next

goal is to show that if © is self-dual, then Vg is self-dual.
Lemma 2.9.9. We have p;(j) = vi(8;) (0<1,5 < D).

Proof. By Lemmas 2.4.4, 2.4.7 and Definition 2.5.9,

A= 0i(0,)E,. (2.9.1)
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By Definition 2.7.7,
A=) pi(r)E,. (2.9.2)

By Lemma 2.5.2, {E,}2 , are linearly independent. Comparing coefficients in (2.9.1),
(2.9.2), the result follows. O

Proposition 2.9.10. Assume the TBT system © is self-dual. Then the character system
Vg is self-dual.

Proof. By Lemmas 2.4.15, 2.5.13, 2.9.9,

i) = pi () (0<i,j<D).

The result follows. O
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Chapter 3

The hypercube 9Qp

In this chapter, we investigate the generalized Terwilliger algebra associated with the
hypercube (see Definition 3.2.1). The main goal of this chapter is to prove Theorem 1

from the introduction.

3.1 The generalized Terwilliger algebra associated with a

distance-regular graph

In this section, we recall the generalized Terwilliger algebra and some related results from
[14].

Throughout this section, the following notation is in force. Let I' = (X, R) denote
a distance regular graph with diameter D. Fix a vertex x € X. Recall the Terwilliger

algebra T' = T'(x) associated with x.

Definition 3.1.1. (See [14, Definition 4.1]) Let 7 denote the algebra with generators



{2}, {z:}2,, and the following relations:

(T1) xo = x5 = 1;

D
(T2)  wwj =) plwn (0<i,j < D);
h=0
D
(T2Y)  wizf =) 4z, (0<i,j < D)
h=0
(T3)  epmie; =0if pls =0 (0 < h,i,j < D);
(T3*)  epaje; =0ifgls =0 (0 < h,i,j < D).

In the above lines, we define

ei = X[ ailh)e, e = X7 Y i (i) (0 <i< D).
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(3.1.1)

The above p?j, qzhj7 qi(7), ¢ (j) are attached to I' as explained in Section 2.2. We call T

the generalized Terwilliger algebra associated with T.

For notational convenience, define

x; =0, x; =0, ei =0, e; =0 (i<0ori>D).

Remark 3.1.2. If D = 0, then the algebra 7 is isomorphic to C.

(3.1.2)

Remark 3.1.3. In [14, Definition 4.1], the relation (T1) is given as zop = z§. In [14,

Proposition 5.1], a proof is given that zy = x§ = 1. However the proof is not correct, and

this can be seen by considering the case D = 0. Thus we adjusted our statement of (7'1)

to incorporate the author’s assumption that xg = zj = 1.

Next we recall some results about 7.

Lemma 3.1.4. (See [14, p. 3]) There ezists an algebra homomorphism § : T — T which
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sends

T; Ai, :L’;k — Af,
€; > Eiv e: = El*
for 0 <i < D. Moreover, § is surjective.

The map fj in Lemma 3.1.4 is not an isomorphism in general. However we do have the

following results.

Lemma 3.1.5. (See [14, Propositions 5.4 and 10.2]) The following (i)—(iii) hold:
(i) the elements {x;}2., form a basis for a commutative subalgebra C of T ;

(ii) the elements {e;}2., form a basis for C;
(iii) the restriction of § to C induces an algebra isomorphism C — M.

Lemma 3.1.6. (See [14, Propositions 5.7 and 10.3]) The following (i)—(iii) hold:
(i) the elements {z}}2, form a basis for a commutative subalgebra C* of T ;
(ii) the elements {e:}2., form a basis for C*;

(iii) the restriction of § to C* induces an algebra isomorphism C* — M*.

Definition 3.1.7. We say T' is T-determined by the triple product relations if §: T — T

is an algebra isomorphism for any choice of vertex x.
The next lemmas are consequences of Lemmas 3.1.5 and 3.1.6.
Lemma 3.1.8. (See [14, Propositions 5.3 and 5.6]) The following (i), (ii) hold in T :
(i) Yiloei=1;
(i) 2o ef = 1.

Proof. Follows from (2.2.3) and Lemmas 3.1.5 and 3.1.6. O
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Lemma 3.1.9. (See [14, Propositions 5.3 and 5.6]) For 0 < 4,5 < D, the following (i),
(ii) hold in T :
(i) 62'6]' = (51']'61','
(ii) ejej = dje;.
Proof. Follows from (2.2.3) and Lemmas 3.1.5 and 3.1.6. O

Lemma 3.1.10. (See [14, Propositions 5.3 and 5.6]) For D > 1, the following (i), (ii)
hold in T :

(i) x1 = Y7 Oiei;

(ii) 2 = Y2 rc;.
Proof. Follows from (2.2.5) and Lemmas 3.1.5 and 3.1.6. O
Lemma 3.1.11. The following (i), (i) hold in T :

(i) eo = |X|7 g ais

(ii) e = X7V 20 27

Proof. Follows from (2.2.10), (2.2.12), and (3.1.1). O

3.2 The hypercube Qp

In this section, we recall a family of distance-regular graphs called the hybercubes, and we
review some results related to the associated Terwilliger Algebra. For more information,

we refer the reader to [4, 15, 34].

Definition 3.2.1. Assume D > 0. Let Qp denote the graph with vertex set X consisting
of D-tuples (ay,ag,...,ap) such that a; € {—1,1} (1 <1i < D). Two vertices are adjacent
in @p whenever they differ in exactly one coordinate. The graph Qp is called the D-cube

or a hypercube.
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The graph Qp has 2P vertices. It is well known that Qp is 2-homogeneous bipartite
and distance-regular (see [4, 26]).
From now through Lemma 3.2.17, we consider the distance-regular graph I' = Qp with

D > 1. We now recall the intersection numbers of Op.

Proposition 3.2.2. (See [34, p. 238]) For 0 < h,i,j < D, we have

0 if h4i4 7 is odd;
bij =
(ifé) (DEh) if h+ 1+ j is even,

where § = # In the lines above, we interpret (:71) =04 m<0orm>n.
We mention some consequences of Proposition 3.2.2.
Corollary 3.2.3. For 0 <i <D, we have k; = (?)

Proof. Follows from Proposition 3.2.2. O

Corollary 3.2.4. For 0 < h,j < D, we have

D—h ifh=j—1;

Pl =1 h ifh=7j+1;
0 ifh#j+1.
Proof. Follows from Proposition 3.2.2. O

Corollary 3.2.5. For 0 <i < D, we have

AA; = (i+ DA+ (D —i+ 1Ay,

where we recall (2.2.1).

Proof. Follows from (2.2.2) and Corollary 3.2.4. O

Motivated by Corollary 3.2.5, we now define some polynomials in C|[z].
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Definition 3.2.6. Let {vi}?;gl denote polynomials in C[z] such that vg = 1, v; = z, and
2v; = (i + Dvip1 + (D — i+ 1)y (1<i<D).

We remark that the polynomial v; has degree i and leading coefficient % (0 <i < D+1).
Lemma 3.2.7. We have v;(A) = A; (0 < i < D) and vp41(A) = 0. Furthermore,
pi(j) = vi(0;) (0 <i,j < D).

Proof. By construction, vg(A) = I = Ag and v1(A) = A = Ay. To see that A; = v;(A4) (2 <
i < D) and vp4+1(A) = 0, use induction and compare Corollary 3.2.5 with Definition 3.2.6.

To see that v;(8;) = pi(j), apply v; to both sides of (2.2.5) and simplify with (2.2.3)

to obtain
D
vi(A) = vi(0;)E,
j=0
Comparing the above with (2.2.9), it follows that v;(6;) = pi(j). O

We next consider the eigenvalues of Qp.
Lemma 3.2.8. (See [4, Proposition 9.2.1]) For 0 <1i < D we have 0; = D — 2i.
The following definition is for notational convenience.

Definition 3.2.9. Define up € C[z] by

D
po =[] (== (D - 2i)). (3.2.1)
1=0

Lemma 3.2.10. The minimal polynomial of A is equal to up.
Proof. Immediate from Lemma 3.2.8 and Definition 3.2.9. O
Lemma 3.2.11. We have up = (D + 1)lvpq.

Proof. By Lemma 3.2.7, vpy1(A) = 0. By Lemma 3.2.10, up must divide vp4 in Clz].
Because both pp and vp41 have degree D + 1, one must be a scalar multiple of the other.

Comparing the leading coefficients, the result follows. O
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We have a comment.

Lemma 3.2.12. (See [4, p. 194]) The hypercube Qp is self-dual. In other words, p?j = qlhj
(0 <h,i,j<D).
Corollary 3.2.13. For 0 <¢ < D, we have k} = (?)

Proof. Follows from Corollary 3.2.3 and Lemma 3.2.12. 0

Next we state some corollaries of Lemma 3.2.12. For the rest of this section, fix a

vertex x of Qp, and let T'=T'(z).

Corollary 3.2.14. For 0 <i < D, we have
AAT =i+ DAL, + (D —i+ 1AL,

where we recall (2.2.8).
Proof. Similar to the proof of Corollary 3.2.5. 0

Corollary 3.2.15. We have v;(A*) = Af (0 <1i < D), and vpy1(A*) = 0. Furthermore,

p;(7) =vi(07) (0<i,j < D).
Proof. Similar to the proof of Lemma 3.2.7. O
Corollary 3.2.16. For 0 <1i < D we have 0 = D — 2i.

Proof. Follows from Lemma 3.2.12 and the discussion of self-duality at the end of Sec-

tion 2.2. O
Lemma 3.2.17. The minimal polynomial of A* is equal to up.
Proof. Follows from Corollary 3.2.16. O

From now until the end of the section, we assume I' = Qp with D > 0.

In the next result, we consider the triples h, %, 7 such that p?j and qlhj are Nnonzero.
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Corollary 3.2.18. For 0 < h,1,5 < D, the intersection number p?j is nonzero if and only

if the Krein parameter qzhj is nonzero if and only if the following (i)—(iii) hold:
(i) none of h,i,j is greater than the sum of the other two;
(ii) h+i+j < 2D;

(iii) h+i+ j is even.

Proof. The case of D = 0 is trivial. The case of D > 1 follows upon inspection of

Proposition 3.2.2 and Corollary 3.2.12. 0

Definition 3.2.19. Let Pp denote the set consisting of the 3-tuples of integers (h, i, )

such that 0 < h,4, j < D which satisfy (i)—(iii) of Corollary 3.2.18.
Lemma 3.2.20. For 0 < h,i,j < D, the following (i)—(iii) are equivalent:
(i) pi #0;
(ii) s # 0;
(iii) (h,i,j) € Pp.
Proof. Compare Corollary 3.2.18 with Definition 3.2.19. O

We conclude this section with a brief definition and a comment about the Terwilliger

algebra.

Definition 3.2.21. Assume z is a vertex of Qp. Let Tp = Tp(x) denote the Terwilliger

algebra of Qp with respect to x.
Proposition 3.2.22. (See [15, Theorem 14.14]) There exists an algebra isomorphism

[D/2]
Tp — @ MatDJrl,QT((C).
r=0
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3.3 The generalized Terwilliger algebra associated with Qp

In Definition 3.1.1, we described the generalized Terwilliger algebra for a distance-regular

graph. In this section, we consider this algebra for the graph Op.

Definition 3.3.1. For D > 0, let 7p denote the generalized Terwilliger algebra associated

with Qp.

By Remark 3.1.2, the algebra 7y is isomorphic to C. For the rest of this section, we
restrict our attention to the algebra 7p with D > 1.

We next observe some analogues of results from Section 3.2.

Lemma 3.3.2. For 0 < i < D and with reference to (3.1.2), the following (i), (ii) hold

n Tp:

(i) x1z; = (i+ V)zig1 + (D —i+ 1)zi_q;

(i) xyaf = (i+ Daj, + (D —i+1)z7 .
Proof. Follows from Lemmas 3.1.5 and 3.1.6 and Corollaries 3.2.5 and 3.2.14. O
Lemma 3.3.3. For 0 < i < D, the following (i), (ii) hold in Tp:

(i) xi = vi(x1);
Moreover, Tp is generated by x1 and z7.
Proof. Follows from Lemmas 3.1.5 and 3.1.6 and Corollaries 3.2.7 and 3.2.15. O
Lemma 3.3.4. The polynomial jup is equal to the minimal polynomial of both x1 and x7.
Proof. Follows from Lemmas 3.1.5, 3.1.6, 3.2.10, and 3.2.17. O

Now that we have Lemmas 3.3.3 and 3.3.4, some of the relations in Definition 3.1.1

become redundant, giving us the following, simpler presentation 7p.
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Proposition 3.3.5. The algebra Tp is isomorphic to the algebra with 1, with generators

x1,2] and the following relations:

(1) pp(zr) = 0;
(2) pp(z7) =0;
(3) epwie; =0 if (hyi,j) ¢ Pp
(4) enxie; =0 if (h,i,j) ¢ Pp

In the above lines, we define

x():l,

xXr; = vi(xl),

D
i =2""% " ai(j)xj,
=0

(0< h,i,j < D);

(0<h,i,j<D).
x5 =1,
77 = vi(a) (2<i<D),
D
e; :2_DZq;‘(j)x* (0<i<D)
=0

The above ¢;(j), q;(j) are attached to T' as explained in Section 2.2.

Proof. Compare Definition 3.1.1 with Lemmas 3.3.3 and 3.3.4.

O]

We would like to provide another presentation for 7p. To do this, we first define the

following algebra.

Definition 3.3.6. Let 7/, denote the algebra with 1, with generators e, ..

and the following relations:

(1) Yiloei =1

(2) Tiloer =1

(3) epzie; =0if (h,4,5) ¢ Pp

(4) enzie; = 01if (h,i,7) € Pp

(0 < h,i,j < D);

(0<h,i,j < D).

*
.76D,€0’...

*
7€D



In the above lines, we define

o = 1,
D

xr] = Z(D — 2i)e;,
i=0

x; = vi(x1),
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zh =1, (3.3.1)
D

z} = (D - 2i)e], (3.3.2)
=0

x; = v;i(x]) (2<i< D). (3.3.3)

We will soon show that the algebra 7p is isomorphic to T/,. We first give some lemmas

about T},.

Lemma 3.3.7. For 0 <i < D, the following (i), (ii) hold in T},:

(Z) €i€j = (51'3'61','

(ii) eje; = djje;.

Proof. (i) First assume that i # j. The triple (¢,0,j) violates Corollary 3.2.18 (i), thus

e;xpej = 0 by relation (4) of Definition 3.3.6. As z§ = 1, we have e;e; = 0.

Next assume that i = j. We will show that e? = ¢;. By relation (1) of Definition 3.3.6

and the previous paragraph,

(ii) Similar to the proof of (i).

Note that by (3.3.2) and Lemma 3.3.7, the following equations hold in 7}, :

(%1 - (D - 271))67, == 0,

(27— (D —2i))e; =0 (0<i< D). (3.34)

Lemma 3.3.8. The following (i), (ii) hold in T}:

(1) pp(z1) = 0;

(it) pp(a7) = 0.
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Proof. (i) First note that the term (z — (D — 2i)) is a factor of the right-hand side of

(3.2.1) (0 < i < D). Thus by Definition 3.2.9 and (3.3.4),

up(xi)e; =0 (0<i<D,).

Hence by relation (1) of Definition 3.3.6,

(ii) Similar to the proof of (i).

Lemma 3.3.9. For 0 <i < D, the following (i), (i) hold in T},:

(i) e =27 37 0 qif)ay;
- * — D * () ek
(ii) ef =2 DZ]‘:O 4q; (])933‘-

Proof. (i) By (3.3.3) and Lemma 3.3.7,

Hence by Lemma 3.2.7,

(3.3.5)

The result follows from (3.3.5) and the fact that the matrices P and 2~°Q from below

(2.2.11) are inverses.

(ii) Similar to the proof of (i).

We now show that the algebra 7p is isomorphic to T},.

Proposition 3.3.10. There exists a unique algebra isomorphism Tp — T}, that sends

1 T, x] — 7.
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Moreover, this map sends

XTit— Zq, T

e — e, el —e;

for0<i<D.

Proof. We will first show that there exists an algebra homomorphism o : Tp — 7}, which
sends w1 — x1 and 7 — x]. We will then show that there exists an algebra homomorphism
7 : T, — Tp which sends e; — ¢; and e — e (0 < i < D). We will next show that o
and 7 are inverses, and hence algebra isomorphisms. We will last show that o(x;) = x;,
o(z}) =af, 0(e;) = e, and o(e]) = e (0<i< D).

We begin by showing that o exists. For 0 < i < D, let f; = 277 Zjl‘):o ¢(j)zj € T)

and f;f =277 Zj]‘j:o q; (7)x; € Tp. To show that o exists, it is sufficient to show that in

7
D>
pp(w1) =0, po(z1) =0, (3.3.6)

frrif] =0, fnz fj=0 (3.3.7)

for 0 < h,i,j5 < D such that (h,,5) ¢ Pp.

Lemma 3.3.8 implies (3.3.6). Lemma 3.3.9 implies that f; = ¢; and ff =€} (0 <i <
D). Hence (3.3.7) follows by relations (3) and (4) of Definition 3.3.6.

We next show 7 exists. Let y; = Zio Bie; € Tp and yi = Zio 0ref € Tp. To show

that 7 exists, it is sufficient to show that in Tp,

D D
de=1, e =1, (3.3.8)
=0 (=0

epvi(y1)e; =0, envi(yy)ej = 0 (3.3.9)

for 0 < h,i,5 < D such that (h,i,j) ¢ Pp.
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Lemma 3.1.8 implies (3.3.8). Lemma 3.1.10 implies that z; = y; and 2] = y;. Hence
vi(y1) = x; and vi(y}) = 7 (0 < i < D) by Lemma 3.3.3. Thus (3.3.9) follows by relations
(3) and (4) of Proposition 3.3.5.

We now show that o and 7 are inverses. By Lemma 3.1.10, 7(z1) = 27 and 7(z7) = 7.
Thus 7 oo : Tp — Tp is the identity map. By Lemma 3.3.9, o(e;) = e; and o(e]) = e
(0 <i< D). Thus o o7 : T}, — T}, is the identity map. Therefore o and 7 are inverses,
and hence algebra isomorphisms.

By construction, o(z1) = 1 and o(z]) = «}. Thus o(x;) = z; and o(z]) = «

(0 <i < D). As noted previously, o(e;) = e; and o(ef) = e} (0 <i < D). This completes

the proof. O

For the rest of this chapter, we identify the algebras Tp and 7}, via the isomorphism
in Proposition 3.3.10.

We next define a free algebra.

Definition 3.3.11. Let Tp denote the free algebra with generators eo,...,ep,¢g,..., ¢}
Define ro = 1, 11 = Zfio iei, and r; = vi(r1) (2 <@ < D). Similarly, define ¢ = 1,
rf =P 0rer, and 1f = vi(z}) (2 <i < D).

R

For notational convenience, define

=0, =0, ¢; =0, e; =0 (t<0ori>D,).
(3.3.10)

Definition 3.3.12. Let Gp denote the two-sided ideal of Tp generated by the following

(1)~(4).
LY e—1,
2. Zi’io i — 1,
3. eprie; such that (h,i,j) ¢ Pp (0 < h,i,j < D),

4. eprfe; such that (h,i,7) ¢ Pp (0 < h,i,j < D).
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Remark 3.3.13. Because Tp is free, there exists an algebra homomorphism ¢p : Tp —

Tp that sends
¢; — €4, el el (OS’LSD)

Comparing Definitions 3.3.6 and 3.3.12, it follows that the map 1 p is surjective with kernel
Gp, and that

To end this section, we define an algebra homomorphism that will be useful later in

this chapter.

Definition 3.3.14. Consider the quotient algebra ¥p /& p. With reference to Remark 3.3.13,
the algebra homomorphism v p induces an algebra isomorphism Tp/&p — Tp. We denote

the inverse of this map by pp.

3.4 The primary central idempotent of 7p

We continue our discussion of the algebra 7Tp from Definition 3.3.1. In [14], Egge defines
a certain element uy € Tp called the primary central idempotent. Later in the chapter,
we will use ug to compute the dimension of 7Tp. In this section, we recall the definition of

ug and develop some basic facts about it.

Lemma 3.4.1. (See [14, Propositions 11.1 and 11.4]) For D > 0, following holds in Tp:

D D
QDZki_lefegef = 2D Z(k;‘)_leieéei. (3.4.1)
=0 =0

This element is central and idempotent.
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Definition 3.4.2. (See [14, Proposition 11.1]) Referring to Lemma 3.4.1, we define ug to
be the common value expressed in (3.4.1). We call ug the primary central idempotent of

Tp.

Proposition 3.4.3. (See [14, Proposition 11.5 and Theorem 12.5]) For D > 0, the fol-
lowing (i)—(ii%) hold:

(i) the sum Tp = Tpuo + Tp(1 — up) is direct;
(ii) Tpuo and Tp(1 — ug) are both two-sided ideals of Tp;
(iii) the algebra Tpug is isomorphic to Matp41(C).

Corollary 3.4.4. For D > 0, the algebra Tp is isomorphic to the direct sum

MatD+1(C) ©® TD(l - UQ).
Proof. Follows from Proposition 3.4.3. O

Corollary 3.4.5. There exists an algebra isomorphism Tp/Tpug — Tp(1—ug) that sends

ei + Tpup — e;(1 — ug), e; + Tpuo — €; (1 — up) (0<i< D).

Proof. Follows from Proposition 3.4.3 (i). O
We have some comments about ug.
Lemma 3.4.6. For D > 0, the following (i)-(iv) hold in Tp:
(i) uoeo = eo;
(i) uwpep = ep;
(711) uoel = ef;

() woe}, = €},.



50

Proof. (i) By Lemma 3.1.9 (i), Lemma 3.1.11 (ii), Corollary 3.2.13, and Definition 3.4.2,
D D
to€o = 2D< (k:)_lereser) eo = 2"egefie0 = e < Z x?) €o-
r=0 i=0

For 1 < i < D, the triple (0,4,0) does not satisfy Corollary 3.2.18 (i), thus epz}eg = 0 by

relation (4) of Definition 3.3.6. Hence by relation (T1) of Definition 3.1.1,
D
eg(fo)eo = egTpen = eg = ep.
=0

Therefore ugeg = ep.

(ii) By Lemma 3.1.9 (i), Lemma 3.1.11 (ii), Corollary 3.2.13, and Definition 3.4.2,
D D
toep = 2D(Z(k:)_1er€8€r>ed = 2D€D€E§€D = €D<Zx:> €D.

r=0 i=0

For 1 <1i < D, the triple (D, 1, D) does not satisfy Corollary 3.2.18 (ii), thus epzfep =0

by relation (4) of Definition 3.3.6. Hence by relation (T1) of Definition 3.1.1,

D
* _ * 2
eD<§ xi>eD—eDazoeD—eD—eD.

1=0

Therefore ugep = ep.
(iii) Similar to the proof of (i).

(iv) Similar to the proof of (ii). O
We finish this section with a comment about the case D = 1.

Proposition 3.4.7. For D =1, the element ug = 1. Moreover, the algebra Ty is isomor-

phic to Maty(C).

Proof. Because D = 1, Lemmas 3.1.8 and 3.4.6 imply that

ug = up(ep +e1) =ep+ep = 1.
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Therefore the algebra 77 is isomorphic to Mate(C) by Proposition 3.4.3 part (iii). O]

3.5 Qp is T-determined by the triple product relations

Recall Definition 3.1.7. In this section, we prove Theorem 1 from the introduction.

Recall the free algebra ¥p from Definition 3.3.11.

Definition 3.5.1. Assume D > 2. Let ¢p : Tp — Tp_o be the algebra homomorphism

that sends

¢o — 0, eg — 0,
e — €1, ¢ e (1<i<D-1),
ep — 0, ¢h — 0.

Referring to Definition 3.5.1 and using (3.3.10), we see that ¢p sends
e > i1, e ey (0<i<D). (3.5.1)
Definition 3.5.2. Assume D > 2. Let Rp denote the two-sided ideal of ¥p generated by
€0, ¢D, eSu QZ.
Lemma 3.5.3. Assume D > 2. The map pp is surjective with kernel Rp.
Proof. Routine consequence of Definitions 3.5.1 and 3.5.2. 0
Lemma 3.5.4. Assume D > 2. For 0 <1i < D, the following (i), (ii) hold:

X ift=0o0ri=1;

. L — L2 if2<i<D-2
(i) op(ri) =

bo2) —xiy  ifi=D-1;

xilwﬁf(n) —ti—2 ifi=D;
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o) ifi=0o0ri=1,;
B D P if2<i<D-2
(ii) op(x}) =

up—2(z7)

o- o ifi=D-1

1 p—2(x7) e
=5~y fi=D.

Proof. (i) We begin with a comment. Note that by Definitions 3.2.6 and 3.3.11, the

following holds in Tp:
jrj =ntj—1 — (D —j +2)rj-2 (2<j<D). (3.5.2)

We now consider the cases for i.
First, assume ¢ = 0. The result holds, because rg = 1. Next, assume ¢ = 1. Then by
Lemma 3.2.8, Definition 3.3.11, and Definition 3.5.1,
D
ep(r) = @D(Z(D - 23')%')
i=0

1=

D—1

= > (D—2j)ej1
j=1
D—-2

=N (D —2—2j)e;
7=0

=1ri.

By (3.3.10), it is correct to say that ¢p sends r; — r; — ri—2 for = 0 and ¢ = 1. This
allows us to use induction for 2 < i < D — 2. We proceed by induction on 4.

Assume 2 < ¢ < D — 2. Setting j = ¢ in (3.5.2), applying ¢p to both sides, using
induction, and dividing by ¢, we obtain

ri(tic1 —ri—g) — (D — i+ 2)(ri—2 — ri—4)
- .

¢p(ri) = (3.5.3)
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Using Definitions 3.2.6 and 3.3.11, we find that in p_»,

ririo1 = i + (D — )ri—2, iz = (i —2)ri—2 + (D — i+ 2)1i—4. (3.5.4)

In equation (3.5.3), we distribute terms in the numerator, then eliminate r1r;—1 and r1x;—3
via (3.5.4). This yields ¢pp(r;) = r; — ti—o.
Next, assume ¢ = D — 1. Setting j = D —1 in (3.5.2), applying ¢p to the result, using
induction, and dividing by D — 1 yields
11(tp—2 —tp-4) —3(tp-3 —tp_5)

¢p(xp-1) = D1 : (3.5.5)

Using Definitions 3.2.6 and 3.3.11, we find that in p_o,

rtp—a = (D —3)tp—3+ 3tp—s. (3.5.6)

In (3.5.5), we distribute terms in the numerator and eliminate r1xp_4 via (3.5.6). This

yields
Lirp—2 —ID—
pp(ip-1) = P20 (3.5.7)
D-1
By Lemma 3.2.11,
_ pp—2(r1)

Ntp—2 —ID-3 (3.5.8)

(D—2)"

We use (3.5.8) to eliminate the numerator in the right-hand side of (3.5.7). This yields

¢p(tp-1) = m —ID-3

For the rest of this proof, assume i = D. Setting j = D in (3.5.2), applying ¢p to the

result, using induction, and dividing by D yields

B (G2~ tp-a) ~2ep-2 —0-0)

¢p(rp) = 5 : (3.5.9)
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Using Definitions 3.2.6 and 3.3.11, we find that in p_»,

rirp-3 = (D — 2)tp_2 + 2tp_4. (3.5.10)

In (3.5.9), we distribute terms in the numerator and eliminate r1rp_3 via (3.5.10). This

yields
nup-2t) _ p
() = (D-1)! 02 npp-a(x) .
¥YDID D DI D—2-
1) Similar to the proot ot (1).
(ii) Simil h f of (i) O

Recall the ideal Sp C Tp from Definition 3.3.12. Our next general goal is to show that

¢p(6p) =G p_s. To do that, we will show that pp(&p) C Sp_s and Sp_s C pp(Sp).

Lemma 3.5.5. For D > 2, the following (i), (i) hold:
() %(Zf)o ¢ — 1) =y e — 1

(i) wD(zf;o - 1) _ S 1,

Proof. (i) By Definition 3.5.1,

D D-1 D2
¢D<Zei—l> = Zei_1—1:Ze,~—1.
i=0 i=1 i=0
(ii) Similar to the proof of (i). O

Lemma 3.5.6. Assume D > 2. For 0 < h,i,j < D such that (h,i,7) ¢ Pp, the following

(i), (ii) hold:
(Z) (h‘ - 17i7j - 1) ¢ PD—Q;
(ii) (h—1,i—2,7—1)¢ Pp_o.

Proof. We consider the three cases in Corollary 3.2.18. For convenience, we consider them

in the order (ii), (iii), (i).
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First, assume h + i+ j > 2D. Then

(h=1)+i+(j—1)>2(D-2),

(h—1)+(G@E—-2)4+(—1)>2(D-2).

Thus (i) and (ii) hold.

Next, assume h+i+j is odd. Then (h—1)+i+(j—1) is odd and (h—1)+(i—2)+(j—1)
is odd. Thus (i) and (ii) hold.

For the rest of this proof, assume one of h,,j is greater than the sum of the other

two. This leaves two subcases:

i>h+j, i< |h—jl.

First, assume ¢ > h + j. Then

i>h-1)4+(G—-1),

i—2>(h—1)+(G—1).

Hence h — 1,i,57 — 1 and h — 1,7 — 2,j — 1 fail the triangle inequality. Thus (i) and (ii)
hold.

Lastly, assume ¢ < |h — j|. Then

i <|(h=1)= (=1,

i=2<|(h=1)=(G -1

Hence h — 1,i,57 — 1 and h — 1,7 — 2,j — 1 fail the triangle inequality. Thus (i) and (ii)
hold.
O

Lemma 3.5.7. Assume D > 2. For 0 < h,i,j < D such that (h,i,j) ¢ Pp, the following
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(1), (3) hold:
(i) op(eprie;) € Sp_a;
(i) ep(entie;) € Sp_a.

Proof. (i) First note that if h = 0, h = D, j = 0, or j = D, then pp(e;r;e;) = 0 by
Definition 3.5.1. Thus for the remainder of this proof, we assume 1 < h,j <d — 1.
We consider the cases from Lemma 3.5.4 (i).

First, assume ¢ = 0 or ¢ = 1. By Definition 3.5.1 and Lemma 3.5.4,
ep(eprie;) = ¢, _1Li¢j_1.
By Lemma 3.5.6, (h — 1,4,j — 1) ¢ Pp_o. Hence by Definition 3.3.12,
¢p_1ti¢j_1 € Gp_a.
Next, assume 2 < ¢ < D — 2. Then
P (ejrie)) = e _1Xiej | — €,_1Fi-2€j 1.

By Lemma 3.5.6, (h — 1,i,5 — 1) ¢ Pp_9 and (h — 1,i — 2,5 — 1) ¢ Pp_». Hence by
Definition 3.3.12,

* * * *
Cp_1ki€j_1 — Cp_1ki—2¢; 1 € Sp-o.

Next, assume ¢ = D — 1. Then

* * e;klflluD*Q(xl)e;—l * *
¢p(eprie)) = (D —1)! — e 1li—2¢;_q-

By Lemma 3.3.8, up_2(x1) € Sp_s. By Definition 3.3.12 and Lemma 3.5.6, 927111‘723;71 S

Sp_a. Thus

971—1ND72(F1)%—1
(D —1)!

*
- 92_1%—233‘71 € Gp_o.



For the remainder of this proof, assume ¢ = D. Then

ef _ripp—2(r1)el_
ep(eptie;) = T I — e qriae) .
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By Lemma 3.3.8, up—2(x1) € Sp_s. By Definition 3.3.12 and Lemma 3.5.6, e 1Fi—2¢j_; €

S p_9. Thus
eh r1pp—2(r1)e;_q
d!

* *
- eh_lgi_erfl S GD_Q.

(ii) Similar to the proof of (i).

O]

We have now shown that ¢p(&p) C Sp_s. Next we show that Sp_o C pp(Sp). To

that end, we include the following technical results.
Lemma 3.5.8. Assume D > 2. The following (i), (ii) hold:
(1) pp—2(x1)(1 —eo —ep) € Sp;
(ii) pp—2(z)(1 —¢f—¢f) € Sp.
Proof. (i) Observe that

D

pp—2(x1)(1 —eo —ep) = pp—2(r1) < -3 ez> + pup—2(x1) Z ¢

1=

By Definition 3.3.12, 1 — Zl “o¢ € 6p. Hence

D
1o—2(x1 ( Z%) €6p.

=0
By Lemma 3.2.8 and Definition 3.2.9,

D-1

UD— 2?1 H

=1

(3.5.11)

(3.5.12)
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By (3.3.4) and Remark 3.3.13, (r1 — 0;)¢; € Sp (1 <i < D —1). Hence

D-1

up—2(x1) Z ¢; € Gp. (3.5.13)
=1

It follows from (3.5.11), (3.5.12), and (3.5.13) that

pup—2(x1)(1 —eg —ep) € Sp.

(ii) Similar to the proof of (i). O
Corollary 3.5.9. Assume D > 2. The following (i), (ii) hold:
(i) pp—2(t1) € ¢p(Gp);
(i) pp—2(¥1) € ¥p(Sp).

Proof. (i) By Lemma 3.5.8 (i), up—2(r1)(1 —¢o —ep) € &p. By Definition 3.5.1 and
Lemma 3.5.4,

op(p—2(x1)(1 —eo —ep)) = pp—2(r1).
(ii) Similar to the proof of (i). O

Lemma 3.5.10. Assume D > 2. For 0 < h,i,j < D —2 such that (h,i,j) ¢ Pp_o, either
(h+1,i—2rj+1)¢ Pp 0<r<li/2]), (3.5.14)

or

(h+1,i+2rj+1)¢ Pp 1<r<[(D-1)/2)). (3.5.15)

Proof. We consider the three cases in Corollary 3.2.18. For convenience, we consider these
cases in order (ii), (iii), (i).

First, assume that A+ ¢+ j > 2(D — 2). Then

(h+1)+(G@+2r)+(+1)>2D 1<r<|(D-1)/2]).
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Thus (3.5.15) holds.

Next, assume that h+i+j is odd. Then (h+1)+(i—2r)+(j+1)isodd (0 < r < [i/2]).
Thus (3.5.14) holds.

For the rest of this proof, assume that one of h, i, j is greater than the sum of the other

two. This leaves two subcases:

i>h+7, i <|h—jl.

First, assume ¢ > h + j. Then

i+2r>h+1)+G+1) (1<r<[(D-1)/2]).

Hence h + 1,4 + 2r, j + 1 fail the triangle inequality (1 <r < |[(D —4)/2]). Thus (3.5.15)
holds.

Lastly, assume ¢ < |h — j|. Then

i—2r<|(h+1)—(+1)] (0<r<i/2]).

Hence h+1,i—2r, j+1 fail the triangle inequality (0 < r < |i/2]). Thus (3.5.14) holds. O

Lemma 3.5.11. Assume D > 2. Then for 0 < h,i,j < D — 2 such that (h,i,j) ¢ Pp_2,
the following (i), (i) hold.

(i) epxie; € op(Sp).
(i1) enxie; € op(Sp).

Proof. (i) We consider the two cases in Lemma 3.5.10.

First, assume (3.5.14) holds. Then by Definition 3.3.12,

€Z+1§i_27~6?+1 € Gp, (O <r< LZ/QJ)
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By Definition 3.5.1 and Lemma 3.5.4,
li/2] li/2]-1
@D( Z €Z+1xi—2r9§+1> = Z (epki—2re — ep¥i—2r—2€7) + e4¥i_a(i/2)¢;-  (3.5.16)
r=0 r=0

After expanding the sum and cancelling terms, the right-hand side of (3.5.16) becomes
eprie;. Thus ejrie] € op(Sp).

For the rest of this proof, assume (3.5.15) holds. Then by Definition 3.3.12,
hiativerti) € S L <r<|(D=i)2)).
For notational convenience, define a polynomial g € C[z] by

ﬁ if D — i is odd;

ﬁ if D — 1 is even.

We have defined g such that by Lemma 3.5.4,

oD Xiv2((D—i)/2)) = 9(®1)D—2(x1) — Fig2|(D—i)/2)—2-

Thus by Definition 3.5.1 and Lemma 3.5.4,

L(D—i)/2]
‘PD( > 92+1Z€i+2r€;+1>

r=1
(Dt (3.5.17)
=1

-3

T

(QZZ%HT?; - QZFz‘+2r—2€;) + 629(?1)/@—2@1)9; - QZFHzL(D—i)/zJ—ze;-

After expanding the sum and cancelling terms, the right-hand side of (3.5.17) becomes

—eprie] + ¢pg(r1)pup—2(x1)e}. Hence

—eprie; +epg(r1)pp—2(r1)e; € pp(Gp). (3.5.18)
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By Corollary 3.5.9 (i) and the surjectivity of ¢p,

¢rg(x1)up—2(x1)¢j € pp(Sp). (3.5.19)
Therefore by (3.5.18) and (3.5.19), ¢jri¢} € pp(&p).
(ii) Similar to the proof of (i). O

We have Sp_o C ¢p(Sp) by Lemmas 3.5.5 and 3.5.11 together with the surjectivity

of ©D-
Proposition 3.5.12. Assume D > 2. Then ¢p(Sp) = Sp_s.

Proof. We mentioned below Lemma 3.5.7 that ¢p(&p) C &p_s, and we mentioned below

Lemma 3.5.11 that ©Gp_o C (,OD(GD). (]

We next consider how ¢p induces an algebra homomorphism from 7p — Tp_o. Recall

Definitions 3.3.14 and 3.5.2.

Proposition 3.5.13. Assume D > 2. Then there exists an algebra homomorphism o', :

Tp — Tp—o that sends

eg — 0, ey — 0,
e €1, el ey (1<i<D-1),
ep — 0, ep — 0.

Moreover, ¢, is surjective, and ker(¢')) = ¥a(Rp).

Proof. We first consider the existence of ¢/,. By Lemma 3.3.13, Lemma 3.5.3, and Propo-
sition 3.5.12, we have a surjective algebra homomorphism ¢¥p_o 0 ¢vp : Tp — Tp_o with
kernel equal to &p + Kp. This map induces an algebra isomorphism from the quotient
algebra ¥p/(&p + &p) — Tp—2; we say this isomorphism is canonical.

Let ¢ : p/Sp — Tp/(6p + Kp) denote the quotient map, which we recall is an

algebra homomorphism.
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Recall the algebra isomorphism pp : Tp — ¥p/Sp from Definition 3.3.14.

The following composition gives an algebra homomorphism from 7p — Tp_so:
¢p: Tp —2= Tp/Gp —— Tp/(Gp + £p) — " Tp_o. (3.5.20)

We have shown that ¢, exists. With reference to (3.1.2), one routinely check that ¢,
sends e; — e;_1 and ef — e} ; (0<i < D).

We next show that ¢, is surjective. This follows because each of the composition
factors in (3.5.20) is surjective.

Lastly, we consider the kernel of ¢,. Inspection of (3.5.20) shows that ker(¢/,) =
Py (8p + &p). By the construction of pp, pp' (&p + &p) = ¥p(£p). Hence ker(p)) =
Ya(Rp).

(I

Proposition 3.5.14. Assume D > 2. Then the ideal Tpug is equal to p(Rp). Moreover,

Tpuo = ker(¢)).

Proof. We first consider the first assertion. Because ©p is surjective, ¥p(Rp) is equal
to the two-sided ideal of Tp generated by e, ep,eg, €. Thus by Lemma 3.4.6, the ideal
Yp(8p) € Tpuo.

Recall that ug = 2P 37 k- leteger. Thus

r=0"r
Tpouo € TpeoTp € ¢¥p(8Rp).

This proves the first assertion.

The second assertion follows by the first, together with Proposition 3.5.13. 0

Corollary 3.5.15. Assume D > 2. Then there exists an algebra isomorphism Tp(1 —
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uo) — Tp—2 that sends

eo(1 —ug) — 0, ep(1 —up) — 0,
ei(1 —wup) — ei_1, e;(1—wug) — e (1<i<D-1),
ep(l —wup) — 0, ep(l —wug) — 0.

Proof. With reference to (3.1.2), Proposition 3.5.13 implies that there exists an induced

algebra isomorphism 7p/ ker(¢’,) — Tp—2 which sends
e; + ker(oh) — €1, el + ker(¢p) = €4 (0<i< D).

By Proposition 3.5.14, we know that ker(¢},) = Tpuo. Identifying the quotient algebra

Tp/Tpuo with Tp(1 — ug) via the isomorphism in Corollary 3.4.5, the result follows. [

Corollary 3.5.16. Assume D > 2. Then there exists an algebra isomorphism
Tp — MatD+1(C) ® Tp—s.

Proof. Follows from Corollaries 3.4.4 and 3.5.15. 0

Proposition 3.5.17. Assume D > 0. Then there exists an algebra isomorphism

LD/2]

T — @ MatDJrl,QT((C).
r=0

Moreover, the algebra Tp is isomorphic to Tp.

Proof. We first consider the first assertion. We proceed by induction on D. The base cases
of D =0 and D = 1 are addressed in Remark 3.1.2 and Proposition 3.4.7. Now assume
D > 2. By Corollary 3.5.16 and induction, we have algebra isomorphisms

LD/2]

Tp — Matp41(C) & Tp_o — @ Matpi1-2-(C).
r=0
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This completes the proof of the first assertion.

To prove the second assertion, compare this result to Proposition 3.2.22. 0
We conclude with the main result of this chapter.

Theorem 3.5.18. Assume D > 0. Then the graph Qp is T-determined by the triple

product relations.

Proof. Fix a vertex x of @p. By Proposition 3.5.17, Tp and Tp have the same dimension
as C-vector spaces. Because §j : Tp — Tp is a surjective algebra homomorphism between
two algebras of the same dimension, it is an algebra isomorphism. The result follows from

Definition 3.1.7. O
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Chapter 4

2-homogeneous bipartite

distance-regular graphs

In this chapter, motivated by Curtin’s work on 2-homogeneous bipartite distance-regular
graphs [7, 11], we define families of TBT pairs and character algebras with eigenvalues and
intersection numbers analogous to those in Proposition 2.3.3 (ii), (iii). We then investigate
the associated generalized Terwilliger algebras. Such a generalized Terwilliger algebra will
be denoted 7(P). The main goals of this chapter are to prove Theorems 2, 3 from the
introduction. As we will see, Theorem 2 follows as a consequence of Theorem 3, so we will

prove Theorem 3 first.

4.1 The TBT system eWw)

Back in Section 2.4, we discussed TBT systems. In this section, we introduce a specific
family of TBT systems.

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let V denote a vector space over C with dimension D + 1. Let ¢ € C denote a

nonzero scalar that is not a root of unity.
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Definition 4.1.1. Let

D 2 D—21
o) (" +a°)(q —1) .
0, = D2 =1) (0<i<D).

For notational convenience, abbreviate 0; = Gl(D) (0<i< D).

Our next goal is to show that the sequence ({6;}2,; {0:}2,,) satisfies the conditions of

Proposition 2.4.14.
Lemma 4.1.2. For 0 <1i,j < D, we have 0; # 0; ifi # j.

Proof. By Definition 4.1.1,

(6" +¢*)(¢' +¢" )@ = 1)

bi=0i = qP (2 - 1)

(4.1.1)

In the right-hand side of (4.1.1), each factor is nonzero because i # j and ¢ # 0 and ¢ is

not a root of unity. The result follows. O

Lemma 4.1.3. We have

Qi_l—(q—i—q_l)Qi—i—HHl =0 (1 SiSD—l).

Proof. Follows from Definition 4.1.1. O

Lemma 4.1.4. We have

0; +0p_; =0 (0<i< D).

Proof. Follows from Definition 4.1.1. O
Proposition 4.1.5. There exists a TBT system with eigenvalue array ({0;}2.; {60:}2.,).

Proof. Follows from Proposition 2.4.14 and Lemmas 4.1.2-4.1.4. O
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Definition 4.1.6. Let 0P) = (A;{E;}2,; A*;{E;}2,) denote the TBT system from

Proposition 4.1.5. For notational convenience, abbreviate © = ©(P),
Lemma 4.1.7. The TBT system © is self-dual.
Proof. Follows from Lemma 2.4.15.

Next we describe the intersection numbers of ©.

Lemma 4.1.8. We have

D 2 21 1 .
g
(P + ) (PP - 1)

(q” +¢*P=0)(¢* - 1)

bi =

(0<i<D-1).

Proof. For {¢;}P7!, evaluate the right-hand side of (2.4.3) using Definition
evaluate the right-hand side of (2.4.4) using Definition 4.1.1. For {b;}2,}

right-hand side of (2.4.5) using (4.1.2).
Corollary 4.1.9. We have c¢; = 1.
Proof. Follows from Lemma 4.1.8.
Recall the polynomials {vi}i’; +! from Definition 2.5.3.
Corollary 4.1.10. The following (i), (ii) hold:
(i) v1 = z;
(ii) A; = A.

Proof. (i) Follows from Definition 2.5.3 and Corollary 4.1.9.

(ii) Follows from Lemma 2.5.11 and Corollary 4.1.9.
Lemma 4.1.11. We have cp = ¢; +b; (0 <i < D).

Proof. Follows from Lemma 4.1.8.

(4.1.2)

4.1.1. For cp,
, evaluate the

d



68

Lemma 4.1.12. The following (i)-(iii) hold:
(i) ci=cf (1<i<D);
(ii) vi =vf (0<i< D+1);

(i) =

Proof. Follows from Lemmas 2.4.15 and 2.5.13, Definition 2.7.7, and Lemma 4.1.7. O

4.2 The character system ¥(")

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the TBT
system

0P) = (A {E}2 o A% {E )

from Definition 4.1.6. Recall the associated character system W) = (M; {A;}2 i {E:}2,)
from Proposition 2.9.8. For notational convenience, abbreviate ¥(P) = Vo). We further
abbreviate ¥ = U(P) if the value of D is clear from the context.

In this section, we make some observations about V.
Lemma 4.2.1. The character system ¥ is self-dual.
Proof. Follows from Proposition 2.9.10 and Lemma 4.1.7. O
Lemma 4.2.2. We have p?j = qzhj (0 < h,i,j < D).
Proof. Follows from Lemmas 2.8.7, 4.2.1. O

We now introduce some notation. Let

<]> _GiG-1Gnit (0<i<j<D). (4.2.1)
2 c CiCi—1 " C1

We interpret



Lemma 4.2.3. For 0<4,5 <D,

N _(
i), \G-i),
Proof. Follows from (4.2.1).

Lemma 4.2.4. (See [31, Definition 6.6]) For 0 <i < D,

(),

Lemma 4.2.5. We have k; =k} (0 <i < D).
Proof. Follows from Lemmas 4.1.12, 4.2.4.
Recall the scalars p;(j) and ¢;(j) from Definition 2.7.7.

Lemma 4.2.6. For 0<4,5 <D,

*

pi(d) = @(j) = pi(j) = ¢ (§)-

Proof. Follows from Lemmas 2.8.4, 4.2.1.

Lemma 4.2.7. The following (i)-(iii) hold for 0 <i,j5 < D:
(1) pi(7) = p;(0)-
(ii) pi(D — j) = (=1)'pi(3).

(iii) pp—i(j) = (=1)'pi(5).

Proof. (i) Follows from Lemmas 4.2.5, 4.2.6 and [28, Lemma 13.5].
(ii) Follows from Lemmas 2.5.6, 2.9.9, 4.1.4.
(iii) Follows from (i) and (ii).

Lemma 4.2.8. For0< ;< D,

69
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Proof. Follows from Lemmas 2.7.8, 4.2.7. O

Recall the polynomial y € C[z] from Definition 2.5.7.

Lemma 4.2.9. In the algebra C[z], the polynomial p divides viv; — ZhD:() p?jvh for 0 <

i,j < D.

Proof. By Definitions 2.5.9, 2.6.10, we have

D
0 (A (4) = 3 plyon(4) = 0.
h=0

The result follows from Lemma 2.5.8. O

4.3 The intersection numbers of W

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the character

system

U =0 = (M { A} 0 {Ei} o)

from the first paragraph of Section 4.2. In this section, we find the intersection numbers

of ¥ in closed form.

Definition 4.3.1. Let the set P(P) consist of the 3-tuples of integers (h,i,j) such that

0 < h,i,j < D and the following (i)—(iii) hold:
(i) none of h,i,j is greater than the sum of the other two;
(ii) h+i+j <2D;
(iii) h 44+ j is even.
For notational convenience, abbreviate P = P(D).

We will show that for 0 < h,7,57 < D, the intersection number p?j # 0 if and only if

(h,i,7) € P. In this case, we will give an explicit formula for p?j
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Lemma 4.3.2. We have A;Ap = Ap—; (0 <i < D).

Proof. By Proposition 2.7.5, Definition 2.7.7, and Lemmas 4.2.7, 4.2.8,

D D A D _ D
Aidp — (me)Ej) (Z(—lij) =S CRG)E =S ppi()E; = Ap.
=0

7=0 7=0 7=0

Lemma 4.3.3. We have pzhj =ph . D—j (0 < h,i,j < D).

Proof. By Lemmas 2.5.11, 4.3.2 and since M is commutative,
Ap_iAp_j = AjApAjAp = AjApApA; = AjAgAj; = AjA;.

The result follows from Definition 2.6.10. OJ
Lemma 4.3.4. The following (i), (ii) hold for 0 <i,j < D:

(i) if i + j is even, then

A;Aj € span{Ay |0 < h < D, h is even};
(i) if i + j is odd, then

AjA; € span{A;, |0 < h < D, his odd}.

Proof. Follows from Lemma 2.5.11, Corollary 2.5.12, and induction on 3. O

Lemma 4.3.5. For 0 < h,i,j < D, the scalar chj = 0 if one of h,i,j is greater than the

sum of the other two.

Proof. By Proposition 2.9.8, the character system ¥ is P-polynomial. The result follows
from Definition 2.7.10. O

Lemma 4.3.6. For 0 < h,i,j < D, the scalar p?j =04 h+14+75>2D.



Proof. We have
h>D—i+D—j.

Hence by Lemma 4.3.5, plfj_i D—j = 0. The result follows from Lemma 4.3.3.

Lemma 4.3.7. For 0 < h,i,j7 < D, the scalar pzhj =04 h+i+ 7 is odd.
Proof. Follows from Definition 2.6.10 and Lemma 4.3.4.

Proposition 4.3.8. For 0 < h,i,j < D, the scalar p?j =0 if (h,i,j) ¢ P.
Proof. Follows from Definition 4.3.1 and Lemmas 4.3.5-4.3.7.

Lemma 4.3.9. For0< h,j <D and2<i< D,

h—1 htl o
ph< B ChDi—1 j + bhpi_l i b172p1'72 j
1) .

Ci
Proof. By Corollary 2.5.12,

(AAi—1 —bi—2A;_2)A,;

Ci

AA; =

72

(4.3.1)

(4.3.2)

Distribute A; on the right-hand side of (4.3.2), then evaluate both sides using Defini-

tion 2.6.10. This yields

D D D

r . Z?":O Di_1 jAAr —bi—2 Zr:() Di_o jAr
g pz-jAr = .
r=0

Ci

(4.3.3)

By Lemma 2.5.10, the elements {A,.}2_, are linearly independent. Evaluate the right-hand

side of (4.3.3) using Lemma 2.5.11 and compare coefficients. The result follows.

We now give the intersection numbers of ¥(?) in closed form.

Theorem 4.3.10. For 0 < h,i,7 < D, we have

O

0 if (hyi,j) ¢ P;

(9), (75" i e e st if (i) € P,

q25+qD)(qz(D—i+6)+qD)(q2(D—j+5)+qD)(q2(h+6)+qD)
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i+j—h

where 6 = 5

Proof. We proceed by induction on i. The cases ¢ = 0 and 7 = 1 are routine.

For the rest of this proof, assume i > 2. If (h,i,j) ¢ P, then p?j = 0 by Proposi-
tion 4.3.8. Assume (h,i,j) € P. Evaluate the right-hand side of (4.3.1) using induction
and Lemma 4.1.8. In this evaluation, it is convenient to treat the cases h = 7 — ¢ and

h = j + ¢ separately. O
We emphasize one aspect of Theorem 4.3.10.
Corollary 4.3.11. For 0 < h,i,j < D, the following (i), (ii) are equivalent:
(i) pjy #0;
(ii) (h,i,j) € P.

Proof. Follows from Lemma 2.4.13, Theorem 4.3.10, and because g # 0 and ¢ is not a root

of unity. m

4.4 The generalized Terwilliger algebra associated with a

character system

In this section, we review some definitions and results from [14] concerning the generalized
Terwilliger algebra. A generalized Terwilliger algebra is constructed from a character
system ¥ and its dual ¥*. In this section, we will not make any assumption about ¥ or
U*. In later sections, we will assume that ¥ and ¥* come from the first paragraph of
Section 4.2.

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let ¥ = (C;{X;}2,;{E;}2,) denote a character system over C. Let ¥U* =

(C* XY 0 {EF 12 denote the dual of .

7
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Definition 4.4.1. (See [14, Definition 4.1]) Let 7 denote the algebra with generators

{x}P,, {21}2, and the following relations:

(T1) xTo =T =

(T2) ;=Y pljan (0<4,j < D);
h=0
D

(T2Y)  wizy =) g, (0<4,j < D);
h=0

(T3)  ejmie; =0if s =0 (0 < h,i,j < D);

(T3*)  enzje; =01if s =0 (0 < h,i,j < D).

The above pzhj, qz-hj7 ¢i(7), ¢} (j), v are attached to W,U* as explained in Sections 2.7, 2.8.

We call T the generalized Terwilliger algebra associated with W.
Remark 4.4.2. Assume D = 0. Then the algebra 7T is isomorphic to C.

For the rest of this section, assume D > 1.
Let ¢ € Z. For notational convenience, define z; = 0, 7 = 0, ¢; = 0, e = 0 unless

0 <i < D. Abbreviate z = 7 and z* = x7.

Definition 4.4.3. Let C denote the subalgebra of T generated by {z;}2 . Let C* denote

the subalgebra of T generated by {z}}2,.
Lemma 4.4.4. (See [14, Section 5] The following (i), (ii) hold:

(i) there exists an algebra isomorphism ¢ : C — C which sends

xi'—>X¢, e; — E; (OSZSD),
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(ii) there exists an algebra isomorphism ¢* : C* — C* which sends

x — X[, e; — B (0<i<D,).

Lemma 4.4.5. (See [14, Propositions 5.4, 5.7]) The following (i), (ii) hold:
(i) each of {x:}2,, {e:}2 is a basis for C;
(ii) each of {x:}E,, {e:}2, is a basis for C*.

Lemma 4.4.6. (See [14, Proposition 5.3, 5.6]) The following (i), (ii) hold:
() Yiloei=1;
(i) Y lge; = 1.

Lemma 4.4.7. (See [14, Propositions 5.3, 5.6]) The following (i), (ii) hold for 0 <i,j <
D:

(1) eiej = dije;;
(ii) eje; = djje;.
Lemma 4.4.8. The following (i), (ii) hold:
(i) eo = v 12 0 wi;
(ii) e = v 1 X2 .
Proof. Follows from Lemma 2.7.8 and Definition 4.4.1. 0
Next we recall the central idempotent of 7.

Lemma 4.4.9. (See [14, Proposition 11.1]) We have

D D
vY kilefee; = vy (k) teiches. (4.4.1)
i=0 i=0

This common element is central in T .
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Definition 4.4.10. Referring to Lemma 4.4.9, let u denote the common element from

(4.4.1). By [14, Proposition 11.4], u? = u. We call u the primary central idempotent of T .
Lemma 4.4.11. (See [14, Proposition 11.2]) The following (i), (ii) hold for 0 < i < D:
(i) ue; = Vk:i_leie("jei.
(ii) uef = v(k) Lefeper.
Lemma 4.4.12. (See [14, Corollary 11.3]) The following (i), (ii) hold:
(i) uep = ep;
(i) uel = €.

Proposition 4.4.13. (See [14, Proposition 11.5 and Theorem 12.3]) The following (i)—
(i4i) hold:

(i) the sum T =Tu+ T (1 —u) is direct;
(i) Tu and T (1 —w) are both two-sided ideals of T ;
(iii) the algebra Tu is isomorphic to Matpy1(C).
We emphasize some aspects of Proposition 4.4.13.

Corollary 4.4.14. There exists an algebra isomorphism from T to the direct sum
MatD+1(C) © T(l - u)

Proof. Follows from Proposition 4.4.13. O

We conclude this section with a comment about the quotient algebra 7 /7 u.

Corollary 4.4.15. There exists an algebra isomorphism T /Tu — T (1 — u) that sends
e+ Tuw— e(l—u), e +Tur e;(1—u) (0<i<D,).

Proof. Follows from Proposition 4.4.13. O
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4.5 The generalized Terwilliger algebra associated with ¥(")

In the previous section, we discussed the generalized Terwilliger algebra attached to a
character system W and its dual W*. In this section, we assume that ¥ and ¥* come from
the first paragraph of Section 4.2.

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the character

System

V) = (M { A} g {E )
from the first paragraph of Section 4.2. Recall from Lemma 4.2.1 that ¥(P) is self-dual.

Definition 4.5.1. Let 7(?) denote the generalized Terwilliger algebra associated with

(D) For notational convenience, abbreviate 7 = T(P).

the character system ¥
For the rest of this section, assume D > 1. We make some observations about 7.

Lemma 4.5.2. With reference to Lemma 4.4.4, the following (i), (ii) hold:

(i) ¢ sends x — A;

(ii) ¢* sends x* — A*.
Proof. Follows from Corollary 4.1.10 and Lemma 4.4.4. O
Lemma 4.5.3. The following (i), (ii) hold:

(i) =YL, biei;

(ii) & = Y2, e
Proof. Follows from Lemmas 2.4.7, 4.4.4, 4.5.2. U

Recall the polynomials {v;}2h! from Definition 2.5.3.

Lemma 4.5.4. The following (i), (i1) hold for 0 <i < D:

(i) xi =vi(z);



(i1) xf = vi(z*).

Proof. Follows from Definition 2.5.9 and Lemmas 4.1.12, 4.4.4, 4.5.2.

Let i € Z. Recall that x; =0, 7 = 0 unless 0 <7 < D.
Lemma 4.5.5. The following (i), (ii) hold for 1 <i < D :
(i) xx; = bi_1Ti—1 + Cip1Tiq1;
(ii) x*x] = bi_1x]_; + cip12], .
Proof. Follows from Lemmas 2.5.11, 4.1.12, 4.4.4, 4.5.2.
Corollary 4.5.6. The following (i), (ii) hold for 2 <i < D+ 1:
() = zmshsns,
Proof. Follows from Lemma 4.5.5.
Lemma 4.5.7. The following (i), (i1) hold for 0 <i < D:
(i) wixp = xp_i;
(it) zjaxp, =z}, _,.
Proof. Follows from Lemmas 4.3.2; 4.4.4.
Recall the polynomial i from Definition 2.5.7.
Lemma 4.5.8. The following (i), (ii) hold:
(i) w is the minimal polynomial of x;
(ii) p is the minimal polynomial of x*.
Proof. Follows from Lemmas 2.5.8, 4.5.2.

Lemma 4.5.9. The following (i), (ii) hold:

78
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(i) vp41(z) = 0;
(i) vpy1(x*) = 0.
Proof. Follows from Lemmas 2.5.8, 4.5.8. 0
Lemma 4.5.10. The algebra T is generated by x,x*.
Proof. Follows from Definition 4.4.1 and Lemma 4.5.4. O
Recall the set P = P(P) from Definition 4.3.1.
Lemma 4.5.11. The following (i), (i) hold:
(i) eyxie; =0 if (h,i,j) ¢ P;
(i1) epxie; =0 if (h,i,j5) ¢ P.
Proof. Follows from Corollary 4.3.11 and Definition 4.4.1. O

Recall the primary central idempotent v € 7 from Definition 4.4.10. We make some

observations about this element.

Lemma 4.5.12. The following (i), (ii) hold:
(i) uep = ep;
(ii) ue}, = ej,.

Proof. (i) By Lemmas 4.2.4, 4.4.8, 4.4.11,

D
uep :ZepreD. (4.5.1)
i=0

By Definition 4.3.1 and Lemma 4.5.11, epzfep = 0 for 1 < i < D. Thus by (4.5.1),

uep = epryep. (4.5.2)
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Evaluate the right-hand side of (4.5.2) using Definition 4.4.1 (7'1) and Lemma 4.4.7. The
result follows.

(ii) Similar to the proof of (i). O

4.6 Alternate presentations for 7

Throughout this section, the following notation is in force. Let D > 1 denote an integer.
Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the generalized Ter-
williger algebra 7 = TD) from Definitions 4.4.1, 4.5.1. In these definitions, 7 is presented
by generators and relations. In this section, we describe two additional presentations for
T.

Recall the set P = P(P) from Definition 4.3.1.

Definition 4.6.1. Let 7' denote the algebra with generators x,z* and the following

relations:

(3) epaies = 0if (hyi,j) ¢ P (0 < hyi,j < D);
(4) enae; = 0if (hyi,j) ¢ P (0< h,i,j < D).

The elements {x;}2,, {1 }2,, {e:}2,, {e;}2, are defined by

x; = vi(z), x; = vi(z"),
D D

ei=v 'Y (i), e; =v > ah)z]
j=0 j=0

for 0 < i < D. The above p, v;, v, ¢;(j) are attached to the generalized Terwilliger algebra

T as explained in Sections 2.5, 2.7, 2.9, 4.4.
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Shortly we will display an algebra isomorphism 7 — 77 that sends

XTi > X4, xf ey,
€; — €4, e; e
for 0 <i<D.
Lemma 4.6.2. The following (i), (ii) hold in T":
(i) wo =1;
(i1) xf = 1.
Proof. Follows from Definitions 2.5.3, 4.6.1. O
Lemma 4.6.3. The following (i), (ii) hold in T :
(i) z1 = x;
(ii) ] = x*.
Proof. Follows from Corollary 4.1.10 and Definition 4.6.1. O

Lemma 4.6.4. The following (i), (ii) hold in T’ for 0 <i,j < D:
. D
(i) zivj =) g P?ﬂh;
.. % D
(i1) ria; = thop?sz.

Proof. (i) By Lemma 4.2.9 and Definition 4.6.1,

D
vi(z)vj(x) — Zp?jvh(sc) =0.
h=0

The result follows from Definition 4.6.1.

(ii) Similar to the proof of (i). O

Lemma 4.6.5. The following (i), (ii) hold in T' for 0 < h,i,j < D:
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(i) epxie; =0 ifp?j =0;
(ii) enxfe; =0 if ¢ = 0.
Proof. Follows from Lemma 4.2.2, Corollary 4.3.11, and Definition 4.6.1. 0

Proposition 4.6.6. There exists an algebra isomorphism T — T’ that sends

Ti > Ts, x>

e — e, el —e;

for0<i<D.

Proof. Consider the presentation for 7 from Definition 4.4.1. By Lemmas 4.2.6, 4.6.2,
4.6.4, 4.6.5 and Definition 4.6.1, there exists an algebra homomorphsim v : 7 — 77 that
sends z; — x;, X7 — ], €; > €5, e = e; for 0 <@ < D.

Consider the presentation for 77 from Definition 4.6.1. By Lemmas 4.2.6, 4.5.4, 4.5.8,
4.5.11, 4.6.3 and Definition 4.4.1, there exists an algebra homomorphism v’ : 7/ — T that
sends z; — x;, x7 — T, €; > €5, e = e; for 0 <@ < D.

By construction, the algebra homomorphisms 1) and )’ are inverses. Therefore they

are algebra isomorphisms. O

For the rest of the paper, we identify the algebras 7 and 7’ via the isomorphism in

Proposition 4.6.6.

Definition 4.6.7. Let 7~ denote the algebra with generators {e;}2,, {ef}2, and the

following relations:
(1) Yo =1
(2) Zi’;o e; =1
(3) chmie; = 0 (h,i,j) ¢ P (0 < h.ij < D);

(4) enwie; = 0if (hii,j) & P (0 < hyi,j < D).
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The elements z, z*, {x;}2,, {21}, are defined by

D D
T = E 0,er, z* E Orer,
r=0 r=0

x; = vi(z), x; = vi(z") (0<i< D).

The above 0., v; are attached to the generalized Terwilliger algebra T as explained in
Sections 2.4, 2.5, 2.9, 4.4.
Shortly we will display an algebra isomorphism 7 — 7" that sends
Tit— Tq, x
€; — €, e; e
for 0 <i<D.
Lemma 4.6.8. The following (i), (ii) hold in T" for 0 <i,j < D:
(Z) eiej = 51'3‘61','
(ii) e;‘e;‘- = dj;e}.
Proof. (i) First assume i # j. By Definitions 2.5.3, 4.6.7, x§ = vo(z*) = 1. By Defini-
tion 4.3.1 and since i # j, the triple (4,0, j) ¢ P. By these comments and Definition 4.6.7,

eiej = e;xpej = 0.

Next assume ¢ = j. By Definition 4.6.7 and the previous paragraph,

(ii) Similar to the proof of (i). O

Lemma 4.6.9. The following (i), (ii) hold in T":
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(i) ) =0;
(ii) p(a*) = 0.

Proof. (i) By Definition 4.6.7 and Lemma 4.6.8,

D D
(@) = p ( > 9i€z‘> = p(bie;.
i=0 =0
By Definition 2.5.7, u(6;) = 0 for 0 < i < D. The result follows.
(ii) Similar to the proof of (i). O
Recall the first eigenmatrix P and the second eigenmatrix @ of .
Lemma 4.6.10. The following (i), (ii) hold in T" for 0 <i < D:
(i) e =v1 Z]D:O ai(J)z;;
(ii) e; = v Lo ai()z].
Proof. (i) By Lemmas 2.9.9, 4.6.8 and Definition 4.6.7,

D

The result follows from the fact that PQ) = QP = v1.

(ii) Similar to the proof of (i), noting Lemma 4.2.6. O

Proposition 4.6.11. There exists an algebra isomorphism T — T that sends

Ti > Ts, o

€; > €, e; e

for0<i<D.

Proof. Consider the presentation for 7 from Definition 4.6.1. By Definition 4.6.7 and
Lemmas 4.6.9, 4.6.10, there exists an algebra homomorphism 7 : 7 — 7" that sends

Xi X, T X, € e, ef el for 0 <@ < D.



85

Consider the presentation for 7" from Definition 4.6.7. By Lemmas 4.4.6, 4.5.3 and
Definition 4.6.1, there exists an algebra homomorphism 7”7 : 7”7 — T that sends x; — z;,
x; =T, e e, el e for 0 <i<D.

By construction, the algebra homomorphisms 7 and 7" are inverses. Therefore they

are algebra isomorphisms. O

For the rest of this paper, we identify the algebras 7 and 7" via the isomorphism in

Proposition 4.6.11.
We end this section with a comment about notation. We have been discussing the
algebra 7 = 7). In this discussion, we attached many items to 7, such as 6;, ¢;, v;, etc.
(D) Ui(D)

Going forward, we might write HED), ¢, , etc. in order to emphasize the origin of

these items.

(D)

i

D-2)

4.7 Comparing the polynomials v, and UZ( -

Throughout this section, the following notation is in force. Let D > 2 denote an integer.
Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the generalized
Terwilliger algebras 7(P) and 7(P~2) from Definitions 4.4.1, 4.5.1.

We motivate this section with some comments. In Section 4.8, we will display an
algebra homomorphism b(P) : T(P) 5 7(P=2) " Ag we will see, b(P) sends z(P) — aa(P—2)

and 2*(P) — az*P=2) where o € C is a scalar we will define shortly. By Lemma 4.5.4,

D) _ UZ(D)(x(D)% LXD) _ UZ(D)(x*(D)) (0<i< D),

x(D72) = U§D72) (x(D72)) x:(DJ) = vz-(sz) (x*(D72)) (0<i<D-2).

)

Thus for 0 < i < D, b(P) sends l‘gD) — vi(D) (axP=2)) and ¥ UZ(D) (az*(P=2)). Moti-
()

(D

%

vated by those comments, we investigate the polynomial v; "’ («z).

Our goal in this section is to express the polynomial v )(az) in terms of the polyno-

mials {’U§D72) (2) ]1')2701'
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For i € Z, define

D | 2
q- +q
Q= ———5—>5~- 4.7.1
Coa@P T+ @y
Abbreviate o = a7. Note that for i € Z, «; is nonzero and
a;l = Qp_1—i- (4.7.2)
We define the scalars {7; };cz such that v9 = 1 and
Vi = Q4Yi—1 (7, S Z). (4.7.3)
Note that ~; # 0 for i € Z.
Lemma 4.7.1. We have
0P = apP? (1<i<D-1) (4.7.4)
Proof. Evaluate (4.7.4) using Definition 4.1.1 and (4.7.1). O
Lemma 4.7.2. We have
P = O%CZ(D*Q) (1<i<D-2) (4.7.5)
B\ = a1 b2 (2<i<D-1). (4.7.6)
Proof. To verify (4.7.5), evaluate each side using Lemma 4.1.8 and (4.7.1).
(4.7.6) is verified in a similar fashion. O

The next two results are technical lemmas that we will use later in this section.

Lemma 4.7.3. For2<i< D,

iD= animgel Ty = yiabD) = —yiacl”. (4.7.7)
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Proof. By Lemma 4.7.2 and (4.7.3),

0%—152@2—2) = %‘—zbgD), (4.7.8)
a%’-gcg{z) = %_201(-,’3%. (4.7.9)
By Lemma 4.1.11,
%7251@) - %'7261(?% - %-,ngl_)g = —'yi,chD). (4.7.10)
Evaluate the left-hand side of (4.7.7) using (4.7.8)—(4.7.10). The result follows. O
(D-2)

Let ¢ € Z. Recall that v =0unless 0 <7< D —1.

i
Lemma 4.7.4. For2<i<D,

D)

(%’—4175_2 - 0%—355?4;2)) (-2

oPrP =0, (4.7.11)

Proof. In (4.7.11), the expression on the left has two factors. If i = 2 or ¢ = 3, then the
second factor is 0. If ¢ > 4, then the first factor is 0 by Lemma 4.7.2 and (4.7.3). The

result follows. O

We are going to show that for 0 <+i < D,

7ivs? ™ — 3y g0 Dy if0<i<D-2;
D _ _
v (az) = yo—s(e) )08 7P — yp g ifi=D—1;

a'yD_g(c(DD_)lcgj))_lzvg)__f) — 'yp_gvg)__2) ifi=D.

In the following results, we treat the above three cases in turn.

Lemma 4.7.5. For0<i< D — 2,

v P (az) = 40P (2) = 3PP (). (4.7.12)
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Proof. We proceed by induction on i. First assume that ¢ = 0. Then (4.7.12) holds
because both sides are equal to 1.
Next assume that ¢ = 1. Then (4.7.12) holds because both sides are equal to az.
For the rest of this proof, assume i > 2. By Lemma 2.5.4,
(D) (D), (D)
azv; b, ov.s(az
o (az) — i— 1( ) 1—271— 2( ) (4713)

D

Evaluate the right-hand side of (4.7.13) using induction and Definition 2.5.3. This yields

(D) ayi_ch(D*Q)v(D 2) + (Oé Yi— 1b( 2 a'yi_3c§£);2) — Vi~ Qb(D)) 5D52)
v, (az) =
7 C(D)
(4.7.14)
N (%741?5»1_)% - 0%73551_1;2))%(2;2)
D
By Lemma 4.7.2 and (4.7.3),
oD = 3l (1.7.15)

Evaluate the right-hand side of (4.7.14) using Lemmas 4.7.3, 4.7.4 and (4.7.15). The result
follows. g

Lemma 4.7.6. We have

UED_)l(aZ) = 7&3(6%7_)1) IUED 12) YD- 3”53 32)-

Proof. By Lemma 2.5.4,

O‘ZU%D)2(QZ) - b(D)3v5D )3(az)

D
C(D—)l

v\ (az) = (4.7.16)
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Evaluate the right-hand side of (4.7.16) using Lemma 4.7.5. This yields

(D-2) (D-2)y b(D) (D-2) (D-2)
U(DD_)1(0<Z) = O[Z(VDiszi 04D ) (D)D3(’YD3UD3 ID=50D- ) (4.7.17)
Cpl1

Distribute oz and b(DD33 on the right-hand side of (4.7.17), then evaluate using Defini-

tion 2.5.3. Recall that c%)__f) = 1. This yields

(D-2) (D-2) (D-2) (D) y,,(D—2)
_ + _ob — _ — vp—_3b
'U(DD_)l(OéZ) _ aYpD—2Vp_ (a’YD 20p_3 (DOZ)’YD 4Cp_3 YD-3 D73)UD73 (4.7.18)
€p-1
(’VD—5bg)—)3 - 047D—4bg7__52))”§3D—_52)
D)
D-1
By (4.7.2), (4.7.3),
aYp—2 = Yp-3- (4.7.19)

Evaluate the right-hand side of (4.7.18) using Lemmas 4.7.3, 4.7.4 and (4.7.19). The result
follows. H

Lemma 4.7.7. We have

vp (az) = avpos(ep ) T o = vpoavp )

Proof. By Lemma 2.5.4,

(D) _p\D) (D)

0P (az) = 22001 (22) (D)D—QUD—Q(O‘Z). (4.7.20)

‘D

Evaluate the right-hand side of (4.7.20) using Lemmas 4.7.5, 4.7.6. This yields
(D) \=1,,(D) _ (D-2)

v$P (az) = az(1p-s(cp-y) Q(jg)‘l 1-3%p-3 ) (4.7.21)

¢D

B b5y (vp—avly S — ’YD—4UEDD__2))

D
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Distribute az and bE}Q on the right-hand side of (4.7.21), then evaluate using Defini-

tion 2.5.3. This yields

avp—s(c) )T 208 — (ayposel LY+ ypaby)y)ul LY

(D) _
vy (az) = D)
D
N (1p-1bp”y — avp-sby Vi
D)
D
By Lemma 4.7.2 and (4.7.3),
04’7D736§7D_722) = ’7D72CSDD_)2-

By Lemma 4.1.11,

7D—20(DD22 + VD—QbSJDjz = 'YD—QCSDD)'

(4.7.22)

(4.7.23)

(4.7.24)

Evaluate the right-hand side of (4.7.22) using Lemma 4.7.4 and (4.7.23), (4.7.24). The

result follows.

We summarize the previous results.

Proposition 4.7.8. For 0 <i < D,

%’UZ-(DJ) - %—2%@{2) if0<i<D-2;
v (02) = § 9p o (@) 127D — yp gD ifi=D—1:
avp-s(ep ) d P —yp ol ifi=D.

Proof. Follows from Lemmas 4.7.5-4.7.7.

4.8 An algebra homomorphism 7)) — 7(P=2)

O

Throughout this section, the following notation is in force. Let D > 2 denote an integer.

Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the generalized

Terwilliger algebras 7P) and 7(P=2) from Definitions 4.4.1, 4.5.1. Recall the scalars
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{7i}tiez from (4.7.3).

In this section, we display a surjective algebra homomorphism b(P) : T(P) — 7(D=2)
that sends
ng) = %‘ng—Q) - ’71—2%@_2), xj(D) = %x:(p—z) - ’Yz'—206:(D_2),
egD) — 62(-?1_2), eZ(D) — eﬁ?_”
for 0 < i < D. We are using the notational convention above Remark 4.4.2.
For notational convenience, define
& =el?, e =0 (0<i<D), (4.8.1)
D D
7’ = ZQgD)eE, = ZHZ(D)efb, (4.8.2)
i=0 i=0
22 = o) (2%), a? = oD () (0<i< D). (4.8.3)

Recall the scalar o = «; from (4.7.1).
Lemma 4.8.1. The following (i), (ii) hold:
(i) 2 = azD-2);
«(D—2)

(ii) = = ax .

Proof. (i) Evaluate the right-hand side of (4.8.2) using Lemma 4.7.1 and (4.8.1), noting

that e(_[i_2) = (0 and eg)__f) = 0. This yields
D—1
2 =3 abPrPelP . (4.8.4)
i=1

Re-index the sum on the right-hand side of (4.8.4), then evaluate using Lemma 4.5.3. The
result follows.

(ii) Similar to the proof of (i). O

Lemma 4.8.2. The following (i), (ii) hold for 0 < i < D:
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) D—2 D—2
(i) @3 = ~ia{" > — yiaaP 7Y,
.. % *(D—2 *(D—2
(ii) 13ib = ’Yimz'( ) _ %'72%( )'

Proof. (i) Follows from Lemmas 4.5.4, 4.8.1, Proposition 4.7.8, and (4.8.3). It is convenient
to treat the cases i = D — 1 and i = D separately, noting that vg):l?) (z(P=2)) = 0 by
Lemma 4.5.9.

(ii) Similar to the proof of (i). O
Lemma 4.8.3. The following (i), (ii) hold:
(i) Y20 = 1;
(i) Yilge? =1.

Proof. (i) By Lemma 4.4.6 and (4.8.1),

D D—1 D2
IETR SN S
=0 =1 1=0
(ii) Similar to the proof of (i). O

Lemma 4.8.4. (Nicholson Hypercube Paper) For0 < h,i,j < D such that (h,i,j) ¢ PP,

the following (i), (ii) hold:
(i) (h—1,i,j —1) ¢ P(P2;
(i) (h—1,i—2,j—1)¢ P2,
Lemma 4.8.5. The following (i), (ii) hold for 0 < h,i,j < D:
(1) e}j’:z:?e;b =0 if (h,i,j) ¢ PD);
(ii) epape’ =0 if (h,i,5) ¢ PP,

Proof. (i) By (4.8.1) and Lemma 4.8.2,

* * *(D—-2) (D—-2) %(D-2 *(D—-2) (D—-2) *(D-2
ehbxzejb = %eh(il ):UE )ej(_l ) %,2ehﬂl )xE_Q )ej(_l ), (4.8.5)
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By Lemmas 4.5.11, 4.8.4, the terms on the right-hand side of (4.8.5) are both equal to 0.
The result follows.

(ii) Similar to the proof of (i). O

Proposition 4.8.6. There exists a surjective algebra homomorphism b(P) . T(D)

TP=2) that sends

2t syl - %_2%@—2)7 R VY M
e e, e 07
for0<i<D.

Proof. Consider the presentation for 7(P) in Definition 4.6.7. By (4.8.1)-(4.8.3) and
Lemmas 4.8.2, 4.8.3, 4.8.5, the algebra homomorphism b(D) exists.

By the construction of b(P), the elements {eEDiZ)}i’;f, e:(sz) D2 are contained in

the image of 7(P) under b(P). By Definition 4.6.7, {el(.D_z)}Df2 eik(D_Z)}D*2 generate

=0 » 1 =0

T(P=2) " Therefore b(P) is surjective. O
We emphasize some aspects of Proposition 4.8.6.

Corollary 4.8.7. The algebra homomorphism b(P) . T(P) — 7(D=2) gendyg

(D)

ey 0, eS(D)

— 0, eSDD) — 0, egD) — 0.

Proof. Follows from Proposition 4.8.6. O

4.9 The kernel of HP)

Throughout this section, the following notation is in force. Let D > 2 denote an integer.
Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the surjective algebra
homomorphism b(P) : T(P) — T(P=2) from Proposition 4.8.6.

In this section, we describe the kernel of h(P).
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Definition 4.9.1. Let X(P) denote the two-sided ideal of 7(P) generated by eéD), eS(D),

e(DD), e*D(D). In other words,

KD = 7D){P)(D) y (D) HPI (D) 4 (D) (D)D) (D)o x(P)gr(D)

Shortly we will show that () is the kernel of the algebra homomorphism b(®).
Consider the quotient algebras 7(P) /K(P) and TP) / ker(h(P)). By Corollary 4.8.7 and
Definition 4.9.1, K(P) C ker(b(P)). Hence there exists a surjective algebra homomorphism

L: T(D)/]C(D) N T(D)/ker(b(D)) that sends
y+KP) s g+ ker (b)) (ye TD).

By Proposition 4.8.6, there exists an algebra isomorphism can : T(P) / ker(h(P)) — T(P=2)
that sends
y + ker(0P)) = b2 (y) (y € T)).

Composing the previous two maps, we get a surjective algebra homomorphism

5D T D) oy TO) feer(5(D)) o, T(D-2) (49.1)

We will show that b(P) is an isomorphism. To do this, we will display the inverse of h(P),

We will define an algebra homomorphism #(°~2) : 7(P=2) _ 7(D) /Kc(P) and show that

4(P=2) (D) are inverses.
We bring in some notation. Going forward, for every y € T(P), let 5 denote the element

y+ KD ¢ T(D)/IC(D). We define some elements in T(D)/IC(D):

et = elP), et = er ) (0<i<D-2), (4.9.2)
D-2 D-2

ot = Z 9Pk = Z o2 et (4.9.3)
r=0 r=0

ot = P (o), at = P () (0<i<D-2). (4.9.4)

3 (2 3 3
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- 0, L 0, e:ﬂ = 0 unless

Let © € Z. For notational convenience, define mg =0, e i

0<:<D-2.

Lemma 4.9.2. We have

\D/2) JE—
S e =0, ST =, (4.9.5)
r=0 r=0
[(D-1)/2] ___ [(D-1)/2) ____
ool =o, > =0 (4.9.6)
r=0 r=0

Proof. Let R, R* denote the respective sums in (4.9.5). Let S,S* denote the respective

sums in (4.9.6). By Lemmas 2.7.8, 4.2.6, 4.2.8 and Definition 4.4.1,

R+8=eP) R—8=eD)

By Definition 4.9.1, e{”) = 0 and ¢\ = 0. By these comments, R = 0 and S = 0.

Similar comments show that R* =0 and S* = 0. O

Recall the scalar o = oy from (4.7.1).

Lemma 4.9.3. The following (i), (ii) hold in TP) /KK(P).

(i) ot = o~ ta(D);
(ii) x*f = o~ lx*(D),

Proof. (i) Evaluate the right-hand side of (4.9.3) using Lemma 4.7.1 and (4.9.2). This

yields
D-2 . D—1 -
ot = Z ailﬁgfl)egfi =q ! Z H,ED)eZ(D .
i=0 i=1

By Definition 4.9.1, e(()D) =0 and e(DD) = 0. By these comments,
D
zt=at Z GED)eE ). (4.9.7)

1=0

The result follows from Lemma 4.5.3.
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(ii) Similar to the proof of (i). O
Lemma 4.9.4. The following (i), (ii) hold in TP) /KK(P);
(i) v () = 0;
(D-2)

(ii) vy 7P (a*) = 0.

Proof. (i) By Lemma 4.4.7 and (4.9.2),

¢t = jjet (0<i,j < D). (4.9.8)

APD(at) = S 0D D) =
i=0
The result follows from Lemma 2.5.8.
(ii) Similar to the proof of (i). O

Recall the scalars {v;}iez from (4.7.3).
Lemma 4.9.5. The following (i), (ii) hold in TP) /KP) for 0 <i < D:

. (D
(i) %( ) = 'Yif’«"g - ’Yz'—2517§72;

.. *(D *
(ZZ) xz( ) = ’le;ku - /71'721:1'&2-

Proof. (i) Follows from Lemmas 4.5.4, 4.9.3, Proposition 4.7.8, and (4.9.4). It is convenient
to treat the cases i = D — 1 and ¢ = D separately, noting Lemma 4.9.4.

(ii) Similar to the proof of (i). O

Lemma 4.9.6. For 0<i< D,

[i/2] ) L[(D—i)/2] B

%‘_1 Z Liop = azf = _%'_1 Z Litor
r=0 r=1

Li/2] [(D—i)/2]

—1 *(D) -1 #(D)
Vi Z Tiop =T = =7 Z Litor:
r=0

r=1
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Proof. For each of the above sums, evaluate each summand using Lemma 4.9.5. O
Lemma 4.9.7. The following (i), (ii) hold in TP) /KC(P)

(i) S0 el =

(i) 3555 € =

Proof. (i) By Definition 4.9.1, e(()D) =0, e(DD) =0in 7P /KP), Hence by Lemma 4.4.6

and (4.9.2),
D—2 D—2 D—1 D
e egf = eED):Zef ) =1
=0 =0 i=1 =0
(ii) Similar to the proof of (i). O

Lemma 4.9.8. (Nicholson Hypercube Paper) For 0 < h,i,5 < D — 2 such that (h,i,j) ¢

Pp_s, then either
(h+1,i—2r,j+1)¢ Pp (0 <r<[i/2]),
or
(h+1,i4+2r,j+1)¢ Pp (1<r<|(D-1)/2]).
Lemma 4.9.9. The following (i), (ii) hold in TP /KP) for 0 < h,i,j < D —2:
(i) eyfate;’ = 0if (hi,j) ¢ Po-o;
(i) efaitet =0 if (h,i,j) & Pp_s.

Proof. (i) By (4.9.2) and Lemma 4.9.6,

ok (D) # ti ﬁ 2 *(D),.(D) (D)
71 * * * -1 *
Z h+1 l 27" €j+1 =6 T = § : €ht1 Tit2rCit1 (4.9.9)
r=1

By Lemmas 4.5.11, 4.9.8, either all of the summands of the left-most sum or all of the
summands of the right-most sum in (4.9.9) are equal to 0. The result follows.

(if) Similar to (i). 0
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Proposition 4.9.10. There exists an algebra homomorphism §P=2) . T(P=2) _ 7(D) /(D)

that sends
(D 2 Li/2] (D-2) Lé/2] )
= i - Z :Ez 27“7 Ly = ’y;l Z Ti_ops
r=0
20 00 7,

for 0 <i<D—2. Moreover, #P=2 and b(D) are inverses.

Proof. Consider the presentation for 7(P~2) in Definition 4.6.7. By (4.9.2)-(4.9.4) and
Lemmas 4.9.6, 4.9.7, 4.9.9, the algebra homomorphism jj(D’Q) exists. It follows from

Proposition 4.8.6 and (4.9.1) that #P~2) = (h(D))~1 O
We mention some consequences of Proposition 4.9.10

Corollary 4.9.11. The map h(D) D) /(D) - TP=2) s an algebra isomorphism.

Proof. Follows from Proposition 4.9.10. 0

Corollary 4.9.12. The map ¢ : TP)/KP) — T(P) /ker(bv(P)) is an algebra isomorphism.

Proof. Follows from (4.9.1), Corollary 4.9.11, and the fact that can : T(P)/ker(v(P)) —

T(D=2) ig an algebra isomorphism. O
Corollary 4.9.13. We have ker(h(P)) = (D),
Proof. Follows from Corollary 4.9.12. O

Recall the primary central idempotent uP) e T(P) from Definition 4.4.10. We make

a comment about the two-sided ideal T(P)y(P) of T(P),
Proposition 4.9.14. We have ker(h(P)) = T(P)y(P),

Proof. By Corollary 4.9.13, it is sufficient to prove that K(P) = 7(P)y(P) By Defini-
tions 4.4.10, 4.9.1, TP)(P) € K@), By Lemmas 4.4.12, 4.5.12 and Definition 4.9.1,
) € TP)y(P), The result follows. O
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4.10 The algebra 7"

Throughout this section, the following notation is in force. Let D denote a nonnegative
integer. Let ¢ € C denote a nonzero scalar that is not a root of unity. Recall the generalized
Terwilliger algebra 7(P) from Definitions 4.4.1, 4.5.1.

In this section, we prove Theorem 3 from the introduction. We treat the cases D = 0,
D =1, D > 2 separately.

The case D = 0 is addressed in Remark 4.4.2.

Next assume D = 1. Recall the primary central idempotent u(!) € 7™ from Defini-

tion 4.4.10.
Lemma 4.10.1. In T, the element u® = 1.

Proof. By Lemmas 4.4.6, 4.4.12, 4.5.12,

u) = u(l)(eél) + egl)) = eél) + egl) =1

O
Proposition 4.10.2. There exists an algebra isomorphism T — Maty(C).
Proof. Follows from Corollary 4.4.14 and Lemma 4.10.1. O
Lemma 4.10.3. Assume D > 2. Then there exists an algebra isomorphism
T(D) — Matp+1(C) ® T(D72).
Proof. Follows from Corollaries 4.4.14, 4.4.15 and Propositions 4.8.6, 4.9.14. 0

We now prove Theorem 3 from the introduction.
Theorem 4.10.4. For D > 0, there exists an algebra isomorphism
[(D+1)/2]

T(D) — Z MatD_H_gr ((C)
r=0
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Proof. Follows from Lemma 4.10.3 and induction on D. The base cases D =0, D =1 are

settled in Remark 4.4.2 and Proposition 4.10.2. 0

Corollary 4.10.5. For D >0,

[(D+1)/2]
dim(7P) = Y (D+1-2r)?
r=0
Proof. Follows from Theorem 4.10.4. ]

4.11 The generalized Terwilliger algebra associated with a

2-homogeneous bipartite distance-regular graph

In this section, we prove Theorem 2 from the introduction.

Throughout this section, the following notation is in force. Let I denote a 2-homogeneous
bipartite distance-regular graph with diameter D > 3 and valency k > 3. Assume I is
not a hypercube. Fix a vertex x of I". Recall the Terwilliger algebra T' = T'(z) of I with
respect to x. Recall the generalized Terwilliger algebra T associated with I' from Defini-
tion 3.1.1. Let ¢ € C denote a nonzero scalar that is not a root of unity and that satisfies
(ii), (iii) of Proposition 2.3.3. Recall the character system ¥(P) from the first paragraph of

Section 4.2. Recall the generalized Terwilliger algebra 7(P) from Definitions 4.4.1, 4.5.1.
Proposition 4.11.1. With reference to Example 2.7.11, the following (i), (ii) hold:

(i) the character system (M;{A;}2 i {E;}2) is isomorphic to the character system
D).

)

(ii) the character system (M*;{A:}2 ;{E;}2,) is isomorphic to the character system

\If*(D) .

Proof. (i) Follows from Proposition 2.3.3, Lemmas 2.9.9, 4.1.8, and Definition 4.1.1.
(ii) Follows from (i) and Example 2.8.8. O
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Proposition 4.11.2. The generalized Terwilliger algebra T associated with I' is algebra
isomorphic to TP)

Proof. Follows from Definition 4.5.1 and Proposition 4.11.1. O

Corollary 4.11.3. The generalized Terwilliger algebra T associated with I' has dimension

|D/2]
dim(7) = Y (D+1-2r)*
r=0
Proof. Follows from Corollary 4.10.5 and Proposition 4.11.2. 0

We now prove Theorem 2 from the introduction.

Theorem 4.11.4. All 2-homogeneous bipartite distance-reqular graphs with diameter at
least 3 and valency at least 3 that are not hypercubes are T'-determined by the triple product

relations.

Proof. By Lemma 3.1.4, the algebra homomorphism fj : 7 — T is surjective. By Corol-
laries 4.10.5, 4.11.3, dim(7") = dim(7"). Therefore f is an isomorphism. The result follows

from Definition 3.1.7. O
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