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Abstract

Stochastic dynamical system models are increasingly being used to help understand the
behavior of biochemical networks at the cellular level. In this thesis, we study the most
common such models: continuous time Markov chains (CTMCs). In particular, we focus
on computational methods for estimating parametric sensitivities of biochemical CTMC
models. Sensitivities, which are derivatives of model output quantities with respect to
model parameters, are a useful analytical tool. One important application is in the
setting of parameter estimation, in which sensitivities can be utilized to significantly
improve the efficiency of parameter-space optimization algorithms.

The main contribution of this dissertation is the introduction of a hybrid pathwise
method for the estimation of parametric sensitivities. The new hybrid method combines
elements from the three main types of procedures for sensitivity estimation, and has a
number of desirable qualities not simultaneously possessed by any other such method.
First, it is unbiased. Second, it is applicable to nearly any physically relevant biochemical
CTMC model. Third, and as we demonstrate on several numerical examples, it is often
the most efficient method for the problem at hand, particularly if one wishes to estimate
the full gradient of parametric sensitivities.

While the main contribution of this thesis is the introduction of the new hybrid
method, advances are also provided for the efficient computation of second order sen-
sitivities. In particular, we present an efficient second order finite difference method,

which has already appeared in the literature in [42].
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Chapter 1

Introduction

Deterministic ordinary differential equation (ODE) models have historically been the
primary choice for modeling biochemical systems. These models, however, often provide
a poor representation of system dynamics, particularly when molecular abundances are
small. Over the past two decades, the availability of biological data has grown dra-
matically, and increasingly this data has shown disagreement from the predictions of
ODE models. Most notably, in the mid-1990s, molecular biologists began developing
fluorescent protein reporters, making it possible to quantitatively measure molecular
abundances, even in systems occurring within a single cell. For example, using these
techniques, Raj et al. show in [30] that “gene expression in mammalian cells is subject
to large, intrinsically random fluctuations.” Such variations, which have also been found
in yeast and bacteria, are often further amplified by feedback mechanisms, and can be
crucial to the overall fate of the cell [9]. Furthermore, and in stark contrast to ODE
models, stochastic models can admit the possibility of extinction, for example, or allow
for switching in a bistable genetic system [41]. Therefore, while stochastic models of
dynamical systems are not a new addition to the field of biology, they are becoming an

increasingly popular tool for understanding biochemical systems.



The most common choice of stochastic model in the biochemical setting is a continuous-
time Markov chain (CTMC). In the biology literature, a CTMC model is usually de-
scribed by its Kolmogorov forward equation (1.4), commonly called the chemical master
equation, whereas in this work we primarily focus on the stochastic equation (1.2). It is
often difficult or impossible to solve explicitly for the distribution of a CTMC, particu-
larly when the state space is infinite. On the other hand, CTMCs are straightforward to
simulate, using either the stochastic simulation algorithm (SSA) [14] or the next reaction
method (NRM) [1, 12]. Therefore, Monte Carlo methods are widely used to study these
CTMCs, and underlie the computational methods presented in this thesis.

The models under consideration typically include a number of parameters, and it is
often important to understand the role of these parameters in model dynamics. Given
some CTMC X,(0) depending on a vector of parameters 6, suppose that f is some
output of the system, which we also allow to depend on . For example, one can take
[0, Xici0m10)) = Xir(6), which gives the abundance of the i*" system species at time
T. More generally, one may be interested in some path functional f(0, Xico10)) =
f:h(@,Xs(H))ds. In this thesis, we study computational methods for estimating the

parametric sensitivities

9, >
89iE[f(97XtE[O,T](9)>] and/or 00,00,

E[f<97 Xte[o,T} (‘9))]7

which quantitatively describe how perturbations in the parameter 6 affect the system
response function of interest. See Section 1.1 for more details pertaining to the models
considered in this thesis.

Sensitivity analysis has a long history in the fields of discrete event systems and



stochastic control, where sensitivities can be useful in choosing parameters for optimal
system performance [6, 15, 40]. Sensitivities are also important in financial mathematics,
where they are known as “the Greeks,” and are useful, for instance, for evaluating
hedging strategies [13]. For surveys on sensitivities in these fields, see for example
(7, 11].

Sensitivity analysis is a valuable tool in the biochemical setting, and there has there-
fore been an increasing focus on developing methods tailored to the models that arise
from biochemical systems. See, for example, [2, 19, 26, 32, 37, 39]. A biologist may
be interested in the first order sensitivity describing how the expected abundance of a
certain protein will be changed if, say, the rate of the transcription of mRNA decreases.
Second order sensitivities provide concavity information, which is useful for finding roots
or extrema of means of a given system output. Moreover, in many biological models, the
only means of determining appropriate rate parameters is through experimentation. If
the model provides a reasonable approximation of the system, sensitivities can be used
to help in this estimation. First, they can be used to determine whether a parameter
is identifiable from available data [22]. For example, if only protein abundances can be
measured, but the sensitivity of protein abundance to a parameter of interest is zero or
near-zero, the data will be unable to isolate a single appropriate parameter. Further-
more, to estimate identifiable parameters from data, first and second order sensitivities
can be combined to significantly increase the efficiency of a parameter space optimization
algorithm [33].

In the remainder of this chapter, we review some necessary background material.
In Chapter 2, we describe the three main types of existing computational methods for

approximating parameter sensitivities: finite difference methods, the likelihood ratio



method, and pathwise methods. In Chapter 3 we introduce a hybrid method for first
order sensitivity estimation, the main work of this thesis. This new method is a hybrid
in the sense that it incorporates components of the three different sensitivity methods
detailed in Chapter 2. The hybrid method is efficient and unbiased, and unlike many
existing methods involving pathwise differentiation, it is widely applicable to CTMCs
arising from biochemical systems.

In Chapter 4, we turn our attention to the estimation of second order sensitivities. In
particular, we provide an extension of the coupling method found in [2] that is applicable
to second order differences, and describe and analyze the resulting method for computing
second order sensitivities. Much of the work in Chapter 4 was published in [42]. Finally,

we give some conclusions and avenues for future work in Chapter 5.

1.1 Mathematical Model

We say that a process R is a counting process if R(0) = 0 and R is constant except
for jumps of +1. The CTMC models we study are Z?-valued processes X satisfying the

representation

K
Xy = Xo+ Y Ri(t)G (1.1)
P

where X is the initial state, the R;, are counting processes, K < oo, and (; € Z¢. Note
that Ry (t) gives the number of jumps of X in the direction (; by time ¢. Using the

random time change representation of Kurtz [25], the counting processes { Ry} can be

Re(t) = Vi ( /0 t Ak(Xs)ds> |

represented via



where the Y} are independent unit-rate Poisson processes and where the A\, : RY — Rsg
are intensity functions. Thus one representation for X is the solution to the stochastic

equation
K

Xi=Xo+ ) Y (/Ot )\k(Xs)ds) Ce. (1.2)

k=1
Throughout this thesis, we assume that X is non-explosive, i.e. that with probability one

there are only finitely many transitions within a given finite time. Specifically, letting

we assume that P (lim,, .. 7, > t) = 1 for each ¢ > 0. For more information on this
representation, see [3, 4].

Most lattice-valued systems can be represented via such counting processes, each
giving the number of jumps in one of finitely many specified directions. In particular,
this representation is also useful in the study and control of systems in fields such as
queueing theory and the study of population processes. As biochemical reaction networks
are the main motivation for this thesis, we use biochemical terminology and examples
throughout.

In the biochemical setting, d is the number of chemical species in a system of interest,
and the i*" coordinate X of X; € Z‘éo denotes the abundance of the i species at time
t. The system changes due to K chemical reactions, each occurring with a rate A,
known as an intensity function, or in the biology literature as a propensity function.
The reaction vector (; represents the total change to system molecular abundances due
to the occurrence of the k' reaction. We may decompose these reaction vectors as

(k. = v}, — v, where the product vector v, gives the abundances of molecules produced in



the k'™ reaction, and the source vector v, gives the abundances of molecules consumed.
The number of molecules of the i*" species required for reaction k is therefore vy, so, for
the most part, we only consider intensities A, for which A\;(z) = 0 if z; < vy; for some
1. Thus if X, € Zéo, such intensities then imply that the state space S of X is some
subset of Z%O. That is, the quantities of the constituent species are always nonnegative,
and are given as integer abundances rather than concentrations. We will later relax
these conditions on the intensities for a process Z introduced in Chapter 3, and allow
the states of Z to have negative coordinates.

We give two example biochemical models, though we postpone the discussion of the

intensities until Section 1.1.1.

Example 1.1. Consider a model of gene transcription and translation, in which mRNA
(M) is being transcribed and then translated into protein (P), and with both the mRNA
and the protein undergoing degradation. Given in a common reaction network represen-
tation,

0 — M, M—M+P, M-—0 P—0. (1.3)

The first reaction represents the transcription of a strand of mRNA, and the second
represents the translation of an mRNA strand into a protein. The third and fourth
reactions represent the degradation of mRNA and protein respectively. The vector-valued
process

X

)

Xpy

records the quantities of mRNA and protein respectively at time t. Ordering the four



reactions of (1.3) from left to right, we have the source vectors

0 1 1 0
= , Vg = , V3 = y Vg = 5
0 0 0 1
and the product vectors
1 1 0 0
]/i = s Vé = s ]/é = s Vlll =
0 1 0 0
Therefore )
1 0 -1 0
Clz 5C2: 7C3: 7C4_
0 1 0 -1

Example 1.2. Consider some molecule A that binds with itself to form a molecule B,

and suppose that A can also bind with B to form some molecule C':

A+A 5 B, A+B-C.

Note that A+ A is often written as 2A. Then the state space lies within Z;O and

2 1 0 0 —2 -1
vy = 0 , Vo = 1 ) I/i: 1 71/;: 0 ) Clz 1 7C2: —1
0 0 0 1 0 1



The CTMC satisfying the stochastic equation (1.2) is often described by its Kol-

mogorov forward equation (or chemical master equation),

K

d
PXO Z, t ZPXO Ck, )\k(:c— Ck)l{:p CkGZd PXO(ﬁ,t>Z)\k<LE>, (14)
k=1

where P, (x,t) = P(X; = 2|X, = x0) is the probability of being in state « € Z%, at
time ¢ > 0 given an initial condition of xg.
Additionally, the CTMC satisfying the stochastic equation (1.2) can be described by

its generator, which is the operator A defined via

)= Ml@)(f(w +G) = f(x) (1.5)

for bounded f : R? — R. We remind the reader of Dynkin’s formula, which holds for

more general functions f:

E[f(X,)] = E[f(Xo)] + E [/O (Af)(Xs)ds}
t K (1.6)
/O D M(X)F (X + G) — f(XL)]ds

For example, for processes X that satisfy the growth condition we give in Section 3.4,
which is nearly all biologically relevant processes, the equation (1.6) holds for functions

f that grow at most polynomially. See [3, 10, 19].



1.1.1 Parameters and Sensitivities

We now suppose that the intensities are dependent on some vector of parameters € R,
The number of parameters R is often equal to the number of reactions K, though since
this need not be the case we will distinguish between R and K throughout. We consider

the parametrized family of models X;(0) satisfying

K

X,(0) = Xo(0) + 3 i (/Ot (6, XS(Q))ds) . (1.7)

k=1

Throughout this thesis, we will assume that X(6) = X is fixed, though several of the
included methods can be extended to allow the initial condition to be random and/or
f-dependent. We also use A? to represent the generator of X (#) as in (1.5).

In the biochemical setting, 6 commonly represents the mass-action constants of the

K reactions:

Definition 1.3 (Mass-action kinetics). We say that the intensities are of mass-action
form if
d
Z;
i=1

Vi
where 0, > 0 and where the gi, which notably are functions of x only, are defined by the

above equation. Recall that vy; gives the number of molecules of the i species used as

the source of the k™ reaction.

Note that these intensities are therefore proportional to the number of distinct subsets of
the molecules in the system that can form the source for the reaction, which implicitly
assumes that the system is well-mixed. For example, if the k' reaction requires no

source molecules, the propensity is simply given by 0; that is, g, = 1. If the reaction
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is unary, i.e. requires a single source molecule, the propensity is 6yz;, with gx(z) = x;
for some i € {1,...,d}. If it is binary, i.e. requires two source molecules, the propensity
takes the form of either O,z;x; or Oyx;(x; — 1) for some 7,5 € {1,...,d}, in which case
gr(z) is either z;x; or x;(z; — 1) respectively.

We return to our examples from pages 6 and 7, now giving each reaction a mass-
action rate parameter. By convention, these parameters are written above the reaction

arrows.

Example 1.4. The mRNA transcription and translation model

under mass-action kinetics has intensities given by
)\1(9,X) :91, )\Q(Q,X) ZQQXM, )\3(9,X) :93XM, and )\4(9,X) :94Xp.
With the (i as in Example 1.1, the process X is represented as in (1.7) by

Xi(0) = Xo(0) + Y1 (01t) (1 + Y (/ 02 X a1, dS) G2
0

t t
+Y3 (/ 03 X ar,s dS) 3+ Yy </ 0, Xps ds) Ca-
0 0

Example 1.5. The model

A+A S B, A+B B C
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has intensities
)\1(9,X) :elXA(XA—l), and )\Q(H,X) ZHQXAXB.

Then X is given by

t

t
X,(0) = Xol0) + V; ( | XX - 1>ds> Gt ( [ XX ds) e
0 0

There are realistic models in which a given parameter affects the rates of more
than one reaction. There are also choices of kinetics other than mass-action kinetics.
Therefore, we do not assume mass-action kinetics in this thesis unless explicitly stated.

Let f be some measurable function of X;cjo 7}, the path of our process X through
some fixed terminal time 7" < oco. We will also allow f to depend explicitly on the
parameter 6. For the results in the thesis, we will require mild regularity conditions on

f (see Condition 3.26). For example, we may be interested in
1. f(0, Xiepor1(0)) = Xir(0), the abundance of the ™" species at time 7,

2. f(0, Xicpom(0)) = %fOT X; +(0) ds, a time-average of the i*" abundance,

3. (0, Xeepm)(0)) = [

h(X,(0))ds for some h: RY — R and some 0 < a <b< T, or
4. f(0, Xicpor(0)) = 1(Xp(0) € A) for some set A.

Define

J(0) = E[f(0, Xicpn)(9))]. (1.9)
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We are interested in estimating derivatives of J with respect to the components of 6.

That is, for 4,5 € {1,..., R} we wish to estimate

0 0?
89iJ(6) and /or 90.00,

J(0)

at some fixed value 6, of interest (we will generally write 6 rather than 6, if the context

is clear).

Example 1.6. Consider the simple decay model S s 0 with X, denoting the abundance
of S at time t and with a fized initial abundance Xy. Then the single reaction vector is
¢ = —1. We take a mass-action intensity of A\(0,z) = Ox. Using Dynkin’s formula (1.6)

with f(x) =z, we have that
t t
E[X,(6)] = E[Xo] + E [ / OX.[(X, — 1) — Xs]ds} — X, — / E[0X.]ds.
0 0
Solving, we see that

d
E[X,(0)] = Xoe ™ and so @E[Xt(e)] = —Xgte .

For models with nonlinear intensities, on the other hand, parametric sensitivities gen-
erally must be estimated. This is often done by utilizing simulation and Monte Carlo

estimation, which we review in Section 1.2.
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1.1.2 The Standard Coupling

Coupling is a proof technique that allows two random variables to be compared by
constructing them on the same probability space. This main idea can also be used in
a computational Monte Carlo framework as a way to reduce variance. In nearly every
method presented in this thesis, we will couple two CTMCs of the form (1.2). As the
specific CTMCs to be coupled will change among our different applications, we present
this standard coupling using two general processes X and Z in the random time change
representation (1.2). We assume both are d-dimensional processes with the same reaction
vectors (y; it is the intensities of the two processes that may differ. Our goal is to reduce
the variance of the difference X — 7.

The main idea of the coupling is illustrated in the following toy example. Suppose
that X and Z are homogeneous Poisson processes with rates 13.1 and 13, respectively.
That is, both processes have a single reaction with ( = 1, but X increases with constant
rate 13.1 while Z increases with constant rate 13. If we wish to study the difference
between X and Z, we could use independent, unit-rate Poisson processes Y; and Y5 and
define

X, =Yi(13.1t) and Z, = Yy(13t).

Then E(Xt - Zt) = 0.1t and

Var(X; — Z;) = Var(Y;1(13.1¢)) + Var(Y2(13t)) = 26.1¢.
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We would like to lower this variance, so instead, we define
X =Y1(13t) + Y5(0.1¢) and Z; = Y;(13t).
Then we still have E(X; — Z;) = EY5(0.1¢) = 0.1¢ as needed, but now
Var(X; — Z;) = Var(Y5(0.1¢)) = 0.1t < 26.1¢. (1.10)

Note that we took the intensity of Y;, the shared counting process, to be the minimum
of the two original intensities.

In general, we want to consider two processes X and Z given as in (1.1) and (1.2) by
K K

X, =Xo+ > RE(t)G, and Z =Zo+» REM)G, (1.11)
k=1 k=1

where the counting processes R; have intensities A\; and where the RZ have intensities
M. We split the counting processes R\ and RZ into sub-processes to be shared among
the two CTMCs X and Z. Specifically, for b, € {0,1} we define the new counting
processes Ry (b, bo] = Yi,[b1,bo] (f(f Ao 0] (X, Zs)ds), where the Y, 1, 5,] are independent

unit-rate Poisson processes and where

Ar(, 2) = N (2) AN (2),
Aoz, 2) = A5 (2) = AN (@) AN (2), (1.12)

Ao (@, 2) = N (2) = N (2) AN (2),

where we have used the notation a A b := min{a,b}. Note that for each k =1,..., K we
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have

. d
Ry = Ripy + Repop and RS Repyg + Ri oy

so that the processes given by

K
= Xo + Z Ryia) + Rijio) ¢ and
k=1

- (1.13)

Zy = ZO+Z (Re,p11) + Rijo.1]) Cos
=1

have the same distribution as the processes in (1.11) [3]. The binary numbers simply
give a convenient indexing scheme: the process X is constructed using all the counting
processes I v, 5, in which b; = 1. Similarly, Z uses those in which by = 1.

Because X and Z share the counting processes R} 1), many of the jumps in the
paths of X and Z will occur simultaneously. These shared jumps significantly lower the
variance of the difference X — Z, in a manner similar to (1.10) above. Indeed, in the
difference X — Z, the Ry ;1) are completely canceled. Moreover, because the rate of
each Ry [1,1) is the minimum of the two relevant intensities, the processes X and Z share
jumps as often as possible: we cannot allow the rates of the Ry 11 to be any larger,
because otherwise one of the other counting processes Ry 01 and Ry ;o) would have a
negative intensity (see (1.12)). These “auxiliary” counting processes Ry o1 and Ry 1]
make up for any remaining intensity. Note that if A\ (z) and A\Z(z) are close in value,
then these remainders are small. In fact, for any pair of states x, z at least one of the two
remainder processes for the k" reaction is zero, depending on the value of the minimum.

Finally, we note that this standard coupling constructs a new 2d-dimensional CTMC
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W given by
Xi
Wt - y
Zy
where d is the dimension of the original processes. For each reaction k = 1,..., K of the

original process X (or Z), the CTMC W has the three reaction vectors in Z2¢

Cr Ck 0
Ck 0 Cr

where each 0 is interpreted as 0 € Z?. The intensities at a state w = (x,z) of these
three reactions of W are given as in (1.12) by Ay 11(2, 2), Agp,g(®, 2), and Ay oq1y(2, 2)
respectively. That is;, W can also be written in the form (1.2), albeit with a different

dimension.

1.2 Simulation

For most nonlinear models, one cannot solve for parametric sensitivities as we did in
Example 1.6. Instead, sensitivities must be approximated by simulating sample paths

and employing Monte Carlo estimation.

1.2.1 Simulation Methods

Exact sample paths can be constructed in several ways. The two most common are the
next reaction method (NRM) [1, 12], and the stochastic simulation algorithm (SSA), also
known as Gillespie’s direct algorithm [14]. We do not explicitly write the §-dependence in

the explanation of these methods, but the parametrized model is simulated in the same
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way by simply using the parametrized intensities. Both simulation methods provide

exact paths from the correct distribution.

Next Reaction Method

The random time change representation (1.2) very naturally suggests the NRM simula-
tion method. At a given time t, the algorithm uses the integrated intensities fot Ae(Xs)ds,
called internal times, to determine what portions of each Y have been observed through
time ¢. From this information, the method determines which counting process jumps
next, and when that jump occurs. Recall that if u ~ wuniform(0,1), then log (%) ~
exp(l). Also recall that if 7 ~ exp(1), then = ~ exp(c).

ALGORITHM: Next Reaction Method

1. Initialize: set x = Xy, set t = 0, and set end time 7. Also set Sy = 0 for each

k=1,.. K.
2. Generate K iid uy, ~ uniform(0,1). Set I = log (i) for each k.

3. Calculate each A\g(x) . Set A = ming (I — Sk) and i = argmin,, (I, — Sk).

1 1
Ak () Ak (z)

4. Stop if t + A > T. Otherwise continue.

5. Set t =t + A, set Sy, = Sk + Alg(z) for each k, and set © = x + (.

6. Generate u ~ uniform(0,1) (independently of all other random variables) and set

7. Return to step 3.
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Stochastic Simulation Algorithm

The SSA simulates the embedded discrete time Markov chain in the standard way
and then samples the needed exponential holding times [14]. Formally, let Ao(z) =

K: Mio(z) and for j = 1,..., K let ¢;(z) = S7_ )‘k(x), with go(x) := 0. Note that
k=1 j k=1 Xo()

gr(x) = 1. Define Ey(z) = [0,¢(z)] and Ex(z) = (qp-1(2), qx(z)] for k = 2,... K, so
that for a given state x the intervals E} partition the unit interval.
Let Y be a unit-rate Poisson process, and let {;} be ani.i.d. sequence of uniform(0, 1)

random variables that are also independent of Y. Define the process X as

K t
X =Xo+ Z Ck/ 1 {URO(S,) € Ek(Xs_)} dRo(S)
k=1 0

Ro(t) = Y (/Ot AO(XS)ds) |

Then X has the same distribution as (1.2) [4]. Note that the indicators, with the intervals

(1.14)

and uniform random numbers, are simply encoding the usual “binning” or “dartboard”
method of constructing a discrete random variable. The counting process Ry determines
the jump times 7; as exponential random variables with parameter Ao(Xr,_). This leads
to the following algorithm:

ALGORITHM: Stochastic Simulation Algorithm
1. Initialize: set x = X, set t = 0, and set end time T'.
2. Calculate each A\g(z) and set A\o(z) = Zszl k()

3. Generate two #id uq, us ~ uniform(0,1).

4. Set A = ﬁ(x)log <u—11>
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5. Stop if t + A > T'. Otherwise continue.

6. Find the minimal 4 such that us < g(z) = 3_;_, 3 ’\’“(I

7. Set t =t+ A and set z = x + (;.

8. Return to step 2.

1.2.2 Monte Carlo Estimation

Suppose that one wishes to estimate some unknown quantity p. To use the Monte
Carlo estimation strategy, one first finds or constructs some random variable M such
that either E[M] = p or E[M] ~ u. Then one obtains some number n of independent,
identically distributed samples My, ..., M, of M, generally via some simulation method,

and computes the sample-mean estimator

called a Monte Carlo estimator. If E[M] = x, then M, is an unbiased estimator for j;
otherwise M,, has some nonzero bias E[M] — p.

Such estimations are often done with some target variance in mind, or equivalently,
some target half-width for a confidence interval. If we denote the target sample variance

by V*, we see that obtaining this variance requires a certain number of samples:

Var(MM, Var< ZM ) = %Var(M) =V* — n=—Var(M).

Thus a smaller target variance requires more samples, as expected. More importantly,
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note that Var(M) plays a key role. A smart choice of M is one for which Var(M) is
small: a lower variance estimator leads directly to a more efficient method.

There is an enormous amount of literature available on Monte Carlo methods, as
they are used broadly across nearly all of the sciences. For more information about
Monte Carlo methods in this general setting, we recommend [7].

Each of the sensitivity methods discussed or introduced in this thesis uses some Monte
Carlo estimator, and so requires path simulation and averaging to produce sensitivity
estimates. The main differences between these methods are generally due to the choice

of estimator M, and often to the choice of the underlying probability space as well.
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Chapter 2

Existing First Order Sensitivity

Methods

Recall that we are interested in the output quantity of our CTMC model given as in
(1.9) by

J(0) == E[f(H,Xte[o,ﬂ(@))] )

where f is some function of § and the path through a terminal time 7" and where § € R
is some vector of parameters. For the results in the thesis, we will require mild regularity

conditions on f (see Condition 3.26). We wish to estimate

VoI0) = | B0 Xipm@)]] 2.1)

Three main classes of computational methods have emerged to solve this problem for

stochastic systems:

1. finite difference methods

2. likelihood ratio methods, and

3. pathwise differentiation methods.
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In order to motivate these three methods, we consider a simple example. Let
w1(0) ~ exp(f) be a 1-dimensional exponential random variable with parameter 6. Since
1 d

E[u(8)] = 7, we may solve for d%]E[M(@)] — 4

=3 9% = —9%. We now describe how to estimate

LE[14(6)] using each of the three methods.

1. Finite Difference Methods. Finite difference methods take a very straightforward
approach, approximating the sensitivity by estimating a finite difference as the name
suggests. To approximate -SE[1(6)] via this method, we would choose some small i > 0

and construct a Monte Carlo estimator by sampling from

(0 + h) = p(0)], (2:2)

where u(6 + h) and p(6) are exponential random variables constructed on the same
probability space. If we use a space on which the two exponentials are independent, the

random variable (2.2) has variance

Var(h™ (0 + h) — u(0)]) = h™* [Var(u(60 + h)) + Var(u(0))]

[t -on

which is large for small h. If instead we use a space on which u(1) is a unit exponential,

and recalling that p(0) L % use /(1) to construct both required random variables, we
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have that

We discuss finite difference methods in the setting of stochastic processes in Section 2.1.

2. Likelihood Ratio Method. The likelihood ratio method, discussed in detail in
Section 2.2, has also been successfully applied to CTMC models. In this method, one
constructs paths of the process according to a 6-dependent probability measure. Again
considering our example, we take the probability space (€2, F, P?), where Q = Rsq, F
is the corresponding o-algebra of Borel sets, and P? is the measure defined by P%(A) =
Ja fe=%dx for A € F. On this space the random variable X (w) = w has an exponential

distribution with parameter . Then

E[u(0)] = E[X] = /Q X (w)dP* (w) = /0 " 2be0dy,

and, differentiating, we obtain

d

CE[(0)]

/ z(—x0e™ + ") dx

0

:/ z(—z + 0 Hhe " dx
0

=EX(-X +071).
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We could then compute the sensitivity through Monte Carlo estimation by sampling the
random variable X (—X + 6#~1) under the measure P?. Note that the random variable

X (=X + 671 does have the correct mean:
EX(—X +67Y] = -E[XY ]+ 0 'RX] = —2072+ 672 = -2

We describe this method in detail in Section 2.2 below.

3. Pathwise Differentiation Methods. In contrast to the likelihood ratio method,
in a pathwise method one proceeds by using a probability space that is independent of
f, and then uses # in the construction of the random variable or stochastic process. We
again explain the idea on our simple example of an exponential random variable with
parameter 6.

As defined on the previous page, we use the space (2, F, P'). On this space, the

random variable X (w) = % has an exponential distribution with parameter 6. Thus we

have that

L Efu(o) = %El X] = E* [d%ﬂ =E' || =E [—5} .

That is, to estimate the desired sensitivity we can sample the random variable —% under

P!, which has mean E [ ] = —3E[X] = —072 as expected.
Unfortunately, most existing pathwise methods can only be applied to a small fraction

of the CTMCs that arise as models for biochemical systems. In Section 2.3, we introduce

pathwise methods in more detail, and discuss the difficulties of pathwise methods in the

CTMC setting.
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Many of the methods described below can be extended to higher order sensitivities.

In particular, second order sensitivities are addressed in more detail in Chapter 4.

2.1 Finite Difference Methods

Finite difference methods for approximating parameter sensitivities start with the simple
observation that for smooth functions J we may approximate a derivative by perturbing

the parameter vector in the relevant direction by some small € > 0, so that

0 1) L0+ €)= J6)

where e; is the vector with a 1 in the i*" position and 0 elsewhere. To estimate the full
gradient one simply estimates the entries %J (0) for i = 1,..., R one by one; thus for
simplicity for the remainder of this section we assume that R = 1. The Monte Carlo

estimator for the right-hand side of (2.3) is then

V€)= = 37 Myfe), (24)

where

M(E) _ f(9 + €, XtE[O,T}(H + 6)) — f(@, Xte[o,T]@))) (2.5>

€

and where M,, (€) denotes the m™ sample of M (e). Note that M, (¢) is a biased estimator,
since the approximation (2.3) has an error of O(e). For ease of exposition and notation,
we have used the forward difference (2.3). In practice, however, one may choose to use

the central difference instead, which has a bias of only O(e?).
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Note that one realization of M (€) requires that we have two simulated paths, one of

Xieo,r)(0) and one of Xycpor(6 + €). Thus

Var(M,(e)) =n>>_ Var(M(e))

=n"te ?Var(f(0 + €, Xeeor (0 +€)) — f(0, Xeepor1(0)))

= nle? [Var( FO+ e, Xicpr) (0 +€))) (2.6)

+ Var(f(0, Xiep,r1(6)))

—2Cov( (8, Xuepo.r) (0 + €)), £(0, Xicor1 ()| -

We could simply compute the two paths independently. The associated method is then
known as the Independent Random Numbers (IRN) method, or the crude Monte Carlo
method. Because the covariance term in (2.6) is then zero, the variance of M, (e) is
O(n~'e72). The goal of any coupling method in this context, therefore, is to lower the
variance of M, (¢) by coupling the two processes X;(f) and X,(0 + ¢). In particular,
if f(0, Xicjor1(0)) and f(0 + €, Xicjo.(0 + €)) are positively correlated, the covariance
term in (2.6) decreases the variance of the estimator M,(¢). The three finite difference
methods below achieve this goal using different couplings and with varying amounts
of effectiveness. In our setting, any of these coupling methods should always be used
instead of the IRN method, since the extra effort of implementing some kind of coupling

is usually more than made up for by the resulting gain in efficiency.
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2.1.1 Common Random Numbers Method

As described in Section 1.2.1, the stochastic simulation algorithm uses a Poisson process
Y (equivalently, an independent sequence of exponential random variables) to determine
the holding times, and a sequence {u;} of independent uniform(0,1) random variables
to determine the path of the embedded chain. The common random numbers (CRN)
method couples the two processes X;(6) and X;(6 + ¢) in the finite difference M (€) in
(2.5) by using the same instance of Y and the same sequence {u;} in the construction
of both paths in (1.14). However, a change in # may cause some u; to fall into different
intervals for the two paths, an occurrence that becomes more likely with larger times ¢

2

and that causes the two paths to “de-couple.” Therefore, for moderate or large times,
the finite difference Monte Carlo estimator constructed with CRN paths may not be

substantially more efficient than computing the paths independently.

2.1.2 Common Reaction Path Method

While the model (1.2) can be simulated using the stochastic simulation algorithm, as
noted in Section 1.2.1 the random time change representation is more naturally suited
to the next reaction method. The Common Reaction Path (CRP) method [32] couples
the two paths X;(0) and X;(0 + €) by using the same unit-rate Poisson processes in the

random time change representation. That is,

Xi(0) = Xo(0)+ > Vi (/t )‘k(eva(Q))dS> Chs
o Ot (2.7)
Xt(9 + E) = XO(Q + €)+ ZYk (/0 Ak(é + E,XS(Q -+ E))ds) Ck,
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where the same instances of the K independent Poisson processes Y, are used in both
processes.

Pairs of paths constructed in this way should be similar. Indeed, this method does
not use the “binning” method that was troublesome for the CRN method, so even if the
embedded chain becomes different in the two CRP paths, this does not always mean
the paths will significantly diverge. For moderate times ¢, this implies that using the
CRP method can significantly reduce the variance of the finite difference estimates M (e),
leading to a more efficient method than the CRN or IRN methods.

However, as time progresses, the two paths of (2.7) do begin to diverge, and so
similarly to the CRN method, the CRP method generally becomes less effective at

reducing variance for larger ¢. See [2, 32] for a more detailed discussion.

2.1.3 Coupled Finite Difference Method

The Coupled Finite Difference (CFD) method [2] utilizes the standard coupling of Sec-
tion 1.1.2 for the two processes X;(0) and X;(0 + ¢€) in the finite difference M (¢). That
is, using 3K independent Poisson processes Y (1,1), Yk, 1,00 and Yy 0,1y, the method con-

structs the pair of processes as:

Xi(0) = Xo(0)+ Z (R0 + Reo) o
k

X0+ €)= Xo(0 +e)+ Z (Rk,[1,1] + Rk,[o,l}) Cks
k

(2.8)
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where for b, € {0, 1} the Ry, 4,) = Yi,[b1,b0] (fot Aoy o) (Xs(0), X (0 + e))ds) are count-

ing processes with intensities

Ap (e, y) = Me(0,2) AXN(0 4 €, 1),
Ak»[LO] (ZL’, y) = )\k(97 QZ’) - Ak(eﬂ .Z') A )‘k(e + €, y)7

Apjoq(2,y) = M0+ €,y) — M0, 2) A Xe(0 +€,y).

This coupling often leads to significant variance reduction of the finite difference
estimates, even for large times. In particular, suppose that f is a function of the process
solely at the terminal time T, so that J(0) = E[f(X7(6))]. Then under mild conditions,
as proved in [2], the CFD method lowers the variance of the numerator of M(e€) to O(e).
This lowers Var(M (e)) to O(e!) and yields Var(M,(€)) = O(n~te1), a full order (in
€) lower than if the paths had been simulated independently, as computed using (2.6).
The variance of a CFD estimate is often a full order smaller than the variances of CRN
and CRP estimates as well, since the variance of the CRN and CRP estimates will often
approach a value of order O(n~'e™2?). An example of this behavior is shown in Figure
2.1. Thus, in most cases the CFD method is currently the most efficient finite difference

method for computing first derivative sensitivities. See [2] for details.

2.2 The Likelihood Ratio Method

The likelihood ratio (LR) method constructs paths of the process according to a 6-
dependent probability measure. That is, rather than constructing the path with the

parameter 6, we let the probability measure on the path space be #-dependent. In
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particular, we will express the expectation in (2.1) with a f-dependent path density,
and then exchange the order of the derivative and the expectation. This density arises
through a Girsanov change of measure transformation. For more details on this subject,
see [23, 24, 29].

First consider a filtered probability space (2, {F;}i>0, @) under which the counting
processes { Ny, k =1, ..., K} are independent unit-rate Poisson processes. Recall that K
is the number of reactions in our system; we think of N () as the number of occurrences
of reaction k. Then X; = Xy + Zszl Ni(t)(y is determined. While paths of X; may
leave the desired state space S (e.g. paths may leave the positive orthant), we construct
a new measure under which X has the correct distribution and in particular under which
such paths have probability zero.

Let Z(t) = {Zx(t) : k =1,..., K} be a nonnegative, cadlag function adapted to the

filtration {F;}. Then we may define the Girsanov exponential

= ﬁ (/ log(Zy(s—))dNk(s) — /Ot(Zk(S) - 1)d3) - (2.9)

k=1

In particular, we will take the Zy(t) to be our intensities A\y(X;). Indeed, these rate
functions are cadlag, and are nonanticipating because X; is completely determined by
the processes {Nj} through time ¢. We define the rates to be zero if the process is
outside S, so that the rates are also nonnegative. This also implies that G(¢) = 0 on
any path that leaves S at some point through time ¢ (under (). With this choice for

the Z, we can simplify to see that

N(t)-1 K
=1

G(t) = exp Z log Mg, (Xy) — Z/t — 1)ds (2.10)

0
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where N(t) := >, Ni(t) is the total number of jumps by time ¢, k¢ indicates that the
/" jump was due to N;, and where X, is the (™" state of embedded chain of the process
X with initial state Xj.

Recall that we have assumed that our process X is non-explosive; that is, given

125{23@ (] rraes) 2”}

we assume that P (lim,,_,o, 7, > t) = 1 for each ¢ > 0. For a fixed time T it can be shown
that E¢[G(T)] = 1, so that we may define the probability measure P via dP = G(T)dQ.
This new measure P is absolutely continuous with respect to @ (written P < Q). See
[24]. Since G = %5 is a Radon-Nikodym derivative, or density, we have for a function h

of the path of X through some time 7" that
E” [h(Xiep.)] = E? [M(Xiepor))G(T)] .

Furthermore, under P, the processes { Ny} have the same distribution as the solutions

{ Re(t) = Vi ( /0 t /\k(Xs)ds> } ,

i.e., under P the process X has the same distribution as (1.2). See [24]. In particular,

to the system

since G(t) = 0 on any path that leaves S at some point through time ¢, the set of such
paths is a P-null set.
Considering the parameter ¢, we can similarly obtain a family of probability measures

P’ < Q and a family of associated densities G(6) = %. That is, under P? the process
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X has the same distribution as the process X () as given in (1.7), and similarly we have

E” [h(Xieio.1)] = E? [A(Xieion) G0, T)] .

Fix some i € {1,..., R}. As long as the exchange of the derivative and expectation is

valid,

0
06,

0

EF’ [R(Xieo,m)]
— EQ
— EQ

— EQ

= EPG |:h,(Xt€[0’T})

We give sufficient conditions for the

06,

E? [W(Xie(om)G (0, 7))
9
00;
2.3(0,T)
00; ’

G, T) ¢6.T

a?ai log G(6), T)) el() T)}

h(Xicpm)

6(6.7)

h(Xiepo,17) (2.11)

h(XtG[O,T]) (

] | .
20, og G(0, )]

validity of this exchange below. First, recall that

we wish to estimate sensitivities of functions f(6, Xycp,r)) which may depend explicitly

on the parameter. This can be done similarly using the product rule, again assuming

that the exchange of the derivative and expectation is valid:

0 _po 0
anEP [f(gvXtE[O,T])] = 891EQ [f(ea XtE[O,T]>G<07T)}
0 0
= [E9 [G(@,T)%f(Q,XtE[QT]) + f(#, Xte[ng])%G(é’, T)} (2.12)
0 0
=E° {G(ﬁ, T) <%f(97 Xiepry) + f(6, XtE[O,T]>89' log G(8, T))}
0

— EP’

1

00;

(0, Xeepom) + f(0, Xicom)

] | .
20, og G(0, )}
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If there exists some neighborhood © C R¥ of § where the following sufficient conditions

are true, the exchange of the derivative and expectation is valid:

(1) E9 [f(0, Xiepor)G(0,T)] = EF’ [f(0, Xicpo,m)] exists for each § € © (i.e., the quan-

tity whose sensitivity we would like to estimate exists),
(2) Q-almost surely, a% [£(8, Xee,r)G(0,T)) exists for each 6 € ©, and

(3) ‘(% [0, Xiep.)G (0, T)] | can be bounded uniformly on © by some random variable

in L1(Q).

This is a generalization of the Leibniz integral rule. The differentiability of G follows as
long as the intensities A\ are differentiable, and we will assume that f is differentiable
in €. The first and third conditions are more difficult, though are believed to be true
for most reasonable choices of (non-explosive) process and functions f. For nearly all
biologically relevant processes and functions f, we prove that the exchange is valid in
Section 3.4.3.

Consequently, assuming that we may exchange the derivative and expectation, we

may use the Monte Carlo estimator

. ] — , 0
M, = E;Mm with M = a_gif<0aXte[0,T]) + f(0, Xicjor) Hi(0,T),

where M, is the m* sample of M and where H;(0,T) := -2-log G(6,T). Note that the
path samples are taken with respect to our the measure P?.
The random variable H;(0,T') is commonly known as a weighting function, or simply

weight. This weight is simple to compute during path simulation, since, by parametrizing
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and differentiating (2.10) we have that

k[ K

=0

Under the mass-action assumption, this simplifies to

Hi(0,T) = — (Ni(T) — Si(T))

S| =

where S;(T) = fOT Ai(0, X (s))ds is the internal time at (real) time T of reaction 7. Recall
that N;(T) gives the number of times the i} reaction has occurred by time T'.

The likelihood ratio method is consequently quite simple to implement. As one
simulates a path of the process X;cjo7] at the original, or nominal, parameter value of
6, one should also compute H;(6,t) and the other quantities required for the estimate
M. Either simulation method of Section 1.2.1 may be used. For an explicit algorithm,
see, for example [28] or [37]. Note that unlike finite difference methods, the likelihood
ratio method produces an unbiased estimator.

While the LR method is easy to implement and unbiased, it is generally quite in-
efficient due to a high variance. A helpful observation comes from the fact that the
weight function is a mean zero random variable, and can therefore be used as a control
variate (see [7]). However, even with this addition to the method, the variance can still
be prohibitively large, particularly for large simulation times, and so for many models
this method is not practical.

Finally, we note that in our CTMC setting the likelihood ratio method is also known

as the Girsanov method, after the change of measure derivation. A slightly different
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derivation explains the name likelihood ratio method. Recall that for a given 6, we
constructed the measure P? < @ with density G(0) = %. Then, if P? < P%, the

dp?
dpP%

is given by GG((QL”. That is, the measure P% at the fixed,

Radon-Nikodym derivative o)

nominal value of 6, can be used as the reference measure. Then noting that

o G(6,1) 9

1
96; G(00,1) |, 06; 0g G(6,1) "

we see that the same weight function is derived. This ratio of densities g((a(i;tg) is known

as a likelihood ratio; its derivative is often called a score function. This latter change
of measure is the one described in [7] or [28]. Alternatively, one can explicitly construct
a reference measure similar to P% without appealing to the Girsanov exponential. See
[16] for further details.

This likelihood ratio method, in the context of finding sensitivities in stochastic
processes, arose in the discrete event literature in the late 1980s. It is also known as the
score function method, the importance sampling method, and the “what if” method. In
addition to the references above, see, for example, [5, 17, 34, 35] for the likelihood ratio

method in this and other settings.

2.3 Pathwise Methods

Pathwise (PW) methods have a much more limited scope, and are invalid in many
settings. However, a rule of thumb in the literature suggests that pathwise methods,

when they apply, are more efficient than the likelihood ratio method.
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When using a pathwise method, one proceeds differently than when using the like-
lihood ratio method, by viewing the construction of the path as depending on # while
using a probability measure that does not depend on #. For example, one can think
of the space as consisting of K independent streams of independent unit exponential
random variables, each stream determining one of the K Poisson processes Y in the
random time change representation (1.7), and constructing the path through the next
reaction method. To obtain a pathwise estimate, one then proceeds by switching the
order of the derivative and the expectation in the sensitivity.

However, we must take care. Since the process X is a CTMC, the paths are piecewise
constant, with discrete jumps. Suppose that f is a function solely of the process at the

terminal time 7', so that J(0) = E[f(Xr(6))]. Then it is most always the case that

0
00;

0
06;

E[f(X7(6))] £ E [ f(XTw))} |

since the derivative of X is zero wherever it exists. Thus we cannot build a Monte Carlo
estimator by sampling a% f(Xr(0)). Instead, we can first replace f(Xr(0)) with some
function with the same mean but that is smoother in 6. In this case, we briefly describe
two options for this replacement, but then describe a major problem that makes both
choices invalid for many of our biochemical models.

The Regularized Pathwise Derivative (RPD) method presented in [37] estimates
a%-J (0) using derivatives of the time averaged random variable

o) =5 [ " RXO)ds ~ F(X(6), (2.14)

2w T—w
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where w is some fixed window size. That is, the RPD method uses the Monte Carlo

estimator
0
00;

R 1 &
M=~ M, where M= _-L(¢ 2.15
"2 where (0) ( )

and where M,, is the m'™ sample of M. When the method applies, it is generally very
efficient, though it gives a biased estimate, with the size of the bias a function of the size
of w. Specifically, a smaller w typically leads to a smaller bias but a larger variance.

Alternatively, though we are unaware of this specific method in the literature, one
can use Dynkin’s formula (1.6) to derive an unbiased estimator. For this method, we let
L(#) = f(Xo) + fOT(AOf)(Xs(G,w))dS, so that E[L(0)] = E[f(X7(0)], and use a Monte
Carlo estimator constructed as in (2.15). While unbiased when it applies, this estimator
tends to have higher variance than the RPD estimator. We shall refer to this method
as the Dynkin pathwise method.

In both cases, we introduced an integral in the hope that the resulting random
variable L would become smoother in 6 than f(Xr(f)). Assuming that the paths are
constructed using the next reaction method, we can argue that these L(6) (both special
cases of a more general functional) are almost surely differentiable. However, even after
our attempts at smoothing, neither is a valid estimator in general: in many cases we
will still have that 2-E[L(6)] # E [B%L(e)] In the next chapter, we explore why this
is so, and provide a method that avoids the problem.

We also note that Gupta and Khammash, in [19], analytically derive a different path-
wise estimator using a limiting argument. The method provides an unbiased estimate,

though the algorithm is complicated to implement, as the method requires a significant
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amount of auxiliary simulation, which may also significantly reduce the method’s effi-
ciency. Pathwise methods have also been explored in the discrete event system literature,
where such methods are known as (infinitesimal) perturbation analysis, or IPA or PA
for short. See for example [20], or [15], in which Glasserman presents a pathwise method
for sensitivities of CTMCs that applies to a strictly larger subset of CTMC models than
the two methods discussed above. However, there does not seem to be a way to extend
this method to all biochemical models. Similarly, there is a class of sensitivity methods
for discrete event systems referred to as Smoothed Perturbation Analysis (SPA). See
for example [18]. These methods condition on some information F to construct the
estimator E[f(X;(0))|F] of the quantity E[f(X;(f))]. The choice of F, however, is key,
and there does not appear to be a choice of F so that the pathwise method is both

applicable and tractable for our biochemical CTMC models (1.7).
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Figure 2.1: Convergence in time of the variance of the different first order finite difference
sensitivity estimators M, (¢) of %E[Xt(ﬁ)] on the birth-death model § & S, S % ¢ at
(01,02) = (2,0.1) and Xy = 0, where X; gives the abundance of S at time ¢. The paper

01,

2] compares these methods on this and other examples. A perturbation of e
the centered difference, and 10® sample paths were used. The variance axes have two
drastically different scales, and we have also used two different time scales to better
demonstrate these convergences. Note that the limiting value of the CFD method is
much smaller than the limiting value of the three other finite difference methods. For
this example, CRP and CRN are approximately equivalent; this is not always the case

32).
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Chapter 3

A Hybrid Pathwise Method for

First Order Sensitivities

In Section 2.3, we introduced two main pathwise methods for sensitivity estimation, the
Dynkin pathwise method, and the Regularized Pathwise Derivative (RPD) method (as
in [37]). Both are special cases of a more general functional L, so we now study pathwise
methods in this more general framework.

For non-explosive CTMCs X given by the random time change representation (1.7),
and for a < b, we are interested in computing the f-sensitivities of expectations of

functionals of paths of the form

Lx(0) == / bF(H,XS(H))ds, (3.1)

where F'is a function of the state of the process that may also depend explicitly on 6.
For the results in this thesis, we will require F' to satisfy certain regularity conditions;
see Condition 3.11.

Note that if we find a method for computing sensitivities of the more general func-
tionals (3.1), by taking a = 0, b = T some fixed, finite time, and F = A?f, we can

compute sensitivities of the form Z2-E[f(X7(6))] by the Dynkin pathwise method of the

i
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previous section. We could also use the RPD estimator (2.14) by taking a = T — w,
b=T+w, and F = ﬁ f- This will be revisited in more generality in Section 3.3.

Pathwise methods can be applicable to stochastic processes built on a probability
space that is f-independent. We use a filtered probability space (€2, {F;}i>0, @) under
which {Y;,k = 1,..., K} are independent unit-rate Poisson processes. The path of X
is then a function of both w and of € as in the random time change representation (1.7).
This is in contrast to the likelihood ratio method, in which paths are determined by the
probability space alone.

The goal of our pathwise method is to construct a Monte Carlo estimator for the
sensitivity a%]E[L x(0)] by obtaining n samples Mj, ..., M, of the random variable M =
a%iLX(@) and computing the sample average M, = LS My, Of course, we only

expect M, to approximate Z-E[Lx(0)] if

0
06,

E[Ly(0)] = E { aaei LX(Q)] .

If this equation holds, a single path of X can be used in the pathwise estimators of each
entry of the gradient by computing %LX(Q) foreachi=1,... R.
We will show in Lemma 3.14 that at a given value of 8 the function Ly is a.s.

differentiable. That is, defining D(0,h) := h™'(Lx(6 + h) — Lx(0)), as h — 0 we have

0
00,

D(O,h) =% L(0). (3.2)

Since limy,_,0 E[D(6, h)] = LE[Lx ()] by definition, if the convergence (3.2) is also in
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the mean, then as needed,

0 0
S ELxO) =& | Lx(0)] (33)

However, as discussed in Section 2.3 in the context of the Dynkin pathwise and RPD
methods, even though the function Ly is an integral, Ly is not always smooth enough
for this L' convergence to hold. Thus (3.3) is false for many of our CTMC models (1.7),
for which pathwise methods are therefore not applicable. In Section 3.1, we explore how
pathwise methods can fail on our CTMC models, and give the condition under which
pathwise methods are valid. We prove this validity in Section 3.2.

In Section 3.3 we introduce the new hybrid method, the main work of this thesis,
which allows us to incorporate a pathwise method in the estimation of sensitivities of
the CTMC models (1.7) in general. The hybrid method works by first constructing a
CTMC Z that approximates X, but also such that pathwise methods are valid for Z.

Then, coupling X and Z in the standard manner of Section 1.1.2, we note that
E[Lx(0)] = E[Lx(0) — Lz(0)] + E[Lz(0)].

To estimate the sensitivity a%E [Lx(0)], we compute separately the two sensitivities
B%E[LX(@) — Lz(0)] and %E[LZ(G)], the first using the likelihood ratio method, and
the second using a pathwise method. The benefit of this strategy is that both estimators
will tend to have a low variance. Indeed, the variance of the first estimator will be small
because X and Z are coupled, and the variance of the second estimator will be small

because it utilizes a pathwise method. Overall, the low variance of these estimators leads
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to a more efficient sensitivity method.

More details are provided in Section 3.3. In Section 3.4, we prove some moment
results for our CTMC models, which we then use to prove the validity of the likelihood
ratio piece our hybrid estimates. We also use these moment bounds in Section 3.5 to
prove a limiting result regarding the hybrid method. Finally, in Section 3.6 we give
numerical examples of the hybrid method and compare its performance with existing

methods.

3.1 The Non-Interruptive Condition

Recall that D(6,h) = h™'(Lx(0 + h) — Lx()). As discussed above, we would like
D(0,h) EEN 8%_LX(Q) to hold, so we wish to find some L' function dominating D(6, h).
Because D(0, h) includes a division by h, we will certainly run into difficulty if Lx has
a jump discontinuity at #. Unfortunately, Lx can indeed have a jump discontinuity. To
help illustrate how, as well as to suggest the condition necessary to ensure that Ly is

continuous, we consider a simple example.

Example 3.7. Consider the model

AL g ALB
where we suppose that X,(0) € ZQZO gives the abundances of A and B respectively, with
an initial condition of Xo(0) = (1,0). Define Lx(0) = fOT Xps(0)ds.
Labeling A — 0 and A — B as reactions 1 and 2 respectively, consider the system at

time 0. By the random time change representation (1.7), the time until the first reaction
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is min{ %, es}, where e; and ey give the times of the first jumps of Y1 and Yy respectively.
Both ey and ey have a unit exponential distribution; what is important here is that they

do not depend on 6.

Then
T
+1 (&
Ly(0) = / Xpo(0)ds = (T — ex)* 1 (g > 62)
0
has a jump discontinuity at 6 = £ if eo <T.
We can also see that %Ly (6) is zero where it exists. However, LE[Lx(0)] is not

zero, as will be shown in Example 3.6.2. Thus (3.3) does not hold, and pathwise methods

are not valid on Lx.

The question arises: why did an attempt at a pathwise method fail in the previous
example, and how can they fail in general? We look closely at this problem, since it will
provide a good intuition for later proofs.

A change in 0 changes the intensities, which in turn causes two different types of
change in Lx(#). First, changes in 6 will change the jump times of X. These changes
alone are not problematic, as the jump times, for the most part, simply scale with the
intensities, which we will assume to be f-differentiable. Second, however, a change in
f can change the embedded chain of the process. This is a more drastic change in the
process, and causes the more serious problem of possible discontinuities in L.

Assuming we construct our paths using the next reaction method, however, changes
in the embedded chain do not necessarily cause a discontinuity. Indeed, suppose that we
have in hand realizations of the K Poisson processes Y. Consider two consecutive jumps
of X, say reactions 1 and 2, occurring in that order. As € increases (or similarly for

decreases), the time between these jumps may decrease to the point where the process
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sees reaction 2 occur immediately after reaction 1. A further increase in # may switch
the order of the reactions, since, considering the internal times of the two relevant
reactions, reaction 2 now happens first; reaction 1 is “just about” to fire as well, which
should result in reaction 1 occurring immediately after reaction 2. If the two reaction
occurrences simply switch order, the change in the path is in a sense still minimal, and in
fact Lx remains continuous in 6 throughout. This is often referred to as a crossover in
the discrete event literature, and we will use the same terminology here. The argument
above is formalized in Lemma 3.16.

A crossover is not what occurred in our Example 3.7: we cannot have the two possible
jumps A — B and A — () simply cross over each other, because if the single A molecule
decays first, the intensity of reaction A — B becomes zero (and vice versa). Returning
to our discussion from the previous paragraph, suppose that an increase in 6 has now
caused reaction 2 to occur before reaction 1. Then reaction 1 is just about to occur
because of the internal time structure unless the occurrence of reaction 2 prevents the
occurrence of reaction 1 by setting the intensity A\; to zero. If such an interruption
occurs, Ly is discontinuous and pathwise methods are not applicable.

Interestingly, if we had used an SSA instead of an NRM construction this behavior
regarding the order changes of reactions due to changes in @ is very different. In the
SSA case, problems other than interruptions can arise because of the “dartboard” or
“binning” method of choosing a state: there is no similar sense of competing jumps.
That is, the random time change representation with NRM behaves differently than an
SSA construction when we consider small perturbations of the parameter, even though

the two methods produces paths with the same distribution.
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From our argument above, in order for a pathwise method to be valid, we will require
the following condition prohibiting such interruptions. It formalizes the notion that the
occurrence of a reaction cannot set the rate of another to zero. Recall that § is the state

space of X.

Condition 3.8 (Non-Interruptive). The intensities A\, k = 1,..., K of X satisfy this
condition on a set © if at every state x in the state space S and every 6 € O, if

Ae(0,2) > 0 and \(0,2) > 0 for k # €, then M\e(0, 2 + () > 0 and N\(0, 2 + (i) > 0.

3.2 A Pathwise Method for Non-Interruptive CTMCs

Let X;(6) denote the i" state in the embedded discrete time chain of the process X;(6),
and let T be the i*" jump time, with T¢ = 0. We let N(0) := N(6,b) be the number of
jumps of X by time b. Assume that F' is differentiable in # with some mild regularity
conditions (see Condition 3.11). We are interested in computing the -sensitivities of

expectations of functionals of paths of the form
b A
Lx(0) := / F(0,X.(0))ds = Y F (60, X;(0))[T{;, Nb— T/ v al*, (3.4)

where a A b = min(a,b) and a V b = max(a,b). The summation is simply the integral
of the piece-wise constant integrand, restricted to [a, b]. Since X is non-explosive, N? is
almost surely finite.

In Section 3.2.1, we calculate explicit forms of the derivatives of Lx with respect

to 6;. In Section 3.2.2, we give additional conditions we will require, including that
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the intensities are bounded. We show, in Sections 3.2.3 and 3.2.4, that with the Non-
Interruption Condition 3.8 and the additional conditions of Section 3.2.2, the pathwise

method is valid; i.e., that as in (3.3) we have

d d

—E[Lx (0 E Lx(0)] .

Bl O)] = B | 1 1x(6)

In the subsequent sections of this chapter, we show how to incorporate the pathwise
method into a general sensitivity method, one that does not require the process to have
bounded intensities or the non-interruptive condition.

For notational convenience, in this section we take 6 to be 1-dimensional.

3.2.1 Path Derivatives

We compute here explicit forms of the derivative of Lx(#) for use in the method and
in its proof. The states in the embedded chain are discrete-valued, so for any ¢, the

derivative d%Xi(G) is zero wherever it exists. Therefore, from (3.4) we have that

TEANb = TPV a]t (59 (0, X(H)))

F(0,X:(0))

ge[Tﬂ/\b TV a]* ]

where the partials of the function F' are with respect to the first variable.

The terms in the top line of (3.5) are straightforward. The terms in the second line
require the derivatives of the jump times 77, so we now focus on their derivation. Define
AY =T, —T? to be the holding time of the process in the i*" state (so that the indexing

begins at 0). We first derive %A? as in [37]. Below, we show how to then compute the
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derivatives of the [T?; Ab— T/ V a]* as in (3.5).

Let S{(t) = [J \u(0, X,(0))ds, and let I%(t) = inf {r > SI(t) : Yi(r) > Y(SL(t))}.

Af:mm{ﬁ«wyiﬁa%}_
Sl A6 X))

Then

Let k; be the argmin in the above expression, so that k; is is the index of the reaction
that accounted for the i*® reaction of this realization of the process. We can then derive

using the product rule that

4 9__w8 _ 1 0 0
5 = o ) M0 K ) .
=B O (0.X.0) — M (6, Xu(6) S0 (TP,

A, (0, X.(0)) 00 a0

Note that %Tg = 0. For i > 0, the definition of AY implies that

_Te Z aeAe

Now, for t € [T7,T{,,] we have for any k that S§(t) = SUT?) + Ai(6, X:(0)(t—T7).

We can use this to find that

0
00

0
06

0 A . 0

—SUT?) = =SUT? )+ AY 189/\ k(0,X;_1(0)) +)\k(9,Xi_1(9))80Af .- (3.7)

The {A%} and {SY} values can be solved for recursively given that the initial S?(77)

values are 0 for each k. Let i, € N be maximal such that 7! < a; that is, the it" jump

1la
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is the last jump to occur before time a. Then

0 i<i, or i> N(0)
ia 8 9 8 9 > >
0 Z': —A:—T;a 1 =14
STE A =T vt = (3.8)
2N i << N(b)
0)— .
YT GAl = 5Tk =N

can easily be computed as needed in (3.5).
This leads to the following pathwise algorithm for simulating a path of X;(#) and
computing d%L x(0). This algorithm is a more general version of the algorithm in [37].

ALGORITHM: Pathwise Derivative Algorithm

1. Initialize: set x = X, set t = 0, and set end time T'. Set S, = 0 and dS, = 0 for

each k =1,..., K, and set dL = 0. Set flag =0 and set d1" = 0.

Uk

2. Generate K iid uy, ~ uniform(0,1). Set I = log ( 1.) for each k.
3. Calculate each \i(z) . Set A = miny, ﬁ(x)(fk —S;) and i = argminkﬁm(fk — Sg).
4. Ift+ A > T, go to Step 11. Otherwise continue to Step 5.

5. Set dA = —x G0, @) — % . Then set dT' = dT + dA.
(
0 t<a

6. Set dL = dL + ALF(0,2) + F(0,x)A, where A= ¢ g1 t>q and flag =0

de otherwise
Ift >a and flag =0, set flag = 1.
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7. Set t =t + A. Also, for each k set Sy, = Sy + AXp(x) and set

8. Set x=x+ (.

9. Generate u ~ uniform(0,1) and set I; = I; +1In (1)
10. Return to step 3.
11. Set dL =dL + (T — )2 F(0,2) — F(0,z)dT.

The quantity dL gives d%L x(0) for the simulated instance of the path of X. Note that
this algorithm is only valid using the next reaction method as given here. See the

discussion at the end of Section 3.1.

3.2.2 Other Conditions

We now formalize the other conditions we will require for our results. Recall that S is

the state space of X.

Condition 3.9 (Bounded Intensities). The intensities A\, k = 1,..., K of X satisfy
this condition on some set © if there exists some constant Iy such that for all k and
all z € § we have

supsup \x (0, z) < T'yy.
0e® zeS$

Condition 3.10. The intensities \p, k = 1,..., K of X satisfy this condition on some

set © if they are differentiable in 0 on © and:

i. There exists some constant '), not depending on x such that for all x € S and all
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k we have

sup A (6, ) # 0 = sup

<T,,.
0cO pco A\ip(0, ) —

That is, for a given x € S, either the rates A\y(0, ) are identically zero on ©, or

they must be bounded away from zero uniformly in 0 and x.

it. There exists some constant I such that for all x € S, all k, and alli =1,..., R

we have

< T
0b; -

sup sup
0c6 zeS

The constants in Conditions 3.9 and 3.10 do not depend on k, but this is not a
restriction as K and R are finite and so one can simply take maxima. We will assume
for convenience that I'y;,I[',,, and I are at least 1.

Note that if the intensities follow mass-action kinetics (Definition 1.3), part ¢ of Con-
dition 3.10 holds automatically: for any fixed k, if A\;(0,2) = Orgx(x) is nonzero, it is
bounded from below by 6y, since z € S C Z‘éo. Furthermore, again assuming the inten-
sities follow mass-action kinetics, part 72 of Condition 3.10 is implied by the Bounded
Intensity Condition 3.9 as long as each 6, is strictly positive. Indeed, if Condition 3.9
holds with mass-action intensities A\, (6, x) = 0xg(z), the state space S must be compact,

and the gi(x) are then bounded for x € S; then note that

8>\ ; ge(z) i=k

0 otherwise.

As mentioned, we also need a few mild regularity conditions on F. Note that we do

not require F' to be bounded. Here and throughout we use the notation ||z||, for x € R,
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to denote the 1-norm, ||z|| = 2% | ;.

Condition 3.11. The function F : © x R? — R satisfies this condition if it is differen-

tiable in 6 on O so that:

A. There exist constants Cy > 1 and ¢y > 1 such that sup |F(0,z)| < Ci(1 + ||z[|).
6c6

3F(O,gz:)

B. There exist constants Cy > 1 and co > 1 such that sup 20

0cO

< Co(1+[]*).

3.2.3 Preliminary Results

Recall that N(0,0) = N(6) is the number of jumps of the process through time b.
Because the total rate is bounded uniformly in 6, we have the following result. It is an

immediate corollary of a result we prove in Section 3.4.

Proposition 3.12. Given the process X;(0) satisfying (1.7) and with intensities satis-
fying the Bounded Intensity condition 3.9 on some set © containing 0, for any finite t

and q € [1,00) we have

E {sup N(Q)q} <oo and E
0co

sup sup HXS(H)H‘]] < 00.
0€0O s€[0,t]

Both results in the proposition follow because N is bounded by a Poisson random vari-
able. See Section 3.4 for details.

The bound on the intensity also implies the existence of exponential moments of N:

Lemma 3.13. Given the process X,(0) satisfying (1.7) and with intensities satisfying
the Bounded Intensity condition 3.9 on some set © containing 0, for any fized ¢ € [1, 00),

< 00.

we have the exponential moments |E [sup N
0cO
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Proof. By assumption, the total number of jumps of the process through time b is
stochastically bounded uniformly in 6 by a Poisson random variable N with parameter
[ = bKTyy, so that E [sup9€@ cN(e)] < ]E[CN]. Now note that for any fixed, finite ¢ we

have

A 00 . 00 fm ~ oo ym o
E[cN] = Z c"P(N =m) = Z cmwe_F =e ' Z (Cm)‘ =e et < o0
m=0 m=0 ’ m=0 )

]

We will use these moment bounds in the proof of Theorem 3.19. We now turn to

preliminary results concerning the differentiability of L.

Lemma 3.14. Suppose we are given the process X,(0) satisfying (1.7). Further suppose
there exists a neighborhood © of 6 such that X satisfies the Non-Interruptive condition
3.8 on ©, and such that its intensities satisfy Conditions 3.9 and 3.10 on ©. Let F :
O x RY — R be some measurable function which is differentiable in the first variable,
and let Lx(0) = f:F(Q,XS(O))dS be defined as in (3.4). Then at any 6 € ©, Lx(0) is

a.s. differentiable.

Proof. Fix some 6 € ©. Note that N(f) < oo almost surely. Furthermore, for a.e. w
there is some neighborhood of 6 on which N (#) is constant. Therefore, considering (3.5),
we only require that F' is differentiable in #, which we assumed, and that the holding
times [T, Ab— T/ Va]* are also a.s. differentiable in 6. The latter will follow from a.s.
differentiability of the jump times 77, which we now show, since the probability that a
jump occurs at exactly a or b is zero.

The probability that a path has two or more jumps occurring at the same time is also
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zero. Therefore, there is almost surely some ho(6, w) > 0 such that for each h € (—hyg, ho)
the paths X;(0 + h,w), constructed using the next reaction method, have the same
embedded discrete chain through time b. Explicitly, letting I = {0,1,...,N(0)}, one

may take

ho(0,w) < min (1,

minie[Ti1(0) A b — Ti(6)] [Tn)+1(0) — ]
Maxy jer SUPgesaq Me(0 + 0, X;(6)) ’ maxy, SUPg5.1 k(0 + 0, Xn(9)(0))

Indeed, for some embedded state to change, some holding time must first decrease to
zero; the rate at which this occurs cannot exceed the quantity given in the relevant
denominator above. The quantity on the right is positive almost surely (unless all the
rates begin at zero, in which case the process is unchanged for all time regardless of h
and the result is trivial).

Now for h € (—hqg, hg) the embedded path is fixed, and so the jump times T{ change
solely by scaling due to changes in the rates (as in the computations in Section 3.2.1).
Thus the jump times 77 are differentiable since the rates are differentiable.

]

We have not yet used the Non-Interruptive Condition 3.8. This additional condition
will allow us to show that Lx remains continuous through a crossover of jumps. We will
require this continuity in the proof of Theorem 3.19 to use the mean value theorem. We
first turn to proving that the jump times of a non-interruptive processes are continuous

in Lemma 3.15 before proving the continuity result regarding Ly in Lemma 3.16.

Lemma 3.15. Suppose we are given the process X(0) satisfying (1.7). Further suppose
there exists a neighborhood © of 6 such that X satisfies the Non-Interruptive condition

3.8 on ©. Then the jump times T? are continuous in 6 on ©.



95

Proof. This is clear by the derivations in Section 3.2.1, except possibly at values of 6 at
which the embedded chain of X changes. Because X is non-interruptive, this can only
occur at a crossover of two jumps. So consider perturbing # in a small interval around
the occurrence of a crossover of two jumps ¢ and ¢ + 1. As 6 changes, the distance
between 77 and T}, decreases until the two times are equal. As 6 changes further, the
order of the jumps switches, but even though the jump times may now denote the time

of a different reaction, 7} and 77, still change continuously in 6. ]

The Non-Interruptive condition is used crucially here, since we only need to consider
what occurs at a crossover. At an interruption, the two reactions are not able to occur
in either order, since the first reaction sets the rate of the second reaction to zero. This

causes a jump discontinuity in one of the jump times, and in L as well.

Lemma 3.16. Suppose we are given the process X(0) satisfying (1.7). Further suppose
there exists a neighborhood © of 6 such that X satisfies the Non-Interruptive condition
3.8 on ©, and such that its intensities satisfy Conditions 3.9 and 3.10 on ©. Let F :
O x R? — R be some measurable function which is differentiable in the first variable,
and let Lx(6) = ff F(0,X4(0))ds be defined as in (3.4). Then for any 6 € © and for
h > 0 such that (0 — h,0 + h) C O, with probability 1 — O(h*) we have that Lx(0) is

continuous and piecewise differentiable on (6 — h,0 + h).

Proof. There are two parts to the proof. First, we show that if on the interval (6—h, 0+h)
no more than one change occurs to the embedded chain of the path of X on the interval
[a, b], then Lx(0) is continuous on that interval. Second, we require that the probability

of two or more such changes is O(h?).
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So suppose that there is at most one change to the embedded chain on the interval

[a,b]. Such a change can occur in one of two ways:

(i) two (or more) jump times T? cross over on the path of X through time b, which

causes a chain in the path of X, or

(ii) some jump time 7Y enters or exits the interval [a,b], which changes the states of

the path that appear in Lx.

What we must show is that Lx is continuous even at these occurrences. Recall from

(3.4) that
Lx(0) =Y FO, Xi0)TAb—T val®. (3.9)

Also recall that F is continuous in 6 by assumption, and that the T{ are continuous by
Lemma 3.15.

Suppose that (i) occurs at 6*. Then two reactions k& and ¢ occur at the same time.
(The case when three or more jumps occur together is essentially the same.) Further
suppose these reactions occur as the i and (i + 1) jumps. Then at 6*, there is a
discontinuity in XZ(Q) from one side it is X;_; (0)+(x and from the other it is X, (0)+Cp.
However, by the Non-Interruptive condition, the two reactions can occur in either order,
and the net result of the two reactions is the same regardless: (i + (; is added to the
system. That is, Xi+1(9) = X,;_1(0) + ¢, + (¢ on the whole interval, and furthermore,
this crossover of jumps affects no other states of the embedded chain.

Then in the summation (3.9), any given term changes continuously except possibly
the ¢*" term,

F0, Xi(0))[T2, Ab—T?V a]. (3.10)
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But at 6%, we have 7%, = T/, so that the term is actually zero at the point of discon-
tinuity of X;(#), and Ly () remains continuous at 6* as needed.

Now suppose that at 6%, case (ii) occurs. Since an additional jump time appears
in the interval [a, b] at *, the possible issue is that an extra term may show up in the
summation. However, this additional jump time is either equal to a or b, so that the
holding time [T?; Ab— T V a]™ is zero. Then Ly is again continuous at 6* as needed.

Under both cases, Lx is piecewise differentiable, because as can be seen by the
derivations in Section 3.2.1, Ly is differentiable except possibly at values of # at which
the embedded chain changes, which by assumption occurs at most once.

Finally, we require that the probability of two or more changes occurring to the

embedded chain of the path of X on the interval [a,b] is O(h?). For a proof, we refer

the reader to the second part of the proof of Appendix 5.B in [15], page 120.

3.2.4 Statements and Proofs of the Main Results

We now prove two results bounding the derivatives of the internal times of the reactions

and the holding times of the paths, before proving the main result in Theorem 3.19.

Lemma 3.17. Suppose we are given the process X(6) satisfying (1.7). Suppose there
exists a neighborhood © of 0 such that X satisfies the Non-Interruptive condition 3.8 on
O, and such that its intensities satisfy Conditions 3.9 and 3.10 on ©. Then for each 1

from 0 to Ny(6) we have

M, :== max max
ko j<i

0
=250(T})

5550 (T7)| < THCwT,)'




where 2.0 (t) is as in (3.7).

o8

Proof. Consider (3.6) and (3.7) and recall that for each k we have 25¢(T¢) = 0. Then

9 Al ) )
_AQ — —E)_)\ 0 Q,X 9 <A9P,Fm.
‘89 " /\kz(Q7XO(6)) 90 k( 0( )) -0
Then for any k,
0 0 (0 0 0 5 N 0 0
S5 STY) = AJ2 k(60 X0(0)) + Au(0, Xo(0)) 5 A7,
so that
My = max %Sz (T{)| < AJT + Ty AJI'T,, < 20T, Dy A,

Similarly, for a given ¢ we have

A? D) R
@ —Akxe,xz-(e))\ ;

R 71259 0

N (0, X,(0)) 72581 (TY)

0
Al <
’89’—

< AT, + T, M.
Therefore, using that

0 0
%Sg(ﬂe) = @Sg(Tf_l) +A

. . 0
Me(0, Xi-1(8)) + A (6, Xi—l(e))%A?—l

o 0
i—1 89
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and noticing that the M, are nondecreasing, we see that

M; < My +T'AY | + FM’%Af_l

S Mi—l + F,Af_l + FM(Af_lrlrm + FmMi—Q)
<My +T'AY |+ Ty (A T'T,, + T, M)

< T My + 20Ty T AY

Iterating this inequality, we see that

i—1
M; < (20 Ty) 20Ty T > A < T'H(2T T )
=0

O

Corollary 3.18. Suppose we are given the process X(0) satisfying (1.7). Suppose there
exists a set © containing 0 such that X satisfies the Non-Interruptive condition 3.8 on
O, and such that its intensities satisfy Conditions 3.9 and 3.10 on ©. Then for each i
from 0 to Nr(6) we have

0
—ZA?
00 "

<2000, (2T T )Y,

where LAY is as in (3.6).
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Proof. By (3.6), Condition 3.10, and Lemma 3.17, we have that

EN < A—fﬁA (6 X-(e))‘+ Ar, (0 X-(@))*lﬁse (T?)
06 = I (0. %i(0) 007 A T
<Ll + T %Sﬁi (T7)

< b0 + oI VB(2T T )’

< 2IVB0,, (2T 3T )

]

Theorem 3.19. Suppose we are given the process Xy(0) satisfying (1.7). Further sup-

pose there exists a neighborhood © of 6 such that X satisfies the Non-Interruptive condi-

tion 3.8 on ©, and such that its intensities satisfy Conditions 3.9 and 3.10 on ©. Given

a measurable function F: © x R — R that satisfies Condition 3.11, we have for Lx as
d

. d
in (3.4) that @E[LX(Q)] =E [@LX(H)}

Proof. Let h be the infimum over A for which two or more changes occur to the embedded
chain of the path of X on the interval [a, b]. Note that h>0is positive with probability
1, as in the proof of Lemma 3.14. Without loss of generality, we choose h so that the

interval (6 — h,0+ il) is contained in ©. We must prove the middle equality in

%E[ Ly(6)] = lim B[l [Ly(6 + h) — Ly (0)]

—E [,{ig}] h='[Lx(0 + h) — Lx(0)]

5[4 1)
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We write

E[h ™ [Lx (0 + h) — Lx(0)]] =E[h"[Lx (0 + h) = Lx(0)]1(h < )]
(3.11)

+E[h Y Lx (0 4+ h) — Lx(0)]1(h > h)].

Consider the first term. By the proof of Lemma 3.16, since at most one change occurs

to the embedded chain we know that Ly is continuous and piecewise differentiable on
(0 — h,6 + h). By a generalized mean value theorem (e.g. [8]) we have that

iLX (9) )

[W M Lx (0 + h) = Lx(B)|L(h < h)| < sup |~

0coO

where the supremum is over those points at which the derivative exists. Since we know
that h™'[Lx(0 + h) — Lx(0)] =3 LLx(6) as h — 0 by Lemma 3.14, if we can show
that the supremum on the right has finite expectation, by the dominated convergence
theorem we would have that E[h™'[Ly (6 4+ h) — Lx(0)]] — E[-£Lx(0)]. We will also
show that the second term in (3.11) goes to zero as h — 0, which then proves the result.

Recall that

+ F(0.%(0) [T (6) Ab— T6) V
<| S nv-10) v (re.50))
S FO.X0) D T2 (6) A~ T(0) v ]

We now consider these two terms separately. By Condition 3.11 and Lemma 3.12, the
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term on the left is bounded uniformly on © by a quantity of finite expectation:

N

Z i1 (0) AND—Ty(0) valt ((;99 (0X(9))>‘

=0

<ZTZ+1 YAb—Ti(0)Va]* 889 (H,f(i(e))’
<Gy Z[ Ti1(0) Nb—T(0) V a] * (1 + || X7]|)

< Ca(b— a)(1 + max | X7[|*)

< Ca(b—a)(1 +sup sup [[X(6)[|?).
0€0O s€[0,b]

For the second term, from (3.8) and our work in Lemma 3.17 we have for any i the

rather crude bound

Therefore,

ZF (6, X;(6 a o[ Li1(0) A0 = T3(6) Valt

N

<0 S0+ K2

=0

N N
< 0|1
< 1+ K Y |

=0 7=0

ST (6) Ab=T0) v ]’

N N
§01(1+1%%<||Xf||01 >N arTr? (2l )

=0 7=0

< Cy(1 +sup sup || X,(0)]|)N22T'TT,, (2T 3, T, )™ .
0€O s€[0,b]
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By Lemmas 3.12 and 3.13, and repeated applications of the Cauchy-Schwarz inequal-
ity, we see that this quantity is bounded uniformly in 6 on © by a quantity of finite
expectation as needed.

Finally, we must show that E[A~[Ly (6+h) — Lx(8)]1(h > h)] goes to zero as h — 0.

By using the Cauchy-Schwarz inequality, we see that
~ 12 ~
E |h ' [Lx(0+h) — Lx(0)]1(h > h)] < h’E[[Lx (0 + h) — Lx(0)]*] P(h > h).

Since by Lemma 3.16 we have P(h > h) = O(h?), and since [Lx (0 +h)— Lx(0)] =5 0, we
are done by the dominated convergence theorem if we can show that [Lx(6+h)— Lx(6)]?
is bounded by an integrable function.

By Condition 3.11 on F', for any 6 € © we have that

2

weor =/ " p(o, X )ds)

<G-a) [ (FO.XV0)d -
¢ 3.12

b
<(b—a) / C2(1+ | XM (0)])2ds

< Clz(b — a)2(2 + 2sup sup HXS(G)HQCI),
0cO s€(0,b]

where the final line follows because (a + b)* < 2a® 4+ 2b%. This final line also has finite
expectation by Lemma 3.12. Also note that the bound (3.12) is uniform, so that it holds

for |Lx (6 + h)?| as well. Then as needed,

|Lx(0+h) — Lx(0)]* < 2[Lx(0+ h)]* +2[Lx(0)]* < 4§ug[l)x(9)]2,
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which has finite expectation by the comment above. O]

3.3 The Hybrid Pathwise Method

We now propose a new method for computing sensitivities of our CTMC models (1.7)
in the form of a hybrid pathwise and likelihood ratio method. In particular, this hybrid
method will be valid even for models with interruptions.

Since pathwise-only methods cannot be applied to any process with interruptions,
we will first construct a process Z that approximates X. The process Z will also be
a d-dimensional CTMC, and will have the same reactions as X, but Z will be non-
interruptive. We will also require that the rates of Z are bounded. (Note that we are
not requiring the original process X to be non-interruptive nor have bounded rates.)
Since Z is non-interruptive with bounded intensities, by Theorem 3.19 we may use the

pathwise method of Section 3.2 for computing sensitivities of

L(6) = / R (6. 2,(0))ds. (3.13)

Of course, estimates of sensitivities of L, will not in general be the same as those of
Lx, as we will not have that E[Lz(0)] = E[Lx(0)]. Therefore, we build X and Z on the

same probability space by using the standard coupling, and then note, using linearity of

the expectation and the derivative, that for i = 1,..., R we have
O B{Lx ()] = -E[Lx () ~ L2(6)] + - E[L(0)
a0, XV T e, 7 a0, =

To estimate the first term on the right, we will use the likelihood ratio method. Since Z
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approximates X, and since the two processes are coupled, the variance of this difference
will be small. We use a pathwise method to estimate the second term.

In Section 3.3.1, we discuss the use of the likelihood ratio method on the difference
of the coupled processes X and Z. Because the coupled process is a different CTMC
with new intensities involving minima, we must take some care. In Section 3.3.2, we
give the construction of the approximate process. In Section 3.3.3, we give the hybrid

estimators.

3.3.1 The Likelihood Ratio Method for a Coupled Process

We wish to use the likelihood ratio method to estimate the sensitivity %E[LX(Q) -
Lz(0)], where the processes X and Z are coupled as in Section 1.1.2. We have not
yet described how to construct Z, which will have the same reactions as X but with
possibly different intensities. First, we need to know what is required of the rates of
Z for the likelihood ratio method to be valid on the coupled process. In particular,
recalling our discussion in Section 2.2, we require that the rates of the coupled process
be differentiable in 6.

Recall the standard coupling from Section 1.1.2 and let W = (X, Z) be the coupled
process. In particular, for each original reaction £ = 1,..., K with reaction vector
Cp € Z%, the coupled process has three relevant new reactions. The rates of these new
reactions at a state w = (x,z) are as follows, where we use X and A\? to denote the

intensities of X and Z respectively, and where we have parametrized the A in the obvious
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way:

Ak7[1)1} (67 Z, Z) = )\2((9, :C) A )‘5(97 Z>7
Appro)(0,,2) = N (0,2) = A (0,2) AN (6, 2), (3.14)

Ak,[oﬂ(ea z, Z) = A£(97$) - )\?(67$) A )\5(0, Z)

Assuming that the rates of both X and Z are differentiable, it is easy to see that the
new rates for the coupled process are piecewise differentiable. However, because these
intensities involve minima of the original rates, there may be values of § and w = (z, z)
where the derivative does not exist. In particular, this can occur if for some k the two
rates in the minimum A (6, z) A \Z(0, z) are equal, since at such points the left- and
right-hand derivatives may be different. Unfortunately, even for some simple models
this can occur on a set of paths with nonzero probability.

For example, suppose that our model follows mass-action kinetics as in Section 1.1.1.
At first glance it seems to be a reasonable idea to set A\Z(6,2) to be some fixed, small
number ¢ if A (6, 2) = 0. This choice would ensure that Z cannot have interruptions,
since no reaction would ever have a rate of zero. However, this choice will be problematic
when we wish to use the likelihood ratio method on (X, Z). Indeed, supposing that at

some state zy the rate Ay (6, 2) is zero, we have that

A0, 2, 20) = NS0, 2) AN(O, 20) = Orgr(z) A6

Then for any x at which A} (0, z) = 4, the derivative of Ay 1110, z, 29) from one side is
gr(z) but from the other side is zero.

One way to avoid this problem is to set AZ(6,z) = 60,0 whenever \{(0,z2) = 0.
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Then the 6, factors out of the minimum, or put another way, the left- and right-hand

derivatives are equal. This suggests the condition we need to require in general:

Condition 3.20. Suppose for some k € {1,...,K} and some x,2 € Z% we have
that A& (0,2) = M2(0,2). Then we require for each i = 1,..., R that 8%)\2((9,:5) =

%)\5(9, z).

This ensures the differentiability of the minima involved in the intensities A, and so
ensures the differentiability of each A. That is, Condition 3.20 implies the second re-
quirement in the list of Leibniz conditions given on page 33. As before, the first and
third of the Leibniz conditions are more difficult to prove. As the coupled process (X, Z)
is a new CTMC, the process of proving the first and third conditions is no different than
before; in particular, the proof of these conditions for a large class of models, as we will
give in Section 3.4.3, also applies to the coupled process.

Let the type j € {1,2,3} represent [1, 1], [1,0], [0, 1] respectively. Also, let X; and Z;
be the states of X and Z respectively at the time of the i*" jump of the coupled process
W = (X, Z), taking care to note that the i*® jump of W is not necessarily the i*" jump
of either X or Z. As in Section 2.2, the weighting function for the coupled process W

can be found via a straightforward calculation:

Nla

2Ny (0, X0, 20)

= —g Ay (0, Wy)ds
he0.%,2) /89 SR ]

where N = N(0,T) is the total number of jumps of W through time 7. Under the

j=1 Li=0
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mass-action assumption, H;(6,t) is given by

where N; ; is the number of jumps of reaction i of type j by time 7', and where S; ;(T') =
fOT A (0, X, Zs)ds is the internal time at (real) time T of the reaction of W of reaction
1 and type j.

We note that Condition 3.20 also ensures absolute continuity as needed for the work
of Section 2.2. That is, in the notation of that section, P? < P%. This follows because
Condition 3.20 ensures that on some neighborhood of 6, for any fixed states x and z and
any k, a change in 6 cannot change the argmin of Ay 1y(0, 2, 2) = A (0, 2) A N (6, 2).
This fact implies that on this neighborhood a change in # cannot change which of the
rates Ay 1,00, 2,2) and/or Agq11(0, 2, 2) is zero (see (3.14)). Therefore, any path of

W = (X, Z) that is possible under P? is also possible under P%.

3.3.2 Construction of an Approximate Process

We wish to define a CTMC Z that approximates X, but such that Z satisfies the Non-

Interruptive condition 3.8 and has bounded rates so that we may use a pathwise method

9

to estimate 20;

E[Lz(#)]. Furthermore, we wish to define the rates of Z so that we may

use the likelihood ratio method to estimate a%E[LX(Q) — Lz(0)], as discussed in the
previous section.
We construct such a Z explicitly in the case of mass-action kinetics. Recall that under

mass-action kinetics, 6 is a vector of positive rate parameters, one for each reaction.

Choose some very large M. As suggested in the previous section, we may take for a
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given k the intensity

;

010 if z; < 1y, for any ¢ such that vy; > 0

MNO.2) =S 0,M it AX(0,2) > M (3.15)

AS(0,z) otherwise

for some choices of ; > 0. Then for the most part the rates of Z are defined as they are
for X, so that Z is a reasonable approximation to X. Moreover, recall that we assumed
that A\ (0, z) = 0 if 2; < vy for some 7. The first case in 3.15, therefore, prevents the
process Z from having an interruption. This intensity is also bounded as required, and
one can easily check that Condition 3.10 is also satisfied. Thus a pathwise method is
valid for %E[Lz(ﬁ)] as desired. Finally, Condition 3.20 holds as is required to use the
likelihood ratio method to estimate %E[LX(Q) — Lz(9)].

It will now be possible that some reaction occurs in Z even if, for some ¢, the ("
coordinate of Z is less than v4,. That is, a reaction can occur in Z even if the num-
ber of molecules usually required is not present. Consequently, Z may have physically
meaningless values, such as states with negative coordinates. Even though biologically
speaking this is nonsensical, mathematically it is perfectly valid that the CTMC Z leaves
the positive orthant. In fact, allowing Z to reach these states is crucial to the hybrid
method, as they are what allow the method to be non-interruptive. In implementation,
we simply must take care to reasonably define the intensities of Z on these physically
meaningless states of Z.

Concerning the choice of the d,: one should take d; to be small, but not too small.

While the best choice for the d; may be model-dependent, numerical experiments show
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that 0 = 1 is a reasonable choice. If §; is too large, the process Z may cease to be a
good approximation of X, which will cause the variance of the likelihood ratio estimate
of %E[LX(G) — Lz(0)] to be large. On the other hand, making J; is too small makes
it very rare that the process Z makes a jump that the process X cannot make. As
Lz(0) may be significantly different on such paths, this may increase the variance of the
pathwise estimate of B%E[LZ(H)].

Concerning the choice of M: one should take M very large. Indeed, as will be
discussed at the beginning of Section 3.5, we do not believe that the bounded rates
are necessary for validity of the pathwise method of Section 3.2, though thus far we
have been unable to prove this. Note, however, that this restriction does not change the
processes X for which the hybrid method is valid; it only changes the way in which we
must construct the approximate process Z.

In the case of more general intensities, as discussed at the beginning of this section,

we must require that Z satisfy all of the following on some neighborhood © of :
1. Z satisfies the Non-interruptive condition 3.8,
2. the intensities of Z satisfy the bounded rate condition 3.9,
3. the intensities of Z satisfy the additional conditions 3.10, and

4. the intensities of Z are defined such that the differentiability condition 3.20 is

satisfied.
As already discussed, 1-4 are satisfied for (3.15).

Remark 3.1. For some processes in which the network structure is apparent, one may be

able to improve the performance of the method by taking advantage of this structure. For
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example, if a certain reaction can never be interrupted, there is no problem in allowing

that rate to be zero for Z. For example, see the model in Section 3.6.2.

3.3.3 The Hybrid Pathwise Estimator

Recall that we have the equation

0 0 0
GQiE[LX(H)] = 892-E[LX<9) — Lz(0)] + 90,

E[Lz(9)].

We have now constructed Z so that a pathwise method is valid for computing the second
term on the right, as proved in Section 3.2.4. Furthermore, we have coupled the processes
X and Z so that the likelihood ratio method is valid on the first term on the right, as
will be proved for our biochemical models of interest in Section 3.4.3.

We can therefore estimate the sensitivity %E[L x(0)] using a sum of two independent

Monte Carlo estimators

LR PW
M+ MEW,
where
1 & 1 &
MER = ="M and MY =—>" M}
1 ny m no No m
m=1 m=1
with

b
MR — /a (;;iF(Q,XS) — %F(Q, Zs)) ds + (Lx(0) — Lz(0))H;(0,b)
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and

0
00;

MWV = —L,(0),

where H;(0,b) is the likelihood ratio weight of the coupled process W = (X, Z) through
time b. Thus M,flR is computed as discussed in Section 3.3.1, and Mgw is computed by
the algorithm given in Section 3.2.1, though of course using the process Z rather than
X.

It is important that the paths for the two estimators be computed independently.
This is because the probability measures underlying the two methods are not the same:
the measure used in the likelihood ratio estimate is #-dependent, whereas the measure

in the pathwise estimate is not.

A Note on Two Related Estimators

In many cases, the sensitivity we wish to estimate is of the form 2-E[f(Xr(0))]. THat
is, f is a function of the path at some fixed time 7" rather than the entire path through

T. In this case, to use the hybrid method we begin from the equation

0 0 0
OHiE[f(XT(H))] = 80iE[f(XT> - f(ZT)] + 00,

E[f(Zr(9))], (3.16)

where the non-interruptive process Z is constructed as in Section 3.3.2. As in the general
case, we use the likelihood ratio method on the coupled difference, though note that the
estimator is then simpler, since the function f is no longer a path functional and does

not depend explicitly on . We cannot immediately use a pathwise estimator on the
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second term, since - f(Zr(0)) is zero wherever it exists. Instead, we use one of the two

method which we introduced in Section 2.3.

1. The Dynkin Hybrid Method. This method, in addition to using the likelihood
ratio method on the first term in 3.16, uses Dynkin’s formula 1.6 to estimate the

second term. That is, since

E[f(ZTwm:E[ﬂzo(e))HE[ | nzionas,

we use the function Lz(#) as in (3.4) by taking a = 0, b = T, and F = A%f,
where A% is the generator of the approximate process Z. Then we can compute
a%E[f(ZT(@))] by using Section 3.2. The expression of the derivatives is as in (3.5)

through (3.8), though of course with the process Z in place of X.

2. The Regularized Pathwise Derivative (RPD) Hybrid Method. In addition
to using the likelihood ratio method on the first term in 3.16, we can use the RPD

method [37] on the second term. Note that

fo) =5 [ "z 0))ds,

2w T—w

so that we may use the function Lz(f) as given in (3.4) by taking a = T — w,
b=T+w, and F = ﬁ f to obtain the random variable on the right-hand side.
Then because Z is non-interruptive, we can use the method of Section 3.2 with

the time-averaged random variable to estimate the desired sensitivity

BN ~ 5.8 | [ renas).
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The expression of the derivatives is then also as in (3.5) through (3.8), except using

the process Z.

While the RPD hybrid method will produce a biased estimate of the sensitivity
(S%if(ZT(H)), and so also of %f(XT(H)), the bias is controllable in the “window” size
w. For many models we expect these RPD hybrid estimates to have a lower variance
than the estimates obtained by using the Dynkin hybrid method, so that if a small bias
is acceptable, the RPD hybrid method may be preferred for reasons of efficiency. In
particular, a larger w increases the bias but decreases the variance of the estimates.

Take care to note that unless the process X satisfies the Non-Interruptive condition
3.8, the RPD method alone is not a valid way to estimate %E[f(XT(H))]. That is, if

interruptions may occur in the paths of X then

O Elf(xr(0)).

i L [ 0 /T+w f(Xs(e))dS] 7 20,

w=0 2w | 06; Jr_y

See Section 3.6 for examples demonstrating this fact. As discussed in Example 3.7, the
Dynkin pathwise method alone is also not valid for estimating sensitivities of models with
interruptions. Instead, we must in general use a hybrid method with the approximate

process Z as presented in this section.

3.4 Processes With at Most Linear Growth

In this section, we give results showing that the likelihood ratio portion of the hybrid
method is valid for a large class of CTMC models, including our biochemical CTMC

models of interest. Recall that the validity of the pathwise portion of the hybrid method
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was proved in Section 3.2. To prove the results of this section, we will first establish
moment bounds on the CTMCs X and Z. These bounds will also allow us to prove a
related limiting argument in Section 3.5.

The recent papers [19] and [31] present two different proofs that, under certain con-
ditions on overall growth, the CTMC X has finite moments at finite times. Though the
proofs are different, both use Dynkin’s formula. We present here a different proof of this
moment result, utilizing more basic principles. The main idea is to stochastically bound
X by a simple process with linear growth, which is easily seen to have finite moments.

Recall that our CTMC models, as in (1.7), satisfy

Xi(0) = Xo(0) + iYk (/t )\k<9:Xs(0))ds) Gk
— 0

and that we take Xo(6) = X, fixed.

We use ||z|| to denote the 1-norm on Z%; that is, ||z|| = Zfil |z;]. We also define R,
for those indices in {1,..., K} such that 1-(x > 0, where 1 is the vector of all ones, and
Ry for {1,..., K} \R;. That is, Ry contains the indices of those reactions that increase
the total population || X||, while reactions in R either decrease the total population or
leave it unchanged. For convenience we will assume that |R,| > 1, as otherwise the
process is bounded.

We require the following condition on the intensities of the model X.

Condition 3.21 (Linear Growth). We say the intensities of the CTMC X.(0) as in

(1.7) satisfy the linear growth condition on the set © C R if there exists some constant
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K1 such that for all x € Z%O

sup Z Me(0,2) < Ky (1 + [[z]]),
0€® kER,

and there also exist constants £ > 1 and Ky such that for all x € Z%o

sup Z Me(0,2) < Ky(1 + ||z|%).
00 ‘%

The second statement requires all of the intensities to be at most polynomial in
||z||. The first statement requires that any reaction that adds to the total population is
actually at most linear. This is the crucial assumption, but it is reasonable, as otherwise
there may be the possibility of explosion in finite time. It is automatically satisfied if the
intensities or the process are bounded, such as when some conservation relation holds.
It is also automatically satisfied for any mass-action network of chemical reactions that
are each at most binary, which is the vast majority of physically relevant models. See
the discussion following Definition 1.3.

The inclusion of the supremum over 6 is also not an overly strict requirement. Indeed,

the supremum is implied if © is compact and the intensities are continuous on ©.

3.4.1 A Bounding Linear Growth Process

We first prove Lemma 3.22, which shows the existence of moments of a linear growth pro-
cess and a related process. We will then use these processes to bound certain quantities

from our original process X in Lemma 3.23.

Lemma 3.22. Let K1, Ky, and ¢ be constants and let Y1, Ys be independent unit-rate
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Poisson processes. Consider the one dimensional birth processes satisfying

t t
B,=1+Y, (/ KlBsds) and Cy =Y, (/ Kngds) :
0 0

noting that the process B 1is in the definition of the process C'. Then for fixed t > 0,
m > 1, and q € [1,00) we have that P(B; > m) = (1 — e *£1)m=1 5 0 as m — oo, and

moreover the moments E[B{] and E[C}] are finite.

Proof. A linear birth process has a negative binomial distribution; see for example [21].
The distribution of the process B is negative binomial with parameters 1 and e‘f(lt,

which is equivalent to the geometric distribution with parameter e~Kit Ip particular,
for k > 0, we know P(B, = k) = e t51(1 — ¢=tK1)k=1 A simple geometric series gives
that P(B, > m) = (1—e 51)™1 — 0 as m — oo as needed. We also have the existence

of moments of B:

< e tK1 X2 .
E[B{] = qu]P’(Bt =k)= m qu(l e tKl)k
k=1 P

which is finite by another geometric series argument. To prove that C also has finite
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moments, note that B is increasing, so that

E[C?] =E (YQ ( Othdes))q}
<=|(

_E|E {(i@(t&Bf))

o]

q
<E|C,) (tK,B;)

i=1

where C, is constant. This final line follows since, with B, fixed, Y, (tK,BY) is Poisson
distributed with rate tK,B¢, and the gth moment of a Poisson()\) random variable is
bounded by C, >°%_, X', where C, is a constant. Finiteness now follows from the existence

of moments for B. O

We return to the process X satisfying the linear growth Condition 3.21. Recall that
the set R, contains the indices of those reactions that increase the total population || X,
while reactions in R, either decrease the total population or leave it unchanged. We
now construct the process X and the processes B and C on the same probability space
as follows.

To construct X for some given #, we will use one counting process for the timing of

the reactions in Ry, and another for the timing of the R, reactions. In particular, using
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independent, unit-rate Poisson processes Y; and Y5, we define

X0 =Xo+ 3 G [ 1 {umers € BLO.X 0} aR )

keERL

¢
+ Z Ck:/ 1 {uRg(S_) € E,f(@,XS_(Q)} dRY(s), where
0

kER2

, (3.17)
RI(t) =1 ( > Ak(H,XS(Q))ds) , and

0 kert

0 rer2

The partitioning intervals E} (0, z) and EZ(0,x) are defined analogously to (1.14). The
counting processes R{ and R} determine the jump times of X. If R{ jumps at time s,
the process X will jump by some reaction in Rq; to decide which one, the “binning”
method is used (see Section 1.2.1). Similarly, R corresponds to jumps of reactions in
Ro. This construction therefore combines elements of both the NRM and SSA methods
(see Section 1.2.1); all three produce a processes with distribution equal to that of the
solution to the random time change equation of our CTMC model (1.2).

Let ¢ = maxyer, 1 - ¢ and note that ||z + (|| < ||lz[| + ¢ for all k € Ry and 2 € Z<,
(recall that we are using the 1-norm). Note that as we assumed that R; is not empty,

we have ¢ > 1. Also recall that for k € Ry we have ||z + (|| < ||z||. Then for any t > 0,
1% (O)]] < [ Xoll + eRi(2). (3.18)

Lemma 3.23. Suppose for 6 in some set © we are given the processes {X(0)} satis-

fying (3.17), and with intensities satisfying the linear growth Condition 3.21 on © with
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constants Ky, Ky, and . Define

t t
B,=1+Y, (/ KlBsds) and Cy =Y, (/ Kngds) :
0 0

where the Poisson processes Y1 and Yo are the same processes used in the construction

of X, and where
K =cK (24 || Xol|) and Ky = " Ky(2 + || Xo|).
Then for any t € [0,00) and any 0 € © we have
Ri(t) < B, and RY(t) <C,.

Furthermore, for anyt >0, m > 1, and q € [1,00) we have that E{sup[R?(t)]q] < 00
00

and that P(RY(t) > m) — 0 uniformly on ©.
Proof. Fix some 6 € ©. By the linear growth Condition 3.21, the intensity of RY at time
zero is no more than K (14 || Xy||), which is bounded by the intensity of B at time zero,
Ki = ¢K1(24 || Xo||). The processes B and R{ are both increasing, and the intensity of
B is also increasing. Also, since R and B are both constructed from Y7, the first jump
times of both are constructed with the same unit exponential random variable. Thus
the first jump time of TY of the process RY can be no earlier than the first jump time of
B. Therefore, we have that R{(t) < B; for t < TY.

So suppose that R{(t) < B; for t < T?, where T? is the n'® jump time of RY. For

any t in this range, we then have by (3.18) and the linear growth Condition 3.21 that
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the rate of RY is bounded by

K (14 | X,(0)]]) < Ki(1+ || Xoll + cR{())
< Ky (1 + || Xo|| + ¢By)

< ¢K1(2 + || Xo)B: = K1 B,.

The final expression is the rate of B at time ¢. Since this holds at ¢t = T, using the same
reasoning as for the first jump, we have that R{(t) < B, for t < T, as well. Then by
induction the process B stochastically dominates the process R¢ at all times t > 0.

To see that RY(t) < Cy, note that the rate of RS at time ¢ > 0 is similarly bounded

by

Ks(1+ [ X (0)]°) < Ka(1 + [|X:(0)]])*
< Kp(1+ || Xo|| + cBy)f

< K24 || X)) B! = K, B,

which is the rate of C' at time ¢t. The last two statements in the lemma now follow by

Lemma 3.22, since RY(t) < B;. O

3.4.2 Proof of Finite Moments

Corollary 3.24. Given the process Xy(0) satisfying (1.7) and with intensities satisfying
the linear growth Condition 3.21 on some set © containing 0, define Ny(0) to be the total
number of jumps of X (0) by time t. Then for any q € [1,00) and any t € [0, 00) we have

the moments
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1. E sup[Nt(G)]q] < 00,
L 6co

2. E| sup sup ||XS(9)||q} < 00,
L €O s€[0,t]

3. E|sup sup [)\k(O,XS(H))]q} < oo foreach k =1,..., K, and we have
L €0 s€[0,t]

4. ]P(sup sup || Xs(0)] > m) — 0 as m — oo.
0€O s€(0,t]

5. ]P(sup sup A\x(6, Xs(0)) > m> — 0 asm — oo foreachk=1,... K.
0€0 s€[0,t]

Proof. Define X, B, and C as in Lemma 3.23. Then by Lemma 3.22, we have that
E[B{] and E[C{] are finite. By Lemma 3.23, E[RY(t)] < E[B/] < oo and similarly for
RS. Since N;(0) = R{(t) + R5(t), we have that supyee Ni(0) < B; + C; also has finite
moments, as as the mixed terms in the expansion of the right hand side may be bounded
using the Cauchy-Schwarz inequality.

For the second claim, using Lemma 3.23, the fact that since R! is increasing, and

the bound (3.18), we have that

sup IXs@)]] < 1 Xoll + cRY(t) < || Xo| + B (3.19)

s€(0,t
This bound, which has finite moments, holds uniformly on ©. This also implies that

P(sup sup || Xs(0)|| > m) < P(|| Xo|| + ¢B: > m)

0€0 se[0,t]
m— ||Xo|!)

:P<Bt>
Cc

which goes to 0 as m — oo by Lemma 3.22.
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Recall that a V b = max(a,b). The third and fifth claims now follow since for all

k=1,...,K and any # € © we have

sup )\k(07Xs(9)) < sup (Kl \% KQ)(l + HXS(H)HZ)

s€[0,¢] s€[0,t]

< (K1 V E)(1+ sup [|X(0)]).

s€[0,¢]
]

Remark 3.2. We wish to point out that the results of this section also hold for the
process Z approximating X as constructed in Section 3.3.2. Fven though the process Z
may end up outside of the positive orthant Zéo, the intensities of those reactions that
push Z further from the positive orthant are bounded by construction. We do not give
the details here, but the process Z can be similarly bounded in terms of the linear growth
process B and the auxiliary process C. Thus, we will say that the process Z satisfies the

linear growth Condition 3.21 even though its state space lies outside of Zéo.

3.4.3 Proof of the Likelihood Ratio Method

In Section 2.2, we showed that the likelihood ratio sensitivity method is valid as long
as the derivative and expectation can be exchanged. As discussed on page 33, however,
in the setting of CTMCs the validity of this exchange is nontrivial to prove, and many
treatments of the method in the literature either assume the exchange is valid or assume
that the intensities are bounded.

Theorem 3.27 below shows explicitly that this exchange of the derivative and expec-

tation is valid for nearly any CTMC that would arise from a biochemical system. In
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addition to the mild regularity conditions on the intensities described below, we will re-
quire that the intensities satisfy the linear growth condition 3.21. As we discussed when
we introduced this condition, any system following mass-action kinetics with at most
binary reactions (which is most any physically relevant system) satisfies this condition.
Furthermore, Theorem 3.27 proves that for these systems we may also use the likelihood
ratio method on the coupled process W = (X, Z) in the hybrid method of Section 3.3.3
to estimate %E[LX(Q) — Lz(#)]. This is discussed further below.

Recall that S is the state space of X. We will require the following condition on the

intensities of X:

Condition 3.25. The intensities \i,,k =1, ..., K of X satisfy this condition on © C RE

if each Ny is differentiable in 0; for alli=1,... R, and:

i. There exist constants p; and Cy such that for all k and all x € S we have

sup \y(6, ) # 0 = sup < Oy (14 [J=]P).

9o pco A\i(0, )

That is, for a fized x, if the rates \g(0,x) are not identically zero on O, they must

be bounded away from zero.

1. There exist constants ps and Cy such that for all k, allx € S, and alli =1,... R,

up Ay (6,)

< 1 b2 )
sup o Co(1 +[jal™)

Suppose X satisfies mass-action kinetics as in (1.8) and the linear growth condition

3.21. Then as discussed in relation to Condition 3.10, the intensities of X satisfy part
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i of this condition. Part #i is satisfied since a%/\k(é’, x) = gi(x), which is polynomial in
the coordinates of x. Also note that this condition is a weaker version of Condition 3.10.
Then the approximate process Z from the hybrid method also satisfies Condition 3.25.

We also require the following regularity condition on the functional f:

Condition 3.26. The R-valued function f of 0 and of paths Xicjor) through some time

T satisfies this condition on © if %f(e, -) exist on © and

A. there exist constants pa > 1 and Cy > 1 such that |f(0, Xicpom)| < Ca(l +

supejo7) | X¢e[|P4) for all 6 € ©, and

B. there exist constants pg > 1 and Cg > 1 such that for alli we have |%f(0, Xicpom)]

Cp(1 + supyeo 7y | X:e||P2) for all 0 € ©.

Theorem 3.27. Suppose we are given the process X (0) satisfying (1.7) and with intensi-
ties satisfying the linear growth Condition 3.21 and Condition 3.25 on some neighborhood

© C RE of 0. Also suppose f satisfies Condition 3.26 on ©. Then

0
00;

0
]EPG [f(ea XtE[O,T])] = EPG _f<9> XtG[O,T}) + f(ev XtG[O,T])Hi(ea T) )
00;

where H;(0,T) is as in (2.13).

Before proving this theorem, we show that it implies the validity of the likelihood
ratio estimate used in the hybrid method on the coupled process W = (X, Z) given that
the original process X satisfies mass-action kinetics and the linear growth Condition
3.21. Under these conditions on X, as already discussed both X and Z satisfy both

Conditions 3.21 and 3.25. Consider the coupled process W = (X, Z) of Section 3.3.1.

IN
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The intensities of W are given by

Appa(0,x,2) = )\5(9, x) A )\f(e, z),
Ak,[l,(]} (9, xz, Z) = )‘Ii((97 .Z') - )\kX<97 .’L') N )\5(97 Z),

Ak,[oﬂ(ea z, Z) = A£(97$) - )\?(67$) A )\5(0, Z)

Since these intensities are bounded by the maximum of the original intensities A;X (6, z)
and \? (0, z), the rates of W satisfy the linear growth Condition 3.21 as well. To see
that they also satisfy Condition 3.25, note that the derivatives of the rates of W are
similarly bounded by the derivatives of A (6, ) and A\Z(0, 2), so that part i7 holds. Part
1 holds as well. To see this, recall that under mass-action kinetics, by our construction
of Z the 6 factors out of each rate of W. The remaining factor does not depend on 6
and is discrete-valued. Thus the relevant hypotheses of Theorem 3.27 hold for W.
Finally, since we wish to estimate %E[LX(H) — Lz(0)] using the likelihood ratio
method, we define f(0, Wicpp) = fab F(0,X,)ds — ffF(@, Z)ds. We must show that
f(0, Wicpoy) satisfies Condition 3.26. This will follow because we chose F' to satisfy

condition 3.11. First note that |[W|| = || X|| + || Z]|, and that for any ¢ > 1 we therefore
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have that |[W|° > ||.X||°+ || Z||°. Now, for each 6 € ©,

b b
£, Wicou)] < / F(6, X,)|ds + / F(6, 2.)|ds
ab ¢ b
g/ 01(1+\|Xs||01)d5+/ Co(1+ (| Z.])ds
b
g/ Ch 2+ X + (| 22| Vs (3.20)

< (b—a)Ci(2+ sup [[W,[|*)

s€[0,b]

<2(b— a)Cr(1 + sup W)
s€[0,b]

Using the same argument as above with a% f(0, Wicop)), one shows that f satisfies part

77 of Condition 3.26 as well.

Proof of Theorem 3.27. One way to prove this result would be to show that the three
Leibniz conditions from page 33 hold. However, it is quite difficult in practice to find
a (Q-integrable function that bounds %G (0,T) uniformly on © as needed for the third
condition, where G(6) was defined as the density % in Section 2.2. Therefore, we prove

the result in a different manner.

Note that
N-1 K T
G<67 T) = €Xp <Z log )‘kz (Xz) - Z/ ()‘k(Xs) - 1)d5>
i=0 k=10
and
N-1 98 A Q,X K T
H;(0,T) = 0 log G(0,T) = M—Z/ Ae(0, X,)ds
d0; o Ak (0, X0) =1 /0

so that unless some Ake(Q,Xg) = 0, which has probability zero under P?, we have by
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Condition 3.25 that

sup |H;(0,T)] < NCi(1+ sup || X,||P*)Co(1+ sup || X]|P?)
0cO te[0,7 t€[0,T] (3 21)

+ KT maxsup sup \g(6, X),
00O s€(0,t]

which has finite moments by Corollary 3.24 (use the Cauchy-Schwarz inequality on the
first term).

Define Ni(t) to be the number of times the ™ reaction has occurred in the path
Xy by time T. For brevity in notation, we will let N := N(T) € ZX, such that the k™

coordinate of N(T) is given by Nj(t). Then

EP’[f(8, Xicio))] = E? [£(8, Xicppr)G (60, T)]

Q S (3.22)
= 3 EQ (1N = @)f(60, Xiewm)G(0,T)]
S/
Then the exchange of the expectation and derivative is valid for a single term:
(9 Q %2 —
B [1(N — @) £(0, Xoe o) G0, T)] (3.23)

0
00,

— E° {1(]\7 = 1)G(,T) ( £(0, Xictor)) + £(8, X)) Hi (6, T))] .

To see this, note that since the total number of jumps is fixed (and each ||(x]] < o0),
| Xs|| is bounded for all s € [0,7]. Thus the integrand on the left side of (3.23) is
bounded by Condition 3.26 on f and by the definition of G. The integrand on the right
is similarly bounded, since H (6, T) is infinite only if some rate Ag, (6, X;) = 0, in which

case G(0,T) = 0. Thus on this single term the Lipschitz conditions are satisfied, as both
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f and the Ay are assumed to be differentiable in 6, so that (3.23) holds as claimed.
Recall from Section 3.4 that some reaction index k& € R! if and only if an occurrence

of the k™ reaction increases the total population ||X||. We define the random variable

Ry == Ry(t) = Y icr, Ni(t), and for any fixed 77 € Z%; we define r(7) = >, r, M-

Now let

. 0 <
5.(0,T) : = EQ [1(N = (0, Xiepm)G(O.T)] and  S(0.7) = 7 >~ ,(0.7).
1 (7)=r b=l

That is, the summation on the left is over all vectors 77 € Z%, such that the sum of the
coordinates corresponding to R; reactions is equal to r.

First, we claim that

3%87«(91): > ;@iEQ LN = ) (0, Xeeom)G(0,T)| (3.24)

ri(i)=r

Second, we also claim that the partial sums S; converge uniformly on ©. Rewriting

(3.22), we see that

E”[£(0, Xiepm) = > B2 [N = i) f(0, Xieo:1))G(6,T)|

r=1 ry(@)=r

3
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Therefore, our two claims imply that

3 ") a o
aeiEP [f(0, Xeep,m)] = 5 ;ST(O,T)
=0
00 a 0 B .
- ; 00, (Z):_ I [1(N = n)f(eaXte[O,T])G(e,T)}

where the second line follows from standard results (e.g., [36]) and our claim that the

partial sums converge uniformly. Then using (3.23) we obtain

;;iEPG [f(0, Xtepo T})]
S > E? [1(]\7 = A)G(6,T) (%f(&, Xiepo)) + f(0, Xeepo,r)) Hi(0, T))}
r=1 1 (70)=r ’
— E@ {G(@,T) (a%f(e,Xte[o,T]) + f(9, Xte[o,TDHi(@,T))}
—E” [889/(9’ Xiepo,r) + f(0, Xiep,r)) Hi(0, T)}
as needed.

First, to show (3.24), we again consider the Lipschiz conditions, this time to justify

interchanging the derivative and the summation in s,(6,7T). Now
$(0,T)= > E“ [1(1\7 = ﬁ)f(Q,Xte[o,T})G(Q,T)} =E” [L(Ry =) f(0, Xeepp))] -

This quantity is finite for all # € © by Condition 3.26 and since under P? if Ry = r then
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for all s < T we know || X|| < || Xo|| + ¢r, where ¢ = maxger, 1 - (x. Using (3.23) and

the fact that G(0,7) is nonnegative, we obtain the following bound:

'aaQiEQ [1(.7\7 =) f(0, Xeepo,r)G (0, Tﬂ ‘

_ ‘EQ G0, T)L(N = ) (dcé f(0, Xie,r1) + f(0, Xieo,11) i(Q,T)):| ‘

d
a0, —f(0, Xieom) + f(0, Xte[OT)HZ»(Q,T)H

o [ d
=E” [1(]\7:7?)

10, X)) + 110, XtEOTpHi(e,T)H

< EF’

t€[0,7) t€[0,T)

1(N = )(C’B(l—l— sup || X¢||P2) + Ca(l+ sup || X]|P4) Sup{H (6 T)‘)

where the last line follows from Condition 3.26. Note that this bound is uniform in 6.

We now show that this bound is summable:

) o
S |2 B [1(5 = )6, X )G16.7)] \ (3.25)
ri(f)=r !
< >y E” [1(N = )<C3(1+ sup || X;[|P2) + Ca(l + sup | X¢]|P4) Sup|H (9 T)\)
(F)er t€[0,7) t€[0,1]

<E" 1(R, =7) <C’ (14 sup ||X¢]|P2) + Ca(l+ sup || X ][P4) sup!H (0 T)‘)
t€[0,T] tefo, T

<E"” [Cp(1+ sup | X,[)| +E”

te[0,T)

Ca(1+ sup [|X¢||P4)sup ’Hi(H,T)‘
t€[0,T] 0cO

The first expectation is finite by Corollary 3.24. The second expectation is also finite,
using the Cauchy-Schwarz inequality, Corollary 3.24 and the bound on H given by (3.21).

Thus the derivative and sum in (3.24) commute as needed.

Then what remains to show is our second claim, that the partial sums S; converge
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uniformly on ©. For £ < m we have

Sm(0,T) = Su(0,T) = Y %ST(H,T)

r=0+1

m a -

=3 S B[N = 50, Xeen) G0, T)]
r={+1 Y (7)=r

=2 2

r={+1r(R)=r

0 o
5 Qi]EQ [1(1\/ = 1) £(0, Xiepo.r)) GO, T)} .

Using a bound from (3.25), we have

|Sm (6, T) — Se(6,T)| Z >

r={+1ri(7)=r

39 [ =) f(0, Xeepo,n)G (0, T)] ‘

< YT E” 1R =7) [ Cp(1+ sup [|X]P7) + Ca(l + sup | X, [|P4) sup]H (0,7)]
r=0+1 t€[0,T] te[0,T.

= EX 1(¢ < Ry <m) (C’B(1+ sup || X[|PP) + Ca(l + sup | X ][P4) sup‘H G T)|>
te[0,T telo,T

t€[0,T

2
x |EP’ (C’B(l—l— sup || X¢||PB) + Ca(l + sup (| X ||P4) sup‘H C T)|>
telo,T

where the last line follows from Cauchy-Schwarz inequality. Now, similarly to (3.25)
above, the second square root has finite expectation uniformly in 6 by using the bound
(a+b)? < 2a%+ 2b* and another application of the Cauchy-Schwarz inequality. Further-
more, the first square root goes to zero uniformly in 6 as ¢ — oo, by Lemmas 3.22 and
3.23. That is, by choosing ¢ large enough |S,,(0,T) — S¢(0,T)| can be made arbitrarily

small uniformly on O, so the partial sums converge uniformly as needed by the Cauchy

criterion. O
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3.5 A Limiting Argument for the Hybrid Pathwise

Method

By the proof in Section 3.2.4, we know that we may use the pathwise method for non-
interruptive processes with bounded intensities to get estimates of model sensitivities.
While Section 3.1 shows that the non-interruptive condition 3.8 is necessary, we do not
believe that bounded intensities are necessary; however, we have been unable to prove
this fact analytically.

We are able to show the following weaker limit. Given some process X, we define
the related process XM by “capping” the intensities at some large value M. We then
show that, under mild conditions, a given sensitivity of X converges to the sensitivity
of X as M — oo. By Remark 3.2, this result holds for the process Z as constructed for
the hybrid method as well. Since the result only concerns the values of the sensitivities,
not the validity of any given sensitivity method, this theorem says nothing about which

sensitivity methods are valid on the limiting model.

Theorem 3.28. Suppose we are given the process Xy(0) satisfying (1.7)

X,(0) = Xo(0) + gyk (/Ot (0, XS(G))ds) |

where the intensities Ay satisfy the linear growth Condition 3.21 and Condition 3.25 on
some neighborhood © C R of 0. Also suppose I satisfies Condition 3.11 on ©. For

each M € N, define the CTMC XM (0) satisfying

XM ) = +Zyk (/ AM g, XM (9))ds ) ,
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where A\ (0, 1) = M\(0,2) A M and where Xo(0) = X} (0) = X is fived. For each M,
also define

b
L6, M) := / F(0,XM(0))ds
similarly to (3.4). Then for each i =1,..., R,

0

lim -2 B[L(0, M)] = 0

E[L(0)],

where

L) = / " R (6. X.(6))ds.

Proof. For each 6, construct the processes XM () with the same realizations of the
independent unit-rate Poisson processes Y as used for X. Then XM () — X(0) a.s.
as M — oo. Indeed, for a.e. path of X, there is some M, such that the intensity is
bounded by M, through time b. Then for M > M, the two paths X and XM are then
the same through time b, since they are the same at time zero and since for any state x

along the path of X through b, we have by assumption that
MO, 2) = M0, 2) AN M = M0, 7).

This implies that L(6, M) — L(0) a.s. as well. Then we must show that as M — oo we
have (1) that E[L(0, M)] — E[L(0)] and (2) that %E[L(@, M)] converges uniformly on
©. Then by standard results (for example, see [36]), limps_o %E[L(H, M)] = 8%IE[L(@)]
as needed.

Throughout the reminder of this proof, we will use several of the bounds from the
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construction in Section 3.4.1, in which we showed that the process X and several related
quantities have finite moments by stochastically bounding the process X using certain
processes B and C'. In particular, note that if B and C' are constructed in that manner,
then they can also be used to stochastically bound X uniformly for any M.

By Condition 3.11 on F' we have

o) = | [ Fox @

< [ |F@.x0)]ds

b (3.26)
< [ aa IX @)
< Ci(b—a)(1+ sup [| X7 (0)]).
s€[0,0]
Thus by (3.19), we have
sup [L(0, M)| < Cy(b — a) (1 + ([ Xol| + cBy)™), (3.27)

and so by Lemmas 3.22 and 3.23, the quantity on the right has finite moments and
is independent of M. By dominated convergence, we have the statement (1), that
E[L(0, M)] — E[L(A)] on O.

For a stochastic process Z, let f(0, Zscop) = fabF(Q, Zs)ds. We will be considering
f(0, Xscpop(f)) and f(H,Xs]‘g[O’b](O)). The fact that f satisfies Condition 3.26 for the

processes X and XM follows from an argument very similar to that in (3.20). Also,
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since the \;, satisfy Conditions 3.21 and 3.25, so do the AM. Then by Theorem 3.27,

aagi (L0, M)] = 6(96 [f (8, XMOb])} (3.28)
_ g 0

80f<0 XMOb]) +f(9 XSE[Ob) 1(9767XM) )

where we have written H;(0,b, X™) to denote the weighting function (2.13) for the

process X, Then

and as in (3.21), we have the bound

sup | H;(0, b, XM)| < NCi(1+ sup HXMle)C'g(l + sup ||XMHp2)
tefo,b

<G t€(0,b] (3 29>
+ Kbmaxsup sup A (0, XM).
k  6eo se0,b]
Therefore,
supsup |H; (6, b, X*)| < NCi(1 + || Xo|| + By ) Co(1 + || Xo|| + ¢By?)
M 0o (3.30)

+ KbK By,

where recall that K} B, is the intensity at time s of the bounding linear growth process

B as in Section 3.4.1.

Since XM — X a.s. as M — 0o, we also have, as M — oo, the a.s. convergences
) ) ) g

f(e X%Ot) - f<67Xs€[0,t])7
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a%f(H,Xé‘é[o,ﬂ) - a%f(‘gaXse[o,t})a and

What is left to show is statement (2), that ;3-E[L(¢, M)] converges uniformly on ©.

0

So consider for M; < M, the quantity

0

0
Sup E[L<97Ml)] B 90,

oco | 00;

E[L(6, M,)]|.

We will show that this quantity tends to zero as M; — oo, which gives the desired

uniform convergence through the Cauchy criterion. By (3.28) we have that

0 0

B
_ |EP’ {% FO,X20 ) + 18, X0 Hi(8,b, XMl)]
9
g {a_ei S0, XM )+ f(0, XM, )V Hi(0,b, XMQ)} ‘
< |E¥ if(e XMy — if(e XMz (3.31)
— agz » “*s€0,b] aez » < s€(0,0] :

+ se[0,b] s€0,b]

]EP9 [f(9>XM1 )Hz(97 ba XMI) - f(eaXMQ )HZ<97 b, XMQ)] ’

We consider the two terms separately. Note that both terms are zero if X* and X2 are

equal through time b, an event that is guaranteed by our construction of these processes

if sup,eqo ) A0, X,) < M, for each k.
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We can bound the first term in (3.31) by

0 0 ! 0 ,
EP {wif(e,Xj‘g[o,b}) — a—eif(e,xjgw)} ‘
PO a M, a M, M
<K @f(Q’XSE[Qb]) - @f(evae[o,b]) 1 sup A, ' (0, Xs) > M, for some k | | .
: @ 5€[0,b]

To show that this tends to zero as M — oo, first use the Cauchy-Schwarz inequality. The
first factor is uniformly bounded in # and in M by Condition 3.26 on f and, similarly
to (3.27), by the fact that the linear growth process B, which has finite moments,
stochastically bounds each X*. Then note that
IP’< sup A\v (6, X,) > M, for some k)
s€[0,b]

<P (sup sup A, (0, X,) > M, for some k) (3.32)
0€O s€[0,b]

S P(Kle Z Ml) 3

which goes to zero by Lemma 3.22. Similarly, consider the second term in (3.31),

E"’ [f(e,XMl VH;(0,b, XM) — f(0, X2 ) Hi(6, b, XMZ)] '

s€[0,b]

<EP |0, X200 ) Hi(0,0, X M) — (0, X220 )V Hi(6,b, X )

s€[0,0]

x 1 <sup )\241(9,)(5) > M, for some k) ]
s€[0,0]

Again, use the Cauchy-Schwarz inequality and the fact that the probability of the
event in the indicator goes to zero uniformly in # and M as in (3.32). To see that

f(@,Xé\g[O’b})Hi(Q,b, XM)l'is bounded uniformly in M and 6, use the Cauchy-Schwarz
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inequality once more, and the fact that (3.26) and (3.30) also provide finite second

moment bounds by Lemma 3.22.

3.6 Numerical Examples

With the examples in this section, we wish to demonstrate two points: the validity of
the pathwise or hybrid methods, and the efficiency of pathwise and hybrid methods.
First, we numerically show that pathwise-only methods can fail if we have a process in
which interruptions can occur. Second, we compare the efficiency of the methods that
are valid for specific biochemical models, including the hybrid method introduced in this
thesis.

In the literature for parameter sensitivity estimation for random systems in general,
there is a rule of thumb that pathwise methods should be used when they are valid. For
many of the models discussed below, pathwise methods are significantly more efficient
than other methods, having variances possibly several orders of magnitude smaller than
that of other methods. For some models, however, pathwise methods are less efficient
than other methods. Future work will involve a wider numerical study to help determine

a better framework for choosing the most efficient method for a given model.

3.6.1 The Pathwise Method on Non-Interruptive Processes

If the process X of interest satisfies the Non-Interruptive condition 3.8, the pathwise
method of Section 3.2 may be used to estimate sensitivities. That is, there is no need to

construct an approximate process Z to use the full hybrid method of Section 3.3.3 since
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X is already non-interruptive. We give two such examples here.

Birth—Death

We consider the birth-death model from Figure 2.1 in Chapter 2, given by

01
=S8
02

with mass-action kinetics, and where X; gives the abundance of § at time ¢ with Xy = 0.

For this process, we can solve to find that

EX(0) = ~(1—e™™),
0
0 1 _ 0 0, _ 2 _
—EX,(0) = —(1—e —EX,(0) = —(te ") — (1 — e %),
601 t(9> 92 ( e ) and 862 t(e) 62 (te ) 6% ( e )

Since X is clearly non-interruptive, we use the Dynkin Pathwise and RPD methods from
Section 2.3 to estimate the sensitivity gradient of the quantity EX,(0) at 60y = (61,62) =
(2,0.1). Though the intensity of the model is technically unbounded, the intensities are
“bounded in practice:” throughout these simulations no intensity was ever greater than
M = 103, showing that, if we had used the full hybrid method, the approximate process
Z would be the same as X with very high probability. Thus we may confidently use
both pathwise-only methods, and as can be seen in the table below, both give a good
estimate of the true sensitivity.

Figure 3.1 compares estimator variance of the different methods through time 200
for both entries of the gradient. Note that the behavior of the pathwise methods are

rather different for each entry. Concerning estimates of %EXt(H), the variance of the
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pathwise methods is lower than the likelihood ratio method for these times. However,
the variance of the pathwise methods grow at a faster rate, so that for large enough
times each pathwise method will become less efficient than the likelihood ratio method.
On the other hand, for %]EXt(Q), the variance of each pathwise estimator is orders
of magnitude smaller than the variance of the likelihood ratio estimator, even when a
control variate is used. Furthermore, for this sensitivity the variance of the Dynkin
pathwise method seems to converge.

Table 3.1 gives more details of the efficiency of the Dynkin Pathwise and RPD meth-
ods, compared with the likelihood ratio and CFD methods at t = 50, for which from the
work above we can calculate the true gradient:

VoEX50(0)| = (9.93, —191.91).

6o=(2,0.1) —

Comparing the two unbiased methods, we see that while the Dynkin method is slower
per path, it is more efficient: at 10 paths it is much faster but about as precise as
the likelihood ratio method with 10 paths. As discussed with Figure 3.1, this analysis
will change depending on ¢. It is more difficult to directly compare the biased methods
because of their dependence on w or €. Here and throughout, the half-widths given for

estimates are computed for a 95% confidence interval.

Linear Growth

We first consider the linear growth model
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Figure 3.1: Variance of the different sensitivity estimators of (left) a%llEXt(@) and (right)

%EXt(Q) on the birth—death model, with 1000 sample paths. A perturbation of ¢ = .01

and the centered difference were used for the CFD method, and the weights were used

as control variates in the likelihood ratio method. Note that the pathwise and likelihood

ratio method behave rather differently on the two estimates. Also note that the choice of

w significantly affects the variance of the RPD estimators: w = 10% means that w was

chosen to be 10% of the time given on the z-axis, so that the paths for the RPD method

must actually be simulated until time 220 (or 204 when w = 2%). The likelihood ratio

estimator for %EXt(H) has a variance of about 850 at time 200.
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Unbiased
Method n CPU Gradient Estimate
Dynkin PW 103 1.6 (10.3 £ 0.6, -192.5 £ 3.4)
LR 103 0.8 (10.2 4+ 14.4, -204.8 + 27.1)
Dynkin PW 10* 14.8  (10.0 & 0.2, -191.5 & 1.0)
LR 10* 7.3  (10.2 £ 0.5, -193.3 £ 8.8)

Biased

Method  we n CPU Gradient Estimate
RPD 5 10° 1.2 (9.6 £0.7, -194.0 £+ 3.2)
RPD 1 10° 1.2 (10.8 £ 1.8, -193.0 £+ 6.3)
CFD 01 10° 1.0 (104 £ 2.8, -192.6 £ 5.2)
CFD 002 103 1.0 (9.0 £5.8, -193.0 £ 21.4)
RPD 5 10% 11.6 (9.9 +0.2, -191.5+ 1.0)
RPD 1 10" 11.0 (10.3 £ 0.6, -191.5 £ 2.0)
CFD 01 10% 94 (10.2 £0.9, -192.9 £1.6)
CFD 002 104 93 (94419, -193.0+6.7)

Table 3.1: A comparison of the sensitivity methods on the birth—-death model. CPU
gives computation time in seconds; n is the number of paths simulated. Actual gradi-
ent: (9.93,-191.91). The LR method included the weight as a control variate to reduce
variance. The CFD method used the centered difference, and used n/2 paths per entry
for a more fair comparison as it is the only method that cannot reuse paths. For the

RPD method, w =5 is 10% and w = 1 is 2% of ¢t = 50, which matches Figure 3.1.
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and let X;(#) denote the number of S molecules at time ¢ with X,(f) = 1. Note that
the intensity of X,(#) at any time ¢ > 0 is not bounded, so the proof given in Section
3.2.4 does not hold. However, since the model only has one reaction, the derivatives
%SG(TZQ) are zero for all 2. Though we do not include the proof here, the fact that these
derivatives are zero leads to a similar proof that the pathwise method holds, even though
the intensity is not bounded.

Note that for this simple model, we have

0
EX, =’ and %]EXt = te‘%,

so that at ¢ = 5 we have e® &~ 148.41 and 5e° ~ 742.07. Table 3.2 gives numerical
results comparing our various sensitivity methods. The two pathwise methods have
approximately the same efficiency, so that one would likely choose to use the unbiased

Dynkin pathwise method.

3.6.2 A Simple Switch

In contrast to the previous models, the following simple switch is one in which the two

pathwise-only methods do not work:
0 AR BB

We will suppose that Xy(f) = (a,0,0) gives the initial abundances of A, B, and C
respectively. We estimate the derivative with respect to 6; of the mean number of C'

molecules, %EXcﬁt(H), at 0 = (1,1,1) and at various times ¢.



Unbiased
Method n CPU Estimate
Dynkin PW 10%  11.7 7398 & 14.4
LR 10* 7.0 719.9 & 50.4
Dynkin PW 10° 115.7 741.8 £4.6
LR 10° 71.1 743.6 £ 17.8
Biased
1% 0.1%
Method n CPU Estimate Method n CPU Estimate
RPD PW 104 9.5 750.7 + 15.1 | RPD PW 10* 9.2 7349 £+ 14.8
CFD 10* 94 7446 £ 234 | CFD 10* 8.6 738.2+ 34.9
RPD PW 10° 96.2 749.4 + 4.7 | RPD PW 10° 90.7 738.4 + 4.7
CFD 10° 96.2 7463+ 74 | CFD 105 100.6 735.1 + 10.9
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Table 3.2: A comparison of the sensitivity methods on the linear growth model. Actual

sensitivity: 742.07. CPU gives computation time in seconds; n is the number of paths

simulated. The LR method included the weight as a control variate to reduce variance,

and for the CFD method the centered difference was used. Note that the methods in the

top table are unbiased; for the method in the bottom table, w and h respectively were

chosen such that the bias was either 1% or 0.1% of the actual sensitivity value, which for

this simple model is a tractable computation: w = .21, h = .049 and w = .065, h = .0155

respectively. Both methods overestimate the sensitivity, as expected. The variance of

the RPD method for this model does not seem to be significantly different for the two

choices of w; on the other hand, the variance of the CFD method is substantially different

for the two choices of h.
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Pathwise-only Methods are Invalid

Since this switch model is linear, we can solve for the sensitivity exactly at § = (64,1, 1):

0 a

on O e

50 <(1 +6,)%et — 07 — (t03 + (t +2)0, + 1)e—t(1+91)>.
1

We now consider the error of the Dynkin pathwise and RPD methods in computing

the sensitivity a%lEXc,t(@) of this switch model using the estimator

a 1 THw

2 - X .
90, 2w |, Nos(0)ds

Note that by Dynkin’s formula (1.6), EXc.(6) = ]Efg Xpsds. Thus we have already
showed analytically, in Example 3.7, that for a = 1 the Dynkin pathwise method will
always return estimates of zero. Considering the RPD method, suppose the time T is
taken to be a larger number such as 7' = 10 and w is taken much smaller than 7". Then
we also expect the RPD method to return sensitivity estimates of zero: the estimate
only takes into account jumps that occur in a time window of size 2w centered at T,
and with high probability all jumps will have been completed by time 7" — w. These
errors occur as expected in simulation, as shown in the first plot in Figure 3.2. We also
show results when using a time of ¢ = 2, with two different choices of window size w for
the RPD method; the Dynkin pathwise and RPD methods still do not provide correct
estimates. At the very small time of t = 0.5, the error of the methods appears to be
very small, though it is still noticeable for small initial abundances of A.

In these plots, the same value of w was used for both the RPD and RPD Hybrid

methods. Therefore, at small times we can see that the bias of the window size w is
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End Time =10, w = 1, n = 50000
0 T B e ... End Time = 0.5, w = 0.05, n = 50000
Exact o—=— ‘ ‘ ‘ c ‘
. t
-1 8 Dynkin | ] xac'
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¢ Dynkin Hybrid )
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> _4 ] -0.06 1
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_2, _2, 4
-2.5 -2.5 |
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Figure 3.2: A comparison of error and bias of the estimates for the sensitivity of
EXc:(0) = Efg Xp sds with respect to ¢,, the rate parameter controlling the decay
of A in the switch model of Section 3.6.2. Except at very small times, the Dynkin and
RPD methods have significant error. In the case of the RPD method, we can see that
this error is not due to the bias from the window size w by comparing to the RPD hybrid

method. n gives the total number of paths simulated.
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the major contributing factor to the error of the RPD method, since the RPD hybrid
and RPD-only methods show a similar bias. At larger times this is not the case: the
RPD method’s error is very different from the bias of the RPD hybrid method. Thus
the error (rather than bias) of the RPD method varies. In particular, the error increases
as interruptions become more likely. For this switch model, while we may not see an
interruption if the end time ¢ is small, at larger times the path sees an interruption with
a probability approaching 1. Crucially, however, if interruptions are possible, one cannot
a priori know the size of the error of the RPD method.

The results in Figure 3.2 show numerically that the Regularized Pathwise Differenti-
ation (RPD) method is not valid for models with interruptions, as discussed in Appendix
B of [37]. The results also show that the Dynkin pathwise method is not valid on this
model. Instead, for such models the hybrid method, or a finite difference or likelihood

ratio method, should be used.

Comparison of Valid Methods

For the hybrid methods, for k = 1,2 we take 0 = 1 and construct Z as in Section 3.3.2

with rates

=

z4 <1 1 z4 <1
A2 (0, 2) = , X5 (0, 2) =

%z 4 otherwise z4 otherwise

The statement z4 < 1 for the state z is equivalent to A\ (6, 2) = 0, since the rates for
the original process X are zero if and only if z4 < 114 = 1, where 144 is the coordinate

representing the number of A molecules in the source vector for the the first reaction.
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Note that the process Z may now reach states where the first coordinate is negative.
For k = 3 we simply set A\Z(0,7) = \{(0,2) = zg. We allow this rate AZ (6, z) be zero
because the reaction B — C' is never interrupted by some other reaction, so that the Z
constructed with these rates is still non-interruptive. This illustrates Remark 3.1. Note
that, unlike the abundance of A, the abundances of B and C' in Z will never be negative
as long as Zpy and Zco are nonnegative. Also note that these rates are uniformly
bounded by a.

In Table 3.3, we include the details of the pathwise method simulations from Figure
3.2 with a = 10, for t = 2 and t = 10, and compare to CFD and LR estimators. Here
and throughout, the half-width given for the confidence interval the hybrid method
estimates is the sum of the half-widths from the two different estimates MZ® and MW

from Section 3.3.3.

3.6.3 Gene Transcription and Translation

We now consider a model of mRNA transcription and its translation into protein. It is
a more complex version of Example 1.1 from the introduction, since we will also include
the dimerization of the protein. See also [3]. Table 3.4 gives the reactions of the model.
Since the model does not satisfy the Non-interruptive Condition 3.8, the table also shows

the rates that were used for the approximate process Z in the hybrid methods.

Dimer Abundance Sensitivity

We calculate the sensitivity %EX p+(8), the derivative of the number of dimers at time
t with respect to the parameter controlling the rate of mRNA degradation.

We compare the performance of the Dynkin Hybrid method and the RPD Hybrid
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t=2
Method wor e CPU Estimate
Dynkin Hybrid — 9.3 -2.64 £ .09
LR — 9.0 -2.65 + .08
RPD Hybrid .02 9.2 -2.62 4+ .19
RPD Hybrid 2 9.4 -2.54 + .10
RPD Hybrid 1 10 -2.50 £ .08
CFD 1 36 -2.62 £+ .04
CFD .01 36 -2.54 + .14

t=10
Method wor e CPU Estimate
Dynkin Hybrid — 17 -6.57 £ .42
LR — 10 -6.36 £ .08
RPD Hybrid 1 18 -6.53 £ .59
RPD Hybrid 1 17 -6.41 £+ .38
RPD Hybrid 5 19 -6.45 £ .35
CFD 1 40 -6.37 £ .06
CFD .01 39 -6.53 + .22

Table 3.3: A comparison of the sensitivity methods on the switch model with a = 10.
CPU gives computation time in seconds. n = 5 x 10* paths were simulated; the hybrid
methods used ny = 5 x 103, ny = 4.5 x 10* at t = 2 and n; = 4 x 10*,ny = 1 x 10* at
t = 10 (see Section 3.3.3). Actual sensitivities a%lXat(Q) at = (§,1,1) are -2.61 at
t =2 and -6.39 at ¢t = 10. The horizontal rule separates the unbiased estimates (above)
from the biased estimates. The LR method included the weight as a control variate
to reduce variance. The CFD method used the centered difference. While the hybrid
methods are comparable with the LR method at ¢ = 2, at ¢ = 10 the LR method is
significantly more efficient than either hybrid method. For comparison, at t = 2, ¢ = .1,
and with 1.4 x 10* paths, the CFD method took 10 seconds to provide an estimate of
—2.56 £ .08. At t = 10, € = .1, and with 1.4 x 10* paths, the CFD method took 20

seconds to provide an estimate of —6.48 4 .09.
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Reaction )\f )\f
transcription () — M 6 6,
(92 I <1
translation M— M+ P 0;Xy 0y M Oy Z0r > 05 M
0220 otherwise
(93 Zp <2
05 M Zp>2 and
dimerization P+ P — D 03Xp(Xp —1) 3 P = at -
0sZp(Zp — 1) > 05 M
(03Zp(Zp — 1) otherwise

0,M 0,70 > 0, M
degradation M — () 0, X ! o=

047 otherwise

85 Zp <1
degradation P — 0;Xp 05 M 0sZp > 0 M

05Zp otherwise

06 M 06Zp > O M
degradation D — () 0 X p 0 b =70

0sZp otherwise

Table 3.4: Reactions and rates for the hybrid methods for the dimerization model.
We take all initial quantities equal to zero and M = 10° (we have added a tilde to
the constant from Section 3.3.2 for notational reasons). For the process Z to be non-
interruptive, only three of the intensities cannot be zero; see Remark 3.1. Note that in
Z with Zy = (0,0,0), the abundance of P may become negative, but abundances of M

and D will not.
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method to the likelihood ratio method and the CFD method. We also estimated the
sensitivity using the RPD method alone, though recall that it is not expected to be a
valid method on this model. We choose two different sets of parameter values, as the
behavior of the various sensitivity methods is rather different on the two sets. See Table
3.5. In particular, note that the RPD method seems to give the correct answer for the
first set of parameters, but not the second. This again shows that, a priori, one cannot
know whether the RPD method will be valid if the model allows interruptions to occur.
Also, note that for the first set of parameters, the hybrid methods are more efficient

than the likelihood ratio method, but on the second set, they are comparable.

Integrated Dimerization Rate Sensitivity

We now estimate sensitivities of

t t
/ Ns(0, X.)ds — / 0s X po(Xps — 1)ds,
0 0

the integral of the rate of the dimerization reaction. This quantity is a functional of the
path. Therefore, we use the hybrid method of Section 3.3 on this quantity directly. That
is, we do not need to use Dynkin’s formula or a time average, as we have in previous
examples, to turn the quantity into the correct form. Also note that, unlike in previous
examples, the functional depends explicitly on ¢, which requires the methods to take into
account the partial derivative of the functional in both the pathwise and likelihood ratio
estimators. Again we compute the desired sensitivity at two different sets of parameter

values. As Tables 3.6 and 3.7 show, the hybrid method is by far the most efficient.



6 = (200, 10,0.01, 25, 1, 1)

Method W Or € CPU Estimate
Dynkin Hybrid — 89 -1.04 £ .04
LR — 67 -0.99 £ .16
RPD Hybrid .05 91 -1.08 £ .13
RPD Hybrid D 96 -1.00 £ .03
CFD .25 112 -1.03 £ .06
CFD 125 112 -1.01 + .09
RPD .05 83 -1.03 £ .11
RPD D 91 -1.00 £ .03
0=(2,10,0.1,1,1,0.1)
Method w Or € CPU Estimate
Dynkin Hybrid — 43 -69.7 £ 5.0
LR — 30 -68.7 + 4.2
RPD Hybrid 3 44 -74.0 £6.1
RPD Hybrid 3 47 -70.3 £ 2.6
CFD .01 50 -68.7 £ 4.9
CFD .005 51 -782 %+ 7.1
RPD 3 37 -57.3 4.1
RPD 3 41 -584 + 1.7
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Table 3.5: A comparison of the sensitivity methods on the dimerization model. CPU

gives computation time in seconds; n = 5x 103 paths were simulated. The first sensitivity

estimated was %EX p+(0) at t =5 and at the given value of . The second sensitivity

estimated was %EX p+(f) at t = 30 and the given value of 6. The horizontal rule

separates the unbiased estimates (above) from the biased estimates. The RPD method

is not valid for the model since interruptions can occur: it seems to give a correct estimate

for the first set of parameters, but not the second. The LR method included the weight as

a control variate. The CFD method used the centered difference. Both hybrid methods

used n; = 1000, ny = 4000 (see Section 3.3.3). While the hybrid methods are for the

most part more efficient than the LR method for first set of parameters, for the second

set of parameters, the hybrid and LR methods are comparable.
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f = (200, 10,0.01,25,1,1)
Hybrid LR CFD CFD
057 £ 0.004] 058 + 004 057 £ 001] 055 + 0.04
45 4+ 003 | 46 £ 04 | 45 + 01 | 45 £ 03
v, 114 + 008 | 115 + 06 | 114 + 03 | 109 + 06
55.6 + 03 |-555 + 39 |-555 + 1.7 |-56.7 + 4.8
3385 + 19 3394 + 256 | 3376 + 143 | 3521 + 434
0.0 £ 0.0 02 + 21 0 + 0 0 + 0
CPU 261 85 138 138
7% - - 05 01
6 =(2,10,0.1,1,1,0.1)
Hybrid LR CFD CFD
941 + 23 | 1032 £ 49 1081 + 6.3 | 99.6 =+ 12.3
1843 £ 39 |-209.1 + 99 |-2108 & 11.2|-204.3 £ 27.3
v 237 + 05 | 232 + 27 221 + 06 | 221 =+ 15
o 875 + 34 | -715 + 162 | -796 + 39 | -80.0 + 95
4491 + 17.3| 549.9 + 1454 | 417.8 + 384 | 4346 =+ 91.3
05 + 1.0 158 =+ 117.2 0 + 0 0 + 0
CPU 125 36 61 63
7% - - 05 01

Table 3.6: A comparison of sensitivity methods on the dimerization model. Estimates
given with 95% confidence. CPU gives computation time in seconds. The first sensitivity
gradient estimated was VyE f(f A5(0, X)ds at t = 5 and at the first value of . The second
sensitivity gradient estimated was of the same function, but at ¢ = 30 and the second
value of #. The hybrid and LR methods are unbiased; CFD is not. The LR method
included the weight as a control variate. The CFD method used the centered difference;
the value in the h% row denotes that a perturbation of (.05)6;, for example, was used for
the " gradient entry. All methods used n = 6000 total paths; the hybrid method used
ny = 5500, ny = 500 (see Section 3.3.3); the CFD methods used 1000 paths per gradient
entry. The hybrid method, though it takes longer per path, is the most efficient. The
hybrid method is still most efficient even if fewer paths are used, so that the method

uses approximately the same computation time as the LR method; see Table 3.7.
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0 = (200,10,0.01,25,1,1)
Hybrid LR
0.57 + 0.007 0.58 =+ 0.04
45 + 0.05 46 + 04
- 11.3 + 0.1 115 + 0.6
0 556 + 0.6 555 + 3.9
3380 + 34 3394 + 256
0.0 + 0.0 02 + 21
CPU 87 85
ny = 200 B
paths 1y = 1800 n = 6000
0 =(2,10,0.1,1,1,0.1)
Hybrid LR
982 + 5.0 103.2 £ 49
J187.0 + 7.5 2209.1 + 9.9
v 239 + 1.0 232 + 2.7
0 857 + 55 715 4+ 162
438.8 + 33.1 549.9 + 145.4
50 + 10.3 158 + 117.2
CPU 32 36
n, = 125 B
paths 1y = 1375 n = 6000

Table 3.7: A comparison of sensitivity methods on the dimerization model. See also Ta-
ble 3.6. Estimates given with 95% confidence. CPU gives computation time in seconds.
The first sensitivity gradient estimated was VyE fot A5(0, Xs)ds at t =5 and at the first
value of f. The second sensitivity gradient estimated was of the same function, but at
t = 30 and the second value of . The LR method included the weight as a control
variate. To provide a more fair comparison between these two unbiased methods, we
simulate the hybrid method so that approximately the same computation time is used

as for the LR method. For the definition of n; and ns, see see Section 3.3.3.
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Chapter 4

A Coupling Method for Second

Order Sensitivities

With the exception of Section 4.3, the contents of this chapter appeared in [42].

While first derivative sensitivities of CTMCs have been much studied, less focus has
been given to finding reasonable algorithms for the computation of sensitivities of higher
order. Second derivative sensitivities (the Hessian), however, are also particularly useful.
For example, they provide concavity information which is necessary for finding roots or
extrema of an expectation. In a more general optimization setting, the Hessian can
be used to improve upon a simple steepest-descent method. Variants of Newton and
quasi-Newton methods, for instance, include an approximate Hessian to use curvature
to better choose the step direction in for the next iterate of the optimization. When the
Hessian is positive semi-definite, these methods provably achieve a fast rate of local con-
vergence. Additionally, trust-region based optimization methods can also be markedly
improved by including a Hessian estimate [7, 27, 33, 38]. Developing algorithms that
successfully integrate these optimization methods in the chemical reaction network and
CTMC setting, for example in the context of parameter estimation, is a topic of current
research which depends critically on having an efficient method for approximating the

Hessian [39].
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In Section 4.1, we discuss existing second order methods. In Section 4.2, we present
a method for the computation of second order sensitivities of the CTMC (1.7). This
method is an extension of the Coupled Finite Difference (CFD) method for first deriva-
tive sensitivities (see Section 2.1.3 or [2]) to the calculation of second derivative sensitivi-
ties; consequently the new method is termed the CFD2 method. CFD2 estimates have a
significantly lower variance than the relevant extensions of any of the other existing first
derivative methods of Chapter 2. That is, the CFD2 method requires much less CPU
time to produce an approximation within a desired tolerance level. We give analytic
results in Section 4.3, and in Section 4.4 we include numerical results from the CFD2

method and other methods for comparison.

4.1 Existing Second Order Sensitivity Methods

Recall that # € R” is some vector of parameters, that f is some function of interest, e.g.

the abundance of some molecule, and that

J(0) :==Ef(0, Xiep,1(0)).

We wish to estimate second derivatives of J.

One method of estimation is the likelihood ratio (LR) method of Section 2.2. Recall
from that section the measures PY and @, with the associated densities G(6,t). Assuming
that the relevant Leibnitz condition holds regarding integrability and differentiability,

and that G is twice-differentiable in 8, we may simply take another derivative of the
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equation (2.11) to obtain for some function h of the path that

0? d d
wEPQh(XtE[O,T]) = @EQ |:h(Xt€[O,T]) (@ lOg G(@, T)) G(e, T):|

2

— E° | h(Xicp)G(6, T) (% log G(6,T) + (d%log G(&,T)>2)]

=E" [h(Xiepo,r)H2(0,T)]

where the second order weight Hy(f,t) := E%Zlog G0,T) + (Llog G(«S’,T))2 is used
analogously to the first order weight H(6,T). Note that one can similarly write weights
for mixed partial derivatives. Furthermore, the functions A can be replaced with func-
tions f(0, Xicjo,r7), as in J(0) above, that explicitly depend upon the parameters. As in
(2.12), one can then use the product rule as long as all f-derivatives of f are reasonably
well-behaved.

The first order likelihood ratio method often produces estimates with prohibitively
high variance, and this second order likelihood ratio method, unfortunately, produces
estimates with even larger variance. Of course, regardless of the sensitivity method
used, the variance of a second order sensitivity estimator will generally be larger than the
variance of a first order estimator. Therefore, when computing second order sensitivities,
it is more likely that one would be willing to accept a bias in return for a more efficient
estimate. We thus turn to finite difference methods, in which the choice of perturbation
h allows for some control over the variance. We do note that the hybrid pathwise method

from Chapter 3 should also extend to second order sensitivities, though this possibility

has not yet been explored.
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The remainder of this chapter is thus concerned with finding an efficient computa-

tional method for the approximation of a second partial derivative of J, &oa—zan (0) for
7O0U5

some i,7 € {1,...,R}. Let e; be the vector with a 1 in the " position and 0 else-

where. We may approximate this sensitivity by perturbing the parameter vector in both

relevant directions, so that

02 J(0) = J(O+ (e; +ej)e) — J(0 + eje) — J(O + eje) + J(0)
893892 N 62

+ O(e).
In our setting, this suggests we approximate the second derivative sensitivity by

e E[f(0+ (ei + ej)e, Xeepor (0 + (e + €5)€)) — f(0 + eie, Xeejor) (0 + €56)) (1)

— f(ﬁ + €;e€, Xte[O,T](‘g + €j€)) + f(ev Xte[O,T]w})}v

where X(-) := Xy () is the path through the terminal time 7. The Monte Carlo

estimator for (4.1) with n estimates is then

V(e = - 37 Mi(e), (12)
(=1

where

Mg(E) = 6_2 [f(@, XtE[O,TM(g + (62' + €j)€)) — f(@, XtE[O,T],€<9 + 62'6))

— [0, Xeetor1,e(0 + €5€)) + [0, Xeeporye(0))],

where, for example, X;c(o.77,¢(6) is the /" path simulated with parameter choice 6. Thus,

for second derivatives, finite difference methods require up to four simulated paths to
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produce one estimate, as opposed to the likelihood ratio method, which requires only one
path per estimate. When coupling methods are used with the finite difference, however,
the variance of the estimates produced are usually significantly lower than the variance
of likelihood ratio estimates, as demonstrated in Section 4.4, so that finite different
methods often provide much more effective estimators.

Note that if the four relevant processes are computed independently, which is the
extension to second order sensitivities of the IRN method, the variance of the estimator
M, (e) is n~'Var(M(e)) = O(n~'e*). This is computed analogously to the work in
Section 2.1. As usual the goal of the coupling is to lower the variance of M(e) by
correlating the relevant processes.

The CRN method for second order sensitivities is nearly the same as the first order
method discussed in Section 2.1.1: one reuses the same stream of random numbers to
produce each of the four paths in (4.1) using the SSA method. Similarly, the CRP
method of Section 2.1.2 is extended to second order sensitivities by using same instances
of the K independent Poisson processes Y} in the four paths in (4.1). However, as
the numerical examples in Section 4.4 demonstrate, the variance of the CRN and CRP
estimators grow significantly in time; in many cases the asymptotic variance is of the
same order as the IRN method, because paths constructed using the CRN or CRP
coupling techniques tend to de-couple over time. Therefore, we find an extension of the
CFD method to second order sensitivities.

For ease of exposition and notation, we have described finite differences using the
forward difference (4.1), which as noted has an O(e) bias. Our formal construction will

also use the forward difference. In practice, however, it is no more difficult to use the



121

central second difference,

X0+ (e + €)e/2 Xieom(® + (e + €)¢/2)
— [0+ (ei — €j)e/2, Xieor (0 + (e — €;)€/2))
— [0+ (e; — ei)e/2, Xico (0 + (e — €:)€/2))

+ f(0 — (&5 + €)€/2, Xoepory (0 — (ei + €5)€/2))],

which has a bias of only O(€?); this is what we have implemented in our numerical

examples.

4.2 The 2nd Order Coupled Finite Difference Method

The integral part of this method, called the CFD2 method, is the coupling presented in
detail below. We will show that on a large class of functions f, this CFD2 method lowers
the variance of the numerator of M (e€) to O(e), thereby lowering the variance of M (e) to
O(e3) and yielding Var(M,(e)) = O(n~'e~?). For several non-trivial examples, however,
the method gives even better performance, lowering the variance of M(e) another order
of magnitude to O(¢72), by lowering the variance of the numerator to O(e?). We will
prove that the CFD2 method achieves a variance of the lower order O(e2) when the
intensities are linear. We do not believe linearity to be necessary; numerical examples
such as that in Section 4.4.4 suggest that the method achieves the faster rate on other
models as well.

In contrast, every other coupling method we attempted! yielded an asymptotic vari-

ance for M, (e) of O(e3) at best, and in general these couplings were much less efficient

'We do not provide a full list of other, less efficient couplings, of which there are many.
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than the coupling being proposed here. While the O(e~3) variance of the CFD2 method
is sharp, numerical examples such as that in Section 4.4.3 show that even for models for
which the CFD2 method is O(e™3), the variance of CFD2 estimates is much lower than
estimates computed via other methods.

Furthermore, the paths generated when using the CFD2 method can also be re-used
to compute first derivatives of the system, for use in an optimization algorithm, for exam-
ple. Additionally, the CFD2 algorithm is reasonably straightforward to implement, and,
unlike the other finite difference methods discussed above, the CFD2 method produces
a coupled process that is still a CTMC, which allows for an analysis using martingale
methods.

The crucial piece of the second order Coupled Finite Difference (CFD2) method is the
coupling of the four processes in the difference (4.1). We now construct this coupling,
which is an extension of the standard coupling of Section 1.1.2. As with the usual
standard coupling, note that the new coupling given here may be applicable in other

contexts, as it is in no way specific to the four processes of (4.1).

4.2.1 Construction of the Coupling

For the computation of second derivatives, rather than correlated pairs of runs, correlated
quartets of runs are used. We suppose we have the four CTMCs of (4.1), with 7,5 €

{1,..., R} fixed, which for convenience of exposition we order as

X0+ (e; +ej)e), X(0+ee), X(0+eje), X(0). (4.4)
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We also assume that their initial conditions are equal (i.e., they are equal at ¢ = 0),
to some fixed value Xy. For each of the four processes above, there is an associated
propensity for each of the K reaction channels. For example, the propensity of the kth

reaction channel of the first process (the one with parameter choice 6 + (e; + €;)e) is

>\k,l = )\k(e + (ei + 6]')6, Xt(G + (61‘ + €j)€)).

Similarly rename the propensity of the kth reaction channel of the second process (pa-
rameter choice 6 + e;e) by A2, the third process as Ag 3, and the fourth process as Ay 4,
as per our ordering (4.4). Note that these propensities are dependent on 6 and X;(0),
but for notational convenience we will drop either or both of these dependencies in our
notation when they are not necessary for the current discussion.

Next, we introduce a coupling of these four processes that will produce an estimator
(4.2) with low variance. The main idea is similar to the standard coupling from Section
1.1.2 in that it rests on splitting a counting process into sub-processes, to be shared
among the four CTMCs (4.4). We create a sub-process to allow the 1st and 2nd processes
of (4.4) to jump simultaneously, one to allow the 1st and 3rd to jump simultaneously,
one for the 2nd and 4th, and one for the 3rd and 4th. Additionally, we create a sub-
process that allows all four to jump simultaneously. As in the first derivative setting,
the rates of these sub-processes will involve minima of the original CTMCs. Finally, we
also require four additional sub-processes to make up any “leftover” propensity of the
original CTMCs.

Formally, define Ry, b, b4, @5 a counting process, where b, € {0,1}. A jump of

Ry by bo,bs,64 indicates that the /th process in the ordering (4.4) jumps by reaction k if
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and only if b, = 1, for ¢ € {1,2,3,4}. For example, Ry [1,1,00)(t) counts the number of
times the kth reaction has fired simultaneously for the first and second processes of (4.4)
(but the third and fourth did not fire), whereas Ry, 1,0.1,0(t) counts the number of times
the kth reaction has fired simultaneously for the first and third processes of (4.4) (but
the second and fourth did not fire). Define the propensity of Ry b, bs.b5,64] DY Ak, [b1,52,55,04]

so that in the random time change representation,

t
Rk,[bhbmbs,bzx] (t) = Y;€7[b17b27b37b4] (/ Ak»[b1,b2,b3,b4](3)ds) (4'5)
0

where the Y’s are independent unit-rate Poisson processes and where the propensities

are

Apaaa] = Mg A A2 Az A Ay

Ag 11,000 = Mg A Aoz — Mg,

Ag 0,01, = M3 A Aea — N 11,11

Ag 101,00 = (M1 — Mg A Xe2) A (Ao — Mg A Aga)

Ako1,01] = (Mk2 = Akt A Xk2) A (Mg — Az A Aia) (4.6)
Ak1,000 = Mkt — Akt A Ae2) — A no,1,0)

Akj0,1,00 = (Mk2 — Akt A A2) — Ag o101

A0,0,1,00 = (Akz — A3 A Aka) — Ak 10,10

Ak 0,001 = (Mg — Mg A Aka) — Aijo1,0,1]5

where we recall that a A b := min{a, b}.
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The proposed coupling is then given by the following:

Xi(0 + (ei +ej)e) = Xo(0) + Z Cr(Rpe,1,1,1,11(8) + By 11,00 (B) + R 1,0,1,0)(t) + R 1,0,0,0 (1))
k

Xi(0 + eje) = Xo(0) + Z (R 1,1,1,1] (1) + Ry 1,1,0,0(8) + R jo,1,0,1] () + Rijo,1,0,00(t))
%

X (0 + eje) = Xo(0) + Z (R 1,1,1,1 (1) + Ry j0,0,1,1)(8) + R 1,0,1,01 (1) + Ry j0,0,1,00(t))
%

X () = Xo(0) + Z (R 1,1,1,1 (1) + Ry j0,0,1,11(F) + R jo,1,0,1(F) + Ry j0,0,0,11(2))-
%

(4.7)

A few comments are in order. First, note that, for example, the marginal process
X1(0+ (e; +e;)e) above involves all the counting processes in which by = 1. Second, each
of these marginal processes X;(-) have the same distribution as the original, uncoupled,
processes since the transition rates of the marginal processes have remained unchanged.
This can be checked by simply summing the rates of the relevant counting processes,
which are all those Ay y, by 55,0, i Which a given b, = 1. Third, if f is linear, for example
if we are estimating the abundance of a particular molecule, many of the Ry, 1, p, 55,6, are
completely cancelled if we now construct the difference (4.1). An example of this will be
shown in Section 4.4.1. Fourth, even if © = j, the coupling requires two different copies

of the process X;(# + e;e), one taking the role of X;(0 + e;e,t) and the other X;(6 + eje).

4.2.2 An Alternative Construction of the Coupling

The coupling described in the previous section can be derived in an alternate way, which
explains why the method is termed “double coupled.” We could first couple the first

and second processes of (4.4) using the standard coupling, and then couple the third
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and fourth in the same manner. For example, using the )\, as defined in the previous

section, the first two processes in (4.4) are constructed as:

X(0+ (ei +¢5)e,t) = Xo(0) + > (R 11 + Rijr)) G
F (4.8)
X (0 + e, t) = Xo(0) + Y (Ri11) + Rijo) Chs
k

where Ry b, 5o] = Yie,b1,bo] (fot Ak,[bhbﬂ(s)ds) are defined analogously to (4.5) and where

App(8) = Aea(s) A Ara(s),
Api0(8) = Aea(s) — Aki(s) A Aga(s),

Ak,[O,l}(s) = )\k,2<8) — >\k71<8) A )\k’g(s).

The processes defined in (4.8) jump together as often as possible: they share the sub-
processes Ry [11], each of which runs at a propensity equal to the minimum of the re-
spective propensities of the two original processes. We then expect the variance of the
first finite difference [f(0, X;(0 + (e; + ¢j)€)) — f(0, X, (0 + e;€))]e ™ to be small since
the two processes of (4.8) will remain approximately the same whenever they jump
simultaneously via Ry [ 1.

Now note that, together, the two processes (4.8) can be viewed as a new CTMC with
dimension 2d, twice that of that of the original process. The third and fourth processes in
(4.4) can be similarly coupled, giving us two 2d-dimensional CTMCs. Finally, we couple
these new processes into a single CTMC of dimension 4d, using the standard coupling a
third time. This construction leads to the same process as given in the previous section.

The details are left to the interested reader.
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4.2.3 The CFD2 Algorithm

We present two algorithms for the simulation of paths coupled as in Section 4.2. The
first utilizes NRM simulation, whereas the second utilizes SSA (see Section 1.2.1). As
usual, it will be problem specific as to which algorithm is most efficient.

Below, rand(0,1) indicates a uniform|0,1] random variable, independent from all pre-
vious random variables. Recall that if U ~ rand(0,1), then In(1/U)/\ is exponentially
distributed with parameter A > 0. Also recall that even if 7 and j are equal, the processes

X (0 + eie) and X (6 + eje) are still constructed separately. Define the set

B :={[1,1,1,1],[1,1,0,0],[0,0,1,1],[1,0,1,0],

0,1,0,1],[1,0,0,0],[0,1,0,0],[0,0,1,0],0,0,0,1]}

and note that it will often be convenient to use a for loop, from 1 to 9, to enumerate

over the vectors in B.

ALGORITHM-MODIFIED NEXT REACTION METHOD APPLIED TO (4.7).
Initialization: Set X (04 (e;+e;)e) = X(0+ee) = X(0+eje) = X () = X, and ¢ = 0;
for each k € {1,..., M} and each b € B, set Ty, = 0 and Py, = In(1/uy,) for ugy ~

rand(0,1).

Repeat the following steps:
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(i) For each k, set

Akt = A0+ (€5 + €5)e, X (0 + (e; + ¢))e))
A2 = A (60 + eie, X (0 + ee))
/\k,g = )\k(H + €€, X(9 + eje))

Aea = M (6, X(0))

and use to set each of the nine variables Ay, as above in (4.6).

(ii)) For each k and b € B, set

(Pep —Thp)/ Ay o if Agp >0
Atk,b = .

%) , else
(iii) Set A = miny ,{Atg,} and let p := k and v := b = [by, by, b3, by] be the indices
where the minimum is achieved.
(iv) Set t =t + A.

(v) Update state vector variables X (6 + (e; + e;)e), X (0 + e;e), X (0 + e;e), X(0) by

adding ¢, to the fth process if and only if by = 1 in v.
(vi) For each k and b € B, set Ty, = T p + A - Ay
(vii) Set P,, = P,, + In(1/u) where u ~ rand(0,1).

(viii) Return to (z) or quit.
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ALGORITHM-GILLESPIE’S DIRECT METHOD APPLIED TO (4.7).

Initialization: Set X (6+ (e;+e;)e) = X (0+e6) = X(0+eje) = X(0) = Xpand t = 0.

Repeat the following steps:

(i) For each k, set

/\k,l = )\k(é + (61‘ + €j)€, X(Q + (ei + 6]‘)6))
Ak’Q = )\k(e + €€, X(G + 6,’6))
>\k,3 = )\k(e —+ €;€, X(G + 6]'6))

Aiea = Mi(6, X(0))

and use to set each of the nine variables Ay, as above in (4.6).

(ii) Let Ag =Y, >, Ay and u ~ rand(0, 1), and set

A =1In(1/u)/Ay.

(iii) Set t =t + A.

(iv) Let u ~ rand(0,1) and use to select (u,v) € {(k,b): k € {1,...,M},b € B} where

each pair (k,b) is selected with probability Agp/Ag.2

(v) Update state vector variables X (6 + (e; + e;)e), X(0 + e;e), X (0 + e;e), X(0) by

adding (,, to the fth process if and only if b, = 1 in v.

2This is the usual “binning” step of SSA.
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(vi) Return to () or quit.

4.3 Analytical Results

In this section, we will show that the CFD2 method produces Monte Carlo estimates
pn such that Var(u,(e€)) = O(n~'e™?), as discussed in Section 4.1. This result follows
immediately from results from the CFD method which show that the difference of the
coupled paths in the numerator of the estimates is O(e).

We will also show that the CFD2 method achieves a variance of the lower order
O(€e™?) when the intensities are linear. This follows if we can show that the difference of
the coupled paths in the numerator of the second difference (4.1) is O(¢*). We do not
believe that linear intensities are a necessary condition on this lower order of variance.
However, the faster rate is not always achieved, showing that the O(n~'e™?) variance
bound is sharp. Numerical examples in Section 4.4 give examples of both situations.

We prove these results for functions f of a particular form, though again numerical

examples suggest that the results hold for other f as well.

4.3.1 Assumptions

Define F?(z) := Y, \e(0,2)(.. We assume the following conditions on the intensities,
which are essentially as given in [2]. Recall that K is the number of reactions in the

model, d is the dimension of the process X, and R is the dimension of the parameter 6.

Condition 4.29. There exists some Ki > 0 so that for all k =1,... K, all x,y € S,
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and all relevant 0 we have

(0, 2) = A0, 9)| + |F () = Fy)| < K|z —yl.

Condition 4.30. There exists some Ky > 0 so that for allk =1,... K, all e € (0,1),

allt=1,..., R, and all relevant 0 we have

sup [|Ak(0 + eie, 1) — A(0, 2)| + [FOT(z) — FP(2)|] < Kae.

€S

Furthermore, we assume that f is of the following form.

Condition 4.31. The function f : R — R is a C* function with bounded first deriva-

tive.

That is, the output f of the system is a function of the state at some fixed terminal
time T, rather than the entire path through that time. Then we are estimating second
derivative sensitivities of J(6) = f(Xr(0)). Note that very often f is taken to be simply a
coordinate map giving the abundance of a given species at a given time; that f certainly
satisfies this condition.

Most, if not all, of these conditions can likely be relaxed to local rather than global

conditions.

4.3.2 Proofs on the Order of the Variance

We first prove in Theorem 4.33 that the difference of paths in (4.1) is O(e). This will
require only one short lemma. The bulk of the work lies in the proof of Theorem 4.34,

which shows that in some cases this variance is only O(e?).
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Lemma 4.32. Given the four processes coupled as in (4.7), and satisfying Conditions
4.29 and 4.30, and given some function f satisfying Condition 4.31, for a fized T' > 0,

there exist some Cr iy > 0 and Dy > 0 such that

Esup [f(Xe(0 + (ei + €;)e)) — f(Xi(0 + €i€))| < Crxc ge,

t<T

Esup | f(Xi(6 + ej€)) = F(Xi(0))] < Cr i s,

t<T

Esup | (X0 + (e; + ¢5)€)) — f(Xe(0 + es))|* < D ge, and

t<T

Esup | f(X¢(0 + ¢j¢)) — f(Xe(0))* < Drxc ge.

t<T

Proof. This is proved in the context of the CFD method in previous work of Anderson
in [2] on the standard coupling for the first difference; the results apply here since the

CFD2 method begins by coupling these pairs of processes as in Section 4.2.2. [

Theorem 4.33. Given the four processes coupled as in (4.7), and satisfying Conditions
4.29 and 4.30, and given some function f satisfying Condition 4.31, for a fized T' > 0,

there exists some Cr o,y > 0 such that

Esup | (X0 + (e; +¢5)€)) — F(Xe(0 + ese)) — F(Xe(0 + ej¢)) + [(Xe(0))]* < Crana ge.

t<T

Proof. Use that

[F(Xe(0+(es + ¢5)€)) — F(Xe(0 + ese)) — F(X(0 + ej¢)) + f(Xe(0))]”

<2 f(Xe(0 + (ei + e5)e)) — F(Xe(0 + eie))[* + 2| f(Xe(0 + ej¢)) — F(Xe(0))]*.
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The proof follows by properties of the supremeum, and Lemma 4.32. O

As the second moment provides an upper bound on the variance, a direct consequence
of this theorem is that the CFD2 method in general provides an estimator with a variance
of O(e?). This bound is sharp.

In many models, however, the variance of the difference of paths may be reduced a
full order of magnitude further to scale instead with €2, so that the difference estimator
has instead a variance of O(e~?). We prove this for models whose intensities are linear,
though we do not believe this to be a necessary condition. For example, models including
unary reactions with mass action kinetics have linear intensities. We will additionally
require that the function f is also linear. Note that linear intensities satisfy Conditions

4.29 and 4.30, and linear functions f satisfy Condition 4.31.

Theorem 4.34. Given the four processes coupled as in (4.7) with intensities linear in
both the parameter and state variables, and given some linear function f : R? — R,

given any T > 0, there is a positive constant Cr ary such that

Esup [ f(X¢(0 + (e: + ¢j)€)) — f(Xe(0 + ei€)) — f(Xe(0 + €;¢)) + f(Xe(0))|* < Cropgpe”.

t<T

The proof proceeds as follows. We first prove a lemma very similar to Lemma 4.32
above, giving bounds on other pairs of the four processes. We note that these preliminary
bounds do not require the intensities to be linear. We next prove a messy but useful
result in Lemma 4.36, and then Lemmas 4.37 and 4.38 to give L' and L? bounds on the
difference in (4.1). Finally we will be able to prove the theorem itself.

We also note here that the following proofs consider i # j so that the result holds

for mixed partial derivatives. If, however, one assumes ¢ and j are equal, the proof still
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holds (and much of the work simplifies).

Lemma 4.35. Given the four processes coupled as in (4.7), and satisfying Conditions
4.29 and 4.30, and given some function f satisfying Condition 4.31, for a fized T' > 0,

there exist some Cp ¢ > 0 and Dy iy > 0 such that

Esup |f(X:(0 + (e; + ¢j)€)) — f(Xe(0))] < Croarge and

t<T

Esup [ (X0 + es6) — F(Xu(0 + e;6)| < Crar e

t<T

Esup | f(Xe(0 + (e; + ¢5)€)) — f(Xe(0))]* < Drape and

t<T

Esup | f(X(0 + ese)) — F(Xi(0 + ej€)) [P < Drou pe.

t<T

Proof. For the first bound, add and subtract f(X;(0 + e;e)) inside the absolute value
and use the triangle inequality along with Lemma 4.33, noting that 7, j are arbitrary.
The other bounds follow similarly, with the last two additionally using that (x + y)? <

222 + 212, 0

Lemma 4.36. Given the four processes coupled as in (4.7) with intensities linear in both
the parameter and state variables, given s > 0, there exists some non-negative constants

C through Cs such that for any k we have

IAi(0 + (e; +ej)e, Xs(0 + (e; +e5)e)) — Ai(0 + eie, X (6 + ee))
— /\k(ﬁ —+ eje,XS(Q + €j€)) + )\k(e, XS(Q))|
< C1|Xs(0 + (e, + €j)e) — Xs(0 + eie)) — X(0 + eje) + X(0)]

+ CQ€|X5<9 + (61' + €j)€) — XS(G)\ + CgGle(e + €i€> — Xs((g + €j€)|.
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Proof. Fix k. First we note that the quantity whose mean is to be bounded is clearly

no more than

’2>\k(9 + (ei + €j)€, XS(Q + (62‘ + Gj)E)) — 2)\k<8 + e;€, XS(H + 61'6))

— 20+ e, Xo(0+ e56)) + 27 (0, X4(0)))]

This allows us to now add and subtract several new terms and to group the terms into
fours that behave well. Indeed, one can check that without absolute values the following

bound is an equality:

12X (0 + (e; + €j)€e, Xs(0 4 (e; + €5)€)) — 2M6(0 + e;e, Xs(0 + €;¢€))

— 20(0 + eje, X(0 4 e5€)) 4 2M(0, X(0))]
< |60+ (ei +€j)e, Xs(0 + (e; + €)€)) — Ai(0 + e, X(0 + (e + €;)€))

— Me(0 + e, Xo(0 + (e; + €j)€)) + M0, X(0 + (e + €;)e))]

+ A0 + (ei + e5)e, Xo(0)) — A0 + eie, Xo(0)) — (0 + eje, Xs(0)) + Ar(0, Xs(0))]
+ | A0 + (&5 + €5)e, X (0 + (&5 + €5)€)) — Ai(6, X5(0 + (&5 + €)€))

— k(0 + (e + ej)e, Xs(0)) + Ai(0, X(0))]
+ [ Mk (0 + eie, X5 (0 + eje)) — A (0 + eje, Xs(0 + €j¢€))

— M(0 4 eie, Xs(0 + ei€)) + Ae(0 + eje, Xo(0 + e;e))|
+ Mk (8 + eie, Xs(0 + (e; + €5)e)) — Me(0 + eie, X5 (0 + ee))

— (0 + eie, Xo(0 4 eje)) + Me(0 + eie, Xs(0))]
IR0 + eje, Xo(0 + (i + €,)€)) — M0 + e, X, (6 + ese))

— )\k(g + €€, XS(H + eje)) + )\k(Q + €;€, XS(Q))|
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Note that intensities in first term differ only in the first variable of the intensities, and
so since A is linear this term is in fact zero. The same is true of the second term. Also

by linearity, the third term can be rewritten and then bound as follows:

[Ak((ei +e)e, Xo(0 4 (€3 + €5)€) — X(0))] < Ce| Xo(0 + (ei + e5)e) — X(0)]

where C' is some constant. The fourth term can bounded similarly but with the quantity
| Xs(0 + eie) — Xs(0 + eje)l.

For the fifth term, linearity we have for some C' that

|/\k(0 + e;e, XS(Q + (62‘ + 6]')6)) — /\k(Q + e;¢, XS(Q + 61'6))
— )\k((‘) + e;€, Xs(9 + €j€)) + )\k(ﬁ + e;€, XS(H))\

= C|X(0 + (e; + €5)€) — Xs(0 + ei€)) — Xs(0 + eje) + X(0)].

The sixth and last term can be bounded similarly to the fifth.
Combining these bounds into gives the result for one k. As there are a finite number

of reactions, take the maximum constants to apply for all k. O

Lemma 4.37. Given the four processes coupled as in (4.7) with intensities linear in
both the parameter and state variables, for a fized T' > 0, there exists some Cpp > 0

such that

]ESU.p |Xt<9 + (61' + €j>€) — Xt(9 + GiE)) — Xt(e —+ €j€) + Xt(0)| S CT,M€2'

t<T
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Proof. First, from the coupling (4.7), we have

Xi(0+ (e; +ej)e) — Xe(0 + e€)) — Xi(0 + eje) + X4(0)

= Z G (Ri1,000)(t) = Rio,1,0,0,(t) — Rijo,0,1,0/(t) + Rio001)(t)) -
k

Thus, by the triangle inequality and the non-negativity of the processes Ry b, by bs.64 (1),

[ Xi (0 + (ei + ¢5)€) = Xi (0 + eie)) — X (6 + ej¢) + Xi(0)]

< Z |Gkl (Ri1,0,0,00(t) — Rijo,1,000(t) — Rijo,0,1,0 () + Rijo,o.0,11(F)) -
k

Since the R are counting processes, we have that Ry 5, by.b5,6:(t) < Rk b1 ,b0,b5,64) (1) for

all £ <T. Thus,

sup | X¢(0 + (e;+e;)e) — Xi(0 + ee)) — X (0 + eje) + Xi(0)|

t<T

< 16k (Rrn000(T) = Rijor.00/(T) = Rioo1.0(T) + Rejooon(T)) -
k:
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Taking expectations and using the definitions (4.5) and (4.6) we obtain

Esup | X:(0 + (e; + e;)e) — Xi(0 + e;¢)) — Xe(0 + eje) + X,(0)|

t<T
< Z |G| B (Re1,00.01(T) + Reo,1,00/(T) 4 Rijo.0.1.0/(T) + Rijo.001(T))
k
T
< CZE/ Ay1,0,0,01(8) + Ak j0,1,0,00(8) + Akijo,0,1,0/(8) + Ar,jo,0,0.1)(s) ds
k O

T
= CZE/ (M1 — Mt A Ai2) + (Mks — Mg A Aia)
k 0

(4.9)
—2(( M1 — M1 Adi2) A (Aks — A3 A Aa))

+ (M2 — A1 AAg2) + (Aea — Aes A Aga)

— 2 (()\]@2 — )\k,l A\ >\k72) A (/\k,4 — /\k,S A\ )\k,4)) dS

T
=Y [ [~ At A M) = O = A A b
L 0

+ (M2 — M1 AXe2) — (Aka — Aes A Apa)| ds

where the last equality follows via the identity © +y — 2(x A y) = | — y|.
Fix k and consider one term of this integrand. Relabel the terms within the integrand
as [(a—aAb)—(c—cAd)]+[(b—aAb)—(d—cAd)|. Then there are four cases

dependent on the values of the two minima:
1. a <b,c<d: Then |[a—aAb—c+cAd|+|b—aNb—d+cAd| =0+|—a+b+c—d|.
2. a <b,d < c: Then we obtain | —c+d|+|—a+b=c—d+b—a=|a—b—c+d|.
3. b<a,c <d: Then we obtain |[a —b|+ | —d+c|=a—-b+d—c=|a—b—c+d|

4. b < a,d < c: Then we obtain |a —b— ¢+ d| + 0.
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That is, [a —aAb—c+cAd|+|b—aAb—d+cAd| = |a—b—c+d|. Therefore, we may
rewrite the integrand of (4.9) as |A\x1 — Ak2 — Ak3 + A4 Returning to our calculation

n (4.9), we see that

Esup | X:(0 + (e; + €j)€) — Xi(0 + e;e)) — Xi(0 + eje) + X (0)]

t<T

T
< CZ/ EAeg — Ar2 — k3 + Apalds
— Jo

= c; /OT]E|Ak(0 + (e; +ej)e, Xs(0 + (e; + €;)e€))
— Me(0+ eie, Xo(0 + eje)) — M (0 + eje, Xs(0 + ej€)) + (6, Xs(0))|ds
< cz /OT CiE|X(0 + (e; + €j)e) — Xs(0 + ei€)) — Xs(0 + eje) + X(0))
k
+ CoeE| X (0 + (e; + €j)€) — X(0)| + C3eE| X(0 + e;e) — X (60 + eje)|ds

T
< CZ/ Cu® + CLE| X, (0 + (&5 + €;)€) — Xo(0 + eie) — X (0 + eje) + X, (0)]|ds,
= Jo
where the last two lines follow from Lemmas 4.36 and 4.35. Finally, we see that

Esup | X¢(0 + (e; + e;)e) — Xi(0 + e;e)) — Xe(0 + eje) + X4(0)]
t<T
T
< CClKE2T + CCQK/ ]E’Xs(e + (ei + 6j)€) — X5(9 + €Z‘€) — XS(Q + €j€) + X3(9)|ds
0
< cC1 KT

+ CC’ZK/ Esup | X, (6 + (e; +¢e;)e) — X, (0 + eie) — X,.(6 + eje) + X,.(0)|ds.

r<s
The proof is finished by applying the Gronwall inequality. O

Lemma 4.38. Given the four processes coupled as in (4.7) with intensities linear in
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both the parameter and state variables, for a fized T' > 0, there exists some Cppr > 0

such that

Esup [ X:(0 + (e; + €j)€) — Xi(0 + e;e)) — X4 (0 + eje) + Xt(e)\2 < C’T7Me2.

t<T

Proof. We first consider the same quantity as in the previous lemma, but here we rewrite

it in terms of a martingale:

Xi(0+ (ei +ej)e) — Xo(0 4 eie)) — Xe(0 + eje) + X(0)

= G (Rujro00(t) = Rijo100/() = Bejooo/(t) + Rijooo(t)
= MO<(t) + Z Ck/ Ak 1,0,00/(S) = Mk0,1,0,0(5) = Myj0,0,1,01(8) + Aj0,0,011(8)ds
= M (1) +Zék/ OB+ (e + )6, Xo(0 + (e + €)) (410

_)\k<9 + €€, XS(G + 616)) - )\k(ﬁ + €i€s X(9 + €j€)) + )\k(G, Xs(tg))) ds
where M?%¢(t) is the martingale created by centering this process,

MO Z Ck Rk 10,00/ () = Ry j0,1,0,01(t) — Rijo,0,1,0(t) + R j0,0,0,17 (%)

0k, 11,00,01 () = Akjo.1,0,0/ () — Akjoo,1,0/(E) + Arjoo01(t)) -
Note that M%€ has (conditional) quadratic covariation matrix

(M), = Z G(G)” Rk 1,0,0,0](t) + R j0,1,0,01(t) + Rij0,0,1,0(t) + Ri.j0,0,0,1] (t))
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so that, as in Lemma 4.37 with the work of (4.9) and following, we have

E[M*), = Z Ce(C)"E (R 1,0,00)(t) + Rijo,1,00)(t) + Rijo,0,1,0(t) + Rijo,0,0,) (1))
K
t
S Z Ck(Ck)TE/ 0162 + CQE|XS<0 + (ei + €j)€) - XS(G + 616)
k 0

— Xs(0 + eje) + X,(0)|ds.
Now, by the Burkholder-Davis-Gundy inequality, we have that for some constant C' > 0

Esup| M*“(0)]? < CE S [MP];

t<T
T

<O ) (G) / Cye? + CLE| X (0 4 (e; + ¢;)€) — X (0 + e;€)) (4.11)

ik 0
— X(0 + eje) + Xs(0)|ds
T
< OsTe* + Cg / E|Xs(0 + (e; + €j)e) — Xs(0 + eie)) — X(0 + eje) + X(0)|ds
0

S C7T62

where the last line follows from Lemma 4.37.

Returning to (4.10), take absolute values, use the triangle inequality, square, and
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several times use the bound (z + y)? < 222 + 2y%. Using Lemma 4.36 as well, we obtain

1X: (04 (&5 +e5)€) — Xi(0 + ei€)) — Xi(0 + eje) + X4 (0)

< 2IMO(t))? + 2

/0 (M0 + (cs + e))e, Xo(0+ (s + ¢,)6)

2

— Me(0 + eie, X (0 4 €5€)) — Mo(0 + eje,s X (0 + e5€)) + Mi(0, X,(0)))ds
< 2AMPE(E)P + 2te Y /Ot |Ae(0+ (e; + €;)e, X (60 + (e; + €;)e, 5))
k
— M0+ 6, X(0+ ese, 8)) — Ml + e5e, X (0 + eje,5)) + A6, X (6, 5))|"ds
< 2IMOE(t)|? + 2tcK /Ot (Ol\Xs(G + (e + €j)€) — Xo(0 + es€)) — X(0 + eje) + X,(0)]
+ Coe| X(0 + (e; + ej)e) — Xs(0)] + Cse| X5 (0 + e;¢) — X5(0 + eje)|)2ds
< 2|M%(t)]* + 8tcK /Ot CTIX(0 + (e + e5)e) = X, (6 + eie)) — X (0 + eje) + Xo(0))

+ C3%| X (0 + (ei + ¢j)e) — X(0)° + C3%| X(0 + eie) — X(0 + eje)|ds

< 2sup |M<(t)]”
t<T

—|—8TcK/ sup (C21X, (0 + (es + e5)¢) — X, (0 + ¢i6)) — X, (0 + ¢;¢) + X, (O)

r<s

+ C3€%| X, (0 + (e + ej)e) — X, (0)]” + CI€%| X, (0 + e;6) — X, (0 + eje)|*) ds

Since this last line now holds for all ¢ < T, we may also take a supremum on the left

hand side. Taking expectations and using (4.11) and Lemma 4.35 with f(x) = z, we
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now obtain
Esup | X (0 + (e; + ej)e) — Xi(0 + ei€)) — Xi(0 + eje) + X4 (0)]?
t<T

< 2B sup [MP“(1)[?

t<T

T
+ 8TCK/ (Esup CFI1X, (0 + (e; + €;)€) — X, (0 + e€)) — X,(6 + eje) + X, (0)]?
0

r<s

+ Esup C7¢%| X, (0 + (&; + ¢j)e) — X,.(0)]?

r<s

+ Esup C5¢*| X, (0 + ee) — X,.(0 + €j€)|2)d5
r<s
< CTE + CgTé
T
+ STCK/ (E Sup Cl2|X7'<0 + (ei + ej)e) — XT(0 —|— 67:6)) — XT(Q + eje) + Xr(0)|2)d8
0 r<s

(4.12)

and so, by Gronwall’s inequality, we have

ESUp |Xt(9 + (ei + €j)€) — Xt(e + eif) — Xt<0 + ejE) + Xt<0)‘2 S CT,K€2- (413)

t<T

Proof of Theorem 4.34. Use the linearity of f to write

|[F(Xe(0 + (i + e5)€)) — F(Xe(0 + ei€)) — f(Xe(0 + ) + f(Xe(0)) [

< C?| X (04 (&5 + €j)€) — Xo(6 + ese) — Xy (0 + ej€) + Xt(9)|2

and use the previous result. O]
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4.4 Numerical Examples

In this section, we compare the double coupled method with the following existing second

order methods discussed in Section (4.1).

(a) the usual Independent Random Numbers (IRN) estimator in which the processes of

(4.1) are simulated independently, also referred to as the crude Monte Carlo method,

(b) the common random numbers approach (CRN) in which the processes of (4.1) are

simulated given the same stream of random numbers using SSA,3

(¢) the Common Reaction Path (CRP) method in which the processes of (4.1) are

coupled by reusing each Y}, in the representation (1.7) of the four processes,

(d) the double coupled (CFD2) method proposed here, which implements the coupling
(4.7),

(e) the likelihood ratio method (LR) in which the computed weight function is used as

a control variate.

All methods except (b) were simulated using NRM, modified as necessary. We also
note that the first four methods use the second finite difference, which has some bias;
recall that to reduce this bias we actually simulate the centered difference (4.3), which is
accomplished in the same way as the forward difference but with the parameters shifted.
The likelihood ratio method is the only one of the four methods we use here that is
unbiased; its high variance, however, typically makes the method unusable. Finally,

when discussing performance, we will refer to n of (4.2) as the number of estimates.

3At each step, the first random number determines the time of the next reaction, and the second
determines which occurs; the reactions were listed in a fixed order as given in this paper.
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4.4.1 A Simple Birth Process

Consider a pure birth process A — 2A. Here, ( = 1, and denoting by X; the number
of A molecules at time ¢, we assume a propensity function A(6, X;(0)), so that in the

random time change representation,

X,(0) = Xo+ Y (/Ot O, XS(G))ds> |

where, as usual, Y is a unit-rate Poisson process.

Suppose we are interested in the second derivative of EX; with respect to @, so that
f(6,x) = x. We double couple the processes as in (4.7), noting that we are in the special
case when ¢ = 7. This does not change the main idea of the double coupling, but it
requires us to distinguish the two original processes with the same parameter value 6 +¢;
we label them as X (6 + ¢) and X?(0 + ¢). Ordering as in (4.4), and noting that since

there is only one reaction we may drop the subscript k, we find that

A1 = A0+ 2¢, X4 (0 + 2¢))
Mo = A0+, X} (0 +¢))
A3 = A0+ e, X2(0 +¢))

>\4 - /\(97 Xt(e))a

and use these to define the A’s as given in (4.6). The double coupled processes are then
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given as

Xt(e —|— 26) - Xo(e) + R[LLL” (t) + R[171,070} (t) + R[LOJ,U] (t) + R[l,O,O,O] (t)
Xt1(9 +€) = Xo(0) + Rpua,1(t) + Rp00(t) + Rio01(t) + Rjo,00(t)
X200 +¢€) = Xo(0) + Rpi11(t) + Rioo1.11(t) + Rpo,0/(t) + Ryoo,,0(t)

Xi(0) = Xo(0) + Rpia1(t) + Rioo1,11(t) + Rjo,1,01(t) + Rjo,0,1(t)-

Now that we have coupled the processes, note that when we consider the second difference
(4.1) for the given f, which is linear, most of the sub-processes cancel. For example,
since Ry 1,00 is present in both X;(6 + 2¢), which is positive in the difference, and in
X0 + €), which is negative, Rp1,1,0,0) is not present in the second difference. One can
easily check that the numerator of the difference (4.1) simplifies in this case to

X (0+2€) — X0 +€) — X200+ €) + X4(0)
(4.14)

= Rpj,0,00/(t) — Rjo,1,00/(t) — Rpo,0,1,0/(t) + Rpo,0,0,1(t).

Note that the rates of the four remaining counting processes of (4.14) are usually rela-
tively small; in fact, at any given time at least two of the four must have zero propensity,
as can be seen by considering the possible values of the minima involved.

Suppose that \(0, X;(0)) = 6.X;(0) is simply a constant times the population at time

t. We choose to estimate 82@[25& at t =5 and 0 = 1/2, with X,(#) = 1. We use € = 1/50

for the finite difference methods. For simple examples such as this, one can solve for the
derivative explicitly; in this case the actual value is 304.6.

As can be seen in the data in Table 4.1, the variance of the double coupled estimator,
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’ Method ‘ Estimates | Approximation ‘ # updates | CPU time (s) ‘

IRN 100,000 307 £ 447 ~ 3.7 x 10° 38
CRP 100,000 315 £ 24 ~ 3.7 x 10° 49
CRN 100,000 282 £ 24 ~ 3.3 x 10° 32
LR 100,000 311 £ 20 ~ 1.1 x10° 37
CFD2 100,000 296 £ 12 ~ 1.2 x 10° 22

Table 4.1: 95% confidence intervals and computation time for each of the five methods
(a) through (e), after 100,000 estimates, on the simple birth model of 4.4.1 (with linear
propensity). An e of 1/50 was used for the three finite difference methods. Actual value:
304.6.

manifested in the width of the confidence interval, is smaller than that of the estimators
given by the other methods. For instance, for the same number of estimates it gives
a confidence interval of half the width of the CRP and CRN methods, which for this
single-reaction model, though implemented differently, give equivalent estimators. Here
and throughout, confidence intervals are constructed as +1.964/v where v is the variance
of the estimator (4.2).

For each method, we also include the CPU time that was required for the simulation,
as well as the number of updates made to the system state (the number of times a
reaction vector is added to the state vector). The latter is a useful comparison tool, as
it provides a measure of the amount of work the method requires, but is not influenced
by differences in implementation (such as use of Gillespie vs next reaction algorithms).
These differences, on the other hand, often affect CPU time. We do not also provide a
random number count for each method, but note here that except for CRN this number
is equal to the number of system updates. For CRN, which uses Gillespie’s algorithm,

two random numbers are used per system update. Finally, the CPU time will certainly
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vary by machine; all tests described in this section were run in MATLAB on a Windows

machine with a 1.6GHz processor.

4.4.2 mRNA Transcription and Translation

We now examine the performance of the proposed method on a more realistic model. In
the following model of gene transcription and translation, first seen in the Introduction
of this thesis, mRNA is being transcribed and then translated into protein, while both
the mRNA and the protein may undergo degradation. The given constants are in the
sense of mass action kinetics, so for example protein is being created at a rate of v times

the number of mRNA molecules:

b=MLM+P, P50

= Tlw

We assume initial concentrations of zero mRNA and protein molecules. The stochas-

tic equation for this model is

x(0.0) = vi20 () + e ([ 0x0.9005) ()
# 3 ([ x0as) (04w ([ xo0905) ()

where X = ())((M ) gives the numbers of the mRNA and protein molecules respectively.
P

Note that we have moved the parameter ¢ from the subscript for notational convenience.

In subsection 4.4.2, we compute the second derivative of the expected number of

protein molecules with respect to @, while in subsection 4.4.2, we compute the mixed

partial of this same quantity with respect to both # and ~. In subsection 4.4.2, we
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compute the second derivative of the square of the expected number of protein molecules

with respect to 6.

2nd derivative of protein abundance with respect to 6

Suppose we would like to estimate the second derivative of the expected number of
protein molecules with respect to 8 at a time of ¢ = 30 and 6 = %. Additionally, we fix
v =10 and X, = 0. One can analytically find that g—;]EXP(BO) = 2496.

First, Table 4.2 gives simulation data as in the previous examples, with two different
perturbations, €, of 6 used. Note the trade-off between bias and precision: a larger
epsilon implies the second finite difference has a larger bias, but, since there is an €2
in the denominator of the estimator, the variance of the estimator is smaller; for small
epsilon it is vice-versa. Table 4.3 shows the relevant data for the likelihood ratio method.

Perhaps more illustrative is Table 4.4, which compares the numbers of estimates
and system updates as well as the time required to achieve a 95% confidence interval
of a set width. These data give a good idea of the efficiency of the methods, as often
one desires the estimate within a given tolerance. We can see that the double coupled
method is approximately 25 times faster than CRP, 73 times faster than the often used
CRN method, over 100 times faster than the LR method, and over 125 times faster than
IRN. Note also that the double coupled method requires drastically fewer estimates to
achieve the same confidence, so that, even though the computation of one double coupled
estimate requires more time than most of the other methods, as can be seen in Table
4.2, the lower variance leads to very large time savings.

Finally, in Figure 4.1 we include a plot of the variance of the different estimators

versus time. Note that the scales on the plots are very different. The plots corresponding
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’ Method ‘ Estimates ‘ e=1/20 ‘ e =1/100 ‘ # updates

CPU time (s) ‘

CRN 1,000 2682 4+ 1192 | 5950 + 19123 | ~ 1.26 x 107 46
CRP 1,000 2758 £ 569 | -2630 & 9268 | ~ 1.27 x 107 70
CFD2 1,000 2655 + 129 | 2640+ 1001 | ~ 4.68 x 10° 48
CRN 10,000 2453 £+ 369 | 1505 4+ 6120 | ~ 1.27 x 108 457
CRP 10,000 2783 4+ 179 | 2627 £ 2937 | ~ 1.27 x 108 672
CFD2 10,000 2601 £ 40 2352 4 282 | ~ 4.68 x 107 483
CRN 40,000 2386 4+ 188 | 1069 + 2984 | =~ 5.07 x 108 1829
CRP 40,000 2745 £ 89 3593 £ 1468 | ~ 5.07 x 10° 2739
CFD2 40,000 2582 + 20 2512 £ 147 | ~ 1.87 x 108 1931

Table 4.2: 95% confidence intervals for each of the finite difference methods (b), (c),
and (d) for the computation in the mRNA and protein model of subsection 4.4.2. Note
that the bias of the second finite difference can be seen when € = 1/20 (the actual value
is 2496). Also note that, though for a fixed number of estimates the CFD2 method is
not the fastest method, it achieves a much smaller confidence interval. The number of
updates and computational time for a fixed number of estimates are essentially indepen-
dent of € and so the reported values, here and throughout, are the average of the values

for the two choices of e.

Estimates | Approximation ‘ # updates | CPU time (s) ‘

1,000 2150 + 2258 | ~ 4.20 x 10° 14
10,000 2420 + 729 | ~ 4.19 x 107 135
40,000 2176 &+ 404 | ~ 1.68 x 10° 540

Table 4.3: 95% confidence intervals for the LR method (d) for the computation in the
mRNA transcription model computation of subsection 4.4.2. Even though this method is
fastest per estimate, note that the variance (and so the width of the confidence interval)

is large.



’ Method ‘ Estimates | Approximation ‘ # updates | CPU time (s) ‘

LR 495,000 2506 £ 120 ~ 2.1 x 10° 6619
IRN 190,000 2617 + 120 ~ 2.4 x 107 7657
CRN 98,100 2572 £ 120 ~ 2.6 x 10° 4489
CRP 22,200 2532 £ 120 ~ 2.8 x 10° 1533
CFD2 1150 2565 £ 120 ~ 5.8 x 10° 61
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Table 4.4: Required estimates, updates, and computational time needed for 95% con-
fidence intervals of + 120 for all five methods on the computation of the mRNA tran-
scription model computation of subsection 4.4.2. An € of 1/20 was used for the finite

difference methods.

to finite difference methods all appear to converge; the limiting value for the double
coupled method, however, is over 20 times smaller than the CRP method, and over 170
times smaller than the CRN and IRN methods. Note also that, as time increases, the
CRN variance tends to the same value as the IRN method; this is expected, since we
expect the processes to decouple. The variance for CRP behaves similarly, converging
to a number of approximately the same order of magnitude as the IRN method, though
the value itself is significantly lower in this four-reaction model. The plot for the LR
method scales quadratically, as is expected by the form of the estimator (see Chapter
VIL.3 of [7]). This shows that, for moderate and large times, the double coupled method

quickly becomes much more efficient then the other estimators.

Mixed partial of protein abundance

We compare the five methods in the estimation of %EXP(?)O) at @ = 1/4 and v = 10,

which can be calculated exactly to be -31.8. Table 4.5 shows the approximations and

computational complexity of these methods using 5,000 estimates.
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Figure 4.1: Variance versus time of the estimators of the five different methods, applied

to the calculation of g—;EX p(0,t) in the mRNA transcription model of subsection 4.4.2.

Note that the scales are vastly different.



’ Method ‘ Estimates | Approximation ‘ # updates

CPU time (s) ‘
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IRN 5,000 607 + 923 [~ 8.43 x 107 264
CRN 5,000 1915 + 330 [ ~8.42x 107 273
CRP 5,000 21.0 £ 96 | ~8.41 x 107 365
CFD2 | 5,000 338 +4 [~225x107 238
LR 5,000 -15.4 £ 113 [ ~2.10 x 107 73

| LR | 17,000 | -618+68 [~6.72x10" | 234 |

Table 4.5: 95% confidence intervals and computational complexity for all five methods,
after 5,000 estimates, for the computation of the mixed partial derivative in the mRNA
transcription model as in subsection 4.4.2. An € of 1/25 was used for the finite difference
methods. Additionally, results from the LR method with CPU time approximately that

of CFD2 are included for comparison. Actual value: -31.8.

Note that in this example, the LR method outperforms all methods, except CFD2,
with respect to computation time. Thus, for comparison, we have also included the
results of a test using the LR method in which the CPU time is approximately the
same as CFD2; note that the confidence interval for the CFD2 method is much smaller.
Figure 4.2 shows variance plots of the CRN and CRP, and CFD2 methods over time in

simulation.

274 derivative of the square of protein abundance with respect to 6

We also calculate, from the mRNA transcription model of Example 4.1, aa—;E(X p(t)?)
att=>5and 0§ = }L, with v = 10 and Xy = 0. Note here we are considering a function f
of the state space which is non-linear.

In Figure 4.3, we plot the log of the variance of the numerator of the estimator (4.3)

versus the log of epsilon. Since we expect, for the double coupled CFD2 method, that
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Figure 4.2: Plots of variance over time for the CRN and CRP methods, and the CFD2
method, in computing the mixed partial derivative of the mRNA transcription model
of subsection 4.4.2. Note the very different scales. For comparison, the IRN method

plateaus at a variance of approximately 5 x 106.

this variance V' (¢) should scale like C'e? for some constants C' and p, we see that the
slope of log(V (¢)) = log(C) + plog(e) from our simulations will suggest the value of p.
This plot suggests that p = 2; since the numerator of the estimator is then divided by €2
in M (e), this suggests a final variance of O(n~'e~2) for the estimator (4.2) as discussed
in Section 4.1.

For comparison, the slope of this log-log plot for the IRN method is zero, as the vari-
ance of the numerator does not depend on epsilon, giving a final variance of O(n=te™%).
The slopes for the associated log-log plots for the CRN and CRP estimators will vary
with time (discussed further in Section 4.4.4).

The general behavior of the variances over time for the IRN, CRN, and CRP methods

can be seen in Figure 4.4.
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Figure 4.3: This log-log plot of variance versus epsilon (100,000 estimates) for the mRNA

transcription model computation of subsection 4.4.2 suggests that the CFD2 method

gives an estimator of O(e~2) even though the function f of the system state is non-

linear: the slope of the best fit line is 1.98.

variance of estimator
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Figure 4.4: Plot of variance over time for 5,000 estimates of the IRN, CRN, and CRP

methods for the mRNA transcription model computation of subsection 4.4.2. The vari-

ance of the CFD2 method is too small to be seen; at time 200 it is ~ 3.5 x 108.
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4.4.3 Quadratic Decay

In order to demonstrate that the O(e?) convergence rate seen in the previous examples
does not universally hold, we consider a pure decay process of a population X, so that
the sole reaction has ( = —1 and quadratic propensity A(6, X;(0)) = 0.X.(6)(X.(0) — 1),
and calculate % with # = 1 and with initial population X,(f) = 2000. Figure 4.5
gives a log-log plot of variance versus epsilon at time 0.001. Since it suggests p = 1, this
demonstrates that, in this case, the double coupled method provides only O(n'e™3)
convergence as discussed in Section 4.1, showing that rate to be sharp.

As demonstrated in Table 4.6 and in Figure 4.6, however, the double coupled method

is still significantly more efficient than existing methods on this model.

4.4.4 Genetic Toggle Switch

Finally, we consider a model of a genetic toggle switch that also appeared in [2] and [32]:

A1

h=A, 0=B
1

-1l

where

b a
A(t) = T+ X507 and  Ao(t) = T4 XAt

and where X 4(t) and Xpg(t) denote the number of gene products from two interacting
genes. Note that each gene product inhibits the growth of the other.

We take parameter values of b = 50,3 = 2.5,a = 16 and will differentiate with
respect to a. Note that this model does not follow mass action kinetics, or have linear

propensities. In subsection 4.4.4, we consider a second derivative of EXp at a fixed time,
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Figure 4.5: This log plot of variance versus epsilon (each point computed to the first
of 300,000 estimates or a confidence of +10) for the decay model of subsection 4.4.3
suggests that the CFD2 method gives an estimator of only O(e™?): the slope of the best
fit line is approximately 0.97. While the CRN and CRP methods also give an estimator
of this same rate (the slope of the best fit lines are both ~.99, and in fact the lines are
on top of each other), the variance of the estimates from CRN and CRP are significantly
higher than those from the CFD2 method, as can be seen by the wide gap between the

above curves.



’ Method ‘ € ‘ Estimates | Approximation ‘ # updates | CPU time (s) ‘

LR n/a 10,000 1240 + 1070 | =~ 1.3 x 107 9
IRN 1/20 10,000 5Hd + 218 ~ 4.8 x 107 35
CRN | 1/20 10,000 285 £ 52 ~ 4.0 x 107 30
CRP | 1/20 10,000 084 £ 52 ~ 4.0 x 107 30
CFD2 | 1/20 10,000 592 £ 5 ~ 1.4 x 107 90
CRN | 1/20 | 272,000 o088 =+ 10 ~ 1.1 x10° 813
CRP | 1/20 | 271,000 589 = 10 ~ 1.1 x 10° 862
CFD2 | 1/20 1,950 092 + 10 ~ 2.7 x 10° 17
CRN | 1/50 | 169,500 243 £ 50 ~ 6.8 x 10° b11
CRP | 1/50 | 169,000 215 £ 50 ~ 6.8 x 10° 510
CFD2 | 1/50 1,800 605 £ 50 ~ 2.5 x 10° 16
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Table 4.6: Estimates, € used, and updates and computational time needed for the given

95% confidence intervals for all methods for

O?EX+(6)
062

at ¢ = 0.001 for the quadratic

decay model of subsection 4.4.3. The upper half of the table shows the relevant results

after the simulation of 10,000 estimates. The lower half of the table shows the results

of simulations run until the estimate had a confidence interval of a desired width. The

IRN and LR methods were unable to achieve these precisions due to memory constraints.

Note again the equivalence of the CRN and CRP methods on a single reaction model.
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Figure 4.6: The behavior over time of the variance of the estimates of the CRN, CRP,

and CFD2 methods on the quadratic decay model of subsection 4.4.3. Note that the

variance for the CFD2 method is 100 times smaller than the other two methods, which,

as expected, act the same on this model. An e of 1/20 was used and 10,000 estimates

were run. The plot of the IRN variance is similar in shape but with a peak variance of

3.1x10%
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while in subsection 4.4.4, we consider a second derivative of the expected time average
of X4 up to a given time, which is a functional of the path of X4 rather than simply

X 4 at some terminal time.

274 derivative of abundance of B with respect to «

EX 5 (a,t)

We estimate 52
(6%

at o = 1 and at two times, 5 and 400. In Figure 4.7, we plot the
log of the variance of the numerator of the estimator (4.3), using CFD2, versus the log of
the perturbation epsilon. As in subsection 4.4.2, the plot clearly suggests that p = 2. We
also plot the same quantity using CRP and CRN. These slopes, on the other hand, vary
with time. For small times both slopes are close to one, but as time increases the slopes
decrease, until, for very large times, they are close to zero. This corresponds with the
fact that for large times the variances of the CRP and CRN estimates converge to values
on the order of the IRN estimate variance, which, as previously noted, is independent
of the value of epsilon. The general behavior of the variances over time can be seen in
Figure 4.8, where it is seen that CFD2 has a variance that is 16 times lower than CRN
and 36 times lower than CRP. Further, we note that for this model the CRP method

outperforms the CRN method for small times, while for larger times CRN outperforms

CRP.

274 derivative of time average of abundance of A with respect to o

Finally, we include an example computing a sensitivity of a path functional. That is, the
quantity we wish to study is a function of the path of the process X(s) for s < ¢, rather
than just the terminal value X (¢). The only difference in implementation is the need to

compute this quantity during the simulation of the path (or to store the path for the
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Figure 4.7: These log-log plots (25,000 estimates) of variance versus epsilon for compu-
tation on the gene toggle model as in subsection 4.4.4, at two different times, suggest
that the double coupled method gives an estimator of O(e?) even though two of the
intensities are nonlinear: the slope of the best fit line for the CFD2 method is approxi-
mately 2 (=1.97) at both times. The slope for the CRP and CRN methods, on the other
hand, are approximately .74 and .90 respectively at time 5, but are only around .03 and

49 at time 400.
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Figure 4.8: Plots of variance over time for 10,000 estimates of the finite difference
methods for the gene toggle model as in subsection 4.4.4; the top includes time up
to 200, while the bottom provides a close-up view of the plot for times less than 10. The
value of the CFD2 variance at time 200 is approximately 4,000, while the CRN variance

is approximately 65,000.

computation after its simulation). Table 4.7 shows the estimates of %Et_l fot Xa(s)ds
at ¢ = 30 using the various finite difference methods, demonstrating the advantage of
the double coupled method for these path functional quantities as well. Additionally,
Figure 4.9 shows that the overall behavior of the variances of the three finite difference

methods remains the same as in the previous examples.



’ Method ‘ Estimates | Approximation | CPU time (s) ‘

IRN 100,000 -13.8 £ 621 2240
CRN 100,000 -274 £ 146 1441
CRP 100,000 -215 £ 107 3035
CFD2 100,000 -222 £ 26 2722
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Table 4.7: 95% confidence intervals and computational complexity for each of the meth-

ods (a) through (d), after 100, 000 estimates, for the time average computation at t = 30

on the gene toggle model of subsection 4.4.4. An € of 1/50 was used.

CFD2 variance vs €
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Figure 4.9: At top, a plot of variance over time for 5,000 estimates for the finite difference

methods for the path functional computation on the gene toggle model in subsection

4.4.4. The value of the CFD2 variance at time 200 is approximately 19,000, while the

-2.5

CRN variance is approximately 282,000. At bottom, a log-log plot (2,000 estimates) of

variance versus epsilon for this computation suggests that the double coupled method

gives an estimator converging faster than O(e™3) in this computation as well: the slope

of the best fit line for the CFD2 method is approximately 1.78.
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Chapter 5

Conclusions and Future Work

This thesis presented a new hybrid method for first order sensitivity estimation for
discrete biochemical reaction networks. The hybrid method uses the standard coupling
to combine the likelihood ratio and pathwise methods, and provides efficient, unbiased
estimation of sensitivities of path functionals. For sensitivities of output quantities at
some fixed time, one can use one of two variants of the hybrid method, the Dynkin
hybrid method or the RPD hybrid method. As demonstrated on several numerical
results, the hybrid method, or one of these variants, is often the most efficient method
available. Future work will involve additional numerical experiments in the hope that
we can isolate certain characteristics of CTMC models and their intensities that may
suggest which sensitivity method is likely to be most efficient for that particular model.

Chapter 4, as in [42], gives the CFD2 method for the computation of second order
sensitivities. Through several numerical examples we have demonstrated its advantage
over existing methods. Future work will involve studying other methods for the com-
putation of the full sensitivity Hessian. Indeed, in models with a large number R of
parameters, the CFD2 method is implausible as it must estimate the Hessian entry by
entry, resulting in O(R?) separate Monte Carlo computations. Another related avenue
of future work will explore the possibility of extending the hybrid method of Chapter 3

to the setting of second order sensitivities.
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