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Abstract 

This work presents a hybrid actuation approach for haptic interfaces and cooperative 

physical human-robot interaction which combines active energy producing and passive energy 

neutral or absorbing actuators in parallel. Two variations of the actuation approach are applied to 

several devices across a range of interaction motion and force amplitudes. Parallel hybrid actuation 

which combines a simple brake and DC motor in parallel addresses the needs of small-scale 

handheld haptic devices. Balanced Hybrid Actuation combines a brake, a Series Elastic Actuator, 

and a DC motor in parallel to address the needs of larger workspace and force haptic devices. The 

presented parallel hybrid actuation topologies increase the dynamic range of the device as 

compared to traditional active only rendering approaches (i.e. DC motors and macro-mini 

concepts). When used as a haptic device, the hybrid actuators dynamic range is expanded in terms 

of the range of stable impedances it can achieve. Stability analysis shows that the spring-like 

characteristics of the passive actuator in combination with a parallel feedback control topology are 

responsible for the increased range of both passive and asymptotically stable impedances (i.e. 

virtual stiffness and damping). The actuation approaches do so while overcoming problems in 

rendering accuracy (like the “sticky effect”) which are common in hybrid actuators due to their 

nonlinear nature. When used as a robotic actuator for cooperative robots, the actuator displays 

increased servoing capability, reduced energy consumption, and unique synergy between actuators 

when tracking trajectories. The actuator does so while remaining low impedance and safe. Finally, 

we demonstrate the effectiveness of the approach in multiple degrees of freedom with a two degree 

of freedom hybrid interface designed for lower limb rehabilitation and human scale lower limb 

forces.  
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Introduction to the Thesis 

An actuator is a force transducer which converts one form of energy into an output force 

or torque. A necessary part of an actuator is a control system to regulate the energy conversion 

process and the output force or torque. Electric motors are undoubtably the most common actuator 

in kinesthetic haptic devices and cooperative human friendly robots. This is predominately due to 

the established infrastructure and methodologies surrounding their use in position control or pick 

and place applications (the traditional domain of robotics). As robotics moved away from this 

domain demands on the actuators which compose robots changed. To address these new demands 

researchers have explored a complex “taxonomy” of robotic actuators and actuation approaches. 

In this work we discuss actuation approaches specifically for kinesthetic haptics and safe human 

friendly physical robot interaction 

A. General Existing Actuation Approach Categories 

Performance of an impedance controlled haptic device or cooperative robot is evaluated by 

a device’s dynamic range. A haptic device with a large dynamic range can stably and accurately 

render stiff surfaces and have a low output impedance. In cooperative robotics these attributes 

correspond to a robot with a high control bandwidth to accomplish position tracking tasks, while 

maintaining safety by reducing injury risks associated with impacts. The ideal device for either 

application would be able maintain essential characteristics across a large range of workspace sizes 

and would be capable of producing a large range of forces. Existing actuation approaches have 

adopted various design approaches but still fall short of this ideal. While somewhat subjective, we 

have organized this prior work into five categories, classified according to the type and 

characteristics of the actuation approach (see Table 1). 
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The first actuation category is comprised of passive and shape rendering devices that utilize 

mechanical brakes to render kinesthetic feedback to the user. Actuation approaches in this class of 

device take the form of a brake which can be used to render the shape of the virtual object or a 

limited set of virtual impedances [1,2].  These devices can typically provide very large forces, due 

to their passive shape rendering mechanisms, but lack the ability to render a diverse range of 

impedances. 

The second actuation category includes devices that utilize highly geared electric motors, 

providing a high force/torque density while minimizing weight and resource usage.  These devices 

incorporate output force or torque sensing for feedback and are controlled in an admittance mode 

where a force control loop is wrapped around the position control loop to render the virtual 

environment [3]. These actuators are limited by their position control bandwidth and consequently 

are limited in transparency and force bandwidth. 

The third actuation category consists of devices that utilize compliant actuation, typically 

controlled as a series elastic actuator (SEA) [4]. This approach has been adopted for wearable hand 

exoskeletons [5,6] and many other applications. These actuators place a compliant (series elastic) 

element between the user and the actuator, allowing for closed loop force control through the 

measurement of the compliant element's deflection. Speed reducers used in the SEA increase the 

range of controllable force magnitudes while maintaining transparency, but they are limited in 

force control bandwidth.   

The fourth actuation category consists of devices that pair electric motors with a small 

speed reducer, (often a cable reduction) and are often used to provide kinesthetic feedback in hand-

centered haptic devices [7,8]. The small gear reduction limits reflected actuator inertia but also the 

magnitude of forces or torques the actuator can produce. 
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Employing a larger gear ratio in a haptic device enables larger forces and torques but can 

negatively impact transparency. Control techniques can help to overcome this limitation in free 

space and zero force components of a haptic rendering where they are the most noticeable.  

However, the limitation persists and ultimately distorts a devices desired renderings leading to a 

somewhat compromised rendering while producing large forces [9,10].  

The final actuation category consists of devices that use pneumatic actuators.  These 

devices can address force magnitude and transparency requirements but have trouble providing 

the torque bandwidth needed for a high-quality rendering [11,12]. Table 1 summarizes which high-

level ungrounded kinesthetic haptic design requirements are addressed by each of the five 

actuation categories discussed. 

TABLE 1:  KINESTHETIC HAPTIC ACTUATION APPROACHES 

Actuation 

Approach 

Kinesthetic Haptic Design Criteria Composing Dynamic Range 

Large 

Forces 

Large 

Bandwidth 

of Force 

Transparent High Stiffness 

Variable 

Impedance 

Rendering 

  Passive 

Brakes [1,2] 
     

Admittance 

Control [3] 
     

SEA’s [5,6] 

     

Lightly 

Geared DC 

Motors [7,8] 
     

Highly 

Geared DC 

Motors [9,10]      
Pnumatic 

Devices 

[11,12] 
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B. Hybrid Actuation in Haptics 

Both active and passive actuators have been commonly used to build haptic displays and 

they serve different purposes. Active actuators, such as electric motors, can provide high active 

forces, fast response times and are symmetrical in rendering i.e. they can supply and dissipate 

energy easily. Performance is limited by stability, which is affected by the physical characteristics 

of the device and the computer interface. Several researchers have studied the effect of compliance, 

backlash, friction, sampling, encoder quantization, and delay on performance [13-19]. Colgate 

showed that the stable rendering range could be improved by adding physical damping to the 

system [20]. This, coupled with low torque density in active actuators, has led to the use of passive 

actuators in haptic displays.  

Passive actuators have a high torque density, are inherently stable and safe. Since they can 

dissipate energy, they can be used to increase the physical damping of the system and ensure 

passivity for stable operations [21]. They can render high passive forces as opposed to electrical 

motors that may require large gear reductions to achieve the same force levels. However, passive 

actuators are limited in the range of haptic perceptions they can render [22]. They also can have 

relatively slow response times when compared to electric motors, which affects device rendering 

accuracy and transparency. The slow response time and uncertainty regarding the precise output 

of the passive actuator can result in a mismatch in the active and passive torques, particularly 

problematic during periods the desired rendering torque frequently oscillates between large active 

and passive torque, such as would be the case when interacting with a stiff virtual wall. This is 

commonly known as the “sticky-effect” [23]. In addition, passive actuators typically have residual 

torques present when powered off which can affect the device’s transparency.  

More recently, the use of hybrid actuation in haptics – the coordinated use of controlled 

passive actuators in parallel with active actuators – has been motivated by its demonstrated 
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advantages including high passive force capacity, low external power requirements, low output 

impedance when deactivated, improved control robustness, and improved passive force rendering. 

Interest in hybrid actuation has increased as the advantages of passive actuation have been 

recognized. Specific hybrid actuation configurations that have been investigated include the use 

of magnetorheological (MR) brakes in parallel with electric actuators [24-26], dual MR brakes 

coupled through an overrunning clutch (to reduce the negative effects of the MR brake’s nonlinear 

characteristics) [23], use of a particle brake in series with an elastic spring and an electric actuator 

[27] and similar configurations using alternative passive actuators such as eddy-current dampers 

[28]. While improvements in performance and control robustness have been demonstrated using 

these approaches, they suffer from one or more significant issues which limit their application, 

including slow response speed and nonlinear hysteresis associated with the passive actuator [29], 

and a large mismatch between the active and passive actuators, where the passive torque and power 

capacity can be an order of magnitude larger than the active capacity [23].  

C. Hybrid Actuation in Cooperative Physical Human-Robot Interaction 

In recent years robotic manipulators have been delegated tasks which bring them into 

increasingly closer contact with people. Prime examples include the proliferation of manufacturing 

cobots, human exoskeletons, and rehabilitation robots [30]. Existing systems are not well suited to 

applications that require high force (>30-150N) and high power (>60-600 watts) while also 

maintaining the physical characteristics important for safe and effective physical interaction and 

human-robot collaboration. While much progress has been made in co-robotics, the overwhelming 

focus has been on robotic manipulators which have relatively low power capacity, such that the 

inherent safety risks when working directly with humans are minimized. The focus has been on 

the design and control of naturally light weight and compliant manipulators [4]. In this case, 
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human-robot physical interaction and cooperation is enabled via the manipulator’s naturally low 

output impedance, which both facilitates the control of robot-human physical interaction and limits 

the total energy transferred during an uncontrolled collision between a robot and a human (the 

greatest safety risk) [31]. 

Unfortunately, the control and design approach applied to low power systems does not 

scale to manipulators with high force, power, and bandwidth requirements. Due primarily to the 

limitations of actuation technology [32], high power manipulators must employ transmission 

designs to achieve the forces and stiffness required. Such designs can cause an unsafe amount of 

output impedance. 

To enable high-performance physical human-robot interaction, the output impedance of 

high-power manipulators must be reduced to levels sufficient to guarantee inherent safety and to 

enable human-robot physical interaction without sacrificing the characteristics important to 

manipulation tasks. Researchers have investigated the use of active force and impedance control 

[33], which has been used widely in low-power manipulators. However, in high-power systems, 

force or impedance control is limited by the manipulator’s lack of self-sensing capability (motor 

torque measurements cannot be used reliably to estimate contact forces), a capability inherent to 

low-power co-robotic manipulators. Even when feedback control is used, such as instrumenting 

the manipulator’s end-effector with a force/torque sensor used in feedback [34], the improved 

performance is limited to point-to-point interactions at the end effector and is only effective below 

the feedback control bandwidth. 

To simultaneously realize high power and low output impedance, researchers have 

explored the use of a diverse range of variable impedance actuation strategies [33]. Active 

compliant actuation, such as the series elastic actuator (SEA) [4], [35], [36], variable stiffness 
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actuators [37], and variations on these designs place an elastic element in between a speed reducer 

and the actuator output. Output impedance is reduced through control resulting in a power dense 

torque source below the control bandwidth of the actuator. Attempts to extend the performance of 

series elastic actuators have been made with some success by including a small secondary motor 

on the output to extend the torque frequency range of the actuator as a whole [27]. 

Hybrid actuation, the combination of controlled passive actuators, such as brakes or 

dampers, and active actuators, such as electric motors, has recently demonstrated advantages 

including high passive force capability, energy efficiency, low output impedance, and improved 

control robustness. Existing hybrid actuators include haptic devices utilizing magnetorheological 

(MR) brakes in parallel with DC Motors [23]. Passive Eddy current dampers and back EMF 

properties of electric motors are also used to provide variable damping sources in parallel with 

active electric motors to provide increased control robustness and aid in rapid actuator movements 

[28], [38]. Series damping actuators and series clutch actuators utilize clutches to isolate the high 

impedance gear head in a similar way to SEA’s [39], [40]. Parallel combinations of clutch’s and 

SEA’s have been shown to improve actuator energy efficiency [41], [42]. McKibbin muscles and 

mini brakes were shown to increase actuator performance under large impacts [43]. Performance 

gains from hybrid actuation are considerable, yet hybrid actuators often still suffer from 

nonlinearities associated with passive actuators, a low control bandwidth, and oftentimes an 

inherent imbalance between passive and active actuator torque capability [23]. 

D. A Hybrid Actuation Thesis 

Both haptics and cooperative human-robot physical interaction are in need of an actuation 

approach which provides high levels of disturbance rejection (high stiffness rendering or high 
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bandwidth) while remaining low impedance (transparent and safe). Current actuation approaches 

fall short of what is needed in both haptics and cooperative robotics.  

Hybrid actuation has the potential to accomplish the goals of kinesthetic 

haptic devices and cooperative robots. A new hybrid actuation approach is needed 

to capitalize on hybrid actuation benefits while mitigating potential downfalls of 

hybrid actuation.  

Principal amongst these downfalls is the difficulty of controlling hybrid actuators in both 

haptics and cooperative robotics. This work aims to propose a new hybrid actuation approach and 

to explore control methods to capture performance benefits of hybrid actuation for both haptic and 

cooperative robotic applications. 

E. Document Organization 

The discussion of our proposed hybrid actuation approach is organized into the following 

sections. Chapter 1 focuses on describing the actuation and control approach concept used in 

haptics. We cover the arrangement and function of the parallel and balanced hybrid approaches 

and how they may be applied to a wide range of actuation scales and degrees of freedom. We 

subsequently discuss the stability properties of the parallel hybrid haptic approach. In Chapter 2 

we focus on passivity of the feedback control structure and discuss the dissipative properties of 

the parallel hybrid actuation approach. Chapter 3 focuses on asymptotic stability of the feedback 

control approach. Chapter 4 focuses on an experimental validation of the approach. In Chapter 5 

we discuss limitations upon the actuation approach in haptic applications and how they might be 

mitigated. Finally in Chapter 6 we discuss how the hybrid actuator could be used in physical human 

robot collaboration and human friendly robotics while using trajectory optimization and active 

only feedback control approach. 
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Chapter 1: Hybrid Haptic Actuation Methods 

Hybrid actuators are composed of active energy producing actuators and passive energy 

neutral or dissipative actuators. Our approach features electromagnetic actuation as the active 

actuation method due to its wide commercial availability and ease of control. Each hybrid haptic 

device shown in Fig. 1-3 features a particle brake as the passive actuator of choice because of their 

low rotor inertia compared to a motor of comparable torque capability. When inactive the user 

only feels the relatively small inertia of the passive actuator rotor and some latent friction. This 

makes them a suitable choice as a low impedance actuator. Additionally, a key feature of our 

hybrid actuation approach is passive actuator feedback. Each of the actuators includes a torque 

sensor to measure the torque produced by the passive actuator. 

 

Figure 1: A desktop scale balanced hybrid actuator.  The actuator is composed of a Series Elastic 

Actuator, a small DC motor and a Particle Brake arranged in parallel.  
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Figure 2: A single degree of freedom handheld hybrid actuator.  The handheld device uses the 

parallel hybrid actuation approach a) A grabbing gesture possible with the design b) A touching 

gesture where the thumb rest is not used. c) The mechanical design of the handheld device 
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Figure 3: A two degree of freedom human leg scale balanced hybrid device. Actuators provide 

greater than 100 Nm capability per actuator. a) Device overview showing coordinate frame. b) 

Section view of an individual actuator with parts breakdown. 
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Figure 4: A conceptual view of the single degree of freedom parallel actuation topology. The 

topology is used for both balanced hybrid actuation and parallel hybrid actuation. In the case of 

balanced hybrid actuation, the active portion is composed of the SEA and DC motor together. 

Fig. 4 shows the general control approach for our hybrid haptic device.  Initially, the torque 

command is fed through a torque partitioning process from which the passive actuator commanded 

torque is developed.  The difference between the measured passive actuator torque and the total 

torque command is used to form the active actuator’s torque command. Measured torque feedback 

is key to our approach and allows the high bandwidth active portion of the hybrid actuator to 

compensate for unwanted passive torques and to produce torque the passive actuator cannot. 

A. Handheld Hybrid Haptic Actuation. 

Small scale haptic devices have traditionally used active actuators which are paired with 

low reduction (approximately 10:1) extremely efficient cable transmissions. Careful design of 

these transmissions allows for simple DC motors to provide sufficient active force and torque 

while preventing excessive increases in reflected inertia, friction, and damping. The low inertia 
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properties of the particle brake allow us to simply connect it directly in parallel with the active 

portion of the haptic device forming a capable small scale hybrid actuator. 

B. Balanced Hybrid Haptic Actuation. 

As haptic devices grow in force capability as well as workspace size the actuation force 

and torque requirements increase significantly. Traditionally in robotics this need for higher forces 

is addressed with the use of high reduction speed reducers. Unfortunately for haptic devices, 

increases in gear ratio increase the reflected inertia of the actuator with the gear ratio squared while 

only proportionally increasing the actuators active torque capability. Haptic devices using large 

gear reductions and simple open loop active control methods result in devices where the reflected 

inertia of the active actuator dominates the rendering resulting in poor haptic performance. If the 

reduction ratio is kept to a minimum as in small scale devices a significant mismatch between 

passive and active actuator force and torque capability quickly becomes evident as devices scale 

into larger haptic devices. 

To address this need we developed the balanced hybrid actuation concept and control 

approach which combines high-power, low-impedance active compliant actuation (series-elastic 

actuator) with high-force passive actuation in parallel with a fast, low-power secondary active 

actuation. In general, the inclusion of passive actuation provides high stiffness passive rendering 

capabilities, aids in control stabilization and helps to minimize power consumption, while the 

inclusion of the active compliant actuation provides high-force active rendering capabilities and 

low output impedance. The combined active-passive hybrid system provides equivalent passive 

and active force and power output. The fast secondary actuator addresses the slow response speeds 

of both the passive and the active compliant actuation. The combination of active and passive 

actuation can help realize the advantages of both and aid in overcoming drawbacks associated with 
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each actuator. The passive actuator can extend the stable rendering range while feedback of passive 

torque error to the active actuation can reduce the sticky-effect and non-linear hysteresis associated 

with passive actuation techniques. Fig. 4 shows a schematic representation of the actuation 

approach and Fig. 1 and 3 show a desktop and human scale haptic device utilizing the approach. 

C. Single Degree of Freedom Hybrid Control Approach 

Both the balanced hybrid actuation and handheld hybrid actuation approaches work well 

in a single degree of freedom device if sufficient passive feedback bandwidth is present, and 

latency is eliminated in the controller when providing active torques or forces. However, this can 

be difficult to achieve in practice due to sensor noise, unwanted transmission dynamics, or time 

delays. To help mitigate this difficulty we developed several torque partitioning strategies to 

enable seamless operation of the hybrid actuator. 

1.Particle Brake Dynamics 

An essential part of our proposed model-based passive actuator partitioning approach is 

the development of an accurate passive actuator physical model.  To motivate our modeling 

approach, it is instructive to discuss the specifics of the passive actuator’s design.  In our work, we 

have used a particle brake, shown in Fig. 5, which can produce controllable passive torques when 

current is passed through a coil generating an electromagnetic field. The field binds the rotor and 

stator together via ferrous metal particles and resulting torques resist motion of the rotor.  Steady-

state brake torque increases with increasing current and is a function of displacement. At large 

position oscillation amplitudes coulomb friction is a good approximation of the brakes torque 

response and energy dissipation. However, closer examination of the measured brake torque vs. 

position relationship, Fig. 6, shows a more continuous transition in torque during velocity reversal 

conditions.  
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Figure 5: Components and function of a particle brake. a) Cross section of a particle brake 

showing rotor and stator and magnetic particles filling the gap between them. b) Zoomed view of 

the stator coil showing the flux lines passing through the particle gap when energized locking the 

rotor and stator together. 

 

Figure 6: Measured brake torque values compared to the Dahl friction brake model. a) Zoomed 

plot showing spring like transition dynamics. b) Running friction showing behavior akin to 

Coulomb friction. 
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Our experiments show the brake is able to store energy and under small deflections and 

can behave more like a spring than a purely dissipative system. This behavior is akin to structural 

damping observed in bolted joints [1] and bearing friction. Taking inspiration from these sources 

we developed a modified Dahl friction model to describe the torque production and mechanical 

hysteresis of our brake under velocity reversal conditions [2]. A graphical comparison of measured 

brake torque and rotor position data can be seen in Fig. 6. 

In addition to mechanical behavior, particle brake electrical dynamics limit the change of 

current in the coil and influence torque production in the brake. Particle brakes also display a 

nonlinear and hysteretic relationship between current flowing in the coil and steady state output 

torque. The complete brake mathematical model is described in detail in Appendix A. 

2.Model Based Passive Partitioning 

Our passive partitioning method, shown in Fig. 4 and 7, utilizes our particle brake model 

to estimate particle brake torque. Both electrical dynamics and mechanical hysteresis effects are 

important to produce a useful estimate of brake torque production.   

 

Figure 7: Model based, and stiffness based passive partitioning. Model based passive partitioning 

helps to remove unwanted brake torques and stiffness based passive partitioning prevents sticking 

while the actuator is operating at low stiffness. 
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The torque command and brake position are the inputs to the brake dynamic model whereas the 

estimated brake torque is the model’s output.  If the open loop brake torque estimate is of the same 

sign as the commanded torque, indicating that the commanded torque is physically feasible given 

the brake’s current state, then the commanded torque is sent to the brake.  

Our method of partitioning the actuator’s commanded torque has several advantages over 

methods assuming purely dissipative passive actuator torques. First, power based partitioning 

methods have problems at zero or near zero velocity. In discrete systems with finite velocity 

resolution power-based partitioning can produce rapid switching at or near the sample frequency 

of the discrete time controller. This can cause chattering in the passive actuators rendered torque 

and affect the rendering of a haptic device without other mechanical or software provisions [13,15]. 

Single degree of freedom passive torque commands obtained with our open loop model do not 

display the same switching behavior as seen in Fig. 8. Additionally, the passive actuator is able to 

produce zero velocity passive torque in a single degree of freedom operation. Finally, our passive 

partitioning method accounts for strain energy stored in the brake. Accounting for this has distinct 

advantages while the hybrid device is operating at high stiffness where energy stored in the brake 

plays a significant role in the dynamics of the device. 

  

Figure 8: Output of model based passive partitioning. Model based passive partitioning prevents 

switching behavior seen in power-based passive partitioning methods resulting from quantization. 
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 3.Stiffness Based Partitioning 

While our device is producing a high stiffness our torque partitioning method works well 

and the device produces impressive high impedance renderings. An example of the desktop 

devices performance while rendering a high impedance of (170.5 [N/mm]) can be seen in Fig. 9. 

For reference we compare the hybrid devices performance to the active only (macro-mini) system 

at its virtual stiffness stability limit. We attribute this to the behavior of the particle brake at small 

deflections. Our partitioning approach allows the brake to behave like a physical spring in parallel 

with the active actuator. 

 

Figure 9: Hybrid vs active only rendering comparison. The shaded blue area represents the hybrid 

rendering region after stiffness based passive partitioning. Active only renderings are used during 

low stiffness renderings. Dashed green lines represent the edges of the transition from active only 

low stiffness rendering to hybrid high stiffness rendering. 

However, large position oscillation amplitudes are often encountered at low stiffness and 

the hybrid actuator begins to display undesirable effects where the device feels as if it is lagging 

upon velocity reversals. This behavior can be shown with output force measurements in Fig 10. 
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Active actuators like the DC motor and SEA comprising half of our hybrid actuator are capable 

low stiffness and impedance actuators. Consequently, we choose to utilize only the active portion 

of our hybrid actuator while rendering low impedances. Utilizing the active actuator at low 

stiffness prevents particle brake sticking. Our control structure, enables a smooth transition 

between active only and hybrid operation, can be seen in Fig. 7 and 9. In practice we set hybrid 

transition points from low stiffness active-only rendering to high stiffness hybrid rendering at a 

stiffness where sticky walls are no longer observed. In most haptic applications the rendered 

stiffness or more broadly the rendered impedance is known and could be supplied as part of the 

control algorithm. However, in applications where the virtual environment stiffness is not known 

apriori an online estimation approach can be adopted (see Appendix B) 

 

Figure 10: Low stiffness hybrid actuation rendering errors.  Errors become apparent when using 

the hybrid actuator at low stiffness. The lagging rendering errors are mitigated through stiffness 

based passive partitioning. Stiffness based passive partitioning allows us to use the active actuator 

at low stiffness and transition to the hybrid actuator for high impedance rendering removing the 

hybrid actuation rendering errors in single degree of freedom systems. 



25 

 

D. Multiple Degree of Freedom Hybrid Control Approach 

Our parallel hybrid control approach is fundamentally a joint space torque control 

approach. If sufficient passive feedback bandwidth is present and latency is eliminated in the 

controller the approach works well. While high bandwidth passive feedback can improve rendering 

quality, achieving it can be challenging and perhaps undesirable from a stability standpoint. 

Just as multiple degree of freedom purely passive systems produce notable vibrations 

sliding along surfaces, hybrid haptic devices can create rendering defects when actuation effort is 

needed from both actuators to produce a force [5]. Rendering defects while producing coupled 

constraints are especially noticeable when passive feedback bandwidth is limited or distorted. 

Fortunately, an easy solution is possible to remedy this problem. Removing low frequency content 

from the passive commands allows for smooth sliding along virtual constraints even when only 

finite passive actuator feedback is available. This method removes the attractive force generation 

benefits of DC passive torques. However, it preserves much of the stabilizing effect of the passive 

actuator while eliminating vibrations observed while sliding along constraints shown in Fig 11.  

 

Figure 11: Multiple degree of freedom sliding rendering comparison. The multiple degree of 

freedom hybrid system shows distortion when sliding along a stiff wall. The control system when 

adding a high pass filter shows less distortion and the virtual constraint becomes smooth. 
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The consequence of this method is that active actuators must supply the DC content of the 

virtual environment. In our approach we accomplished this by simply adding a high pass filter to 

our actuation level control method shown in Fig. 12 and a comparison between the passive torques 

produced with and without the high pass filter can be seen in Fig 13 A and B. The distortion before 

implementing a high pass filter is especially noticeable where actuators are required to reverse 

velocity while supplying a near constant torque as is common in haptic tasks like sliding along a 

virtual constraint. Fig 11 and 12 shows this velocity reversal and the resulting distortion both at 

the end of a sliding motion and in the middle of a sliding motion where actuator 2 must reverse 

velocity due to the device kinematics. 

 

Figure 12: Multiple degree of freedom control method. The multiple degree of freedom hybrid 

system relies on joint level torque control outlined in prior sections and the addition of a high pass 

filter to fit into a typical multi degree of freedom impedance control loop. Forward kinematics 

transform joint states into task space driving point states. Driving point state estimates are used to 

generate endpoint forces which are transformed back into joint torques with the basic Jacobian. 
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a) The high pass filtered version of the passive partitioning method  

 

b) The torque interaction signals from actuator 2 without a high pass filtered implemented  

Figure 13: Multi degree of freedom high pass filter comparison. The high pass filtered and 

unfiltered actuation torques from actuator two when pushing against the multiple degree of 

freedom virtual constraint shown in Fig. 12. Interactions show minimal differences when 

interacting transiently with the virtual constraint. This comparison shows that the high pass filter 

is effective at removing rendering defects while preserving much of the passive actuators 

beneficial torques during transient events like tapping a wall a) The filtered version of the transient 

pressing interaction b) A similar baseline interaction without a high pass filter implemented. 
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Multiple degree of freedom hybrid control is simple due to our actuator level control 

methods and directly mirrors a typical active haptic devices control system. Fig. 12 shows the 

method where forward kinematics relate joint space measurements to the devices driving point. 

A task or operational space control law relates the driving point motions to desired forces and 

torques. Finally, the commanded forces and torques are transformed back into joint space torque 

commands with the basic Jacobian and are executed by each hybrid actuator. 
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Chapter 2: Hybrid Actuator Passivity 

Analyzing the stability of the hybrid actuator highlights the mechanisms that extend and 

limit the actuator’s rendering performance. In this section, we consider the effects of the zero order 

hold inherent to discrete time controllers, along with the brake’s dynamics, time delay, and velocity 

filtering but ignore the effect of brake measurement filtering (filtered feedback), which will be 

considered in Chapter 3.  

 

Figure 1: Single degree of freedom control loop with simplified brake models. The full Dahl 

friction model of the brake is simplified to an equivalent stiffness and damping or just an equivalent 

stiffness at small amplitudes. a) The full nonlinear Dahl friction-based brake model. b) The 

simplified equivalent stiffness and damping model c) The small amplitude equivalent stiffness 

model of the particle brake. The full equivalent stiffness and damping methodology is shown in 

Appendix C. 
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 While the full brake model developed in the previous chapter describes the behavior 

of the particle brake’s electrical dynamics and physical dynamics across a large range of position 

oscillation amplitudes, our hybrid actuator often only functions over small deflections. This is 

especially true when operating on the edge of stability (at high loop gains). The brake is generally 

“locked” or energized to its saturation limit when operating in this regime. In these situations, the 

brake is only deflecting small amounts and responds approximately as a spring as shown in Fig. 2. 

 

Figure 2: High gain virtual stiffness interaction. Each of the torque components of the hybrid 

actuator are shown against actuator deflection. The passive actuator responds approximately as a 

pure stiffness which agrees with the equivalent stiffness and damping analysis from Appendix C. 

 Further study in Appendix C of the Dahl friction model confirms these experimental 

results and indicates that the particle brake functions as a pure stiffness while operating at small 

deflections as seen during high stiffness and high gain interactions. Consequently, we simplify our 

particle brake model into a pure physical stiffness for the purpose of analyzing the stability 

properties of our hybrid actuator. 
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A. Hybrid Actuator Discrete Time Virtual Stiffness Passivity. 

Considering the system shown in Fig. 1, where the brake is approximated by an equivalent 

stiffness, we can evaluate the stability of the system using passivity as a stability criterion. 

Passivity stems from the study of what are known as dissipative or positive real systems [1]. The 

formal definition of a passive system is shown in (1). 

∫ 𝑓(𝜏)𝑣(𝜏)𝑑𝜏 + 
𝑡

0

𝐸(0) ≥ 0    ∀𝑓(∙), 𝑣(∙)      ∀𝑡 ≥ 0 (1) 

Variables f and v, force and velocity respectively, are conjugate power variables describing 

energy flow in the system and E(0) is the energy stored in the system at t = 0 . Applying (1) to a 

one-port system, such as a single degree of freedom haptic device, implies that a system will be 

passive if the integral of power extracted from the system over time does not exceed the initial 

energy of the system [2].  

Showing a dynamic system to be passive is useful because of the stability guarantees which 

go along with it. Network theory states that feedback combinations of stable passive systems are 

also stable and passive. In kinesthetic haptics the device is physically interacting and conveying 

feelings to a user which is “coupled” to the haptic device. The interactions between the human and 

device can be viewed as a feedback interconnection of two systems. People have been shown to 

be skilled at approximating a passive system and are often considered to be passive [3]. Thus, 

designing a haptic device to be passive allows one to apply network theory to the interactions 

between a human and device and ensure stability. Simply analyzing the haptic device and showing 

it to be passive (ignoring the human environment) ensures the device will be stable when 

interacting with the operator and any other passive environment.  

Passivity can be shown in a discrete time system by showing the system will dissipate 

energy over each sample period. As in [2] comparing an ideal physical spring mass system (which 
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will always remain passive) to our hybrid haptic device provides a simple method to analyze the 

range of passive virtual stiffness our hybrid actuator can produce. If the two systems shown in Fig. 

3 share the same rendered stiffness Kv and inertia M, bounding the difference in energy between 

the ideal system and haptic device over any sample time defines the range of achievable passive 

virtual stiffness. 

 

a) The ideal passive physical spring mass system 

 

b) Schematic representation of the hybrid actuators physical system 

Figure 3: A schematic representation of an ideal spring damper and our hybrid actuator. a) An 

ideal physical spring mass system with a physical spring of the same stiffness as the desired virtual 

stiffness (Kv) that the haptic device is trying to reproduce and that by definition must be passive. 

b) The schematic representation of our hybrid actuator with the spring model of the brake (Kb), 

non-conservative damping forces acting upon the system (wf), and the latched force input from the 

active actuator(fa). 
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We begin our analysis by calculating the energy extracted from the ideal system over a 

single sample time which is simply the sum of potential and kinetic energy (2). 

𝑤2 =
1

2
 𝑣(𝑥0

2 − 𝑥𝑇
2) +

1

2
𝑚(𝑥̇0

2 − 𝑥̇𝑇
2) (2) 

In (2) the first term quantifies the potential energy stored in the ideal version of the physical 

spring. The second term represents the kinetic energy in the system’s mass. Variables x0 and xT are 

the devices position at the beginning and end of the considered sample period. Additionally, ẋ0 and 

ẋT are the systems velocity at time zero and at the sample time T respectively. We can write the 

work a single degree of freedom hybrid device does on the environment or human operator in (3). 

𝑤1 = 𝑓𝑎(𝑥0 − 𝑥𝑇) +
1

2
𝑚(𝑥̇0

2 − 𝑥̇𝑇
2) +

1

2
 𝑏(𝑥0

2 − 𝑥𝑇
2) − 𝑤𝑓  (3) 

In (3) the first term represents the work done by the active actuator of the device where fa 

is the active actuator’s constant latched force value over a sample period. Again, the second term 

is the kinetic energy of the device due to inertia m. The third term is the stored potential energy 

internal to the passive actuator. In this case the brake is locked and is modeled as a physical 

stiffness Kb. Finally, wf  represents non-conservative forces like friction and damping in the hybrid 

device. 

For simplicity, we only consider linear damping in this analysis. In [2] the Cauchy-Schwarz 

inequality provides a lower bound on the energy dissipated by linear damping b over a sample 

period (4). 

𝑤𝑓 = ∫ 𝑏𝑥2𝑑𝑡 ≥
𝑇

0

𝑏

𝑇
(𝑥𝑇 − 𝑥0)

2 (4) 

Finally, we recognize that our hybrid haptic control law for virtual stiffness is simply the 

difference between the desired virtual stiffness force and the measured brake force (Kv-Kb)x0. 

Forming (5) quantifies the difference between the minimum energy produced by the hybrid device 

and the ideal spring mass system and results in (6) after canceling inertial terms. 
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𝐽 = 𝑤2 − 𝑤1 (5) 

𝐽 ≥
1

2
 𝑣(𝑥0

2 − 𝑥𝑇
2) − (( 𝑣 −  𝑏)𝑥0(𝑥0 − 𝑥𝑇) +

1

2
 𝑏(𝑥0

2 − 𝑥𝑇
2) −

𝑏

𝑇
(𝑥𝑇 − 𝑥0)

2) (6) 

Expanding and rearranging (6) yields the quadratic (7). 

𝐽 ≥ (
𝑏

𝑇
+
 𝑏
2
−
 𝑣
2
) (𝑥0 − 𝑥𝑇)

2 (7) 

It follows that J can only be greater than zero (the system remains dissipative and passive) 

if the quadratics coefficient is greater than zero. This leads to (8) which bounds the maximum 

passive virtual stiffness the hybrid device can produce.  

 𝑣 ≤
2𝑏

𝑇
+  𝑏 (8) 

Several insights into the stability of the system are gained through this simplified analysis 

and are summarized below:  

1. Brake stiffness, Kb, is an important factor in determining the range of passive virtual 

stiffness our hybrid device is capable of rendering, and a higher brake stiffness directly 

increases the maximum passive virtual stiffness. 

2. No physical damping, b, is needed to passively render virtual stiffness up to the brake’s 

stiffness and the device is dissipative for virtual stiffness less the brake stiffness. Just as 

“energy leaks” occur in an active device [4,5], “energy sinks” are possible in our hybrid 

device when the active portion renders a negative stiffness to negate unwanted physical 

passive torques. In this case the effects of the zero order hold are reversed (due to the 

effective negative active actuator rendered stiffness).  

3. The range of virtual stiffness reduces to the brake stiffness as sample time increases. The 

system is passive independent of sample time for virtual stiffness up to the brake stiffness.  
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Figure 4: Work integrals of the active actuators above and below the brake stiffness. a) The 

resulting work done by the active actuator when the desired stiffness is greater than the brake 

stiffness b) The same work integral reversing direction if the desired stiffness is less than the brake 

stiffness resulting in an “energy sink”. c) A functional block diagram of the actuator. 

An intuitive explanation for the stability results emerges when considering (8). The parallel 

actuation topology allows the actuator to substitute physical stiffness for virtual stiffness thereby 

expanding the range of passive stiffness. This happens when the desired virtual stiffness is greater 

than the brake stiffness as in Fig. 4a. In this situation the brake stiffness expands the range of the 

device by rendering a portion of the virtual stiffness. However, energy generation or “energy leaks” 

proportional to (9) ultimately limits the passive rendering range just as in a normal active only 

haptic device. Conversely, if the active actuator attempts to cancel the hybrid actuator’s torque 
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(Kv<Kb) the device produces an “energy sink” at a rate proportional to a damper (bkb). This 

dissipative behavior is shown in Fig. 4b where the work integral of the active actuator reverses 

direction, and the active device begins to dissipate energy as a result. One might think of this effect 

as the dynamics of the device and the control system approximating a derivative via a finite 

difference between two signals in phase with position (i.e. virtual and physical stiffness forces) 

ultimately generating damping as a result. 

𝑇( 𝑏 −  𝑣)

2
≈ 𝑏𝑘𝑏 (9) 

B. Hybrid Actuator Passivity of Virtual Stiffness and Damping 

While the analysis presented in Section A yields many insights into hybrid actuator stability 

and performance, it lacks versatility and applying the method to a diverse range of virtual 

impedances can be tedious. For active actuators the inequality (10) first presented in [6] and 

subsequently in [7] provides a more versatile solution to evaluate the range of passive virtual 

impedances a device can achieve.  

ℜ(𝑍(𝑗𝜔)) +
𝑇

2(1 − 𝑐𝑜𝑠(𝜔𝑇))
ℜ{(𝑒−𝑗𝜔𝑇 − 1)𝐻(𝑒𝑗𝜔𝑇)} > 0 (10) 

𝑓𝑜𝑟 0 ≤ 𝜔 ≤ 𝜔𝑛 =
𝜔𝑠
2

  

Where ℜ(Z(jω)) is the real component of the physical system, H(ejωT) is the discrete time 

haptic control law, T is the sample time, ω is the frequency at which the expression is evaluated 

at, ωn is the Nyquist frequency, and ωs is the sampling frequency. 

The inequality relates the physical dissipation of a haptic device to the energy created by 

the device while reproducing a virtual impedance. Traditionally, (10) has been applied to only 

rigid active devices but it can be applied to our hybrid actuator by recognizing that the physical 

brake (represented here by a pure stiffness) is not dissipative and does not contribute to the real 
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component of the inequality, thus the real component of our physical system simplifies to the linear 

damping component. Additionally, as in (6) we recognize that our hybrid haptic control law takes 

the form of (Kv-Kb). Incorporating a backwards difference velocity estimate and virtual damping 

Bv into the haptic control law yields (11) and an inequality (12) can be derived from (10). 

𝐻(𝑒𝑗𝜔𝑇) = ( 𝑣 −  𝑏) + 𝐵𝑣
𝑧 − 1

𝑇𝑧
 (11) 

𝑏 >
𝑇( 𝑣 −  𝑏)

2
− 𝐵𝑣𝑐𝑜𝑠(𝜔𝑇) (12) 

The expression (12) is bounded by (13) and with some rearranging yields an expression 

which bounds the maximum passive virtual stiffness and damping the hybrid device can produce 

(14). 

𝑏 >
𝑇( 𝑣 −  𝑏)

2
+ |𝐵𝑣| 

(13) 

 𝑣 <
2(𝑏 − 𝐵𝑣)

𝑇
+  𝑏 (14) 

Focusing on virtual damping alone (15) leads to another insight into how the hybrid 

actuator functions.  

𝐵𝑣 <
𝑇

2
 𝑏 + 𝑏 (15) 

In the case where the active actuator is canceling the brakes stiffness it creates an “energy 

sink” proportional to damping. This effect (9) enables increases in the maximum passive virtual 

damping as the discrete time control system samples more slowly. One might understand this by 

first recognizing that an active device alone is passive for virtual damping up to the linear damping 

value. Acknowledging that the hybrid system adds damping at the rate of (9) leads to (15) and the 

conclusion that the hybrid device is adding dissipation as the sample time increases. This added 

dissipation leads to increases in the maximum passive virtual damping as compared to the active 

only device as seen in Fig. 5 and 6.  
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Figure 5: Normalized Z-width plot of the hybrid actuator. The range of passive stiffness and 

damping the hybrid actuator can achieve normalized by the device’s physical stiffness and 

damping. Changing the sample frequency changes the slope of the passivity boundary. 

 

Figure 6: Maximum virtual stiffness and damping plotted against sample frequency. Each plot 

shows that the hybrid actuator outperforms its active counterpart at sample frequencies below the 

critical sample frequency (16). The sample frequency is normalized by (16). 
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As seen in (8) and (15) and Fig. 5 and 6, the hybrid system outperforms an active system 

most significantly at lower sample frequencies. In fact, we can identify a critical sample frequency 

or sample time, from the passivity-based expressions (8) and (15), in terms of system parameters. 

The hybrid system will outperform typical active only systems in the sense that the maximum 

passive rendered stiffness and damping will be significantly larger for sample frequencies larger 

than the critical sample time, (Tcrit or conversely fcrit) identified in (16). 

𝑇𝑐𝑟𝑖𝑡 =
2𝑏

 𝑏
  ↔  𝑓𝑐𝑟𝑖𝑡 =

 𝑏
2𝑏

 (16) 

For sample times less than Tcrit, the hybrid and active only systems have more comparable 

performance, although the hybrid device’s maximum passive virtual stiffness will always achieve 

a higher virtual stiffness than the active device alone by a quantity of at least the brake stiffness 

even at very small sample times. 

C. Effects of Filtered Velocity Estimates on Passivity 

A common tactic to increase the range of stable impedances a haptic device can achieve is 

to low pass filter the velocity estimate used to produce virtual damping. It is well documented that 

doing so can improve the stability margins of haptic devices and increases velocity resolution, 

which can be quite poor due to position quantization and high sample frequencies typical to high 

performance haptic devices. Introducing a low pass filtered velocity estimate in active devices 

limits the “negative damping” that is produced at the Nyquist frequency by unfiltered virtual 

damping [6-8].  

This logic again holds true in the case of our hybrid device and filtering our velocity 

estimate increases the range of passive virtual damping the device can achieve. Assuming a first 

order low pass filter results in the controller (17) and the inequality (18). 
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𝐻(𝑒𝑗𝜔𝑇) = ( 𝑣 −  𝑏) + 𝐵𝑣
𝑧 − 1

(𝜏 − 𝑇)𝑧 − 𝜏
 (17) 

𝑏 >
𝑇( 𝑣 −  𝑏)

2
+

𝐵𝑣𝑇

2𝜏 + 𝑇
 (18) 

In (17) and (18) τ is the first order filters time constant which is inversely related to the 

filter’s cutoff frequency. Rearranging (18) into (19) expresses the maximum virtual stiffness and 

damping the hybrid device can achieve (Fig. 7) and the maximum passive virtual damping given 

a first order velocity filter (20) and Fig.8. 

 𝑣 <
2𝑏
𝑇
+ 𝑏−

2
𝑇
𝐵𝑣𝑇
2𝜏 +𝑇

 (19) 

𝐵𝑣 < 𝜏 ( 𝑏 + 
2𝑏

𝑇
) + (

𝑇 𝑏
2
+ 𝑏)  (20) 

 

Figure 7: Range of maximum passive stiffness and first order filtered damping. The hybrid 

actuator will always outperform its active counterpart. As filter time constants increase (bandwidth 

decreases) The maximum passive damping of the system increases. A first order filter is used in 

this figure and the shaded areas correspond to a filter bandwidth of 10 Hz. Dashed lines correspond 

to the cases previously discussed where no velocity filtering is used. 
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Figure 8: Range of hybrid actuator passive damping plotted against filter time constant. The 

critical filter time constant shows that the filter bandwidth must be considered in relation to the 

sample frequency to increase the range of passive damping significantly. 

Focusing on virtual damping alone allows us to analyze the impact of velocity filtering 

more directly. It’s interesting to note that terms affected by the filter bandwidth include both the 

brake stiffness and physical damping. This is again because actively canceling the brake stiffness 

generates damping. One might see the filter time constant in (20) as a regularization parameter 

trading off between two solutions (the unfiltered and completely filtered cases). As the filter 

bandwidth increases to infinity (τ=0) we can simplify (20) to the unfiltered case (15). Conversely, 

as the filter bandwidth decreases the maximum passive damping increases theoretically to infinity. 

Although in this case the device will dot feel as intended and no damping will be conveyed to the 
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user. A critical filter time constant or filter bandwidth identifies the filter parameters where the 

effects are more impactful (21).  

𝜏𝑐𝑟𝑖𝑡 =
𝑇

2
  (21) 

We chose to normalize (20) shown in Fig. 8 by the critical filter bandwidth (the Nyquist 

frequency) and the unfiltered expression (15) to emphasize this result. The implications of this on 

design are clear and pertain to both active and hybrid devices alike. One must set the filter 

bandwidth in relation to the sampling frequency and to much lower than the Nyquist frequency or 

τcrit to significantly increase the maximum passive virtual damping by filtering velocity estimates. 

D. Effects of Pure Time Delays on Passivity 

Pure time delays are common in control systems and can be caused by significant 

computations or simply communication delays in measured signals. Additional time delays often 

have negative impacts on the stability of haptic devices and have a unique impact on their passivity 

[9]. Our hybrid actuator is no exception and (10) can be used to evaluate passivity of our hybrid 

actuator under time delays, TD, by substituting a pure time delay into the control law. First 

considering virtual stiffness alone results in the control law (22) and the inequality (23). 

𝐻(𝑒𝑗𝜔𝑇) = ( 𝑣 −  𝑏)𝑒
−𝑗𝜔𝑇𝐷 (22) 

𝑏 >
𝑇( 𝑣 −  𝑏) (𝑐𝑜𝑠(𝜔(𝑇 + 𝑇𝐷)) − 𝑐𝑜𝑠(𝜔𝑇𝐷))

2(cos(𝜔𝑇) − 1)
 

(23) 

When considering virtual impedances where the virtual stiffness is greater than the brake’s 

stiffness. The maximum passive virtual stiffness with time delays takes the form of (24).  

 𝑣 ≤
𝑏

(
𝑇
2 + 𝑇𝐷)

+  𝑏 (24) 
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While (24) bounds the maximum passive virtual stiffness the hybrid actuator can produce, 

the possibility of a minimum passive impedance greater than zero still exists under time delayed 

conditions as shown in Fig. 9. The possibility of minimum passive stiffness highlights a key 

difference between true time delays and the approximate delay (TD ≈ T/2) induced by the zero-

order hold. When assuming a zero impedance (Kv = 0) the inequality (23) is most restrictive at the 

Nyquist frequency (pi/T). Under specific conditions we can solve (23) analytically for the largest 

delay the hybrid actuator is able to render zero impedance passively (25). 

𝑇𝐷 < 𝑇(1 −
arccos (

2𝑏
 𝑏𝑇

)

𝜋
)        𝑖𝑓      

2𝑏

 𝑏𝑇
< 1  (25) 

 

Figure 9: Time delays effect on range of passive virtual stiffness and damping. Numerically 

calculated virtual stiffness shows a minimum passive virtual impedance. Virtual damping can also 

display a minimum impedance behavior if the correct parameters are chosen. 
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Figure 10: Hybrid actuator Z-width contour when considering time delays. Passive range of 

virtual impedances shrink towards the (Kb,b) point as the internal time delay increases. 

Unfortunately, solving for an analytical minimum or maximum passive impedance 

considering any time delay generally results in a transcendental equation which does not have an 

analytical solution. Fortunately, the passivity inequality can be evaluated numerically and it’s 

possible to plot the range of passive virtual impedances (stiffness and damping) of the time delayed 

system which is shown in Fig. 7 and 8. In Fig. 7 and 8 we use parameters from table 2 in the 

experimental Chapter 4 which are representative of the desktop hybrid haptic device in Chapter 1 

Fig. 1. For a given sample frequency introducing time delay shrinks the range of passive stiffness 

and damping toward the point with the coordinates of the systems physical brake stiffness and 

damping (Kb and b)  
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 Analytical solutions for specific time delay multiples of the sample frequency are possible 

but are too numerous to be covered exhaustively in this work. Analytical solutions bounding the 

region of passive stiffness and damping considering a full sample delay (TD = T) are shown in Fig. 

10. In this case we can see sampling faster (decreasing T and TD concurrently) expands the region 

of passive stiffness and damping. This is contrary to results in the case without time delays where 

sampling more slowly increases the range of passive damping while decreasing the maximum 

passive virtual stiffness. Conclusions presented in the zero-time delay case, where increasing 

sample times increase the hybrid actuators stable rendering range, generally hold true for small 

time delays (Td ~< equation (25)). However, if passivity is necessary pure time delays even as 

small as a full sample period can significantly limit benefits to the range of passive impedances 

our hybrid actuation approach achieves. 
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Chapter 3: Hybrid Actuator Asymptotic Stability 

While passivity is a popular property for a haptic device to have, tuning a system to be 

passive is often considered to be overly conservative. Uncoupled asymptotic stability (where the 

device is analyzed without considering the human coupled to the devices driving point) is perhaps 

a more useful and realistic metric to analyze the stability performance of an impedance type haptic 

device like our hybrid haptic device. Uncoupled stability is often used as a design metric in 

impedance type haptic devices because typically humans add damping to the system which in turn 

stabilizes impedance type haptic devices. It follows that an impedance based haptic device’s 

stability margins are generally smallest when a user lets go of the device. 

Though true discrete time control analysis provides the most faithful method to analyze 

uncoupled stability from a dynamic systems standpoint, traditional continuous time control 

methods can provide more accessible explanations to understand the dynamics of the hybrid 

actuator. Here we chose to both explicitly model the zero-order hold in our hybrid control system 

(Fig 2) and to provide more intuitive understanding of the device’s performance through 

continuous time modeling and analysis methods (Fig. 1). 

 

Figure 1: Continuous time hybrid actuator and control system.  The SDOF system includes brake 

stiffness, damping and inertia of the system, time delay, brake filter, and a virtual impedance. 
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Figure 2: Discrete time hybrid actuator and control system.  The single degree of freedom system 

explicitly models the sample and hold dynamics of the discrete time controller using the zero-order 

hold method. It also includes a discrete time delay, discrete brake torque filter, and a virtual 

impedance which can accommodate the dynamics of a backwards difference velocity estimate. 

A. Virtual Stiffness Continuous Time Analysis. 

We can consider asymptotic stability of the time delayed continuous time system shown in 

Fig. 1, using pseudo-delay methods [1], [2]. Pseudo-delay methods utilize a mapping based on the 

bilinear transform to transform the infinite dimensional time delayed system to a finite dimensional 

system. Stability analysis of the finite dimensional system allows one to draw conclusions about 

the stability of the original system. 

First, we substitute the pseudo-delay (25) for pure delay terms in the system’s closed loop 

transfer function yielding the characteristic quasi-polynomial (26) 

𝑒−𝑠𝑇𝐷 =
1 −

𝑇
𝑠

1 +
𝑇
𝑠

 (25) 

𝐽𝑇𝑠3 + (𝐽 + 𝑏𝑇)𝑠2 + (𝑏 −  𝑣𝑇 + 2 𝑏𝑇)𝑠 +  𝑣 (26) 
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The Routh array, Table 2, can be used to analyze the stability of (26) which now depends 

on an additional parameter, T, the pseudo-delay. The system will be stable if the first column of 

the Routh array is positive. 

TABLE 1: Routh Array For Characteristic Quasi-polynomial 

𝐽𝑇 𝑏 −  𝑣𝑇 + 2 𝑏 

𝐽 + 𝑏𝑇  𝑣 

(2𝑏 𝑏 − 𝑏 𝑣)𝑇
2 + (𝑏2 − 2𝐽 𝑣 + 2𝐽 𝑏)𝑇 + 𝑏𝐽

𝑏𝑇 + 𝐽
 0 

 𝑣 0 

Considering only positive parameter values leaves (27) as the limiting case. The quadratic 

form in T of the numerator of (27) enables us to use a discriminate analysis to determine the range 

of values where the system will be positive definite and stable for all values of the T. 

(2𝑏 𝑏 − 𝑏 𝑣)𝑇
2 + (𝑏2 − 2𝐽 𝑣 + 2𝐽 𝑏)𝑇 + 𝑏𝐽

𝑏𝑇 + 𝐽
 (27) 

Setting the discriminate equal to zero and solving for the virtual stiffness, Kv, yields (28), 

the upper bound for the maximum uncoupled virtual stiffness independent of delay. 

 𝑣 ≤  𝑏 +
𝑏√4𝐽 𝑏 − 𝑏2

2𝐽
 (28) 

Equation (28) is especially relevant when considering the time delayed passivity results 

presented in Chapter 2. The hybrid actuator also shows the property of asymptotic stability 

independent of time delay. Generally, the second term of (28) is quite small and the predicted 

numeric values of passivity independent of time delay or sample frequency are quite similar. 

However (28) indicates a key difference between the stability metrics. While there is a possibility 

of a non-zero minimum passive stiffness, (28) indicates that our hybrid actuator remains 

asymptotically stable independent of time delay for all virtual stiffness greater than zero and less 

than (28). 
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B. Effects of Passive Actuator Feedback on the Maximum Virtual Stiffness 

Prior to this section we have considered a system with ideal passive feedback, where the 

measured brake force was not filtered. However, an unfiltered passive feedback signal can be 

difficult to achieve in practice. Filtering may be required due to sensor noise or to prevent aliasing 

during analogue to digital conversion. The addition of a filter must be done carefully because it 

has implications on both the stability and output impedance of the actuator. 

Evaluating closed form solutions of uncoupled asymptotic stability is not practical for the 

filtered brake feedback case with delay, shown in Fig. 1. As such, we numerically evaluate 

uncoupled asymptotic stability utilizing the open loop transfer function (29) while neglecting 

equivalent damping (see Appendix C), using a bisection method, bode plots, and the Nyquist 

Stability Criteria (see Fig. 3). 

 

Figure 3: The impact of filtered brake feedback on maximum virtual stiffness. An optimum brake 

filter feedback bandwidth exists and maximum virtual stiffness reduces with increased time delay. 

Colored points on the dashed black curve are color coded to the open loop transfer functions plotted 

in Fig. 5 and Fig. 6.  
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𝑂𝐿𝑇𝐹 =
𝜃(𝑠)

𝜏(𝑠)
=

𝑒−𝑠(
𝑇
2
+𝑇𝐷)

𝐽𝑠2 + 𝑏𝑠 +  𝑏 − 𝑒
−𝑠(

𝑇
2
+𝑇𝐷) (

𝜔𝑐
𝑠 + 𝜔𝑐

) 𝑏

 (29) 

Where J is the device inertia, b is the linear damping, Kb is linear brake stiffness T/2 is the 

approximate delay induced by the zero-order hold, TD is any additional pure delay, and ωc is the 

passive actuator feedback first order filter cutoff frequency. As seen in Fig. 3, the maximum virtual 

stiffness approaches the active devices’ stability limit as the filter cutoff frequency approaches 

zero. Conversely, the maximum virtual stiffness approaches the result obtained for a fixed delay 

alone (where we assume perfect brake torque measurement) as the cutoff frequency approaches 

infinity. As seen in Fig. 3, continuously varying the filter cutoff frequency shows a curious peak 

in the resulting uncoupled stability curve, suggesting that the maximum virtual stiffness can be 

increased significantly, as compared to the perfect brake measurement case, by selecting a 

particular brake feedback cutoff frequency. 

 

Figure 4: Reformulated block diagram to show the high pass filter effect.  Reformulated block 

diagram showing the effect of passive actuator torque and passive actuator feedback resulting in a 

net high pass filtered position feedback effect on the open loop transfer function. 
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To gain insight into this phenomenon, it is useful to temporarily ignore delay in the system, 

which allows us to reorganize our block diagram from Fig. 1 into Fig. 4. As seen in Fig. 4, physical 

reflected brake torque and the low pass filtered brake feedback signal produced by the active 

actuator cancel each other at low frequencies. Subtracting a low pass filtered signal from the 

original unfiltered signal results in a high pass filtered signal. High pass filtering a signal in phase 

with position (the derivative of position is velocity) results in the approximation of damping 

torques (a torque in phase with velocity) below the filter bandwidth. 

One can use the system’s open loop frequency response and the Nyquist stability criteria 

to better understand why the high pass behavior of the brake and filtered brake feedback allow for 

increased virtual stiffness. Additionally, we aim to understand why there is an optimal tuning and 

how one can tune the passive feedback filter to obtain this. Fig. 5 shows the system’s open loop 

transfer function for a range of filter cutoff frequencies. 

 

Figure 5: Bode plots of the systems open loop transfer function while increasing stiffness  Bode 

plots of the open loop transfer function of the system with increasing filter bandwidth. Increasing 

maximum virtual stiffness corresponds to adding damping at the crossover frequency. 
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Figure 6: Bode plots of the systems open loop transfer function while decreasing stiffness.  The 

system displays decreasing maximum virtual stiffness because the magnitude of the added 

damping decreases as the filter bandwidth increases. 

Fig. 5 shows three frequency responses of the hybrid open loop transfer function 

corresponding to the portion of Fig. 3, where the maximum virtual stiffness increases as the cutoff 

frequency increases. The effect of the combined high pass filter on the maximum stable virtual 

gain becomes clear with knowledge of the combined high pass hybrid damping effect. As the filter 

bandwidth increases, damping from the high pass hybrid effect reaches higher frequencies. This 

helps to both decrease the magnitude of resonance associated with the brake stiffness and smooths 

the 180-degree phase loss associated with the otherwise lightly damped mode introduced by the 

brake leading to increases in the maximum virtual stiffness. Continuing to increase the filter 

bandwidth (Fig. 6) causes the filtering effect to reach higher frequencies but decreases the 

magnitude of damping added to the system. The reduction in magnitude leads to the peak and 

decreasing sections of Fig. 3. Overall, introducing the passive feedback filter can increase the 

actuators maximum virtual stiffness while mitigating noise in the brake feedback signal. 
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C. Discrete Time Asymptotic Stability Comparisons 

Continuous time analysis of a time delayed system provides a convenient method to 

understand the impact of features of our hybrid actuation control system. However, continuous 

time analysis does not directly account for several features of discretization which are inherent to 

our control system. Both the true nature of the zero-order hold and extra delays induced by velocity 

estimates change the dynamics of the discrete system as compared to its continuous time 

approximate.  

 

Figure 7: Maximum asymptotically stable virtual stiffness model and passivity comparison  

Maximum hybrid actuator virtual stiffness is similar to the maximum passive virtual stiffness 

(dashed lines). The continuous and discrete time models are quite similar at high sample frequency.  
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Figure 8: Maximum asymptotically stable virtual damping model and passivity comparison  

General trends are consistent between the continuous models shown in dashed lines and the 

discrete models shown in solid lines but the full discrete and continuous approximate models show 

significant differences in the case of virtual damping. As inertia of the system decreases the 

asymptotic stability boundaries approach the hybrid actuation stability boundary.  

The differences can be observed by comparing stability results from continuous time 

models and discrete time models. While overall trends are consistent between the two models, 

numerical values significantly diverge for virtual damping (see Fig. 8 and the damping axis of Fig. 

9). This is caused by a large difference in the magnitude of the open loop transfer function at the 

crossover frequency which is at a higher frequency and close to the Nyquist frequency for virtual 

damping compared to virtual stiffness.  
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Figure 9: Z-width plots comparing results from discrete time and continuous time models.  

General trends are consistent between the continuous models shown in dashed lines and the 

discrete models shown in solid lines sample rate is 10 Khz.  
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The discrete time asymptotic stability boundary for a pure virtual stiffness is quite close to 

the virtual stiffness passivity boundary making it easy to see the impact of the hybrid actuator (see 

Fig. 7). However, in the case of virtual damping asymptotic stability and passivity boundaries 

deviate significantly (see Fig. 8). Again, inspecting the open loop transfer function shows that 

physical device inertia can dominate the frequency response around the crossover frequency and 

can drive asymptotic stability properties of the device while rendering virtual damping. 

Parametrically decreasing the inertia of the haptic device shows that the asymptotic stability 

boundary of the hybrid actuator approaches the passivity boundary for both virtual impedances 

(Fig. 8 and Fig 9). 

While passivity results can be conservative in terms of a haptic device’s measurable stable 

rendering range and uncoupled stability, passivity results bound stability performance and are 

reflected in asymptotic stability boundaries. Ultimately this translates to meaningful stability 

performance gains in our hybrid actuator. This is particularly true in the case of virtual stiffness 

but also for virtual damping. 
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Chapter 4: Experimental Stability Evaluation 

We validated the stability of the hybrid actuation system using two configurations of a 

custom one degree of freedom hybrid actuator, shown in Fig.1a and b. The first configuration 

(shown in Fig1a) consists of a Maxon RE90 DC motor, used for the active actuator, and a Placid 

Industries B6 particle brake as the passive actuator. The actuators are rigidly connected via a 

capstan and are connected to the output handle via an approximately 11:1 veteran cable 

transmission. Passive actuator feedback is measured with an Interface MRT-2NM reaction torque 

sensor. The handle position is measured with a Renishaw Magnetic Linear Encoder, 450,000 lines 

per revolution, and is used to render the virtual impedance. This actuator configuration represents 

a high brake stiffness configuration typical of a hybrid device designed to extend the maximum 

stiffness above an equivalent active only device.  

 

Figure 1: Desktop parallel hybrid actuator configurations used to test stability.  a) A one degree 

of freedom hybrid actuator with a DC motor and particle brake connected in parallel. b) A 

“compliant brake” configuration utilizing a grounded spring as a stand in for the particle brake.  
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Fig. 1b shows a compliant brake configuration where we use a grounded spring as a stand 

in for a brake, primarily for the purpose of validating high brake filter cutoff frequency experiments 

which are not practical with the high stiffness configuration. The parameters for the single degree 

of freedom test setup are summarized in Table 1 and are used throughout this work for all figures 

presenting theoretical results. Table 1 also represents the parameters of the balanced hybrid 

interface shown at the beginning of this work in Chapter 1 Fig. 1 

Table 1: Desktop Hybrid Haptic Device Parameters 

Parameter 
Brake 

Stiffness 

Spring 

Stiffness 
Handle Inertia Damping 

Value 1600 14 0.053 0.013 

Units [Nm/rad] [Nm/rad] [Nm/(rad/sec2)] [Nm/(rad/sec)] 

A. Hybrid Stability Validation - Stiff Brake Configuration 

We begin our experimental validation by testing the uncoupled stability of a prototype 

desktop hybrid actuator, using the high brake stiffness configuration, and comparing it to our 

theoretical results. During the experiment, we incrementally increased the virtual stiffness of the 

hybrid actuator. An active disturbance signal is injected onto the motor torque command to perturb 

the system. The system is also manually perturbed with a dead blow hammer. The test stiffness is 

considered stable if no vibrations or unstable behavior are detected after four perturbations, spaced 

two seconds apart. The virtual stiffness is then increased randomly, in a predetermined range. This 

process is repeated until unstable behavior, vibrations, or oscillations, are observed.  

We tested five delays while running our system with a 3500 Hz sample frequency. The 

nominal experimental system delay, including the effects of sampling and processing, was 

measured at 0.0003 seconds. We added an additional pure time delay between 0.01 and 0.0001 

seconds. Fig. 2 shows a comparison between the maximum stable stiffness when using the high 
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brake stiffness configuration of the hybrid actuator and the maximum stable stiffness when using 

the active actuator stiffness configuration. The results from a series of five tests compare well to 

the theoretical results and are well above the theoretical active only stability curve at the delays 

used. As shown in Chapter 3B, varying the brake filter bandwidth is an important factor affecting 

the maximum stable virtual stiffness. Noise propagation in the high brake stiffness system limits 

the experimental validation to filter cutoff frequencies less than approximately 30 Hz. Fig. 2 

compares the theoretical hybrid curve (for zero added delay) to a range of experimentally obtained 

maximum stiffness values over a range of filter cutoff frequencies. 

 

Figure 2: Maximum virtual stiffness stability results with a “stiff” brake while adding delay.  

Experimental stability results for a “stiff” brake under varying time delays compare well with the 

theoretical values and are considerably higher than the validated theoretical active only stability 

limit. The internal delay due to sampling prevents the testbed from testing smaller delay values 

where the hybrid and active only stability curves are closer together. A first order filter with a 15 

Hz bandwidth is used on the passive actuator feedback signal.  
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Figure 3: Maximum virtual stiffness with a “stiff” brake varying brake filter bandwidth.  

Theoretical maximum stable virtual stiffness while varying the feedback filter bandwidth. 

Experimental unilateral and bilateral tests are also plotted over the theoretical curves. Light blue 

shaded regions are the stable range of amplitudes for a range of oscillation amplitudes (from the 

large amplitude model which includes some equivalent damping from the brake model). 

Experimental results from both varying time delay and filter bandwidth agree well with the 

linear analysis and deviations at lower filter cutoff frequencies are likely due to higher dissipation 

at larger amplitudes. Additionally, Fig. 3 shows experimental coupled stability results, where the 

actuator was tested using a unilateral constraint and a human user. Trends predicted in our analysis 

are reflected in unilateral coupled stability tests as well and we see an increase in the maximum 

stable virtual stiffness as filter cutoff frequency is increased to 30 Hz.  

Additionally, we test the “Z-width” or the range of stable bilateral stiffness and damping 

for the hybrid actuator in Fig. 4. Comparing, the theoretical curve generated for the balanced hybrid 

actuator shows reasonable agreement across the stable range of stiffness and damping. Additional 

factors such as noise sensitivity related to the encoder resolution could help to explain differences 
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between experimental and theoretical curves at the peak of the curve and near the virtual damping 

axis [1-3]. For an additional comparison the same test was performed on the active only portion of 

the actuator (the SEA and DC motor) which is already considered to be a capable haptic actuator. 

The hybrid actuator outperforms the active device across all impedances and envelopes the active 

device’s stable rendering range.  

 

Figure 4: Experimental and theoretical Z-width plot for the balanced hybrid actuator.  Curves 

compare the performance of the full desktop balanced hybrid actuator’s performance to a 

theoretical hybrid uncoupled stability curve and the active only portion of the balanced hybrid 

actuator (SEA and DC motor). Tests were at 3500Hz sample frequency with a full sample of time 

delay. Additionally, the tests were performed without the bolted mass shown in Chapter 4 Fig. 1 

reducing inertia (J=0.0076) 
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B. Hybrid Stability Validation – Compliant Brake Configuration 

We present an additional experimental system validation utilizing a compliant brake 

configuration shown in Fig. 1b. We chose to test a low stiffness brake configuration primarily to 

allow for validation of the stiffness vs. filter bandwidth curve at higher filter bandwidth values. In 

addition, using a linear spring as a substitute for the small displacement brake stiffness provides 

the best possible comparison to the presented linear analysis. Finally, measuring spring deflection 

with a high-resolution encoder eliminates noise issues from torque sensor feedback allowing us to 

explore a wider range of filter cutoff frequencies.  

Fig. 5 shows a comparison between theoretical and experimental results for an unfiltered 

passive feedback configuration and shows close agreement. The system is stable approximately 

up to the brake or spring stiffness even under conditions with large time delays.  

 

Figure 5: Maximum virtual stiffness stability results with a “compliant” brake adding delay.  

Experimental stability results under increasing time delays and unfiltered feedback with a 

compliant brake (Fig 1b) match the theoretical results closely. 
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Figure 6: Maximum virtual stiffness with a “compliant” brake varying filter bandwidth.  

Maximum stable stiffness for varying first order filter cutoff frequencies is shown at three different 

delay values. Experimental results are shown with the mean and standard deviation from six 

experimental test runs. 

We see from Fig. 6 that the peak stable stiffness predicted by our analysis, across three 

sample frequencies or time delays, agrees well both in terms of the predicted filter cutoff frequency 

and the maximum predicted stable stiffness. Experimental results from the compliant brake 

configuration validate the theoretical predictions made in Chapters 2 and 3 and shows that the peak 

in maximum stable virtual stiffness can be explained through our analysis. 
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Chapter 5: Hybrid Actuation Haptic Limitations 

Both the balanced and parallel hybrid actuation approaches work well and extend the stable 

rendering range of resulting hybrid haptic devices. However, several challenges potentially stand 

in the way of using these methods to achieve a high-performance hybrid haptic actuator. While 

methods presented in Chapters 2 and 3 focus on ensuring stable operation of the hybrid actuator, 

they do not ensure the actuator is delivering the intended impedance. Additionally, the control 

method presented in Chapter 1 assumes a rigid connection between the brake, high frequency 

actuator and the device’s output which can be difficult to achieve in practice.  

A. Limitations on Hybrid Actuation Output Impedance  

All haptic devices have imperfect renderings due to physical device dynamics including 

damping, friction, and inertia. These unavoidable features inevitably distort the device’s rendering 

and what a user feels when interacting with a haptic actuator. The impedance transfer function for 

our hybrid device, shown in (30), attempts to quantify these rendering defects, and shows how 

well our hybrid actuator replicates the desired impedance (Z(s)). 

𝜏ℎ(𝑠)

𝜃(𝑠)
= 𝐽𝑠2 + 𝑏𝑠 +  𝑏 + (𝑍(𝑠) −

𝜔𝑐
𝑠 + 𝜔𝑐

 𝑏) 𝑒
−𝑠𝑇𝐷  (30) 

Factors such as damping, and inertia (b and J respectively) are inherent to our hybrid device 

and can distort the desired output impedance but are typically designed to be small in impedance 

type haptic devices. Physical passive actuator dynamics represented simply here by the brake’s 

stiffness Kb can distort the device’s impedance as well. However, features of the control system 

including time delays, the zero-order hold, and passive actuator feedback bandwidth play the 

primary roles in determining the output impedance of our hybrid actuator. Fig. 1 and Fig. 2 each 

consider the independent effects of time delay, and passive actuator feedback filter bandwidth 

respectively.  That is to say, Fig. 1 only varies time delays (infinite bandwidth passive feedback).  
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Figure 1.Hybrid actuator output impedance rendering a stiffness under varying time delays.  The 

device performs normally while internal delays are small. As the sample times or time delays 

increase the output impedance begins to distort predominately the devices output impedance at 

higher frequencies (~10 Hz and above). 

When rendering a virtual stiffness (Z(s) = Kv) and time delays or sample times are small 

the hybrid actuator displays the appropriate impedance until inertia distorts the output impedance. 

Distortion due to time delays begins to increase at higher frequencies as delays and sample times 

increase. In the case of virtual stiffness (Fig. 1), the low frequency or DC content is quite tolerant 

to delay. Distortion due to time delays also increases as the desired virtual stiffness differs from 

the physical brake stiffness. When the brake and virtual stiffness are the same, distortion due to 

time delay is zero because the active portion of the device is not producing force or torque.  
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Figure 2.Hybrid actuator virtual stiffness output impedance varying brake filter bandwidth.  If 

filter bandwidths are high the device performs normally. However, as the brake feedback filter 

bandwidth decreases below the virtual stiffness natural frequency the physical brake stiffness 

begins to distort the output impedance significantly.  

Passive actuator feedback filtering also has the potential to distort a hybrid haptic device’s 

output impedance. It does so in a similar way to time delay. If the device is attempting to render a 

virtual stiffness and passive feedback bandwidth is sufficiently high (generally greater than the 

system’s natural frequency ωn ~ sqrt(Kv/J)) impedance distortion is not significant as seen in Fig. 

2 . However, if the filter bandwidth is low distortion can be significant and the user will feel the 

brake’s open loop output impedance above the filter bandwidth (represented here by Kb).  
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Figure 3. Hybrid actuator output impedance rendering a damper under varying time delays.  The 

device produces the desired impedance at high sample frequencies but begins to generate excess 

damping in accordance with (9) when sample times or time delays increase. 

It's interesting to note that when producing a virtual damper (Z(s) = Bvs and Fig. 3) time 

delay impacts the output impedance at low frequencies by a factor proportional to (9) emphasizing 

the fact that damping is generated when actively canceling the passive actuator in both the virtual 

stiffness and virtual damping environments. When rendering virtual damping with finite filter 

bandwidth we find parallels to pure time delays. Again, low frequency damping distortion is 

always evident and can be seen visually in Fig 4. This effect can be quantified and the DC content 

of the (30) simplifies to (31). Filtered passive feedback can add significant damping to the devices 

output impedance as the feedback bandwidth decreases. This ultimately validates the analysis 

presented in Chapter 2 and is shown in and Fig 4. 
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lim
𝑠→0

(
𝜏ℎ(𝑠)

𝜔(𝑠)
) = 𝑏 + 𝐵𝑣 + 

 𝑏
𝜔𝑐

 (31) 

 

Figure 4. Hybrid actuator virtual damping output impedance varying brake filter bandwidth.  The 

damping rendered to the user begins to distort at lower first order filter bandwidths according to 

(31). In general, the filter bandwidth must be high to accurately render a virtual damper. 

Impedance distortion due to time delays, low sample frequencies and passive feedback 

filtering represent a limitation on the methods presented in the stability sections of this work. While 

the device can become more stable and the range of stable passive impedances can increase with 

a decrease in sample frequency or filter bandwidth, the hybrid actuators output impedance or how 

the device is intended to feel changes and may no longer render the intended impedance to the 

user. 
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B. Drive Train Compliance and Higher Order Modes  

The actuator model presented in Chapters 1,2, and 3 lumps compliance in the system from 

the brake into a single spring element. While doing so is often a good assumption, compliance 

from drive train elements, the actuators, and robot structure itself can affect the validity of the 

simple model. Compliance can affect a haptic device’s output impedance [1], stability [2][3], and 

as we will see even the intended function of the hybrid device.  

 

Figure 5. Large scale hybrid actuator cable transmission . Cable transmissions can lead to higher 

additional modes as actuators scale to larger formats which can impact actuator performance. 

The effects of compliance and the resulting higher order modes become especially evident 

as actuators and robots increase in scale. For example, the large-scale balanced hybrid actuator, 

shown above in Fig. 5, was designed to output at least 100Nm of torque and drive a human leg 

scale parallel robot. The cable transmission uses a high strength and zero creep Vectran “rope” 

with a minimum braking strength of nearly 7000N. The 100Nm design point indicates the cable 

should experience static loads of no more than 360N. Despite the apparent cable overdesign, 

frequency response testing of the robot and transmission shows a mode at 40Hz as seen in Fig. 6.  
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Figure 6. Collocated and non-collocated frequency response of the 2DOF robot. The frequency 

responses are from actuator 2 and show that the cable transmission has a mode at approximately 

40 Hz in the robot pose tested. Modes will shift somewhat depending on the robot’s pose due to 

changing linkage inertia.  

Inspecting frequency responses from the capstan torque input to the capstan position and 

the capstan torque input to the robot joint position (collocated vs non collocated feedback), 

indicates the cable is stretching and can function as an additional compliant element in series with 

the brake stiffness. This behavior was difficult to reproduce in the handheld and desktop actuators 

where Vectran cables were also used and becomes more significant as devices scale to larger 

formats.  

While at first inevitable additional compliance might seem benign, it can have significant 

impacts on the function of our hybrid actuation approach. When interacting with the large scale 
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two degree of freedom device at frequencies below the cable transmissions mode the device 

functions as previously described, but the device can begin to function differently during high 

frequency interactions like hard tapping on a virtual constraint. In this case the DC motor is 

primarily responsible for torque contributions and must transmit them through the cable 

transmission. When doing so the cable transmission stretches slightly producing a small 

displacement opposing the human’s disturbance (Fig. 7). The brake is directly coupled onto the 

capstan drive and the motion of the capstan due to the DC motor torque causes the brake torque to 

produce a torque contrary to the intended direction as seen in Fig. 7 and 8.  

 

Figure 7. Schematic representation of a high frequency interaction with cable compliance. a) The 

undisturbed actuator. b) The actuator displacement during a high frequency interaction showing 

the cable compliance stretching and resulting in a brake force opposing the DC motor force. c) The 

desired displacement pattern with brake and DC motor forces aligned. 



76 

 

 

Figure 8. Actuator joint torque signals from the 2DOF robot during taps on a virtual wall. The 

cable transmission stretches and allows for unwanted brake motions and torques. The measured 

brake torque changes sign and opposes the intended torque. Additional oscillations show evidence 

of higher order modes in the feedback signal. 

Using collocated position feedback in the model based passive partitioning control method 

might mitigate this behavior but could remove beneficial passive actuator torques due to the 

partitioning methods presented in Chapter 1. High bandwidth passive actuator torque feedback 

ensures the actuator produces the desired torque, but compliance can ultimately be a limitation on 

the intended function of the hybrid actuation concept especially as actuators scale to larger forces, 

torques, and workspaces. 
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Chapter 6: Hybrid Actuation in Human Friendly Robotics 

To address the limitations of existing actuation and enable human-robot applications that 

require high force and high power while also maintaining the physical characteristics important 

for safe and effective physical interaction we propose the use of a balanced hybrid actuation 

approach [1], [2], conceptually shown in Fig. 1. In prior work we have shown that balanced hybrid 

actuation can increase the rendering range of kinesthetic haptic devices. In this section, we extend 

the application of balanced hybrid actuation to general physical human-robot applications and 

investigate its potential benefits regarding performance and safety. 

 

 

Figure 1. Balanced hybrid actuator concept. The balanced hybrid actuation concept: active and 

passive torque partitioning as a function of frequency and the active vs. passive torque 

contributions. b) Overview of the balanced hybrid active-passive actuation approach. 
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A. Balanced Hybrid Actuation Concept for Physical Human Robot Interaction  

Balanced hybrid actuation combines energy-absorbing high-force low impedance passive 

actuation, high power low impedance active compliant actuation, and active high frequency 

actuation together. Balanced hybrid actuation improves upon prior hybrid actuators by not only 

providing a large range of active and passive force magnitudes, but a large frequency range of 

active and passive torques. 

 In the context of human-robot interaction, passive actuation helps to reduce power 

consumption, aid in servoing movements, and safely increase the dissipative power capability of 

the actuator. The inclusion of active compliant actuation and a high frequency active actuator 

provides large bandwidth active torque capabilities and may be used to compensate for slower 

response speeds and nonlinearities typical of passive actuators while maintaining low output 

impedance, essential for safety. A key component to our balanced hybrid actuation concept is the 

constructive combination of all three actuators in parallel, made possible by the low output 

impedance characteristics of each element of the combined hybrid actuation. The combined 

actuation is balanced in regard to frequency, providing low-impedance actuation over a wide 

bandwidth, and in regards of torque production, providing high active and passive torque and 

power output. Finally, the low output impedance of the combined actuation approach greatly 

reduces impact loads during uncontrolled collisions, essential for safe human- robot interaction. 

1. One Degree of Freedom Testbed 

A one degree of freedom actuation testbed, shown in Fig. 2, was constructed to evaluate 

the balanced hybrid actuation concept. The testbed incorporates a (1) series elastic actuator (SEA) 

as the high power, low impedance active compliant actuation, (2) a particle brake as the energy-

absorbing, high-force, low impedance passive actuation, and (3) a low-inertia DC motor as the 

fast, low-power active actuation. 
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High-power active actuation: Series elastic actuators, such as the one used in our 

evaluation testbed, incorporate a compliant element at their output and use feedback to create a 

low-impedance torque source, effective below the SEA's closed-loop bandwidth, while the 

compliant element ensures low output impedance at high frequency (important for safety). In our 

testbed, the SEA torque is derived from a DC motor in series with a high-ratio speed reducer. The 

high-ratio speed reducer helps to increase the power density of DC motor by allowing the DC 

motor to operate at higher speeds while the SEA compliance and feedback control reduces the 

output impedance of the DC motor and speed reducer to safe levels. 

 

Figure 2. Desktop scale balanced hybrid actuator. A one degree of freedom balanced hybrid 

actuation test bed with a SEA, brushed DC motor, and particle brake arranged in parallel used to 

explore the actuation concept. 
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High-power passive actuation: Including the particle brake at the output allows for a broad 

frequency range of passive torques of a similar magnitude to the SEA. However, a particle brake's 

response time is generally slower than DC motors. Consequentially, the brake is primarily 

responsible for producing lower frequency passive torques. Particle brake rotors have similar 

inertial properties to DC motors and consequently do not significantly impact the links inertia and 

safety of the actuator. 

Fast, low-power active actuation: Series elastic actuators are most effective as low 

impedance torque sources below the flexible mode frequency introduced by the series elastic 

element while particle break’s are limited by their relatively slow response time. To combat this 

effect, we include a small DC motor to recover high-frequency capability. 

The DC motor is primarily responsible for high frequency content that the SEA and particle 

brake are unable to produce. The reflected inertia of the small DC motor has been shown to have 

little impact on robot safety in [3], if an efficient and low reduction speed reducer is used. We 

chose a stiff and efficient 11:1 cable reduction, Fig. 2, which connects each component in parallel. 

The direct connection to the output link allows the DC motor to produce torques above the SEA’s 

flexible mode. 

In the following sections we use the testbed described above to explore the potential 

benefits of the proposed actuation approach. We describe a candidate control approach in section 

B, explore performance benefits in section C, and explore safety characteristics in section D. 

B. Hybrid Actuator Position Control 

Many tasks performed by cooperative robots today are pick and place operations such as 

loading or unloading a machining center or moving items from one conveyer belt to another. These 

actions are at their core tracking and position control problems. Our hybrid actuator needs a control 
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strategy that can address the redundant and nonlinear nature of our actuator and yield a high level 

of tracking performance while allowing us to explore its advantages. In trajectory tracking often 

the feed forward path contributes the majority of the control effort to actuators. Consequently, 

utilizing the passive actuator in feed forward control allows us to capture much of its tracking 

benefits while avoiding potential problems resulting from including a nonlinear actuator in our 

feedback control path. To this end we have implemented a control approach that incorporates feed 

forward control, leveraging the torque capabilities of all three component actuators, in combination 

with an active-only feedback controller.  The active-only state feedback controller is tuned using 

a solution to the infinite-horizon Linear Quadratic Regulator (LQR). A high-level block diagram 

showing the control structure is shown in Fig. 3. 

 

Figure 3. Hybrid actuator tracking control structure. Feedback control only consists of the active 

portions of the full balanced system. The hybrid actuator optimal feed forward utilizes the brake 

to enhance the system’s operation. The optimization algorithm used to generate feed forward 

torques includes the physical dynamics of the actuator and the dynamics of the feedback controller.  
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1. Hybrid Feed Forward Control by Trajectory Optimization 

To evaluate the proposed balanced active-passive actuation, it is instructive to examine 

specific tracking scenarios where its inherent characteristics suggest that it could provide 

significant benefits. However, we cannot rely on classical control techniques to formulate the 

specific feedforward torque profiles for the component actuators due to the nonlinear nature of 

hybrid actuation. 

Instead, we turn to optimal control and, more specifically, an offline trajectory optimization 

method known as direct collocation, described in more detail in Appendix D. Trajectories 

generated with direct collocation can be computationally costly, but not prohibitively so, making 

the approach suitable for fast, offline computation. For example, for the trajectories generated in 

this work (spanning motions of up to 4 seconds), did not exceed 30 seconds of the computation 

time when computed on a standard desktop computer. Using direct collocation, the actuation feed 

forward signals in this paper were pre-computed offline and applied online via interpolation and a 

lookup table. Online disturbance rejection is mainly left to the active actuators LQR controller. 

C. Hybrid Actuator Tracking Performance 

To explore the potential benefits of the proposed hybrid actuation approach, we investigate 

three specific tracking scenarios including the following: 

Time Optimal Control:  Investigate improvements in time to target performance resulting from 

large high-power passive decelerations. 

Minimum Energy Control:  Investigate potential energy savings and/or control efficiency 

resulting from the low energy costs of the passive actuation. 

Tracking Error–Control Effort Tradeoff:  Explore hybrid actuation control with a more 

traditional LQR based cost function. 
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1. Time Optimal Control 

Hybrid actuators could help to enable high power high force cooperative robotics because 

of their ability to create large dissipative forces. Enabling a robot to decelerate faster could increase 

the capability of a robotic manipulator in terms of its achievable trajectories and the maximum 

power flow that it can achieve.  Furthermore, hybrid actuators do this while maintaining a high 

level of safety because they are an inherently low inertia actuator.  

A convenient way to observe this impact of the hybrid actuator is through what is known 

as time optimal control. Time optimal control problem finds a trajectory that moves the systems 

initial states, point “A”, to a final state, point “B”, in the minimum amount of time. Actuation 

saturation limits must be included to make the problem well posed. In the spirit of our balanced 

hybrid actuator we assumed the combined active actuators and passive actuators have equal 

saturation points (i.e. 1 Nm for active and passive). Trajectories resulting from time optimal control 

of our hybrid actuator are compared to the active only portion of our actuator in Fig. 4  

Unsurprisingly, the hybrid actuator arrives at its destination point “B” faster than the active 

only actuator. The hybrid actuator does so by taking advantage of the dissipative torque capability 

of the passive actuator. Plotting mechanical power flow at the robot’s link shows the hybrid 

actuator’s trajectory achieved a dissipative mechanical power flow nearly double the active 

actuators. This occurs during the deceleration phase of the hybrid actuators trajectory and is due 

to the slightly increased peak handle velocity and because of the greatly increased braking 

capability of the hybrid actuator. The time optimal control formulation shows that it is 

advantageous to use the passive component of hybrid actuators to safely achieve high power 

dissipative movements like decelerating a large mass; which could be essential to the performance 

of high power high force cooperative robots. 
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Figure 4. Time optimal control trajectories and torques.. Active only and hybrid time optimal 

control profiles generated via trajectory optimization. The hybrid actuator moves from point “A” 

to “B” faster than the active actuator and achieves a higher power movement while decelerating. 
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2. Minimum Energy Control 

Another potential benefit of our balanced hybrid actuator are the energy savings that 

passive actuators can achieve. That is to say, when properly controlled a hybrid actuator achieves 

a given trajectory more energy efficiently than a traditional active actuator (see Fig.5). Minimum 

energy control or minimum effort control provides a framework to reduce the energy usage of the 

actuator as a whole while tracking a trajectory. The method minimizes the weighted sum of the 

actuators control effort squared [4] and is explained in greater detail in Appendix D. We chose a 

sine wave as a representative trajectory to show the energy saving benefits of our hybrid actuator. 

Comparing the summed squared actuation costs and the integral of each actuator’s instantaneous 

power magnitude, Table 1, shows the hybrid actuator can achieve the desired trajectory more 

efficiently in terms of both the minimum control effort cost function and in terms of actual total 

mechanical energy transferred by the actuator. As shown in Fig. 5a and b, the passive actuator is 

contributing almost half the torque that the DC motor would otherwise be contributing. Again, we 

see it is advantageous to use the passive actuator, this time in terms of energy, to decelerate the 

robot’s link. 

TABLE 1: Active-only and Hybrid Minimum Energy Control Costs for a 5Hz Trajectory. 

Actuation Type 

Min. Cost Function 

Evaluation 

Integral of absolute value of 

mechanical power 

Active Only (SEA and Motor) ~10300 4.5623 [joules/per cycle] 

Hybrid (SEA, Motor, and Brake) ~7000 3.2431 [joules/per cycle] 
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Figure 5. Minimum energy control trajectories and torques.. Comparison of experimental tracking 

of a sine wave using minimum energy control actuator outputs compared to the optimization 

output. a) The 2 Hz trajectory is below the flexible mode, or natural frequency, of the SEA. b) The 

5 Hz trajectory is above the SEA flexible mode. The 5 Hz trajectory shows how the DC motor and 

brake begin to dominate the actuators torque response at higher frequencies. Results were obtained 

using active actuators in the feedback loop for disturbance rejection. A zero-lag low pass filter is 

applied to the torque waveforms after data collection. 

Frequency partitioning between actuators, shown in Fig.5 and Fig.6, is an interesting 

consequence of minimizing actuation effort. Results show, it is most efficient to use the SEA as a 

low frequency torque source below its mode. The brake does not contribute significantly at low 

frequency either, for this specific trajectory, because the actuator is primarily overcoming internal 
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damping. Consequently, the phase of the DC motor at 2 Hz is approximately 90 degrees out of 

phase with the handle position. In the case of sine wave trajectories, the brake and DC motor work 

together to generate higher frequency torques above the SEA’s flexible mode. It is important to 

note, that the high frequency content of the brake is limited in reality as is indicated in Fig. 3. The 

results presented in Fig. 6 are obtained directly from the optimization output which does not 

account for high frequency limitations on both the DC motor and the brake. In summary Fig.6 

shows a clear interplay between low and high frequency actuators which is advantageous to high 

power and high force cooperative robots. Splitting torques between the brake and DC motor is also 

effective at reducing actuation and energy costs while tracking a given trajectory. 

 

Figure 6. Actuator frequency partitioning due to minimum effort/energy control. Minimum 

effort/energy control (plotted integral of the absolute value of each actuators torque contribution 

from a single sine wave cycle). Note, the brake and DC motor nearly split the actuation costs 

equally above the SEA flexible mode. 
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3. A Tradeoff Between Tracking and Control Effort – LQR 

Thus far, we have seen hybrid behavior take advantage of the dissipative attributes of the 

passive actuator to decelerate the robot link. However, it can be advantageous to use the passive 

actuator prior to and during the acceleration phases of trajectories. As we will show, the SEA and 

particle brake can work together to store potential energy in the SEA’s compliant element which 

in turn can be used to increase resulting tracking acceleration. This synergistic behavior is of 

particular interest because it allows the system to track trajectories that required rapid 

accelerations, beyond the capabilities of each actuator individually.  

To investigate this potential synergy, we can use a feed forward optimization approach 

inspired by LQR control where the optimization cost function trades off tracking error and control 

effort. By heavily weighting the handle position error in the cost function, the actuator will track 

a specified trajectory while creating a feasible trajectory in the process as shown in Appendix D.  

Using this feed forward formulation, it is interesting to examine the behavior of the hybrid 

actuator when attempting to track a square wave, the experimental results of which are shown in 

Fig. 7. The brake is used during both the acceleration and deceleration phases of the approximate 

square wave and during low velocity portions of the trajectory. Interestingly, during the pre-

acceleration phase energy is stored in the SEA spring by using the brake to hold the handle in place 

at the tracking reference while the SEA servos forward towards the new equilibrium position. The 

brake then releases the stored spring energy. Following this, a high frequency free movement 

handle acceleration phase occurs where the DC motor supplies some high frequency torque. 

Finally, the brake is engaged, dissipating energy which decelerates the link. As the overall 

balanced hybrid actuation concept suggests, the brake and SEA are primarily working together to 

produce the desired motion while the DC motor fills in where the other actuator’s dynamics are 

too slow or where it is not desirable to use the SEA or brake. 
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Figure 7. Actuator trajectories resulting from LQR based cost function. Experimental (solid lines) 

and optimization results (dashed lines) (a) Each actuators torque contribution (b) tracking a square 

wave using a LQR based cost function (Unmodeled gravity and friction disturbances cause the 

steady state error at the end position). 
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In addition to the benefits described, the synergistic behavior between the brake and SEA 

at low frequencies can be used to help to solve velocity saturation problems common to SEA [5]. 

In fact, we can accentuate the interplay between the SEA and brake by penalizing the SEA mass 

velocity in our cost function. The result is a slower SEA position response while maintaining the 

desired fast output position response. Avoiding SEA velocity saturation is achieved by storing 

more energy in the SEA spring and as a result higher brake activation levels prior to the output 

link movement.        

D. Hybrid Actuator Safety Evaluation 

Clamping and blunt impacts are the predominate methods by which robots injure people 

[6]. Clamping injuries occur in robot joints or with robots against another object. Impact injuries 

arise from high inertia robots impacting people at high velocity and will be the focus of the safety 

study in this work. Research investigating these impacts has shown that the reflected inertia of an 

actuator contributes significantly to the safety of a robot overall and reducing the reflected inertia 

can help to make a robot safer especially at high velocities. The design of a SEA directly addresses 

this safety risk by introducing a series elastic element between the load (i.e. robot link) and the 

actuator, significantly reducing the effective inertia of the actuator (in regards to impact) and is 

widely considered a safe robotic actuator [7].  

Our proposed combined active-passive hybrid actuator differs from a SEA actuator with 

the addition of a small DC motor and passive actuator. Previously it has been shown [3] that adding 

a small DC motor in parallel with an SEA actuator can be accomplished without degrading the 

impact safety of a manipulator, assuming that the small motor and its associated reduction have 

low reflected inertia, as is the case with the actuation approach proposed here. The question 

remains whether adding a passive actuator might affect impact safety. To this end, we have 
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conducted an experimental impact test which compares the active portion of the balanced hybrid 

actuation concept to the full hybrid actuator. The results of the experiment are used to validate an 

impact simulation. The active and hybrid actuator impact simulation is repeated on a full-size 

collaborative robot to study impact safety under more realistic conditions. 

1.Hybrid Actuator Impact Experiment and Validation 

The impact test set up, shown in Fig. 8, consists of a weighted pendulum instrumented 

with an encoder (US digital PN:E5-5000-375-IE-D-H-D-B ) and an accelerometer (Analog 

devices PN:EVAL-ADXL325Z). The pendulum also includes a leaf spring to augment the 

interface stiffness between the robot link and the pendulum.   

 

Figure 8. Hybrid actuator impact test setup with instrumented pendulum. The hybrid actuator 

includes an attached weight and is set up to impact the leaf spring at a prescribed point. The 

pendulum was instrumented with an accelerometer to measure the resulting impact accelerations, 

an adjustable inertia and adjustable leaf spring to change the interface stiffness of the collisions. 
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During the impact tests the robot was controlled using the minimum energy or effort 

control approach described previously, such that the impact velocity was constant over the set of 

tests performed. The testbed position trajectory was set to ensure that the passive actuator was 

engaged at the moment of impact. To evaluate the effect of the passive actuator (i.e. particle brake) 

on impact safety, we compared the impact results of the full hybrid actuator to that of the active 

portion alone. During the active-only experiment the particle brake was physically decoupled. 

As seen in Fig. 9, the acceleration of the pendulum following impact with the full hybrid 

actuator testbed as compared to the acceleration following impact with the active only testbed are 

approximately equal, demonstrating that the addition of the passive actuator has little effect on the 

peak measured acceleration. 

 

Figure 9. Comparison of active only balanced hybrid and simulation impacts. Hybrid actuator and 

the active only actuators collisions generate nearly identical acceleration profiles. 

2.Balanced Hybrid Cobot Impact 

While the test results are informative, the impact safety of a full size hybrid robot and 

human tissue is still in question. To address this, we developed a simulation, validated using the 

test results described above (see Fig. 9), with parameters set to represent a head impact with a full-
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size collaborative robot, in this case a universal robots UR5 configured in its home position. A 

human head and skull stiffness are estimated at 6 kg and 37000 kg/m, respectively, and are used 

as the impacted mass and interface stiffness, respectively [8]. Finally, the SEA stiffness and inertia 

were calculated and set in accordance with the guidelines from [9]. The head acceleration profile, 

and peak acceleration are shown in Fig. 10. In addition, the Head Injury Criteria (HIC) [6], a 

common metric used to assess the likelihood of serious head injury, was evaluated to allow a direct 

comparison of the actuation impact characteristics. 

 

Figure 10. Hybrid cobot impact simulation. Simulated head acceleration profile resulting from 

full size active and hybrid cobot collision. 

  As seen in Fig. 10, the simulation demonstrates that for an average human head and skull 

stiffness the hybrid actuator performs nearly identically to the active only cobot in terms of the 

resulting peak acceleration and HIC. 
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Conclusions and Future Directions 

 The parallel and balanced hybrid actuation approach presented here both extends the 

dynamic range of haptic devices and increases the capabilities of a cooperative robot across an 

increased range of force and workspace sizes. It does so while remaining naturally low impedance 

and safe.  

A. Hybrid Actuation in Haptics Conclusions 

Our hybrid control approach brings dynamic range needed to render diverse virtual 

environments to the handheld form factor. Our hybrid control system does so though the use of a 

novel particle brake model, partitioning system, and torque feedback. The actuation and control 

approach enables increased dynamic range and eliminates common hybrid rendering artifacts like 

the “sticky wall”. Our parallel hybrid approach enables simple mechanical design necessary for 

handheld haptic applications while the balanced hybrid approach enables larger workspace and 

higher force haptic devices than previously possible. 

B. Hybrid Actuation in Cooperative Physical Human Robot Collaboration Conclusions 

Our balanced hybrid human friendly robotic actuator has many benefits. Designing the 

individual actuators in parallel allows us to size them to be of comparable torque capability which 

in turn grants the actuation method a high dynamic range while maintaining a low output inertia 

necessary for safety in cooperative robotics. Our experiments show adding a passive actuator can 

increase the actuation and power absorption capability of the hybrid actuator, enable lower energy 

costs, and help to overcome other actuation limitations like SEA velocity saturation in a safe 

manner. Despite the notable advantages, balanced hybrid actuation comes with some limitations. 

The first being the added complexity of combining three actuators in parallel. Another 

disadvantage is the added friction and weight of the DC motor and brake. With that said the 
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presented design was not optimized for weight and additional research into passive actuation itself 

could help to reduce weight and latent friction in the current design. 

C. Future Work and Directions 

The Multiple degree of freedom testbed developed as part of this work will provide a 

platform for future haptics and cooperative robotics research. It represents a step towards higher 

power and larger workspace haptic and cooperative robotic devices.  

Future work specific to haptics could include extending the analysis shown here to virtual 

inertia in a single degree of freedom and multiple degrees of freedom. Theoretically the hybrid 

actuator should be able to increase the range of passive virtual inertia as well. However, this was 

not extensively experimentally tested in this work. The prototype hybrid handheld device 

presented here only contains one degree of freedom and weighs 550 grams. Integrating the passive 

torque sensor more fully into the structure of the actuator by using bonded strain gauges would 

simplify design further, stiffen the device, and reduce weight. Additional design iterations could 

significantly reduce the weight and size. Limitations on the hybrid actuation approach, especially 

cable compliance, could and should be a focus of future work as well.  

Future work specific to cooperative robotics includes an investigation of multi-phase 

optimization and model predictive control, to utilize the full brake model in our trajectory 

optimization program and to enable DC feedforward brake torques. Deploying the trajectory 

optimization algorithms on a multi degree of freedom testbed to show how hybrid actuators can 

benefit higher degree of freedom systems would be an important contribution as well. Finally, 

repeating impact tests on the large-scale multiple degree of freedom system would be a beneficial 

extension to this work. 
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Appendix A: Particle Brake Mathematical Model 

The particle brake has linear and nonlinear characteristics as mentioned in the particle brake 

dynamics section of Chapter 2. The block diagram shown in Fig. 1. Summarizes how our brake 

model is applied. 

 

Figure 1. Particle brake compensation methodology. The brake controller uses both a high 

bandwidth current regulator and a quasi-static hysteresis inversion to improve the torque 

production accuracy of the particle brake. 

A. Quasi Static Torque Current Model Inversion 

A nonlinear and hysteretic relationship exists between the current flowing in the brakes 

coil and the steady state output torque of the brake as shown in Fig. 2. To model this relationship 

and increase the accuracy of the brake’s steady state output torque we utilize a model inverse 

solution. Inverting the steady state or quasi-static torque to current relationship and fitting third 

order polynomials to the rising and falling curves forms the boundary of the rate independent 

hysteretic relationship. We utilize a rate independent hysteresis model of the Dahl variety to 

transition back and forth between the two fitted curves forming minor loops, Fig. 2. 
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Figure 2. Quasi-static current hysteresis compensation method. a) Two third order polynomials 

bound the hysteretic behavior in the particle brake which occurs due to traversing the B-H curve. 

b) The hysteresis loops are developed by transitioning between the two using the Dahl inspired 

hysteresis model. The result is a closer torque command to torque output while the brake is 

slipping.  

B. Velocity Reversal Dynamics – Mechanical Hysteresis 

As stated in the particle brake dynamics section of Chapter 2 we use a modified Dahl 

friction model, (32), to model mechanical hysteresis observed in the brake. 
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 Where:  

  =  Brake Stiffness Kb  

 b
 =  Brake torque  

  =  Hysteresis shape parameter  

 b
 =  Brake rotor position  

 c =  The coulomb or steady state brake torque  

The modified Dahl model utilizes the output of our electrical dynamic model to change the 

steady state brake torque. Our quasi-static model inversion makes this possible by linearizing 

steady state torque characteristics of the brake. 

C. Electrical Dynamic Model 

Electrical dynamics of the brake give it low pass characteristics. The brake amplifier 

(Copley JSP-090-10) utilizes a PI current controller. Resistance and inductance associated with 

the brake’s coil limits the rate of change of current and steady state torque production. A closed 

loop transfer function describing the command tracking current response of a linear inductive load 

may be written in the form of (33) and is used to represent electrical dynamics of the brake. Where 

Kp and Ki are the proportional and integral gains of the PI current regulator. L and R are the 

inductance and resistance of the particle brake coil respectively. 
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Appendix B: Online Impedance Estimation 

A more general stiffness estimation approach might be necessary for applications in 

nonlinear or telerobotic environments where the stiffness of the rendered impedance is unknown. 

In this case we adopt a method for online parameter estimation. One method we have found useful 

to estimate the linear stiffness of an unknown virtual environment is the restoring force surface 

method (34) and [1]. 

 

( )
 

 

1

1 2

2 2

...

...

T T

est

k k k k n

k k k k n

K A A A b

A

b

   

   

−

− − −

− − −

=

=

=
 

(34) 

 Where:  

 estK =
 The estimated stiffness at the current sample instant  

  =   The measured position error of the actuator at sample k.  

  =  The torque commanded to the actuator at sample k.  

 n = the number of samples to estimate the parameters over  

The equations shown in (34) can be expanded to estimate numerous parameters from a 

simple state vector and torque input. For example, damping torques could be estimated by 

expanding A in (34) to include velocity data in addition to position data. The output of the Moore-

Penrose inverse or pseudoinverse would have a dimension of 2x1 where the first row indicates the 

estimated stiffness, and the second row indicates the damping. Incorporating an online stiffness 

estimation method into our control algorithm makes it suitable for the most general circumstances 

encountered by a haptic device. 



102 

 

 

References 

[1] M. S. Allen, H. Sumali, and D. S. Epp, “Piecewise-linear restoring force surfaces for 

semi-nonparametric identification of nonlinear systems,” Nonlinear Dyn., vol. 54, no. 1–

2, pp. 123–135, Oct. 2008, doi: 10.1007/s11071-007-9254-x. 

 

  



103 

 

 Appendix C: Dahl Brake Model - Equivalent Stiffness and Damping 

Equivalent stiffness and damping can be calculated by first assuming a displacement and 

resulting velocity (35) and (36) respectively. 

( )cosx A t=
 (35) 

( )sinx A t = −
 (36) 

We can then calculate the time domain waveform of the nonlinearity and find the first two 

Fourier coefficients (37) and (38). 

( ) ( )
2

2

2
cos

T

T

fa F t t dt
T



−

=    (37) 

( ) ( )
2

2

2
sin

T

T

fb F t t dt
T



−

=    (38) 

Recognizing that equivalent stiffness and damping are forces proportional to displacement 

and velocity we can equate the Fourier coefficients to our assumed position and velocity 

waveforms resulting in (39) and (40). 

( ) ( )cos coseqa t K A t =
 (39) 

( ) ( )sin sineqb t B A t  = −
 (40) 

Solving (39) and (40) for the equivalent stiffness and damping results in amplitude 

dependent parameters (41) and (42) respectively and is similar to the approach used in [1]. 

eq

a
K

A
=  (41) 

eq

b
B

A

−
=  (42) 

Applying this method to the Dahl friction nonlinearity numerically begins by assuming an 

oscillation amplitude and calculating the resulting output of the nonlinear model as shown in Fig. 

1. The sum of the first coefficients of the Fourier series for the resulting motions are plotted over 

the friction waveforms to show the connection between the two waveforms. 
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Figure 1. Dahl friction time domain wave forms. The running friction parameter of the brake is 

set to 1 Nm (Fc = 1Nm) and the brake stiffness is set to 1600 Nm/rad in accordance with real 

observed values. At small deflections the brake functions almost as a pure stiffness. As oscillations 

increase in amplitude the mechanical hysteresis increases resulting in more dissipation. 
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Plotting the equivalent stiffness and damping of the model against both amplitude and 

frequency shows that the brake performs as a pure stiffness at small deflections as seen in Fig.2.   

Figure 2. Brake and Dahl friction equivalent stiffness and damping. Again, the running friction 

parameter of the brake is set to 1 Nm (Fc = 1Nm) and the brake stiffness is set to 1600 Nm/rad in 

accordance with real observed values. At small deflections the brake functions almost as a pure 

stiffness and the brake’s equivalent damping increases until it reaches a peak. This peak is strongly 

influenced by the brake engagement or running friction (Fc or 𝜏c). Increasing Fc both increases the 

height or magnitude of the peak in damping and shifts the peak to higher amplitudes of oscillation. 

As oscillations increase past the peak both the equivalent stiffness and damping approach zero. 

Equivalent damping also has an inverse relationship to frequency that is reflected in (42). 
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Furthermore, if we can always arbitrarily increase the running friction parameter Fc in the 

Dahl model by simply increasing the brake current and correctly sizing the brake saturation limits 

(installing a large enough brake), we can always treat the brake as a pure stiffness. This is the 

motivation behind brake stiffness simplifications to a pure physical stiffness used in the analytical 

stability analysis from in Chapters 2 and 3. Neglecting brake damping as an important part of the 

brakes dynamics is motivated by the lack of equivalent damping at small amplitudes of motion. 

Furthermore, due to the frequency independent nature of the brake torque and Dahl friction the 

damping provided by the brake decreases as the assumed frequency of oscillation increases. 

Essentially making damping provided by the uncontrolled or open loop response of the brake a 

somewhat unreliable form of dissipation and haptic device stabilization. An analysis of the effects 

of coulomb friction in [2] shows similar results where column friction has the ability to stabilize a 

haptic device but only over a limited range of velocities or position oscillations.  
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Appendix D: Hybrid Feed Forward – Trajectory Optimization Formulations 

Direct collocation is a numerical method of trajectory optimization which transcribes the 

dynamics of our system, shown in Fig. 1a and b, into constraints in an optimization problem. Time 

is discretized at knot points and the dynamics of our system constrains the states at each knot point. 

A full description of the direct collocation method is out of the scope of this paper. However, [1] 

provides an excellent introduction to the method. In this work we used Julia and JuMP to transcribe 

the dynamics into a nonlinear optimization problem and the open-source interior point solver 

IPOPT to solve all the optimization problems presented in this work.  

As stated previously direct collocation relies on the transcription of the system dynamics 

into constraints. It is important to explore the necessary level of model complexity as a part of the 

transcription process. While the actual system is more complicated than the two-mass system 

shown in Fig. 1a calculating a lumped equivalent inertia and damping at the output of the SEA 

speed reducer and at the robot’s link proved to be an effective model for feedforward control of 

the actuator. 

Including the series elastic actuator controller in the optimization problem improved 

experimental results dramatically. The full dynamics of the particle brake can be represented by a 

modified Dahl friction model as shown in [2]. Instead, we chose to represent the nonlinear brake 

dynamics with a smoothed version. A sigmoid function, shown in Fig 1, enforces a purely 

dissipative constraint on the torque contribution of the brake while allowing for the use of a 

gradient based nonlinear optimizer. 
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Figure 1. Diagram of the equivalent two mass actuator system. a) The model includes equivalent 

SEA and robot link inertia. For optimization purposes the system includes the series elastic 

actuator controller (single lead) and the state feedback position controller. b) Comparison of the 

brake model friction force output showing the differences between the more accurate Dahl model 

and the sigmoid brake model used in the optimization formulation. Dahl:  = Model stiffness, 

 = hysteresis shape parameter. Sigmoid:  = slope at origin, ub = steady state brake torque 

command. 
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A. Time Optimal Control Formulation 

The time optimal control problem can be solved using direct collocation, as shown in (43)-

(50), where the time in-between a finite number of collocation points is treated as a decision 

variable and is minimized. The time in-between collocation points are included in the Euler 

integration numerical approximation of the linear state equations shown in (44). Time optimal 

control must include actuation saturation limits to be well posed as shown in (46)-(48) and have a 

solution. 

 Minimize:  

 J T Ts=
 (43) 

 Subject to:                                                                 : 0,1, ... 1For k T= −   

 
( )1k k

k k

s

x x
Ax Bu

T

+
−

= +

 

(44) 

 ( )1
3

2

1

k

kk

b

bx
u

u
u

e −
=

−
+

+
 

(45) 

 1 1 1sat k satA A
u −  

 (46) 

 2 2 2sat k satA A
u −  

 (47) 

 0
satb bk

u  
 (48) 

  0 1 0 1 0 0x =
 (49) 

  0 0 0 0 0
T

x =
 (50) 

B. Minimum Energy Control Formulation 

Minimum energy trajectory optimization minimizes the actuation costs to achieve a given 

trajectory. The cost function utilizes a matrix “R” shown in (51) which weights the relative costs 

of each actuator. In the trajectories shown we assign the relative weight of the SEA actuator and 
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the DC motor as the ratio of the transmission ratios. That is to say that the ratio of R1 to R2 is set 

to be 4.7:1. Our justification comes from the effective gain of each actuator themselves. The brake 

is more efficient at producing torque than either the SEA or the DC motor within its limited 

dynamics and we penalize the brake’s actuation much less than either actuator. The ratio of R2 to 

R3 is 10:1 for all the plots in this work. 

 Minimize:  

 ( )1 2 3

T T
diag R R RJ u u u Ru  = =  (51) 

 Subject to:                                 : 0,1, ... 1For k T= −   

 
( )1k k
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x x
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= +  (52) 
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e −
=

−
+

+
 (53) 

 1 1k kref
x x=  (54) 

C. A Tradeoff Between Actuator Effort and Tracking Error - (LQR) Control Formulation 

The LQR style cost function, shown in (55), allows us to investigate the tradeoff between 

tracking states and the control effort needed to do so. Heavily penalizing the first element in the 

error vector with the weight Q1 causes the actuators output position to track the desired position 

closely. Penalizing or increasing Q4, the weight associated with the SEA velocity state, helps to 

address SEA velocity saturation like described in Chapter 6. The second half of the cost function 

is identical to that seen in minimum energy control. A main difference between the two cases is 

that both the handle and SEA mass positions are solved implicitly as part of the optimization 

problem. Only the SEA states are solved implicitly in minimum energy trajectory optimization. 
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 Minimize:  

 

( )

( )

1 2 3 4 5

1 2 3

T

T

T T

diag Q Q Q Q Q

diag R R R

J e e

u u

e Qe u Ru

  
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=

+

= +

 (55) 

 Subject to:                                 : 0,1, ... 1For k T= −   
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