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Abstract 

Applications of scheduling to the chemical processing industry are ubiquitous. Detailed planning 

and programming of facilities constitute fundamental functions in the operation of chemical plants 

and therefore have been the subject of extensive research during the last decades. In particular, 

systematic methods that are applicable to a broad range of processing characteristics have been the 

focus of several works. Among these methods, optimization-based strategies have become 

increasingly popular due to their generality, flexibility and potential to produce the best solutions in 

terms of operating costs, customer satisfaction, and efficient use of resources. 

Traditionally, most efforts in the scheduling literature have been directed towards the 

development of mathematical models that capture most of the common characteristics that appear 

in real-life problems, while remaining computationally tractable. However, the effective solution of 

large-scale scheduling models remains nontrivial. This is precisely the main objective of the present 

work: the development of solution methods for the main types of processing environments found in 

chemical plants. Our aim is to address existing opportunities to complete the spectrum of models and 

solution strategies available for general scheduling problems. 

Our discussion is largely motivated by a new approach to the analysis of timing restrictions in 

scheduling problems. In particular, we extend the role that time has played as either a decision 

variable or an index in optimization models, and focus on its dimension as a limited resource that 

interacts with all the elements of the scheduling problem. Using this approach we can reinterpret 

existing concepts such as earliest start and latest finishing times, in order to derive new parameters 

and equations that improve the solution performance of existing models. Moreover, we fill in some 

modeling blanks in particular production environments. 

First, we propose a family of algorithms that are suitable for maximization problems in network 

environments, whose goal is to preprocess the original data and derive parameters that can be used 
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to develop constraints that tighten the optimization models. In addition, we introduce the concept of 

variable start and finish times and derive expressions to relate them and connect them with original 

decision variables. By means of computational experiments we show the effectiveness of these 

methods in improving the solution process of optimization-based models for scheduling. 

Second, we develop a new family of mathematical models for sequential environments, whose 

main characteristic is a discrete modeling of time. Almost all the existing models in the literature use 

a continuous representation of time. We discuss the advantages of discrete-time models and propose 

different solution methods to improve their computational performance. A computational study is 

included to test the improvements and compare with existing approaches. 

Third, we extend methods based on reformulations and tightening constraints from discrete-time 

to continuous time models in network environments. We use specific characteristics of the latter to 

improve computational performance, testing our methods on several benchmark instances. 

Finally we test the proposed methods on large-scale instances for which optimal solutions had 

not been found before or whose computational performances demanded long solution times. This 

way we show that our formulations and methods improve the tractability of industrial-scale 

instances. Optimal or near-optimal solutions are now accessible in reasonable time for many cases 

for which only suboptimal solutions from heuristics procedures or empirical methods were available. 
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Chapter 1  

Introduction 

1.1. Scheduling 

Production scheduling is one of the main planning functions within the scope of process 

operations. It can be defined as a decision-making process in which a set of limited shared resources 

is allocated to competing production tasks over time1. Although originally regarded as a feasibility 

problem, production scheduling is most often associated with the optimization of one or multiple 

objectives that are concerned with the adequate use of installed resources, customer satisfaction, and 

operating costs. The output of the scheduling function is the production schedule, a timetable that 

contains the list of start and end times as well as the main resources utilized by all tasks. Most often, 

this schedule is presented in the form of a Gantt chart, where the vertical axis lists the shared 

resources, the horizontal axis represents time and the horizontal bars illustrate assignment to 

resources and timing of tasks. Figure 1.1 shows the main elements of the scheduling problem. 

 
Figure 1.1. Scheduling problem 
Assignment to limited resources and timing of different production tasks. The Gantt chart on the bottom 
represents the production schedule. 

Studies on scheduling of projects and manufacturing processes appeared as early as the first 

decade of the twentieth century. However, the first systematic approach to find the problem solution 

0 1 2 3 4 5 6 7 8 9 10 11 12

time (h)

Tasks

Shared Resources
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was first developed in the early 1950s2. Later in that decade, two of the most famous procedures to 

solve scheduling problems in project management, the critical path method, CPM3, and the program 

evaluation and review technique, PERT4, were developed. Since then, scheduling concepts and 

methods have been used in fields as different as health management, transportation, sports and 

construction. Due to this diverse range of applications, different areas have contributed to the 

development of scheduling theory and applications. Initially it was considered a subarea of 

operations research, but nowadays it is part of disciplines as computer science, statistics, 

mathematics, finances, and engineering. The focus in this work is on applications and developments 

in terms of modeling and solution procedures that have appeared within the context of Process 

Systems Engineering (PSE) as a subarea of Chemical Engineering. 

1.2. Chemical production scheduling 

The scheduling function encounters applications in practically every type of process industry, 

ranging from large-scale oil operations, to medium-scale commodities production, to small-scale 

high-value pharmaceuticals manufacturing. It has been therefore an active research area within the 

PSE community for the last decades5-11. A diverse range of exact and approximate solution 

approaches have been proposed. Exact methods, in which we are interested in this study, are mostly 

based on optimization techniques from the general area of mathematical programming. 

Early works on the application of mathematical programming to chemical production scheduling 

followed from the related literature on discrete manufacturing systems, by considering facilities that 

resembled the structure of jobs and machines in series or parallel studied in the manufacturing 

sector12-14. Later on, Pantelides and coworkers15-18 proposed different frameworks and models to 

address problems in facilities with complex topology and various types of resources as commonly 

encountered in the chemical process industry. Since then, chemical facilities have been broadly 

classified according to process structure and restrictions on material handling into sequential and 
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network environments6, 9, 10. The next section provides a detailed discussion on production 

environments and the different modeling approaches that have driven research efforts in the area of 

optimization-based chemical production scheduling. 

1.3. Production environments and modeling approaches 

Maravelias10 introduced a unifying notation and nomenclature for chemical process production. 

Under this paradigm, chemical processes can be classified into production environments that in turn 

are characterized by topological and material-handling restrictions.  The main types of environments 

that can be encountered in chemical facilities are sequential and network. Sequential environments 

are characterized by the flow of batches throughout well-defined stages. The number and size of all 

batches is defined by properly dividing the customer orders, in what constitutes the batching 

problem, which might be solved before or simultaneously with the scheduling problem. Every batch 

is required to preserve its identity, be trackable and follow a specific route; mixing of multiple 

batches and splitting of a single batch into multiple batches are not allowed. In network 

environments, more complex flow patterns are allowed. Stages cannot be defined, batch mixing and 

splitting are permitted, and recycling of materials may be present. Maravelias10 also includes in this 

classification the hybrid environments, which includes different network and sequential subsystems, 

as different restrictions for material handling in each subsystem are enforced. 

Several models have been proposed for both environments in the last decades in order to address 

common features such as changeovers, inventory cost and restrictions, utility requirements, and 

maintenance tasks, among others. In terms of modeling approaches, sequential environments 

typically use batch-based formulations, whereas network processes employ material-based models10. 

Batch-based formulations for sequential environments have attracted the interest of several 

researchers in the PSE community since the late 1970s, and several surveys are available5, 6, 8, 9, 19. The 

vast majority of these works have been devoted to develop continuous-time models and improve 
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their computational efficiency. Two major approaches have been adopted: (i) precedence-based 

modeling in which time is only a variable and sequencing is enforced through explicit binary 

variables20-23, and (ii) time-grid-based model in which time is both a variable and an index, and the 

sequencing is enforced by assigning one batch to a single time interval with no extra variables 

required24-26. In turn, each approach can be subdivided in terms of global or local precedence for the 

former, and global or unit-specific time grid for the latter. The main advantage of the precedence-

based approach is that no extra assumptions are required to model time. Its main disadvantage is 

that it can lead to relatively large model sizes, since the sequencing variables and constraints increase 

quadratically with the number batches. On the other hand, the main benefit of the time-grid-based 

approach is a relatively small model size, but its main drawback is the iterative procedure it requires 

to determine the number of time points to include in the grid.  

Material-based formulations for network production environments were first introduced in the 

early 1990s by Pantelides and coworkers15-17 to model chemical production facilities in which the 

mixing or splitting of fluid materials occurs naturally. Network processing can be distinguished from 

sequential processing because (i) the identity of the batches does not need to be preserved, (ii) the 

concept of stage is not used, since products can be produced following multiple routes, (iii) tasks are 

defined in terms of single/multiple input and output and conversion coefficients which define the 

production recipe, and (iv) recycle streams might be present. 

In terms of mathematical modeling, network environments are represented in terms of the tasks 

that define the production recipe. Two abstract representations have extensively been used in the 

PSE literature, the State-Task Network (STN)15, and the Resource-Task Network (RTN)17. Although 

both the STN and RTN represent the production facility as a network, the main difference between 

them is that the former only consider materials as resource nodes (units and other resources are 

implicitly mapped), while the latter also includes processing units and other limited resources as 

nodes of the network. Both the STN and RTN representations allow for either continuous or discrete 
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modeling of time. The term material-based derives from the fact that, in general, network processing 

relies on material balances to enforce sequencing constraints. 

Several models have been proposed using the STN and RTN representations. Similarly to models 

for sequential environments, most of the existing models for network processing use continuous 

modeling of time and can be classified according to grid type. Some formulations use a common time 

grid across all the units18, 27-32, whereas others employ unit-specific grids33-36. 

Although formulations are relatively small when a continuous-time representation is used, these 

models are not as tight as their discrete-time counterparts. In addition, they are less intuitive to 

model common features and require extra variables and constraints to account for common 

characteristics. In the worst case, continuous-time models might introduce nonlinearities in the 

model and therefore the linear-based methodologies are no longer valid or very limited.  

1.4. An overview on solution methods 

The main focus of optimization-based scheduling in the PSE literature has been on the 

development of mixed-integer programming (MIP) models to address different classes of problems, 

rather than the development of solution methods9. Historically, the development of methods has 

closely followed the modeling approach classification based on either batches or materials. 

Extensions to include commonly found features have been developed to account for storage 

policies37, 38, utility constraints21, simultaneous batching and scheduling39-41, including problems with 

storage42, utility43, and other constraints44.  

Recently, research in PSE has focused on the solvability of the chemical production scheduling 

models, including (1) the study of the structure of MIP modes45-47; (2) decomposition algorithms22, 48, 

49; (3) tightening methods35, 50; (4) reformulations51, 52; (5) algorithms that harness parallel 

computational resources53-55; and hybrid methods56-58. Of particular interest for the methods 

discussed in this thesis are the tightening methods of Maravelias and co-workers59, 60, where 
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instance-specific demand information is used to generate tightening constraints for makespan or cost 

minimization problems subject to demand satisfaction constraints. 

Solution methods have been also developed for specific environments. In particular, various 

solution methods are proposed in the literature to reduce the computational complexity of batch-

based models in sequential environments. Pinto and Grossmann24 introduced preordering 

constraints and applied Benders decomposition to their slot-based model to solve large-scale 

instances. Harjunkoski and Grossmann22 decomposed the problem into two levels: higher level MIP 

subproblem for the assignment decisions, and lower level constraint programming (CP) subproblem 

for sequencing. These subproblems are solved iteratively by adding integer cuts whenever 

infeasibilities occur. Another decomposition method proposed by Maravelias58 also decomposes the 

problem into assignment and sequencing subproblems, but special-purpose sequencing algorithms 

enabled more efficient sequencing in the second level. Castro et al.61 introduced a decomposition 

algorithm for large-scale problems, in which only one or two orders are scheduled iteratively at a 

time, until the schedule of the complete set of orders is obtained. For the objective of makespan 

minimization specifically, Castro and Grossmann26 extended the iterative approach originally 

proposed by Maravelias and Grossmann62. In this approach, the initial time horizon of the problem is 

estimated and then increased by a fixed value at each iteration, until a feasible solution is obtained. 

1.5. Thesis scope 

The general goal of this thesis is to develop solution methodologies that improve computational 

efficiency and results for scheduling problems in different chemical production environments. 

Accordingly, we set the following specific objectives. 

(i) To develop a preprocessing/tightening methodology that addresses maximization 

problems in network environments. 

(ii) To derive a new family of discrete-time models for sequential environments. 
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(iii) To propose solution methods based on tightening constraints for sequential 

environments. 

(iv) To evaluate specific methods based on reformulation and tightening constraints for 

continuous-time formulations in network environments. 

The remainder of this thesis is organized in five chapters. Chapter 2 presents a new family of 

preprocessing algorithms that use information on time and inventory restrictions to derive 

tightening constraints for maximization problems in network environments. Chapter 3 introduces 

new discrete-time models and tightening methods for sequential environments. In chapter 4, 

reformulations and tightening constraints are applied to continuous-time models in network 

environments. Chapter 5 presents applications of the proposed solution methods to large-scale 

instances. Finally, chapter 6 closes the thesis with concluding remarks and future directions for 

research. Appendices are included to present additional equations and figures. Graphic 

representations and complete data, as well as results and statistics are available online as Supporting 

Information of the articles on which each chapter is based. 

Each chapter includes its own notation at the end. We use uppercase italic letters for variables, 

uppercase bold letters for sets, lowercase italic letters for indices, and lowercase Greek letters for 

parameters. 
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Chapter 2  

Preprocessing and tightening methods for maximization problems in 

network environments1 

The goal of this chapter is to develop methods for the generation of strong valid inequalities for 

profit or production maximization problems for which the tightening methods developed for 

minimization problems59 cannot be used or are ineffective.  Thus, rather than generating constraints 

that enforce lower bounds on the number of times tasks are executed (or the total production of 

materials and tasks), the methods discussed in this chapter lead to the generation of constraints that 

set upper bounds on the number of batches. To this end, we use restrictions imposed by the 

availability of processing units and the initial inventories rather than restrictions imposed by 

demand.   

The remaining of the chapter is organized as follows. Section 2.1 presents background material, 

including the models we use to test our methods and several motivating examples to introduce the 

algorithms we propose. Section 2.2 contains the details of each of the algorithms that comprise our 

methods, with application to small-scale instances for illustration. In section 2.3, we extend our ideas 

from parameter calculation to constraint propagation. In section 2.4 we discuss how the 

computational implementation was carried out and section 2.5 presents the results of a 

comprehensive computational study we close in section 2.6, with concluding remarks and future 

directions. 

 

                                                             
1 This chapter is modified from Merchan and Maravelias6363. Merchan, A. F.; Maravelias, C. T., 
Preprocessing and Tightening Methods for Time-Indexed MIP Chemical Production Scheduling Models. 
Computers & Chemical Engineering 2015, doi: 10.1016/jcompchemeng.2015.10.003. 
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2.1. Background 

2.1.1. Problem definition 

In its most general definition, a chemical production facility is a collection of units that transform 

a set of input materials into a set of added-value products. From the operating point of view, each 

unit executes a set of processing tasks that generate intermediate materials or final products by the 

chemical or physical transformation of raw or other intermediate materials. The fact that different 

tasks might share different resources requires the introduction of a time grid to keep track of the unit 

utilization and inventory levels for all the materials involved in the process. The concept of batch is 

then introduced to define a single execution of a task in a compatible unit. We study production 

environments in which the identity of a single batch does not need to be tracked throughout the 

process because batch splitting and mixing are allowed (i.e. network environments). For these 

facilities, the chemical production scheduling problem can be defined as the problem of determining 

the number, size, assignment to units, and timing of individual batches for particular tasks. 

Since the scheduling problem focuses on tasks rather than unit operations, a traditional process 

flow diagram representation of the plant is not useful, and an abstract representation of the 

production facility is required. As mentioned in Chapter 1, two commonly used representations are 

the STN15 and the RTN17. The former represents the production plant as a network in which the nodes 

define tasks and materials, the arcs represent streams for the flow of materials between tasks, and 

the units are implicitly mapped to compatible tasks. The latter explicitly includes the processing units 

as nodes in the network, and unify them with the materials under a common family of resources that 

can be used by tasks at different moments. Our methods are independent of the abstract 

representation and can be applied to either STN- or RTN-based optimization models. The present 

work uses the STN representation, for which the following sets are required to define the structure 

of the plant: 
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𝐈 = {𝑖: 𝑖 is a task} 

𝐉 = {𝑗: 𝑗 is a processing unit} 

𝐉𝑖 = {𝑗 ∈ 𝐉: unit 𝑗 can process task 𝑖} 

𝐈𝑗 = {𝑖 ∈ 𝐈: task 𝑖 can be processed in unit 𝑗} 

𝐊 = {𝑘: 𝑘 is a material} 

𝐈𝑘
+/𝐈𝑘

− = {𝑖 ∈ 𝐈: task 𝑖 produces/consumes material 𝑘} 

𝐊𝑖
+/𝐊𝑖

− = {𝑘 ∈ 𝐊:material 𝑘 is produced/consumed by task 𝑖} 

The main assumptions we make for our STN-based formulations are (a) no preemption is allowed 

and (b) the problem data are deterministic. The derivation of our methods does not depend on most 

of the commonly found features such as additional resources (utilities, labor), changeovers, shared 

storage vessels and variable processing times. Therefore, our methods are applicable to problems 

that include these features. In particular, they can be directly applied to problems with additional 

resources, while minor changes are required to include formulations of changeovers, shared storage 

and variable processing time. 

A specific instance of a process network is defined using the following parameters: 

𝛽𝑗
𝑚𝑎𝑥/𝛽𝑗

𝑚𝑖𝑛:  Maximum/minimum batch size for unit 𝑗 ∈ 𝐉 

𝜏̅𝑖𝑗: Processing time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝛾𝑘: Storage capacity for material 𝑘 ∈ 𝐊 

𝜉𝑘0: Initial inventory of material 𝑘 ∈ 𝐊 

𝜌𝑖𝑘: Conversion coefficient for material 𝑘 ∈ 𝐊 produced (𝜌𝑖𝑘 > 0) or consumed (𝜌𝑖𝑘 < 0) 

by task 𝑖 ∈ 𝐈 
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The final element required for the abstract definition of the scheduling problem in network 

environments is the definition of a feasible schedule through three main requirements: (1) a unit can 

perform at most one task at a given time (i.e. unit utilization); (2) the batch sizes satisfy the 

processing unit capacities; and (3) material inventory satisfy nonnegativity and storage vessel 

capacity constraints10. The next section discusses how these requirements are mathematically 

modeled using MIP formulations.  

2.1.2. Mathematical models 

The development of a mathematical model for scheduling requires that we make a decision about 

the type of time representation to be used. In discrete-time models, the scheduling horizon, 𝜂 , is 

divided into a set of equal time periods of length (step size) 𝛿 (such that 𝜂/𝛿 ∈ ℤ); we also use a set 

of points 𝐓 = {𝑡 ∈ ℤ: 0 ≤ 𝑡 ≤ 𝜂/𝛿}. In continuous-time formulations, the horizon is divided into 𝑁 

time intervals of unknown length that in turn define the set of time points 𝐍 = {𝑛 ∈ ℤ: 0 ≤ 𝑛 ≤ 𝑁}. 

Interval 𝑛 runs between points 𝑛 − 1 and 𝑛, and since the position of the time point is not known a 

priori, it has to be included as a decision variable. 

The decision variables that are common to both time representations are: 

𝑋𝑖𝑗𝑡/𝑋𝑖𝑗𝑛: Binary. It is equal to one if task 𝑖 ∈ 𝐈 starts in unit 𝑗 ∈ 𝐉𝑖  at time 𝑡 ∈ 𝐓/ 𝑛 ∈ 𝐍 

𝐵𝑆𝑖𝑗𝑡/𝐵𝑆𝑖𝑗𝑛: Continuous nonnegative. Batch size of task 𝑖 ∈ 𝐈 that starts in unit 𝑗 ∈ 𝐉𝑖 at time 𝑡 ∈

𝐓/ 𝑛 ∈ 𝐍 

𝑆𝑘𝑡/𝑆𝑘𝑛: Continuous nonnegative. Inventory level of material 𝑘 ∈ 𝐊 at time point 𝑡 ∈ 𝐓/ 𝑛 ∈ 𝐍 

with 𝑆𝑘0 = 𝜉𝑘0 

The main difference between discrete- and continuous-time models appears when the unit 

utilization constraint is enforced.  In discrete-time models, it is typically modeled using the single-

machine clique constraint64, while continuous-time formulations require multiple types of 
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constraints to map the tasks onto the variable time grid. The batch size and material balance 

constraints remain essentially the same for both types of time representations. Next, we present the 

models that we use to test our methods. However, we note that the methods are applicable to all 

time-indexed material-based MIP models 

Model SP&S 

The discrete-time model we consider was developed by Shah et al.16 and in this work it is referred 

to as model SP&S. It consists of single equations to model each of the three scheduling constraints 

discussed in section 2.1.1. Equation (2.1) is the clique constraint that represents unit utilization, 

equation (2.2) restricts the batch size, and equation (2.3) expresses the material balance and enforces 

the storage vessel capacity. 

∑ ∑ 𝑋𝑖𝑗𝑡′

𝑡

𝑡′=𝑡−𝜏𝑖𝑗+1𝑖∈𝐈𝑗

≤ 1    ∀𝑗 ∈ 𝐉, 𝑡 ∈ 𝐓 (2.1) 

𝛽𝑗
𝑚𝑖𝑛𝑋𝑖𝑗𝑡 ≤ 𝐵𝑆𝑖𝑗𝑡 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑋𝑖𝑗𝑡    ∀𝑖 ∈ 𝐈, 𝑗 ∈ 𝐉𝑖, 𝑡 ∈ 𝐓 (2.2) 

𝑆𝑘𝑡 = 𝑆𝑘(𝑡−1) +∑∑𝜌𝑖𝑘𝐵𝑆𝑖𝑗(𝑡−𝜏𝑖𝑗)
𝑗∈𝐉𝑖𝑖∈𝐈𝑘

+

+∑∑𝜌𝑖𝑘𝐵𝑆𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑖∈𝐈𝑘

−

+ 𝜉𝑘𝑡 ≤ 𝛾𝑘     ∀𝑘 ∈ 𝐊, 𝑡 ∈ 𝐓 (2.3) 

Note that in equations (2.1) and (2.3), the processing time is expressed in terms of the number of 

time points, by using 𝜏𝑖𝑗 = ⌈𝜏̅𝑖𝑗/𝛿⌉. Equation (2.3) also includes the parameter 𝜉𝑘𝑡 that represents the 

delivery (𝜉𝑘𝑡 > 0) or demand (𝜉𝑘𝑡 < 0) of material 𝑘 ∈ 𝐊 at time 𝑡 ∈ 𝐓. 

Model S&K 

The first continuous-time model we use was originally developed by Sundaramoorthy and 

Karimi31 and we refer to it as model S&K. It relies on four separate balances to model the three 

scheduling constraints: resource and processing time balance to enforce unit utilization, material 

residing in process units to satisfy batch sizes, and material inventory in storage vessels to enforce 
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material balances and storage capacities. They also modified the definition of the set of tasks, by 

introducing an idle task to occupy a time slot when no task is assigned to a particular unit, although 

no batch sizing variables are explicitly assigned to such a task. As a result we redefine 𝐈 =

{𝑖: 𝑖 is a task} ∪ {𝑖𝑑𝑙𝑒}. Full details of model S&K are given in Appendix A. 

Model GH&M 

The second continuous-time model we study was proposed by Gimenez et al.32  It addresses most 

of the features that appear in chemical production scheduling, but we only use those parts of the 

model that make it comparable to model S&K. Specifically, we do not consider explicit modeling of 

material transfer and shared vessel utilization. This formulation is based on the current state of a 

processing unit: execution, storage or idle. Time balances are used to model unit utilization, while 

batch size and material balance constraints are analogous to those in model S&K. We refer to this 

formulation as model GH&M and present the complete list of equations in Appendix A. 

2.1.3. Motivating examples 

In this section we introduce the basic concepts that will be used to develop the new methods we 

propose by means of small-scale illustrations. Each instance highlights the benefit of specific 

algorithms that are then fully developed in section 2.2. 

Time availability and inventory restrictions 

The first concept we use is the time window to define the effective time a task could actually be 

carried out within the scheduling horizon. Although in principle the entire horizon is available for 

the execution of the tasks, limitations in the inventory of input and output materials of a given task 

shorten the time available for its execution. To calculate the time window of a specific task we use 

the concepts of earliest start time (EST) and latest finish time (LFT), which have been used before in 

the scheduling literature61, 65. The novelty of our approach is that we consider not only processing 

times, but also required amounts of materials associated with a task to calculate EST. For 
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convenience, we define the shortest tail (ST) of a task as the difference between the horizon and the 

LFT. Thus, tasks that exclusively produce final products could finish at the very end of the scheduling 

horizon (i.e. a zero shortest tail), whereas the rest of the tasks should finish earlier so the 

intermediates they produce have enough time to be converted into final products. The time window 

for a specific task is then calculated by subtracting the EST and ST values for that task from the total 

horizon. 

Consider the network depicted in Figure 2.1. We present next the necessary conceptual steps to 

calculate the time window for a particular task. A formal discussion and generalization is presented 

in section 3.1. Let us calculate the EST for task T3, which is nonzero since the initial inventory for 

material S3 is zero. Note that at least 25 𝑘𝑔 of S3 are required to start running T3. The earliest start 

time for T1 is zero, since S1 has enough inventory. We use data on processing time and unit capacity 

to calculate maximum amounts that could be produced at different times by T1. Figure 2.2 shows 

these calculations and establishes that the EST for T3 in U3 is 4 hours, which is the time required to 

produce at least 25 𝑘𝑔 of S3. Note that if only data for processing time were considered, an incorrect 

value of 2 hours would be calculated. The shortest tail for T3 is calculated by considering the 

executions that lead to production of final product S6, and not those that only increase the inventory 

of intermediate material S5. Since S5 has to be consumed by task T4 in unit U4, for which the 

processing time is 2 hours, we conclude that, for a horizon 𝜂 = 12ℎ, the LFT for task T3 is 10 hours 

and therefore its ST is 2 hours. Consequently, the effective time window for task T3 is 6 hours (= 𝜂 −

𝐸𝑆𝑇 − 𝑆𝑇 = 12 − 4 − 2). Figure 2.3 presents the results for time windows of all tasks depicted in 

Figure 2.1, with and without considering inventories of intermediates. 
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Figure 2.1. STN representation for the first illustrative example. 
Unit-task compatibility and data for processing times, unit capacities, initial inventory, and conversion 
coefficients are provided. 

 
Figure 2.2. EST calculation for task T3. 
The earliest start time for task T3 of the illustrative example is 4 h, which is the time it takes to produce 25 kg 
of material S3 to satisfy its minimum batch size. 

 
Figure 2.3. Time windows for all tasks in the first illustrative example. 
If inventory of intermediates is not taken into account, longer and incorrect time windows are predicted. 
 

Once the time windows have been calculated for each task, we propagate the information 

regarding initial inventories for raw materials and intermediates following the direction of the 

material flow (i.e. forward propagation). This propagation allows the calculation of the maximum 

cumulative production of each material. Once this value has been determined for all input materials 

of a task, the maximum cumulative amount that the task can process based on material inventories 

is calculated. This value can then be compared with the maximum amount the task could process 
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within its time window, based on the maximum capacity of the units in which it can be processed. 

The minimum of the last two values defines the maximum cumulative production for the specific task. 

To illustrate these concepts we consider task T3 of the network in Figure 2.1. We fix the initial 

inventory of raw material S1 to 35 𝑘𝑔 and begin the forward propagation. Based on its time window, 

T1 could process 50 𝑘𝑔  of S1 (𝑚𝑎𝑥𝑖𝑚𝑢𝑚 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦 ∙ ⌊ 𝑡𝑖𝑚𝑒 𝑤𝑖𝑛𝑑𝑜𝑤

𝑝𝑟𝑜𝑐𝑒𝑠𝑠𝑖𝑛𝑔 𝑡𝑖𝑚𝑒
⌋; from U1: 40 = 10 ∙ ⌊8/2⌋ , and 

from U2: 10 = 5 ∙ ⌊8/3⌋) but there are only 35 𝑘𝑔 of S1 available, so T1 is limited by inventory and its 

maximum cumulative production is 35 𝑘𝑔. This value can in turn be propagated to material S3, to 

define its maximum cumulative production. Based on the time window for T3, a maximum of 90 𝑘𝑔 

(= 30 ∙ ⌊6/2⌋) can be processed, so we conclude that T3 is also inventory-limited and its maximum 

cumulative production is 35 𝑘𝑔. 

An additional refinement can be made by analyzing the feasible batch sizes derived from the unit 

capacities. Task T3 is processed in unit U3, whose capacity is [25, 30] 𝑘𝑔. This means that one batch 

of T3 in U3 can produce a maximum of 30 𝑘𝑔 and two batches produce at least 50 𝑘𝑔. There is no 

way to produce exactly 35 𝑘𝑔, so the maximum cumulative production of T3 is adjusted to 30 𝑘𝑔. 

When we include information on available time and maximum cumulative production in the MIP 

formulations, the corresponding LP relaxations are improved. For instance, if the production of 

product S6 is maximized, the LP relaxations of the three models we consider (SP&S, S&K, GH&M) 

predict 60 𝑘𝑔 of S6. However, when time and inventory restrictions are included in the model, the LP 

relaxations improve for models SP&S and GH&M. The former predicts a value of 50 𝑘𝑔, whereas the 

latter calculates a value of 57.14 𝑘𝑔 . Note that the integer solution obtained when integrality is 

enforced is 50 𝑘𝑔, which coincides with the LP relaxation for model SP&S. Although in more complex 

networks the improved results do not match the integer solution, the introduction of these methods 

greatly enhances the efficiency of the solution procedures as shown in section 2.5. 

Task dependence and feasible number of batches 
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Given a specific network, it is possible to identify groups of dependent tasks for which their 

number of batches are correlated. Being able to identify these groups and generate equations to 

represent the dependence between the numbers of batches of different tasks within a group is one 

of the key components of our methods. 

Consider the process network shown in Figure 2.4. We can identify three different groups of tasks 

based on different types of interactions that render their number of batches dependent. First, tasks 

T1 and T2 can be grouped together because they share unit U1. Although we can identify separate 

time windows for each task, the dependence appears when the unique time window for unit U1 is 

considered. If we assume that S1 and S2 have large inventories at the beginning of the horizon, then 

the earliest start time for both T1 and T2 is zero. From the processing time data we calculate shortest 

tail values of 3ℎ and 2ℎ for T1 and T2 respectively. Consequently, the time window for T1 is 7ℎ and 

for T2 is 8ℎ and since the inventory of S1 and S2 is large enough, both tasks are time-limited. The 

maximum number of batches of T1 and T2 that can be processed independently (⌊ 𝑡𝑖𝑚𝑒 𝑤𝑖𝑛𝑑𝑜𝑤

𝑝𝑟𝑜𝑐𝑒𝑠𝑠𝑖𝑛𝑔 𝑡𝑖𝑚𝑒
⌋) are 

𝑁𝑇1
𝑚𝑎𝑥 = 3 (= ⌊7/2⌋) and 𝑁𝑇2

𝑚𝑎𝑥 = 4 (= ⌊8/2⌋). However, since they share a common unit with a time 

window of 8ℎ  (using minimum values of earliest start time and shortest tail), only some 

combinations of number of batches are feasible, as shown in Figure 2.5. 

 
Figure 2.4. STN representation for second illustrative example. 
Unit-task compatibility and data for processing times and unit capacities are provided. 
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Second, tasks T4 and T5 form a new group because they share input material S4. Let us assume 

that the maximum cumulative amount of S4 is 100 kg. Individual estimates for the maximum number 

of batches of T4 and T5 (⌊ 𝐶𝑢𝑚𝑢𝑙𝑎𝑡𝑖𝑣𝑒 𝑖𝑛𝑝𝑢𝑡

𝐶𝑜𝑛𝑣𝑒𝑟𝑠𝑖𝑜𝑛∙𝑀𝑖𝑛 𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦
⌋) result in 𝑁𝑇4

𝑚𝑎𝑥 = 2 (= ⌊100/(1 ∙ 40)⌋) and 𝑁𝑇5
𝑚𝑎𝑥 =

3 (= ⌊100/(1 ∙ 30)⌋). Once more, the shared resource results in reduced feasible combinations of 

batches, as presented in Figure 2.6. 

 
Figure 2.5. Group of dependent tasks that share a common processing unit. 
If tasks T1 and T2 are considered independent then (𝑁𝑇1, 𝑁𝑇2) ∈ [0,3] × [0,4]. Since they share unit U1 we can 
write 2𝑁𝑇1 + 2𝑁𝑇2 ≤ 8 and 𝑁𝑇1 ≤ 3, based on the time window for the unit. Here 𝑁𝑇1 = ∑ 𝑋𝑇1,𝑈1,𝑡𝑡  and 𝑁𝑇2 =
∑ 𝑋𝑇2,𝑈1,𝑡𝑡  

 
Figure 2.6. Group of dependent tasks that share a common input material. 
If tasks T4 and T5 are considered independent then (𝑁𝑇4, 𝑁𝑇5) ∈ [0,2] × [0,3]. Since they share input material 
S4 we can first write 40𝑁𝑇4 + 30𝑁𝑇5 ≤ 100 based on cumulative production of the material. Moreover, we can 
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determine the convex hull of the feasible integer points to obtain 𝑁𝑇4 + 𝑁𝑇5 ≤ 3 and 2𝑁𝑇4 +𝑁𝑇5 ≤ 4. Here 
𝑁𝑇4 = ∑ 𝑋𝑇4,𝑈3,𝑡𝑡  and 𝑁𝑇5 = ∑ 𝑋𝑇5,𝑈4,𝑡𝑡  

Third, tasks T3 and T4 constitute a less intuitive group, since they consume materials produced 

by the same unit. Intermediates S3 and S4 are both produced by unit U1, which induces a dependence 

between T3 and T4. The simple forward-propagation algorithm would suggest that the number of 

batches of T3 and T4 are not related, but since the cumulative production of S3 and S4 is affected by 

the production in unit U1, we have to propagate the available information on U1 to determine if the 

required amounts of input materials constitute a feasible production scenario. In this case, there is 

not a single closed-form constraint that can be used to determine the feasible set of points. As we 

discuss in section 3.2, a more sophisticated procedure is required to identify such a set. Figure 2.7 

shows the feasible combinations of batches obtained when this dependence is taken into account. 

 
Figure 2.7. Group of dependent tasks that consume materials produced by a common unit. 
If tasks T3 and T4 are considered independent then (𝑁𝑇3, 𝑁𝑇4) ∈ [0,2] × [0,2]. Since they consume materials S3 
and S4 both produced by unit U1, there is an implicit dependence, that renders the combinations (𝑁𝑇3, 𝑁𝑇4) ∈
{(1,2), (2,2)} infeasible. The convex hull of the feasible integer points can be used to obtain 𝑁𝑇3 + 2𝑁𝑇4 ≤ 4 and 
𝑁𝑇3 ≤ 2. Here 𝑁𝑇3 = ∑ 𝑋𝑇3,𝑈2,𝑡𝑡  and 𝑁𝑇4 = ∑ 𝑋𝑇4,𝑈3,𝑡𝑡  

The analysis of the three types of groups described above leads to the generation of constraints 

describing the convex hull of feasible combinations of number of batches for the tasks within the 

group. The tightening effect is shown in Figures Figure 2.5 through Figure 2.7, in which some portions 

of the search space of the LP-relaxation are removed. For more complex instances, in which 
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combinations of time- and inventory-limited tasks are present, this tightening can be greatly 

beneficial as discussed in section 2.5. 

2.2. Proposed Methods 

The methods we propose are based on preprocessing instance data (processing time, initial 

inventory, conversion coefficients, and unit capacities) to obtain parameters that are used to 

generate tightening constraints. We discuss a sequence of algorithms that identify the initial grouping 

of tasks and calculate parameters that are propagated following the flow of materials in the network. 

These parameters are then used to write tightening constraints. In order to execute the proposed 

algorithms, we need to define new sets and parameters as follows. 

𝑑 ∈ 𝐃 Groups of dependent tasks 

𝐈𝑑 Tasks that belong to group 𝑑 

𝐉𝑑 Units that belong to group 𝑑 

ℎ ∈ 𝐇𝑑 Equations derived from group 𝑑 

𝜀𝑖𝑗  Earliest start time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝜎𝑖𝑗 Shortest tail for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝜃𝑖𝑗 Time window for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝜇𝑖  Maximum cumulative production of task 𝑖 ∈ 𝐈 within the given horizon 

𝜔𝑘 Maximum cumulative production of material 𝑘 ∈ 𝐊 within the given horizon 

𝜑𝑖𝑑ℎ Coefficient for task 𝑖 ∈ 𝐈𝑑 in equation ℎ ∈ 𝐇𝑑 

𝜑𝑑ℎ  Right-hand-side coefficient in equation ℎ ∈ 𝐇𝑑 

The definition of time window is direct, based on the discussion presented before: 

𝜃𝑖𝑗 = 𝜂 − 𝜀𝑖𝑗 − 𝜎𝑖𝑗    ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (2.4) 

We define four basic algorithms: (1) time window (TW) algorithm, (2) forward-propagation (FP) 

algorithm, (3) group identification (GI) algorithm, and (4) feasible region’s convex hull (FR) 

algorithm. Each of these algorithms defines and calculates some of the parameters that we just 
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introduced. The flowchart in Figure 2.8 shows the sequence of calculations and how the different 

algorithms interact with each other. Subsequent subsections explain each algorithm in detail. 

 
Figure 2.8. Flowchart for the proposed methods. 
Flow of information, results of each algorithm and interactions among them are shown. 

2.2.1. Time Window (TW) Algorithm 

The first algorithm is divided into two steps; for every task in the network one step calculates the 

earliest start time (TW_EST) and the other computes the shortest tail (TW_ST). The TW_EST step 

calculates 𝜀𝑖𝑗  by finding the time value for which the maximum amount of a specific input material, 

𝑘 ∈ 𝐊𝑖
−, that can be produced up to that time exceeds the minimum amount required to execute one 

batch of task 𝑖. This is illustrated for task T3 of the motivating example presented before using Figure 

2.9. The stair-shaped line in Figure 2.9a represents the production profile for material S3 if the tasks 

producing it used all available units at their maximum capacities. The dotted line is the minimum 

amount of material required for a single batch of task T3. The time at which these two lines intersect 

represents the earliest start time for T3 in unit U3. 
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Figure 2.9. Calculations for the TW_EST algorithm. 
(a) Cumulative production profile for material S3 and minimum input material requirement for task T3 in unit 
U3, for the illustrative example in Figure 1. (b) Calculation steps for the TW_EST step. 

The TW_EST step uses the following parameters in order to keep track of the two separate 

quantities: 

𝜓𝑘𝑡̅
𝐸  Maximum amount of material 𝑘 ∈ 𝐊 available at time 𝑡̅ 

𝜒𝑖𝑗𝑡̅ 
𝐸  Cumulative production for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 starting at or before time 𝑡̅ 

𝜙𝑖𝑡̅ 
𝐸  Cumulative production for task 𝑖 ∈ 𝐈 in any unit starting at or before time 𝑡̅ 

The TW_EST step is based on a predefined time grid 𝑡̅ ∈ 𝐓̅ over which it loops to determine the 

earliest time a task can start. In discrete-time models this grid coincides with the discretization 

introduced by the step size 𝛿, i.e. 𝐓̅ = 𝐓 . In continuous-time formulations, an auxiliary grid is defined 

using two steps: (1) all the processing times are rounded to a fixed number of decimal places, and (2) 

a step size equal to the greatest common factor of the processing times is introduced. Equation (2.5) 

defines 𝜓𝑘𝑡̅
𝐸  as the total supply of material 𝑘 plus the maximum amount that can be produced up to 

time 𝑡̅. The second term is calculated as the minimum between two quantities: (1) the amount of 

material 𝑘 that can be produced in all units that process tasks producing 𝑘 up to time 𝑡̅, and (2) the 

amount of material 𝑘 produced by all tasks producing 𝑘 up to time 𝑡̅. 
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𝜓𝑘𝑡̅
𝐸 = ∑ 𝜉𝑘𝑡̅′

0≤𝑡̅′≤𝑡̅

+∑ [𝜌𝑖𝑘min{∑𝜒𝑖𝑗(𝑡̅−𝜏𝑖𝑗) 
𝐸

𝑗∈𝑱𝑖

, 𝜙𝑖(𝑡̅−min
𝑗∈𝑱𝑖

𝜏𝑖𝑗) 
𝐸 }]

𝑖∈𝐈𝑘
+

 (2.5) 

Equation (2.6) defines 𝜒𝑖𝑗𝑡̅ 
𝐸 , which is initialized based on the amount of input material k available 

for task 𝑖 (first term), but cannot increase by more than 𝛽𝑗
𝑚𝑎𝑥 every 𝜏𝑖𝑗  time periods (second term). 

Equation (2.6) also expresses that if 𝜒𝑖𝑗𝑡̅ 
𝐸  is less than the minimum unit capacity, 𝛽𝑗

𝑚𝑖𝑛 , then no 

material can be processed by task 𝑖 in unit 𝑗 and therefore 𝜒𝑖𝑗𝑡̅ 
𝐸 = 0. 

𝜒𝑖𝑗𝑡̅
𝐸 = min {min

𝑘∈𝐊𝑖
−
(−𝜓𝑘𝑡̅

𝐸 /𝜌𝑖𝑘) , 𝜒𝑖𝑗(𝑡̅−𝜏𝑖𝑗) 
𝐸 + 𝛽𝑗

𝑚𝑎𝑥}; if 𝜒𝑖𝑗𝑡̅
𝐸 < 𝛽𝑗

𝑚𝑖𝑛 then set  𝜒𝑖𝑗𝑡̅
𝐸 ← 0 (2.6) 

Next, equation (2.7) provides the value of 𝜙𝑖𝑡̅ 
𝐸  based on the total amount of input material 

available. This value is at most the sum of the amounts that can be produced in all units that process 

task 𝑖. 

𝜙𝑖𝑡̅ 
𝐸 = min{min

𝑘∈𝐊𝑖
−
{−𝜓𝑘𝑡̅

𝐸 /𝜌𝑖𝑘} ,∑𝜒𝑖𝑗𝑡̅
𝐸

𝑗∈𝐉𝑖

 } (2.7) 

Finally, the earliest start time is the first time point for which 𝜒𝑖𝑗𝑡̅
𝐸  is nonzero as expressed 

through equation (2.8). 

𝜀𝑖𝑗 = min{𝑡̅: 𝜒𝑖𝑗𝑡̅
𝐸 > 0} (2.8) 

Figure 2.10 presents the outline of the TW_EST step. We use the set 𝐓𝐸𝑥𝑝 to define the set of time 

points that need to be explored, according to the time grid used. Figure 2.11 shows the procedure of 

the TW_EST step when applied to the motivating example introduced before. 
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Figure 2.10. Flowchart for the TW_EST step in TW algorithm. 

 
Figure 2.11. Calculation procedure for the TW_EST step for the process network in Figure 1. 
Evolution of cumulative production at times when batches of different tasks start/finish. A green material 
indicates its cumulative amount is enough to start tasks that consume it. A red material indicates its cumulative 
amount is below the minimum required to start tasks consuming it. A gray task indicates it is ready to process 
its first batch. A white task is still waiting for its input materials to reach minimum levels to start. The value of 
𝜀𝑖𝑗  corresponds to the first 𝑡̅ where the task is gray. Minimum requirements for tasks are T3: 25 𝑘𝑔 of S3, T4: 

11.25 𝑘𝑔 of S4 and 3.75 𝑘𝑔 of S5. From Figure (a) we obtain 𝜀𝑇1,𝑈1 = 𝜀𝑇1,𝑈2 = 𝜀𝑇2,𝑈4 = 0. From Figures (d) an 

(e) respectively we get 𝜀𝑇3,𝑈3 = 4 and 𝜀𝑇4,𝑈4 = 6 
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The TW_ST step is simpler than the TW_EST step and uses a modification of the shortest path 

algorithm66 as described by Velez and Maravelias60. It uses the following sets and parameters: 

Sets 

𝐊𝐹 = {𝑘 ∈ 𝐊: 𝑘 is a raw material} 

𝐊𝑃 = {𝑘 ∈ 𝐊: 𝑘 is a final product} 

Parameters 

𝜙𝑘
𝑆 Minimum time required to process material 𝑘 ∈ 𝐊  so that it leads to production of final 

products. 

𝜆𝑖𝑗
𝑆  Latest finish time for task 𝑖 ∈ 𝐈  in unit 𝑗 ∈ 𝐉𝑖  so that the intermediates it produces have 

enough time to be transformed into final products. 

The TW_ST step starts by assigning large values of 𝜙𝑘
𝑆 to raw and intermediate materials and zero 

values to materials in 𝐊𝑃. It also initializes 𝜆𝑖𝑗
𝑆  with large values. The set 𝐊𝐸𝑥𝑝 is used to keep track of 

the materials that need to be evaluated. Equation (2.9) is used to calculate 𝜆𝑖𝑗
𝑆 in terms of 𝜙𝑘

𝑆, and 

equation (2.10) to calculate 𝜙𝑘
𝑆 based on tasks that consume material 𝑘. Finally, equation (2.11) is 

used to calculate the shortest tail 𝜎𝑖𝑗. 

𝜆𝑖𝑗
𝑆 = min

𝑘∈𝐊𝑖
+
𝜙𝑘
𝑆     ∀𝑖 ∈ 𝐈𝑘

+, 𝑗 ∈ 𝐉𝑖 (2.9) 

𝜙𝑘
𝑆 = min

𝑖∈𝐈𝑗
{𝜙𝑘

𝑆, 𝜆𝑖𝑗
𝑆 + 𝜏̅𝑖𝑗}    ∀𝑘 ∈ 𝐊𝑖

− (2.10) 

𝜎𝑖𝑗 = 𝜂 − 𝜆𝑖𝑗
𝑆     ∀𝑖 ∈ 𝐈𝑘

+, 𝑗 ∈ 𝐉𝑖 (2.11) 

Figure 12 presents the calculations of the TW_ST step. Figure 13 shows the application of the 

TW_ST step to the motivating example in section 2.3.1. 
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Figure 2.12. Flowchart for the TW_ST step in TW algorithm 

 
Figure 2.13. Calculation procedure for the TW_EST step 

As previously mentioned, by extension it is possible to calculate the earliest start time and 

shortest tail of individual units, as well as the corresponding time windows as shown in equations 

(2.12)-(2.14). These parameters are important in developing the FR algorithm in section 2.2.4 and 

additional tightening constraints in section 2.2.5. 
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𝜀𝑗 = min
𝑖∈𝐈𝑗

𝜀𝑖𝑗     ∀𝑗 ∈ 𝐉 (2.12) 

𝜎𝑗 = min
𝑖∈𝐈𝑗

𝜎𝑖𝑗     ∀𝑗 ∈ 𝐉 (2.13) 

𝜃𝑗 = 𝜂 − 𝜀𝑗 − 𝜎𝑗    ∀𝑗 ∈ 𝐉 (2.14) 

2.2.2. Forward-Propagation (FP) Algorithm 

The maximum cumulative production for task 𝑖, 𝜇𝑖 , and material 𝑘, 𝜔𝑘, are calculated through an 

algorithm that propagates the inventory and time availability information in the direction of the 

material flow within the network. This forward-propagation algorithm generalizes the ideas 

presented for the illustrative example and is based on the comparison between values predicted for 

the maximum amount that a task can process when time and inventory availability are considered 

separately. Based on time, this maximum amount can be calculated once the time window for the 

task is known using equation (2.15). 

𝜇𝑖
𝑇𝑊 =∑𝛽𝑗

𝑚𝑎𝑥 ⌊
𝜃𝑖𝑗

𝜏𝑖𝑗
⌋

𝑗∈𝐉𝑖

    ∀𝑖 ∈ 𝐈 (2.15) 

To consider inventory availability we have to solve the linear program defined in equation (2.16), 

in which we maximize the amount produced by task 𝑖, represented by the variable 𝑄𝑖 . The constraints 

in this LP enforce that (i) the amount produced of each material plus any initial inventory is greater 

than the amount consumed, and that (ii) for each material the total consumption by downstream 

tasks does not exceed its maximum feasible production within the given horizon. Note that the LP in 

equation (2.16) implicitly uses the structure of the network, so it is valid for networks with or without 

recycled materials. 
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𝜇𝑖
𝐿𝑃 = max

{
 
 

 
 
𝑄𝑖:
  

𝜉𝑘0 + ∑ 𝜌𝑖′𝑘𝑄𝑖′
𝑖′∈𝐈𝑘

+

+ ∑ 𝜌𝑖′𝑘𝑄𝑖′

𝑖′∈𝐈𝑘
−

≥ 0  ∀𝑘

∑ 𝜌𝑖′𝑘𝑄𝑖′

𝑖′∈𝐈𝑘
+

≤ 𝜔𝑘  ∀𝑘; 𝑄𝑖 ≥ 0                   

}
 
 

 
 

   ∀𝑖 ∈ 𝐈:𝜔𝑘 𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 ∀𝑘 ∈ 𝐊𝑖
− (2.16) 

Equation (2.17) sets the maximum production of the task to the minimum predicted using time 

window and inventory restrictions. Finally, equation (2.18) allows the propagation of information to 

the materials produced by tasks whose 𝜇𝑖  is known. 

𝜇𝑖 = min{𝜇𝑖
𝑇𝑊, 𝜇𝑖

𝐿𝑃}    ∀𝑗 ∈ 𝐉 (2.17) 

𝜔𝑘 = 𝜉𝑘0 +∑ 𝜌𝑖𝑘𝜇𝑖
1

𝑖∈𝐈𝑘
+

    ∀𝑘 ∈ 𝐊: 𝜇𝑖  𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 ∀𝑖 ∈ 𝐈𝑘
+ (2.18) 

Equation (2.18) introduces a new parameter, 𝜇𝑖
1, based on the ideas discussed by Velez et al.59 A 

correction in the original value of 𝜇𝑖  predicted through equation (2.17) is required, since the 

capacities of the units might prevent this exact amount to be processed. Next, we describe how this 

correction is made. 

For a given task 𝑖, let us define the set 𝑚 ∈ 𝐌𝑖  to index the production intervals that result when 

different combinations of units processing task 𝑖 are considered. Let us also define 𝜖𝑗
𝑚 as the number 

of batches of task 𝑖 processed in unit 𝑗 ∈ 𝐉𝑖 for interval 𝑚. The maximum value 𝜖𝑗
𝑚 takes is obtained 

by rounding up the ratio of the cumulative production of task 𝑖 to the maximum capacity of unit 𝑗 ∈

𝐉𝑖, i.e. 𝜖𝑗
𝑚𝑎𝑥 = ⌈𝜇𝑖 𝛽𝑗

𝑚𝑎𝑥⁄ ⌉. Then, equation (2.19) provides the number of elements in the set 𝐌𝑖, where 

the first term represents combinations with 𝜖𝑗
𝑚 ∈ [0, 𝜖𝑗

𝑚𝑎𝑥 − 1] and the second term is the number 

of intervals with 𝜖𝑗
𝑚 = 𝜖𝑗

𝑚𝑎𝑥 and 𝜖𝑗′
𝑚 = 0 ∀𝑗′ ≠ 𝑗, i.e. the combinations that contain only one unit. 

|𝐌𝑖| =∏𝜖𝑗
𝑚𝑎𝑥

𝑗∈𝐉𝑖

+ |𝐉𝑖| (2.19) 

Equation (2.20) defines the corrected value for the feasible cumulative production of task 𝑖. 
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𝜇𝑖
1 =

{
 
 

 
 𝜇𝑖 𝑖𝑓 ∃𝑚:∑𝜖𝑗

𝑚𝛽𝑗
𝑚𝑖𝑛

𝑗∈𝐉𝑖

≤ 𝜇𝑖 ≤∑𝜖𝑗
𝑚𝛽𝑗

𝑚𝑎𝑥

𝑗∈𝐉𝑖

max
𝑚∈𝐌𝑖

{∑𝜖𝑗
𝑚𝛽𝑗

𝑚𝑎𝑥

𝑗∈𝐉𝑖

:∑𝜖𝑗
𝑚𝛽𝑗

𝑚𝑎𝑥

𝑗∈𝐉𝑖

≤ 𝜇𝑖} 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (2.20) 

As an illustration let us consider a task T1 that has a maximum cumulative production of 70 𝑘𝑔 

and is compatible with units U1 and U2, with capacities 𝛽𝑈1
𝑚𝑖𝑛 = 25 𝑘𝑔, 𝛽𝑈1

𝑚𝑎𝑥 = 30 𝑘𝑔, 𝛽𝑈2
𝑚𝑖𝑛 =

55 𝑘𝑔, 𝛽𝑈2
𝑚𝑎𝑥 = 60 𝑘𝑔. First, we calculate 𝜖𝑈1

𝑚𝑎𝑥 = ⌈70 30⁄ ⌉ = 3 and 𝜖𝑈2
𝑚𝑎𝑥 = ⌈70 60⁄ ⌉ = 2. Then, using 

equation B1 we obtain the total number of intervals |𝐌𝑇1| = 8. Figure 2.14 presents a complete 

analysis of the feasible intervals, based on combinations of U1 and U2 and the expressions included 

in equation 20. Since 𝜇𝑇1 = 70 does not fall in any of the intervals, equation B2 uses the upper bound 

of the closest interval to obtain 𝜇𝑇1
1 = 60. 

 
Figure 2.14. Production intervals for combinations of two units. 
U1 and U2 have capacities [25,30] and [55,60].  Task T1 compatible with U1, U2 cannot have a maximum 
cumulative production of 𝜇𝑇1 = 70. Feasible production intervals generate a corrected value 𝜇𝑇1

1 = 60. 

Figure 2.15 summarizes the complete forward-propagation algorithm. The sets 𝐈𝐸𝑥𝑝  and 𝐊𝐸𝑥𝑝 

respectively contain the tasks and materials that have been explored. Figure 2.16 presents the results 

of the application of the FP algorithm to the motivating example introduced in Figure 2.1. 
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Figure 2.15. Flowchart for the FP Algorithm. 
Calculates the maximum feasible production amounts for each task, 𝜇𝑖 , and material, 𝜔𝑘 , within the network 

 
Figure 2.16. Calculation steps and results for FP algorithm applied to network in Figure 1.  
Materials and tasks in green indicate their parameters, 𝜔𝑘  and 𝜇𝑖  respectively, are calculated in a specific step 

2.2.3. Group Identification (GI) Algorithm 

After time availability has been calculated for each task in the network through the time window 

𝜃𝑖𝑗, and the forward-propagation has been executed to predict maximum feasible productions for 

both tasks (μi) and materials (ωk), a new procedure is introduced to define the feasible combinations 

of the number of batches in subgroups of dependent tasks;  i.e., tasks that are interrelated and whose 

production is limited by one another. There are three different types of groups: (1) Type I are tasks 

that share a processing unit; (2)Type II are tasks that share an upstream material; and (3) Type III 
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are tasks that consume materials produced by a common upstream unit. The first two types are 

simpler to analyze, since both the time window for the common unit and the maximum production 

for the shared material bound the maximum combined amount the tasks within the group can 

process. The third type also defines upper bounds on the combined processing amounts; however, 

the identification of a group and the feasible combination of batches requires the propagation of Type 

I constraints. The output of this algorithm is the set of dependent groups 𝑑 ∈ 𝐃. Figure 2.17 shows 

the basic structure of the GI Algorithm, where the following additional sets are defined: 

𝐉𝑘
+(𝐉𝑘

−) = {𝑗 ∈ 𝐉𝑖: 𝑖 ∈ 𝐈𝑘
+(𝐈𝑘

−)} Units that produce (consume) material 𝑘 

𝐊𝑗
+(𝐊𝑗

−) = {𝑘 ∈ 𝐈𝑘
+(𝐈𝑘

−): 𝑖 ∈ 𝐈𝑗} Materials produced (consumed) by task 𝑗 

 

Figure 2.17. Flowchart for the GI algorithm. 
It is used to find the groups of interdependent tasks. Type I corresponds to tasks sharing a unit, Type II appears 
when tasks share a common input material, and Type III groups tasks that use materials produced by the same 
unit. 
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As an illustration, we revisit the second motivating example presented before and focus on the 

Type II group. We follow the algorithm in Figure 2.17 to confirm the qualitative analysis we 

performed before where we identified that tasks T4 and T5 are dependent because they consume a 

common material. We select 𝑖 = 𝑇4 , so the relevant sets are 𝐊𝑇4
− = {𝑆4}  and  𝐈𝑆4

− \{𝑇4} = {𝑇5} . 

Without loss of generality, let us assume that the counting index is set at 𝑑 ← 1. Then, the new group 

is defined as 𝐈1 = {𝑇4, 𝑇5}, the counting index is increased by one (i.e. 𝑑 ← 2), and 𝐈2 is initialized as 

an empty set. The algorithm continues until all tasks have been visited and grouped. 

2.2.4. Feasible Region (FR) Algorithm 

For each of the groups identified through the GI algorithm and indexed by 𝑑 , the maximum 

number of batches of each task in the group, 𝜁𝑖𝑑
𝑚𝑎𝑥, is calculated using equation (2.21) that considers 

restrictions in both available time and inventory. The former involves exploring all the time windows 

in compatible units for task 𝑖, whereas the latter finds the most restrictive input material for task 𝑖 

over all the compatible units. 

𝜁𝑖𝑑
𝑚𝑎𝑥 = min{∑⌊

𝜃𝑖𝑗

𝜏𝑖𝑗
⌋

𝑗∈𝐉𝑖

, max
𝑗∈𝐉𝑖

(min
𝑘∈𝐊𝑖

−
⌊

𝜔𝑘

𝜌𝑖𝑘𝛽𝑗
𝑚𝑖𝑛

⌋)}    ∀𝑑 ∈ 𝐃, 𝑖 ∈ 𝐈𝑑 (2.21) 

Subsequently, the set of points 𝑃 for the feasible combinations of the number of batches of each 

task in the group is determined, depending on the type of dependence. For Type I, the time 

representation is important since it is based on the time window for a unit. Equations (2.22) and 

(2.23) are respectively used in continuous-time and discrete-time formulations to limit the possible 

combinations of batches for tasks within the group. 
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∑∑𝜏̅𝑖𝑗𝑋𝑖𝑗𝑡
𝑡∈𝐓𝑖∈𝐈𝑗

≤ 𝜃𝑗 (2.22) 

∑∑𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑡𝑖∈𝑰𝑗

≤ ⌊𝜃𝑗 𝛿⁄ ⌋    ∀𝑗 ∈ 𝐉 (2.23) 

For Type II groups, equation 2.22 is used to determine the set 𝑃, based on the available amount 

of the shared material. 

∑∑∑𝛽𝑗
𝑚𝑖𝑛𝜌𝑖𝑘𝑋𝑖𝑗𝑡

𝑡∈𝐓𝑗∈𝐉𝑖𝑖∈𝐈𝑘
−

≤ 𝜔𝑘 (2.24) 

Tasks in Type III groups consume materials produced by a common upstream unit. This 

processing unit necessarily defines a Type I group, for which a set of constraints can be found based 

on equations (2.22) or (2.23). These constraints can be then forward-propagated to determine 

feasible combination of batches for tasks in the Type III group. As an illustration, let us revisit the 

second motivating example. Figure 2.18 presents the portion of the network that corresponds to the 

Type III group with the relevant parameters associated to its tasks and the Type I constraint derived 

from unit U1. 

 
Figure 2.18. Analysis of Type III group. 
Application to example in Figure 2.4 (partial STN is shown) 

T1 T3

T4T2

S3

S4

{U2: 15-25 kg}

{U1: 15-20 kg} {U3: 40-50 kg}

T3 U2 3 8 S3 60 2

T4 U3 2 6 S4 80 2
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Using the Type I constraint in terms of the assignment variable and the unit capacity constraint 

from the original model, we can derive an equation in terms of batch sizes for tasks in unit U1: 𝐵̂𝑇1 +

𝐵̂𝑇2 ≤ 80, where 𝐵̂𝑖 = ∑ 𝐵𝑆𝑖,𝑈1,𝑡𝑡  is the cumulative production of task 𝑖 . If we define 𝑊𝑘  to be the 

cumulative production of material 𝑘 ∈ 𝐊𝑖
+, 𝑖 ∈ 𝐈𝑈1 , we can upper-bound it using 𝐵̂𝑖 : 𝑊𝑆3 ≤

𝜌𝑇1,𝑆3𝐵̂𝑇1;𝑊𝑆4 ≤ 𝜌𝑇2,𝑆4𝐵̂𝑇2. Therefore we can evaluate if a combination of batches of tasks T3 and T4 

is feasible, by calculating the required values of S3 and S4, and evaluating feasibility using the 

constraints we just generated. For instance, in Figure 2.7 we show that the combination of one batch 

of T3 and two batches of T4 is infeasible. This combination requires 𝑊𝑆3 ≥ 1 ∙ 𝜌𝑇3,𝑆3𝛽𝑈2
𝑚𝑖𝑛;𝑊𝑆4 ≥ 2 ∙

𝜌𝑇4,𝑆4𝛽𝑈3
𝑚𝑖𝑛. But we can directly see that {(𝐵̂𝑇1, 𝐵̂𝑇2,𝑊𝑆3,𝑊𝑆4): 𝐵̂𝑇1 + 𝐵̂𝑇2 ≤ 80, 30 ≤ 𝑊𝑆3 ≤ 𝐵̂𝑇1; 80 ≤

𝑊𝑆4 ≤ 𝐵̂𝑇2} = ∅ and therefore the combination is infeasible. 

We now generalize this procedure by formally defining two new variables: (1) 𝐵̂𝑖𝑗 = ∑ 𝐵𝑆𝑖𝑗𝑡𝑡 , the 

cumulative production of task 𝑖 in unit 𝑗 ∈ 𝐉𝑖 and (2) 𝑊𝑘, the cumulative production of material 𝑘 ∈

𝐊𝑖
+, 𝑖 ∈ 𝐈𝑗 𝑖𝑠 𝑎 𝑇𝑦𝑝𝑒 𝐼 𝑔𝑟𝑜𝑢𝑝. We also define the required amount of input materials for 𝜐𝑖′𝑗′  batches 

of task 𝑖′ ∈ 𝐈𝑘
−  in unit 𝑗′ ∈ 𝐉𝑖′  as 𝜔𝑘

𝑅 = 𝜐𝑖′𝑗′𝜌𝑖′𝑘𝛽𝑗′
𝑚𝑖𝑛 . Then, the LP feasibility problem in equation 

(2.25) is solved for each combination of batches up to the maximum value for each task. 

{
 
 

 
 (𝐵̂𝑖𝑗 ,𝑊𝑘):

  

∑𝜑𝑖𝑗ℎ𝐵̂𝑖𝑗
𝑖∈𝐈𝑗

≤ 𝜑𝑗ℎ  𝛽𝑗
𝑚𝑎𝑥: 𝐈𝑗 is a Type I group, ℎ ∈ 𝐇𝑗

𝜔𝑘
𝑅 ≤ 𝑊𝑘 ≤ ∑∑𝜌𝑖𝑘𝐵̂𝑖𝑗

𝑗∈𝐉𝑖𝑖∈𝐈𝑘
+

  ∀𝑘                                        

}
 
 

 
 

 (2.25) 

Finally, once the set of points has been identified for each type of group, its convex hull is obtained 

by using the qhull algorithm67. The inequalities that describe 𝑐𝑜𝑛𝑣(𝑃) can directly be added to the 

discrete- or continuous-time formulations to further tighten the original models. Figure 2.19 

summarizes the basic steps in the FR algorithm, where the set 𝐃𝐸𝑥𝑝 contain the groups of dependent 

tasks that still need to be analyzed 
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Figure 2.19. Flowchart for the FR algorithm. 
This algorithm provides the coefficients for the linear combinations defining feasible combinations of batches 
within a given dependent group. 

Let us consider again the second motivating example, and focus on the Type II group previously 

identified by the GI algorithm, i.e. {𝑇4, 𝑇5} . Equation (2.24) in this case becomes 

∑ ∑ 𝛽𝑗
𝑚𝑖𝑛|𝜌𝑖,𝑆4|∑ 𝑋𝑖𝑗𝑡𝑡∈𝐓𝑗∈𝐉𝑖𝑖∈𝐈𝑆4

− ≤ 𝜔𝑆4 , the relevant sets are 𝐈𝑆4
− = {𝑇4, 𝑇5}, 𝐉𝑇4 = {𝑈3}, 𝐉𝑇5 = {𝑈4} 

and the important parameters 𝜌𝑇4,𝑆4 = 𝜌𝑇5,𝑆4 = −1, 𝛽𝑈3
𝑚𝑖𝑛 = 40, 𝛽𝑈4

𝑚𝑖𝑛 = 30,𝜔𝑆4 = 100 . After 

simplification, we obtain the constraint 4∑ 𝑋𝑇4,𝑈3,𝑡𝑡∈𝐓 + 3∑ 𝑋𝑇5,𝑈4,𝑡𝑡∈𝐓 ≤ 10, which is depicted in 

Figure 2.6. The set of possible combinations of batches of T4 and T5 is then 

𝑃 = {(0,0), (1,0), (2,0), (0,1), (1,1), (0,2), (1,2), (0,3)} 

And after applying the qhull algorithm we obtain: 

𝑐𝑜𝑛𝑣(𝑃) =

{
 
 
 

 
 
 (∑𝑋𝑇4,𝑈3,𝑡

𝑡∈𝐓

,∑𝑋𝑇5,𝑈4,𝑡
𝑡∈𝐓

): ∑𝑋𝑇4,𝑈3,𝑡
𝑡∈𝐓

≥ 0,∑𝑋𝑇5,𝑈4,𝑡
𝑡∈𝐓

≥ 0,

                                               ∑𝑋𝑇4,𝑈3,𝑡
𝑡∈𝐓

+∑𝑋𝑇5,𝑈4,𝑡
𝑡∈𝐓

≤ 3,

                                                 2∑𝑋𝑇4,𝑈3,𝑡
𝑡∈𝐓

+∑𝑋𝑇5,𝑈4,𝑡
𝑡∈𝐓

≤ 4
}
 
 
 

 
 
 

 

This set is represented by the shadowed area in Figure 2.6. 
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2.2.5. Constraints 

In this section we explain how the parameters calculated through the four algorithms are used to 

define different sets of tightening constraints that can be added to any discrete- or continuous-time 

formulation. For continuous-time models we assume that the processing time is fixed and does not 

depend on the batch size. 

In continuous-time models, equation (2.22) can be directly used to bound the linear combination 

that defines the total time spent by a task in a single unit by using the time window defined through 

the TW Algorithm. Equation (2.26) is the equivalent constraint for a specific task. 

∑𝜏̅𝑖𝑗𝑋𝑖𝑗𝑡
𝑡

≤ 𝜃𝑖𝑗    ∀𝑖, 𝑗 ∈ 𝑱𝑖 (2.26) 

The corresponding equations for discrete-time formulations are given by (2.23) and (2.27). 

∑𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑡

≤ ⌊𝜃𝑖𝑗 𝛿⁄ ⌋    ∀𝑖, 𝑗 ∈ 𝑱𝑖 (2.27) 

The total cumulative production for a given task can be bounded above by 𝜇𝑖
1 calculated in the FP 

Algorithm, regardless of time representation. 

∑∑𝐵𝑆𝑖𝑗𝑡
𝑡𝑗∈𝐉𝑖

≤ 𝜇𝑖
1    ∀𝑖 ∈ 𝐉 (2.28) 

Finally, the parameters calculated using the FR Algorithm are used to constrain a linear 

combination of batches of dependent tasks belonging to a group: 

∑ 𝜑𝑖𝑑ℎ𝑋𝑖𝑗𝑡
𝑖∈𝐈𝑑,𝑗∈𝐉𝑖,𝑡

≤ 𝜑𝑑ℎ     ∀𝑑, ℎ ∈ 𝐇𝑑 (2.29) 

2.3. Extension to variable EST and ST 

A generalization of the concepts of earliest start time and shortest time to end of the horizon is 

proposed in order to obtain even tighter formulations, when the information from the algorithms 



 
37 

just described is propagated. If we allow these amounts to vary instead of fixing them through 

parameters 𝜀𝑖𝑗  and 𝜎𝑖𝑗, new sets of constraints can be formulated. We define variable 𝐸𝑖𝑗  as the time 

at which task 𝑖 can start in unit 𝑗 ∈ 𝐉𝑖  and 𝑆𝑇𝑖𝑗 as the shortest time to the end of the horizon for task 𝑖 

in unit 𝑗 ∈ 𝐉𝑖. We can readily write equation (2.30) to lower-bound these variables. 

𝐸𝑖𝑗 ≥ 𝜀𝑖𝑗 ;   𝑆𝑇𝑖𝑗 ≥ 𝜎𝑖𝑗  ∀𝑖, 𝑗 ∈ 𝐉𝑖 (2.30) 

We can also generalize equation 20 to introduce these two new variables through equation 

(2.31). 

∑𝜏̅𝑖𝑗𝑋𝑖𝑗𝑡
𝑡

≤ 𝜂 − 𝐸𝑖𝑗 − 𝑆𝑇𝑖𝑗    ∀𝑖, 𝑗 ∈ 𝑱𝑖 (2.31) 

Consider the example shown in Figure 2.20. If we apply the TW algorithm to this network, we 

obtain 𝜀𝑇2,𝑈2 = 𝜀𝑇3,𝑈2 = 4, since two batches of task T1 are required to start either T2 or T3. But, 

since T2 and T3 are performed in a common unit, only one of them can have an earliest start time of 

4ℎ, whereas the other will have an earliest start time of 6 or 7ℎ. However, we do not know a priori 

which task will start first, especially if this network is a subsystem of a bigger network. We can then 

define variables 𝐸𝑇2,𝑈2 and 𝐸𝑇3,𝑈2, for which we know that feasible values are (𝐸𝑇2,𝑈2, 𝐸𝑇3,𝑈2) = (4,6) 

or (𝐸𝑇2,𝑈2, 𝐸𝑇3,𝑈2) = (7,4). We conclude that a valid inequality for these variables is given by 𝐸𝑇2,𝑈2 +

𝐸𝑇3,𝑈2 ≥ 10, which is stronger than the set {𝐸𝑇2,𝑈2 ≥ 𝜀𝑇2,𝑈2 = 4, 𝐸𝑇3,𝑈2 ≥ 𝜀𝑇3,𝑈2 = 4}. 

 
Figure 2.20. Small network to illustrate differences between constant and variable earliest start time. 

We define three different families of constraints based on the relative position of tasks within the 

network. Our goal is to generalize these concepts to more complex structures to obtain valid 

T1

T2

T3

S1 S2

S4

S3

{U1: 15-20 kg}

{U2: 35-40 kg}
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inequalities that can be used independently or coupled with the constraints derived in the previous 

section. 

2.3.1. Subsequent tasks 

Let us consider the case in which material 𝑘 is produced by task 𝑖′ and consumed by task 𝑖. Then 

the earliest start time of task 𝑖 can be lower-bounded according to equation (2.32). We consider that 

this value has to be greater or equal than the sum of earliest start time for task 𝑖′ and the time task 𝑖′ 

takes to produce enough material to process the first batch of 𝑖. 

𝐸𝑖𝑗 ≥ 𝐸𝑖′𝑗′ + 𝜏̅𝑖′𝑗′ ⌈
𝜌𝑖𝑘𝛽𝑗

𝑚𝑖𝑛 − 𝜉𝑘0

𝜌𝑖′𝑘𝛽𝑗′
𝑚𝑎𝑥 ⌉    

∀𝑖, 𝑖′                                                                 
∀𝑗 ∈ 𝐉𝑖, 𝑗

′ ∈ 𝐉𝑖′: |𝐉𝑖′| = 1                             

∀𝑘 ∈ 𝐊𝑖
− ∩ 𝐊𝑖′

+: |𝐈𝑘
+| = 1, 𝜉𝑘0 < 𝜌𝑖𝑘𝛽𝑗

𝑚𝑖𝑛
 (2.32) 

Similarly, equation (2.33) bounds the shortest tail of task 𝑖′, using the processing time of task 𝑖. 

𝑆𝑇𝑖′𝑗′ ≥ 𝑆𝑇𝑖𝑗 + 𝜏̅𝑖𝑗     

∀𝑖, 𝑖′                                        
∀𝑗 ∈ 𝐉𝑖, 𝑗

′ ∈ 𝐉𝑖′: |𝐉𝑖′| = 1    

∀𝑘 ∈ 𝐊𝑖
− ∩ 𝐊𝑖′

+: |𝐈𝑘
+| = 1   

 (2.33) 

2.3.2. Tasks consuming the same material 

If two tasks 𝑖  and 𝑖′  share a common input material 𝑘 , its cumulative production limits the 

combinations of values of variable EST for both tasks. Let us consider the simple subsystem shown 

in Figure 2.21. If the capacity of unit U0 is such that one batch of task T0 is enough to start the first 

batch of both tasks T1 and T2 (e.g. U0: 60 𝑘𝑔), then simple relations between the variable EST of T0, 

T1 and T2 are given by 𝐸𝑇1 ≥ 𝐸𝑇0 + 𝜏̅𝑇0 and 𝐸𝑇2 ≥ 𝐸𝑇0 + 𝜏̅𝑇0, which can be combined to write 𝐸𝑇1 +

𝐸𝑇2 ≥ 2(𝐸𝑇0 + 𝜏̅𝑇0). On the other hand, when multiple batches of T0 are required to run the first 

batches of T1 and T2, then a careful analysis of the sequence and the required amounts has to be 

performed. For each sequence we can use equation 32 to find a valid inequality relating the EST 

variables. For the (T1→T2) sequence we can write 𝐸𝑇1 ≥ 𝐸𝑇0 + 𝜏̅𝑇0⌈𝜌𝑇1,𝑆1𝛽𝑇1
𝑚𝑖𝑛 𝜌𝑇0,𝑆1𝛽𝑇0

𝑚𝑎𝑥⁄ ⌉ = 𝐸𝑇0 +

2𝜏̅𝑇0  and 𝐸𝑇2 ≥ 𝐸𝑇1 + 𝜏̅𝑇0,𝑈0⌈𝜌𝑇2,𝑆1𝛽𝑇2
𝑚𝑖𝑛 𝜌𝑇0,𝑆1𝛽𝑇0

𝑚𝑎𝑥⁄ ⌉ = 𝐸𝑇1 + 4𝜏̅𝑇0 ≥  𝐸𝑇0 + 6𝜏̅𝑇0 . After combining 
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we obtain 𝐸𝑇1 + 𝐸𝑇2 ≥ 𝐸𝑇0 + 8𝜏̅𝑇0 . Similarly, the (T2→T1) sequence results in 𝐸𝑇1 + 𝐸𝑇2 ≥ 𝐸𝑇0 +

10𝜏̅𝑇0. In order to avoid cutting feasible integer solutions we choose the former (i.e. less restrictive) 

inequality as the valid constraint for the group {T1,T2}. 

 
Figure 2.21. Simple subsystem with two tasks sharing an input material S1. 

 

Figure 2.22. Valid inequalities for 𝒏 tasks sharing an input material. 

T0

T1

T2

S1

{U0: 10 kg}

{U2: 40 kg}

{U1: 20 kg}

……

……

……

Repeat for 

Choose group 

Read 

YES

Calculate for each sequence 

NO
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Figure 2.22 shows the flowchart used to generalize this procedure to an arbitrary number (𝑛) of 

tasks sharing an input material. Note that we also choose to analyze subgroups of two and three tasks 

in order to add more valid inequalities to the constraint pool. 

2.3.3. Tasks sharing a common unit 

If 𝑞 ≥ 2 tasks share a common unit j, we consider the 𝑞! points obtained from considering the 

possible permutations of tasks and their respective processing times. For instance, when two tasks 𝑖 

and 𝑖′ are compatible with unit 𝑗, we need to consider the points (𝜀𝑖𝑗 , 𝜀𝑖𝑗 + 𝜏̅𝑖𝑗) and (𝜀𝑖′𝑗 + 𝜏̅𝑖′𝑗 , 𝜀𝑖′𝑗) 

for EST, and (𝜎𝑖𝑗, 𝜎𝑖𝑗 + 𝜏̅𝑖𝑗)  and (𝜎𝑖′𝑗 + 𝜏̅𝑖′𝑗, 𝜎𝑖′𝑗)  for ST. We can then find the equation of the 

hyperplane on which these 𝑞! points lie in order to define the feasible half space whose inequality 

can be added to the pool of constraints. Equations (2.34) and (2.35) give the general form of such half 

spaces for variable EST and ST. 

∑𝜈𝑖𝑗𝐸𝑖𝑗
𝑖∈𝐈𝑗

≥ 𝜈𝑗   ∀𝑗: 𝐈𝑗 𝑖𝑠 𝑎 𝑡𝑦𝑝𝑒 𝐼 𝑔𝑟𝑜𝑢𝑝 (2.34) 

∑𝜈𝑖𝑗𝑆𝑇𝑖𝑗
𝑖∈𝐈𝑗

≥ 𝜈𝑗   ∀𝑗: 𝐈𝑗 𝑖𝑠 𝑎 𝑡𝑦𝑝𝑒 𝐼 𝑔𝑟𝑜𝑢𝑝 (2.35) 

Where 𝜈𝑖𝑗/𝜈𝑗  (𝜈𝑖𝑗/𝜈𝑗) are the coefficients of the EST (ST) hyperplane. 

2.4. Implementation 

The computational implementation of the algorithms described in section 2.2 and the extensions 

presented in section 2.3 requires a dual interface using a numerical computing environment in 

addition to an optimization engine. The numerical computing environment we use is Matlab R2014b 

and we primarily employ it to (1) efficiently generate the sets of points required for the FR algorithm 

and general EST hyperplanes, and (2) act as the master environment to make calls to the qhull 

package67 as part of the FR algorithm. The optimization engine we use is Cplex 12.6 on GAMS 24.2. 
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Figure 2.23 shows the interaction and the flow of information between the different 

computational engines required to implement the algorithms. The original network data and 

mathematical models are directly written in GAMS. In addition, the first three algorithms (TW, FP 

and GI) are also coded in GAMS to take advantage of its powerful set/index manipulation. Then two 

separate scripts in Matlab are used to execute the FR algorithm and the generation of hyperplanes 

for the variable EST case. First, the data on dependent sets of tasks is used as input to Matlab to 

generate the set of points 𝑃 satisfying equations (2.22)-(2.25). This set is then used as the input to 

qhull to generate an explicit set of inequalities –equation (2.31)– that defines 𝑐𝑜𝑛𝑣(𝑃), which is sent 

back to Matlab to write the final output file containing the coefficients of each inequality in GAMS 

format. Second, the data on earliest start time and shortest tail is passed to Matlab, which calculates 

the coefficients for the equations described in sections 2.3.2 and 2.3.3. Then it uses its built-in 

singular value decomposition (SVD) to calculate the equation of the hyperplane that contains all the 

points. The collinearity of the points is accepted without a formal proof, but it is verified by checking 

that the smallest singular value vanishes. 

 
Figure 2.23. Flowchart for computational implementation. 
Flow of information between the optimization engine (GAMS) and the numerical computing environment 
(Matlab) necessary to implement the proposed algorithms and the extension to variable EST. 

The exchange of information between different packages is made using binary text files written 

by the software acting as master in each procedure. In general, other than the solution of the MIP 

itself, the most expensive step is the generation and communication of the set of points 𝑃 that satisfy 
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the criteria associated with a particular type of dependence in the FR algorithm. This is due to the 

combinatorial nature of the problem of generating all the possible permutations of number of batches 

for tasks within a group. Moreover, the computational effort increases as the number of tasks in the 

group and/or the scheduling horizon increase. Also, note that one of the most time-consuming tasks 

in this process is the writing of the binary files to exchange information among the different pieces 

of software, particularly between Matlab and GAMS. That is why any internal data manipulation 

within a given software should be done using native variables instead of writing extra binary files to 

avoid artificial extra time in the preprocessing stage. On average, when the FR algorithm is used, 70% 

of the preprocessing time is spent in GAMS and 30% in Matlab/qhull. A possible way to improve 

computational efficiency is to solve the LP problems that appear in the preprocessing using Matlab. 

2.5. Computational Study 

To determine the effectiveness of the proposed methods, we test them on 27 instances of three 

different networks with different scheduling horizons and using the models presented in section 

2.1.2. Networks 1 and 2 (PN1 and PN2) are modified from Papageorgiou and Pantelides68 and 

network 3 (PN3) is from Maravelias and Papalamprou46. Table 2.1 gives a summary of all the 

instances and contains the step size 𝛿 for the discrete-time model SP&S, as well as the number of 

points, 𝑁∗ , used to represent the best solution, which was determined through an iterative 

procedure. For this calculation, we used the solution obtained by the discrete-model as lower bound 

and iteratively increased the number of points in the continuous-time formulation until the optimal 

solution was found. The STN representations and corresponding data for all networks are available 

in the Supporting Information. 
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Table 2.1. Assignment of network, horizon and model for each computational run. A total of 27 instances are 
studied. 

  Network 
  PN1 PN2 PN3 

𝜼 (𝒉) 30 36 48 60 18 24 30 36 24 30 36 60 

M
o

d
e

l 

SP&S, 𝛿  0.25 0.25 0.25  0.5 0.5 0.5 0.05  0.05 0.05 

S&K, 𝑁∗ 9 12 16  12 12 14  9 12 14  

GH&M, 𝑁∗ 14 16 19  15 19 22  11 14 16  

Note that the instances used for the discrete-time model are more difficult than those for the 

continuous-time models, since they are defined for longer horizon values. 

The objective function we consider is profit maximization, equation (2.36). For the revenue term 

we use the selling price for each final product, 𝜋𝑘, while for the cost term we only consider a marginal 

production cost associated with the execution of task 𝑖 in unit 𝑗 ∈ 𝐉𝑖 , 𝛼𝑖𝑗 = 1 × 10
−4. This small value 

penalizes unnecessary task executions that do not lead to production of final products. 

𝑃𝑟𝑜𝑓𝑖𝑡 = ∑∑𝜋𝑘𝑆𝑘𝑡
𝑡∈𝐓𝑘∈𝐊

−∑∑∑𝛼𝑖𝑗𝑋𝑖𝑗𝑡
𝑡∈𝐓𝑗∈𝐉𝑖𝑖∈𝐈

 (2.36) 

We analyze the effects of the various algorithms and the extension to variable EST and ST by 

defining four different formulations as shown in Table 2.2. Formulation F0 is the original model. 

Formulation F1 introduces the tightening from the four algorithms, using the results for the convex 

hull of the set of feasible number of task occurrences. Formulation F2 adds the tightening constraints 

from the variable earliest start time and shortest tail as discussed in section 2.3. Formulation F3 is a 

combination of both strategies. Each formulation F0-F3 is applied to each of the 27 instances defined 

in Table 2.1, for a total of 108 runs 

Table 2.2. Definition of the four proposed formulations. 
Formulation Equations 
F0 SP&S: 1-3 

S&K: A1-A14 
GH&M: A15-A29 

F1 Discrete-time: F0+26-29 
Continuous-time: F0+22,25,28,29 

F2 F0+30-37  
F3 F1+F2  
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We used GAMS 24.2.2/CPLEX 12.6 and Matlab R2014b on a computer with 8 GB of RAM and a 

2.67 GHz Intel Core (i7-920) processor running on Windows 7. Default CPLEX settings, including cuts, 

are used. A time limit of one hour is enforced for all the runs. Complete model and solution statistics 

are given in the Supporting Information. 

2.5.1. Results 

The first measure we use to analyze the effectiveness of our methods is the number of runs solved 

to optimality. Approximately 52% of the total 108 runs found a solution and prove optimality within 

the time limit. In order to investigate the effect of the specific MIP model, Figure 2.24 presents the 

fraction of runs solved to optimality by each of the three models we consider. 

 
Figure 2.24. Fraction of runs solved to optimality using models SP&S, S&K, and GH&M. 

Formulation F1 appears to solve more instances to optimality than any other formulation, 

regardless of the MIP model. Moreover, the discrete-time model proves to be more effective in finding 

optimal solutions with 90% of the runs solved to optimality when formulation F1 is used. Note that 

network PN2 represents a medium-scale process with 19 tasks and 27 materials and network PN3 

uses a small step size, which significantly increases the number of binary variables and constraints 

in the SP&S model. On the other hand, formulation F2 has no practical improvement with respect to 

the original models, in fact the lines for F0 and F2 completely overlap in Figure 2.24. 
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In industrial applications it is often sufficient to obtain a “good enough” feasible solution, rather 

than a provably optimal solution. In such cases, the effectiveness of a model can be assessed based 

on the optimality gap. Figure 2.25 contains results for all three models in terms of optimality gap. 

Instances are classified into three categories: (1) instances solved to optimality by all formulations, 

(2) instances solved to optimality by one or more of the new formulations, and (3) instances that 

reach the time limit with nonzero optimality gap with all formulations. Figure 2.25 shows that 

introducing any of the three proposed formulations brings advantages in terms of both 

computational time and optimality gap. Figure 2.25(a) shows that formulations F1 and F3 coupled 

with the discrete-time model produce the best results, in accordance with Figure 2.24. Figure 2.25 

(b) shows that F1 and F3 are the most effective for model S&K; they solve to optimality five more 

instances than F0 and F2, and lead to the lowest optimality gap for the unsolved instance. Figure 2.25 

(c) shows the same pattern for formulations F1 and F3 with model GH&M, but in addition, reveals a 

significant reduction in optimality gap, much more pronounced than model S&K. Figure 2.25 (b) and 

(c) also show that model S&K outperforms model GH&M in all the instances. Model S&K with 

formulations F1 and F3 solves more instances to optimality than its model GH&M counterpart, 

reducing their average solution times. Instances not solved to optimality also exhibit a significant 

reduction in optimality gap with model S&K. Clearly, all proposed formulations have a significant 

impact on reducing optimality gap for instances that reach the time limit. From the analysis 

presented in Figure 2.24 and Figure 2.25, we establish that formulation F1 applied to model SP&S 

leads to the best results in terms of consistency and decreasing both computational time and gap. 
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Figure 2.25. Average solution time or optimality gap. 
Instances are solved using (a) discrete-time model SP&S, and continuous-time models (b) S&K, and (c) GH&M 

Another measure to show the effectiveness of a given method is the integrality gap defined as the 

relative difference between the optimal objective function values of the LP relaxation and the MIP 

model. Table 2.3 presents the results for each model and different formulations. Interestingly, the 

addition of the tightening constraints does not reduce the optimality gap of model SP&S, although as 

discussed earlier, the reduction in computational time and optimality gap is significant. For the 

continuous-time models S&K and GH&M we observe once again that formulations F1 and F3 provide 

the greatest tightening when compared to their respective original formulations 

Table 2.3. Average integrality gap (%) for models SP&S, S&K, GH&M and formulations F0-F3. 
Formulation SP&S S&K GH&M 
F0 9.0 37.5 51.6 
F1 9.0 18.6 22.6 
F2 9.0 27.8 39.9 
F3 9.0 18.6 22.6 

In Figure 2.26, we present a performance chart for model SP&S which has been found to be the 

most effective. A general discussion on this type of charts is given in Appendix B. The chart shows 

that formulation F1 is the most effective – 80% of the instances are solved within 1.5 times the 

solution time of the fastest instance. The untightened model solves only 33% of the instances within 

one order of magnitude of the fastest instance, whereas formulations F2 and F3 solve 33% and 67% 

respectively within the same time. 
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Figure 2.26. Performance chart for model SP&S and proposed methods. 
The abscissa represents the ratio (CPU time)/(CPU fastest instance) for each instance. The ordinate is the 
fraction of instances solved faster than the relative time in the abscissa. 

Finally we calculate an improvement factor (IF) which is the ratio of the computational times of 

the original model and the best proposed formulation. The overall value (i.e., the average over all 

networks, horizons and models) is 15.2. The biggest improvement comes from the discrete-time 

model (IF = 32.4), which is much higher than the factors of 2.7 and 7.0 for models S&K and GH&M 

respectively. 

2.6. Conclusions 

We developed new methods for the enhancement of the solution of Mixed-Integer Programming 

models for chemical production scheduling. These methods consist of four preprocessing algorithms 

based on instance-specific information (network structure, recipe, processing times, initial 

inventory, and unit capacities) to calculate parameters that are then used to generate tightening 

constraints; as well as some new constraints based on variable earliest start times and shortest tails. 

The Time Window (TW) algorithm calculates the effective time window that is available for each 

task to run, based on time and inventory restrictions. The Forward-Propagation (FP) algorithm 

calculates parameters to define the maximum feasible production for each task and material, and 

identifies whether a task is limited by its time window or the availability of its input materials. The 
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Group Identification (GI) algorithm classifies tasks that share a common feature into groups, which 

in turn can be used to predict sets of feasible combinations of batches of these tasks. Finally, the 

Feasible Region (FR) algorithm uses the groups derived above to generate valid inequalities from the 

convex hull of the aforementioned set of points. 

The proposed methods are applicable to all material-based, time-indexed, MIP scheduling 

models, discrete- and continuous-time. We show that the constraints derived from the sequence of 

preprocessing algorithms (formulation F1) produce the best results for both discrete- and 

continuous-time models. In many case, up to two orders of magnitude decrease in computational 

time is achieved when these constraints are applied to the discrete-time model. 

2.7. Notation 

Sets/indices 

𝑑 ∈ 𝐃 Groups of dependent tasks 

𝑖 ∈ 𝐈 Tasks 

𝑗 ∈ 𝐉 Units 

ℎ ∈ 𝐇𝑑 Equations that define the convex hull of points that characterize group 𝑑 

𝑘 ∈ 𝐊 Materials 

𝑛 ∈ 𝐍 Time points in continuous-time models 

𝑞 Number of tasks that share a common resource in variable EST/ST calculations 

𝑡 ∈ 𝐓 Time points in discrete-time models 

𝑡̅ ∈ 𝐓̅ Time points in TW_EST step 

𝐈𝑑 Tasks that belong to group 𝑑 

𝐈𝐸𝑥𝑝 Tasks that remain to be explored in FP and GI algorithms 
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𝐈𝑗 Tasks that can be executed in unit 𝑗 

𝐈𝑞 q-tuples of tasks that share a common resource in variable EST/ST calculations 

𝐈𝑘
+/𝐈𝑘

− Tasks that produce/consume material 𝑘 

𝐉𝑑 Units that belong to group 𝑑 

𝐉𝑖 Units that can process task 𝑖 

𝐉𝑘
+/𝐉𝑘

− Units that produce/consume material 𝑘 

𝐊𝐸𝑥𝑝 Materials that remain to be explored in TW and FP algorithms 

𝐊𝐹 Set of raw materials 

𝐊𝑖
+/𝐊𝑖

−Materials produced/consumed by task 𝑖 

𝐊𝑗
+/𝐊𝑗

−Materials produced/consumed by unit 𝑗 

𝐊𝑃 Set of final products 

𝐓𝐸𝑥𝑝 Time points that remain to be explored in TW algorithm 

Parameters 

𝛼𝑖𝑗  Production cost for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝛽𝑗
𝑚𝑎𝑥/𝛽𝑗

𝑚𝑖𝑛  Maximum/minimum batch size for unit 𝑗 ∈ 𝐉 

𝛾𝑘 Storage capacity for material 𝑘 ∈ 𝐊 

𝛿 Length (step size) of intervals in discrete-time models 

𝜀𝑖𝑗  Earliest start time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝜀𝑗 Earliest start time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝜂 Scheduling horizon 
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𝜁𝑖𝑑
𝑚𝑎𝑥 Maximum number of batches of task 𝑖 ∈ 𝐈 in group 𝑑 

𝜃𝑖𝑗 Time window for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝜃𝑗 Time window for unit 𝑗 ∈ 𝐉 

𝜆𝑖𝑗
𝑆  Latest finish time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  so that the intermediates it produces 

have enough time to be transformed into final products. 

𝜇𝑖  Maximum cumulative production of task 𝑖 ∈ 𝐈 within the given horizon 

𝜇𝑖
1 Corrected value of 𝜇𝑖  due to production intervals  

𝜇𝑖
𝐿𝑃 Value of 𝜇𝑖  based on inventory restrictions modeled as an LP 

𝜇𝑖
𝑇𝑊 Value of 𝜇𝑖  based on available time window 

𝜈𝑖𝑗/𝜈𝑖𝑗 Coefficient for EST/ST constraints of task 𝑖 ∈ 𝐈𝑞 in unit 𝑗 ∈ 𝐉𝑖 

 𝜈𝑗/𝜈𝑗 Right-hand-side coefficient for EST/ST constraints of unit 𝑗 ∈ 𝐉 

𝜉𝑘𝑡 Delivery of material 𝑘 ∈ 𝐊 at time t 

𝜋𝑘 Unit price of material 𝑘 ∈ 𝐊 

𝜌𝑖𝑘 Conversion coefficient for material 𝑘 ∈ 𝐊 produced (𝜌𝑖𝑘 > 0) or consumed (𝜌𝑖𝑘 < 0) 

by task 𝑖 ∈ 𝐈 

𝜎𝑖𝑗 Shortest tail for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝜎𝑗 Shortest tail for unit 𝑗 ∈ 𝐉 

𝜏̅𝑖𝑗  Processing time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝜏𝑖𝑗  Processing time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 as a multiple of the step size 𝛿 for discrete-

time representation 
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𝜐𝑖𝑗  Batches of task 𝑖 ∈ 𝐈𝑘
− in unit 𝑗 ∈ 𝐉𝑖 required to calculate 𝜔𝑘

𝑅 

𝜑𝑖𝑑ℎ Linear combination coefficient for task 𝑖 ∈ 𝐈𝑑 of group 𝑑 in equation ℎ ∈ 𝐇𝑑 

𝜑𝑑ℎ Right-hand-side coefficient for group 𝑑 in equation ℎ ∈ 𝐇𝑑 

𝜙𝑖𝑡 
𝐸  Cumulative production for task 𝑖 ∈ 𝐈 in any unit starting at or before time 𝑡 

𝜙𝑘 
𝑆  Minimum time required to process material 𝑘 ∈ 𝐊 so it leads to final products 

𝜒𝑖𝑗𝑡 
𝐸  Cumulative production for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 starting at or before time 𝑡 

𝜓𝑘𝑡
𝐸  Maximum amount of material 𝑘 ∈ 𝐊 available at time 𝑡 

𝜔𝑘 Maximum cumulative production of material 𝑘 ∈ 𝐊 within the given horizon 

𝜔𝑘𝑛̆
𝑅  Required amount of input materials for 𝑛̆𝑖𝑗 batches of task 𝑖 ∈ 𝐈𝑘

− in unit 𝑗 ∈ 𝐉𝑖  

Binary variables 

𝑋𝑖𝑗𝑡/𝑋𝑖𝑗𝑛 It is equal to one if task 𝑖 ∈ 𝐈 starts in unit 𝑗 ∈ 𝐉𝑖 at time 𝑡 ∈ 𝐓/ 𝑛 ∈ 𝐍 

𝑌𝑖𝑗𝑛 It is equal to one if task 𝑖 ∈ 𝐈 finishes in unit 𝑗 ∈ 𝐉𝑖  at time 𝑛 ∈ 𝐍 

Continuous nonnegative variables 

𝐵̂𝑖𝑗 Cumulative production of task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝐵𝐹𝑖𝑗𝑛/𝐵𝑃𝑖𝑗𝑛 Batch size of task 𝑖 ∈ 𝐈 that starts/continues to be processed in unit 𝑗 ∈ 𝐉𝑖 at time 𝑛 ∈

𝐍 

𝐵𝑆𝑖𝑗𝑡/𝐵𝑆𝑖𝑗𝑛 Batch size of task 𝑖 ∈ 𝐈 that starts in unit 𝑗 ∈ 𝐉𝑖  at time 𝑡 ∈ 𝐓/ 𝑛 ∈ 𝐍 

𝐸𝑖𝑗  Variable earliest start time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝑁𝑖  Number of batches of task 𝑖 ∈ 𝐈 

𝑄𝑖  Amount produced by task 𝑖 ∈ 𝐈 
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𝑆𝑇𝑖𝑗 Variable shortest tail for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 

𝑆𝑘𝑡/𝑆𝑘𝑛 Inventory level of material 𝑘 ∈ 𝐊 at time point 𝑡 ∈ 𝐓/ 𝑛 ∈ 𝐍 with 𝑆𝑘0 = 𝜉𝑘 

𝑇𝑛 Actual value of time point 𝑛 ∈ 𝐍 

𝑊𝑘  Cumulative production of material 𝑘 ∈ 𝐊 
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Chapter 3  

Discrete-Time Models and Solution Methods for Production Scheduling in 

Multistage Facilities2 

The main goal of this chapter is to propose, test, and compare global-grid discrete-time models 

for sequential environments. We choose this time representation, because it is conceptually simpler 

than its continuous counterpart8. It does not require time-matching constraints and it leads to models 

that can be readily extended to include different features such as utilities, time-varying parameters, 

maintenance operations, and resource availability, among others52, 70. Discrete-time formulations are 

also known to have tighter Linear Programming (LP) relaxations, allow linear modeling of inventory 

and utility costs and seamlessly include features such as setups and material production at different 

times during the execution of a single task15, 52. In addition, a recent computational study70 showed 

that discrete-time models are more effective not only in reducing computational time, but also in 

finding better solutions and decreasing the optimality gap within an arbitrary time limit. Moreover, 

recent solution methods tested on both discrete- and continuous-time formulations51, 59 have shown 

better performances when applied to the former. 

We also propose solution methods based on specific characteristics of sequential facilities. In 

addition, we consider utility constraints which are difficult to model using continuous-time models 

and show how they can naturally be modeled with discrete-time formulations. Our aim is to extend 

the improvements in computational performance obtained in network processing into sequential 

environments. 

                                                             
2 This chapter is modified from Merchan et al.6969. Merchan, A. F.; Lee, H.; Maravelias, C. T., Discrete-Time 
Mixed-Integer Programming Models for Production Scheduling in Multistage Facilities. Computers and 
Chemical Engineering 2015, Submitted.  
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The chapter is structured as follows: Section 3.1 formally defines the problem under study. 

Section3.2 provides an extensive review of the relevant literature and concepts upon which our 

models and methods are developed. In section3.3, we define four discrete-time models for scheduling 

in sequential environments. In Section3.4, several solution methods are proposed. Section3.5 

presents small-scale examples that include utility constraints. Section3.6 contains an extensive 

computational study with medium- and large-scale problems to test the proposed models and 

solution methods. 

3.1. Problem statement 

We study the problem of short-term scheduling of multistage batch chemical plants subject to 

utility constraints. In these facilities, batches of different products are processed in a series of stages, 

each of which consists of one or more unrelated parallel units and each unit belongs to a single stage. 

Batches are processed as discrete entities so their identity is preserved, thus mixing of different 

batches and splitting of a single batch into smaller quantities are not allowed. All the products follow 

the same sequence throughout the stages, although some products might skip one or more stages. 

This basic problem is hereinafter referred to as the Multistage Batch Plant Scheduling Problem, 

MBPSP. In addition, we consider the case where limited utilities are required by batches to complete 

their processing in a given unit. Next, we formally define the MBPSP by introducing the basic sets, 

indices and parameters that describe a multistage batch plant. Extensions to include utilities are 

deferred to section 3.3.8. Figure 3.1 depicts the type of facility we study. 

Sets and indices 

𝑖 ∈ 𝐈  Batches 

𝑗 ∈ 𝐉  Processing units (denoted by 𝕌𝑗) 

𝑘 ∈ 𝐊  Stages 

𝐈𝑗  Batches that can be processed in unit 𝑗 ∈ 𝐉 
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𝐈𝑘  Batches that are processed on stage 𝑘 ∈ 𝐊 

𝐉𝑖  Units that can process batch 𝑖 ∈ 𝐈 

𝐉𝑘  Units that belong to stage 𝑘 ∈ 𝐊 

𝐉𝑖𝑘  Units that can process batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖, i.e. 𝐉𝑖𝑘 ≡ 𝐉𝑖 ∩ 𝐉𝑘 

𝐊𝑖  Stages on which batch 𝑖 ∈ 𝐈 is processed 

Parameters 

𝜏̅𝑖𝑗   Processing time of batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝜇̅𝑖  Release time for batch 𝑖 ∈ 𝐈 

𝜙̅𝑖  Due date for batch 𝑖 ∈ 𝐈 

𝜅𝑖
𝐹𝑆/𝜅𝑖

𝐿𝑆 First/last stage on which batch 𝑖 ∈ 𝐈 can be processed 

𝜈𝑖𝑘 Defines the next stage on which batch 𝑖 ∈ 𝐈 can be processed after stage 𝑘 ∈ 𝐊𝑖, i.e. 

batch 𝑖 is processed on stage 𝑘 + 𝜈𝑖𝑘  immediately after stage 𝑘 

𝛼𝑖𝑗   Fixed cost of processing batch 𝑖 ∈ 𝐈 in 𝑗 ∈ 𝐉𝑖 

 
Figure 3.1. General multistage batch production plant. 
Circles represent batches (time windows are given), gray boxes denote processing units, and dotted-line boxes 
define stages. 𝐼 ≡ |𝐈| is the total number of batches, 𝐽 ≡ |𝐉| denotes the total number of units, 𝐾 ≡ |𝐊| defines 
the number of stages, and 𝐽𝑘 ≡ |𝐉𝑘| is the total number of units on stage 𝑘 

From this problem definition, we identify three major types of constraints that must be satisfied: 

(i) routing of a batch among different stages, henceforth referred to as batch precedence, (ii) unique 

assignment of a batch to every stage in which it is processed, hereinafter called batch-stage 

assignment, and (iii) unit utilization and sequencing of batches assigned to the same unit, henceforth 
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referred to as unit assignment. The requirement that every batch has to be processed between its 

release and due dates can explicitly or implicitly be enforced through additional constraints or sets 

of time points. All these constraints can be enforced using different Mixed-Integer Programming 

(MIP) models, as discussed in sections 3.2.1 and 3.3. 

3.2. Background 

3.2.1. MIP modeling in sequential environments 

The first efforts to develop systematic methods to describe and solve the scheduling problem in 

sequential environments were made in the context of discrete manufacturing, which can be defined 

as the production of single items which are independent and enumerable (e.g. vehicles, mechanical 

parts, furniture, electronics, etc.). A vast literature in the operations research (OR) community is 

dedicated to exact, heuristic and metaheuristic methods to solve the scheduling problem in this type 

of industrial facilities1, 71-74. 

In the context of discrete manufacturing, the problem we are studying is known as the Flexible 

(hybrid, compound, multiprocessor) Flow Shop (FFS) scheduling problem and has also been the 

subject of extensive research75-77. However the MBPSP can be much more general since material 

handling restrictions can be relaxed when fluid materials are present and features such as utilities 

are included. 

The MBPSP has also attracted the interest of several researchers in the PSE community, and 

several surveys are available5, 6, 8, 9, 19. As mentioned in Chapter 1, the majority of these works have 

been devoted to develop continuous-time models. For comparison purposes, we chose for this work 

the model presented independently by Mendez et al.21 and Harjunkoski and Grossmann22 as a 

generalization of the model developed by Brah78 for identical machines in each stage. We refer to it 

as model MH&C. Next, we define the basic decision variables model MH&C employs. 

𝐶𝑖𝑘 ≥ 0  Completion time for batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖 
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𝑋𝑖𝑗
𝐶 ∈ {0,1} One if batch 𝑖 ∈ 𝐈 is assigned to unit 𝑗 ∈ 𝐉𝑖  

𝑌𝑖𝑖′𝑘 ∈ {0,1} One if batch 𝑖 ∈ 𝐈 is processed before batch 𝑖′ ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ 

The main constraints for the MBPSP are enforced as follows. Batch precedence is guaranteed 

using equation (3.1) that relates completion times of batch 𝑖  in consecutive stages. Batch-stage 

assignment is enforced through equation (3.2). Unit assignment and sequencing is modeled via 

equations (3.3) and (3.4) which use a big-M reformulation to guarantee that if two batches are 

assigned to the same unit they are properly sequenced using variable 𝑌𝑖𝑖′𝑘. Finally, satisfaction of the 

time window for every batch is achieved by enforcing equations (3.5) and (3.6). 

𝐶𝑖(𝑘+𝜈𝑖𝑘) ≥ 𝐶𝑖𝑘 + ∑ 𝜏̅𝑖𝑗𝑋𝑖𝑗
𝐶

𝑗∈𝐉𝑖(𝑘+𝜈𝑖𝑘)

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖\{𝜅𝑖
𝐿𝑆} 

(3.1) 

∑ 𝑋𝑖𝑗
𝐶

𝑗∈𝐉𝑖𝑘

= 1    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.2) 

𝐶𝑖′𝑘 − 𝜏̅𝑖′𝑗 ≥ 𝐶𝑖𝑘 −𝑀 [(1 − 𝑌𝑖𝑖′𝑘) + (2 − 𝑋𝑖𝑗
𝐶 − 𝑋𝑖′𝑗

𝐶 )] 

∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖′ > 𝑖, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ , 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘 
(3.3) 

𝐶𝑖𝑘 − 𝜏̅𝑖𝑗 ≥ 𝐶𝑖′𝑘 −𝑀 [𝑌𝑖𝑖′𝑘 + (2 − 𝑋𝑖𝑗
𝐶 − 𝑋𝑖′𝑗

𝐶 )] 

∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖′ > 𝑖, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ , 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘 
(3.4) 

𝐶𝑖𝜅𝑖
𝐹𝑆 ≥ 𝜇̅𝑖 + ∑ 𝜏̅𝑖𝑗𝑋𝑖𝑗

𝐶

𝑗∈𝐉
𝑖𝜅𝑖
𝐹𝑆

    ∀𝑖 ∈ 𝐈 
(3.5) 

𝐶𝑖𝜅𝑖
𝐿𝑆 ≤ 𝜙̅𝑖    ∀𝑖 ∈ 𝐈 (3.6) 

For the large value included in equations (3.3) and (3.4) we use the length of the scheduling 

horizon, i.e. 𝑀 = max𝑖∈𝐈 𝜙̅𝑖 −min𝑖∈𝐈 𝜇̅𝑖 , although other values can be used without a significant 

change in computational performance. 
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Finally, equations (3.7), (3.8), and (3.9) provide definitions for the minimization objectives of 

cost, earliness and makespan respectively. Equation (3.9) introduces an additional decision variable 

to represent the makespan, 𝑀𝑆 ∈ ℝ+. 

min ∑ 𝛼𝑖𝑗𝑋𝑖𝑗
𝐶

𝑖∈𝐈,𝑗∈𝐉𝑖

 (3.7) 

min∑(𝜙̅𝑖 − 𝐶𝑖𝜅𝑖
𝐿𝑆)

𝑖∈𝐈

 (3.8) 

min𝑀𝑆 :𝑀𝑆 ≥ 𝐶𝑖𝜅𝑖
𝐿𝑆     ∀𝑖 ∈ 𝐈 (3.9) 

Although we mainly use model MH&C to compare its performance versus the discrete-time 

models introduced in section 3.3, we also use it in section3.4.3 as a tool to refine solutions obtained 

by discrete-time models. 

3.2.2. Discrete-time modeling in network environments 

In Chapter 1 we discussed two different abstract representations that can be used as the basis to 

derive mathematical models for production scheduling in network environments: STN and RTN. 

Next, we provide MIP formulations for both representations. 

State-Task Network 

We consider the STN formulation proposed by Kondili et al.15 and refined by Shah et al.16, which 

henceforth is referred to as model SP&S. Next, we define the indices, sets, parameters and variables 

used by model SP&S. Superscript 𝑁 indicates that a definition is general for network representations, 

while superscript 𝑆𝑇𝑁 indicates a definition is only valid for STN. 

Sets and indices 

𝑖 ∈ 𝐈𝑁  Tasks 

𝑗 ∈ 𝐉𝑆𝑇𝑁 Processing units 

𝑚 ∈ 𝐌𝑆𝑇𝑁 Materials 
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𝑡 ∈ 𝐓𝑁  Time points 

𝐈𝑗
𝑆𝑇𝑁  Tasks that can be processed in unit 𝑗 ∈ 𝐉𝑆𝑇𝑁 

𝐈𝑚
+ /𝐈𝑚

−   Tasks that produce/consume material 𝑚 ∈ 𝐌𝑁 

𝐉𝑖
𝑆𝑇𝑁  Processing units that can process task 𝑖 ∈ 𝐈𝑁 

Parameters 

𝛿𝑁  Step size for time discretization 

𝜂̅𝑁/𝜂𝑁  Scheduling horizon in real time units/in terms of time grid, 𝜂𝑁 = ⌈𝜂̅𝑁/𝛿𝑁⌉ 

𝜏̅𝑖𝑗
𝑆𝑇𝑁/𝜏𝑖𝑗

𝑆𝑇𝑁 Processing time of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 in real time units/in terms of time grid, 

𝜏𝑖𝑗
𝑆𝑇𝑁 = ⌈𝜏̅𝑖𝑗

𝑆𝑇𝑁/𝛿𝑁⌉ 

𝜌𝑖𝑚
𝑆𝑇𝑁 Conversion coefficient for material 𝑚 ∈ 𝐌𝑆𝑇𝑁  produced (𝜌𝑖𝑚

𝑆𝑇𝑁 > 0) or consumed 

(𝜌𝑖𝑚
𝑆𝑇𝑁 < 0) by task 𝑖 ∈ 𝐈𝑁 

𝛾𝑚
𝑆𝑇𝑁  Storage capacity for material 𝑚 ∈ 𝐌𝑆𝑇𝑁 

𝜉𝑚𝑡
𝑆𝑇𝑁 Delivery (𝜉𝑚𝑡

𝑆𝑇𝑁 > 0) or demand (𝜉𝑚𝑡
𝑆𝑇𝑁 < 0) for material 𝑚 ∈ 𝐌𝑆𝑇𝑁 at time 𝑡 ∈ 𝐓𝑁 

𝛽𝑖𝑗
𝑚,𝑆𝑇𝑁/𝛽𝑖𝑗

𝑀,𝑆𝑇𝑁 Minimum/maximum batch size of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 

Decision variables 

𝑋𝑖𝑗𝑡
𝑆𝑇𝑁 ∈ {0,1} One if task 𝑖 ∈ 𝐈𝑁 starts in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 at time 𝑡 ∈ 𝐓𝑁 

𝐵𝑖𝑗𝑡
𝑆𝑇𝑁 ≥ 0 Batch size of task 𝑖 ∈ 𝐈𝑁 that starts in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 at time 𝑡 ∈ 𝐓𝑁 

𝑆𝑚𝑡
𝑆𝑇𝑁 ≥ 0 Inventory level of material 𝑚 ∈ 𝐌𝑆𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} 

The set of time points is defined as 𝐓𝑁 = {𝑡 ∈ ℤ: 0 ≤ 𝑡 ≤ 𝜂𝑁}. Model SP&S is defined through 

equations (3.10)-(3.12). Equation (3.10) is a clique constraint that ensures a unit can only perform 

one task at a given time, equation (3.11) guarantees the batch sizes satisfy unit capacities, and 

equation (3.12) enforces material balances and storage capacities. 
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∑ ∑ 𝑋𝑖𝑗𝑡′
𝑆𝑇𝑁

𝑡

𝑡′=𝑡−𝜏𝑖𝑗
𝑆𝑇𝑁+1𝑖∈𝐈𝑗

𝑆𝑇𝑁

≤ 1    ∀𝑗 ∈ 𝐉𝑆𝑇𝑁, 𝑡 ∈ 𝐓𝑁 (3.10) 

𝛽𝑖𝑗
𝑚,𝑆𝑇𝑁𝑋𝑖𝑗𝑡

𝑆𝑇𝑁 ≤ 𝐵𝑖𝑗𝑡
𝑆𝑇𝑁 ≤ 𝛽𝑖𝑗

𝑀,𝑆𝑇𝑁𝑋𝑖𝑗𝑡
𝑆𝑇𝑁    ∀𝑖 ∈ 𝐈𝑁, 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁, 𝑡 ∈ 𝐓𝑁 (3.11) 

𝑆𝑚(𝑡+1)
𝑆𝑇𝑁 = 𝑆𝑚𝑡

𝑆𝑇𝑁 + ∑ 𝜌𝑖𝑘
𝑆𝑇𝑁𝐵

𝑖𝑗(𝑡−𝜏𝑖𝑗
𝑆𝑇𝑁)

𝑆𝑇𝑁

𝑖∈𝐈𝑚
+ ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

+ ∑ 𝜌𝑖𝑘
𝑆𝑇𝑁𝐵𝑖𝑗𝑡

𝑆𝑇𝑁

𝑖∈𝐈𝑚
− ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

+ 𝜉𝑚𝑡
𝑆𝑇𝑁 ≤ 𝛾𝑚

𝑆𝑇𝑁 

∀𝑚 ∈ 𝐌𝑆𝑇𝑁, 𝑡 ∈ 𝐓𝑁\{𝜂𝑁} 

(3.12) 

Resource-Task Network 

The RTN-based model we present here was first introduced by Pantelides17, and is referred to as 

model PRTN. Next, we define additional/modified sets, parameters and variables used in this 

formulation. Note that, although we use the same index/set for RTN tasks, their definition is broader 

than STN tasks. Under the RTN representation, a task is an abstract operation that interacts (uses, 

consumes, produces) with a specific set of resources. 

Sets and indices 

𝑟 ∈ 𝐑𝑅𝑇𝑁 General resources (materials, units, utilities, manpower, etc.) 

𝐈𝑟
𝑅𝑇𝑁  Tasks that interact with resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 

Parameters 

𝜏̅𝑖
𝑅𝑇𝑁/𝜏𝑖

𝑅𝑇𝑁 Duration of task 𝑖 ∈ 𝐈𝑁 in real time units/in terms of time grid, 𝜏𝑖
𝑅𝑇𝑁 = ⌈𝜏̅𝑖𝑗

𝑅𝑇𝑁/𝛿𝑁⌉ 

𝜒𝑖𝑟𝑡
𝑅𝑇𝑁/𝜌𝑖𝑟𝑡

𝑅𝑇𝑁 Number of discrete/normalized continuous units of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 that interact 

with task 𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} 

𝛾𝑟𝑡
𝑅𝑇𝑁  Maximum storage allowed for resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} 

𝜉𝑟𝑡
𝑅𝑇𝑁 Amount of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 made available (𝜉𝑟𝑡

𝑅𝑇𝑁 > 0) or unavailable (𝜉𝑟𝑡
𝑅𝑇𝑁 < 0) 

at time 𝑡 ∈ 𝐓𝑁 

𝛽𝑖𝑟
𝑚,𝑅𝑇𝑁/𝛽𝑖𝑟

𝑀,𝑅𝑇𝑁 Minimum/maximum capacity utilization of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 by task 𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 

Decision variables 
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𝑋𝑖𝑡
𝑅𝑇𝑁 ∈ {0,1} Discrete extent. It is equal to one if task 𝑖 ∈ 𝐈𝑁 starts at time 𝑡 ∈ 𝐓𝑁 

𝐵𝑖𝑡
𝑅𝑇𝑁 ≥ 0 Continuous extent. 𝜌𝑖𝑟𝑡

𝑅𝑇𝑁𝐵𝑖𝑡
𝑅𝑇𝑁  represents the total number of continuous units of 

resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 that interact with task 𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} 

𝑅𝑟𝑡
𝑅𝑇𝑁 ≥ 0 Excess resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} 

Model PRTN is defined through equations (3.13) and (3.14). The former is an excess resource 

balance and the latter enforces resource capacity satisfaction. Note that equations (3.10) and (3.12) 

are particular cases of equation (3.13). 

𝑅𝑟(𝑡+1)
𝑅𝑇𝑁 = 𝑅𝑟𝑡

𝑅𝑇𝑁 + ∑ ∑ (𝜒𝑖𝑟𝑡′
𝑅𝑇𝑁𝑋𝑖(𝑡−𝑡′)

𝑅𝑇𝑁 + 𝜌𝑖𝑟𝑡′
𝑅𝑇𝑁𝐵𝑖(𝑡−𝑡′)

𝑅𝑇𝑁 )

𝜏𝑖
𝑅𝑇𝑁

𝑡′=0𝑖∈𝐈𝑟
𝑅𝑇𝑁

+ 𝜉𝑟𝑡
𝑅𝑇𝑁 ≤ 𝛾𝑟𝑡

𝑅𝑇𝑁 

∀𝑟 ∈ 𝐑𝑅𝑇𝑁, 𝑡 ∈ 𝐓𝑁\{𝜂𝑁} 

(3.13) 

𝛽𝑖𝑟
𝑚,𝑅𝑇𝑁𝑋𝑖𝑡

𝑅𝑇𝑁 ≤ 𝐵𝑖𝑡
𝑅𝑇𝑁 ≤ 𝛽𝑖𝑟

𝑀,𝑅𝑇𝑁𝑋𝑖𝑡
𝑅𝑇𝑁    ∀𝑟 ∈ 𝐑𝑅𝑇𝑁, 𝑖 ∈ 𝐈𝑟

𝑅𝑇𝑁, 𝑡 ∈ 𝐓𝑁 (3.14) 

3.2.3. Resource-Constrained Project Scheduling 

The Resource-Constrained Project Scheduling Problem (RCPSP) is a classic scheduling problem 

in the area of project management. It consists of a set of activities with fixed duration that must be 

scheduled subject to precedence and resource constraints such that a project is completed in the 

shortest possible time. A vast literature has been dedicated to the RCPSP, in order to study different 

variants in its three major components, namely, activities, precedence relations and resources. 

Several reviews on the RCPSP problem are available to summarize different research directions79-81. 

The RCPSP has also attracted the attention of researchers in PSE, because of its applications in 

process-related projects such as plant retrofitting and product development. In particular, several 

works have applied modifications of the RCPSP to the problem of scheduling testing tasks in the 

development of new agricultural and pharmaceutical products82-85. A different line of work has been 

devoted to derive new discrete- and continuous-time formulations for the RCPSP by extending 

concepts originally developed for the process scheduling problem86, 87. 
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A generalization of the RCPSP is the so-called Multimode RCPSP (MRCPSP), in which each activity 

is allowed to be executed using different modes88. Each activity mode is characterized by a different 

duration depending on the resources it utilizes. Several research efforts have been dedicated to the 

MRCPSP both in the OR89 and the PSE communities86, 90. The MRCPSP is closely related to the MBPSP, 

since modes can be assimilated to units. However, our derivations are based on the original RCPSP, 

so the concepts and extensions we present can be clearly illustrated. 

In this chapter, we are interested in using the basic ideas behind the precedence relations of the 

RCPSP to extend them and derive batch precedence constraints for the MBPSP. Next, we define the 

relevant sets and parameters that are included in the formal definition of the RCPSP. 

Sets and indices 

𝑎 ∈ 𝐀  Activities 

𝑟 ∈ 𝐑𝑃  Resources 

𝐄  Precedence relations, 𝐄 = {(𝑎, 𝑎′) ∈ 𝐀2: 𝑎 is executed before 𝑎′} 

Parameters 

𝛽𝑟
𝑃  Capacity of resource  𝑟 ∈ 𝐑𝑃 

𝛽𝑎𝑟
𝐴,𝑃  Requirement of resource  𝑟 ∈ 𝐑𝑃 required by activity 𝑎 ∈ 𝐀 

𝜏𝑎
𝑃  Duration of activity 𝑎 ∈ 𝐀 

The first MIP model proposed to address the RCPSP was developed in the late 1960s91. However, 

restricted computational capabilities at the time put a halt on the use of mathematical programming 

to address the RCPSP and led to the development of other exact and approximate methods81. This 

model is now known as the aggregated discrete-time MIP formulation for the RCPSP. 

Being a discrete time approach, a set of time points has to be defined. In general, the literature on 

RCPSP assumes that the activity durations are integer-valued so the standard step size used is one. 
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Let 𝐓𝑃 = {𝑡 ∈ ℤ: 0 ≤ 𝑡 ≤ 𝜂𝑃} define the set of time points, where 𝜂𝑃  is an estimate of the project 

duration. 

Two dummy activities, 𝑎 = 0 and 𝑎 = |𝐀| + 1 are added to the set 𝐀. They respectively represent 

the formal start and end of the project. In order to minimize the duration of the project, the start time 

of activity |𝐀| + 1 minimized, i.e. a makespan minimization problem is solved. 

The decision to assign an activity 𝑎 to time interval 𝑡 is made via a binary variable defined as 

𝑋𝑎𝑡
𝑃 ∈ {0,1} ∀𝑎 ∈ 𝐴 ∪ {0, |𝐀| + 1}, 𝑡 ∈ 𝐓𝑃 . Equations (3.15)-(3.18) define the aggregated RCPSP 

model. Equation (3.15) enforces precedence requirements by guaranteeing that the start time of a 

successor is greater than the finish time of a predecessor; equation (3.16) assigns the appropriate 

number of units of a resource to every activity, while satisfying resource capacity; equation (3.17) 

guarantees that every activity is executed once during the project; equation (3.18) defines the 

objective function. 

∑ 𝑡𝑋𝑎′𝑡
𝑃

𝑡∈𝐓𝑃

≥ ∑ 𝑡𝑋𝑎𝑡
𝑃

𝑡∈𝐓𝑃

+ 𝜏𝑎
𝑃    ∀(𝑎, 𝑎′) ∈ 𝐄 (3.15) 

∑ ∑ 𝛽𝑎𝑟
𝐴,𝑃𝑋𝑎𝑡

𝑃

𝑡

𝑡′=𝑡−𝜏𝑎
𝑃+1𝑎∈𝐀

≤ 𝛽𝑟
𝑃    ∀𝑡 ∈ 𝐓𝑃 , 𝑟 ∈ 𝐑𝑃 (3.16) 

∑ 𝑋𝑎𝑡
𝑃

𝑡∈𝐓𝑃

= 1    ∀𝑎 ∈ 𝐀 ∪ {0, |𝐀| + 1} (3.17) 

min ∑ 𝑡𝑋(|𝐀|+1)𝑡
𝑃

𝑡∈𝐓𝑃

 (3.18) 

This model is termed “aggregated” because the precedence constraint is only written for 

elements of the set 𝐄 and the summations are made over time. By the end of the 1980s, a new model 

was proposed and compared to the original formulation92. The only difference is how the precedence 

is enforced. In this “disaggregated” model, precedence constraints are written for every pair of 
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activities in 𝐄 and every time point. This modification results in a larger formulation, but it improves 

its relaxation and computational performance92. Equation (3.19) expresses this new constraint; it 

establishes that if 𝑎, 𝑎′ ∈ 𝐀 are project activities such that (𝑎, 𝑎′) ∈ 𝐄 and activity 𝑎 starts at time 𝑡 

then activity 𝑎′ cannot start before time 𝑡 + 𝜏𝑎
𝑃 and vice versa. 

∑𝑋𝑎𝑡′
𝑃

𝜂𝑃

𝑡′=𝑡

+ ∑ 𝑋𝑎′𝑡′
𝑃

𝑡+𝜏𝑎
𝑃−1

𝑡′=0

≤ 1    ∀(𝑎, 𝑎′) ∈ 𝐄, 𝑡 ∈ 𝐓𝑃 (3.19) 

The disaggregated RCPSP model is defined through equations (3.16)-(3.19). In section 3.3 we use 

the ideas introduced in equations (3.15) and (3.19) to derive constraints that enforce batch 

precedence in the MBPSP. 

3.2.4. Solution methods for MIP models in network environments 

Models SP&S and PRTN are rather simple formulations with only two or three basic equations 

needed to address the complex problem of scheduling in network environments. Despite their 

compact form, straightforward conceptual relation to actual restrictions of the production 

environment, and extendibility to most of the common scheduling features, their size (i.e. number of 

equations and variables) is considerably larger than their continuous-time counterparts8, 9. In 

principle, this might translate into significantly more computational effort if only commercially 

available solution schemes are applied. This is the main reason why researchers in the PSE area 

focused on the development of continuous-time models during the 1990s and 2000s and abandoned 

the discrete-time formulation because it was considered computationally intractable. However, most 

of the continuous-time models proposed do not achieve the level of generality models SP&S and 

PRTN provide. 

During the past five years Maravelias and coworkers51, 55, 59, 70 have presented several works that 

revisit discrete-time formulations and developed different solution methods that can be used to 

improve their computational performance. They have actually showed by means of extensive 
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computational studies that when models SP&S and PRTN are coupled with these solution strategies, 

significant improvement in computational tractability is achieved; in many instances, the results are 

orders of magnitude better than those obtained by continuous-time formulations. In addition, the 

methods they propose are shown to have better synergy with discrete-time models since the results 

with continuous-time counterparts are inferior, as discussed in Chapter 4. In this section we present 

an overview of these methods, whereas full details can be found in the references provided. 

Reformulations 

Velez and Maravelias51 introduced a conceptually simple yet computationally powerful 

reformulation to model SP&S. It is based on introducing a new integer decision variable in order to 

force the branch-and-cut algorithm to generate a tree based on this new variable, thus reducing its 

size and the CPU time spent in proving optimality. This reformulation uses the number of batches of 

a given task 𝑖 ∈ 𝐈𝑁 in a particular unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁, denoted as 𝑁𝑖𝑗

𝑆𝑇𝑁 as a variable, since it characterizes 

any given feasible schedule more effectively than the assignment variable 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁 . The fact is that 

multiple assignments can lead to the same number of batches processed in a unit. By branching on 

𝑁𝑖𝑗
𝑆𝑇𝑁 at a given node, it is possible to prune multiple assignments at once. 

Equation (3.20) defines and provides an upper bound for the new integer variable. This equation 

can be directly added to the SP&S formulation, and up to four orders of magnitude reduction in CPU 

time can be achieved as it has been observed in specific instances. Section 3.6 includes reformulation 

strategies applied to the MBPSP problem to complement the tightening methods we propose. 

𝑁𝑖𝑗
𝑆𝑇𝑁 = ∑ 𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑡∈𝐓𝑁

≤ ⌊
𝜂𝑁

𝜏𝑖𝑗
𝑆𝑇𝑁⌋    ∀𝑖 ∈ 𝐈

𝑁, 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 (3.20) 

Tightening methods 

Velez et al.59 proposed a family of tightening constraints for minimization problems in network 

environments, based on the SP&S model. The basic premise on which these constraints are based is 
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the calculation of appropriate parameters that reflect external inputs which restrict the production 

of materials in the network. In general, the objective functions are formulated as linear combinations 

of the assignment variables 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁. When minimization problems are considered, those combinations 

are “pushed” to be as small as possible. However, an external restriction based on customer demands 

implicitly determines the minimum number of variables that can vanish. The goal of these 

parameters is to explicitly quantify those restrictions by imposing lower bounds on the linear 

combinations and include them as constraints in the model. In particular, the authors defined two 

main parameters to quantify this effects: the minimum cumulative production of tasks and materials 

required to satisfy customer demand. The calculation of parameters for all tasks and materials is 

achieved through an algorithm that backward-propagates the known values for demand of final 

products. 

Following these ideas, we proposed families of algorithms, parameters and constraints targeting 

maximization problems in network environments in Chapter 2. In this case, the external restrictions 

come from initial inventory and available time. Although the maximization tries to “push” linear 

combinations of 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁  to be as large as possible, it is possible to define upper bounds on these 

combinations. Analogous parameters are introduced to represent the maximum cumulative 

production of tasks and materials attainable with the available inventory and time. A forward-

propagation algorithm propagates data on initial inventories for materials and processing times for 

tasks to calculate the parameter values for all tasks and materials. 

There is a fundamental difference between the approaches just described for minimization and 

maximization problems in network environments. While the former only considers amount-based 

information, the latter also uses time-based data. This distinction is the key to define which methods 

can be extended to the sequential environments we consider in this chapter. In the MBPSP, decisions 

concerning amounts (i.e. the batching problem) are taken beforehand. Thus, the scheduling problem 
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does not require the amounts to be modeled and only time-based decisions are important. Therefore, 

only the methods developed for maximization problems in network environments are applicable to 

sequential environments. In Chapter 2 we consider the calculation of explicit time windows for each 

unit and task-unit combination to impose upper bounds on linear combinations of 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁 . Next, a 

summary of the parameters required to define these time windows is given using the notation of this 

chapter. 

𝜀𝑖𝑗
𝑈,𝑁 Earliest start time of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 

𝜀𝑗
𝑁 Earliest start time of unit 𝑗 ∈ 𝐉𝑆𝑇𝑁, 𝜀𝑗

𝑁 = min𝑖∈𝐈𝑗
𝑆𝑇𝑁 𝜀𝑖𝑗

𝑈,𝑁 

𝜎𝑖𝑗
𝑈,𝑁 Shortest tail of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁, i.e. minimum time to the end of the horizon from 

the finishing of execution of 𝑖 in 𝑗 so that it leads to final products. 

𝜎𝑗
𝑁 Shortest tail of unit 𝑗 ∈ 𝐉𝑆𝑇𝑁, 𝜎𝑗

𝑁 = min𝑖∈𝐈𝑗
𝑆𝑇𝑁 𝜎𝑖𝑗

𝑈,𝑁 

𝜃𝑖𝑗
𝑈,𝑁 Available time window for task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁, 𝜃𝑖𝑗
𝑈,𝑁 = 𝜂𝑁 − 𝜀𝑖𝑗

𝑈,𝑁 − 𝜎𝑖𝑗
𝑈,𝑁 

𝜃𝑗
𝑁 Available time window for unit 𝑗 ∈ 𝐉𝑆𝑇𝑁, 𝜃𝑗

𝑁 = 𝜂𝑁 − 𝜀𝑗
𝑁 − 𝜎𝑗

𝑁 

Equations (3.21) and (3.22) define the tightening constraints used by these methods. The 

calculation of earliest start times and shortest tails is based on processing times, as well as initial 

inventory and unit capacities. Full details are in Chapter 2. The corresponding formulations for 

sequential environments are further discussed in section 3.4.1. 

∑ 𝜏𝑖𝑗
𝑆𝑇𝑁𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑡∈𝐓𝑁

≤ 𝜃𝑖𝑗
𝑈,𝑁    ∀𝑖 ∈ 𝐈𝑁, 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 (3.21) 

∑ 𝜏𝑖𝑗
𝑆𝑇𝑁𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑖∈𝐈𝑗
𝑆𝑇𝑁,𝑡∈𝐓𝑁

≤ 𝜃𝑗
𝑁    ∀𝑗 ∈ 𝐉𝑆𝑇𝑁 

(3.22) 

Variable time windows 
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In Chapter 2 we also propose an extension that introduces additional decision variables instead 

of the fixed parameters defining earliest start time and shortest tail. Let 𝐸𝑖𝑗
𝑇,𝑁 , 𝑆𝑖𝑗

𝑇,𝑁  respectively 

denote the actual start time and tail of task 𝑖 ∈ 𝐈𝑁  in unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 . Equations (3.23) and (3.24) 

establish the relation between variables and parameters defining the time windows. Equation (3.25) 

generalizes equation (3.21) to variable start time and tail. 

𝐸𝑖𝑗
𝑇,𝑁 ≥ 𝜀𝑖𝑗

𝑈,𝑁    ∀𝑖 ∈ 𝐈𝑁, 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 (3.23) 

𝑆𝑖𝑗
𝑇,𝑁 ≥ 𝜎𝑖𝑗

𝑈,𝑁     ∀𝑖 ∈ 𝐈𝑁, 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 (3.24) 

∑ 𝜏𝑖𝑗
𝑆𝑇𝑁𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑡∈𝐓𝑁

≤ 𝜂𝑁 − 𝐸𝑖𝑗
𝑇,𝑁 − 𝑆𝑖𝑗

𝑇,𝑁     ∀𝑖 ∈ 𝐈𝑁, 𝑗 ∈ 𝐉𝑖
𝑁 (3.25) 

Additional constraints relating these new variables are defined in order to achieve the tightening 

effect. In section 3.4.2 we discuss how these constraints are extended to sequential environments. 

3.3. Discrete-Time Mathematical Programming Models 

In section 3.1 we introduced the problem under consideration and formally defined the major 

constraints a feasible schedule must satisfy, namely batch precedence, batch-stage assignment, and 

unit assignment. This section presents four different MIP models that enforce such constraints and 

the different objective functions we consider. These models implicitly enforce the condition that 

every batch has to be processed within its time window by defining appropriate time sets that restrict 

the number of decision variables for a given batch. Next, we define additional sets and parameters 

that are used across the four discrete-time models we present in this section. 

Sets 

𝐊𝑖𝑘
−  Stages in which batch 𝑖 ∈ 𝐈  has to be processed before stage 𝑘 ∈ 𝐊𝑖 , 𝐊𝑖𝑘

− ≡ {𝑘′ ∈

𝐊𝑖: 𝑘
′ < 𝑘} 

𝐊𝑖𝑘
+  Stages in which batch 𝑖 ∈ 𝐈  has to be processed after stage 𝑘 ∈ 𝐊𝑖 , 𝐊𝑖𝑘

+ ≡ {𝑘′ ∈

𝐊𝑖: 𝑘
′ > 𝑘} 
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Parameters 

𝛿  Step size for time discretization 

𝜀𝑗  Earliest start time for unit 𝑗 ∈ 𝐉 

𝜀𝑖𝑗
𝑈 𝜀𝑖𝑘

𝑆⁄   Earliest start time for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖/on stage 𝑘 ∈ 𝐊𝑖 

𝜆𝑗  Latest finish time for unit 𝑗 ∈ 𝐉 

𝜆𝑖𝑗
𝑈 𝜆𝑖𝑘

𝑆⁄   Latest finish time for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖/on stage 𝑘 ∈ 𝐊𝑖 

𝜇𝑖   Release date for batch 𝑖 ∈ 𝐈 in terms of time grid, 𝜇𝑖 ≡ ⌈𝜇̅𝑖 𝛿⁄ ⌉ 

𝜏𝑖𝑗  Processing time for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  in terms of time grid, 𝜏𝑖𝑗 ≡ ⌈𝜏̅𝑖𝑗 𝛿⁄ ⌉ 

𝜏0  Start of the scheduling horizon, 𝜏0 ≡ min𝑖∈𝐈 𝜇𝑖  

𝜏𝐹  End of the scheduling horizon, 𝜏𝐹 ≡ max𝑖∈𝐈𝜙𝑖 

𝜙𝑖  Due date for batch 𝑖 ∈ 𝐈 in terms of time grid, 𝜙𝑖 ≡ ⌊𝜙̅𝑖 𝛿⁄ ⌋ 

Each of the four MIP models discussed in this section provide different mathematical 

formulations of these three constraints. A computational comparison between them is presented in 

section 3.6. 

3.3.1. Modeling of time 

We use the index/set notation 𝑡 ∈ 𝐓 to denote the position of a time point. The set of time points 

is defined as the horizon between the minimum release date and the maximum due date as expressed 

by equation (3.26). This horizon is divided into intervals of equal length 𝛿, such that the position of 

time value 𝑡̅ in the grid is given by 𝑡̅ = 𝛿𝑡. We also use the elements of set 𝐓\{0} to denote the position 

of time intervals, with interval 𝑡 running between time points 𝑡 − 1 and 𝑡. Figure 3.2 shows the time 

grid we use. 
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𝐓 = {𝑡 ∈ ℤ+: 𝜏
0 ≤ 𝑡 ≤ 𝜏𝐹} (3.26) 

 
Figure 3.2. Global uniform grid used for discrete-time representation 

Since every batch has its own time window which has to be implicitly enforced, we need to take 

into consideration the earliest start and latest finishing time of a batch in specific units/stages. Thus, 

we can define the set of time points on which the processing of a particular batch is feasible. 

First, we start by defining the earliest start and latest finishing times of batch 𝑖 ∈ 𝐈 on every stage 

𝑘 ∈ 𝐊𝑖 and denote them respectively with 𝜀𝑖𝑘
𝑆  and 𝜆𝑖𝑘

𝑆 . It is clear that the earliest batch 𝑖 can start on 

its first stage 𝜅𝑖
𝐹𝑆 is given by its release date, 𝜀

𝑖𝜅𝑖
𝐹𝑆

𝑆 = 𝜇𝑖 ∀𝑖. Similarly, the latest batch 𝑖 can finish on 

its last stage 𝜅𝑖
𝐿𝑆  is given by its due date, 𝜆

𝑖𝜅𝑖
𝐿𝑆

𝑆 = 𝜙𝑖 ∀𝑖 . Equations (3.27) and (3.28) provide the 

definitions for all stages on which batch 𝑖 is processed. 

𝜀𝑖𝑘
𝑆 = 𝜇𝑖 + ∑ min

𝑗′∈𝐉𝑖𝑘′
𝜏𝑖𝑗′

𝑘′∈𝐊𝑖𝑘
−

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.27) 

𝜆𝑖𝑘
𝑆 = 𝜙𝑖 − ∑ min

𝑗′∈𝐉𝑖𝑘′
𝜏𝑖𝑗′

𝑘′∈𝐊𝑖𝑘
+

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.28) 

Second, we note that the earliest (latest) batch 𝑖 ∈ 𝐈 can start (finish) on a given unit 𝑗 ∈ 𝐉𝑖  only 

depends on the stage to which unit 𝑗  belongs. Equation (3.29) provides the definition of 𝜀𝑖𝑗
𝑈 , the 

earliest start time for batch 𝑖 in unit 𝑗, whereas equation (3.30) introduces 𝜆𝑖𝑗
𝑈 , the latest finish time 

for batch 𝑖 in unit 𝑗. 

Interval 

.  .  . .  .  .
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𝜀𝑖𝑗
𝑈 = 𝜀𝑖𝑘

𝑆     ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖, 𝑗 ∈ 𝐉𝑖𝑘 (3.29) 

𝜆𝑖𝑗
𝑈 = 𝜆𝑖𝑘

𝑆     ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖, 𝑗 ∈ 𝐉𝑖𝑘 (3.30) 

Third, we can extend the concept of time window to specific units, which will be helpful in 

defining tightening constraints as explained in section 3.4.1. Equations (3.31) and (3.32) respectively 

define the earliest start time, 𝜀𝑗, and latest finishing time, 𝜆𝑗 for unit 𝑗 ∈ 𝐉. 

𝜀𝑗 = min
𝑖∈𝐈𝑗

𝜀𝑖𝑗
𝑈     ∀𝑗 ∈ 𝐉 (3.31) 

𝜆𝑗 = max
𝑖∈𝐈𝑗

𝜆𝑖𝑗
𝑈     ∀𝑗 ∈ 𝐉 (3.32) 

We can now formally define the set of feasible time points at which batch 𝑖 ∈ 𝐈 is allowed to start 

its execution in unit 𝑗 ∈ 𝐉𝑖 , denoted by 𝐓𝑖𝑗 , through equation (3.33) 

𝐓𝑖𝑗 = {𝑡 ∈ 𝐓: 𝜀𝑖𝑗 ≤ 𝑡 ≤ 𝜆𝑖𝑗 − 𝜏𝑖𝑗}    ∀𝑖 ∈ 𝐈, 𝑗 ∈ 𝐉𝑖 (3.33) 

Two related sets can be defined for batches and units26. Equation (3.34) defines 𝐈𝑗𝑡, the set of 

batches that can start in a given unit at a specific time point, whereas equation (3.35) defines 𝐉𝑖𝑡, the 

set of units that can start processing a given batch at a specific time point. 

𝐈𝑗𝑡 = {𝑖 ∈ 𝐈𝑗: 𝜀𝑖𝑗 ≤ 𝑡 ≤ 𝜆𝑖𝑗 − 𝜏𝑖𝑗}    ∀𝑗 ∈ 𝐉, 𝑡 ∈ [𝜀𝑗, 𝜆𝑗] ∩ ℤ (3.34) 

𝐉𝑖𝑡 = {𝑗 ∈ 𝐉𝑖: 𝜀𝑖𝑗 ≤ 𝑡 ≤ 𝜆𝑖𝑗 − 𝜏𝑖𝑗}    ∀𝑖 ∈ 𝐈, 𝑡 ∈ [𝜇𝑖 , 𝜙𝑖] ∩ ℤ (3.35) 

3.3.2. Batch-stage assignment 

All four discrete-time models we present use a common assignment binary variable, 𝑋𝑖𝑗𝑡 , which 

takes the value of one if batch 𝑖 ∈ 𝐈 starts being processed in unit 𝑗 ∈ 𝐉𝑖  at time point 𝑡 ∈ 𝐓𝑖𝑗 and zero 

otherwise. Note that this decision variable is not indexed over the set of stages, since there is an 

implicit correspondence between units and stages as defined by 𝐉𝑘. 



 
72 

In terms of constraints, the four models use a common expression to enforce the batch-stage 

assignment, as defined in equation (3.36). 

∑ 𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

= 1    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.36) 

Next we present the four discrete-time models we study, which differ on the way they model the 

batch precedence and unit assignment. 

3.3.3. STN-based model 

Models based on the State-Task Network representation of a chemical facility rely on a clique 

constraint for the unit assignment and a material balance for the sequencing among different units. 

Although the clique constraint can readily be extended to sequential environments, the material 

balances cannot be expressed in terms of amounts, since they are not explicitly modeled in sequential 

processing. Instead, we can use the batches themselves as indicators of production of a particular 

batch after being processed on a given stage. 

To provide a STN representation of a sequential facility, we define task 𝕋(𝑖, 𝑘) as the processing 

of batch 𝑖 ∈ 𝐈 on any compatible unit of stage 𝑘 ∈ 𝐊𝑖 and state 𝕊(𝑖, 𝑘) as the material obtained after 

batch 𝑖 has been processed on stage 𝑘. Figure 3.3 depicts the STN representation of a multistage plant 

with tasks represented as rectangles and states as circles. Only a general batch 𝑖 ∈ 𝐈 is presented in 

Figure 3.3; it is understood that the complete facility is comprised of |𝐈| parallel structures such the 

one depicted 

 
Figure 3.3. STN representation of a multistage facility. 
Circles represent states, white boxes denote tasks, and dotted-line boxes define unit compatibility for a given 
task. Only a generic batch is depicted; the complete facility is represented by 𝐼  parallel structures. 𝐼 ≡ |𝐈| 
denotes the total number of batches and 𝐾 ≡ |𝐊| defines the number of stages. 

.  .  . .  .  .
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The unit assignment for the STN representation of the multistage batch process is expressed 

through equation (3.37), which is a clique constraint over time and is defined on the time window of 

unit 𝑗 ∈ 𝐉. 

∑ ∑ 𝑋𝑖𝑗𝑡

𝑡

𝑡′=𝑡−𝜏𝑖𝑗+1𝑖∈𝐈𝑗

≤ 1    ∀𝑗 ∈ 𝐉, 𝑡 ∈ [𝜀𝑗, 𝜆𝑗] ∩ ℤ (3.37) 

Batch precedence is enforced implicitly by requiring batch balance satisfaction at each time point. 

Let us define 𝑆𝑖𝑘𝑡 as a binary variable to indicate whether or not material 𝕊(𝑖, 𝑘) is present during 

interval 𝑡 ∈ 𝐓\{𝜏0}. The batch balance expressed in equation (3.38) requires that a batch is present 

during interval 𝑡 + 1 only if it was present during interval 𝑡 or if it is produced at time point 𝑡. It also 

requires that the batch is not present during interval 𝑡 + 1 if it is consumed at time point 𝑡 . It is 

further assumed that material 𝕊(𝑖, 𝑘) is not present at the beginning of the horizon. 

𝑆𝑖𝑘(𝑡+1) = 𝑆𝑖𝑘𝑡|𝑡>𝜏0 + ∑ 𝑋𝑖𝑗(𝑡−𝜏𝑖𝑗)
𝑗∈𝐉𝑖(𝑡−𝜏𝑖𝑗)∩𝐉𝑘

− ∑ 𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑡∩𝐉𝑘+𝜈𝑖𝑘 

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖, 𝑡 ∈ 𝐓\{𝜏
𝐹} 

(3.38) 

The STN-based model, hereinafter referred to as model M1, is given by equations (3.36), (3.37), 

and (3.38) plus the objective function. 

3.3.4. RTN-based model 

Castro and Grossmann26, 93 extended the ideas about models based on the Resource-Task 

Network to sequential environments.  Once again, the difference with respect to the STN-based model 

is that the units are explicitly considered as resources, instead of being implicitly mapped to tasks. 

The batch balance introduced in equation (3.38) remains valid to enforce batch precedence, but now 

a processing unit balance needs to be included to guarantee the unit assignment is satisfied. 

The RTN representation of a sequential process requires the definition of tasks that explicitly 

include the unit in which they are being executed. Let 𝕋(𝑖, 𝑗) be the task defined when batch 𝑖 ∈ 𝐈 is 

processed in unit 𝑗 ∈ 𝐉𝑖 that spans 𝜏𝑖𝑗  time intervals. There are now two types of resources: states 
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𝕊(𝑖, 𝑘) defined the same way they were introduced for the STN representation, and units 𝕌𝑗: 𝑗 ∈ 𝐉. 

Figure 3.4 shows the RTN representation of a multistage plant with tasks represented as rectangles 

and resources as circles. Similarly to Figure 3.3, only a general batch 𝑖 ∈ 𝐈 is presented in Figure 3.4; 

it is understood that the complete facility is comprised of |𝐈| parallel structures such the one depicted. 

 
Figure 3.4. RTN representation of a multistage facility. 
Circles represent resources (materials and units) and white boxes denote tasks. Only a generic batch is 
depicted; the complete facility is represented by 𝐼 parallel structures. 𝐼 ≡ |𝑰| is the total number of batches, 𝐽 ≡
|𝑱| denotes the total number of units, 𝐾 ≡ |𝑲| defines the number of stages, and 𝐽𝑘 ≡ |𝑱𝑘| is the total number of 
units on stage 𝑘. 

Unit assignment is explicitly enforced through a balance on the resource “processing units.” Let 

𝑅𝑗𝑡 be a binary variable to decide if unit 𝑗 ∈ 𝐉 is available during time interval 𝑡 ∈ 𝐓\{𝜏0}. Equation 

(3.39) expresses that unit 𝑗 is available during interval 𝑡 + 1 if it was available during interval 𝑡 or if 

it is released by any task at time 𝑡. This balance also enforces that the unit becomes unavailable if any 

task starts being processed at time 𝑡. At the beginning of the horizon all the units are available. 

𝑅𝑗(𝑡+1) = 1|𝑡=𝜏0 + 𝑅𝑗𝑡|𝑡>𝜏0 + ∑ 𝑋𝑖𝑗(𝑡−𝜏𝑖𝑗)
𝑖∈𝐈𝑗(𝑡−𝜏𝑖𝑗)

− ∑ 𝑋𝑖𝑗𝑡
𝑖∈𝐈𝑗𝑡

    ∀𝑗 ∈ 𝐉, 𝑡 ∈ 𝐓\{𝜏𝐹} 
(3.39) 

The RTN-based model defined by equations (3.36), (3.38), and (3.39) plus the objective function 

is referred to as model M2 in the following. 

3.3.5. RCPSP-based aggregated model 

Section 3.2.3 presents basic concepts and models to solve the Resource-Constrained Project 

Scheduling Problem. Although a different problem when compared to the MBPSP, the RCPSP 

.
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.
.  .  .

.

.
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.  .  .
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introduces an interesting way to enforce precedence constraints between a specific activity and its 

successors. The underlying idea is the direct calculation of times at which an activity ends and its 

successors start. We now extend these ideas to the MBPSP. We make the following observations to 

relate elements of the RCPSP and the MBPSP: 

(i) There exists a unique correspondence between a project activity 𝑎 ∈ 𝐀 on the RCPSP and a 

task 𝕋(𝑖, 𝑘) on the MBPSP. 

(ii) The fact that a pair of activities 𝑎 and 𝑎′ belong to the set of precedence constraints 𝐄, i.e. 

(𝑎, 𝑎′) ∈ 𝐄, translates into the fact that a batch requires to be processed in consecutive stages, 

i.e. there is a precedence requirement for (𝕋(𝑖, 𝑘), 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘)). 

(iii) Resources 𝑟 ∈ 𝐑𝑃  on the RCPSP correspond to processing units 𝑗 ∈ 𝐉  on the MBPSP. 

Therefore the number of available units of resource 𝑟, 𝛽𝑟
𝑃 is always one for MBPSP. Similarly, 

the number of units of resource 𝑟 required by activity 𝑎 ∈ 𝐀, 𝛽𝑎𝑟
𝐴,𝑃, is also one for the MBPSP 

since task 𝕋(𝑖, 𝑘) only requires one processing unit to be executed. 

(iv) The main difference between the RCPSP and the MBPSP is that the latter requires an 

additional decision in order to assign a batch to a specific processing unit. This distinction 

introduces the need for appropriate unit aggregation in the constraints. Notice, for instance, 

the difference between equations (3.17) and (3.36). An extra summation is required in (3.36) 

to account for assignment to different units. Unit aggregation proves to be a crucial modeling 

element as we discuss in the next subsections. 

Observation (iii) immediately leads to an RCPSP-based expression for the unit assignment of the 

MBPSP. If we substitute 𝛽𝑎𝑟
𝐴,𝑃 = 1  and 𝛽𝑟

𝑃 = 1  into equation (3.16), we obtain a clique over 𝑡 , an 

expression completely analogous to equation (3.37) which enforces unit assignment for model M1. 

We conclude that the clique constraint in MBPSP is a simplification of the resource utilization 

constraint in RCPSP. Consequently we only need to focus on developing a constraint to enforce batch 
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precedence for the MBPSP. Observations (ii) and (iv) are the key to obtain such constraint; they are 

used next to derive RCPSP-based batch precedence constraints. 

To develop an aggregated formulation, we want to derive a constraint which guarantees that the 

start time of a batch is larger than the finish time of its immediate predecessor. Equation (3.15) for 

the RCPSP can be transformed into a batch precedence constraint for the MBPSP, by taking into 

consideration observations (i), (ii), and (iv). 

The binary variable 𝑋𝑎𝑡
𝑃  for activity 𝑎 ∈ 𝐀 in the RHS summation of equation (3.15) for the RCPSP 

corresponds to variable 𝑋𝑖𝑗𝑡  for task 𝕋(𝑖, 𝑘) in the MBPSP, i.e. the processing of batch 𝑖 ∈ 𝐈 in any unit 

𝑗 ∈ 𝐉𝑖𝑘. The fact that the unit is arbitrary means that a summation over 𝑗 ∈ 𝐉𝑖𝑘  must be introduced to 

ensure that only one 𝑋𝑖𝑗𝑡  is equal to one to calculate the finish time of 𝕋(𝑖, 𝑘). Similarly, variable 𝑋𝑎′𝑡
𝑃  

for activity 𝑎′ ∈ 𝐀  in the LHS summation of equation (3.15) assimilates to variable 𝑋𝑖𝑗𝑡  for task 

𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘), the execution of batch 𝑖 ∈ 𝐈 in any unit 𝑗 ∈ 𝐉𝑖(𝑘+𝜈𝑖𝑘). Once again, only one 𝑋𝑖𝑗𝑡  should be 

nonzero when calculating the start time of 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘) and thus aggregation over 𝑗 ∈ 𝐉𝑖(𝑘+𝜈𝑖𝑘)  is 

required. The final form of the MBPSP batch precedence constraint is given by equation (3.40); it 

expresses that the start time of task 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘) is greater than or equal to the finish time of its 

predecessor 𝕋(𝑖, 𝑘). The aggregation over compatible units derived from observation (iv) guarantees 

that this batch precedence relation is independent of the actual unit assignment. Figure 3.5 shows 

the correspondence between elements of the RCPSP and MBPSP that leads to equation (3.40). 

∑ 𝑡𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖(𝑘+𝜈𝑖𝑘),𝑡∈𝐓𝑖𝑗

≥ ∑ (𝑡 + 𝜏𝑖𝑗)𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖\{𝜅𝑖
𝐿𝑆} (3.40) 

The formulation consisting of equations (3.36), (3.37), and (3.40) plus the objective function is 

henceforth referred to as model M3. 
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Figure 3.5. Time-aggregated RCPSP-based modeling of batch precedence constraints for MBPSP. 
Top and bottom boxes respectively represent precedence constraints for the RCPSP and the MBPSP. Note that 
the finish time of task 𝕋(𝑖, 𝑘) and the start time of task 𝕋(𝑖, 𝑘) are independent of the processing times of batch 
𝑖 on different units. 
 

3.3.6. RCPSP-based disaggregated model 

As discussed in section 3.2.3, the time-disaggregated version of the RCPSP model exhibits a 

tighter LP relaxation, although it has a larger size when compared to its aggregated counterpart. We 

now extend this idea to the MBPSP. The goal is to derive an expression analogous to equation (3.19), 

in order to establish a logical implication that relates the start times of a task and its successors. 

We start by slightly modifying equation (3.19) in order to make it extendable to the MBPSP when 

processing units are introduced. The second term on the LHS of equation (3.19) only includes 

decision variables for the successor activity 𝑎′; however, the upper limit of this summation depends 

on the processing time for the predecessor activity 𝑎. This coupling prevents the unit aggregation 

required by observation (iv) above. Next, we redefine equation (3.19) to decouple the summations 

on the LHS. 

in 
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If 𝑎, 𝑎′ ∈ 𝐀 are project activities and (𝑎, 𝑎′) ∈ 𝐄 then equation (3.41) establishes that if activity 𝑎 

finishes at time 𝑡 then activity 𝑎′ cannot start before time 𝑡 and vice versa. In equation (3.41), each 

term on the LHS includes information for a single activity; therefore they are decoupled and unit 

aggregation is possible. 

∑𝑋𝑎(𝑡′−𝜏𝑎)
𝑃

𝜂𝑃

𝑡′=𝑡

+ ∑ 𝑋𝑎′𝑡′
𝑃

𝑡−1

𝑡′=0

≤ 1    ∀(𝑎, 𝑎′) ∈ 𝐄, 𝑡 ∈ 𝐓𝑃 (3.41) 

Since activity 𝑎 corresponds to task 𝕋(𝑖, 𝑘), the binary variable 𝑋𝑎(𝑡′−𝜏𝑎)
𝑃  in the first term of the 

LHS corresponds to variable 𝑋𝑖𝑗(𝑡′−𝜏𝑖𝑗)  for the processing of batch 𝑖 ∈ 𝐈  in any unit 𝑗 ∈ 𝐉𝑖𝑘 . 

Aggregation over 𝑗 ∈ 𝐉𝑖𝑘  is required to guarantee there is at most one nonzero assignment. Similarly, 

activity 𝑎′  relates to task 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘) ; therefore variable 𝑋𝑎′𝑡′
𝑃  in the second term of the LHS 

corresponds to variable 𝑋𝑖𝑗𝑡′ with 𝑗 ∈ 𝐉𝑖(𝑘+𝜈𝑖𝑘) and aggregation over the processing units is required. 

Equation (3.42) is the precedence constraint for the disaggregated RCPSP-based model in MBPSP. It 

expresses that if task 𝕋(𝑖, 𝑘) starts in any unit at time 𝑡, then its successor 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘) cannot start 

in any unit before 𝑡 and vice versa. Figure 7 presents the conceptual extension that leads to equation 

(3.42), as well as an explanation of why decoupling is necessary. 

∑ ∑𝑋𝑖𝑗(𝑡′−𝜏𝑖𝑗)

𝜆𝑖𝑗

𝑡′=𝑡𝑗∈𝐉𝑖𝑘

+ ∑ ∑ 𝑋𝑖𝑗𝑡′

𝑡−1

𝑡′=𝜀
𝑖(𝑘+𝜈𝑖𝑘)
𝑆𝑗∈𝐉𝑖(𝑘+𝜈𝑖𝑘)

≤ 1 

∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐾𝑖\{𝜅𝑖
𝐿𝑆}, 𝑡 ∈ [𝜀𝑖(𝑘+𝜈𝑖𝑘)

𝑆 , 𝜆𝑖𝑘
𝑆 ] ∩ ℤ 

(3.42) 

The complete disaggregated model consists of equations (3.36), (3.37), and (3.42) plus the 

objective function. It is hereinafter referred to as model M4. 
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Figure 3.6. Time-disaggregated RCPSP-based modeling of batch precedence constraints for MBPSP 
Top and bottom boxes respectively represent precedence constraints for the RCPSP and the MBPSP. (a) 
Without precedence decoupling, (b) With precedence decoupling. If precedence decoupling is not used in the 
MBPSP (bottom left), then it is not possible to define a single window in which the successor task is not allowed 
to start. Therefore, aggregation on the units that process the predecessor task is not possible. This results in a 
larger and inefficient formulation for the batch precedence constraint. 

3.3.7. Objective functions 

Three different objective functions for minimization are considered in this chapter, namely cost, 

earliness, and makespan. Next, we provide the definitions of these objectives in terms of the 

assignment variable introduced for discrete-time models of the MBPSP. 

Cost minimization is one of the main practical goals of any production facility. In this section we 

only consider processing costs, which are relevant for the basic MBPSP. Section 3.3.8 also considers 

utility costs. In addition, other types of costs such as inventory and switchovers could be included 

and directly related to decision variables. Let 𝛼𝑖𝑗  be the fixed cost of processing batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈

𝐉𝑖  which is added to the objective only of batch 𝑖  is assigned to unit 𝑗  at any time point 𝑡 ∈ 𝐓𝑖𝑗 . 

Equation (3.43) provides the definition of the cost minimization objective. 
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min ∑ 𝛼𝑖𝑗𝑋𝑖𝑗𝑡
𝑖∈𝐈,𝑗∈𝐉𝑖,𝑡∈𝐓𝑖𝑗

 (3.43) 

Time-based objectives are very common in industry to ensure an adequate and efficient 

utilization of the installed equipment. They also are related to customer satisfaction and inventory 

management. An example of the latter is earliness minimization, which is sought with the aim of 

reducing storage costs. Earliness for a batch is defined as the positive difference between the due 

date and the actual finish date of that batch. Equation (3.44) gives one definition of the earliness 

minimization objective. 

min∑(𝜙̅𝑖 − ∑ (𝛿𝑡 + 𝜏̅𝑖𝑗)𝑋𝑖𝑗𝑡
𝑗∈𝐉

𝑖𝜅𝑖
𝐿𝑆 ,𝑡∈𝐓𝑖𝑗

)

𝑖∈𝐈

 (3.44) 

The process makespan is defined as the total time it takes to complete the processing of all 

batches. We define it as a new variable 𝑀𝑆 ∈ ℝ+, such that the makespan minimization objective is 

given by min𝑀𝑆. There are several ways to define 𝑀𝑆, depending on which entity of the problem the 

definition is based. We present three variants: (i) based on batches, (ii) based on units with time 

disaggregation, and (iii) based on units with batch disaggregation. 

Equation (3.45) provides the batch-based definition of makespan, guaranteeing that it is larger 

than the finish time of every batch. 

𝑀𝑆 ≥ ∑ (𝛿𝑡 + 𝜏̅𝑖𝑗)𝑋𝑖𝑗𝑡
𝑗∈𝐉

𝑖𝜅𝑖
𝐿𝑆 ,𝑡∈𝐓𝑖𝑗 

    ∀𝑖 ∈ 𝐈 
(3.45) 

When a definition of makespan is to be based on processing units, it is necessary to disaggregate 

the constraints to avoid additional variables. Equations (3.46) and (3.47) ensure that the makespan 

is larger than the finish time of every unit. They provide unit-based definitions of makespan with 

time and batch disaggregation respectively. 
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𝑀𝑆 ≥ ∑(𝛿𝑡 + 𝜏̅𝑖𝑗)𝑋𝑖𝑗𝑡
𝑖∈𝐈𝑗𝑡

    ∀𝑗 ∈ 𝐉, 𝑡 ∈ [𝜀𝑗, 𝜆𝑗] ∩ ℤ (3.46) 

𝑀𝑆 ≥ ∑(𝛿𝑡 + 𝜏̅𝑖𝑗)𝑋𝑖𝑗𝑡
𝑡∈𝐓𝑖𝑗

    ∀𝑗 ∈ 𝐉, 𝑖 ∈ 𝐈𝑗 (3.47) 

Note that any combination of equations (3.45), (3.46), and (3.47) is redundant, but there might 

be computational benefits if more than one equation is included. Section 3.6 presents computational 

results and an extended discussion on the performance of the different variants. 

3.3.8. Limited resources 

The fact models M1-M4 use a common time-grid allows for the seamless inclusion of limited 

resources such as utilities and manpower. In this work we focus on the additional constraints 

imposed by the presence of limited utilities that might be simultaneously required by multiple 

batches. Since these four models adopt a discrete representation of time, it is possible to monitor 

variations in the utility levels and model utility costs while preserving the linearity of the 

mathematical formulation. Maravelias and coworkers43, 94 proposed formulations to account for 

utility constraints suitable for the discrete-time representation, which we incorporate into our 

models. 

Let 𝑢 ∈ 𝐔 be the set of limited utilities (e.g. high-pressure steam, cooling water, electricity, etc.) 

and let 𝜉𝑖𝑗𝑢 and 𝜓𝑢𝑡 respectively denote the fixed requirement of utility 𝑢 for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

and the maximum availability of utility 𝑢  during interval 𝑡 ∈ 𝐓\{0} . Furthermore, let us define 

decision variable 𝑊𝑢𝑡 ∈ ℝ+ to account for the amount of utility 𝑢 consumed during time interval 𝑡. 

Then equation (3.48) provides the definition of 𝑊𝑢𝑡  through a balance in terms of the total 

consumption of 𝑢  in the previous interval, the consumption of 𝑢  by batches starting at 𝑡  and the 

release of 𝑢 by batches finishing at 𝑡. 
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𝑊𝑢𝑡 = 𝑊𝑢(𝑡−1) + ∑ 𝜉𝑖𝑗𝑢𝑋𝑖𝑗𝑡
𝑖∈𝐈,𝑗∈𝐉𝑖𝑡

− ∑ 𝜉𝑖𝑗𝑢𝑋𝑖𝑗(𝑡−𝜏𝑖𝑗)
𝑖∈𝐈,𝑗∈𝐉

𝑖(𝑡−𝜏𝑖𝑗)

≤ 𝜓𝑢𝑡    ∀𝑢 ∈ 𝐔, 𝑡 ∈ 𝐓\{𝜏
𝐹} 

(3.48) 

When utilities are considered, the cost minimization objective can be modified as shown in 

equation (3.49) to include 𝛼𝑢𝑡
𝑈 , the cost of utility 𝑢 during interval 𝑡. 

min ∑ 𝛼𝑖𝑗𝑋𝑖𝑗𝑡
𝑖∈𝐈,𝑗∈𝐉𝑖,𝑡∈𝐓𝑖𝑗

+ ∑ 𝛼𝑢𝑡
𝑈𝑊𝑢𝑡

𝑢∈𝐔,𝑡∈𝐓

 (3.49) 

Section 3.5.1 presents various small-scale illustrations of the coupling of the discrete-time 

models we are studying with utility constraints. 

3.3.9. Product diversification in multistage facilities 

Hitherto we have considered that every batch processed in a sequential multistage facility defines 

different intermediate materials after it is processed on each stage. However, chemical facilities are 

usually characterized by the transformation of a few raw materials into several different products, 

that is, there is a degree of diversification as material flows along processing units. For instance, a set 

of batches processed in a three-stage facility might share a single raw material and single 

intermediates after the first and second stages; only after the third stage the products are really 

different. A common example of this situation occurs when the last stage consists of packing 

operations, where products are differentiated according to packing type or size. 

Traditional modeling approaches, including the discrete-time formulations just defined, rely on 

the fact that batches are different from the beginning of the process. This means that we have to 

define as many intermediate materials after each stage as batches are processed. Diversification is 

not taken into account, which might lead to inefficiency in the solution process. The goal of this 

section is to show that a representation based on the STN is a natural framework to handle 

diversification in sequential environments. 
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Let us consider a facility in which all batches share a common raw material and intermediates up 

to stage |𝐊| − 1 and only the products of stage |𝐊| are different. The STN representation shown in 

Figure 3.3 can be modified to account for diversification as depicted in Figure 3.7. In this 

representation, the first |𝐊| − 1 tasks and |𝐊| states are independent of the batch and they are only 

indexed by 𝑘. Note that Figure 3.3 is the representation of only one generic batch; the representation 

of the complete facility requires |𝐈| parallel structures, one for every batch. In contrast, Figure 3.7 

represents the complete facility. When this representation change is translated into the mathematical 

model, a considerable reduction in number of variables and constraints can be achieved. 

 
Figure 3.7. STN representation of a multistage facility with diversification. 
The complete facility is represented. 𝐼 ≡ |𝑰|  denotes the total number of batches and 𝐾 ≡ |𝑲|  defines the 
number of stages. 

The key element to determine if a task is batch-independent is the analysis of the materials it 

consumes and produces. In Figure 3.7, we see that material 𝕊(0) is common to all batches, which can 

be formally stated as 𝕊(𝑖, 0) ≡ 𝕊(𝑖′, 0) ≡ 𝕊(0) ∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖 ≠ 𝑖′. Similarly, 𝕊(1) is also common for 

all batches. Therefore, 𝕋(𝑖, 1) ≡ 𝕋(𝑖′, 1) ≡ 𝕋(1) ∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖 ≠ 𝑖′. We can informally say that all the 

tasks 𝕋(𝑖, 1) ∀𝑖 ∈ 𝐈  collapse into a single task 𝕋(1)  since they all consume/produce the same 

materials. 

We can generalize the concept of diversification if we consider that subgroups of tasks 𝕋(𝑖, 𝑘) can 

be collapsed into a single task for specific subsets of batches. Let 𝑙 ∈ 𝐋 be an index/set to denote 

subgroups of batches that share common intermediates at a given stage. We can define 𝐈𝑙𝑘 as the 𝑙th 

set of batches on stage 𝑘  for which tasks 𝕋(𝑖, 𝑘)  consume/produce the same set of materials. 

.  .  . .  .  .
.
.
.
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Informally we say that all the tasks 𝕋(𝑖, 𝑘) ∀𝑖 ∈ 𝐈𝑙𝑘  collapse into a single task 𝕋(𝑙, 𝑘) . Unit 

compatibility is given by 𝐉𝑙𝑘 = ⋂ 𝐉𝑖𝑘𝑖∈𝐈𝑙𝑘 . Figure 3.8 shows an example of this generalized sequential 

environment with diversification. 

 
Figure 3.8. STN representation of a multistage facility with subgroup diversification. 
Three-stage facility processing 9 batches with common intermediates. (a) Full STN representation. (b) 
Simplified STN representation using groups defined by diversification. In (b), the caption below every box is 
the re-enumeration of tasks. The color key indicates groups of tasks on (a) that collapse to a single task on (b). 

Application of model SP&S 

We now propose a modified STN-based model to take diversification into account. Figure 3.8b 

suggests that when diversification is present, the concepts of batch and stage might be dropped in 

favor of introducing the concept of task into the model. In fact, it is possible to re-enumerate 

tasks/states and use model SP&S defined for network environment. 

After re-enumeration, task 𝕋(𝑖) replaces 𝕋(𝑙, 𝑘) and material 𝕊(𝑟) takes the place of 𝕊(𝑙, 𝑘). In 

this context, we use index 𝑖 ∈ 𝐈𝑁 to represent tasks (not the batches 𝑖 ∈ 𝐈, which we just dropped from 

the problem). We assume that inventory of raw materials –𝕊(𝑙, 0)– is always available and therefore 

Task-collapsing groups

(a) (b)
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those states are not explicitly modeled. Importantly, due dates are now enforced for a set of final 

products, 𝐑𝑀𝐹, instead of the original set of orders. We denote these due dates as 𝜙̅𝑟
𝑁 ∀𝑟 ∈ 𝐑𝑀𝐹 . 

Referring to model SP&S we observe that (i) equation (3.10) can be directly used to enforce unit 

assignment for the MBPSP with diversification, (ii) equation (3.11) does not apply since amounts are 

not modeled in the MBPSP, and (iii) equation (3.12) guarantees the batch precedence requirement 

for the MBPSP but it must be modified to account for appearance/disappearance of a material instead 

of its amount. Let 𝑆𝑚𝑡
𝐵,𝑁 ∈ {0,1} ∀𝑚 ∈ 𝐌𝑆𝑇𝑁\𝐌𝑅,𝑁, 𝑡 ∈ 𝐓𝑁\{0} define if material 𝑚 is present during 

interval 𝑡, where 𝐌𝑅,𝑁 is the set of raw materials.. Equation (3.50) provides the final form of the batch 

precedence equation. 

𝑆𝑚(𝑡+1)
𝐵,𝑁 = 𝑆𝑚𝑡

𝐵,𝑁 + ∑ 𝑋
𝑖𝑗(𝑡−𝜏𝑖𝑗

𝑁)

𝑆𝑇𝑁

𝑖∈𝐈𝑚
+ ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

− ∑ 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁

𝑖∈𝐈𝑚
− ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

    ∀𝑚 ∈ 𝐌𝑆𝑇𝑁\𝐌𝑅,𝑁 , 𝑡 ∈ 𝐓𝑁\{𝜂𝑁} 
(3.50) 

The sets 𝐈𝑚
+ /𝐈𝑚

−  can readily be defined according to Figure 3.8, so that task 𝕋(𝑖) ≡ 𝕋(𝑙, 𝑘) 

consumes material 𝕊(𝑚1) ≡ 𝕊(𝑙, 𝑘 − 1) and produces 𝕊(𝑚2) ≡ 𝕊(𝑙, 𝑘), for values of 𝑖,𝑚1, 𝑚2 given 

by the re-enumeration of tasks and states. 

There are two important facts that are worth to mention. First, it is not necessary to include an 

explicit equation to enforce the batch-stage assignment constraint of the MBPSP. In fact, when we 

defined the mapping between 𝕋(𝑖) and 𝕋(𝑙, 𝑘), the batch-stage assignment is automatically satisfied. 

Second, equation (3.50) guarantees that the no mixing/splitting conditions are satisfied because 𝑆𝑚𝑡
𝐵,𝑁 

are binary variables and cannot be aggregated or divided. Therefore, there is no need to write the 

additional equations required in network environments to enforce batch integrity60, 94. 

Equations (3.51) and (3.52) are respectively defined to enforce due dates and guarantee that each 

product is delivered. 
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∑ (𝑡 + 𝜏𝑖𝑗
𝑆𝑇𝑁)𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑖∈𝐈𝑚
+ ,𝑗∈𝐉𝑖

𝑆𝑇𝑁,𝑡∈𝐓𝑁

≤ 𝜙𝑚
𝑁     ∀𝑚 ∈ 𝐌𝐹,𝑁 

(3.51) 

𝑆
𝑚𝜂𝑁
𝐵,𝑁 = 1    ∀𝑚 ∈ 𝐌𝑁,𝐹 (3.52) 

Where 𝜂𝑁 = max𝑚∈𝐌𝑁,𝐹 𝜙𝑚
𝑁  and 𝜙𝑚

𝑁 = ⌊𝜙̅𝑚
𝑁 𝛿𝑁⁄ ⌋. The tree objective functions we considered can 

be defined through equations (3.53)-(3.55) for cost, earliness and makespan minimization 

respectively. 

min ∑ 𝛼𝑖𝑗
𝑁𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑖∈𝐈𝑁,𝑗∈𝐉𝑖
𝑆𝑇𝑁,𝑡∈𝐓

 
(3.53) 

min ∑ 𝜙̅𝑚
𝑁

𝑚∈𝐌𝐹,𝑁

− ∑ (𝛿𝑁𝑡 + 𝜏̅𝑖𝑗
𝑆𝑇𝑁)𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑚∈𝐌𝐹,𝑁,𝑖∈𝐈𝑚
+ ,𝑗∈𝐉𝑖

𝑆𝑇𝑁,𝑡∈𝐓𝑁

 
(3.54) 

min𝑀𝑆:𝑀𝑆 ≥ ∑ (𝛿𝑁𝑡 + 𝜏̅𝑖𝑗
𝑆𝑇𝑁)𝑋𝑖𝑗𝑡

𝑆𝑇𝑁

𝑖∈𝐈𝑗
𝑆𝑇𝑁

    ∀𝑗 ∈ 𝐉𝑁, 𝑡 ∈ 𝐓𝑁 
(3.55) 

Note that equation (3.55) uses a time-disaggregated unit-based definition for makespan, 

analogous to equation (3.46). We could also use a product-based definition for 𝑀𝑆 , similar to 

equations (3.45), but we omit it here for brevity. Note that the batch-disaggregated version of 𝑀𝑆, 

equation (3.47), cannot be extended, since tasks are used instead of batches. The final model for 

MBPSP with diversification, hereinafter denoted SP&Sdiv, is comprised of equations (3.10), (3.50)-

(3.52) and the appropriate objective function (3.53)-(3.55). In section 3.5.2, we present an 

illustration for the MBPSP with diversification. 

Multiple orders 

Model SP&Sdiv relies on the fact that each product is produced and delivered once. In fact, 

equations (3.51), (3.52), and (3.54) were derived based on this assumption. However, a realistic 

scheduling scenario might include multiple orders of the same product, so it has to be produced 
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several times, as well as all the intermediates that lead to it. The general model presented by 

Sundaramoorthy and Maravelias94 suggests that in these cases we can introduce the notion of 

pseudo-customers and treat them as additional units of the network, so that multiple batches of the 

same product are delivered to different units. 

Let 𝐉𝐶,𝑁  denote the set of customers and let 𝜙̅𝑚𝑗
𝐶,𝑁  be the due date of material 𝑚 ∈ 𝐌𝐹,𝑁  for 

customer 𝑗 ∈ 𝐉𝐶,𝑁. It is assumed that a single customer cannot order the same product twice; if that 

occurs, then an additional pseudo-customer is defined. The number of customers that are required 

is then equal to the maximum numbers of orders for a single product. 

In order to model the product-customer assignment, a new decision variable is required. Let 𝑍𝑚𝑗𝑡
𝑆𝑇𝑁 

be a binary variable that is equal to one if material 𝑚 ∈ 𝐌𝐹,𝑁 is delivered to customer 𝑗 ∈ 𝐉𝐶,𝑁 at time 

𝑡 ∈ 𝐓𝑁 . Then equations (3.56) and (3.57) respectively ensure due date satisfaction and single 

delivery to a customer. They replace equations (3.51) and (3.52). 

𝑍𝑚𝑗𝑡
𝑆𝑇𝑁 = 0    ∀𝑚 ∈ 𝐌𝐹,𝑁, 𝑗 ∈ 𝐉𝐶,𝑁 , 𝑡 > 𝜙𝑚𝑗

𝐶,𝑁 (3.56) 

∑ 𝑍𝑚𝑗𝑡
𝑆𝑇𝑁

𝑡≤𝜙𝑚𝑗
𝐶,𝑁

= 1    ∀𝑚 ∈ 𝐌𝐹,𝑁 , 𝑗 ∈ 𝐉𝐶,𝑁 
(3.57) 

Where 𝜙𝑚𝑗
𝐶,𝑁 = ⌊𝜙̅𝑚𝑗

𝐶,𝑁 𝛿𝑁⁄ ⌋. The material balance in equation (3.50) is modified to include the 

deliveries to customer during the scheduling horizon according to equation (3.58). 

𝑆𝑚(𝑡+1)
𝐵,𝑁 = 𝑆𝑚𝑡

𝐵,𝑁 + ∑ 𝑋
𝑖𝑗(𝑡−𝜏𝑖𝑗

𝑁)

𝑆𝑇𝑁

𝑖∈𝐈𝑚
+ ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

− ∑ 𝑋𝑖𝑗𝑡
𝑆𝑇𝑁

𝑖∈𝐈𝑚
− ,𝑗∈𝐉𝑖

𝑆𝑇𝑁

− ∑ 𝑍𝑚𝑗𝑡
𝑆𝑇𝑁

𝑗∈𝐉𝐶,𝑁

 

∀𝑚 ∈ 𝐌𝑁\𝐌𝑅,𝑁, 𝑡 ∈ 𝐓𝑁\{𝜂𝑁} 

(3.58) 

Equations (3.53) and (3.55) are still valid for cost and makespan minimization. Nevertheless, the 

definition of the earliness minimization objective has to be modified, as shown in equation (3.59). 
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min ∑ 𝜙̅𝑚𝑗
𝐶,𝑁

𝑚∈𝐌𝐹,𝑁,𝑗∈𝐉𝐶,𝑁

− ∑ ∑ 𝛿𝑡𝑍𝑚𝑗𝑡
𝑁

𝑡≤𝜙𝑚𝑗
𝐶,𝑁𝑚∈𝐌𝐹,𝑁,𝑗∈𝐉𝐶,𝑁

 
(3.59) 

The generalized model for MBPSP with diversification and multiple orders, SP&SdivM, is defined 

by equations (3.10), (3.56)-(3.58) and the appropriate objective function from (3.53), (3.55), or 

(3.59). Section 3.5.2 also presents an illustrative example of this case. 

3.4. Solution Methods 

3.4.1. Tightening based on fixed time windows 

In section 3.3.1 we discussed how the earliest start and latest finish times of a batch are used to 

define a set of feasible time points to enforce the requirement that a batch has to be processed 

between its release and due dates. In this section we extend these concepts to define a tightening 

constraint for the MBPSP. 

When we consider cost and earliness minimization objectives, the time window for a unit 𝑗 ∈ 𝐉 is 

fixed and defined as the difference between its latest finish and earliest start times, i.e. 𝜆𝑗 − 𝜀𝑗 . 

However, when minimizing makespan, we do not know a priori whether 𝜆𝑗 > 𝑀𝑆 or 𝜆𝑗 ≤ 𝑀𝑆. Thus 

we need to introduce a new parameter to characterize the time window of a unit, regardless of the 

objective considered. Let 𝑇𝐹 represent the end of the horizon; it can be fixed or variable as shown in 

equation (3.60). 

𝑇𝐹 = {
𝜏𝐹 if end time is fixed (min Cost, Earliness)

𝑀𝑆 if end time is variable (minMakespan)  
 (3.60) 

We define the shortest tail of unit 𝑗 , denoted 𝜎𝑗 , as the minimum elapsed time between the 

finishing of the last batch processed in unit 𝑗 and 𝑇𝐹. This value only depends on the processing times 

in stages that come after unit 𝑗. Equation (3.61) gives the definition of shortest tail. 
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𝜎𝑗 = min
𝑖∈𝐈𝑗

∑ min
𝑗′∈𝐉𝑖𝑘

𝜏𝑖𝑗′

𝑘∈𝐊𝑖𝜅𝑗
+

 
(3.61) 

Where 𝜅𝑗 is the stage to which unit 𝑗 belongs. The time window for unit 𝑗 can then be defined as 

𝑇𝐹 − 𝜎𝑗 − 𝜀𝑗 . Note that for fixed end time 𝜎𝑗 = 𝑇
𝐹 − 𝜆𝑗 , whereas for variable end time there is no 

general relation between 𝜎𝑗 and 𝜆𝑗. Equation (3.62) defines a tightening constraint to enforce that the 

actual processing time of a unit does not exceed its time window. 

∑ 𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑖∈𝐈𝑗,𝑡∈𝐓𝑖𝑗

≤ 𝑇𝐹 − 𝜎𝑗 − 𝜀𝑗     ∀𝑗 ∈ 𝐉 (3.62) 

We test the effect of adding this constraint to the four discrete-time models defined before and 

discuss the results in sections 3.5 and 3.6. 

3.4.2. Tightening based on variable time windows 

In Chapter 2 we developed tightening methods based on variable time windows for network 

environments. Earliest start time and shortest tail parameters were extended to define new decision 

variables which can be used in constraints that are tighter than their fixed counterparts. In this 

section, we extend those concepts to sequential environments. 

Start time and tail of a batch 

Section 3.4.1 describes a tightening constraint for units based on fixed parameters for the earliest 

start time and shortest tail. We now consider the case when these quantities are not fixed, so new 

decision variables are introduced in the model. However, our discussion is based on start times and 

tails for batches rather than units in order to model these values for the general task 𝕋(𝑖, 𝑘). Let 𝐸𝑖𝑘
𝑇  

represent the actual start time of batch 𝑖 on stage 𝑘 and let 𝑆𝑖𝑘
𝑇  denote the tail of batch 𝑖 on stage 𝑘. 

Equations (3.63) and (3.64) give the definition of these new variables. 
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𝐸𝑖𝑘
𝑇 = ∑ 𝑡𝑋𝑖𝑗𝑡

𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.63) 

𝑆𝑖𝑘
𝑇 = 𝑇𝐹 − ∑ (𝑡 + 𝜏𝑖𝑗)𝑋𝑖𝑗𝑡

𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.64) 

Where 𝑇𝐹  is given by equation (3.60). A lower bound for the start time can be defined using 

parameter 𝜀𝑖𝑘
𝑆  introduced in section 5.1, as shown in equation (3.65). Similarly, the actual tail can be 

lower-bounded with 𝜎𝑖𝑘
𝑆 , the shortest tail of batch 𝑖 on stage 𝑘, according to equation (3.66). Equation 

(3.67) provides the definition of 𝜎𝑖𝑘
𝑆 . Figure 3.9 shows a small illustration of the relation between 

fixed and variable start times and tails. 

𝐸𝑖𝑘
𝑇 ≥ 𝜀𝑖𝑘

𝑆     ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.65) 

𝑆𝑖𝑘
𝑇 ≥ 𝜎𝑖𝑘

𝑆     ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.66) 

𝜎𝑖𝑘
𝑆 = ∑ min

𝑗′∈𝐉𝑖𝑘′
𝜏𝑖𝑗′

𝑘′∈𝐊𝑖𝑘
+

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.67) 

 
Figure 3.9. Start times and tails 
Two-stage facility with two units per stage in which four batches are to be processed. All the batches have a 
common earliest start date of 𝜀𝑖1

𝑆 = 2 for stage 1 and a shortest tail of 𝜎𝑖2
𝑆 = 0 on stage 2. The values of 𝐸𝑖𝑘

𝑇  and 
𝑆𝑖𝑘
𝑇  are lower-bounded by 𝜀𝑖𝑘

𝑆  and 𝜎𝑖𝑘
𝑆  respectively, but their actual values are larger. For instance, batch 2 has 

an actual start date of 𝐸21
𝑇 = 4 on the first stage, but it could start as early as 𝜀21

𝑆 = 2. Similarly, batch 1 has an 
actual tail of 𝑆12

𝑇 = 2 on the second stage but its shortest tail is 𝜎12
𝑆 = 0. 
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Precedence relations through start times and tails 

The fact that we use variables based on tasks allows us to explicitly enforce the unique sequence 

in which all the batches follow the stages. Equation (3.68) ensures that the start time of a batch on 

any stage exceeds the finish time of the batch on the immediately previous stage. Similarly, equation 

(3.69) enforces that the tail of a batch on any stage is larger than the sum of the tail and processing 

times of the batch on the next stages. 

𝐸𝑖(𝑘+𝜈𝑖𝑘)
𝑇 ≥ 𝐸𝑖𝑘

𝑇 + ∑ 𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.68) 

𝑆𝑖𝑘
𝑇 ≥ 𝑆𝑖(𝑘+𝜈𝑖𝑘)

𝑇 + ∑ 𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖(𝑘+𝜈𝑖𝑘),𝑡∈𝐓𝑖𝑗

    ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖 (3.69) 

It is important to note that equations (3.68) and (3.69) relate actual time values for start and 

finishing of a batch in consecutive stages. Consequently, these equations can be used directly to 

enforce the batch precedence constraint of the MBPSP. We could write new discrete-time models by 

combining (i) equation (3.68) –or equation (3.69)– and the definition of 𝐸𝑖𝑘
𝑇  –or  𝑆𝑖𝑘

𝑇 – , (ii) the batch-

stage assignment constraint given through equation (3.36), and (iii) the unit assignment constraint 

defined through either equation (3.37) or (3.39). In particular, equations (3.63) and (3.68) are 

equivalent to equation (3.40), the batch precedence constraint for model M3. In this work we study 

the four models described before, but our formulations are flexible enough to allow the definition of 

up to ten different models, whose performances could be compared. 

Linear combinations of start times and tails 

Simply defining, lower-bounding and enforcing precedence for 𝐸𝑖𝑘
𝑇  and 𝑆𝑖𝑘

𝑇  is not enough to 

achieve a tightening effect on the original discrete-time model. It is necessary to develop constraints 

that describe the dependency between start times –and between tails– of different tasks. In Chapter 

2 we describe three cases in which constraints relating time-based variables can be enforced: (i) 
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subsequent tasks, (ii) tasks that consume a common material, and (iii) tasks that share a common 

unit. 

We now analyze what these cases represent for the MBPSP. Case (i) is already covered through 

equations (3.68) and (3.69), since in sequential environments task 𝕋(𝑖, 𝑘 + 𝜈𝑖𝑘) is the only one that 

can consume the product of 𝕋(𝑖, 𝑘). Case (ii) cannot be used in sequential environments, because it 

involves batch splitting, which is not allowed in the MBPSP. Finally, case (iii) could be directly 

extended to sequential environments by using the RTN-based tasks 𝕋(𝑖, 𝑗). However, stages can be 

viewed as supersets of units, and then it is more general to use STN-based tasks 𝕋(𝑖, 𝑘), which in 

addition are directly related to the variables 𝐸𝑖𝑘
𝑇  and 𝑆𝑖𝑘

𝑇  already defined. Hence, for sequential 

environments we study the dependence of variable times for batches that share the same stage. 

The method described in section 2.3.3 is based on explicitly studying all the possible sequences 

among tasks assigned to the same unit which is factorial in nature. The result is a linear combination 

of these variables that can be directly added to the model formulation. In general, units in network 

environments are specialized and the number of tasks assigned to a single unit remains low; thus, 

the exhaustive enumeration of sequences remains computationally tractable. However, in sequential 

environments the number of batches that have to be processed and can be assigned to a single stage 

is significantly higher (i.e. several dozens of orders can be obtained after solving the batching 

problem), causing a combinatorial explosion if explicit sequences were to be considered. Therefore, 

we adopt a different strategy in order to obtain the final constraints. Instead of aiming for general 

linear combinations for start times and tails, we focus on lower-bounding their summations. 

Equations (3.70) and (3.71) express these constraints. 
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∑𝐸𝑖𝑘
𝑇

𝑖∈𝐈𝑘

≥ 𝛾𝑘     ∀𝑘 ∈  𝐊 (3.70) 

∑𝑆𝑖𝑘
𝑇

𝑖∈𝐈𝑘

≥ 𝜁𝑘    ∀𝑘 ∈  𝐊 (3.71) 

Lower bounds 𝛾𝑘 and 𝜁𝑘 are calculated by solving minimization problems subject to the original 

MBPSP constraints. These minimization problems are conceptually defined through equations (OP1) 

and (OP2). If we refer to Figure 3.9, the values of these parameters can be directed calculated as 𝛾1 =

12(= 2 + 4 + 2 + 4), 𝛾2 = 22(= 4 + 7 + 4 + 7), 𝜁1 = 14(= 5 + 2 + 5 + 2), 𝜁2 = 4(= 2 + 0 + 2 + 0). 

For more complex facilities, these values have to be calculated through (OP1) and (OP2). 

𝛾𝑘 = min∑𝐸𝑖𝑘
𝑇

𝑖∈𝐈𝑘

∀𝑘 ∈ 𝐊

𝑠. 𝑡. Batch precedence − eqn (3.38) or (3.40) or (3.42)

Batch-stage assignment − eqn (3.36)

Unit assignment − eqn (3.37) or (3.39)

Start time definition − eqn (3.63)

Start time bound − eqn (3.65)

Start time sequence − eqn (3.68)

 (OP1) 

𝜁𝑘 = min∑𝑆𝑖𝑘
𝑇

𝑖∈𝐈𝑘

∀𝑘 ∈ 𝐊

𝑠. 𝑡. Batch precedence − eqn (3.38) or (3.40) or (3.42)

Batch-stage assignment − eqn (3.36)

Unit assignment − eqn (3.37) or (3.39)

Tail definition − eqn (3.64)

Tail bound − eqn (3.66)

Tail sequence − eqn (3.69)

 (OP2) 

Problem (OP2) includes equation (3.64) as one of its constraints. This equation includes 𝑇𝐹 and 

thus depends on the objective considered. However, when solving for makespan minimization the 

value of 𝑀𝑆 is not known, so we cannot set 𝑇𝐹 = 𝑀𝑆. To overcome this problem, we use a “large 

enough” value to estimate 𝑀𝑆, and relax the due dates for all the batches, so that no artificial extra 

time is added to the summation of tails due to the presence of early due dates. Thus, we set 𝑇𝐹 = 𝜏𝐹  
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and 𝜙𝑖 = 𝜏
𝐹 ∀𝑖 ∈ 𝐈 when solving (OP2). Figure 3.10 presents a simple instance to explain why the 

due date relaxation is necessary. 

 
Figure 3.10. Due date relaxation to estimate 𝜻𝒌. 
The Gantt chart for the last stage of a four-stage facility with two units per stage is shown. Due dates, unit 
compatibility and processing times for six batches that need to be processed are given. (a) For relaxed due 
dates, batches with the smaller processing times are closer to 𝜏𝐹 ; therefore the summation of tails has the 
smallest possible value of 12. (b) For enforced due dates, batch 1 is pushed far from 𝜏𝐹 , and the summation of 
tails is increased to 13. Setting 𝜁4 = 13 incorrectly cuts off the feasible solution in (a) for 𝑀𝑆 ≤ 46. The correct 
value is 𝜁4 = 12. 

Tightening constraint 

We can now define a tightening constraint that can be added to the original formulations of the 

four discrete-time models we are studying. Equation (3.72) expresses that the total time batch 𝑖 ∈ 𝐈 

spends being processed in all stages cannot exceed its available time window. Section 7 shows 

computational results that include this and other constraints defined in this section. 

∑ 𝜏𝑖𝑗𝑋𝑖𝑗𝑡
𝑘∈𝐊𝑖,𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

≤ 𝑇𝐹 − 𝐸
𝑖𝜅𝑖
𝐹𝑆

𝑇 − 𝑆
𝑖𝜅𝑖
𝐿𝑆

𝑇     ∀𝑖 ∈ 𝐈 (3.72) 

3.4.3. Improving the accuracy of discrete-time scheduling solutions 

In this section, we propose a novel method to improve the solution quality of the results that are 

obtained from discrete-time models with a large step size 𝛿 . One of the main disadvantages of 

discrete-time models is the approximation it introduces on time-dependent parameters, which is 

reflected in the accuracy of the solution. The method we propose permits to refine solutions obtained 

1 46 2 -

2 50 2 -

3 50 3 -

4 50 - 2

5 50 - 2

6 50 - 2

456

1 23

Stage 4

456

123

Stage 4

(a) Relaxed due dates

(b) Due dates enforced
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with a discrete-time formulation in order to obtain realistic timing of events. Difficult problems can 

be solved with a relatively large value of 𝛿 without loss in the solution quality. We apply this method 

to makespan minimization problems since it is the hardest objective studied in this chapter. 

The key idea behind is to solve the problem in two steps: (i) obtain assignment and sequencing 

solutions using a discrete-time model, (ii) refine the solution with a continuous-time model.  The 

discrete-time solutions are converted into decision variables of the continuous-time model MH&C 

introduced in section 3.2.1, i.e. assignment (𝑋𝑖𝑗
𝐶 ), timing (𝐶𝑖𝑘), and sequencing (𝑌𝑖𝑖′𝑘), using equations 

(3.73)-(3.75). 

𝑋𝑖𝑗
𝐶 = ∑ 𝑋𝑖𝑗𝑡

𝑡∈𝐓𝑖𝑗

    ∀𝑖, 𝑗 ∈ 𝐉𝑖  (3.73) 

𝐶𝑖𝑘 = ∑ (𝛿𝑡 + 𝜏̅𝑖𝑗)𝑋𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑘,𝑡∈𝐓𝑖𝑗

    ∀𝑖, 𝑘 ∈ 𝐊𝑖 (3.74) 

𝑌𝑖𝑖′𝑘 = 1 

∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖 < 𝑖′, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ : (∃𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘: 𝑋𝑖𝑗
𝐶 + 𝑋𝑖′𝑗

𝐶 = 2), ( 𝐶𝑖′𝑘 ≥ 𝐶𝑖𝑘 + ∑ 𝜏𝑖′𝑗𝑋𝑖′𝑗
𝐶

𝑗∈𝐉𝑖′𝑘

) (3.75) 

Next, the assignment and sequencing variables, 𝑋𝑖𝑗
𝐶  and 𝑌𝑖𝑖′𝑘 are fixed in equations (3.1), (3.3)-

(3.5) and the problem is solved to obtain the timing variables, 𝐶𝑖𝑘. Table 1 presents an algorithm that 

allows to eliminate redundant constraints from the model MH&C; some of the equations (3) and (4) 

are excluded. We introduce parameters 𝜔𝑖𝑖′𝑗𝑘
1 , 𝜔𝑖𝑖′𝑗𝑘

2 , and 𝜔𝑖𝑖′𝑗𝑘
3  as indicators to identify different 

cases. 𝜔𝑖𝑖′𝑗𝑘
1 = 1 means that both batches 𝑖 and 𝑖′ are assigned to a common unit 𝑗 ∈ 𝐉𝑖𝑘. 𝜔𝑖𝑖′𝑗𝑘

2 = 1 

ensures that batch 𝑖  is processed before 𝑖′ , whereas 𝜔𝑖𝑖′𝑗𝑘
3 = 1 indicates that batch 𝑖  is processed 

after 𝑖′. 

The modified MH&C model, MH&C_LP, consists of equations (3.6), (3.9) and (3.76)-(3.79). Since 

all the binary variables are fixed, the resulting problem is an LP that can be solved with little 
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computational effort. As a result of this process, we obtain a schedule with a continuous timing of 

events and an improved objective, i.e. the refined solution. Although we note that this method does 

not guarantee that the optimal solution can be found, it turns out to be a powerful tool in solving 

difficult problems as shown later in section 3.6. 

𝐶𝑖(𝑘+𝜈𝑖𝑘) ≥ 𝐶𝑖𝑘 + 𝜏̅𝑖𝑗     ∀𝑖 ∈ 𝐈, 𝑘 ∈ 𝐊𝑖\{𝜅𝑖
𝐿𝑆}, 𝑗 ∈ 𝐉𝑖(𝑘+𝜈𝑖𝑘): 𝑋𝑖𝑗

𝐶 = 1 (3.76) 

𝐶𝑖′𝑘 − 𝜏̅𝑖′𝑗 ≥ 𝐶𝑖𝑘    ∀(𝑖, 𝑖
′) ∈ 𝐈2: 𝑖′ > 𝑖, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ , 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘: 𝜔𝑖𝑖′𝑗𝑘

1 = 𝜔𝑖𝑖′𝑗𝑘
2 = 1 (3.77) 

𝐶𝑖𝑘 − 𝜏̅𝑖𝑗 ≥ 𝐶𝑖′𝑘     ∀(𝑖, 𝑖
′) ∈ 𝐈2: 𝑖′ > 𝑖, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ , 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘: 𝜔𝑖𝑖′𝑗𝑘

1 = 𝜔𝑖𝑖′𝑗𝑘
3 = 1 (3.78) 

𝐶𝑖𝜅𝑖
𝐹𝑆 ≥ 𝜌̅𝑖 + 𝜏̅𝑖𝑗     ∀𝑖 ∈ 𝐈, 𝑗 ∈ 𝐉𝑖𝜅𝑖

𝐹𝑆 : 𝑋𝑖𝑗
𝐶 = 1 (3.79) 

Table 3.1. Algorithm for elimination of redundant constraints in model MH&C. 

Set 𝜔𝑖𝑖′𝑗𝑘
1 = 𝜔𝑖𝑖′𝑗𝑘

2 = 𝜔𝑖𝑖′𝑗𝑘
3 = 1    ∀(𝑖, 𝑖′) ∈ 𝐈2: 𝑖′ > 𝑖, 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′ , 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘  

Loop 𝑖 ∈ 𝐈 
Loop 𝑖′ ∈ 𝐈: 𝑖′ > 𝑖 

Loop 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′  
Loop 𝑗 ∈ 𝐉𝑖𝑘 ∩ 𝐉𝑖′𝑘 

If 𝑋𝑖𝑗
𝐶 + 𝑋𝑖′𝑗

𝐶 < 2 then 𝜔𝑖𝑖′𝑗𝑘
1 = 0 

If 𝜔𝑖𝑖′𝑗𝑘
1 = 1 and 𝑌𝑖𝑖′𝑘 = 0 then 𝜔𝑖𝑖′𝑗𝑘

2 = 0 

If 𝜔𝑖𝑖′𝑗𝑘
1 = 1 and 𝑌𝑖𝑖′𝑘 = 1 then 𝜔𝑖𝑖′𝑗𝑘

3 = 0 

End loop (× 4) 

3.5. Illustrative examples 

3.5.1. Utility constraints 

This section considers two different examples to illustrate the modeling flexibility and 

computational capabilities of the proposed discrete-time models. Example 1 is a modification of a 

small-scale instance presented by Sundaramoorthy et al.43, for which we consider that batching and 

storage decisions are addressed separately. Example 2 is a medium-scale problem we propose to test 

the performance of our formulations as the model size increases. Complete data for these examples 

can be found in the Supporting Information. 
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We use model M4 as an illustration to solve the examples in this section. The performance of M1-

M3 is similar in these small and medium-scale instances. For comparison between different models, 

please refer to section 3.6 which presents a comprehensive computational study including larger 

instances. The instances in this section were solved using GAMS 24.4.6/CPLEX 12.6.2 on a computer 

with 8 GB of RAM and a dual Intel Core i7-930 processor at 2.8 GHz running on Windows 7. 

Example 1: We consider a facility with two stages and two units per stage. Twelve batches have 

to be processed with the objective of minimizing cost. Three different instances of this facility are 

considered. In the first instance, cooling water (CW) is required in both stages with a cost of 

$4/(ton/h) and a maximum availability of 7 ton/h. The second instance introduces time variability 

on the maximum available amount of CW; initially the availability is 5 ton/h but after 20 hours it 

increases to 7 ton/h. The third instance adds periodic variability to the CW price with two levels at 

$5/(ton/h) and $4/(ton/h) that are interchanged every 5 hours. 

All three instances are modeled with 425 constraints, 37 continuous variables, and 816 binary 

variables. Computational results are summarized in Table 3.2 with the corresponding Gantt charts 

and utility profiles shown in Figure 3.11. All instances are solved relatively fast (<30 sec) using model 

M4. 

We observe that when utility availability is increased after 20 h (Figure 3.11b), the schedule is 

shifted to the right so batches can be processed as late as possible, while keeping the total cost low 

(<1.5% increase in cost with respect to fixed availability). When the CW price increases (Figure 

3.11c), some batches are shifted back to the left so they are processed early when the utility cost is 

low. However, the fact that CW is more scarce at the beginning of the horizon forces many batches to 

be processed late and the total cost is significantly impacted (>8% increase in cost with respect to 

fixed cost and availability). 
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Table 3.2. Computational results for example 1, instances 1-3 

 Instance 1 Instance 2 Instance 3 
CW Cost Constant Constant Time-varying 
CW Availability Constant Time-varying Time-varying 
Objective value 1,631.00 1,650.00 1,768.00 
MIP time (s) <1 24.8 15.6 

Example 2: Let us consider a sequential facility with four stages in which 15 orders are to be 

processed. The first and fourth stages have three processing units each, while the second and third 

stages have two units. High-pressure steam (HPS) is required for stages 1 and 3; and refrigerated 

water (RW) is used in stages 2 and 4. The objective is to minimize makespan. We consider two 

instances of this facility. The first instance assumes that there is unlimited availability for both HPS 

and RW. The second instance limits the amount of HPS to 10 ton/h and RW to 15 ton/h. 

The unlimited availability assumption of instance 1 allows to decouple the scheduling and utility 

assignment problems, so they can be solved in series. We use this fact to compare the performance 

of our models/methods with the continuous-time model MH&C introduced in section 3.2.1 when 

solving the scheduling problem only. Table 3.3 presents the results for model M4 with and without 

the tightening constraint from fixed time windows, equation (3.62), as well as for model MH&C. We 

obtained a difference in computational time of at least four orders of magnitude between models 

MH&C and the tightened version of M4. Even without tightening, at least a two order-of-magnitude 

decrease in CPU time is observed with model M4, although it has five times more binary variables 

than MH&C. 

Table 3.3. Computational results and model statistics for example 2 with unlimited resources 
 M4  M4+eq.(3.62) MH&C 
Constraints 1,415 1,425 1,927 
Continuous variables 1 1 56 
Binary variables 2,372 2,372 480 
Objective value (h) 21.00 21.00 22.00 
LP relaxation (h) 2.95 20.00 13.00 
MIP time (s) 134.2 7.0 10,800 
Nodes 1,010 206 4,931,001 
Gap (%) --- --- 12.5 



 
99 

 

 

 
Figure 3.11. Gantt chart and utility profiles for Example 1 
(a) Constant CW cost and availability, (b) constant CW cost and time-varying availability, (c) time-varying CW 
cost and availability 
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To solve the coupled scheduling/utility problem that results when limited resources are 

enforced, we used model M4 coupled with equation (3.62) as before. Table 3.4 provides model 

statistics and computational results for this instance. Figure 13 shows the Gantt chart and utility 

profiles for the optimal solution. An increase of 7 hours in makespan is necessary to accommodate 

the restrictions of limited HPS and RW. 

Table 3.4. Computational results and model statistics for example 2 with limited HPS and RW 
 M4+eq.(3.62) 
Constraints 1,589 
Continuous variables 84 
Binary variables 2,372 
Objective value (h) 28.00 
LP relaxation (h) 20.00 
MIP time (s) 28.7 
Nodes 1,025 

 
Figure 3.12. Gantt chart and utility profiles for Example 2 with limited resources 
Fifteen batches are processed in a 4-stage facility, which uses HPS in stages 1 and 3, and RW in stages 2 and 4. 
The objective is to minimize makespan with fixed utility availability. 
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3.5.2. Diversification in sequential environments 

Single order 

In this section we consider the sequential process with diversification first addressed by 

Sundaramoorthy and Maravelias94 using a general model for hybrid environments. Inventory storage 

and batching decisions are not addressed, since they are not included in the MBPSP definition. 

Let us consider a facility with two stages; the first stage has three units and the second has five 

units. Twelve batches are to be processed starting from a common raw material 𝕊(0). The first four 

batches have a common intermediate, 𝕊(1) after the first stage and use the first two units of the 

second stage. The next three batches share 𝕊(2) and are compatible with the third unit of stage 2. 

Finally, the last five batches use 𝕊(3) and can be processed in the las two units of the second stage. 

Detailed data for this facility are provided in the Supporting Information. Figure 3.13(a) provides a 

representation of this process with common materials depicted. 
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Figure 3.13. Sequential process with diversification. 
(a) Standard representation of a two-stage facility where twelve batches are processed. All the batches share 
𝕊(0) as raw material. Intermediates 𝕊(1), 𝕊(2), and 𝕊(3) are common for three different subgroups. (b) STN 
representation. Stages and batches are not explicitly shown. The original batches are represented by final 
products 𝕊(4)- 𝕊(15). Tasks and materials are re-enumerated 

We can use the STN-based representation and model introduced in section 3.3.9 to address this 

problem. In this case we have |𝐋| = 3  subsets of batches with 𝐈1 = {1,2,3,4}, 𝐈2 = {5,6,7}, 𝐈3 =

{8,9,10,11,12}. The STN representation consists of 15 tasks; the first three to transform raw material 

𝕊(0) into common intermediates 𝕊(1)-𝕊(3) and the last 12 to produce individual batches from the 

intermediates. Figure 3.13 (b) shows the STN representation of the process under study. 

Note that tasks and states have been re-enumerated, but they can be traced back to original tasks 

𝕋(𝑙, 𝑘)  and states 𝕊(𝑙, 𝑘) , so the traceability of the batches is retained. For instance, 𝕋(𝑖 = 3) 

corresponds to 𝕋(𝑙 = 3, 𝑘 = 1) and state 𝕊(𝑚 = 2) represents 𝕊(𝑙 = 2, 𝑘 = 1). 

We consider three different instances of this process, one for each objective we are studying. All 

three instances were solved in less than 1 CPU second. Table 5 summarizes results and model 

statistics for the three objectives considered. 

Table 3.5. Computational results and statistics for sequential process with diversification 
Model SP&Sdiv 
Problem Cost Earliness Makespan 
Constraints 741 741 753 
Continuous variables 466 466 467 
Binary variables 930 930 930 
Objective value 955 0 14 

Multiple orders 

We now consider the same facility depicted in Figure 3.13 when multiple orders are placed for 

the same product. In particular, we consider three orders of products 𝕊(4)- 𝕊(15), for a total of 36 

batches. Pertinent data can be found in the Supporting Information. 

If we were to use a batch-based model such the ones described in section 3.2.1 and 3.3, we would 

have to make three copies of the original batches in order to consider 36 independent orders, each 
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of them with given processing data and due dates. In contrast, using model SP&SdivM just requires 

adjusting the set 𝐉𝐶,𝑁 and a single parameter 𝜙𝑚𝑗
𝐶,𝑁 to reflect multiplicity of orders. 

We solve the makespan minimization problem using model SP&SdivM. Moreover, we solve the 

same problem using STN-based model M1 with and without tightening to compare. Table 3.6 

presents the results and model statistics for the runs with instances of the MBPSP with diversification 

and multiple orders. It is clear from Table 3.6 the significant advantage of model SP&SdivM in terms 

of computational performance. First, there is a considerable reduction in model size; model 

SP&SdivM requires 50% less constraints and 68% less binary variables (46% less total variables). 

Second, there is an important reduction in computational time: one order of magnitude when 

compared with the untightened order-based model and half the time after tightening. Note that the 

tightened version of STN is slower than SP&SdivM even though its relaxation is very close to the 

actual solution. Figure 3.14 presents the Gantt chart obtained for the minimum makespan problem. 

Table 3.6. Computational results and statistics for sequential process with diversification and multiple orders 
 SP&SdivM M1 
Tightening --- No Equation (62) 
Constraints 2,248 4,483 4,491 
Continuous variables 3,062 3,674 3,674 
Binary variables 1,530 4,731 4,731 
Objective value (h) 37.00 37.00 37.00 
LP relaxation (h) 6.41 6.41 36.00 
MIP time (s) 4.26 30.03 8.36 
Total elapsed time (s) 1.56 36.39 14.63 
Nodes 4 79 38 

 
Figure 3.14. Gantt chart for MBPSP with makespan minimization with diversification/multiple orders. 
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3.6. Computational Study 

In this section we test the performance of the four discrete-time models M1-M4 introduced in 

section 3.3, as well as the effectiveness of the solution methods proposed in section 3.4 by means of 

a computational study with several instances of six multistage facilities. For comparison purposes, 

we use model MH&C, referred to as M5 in this section, which has proven to be one of the best 

continuous-time models for the MBPSP and has been used as a benchmark formulation in different 

studies22, 26, 61. Next, we define the notation used throughout the study. 

(i) Multistage facilities are identified with [P#], where # ∈ {1,… ,6}. P1 is a modified version of a 

facility used by Harjunkoski and Grossmann22; P2-P3 were studied by Castro and 

Grossmann26; P4 appears in Liu and Karimi25; and P5-P6 are taken from Castro et al.61. 

(ii) Objective functions are represented by [@@], where @@ ∈ {CT, EA,MS#} for cost, earliness 

and makespan minimization problems respectively. For makespan minimization we include 

the additional field # ∈ {1,2,3} to respectively indicate whether equation (3.45), (3.46), or 

(3.47) is used to define 𝑀𝑆. 

(iii) Models are denoted by [M#], with # ∈ {1,… ,5} as previously defined. 

(iv) Inclusion of tightening constraints is identified with the pair [T##], where # ∈ {0,1}. The first 

position corresponds to the fixed-window constraint –equation (3.62)–, and the second 

position represents the variable-window constraint –equation (3.72)–. 

(v) The use of integer reformulation, as presented in Merchan et al. is identified with [R#], where 

# ∈ {0,1}. Priority utilization is indicated by the triplet [P##@] with # ∈ {0,1} and @ ∈ {N, X}. 

The first field indicates if priorities are active. The second and third field are not used if 

priorities are not defined. The second field indicates if busyness-type hierarchy is used. The 

third field indicates if higher priorities are assigned to either the reformulation variable or 

the assignment variable 𝑋𝑖𝑗𝑡 . 
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The complete notation for a single run is given by [P#]. [@@].[M#]. [T##].[R#].[P##@]. For 

example, a run labeled “P4.CT.M4.T10.R1.P100.Z0” indicates that a cost minimization problem for 

facility P4 is solved, using the disaggregated RCPSCP-based model with fixed-window tightening and 

using reformulation with regular priorities on the assignment variable. 

A total of 1,808 runs are included in this study. All the runs were solved using GAMS 

24.4.3/CPLEX 12.6.1 on a cluster of 21 identical computers. Each computer has 16 GB of RAM and an 

Intel Xeon (E5520) processor at 2.27GHz running on CentOS Linux 7. Default CPLEX options are used 

unless specified otherwise. A time limit of one hour was enforced for all the runs. Model and solution 

statistics for all runs are given in the Supporting Information. 

We study a total of 16 formulations for each of the discrete-time models M1-M4 defined in section 

3.3. Formulations are defined through different combinations of solution methods, i.e. different 

assignments of the notation fields [T##].[R#].[P##@]. Table 3.7 shows the definition of the six basic 

formulations we consider. Note that priorities are only considered when the reformulation is used 

and that higher priorities are assigned to the reformulation variable. The cases when priorities are 

used without reformulation or higher priorities are assigned to assignment variables proved not to 

have significant impact on the models so they are not included in this study. 

Table 3.7. Basic formulations F0-F5 
Formulation T## R# P##@ Equations 
F0 
(Original) 

0 0 0 0 --- --- M1: (3.36), (3.37), (3.38) 
M2: (3.36), (3.38), (3.39) 
M3: (3.36), (3.37), (3.40) 
M4: (3.36), (3.37), (3.42) 

F1 1 0 0 0 --- --- F0+(3.62) 
F2 0 1 0 0 --- --- F0+(3.72) 

Preprocessing: Best bound at node 
0 of (OP1) and (OP2)a 

F3 0 0 1 0 --- --- F0+Reformulation 
F4 0 0 1 1 0 N F0+Priorities 

Preprocessing: LP relaxation of F0 
F5 0 0 1 1 1 N F0+Priorities 

Preprocessing: LP relaxation of F0 
a It was found through computational experimentation that the optimal MIP solution for (OP1) and (OP2) is not required; 
a lower bound at node zero is enough. 
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The remaining ten formulations are combinations of two or three methods from F1-F5. They are 

denoted by [F#.#.#], explicitly indicating which formulations are combined. 

3.6.1. Performance Analysis 

To better summarize the vast amount of results and identify trends that can be used as guidelines 

for our analysis, we first present performance charts for different objectives and models. In general, 

a performance chart shows how efficient a formulation is in terms of both percentage of instances 

solved to optimality and relative computational time compared to the fastest formulation. The 

abscissa corresponds to the ratio between solution times of a particular instance and the fastest 

instance for a given formulation; the ordinate is the fraction of instances solved to optimality within 

a given relative time. A general discussion on this type of charts is given in Appendix B 

Figure 3.15 shows the best four formulations for each model-objective [M#].[@@] combination, 

as well as the original formulation F0. Several trends can be observed in the subplots of Figure 3.15, 

as discussed next. 

For earliness minimization, the original formulation F0 performs as good as the best formulations 

that include our methods. This means that the original discrete-time models are good enough to 

minimize earliness effectively. A possible explanation for this fact lies in the relatively short CPU 

times required to solve this problem to optimality. Adding the constant-window tightening 

constraint (F1) and using reformulation (F3) appear to be the best options, but it does not 

outperform F0. For formulations F2 and F4, the improvement achieved with our methods is balanced 

with the extra time required for preprocessing. Earliness minimization proved to be the easiest 

objective we consider; all the instances were solved to optimality within the allocated time limit. 
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Figure 3.15. Best formulations for different model-objective combinations. 
Combinations of [M#].[@@] are presented with # ∈ {1, … ,4} and @@ ∈ {𝐶𝑇, 𝐸𝐴,𝑀𝑆}. The abscissa is the ratio 
𝑅 = (CPU time)/(CPU time for fastest formulation) . The ordinate is the fraction of instances solved to 
optimality in less than 𝑅 times the fastest instance. 

A very different behavior is observed for makespan minimization, which exhibits significant 

improvements in performance when our methods are used. An average 42% of additional instances 

are solved with the best formulations for each model in comparison to the original formulation. It can 

be observed that formulations that combine tightening constraints and reformulations appear 
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consistently as the best formulations to solve the makespan minimization problem. In particular, a 

formulation that combines F1 (constant time window tightening) and F3 (reformulation without 

priorities) appears in the performance chart for every model. Makespan minimization is the hardest 

problem we consider with only 78% of instances solved to optimality with the best formulations 

within the time limit. 

Cost minimization is the intermediate objective in terms of difficulty and performance 

improvement when our methods are used. Although 100% of the instances were solved to optimality 

within an hour using our methods, the average times are higher than those for earliness 

minimization. In terms of performance, we observe that formulation F0 only solves 75% of the 

instances within 15 times the fastest formulation; this represents a 25% improvement in 

performance when the best of our methods is combined with each model. Although a general trend 

in terms of models is not as clear as it is for the other two objectives, it can be observed that the 

reformulations (F3, F4 and combinations) consistently rank among the best performers. 

We now use performance charts to compare among different discrete-time models. We also 

include the continuous-time model M5 in order to show the computational capabilities of 

formulations currently available in the PSE literature. Figure 3.16 presents performance curves for 

each objective considered, when the best formulation for each model is used. From Figure 3.16 we 

observe that the best model for both earliness and makespan minimization is the STN-based 

formulation M1. For cost minimization, however, the continuous-time formulation, model M5, 

produces the best results, closely followed by the aggregated RCPSP-inspired model M3. Nonetheless, 

we observe for the objectives where discrete-time models are superior, the performance is much 

better. The percentage of additional instances solved to optimality with the discrete-time models is 

significant: 67% for earliness and 33% for makespan. Even if our solution methods are applied to 

model M5 for earliness and makespan minimization, its performance does not improve (results not 

shown). 



 
109 

 

Figure 3.16. Best models for different objectives 
Performance curves of models M1-M5 for each objective, earliness (EA), makespan (MS), and cost (CT). Models 
M1-M4 use the best formulation for a particular objective. The abscissa is the ratio 𝑅 = (CPU time)/
(CPU time for fastest model). The ordinate is the fraction of instances solved to optimality in less than 𝑅 times 
the fastest instance. 

3.6.2. Makespan minimization in large instances 

In this section we present a more detailed analysis for the solution of the makespan minimization 

problem for the largest instances in the references we used for the computational study. As 

mentioned before, makespan minimization is by far the hardest objective we consider and therefore 

additional solution techniques can be addressed in order to reduce the computational burden. We 

first revisit formulation F2 based on variable time windows and then present results of the solution 

refinement algorithm discussed in section 3.4.3. 

Variable time window 

Based on the performance analysis of the previous section, formulation F2 based on variable time 

windows does not seem to be competitive when compared against formulations F1 (constant time 

window) or F3 (reformulation). However, this apparent low performance is the result of averaging 

over both small- and large-scale instances. The preprocessing time required by F2 is comparable to 

the solution times of the former; however, this preprocessing is much shorter than the solution times 

of the latter. We now focus on facilities P2, P3, P4 and P6 which are the largest instances presented 

in their respective references25, 26, 61 to show that significant improvements in computational time 

and optimality gap are achieved by using F2. 
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A total of 48 instances including these facilities are solved using different combinations of the 

four discrete-time models and three definitions of the makespan minimization objective. Table 3.8 

summarizes aggregated computational results over the 48 instances. It can be observed that 

formulation F2 outperforms F0 in all the categories included in Table 3.8. By including tightening 

equation (3.72) based on variable time windows, we achieved significant reduction in total 

computational time (includes preprocessing for F2), optimality gap and number of instances for 

which a feasible solution was not returned within the time limit. The improvement in terms of 

optimality gap derived from formulation F2 is especially significant and is greater than that of any 

other formulation. This improvement is not reflected on the performance analysis of the previous 

section, which is based on fraction of instances solved to optimality and relative solution times. 

Table 3.8. Aggregated computational results for formulations F0 and F2 for large-scale instances. 
 F0 F2 
Average CPU time (s) 3,171.6 2,470.4 
Average gap (%) 29.4 6.2 
No feasible solution returned (%) 25 6.25 

For further illustration, Table 3.9 presents results for four particular instances, one for each 

facility considered. It is evident the benefits of using F2 for these large instances. 

Table 3.9. Computational results for one instance of each large-scale facility 

Instance 
F0 F2 
CPU time (s) Gap (%) Preproc. (s) MIP time (s) CPU time (s) Gap (%) 

P2.MS1.M2 3,600.1 99.0 90.3 3,600.1 3,690.4 7.25 
P3.MS2.M1 3,600.0 4.76 17.2 495.5 512.7 --- 
P4.MS3.M3 3,600.1 14.2 8.5 555.7 564.2 --- 
P6.MS3.M4 3,600.0 NAa 45.4 3,600.3 3,645.7 3.3 

a No feasible solution returned 

Solution refinement 

We now apply the method described in section 3.4.3 to a particular large-scale instance to test its 

effectivity. Let us revisit facility P6, denoted P13 in the original reference61, which is adapted from a 

real industrial case study. Hitherto, a value of 𝛿 = 1 has been used to solve approximations of this 

instance, but if exact solutions were to be found, the step size would need to be 𝛿 = 1 × 10−3, given 
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the values of processing times (complete data can be found in the Supporting Information). Such 

small value for the discretization parameter renders the discrete-time intractable; even with the 

value of 𝛿 = 1 the problem is hard to solve as discussed in the previous subsection. 

The two-step refinement method is applied to P6: (i) an optimal solution with 𝛿 = 0.5 is found, 

and (ii) model MH&C_LP is used to refine the timing decision variables using the assignment and 

sequencing obtained with the discrete-time model. For the first step, we note that optimality cannot 

be proved within the original time limit if equations (3.45)-(3.47) are used to explicitly define the 

variable 𝑀𝑆, even for small estimates of the makespan value. Instead, the iterative approach used by 

Castro and Grossmann26 is adapted to models M1-M4. An initial estimate for the makespan value is 

calculated based on minimum completion dates for batches and stages. Then the feasibility problem 

is iteratively solved with any objective function; each time a value of 𝛿 is added to the initial estimate. 

The makespan is determined when the problem first becomes feasible. 

Table 3.10 presents the results of this procedure and compares them with the best estimate 

reported for this facility. We observe that a close value to the best reported solution has been found 

in a relatively short time considering the size of the problem. Both solution with 𝛿 ∈ {0.5,1} are better 

than the value reported for the full-space model. 

Table 3.10. Comparison of makespan values for P6 with continuous-time solution and discrete-time 
refinement. 

 This work Previous work53 
Model STN, F1.4, 𝛿 = 1 STN, F1.4, 𝛿 = 0.5 Full-space model Decomposition alg 
Makespan (h) 33.615 30.376 36.136 30.053 
CPU time (s) 96.7 1,761.6 60,000a,b 5,833a 

a Solved in a computer with 4 GB of RAM and an Intel Core2 Duo (T9300) processor at 2.5GHz running on Windows Vista 
b Time limit reached 

3.7. Conclusions 

This chapter presents a new approach to modeling and solving scheduling problems in multistage 

batch facilities using discrete-time MIP models. Four different models are studied; two are network-

based and two are inspired on the formulations for the RCPSP problem. The major advantages of 
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using this type of models as opposed to continuous-time counterparts are the simplicity to model 

different extensions and features common to scheduling problems in chemical facilities, as well as 

considerably better LP relaxations. In particular, we show how modeling utility requirements and 

product diversification can be achieved with small changes in the proposed formulations. 

In terms of solution strategies, we explore two different ideas. On one hand we formulate 

tightening constraints based on time windows available for both tasks and units. A constant-window-

based constraint for processing units uses the parameters for earliest start time and shortest tail that 

have been used before exclusively to limit the number of binary variables. Moreover, an extension to 

variable start times and tails is proposed in order to further tighten the formulations. On the other 

hand we use a reformulation in terms of number of batches processed by each unit and take 

advantage of the prioritization capabilities of CPLEX to improve the solution process and achieve 

lower computational time and optimality gap. 

An extensive computational study revealed that the original discrete-time models are effective in 

solving the easiest of objectives discussed in this work, namely earliness minimization. However, a 

combination of methods is required to effectively reduce the solution times of both makespan and 

cost minimization. For the makespan objective we found that the constant-window constraint 

combined with the reformulation has the best performance in terms of computational time and 

percentage of instances solved to optimality. For the cost minimization problem, we could observe 

that reformulation methods were more effective than the tightening constraints. 

In terms of model comparison, we found that all the proposed discrete-time models significantly 

outperform one of the best continuous-time models in the literature. In some cases, up to three order 

of magnitude reduction in computational time is achieved. Each objective has a discrete-time model 

for which the best performances are obtained. Both earliness and makespan minimization achieves 

the best results with the disaggregated RCPSP-inspired model M4. Cost minimization has its best 



 
113 

performance when solved using the aggregated RCPSP-inspired formulation M3. However, both 

network models M1 and M2 have comparable performances in term of number of instances solved 

to optimality and relative solution times. 

We finally observe that for the hardest problem we consider, makespan minimization, additional 

techniques are required in order to obtain solution in reasonable time. In particular, we show how 

the optimality gap is dramatically improved using the variable-window formulation F2. Moreover, a 

refinement procedure is explained and tested to obtain competitive discrete-time solutions when the 

discretization introduces an approximation to the parameters and results. 

We expect our methods to be readily applicable to a vast range of industrial and academic 

problems given the compact model formulations and straightforward implementation of the 

solutions strategies we propose. This work settles the basis for future research that might include 

extensions to other common features such as sequence-dependent changeovers, limited/shared 

storage and simultaneous batching and scheduling. 

3.8. Notation 

Indices 

𝑎 ∈ 𝐀  Activities (RCPSP) 

𝑖 ∈ 𝐈  Batches (MBPSP) 

𝑖 ∈ 𝐈𝑁  Tasks (Network) 

𝑗 ∈ 𝐉/𝐉𝑆𝑇𝑁 Processing units (MBPSP/Network) 

𝑘 ∈ 𝐊  Stages (MBPSP) 

𝑙 ∈ 𝐋  Subsets of batches that share common raw materials and intermediates (MBPSP) 

𝑚 ∈ 𝐌𝑆𝑇𝑁 Materials (Network) 

𝑟 ∈ 𝐑𝑃/𝐑𝑅𝑇𝑁 Resources (RCPSP/ Network) 

𝑡 ∈ 𝐓/𝐓𝑁/𝐓𝑃 Time points (MBPSP/Network/RCPSP) 
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𝑢 ∈ 𝐔  Utilities (MBPSP) 

Sets 

𝐄  Precedence relations (RCPSP) 

𝐈𝑗  Batches that can be processed in unit 𝑗 ∈ 𝐉 (MBPSP) 

𝐈𝑗
𝑆𝑇𝑁  Tasks that can be processed in unit 𝑗 ∈ 𝐉𝑆𝑇𝑁 (Network) 

𝐈𝑗𝑡  Batches that can start in unit 𝑗 ∈ 𝐉 at time point 𝑡 ∈ 𝐓 (MBPSP) 

𝐈𝑚
+ /𝐈𝑚

−   Tasks that produce/consume material 𝑚 ∈ 𝐌𝑁 (Network) 

𝐈𝑘  Batches that are processed on stage 𝑘 ∈ 𝐊 (MBPSP) 

𝐈𝑙  Batches that belong to subset 𝑙 ∈ 𝐋 (MBPSP) 

𝐈𝑟
𝑅𝑇𝑁  Tasks that interact with resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 

𝐉𝐶,𝑁  Customers (Network) 

𝐉𝑖  Units that can process batch 𝑖 ∈ 𝐈 (MBPSP) 

𝐉𝑖
𝑆𝑇𝑁  Units that can process task 𝑖 ∈ 𝐈𝑁 (Network) 

𝐉𝑖𝑡  Units that can start processing of batch 𝑖 ∈ 𝐈 at time point 𝑡 ∈ 𝐓 (MBPSP) 

𝐉𝑘  Units that belong to stage 𝑘 ∈ 𝐊 (MBPSP) 

𝐉𝑖𝑘  Units that can process batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊, i.e. 𝐉𝑖𝑘 ≡ 𝐉𝑖 ∩ 𝐉𝑘 (MBPSP) 

𝐊𝑖  Stages on which batch 𝑖 ∈ 𝐈 is processed (MBPSP) 

𝐊𝑖𝑘
−   Stages in which batch 𝑖 ∈ 𝐈 has to be processed before stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝐊𝑖𝑘
+   Stages in which batch 𝑖 ∈ 𝐈 has to be processed after stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝐌𝐹,𝑁  Final products (Network) 

𝐌𝑅,𝑁  Raw materials (Network) 

𝐓𝑖𝑗  Time points at which batch 𝑖 ∈ 𝐈  is allowed to start its execution in unit 𝑗 ∈ 𝐉𝑖 

(MBPSP) 

Parameters 
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𝛼𝑖𝑗   Fixed cost of processing batch 𝑖 ∈ 𝐈 in 𝑗 ∈ 𝐉𝑖 (MBPSP) 

𝛼𝑖𝑗
𝑁  Fixed cost of processing task 𝑖 ∈ 𝐈𝑁 in 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝛼𝑢𝑡
𝑈   Cost of utility 𝑢 ∈ 𝐔 during interval 𝑡 ∈ 𝐓\{𝜏𝐹} (MBPSP) 

𝛽𝑖𝑟
𝑚,𝑅𝑇𝑁/𝛽𝑖𝑟

𝑀,𝑅𝑇𝑁 Minimum/maximum capacity utilization of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁  by task 𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 

(Network) 

𝛽𝑖𝑗
𝑚,𝑆𝑇𝑁/𝛽𝑖𝑗

𝑀,𝑆𝑇𝑁 Minimum/maximum batch size of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁 (Network) 

𝛽𝑟
𝑃  Number of available units of resource  𝑟 ∈ 𝐑 (RCPSP) 

𝛽𝑎𝑟
𝐴,𝑃  Number of units of resource  𝑟 ∈ 𝐑 required by activity 𝑎 ∈ 𝐀 (RCPSP) 

𝛾𝑘  Lower bound on the sum of actual start times on stage 𝑘 ∈ 𝐊 (RCPSP) 

𝛾𝑟𝑡
𝑅𝑇𝑁 Maximum storage allowed for resource 𝑟 ∈ 𝐑𝑅𝑇𝑁  during interval 𝑡 ∈ 𝐓𝑁\{0} 

(Network) 

𝛾𝑚
𝑆𝑇𝑁  Storage capacity for material 𝑚 ∈ 𝐌𝑆𝑇𝑁 (Network) 

𝛿  Step size for time discretization (MBPSP) 

𝛿𝑁  Step size for time discretization (Network) 

𝜀𝑖𝑗
𝑈 𝜀𝑖𝑘

𝑆⁄   Earliest start time for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖/on stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝜀𝑗  Earliest start time for unit 𝑗 ∈ 𝐉 (MBPSP) 

𝜀𝑖𝑗
𝑈,𝑁  Earliest start time of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝜀𝑗
𝑁  Earliest start time of unit 𝑗 ∈ 𝐉𝑁 (Network) 

𝜁𝑘  Lower bound on the sum of actual tails on stage 𝑘 ∈ 𝐊 (RCPSP) 

𝜂𝑁  Scheduling horizon (Network) 

𝜂𝑃  Project duration (RCPSP) 

𝜃𝑗  Time window for unit 𝑗 ∈ 𝐉 (MBPSP) 

𝜃𝑖𝑗
𝑈,𝑁  Available time window for task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝜃𝑗
𝑁  Available time window for unit 𝑗 ∈ 𝐉𝑁 (Network) 
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𝜅𝑖
𝐹𝑆/𝜅𝑖

𝐿𝑆 First/last stage on which batch 𝑖 ∈ 𝐈 can be processed (MBPSP) 

𝜅𝑗  Stage to which unit 𝑗 ∈ 𝐉 belongs (MBPSP) 

𝜆𝑗  Latest finish time for unit 𝑗 ∈ 𝐉 (MBPSP) 

𝜆𝑖𝑗
𝑈 𝜆𝑖𝑘

𝑆⁄   Latest finish time for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖/on stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝜇̅𝑖/𝜇𝑖  Release time for batch 𝑖 ∈ 𝐈 in real time/in terms of time grid (MBPSP) 

𝜈𝑖𝑘 Defines the next stage on which batch 𝑖 ∈ 𝐈 can be processed after stage 𝑘 ∈ 𝐊𝑖, i.e. 

batch 𝑖 is processed on stage 𝑘 + 𝜈𝑖𝑘  immediately after stage 𝑘 (MBPSP) 

𝜉𝑖𝑗𝑢  Fixed requirement of utility 𝑢 ∈ 𝐔 for batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  (MBPSP) 

𝜉𝑟𝑡
𝑅𝑇𝑁 Amount of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁  made available or unavailable at time 𝑡 ∈ 𝐓𝑁 

(Network) 

𝜉𝑚𝑡
𝑆𝑇𝑁  Delivery or demand for material 𝑚 ∈ 𝐌𝑆𝑇𝑁 (Network) 

𝜌𝑖𝑟𝑡
𝑅𝑇𝑁 Number of normalized continuous units of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 that interact with task 

𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} (Network) 

𝜌𝑖𝑚
𝑆𝑇𝑁 Conversion coefficient for material 𝑚 ∈ 𝐌𝑆𝑇𝑁 produced or consumed by task 𝑖 ∈ 𝐈𝑁 

(Network) 

𝜎𝑗  Shortest tail for unit 𝑗 ∈ 𝐉 (MBPSP) 

𝜎𝑖𝑗
𝑈,𝑁  Shortest tail of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝜎𝑗
𝑁  Shortest tail of unit 𝑗 ∈ 𝐉𝑁 (Network) 

𝜏0  Start of the scheduling horizon (MBPSP) 

𝜏𝐹  End of the scheduling horizon (MBPSP) 

𝜏𝑎
𝑃  Duration of activity 𝑎 ∈ 𝐀 (RCPSP) 

𝜏̅𝑖𝑗/𝜏𝑖𝑗  Processing time of batch 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉 in real time/in terms of time grid (MBPSP) 

𝜏̅𝑖
𝑅𝑇𝑁/𝜏𝑖

𝑅𝑇𝑁 Duration of task 𝑖 ∈ 𝐈𝑁 in real time units/in terms of time points (Network) 
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𝜏̅𝑖𝑗
𝑆𝑇𝑁/𝜏𝑖𝑗

𝑆𝑇𝑁 Processing time of task 𝑖 ∈ 𝐈𝑁  in unit 𝑗 ∈ 𝐉𝑖
𝑆𝑇𝑁  in real time/in terms of time grid 

(Network) 

𝜙̅𝑖/𝜙𝑖  Due date for batch 𝑖 ∈ 𝐈 in real time/in terms of time grid (MBPSP) 

𝜙̅𝑚𝑗
𝐶,𝑁/𝜙𝑗𝑚

𝐶,𝑁  Due date of product 𝑚 ∈ 𝐌𝐹,𝑁 for customer 𝑗 ∈ 𝐉𝐶,𝑁 in real time/in terms of time grid 

(Network) 

𝜙̅𝑚
𝑁/𝜙𝑚

𝑁   Due date for final product 𝑚 ∈ 𝐌𝐹,𝑁 in real time/in terms of time grid (Network) 

𝜒𝑖𝑟𝑡
𝑅𝑇𝑁 Number of discrete units of resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 that interact with task 𝑖 ∈ 𝐈𝑟

𝑅𝑇𝑁 during 

interval 𝑡 ∈ 𝐓𝑁\{0} (Network) 

𝜓𝑢𝑡  Maximum availability of utility 𝑢 ∈ 𝐔 during interval 𝑡 ∈ 𝐓\{𝜏𝐹} (MBPSP) 

𝜔𝑖𝑖′𝑗𝑘
#  Indicator parameters to identify redundant constraints when defining model 

MH&G_LP used to refine discrete-time schedules, # ∈ {1,2,3}  (MBPSP) 

𝑀  Large number for continuous-time big-M formulations (RCPSP) 

Binary/integer variables 

𝑁𝑖𝑗
𝑆𝑇𝑁  Number of batches of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 (Network) 

𝑁𝑗   Number of batches assigned to unit 𝑗 ∈ 𝐉 (MBPSP) 

𝑅𝑗𝑡  One if unit 𝑗 ∈ 𝐉 is available during time interval 𝑡 ∈ 𝐓\{𝜏𝐹} (MBPSP) 

𝑆𝑖𝑘𝑡 One if the material produced by batch 𝑖 ∈ 𝐈  after stage 𝑘 ∈ 𝐊𝑖  is available during 

interval 𝑡 ∈ 𝐓\{𝜏𝐹} (MBPSP) 

𝑆𝑚𝑡
𝐵,𝑁  One if material 𝑚 ∈ 𝐌𝑁 is available at time 𝑡 ∈ 𝐓𝑁 (Network) 

𝑋𝑖𝑗
𝐶   One if batch 𝑖 ∈ 𝐈 is assigned to unit 𝑗 ∈ 𝐉𝑖  (MBPSP, continuous-time) 

𝑋𝑖𝑗𝑡   One if batch 𝑖 ∈ 𝐈 starts being processed in unit 𝑗 ∈ 𝐉𝑖 at time 𝑡 ∈ 𝐓𝑖𝑗  (MBPSP) 

𝑋𝑖𝑡
𝑅𝑇𝑁  Discrete extent. It is equal to one if task 𝑖 ∈ 𝐈𝑁 starts at time 𝑡 ∈ 𝐓𝑁 (Network) 

𝑋𝑖𝑗𝑡
𝑆𝑇𝑁  One if task 𝑖 ∈ 𝐈𝑁 starts in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 at time 𝑡 ∈ 𝐓𝑁 (Network) 
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𝑌𝑖𝑖′𝑘 One if batch 𝑖 ∈ 𝐈  is processed before batch 𝑖′ ∈ 𝐈  on stage 𝑘 ∈ 𝐊𝑖 ∩ 𝐊𝑖′  (MBPSP, 

continuous-time) 

𝑍𝑚𝑗𝑡
𝑁   One if product 𝑚 ∈ 𝐌𝐹,𝑁 is delivered to customer 𝑗 ∈ 𝐉𝐶,𝑁 at time 𝑡 ∈ 𝐓𝑁 (Network) 

Continuous variables 

𝐵𝑖𝑡
𝑅𝑇𝑁 Continuous extent. 𝜌𝑖𝑟𝑡

𝑅𝑇𝑁𝐵𝑖𝑡
𝑅𝑇𝑁 is the total number of continuous units of resource 𝑟 ∈

𝐑𝑅𝑇𝑁 that interact with task 𝑖 ∈ 𝐈𝑟
𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} (Network) 

𝐵𝑖𝑗𝑡
𝑆𝑇𝑁  Batch size of task 𝑖 ∈ 𝐈𝑁 that starts in unit 𝑗 ∈ 𝐉𝑖

𝑆𝑇𝑁 at time 𝑡 ∈ 𝐓𝑁 (Network) 

𝐶𝑖𝑘  Completion time for batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖 (MBPSP, continuous-time) 

𝐸𝑖𝑘
𝑇   Actual start time of batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝐸𝑖𝑗
𝑁,𝑇  Actual start time of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝑀𝑆  Makespan (MBPSP, Network) 

𝑅𝑟𝑡
𝑅𝑇𝑁  Excess resource 𝑟 ∈ 𝐑𝑅𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} (Network) 

𝑆𝑖𝑘
𝑇   Actual tail of batch 𝑖 ∈ 𝐈 on stage 𝑘 ∈ 𝐊𝑖 (MBPSP) 

𝑆𝑖𝑗
𝑁,𝑇  Actual tail of task 𝑖 ∈ 𝐈𝑁 in unit 𝑗 ∈ 𝐉𝑖

𝑁 (Network) 

𝑆𝑚𝑡
𝑆𝑇𝑁  Inventory level of material 𝑚 ∈ 𝐌𝑆𝑇𝑁 during interval 𝑡 ∈ 𝐓𝑁\{0} (Network) 

𝑇𝐹  Variable end of the scheduling horizon (MBPSP) 

𝑊𝑢𝑡  Amount of utility 𝑢 ∈ 𝐔 consumed during time interval 𝑡 ∈ 𝐓\{𝜏𝐹} (MBPSP) 

Other symbols 

𝕊(∙)  Materials (states) in the STN representation 

𝕋(∙)  Tasks in the STN representation 

𝕌∙  Processing units in the RTN representation and the MPSPS description 
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Chapter 4  

Solution methods for continuous-time models in network environments3 

The main idea of this chapter is extend the reformulations51 and tightening methods59 developed 

for material-based discrete-time models to continuous-time models. At the same time, we explore 

different options that are particular to the nature of continuous-time models and evaluate their 

performance in terms of computational time and optimality gap improvement. 

This chapter is structured as follows. In section 4.1 we present background material, describing 

the general problem, the continuous-time models to which the methods are applied, and the objective 

functions we consider. In section 4.2, we discuss the application of reformulations to continuous-time 

models and section 4.3 addresses tightening methods for these models. Section 4.4 presents specific 

computational results. Finally, in section4.5 we draw general conclusions based on the insights we 

are able to develop. 

4.1. Background 

4.1.1. Problem statement 

We consider network facilities that do not include material-handling restrictions (i.e. batch 

splitting/mixing is allowed), for which the scheduling problem determines the number, size, 

assignment, sequencing, and timing of a set of bathes consuming/producing a set of materials and 

being processed on a given set of units. Its input includes data for equipment availability, unit 

capacity and connectivity, unit-task compatibility, as well as production recipes, targets, and costs. 

We use the STN representation15, which employs the following sets: 

𝐈 = {𝑖: 𝑖 is a task} 

                                                             
3 This chapter is modified from Merchan et al.95 and Merchan and Maravelias96 
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𝐉 = {𝑗: 𝑗 is a unit} 

𝐉𝑖 = {𝑗 ∈ 𝐉: unit 𝑗 can process task 𝑖} 

𝐊 = {𝑘: 𝑘 is a material} 

𝐈𝑘
+ = {𝑖 ∈ 𝐈: task 𝑖 produces material 𝑘} 

𝐈𝑘
− = {𝑖 ∈ 𝐈: task 𝑖 consumes material 𝑘} 

The main assumptions for the STN-based representation we use in this work are: (a) a task 

cannot be interrupted once it has started (no preemption); (b) every task ends within the scheduling 

horizon; (c) task processing times are constant; (d) utilities and other shared resources are not 

included; (e) each material has a dedicated storage vessel; (f) connections among processing units 

and between processing units and storage vessels are available as required by the production recipe; 

(g) material transfer between units is instantaneous; (h) changeover/setup times and costs are not 

included; and (i) problem data are deterministic and fixed over the scheduling horizon. 

Assumption (a) is necessary in chemical production scheduling. Assumptions (b) – (d) can be 

trivially relaxed, while assumptions (e) and (f) can be relaxed with minor model modifications. 

Relaxing assumptions (g) and (h) has been done using STN- and RTN-based models but requires 

extensive changes. Finally, assumption (i) leads to substantially harder problems.  

It is important to note that only assumptions (a) and (b) are strictly required for the 

reformulations we will present. In other words, our reformulations can be applied to models that 

account for all remaining problem features and constraints (changeovers, shared storage, 

intermediate demands, non-instantaneous transfers, etc.).  

Under assumptions (a) – (i), each set is associated with specific parameters that define a 

particular instance of the problem, 
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𝜏𝑖𝑗
𝐹 /𝜏𝑖𝑗

𝑉  Fixed/variable processing time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝛽𝑗
𝑚𝑎𝑥/𝛽𝑗

𝑚𝑖𝑛 Maximum/minimum batch size for unit 𝑗 ∈ 𝐉 

𝛾𝑘 Storage capacity for material 𝑘 ∈ 𝐊 

𝜌𝑖𝑘 Fraction of material 𝑘 ∈ 𝐊  produced (𝜌𝑖𝑘 > 0  ∀𝑘 ∈ 𝐊, ∀𝑖 ∈ 𝐈𝑘
+)  or consumed 

(𝜌𝑖𝑘 < 0  ∀𝑘 ∈ 𝐊, ∀𝑖 ∈ 𝐈𝑘
−) by task 𝑖 ∈ 𝐈 

4.1.2. Mathematical models 

Based on the classification recently introduced by Maravelias10, the models we consider in this 

work use a material-based approach and a global time-grid-based framework with continuous time 

representation to handle the sequencing and timing of tasks among units. We chose global rather 

than unit-specific time-grid models, so that we can (1) readily model consumption/production of 

materials by different tasks carried out on different units and (2) accommodate shared resources 

(e.g. utilities) into our reformulations without added complexity. In general, a global continuous-time 

formulation divides the production horizon  into (𝑁 − 1) time periods of unknown length that are 

common across all units. A new set of time points 𝐍 = {𝑛 ∈ ℤ: 1 ≤ 𝑛 ≤ 𝑁} is defined, so that the task-

unit assignment is mapped onto this time grid. An interval 𝑛 runs between time points 𝑛 and (𝑛 + 1). 

One important advantage of continuous-time models is that they can seamlessly account for variable 

processing times, which is harder to achieve in discrete-time formulations57.   

For the most part, global continuous-time models employ at least the following decision 

variables: 

𝑇𝑛 Continuous. Position of time point 𝑛 ∈ 𝐍 

𝑋𝑖𝑗𝑛/𝑌𝑖𝑗𝑛 Binary. It is equal to one if task 𝑖 ∈ 𝐈 starts/finishes in unit 𝑗 ∈ 𝐉𝑖  at time 𝑛 ∈ 𝐍 

𝐵𝑆𝑖𝑗𝑛/𝐵𝐹𝑖𝑗𝑛 Continuous. Batch size of task 𝑖 ∈ 𝐈 that starts/finishes in unit 𝑗 ∈ 𝐉𝑖  at time 𝑛 ∈ 𝐍 
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𝐵𝑃𝑖𝑗𝑛 Continuous. Batch size of task 𝑖 ∈ 𝐈 that continues to be processed in unit 𝑗 ∈ 𝐉𝑖 at 

time 𝑛 ∈ 𝐍 

𝑆𝑚𝑛 Continuous. Inventory level of material 𝑚 ∈ 𝐌 at point time 𝑛 ∈ 𝐍 ∪ {0}; 𝑆𝑚0 =

𝛾𝑚
0  is a known parameter that corresponds to the initial inventory of material 𝑚 ∈

𝐌 

Material-based approaches explicitly optimize the number and size of batches and guarantee the 

sequencing through material balances. As a result, most global continuous-time models share similar 

ideas for the modeling of those two components of the scheduling problem. It is the modeling of the 

assignment and timing that introduces the major differences between them. In order to assess the 

effectiveness of our methods when applied to different models, three representative global 

continuous-time models are used as the basis for the present work. We expect the results we obtain 

and the conclusions we draw in this work to be similar for other continuous-time models. Next, a 

description of each model is provided. Equations and additional variables required for each model 

can be found in Appendix A. 

Model M&G 

The first model we consider was developed by Maravelias and Grossmann30 using Boolean logic 

to enforce the task-unit assignment followed by a combined convex hull/big-M reformulation of the 

resulting hybrid generalized disjunctive programming (GDP). The time modeling guarantees a task 

must start at a time point, although it can finish anytime during a subsequent interval. We will refer 

to this model as M&G. 

Model S&K 

Sundaramoorthy and Karimi31 used the concept of recipe diagram of a batch production facility 

to develop a formulation for the scheduling problem that is based on four fundamental balances, 
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95namely, resources (process units), processing times, material residing in process units, and 

material inventory in storage vessels. We will refer to this formulation as S&K. It is important to note 

that model S&K introduces a slight variation in the way the set of tasks is defined. An idle task, 𝑖 = 0, 

is defined so that it occupies a time slot when no task is assigned to a given unit, but no batch sizing 

variables are assigned to it. As a result we redefine 𝐈 = {𝑖: 𝑖 is a task} ∪ {0}. 

Model GH&M 

In 2009, Giménez et al.32, 95 published two papers to present models that are able to handle many 

features that typically appear in scheduling problems, such as temporal material storage in units, 

material transfers, shared resources and additional operational tasks (e.g. maintenance, cleaning). 

This formulation is based on two fundamental concepts: process unit states (i.e. execution, storage 

or idle) and time balances. A task formally starts (ends) at a time point, but its actual starting 

(finishing) time is not required to coincide with a specific time point, which implies that materials 

could be stored temporarily in the unit before (after) the actual task starts (ends). We will refer to 

this model as GH&M and focus on the features that are also handled by the models M&G and S&K. 

4.1.3. Objective functions 

There are two main categories for objective functions in scheduling problems: economic 

functions and time-based functions. The former include sales, cost and profit, whereas the latter 

include makespan, tardiness/lateness and earliness. In the present study we consider sales, cost and 

makespan. The following additional parameters are required for the evaluation of the objective 

functions. 

𝜋𝑚 Per-unit price of material 𝑚 ∈ 𝐌 

𝛼𝑖𝑗
𝐹 /𝛼𝑖𝑗

𝑉  Fixed/variable processing cost for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  

𝜉𝑚 Demand of material 𝑚 ∈ 𝐌 at the end of the horizon 
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The sales objective function can be expressed by equation (4.1). This is only used for the 

reformulation methods. Tightening methods involving maximization problems are described in 

Chapter 2 of this thesis. 

max ∑ 𝜋𝑚𝑆𝑚𝑁
𝑚∈𝐌

 (4.1) 

In order to define objective functions involving cost and makespan, constraint (4.2) needs to be 

enforced to meet the demand requirements at the end of the horizon. The production cost and 

makespan objectives are defined through (4.3) and (4.4) respectively. 

𝑆𝑚𝑁 ≥ 𝜉𝑚        ∀𝑚 ∈ 𝐌 (4.2) 

min∑∑∑(𝛼𝑖𝑗
𝐹𝑋𝑖𝑗𝑛 + 𝛼𝑖𝑗

𝑉𝐵𝑆𝑖𝑗𝑛)

𝑛∈𝐍𝑗∈𝐉𝑖𝑖∈𝐈

 (4.3) 

min𝑀𝑆 (4.4) 

Where 𝑀𝑆 ∈ ℝ+ represents the makespan. Additional constraints and/or model modifications 

are required for makespan minimization as explained in Appendix A. 

4.2. Reformulations in continuous-time models. 

In order to extend the reformulation introduced by Velez and Maravelias51 to the three 

continuous-time models described in section 4.1.2, we study methods 1 and 2 in their work, which 

define, respectively, an integer variable and a set of binary variables to quantify the number of 

batches of a particular task. We also introduce two additional methods as alternatives to method 2, 

with the aim of exploring formulations with a number of binary variables and constraints that is 

logarithmic, rather than linear, in the number of batches. Moreover, since most continuous-time 

models employ two distinct binary variables to account for the start and the end of a task, we present 

three variants for each method. A particular variant depends on whether the number of batches is 
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defined through the starting or finishing binary variables or both. A detailed explanation of each 

method is presented below, with the equations written in terms of a general binary variable 𝑈𝑖𝑗𝑛. 

Depending on what binary variable is used in place of 𝑈𝑖𝑗𝑛, the variants are defined as follows: 

(i) Variant A: 𝑈𝑖𝑗𝑛 = 𝑋𝑖𝑗𝑛 

(ii) Variant B: 𝑈𝑖𝑗𝑛 = 𝑌𝑖𝑗𝑛 

(iii) Variant C: The equations are written twice, for 𝑈𝑖𝑗𝑛 = 𝑋𝑖𝑗𝑛  and for 𝑈𝑖𝑗𝑛 = 𝑌𝑖𝑗𝑛, based on the 

assumption that if a task starts at some time point, it must finish within the given horizon. 

4.2.1. Method 1 

Velez and Maravelias51 declared an explicit integer variable 𝑁𝑖𝑗  to be the total number of times 

task 𝑖 ∈ 𝐈 runs in unit 𝑗 ∈ 𝐉𝑖 , as stated in equation (4.5). 

𝑁𝑖𝑗 = ∑𝑈𝑖𝑗𝑛
𝑛∈𝐍

        ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖 (4.5) 

It is possible to bound 𝑁𝑖𝑗  using the maximum number of times task 𝑖 ∈ 𝐈 can run in unit 𝑗 ∈ 𝐉𝑖  

before the end of the time horizon, 

0 ≤ 𝑁𝑖𝑗 ≤ ⌊


𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑗
𝑚𝑖𝑛

⌋        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.6) 

𝑁𝑖𝑗 ∈ ℤ        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.7) 

Where 𝜏𝑖𝑗
𝐹  (𝜏𝑖𝑗

𝑉) is the fixed (variable) processing time for task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖 . 

4.2.2. Method 2 

Velez and Maravelias51 also used the equivalence between general-integer and binary-integer 

programming, to implicitly define and bound the total number of times task 𝑖 ∈ 𝐈 runs in unit 𝑗 ∈ 𝐉𝑖 . 

Let us define the set 𝐊𝑖𝑗 = {𝑘 ∈ ℤ: 0 ≤ 𝑘 ≤ ⌊ (𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑖𝑗
𝑚𝑖𝑛)⁄ ⌋} ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖 , and let 𝑊𝑖𝑗𝑘  be a 
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binary variable that is one if there are 𝑘 ∈ 𝐊𝑖𝑗 batches of task 𝑖 ∈ 𝐈 running in unit 𝑗 ∈ 𝐉𝑖. Then we can 

write, 

∑ 𝑘𝑊𝑖𝑗𝑘

𝑘∈𝐊𝑖𝑗

= ∑𝑈𝑖𝑗𝑛
𝑛∈𝐍

        ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖 (4.8) 

Furthermore, only one binary variable can be nonzero for each task-unit pair, 

∑ 𝑊𝑖𝑗𝑘

𝑘∈𝐊𝑖𝑗

= 1        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.9) 

𝑊𝑖𝑗𝑘 ∈ {0,1}       ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 , ∀𝑘 ∈ 𝐊𝑖𝑗 (4.10) 

4.2.3. Method 3 

Equation (4.8) introduces a number of binary variables that is linear in |𝐊𝑖𝑗|, i.e., it requires as 

many binary variables as elements in the set 𝐊𝑖𝑗 . There exists an alternative formulation for the 

equivalence between general-integer and binary-integer programming due to Watters96, that is 

logarithmic in |𝐊𝑖𝑗|, i.e. only ⌈log2 |𝐊𝑖𝑗|⌉ binary variables are required. 

Let us define the set 𝐋𝐊𝑖𝑗 = {𝑙 ∈ ℤ: 0 ≤ 𝑙 ≤ ⌊log2⌊ (𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑖𝑗
𝑚𝑖𝑛)⁄ ⌋⌋} ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, and let 𝑊𝑖𝑗𝑙

∗  

be a binary variable. Equations (4.11) and (4.12) implicitly define the total number of times task 𝑖 ∈

𝐈 runs in unit 𝑗 ∈ 𝐉𝑖. 

∑ 2𝑘𝑊𝑖𝑗𝑙
∗

𝑙∈𝐋𝐊𝑖𝑗

= ∑𝑈𝑖𝑗𝑛
𝑛∈𝐍

        ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖 (4.11) 

∑𝑈𝑖𝑗𝑛
𝑛∈𝐍

≤ ⌊


𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑗
𝑚𝑖𝑛

⌋       ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.12) 

𝑊𝑖𝑗𝑙
∗ ∈ {0,1}       ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖, ∀𝑙 ∈ 𝐋𝐊𝑖𝑗 (4.13) 

4.2.4. Method 4 
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From equation (4.9) it is clear that the set {𝑊𝑖𝑗𝑘}𝑘∈𝐊𝑖𝑗
 is a specially ordered set of type 1 (SOS1) 

However, since 𝑊𝑖𝑗𝑘  can only take binary values, there is no practical difference in declaring them as 

binary or SOS1 variables. In a recent work, Vielma and Nemhauser97 proposed a new type of 

formulation for specially ordered sets, in which only a logarithmic number of variables and additional 

constraints is required. This formulation proved to be superior to both the traditional SOS 

formulation with a linear number of binary variables and constraints and the specialized branching 

schemes embedded in commercial solvers. 

In addition to 𝐊𝑖𝑗 and 𝐋𝐊𝑖𝑗 defined in methods 2 and 3 respectively, Vielma and Nemhauser95 

introduced the sets 𝐊𝑖𝑗
+(𝑙, 𝐵) = {𝑘 ∈ 𝐊𝑖𝑗: (𝐵(𝑘))𝑙 = 1} and 𝐊𝑖𝑗

0 (𝑙, 𝐵) = {𝑘 ∈ 𝐊𝑖𝑗: (𝐵(𝑘))𝑙 = 0}, where 

𝐵:𝐊𝑖𝑗 → {0,1}⌈log2 |𝐊𝑖𝑗|⌉ is any injective function (i.e. every element in the range of 𝐵 is the image of at 

most one element in its domain). Equations (4.9) and (4.10) in method 2 are then replaced by 

equations (4.14) through (4.18). 

∑ 𝑊𝑖𝑗𝑘

𝑘∈𝐊𝑖𝑗

≤ 1        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.14) 

∑ 𝑊𝑖𝑗𝑘

𝑘∈𝐊𝑖𝑗
+ (𝑙,𝐵)

≤ 𝑊𝑖𝑗𝑙
∗         ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖 (4.15) 

∑ 𝑊𝑖𝑗𝑘

𝑘∈𝐊𝑖𝑗
0 (𝑙,𝐵)

≤ 1 −𝑊𝑖𝑗𝑙
∗         ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 (4.16) 

𝑊𝑖𝑗𝑘 ≥ 0       ∀𝑖 ∈ 𝐈, ∀ 𝑗 ∈ 𝐉𝑖, ∀𝑘 ∈ 𝐊𝑖𝑗 (4.17) 

𝑊𝑖𝑗𝑙
∗ ∈ {0,1}       ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑙 ∈ 𝐋𝐊𝑖𝑗 (4.18) 

4.3. Tightening methods in continuous-time models 

The proposed methodology consists of (1) using the network structure, unit capacities, recipes 

and demand information to calculate four parameters, and (2) defining valid inequalities that use 
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these parameters to tighten the original formulations59. The first parameter, 𝜔𝑘 , defines the 

minimum amount of material 𝑘 that is required to meet the given demand. The second parameter, 

𝜇𝑖 , gives the minimum production that task 𝑖 needs to yield in order to satisfy customer demand. A 

third parameter, 𝜅𝑘, is introduced to represent the minimum number of batches required to produce 

material 𝑘. Finally, a fourth parameter, 𝜆𝑖, defines the minimum number of batches of task 𝑖. Figure 

4.1 illustrates how the available information is used to calculate the parameters involved in the 

tightening constraints. Figure 4.2 shows how the demand information is propagated backwards to 

calculate the important parameters for a small illustrative network. 

 
Figure 4.1. Simplified flowchart for tightening methods of Velez et al.59 
Different calculated parameters interactions to define valid inequalities are shown 

 

Figure 4.2. Backward propagation algorithm applied to a small network with recycle of material. 
The steps in propagation are obtained as follows. (1) Given customer demand. (2) T3 processes enough for S5 
and S6. Initially neglect S3, U3 can produce 50-65, 100-130, and so on (based on capacity), therefore μ_T4 is 
increased from 80 to 100. (3) Requirement for T3 and T4. (4) and (5) are straightforward. (6) T4 can supply 
up to 15(=150*0.1) of S3, so the remaining comes from T1. (7) From recipe. 
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Structure:   /  

+/  
− 

Batch sizes:   
   /  

    
Recipes:     

External data 
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(1) ωS5 = 15, ωS6 = 30, and ωS7 = 72
(2) μT3 = max{15/0.3, 30/0.7} = 50

μT4 = 72/0.9 = 80  100
(3) ωS4 = 50 + 100 = 150
(4) μT2 = 150
(5) ωS3 = 150
(6) μT1 = 150 – 15 = 135
(7) ωS1 = 135*0.8 = 108
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Two different types of tightening constraints can be defined. The minimum number of batches 

processed by a given task provides a lower bound for the sum of assignment variables as defined by 

equation (4.19). When a task is carried out in units with different capacities, then equation (4.20), 

based on the minimum production requirement for a given task, leads to tighter formulations. 

∑∑𝑋𝑖𝑗𝑛
𝑛∈𝐍𝑗∈𝐉𝑖

≥ 𝜆𝑖        ∀𝑖 ∈ 𝐈 (4.19) 

∑∑𝛽𝑗
𝑚𝑎𝑥𝑋𝑖𝑗𝑛

𝑛∈𝐍𝑗∈𝐉𝑖

≥ 𝜇𝑖        ∀𝑖 ∈ 𝐈 (4.20) 

When a material is produced by multiple tasks, equation (4.21) lower-bounds the number of all 

batches producing material 𝑘, and if these tasks are carried out in units with different capacities, 

equation (4.22) provides additional tightening. 

∑∑∑𝑋𝑖𝑗𝑛
𝑛∈𝐍𝑗∈𝐉𝑖𝑖∈𝐈𝑘

+

≥ 𝜅𝑘         ∀𝑘 ∈ 𝐊
𝑀𝑇 (4.21) 

∑∑∑𝜌𝑖𝑘𝛽𝑗
𝑚𝑎𝑥𝑋𝑖𝑗𝑛

𝑛∈𝐍𝑗∈𝐉𝑖𝑖∈𝐈𝑘
+

≥ 𝜔𝑘         ∀𝑘 ∈ 𝐊
𝑀𝑇 (4.22) 

Where 𝐊𝑀𝑇 = {𝑘 ∈ 𝐊: 𝑘 is produced by multiple tasks}. 

The tightening constraints defined above can be used separately or combined. In the present 

work, we define three distinct formulations. Formulation 1 only uses equations (4.19) and (4.21) 

based on the minimum number of batches; formulation 2 only uses equations (4.20) and (4.22) based 

on minimum production requirements; and formulation 3 uses all four equations. Other 

combinations of equations proved to be ineffective to tighten the original formulation. In addition, 

equations (4.19)-(4.22) are written for the starting binary variable, 𝑋𝑖𝑗𝑛 , but it is also possible to 

define the tightening constraints by replacing 𝑋𝑖𝑗𝑛 with the finishing binary variable, 𝑌𝑖𝑗𝑛. Moreover, 

if we assume that every task that starts must finish during the scheduling horizon, the same 
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constraint can be written twice, once for 𝑋𝑖𝑗𝑛 and once for 𝑌𝑖𝑗𝑛. In this work we distinguish these 

possibilities as variants of a given formulation. Variant A corresponds to using 𝑋𝑖𝑗𝑛 , variant B uses 

𝑌𝑖𝑗𝑛, and variant C uses both. 

4.4. Computational studies 

4.4.1. Problems, formulations, instances and runs 

We follow the general ideas presented in Sundaramoorthy and Maravelias68 to define, classify 

and identify every computational run in the present study. 

A problem type is defined as a combination of objective function OBJ and specific feature FEAT 

and is represented by the pair [OBJ].[FEAT]. We consider sales (SLS) maximization, as well as 

makespan (MS) and cost (CT) minimization. The two features in which we are interested are constant 

and variable processing times (CPT, VPT). 

A problem formulation is a unique MIP representation of a given problem, once the model (MOD) 

and solution method have been selected. For each of the three continuous-time models under study 

(M&G, S&K, GH&M), we consider several problem formulations, which include the original, identified 

as F0, and the combinations of methods and variants described above, represented by F#X. For 

reformulations # corresponds to the method (1-4), whereas for tightening constraints it denotes a 

specific formulation (1-3). In both cases X defines the variant (A-C). The representation for a problem 

formulation is therefore [MOD].[F#X].[OBJ].[FEAT]. 

An instance of a formulation is obtained by fixing the process network (PN#) and the horizon 

(H#). In order to assess the effectiveness of the proposed methods, five different networks found in 

literature are considered. PN1 is a modified version of the network presented in the seminal work of 

Kondili et al.15, PN2 and PN4 are taken from Papageorgiou and Pantelides67, PN3 is from 

Sundaramoorthy and Maravelias92 and PN5 can be found in Maravelias and Papalamprou46 . Figures 

and data for individual networks can be found in the supporting information. The time horizon values 
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we considered are relatively small in order to obtain optimal solutions for the majority of the 

instances. In particular, we use horizons of 12, 15, 18, 24 and 36 hours. Instances are labeled 

[MOD].[F#X].[OBJ].[FEAT].[PN#].[H#]. 

A run of a particular instance is an attempt to solve it, by iteratively increasing the number of 

time points 𝑁 until its optimal value, 𝑁∗, has been determined, as it is customary in the literature on 

continuous-time models. We say that the optimal number of time points has been attained when the 

optimal value of the objective function does not change during three consecutive iterations and 𝑁∗ is 

defined as the first of those three iterations. We keep track of the values at (𝑁∗ + 1) and (𝑁∗ + 2) to 

draw conclusions on the behavior of a given formulation. A run is labeled as 

[MOD].[F#X].[OBJ].[FEAT].[PN#].[H#].[N#]. A total of 1,170 runs are included for reformulations and 

2,880 for tightening methods. 

All the runs were solved using CPLEX 12.5 on GAMS 24.0 on a computer with a 2.8 GHz Intel Core 

i7-930 processor and 8 GB of RAM, running a 64-bit Windows 7 operating system. Default CPLEX 

settings were used unless specified otherwise. Time limits of 30 and 60 minutes were enforced for 

the tightening and reformulation runs respectively. 

4.4.2. Results for reformulations in continuous-time models 

Aggregate performance results 

First we use performance charts in order to effectively summarize the vast amount of 

computational results we collected and draw general conclusions about the improvement introduced 

by the proposed reformulations. A general discussion on this type of charts is given in Appendix B. 

Since the main goal of the present work is to discuss how different objective functions benefit from 

particular reformulations, this section presents an analysis based on problems, as defined in the 

previous section. Figures 4.3-4.5 summarize the results for each of the three problems we study. 
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Figure 4.3. Aggregate performance charts for sales maximization including original formulation (F0) and 
proposed reformulations (F#X) for (a) Method 1, (b) Method 2, (c) Method 3, and (d) Method 4. [The vertical 
axis is the fraction of instances solved in less than the time for the fastest instance multiplied by a given value 
on the horizontal axis] 

 

Figure 4.4. Aggregate performance charts for makespan minimization including original formulation (F0) and 
proposed reformulations (F#X) for (a) Method 1, (b) Method 2, (c) Method 3, and (d) Method 4. [The vertical 
axis is the fraction of instances solved in less than the time for the fastest instance multiplied by a given value 
on the horizontal axis] 

 

Figure 4.5. Aggregate performance charts for problem cost minimization including original formulation (F0) 
and proposed reformulations (F#X) for (a) Method 1, (b) Method 2, (c) Method 3, and (d) Method 4. [The 
vertical axis is the fraction of instances solved in less than the time for the fastest instance multiplied by a given 
value on the horizontal axis] 

Figure 4.3 shows that method 1 outperforms the other three methods for sales maximization. In 

fact, 100% of the instances are solved to optimality in less than four times the fastest instance when 

formulation F1A is used. In contrast, the original formulation F0 only solves 74% of the instances in 
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the same time. In terms of variants, we observe that variants A and C perform similarly and much 

better than variant B, which is closer in performance to F0. 

Figure 4.4 shows that for makespan minimization, methods 2 and 4 exhibit the best performance, 

solving more than 95% if the instances within five times the solution time for the fastest instance. 

Formulation F0 only solves less than 75% of the instances within the same time window. In terms of 

variants, it is clear that variant C exhibits the best performance. 

Finally, Figure 4.5 clearly demonstrates that the improvement obtained for cost minimization is 

more dramatic, with methods 2 and 4, and variant C being superior in terms of number of instances 

solved and relative solution time. We observe that 100% of the instances are solved within three 

times the fastest instance when the reformulation is used, whereas only 27% are solved by F0 in the 

same time. It is interesting to note that F0 is able to solve only 67% of the instances within one order 

of magnitude of the lowest solution time. 

Based on this basic analysis, we choose the following reformulations for further analysis in the 

following sections: F1C for sales maximization (SLS), F2C for cost minimization (CT), and F4C for 

makespan minimization (MS). Note that we use the same reformulation for all models although larger 

enhancements can be obtained if a reformulation is chosen for a combination of model and objective 

function. Also, in practice, users concerned with the scheduling of a given facility can perform 

extensive testing so they choose the best reformulation for a given model, objective function, and 

specific process network. This testing has to be performed only once. 

Selected reformulations: solution time and optimality gap 

Absolute computational times and optimality gaps are arguably the most commonly used factors 

in the comparative analysis of different reformulations. Accordingly, this section is devoted to 

present these results, using the general conclusions drawn from the previous section as guidelines 

to compare the original formulation against the best reformulation for each objective function. 
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We first focus on the improvements obtained in terms of computational time when the proposed 

reformulations are used. Figure 4.6(a) clearly reveals a significant reduction in average solution time 

for each of the objective functions when we use the best reformulation obtained from the previous 

section. It is important to note that these averages are calculated using only those instances solved 

to optimality within the assigned time limit, in order to avoid the artificial bias that would be 

introduced by adding the time limit value multiple times. A total of 92% of the 1,170 runs were solved 

to optimality. For those instances not solved to optimality, a separate analysis based on optimality 

gap is given later. Additional data on how many instances are solved to optimality for particular 

reformulations are included in the Supporting Information. 

Next we analyze the impact of the reformulations on specific models. Figure 4.6(b) presents these 

results and once more we observe that there is a significant reduction in computational time for each 

of the models when we compare the original formulation and the best reformulation. 

Finally, we discuss how our methods reduce the computational effort needed to identify the 

minimum number of points, 𝑁∗, necessary to represent the optimal solution; a task usually achieved 

by solving models with increasing number of periods until the optimal objective function value does 

not change in consecutive iterations. Therefore, we include in this analysis not only the runs with the 

optimal number of time points, but also runs with (𝑁∗ + 1) and (𝑁∗ + 2) points, which are required 

to empirically “confirm” that the necessary number of points has been reached. Figure 4.7 

summarizes these findings based on objective function. We observe a consistent behavior across 

objective functions. For 𝑁∗  points the reformulation is comparable to the original formulation in 

terms of computational time but the optimality gap was decreased to zero. Similarly, for (𝑁∗ + 1) 

points all the runs were solved to optimality, but now we notice that the average computational time 

is reduced. Finally, for (𝑁∗ + 2)  points both the computational time and the optimality gap are 

significantly decreased. In particular, we observe that for sales maximization the average gap is cut 

in half, whereas for both makespan and cost minimization it is reduced by a factor of around 5. 
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Figure 4.6. Average computational time for original formulation and best reformulation for (a) different 
objective functions, and (b) different models. 

 

Figure 4.7. Average computational time and optimality gap for problems (a) Sales (SLS), method 1, (b) 
Makespan (MS), method 2, and (c) Cost (CT), method 4, including original formulation (F0) and proposed 
reformulations (FXC). 

Improvement factors 

An additional measure we can use to quantify the increase in computational efficiency derived 

from the introduction of our reformulations is the improvement factor, defined as the ratio between 

the computational times of the original formulation and the best reformulation. Once again, in order 

to avoid introducing an artificial bias derived from the time limit, we only consider those instances 

that were solved to optimality by both formulations in less than 3,600 CPU seconds. Moreover, we 

calculate this value for each instance and then take the average over all possible instances. Figure 4.8 

presents values for this improvement factor (a) aggregated by objective function, (b) aggregated by 

model, and (c) for different combinations of objective function and model. We observe from figure 

4.8(c) that depending on the combination it is possible to obtain improvement factors up to almost 
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20 (e.g. makespan minimization with model GH&M), which means that, on average, the proposed 

reformulation solves 20 times faster than the original formulation. We also notice that every 

objective and every model benefit from our reformulations. 

 

Figure 4.8. Computational improvement factors based on (a) objective function, (b) model, and (c) 
combinations of objective and model. 

Additional examples 

This section presents detailed results for particular instances of each problem and model we 

consider, in order to further illustrate the advantages of the proposed reformulations and gain 

additional insight into their behavior. Using the identification we introduced in section 4.4.1, we 

chose nine instances, one for each combination of objective function and model. The selection of 

process network and horizon value is random. For each instance we present a comparison of the 

computational time between the original formulation and the best reformulation as previously 

discussed.  In the cases where either or both of them were not able to solve the instance to optimality, 

the optimality gap is used for the analysis. Table 4.1 presents the solution statistics for each instance 

with the comparison made for runs with 𝑁∗ + 2 points, where 𝑁∗  is the optimal number of time 

points. Additional statistics are included in the Supporting Information. 

From table 4.1 we observe that only four of the nine instances were solved to optimality within 

the allotted time limit of one hour with the original formulation. In contrast, when the reformulation 

was introduced, only two instances were not solved within the time limit. In fact, the three additional 

instances that are solved only when the reformulation is used (1, 2, and 8), exhibit reduction in 
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computational time of one or two orders of magnitude. The remaining two instances that were not 

solved to optimality in one hour when the reformulation was introduced exhibit a significant 

decrease in the optimality gap. Moreover, when the time limit was increased to 2 hours, both 

instances were solved to optimality, while the original formulation was still unsolved (statistics not 

shown). 

Table 4.1. Solution statistics for nine instances comparing original formulation (F0) and proposed 
reformulation (F#X) for 𝑁∗ + 2 points. 

Instance 𝑁∗ 

F0  F#X 

CPU (s) Gap (%)  CPU (s) Gap (%) 

(1) M&G.F1C.SLS.PN2.H18 12 3,600.0 3.01  79.1 0 

(2) S&K.F1C.SLS.PN1.H18 12 3,600.0 0.83  128.2 0 

(3) GH&M.F1C.SLS.PN5.H24 9 1,155.3 0  242.8 0 

(4) M&G.F4C.MS.PN1.H24 10 3,276.9 0  83.9 0 

(5) S&K.F4C.MS.PN4.H24 10 2,450.4 0  1,913.0 0 

(6) GH&M.F4C.MS.PN4.H24 10 3,600.0 21.15  3,600.0 13.33 

(7) M&G.F2C.CT.PN3.H15 6 3,600.0 3.75  3,600.0 0.59 

(8) S&K.F2C.CT.PN3.H15 6 3,600.0 0.59  30.84 0 

(9) GH&M.F2C.CT.PN5.H24 10 29.4 0  1.79 0 

We now analyze the behavior of the solution time for the selected instances as the number of 

time points increases. Figure 4.9 presents a comparison between the original formulation, F0, and 

the best reformulation for the particular instance, F#X, for 𝑁∗, 𝑁∗ + 1, and 𝑁∗ + 2 time points. As 

discussed before, the time required to solve the models with additional periods is substantial. We 

observe that the selected reformulation consistently outperforms the original formulation in the 

three cases. Using the best reformulation, only instances 6 and 7 reach the time limit with 𝑁∗ + 2 

time points, but the optimality gap is decreased as discussed before. Those instances are particularly 

hard to solve because of their sizes; instance 6 consists of a network with 19 tasks, 8 units and 27 

materials, whereas instance 7 has 15 tasks, 8 units and 16 materials. 
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Figure 4.9. Computational time for nine instances and runs for (a) 𝑁∗, (b) 𝑁∗ + 1, and (c) 𝑁∗ + 2 time points, 
across different objective functions and models. 

Finally we note that the size of the formulations is not greatly affected by the introduction of the 

proposed reformulations. For the nine instances presented in table 4.1, the average increase in the 

total number of variables is 9%, whereas the number of equations increases by only 4%. Individual 

results for each instance and additional statistics are available in the Supporting Information 

4.4.3. Results for tightening constraints in continuous-time models 

Cumulative results 

In the interest of providing a general conclusion on the effectiveness of the proposed tightening 

methods, a performance assessment is made first by comparing the tightened formulations to the 

original formulations across all problems, models and instances. Figure 4.10 shows performance 

charts for each formulation, including the three variants and the original formulation as a reference. 

It is clear that the tightened formulations are much better than the original, which is only able to 

solve around 55% of the instances within one order of magnitude of the solution time for the fastest 

instance. Tightened formulation 1, which includes equations (4.19) and (4.21) is able to move this 

percentage up to 90%, whereas formulation 2, introducing equations (4.20) and (4.22), and 

formulation 3, including all equations (4.19)-(4.22), are able to increase it to 95%. This suggests that 

including constraints based on the minimum total amount a task is required to process and the total 

amount of material that needs to be produced is more effective than using constraints obtained from 
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simply bounding the number of batches for a single task and material. Additional testing (statistics 

not shown) showed that equation (4.20) is the most effective. In terms of variants, we notice that 

variant B, based on the finishing binary variable is less effective than the other two. 

 

Figure 4.10. Performance charts for all four problems {MS.CPT, MS.VPT, CT.CPT, CT.VPT}.   
Includes original formulation (F0) and proposed tightened formulations (F#X) based on (a) Minimum number 
of batches, (b) Minimum production requirements, (c) Combined minimum requirements. The vertical axis is 
the fraction of instances solved in less than the time for the fastest instance multiplied by a given value on the 
horizontal axis. 

In order to discern the impact of the proposed tightening methods on each objective function, we 

separate the results based on problems. Figure 4.11 presents the performance results for cost 

minimization, including both features, constant and variable processing time. Tightened 

formulations solve an additional 70% of the instances compared to the original formulation, which 

only solves around 25% of the instances within one order of magnitude of the solution time for the 

fastest instance. The results for makespan (not shown) are completely different, showing less than 

10% improvement in the number of instances solved. Figure 4 also confirms that the tightened 

formulations that include the minimum production requirements, equations (4.20) and (4.22), are 

more effective. In addition, no significant difference between formulations 2 and 3 is evident after 

this comparison. 
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Figure 4.11. Performance charts for problems {CT.CPT, CT.VPT}.   
Includes original formulation (F0) and proposed reformulations (F#X) tightened formulations (F#X) based on 
(a) Minimum number of batches, (b) Minimum production requirements, (c) Combined minimum 
requirements. The vertical axis is the fraction of instances solved in less than the time for the fastest instance 
multiplied by a given value on the horizontal axis. 

Although not the primary goal of this work, we now compare the behavior of the models under 

study when the tightening methods are used. Figure 4.12 shows the performance profiles for the 

three models, before and after the valid inequalities with formulation 3 and variant A are added. All 

models benefit from the tightening constraints, but to different extents. Model GH&M exhibits the 

largest improvement with an additional 50% of the instances solved to optimality within one order 

of magnitude of the fastest instance, followed by model S&K with 40% and M&G with less than 20%.  

However, model S&K is the only one that solves all the instances in less than 4 times the solution time 

of the fastest instance. Interestingly model M&G is the best model for the original formulation but the 

worst after the tightening constraints are included 

 

Figure 4.12. Performance charts for all problems with different models with formulations F0 and F3A.   
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The vertical axis is the fraction of instances solved in less than the time for the fastest instance multiplied by a 
given value on the horizontal axis. 

Selected instances 

To further illustrate the computational advantages of the proposed methods, we present detailed 

results for particular instances. Following the analysis presented in the previous subsection, we use 

formulation 3, variant A (F3A) for all the selected instances because it led to the best average results. 

We chose nine instances, which cover all models, networks, and horizon values. Using the 

identification introduced above, Table 4.2 summarizes the instances studied and their optimal 

number of points. Complete statistics for these instances are included in the Supporting Information. 

To better assess the computational enhancement, we do not use a resource limit of 1,800 CPU 

seconds. 

Table 4.2. Instances selected for solution time analysis. 

Number Instance 𝑁∗ 

(1) GH&M.F3A.MS.VPT.PN2.H24 13 

(2) S&K.F3A.CT.CPT.PN1.H36 21 

(3) S&K.F3A.CT.VPT.PN1.H24 11 

(4) M&G.F3A.CT.CPT.PN4.H36 11 

(5) M&G.F3A.MS.CPT.PN4.H24 10 

(6) GH&M.F3A.MS.CPT.PN3.H24 7 

(7) M&G.F3A.CT.CPT.PN1.H24 15 

(8) GH&M.F3A.CT.VPT.PN2.H36 17 

(9) S&K.F3A.CT.VPT.PN3.H24 7 

Figure 4.13 presents the results in terms of computational time for each instance for both the 

original and the tightened formulation. It confirms the general behavior derived from the 

performance charts, in which a clear improvement was introduced by using the valid inequalities 

derived from the proposed algorithm. We observe that the instances in which makespan is the 

objective function do not improve as much as the ones in which cost minimization is the objective. 

On the other hand, for instances where cost is minimized we observe significant improvements 
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ranging from 1 to 4 orders of magnitude. The behavior exhibited by Figure 4.13 is representative of 

the enhancements we observed in other instances. 

 

Figure 4.13. Computational time for nine instances run with optimal number of points.   
Instances ranked in increasing order of difficulty for formulation F0. 

 

4.5. Conclusions 

4.5.1. Reformulation methods 

We have presented reformulation strategies for material-based continuous-time models for the 

solution of chemical production scheduling problems, based on defining and bounding the total 

number of batches of a given task in a particular unit, as recently suggested by Velez and Maravelias51 

for discrete-time formulations. In particular, we presented four methods and three variants for each 

method. The introduction of these reformulations enhances the solution of the problem in terms of 

both computational time and optimality gap reduction for three objective functions commonly used: 

cost and makespan minimization and sales maximization. 

We found that our reformulations are effective regardless of the objective function or model. 

Average improvement factors ranging from 3 to 20 were obtained for different combinations of 

objectives and models. In particular, the aggregate improvement factors obtained for each objective 

function can be used to rank them in ascending order of impact as follows (improvement factors are 

0

1

10

100

1,000

10,000

(1) (2) (3) (4) (5) (6) (7) (8) (9)

C
P

U
 (

s)

Instance

F0 F3A



 
143 

given in parenthesis): (1) sales maximization (3.5), (2) cost minimization (7.6), and (3) makespan 

minimization (10.5). 

Regarding the different models, we found that all of them benefit from our reformulations. With 

respect to the original formulation, model M&G requires the highest average computational times, 

followed by model GH&M and then model S&K. When the reformulations are introduced, model 

GH&M benefits the most with an aggregate improvement factor of 10.3, followed by model M&G 

(factor of 7.0) and model S&K (factor 4.1). Model S&K exhibited the most consistent behavior across 

all problems when combined with the appropriate method and either variant A or C. Model GH&M is 

significantly improved when combined with variant C. This fact can be explained if we consider that 

variant C enforces the equality of the sum of starting and finishing variables, a constraint which is not 

explicitly enforced in model GH&M unlike the other two models. 

In terms of objective functions, we showed that sales maximization benefits the most when an 

integer variable is explicitly defined (method 1), whereas for cost and makespan minimization the 

disaggregation of the integer variable into binary variables (methods 2 and 4) is more effective. It is 

interesting to note that out of the three methods that introduce integer disaggregation, method 3 did 

not lead to any significant advantage, despite the fact that it uses fewer binary variables. A potential 

explanation is that the binary variables defined by method 2 do not infer any particular structure; 

they do not have a clear correspondence to elements of the problem. On the other hand, the binary 

variables used by method 2 define a special-ordered set of type 1 (SOS1) and those used by method 

4 induce an independent branching scheme; the existence of these structured relationships between 

variables greatly benefits the solution algorithm95. In terms of variants, we showed that defining the 

integer variable for the number of batches of a given task using both the starting and the finishing 

binary variables (variant C) produces the best results. 
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Velez and Maravelias51 showed that the reformulations of discrete-time models lead to dramatic 

computational improvements of up to three orders of magnitude and they are consistently effective 

across objective functions. Although our results are not as dramatic, we found that the introduction 

of the proposed reformulations enhances the performance of continuous-time models, if a careful 

selection of the reformulation (model/method/variant) is made. Average improvement factors of up 

to an order of magnitude are possible, with specific instances exhibiting even greater enhancements. 

Nevertheless, our reformulations inherit the limitations of continuous-time models, which lead to 

looser relaxations and require an additional initialization step to determine the optimal number of 

time points. This latter step can be time-consuming for medium- to large-scale instances. 

Importantly, since practically all time-grid-based continuous-time models in the literature 

employ the two types of binary variables we considered in this study, our methods are applicable to 

all continuous-time models. Similarly, our methods can be applied to models that account for a wide 

range of additional characteristics, including variable processing times, utility and other shared 

resource constraints, different inventory policies and shared storage vessels, and changeover costs 

and times.  Furthermore, similar if not greater enhancements are expected for any formulation 

employed routinely for the scheduling of a given facility. This is because the user can perform an 

extensive analysis to identify the best reformulation for the specific model, objective function, and 

facility. Finally, note that our reformulations are trivially applicable to models based on the Resource-

Task Network (RTN) representation, as has been illustrated by Velez and Maravelias51. 

4.5.2. Tightening methods 

We presented tightening methods for general material-based continuous-time models for the 

solution of chemical production scheduling problems. In particular, we extended the ideas presented 

by Velez et al.59 for discrete-time formulations to take into account the demand information that is 

available as an input for the solution of the MIP model. Using the algorithm and valid inequalities 
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discussed in their work, we were able to achieve significant improvement for three representative 

continuous-time models found in the literature. 

Specifically, we were able to show that cost minimization consistently benefits from the 

introduction of the tightening methods, in contrast to makespan minimization, for which only a few 

instances exhibited any improvement. Moreover, we also showed that constraints based on the 

minimum production amounts required by a particular task are more effective than the ones based 

on minimum number of batches. In addition, we determined that the variants do not introduce a 

significant difference, although it seems to be better to use those that include the starting binary 

variable. 

The results obtained for continuous-time models are comparable to those reported by Velez et 

al.59 for discrete-time formulations. The introduction of the proposed tightening methods led to 

order-of-magnitude improvements in computational time; in some instances up to four orders of 

magnitude were achieved. In both time frameworks, we found that cost minimization, which is 

probably the most widely used objective in practice for short-term scheduling, benefits the most from 

our methodologies. An important difference, however, is that makespan minimization was found to 

be easier than cost minimization in discrete-time models, so the method were most effective for the 

harder problem, whereas for continuous-time formulations cost minimization is easier than 

makespan minimization. 

Since the calculation of the parameters included in the algorithm only requires information on 

network topology and customer demand and this information is available a priori, it is possible to 

extend our methodologies to include several common features in scheduling problems, such as 

utilities and shared resources, changeover information, shared storage and special policies, and non-

instantaneous material transfers. Moreover, given that the formulation of the valid inequalities 
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themselves is based on a starting binary variable which is present in every time-grid-based model, 

we expect our methods to work with all continuous-time models found in literature. 

It is important to note that the calculation of the parameters required to formulate the tightening 

constraints is done in very short times (less than 10 seconds) compared to the computational times 

for solving the MIP itself. Thus, it is guaranteed that the running time for the algorithm is negligible 

in the overall solution process. In addition, the number of additional constraints introduced by the 

algorithm is also very small compared with the number of equations defining the model. Therefore 

we expect our methods will almost always lead to net improvements in the solution process. 

In summary, we showed that by using the demand propagation algorithm and defining 

appropriate valid inequalities, a great enhancement in the solution of chemical production 

scheduling problems is achieved. Our methods are applicable to all continuous-time models and can 

be readily used in problems with a broad range of processing characteristics and constraints. 

4.6. Notation 

Indices and sets 

𝑖 ∈ 𝐈 Tasks 

𝑗 ∈ 𝐉 Units 

𝑘 ∈ 𝐊𝑖𝑗 Number of batches for task 𝑖 in unit 𝑗 

𝑙 ∈ 𝐋𝐊𝑖𝑗 Logarithmic scale for the number of batches for task 𝑖 in unit 𝑗 

𝑚 ∈ 𝐌 Materials 

𝑛 ∈ 𝐍 Time points 

𝐈𝑚
+ /𝐈𝑚

−  Tasks that produce/consume material 𝑚 

𝐉𝑖 Units that can perform task 𝑖 
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𝐊𝑖𝑗
+(𝑙, 𝐵)/𝐊𝑖𝑗

−(𝑙, 𝐵) Batches required for left/right branching in logarithmic approach 

𝐊𝑀𝑇 Materials that are produced by multiple tasks 

Parameters 

𝛼𝑖𝑗
𝐹 /𝛼𝑖𝑗

𝑉  Fixed/variable processing cost for running task 𝑖 in unit 𝑗 

𝛽𝑗
𝑚𝑎𝑥/𝛽𝑗

𝑚𝑖𝑛 Maximum/minimum batch size for unit 𝑗 

𝛾𝑚 Storage capacity for material 𝑚 

𝛾𝑚
0  Initial inventory of material 𝑚 (𝛾𝑚

0 = 𝑆𝑚0) 

 Horizon 

𝜅𝑘 Lower bound on the number of batches of tasks producing material 𝑘 

𝜆𝑖 Lower bound on the number of batches of task 𝑖 

𝜇𝑖  Lower bound on the production of task 𝑖 required to meet final demand 

𝜉𝑚 Demand of material 𝑚 at the end of the horizon 

𝜋𝑚 Per-unit price for material 𝑚 

𝜌𝑖𝑚 Conversion coefficient of material 𝑚 produced/consumed by task 𝑖  

𝜏𝑖𝑗
𝐹 /𝜏𝑖𝑗

𝑉  Fixed/variable processing time for task 𝑖 in unit 𝑗 

𝜔𝑚 Lower bound on the amount of material 𝑚 required to meet final demand 

Binary/integer variables 

𝑁𝑖𝑗  Number of times task 𝑖 runs in unit 𝑗 

𝑈𝑖𝑗𝑛 General binary variable to represent either 𝑋𝑖𝑗𝑛 or 𝑌𝑖𝑗𝑛 
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𝑊𝑖𝑗𝑘  One if there are 𝑘 batches of task 𝑖 running in unit 𝑗 

𝑊𝑖𝑗𝑙
∗  One if there are ⌊2𝑙⌋ batches of task 𝑖 running in unit 𝑗 

𝑋𝑖𝑗𝑛/𝑌𝑖𝑗𝑛 One if task 𝑖 starts/finishes in unit 𝑗 at time 𝑛 

Continuous variables 

𝐵𝑆𝑖𝑗𝑛/𝐵𝐹𝑖𝑗𝑛 Batch size of task 𝑖 that starts/finishes in unit 𝑗 at time 𝑛 

𝐵𝑃𝑖𝑗𝑛 Batch size of task 𝑖 that continues to be processed in unit 𝑗 at time 𝑛 

𝑆𝑚𝑛 Inventory level of material 𝑚 at point time 𝑛 

𝑇𝑛 Position of time point 𝑛 
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Chapter 5  

Applications to large-scale instances 

In this chapter we present results of the application of the methods we have derived to problems 

that have been regarded as of special interest due to either their use for benchmarking or their 

relevance in industrial applications. The goal of this chapter is to show that the methods we propose 

have a significant impact in reducing the computational burden of modeling and solving real-life 

problems with mathematical programming techniques. We also extend some of the concepts 

presented in previous chapter to account for additional features that were not taken into account in 

the original derivation of the solution methods we propose. 

5.1. The Dow Problem 

In this section we present the application of the methods proposed in Chapter 2 to an industrial-scale 

instance. We use a simplified version of the problem introduced by Nie et al.98 and shown in Figure 

5.1. The process consists of five main product lines, A-E, that go through six common steps. Step 1 is 

a batch process for which two identical units are available (UB1, UB2). Steps 2, 3, and 5 are buffer 

tanks (UT1, UT2, UT3) and steps 4 and 6 are continuous processes (UC1, UC2). An intermediate F is 

required for lines A-C and is produced by a single execution of the batch operation. In addition, the 

capacity of the second continuous operation is reduced with each execution; therefore a replenishing 

task must be run when the capacity falls below 25% of the maximum. Figure 5.2 is the STN 

representation of this process. 
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Figure 5.1. The Dow Process used as industrial-scale instance. 

 

Figure 5.2. STN representation of the Dow Process. 
 

We do not consider the changeovers included in the original reference. A scheduling horizon of 

five days (120 hours) is used with a scheduling period of 1 hour. We use the discrete-time model 

SP&S and formulation F1 to solve this problem. Table 5.1 provides a summary of the results and 

Figure 5.3 contains the Gantt chart of the optimal schedule. Note that, although the preprocessing 

time is significant, the effect on the MIP solution is to reduce the computational time by at least two 

orders of magnitude. 

 
Table 5.1. Comparison of results of original formulation and best proposed formulation on the Dow Example. 
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Discrete variables 4,598 4,682 

Total variables 13,109 13,193 

Integer solution (USD) 15,339.79 15,339.79 

LP relaxation solution (USD) 15,406.46 15,406.46 

Preprocessing time (s) - 678.91 

MIP solution time (s) 3,600 31.24 

Total CPU time (s) 3,600 710.15 

Gap (%) 0.43 0.00 

 

 

Figure 5.3. Gantt chart of optimal solution to the Dow example. 

5.2. The Kallrath Example 

The Kallrath network7 (Figure 5.4) is a benchmark problem that has been used in the literature 

as a challenge problem to test the effectiveness of different formulations and solution methods. It 

consists of batch tasks and does not have storage in units, buffer tanks, or changeovers. A particular 

characteristic of this network is that one of its tasks (T2) has a variable conversion coefficient, where 

20-70% of a batch is converted to S21 and the remainder is converted to S22. We consider profit 

maximization using the methods derived in Chapter 2. 

In order to be able to solve this problem we first need to introduce some changes in the equations 

that define the original model SP&S, as well as the constraints derived from the application of the 

four algorithms described in section 2.2. 

First, the unit capacity (2.2) and material balance (2.3) constraints are replaced by equations 5.1 

and 5.2 respectively. 
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Figure 5.4. STN representation of the Kallrath example. 

𝜌𝑖𝑘
𝑚𝑖𝑛𝐵𝑖𝑗𝑡 ≤ 𝐵𝑖𝑗𝑘𝑡

V ≤ 𝜌𝑖𝑘
𝑚𝑎𝑥𝐵𝑖𝑗𝑡     ∀𝑖 ∈ 𝐈

𝑉 , 𝑘 ∈ 𝐊𝑖
+ (5.1) 

𝑆𝑘𝑡 = 𝑆𝑘(𝑡−1) + ∑ 𝜌𝑖𝑘∑𝐵𝑖𝑗(𝑡−𝜏𝑖𝑗)
𝑗∈𝐉𝑖𝑖∈𝐈𝑘

+\𝐈𝑉

+ ∑ 𝐵𝑖𝑗𝑘(𝑡−𝜏𝑖𝑗)
V

𝑖∈𝐈𝑘
+∩𝐈𝑉,𝑗∈𝐉𝑖

+∑ 𝜌𝑖𝑘∑𝐵𝑖𝑗𝑡
𝑗∈𝐉𝑖𝑖∈𝐈𝑘

−

+ 𝜉𝑘𝑡   

∀𝑘 ∈ 𝐊, 𝑡 ∈ 𝐓 

(5.2) 

A new set, 𝐈𝑉, is introduced in equation (5.1) to denote the tasks that can produce materials with 

variable conversion coefficients. Moreover, bounds on the conversion coefficients are introduced 

with 𝜌𝑖𝑘
𝑚𝑖𝑛 and 𝜌𝑖𝑘

𝑚𝑎𝑥. The new variable 𝐵𝑖𝑗𝑘𝑡
V  is the amount of material 𝑘 that is produced by task 𝑖 in 

unit 𝑗 starting at time 𝑡 and is only defined for 𝑖 ∈ 𝐈𝑉 . Equation (5.3) provides the relation of this 

variable with the original batch size variable. 
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∑ 𝐵𝑖𝑗𝑘𝑡
V

𝑘∈𝐊𝑖
+

= 𝐵𝑖𝑗𝑡     ∀𝑖 ∈ 𝐈
𝑉 (5.3) 

Next, a modification in the values of the tightening parameters is required to take into account 

the variability in the conversion coefficients. Equations (2.16) and (2.18) are respectively replaced 

with (5.4) and (5.5). Variable 𝑄𝑖𝑘
𝑉  represents a material-based disaggregation of the original variables 

𝑄𝑖𝑘  and is analogous in use to 𝐵𝑖𝑗𝑘𝑡
V . 

𝜇𝑖
𝐿𝑃 = max

{
 
 
 
 

 
 
 
 

𝑄𝑖:

 

𝜉𝑘0 + ∑ 𝜌𝑖′𝑘𝑄𝑖′
𝑖′∈𝐈𝑘

+\𝐈𝑉

+ ∑ 𝑄𝑖′𝑘
𝑉

𝑖′∈𝐈𝑘
+∩𝐈𝑉

+ ∑ 𝜌𝑖′𝑘𝑄𝑖′
𝑖′∈𝐈𝑘

−

≥ 0  ∀𝑘

∑ 𝜌𝑖′𝑘𝑄𝑖′
𝑖′∈𝐈𝑘

+\𝐈𝑉

+ ∑ 𝑄𝑖′𝑘
𝑉

𝑖′∈𝐈𝑘
+∩𝐈𝑉

≤ 𝜔𝑘  ∀𝑘                                      

∑ 𝑄𝑖′𝑘
𝑉

𝑘∈𝐊𝑖′
+

= 𝑄𝑖′  ∀𝑖
′ ∈ 𝐈𝑉                                                                    

𝜌𝑖′𝑘
𝑚𝑖𝑛𝑄𝑖′ ≤ 𝑄𝑖′𝑘

𝑉 ≤ 𝜌𝑖′𝑘
𝑚𝑎𝑥𝑄𝑖′   ∀𝑖

′ ∈ 𝐈𝑉, 𝑘 ∈ 𝐊𝑖′
+                                 }

 
 
 
 

 
 
 
 

 

    ∀𝑖 ∈ 𝐈:𝜔𝑘  𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 ∀𝑘 ∈ 𝐊𝑖
− 

(5.4) 

𝜔𝑘 = 𝜉𝑘0 +∑ 𝜌𝑖𝑘
𝑚𝑎𝑥𝜇𝑖

1

𝑖∈𝐈𝑘
+

    ∀𝑘 ∈ 𝐊: 𝜇𝑖  𝑖𝑠 𝑘𝑛𝑜𝑤𝑛 ∀𝑖 ∈ 𝐈𝑘
+ (5.5) 

The maximum number of batches for a given dependence is now calculated with equation (5.6) 

instead of (2.19). 

𝜁𝑖𝑑
𝑚𝑎𝑥 = min{∑⌊

𝜃𝑖𝑗

𝜏𝑖𝑗
⌋

𝑗∈𝐉𝑖

, max
𝑗∈𝐉𝑖

(min
𝑘∈𝐊𝑖

−
⌊

𝜔𝑘

𝜌𝑖𝑘
𝑚𝑖𝑛𝛽𝑗

𝑚𝑖𝑛
⌋)}    ∀𝑑 ∈ 𝐃, 𝑖 ∈ 𝐈𝑑 (5.6) 

Using these modifications we can now solve the Kallrath problem. Table 5.2 summarizes the 

results for the original Kallrath instance, denoted P0, and a horizon of 60 hours. The original 

formulation is able to find the optimal solution, but it fails to prove optimality after one hour. When 

the tightening and reformulations methods are added, optimality is proven in about 12 min. There 

are no available data in the literature to compare the results for profit maximization, since the 
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solution usually focuses on makespan minimization. Figure 5.5 shows the resulting Gantt chart. 

Additional data and model statistics can be found in the Supporting Information. 

Table 5.2. Computational results for Kallrath example. 

 Objective 
CPU time (s) 

Gap (%) 
Preproc. MIP Total 

Original 4599.9 0.00 3600 3600 <0.01 

Tightened 4599.9 121.73 565.11 686.84 0.00 

 

Figure 5.5. Gantt chart for the optimal solution of the Kallrath example with profit maximization. 

5.3. Notation 

Only new sets, parameters and variables are listed here. For a comprehensive list of symbols, please 

refer to 2.7. 

Sets 

𝐈𝑉  Tasks that produce materials with variable conversion coefficients 

Parameters 

𝜌𝑖𝑘
𝑚𝑖𝑛/𝜌𝑖𝑘

𝑚𝑎𝑥 Minimum/maximum conversion coefficients of task 𝑖 ∈ 𝐈 to material 𝑘 ∈ 𝐊𝑖
+ 

Variables 

𝐵𝑖𝑗𝑘𝑡
V    Amount of material 𝑘 ∈ 𝐊𝑖

+ produced by task 𝑖 ∈ 𝐈𝑉 in unit 𝑗 ∈ 𝐉𝑖 starting at time 𝑡 

𝑄𝑖𝑘
V    Amount of material 𝑘 ∈ 𝐊𝑖

+ produced by task 𝑖 ∈ 𝐈𝑉 
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Chapter 6  

Conclusions and Recommendations  

6.1. Concluding Remarks 

In this thesis we focused on developing mathematical models and methods that improve the 

solution process of scheduling problems in chemical production. Methods for Mixed-Integer 

Programming models for different types of environments (sequential and network) and time 

representation (discrete and continuous) were developed. With this thesis, the spectrum of 

scheduling problems that can be represented and solved using mathematical programming concepts 

is greatly expanded. 

First, we developed new methods for the enhancement of the solution of MIP models for 

scheduling in network environments. These methods consist of four preprocessing algorithms based 

on instance-specific information (network structure, recipe, processing times, initial inventory, and 

unit capacities) that allow calculating parameters that are used to generate tightening constraints. 

Moreover, we presented a new family of constraints based on constraint propagation. The proposed 

methods are applicable to all material-based, time-indexed, MIP scheduling models, discrete- and 

continuous-time. We showed that the constraints derived from the sequence of preprocessing 

algorithms produce the best results for both discrete- and continuous-time models. In many cases, 

up to two orders of magnitude decrease in computational time was achieved when these constraints 

were applied to the discrete-time model. 

Second, we presented a new approach to modeling and solving scheduling problems in sequential 

environments using discrete-time MIP models. It is important to note that existing methods rely 

almost exclusively on continuous-time models. We developed three new discrete-time models that 

were compared to the only existing discrete-time formulation for this problem, as well as the best 
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continuous-time model available. The first model is based on the STN representation of network 

facilities, whereas the other two are inspired on the formulations for the RCPSP problem. The major 

advantages of using this type of models as opposed to continuous-time counterparts are the 

simplicity to model processing features common to chemical facilities, as well as considerably better 

LP relaxations. In particular, we showed how modeling utility requirements and product 

diversification can be achieved with small changes in the proposed formulations. In terms of solution 

strategies, we introduced tightening constraints based on time windows available for both tasks and 

units. These windows can be fixed or variable. We showed that for fixed windows, only additional 

parameters are required. We also discussed how variable windows require a few new variables and 

constraints that do not have a significant impact in the model size. In both cases, we derived 

procedures to properly define and characterize the related parameters and variables. 

Interestingly, the solution methods we developed for both network and sequential environments 

are largely based on the concepts of earliest start time and shortest tail. Although these quantities 

have been used in the scheduling literature in the past, they had never been studied as both fixed and 

variables quantities that can be used to define different types of tightening constraints. The novelty 

of our approaches is twofold: on one hand, we directly use the parameter version to limit different 

linear combinations of decision variables. On the other hand, we use concepts from constraint 

propagation and deeper insights about the problem nature to introduce a variable version of these 

quantities and further tighten the formulations.  

Third, we developed specific reformulations and tightening constraints for material-based 

continuous-time models. Special modeling characteristics required in continuous-time formulations, 

such as time balancing and matching to grid points were taken into account. Moreover, recent 

developments in the area of specially ordered sets were brought into the scheduling problem. We 

observed that, although these methods are effective in improving the solution process for 

continuous-time models, their impact is less significant than their discrete-time counterparts. Our 



 
157 

methods inherit the original limitations of continuous-time models, which lead to looser relaxations 

and require an additional iterative step to determine the optimal number of time points. In terms of 

reformulations, average improvement factors of up to an order of magnitude are possible, with 

specific instances exhibiting even greater enhancements. Regarding demand-based tightening 

constraints for minimization problems, we observed that the introduction of these methods also led 

to order-of-magnitude improvements in computational time; in some instances up to four orders of 

magnitude were achieved. Given that both the reformulation and tightening constraints are based on 

linear combinations of an assignment binary variable which is present in every time-grid-based 

model, we expect our methods to work with all continuous-time models found in literature. 

Finally, we were able to apply our methods to solve large-scale instances that are closer to 

industrial applications. Results are promising in terms of both computational time reduction and 

improvement of the solution quality. We expect that similar enhancements can be achieved in similar 

instances with industrial relevance. 

6.2. Future Research Directions 

Research and its quest for the expansion of knowledge is a never-ending activity that 

continuously reshapes and invigorates itself. With this thesis we were able to answer many questions 

and complete an important part of the spectrum of models and solution methods required to solve 

general problems in production scheduling. Throughout this process, interesting new questions and 

problems were discovered; some of them remain unanswered and constitute the basis for future 

studies. 

For network environments we developed algorithms and valid inequalities that employed time 

and inventory restrictions, but did not consider cleaning and transition operations. A natural 

research direction would be to generalize the algorithms and constraints we developed to include 

information about these operations either for sequence-independent setups or sequence-dependent 



 
158 

changeovers. Another possible research direction would be exploring the tradeoff between 

computational performance and model tightness if some of the parameters in the algorithms are 

calculated using reduced versions of the original MIP problem. For instance, parameters that appear 

in constraints for variable time windows could be obtained this way and compared to the 

combinatorial procedures we proposed. 

Based on the assumptions we made for derivation of models and methods in sequential 

environments, it is clear that adding common features to the problem can lead to new research 

projects. Three possible directions would be (1) considering simultaneous batching and scheduling, 

(2) studying restrictions on intermediate storage, and (3) including changeovers. A more 

fundamental generalization that should be explored is concerned with multipurpose batch plants, in 

which specific products have different routes, although each of them can be thought of as following a 

multistage path. 
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Appendices 

A. Material-based continuous-time models 

The equations that define each of the three continuous-time models for network environments 

considered in chapters 2 and 4 of this thesis are summarized next. The common variables are defined 

next. 

𝑇𝑛: Continuous nonnegative. Actual value of time point 𝑛 ∈ 𝐍 

𝑌𝑖𝑗𝑛: Binary. It is equal to one if task 𝑖 ∈ 𝐈 finishes in unit 𝑗 ∈ 𝐉𝑖 at time 𝑛 ∈ 𝐍 

𝐵𝐹𝑖𝑗𝑛/𝐵𝑃𝑖𝑗𝑛: Continuous nonnegative. Batch size of task 𝑖 ∈ 𝐈 that starts/continues to be processed 

in unit 𝑗 ∈ 𝐉𝑖 at time 𝑛 ∈ 𝐍 

The following additional sets also appear in the formulations. 

𝐈𝑗 = {𝑖 ∈ 𝐈: task 𝑖 can be processed in unit 𝑗} 

𝐈𝑍𝑊+ = {𝑖 ∈ 𝐈: task 𝑖 produces a material with zero–wait storage policy} 

𝐈𝑍𝑊− = {𝑖 ∈ 𝐈: task 𝑖 consumes a material with zero–wait storage policy} 

A.1. Model M&G 

Additional variables 

𝑇𝑆𝑖𝑗𝑛/𝑇𝐹𝑖𝑗𝑛 Continuous. Starting/finishing time of task 𝑖 ∈ 𝐈 in unit 𝑗 ∈ 𝐉𝑖  during interval 𝑛 ∈

𝐍\{𝑁} 

𝐷𝑖𝑗𝑛 Continuous. Duration of processing of task 𝑖 ∈ 𝐈  that starts in unit 𝑗 ∈ 𝐉𝑖  during 

interval 𝑛 ∈ 𝐍\{𝑁} 

Assignment constraints 
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∑𝑋𝑖𝑗𝑛
𝑖∈𝐈𝑗

≤ 1        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A1) 

∑𝑌𝑖𝑗𝑛
𝑖∈𝐈𝑗

≤ 1        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A2) 

∑𝑋𝑖𝑗𝑛
𝑛∈𝐍

= ∑𝑌𝑖𝑗𝑛
𝑛∈𝐍

        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖  (A3) 

∑ ∑ (𝑋𝑖𝑗𝑛′ − 𝑌𝑖𝑗𝑛′)

𝑛′≤ 𝑛𝑖∈𝐈𝑗

≤ 1        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A4) 

𝑌𝑖𝑗1 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A5) 

𝑋𝑖𝑗𝑁 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A6) 

Timing constraints 

𝑇1 = 0 (A7) 

𝑇𝑁 =  (A8) 

𝑇𝑛+1 ≥ 𝑇𝑛        ∀𝑛 ∈ 𝐍\{𝑁} 
(A9) 

𝐷𝑖𝑗𝑛 = 𝜏𝑖𝑗
𝐹𝑋𝑖𝑗𝑛 + 𝜏𝑖𝑗

𝑉𝐵𝑆𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A10) 

𝑇𝐹𝑖𝑗𝑛 ≤ 𝑇𝑆𝑖𝑗𝑛 + 𝐷𝑖𝑗𝑛 +  (1 − 𝑋𝑖𝑗𝑛)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A11) 

𝑇𝐹𝑖𝑗𝑛 ≥ 𝑇𝑆𝑖𝑗𝑛 + 𝐷𝑖𝑗𝑛 −  (1 − 𝑋𝑖𝑗𝑛)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A12) 

𝑇𝐹𝑖𝑗𝑛 − 𝑇𝐹𝑖𝑗(𝑛−1) ≤  𝑋𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1,𝑁} 
(A13) 
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𝑇𝐹𝑖𝑗𝑛 − 𝑇𝐹𝑖𝑗(𝑛−1) ≥ 𝐷𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1,𝑁} 
(A14) 

𝑇𝑆𝑖𝑗𝑛 = 𝑇𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A15) 

𝑇𝐹𝑖𝑗(𝑛−1) ≤ 𝑇𝑛 +  (1 − 𝑌𝑖𝑗𝑛)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1} 
(A16) 

𝑇𝐹𝑖𝑗(𝑛−1) ≥ 𝑇𝑛 −  (1 − 𝑌𝑖𝑗𝑛)        ∀𝑖 ∈ 𝐈
𝑍𝑊+, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1} 

(A17) 

Batch sizing constraints 

𝛽𝑗
𝑚𝑖𝑛𝑋𝑖𝑗𝑛 ≤ 𝐵𝑆𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑋𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A18) 

𝛽𝑗
𝑚𝑖𝑛𝑌𝑖𝑗𝑛 ≤ 𝐵𝐹𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑌𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A19) 

𝛽𝑗
𝑚𝑖𝑛 (∑ 𝑋𝑖𝑗𝑛′

𝑛′<𝑛

− ∑ 𝑌𝑖𝑗𝑛′

𝑛′≤𝑛

) ≤ 𝐵𝑃𝑖𝑗𝑛                                       

≤ 𝛽𝑗
𝑚𝑎𝑥 (∑ 𝑋𝑖𝑗𝑛′

𝑛′<𝑛

− ∑ 𝑌𝑖𝑗𝑛′

𝑛′≤𝑛

)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1, 𝑁} 

(A20) 

𝐵𝑆𝑖(𝑛−1) + 𝐵𝑃𝑖(𝑛−1) = 𝐵𝑃𝑖𝑛 + 𝐵𝐹𝑖𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 , ∀𝑛 ∈ 𝐍\{1} 
(A21) 

Material balance constraints 

𝑆𝑚𝑛 = 𝑆𝑚(𝑛−1) + ∑∑𝜌𝑖𝑚𝐵𝐹𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

+

+ ∑∑𝜌𝑖𝑚𝐵𝑆𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

−

≤ 𝛾𝑚       ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A22) 

Bounding constraints 

𝑋𝑖𝑗𝑛, 𝑌𝑖𝑗𝑛 ∈ {0,1}        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A23) 

𝐵𝑆𝑖𝑗𝑛, 𝐵𝑃𝑖𝑗𝑛, 𝐵𝐹𝑖𝑗𝑛 ∈ [0,+∞)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A24) 
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𝑇𝑆𝑖𝑗𝑛, 𝑇𝐹𝑖𝑗𝑛, 𝐷𝑖𝑗𝑛 ∈ [0,+∞)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A25) 

𝑆𝑚𝑛 ∈ [0,+∞)        ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A26) 

𝑇𝑛 ∈ [0,+∞)        ∀𝑛 ∈ 𝐍 (A27) 

Tightening constraints 

∑∑𝐷𝑖𝑗𝑛
𝑛<𝑁𝑖∈𝐈𝑗

≤        ∀𝑗 ∈ 𝐉 (A28) 

∑ ∑ 𝐷𝑖𝑗𝑛′

𝑛≤𝑛′<𝑁𝑖∈𝐈𝑗

≤ − 𝑇𝑛       ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A29) 

∑ ∑(𝜏𝑖𝑗
𝐹𝑌𝑖𝑗𝑛′ + 𝜏𝑖𝑗

𝑉𝐵𝐹𝑖𝑗𝑛′)

𝑛′≤𝑛𝑖∈𝐈𝑗

≤ 𝑇𝑛       ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A30) 

Makespan minimization 

The horizon parameter  is substituted by the variable 𝑀𝑆 in equations (A8), (A28) and (A29), and 

it is kept as an upper bound for 𝑀𝑆 in equations (A11)-(A13), (A16) and (A17).  

A.2. Model S&K 

Additional variables 

𝑍𝑗𝑛 Binary. It equals one if any task begins in unit 𝑗 ∈ 𝐉 at time 𝑛 ∈ 𝐍 

𝑌𝑃𝑖𝑗𝑛 Binary. It equals one if task 𝑖 ∈ 𝐈 continues to be processed in unit 𝑗 ∈ 𝐉𝑖 at time 𝑛 ∈ 𝐍 

𝑆𝐿𝑛 Duration of interval 𝑛 ∈ 𝐍\{𝑁} 

𝑇𝑅𝑗𝑛 Continuous. Time remaining in unit 𝑗 ∈ 𝐉 to complete an ongoing task at time 𝑛 ∈ 𝐍 

Time balances 
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𝑆𝐿𝑛 = 𝑇𝑛+1 − 𝑇𝑛        ∀𝑛 ∈ 𝐍\{𝑁} 
(A31) 

∑ 𝑆𝐿𝑛
𝑛∈𝐍\{𝑁}

≤  (A32) 

𝑍𝑗𝑛 =∑𝑋𝑖𝑗𝑛
𝑖∈𝐈𝑗

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A33) 

𝑍𝑗𝑛 =∑𝑌𝑖𝑗𝑛
𝑖∈𝐈𝑗

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{1, 𝑁} (A34) 

𝑌𝑃𝑖𝑗𝑛 = 𝑌𝑃𝑖𝑗(𝑛−1) + 𝑋𝑖𝑗(𝑛−1) − 𝑌𝑖𝑗𝑛         ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1,𝑁} 
(A35) 

Processing time balances 

𝑇𝑅𝑗(𝑛+1) ≥ 𝑇𝑅𝑗𝑛 +∑(𝜏𝑖𝑗
𝐹𝑋𝑖𝑗𝑛 + 𝜏𝑖𝑗

𝑉𝐵𝑆𝑖𝑗𝑛)

𝑖∈𝐈𝑗

− 𝑆𝐿𝑛        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A36) 

Material balances in process units 

𝐵𝑃𝑖𝑗𝑛 = 𝐵𝑃𝑖𝑗(𝑛−1) +𝐵𝑆𝑖𝑗(𝑛−1) − 𝐵𝐹𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈\{0}, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{1} 
(A37) 

𝛽𝑗
𝑚𝑖𝑛𝑋𝑖𝑗𝑛 ≤ 𝐵𝑆𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑋𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈\{0}, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A38) 

𝛽𝑗
𝑚𝑖𝑛𝑌𝑃𝑖𝑗𝑛 ≤ 𝐵𝑃𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑌𝑃𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈\{0}, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A39) 

𝛽𝑗
𝑚𝑖𝑛𝑌𝑖𝑗𝑛 ≤ 𝐵𝐹𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑌𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈\{0}, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A40) 

𝑇𝑅𝑗𝑛 ≤∑(𝜏𝑖𝑗
𝐹𝑌𝑃𝑖𝑗𝑛 + 𝜏𝑖𝑗

𝑉𝐵𝑃𝑖𝑗𝑛)

𝑖∈𝐈𝑗

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A41) 

Material balances in storage vessels 
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𝑆𝑚𝑛 = 𝑆𝑚(𝑛−1) + ∑∑𝜌𝑖𝑚𝐵𝐹𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

+

+ ∑∑𝜌𝑖𝑚𝐵𝑆𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

−

≤ 𝛾𝑚       ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A42) 

Bounding/fixing constraints 

𝑆𝐿𝑛 ≤ max
𝑗∈𝐉

[max
𝑖∈𝐈𝑗

(𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑗
𝑚𝑎𝑥)]        ∀𝑛 ∈ 𝐍\{𝑁} (A43) 

𝑇𝑅𝑗𝑛 ≤ max
𝑖∈𝐈𝑗

(𝜏𝑖𝑗
𝐹 + 𝜏𝑖𝑗

𝑉𝛽𝑗
𝑚𝑎𝑥)        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A44) 

𝑋𝑖𝑗𝑁 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A45) 

𝑌𝑖𝑗1 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A46) 

𝑌𝑃𝑖𝑗𝑛 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, 𝑛 ∈ {1, 𝑁} 
(A47) 

𝑍𝑗𝑁 = 1        ∀𝑗 ∈ 𝐉 
(A48) 

𝑋𝑖𝑗𝑛, 𝑌𝑖𝑗𝑛, 𝑌𝑃𝑖𝑗𝑛 ∈ {0,1}        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A49) 

𝑍𝑗𝑛 ∈ {0,1}        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A50) 

𝐵𝑆𝑖𝑗𝑛, 𝐵𝑃𝑖𝑗𝑛, 𝐵𝐹𝑖𝑗𝑛 ∈ [0,+∞)        ∀𝑖 ∈ 𝐈\{0}, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A51) 

𝑆𝑚𝑛 ∈ [0,+∞)        ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A52) 

𝑇𝑅𝑗𝑛 ∈ [0,+∞)        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A53) 

𝑇𝑛, 𝑆𝐿𝑛 ∈ [0,+∞)        ∀𝑛 ∈ 𝐍 (A54) 

Makespan minimization 
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Equation (A55) is enforced in order to define the makespan and replaces equation (A32) 

𝑀𝑆 = ∑ 𝑆𝐿𝑛
𝑛<𝑁

 (A55) 

A.3. Model GH&M 

Additional variables 

𝐸𝑗𝑛/𝑉𝑗𝑛 Binary. It equals one if unit 𝑗 ∈ 𝐉  is at execution/idle state during interval 𝑛 ∈

𝐍\{𝑁} 

𝑍𝑗𝑛 Binary. It equals one if at time 𝑛 ∈ 𝐍, unit 𝑗 ∈ 𝐉 continues executing a task that 

started at a previous time point 

𝑇𝑗𝑛
𝐿𝐵/𝑇𝑗𝑛

𝐸𝐸 Continuous. Amount of time the beginning/end of a task is delayed/anticipated in 

unit 𝑗 ∈ 𝐉 with respect to its formal beginning/end at time 𝑛 ∈ 𝐍 

𝑇𝑗𝑛
𝑉  Continuous. Time spent by unit 𝑗 ∈ 𝐉 in the idle state during interval 𝑛 ∈ 𝐍\{𝑁} 

Unit state constraints 

𝐸𝑗𝑛 + 𝑉𝑗𝑛 = 1        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} 
(A56) 

𝐸𝑗𝑛 = 𝑍𝑗𝑛 +∑𝑋𝑖𝑗𝑛
𝑖∈𝐈𝑗

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A57) 

𝑍𝑗𝑛 = 𝑍𝑗(𝑛−1) +∑𝑋𝑖𝑗(𝑛−1)
𝑖∈𝐈𝑗

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{1} (A58) 

Slack time and idle state constraints 

𝑇𝑗𝑛
𝐿𝐵 ≤  ∑ 𝑋𝑖𝑗𝑛

𝑖∈𝐈𝑗\𝐈
𝑍𝑊−

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A59) 
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𝑇𝑗𝑛
𝐸𝐸 ≤  ∑ 𝑌𝑖𝑗𝑛

𝑖∈𝐈𝑗\𝐈
𝑍𝑊+

        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{1} (A60) 

𝑇𝑗𝑛
𝑉 ≤  𝑉𝑗𝑛        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} 

(A61) 

𝑇𝑛+1 − 𝑇𝑛 −  (1 − 𝑉𝑗𝑛) ≤ 𝑇𝑗𝑛
𝑉 ≤ 𝑇𝑛+1 − 𝑇𝑛        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} 

(A62) 

Time balance constraints 

𝑇𝑛 ≥ ∑ [𝑇𝑗𝑛′
𝐸𝐸 +∑(𝜏𝑖𝑗

𝐹𝑌𝑖𝑗𝑛′ + 𝜏𝑖𝑗
𝑉𝐵𝐹𝑖𝑗𝑛′)

𝑖∈𝐈𝑗

]

1<𝑛′≤𝑛

+ ∑ (𝑇𝑗𝑛′
𝐿𝐵 + 𝑇𝑗𝑛′

𝑉 )

𝑛′<𝑛

     ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A63) 

− 𝑇𝑛 ≥ ∑ [𝑇𝑗𝑛′
𝐿𝐵 + 𝑇𝑗𝑛′

𝑉 +∑(𝜏𝑖𝑗
𝐹𝑋𝑖𝑗𝑛′ + 𝜏𝑖𝑗

𝑉𝐵𝑆𝑖𝑗𝑛′)

𝑖∈𝐈𝑗

]

𝑛≤𝑛′<𝑁

+ ∑ 𝑇𝑗𝑛′
𝐸𝐸

𝑛′>𝑛

     ∀𝑗 ∈ 𝐉, ∀𝑛

∈ 𝐍\{𝑁} 

(A64) 

 = ∑ [𝑇𝑗𝑛
𝐸𝐸 +∑(𝜏𝑖𝑗

𝐹𝑌𝑖𝑗𝑛 + 𝜏𝑖𝑗
𝑉𝐵𝐹𝑖𝑗𝑛)

𝑖∈𝐈𝑗

]

𝑛>1

+ ∑(𝑇𝑗𝑛
𝐿𝐵 + 𝑇𝑗𝑛

𝑉 )

𝑛<𝑁

        ∀𝑗 ∈ 𝐉 (A65) 

Batch sizing constraints 

𝛽𝑗
𝑚𝑖𝑛𝑋𝑖𝑗𝑛 ≤ 𝐵𝑆𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑋𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A66) 

𝛽𝑗
𝑚𝑖𝑛𝑌𝑖𝑗𝑛 ≤ 𝐵𝐹𝑖𝑗𝑛 ≤ 𝛽𝑗

𝑚𝑎𝑥𝑌𝑖𝑗𝑛        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A67) 

𝛽𝑗
𝑚𝑖𝑛𝑍𝑗𝑛 ≤∑𝐵𝑃𝑖𝑗𝑛

𝑖∈𝐈𝑗

≤ 𝛽𝑗
𝑚𝑎𝑥𝑍𝑗𝑛        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A68) 

𝐵𝑆𝑖𝑗𝑛 + 𝐵𝑃𝑖𝑗𝑛 = 𝐵𝑃𝑖𝑗(𝑛+1) + 𝐵𝐹𝑖𝑗(𝑛+1)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍\{𝑁} 
(A69) 

Material balance constraints 
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𝑆𝑚𝑛 = 𝑆𝑚(𝑛−1) + ∑∑𝜌𝑖𝑚𝐵𝐹𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

+

+ ∑∑𝜌𝑖𝑚𝐵𝑆𝑖𝑗𝑛
𝑗∈𝐉𝑖𝑖∈𝐈𝑚

−

≤ 𝛾𝑚       ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A70) 

Bounding/fixing constraints 

𝑋𝑖𝑗𝑁 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A71) 

𝑌𝑖𝑗1 = 0        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖 
(A72) 

𝑍𝑗𝑛 = 0        ∀𝑗 ∈ 𝐉, 𝑛 ∈ {1,𝑁} 
(A73) 

𝑋𝑖𝑗𝑛, 𝑌𝑖𝑗𝑛 ∈ {0,1}        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A74) 

𝑍𝑗𝑛 ∈ {0,1}        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A75) 

𝐸𝑗𝑛, 𝑉𝑗𝑛 ∈ {0,1}        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} 
(A76) 

𝐵𝑆𝑖𝑗𝑛, 𝐵𝑃𝑖𝑗𝑛, 𝐵𝐹𝑖𝑗𝑛 ∈ [0,+∞)        ∀𝑖 ∈ 𝐈, ∀𝑗 ∈ 𝐉𝑖, ∀𝑛 ∈ 𝐍 (A77) 

𝑆𝑚𝑛 ∈ [0,+∞)        ∀𝑚 ∈ 𝐌,∀𝑛 ∈ 𝐍 (A78) 

𝑇𝑗𝑛
𝐿𝐵, 𝑇𝑗𝑛

𝐸𝐸 ∈ [0,+∞)        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍 (A79) 

𝑇𝑗𝑛
𝑉 ∈ [0,+∞)        ∀𝑗 ∈ 𝐉, ∀𝑛 ∈ 𝐍\{𝑁} (A80) 

𝑇𝑛 ∈ [0,+∞)        ∀𝑛 ∈ 𝐍 (A81) 

Makespan minimization 

The horizon  is replaced by 𝑀𝑆 in equations (A64) and (A65) but is still used as an upper bound in 

equations (A59)-(A62). 
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B. Performance charts 

A performance chart is a type of Cartesian plot in which the abscissa corresponds to the ratio 

between the solution times of a particular instance of a formulation/model and the fastest 

formulation/model, whereas the ordinate defines the fraction of instances that were solved within a 

given ratio of solution times. This type of plot was originally introduced to compare different solvers 

in computational studies99. Figure B1 shows a general performance chart comparing two 

hypothetical models. 

 

Figure B1. General performance chart. 

Figure B1 reveals many interesting facts regarding the comparative behavior of models 1 and 2. 

Point A (with coordinates (4, 1.0)) shows that for model 1, 100% of the instances were solved within 

four times the CPU time of the fastest instance. Similarly, point C (6, 0.6) shows that 60% of the 

instances solved with model 2 required less than six times the CPU time for the fastest instance. 

Moreover, point D (10, 0.6) reveals that for model 2, only 60% of the instances were solved within 

one order of magnitude of the fastest solution time. In addition, since at point A, model 1 has solved 

all the instances, the arrow AB illustrates the difference between models 1 and 2 in terms of 

performance: 60% more instances are effectively solved using model 1 within four times the fastest 

solution time. Figure A1 shows that model 1 is better than model 2 in terms of performance. In 
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general, we expect a model whose performance curve is close to one in the ordinate and shifted 

towards the left top corner to be better than a model whose performance curve lies underneath it. 
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