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Abstract 

A wall model has been developed for coarse meshed wall-bounded LES flows, to provide 

fluctuating wall shear stress by modeling a significant rolling phenomenon in a turbulent boundary 

layer. The rolls massively exist in the near-wall region to facilitate mass and momentum exchange. 

By analyzing the DNS near-wall flow field, relationships of rolls to fluctuating wall shear stress 

are extracted and used to convert dynamic rolling information, which is traced by updating the 

self-sustaining processing equations, into fluctuating wall shear stress. The above relationships 

and effectiveness of conversion have been verified and shown to match the statistics of the DNS 

near-wall flow. 

This wall model is applied to every wall-adjacent cell, providing the desired wall shear 

stress to the LES solver in each iteration step. To evaluate the model's performance, a channel flow 

case is used, which includes verifying the force balance and checking the mean velocity profile. A 

comparison with a control group demonstrates improvements in near-wall fluctuations, TKE, and 

Reynolds stress. The velocity and total pressure contours confirm that this model provides more 

detailed fluctuations on walls. The test results on further mesh convergence and stretched grid 

indicate that the model performs reasonably well.  
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Chapter 1 Introduction 

1.1 Motivations 

Large-Eddy Simulation (LES) solves large energy-carrying motions while also modeling 

smaller unresolved eddies. However, the size of eddies in a given flow is directly linked to the 

scales where the majority of turbulent kinetic energy is concentrated. In the case of wall turbulence, 

this scale gradually reduces toward a wall, which forces the LES to resolve up to the smallest 

dissipating eddies at a very near wall. The length scale of these energetic eddies is comparable to 

the resolution of Direct Numerical Simulation (DNS), which is why the LES method is so 

computationally expensive when dealing with high Reynolds-number wall flows. 

However, when a coarse LES mesh is used in combination with a SubGrid-Scale (SGS) 

model, the mean velocities of the near-wall grid points are frequently predicted poorly, not to 

mention their fluctuations. This poor prediction happens in the attached boundary layers and may 

be even more severe in complicated flows that involve adverse pressure gradients. 

Since adding more grid points is not feasible, an alternative approach known as Wall 

Modeled Large-Eddy Simulation (WMLES) has been developed. This approach involves 

augmenting the shear stress directly (wall modeling) while maintaining a coarse grid WMLES 

models the transport of momentum from the inner to the outer layer and only resolves the outer 

layer, leaving the inner layer modeled. According to Choi & Moin [1], the computing cost of 

WMLES is proportional to the Reynolds number (
1.0ReWMLESN ) of the problem. Compared to 

the DNS and resolved LES, WMLEWS provides savings of 1-2 orders of magnitude, 
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37/14ReDNSN  and 
13/7ReLESN , making it a practical option for high Reynolds-number 

engineering applications. 

1.2 Overview 

Instead of being resolved like in a traditional LES, turbulent motions in the inner layer are 

modeled in the WMLES. Wall models can be classified into two types [2]: (1) wall stress modeling 

and (2) hybrid LES/RANS. Wall stress modeling enables LES to occupy the entire computational 

domain down to the wall, and the wall models and equations are kept separate from the LES 

solution. In contrast, the hybrid technique divides the computational domain into two sub-domains. 

The LES subdomain occupies the outer majority of a turbulent boundary layer, while the RANS 

subdomain dominates the inner layer. The two subdomains communicate through a specific 

interface.  

Wall stress modeling methods provide the boundary condition of the LES domain that 

extends to the wall, ensuring the correct value of the wall shear stress w . Two techniques are 

available based on how this w  is computed. The majority of approaches are RANS-based 

approaches, while the other approaches include various existing methods. RANS-based 

approaches may solve full RANS equations, which results in PDE-based wall stress modeling 

models, or they may incorporate simplifications that lead to ODE or algebraic formulations. But 

each of these equations is discretized separately from the LES domain discretization. 

There are two types of hybrid LES/RANS wall models: (1) zonal [3][4], and (2) seamless 

approaches [5]. Zonal approaches need interface locations, with either LES or RANS equations 

solved in a distinct computational domain. Seamless techniques, on the other hand, use a byproduct 
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of the solution or grid size to decide which equations to solve, rather than relying on an explicit 

interface. A Detached Eddy Simulation (DES) [6] with a grid designed to relocate an interface 

down towards the wall is a feasible seamless method because its RANS region fills the inner layer 

rather than the entire boundary layer. Further Delayed-DES (DDES) [7] and Improved Delayed-

DES (IDDES) [8] were created to offer superior wall modeling capabilities. 

Additional approaches include using data-driven neural networks [9], constructing a target 

velocity profile through control-based strategies to achieve a desired wall-parallel shear stress [10], 

implementing dynamic slip boundary condition models [11][12], and using a function enrichment 

model [13],. 

1.3 Challenges 

The WMLES was first attempted in the early 1970s [14][15] and underwent significant 

development around 2000 [16][17], becoming increasingly popular in recent years [2]. Various 

RANS-based models share a principal idea of savings that only resolve a turbulent boundary layer 

via a gradual decrease of the wall-normal extent of the grid towards the wall. However, this 

simplification ignores wall parallel resolution, especially in the spanwise direction, which is 

significant for capturing streamwise rolls, a major mechanism of momentum exchange in a near-

wall region. As a result, it is unable to identify velocity fluctuations as significant LES quantities. 

In 2016, Park & Moin[18], employed a grid of wall-parallel resolutions 0.05
x




 to conclude that 

(1) the WMLES’s pressure fluctuations are recovered within a few percent of the DNS, but (2) the 

skin friction fluctuations continue to be underestimated. These findings confirm the validity of the 
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approximation 0
p

y





, simplified from the wall-normal momentum equation, at high Reynolds, 

indicating that pressure fluctuation can be imposed from the outer layer. Meanwhile, near-wall 

eddies (or rolling structures) are connected to fluctuations in skin friction or wall shear stress. 

Section 3.1 concludes that filtered solutions obtained from a low-resolution wall-parallel 

grid are inadequate in capturing both the magnitude and the probability density distribution of 

fluctuations. To address this issue, an attempt is made to model rolling effects toward wall shear, 

allowing for the generation of reasonable fluctuating wall shear stress values on coarse-gridded 

walls while maintaining a low computational cost. 

The present study assumes that near-wall rolls are responsible for interchanging different 

speed flows in the wall-normal direction, causing velocity variation that results in fluctuating wall 

shear stresses. A wall model is proposed and calibrated using both a self-sustaining process (SSP) 

from Waleffe and Hamilton (1997) [19][20][21], and statistical data. There are difficulties in (1) 

practical implementation of the SSP, which uses low-order truncations to describe the x-

independent flow, massively on a coarsely meshed wall boundary; (2) checking and calibrating 

the model to ensure it functions as intended and produces reasonable results that are close to 

statistical data; and (3) maintaining simplicity, physically clarity, and computationally efficiency. 

Before proceeding to the subsequent sections, it is acknowledged in this thesis that the 

rolling mechanism is still under investigation [22][23][24][25]. Conversely, the SSP has been 

appropriately conceptualized, and experimentally verified [26], and has garnered subsequent [27] 

and related studies [28]. The proposed wall model based on this SSP shows promise. 
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1.4 Objectives 

An ideal wall model should produce reasonable wτ  values at each time step of the 

simulation while accounting for the fluctuating components of wall shear stress in LES as they 

become critical, especially when coarse near-wall grid smoothing solutions considerably. 

Modeling these fluctuations may increase simulation accuracy overall, therefore, this thesis 

develops a novel approach to constructing a wall model that takes into consideration the near-wall 

rolling features that lead to the fluctuation of wall shear stress. 

This thesis studies near-wall rolls in DNS channel flow and establishes statistical 

connections between rolls and fluctuations to enhance the proposed wall model. These statistical 

relationships are revealed by using pairs of roll and fluctuation samples that were detected and 

measured from the channel flow. Nevertheless, coarse grid resolution in a practical case tends to 

smooth out rolls, so this thesis intends to find an indicator in such a coarse solution field that can 

detect a probable rolling tendency for subsequent modeling of fluctuations. 

The SSP model is employed to update near-wall rolling information. However, before 

incorporating it into the wall model, this thesis must offer adequate evidence that the SSP results 

accurately reflect wall-bounded shear flow. This SSP, originally derived from free shear flow, uses 

truncated modes to represent flows, which may result in errors when applied to a wall-bounded 

flow scenario. As a result, calibration and validation are necessary, requiring a suitable dynamic 

test case to revise the model and compare it to evaluate its performance. 

The proposed LES wall model in this thesis considers the influence of near-wall rolling 

structures, which are typically filtered out in coarse meshes. However, the suggested method relies 
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on an independent dynamic system (SSP) to preserve these rolling characteristics outside the LES 

solver and translates them into fluctuating wall shear stress using statistical expressions from DNS. 

This approach is cost-effective and suitable for adjusting wall boundary conditions in coarse mesh 

simulations. Validation tests are conducted, and results are compared and explained to evaluate 

this proposed wall model. 

1.5 Organization 

The following is how this thesis is structured: Chapter 2 is a literature review that includes 

an introduction to turbulent boundary flow and wall shear stress concepts, as well as an overview 

of existing wall models, including wall shear stress and hybrid models. This chapter also discussed 

coherent structures, self-sustaining processes, and various models. Chapter 3 describes near-wall 

rolling structures in a DNS field, including the lifespan of rolls and their spatial association with 

fluctuating wall shear stress. The statistical relationship between rolls and total pressure gradient 

is also presented. The approach for abstracting the above relationships is provided at the end. 

Chapter 4 mainly focuses on the modeling of fluctuating wall shear stress, which is based on the 

assumption that near-wall rolls induce fluctuations. This chapter explains the SSP procedure and 

how LES field solutions are used to evaluate rolling magnitudes in this wall model. The amplitude 

of a roll is converted to the magnitude of fluctuation, which is then allocated to LES boundary 

conditions using statistical relationships. Chapter 5 validates the wall model with two tests. The 

first test traces changes in rolling magnitude and compares the modeled magnitudes of fluctuations 

to statistical curves for certain rolling sizes. The subsequent LES-coupled tests compare channel 

flow results, including force balance, mesh convergence, computational costs, and performance 

on meshes with wide spanwise spacing. This chapter also highlights the model’s strengths, 
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weaknesses, and potential for improvement. Chapter 6 concludes this thesis and discusses potential 

future work.  
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Chapter 2 Literature Review 

Wall models bypass resolving the near-wall region by using a large grid spacing grid to 

model flow or wall boundary conditions in the computational domain. In realistic high Reynolds 

wall-bounded flow, the reduction of grid points and corresponding larger computational time steps 

in WMLES may lead to a factor of a hundred-fold saving in the time-to-solution [1]. However, the 

modeled field differs from the realistic one which brings errors to the entire flow. 

This chapter introduces boundary layer structures in 2.1.1, wall shear stress characteristics 

in 2.1.2, and near-wall coherent structures in 2.1.3 to better understand the turbulent boundary 

layer. Then, in section 2.2, current wall models are classified and briefly reviewed. Section 2.3 

discusses the dynamic balance between energy production and dissipation in the turbulent 

boundary layer, including a self-sustaining mechanism and different available modeling 

methodologies. 

2.1 Turbulent boundary layer 

This section outlines the properties of turbulent boundary layers. A fully developed 

turbulent boundary layer is composed of multiple layers, each with different properties related to 

viscosity and Reynolds stress. Near the wall, there exist coherent structures that aid in the transfer 

of momentum and the exchange of distinct vertical flow layers, resulting in the generation of 

velocity fluctuations. 
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2.1.1 Structure of turbulent boundary layers 

Depending on whether viscosity plays a significant role in physics, a turbulent boundary 

layer can be divided into two zones that overlap. In Figure 1, both the left orange (inner) and right 

light yellow (outer) regions are represented in two coordinates scaled by ,U  , or ,u  , where 

,U   denotes the freestream velocity and a boundary layer thickness, respectively. The friction 

velocity is defined as wu   , and a viscous length scale u   , where the w  is a wall 

shear stress,   and   denote the density and viscosity of the fluid. At high Reynolds numbers, 

there is a region of overlap between the two zones, defined [29] by 50y   and / 0.1y   . 

 

Figure 1: Regions of a turbulent boundary layer and velocity profiles 

Figure 1 displays a red curve that represents a DNS mean velocity profile of a channel flow 

[30]. In a fully developed channel flow, this profile is completely determined by , , ,u   in 

expression (2.1). 
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 0 ,Re
y

u u F 


 
  

 
  (2.1) 

The above 0F  is a universal non-dimensional function and Re   is a friction 

Reynolds number. To derive the mean velocity profile, this expression (2.1) related to two non-

dimensional parameters is written in terms d u dy  on the left-hand side  

 ,
d u u y y

dy y



 

 
  

 
  (2.2) 

where   is another universal non-dimensional function. Depending on whether viscosity is 

dominant, simplification of either disregarding the y   term or vanishing dependency of y


  

leads to a linear and log-law section of curves, respectively. Refer to Figure 1 for the black curves, 

their expressions are given in (2.3), and a detailed derivation in [29]. 

 

, 8

1
ln , 30, where 0.41, 5.2
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u










  

  

 

 

    

 

  (2.3) 

Research continues on the inner and outer interactions as well as the mechanisms of wall-

attached eddies in the buffer layer 8 30y  . Numerous types of wall-attached eddies have been 

identified in the literature [31][32][33], such as horseshoe vortexes, hairpin vortexes, loop vortexes, 

and very large-scale motions (VLSMs). Section 2.1.3 will provide an overview of coherent 

structures. 

Regarding interactions, classical theory [34] concurs that flows in both the inner and outer 

layers are independent until they asymptotically converge to the same one at the overlap zone. 
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However, a recent viewpoint [35] proposes that the physics in the outer and inner layers are 

unidirectionally coupled, which implies that flow in the outer layer is independent but has an 

impact on the inner layer.  

2.1.2 Wall shear stresses 

Since the mean pressure gradient is constant throughout the flow, w
p dp

x dx





, the 

streamwise direction of a channel flow may be described by a simplified mean-momentum 

equation 

 

2

2

1
0

d u d pd
u v

dy dy dx



      (2.4) 

which can be rewritten as 
wdpd

dy dx


 , where the magnitude of shear stress as a function of 

wall distance  y  is  

 

d u
u v

dy
     

  (2.5) 

The viscous stress, d u dy , and the Reynolds stress, u v   , are two components of this 

stress. Figure 2 displays the changes in each in relation to wall distance, where the boundary 

condition 
w
u 0  suppresses all Reynolds stresses in the near-wall region, leaving only the viscous 

contribution for the wall shear stress 

 
w

w

d u

dy
    (2.6) 
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When simulating with a fine mesh, the above viscous approximation is numerically accurate. 

However, if a coarse near-wall grid is used, applying the no-slip (Dirichlet) boundary condition 

may result in an underestimation of wall shear stress. This is because the inner layer grid is poorly 

resolved, resulting in underestimated field velocities. Thus, it is preferable to use the correct wall-

shear stress (a Neumann boundary condition) instead. 

The equilibrium assumption is another aspect of fluctuations that must be taken into 

account. This assumption asserts that the near-wall shear stress distribution is in equilibrium with 

the shear stress at the wall, However, it is not appropriate for transient simulations because of 

turbulent fluctuations and the possibility of local detached flow in complex situations. Refer to 

Figure 4 of the shear stress distribution that there is an up to 20% fluctuation of wall shear stress 

in a 10% near-wall region. Meanwhile, the Reynolds stresses and Turbulent Kinetic energy (TKE) 

as functions of outer region boundary-layer scaling in Figure 3 reveal the peak value of 2u


 , as a 

main component of TKE, occurring at a near-wall position below 10% of the boundary layer 

thickness. These findings are based on fine mesh numerical results. 

 

Figure 2: Reynolds shear stress and viscous changes in turbulent channel flow, from [30] 
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2.1.3 coherent structures 

Coherent structures, such as individual hairpin vortex [37], symmetric hairpins [38], 

asymmetric hairpins (cane vortices), and horseshoes [31], can account for the above fluctuating 

features in the near-wall region, particularly under 100y
, where the mixed contributions of 

viscous and Reynolds shear stress are observed in Figure 2. Figure 5 illustrates the hairpin vortex, 

as depicted by numerical studies [39]. The main hairpin is generated by enclosing a packet of low-

speed fluid, which has a ramp-like shape with a linear growth angle  . The swirling intensity of 

the hairpin vortex downstream as a result.  Additional hairpins are generated behind the primary 

one if the strength of this current vortex is sufficient. 

 

Figure 3: Reynolds stress and TKE, from [36] 

 

Figure 4: Shear stress distribution, from [36] 
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Figure 5: Conceptual scenario of hairpin vortices in the near-wall region, from [39] 

A detailed description of the bursting sequence and the growth of hairpins is available in 

[32]. However, this study is primarily focused on a near-wall region at around 100y
, which 

corresponds to the leg of hairpins. According to Zhou et al. [40], young hairpins are closely packed 

on the wall, with approximately 100-200 viscous units between the legs. Head et al. [37] report 

that hairpins have diameters on the order of 100 viscous units. As a result, Figure 6 illustrates a 

simplified model in which two streamwise counter-rotating vortices represent hairpin legs 

dominating the near-wall flow.  

 

Figure 6: A pair of counter-rotating rolls and induced velocity variations (a similar Figure 7.42 in 

[29]) 
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In the sketch above, these counter-rotating rolls assist in ejecting low-speed fluid away 

from the wall (ejection) as well as sweeping high-speed fluid toward the wall (sweep). This results 

in alternating low- and high-speed fluid, elongating in the streamwise direction along the spanwise 

direction, which is known as streaky flow. If this streaky flow takes on a shape of  , ,0,0u y z   , 

it is known as a streamwise streak,    , ,0,0u y z u y   . 

The aforementioned streak-roll interaction has been observed not only in numerical 

simulations [41][42] but also in experimental research [37] [43]. Additionally, Bakewell et al. [44] 

and Kline et al. [32] have shown that streaks are present in the region where 40y  , and rolls are 

spaced approximately 100 wall viscous units apart in the spanwise direction. Streaks and rolls are 

both crucial features of a boundary layer [26] [45]. They dominate large-scale motion in the near-

wall region ( 100y  ) [44] and contribute to the conversion of kinetic energy from the mean flow 

to turbulent fluctuations. 

2.2 Existing wall models 

A comprehensive knowledge of the turbulent boundary layer is essential to construct a 

model with improved accuracy of the simulation. Based on how modeled near-wall layers are 

coupled with the resolved LES field, a variety of physics-based wall models have been developed 

and can be categorized into two types [2]: (1) wall stress modeling and (2) hybrid LES/RANS. 

Additionally, this section will discuss some non-physics-based techniques. Each model is 

introduced briefly, providing background information, its applications, as well as any notes or 

remarks.  
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2.2.1 Wall stress models 

RANS-based models avoid resolving turbulence in the near-wall region by utilizing wall-

model equations, denoted as (2.7)  

  2
i ji RANS

ij ij

j i j

u uu p
S

t x x x
 

  
   

   
  (2.7) 

This equation is solved on a separate grid with the wall-normal direction refinement, which is 

located from a wall up to a specified distance h  into the LES domain. The LES solution is sampled 

along the edges h  to serve as a boundary condition for solving (2.7), and the wall shear stress 

computed from the solution (2.7) is fed back into the LES.  

The aforementioned equation (2.7) holds for any turbulent boundary layer that has a flow 

of constant density. Different additional simplifications can be used to generate, PDE, ODE, and 

algebraic models. 

PDE-based wall-stress models 

Wang & Moin [46] used the mixing-length eddy viscosity model with near-wall damping 

to solve the equation (2.7) 

 
 

2

, ,2 , 1 wy ARANS

ij t wm t wm wy e   
  

  (2.8) 

where wy yu 
  is a distance from the wall calculated using the local instantaneous friction 

velocity, u .   and A are model coefficients. Their research makes accurate predictions for low-

order velocity statistics, consistent unsteady trailing–edge separation, and promising frequency 

spectra of surface pressure fluctuations. However, since it would only account for the unresolved 
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portion of the Reynolds stress, this model tends to overpredict the near-wall eddy viscosity. Cabot 

& Moin [47] also noted the significant Reynolds stress and proposed dynamically computing the 

model coefficient   by matching the stress between the solutions from the inner and outer layers. 

Later, Kawai & Larsson [48] enhanced model consistency at a higher Reynolds number. Park & 

Moin [49] introduced this model into a fully unstructured mesh environment [49][50] and 

dynamically regulated the eddy viscosity based on the physical and mathematical constraints on 

the total Reynolds stress. 

Additionally, these PDE-based approaches have been used in studies with complex 

geometries [51], and with high Reynolds separating flows [52]. Theoretically, these PDE-based 

models can account for transient, convective, and pressure-gradient effects. However, the 

drawbacks include (1) high computational cost. The ratio of the number of cells in the wall model 

to those in the LES is around 0.2-0.5 [50]; (2) it is difficult for users to mesh a near-wall grid. This 

grid should have full connectivity in all coordinate directions, provides a significant challenge in 

realistic and complicated geometries [2], and (3) be comparatively hard to implement. 

ODE-based wall-stress models 

It is possible to simplify the equation (2.7) to an unsteady thin boundary layer equation 

(TBLE) [47][53] 

  
i ji i

t

j i

u uu p u

t x x y y
 

    
    

     
  (2.9) 

Effects of unsteady (acceleration), convective, and pressure gradient are each represented by terms 

in the LHS of the equation (2.9). Some of these terms may not be taken into account in specific 

simplifications. The simplest approach sets all terms to zero as the so-called equilibrium 
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ODE/stress balance model, which is numerically at the least expensive and equivalent to the 

instantaneous log law model in the attached flow [47]. Hoffmann & Benocci [54] ignore the 

convective term and get improved results in the plane periodic channel case. There are similar 

studies that discuss the effects of the pressure gradient term. Wang [55] and Catalano et al. [56] 

retain only this term to simulate flows over a trailing edge and a circular cylinder, respectively. 

Duprat et al. [57] compare with/without the pressure gradient term in both channel and periodic 

hill cases. Chen et al. [58] apply this model with an immersed-interface method to complex 

geometries. 

The integrated model [59] is based on the assumption that the LHS of the equation (2.9) is 

y-independent, designated as iF , and an integral of   i

i t

u
F

y y
 

  
  
  

 is given 

   i

t i

u
F y C

y
 

  
   

 
  (2.10) 

where a constant C is determined at a wall 0y  : 
,,

i

w i

u
C C

y
 


 


. The wall shear stresses 

are obtained by integrating both sides (2.10) 

 
,

0 0

h h

w i i ih
t t

y dy
u F dy

   

 
  

  
    (2.11) 

Because only the wall-normal direction is considered, the numerical integration from a wall to a 

height h  in a 1D grid is possible. iu is a good approximation of iu . The advantages of this 

approach are stability and low computing cost because numerical integration won't diverge and 

doesn't require iteration. As an alternative to numerical integration of the boundary layer equations, 
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Yang et al. [60] present a velocity profile with a viscous and a logarithmic layer of an extra linear 

term that accounts for pressure gradient effects. 

Because the pressure gradient is in balance with others, Larsson et al. [2] recommended 

keeping all of the terms on the LHS of the equation (2.9). Additionally, Hickel et al. [61] 

recommended keeping the convective term for wall-parallel derivatives inside the embedded grid 

for a consistent reason. Their study modeled the convective term as either a function of velocity 

or a linear profile that matches the pressure gradient. Research into modeling the time 

derivative/temporal evolution is limited since this component adds a significant computational cost. 

Hoffmann & Benocci [54], however, did provide some  provided some insight into how this 

temporal term was handled with. 

To summarize, most ODE-based models need at least a 1D grid solver to respect y
. They 

provided diverse physical modeling capabilities, based on distinct simplifications, but at a 

significantly lower computational cost than PDE models. Topics such as integral models, handling 

non-equilibrium terms, and dynamical eddy viscosity are still being researched [49]. 

Algebraic models 

The equilibrium assumption is commonly used in algebraic models. Schuman [15] 

calculated wall shear stress by relating LES velocity to mean stress.  

   1
,

1

( , , )
,

( , , )
w x w

xz

u x y z
x z

u x y z
    (2.12) 

where “  ” specifies a filtered value from the LES field, the subscription “1” indicates a value from 

the wall adjacent cell, and the xz-plane-wide spatial average of the data is represented by
xz

. The 
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mean stress w  can either be predefined [15] or evaluated [62] using the log-law profile. This 

w  evaluating process starts with sampling the LES solution from a certain wall distance h , then 

this solution is plugged into the log law velocity profile, and lastly, the result w is solved. 

Profiles covering a wider range, even below the log law, such as Reichard’s law [63] and Spalind’s 

law [64], are alternatives. 

By taking into account the inclination of the vortical flow structures in the near-wall area, 

Piomelli [65] introduced a streamwise displacement, s , to connect the wall shear stress to an 

instantaneous velocity. 

 
  1

,

1

1 1

( , , )
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( , , )
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w x w
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x z
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s y y s y y

 

 

 


      

  (2.13) 

More physics is included in this model, which produces better channel flow outcomes at 

Re 2000 5000  [66]. In addition, Piomelli [65] offered an ejection model (2.14) that takes into 

account the effect of near-wall structures, where C  is a dimensionless constant. Marusic [33] 

improved expression (2.15) by set   to 0.1 (for a zero-pressure-gradient flow), to refer to both 

the mean and local velocity components. 

  , 1, ( , , )w x w xz
x z Cu v x s y z      (2.14) 

  , 1 1, ( , , ) ( , , )w x w xz
x z u u x s y z u x y z             (2.15) 

Werner & Wengle [67][68] provides an explicit/analytical wall shear stress model that 

delivers the stress as a function of both wall distance and filtered velocity from the LES field by 
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using a power law in place of the log law. Unlike the implicit methods discussed above, no iterative 

process is required. The model assumed velocity profiles 

 
 
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  (2.16) 

where 8.3A , 1/ 7B  , and the wall shear stress is given by 
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Kawai and Larsson [69] modeled the unresolved inner layer by solving  

   ||

, 0t wm

dUd

dy dy
 

 
  

 
  (2.18) 

In an overlapping layer between 0y   and wmy h , the wmh represents a boundary layer thickness, 

the wall-model eddy viscosity is taken from the mixing length 

  
2

, , 1 expw
t wm y D D y A


 



     
 

  (2.19) 

Various equilibrium models work well in specific situations; Mason’s model [70], for 

example, takes the roughness of walls into account, Wu and Squires [71] adapted the model to a 

curved wall geometry, Moeng [72] gave buoyancy adjustment, etc. 

Although non-equilibrium factors were considered, boundary layers do not have a 

universal self-similar profile [73] because the near-wall length scales are not independent of a 

pressure gradient. According to Mellor [74], a pressure-viscosity velocity was defined as 
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  (2.20) 

which is comparable to the friction velocity u  under a pressure gradient flow. Afzal [75] offered 

a velocity profile related to friction velocity, pressure gradient, and Reynolds number. This profile 

is also known as Afzal’s law in expression (2.21) 

    1 11 2 2
ln ln 1 1

2

p y
u y C p y

  

 

   
  
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  (2.21) 

where the pressure gradient parameter 

3

3

pudp
p

u dx u 





  
   

 
. The aforementioned model 

performed better in adverse pressure gradient scenarios than the log-law [76], and it produced 

comparable results to a dynamic wall model [77]. However, it is not valid at a point of separation 

or reattachment where u  vanishes (2.20). Manhart et al. [78] proposed a wall model in the viscous 

sub-layer under a pressure gradient, that integrates both u  and pu  on a scale 2 2

p pu u u    that 

will not vanish. Duprat et al. [57] expanded the above model beyond the viscous sub-layer. 

Based on studies of the TBLE type wall model, Park, and Moin [49] reported that the wall-

model eddy viscosity should be reduced from its standard RANS value. According to Cabot and 

Moin [47], this viscosity should only take into consideration the unresolved part of the Reynolds 

stress since the resolved portion carried by the nonlinear advection terms is not negligible. Wang 

and Moin [79] decreased this value ,t wm by dynamically matching the total turbulent stress 

(resolved + modeled) of the wall model to be equal to that of the LES at the matching location by 

effectively lowering the value of   in (2.19) across the wall-model layer. This attempt has proved 

effective in low-to-moderate Reynolds numbers flows, but it does not work well at high Reynolds 
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numbers because ,t wm  is too low, according to Kawai and Larsson’s [48] research on flat-plate 

boundary layer and shock/boundary-layer interaction flows. 

Park and Moin [49] suggested a dynamic eddy viscosity model that needs ,t wm to be 

satisfied 

 

* *

,

2 2
2 2

3 3

d d

t wm ij ij ij t ij ijS k R S k         
  (2.22) 

where superscript * denotes the quantities modeled in (2.19) with the standard value of model 

coefficients ( 0.41   and Pr 0.9t  ). In this equation, the total Reynolds stress (resolved + 

modeled) in the non-equilibrium mode is determined using the traditional RANS-type model, 

instead of merely considering the unresolved stress. 

Recent efforts to create an algebraic wall-stress model have found it difficult to develop 

one that is simple enough to not need embedding near-wall layers. Similar efforts to enhance the 

so-called RANS wall function have been attempted. For example, Craft et al. [80] developed an 

algebraic wall function, AWF, which analytically integrated the simplified TBLE into a wall-

adjacent control volume for the wall shear stress and other parameters. Since the convection and 

pressure gradient factors are taken into consideration and this method may be expanded to handle 

complicated turbulent flow fields [81], this method is characterized as a non-equilibrium model. 

Similar efforts have been made to build an “algebraic” non-equilibrium wall stress model for LES, 

such as the SGS-AWF [82], in which the SGS eddy viscosity profile within a cell next to a wall is 

described as two-segment piecewise linear fluctuations, allowing analytically integration of the 

TBLE and obtaining the wall shear stress. 
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In General, algebraic approaches are accessible, affordable, and simple to use. Although 

traditional models for non-gradient flat walls were created, non-equilibrium and adverse pressure 

gradients adapted methods have recently undergone advancements [82][83].  

2.2.2 Hybrid RANS/LES methods 

Hybrid RANS/LES techniques [17][2] allow near-wall RANS simulation to couple with 

the LES in the majority of the outer flow. The computational domain is divided into two 

subdomains with a specific interface between them. The LES subdomain takes up the majority, 

whereas the RANS occupies the inner layer of the turbulent boundary layer. The main concept of 

a hybrid is that RANS is substantially less expensive close to the wall since the resolution of a grid 

in wall parallel directions has less significance than that of the wall-normal resolution. To properly 

resolve a turbulent boundary layer is to mesh a nice gradual decrease of the wall-normal extent of 

the cell towards a wall. As a result, the RANS runs on the refined near-wall grid that is only along 

the wall-normal direction after the LES uses a big (coarse) grid to determine the thickness of a 

boundary layer  . 

A Detached Eddy Simulation (DES) [84] was used for the channel flow and obtained a 

fairly accurate result [6]. In Nikitin’s approach [6], the model evaluates local wall distance with 

filter size to decide whether the LES Subgrid-Scale (SGS) viscosity [85] or RANS turbulent 

viscosity (S-A model [86]) is used. The Reynolds dependency of computation cost becomes 

logarithmic as a result of this simulation. However, it has a significant disadvantage in that 

switching from RANS to LES mode inside attached boundary layers is completely related to the 

grid. After a near-wall grid refinement, the turbulent length scale from the RANS model can be 

bigger than the grid length scale, resulting in a “grid-induced separation” and reduced turbulent 
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viscosity. Menter et al. [87] proposed a blending function to shield the boundary layer. Spalart et 

al. [7] alternated the DES length scale to include a flow-dependent shielding function that 

preserves the RANS length scale in the attached boundary layer area regardless of local grid 

refinement, resulting in the so-called Delayed Detached Eddy Simulation (DDES). Travin et al. 

[88] provided additional functions to avoid early separation in the DDES. Shur et al. [8] further 

developed Improved Delayed Detached Simulation (IDDES) to ensure that wall-modeled LES is 

activated only when the inflow circumstances include resolved turbulent content and the grid is 

fine enough to resolve the greatest energy-containing boundary layer eddies. 

Zonal 

Other hybrid approaches include zonal, which computes a portion of the domain using 

RANS while solving the remainder using LES. Davidson et al. [3] introduced this “zonal” hybrid 

technique by coupling RANS in 0 60y   with a k   turbulence model with a one-equation 

sgsk  model in the outer LES. The matching plane of this hybrid approach was chosen by the authors 

to be a pre-selected grid plane inside the log area. Similar hybrid approaches with distinct 

turbulence models were also developed by Baurle et al [89], Schluter et al [90], and Temmerman 

et al [4], and this hybrid concept made significant development in 2005. 

Since RANS lacks turbulent fluctuations, treating the interface is crucial for zonal 

approaches. To address this issue, consider damping the modeled stresses [91], adding backscatter 

[92], and numerical smoothing [93]. 

Another issue is the “Log-Layer Mismatch” (LLM), which is caused by a matching plane 

and results in erroneous changes in the mean velocity profile in the near-wall RANS area when 
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coupling to the LES solution [94]. According to [95], the modeled wall-shear stress might differ 

from the actual one by approximately 15%. Efforts are being made to overcome this LLM, such 

as adding extra feedback forcing to yield accurate flow statistics [96] and tailoring the blending 

function between the RANS and LES eddy-viscosities [97].  

 The seamless hybrid technology means that the previously explicit specified interface is 

dynamically decided, allowing for a smooth transition from RANS to LES. In homogeneous flows, 

such a technique may be considered as an LES with a cutoff wavenumber that is constantly 

decreasing to zero. Fadai-Ghotbi et al. [5] created a seamless hybrid model based on transport 

equations for the subgrid stresses, employing the elliptic-blending method to account for the 

nonlocal kinematic blocking effect of the wall. Jakirlic et al. [98] introduced a general dissipation 

rate expression based on an analytically formulated energy spectrum to adopt both large and small 

eddy ranges and suppressed turbulence intensity towards the subgrid level in the region where 

large coherent structures exist, allowing a smooth transition from LES to RANS. 

2.2.3 Other approaches 

Aside from the "physics-based" approaches described above, in which governing equations 

are effectively averaged as RANS-like at near-wall cells, there are other approaches, such as using 

control-based strategies to produce a given target velocity profile for a desired wall-parallel shear 

stresses [10] and applying neural networks that use data-driven approaches [9]. 

Bae et al. [12] and Bose et al. [11] proposed a dynamic slip wall model concerning the fact 

that the second-order approximation of the boundary condition, i
i iw

w

u
u l

n





, degrades as the 
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filter size increases. The authors assumed a downstream slip length, il  , that varied with wall-

normal distance. This slip length, as well as the velocities, must be modeled. In their study, the 

slip boundary condition for a plane channel flow was supposed to be 

 i
i i iw

w

u
u l v

n


 


  (2.23) 

Krank et al [13][99] recently published a wall model using function enrichment that allows 

for the resolution of the sharp boundary layer gradients present in high-Reynolds-number flows as 

well as the consideration of significant adverse pressure gradients and convective effects. Their 

approach was based on the extended finite element method, with the discrete velocity represented 

as a conventional polynomial component, hu , and an additional enrichment component, hu . 
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where 
u

BN  denotes shape functions and only a subset of nodes near the wall 
u u

enrN N  is 

enriched. The variable  hr x  is a ramp function referred to [100], and  ,t x  is an enrichment 

function established as an empirical single analytic function for the law-of-the-wall: 

  
2 3 4

, 1
2! 3! 4!

B

wy y e e    
 



   
       

 
  (2.25) 

where the definition of the wall coordinate is wy
y



 

  , 0.41  , 5.17B  , and u




  . 

As a summary of this section, various wall models are introduced. The majority of the 

above models were created to replicate near-wall characteristics by either calculating averaged 
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wall shear stress or solving RANS-like near-wall equations. Only a few of them take into 

consideration near-wall fluctuation features, i.e. rolling structures cause momentum transportation. 

An overview of a self-sustaining mechanism and numerical simulation approaches are given in the 

next subsection. 

2.3 Self-sustaining mechanism 

Turbulence in wall-bounded flows is governed by a dynamic balance of turbulence energy 

production and dissipation. Kim et al. [101] believed a sequence of events that streaks lift, oscillate, 

and break down is the essence of turbulence production. Refer to Figure 6, in which streaks are 

generated by streamwise rolls that redistribute the mean shear. Mathematically, substituting a 

perturbed shear flow ( ) ( , , ), ( , ), ( , )u y u y z t v y z w y z   
   in the x-component of the N-S equation 

yields 
dU

u v
t dy


  


, which confirms that u  grows in this shear flow with initial disturbance v . 

On the other hand, streaks and rolls decay viscously. Therefore, there must be a mechanism to 

compensate for dissipation and sustain the balance of turbulence energy.  Such a mechanism to 

maintain a turbulent flow in the near-wall region is named a self-sustaining mechanism. 

Understanding this self-sustaining mechanism in wall-bounded turbulence is one of the 

fundamental problems. Hwang and Bengana [102] used over-damped LES to simulate the 

interaction of isolated eddies. Their numerical results numerically confirmed the streak-roll 

interaction inside the self-sustaining process, which was concluded as (a) the streak is significantly 

amplified by the streamwise vortical structures via the lift-up effect; (b) the amplified streak, 
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subsequently, experiences rapid meandering motion along the streamwise direction, and (c) the 

meandering streaks breakdown with the regeneration of new streamwise vortical structures. 

Different approaches have been applied to investigate this mechanism, including stability 

analysis, DNS data interrogation, and model studies. Since the 1990s, numerous models were 

suggesting simulating this self-sustaining mechanism. 

2.3.1 Existing approaches 

Waleffe proposed the self-sustaining process (SSP) model [19], in which the streamwise 

rolls generate streaks and can be reenergized from the non-linear feedback of the inflectional 

instability in the spanwise velocity of streaks. Refer to the next section for a detailed review. This 

model was derived based on Couette flow but shared the same principle with other wall-bounded 

cases. Duriez [26] experimentally demonstrated the SSP that Waleffe proposed in a flat-plate case. 

The work used vortex generators to create rolls and presented the existence of a mechanism above 

certain Re, based on the growth of the energy of streaks and spanwise velocity perturbations. 

Schoppa and Hussain [22] presented an alternated mechanism for the generation of rolls 

from linear streak transient growth (STG). Compared to the non-linear feedback from instability, 

the STG mechanism is more energetic and operates more frequently for numerous, weaker, 

normal-mode-stable streaks. 

Farrell and Ioannou [23] constructed an approach, named as roll/streak growth process 

(RGP), in which streaks produce Reynolds stresses that coherently force the associated streamwise 

rolls. The stochastic structural stability theory (SSST) was applied to reveal a robust interaction 
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between the streamwise roll and streak structures. Equations of the SSST system for the 

streamwise roll and streak dynamics: 

     2Tk
k k k k k k

d
f

dt
  

C
A U C C A U Q   (2.26) 

    Re RS k

k

d

dt
 

Γ
G Γ L C   (2.27) 

Here (2.26) is the time-dependent Lyapunov equation. The operator on velocities U  is 

written as a matrix kA and kC  represents perturbation covariance, ˆ ˆ T

k k kC , where 
ˆ

ˆ
ˆ

k

k

k

v



 
  
 

, 

with Fourier expansion of the perturbation fields (vertical velocity and vorticity) in x: 

ˆ ( , , ) ikx

k

k

v v y z t e , ˆ ( , , ) ikx

k

k

y z t e  . The last term, 
2

k kf Q , represents the stochastic forcing 

that consists of an amplitude scalar and a covariance of matrix determined from the spatial 

correlation of the forcing. The equation (2.27) includes 
 

  
 

U
Γ

Ψ
 that represents the momentum of 

mean flow where is a stream function. Refer to [23] for detailed expressions of other matrices. 

For the self-sustaining state 0f  , the SSST dynamics reduce to a nonlinear interaction 

between the first Lyapunov vector for each k  and the streamwise-averaged flow, governed by 
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  (2.28) 

Further study reveals that the instantaneous growth rate of perturbation energy can be 

partitioned into contributions from orthogonal growing and decaying subspaces determined from 
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eigenvalues of the Hermitian matrix 
T

k k D A A . A neutral perturbation state is obtained by 

maintaining an equilibrium of time-averaged projections in both growing and decaying directions. 

In conclusion in this state, the streak grows by organizing the perturbation Reynolds stress to drive 

its associated streamwise roll while the perturbations are sustained by the parametric growth 

mechanism associated with the time dependence of the streak. 

All the above approaches shared the consensus that streaks are maintained by streamwise 

rolls through the lift-up mechanism [24] and that streamwise rolls move low-speed fluid away 

from the wall and reduce relative streamwise velocity to generate spanwise fluctuation which 

forms streaks. However, the restricted nonlinear (RNL) approach [25], in another way, constructed 

a two-way interaction between the mean flow and the perturbation. This model was derived 

directly from the N-S equations, adopts the SSST, and retains only the streamwise mean-

perturbation nonlinearities to achieve computational tractability. The RNL model is written as a 

system of (2.29)-(2.31) 

 
1

t P
R

        U U U U u u   (2.29) 

 
1

t p
R

          u U u u U u e   (2.30) 

 0, 0   U u   (2.31) 

The equation (2.29) describes that the dynamics of a streamwise mean flow are driven by 

the divergence of streamwise averaged Reynolds stresses. Meanwhile, the equation (2.30) 

accounts for the interaction between streamwise perturbations and the mean flow. This interaction 

can be further linearized to yield  t
  u A U u e , where e  represents a stochastic excitation. 

Comparisons between the results from both RNL and DNS demonstrated a good agreement in the 
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mean velocity fields and the time-averaged central component of the Reynolds stress. Also, the 

feedback from the mean flow to the perturbations that produce streaks was similar to those 

observed in the DNS results. 

In this report, the SSP model is selected due to consideration of (1) efficiency, the SSP is 

governed by a set of low order ordinary differential equations (ODE); (2) reasonability, the 

phenomenon has been experimentally demonstrated in [26]; and (3) innovation, the SSP model 

was derived by projecting the N-S equations on an appropriate set of orthogonal modes. The 

following section provides a detailed review of this model. 

2.3.2 Details of the SSP model 

The model was proposed by Waleffe [19][103][21], based on an assumption that 

streamwise rolls generate streaks, and the span-wise inflectional instability of streaks with the 

determined amplitude of neutral modes contributes to the feedback of rolls. Therefore, the model 

simplified the self-sustaining mechanism to the cycle that “steady rolls lead to steady streaks that 

lead to a neutral mode that feedbacks steady rolls” [19]. In this model, the rolls are assumed as a 

key component in the entire domain to produce streaks, even though in certain situations [32][31] 

the streaks do exist in the physical flow without rolls. 

Waleffe described the lowest-order truncation for the x-independent flow, 
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u , which consists of 3 components written in (2.32) 
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  (2.32) 

where amplitudes of mean shear, streaks, and rolls are denoted as M , U , and V as 

functions of time. The streaks without truncation are      
0

, cosn

n

u y z U y n z




 , which is 

induced by rolls 
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that satisfy the continuity. Here variables   and 

  are wave numbers. The lowest-order truncation for the streak instability mode (x-dependent 

velocity perturbations in v  and w components) consists of an additional 5 components (see 

equation (9) in [19]).  

The author substituted velocities ((2.32) and equation (9) in [19]) in the N-S equation (2.33) 

which is driven in the x-direction by    sinF y F y  , then, projected onto 8 modes (Galerkin 

projection) 
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By further reduction of the instability mode, the final low-order system is simplified as  
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34 

 

where the amplitude of instability is  W t , R is a Reynolds number,  and  are model 

coefficients defined by wave numbers, refer to [19] for details. 

In the above system (2.34), the mean shear, M , is designed to be in the range 0 1M   

for stability reasons, and its magnitude is maintained by both the forcing term  
2

R

m and the 

feedback of instability, W . The system can be sustained only when 0V   and 0UV   since the 

streaks get energy transferred from the mean via the term uMV and uUV . Finally, the 

instability gives rise to W  via the wUW term and sustains the rolls throughout the 
2

vW  term.  
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Chapter 3 Rolls and wall shear stress 

This chapter establishes two statistical relationships: (1) magnitude relations of rolls and 

fluctuating wall shear stress, and (2) correlation of rolls and local gradient of total pressure under 

various grid resolution conditions. They contribute to the later wall modeling to control the 

amplitude and frequency of fluctuating wall shear stress. Both relationships are fitted from rolling 

samples that I extracted by using a bounding box search process throughout The DNS channel 

flow field data [104]. Additionally, the formation of a near-wall rolling structure was traced to 

show how rolls affect fluctuating wall shear stress. 

Fluctuation characteristics are influenced by rolling effects, which can be smoothed out on 

a coarse grid. To capture this effect regardless of mesh resolution, a connection between core 

vorticities and fluctuation magnitudes has been established through data analysis. Further 

investigation has revealed a correlation between core vorticity and gradients of total pressure, 

which might be interpreted as an indication of the presence of a local rolling structure. 

3.1 Wall shear stress and Filtering effects 

This section begins by presenting and comparing the performance of fluctuating wall shear 

stress under different filtering meshes. Then, established that a reasonably fine near-wall mesh in 

both wall-normal and parallel directions is essential to resolve streaks and wall shear stress. The 

subsequent section provides more observations on how a single rolling structure impacts 

fluctuations. 
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The DNS field data utilized in this thesis was downloaded from the Johns Hopkins 

Turbulence Database [104], which contains information on a fully developed turbulent channel 

flow at Re 1,000  . Specifying a near-wall rectangular region, filling it with a structural fine 

mesh, 2ix   or 0.002ix  , and getting velocities from the database at each mesh point. The 

wall shear stress is calculated from the velocities mentioned above using the formula (3.1) 

 
 1// / / / /
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dy y y
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 
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where / /u  is the velocity component in a wall parallel projection. The derivative / /du

dy
 at a wall is 

approximated by using a first-order bias finite difference approximation. The subscription 1j    

denotes values at the first grid point off the wall. According to the non-slip condition, 0wu   . 

This finite difference should be accurate in the linear inner boundary layer ( 8d   ). 

In Figure 7, the left plot (resolution 2x2) displays distributions of wall shear stress in 

magnitude from the DNS data, whereas the right plot is a filtered result. The expression of such a 

filtering process is written as  
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
               

(3.2) 

The above 2D box filter is applied repeatedly to existing wall shear stress, beginning with the DNS 

one (Figure 7 left), to build a succession of filtered distributions at various resolutions (e.g. 4x4, 

8x8, …, 128x128). For clarity, Figure 7 only shows the distribution at 64x64 resolution. 
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Figure 7: (Left) Distribution of wall shear stress from the lower surface of the DNS channel flow 

[104], @ t=10.0s; (Right) Filtered result with a mesh of 64x64 in plus units 

Figure 7 shows two distributions with the same contour scale. The lower-resolution one lacks some 

streak details. 

The fluctuation characteristics change, see the PDF of wall shear stress as shown in Figure 

8 (Left). Fine resolution curves show a skewed (non-symmetric) distribution about neither the 

mean nor its peak, with the largest potential wall shear stress value being less than the mean (gray 

dash). However, filtering shifts the highest probability value to the mean and reshapes the profile 

to become symmetric. The right plot in Figure 8 depicts the changes in maximum, minimum, and 

mean values resulting from such filtering. Both the maximum and minimum values converge to 

the mean, and the mean value remains constant. 
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Figure 8: (left) PDF of wall shear stresses from different filtering sizes; (right) mean and extreme 

value changes along resolution. 

To summarize, applying a 2D filter in the wall-parallel directions alters the shape of the 

PDF and the extreme values of wall shear stress, but it does not affect the mean value. In contrast, 

filtering velocities in all dimensions results in a compromised approximation of the mean wall 

shear stress. This is because the finite difference approximation / /u

y




 underestimates the 

derivative in such a large wall normal distance condition. As shown in Figure 9, the mean value 

of the black curve decreases as resolution decreases (larger grid spacing). Meanwhile, the PDF’s 

form narrows and sharpens, and its central position shifts towards the bottom left.  
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Figure 9: (left) PDF of wall shear stresses from different filtering sizes; (right) mean and extreme 

value changes along resolution. 

To summarize the previous studies, filtering in the wall-normal direction underpredicts the 

mean value of wall shear stress. this inaccuracy can be as much as 50% if the filter size is greater 

than 16, due to finite difference approximation. On the other hand, wall parallel-direction filtering 

does not affect the mean, but it reduces the magnitude of wall shear stress perturbations and 

redistributes the PDF to make it more symmetrical in its mean value. 

 Further exploration is conducted to examine near-wall vertical rolling structures as a direct 

cause of fluctuating wall shear stress.  

3.2 Near-wall rolling structures 

In this section, rolling structures from the DNS near-wall field will be studied to provide 

statistical recommendations for the proposed wall model. The observation of an individual rolling 
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structure is provided initially for an intuitive summary. Following this finding, changes in rolling 

structural variables are traced to uncover possible relationships. Second, a significant amount of 

information retrieved from diverse rolling structures that were extracted from a DNS field confirms 

the relationships of rolls to fluctuations and rolls to total pressure gradients. These relations are 

used to construct the wall model in the next chapter. Finally, a brief overview of a method for 

extracting data and executing the aforementioned analysis is provided. 

3.2.1 Overview of a single rolling structure 

This example rolling structure is downloaded from a DNS channel flow (, raw field data 

from the Johns Hopkins Turbulence Database [104]). It is located within the coordinate range of 

0.6 0.2x    , 1 0.8y    , 0.26 0.14z    , and has a lifespan summarized in several time 

frames:  9.8 , 9.9 , ,10.7t s s s . 

Vortical structures, such as streamwise rolls, are usually generated near the wall. Rolling 

structure strength increases as it moves downstream until it is lifted far away from the wall. These 

rolls assist in the exchange of lower low-speed fluid for higher (away from a wall) high-speed 

fluid, causing a fluctuation in wall shear stress. Figure 10 shows a typical roll lifetime as well as 

wall shear stresses. The flow of data from the DNS channel [104]. Both vorticity iso-contours 

(black spatial iso-surfaces) and wall shear stresses are displayed. A roll is formed near a wall by 

perturbations (fragments of the previous vortex) according to the time frames “9.8s” and “9.9s”. 

Then, its core vorticity increases as its internal second layer of iso-surface appears and the 

difference in wall shear stress becomes more apparent in the period “10.0s”. The rolling structure’s 

length and the area of generated wall shear continue to grow until the frame “10.1s”. Finally, the 
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vorticity and generated disturbance of the rolling structure diminish as it is gradually raised away 

from the wall. 

 

Figure 10: Development of a rolling structure, in the above-mentioned DNS [104] velocity field 

Figure 11 displays a detailed view of a single frame at “Time=10”. The left plot illustrates 

a roll and its resulting fluctuating wall shear stress. The right two figures show the total pressure 

distribution and the derivative of total pressure wrt. the spanwise ‘z’ on the vertical cutting plane, 

corresponding to the left plot. The roll coincides with the maximum derivative of total pressure, 

according to velocity vectors. 

Figure 12 presents a similar view at the time frame of “10.4s”, where the roll is observed 

to be diminishing. As the rolling structure travels upward, regions with high total pressure 



42 

 

derivatives move away from the wall, resulting in a more uniform and smoother distribution of 

total pressure across the spanwise direction, as seen in Figure 11. 

 

Figure 11: (left) Rolls and induced perturbation of total wall shear stress on the left, total 

pressure, and a derivative of total pressure wrt. z on the vertical cutting plane on the center and 

right. Time frame 10.0s, rendered from the above-mentioned DNS field, from [104] 

 

Figure 12: Weakening rolls and produced perturbations in comparison to Figure 11, Time frame= 

10.4s, rendered from the above-mentioned DNS [104] field 
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The qualitative comparison between Figure 10 and Figure 12 above illustrates changes in 

stress fluctuation under rolling structures. Furthermore, the following variables will be used to 

statistically assess the relationships between rolls and fluctuation amplitudes: 

 The highest magnitude of core vorticity, denoted by max , is extracted from a local 

rolling structure to quantify its strength, with the absolute value operator used to 

eliminate the roll direction. The distance from the core vorticity location to the nearest 

wall is represented by d . 

 The magnitude of the fluctuating wall shear stress, denoted by shear , is assessed as the 

difference between the maximum and minimum wall shear stress beneath the rolling 

structure.  

 The directional derivatives of the local total pressure are monitored, but only the 

maximum value wrt. ‘z’ spanwise component, demoted as 0max
dp

dz

 
 
 

, or 0zp  for 

simplicity, is measured. It has a wall distance of 
0p zd . 

I manually extract the above variables’ values from Figure 10 frames and show their changes 

during a typical rolling structure lifespan, as shown in Figure 13. The blue curve in Figure 13’s 

left plot exhibits a constant peak value of 0dp

dz
accompanied by a roll, and both wall distances are 

typically increasing. Additionally, both values of max and shear  are seen to respond similarly to 

changes in the strength of the rolling structure. 
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Figure 13: Tracing variable value changes across a normal roll’s lifespan  

As a result of the above observations: 

1. shear is proportional to max ; 

2. The occurrence of a rolling structure is accompanied by an extreme value of the spanwise 

derivative of total pressure, and both the wall distances of the rolling structure and the 

extreme value are increasing. 

3.2.2 Data Analysis of rolling structures 

This subsection establishes two statistical relationships that will be used for wall modeling 

in the next chapter. These relationships are derived from 10,173 samples of vortical structures 

taken from the field data of the DNS channel flow [104] via a bounding box approach. The first 

one relates the magnitude of core vorticities and induced fluctuating wall shear stress. The second 
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one correlates the core vorticities between mesh resolution and gradients of total pressure. Details 

of the bounding box approach are followed at the end. 

A wider range of DNS channel flow data downloaded from [104] has been used for analysis 

in this subsection. The range is within 2 6x  , 1 0.8y    , 1 3z  , and the time frames 

cover 8.7 , ,15.4t s s . 

 

Figure 14: A sketch of the near-wall rolling structure and several variables 

Typical near-wall rolls and associated variables are sketched in Figure 14. Figure 15 

displays pairs of max shear   from the sampled vortical structures mentioned earlier and 

Expression (3.3) is derived by fitting such data points in Figure 15. 
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Figure 15: Curve fitting by using pairs of 
maxshear     from 10,173 samples of vertical 

structures 

(1) The proportional relationship between shear  and 
max   

 
2

max 0.004035 0.3034 0.3551shear shear        (3.3) 

This fitting has a coefficient of determination, or 
2R , value 0.4067, evaluated by 

 

 

2

1

2

1

ˆ
n

i

i

n

i

i

y y

y y












, where iy , ˆ

iy , and y  represent data, predictor from fitting, and average values, 

respectively. Generally, this coefficient indicates the goodness of fitting. In this fitting model, 

40.67% of the variation in the 
max values is accounted for by the shear values. However, without 

understanding the physics of data, the resulting coefficient is meaningless. 
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irregular and chaotic motions of flow characterization in turbulent flow leads to 

fluctuations in variables. These fluctuations can significantly affect the behavior of rolling 

structures, making it difficult to analyze using conventional regression models. To mitigate the 

impact of these fluctuations, averaging techniques can be used. In my study, I grouped pairs of 

data based on the wall distance of core vorticity (in plus units), d , and calculated the average 

performance within each group to obtain a representative measure of the rolling structure. Figure 

16 illustrates two sample groups of core vorticity wall distance in layers:  0 10d   and 

40 50d  . Although the sample dots in each group are widely spread, it is highly likely that 

lower rolling structures show stronger core vorticity and can induce greater fluctuations in wall 

shear stress. 
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Figure 16: Groups of sample points based on core vorticity wall distance: 0 10d  in 

red, and 40 50d  in dark green. Averaged performance in bold dots 

Figure 17 provides PDFs and averaged performance of each group in both shear  and 
max . These 

profiles confirm that (1) with the increasing wall distance of core vorticity, its magnitude and the 

influence on wall shear stress are decreasing;  (2) the high probability performance of rolling 

structures agrees with mean values in each group. 
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Figure 17: PDFs of shear and 
max for each group based on wall distance of core vorticity 

Therefore, redrawing Figure 15 to include averaged performance dots from each group gives 

Figure 18. These averaged dots are well-present rolling structures that have been smoothed to 

remove turbulent oscillations, and they exhibit a higher coefficient of determination value 

compared to blue dots, (
2 0.7975R  ). Finally, both the polyline and fitted curve show that a 

stronger rolling structure with higher core vorticity leads to larger fluctuations in wall shear 

stresses. This statistical result is valid at least within a range of 5 50d 

  .  
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Figure 18: Averaged performance of rolling structures (in black dots) with the fitted curve from 

samples 

(2) The extreme 0dp

dz
coincides with the rolling structures 

Similarly, expression (3.4) concludes the relationship between max and 0max
dp

dz

 
 
 

, or 

max 0zp   

 
2

0 max max1.058 6.041 2.647zp         (3.4) 
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Figure 19: data of  max 0max dp dz   

 

Figure 20: data of  max 0max dp dz   

 

In Figure 20, the fitted solid red curve is accompanied by black dots from grouped averaging of 

blue samples that have flipped all negative 0dp

dz
 points from  Figure 19, which shows two opposed 

sets of original 0dp

dz
 that are almost symmetric about the horizontal axis. 

 

(3) A brief of the bounding box searching procedure 

This section provides a brief of this technique to analyze the DNS data, including the 

extraction of rolling structures from DNS field data, parameters selection, and subsequent 

validation steps. For simplicity, there are limited 15 sequential time frames from 10.0t s to 
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10.5t s  within a  small range of 0 2x  , 1 0.8x    , and 0 1x  , but it is enough to 

calibrate the bounding box procedure for extracting valid sample rolls. 

The primary task behind bounding box searching is to locate the peak of vorticity and 

subsequently establish a correlation with the nearest fluctuating variables, such as wall shear stress 

or total pressure gradient, to determine whether it qualifies as a potential sample of a vortical 

structure. Assuming that the near-wall region is characterized by a dense forest of rolling structures, 

with each roll ongoing close to the wall and showing a core vorticity that follows an increasing-

then-decreasing pattern, it is expected that there would be lots of local maxima of vorticity. To 

capture as much of such local maxima vorticity, a global search needs to be performed in as many 

subranges of its solution domain. 

To effectively capture numerous local vorticity maxima, a global search should be 

conducted across multiple subranges of the field. However, later on, the physical distance between 

the core vorticity and another fluctuating variable, such as the maximum wall shear stress on a 

wall, imposes a limitation on how small this subrange can be. Therefore, picking the right size for 

the bounding box can be quite challenging. If the box is too small, it may generate false sample 

pairs that fail to accurately capture the rolling-induced features. Conversely, if the box is too large, 

it may miss relevant samples or, even worse, capture pairs not belonging to a single roll but rather 

span across multiple rolling structures. 

This thesis tried different sizes of bounding boxes in numerical tests. Figure 21 collects 

outcome pairs of maxshear   . The subtitle of each figure indicates box sizes in x and z

directions, to save computational cost, boxes have a constant height 200y   across the wall. In 
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Figure 21, the result from the top left corner shows that 3,575 pairs were detected, with the majority 

of them crowded in the lower left corner of the coordinates. This clustering could be attributed to 

small bounding boxes that captured numerous growing rolls with weak vorticity and minor 

influence from fluctuating wall shear stress. Therefore, the curve fitting based on these pairs 

resulted in a lower coefficient of dominance. On the other hand, using larger bounding boxes led 

to significantly fewer samples. These samples contained high-fidelity pairs, resulting in the highest 

coefficient of dominance for the fitted curve. However, the larger boxes overwhelmed small 

internal rolls, leading to samples that only represented large rolling features. This can adversely 

impact the accuracy of the fitted curve. 

 

Figure 21: Search results by using variable sizes of bounding boxes 
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Upon overlaying six fitted curves onto a single plot, Figure 22 is obtained. Notably, the 

curves corresponding to box sizes 160x40 and 240x60 exhibit close alignment, indicating that 

varying box sizes within this range have minimal impact on the fitting outcome. Considering that 

the former box size (160x40) extracts a larger number of samples, which is beneficial for 

subsequent layer averaging, this thesis chose to utilize the bounding box with dimensions of 

160x40. 

 

Figure 22: Comparison of fitted curves from different sizes of search boxes 
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3.3 Mesh size effects 

This section investigates grid resolution impacts on the above relationship of max  and 

 0max dp dz , or denoted as 0,zp , and observes changes 0,zp  as a function of max , and mesh 

size, d . The DNS field data has a mesh resolution of 2x2x2, and this solution will be filtered step 

by step to generate solutions on meshes of 4x4x4, 8x8x8, …, 64x64x64. Finally, the relationship 

from 0,zp to max  and d  will be used to determine whether allocating fluctuations by considering 

local grid resolution and core vorticity. Figure 23 provides point clouds and fitted curves in various 

colors that indicate the results from different meshes. Despite the decrease in determination values 

on coarser resolutions, the fitted curves still show a similar direction of slope and trends of 

movement. Further considering turbulence effects and the fact that the (blue) DNS curve passes 

through its point cloud to symmetrically split points into both sides, the other curves exhibit this 

similar feature. This indicates that the fitted curves are reasonable. 
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Figure 23: max 0,zp  relations under different resolution grid sets  

Table 1 lists expressions for such curves in up to second-order polynomial form. 

 

Resolutions Fitted curves 

2 x 2 x 2 
2

0, max max1.058 6.041 2.647zp      
 

4 x 4 x 4 
2

0, max max1.552 6.326 2.16zp      
 

8 x 8 x 8 
2

0, max max2.49 6.325 1.627zp      
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16 x 16 x 16 
2

0, max max0.8586 3.368 1.398zp      
 

32 x 32 
2

0, max max3.557 3.632 0.6344zp      
 

64 x 64 0, max1.95 0.3601zp   
 

Table 1: formulas for fitted curves under different mesh resolutions 

When grid resolution, represented by a cell height, d , is introduced, the z-directional component 

of the gradient of total pressure becomes a function of two parameters, max  and d . The previous 

curves create a surface  0, max ,zp d , as seen in Figure 24’s left plotting. A further uniform of 

max  provides  0, ,zp d , and its expression refers to the surface on the right of Figure 24, and 

its expression corresponds to the surface on the right of Figure 24. 

  
2 2

0, max max max max, 2.497 6.771 0.07342 1.163 0.2039 0.0007084zp d d d d                  (3.5) 

   2 2

0, , 5.225 4.103 0.2872 0.638 0.06696 0.003424zp d d d d             (3.6) 
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Figure 24: the statistical surface of  0, max ,zp d and  0, ,zp d , providing a threshold value of 

the gradient of total pressure, above which fluctuating wall shear stresses have been applied. 

3.4 Summary 

This chapter focused on the near-wall rolls and the associated fluctuating wall shear stress. 

Based on a typical rolling lifespan observation, a variable relationship was presented between 

rolling core vorticity and the magnitudes of wall shear stress fluctuations. This relationship was 

fitted using cloud points, where each point represents a roll and fluctuating pair extracted from the 

DNS fields. Similarly, a curve was fitted for core vorticity against the gradient of total pressure. 

To make this curve more useful in the case of a coarse mesh, the grid size was added as a second 

dimension/parameter, enabling the extension of the curve to a surface. 

In addition, this chapter presented a demonstration of how the amplitude and probability 

density function (PDF) of the fluctuating wall shear stress varies with filtering/grid size. The 

effects of changing grid sizes in the spanwise and wall-normal directions were also discussed. In 
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summary, the wall-parallel resolution primarily affects fluctuation characteristics, while the mean 

value of wall shear stress in the wall-normal dimension is significantly impacted by the grid size. 

To develop a more comprehensive wall model, data analysis was conducted on DNS fields 

to extract samples of rolling, fluctuation, and gradient information for a curve-fitting process. This 

process established correlations between these variables, which will aid in the construction of the 

wall model. 
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Chapter 4 Formulation 

 The magnitude of wall shear stress can be decomposed into averaging and fluctuating 

components 

 w w w       (4.1) 

This chapter focuses on modeling the latter fluctuating one. The primary aim is to present 

the idea of rolls as a cause of fluctuations and to establish a model for them. The following chapter 

begins by evaluating rolling magnitudes of rolls using LES field flow information and the SSP 

procedure. It then discusses the translation of the roll amplitude to the magnitude of fluctuating 

wall shear stress, which will be incorporated into the LES boundary conditions. This chapter 

provides a comprehensive overview of each step involved in this process, which is discussed in 

more detail in the subsequent sections. 

4.1 Simulation amplitude of near-wall rolls 

In general, resolving vortices in near-wall flows is challenging due to the difficulty in 

meeting both the minimum requirements of mesh points (3 to 5 points) and moderate aspect ratios 

(<5) in each dimension. This is especially true for coarse meshed practical near-wall flows, where 

it's not feasible to strictly enforce these conditions. To address this challenge, this section proposes 

a cost-effective technique that evaluates local rolls in wall-neighboring cells. This approach is less 

sensitive to the aspect ratio stretch and offers a practical solution to resolving vortices in near-wall 

flows with coarse meshes. 
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The SSP model is utilized in each cell adjacent to a wall. Four real-value time-dependent 

variables, namely the amplitudes of mean shear ( M ), streak (U ), roll (V ), and instability (W ), 

are denoted as  , , ,
T

M U V WM . The rolling flow is described as 011V  , where the mode of a 

roll is 

    

   
011

0

cos ' cos '

sin ' sin '

y z

y z

  

  

 
 

   
 
 

  (4.2) 

The coordinates 'y and 'z  are defined in a parameter domain ranging from -1 to 1, while   and 

  represent the wave numbers. The plot for these rolls is shown in Figure 25. Further details on 

the remaining modes can be found in expressions (8) and (9) in reference [19]. 

Each iteration of the LES is denoted as a superscript t  at each time. The amplitude of mean 

shear is updated using a local ratio of velocities from the LES field, denoted by 

 
1

t

t

t

v
M

v
   (4.3) 

Subscription 1 represents the near-wall value and the   represents the outer reference stream flow. 

The amplitudes of streak, roll, and instability remain unchanged from the previous stage. 

To update the variables, an explicit forward Euler approach is employed 

 

1

1
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M M   (4.4) 
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The time derivative is evaluated using an explicit SSP system (4.5). The appendix of the paper [19] 

provides a detailed expression of the coefficients used in this system. The wavenumber is set to

1.155, 2,       , and the parameter 
1v d

R


 , where the wall distance 12d d  is 

twice the distance from the cell center to the wall. 
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 

  (4.5) 

4.2 Modeling the fluctuations 

This section deals with simulating fluctuations through the use of amplitude and wave 

motion. The focus is on transforming roll amplitude into fluctuating wall shear stress and modeling 

the motion using the PDF obtained from DNS data. Three main topics are discussed. Firstly, the 

use of core vorticity as an indicator and its relationship with rolling strength is explored. Next, a 

relationship between this vorticity and fluctuating wall shear stress is established. Lastly, a 

methodology for spreading this fluctuation to local wall patches is presented. 

4.2.1 Core vorticity 

In the previously modeled rolls (4.2), the core vorticity value is obtained when 

1
2

' 0, 'y z   : 
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V y z

y z
   

 
     

 
  (4.6) 

The sign of the core vorticity depends on the direction of the roll. It can be either positive or 

negative. The parameter domain is further transformed to the plus units ( or  physical) domain, that 

is  ' 1
2

d
y y  , resulting in 

 

2

max max

2
'

d

 
   

 
  (4.7) 

Two assumptions were made in the previous evaluation: (1) rolls are described by expression (4.2), 

and (2) rolls are independent of the x coordinate. However, the rotation speed distribution may not 

necessarily be a function of the central distance as stated in (4.2), and roll shapes can be altered by 

local stretching and compression. To assess the difference between the model, Figure 25 shows a 

qualitative comparison between true DNS rolls and those generated by the model. This distinction 

might lead to modeling errors. Section  5.1.1 provides more details on the calibration of core 

vorticities using expression (4.6) and (4.7). 

 

Figure 25: vertical slides depict velocity vectors and vorticity distributions for actual examples of 

DNS  near-wall rolling structures (on the left)  and modeled ones (on the right) 
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The use of core vorticities in describing rolls is based on their ability to indicate rolling 

strength and position in a reliable and easily calculated way. As shown in Figure 25, core vorticity 

is generally located at the center of each roll, surrounded by a gradient with a gradually decreasing 

magnitude. The intensity of local rolls is proportional to the levels of core vorticity. 

4.2.2 The magnitude of fluctuating wall shear stress 

Recall the maxshear   relationship’s expression (3.3). A further linearization yields 

 max3.293 1.170shear      (4.8) 

which maps core vortices to magnitudes of fluctuating wall shear stress in the plus units.  

Combining (4.6)(4.7) (4.8) to get the magnitude of fluctuating wall shear stress 

  
2

2 22
3.293 1.170shear V

d
 

 
     

 
  (4.9) 

Notes: This model only takes into account the fluctuations induced by the rolling structures. 

4.2.3 Wave motion 

To assign or reconstruct fluctuations induced by rolling structures, a wave motion is 

required after obtaining the magnitude using the method described above. However, the 

distribution of wall shear stress under rolling structures, as shown in Figure 10 of the DNS flow, 

suggests that this motion should be a complex, multi-variable function. 
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A brief numerical experiment on the PDF of wall shear stress caused by a single roll is 

presented on top of Figure 26. The experiment assumes that a roll, denoted by 011V  , exists in a 

stream boundary layer flow described by the equation (2.3). The magnitude V is set to 3% of the 

free-stream velocity, and its diameter is 40 in plus units. Using the finite difference approach, the 

wall shear stress magnitudes in the domain are evaluated, and the resulting PDF is presented in 

Figure 26. 

The blue curve in Figure 26 represents the PDF obtained from a numerical experiment 

involving only a single roll, which differs from the DNS  PDF shown in the left panel of Figure 9 

(red curve). However, as more rolls of varying sizes are added to the field, the resulting PDF shape 

more closely resembles the DNS curve.  The bottom red PDF curve in Figure 26, generated using 

a set of rolls with diameters ranging from 30 to 60 (in increments of 10), is more realistic and 

reflects the growth of rolling structures in an actual flow and the consideration of a spectrum of 

multi-scale rolls. Thus, this experiment provides strong evidence that near-wall rolling structures 

are the primary factor responsible for the unique characteristics of the PDF, including (1) non-

symmetry about the mean value, (2) peak and skewness to the left of the mean, and (3) the lowest 

shear stress value being significantly closer to the mean than the highest value. 
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Figure 26: Comparison of PDFs resulting from a single rolling structure (top) and multiple rolls 

of different sizes (bottom) 

This thesis further investigates statistical PDFs from the DNS flow, with a focus on 

extracting PDFs of wall shear stress caused by specific groupings of roll sizes. Figure 27 displays 

these PDFs, with the red curve representing the PDF from the original field data (all roll sizes) and 

the others representing the distribution of wall shear stress underneath the specified roll sizes 

obtained using the aforementioned boxing method. To provide more clarity, Figure 28 shows the 

outcomes of the PDF of each specified group of rolls that was subtracted from the original entire 

spectrum PDF. It reveals that larger rolls cause higher fluctuation in both the magnitude of shear  

(horizontal distance from crest to trough) and the impacted region of fluctuation (deep oscillation).  
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The hypothesis that near-wall rolls are the primary cause of fluctuation is supported by 

both statistical and numerical evidence, where the near-wall rolling velocity pattern is related to 

the shear stress distribution on walls. Further studies demonstrate magnitudes relationships, 

correlation, and alterations in PDF of wall shear stress across various sizes of rolls. Therefore, it 

is reasonable to use the PDF profile from the DNS to shape the distribution of wall shear stress in 

the proposed model. 
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Figure 27 PDFs of specified roll sizes 

 

 

Figure 28: Subtracts each group PDF of rolls 

from the original entire spectrum PDF of DNS 

4.2.4 The range of wall shear stress 

 

Figure 29: Sketch of a simplification of mean shear 

The clockwise roll shown in Figure 29 produces an acceleration of the velocity near the 

wall as the roll switches high-speed flow Hv downward towards the wall at the right side B. This, 

in turn, speeds up the local near-wall flow and increases the streamwise component of wall shear 
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stress. Conversely, the wall shear stress on the left side A of the wall decreases. The wall shear 

stress distribution varies monotonically across the spanwise direction, ranging from the upwash 

side to the downwash side. 

Figure 18 illustrates the relationship between statistically-averaged rolling sizes and 

corresponding values of shear , which can be used to determine an appropriate ratio 
1

r

d
. This 

statistical relationship is shown in the left two columns of Table 2 and can be used to calibrate the 

equivalent swapping model.  By enumerating 1r d to obtain identical results from modeled

max( ) min( )w w    to the statistical shear for various wall distances, the final  1r d  ratios are 

listed in the third column of Table 2. The black dots in Figure 30 present the calibrated points 

obtained during the above calibration process. The log-law profile is used to determine the value 

of 1v , Lv  and Hv during the process. 

Statistical data Model data (4.11) 
1r d  

1d , or d  shear   min w    max w     max minw w   

5 2.55 0.316 2.869 2.554 0.521 

15 1.96 0.229 2.189 1.960 0.613 

25 1.70 0.167 1.868 1.701 0.686 

35 1.60 0.128 1.734 1.606 0.741 

45 1.48 0.106 1.590 1.484 0.772 

Table 2: The 1r d values in the 6th column were calibrated by matching the modeled values of 

   max minw w  in the 5th, which were calculated using the model data in the 3rd and 4th 

columns, to the statistical shear values in the 2nd column 
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Figure 30: fitting a curve to the relationship between 1d  and 
1

r

d
 

Figure 30 shows dots representing the ratio as a function of wall distances, 1d , from the 

center of a wall-adjacent cell (where 1d  is equivalent to the roll radius d  within the cell), and 

both a quadratic and linear fitting curve are plotted. The thesis will evaluate this ratio using a 

second-order equation 

 
2

1 1

1

0.00009998 0.0113 0.4666
r

d d
d

      (4.10) 

In the equation (4.11), the maximum range of fluctuation values is expressed as a function 

of both wall distance and the local velocity profile. However, this represents an extreme scenario 

where a roll with a radius r  completely exchanges layers of near-wall flow. In practice, this is 
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unlikely to occur in its entirety but can be considered as a reference range for later shifting shear

from the mean value. 

     1 1

1 1

1 1

min ,max ,
L Hv v

d r d r

w w w w wv vextreme
d d

    
 

 
     

  

  (4.11) 

To adjust for the rolling effects, an asymmetric distribution is proposed in this thesis that 

is proportional to (4.11), as splitting the magnitude shear  equally around the mean value w  is not 

appropriate. A ratio tauR  is defined as the value of below-averaging over above-averaging. 

 
min( )
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w w
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w w

R
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
  (4.12) 

The range of fluctuating wall shear stress will be in (4.13), based on the mean and asymmetric 

ratio of below- to above-averaging defined by tauR  
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      
 

  
  (4.13) 

4.2.5 Assign fluctuations 

The model assumes that wall shear stress increases in the direction from the upwash side 

to the downwash side beneath a rolling structure. As the roll is assumed to occupy a wall cell, the 

wall shear stress within the cell varies monotonically, either increasing or decreasing, along its 

spanwise direction.  
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This thesis proposes a method for mapping the spanwise distribution of each vertex within 

a wall cell onto a segment of the DNS PDF curve to obtain the corresponding wall shear stress. 

The red curve in Figure 27 of the DNS PDF is used as a reference. An analytical expression is 

derived from a third-order piecewise fitting. 
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  (4.14) 

The arc length of the curve can be expressed as a function of wall shear stress,  PDF ws  , by 

numerically integrating sample points from  PDF wp  . This function is then piecewise fitted to 

obtain the arc length expression. 
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  (4.15) 

The inverse of the length function is written as 
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  (4.16) 

Refer to  Figure 31, Figure 32, and Figure 33 for the curves. 
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.  

Figure 31: PDF of wall shear stress 

 

Figure 32: Arc length of the DNS PDF curve 

 

Figure 33: The inverse of arc length 

 

Connecting all wall vertex for each cell by a sequence. This polyline will be mapped to the PDF 

arc curve to calculate the wall shear stress at each vertex. See Figure 34 for a polyline example. 
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Figure 34: Sketch of a wall vertex polyline 

Notes: 

(1) The ordering of nodes attached to the wall is determined based on their coordinates projected 

onto the local spanwise direction 

(2) The polyline begins from the wall-attached nodes on the upwash side to ensure that it aligns 

with the increase of wall shear stress along the path. 

(3) This polyline is stretched and aligned to PDFs through a mapping process, and the 

corresponding nodal values of  w are obtained through the inverse function  1

PDF ws 
. The 

following algorithm outlines the process: 

Step 1: Compute the local spanwise unit vector for a wall patch. 

Step 2: Project all vertices onto the local spanwise vector, and sort them in ascending 

order. These vertices are denoted as 1, , , ,i nN N N     
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Step 3: Connect the vertices in sequence and compute the geometric distance between 

each pair to obtain the path length 1 1i i i is s N N    . Starting with 0 0s  , the total 

path length is total ns s . 

Step 4: Mapping each vertex onto the segment of  PDF ws   between   
minPDF ws   and 

 maxPDF ws  , refer to expression (4.13) for 
maxw  and 

minw .  

Step 5: Obtain the corresponding shear stress values by a substitute ,i PDFs  in  1

PDF ws 
 

to get i . 

In summary, the expression i is written in (4.17), where 
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  (4.17) 

(4) To keep conservation, the above shear stresses on a vertex are shifted by their difference to the 

mean value. The final wall shear stress on the vertex of each wall patch is 

 1
,

ˆ
i

i N
w i i w

N



   

 
   
 
 
 


  (4.18) 
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4.3 Boundary conditions 

4.3.1 Interactions between the LES and the wall model 

This section describes the interaction between the LES and the wall model solution. Figure 

35 provides an example where the LES occupies the entire computational domain, including the 

wall, while the wall model solves for wall shear stress in its wall cell using the current field solution. 

The wall model then feeds the computed wall shear stress back to the LES solver as a boundary 

condition. 

 

Figure 35: Sketch of coupling the wall stress model with the LES 

In Figure 36, the interaction between the wall model and the LES solver is depicted in 

detail. the wall model is run on each wall cell, and the process begins at each time step of the LES 

iteration, where the wall model utilizes LES field solutions but operates independently of the LES 

solver. This independence means that the wall model carries on its data as internal iteration 

solutions of separate group equations (the SSP updates). One of its solutions, the magnitude of 

rolls, is further used to simulate rolling effects. 
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Figure 36: Interactions between the LES and the wall model 

To enhance the accuracy of the final results, the wall model employs relationships derived 

from DNS flow. These relationships may be used to improve the accuracy and ensure the efficiency 

of calculations of the wall shear stress. To simplify the process, the wall model grids are obtained 

from the near-wall layer of the LES mesh. This ensures that the wall model is accurate as a close-

to-the-wall cell can model the near-wall phenomena more precisely.  

In summary, the wall model and LES solver interact through the exchange of boundary 

conditions, with the wall model providing the LES solver with accurate wall shear stress values 

that are used as boundary conditions. This process helps to improve the accuracy of the LES 

simulations and to capture/model the near-wall phenomena more effectively. 
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4.3.2 Remarks 

Suggested near-wall grid height 

This thesis assumes that rolling structures exchange vertical layers of shear flow, leading 

to changes in wall shear stresses. However, the question arises as to under what conditions and in 

which regions this assumption is valid. To address this question, let’s first consider the force 

balance data from Wei, et al [105], which shows a meso viscous/advection balance layer at about

20 100y  . In the inner boundary layer, the normalized mean momentum equation can be 

expressed as follows 

 
2

2

uvU U U
U V

x y y y

  
 

   
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  (4.19) 

The balance between the gradient of viscous stress,  
2

2

U

y








, and the gradient of Reynolds stress, 

uv

y









is equivalent to the mean advection given by the left-hand side of the mean momentum 

equation (4.19). The terms corresponding to the gradient of viscous stress and Reynolds stress 

represent the viscous and Reynolds stresses, respectively, and their ratio  
2

2
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 




 
 

provides information about the local flow characteristics. 

Figure 37, which is taken from Wei, et al [105], illustrates that there is a region within

20 100y   where the alternating effects of viscous or Reynolds stress occur, indicating the 

presence of rolling structures. In addition, there is another region near ~ 50y
 where this sign of 
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this ratio reverses. Curves showing higher Reynolds numbers will lift the rolling structures. 

However, this suggestion is not entirely accurate. At higher Reynolds numbers, the near-wall 

region becomes more turbulent, and the intensity of the turbulent fluctuations increases, which can 

potentially affect the dynamics of the rolling structures. However, it is not necessarily the case that 

higher Reynolds numbers will always lead to lifting the rolling structures. The behavior of the 

rolling structures depends on various factors. 

 

Figure 37: Originally as Figures 1 & 3 in [105], shows the ratio of the gradient of the 

viscous stress to the gradient of the Reynolds stress in different flow conditions. These figures 

demonstrate the existence of regions where the alternating impact of viscous and Reynolds stress 

in a fully developed channel flow DNS [106], a flat-plate turbulent boundary layer DNS [107], 

and experimental data [36] 

These figures suggest that the assumption of rolling structures swapping vertical layers of shear 

flow and causing wall shear stresses to change is valid in certain regions of turbulent boundary 

layers, 30 120y  . The rolling effects can explain the above ratio curve’s flipped sign and 

wavey appearance. This thesis suggests the wall adjacent cell height falls into the above region. 
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Trigger conditions of rolling perturbations 

This thesis supports the view that flow in the outer layer is independent and has an influence 

on what occurs in the inner layer [35]. The outer-region eddies are described as detached freely 

moving structures [108], whereas the inner coherent structure reveals local phenomena [103][109]. 

The relationship between large-scale and small-scale structures from the outer to the near-wall 

region has been the subject of investigation [110] [111] [112]. 

To simulate the rolls inside the grid resolution, this thesis employs total pressure-vorticity 

relations that are extracted from DNS near-wall data. In this relation, the extreme value of vorticity, 

max , serves as an indicator of rolls, and its presence is generally followed by the extreme value 

of the gradient of total pressure in a local field. Figure 20 illustrates this statistical relationship, 

along with Expression (3.4). In general, the induced wall shear stress (4.18) will be applied after a 

local total pressure gradient surpasses a given threshold. 

To clarify, the gradient mentioned in this context is the directional derivative in the 

spanwise direction, which is perpendicular to both the wall-normal and the local streamwise 

directions. In practice, the cross product of the wall-normal vector and a local velocity vector can 

be used to calculate the spanwise direction. Therefore, the gradient of a variable, such as the total 

pressure, in the spanwise direction can be evaluated using this cross-product.  

A given threshold acts as a trigger for the rolling effects to be applied. If the local total 

pressure gradient exceeds this threshold, the rolling effects and the induced wall shear stress are 

applied. This helps to avoid unnecessary computations and improve computational efficiency. A 

ramp function is applied to the threshold values to gradually increase to the desired value. This 
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gradual increase helps to avoid numerical oscillations that can occur when the rolling effects are 

abruptly applied. Once the threshold is reached, the rolling effects are applied by adding the 

induced fluctuations to the mean wall shear stress. 

The local gradient of total pressure is denoted by 0dp , pc is a constant by default as 0.9, 

while the local wall shear stress on each vertex of a wall patch is evaluated by 
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  (4.20) 

A weighted average of the local wall shear stresses evaluated on the neighboring patches that share 

that vertex may be used to avoid discontinuities in the wall shear stress across different wall 

patches and to ensure smoothness in the results. 

4.4 Summary 

This chapter provides the approach to the wall treatment. The process mentioned above 

helps to improve the accuracy of the LES simulations by modeling the near-wall phenomena more 

accurately and effectively.  

An explicit algorithm updates rolling magnitudes using the SSP dynamical equations. This 

approach has the benefit of maintaining rolling information in coarse mesh and is relatively 

independent of spanwise mesh spacing. The process of assigning fluctuations to wall cells using a 

PDF curve considers the influence of rolling in a real case and simulates these effects using a 

simplified model. Calibrations were performed to ensure the model's results are reasonable, and 
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the fluctuating wall shear stress was combined with the mean component and fed back to the LES 

iterations. 
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Chapter 5 Validation and Results 

In this chapter, the implementation and validation results are presented. The model tests 

are conducted in two stages, namely isolated and LES-coupled testing. The isolated testing 

involves tracking variable changes of a single rolling structure from SSP iterations, followed by 

repeating this process for all possible roll sizes to summarize fluctuations curves as a function of 

rolling size. Finally, the obtained curves are compared with statistical data from DNS. 

The second stage, known as LES-coupled tests, starts by analyzing historical force balance 

and residual curves to validate the model that never violates conservations. The model's 

performance is demonstrated by multiple aspects: (1) Tracking changes in fluctuating wall shear 

stress in a single wall cell with intermediate variable values; (2) a comparison test is carried out 

on identical settings, with and without the proposed wall model, and distributions of wall shear 

stress and velocity fields in a vertical spanwise sliding are compared. Quantitative plots of 

averaged velocity profiles and Reynolds stress components are also presented. Improved 

fluctuation performance at near-walls is illustrated. (3) Mesh convergence tests were conducted 

on cubic wall cell meshes with sizes of 60, 75, and 100 in wall units, respectively. The velocity 

distribution, wall shear stress, and averaged Reynolds stress curves all show consistent and stable 

results, indicating that the solution is not significantly affected by changes in the mesh size; (4) 

Model performance on meshes with wider spanwise spacing are presented. 

Finally, this chapter provides a review of model highlights, issues, and potential areas for 

improvement. 
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5.1 Isolated tests of the rolling model 

This section aims to verify the model’s behavior in isolated examples by ensuring that the 

magnitude of fluctuations resulting from a single rolling structure is reasonable under certain mean 

shear inputs. To achieve this, the magnitude of a roll is initialized, and its development along the 

SSP iterations is tracked until it reaches a final "steady state," in which the magnitude of rolls and 

induced fluctuations in wall shear stress are calculated. Convergence history for a typical SSP 

iteration and intermediate magnitudes' outputs are also presented. 

The model assumes that the size of the rolls is related to the height of the wall cells. 

Therefore, the above-mentioned procedure is repeated for all possible cell heights, and the 

magnitude of the rolls and induced fluctuations in wall shear stress are calculated to obtain a curve 

of the fluctuation in roll sizes. This curve is then compared to statistical data from the DNS. 

5.1.1 Numerical setup 

The SSP requires mean shear inputs, which are the averaged velocity ratios of a local to 

the outer boundary layer. These ratios can be expressed as a function of cell height using a velocity 

profile that ideally depends on wall distance/cell height. In this single rolling structure test, the 

near-wall velocity profile used is the law of the wall (logarithmic law) because (1) a fully 

developed turbulent boundary layer shares a similar log-law profile and (2) statistical data is very 

available for comparison. To simplify the process, Reichard’s law [63], which seamlessly 

integrates the linear and log layers into one expression, is used for the near-wall velocity profile.  
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The SSP Iteration 

To ensure stability, the SSP is numerically iterated using the expression (5.1), which 

includes an error-based term, i

t

ie M , added to the RHS of the expression (4.4). This term is 

proportional to the mean shear error and will decrease as the results converge. 
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Here is the vector  , , ,
T

i M U V WM . Only the values of , ,U V W ( , 2,3,4i i M ) are updated 

and carried forward for each iteration, and the mean shear, 
1tM 
, is evaluated using LES field 

values. To avoid implicitness, expression (5.1) is processed in two phases 
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where the intermedia variable 
*
iM  determined by the first expression (5.2) contributes to the error 

term 
* 1

* * *

*
3i i

tM M
e

M


   M M . This term updates the current step of SSP solutions. The detailed 

process is in Figure 38, which describes how to loop the updating.  

The first step of the process involves evaluating the mean shear using LES field 

information. Following this, the SSP updating process is initiated, which involves iterating through 

expressions (5.1)and (5.2) while taking into account the current error information for the correction 

step in (5.2). After the SSP updating process is completed, the program determines whether to 

continue looping or start the next time step. 
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Figure 38: Flowchart of processing the SSP iteration 

 

Some remarks on the flowchart: 

*   Parameters: 1.155, 2,       , others are related to these, refer to Appendix in [19]. 

** The mean shear, 1M v v , is defined as the ratio of velocities between the center 

velocity of a wall adjacent cell, 1v , and a reference velocity from the outer boundary layer, 
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v . In sections 5.1.2 and 0, the reference velocity is set to loglaw(2000)v

  , while 1v is 

determined by the mesh size (cell height 1d ), 1 1loglaw( 2)v d  . The log law velocity profile 

can also be replaced with Reichard’s law [63]. 

*** Time derivatives are rewritten as follows in the equation (4.5) 
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  (5.3) 

From rolls to amplitudes of fluctuating wall shear stress  

Once the magnitudes of rolls have been determined using (4.6) and (4.8), the amplitude of 

wall shear stress fluctuation can be calculated. The process of evaluating wall shear stress 

fluctuation is shown in Figure 39. Instead of calculating the second invariant of the velocity 

gradient tensor, the evaluation of core vorticity is performed through an expression as shown in 

(5.4) 

 max

loglaw( )
7.4

loglaw(0.2 )

d
V

d

 
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 
  (5.4) 

An analytical solution is not appropriate for coarse resolution. Since the analytical solutions are 

based on idealized assumptions that the rolling structure is a perfect circular flow, and the input 

velocities are fine enough to capture small-scale flow features. The above factor, 
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loglaw( )
7.4

loglaw(0.2 )

d

d

 
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 

, is calibrated by comparing the estimated core vorticity curve to the DNS 

stratified average dots in Figure 43. The process of plotting this curve is in the next section. Figure 

40 illustrates both factors from the analytic and calibrated method, with the calibrated segment 

applied for cell height between 30 to 120 (in plus units).  

Traditionally, once the core vorticity is computed, the amplitude of the wall shear stress 

fluctuation can be derived by integrating the product of the core vorticity and the distance from 

the wall over the boundary. This integral gives the total contribution of the vortical structures to 

the wall shear stress fluctuation. However, this method cannot be applied due to its high demands 

of computational cost and its failure to consider the damping effects of the near-wall boundary 

layer. Therefore, the linearized statistical relationship, 
max3.293 1.170shear    , is utilized. 

 

Figure 39: Derivation of the amplitude of wall shear stress by evaluating the core vorticity, 

which can be done using analytic and calibrated methods. This thesis uses the calibrated one. 

In summary, the calibrated method for evaluating core vorticities is used to derive the 

amplitude of wall shear stress fluctuation by a statistical expression. This method is 

computationally cheap, and provides a more accurate estimate of the wall shear stress fluctuation 

compared to analytical solutions, especially for coarse resolutions. 
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0 

Figure 40: Comparison of the multiplier 

5.1.2 Evaluate rolls, the SSP outputs 

To demonstrate the dynamic behavior of the SSP system, consider an initial mean shear 

value of 0.435M  , which is obtained by approximating the ratio of velocities from a near-wall 

cell of height 60 using equation (4.3). Set the last three variables 0.2U  , 0.03V  , and 0.01W   

as initial values, and initiate the iteration outlined in the flowchart in Figure 38 to obtain the 

historical curves shown in solid lines in Figure 41. This thesis also carries out the same procedure 

with other sets of initial values for the carried-on variables to obtain converged solutions, 

indicating that a steady shear flow results in a converged solution regardless of the initial values 

of the carried-on variables. Note that (1) the parameter R-value in the SSP system depends on the 

cell height and local velocity, and (2) it is assumed that a full-size roll with a diameter equal to 

60d   fits inside the grid. 
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In addition, this thesis conducted further tests by varying the fixed mean shear values, 

corresponding to a near-wall cell height range of 25 to 120 in plus units, as per (4.3). The final 

stable SSP amplitudes were recorded and presented as a function/curve of cell height in Figure 42. 

The black curve shows a smooth transition of rolls across multiple cell heights, which may also be 

considered the final stable stage based on fixed mean shear input, despite the ongoing dynamic 

convergence process with time. The limitations of choosing cell height only in a range of 25 to 

120 are (1) A laminar flow may occur under 25, resulting in zero amplitudes of rolls, streaks, and 

instabilities due to lower R values in the SSP, and (2) the Reynolds irrelevant effect causes minor 

changes in rolling amplitudes above 120, and also most intact rolls observed from the DNS field 

are less than 120 in diameter. 

 

Figure 41: Historical curves of convergence 

test for the SSP from different initiations 

 

Figure 42: Relations of amplitudes to the wall 

cell heights 
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In the next section, the values of intermediate variables are compared with statistical data. 

5.1.3 Core vorticities and magnitudes of fluctuation  

The magnitude of core vorticity introduced in the previous section serves as an intermediate 

value that needs to be compared with statistical data. To ensure accuracy, a calibration technique 

is employed in Section 5.1.2 that accounts for core vorticities that may vary due to rolling shape 

deformation and unequal distribution of circular velocity. This technique involves applying an 

equation (5.4) to evaluate the core vorticity based on different sizes of rolls. The results are then 

compared to the stratified averaged dots extracted from Figure 18.  

The comparison is presented in Figure 43, where the final evaluated core vorticity based 

on the calibration technique (black curve) matches well with the stratified averaged (red) dots. 

This well-matching between the evaluated and statistical core vorticities indicates that the 

modeling of core vorticity is accurate and reliable in a certain range of cell height (assumed rolling 

sizes). There are only four stratified averaged dots that fall into the desired range of 30 to 120. 

Based on the positions of the right two dots, the evaluation of core vorticities is slightly 

overestimated. This trend of overestimation continues when dealing with smaller rolls that are less 

than 30 in size. 

The magnitude of wall shear stress fluctuation is evaluated in Figure 44, represented by the 

black curve, using the relationship (3.3). between core vorticity and wall shear stress fluctuation 

amplitude. The red and blue curves show the variations in maximum and minimum simulated wall 

shear stress as a function of rolling size or cell height. The black curve is slightly overestimated, 
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but closely follows the trend of the stratified averaged dots, indicating a good agreement between 

simulation and statistical data. 

 

 

Figure 43 Comparison of modeled core 

vorticity with the stratified average data from 

DNS 

 

Figure 44: Comparison of modeled 

amplitude of fluctuating wall shear stress with 

the stratified average data from DNS  

As the cell height approaches the lower and higher limits, both the intermediate core 

vorticity and fluctuation magnitude show an increasing deviation from the statistical data, although 

these trends are still within an acceptable range. 

5.1.4 Discussion of isolated tests 

Section 5.1.1 suggests avoiding the use of analytical methods to determine the induced wall 

shear stress. In this section as a comparison, a numerical experiment is detailed, which involves 

assuming mathematical rolling structures inside a boundary layer flow and deriving the stress 
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tensor to compare it with the one obtained from DNS flow. The purpose of this numerical 

experiment is to verify that the approach is following the right path, but it makes a shortcut to save 

computational costs. 

 

To determine induced wall shear stress after receiving rolls from the SSP, a typical 

mathematical approach involves computing the stress tensor, ij i j i jT u u u u  , over the near-wall 

region based on an induced velocity field. From this tensor, near-wall stress can be extracted and 

then used to approximate the wall shear stress. In the preliminary report of this thesis, this 

numerical test was conducted and its results were compared with DNS data. The findings 

suggested that incorporating a series of rolls of varying sizes, which better reflect real flow 

characteristics, may result in a more accurate induced stress tensor than using a single uniform roll. 

A numerical test was conducted to compare the stress tensors of single-size rolls and rolls 

of increasing size along the streamwise direction in a typical near-wall flow. The stress tensors 

resulting from both sets of rolls were compared. 
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Figure 45: A near-wall velocity field modeled using shear, streak, and roll 

components/modes 

Figure 45 presents a reconstructed near-wall field using shear, streak, and roll components, 

each assigned with reasonable magnitudes. The mode expressions for these components can be 

found in expressions (4.2) and (8), (9) in reference [19]. Notably, the equation (4.2) reveals that 

the roll component takes the form of a uniform cylindrical rolling structure along the streamwise 

direction, rather than a structure in which the rolling diameter varies with the streamwise location. 

As illustrated in Figure 46, modeling rolls as streamwise independent vortical structures can 

achieve agreement with statistical data for components of the Reynolds stress comparison. The 

modeled field can capture the overall trends of the stress tensor components, with the modeled 

field slightly underestimating the magnitude of the stress tensor components 
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Figure 46: Stress tensor comparison from the modeled field to the DNS. Spatial averaged 

components of stress tensors as a function of wall distance in plus units are plotted 

However, modeling the rolls as a series of gradually increasing vortical structures along 

the streamwise direction (in Figure 47) is expected to improve the accuracy of the resulting stress 

tensor, as demonstrated in the Reynolds stress comparison provided in Figure 48. 
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Figure 47: A sketch of modeling rolls as a 

gradual size-increasing series of vortical 

structures 

 

Figure 48: Reynolds stress improvements 

Remarks: 

(1) Two models of rolling tests described above confirm the hypothesis that rolls alter the velocity 

field, leading to changes in the stress tensor. This effect is particularly prominent in the near-wall 

region, where the wall shear stress is impacted. 

(2) The computational cost associated with the modeling and sub-filtering of the near-wall field is 

substantial. 

(3) It may be possible to reduce the computational cost by considering only the wall-adjacent 

tensor contributions to the wall shear stress, but will still assume an equilibrium state. 
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Thus, this thesis aims to develop a more cost-effective and relatively accurate method to 

establish the relationship between rolls and fluctuating wall shear stress by utilizing statistical data. 

The proposed equation (3.3) streamlines the process and demands less computational cost. 

5.1.5 Summary 

This section presents implementations of updating magnitudes of fluctuating wall shear 

stress from an input of mean velocity profile. A procedure for updating the SSP equation and 

utilization of statistical relationship is provided, followed by an example of tracing the 

development of a single rolling structure. Outcomes from both the magnitudes of core vorticity 

and fluctuating wall shear stress agree well with the statistical reference from the DNS channel 

flow. Further discussion by using numerical modeling of rolling structures confirmed their 

influence on the near-wall stress distributions. 

 

 

 

 

 

5.2 LES coupled tests 

Firstly, the governing equations for an incompressible flow in LES are given by 
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where ijS denotes the rate-of-strain tensor as a function of resolved velocities, 
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, and ijT  is the unresolved stresses, ij i j i jT u u u u  , that come from filtered 

advection with unclosed terms. is  is a source term. Low-pass filtering is viewed as a spatial 

averaging,      , , ,t t G t d 




 x ε x ε ε , to remove small-scale information from solutions. 

Secondly, The PimpleFoam solver in OpenFoam is designed as a "transient" SIMPLE 

solver.  PIMPLE algorithm used in this solver stands for "Pressure Implicit with Splitting of 

Operators" to solve the Navier-Stokes equations. This algorithm works by dividing the Navier-

Stokes equations into two parts, a pressure equation, and a velocity equation. The velocity forecast 

is produced first, followed by an update to the pressure. This approach enables the solution to be 

stabilized and improves computational efficiency. 

The Pimple algorithm used in OpenFoam is an implicit, multi-time-step approach, which 

means that the pressure and velocity equations are calculated simultaneously and the solution is 

updated at multiple time steps. This allows for accurate treatment of pressure fluctuations and 

complex flow patterns in turbulent flows. Figure 49 of the PimpleFoam flowchart shows how an 

inner iterative routing of pressure and velocity adjustments allows for the accurate treatment of 

pressure fluctuations and complicated flow patterns in turbulent flows. 
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To model turbulence, the Smagorinsky turbulent model is used in PimpleFoam. This model 

assumes that the turbulent eddies are characterized by a characteristic length scale, which is 

modeled using the Smagorinsky constant. The model applies a subgrid-scale stress tensor to 

account for the effects of turbulent eddies that are smaller than the computational grid size. 

A quick listing of schemes for derivatives is in Table 3.  

Derivatives Schemes 

Temporal derivative Backward 

Spatial gradient Gauss linear 

Divergence Gauss linear 

Laplacian Gauss linear corrected 

Table 3: Derivative schemes in case studies 
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Figure 49: Flowchart of the PimpleFoam algorithm 

5.2.1 Coupling the wall model with the LES 

As explained in section 2.2.1, the wall shear stress model used in this study utilizes a field 

solution to estimate the boundary condition, which is then input back into the LES domain. The 

proposed wall model attempts to replicate the effects of fluctuations induced by near-wall rolls. 
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Once these fluctuations are obtained, they are added to the current averaged wall shear stress to 

construct a velocity boundary condition. This approach simulates the effects of the near-wall rolls, 

which are a crucial component of near-wall turbulent flow and are often ignored in coarse-

resolution simulations. 

 

Figure 50: Sketch of a wall cell and a roll modeled inside 

A wall cell containing a roll is illustrated in Figure 50, with the roll shown by a blue circle. 

This roll is assumed to be centered at the velocity of the cell, 1v , and extends across the entire 

height of the cell. The local spanwise direction is estimated by computing the cross-product of the 

streamwise unit vector and the wall-normal vector. 

 The procedure for calculating the velocity boundary condition is presented in Figure 51 as 

a flowchart. This process is performed on all wall cells whenever an update of the velocity 

boundary conditions is required by the LES solver. 

At the beginning of the process, the solver checks whether it is currently in the outer loop 

of time-advancing. If it is, then the SSP update algorithm outlined in Figure 38 is executed to 

synchronize all magnitudes M  and obtain rolling magnitudes for future fluctuations. On the other 
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hand, if it is within the Pimple loop, the solver skips the SSP updates and reuses the current roll 

magnitudes. 

Secondly, obtain the current data as well as evaluate the mean and fluctuation components 

of the wall shear stress are evaluated. Now, the direction of the near-wall streamflow is assumed 

to be the same as the velocity vector at the cell center (as indicated by 1v  a vector in Figure 50), 

and the rolls inside each cell are oriented in the same way. The focus of the thesis is not on 

modeling behaviors but rather on calculating the effects of rolls on walls. As described in sections 

4.2.4 and 4.2.5, the local spanwise direction is necessary for accurately assigning shear stress on 

wall-attached nodes. 

Thirdly, the computation of both the fluctuation and mean components of the wall shear 

stress. The magnitudes of the fluctuations are evaluated using equations (5.4) and (4.8), and the 

specific process is illustrated in Figure 39. The mean component of the wall shear stress is 

calculated by solving for the friction velocity using the Newton-Raphson technique and equation 

(5.6) 

    1 1profileu u f y u 

       (5.6) 

The left-hand side is the definition expression of  u u


 from (2.3), while the right-hand side can 

be either a log-law profile or Reichardt’s velocity profile [63]. In this thesis, the local mean value 

is determined using neighborhood averaging, , ,

1

2
w w L w R      , where the subscripts L and R 

represent two neighbor cells on either side of the spanwise direction. This approximation is made 

possible by a structural hexagon mesh, which perfectly aligns with the current channel flow case 
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being simulated. This allows the spanwise dimension to be simplified as the z dimension, and all 

mesh cells to have the same size and orientation. 

Fourthly, assign wall shear stress to vertices using the algorithm detailed in section 4.2.5. 

Finally, a velocity boundary condition with a magnitude 

 1 1
w w

wu u d
 



 
     (5.7) 

is calculated and sent back to the LES domain. 
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Figure 51: Process of the wall model 

It is important to note that the velocity boundary condition obtained in the previous steps 

is a vector whose direction is determined by the cell center velocity. However, using this vector 

directly would probably violate the no-penetration requirement at the wall. Therefore, the wall-

normal component of the velocity vector is removed before sending it back to the LES domain. 
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5.2.2 Channel flow configurations 

A channel flow driven by pressure is characterized by two parallel plates, as illustrated in 

Figure 52. The streamflow moves in the positive x direction. To create a fully turbulent velocity 

field, cyclic boundary conditions are imposed on the inlet and outlet. Meanwhile, two sides (left 

and right) are set as cyclic conditions, enabling the repetition of the flow of exiting and re-entering 

from the sides. This setup offers a perfect wall-bounded fully turbulent velocity field at the desired 

Reynolds number. 

 

Figure 52: Sketch of a parallel channel 

A pressure gradient, s , is prescribed for the right-hand side of the equation (5.5) to simulate a 

channel flow. According to the force balance in the streamwise direction, the friction force from 

the top and bottom walls must be equal to the pressure force difference between the inlet and outlet, 

suggesting that 

 wdp

dx h


   (5.8) 
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Based on the concept of friction velocity, wu



 , and a constant fluid density of 1   to obtain 

a unit wall shear stress, 1w  , the source term of the pressure should be set to 1 1wdp
s

dx h


   . 

As a result, the friction Reynolds number can be calculated 

 Re
u h




   (5.9) 

A standard case with a friction Reynolds number of Re 1,000   [30] can be defined by 

setting the kinematic viscosity  20.001 m s  . This configuration results in an estimated bulk 

velocity of approximately  20 m s  and a physical Reynolds number approaching

Re 20,000bulku h


    

To simplify the mesh, a structural hexahedral mesh is employed in the simulation. The 

mesh comprises two identical blocks that are symmetric about the xz-plane. Each block is 

uniformly distributed with nodes along the streamwise (x) and spanwise (z) directions. The 

distribution along the wall-normal direction is stretched, with a minimum near-wall cell height of 

60 plus units. One block contains (150, 16, and 100) cells in the (x, y, and z) directions, respectively. 

In total, comprises approximately 518,534 cells, which is approximately half a million cells. 

The boundary conditions for the channel flow cases are listed in Table 4. The initial 

condition for both pressure and turbulent viscosity is uniformly set to zero. However, to ensure 

turbulence development, perturbation is applied to the velocities. The dimensions of the channel 

flow cases are as follows: 9L  , 6W  , and 1h  . 
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 Velocity ( u ) Pressure ( p ) Turbulent viscosity(   ) 

Walls (upper & lower) Current wall model Zero Gradient nutkWallFunction 

Sides Cyclic Cyclic Cyclic 

Inlet & Outlet Cyclic Cyclic Cyclic 

Table 4: List of boundary conditions 

 

5.2.3  Results and discussion 

This section aims to validate the simulation results by first verifying the conservation laws 

and then evaluating the performance of the model. Various aspects have been taken into account, 

such as velocity distribution, averaged profiles, mesh convergence, and computational costs. For 

comparison purposes, results from DNS simulations and control groups where the proposed wall 

model is not applied are utilized. 

Mass and momentum conservations 

This subsection presents historical curves that demonstrate the validation and convergence 

of a test case with a consistent near-wall cell height of 60 plus units. The objective is to ensure that 

the proposed boundary condition does not violate force balance, where the pressure gradient force 

should be equivalent to wall friction in the channel flow.  

Figure 53 displays a historical curve of the total force in the x-direction component, plotted 

as a function of time. The Y-axle value (total force) is obtained by subtracting the wall friction and 
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then normalizing it, that is    2 2 w

dp
L h W L W

dx
       , which is unitized to be w

dp

dx
 . In the 

OpenFOAM, the pressure gradient in the x-direction, 
dp

dx
, can be found in the printout/log file, 

after the bulk velocity has been specified in the file “transportProperties”. The friction is averaged 

from the top and bottom walls, to call a force function in the library “libforces.so” to do so. 

Figure 54 shows the historical residuals, plotted against the simulation time. The residuals 

represent the difference between the computed values and the actual values and are used to assess 

the convergence of the simulation. There are four equations solved in the LES, one mass and three 

for the conservation of momentum in the three spatial directions. As shown in Figure 54, all 

residuals are small and steady after the initial seconds, which indicates the difference between each 

time step solution is relatively small. 
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Figure 53: Force balance 

 

Figure 54: Residuals 

SSP and wall model performance 

This subsection aims to demonstrate the functionality of the proposed model by examining 

the changes in variables within a fixed near-wall cell to verify if the model works as expected. 

Generally, the wall model collects field velocities and estimates the mean shear value of 

the local streamwise flow for each time step. However, this thesis attempts to trace changes in 

variables in certain key steps inside the wall function. After several hundred seconds of channel 

flow development, the variable curve becomes reasonably steady. 

Figure 55 demonstrates the changes in variable values within a near-wall cell located at the 

bottom wall in the middle of the computational domain. The historical curve in Figure 55(a) shows 

the mean shear inputs supplied to the SSP, which is used to obtain a roll magnitude curve in Figure 

55(b).  
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In Figure 55 (c), the black curve presents the changes in the absolute values of the local 

derivative of the total pressure with respect to the spanwise direction. The red curve presents the 

threshold, which in this thesis is set to 90% of a statistical value obtained from  0, ,zp d in (3.6). 

The algorithm compares the field value with the threshold and decides when to introduce 

fluctuations based on the trigger mechanism, which is explained in detail in (4.20). 

According to this (4.20), the proposed trigger mechanism induces fluctuations in the local 

wall shear stress conditionally. Figure 55(d) plots the curves showing the differences in the wall 

shear stress values before and after the wall function processing. The red curve represents the 

averaged wall shear stress before the processing of the wall function, and the black curve represents 

the exit values. For field values greater than the threshold, the wall model adds induced fluctuating 

components to the mean wall shear stress. Since the averaging processes cover multiple cells, it 

may be difficult to examine the exact fluctuation values by tracing information from a single cell. 

However, for those under the trigger conditions, no perturbations shall be applied. This would be 

much easier to check. The blue dots in Figure 55(d) represent the moments when the gradient 

values are below the threshold, which means that the wall model of the adding fluctuation function 

should be deactivated. The matching agreements of black and red curves during these moments 

indicate that the wall model functioned as designed. 

As a conclusion of plots in Figure 55: (1) the curve of rolling magnitudes responds with 

the mean shear and seems relatively steady; (2) the trigger mechanism functions as designed. 

Overall, these results demonstrate that the proposed wall model functions as expected inside a 

single wall cell. 
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Figure 55: Tracing the evolution of intermediate variables for a single wall cell during the LES 

iterations 

 

Instead of examining Figure 55, the rolling magnitude within a single cell, Figure 56 shows 

the development of averaged magnitudes across all bottom wall cells in the computational domain. 

The x-axis in Figure 56 represents simulation time. It can be observed from the plot that after about 
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100 seconds, the values of the averaged magnitudes of rolls become relatively steady for the 

channel flow case. 

 

Figure 56: Changes in the bottom wall’s averaged rolling amplitude 

Comparisons of velocity and total pressure fields 

In this subsection, the computational results of the LES perspective are presented. To 

demonstrate the performance of the model, certain results are compared with those of the control 

group, which shares identical settings, except for replacing the proposed wall model by using no-

slip velocity boundary conditions. 

Figure 57 provides surface contours of wall shear stress (at t=398s) for the control group 

(on the left) and the modeled case (on the right) to compare their distributions on the bottom wall 

displayed with contours that share the same scaling. This scale is used to indicate the magnitude 

of the wall shear stress w  , which is evaluated by a finite difference approximation of its definition 

in (5.10) 
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The visualization of wall shear stress contour plots can reveal elongated streaks as wall 

shear stress spots in the streamwise x-direction. These streaks are due to spanwise low and high 

speed swapping that is believed to be associated with near-wall rolling structures, meaning the 

spots are localized under rolls. The detection of these features can provide insights into the near-

wall rolls and is relevant for the simulation of wall-bounded flows. The wall modeled case in 

Figure 57 exhibits a  greater number and density of wall shear stress spots. They show a directional 

elongation in the streamwise direction and a distinct pattern. The greater contrast in color (red and 

blue) suggests that the fluctuating component of the wall shear stress is more clearly 

captured/modeled. 

 

Figure 57: Comparison of wall shear stress magnitudes, (Left) the base case, and (Right) the 

modeled case, at the bottom wall, t=398s  

The PDF profiles of the wall shear stress in Figure 58 provide further evidence that the 

fluctuating component is more accurately modeled in the wall modeled case. Figure 58 contains 

three curves: the black curve represents the wall modeled case, the blue is from the control group, 
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and the red curve represents a DNS result. The wall modeled curve has a wider distribution along 

the x-axis (representing stress) and a lower profile height compared to the curve of the control 

group. This wider distribution indicates better modeling of the fluctuating component of the wall 

shear stress. 

 

Figure 58: PDF comparison 

In Figure 58, the peak probability values of wall shear stress in the wall modeled case are 

shifted to the left compared to the control group. This is consistent with the numerical testing 

results of rolling-induced fluctuations in Figure 26. Furthermore, this agreement is much closer to 

the DNS curve. The PDF shape of the wall-modeled case appears to be more skewed rather than 

symmetric, which is consistent with the behavior of near-wall turbulence. 

In conclusion, after comparing the PDF curves from Figure 58, the wall model provides 

several improvements: (1) the PDF from the model is generally closer to the DNS profile, wider 

and flatter; (2) The peak location of the modeled case (the highest probability value of wall shear 

stress) is shifted much more to the left than the location of the mean averaging value of 1; and (3) 
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The PDF profile of the modeled case is skewed more to the left about its dashed axis. All three 

features are consistent with those observed in the DNS profile. 

Figure 59 presents a comparison of streamwise velocity contours on a vertical slicing plane 

in the center of the channel domain, located at x=4.5. Subfigure (a) of the control group shows 

fewer near-wall structures and relatively larger scale features closing to wall surfaces on top and 

bottom sides compared to subfigure (b) of the modeled case. This difference results in fewer 

fluctuation spots in the control case presented in Figure 57. On the other hand, the modeled case 

exhibits more near-wall smaller features, indicating better modeling of the near-wall turbulence. 

Furthermore, the top and side view of a DNS field in Figure 60 presents detailed and similar near-

wall features as the modeled case, suggesting that the modeled case provides a more comparable 

field in terms of both the wall shear stress distribution and internal near-wall velocity contour. 

Overall, the comparison of near-wall velocity fields within a channel provides evidence that the 

wall modeled case better models the near-wall turbulence compared to the control group. 
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Figure 59 streamwise velocity distribution, generated 

by using a vertical plate cut through the middle of 

velocity fields. 

Figure 60 the DNS results, this figure is 

borrowed from the DNS photo gallery in 

[104] 

 

To provide clarity on the claims of enhanced modeling of near-wall features,  Figure 61 

and Figure 62 present Iso-contours and streamlines plots as details to the fields shown in Figure 

59. While both figures are based on identical velocity and pressure fields on the same vertical 

sliding plane, only the lower half of the field is presented for being concise. A streamline is a visual 

representation of the possible trajectory that a particle may follow, as it follows a path tangent to 

the local velocity vectors. In Figure 61, only the velocity components corresponding to the 

spanwise and wall-normal directions are contributed to streamlines. Smaller yet more closely 

spaced wall-attached rolls are exhibited in Figure 61(b) of the wall modeled case. These rolls have 

a significant impact on field velocity distribution and are strongly related to the background 

contours of total pressure distributions. Consequently, the presence of fewer and larger size of 

wall-adjacent rolls leads to (1) a less change in field velocities along the spanwise direction, which, 

in turn, results in less alteration on wall shear stress (streaks); and (2) a less momentum exchange 

along the spanwise direction, which presents a less smooth gradient of total pressures distribution. 
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Figure 61: Streamlines and contours of total pressure for (the upper) base case and (the lower) 

modeled case, obtained by cutting a vertical plate through the center of the velocity fields, 

contours based on values of total pressure, and streamlines are from velocity vectors (in y and z 

components). 

Regarding the second point mentioned earlier, Figure 62 presents a comparison of iso-

contour lines, demonstrating that the near-wall total pressure layers are considerably smoother in 

the modeled case. Iso-contour lines depict a visual representation of constant values in a scale field. 

The near-wall lines shown in Figure 62(b) of the modeled case exhibit smaller wavy arcs, 

indicating a more uniform distribution of variables in the spanwise direction. In contrast, the larger 

near-wall rolling structures observed in the control group in Figure 61(a) lead to greater 

oscillations at corresponding locations of iso-contour lines in Figure 62(a), resulting in a more 

rough spanwise distribution of the total pressure. 
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Figure 62: Iso-contours of total pressure, the (lower) modeled case appears much smoother than 

the (upper) base case in the near-wall region 

To summarize, this subsection of field comparison indicates that: (1) confirms the approach 

shows more streaks and fluctuations in results, which align better with both magnitudes and 

distributions; (2) These fluctuations result from the presence of smaller near-wall rolling structure 

that was modeled; and (3) There exists a strong correlation between rolls and spanwise gradient 

distribution of the total pressure. 

Comparisons of velocity profiles and fluctuation features 

This subsection presents a quantitative comparison of averaged values, such as velocities 

and variances. The averaging process is based on spatial averaging, which calculates the mean 

value of all values on the same wall distance mesh cells. This method helps to reduce the effects 

of random fluctuations and provides a more accurate representation of the overall behavior of the 

boundary flow. 

Figure 63  compares the mean velocity profiles from approaches of the wall model, control 

group, fine mesh LES, and the DNS. The velocities are plotted with respect to wall distances in 
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the plus units and displayed in both linear and logarithmic coordinates, respectively. The red line 

represents the DNS velocity profile, while the gray line shows the outcome of a fine mesh LES 

simulation. The dots or characters on each curve indicate the cell center's location from where 

velocities are sampled/averaged and also indicate the grid resolution. The curves in Figure 63 

demonstrate that there is good agreement between the wall modeled, the control group, and 

reference data. 

  

Figure 63: Mean velocity profiles, compared by the modeled and base case. The DNS and fine 

mesh LES profiles are presented as references. 

In LES, fluctuation is a primary concern and is typically quantified using RMS (root-mean-

square) velocity, TKE (turbulent kinetic energy), or Reynolds stress,  since this thesis assumes a 

constant density for the homogeneous fluid. The Reynolds stress components for such a fluid are 

expressed in velocity squared, ij i ju u   . Figure 64 compares variances, where the symbolic and 

curve styles remain the same as in Figure 63. 
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Figure 64: Variances / Reynolds stresses and kinetic energy against wall distance from the wall 

model, control group, fine mesh LES, and the DNS of channel flow at Re 1,000    

All simulated Reynolds stresses follow the trend of the DNS curve. For example, as the 

u u   plots, all simulations capture a near-wall peak regardless of value and position, and then all 

values gradually drop as they approach the channel's center. This comparison shows a good 
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agreement among all curves when the wall distance is greater than 0.2, indicating the proposed 

wall model method may capture the behavior of the turbulent flow and may function as it should 

be at least at regions away from a certain wall distance. 

The primary differences are their behaviors in the near-wall region. As per the DNS curve, 

which is typically considered the benchmark solution, Reynolds stress starts from zero at a wall 

boundary, quickly reaches a peak at approximately 10y  , and then, gradually decreases as 

moving away from the wall. This peak is a result of the switching dominance of Reynolds and 

viscous stress inside the turbulence boundary layer flow. It requires enough mesh resolution to 

capture accurate second-order information on velocities. Hence, the fine mesh curves exhibit a 

slightly lower-valued peak that is shifted away from the wall. In contrast, poor results from the 

control group. The initial height of the wall-adjacent layer in the control group is 60, and its center 

is located approximately at 30y  , which is much coarser than the required resolution. However, 

even if the accuracy is disregarded, the near-wall behaviors in the control group still make sense. 

Specifically, the no-slip wall conditions suppress velocity fluctuations, but after 2 or 3 cells are 

away from the wall the peak Reynolds stresses are reached (one of the reasons that the second-

order derivative information needs such numbers of mesh points to resolute). Therefore, the coarse 

meshed numerical simulation still follows principles and provides results that are as “accurate” as 

possible, but this level of accuracy is meaningless, as it is limited by the mesh resolution. 

The proposed wall model approach, on the other hand, provides a perturbed wall boundary 

condition that allows near-wall fluctuations to hit the desired peak value. The mesh resolution for 

derivative evaluation remains the same, but specifically designed data is provided to enhance the 

solutions. In the proposed wall model, the fluctuation is partially dependent on rolling magnitudes, 
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which rely on the SSP updating process that has much lower requirements for mesh resolution. 

This explains why the black curves of Figure 64 show a peak in the near-wall data points followed 

by a  decrease. The lower-right subplot of Figure 64 displays the TKE profiles. The TKE is defined 

by      
2 2 21

2
k u v w     

  
. In the channel flow cases, it is mainly contributed by fluctuations 

in the x-direction component, therefore, much similar to the u u  -profile. 

In summary, the proposed wall model predicts fluctuations on walls and assigns a 

corresponding perturbed wall boundary condition to improve the near-wall fluctuation 

performance of the computation. Additionally, the mean velocity profile obtained from the wall 

model is accurate. 

Mesh convergence 

As the near-wall fluctuations depend heavily on the wall model inputs, the next aspect to 

examine would be the mesh convergence and robustness of the proposed method. This subsection 

checks the performance of the wall model (with a focus on fluctuations) using different sets of 

meshes with specific near-wall cell heights. Three sets of meshes with cubic wall adjacent cells of 

dimensions 60, 75, and 100 in plus units are utilized. 

Figure 65 presents the Reynolds stresses obtained from different mesh resolutions. The 

trends observed in the Reynolds stress curves from all mesh results agree with the DNS reference 

without any abrupt deviations. This indicates that the performance of the model is consistent across 

different mesh resolutions. Data points are gathered at the wall cells from the results of different 

mesh sets. There are only slight differences between the data points, which could potentially be 
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due to errors, as (1) curves lack smoothness and the differences have similar oscillation sizes, and 

(2) the deviation does not seem to be proportional to the mesh size. 

  

  

Figure 65: Variances/Reynolds stresses and kinetic energy plotting for models on different sets 

of grids, and the DNS reference 
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This thesis further examines the distributions of wall shear stresses (at the bottom wall 

surface) for different grid resolutions, as shown in Figure 66, where three contours are displayed. 

As the resolution decreases from fine to coarse mesh, the size, density of spots, as well as 

magnitudes of fluctuations vary. Specifically, there are fewer rolling-induced spots and weaker 

induced fluctuations from the top to the lower-right subplot. 

 

  

Figure 66: Distribution of wall shear stress in the streamwise components for grids 75 (left) and 

100 (right), both results are from the bottom wall at t=396s 
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Figure 67 presents streamlines based on the velocity components in the spanwise and wall-

normal directions. These streamlines are overlaid on top of velocity contours, and the mesh 

resolution is shown as the background grid. These plots were generated on a vertical slicing plane 

located at the center of the computational domain. The results show that the fine mesh provides a 

great number of smaller near-wall rolls, as expected.  

 

Figure 67: Velocity contour and streamlines for near-wall rolls. All plots are based on vertical 

slicing at x=4.5 (center of fields). Computational meshes on the background to indicate 

resolutions 
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Highlights 

The proposed wall model approach has several features: 

(1) Modeled near-wall fluctuations at a large wall-normal grid spacing without embedded 

mesh. 

It was previously mentioned in fluctuation profiles that having enough wall-normal 

resolution is important to resolve peak fluctuations at approximately 10y  . However, for a wall-

modeled approach, the height of wall adjacent cells is usually much larger than 10, which makes 

it difficult to evaluate local fluctuations accurately. Facts such as mesh smoothing, near-wall 

damping, and model accuracy may introduce errors. 

“Creating a thin layer sub-mesh at near-wall region” is a commonly used approach to 

overcome the lack of wall-normal resolutions. Therefore, this subsection compares the results from 

two other approaches with the proposed wall model. Figure 68 shows a comparison of RMS 

velocities. 

The dashed blue curves represent the result from Iyer and Malik 2020 [113], where high-

fidelity simulation methodologies were applied to multiple practical cases, including the channel 

flow at Re 2,000  . An equilibrium wall model proposed by Kawai and Larsson 2012 [69] was 

used in an overlapping layer between 0y   and wmy h , where the inner layer was modeled by 

solving an ODE,   ||

, 0t wm

dUd

dy dy
 

 
  

 
. The ||U is the velocity projected on a wall-parallel plane, 

and the wall model eddy viscosity is taken from the mixing length formula 
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
 



    
 

  (5.11) 

16 mesh points are deployed along half the channel height (as the boundary layer thickness), and 

the location of the first grid point from the wall is assigned as the exchange location. 

 

Figure 68: RMS velocities 

The dash-doted magenta curves in Figure 68 correspond to results obtained by Park and 

Moin 2014 [49], In that study, a non-equilibrium wall model based on a dynamic eddy viscosity 

model was applied to an unstructured solver. The wall model zone was wrapped by a structural 

overlapping mesh under 200 plus units, as shown in Figure 69. This approach found a suitable 

value for the eddy viscosity ,t wm by requiring the conventional RANS-type model to dictate the 
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total Reynolds stress without reference to the LES subgrid-scale viscosity. All adjustments were 

dynamic, meaning that the coefficients were determined solely from the wall-model solution. 

 

Figure 69: Sketch of the wall-modeling procedure. From Fig. 1 [49]. Copyright 2011 Dr. Julien 

Bodart [114] 

The following are some comments on the comparison of the results presented in Figure 68. 

In the RMSu  curves,  the method behind the blue dashed curve in the figure attempted to decrease 

the near-wall eddy viscosity using the damping expression (5.11), but this damping approach leans 

on an empirical formula to reduce the coefficient regardless of the local rapid increase in 

streamwise fluctuations. Therefore, despite using a wall-normal refined grid and an ODE, the blue 

dashed curve was still over-damp and failed to capture both the value and location of the peak. 

The magenta dash-dotted curve did not display the embedded portion (the curve was cut off below 

the matching point, 200y  , check [115] for that portion), but it was able to capture the trend of 

near-wall increase. This is because the RANS-type model was used in the embedded layer to 

dictate Reynolds stress rather than relying on the subgrid-scale viscosity. However, relying too 

heavily on the Reynolds stress to dictate the damping effects can lead to a global overestimation 

of these effects, resulting in the rest of the curve having values below the actual ones. Both 
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references from papers are simulated on Re 2000  , while the proposed wall model in this thesis 

is on Re 1000  , due to computational cost reasons. However, DNS curves from Re 1000  and 

Re 2000  . provided in Figure 68 are similar to each other. 

The proposed wall model shows good performance on the RMSu  curve by capturing the 

peak and following the remainder of the DNS curve. There are two disadvantages: (1) The curve 

exhibits oscillations, particularly in the area near the walls; and (2) The RMSv and RMSw curves are 

slightly lower compared to those from DNS. 

 

 (2) Low computational cost. 

 Table 5 presents the computational cost for six cases, comparing both the model and 

control group, based on three sets of meshes used in the convergence tests. The additional 

computational costs over the control groups range from approximately 3 to 8 percent, making the 

proposed wall model relatively cost-effective. 

Case & Mesh 

Computational cost (wall clock) 

in seconds per 100 seconds of 

channel flow simulation (s) 

Difference from 

Model to Base 

in seconds (s) 

Difference in 

percentages 

A model case, 60 412,376 
12,011 3.13 % 

Control group, 60 400,365 

Model case, 75 205,664 
9,156 4.66% 

Control group, 75 196,508 
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Model case, 100 45,426 
3,437 8.19% 

Control group, 100 41,989 

Table 5: Computational time, the additional model cost in percentages  

The computation times in seconds mentioned above were obtained from the log files of wall clock 

time. To ensure fairness in comparison, a single thread (non-parallel) was assigned to each case 

on cores of Intel i5-3470 3.2 GHz CPU. 

Mesh 

Description 

Half channel cells’ 

distribution in x, y, and z 

Total number 

of cells 

Number of 

wall cells 

Wall cell 

percentages 

60 150, 16, 100 480,000 30,000 6.25% 

75 120, 13, 80 249,600 19,200 7.69% 

100 90, 10, 60 108,000 10,800 10% 

Table 6: Mesh descriptions 

This thesis assumes that the ratio of wall cells to total mesh cells affects the percentage of 

extra cost. A lower ratio of wall cells results in a smaller increase in computational cost, which is 

favorable for practical applications where a low percentage of wall cells is typically the case. 
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Figure 70: Additional computational costs, wall cell ratios vs. number of mesh cells 

The changes in the additional computational cost of the proposed wall model can be seen 

graphically in Figure 70, represented by the red curve and right axis. As the mesh is refined, the 

percentage of wall cells decreases, resulting in a decrease in the additional cost of the wall model. 

Secondly, the additional cost for wall treatment increases approximately linearly wrt. the 

total mesh size. This is also favorable as the wall model only affects wall-adjacent cells and does 

not require additional meshes. Furthermore, this wall treatment can be easily parallelized. 

(3) Avoid the reduction of fluctuations when reducing the resolution in the spanwise direction 

In the proposed wall model, near-wall fluctuations primarily rely on rolls, which are the 

output of the SSP process that relies heavily on a mean shear from the streamwise velocity profile. 

Therefore, accurate modeling of this streamwise velocity profile leads to precise determination of 

rolling magnitudes. This approach diverges from existing wall models, which typically rely on a 
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simplified RANS solver and a refined near-wall mesh. However, most of the embedded mesh only 

addresses the resolution in the wall-normal direction, resulting in a wall-parallel resolution that is 

too coarse to capture rolling structures. 

Theoretically, the rolling magnitude in the proposed wall model is independent of the 

spanwise mesh resolution, but in practice, the discretization of mesh points along the spanwise 

direction is necessary for carrying out LES computations. The accuracy of the LES solutions, 

specifically the near-wall velocities, is critical for maintaining the wall model's integrity. 

Comparisons of the wall shear stress are shown in Figure 71. The top two figures (identical 

to Figure 57) display results on a mesh with 60 spanwise intervals. Meanwhile, the bottom two 

figures are from another set of meshes with 200 grid point intervals in the spanwise direction. The 

same contour levels are applied to display stresses ranging from 0.4 to 1.7. 

Upon visual inspection, the left two figures from the control group exhibit considerable 

smoothing, meanwhile, between the two control group cases, the deep blue and orange spots are 

no longer present for the 200z   case. However, the full-color preservation in the right two 

figures, regardless of the mesh resolutions. In conclusion, the proposed wall model not only offers 

a broader range of wall shear stresses but also better preserves such a range, even with deliberately 

sparse spacing designed mesh. 
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Figure 71: Comparing contours of wall shear stress in a large spanwise interval mesh 

(dimensions of wall cells are 50, 50, and 200 in x, y, and z directions). 

 

Figure 72 compares velocity fluctuations quantitatively using TKE. The curves are divided 

into two groups: blue for the control group and black for the wall-modeled case. Within each group, 

dashed curves show results of cubic wall cells, while solid curves are from the stretched mesh. 

Overall, all curves match the DNS red curve well in the outer region of the boundary layer. 
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( 200y   or 0.2y  ), and two dashed curves of cubic cell results are slightly closer to the DNS 

than curves from stretched wall cells. 

 

Figure 72: Comparing the turbulent kinetic energy 

Two blue curves from the control group underestimate wall fluctuations, and this error 

becomes more significant in the stretched mesh. Conversely, the two black curves from the wall 

model cases show the opposite trend, with the solid curve for stretched results overestimating TKE 

in the near-wall region. The differences in behavior observed may be due to the treatment of the 

nodal distribution of wall shear stress. 
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Generally, the current procedure of assigning nodal fluctuations in Section 4.2.5 results in higher 

fluctuations for nodes crossing a larger spacing along the spanwise distance. Sketch in Figure 73 

shows a stretched cell that causes the geo-distance projection of nodal S2 and S3 to shift more 

sideways, leading to a greater distributed fluctuation as explained in the mapping shown on the 

right side of Figure 73. 

 

Figure 73: Sketch of difference in fluctuation assignments due to the spanwise mesh resolution 

In summary, this subsection emphasized the advantages of the proposed wall model, which 

include its capacity of (1) using only the existing mesh, (2) high computational efficiency, and (3) 

working with a rough spanwise resolution. 

Discussions 

This subsection will provide possible improvements that were based on issues of the current wall 

model. 

(1) General thinking toward an LES wall model 
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A RANS wall model only presents near-wall time averaging features, but an LES wall 

model should be: (1) Transient to capture fluctuations; (2) account for both viscosity and Reynolds 

stress; and (3) Driven by the outer flow. Traditionally in LES, a subgrid-scale model is used in the 

simulation to capture the effects of small turbulent scales that are unresolved in the near-wall 

region. In some cases, a wall model may be combined with the subgrid-scale model to provide a 

more accurate prediction. The accurate prediction in this context refers to correctly accounting for 

the effects of small turbulent scales or wall irregularities, which can be indicated by the Reynolds 

stresses or turbulent viscosities. Figure 2 shows the features of the physical boundary flow property, 

and it suggests that there is a switch in the dominance of viscous and Reynolds stress under 50y
. 

Therefore, the turbulent viscosity, which supplements the unresolved portion of the Reynolds 

stress, shall be lower than the molecular viscosity. 

  

Figure 74: Turbulent viscosity distribution. Left: base case, averaging 0.014, ranging [0.012, 

0.017]; Right: model case, averaging 4.2e-4, ranging [1.3e-5, 0.003] 
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Figure 74 provides a further comparison of turbulent viscosity for both the control group 

and the wall modeled case, with near-wall layer height 60y  , and a molecular viscosity. This 

comparison shows that the turbulent viscosity values in the modeled case are significantly lower. 

The majority of the color bands are light blue and green, and they average 0.0004, which is 

approximately 40% of the molecular value. Lower turbulent viscosity means greater resolved 

Reynolds stress, which is confirmed in Figure 64. 

(2) Implementation of the wall model is driven by the outer flow 

To implement the concept that near-wall structures are driven by the outer flow, this thesis 

proposes a switch mechanism that employs the local gradient of total pressure to direct the impact 

of fluctuations toward the LES fields. Figure 20 illustrates the statistical correlation between 

gradients and the core vorticity of rolls. The expression (4.20) is used to introduce fluctuations by 

comparing local differences to a threshold value of total pressure gradients. This mechanism is 

based on the assumption that the maximum vorticity and maximum gradient co-occur. 

Further clarification is needed in two aspects: (1) The spatial correlation between the 

maximum vorticity and maximum gradient; and (2) The conceptual explanation for this trigger 

mechanism. 

Firstly, examining the proximity of the maximum vorticity and maximum gradient can help 

determine their correlation. When these two points are closer together, there is a higher probability 

of a relationship between them. Figure 75 analyzes all pairs of max and  0max dp dz from 

Chapter 3 to test this hypothesis. The horizontal axis shows the distance between each pair of spots, 

and the vertical axis represents the probability density. Referring to Figure 75, it can be observed 
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that the majority of pairs have distances of less than 30 wall units, which is typically smaller than 

the local mesh size. The local mesh size is usually several dozen units along the wall-normal 

direction and significantly larger along the wall parallels. Therefore, it appears reasonable to utilize 

local gradients for the switching mechanism mentioned above. 

 

Figure 75: The probability density function (PDF) of the proximity between the locations of 

maximum vorticity and the maximum gradient of total pressure. 

Secondly, a conceptual explanation for this trigger mechanism: Generally, this mechanism 

sets up a proper (reduced) frequency of rolling structures that are assumed inside local meshes. 

The amplitude of fluctuations on a coarse resolution is expected to be lower than their actual values 

due to spatial averaging effects, which lead to a loss of spatial resolution and a smoothing out of 

fluctuations. However, spatial averaging has a less significant effect on the frequencies of low-

frequency fluctuations (Low-frequency fluctuations, having longer wavelengths, are less 

susceptible to the low-pass filtering effect of spatial averaging. The spectral analysis also shows 

that the filtering process tends to cut out high-frequency content.) On the other hand, the energy 
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of oscillation (suppose a sine wave) is proportional to the square of the amplitude and linear to the 

frequency. Therefore, artificially increasing the amplitude generally requires a decrease in its 

frequency. This is why a trigger mechanism was introduced to reduce the frequency of fluctuations. 

(3) About the total pressure gradient 

A spot of high total pressure represents a greater potential for the local fluid energy to be 

converted into work through different mechanisms, such as kinetic energy or viscous dissipation. 

For example, a static inlet flow out of a compressor gains high potential energy which is capable 

of converting into kinetic energy. Similarly, high potential total pressure flow dissipates its energy 

when it approaches walls due to viscous frictional forces. This process converts partial mechanical 

energy into thermal energy and creates structures (rolls and corresponding streaks with fluctuating 

streamwise velocities) that contain regenerated kinetic energy. These rolling structures are 

expected to be temporary as they do not persist in field averaging. Additionally, they are likely to 

appear with fluctuations in total pressure along the spanwise direction, as the rolls dissipate more 

energy through viscous friction. Therefore, tracing the total pressure gradient could be a good 

alternative to directly resolving such rolls in a coarse computational mesh. Based on such an 

assumption, this thesis claims a relationship between the total pressure gradient and local rolls. 

Intuitively, rolls are present in areas where the spanwise gradient is significant, and they eliminate 

this gradient to smooth the distribution of total pressure along the spanwise direction. 

(4) Accuracy of the fluctuations (, or this wall modeling approach) 
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The precision of this wall model relies on multiple factors, including (1) the ability to 

predict magnitudes of wall shear stress fluctuations, (2) the underlying assumptions regarding the 

PDF-based distribution of perturbations, etc. 

For the magnitudes, the rolling amplitude output is converted to the magnitude of 

fluctuating wall shear stress using Expression (4.9). This expression relies on the relationship (4.8) 

between statistical roll and shear stress data obtained from the DNS channel flow, which is 

applicable for non-pressure gradient plate flow. To ensure the best simulation of the rolling 

mechanism and avoid laminar boundary flow, it is suggested that the cell height should be no less 

than 50 wall units. Additionally, most rolling structures commonly have less than 120 wall units, 

so it is recommended to keep the cell height below 120. 

Perturbations are assigned to each vertex based on their mapped distribution on the 

temporal PDF profile. The original vertices are connected in a sequence of increasing in the 

spanwise direction. The PDF profile utilized is under the assumption that the temporal average of 

the perturbation is the same as the spatial average within a wall cell. It is possible because the wall 

cell is large enough and has RANS-like fluid performance. The process generates fluctuations in 

the rolling orientations, resulting in fluctuations that mimic the characteristics of a rolling structure 

with higher perturbations at the outer edges and more calmness towards the center. This approach 

is effective and reliable. However, in grids that have a high aspect ratio, there is a noticeable mesh 

dependence on the fluctuations in vertices, which should be taken into consideration. 

Last but not least, the assumption of incompressible flow is applied, and both the derivation 

process of SSP and the DNS raw data are carried out under no-pressure gradient conditions. 
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(5) Kinetic energy of rolls 

Energy in fluctuations is proportional to the square of amplitude and the frequency. In this 

thesis, amplitudes are evaluated primarily by the SSP updating process, and the frequency is 

determined by the trigger mechanism from indicators of a local total pressure gradient. This 

treatment replicates the behavior of inner layer structures that are driven by external flows but fails 

to consider energy interaction between rolling structures of varying sizes in a turbulent flow. The 

noticeable oscillations from the near-wall locations in Figure 64 (5 points close to a wall) serve as 

evidence of neglecting such a connection. 

Generally, energy is constantly transferred from larger scales of motion to smaller scales 

through a process called the energy cascade. More kinetic energy stored in larger scales of motion 

(vortices and eddies) interacts with each other, leading to a transfer of energy to smaller scales of 

motion. As the energy is transferred, the fluid becomes more disordered and turbulent. Successive 

interactions between smaller vortices and eddies generated by this energy cascade lead to further 

energy transfer to even smaller scales. The -5/3 spectral law is commonly used to describe the 

energy cascade, which explains that energy is distributed across scales according to a power law 

with an exponent of -5/3. This power law indicates that the energy of the turbulent flow is 

concentrated at large scales and gradually dissipates at smaller scales. 

The behavior of rolls in wall-bounded flows may differ from that of free flows, as the 

presence of walls can constrain their motion as they approach. In Figure 76, the energy spectrum 

curves are shown, where the red curve represents the spectrum of a DNS near-wall flow, the blue 

one is from the average performance of rolling structures, and the black line denotes the -5/3 

spectral law. This blue averaging curve is obtained from spectrums of rolls in each extracted 
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bounding box from section 3.2.2. Those spectrums are plotted individually on the left of Figure 

77, and grouped and averaged in the right figure based on their dimensions. 

 

Figure 76: Energy spectrum of a DNS near-wall flow in red, rolls averaging in blue, and -5/3 in 

black 

  

Figure 77: Energy spectrum (Left) for each sampled rolling structure, and (Right) for averaged of 

rolls in groups of sizing 0-20, 20-40, 40-80, 80-100 
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These spectrum curves contain sections that appear as flat-slope within the middle ranges of wave 

numbers. These sections indicate that the distribution of energy among various sizes of structures 

(rolls) follows a power law. Meaning, inside a bounding box that surrounds a local maximum core 

vorticity, there should be multiple different sizes of structures that carry kinetic energy following 

a power law distribution. Compared with the -5/3 slope, these indicate stronger dissipation in 

smaller rolls, which makes sense, as the viscosity contributes more when approaching a wall. 

5.3 Summary 

This chapter presents implementations and testing of the wall model. The model involves 

updating rolling magnitudes using SSP and converting them to fluctuating wall shear stresses, 

which are then assigned as boundary conditions to the LES. 

The model's performance was evaluated through test studies conducted in both isolated 

rolling and LES-coupled cases. The isolated case confirmed that the model performed as intended, 

and the LES-coupled test verified its compliance with mass and momentum conservations by 

checking a force balance on the bottom wall. The mean velocity profile and midfield velocity 

contours were compared with both the control group and the DNS results. Fluctuation features in 

the form of Reynolds stress and TKE were also compared, and several observations confirm the 

model's ability to improve results. These include the presence of more streaks as fluctuating details 

on walls, more small near-wall rolling structures in the velocity field, and higher near-wall 

Reynolds stresses that are closer to DNS profiles. 
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Chapter 6 Future work and conclusions 

6.1 Conclusion 

The thesis presented a wall model for simulating fluctuations in LES. It allows the use of 

coarse wall-adjacent grids, while still being able to model effects from near-wall rolling structures, 

thus improving boundary conditions. This approach is achieved with promising results and saves 

a significant computational cost. 

A principle idea behind this model is the outer flow modulation in a boundary layer, which 

means that the large-scale structures in the outer region of the boundary layer affect the smaller-

scale features in the inner near-wall layers. This thesis assumes that the large-scale structures are 

elongated streamwise vortices (rolls) that exchange low-speed lower fluid with high-speed higher 

fluid (away from a wall), causing changes in the velocity field and leading to fluctuating wall shear 

stress. To model these rolling effects independently of the LES solver, this thesis uses a self-

sustaining process and statistical relationships abstracted from a DNS flow. 

In greater detail, this wall model utilizes explicit updating dynamical equations to track 

and evaluate the magnitudes of rolls. Moreover, algebraic expressions are utilized to convert the 

rolling into fluctuating wall shear stress. Such algebraic expressions are from studying rolls’ 

behavior and their influence on the DNS flow. By integrating these techniques, this wall model 

achieves reasonable simulations of fluctuations in a boundary layer without requiring a local mesh 

refinement. The use of larger wall-adjacent cells offers several benefits, including simplifying the 

pre-treatment process, reducing the global mesh size, and enabling greater stability when using 

larger time steps in the LES. 
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The performances of this wall model in an LES wall-bounded flow were demonstrated 

through a channel flow test case. A comparison between the results from the wall model and a 

control group highlighted improvements in near-wall velocity, total pressure, Reynolds stress 

components, and TKE. These improvements were confirmed by observing cross-validation, and 

certain profiles, such as those of Reynolds stress and TKE, much closer to the curves from DNS 

were found. Additionally, this thesis verified that the intermediate values changed as intended to 

ensure the model functions as designed. Since there are statistical relationships applied, partial 

intermediate values were also compared with the DNS data, which includes rolling magnitudes 

and effects of fluctuating magnitudes on walls. Subsequently, the mesh convergence test 

demonstrated that fluctuations at the walls were effectively maintained across various near-wall 

mesh sizes. Although the large spanwise spacing mesh test ended up with higher fluctuations on 

walls, these results were reasonable and can be explained. 

Statistical relationships in this wall model were extracted based on rolling samples from 

the DNS field data. These relationships are (1) the correlation between core vorticity and 

fluctuating wall shear stress magnitudes, and (2) core vorticity and the peak of total pressure 

gradient at various mesh resolutions. They were employed to reduce computational expenses and 

simulate a more practical flow. The bounding box search process was used to extract rolling 

samples, and the parameter in this process was carefully selected and verified. Although the 

samples were scattered due to turbulence, and the coefficient of determinants did not reach the 

expected high levels, the resulting fitted curves are still reasonable and provide a representation of 

the general relationships between variables. 
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6.2 Future work 

Currently, there are simplifications in the implementations of the wall model. For example, 

the model only considers neighboring cells on the left and right while searching and averaging 

variables along the spanwise direction, instead of computing gradients and interpolating values 

from possible neighbors. Consequently, this limits the model to cases with streamflow along the 

x-direction of coordinates and on hexagonal grids only. These simplifications require revision. 

Furthermore, the model can only handle one face of a wall cell as a wall boundary, whereas in 

practical applications, a single wall cell may have two faces (edges) or even three faces (corners) 

that require wall boundary conditions. In such scenarios, the SSP updating procedure and the 

processing sequence for each face need to be revised. 

Additionally, there are several improvements in the modeling and processing as follows: 

(1) The fluctuation assigning process in section 4.2.5 relies on distance projections 

mapping of each vertex may lead to significant mesh-related solutions, particularly in drastic 

changes of aspect ratios as demonstrated in the test case in section 5.2.3.  

(2) There is potential for further exploration of the switching mechanism in 4.3.2, as the 

current approach only utilizes the spanwise derivative of total pressure. More validity tests and 

experimentation with complex forms could be conducted by incorporating complicated 

components to enhance the switching mechanism.  

(3) The current introduction of fluctuating wall shear stress is accompanied by pre-set 

expressions and switching conditions, which is an open-loop system. It works with simple flow 

cases, such as a channel flow where no complicated interactions happen, but a lot of statistical data 
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can be leaned on. Under this case, no energy constraints or feedback mechanisms are needed to 

adjust fluctuations from backward. As a result, this wall model works for only flat plate flow 

scenarios. 

(4) Possible kinetic energy constraints of introduced fluctuation can be applied to the 

current wall model. The idea is to find the proper energy for a local size of rolling structures. Based 

on the existing kinetic energy of outer flows in the LES. This treatment can also smooth 

oscillations of near-wall kinetic energy distribution in Figure 65. To achieve the above idea, (1) a 

dissipation rate or energy for a small structure is needed; and (2) an energy spectrum for 

interpolating energy in a proper size of rolls. 

Finally, more tests are needed. Such as flow over periodic hills and backward steps, which 

can be further selected for validation and verification. Practical cases, such as flow around an 

airfoil and a wing-body shape can well present model performance in real applications. 
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