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Kudla-Rapoport conjecture for Kramer models

Qiao He

Abstract

The Siegel-Weil formula is a beautiful identity that relates weighted sum of theta series
with Eisenstein series. This classical formula has a geometric version relating geometric
theta series with Eisenstein series, where the geometric theta series is certain generat-
ing series of special cycles on unitary/orthogonal Shimura varieties. Much deeper is the
arithmetic Siegel-Weil formula, which is an analogous story in the integral model of uni-
tary /orthogonal Shimura varieties.

In this thesis, we study a local arithmetic Siegel-Weil formula: the Kudla-Rapoport
conjecture for the Kramer models of unitary Rapoport—Zink spaces at ramified places.
We conjectured and proved a precise identity between the arithmetic intersection numbers
of special cycles on Kramer models and modified derived local densities of hermitian
forms. Combining our formula with the analogous formula over unramified primes, we
can prove an arithmetic Siegel-Weil formula for unitary Shimura varieties, which relates
intersection of special cycles on unitary Shimura vartieties over imaginary quadratic fields
with derivative of Eisenstein series. This thesis is based on several joint works with Chao

Li, Yousheng Shi and Tonghai Yang.
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Chapter 1

Introduction

1.0.1 Background

Consider the quadratic form given by Q(z) = 22+ - -+a2,, and r,(n) = #{(x1, -+ ,Tm) €
Z" | Q(x1,- -+ ,xm) = n}. Lagrange’s famous four-square theorem claims that r4(n) # 0
for any n € NT. Then a natural question to ask is that can we find a formula for r4(n)?
It turns out that in order to achieve this, it is very helpful to consider the generating
series 04(7) = > ;2 ra(n)q" instead of r4(n) alone. One can show that 64(7) is a modular
form of weight 2 and level 4. In fact, the space of modular form of weight 2 and level
4 is generated by two explicitly constructed Eisenstein series. A comparison of Fourier
coefficients shows that 6(7) is a scalar multiple of one of the Eisenstein series. More

specifically,

O4(1) =1 +8Z( Z d)q".

n=1 0<d|n
4d

As a result, we may recover Jacobi’s beautiful formula:

ra(n) :8( Z d).

0<d|n
44d



In general, an explicit formula for r,,(n) is not known for m > 8. However, Siegel discov-
ered an average formula (over the genus class of Q,,(x)) in 1930s ([Sie35]) and extended
it to the indefinite integral quadratic forms later ([Sie51]). More explicitly, we have the

following formula:

Z 0¢(1) = special value of Siegel Eisenstein series, (1.1)
([Q1]
where the summation is over the genus class of a positive definite integral quadratic form
@, and 0 is the theta series associated with Q).

Weil interpreted Siegel’s work in terms of Weil representation and extended it to all
quadratic and hermitian forms (within the convergence range) in 1960s ([Wei65]) as follows.
To simplify the exposition, we mainly focus on the unitary case. Let F' be a CM number
field with maximal total real subfield Fy and (V,h) be a non-degenerate hermitian space
over F of dimension n with Witt index . Let H = U(V') and G = U(m, m) so that (G, H)
is a reductive dual pair. Fix a character x of A5 /F* such that y[yx = 5%/}70 where ep/
is the quadratic character of A*/F;* associated to F//Fy via class field theory. Then we
have an action of H(A) x G(A) on the space of Schwartz function ./(V™(A)) via the Weil
representation w.

Now we define Siegel Eisenstein series. We use P to denote the Siegel parabolic
subgroup of G and let K be the standard maximal compact subgroup of G(A). For

p €. (V™(A)), define a holomorphic section ® of Indggig x| det |3, by

®,(g) = la(g)[}, w(g)¥(0).

Here sp = (n —m)/2 and |a(g)|a, = |det(a)|a, for some a € GLy,(Af,) so that g =

a
- k for some k € K. Then the Siegel Eisenstein series

0 ftg!

E(g,5,0) = Y,  (9)
1EP@\C(Q)



is absolutely convergent if Re(s) > m/2, and has a meromorphic continuation to the whole
s-plane if ¢ is K-finite.

On the other hand, we define the theta function

O(g, ;) = > wlg, h)p(x)
eV (F)

for each ¢, and consider its integral

I(g,¢) = / O(g, h; )dh
H(F)\H(A)

if it is absolutely convergent. Here we normalize the Haar measure dh on H(A) so that
vol(H(F)\H(A)) = 1. In [Wei65], Weil showed that the theta integral (g, ) is absolutely
convergent for all ¢ if and only if n—r > m or (V, h) is anisotropic (the so called convergent

range). Moreover he proved that if n > 2m, then

I(g,) = E (g, 50, ) -

In particular, both sides of this identity are absolutely convergent in this case. In general,
we need to regularize the theta integral and identity it with certain residue of Eisenstein
series, which is called regularized Siegel-Weil formula. See [KR88b, [KR88al [KR94l Tke96,
Ich04, |[GQT14] for more details.

There is also a geometric analogue of the above story. For simplicity, we again focus
on the unitary case.

Fix an embedding Q — C and fix a CM type ® C Hom(F,Q) = Hom(F,C) of
F. We also identify the CM type ® with the set of archimedean places of Fy. Let
V be an F/Fjy-hermitian space of dimension n. Assume the signatures of V are {(n —
1, 1) g9, (17,0)pea—{gy} ) for some distinguished element ¢g € ®. Then there is a unitary
Shimura variety X of dimension n — 1 associated with V. There is a special cycle Z(T)

of codimension r on X associated with a r x r positive definite hermitian matrix T €



Herm,, (F'). This definition can be extended to all  x r semi-definite 7" to form a geometric

analogue of the classical theta series valued in CH"(X):

09 () == Z Z2(T)qT, ¢ = e2mitr(TT),
T>0
where 7 lies in the hermitian upper half plane H,. Here H, is the domain consisting of all
complex r x 7 matrices 7 such that i(‘*7 — 7) is positive definite.

Kudla conjectured that the orthogonal analogue of 07°°(7) is a Siegel modular form
valued in CH"(X) in [Kud97, [Kud04], which was proved due to various authors’ work (see
[Bor99],[Zha09] and [BWRI15]). Yifeng Liu formulated the unitary case in [Liull], where
he also proved the case r = 1 and the formal modularity. For more detail, see the beautiful
survey article of Chao Li [Li23].

When X is compact and r = n—1, Z(T) € CH"}(X) and we can consider deg(Z(T))

geo
n—1

in this case. Taking the degree of 4 we may propose the following geometric Siegel-Weil

formula:
deg(09°°,) = special value of unitary Eisenstein series. (1.2)

The orthogonal analogue of this formula was proved in [Kud97] and the unitary case
should follow from a similar argument. In fact, taking degree of Z(T') factors through the
cycle class map. Then Kudla-Millson theory [KM90| gives an explicit construction of a
representative of cl(Z(T')) where cl denotes the cycle class map. When X is non-compact,
we expect similar results as above should still hold although some modification is needed.
It is still an open question to find the correct modification in general.

This is not the end of the story. Much deeper is its arithmetic version. Assume X
has an integral model X over O where E is the reflex field. In reality, we often need
to consider its toroidal compactification. However, the main results of this thesis do not
involve the boundary components so we ignore this issue here. For 7 € H,, we can write

it as 7 = x + iy where y is a r X r positive definite hermitian matrix. For such y, we can



define a Kudla’s Green current for Z(T') depending on y. Given the Green current, we
seek to define Z (T,y) € CH" (X) whose restriction on generic fiber recovers Z (7). Then

we may consider an arithmetic analogue of 69°°(7):

0 (1,y) = Z Z(T,y)qT, T = e2min(Tn),
T>0

Similarly as before, this is conjectured to be modular. Although the cases r > 2 are still
wide open, a version of this for the case r = 1 was proved in [BHK'20] (for n > 2), which
has been applied in various places successfully. We remark that this modularity theorem
is one of the main ingredients of Wei Zhang’s proof of arithmetic fundamental lemma in
[Zha21]. In an ongoing work with Yousheng Shi and Tonghai Yang, we will extend this
modularity theorem to the case n = 2.

In another extreme case r = n, (/9\?7" (7,y) is an arithmetic cycle of virtual dimension 0
and we can take arithmetic degree. Then one expects an arithmetic Siegel-Weil formula

roughly of the following form:
d/e\g(é\ff) “ ="derivative of incoherent unitary Eisenstein series. (1.3)

In fact, it is a highly challenging task to make (|1.3|) precise. However, when T is non-

degenerate, there is a well-defined intersection number Int(7") so that we expect
Int(T)q" “ =" Eq(r,0) (1.4)

where Er(7,s) is the T-th derivative of certain incoherent Eisenstein series.

When T is non-degenerate but not positive definite, the intersection happens at the
archimedean places. We refer [Liulll [GS19, BY20] for more details. In fact, [GS19] even
treats the case when T is degenerate. When T is positive definite of rank n, the integral
special cycle Z(T') is supported on the supersingular locus over a finite prime p which is

either inert or ramified in E. Because of this, it turns out that (1.4) can be reduced to



a local arithmetic Siegel-Weil formula by p-adic uniformization. For U(n — 1, 1)-Shimura
varieties with hyperspecial level at an unramified place, Kudla—Rapoport [KR11] conjec-
tured a precise local arithmetic Siegel-Weil formula, now known as the Kudla—Rapoport
conjecture. It is a precise identity between the arithmetic intersection number of special
cycles on unitary Rapoport—Zink spaces (the geometric side) and the central derivative of
local representation densities of hermitian forms (the analytic side). The original Kudla-
Rapoport conjecture was recently proved by Li-Zhang [LZ22a)] via Fourier transform and

an ingenious induction.

1.0.2 Kudla-Rapoport conjecture over ramified primes

Now a natural question and important question is to formulate and prove an analogue of
the Kudla—Rapoport conjecture over a ramified prime. There are two well-studied unitary
Rapoport—Zink spaces over ramified primes with different level structures. One is the
exotic smooth model which has good reduction, and the other one is the Kramer model
which has bad reduction. The analogue of Kudla—Rapoport conjecture was formulated
and proved for the even dimensional exotic smooth model by Li-Liu in [LL22] using a
strategy similar to [LZ22a].

However, the situation is more complicated for the Kramer model— due to the bad
reduction of the model, it is expected that one needs to modify the analytic side of the
conjecture by certain nontrivial linear combination of central values of local representation
densities. Such phenomenon was first observed by Kudla—Rapoport [KR00] via explicit
computation in their proof of the orthogonal local arithmetic Siegel-Weil formula for the
Drinfeld p-adic half plane.

In [Shi22], Shi obtained a Kudla-Rapoport type formula for the Kramer model associ-
ated with a 2-dimensional nonsplit hermitian space. In this case, there happens to be no
modification on the analytic side. In a joint work with Shi and Yang [HSY23b], we studied
the case for a 2-dimensional split hermitian space using an exceptional isomorphism be-

tween the corresponding unitary Rapoport-Zink space and Drinfel p-adic half plane. The



analytic side in this case needs nontrivial modification.

Inspired by the results obtained in [Shi22,[HSY23b], we formulated the Kudla—Rapoport
conjecture for Kramer models in another joint work with Shi and Yang [HSY23al, where
we give a precise and conceptual modification for the analytic side. We also proved the
conjecture for the case n = 3 via explicit calculation. It is a new construction on the
geometric side called difference cycle which makes the explicit calculation possible. The
difference cycle is motivated by the primitive local density from the analytic side and has
surprisingly simple property which eventually simplifies the calculation significantly.

Finally, in a joint work with Li, Shi and Yang [HLSY22|, we resolved the conjecture
positively in full generality via a new method using partial Fourier transform and induc-
tion.

As a first application, we relax the local assumptions in the arithmetic Siegel-Weil
formula for U(n — 1,1)-Shimura varieties by allowing Kramer models at ramified places.
The main theorem should also be useful to relax the local assumptions at ramified places
in the arithmetic inner product formula [LL21) [LL22] and its p-adic avatar by Disegni-Liu
[DL22].

1.0.3 The precise formulation of Kudla—Rapoport conjecture for Kramer

models

Now we give more details about the formulation of Kudla—Rapoport conjecture for Kramer
models. Let p be an odd prime. Let Fj be a finite extension of Q, with residue field x = F,.
Let F be a ramified quadratic extension of Fj;. Let m be a uniformizer of F' such that

2 is a uniformizer of Fy. Let F be the completion of the

Trp/p(7) = 0. Then mp := 7
maximal unramified extension of F. Let Op and O be the ring of integers of F' and F
respectively.

First, we introduce the geometric side of the conjecture. Let n > 2 be an integer.

To define the Kramer model of the unitary Rapoport—Zink space, we fix a (principally

polarized) supersingular hermitian Op-modules X of signature (1,n—1) over & (Definition



2.1.1). The Krimer model N' = N, is the formal scheme over Spf O parameterizing
hermitian formal Op-modules X of signature (1,n — 1) within the quasi-isogeny class of
X, together with a rank 1 filtration F C LieX satisfying the Kramer condition (Definition
2.1.2)). The space N is locally of finite type, and semistable of relative dimension n—1 over
Spf O There are two choices of the framing object X (up to quasi-isogeny), giving rise
to two non-isomorphic (resp. isomorphic) spaces N' when n is even (resp. odd) (§2.1.2)).
Let Y be the framing hermitian Op-modules of signature (0,1) over & defined as in
Definition The space of quasi-homomorphisms V = V,, = Homp, (Y,X) ®0, F
carries a natural F'/Fy-hermitian form, which makes V a non-degenerate F'/Fp-hermitian
space of dimension n ( The two choices of the framing object X exactly correspond

n(n—1)

to the two isomorphism classes of V, classified by x (V) := x((—1)" 2 det(V)) € {£1},

where x : ;¢ — {£1} is the quadratic character associated to F/Fy. For any subset
L C 'V, the special cycle Z(L) ( is a closed formal subscheme of A, over which each
quasi-homomorphism z € L deforms to homomorphisms.

Let L C V be an Op-lattice (of full rank n). We will associate to L two integers: the

arithmetic intersection number Int(L) and the modified derived local density ODen(L).

Definition 1.0.1. Let L C V be an Op-lattice. Let x1,...,x, be an Op-basis of L. Define

the arithmetic intersection number
II’lt(L) = X(N’ OZ(gcl) ®]L e ®L OZ(:En)) € Z’ (15)

where Oz (,,) denotes the structure sheaf of the special divisor Z(x;), @ denotes the derived
tensor product of coherent sheaves on N, and x denotes the Euler—Poincaré characteristic
(Definition[2.2.6). By Howard [Howld, Corollary D]), we know that Int(L) is independent

of the choice of the basis x1,...,x, and hence is a well-defined invariant of L itself.

We remark that virtually we regard the intersection between Z(x1),...,2Z(zy) as a
0-cycle. However in general they do not intersect properly. We use derived tensor in the

definition of our intersection number here to remedy this.



Now we introduce the analytic side of the conjecture. For M another hermitian Opg-
lattice (of arbitrary rank), denote by Hermp s the Op,-scheme of hermitian Op-module

homomorphisms from L to M (Definition 4.1.1)) and define its local density to be

Den(M, L) = dEIJPoo |Hermé}\],\.4d(LyOAfO/wg)|j
where dr, pr is the dimension of Hermp ar @0, Fy. Let H be the standard hyperbolic
hermitian Op-lattice of rank 2 (given by the hermitian matrix (77?_1 ”61 >) It is well-
known that there exists a local density polynomial Den(M, L, X) € Q[X] such that for any
integer k > 0,

Den(M, L,q~ %) = Den(H* @ M, L). (1.6)

When M has also rank n and x(M) = —x(L), we have Den(M, L) = 0 (Lemma|5.3.6) and

in this case we write

d
Den'(M,L) := =2+ — Den(M, L, X).

dX | x_,
Define the (normalized) derived local density
Den' (1, L)
Den/(L) .= —/—"2 "2 . 1.
(1) = bl e @ (17)

Here I,, is the unimodular lattice of rank n with x(I,) = —x(L). Recall that a hermitian
Opr-lattice L is unimodular.

In the thesis, we also use a(M,L,X) to denote Den(M, L, X). However, we use
o/ (M, L) to denote — % a(M,L,X).

X=1
The naive analogue of the Kudla—Rapoport conjecture for Kramer model should be

Int(L) = Den'(L).

However, as explained in [HSY23a| this naive analogue does not hold for the following
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reasons. On the one hand, by definition Int(L) vanishes unless L is integral (i.e., L C Lﬁ),
while Den’(L) does not vanish for non-integral lattices L which are dual to vertex lattices.
More precisely, recall that an integral Op-lattice A C V is called a vertex lattice (of typet)
if A*/A is a r-vector space (of dimension ¢). For a vertex lattice A C V of type t > 0, we
have A? is non-integral so Int(A*) = 0, while Den/(A*) # 0 in general (see e.g. (5.38)). In
general, we define the type t(L) of L to be the number of positive fundamental invariants
of L (see §1.0.6).

To account for these discrepancies, we will define Den(L) by modifying Den’(L) with
a linear combination of the (normalized) local densities (Corollary

B Den(Ag, L)

Deny(L) := Den(Ag Ag)

A (1.8)

Here Ay C V is a vertex lattice of type t (in particular X(Ag) = x(L)). Recall that the

possible vertex type t is given by any even integer such that 0 <t < ¢4, where

(

n, if n even, x(V) = +1,

tmax = §n — 1, ifn odd,

n—2, ifneven, x(V)=—1.

Definition 1.0.2. Let L C 'V be an Op-lattice. Define the modified derived local density

(Corollary

tmax/2
ODen(L) := Den'(L) + > cz; - Deny;(L) € Z. (1.9)
j=1

Here the coefficients co; € Q are chosen to satisfy

ODen(AL) =0, 1< < tmax/2, (1.10)

which turns out to be a linear system in (ca,ca, ..., ct,,.) with a unique solution (Theorem
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7.2.1).

The main goal of this thesis is to prove the following local arithmetic Siegel-Weil

formula, settling the main conjecture of [HSY23a]. We will prove this theorem in

Theorem 1.0.3 (Kudla-Rapoport conjecture for Kramer models). Let L C V be an
Or-lattice. Then
Int(L) = 0Den(L).

1.0.4 Global application

Now we describe the global application of the local arithmetic Siegel-Weil formula. For
brevity and clarity of exposition we restrict our attention to the case when F is an imag-
inary quadratic field. We further assume F = Q(y/dp) where dp = 1 mod 8 (essentially
we simply need 2 splits in F'). We remark here that our results can be applied to the
case when F' is a general CM field given correct local assumptions. Let M ,_1) be the
moduli functor over Spec O such that for an Op-scheme S, M ,_1)(S) parametrizes
isomorphism classes of principally polarized abelian schemes A /g of relative dimension n
with an action ¢ : O — End(A), a compatible polarization A : A — AV and a filtration
Fa C LieA which satisfies the signature (1,n — 1) condition: Op acts on LieA/F4 via the
structure map s : Op — Og and acts on F4 via conjugation of s. Let V be a hermitian
vector space over F' of signature (n — 1,1) containing a self-dual lattice L. The lattice L

determines an open and closed substack

M C M(O,l) XSpecOp M(Ln—l)

which is an integral model of a unitary Shimura variety. For a point in M(S) (S an Op-
scheme), i.e., a pair (E, 19, \o) € M(0,1)(95), (A, 1, A, Fa) € M(15-1)(5), define the locally
free Op-module

V'(E,A) = Homgp, (E, A).
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It is equipped with the hermitian form h/(z,y) = (7' (A\g' oy o Ao x). For am x m
nonsingular hermitian matrix 7" with values in Op, let Z(T") be the stack of collections
(E, 10, Mo, A, 1, A\, Fa,x) such that (E, g, N, A,t,\, Fa) € M(S), x € V/(E, A)™ with
h'(x,x) = T. Then Z(T) is representable by a Deligne-Mumford stack which is finite
and unramified over M (JKR14bl Proposition 2.9]). When ¢ € Z, each component of
Z(t) can be viewed as a divisor by [How15l, Proposition 3.2.3]. In general, Z(T') does not
necessarily have the expected codimension which is the rank of 7T'.

Let V = {V,} be the incoherent hermitian space over A associated to V. Alterna-
tively, it is the positive definite hermitian space over Ap such that V, 2V}, for all finite /.
It is “incoherent” in the sense that it does not come from a global hermitian space. For
a nonsingular hermitian matrix T of rank n with values in Op, Let Vp be the hermitian

space with gram matrix T'. Define
Diff(T, V) := {p a place of Q | V,, is not isomorphic to (Vr),}. (1.11)

Then Z(T) is empty if |Diff (7, V)| = {oo} or |Diff (7, V)| > 1.

If Diff(T', V) = {oo}, then T is non-singular but not positive definite. Although Z(7T')
is empty in this case, there is contribution at co by Green current. We have an arithmetic
O-cycle Z (T,y) == (0,Gr(T,y) where Gr(T,y) is a Green current defined as in [Liull] and
[GS19] with the parameter y being a positive definite hermitian matrix y of rank n (which

will be imaginary part of 7) , see for example [LZ22a) §15.3]. Define the arithmetic degree

dea(Z(T,y)) = 5 /M(@ Gr(T,y) (1.12)

If Diff (7, V) = {p} for an inert or ramified prime p in F, then T is positive definite
and the support of Z(T') is on the supersingular locus of M over SpecF,. It is this case

where Kudla-Rapoport conjecture will be a major ingredient. Consider the arithmetic

cycle Z(T,y) = (Z(T),0). Let e be the ramification index of F,/Q,. Virtually, we are
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considering z (T,y) as an arithmetic O-cycle. Hence we consider the arithmetic degree
deg(Z(Ty)) = X(Z(T), Oz(p,) @" - @' Ozy,)) - logp™/*, (1.13)

where @ stands for derived tensor product on the category of coherent sheaves on M,
x is Euler-characteristic and ¢; (1 < ¢ < n) are the diagonal entries of 7. We remark
here that can be reduced to the intersection number on the Rapoport-Zink
space N over p by p-adic uniformization. As in the local situation, Z(t1),..., Z(t,) do
not intersect properly in general and we take derived tensor to fix this.

Now we consider the analytic side. Let ¢ = 15, € & (V;ﬁ) Associated to ¢ =
VL ® Yoo € L (V™), where ¢, is the Gaussian function, we define a classical incoherent

Fisenstein series on the hermitian upper half space 7 = x 4+ iy € Hy,:
E(7,5,0) = Xoo(det(a)) "' det(y) ™* - E(gr,5,9), gr :=n(x)m(a) € Gn(4), (1.14)

where a € GL,, (Fy) such that y = a’a.
Here E(7,s,¢) has a meromorphic continuation and a functional equation relating
s <» —s and E(7,0, ¢) = 0 by the incoherence. Therefore, we consider its central derivative

d
Eis'(1,01) = — E(1,s,9).
ds s=0

Analogous to the local situation, we need to modify Eis'(7,¢r) by central values of
coherent Eisenstein series. For a ramified place p in F', let PV be the coherent hermitian
space over Ar nearby V at p, namely (PV), ~ V, exactly for all places ¢ # p. Recall
that we call a hermitian Of,-lattice A a vertex lattice of type ¢ if 7A¥ ¢ A C AF and
[A¥ : A] = ¢ where 7 is a uniformizer of F,,. For any vertex lattice Ay, C (’V), of type

t, the Schwartz function ¢} ® 1 ( e L((PV)™) gives a classical coherent Eisenstein

Af ™

series E(1,s,¢0% @ 1(A§ )n) defined similarly as in (1.14). Here ¢} = ®/4,1,. Analogous
P



14

to (1.8]), define the (normalized) central values

vol(K})

vol(K s )

YEis¢ (T, ¢r) = - E(1,0, 0" ® 1(A§p)n)' (1.15)

f
t,p

tp» and the volumes are taken with respect

Here K,: C U(PV)(Fpp) is the stabilizer of Al
tp

to the Haar measures on U(V')(Fp,p) and U(PV)(Fp ) as defined in [LL21, Definition 3.8].

Let Viam be the set of places of Fjy ramified in F'. For a p € Vyan, in F, analogous to (1.9)),

define the linear combination

tmax,p/2
PEis(1,¢r1) := Z c2jp - PEiso; (T, ¢1), (1.16)

j=1
where tmaxp and cgj, are the numbers ¢y and cp; respectively in (1.9)) for the local
hermitian space (PV), over the ramified extension F,/Q,. Define the modified central

derivative

OEis(r, 1) := Bis/(t, ) + (-1)" > PEis(r,¢1), (1.17)
pevram

which is unitary modular form for U(n,n). We fix the canonical unramified additive
character 9 : Ag/Q — C* with 9o (z) = ™. Then OEis(r, ¢1) has a Fourier expansion

as follows:

OEis(r,pr) =  »_  OBisp(r,L). (1.18)
TeHermy, (F)

The following result asserts an identity between the arithmetic degrees of special cycles
and the nonsingular Fourier coefficients of the modified central derivative of the incoherent
Eisenstein series, whose proof is essentially reduced to Theorem and the unramified

version proved in [LZ22al.

Theorem 1.0.4 (Arithmetic Siegel-Weil formula: nonsingular terms). Let F' = Q(v/dp)

with dp =1 mod 8 and L be the unimodular lattice we fized before. We have

deg(Z(T,y))q" = ck - OFisp(r, o1),
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where qT = Yoo (Tr(T'T)), ¢k is a nonzero constant independent of T and ..

Notice that d/e\g(é (T,y)) does not depend on y when T is positive definite. We also
remark that it is an open and very challenging question to extend this identity to singular

terms.

1.0.5 Organization of this thesis

The rest of this thesis is organized as follows.

We will give the background material in Chapter two, including the definiton of
Rapoport-Zink space, special cycles and their basic properties which will be used freely in
later chapters.

In Chapter three, we focus on the case n = 2. Using the exceptional isomorphism be-
tween N3 and Drinfeld upper half plane (after base change and blow up) and Grothendieck-
Messing theory, we write down the local equations of special divisors. Based on this, we
prove the conjecture for the case V is 2-dimensional split hermitian space via explicit
calculation. This chapter is based on the joint work with Shi and Yang ([HSY23b]).

In Chapter four, we explain how to precisely formulate the modified conjecture. We
also prove conjecture for n = 3 using induction and explicit computation. We will define
the difference cycle, which is motivated by the primitive local density from the analytic
side, and show that it has some surprisingly simple property. Accordingly, we will establish
some induction formula for the local density. Finally we compare the geometric side and
analytic side to prove the conjecture inductively. This chapter is based on the joint work
with Shi and Yang ([HSY23a]).

Finally, in Chapter five, we prove the conjecture in full generality via a new method
even in the n = 2,3 case. The proof relies on partial Fourier transform and induction.
On the geometric side, we can use linear invariance to avoid Tate conjecture for Deligne-
Lusztig variety. On the analytic side, one of the major novelty is a decomposition formula
for local density and a surprisingly simple formula for (derived) primitive local density.

A more detailed summary will be given at the beginning of the chapter. This chapter is
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based on the joint work with Li, Shi and Yang [HLSY22].

1.0.6 Notation and terminology

In this thesis, a lattice means a hermitian Op-lattice without explicit mentioning. Unless

otherwise stated, L always means a non-degenerate lattice of rank n with a hermitian form

(5 )-

e We say a sublattice L” of a hermitian space is non-degenerate if the restriction of

the hermitian form to it is non-degenerate.

e We define Lf to be the dual lattice of L with respect to the hermitian form (, ). If

L C L¥, we say L is integral.

e Following [LL22, Definition 2.11], for a lattice L with hermitian form (, ), we say
that a basis {¢1,...,¢,} of L is a normal basis (which always exists by [LL22, Lemma

2.12]) if its moment matrix T = ((¢;,£;)) is conjugate to

1<i j<n

0 7.[.2014—1 0 7-‘-2Ct+1
_7T201+1 0 _7T2ct+1 0
by a permutation matrix, for some B1,...,8s € Og, and bi,...,bs,c1,...,¢; € Z.
Moreover, we define its (unitary) fundamental invariants (aq,---,a,) to be the
unique nondecreasing rearrangement of (2bq,---,2bs,2¢1 +1,---,2¢ + 1).

e We define the type t(L) of L to be the number of positive fundamental invariants of
L. We use (L) to denote the rank of L and call L a full type lattice if r(L) = t(L).

e We define the valuation of L to be val(L) := > 7" ;| a;, where (a1,--- ,ay) are the
fundamental invariants of L. For z € L, we define val(z) = val((z,z)), where

val(mg) = 1.

e For a hermitian space V, we let V' := {x € V | val(x)?i} where ? can be >, < or =.
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For a ring R, we use ({1, ,¢,)r to denote Spangp{l1,---,¢,}. When R = O, we
simply write (¢1,--- ,£,). We use Lp to denote L ®¢,, F.
For a hermitian lattice of rank n, we define its sign as

n(n—1)

X(L) = x((=1)"=det(L)) = +1
where x is the quadratic character of F associated to F/Fy. Without explicit
mentioning, we always use € to denote x(L).

Let I, denote a unimodular lattice of rank m with x(I5,) = e. We also simply
denote a unimodular lattice of rank m by I, if we do not need to remember its sign
or its sign is clear in the context. In particular, when we consider Den’(I,, L), we

— —€
mean [, = I °.

We call a sublattice N C M primitive in M if dimg, N = r(N), where N = (N +
wM)/mM. We also use L to denote L ®p, Op/().

For two lattices L, L' of same rank, let n(L/,L) =#{L" C Ly | LC L",L" =2 L'}.

We let dpgq(n) =1 if n is an odd integer and doqq(n) = 0 if n is an even integer.
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Chapter 2

Rapoport-Zink space and special

cycle

2.1 Rapoport-Zink space

We denote a the Galois conjugate of a € F' over Fy. Denote by Nilp O be the category
of Op-schemes S such that 7 is locally nilpotent on S. For such an S, denote its special
fiber S xspfo,. Speck by S. Let 0 € Gal(Fy/Fy) be the Frobenius element. We fix an
injection of rings i : O, — O F, and an injection ¢ : Or — Oj extending 7g. Denote by

i: Op = Op the map a — i(a).

2.1.1 RZ spaces

Let S € Nilp O. A p-divisible strict Og,-module over S is a p-divisible group over S with

an Op,-action whose induced action on its Lie algebra is via Op, ~% O 5 — Os-

Definition 2.1.1. A formal hermitian Op-module of dimension n over S is a triple
(X,t,\) where X is a supersingular p-divisible strict Op,-module over S of dimension
n and Fo-height 2n (supersingular means the O, -relative Dieudonné module of X at each
geometric point of S has slope %), t:Op — End(X) is an Op-action and A : X — XV is a

principal polarization in the category of strict Op,-modules such that the Rosati involution
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induced by A is the Galois conjugation of F/Fy when restricted on Op.

Definition 2.1.2. Fiz a formal hermitian Op-module (X, 1x, A\x) of dimension n over .
The moduli space N, is the functor such that N, (S) for any S € NilpOp is the set of

isomorphism classes of quintuples (X, ¢, A, p, F) such that
1. (X,t,\) is a formal hermitian Op-module over S.
2. p: X xg8 =X X Spec & S is a quasi-isogeny of formal Op-modules of height 0.

3. F satisfies Kramer’s ([Kra03]) signature condition: it is a local direct summand of
LieX of rank n — 1 as an Og-module such that O acts on F by O SN Op — Og
and acts on LieX/F by Op AN Op — Os.

An isomorphism between two such quintuples (X, i, A, p, F) and (X', /N, p',F') is an
isomorphism o : X — X' such that p' o (a x5 S) = p, a*(N) is a Op, -multiple of X and
ax(F)=F.

Notice that A, is a relative Rapoport-Zink space in the sense of [Mih22]. By [How19,
Proposition 2.2], N, is representable by a flat formal scheme of relative dimension n — 1
over Spf Ox. We drop the subscript n in A, when there is no ambiguity.

Although we mainly study N,,, we also need another moduli space proposed in [Pap00].

Definition 2.1.3. Fiz a formal hermitian Op-module (X, ix, Ax) of dimension n over .
The moduli space Ny, is the functor such that ./\/fap(S) Jor any S € Nilp O is the set of

isomorphism classes of quintuples (X, ¢, \, p) such that
1. (X,t,A) is a formal hermitian Op-module over S.
2. p: X x5S = X Xspec S 18 a quasi-isogeny of formal Op-modules of height 0.

3. 1:Op — End(X) is an Op-action on X satisfying Kottwitz condition:

char(u(r)|LieX) = (T — m)(T + )" L.
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By [Kra03] (see also [Shi22l Proposition 2.7]), the natural forgetful functor ® : N,, —
NP2 forgetting F is the blow up of NP along its singular locus Sing. For each point

A € Sing, its inverse image ®~!(A) is an exceptional divisor Exc, isomorphic to ]P’Zfl.

2.1.2 Associated hermitian spaces

For a strict Op,-module X over &, let M (X) be the Op,-relative Dieudonné module of X.
Let (X, tx, Ax) be the framing object as in Definition and N = M(X) ®o,, Fo be its
rational relative Dieudonne module. Then N is a 2n-dimensional F’o—vector space equipped
with a o-linear operator F and a o~ !-linear operator V. The Op-action tx : O — End(X)
induces on N an Op-action commuting with F and V. We still denote this induced action
by tx and denote tx(7) by II. The principal polarization of X induces a skew-symmetric

Fy-bilinear form (, ) on N satisfying

(Fz,y) = (z,Vy)?, (la)z,y) = (z,(a)y),

for any z,y € N, a € Op. Then N is an n-dimensional F-vector space equipped with a

F'/ Fy-hermitian form (, ) defined by (see [ShilS8, (2.6)])

(z,y) = 6((z, y) + 7(z,y)), (2.1)
where 0 is a fixed element in (9; such that o(J) = —9J. We can use the relation
0
1 -1

to recover (, ). Let 7 :== IV~ and C := N7. Then C is an F-vector space of dimension
nand N = C ®p, Fy. The restriction of (, ) to C is a F/Fy-hermitian form which we still
denote by (, ). There are two choices of (X, tx, Ax) up to quasi-isogenies preserving the

polarization on the nose, according to the sign e = x(C) of C. Here x : F;* — {£1} is the
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character associated to the quadratic extension F'/Fy and we define the sign of C' as
X(O) = x((=1)"" V2 det(C)).

When n is odd, two different choices of € give us isomorphic moduli spaces. When n is
even, two different choices of € give us two sets of non-isomorphic moduli spaces. See
[Shil8, Remark 2.16] and [RTW14, Remark 4.2].

Fix a formal hermitian Op-module (Y, y, Ay) of dimension 1 over Spec k. Define
V,, = Homp,. (Y, X) ® Q. (2.3)

We drop the subscript n of V,, unless we need to specify the dimension. The vector space

V is equipped with a hermitian form (, )y such that for any z,y € V
(z,y)v = Ay oy odx oz € End(Y)®2Q = F (2.4)

where y" is the dual quasi-homomorphism of y. The hermitian spaces (V,(, )y) and

(C,(,)) are related by the F-linear isomorphism
b:V—=C, z~— x(e) (2.5)

where e is a generator of 7-fixed points of the Op,-relative Dieudonné module M (Y).
The relative Dieudonné module M (Y) is equipped with a hermitian form (, )y such that
(e;e)y € O, . By [Shil8, Lemma 3.6], we have

(z,2)v - (e,e)y = (b(z),b(x)). (2.6)

Here the bilinear form (, )y is the analogue of the form (,) in (2.1)) defined on the rational

relative Dieudonné module of Y. By scaling the polarization Ay by a factor in O;O we can
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assume that

(e;e)y =1,

so V and C' are isomorphic as hermitian spaces. When the context is clear we often drop
the subscript Vin (, )y.

Note that, when n is odd, N, does not depends on x(V). However, when n is even,
different choices of the framing object with different x (V) will give non-isomorphic A,,. In
this case, we will use NV, . to denote the Rapoport-Zink space given by a framing object

(X, tx, Ax) with X(V) = €.

2.1.3 Bruhat-Tits stratification of N2

T

In this subsection, we review the description of the reduced locus of AT in [RTWT4].
We remark that although the results of [RT'W14] treat the case Fy = Q, it extends to the
category of strict formal Op,-modules using relative Dieudonné theory. This will be used
heavily in Chapter 3 and Chapter 4. We also mention that there is a similar story for the
reduced locus of N which will be established in Chapter 5. From now, we use j\/’rlzgp to
denote the reduced locus of N'T2P,

For an O-lattice M of N, define M?* to be the dual lattice of M with respect to the

form (,)x. Recall the following results.

Proposition 2.1.4. ([RTW14, Proposition 2.2 and 2.4]) Let N (k) be the set of O p.-lattices
NE)={M cCopF| M =M, rr(M)C M C n~'7(M), dimy(M + 7(M))/M < 1}.
Then the map

NFPP(B) 5 N(k), == (X,0,\p)— M(z)=p(M(X))CN

is a bijection.

We say a lattice A C C is a vertex lattice if TA C A" C A and we call ¢ = dimp, (A/AF)
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the type of A (in Chapter 5, we will use a slightly different convention of vertex lattice
for convenience). We denote the set of vertex lattices (resp. of type t) by V (resp. VY).
Using the isomorphism of hermitian spaces (2.5)), we often identify A with b=*(A) and use
the same notation to denote both. We say two vertex lattice A; and Ag are neighbours
if Ay € As or Ay C Ay. Then we can define a simplicial complex L as follows. When n
is odd or when n is even and C' is non-split, then an r-simplex is formed by Ag, ..., A, if
any two members of this set are neighbours. When n is even and C' is split, we refer to
discussion before [RTW14, 3.4] for the definition of £. We also use £,, . to denote L if C
has dimension n and x(C) = e. Again when n is odd, £, 1 = L, _1, hence we use L,, to
denote it.

By results in Sections 4 and 6 of loc. cit., to each A € V! we can associate a Deligne-

Lusztig varieties /\/'/1\)ap and /\/’}iap’o of dimension t/2, such that
NP (k) = {M e N(k) | M c N @0, 04},
and
NAPE(k) = {M € N'(k) | A*(M) = A%}

Here A(M) is the minimal hermitian dual of a vertex lattice such that A(M) ®o, O
contains M which always exists by [RT'W14, Proposition 4.1]. By Theorem 1.1 of loc.cit.,

we know that
P Pap,
NA ap = |_| N /ap O,
NeLNCA

and

Pap Pap,o
Ned - |_| NA

r
Ael
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where each ./\/fap is a closed subvariety of j\/rlzzp. By loc. cit., we also know that

N ifANN €V,

TP TP =
0 otherwise.
For a lattice L C V, define
V(L) ={A eV |LCA*, and V/(L) = {A € V' | L C A*}. (2.7)

When L = Span{x} we also denote V(L) (resp. V(L)) by V(x) (resp. V!(x)). For any
subset S of V, we define £(S) to be the subcomplex of £ such that a simplex is in £(5)

if and only if every vertex in it is in S. For a lattice L of V and x € C, define
L(L)=LV(L)). (2.8)

When L = Span{x} we also denote £(L) by L(x).
We have a similar result for the reduced locus of M,eq which will be studied and used
in Chapter 5. Here we only give brief review and refer the reader to Chapter 5 for details.
By Proposition [5.1.17] below, Ny = Excy for type 0 lattices A. The reduced locus Nyeq
has a decomposition (see Theorem

Nrea = Na,
A

where the union is over all vertex lattices. The reduced subscheme Z(L);eq is a union of

Bruhat-Tits strata (see Proposition [5.1.20))

ZLha= |J M (2.9)

LsubsetAt

We remark that Ny is a desingularization of Nfap. In particular, Ny is regular.

For vertex lattices of type 0, we define Excy following the idea of [How19, Appendix].



25

Definition 2.1.5. The exceptional divisor Exc of N is the set of all points z = (X, 1, \, p, F) €
N(R) such that the action

t: Op — End(LieX)

factor through Op AN O — K where Op — K is the quotient map. For a vertex lattice A
in C of type 0, define Excp to be the set of all points z = (X, i, \, p, F) € Exc such that
p(M(X)) = A ®o, Op. Both Exc and Excy are closed subset of N' and we endow them

the structure of reduced schemes over kK.
The following is a refinement of [How19, Proposition A.2].

Lemma 2.1.6. Each Excy is a Cartier divisor of N isomorphic to P2~ The scheme

Exc is a disjoint union of Excp over all type 0 lattices A in C.

Proof. Let z = (X, 1, \,p, F) € Exc(k) and M = p(M(X)) C N. Then the action of
() on LieX is trivial. Hence IIM C VM as LieX = M/VM. Since dimz(M/VM) =
dimz (M /IIM ) = n, we know VM = IIM which is equivalent to 7(M) = M. By [RTW14]
Proposition 4.1], M = A ®0,, Op for some vertex lattice A. Since M is unimodular, A is
of type 0. Hence z € Excp (k). Moreover for any k-algebra R, every rank n — 1 locally
direct summand of Lie X satisfies Kramer’s signature condition as in Definition and
determines a point of Exca(R) uniquely. So we get an isomorphism P2~! — Exc,. Since
N is regular and Excy has codimension 1, Excy is a Cartier divisor in A. By looking at
p(M(X)), it is clear that Excy N Excp/(k) = (0 if A # A’. Hence Exc is a disjoint union of

over all type 0 lattices A. O

2.2 Special cycles and intersection numbers

2.2.1 Special cycles

We fix a canonical lift (G,tg, Ag) of (Y, 1y, Ay) to O in the sense of [Gro86] such that the
action of O on LieG is via the inclusion i. Such a lift is unique up to isomorphism by

[How19, Proposition 2.1].
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Definition 2.2.1. For an Op-lattice L of V, define Z(L) to be the subfunctor of N such
that N'(S) is the set of isomorphism classes of tuples (X, t,\, p, F) € N(S) such that for

any x € L the quasi-homomorphism
p_lo:L‘opg:YXSpec,—.ﬂS%X xg S

entends to a homomorphism G Xgpfo, S — X. By Grothendieck-Messing theory Z(L) is
a closed formal subscheme of N'. For x € V, we let Z(x) := Z(L) when L = (x).

We can similarly define special cycles on NP2 and denote it as ZP%P(L). If we want
to emphasize the special cycle Z(L) is on N, . (resp. NpoP), we will denote it as Z, (L)
(resp. Zn2P(L)).

Definition 2.2.2. For an Op-lattice L C 'V, define Z(L) to be the strict transform of

ZPa(L) under the blow up NXK™ — NP

2.2.2 Horizontal and vertical part

A formal scheme X over Spf O is called horizontal (resp. vertical) if it is flat over Spf O
(resp. 7 is locally nilpotent on Ox). For a formal scheme X over Spf O, its horizontal
part X, is canonically defined by the ideal sheaf Ox tor of torsion sections on Ox. If
X is noetherian, there exists a m € Z-q such that 7™ Ox tor = 0. We define the vertical
part Xy C X to be the closed formal subscheme defined by the ideal sheaf 7"*Ox. Since

Ox tor NT"Ox = {0}, we have the following decomposition by primary decomposition
X=XprUXy (2.10)

as a union of horizontal and vertical formal subschemes. Notice that the horizontal part

X s is canonically defined while the vertical part Xy depends on the choice of m.

Lemma 2.2.3. For a lattice L’ C 'V of rank greater or equal to n — 1 with non-degenerate

hermitian form, Z(L°) is noetherian.
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Proof. First we know that Z(L) is locally noetherian since it is a closed formal subscheme
of N which is locally noetherian. Since the rank of L is greater or equal to n—1, the number
of vertex lattices A containing L is finite. By (2.9), we know that Z(L),eq is a closed subset
in finitely many irreducible components of M,eq. Since each irreducible component of N;eq

is quasi-compact, we know that Z(L) is quasi-compact, hence noetherian. O

Lemma 2.2.4. For a rank n — 1 lattice L’ C V with non-degenerate hermitian form,
Z(L)y is supported on the reduced locus Nieq of N, i.e., Oz(1), 1s annihilated by a power
of the ideal sheaf of Nyeq-

Proof. We remark here that M,.q is exactly the supersingular locus of N. Hence the proof

of the lemma is the same as that of [LZ22a, Lemma 5.1.1]. O

2.2.3 Derived special cycles

For a locally noetherian formal scheme X together with a formal subscheme Y, denote by
KS/ (X) the Grothendieck group of finite complexes of coherent locally free Ox-modules
acyclic outside Y. For such a complex A®, denote by [A*] the element in K] (X) repre-
sented by it. We use Ko(X) to denote K§(X). Let K}(Y) be the Grothendieck group of
coherent sheaves of Oy-modules on Y. We have a group homomorphism K} (X) — K} (Y)
which is an isomorphism when X is regular.

Denote by FIKY (X) the codimension i filtration on K} (X) and Gr'K} (X) its i-th
graded piece. When X is regular, we have a cup product - on K(%/ (X)q defined by tensor
product of complexes. Under the identification K (X) = K}(Y), the cup product is

nothing but derived tensor product:
[A] - [B] = [A®p, Bl
When X is a scheme, the cup product satisfies ([SABK94], Section 1.3, Theorem 1.3])

FIKY (X))o -FIK{ (X)g C FKY (X)g. (2.11)
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It is expected that is also true when X is a formal scheme, see [Zha2l, (B.3)],
however we do not need this fact in this thesis. Throughout the thesis, we assume X = N
unless stated otherwise.

Let K (Y') be the Grothendieck group of coherent sheaves of Oy-modules on Y. When

X is regular we have the following isomorphism
KY(X) 2 K)(Y). (2.12)

In particular, Ko(X) = K{(X).

Recall that for x € V, Z(x) is a Cartier divisor ([How19, Proposition 4.3]).

Definition 2.2.5. Let L C V be a rank v lattice with a basis {x1,...,x,}. Define “Z(L)
to be

Z(L
Oz @5, - @5, Oz € KEP(N) (2.13)

where @ is the derived tensor product of complezes of coherent locally free sheaves on N

By [How1d, Corollary C], “Z(L) is independent of the choice of the basis {x1,...,x,}.

Definition 2.2.6. When L has rank n, we define the intersection number
Int(L) = x(N,“2(L)), (2.14)

where x is the Fuler characteristic.

Lemma 2.2.7. When L is a rank n lattice in V, Z(L) is a proper scheme over Spf O .

In particular, Int(L) is finite.

Proof. By Lemma Z(L)y is a scheme. We show that Z(L),» is empty. If not, there
exists z € Z(L)(Of) for some finite extension K of F'. Let X be the corresponding formal
hermitian Op-module of signature (1,n—1) over Ok. Since L has rank n and G has signa-
ture (0,1), this would imply that X has signature (0,n), which is a contradiction. Hence
Z(L) is a scheme. Since Z(L)eq is contained in finitely many irreducible components of

Nieq and each irreducible component is proper over Spec &, it follows that Z(L) is proper
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over Spf Op. The finiteness of Int(L) then follows from the same argument before [Zha21],
(B.4)]. O
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Chapter 3

Kudla-Rapoport conjecture for

U(1,1) over ramified primes

In this chapter, we treat the case V is 2-dimensional split hermitian space. Using the
exceptional isomorphism between A5 and Drinfeld upper half plane (after base change
and blow up) and Grothendieck-Messing theory, we write down the local equations of
special divisors. Based on this, we prove the conjecture for the case V is 2-dimensional
split hermitian space via explicit calculation. This chapter is based on the joint work with
Shi and Yang ([HSY23h]).

Our goal is to prove the following theorem.
Theorem 3.0.1. Let L be the unimodular Op-hermitian lattice of rank 2 as in the be-
ginning of the introduction with Gram matriz S, and let T = T(x1,%2) € Hermy(F') with
x; € V being independent. Then o(L,T) =0, and

o (L, T)  2¢° ofH,T)
oL,S)  ¢Z-1a(L,S)

Int(Lx, x,) =2

3.1 Preliminary

Following [BC91|] and [KR14a], we briefly review several moduli functors in this section

for later use.
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3.1.1 Framing objects and their Dieudonné modules

Throughout the thesis, by relative Dieudonné module we mean relative Op,-Dieudonné
module in the sense of [RZ96, 3.56], which is a special case of the Op, -display studied in
[ACZ16]. Let Y be the unique 1 dimensional formal Op,-module of relative height 2 over
K as in the introduction. Then its relative Dieudonné module (see page 4 of [KR14a] or
[RZ96), Proposition 3.56]) M(Y) is a free O -module of rank 2. We can choose a basis
{e, f} of M(Y) such that

Fe=f, Ff =mpe, Ve=f, Vf=mgpe, (e, f)=0. (3.1)

With respect to this basis, we have

a bm
End(M(Y)) = |a,b € Op p =0Op. (3.2)
b a°
In particular
0 mo
vy(m) = . (3.3)
1 0

The framing object (X tx, Ax) in the introduction can be explicitly realized as follows.
Let X =Y x Y and identify End(X) with M>(Op). Then we can define an action of Op

on X via

b 0
vx(b) = ) (3.4)
0 wbr !

Finally, we identify XV = X and define the principal polarization
Ax = (9

0) (3.5)

Then the Rosati involution associated to Ax induces the involution b — b* = wb*7—! on B.

This triple (X, ¢x, Ax) is the basic Drinfeld triple defined in [KR14al Proposition 1.1]. We
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obtain the basic framing object (X, ix, Ax) from the above framing object by restricting
tx on Op. One can check that the hermitian form on L = Homp,, (Y, X) induced by Ax is
isotropic as required in this thesis (see Lemma .

We choose a basis {eg, fo, e1, f1} of M(X), the relative Dieudonné module of X, such

that {e;, fi} (¢ =0,1) is the basis of M (Y) for the i-th copy of Y. Then we have
Fe; = fi, Ffi=moei, Vej = fi, Vfi =moe;. (3.6)

ux(m)e; = fi, ux(m)fi = moei, ux(8)e; = (—1)'des, wx(6)f; = (—1)"15f;. (3.7)

Remark 3.1.1. In some literature (e.g. [BC91] and [RTWT1J|]), the operator vx(m) is
denoted as I1. in this thesis, since the action of OF on the relative Dieudonné module
(later Cartier module) is unambiguous, we will mostly write tx(a) (later v(a)) simply as a

fora € Of.

We also need to consider the Og-action on M (X) obtained by restricting tx on Op.

The grading on M (X) as is
My =M(X)y = spano, {eo, f1}, M1 = M(X); = spatlo, {e1, fo}- (3.8)

Let N = N(X) = M(X) ® Q. The principal polarization Ax induces an alternating

form (,) on N such that

(Fa,y) = (z,Vy)?, (3.9)

(azx,y) = (r,ay),a € Op.
In terms of the Fy-basis {eo, fo, €1, f1}, we have

(eo, f1) = (e1, fo) =6, (3.10)

and all the other pairings between the basis vectors are 0. Following [KR14a], we can
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define a hermitian form (,) on N by

(z,y) = 6[(rz,y) + m(z,y)]. (3.11)

Let 7 = 7V~!. Then C := N7 = spang{eg,e1} is a hermitian F-vector space with
C@p F=N. Moreover,

(60,61) = —52, (60,60) = (61,61) =0. (3.12)

So (C,(,)) is isotropic, satisfying the assumption of this chapter. There is a similarly

defined hermitian form (,)y on N(Y)” given by

(x,y)y = o[(mzx,y) + 7(z,y)]. (3.13)

Here (e, f) = 6 as in (B.1).

Recall L = Homo, (Y, X) = Homp, (M (Y), M(X)) and V=L ®¢p, F. For x € L, we
will also use x to denote the corresponding homomorphism between relative Dieudonné
modules when there is no confusion. Now x(e) € M(X)" since 7(e) = e by (3.2),
and x commutes with 7 and V. This way, we obtain a map from L to M (X)” by sending

x € V to x(e).

Lemma 3.1.2. ([ShilS, Lemma 3.3]) We can identity L with M (X)" by sending x € LL

to x(e). Moreover,

h(x,x)(e,e)y = (x(e),x(e)). (3.14)

According to (3.13)), (e,e)y = —d62. In particular, h(,) is also isotropic since (,) is isotropic

as we showed previously.

Because of Lemma we will often identify V with C, and L with M(X)7, via

x — x(e). The hermitian form is shifted by a factor —d2.
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3.1.2 Moduli space M

We first recall the following result of Kramer ([Kra03]).

Proposition 3.1.3. N5 s representable by a formal scheme over Spf Oy which is reg-

ular and has semi-stable reduction. The natural forgetful map

D : NKra — N(l,l)

(X757)‘710an) = (X7La)‘7:0)

is an isomorphism outside the singular locus Sing of ./\/(171), and ®~1(x) for x € Sing is

an exceptional divisor which is isomoprhic to the projective line PL.

By [Shi22, Proposition 2.7], N is the blow up of M1,1) along Sing.

As mentioned in the introduction, the formal scheme /\[(1,1) descends to a formal scheme
N over O i, (since the Kottwitz determinant condition is defined over Op, ). A beautiful
result of Kudla and Rapoport ([KR14a]) asserts that A is actually isomorphic to the
modular functor M which is represented by the base change Q of the formal completion
of the Drinfeld’s upper half plane. The observation is a key ingredient in obtaining the
main results of this thesis. We now briefly review M and ) in this subsection and next
one.

A formal Op-module over an Op,-algebra R is a formal Op,-module X over R with an
action tp : Op — End(X) extending the action of Op,. X is called special if the action
of O C Op makes LieX a free R ®0r, Opg-module of rank one. The R-module Lie(X) is
Z/2Z-graded by the action of Og:

(LieX)o = {z € Lie(X) | to,(a)m = am for all a € Og},

(LieX); = {z € Lie(X) | to,(a)m = o(a)m for all a € Og}.

Then X is special if Lie(X); is a free R-module of rank one. Over &, there is a unique

special formal Op-module up to Op-linear isogeny, which is (X, tx) in Section
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Definition 3.1.4. We define a moduli functor M on Nilpg_ that associates S with the
0
set of isomorphism classes of triples (X, tp, p), where
e (X,tpB) is a special formal Op-module of dimension 2 and relative height 4 over S.

e p is a Op-linear quasi-isogeny
p:X xsS =X Xgpeci S

of height 0. Here S is the special fiber of S.

The following is a result of Drinfeld that shows the automatic existence of polarizations

on special formal Op-modules (see Proposition 1.1 of [KR14al).

Proposition 3.1.5 (Drinfeld). Let 71 € Op be a uniformizer such that m* = mo, and

consider the involution b — b* = wb/n~! of B, where b — b’ denotes the main involution.

(a) On X there exists a principal polarization /\gg : X 5 XY with associated Rosati

ivolution b — b*. Furthermore, )\% is unique up to a factor in O;O.

(b) Fiz X} as in (a). Let (X,t,p) € M(S), where S € Nilpo_ . On X there exists a
0
unique principal polarization )\g( : X 5 XY making the following diagram commu-
tative,

_ 0 _
Xsz—X>XV><SS

l dl
Ay v _
X XSpec i S —— X XSpec i S
Theorem 3.1.6. ([KR14d, Theorem 1.2]) Assume that p # 2. The morphism of functors
on Nilpol5 given by (X,up,p) = (X, 1, A%, p) induces an isomorphism of formal schemes
0

Here 1 is the restriction of tp to O and )\g( is the principal polarization given by Propo-

sition [3.1.3.
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3.1.3 Drinfeld upper half plane and its formal completion

For convenience of the reader and to set up notation for the rest of the thesis, we briefly
review the well-known facts about the Drinfeld upper half place €2, its formal completion
Q, and its base change € to W = Op,, following [BCI1].

Recall that the Bruhat-Tits tree B(PGLa(Fp)) consists of vertices and edges. The
vertices are given by the homothety classes [A] of Op,-lattices in I, and the edges are given
by pairs ([A],[A’]) of the homothety classes such that mpA’ C A C A’ for suitable choices
of lattices A and A’ in their homothety classes. We then say A and A’ are adjacent. We
use P[5} to denote the projective line over Op, associated to A depending on its homothety

class. Let

Q) = Pray — Praj(5)

be the projective line with the ¢+ 1 rational s-points removed. When ([A], [A’]) is an edge,
A (mod 7) gives a r-rational point in Py, We write Py o/ for the blow up of Py, at
this point, which is isomorphic to the blow up of P[,; at the rational point determined by
A'. We write Qa,a1 for the complement of the nonsingular rational points of the special
fiber of P[5 an. There is an open embedding Q) < Qp Ar-

Define Q[A] and (AZ[AJ\/] to be the formal completion of Q5 and 2[5 5/ along their special
fibers respectively. For two different edges with a common vertex [A], we can glue SA)[/L A
and SAZ[AvAu] along (AZ[A]. This gives the formal scheme 0 by glueing over B(PGLy(Fp)).
The generic fiber of ) is the Drinfeld p-adic half space = P! (C,) — PY(Fp), where C,
is the completion of Fy. Define 2 = Q XSpf O, Spf Oﬁo' Similarly define Q[A] and Q[AJ\/].
Drinfeld’s well-known result (see [Dri76] and [BCO1]) asserts that M is represented by €.

The following proposition will be used in Section 4.
Proposition 3.1.7. (Deligne functor) ([BCI1l, Propositions 4.2, 4.4])

(a) O represents the functor that associates an Op,-algebra R € NﬂpoF0 the collection
of isomorphism classes of pairs (L,«), where L is a free R-module of rank 1 and

a: A — L is a homomorphism of Op,-modules satisfying the condition:
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e for all x € Spec (R/moR), the map a(x) : A/moA — L Qg k(x) is injective.

(b) (AZ[A,A/] represents the functor that associates an Of,-algebra R € NilpOF0 the collec-

tion of isomorphism classes of commutative diagrams:

o —— A —— A’

b | L

L ——L£—=r

where L and L' are free R-modules of rank 1, o and o' are the homomorphisms of
Op,-modules, ¢ and ¢ are homomorphisms of R-modules, satisfying the conditions:

for all z € Spec (R/moR), one has

o ker(d/(z): N/moN — L' @p k(x)) C A/mo/,

o ker(a(x): A/moA — L @pr k(x)) C moA' /7oA.

We now describe the explicit equations of SA)[A] and Q[A, A Let {e1,e2} be a basis of

A. Then we have
Q) = (Ppa) — Piay(k)" = Spf O, [T, (T7 — T) 11", (3.15)

where T' = % and X; is the coordinate of P[y] with respect to the basis {e1,e2} and “hat”
indicates completion along the special fiber.

Without loss of generality, we can assume A’ has a basis {e1, 7 ey}, Then we have
Quaan = Spt Oy [To, T1, (T~ — 1)~ (T8 = 1)~ /(T Ty — o). (3.16)
In this case, the open immersions Q[A] — Q[A, A and Q[A/] — Q[A, A7) are induced by
To—T, Ty — mo-T71, (3.17)

and

To—mo-T7Y Ty —T. (3.18)
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3.2 Special fiber of special cycle

In this section, we study the support of the special cycles. Essentially we only need the

Pappas model Ny 1) (see Proposition [3.2.5).

3.2.1 Special fiber of N ).

Since Op/(m) = Or,/(m) = £, we have N1 1)/k = N /k. We briefly review the structure
of N1,1y/F following [KR14al.

Recall that C = N7, 7 = 7V L. For an Op-lattice Ap in C, set
A, ={zeC | (x,Ar) COFr}.
Similarly, for a lattice O z-lattice M C N, set
M*={xeN |(z,M) C Op}.

t
For an Op-lattice A in C, A is called a vertex lattice of type t if TA C A¥ C A, meaning

[A:A¥] =t. In our case t = 0 or 2 by Lemma 3.2 of [RTW14].

Remark 3.2.1. In the rest of this chapter, we will often use the subscript 0 or 2 to indicate

the type of a vertex Op-lattice. For example Ay often stands for a vertex lattice of type 0.

Let B = B(PU(C)) be the Bruhat-Tits tree of PU(C)—the projective unitary group
of C. Its vertices correspond to vertex Op-lattices Ay of type 2, and its edges correspond
to vertex Op-lattices Ag of type 0. Two vertices Ag and A} are connected by an edge Ay,
or adjacent, if and only if Ay N A, = Ag. The following lemma is easy to check (recall that

C' is isotropic) and is left to the reader.

Lemma 3.2.2. Let Ay be a vertex Op-lattice of type 0. There is an Op-basis {wg, w1} of

Ao with Gram matriz (93). There are exactly two vertex Op-lattices of type 2 containing
Ao:

Ay = Opm twy + Opwi, and A, = Opwy + Opm twy.
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There are ¢ + 1 adjacent (type 2) vertices of Ay in B , and they are
Ao = OFﬂ'fzwo + Opmw1, A = Opwy+ Opﬂfl(kﬂ'flwo + wy)

where k runs through the representatives of Op, /(o).
Recall the following results.

Proposition 3.2.3. ([RTW1}), Proposition 2.2] and [KR1jd, Lemma 3.2]) Let L(N) be

the set of O p-lattices
(MCN |mMcVMEM, M =M, dnVM/(VMA5M)<1,).
Then the map
Nan(®) = £(N), @ = (X,0,A,p) > M(x) := p(M(X)) € N

is a bijection. Moreover, for M = M (z) € L(N), we have

1. If M s T-stable, then M s of the form M = Ay ®o, Oy for some vertex Op-lattice

Ao of type 0 in C,

2. If M is not T-stable, then
M+TM:A2®OF O}:-,

for some vertex Op-lattice Ay of type 2 in C.

Proposition 3.2.4. As in the introduction, we use Py, to denote the projective line over
K associated to Ay ®o, K.

(1) For every vertex Op-lattice Ao of type 2, there is a closed immersion over i

iz, Px, = Ny /R,
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which is given on K-points as follows: it sends a line | C Ay ®o, K to its preimage under
the projection Ay ® Op — (A2/TA2) ®o, k. Moreover, in, (1) is T-invariant if and only if
[ is k-rational, i.e., | is the extension of a line in Ay/mAs.

(2) Let Py, denote also its image in N1 1)/k under ip,. Then
/\/(1,1)/7@ = UP[\Q,
Ao

where the union is over all vertex lattices of type 2. Two such lines Py, and ]P’/-\é intersect
if and only if Ao and AL are connected by an edge, i.e., AoN AL = Ag is a vertex Op-lattice
of type 0. In such a case, the two projective lines intersect at exactly one k-rational point,
denoted by ptp,. Such a point is called a superspecial point in ./\/'(171).

(8) The singular locus Sing of /\/'(1,1) consists of all the superspecial ptp, with Ag run-

ning through all vertex Op-lattices of type 0.

Proof. For the proof of (1), see [KR14al, Lemma 3.3, Proposition 3.4]. For (2), if a point x
lies in the intersection between Pz, and P, , then M(z) C A2®0, OpNA, R0, Op by the
description of iz, in (1). Together with the fact M (x) = M (), this implies Ap N A% = Ao,
where Ag is some vertex lattice of type 0. The converse is straightforward. Part (3) is
immediate from part (2) and the description of the singular locus of N (1,1) by local model

(see for example [Pap00, Theorem 4.5]). O

Recall that the blow up ® : NK2 — /\/'(171) is an isomorphism outside the singular

locus Sing.

Proposition 3.2.5. (1) For a type 2 lattice Ay, the Zariski closure of ®1(P, \ Sing) is
a projective line over k which we still denote by Py, .

(2) For a vertex lattice Ay of type 0, ®~L(ptp,) is a projective line over k which we
denote by Excy,,.

(3) On the special fiber of NX™ two different lines Pz, and Py, never intersect, and
two different lines Excy, and Excy, never intersect. Py, and Excy, intersect at one point

if Ag C Ag, otherwise they do not intersect.
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Proof. The above facts will be clear after the discussion in Section [3.3.3 O

A superspecial point pts, belongs to Z(x) if and only if Excy, € Z¥™(x). So in the

rest of the section, we only need to study Z(x).

3.2.2 Bruhat-Tits trees of special cycles: rank 1 case

We let

T(x) = {Ag is of type 2 | P5, N Z(x) # 0} U {Ag is of type 0 | pty, € Z(x)}.

We will also view a lattice in 7 (x) as a vertex or an edge in B depending on whether it is

of type 2 or 0. We will see that 7 (x) is a tree by Corollaries |3.2.11| and |3.2.13]

Lemma 3.2.6. Let x € V. Then

P, (R), if x(e) € TAs,
Z(x)(r) NPx,(K) = { a single point, if x(e) € Ay \ TAs,
0, if x(e) ¢ As.

In particular, Ay € T (x) if and only if x(e) € Aa.

Proof. Let x = (X,,\, p) € Na1y(R), let M(x) = p(M(X)) C N as in Proposition
Then

x € Z(x)(R) <= x(M(Y)) C M(x)
<~ x(e) € M(x), x(f) € M(x)

<~ x(e) € M(x)

since x(e) € M(x) implies x(f) =x(Ve) € VM (z) C M(x).
On the other hand,

v €Px,(F) <= A2 ®o, Op C M(z) C Az ®0o, Oj.
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If x(e) € A2, then x(e) € M(x) for any x such that mAs C M (z) C Ag. This implies
Pz, (k) C Z(x)(F).

If x(e) € Az \ mAg, then the image of x(e) is contained in exactly one line in Aps and
thus gives a single point in IP’}—\2 (R).

Finally, if x(e) ¢ Ag, it can not lie in any sub-lattice of Ay ®o,. Op.

From now on, fix 0 # x € V, and let b = x(e), q(b) = (b,b) = —62h(x,%).

Lemma 3.2.7. Assume q(b) # 0. Then there exist a unique vertex Op-lattice Ay of type

0 such that w—°rd=o(a(®))p ¢ Ay \ TAp.

Proof. Replacing b by 7 °"dm(@(b))p if necessary, we may assume ord.,(q(b)) = 0, i.e.,
(b,b) = up € Op,. Write (Fb)t = Fe, then C = Fb® Fec. Since ¢(b) is a unit, by
[Jac62, Proposition 4.2], every vertex lattice of type 0 containing b has the orthogonal
decomposition

A =0pb+ Aq, A1:AﬂFC:OFb/

for some o' = re. A is a vertex lattice of type 0 if and only if ¢(b’) = r7q(c) is a unit. Such
an r exists and is unique up to a unit in O. So the vertex Op-lattice Ay of type 0 such

that b € Ay \ mA, exists and is unique. O

Definition 3.2.8. Assume that each edge in B has length 1. Let A and A’ be two vertex
Op-lattices. The distance d(A,\") is defined to be

1. the distance between the two vertices in B if both are of type 2,

2. the distance between the vertex A and the midpoint of the edge A’ in B if A is of type

2 and N is of type 0,
3. the distance between the midpoints of the edges A and A’ in B if both are of type 0.

For a vertex lattice A, we define

n(b,A) =max{n € Z | 7 "b € A}. (3.19)
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It is easy to check that for Ay N A, = Ay,
n(b, Ag) = min(n(b, A2),n(b, A})). (3.20)

We have the following reformulation of Lemma [3.2.6]
Lemma 3.2.9. If b = x(e), n(b,A) > 0 if and only if A € T(x) .
Lemma 3.2.10. Assume q(b) # 0.

1. If A is a vertex Op-lattice of type 2, then

(b, A) = ordey ((8)) — d(A, Ap) + 5.

2. If A is a vertex Op-lattice of type 0, then

n(b, A) = ordr,(q(b)) — d(A, Ap).

Proof. Claim (2) follows from Claim (1) and (3.20). Now we prove Claim (1). Without
lost of generality we can assume ordy,(q(b)) = 0. We prove the lemma by induction on

d(A, Ap). Let us treat the case d(A, Ap) = % first, i.e. Ay C A. We have by Lemma
Ay = Opwy + Opwi, A= Opntwy+ Opw;.

Write b = xwg + ywy with ¢(b) = 2§+ yT € O;O. Then z,y € O, and b € A\ mA. Hence
n(b,A) = 0.

Now we assume the assertion holds for all A such that % <d(AAp) <d+ % For a A
such that d(A, Ap) = d + % + %, which satisfies the formula n := n(b,A) = —d, it suffices
to show that all its adjacent vertices also satisfy the formula in the lemma.

Choose a basis {vo, v1} = {7~ 'wo, w1} of A with Gram matrix 7~! (%, §). By Lemma
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the ¢ + 1 neighbors of A in the Bruhat-Tits tree are
Ao = spang {7 g, mv1}, Ay = spang, {mvo, 7" (kvo + v1)},

where k runs through the representatives of Op, /(7). We want to show the claim holds
for all the neighbors. One of the neighbors will be closer to A, than other neighbors.
Without loss of generality, we can assume Ay is closer to A than all the other A;. By

induction, we know
n(b,As) =n+ 1.
By the definition of n(b, A), we can write

7_l_nJrl(

b=7"(agvy + ajv1) = 7T71a07)0 + 71’71&11)1),

where ord,(a;) > 0 and min{ord,(ap),ord,(a;)} = 0. Since n(b, Auo) =n + 1, 7~ Laguo +

7 ajv; € Ao implies ord,(ai) > 2. Hence ord,(ag) = 0. Claim:
ordy(a1) > 2 and ord;(ap) =0 = apvg + a1v1 & Ag.

To prove this, assume agvg + a1v1 € A which implies that we can find aj), @] € Op such

that

aguo + a1vy = aymvg + ayr " (kve + v1) = (ahm + ajn k) vy + ajr oy
As a result,

ord.(aym + aym k) = ord, (apm 4 a1k) > min{ord, (ayr), ord, (a1)} > 1.

But then afm + a7 'k can not equal to ag since we know ord;(ap) = 0, which is a

contradiction.
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The claim gives us that n(b, Ay) < n — 1. we can easily check m(agvg + a1v1) € Ag.

Therefore n(b, Ax) = n — 1 as claimed. O
Combining Lemma [3.2.9 with Lemma [3.2.10] we have the following:

Corollary 3.2.11. Assume q(b) # 0, T(x) is a ball centered at the midpoint of Ay with

radius ordx,(q(b)) + 3. In particular, T(x) is empty if and only q(b) ¢ Op,.

Lemma 3.2.12. Assume that b # 0 and q(b) = 0. Let A be a vertex lattice of type 2
and assume n(b, A\) = n. Then there exists a unique type 2 adjacent lattice Ay of A such

that n(b,Ay) = n + 1. For any other type 2 adjacent vertex lattice A’ of A, we have
n(b,A") =n—1.

Proof. By scaling b by a power of m we can assume that n = 0. By Lemma the lattice
A =~ H with Gram matrix (_7?,1 ”81) (as in the introduction). So there is some by € A
such that (b,b1) = 7~ 1. Define b’ = by + mab where a = % (b, b1). Since (b1,b1) € 7 'Op,,

).

then {b,b'} is a basis of A with Gram matrix 7! (%

O

The adjacent type 2 vertex lattices of A are
Moo = spang, {7~ 'b,7b'}, Ay = spang, {mb, 7" (kb+b')},

where k runs through the representatives of Op, /(7). Then it is obvious that n(b, As) =1

and n(b, Ax) = —1 for any k. The lemma follows. O

Corollary 3.2.13. Assume that b # 0 and q(b) = 0. Then T(x) is a cone with the
boundary consisting of vertex lattices A of type 2 with n(b, A) = 0. Starting with such a
vertex A\, there is a unique (half) geodesic such that the number n(b, A) increases along the
geodesic. We call such a geodesic an ascending geodesic starting with A. Any two ascending
geodesics coincide after finitely many steps. An ascending geodesic can be thought of as

an ‘axis’ of the cone T (x).
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3.2.3 Bruhat-Tits trees of special cycles: rank 2 case

The following is an analogue of Lemma 2.11 from [Sanl7].

Lemma 3.2.14. Let x1,x2 € V, b; = x4(e), n; = ordx,(q(b;)) and assume q(b;) # 0, for
i € {1,2}. Assume ni < ng. Suppose that T(x1) N T (x2) # 0. Let Ay, p, be the vertex

lattice such that
1
d(Abl7Ab17b2) =ni + 5 — 7 and d(Ablvath) + d(Abw Abth) = d(Abl’Ab2)'

Here

g+ 1—d(Ap, Ay 1
ni + no . (Ap b)’n1+2)'

r = min(

Then T (x1) NT(x2) C B is the ball of radius r centered at either the vertex Ay, p, or the

midpoint of the edge Ay, p,, depending on whether r is an integer or not.
Proof. Tt follows from Corollary [3.2.11] and the fact that B is a tree. O

Lemma 3.2.15. For x1,x2 € V, let by = x1(e),ba = x2(e). Assume

(b1,b1) (b1,02) 0 "
(b2,b1) (b2, b2) (=m)™ 0

Then T(x1) NT(x2) is a ball with center A = spang, {7~ "by, 7~ "ba} and radius r, where

r= ["TH] is the integral part of ”T“

Proof. We assume that n = 2r — 1 (r > 1) is odd, the case n is even can be proved

similarly. Write b; = 7"v; for ¢ = 1,2. Define

k+1

—k —k k
Apo = spanOF{ﬂ v, T g}, Apo = spanOF{ﬂ v, e}, k € Z.

Then Ay are vertex lattices of type 0 and Ay, are vertex lattices of type 2. It is easy to
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check that

n(bla Ak,O) =r+ k? n(bla Ak,Q) =r4+ ka

n(bQ,Ak’O) 27“—]{2—1, n(bQ,AkQ) =r—k.

So {Ako,Ar2 | k> —r} is the ascending geodesic associated to by starting at A_,» and
{Ako | k <r—1}U{Ar2 | k <1} is (the inverse of) the ascending geodesic associated
to by ending at A, 2. Let C be the intersection of the above two half geodesics, namely,
the line segment joining A_, 9 and A, . By Lemma both n(bi, A) and n(bg, A) are
decreasing along a half geodesic starting from any vertex on C other than C itself. Combine
the above facts, it is easy to see that 7 (x1) N 7T (x2) is a ball centered at Ag o with radius
T. O

The following lemma is an analogue of [San17, Lemma 2.15]. Recall that wo hermitian
matrices T1,T» € Herma(Op) are said to be equivalent, denoted by T ~ T if there is a

non-singular matrix g € GL2(Op) such that ¢'T1g = Tb.
Lemma 3.2.16. Let

(b1,01) (b1, b2)
(b2,01)  (b2,b2)

where b; = x;(e) for x; € V. Assume q(b;) # 0, i € {1,2}, and T is non-singular. Let

n; = ordy,(q(b;)) and assume ny < ng. Set d = d(Ay,, Ap,), then

u1(—mp)* 0
(a) If T(x1) C T(x2) and Ay, # Ap,, then T ~ (=) where uy,ug €

0 us(—mo)”
Op, and —ujug € Nm(F*) with

a=ni, [B=no—d.
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0 T
(b) If T(x1) & T(x2) , and T(x1) N T (x2) # 0, then T = with
(=m)* 0
a=ni+ng —d.
up(—mp)® 0 _
(c) If Ay, = Ap,, then T = . Here uy,us satisfy the same
0 ug(—mo)”

conditions as in (a) and
a=mn1, B =mns+ 2ord:((c2,1)),

where ¢; = 7 "ib;, and ¢} € Ay, \ ™Ay, such that (c1,c}) = 0.

Proof. If ny < 0, the lemma holds trivially. So we assume nq > 0.
We treat the case Ay, # Ay, first. Assume ANA" = A,, where A and A’ are vertex lattices

of type 2. We pick a basis {vg, v1} of A such that

(vo,vo)  (vg,v1) 0 a1

("Ula'UO) (Ul,?)l) —T O

Without loss of generality, we can assume
N = spanOF{w_lvo, mv1}, hence Ay, = spangy, {vo, Tv1}.
By the symmetry of B, we can also assume
Ay, = spang,. {7~ %, 74 1u1} where d = d(Ay,, Ay, ).
By Lemma [3.2.10] we can write

by = 7™ (agug + a1 (1)), ba = ™2 (af (7 %) + o (74 0y)), @i, al € Op.
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Note that (b1, b1) = (—m)™ (—ap@1 — a1dyp). Since ord;(—apa; —a1ag) = 0, we conclude
that ord(cp) = ords(a;) = 0. Similarly, ord;(ef;) = ord.(«}j) = 0. Then a short

computation shows:

(b1,b1) (b1,b2) 72 . (unit) qrmtne=d . (ynit)
(bg, bl) (bz, bg) (—ﬂ')nl+n27d . (unit) w2ne . (unit)
Note that
ny+ng —d

T(x1) CT(x2) <= ni1<ng—d < n; < 5

Now for the proof of (a), observe that if 7(x1) C T (x2) then 2n; = min{ord,(7;;)}.

This implies

0 UQ(—ﬂ’o)n2_d

For (b), the assumption implies that ny > ng —d. Then ny +ng —d = min{ord,(7T3;)},

which implies

0 7rn1+n27d
(_ﬂ_)nl—&—ng—d 0

The proof for the case Ay, = Ay, is essentially the same as the proof in [Sanl7, Lemma

2.15], and is left to the reader. O

Corollary 3.2.17. Let x = (x1,%2) € V2 and b; = x;(e) for i = 1,2. Assume that x
and xg are linearly independent. Then the naive intersection Z(x) = Z(x1)N Z(x2) (resp.

ZKra(x) ) is supported in finitely many irreducible components of the special fiber of/\/(m)
(resp. N'K2),

Proof. This follows easily from Lemma [3.2.14] and Lemma [3.2.15 0

3.3 Decomposition of special divisors in the Kramer model

This section is dedicated to the proof of the following theorem.
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Theorem 3.3.1. For a vector x € V\ {0}, set b = x(e) as before. Then ZX?(x) = 0

unless q(b) € Op,.

1. If q(b) # 0 and q(b) € Op,, then we have the following decomposition of special

divisor

ZKx) = Y n(b, APy, + Y (n(b,Ag) + 1)Excy, + 2M(x),  (3.21)
AreT(x) AoE€T(x)

where the two summations are over type 2 and type 0 vertex lattices respectively and

ZM(x) = SpfOr is a horizontal divisor meeting the special fiber at Excp,. Recall

that Ay is the unique vertex lattice of type 0 such that m—°"dm @)y e A, \ mAp.

2. If q(b) = 0, then we have the following decomposition of special divisor

ZRx) = Y n(bA)Px,+ > (n(b, Ag) + 1)Excy,, (3.22)
AoeT (%) Ao€T (%)

where the two summations are over type 2 and type 0 vertex lattices respectively.

3.3.1 The Horizontal Component

We say a formal scheme over Spf O, is horizontal if 7 is not locally nilpotent in its structure
sheaf. We say a divisor in A% is irreducible if it is connected and is an irreducible Cartier
divisor in every local ring of NKr2,

Let Vs be the quasi-canonical lifting of Y of level s over O, considered by [Gro86]
(with Os = O 7t 71°Op action). In particular, Y = )} is the canonical lifting. We show

that all horizontal cycles in Z¥'(x) comes from canonical lifting.

Theorem 3.3.2. Let Z be an irreducible horizontal component of Z(x), then Z = Spf O.

Moreover Z intersects with the special fiber of /\/'(171) at a superspecial point.

Proof. By assumption Z = Spf R where R is a finite extension of Op . Let X be the
strict formal Op,-module over Z that is the pullback from the universal strict formal Op,-

module over ./\/'(1’1) which by Theorem carries an Op action ¢g. By the definition of
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Z(x), x lifts to a homomorphism x : Y — X. We now define a morphism ¢ : Y @Y — X
by

d(p1,p2) = z(p1) + tB(J) 0 2(p2),

where p1, p2 € Y(S) for an R-algebra S. We give Y@ an Op action ¢ : Op — Endoy, (Vo
V) = May2(OF) defined by

W) = L u(6) = . (3.23)

Then ¢ becomes an Opg-linear homomorphism.

We claim that ¢ is an isogeny. By [Tat67, Proposition 1], the category of connected
Or modules and the category of divisible commutative formal Lie groups with O action
are equivalent. Let A = R][[T1,T»]] considered as the structure ring of Y @ Y and B
be the structure ring of X. It suffices to show that the induced map ¢ : B — A is
injective. If I = Ker(¢") is nontrivial, then ¢ factors through the sub formal group scheme
X' = Spf B/I of X. Since A has characteristic zero, so does B/I. By base change to
the fraction field F(R) of R we can apply a theorem of Cariter [Car62] and conclude
that X’ @ F(R) is a one dimensional formal group law over F(R). But by assumption,
X' ®pg F(R) has an Op action which is impossible. Hence I = {0}. This proves the claim.

Our goal is to show that X is in fact isomorphic to ) @Y. We define the Tate module
for a Op-module G by

T(G) = lim G[r"].

—
n

We can identify T = T(Y @ Y) with (Op)? and further with Op using the Op action on

1
T(Y @ Y). To be more specific the element ¢ = € T is a generator of 7" under

0
the Op action given by (3.23). Then the set of Op-linear isogenies ¢ : Y &)Y — X has a

one-to-one correspondence with Op stable lattices 7" such that

TCT cT’=T®op, F. (3.24)
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Since T is a free Og module of rank 1, 7" must be of the form == -T for some n > 0. This
shows that X is in fact isomorphic to Y®Y. Identifying X = Y®Y, we see from that
j = diag(m, 7) € Endo,(X). Since Trp g, Trj = 0, this implies that X € Z(j) C M—the
special divisor defined in [KR00, Definition 2.1]. So Z C Z(j) under the isomorphism
N = M. Now we conclude from case (iii) of [KR00, Proposition 4.5] that Z = Spf O.
By construction we know that the relative Dieudonné module M (X) = M(Y) @ M(Y)
is fixed by 7 = 71V~ where X = X ® k. By [KR14a, Lemma 3.2], Z intersects with the

special fiber of /\/(171) at a superspecial point. O

3.3.2 Hodge filtration and equation of special cycles in N 1

Now we begin to study the equations of special divisors at a superspecial point. We will
use Grothendieck-Messing theory to determine the equations, which in turn requires a
description of the Hodge filtrations of the relevant relative Dieudonné crystals. In the
following we use the Deligne functor to obtain such a description.

In the rest of this section, for x = (X,¢,A,p) € N 1)(k), we denote p(M (X)) C N
by M (x). Then identification Ny 1)/k = M/FK induces an Op and thus an Og-action on

M (). This makes M(z) an Op ®0oy, Op -module and induces a Z/2Z grading
M(z) = M(z)o® M(x);.

Now let = be a superspecial point pta, of /\/(1’1), which implies that M (z) is 7-invariant
and that Ag = M(x)" is a vertex Op-lattice of type 0 with M(x) = Ag ®o, Op. As
explained in Section we can choose an Op,-basis {eq, f1} for My(z)” and { fo,e1} for
M;(x)" such that

me; = fi, mfi = moei, Vei = fi, V fi = moei, i =0, 1. (3.25)

and

(60,60) = (61,61) = 0, (60,61) = —(52. (3.26)
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Then Ag = Spang, {eo,e1}, and the vertex lattices of type 2 containing Ag are
Ao = Spang, {7 'eg, €1}, AY = Spang, {eo, 7 eq}. (3.27)

Therefore, z € P5, N Pg,. Since N' = M, we have Ny 1)(k) = M(&) and there should
exist homothety classes of rank 2 Op,-lattices [A] and [A’] such that x € Py NPy, By

[San13, Remark 3.4], we can take

A = Mo(z)" = spang,. {eo, f1},

AN =77 My(z) = spang,, {n o, me1} = spang,, {eo, 7T0_1f1}.
Another way to relate these different types of lattices are the following equations
A= ((A2®0g, Op)o)", A = ((A; ®0 OF)o)" (3.28)

In particular we can identify Pjyj(k) with Pg, (%) and Pja (%) with Pz, (7).
Consider the Deligne functor Fiy o (see [BCII]):

moN —— A —— A

e | ]

/

L —< L ——=-r.

For an O, -algebra R € Nilpoﬁ , the conditions of a and ' in Proposition imply
0

that a(eg) generates £ and o/ (7~ le1) generates £'. We identify £ and £’ with R by setting
aleg) =1, and (7 ter) =d(mytf1) = 1.

Let
to=a(fiy) €L=R, and t;=da(e) =0 (7"1fy) eL =R

Then c is simply the multiplication by ty and ¢ is the multiplication by ¢;. So by commu-



tativity of the above diagram, we have

tot1 = 7o.

Consider

a®1:A®oFOR—>£ and 0/®1:A’®0F0R—>£'.

We have

kernel of a ® 1 = spanp{fi ® 1 — eg ® to},

kernel of o/ ® 1 = spanp{n 'fo®1—n"te; @1}
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(3.29)

(3.30)

(3.31)

(3.32)

For a strict formal Og,-module X over R, let D(X/R) be its relative (to Op,) Dieudonné

crystal with Hodge filtration FilD(X/R), see for example [ACZ16l Section 3]). Then we

have the exact sequence:

0 — FilD(X/R) — D(X/R) — Lie(X/R) — 0.

(3.33)

Proposition 3.3.3. Let x = pty, be a superspecial point. For an (’)N(wa—algebm R €

Nilpop0 where ON(M)@ 1s the local ring of./\/’(ljl) at x, let tg,t1 € R be the image of Ty, Ty

under the structure morphism, and Xy, , be the corresponding strict O, module over R.

Then we have the following identifications

D(Xiy,1, /R)o = spang,, {€o, f1} @op, R, FilD(Xyy 1, /R)o = spanp{fi ® 1 —eo @ to},

and

D(Xio,1,/R)1 = spang; {e1, fo} ®op, B, FiD(Xy, 1, /R)1 = spang{fo © 1 —e1 @11}

Proof. Since z is a superspecial point, both 0 and 1 are critical indices. Hence M (x) is T
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invariant and M (z)™ = spang {eo, fo,e1, f1}. According to the constructions in [BC91],
especially how Deligne’s functor is related with the moduli funtor of special formal Op-

module, we know that

D( X1/ R)o = Mo(2)" @0y, R = spang, {eo, f1} ®@op, R,

D(Xtg,/R)1 = Mi(2)" @0y, R = spang, {e1, fo} ®o, R.

Under these identifications, the map a ® 1 in ((3.30])) is the natural quotient map from
D(Xty4, /R)o to Lie(Xy, )o, and the maps ma/ ® 1 is the natural quotient map from
D(X4, ¢, /R)1 to Lie(Xy, ¢, )1. Hence FilD(Xy, 4, /R)o is the kernel of a®1 and FilD(Xy, +, /R)1
is the kernel of ma/ ® 1. By and , we obtain the proposition. O

Similarly for the universal object ) over /\/'(170) and an Op-algebra R € Nilpop7 it is

easy to see that
D(Ygr) = Spanp{e® 1, f® 1}, FilD(Yg) = Spang{f®1—e® 7}, (3.34)

since the Op-action coincides with the structure action O — R on Lie(Vg): me®1 = e®m.

Here the tensor is over Op,.

Proposition 3.3.4. Let x € Z(x)(R) be a superspecial point pty,. Choose a basis {eg, e1}
of Ao such that (3.25) and (3.26) are satisfied. Assume b = x(e) = apeg + arer € Ag

where a;; € Op. Recall a neighborhood of x in ./\/'(171) 18
Qupan.i = SPE(OR[To, T, (T3 =)7L (T = 1) /(ToTh — mo)) (3.35)

Then the equations for Z(x) in the local ring ON(M)@« are given by (here & stands for the

Galois conjugate of av):

a1Ty —mag =0, and g1y — mag = 0. (336)
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Proof. First, Lemma implies b = x(e) € Ag. Let

V= x(f) =nx(e) = apfo + a1 f1.

for some «; € Op. Consider the local ring A = ON(l 1) Let I denote the ideal corre-

sponding to Z(x). Set

Ap = AJ7"A, I, = (I +7"A)/7"A C A,.

Since A is Noetherian, [ is m-adic complete. Hence to prove the proposition, we just need
to prove I, are generated by the images of a;Ty — mag and agT; — way in A, for all n.

Let m,, denote the maximal ideal of A4,,. Set

B = A,/m,I,, B = A,/I,.

Let J = I,/m,1I,, which is the kernel of of the projection B — B’. Note that J? =0,
so it has a PD structure. By Nakayama’s lemma, it suffices to show J is generated by
images of a3 Ty — mag and a1y — way in B.

Let X be the universal strict formal Op,-module over /\/(171). The natural map

O = A— A, BB <k
AN, F

induces the strict formal Op,-modules Xp, X'p and Xz = X with X being associated to
z € Z(x)(R).

Since I is the definition ideal of Z(x), B’ is a quotient of A/I, the quasi-morphism

p_lox:Y—>X

lifts to a morphism

xpr: Vg — Xpr.
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The associated morphism D(x';) lifts to a morphism

D(xg) : D(Vr) — D(XR)

for any ring R = B/b with b C J, i.e., B -+ R — B’ as J? = 0. By Grothebdieck-Messing
theory,

x lifts to a momorphism

XR . yR — XR (3.37)

if and only if
D(xp)(f@1—e@m)=b @1 -ba 7 FilD(Xg).

Write ag = ag + b, a1 = a1 + bym. Then

Vol-ber

= (aofo+ arfi) ® 1 — (aoeo + are1) @

= ((ag + bom) fo + (a1 + b1m) f1) ® 1 — ((ap + bom)eo + (a1 + bim)e1) @
= (aofo + bomoeo + a1 f1 + bimoer) ® 1 — (aoeo + bofo + arer + bifr) @
= [1® (a1 —7b1) — eo @ w(ag — who) + fo @ (ag — why) — €1 ® w(ay — why)

=fi®a —e@mag+ fo®@ag—e1 Qmay.

Combining this with Proposition we see that the lifting (3.37)) exists if and only if

a1 Ty — mag =0, and ap7} — ma; =0 in R,

ie.,

a1Ty — mag, and agly — may € b.

Here we identify T; with their images in R via A — A,, — B — R. Since [ is the ideal

of Z(x), the lifting (3.37)) exists only when b = J. So J is generated by a;Ty — magy and
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ooy — waq as claimed.

3.3.3 Local coordinate charts in the Kramer model

Now we describe the local equation of a special divisor in the Kramer model and use it to
give a decomposition of special divisor. Locally around the superspecial point x € /\/(1,1) (R)

corresponding to Ag = Ag N A, we have (3.35) and z corresponds to the maximal ideal

m, = (Tp, T1, 7). We need to blow it up to get the exceptional divisor of NK™ = (Ifrf‘)

For simplicity, consider (ignoring the other unimportant restrictions of Q[A’ ALF)

D := Spf(O x[To, Ty] /(ToT1 — m))".

Let Bl D denote the blow-up of D at m,, which has three charts. Over the first chart D,

we have
7Sty = To, 7St =11, (3.38)
where we regard Sz as element in Frac(Ox[Tp, T1]) and

D1 :SpfOF([To,Tl,SE,SQ]/(T(S& —To,?TSﬁ —Tl,S&Sﬁ — 1))/\

= SpfO;([Sm, S1,]/(Sm S7 —1))". (3.39)
Over the second chart Do, we have:

TySr, =Ty, THS= =, (3.40)
0

To

and

Dy = SptO ([T, STLO]/(TOSTLO — )" (3.41)
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Over the third chart D3, we have:
TlS%) = To, TlSTll =, (3.42)
and
Dy = SptOp([T, S =1/ (T1 S x — ™))" (3.43)

by symmetry. D;, Do and D3 are glued in the obvious way, and it is easy to see that

D1, Dy and D3 are all regular. Let Exc denote the exceptional divisor of A% then

Excn Dy = Spfﬁ([S&,Sﬂ]/(S&Sﬂ — 1))/\,

Exc N Dy = SpfO:([To, S=/(To, ToS = — )" = Spfr([S=])", (3.44)
0 Ty T,

.
T 0

ExcnN D3 = Spf@p([Tl,STr ]/(Tl,TlSTL — ﬂ'))/\ = Spf/%([s ])/\
1 1

o T
T T,

1
R

Exc N Dy glues with Exc N D3 over Exc N Dy by STL = S%, so Exc is isomorphic to P
0 i

The projective line Py, only intersects the second chart and is defined by the equation

Sz =0. (3.45)

To

Similarly IP’;U2 only intersects the third chart and is defined by the equation
STll =0. (3.46)

We refer to Example 8.3.53 of [Qin06] for more details about the blow up considered here.
Now we explain how the coordinates of blow up are related with the moduli problem
locally around a superspecial point x. Since blow up commutes with flat base change, we

have

N =Bl D X a7, 1, SPE Oy 0 = BleSPE O, ) s (3.47)
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and let D; ., i = 1,2,3 be the three charts for ./\/;f<ra coming from D;.

Let R € NilpoﬁD be an Op,  -algebra, and s%,s% € R be the image of S%,S%
under the structure morphism, and let ¢y and t; be given by . Then R determines
a point (X ¢,,F) € Di,(R) where Xy, is described in Proposition and F =
Spang{eg ® 1 +e1 ® s, } C Lie(Xy,+,) is the filtration of the Krdmer moduli problem.

Let R € Nilpop0 be an Op, -algebra, and to, SE € R be the image of Ty, STLO under the
structure morphism, and let ¢; be given by . Then R determines a point (Xt 4, F) €
Ds »(R) where Xy, ¢, is as before and F = Spang{ep ® 1 + €1 ® STLO} C Lie(Xty,t, ). The

corresponding description for an Op,  -algebra is similar.

3.3.4 Proof of Theorem [3.3.1]

Proof of Theorem [3.3.1]. In the following, we use m(Z¥(x), Z) to denote the multiplicity
of Z in Z¥'(x), where Z is an irreducible component of Z¥*(x). According to Theorem
the horizontal component of Z(x) intersects with the special fiber of ./\/'(171) at some
superspecial points. Moreover, each irreducible component of the special fiber of -M(l,l)
also passes through some superspecial points. Therefore to determine the multiplicity of
each irreducible component, it is enough to consider the equations of special divisors at
superspecial points and their pullbacks to the Kramer model.

Write b = agep + a1e1 as in Proposition As before we fix a superspecial point
x = ptp, € MLU for a vertex lattice Ay of type 0. Recall that the equations of Z(x) in

O_/\f(lyl)’x are:
a1Ty —mag =0, aply —7ma; =0, o; € Op. (348)

When ord, (ag) > ord,(aq), the equations of ZK?(x) in VX' are
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i in the first chart,
in the second chart,

in the third chart.

Notice that (%Sﬁ —1) and (1— %STL) are units in coordinate ring of D; , and coordinate
™ 0

ring of D3 ;. In the third chart, we have TlSTL = 7, which implies that
1

A 1
WS 1—am -1

«
1STL1

80 ¢ Op. So the above equations simplify to

is a unit in D3, with o = =
» a1

in the first chart,

ordr(a1)+1 0
s

T
 )ord=(@1) — (0 in the second chart,

71.ord7r (al)TO _ T[;)rdw(al)—i-l (ST)
0

71,ord,r(ozl)—s—l =T (STLI)ordﬂ-(al)—l—l =0,

Therefore, it has no horizonal component, and we have by (3.44), (3.45]) and (3.46))

qordn(en)+1 in the third chart.

m (25 (x), P3,) = ordx(a1),
(3.49)

m(ZKra(x),IP’/-\/Q) = ordy(aq) + 1,

m(Z¥7(x), Excp,) = ordy (o) + 1.
Similarly if ord,(ap) < ord, (1), Z¥(x) has no horizonal component, and

m(ZKra(x),]P’;\Z) = ord,(ag) + 1,
m(Z257(x), Py, ) = ordx(ay), (3.50)

m(Z¥7(x), Excp,) = ord.(ag) + 1

When ord,(ag) = ord,(a)(possible only when ¢(b) # 0), the equations of ZX™(x) in
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NKra are

pordr(@0) (g, — Q1) — in the first chart,

™

Tgrd”(ao)Jrl(SL)ord"(o‘o)(Sl — 2L) =0, in the second chart,
Ty To 0

Tord”(ao)H(Sl)ord“(aO)(S x — g—;’) =0, in the third chart,

1 T T

which implies by (§-41), (8-45) and (3-46)

m(ZKra(x),IP’M) = ord,(ay),
m(Z87(x), Py, ) = ordx(ay), (3.51)

m(Z2%%(x), Excy, ) = ord, (ag) + 1.

In addition, it has a horizontal component given by

St — (;7(1) =0, in the first chart,

Sx — 9% —(, in the second chart, (3.52)
T, @0

Sz — % —(  in the third chart.
) a1

This is the local equation of Z(x) along the superspecial point 2 = pta,- In this case, one
has to have Ag = Ay. From the equation, one can also see that the horizontal component
is irreducible when ¢(b) # 0, and it intersects with Exc,, at one point (e.g., the image of
St = g—é in £ via the first chart).

Recall b = x(e). Let n = n(b, Ag) = min{ord, (), ord:(a1)}. Note that

n+1, ord;(a;) > ord;(ayg),
o) — (1) > ords(cx)

n, otherwise,

and

n(b.AL) — n+1, ord;(a;) < ord;(),
n, otherwise.
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Hence in all three cases we have

m(257%(x),Py,) = n(b, As),
m(Z87(x), Py, ) = n(b, Ay), (3.53)

m(Z2%%(x), Excy, ) = n(b, Ag) + 1.
The above discussion holds for any A € T (x). So we have

2K x) = 3 n(b, APy, + > (n(b,Ag) + 1)Excy, + 52" (x), (3.54)
A2eT(x) Ao€T (%)
where &, = 0 or 1 depends on whether ¢(b) = 0 or not. In the latter case, Z"(x) = Spf O
is a horizontal divisor meeting the special fiber at Excj,.

O]

The proof (in particular (3.52)) gives the following corollary, which will be used in next

section.

Corollary 3.3.5. Let 0 # x € V and b = x(e). When q(x) = 0, Z"(x) is empty. When
q(x) # 0 with b € Ay, Z"(x) = Spf Oy is irreducible, and intersects with the special fiber
of NK'2 at one point on the exceptional divisor Excp, and is given by image of

modulo w. More precisely, write

—ordr q(

7T b)b = g€ + 1€,

where {eg,e1} is a basis of Ay given in Proposition m Then ag, a1 € Oy, and the

intersection point of Z"(x) and NX%?/Fk is Sz, = % (mod 7) in the first affine chart of

Qg

the neighborhood of NX™ where x = DA, -

3.4 Intersection between special divisors

In this section we establish a series of lemmas and prove the following theorem.
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Theorem 3.4.1. For a pair of independent vectors x1,x2 € V, let T'(x1,X2) = (h(xi,x;))
be the associated Gram matriz. Then Int(Lx, x,) depends only on the equivalence class of
T = T(x1,x2). More precisely, Int(Lx, x,) = 0 unless T'(x1,Xzg) is integral. Assume that

T(x1,x2) is integral.

1. When T ~ diag(uy (—m)®, ua(—m0)?) with u; € Op, and 0 < a < 3, we have

2q(q™ — 1
Int(Lxl,XQ) =a+p8-— Q(qq_l)

2. When T =~ <(_9r)n ”On) with n odd (which occurs only when V is isotropic), we have

n+1
+1)(g7 —1
Int(Ly, x,) = — 31(2 : L

First of all, for two divisors Z; and 2, of N'¥ such that Z;N 2, is supported on finitely
many irrreducible components of the special fiber of N we define their intersection

number to be

Zy - 2y = x(NE2 0z, @ 0z,), (3.55)

where Oz, is the structure sheaf of Z;, @ is the derived tensor product on the coherent
sheaves on N'X™ and y is the Euler-Poincaré characteristic.

For a full rank lattice Ly, x, C V with a basis {x;, %2}, let

Int(Lx, x,) = Z(x1) - Z(x2).

According to [How19, Corollary D], this intersection number does not depend on the choice

of the basis {x1,x2}. First, we recall the following well-known fact.

Proposition 3.4.2. ([Qin00, Proposition 9.1.21]) Assume that X is a regular scheme of
dimension 2, S is a Dedekind scheme of dimension 1 and we have a flat proper morphism

X — S. Let s € S be a closed point. The following properties are true:

(a) For any E € Divs(X), we have E-X;=0. Here Divs(X) is the set of Cartier divisors
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of X supported on the special fiber Xs.

(b) LetT'y,..T'; be the irreducible components of Xs of respective multiplicities dy, ..., d,.

Then for any i < r, we have

Lemma 3.4.3. Let Ay be a fized vertex Op-lattice of type 0. Then

1, if Ag C Ao,
(a) Exca, PR, =
0, otherwise.

(b) Exchp, -Excpy = —20p,a, for any type 0 vertex lattice Aj.

(c) Excp, - 2"(x) = 6ag.n, = 1 or O depending on whether Ag = Ay or not.

Proof. By (3.44)), (3.45) and ({3.46]), we can see that
Excy, -[P)/‘\2 = Excy, -[P’/‘\é =1 (3.56)

if Ag = A2NAS. For a Al s.t. Ag ¢ A, then clearly Excy, ﬂIP’;\g = (). Hence (a) is proved.
Part (b) follows from Proposition and part (a). Part (c) follows from Theorem [3.3.2]
and (3.52)). O

Lemma 3.4.4. Let Ay be a fized vertex Op-lattice of type 2. Then

(a) Px P — _(Q+1)a ZfAQ :AIQ,
Ao "H AL —
’ ’ 0, otherwise.

(b) Pz, - Z"(x) = 0.
Proof. Note that Py, N PZ\’Z = () if Ay # Al,. Moreover, there are ¢ + 1 exceptional divisors

intersecting with IPz,. Then part (b) of Proposition and equation (3.56]) imply that
Pz, - Pz, + (¢ +1) = 0. So part (a) follows. It is clear from (3.44), (3.45) and (3.52)) that

Pz, and 2"(x) do not intersect. Hence part (b) follows. O
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1, if Ay € T(x),
Lemma 3.4.5. IP’;\2 ‘ZKra(x) = [ A2 (x)

0, otherwise.

Proof. When As & T (x), the intersection number is obviously 0. When Ay € T(x). We
have by Theorem Lemma and

By, 25°(x) =Py, - [ 30 n(b, APz, + S (n(b,Ao) + 1)Excy,]

ALeT (%) AoET (%)
=—(g+1)nd,A) + > (n(b,Ag)+1)
AoCA2
= > (n(b, Ag) + 1 = n(b, Ag)).
AoCA2

Now combining the information from (3.20) with Lemmas |3.2.10 and [3.2.12| we see that

there is exactly one vertex lattice A’ of type 0 in Ag such that n(b, A’) = n(b, A2) and for

any other vertex lattice A of type 0 in Ag we have n(b,A) = n(b, A2) — 1. Hence we have

> (n(b,Ag) +1—n(b,Ag)) = 1.
AoCA2

The lemma follows. O

-1, AO € T(X)v
Lemma 3.4.6. Excy, - 2X%(x) =

0, otherwise.

Proof. Assume Ay and A} are the two vertex lattices of type 2 that contain Ag. We treat

the cases Ag # Ay first. According to ([3.20]), Lemma |3.2.10| and [3.2.12) we can without

loss of generality assume that

n(b, A2) = n(b,Ag) + 1, and n(b, AL) = n(b, Ay).
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Then by Theorem and Lemma we have

Excyp, .ZKra(X) =Excy, - [ Z n(b, A2)Pg, + Z (n(b, Ay) + 1)EXCA6]
A2€T (%) A ET (x)

=n(b, A2)Excy, - Pg, + n(b, A5)Excp, Py, + (n(b, Ao) + 1)Excyp, - Excp,
=(n(b,Ao) + 1) + n(b, Ag) — 2(n(b, Ao) + 1)

=—1.

Now assume Ag = Ap, which occurs only when ¢(b) # 0. Then notice that n(b,As) =
n(b,Ay) = n(b,Ag), and Excy, - Z"(x) = 1. The rest of the proof is the same as the

previous case. ]
Lemma 3.4.7. Write b; = x;(e), and assume that (b1,b2) = 0 and q(b;) # 0. Then
Zh(x1) - 2M(x2) = 0, and

Zh(xy) - 2872 (x0) = n(by, Ap,) + 1.
Proof. Define 8; = 7~ 4(b)p; for i = 1,2. The assumption implies

Ay, = Ny, = OpB1 + OF e,

and the Gram matrix of {1, B2} is diagonal with diagonal entries in O, . Let {eq,e1} be

an Op-basis of Ay, as in Proposition and write
B1 = apep + azer, and S = ageg + ojey.

By comparing the determinants of the Gram matrices of {eg,e1} and {81, S2}, we know

.. . Qp g .
that the transition matrix has determinant oo — oo =u € O;.

ap @
On the other hand, if Z"(x;) and Z"(x3) intersect, the intersection points would be

in the special fiber. By Corollary they intersect at one point, which is also the
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intersection between them and the exceptional divisor Excy, . The same corollary asserts

that the point is given by (say in first Chart)

gl ‘SI
Il
|
)
@)
o,
3

This implies aga) — a1y € TOp, a contradiction. So Z"(x;) - Z"(x3) = 0. Now we have

by Theorem Lemmas and

Zh(xy) - 29%(x9) = Z"(x1) - (n(ba, Ay,) + 1)Excy,,

= n(bQ,Abl) + 1.

O

Theorem 3.4.8. Let {x1,X2} be a basis of a full rank lattice Ly, x, C V, and b

x1(e), ba = xa(€e) as before. Assume

(b1,b1) (b1, b2) uy(—mp)® 0

~
~

T—
(b2,b1) (b2,b2) 0 ua(—p)

B

where o < B, uy,ug € O;,io and —ujug € Nm(F*). When a > 0, we have

2q(q* — 1

When a < 0, we have Int(Lx, x,) = 0.

Proof. We may assume T = Diag(ui(—mo)%, u2(—m0)?). In such a case, we see that

spang, {7 °x1(e), 7 Px2(e)} = Ay, = Ay,. Moreover T(x1) C T(x2) and T(x1) is a
ball of radius a + % centered at Ay, by Corollary [3.2.11 We have by Theorem and
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Lemmas [3.4.5] [3.4.6], [3.4.7], and [3.2.10]

ZKra (Xl) . ZKra (XQ)

= Z n(b, AQ)]P)]\2 . ZKra(X2) + Z (n(b1, Ao) + l)EXCAO . ZKra(X2)
A2€T (x1) Ao€T (x1)

+ Zh(Xl) . ZKra(Xg)

= > b, A) - Y (b, Ao) + 1) + (n(ba, Ap,) + 1)

A2€T (x1) Ao€eT (x1)
=20} (a—i)g') — (a+1+20> (a+1—1i)g")) + (8+1)
=0 =1
=a+p3-2 Z q
i=1
o 2l —1)
q—1

O

Remark 3.4.9. As we mentioned before, there is a similar result for intersection product
between special divisors on a similarly defined RZ space Ng obtained by Sankaran in

[Sanl1’l]. Here E is an unramified quadratic field extension of Fy.

Theorem 3.4.10. For x1,x3 € V, let by = x1(e), by = x2(€) as before. Assume

bi,b1) (b1,b 0 "
N (CHAONSA |

(b2,01)  (b2,b2) (=m)™ 0

with n odd. Write r = "t Then Int(Lx, x,) = 0 unless n > 0. In such a case,

(¢+1)(¢"—1)

i1 + 27.

Int (LX1 ,X2 ) = -

Proof. We may assume that T = <(_9r)n 7rOn ) By Lemmas|3.4.5||3.4.6| and Theorem |3.3.1},
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we have

ZKra (Xl ) . ZKra (XQ)

Z n(by, Ag)Ps, - ZX%(x0) + Y (n(br, Ao) + 1)Excy, - Z57(xy)

€T (x Ao€eT (x1)
Z n(bi,A2) = > (n(bi,Ao) + 1),
€T (x Ao€eT (%)

where T (x) = T (x1) N T (x2).
Write b; = n"v; for i = 1,2. Define

—k k —k k+1
Apo = spanOF{W v, T2}, Ao = spanOF{W vy, ™ e}, k€ Z.

where Ay, 5 is a vertex lattice of type 2 and Ay, o is a vertex lattice of type 0. It is immediate
that
n(bl, Ak70) = n(bl, Ak72) =r+ k.

By Lemma T (x) is a ball of radius r centered at Ag2. We define C = C(Ag 2, Ay 2)
to be the geodesic segment joining Ag2 and A, .

Now we divide 7 (x) into r + 1 parts Ly using V as follows: for 0 < k < r, let L be
the part of 7(x) such that A € £ if and only if Ay o is the first vertex lattice of type
2 that the geodesic from A to Ag2 encounters on C. In other words, if we set £} to be
the subtree of 7(x) \ V that starts from Ago. Then L = £, UAgo if Ay € T(x). In

particular, £, = {A;2}. Then we have

r

2K0(xy) - 25 (xg) = S(S (k) — S(k)

k=0

where

S(k)= > n(b1,As), and S'(k) = > (n(b1,Ao) +1)

A2 Gﬁk Ao Eﬁk
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For k£ = 0 we have

S0)=> (r—i)q’, S0)=> (r+1-1)
1=0 =0
For 1 <k <r —1 we have
r—k—1 .
Sky=r+k+ > (r+k—i—1)(g—1)q,
i=0
r—k—1

Sk)y=r+k+1+ > (r+k—i)g—1)"
=0

For k = r we have
S(r)y=2r, S'(r) =
Summing these terms up, we obtain

r—1

ZH(x1) - 2K (x2) =(S(0) = 5'(0)) + Y_(S(k) — 5'(k)) + S(r)

=0
r—+1 1 r—1 1
g (g ) 49y
q—1 q—1
(" —1
__letD@ =1
qg—1

as claimed.

O]

By Theorems [3.4.8| and [3.4.10, we see that Int(Lx, x,) depends only on the Gram

matrix T(b1,by) = —0%T(x1,%2). Since —6% € Op,, we see that the formulas in both

theorems are not affected when we change T'(b1,b2) to T'(x1,x2). This proves Theorem

B.4.11
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3.5 Local densities and the Kudla-Rapoport Conjecture

In this section we record basic results on local density and prove Theorem Let
L be an integral Op-lattice with Gram matrix S (unique up to equivalence), and let
T be an n x n invertible Hermitan matrix over 7. Recall the local density polynomial
a(L,T,X) = a(S,T,X) defined in the introduction. the following explicit formulas are

special cases considered in ([Shi22]).

Theorem 3.5.1. ([Shi22, Theorem 6.2]) Let L be an Op hermitian lattice with Gram
matriz S = diag(v,1) with v € O;O, and let H be the hermitian hyperbolic Op-plane
defined in the introduction. Set ez = x(—v), where x be the quadratic character of Fy'

associated to the extension of F/Fy.

u1(—mo)®* 0 . «
1. Assume that T = with a < B and u; € OFO. Set €1 =
0 'LLQ(—T('O)B
x(—ujug). Then o(L,T,X) = a(H,T,X) = 0 unless « > 0. Assume o > 0, we
have
(0% o
a(L,T,X) =(1-X)(1+ e+ qea) > (¢X)* — erg®' X1 - X)) (¢ X)°
e=0 e=0
—e(1+ q)(Xa"'B"'Z +ere2) + (1 + ez)qO‘HXO‘H(l + elXB_a),
and
1 o «
o(H,T,X) =(1 tota )(1— Z ¢X)* — e ' X1 - X)) (¢ X)°

e= e=0

_ qfl(l + qfl)(l + 6lXaJr/o’H) + qa(l _i_qfl)XaJrl(l +61Xﬁfa+1).
In particular,

a(L,T)=—e1(1+e1e2)(1+q)+ (1 +€1)(1 + eg)qa'H,
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which is zero if and only if e1ea = —1. Similarly

a(H,T)=(1+e)1+q )" —q ),

which is zero if and only if e = —1.
0 "
2. Assume that T = where n is odd. Then o(L, T, X) = o(H,T,X) =
(~m" 0

0 unlessn > —1. When n > —1, we have

n+1
n+1 2
oL, T,X)==¢""1-X) Y (¢'X)+1-X)1+e+eq) ) (¢X)°
e=ntl 4 e=0
2
—(g+ D+ X"+ (1+e)(g+1)g" s X2 2,
and
n+1 nTH
aH,T,X)=—-(1-X)¢" Y (¢'X)+1+-+5)1-X)> (¢X)°
e=nF14] e=0
2

In particular,

n+1

ao(L,T) = -(1+e)(g+ 1)1 —qg =),
which is zero if and only if e = —1. Finally,

1+g¢ ntl

o(H,T) =~ ; [—2+(1+q)q2 £0.

Proof of Theorem [3.0.1. First notice that the Gram matrix of L can be chosen to be of the
form S = diag(v, 1) with v € O, and that the Gram matrix of H is S’. Let T' = T'(x1, X2).
As L and Ly, x, represent two different hermitian spaces of dimension 2, we have to have

€165 = —1 when T can be diagonalized, and e = —1 when T is anti-diagonal. The case
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that L is isotropic is proved in [Shi22]. Now we assume L is anisotropic, i.e, e = —1.
There are two cases.

Case 1: We first assume that T ~ diag(uy (=), uz(—m)?) with o < 3. In this case
€1 = 1. When a < 0, both sides of the identity are automatically zero. So we assume

a > 0. Theorem [3.5.7] implies that

oL, T, X)
(6%

- X) za:(qX)e — quJrlXﬁJrl(l - X) <q*1X)e —(q+ 1)(on+ﬁ+2 —1).
e=0 e—0

So

(L T) = (LT, X)

8X

—qu +q°‘“2q (g+1D(a+5+2)
o¢+1

=2 ¢~ (q+1)(a+B+2).
e=1

Theorem [3.5.1(1) also implies
a(L,S) =2(1+q), (3.57)

and
a(H,T) =2(1+q¢ )(g* —q7).
Hence the right hand side of the formula in Theorem [3.0.1} is

2
o/(L,T) — =L —a(H,T)]

a(L,S) ’ ¢ —1

1 a+1 2 2qa+1
=—N-2 ¢“+@+)(at+p+2 —1-7—
SRS ) )+ = -]

—a—l—ﬂ—i—Q—QZQ Int (L, x,)
e=0
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as claimed by Theorem |3.0.1

Case 2: Now we treat the anti-diagonal case

The case n < —1 is trivial as both sides are clearly zero.

When n > —1, and let r = "TH we have by Theorem m

0
O[/(L, T) = —87@(L, T, X)|X:1

=1-(¢+1)) ¢+ (g+1)(n+2).
e=0

Combining this with Theorem [3.5.1] (2), we see that the right hand side of Theorem [3.0.1]

is

2 ’ q2
LT)— HT
L)~ el D)
1 - q 2
== ¢“+2r+1- +
q+1 ;;; g—1 (¢—1)(g+1)
:Int(LX1,X2)

as claimed by Theorem |3.0.1 O
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Chapter 4

Kudla-Rapoport conjecture for

Kramer models and the case n =3

4.1 Induction formula and primitive local density

In this section, we study various induction formulas of local density polynomials. Let M
be a hermitian Op-lattice of rank m with v(M) = min{v.(h(v,v")) | v,v' € M} > —1.
and let M = fk & M for an integer k > 0. Let L be a hermitian Opg-lattice of rank n.

There is a polynomial a(M, L, X) of X—the local density polynomial-—such that

(M, L,q %) :/ / Y((Y,T(x) — T))dxdY, (4.1)
Herm,, (F) J (M[k)n

where T'(x) is the moment matrix of x, dx is the Haar measure on (M*)" with total
volume 1, dY is the Haar measures on Herm,,(F') such that Herm,, (OF) has total volume
1, and % is an additive character of F with conductor Op,. Finally, we define (X,Y) =

Tr(XY') on Herm,. We will also denote a(M, L) = a(M, L, 1) and

)
o/ (M, L) = =5 —a(M, L, X)|x-1. (4.2)

There is another way to define a(M, L, X) as follows.
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Definition 4.1.1. Let M and L be two hermitian Op-lattices of rank m and n respectively.
Let a be an integer such that (z,y) € 71'0_‘18;/1% forx,y € M or x,y € L. Define the local

density of M representing L as

 |Hermp a(Or, /(w5 +*))
Oé(M, L) = dllglo q2(d+a)nmfdn2

which is independent of the choice of a. Here Hermp, yr(Op, /(78&T%)) is given by the set
{6 € Homo, (L/miL, M/ M) | (6(2),6(9)) = (3,9) mod (mddzly), 2,y € L}.

in this thesis, we only deal with the case when we can and will choose a = 0.Since
a(M, L, X) only depends on the Gram matrices of M and L, we may also denote it by

a(S,T,X) if S and T are the Gram matrices of M and L.

Now we define primitive local density polynomials. For 1 < ¢ < n, let

(MY O = {x = (21, ,2,) € (MF)™ | dim Span{a1, - - - , 2} = € in M /zpF}

(4.3)

For L = Ly ® Lo, where L; = Span{ly,--- ,l;} and Ly = Span{ly1,--- ,l,}, we define the

local f-primitive density to be

SO LoL) = [ [ (T - Tdxdy. (04)
Herm,, (F) J (Mk)n.(&)

When ¢ # n, the above definition depends on a choice of L = L1 @ Ly. Hence we always fix
such a decomposition L = L1 & Lo in this case. When L = L1 & Lo, and L; is represented
by T;, we also denote S(M, L; & Lg)(z) as B(S, Diag(Tl,Tz))(é). When ¢ = n, we simply
denote (M, L & Ly)® as B(M, L).
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Lemma 4.1.2. Assume L = Ly ® Ly where rank(L1) = ny. Then

oM. LX) = 37 (XY IB0M L @ Lo, )™,
LICLlchLF

where £(Ly/L1) = lengthy, L7 /L1

Proof. This is the analogue of [Kit83, Lemma 3]. Let G = GLy, (F) N M, »,(OF) and
U = GL,,(Ofr). By choosing a basis {l1, - ,l, } of Li, we may identify U\G with
{L} | Ly C L} C L1 r} by sending g to Ly - g~*. Then the identity we want to prove is

equivalent to

a(M,L,X)= Y |detg "™ "8(M,Ly g © Ly, X)™),
geU\G

where |7| = ¢~!. By a partition of M}, we have

o(M, L, X) :/ dY/ WY, T(x) — T))dx
Herm,, (F) (MK)n

- > [y B((Y.Tx) ~ T))dx.
geU\G Hermy, (F) (MEn (1) gy

where g1 = Diag(g, I,—n,), and the action of g; is simply matrix multiplication on the n

components of M™ (™). Now

/ iy / WY, T(x) — T))dx
Herm,, (F) (MK (1) gy

~ ldetgPrem [ ay (Y. T(xgr) = T))dx
Herm,, (F) (M7, (n1)
=pagr [y [T = Tl
Spdetgen [ v [ Yl TE) Tl
| det gg[Fm / ay / B((Y, T(x) — TlgTY)))dx
Herm,, (F) (MIE])7: (1)

_ ]det gl‘2k+m_n,8(M[k],L . 91_1)(”1)~
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Here T'[g] := g*Tg. Now the lemma is clear. O

Theorem 4.1.3. Let L be as in Lemmal|4.1.2. Then

ni

oM, L, X) =Y (-1 gt varmmxt. N T a(M, Ly & Ly, X) + B(M, L, X)),

i=1 LicLicn 'Ly
dim L} /Ly =i

Proof. This is an analogue of [Kat99, Proposition 2.1]. The proof follows from a combi-
nation of the argument (in a reverse order) in and Lemma [4.1.2] O

Motivated by Theorem we give the following definition.

Definition 4.1.4. Let L = Ly ® Ly be as in Lemma[{.1.3. We define

ODen(L)™) := gDen(L) — > (~1)""1g""12 3" dDen(L] & Lo). (4.5)

i=1 L1CL/1CL1,F
dim I} /L1=i

Corollary 4.1.5. Let L = L1 @ Ly be as in Lemma and € = x(L). Then

1

Denlt) ™ = e T

(25/(15 L)) > " crip(Hy ;. L)““”) :

As a corollary of Lemma we have
Corollary 4.1.6. Let L = Ly ® Ly be as in Lemma[{.1.3. Then we have the following

identity where the summation is finite:

ODen(L)= Y dDen(Lj ® Ly)").
LiCL|CLy F

We may reduce the identity Int(L) = dDen(L) to a primitive version as the following

theorem shows.

Theorem 4.1.7. Let L = Ly & Ly C 'V be as in Lemma[{.1.3
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1 Conjecture|1.0.3 is true for L if for every L; C L, C Ly r, we have
( J Y 1 )
Int(L) @ Ly)™) = dDen(L}, @& Ly)™).

2) If Conjecture|1.0.5 holds for all lattices L' = L, ® Lo of V of rank n with L <
1
L/l C Ll,F? then

Int(Ly & Ly)™) = Den(Ly & Ly)™).

(8) For 1l < n; < n, Conjecture is true if and only if for every lattice L =

L1 ® Ly CV with rank(Ll) =n1, one has
Int(Ly @ Lg)™) = Den(Ly & La)™).

Proof. (1) follows from Lemma and Corollary (2) follows from Definitions
and (3) follows from (1) and (2). O

For the rest of this section, we assume that M is unimodular of rank m with a Gram
matrix Diag(l,,—1,7). To go further with the calculation of a(M, L, X), we need an
induction formula for (M, L, X )(5) as follows. The proof is essentially the same as that

of Corollary 9.11 of [KR11], and is left to the reader.

Proposition 4.1.8. Let L = L1 © Ly, where L; is of rank n;. Let C(MF L) be the
U(M™)-orbits of sublattices M (i) € MW" such that M(i) is isometric to Ly, and write
C(MW, L) = Lie ;{M(i)}. Then

BM, L, X)) ="M : M(3) @ M@ 72| M(i)" + M(i)]"28;(M, Ly, X)a(M(i)*, Ly),
i€

where

Bi(M, Ly, X) = lim g~ @ty e [MW, Ly, d)™) |3 © € UM) with ¢(Ly) = S(M (i)},
— 00
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and
I(MW® Ly, d)™) = {¢ € I(MW, Ly, d) | rankg,¢(L1) @0, Fq = n1}.

Recall that I(MW¥, Ly, d) is defined in (?7?).

One special case is that L = H®* @ Ly. Since any sublattice of M kK — Mo HF
isometric to H' is always a direct summand of M and o(M, H?, X) = g(M, H', X)) =

B(M, H', X), the above proposition specializes to

Corollary 4.1.9. Assume L = H' @ Lo, then
o(M,L,X) = B(M,H', X)(M, Ly, q* X) = a(M, H', X)a(M, L3, ¢*' X).  (4.6)

We end this section with two more special cases of Proposition Proofs are given
in 419
Proposition 4.1.10. Let the notation be as in Proposition [[.1.8 Assume ny = 1 and

Ly = (t) wheret € Op,.

1. There always exists a primitive vector M(1) € H* with q(M(1)) = t, and
M)t = H g XM @ (),

Here (t) stands for a lattice Opv of rank one with (v,v) = t.

2. If v(t) =0, then there exist a primitive vector M(0) € M with ¢(M(0)) =t, and

MO0): = H oI 2 @ (vt).

m

(m—2)(m—3)
2

).

Here €—2 = x((—1)

3. If v(t) > 0, then there exist a primitive vector M(0) € M with q(M(0)) =t only
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when M is isotropic (i.e. v € M with q(v) =0). In this case,
MO = H o XM @ (—1).
Assuming the existence of M (1) and M(0), we have

1 ifi=1,
MW M) @ M ()M (@) M(D)| = f
q ifi=0.

4. Under the action of UM, v is either in the same orbit of a fized vector M(1) € H*

or a fized vector M(0) € M.

5. We have the following induction formula:

BM, L, X)) = By(M, L1, X)a(M (1), Ly) + ¢**Bo(M, L, X )a(M(0)*, Ly).

Moreover,

(a) For any Ly,
Bi(M,Ly,X)=1— X.

(b) Assume v(t) =0, then

(1+x(M)x(L)g "7 )X if m is odd,
Bo(M, L1, X) =

(1-=x(M)qg =2)X if m is even.

(c) Assume v(t) > 0, then

(1-¢'"™X if m is odd,
Bo(M,L1,X) =
(1 —g' ™+ X(M)(q — 1)(]7%) X if m is even.

Proof. Parts (1)—(4) are proved in subsectionm The induction formula for (M, L, X))
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follows from Proposition m For the formula of 5;(M, L1, X), see Corollaries 4.5.10[ and
4.5.12) (]

Proposition 4.1.11. Let the notation be as in Proposition[4.1.8 Assume v(L1) > 0 and
ny = 2. Then we have a partition of C(MW L;) = |_|?:0 Cy(MW¥, Ly) such that for any
M(i) € C;(MWF L)), M(i)* is isometric to

(-L)® H "o M.

Here MY is a unimodular Op-lattice of rank m—2(2—1i) and has determinant (—1)* det L.

Moreover, we have

2
BM,L, X)) =3 " qP 023, (M, Ly, X)a(M(i)*, L, X), (4.7)
1=0

where

Ba(M, L1, X) = (1 - X)(1 - ¢°X),
BiM, Ly, X) = glq+1) (1= ") + dc(m)x(M)(g = g~ % ) X(1 - X),

q(1 —g'=™)(1 — ¢3~™)X? if m is odd,
ﬁO(Ma Lla X) —

0 (=™ +x(M)(@ = 1)a %) (1= ™)X if m is even.
Here 6.(m) =1 or 0 depending on whether m is even or odd.

Proof. Equation (4.7) follows from Proposition and Proposition m For the for-
mula of 3;(S, L1, X), see Corollaries [4.5.10] |4.5.13| and Proposition [4.5.14 O

4.2 The modified Kudla-Rapoport conjecture

Recall that the hermitian lattices used to define the correction terms are of the following
forms:

HS, = H &I, _, forl<i< g e=+1 (4.8)
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where I;,_,, is the unimodular hermitian lattice of rank n—2i with x (I}, _5;) = x(H, ;) =€

When n = 2r is even, we take I§ = 0 and H%ﬂ, =H".

Theorem 4.2.1. Let r. = "5 when n is odd, and r. = |"5¢| when n is even. In the
following we just write re as .
Q(Hﬁ,lvﬂﬁ,l) a(Hﬁ,wHﬁ,l) O‘(Hﬁ,raHﬁJ)
. c 0 a(HfL,meL,z) a(Hﬁ,raHfL,Q)
A :( w) = )
0 0 0 o(Hy, HS,)

Bf = t(a/(IggvH:hl)? e 70/(1_6 H; ))7

n e

and

Cc = t(c;,lv T 70161,1")7

where c;, ; is co; as in Conjecture .
Then C*€ is the solution of the equation

Aece — _2BE (49)
Moreover,
2y (n—2j— 1 if n is odd
(n—25)(n—2j—1) _ - ’
A5y =2 [ =g ) (1-q) |
) . n—2j
0<s<j 1<s< | 2=20-1 | 1—eq 2 if n is even.
(4.10)

Finally, fori < j,

I(n—2i,2=2=1 5 ) if n is odd,
€ €

I(n—2i,%,j—i) if n is even,
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where

(qd—s—i-l _ 1)(qn—d—s + 1)

I(n,d, k) = 1
7 —

S

k
=1

Proof. First notice that a(HS

n,’

Hfu) =01if i <j. So (1.10) is indeed equivalent to (4.9),
and there exists a unique solution C..

Now we compute A ; explicitly. Corollary and Lemma imply that

o ’rez,ijfL,j) = Oé(Hj7Hj)a(IZ—2ja 2—2]‘)-

According to Lemma [4.5.8

aH H)= ] @-q¢™).

0<s<j

By Lemma [4.5.17],
Of(—’ﬁﬂja—’fﬁzj) = ’O(T;fw)(ﬂ?q)\?

where T;_Qj = I}, 5;®0,Or/() is the space over F, with the naturally induced quadratic

form. Now (4.10) follows from the well-known formula:

(n=2j)(n-2j-1) _ n=24=1
. 20" L (1—q7%) if n is odd,
[0(1,,—2;)(Fq)| = .
J (n=25)(n=2j—1) n—2j n=2j _q 9 . )
q 2 (1—e 2 )]l (@—=¢*°) ifniseven.

To obtain (4.11]), notice that (Corollary |4.1.9)

o ﬁ,jaHﬁ,i):a(HZ,jaHi)a( 761—21',]'—2‘7[761—21’)7
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and
o TCL,j7H761,j):a( fz,ijl)a( 161721',3‘71'7 761722'441')'

Hence

Aj;  alHy 5 Hy ) alHy g0 1)
Aj,j O‘(Hfz,yHZ,j) O‘(Hfz—Zi,j—waszi,jfi)

Fix an Op-lattice L that is represented by If_,;. According to Lemma to

i
€

AS . . .
compute =2, we need to count the number of lattices L' in Lp such that contain L C L’
253

and [/ = Hf%%jfi’ which is equivalent to the following condition:
- Y L
7L’ e " wy i L L.

Since L' and wL' determine each other, we just need to count wL’ satisfying the above
condition. We regard wL’/wL as a (j — i)-dimensional subspace of L/nL, where L/7L is
equipped with quadratic form (z,y)/=.

Claim: The condition

rL c (L)

is equivalent to the condition that wL’'/7L is an isotropic subspace of L/wL.
Indeed, assume wL'/wL is an isotropic subspace of L/wL. Then (nx,7y) € wOp for
any x,y € L', which is equivalent to (z,7y) € Op for any x,y € L'. The latter condition

is the same as L' C (L')*. The other direction is clear.

AS . s . . .
Therefore =2 is the number of (j — 7)-dimensional isotropic subspaces of L/7L. Ac-
757

cording to [LZ22b, Lemma 3.2.2], it equals to

I(n—2i,2=2=1 5 ) if n is odd,

I(n —2i,2=2021E 5 ) if n is even.
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O]

According to Theorem in order to solve C¢, we need to know B¢ and A¢. Here,
B¢ can be calculated by applying Corollary and Proposition [4.1.10] inductively. The

following lemma can be used to compute A°€.

Lemma 4.2.2. Let F/Fy be a quadratic p-adic field extension, and let L and M be two
Op-hermitian lattices of rank n. Then % is equal to the number of lattices L' in Lp

containing L and isometric to M .

Proof. The proof is a generalization of that of Proposition 10.2 of [KR14b] and works for
both inert and ramified primes.

Let us assume that there is an isometric embedding from L into M, otherwise both
sides of the identity in the lemma are zero. In this case, we have a fixed Ly &£ Mp. Let
a (resp. [3) be a top degree translation invariant form on L% (resp. Herm,(F')). Let
vp = o/ h*(B) where

h: % — Herm, (F), xw— (x,z).

Define X to be the set of F-linear isometric embeddings from L into M. By fixing a basis
of Lr and regarding ¢ € X as a linear isometry from L to itself, we identify X as a subset

of L. By the argument in Section 3 of [GY00] (in particular Lemma 3.4), we know that

vol(Herm,,(OF), df)

(M, L) = vol(X, dvp) — i da)

(4.12)

For any ¢ € X regarded as a linear isometry from Ly to itself, the lattice Ly := ¢~ (M)
is a lattice containing L. Conversely, for any L’ containing L and isometric to M, there is

a ¢ € X such that Ly, = L. Hence we have a partition

X=|| Xy, Xp={pecX|Ly=L}.
Lcr’

Since each L’ is isomorphic to M, all the X, have the same volume as that of Xj;.



88

Specializing (4.12) to L = M, we see

vol(Herm,, (OF), df3)

M, M) = vol(Xyp,d 4.1
oM, M) = vollar dop) = Th e, d (4.13)
Dividing equation (4.12)) by (4.13)), we prove the lemma. O

Remark 4.2.3. When F/Fy is unramified and M is unimodular, the lemma was proved

by equation (3.6.1.1) of [LZ22d|.
Now we specialize Theorem to the case n = 3.

Lemma 4.2.4. Assumen =3 and e = x(L). Then c§; = %, hence

o(IL) | ¢* alHsy, L)

ODen(L) =2 )
(L) a([gﬁ,lge) 1+qa([§e,1§€)

Proof. First of all, according to Theorem
a(HS 1, Hs ) = 2(1— ¢ 7). (4.14)
By Corollary we have
a(Iy HS 1, X) = oI H, X)a(I3 <, I, ¢ X).
According to Lemmas and
a(I; H,X) = B(H* H) =1 X.
Lemma |4.3.1] gives that

a(I;€I5,¢°X) = 1 — ¢X.
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Hence

a(l3, Hyp, X) = (1 - X)(1 - ¢X),

and

o (I3 Hyp) = 1—q.

Combining this with (4.14]), we solve (4.9) and obtain

2

5, =L
3.1 1+¢
Now the lemma follows by the definition of dDen(L). O

4.3 Local density formula when rank(7") < 2

The main purpose of this section is to give an explicit formula for «(I,T, X) where I =

Diag(Im-1,v) with v € O, and rank(T') < 2.

4.3.1 The case T = (t).

In order to apply induction formulas to calculate «(I,T, X) for T' with rank(T") = 2, we

need to consider the case T' = (t) first. Write ¢t = to(—m)"® for to € Op,, and

I, = Diag(I, vy (—m)?% va(—m0)°) = Diag(sy, ..., smi2) (4.15)

for integers 0 < a < b.

Lemma 4.3.1. Assume 0 < a <b < v(t).
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1. If m is odd, then

b
m—1
Loy, (£), X) = 1+ x(Dx(—v)(g—1) Y g ms+er™5 xe
s=a+1

+ X(Ia,b)X(to)q_(m+1)v(t)+a+b_mT-HXV(t)-i—l '

2. If m is even, then

a(lop, (1), X) = 1+ x(I)(g—1) Y g " Fa—1xe
s=1
v(t)
(L) | (= 1) Z g~ mHDSHE x5 = (mA vt -1-3 xv(H)+1

s=b+1
Proof. Direct calculation gives
a(lp, (t),X) = / dy Y((Y, Diag(H®, I, 3)[x] — t)) dx
FO O%k+m+2
k 1 m+2
= P(—tY dY/ (104 Tr —mzyz) +Y 81212 dx;dy; dz
0 e G 2w [ L]

=14+ / LI, (Y)$(—tY) aY.

Here, according to [Shi22l Lemma 7.6],

k

Lo —2ks

I(Y) = /o% Q/J(YZTr(;xiyi))deidyi = g s,
F 1=1

and
m+2 m-+2
I, (Y) = / LY > szzm) [[da= ] Jv),
OF =1 =1
where
1 if v(t) >0,
J(t) = Y(tzz)dz = (4.16)

or ¢ Ox(—to)g(x,va) if v(t) <0,
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and

:CEOFO/TFO

is the Gauss sum. Write ¢’ =11 . Then
0

Recall the well-known facts that

gGv)? =x(-1) - q,

. ((—=m0)"*Yt)dY = Char(r§Or,)(t) — ¢~ *Char(mi '0g,)(t), (4.17)
| Xm0y Y Y = x(—ta)a™ gl 0")Char(ni O )0

When m is odd, we have

b
aLap, (8),X) = 14 x (1) T vw)(g - 1) Y ¢ ™For s x°
s=a-+1

+ X((—l)mT-H1/1I/Ql/to)q_(m+1)(v(t)+1)+a+b+m7+1Xv(t)+1.

When m is even, we have

a(lgp, (t), X)

=1+ X((~D)F0)(g— 1)) g MDY 4y (—1) "5 vawar)
s=1

v(t)
. ((q o 1) Z q—(m+1)s+a+b+%Xs o q(m+1)(v(t)+l)+a+b+’;Xv(t)-i—l) _
s=b+1
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Finally, notice that for I of rank m we have

x((=1) 2 v) if mis odd,

v) if m is even.

Now the lemma is clear. O
Similarly, we have the following lemma.

Lemma 4.3.2. Let I be unimodular with odd rank m. Then

m+1

1+ X([)X(to)q_(V(t)+1)(m+1)+ 5+ xv(t)+1 ZfZ < 2V(t),

a(l & H;, (1), X) =
1+ x(I)x(to)g VOFD=DHETE xvOFL e 9y(4).

4.3.2 The case T = Diag(u;(—m0)?, ug(—mo)°)
In this subsection, we compute «(l,T, X) for I unimodular of rank m > 2 and T =
Diag(u1 (—m0)%, uz(—mp)®) with 0 < a < b. Notice that a(I,T, X) = 0 when a < 0.

Proposition 4.3.3. Assume T = Diag(u;(—m)? us(—m0)?) and that I is isotropic of

even rank m > 2, then

oI, T,X) =(1 - X) (f:(qQ—mX)i +7.(I,T, X)>
1=0

m—2

+aX (X)) (1 = x(Dg™ 2)A+x(I)x(T)g"2 (¢ ™X)"H)

+(1=a "V 4 (g - )x(Dg F) X

a—1
. (q Z(QQ*mX)i +7([,T,X) — X(I)X(T)q% (q2mX)a+b+1> 7
=0

where
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Proof. Since I is of even rank, uj - I ~ I'¥l and we may assume T is of the form
Diag((—mp)®, u(—mo)?) without loss of generality.

According to Theorem and Proposition we have

oI, T, X) = (I, (—m0)% X)o(M (1), u(—mp)?)
+ qBo(I, (—m0)®, X)a(M(0)", u(—mo)?)

+¢*"" Xa(l, Diag((~m0)" ", u(-m0)"), X)
where M (1)* = Diag(H*!, —(—mo)%, I) and

M(O)l = Diag(Hka _(_WO)ia 17 o

m—1

L1, —v).

Continuing this process, we obtain

oI, T,X)

= 3@ X) (B (o), X)a(M(1) u(=m0)") + afolI, (~mo)', X)a(M(0)*, u(-m0)")) .
1=0

By the formulas in Proposition 4.1.10] and Lemma the above equals to

a

D @TX) (- X)

1=0

1
: (1 +la=Dx(Na™ = Y (@I @X) T+ X(I)X(T)qiﬂl(q?‘mX)b“)
+ (X)X (1 — g 3 (1)1 + x(D)x(T)g~ CHrDom=2+257 x b

ta Z(q%mX)aiiX ((1 - qf(mfl)) + (g — 1)X(I)q7(m71)+mg2)

: <1 + (- Dx)g"T Zl(q(m‘?’)X‘l)s +xD)X(T)g T (qQ"”X)”“> :
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Now the transformation

a i a d
Z Z QS(QQme)afers — qS(q2me)d
1=0 s=1 d=1 s=1
and some calculation give us the result we want. O
The case that I is anisotropic (i.e. when m = 2 and x(I) = —1) can be computed

similarly and is simpler. We omit the detail here. In particular, we may recover the

following formula.

Proposition 4.3.4. [Shi22, Theorem 6.2(1)] Assume I = Diag(1,v), then

oI, T, X)

= (1= X)1+x(D) +qx(D) > _(¢X)* = x(T)g* ' X (1 - X)) (7' X)"
=0 e=0

a

—X(T)(1 + @) (X2 + ) (D)x(T)) + (1 + x(1)g* T X (1 + x(T)XP~9).

Moreover, a similar computation yields the following, and we leave the detail to reader.

Proposition 4.3.5. Assume that I is unimodular of odd rank m > 3. Then

a(l,T,X)

|
—

= (1 - X) (i(QQ_mX)i + 70,1(17 T7X>> + (1 - q_(m_l))X (qa

(qQ_mX)i + 70,0(‘97 T7 X))
=0

Il
o

7

m—1

+¢X (> X)) <1 + x(Dx(up)g™ 2 ) (1 — X(I)X(Ul)q(Q_m)b_mT_le“‘l) ’

where v,1(1,T, X) equals

a+b a+b+1

X(Dx(ur)g™ < S (@t - x) - > (qQ‘mX)z) :

d=a+1 i=b+1
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and vo0(I, T, X) equals

a+b a+b
X(D)x(u)g ™ < D@ () = Y (qQ‘WX)Z) .
d=a+1 i=b+1

4.4 Local density formula when rank(7") = 3

In this section, we always assume rank(7') =3 and S = I X(T) | The aim of this section is
to compute dDen(T') explicitly. We treat the case v(7') < —1 in the first subsection. In
the second subsection, we deal with the case when T" = Diag(1,T3) for T» diagonal. In the
last subsection, instead of dDen(T"), we compute dDen(T")?) for T of the form not covered

by previous subsections.

4.4.1 0Den(T) for T with v(T) < —1
Proposition 4.4.1. If v(T') < —1, then Int(T") = 0Den(T") = 0.

Proof. If v(T) < —1, then dDen(T) = 0 since v(S¥)) > —1 where S @ H*. If v(T) = —1,
then T is of the form Diag(H, (u3(—mp)¢)) with x(7") = x(us). In this case, according to
Corollary Lemmas and we have

a(S, T, X) = (1 - X)a(S, (uz(—m0)°), ¢>X).
Similarly, we have

a(HZ)), T) = BUHE ), H)a(us, (us(—m0)°))

= (1 - q *)a(us, (uz(~m)°)).
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Hence, applying Lemma to Ino = S where [ is of rank 1, we have

ODen(T) = 2a(S, (u3(—m0)), ¢*) + 1qjq(1 — ¢ ?)a((us), (uz(—m)°))
=2(1+ x(S)x(u3)q) +2(qg — 1)

=2(1-q)+2(¢—1)

=0.
Here we are using the fact x(S)x(T) = x(5)x(u3) = —1. ]

4.4.2 0Den(T) for T = Diag(1,T,) with 7> diagonal

In this subsection, we assume T = Diag(1,T3), where T = Diag(u1(—mg)%, uz(—m0)?) with
0 <a <b. Let u=wujuy. Also, let S = Diag(1,1,v) and Sy = Diag(1,rv). We compare
0Den(T') and 0Den(T5) in this subsection.

Recall that

3,1
a/(S,T) ¢ a(HX(T), T)

Oen(T) =2 e ey + Ty a(s,9)

Moreover, according to [Shi22, Theorem 1.3] and Theorem the analytic side in the

case n = 2 is

O/(SQ,TZ) _ 2q2 a(H, Tz)
Oé(SQ, Sg) q2 —1 a(Sg, SQ).

ODen(T3) = 2

Proposition 4.4.2.

1+23¢% ¢ if x(T) =1,

1 if x\(T) = —1.

ODen(T) — 0Den(T3) =
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Proof. Proposition implies that «(S, T, X) equals
(1 — X)a(Diag(—1,.5), T3, qu) + q2(1 + qilx(S))Xa(Sg,Tg, X).
Hence
o/ (S,T) = a(Diag(=1,5), To, ¢*) + ¢*(1 + ¢~ 'x(S5))e(S2, T). (4.18)

According to Lemma one can check that o(S,S) = B(S,5) = 2¢(¢*> — 1), and
a(S2,52) = 2(q — x(S52)). Then

(S, T) (S, Ta) a(Diag(—1,5),Ts, ¢%)
a(S,S) Sz, S2) a(S,S) ’

(4.19)

Hence we just need to check that

a(Diag(—1,9), T, %) | ¢ i D) 202 o(HT)
OC(S,S) 1+q2 Oé(S,S) q2—1oc(5'2,5’2)

1+2Y% ¢ ifx(T) =1,

1 if x(T) = —1.

By Proposition we may check that

a+2 _ 2 _ if —
20(Disg(-1, 5), Ty, &) 2(2q (@+1)")(g—1) ifx(T)=1, (4.20)

2(¢ - 1)(¢* — 1) if x(T) = —1.

To compute lq—;a(Hi’(lT),T), we may choose Hi(lT) = Diag(H,1) when x(7') = 1. By

Corollary [£.1.9] Proposition [£.3.4] and a direct calculation, we have

@ o(HY,T) | (¢ - Do(Diag(~1,1), ) + 25a(H, T)  if x(T) =1

1+q ofS,S)  2q(¢>—1)

(¢ — 1)o(Diag(—1, —u), T5) if x(T) = —1.
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Combining this with the formulas in Theorem [3.5.1] we have

3,1 . .
@ o ) T) 22 o(H, Ty) 1 4072 — > —2¢ -1 ifx(T)=1

1+¢ a(S,8)  ¢@—1a(9,8) -1 (¢ — 1) if x(T) = —1.

(4.21)

Now a direct computation combined with (4.20)) and (4.21]) proves the proposition. O

Corollary 4.4.3. Assume L is a hermitian lattice with Gram matriz T, then
dDen(T) — 0Den(Ty) = [{V°(L)}|. (4.22)

Proof. We can write L = L’ @ Opx where ¢(x) = 1. If L” is non-split, then [{V°(L)}| = 1.

If L is split, then [{VO(L)}| = 14+2 329, ¢* since L3(L) can be identified with Lo 1(L?),
which is a ball in £51 centered at a vertex lattice of type 0 with radius a. Here £ 1 is the
Bruhat-Tits tree associated with NQKfa and £271(Lb) is the subtree of Lo associated with

L. O

4.4.3 ODen(T)®

In this subsection, we assume T = Diag(Ts, us(—mg)¢) with v(7%) > 0, and compute
ODen(T)?). Recall that dDen(T)? = dDen(L’ @ Opx)? where the Gram matrix of
L=L"®O0pxis T. We consider two cases separately in Propositions and

Proposition 4.4.4. Let T = Diag(uy(—m0)?, uz(—m0)?, uz(—m)¢) where 0 < a < b < c.

Then
aDen(T)(2) =1+ x(—ugus)q*(q¢* — qb) — q“+b.

Proof. Recall that

1

e = s

2
(2.0 + sty @)
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We compute 3'(S,T)? first. According to Proposition [4.1.11} 8(S, T, X) = 0 and

,B(S T X) ,BQ(S TQ, ) (Diag(S, —Tg),'LLg(—?TQ)C,q4X)
+ ¢51(S, Ta, X)a(Diag(—v, —T5), us(—mo)¢, q2X)
= (1 - X)(1 - ¢*X)a(Diag(S, —Ta), uz(—m0)*, ¢* X)

+ (q + 1)((]2 - ]-)X(l - X)O‘(Diag(_% _TQ)a U3(_7TO)67 q2X)'
According to Lemma [4.3.1

b
Oé(Dlag(S7 _T2)7 u3(_7T0)C? q4X) =1+ X(S) q - 1 Z anrl qX + X(u1u2u3y)qa+b+2Xc+lu
s=a+1

and

b
a(Diag(—v, —Ta), uz(—m)%, ¢*X) = 1+ x(S)x(u1)(g — D)g* > (aX)* + x(urugugv)g* "1 X,
s=a+1

The relation x(ujususv) = x(S)x(T) = —1 and a direct calculation show that

B8, 1) =1+ x(~ugu3)q”(¢* — ¢°) — ¢**.

Finally, ﬁ(Hi’(lT)7 T)® = 0 by Proposition [4.1.11] The proposition is proved. O
0 ¢

Proposition 4.4.5. Recall that H, = . Let T'= Diag(H,, u3(—mp)¢) where
(=m)* 0

a is a positive odd integer and ¢ > 0. Then

(1 - qa> /Lfa' S 207
Den(T)? =
(1—g*t)  ifa>2c

Proof. Recall that

2
4q
dDen(T)? = W@ =T (25’(5, ) + i qﬁ(Hile),T)(z>> ,
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We need to compute 3'(S, T)(2) and B(HSZ’(IT)’

According to Proposition 4.1.11} 5o(.S, T2, X) = 0 and

7).

B(Sa Tv X)(2) = 52(‘5’7 Ha’ X)a(Dlag(S, Ha)a u3(_7T0)C7 q4X)
+ qb1(S, Hy, X)a(Diag(—v, Hy), uz(—m0), ¢*X)
—(1-X) ((1 — @ X)a(Diag(S, Hy), us(—m0)%, ¢*X)

+ (q + 1)((]2 - 1)XO((Dlag(—I/7 Ha)7 u3(_7TU)CJ q2X)) .
According to Lemma

4 1+ x(S)x(uz)g®tex et if a < 2
a(Diag(S, Hy), u3(—m0)%, ¢ X) =

1+ x(9)x(uz)g®3Xetl  if a > 2,

and

2 L+ x(S)x(us)g' ** X if a < 2c,
a(Diag(—v, H,), u3(—m0)%, ¢°X) =

1+ x(S)x(uz)g®>t2Xetl  if a > 2c.

A short computation shows that

1+ x(S)x(us)g® if a < 2c,
B'(S, 7)) = q(¢> —1)-
1+ x(S)x(u3)g®**t if a > 2c.

Notice that x(S)x(uz) = x(S)x(T') = —1. Finally, B(Hi”(lT),T)(?) = 0 by Proposition

4.1.11} The proposition is proved. O

4.5 Calculation of primitive local density

In this section, we provide the proofs of Propositions [4.1.10] and 4.1.11}] Throughout

this section, M is unimodular of rank m > 2 unless clearly stated otherwise. Let
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{v1,"++ , Vok, Vokt1, "+ ,V2ktm} be a basis of MWK = H¥ @ M with Gram matrix H* @
Diag(Im—1,v). Let L be a hermitian lattice of rank n with Gram matrix 7. An isometric
embedding ¢ : L — M is called primitive if its image in M /7 M has dimension ranko,. (L).
We call a vector v primitive in M if #='v & M, or equivalently the natural embedding
¢ : Spang, {v} < M is primitive. For a v € M* we let Pry(w;) be the projection of w;

to HF.

4.5.1 Proof of Proposition [4.1.10

The main purpose of this subsection is to prove the first four parts of Proposition [4.1.10

Part (5) of this proposition follows from Proposition and Corollaries|4.5.10/and 4.5.12]

Proof. For (1), choose M (1) = ZTv; + vy € M with q(M (1)) = t. Then

—tm
M(1)*t = SpaHOF{Tvl + V2, U3, ey U2k U2t 1, ** 5 U2kt | (4.23)

which is represented by Diag(—t, H*~1, S). It is easy to check
(ML M(1) @ M) TYM1)Y : M(1)] = Jex|pltn|! = 1.

For (2) and (3), assume first that M is isotropic (and unimodular). In this case, we
may choose a basis {vj, ;... V5, } of M with Gram matrix Diag(Ho,1,...,1,-v).

Choose M(0) = Lvl, | + vh,, with ¢(M(0)) =t. Then

1 13 / / / /
M(0)~ = Span{vy, -, vy, —§U2k+1 T+ Uogq2, Uopgss 7U2k+m}

>~ H" @ Span{vhy, 3, , Uy} O (—1).
as claimed. Moreover

(MW 2 M(0) @ M)} M(0) : M(0)] = |t] il = .
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Next, assume that M is anisotropic. In this case, M has rank 2 and has Gram matrix
Diag(1,v) with x(M) = x(—v) = —1. In this case, E = Fy(y/—v) is a unramified quadratic
field extension of Fy, and Ng,r,Op = Op, . Whenv(t) = 0,t € Ng/p,Op, i.e., t = aa+bbu.
Take M (0) = avop41 + buggto. Then ¢(M(0)) = t, and

M(O)J‘ = Span{vy, -+ , Vg, —Vbvog 41 + AUk 42} = H'e (tv),

and

M= M (0) © M(0)7HM(0)” - M(0)] = |7l = q.

When v(t) > 0, t € Ng/p,Op- So there is no primitive M (0) € M with ¢(M(0)) = t. This
proves (1)—(3) of Proposition [4.1.10

The proof of (4) follows from the following 4 lemmas.

Lemma 4.5.1. For primitive vectors wy, we € H; with q(wy) = q(ws), we can find an

element g € U(H;) such that g(wi) = ws.

Proof. We treat the case i is odd first. Assume v = aqv1+aove. Then v is primitive implies

that a1 or as is a unit. Without loss of generality, we assume a5 is a unit and we can further

2 4
assume ag = 1 by the action of . Now notice that ¢(v) = (v,v) = (a1 — a1)n".
0 a;l
i 1 —«
Hence we can write a1 = a + %, where o € Op,. Now let g = , and it is
0 1

—1

straightforward to check that g € U(H;) and g(v) = q(v); vy + U2,

Now we deal with the case 7 is even. Again, we can assume v = ajv; + v2. Then

_ q()

q(v) = (a1 4+ a@)7". Hence we can write ay = 27" + B, where 8 € Op,. Now let
L —fm (v)r—?

g= , and it is straightforward to check that g € U(H;) and g(v) = £ —wv; +
0 1

V2. O

Lemma 4.5.2. Assume M is any lattice such that v(M) > i. For wi, wy € HF © M, if

Pr s (w1) and Prgx(w2) are primitive and q(w1) = q(ws), then there exists g € U(HFOM)



103

with g(wi) = wa.

Proof. Choose a basis {v1, ..., vo; } of HF such that the associated Gram matrix is HF. We

also choose a basis {vog41, ..., Vog+m } of M. Write w; = Z?ffm a;v;. Since Pryi(wi) is
k2

primitive, a; is a unit for some i € {1,...,2k}. Without loss of generality, we may assume

(=1 q(wy)m*
2

a; =1. Let v’ = w; + vg, then

(=D g(wy)r™
2

(—1)i+1q(w1)7'r_i
2

U2)+(

q(w') = q(wy) + (wr, vg,w1) = 0,

and (w',v2) = (v1,v2). As a result, My = Spang, {w1,v2} = Spang, {w', vz} is isometric
to H;. Notice that val;(g(wi)) > i is guaranteed by the assumption v(M) > i.

Similarly, we can show ws € My for some My that is isometric to H;. However, the
assumption v(M) > i and [Jac62, Proposition 4.2] imply that there exist g € U(HF @ M)
such that g(M;) = Ms. In particular, g(w;) € Ms. Since both g(w;) and ws are in Ma,
the problem is reduced to Lemma ]

Lemma 4.5.3. For primitive vectors wy, wy € M with q(wi) = q(ws), we can find an

element g € U(M) such that g(wr) = wa.

Proof. Since M is unimodular, we can decompose
M=Hta M,

where M’ = 0 or an anisotropic unimodular Hermiatian lattice of rank 1 or 2. If Pr HE (w1)
and Pr (wg) are primitive, this is Lemma If Prpp (wy1) is not primitive, then
Prpp(wi) is primitive and thus ¢(Prys(wi)) € Op. This implies that g(ws) = g(w1) is a

unit, and M = Opw; & (Opw;)*. Therefore there is some g € U(M) with g(w;) = we. [

Lemma 4.5.4. Assume that wy, wo € M¥ are primitive and that Pr . (w1) and Pr g (wy)

are not primitive. Then we can find g € UMW) such that g(w) = ws.
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Proof. Let {v1, ..., Vop+m} be a basis of H*@® M, whose Gram matrix is H*®Diag(1, ..., v)
where v is a unit. Assume v € M is primitive and Pr . (v) is not primitive, then we can
write v = Z?ﬁl Ta;v; + Z?fgﬁl a;vj, where some a; is a unit for 2k +1 < j < 2k +m.
Again, without loss of generality, we may assume asp1,, = 1. For ¢ < k, we set

az; —a2i—1
/ 1 / 1
Vg1 = V2i—1 + ~ V2ktm, Vg = V25 +

V2k+m -

Let M, = Spang, {v},...,v4;,}. Then it is easy to check that M, is perpendicular to v.
Moreover, M, is isometric to H* since val.((vh; ;,v5;)) = —1 and 0 < valz((vf,v3)) for
other 1 < i,5 < 2k. Hence we can find g, € U(M¥]) such that g,(M,) = Spano,{vi, ..., var },
and g,(v) € Spano, {vok+1, ..., Vogtm } = M.
Applying the above to w; and wa, we can find gy, , Gu, € U(MW) such that gy, (w1), gu,(w2) €

M. Now the problem is reduced to Lemma [4.5.3, and the lemma is proved. O

According to Lemma and Lemma a primitive vector v € MW" is either
in the same orbit of a vector M (1) € H* or a vector M(0) € M. Lemma implies
that primitive vectors M (1), M'(1) € H* with q(M(1)) = q(M’(1)) lie in the same orbit.
Lemma implies the similar result for primitive M (0), M'(0) € M with ¢(M(0)) =
q(M'(0)). A combination of the above proves Part (4) of Proposition O

4.5.2 Proof of Proposition 4.1.11

In this subsection, we prove the first part of Proposition which we restate as follows

for the convenience of the reader.

Proposition 4.5.5. Let L be a hermitian Op-lattice of rank 2 and v(L) > 0. Let ¢ : L —
M be o primitive isometric embedding. Let d(p) be the dimension of the image of the

map

PerogozL—>Hk
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in H*/mH*. Then
o(L)*t = (L) @ HF4%) g pplde)

where M ®) is unimodular of rank equal to (rank(M) — 2(2 — d(¢))) and detM () =
(1) detM. In particular, if d(p) = 1 then rank(M) > 2, and if d(p) = 0 then
rank(M) > 4.

Proof. This proposition follows from Lemmas and below. O

Lemma 4.5.6. Let the notation be as in Proposition . If rank(M¥)) < 4, then
o(L)t ~ —L.

In particular, such an o does not exist if x(M™) = —1 or rank(MH*]) < 4.

Proof. First, assume M¥ = H? and L ~ H; where i > 0. Let ¢(L) = Spano, {w;,ws}
such that the Gram matrix of {w;, w9} is H;. By Lemma we may assume wj; = V.
Then we may write we = ajv; + 7 1vg + azvs + aqvy, and min{v,(as),v.(as)} = 0 by
assumption. Without loss of generality, we may assume a3 = 1. Now a direct calculation

shows that
@(L)* = Spano, {v1 + (=) vy, v3 + agvs}.

Its Gram matrix is

|
Q

hence

Now we treat the case M* = H? and L ~ Diag(uj(—78),ua(—m0)?) where 0 <
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a < b. Again, let (L) = Spang,{w;, w2} such that the Gram matrix of {w,ws} is

_ glwyr
2

Diag(u; (—78), ua(—mp)?), and we can assume w; = vy vg without loss of generality.

Then we may write we = aj(vy + Wvg) + azvs + aqvy, hence min{v,(as),vr(ag)} =0

by assumption again. We may assume a3 = 1 and a direct calculation shows that

Q(wl ™

@(L)* = Spano, {v1 + vg — a1q(w1) Vg, V3 + Qa4 }.

Set v§ = v1+W1}2—EL1q(w1)ﬂ'v4 and v) = ajv5+v3+asvs. Then ¢(L)*+ = Spano,, {vs, v}

and the Gram matrix of {vf, v}} is

—q(wy) 0 —q(wy) 0

0 ara1q(wy) — (agay — azaq)m 0 —q(w2)

Now assume MW = H &S M, where M is unimodular of rank 2. We only treat the
case L =~ H; in detail, and the argument for L represented by a diagonal matrix is similar.
We assume that M*] has a basis {v1,...,v4} with Gram matrix H & Diag(1,v) where v
is a unit. Let ¢(L) = Spang,{wi, w2} where the Gram matrix of {wi, w2} is H;. Then
one can check that at least one of w; and wo is primitive in H. By Lemma we can

assume that
wy = p(my) = v, wy = @(my) = ajv; + 7y + agvs + aguy
and
(’LUQ, wg) = a17ri — 6_117Ti + aszasz + agaqv = 0. (4.24)

By our assumption we know that min{v(as),vr(as)} = 0. Since we assume i > 1, (4.24)
implies that both a3 and a4 are in OIX,O. This in turn implies that —v € Nm, B (Op) =
0

O%O. Hence MM ~ H @ Hj and we can instead assume that {vq,v9,v3,v4} has Gram
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matrix H @& Hy. We can furthur assume that
wy = V1, W2 = a1v1 + ity 4 U3 + a4U4

with

(WQ,wQ) =g — a1 +aqg +aq = 0.

By direct calculation, it is easy to see that
@(L)* = Spang, {v1 — (—7)"v4, v3 — Gava}.

Its Gram matrix is

0 () [0 (- 0 —(-n)

)

—ay — Gy -1t aymt — a7t —t 0

Finally, assume M is unimodular of rank 4. We treat the case L ~ H; in detail, and
the other cases follow from a similar argument. Let ¢(L) = Spangg{wi, w2} such that the
Gram matrix of {wy,ws} is H;. Apparently M (%] contains a Hy. We can assume that M ¥
has a basis {v1,va,v3,v4} with Gram matrix Hy & diag{1, e} where € € O;O. By Lemma

we can assume that wq = v1. Then we have

4
wo = a1v1 + 7Ti1)2 + Z a;vy,
7j=3
and
(’wg, wz) = al(—ﬂ')i + 6_117Ti + aszasz + aqa4€ = 0. (4.25)

By our assumption we know that min{v(as),vr(as)} = 0. Since we assume i > 1, (4.25)

X

implies that both a3 and a4 are in O . This in turn implies that —e € Nm, o (Op) =

O%O. Hence M = Hg and we can instead assume that {v1, vy, v3,v4} has Gram matrix
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Hy @ Hy. We can furthur assume that
wy = v, w2 = a1v1 + Wivz + v3 + aqvy

with

(wa, we) = a1(—77)i + c‘mri 4+ a4 +a4 =0.

By a direct calculation, it is easy to see that
@(L)* = Spang, {v1 — (—7)"v4, v3 — Gava}.

Its Gram matrix is

0 —(=n) 0 —(=m)’ 0 —(=m)

B —7t ay(—7) + art —t 0

Notice that, as a byproduct of the above argument, we actually also proved that if
rank (M [k]) < 4 or M is not split, then no such ¢ exists. The lemma is proved.

O

Lemma 4.5.7. Assume v(L) > 0. Let o : L — M™ be a primitive isometric embedding.
Let d(¢) be the dimension of Pryx(¢(L)) ®o, Fy in H*¥/mH*. Then there ezist a g €
U(M™) such that

9(p(L)) € H) &1, o4, ¢ M,

where Iy_s4(,) s a unimodular sublattice of MK with rank 4 — 2d(p).

Proof. We prove the case for L ~ H; in detail, and the other cases are similar. Let
{v1,...,V26+m} be a basis of M®* whose Gram matrix is H* @ diag{1,...,1,v} where v
is a unit. Set p(L) = Spang, {wi,wa}.

Assume d(p) = 2. If i = —1, then there is nothing to prove. Therefore, we may assume
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1 > —1. By Lemma [4.5.2] without loss of generality, we can assume that w; = v1. Then
2k+m
wy = a1v; + 7 oy + Z a;vj.

Jj=3

By the assumption that d(¢) = 2, we know that
min{vy(a;) | 3 <j <2k} =0.
Hence applying Lemma m to H*"1 @ M, we can find a g € U(M[k]) such that
quwy = v, gws € H?

where H? refers to the first direct summand in the decomposition H*&M = H*© H 2@

M.
When d(¢) = 1, without loss of generality, we can assume Pryx(w;) is primitive. By

Lemma [4.5.2] we can assume that wy; = v1. Then
2k+m
_ i+1 E : s
Wy = a1V +7 Uy + a;vj.

j=3

By the assumption that d(¢) = 1, we know that
min{vy(a;) | 3 <j <2k} > 1.
Since we assume ¢ is primitive, we know that
min{vy(a;) |2k +1<j <2k+r} =0.

Then we are done by applying Lemma to H1a@ M.
When d(p) = 0, without loss of generality, we may assume w; = vog41 + Vogt2 Dy

Lemmam Here, we pick vgg4; so that the corresponding Gram matrix is Diag(1, —1,1,...,—v)
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(this is possible since we assume m > 4). Since ¢ is primitive with d(p) = 0, then

2k 2k+m
wa = Ewam + Z a;ivi,
i=1 i=2k+1
and
min{vy(a;) |2k +3 <j<2k+r} =0.
We are done by applying Lemma m to H* @ Spano, {vor 13, - - - » Vaktm }- O

4.5.3 Calculation of primitive local density

In this subsection, we compute primitive local density polynomials and prove the formulas

in Propositions [4.1.10] and 4.1.11] Assume L is represented by a nonsingular hermitian

matrix T of rank n < 2. We let & denote the image of v in Ml @0, F,. Let
(MY (5) = {(vy) € M:’(n) | Spang, {Pryx(v;), 1 < j < n} has rank i}

where M™(" is as in (&.3)), and

Bi(M,L,X) = / dY/ YV, T(x) —T))dx. (4.26)
Herm,, (F) (ME7 ()
Notice that
> Bi(M, L, X) = B(M,L,X)™ (4.27)
i=0

is the primitive local density defined earlier, and we will shorten it as 5(M, L, X'). Notice
that if L is of the form H/, then 3(M, L, X) = B,(M, L, X).

First, by a variant of [CY20], Chao Li and Yifeng Liu obtained the following formula
of B(H" L).

Lemma 4.5.8. [LL22, Lemma 2.16] Let by < --- < b, be the unique integers such

that LV /L ~ Op/(7®) @ --- ® Op/(7®). Let t,(L) be the number of nonzero entries
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in (by, -+ ,by). Then

pEN L) = [ (-

k—%"(m<i§k

Lemma 4.5.9. Assume L is of rank n, then
Bn(M, L, q~*") = B(H", L).
In particular, if L is of the form H7, then
B(M,L,q~*") = Bu(M, L,q~*") = B(H", L).

Proof. Recall that T'(x) = (x,x) is the moment matrix of x € (M¥)". For a x5 € M™,

let T"(x2) =T — T'(x2). Then

Bu(M, L) = /H o /| /(Hk)ny(n)w<<Y,T<t<xl,xQ>>—T>>dxld><2

= / dY/ / ¢(<Y,T(X1) + T(XQ) — T>)dX1dX2
Hermy, (F) n J (HF)n(n)

= [ v [ T - T ),
Herm,, (F) n J(HF)n(n)

Notice that if L and L' are two hermitian Op-lattices with moment matrix 7" and T” such
that T — 7" € Herm,,(Op,), then t,(L) = t,(L"). Hence, for any x2 € M", we have by
Lemma [£5.8

BUH*, T (x)) = /H s BV, T(x1) — T (x2)) s

Herm,,
(

ay WYY, T(x1) = T))dx;
F) (HF)ym ()

(
= B(H",T).



Therefore

Bn(M, L, q2F) = vol(M™, dxs) - / ay VY, T(x1) — T))dx;

Herm,, (F) (Hk)™:(n)

- / ay G(Y, T(x1) — T))dxy
Herm,, (F) (H¥*)n,(n)

= B(H*, L).

Combining the above two lemmas, we have the following.
Corollary 4.5.10.

1. If L is of rank 1, then we have

Bi(M,L,X)=1-X.

2. If L is of rank 2, then we have

(1-X) if L=H,
B2(M7LaX) =

(1-X)(1—-¢*X) otherwise.
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Lemma 4.5.11. For an Op-hermitian lattice, let L = L/mL be its reduction modulo

with resulting quadratic form. Let r(M, L) to be the number of isometries from L to M.

Then

Bo(M,L,X) = X"B(M,L)=q ™+ r(M,L)X".

Proof. The second identity follows from the same proof of [CY20, Theorem 3.12]. Then

a similar argument as in the proof of Lemma gives the first identity. In this case,

we need to replace M™ @ (H*)™(™ in the proof of Lemma with M™(") @ (rHF)".
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The factor X™ shows up because vol((mH*)") = (¢72¥)". We leave the details to the
reader. O

Notice that [LZ22bl Lemma 3.2.1] provides a uniform formula for |r(M,L)|. As a

result, we obtain the following corollaries.
Corollary 4.5.12. Assume L = Opx is of rank 1 (we allow q(x) = 0).

1. If v(L) =0, then

(1+x(M)x(L)g~ e )X if m s odd,
Po(M, L, X) =
(1—x(M)g %)X if m is even.
2. If v(L) > 0, then
(1—-q¢""™X if m is odd,

Bo(M,L,X) =
(1—g" ™+ x(M)(q— l)q_%)X if m is even.

Corollary 4.5.13. Assume L is of rank 2. When t(L) = 1, we assume that L has gram

matriz T = Diag(u1, ua(—m0)®) with b > 0.

1. If m is odd, then

a(1— g X2 if (L) =0,

Bo(M, L, X) = § g1+ x(M)x(u1)g 2" )(1 — ¢ ™)X if t(L) =1,

g1 —¢""™)(1 - ¢*™)X? if t(L) = 2.
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2. If m is even, then

,

q(1 = x(L)g* ™™ + x(L)x(M)(qg — x(L))g~ 2)X* ift(L) =0,

Bo(M, L, X) = { q(1 = x(M)q~ % )(1 — ¢*™) X ift(L) =1,

I3

a((1 = ™) +x(M)(¢® = g2 )(1 = ¢*™)X*  ift(L) =2.

Finally, we calculate g1 (M, L, X).

Proposition 4.5.14. Assume L is as in Corollary|4.5.15. Let §.(m) =1 or 0 depending

on whether m is even or odd.

1. Ift(L) = 2, then

Bi(M, L, X) = q(q+1)((1 — ¢"~™) + de(m)x(M)(g — 1)g~ 2)X (1 — X).

2. Ift(L) =1, then

q1+q—q" "+ x(M)x(u1)g 2 )X(1—X) if m is odd,
pi(M,L,X) =

q(l—l—q—ql_m—X(M)q_%)X(l—X) if m is even.

3. Ift(L) =0 and x(L) =1, i.e. L = Hy, then

Bi(M, L, X) = q(qg+1—2¢""™ + d.(m)x(M) (g — 1)g~ 2 )X (1 — X).

4. If t(L) =0 and x(L) = —1, then

B1(M,L,X) = q(q+1)(1 — 6. (m)x(M)q 2)X(1 - X).
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Proof. First we assume L = H;. We claim that

a(1 = X) (280(M. 0, X) + S0 /oy Bo(M; (~20), X)) if i =0,

q(q+1)(1 = X)Bo(M, 0, X) ifi> 1.

pi(M,H;, X) =

Here a(M,0,X) = a(M,Opx,X) with ¢(x) = 0 and x # 0. Assuming the claim, the
proposition for L. = H; follows from Corollary To prove the claim, it suffices to

show the identity for X = ¢~2* for sufficiently many k > 0. Recall

I(M™ L, d) = {¢ eHomo,. (L/xdL, M* /zdrrlkly |

(6(x),6(y)) = (x,y) mod 7>, ¥,y € L}.
Let
JOMW L, d) = (¢ € I(MW, L,d) | dinmg, Pry(9(L)) = dims, Prar(@(L)) = 1.
Then
Br(M, L,q~**) = lim g~ UCEHHm=0417 (MW, L, d)].

Let {l1,l5} be a basis of L with Gram matrix H;. For ¢ € J(MW! L d), it will be deter-
mined by w; = ¢(l;). Let w; g = Pryx(w;), and w; py = Pryy(w;). Since rankp, Pryx(¢(L)) =
1, rankg, Pryw(w;) =1 for i = 1 or 2.

Now we define a partition of J(M™* L, d). Assume o € Op,. Let

Jo(MW L d) = {¢ € (MW, L,d) | ranks, @ g = 1, Wo,g = oWy}, and

Joo(MW L. d) = {¢ € I(MW, L,d) | ranks,@Ws r = 1, W1,z = 0}.
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Then it is easy to verify

JO¥ Ldy= | Ja(M¥, L) U oMY, L)
a€0p,/(mo)

Now we compute |J, (Ml L, d)|. To determine a ¢ € Jo (M L,d), we choose w; =

¢(ly) first. By definition, we have

dlim q@CRHm=Dd gy 10y € MK /rdprlk] | wy 3 is primitive, and g(w;) = 0 mod 7§}
— 00
(4.28)

= B (MM 0y =1 — g%

Given such a wy, now we find the number of wy = ¢(ls) such that ¢ lies in Jo(M*, L, d).
By Lemma we may assume wi g = 0. Let wo = wa s +owy +7wy, where wy € HFk.

Then the corresponding ¢ lies in Jo (M), L, d) if and only if

7 = (wy,wy) = (wy, 7wy) mod 7247t

and
0 = q(w2) = tr((awr, mwy)) — moq(wa) + q(we )
= atr(r?) — moq(wp) + q(ws,pr) mod 7241,
First,
lim ¢ 2Dy frwy € H* /7l H" | (wi, mwy) = 7' mod 72471} = ¢'=% (4.29)

d—o0
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Second, for each fixed mwy we have

dlim ¢ 2 VAL Ly 1 € M/mEM | wa ar primitive, q(wg pr) = —atr(n?) + mog(wy) mod w241}
—00

(4.30)
= B(M, (—atr(n’) + mog(wir)))
B(M, (~2a)) ifi=0,

B(M,0) if i > 0.

By symmetry, |Joo(M¥, L, d)| = |Jo(M*, L, d)|. Now a combination of (.28), (#.29) and
(4.30)) implies that

B1(M, Hy,q ") = lim ¢ ACRmand |y o (MW, L d)| + o (MY, L, d)|
e €0y /(o)

Q(]' - X) <2BO(M7 0, q_Qk) + ZO{GO;;O/(W()) BO(Ma 720[) q_2k)) if i = 0’

q(q+1)(1 = X)Bo(M,0,q~2) ifi>1,

as claimed.

Next, we assume L has a basis {l1, l2} whose Gram matrix is Diag(u1(—m0)%, u2(—mp)®)
with 0 < a < b. Let w; = ¢(l;) as before. Then the number of possible choices for wy is
given by

q A= g (M (uy (—m0)®), g~ 2F)

for sufficiently large d. We may assume w; = wi g without loss of generality. Let wy =

wa i + awy + mwy as before. Then ¢ lies in Ja(M[k],L, d) if and only if

0= (w1, ws) = (w1, awy) + (w1, 7wy) mod m2d—1
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and
UQ(—Fo)b = q(w2) = (’LU2,M + aqwy + Twi, W)
= q(wa,mr) — a2q(w1) — moq(wg) mod p2d-1
Now
dh—>120 Ty € HR 7l HY | (w1, mwpg) = — (w1, aw;) mod w241} = ¢1=2F,

and for a fixed mwy we have

dlim q 2V Ly oy € L /mdLs | wo py primitive,
— 00

q(wa,nr) = ua(—m)" + a®q(w1) + mog(wy) mod 72471}

= B(M, {uz(—mo)” + a®q(w1) + moq(wi))).

Now this proposition follows from a similar argument as before, and we leave the details

to the reader. O

4.6 Special cycles and exceptional divisors

For a formal subscheme Z of NX™ we use the notation ®z (resp. ®Hé) instead of ®o,
(resp. ®H(52). We also simply write ® (resp. ®") instead of @k (resp. ®E§[Kra). Let
us first recall the following distribution law of derived tensor product. In this section, we

identify V with C' by the isomorphism b defined in ([2.5)).

Lemma 4.6.1. Assume that A; (1 <i < k) isin the derived category of bounded coherent
sheaves on N¥™ and i : Z — NK™ is a closed embedding of formal subscheme. Then the

following identity holds in the derived category of bounded coherent sheaves on Z.

(A @Y @ A @ 0z) =i (A @ 02) @% ... @% i* (A, 9T 02).
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Proof. We can take locally free representatives of A7 of A;. Then A} ® ... ® Aj, is again
a complex of locally free sheaves on N'¥™, hence a locally free representatives of A; @
.. @% Ay Hence i*(A; @Y ... @ A ®" Oz) can be represented by A} ®...® A ®Oz.
Meanwhile A? ® Oz is a representative of A; ®* Oz in the derived category of bounded
coherent sheaves on N¥™ and is also a complex of locally free sheaves on Z. Hence
i*(A @ 0z) R .. . ®@%i* (A, @ Oz) can be represented by (A3®0z)®z...®z (A®0z).

Now by the distribution law of tensor products we have
Al®.. A, 002z=(A1R0z2)Rz...0z (A7 @ Oz).

This finishes the proof of the lemma. O

Proposition 4.6.2. Assume that the dimension of V is n > 2. Then for each x € V,

ZKra(x) is a divisor. Moreover, we have the following decomposition of Cartier divisors

ZRx) = Z(x)+ Y. (ma(x)+1)Excy (4.31)
AeVO xeA

where mp (x) is the largest integer m such that 7= -x € A.

Proof. The fact that ZX(x) is a divisor is due to [How19, Proposition 4.3]. By [ShilS8|
Proposition 3.7], the superspecial point corresponding to a type zero lattice A is in ZP 2P (x)
if and only if x € A. Hence Excy C ZX™(x) if and only if x € A. Since N is regular, we
must have a decomposition as in and the only job left is to determine the multiplicity
of each Excy.

m

Fix a type zero lattice A and let m := m(x). Then 77™ - x is a primitive vector in A.

By Lemma there exists a decomposition
A=A N

where Ay and A’ are unimodular lattices of rank 2 and n — 2 respectively and 77™-x € As.

Let n = x(A’). By applying Proposition we see that Z, (M) = NQKGI",‘;‘ Moreover we
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have the following proper intersections

Zrlf,léa(x) N ZNH,E(A/) = giﬁ(x)v 2%6(7{) N én,e(A/) = ZN?,EU(X)v

and
Exca N én’E(A') = Excy,,

where Excyp, is the exceptional divisor in NQKg;;‘ corresponding to the vertex lattice As.

Hence the multiplicity of Excp in fofﬁ(x) is the same as the multiplicity of Excp, in

Z%ferf]‘(x) Now the proposition follows from [Shi22, Theorem 4.6] and Theorem O

The Chow ring CH®(Excy) = Gr*Ko(Excy) is isomorphic to Z[Hy)/(HY ™! — 1) where

Hp is the hyperplane class of Excp represented by any IP’Z_2 in Excy.

Proposition 4.6.3. Assume dimV = n > 2. Assume x € V such that h(x,x) # 0 and
A is a type 0 vertez lattice containing x. Let m := mu(x) as in Proposition . Then

Z~(X) and Excp intersect properly and
[Oé(x)mEch] = (2m + 1)H) € CH!(Excy).

Proof. First Z (x) and Excp are Cartier divisors with no common component, so they

m

intersect properly. Let m = my(x) and x' := 77 - x. By assumption m > 0. By

Proposition we have
{veA|h(x,v) =0} =Span{y} @ N
where val(y) = val(x’) and A’ is unimodular. Let n = x(A’) and
Ay ={veA|vLA}.

A5 is rank 2 unimodular and contains x’.
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By Proposition we have Z(A') = ./\/’2{{;7? In particular, Z(A’) is regular. By
Corollary we know that Z(A') N Z(x) = Z,¢(x). In particular Z(A’) and Z(x)
intersect properly as 2,;2,677 (x) is a divisor in /\/’%%? On the other hand Z(A’) N Excy is the

exceptional divisor Excy, in Ni72

2en- Since Excp = ]P’Z_l, it is also regular. Our strategy is

to compute the intersection number
K L L
XNV, O @7 Opxey @ Oz(y)
in two different ways. By Lemma one way is

X(é(A/>7 Oé(/\/)mé(x) ®%(A’) Oé(A/)ﬂEXCA) (432)

where we use the fact that the intersections Z(A’) N Z(x) and Z(A’) N Excy are proper

(see for example [Zha2ll Lemma B.2]). The other way is, by Lemmam

X(EXCA’ Oé(x)ﬂExCA ®%XCA OZ(A’)MEXCA)' (433)

When en = —1, by Proposition 3.11 and Theorem 4.5 of [Shi22|], we know that (4.32)) is
equal to 2m + 1. When en = 1, by Lemma [3.2.9, Theorem and Lemma [3.4.3] we
know that (4.32)) is equal to 2m + 1 as well. Since the intersection number of Hy with

Excp, = IP’,l§ in Excy is 1, the proposition follows. O

4.6.1 Intersection numbers involving the exceptional divisors

Lemma 4.6.4. The class of Opxc, Q... gL Okxc, N CH™ 1(Excy) is (—2Hp)™ 1.

m

Proof. To study this intersection, it suffices to consider the local model N¥' constructed

in [Kra03]. Let NX be its special fiber. Recall by equation (4.11) loc. cit., we have

NEr@ — Exc 4 7,
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as Cartier divisors where Exc is the exceptional divisor of N¥' and Z, is a divisor in NXr2
which intersect properly with Exc. Their intersection is 2H where H is the hyperplane

class of Exc. Since Exc is properly supported on N¥™ we have
[OEXC ®L ON‘g(ra] - 0
Hence

0= [OEXC ®H]<7Kra ONsKra]
= [OEXC ®H]<7Kra OEXC] + [OEXC ®H]<[Kra OZQ]
= [OEXC ®]}4\7Kra OEXC] + 2H
This proves the lemma when m = 2. The general case now follows from Lemma ]

Corollary 4.6.5. Let A € V° and x € A. Then we have the following identity in
CH!(Excy):

[OEXCA ®L OZKra(x)] == —HA

Proof. By Propositions and Lemma [.6.4] we have the following identity in
CH!(Excy):

[Ozx0a(x) @ Obey] = [(2ma (%) + 1) — 2(ma(x) + 1)]Hp = —H}.

This finishes the proof of the corollary. O

Corollary 4.6.6. Assume that n —m > 1 and Excy C ZX2(x;)N...N 2X%(x,,), then

X(N,,E(ra, OZKra(xl) ®L e OZKra(Xm) ®]L OEXCA ®]L . e ®]L OEXCA) = (—1)”71 . 2nim71.

~~
n—m
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Proof. By Corollary Lemmas and we have

X(N,,E(ra, OZKra(xl) ®L R OZKra(xm) ®1L OEXCA ®]L st ®]L OEXCA)

n—m

- X<EXCA’ (_HA> ®%XCA o ®%XCA (_HA) ®%XCA (_QHA) ®%XCA e ®%XCA <_2HA))

m n—m—1

= (—m e (=2

For A € V9, let IP’}\ be any IP’}C in Excy, and
Inta (x) = XN, O zxea(x) @ Op1 ). (4.34)
Corollary 4.6.7. For A € V°, we have
XNVE?, Opye, @ Opr) = =2, (4.35)
Proof. By Lemma [4.6.4] we have

NVE, Oy, @5 Op)

= XNV, Opxey @ (OBxey @0ge, Opt))
= x(Exca, (Okxey ®" Ofxcy) ®0pse, Op1)
= —2x(Exca, Hy - [Op1])

=2

Corollary 4.6.8. For A € V°, we have

Intp (x) = —1A(x).
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Proof. If x ¢ A, then the intersection number is apparently 0. Otherwise we have by

Corollary [£.6.5]

XN, 0 z1cia ) @ Opt )

= X(Exca, (Ozxr(x) @ Opxey) ®0p,, Opt)
= —x(Exca, Hp - [Op1])

= 1.

O]

The above results suggest that the difficulty to compute Int(L) mainly lies in computing
K L L
XN Oé(zl) X7 Q& Oé(xn))'
We end this section by studying the intersection number of difference cycle with exceptional

divisors.

Lemma 4.6.9. If L’ has rank n — 1, then for any A € VO(L"), we have

(=)' P =ANLY,
XK D(L) - [Opge,]) = "

0 otherwise.

Remark 4.6.10. L” = AN Lzs if and only if L’ is of type (see (*.42) and Lemma
below) 1 or 0 and A is at the boundary of the L(L?).

Proof. Define
1
M' ==L’ N A and m := dimg, (M'/L").
7T

Then for L' such that L’ C L' C 1L°, we know that ZK™(L') intersects Excy if and only

if L'’ ¢ M'. For such L', by Corollary we have

XN LZR(L) - (O, ]) = (—1)" (4.36)
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Hence

m

XNVE2,D(L) - [Opxe,]) = ()" L+ Y (=172 Y0 1.

i=1 L’cL'cM’
dimg, (L' /L%)=i

Notice that m = 0 if and only if M’ = L” which is equivalent to the condition L’ = AﬂL*},.

In this case the summation in (4.51]) is over an empty set hence (4.51)) is equal to 1. If
m > 0 we know (4.51)) is equal to 0 by (4.48]). O
4.7 A geometric cancellation law

Proposition 4.7.1. Suppose x(V) = €. Let L be a self-dual lattice of rank m in V with
n=x(L). We have

ZRP(L) = NG, o and 2y (L) = NG5, .

n—m,en’

Proof. Let us start with the case L = Span{x(} where xo € V. Assume that u = h(xg,Xo).
Multiplying the hermitian form (,)x on C by u~! does not affect the various moduli spaces
involved. So we can perform this and assume that h(xg,x¢) = 1. Moreover, the sign of

its orthogonal complement in V becomes
e = x(u)  x(w D) (=)™ = ex(u)"x (=)™
Then for (X, 1, A, p) € Zh2P(x0)(S), we define
X5 = Ag' oxy o\, e:=xg0x} € End(X).

By the fact that h(xg,xp) = 1 we know that e is an idempotent. It is routine to check
that

(1—e)X,(1—e), (1 —e" A1 —e),p(1—e))
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is an object in NV (). Conversely given (Y, iy, Ay, py) € NL2 (), the object

n—1,e1 n—1,e1
(Y X gSaLY X ngv)\Y X )\gShg © (pY X pgs))

is in 252 (x0)(S) where g € U(V) such that g~'xq is the inclusion 0 x id : ¥ — X,_1 x Y
where X,,_1 is the framing object of N Pap The above two functors are inverse to each

n—1,e1°

other. This shows that Z5, 2 (xq) = Nifligl. For general L of rank m and determinant u,

find a basis with Gram matrix {1,...,1,u} and apply the above result repeatedly. So we

have Z};ip(L) = /\/’5 ap where

—Mm,€m

m(m—1)
em = ex ()" (= 1)

Notice that by scaling the hermitian form by (—1)™u again we have N, Pap _ APap

n—1M,€m n—m,en"
It then follows from [Harl3, Chapter II, Corollary 7.15] that Z, (L) is the blow up of

Z}% (L) along its superspecial points, which is N,?jin,en. O

Corollary 4.7.2. Let L be as in Proposition andy €V such that y1 L. Then
Za(y) N Zne(L) = 235, ().
Recall that for two lattices L, L’ C V of rank n, we define

n(L',L)y=#{L" cLp|LcCL" L"=L"}.

Also recall that doqq(n) = 1 or 0 depending on whether n is odd or not.

Proposition 4.7.3. Let L =1,& Lo CV where La is of rank r, I is unimodular of rank

£ andn=4~0-+r. Let I, be a unimodular lattice that contains L. Then

Int(Z; & L2) — Int(L2) = n(Iy, L2) - (Jodd(n) — dodd(r))- (4.37)
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Moreover,
Int(In) = dodd (n) (438)

Proof. If Ly is unimodular and r = 2, then Int(Ly) = 0 by [Shi22, Theorem 1.3] and
Theorem Combining this with (4.37)), we obtain (4.38]). In order to prove (4.37)), we

prove the following equation,
Int([; & Lg) — Int(Lg) = (—1)"n(I,, La). (4.39)

which is the special case of (4.37) when ¢ = 1. The general case then follows from an easy
induction on n using (4.39)) and the fact

n(In,Ig@Lg) = n(Ir,LQ). (4.40)
By Proposition [£.6.2] we have the following decomposition of Cartier divisors on N,

Z(h)=Z(L)+ Y Excy,
AoDI4

where the summation is over vertex lattices of type 0 in V,, and 2([ 1) & N,_1 by Corollary

By the same corollary, we know that
NN O] - 2 (L)) = XN, “Z(La)) = Int(Lo).

Hence we have

Int(L) — Int(La) = Y XN, [Opxey,] - “Z(L2)).
AoDIh

If Ly ¢ Ag, then Excy, N Z(L2) is empty by Proposition [5.1.20| below. If Ly C Ay, then
by Corollary we have

XN, [Osey ] - 2 (L2)) = (1)



128

Hence
It(L) —Int(Lo) = > (=1)".
AogDI1OLo
Combining this with (4.40]) finishes the proof of (4.39) and the proposition. O

4.8 Horizontal components of special cycles

Given an integral hermitian lattice L we can have its Jordan decomposition:
L =&>0L (4.41)
where L; is w'-modular, see [Jac62]. Define the type of L to be

t(L) =Y rankoy (Lt). (4.42)

4.8.1 Quasi-canonical lifting cycles

Assume that dim(V) = 2. When x(V) = —1, for y € V, by [Shi22, Theorem 4.5], we have

the following equality of Cartier divisors on Ngfial

val(y)
Zraly) =20+ Y (25 + 20).

s=1
Here Zy (resp. ZF) is a canonical (resp. quasi-canonical) lifting cycle of level 0 (resp. s),
see [Shi22, §3]. Moreover by [Shi22, Proposition 3.12], Z and Z; do not intersect when
s > 1. Let Oy := O, + Op - 1§ and Mj be the finite abelian extension of F corresponding
to the subgroup OZ under local class field theory. Let W; be the integral closure of O in
Ms. Then we have Zy = Spf O and Z+ = Spf W,. Define the primitive part of 22,_1(y)
to be

. Zt 4+ Z
ZZ,—l(Y)O — val(y) val(y)

2 if val(y) = 0.

if val(y) > 0,
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When (V) =1, for y € V such that val(y) > 0, by Theorem we have the following

equality of Cartier divisors on NQKfa

Z51(y) = 20+ Z(y),

where Zy = SpfOp is a canonical lifting cycle and Z,(y) is a Cartier divisor whose
structure sheaf is annihilated by 7 for some N > 0. Define the primitive horizontal part
of Z51(y) to be

- 0 ifval(y) >0,
Z51(y)" =
2y ifval(y) =0.

4.8.2 Horizontal cycles

Definition 4.8.1. Let M® be a rank n — 1 integral lattice in V. We say that M’ is

horizontal if one of the following conditions is satisfied
1. M’ is unimodular.

2. M’ is of the form M* = M & Span{y} where M is a unimodular sublattice of rank

n — 2 such that (Mp)* (the perpendicular complement of Mp in V) is nonsplit.

Notice that condition (2) is independent of the choice of M. We denote the set of horizontal

lattices by Hor.

For a rank n — 1 integral lattice L”, define
Hor(L’) = {M’ € Hor | I’ C M"}. (4.43)
Let M C V be a lattice of rank n — 1 and type 1 or 0. We can decompose M’ as
M’ = M & Span{y}, (4.44)

for some unimodular lattice M of rank n — 2. Then Proposition and its corollary
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imply that

S s o S

Z(M°) = Z5 (Mp)+) ()
Under this isomorphism, define Z(M®)° to be the formal subscheme of Z(M?) isomorphic
to ZNQ’X((MF)L)(y)O. By the discussion in i Z(M")° is nonempty if and only if M® €
Hor, in which case it consists of the union of irreducible components of Z(M?) isomorphic

to Spf Wy. In particular, Z(M”)° is independent of the choice of M.

Theorem 4.8.2. Let L’ be a rank n — 1 integral lattice in V, then

Z iy = | 2y (4.45)
M €eHor(LP)

In particular, ZKra(Lb)h is of pure dimension 1. Moreover we have the following identity
in Gr" L Ko(NK®):

[Ozkra(Lb)h] = Z [Oé(Mb)o]-
M’ €cHor(Lb)

Proof. The proof largely follows [L.Z22al Section 4.4]. Let K be a finite extension of F.

Assume that z is an irreducible component of ZX(L?)(Og) = 2P (L")(Ok), and let G

be the corresponding formal Op-module over O . Define
L = Homo, (T,G, T,G)

where G is the canonical lifting and 7}, is the integral p-adic Tate module. L is an Op-

module of rank n equipped with the hermitian form
{z,y} = )\\g/ oyv oAgoux,
under which it is self-dual. We have two inclusions (preserving hermitian forms)

’iK : HOHlOF(g, G)F — LF,
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and
Tk : HOmOF (g, G)F — V.

By Lemma 4.4.1 of loc.cit., we have
Homo, (G,G) = i (L). (4.46)

Let
M? = (L) Nig(iz (L)) = Homo, (6. G).

Then z ¢ Z(M°)(OF). Lemma below implies that t(M”) < 1. Hence we know
that z is one of the irreducible component of Z(M?®)° = 2,;27X((MF)L)(y) assuming the
decomposition of M’ as in ([#.44). The nonemptiness of Z(M")° implies that M’ € Hor.
It remains to prove that z has multiplicity 1 in ZKra(Lb). Consider R-points of both sides
of (4.45)), where R := Ok|[z]/(z?). As in [Kri03] (see [RZ96, Appendix of Chapter 3]) we
know

D(G)(R) = OF ®oy, R, and D(G)(R) = (OF ®0y, R)"
where D is the Op,-relative Dieudonné crystal. Define

eo=121eD(G)(R), fo=m®1eDG)(R).
Then the Hodge submodule Fy of D(G)(R) is spanned by
(1®m)éo + fo.

D(G)(R) is equipped with an Op-invariant symplectic form (,) and we can assume that

D(G)(R) has a basis {é1, ... s f1s. . ,fn} such that

(r@1)& = fi, (&, f;)=0dy
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Since any element in L’ is Op-linear, we can arrange a change of basis if necessary and

assume that
(1 @m0+ fo) = Spang{(1 @ 7)(1® M)é1 + i), ., (1@ 7 )(1® )en—1 + Faot)}-

Now D(G)(Ok) = D(G)(R) ®r Ok. Let ¢; = & ® 1 and f; = f; ® 1 respectively. There is

an exact sequence of free O ®0r, Ox-modules (the Hodge filtration)
0 — Fil - D(G)(Ok) — LieG — 0

where Fil is isotropic with respect to (,). We must have L’((1 ® m)eg + fo) C Fil. Hence
we have

(1®mer + fi,...,(1®m)ep—1 + fn—1 C Fil.

Since Fil is isotropic and by the signature condition, we have
Fil = Spang, {(L®@mer + fi,..., (1@ m)en—1 + fu-1, (L@ m)en — ful}-

Since (z) C R has a nilpotent p.d. structure, by Grothendieck-Messing theory, a lift Z
of z to ZX2(L")(R) corresponds to a lift of Fil to an isotropic Op ®0p, R-module Fil in

D(G)(R) containing the image of L°. By the same reasonning as above, we must have
Fil = Spang{(1 @ 7)é1 + fi,.... (1@ T)én—1 + fae1, 1 ® 7)én — fu}-

Hence such lift is unique. This implies that the multiplicity of z in Z¥*2(L") is one. [

Lemma 4.8.3. Let L be a self-dual hermitian lattice of rank n and W be a n — 1 dimen-

sional subspace of Lp. Then t(M*) <1 for M> = LNW.

Proof. This is exactly the same as the proof of [LZ22al, Lemma 4.5.1]. Notice that in our

ﬂ.CL

case we may need some blocks in the upper left (n — 1) x (n — 1) block
(—m) 0
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of T as in loc.cit. Alternatively, see [LL22, Lemma 2.24(2)]. O
We end this subsection with the following lemma.

Lemma 4.8.4. Assume M’ € Hor. Then Z(M”)° intersects the special fiber of Nyt at

a unique Excy for some A € VO. Moreover

1 if M is unimodular,

XN, 050100 @ Okixey) =
2  otherwise.

Proof. By the definition of Hor, we can find a decomposition of M’
M’ = M & {x}

such that M is self dual. Let A be any vertex lattice containing M”. If M® is unimodular,
then A has to be of the form M®@ L’ where L' is the unique unimodular lattice in (M%)*.
If M is of the form M @ L’ such that M is of rank n — 2 and (Mp)* is nonsplit, then the
proof of [Shil8, Theorem 3.10] implies that there is a unique vertex lattice A’ in (Mp)=+
which is of unimodular (this fact is the same as the fact that the Bruhat-Tits building of
(Mp)* has only one point). Then A must be of the form M @ A’. In both cases, A is
unique and is of type O.

Assume y (M) =n. By Propositionm Z(M) = ijji’” Moreover Z(M)NExcy = P}

is an exceptional divisor in N Kra Hence by Lemma we have
(Ngé‘a’(o ( ) ®]L OEXCA) — (NQKEI;?,O Mb) ®NKra OPI)

Now the lemma follows from Lemma m when en = 1, and from [Shi22, Proposition

3.11] when en = —1. O
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4.9 Special Difference cycles

Conjecture [I.0.3] and Theorem [£.1.3] motivate us to make the following definition.

Definition 4.9.1. For L C V a rank ¢ lattice, define the special difference cycle D(L) €
Kra
K? (L) (NKra) by

D(L) _ ]LZKra(L) + Z(_l)iqi(i—l)/Q Z LZKra(L,). (4.47)
i=1 LcL/cir
dimp, (L'/L)=i

One interesting observation is the following decomposition of “ZKra(L).

Lemma 4.9.2. For L C V a lattice of rank £, we have the following identity in KOZKm(L) (NKra)

where the summation is finite.

L'integral
LCL'CLp

Proof. First of all, if L is not integral, neither is L' if L C L’. In this case “Z¥"(L) = 0
and the summation index on the right hand side of the identity in the lemma is empty.
This proves the lemma when val(L) < 0. We can now prove the identity by induction on
the fundamental invariant of L. Assume that the lemma is proved for all L' C Lg with
LCL.

For L' with L C L' C 1L, we have

LzKra(L/) — Z D(L”)

L'cL"CLy

by the induction hypothesis. Combining this with (4.47]), we can write

LZKra(L) — Z m(L//)D(L//)
LCL"CLg

where m(L") € Z. Now it suffices to show m(L") = 1 for any L” such that L C L” C Lp.
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First, notice that m(L) = 1. For any L” such that L C L” C Lp, let M’ = 1L L”
and m = dimg, (M'/L). We have

m

m(L") ==Y (-1)igt=D2 Y 1=1 (4.48)
i=1 LcL'cM’
dimg, (L7/L)=
by evaluating the identity in the corollary to [Tam63, Lemma 12] at ¢t = 1. O

Remark 4.9.3. When ¢ =1 and L = Span{x}, the Cartier divisor

is the difference divisor D(x) defined in [Terl(, Definition 2.10].

Definition 4.9.4. Assume L = Ly @ Lo, where L; is of rank n; and n1 + no = n. We
define

Int(L)™) = (WK™ D(L) - L 2Ka (L)), (4.49)

Notice that Int(L)(™) depends on the decomposition L = L1 & L.
Definition 4.9.1| motivates us to make the following definition.

Definition 4.9.5. When L’ is a rank n—1 integral lattice, define D(L"); € Gr" L Ko(NK2)
by

n—1
D(Lb>h - [OzKra(Lb)h] + Z<_1)’qu(7lil)/2 Z [OZKra(Ll)h]. (450)
=1 LbCL,C%Lb
dimg, (L'/L%)=i

Proposition 4.9.6. Assume L’ is a rank n — 1 integral lattice, then

Z(L’)° if L’ € Hor,
D(L), =

0 if L’ ¢ Hor.
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Proof. By Theorem [4.8.2] it suffices to compute the multiplicity of an irreducible compo-

nent in Z(M°)° in D(L), for all M” € Hor(L") (see ([#.43))). For such a M’ define
1
M' = =L’N M’ and m = diqu(M'/Lb).
s

Then for a lattice L' with L* C L' C 1L’ we know that Z(M°)° is in ZXK(L'), if and
only if I/ € M’. Hence the multiplicity of an irreducible components in Z(M”)° in D(L)y,

18
m

1+ (-1)igD2 N (4.51)
i=1 L cr/cM’
dimg, (L'/L%)=i

Notice that m = 0 if and only if M’ = M” = L?, in this case the summation in ([&.51)) is
over an empty set, hence (4.51) is equal to 1. If m > 0, (4.51)) is equal to 0 by (4.48). O

4.10 Reduced locus of special cycle

As remarked previously, results of [RTW14] extend to the category of strict formal Op,-

modules using relative Dieudonné theory.

4.10.1 The Bruhat-Tits building for n = 3

From now on we assume n = 3 and £ = L3 as in Section [2.1.3]
Lemma 4.10.1.

1. For every Ay € V2, Ny, is isomorphic to the projective line P* over k. Its q + 1

rational points correspond to all Ag € VO contained in As.

2. Every Ag € V° is contained in q + 1 type 2 lattices. In other words, there are q + 1

projective lines in (./\/'3P *P) e passing through the superspecial point Ny, (k). Moreover

N A =nho (4.52)
AN2EVo, AgCA2
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Proof. Suppose z € N (k) and M := M(z) C N is defined as in Proposition Since
n = 3, by [RT'W14, Proposition 4.1] we have A(M) ®o, Op = M + 1(M).
Proof of (1): Suppose z € Ny, (k), i.e. M C As.

If M =71(M), then M = Ay ®0, O for some Ag € V0 contained in As.

If M # 7(M), then by taking the dual of M C Ay ®o, O we have the following

sequence of inclusions
# 1 1
(AQ Rop Op) CMCM+ T(M) = A2 ®0, OZ:“ (4.53)

In both cases the class of M in Ay ®0, Op/(A2 ®0, Op)* = k? is a line. This finishes the
proof of (1).
Proof of (2): For each Ay € V° we just need to count the number of lattices Ay € V2 that

contains Ag. We have the following sequence of inclusions
2 41 1
Ao C A5 C Ag C As.

With respect to the quadratic form (,) (mod 7) on Ag/mAg, the dual lattice Ag corre-
1

sponds to the 2-dimensional subspaces U := Ag /mAo in Ag/mAp such that U L CU. Sowe

just need to count the number of isotropic lines U+. Assume that {ej, ez, e3} is a basis of

Ag/mAg whose Gram matrix with respect to the quadratic form (, )x (mod 7) is

It is easy to see that the isotropic lines are Span{e; }, Span{es} and Span{e; — %eg +aes}

(a € Fy). Finally, equation (4.52) can be checked directly using this basis. O

It is well-known that £ is a tree, see for example [Bro89l Section 3 of Chapter VI].

More specifically, the vertices of £ correspond to vertex lattices of type 2 or 0. There is an
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edge between A € V? and Ay € V0 if Ag C A. We give each edge length % This defines a
metric d(,) on L. Recall that we have defined £(L) in (2.8). Then the boundary of £(L)

is the set
B(L) = {A € V°(L) | 3A2 € V? such that A C Ay, Ay ¢ L(L)}. (4.54)

Recall we have the isomorphism b : V — C' defined in . Recall that the vertices
of Lo correspond to vertex lattices of type 2, and an edge corresponds to a vertex lat-
tice of type 0. Each vertex of Lo is contained in ¢ 4+ 1 edges and each edge connects
exactly two vertices. For x € V with val(x) = 0 and Spanp{x}* split, recall that L1
is the Bruhat-Tits tree of ZFaP(x) = N; 1P. Then x determines an embedding L£o1 < £
defined as follows. First we send each vertex of Lo corresponding to a vertex lattice
A C Spanp{b(x)}* of type 2 to the vertex of £ corresponding to the type 2 lattice
A@Span{b(x)}. An edge of L3 corresponding to a type zero lattice Ag C Spanp{b(x)}*+
is broken into two pieces evenly and sent to the union of the two edges in £ joining the
two vertices corresponding to A & Span{b(x)} and A’ & Span{b(x)} where A and A’ are

the two type 2 lattices containing Ag.

4.10.2 Rank 1 case
Lemma 4.10.2. A point z € N;ap(k) is in ZP%(x)(k) if and only if b(x) € M(z).

1. Assume Ag € VO, then the superspecial point Ny, (k) is in Z¥%(x)(k) if and only if

b(X) € Ap.

2. Assume Ao € V2, then

Na, (k) if b(x) € A5,

ZP%(x)(k) N Na, (k) = 4 o superspecial point in Ny, (k)  if b(x) € AQ\Ag,

0 if b(x) & As.

\
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Proof. By Dieudonné theory, z € ZF#P(x)(k) if and only if x(M(Y)) C M(z) if and only
if b(x) € M(z) since e is a generator of M(Y). For z = Ny, (k) where Ag € VY, we have
M(z) = Ao ®0, Oj. Hence (1) immediately follows.

Now we proceed to prove (2). If b(x) € A¥, then tells us that z € 2P (x)(k)
for any z € Ny (k). The fact that Ag C Ao for any Ag € £° contained in Ay implies that
N, (k) € ZP2P(x)(k). So Ny, (k) C ZP2(x)(k).

If b(x) € Ag\Ag, then Ag := A¥ + Span{b(x)} is a type 0 lattice contained in Ay and
N, (k) € ZF*P(x)(k). On the other hand, since 7(Ag ®0, Op) = Ao ®0,. O, equation
tells us that ZF#P(x) does not contain any point in Ny (k).

If b(x) ¢ Ag, then b(x) ¢ M () for any z € Ny, (k), hence ZV% (x)(k) NNy, (k) = 0. O

Corollary 4.10.3. Let L C V. Assume z € Z¥*(L)(k) and z € Na(k) where A € V2.
Then Ny C ZP2(nL).

Corollary 4.10.4. Assumex € V and v(x) > 0. Assume N C ZV%P(x),0q where A € V?,

then either N, C Zpap(%x)red or Nan ZPap(%x)red s a unique superspecial point.
Lemma 4.10.5. For L C V a lattice of arbitrary rank, ZV(L),eq is connected.

Proof. Suppose ZF%(L),.q has two different connected components U; and Us. Since
SU(V) acts transitively on £, we can find a x € V such that 2P (x) = N;fp (ie. {x}*

is split) and ZP%(x),eq N U; # O for i = 1,2. Hence the reduced locus of
2P (L @ Span{x}) = Z}P(L)

is not connected where L’ is the orthogonal projection of L onto {x}*. This contradicts

the description of the reduced locus of special cycles in Chapter 3. O

Recall that for a lattice L C V (resp. x € V), we have defined V(L) and £(L) (resp.
V(x) and £(x)) in Section
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Proposition 4.10.6. Assume that x € V such that h(x,x) # 0. Then we have

ZPap(X)red = U NA7

AeV(x)
where V(x) is given as follows.

1. When v(x) = 0 and Spanp{x}* is non-split, there is a unique vertex lattice Ax € V°

containing b(x). In this case V(x) = {Ax}.

2. When v(x) = d and Spanp{x}* is non-split, we have
V() = {A € V| d(A, Ag/pe) < d}

where Ay jra is as in (1).
3. When v(x) = 0 and Spanp{x}* is split, L(x) is the tree Lo .

4. When v(x) = d and Spanp{x}* is split, we have
V(x) = {A €V |d(A, L(x/n?)) < d}

where L(x/7?) is as in (3).
5. When h(x,x) ¢ Op,, V(x) is empty.

Proof. Proof of (1): This is a direct consequence of Proposition and the fact that
./\/'ZP’) *E has only one reduced point, see [Shi22, Section 2| or [RSZI8, Section 8]. Alterna-
tively since Spanz{b(x)}* is non-split of dimension 2, it contains a unique self dual lattice
A, then Ay := Span{b(x)} @& A’ is the unique type 0 lattice containing b(x).

Proof of (3): Applying Proposition we see that ZFaP(x) = N; ¥ is the Drinfeld
p-adic half space. The required properties of £(x) and V(x) follow.

Proof of (2): We prove this by induction. The case d = 0 is just (1). Now we assume
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d > 0 and that the statement holds for d — 1, i.e.
V(x/m) ={A €V [d(A Agjra) <d— 1}
Then applying Corollary to the lattice L = Span{x/7} we have

U Na € ZP% (%) eq.

AEV2, d(AA, , 4)<d

Corollary [4.10.4] and the induction hypothesis imply that every As € V2?(x) satisfies
d(A,Ay/ra) < d. By Lemma [4.10.5] there is no isolated Ag € W(x), i.e. every Ag € VO(x)
is contained in some Ay € V?(x) if v(x) > 0. This finishes the proof of (2).

Similarly we can prove (4) by an induction on d, the case d = 0 is just (3).

(5) follows directly from Lemma [4.10.2 O

4.10.3 Rank 2 case

Proposition 4.10.7. Assume that L’ = Span{xy,x2} C V is integral of rank 2. Then

Zpap(Lb)red = U NA

AEV(LP)
is a finite union, where V(L") is the set of vertices of the tree L(L") described as follows.

1. Assume L’ ~ Hau i, for some a € Z>qy. Then L(L%) is a ball centered at a vertex

, . o 2a+1
lattice of type 2 with radius =%5—=.

2. Assume L’ = Span{m®xy,m%xs} where v(x1) = 0, v(x2) > 0 and Spang{x;}* is

nonsplit. Then L(Lb) s a ball centered at a vertex lattice of type 0 with radius a.

3. Assume L’ = Span{7m9xy, 7% x5} where x11x2, v(x1) = v(x2) = 0, r > 0 and

Spanp{x1}+ is split. Then

L) ={A eV |dA, L7 L)) <a},
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where

L(m7L) = {A € L(x1) | d(A, Ag) < r},

L(x1) is described in (3) of Proposition and Ao is the unique type 0 vertex

lattice containing {x1,X2}.

Proof. As in the proof of Proposition fora A € V, Ny C ZP%P(L),oq if and only if
A contains b(x1), b(xz).

We first prove (1) when a = 0. Suppose A € V2(L?). Extend {b(x1),b(x2)} to a basis
{b(x1),b(x2), b3} of V with Gram matrix H; @ {—e}. Choose a basis {v1, v, v3} of AF with
the same Gram matrix Hy @ {—e}. Then b(x;) € A* (i = 1,2) by Lemma and

b(xi) = ainv1 + aipv2 + a;3v3

where a;; € O (j = 1,2,3). The fact that (b(x;),b(x;))1<i,j<2 = T implies a;3 € 7OF for
i = 1,2 and (a;j)1<4,j<2 is in GL2(OF). This guarantees that L’ is a direct summand of
A* by Gram-Schmit process. Hence A? is in fact the lattice Spang, {b(x1), b(x2),bs}. The
fact that all Ag € VO(L?) are in A follows from Lemma

When a = 0, (2) follows from the fact that ZF%(x;) = N;ip (by Proposition
and ZP2P(LP),..q = ZPaP(x1) 4 is a unique superspecial point. Similarly when a = 0, (3)
follows from the fact that ZV%P(x;) = N; ¥ and Corollary [3.2.11

Now we prove (1), (2) and (3) for general a. First of all, £L(L") = L(7%x1) N L(7%%3)

by definition. By Corollary we have
{AeV|dA, L(x L)) < a} C L(x%%1) N L(T"Xy).

Notice that for a sub-tree £’ of a tree £ and a vertex x € £\ L', there is a unique
geodesic segment joining  with £/. Given A € £L(L’) = L(7%1) N L(7%%3), let v be the
unique geodesic segment joining A with £(7~%L"). Assume that v intersects £(m~*L?) at

A(L). Since L(m~ L") = L(x1) N L(x3), v necessarily intersects both £(x1) and £(x3).
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Without loss of generality we assume that + intersects £(x1) at A(x;) first. Hence the

intersection of v with £(xz) is A(L’) and
(A, A(x1)) = d(A, L(x1)) < d(A, A(L”)) = d(A, L(x)).
Now by Proposition we have
d(A, L(x1)) < a, d(A, L(x2)) < a.
Hence d(A, L(7~*L)) < a. This shows that
{AeV|dA, L(x L)) < a} = L(x%%1) N L(7Xy).

The general case of (1), (2) and (3) follows from the above equation and the case a = 0.
Notice that (1), (2) and (3) have covered all possibilities of L’ due to the classification
of hermitian lattices. Notice that in every case V(L) is finite. This finishes the proof of

the proposition. O

Definition 4.10.8. Assume that L” is an integral lattice of rank 2 in V. Define S(L?),
the skeleton of L(L"), as follows. If the fundamental invariant of L’ is (2a,b) (b > 2a),
define S(L?) == L(m~°L"). If the fundamental invariant of L’ is (2a + 1,2a + 1), define
S(L°) = 0.

Remark 4.10.9. The skeleton S(L?) is isomorphic to a ball in the Bruhat-Tits tree of
/\/2},) -

Corollary 4.10.10. For each Ay € V(L") not on the skeleton S(L?), one can find Ag €
V(L) such that Ay has the largest distance to the boundary B(L”) of L(L’) among all

type 2 lattices in V2(L") containing Ag.

Proof. Assmue the fundamental invariant of L’ is (2a,b) or (2a + 1,2a+1). Define M’ :=

7=%L°. Let b be the unique integer such that Ay € L£(x®M")\ L(x*~1M"). Choose any
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Ao € B(mPM?) such that Ay C A. Then by Proposition 4.10.7, A¢ satisfies the assumption

of the corollary. O

4.10.4 The Kramer model

For A € V2, let Ny be the strict transform of My under the blow-up NK@ — APaP_ Since
the strict transform of a regular curve along any of its closed point is an isomorphism, we

know ./\N/'A ~ Pl
Lemma 4.10.11. For A # A’ € V?, Ny and Ny do not intersect.

Proof. If Ny and Ny do not intersect in NT#_ then obviously Ny and Ny, do not
intersect. Without loss of generality we can assume A = Span{ej,e2,es} and A =
Span{m~le;, ez, e3} where the Gram matrix of {ej, e, e3} is Diag(H,¢€). Take x¢ = e3.
Then by Proposition both J\7A and ./\~/A/ are in é(xo) = ./\/'QKfaL Now by Lemma
N, A and N, A do not intersect. ]

Lemma 4.10.12. Let A € V2 and Ag € VO. When Ay C A, Ny intersects properly with
Excp, and

X(./\/Kra, ONA & OEXCAO) =1 (4.55)
When Ag is not contained in A, NA does not intersect with Excy,,.

Proof. First assume Ag C A. Since Ny is a strict transformation of a curve, it intersects
the exceptional divisor properly. Let x¢ be as in the proof of Lemma [4.10.11] Then Ny is
in Z(xq) N2,

X(NKra7 O_/\?,\ & OEXCAO) = X(NKra’ O./\?A ®OZ~(XO) Oé(x()) ® OEXCAO)

= X(Z~(X0)a 0/\71\ ®Oz'(x0) OEXC/)'

Here Exc’ & P} is the exceptional divisor on Z (xp) corresponding to the rank 2 self-dual
lattice

A = {U € Ay | ’L)J_Xo}.
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By Lemma [3.4.3, we know x(Z(xq), Oy, ®o Opxe’) = 1. When Ag is not contained

Z(xq)

in A, the superspecial point N, (k) is not contained in Ny, hence N does not intersect

with Excp,,. O

4.11 Intersection of vertical components and special divi-

SOrs

In this section we study the intersection of Ny and special divisors. The main result is
Theorem To proceed we first study the decomposition of “Z¥2(L") when v(L") =
0. Since n is odd, we can without loss of generality assume that x(V) = x(C) = 1. In the
rest of the thesis, we identify V with C' by the isomorphism b defined in .

4.11.1 Decomposition of “Z¥r2([?)

Let L’ = Span{x1, X2} where x1,x2 € V are linearly independent and the hermitian form
restricted to L is non-degenerate.

Lemma 4.11.1. L 2ZKra(1p) = [(’)ZKra(xl)®H‘OgKra(x2)] € Ko(NE™) is in fact in F2Ko(NK2),

ZRIL) \ ikra)

Moreover we have the decomposition in GI"QKO

L zKra(ppy — zKra(ppy | LzKra(ppy (4.56)

ra(rh
where ZX2(L),, is described in Theorem|4.8.2 and “Z2¥(L), € Gr2KOZK (L )“(J\/Kra).

Proof. By Lemma m ZKra(1) is Noetherian and has a decomposition
ZKra(Lb) — ZKra(Lb)h U ZKra(Lb)U‘

Expressing Z(x;) (i = 1,2) as in (4.31]) and applying Propositions and Lemma
m LzKra (1)) equals

[Oé(xl) ®" Oé(XQ):I + Z (2ma, (x1)mag (x2) + mag (X1) + may (x2)) Ha, -
Ao€EVO(LP)
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2ZKra([1),, is contained in Z(x;1) N Z(x32) and has dimension 1 by Theorem Z(x1)N
Z (x2), also has dimension 1 as it is supported on the reduced locus of N¥' by Lemma

and does not contain any exceptional divisor Excy,. Hence
Oz, @“ 05 \]|=[05 -] € F2Ko(NE) (4.57)
Z(xl) Z(x2) Z(xl)ﬂZ(Xg) 0 ) .

see for example [Zha21, Lemma B.2]. Hence we know that “ZK (L") € F2K,(N%®). The
desired decomposition then follows from Theorem O

By Lemma [4.11.1) and (2.12) we know that “ZK(L?), € K}(Y) where we can take

Y to be the reduced locus of N¥', By the Bruhat-Tits stratification of N and the
fact that GrlK(})E *ho (NKray >~ CH!'(Excy,) is generated by Hy,, we have the following

decomposition in Gr? Ko(NK2):

Lgke@y, = Y m(Ag,Lb)[ONAQ] + > m(Ao, L) Hy,. (4.58)
A2€V2(LP) AoEVO(L?)
We will determine the multiplicities m(Ag, L”) and m(Ag, L’) when val(L’) = 0 in this
section and deal with the general case in Section
Now assume L° = Span{xj,xs} with Gram matrix Diag(uy,us(—7m0)™) with uy,us €

Op,- Applying Proposition to ZKra(xq), we find

]LZKra(Lb) = [Oz(xl) ®]L OZKra(X2)] “l’ Z [OEXCAO ®]L OZKra(xQ)].
AoGVO(xl)
By Proposition we know the intersection Z(x1)NZ%?(x,) is proper and is isomorphic

to Zg;?ul)(xﬁ. Combining this with Corollary we obtain

bzRer) =i (V250 (x2)) = ). Ha, (4.59)
ApeVO(LP)
where i, is the map GrlKo(./\/QI?;?ul)) — GrQKo(./\/}fffa) induced by the closed immersion

i: NQIT;"(‘UI) — NK. Equation ([.59) reduces the problem of decomposing “ZXr(L’) in
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this case to [Shi22, Theorem 4.5] and Theorem We do not make the effort to write
the complete result down, but instead look at two basic examples.

Let us begin by the case when L is unimodular. By and either [Shi22, Theorem
4.5] or Theorem we have

LZR(L) = [05(109e] (4.60)

in the notation of Theorem [£.8.2]
Next consider L’ = Span{xi,x2} with Gram matrix Diag(l, —umy) where u € O;O.

Then Span{x;}* is split and Z(x;) = NQKfa By Proposition 4.10.7] (3), V?(L?) consists

of two adjacent lattices A and A’. Moreover by Theorem [3.3.1| and (4.59)), we have

FZK(L), = [0, ] + (O, ]+ Harn (461)

4.11.2 The intersection number

Assume A € V2. For x € V\{0}, define
IntA(X) = X(NKra, O./VA ®L OZKra(x)). (4.62)

In this subsection we prove the following theorem.

Theorem 4.11.2. Let A € V? and x € V\{0}. Then
Intp (x) = 1a(x)

where 15 is the characteristic function of A C V.

Corollary 4.11.3. Assume that Ag € Ly and A € Lo such that Ay C A. Then for any

yo € Ao \ Ao such that yd- s nonsplit, we have

Kra L
X(N ’ONA & Oé(yo)) =0.
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Proof. By Proposition 4.6.2] we know
Z%(yo) = Z(yo) + Excp,.

Now the corollary follows immediately from Theorem and Lemma [£.10.12] O

Proof of Theorem [4.11.3: We consider three different cases. First if z ¢ A or v(x) < 0,
then by Lemma ZKra(x) N Ny = 0 hence Intp(x) = 0. From now on we assume
x € A and v(x) > 0. Write x = xon" with xo € A\wA and n > 0.

Case 1: First we assume xg € A\A*. Choose a basis {e},e),e5} of A with Gram
matrix H§,1 such that

/ / /
Xo = xeyp + yes + zes.

Then one of z and y is in O} as Af = Span{me), e, es}. Apparently the equation
2u —vv = h(Xo, Xo)

has a solution (u,v) € 012% with u € O;O. Now according to Lemma we can find a

matrix g € U(H§71)(OF0) such that

T ™
gl vy = 1
z v

1

Now replace the basis {€], €5, e5} by {e1,e2,es3} = {e], €5, e5} g™, we have

X = TTue] + eg + ves

where u € Op, , v € Op.
Define

1
fi= ;u_leQ, fo = muey, f3 =es3. (4.63)
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Then {f1, f2, f3} has also Gram matrix H:%,l and A’ := Span{ f1, f2, f3} is a type 2 lattice
adjacent to A with A, = AN A’ = Span{mey, eq,e3} is a type 0 lattice. Now in terms of
the basis {f1, f2, f3} we have

x = 1" (mufi + f2 +vf3).
Define § € U(V) by taking the basis {e1, e2,e3} to {f1, f2, f3}. Then
O(x)=x, O(A)=A"
In particular (Z2¥2(x)) = ZK(x) and
Inty/(x) = Intp (x). (4.64)

Now let

Yo =e3, yi1=m(—mue; +ez),

L’ = Span{yo,y1}, and L = Span{yo,y1,x}. Then by and Theorem we have
L zKra(ppy — O] + [O/VA/] + Ha + [0z 0] (4.65)
where Z (M") is the quasi canonical-lifting cycle of the lattice
M" = Span{es, —mue1 + e3}.
Combining with , we have

Int(L) = 2 Int (x) + X (N, 259 (%) - Ha,) + x (N EZ5%(x) - [O5)))- - (4.66)
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Let x' = 7" (wue; 4+ e2) = x — m"ves. Then we have

(L) = x(NI52, B 2R3 () - L2 (x) L2y )
— X('/\/'Kra7 ]LZKra(yO) . ]LZKra<X/> . ]LZKra(yl))
= X(NKI”B,’ 027( O) ®L OZKra(x/) ®]L OZKra(yl))

+ Z NKra OEXCAO QL OzKra(x/) QL OZKra( ))
A()GVO )

where we have used linear invariance ([How19l Corollary D]) and Proposition Notice
that the Gram matrix of {x,y1} is Diag(2u(—m)", —2ump). By Proposition and
Theorem

X 1 if n=0,
(N Z(yo) ® OZKra(XI) ® OZKra(yl)) -

1+n—-2¢ ifn>1.

By Corollary and Lemma [3.2.14] we know that

< . . o1 1 if n =20,
Z Y(NEr2 OEXCAO ® OZKra(x’) ®"~ Ozkra y1)) VI(L)| =
Ao€VO(L) 2g+1 ifn>1.

Combining the above two equations we know that
Y(NKra L zKra ) _]LZKra(Lb)) Y
On the other hand, by Corollary
YNVET LKy =
By [Gro86l, Proposition 3.3]

X(NKI‘B,’ OZ(Mb) ®]L OZKra(x)) =N + 1
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Hence we obtain by (4.66))
Intp(x) = 1. (4.67)

Case 2: Now we Assume xg € Af\7A. As in the proof of the previous case, we can

find a basis {e1, e2,e3} of A with Gram matrix H‘%’l by Lemma such that
x = 7" (ueg + mey).
where u € O, . Define
A = Span{mey, %62, esh, Ae=ANAN,

then xg € A/\A’*. Also define

Yo = €3, y1 = m(—Te1 + €2),
and L’ := Span{yg,y1}. Then by Theorem and we have

L zKra(ppy — O] + [O/\”/A,] + Hp, + [Oz(Mb)]v (4.68)

where Z(M?) is the quasi-canonical lifting cycle of the lattice

M"® := Span{es, —me1 + e2}.
Let x' := m"t1le; = x — 7ues, then we have
XN B2 () B ZR2 (1)) (N2, 050 @ Oz ey @ Ogiceay)

_|_ Z X(NKI‘8-7 OEXCAO ®IL OZKra(x/) ®]L OZKra(yl)).
AoeVO(L)

Notice that the Gram matrix of {x’, y;} is equivalent to H; when n = 0, and to Diag(ui 7}, uamo)

for some uy,us € O;O when n > 1. Hence by Proposition and Theorem we
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know that

- L . —(¢g—1) iftn=0,
X(N ra’ OZ(yo) ® OZKra(x/) ® OZKra(yl)) ==

1+n—-2q ifn>1.

By Corollary and Lemmas [3.2.14] and [3.2.15] we know that

< . . . g+1 ifn=0,
Z X(N ra’ OEXCAO ® OZKra(xl) ® OZKra(yl)) == |V (L)| -
AoeVO(L) 2¢g+1 ifn>1.

Hence we know that
N(NKm LgKia ) LK phy _p o
On the other hand, by Corollary
xNE2 B Ry = 1,
By [Gro86l, Proposition 3.3]
(NVEE Oz ) ®" Ozira(y)) =n+ 1.
Since x € A’\A’, by the previous case we also have
Inty/(x) = 1.
Combining all above, we have by
Intp (x) = 1. (4.69)

This finishes the proof of Theorem [4.11.2] [
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4.12 Proof of the modified Kudla-Rapoport conjecture for

the case n =3

First, we need some preparation.

Proposition 4.12.1. Assume that L C V has a Gram matriz T = Diag(u1, ua(—m0)?, uz(—m0)°)

with u; € O;ﬁo and 0 < b <ec. Then
Int(L) = 0Den(L).
Moreover, for every decomposition L = L’ & Span{x}, we have
Int(L)? = dDen(L)®.

Proof. Fix a basis {x1,x2,x3} of L such that the Gram matrix of {x;,x92,x3} is T =
Diag(u1,T3) where u; € O;O and Ty € Hermo(Op). Let ufl - L be a lattice represented by
uyt-T. Since Int(u;'- L) = Int(L) and dDen(uy’ - L) = dDen(L), we may assume uj = 1.

Let I = Span{xs,x3}. According to Propositions and Corollary we

have

IHt(L) _ Int(Lb) _ X(NKra’]LZKra(Xl) . ]LZKra(Lb)) _ X(NKra,Lz(Xl) _LZKra(Lb))

(4.70)

_ Z X(NKra, [OEXCAO] . ]LZKra(Lb))

AoeVO(L)

= V(D)3

Now the result we want follows by comparing (£.70) with (4.22)), and the identity Int(L*) =
ODen (L) proved in [Shi22, Theorem 1.3] and Theorem m (2) follows from (1) and
Theorem [4.1.7] (2). O
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Theorem 4.12.2. Ifv(L") > 0, we have the following decomposition of cycles in Gr?K (NVEra)

D)=y (204, ] + S Hy,)

A2 €V2 Ao EVO
Lb CAg AoCA2

where Gr® Ko(NE®) is the associated graded ring of Ko(NT™) with respect to the codi-

mension filtration.

Proof. Under the assumption v(L?) > 0, we can decompose D(L") in Gr2Ky(NK™) as

D)= ) m(D(Lb),A2)[0NA2]+ > m(D(L), Ao)Ha,, (4.71)
ApEV(LP) AoeV(LP)

by (4.58)) and Propositionm

Claim 1: m(D(L’), Ag) = 0 unless L* C Ag. In such a case,

i b b
m(D(L%), Ao) = g+1 ifAgeV(L)\B(L, (72)

1 if Ag € B(L).

Indeed, since Ay is of type 0, we may choose a yo € V\ L%, such that Span{yo}~ is non-split
and yo € A \ mAp. In this case, Proposition Corollaries and imply that

XNVE™ Hag - [O50,0]) = 1.

So by (4.71)), Corollaries 4.11.3[ and [4.7.2 we have

m(D(L), Ao) = XN, D(L?) - [O5,,.,)-

Let (2a,2b) (b > a) be the fundamental invariant of the projection of L” onto Span{yo}=.

Let ¢ be the natural quotient map Ag — Ag/mA¢ and define

m = diqugO(Lb) <2.
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Equation (4.52)) implies that m = 0 if and only if Ag € £(L”)\ B(L?). First assume m = 0,
in other words, L’ C wAg so b > a > 1. By the definition of D(L’) and [Shi22, Theorem

1.2], we have

m(D(Lb)a AO) = M(av b) - q,u(a - 17 b) - M(aa b— 1) + (JM(G - 17 b— 1) =4q + 17
as claimed where

230 o fla+b+1—2s)—a—b—2 ifa>0
,u(a,b) — X(NKra,lLZKra(Lb) . [Oé(yo)]) _

0 it a < 0.

(4.73)

Now assume m = 1, then (L) is a line £ and b > 1. By the assumption that yo ¢ L,
we know £ is not in Span{¢(yo)}, hence the projection of £ onto ¢(y)* is nonzero. Since
©(yo)* is nonsplit, we must have a = 0. Hence by the definition of D(L?) and (&.73)), we

have
m(D(L’), Ao) = p(0,b) — qu(—1,b) — (0, — 1) + qu(=1,b— 1) = 1

as claimed. Finally, m = 2 is impossible since v(L”) > 0. This finshes the proof of Claim
1.

Claim 2: m(D(L%),Ay) = 2 for any Ay € VZ(L).

Indeed, according to Lemma we have x(NK? D(L) - [Okxcy,]) = 0. On the
other hand, Corollary and Lemma imply that

XN DL - [Opxey, ) = D m(D(L).Ay) = 2m(D(L), Ap). (4.74)
AoCA2
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Combining the above with Claim 1, we have

m "), Ag) — if A b b
0= X(NKra,D(Lb) . [OEXCAO]) _ ZAoCAz (D(L%),A2) —2(q + 1) f Ay e L(L”)\ B(L"),

S aoca, M(D(L"), Ag) =2 if Ag € B(L?).

(4.75)

Recall S(L”) in Deﬁnition First assume Ay € L(L°)\ S(L?). If d(Ag, B(L")) equals
to 4, choose Ag € B(L") such that Ag C A, then Ay is the unique lattice in V2(L") that
contains Ao, hence implies that m(D(L?), As) = 2 in this case. Now Corollary
allows us to show m(D(L"), As) = 2 by induction on the distance d(Ay, B(L")) for
any Ay € L(L°)\ S(L).

Similarly for Ay € S(L?), we can show m(D(L?), Ay) = 2 by induction on its distance
to S(L”) N B(L"). This finishes the proof of Claim 2.

Notice that for Ag € V(L?)

q+1 if Ag € V(L") \ B(L?),

> Y-

A2€V2(LP) AoCAz 1 if Ag € B(L).
This finishes the proof of Theorem O

In the following discussion we freely use Theorem and Corollary [£.6.8) without

explicitly referring to them.

Proposition 4.12.3. Assume L = L’ @ Span{x} with Gram matriz
T = Diag(Hq, u3(—mo)*)
where a is a positive odd integer, and ¢ > 0. Then

1—q° if a < 2c¢,
Int(L)? = dDen(L)? = (4.76)

1—¢*t  ifa> 2c
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Proof. By Proposition it suffices to prove the identity for Int(L)®),

a+1

Now we compute Int(L)?). We may take L’ = Spa,n{7raT+1 e1,m 2 ey}, where the Gram

matrix of {e1, e} is H. Let e3 = 7 °x. Then £(L) is centered at Span{ei, 2, e3} of radius
5 by Proposition 4.10.7
Assume a < 2c first. In this case, £(L’) C £(x). As a result, we have Intp,(x) = 1

and Inty,(x) = —1 for any Ay € V(L") and Ag € V°(L’). Hence by Theorem [4.12.2 we

have
mt(L)? = > xWE 204 1+ Y Ha) - 25%(x)) (4.77)
As2eL(LP) : AoCA2
= (1-q)[{A2 | Ay € L(L")}|
=1-q)(1+1+qq+ 1+’ +-+ 1 +q)q"?)
=1~ qau
as claimed.

Now we assume a > 2¢. We consider the case ¢ = 0 first. Recall that Z(e3) ~ 217%“",

hence £(L) N L(e3) is a ball of radius ¢ in the Bruhat-Tits tree Lo of N;fp centerd at
the vertex lattice corresponding to e - L”, within which a vertex lattice Ag of type 0 is
contained in two vertex lattices of type 2, and a vertex lattice Ao of type 2 contains ¢ + 1

vertex lattice of type 0. Hence
[{Ao | Ao € (LI \BIL) N Lles)}| =1 +q+ 1+ q)g+-+(1+q)q"7,
and
[{Ao | Ao € B(L?) N L(es)}| = (1 +q)q"7 .

Moreover, notice that if es € Ag, then Intp,(e3) = 1 for any A such that Ag C As. As a
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result,

XN D(L?) - 2549 (e3)) = 2(1 +q - [{Ao | Ao € (L(L”) \ B(L")) N L(e3)}])
—(a+D)[{Ao | Ao € (L(L) \ B(L*)) N L(ea)}
— [{Ao | Ao € B(L’) N L(e3)}|
=2+ (- DA +q+A+Qq+ -+ 1+ )~ 1+ T

:1_Qa

which is compatible with (4.76]).

Next we show
XNE2 D(L?) - (252 (mes) — 257 (es))) = ¢ — ¢

According to Proposition [4.10.6, V(we3) = {A | d(A, L(e3)) < 1}. Hence, around each
Ag € (L(L°)\ B(L?)) N L(e3), there will be ¢(q — 1) many new vertex lattices of type 0 in
L(L") N L(mes3) \ L(L’) N L(e3). Hence,

X(NKra,D(Lb) . (ZKra(Weg) _ ZKra(eg)))
=20 qlg— DA +q+ A+ g+ (1+q)g* +-+ (1 +q)qT 2
—qla- D@+ DA +g+ 0 +qq+ A+ ++ (1 +)g"F )

—qlg-1)(1+q)g7

=q—q°.

Continuing in this way, we can show

X(/\/Kra,D(Lb) . (ZKra(ﬂieg) - ZKra(Wi_leg))) _ q2i—1 _ q2i+1
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for 2¢ < a. So

:[nt(L)(Q) — D(Lb) . ZKra(ﬂ'Ceg) —1- q26+1 — aDen(Q)(L)

as claimed. O

Proposition 4.12.4. Assume L = L’ @ Span{x} with Gram matriz
T = Diag(uy (—m0)%, uz(—m0)?, uz(—m0)°)
where 0 < a < b < ¢, then
Int(L)® = dDen(L)®) = 1+ x(—ugus)q*(¢* — ¢") — ¢***.
Proof. By Proposition [4.4.4] it suffices to show

Int(L)(Q) =14 x(—ugu3)q*(q¢* — qb) — ¢t (4.78)

Notice that since a < b < ¢, we have £(L”) C £(x) by Propositions 4.10.6{ and [4.10.7|

First, we assume x(—ugu3) = —1, then (4.78) specializes to
dDen(T)?) =1 — ¢*.

On the other hand, £(L") is a ball centered at a vertex lattice of type 0 with radius @ in
this case. One can show Int(L)®) =1 — ¢** exactly as in ([{.77).

Now we assume x(—uguz) = 1. In this case, (4.78) specializes to
ODen(L)? =1+ ¢%* — 24,

Let r = b—a, and L’ = Span{zy,z9}. Then L(7~%L?) is a ball centered at a vertex lattice
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of type 0 with radius 7 in the Bruhat-Tits tree Lo ;. Hence,
L(L") = {A| A € L5, d(A, L(z°L")) < a}.

When a = 1, VO(z~'L?) = VO(L’) \ B(L"). Then combining with Theorem [4.12.2} it is

not hard to see

It(L)® =2(g+14q-2(q+ ¢ +---+4")) = (g+ HV(L)\ BL")| - [B(L)]

= 1+¢"—2¢"",
where we use the fact
W' L) =142+ ¢+ +q),

and

IB(L)| = (q—1)g(1+2(g+ ¢+ +¢" 1)) +2¢"+2

Now assume a > 1. Let T be the hermitian matrix associated with L@ Span{x}, then

dDen(r L’ @ Span{x})? — dDen(L’ & Span{x})?
=14+ q2a+2 _ 2q7’+2a+2 _ (1 + q2a _ 2q7’+2a)
¢**(¢* = 1)(1 — ¢*")

= ¢* (9Den(L’ @ Span{x})®) — dDen(r' L’ @ Span{x})® ),
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and

Int(r L’ @ Span{x})® — Int(L’ & Span{x})®
= 2|B(L)| - q|B(L’)| — [B(xL)]
= (20— g - )|B(L)|

= (Int(Lb @ Span{x})® — Int(r= 'L’ & Span{x})(2)> )

where we use the fact |B(mL’ @ Span{x})| = ¢*|B(L")|. Since r is arbitrary, an induction

on a gives the result we want. O

Theorem 4.12.5. Assume n = 3. Then for any non-degenerate lattice L C V of rank 3,
we have

Int(L) = OPden(L).

Proof. The case v(L) < 0 follows from Proposition and the fact that Int(L) = 0
under this condition. Assume v(L) > 0. There are three cases.
Case 1: When L has a Gram matrix Diag(uy, ua(—m0)%, u3z(—mo)¢) as in Proposition

it is proved by Proposition

Case 2: When L has a basis {x1, X2, X3} whose Gram matrix is T' = Diag(H,, us(—mo)°),

take L° = Span(x,xs) and x = x3. By Propositions [4.12.1} 4.12.3] and 4.12.4] we have

Int(L> & Span{x})? = dDen(L"’ & Span{x})?

for any L’ c L' C Lzy (direct sums in the above identity are actually orthogonal direct

sums). Thus we have by Theorem [1.1.7] (1)
Int(L) = ODen(L).

Case 3: When L has a Gram matrix Diag(u(—m0)%, ua(—70)®, usz(—m0)¢) with 0 <

a < b < ¢), the same argument as Case 2 gives Int(L) = dDen(L). This finishes the proof
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of the theorem. O

Theorem and Theorem imply the following corollary.

Corollary 4.12.6. For any lattice L = L’ ® Opx C V of rank 3, we have

Int(L)? = dDen(L)?.
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Chapter 5

Proof of the Kudla-Rapoport

conjecture for Kramer models

First, for convenience, we take the following conventions in this chapter. In this chapter,
we let Den(M, L, X) := a(M, L, X) and

Den'(M, L) = —2- a(?XDen(M, L, X)|x-1. (5.1)

Also, in this chapter, we say a lattice A is a vertex lattice of type t if 7A* ¢ A C A¥ and
[Ati A=t

5.0.1 Strategy and novelty of the proof of the Main Theorem [1.0.3]

First, we review the overall proof strategy in this subsection. Our general strategy is
closest to the unramified orthogonal case proved in [LZ22b]. More precisely, fix an Op-
lattice L C V of rank n — 1 and denote by W = (L%)* C V. Consider functions on
VA L,

Intp, (2) = Int(L’ + (z)), 9Deny,(x) = dDen(L’ + (x)).
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Then it remains to show the equality of the two functions Int;, = 0Den;,. To show this

equality, we find a decomposition
Int;, =Intp, 5 +Intps 5, ODenp, = ODenys 4 + ODenpy

into “horizontal” and “vertical” parts such that the horizontal identity Int;, ,,» = dDenj, 4
holds and that the vertical parts Int;, , and dDeny, , behaves well under Fourier trans-
form along L%.

The horizontal identity essentially reduces to the horizontal computation for n = 2 in
[Shi22] and Chapter 3. For the vertical identity, we perform a partial Fourier transform

along L. and consider new functions on W\ {0},

Intfby(w) = /Lb Intp, 4 (y + 2)dy, aDeniw/(x) =

F

dDenp, 4 (y + z)dy.

F

The key is to show that Intfb , and 8Deni‘b are both constant on W=9\ {0} := {x €

77/
W\{0} : val(x) > 0} of W (see §1.0.6|for notation) as in Theorem|[5.2.16|and Theorem 5.6.2]
Using an induction on the valuation of L”, we show that the difference Inti‘b v = 8Deni‘b »

vanishes on W= := {z € W : val(x) < 0}, and hence it vanishes identically and allows us
to conclude that Int, ,, = dDenp, .

On the geometric side, we prove a Bruhat—Tits stratification for the Kramer model
(Theorem , analogous to the case of the Pappas model treated in Rapoport—
Terstiege-Wilson [RTW14]. We make use of the linear invariance of special cycles [How19]
to express Int;, , as a linear combination of functions on V which are translation invari-
ant under vertex lattices. A new observation in our ramified case is that the translation
invariance already allows us to control the support of its Fourier transform well enough
(Lemma to conclude the desired key constancy of Inti‘b’n// on W2 Compared
to the unramified case, we completely avoid the Tate conjecture of generalized Deligne-

Lusztig varieties and explicit computation of their intersections with special divisors. It is

not clear that the Deligne-Lusztig cycles span the Tate cycles in this case. §5.1|studies the
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structure of Meq and special cycles, and should be of independent interest (in addition to

preparation for .
On the analytic side, we make use of the primitive decomposition of the local density

polynomial into primitive local density polynomials and obtain a decomposition.
ODen(L) = > dPden(L’), (5.2)
Lcr’

where L' runs over Op-lattices in Lp containing L, and the symbol Pden stands for the
primitive version of Den (Corollary [5.3.3). Unlike the unramified or exotic smooth case,
the primitive local density polynomial itself seems rather complicated (see e.g. Corollary
. Nevertheless we manage to prove a simple formula for its modified central derivative
OPden(L), which we find quite striking.

Theorem 5.0.1 (Theorem [5.5.1). Let L C 'V be an Op-lattice (of full rank n).
1. If L is not integral, then OPden(L) = 0.

2. If L is unimodular, then

1, ifn is odd,
OPden(L) =

0, ifn is even.
3. If L is integral and of type t > 0, then

t—1

=
[Ta-¢*), if t is odd,
OPden(L) = < =1 ¢y
2
(1- X(L/)q%) (1- q%), if t is even.

(=1

Here we write L ~ I,,_y & L' with I,_; unimodular of rank n —t.

The proof of this theorem occupies the entire and and is our major technical

innovation. One key difference between our case and the unramified or exotic smooth case
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is that in our case I, and H (see and ) have different fundamental invariants,
hence it is not clear how to reduce the calculation of OPden into the embedding-counting
problems over finite fields in the style of [CY20, §3]. To deal with this difficulty, we first
decompose dPden(L) according to orbits of hermitian embeddings (Theorem . Now
a new observation is that the primitive local density polynomial becomes simpler when L
is “very integral” (i.e., when its fundamental invariants are all > 1, see Proposition
in which case the decomposition in Theorem [5.4.1]| is simple. The primitive local density
polynomial vanishes when L is “very non-integral” (e.g., when one of its fundamental
invariants is < —2, see the proof of Lemma . When L is the dual of a vertex lattice
of positive type, this is just our assumption . The remaining cases (in particular
the unimodular lattice case) are much trickier to handle, whose proof occupies most of
and is summarized in The proof relies on a series of non-trivial polynomial
identities (e.g., Lemma and Lemma involving algebraic combinatorics of
quadratic spaces over finite fields, which should be of independent interest.

With the simple formula for Pden(L) at hand, we finally prove the desired key con-
stancy of 8DenJL‘b’V on W=\ {0} via involved lattice-theoretic computation in in a
fashion similar to [LZ22b]. The techniques developed here on the analytic side seem to
have wide applicability and we hope that they may shed new light on the Kudla-—Rapoport
conjecture in the context of more general level structures, e.g., for minuscule parahoric
levels at unramified places formulated by Cho [Cho22].

We remark again that in this chapter we are using a slightly different notion of vertax
lattice for convenience compared with previous chapters. We say a lattice A is a vertax
lattice of type t if TA* C A C A¥ and [Af : A] = t. Basically, a vertex lattice in this chapter

is the hermitian dual of a vertex lattice in previous chapters.

5.1 Bruhat—Tits Stratification of Kramer models

We prove a Bruhat—Tits stratification for the Kramer model (Theorem [5.1.19)), analogous

to the case of the Pappas model (proposed in [Pap00]) treated in [RTW14]. More precisely,
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we define closed subschemes Ay (Definition and show that the reduced locus of N
is stratified by Mj (Theorem . From this stratification we obtain a stratification
of the reduced locus of Z(L) (Proposition [5.1.20). We also show that Ay is isomorphic
to the (modified) Deligne-Lusztig variety Yy 5 defined in (Theorem , and is
in particular a smooth projective variety over k. We remark here that for the purpose
of our main result (Theorem , only a weaker version of Proposition is needed
(namely we do not need the reducedness of Ny). However we believe the rest of this

section contributes to the theory of Rapoport-Zink space and is of independent interest.

5.1.1 Deligne-Lusztig varieties

Throughout this subsection we assume m > 1. Let V be a 2m-dimensional symplectic
space over £ = F, equipped with the symplectic form (, ). Let Vz = V ®, & and denote
the bilinear extension of (, ) to Vz still by (, ). Let Gr(7, V') be the Grassmannian variety
parametrizing rank i locally direct summands of Vi for any k-algebra R. Let SGr(i, V)

be the subvariety of Gr(i, V') whose k-points are specified by
SGr(i,V)(k) = {z € Gr(, V)(R) | z is isotropic with respect to (, )}.

Let Sy be the subvariety of SGr(m, V') as in [RTW14, Equation (5.3)] whose k-points are
specified by
Sy (k) =A{U € SGr(m,V)() | dim(U N ®(U)) > m — 1}, (5.3)

where @ is the Frobenius endormophism. By [RTW14, Proposition 5.3] and its remark, Sy
has isolated singularities which are exactly the points where U = ®(U). We denote by U
the nonsingular locus of Sy. By Proposition 5.5 of loc.cit., Sy is irreducible of dimension
m. To resolve the singularities of Sy, define Yy to be the subvariety of SGr(m, V) x

SGr(m — 1, V) whose k-points are specified by

Yi(7) = {(U,U") € (SGr(m, V) x SCr(m —1,V))(r) | U' € U N &(U)}. (5.4)
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Then the variety Yy is a projective subvariety of Gr(m, V) x Gr(m — 1, V). The forgetful

map (U,U’) — U defines a morphism 7, : Yyy — Sy.

Lemma 5.1.1. The morphism 7, is a projective morphism. It is an isomorphism outside

the singular locus of Sy . For a singular point z of Sy, w1 (z) = P71,

Proof. First we know 7, is projective as it is a morphism between projective schemes.
Consider a r-point z = U in U(k). Then U N ®(U) has dimension m — 1, this entails
U' = UN®(U). This shows that the morphism has an inverse when restricted on 7! (),
hence 7y, k) is an isomorphism of varieties.

If z = U is a singular F-point, then U = ®(U) and U’ can be any element in Gr(m —

1,U) = P!, This finishes the proof of the lemma. O

Proposition 5.1.2. The projective variety Yy is irreducible and smooth of dimension

m.

Proof. Define SGr(m,m — 1,V) to be the sub flag variety of SGr(m, V) x SGr(m — 1,V)

whose R-points are specified by
SGr(m,m —1,V) (&) = {(U,U") € (SGr(m, V) x SGr(m — 1,V))(k) | U C U}.
Then Yy is the intersection of the image of the closed immersion

(SGr(m,m —1,V)z)? = (SGr(m, V)z x SGr(m — 1,V)g)?:

(U17 U{7 U27 Ué) = (U17 U{a U2a Ué)v
with the image of the closed immersion

SGr(m,V)z x SGr(m — 1,V)z — (SGr(m,V)z x SGr(m — 1, V)g)Q :

(U37 U4) = (U3a U47 @(Ug), U4)

Since (SGr(m,m — 1,V)z)? and SGr(m,V)z x SGr(m — 1,V)z are smooth (as they are
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homogeneous varieties), and ® induces the zero map on the tangent space, one can see
immediately that the intersection is transversal. Hence Yy is smooth. Since Sy is
irreducible of dimension m, by Lemma we know Yy is connected and has an open
subvariety of dimension m. Taking into consideration the smoothness, we know Yy 5z must

be irreducible of dimension m. This finishes the proof of the proposition. O
Remark 5.1.3. One can show that Yy is in fact the blow-up of Sy along its singular
locus.

5.1.2 Minuscule cycle N, and its tangent space

In this section, we often identify a vertex lattice A C V with b=!(A) using the isomorphism

of hermitian spaces (2.5 unless otherwise stated.

Definition 5.1.4. For a vertex lattice A C 'V of type t(A) = 2m, define the subfunctor Ny
to be the subfunctor of N such that for a Op-scheme S, Nx(S) is the set of isomorphism

classes of tuples (X, 1, A, p, F) satisfying the following conditions.

1. (X0, A\ p, F) € Z(N)(9).

2. If m > 1, we require in addition that z.(Lie(G Xspro, S)) C F for any x € A.

We first describe the &-points of N” and Nj.
Proposition 5.1.5. There is a bijection between Nyeq(R) and the set of pairs of O j-lattices
(M, M'") in N satisfying

MY=M, TMcr Y (M)clI''M, VMc M crYMNM, and length(M/M')=1.

Proof. Let (X,t,\,p,F) be a F-point of N and M (X) be the Op,-relative Dieudonné
module of X. Define M = p(M (X)) C N and M’ = p(Pr—}(F)) € N where Pr: M(X) —
LieX = M(X)/VM(X) is the natural quotient map. The condition M* = M is equivalent

to the fact that ) is a principal polarization. The condition IM C 7=Y(M) c TI"'M
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is equivalent to moM C VM C M. The condition VM C M’ C 7=YM) N M and

length(M/M') =1 is equivalent to the condition
VM c M ¢ M, IM' ¢ VM, dimg(M/M') =1,
which is in turn equivalent to
F CLieX, dimg(F)=n—1, II-F={0}, II-LieX C F.

Notice that the condition II - LieX C F is automatic once we know dimz(F) = n — 1
and F is stable under the action of II. Hence the filtration F C LieX satisfies Kramer’s
signature condition and we have translated all conditions in the definition of N in term

of relative Dieudonné modules. The proposition now follows from Dieudonné theory. [J

For a vertex lattice A in V or C, define
Ai=A®o, Op, A= N @0, Op. (5.5)

Corollary 5.1.6. Let A be a vertex lattice in C. There is a bijection between Nj(R) and
the set of pairs of Op-lattices (M, M') in N satisfying the conditions in Proposition

and the following condition.
1. Ift(A) =0, then M = A.
2. Ift(A) > 2, then ACc M’ C M.

Proof. By Dieudonné theory, a point (X,¢, A, p, F) € N(R) is in Z(A)(R) if and only if
plox(M(Y)) C M(X) for any x € b=1(A). Since M(Y) is generated by e, this is the
case if and only if z(e) € M = p(M(X)) for any x € b~!(A), if and only if A C M
(by the definition of b (2.5)), if and only if A C M. When t(A) = 0, both M and A
are unimodular, thus M = A. Similarly (2) is equivalent to Condition (2) in Definition

as the Lie algebra of Y is generated by the image of e under the quotient map
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M(Y) = LieY = M(Y)/VM(Y). O

To study the tangent space of N, we recall the Grothendieck-Messing deformation
theory of N from [Howl9, §3]. We remark here that although [How19] deals with the
case Fp = Qp, the argument in fact applies to general Fp using the relative display theory
of [ACZ16]. Let R € NilpOy. For a strict Op,-module X over Spec R, we denote by
D(X) the Op,-relative Dieudonné crystal in the sense of [ACZ16| §3]. A point z € N'(R)
corresponds to a strict Op,-module (X, ¢, \) over R together with filtration 7 C LieX

satisfying Definition We have the following exact sequence of locally free R-modules
0 — Fil(X) — D(X) — LieX — 0, (5.6)

where Fil(X) and LieX are of rank n and D(X) is of rank 2n. The principal polarization

A induces a symplectic form (, ) on D(X) such that

(tla)z,y) = (x,(a)y)

for all @ € O and z,y € D(X). With respect to (, ) the Hodge filtration Fil(X) is

maximal isotropic. Hence (, ) induces a perfect pairing (still denoted by (, )):
(,):Fil(X) x LieX — R. (5.7)

The submodule F C LieX and its perpendicular complement F* (which is locally a direct
summand of Fil(X) of rank one) with respect to ((5.7]) determine each other. The condition
on F in Definition 2.1.2] is

Op acts on F by Op i Oj — Og and on LieX/F by Op AN Op — Os. (5.8)

This is equivalent to the condition that Op acts on F= by O AN Op — Og and on

Fil(X)/F* by Op AN Op — Og. Since OF, acts on D(X) by ig and O = Op,[n], (5.8) is
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further equivalent to
(Il +7) - F+ =0, (Il —7)-Fil(X) c F*, (5.9)

where we use II to denote the action ¢(7) on D(X).

Definition 5.1.7. Let € be the following category. Objects in € are triples (0,0 — Rk, d)
where O is an Artinian Op-algebra, O — K is an O p-algebra homomorphism, and d is a
nilpotent Op,-pd-structure (see [ACZ16, Definition 1.2.2]) on Ker(O — k). Morphisms
in ¢ are Op-algebra homomorphisms compatible with structure maps to k and Ofp,-pd-

structure structures.

Let z = (X, t, A\, p, F) € Z(A)(R) and M = p(M (X)) C N. Then A C M by Corollary
We can identify (5.6 with

0—VM/moM — M/moM — M/VM — 0.

Let F- Cc VM /moM be the perpendicular complement of F as described above. Denote
by Z(A), (resp. Na ) the completion of Z(A) (resp. Ny) at z. For any O € ¢ and z =

(X,---) € Z(A).(O), we can identify D(X) with My := M®Oﬁ0 O and by Grothendieck-

Messing theory Z corresponds to a filtration of free O-module direct summands
FL c Fil ¢ Mo,
which lifts the filtration 7+ C Fil € Mz = M/moM. Let fo be the map
fo: % (FXFi). (5.10)

Lemma 5.1.8. Let the notations be as above. Denote by Ay o the image of the composi-
tion of maps A= M = Mo, and let AMO be its perpendicular complement in Mo under

the alternating form (, ).
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1. The map fo defines a bijection from Z(A),(O) to the set consisting of pairs (]:"L,l:fl)

lifting (F*,Fil) satisfying the following conditions:

(a) FL and Fil are free O-module direct summands of Mo of rank 1 and n respectively
and FL C ﬁ;

(b) Fil is isotropic with respect to (. );

(c) (M+m)-FL=0 and (Il — ) - Fil € F*;

(d) Fil contains Fil := (I + ) Ao

2. The restriction of fo to Nx .(O) defines a bijection from Ny ,(O) to the set consisting

of pairs (ﬁL,F/’\ﬂ) satisfying the above conditions together with the extra condition:
(e) F: C Aﬁ,o-

Proof. Proof of (1): By the previous discussion, (F=, 1*:;1) satisfies conditions (a), (b) and
(c) for any zZ C N,(O) (N, is the completion of N at z). Conversely by Grothendieck-
Messing theory any pair (F+, Fil) lifting (F*, Fil) satisfying (a), (b) and (c) gives rise to a
unique point Z € A, (O). Since the action of O on LieG is via the inclusion 4, the Hodge
filtration of Gy is Spany{(II + ) -e® 1} where e is a generator of M (Y) as in The
image of the Spany{(Il + 7) - e ® 1} under elements of A C V in My is exactly Fil . By
Grothendick-Messing theory again, Z € Z(A).(0O) if and only if condition (d) holds.

(2) is a corollary of (1). For any 2 = (X,..., F) € Z(A).(0), let F' be the preimage of
F under the quotient map Mo — Mo/ Fil. Condition (2) in Definition is equivalent
to Amo C F' by the same reasoning as Corollary The perpendicular complement
of F' with respect to (, ) is F-. Hence condition (2) in Definition is equivalent to
condition (e). Hence Z € Ny .(O) if and only if (e) is satisfied. This finishes the proof of

the lemma. O

Lemma 5.1.9. Let A be a vertex lattice of type 2m in C and M C N be an Op-lattice

such that A C M and M = M*. Then there is an Op-basis {e1,...,en} of M such that

(ea’ea-i-m) =1, (eu,eu) € O;;
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for1<a<m,2m-+1<p<n, the inner product (, ) between any other basis vectors is
zero, and

o

A= Spanop{Hel, oo e, emtty -5 ent

Proof. By assumption we have IIM c IIA* ¢ A ¢ M and dimgz(M/A) = m. With respect

to the R-valued quadratic form (, ) (mod 7) on M/IIM, A/TIM has a decomposition
A/TIM = R& W,

where R is totally isotropic and W is non-degenerate. Then by the nondegeneracy of (, )

(mod 7) on M/IIM we know that there is a totally isotropic subspace R’ such that
M/IIM = (R & Ry W,

and (, ) (mod m) induces a perfect pairing between R and R’. Hence we can find a basis
{€1,en} of M/TIM such that R' = (e1,...,&n), R = (€mi1,---,Em), W = (€2m+t1, ..., En),
and

(Eas €atm) =1 (mod ), (éy,€,) (mod ) e K™

for 1l <a <mand 2m+1 < u < n and the pairing between all other basis vectors
are zero. We can lift the above basis to a basis {ej,...,e,} of M which will satisfy the

assumptions of the lemma. O
Proposition 5.1.10. The scheme Z(A) has no Op/(n?)-point.

Proof. Let O = Op/(w?) with the reduction map O — & and the natural O,-pd structure
on 7O. Then O € €. Let z = (X,,, A\, p, F) € Z(A)(k) and M = p(M (X)) C N as in
Proposition Then by Corollary AcM , and we can assume there is an O -
basis {e1,...,e,} of M asin Lemma Denote the image of e; in My still by e;. Then

{e1,...,en, ey, ... e, } is an O-basis of Mp. With respect to the alternating form (, ),
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we have by ([2.2))
(easHemia) = —1/0, (emiya,Heq) = —1/0, (e, Ile,) € O;O, (5.11)

for 1 <a<m,2m+ 1< pu <n,and all other pairings between basis vectors are zero.
Assume that z can be lifted to a point 2 € Z(A),(O), which corresponds to a pair
(F*, I*:ﬁ) as in Lemma First notice that

Fil = (M+7)-Ayo = Spang o, of{mlley, ... e, (II 4+ m)emit, ..., (LI 4+ ey}
Fo
(5.12)
With respect to the alternating form (, ), its perpendicular complement (ﬁvﬂ_)L in Ayo

is generated by

{II+7m)ey,... T+ 7m)em, Hemi1, Temit, - - - Heam, meom, (I + 7)eamt1, ..., (T + 7)e, }.
(5.13)

By Lemma (c), F* is annihilated by IT 4 7, hence it is spanned by a vector
n
v = Zai(ﬂ —7)e;,
i=1

where a; € O% for some i as FL is a direct summand of Mp. By Lemma we
must have Fil C ﬁ, FL c Fil and Fil is isotropic. Hence Fil C (F/‘\i/l_)L. Moreover
(fﬂ_,ﬁL) = 0, which implies a; € 7O for 1 <i <m and 2m + 1 < i < n. Hence without
loss of generality we can assume that a,,+1 = 1.

Since Fil is a direct summand of Mo we have Mo = Fil @ S where S is an O-module.
We can write Ile; = w + w’ where w € Fil and w’ € S. Since mlley € Fil C ];:ﬁ, we must

have mw’ = 0. This implies that w’ € TMp and w is of the form
w= II+bmr)e; +x

where b € O and z € 7 - Spanp{ea, ey, ..., ey, e, }. Since w € Fil c (1:“\1/1_){ by (5.13)),
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we must have b = 1 and zx is of the form

m 2m
w:Zd(H—l—wez—i- Z (c; + d;Il)e; + Z d;(IT + 7)e;,
=2 i=m+1 1=2m+1

where ¢; € 71O for m +1 < i <2m and d; € 7O for 2 < i < n. Since (Il + 7)e; € Fil for
2m + 1 < i < n, by changing w and x at the same time if necessary we can assume that

d; =0 for 2m +1 <i <n. By (5.11)), we have

(T + m)er, (I = m)emi1) = 2m(er, Hemp1) # 0.

Moreover
m 2m
)= i+ m)ei, i = Temps) + Y (5 + dill)es, aim(IT = T)eim) =0
=2 i=m-+1

Here we have used the fact that a; € 7O for 1 <i<m, ¢; € 7O for m+1 <i < 2m and
d; € 7O for 2 <i < 2m. Then (w,v) # 0 which contradicts the fact that Fil is isotropic.

Hence there is no lift of z into Z(A)(O). This proves the lemma. O
As Ny is a formal subscheme of Z(A), the following corollary is immediate.
Corollary 5.1.11. Ny has no Op/(7?)-point.

Proposition 5.1.12. Let A be a vertex lattice of type 2m (m > 1) in'V and z € Nx(R).

Then the tangent space T,(Ny z) has dimension less or equal to m.

Proof. Let z = (X, 1, A\, p, F) € Na(k) and M = p(M(X)) C N as in Proposition
Let O = K[e]/(€?), then O is an Op-algebra through the map Oz — & — O and the
ideal (¢) C O is equipped with a natural Op,-pd structure. Then O € €. Any point
Z € T.(Nag) = Na-(O) corresponds to a unique pair (FL,Fil) lifting (FL,Fil) as in
Lemma We prove the lemma in two cases.

Case (a): Fil # II- My. Since Mo is a free O @0y, O-modules of rank n, we have the
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following exact sequence
0— - Mo — Mo <5 11 Mp — 0,

where 1l - Mp is a free O-module of rank n and the first arrow is the natural injection.

This implies the following sequence is exact.
0 — (IT- M) N Fil — Fil 25 1T Fil — 0. (5.14)

Since Fil # I1 - Mo, by (5.14) we know that II - Fil # {0}. By Lemma II-Fil c 7+
and FL has rank 1, we know that II- Fil = FL by Nakayama’s lemma. In particular FL is

determined by Fil. Moreover Fil is determined by its image in the O-module (Fil )% /Fil~

where Fil =1I- A m,0 as in Lemma |5.1.8] Equation (5.12) is still true and implies that

Fil isan isotropic free O-module direct summand of Mo of rank n—m (notice that 7 = 0
in O). Notice that by and the fact that II-Fil = FL is free (in particular projective),
(IT- Mp) NFil is a free direct summand of Fil of corank 1. This implies that (IT- Mp) NFil is
a free direct summand of IT- M of corank 1 as well. So (II- Mp) NFil / Fil is a hyperplane
in the O-module II - Mo/ Fil  of rank m, and is determined by m — 1 parameters over i
as the tangent space of P! has dimension m — 1. Hence (I - Mp) N Fil is determined
by m — 1 parameters over K as well. Since Fil is maximal isotropic, it corresponds to a

hyperplane in the rank two O-module
((IT- Mo) NFil):/(IT - Mo) N Fil,

hence is further determined by one parameter over % as the tangent space of P. has
dimension 1. This proves case (a).

Case (b): Fil = II - Mz. By Lemma we know II- Mo C Apyo and Ay is a free
O-module direct summand of Me of corank m. Hence (Apy0)* is a free O-module of rank
m and is in (IT- Mp)*+ =1 - Mp. As in [Kra03], we assume that we have a O R0, Op-

basis {e1,...,en} of Mo such that (e;,II - e;) = 0;; for 1 < ¢,j <n and all other pairings
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between these basis vectors are zero. The lift Fil is spanned by x1,...,x, where
Ae
(X1,...,xp) = (e1,...,ep, ey, ..., Iey,)
I,

where A € M, (k) and A = *A since Fil is isotropic. Assume F+ C Fil = II- Mj, is spanned

by
n
D bl
i=1

Then b,+; # 0 for some ¢ and we can assume without loss of generality b,+1 = 1. The lift

FL is spanned by

n ~ 2n ~
D bieit+ Y bill-e,
=1

1=n+1

where 5n+1 =1 and En+i = bpti + €c; for 2 < i < n and some ¢; € k. Let

A="(bns1,. .., bon).
Equations (4.7), (4.8) and (4.10) of [Kra03] tell us that
A= 71)\ : t)\

for some 1 € k. Equation (4.5) of loc.cit. tells us

Uby, ... by) = AN,

which is equal to 1A -A- A = 0 as ‘A- X = 0 by (4.9) of loc.cit.. In particular F+ C TIMp
and a point in T, (N} z) is determined by the n — 1 parameters ¢; for 2 < i < n together
with the additional parameter v;. Now the condition F* C (Apr0)* (condition (e) of
Lemma imposes further n — m independent linear equations on the parameters ¢;
for 2 <4 < n. This shows that the tangent space T,(N, ) has dimension less or equal to

m. This finishes the proof of the proposition. O
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5.1.3 Isomorphism between N, and Yy

By [RTW14, Lemma 6.1], the lattices A and A (see (5.5)) are closed under II, V and
F, hence determine supersingular p-divisible strict Op,-modules with Op-action X_ and
X4 (denoted by X,- and X+ resp. in [RTWI14, §6]) of dimension n over & together
with quasi-isogenies p_ : X_ — X of height m and p; : Xy — X of height —m. The
inclusion A C A? also defines an isogeny pp : X— — X4 of height 2m. Since X_ = Y" as
an Op-module for any k-scheme S, on the special fiber condition (1) in Definition is

equivalent to the condition

-1

(1)": The quasi-isogeny px,_ :=p ' o (p_)g: (X_)s — X is an isogeny. (5.15)

This is further equivalent by loc.cit. to the condition
(1) : The quasi-isogeny px + = (p1+)g' 0 p: X — (X4)g is an isogeny. (5.16)

Lemma 5.1.13. The functor Nz is representable by a projective scheme over k. The

functor morphism Na z — N is a closed immersion.

Proof. Z(A)z is a closed formal subscheme of . Since for any k-scheme S, Condition
(1) in Definition is equivalent to (5.15)), the functor Z(A)z can be represented by
a projective scheme over & by exact the same argument as that of [VW11, Lemma 3.2].
Condition (2) of Definition defines Ny 7 as a closed subscheme of Z(A)z, hence is
itself projective over % and a closed formal subscheme of A/. This finishes the proof of the

lemma. O

In the following discussion we assume that A has type greater or equal to 2. Let
V = A'/A and define a symplectic form (, )y on V as follows. For z,5 € V with lifts
z,y € A¥, define (Z,7)y by the image of md(z,y) in F, (see . Extend this form
bilinearly to V. Note that 7 induces identity on V and the Frobenius ® on V;. Let R

be a k-algebra and (X, ¢, A\, p,F) € Na(R). As in the proof of [VWI1I, Corollary 3.9],
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Image(D((pa)r)) is a locally free direct summands of D((Xy)g) of corank 2m and
D((X+)r)/Image(D((pa)r)) = A /A @5 R = V.

As (pA)r = px,+ © px,—, we know ker(px ;) = ker((pa)r)/ker(px,—) as a quotient of
finite group schemes over Spec R. Since HA! ¢ ]\, by relative Dieudonné theory, we know
ker(pa) C X_[tx_(m)] or equivalently tx_(7)-ker(ps) = {0}. Hence ¢(7)-ker(px,+) = {0}
or equivalently ker(px 1) C X[¢(m)]. Thus there exists an isogeny px 4+ : X4 — X such

that px + o px + is the isogeny ¢(m) : X — X. Recall Fil in the exact sequence ({5.6).
Lemma 5.1.14. D(px )" (Fil) is a locally free direct summand of D(X) that contains
D((pa)r). Moreover the quotient

U(X) = D(px,+) " (Fil) /Tmage(D((pa)r)) (5.17)

s a locally free direct summand of Vi of rank m.

Proof. By universality, it suffices to check the case when Spec R is an affine sub formal
scheme of M. In this case, by Nakayama’s lemma, it suffices to check the condition on
the R-points of Ny. A point 2z € Nj(R) corresponds to a pair (M, M') as in Corollary
Then the isogeny px 4 is induced by the map of relative Dieudonné modules At —
M :x—1II-2. Recall Fil= VM. So

D(px.1) H(Fil) = TV M/moA?F = 771 (M) /mo A%
Since A € M, we have A = 7~1(A) c 7~ 1(M). So
Image(D((pa)r)) = A/moA* € D(px. )~ (Fil).

The condition M = M* is equivalent to the fact that ®(U (X)) is Lagrangian in V', which in

turn is equivalent to the fact that U(X) is Lagrangian which implies dimz U(X) =m. O
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By Condition (2) of Definition we know Image(D((pa)r)) C D(px.+)(gx" (F))

where gx : D(X) — LieX is the natural quotient homomorphism of R-modules (see the

proof of Corollary . Define
F(X) := D(px,+)(ax (F))/Image(D((pa)r))-

Then F(X) is a locally free direct summand of U(X) of rank m — 1. We define a map
¢ : Naz — Gr(m, Vi) x Gr(m —1,Vz) by

o (X, 0, N\ p, F) = (U(X), F(X)) € (Gr(m, Vz) x Gr(m — 1,Vz))(R).

Lemma 5.1.15. ¢ defines a bijection between Ni(R) and Yy (R).

Proof. A point z € Ny (k) corresponds to a pair (M, M’) as in Corollary By the
definition of ¢ we have ¢(z) = (U,U’) where

(U, U") = TI'"VM/A,M'/R) = (r—*(M)/A, M'/R) = (=1 (M/R), M’ /).

As in the proof of Lemma the condition M = M?* is equivalent to the condition
that U is Lagrangian. The condition M’ C M is equivalent to U’ C ®(U). The condition
M’ C 771(M) is equivalent to U’ C U. This shows that ¢(z) € Yy (&).

Conversely assume (U,U’) € Yy () and let M = Pr=Y(®(U)) and M’ = Pr—Y(U")
where Pr: A? — /U/[u\ is the natural quotient map. Then by definition AcM cMc /uXﬁ,
and M = M" as U is Lagrangian. Since VM C VA! = TIA* ¢ A C M’, we have
VM c M'. We also have

M c OA* c A =77'A c 1 (M),

and

M)y cr M (A =AM cTT A cIT v (5.18)
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Hence IM C 7-Y(M) c II"'M. This shows that (M, M’) satisfies the conditions in
Proposition [5.1.5 and Corollary This defines the inverse of ¢ on the level of k-

points. Hence ¢ defines a bijection between Ny (k) and Yy (). O

Theorem 5.1.16. Let A be a vertez lattice of type 2m (m > 1) in'V. Then Ny is reduced
and the morphism ¢ defines an isomorphism Ny — Yy z. In particular Ny is smooth of

dimension m over K.

Proof. Let Ni*d be the underlying reduced -scheme of Njy. Lemma shows that ¢
induces a morphism ¢4 : A [r\ed — Yy which is a bijection on £-points, in particular quasi-
finite. Since ¢ is a morphism between projective varieties, it is projective. Moreover
using the theory of relative displays and windows, working with Cohen rings instead of
the Witt ring, we can show that Ni*d(R) = Yi/(R) for any field R containing % by the
same proof as that of Lemma In particular ¢™9 is birational. Being quasi-finite
and proper at the same time, it is an isomorphism by Zariski’s main theorem since Yy is
normal. Now Proposition implies that Nid = N . By [RTZ13, Lemma 10.3] and
Corollary we have N = Ny 5. This finishes the proof of the theorem. O

Proposition 5.1.17. Let A be a vertex lattice of type 0 in V. Then Ny is the exceptional

divisor Excp and is isomorphic to ]ngl.

Proof. Let R be any k-algebra and z be any point in My (R) and (X, ¢, A, p, F) be the
pullback of the universal object of N to z. As A is a unimodular lattice, the quasi-isogeny

p— has height 0. Thus the isogeny
px—=p to(p)r: (X )r— X

has height 0 and is an isomorphism, hence we can identify (X, ..., p) with (X_)g, ..., (p=)r)-
As TI|po = V| for any vertex lattice A, and LieX_ = M (X_)/VM(X_), the action of ¢(7)
on LieX _ is trivial. The point z is uniquely determined by the filtration F C LieX. Hence

F can be any rank n — 1 locally free R-module on LieX. This shows that N} is isomorphic
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to P21 and is in particular reduced. Moreover if R = &, then p(M (X)) = A. This shows
that Ay is a subscheme of Excp according Definition By the proof of Lemma [2.1.6]
we know that My and Excp have the same k-points. As they are both reduced subscheme

of N, they must be the same. This proves the proposition. ]

5.1.4 Bruhat-Tits stratification

Lemma 5.1.18. For any pair (M, F) satisfying the condition in Proposition there
is a unique vertex lattice A(M) such that A(M) C M and A(M) is mazximal among all

such vertex lattices.

Proof. This is essentially [RTW14, Proposition 4.1] as such M satisfies the conditions in

Proposition 2.4 of loc.cit.. O

Theorem 5.1.19. There is a stratification of Nyeq by closed strata Ny given by
Nied = U Nj. (5.19)
A

where the union is over all vertex lattices in V. We call this the Bruhat-Tits stratification
of Niea. In the following, assume that A and A’ are vertex lattices of type greater or equal

to 2, and Ao and A}y are vertex lattices of type 0.
1. If A C N, then Nn: is a subscheme of Ny.

2. The intersection of Nar N Ny is nonempty if and only if N = A+ A’ is a vertex

lattice, in which case we have Ny NNy = Ny
5. The intersection of Ny, NN, is always empty if Ag # Ap.

4. The intersection NyNNy, is nonempty if and only if A C Ao in which case NyxNNy,

is isomorphic to P71 where 2m is the type of A.

Proof. To prove (5.19)), it suffices to check this on &-points. A point z € MNeq(K) corre-
sponds to a pair (M, M’) as in Proposition Take A = A(M) as in Lemma [5.1.18
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If A has type 0, then both A and M are unimodular and A C M, so they have to be
equal. Hence z € Ny by Corollary (.1.6] If A is not of type 0, then M is not 7-invariant,
hence M" = M N 7~'(M) is uniquely determined. Since A is 7-invariant, A ¢ M’. Hence
z € Na(R) by Corollary This proves (5.19).

(1) follows immediately from Definition

(2). If A” is a vertex lattice, then Ny N Ny, = Ny~ by Definition Conversely
if My NNy (R) is nonempty, let (M, M’) € Nys N Nao(R). Then A(M) D A+ A’ by the
maximality of A(M). Then A + A’ C A(M) c A(M)* c A*n (A)* = (A + A')%. Hence
A+ A’ is a vertex lattice.

(3) follows directly from Corollary

(4). By Corollary a point (M, M') € N(R) is in NA NNy, if and only if M =
Ao ®0, Op and A € M' C M. This show that A C Ag and M’ corresponds to a point in
P(Ag/A)(R). Hence Ny NNy, (k) =P(Ag/A)(F). Similarly one can show that

Na NNa(R) = P(Ag/A)(R)

for any r-algebra R. This finishes the proof of (4). O

Proposition 5.1.20. For a rank r lattice L C V, the reduced subscheme Z(L)ea of Z(L)

is a union of Bruhat-Tits strata:

Z(L)wea = |J Ma, (5.20)

LCA

where the union is taken over all vertexr lattices A such that L C A. Moreover, the inter-

section of Z(L) with Ny is nonempty if and only if L C AF.

Proof. The proof of is the same as that of [Shil8 Proposition 3.8].

If L C Af and L is integral, define A’ := L+ A. Then A’ is a vertex lattice and A C A’
By Theorem (1) and the definition of Z(L), Nys is in the intersection of Z(L) and
Na.
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Conversely if the intersection of Z (L) and N} is not empty, then by (5.20)) and Theorem
5.1.19] there exists a vertex lattice A’ such that A C A’ and L C A’. Since A’ C (A')* C Af,

we know that L C Af. This finishes the proof of the lemma. O

5.2 Fourier transform: the geometric side

5.2.1 Horizontal and vertical part of “Z(L’)

Recall that we have the following definition of horizontal lattices.

Definition 5.2.1. Let L° be a rank n—1 integral lattice in V. We say that L° is horizontal

if one of the following conditions is satisfied.
1. L° is unimodular.

2. L” is of the form L' = M & L' where M is a unimodular sublattice of rank n — 2

such that (Mp)* (the perpendicular complement of My in V) is nonsplit.
We denote the set of horizontal lattices by Hor.

Lemma 5.2.2. Let L’ be a rank n — 1 lattice in V. Then L is horizontal if and only if

there is a unique vertex lattice A which contains L°. If this is the case, A is of type 0.

Proof. We first prove the “only if” direction. Let A be any vertex lattice containing L°. If
[’ is unimodular, then A has to be of the form L’ @ L’ where L' is the unique unimodular
lattice in (L%)*. If L’ is of the form M @ L’ such that M is of rank n — 2 and (Mp)*
is nonsplit, then the proof of [Shil8, Theorem 3.10] implies that there is a unique vertex
lattice A’ in (Mp)* which is of unimodular (this corresponds to the fact that the Bruhat-
Tits building of (Mz)* has only one point). Then A must be of the form M @ A’. In both
cases, A is unique and is of type 0.

We now prove the “if” direction. If t(L°) > 2, then there exist a type 2 vertex lattice
A5 containing L’ and any type 0 vertex lattice containing Ay (there are ¢+ 1 of them) also

contains L. Hence t(L°) < 1 and L’ is of the form M @ L’ such that M is of rank n — 2.
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If (Mp)* is split and val(L') > 0, then there are more than one type 0 vertex lattices A’
in (Mp)* containing L/. For any such A/, M @ A’ is a vertex lattice of type 0 containing
L. This shows that in order for such A to be unique, L’ must satisfies the conditions in

Definition The lemma is proved. O

Recall that for a rank n — 1 lattice L° in V, we define
Hor(L’) = {M’ € Hor | I’ ¢ M"}. (5.21)
When dim(V) = 2 and x(V) = —1, for y € V, define

Z+

- Uz if val(y) > 0,
Z(y)o — val(y) val(y) (y)

2 if val(y) = 0.

Here Zy = Spf Op and Z} = Z = Spf W, are quasi-canonical lifting cycles defined in
[Shi22, §3] where W is a totally ramified abelian extension of O of degree ¢°>. When
dim(V) = 2 and x(V) = 1, for y € V=9, define Z(y)° to be Z"(y), where Z"(y) = Spf Op
is as in Theorem In all cases, Z(y)° is a closed subscheme of N>.

For a M’ € Hor, we can decompose M’ as M @ Span{y} where M is unimodular and
val(y) has to be zero if (Mp)* is split. By Proposition m the unimodular lattice M
induces a closed embedding N3 < A,. We define Z(M”)° to be the image of the composed
embedding Z(y)° < Na < N, where Z(y)° is the closed formal subscheme of A5 defined
above. Moreover by loc. cit., the definition of Z(M")° is independent of the choice of M.

Recall the following theorem from Chapter 4 (Theorem 4.8.2)):

Theorem 5.2.3. Let L be a rank n — 1 non-degenerate integral lattice in 'V, then

ZLw= |J 200y (5.22)
MPcHor(LP)
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b
In particular, Z(L) 4 is of pure dimension 1. We have the following identity in Gr”_lKOZ(L )(N):

Ozl = D Ozl (5.23)
MP€eHor (L)

Lemma 5.2.4. For any formal subscheme Z of N and 0 < i < n, FiK()Z(N) s an ideal
m K()(./\/)

Proof. By definition F'KZ(N) is generated by elements of the form [F®] where F* is a
finite complex of locally free coherent Oa-modules acyclic outside a sub formal scheme Y
of Z such that the codimension of Y in N is greater or equal to i. By Kunneth formula
for chain complexes, the product complex F* ®op,, K* is acyclic outside Y as well for any

finite complexes of locally free coherent Opr-modules K°®. This proves the lemma. O

By Lemma for any formal subscheme Z of N, we can define a quotient ring (not

necessary with identity)
Gr'KZ(N) := KE(N)/F"KE(N). (5.24)

In particular Gr" ' KZ(N) = FP* 1 KZ(N)/F"KZ (N) is a subgroup of Gr'KZ (N).
Let L” be a rank n—1 non-degenerate integral lattice. Since Z (Lb)(;f is one-dimensional,
the intersection Z (L) »NZ(L")y must be 0-dimensional if nonempty. It follows that there

is a decomposition
' KZP (W) = G K2ZE)7 (W) @ ar K2EY (W), (5.25)
Under this decomposition, we have
Z(LP)

Lz =L2(L) 0w +2(L%)y e G K7 (N, (5.26)

where we denote by the same notation the image of “Z (Lb) under the natural quotient

map KOZ(Lb)(./\/’) — Gr’KOZ(Lb)(N). It follows that the element “Z(L")y € Gr’K()Z(Lb)(N)
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is canonically defined although Z(L?)y depends on the choice of a large integer m > 0.
b
Since Z(L”)  has expected dimension, “Z(L") , is in fact in Gr”fle(L )(N) and is
represented by the structure sheaf of Z(L?) . In order to match the analytic side of our

conjecture, we need to slightly modify “Z(L”) .

b
Definition 5.2.5. Let L’ be a horizontal lattice in V. Define “Z(L")° e Gr’KOZ(L )(N)
by

n—l[

[Oz(10)e] + # Op,] if L is unimodular,

]LZ(Lb)o _
[O2(10)0] + [Op,] otherwise,
where A is the unique type 0 vertez lattice containing L° as in Lemma and Py is a
projective line over k in Excy.
Remark 5.2.6. “Z(L°)° is simply the difference cycle D(L?) defined previously.
Definition 5.2.7. Let L’ be a rank n—1 non-degenerate integral lattice. Define H‘Z(Lb)f“%& €
Z(L’

Gr/KO( )(N) by

FEWL = Y, REOL),
M’ €cHor(LP)

where Z(Mb);f s as in Definition . Define the modified vertical part of the derived

special cycle “Z(L) by
b
Lz(rhyy =lz(r) -z, € G/ KZE) ().
For any x € V\ L}, define

Ity (7)== XN, MZ(L)3 - [Oz)]), and Intp, () = X(N,“Z(L")} - [Oz().
(5.27)

Lemma 5.2.8. For a rank n — 1 non-degenerate integral lattice L°, we have

Lz () e GrEZE) 7 ().
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Proof. By the definition of *Z (Lb),’;/, the decomposition ([5.26)) and Theorem we

have

R2(L)y =SR2y +REL) - ), REQO)Y
M’ €eHor (L)

=LZ(L)+ ) ([Ozamy) - "2(M)).
MP€eHor(LP)

We know all terms in the last expression are in Gr'KOZ (Lb)V(N ) by the definition of

LZ(L")y and Definition O

Lemma 5.2.9. If L’ is a horizontal lattice of rank n — 1 in 'V, then
Lz, =Lz(). (5.28)
In particular for any x € V'\ L% we have
Intyp s(z) = Intpy (2).

Proof. Let A be the unique type 0 vertex lattice containing L’ as indicated by Lemma
Then A N L% is the unique unimodular lattice in Hor(L?). By Theorem we

have

(_1)7171

Lz, -YZ(L) = (m -1+ 1= 5 NOp,] —“Z(L%)y,

where m := |Hor(L")|. By Proposition [5.1.20|and Lemma we know that LZ(L"), €
Gr’KévA (N). Corollary implies that in fact “Z(L")y € Grn_lKé\/A (N), hence

LZ(Lb)‘// = m/[OPA]
for some integer m'. In order to prove (5.28]), it suffices to show

m =m—- ——————. (5.29)
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Now assume L’ = M @ L/ where M is unimodular and of rank n — 2 and val(L') = a.

Then m = a + 1. By Lemma [£.8.4] we know that
XNV EZ(L) 0 - [Op]) =20 4+1=2m — 1.
By Corollary we know
XN EZ(L)y - [On,]) = m' - XN, [Op,] - [O]) = —2m.
On the other hand, by Corollary
XN EZ(L) 7 - [Op,]) + XV FZ (D) - [0, ]) = XV R2(L) - [On]) = (-1
Combine the above equations, we get . O

5.2.2 hermitian lattices and Fourier transform

We fix an additive character ¢ : Fy = C* whose conductor is Op,. Recall that the Fourier

transform with respect to ¢ is defined by

Blx) = K] o) - (T pym, (@) du(y), (5.30)

where dy is the unique self-dual Haar measure on V with respect to this transform. For
a lattice L in 'V we use LY to denote its dual under the quadratic form Trg g ((, )). The

following lemma is well-known and easy to check.

Lemma 5.2.10. Let L C V be a lattice of rank n and 11, € # (V) be its characteristic
function. Then

1p = vol(L,dp) - 1pv.

Lemma 5.2.11. Let L be a rank n lattice in V. A function ¢ € (V) is L-invariant

(invariant under the translation of L) if and only if its Fourier transform @ is supported
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on LV.

Proof. We first prove the “only if” direction. For any p € V, let g be its image in the
quotient V/L. Define

L(p) = p+ L.

Any L-invariant function ¢ € . (V) is a linear combination of the characteristic functions

lr(m)- So it suffices to assume ¢ = 17,). In this case,

~

&(x) = »(Trpyp (2, 1) - 1 ().

So qAS(x) is supported on LY by Lemma [5.2.10 This proves the “only if” direction.
For the “if” direction. It suffices to show that if ¢ is supported on LV, then @ is

L-invariant. For any z € L, we have

Plx+2)= /V%?(?/) “(Trp/py (2,9)) - V(Trp p, (2,9))du(y)-
Since (Trp g, (2,y)) = 1 for any z € L and y € LY and ¢ is supported on LY, the above
is equal to @(z). This finishes the proof of the lemma. O

For an integer m, recall that
V2" = {z € V| val(z) > m}.
Definition 5.2.12. Define .7 (V)2™ to be the subspace of ./ (V) consisting of functions

@ such that @ is supported on V=,

Lemma 5.2.13. Let A be a vertex lattice in V. Any A-invariant function in (V) is in
S (V)==L.

Proof. By Lemma [5.2.11} it suffices to show that AV € V=1, Since A is a vertex lattice,
we have

N =H@a&I, o,
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for some t. Simple calculation gives then

1 1 1
AV = ZAf = ;Ht o ;In_gt cv=L

s

5.2.3 Fourier transform of Int,

Theorem 5.2.14. Let A be a vertex lattice and K € Ké\/A (N). For any x € V\ {0}, the
function that takes x to K - [0z € K(/)\[A (N) is A-invariant. More precisely, for any

y € A such that x +y # 0, we have
K- [OZ(z)] =K [OZ(ac+y)]' (5.31)

Moreover, the function
Intxc(z) :== x(NV, K- [Oz(z)])

extends to a A-invariant function in . (V)=71.

Proof. Any element K € K[j)\/ MN) = K[(Ny) is a sum of elements of the form [F] where
[F] is a coherent sheaf of Opr,-module. Hence it suffices to prove the theorem for I = [F].

By [How19, Corollary C], we know

[Oz(y) ®6, Oz()] = [0z @0, Oz(aty))-

For any y € A with  +y # 0, N} is a subscheme of Z(y) by Proposition [5.1.20] Hence
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we have

K - [0z()] =IF ®p, Oz()]
=[F @6, ONs R0z, Oz(y) ®6, Oz(w)]
:[f ®H(5NA ONA ®Oz(y) OZ(y) ®]lé/\/ OZ(J:-H/)]

=K - [OZ($+y)]

We have proved the A-invariance of K- [Oz,]. It follows that Intx(z) is also A-invariant.
Hence we can define Intx(0) to be Intx(x) for any 0 # = € A and obtain a (unique) A-
invariant function (still denoted by Intx(x)) for all x € V. In particular Intx(z) is locally
constant. If x ¢ A% by Proposition the intersection of Z(z) with N} is empty,
which implies Intx(z) = 0. This shows that the function Intx(z) is compactly supported.
Hence it is in (V) and is in fact in .%(V)Z~! by Lemma This finishes the proof

of the theorem. O

Theorem 5.2.15. For every non-degenerate lattice L° of V of rank n — 1, the function

27

Intz, 4 on V\ L}, can be extended to an element in . (V)Z~" which we denote by the same

notation.

b
Proof. Lemmas [5.2.8] and [2.2.4] imply that “Z(L")%, € Gr K4 (N) N Gr’Kéj(L (N,

Lemma implies that there exist finitely many classes K; € Gr’ Kév red(N)g together

with C; € Q such that

Int, 4 (z) = ZQ‘ XN K - [0z)])-

By Theorem [5.1.19] we may assume that KC; is supported on some Ay. Now we can apply
Theorem to conclude the proof. ]
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5.2.4 Partial Fourier transform

Let L’ be a rank n — 1 non-degenerate lattice in V. Let W = (L%)*. For any function ¢

defined on V \ L%, we define its partial Fourier transform ¢ as a function on W\ {0} by
ot (z) = /b e(x+y)dy, YVreW. (5.32)
LF

Theorem 5.2.16. The partial Fourier transform Intfb 4 € S (W)==1 and is W="-invariant.

In particular it is constant on W0,

Proof. It is easy to see that partial Fourier transform maps .(V) to .(W). It remains

to show that the Fourier transform of Int+, ,, € .%(W) is supported on W=~1. For z € W,

b,y
we have
Intiw/(a;) =Int, 4 (z),

where I@(m) is the Fourier transform of Int, ,, € (V). Since I@ is supported

—

on VZ~! by Theorem |5.2.15, we know that IntJL‘b ,(z) is supported on w21,

Since W is one-dimensional, W= is a full rank lattice in W for any m € Z. By
Lemma [5.2.11| and what we just proved, Intiw/ is invariant under the translation of
(WZ—1H)Y = w=0, O

5.3 More about local densities and primitive local densities

In this section, we record more results about the basics of local densities and primitive

local densities.

5.3.1 Basic properties of local density and primitive local density poly-

nomials

Recall that in this chapter, we let Den(M, L, X) := a(M, L, X) and

Den’'(M,L) == —2- E;?XDen(M, L, X)|x=1- (5.33)
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Similarly, the primitive local density polynomial Pden(M, L, X) is defined to be the poly-

nomial in Q[X] such that
Pden(M, L,q~%) = lim g~ ") Phorm, ot (Or /() (5.34)
where

Pherm;, ysem+(Or,/(7§)) = {¢ € Hermy, yjaype (Or,/(78)) | ¢ is primitive}.

Here we recall that ¢ € Hermy, yrapv(Opy/ (7)) is primitive if dimg, ((¢(L) + 7(M &
H®)/m(M @ H*) = n. In particular, we have Pden(M, M) = Den(M, M) since any
¢ € Hermps s (O, /(7)) is primitive for large enough d.

Recall that without explicit mentioning, we assume € = x(L). As an analogue of

and (|1.8), we define

d #
Pden(I,, L, X Pden(A
=—2. 94X ‘Xblen(jn(f ) ) and Pden, (L) := Pden(A;, L) (5.35)

Pden’(L .
) Den(AL A}

To save notation, we simply denote Pdeng(L) (resp. Pden( (L)) by Pden(L) (resp. Pden’(L)).
We define

tmax

2
OPden(L) := Pden’(L) + Y _ ¢3; - Pdeny;(L), (5.36)
j=1

where cy; is as in ((1.9)).
Lemma 5.3.1. Let L be a lattice. If there exists v € L such val(x) < —1, then ODen(L) =

Den’(L) = dPden(L) = Pden’(L) = 0.

Proof. Assume M 2 I, or M = Ay for some t. Then Den(M @ H*, L) = 0 and Pden(M &

H* L) = 0 since there is no vector in M with valuation less than or equal to —1. O

Now we recall several results that describe the relation between local density and

primitive local density polynomials discussed in Chapter 4.
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Lemma 5.3.2. Let M and L be lattices of rank m and n. Then we have

Den(M,L,X)= Y (¢""X)"*/Ppden(M, L', X),
LCL'CLp

where £(L' /L) = lengthy L' /L. Here Pden(M,L', X) = 0 for L' with fundamental invari-
ant less than the smallest fundamental invariant of M. In particular, the summation is

finite.

Corollary 5.3.3. Let L be a lattice. We have the following identity:

ODen(L)= Y OPden(L).
LCL/CLp

Proof. Since Pden(I,, L',1) = Pden([,, L') = 0, we have by Lemma

d d

— / _ ! /
_zﬁX:1Den(In,L,X)——2 > x| Pden(ln, L', X) = > Pden'(I,,L).

LCL/CLp ‘X:l LCL'CLp
Similarly, according to Lemma we have
Den(Agj, L) = Y Pden(Ag;, L)

LCL/'CLp

for 0 < j < tmax/2. Now the corollary follows from ((1.9) and (5.36])). O

Conversely, the primitive local density polynomial is a linear combination of local

density polynomials.

Theorem 5.3.4. Let M and L be lattices of rank m and n. We have

Pden(M, L, X) =) (~1)'g/¢-V/2H=mxi  N" Den(M, I/, X).

1=0 LcL'cn— 'L
¢(L'JL)=i
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Corollary 5.3.5. Let L be a lattice of rank n. Then

n

OPden(L) = (=1)'¢'"D2 N~ 9Den(L).

=0 LcL/cn— 'L
oL JL)=i

Recall that for two lattices L, L’ C V of rank n, n(L', L) = [{L”" C Lp | LC L",L" =
L'}

Lemma 5.3.6. For two lattices L and M of the same rank n, we have

Den(M,L) if M = L,
Pden(M, L) = (5.37)

0 if M ¢ L.
Moreover,
Den(M,L) = n(M, L) - Den(M, M).

In particular, if x(M) # x(L), then Den(M, L) = 0.

Proof. First of all, for M = L, Pden(M, L) = Den(M, L) by the definition of primitive
local density. Now we show that if Pden(M, L) # 0, then M = L. If Pden(M, L) # 0,

then for any large enough d we have
Phermy, 11 (Op, /(7)) # 0.

Let ¢ € Phermy, 3/(Op,/(7§)) be a primitive embedding and Lg) = L®og, Op,/(7d). Let

qﬁ(T(d)) be the image of ¢(Lg)) in Mgy. Since ¢ is primitive, we have ¢(L)) = Mg).
Then by Nakayama’s lemma, we know qb(L(d)) = M4 Hence ¢ is an isometry between
Lgy = M(4). Since this holds for any large enough d, we have L = M.

Now the formula of Den(M, L) follows from and Lemma [5.3.2] O

Corollary 5.3.7. Let L be a lattice. Then for any even integer t such that 0 <t < tmax,
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we have

_ Den(AL L)

Deny(L) i= ————~
) = (A, A

Corollary 5.3.8. Assume L % Aﬁ for any vertex lattice Ay with t > 0. Then
OPden(L) = Pden’(L).

Corollary 5.3.9. Let ¢; be the coefficients in (1.10]) with even t and 0 < t < tynax. Then

ct = —Pden’(Ag).

Proof. On the one hand, combining Corollary [5.3.5| with (1.10)), we obtain

dPden(A?) = 0.
On the other hand, by Lemma and ((1.9)),
8Pden(A§) = Pden’(Ag) + ¢

O

Write Ag = HY2 @ L[, where L is unimodular of rank n;. Then by Lemma [5.3.12

Corollaries [5.4.2| and |5.3.9) we have (see the following subsections for the relevant nota-

tions)

t/2—1(1 . qgg) ny ni—i—

1
- gé a0, (1 — Q2U+t/2)y. Z |O(Va, I,)|.
n(ly,, I 0 Vi€Gr(i,L1)(Fq)

Ct —
=0 /(=

Combining this formula with Lemma [5.3.15|and Lemma [5.3.17] we can compute c¢; explic-

itly. We give some examples here.
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Example 5.3.10. Ifn is odd, we have

Pden’(I,,, A} _1)t
Clunar = — Un M) _ Ll(z )Ll . (5.38)
Den(1,, I,,) ¢z (¢ z +1)
If n is even and € = 1, we have
Pden’([n,Agmax) B (-1

Ctmax -

)z
Den(l,,I,)  ¢2(z-D(gz +1)

N 2 3 4 5 6

9 -1 1 —1 1 —1
g+1  q(g+1) q2(ql+1) q3(_qJ1r1) q4(ql+1)

4 0 ?(?+1)  q*(¢*+1) qﬁ(tﬁfrl)

6 v 9 0 sy

In fact, computation suggests that c; has the following simple formula:

(=1)"Ht/2(g"/2+1) F I
if n is even and e = —1
t/2(n—t—1)(gn/2_1)(gt/2+1 )
¢ = q (q )(g'/2+1) (539)
(71)n+t/2
72 —t2=T) (gt/21 1)

otherwise.

We believe this formula can be proved by similar method as in §5.5. Since this formula is

not needed in our proof, we omit the details.

5.3.2 Explicit formulas for some simple primitive local density polyno-

mials

Lemma 5.3.11. ([LL22, Lemma 2.15]) Assume L is an integral lattice of rank n. Then
Pden(H*,L) = [ (1 — ¢ ***9).

Lemma 5.3.12. Assume L = H? @& L, where 7 > 0 and Ly is an integral lattice of rank
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ni. Then

j—1

Den(I, L, X) = (H(1 - q%X))Den(Im, L1, X),

[y

i
Pden(In, L, X) = (H(l _ q%X))Pden(Im, L1, ¥ X).
£=0

In particular,

j—1
Pden’(In, L) = 2( I1a- q”))Pden(Im, L1,q%). (5.40)
=1

Proof. First, by Corollary and Lemma [5.3.11

7j—1
Den(I, L, X) = (H(l _ q%X))Den(Im, L1, q¥X). (5.41)
/=0

Notice that if L € L’ and L’ is not of the form H’ & L}, then there exists v € L'\ L
such that Pr Hi (v) # 0 and PI'H%" (v) ¢ Hj. Hence some fundamental invariant of L’ is
smaller or equal to —2. Hence Den(l,,, L', X) = 0 by Lemma Now Theorem
and (5.41)) implies

Pden(l,,, L, X)

n
— Z(_l)lql(z—l)/2+l(n—m)XZ Z Del’l([m,H‘j @ LII’X)
1=0 LicLicn— 'Ly

oL,/ Ly)=i
Jj—1 ny
= (TT( = ¢*x)) Yo (-1)igi-/itmm=20(g2ix)t %~ Den(Ly, L}, ¢¥ X)
=0 i=0 LicLicn= L,
L' /L)=i
7—1
- (H(1 - q%X))Pden(Im, L1, ¢¥ X)
/=0
as expected. O

Definition 5.3.13. Assume U and V' are quadratic spaces over F,. We define O(U, V')
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to be the set of isometries from U into V', and M (U, V') to be the set of subspaces Vi C V
such that Vi =2 U. Moreover, we define m(U,V) = |M(U,V)|.

Definition 5.3.14. We define U{ to be the i-dimensional non-degenerate quadratic space
over Fy with x(Uy,) = e. Moreover, we define 0; to be the i-dimensional totally isotropic

space.
Recall the following result from Chapter 4.
Lemma 5.3.15. Assume L = I;' , & Ly where Lo is a lattice of full type t and n < m.
Then
Pden(I3, L) = q """ - |0(0: @ Uiy, Ug2)l.

Specifically, we have by [LZ22b, Lemma 3.2.1],

0(0; © Uit Uy, )| = g+ m=h=i=1/2 I1 (1-q¢%)

| | 1—j<i< [ L ]

(14 eerg™ " H) ifm=k=1 (mod 2),
1 ifm=k—1=1 (mod 2),
(1—eq™?) ifm=k—-1=0 (mod ?2),
(1—eq_%)(1+eelq_m7_k+j) ifm=k=0 (mod 2).

\

Corollary 5.3.16. Let I, be the unimodular lattice of rank n and sign —e. Then

n(n—1) n=1

2¢ = [[.2,(1—q %) if n is odd,

Den(I,, I,) =

n(n—1) n —
2q~ 2 : (1+eq 2) 52:11(1 —q~ %) ifn is even.

5.3.3 Counting formulas for subspaces of a quadratic space over F,

The main results of transforms the calculation of primitive local density polynomial

into a sum over the subspaces of a quadratic space over Fy. In this subsection, we count
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the number of such subspaces with a fixed quadratic form.

Lemma 5.3.17. Given quadratic spaces U and V' over Fy, let M(U,V) be the set of
subspaces Vi C'V such that Vi =2 U, and let m(U, V') = |[M(U,V)|. Then
|O(0; U2, US

)|
m(0; ® U2, US) = — A n .
©; ) @F|lOU2, UR?)| - |GL; ()]

In particular,

m(0; & U2, US) = ¢ Fm(0;, UL ym(U2  UY), (5.42)
where
€ if k=0,
d(n, k, e, e2) = —eey  if both k and n — k are odd, (5.43)
€€g otherwise.

\
Proof. We prove the first identity first. Fix a subspace V; of Uy such that V; = 0; © U;>.

Then by Witt’s theorem we have a surjection
0(0; 8 U, Up) = M(0; U2, Uyp), ¢ — o(V1).

Moreover, each fiber of this surjection is in bijection with O(0;&U;?). Any ¢ € O(0;&SU,?)
is determined uniquely by ¢1 = ¢lo, and ¢ = ¢|U22. The number of different choices of
¢1 is |GL;(F,)|. The number of different choices of ¢2 is ¢/*|O(Us2, Us?)|. O
Lemma 5.3.18. For any €1,e2 € {£1}, we have
min{t,j} " ‘
m(0; & U2,0, U ,) = Z (E) . q(tff)(J+k—€)m(0j_e QU2 UL ).
q

=0

Proof. Let V and U be quadratic spaces over F, such that V' = 0,8Uy,_;, and U = 0;U;>.
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Let R = 0; be the radical of V. First, we consider a partition of
min{t,j}
MUV)= || MUV,

=0

where

Vi € My(U,V) if and only if dimg, (V1 N R) = £.

The number of choices of /-dimensional subspace of R is (Z)q. Now we fix an /-dimensional

subspace W of R. Let R = 0;_; be the radical of the quotient space of V/W. Then a

choice of Vi € My(U, V') such that Vi N R = W corresponds to an element of
S={VicV/W|VinR={0} and V; = 0;_, & U?}.

Write V/W = R&Va 2 0,_ySUS",. Let Pr: V/W — V4 be the natural quotient map. For
Vi € S, the condition V; N R = {0} implies that Pr(V;) = 0;_, & U;? by the rank-nullity

theorem. Moreover, the following map
S — M0, U2, Va), Vi Pr()

is a surjection with each fiber in a bijection with R O

Corollary 5.3.19.

0(0; @ U2, 0,0 Uy )| = ¢’*[O(U2, U?)| - |GL; (Fy)| - m(0; © U2, 0, © Uy )

min{t,j}

t —0)(j+k— 10(0,_ @ U2, US_,)|
= |GL,(F,)| - <) L gmOGTR=O)+k j n—t)|
2 ), L, o(F,)

We will also need the following lemma later (Section 7), which follows from Lemmas

5.5.17 and 5.3.75] .




204

Lemma 5.3.20. For integers 0 < r <n and €1, = £1, we have

1 ifr=n—1=1 (mod 2),
l—ee1q 2 1 = =
B lmcag 2 ifr=n=1 (mod2),
mwe g | e et
€ - T
m(Ur', Us) 1cig” ifr=n—1=0 (mod 2)
1+e1q” 2 B B ’
1—661q_£€J . 1_6161_? ifr=n=0 (mod 2),

and
mUA,,Us) ¢ 1 — (1) Teerg 7))

m(US,Us) 1 (_1)r+161q—L%1J

Lemma 5.3.21. Assume i <r < n and €,0,8 € {£1}. Let §(r,i,8',0) or §(n,i,e,0) be

as in (5.43)). Then

m(UZO-, Ué)m(U(S(T‘,i,&/’o') U§(n,i,6,0)) _ m(U;‘sl, U’Z)m(UZU’ UT(‘S/)

r—i » Y n—i
Proof. Let V = U;, and S be the following set of flags in V,
S={0CcFR CFRcCV|R2UFR=U"}.

We can count the cardinality of S in two ways. One way is to first count the number of

Fy € M(U?,V), then for a fixed F} count the number of F € M(Ué(rl’i’é/’g)

T—1

,(F1)*) which

has a one-to-one correspondence with Fy = Fy @ Fy € M(U?, V). This way we get

#‘S‘ — m(Uf, Ug)m(Ué(ni’é/’g) U(S(n,i,e,a))'

r—i » Y n—i

On the other hand, we can first count the number of F, € M(U?, V), then count the

number of Fy € M (U7, F,) and get

#1S| = m(UY, USm(UZ,UY).
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This finishes the proof of the lemma. O

5.3.4 ¢-binomial theorem

In this subsection we discuss the g-binomial theorem and related results, which are used
repeatedly in to obtain certain vanishing results and transform complicated linear

combinations into simple formulas.

Definition 5.3.22. The q-analogue of (T;) 1s defined to be

(n) _ @ =1 (" )
i) (@ =1)-(g-1)

In fact, (?)q is the number of i-dimensional subspaces of a n-dimensional vector space

over [F,. Now we recall the g-binomial theorem.

Lemma 5.3.23 (¢-binomial theorem). The following identity between polynomials of X
holds:

n—1 n i) [ ‘
[Ta-dx) =Y (-1ig"s" () X', (5.44)

1=0 i=0

Corollary 5.3.24. Let f be a polynomial of degree < n — 1. Then

Proof. Let f =a,_ 12" '+ -+ +ag. For 0 < s <n— 1, by evaluating (5.44) at X = ¢~*,

we have

Hence
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O]

The following is in some sense an inverse of g-binomial theorem that will be used in

.5
Lemma 5.3.25.
n i) n i—1
>0 5 (1) 0 x) = x0
] qa (=0

Proof. Let g;(X) = é;(l)(q*eX +1). Since {g;(X)} forms a basis of the vector space of

polynomials of degree < n, there exist a,; € C such that
n

(=X)" = an;i- gi(X).
i=0

Notice that g;+1(X) = (1 4+ ¢ *X)g;(X), hence Xg;(X) = ¢*(gi+1(X) — g;(X)). Then we

have

n+1 n
D antri- gil(X) = (=X)" = (=X) - (= X)" =) (—ana) - Xgi(X)
=0 1=0

=0
As a result, we have
Qn 0 if i =0,
Un41i = 4 qlan; — g lani1  f0<i<n+1, (5.45)
—annq" ifi=n+1.

. i(i—1)

It is easy to check that b, ; = (=1)'q¢” 2 - (") satisfies (5.45) and that a1 ; = b1 ;. So we
k) 1 q b b

have a,; = by ;. O
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5.4 Decomposition of primitive local densities

This section is devoted to prove the following decomposition of the primitive local density
polynomial, which is a vast generalization of Proposition and one of the main tools

we use to prove Theorem [5.5.1

Theorem 5.4.1. Assume that L is an integral lattice of rank n. For any m > 0 we have

Pden(I,,, L, X) ZPden (Im, L, X),

where Pden™*(I,,, L, X) is a polynomial characterized by
Pden™ (I, L,q %) = ¢ *"'Pden(H*,0,) Y ¢ "Pden(In, Lv;), (5.46)
V1€Gr(i,L)(Fq)

where 0,—; s a totally isotropic lattice of rank n — 1 and Ly, C L is a sublattice of rank i

such that Ly, = V4.

Here, an important special case is when m = n. In this case, PdenO(Ige, L, X)=0

since x(L) # x(I,,;¢). Hence,

Pden(1,, L, X) ZPden (In,L,X).

Applying the formulas of Pden(H*,0,_;) and Pden(I,,, Ly,) given in Lemmas [5.3.11
and [5.3.15] we obtain the following corollary.

Corollary 5.4.2. Let L be an integral lattice of rank n. We have

n n—i—1

Pden(ln, L, X) = 3 (%) J[ 1 =¢*x))- > [00A,Tn)l.  (5.47)

=0 £=0 V1 €Cr(i,L)(Fq)
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In particular,

n n—i—1
Pden' (I, 1) =23 ( [T 1=¢*))- X oA, Tl
=0 f=1 V1 €Gr(3,L)(Fq)
When L is a full type lattice of rank n, L is totally isotropic. So we obtain

Corollary 5.4.3. Let L be a full type lattice of rank n. Then

n n—i—1
Pden(tn. 2.X) = Y- (1" ) TT (0= #3)) - () 100047l
i=0 =0 q
In particular,
n—i—1
Pden’ (I, L) _2Z< IT (1 -¢* ) <7Zf'“>q|0(oz-,ln)|.

= /=1

Here by Lemma[5.5.15, we have

— i(i=1) H1§egi (qu*% - 1) if m is odd,
2 .

|0(05, In,)| = ¢
(qm/Q _ X(Im)) ( m/2=i 4 (] )) H1<é<z( m—2¢ _ 1) if m is even.

Proof of Theorem|[5.4.1. To save notation, we use M to denote I, in this proof. Recall

that by (5:34),

Pden(M, L, q_%) = dlim q_d”(Q(m+2k)_”)|PhermL MeH? (OFO/(Wg))|.
—00 ’
First, we define a partition

Phermy, yrepx(Ory/(n6)) = || Phermy i (Or, /(7))
0<i<n
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where

Phermn, e (Or, /(7)) = {6 € Phermy, yyaps (Or, /(7)) | ditmg, Pru(9(L) = i}.
(5.48)

Here Pry« denote the projection map to H*, and Pr g« (¢(L)) denote the image of Pryx (¢(L))

—
in H". As a result, we have

Pden(M, L, X) =) _Pden’(M, L, X),
1=0

where Pden’(M, L, X) is the function such that

Pden’(M, L,g %) = lim ¢~ "™ Pherm), o (O, /(x8)].

d—o0

We need to count |PhermiL7M6Hk(OF0/(7rg))|. For ¢ € PhermiL’Mer(OFO/(ﬂg)), it in-
duces

¢:V=L—M&H"/x(M&H"), and ¢ = Pr 0 ¢.

By the definition of Pherm’, vem(Or/ (7d)), For a (n — i)-dimensional subspace V; C L,

let

Phermgl’M@Hk(OFO/(wg)) ={¢p € PhermiL’Mer(OFO/(Wg)) | Ker(¢pye) = V4 C L}.

Since Ker(¢px) C L has dimension n — i for any ¢ € Pherm’, M@Hk(OFO/(ﬂ'g)), we have

Pherm} /a1 (Or, /(7§)) = | ] Pherm}* ) o i (O, /(6)). (5.49)
V1€Gr(n—1,V)(Fq)

We need to show

g~ Gt Pherm L (Ogy /(7)) = ¢~V X" Pden(HF, Ly, ) - Pden(M, Ly;).

(5.50)
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Let V5 be a subspace of V such that V = V; & V5. Let Ly, C L be a sublattice of rank
n —4 such that the image of Ly, in V is V. Similarly, let Ly, C L be a sublattice of rank ¢
such that the image of Ly, in V is V2. Let ¢; = [, for i € {1,2}. According to Lemma
the number of different choices of ¢9 is given by

|Phermiv27M®Hk (OFO/(T('g)H = q’l’(Q(m+2k‘)*7j)deen(Hl€7 LVQ) (551)
Now for a fixed ¢ € Pherml /o (Or, /(x()), let
27

Pherm? - rionr(OR /(7))

= {¢1 € Pherval7M®H’“(OFo/(7rg)) | (1, ¢2) € PhemeM@Hk(OFo/(Trg))}

Claim: For any ¢9 € PhermiLV MoH (Og,/ (7)),
29

Pherm? i (O /(7))] = ¢ D00 =D Phermny 1y (Op /(nf)]  (5.52)

_ q(2d—1)(2k—i)(n—i)+(2m(n—i)—(n—i)2)deen(M, Lv,)

Assuming the claim holds, (5.50|) follows from (5.51)) and ([5.52)) since for any fixed ¢o we

have
[Pherm}”y o (Or, /(7)) = [Phermy 3o (O, /(7)) - |Phermi?/17M@Hk (Ory/ (7).
Proof of the claim: For ¢; € Pherm?? (O, / (7)), write ¢1 = ¢y g + ¢1,01, where

Ly, , M@H*

¢1 gr = Pryr o ¢1 and ¢y pr = Pray o ¢1. First, for any g € U(M @ HF), one can directly

check the map

Pherm{? o (Or/ (7)) = Phermi‘jfg e (Or/(76)), (5.53)

¢1 > gody
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is well-defined and is in fact a bijection. Then according to Lemma [5.4.5] we may assume
¢2(Lvy) C HE.

Now finding ¢ such that (¢1,¢2) € Pherm"

I MEBHk(OFO/(ﬁg)) is equivalent to finding

¢1 such that ¢y pr is primitive, ¢; gr € nHF,
(¢1(v), p2(w)) = (v,w) mod (7r2d*1) for any v € Ly,,w € Ly,, (5.54)
and
(¢1(v), ¢1(w)) = (v,w) mod (7%?~1) for any v € Ly,,w € Ly,. (5.55)
We consider condition first. Since ¢2(Ly,) C H*, we have
(1,10 (v), d2(w)) = (¢1(v), ¢2(w)) for any v € Ly;, w € Ly,.

When £ is large enough, we can always find and fix a gi)’L . that satisfies (5.54)). Then
finding ¢, ;« that satisfies (5.54)) is equivalent to find @y & = ¢y yx —qb’l’ %> Which satisfies

(@1 gr(v), p2(w)) =0 mod (724=1) for any v € Ly;, w € Ly,,

Then according to Lemma the number of different choices for ¢y g is qRd=DRk=i)(n=d),
Now we consider condition (5.55). Since ¢ gr(v) € TH* for any v € Ly,, (5.55) is

equivalent to
(1, m(v), d1.m(w)) + T = (¢1(v), P1(w)) = (v,w) mod (w24=1) for any v, w € Ly,

for some o € Op. By Lemma for a unimodular lattice M and any integral lattice
N, Pden(M, N) only depends on M and N. Hence, for our purpose, we may replace (5.55))
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(p1.m(v), p1,m(w)) = (P1(v), d1(w)) = (v, w) mod (7T2d71) for any v,w € Ly;,.
Therefore the number of different choices of primitive ¢ s is given by
qmm(n_i)_("_i)2)deen(M, Ly,).
As a result, we have

‘phermizva@Hk(OFU/(F(CJI)), = ¢Rd-1D)(2k=3)(n—1) ,q(2m(nfi)f(nfi)Q)deen<M, Ly,).

This finishes the proof of the claim. O

Lemma 5.4.4. Assume that L is an integral lattice of rank n and k > n. Then

[Pherm} ; o (Ory/(7§))| = ¢*""¥|Phermy, i (Op, / (n§))].

Proof. For ¢ € Pherm} Imer(OFO/(ﬁg)), we may identify ¢ with (¢gx, ¢1,,) where ¢pyr =
Pryr o ¢ and ¢r,, = Pry,, 0 ¢. As

[Homo, (L, Im)(Opy /(7§))| = ¢*™",
it suffices to show that for any fixed ¢ € Homop,. (L, I,,), we have

[{¢ € Pherm ; o (OR,/(n()) | ¢1,, = ¢}| = [Phermy, g (Or, /(n())!. (5.56)

Let L, be the lattice L equipped with the hermitian form (z,y)r, = (gt (), dyx(y))
where ¢ is any element in Pherm? ; o, (OrR,/ (7d)) such that ¢;, = ¢. Since each such

¢ is an isometry and ¢y, is fixed, (, )z, is independent of the choice of ¢. Then we have
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a bijection

{¢ € Pherm} | o (Ory/(74)) | ¢1,, = ¥} = Phermy_ e (Or, /(x()), (5.57)

¢ = Qpk-

Since L is integral and ¢ is an isometric embedding, L¢Hk is also integral. Then according

to [LL22, Lemma 2.16],
[Phermy, g+ (Or,/(7§))| = [Phermy, 1 (Or, /(7§))].

Combining with the bijection in ([5.57)), this proves (5.56]), hence finishes the proof of the

lemma. O

Lemma 5.4.5. Assume that M is a unimodular lattice, L is an integral lattice of rank n,
and ¢ : L — M@ HF is a primitive isometric embedding such that Pr . (o(L)) is primitive

in H®. Then there exists a g € UM & H*) such that g(¢(L)) C H*.

Proof. Consider the non-degenerate symplectic space over F: (Fk, (,)) = (Fk,ﬂ'(, ))-

Let ¥ denote the image of v € H¥ in H*. Since Pryi(¢(L)) is primitive in H* V(L) ==
Pryr(¢(L)) is a n-dimensional subspace. Since M and L are integral, Prpyx(¢(L)) is
integral. Hence V(L) is an isotropic subspace. Let {¢1,---,£,} be a basis of L, £ yr =
Pryx(¢s) and eg = E&H,@. Since V(L) is an n-dimensional isotropic space, we have k > n
and we can extend {ej,--- ,e,} to a standard symplectic basis {ey, f1, - , e, fx} of Fk,
where (es, fi) = dst, and (es, e¢) = (fs, ft) =0 for 1 < s,t < k.

Now let {fl, e ,fn} be a lifting of {f1,- -, fn}. In particular, for 1 < s < n, we have
(Us, fs) = n~ 1+ for some = € Op. Therefore, L® (fy -+, fn) = H". Hence, there exists
g € UM & H*) such that g(L & (f1---, fn)) € H*. O

Lemma 5.4.6. Let N C H* be a primitive integral lattice of rank i. Then

#{w e rH* /nlH* | (N,w) =0 mod (x??" 1)} = qRd-DEk—0),
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Proof. Through this proof, we use L to denote the image of L in H" for any sublattice L
of H*. Let Nt be the perpendicular lattice of N in H*. First we show N is primitive of
rank 2k — i. If N1 is not primitive, then there exists v € N+ such that #—1v € HF \ N+t
However, (7~ 'v, N) = 0, hence 7~ 'v € N, which is a contradiction.

We claim that for any w € mH* and 7(N,w) = 0 mod 7% with a > 0, there exists a
r € TH"* such that w — 2z € N*+. We prove the lemma by assuming the claim, and give

the proof of the claim in the last paragraph. Taking a = 2d, the claim implies that

#{w e rH* /nlH* | (N,w) =0 mod (724" 1)}

= #{w € 7T(NJ- + 7r(tfjj[k)/ﬁ(zfﬂk | (N,w) =0 mod (ﬂ_Qd—l)}'
Since N=+ is primitive of rank 2k — 4, we have
#{w e rN*/ndH* | (N,w) =0 mod (7?4 1)} = ¢Rd=DEk=0),

This proves the lemma assuming the claim.

Now we prove the claim. Consider the symplectic space over Fy: (ﬁk, 7(,)). Since N
is integral, N is isotropic in H". Let N be spanned by {ej, - ,e;}. Then we may extend
{e1, -+ ,ei} to a standard symplectic basis {ey, f1, -, e, fx} of ﬁk, where (e, fi) =
Ost, and (es,e)) = (fs, fi) = 0 for 1 < s,t < k. Let {é1, f1,--- &k, fu} be a lifting of
{e1, f1, -+ , ek, fr}. By our choice of é;, we can find a basis {wy, -+ ,w;} of N such that

wy — 65 € TH* for any 1 < s < 4. Consider & = a1 f) + -+ a;f; € <f1,~- ,fk> In order

to have w — 2 € N1, we need to solve the following system of equations:
m(ws, z) = m(ws,w) for 1 < s <. (5.58)

Let A denote the i x ¢ matrix corresponding to this system of linear equations. Since
ws — és € TH", we have A = Id; mod (7). Therefore, there exists a unique solution

of (5.58). Moreover, since 7(N,w) =0 mod 7%, we have m(ws,w) € (7%) for 1 < s < i.



Then (5.58) implies that as € (1), hence 2 € 7®H¥. The claim is proved.

5.5 Explicit formulas for Pden’(L)

5.5.1 Explicit formulas and consequences
The goal of this section is to establish the following formulas for
tmax/2
OPden(L) = Pden’(L) + Z cojPdeng;(L).
j=0
Here
Pden’(L) = m

is normalized as in ([5.35). Recall, from Lemma that
OPden(L) = Pden’(L)

when L is not dual to some vertex lattice A; of positive type ¢t > 0.
Theorem 5.5.1. Let L C 'V be a lattice of rank n.
1. If L is not integral, then OPden(L) = 0.

2. If L is unimodular, then

1, ifn is odd,
OPden(L) = Pden’(L) =

0, ifn is even.

3. If L=1,_;& Ly where Ly is of full type t, then

t—1
[12,(1- 7*), if t is odd,

OPden(L) = Pden’(L) =
-1

(1- X(LQ)CI%) [T, A —¢%*), iftis even
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(5.59)

(5.60)
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Corollary 5.5.2. Let L be a lattice. Then 0Den(L) € Z. Moreover, dDen(L) = 0 for

non-integral L.

Proof. According to Corollary we have

ODen(L)= Y OPden(L).

LCL'CLp

Now Theorem implies that OPden(L’) € Z, hence ODen(L) € Z. If L is non-integral,
then 9Pden(L’) = 0 for each L' such that L C L’ by (1) of Theorem [5.5.1] O

As another corollary, we prove the following cancellation law for Den(L). Recall that
for hermitian lattices L and L’ of the same rank, n(L',L) = #{L" Cc Lp | LC L",L" =

'}

Corollary 5.5.3. Let L =11 & Ly CV be a rank n lattice, with L1 being unimodular and

L; of rank n;. Then
aDen(L) — 8Den(Lg) = n([n2,L2) . ((5Odd(n) — 50dd(n2)). (561)

Proof. By Corollary [5.3.3] and Lemma we have

ODen(L)= > OPden(L')= Y 0OPden(L; & L}).
LCL'CLp LQCLIQCLQ’F
Similarly,
ODen(Ly) = ) OPden(L}).
LoCLLC Lo R
Hence
ODen(L) — dDen(Ly) = Y (9Pden(L & L) — OPden(L})).
LoCLLYCLy

If L} is not integral, then both OPden(L; & L)) and dPden(L}) vanishes by (1) of Theorem
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If L} is integral but not unimodular, then (3) of Theorem implies OPden(L; &
L) — 0Pden(L},) = 0. Hence

ODen(L) — ODen(Ly) = > (9Pden(L; & L) — OPden(L})). (5.62)

LoCLLYCLy
L1@L/2EA0

Combining (5.62) with (2) of Theorem we have
8Den(L) - 8Den(L2) == n(InQ, Lg) . (50dd(n) — 5Odd(n2)).

This proves the corollary. O

Lemma 5.5.4. Assume L = L1®Ls is a lattice where Ly is unimodular. If L C L' C 7L

and L' is not of the form Ly & L, then L' is not integral and OPden(L’) = 0.

Proof. Consider the Fg -vector space 7 1L/L. Since we assume L’ is not of the form
Ly & L), there exists v € L'\ L such that Pr, -1, (v) # 0, which in turn implies that L’ is
not integral. Hence OPden(L’) = 0 by (1) of Theorem [5.5.1] O

5.5.2 Proof strategy

The proof of Theorem occupies the rest of this section. Since the proof is rather long
and technical, we summarize the main idea of the proof first. When there is some x € L

with val(z) < —1, 9Pden(L) = 0 by Lemma Otherwise, write
L = H] S In1—t @L27

where Lo is of full type ¢t. There are four cases.

(a) The case ny —t = 0 (i.e., L = H/ @ Ly) is significantly simpler than the general case,
and we will deal with it in next subsection although it is part of the general case. For

example, when L is of full type, the reduction L of L modulo 7 is a totally isotropic
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quadratic space over F,. Hence, the summation in Corollary is simply:

> ot gl= (1) 005

V1€Gr(i,L)(Fq) a
An application of g-binomial theorem settles this case.
(b) The case j =0, i.e., L is integral.
(c) The case j > 0 and t > 0.
(d) The case that ¢ =0 and j > 0 is part of the modification assumption.

In general, the problem becomes harder when ny — t is larger. In fact, when t > 0, i.e.,
ny —t < ng, (b) and (c) can be proved via Corollary and an involved application
of the induction formulas of Den(I,, L) established in Chapter 4. However, when t = 0,
i.e., L is unimodular, this method fails. To overcome this difficulty and give a uniform
proof of (b) and (c), we introduce a new method which is different from the method used
in Chapters 3 and 4 even in the case n < 3.

To illustrate the idea, we stick to case (b) for now. The first key step is to discover a
finer structure of 9Pden(L) and prove the following formula (Lemma [5.5.11])):

n—r

min{n—t,;n—1} n—1 (

OPden(L) =(x) > Y
r=0 =0

. . (i—r)(i—r—1) .
l_r> (—)m e g™ g(nyna, g Y,
q

(5.63)

where () is some constant number and g(n, ny, 7, X) is a linear combination of polynomials
of degree n—1. The second key observation is that there is a lot of cancellation underlying
this linear combination. Indeed, we show for r < n that g(n,ni,r, X) is actually of degree

< n—r—1 and is essentially a simple multiple of some simple polynomial (denoted by

h(n,r, X)) (Lemmas [5.5.13| and [5.5.15). This enables us to apply ¢-binomial theorem
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(Corollary |5.3.24]) to the inner sums in ([5.63)). Consequently, we obtain

m(n,t

)
OPden(L) = (x) Y _ (-1)q

r=0

(n—r)(n—r—1) _

2 "og(n,m —tr, ™). (5.64)
The last step is to evaluate this sum and the result is given by Lemma [5.5.16] It is in this
step that the case ny = n (L is unimodular) becomes different: the sum above is a sum
from r = 0 only to n— 1, not to ny = n. To make it worse, the ‘missing’ term g(n, n,n, X)
is in fact ill-behaved.

One common strategy in proving Lemmas [5.5.15| and [5.5.16]is to express both sides of

the identity as (uniquely) linear combinations of certain basis of polynomials, and prove
that the coefficients satisfy the same recursion formulas and the same initial conditions.
Here we use crucially the combinatorical properties of m(U, V) (Lemma for U and
V' quadratic spaces over [F,.

In Case (c), the derivative becomes the value of some primitive local density poly-
nomials at some non-central point ¢/ by Lemma Strikingly, the formula for this
value (see (5.97)) is very similar to the formula for the derivative Pden(I,,—+ @ L) (see
(5.98])). Proof of Cases (b) and (c) will be given in Subsection after long preparation
in Subsections [(.5.4 and [£.5.5

5.5.3 The casen; —t=0

In this subsection we assume that n; —t = 0 and divide it further into two subcases: j =0

or j > 0.

Proposition 5.5.5. Assume that L = H7 & Ly where j > 0 and Lo is of full type and has

rank no =n — 2j. Then

OPden(L) = 0.
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Proof. By Lemma [5.3.12] we have

j—1

Pden' (L, L) = 2( [ (1 - ¢*) ) Pden(Ly, Ly, g*).
=1

Hence it suffice to show

Pden(l,, La,q" ) = 0.

We prove the odd n case and leave the even n case to the reader. According to Corollary

5.4.3l we have

ng i) (g no—i—1
( > . H (qZZ-i—n—nQ B 1) . H(qn+1—2é - 1)
q

Pden(I,, Lo, ¢" ") = » (=1)" ¢ 2

i=0 L £=0 (=1
ng ey [ n+2n2_i_1 %
=S () T @ I e,
7
=0 1=y t=mpt i
n—1
2
We can factor out H (¢* — 1) so that
’VL—TLQ
Pd I L n—no : 20 1 -1 & 1 no—1 wizl) (N3 —1
— — — 2
en( ny, 12,4 ) H (q ) Z( ) q i g(n27q )7
— i=s q
where
gne, X)= [ @x*-1) (5.65)
ot

is a polynomial of X of degree no—1. Now Pden(I,,, L2, ¢" ") = 0 by Corollary|5.3.24. ]
Proposition 5.5.6. Assume that L is a full type lattice of rank n. We have

n—1
1,2 (1—q¢*), if n is odd,

Pden’(L) =
(1—eq?) Hfz_ll(l — ¢, ifn is even.
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Proof. First of all, recall that

Pden/(I,, L)
Pden/(L) = —— 2 \no 2)
L) = B 1)

where

n_ n—1
2q"7)? 1,2 (¢ —1) if n is odd,
Den (I, I) = (5.66)
2¢2)E D (g% +¢) Hfz_ll(q% —1) ifniseven.

We verify the even n case and leave the odd n case to the reader. Direct calculation using

Corollary gives

03
|
—
03
|
—

3
|
<.
|
—

pdent (1, 1) (a? +0) TT @ - 0) " =2 0705 (1) @ -0 T @)

=1 =0 =2 —it1
n—1 i) [ . n—1 '
-9 ( l)n—z 1 () (cﬁ 2—6) H (q26—21 1)
i=0 "/ =241
According to Corollary [5.3.24
n-t . ii-1) [n . n-l ) n(n—1) n-l
d o (=nritlg e <Z> (2" —¢) @ -1)=q 2 (¢2-¢ [] @ -1
i=0 q =541 =241
n_q
=¢GN0 —eq2) [T - ¢*)
/=1
Now by (5.66)), we conclude that
2y
Pden'(L) = (1 —eq?) ] (1 —¢%),
/=1

as claimed. O
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5.5.4 Preparation

In this subsection, we rewrite Pden’(I,,, L) as a linear combination of special values of cer-
tain polynomial g, (n, m,r, X) as in Lemma We then express general g, (n, m,r, X)
as a simple combination of g, (n,r, 7, X), see Lemma

Let L = I;' , & Ly where Lo is of full type ¢t. By Corollary we have

n—1ln—i—1

Pden' (I, L) =23 [ 1 =¢*) Y. > m(gevz,00u,)|o(0ouz, ;)|

=0 (=1 0<j<i exe{£1}

(5.67)

Here and in the following, we interpret > . crypy f(Ug?) as f(U}) for a function f with
U:? as input.

Let s and n be integers such that 0 < s < n, and let e = +1. For odd n, we define

He:ij(q%Xz) T X ("X — eeq) - IT,- n+s+2( 2X2 1) if sis odd,
fe? (n’ S’X) - L*lj»s
H£_2n+12( 2€X2) HZ n+1+€ 2ZX2 - 1) if s is even.
-2
(5.68)

Similarly, for an even integer n > 0 and 0 < s < n, we define

3
+

=
|

- m\gm

b (s, X) (X)X T e (X7 = 1) if 5 is odd,
AUZED =

H

He: ( 2x?). %(anHX — €€9) - H?:,ll+s+2 (¢**X?% —1) if s is even.
- 2

[SEIS

(5.69)

Here when s = 0, we always take e; = 1. Notice that f,(n,s, X) is a polynomial of

degree n — 1.

Lemma 5.5.7.
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1. Assume 0 < i < n. We have

n—i—1

H (1-¢*)0(0;_s U2, U )| = (—1)"q
=1

i(i—1)
2

I€ (n)fEQ (n7 SJ qii)7
where

n—1
12 (¢* —1) if n is odd,
I(n) =

n

(¢ +¢) Hfz_ll(q% —1) ifn is even.

2. Assume 0 <i<n, s<n and that ' —n > 0 is even. We have

n—i—1
i(i—1)

H (1 - M)|0(0;_s @ UL, US| = (-1)" g 2 L(n',n)fey(n,5,¢" 2 ),

n'—1

Hg_Tnun (¢* = 1) if n is odd,
I.(n/,n) = =z

(g7 +e) Hf_;,l,n (@** —1) ifn is even.

=z
Proof. This follows from the formula of |O(0;,_s & US2,U, )| given in Lemma |5.3.15( and
a straightforward computation. O

Lemma 5.5.8. For integers 0 < 1,t < n, we have

n—t
t _y) =) (n—t n—a
<z> = E (=1)*- qa(tH )q T . < . ) . <z —a> ) (5.70)
q q q

a=0

Proof. The identity is automatically true for ¢ > t as both sides are zero. Recall the

following analogue of Pascal’s identity for ¢-binomial coefficients:

O-(Den(), e

By this identity, we obtain 2 terms, one with the ¢-index raised, another with the i-index
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i—1

ty _ (t+ Ty A b A SRR L o S WA EE A
i) T\ 1 i—1) 1 i—1) 1 i—2) )
q q q q q

We may continue this process and after n — t steps, we obtain 2”~! many terms. Each

lowered. Applying again (5.71)) to (thl)q and ( t )q respectively, we obtain

term corresponds to a lattice path starting from the origin, going to north and east as
follows. If the ¢-th step raises the index of ¢ (resp. reduces the index of i), we define the
lattice path goes towards north for the ¢-th step (resp. east). We use I = (i1, ,in—t)
where iy € {0,1} to denote the path whose ¢-th step goes towards north (east) if i, = 0
(ip =1) and let |I| = i1 + -+ + in—t. We use P to denote the term corresponding to I.
Now the lemma follows from the following claim.

Claim:

Z P[:(_l)a.qa(tﬂ—i)q“(g—l).(n—t) ‘<7?_a> .
a q 71— a g

I,|I|=a

Indeed a direct calculation shows that

11— a

. a(a—1) n—a
P(la’on—t—a) _ (71)a . qa(t-l-l z)q72 . < ) )
q

Let A; denote the area bounded by the lattice path I, the horizontal axis, and the vertical

line given by « = |I|. Then a direct computation shows that
P[ - qAI . P(1H.7On7t7a).

Now the claim follows from the well-known formula of g-binomial coefficient (see |[Caml,

Theorem 6.9] for example):

> =",

IL|I|=a

This proves the claim and the lemma. O



Lemma 5.5.9. For an integer n > 0 and ¢ = 1, let

p
(-1)"
R q(%)Q if n is odd,
a(n) = gLz Il = and  Be(n) =4 e(—1)2
qz(z=V if n is even,
1
Then

"m(0;,U5) = a(n)B.(n).
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if n is odd,
if n is even,

if n=0.

Proof. If n = 0, the statement both sides are 1 by definition. From now on we assume

n > 0. By [LZ22b, Lemma 3.2.2.], we have

J
’ (0]7U€‘—(> H d+el+1
=1

with
n—l if n is odd, 1 if n is odd,
d= and e=
5 1T if n is even, 1—¢ ifniseven.
So we have
n ( d o (A 4
J .7 : .7 ] _
St om0, = S (1) T,
§=0 J=0 /a1

which by Lemmal5.3.25/equals to (—¢?T¢~1)4. A direct calculation checks that (—g9t¢=1)¢ =

a(n)Pe(n).

Definition 5.5.10. For 0 <r < m < n, we define

g€1 (77,7 m7 7’, X)
k(k 1) =k ; J(j—l) m—j—Fk
S Y e e (1) o,
e2e{£1} j=0 r=J q

O]

ng—k)fez (n’ ka X)

with 6 = §(m, k, €1, €2) as defined in (5.43)). In the following, when n is clear in the context,
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we simply write ge, (m,r, X) for ge, (n,m,r, X).
In particular, g¢, (n,m,0,X) = fi(n,0,X) and by Lemma [5.5.9]

k(k—1)

9o (n,r,r, X) =) (=g 2 - > m(UE,UD) - afr — k)Bs(r — k) - fer (n, %, X).
k=0 e2e{+1}
(5.72)
In the rest of this section, we let m = n — ¢t without explicit mentioning.
Lemma 5.5.11. Assume L is a lattice of rank n and type t.

1. Let m(n,t) = min{n —t,n — 1}. Then for 0 <i<n —1, we have

m(n,t)
n—i\/ _ n—r i—rn—1 (=nl=r=1) r(n—m) —1i
(Pden ) (Ina L) = 216(”)' Z i (_1) q 2 q "Ger (na m,T,q )

r=0 q

2. Assume that n' — n is a positive even integer and m < n. Then for 0 < i < n, we

have

m
—i 7= - n—r - (izr)(izr=1) _ n'—n_
Pdenn l(]nlevLuqn TL) :IE(nlvn)Z ( ) (_1)1 T+nq 2 qT'(TL m) 'g€1(n)m)ruq 2 Z)'
q

1—T
r=0

Proof. We prove (1) first. By (5.67), Lemma and Lemma |5.3.18] we have
. . -1
(Pden™ ) (I,,, L) - (2(—1)n—1—11€(n))

t

i—L
t Y i(i—1) € ¢ .
=3 () X X a0 0k © U U ek

t lies))s fG=1) o e »
= > <Z~_s> S DT (0, S U, USLY) fey (0, kg7,

s=max{i—t,0} 9 k=0e2ex1

where the last identity is obtained by setting s = ¢ — £. Notice that if s > n — ¢, then
m(0s—r © U2, U, ,) = 0. Hence we may assume s < n — ¢, or equivalently t < n — s in

the above summation. Now applying (5.70) to i —s <t < n — s and let m = n — ¢, we
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may rewrite the above summation as

> E ()0,

s=max{i—t,0} a=0

S L.
jg: ZE: qa0k4n+1—ﬁ—8»+ggggA{n—nHﬂ—@ﬁqZ@;D

k=0 e2c=+1

! 2 n—8s—a\ (-(sta)(-(s+at1)
oy S g
z—s—aq

s=max{i—t,0} a=0

. (_ < ) Z Z S-HL s— s+;+1)+a(a2+1)m(05_k @ Uez’ U:r%)fgg (’I’l, k, q_z)

9 k=0e2e+1

m (05— © U2, U fey (0, kg7

Now let » = s + a. Notice that » < m and (’Z::)q = 0 for r > i. Rearranging the

summation index, we obtain

m{n,t}
—1 n—r (i—r)(i—r—1) r(n— .
(Paen Y (1) (-1 am) = 30 (T2]) T g omra ),
q

1—=T
r=0

where

gE] (n7 m7 r’ X)

=Z<—1>H'<7~_s> 3 S 0 © UR, U fa (k. X)
s=0

9 k=0e€exl

T r—k .
k(k—1) €2 Tre joi=n  (m—j—k
=S S muE U S~ ( J ) (05, UL ) fe(n e, X).
q

k=0 ere{£1} j=0 r—j—k

Here, we use Lemma to obtain the last identity.

Using (2) of Lemma the same proof of (1) proves (2). O

We conclude this subsection by establishing a formula to express g, (m,r, X) in terms
of ge, (1,7, X), which, as we will see, has a particular simple form (Lemma [5.5.15). First,

we need the following identity which might have independent interest.
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Lemma 5.5.12. For any integers 0 < r < n, we have

S (M) m v = X mUL U, 63)

=0 Te{£1}

where a(r) and B-(r) are defined in Lemma[5.5.9

Proof. We proceed by induction on n. The case n = 1 is obvious. Now recall the identities

n(0;,U%) = () S mioy e U

=1 oe{£1}

j .
N <n> NS U NinUg, U m (0, UST),
q

J i=1 ge{+1}

by (5.42), and
N j(j—1>/2(”—2') (") = S (=1) j(j—1>/2<”> <7") — 0. 5.74
> (—1)q T_]q]qi()q ) ). (5.74)

J=0

These imply that

r

Z(_l)jqj(j—l)ﬂ <7; ~ j) m(0,UY)

j=0
" n-—7 )i o € d(n,ieo
=3y ”2<7~_ ) S S O U7, Um0, V)
Jj=0 J 7 i=1 oe{£1}
_Z Z 7,+1 i(i—1)/ UO' Ue z_: ](J 1/2( l_]> (0 U(S(nzea))
=1 oec{£1} 7=0 rerey

where in the last step we switch the order of summation and substitute j by j + .

We can now use the induction hypothesis

— i — ] o(n,ieo T n,i,6,0 . .
S T) w0, U = S 7 U et i)t
j=0 J Te{£l}

and

m(UZ, UYm(UT_,, U )y — (U U )ym(Uy, UY),

n—



where §’ € {£1} such that 7 = §(r,4,d’,0) (see Lemma [5.3.21)) to obtain

S (- 1)giU (_j) m(0;,U)

J=0
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= i Z (_1>i+lqi(i_1)/2 Z m(Uglv U:z)m(UzU? U;Sl)a(r - Z.)/37'(7a - l) (5'75)

=1 ce{£1} Te{£1}

Hence ([5.73) is equivalent to

Z Z z zz 1)/2 Z m(Uf,,Ufl)m(UanUf/)a(r_i)ﬁf(r_i)

1=0 ce{£1} Te{£1}

Now applying Lemma the left hand side of (5.76) is equal to

Z Z z 7,1 1)/2 Z m(Uf/,UE UO‘ Ué’ Z

1=0 ce{£1} Te{il} j=0

= 3 U S (I g, @ U, )
Te{x1} i=0 j=0 gec{+1}

-y m(UfZUﬁ)Z(—n’qu(k—”/?(;) o,
oe{£1} k=0 q

The lemma is proved.

Lemma 5.5.13. For 0 <r < m < n, we have

e (m7 Ty X) = Z m(US, Ufri )963 (Tv T, X)
ese{+1}
Proof. When r = 0, we have by definition

g(m,0,X) = fi(n,0,X) = > m(Us Ust)ges (0,0, X).
ese{+1}

=0  (5.76)

m(0;,U;;)

Now we assume r > 0, 6 = d(m, k, €1, e2) and &' = §(r, k, €3, €2). On the one hand, by
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definition
961(m7T7X)
T r—k .
k(k—1) e Tre ; J(jfl) m—j—k
=> (-DFq 7 > mUE U (-1)q 2 -<r_ .]_k> (07, U8, _4) fey (1, e, X).
k=0 e2€{*1} j=0 J q

On the other hand, we have by (5.72)),

m(U’ﬁS’ Urenl )963 (T, T7 X)
ese{£1}

S0 Y S mUR US MU, UG - alr — k) By (r — k) - foy (n, K, X))
k=0

Ege{il} €3€{i1}

By Lemma [5.3.21],
m(U2, US)ym(US, USL) = m(U2, U m(US_ ., US,_).

Hence, in order to prove the theorem, it suffices to show for any k and €5

r— k .
; J(J 1)) m—j—k ’
<7« e k) (05, Ung) = D mlU, Upy) - alr = B) By (r = ),
]:0 J q §e{£1}
which is exactly the content of Lemma [5.5.12 O

5.5.5 Some identities between polynomials

Although g, (r,7, X) by definition is a complicated linear combination of f,(n, k, X). We
show in this subsection that in fact g, (r,r, X) has a very simple form (Lemma [5.5.15).
Similarly, although Pden’(I,, L) is a complicated linear combination of the special values
of ge, (n—t,r, X), certain linear combination of g, (n —t,r, X) is of a simple form (Lemma

5.5.16)). By a direct computation, we can check the following lemma.
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Lemma 5.5.14. For 0 < s<n-—1, let

H?__,}HH (X% 1) if n— s is odd,
he,(n, s, X) = B (5.77)
(q"ng — €€1) H?;}JF;H (?X? —1) if n—s is even.
Then
hei(n,5,gX) = he (n+ 1,7 +1, X), (5.78)

n+j+2 .
" T X he (n+ 1,5+ 1,X) = he,(n+ 1,5, X) + (=1)" " eerhe (n + 1,5 + 1, X).
(5.79)

Lemma 5.5.15. For integers 0 <r <n —1 and €,¢; = 1, we have
Jey (1,1, X)) = (—1)71(”71)6?67401(7“)1161(71, r, X).

In particular, ge,(r,r, X) is a polynomial of degree n —r — 1.

Proof. We prove the case when n case is odd and r is even, and leave the other three cases
to the reader. The idea is the same (a little bit more complicated). In this case, we need

to show

Gar (1,7, X) S0 S mUR, U)ol — K)Bs(r— k) - fEQ(TrszX) =a1alr)

he, (n, 7, X) k=0 eac{=£1}

where 6 = §(r, k, €1, €2). Since n is odd and r is even, we have

n+k—2 n+tk n+tk n+r—1

For (0, K, X) He:i#(qMXQ) g2 X(g 2 X —e€ea) H€:i+§+k (X% 1) if kis odd,

h n7 7“’ X = n—1+k n+r—1
a ) HZZEI%I(QMXZ) . HZ:i+1+k (¥ X% 1) if k is even.
2

T—1)+n+r n+1

As aresult, dividing (5.80)) by q(”+%)( P > - X" andsettingY = (¢ 2 X))\, j =r—k,
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(5.80)) is equivalent to

r

G (nY) =309 T al) Y mUR L UMBG) - fuliY) = aY ",

§=0 {1}

(5.81)

where ﬁ? (4,Y) is a polynomial of degree j defined as follows:

r—2
~ EET‘]' (1—q 27?2 if 7 is even,
. . =r=d
fe(,Y) = i o

(1—€eaq” 2 Y)- 1,2, a1~ ¢ 2Y?) if jis odd.
- 2

Since {f1(j,Y),0 < j < r} forms a basis of the space of polynomials with degree < r,

there exists unique tuples (a;) and (b;) such that

f( _EIYT Za]fl ja 7 and 961 TY bel ]7

We need to show (a;) = (b;). It is easy to check

Now to prove a; = b; for all j, it suffices to prove that both a; and b; satisfy the recursion
formula for j < r

1—q~ e .
—¢’ W(L]+2 if j is even,

aj = (5.82)
0 if 7 is odd.
We start with a;. First of all, we have

> a7 [GY)=qTfY)=flgY) = }:%ﬁjq Y. (5.83)
=0

7=0

Notice that

fG.aY)=1-q¢"Y)fi(j —2,Y).
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Since
_ _ 1-— eq_rigizY if j is even,
fl(.7+17Y)/f1(.77Y): i
1+eq Y if j is odd,
we have
_ —eq%(fl(j +1,Y) - f1(j,Y)) if jis even,
Yfl(]7y) = -
T‘_]_ s . rs . . ..
¢ > (L(H+1LY)= f1(5,Y)) if j is odd,
(
. ([ +2,Y) = [(,Y)) if j is even,
Y fl(]7Y) = ~ ~ ~
|~ 7RG H2Y) + - DAGHLY) = afi(GY)) i jis odd.
Therefore,
s afHGY)+ A —q)fi(j —2,Y) if j is even,
h(,aY) =

¢IfGY) + (0= Da 7 AG-1LY)+ (1= ¢")fi(j—2,Y) ifjis odd.
Plugging this into ([5.83)), we obtain
(¢=1)q 7 agen + (1= g7 2)ajpz  if j is even,
(1 - q_‘j_l)a]'+2 if j is odd,

with a,41 = a,42 = 0. So we have (5.82)). We remark that in other cases, we have similar
recursion formula as above but could not be simplified like ([5.82)).

Now we compute b; for j < r. Recall that r is even. First, if j = 0, we have

Z m(UfQ_j, Uﬁl)ﬁd(]) : f@(j’y) = f€1 (Ovy)

eae{=£1}
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It is easy to check that

~ f (4,Y) if j is even,
fe2 (.77 Y) = (5.84)

r—j—1_ ~

(1 —eeaq” 2 )fi(j—1,Y) if jis odd,

Now Lemmas [5.3.20] and [5.5.9| imply for j # 0 and 6 = §(r, j, €1, €2), we have

1 3 _r=J ~
2e1(=1)2(c1q” 2 4q 2 )m(Url_j7 US)fi(5,Y) if j is even,

~ _J _r=J
> mUREUR) - Ba) - FaGiY) = § O D=
e 2(-1)F m(UL,, UM A —1,Y) if § is odd.

Plugging this into the definition of g, (r, X) as in (5.81)), we obtain
r ~
G (r, X) =Y b f1(5,Y)
j=0

with b; = 0 for odd , by = ¢" 7 (1 — 2¢~C~Dm(UL, U)), and

_J _r=J
lqw—j)(;—j—l) (g2 ~|—_€1q )

by =2(~1)"? =rm(U Uf)
1+eaqg?)(1+q7) ’
—2(=1) R T A+ Dm(U U

for even j # 0. Applying Lemma [5.3.20] for even j # 0, we have

i =iy g7 2 (e +q72)
2 2 -

b =2(—1)"2q — a(j)m(UL ., US).
J (1 ag )1 +q7) o
Now applying Lemma |5.3.20| twice, we can check that b; satisfy (5.82)). O

Recall that m(n,t) := min{n — t,n — 1}.
Lemma 5.5.16. For 0 <t <mn, and m =n —t, we have

m(n,t)
(=1)q

(n—r)(n—r—1)
2

" ge,(m,r, X) = F (n,m, X), (5.85)
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where

n(n 1)

q fe (n,m, X) ift #0,

F,(n,m,X) =
(—D)"ta(n) Y05 (—¢"X)E  ift=0.

Proof. We treat the case t = 0 first. In this case, ¢; = €. Before we give the details of the
proof, we summarize the main idea. Since {h¢(n, s, X),0 < s < n— 1} forms a basis of the
space of polynomials with degree < n— 1, there exists unique tuples (a, ;) and (b, ;) € Q"

such that

Fe(n,n,X) Zan] (n,7,X), and Z ’"<nT(nT1) e(n,r, X) an]h n,j, X
(5.86)

We need to show a,, j = by, ; for all n and j. We first show that a, ; satisfy the recursion
relations ((5.90), which gives a description of ay41,; in terms of a, ; and a, j—1. We can

directly check a1 = b1 o = 1. Then by an induction on n, it suffices to show b, ; also

satisfies (5.90)).
Now we derive ((5.90)). It is easy to check that

F.n+1,n+1,X)=q¢2 /("' X)F.(n,n,¢X) + (—1)"a(n + 1). (5.87)
Plugging (5.86)) into the above formula and applying Lemma [5.5.14] we obtain

Zan+1] (n+1,7,X) = ("1 X) Zan] (n+1,j4+1, X)+(=1)"a(n+1)he(n,n—1, X).

(5.88)
Let

NS,

) n— if j is even,
MJ — (5.89)

n— LH%)”J if j is odd.

v(n,j) = LJ+n +1-1
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Then Lemma |5.5.14] and (/5.88]) imply

n

n n—1
> anirhen+1,5,X) =Y aniq" " he(n+1,5,X) + > (1) Han;1¢7™ Dhe(n + 1,5, X)
j=0 §=0 j=1

+ (~1)"a(n + Dheln+1,n, X).

That is

ap41,0 = q"An0,
ani1; = Q" Nay ; + (=) H i Ng, o 0 0<j<n, (5.90)

Ant1n = qV(nvn—l)amnfl + (—1)"a(n+1).

. . n(n—1) .
Now we compute b, ;. A direct computation shows that b, o = ¢~ 2 . In the following,

we compute b; for j # 0.

For r = 0, we have

he(n, 0, X) if n is odd,
9e(n,0,X) = f1(n,0,X) =

he(n,0,X) + (1 —€)he(n,1,X) if niseven.

Now we assume r # 0. Recall that by Lemma [5.5.13] we have

ge(n,r, X) = > m(U?,US)ges (.7, X).
ese{£1}

Notice that when n —r is odd, he, (n,r, X) is independent of ¢;. Then a direct calculation

using Lemma [5.5.15| and the formula for m(US*, Uf) gives

202 ifn=r—1=1 (mod 2),
ge(n,r, X) = a(r)he(n,r, X)m(Us, Uy) Iteq 2 (5.91)

—2¢ ifn=r—1=0 (mod 2).
When n — r is even, we have

n+r

hes(nyr, X) = (¢ 2 X — ees)he(n,r + 1, X). (5.92)
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So a direct calculation gives

ge(n, 1, X) = a(r)he(n, r+1, X)m(Ug, US) (q"?X 1+ (D)™ X + 1)%)
(5.93)
We have by Lemma [5.3.17
m(Ur—e’ Uﬁ) 1— q*% 1 1fn =r=1 (HlOd 2),
USUS) 1405 )1 a3
(CELEE =« 2 ifn=r=0 (mod?2).
14+eq 2
The equation ([5.92)) gives
Xhe(n,r+1,X) = q_nTH(he(n,r,X) + he(n,r+ 1, X)).
So when n =7 =1 (mod 2), we have
q_ngr q_ 2'r . 1
ge(n,r, X) = 2a(r)m(US, US) | ————he(n,r, X) + ———h(n,r+1,X) |,
14+qg 2 1+q¢ 2

and when n =7 =0 (mod 2) and r # 0, we have

ge(n,r, X)

__20()m(UnUY) (004 e bl X) + (0= 7)1 — g Dhelm 7+ 1,X))
(1+q 2 )(1+eq2)

In summary, we have the numbers b, ; for j # 0 are given by the following.

If n and j are odd, then

-1 m(USUY)
e ()

a(yg -
14+q 2

If n is odd and j is even, then

j . n—j+1
. (n—g)(n—j—1) ] 2 "JTa(j—1)(g™ -1
b s = 2( 1)l g2 (a(m TGN Y e

_lm<U]€7U7€1) J— n) :
1+eq 2 14q 2
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If n and j are even, then

(n=j)(n—j—1)
2

, _ 2=1Yq a()(1 +eq %)
n,) —

(1+q "2 )(1+eq?)

If n is even, then for j = 1 we have

n(n—1)

bn,l =q 2 (1 —e+ 26q_(n_1))m(U117 U:L)’

and for odd j > 1, b, ; is equal to

) e i) (r— i — n—j 1) (1 — _n—j+1 1— _g-1
21" (caymus,ug) ¢ Lo Z DU g 2 A eq 7)) e ey
(1+q¢ 2 )1+e )

Using the explicit formulas, direct calculation shows that b, ; satisfies ((5.90)).
From now, we assume t # 0 and let m = n—t. The proof is essentially the same as the
proof of Lemma [5.5.15| and we only prove the case that n is odd and m is even in detail.

According to Lemma [5.5.13] we have

m(nf) (n=r)(n—r—1)

Yo Da T " ga(mrX)

r=0
m{n.f) (n—r)( 1

= Z (_1)rq 2 qrt. Z m(Uﬁi‘,Uf,%)geB(r,r,X)
r=0 ese{+1}

m(n,t)
(n=m)(nitm=1) (m—r)(m=r—1)
=g T Y (T Y mUE, U ge, (ry, X).
r=0 ese{£1}

Assume that n is odd and m is even. Factoring out he, (n, m, X), replacing X by an_lX ,
and apply Lemma [5.5.15, we have that (5.85|) is equivalent to

m
(n=m)(ntm=—1) (m=r)(m=r=1)
TN (e Y mUs Ua(r) g, (m.r, X) = F'(n,m, X),
=0 ese{£1}

(5.94)
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where
ees(q s X —ees) - [12 vus (¢2X2 —1) if ris odd,
! = ==
gég (m7 T.? X) - m
€3 HZ@(QQZK@ -1) if r is even,
-2
and
/ nin=1) 15 2 2
F'in,m,X)=q 2 H(q X°).
=1

Since g’ (r,m, X) forms a basis of the space of polynomials with degree < m, there exists

unique tuples (a;) and (b;) such that
LHS of (5.94) = > a;gl(m,5,X), RHS of (5.94) =) bjg.(m, ], X).
5=0 §=0

It suffices to show that ap = by and both (a;) and (b;) satisfy the following recursive

relation for 0 < r < m:

0 if r is odd,
ar = (5.95)
q7n77"+2_1

g Gr—2 if r is even.

We derive the recursive relation for a; first. Notice that
gi(m,r,qX) = ("2 X% — 1)gl(m,r + 2, X).

Moreover,

r+1

q = (egi(m,r —1,X) — g{(m,r, X)) if r is odd,
Xgl(m,r, X) =

a2 (egl(m,r —1,X) + g'(m,7, X)) if r is even.

X24/( X) g "D (qgl(m,r — 2,X) + e(qg — 1)gl(m,r — 1, X) + g'(m,r, X)) if r is odd,
ge\m, 1y =

g "(gi(m,r —2,X) + gi.(m,r, X)) if r is even.
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Hence if m is even, then

g(m,r,qX)

q" gl (m,r, X) +e(qg— 1) " gl (mr + 1, X) + (¢ = Dgl(m,r +2,X) if ris odd,

g Tgl(m,r, X) + (¢ = 1)gi(m,r +2,X) if r is even.

Hencefor 1 <r<m+1

(@™ ™ — 1)a,_o if 7 is odd,
a — (5.96)

elg—1)g™ a1 + (¢ "% — 1)a,_o if 7 is even,

with a;,,+1 = 0, which implies ((5.95|).

Now we compute b;. First, when r =0,

Y. mUE U, (m,0,X) = egl(m, 0, X).

ese{£1}
For r #£ 0,
—2em (U, U )gl(m,r + 1, X) if r is odd,
> m(URUsh)gl, (myr, X) =
es€{*1} e(m(UL,USL) — m(U L, UD))gl(m,r, X)  if r is even.
Then
0 if r is odd,
by =
al_y+a, if ris even.
where
2~y < U if 7 is odd
ey | 20 om0 i1 i odd
! =

(m—r)(m—r—1)

(=D)"a(r)g 2 e(m(UL,UD) — m(U L, USL))  if ris even.
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n(n—1)

Finally, a direct calculation shows that ag = by =e€q~ 2  and b, satisfies ([5.96]). O
5.5.6 Proof of Theorem [5.5.1]
Now we are ready to prove Theorem [5.5.1
Recall that
Pden’(I,,, L)
Pden’(L
en'(L) Pden( )’

and
Pden(I,, I,) = 2a(n)I(n),

where I.(n) is defined in Lemma [5.5.7}
We first assume that L = H/ @ L; with j > 0 where L; = I,,—+ & Ls is an integral
lattice of rank ny and type t > 0 (the other non-integral cases were taken care of in the

summary of the proof at the beginning of this section). By Lemma [5.3.12} we have

j—1

Pden'(I,,, L) = 2( [Ja- q%))Pden(In, Ly, q%).
=1

It suffices to show Pden([,,, L1,¢*) = 0. By Theorem [5.4.1] H and Lemma |5.5.11] we have
Pden(1,, L, q%) Z Pden™ ~*(I7¢, L, q%)

ni—t ny
ny—r . =) (imr=1) -
=Ie(n,m) Y > <i—r> ()"t g g (i — g,
r=0 q

1=0
(5.97)

Notice that the assumption ¢ > 0 implies that » < ny—t < ny—1. Hence g, (n1,n—t,r, X)

is a polynomial of degree n; —r —1 by Lemma[5.5.15] Then we may apply Corollary
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to conclude

ni
—_ . (i—r)(i—r—1) n—n .
> (n.l T) ()" g g g (=t g 2 ) =0,
q

. 1—7T
=0

Hence '
2( T (1 - ¢*))

Pden'(L) =
en'(L) Pden(Iy, I,)

Pden(I,,L,q" ") = 0.

Next, we assume L = I,,_; & Ly is integral of rank n and type ¢ (Cases (2) and (3)
or equivalently Case (b) in the summary of the proof at the beginning of this section).

Similarly, by Theorem and Lemma [5.5.11] we have

n—1
Pden’(I,,,L) = Y (Pden" ")/ (I, L)
=0
mnbnsl (=) (i—r—1) ,
=2t 33 (7)o S
r=0 =0 q

(5.98)

Here, recall that m(n,t) := min{n — ¢,n — 1}. Applying Corollary |5.3.24] as before, we

have

n
n—r _ . (i—r)(i—r—1) o
(i—r) (_1)T(_1>n 1+Zq 2 qrt'gﬂ(n?n_tvr?q Z) =0.
=0 q

)

Hence,

(TL—T‘)(;‘L—T—I) rt

Pden’(I,,, L) = 21.(n) (=1)"q q" g (n,n—t,r,g").
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By Lemma [5.5.16] if £ # 0, then

m(n,t)

(n—r)(n—r—1) _ _
S (1) T g (o — g ) = Fo(nyn — g7
r=0

[1,2,(1—¢*) if ¢ is odd,

Notice that if ¢ is even, then x(I:',)x(L2) = €. Hence e = x(La2).

If t =0, then by Lemma [5.5.16

m(n,t) (nonnroy) - - 1 if nis odd,
Z (_1)Tq 2 qr 'gfl(n7n7rvq n) = Fel(nvn7q n) = a(n) :
r=0 0 if nis even.

This proves the theorem.

5.6 Fourier transform: the analytic side

In this section, we study the partial Fourier transform of the vertical part of the analytic

side following Section 8 of [[.Z22b]. The main result is Theorem [5.6.2]

Definition 5.6.1. For a non-degenerate lattice L’ C V of rank n—1, and z € V\L" , We

define

dDenp, 4 (x) = Z OPden(L")1p/(z),

L'cr/ cr
L' ¢Hor (L)

where L” = L' N L%.

Theorem 5.6.2. Let I’ C V be a non-degenerate lattice of rankn—1, and let W = (L%,)*

be the perpendicular space of sz mn V. Recall the partial Fourier transform

8Denib77/(x) = /Lb ODeny, o (x +y)dy, x €W\ {0}.
F
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Then dDen?, () is constant on W20\ {0} and is zero for x € W<0.

Ly

Proof. 1t suffices to show that if val(z) > 0, then
8Denib’y(m) - 8Deni‘b,y(ﬂ_1x) =0.
By definition, we have

oDend, () = /L > oPden(I)1p(x +y)dy,
F pbcL/cL

L ¢Hor (L")
where L' runs over lattices of rank n in L + (x).
Recall that Pr L, denotes the projection to sz. We rewrite the summation based on

L'N L% and Prp, (L'). For lattices L” c L in L%, of rank n — 1, let
Lat(L”, L") ={L' cV|L'nL} =L", Prp, (L) = L"}.

Then by Lemmas 7.2.1 and 7.2.2 of [LZ22a], we have

BDenfw/(x) = Z Z Z OPden(L') /b 1 (x +y)dy.

LPCLP ~ LPcL? L’GLat(L’b,Z’b) L
L"gHor(L") I /L' cyclic

Here we can switch the order of the sum and integral because there are only finitely many
nonzero terms in the sum for a fixed x. Since L”/L” is cyclic, it has a generator v’ € L.
Moreover, for L' € Lat(L”, L"), we can write L' = L + (u) with u = v’ 4+ u* € V where

0 # ut € W. Moreover, write z = au’ with o € F*, then

r+y=au+(y—ou’)el
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if and only if @ € Op and y — au” € L”. As a result, we have

vol(L?), if (&) = (u"),
[, e y) = ot + gy =
Lr 0, otherwise.

Therefore, we have

ODeny, ,(x) — ODeny, (v 'x) = Y vol(L")D(L"”)(x), (5.99)
LbcL/b
L"¢Hor (L)
where
D(L")(w)= S oPden(r)= Y oPden(L” + (i +x)).
~ LPcL” ute(x) generator u’e(L”)/L"
L"” /L cyclic L'=L"+(u” +ul) val(u”)>0
(5.100)

Here the last step uses the fact that I = L”+(u’+z) is integral if and only if u> € (L”)¢/L”
and val(u”) > 0 (since val(z) > 0).

It suffices to show D(L”)(x) = 0 for any L” such that L’ ¢ L” and L” ¢ Hor(L"). To
show this, we write L” = I} © Lo where Ly is of full type (of rank n —1 —ny). Let uz be

the projection of u” to L. Then
(L") /P = (I @ (Lo)?)/L” = LA/Ly  and L+ (v’ +z) = L” + (ug + ).
We consider a partition of
(L3)°/La = S(La) U S°(L2) U S (La)
with

SH(La) = (rL5)* /Ly, S°(La) = (wL§)° — (wL5)™)/La, S~ (L2) = (L5)° = (wL5)°)/Lo.
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Here, for a lattice L,
L° :={x € L|val(x) >0} and L°® := {z € L | val(z) > 0}.
In general, for a full type lattice Lo, we also define

pt(L) = |(xL)*® /L], p(L) = |((xLF)° = (xL¥)*°)/L|, (L) = |[((LF)° = (xL*)°)/L].
(5.101)

For v € {£1}, let
WOV(L) = |{u € (rLH)° — (xLH : x((u,w)) = v}/ (5.102)
Since L' = L + (ug + x) with ug integral and val(x) > 0, it is not hard to check that

t(L”) +1 ifuy € ST(La),

t(L') = S ¢(L”) if uy € S°(La),

t(L”) =1 ifuy € S (Ly).

\

Set t = t(L”). There are two cases.

When t is odd, we can write

I o L ifu € S5 (La),
L/ — L/b+ <u2+x> _ ni 2 2

IS oL, ifue Sy (L)

In both cases, a simple calculation gives

(L) = €eq.
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For ¢t > 1, by Theorem [5.5.1

(

(1-— eelq#)(l + eelq%) if ug € ST(L2),

t—1
5 —1

=1 _
oPden(L) = (1—ecrg 2 ) [ (1-0*) {1 4eergs if up € SO(Ls),
/=1

1 if ug Gsf(Lg).

\

For t = 1, S7(L») is empty and L” ¢ Hor(L") implies that L' = L& & L} with y(L}) = 1,

i.e. € = €. In this case, by Theorem [5.5.1

1—q ifueSt(Ly),

OPden(L') =
1 if u € SO(Ly).
Hence by (5.100)), we have D(L”) = 0 if
i+1 =1y 4 t=1, —
(1—ecrqg 2 )(1+eerqg 2 ) (L) + (1 +eerg 2 )p' (Lo) + p (L2) = 0. (5.103)

When t = (L") is even, L” ¢ Hor(L") implies that ¢ > 0. Moreover, if uy € S°(Ls),

we have a decomposition (since ug € Lo is perpendicular to I} )
L'=L1" 4 (ug + ) = I © (up + ) © L
for some full type lattice L} of rank ¢. Then a direct calculation gives

X(Ly) = (—=1)" exex(uz).
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So we have by Theorem [5.5.1

,

(1—4¢" if ug € ST(Ls),

OPden(L) = H(l - 41— (—1)”1elex(uQ)q% if ug € S(Lo),

1 if ug € Sf(Lg).
Hence by (5.100), we have D(L”) = 0 if

(1— gt (La) + (1 — (=1 ereq2) ™ (La) + (1 + (—1)™ ereq?)p® " (La) + p~ (La) = 0.
(5.104)
Now (5.103) follows from Proposition [5.6.7 and (5.104) follows from Proposition [5.6.9}

Hence we have D(L”) = 0 for L” such that L’ ¢ L” and L” ¢ Hor(L?). Now the theorem
follows from (|5.99). O

To complete the proof of Theorem we are left to state and prove Propositions
and [5.6.91

Definition 5.6.3. Let L and L' be lattices of full type such that L c L' Cc n~'L. For
Te {+7 07 R {07 +1}7 {O, _1}}, deﬁne

pH(L, L) = ' (L) = [ L)' (L),

where p* (L) is defined in (5.101)) and (5.102)).

Lemma 5.6.4. Let L be a full type lattice of rank t. Then
pt (L) + p (L) + p~ (L) = ¢" - p* (L),
Let L and L' be full type lattices of rank t such that L C L' C 7~ 'L. Then

WL L) + 0L, L) + (L, L) = g - g (L, 1),
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Proof. 1t suffices to show that the following map
(LY°/L—(wLH)°°/L, x> mx

is surjective and every fiber of this map has size ¢*. For z € (7L)°° = m(L#)°, the fiber

at x is

{n 'y +2)e (L) ye L}

Since x € T(L#)°,

T y+2z) e (LF)° —= (y+z)en(lf)® < yen(Lh)e.

Moreover, the assumption that L is a full type lattice implies that L C w(L#)°. Hence

Hr Yy +z) e (LH° :ye LY = |L| = ¢

This proves the first statement. The second statement follows from the first and the

definition of u*(L, L"). O

Definition 5.6.5. Let L be a full type lattice of rank t. We call L maximal of type t if

t(L') <t for any L' such that L C L' C Lp.

Lemma 5.6.6. If L is non-mazimal full type lattice of rank t, then there exists a L' such

that L C L' C 7= 'L and
pH(L, L)+ p®(L, L) = q - p* (L, L').
Proof. We need to find a L' such that L C L' C 7~'L and

|((wLF)° = (xL%)°) /L] = q - |((xLF)*° — (wL*)*°) /L.
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Let (a1, -+ ,a¢) be the fundamental invariants of L. We consider two cases seperately.
(i) If a; is even and a; > 4, then we may choose a normal basis {1, ---,¢} of L
such that (¢1,---,6_1) L €. Write ({,4) = ut(—ﬂ'o)%. In this case, we choose

L= {1, -+ 41,7 4;), with fundamental invariants (a1,--- ,a;_1,a; —2). Then
rLf = (mm gy o Tty and wL% = (e L gty g et 2y,
For a fixed 20 = )., sim~ %t where s; € Op, let

Spo =1z € (rL*)° — (nL'®)° : 2 = 2o + sy;m @ H4,, 5, € Op} /L,

See =1z € (TLF)*° — (nL/)°° 1 & = g + sy~ Ty, 8, € Op}/ L.

It suffices to show [Sg, | = ¢ - |Ss|. Notice that & = xg + s;m~ 1, € Sg if and only if

ag

St € O;, (x,x) = ut(—ﬂo)_%—H(u;l(—ﬂo)7_1<$0,l‘o) + Stgt) c OFO,

and z € S¢ if and only if

st € Op, (x,2)= ut(—ﬂ'o)_%ﬂ(u;l(—Wo)%t_l(xo,xo) + 8¢5¢) € (o).

Consider the m-adic expansions

[e.9] o0
i -1 G-1 i
si=Y bir',  —u; N (=m0)2 N(wo, m0) = Y e,

>0 120
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where b;, ¢; € Op,/(mo). Then z € S if and only if s; € OF, and

Cco — bg,
c1 = bibg — bob1,

c2 = baby — b1b1 + boba,

(lt*3

Cay—3 = Z (—1)"bg,—3—ibi.

i=0
Similarly, x € S7¢ if and only if z € S7, and

ar—3
Cay—2 — Z (=1)'bg,—2—ib; = 2bq,—2bo.
i=1
Since s; € OF, by # 0 and by,—2 is uniquely determined by the above equation. Hence
1S5l = a - |Sze| as a result.
(ii) If a¢ is odd (since L is non-maximal, a; > 1 in this case) or a; = 2, then we
may choose a normal basis {¢1,---, ¢} of L such that the moment matrix of {¢;_1,¢;} is

0 T
H,,, where H,, = . We may choose L' = ({1, 4o, m " _1,£;) with

(=m0

fundamental invariants (a1, -, a;—2,a; — 1,a; — 1). In this case,
rLf = (mmatly oo pmatly) and rLf = (mmatly oo pmetly g mmaet2p,),
For a fixed 20 = Y5 ;4 s;m~ %10, where s; € Op, let

Seo = 1{r € (mL)° — (nL")° : x = wo + sg_1m Ty + sym Ty, where s;_1,5; € Op}/L,

Seo i =1{r € (7rLﬁ)Oo — (7rL’ﬂ)°° cx=x0 + S T 4+ sym Y, where s4_q, 54 € Or}/L.

It suffices to show |S5 | = ¢-|Sgo|. Notice that © = g+ s 17 “ T + s~ T € S5
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if and only if

st € Op, (z,2) = (20, 20) + (St—15¢ + (—1)at§t_1st)(—1)7at+17r7“t+2 € Op,,

and x € 577 if and only if

st € Op, (x,z) = (20, x0) + (St—15¢ + (—1)at§t,1st)(—1)_at+17r_“t+2 € (mo).

Write
[o¢] [o.¢] [o.¢]
S¢—1 = Z b, s = Zciﬂ'l, —(—1)%7171'%72(560,%0) = Zdiﬂ'z,
>0 >0 >0
where b;, ¢;, d; € Op,/(m). Then x € Sp° if and only if z € S5 and
dat—Z + S5 = —2bat_260.
where S is certain expression involving b, -+ ,bg,—3 and c¢1,- -+ ,Cq,—2. Since s; € OF,

co # 0. Hence, for any given S, the number of choices of by, 2 is determined if z € S77.

As a result, |Sp | = q - |Sool. O
Proposition 5.6.7. Assume thatt > 1 is odd and L is a full type lattice of rank t. Then

for any x € {£1}, we have

(1—xq 2 )(L+xq 7 )t (L) +(1+xq 7 )p’(L) + p~ (L) = 0.

Proof. We prove this for maximal L first. We can choose a basis {¢1,---,¢;} of L with
t—1

moment matrix Diag(H; 2 ,u¢(—mo)). Set Ly = (¢1,--+ ,€;—1) and Ly = (¢;). Then we can

directly compute that

(rLH)° =L, (L) =L,@n 'Ly, (LF)°=n'Lionr 1L,
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Hence
pt(L) = |(xLH)* /Ll =1, p*(L) = [((xLF)° — (xL*)*)/L| = ¢ — 1,
and
po (L) = |((LF)° = (rLF)) /LI = ¢' — q.
As a result,

(1—xq 5 )1+ xq 7 )t (L) + (1 +xq 7 )u(L) + (L)

=(1-xaT)1+x¢ )+ (1 +x¢7)a-1)+d" —q

Now we assume L is not maximal and the proposition holds for L’ such that L C L'

by an induction on val(L). With this assumption, it suffices to show
41 =1y 4 ’ =1y 9 / — l
(1 =xg =)0 +xq 2 ) (L, L) + (1 +xq 2 ) (L, L) + p~ (L, L) = 0,

which follows from a combination of Lemmas [5.6.4] and [5.6.61 O

Lemma 5.6.8. If L is non-mazimal full type lattice of rank t, then there exists a L' such

that LC L' C 'L and
p (L, L) = (L, L).
Proof. Let
8" = {z € (wLF)° — (xLF)*°) — ((xL")° — (xL*)*°) : x({x)) = v}/L.

We need to show |S*!| = [S7!|. Let {¢1,---, ¢} be anormal basis of L, and let {a1,--- ,a;}
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be the set of fundamental invariants of L. We consider two cases seperately.
(i) If a; is even and a; > 4, then we may choose a normal basis {¢1,---,¢;} of L such that
(01, ,ly_1) L f;. In this case, we choose L' = (¢1,--- ,f; 1,7 14;), with fundamental

invariants (ag,- - ,a;—1,a; — 2). Then
Lt = (rmatlyy o pm ety and nLt = (mmoatly oo gty pmart2py,
For a fixed 20 = ) ;4 sim~ %110, where s; € Op, we set
Spo =1z € (LH)° — (wL¥)°°) — (wL*)° — (wL*)°°) : & = wo + sym Ty, 5, € Op, x((z)) = v}/L.

We need to show [SF!| =[Syt Write (¢,4) = ut(—m)%. Notice that z = z¢ +

s~ € SYif and only if
st € Op,  (2,7) € O, x((z,7) =v. (5.105)
Notice that

(2, 2) = up(—mo) ™2 M (uy  (—m0) T~ (wo, w0) + 5:5¢).

Write
(o] [o¢]
_ bt d —u Y —m) L _ i
Sp = T, an u; (—mo) (zo,x0) = G,
i>0 i>0

where b;,¢; € Op,/(mp). Then the conditions in (5.105) are equivalent to the following
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equations:

co = b3 # 0,
c1 = bibg — boby,

c2 = baby — b1b1 + boba,

0473

Cap—3 =Y _(~1)"ba,—3-ibi,
i=0
ar—2

_a ;
V= X<ut(—ﬂ'0) 2 +1( — Cq;—2 + Z (—1)lbat_2_ibi)) .
i=0
Since a; is even by assumption, the last equation is the same with
atr—3
at

v = X(ut(—ﬂo)_7+1( — Cqy—2 + Z (—1>ibat—2—ibi + 2b0bat—2)>~
=1

Notice that the possible choices of {bg, -+ ,bs,—3} are determined by the first a; — 2 equa-
tions. And for a given choice of {by, - - - , bs,—3}, the number of choices of b,, o that satisfies

the last equation is clearly independent of v since by # 0.

(ii) If a; is odd or a; = 2, then we may choose a normal basis {¢1,---, ¢} of L such that
0 T

the moment matrix of {¢;_1,¢;} is H,,, where H,, = . We may choose
(=m)™ 0

L= {1, - ly_o,m 1 _1,0;) with fundamental invariants (a1,--- ,a;_2,a;-1 —1,a; — 1).

In this case,
rLf = (=T ) and L% = (mmatly oo gty pmart2p,
For a fixed 20 = 3" ;4 4 s;m— %t we set

Sy, ={zr e (LH)° — (wLH)°°) — (wL®)° — (wL™)°°) i = @ + sy 1Ty + sem 4Ty,

si-1,5t € Op, x((x)) = v}/L.
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It suffices to show |S;F!| =[S, !]. Notice that & = zo+se_1m™* T+ s~ € SY

if and only if
st € O, (w,2) = (z0, m0) + (s1-15 + (—1)"5_15)(—1) "7~ c O, x((z,2)) = .
(5.106)

Write

[o¢] o0 o0
. . 1 owo )
Si_1 = E b, s = E ', —(=1)% " w® T (xg, z0) = E d;m",

i>0 i>0 i>0

where b;,¢;,d; € Op,/(m). Then the condition in (5.106) is equivalent to the following

equations:
do = b()CO + (—1)atboco,
d1 = bicop — bocr + (—1)*(=bico + bocop),
v = X((—l)at—lﬂ'_at-‘FQ( — dat72 + S+ Qbat7260)>,
where S is certain expression involving by, - - - ,bs,—3 and c¢1,- -+ ,¢q,—2. Since s; € Op,

co # 0. Hence, for any given S, the number of choices of b,,_o that satisfies the last

equation is clearly independent of v. O

Proposition 5.6.9. Assume that t > 1 is even and that L is a full type lattice of rank t.

Then for any x € {£1}, we have
(1= g (L) + (1= xq2)u® (L) + (1 + xq2)u® (L) + p~ (L) = 0.

Proof. We prove this for maximal L first. There are two cases we need to consider.

t_
(i) If we can choose a basis {¢1, - - - , £;} of L with moment matrix Diag(H 1, ug—1(—m0), ut(—mo))

where y(—u;—iuy) = —1, then set L1 = ({1, -+ ,€;_9) and Ly = ({;_1,4;). In this case, a
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direct computation shows that
(rLH°° =L, (nL¥)° =L @n 'Ly, (LH° =7"1L.

Hence

pt(L) = (L) /Ll =1, p (L) =|((LF)° — (xL¥)°)/Ll = ¢' — ¢". (5.107)
Moreover,

p? (L) = {(@,y) € Fg = (0,0) | x(u—12” +wy?) = v}.
It is well known that
H{(z,y) € FE —(0,0) | wg—12® +uy® = 1} = ¢ — x(~wp—1ur) = g + 1.

Hence

0,+1 0,—1 q2—1
WO L) = 0Ly = T (5.108)

Combining (5.107)) and ([5.108]), we have

(1= Y (L) + (1= xq2)u®F (L) + (1 + xq2)u® (L) + p~ (L)

=1-d)+ (@ -1+ ~¢) =0

x
(ii) If we can choose a basis {¢1, - - , ¢;} of L with moment matrix H, then we can directly

compute that

(rLH°° =L, (nLH° =L, (LF)°=n"'L.
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Hence
W) = L/ = 1, (L) =0, (L) = |(L)° — (=L#)°)/L] = ¢' 1.
As a result we have

(1= gt (L) + (1 = xg2)u®F (L) + (14 xq?)p® (L) + u~ (L) = (1 — ¢') + (¢ = 1) = 0.

Now we assume L is not maximal and the proposition holds for L’ such that L C L'

by an induction on val(L). With this assumption, it suffices to show
(1= g (L. L) + (1= xg2)p® L L) + (L xg2)u® (L, L)+ i (L. L) =0,

which follows from a combination of Lemmas [5.6.4] and 5.6.8] O

5.7 Proof of the main theorem

We prove the main theorem in this section by an induction on val(L) using the results we

obtained about the partial Fourier transform in previous sections.

5.7.1 Comparison of horizontal intersection numbers

Lemma 5.7.1. Let L C 'V be a lattice. If L = L1 & Ly where Ly is unimodular, then
Int(L) — ODen(L) = Int(L2) — 0Den(Lz).

Proof. The lemma follows from comparing (5.61) with (4.37)). O

Definition 5.7.2. Let L’ C V be a non-degenerate lattice of rank n —1, and x € V \ L%.
Define

ODenp, (x)= Y OPden(L)1p(x). (5.109)

L’cL/'cL'
L’ cHor (L)



Lemma 5.7.3. If L” C V is horizontal, then
Inty, - (x) = 0Denp, 4 (z),

where Inty, 4, is defined in Definition .

Proof. Let L = I’ @ (z). By Lemma we know

Int;, o (z) = Inty,(z) = Int(L).
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(5.110)

On the other hand, since L’ is horizontal, by Lemma any integral lattice of rank

n — 1 containing L’ is horizontal, hence we have

dDenp; () = dDeny,(z) = 0Den(L).

So it suffices to prove Int(L) = dDen(L).

(5.111)

When n = 2, by (5.110]) and (5.111)), the lemma is a consequence of [Shi22, Theorem

1.1] and Theorem When n > 2, L’ has a unimodular direct summand L; of rank

n — 2 such that L = L1 @& Ly and Lg = Lap N L’ is a horizontal lattice in Ly p. The

lemma follows from the the case n = 2 and Lemma [5.7.11

Lemma 5.7.4. If M” C V is horizontal, then

YWEZO0° Z(@) = YD Pden(L)1y(x),

MPcL/'cLt
L =M

where “ Z(M")° is as in Definition .

Proof. By Definition we have

Ity p(z) = XN, BZ(M0)° - Z() + Y xWVEZ(L7)° - 2()).

L’ cHor(M")
L/b;ﬁMb

O]

(5.112)
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We now prove the lemma by induction on val(M?). When M” is unimodular, the lemma
is the same as Lemma [5.7.3] In general notice that any integral lattice of rank n — 1
containing M” is horizontal by Lemma Applying the induction hypothesis to the
right hand side of the above formula and applying Lemma to the left hand had, we

obtain

Y OPden(I)lp(z) = x(N,FEZ(M*)° - (@) + Y 9Pden(L')1y(x).

MbcL/'cLt MbcL'cLY
L’ cHor(M") LP#£M°
(5.113)

Subtract the left hand side by the second term of the right hand side of the equation, the

lemma is proved. O

Theorem 5.7.5. For a non-degenerate lattice L’ C 'V of rankn —1, and x € V \ L%, we

have

IntLb7%(:U) = aDean,%j(l‘).

Proof. By the definition of Int;, , (), we have

Ity ()= > XN FZ(M) - Z(x)).

M’ eHor(Lb)

The theorem now follows from (5.109)) and Lemma [5.7.4 O

5.7.2 Proof of the main theorem

The following is an analogue of Lemma 9.3.1 of [LZ22D)].

Lemma 5.7.6. Let L” C V be a non-degenerate lattice of rank n — 1 and W = (L%)J—.

Forx & L' ®W, there exists an Op-lattice L” of rank n —1 and «’ € V such that

val(L”) < val(L’) and L” + (z') = L’ + ().



261

Proof. Assume that L” C V has fundamental invariants (a1, ,an—1). Let {l1,--+ ,lp_1}

be a basis of L’ whose moment matrix is

Dia’g(Hbl ) Hbg, e aHbgsfl 3 u2s+17rb28+17 e aunflﬂ-bnil)a
0 ol
where by,--- ,bos_1 are odd and H,; = ‘ . Notice that {b1, -+ ,bp_1} =
(=m)? 0
{a1, -+ ,an—1}. The moment matrix of {¢1, -+ ,€,_1,2} is
Hbl (éla :E)
T =
un—lﬂ'bn71 (en—h 37)
(z,01) -+ (x,0p-1) (x, )
Assume (a},--- ,al,) is the fundamental invariants of L* + (z). According to Lemma 2.23

of [LL22], a} + - - - + al,_; equals the minimal valuation of the (n — 1) x (n — 1) minors of
T.

Write © = 2” + 2+ where 2” € L} and z+ € W. If 2° ¢ L”, then we can write
2 = Z;‘:—ll a;l; where o € O for some 4. First, we assume «; ¢ Op for some 7 < 2s.

The valuation of the (n,7)-th minor of T (removing n-th row and i-th column) equals to

valr((liy1,2)) —bi + (b1 + -+ +bp—1) if i is odd,

valg ((li—1,2)) —bi + (b1 + -+ -+ bp—1) if i is even.

Since o; ¢ Op, we have val;(({j11,x)) < b; if i is odd and valz((¢i—1,x)) < b; if 7 is
even. In particular, Z?;l al < Z?;l aj. Now if we choose a normal basis {¢|,--- , ¢/} of
L + (z), then L” = (¢,,--- £ |} and 2/ = ¢, satisfy the property we want.

Now we assume «; € Op for some 2s < @ < n — 1. The valuation of the (n,7)-th minor
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of T equals to
valy (4i,x) —b; + (by + -+ + bp—1).

Since «; € Op, val;(¢;,z) < b;, hence Z?;l a; < Z;‘;ll a;. Now if we choose a normal
basis {€},---, 0} of L’ 4 (x), then L” = (¢},--- ¢/} and 2/ = ¢!, satisfy the property

we want. O

For any L, we can write it as L” + (z) where L’ is a non-degenerate hermitian Op-
lattice of rank n — 1, and & € V\ L’. Therefore, in order to show Int(L) = dDen(L), it

suffices to show the following theorem.

Theorem 5.7.7. Let L’ C V be a non-degenerate lattice of rank n—1. For any x € V\Lb ,

we have
Int;, (z) = ODeny, ().

Proof. For x € V\ L), let ®,,(x) = Int;, () — dDen;, (). We need to show @, (z) = 0.
We prove the theorem by an induction on val(L”). If L’ is not integral, then Int,(z) = 0

as Z(L) is empty by Proposition [5.1.20 Moreover 0Den;,(x) = 0 by Corollary

Hence the theorem is true in this case.
Now we assume L’ is integral. By induction hypothesis and Lemma we may
assume supp(®;,) C L’ © W where W = (L%,)L. Since ®;,(z) is invariant under the

translation of L”, we may write
Ppp(z) =11 ® w(2), (5.114)
where ¢w(x) is a function on W\ {0}. Then we have by definition

O+, = vol(L’)pw.
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Theorem [5.7.5| implies that
B (2) = Dy (@) = Ints (&) — IDenys ().
Hence
vol(L”) gy = @7, .. (5.115)

By induction on the rank of L and Lemma we may assume ®;,(x) = 0, hence
¢w(x) = 0 for z € W=, Combining this with the non-integral case, we know ¢w(z) = 0

for z € W0, As a result, we have ®+, (z) = 0 for z € W= by (5.115). By Theorem

by
and Theorem [5.2.16, we have ij.:b (@) =0 forz € W=0\ {0}. Hence @fb (@) =0
for all z € W\ {0}. Consequently, ¢w(z) =0 by (5.115). O

Combining this theorem with Theorem [5.2.15 we have the following corollary.

Corollary 5.7.8. Let I’ C V be a non-degenerate lattice of rankn—1. Then dDenp, () €

(V)27 is a Schwartz function.

5.8 Global applications

5.8.1 Shimura varieties

In this section, we switch to global situation and will closely follow [RSZ20] and [RSZ21].
Let F' be a CM number field with maximal totally real subfield Fy. We fix a CM type
® C Hom(F,Q) of F and a distinguished element ¢y € ®. We fix an embedding Q — C
and identify the CM type ® with the set of archimedean places of F', and also with the set
of archimedean places of Fy. Let V be an F'/Fy-hermitian space of dimension n > 2. Let

Vs =V @p 4 C be the associated C/R-hermitian space for ¢ € ®. Assume the signature



of Vy is given by
(n_171)7 ¢ = oo,
(n,O), ¢E¢\{¢0}

(rg,75) =
Define a variant G@ of the unitary similitude group GU(V) by
GU={ge Resg, oGU(V) : c(g) € G},
where ¢ denotes the similitude character. Define a cocharacter

hgo : € = GUR) C [ GUVH)(®R) ~ [] GU(rg, r5)(R),
ped Ped

where its ¢-component is given by

hGQ,qﬁ(Z) = Dlag{z : 17‘¢7 Z - 1T¢;}
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under the decomposition of V, into positive definite and negative definite parts. Then its

GQ(R)-conjugacy class defines a Shimura datum (G©, {hgo}). Let E, = E(GY, {hgo})

be the reflex field, i.e., the subfield of Q fixed by {0 € Aut(Q/Q) : o*(r) = r}, where

r: Hom(F,Q) — Z is the function defined by r(¢) = ry.

We similarly define the group Z9 (a torus) associated to a totally positive definite

F/Fp-hermitian space of dimension 1 (i.e., of signature {(1,0)4ca}) and a cocharacter

hyo of Z2. The reflex field Eg = E(Z%, {h o}) is equal to the reflex field of the CM type

®, i.e., the subfield of Q fixed by {0 € Gal(Q/Q) : 0 0 ® = ®}.
Now define a Shimura datum (G, {hg}) by

G = 2%xg,, G®={(2,9) € 2% x G% | Nmp/p,(2) = c(9)},  hg = (hze, heo)-

Then G = Z9 x G where G = Resp, igU(V). Its reflex field E is equal to the composite

E,.Eg, and the CM field F' becomes a subfield of E via the embedding ¢y9. We remark
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that F = F when F/Q is Galois, or when F' = Fyx for some imaginary quadratic x/Q
and the CM type ® is induced from a CM type of k/Q (e.g., when Fy = Q). Assume that
Kyo Cc Z9A ) is the unique maximal open compact subgroup, and K¢g = [[, K¢, where
v runs over finite places of Fj is a compact open subgroup of G(Ay). Let K = K o x Kg C
é(Af). Then the associated Shimura variety Shx = Shg (G, {hg}) is a Deligne-Mumford

stack of dimension n — 1 and has a canonical model over Spec E.

5.8.2 Integral model

In this subsection we run through the set-up of [LZ22al, §14]. Let m = (m,), be a collection
of integers m, > 0 indexed by finite places of Fy such that m, = 0 for all but finitely
many places and m, = 0 for all places v that are nonsplit in F. Let A be an Op-lattice of
V. Assume that for any finite place v of Fyy (with residue characteristic p), the following

conditions are satisfied where 7 : Q — Qp is an embedding that induces a place v of E.
(GO) If p = 2, then v is unramified in F.

(G1) If v is inert in F' and V,, is split, then A, C V}, is self-dual and K¢, is the stabilizer
of A,. If v is further ramified over p and v is any place of E above v, then the
subset {¢ € ® : ¥ o ¢ induces w} C Hom(Fw,@p) is the pullback of a CM type
U C Hom(Fﬁr,@p) of F;'. Here w is the place of F' above v and F}" is the

maximal subfield of F;, unramified over Q.

(G2) If v is inert in F' and V, is nonsplit, then v is unramified over p and A, C V, is
almost self-dual, i.e., AE) /A, is a 1 dimensional space over the residue field of F,,.

Moreover Kq , is the stabilizer of A,.
(G3) If v is ramified in F, then v is unramified over p and A, C V,, is unimodular.

(G4) If v is split in F" and m, = 0, then U(V)(Fp,) = GL,(Fp,) and we assume A, C V,
is self-dual. Let K¢, = GL,,(OF, ) be the stabilizer of A,.
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(Gb) If v is split in F and m, > 0, then again U(V)(Fp,) = GL,(Fp,) and we assume
A, C V, is self-dual. Further assume that v splits into w and @ in F and all places

v of E¥ above v satisfy the following two conditions.

(a) the place v of E matches the CM type ® (in the sense of [RSZ20, §4.3]): if
¢ € Hom(F,Q) induces the p-adic place w of F (via 7 : Q — @p), then ¢ € ®.

(b) the extension F, /E, |, is unramified, where E,.|, is the local reflex field as defined

o

in [RSZ20, §4.1]. We remark that this condition holds automatically if all p-adic

places of F' are unramified over p.

(¢) Let v’ be any other place of Fy above p nonsplit in F' and v/ be any place of
E above v’. Then either w or w matches the CM type ® (let us take w for
example): if ¢ € Hom(F,Q) induces the p-adic place w of F (via 7/ : Q < @p),
then ¢ € ®. This condition is assumption (H5) of [LZ22al, §11.2].

We remark here that condition (a) and (c¢) are automatically true when F = Fyk
for some imaginary quadratic x£/Q and the CM type @ is induced from a CM type
of k/Q (e.g., when Fy = Q), or when v is of degree one over p. Let K¢, be the
principal congruence subgroup modulo ;" inside the stabilizer of A, where 7, is a

uniformizer of Fp,.

In the case when the above conditions are satisfied, we denote K by K™. Also denote
K™ by K° if m = (0),. In other words K° C G(Ay) is the stabilizer of A ®0, Op. Define
the moduli functor Mo as follows. For a locally noetherian Og-scheme S, Mo (S) is

the groupoid of tuples (Ao, to, Ao, 4, ¢, A, F) such that
1. A (resp. Ap) is an abelian scheme over S;
2. ¢ (resp. vo) is an action of Op on A (resp. Ap) satisfying the Kottwitz condition of

signature {(r, 73)oce} (resp. {(1,0)sea)):

charpol(i(a) | Lied) = [T (T = ¢(a)™ - (T - é(a))" (5.116)
ped
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for any a € Op;

3. A (resp. Ag) is a polarization of A (resp. Ap) whose Rosati involution induces the

automorphism given by the nontrivial Galois automorphism of F'/Fy via ¢ (resp. tg);

4. F is locally a direct summand Og-submodule of LieA which is stable under the Op-
action. Moreover O acts on F by the structural morphism and on LieA/F by the

Galois conjugate of the structural morphism.
We further require the following conditions to be satisfied.

(H1) (Ao,to,N0) € Mg where Mg = Mél)’g in the notation of [RSZ21, §4.1] (where (1)
is the unit ideal in Op) is an integral model of Shg g (Z%, h4o) depending on the

choice of a similarity class £ of 1 dimensional F'/Fy-hermitian spaces.

(H2) For each finite place v of Fy, A induces a polarization A, on the p-divisible group
A[v>°]. We require ker A, C A[.(w,)] and is of rank equal to the size of A% /A, where

w, is a uniformizer of Fy,,.

(H3) For each place v of Fy, we require the sign condition and FEisenstein condition as
explained in [RSZ20, §4.1]. We remark that the sign condition holds automatically
when v is split in F', and the Eisenstein condition holds automatically when the

places of I’ above v are unramified over p.
(H4) We impose the Krdamer condition on F as explained in [RSZ21) Definition 6.10].

A morphism (Ao, to, Ao, A, L, A, F) = (Ap, Lo, Ao, A, N, F') is a pair (fo : Ao — Ap, f -
A — A’) of Op-linear isomorphism of abelian schemes over S such that f*(\) = X,
TENG) = Ao, f«(F) = F'. Let Viam (resp. Vasa) be the set of finite places v of Fyy such that
v is ramified in F' (resp. v is inert in F' and A, is almost self-dual). By [RSZ20, Theorem
5.2], the moduli problem M o is representable by a Deligne-Mumford stack over Og which
is regular and semistable at all places of E above Viam UVasq. The generic fiber of Mo is
the Shimura variety Shxo. For a general m, define M gm to be the normalization of M go

in Shgm. Then by [RSZ20, Theorem 5.4], M gm is representable by a Deligne-Mumford
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stack over O which is regular and semistable at all places of E above Viam U Vagsq. Its
localization at each finite place v of E agrees with the semi-integral models defined in and

[RSZ20, §4] or [LZ22a, §11].

5.8.3 Global main theorems

From now on we assume K = K™ and simply denote M gm by M. Let V be the incoherent
Ap/Ap,-hermitian space associated to V', namely V is totally positive definite and V,, = V,,
for all finite places v. Let px € #(V}') be a K-invariant (where K acts on Vy via the
second factor Kg) Schwartz function. We say ¢x is admissible if it is K-invariant and
YKw = 1(p,)m at all v nonsplit in F.

First, we consider a special admissible Schwartz function of the form
or = (pi) Ey(V}n), wi=1lq,, 1=1,...,m, (5.117)

where €; C V; is a K-invariant open compact subset such that €2; , = A, at all v nonsplit
in F. Given t; € F and ¢;, there exists a unique special divisor Z(t, ;) over Mg such
that for each place v of E inducing a non-split place of Fj, the base change of Z(t, ;)
to Spec O (,y agrees with the special divisor defined as in [LZ22al §13.3], and for each v
inducing a split place of Fy, it agrees with the Zariski closure of the special divisor over

the generic fiber of M. Then we have the following decomposition (cf. [KR14b} (11.2)]),

TeHerm,, (F)

where N denotes taking fiber product over Mg, and the indexes T have diagonal entries
t, . tm.

Let T € Herm, (F) be a nonsingular F'/Fy-hermitian matrix of size n. Given (T, k),
we can define an arithmetic degree as follows. First, analogous to the local situation ((1.5]),
we can define a local arithmetic intersection numbers Inty, (¢x) for any place v of E.

First we assume v is finite and let v be the place of Fy under v. By the same proof of
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[KR14bl, Proposition 2.22], it suffices to consider the case when v is nonsplit in . When

v is of the form (5.117)), define

1
[E : Fo]

Intr, (px) = XE (T, 0K)0, Ozt 1), @ - & Oz, o)) logqu,  (5.118)

where ¢, denotes the size of the residue field k, of E,, Z(T,pk), and Z(t,y;), denote
the base change to Op (), Oz(,,4,), denotes the structure sheaf of the Kudla-Rapoport
divisor Z(t;, p;), ®" denotes the derived tensor product of coherent sheaves on M, and
denotes the Euler—Poincaré characteristic. For a general admissible function g, we can
extend the definition C-linearly. Using the star product of Kudla’s Green functions, we can
also define a local arithmetic intersection number Int7,(y, ¢k ) at infinite places ([L.Z22al,
§15.3]), which depends on a parameter y € Herm,,(F)>0 where Fopw = F®gR. Combining
all the local arithmetic numbers together, define the global arithmetic intersection number,
or the arithmetic degree of the special cycle Z(T, ¢k ) in the arithmetic Chow group of
M,

degr(y, px) =Y Intr,(px) + > Intr,(y, ¢x).

vioo v|oo
Theorem 5.8.1. Let Diff (T, V) be the set of places v such that V,, does not represent T
Let T € Herm,,(F') be nonsingular such that Diff (T, V) = {v} where v is nonsplit in F

and not above 2. Assume px € S (V') is admissible. Then

degr(y, ox)q" = ck - OEisr(z, o),

n

where ¢7 = oo (TrT2), cxx = % is a nonzero constant independent of T and vol(K)
is the volume of K under a suitable Haar measure. Finally, OEisr(z, pr) is the T-th

coefficient of the modified central derivative of Fisenstein series in

Proof. When v is finite and v ¢ Viam U V,sq, the theorem is proved in [LZ22al Theorem
13.6]. For v € Vygq, our definition of Intr, (px) differs from that of [LLZ22al (13.5.0.14)].

Correspondingly on the analytic side, our definition of OEisy(z, ¢k ) is also modified, see
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(??) and (L.17). However using [LZ22a, Theorem 10.5.1] instead of [LZ22al Theorem
10.3.1], the proof of [LZ22al Theorem 13.6] works the same way in this case. When v is
infinite, the theorem is proved in [Liulll Theorem 4.17,4.20] and independently in |GS19)
Theorem 1.1.2]. When v is finite and v € Vyam, the theorem is a corollary of Theorem

and can be proved in the same way as [HSY23al, Theorem 12.3]. O

We say ¢, € (V7)) is nonsingular if its support lies in {x € VI : det T'(x) # 0}, see

[LZ22al, §12.3] or [Liulll Proposition 2.1].

Theorem 5.8.2. Assume that F/Fy is split at all places above 2. Further assume that

wK s admissible and nonsingular at two places split in F'. Then
deg(z, SOK) =CK aEiS(Za SOK)7

where d/e%(z, vK) is defined in (??). In particular, d/e\g(z,goK) is a nonholomorphic her-

mitian modular form of genus n.

Proof. The theorem can be derived from Theorem by the same way as [LZ22a

Theorem 15.5.1]. O
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