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Kudla-Rapoport conjecture for Krämer models

Qiao He

Abstract

The Siegel-Weil formula is a beautiful identity that relates weighted sum of theta series

with Eisenstein series. This classical formula has a geometric version relating geometric

theta series with Eisenstein series, where the geometric theta series is certain generat-

ing series of special cycles on unitary/orthogonal Shimura varieties. Much deeper is the

arithmetic Siegel-Weil formula, which is an analogous story in the integral model of uni-

tary/orthogonal Shimura varieties.

In this thesis, we study a local arithmetic Siegel-Weil formula: the Kudla-Rapoport

conjecture for the Krämer models of unitary Rapoport–Zink spaces at ramified places.

We conjectured and proved a precise identity between the arithmetic intersection numbers

of special cycles on Krämer models and modified derived local densities of hermitian

forms. Combining our formula with the analogous formula over unramified primes, we

can prove an arithmetic Siegel–Weil formula for unitary Shimura varieties, which relates

intersection of special cycles on unitary Shimura vartieties over imaginary quadratic fields

with derivative of Eisenstein series. This thesis is based on several joint works with Chao

Li, Yousheng Shi and Tonghai Yang.
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Chapter 1

Introduction

1.0.1 Background

Consider the quadratic form given by Q(x) = x21+· · ·+x2m, and rm(n) = #{(x1, · · · , xm) ∈

Zm | Q(x1, · · · , xm) = n}. Lagrange’s famous four-square theorem claims that r4(n) ̸= 0

for any n ∈ N+. Then a natural question to ask is that can we find a formula for r4(n)?

It turns out that in order to achieve this, it is very helpful to consider the generating

series θ4(τ) :=
∑∞

i=0 r4(n)q
n instead of r4(n) alone. One can show that θ4(τ) is a modular

form of weight 2 and level 4. In fact, the space of modular form of weight 2 and level

4 is generated by two explicitly constructed Eisenstein series. A comparison of Fourier

coefficients shows that θ2(τ) is a scalar multiple of one of the Eisenstein series. More

specifically,

θ4(τ) = 1 + 8

∞∑
n=1

( ∑
0<d|n
4∤d

d
)
qn.

As a result, we may recover Jacobi’s beautiful formula:

r4(n) = 8
( ∑
0<d|n
4∤d

d
)
.
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In general, an explicit formula for rm(n) is not known for m > 8. However, Siegel discov-

ered an average formula (over the genus class of Qm(x)) in 1930s ([Sie35]) and extended

it to the indefinite integral quadratic forms later ([Sie51]). More explicitly, we have the

following formula:

∑
[[Q]]

θQ(τ) = special value of Siegel Eisenstein series, (1.1)

where the summation is over the genus class of a positive definite integral quadratic form

Q, and θQ is the theta series associated with Q.

Weil interpreted Siegel’s work in terms of Weil representation and extended it to all

quadratic and hermitian forms (within the convergence range) in 1960s ([Wei65]) as follows.

To simplify the exposition, we mainly focus on the unitary case. Let F be a CM number

field with maximal total real subfield F0 and (V, h) be a non-degenerate hermitian space

over F of dimension n with Witt index r. Let H = U(V ) and G = U(m,m) so that (G,H)

is a reductive dual pair. Fix a character χ of A×F /F
× such that χ|A× = εnF/F0

where εF/F0

is the quadratic character of A×/F×0 associated to F/F0 via class field theory. Then we

have an action of H(A)×G(A) on the space of Schwartz function S (V m(A)) via the Weil

representation ω.

Now we define Siegel Eisenstein series. We use P to denote the Siegel parabolic

subgroup of G and let K be the standard maximal compact subgroup of G(A). For

φ ∈ S (V m(A)), define a holomorphic sectionΦs of Ind
G(A)
P (A) χ| det |

s
AF

by

Φs(g) = |a(g)|s−s0AF
ω(g)φ(0).

Here s0 = (n − m)/2 and |a(g)|AF
= |det(a)|AF

for some a ∈ GLm(AF0) so that g =a ∗

0 tā−1

 · k for some k ∈ K. Then the Siegel Eisenstein series

E (g, s, φ) :=
∑

γ∈P (Q)\G(Q)

Φs(γg)
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is absolutely convergent if Re(s) > m/2, and has a meromorphic continuation to the whole

s-plane if φ is K-finite.

On the other hand, we define the theta function

Θ(g, h;φ) =
∑

x∈V n(F )

ω(g, h)φ(x)

for each φ, and consider its integral

I(g, φ) =

∫
H(F )\H(A)

Θ(g, h;φ)dh

if it is absolutely convergent. Here we normalize the Haar measure dh on H(A) so that

vol(H(F )\H(A)) = 1. In [Wei65], Weil showed that the theta integral I(g, φ) is absolutely

convergent for all φ if and only if n−r > m or (V, h) is anisotropic (the so called convergent

range). Moreover he proved that if n > 2m, then

I(g, φ) = E (g, s0, φ) .

In particular, both sides of this identity are absolutely convergent in this case. In general,

we need to regularize the theta integral and identity it with certain residue of Eisenstein

series, which is called regularized Siegel-Weil formula. See [KR88b, KR88a, KR94, Ike96,

Ich04, GQT14] for more details.

There is also a geometric analogue of the above story. For simplicity, we again focus

on the unitary case.

Fix an embedding Q ↪→ C and fix a CM type Φ ⊂ Hom(F,Q) = Hom(F,C) of

F . We also identify the CM type Φ with the set of archimedean places of F0. Let

V be an F/F0-hermitian space of dimension n. Assume the signatures of V are {(n −

1, 1)ϕ0 , (n, 0)ϕ∈Φ−{ϕ0}} for some distinguished element ϕ0 ∈ Φ. Then there is a unitary

Shimura variety X of dimension n − 1 associated with V . There is a special cycle Z(T )

of codimension r on X associated with a r × r positive definite hermitian matrix T ∈
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Hermn(F ). This definition can be extended to all r×r semi-definite T to form a geometric

analogue of the classical theta series valued in CHr(X):

θgeor (τ) :=
∑
T≥0

Z(T )qT , qT = e2πitr(Tτ),

where τ lies in the hermitian upper half plane Hr. Here Hr is the domain consisting of all

complex r × r matrices τ such that i(tτ̄ − τ) is positive definite.

Kudla conjectured that the orthogonal analogue of θgeor (τ) is a Siegel modular form

valued in CHr(X) in [Kud97, Kud04], which was proved due to various authors’ work (see

[Bor99],[Zha09] and [BWR15]). Yifeng Liu formulated the unitary case in [Liu11], where

he also proved the case r = 1 and the formal modularity. For more detail, see the beautiful

survey article of Chao Li [Li23].

When X is compact and r = n−1, Z(T ) ∈ CHn−1(X) and we can consider deg(Z(T ))

in this case. Taking the degree of θgeon−1, we may propose the following geometric Siegel-Weil

formula:

deg(θgeon−1) = special value of unitary Eisenstein series. (1.2)

The orthogonal analogue of this formula was proved in [Kud97] and the unitary case

should follow from a similar argument. In fact, taking degree of Z(T ) factors through the

cycle class map. Then Kudla-Millson theory [KM90] gives an explicit construction of a

representative of cl(Z(T )) where cl denotes the cycle class map. When X is non-compact,

we expect similar results as above should still hold although some modification is needed.

It is still an open question to find the correct modification in general.

This is not the end of the story. Much deeper is its arithmetic version. Assume X

has an integral model X over OE where E is the reflex field. In reality, we often need

to consider its toroidal compactification. However, the main results of this thesis do not

involve the boundary components so we ignore this issue here. For τ ∈ Hr, we can write

it as τ = x + iy where y is a r × r positive definite hermitian matrix. For such y, we can
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define a Kudla’s Green current for Z(T ) depending on y. Given the Green current, we

seek to define Ẑ(T, y) ∈ ĈHr(X ) whose restriction on generic fiber recovers Z(T ). Then

we may consider an arithmetic analogue of θgeo(τ):

θ̂arr (τ, y) :=
∑
T≥0

Ẑ(T, y)qT , qT = e2πitr(Tτ).

Similarly as before, this is conjectured to be modular. Although the cases r ≥ 2 are still

wide open, a version of this for the case r = 1 was proved in [BHK+20] (for n > 2), which

has been applied in various places successfully. We remark that this modularity theorem

is one of the main ingredients of Wei Zhang’s proof of arithmetic fundamental lemma in

[Zha21]. In an ongoing work with Yousheng Shi and Tonghai Yang, we will extend this

modularity theorem to the case n = 2.

In another extreme case r = n, θ̂arr (τ, y) is an arithmetic cycle of virtual dimension 0

and we can take arithmetic degree. Then one expects an arithmetic Siegel-Weil formula

roughly of the following form:

d̂eg(θ̂arn )“ = ”derivative of incoherent unitary Eisenstein series. (1.3)

In fact, it is a highly challenging task to make (1.3) precise. However, when T is non-

degenerate, there is a well-defined intersection number Int(T ) so that we expect

Int(T )qT “ = ”E′T (τ, 0) (1.4)

where ET (τ, s) is the T -th derivative of certain incoherent Eisenstein series.

When T is non-degenerate but not positive definite, the intersection happens at the

archimedean places. We refer [Liu11, GS19, BY20] for more details. In fact, [GS19] even

treats the case when T is degenerate. When T is positive definite of rank n, the integral

special cycle Z(T ) is supported on the supersingular locus over a finite prime p which is

either inert or ramified in E. Because of this, it turns out that (1.4) can be reduced to
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a local arithmetic Siegel-Weil formula by p-adic uniformization. For U(n− 1, 1)–Shimura

varieties with hyperspecial level at an unramified place, Kudla–Rapoport [KR11] conjec-

tured a precise local arithmetic Siegel-Weil formula, now known as the Kudla–Rapoport

conjecture. It is a precise identity between the arithmetic intersection number of special

cycles on unitary Rapoport–Zink spaces (the geometric side) and the central derivative of

local representation densities of hermitian forms (the analytic side). The original Kudla-

Rapoport conjecture was recently proved by Li-Zhang [LZ22a] via Fourier transform and

an ingenious induction.

1.0.2 Kudla-Rapoport conjecture over ramified primes

Now a natural question and important question is to formulate and prove an analogue of

the Kudla–Rapoport conjecture over a ramified prime. There are two well-studied unitary

Rapoport–Zink spaces over ramified primes with different level structures. One is the

exotic smooth model which has good reduction, and the other one is the Krämer model

which has bad reduction. The analogue of Kudla–Rapoport conjecture was formulated

and proved for the even dimensional exotic smooth model by Li-Liu in [LL22] using a

strategy similar to [LZ22a].

However, the situation is more complicated for the Krämer model— due to the bad

reduction of the model, it is expected that one needs to modify the analytic side of the

conjecture by certain nontrivial linear combination of central values of local representation

densities. Such phenomenon was first observed by Kudla–Rapoport [KR00] via explicit

computation in their proof of the orthogonal local arithmetic Siegel-Weil formula for the

Drinfeld p-adic half plane.

In [Shi22], Shi obtained a Kudla-Rapoport type formula for the Krämer model associ-

ated with a 2-dimensional nonsplit hermitian space. In this case, there happens to be no

modification on the analytic side. In a joint work with Shi and Yang [HSY23b], we studied

the case for a 2-dimensional split hermitian space using an exceptional isomorphism be-

tween the corresponding unitary Rapoport-Zink space and Drinfel p-adic half plane. The
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analytic side in this case needs nontrivial modification.

Inspired by the results obtained in [Shi22, HSY23b], we formulated the Kudla–Rapoport

conjecture for Krämer models in another joint work with Shi and Yang [HSY23a], where

we give a precise and conceptual modification for the analytic side. We also proved the

conjecture for the case n = 3 via explicit calculation. It is a new construction on the

geometric side called difference cycle which makes the explicit calculation possible. The

difference cycle is motivated by the primitive local density from the analytic side and has

surprisingly simple property which eventually simplifies the calculation significantly.

Finally, in a joint work with Li, Shi and Yang [HLSY22], we resolved the conjecture

positively in full generality via a new method using partial Fourier transform and induc-

tion.

As a first application, we relax the local assumptions in the arithmetic Siegel–Weil

formula for U(n − 1, 1)–Shimura varieties by allowing Krämer models at ramified places.

The main theorem should also be useful to relax the local assumptions at ramified places

in the arithmetic inner product formula [LL21, LL22] and its p-adic avatar by Disegni–Liu

[DL22].

1.0.3 The precise formulation of Kudla–Rapoport conjecture for Krämer

models

Now we give more details about the formulation of Kudla–Rapoport conjecture for Krämer

models. Let p be an odd prime. Let F0 be a finite extension of Qp with residue field κ = Fq.

Let F be a ramified quadratic extension of F0. Let π be a uniformizer of F such that

TrF/F0
(π) = 0. Then π0 := π2 is a uniformizer of F0. Let F̆ be the completion of the

maximal unramified extension of F . Let OF and OF̆ be the ring of integers of F and F̆

respectively.

First, we introduce the geometric side of the conjecture. Let n ≥ 2 be an integer.

To define the Krämer model of the unitary Rapoport–Zink space, we fix a (principally

polarized) supersingular hermitian OF -modules X of signature (1, n−1) over κ̄ (Definition
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2.1.1). The Krämer model N = Nn is the formal scheme over Spf OF̆ parameterizing

hermitian formal OF -modules X of signature (1, n − 1) within the quasi-isogeny class of

X, together with a rank 1 filtration F ⊂ LieX satisfying the Krämer condition (Definition

2.1.2). The space N is locally of finite type, and semistable of relative dimension n−1 over

Spf OF̆ . There are two choices of the framing object X (up to quasi-isogeny), giving rise

to two non-isomorphic (resp. isomorphic) spaces N when n is even (resp. odd) (§2.1.2).

Let Y be the framing hermitian OF -modules of signature (0, 1) over κ̄ defined as in

Definition 2.1.1. The space of quasi-homomorphisms V = Vn := HomOF
(Y,X) ⊗OF

F

carries a natural F/F0-hermitian form, which makes V a non-degenerate F/F0-hermitian

space of dimension n (§2.1.2). The two choices of the framing object X exactly correspond

to the two isomorphism classes of V, classified by χ(V) := χ((−1)
n(n−1)

2 det(V)) ∈ {±1},

where χ : F×0 → {±1} is the quadratic character associated to F/F0. For any subset

L ⊂ V, the special cycle Z(L) (§2.2.1) is a closed formal subscheme of N , over which each

quasi-homomorphism x ∈ L deforms to homomorphisms.

Let L ⊂ V be an OF -lattice (of full rank n). We will associate to L two integers: the

arithmetic intersection number Int(L) and the modified derived local density ∂Den(L).

Definition 1.0.1. Let L ⊂ V be an OF -lattice. Let x1, . . . , xn be an OF -basis of L. Define

the arithmetic intersection number

Int(L) := χ(N ,OZ(x1) ⊗
L · · · ⊗L OZ(xn)) ∈ Z, (1.5)

where OZ(xi) denotes the structure sheaf of the special divisor Z(xi), ⊗L denotes the derived

tensor product of coherent sheaves on N , and χ denotes the Euler–Poincaré characteristic

(Definition 2.2.6). By Howard [How19, Corollary D]), we know that Int(L) is independent

of the choice of the basis x1, . . . , xn and hence is a well-defined invariant of L itself.

We remark that virtually we regard the intersection between Z(x1), . . . ,Z(xn) as a

0-cycle. However in general they do not intersect properly. We use derived tensor in the

definition of our intersection number here to remedy this.
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Now we introduce the analytic side of the conjecture. For M another hermitian OF -

lattice (of arbitrary rank), denote by HermL,M the OF0-scheme of hermitian OF -module

homomorphisms from L to M (Definition 4.1.1) and define its local density to be

Den(M,L) := lim
d→+∞

|HermL,M (OF0/π
d
0)|

qN ·dL,M
,

where dL,M is the dimension of HermL,M ⊗OF0
F0. Let H be the standard hyperbolic

hermitian OF -lattice of rank 2 (given by the hermitian matrix
(

0 π−1

−π−1 0

)
). It is well-

known that there exists a local density polynomial Den(M,L,X) ∈ Q[X] such that for any

integer k ≥ 0,

Den(M,L, q−2k) = Den(Hk kM,L). (1.6)

WhenM has also rank n and χ(M) = −χ(L), we have Den(M,L) = 0 (Lemma 5.3.6) and

in this case we write

Den′(M,L) := −2 · d

dX

∣∣∣∣
X=1

Den(M,L,X).

Define the (normalized) derived local density

Den′(L) :=
Den′(In, L)

Den(In, In)
∈ Q. (1.7)

Here In is the unimodular lattice of rank n with χ(In) = −χ(L). Recall that a hermitian

OF -lattice L is unimodular.

In the thesis, we also use α(M,L,X) to denote Den(M,L,X). However, we use

α′(M,L) to denote − d
dX

∣∣∣∣
X=1

α(M,L,X).

The naive analogue of the Kudla–Rapoport conjecture for Krämer model should be

Int(L)
?
= Den′(L).

However, as explained in [HSY23a] this naive analogue does not hold for the following
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reasons. On the one hand, by definition Int(L) vanishes unless L is integral (i.e., L ⊂ L♯),

while Den′(L) does not vanish for non-integral lattices L which are dual to vertex lattices.

More precisely, recall that an integral OF -lattice Λ ⊂ V is called a vertex lattice (of type t)

if Λ♯/Λ is a κ-vector space (of dimension t). For a vertex lattice Λ ⊂ V of type t > 0, we

have Λ♯ is non-integral so Int(Λ♯) = 0, while Den′(Λ♯) ̸= 0 in general (see e.g. (5.38)). In

general, we define the type t(L) of L to be the number of positive fundamental invariants

of L (see §1.0.6).

To account for these discrepancies, we will define ∂Den(L) by modifying Den′(L) with

a linear combination of the (normalized) local densities (Corollary 5.3.7)

Dent(L) :=
Den(Λ♯

t, L)

Den(Λ♯
t,Λ

♯
t)

∈ Z. (1.8)

Here Λt ⊂ V is a vertex lattice of type t (in particular χ(Λ♯
t) = χ(L)). Recall that the

possible vertex type t is given by any even integer such that 0 ≤ t ≤ tmax, where

tmax =


n, if n even, χ(V) = +1,

n− 1, if n odd,

n− 2, if n even, χ(V) = −1.

Definition 1.0.2. Let L ⊂ V be an OF -lattice. Define the modified derived local density

(Corollary 5.5.2)

∂Den(L) := Den′(L) +

tmax/2∑
j=1

c2j ·Den2j(L) ∈ Z. (1.9)

Here the coefficients c2j ∈ Q are chosen to satisfy

∂Den(Λ♯
2i) = 0, 1 ≤ i ≤ tmax/2, (1.10)

which turns out to be a linear system in (c2, c4, . . . , ctmax) with a unique solution (Theorem
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4.2.1).

The main goal of this thesis is to prove the following local arithmetic Siegel-Weil

formula, settling the main conjecture of [HSY23a]. We will prove this theorem in §5.7.

Theorem 1.0.3 (Kudla–Rapoport conjecture for Krämer models). Let L ⊂ V be an

OF -lattice. Then

Int(L) = ∂Den(L).

1.0.4 Global application

Now we describe the global application of the local arithmetic Siegel-Weil formula. For

brevity and clarity of exposition we restrict our attention to the case when F is an imag-

inary quadratic field. We further assume F = Q(
√
dF ) where dF ≡ 1 mod 8 (essentially

we simply need 2 splits in F ). We remark here that our results can be applied to the

case when F is a general CM field given correct local assumptions. Let M(1,n−1) be the

moduli functor over SpecOF such that for an OF -scheme S, M(1,n−1)(S) parametrizes

isomorphism classes of principally polarized abelian schemes A/S of relative dimension n

with an action ι : OF → End(A), a compatible polarization λ : A → A∨ and a filtration

FA ⊂ LieA which satisfies the signature (1, n− 1) condition: OF acts on LieA/FA via the

structure map s : OF → OS and acts on FA via conjugation of s. Let V be a hermitian

vector space over F of signature (n− 1, 1) containing a self-dual lattice L. The lattice L

determines an open and closed substack

M ⊂ M(0,1) ×SpecOF
M(1,n−1)

which is an integral model of a unitary Shimura variety. For a point in M(S) (S an OF -

scheme), i.e., a pair (E, ι0, λ0) ∈ M(0,1)(S), (A, ι, λ,FA) ∈ M(1,n−1)(S), define the locally

free OF -module

V ′(E,A) = HomOF
(E,A).
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It is equipped with the hermitian form h′(x, y) = ι−10 (λ−10 ◦ y∨ ◦ λ ◦ x). For a m × m

nonsingular hermitian matrix T with values in OF , let Z(T ) be the stack of collections

(E, ι0, λ0, A, ι, λ,FA,x) such that (E, ι0, λ0, A, ι, λ,FA) ∈ M(S), x ∈ V ′(E,A)m with

h′(x,x) = T . Then Z(T ) is representable by a Deligne-Mumford stack which is finite

and unramified over M ([KR14b, Proposition 2.9]). When t ∈ Z>0, each component of

Z(t) can be viewed as a divisor by [How15, Proposition 3.2.3]. In general, Z(T ) does not

necessarily have the expected codimension which is the rank of T .

Let V = {Vp} be the incoherent hermitian space over AF associated to V . Alterna-

tively, it is the positive definite hermitian space over AF such that Vℓ
∼= Vℓ for all finite ℓ.

It is “incoherent” in the sense that it does not come from a global hermitian space. For

a nonsingular hermitian matrix T of rank n with values in OF , Let VT be the hermitian

space with gram matrix T . Define

Diff(T,V) := {p a place of Q | Vp is not isomorphic to (VT )p}. (1.11)

Then Z(T ) is empty if |Diff(T,V)| = {∞} or |Diff(T,V)| > 1.

If Diff(T,V) = {∞}, then T is non-singular but not positive definite. Although Z(T )

is empty in this case, there is contribution at ∞ by Green current. We have an arithmetic

0-cycle Ẑ(T, y) := (0,Gr(T, y) where Gr(T, y) is a Green current defined as in [Liu11] and

[GS19] with the parameter y being a positive definite hermitian matrix y of rank n (which

will be imaginary part of τ) , see for example [LZ22a, §15.3]. Define the arithmetic degree

d̂eg(Ẑ(T, y)) :=
1

2

∫
M(C)

Gr(T, y) (1.12)

If Diff(T,V) = {p} for an inert or ramified prime p in F , then T is positive definite

and the support of Z(T ) is on the supersingular locus of M over SpecFp. It is this case

where Kudla-Rapoport conjecture will be a major ingredient. Consider the arithmetic

cycle Ẑ(T, y) := (Z(T ), 0). Let e be the ramification index of Fp/Qp. Virtually, we are
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considering Ẑ(T, y) as an arithmetic 0-cycle. Hence we consider the arithmetic degree

d̂eg(Ẑ(T, y)) = χ(Z(T ),OZ(t1) ⊗
L · · · ⊗L OZ(tn)) · log p

2/e, (1.13)

where ⊗L stands for derived tensor product on the category of coherent sheaves on M,

χ is Euler-characteristic and ti (1 ≤ i ≤ n) are the diagonal entries of T . We remark

here that (1.13) can be reduced to the intersection number (1.5) on the Rapoport-Zink

space N over p by p-adic uniformization. As in the local situation, Z(t1), . . . ,Z(tn) do

not intersect properly in general and we take derived tensor to fix this.

Now we consider the analytic side. Let φL = 1
L̂n ∈ S (Vn

f ). Associated to φ :=

φL ⊗ φ∞ ∈ S (Vn), where φ∞ is the Gaussian function, we define a classical incoherent

Eisenstein series on the hermitian upper half space τ = x+ iy ∈ Hn:

E(τ, s, φ) := χ∞(det(a))−1 det(y)−n/2 · E (gτ , s, φ) , gτ := n(x)m(a) ∈ Gn(A), (1.14)

where a ∈ GLn (F∞) such that y = atā.

Here E(τ, s, φ) has a meromorphic continuation and a functional equation relating

s↔ −s and E(τ, 0, φ) = 0 by the incoherence. Therefore, we consider its central derivative

Eis′(τ, φL) :=
d

ds

∣∣∣∣
s=0

E(τ, s, φ).

Analogous to the local situation, we need to modify Eis′(τ, φL) by central values of

coherent Eisenstein series. For a ramified place p in F , let pV be the coherent hermitian

space over AF nearby V at p, namely (pV)ℓ ≃ Vℓ exactly for all places ℓ ̸= p. Recall

that we call a hermitian OFp-lattice Λ a vertex lattice of type t if πΛ♯ ⊂ Λ ⊂ Λ♯ and

[Λ♯ : Λ] = t where π is a uniformizer of Fp. For any vertex lattice Λt,p ⊂ (pV)p of type

t, the Schwartz function φp
L ⊗ 1

(Λ♯
t,p)

n ∈ S ((pV)n) gives a classical coherent Eisenstein

series E(τ, s, φp
L ⊗1

(Λ♯
t,p)

n) defined similarly as in (1.14). Here φp
L = ⊗ℓ ̸=pφLℓ

. Analogous
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to (1.8), define the (normalized) central values

vEist(τ, φL) :=
vol(Kp)

vol(K
Λ♯
t,p
)
· E(τ, 0, φp ⊗ 1

(Λ♯
t,p)

n). (1.15)

Here K
Λ♯
t,p

⊂ U(pV)(F0,p) is the stabilizer of Λ♯
t,p, and the volumes are taken with respect

to the Haar measures on U(V )(F0,p) and U(pV)(F0,p) as defined in [LL21, Definition 3.8].

Let Vram be the set of places of F0 ramified in F . For a p ∈ Vram in F , analogous to (1.9),

define the linear combination

pEis(τ, φL) :=

tmax,p/2∑
j=1

c2j,p · pEis2j(τ, φL), (1.16)

where tmax,p and c2j,p are the numbers tmax and c2j respectively in (1.9) for the local

hermitian space (pV)p over the ramified extension Fp/Qp. Define the modified central

derivative

∂Eis(τ, φL) := Eis′(τ, φL) + (−1)n
∑

p∈Vram

pEis(τ, φL), (1.17)

which is unitary modular form for U(n, n). We fix the canonical unramified additive

character ψ : AQ/Q → C× with ψ∞(x) = e2πix. Then ∂Eis(τ, φL) has a Fourier expansion

as follows:

∂Eis(τ, φL) =
∑

T∈Hermn(F )

∂EisT (τ, φL). (1.18)

The following result asserts an identity between the arithmetic degrees of special cycles

and the nonsingular Fourier coefficients of the modified central derivative of the incoherent

Eisenstein series, whose proof is essentially reduced to Theorem 1.0.3 and the unramified

version proved in [LZ22a].

Theorem 1.0.4 (Arithmetic Siegel–Weil formula: nonsingular terms). Let F = Q(
√
dF )

with dF ≡ 1 mod 8 and L be the unimodular lattice we fixed before. We have

d̂eg(Ẑ(T, y))qT = cK · ∂EisT (τ, φL),
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where qT := ψ∞(Tr(Tτ)), cK is a nonzero constant independent of T and φL.

Notice that d̂eg(Ẑ(T, y)) does not depend on y when T is positive definite. We also

remark that it is an open and very challenging question to extend this identity to singular

terms.

1.0.5 Organization of this thesis

The rest of this thesis is organized as follows.

We will give the background material in Chapter two, including the definiton of

Rapoport-Zink space, special cycles and their basic properties which will be used freely in

later chapters.

In Chapter three, we focus on the case n = 2. Using the exceptional isomorphism be-

tweenN2 and Drinfeld upper half plane (after base change and blow up) and Grothendieck-

Messing theory, we write down the local equations of special divisors. Based on this, we

prove the conjecture for the case V is 2-dimensional split hermitian space via explicit

calculation. This chapter is based on the joint work with Shi and Yang ([HSY23b]).

In Chapter four, we explain how to precisely formulate the modified conjecture. We

also prove conjecture for n = 3 using induction and explicit computation. We will define

the difference cycle, which is motivated by the primitive local density from the analytic

side, and show that it has some surprisingly simple property. Accordingly, we will establish

some induction formula for the local density. Finally we compare the geometric side and

analytic side to prove the conjecture inductively. This chapter is based on the joint work

with Shi and Yang ([HSY23a]).

Finally, in Chapter five, we prove the conjecture in full generality via a new method

even in the n = 2, 3 case. The proof relies on partial Fourier transform and induction.

On the geometric side, we can use linear invariance to avoid Tate conjecture for Deligne-

Lusztig variety. On the analytic side, one of the major novelty is a decomposition formula

for local density and a surprisingly simple formula for (derived) primitive local density.

A more detailed summary will be given at the beginning of the chapter. This chapter is
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based on the joint work with Li, Shi and Yang [HLSY22].

1.0.6 Notation and terminology

In this thesis, a lattice means a hermitian OF -lattice without explicit mentioning. Unless

otherwise stated, L always means a non-degenerate lattice of rank n with a hermitian form

( , ).

• We say a sublattice L♭ of a hermitian space is non-degenerate if the restriction of

the hermitian form to it is non-degenerate.

• We define L♯ to be the dual lattice of L with respect to the hermitian form ( , ). If

L ⊂ L♯, we say L is integral.

• Following [LL22, Definition 2.11], for a lattice L with hermitian form ( , ), we say

that a basis {ℓ1, . . . , ℓn} of L is a normal basis (which always exists by [LL22, Lemma

2.12]) if its moment matrix T = ((ℓi, ℓj))1≤i,j≤n is conjugate to

(
β1π

2b1
)
⊕ · · · ⊕

(
βsπ

2bs
)
⊕

 0 π2c1+1

−π2c1+1 0

⊕ · · · ⊕

 0 π2ct+1

−π2ct+1 0


by a permutation matrix, for some β1, . . . , βs ∈ O×F0

and b1, . . . , bs, c1, . . . , ct ∈ Z.

Moreover, we define its (unitary) fundamental invariants (a1, · · · , an) to be the

unique nondecreasing rearrangement of (2b1, · · · , 2bs, 2c1 + 1, · · · , 2ct + 1).

• We define the type t(L) of L to be the number of positive fundamental invariants of

L. We use r(L) to denote the rank of L and call L a full type lattice if r(L) = t(L).

• We define the valuation of L to be val(L) :=
∑n

i=1 ai, where (a1, · · · , an) are the

fundamental invariants of L. For x ∈ L, we define val(x) = val((x, x)), where

val(π0) = 1.

• For a hermitian space V, we let V?i := {x ∈ V | val(x)?i} where ? can be ≥, ≤ or =.
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• For a ring R, we use ⟨ℓ1, · · · , ℓn⟩R to denote SpanR{ℓ1, · · · , ℓn}. When R = OF , we

simply write ⟨ℓ1, · · · , ℓn⟩. We use LF to denote L⊗OF
F .

• For a hermitian lattice of rank n, we define its sign as

χ(L) := χ((−1)
n(n−1)

2 det(L)) = ±1

where χ is the quadratic character of F×0 associated to F/F0. Without explicit

mentioning, we always use ϵ to denote χ(L).

• Let Iϵm denote a unimodular lattice of rank m with χ(Iϵm) = ϵ. We also simply

denote a unimodular lattice of rank m by Im if we do not need to remember its sign

or its sign is clear in the context. In particular, when we consider Den′(In, L), we

mean In = I−ϵn .

• We call a sublattice N ⊂ M primitive in M if dimFqN = r(N), where N = (N +

πM)/πM . We also use L to denote L⊗OF
OF /(π).

• For two lattices L,L′ of same rank, let n(L′, L) = #{L′′ ⊂ LF | L ⊂ L′′, L′′ ∼= L′}.

• We let δodd(n) = 1 if n is an odd integer and δodd(n) = 0 if n is an even integer.
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Chapter 2

Rapoport-Zink space and special

cycle

2.1 Rapoport-Zink space

We denote ā the Galois conjugate of a ∈ F over F0. Denote by NilpOF̆ be the category

of OF̆ -schemes S such that π is locally nilpotent on S. For such an S, denote its special

fiber S ×Spf OF̆
Spec κ̄ by S̄. Let σ ∈ Gal(F̆0/F0) be the Frobenius element. We fix an

injection of rings i0 : OF0 → OF̆0
and an injection i : OF → OF̆ extending i0. Denote by

ī : OF → OF̆ the map a 7→ i(ā).

2.1.1 RZ spaces

Let S ∈ NilpOF̆ . A p-divisible strict OF0-module over S is a p-divisible group over S with

an OF0-action whose induced action on its Lie algebra is via OF0

i0−→ OF̆0
→ OS .

Definition 2.1.1. A formal hermitian OF -module of dimension n over S is a triple

(X, ι, λ) where X is a supersingular p-divisible strict OF0-module over S of dimension

n and F0-height 2n (supersingular means the OF0-relative Dieudonné module of X at each

geometric point of S has slope 1
2), ι : OF → End(X) is an OF -action and λ : X → X∨ is a

principal polarization in the category of strict OF0-modules such that the Rosati involution
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induced by λ is the Galois conjugation of F/F0 when restricted on OF .

Definition 2.1.2. Fix a formal hermitian OF -module (X, ιX, λX) of dimension n over κ̄.

The moduli space Nn is the functor such that Nn(S) for any S ∈ NilpOF̆ is the set of

isomorphism classes of quintuples (X, ι, λ, ρ,F) such that

1. (X, ι, λ) is a formal hermitian OF -module over S.

2. ρ : X ×S S̄ → X×Spec κ̄ S̄ is a quasi-isogeny of formal OF -modules of height 0.

3. F satisfies Krämer’s ([Krä03]) signature condition: it is a local direct summand of

LieX of rank n − 1 as an OS-module such that OF acts on F by OF
ī−→ OF̆ → OS

and acts on LieX/F by OF
i−→ OF̆ → OS.

An isomorphism between two such quintuples (X, ι, λ, ρ,F) and (X ′, ι′, λ′, ρ′,F ′) is an

isomorphism α : X → X ′ such that ρ′ ◦ (α ×S S̄) = ρ, α∗(λ′) is a O×F0
-multiple of λ and

α∗(F) = F ′.

Notice that Nn is a relative Rapoport-Zink space in the sense of [Mih22]. By [How19,

Proposition 2.2], Nn is representable by a flat formal scheme of relative dimension n − 1

over Spf OF̆ . We drop the subscript n in Nn when there is no ambiguity.

Although we mainly study Nn, we also need another moduli space proposed in [Pap00].

Definition 2.1.3. Fix a formal hermitian OF -module (X, ιX, λX) of dimension n over κ̄.

The moduli space Nn is the functor such that NPap
n (S) for any S ∈ NilpOF̆ is the set of

isomorphism classes of quintuples (X, ι, λ, ρ) such that

1. (X, ι, λ) is a formal hermitian OF -module over S.

2. ρ : X ×S S̄ → X×Spec κ̄ S̄ is a quasi-isogeny of formal OF -modules of height 0.

3. ι : OF → End(X) is an OF -action on X satisfying Kottwitz condition:

char(ι(π)|LieX) = (T − π)(T + π)n−1.
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By [Krä03] (see also [Shi22, Proposition 2.7]), the natural forgetful functor Φ : Nn →

NPap
n forgetting F is the blow up of NPap

n along its singular locus Sing. For each point

Λ ∈ Sing, its inverse image Φ−1(Λ) is an exceptional divisor ExcΛ isomorphic to Pn−1
k .

2.1.2 Associated hermitian spaces

For a strict OF0-module X over κ̄, let M(X) be the OF0-relative Dieudonné module of X.

Let (X, ιX, λX) be the framing object as in Definition 2.1.2, and N =M(X)⊗OF0
F0 be its

rational relative Dieudonne module. Then N is a 2n-dimensional F̆0-vector space equipped

with a σ-linear operator F and a σ−1-linear operator V. The OF -action ιX : OF → End(X)

induces on N an OF -action commuting with F and V. We still denote this induced action

by ιX and denote ιX(π) by Π. The principal polarization of X induces a skew-symmetric

F̆0-bilinear form ⟨ , ⟩ on N satisfying

⟨Fx, y⟩ = ⟨x,Vy⟩σ, ⟨ι(a)x, y⟩ = ⟨x, ι(ā)y⟩,

for any x, y ∈ N , a ∈ OF . Then N is an n-dimensional F̆ -vector space equipped with a

F̆ /F̆0-hermitian form ( , ) defined by (see [Shi18, (2.6)])

(x, y) := δ(⟨Πx, y⟩+ π⟨x, y⟩), (2.1)

where δ is a fixed element in O×
F̆0

such that σ(δ) = −δ. We can use the relation

⟨x, y⟩ = 1

2δ
TrF̆ /F̆0

(π−1(x, y)). (2.2)

to recover ⟨ , ⟩. Let τ := ΠV−1 and C := N τ . Then C is an F -vector space of dimension

n and N = C ⊗F0 F̆0. The restriction of ( , ) to C is a F/F0-hermitian form which we still

denote by ( , ). There are two choices of (X, ιX, λX) up to quasi-isogenies preserving the

polarization on the nose, according to the sign ϵ = χ(C) of C. Here χ : F×0 → {±1} is the
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character associated to the quadratic extension F/F0 and we define the sign of C as

χ(C) := χ((−1)n(n−1)/2 det(C)).

When n is odd, two different choices of ϵ give us isomorphic moduli spaces. When n is

even, two different choices of ϵ give us two sets of non-isomorphic moduli spaces. See

[Shi18, Remark 2.16] and [RTW14, Remark 4.2].

Fix a formal hermitian OF -module (Y, ιY, λY) of dimension 1 over Spec κ̄. Define

Vn = HomOF
(Y,X)⊗Q. (2.3)

We drop the subscript n of Vn unless we need to specify the dimension. The vector space

V is equipped with a hermitian form ( , )V such that for any x, y ∈ V

(x, y)V = λ−1Y ◦ y∨ ◦ λX ◦ x ∈ End(Y)⊗Z Q ∼→ F (2.4)

where y∨ is the dual quasi-homomorphism of y. The hermitian spaces (V, ( , )V) and

(C, (, )) are related by the F -linear isomorphism

b : V → C, x 7→ x(e) (2.5)

where e is a generator of τ -fixed points of the OF0-relative Dieudonné module M(Y).

The relative Dieudonné module M(Y) is equipped with a hermitian form ( , )Y such that

(e, e)Y ∈ O×F0
. By [Shi18, Lemma 3.6], we have

(x, x)V · (e, e)Y = (b(x), b(x)). (2.6)

Here the bilinear form (, )Y is the analogue of the form (, ) in (2.1) defined on the rational

relative Dieudonné module of Y. By scaling the polarization λY by a factor in O×F0
we can
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assume that

(e, e)Y = 1,

so V and C are isomorphic as hermitian spaces. When the context is clear we often drop

the subscript V in ( , )V.

Note that, when n is odd, Nn does not depends on χ(V). However, when n is even,

different choices of the framing object with different χ(V) will give non-isomorphic Nn. In

this case, we will use Nn,ϵ to denote the Rapoport-Zink space given by a framing object

(X, ιX, λX) with χ(V) = ϵ.

2.1.3 Bruhat-Tits stratification of N Pap
red

In this subsection, we review the description of the reduced locus of NPap in [RTW14].

We remark that although the results of [RTW14] treat the case F0 = Qp, it extends to the

category of strict formal OF0-modules using relative Dieudonné theory. This will be used

heavily in Chapter 3 and Chapter 4. We also mention that there is a similar story for the

reduced locus of N which will be established in Chapter 5. From now, we use NPap
red to

denote the reduced locus of NPap.

For an OF̆ -lattice M of N , define M ♯ to be the dual lattice of M with respect to the

form (, )X. Recall the following results.

Proposition 2.1.4. ([RTW14, Proposition 2.2 and 2.4]) Let N (k) be the set of OF̆ -lattices

N (k) = {M ⊂ C ⊗F F̆ |M ♯ =M, πτ(M) ⊂M ⊂ π−1τ(M), dimk(M + τ(M))/M ≤ 1}.

Then the map

NPap(k) → N (k), x = (X, ι, λ, ρ) 7→M(x) = ρ(M(X)) ⊂ N

is a bijection.

We say a lattice Λ ⊂ C is a vertex lattice if πΛ ⊆ Λ♯ ⊆ Λ and we call t = dimFq(Λ/Λ
♯)
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the type of Λ (in Chapter 5, we will use a slightly different convention of vertex lattice

for convenience). We denote the set of vertex lattices (resp. of type t) by V (resp. Vt).

Using the isomorphism of hermitian spaces (2.5), we often identify Λ with b−1(Λ) and use

the same notation to denote both. We say two vertex lattice Λ1 and Λ2 are neighbours

if Λ1 ⊂ Λ2 or Λ2 ⊂ Λ1. Then we can define a simplicial complex L as follows. When n

is odd or when n is even and C is non-split, then an r-simplex is formed by Λ0, . . . ,Λr if

any two members of this set are neighbours. When n is even and C is split, we refer to

discussion before [RTW14, 3.4] for the definition of L. We also use Ln,ϵ to denote L if C

has dimension n and χ(C) = ϵ. Again when n is odd, Ln,1 = Ln,−1, hence we use Ln to

denote it.

By results in Sections 4 and 6 of loc. cit., to each Λ ∈ Vt we can associate a Deligne-

Lusztig varieties NPap
Λ and NPap,◦

Λ of dimension t/2, such that

NPap
Λ (k) = {M ∈ N (k) |M ⊂ Λ♯ ⊗OF

OF̆ },

and

NPap,◦
Λ (k) = {M ∈ N (k) | Λ♯(M) = Λ♯}.

Here Λ(M) is the minimal hermitian dual of a vertex lattice such that Λ(M) ⊗OF
OF̆

contains M which always exists by [RTW14, Proposition 4.1]. By Theorem 1.1 of loc.cit.,

we know that

NPap
Λ :=

⊔
Λ′∈L,Λ′⊆Λ

NPap,◦
Λ′ ,

and

NPap
red =

⊔
Λ∈L

NPap,◦
Λ
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where each NPap
Λ is a closed subvariety of NPap

red . By loc. cit., we also know that

NPap
Λ ∩NPap

Λ′ =


NPap

Λ∩Λ′ if Λ ∩ Λ′ ∈ V,

∅ otherwise.

For a lattice L ⊂ V, define

V(L) := {Λ ∈ V | L ⊆ Λ♯}, and Vt(L) := {Λ ∈ Vt | L ⊆ Λ♯}. (2.7)

When L = Span{x} we also denote V(L) (resp. Vt(L)) by V(x) (resp. Vt(x)). For any

subset S of V, we define L(S) to be the subcomplex of L such that a simplex is in L(S)

if and only if every vertex in it is in S. For a lattice L of V and x ∈ C, define

L(L) = L(V(L)). (2.8)

When L = Span{x} we also denote L(L) by L(x).

We have a similar result for the reduced locus of Nred which will be studied and used

in Chapter 5. Here we only give brief review and refer the reader to Chapter 5 for details.

By Proposition 5.1.17 below, NΛ = ExcΛ for type 0 lattices Λ. The reduced locus Nred

has a decomposition (see Theorem 5.1.19)

Nred =
⋃
Λ

NΛ,

where the union is over all vertex lattices. The reduced subscheme Z(L)red is a union of

Bruhat-Tits strata (see Proposition 5.1.20)

Z(L)red =
⋃

LsubsetΛ♯

NΛ. (2.9)

We remark that NΛ is a desingularization of NPap
Λ . In particular, NΛ is regular.

For vertex lattices of type 0, we define ExcΛ following the idea of [How19, Appendix].
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Definition 2.1.5. The exceptional divisor Exc of N is the set of all points z = (X, ι, λ, ρ,F) ∈

N (κ̄) such that the action

ι : OF → End(LieX)

factor through OF
i−→ OF̆ → κ̄ where OF̆ → κ̄ is the quotient map. For a vertex lattice Λ

in C of type 0, define ExcΛ to be the set of all points z = (X, ι, λ, ρ,F) ∈ Exc such that

ρ(M(X)) = Λ ⊗OF
OF̆ . Both Exc and ExcΛ are closed subset of N and we endow them

the structure of reduced schemes over κ̄.

The following is a refinement of [How19, Proposition A.2].

Lemma 2.1.6. Each ExcΛ is a Cartier divisor of N isomorphic to Pn−1
κ̄ . The scheme

Exc is a disjoint union of ExcΛ over all type 0 lattices Λ in C.

Proof. Let z = (X, ι, λ, ρ,F) ∈ Exc(κ̄) and M = ρ(M(X)) ⊂ N . Then the action of

ι(π) on LieX is trivial. Hence ΠM ⊂ VM as LieX = M/VM . Since dimκ̄(M/VM) =

dimκ̄(M/ΠM) = n, we know VM = ΠM which is equivalent to τ(M) =M . By [RTW14,

Proposition 4.1], M = Λ⊗OF
OF̆ for some vertex lattice Λ. Since M is unimodular, Λ is

of type 0. Hence z ∈ ExcΛ(κ̄). Moreover for any κ̄-algebra R, every rank n − 1 locally

direct summand of LieXR satisfies Krämer’s signature condition as in Definition 2.1.2 and

determines a point of ExcΛ(R) uniquely. So we get an isomorphism Pn−1
κ̄ → ExcΛ. Since

N is regular and ExcΛ has codimension 1, ExcΛ is a Cartier divisor in N . By looking at

ρ(M(X)), it is clear that ExcΛ ∩ ExcΛ′(k) = ∅ if Λ ̸= Λ′. Hence Exc is a disjoint union of

over all type 0 lattices Λ.

2.2 Special cycles and intersection numbers

2.2.1 Special cycles

We fix a canonical lift (G, ιG , λG) of (Y, ιY, λY) to OF̆ in the sense of [Gro86] such that the

action of OF on LieG is via the inclusion ī. Such a lift is unique up to isomorphism by

[How19, Proposition 2.1].
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Definition 2.2.1. For an OF -lattice L of V, define Z(L) to be the subfunctor of N such

that N (S) is the set of isomorphism classes of tuples (X, ι, λ, ρ,F) ∈ N (S) such that for

any x ∈ L the quasi-homomorphism

ρ−1 ◦ x ◦ ρG : Y×Spec κ̄ S̄ → X ×S S̄

entends to a homomorphism G ×Spf OF̆
S → X. By Grothendieck-Messing theory Z(L) is

a closed formal subscheme of N . For x ∈ V, we let Z(x) := Z(L) when L = ⟨x⟩.

We can similarly define special cycles on NPap and denote it as ZPap(L). If we want

to emphasize the special cycle Z(L) is on Nn,ϵ (resp. NPap
n,ϵ ), we will denote it as Zn,ϵ(L)

(resp. ZPap
n,ϵ (L)).

Definition 2.2.2. For an OF -lattice L ⊂ V, define Z̃(L) to be the strict transform of

ZPap(L) under the blow up NKra
n → NPap

n .

2.2.2 Horizontal and vertical part

A formal scheme X over Spf OF̆ is called horizontal (resp. vertical) if it is flat over Spf OF̆

(resp. π is locally nilpotent on OX). For a formal scheme X over Spf OF̆ , its horizontal

part XH is canonically defined by the ideal sheaf OX,tor of torsion sections on OX . If

X is noetherian, there exists a m ∈ Z>0 such that πmOX,tor = 0. We define the vertical

part XV ⊂ X to be the closed formal subscheme defined by the ideal sheaf πmOX . Since

OX,tor ∩ πmOX = {0}, we have the following decomposition by primary decomposition

X = XH ∪XV (2.10)

as a union of horizontal and vertical formal subschemes. Notice that the horizontal part

XH is canonically defined while the vertical part XV depends on the choice of m.

Lemma 2.2.3. For a lattice L♭ ⊂ V of rank greater or equal to n− 1 with non-degenerate

hermitian form, Z(L♭) is noetherian.
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Proof. First we know that Z(L) is locally noetherian since it is a closed formal subscheme

ofN which is locally noetherian. Since the rank of L is greater or equal to n−1, the number

of vertex lattices Λ containing L is finite. By (2.9), we know that Z(L)red is a closed subset

in finitely many irreducible components of Nred. Since each irreducible component of Nred

is quasi-compact, we know that Z(L) is quasi-compact, hence noetherian.

Lemma 2.2.4. For a rank n − 1 lattice L♭ ⊂ V with non-degenerate hermitian form,

Z(L)V is supported on the reduced locus Nred of N , i.e., OZ(L)V is annihilated by a power

of the ideal sheaf of Nred.

Proof. We remark here that Nred is exactly the supersingular locus of N . Hence the proof

of the lemma is the same as that of [LZ22a, Lemma 5.1.1].

2.2.3 Derived special cycles

For a locally noetherian formal scheme X together with a formal subscheme Y , denote by

KY
0 (X) the Grothendieck group of finite complexes of coherent locally free OX -modules

acyclic outside Y . For such a complex A•, denote by [A•] the element in KY
0 (X) repre-

sented by it. We use K0(X) to denote KX
0 (X). Let K ′0(Y ) be the Grothendieck group of

coherent sheaves of OY -modules on Y . We have a group homomorphismKY
0 (X) → K ′0(Y )

which is an isomorphism when X is regular.

Denote by FiKY
0 (X) the codimension i filtration on KY

0 (X) and GriKY
0 (X) its i-th

graded piece. When X is regular, we have a cup product · on KY
0 (X)Q defined by tensor

product of complexes. Under the identification KY
0 (X)

∼−→ K ′0(Y ), the cup product is

nothing but derived tensor product:

[A] · [B] = [A⊗L
OX

B].

When X is a scheme, the cup product satisfies ([SABK94, Section I.3, Theorem 1.3])

FiKY
0 (X)Q · FjKY

0 (X)Q ⊂ Fi+jKY
0 (X)Q. (2.11)
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It is expected that (2.11) is also true when X is a formal scheme, see [Zha21, (B.3)],

however we do not need this fact in this thesis. Throughout the thesis, we assume X = N

unless stated otherwise.

Let K ′0(Y ) be the Grothendieck group of coherent sheaves of OY -modules on Y . When

X is regular we have the following isomorphism

KY
0 (X) ∼= K ′0(Y ). (2.12)

In particular, K0(X) ∼= K ′0(X).

Recall that for x ∈ V, Z(x) is a Cartier divisor ([How19, Proposition 4.3]).

Definition 2.2.5. Let L ⊂ V be a rank r lattice with a basis {x1, . . . , xr}. Define LZ(L)

to be

[OZ(x1) ⊗
L
ON · · · ⊗L

ON OZ(xr)] ∈ K
Z(L)
0 (N ) (2.13)

where ⊗L is the derived tensor product of complexes of coherent locally free sheaves on N .

By [How19, Corollary C], LZ(L) is independent of the choice of the basis {x1, . . . , xr}.

Definition 2.2.6. When L has rank n, we define the intersection number

Int(L) = χ(N , LZ(L)), (2.14)

where χ is the Euler characteristic.

Lemma 2.2.7. When L is a rank n lattice in V, Z(L) is a proper scheme over Spf OF̆ .

In particular, Int(L) is finite.

Proof. By Lemma 2.2.4 Z(L)V is a scheme. We show that Z(L)H is empty. If not, there

exists z ∈ Z(L)(OK) for some finite extension K of F̆ . Let X be the corresponding formal

hermitian OF -module of signature (1, n−1) over OK . Since L has rank n and G has signa-

ture (0, 1), this would imply that X has signature (0, n), which is a contradiction. Hence

Z(L) is a scheme. Since Z(L)red is contained in finitely many irreducible components of

Nred and each irreducible component is proper over Spec κ̄, it follows that Z(L) is proper
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over Spf OF̆ . The finiteness of Int(L) then follows from the same argument before [Zha21,

(B.4)].
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Chapter 3

Kudla-Rapoport conjecture for

U(1, 1) over ramified primes

In this chapter, we treat the case V is 2-dimensional split hermitian space. Using the

exceptional isomorphism between N2 and Drinfeld upper half plane (after base change

and blow up) and Grothendieck-Messing theory, we write down the local equations of

special divisors. Based on this, we prove the conjecture for the case V is 2-dimensional

split hermitian space via explicit calculation. This chapter is based on the joint work with

Shi and Yang ([HSY23b]).

Our goal is to prove the following theorem.

Theorem 3.0.1. Let L be the unimodular OF -hermitian lattice of rank 2 as in the be-

ginning of the introduction with Gram matrix S, and let T = T (x1,x2) ∈ Herm2(F ) with

xi ∈ V being independent. Then α(L, T ) = 0, and

Int(Lx1,x2) = 2
α′(L, T )

α(L, S)
− 2q2

q2 − 1

α(H,T )

α(L, S)
.

3.1 Preliminary

Following [BC91] and [KR14a], we briefly review several moduli functors in this section

for later use.
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3.1.1 Framing objects and their Dieudonné modules

Throughout the thesis, by relative Dieudonné module we mean relative OF0-Dieudonné

module in the sense of [RZ96, 3.56], which is a special case of the OF0-display studied in

[ACZ16]. Let Y be the unique 1 dimensional formal OF0-module of relative height 2 over

κ̄ as in the introduction. Then its relative Dieudonné module (see page 4 of [KR14a] or

[RZ96, Proposition 3.56]) M(Y) is a free OF̆0
-module of rank 2. We can choose a basis

{e, f} of M(Y) such that

Fe = f, Ff = π0e, V e = f, V f = π0e, ⟨e, f⟩ = δ. (3.1)

With respect to this basis, we have

End(M(Y)) ∼=


 a bπ0

bσ aσ

 | a, b ∈ OE

 = OB. (3.2)

In particular

ιY(π) =

0 π0

1 0

 . (3.3)

The framing object (X, ιX, λX) in the introduction can be explicitly realized as follows.

Let X = Y × Y and identify End(X) with M2(OB). Then we can define an action of OB

on X via

ιX(b) =

 b 0

0 πbπ−1

 . (3.4)

Finally, we identify X∨ = X and define the principal polarization

λX = ( 0 1
1 0 ) . (3.5)

Then the Rosati involution associated to λX induces the involution b 7→ b∗ = πbιπ−1 on B.

This triple (X, ιX, λX) is the basic Drinfeld triple defined in [KR14a, Proposition 1.1]. We
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obtain the basic framing object (X, ιX, λX) from the above framing object by restricting

ιX on OF . One can check that the hermitian form on L = HomOF
(Y,X) induced by λX is

isotropic as required in this thesis (see Lemma 3.1.2).

We choose a basis {e0, f0, e1, f1} of M(X), the relative Dieudonné module of X, such

that {ei, fi} (i = 0, 1) is the basis of M(Y) for the i-th copy of Y. Then we have

Fei = fi, Ffi = π0ei, V ei = fi, V fi = π0ei. (3.6)

ιX(π)ei = fi, ιX(π)fi = π0ei, ιX(δ)ei = (−1)iδei, ιX(δ)fi = (−1)i+1δfi. (3.7)

Remark 3.1.1. In some literature (e.g. [BC91] and [RTW14]), the operator ιX(π) is

denoted as Π. in this thesis, since the action of OF on the relative Dieudonné module

(later Cartier module) is unambiguous, we will mostly write ιX(a) (later ι(a)) simply as a

for a ∈ OF .

We also need to consider the OE-action on M(X) obtained by restricting ιX on OE .

The grading on M(X) as is

M0 =M(X)0 = spanOF̆0
{e0, f1}, M1 =M(X)1 = spanOF̆0

{e1, f0}. (3.8)

Let N = N(X) := M(X) ⊗ Q. The principal polarization λX induces an alternating

form ⟨, ⟩ on N such that

⟨Fx, y⟩ = ⟨x, V y⟩σ, (3.9)

⟨ax, y⟩ = ⟨x, āy⟩, a ∈ OF .

In terms of the F̆0-basis {e0, f0, e1, f1}, we have

⟨e0, f1⟩ = ⟨e1, f0⟩ = δ, (3.10)

and all the other pairings between the basis vectors are 0. Following [KR14a], we can
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define a hermitian form (, ) on N by

(x, y) = δ[⟨πx, y⟩+ π⟨x, y⟩]. (3.11)

Let τ = πV −1. Then C := N τ = spanF {e0, e1} is a hermitian F -vector space with

C ⊗F F̆ = N . Moreover,

(e0, e1) = −δ2, (e0, e0) = (e1, e1) = 0. (3.12)

So (C, (, )) is isotropic, satisfying the assumption of this chapter. There is a similarly

defined hermitian form (, )Y on N(Y)τ given by

(x, y)Y = δ[⟨πx, y⟩+ π⟨x, y⟩]. (3.13)

Here ⟨e, f⟩ = δ as in (3.1).

Recall L = HomOF
(Y,X) ∼= HomOF

(M(Y),M(X)) and V = L ⊗OF
F . For x ∈ L, we

will also use x to denote the corresponding homomorphism between relative Dieudonné

modules when there is no confusion. Now x(e) ∈ M(X)τ since τ(e) = e by (3.2), (3.3)

and x commutes with π and V . This way, we obtain a map from L to M(X)τ by sending

x ∈ V to x(e).

Lemma 3.1.2. ([Shi18, Lemma 3.3]) We can identity L with M(X)τ by sending x ∈ L

to x(e). Moreover,

h(x,x)(e, e)Y = (x(e),x(e)). (3.14)

According to (3.13), (e, e)Y = −δ2. In particular, h(, ) is also isotropic since (, ) is isotropic

as we showed previously.

Because of Lemma 3.1.2, we will often identify V with C, and L with M(X)τ , via

x 7→ x(e). The hermitian form is shifted by a factor −δ2.
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3.1.2 Moduli space M

We first recall the following result of Kramer ([Krä03]).

Proposition 3.1.3. NKra is representable by a formal scheme over Spf OF̆ which is reg-

ular and has semi-stable reduction. The natural forgetful map

Φ : NKra → N(1,1)

(X, ι, λ, ρ,FX) 7→ (X, ι, λ, ρ)

is an isomorphism outside the singular locus Sing of N(1,1), and Φ−1(x) for x ∈ Sing is

an exceptional divisor which is isomoprhic to the projective line P1
κ̄.

By [Shi22, Proposition 2.7], NKra is the blow up of N(1,1) along Sing.

As mentioned in the introduction, the formal schemeN(1,1) descends to a formal scheme

N over OF̆0
(since the Kottwitz determinant condition is defined over OF̆0

). A beautiful

result of Kudla and Rapoport ([KR14a]) asserts that N is actually isomorphic to the

modular functor M which is represented by the base change Ω̆ of the formal completion

of the Drinfeld’s upper half plane. The observation is a key ingredient in obtaining the

main results of this thesis. We now briefly review M and Ω̆ in this subsection and next

one.

A formal OB-module over an OF0-algebra R is a formal OF0-module X over R with an

action ιB : OB → End(X) extending the action of OF0 . X is called special if the action

of OE ⊂ OB makes LieX a free R⊗OF0
OE-module of rank one. The R-module Lie(X) is

Z/2Z-graded by the action of OE :

(LieX)0 = {x ∈ Lie(X) | ιOB
(a)m = am for all a ∈ OE},

(LieX)1 = {x ∈ Lie(X) | ιOB
(a)m = σ(a)m for all a ∈ OE}.

Then X is special if Lie(X)i is a free R-module of rank one. Over κ̄, there is a unique

special formal OB-module up to OB-linear isogeny, which is (X, ιX) in Section 3.1.1.
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Definition 3.1.4. We define a moduli functor M on NilpOF̆0
that associates S with the

set of isomorphism classes of triples (X, ιB, ρ), where

• (X, ιB) is a special formal OB-module of dimension 2 and relative height 4 over S.

• ρ is a OB-linear quasi-isogeny

ρ : X ×S S̄ → X×Spec κ̄ S̄

of height 0. Here S̄ is the special fiber of S.

The following is a result of Drinfeld that shows the automatic existence of polarizations

on special formal OB-modules (see Proposition 1.1 of [KR14a]).

Proposition 3.1.5 (Drinfeld). Let π ∈ OB be a uniformizer such that π2 = π0, and

consider the involution b→ b∗ = πb′π−1 of B, where b→ b′ denotes the main involution.

(a) On X there exists a principal polarization λ0X : X ∼−→ X∨ with associated Rosati

involution b→ b∗. Furthermore, λ0X is unique up to a factor in O×F0
.

(b) Fix λ0X as in (a). Let (X, ι, ρ) ∈ M(S), where S ∈ NilpOF̆0
. On X there exists a

unique principal polarization λ0X : X
∼−→ X∨ making the following diagram commu-

tative,

X ×S S̄ X∨ ×S S̄

X×Spec κ̄ S̄ X∨ ×Spec κ̄ S̄

λ0
X

ρ

λ0
X

ρ∨

Theorem 3.1.6. ([KR14a, Theorem 1.2]) Assume that p ̸= 2. The morphism of functors

on NilpOF̆0
given by (X, ιB, ρ) → (X, ι, λ0X , ρ) induces an isomorphism of formal schemes

ηF : M ∼−→ N .

Here ι is the restriction of ιB to OF and λ0X is the principal polarization given by Propo-

sition 3.1.5.
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3.1.3 Drinfeld upper half plane and its formal completion

For convenience of the reader and to set up notation for the rest of the thesis, we briefly

review the well-known facts about the Drinfeld upper half place Ω, its formal completion

Ω̂, and its base change Ω̆ to W = OF̆0
, following [BC91].

Recall that the Bruhat-Tits tree B(PGL2(F0)) consists of vertices and edges. The

vertices are given by the homothety classes [Λ] ofOF0-lattices in F
2
0 , and the edges are given

by pairs ([Λ], [Λ′]) of the homothety classes such that π0Λ
′ ⊂ Λ ⊂ Λ′ for suitable choices

of lattices Λ and Λ′ in their homothety classes. We then say Λ and Λ′ are adjacent. We

use P[Λ] to denote the projective line over OF0 associated to Λ depending on its homothety

class. Let

Ω[Λ] = P[Λ] − P[Λ](κ)

be the projective line with the q+1 rational κ-points removed. When ([Λ], [Λ′]) is an edge,

Λ (mod π0) gives a κ-rational point in P[Λ′]. We write P[Λ,Λ′] for the blow up of P[Λ′] at

this point, which is isomorphic to the blow up of P[Λ] at the rational point determined by

Λ′. We write Ω[Λ,Λ′] for the complement of the nonsingular rational points of the special

fiber of P[Λ,Λ′]. There is an open embedding Ω[Λ] ↪→ Ω[Λ,Λ′].

Define Ω̂[Λ] and Ω̂[Λ,Λ′] to be the formal completion of Ω[Λ] and Ω[Λ,Λ′] along their special

fibers respectively. For two different edges with a common vertex [Λ], we can glue Ω̂[Λ,Λ′]

and Ω̂[Λ,Λ′′] along Ω̂[Λ]. This gives the formal scheme Ω̂ by glueing over B(PGL2(F0)).

The generic fiber of Ω̂ is the Drinfeld p-adic half space Ω = P1(Cp) − P1(F0), where Cp

is the completion of F̄0. Define Ω̆ = Ω̂×Spf OF0
Spf OF̆0

. Similarly define Ω̆[Λ] and Ω̆[Λ,Λ′].

Drinfeld’s well-known result (see [Dri76] and [BC91]) asserts that M is represented by Ω̆.

The following proposition will be used in Section 4.

Proposition 3.1.7. (Deligne functor) ([BC91, Propositions 4.2, 4.4])

(a) Ω̂Λ represents the functor that associates an OF0-algebra R ∈ NilpOF0
the collection

of isomorphism classes of pairs (L, α), where L is a free R-module of rank 1 and

α : Λ → L is a homomorphism of OF0-modules satisfying the condition:
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• for all x ∈ Spec (R/π0R), the map α(x) : Λ/π0Λ → L⊗R k(x) is injective.

(b) Ω̂[Λ,Λ′] represents the functor that associates an OF0-algebra R ∈ NilpOF0
the collec-

tion of isomorphism classes of commutative diagrams:

π0Λ
′ Λ Λ′

L′ L L′
α′/π0 α α′

c′ c

where L and L′ are free R-modules of rank 1, α and α′ are the homomorphisms of

OF0-modules, c and c′ are homomorphisms of R-modules, satisfying the conditions:

for all x ∈ Spec (R/π0R), one has

• ker(α′(x): Λ′/π0Λ
′ → L′ ⊗R k(x)) ⊂ Λ/π0Λ

′,

• ker(α(x): Λ/π0Λ → L⊗R k(x)) ⊂ π0Λ
′/π0Λ.

We now describe the explicit equations of Ω̂[Λ] and Ω̂[Λ,Λ′]. Let {e1, e2} be a basis of

Λ. Then we have

Ω̂[Λ] = (P[Λ] − P[Λ](k))
∧ = Spf OF0 [T, (T

q − T )−1]∧, (3.15)

where T = X0
X1

and Xi is the coordinate of P[Λ] with respect to the basis {e1, e2} and “hat”

indicates completion along the special fiber.

Without loss of generality, we can assume Λ′ has a basis {e1, π−10 e2}. Then we have

Ω̂[Λ,Λ′] = Spf OF0 [T0, T1, (T
q−1
0 − 1)−1, (T q−1

1 − 1)−1]∧/(T0T1 − π0). (3.16)

In this case, the open immersions Ω̂[Λ] ↪→ Ω̂[Λ,Λ′] and Ω̂[Λ′] ↪→ Ω̂[Λ,Λ′] are induced by

T0 7→ T, T1 7→ π0 · T−1, (3.17)

and

T0 7→ π0 · T−1, T1 7→ T. (3.18)
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3.2 Special fiber of special cycle

In this section, we study the support of the special cycles. Essentially we only need the

Pappas model N(1,1) (see Proposition 3.2.5).

3.2.1 Special fiber of N(1,1).

Since OF /(π) = OF0/(π0) = κ, we have N(1,1)/κ̄ ∼= N/κ̄. We briefly review the structure

of N(1,1)/κ̄ following [KR14a].

Recall that C = N τ , τ = πV −1. For an OF -lattice ΛF in C, set

Λ♯
F = {x ∈ C | (x,ΛF ) ⊂ OF }.

Similarly, for a lattice OF̆ -lattice M ⊂ N , set

M ♯ = {x ∈ N | (x,M) ⊂ OF̆ }.

For an OF -lattice Λ in C, Λ is called a vertex lattice of type t if πΛ ⊂ Λ♯
t
⊂ Λ, meaning

[Λ : Λ♯] = t. In our case t = 0 or 2 by Lemma 3.2 of [RTW14].

Remark 3.2.1. In the rest of this chapter, we will often use the subscript 0 or 2 to indicate

the type of a vertex OF -lattice. For example Λ0 often stands for a vertex lattice of type 0.

Let B = B(PU(C)) be the Bruhat-Tits tree of PU(C)—the projective unitary group

of C. Its vertices correspond to vertex OF -lattices Λ2 of type 2, and its edges correspond

to vertex OF -lattices Λ0 of type 0. Two vertices Λ2 and Λ′2 are connected by an edge Λ0,

or adjacent, if and only if Λ2 ∩Λ′2 = Λ0. The following lemma is easy to check (recall that

C is isotropic) and is left to the reader.

Lemma 3.2.2. Let Λ0 be a vertex OF -lattice of type 0. There is an OF -basis {w0, w1} of

Λ0 with Gram matrix ( 0 1
1 0 ). There are exactly two vertex OF -lattices of type 2 containing

Λ0:

Λ2 = OFπ
−1w0 +OFw1, and Λ′2 = OFw0 +OFπ

−1w1.
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There are q + 1 adjacent (type 2) vertices of Λ2 in B , and they are

Λ∞ = OFπ
−2w0 +OFπw1, Λk = OFw0 +OFπ

−1(kπ−1w0 + w1)

where k runs through the representatives of OF0/(π0).

Recall the following results.

Proposition 3.2.3. ([RTW14, Proposition 2.2] and [KR14a, Lemma 3.2]) Let L(N) be

the set of OF̆ -lattices

{M ⊂ N | π0M ⊂ VM
2
⊂M, M ♯ =M, dimκ̄ VM/(VM ∩ πM) ≤ 1, }.

Then the map

N(1,1)(κ̄) → L(N), x = (X, ι, λ, ρ) 7→M(x) := ρ(M(X)) ⊂ N

is a bijection. Moreover, for M =M(x) ∈ L(N), we have

1. If M is τ -stable, then M is of the form M = Λ0 ⊗OF
OF̆ for some vertex OF -lattice

Λ0 of type 0 in C,

2. If M is not τ -stable, then

M + τM = Λ2 ⊗OF
OF̆

for some vertex OF -lattice Λ2 of type 2 in C.

Proposition 3.2.4. As in the introduction, we use PΛ̄2
to denote the projective line over

κ̄ associated to Λ2 ⊗OF
κ̄.

(1) For every vertex OF -lattice Λ2 of type 2, there is a closed immersion over κ̄

iΛ̄2
: PΛ̄2

→ N(1,1)/κ̄,
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which is given on κ̄-points as follows: it sends a line l ⊂ Λ2 ⊗OF
κ̄ to its preimage under

the projection Λ2 ⊗OF̆ → (Λ2/πΛ2)⊗OF
κ̄. Moreover, iΛ2(l) is τ -invariant if and only if

l is κ-rational, i.e., l is the extension of a line in Λ2/πΛ2.

(2) Let PΛ̄2
denote also its image in N(1,1)/κ̄ under iΛ2. Then

N(1,1)/κ̄ =
⋃
Λ2

PΛ̄2
,

where the union is over all vertex lattices of type 2. Two such lines PΛ̄2
and PΛ̄′

2
intersect

if and only if Λ2 and Λ′2 are connected by an edge, i.e., Λ2∩Λ′2 = Λ0 is a vertex OF -lattice

of type 0. In such a case, the two projective lines intersect at exactly one κ-rational point,

denoted by ptΛ0. Such a point is called a superspecial point in N(1,1).

(3) The singular locus Sing of N(1,1) consists of all the superspecial ptΛ0 with Λ0 run-

ning through all vertex OF -lattices of type 0.

Proof. For the proof of (1), see [KR14a, Lemma 3.3, Proposition 3.4]. For (2), if a point x

lies in the intersection between PΛ̄2
and PΛ̄′

2
, thenM(x) ⊂ Λ2⊗OF

OF̆ ∩Λ′2⊗OF
OF̆ by the

description of iΛ̄2
in (1). Together with the factM(x) =M(x)♯, this implies Λ2∩Λ′2 = Λ0,

where Λ0 is some vertex lattice of type 0. The converse is straightforward. Part (3) is

immediate from part (2) and the description of the singular locus of N(1,1) by local model

(see for example [Pap00, Theorem 4.5]).

Recall that the blow up Φ : NKra → N(1,1) is an isomorphism outside the singular

locus Sing.

Proposition 3.2.5. (1) For a type 2 lattice Λ2, the Zariski closure of Φ−1(PΛ̄2
\Sing) is

a projective line over κ̄ which we still denote by PΛ̄2
.

(2) For a vertex lattice Λ0 of type 0, Φ−1(ptΛ0) is a projective line over κ̄ which we

denote by ExcΛ0.

(3) On the special fiber of NKra, two different lines PΛ̄2
and PΛ̄′

2
never intersect, and

two different lines ExcΛ0 and ExcΛ′
0
never intersect. PΛ̄2

and ExcΛ0 intersect at one point

if Λ0 ⊂ Λ2, otherwise they do not intersect.
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Proof. The above facts will be clear after the discussion in Section 3.3.3.

A superspecial point ptΛ0 belongs to Z(x) if and only if ExcΛ0 ⊆ ZKra(x). So in the

rest of the section, we only need to study Z(x).

3.2.2 Bruhat-Tits trees of special cycles: rank 1 case

We let

T (x) = {Λ2 is of type 2 | PΛ̄2
∩ Z(x) ̸= ∅} ∪ {Λ0 is of type 0 | ptΛ0 ∈ Z(x)}.

We will also view a lattice in T (x) as a vertex or an edge in B depending on whether it is

of type 2 or 0. We will see that T (x) is a tree by Corollaries 3.2.11 and 3.2.13.

Lemma 3.2.6. Let x ∈ V. Then

Z(x)(κ̄) ∩ PΛ̄2
(κ̄) =


PΛ̄2

(κ̄), if x(e) ∈ πΛ2,

a single point, if x(e) ∈ Λ2 \ πΛ2,

∅, if x(e) /∈ Λ2.

In particular, Λ2 ∈ T (x) if and only if x(e) ∈ Λ2.

Proof. Let x = (X, ι, λ, ρ) ∈ N(1,1)(κ̄), let M(x) = ρ(M(X)) ⊂ N as in Proposition 3.2.3.

Then

x ∈ Z(x)(κ̄) ⇐⇒ x(M(Y)) ⊂M(x)

⇐⇒ x(e) ∈M(x), x(f) ∈M(x)

⇐⇒ x(e) ∈M(x)

since x(e) ∈M(x) implies x(f) = x(V e) ∈ VM(x) ⊂M(x).

On the other hand,

x ∈ PΛ̄2
(κ̄) ⇐⇒ πΛ2 ⊗OF

OF̆ ⊂M(x) ⊂ Λ2 ⊗OF
OF̆ .
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If x(e) ∈ πΛ2, then x(e) ∈ M(x) for any x such that πΛ2 ⊂ M(x) ⊂ Λ2. This implies

PΛ̄2
(κ̄) ⊂ Z(x)(κ̄).

If x(e) ∈ Λ2 \ πΛ2, then the image of x(e) is contained in exactly one line in Λ̄F,2 and

thus gives a single point in P1
Λ̄2
(κ̄).

Finally, if x(e) ̸∈ Λ2, it can not lie in any sub-lattice of Λ2 ⊗OF
OF̆ .

From now on, fix 0 ̸= x ∈ V, and let b = x(e), q(b) = (b, b) = −δ2h(x,x).

Lemma 3.2.7. Assume q(b) ̸= 0. Then there exist a unique vertex OF -lattice Λb of type

0 such that π−ordπ0 (q(b))b ∈ Λb \ πΛb.

Proof. Replacing b by π−ordπ0 (q(b))b if necessary, we may assume ordπ0(q(b)) = 0, i.e.,

(b, b) = u0 ∈ O×F0
. Write (Fb)⊥ = Fc, then C = Fb ⊕ Fc. Since q(b) is a unit, by

[Jac62, Proposition 4.2], every vertex lattice of type 0 containing b has the orthogonal

decomposition

Λ = OF b+ Λ1, Λ1 = Λ ∩ Fc = OF b
′

for some b′ = rc. Λ is a vertex lattice of type 0 if and only if q(b′) = rr̄q(c) is a unit. Such

an r exists and is unique up to a unit in O×F . So the vertex OF -lattice Λb of type 0 such

that b ∈ Λb \ πΛb exists and is unique.

Definition 3.2.8. Assume that each edge in B has length 1. Let Λ and Λ′ be two vertex

OF -lattices. The distance d(Λ,Λ′) is defined to be

1. the distance between the two vertices in B if both are of type 2,

2. the distance between the vertex Λ and the midpoint of the edge Λ′ in B if Λ is of type

2 and Λ′ is of type 0,

3. the distance between the midpoints of the edges Λ and Λ′ in B if both are of type 0.

For a vertex lattice Λ, we define

n(b,Λ) := max{n ∈ Z | π−nb ∈ Λ}. (3.19)
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It is easy to check that for Λ2 ∩ Λ′2 = Λ0,

n(b,Λ0) = min(n(b,Λ2), n(b,Λ
′
2)). (3.20)

We have the following reformulation of Lemma 3.2.6.

Lemma 3.2.9. If b = x(e), n(b,Λ) ≥ 0 if and only if Λ ∈ T (x) .

Lemma 3.2.10. Assume q(b) ̸= 0.

1. If Λ is a vertex OF -lattice of type 2, then

n(b,Λ) = ordπ0(q(b))− d(Λ,Λb) +
1

2
.

2. If Λ is a vertex OF -lattice of type 0, then

n(b,Λ) = ordπ0(q(b))− d(Λ,Λb).

Proof. Claim (2) follows from Claim (1) and (3.20). Now we prove Claim (1). Without

lost of generality we can assume ordπ0(q(b)) = 0. We prove the lemma by induction on

d(Λ,Λb). Let us treat the case d(Λ,Λb) =
1
2 first, i.e. Λb ⊂ Λ. We have by Lemma 3.2.2

Λb = OFw0 +OFw1, Λ = OFπ
−1w0 +OFw1.

Write b = xw0 + yw1 with q(b) = xȳ + yx̄ ∈ O×F0
. Then x, y ∈ O×F , and b ∈ Λ \ πΛ. Hence

n(b,Λ) = 0.

Now we assume the assertion holds for all Λ such that 1
2 ≤ d(Λ,Λb) ≤ d+ 1

2 . For a Λ

such that d(Λ,Λb) = d + 1
2 ̸= 1

2 , which satisfies the formula n := n(b,Λ) = −d, it suffices

to show that all its adjacent vertices also satisfy the formula in the lemma.

Choose a basis {v0, v1} = {π−1w0, w1} of Λ with Gram matrix π−1
(

0 1
−1 0

)
. By Lemma
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3.2.2, the q + 1 neighbors of Λ in the Bruhat-Tits tree are

Λ∞ = spanOF
{π−1v0, πv1}, Λk = spanOF

{πv0, π−1(kv0 + v1)},

where k runs through the representatives of OF0/(π0). We want to show the claim holds

for all the neighbors. One of the neighbors will be closer to Λb than other neighbors.

Without loss of generality, we can assume Λ∞ is closer to Λb than all the other Λk. By

induction, we know

n(b,Λ∞) = n+ 1.

By the definition of n(b,Λ), we can write

b = πn(a0v0 + a1v1) = πn+1(π−1a0v0 + π−1a1v1),

where ordπ(ai) ≥ 0 and min{ordπ(a0), ordπ(a1)} = 0. Since n(b,Λ∞) = n+ 1, π−1a0v0 +

π−1a1v1 ∈ Λ∞ implies ordπ(a1) ≥ 2. Hence ordπ(a0) = 0. Claim:

ordπ(a1) ≥ 2 and ordπ(a0) = 0 =⇒ a0v0 + a1v1 ̸∈ Λk.

To prove this, assume a0v0 + a1v1 ∈ Λk which implies that we can find a′0, a
′
1 ∈ OF such

that

a0v0 + a1v1 = a′0πv0 + a′1π
−1(kv0 + v1) = (a′0π + a′1π

−1k)v0 + a′1π
−1v1.

As a result,

ordπ(a
′
0π + a′1π

−1k) = ordπ(a
′
0π + a1k) ≥ min{ordπ(a′0π), ordπ(a1)} ≥ 1.

But then a′0π + a′1π
−1k can not equal to a0 since we know ordπ(a0) = 0, which is a

contradiction.
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The claim gives us that n(b,Λk) ≤ n − 1. we can easily check π(a0v0 + a1v1) ∈ Λk.

Therefore n(b,Λk) = n− 1 as claimed.

Combining Lemma 3.2.9 with Lemma 3.2.10, we have the following:

Corollary 3.2.11. Assume q(b) ̸= 0, T (x) is a ball centered at the midpoint of Λb with

radius ordπ0(q(b)) +
1
2 . In particular, T (x) is empty if and only q(b) /∈ OF0.

Lemma 3.2.12. Assume that b ̸= 0 and q(b) = 0. Let Λ be a vertex lattice of type 2

and assume n(b,Λ) = n. Then there exists a unique type 2 adjacent lattice Λ+ of Λ such

that n(b,Λ+) = n + 1. For any other type 2 adjacent vertex lattice Λ′ of Λ, we have

n(b,Λ′) = n− 1.

Proof. By scaling b by a power of π we can assume that n = 0. By Lemma 3.2.2, the lattice

Λ ≈ H with Gram matrix
(

0 π−1

−π−1 0

)
(as in the introduction). So there is some b1 ∈ Λ

such that (b, b1) = π−1. Define b′ = b1 + πab where a = 1
2(b1, b1). Since (b1, b1) ∈ π−1OF0 ,

then {b, b′} is a basis of Λ with Gram matrix π−1
(

0 1
−1 0

)
.

The adjacent type 2 vertex lattices of Λ are

Λ∞ = spanOF
{π−1b, πb′}, Λk = spanOF

{πb, π−1(kb+ b′)},

where k runs through the representatives of OF0/(π0). Then it is obvious that n(b,Λ∞) = 1

and n(b,Λk) = −1 for any k. The lemma follows.

Corollary 3.2.13. Assume that b ̸= 0 and q(b) = 0. Then T (x) is a cone with the

boundary consisting of vertex lattices Λ of type 2 with n(b,Λ) = 0. Starting with such a

vertex Λ, there is a unique (half) geodesic such that the number n(b,Λ) increases along the

geodesic. We call such a geodesic an ascending geodesic starting with Λ. Any two ascending

geodesics coincide after finitely many steps. An ascending geodesic can be thought of as

an ‘axis’ of the cone T (x).
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3.2.3 Bruhat-Tits trees of special cycles: rank 2 case

The following is an analogue of Lemma 2.11 from [San17].

Lemma 3.2.14. Let x1,x2 ∈ V, bi = xi(e), ni = ordπ0(q(bi)) and assume q(bi) ̸= 0, for

i ∈ {1, 2}. Assume n1 ≤ n2. Suppose that T (x1) ∩ T (x2) ̸= ∅. Let Λb1,b2 be the vertex

lattice such that

d(Λb1 ,Λb1,b2) = n1 +
1

2
− r and d(Λb1 ,Λb1,b2) + d(Λb2 ,Λb1,b2) = d(Λb1 ,Λb2).

Here

r = min(
n1 + n2 + 1− d(Λb,Λb′)

2
, n1 +

1

2
).

Then T (x1) ∩ T (x2) ⊂ B is the ball of radius r centered at either the vertex Λb1,b2 or the

midpoint of the edge Λb1,b2, depending on whether r is an integer or not.

Proof. It follows from Corollary 3.2.11 and the fact that B is a tree.

Lemma 3.2.15. For x1,x2 ∈ V, let b1 = x1(e), b2 = x2(e). Assume

T =

(b1, b1) (b1, b2)

(b2, b1) (b2, b2)

 =

 0 πn

(−π)n 0

 , n ≥ 0.

Then T (x1) ∩ T (x2) is a ball with center Λ = spanOF
{π−rb1, π−rb2} and radius r, where

r = [n+1
2 ] is the integral part of n+1

2 .

Proof. We assume that n = 2r − 1 (r ≥ 1) is odd, the case n is even can be proved

similarly. Write bi = πrvi for i = 1, 2. Define

Λk,0 = spanOF
{π−kv1, πk+1v2}, Λk,2 = spanOF

{π−kv1, πkv2}, k ∈ Z.

Then Λk,0 are vertex lattices of type 0 and Λk,2 are vertex lattices of type 2. It is easy to
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check that

n(b1,Λk,0) = r + k, n(b1,Λk,2) = r + k,

n(b2,Λk,0) = r − k − 1, n(b2,Λk,2) = r − k.

So {Λk,0,Λk,2 | k ≥ −r} is the ascending geodesic associated to b1 starting at Λ−r,2 and

{Λk,0 | k ≤ r − 1} ∪ {Λk,2 | k ≤ r} is (the inverse of) the ascending geodesic associated

to b2 ending at Λr,2. Let C be the intersection of the above two half geodesics, namely,

the line segment joining Λ−r,2 and Λr,2. By Lemma 3.2.12, both n(b1,Λ) and n(b2,Λ) are

decreasing along a half geodesic starting from any vertex on C other than C itself. Combine

the above facts, it is easy to see that T (x1) ∩ T (x2) is a ball centered at Λ0,2 with radius

r.

The following lemma is an analogue of [San17, Lemma 2.15]. Recall that wo hermitian

matrices T1, T2 ∈ Herm2(OF ) are said to be equivalent, denoted by T1 ≈ T2 if there is a

non-singular matrix g ∈ GL2(OF ) such that gtT1ḡ = T2.

Lemma 3.2.16. Let

T =

(b1, b1) (b1, b2)

(b2, b1) (b2, b2)


where bi = xi(e) for xi ∈ V. Assume q(bi) ̸= 0, i ∈ {1, 2}, and T is non-singular. Let

ni = ordπ0(q(bi)) and assume n1 ≤ n2. Set d = d(Λb1 ,Λb2), then

(a) If T (x1) ⊂ T (x2) and Λb1 ̸= Λb2 , then T ≈

u1(−π0)α 0

0 u2(−π0)β

 where u1, u2 ∈

O×F0
and −u1u2 ∈ Nm(F×) with

α = n1, β = n2 − d.
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(b) If T (x1) ̸⊂ T (x2) , and T (x1) ∩ T (x2) ̸= ∅, then T ≈

 0 πα

(−π)α 0

 with

α = n1 + n2 − d.

(c) If Λb1 = Λb2, then T ≈

u1(−π0)α 0

0 u2(−π0)β

. Here u1, u2 satisfy the same

conditions as in (a) and

α = n1, β = n2 + 2ordπ((c2, c
′
1)),

where ci = π−nibi, and c
′
1 ∈ Λb1 \ πΛb1 such that (c1, c

′
1) = 0.

Proof. If n1 < 0, the lemma holds trivially. So we assume n1 ≥ 0.

We treat the case Λb1 ̸= Λb2 first. Assume Λ∩Λ′ = Λb1 where Λ and Λ′ are vertex lattices

of type 2. We pick a basis {v0, v1} of Λ such that

(v0, v0) (v0, v1)

(v1, v0) (v1, v1)

 =

 0 π−1

−π−1 0

 .

Without loss of generality, we can assume

Λ′ = spanOF
{π−1v0, πv1}, hence Λb1 = spanOF

{v0, πv1}.

By the symmetry of B, we can also assume

Λb2 = spanOF
{π−dv0, πd+1v1} where d = d(Λb1 ,Λb2).

By Lemma 3.2.10, we can write

b1 = πn1(α0v0 + α1(πv1)), b2 = πn2(α′0(π
−dv0) + α′1(π

d+1v1)), αi, α
′
i ∈ OF .
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Note that (b1, b1) = (−π0)n1(−α0ᾱ1−α1ᾱ0). Since ordπ(−α0ᾱ1−α1ᾱ0) = 0, we conclude

that ordπ(α0) = ordπ(α1) = 0. Similarly, ordπ(α
′
0) = ordπ(α

′
1) = 0. Then a short

computation shows:

T =

(b1, b1) (b1, b2)

(b2, b1) (b2, b2)

 =

 π2n1 · (unit) πn1+n2−d · (unit)

(−π)n1+n2−d · (unit) π2n2 · (unit)

 .

Note that

T (x1) ⊂ T (x2) ⇐⇒ n1 ≤ n2 − d ⇐⇒ n1 ≤
n1 + n2 − d

2
.

Now for the proof of (a), observe that if T (x1) ⊂ T (x2) then 2n1 = min{ordπ(Tij)}.

This implies

T ≈

u1(−π0)n1 0

0 u2(−π0)n2−d

 .

For (b), the assumption implies that n1 > n2− d. Then n1+n2− d = min{ordπ(Tij)},

which implies

T ≈

 0 πn1+n2−d

(−π)n1+n2−d 0

 .

The proof for the case Λb1 = Λb2 is essentially the same as the proof in [San17, Lemma

2.15], and is left to the reader.

Corollary 3.2.17. Let x = (x1,x2) ∈ V2 and bi = xi(e) for i = 1, 2. Assume that x1

and x2 are linearly independent. Then the naive intersection Z(x) = Z(x1)∩Z(x2) (resp.

ZKra(x) ) is supported in finitely many irreducible components of the special fiber of N(1,1)

(resp. NKra).

Proof. This follows easily from Lemma 3.2.14 and Lemma 3.2.15.

3.3 Decomposition of special divisors in the Krämer model

This section is dedicated to the proof of the following theorem.
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Theorem 3.3.1. For a vector x ∈ V \ {0}, set b = x(e) as before. Then ZKra(x) = 0

unless q(b) ∈ OF0.

1. If q(b) ̸= 0 and q(b) ∈ OF0, then we have the following decomposition of special

divisor

ZKra(x) =
∑

Λ2∈T (x)

n(b,Λ2)PΛ̄2
+

∑
Λ0∈T (x)

(n(b,Λ0) + 1)ExcΛ0 + Zh(x), (3.21)

where the two summations are over type 2 and type 0 vertex lattices respectively and

Zh(x) ∼= SpfOF is a horizontal divisor meeting the special fiber at ExcΛb
. Recall

that Λb is the unique vertex lattice of type 0 such that π−ordπ0 (q(b))b ∈ Λb \ πΛb.

2. If q(b) = 0, then we have the following decomposition of special divisor

ZKra(x) =
∑

Λ2∈T (x)

n(b,Λ2)PΛ̄2
+

∑
Λ0∈T (x)

(n(b,Λ0) + 1)ExcΛ0 , (3.22)

where the two summations are over type 2 and type 0 vertex lattices respectively.

3.3.1 The Horizontal Component

We say a formal scheme over Spf OF̆ is horizontal if π is not locally nilpotent in its structure

sheaf. We say a divisor in NKra is irreducible if it is connected and is an irreducible Cartier

divisor in every local ring of NKra.

Let Ys be the quasi-canonical lifting of Y of level s over OF̆0
considered by [Gro86]

(with Os = OF̆0
+ πsOF̆ action). In particular, Y = Y0 is the canonical lifting. We show

that all horizontal cycles in ZKra(x) comes from canonical lifting.

Theorem 3.3.2. Let Z be an irreducible horizontal component of Z(x), then Z ∼= Spf OF̆ .

Moreover Z intersects with the special fiber of N(1,1) at a superspecial point.

Proof. By assumption Z = Spf R where R is a finite extension of OF̆0
. Let X be the

strict formal OF0-module over Z that is the pullback from the universal strict formal OF0-

module over N(1,1) which by Theorem 3.1.6 carries an OB action ιB. By the definition of
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Z(x), x lifts to a homomorphism x : Y → X. We now define a morphism ϕ : Y ⊕ Y → X

by

ϕ(p1, p2) = x(p1) + ιB(δ) ◦ x(p2),

where p1, p2 ∈ Y(S) for an R-algebra S. We give Y⊕Y an OB action ι : OB → EndOF0
(Y⊕

Y) ∼= M2×2(OF ) defined by

ι(π) =

 π 0

0 −π

 , ι(δ) =

 0 1

δ2 0

 . (3.23)

Then ϕ becomes an OB-linear homomorphism.

We claim that ϕ is an isogeny. By [Tat67, Proposition 1], the category of connected

OF modules and the category of divisible commutative formal Lie groups with OF action

are equivalent. Let A = R[[T1, T2]] considered as the structure ring of Y ⊕ Y and B

be the structure ring of X. It suffices to show that the induced map ϕ♯ : B → A is

injective. If I = Ker(ϕ♯) is nontrivial, then ϕ factors through the sub formal group scheme

X ′ = Spf B/I of X. Since A has characteristic zero, so does B/I. By base change to

the fraction field F (R) of R we can apply a theorem of Cariter [Car62] and conclude

that X ′ ⊗R F (R) is a one dimensional formal group law over F (R). But by assumption,

X ′⊗R F (R) has an OB action which is impossible. Hence I = {0}. This proves the claim.

Our goal is to show that X is in fact isomorphic to Y ⊕Y. We define the Tate module

for a OF -module G by

T (G) = lim←−
n

G[πn].

We can identify T = T (Y ⊕ Y) with (OF )
2 and further with OB using the OB action on

T (Y ⊕ Y). To be more specific the element t =

 1

0

 ∈ T is a generator of T under

the OB action given by (3.23). Then the set of OB-linear isogenies ϕ : Y ⊕ Y → X has a

one-to-one correspondence with OB stable lattices T ′ such that

T ⊆ T ′ ⊂ T 0 = T ⊗OF
F. (3.24)
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Since T is a free OB module of rank 1, T ′ must be of the form π−n ·T for some n ≥ 0. This

shows thatX is in fact isomorphic to Y⊕Y. IdentifyingX = Y⊕Y, we see from (3.23) that

j = diag(π, π) ∈ EndOB
(X). Since TrF/F0

Trj = 0, this implies that X ∈ Z(j) ⊂ M—the

special divisor defined in [KR00, Definition 2.1]. So Z ⊂ Z(j) under the isomorphism

N ∼= M. Now we conclude from case (iii) of [KR00, Proposition 4.5] that Z ∼= Spf OF̆ .

By construction we know that the relative Dieudonné module M(X̄) =M(Y)⊕M(Y)

is fixed by τ = πV −1 where X̄ = X ⊗ κ̄. By [KR14a, Lemma 3.2], Z intersects with the

special fiber of N(1,1) at a superspecial point.

3.3.2 Hodge filtration and equation of special cycles in N(1,1)

Now we begin to study the equations of special divisors at a superspecial point. We will

use Grothendieck-Messing theory to determine the equations, which in turn requires a

description of the Hodge filtrations of the relevant relative Dieudonné crystals. In the

following we use the Deligne functor to obtain such a description.

In the rest of this section, for x = (X, ι, λ, ρ) ∈ N(1,1)(κ̄), we denote ρ(M(X)) ⊂ N

by M(x). Then identification N(1,1)/κ̄ ∼= M/κ̄ induces an OB and thus an OE-action on

M(x). This makes M(x) an OE ⊗OF0
OF̆0

-module and induces a Z/2Z grading

M(x) =M(x)0 ⊕M(x)1.

Now let x be a superspecial point ptΛ0 of N(1,1), which implies thatM(x) is τ -invariant

and that Λ0 = M(x)τ is a vertex OF -lattice of type 0 with M(x) = Λ0 ⊗OF
OF̆ . As

explained in Section 3.1.1 we can choose an OF0-basis {e0, f1} for M0(x)
τ and {f0, e1} for

M1(x)
τ such that

πei = fi, πfi = π0ei, V ei = fi, V fi = π0ei, i = 0, 1. (3.25)

and

(e0, e0) = (e1, e1) = 0, (e0, e1) = −δ2. (3.26)
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Then Λ0 = SpanOF
{e0, e1}, and the vertex lattices of type 2 containing Λ0 are

Λ2 = SpanOF
{π−1e0, e1}, Λ′2 = SpanOF

{e0, π−1e1}. (3.27)

Therefore, x ∈ PΛ̄2
∩ PΛ̄′

2
. Since N ∼= M, we have N(1,1)(κ̄) = M(κ̄) and there should

exist homothety classes of rank 2 OF0-lattices [Λ] and [Λ′] such that x ∈ P[Λ] ∩ P[Λ′]. By

[San13, Remark 3.4], we can take

Λ =M0(x)
τ = spanOF0

{e0, f1},

Λ′ = π−1M1(x)
τ = spanOF0

{π−1f0, π−1e1} = spanOF0
{e0, π−10 f1}.

Another way to relate these different types of lattices are the following equations

Λ = ((Λ2 ⊗OF0
OE)0)

τ , Λ′ = ((Λ′2 ⊗OF0
OE)0)

τ . (3.28)

In particular we can identify P[Λ](κ̄) with PΛ̄2
(κ̄) and P[Λ′](κ̄) with PΛ̄′

2
(κ̄).

Consider the Deligne functor F[Λ,Λ′] (see [BC91]):

π0Λ
′ Λ Λ′

L′ L L′.

α′/π0 α α′

c′ c

For an OF̆0
-algebra R ∈ NilpOF̆0

, the conditions of α and α′ in Proposition 3.1.7 imply

that α(e0) generates L and α′(π−1e1) generates L′. We identify L and L′ with R by setting

α(e0) = 1, and α′(π−1e1) = α′(π−10 f1) = 1.

Let

t0 = α(f1) ∈ L = R, and t1 = α′(e0) = α′(π−1f0) ∈ L′ = R.

Then c is simply the multiplication by t0 and c′ is the multiplication by t1. So by commu-
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tativity of the above diagram, we have

t0t1 = π0. (3.29)

Consider

α⊗ 1 : Λ⊗OF0
R→ L and α′ ⊗ 1 : Λ′ ⊗OF0

R→ L′. (3.30)

We have

kernel of α⊗ 1 = spanR{f1 ⊗ 1− e0 ⊗ t0}, (3.31)

kernel of α′ ⊗ 1 = spanR{π−1f0 ⊗ 1− π−1e1 ⊗ t1}. (3.32)

For a strict formalOF0-moduleX overR, let D(X/R) be its relative (toOF0) Dieudonné

crystal with Hodge filtration FilD(X/R), see for example [ACZ16, Section 3]). Then we

have the exact sequence:

0 → FilD(X/R) → D(X/R) → Lie(X/R) → 0. (3.33)

Proposition 3.3.3. Let x = ptΛ0 be a superspecial point. For an ON(1,1),x-algebra R ∈

NilpOF̆0
where ON(1,1),x is the local ring of N(1,1) at x, let t0, t1 ∈ R be the image of T0, T1

under the structure morphism, and Xt0,t1 be the corresponding strict OF0 module over R.

Then we have the following identifications

D(Xt0,t1/R)0 = spanOF0
{e0, f1} ⊗OF0

R, FilD(Xt0,t1/R)0 = spanR{f1 ⊗ 1− e0 ⊗ t0},

and

D(Xt0,t1/R)1 = spanOF0
{e1, f0} ⊗OF0

R, FilD(Xt0,t1/R)1 = spanR{f0 ⊗ 1− e1 ⊗ t1}.

Proof. Since x is a superspecial point, both 0 and 1 are critical indices. Hence M(x) is τ



55

invariant and M(x)τ = spanOF0
{e0, f0, e1, f1}. According to the constructions in [BC91],

especially how Deligne’s functor is related with the moduli funtor of special formal OB-

module, we know that

D(Xt0,t1/R)0 =M0(x)
τ ⊗OF0

R = spanOF0
{e0, f1} ⊗OF0

R,

D(Xt0,t1/R)1 =M1(x)
τ ⊗OF0

R = spanOF0
{e1, f0} ⊗OF0

R.

Under these identifications, the map α ⊗ 1 in ((3.30)) is the natural quotient map from

D(Xt0,t1/R)0 to Lie(Xt0,t1)0, and the maps πα′ ⊗ 1 is the natural quotient map from

D(Xt0,t1/R)1 to Lie(Xt0,t1)1. Hence FilD(Xt0,t1/R)0 is the kernel of α⊗1 and FilD(Xt0,t1/R)1

is the kernel of πα′ ⊗ 1. By (3.31) and (3.32), we obtain the proposition.

Similarly for the universal object Y over N(1,0) and an OF̆ -algebra R ∈ NilpOF̆
, it is

easy to see that

D(YR) = SpanR{e⊗ 1, f ⊗ 1}, FilD(YR) = SpanR{f ⊗ 1− e⊗ π}, (3.34)

since the OF -action coincides with the structure action OF → R on Lie(YR): πe⊗1 = e⊗π.

Here the tensor is over OF0 .

Proposition 3.3.4. Let x ∈ Z(x)(κ̄) be a superspecial point ptΛ0. Choose a basis {e0, e1}

of Λ0 such that (3.25) and (3.26) are satisfied. Assume b = x(e) = α0e0 + α1e1 ∈ Λ0

where αi ∈ OF . Recall a neighborhood of x in N(1,1) is

Ω̆[Λ,Λ′],F̆ = Spf(OF̆ [T0, T1, (T
q−1
0 − 1)−1, (T q−1

1 − 1)−1]/(T0T1 − π0))
∧. (3.35)

Then the equations for Z(x) in the local ring ON(1,1),x are given by (here ᾱ stands for the

Galois conjugate of α):

ᾱ1T0 − πᾱ0 = 0, and ᾱ0T1 − πᾱ1 = 0. (3.36)
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Proof. First, Lemma 3.2.6 implies b = x(e) ∈ Λ0. Let

b′ := x(f) = πx(e) = α0f0 + α1f1.

for some αi ∈ OF . Consider the local ring A := ON(1,1),x. Let I denote the ideal corre-

sponding to Z(x). Set

An := A/πnA, In := (I + πnA)/πnA ⊂ An.

Since A is Noetherian, I is π-adic complete. Hence to prove the proposition, we just need

to prove In are generated by the images of ᾱ1T0 − πᾱ0 and ᾱ0T1 − πᾱ1 in An for all n.

Let mn denote the maximal ideal of An. Set

B := An/mnIn, B′ := An/In.

Let J := In/mnIn, which is the kernel of of the projection B → B′. Note that J2 = 0,

so it has a PD structure. By Nakayama’s lemma, it suffices to show J is generated by

images of ᾱ1T0 − πᾱ0 and ᾱ0T1 − πᾱ1 in B.

Let X be the universal strict formal OF0-module over N(1,1). The natural map

OΩ̆[Λ,Λ′],F̆
→ A→ An → B → B′ → κ̄

induces the strict formal OF0-modules XB, XB′ and Xκ̄ = X with X being associated to

x ∈ Z(x)(κ̄).

Since I is the definition ideal of Z(x), B′ is a quotient of A/I, the quasi-morphism

ρ−1 ◦ x : Y → X

lifts to a morphism

xB′ : YB′ → XB′ .
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The associated morphism D(x′B) lifts to a morphism

D(xR) : D(YR) → D(XR)

for any ring R = B/b with b ⊂ J , i.e., B ↠ R↠ B′ as J2 = 0. By Grothebdieck-Messing

theory,

x lifts to a momorphism

xR : YR → XR (3.37)

if and only if

D(xR)(f ⊗ 1− e⊗ π) = b′ ⊗ 1− b⊗ π ∈ FilD(XR).

Write α0 = a0 + b0π, α1 = a1 + b1π. Then

b′ ⊗ 1− b⊗ π

= (α0f0 + α1f1)⊗ 1− (α0e0 + α1e1)⊗ π

= ((a0 + b0π)f0 + (a1 + b1π)f1)⊗ 1− ((a0 + b0π)e0 + (a1 + b1π)e1)⊗ π

= (a0f0 + b0π0e0 + a1f1 + b1π0e1)⊗ 1− (a0e0 + b0f0 + a1e1 + b1f1)⊗ π

= f1 ⊗ (a1 − πb1)− e0 ⊗ π(a0 − πb0) + f0 ⊗ (a0 − πb0)− e1 ⊗ π(a1 − πb1)

= f1 ⊗ ᾱ1 − e0 ⊗ πᾱ0 + f0 ⊗ ᾱ0 − e1 ⊗ πᾱ1.

Combining this with Proposition 3.3.3, we see that the lifting (3.37) exists if and only if

ᾱ1T0 − πᾱ0 = 0, and ᾱ0T1 − πᾱ1 = 0 in R,

i.e.,

ᾱ1T0 − πᾱ0, and ᾱ0T1 − πᾱ1 ∈ b.

Here we identify Ti with their images in R via A → An → B → R. Since I is the ideal

of Z(x), the lifting (3.37) exists only when b = J . So J is generated by ᾱ1T0 − πᾱ0 and
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ᾱ0T1 − πᾱ1 as claimed.

3.3.3 Local coordinate charts in the Krämer model

Now we describe the local equation of a special divisor in the Krämer model and use it to

give a decomposition of special divisor. Locally around the superspecial point x ∈ N(1,1)(κ̄)

corresponding to Λ0 = Λ2 ∩ Λ′2, we have (3.35) and x corresponds to the maximal ideal

mx = (T0, T1, π). We need to blow it up to get the exceptional divisor of NKra = NKra
(1,1).

For simplicity, consider (ignoring the other unimportant restrictions of Ω̆[Λ,Λ′],F )

D := Spf(OF̆ [T0, T1]/(T0T1 − π0))
∧.

Let BlxD denote the blow-up of D at mx, which has three charts. Over the first chart D1,

we have

πST0
π

= T0, πST1
π

= T1, (3.38)

where we regard S x
π
as element in Frac(OF̆ [T0, T1]) and

D1 = SpfOF̆ ([T0, T1, ST0
π

, ST1
π

]/(πST0
π

− T0, πST1
π

− T1, ST0
π

ST1
π

− 1))∧

= SpfOF̆ ([ST0
π

, ST1
π

]/(ST0
π

ST1
π

− 1))∧. (3.39)

Over the second chart D2, we have:

T0ST1
T0

= T1, T0S π
T0

= π, (3.40)

and

D2 = SpfOF̆ ([T0, S π
T0
]/(T0S π

T0
− π))∧. (3.41)
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Over the third chart D3, we have:

T1ST0
T1

= T0, T1S π
T1

= π, (3.42)

and

D3 = SpfOF̆ ([T1, S π
T1
]/(T1S π

T1
− π))∧ (3.43)

by symmetry. D1, D2 and D3 are glued in the obvious way, and it is easy to see that

D1, D2 and D3 are all regular. Let Exc denote the exceptional divisor of NKra, then

Exc ∩D1 = Spfκ̄([ST0
π

, ST1
π

]/(ST0
π

ST1
π

− 1))∧,

Exc ∩D2 = SpfOF̆ ([T0, S π
T0
]/(T0, T0S π

T0
− π))∧ = Spfκ̄([S π

T0
])∧, (3.44)

Exc ∩D3 = SpfOF̆ ([T1, S π
T1
]/(T1, T1S π

T1
− π))∧ = Spfκ̄([S π

T1
])∧.

Exc ∩D2 glues with Exc ∩D3 over Exc ∩D1 by S π
T0

= 1
S π

T1

, so Exc is isomorphic to P1
κ̄.

The projective line PΛ̄2
only intersects the second chart and is defined by the equation

S π
T0

= 0. (3.45)

Similarly PΛ̄′
2
only intersects the third chart and is defined by the equation

S π
T1

= 0. (3.46)

We refer to Example 8.3.53 of [Qin06] for more details about the blow up considered here.

Now we explain how the coordinates of blow up are related with the moduli problem

locally around a superspecial point x. Since blow up commutes with flat base change, we

have

NKra
x := BlxD ×N(1,1)

Spf ON(1,1),x = BlxSpf ON(1,1),x, (3.47)
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and let Di,x, i = 1, 2, 3 be the three charts for NKra
x coming from Di.

Let R ∈ NilpOF̆0
be an OD1,x-algebra, and sT0

π

, sT1
π

∈ R be the image of ST0
π

, ST1
π

under the structure morphism, and let t0 and t1 be given by (3.38). Then R determines

a point (Xt0,t1 ,F) ∈ D1,x(R) where Xt0,t1 is described in Proposition 3.3.3, and F =

SpanR{e0 ⊗ 1 + e1 ⊗ sT1
π

} ⊂ Lie(Xt0,t1) is the filtration of the Krämer moduli problem.

Let R ∈ NilpOF̆0
be an OD2,x-algebra, and t0, s π

T0
∈ R be the image of T0, S π

T0
under the

structure morphism, and let t1 be given by (3.40). Then R determines a point (Xt0,t1 ,F) ∈

D2,x(R) where Xt0,t1 is as before and F = SpanR{e0 ⊗ 1 + e1 ⊗ s π
T0
} ⊂ Lie(Xt0,t1). The

corresponding description for an OD3,x-algebra is similar.

3.3.4 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1. In the following, we usem(ZKra(x),Z) to denote the multiplicity

of Z in ZKra(x), where Z is an irreducible component of ZKra(x). According to Theorem

3.3.2, the horizontal component of Z(x) intersects with the special fiber of N(1,1) at some

superspecial points. Moreover, each irreducible component of the special fiber of N(1,1)

also passes through some superspecial points. Therefore to determine the multiplicity of

each irreducible component, it is enough to consider the equations of special divisors at

superspecial points and their pullbacks to the Krämer model.

Write b = α0e0 + α1e1 as in Proposition 3.3.4. As before we fix a superspecial point

x = ptΛ0 ∈ N(1,1) for a vertex lattice Λ0 of type 0. Recall that the equations of Z(x) in

ON(1,1),x are:

ᾱ1T0 − πᾱ0 = 0, ᾱ0T1 − πᾱ1 = 0, αi ∈ OF . (3.48)

When ordπ(α0) > ordπ(α1), the equations of ZKra(x) in NKra
x are



61


ᾱ1π(ST0

π

− ᾱ0
α1
) = 0, ᾱ1π(

ᾱ0
α1
ST1

π

− 1) = 0, in the first chart,

ᾱ1T0(1− ᾱ0
ᾱ1
S π

T0
) = 0, ᾱ1T0S π

T0
( ᾱ0
ᾱ1
S π

T0
− 1) = 0, in the second chart,

ᾱ1T1S
2
π
T1

(1− ᾱ0
ᾱ1

1
S π

T1

) = 0, ᾱ1T1S π
T1
( ᾱ0
ᾱ1

1
S π

T1

− 1) = 0, in the third chart.

Notice that ( ᾱ0
ᾱ1
ST1

π

−1) and (1− ᾱ0
ᾱ1
S π

T0
) are units in coordinate ring of D1,x and coordinate

ring of D2,x. In the third chart, we have T1S π
T1

= π, which implies that

ᾱ0

ᾱ1

1

S π
T1

− 1 = αT1 − 1

is a unit in D3,x with α = ᾱ0
ᾱ1π

∈ OF . So the above equations simplify to


πordπ(α1)+1 = 0, in the first chart,

πordπ(α1)T0 = T
ordπ(α1)+1
0 (S π

T0
)ordπ(α1) = 0, in the second chart,

πordπ(α1)+1 = T
ordπ(α1)+1
1 (S π

T1
)ordπ(α1)+1 = 0, in the third chart.

Therefore, it has no horizonal component, and we have by (3.44), (3.45) and (3.46)

m(ZKra(x),PΛ̄2
) = ordπ(α1),

m(ZKra(x),PΛ̄′
2
) = ordπ(α1) + 1, (3.49)

m(ZKra(x),ExcΛ0) = ordπ(α1) + 1.

Similarly if ordπ(α0) < ordπ(α1), ZKra(x) has no horizonal component, and

m(ZKra(x),PΛ̄2
) = ordπ(α0) + 1,

m(ZKra(x),PΛ̄′
2
) = ordπ(α0), (3.50)

m(ZKra(x),ExcΛ0) = ordπ(α0) + 1.

When ordπ(α0) = ordπ(α1)(possible only when q(b) ̸= 0), the equations of ZKra(x) in



62

NKra
x are


πordπ(α0)+1(ST1

π

− ᾱ1
ᾱ0
) = 0, in the first chart,

T
ordπ(α0)+1
0 (S π

T0
)ordπ(α0)(S π

T0
− ᾱ1

ᾱ0
) = 0, in the second chart,

T
ordπ(α0)+1
1 (S π

T1
)ordπ(α0)(S π

T1
− ᾱ0

ᾱ1
) = 0, in the third chart,

which implies by (3.44), (3.45) and (3.46)

m(ZKra(x),PΛ̄2
) = ordπ(α0),

m(ZKra(x),PΛ̄′
2
) = ordπ(α0), (3.51)

m(ZKra(x),ExcΛ0) = ordπ(α0) + 1.

In addition, it has a horizontal component given by


ST1

π

− ᾱ1
ᾱ0

= 0, in the first chart,

S π
T0

− ᾱ1
ᾱ0

= 0, in the second chart,

S π
T1

− ᾱ0
ᾱ1

= 0, in the third chart.

(3.52)

This is the local equation of Zh(x) along the superspecial point x = ptΛ0 . In this case, one

has to have Λ0 = Λb. From the equation, one can also see that the horizontal component

is irreducible when q(b) ̸= 0, and it intersects with ExcΛb
at one point (e.g., the image of

ST1
π

= ᾱ1
ᾱ0

in κ̄ via the first chart).

Recall b = x(e). Let n = n(b,Λ0) = min{ordπ(α0), ordπ(α1)}. Note that

n(b,Λ2) =

 n+ 1, ordπ(α1) > ordπ(α0),

n, otherwise,

and

n(b,Λ′2) =

 n+ 1, ordπ(α1) < ordπ(α0),

n, otherwise.
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Hence in all three cases we have

m(ZKra(x),PΛ̄2
) = n(b,Λ2),

m(ZKra(x),PΛ̄′
2
) = n(b,Λ′2), (3.53)

m(ZKra(x),ExcΛ0) = n(b,Λ0) + 1.

The above discussion holds for any Λ ∈ T (x). So we have

ZKra(x) =
∑

Λ2∈T (x)

n(b,Λ2)PΛ̄2
+

∑
Λ0∈T (x)

(n(b,Λ0) + 1)ExcΛ0 + δbZh(x), (3.54)

where δb = 0 or 1 depends on whether q(b) = 0 or not. In the latter case, Zh(x) ∼= Spf OF̆

is a horizontal divisor meeting the special fiber at ExcΛb
.

The proof (in particular (3.52)) gives the following corollary, which will be used in next

section.

Corollary 3.3.5. Let 0 ̸= x ∈ V and b = x(e). When q(x) = 0, Zh(x) is empty. When

q(x) ̸= 0 with b ∈ Λb, Zh(x) = Spf OF̆ is irreducible, and intersects with the special fiber

of NKra at one point on the exceptional divisor ExcΛb
and is given by image of (3.52)

modulo π. More precisely, write

π−ordπ0q(b)b = α0e0 + α1e1,

where {e0, e1} is a basis of Λb given in Proposition 3.3.4. Then α0, α1 ∈ O×F , and the

intersection point of Zh(x) and NKra/κ̄ is ST1
π

= ᾱ1
ᾱ0

(mod π) in the first affine chart of

the neighborhood of NKra
x where x = ptΛb

.

3.4 Intersection between special divisors

In this section we establish a series of lemmas and prove the following theorem.
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Theorem 3.4.1. For a pair of independent vectors x1,x2 ∈ V, let T (x1,x2) = (h(xi,xj))

be the associated Gram matrix. Then Int(Lx1,x2) depends only on the equivalence class of

T = T (x1,x2). More precisely, Int(Lx1,x2) = 0 unless T (x1,x2) is integral. Assume that

T (x1,x2) is integral.

1. When T ≈ diag(u1(−π0)α, u2(−π0)β) with ui ∈ O×F0
and 0 ≤ α ≤ β, we have

Int(Lx1,x2) = α+ β − 2q(qα − 1)

q − 1
.

2. When T ≈
(

0 πn

(−π)n 0

)
with n odd (which occurs only when V is isotropic), we have

Int(Lx1,x2) = −(q + 1)(q
n+1
2 − 1)

q − 1
+ n+ 1.

First of all, for two divisors Z1 and Z2 ofNKra such that Z1∩Z2 is supported on finitely

many irrreducible components of the special fiber of NKra, we define their intersection

number to be

Z1 · Z2 := χ(NKra, OZ1 ⊗L OZ2), (3.55)

where OZi is the structure sheaf of Zi, ⊗L is the derived tensor product on the coherent

sheaves on NKra and χ is the Euler-Poincaré characteristic.

For a full rank lattice Lx1,x2 ⊂ V with a basis {x1,x2}, let

Int(Lx1,x2) = Z(x1) · Z(x2).

According to [How19, Corollary D], this intersection number does not depend on the choice

of the basis {x1,x2}. First, we recall the following well-known fact.

Proposition 3.4.2. ([Qin06, Proposition 9.1.21]) Assume that X is a regular scheme of

dimension 2, S is a Dedekind scheme of dimension 1 and we have a flat proper morphism

X → S. Let s ∈ S be a closed point. The following properties are true:

(a) For any E ∈ Divs(X), we have E ·Xs=0. Here Divs(X) is the set of Cartier divisors
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of X supported on the special fiber Xs.

(b) Let Γ1, ...Γr be the irreducible components of Xs of respective multiplicities d1, ..., dr.

Then for any i ≤ r, we have

Γ2
i = − 1

di

∑
j ̸=i

djΓj · Γi.

Lemma 3.4.3. Let Λ0 be a fixed vertex OF -lattice of type 0. Then

(a) ExcΛ0 · PΛ̄2
=

 1, if Λ0 ⊂ Λ2,

0, otherwise.

(b) ExcΛ0 · ExcΛ′
0
= −2δΛ0,Λ′

0
for any type 0 vertex lattice Λ′0.

(c) ExcΛ0 · Zh(x) = δΛ0,Λb
= 1 or 0 depending on whether Λ0 = Λb or not.

Proof. By (3.44), (3.45) and (3.46), we can see that

ExcΛ0 · PΛ̄2
= ExcΛ0 · PΛ̄′

2
= 1 (3.56)

if Λ0 = Λ2∩Λ′2. For a Λ′′2 s.t. Λ0 ̸⊂ Λ′′2, then clearly ExcΛ0 ∩PΛ̄′′
2
= ∅. Hence (a) is proved.

Part (b) follows from Proposition 3.4.2 and part (a). Part (c) follows from Theorem 3.3.2

and (3.52).

Lemma 3.4.4. Let Λ2 be a fixed vertex OF -lattice of type 2. Then

(a) PΛ̄2
· PΛ̄′

2
=

 −(q + 1), if Λ2 = Λ′2,

0, otherwise.

(b) PΛ̄2
· Zh(x) = 0.

Proof. Note that PΛ̄2
∩PΛ̄′

2
= ∅ if Λ2 ̸= Λ′2. Moreover, there are q+1 exceptional divisors

intersecting with PΛ̄2
. Then part (b) of Proposition 3.4.2 and equation (3.56) imply that

PΛ̄2
· PΛ̄2

+ (q + 1) = 0. So part (a) follows. It is clear from (3.44), (3.45) and (3.52) that

PΛ̄2
and Zh(x) do not intersect. Hence part (b) follows.
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Lemma 3.4.5. PΛ̄2
· ZKra(x) =

 1, if Λ2 ∈ T (x),

0, otherwise.

Proof. When Λ2 ̸∈ T (x), the intersection number is obviously 0. When Λ2 ∈ T (x). We

have by Theorem 3.3.1, Lemma 3.4.3 and 3.4.4,

PΛ̄2
· ZKra(x) =PΛ̄2

· [
∑

Λ′
2∈T (x)

n(b,Λ′2)PΛ̄′
2
+

∑
Λ0∈T (x)

(n(b,Λ0) + 1)ExcΛ0 ]

= −(q + 1)n(b,Λ2) +
∑

Λ0⊂Λ2

(n(b,Λ0) + 1)

=
∑

Λ0⊂Λ2

(n(b,Λ0) + 1− n(b,Λ2)).

Now combining the information from (3.20) with Lemmas 3.2.10 and 3.2.12 we see that

there is exactly one vertex lattice Λ′ of type 0 in Λ2 such that n(b,Λ′) = n(b,Λ2) and for

any other vertex lattice Λ of type 0 in Λ2 we have n(b,Λ) = n(b,Λ2)− 1. Hence we have

∑
Λ0⊂Λ2

(n(b,Λ0) + 1− n(b,Λ2)) = 1.

The lemma follows.

Lemma 3.4.6. ExcΛ0 · ZKra(x) =

 −1, Λ0 ∈ T (x),

0, otherwise.

Proof. Assume Λ2 and Λ′2 are the two vertex lattices of type 2 that contain Λ0. We treat

the cases Λ0 ̸= Λb first. According to (3.20), Lemma 3.2.10 and 3.2.12, we can without

loss of generality assume that

n(b,Λ2) = n(b,Λ0) + 1, and n(b,Λ′2) = n(b,Λ0).
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Then by Theorem 3.3.1 and Lemma 3.4.3, we have

ExcΛ0 · ZKra(x) =ExcΛ0 · [
∑

Λ2∈T (x)

n(b,Λ2)PΛ̄2
+

∑
Λ′
0∈T (x)

(n(b,Λ′0) + 1)ExcΛ′
0
]

=n(b,Λ2)ExcΛ0 · PΛ̄2
+ n(b,Λ′2)ExcΛ0 · PΛ̄′

2
+ (n(b,Λ0) + 1)ExcΛ0 · ExcΛ0

=(n(b,Λ0) + 1) + n(b,Λ0)− 2(n(b,Λ0) + 1)

=− 1.

Now assume Λ0 = Λb, which occurs only when q(b) ̸= 0. Then notice that n(b,Λ2) =

n(b,Λ′2) = n(b,Λ0), and ExcΛ0 · Zh(x) = 1. The rest of the proof is the same as the

previous case.

Lemma 3.4.7. Write bi = xi(e), and assume that (b1, b2) = 0 and q(bi) ̸= 0. Then

Zh(x1) · Zh(x2) = 0, and

Zh(x1) · ZKra(x2) = n(b2,Λb1) + 1.

Proof. Define βi = π−ordπ0q(bi)bi for i = 1, 2. The assumption implies

Λb1 = Λb2 = OFβ1 +OFβ2,

and the Gram matrix of {β1, β2} is diagonal with diagonal entries in O×F0
. Let {e0, e1} be

an OF -basis of Λb1 as in Proposition 3.3.4 and write

β1 = α0e0 + α1e1, and β2 = α′0e0 + α′1e1.

By comparing the determinants of the Gram matrices of {e0, e1} and {β1, β2}, we know

that the transition matrix

 α0 α1

α′0 α′1

 has determinant α0α
′
1 − α1α

′
0 = u ∈ O×F .

On the other hand, if Zh(x1) and Zh(x2) intersect, the intersection points would be

in the special fiber. By Corollary 3.3.5, they intersect at one point, which is also the
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intersection between them and the exceptional divisor ExcΛbi
. The same corollary asserts

that the point is given by (say in first Chart)

ᾱ1

ᾱ0
≡ ᾱ′1
ᾱ′0

(mod π).

This implies α0α
′
1 − α1α

′
0 ∈ πOF , a contradiction. So Zh(x1) · Zh(x2) = 0. Now we have

by Theorem 3.3.1, Lemmas 3.4.3 and 3.4.4,

Zh(x1) · ZKra(x2) = Zh(x1) · (n(b2,Λb1) + 1)ExcΛb1

= n(b2,Λb1) + 1.

Theorem 3.4.8. Let {x1,x2} be a basis of a full rank lattice Lx1,x2 ⊂ V, and b1 =

x1(e), b2 = x2(e) as before. Assume

T =

(b1, b1) (b1, b2)

(b2, b1) (b2, b2)

 ≈

u1(−π0)α 0

0 u2(−π0)β


where α ≤ β, u1, u2 ∈ O×F0

and −u1u2 ∈ Nm(F×). When α ≥ 0, we have

Int(Lx1,x2) = α+ β − 2q(qα − 1)

q − 1
.

When α < 0, we have Int(Lx1,x2) = 0.

Proof. We may assume T = Diag(u1(−π0)α, u2(−π0)β). In such a case, we see that

spanOF
{π−αx1(e), π

−βx2(e)} = Λb1 = Λb2 . Moreover T (x1) ⊂ T (x2) and T (x1) is a

ball of radius α + 1
2 centered at Λb1 by Corollary 3.2.11. We have by Theorem 3.3.1 and
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Lemmas 3.4.5, 3.4.6, 3.4.7, and 3.2.10,

ZKra(x1) · ZKra(x2)

=
∑

Λ2∈T (x1)

n(b1,Λ2)PΛ̄2
· ZKra(x2) +

∑
Λ0∈T (x1)

(n(b1,Λ0) + 1)ExcΛ0 · ZKra(x2)

+ Zh(x1) · ZKra(x2)

=
∑

Λ2∈T (x1)

n(b1,Λ2)−
∑

Λ0∈T (x1)

(n(b1,Λ0) + 1) + (n(b2,Λb1) + 1)

=2(

α∑
i=0

(α− i)qi)− (α+ 1 + 2(

α∑
i=1

(α+ 1− i)qi)) + (β + 1)

=α+ β − 2

α∑
i=1

qi

=α+ β − 2q(qα − 1)

q − 1
.

Remark 3.4.9. As we mentioned before, there is a similar result for intersection product

between special divisors on a similarly defined RZ space NE obtained by Sankaran in

[San17]. Here E is an unramified quadratic field extension of F0.

Theorem 3.4.10. For x1,x2 ∈ V, let b1 = x1(e), b2 = x2(e) as before. Assume

T =

(b1, b1) (b1, b2)

(b2, b1) (b2, b2)

 ≈

 0 πn

(−π)n 0

 ,

with n odd. Write r = n+1
2 . Then Int(Lx1,x2) = 0 unless n ≥ 0. In such a case,

Int(Lx1,x2) = −(q + 1)(qr − 1)

q − 1
+ 2r.

Proof. We may assume that T =
(

0 πn

(−π)n 0

)
. By Lemmas 3.4.5, 3.4.6 and Theorem 3.3.1,
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we have

ZKra(x1) · ZKra(x2)

=
∑

Λ2∈T (x1)

n(b1,Λ2)PΛ̄2
· ZKra(x2) +

∑
Λ0∈T (x1)

(n(b1,Λ0) + 1)ExcΛ0 · ZKra(x2)

=
∑

Λ2∈T (x)

n(b1,Λ2)−
∑

Λ0∈T (x)

(n(b1,Λ0) + 1),

where T (x) = T (x1) ∩ T (x2).

Write bi = πrvi for i = 1, 2. Define

Λk,2 = spanOF
{π−kv1, πkv2}, Λk,0 = spanOF

{π−kv1, πk+1v2}, k ∈ Z.

where Λk,2 is a vertex lattice of type 2 and Λk,0 is a vertex lattice of type 0. It is immediate

that

n(b1,Λk,0) = n(b1,Λk,2) = r + k.

By Lemma 3.2.15, T (x) is a ball of radius r centered at Λ0,2. We define C = C(Λ0,2,Λr,2)

to be the geodesic segment joining Λ0,2 and Λr,2.

Now we divide T (x) into r + 1 parts Lk using V as follows: for 0 ≤ k ≤ r, let Lk be

the part of T (x) such that Λ ∈ Lk if and only if Λk,2 is the first vertex lattice of type

2 that the geodesic from Λ to Λ0,2 encounters on C. In other words, if we set L′k to be

the subtree of T (x) \ V that starts from Λk,2. Then Lk = L′k ∪ Λk,0 if Λk,0 ∈ T (x). In

particular, Lr = {Λr,2}. Then we have

ZKra(x1) · ZKra(x2) =
r∑

k=0

(S(k)− S′(k))

where

S(k) =
∑

Λ2∈Lk

n(b1,Λ2), and S
′(k) =

∑
Λ0∈Lk

(n(b1,Λ0) + 1)
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For k = 0 we have

S(0) =
r∑

i=0

(r − i)qi, S′(0) =
r∑

i=0

(r + 1− i)qi.

For 1 ≤ k ≤ r − 1 we have

S(k) = r + k +
r−k−1∑
i=0

(r + k − i− 1)(q − 1)qi,

S′(k) = r + k + 1 +

r−k−1∑
i=0

(r + k − i)(q − 1)qi.

For k = r we have

S(r) = 2r, S′(r) = 0.

Summing these terms up, we obtain

ZKra(x1) · ZKra(x2) =(S(0)− S′(0)) +
r−1∑
k=1

(S(k)− S′(k)) + S(r)

=−
r∑

i=0

qi −
r−1∑
k=1

qr−k + 2r

=− qr+1 − 1

q − 1
− q(qr−1 − 1)

q − 1
+ 2r

=− (q + 1)(qr − 1)

q − 1
+ 2r.

as claimed.

By Theorems 3.4.8 and 3.4.10, we see that Int(Lx1,x2) depends only on the Gram

matrix T (b1, b2) = −δ2T (x1,x2). Since −δ2 ∈ O×F0
, we see that the formulas in both

theorems are not affected when we change T (b1, b2) to T (x1,x2). This proves Theorem

3.4.1.
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3.5 Local densities and the Kudla-Rapoport Conjecture

In this section we record basic results on local density and prove Theorem 3.0.1. Let

L be an integral OF -lattice with Gram matrix S (unique up to equivalence), and let

T be an n × n invertible Hermitan matrix over T . Recall the local density polynomial

α(L, T,X) = α(S, T,X) defined in the introduction. the following explicit formulas are

special cases considered in ([Shi22]).

Theorem 3.5.1. ([Shi22, Theorem 6.2]) Let L be an OF hermitian lattice with Gram

matrix S = diag(v, 1) with v ∈ O×F0
, and let H be the hermitian hyperbolic OF -plane

defined in the introduction. Set ϵ2 = χ(−v), where χ be the quadratic character of F×0

associated to the extension of F/F0.

1. Assume that T ≈

 u1(−π0)α 0

0 u2(−π0)β

 with α ≤ β and ui ∈ O×F0
. Set ϵ1 =

χ(−u1u2). Then α(L, T,X) = α(H,T,X) = 0 unless α ≥ 0. Assume α ≥ 0, we

have

α(L, T,X) =(1−X)(1 + ϵ2 + qϵ2)
α∑

e=0

(qX)e − ϵ1q
α+1Xβ+1(1−X)

α∑
e=0

(q−1X)e

−ϵ1(1 + q)(Xα+β+2 + ϵ1ϵ2) + (1 + ϵ2)q
α+1Xα+1(1 + ϵ1X

β−α),

and

α(H,T,X) =(1 +
1

q
+

1

q2
)(1−X)

α∑
e=0

(qX)e − ϵ1q
α−1Xβ+1(1−X)

α∑
e=0

(q−1X)e

− q−1(1 + q−1)(1 + ϵ1X
α+β+2) + qα(1 + q−1)Xα+1(1 + ϵ1X

β−α+1).

In particular,

α(L, T ) = −ϵ1(1 + ϵ1ϵ2)(1 + q) + (1 + ϵ1)(1 + ϵ2)q
α+1,
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which is zero if and only if ϵ1ϵ2 = −1. Similarly

α(H,T ) = (1 + ϵ1)(1 + q−1)(qα − q−1),

which is zero if and only if ϵ1 = −1.

2. Assume that T =

 0 πn

(−π)n 0

 where n is odd. Then α(L, T,X) = α(H,T,X) =

0 unless n ≥ −1. When n ≥ −1, we have

α(L, T,X) =− qn+2(1−X)

n+1∑
e=n+1

2
+1

(q−1X)e + (1−X)(1 + ϵ2 + ϵ2q)

n+1
2∑

e=0

(qX)e

− (q + 1)(ϵ2 +Xn+2) + (1 + ϵ2)(q + 1)q
n+1
2 X

n+1
2

+1,

and

α(H,T,X) =− (1−X)qn
n+1∑

e=n+1
2

+1

(q−1X)e + (1 +
1

q
+

1

q2
)(1−X)

n+1
2∑

e=0

(qX)e

− (
1

q
+

1

q2
)(1 +Xn+2) + (1 +

1

q
)2q

n+1
2 X

n+1
2

+1.

In particular,

α(L, T ) = −(1 + ϵ2)(q + 1)(1− q
n+1
2 ),

which is zero if and only if ϵ2 = −1. Finally,

α(H,T ) =
1 + q

q2

[
−2 + (1 + q)q

n+1
2

]
̸= 0.

Proof of Theorem 3.0.1. First notice that the Gram matrix of L can be chosen to be of the

form S = diag(v, 1) with v ∈ O×F0
and that the Gram matrix of H is S′. Let T = T (x1,x2).

As L and Lx1,x2 represent two different hermitian spaces of dimension 2, we have to have

ϵ1ϵ2 = −1 when T can be diagonalized, and ϵ2 = −1 when T is anti-diagonal. The case
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that L is isotropic is proved in [Shi22]. Now we assume L is anisotropic, i.e, ϵ2 = −1.

There are two cases.

Case 1: We first assume that T ≈ diag(u1(−π0)α, u2(−π0)β) with α ≤ β. In this case

ϵ1 = 1. When α < 0, both sides of the identity are automatically zero. So we assume

α ≥ 0. Theorem 3.5.1 implies that

α(L, T,X)

=− q(1−X)

α∑
e=0

(qX)e − qα+1Xβ+1(1−X)

α∑
e=0

(q−1X)e − (q + 1)(Xα+β+2 − 1).

So

−α′(L, T ) = ∂

∂X
α(L, T,X)|X=1

=q
α∑

e=0

qe + qα+1
α∑

e=0

q−e − (q + 1)(α+ β + 2)

=2
α+1∑
e=1

qe − (q + 1)(α+ β + 2).

Theorem 3.5.1(1) also implies

α(L, S) = 2(1 + q), (3.57)

and

α(H,T ) = 2(1 + q−1)(qα − q−1).

Hence the right hand side of the formula in Theorem 3.0.1 is

2

α(L, S)
[α′(L, T )− q2

q2 − 1
α(H,T )]

=
1

q + 1
[−2

α+1∑
e=1

qe + (q + 1)(α+ β + 2) +
2

q − 1
− 2qα+1

q − 1
]

=α+ β + 2− 2

α∑
e=0

qe = Int(Lx1,x2)
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as claimed by Theorem 3.0.1.

Case 2: Now we treat the anti-diagonal case

T ≈

 0 πn

(−π)n 0

 , n odd.

The case n < −1 is trivial as both sides are clearly zero.

When n ≥ −1, and let r = n+1
2 . we have by Theorem 3.5.1

α′(L, T ) = − ∂

∂X
α(L, T,X)|X=1

= 1− (q + 1)
r∑

e=0

qe + (q + 1)(n+ 2).

Combining this with Theorem 3.5.1 (2), we see that the right hand side of Theorem 3.0.1

is

2

α(L, S)
[α′(L, T )− q2

q2 − 1
α(H,T )]

=
1

q + 1
−

r∑
e=0

qe + 2r + 1− qr

q − 1
+

2

(q − 1)(q + 1)

=Int(Lx1,x2)

as claimed by Theorem 3.0.1.
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Chapter 4

Kudla-Rapoport conjecture for

Krämer models and the case n = 3

4.1 Induction formula and primitive local density

In this section, we study various induction formulas of local density polynomials. Let M

be a hermitian OF -lattice of rank m with v(M) := min{vπ(h(v, v′)) | v, v′ ∈ M} ≥ −1.

and let M [k] = Hk kM for an integer k ≥ 0. Let L be a hermitian OF -lattice of rank n.

There is a polynomial α(M,L,X) of X—the local density polynomial—such that

α(M,L, q−2k) =

∫
Hermn(F )

∫
(M [k])n

ψ(⟨Y, T (x)− T ⟩)dx dY, (4.1)

where T (x) is the moment matrix of x, dx is the Haar measure on (M [k])n with total

volume 1, dY is the Haar measures on Hermn(F ) such that Hermn(OF ) has total volume

1, and ψ is an additive character of F0 with conductor OF0 . Finally, we define ⟨X,Y ⟩ =

Tr(XY ) on Hermn. We will also denote α(M,L) = α(M,L, 1) and

α′(M,L) = − ∂

∂X
α(M,L,X)|X=1. (4.2)

There is another way to define α(M,L,X) as follows.
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Definition 4.1.1. LetM and L be two hermitian OF -lattices of rank m and n respectively.

Let a be an integer such that (x, y) ∈ π−a0 ∂−1F/F0
for x, y ∈M or x, y ∈ L. Define the local

density of M representing L as

α(M,L) := lim
d→∞

∣∣∣HermL,M (OF0/(π
d+a
0 ))

∣∣∣
q2(d+a)nm−dn2 ,

which is independent of the choice of a. Here HermL,M (OF0/(π
d+a
0 )) is given by the set

{ϕ ∈ HomOF
(L/πd+a

0 L,M/πd+a
0 M) | (ϕ(x), ϕ(y)) ≡ (x, y) mod (πd0∂

−1
F/F0

), x, y ∈ L}.

in this thesis, we only deal with the case when we can and will choose a = 0.Since

α(M,L,X) only depends on the Gram matrices of M and L, we may also denote it by

α(S, T,X) if S and T are the Gram matrices of M and L.

Now we define primitive local density polynomials. For 1 ≤ ℓ ≤ n, let

(M [k])n,(ℓ) = {x = (x1, · · · , xn) ∈ (M [k])n | dimSpan{x1, · · · , xℓ} = ℓ in M [k]/πM [k]}.

(4.3)

For L = L1 ⊕L2, where L1 = Span{l1, · · · , lℓ} and L2 = Span{lℓ+1, · · · , ln}, we define the

local ℓ-primitive density to be

β(M [k], L1 ⊕ L2)
(ℓ) =

∫
Hermn(F )

∫
(M [k])n,(ℓ)

ψ(⟨Y, T (x)− T ⟩)dx dY. (4.4)

When ℓ ̸= n, the above definition depends on a choice of L = L1⊕L2. Hence we always fix

such a decomposition L = L1 ⊕L2 in this case. When L = L1 kL2, and Li is represented

by Ti, we also denote β(M,L1 k L2)
(ℓ) as β(S,Diag(T1, T2))

(ℓ). When ℓ = n, we simply

denote β(M,L1 ⊕ L2)
(ℓ) as β(M,L).
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Lemma 4.1.2. Assume L = L1 ⊕ L2 where rank(L1) = n1. Then

α(M,L,X) =
∑

L1⊂L′
1⊂L1,F

(qn−mX)ℓ(L
′
1/L1)β(M,L′1 ⊕ L2, X)(n1),

where ℓ(L′1/L1) = lengthOF
L′1/L1.

Proof. This is the analogue of [Kit83, Lemma 3]. Let G = GLn1(F ) ∩ Mn1,n1(OF ) and

U = GLn1(OF ). By choosing a basis {l1, · · · , ln1} of L1, we may identify U\G with

{L′1 | L1 ⊂ L′1 ⊂ L1,F } by sending g to L1 · g−1. Then the identity we want to prove is

equivalent to

α(M,L,X) =
∑

g∈U\G

| det g|2k+m−nβ(M,L1 · g−1 k L2, X)(n1),

where |π| = q−1. By a partition of Mn
k , we have

α(M,L,X) =

∫
Hermn(F )

dY

∫
(M [k])n

ψ(⟨Y, T (x)− T ⟩)dx

=
∑

g∈U\G

∫
Hermn(F )

dY

∫
(M [k])n,(n1)·g1

ψ(⟨Y, T (x)− T ⟩)dx,

where g1 = Diag(g, In−n1), and the action of g1 is simply matrix multiplication on the n

components of Mn,(n1). Now

∫
Hermn(F )

dY

∫
(M [k])n,(n1)·g1

ψ(⟨Y, T (x)− T ⟩)dx

= | det g1|2k+m

∫
Hermn(F )

dY

∫
(M [k])n,(n1)

ψ(⟨Y, T (xg1)− T ⟩)dx

= | det g1|2k+m

∫
Hermn(F )

dY

∫
(M [k])n,(n1)

ψ(⟨Y, (T (x)− T [g−11 ])[g1]⟩)dx

= | det g1|2k+m

∫
Hermn(F )

dY

∫
(M [k])n,(n1)

ψ(⟨Y [g∗1], T (x)− T [g−11 ]⟩)dx

= | det g1|2k+m−n
∫
Hermn(F )

dY

∫
(M [k])n,(n1)

ψ(⟨Y, T (x)− T [g−11 ]⟩)dx

= | det g1|2k+m−nβ(M [k], L · g−11 )(n1).
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Here T [g] := g∗Tg. Now the lemma is clear.

Theorem 4.1.3. Let L be as in Lemma 4.1.2. Then

α(M,L,X) =

n1∑
i=1

(−1)i−1qi(i−1)/2+i(n−m)Xi ·
∑

L1⊂L′
1⊂π−1L1

dimL′
1/L1=i

α(M,L′1 ⊕ L2, X) + β(M,L,X)(n1).

Proof. This is an analogue of [Kat99, Proposition 2.1]. The proof follows from a combi-

nation of the argument (in a reverse order) in 4.9.2 and Lemma 4.1.2.

Motivated by Theorem 4.1.3, we give the following definition.

Definition 4.1.4. Let L = L1 ⊕ L2 be as in Lemma 4.1.2. We define

∂Den(L)(n1) := ∂Den(L)−
n1∑
i=1

(−1)i−1qi(i−1)/2
∑

L1⊂L′
1⊂L1,F

dimL′
1/L1=i

∂Den(L′1 ⊕ L2). (4.5)

Corollary 4.1.5. Let L = L1 ⊕ L2 be as in Lemma 4.1.2, and ϵ = χ(L). Then

∂Den(L)(n1) =
1

α(I−ϵn , I−ϵn )

(
2β′(I−ϵn , L)(n1) +

∑
i

cn,iϵ β(Hϵ
n,i, L)

(n1)

)
.

As a corollary of Lemma 4.1.2, we have

Corollary 4.1.6. Let L = L1 ⊕ L2 be as in Lemma 4.1.2. Then we have the following

identity where the summation is finite:

∂Den(L) =
∑

L1⊂L′
1⊂L1,F

∂Den(L′1 ⊕ L2)
(n1).

We may reduce the identity Int(L) = ∂Den(L) to a primitive version as the following

theorem shows.

Theorem 4.1.7. Let L = L1 ⊕ L2 ⊂ V be as in Lemma 4.1.2.
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(1) Conjecture 1.0.3 is true for L if for every L1 ⊂ L′1 ⊂ L1,F , we have

Int(L′1 ⊕ L2)
(n1) = ∂Den(L′1 ⊕ L2)

(n1).

(2) If Conjecture 1.0.3 holds for all lattices L′ = L′1 ⊕ L2 of V of rank n with L1 ⊂

L′1 ⊂ L1,F , then

Int(L1 ⊕ L2)
(n1) = ∂Den(L1 ⊕ L2)

(n1).

(3) For 1 ≤ n1 ≤ n, Conjecture 1.0.3 is true if and only if for every lattice L =

L1 ⊕ L2 ⊂ V with rank(L1) = n1, one has

Int(L1 ⊕ L2)
(n1) = ∂Den(L1 ⊕ L2)

(n1).

Proof. (1) follows from Lemma 4.9.2 and Corollary 4.1.6. (2) follows from Definitions

4.9.1 and 4.1.4. (3) follows from (1) and (2).

For the rest of this section, we assume that M is unimodular of rank m with a Gram

matrix Diag(Im−1, ν). To go further with the calculation of α(M,L,X), we need an

induction formula for β(M,L,X)(ℓ) as follows. The proof is essentially the same as that

of Corollary 9.11 of [KR11], and is left to the reader.

Proposition 4.1.8. Let L = L1 k L2, where Lj is of rank nj. Let C(M [k], L1) be the

U(M [k])-orbits of sublattices M(i) ⊂ M [k] such that M(i) is isometric to L1, and write

C(M [k], L1) = ⊔i∈J{M(i)}. Then

β(M,L,X)(n1) =
∑
i∈J

|M :M(i) kM(i)⊥|−n2 |M(i)∨ :M(i)|n2βi(M,L1, X)α(M(i)⊥, L2),

where

βi(M,L1, X) = lim
d→∞

q−dn1(2m+4k−n1)#{ϕ ∈ I(M [k], L1, d)
(n1) | ∃ Φ ∈ U(M) with ϕ(L1) = Φ(M(i))},
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and

I(M [k], L1, d)
(n1) := {ϕ ∈ I(M [k], L1, d) | rankFqϕ(L1)⊗OF

Fq = n1}.

Recall that I(M [k], L1, d) is defined in (??).

One special case is that L = H i k L2. Since any sublattice of M [k] = M k Hk

isometric to H i is always a direct summand ofM [k] and α(M,H i, X) = β(M,H i, X)(2i) =

β(M,H i, X), the above proposition specializes to

Corollary 4.1.9. Assume L = H i k L2, then

α(M,L,X) = β(M,H i, X)α(M,L2, q
2iX) = α(M,H i, X)α(M,L2, q

2iX). (4.6)

We end this section with two more special cases of Proposition 4.1.8. Proofs are given

in §4.5.

Proposition 4.1.10. Let the notation be as in Proposition 4.1.8. Assume n1 = 1 and

L1 = ⟨t⟩ where t ∈ OF0 .

1. There always exists a primitive vector M(1) ∈ Hk with q(M(1)) = t, and

M(1)⊥ ∼= Hk−1 k Iχ(M)
m k ⟨−t⟩.

Here ⟨t⟩ stands for a lattice OF v of rank one with (v, v) = t.

2. If v(t) = 0, then there exist a primitive vector M(0) ∈M with q(M(0)) = t, and

M(0)⊥ ∼= Hk k I
ϵm−2

m−2 k ⟨νt⟩.

Here ϵm−2 = χ((−1)
(m−2)(m−3)

2 ).

3. If v(t) > 0, then there exist a primitive vector M(0) ∈ M with q(M(0)) = t only
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when M is isotropic (i.e. ∃ v ∈M with q(v) = 0). In this case,

M(0)⊥ ∼= Hk k I
χ(M)
m−2 k ⟨−t⟩.

Assuming the existence of M(1) and M(0), we have

|M [k] :M(i) kM(i)⊥|−1|M(i)∨ :M(i)| =


1 if i = 1,

q if i = 0.

4. Under the action of U(M [k]), v is either in the same orbit of a fixed vectorM(1) ∈ Hk

or a fixed vector M(0) ∈M .

5. We have the following induction formula:

β(M,L,X)(1) = β1(M,L1, X)α(M(1)⊥, L2) + qn−1β0(M,L1, X)α(M(0)⊥, L2).

Moreover,

(a) For any L1,

β1(M,L1, X) = 1−X.

(b) Assume v(t) = 0, then

β0(M,L1, X) =


(1 + χ(M)χ(L)q−

m−1
2 )X if m is odd,

(1− χ(M)q−
m
2 )X if m is even.

(c) Assume v(t) > 0, then

β0(M,L1, X) =


(1− q1−m)X if m is odd,(
1− q1−m + χ(M)(q − 1)q−

m
2

)
X if m is even.

Proof. Parts (1)—(4) are proved in subsection 4.5.1. The induction formula for β(M,L,X)(1)
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follows from Proposition 4.1.8. For the formula of βi(M,L1, X), see Corollaries 4.5.10 and

4.5.12.

Proposition 4.1.11. Let the notation be as in Proposition 4.1.8. Assume v(L1) > 0 and

n1 = 2. Then we have a partition of C(M [k], L1) =
⊔2

i=0Ci(M
[k], L1) such that for any

M(i) ∈ Ci(M
[k], L1), M(i)⊥ is isometric to

(−L1) kHk−i kM (i).

Here M (i) is a unimodular OF -lattice of rank m−2(2−i) and has determinant (−1)i detL.

Moreover, we have

β(M,L,X)(2) =

2∑
i=0

q(2−i)(n−2)βi(M,L1, X)α(M(i)⊥, L2, X), (4.7)

where

β2(M,L1, X) = (1−X)(1− q2X),

β1(M,L1, X) = q(q + 1)
(
(1− q1−m) + δe(m)χ(M)(q − 1)q−

m
2

)
X(1−X),

β0(M,L1, X) =


q(1− q1−m)(1− q3−m)X2 if m is odd,

q
(
(1− q2−m) + χ(M)(q2 − 1)q−

m
2

)
(1− q2−m)X2 if m is even.

Here δe(m) = 1 or 0 depending on whether m is even or odd.

Proof. Equation (4.7) follows from Proposition 4.1.8 and Proposition 4.5.5. For the for-

mula of βi(S,L1, X), see Corollaries 4.5.10, 4.5.13 and Proposition 4.5.14.

4.2 The modified Kudla-Rapoport conjecture

Recall that the hermitian lattices used to define the correction terms are of the following

forms:

Hϵ
n,i := H i k Iϵn−2i for 1 ≤ i ≤ n

2
, ϵ = ±1 (4.8)
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where Iϵn−2i is the unimodular hermitian lattice of rank n−2i with χ(Iϵn−2i) = χ(Hϵ
n,i) = ϵ.

When n = 2r is even, we take Iϵ0 = 0 and H1
n,r = Hr.

Theorem 4.2.1. Let rϵ = n−1
2 when n is odd, and rϵ = ⌊n+ϵ

2 ⌋ when n is even. In the

following we just write rϵ as r.

Aϵ = (Aϵ
i,j) =



α(Hϵ
n,1, H

ϵ
n,1) α(Hϵ

n,2, H
ϵ
n,1) · · · α(Hϵ

n,r, H
ϵ
n,1)

0 α(Hϵ
n,2, H

ϵ
n,2) · · · α(Hϵ

n,r, H
ϵ
n,2)

· · · · · · · · · · · ·

0 0 0 α(Hϵ
n,r, H

ϵ
n,r)


,

Bϵ = t(α′(I−ϵn , Hn,1
ϵ ), · · · , α′(I−ϵn , Hϵ

n,r)),

and

Cϵ = t(cϵn,1, · · · , cϵn,r),

where cϵn,i is c2i as in Conjecture 1.0.3.

Then Cϵ is the solution of the equation

AϵCϵ = −2Bϵ. (4.9)

Moreover,

Aϵ
j,j = 2q

(n−2j)(n−2j−1)
2

∏
0<s≤j

(1− q−2s)
∏

1≤s≤⌊n−2j−1
2
⌋

(1− q−2s)


1 if n is odd,

1− ϵq−
n−2j

2 if n is even.

(4.10)

Finally, for i < j,

Aϵ
i,j = Aϵ

j,j ·


I(n− 2i, n−2i−12 , j − i) if n is odd,

I(n− 2i, n−2i−1+ϵ
2 , j − i) if n is even,

(4.11)
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where

I(n, d, k) :=
k∏

s=1

(qd−s+1 − 1)(qn−d−s + 1)

qs − 1
.

Proof. First notice that α(Hϵ
n,i, H

ϵ
n,j) = 0 if i < j. So (1.10) is indeed equivalent to (4.9),

and there exists a unique solution Cϵ.

Now we compute Aϵ
j,j explicitly. Corollary 4.1.9 and Lemma 4.5.9 imply that

α(Hϵ
n,j , H

ϵ
n,j) = α(Hj , Hj)α(Iϵn−2j , I

ϵ
n−2j).

According to Lemma 4.5.8,

α(Hj , Hj) =
∏

0<s≤j
(1− q−2s).

By Lemma 4.5.11,

α(Iϵn−2j , I
ϵ
n−2j) = |O(I

ϵ
n−2j)(Fq)|,

where I
ϵ
n−2j = Iϵn−2j⊗OF

OF /(π) is the space over Fq with the naturally induced quadratic

form. Now (4.10) follows from the well-known formula:

|O(I
ϵ
n−2j)(Fq)| =


2q

(n−2j)(n−2j−1)
2

∏n−2j−1
2

s=1 (1− q−2s) if n is odd,

2q
(n−2j)(n−2j−1)

2 (1− ϵq−
n−2j

2 )
∏n−2j

2
−1

s=1 (1− q−2s) if n is even.

To obtain (4.11), notice that (Corollary 4.1.9)

α(Hϵ
n,j , H

ϵ
n,i) = α(Hϵ

n,j , H
i)α(Hϵ

n−2i,j−i, I
ϵ
n−2i),



86

and

α(Hϵ
n,j , H

ϵ
n,j) = α(Hϵ

n,j , H
i)α(Hϵ

n−2i,j−i, H
ϵ
n−2i,j−i).

Hence

Aϵ
i,j

Aϵ
j,j

=
α(Hϵ

n,j , H
ϵ
n,i)

α(Hϵ
n,j , H

ϵ
n,j)

=
α(Hϵ

n−2i,j−i, I
ϵ
n−2i)

α(Hϵ
n−2i,j−i, H

ϵ
n−2i,j−i)

.

Fix an OF -lattice L that is represented by Iϵn−2i. According to Lemma 4.2.2, to

compute
Aϵ

i,j

Aϵ
j,j
, we need to count the number of lattices L′ in LF such that contain L ⊂ L′

and L′ ∼= Hϵ
n−2i,j−i, which is equivalent to the following condition:

πL
j−i
⊂ πL′

n−2j
⊂ (L′)♯

j−i
⊂ L

j−i
⊂ L′.

Since L′ and πL′ determine each other, we just need to count πL′ satisfying the above

condition. We regard πL′/πL as a (j − i)-dimensional subspace of L/πL, where L/πL is

equipped with quadratic form (x, y)/π.

Claim: The condition

πL′ ⊂ (L′)♯

is equivalent to the condition that πL′/πL is an isotropic subspace of L/πL.

Indeed, assume πL′/πL is an isotropic subspace of L/πL. Then (πx, πy) ∈ πOF for

any x, y ∈ L′, which is equivalent to (x, πy) ∈ OF for any x, y ∈ L′. The latter condition

is the same as L′ ⊂ (L′)♯. The other direction is clear.

Therefore
Aϵ

i,j

Aϵ
j,j

is the number of (j − i)-dimensional isotropic subspaces of L/πL. Ac-

cording to [LZ22b, Lemma 3.2.2], it equals to


I(n− 2i, n−2i−12 , j − i) if n is odd,

I(n− 2i, n−2i−1+ϵ
2 , j − i) if n is even.
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According to Theorem 4.2.1, in order to solve Cϵ, we need to know Bϵ and Aϵ. Here,

Bϵ can be calculated by applying Corollary 4.1.9 and Proposition 4.1.10 inductively. The

following lemma can be used to compute Aϵ.

Lemma 4.2.2. Let F/F0 be a quadratic p-adic field extension, and let L and M be two

OF -hermitian lattices of rank n. Then α(M,L)
α(M,M) is equal to the number of lattices L′ in LF

containing L and isometric to M .

Proof. The proof is a generalization of that of Proposition 10.2 of [KR14b] and works for

both inert and ramified primes.

Let us assume that there is an isometric embedding from L into M , otherwise both

sides of the identity in the lemma are zero. In this case, we have a fixed LF
∼= MF . Let

α (resp. β) be a top degree translation invariant form on Ln
F (resp. Hermn(F )). Let

νp = α/h∗(β) where

h : Ln
F → Hermn(F ), x 7→ (x, x).

Define X to be the set of F -linear isometric embeddings from L into M . By fixing a basis

of LF and regarding ϕ ∈ X as a linear isometry from LF to itself, we identify X as a subset

of Ln
F . By the argument in Section 3 of [GY00] (in particular Lemma 3.4), we know that

α(M,L) = vol(X, dνp)
vol(Hermn(OF ), dβ)

vol((M)n, dα)
. (4.12)

For any ϕ ∈ X regarded as a linear isometry from LF to itself, the lattice Lϕ := ϕ−1(M)

is a lattice containing L. Conversely, for any L′ containing L and isometric to M , there is

a ϕ ∈ X such that Lϕ = L′. Hence we have a partition

X =
⊔

L⊂L′

XL′ , XL′ := {ϕ ∈ X | Lϕ = L′}.

Since each L′ is isomorphic to M , all the XL′ have the same volume as that of XM .
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Specializing (4.12) to L =M , we see

α(M,M) = vol(XM , dνp)
vol(Hermn(OF ), dβ)

vol((M)n, dα)
. (4.13)

Dividing equation (4.12) by (4.13), we prove the lemma.

Remark 4.2.3. When F/F0 is unramified and M is unimodular, the lemma was proved

by equation (3.6.1.1) of [LZ22a].

Now we specialize Theorem 4.2.1 to the case n = 3.

Lemma 4.2.4. Assume n = 3 and ϵ = χ(L). Then cϵ3,1 =
q2

1+q , hence

∂Den(L) = 2
α′(I−ϵ3 , L)

α(I−ϵ3 , I−ϵ3 )
+

q2

1 + q

α(Hϵ
3,1, L)

α(I−ϵ3 , I−ϵ3 )
.

Proof. First of all, according to Theorem 4.2.1,

α(Hϵ
3,1, H

ϵ
3,1) = 2(1− q−2). (4.14)

By Corollary 4.1.9, we have

α(I−ϵ3 , Hϵ
3,1, X) = α(I−ϵ3 , H,X)α(I−ϵ3 , Iϵ1, q

2X).

According to Lemmas 4.5.8 and 4.5.9,

α(I−ϵ3 , H,X) = β(Hk, H) = 1−X.

Lemma 4.3.1 gives that

α(I−ϵ3 , Iϵ1, q
2X) = 1− qX.
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Hence

α(I−ϵ3 , Hϵ
3,1, X) = (1−X)(1− qX),

and

α′(I−ϵ3 , Hϵ
3,1) = 1− q.

Combining this with (4.14), we solve (4.9) and obtain

cϵ3,1 =
q2

1 + q
.

Now the lemma follows by the definition of ∂Den(L).

4.3 Local density formula when rank(T ) ≤ 2

The main purpose of this section is to give an explicit formula for α(I, T,X) where I =

Diag(Im−1, ν) with ν ∈ O×F0
and rank(T ) ≤ 2.

4.3.1 The case T = (t).

In order to apply induction formulas to calculate α(I, T,X) for T with rank(T ) = 2, we

need to consider the case T = (t) first. Write t = t0(−π0)v(t) for t0 ∈ O×F0
, and

Ia,b = Diag(I, ν1(−π0)a, ν2(−π0)b) = Diag(s1, . . . , sm+2) (4.15)

for integers 0 ≤ a ≤ b.

Lemma 4.3.1. Assume 0 ≤ a ≤ b ≤ v(t).
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1. If m is odd, then

α(Ia,b, (t), X) = 1 + χ(I)χ(−ν1)(q − 1)
b∑

s=a+1

q−ms+a+m−1
2 Xs

+ χ(Ia,b)χ(t0)q
−(m+1)v(t)+a+b−m+1

2 Xv(t)+1.

2. If m is even, then

α(Ia,b, (t), X) = 1 + χ(I)(q − 1)

a∑
s=1

q−(m−1)s+
m
2
−1Xs

+ χ(Ia,b)q
a+b

(q − 1)

v(t)∑
s=b+1

q−(m+1)s+m
2 Xs − q−(m+1)v(t)−1−m

2 Xv(t)+1

 .

Proof. Direct calculation gives

α(Ia,b, (t), X) =

∫
F0

dY

∫
O2k+m+2

F

ψ(⟨Y,Diag(Hk, Ia,b)[x]− t⟩) dx

=

∫
F0

ψ(−tY ) dY

∫
O2k

F ×O
m+2
F

ψ(Y
k∑

i=1

Tr(
1

π
xiȳi) + Y

m+2∑
l=1

slzlz̄l)
∏
i

dxidyi
∏
l

dzl

= 1 +

∞∑
s=1

∫
v(Y )=−s

Ik(Y )IIa,b(Y )ψ(−tY ) dY.

Here, according to [Shi22, Lemma 7.6],

Ik(Y ) =

∫
O2k

F

ψ(Y

k∑
i=1

Tr(
1

π
xiȳi))

∏
dxidyi = q−2ks,

and

IIa,b(Y ) =

∫
Om+2

F

ψ(Y

m+2∑
l=1

slzlz̄l)
∏

dzl =

m+2∏
l=1

J(slY ),

where

J(t) =

∫
OF

ψ(tzz̄)dz =


1 if v(t) ≥ 0,

qv(t)χ(−t0)g(χ, ψ 1
π0

) if v(t) < 0,

(4.16)
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and

g(χ, ψ 1
π0

) =
∑

x∈OF0
/π0

χ(x)ψ(
x

π0
)

is the Gauss sum. Write ψ′ = ψ 1
π0

. Then

α(Ia,b, (t), X) = 1 +
a∑

s=1

qs
∫
O×

F0

q−2ks · q−msχ(ν(−Y )m)g(χ, ψ′)mψ(−(−π0)sY t)dY

+
b∑

s=a+1

∫
O×

F0

q−2ks · q−ms+aχ(ν1ν(−Y )m+1)g(χ, ψ′)m+1ψ(−(−π0)−sY t) dY

+

∞∑
s=b+1

∫
O×

F0

q−2ks · q−(m+1)s+a+bχ(ν1ν2ν(−Y )m+2)g(χ, ψ′)m+2ψ(−(−π0)−sY t) dY.

Recall the well-known facts that

g(χ, ψ′)2 = χ(−1) · q,∫
O×

F0

ψ((−π0)−sY t)dY = Char(πs0OF0)(t)− q−1Char(πs−10 OF0)(t), (4.17)∫
O×

F0

χ(Y )ψ((−π0)−sY t)dY = χ(−t0)q−1g(χ, ψ′)Char(πs−10 O×F0
)(t).

When m is odd, we have

α(Ia,b, (t), X) = 1 + χ((−1)
m+1

2 ν1ν)(q − 1)
b∑

s=a+1

q−ms+a+m−1
2 Xs

+ χ((−1)
m+1

2 ν1ν2νt0)q
−(m+1)(v(t)+1)+a+b+m+1

2 Xv(t)+1.

When m is even, we have

α(Ia,b, (t), X)

= 1 + χ((−1)
m
2 ν)(q − 1)

a∑
s=1

q−(m−1)s+
m
2
−1Xs + χ((−1)

m+2
2 ν1ν2ν)

·

(q − 1)

v(t)∑
s=b+1

q−(m+1)s+a+b+m
2 Xs − q−(m+1)(v(t)+1)+a+b+m

2 Xv(t)+1

 .
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Finally, notice that for I of rank m we have

χ(I) =


χ((−1)

m−1
2 ν) if m is odd,

χ((−1)
m
2 ν) if m is even.

Now the lemma is clear.

Similarly, we have the following lemma.

Lemma 4.3.2. Let I be unimodular with odd rank m. Then

α(I kHi, (t), X) =


1 + χ(I)χ(t0)q

−(v(t)+1)(m+1)+m+1
2

+iXv(t)+1 if i ≤ 2v(t),

1 + χ(I)χ(t0)q
−(v(t)+1)(m−1)+m−1

2 Xv(t)+1 if i > 2v(t).

4.3.2 The case T = Diag(u1(−π0)
a, u2(−π0)

b)

In this subsection, we compute α(I, T,X) for I unimodular of rank m ≥ 2 and T =

Diag(u1(−π0)a, u2(−π0)b) with 0 ≤ a ≤ b. Notice that α(I, T,X) = 0 when a < 0.

Proposition 4.3.3. Assume T = Diag(u1(−π0)a, u2(−π0)b) and that I is isotropic of

even rank m ≥ 2, then

α(I, T,X) =(1−X)

(
a∑

i=0

(q2−mX)i + γe(I, T,X)

)

+ qX(q2−mX)a(1− χ(I)q−
m
2 )(1 + χ(I)χ(T )q

m−2
2 (q2−mX)b+1)

+
(
1− q−(m−1) + (q − 1)χ(I)q−

m
2

)
X

·

(
q

a−1∑
i=0

(q2−mX)i + γe(I, T,X)− χ(I)χ(T )q
m
2 (q2−mX)a+b+1

)
,

where

γe(I, T,X) = χ(I)q
m
2

(
a∑

d=1

(qd − 1)(q2−mX)d + χ(T )qa(q2−mX)b+1
a∑

i=0

(q1−mX)i

)
.
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Proof. Since I is of even rank, u1 · I [k] ≈ I [k], and we may assume T is of the form

Diag((−π0)a, u(−π0)b) without loss of generality.

According to Theorem 4.1.3 and Proposition 4.1.10, we have

α(I, T,X) = β1(I, (−π0)a, X)α(M(1)⊥, u(−π0)b)

+ qβ0(I, (−π0)a, X)α(M(0)⊥, u(−π0)b)

+ q2−mXα(I,Diag((−π0)a−1, u(−π0)b), X)

where M(1)⊥ = Diag(Hk−1,−(−π0)i, I) and

M(0)⊥ = Diag(Hk,−(−π0)i, 1, . . . , 1,−ν︸ ︷︷ ︸
m−1

).

Continuing this process, we obtain

α(I, T,X)

=
a∑

i=0

(q2−mX)a−i ·
(
β1(I, (−π0)i, X)α(M(1)⊥, u(−π0)b) + qβ0(I, (−π0)i, X)α(M(0)⊥, u(−π0)b)

)
.

By the formulas in Proposition 4.1.10 and Lemma 4.3.1, the above equals to

a∑
i=0

(q2−mX)a−i(1−X)

·
(
1 + (q − 1)χ(I)q

m−2
2

−1∑
s=−i

(q(m−1)(q2X)−1)s + χ(I)χ(T )qi+
m
2 (q2−mX)b+1

)
+ q(q2−mX)aX(1− q−

m
2 χ(I))(1 + χ(I)χ(T )q−(b+1)(m−2)+m−2

2 Xb+1)

+ q

a∑
i=1

(q2−mX)a−iX
(
(1− q−(m−1)) + (q − 1)χ(I)q−(m−1)+

m−2
2

)
·

(
1 + (q − 1)χ(I)q

m−4
2

−1∑
s=−i

(q(m−3)X−1)s + χ(I)χ(T )qi+
m−2

2 (q2−mX)b+1

)
.
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Now the transformation

a∑
i=0

i∑
s=1

qs(q2−mX)a−i+s =
a∑

d=1

d∑
s=1

qs(q2−mX)d

and some calculation give us the result we want.

The case that I is anisotropic (i.e. when m = 2 and χ(I) = −1) can be computed

similarly and is simpler. We omit the detail here. In particular, we may recover the

following formula.

Proposition 4.3.4. [Shi22, Theorem 6.2(1)] Assume I = Diag(1, ν), then

α(I, T,X)

= (1−X)(1 + χ(I) + qχ(I))
α∑

e=0

(qX)e − χ(T )qα+1Xβ+1(1−X)
α∑

e=0

(q−1X)e

− χ(T )(1 + q)(Xα+β+2 + χ(I)χ(T )) + (1 + χ(I))qα+1Xα+1(1 + χ(T )Xβ−α).

Moreover, a similar computation yields the following, and we leave the detail to reader.

Proposition 4.3.5. Assume that I is unimodular of odd rank m ≥ 3. Then

α(I, T,X)

= (1−X)

(
a∑

i=0

(q2−mX)i + γo,1(I, T,X)

)
+ (1− q−(m−1))X

(
q

a−1∑
i=0

(q2−mX)i + γo,0(S, T,X)

)

+ qX(q2−mX)a
(
1 + χ(I)χ(u1)q

−m−1
2

)(
1− χ(I)χ(u1)q

(2−m)b−m−1
2 Xb+1

)
,

where γo,1(I, T,X) equals

χ(I)χ(u1)q
m−1

2

(
a+b∑

d=a+1

(qa+b+1−d − 1)(q2−mX)d −
a+b+1∑
i=b+1

(q2−mX)i

)
,
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and γo,0(I, T,X) equals

χ(I)χ(u1)q
m−1

2

(
a+b∑

d=a+1

(qa+b+1−d − q)(q2−mX)d −
a+b∑

i=b+1

(q2−mX)i

)
.

4.4 Local density formula when rank(T ) = 3

In this section, we always assume rank(T ) = 3 and S = I
−χ(T )
3 . The aim of this section is

to compute ∂Den(T ) explicitly. We treat the case v(T ) ≤ −1 in the first subsection. In

the second subsection, we deal with the case when T = Diag(1, T2) for T2 diagonal. In the

last subsection, instead of ∂Den(T ), we compute ∂Den(T )(2) for T of the form not covered

by previous subsections.

4.4.1 ∂Den(T ) for T with v(T ) ≤ −1

Proposition 4.4.1. If v(T ) ≤ −1, then Int(T ) = ∂Den(T ) = 0.

Proof. If v(T ) < −1, then ∂Den(T ) = 0 since v(S[k]) ≥ −1 where S k Hk. If v(T ) = −1,

then T is of the form Diag(H, (u3(−π0)c)) with χ(T ) = χ(u3). In this case, according to

Corollary 4.1.9, Lemmas 4.5.8 and 4.5.9, we have

α(S, T,X) = (1−X)α(S, (u3(−π0)c), q2X).

Similarly, we have

α(H3,1
χ(T ), T ) = β(H3,1

χ(T ), H)α(u3, (u3(−π0)c))

= (1− q−2)α(u3, (u3(−π0)c)).
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Hence, applying Lemma 4.3.1 to I0,0 = S where I is of rank 1, we have

∂Den(T ) = 2α(S, (u3(−π0)c), q2) +
q2

1 + q
(1− q−2)α((u3), (u3(−π0)c))

= 2(1 + χ(S)χ(u3)q) + 2(q − 1)

= 2(1− q) + 2(q − 1)

= 0.

Here we are using the fact χ(S)χ(T ) = χ(S)χ(u3) = −1.

4.4.2 ∂Den(T ) for T = Diag(1, T2) with T2 diagonal

In this subsection, we assume T = Diag(1, T2), where T2 = Diag(u1(−π0)a, u2(−π0)b) with

0 ≤ a ≤ b. Let u = u1u2. Also, let S = Diag(1, 1, ν) and S2 = Diag(1, ν). We compare

∂Den(T ) and ∂Den(T2) in this subsection.

Recall that

∂Den(T ) = 2
α′(S, T )

α(S, S)
+

q2

1 + q

α(H3,1
χ(T ), T )

α(S, S)
.

Moreover, according to [Shi22, Theorem 1.3] and Theorem 3.0.1, the analytic side in the

case n = 2 is

∂Den(T2) = 2
α′(S2, T2)

α(S2, S2)
− 2q2

q2 − 1

α(H,T2)

α(S2, S2)
.

Proposition 4.4.2.

∂Den(T )− ∂Den(T2) =


1 + 2

∑a
i=1 q

i if χ(T ) = 1,

1 if χ(T ) = −1.
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Proof. Proposition 4.1.10 implies that α(S, T,X) equals

(1−X)α(Diag(−1, S), T2, q
2X) + q2(1 + q−1χ(S))Xα(S2, T2, X).

Hence

α′(S, T ) = α(Diag(−1, S), T2, q
2) + q2(1 + q−1χ(S))α′(S2, T2). (4.18)

According to Lemma 4.5.11, one can check that α(S, S) = β(S, S) = 2q(q2 − 1), and

α(S2, S2) = 2(q − χ(S2)). Then

α′(S, T )

α(S, S)
− α′(S2, T2)

α(S2, S2)
=
α(Diag(−1, S), T2, q

2)

α(S, S)
. (4.19)

Hence we just need to check that

2
α(Diag(−1, S), T2, q

2)

α(S, S)
+

q2

1 + q2

α(H3,1
χ(T ), T )

α(S, S)
+

2q2

q2 − 1

α(H,T2)

α(S2, S2)

=


1 + 2

∑a
i=1 q

i if χ(T ) = 1,

1 if χ(T ) = −1.

By Proposition 4.3.3, we may check that

2α(Diag(−1, S), T2, q
2) =


2(2qa+2 − (q + 1)2)(q − 1) if χ(T ) = 1,

2(q − 1)(q2 − 1) if χ(T ) = −1.

(4.20)

To compute q2

1+qα(H
3,1
χ(T ), T ), we may choose H3,1

χ(T ) = Diag(H, 1) when χ(T ) = 1. By

Corollary 4.1.9, Proposition 4.3.4, and a direct calculation, we have

q2

1 + q

α(H3,1
χ(T ), T )

α(S, S)
=

1

2q(q2 − 1)
·


(q − 1)α(Diag(−1, 1), T2) +

2q2

q−1α(H,T2) if χ(T ) = 1

(q − 1)α(Diag(−1,−u), T2) if χ(T ) = −1.
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Combining this with the formulas in Theorem 3.5.1, we have

q2

1 + q2

α(H3,1
χ(T ), T )

α(S, S)
+

2q2

q2 − 1

α(H,T2)

α(S2, S2)
=

1

q(q2 − 1)
·


4qa+2 − q2 − 2q − 1 if χ(T ) = 1

(q2 − 1) if χ(T ) = −1.

(4.21)

Now a direct computation combined with (4.20) and (4.21) proves the proposition.

Corollary 4.4.3. Assume L is a hermitian lattice with Gram matrix T , then

∂Den(T )− ∂Den(T2) = |{V0(L)}|. (4.22)

Proof. We can write L = L♭ kOFx where q(x) = 1. If L♭ is non-split, then |{V0(L)}| = 1.

If L♭ is split, then |{V0(L)}| = 1+2
∑a

i=1 q
i since L3(L) can be identified with L2,1(L

♭),

which is a ball in L2,1 centered at a vertex lattice of type 0 with radius a. Here L2,1 is the

Bruhat-Tits tree associated with NKra
2,1 and L2,1(L

♭) is the subtree of L2,1 associated with

L♭.

4.4.3 ∂Den(T )(2)

In this subsection, we assume T = Diag(T2, u3(−π0)c) with v(T2) > 0, and compute

∂Den(T )(2). Recall that ∂Den(T )(2) = ∂Den(L♭ k OFx)
(2) where the Gram matrix of

L = L♭ kOFx is T . We consider two cases separately in Propositions 4.4.4 and 4.4.5.

Proposition 4.4.4. Let T = Diag(u1(−π0)a, u2(−π0)b, u3(−π0)c) where 0 < a ≤ b ≤ c.

Then

∂Den(T )(2) = 1 + χ(−u2u3)qa(qa − qb)− qa+b.

Proof. Recall that

∂Den(T )(2) =
1

2q(q2 − 1)

(
2β′(S, T )(2) +

q2

1 + q
β(H3,1

χ(T ), T )
(2)

)
.
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We compute β′(S, T )(2) first. According to Proposition 4.1.11, β0(S, T2, X) = 0 and

β(S, T,X)(2) = β2(S, T2, X)α(Diag(S,−T2), u3(−π0)c, q4X)

+ qβ1(S, T2, X)α(Diag(−ν,−T2), u3(−π0)c, q2X)

= (1−X)(1− q2X)α(Diag(S,−T2), u3(−π0)c, q4X)

+ (q + 1)(q2 − 1)X(1−X)α(Diag(−ν,−T2), u3(−π0)c, q2X).

According to Lemma 4.3.1,

α(Diag(S,−T2), u3(−π0)c, q4X) = 1 + χ(S)χ(u1)(q − 1)
b∑

s=a+1

qa+1(qX)s + χ(u1u2u3ν)q
a+b+2Xc+1,

and

α(Diag(−ν,−T2), u3(−π0)c, q2X) = 1 + χ(S)χ(u1)(q − 1)qa
b∑

s=a+1

(qX)s + χ(u1u2u3ν)q
a+b+1Xc+1.

The relation χ(u1u2u3ν) = χ(S)χ(T ) = −1 and a direct calculation show that

β′(S, T2)
(2) = 1 + χ(−u2u3)qa(qa − qb)− qa+b.

Finally, β(H3,1
χ(T ), T )

(2) = 0 by Proposition 4.1.11. The proposition is proved.

Proposition 4.4.5. Recall that Ha =

 0 πa

(−π)a 0

. Let T = Diag(Ha, u3(−π0)c) where

a is a positive odd integer and c ≥ 0. Then

∂Den(T )(2) =


(1− qa) if a ≤ 2c,

(1− q2c+1) if a > 2c.

Proof. Recall that

∂Den(T )(2) =
1

2q(q2 − 1)

(
2β′(S, T )(2) +

q2

1 + q
β(H3,1

χ(T ), T )
(2)

)
.
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We need to compute β′(S, T )(2) and β(H3,1
χ(T ), T )

(2).

According to Proposition 4.1.11, β0(S, T2, X) = 0 and

β(S, T,X)(2) = β2(S,Ha, X)α(Diag(S,Ha), u3(−π0)c, q4X)

+ qβ1(S,Ha, X)α(Diag(−ν,Ha), u3(−π0)c, q2X)

= (1−X)
(
(1− q2X)α(Diag(S,Ha), u3(−π0)c, q4X)

+ (q + 1)(q2 − 1)Xα(Diag(−ν,Ha), u3(−π0)c, q2X)
)
.

According to Lemma 4.3.2,

α(Diag(S,Ha), u3(−π0)c, q4X) =


1 + χ(S)χ(u3)q

2+aXc+1 if a ≤ 2c,

1 + χ(S)χ(u3)q
2c+3Xc+1 if a > 2c,

and

α(Diag(−ν,Ha), u3(−π0)c, q2X) =


1 + χ(S)χ(u3)q

1+aXc+1 if a ≤ 2c,

1 + χ(S)χ(u3)q
2c+2Xc+1 if a > 2c.

A short computation shows that

β′(S, T )(2) = q(q2 − 1) ·


1 + χ(S)χ(u3)q

a if a ≤ 2c,

1 + χ(S)χ(u3)q
2c+1 if a > 2c.

Notice that χ(S)χ(u3) = χ(S)χ(T ) = −1. Finally, β(H3,1
χ(T ), T )

(2) = 0 by Proposition

4.1.11. The proposition is proved.

4.5 Calculation of primitive local density

In this section, we provide the proofs of Propositions 4.1.10 and 4.1.11. Throughout

this section, M is unimodular of rank m ≥ 2 unless clearly stated otherwise. Let
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{v1, · · · , v2k, v2k+1, · · · , v2k+m} be a basis of M [k] = Hk k M with Gram matrix Hk k

Diag(Im−1, ν). Let L be a hermitian lattice of rank n with Gram matrix T . An isometric

embedding φ : L→M is called primitive if its image inM/πM has dimension rankOF
(L).

We call a vector v primitive in M if π−1v ̸∈ M , or equivalently the natural embedding

φ : SpanOF
{v} ↪→M is primitive. For a v ∈M [k], we let PrHk(wi) be the projection of wi

to Hk.

4.5.1 Proof of Proposition 4.1.10

The main purpose of this subsection is to prove the first four parts of Proposition 4.1.10.

Part (5) of this proposition follows from Proposition 4.1.8 and Corollaries 4.5.10 and 4.5.12.

Proof. For (1), choose M(1) = tπ
2 v1 + v2 ∈M [k] with q(M(1)) = t. Then

M(1)⊥ = SpanOF
{−tπ

2
v1 + v2, v3, ..., v2k, v2k+1, · · · , v2k+m} (4.23)

∼= ⟨−t⟩ kHk−1 kM,

which is represented by Diag(−t,Hk−1, S). It is easy to check

|M [k] :M(1) kM(1)⊥|−1|M(1)∨ :M(1)| = |tπ|F |tπ|−1F = 1.

For (2) and (3), assume first that M is isotropic (and unimodular). In this case, we

may choose a basis {v′2k+1, . . . , v
′
2k+m} of M with Gram matrix Diag(H0, 1, . . . , 1,−ν).

Choose M(0) = t
2v
′
2k+1 + v′2k+2 with q(M(0)) = t. Then

M(0)⊥ = Span{v1, · · · , v2k,−
t

2
v′2k+1 + v′2k+2, v

′
2k+3, · · · , v′2k+m}

∼= Hk k Span{v′2k+3, · · · , v′2k+m} k ⟨−t⟩.

as claimed. Moreover

|M [k] :M(0) kM(0)⊥|−1|M(0)∨ :M(0)| = |t|F |tπ|−1F = q.
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Next, assume that M is anisotropic. In this case, M has rank 2 and has Gram matrix

Diag(1, ν) with χ(M) = χ(−ν) = −1. In this case, E = F0(
√
−ν) is a unramified quadratic

field extension of F0, andNE/F0
O×E = O×F0

. When v(t) = 0, t ∈ NE/F0
O×E , i.e., t = aā+bb̄ν.

Take M(0) = av2k+1 + bv2k+2. Then q(M(0)) = t, and

M(0)⊥ = Span{v1, · · · , v2k,−νb̄v2k+1 + āv2k+2} = Hk k ⟨tν⟩,

and

|M [k] :M(0) kM(0)⊥|−1|M(0)∨ :M(0)| = |π|−1F = q.

When v(t) > 0, t ̸∈ NE/F0
O×E . So there is no primitive M(0) ∈M with q(M(0)) = t. This

proves (1)—(3) of Proposition 4.1.10.

The proof of (4) follows from the following 4 lemmas.

Lemma 4.5.1. For primitive vectors w1, w2 ∈ Hi with q(w1) = q(w2), we can find an

element g ∈ U(Hi) such that g(w1) = w2.

Proof. We treat the case i is odd first. Assume v = a1v1+a2v2. Then v is primitive implies

that a1 or a2 is a unit. Without loss of generality, we assume a2 is a unit and we can further

assume a2 = 1 by the action of

ā2 0

0 a−12

. Now notice that q(v) = (v, v) = (a1 − ā1)π
i.

Hence we can write a1 = α + q(v)π−i

2 , where α ∈ OF0 . Now let g =

1 −α

0 1

, and it is

straightforward to check that g ∈ U(Hi) and g(v) =
q(v)π−i

2 v1 + v2.

Now we deal with the case i is even. Again, we can assume v = a1v1 + v2. Then

q(v) = (a1 + ā1)π
i. Hence we can write a1 = q(v)

2 π−i + βπ, where β ∈ OF0 . Now let

g =

1 −βπ

0 1

, and it is straightforward to check that g ∈ U(Hi) and g(v) =
q(v)π−i

2 v1+

v2.

Lemma 4.5.2. Assume M is any lattice such that v(M) ≥ i. For w1, w2 ∈ Hk
i k M , if

PrHk
i
(w1) and PrHk

i
(w2) are primitive and q(w1) = q(w2), then there exists g ∈ U(Hk

i kM)
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with g(w1) = w2.

Proof. Choose a basis {v1, ..., v2k} of Hk
i such that the associated Gram matrix is Hk

i . We

also choose a basis {v2k+1, ..., v2k+m} of M . Write w1 =
∑2k+m

i=1 aivi. Since PrHk
i
(w1) is

primitive, ai is a unit for some i ∈ {1, ..., 2k}. Without loss of generality, we may assume

a1 = 1. Let w′ = w1 +
(−1)i+1q(w1)π−i

2 v2, then

q(w′) = q(w1) + (w1,
(−1)i+1q(w1)π

−i

2
v2) + (

(−1)i+1q(w1)π
−i

2
v2, w1) = 0,

and (w′, v2) = (v1, v2). As a result, M1 = SpanOF
{w1, v2} = SpanOF

{w′, v2} is isometric

to Hi. Notice that valπ(q(w1)) ≥ i is guaranteed by the assumption v(M) ≥ i.

Similarly, we can show w2 ∈ M2 for some M2 that is isometric to Hi. However, the

assumption v(M) ≥ i and [Jac62, Proposition 4.2] imply that there exist g ∈ U(Hk
i kM)

such that g(M1) = M2. In particular, g(w1) ∈ M2. Since both g(w1) and w2 are in M2,

the problem is reduced to Lemma 4.5.1.

Lemma 4.5.3. For primitive vectors w1, w2 ∈ M with q(w1) = q(w2), we can find an

element g ∈ U(M) such that g(w1) = w2.

Proof. Since M is unimodular, we can decompose

M = Hk
0 kM ′,

whereM ′ = 0 or an anisotropic unimodular Hermiatian lattice of rank 1 or 2. If PrHk
0
(w1)

and PrHk
0
(w2) are primitive, this is Lemma 4.5.2. If PrHk

0
(w1) is not primitive, then

PrM ′(w1) is primitive and thus q(PrM ′(w1)) ∈ O×F . This implies that q(w2) = q(w1) is a

unit, and M = OFwi k (OFwi)
⊥. Therefore there is some g ∈ U(M) with g(w1) = w2.

Lemma 4.5.4. Assume that w1, w2 ∈M [k] are primitive and that PrHk(w1) and PrHk(w2)

are not primitive. Then we can find g ∈ U(M [k]) such that g(w1) = w2.
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Proof. Let {v1, ..., v2k+m} be a basis of Hk kM , whose Gram matrix is Hk kDiag(1, ..., ν)

where ν is a unit. Assume v ∈M [k] is primitive and PrHk(v) is not primitive, then we can

write v =
∑2k

i=1 πaivi +
∑2k+m

j=2k+1 ajvj , where some aj is a unit for 2k + 1 ≤ j ≤ 2k +m.

Again, without loss of generality, we may assume a2k+m = 1. For i ≤ k, we set

v′2i−1 = v2i−1 +
ā2i
ν
v2k+m, v′2i = v2i +

−ā2i−1
ν

v2k+m.

Let Mv = SpanOF
{v′1, ..., v′2k}. Then it is easy to check that Mv is perpendicular to v.

Moreover, Mv is isometric to Hk since valπ((v
′
2i−1, v

′
2i)) = −1 and 0 ≤ valπ((v

′
i, v
′
j)) for

other 1 ≤ i, j ≤ 2k. Hence we can find gv ∈ U(M [k]) such that gv(Mv) = SpanOF
{v1, ..., v2k},

and gv(v) ∈ SpanOF
{v2k+1, ..., v2k+m} =M .

Applying the above to w1 and w2, we can find gw1 , gw2 ∈ U(M [k]) such that gw1(w1), gw2(w2) ∈

M . Now the problem is reduced to Lemma 4.5.3, and the lemma is proved.

According to Lemma 4.5.2 and Lemma 4.5.4, a primitive vector v ∈ M [k] is either

in the same orbit of a vector M(1) ∈ Hk or a vector M(0) ∈ M . Lemma 4.5.1 implies

that primitive vectors M(1),M ′(1) ∈ Hk with q(M(1)) = q(M ′(1)) lie in the same orbit.

Lemma 4.5.3 implies the similar result for primitive M(0),M ′(0) ∈ M with q(M(0)) =

q(M ′(0)). A combination of the above proves Part (4) of Proposition 4.1.10.

4.5.2 Proof of Proposition 4.1.11

In this subsection, we prove the first part of Proposition 4.1.11, which we restate as follows

for the convenience of the reader.

Proposition 4.5.5. Let L be a hermitian OF -lattice of rank 2 and v(L) > 0. Let φ : L→

M [k] be a primitive isometric embedding. Let d(φ) be the dimension of the image of the

map

PrHk ◦ φ : L→ Hk
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in Hk/πHk. Then

φ(L)⊥ ∼= (−L) kHk−d(φ) kM (d(φ))

where M (d(φ)) is unimodular of rank equal to (rank(M) − 2(2 − d(φ))) and detM (d(φ)) =

(−1)d(φ)detM . In particular, if d(φ) = 1 then rank(M) ≥ 2, and if d(φ) = 0 then

rank(M) ≥ 4.

Proof. This proposition follows from Lemmas 4.5.6 and 4.5.7 below.

Lemma 4.5.6. Let the notation be as in Proposition 4.5.5. If rank(M [k]) ≤ 4, then

φ(L)⊥ ≈ −L.

In particular, such an φ does not exist if χ(M [k]) = −1 or rank(M [k]) < 4.

Proof. First, assume M [k] = H2 and L ≈ Hi where i > 0. Let φ(L) = SpanOF
{w1, w2}

such that the Gram matrix of {w1, w2} is Hi. By Lemma 4.5.1, we may assume w1 = v1.

Then we may write w2 = a1v1 + πi+1v2 + a3v3 + a4v4, and min{vπ(a3), vπ(a4)} = 0 by

assumption. Without loss of generality, we may assume a3 = 1. Now a direct calculation

shows that

φ(L)⊥ = SpanOF
{v1 + (−π)i+1v4, v3 + ā4v4}.

Its Gram matrix is 0 (−π)i

πi (a4 − ā4)π
−1

 =

 0 (−π)i

πi −a1(−π)i − ā1π
i

 ≈

 0 −(−π)i

−πi 0

 ,

hence

φ(L)⊥ ≈ −L.

Now we treat the case M [k] = H2 and L ≈ Diag(u1(−πa0), u2(−π0)b) where 0 <
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a ≤ b. Again, let φ(L) = SpanOF
{w1, w2} such that the Gram matrix of {w1, w2} is

Diag(u1(−πa0), u2(−π0)b), and we can assume w1 = v1− q(w1)π
2 v2 without loss of generality.

Then we may write w2 = a1(v1 +
q(w1)π

2 v2) + a3v3 + a4v4, hence min{vπ(a3), vπ(a4)} = 0

by assumption again. We may assume a3 = 1 and a direct calculation shows that

φ(L)⊥ = SpanOF
{v1 +

q(w1)π

2
v2 − ā1q(w1)πv4, v3 + ā4v4}.

Set v′3 = v1+
q(w1)π

2 v2−ā1q(w1)πv4 and v
′
4 = a1v

′
3+v3+ā4v4. Then φ(L)

⊥ = SpanOF
{v′3, v′4}

and the Gram matrix of {v′3, v′4} is

−q(w1) 0

0 a1ā1q(w1)− (a3ā4 − ā3a4)π
−1

 =

−q(w1) 0

0 −q(w2)

 .

Now assume M [k] = H k M , where M is unimodular of rank 2. We only treat the

case L ≈ Hi in detail, and the argument for L represented by a diagonal matrix is similar.

We assume that M [k] has a basis {v1, . . . , v4} with Gram matrix H k Diag(1, ν) where ν

is a unit. Let φ(L) = SpanOF
{w1, w2} where the Gram matrix of {w1, w2} is Hi. Then

one can check that at least one of w1 and w2 is primitive in H. By Lemma 4.5.1, we can

assume that

w1 := φ(m1) = v1, w2 := φ(m2) = a1v1 + πi+1v2 + a3v3 + a4v4

and

(w2, w2) = a1π
i − ā1π

i + a3ā3 + a4ā4ν = 0. (4.24)

By our assumption we know that min{vπ(a3), vπ(a4)} = 0. Since we assume i ≥ 1, (4.24)

implies that both a3 and a4 are in O×F0
. This in turn implies that −ν ∈ NmF/F×

0
(O×F ) =

O2
F0
. Hence M [k] ≈ H k H0 and we can instead assume that {v1, v2, v3, v4} has Gram
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matrix H kH0. We can furthur assume that

w1 = v1, w2 = a1v1 + πi+1v2 + v3 + a4v4

with

(w2, w2) = a1π
i − ā1π

i + a4 + ā4 = 0.

By direct calculation, it is easy to see that

φ(L)⊥ = SpanOF
{v1 − (−π)iv4, v3 − ā4v4}.

Its Gram matrix is 0 −(−π)i

−πi −a4 − ā4

 =

 0 −(−π)i

−πi a1π
i − ā1π

i

 ≈

 0 −(−π)i

−πi 0

 .

Finally, assume M [k] is unimodular of rank 4. We treat the case L ≈ Hi in detail, and

the other cases follow from a similar argument. Let φ(L) = SpanOF
{w1, w2} such that the

Gram matrix of {w1, w2} is Hi. ApparentlyM [k] contains a H0. We can assume thatM [k]

has a basis {v1, v2, v3, v4} with Gram matrix H0 k diag{1, ϵ} where ϵ ∈ O×F0
. By Lemma

4.5.3 we can assume that w1 = v1. Then we have

w2 = a1v1 + πiv2 +

4∑
j=3

ajvj ,

and

(w2, w2) = a1(−π)i + ā1π
i + a3ā3 + a4ā4ϵ = 0. (4.25)

By our assumption we know that min{vπ(a3), vπ(a4)} = 0. Since we assume i ≥ 1, (4.25)

implies that both a3 and a4 are in O×F0
. This in turn implies that −ϵ ∈ NmF/F×

0
(O×F ) =

O2
F0
. Hence M [k] = H2

0 and we can instead assume that {v1, v2, v3, v4} has Gram matrix
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H0 kH0. We can furthur assume that

w1 = v1, w2 = a1v1 + πiv2 + v3 + a4v4

with

(w2, w2) = a1(−π)i + ā1π
i + a4 + ā4 = 0.

By a direct calculation, it is easy to see that

φ(L)⊥ = SpanOF
{v1 − (−π)iv4, v3 − ā4v4}.

Its Gram matrix is 0 −(−π)i

−πi −a4 − ā4

 =

 0 −(−π)i

−πi a1(−π)i + ā1π
i

 ≈

 0 −(−π)i

−πi 0

 .

Notice that, as a byproduct of the above argument, we actually also proved that if

rank(M [k]) < 4 or M is not split, then no such φ exists. The lemma is proved.

Lemma 4.5.7. Assume v(L) ≥ 0. Let φ : L → M [k] be a primitive isometric embedding.

Let d(φ) be the dimension of PrHk(φ(L)) ⊗OF
Fq in Hk/πHk. Then there exist a g ∈

U(M [k]) such that

g(φ(L)) ⊂ Hd(φ) k I4−2d(φ) ⊂M [k],

where I4−2d(φ) is a unimodular sublattice of M [k] with rank 4− 2d(φ).

Proof. We prove the case for L ≈ Hi in detail, and the other cases are similar. Let

{v1, . . . , v2k+m} be a basis of M [k] whose Gram matrix is Hk k diag{1, . . . , 1, ν} where ν

is a unit. Set φ(L) = SpanOF
{w1, w2}.

Assume d(φ) = 2. If i = −1, then there is nothing to prove. Therefore, we may assume
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i > −1. By Lemma 4.5.2, without loss of generality, we can assume that w1 = v1. Then

w2 = a1v1 + πi+1v2 +
2k+m∑
j=3

ajvj .

By the assumption that d(φ) = 2, we know that

min{vπ(aj) | 3 ≤ j ≤ 2k} = 0.

Hence applying Lemma 4.5.2 to Hk−1 kM , we can find a g ∈ U(M [k]) such that

gw1 = v1, gw2 ∈ H2

where H2 refers to the first direct summand in the decomposition Hk kM = H2 kHk−2 k

M .

When d(φ) = 1, without loss of generality, we can assume PrHk(w1) is primitive. By

Lemma 4.5.2, we can assume that w1 = v1. Then

w2 = a1v1 + πi+1v2 +
2k+m∑
j=3

ajvj .

By the assumption that d(φ) = 1, we know that

min{vπ(aj) | 3 ≤ j ≤ 2k} ≥ 1.

Since we assume φ is primitive, we know that

min{vπ(aj) | 2k + 1 ≤ j ≤ 2k + r} = 0.

Then we are done by applying Lemma 4.5.4 to Hk−1 kM .

When d(φ) = 0, without loss of generality, we may assume w1 = v2k+1 + v2k+2 by

Lemma 4.5.4. Here, we pick v2k+i so that the corresponding Grammatrix is Diag(1,−1, 1, . . . ,−ν)
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(this is possible since we assume m ≥ 4). Since φ is primitive with d(φ) = 0, then

w2 =
2k∑
i=1

πaivi +
2k+m∑
i=2k+1

aivi,

and

min{vπ(aj) | 2k + 3 ≤ j ≤ 2k + r} = 0.

We are done by applying Lemma 4.5.4 to Hk k SpanOF
{v2k+3, . . . , v2k+m}.

4.5.3 Calculation of primitive local density

In this subsection, we compute primitive local density polynomials and prove the formulas

in Propositions 4.1.10 and 4.1.11. Assume L is represented by a nonsingular hermitian

matrix T of rank n ≤ 2. We let v̄ denote the image of v in M [k] ⊗OF
Fq. Let

(M [k])n(i) := {(vj) ∈M
n,(n)
k | SpanFq

{PrHk(v̄j), 1 ≤ j ≤ n} has rank i}

where Mn,(n) is as in (4.3), and

βi(M,L,X) :=

∫
Hermn(F )

dY

∫
(M [k])n(i)

ψ(⟨Y, T (x)− T ⟩)dx. (4.26)

Notice that
n∑

i=0

βi(M,L,X) = β(M,L,X)(n) (4.27)

is the primitive local density defined earlier, and we will shorten it as β(M,L,X). Notice

that if L is of the form Hj , then β(M,L,X) = βn(M,L,X).

First, by a variant of [CY20], Chao Li and Yifeng Liu obtained the following formula

of β(Hk, L).

Lemma 4.5.8. [LL22, Lemma 2.16] Let b1 ≤ · · · ≤ bn be the unique integers such

that L∨/L ≈ OF /(π
b1) ⊕ · · · ⊕ OF /(π

bn). Let to(L) be the number of nonzero entries
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in (b1, · · · , bn). Then

β(Hk, L) =
∏

k−n+to(L)
2

<i≤k

(1− q−2i).

Lemma 4.5.9. Assume L is of rank n, then

βn(M,L, q−2k) = β(Hk, L).

In particular, if L is of the form Hj, then

β(M,L, q−2k) = βn(M,L, q−2k) = β(Hk, L).

Proof. Recall that T (x) = (x,x) is the moment matrix of x ∈ (M [k])n. For a x2 ∈ Mn,

let T ′(x2) = T − T (x2). Then

βn(M,L, q−2k) =

∫
Hermn(F )

dY

∫
Mn

∫
(Hk)n,(n)

ψ(⟨Y, T (t(x1,x2))− T ⟩)dx1dx2

=

∫
Hermn(F )

dY

∫
Mn

∫
(Hk)n,(n)

ψ(⟨Y, T (x1) + T (x2)− T ⟩)dx1dx2

=

∫
Hermn(F )

dY

∫
Mn

∫
(Hk)n,(n)

ψ(⟨Y, T (x1)− T ′(x2)⟩)dx1dx2

Notice that if L and L′ are two hermitian OF -lattices with moment matrix T and T ′ such

that T − T ′ ∈ Hermn(OF0), then to(L) = to(L
′). Hence, for any x2 ∈ Mn, we have by

Lemma 4.5.8

β(Hk, T ′(x2)) =

∫
Hermn(F )

dY

∫
(Hk)n,(n)

ψ(⟨Y, T (x1)− T ′(x2)⟩)dx1

=

∫
Hermn(F )

dY

∫
(Hk)n,(n)

ψ(⟨Y, T (x1)− T ⟩)dx1

= β(Hk, T ).
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Therefore

βn(M,L, q−2k) = vol(Mn, dx2) ·
∫
Hermn(F )

dY

∫
(Hk)n,(n)

ψ(⟨Y, T (x1)− T ⟩)dx1

=

∫
Hermn(F )

dY

∫
(Hk)n,(n)

ψ(⟨Y, T (x1)− T ⟩)dx1

= β(Hk, L).

Combining the above two lemmas, we have the following.

Corollary 4.5.10.

1. If L is of rank 1, then we have

β1(M,L,X) = 1−X.

2. If L is of rank 2, then we have

β2(M,L,X) =


(1−X) if L = H,

(1−X)(1− q2X) otherwise.

Lemma 4.5.11. For an OF -hermitian lattice, let L̄ = L/πL be its reduction modulo π

with resulting quadratic form. Let r(M,L) to be the number of isometries from L to M .

Then

β0(M,L,X) = Xnβ(M,L) = q−mn+n2
r(M,L)Xn.

Proof. The second identity follows from the same proof of [CY20, Theorem 3.12]. Then

a similar argument as in the proof of Lemma 4.5.9 gives the first identity. In this case,

we need to replace Mn k (Hk)n,(n) in the proof of Lemma 4.5.9 with Mn,(n) k (πHk)n.
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The factor Xn shows up because vol((πHk)n) = (q−2k)n. We leave the details to the

reader.

Notice that [LZ22b, Lemma 3.2.1] provides a uniform formula for |r(M,L)|. As a

result, we obtain the following corollaries.

Corollary 4.5.12. Assume L = OFx is of rank 1 (we allow q(x) = 0).

1. If v(L) = 0, then

β0(M,L,X) =


(1 + χ(M)χ(L)q−

m−1
2 )X if m is odd,

(1− χ(M)q−
m
2 )X if m is even.

2. If v(L) > 0, then

β0(M,L,X) =


(1− q1−m)X if m is odd,

(1− q1−m + χ(M)(q − 1)q−
m
2 )X if m is even.

Corollary 4.5.13. Assume L is of rank 2. When t(L) = 1, we assume that L has gram

matrix T = Diag(u1, u2(−π0)b) with b > 0.

1. If m is odd, then

β0(M,L,X) =


q(1− q1−m)X2 if t(L) = 0,

q(1 + χ(M)χ(u1)q
3−m

2 )(1− q1−m)X2 if t(L) = 1,

q(1− q1−m)(1− q3−m)X2 if t(L) = 2.
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2. If m is even, then

β0(M,L,X) =


q(1− χ(L)q1−m + χ(L)χ(M)(q − χ(L))q−

m
2 )X2 if t(L) = 0,

q(1− χ(M)q−
m
2 )(1− q2−m)X2 if t(L) = 1,

q((1− q2−m) + χ(M)(q2 − 1)q−
m
2 )(1− q2−m)X2 if t(L) = 2.

Finally, we calculate β1(M,L,X).

Proposition 4.5.14. Assume L is as in Corollary 4.5.13. Let δe(m) = 1 or 0 depending

on whether m is even or odd.

1. If t(L) = 2, then

β1(M,L,X) = q(q + 1)((1− q1−m) + δe(m)χ(M)(q − 1)q−
m
2 )X(1−X).

2. If t(L) = 1, then

β1(M,L,X) =


q(1 + q − q1−m + χ(M)χ(u1)q

3−m
2 )X(1−X) if m is odd,

q(1 + q − q1−m − χ(M)q−
m
2 )X(1−X) if m is even.

3. If t(L) = 0 and χ(L) = 1, i.e. L ∼= H0, then

β1(M,L,X) = q(q + 1− 2q1−m + δe(m)χ(M)(q − 1)q−
m
2 )X(1−X).

4. If t(L) = 0 and χ(L) = −1, then

β1(M,L,X) = q(q + 1)(1− δe(m)χ(M)q−
m
2 )X(1−X).
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Proof. First we assume L = Hi. We claim that

β1(M,Hi, X) =


q(1−X)

(
2β0(M, 0, X) +

∑
α∈(OF0

/(π0))×
β0(M, ⟨−2α⟩, X)

)
if i = 0,

q(q + 1)(1−X)β0(M, 0, X) if i ≥ 1.

Here α(M, 0, X) = α(M,OFx, X) with q(x) = 0 and x ̸= 0. Assuming the claim, the

proposition for L = Hi follows from Corollary 4.5.12. To prove the claim, it suffices to

show the identity for X = q−2k for sufficiently many k ≥ 0. Recall

I(M [k], L, d) = {ϕ ∈HomOF
(L/πd0L,M

[k]/πd0M
[k]) |

(ϕ(x), ϕ(y)) ≡ (x, y) mod π2d−1, ∀x, y ∈ L}.

Let

J(M [k], L, d) := {ϕ ∈ I(M [k], L, d) | dimFqPrHk(ϕ(L)) = dimFqPrM (ϕ(L)) = 1}.

Then

β1(M,L, q−2k) = lim
d→∞

q−(4(2k+m)−4)d|J(M [k], L, d)|.

Let {l1, l2} be a basis of L with Gram matrix Hi. For ϕ ∈ J(M [k], L, d), it will be deter-

mined by wi = ϕ(li). Let wi,H = PrHk(wi), and wi,M = PrM (wi). Since rankFqPrHk(ϕ(L)) =

1, rankFqPrHk(wi) = 1 for i = 1 or 2.

Now we define a partition of J(M [k], L, d). Assume α ∈ OF0 . Let

Jα(M
[k], L, d) := {ϕ ∈ I(M [k], L, d) | rankFqw1,H = 1, w2,H = αw1,H}, and

J∞(M [k], L, d) := {ϕ ∈ I(M [k], L, d) | rankFqw2,H = 1, w1,H = 0}.
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Then it is easy to verify

J(M [k], L, d) =
⋃

α∈OF0
/(π0)

Jα(M
[k], L, d) ∪ J∞(M [k], L, d).

Now we compute |Jα(M [k], L, d)|. To determine a ϕ ∈ Jα(M
[k], L, d), we choose w1 =

ϕ(l1) first. By definition, we have

lim
d→∞

q(2(2k+m)−1)d#{w1 ∈M [k]/πd0M
[k] | w1,H is primitive, and q(w1) ≡ 0 mod πd0}

(4.28)

= β1(M
[k], 0) = 1− q−2k.

Given such a w1, now we find the number of w2 = ϕ(l2) such that ϕ lies in Jα(M
[k], L, d).

By Lemma 4.5.2, we may assume w1,S = 0. Let w2 = w2,M +αw1+πwH , where wH ∈ Hk.

Then the corresponding ϕ lies in Jα(M
[k], L, d) if and only if

πi ≡ (w1, w2) ≡ (w1, πwH) mod π2d−1

and

0 ≡ q(w2) ≡ tr((αw1, πwH))− π0q(wH) + q(w2,M )

≡ αtr(πi)− π0q(wH) + q(w2,M ) mod π2d−1.

First,

lim
d→∞

q−2d(2k−1)#{πwH ∈ Hk/πd0H
k | (w1, πwH) ≡ πi mod π2d−1} = q1−2k. (4.29)
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Second, for each fixed πwH we have

lim
d→∞

q(−2m+1)d#{w2,M ∈M/πd0M | w2,M primitive, q(w2,M ) ≡ −αtr(πi) + π0q(wH) mod π2d−1}

(4.30)

= β(M, ⟨−αtr(πi) + π0q(wH)⟩)

=


β(M, ⟨−2α⟩) if i = 0,

β(M, 0) if i > 0.

By symmetry, |J∞(M [k], L, d)| = |J0(M [k], L, d)|. Now a combination of (4.28), (4.29) and

(4.30) implies that

β1(M,Hi, q
−2k) = lim

d→∞
q(−4(2k+m)+4)d

 ∑
α∈OF0

/(π0)

|Jα(M [k], L, d)|+ |J∞(M [k], L, d)|



=


q(1−X)

(
2β0(M, 0, q−2k) +

∑
α∈O×

F0
/(π0)

β0(M,−2α, q−2k)

)
if i = 0,

q(q + 1)(1−X)β0(M, 0, q−2k) if i ≥ 1,

as claimed.

Next, we assume L has a basis {l1, l2} whose Gram matrix is Diag(u1(−π0)a, u2(−π0)b)

with 0 ≤ a ≤ b. Let wi = ϕ(li) as before. Then the number of possible choices for w1 is

given by

q(2(2k+m)−1)dβ1(M, ⟨u1(−π0)a⟩, q−2k)

for sufficiently large d. We may assume w1 = w1,H without loss of generality. Let w2 =

w2,M + αw1 + πwH as before. Then ϕ lies in Jα(M
[k], L, d) if and only if

0 ≡ (w1, w2) ≡ (w1, αw1) + (w1, πwH) mod π2d−1
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and

u2(−π0)b ≡ q(w2) ≡ (w2,M + αw1 + πwH , w2)

≡ q(w2,M )− α2q(w1)− π0q(wH) mod π2d−1.

Now

lim
d→∞

q(−4k+2)d#{πwH ∈ Hk/πd0H
k | (w1, πwH) ≡ −(w1, αw1) mod π2d−1} = q1−2k,

and for a fixed πwH we have

lim
d→∞

q(−2m+1)d#{w2,M ∈ LS/π
d
0LS | w2,M primitive,

q(w2,M ) ≡ u2(−π0)b + α2q(w1) + π0q(wH) mod π2d−1}

= β(M, ⟨u2(−π0)b + α2q(w1) + π0q(wH)⟩).

Now this proposition follows from a similar argument as before, and we leave the details

to the reader.

4.6 Special cycles and exceptional divisors

For a formal subscheme Z of NKra, we use the notation ⊗Z (resp. ⊗L
Z) instead of ⊗OZ

(resp. ⊗L
OZ

). We also simply write ⊗ (resp. ⊗L) instead of ⊗NKra (resp. ⊗L
NKra). Let

us first recall the following distribution law of derived tensor product. In this section, we

identify V with C by the isomorphism b defined in (2.5).

Lemma 4.6.1. Assume that Ai (1 ≤ i ≤ k) is in the derived category of bounded coherent

sheaves on NKra and i : Z → NKra is a closed embedding of formal subscheme. Then the

following identity holds in the derived category of bounded coherent sheaves on Z.

i∗(A1 ⊗L . . .⊗L Ak ⊗L OZ) = i∗(A1 ⊗L OZ)⊗L
Z . . .⊗L

Z i
∗(Ak ⊗L OZ).



119

Proof. We can take locally free representatives of A•i of Ai. Then A•1 ⊗ . . . ⊗ A•k is again

a complex of locally free sheaves on NKra, hence a locally free representatives of A1 ⊗L

. . .⊗L Ak. Hence i
∗(A1 ⊗L . . .⊗L Ak ⊗L OZ) can be represented by A•1 ⊗ . . .⊗A•k ⊗OZ .

Meanwhile A•i ⊗ OZ is a representative of Ai ⊗L OZ in the derived category of bounded

coherent sheaves on NKra and is also a complex of locally free sheaves on Z. Hence

i∗(A1⊗LOZ)⊗L
Z . . .⊗L

Z i
∗(Ak⊗LOZ) can be represented by (A•1⊗OZ)⊗Z . . .⊗Z (A•k⊗OZ).

Now by the distribution law of tensor products we have

A•1 ⊗ . . .⊗A•k ⊗OZ = (A•1 ⊗OZ)⊗Z . . .⊗Z (A•k ⊗OZ).

This finishes the proof of the lemma.

Proposition 4.6.2. Assume that the dimension of V is n ≥ 2. Then for each x ∈ V,

ZKra(x) is a divisor. Moreover, we have the following decomposition of Cartier divisors

ZKra(x) = Z̃(x) +
∑

Λ∈V0,x∈Λ

(mΛ(x) + 1)ExcΛ (4.31)

where mΛ(x) is the largest integer m such that π−m · x ∈ Λ.

Proof. The fact that ZKra(x) is a divisor is due to [How19, Proposition 4.3]. By [Shi18,

Proposition 3.7], the superspecial point corresponding to a type zero lattice Λ is in ZPap(x)

if and only if x ∈ Λ. Hence ExcΛ ⊂ ZKra(x) if and only if x ∈ Λ. Since NKra
n,ϵ is regular, we

must have a decomposition as in (4.31) and the only job left is to determine the multiplicity

of each ExcΛ.

Fix a type zero lattice Λ and let m := mΛ(x). Then π
−m ·x is a primitive vector in Λ.

By Lemma 4.5.3, there exists a decomposition

Λ = Λ2 k Λ′

where Λ2 and Λ′ are unimodular lattices of rank 2 and n−2 respectively and π−m ·x ∈ Λ2.

Let η = χ(Λ′). By applying Proposition 4.7.1, we see that Z̃n,ϵ(Λ
′) ∼= NKra

2,ϵη . Moreover we
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have the following proper intersections

ZKra
n,ϵ (x) ∩ Z̃n,ϵ(Λ

′) = ZKra
2,ϵη(x), Z̃n,ϵ(x) ∩ Z̃n,ϵ(Λ

′) = Z̃2,ϵη(x),

and

ExcΛ ∩ Z̃n,ϵ(Λ
′) = ExcΛ2 ,

where ExcΛ2 is the exceptional divisor in NKra
2,ϵη corresponding to the vertex lattice Λ2.

Hence the multiplicity of ExcΛ in ZKra
n,ϵ (x) is the same as the multiplicity of ExcΛ2 in

ZKra
2,ϵη(x). Now the proposition follows from [Shi22, Theorem 4.6] and Theorem 3.3.1.

The Chow ring CH•(ExcΛ) ∼= Gr•K0(ExcΛ) is isomorphic to Z[HΛ]/(H
n−1
Λ − 1) where

HΛ is the hyperplane class of ExcΛ represented by any Pn−2
k in ExcΛ.

Proposition 4.6.3. Assume dimV = n ≥ 2. Assume x ∈ V such that h(x,x) ̸= 0 and

Λ is a type 0 vertex lattice containing x. Let m := mΛ(x) as in Proposition 4.6.2. Then

Z̃(x) and ExcΛ intersect properly and

[OZ̃(x)∩ExcΛ ] = (2m+ 1)HΛ ∈ CH1(ExcΛ).

Proof. First Z̃(x) and ExcΛ are Cartier divisors with no common component, so they

intersect properly. Let m = mΛ(x) and x′ := π−m · x. By assumption m ≥ 0. By

Proposition 4.1.10, we have

{v ∈ Λ | h(x′, v) = 0} = Span{y} k Λ′

where val(y) = val(x′) and Λ′ is unimodular. Let η = χ(Λ′) and

Λ2 := {v ∈ Λ | v⊥Λ′}.

Λ2 is rank 2 unimodular and contains x′.
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By Proposition 4.7.1, we have Z̃(Λ′) ∼= NKra
2,ϵη . In particular, Z̃(Λ′) is regular. By

Corollary 4.7.2, we know that Z̃(Λ′) ∩ Z̃(x) = Z̃2,ϵη(x). In particular Z̃(Λ′) and Z̃(x)

intersect properly as Z̃2,ϵη(x) is a divisor in NKra
2,ϵη . On the other hand Z̃(Λ′)∩ExcΛ is the

exceptional divisor ExcΛ2 in NKra
2,ϵη . Since ExcΛ ∼= Pn−1

k , it is also regular. Our strategy is

to compute the intersection number

χ(NKra,OZ̃(x) ⊗
L OExcΛ ⊗L OZ̃(Λ′))

in two different ways. By Lemma 4.6.1, one way is

χ(Z̃(Λ′),OZ̃(Λ′)∩Z̃(x) ⊗
L
Z̃(Λ′)

OZ̃(Λ′)∩ExcΛ) (4.32)

where we use the fact that the intersections Z̃(Λ′) ∩ Z̃(x) and Z̃(Λ′) ∩ ExcΛ are proper

(see for example [Zha21, Lemma B.2]). The other way is, by Lemma 4.6.1,

χ(ExcΛ,OZ̃(x)∩ExcΛ ⊗L
ExcΛ

OZ̃(Λ′)∩ExcΛ). (4.33)

When ϵη = −1, by Proposition 3.11 and Theorem 4.5 of [Shi22], we know that (4.32) is

equal to 2m + 1. When ϵη = 1, by Lemma 3.2.9, Theorem 3.3.1 and Lemma 3.4.3, we

know that (4.32) is equal to 2m + 1 as well. Since the intersection number of HΛ with

ExcΛ2
∼= P1

k in ExcΛ is 1, the proposition follows.

4.6.1 Intersection numbers involving the exceptional divisors

Lemma 4.6.4. The class of OExcΛ ⊗L · · · ⊗L OExcΛ︸ ︷︷ ︸
m

in CHm−1(ExcΛ) is (−2HΛ)
m−1.

Proof. To study this intersection, it suffices to consider the local model NKra constructed

in [Krä03]. Let NKra
s be its special fiber. Recall by equation (4.11) loc. cit., we have

NKra
s = Exc + Z2
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as Cartier divisors where Exc is the exceptional divisor of NKra and Z2 is a divisor in NKra

which intersect properly with Exc. Their intersection is 2H where H is the hyperplane

class of Exc. Since Exc is properly supported on NKra, we have

[OExc ⊗L ONKra
s

] = 0.

Hence

0 = [OExc ⊗L
NKra ONKra

s
]

= [OExc ⊗L
NKra OExc] + [OExc ⊗L

NKra OZ2 ]

= [OExc ⊗L
NKra OExc] + 2H.

This proves the lemma when m = 2. The general case now follows from Lemma 4.6.1.

Corollary 4.6.5. Let Λ ∈ V0 and x ∈ Λ. Then we have the following identity in

CH1(ExcΛ):

[OExcΛ ⊗L OZKra(x)] = −HΛ.

Proof. By Propositions 4.6.2, 4.6.3 and Lemma 4.6.4, we have the following identity in

CH1(ExcΛ):

[OZKra(x) ⊗L OExcΛ ] = [(2mΛ(x) + 1)− 2(mΛ(x) + 1)]HΛ = −HΛ.

This finishes the proof of the corollary.

Corollary 4.6.6. Assume that n−m ≥ 1 and ExcΛ ⊂ ZKra(x1) ∩ . . . ∩ ZKra(xm), then

χ(NKra
n ,OZKra(x1) ⊗

L . . .OZKra(xm) ⊗L OExcΛ ⊗L · · · ⊗L OExcΛ︸ ︷︷ ︸
n−m

) = (−1)n−1 · 2n−m−1.
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Proof. By Corollary 4.6.5, Lemmas 4.6.1 and 4.6.4, we have

χ(NKra
n ,OZKra(x1) ⊗

L . . .OZKra(xm) ⊗L OExcΛ ⊗L · · · ⊗L OExcΛ︸ ︷︷ ︸
n−m

)

= χ(ExcΛ, (−HΛ)⊗L
ExcΛ

· · · ⊗L
ExcΛ

(−HΛ)︸ ︷︷ ︸
m

⊗L
ExcΛ

(−2HΛ)⊗L
ExcΛ

· · · ⊗L
ExcΛ

(−2HΛ)︸ ︷︷ ︸
n−m−1

)

= (−1)m · (−2)n−m−1.

For Λ ∈ V0, let P1
Λ be any P1

k in ExcΛ, and

IntΛ(x) = χ(NKra,OZKra(x) ⊗L OP1
Λ
). (4.34)

Corollary 4.6.7. For Λ ∈ V0, we have

χ(NKra,OExcΛ ⊗L OP1
Λ
) = −2. (4.35)

Proof. By Lemma 4.6.4, we have

χ(NKra,OExcΛ ⊗L OP1
Λ
)

= χ(NKra,OExcΛ ⊗L (OExcΛ ⊗OExcΛ
OP1

Λ
))

= χ(ExcΛ, (OExcΛ ⊗L OExcΛ)⊗OExcΛ
OP1

Λ
)

= −2χ(ExcΛ, HΛ · [OP1
Λ
])

= −2.

Corollary 4.6.8. For Λ ∈ V0, we have

IntΛ(x) = −1Λ(x).
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Proof. If x /∈ Λ, then the intersection number is apparently 0. Otherwise we have by

Corollary 4.6.5

χ(NKra,OZKra(x) ⊗L OP1
Λ
)

= χ(ExcΛ, (OZKra(x) ⊗L OExcΛ)⊗OExcΛ
OP1

Λ
)

= −χ(ExcΛ, HΛ · [OP1
Λ
])

= −1.

The above results suggest that the difficulty to compute Int(L) mainly lies in computing

χ(NKra,OZ̃(x1)
⊗L · · · ⊗L OZ̃(xn)

).

We end this section by studying the intersection number of difference cycle with exceptional

divisors.

Lemma 4.6.9. If L♭ has rank n− 1, then for any Λ ∈ V0(L♭), we have

χ(NKra,D(L♭) · [OExcΛ ]) =


(−1)n−1 if L♭ = Λ ∩ L♭

F ,

0 otherwise.

Remark 4.6.10. L♭ = Λ ∩ L♭
F if and only if L♭ is of type (see (4.42) and Lemma 4.8.3

below) 1 or 0 and Λ is at the boundary of the L(L♭).

Proof. Define

M ′ :=
1

π
L♭ ∩ Λ and m := dimFq(M

′/L♭).

Then for L′ such that L♭ ⊂ L′ ⊂ 1
πL

♭, we know that ZKra(L′) intersects ExcΛ if and only

if L′ ⊂M ′. For such L′, by Corollary 4.6.6, we have

χ(NKra, LZKra(L′) · [OExcΛ ]) = (−1)n−1. (4.36)
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Hence

χ(NKra,D(L♭) · [OExcΛ ]) = (−1)n−1[1 +
m∑
i=1

(−1)iqi(i−1)/2
∑

L♭⊂L′⊂M ′

dimFq (L
′/L♭)=i

1].

Notice that m = 0 if and only ifM ′ = L♭ which is equivalent to the condition L♭ = Λ∩L♭
F .

In this case the summation in (4.51) is over an empty set hence (4.51) is equal to 1. If

m > 0 we know (4.51) is equal to 0 by (4.48).

4.7 A geometric cancellation law

Proposition 4.7.1. Suppose χ(V) = ϵ. Let L be a self-dual lattice of rank m in V with

η = χ(L). We have

ZPap
n,ϵ (L) ∼= NPap

n−m,ϵη, and Z̃n,ϵ(L) ∼= NKra
n−m,ϵη.

Proof. Let us start with the case L = Span{x0} where x0 ∈ V. Assume that u = h(x0,x0).

Multiplying the hermitian form (, )X on C by u−1 does not affect the various moduli spaces

involved. So we can perform this and assume that h(x0,x0) = 1. Moreover, the sign of

its orthogonal complement in V becomes

ϵ1 = ϵ · χ(u−1) · χ(u−(n−1)) · χ(−1)n−1 = ϵχ(u)nχ(−1)n−1.

Then for (X, ι, λ, ρ) ∈ ZPap
n,ϵ (x0)(S), we define

x∗0 := λ−1G ◦ x∨0 ◦ λ, e := x0 ◦ x∗0 ∈ End(X).

By the fact that h(x0,x0) = 1 we know that e is an idempotent. It is routine to check

that

((1− e)X, (1− e)ι, (1− e∨)λ(1− e), ρ(1− e))
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is an object in NPap
n−1,ϵ1(S). Conversely given (Y, ιY , λY , ρY ) ∈ NPap

n−1,ϵ1(S), the object

(Y × GS , ιY × ιGS , λY × λGS , g ◦ (ρY × ρGS ))

is in ZPap
n,ϵ (x0)(S) where g ∈ U(V) such that g−1x0 is the inclusion 0× id : Y → Xn−1 ×Y

where Xn−1 is the framing object of NPap
n−1,ϵ1 . The above two functors are inverse to each

other. This shows that ZPap
n,ϵ (x0) ∼= NPap

n−1,ϵ1 . For general L of rank m and determinant u,

find a basis with Gram matrix {1, . . . , 1, u} and apply the above result repeatedly. So we

have ZPap
n,ϵ (L) ∼= NPap

n−m,ϵm where

ϵm = ϵχ(u)n−m+1χ(−1)(n−m)m+
m(m−1)

2 .

Notice that by scaling the hermitian form by (−1)mu again we have NPap
n−m,ϵm = NPap

n−m,ϵη.

It then follows from [Har13, Chapter II, Corollary 7.15] that Z̃n,ϵ(L) is the blow up of

ZPap
n,ϵ (L) along its superspecial points, which is NKra

n−m,ϵη.

Corollary 4.7.2. Let L be as in Proposition 4.7.1 and y ∈ V such that y⊥L. Then

ZKra
n,ϵ (y) ∩ Z̃n,ϵ(L) ∼= ZKra

n−m,ϵη(y).

Recall that for two lattices L,L′ ⊂ V of rank n, we define

n(L′, L) = #{L′′ ⊂ LF | L ⊂ L′′, L′′ ∼= L′}.

Also recall that δodd(n) = 1 or 0 depending on whether n is odd or not.

Proposition 4.7.3. Let L = Iℓ kL2 ⊂ V where L2 is of rank r, Iℓ is unimodular of rank

ℓ and n = ℓ+ r. Let Ir be a unimodular lattice that contains L2. Then

Int(Iℓ k L2)− Int(L2) = n(Ir, L2) · (δodd(n)− δodd(r)). (4.37)
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Moreover,

Int(In) = δodd(n). (4.38)

Proof. If L2 is unimodular and r = 2, then Int(L2) = 0 by [Shi22, Theorem 1.3] and

Theorem 3.0.1. Combining this with (4.37), we obtain (4.38). In order to prove (4.37), we

prove the following equation,

Int(I1 k L2)− Int(L2) = (−1)rn(Ir, L2). (4.39)

which is the special case of (4.37) when ℓ = 1. The general case then follows from an easy

induction on n using (4.39) and the fact

n(In, Iℓ k L2) = n(Ir, L2). (4.40)

By Proposition 4.6.2, we have the following decomposition of Cartier divisors on Nn

Z(I1) = Z̃(I1) +
∑

Λ0⊃I1

ExcΛ0 ,

where the summation is over vertex lattices of type 0 in Vn and Z̃(I1) ∼= Nn−1 by Corollary

4.7.2. By the same corollary, we know that

χ(Nn, [OZ̃(I1)] ·
LZ(L2)) = χ(Nr,

LZ(L2)) = Int(L2).

Hence we have

Int(L)− Int(L2) =
∑

Λ0⊃I1

χ(Nn, [OExcΛ0
] · LZ(L2)).

If L2 ̸⊂ Λ0, then ExcΛ0 ∩ Z(L2) is empty by Proposition 5.1.20 below. If L2 ⊂ Λ0, then

by Corollary 4.6.6, we have

χ(Nn, [OExcΛ0
] · LZ(L2)) = (−1)r.
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Hence

Int(L)− Int(L2) =
∑

Λ0⊃I1kL2

(−1)r.

Combining this with (4.40) finishes the proof of (4.39) and the proposition.

4.8 Horizontal components of special cycles

Given an integral hermitian lattice L we can have its Jordan decomposition:

L = kt≥0Lt (4.41)

where Lt is π
t-modular, see [Jac62]. Define the type of L to be

t(L) =
∑
t≥1

rankOF
(Lt). (4.42)

4.8.1 Quasi-canonical lifting cycles

Assume that dim(V) = 2. When χ(V) = −1, for y ∈ V, by [Shi22, Theorem 4.5], we have

the following equality of Cartier divisors on NKra
2,−1.

Z̃2,−1(y) = Z0 +

val(y)∑
s=1

(Z+
s + Z−s ).

Here Z0 (resp. Z±s ) is a canonical (resp. quasi-canonical) lifting cycle of level 0 (resp. s),

see [Shi22, §3]. Moreover by [Shi22, Proposition 3.12], Z+
s and Z−s do not intersect when

s ≥ 1. Let Os := OF0 +OF ·πs0 and Ms be the finite abelian extension of F̆ corresponding

to the subgroup O×s under local class field theory. Let Ws be the integral closure of OF̆ in

Ms. Then we have Z0
∼= Spf OF̆ and Z±s ∼= SpfWs. Define the primitive part of Z̃2,−1(y)

to be

Z̃2,−1(y)
◦ :=

 Z+
val(y) + Z−val(y) if val(y) > 0,

Z0 if val(y) = 0.
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When χ(V) = 1, for y ∈ V such that val(y) ≥ 0, by Theorem 3.3.1, we have the following

equality of Cartier divisors on NKra
2,1 .

Z̃2,1(y) = Z0 + Zv(y),

where Z0
∼= Spf OF̆ is a canonical lifting cycle and Zv(y) is a Cartier divisor whose

structure sheaf is annihilated by πN for some N > 0. Define the primitive horizontal part

of Z̃2,1(y) to be

Z̃2,1(y)
◦ :=

 0 if val(y) > 0,

Z0 if val(y) = 0.

4.8.2 Horizontal cycles

Definition 4.8.1. Let M ♭ be a rank n − 1 integral lattice in V. We say that M ♭ is

horizontal if one of the following conditions is satisfied

1. M ♭ is unimodular.

2. M ♭ is of the form M ♭ = M k Span{y} where M is a unimodular sublattice of rank

n− 2 such that (MF )
⊥ (the perpendicular complement of MF in V) is nonsplit.

Notice that condition (2) is independent of the choice ofM . We denote the set of horizontal

lattices by Hor.

For a rank n− 1 integral lattice L♭, define

Hor(L♭) := {M ♭ ∈ Hor | L♭ ⊆M ♭}. (4.43)

Let M ♭ ⊂ V be a lattice of rank n− 1 and type 1 or 0. We can decompose M ♭ as

M ♭ =M k Span{y}, (4.44)

for some unimodular lattice M of rank n − 2. Then Proposition 4.7.1 and its corollary
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imply that

Z̃(M ♭) ∼= Z̃2,χ((MF )⊥)(y).

Under this isomorphism, define Z̃(M ♭)◦ to be the formal subscheme of Z̃(M ♭) isomorphic

to Z̃2,χ((MF )⊥)(y)
◦. By the discussion in §4.8.1, Z̃(M ♭)◦ is nonempty if and only if M ♭ ∈

Hor, in which case it consists of the union of irreducible components of Z̃(M ♭) isomorphic

to SpfWs. In particular, Z̃(M ♭)◦ is independent of the choice of M .

Theorem 4.8.2. Let L♭ be a rank n− 1 integral lattice in V, then

ZKra(L♭)h =
⋃

M♭∈Hor(L♭)

Z̃(M ♭)◦. (4.45)

In particular, ZKra(L♭)h is of pure dimension 1. Moreover we have the following identity

in Grn−1K0(NKra):

[OZKra(L♭)h
] =

∑
M♭∈Hor(L♭)

[OZ̃(M♭)◦ ].

Proof. The proof largely follows [LZ22a, Section 4.4]. Let K be a finite extension of F̆ .

Assume that z is an irreducible component of ZKra(L♭)(OK) = ZPap(L♭)(OK), and let G

be the corresponding formal OF -module over OK . Define

L := HomOF
(TpG, TpG)

where G is the canonical lifting and Tp is the integral p-adic Tate module. L is an OF -

module of rank n equipped with the hermitian form

{x, y} = λ∨G ◦ y∨ ◦ λG ◦ x,

under which it is self-dual. We have two inclusions (preserving hermitian forms)

iK : HomOF
(G, G)F → LF ,
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and

ik : HomOF
(G, G)F → V.

By Lemma 4.4.1 of loc.cit., we have

HomOF
(G, G) = i−1K (L). (4.46)

Let

M ♭ := (L♭
F ) ∩ ik(i−1K (L)) ∼= HomOF

(G, G).

Then z ⊂ Z(M ♭)(OK). Lemma 4.8.3 below implies that t(M ♭) ≤ 1. Hence we know

that z is one of the irreducible component of Z̃(M ♭)◦ ∼= Z̃2,χ((MF )⊥)(y) assuming the

decomposition of M ♭ as in (4.44). The nonemptiness of Z̃(M ♭)◦ implies that M ♭ ∈ Hor.

It remains to prove that z has multiplicity 1 in ZKra(L♭). Consider R-points of both sides

of (4.45), where R := OK [x]/(x2). As in [Krä03] (see [RZ96, Appendix of Chapter 3]) we

know

D(G)(R) ∼= OF ⊗OF0
R, and D(G)(R) ∼= (OF ⊗OF0

R)n

where D is the OF0-relative Dieudonné crystal. Define

ẽ0 = 1⊗ 1 ∈ D(G)(R), f̃0 = π ⊗ 1 ∈ D(G)(R).

Then the Hodge submodule F0 of D(G)(R) is spanned by

(1⊗ π)ẽ0 + f̃0.

D(G)(R) is equipped with an OF -invariant symplectic form ⟨, ⟩ and we can assume that

D(G)(R) has a basis {ẽ1, . . . , ẽn, f̃1, . . . , f̃n} such that

(π ⊗ 1)ẽi = f̃i, ⟨ẽi, f̃j⟩ = δij .
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Since any element in L♭ is OF -linear, we can arrange a change of basis if necessary and

assume that

L♭((1⊗ π)ẽ0 + f̃0) = SpanR{(1⊗ πa1)((1⊗ π)ẽ1 + f̃1), . . . , (1⊗ πan−1)((1⊗ π)ẽn−1 + f̃n−1)}.

Now D(G)(OK) = D(G)(R)⊗R OK . Let ei = ẽi ⊗ 1 and fi = f̃i ⊗ 1 respectively. There is

an exact sequence of free OF ⊗OF0
OK-modules (the Hodge filtration)

0 → Fil → D(G)(OK) → LieG→ 0

where Fil is isotropic with respect to ⟨, ⟩. We must have L♭((1⊗ π)e0 + f0) ⊂ Fil. Hence

we have

(1⊗ π)e1 + f1, . . . , (1⊗ π)en−1 + fn−1 ⊂ Fil.

Since Fil is isotropic and by the signature condition, we have

Fil = SpanOK
{(1⊗ π)e1 + f1, . . . , (1⊗ π)en−1 + fn−1, (1⊗ π)en − fn}.

Since (x) ⊂ R has a nilpotent p.d. structure, by Grothendieck-Messing theory, a lift z̃

of z to ZKra(L♭)(R) corresponds to a lift of Fil to an isotropic OF ⊗OF0
R-module F̃il in

D(G)(R) containing the image of L♭. By the same reasonning as above, we must have

F̃il = SpanR{(1⊗ π)ẽ1 + f̃1, . . . , (1⊗ π)ẽn−1 + f̃n−1, (1⊗ π)ẽn − f̃n}.

Hence such lift is unique. This implies that the multiplicity of z in ZKra(L♭) is one.

Lemma 4.8.3. Let L be a self-dual hermitian lattice of rank n and W be a n− 1 dimen-

sional subspace of LF . Then t(M ♭) ≤ 1 for M ♭ = L ∩W .

Proof. This is exactly the same as the proof of [LZ22a, Lemma 4.5.1]. Notice that in our

case we may need some blocks

 0 πa

(−π)a 0

 in the upper left (n− 1)× (n− 1) block
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of T as in loc.cit. Alternatively, see [LL22, Lemma 2.24(2)].

We end this subsection with the following lemma.

Lemma 4.8.4. Assume M ♭ ∈ Hor. Then Z̃(M ♭)◦ intersects the special fiber of NKra
n,ϵ at

a unique ExcΛ for some Λ ∈ V0. Moreover

χ(NKra,OZ̃(M♭)◦ ⊗
L OExcΛ) =


1 if M ♭ is unimodular,

2 otherwise.

Proof. By the definition of Hor, we can find a decomposition of M ♭

M ♭ =M k {x}

such that M is self dual. Let Λ be any vertex lattice containing M ♭. If M ♭ is unimodular,

then Λ has to be of the form M ♭ kL′ where L′ is the unique unimodular lattice in (M ♭
F )
⊥.

If M ♭ is of the form M kL′ such that M is of rank n− 2 and (MF )
⊥ is nonsplit, then the

proof of [Shi18, Theorem 3.10] implies that there is a unique vertex lattice Λ′ in (MF )
⊥

which is of unimodular (this fact is the same as the fact that the Bruhat-Tits building of

(MF )
⊥ has only one point). Then Λ must be of the form M k Λ′. In both cases, Λ is

unique and is of type 0.

Assume χ(M) = η. By Proposition 4.7.1, Z̃(M) ∼= NKra
2,ϵη . Moreover Z̃(M)∩ExcΛ = P1

k

is an exceptional divisor in NKra
2,ϵη . Hence by Lemma 4.6.1, we have

χ(NKra
n,ϵ ,OZ̃(M♭)◦ ⊗

L OExcΛ) = χ(NKra
2,ϵη ,OZ̃(M♭)◦ ⊗

L
NKra

2,ϵη
OP1

k
).

Now the lemma follows from Lemma 3.4.3 when ϵη = 1, and from [Shi22, Proposition

3.11] when ϵη = −1.
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4.9 Special Difference cycles

Conjecture 1.0.3 and Theorem 4.1.3 motivate us to make the following definition.

Definition 4.9.1. For L ⊂ V a rank ℓ lattice, define the special difference cycle D(L) ∈

K
ZKra(L)
0 (NKra) by

D(L) = LZKra(L) +
ℓ∑

i=1

(−1)iqi(i−1)/2
∑

L⊂L′⊂ 1
π
L

dimFq (L
′/L)=i

LZKra(L′). (4.47)

One interesting observation is the following decomposition of LZKra(L).

Lemma 4.9.2. For L ⊂ V a lattice of rank ℓ, we have the following identity in K
ZKra(L)
0 (NKra)

where the summation is finite.

LZKra(L) =
∑

L′integral
L⊂L′⊂LF

D(L′).

Proof. First of all, if L is not integral, neither is L′ if L ⊂ L′. In this case LZKra(L) = 0

and the summation index on the right hand side of the identity in the lemma is empty.

This proves the lemma when val(L) < 0. We can now prove the identity by induction on

the fundamental invariant of L. Assume that the lemma is proved for all L′ ⊂ LF with

L ⊊ L′.

For L′ with L ⊊ L′ ⊂ 1
πL, we have

LZKra(L′) =
∑

L′⊂L′′⊂L′
F

D(L′′)

by the induction hypothesis. Combining this with (4.47), we can write

LZKra(L) =
∑

L⊂L′′⊂LF

m(L′′)D(L′′)

where m(L′′) ∈ Z. Now it suffices to show m(L′′) = 1 for any L′′ such that L ⊂ L′′ ⊂ LF .
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First, notice that m(L) = 1. For any L′′ such that L ⊂ L′′ ⊊ LF , let M
′ = 1

πL ∩ L′′

and m = dimFq(M
′/L). We have

m(L′′) = −
m∑
i=1

(−1)iqi(i−1)/2
∑

L⊂L′⊂M ′

dimFq (L
′/L)=i

1 = 1 (4.48)

by evaluating the identity in the corollary to [Tam63, Lemma 12] at t = 1.

Remark 4.9.3. When ℓ = 1 and L = Span{x}, the Cartier divisor

D(L) = Z(x)−Z(
1

π
x)

is the difference divisor D(x) defined in [Ter10, Definition 2.10].

Definition 4.9.4. Assume L = L1 ⊕ L2, where Li is of rank ni and n1 + n2 = n. We

define

Int(L)(n1) = χ(NKra,D(L1) · LZKra(L2)). (4.49)

Notice that Int(L)(n1) depends on the decomposition L = L1 ⊕ L2.

Definition 4.9.1 motivates us to make the following definition.

Definition 4.9.5. When L♭ is a rank n−1 integral lattice, define D(L♭)h ∈ Grn−1K0(NKra)

by

D(L♭)h = [OZKra(L♭)h
] +

n−1∑
i=1

(−1)iqi(i−1)/2
∑

L♭⊂L′⊂ 1
π
L♭

dimFq (L
′/L♭)=i

[OZKra(L′)h ]. (4.50)

Proposition 4.9.6. Assume L♭ is a rank n− 1 integral lattice, then

D(L♭)h =


Z̃(L♭)◦ if L♭ ∈ Hor,

0 if L♭ /∈ Hor.
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Proof. By Theorem 4.8.2, it suffices to compute the multiplicity of an irreducible compo-

nent in Z̃(M ♭)◦ in D(L)h for all M ♭ ∈ Hor(L♭) (see (4.43)). For such a M ♭, define

M ′ :=
1

π
L♭ ∩M ♭ and m := dimFq(M

′/L♭).

Then for a lattice L′ with L♭ ⊂ L′ ⊂ 1
πL

♭, we know that Z̃(M ♭)◦ is in ZKra(L′)h if and

only if L′ ⊂M ′. Hence the multiplicity of an irreducible components in Z̃(M ♭)◦ in D(L)h

is

1 +
m∑
i=1

(−1)iqi(i−1)/2
∑

L♭⊂L′⊂M ′

dimFq (L
′/L♭)=i

1. (4.51)

Notice that m = 0 if and only if M ′ = M ♭ = L♭, in this case the summation in (4.51) is

over an empty set, hence (4.51) is equal to 1. If m > 0, (4.51) is equal to 0 by (4.48).

4.10 Reduced locus of special cycle

As remarked previously, results of [RTW14] extend to the category of strict formal OF0-

modules using relative Dieudonné theory.

4.10.1 The Bruhat-Tits building for n = 3

From now on we assume n = 3 and L = L3 as in Section 2.1.3.

Lemma 4.10.1.

1. For every Λ2 ∈ V2, NΛ2 is isomorphic to the projective line P1 over k. Its q + 1

rational points correspond to all Λ0 ∈ V0 contained in Λ2.

2. Every Λ0 ∈ V0 is contained in q + 1 type 2 lattices. In other words, there are q + 1

projective lines in (NPap
3 )red passing through the superspecial point NΛ0(k). Moreover

⋂
Λ2∈V2,Λ0⊂Λ2

Λ♯
2 = πΛ0. (4.52)
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Proof. Suppose z ∈ N (k) and M := M(z) ⊂ N is defined as in Proposition 2.1.4. Since

n = 3, by [RTW14, Proposition 4.1] we have Λ(M)⊗OF
OF̆ =M + τ(M).

Proof of (1): Suppose z ∈ NΛ2(k), i.e. M ⊂ Λ2.

If M = τ(M), then M = Λ0 ⊗OF
OF̆ for some Λ0 ∈ V0 contained in Λ2.

If M ̸= τ(M), then by taking the dual of M ⊂ Λ2 ⊗OF
OF̆ we have the following

sequence of inclusions

(Λ2 ⊗OF
OF̆ )

♯ 1
⊂M

1
⊂M + τ(M) = Λ2 ⊗OF

OF̆ . (4.53)

In both cases the class of M in Λ2 ⊗OF
OF̆ /(Λ2 ⊗OF

OF̆ )
♯ ∼= k2 is a line. This finishes the

proof of (1).

Proof of (2): For each Λ0 ∈ V0 we just need to count the number of lattices Λ2 ∈ V2 that

contains Λ0. We have the following sequence of inclusions

πΛ0
2
⊂ Λ♯

2

1
⊂ Λ0

1
⊂ Λ2.

With respect to the quadratic form (, ) (mod π) on Λ0/πΛ0, the dual lattice Λ♯
2 corre-

sponds to the 2-dimensional subspaces U := Λ♯
2/πΛ0 in Λ0/πΛ0 such that U⊥

1
⊂ U . So we

just need to count the number of isotropic lines U⊥. Assume that {e1, e2, e3} is a basis of

Λ0/πΛ0 whose Gram matrix with respect to the quadratic form (, )X (mod π) is


1

1

ϵ

 .

It is easy to see that the isotropic lines are Span{e1}, Span{e2} and Span{e1− ϵa2

2 e2+ae3}

(a ∈ F×q ). Finally, equation (4.52) can be checked directly using this basis.

It is well-known that L is a tree, see for example [Bro89, Section 3 of Chapter VI].

More specifically, the vertices of L correspond to vertex lattices of type 2 or 0. There is an
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edge between Λ ∈ V2 and Λ0 ∈ V0 if Λ0 ⊂ Λ. We give each edge length 1
2 . This defines a

metric d(, ) on L. Recall that we have defined L(L) in (2.8). Then the boundary of L(L)

is the set

B(L) = {Λ ∈ V0(L) | ∃Λ2 ∈ V2 such that Λ ⊂ Λ2,Λ2 /∈ L(L)}. (4.54)

Recall we have the isomorphism b : V → C defined in (2.5). Recall that the vertices

of L2,1 correspond to vertex lattices of type 2, and an edge corresponds to a vertex lat-

tice of type 0. Each vertex of L2,1 is contained in q + 1 edges and each edge connects

exactly two vertices. For x ∈ V with val(x) = 0 and SpanF {x}⊥ split, recall that L2,1

is the Bruhat-Tits tree of ZPap(x) ∼= NPap
2,1 . Then x determines an embedding L2,1 ↪→ L

defined as follows. First we send each vertex of L2,1 corresponding to a vertex lattice

Λ ⊂ SpanF {b(x)}⊥ of type 2 to the vertex of L corresponding to the type 2 lattice

ΛkSpan{b(x)}. An edge of L2,1 corresponding to a type zero lattice Λ0 ⊂ SpanF {b(x)}⊥

is broken into two pieces evenly and sent to the union of the two edges in L joining the

two vertices corresponding to Λ k Span{b(x)} and Λ′ k Span{b(x)} where Λ and Λ′ are

the two type 2 lattices containing Λ0.

4.10.2 Rank 1 case

Lemma 4.10.2. A point z ∈ NPap
3 (k) is in ZPap(x)(k) if and only if b(x) ∈M(z).

1. Assume Λ0 ∈ V0, then the superspecial point NΛ0(k) is in ZPap(x)(k) if and only if

b(x) ∈ Λ0.

2. Assume Λ2 ∈ V2, then

ZPap(x)(k) ∩NΛ2(k) =


NΛ2(k) if b(x) ∈ Λ♯

2,

a superspecial point in NΛ2(k) if b(x) ∈ Λ2\Λ♯
2,

∅ if b(x) /∈ Λ2.
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Proof. By Dieudonné theory, z ∈ ZPap(x)(k) if and only if x(M(Y)) ⊂ M(z) if and only

if b(x) ∈ M(z) since e is a generator of M(Y). For z = NΛ0(k) where Λ0 ∈ V0, we have

M(z) = Λ0 ⊗OF
OF̆ . Hence (1) immediately follows.

Now we proceed to prove (2). If b(x) ∈ Λ♯, then (4.53) tells us that z ∈ ZPap(x)(k)

for any z ∈ N ◦Λ2
(k). The fact that Λ♯

2 ⊂ Λ0 for any Λ0 ∈ L0 contained in Λ2 implies that

NΛ0(k) ∈ ZPap(x)(k). So NΛ2(k) ⊂ ZPap(x)(k).

If b(x) ∈ Λ2\Λ♯
2, then Λ0 := Λ♯ + Span{b(x)} is a type 0 lattice contained in Λ2 and

NΛ0(k) ∈ ZPap(x)(k). On the other hand, since τ(Λ0 ⊗OF
OF̆ ) = Λ0 ⊗OF

OF̆ , equation

(4.53) tells us that ZPap(x) does not contain any point in N ◦Λ2
(k).

If b(x) /∈ Λ2, then b(x) /∈M(z) for any z ∈ NΛ2(k), hence ZPap(x)(k)∩NΛ2(k) = ∅.

Corollary 4.10.3. Let L ⊂ V. Assume z ∈ ZPap(L)(k) and z ∈ NΛ(k) where Λ ∈ V2.

Then NΛ ⊂ ZPap(πL).

Corollary 4.10.4. Assume x ∈ V and v(x) > 0. Assume NΛ ⊂ ZPap(x)red where Λ ∈ V2,

then either NΛ ⊂ ZPap( 1πx)red or NΛ ∩ ZPap( 1πx)red is a unique superspecial point.

Lemma 4.10.5. For L ⊂ V a lattice of arbitrary rank, ZPap(L)red is connected.

Proof. Suppose ZPap(L)red has two different connected components U1 and U2. Since

SU(V) acts transitively on L, we can find a x ∈ V such that ZPap(x) ∼= NPap
2,1 (i.e. {x}⊥

is split) and ZPap(x)red ∩ Ui ̸= ∅ for i = 1, 2. Hence the reduced locus of

ZPap(L⊕ Span{x}) ∼= ZPap
2,1 (L′)

is not connected where L′ is the orthogonal projection of L onto {x}⊥. This contradicts

the description of the reduced locus of special cycles in Chapter 3.

Recall that for a lattice L ⊂ V (resp. x ∈ V), we have defined V(L) and L(L) (resp.

V(x) and L(x)) in Section 2.1.3.
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Proposition 4.10.6. Assume that x ∈ V such that h(x,x) ̸= 0. Then we have

ZPap(x)red =
⋃

Λ∈V(x)

NΛ,

where V(x) is given as follows.

1. When v(x) = 0 and SpanF {x}⊥ is non-split, there is a unique vertex lattice Λx ∈ V0

containing b(x). In this case V(x) = {Λx}.

2. When v(x) = d and SpanF {x}⊥ is non-split, we have

V(x) = {Λ ∈ V | d(Λ,Λx/πd) ≤ d}

where Λx/πd is as in (1).

3. When v(x) = 0 and SpanF {x}⊥ is split, L(x) is the tree L2,1.

4. When v(x) = d and SpanF {x}⊥ is split, we have

V(x) = {Λ ∈ V | d(Λ,L(x/πd)) ≤ d}

where L(x/πd) is as in (3).

5. When h(x,x) /∈ OF0, V(x) is empty.

Proof. Proof of (1): This is a direct consequence of Proposition 4.7.1 and the fact that

NPap
2,−1 has only one reduced point, see [Shi22, Section 2] or [RSZ18, Section 8]. Alterna-

tively since SpanF {b(x)}⊥ is non-split of dimension 2, it contains a unique self dual lattice

Λ′, then Λx := Span{b(x)} ⊕ Λ′ is the unique type 0 lattice containing b(x).

Proof of (3): Applying Proposition 4.7.1,we see that ZPap(x) ∼= NPap
2,1 is the Drinfeld

p-adic half space. The required properties of L(x) and V(x) follow.

Proof of (2): We prove this by induction. The case d = 0 is just (1). Now we assume
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d > 0 and that the statement holds for d− 1, i.e.

V(x/π) = {Λ ∈ V | d(Λ,Λx/πd) ≤ d− 1}.

Then applying Corollary 4.10.3 to the lattice L = Span{x/π} we have

⋃
Λ∈V2, d(Λ,Λ

x/πd )≤d

NΛ ⊂ ZPap(x)red.

Corollary 4.10.4 and the induction hypothesis imply that every Λ2 ∈ V2(x) satisfies

d(Λ,Λx/πd) ≤ d. By Lemma 4.10.5 there is no isolated Λ0 ∈ V0(x), i.e. every Λ0 ∈ V0(x)

is contained in some Λ2 ∈ V2(x) if v(x) > 0. This finishes the proof of (2).

Similarly we can prove (4) by an induction on d, the case d = 0 is just (3).

(5) follows directly from Lemma 4.10.2.

4.10.3 Rank 2 case

Proposition 4.10.7. Assume that L♭ = Span{x1,x2} ⊂ V is integral of rank 2. Then

ZPap(L♭)red =
⋃

Λ∈V(L♭)

NΛ

is a finite union, where V(L♭) is the set of vertices of the tree L(L♭) described as follows.

1. Assume L♭ ≈ H2a+1 for some a ∈ Z≥0. Then L(L♭) is a ball centered at a vertex

lattice of type 2 with radius 2a+1
2 .

2. Assume L♭ = Span{πax1, π
ax2} where v(x1) = 0, v(x2) ≥ 0 and SpanF {x1}⊥ is

nonsplit. Then L(L♭) is a ball centered at a vertex lattice of type 0 with radius a.

3. Assume L♭ = Span{πax1, π
a+rx2} where x1⊥x2, v(x1) = v(x2) = 0, r ≥ 0 and

SpanF {x1}⊥ is split. Then

L(L♭) = {Λ ∈ V | d(Λ,L(π−aL♭)) ≤ a},
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where

L(π−aL♭) = {Λ ∈ L(x1) | d(Λ,Λ0) ≤ r},

L(x1) is described in (3) of Proposition 4.10.6 and Λ0 is the unique type 0 vertex

lattice containing {x1,x2}.

Proof. As in the proof of Proposition 4.10.2, for a Λ ∈ V, NΛ ⊂ ZPap(L♭)red if and only if

Λ♯ contains b(x1), b(x2).

We first prove (1) when a = 0. Suppose Λ ∈ V2(L♭). Extend {b(x1), b(x2)} to a basis

{b(x1), b(x2), b3} of V with Gram matrix H1⊕{−ϵ}. Choose a basis {v1, v2, v3} of Λ♯ with

the same Gram matrix H1 ⊕ {−ϵ}. Then b(xi) ∈ Λ♯ (i = 1, 2) by Lemma 4.10.2 and

b(xi) = ai1v1 + ai2v2 + ai3v3

where aij ∈ OF (j = 1, 2, 3). The fact that (b(xi), b(xj))1≤i,j≤2 = T implies ai3 ∈ πOF for

i = 1, 2 and (aij)1≤i,j≤2 is in GL2(OF ). This guarantees that L♭ is a direct summand of

Λ♯ by Gram-Schmit process. Hence Λ♯ is in fact the lattice SpanOF
{b(x1), b(x2), b3}. The

fact that all Λ0 ∈ V0(L♭) are in Λ follows from Lemma 4.10.5.

When a = 0, (2) follows from the fact that ZPap(x1) = NPap
2,−1 (by Proposition 4.7.1)

and ZPap(L♭)red = ZPap(x1)red is a unique superspecial point. Similarly when a = 0, (3)

follows from the fact that ZPap(x1) = NPap
2,1 and Corollary 3.2.11.

Now we prove (1), (2) and (3) for general a. First of all, L(L♭) = L(πax1) ∩ L(πax2)

by definition. By Corollary 4.10.3 we have

{Λ ∈ V | d(Λ,L(π−aL♭)) ≤ a} ⊂ L(πax1) ∩ L(πax2).

Notice that for a sub-tree L′ of a tree L and a vertex x ∈ L \ L′, there is a unique

geodesic segment joining x with L′. Given Λ ∈ L(L♭) = L(πax1) ∩ L(πax2), let γ be the

unique geodesic segment joining Λ with L(π−aL♭). Assume that γ intersects L(π−aL♭) at

Λ(L♭). Since L(π−aL♭) = L(x1) ∩ L(x2), γ necessarily intersects both L(x1) and L(x2).
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Without loss of generality we assume that γ intersects L(x1) at Λ(x1) first. Hence the

intersection of γ with L(x2) is Λ(L
♭) and

d(Λ,Λ(x1)) = d(Λ,L(x1)) ≤ d(Λ,Λ(L♭)) = d(Λ,L(x2)).

Now by Proposition 4.10.6, we have

d(Λ,L(x1)) ≤ a, d(Λ,L(x2)) ≤ a.

Hence d(Λ,L(π−aL♭)) ≤ a. This shows that

{Λ ∈ V | d(Λ,L(π−aL♭)) ≤ a} = L(πax1) ∩ L(πax2).

The general case of (1), (2) and (3) follows from the above equation and the case a = 0.

Notice that (1), (2) and (3) have covered all possibilities of L♭ due to the classification

of hermitian lattices. Notice that in every case V(L♭) is finite. This finishes the proof of

the proposition.

Definition 4.10.8. Assume that L♭ is an integral lattice of rank 2 in V. Define S(L♭),

the skeleton of L(L♭), as follows. If the fundamental invariant of L♭ is (2a, b) (b ≥ 2a),

define S(L♭) := L(π−aL♭). If the fundamental invariant of L♭ is (2a + 1, 2a + 1), define

S(L♭) := ∅.

Remark 4.10.9. The skeleton S(L♭) is isomorphic to a ball in the Bruhat-Tits tree of

NPap
2,±1.

Corollary 4.10.10. For each Λ2 ∈ V2(L♭) not on the skeleton S(L♭), one can find Λ0 ∈

V0(L♭) such that Λ2 has the largest distance to the boundary B(L♭) of L(L♭) among all

type 2 lattices in V2(L♭) containing Λ0.

Proof. Assmue the fundamental invariant of L♭ is (2a, b) or (2a+1, 2a+1). Define M ♭ :=

π−aL♭. Let b be the unique integer such that Λ2 ∈ L(πbM ♭) \ L(πb−1M ♭). Choose any
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Λ0 ∈ B(πbM ♭) such that Λ0 ⊂ Λ. Then by Proposition 4.10.7, Λ0 satisfies the assumption

of the corollary.

4.10.4 The Krämer model

For Λ ∈ V2, let ÑΛ be the strict transform of NΛ under the blow-up NKra → NPap. Since

the strict transform of a regular curve along any of its closed point is an isomorphism, we

know ÑΛ
∼= P1.

Lemma 4.10.11. For Λ ̸= Λ′ ∈ V2, ÑΛ and ÑΛ′ do not intersect.

Proof. If NΛ and NΛ′ do not intersect in NPap, then obviously ÑΛ and ÑΛ′ do not

intersect. Without loss of generality we can assume Λ = Span{e1, e2, e3} and Λ′ =

Span{π−1e1, πe2, e3} where the Gram matrix of {e1, e2, e3} is Diag(H, ϵ). Take x0 = e3.

Then by Proposition 4.10.7, both ÑΛ and ÑΛ′ are in Z̃(x0) ∼= NKra
2,1 . Now by Lemma

3.4.4, ÑΛ and ÑΛ′ do not intersect.

Lemma 4.10.12. Let Λ ∈ V2 and Λ0 ∈ V0. When Λ0 ⊂ Λ, ÑΛ intersects properly with

ExcΛ0 and

χ(NKra,OÑΛ
⊗OExcΛ0

) = 1. (4.55)

When Λ0 is not contained in Λ, ÑΛ does not intersect with ExcΛ0.

Proof. First assume Λ0 ⊂ Λ. Since ÑΛ is a strict transformation of a curve, it intersects

the exceptional divisor properly. Let x0 be as in the proof of Lemma 4.10.11. Then ÑΛ is

in Z̃(x0) ∼= NKra
2,1 .

χ(NKra,OÑΛ
⊗OExcΛ0

) = χ(NKra,OÑΛ
⊗OZ̃(x0)

OZ̃(x0)
⊗OExcΛ0

)

= χ(Z̃(x0),OÑΛ
⊗OZ̃(x0)

OExc′).

Here Exc′ ∼= P1
k is the exceptional divisor on Z̃(x0) corresponding to the rank 2 self-dual

lattice

Λ′ = {v ∈ Λ0 | v⊥x0}.
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By Lemma 3.4.3, we know χ(Z̃(x0),OÑΛ
⊗OZ̃(x0)

OExc′) = 1. When Λ0 is not contained

in Λ, the superspecial point NΛ0(k) is not contained in NΛ, hence ÑΛ does not intersect

with ExcΛ0 .

4.11 Intersection of vertical components and special divi-

sors

In this section we study the intersection of ÑΛ and special divisors. The main result is

Theorem 4.11.2. To proceed we first study the decomposition of LZKra(L♭) when v(L♭) =

0. Since n is odd, we can without loss of generality assume that χ(V) = χ(C) = 1. In the

rest of the thesis, we identify V with C by the isomorphism b defined in (2.5).

4.11.1 Decomposition of LZKra(L♭)

Let L♭ = Span{x1,x2} where x1,x2 ∈ V are linearly independent and the hermitian form

restricted to L is non-degenerate.

Lemma 4.11.1. LZKra(L♭) = [OZKra(x1)⊗
LOZKra(x2)] ∈ K0(NKra) is in fact in F2K0(NKra).

Moreover we have the decomposition in Gr2K
ZKra(L♭)
0 (NKra)

LZKra(L♭) = ZKra(L♭)h +
LZKra(L♭)v. (4.56)

where ZKra(L♭)h is described in Theorem 4.8.2 and LZKra(L)v ∈ Gr2K
ZKra(L♭)v
0 (NKra).

Proof. By Lemma 2.2.3, ZKra(L♭) is Noetherian and has a decomposition

ZKra(L♭) = ZKra(L♭)h ∪ ZKra(L♭)v.

Expressing Z(xi) (i = 1, 2) as in (4.31) and applying Propositions 4.6.2, 4.6.3 and Lemma

4.6.4, LZKra(L♭) equals

[OZ̃(x1)
⊗L OZ̃(x2)

] +
∑

Λ0∈V0(L♭)

(2mΛ0(x1)mΛ0(x2) +mΛ0(x1) +mΛ0(x2))HΛ0 .



146

ZKra(L♭)h is contained in Z̃(x1)∩ Z̃(x2) and has dimension 1 by Theorem 4.8.2. Z̃(x1)∩

Z̃(x2)v also has dimension 1 as it is supported on the reduced locus of NKra by Lemma

2.2.4 and does not contain any exceptional divisor ExcΛ0 . Hence

[OZ̃(x1)
⊗L OZ̃(x2)

] = [OZ̃(x1)∩Z̃(x2)
] ∈ F2K0(NKra), (4.57)

see for example [Zha21, Lemma B.2]. Hence we know that LZKra(L♭) ∈ F2K0(NKra). The

desired decomposition then follows from Theorem 4.8.2.

By Lemma 4.11.1 and (2.12) we know that LZKra(L♭)v ∈ K ′0(Y ) where we can take

Y to be the reduced locus of NKra. By the Bruhat-Tits stratification of NKra and the

fact that Gr1K
ExcΛ0
0 (NKra) ∼= CH1(ExcΛ0) is generated by HΛ0 , we have the following

decomposition in Gr2K0(NKra):

LZKra(L♭)v =
∑

Λ2∈V2(L♭)

m(Λ2, L
♭)[OÑΛ2

] +
∑

Λ0∈V0(L♭)

m(Λ0, L
♭)HΛ0 . (4.58)

We will determine the multiplicities m(Λ2, L
♭) and m(Λ0, L

♭) when val(L♭) = 0 in this

section and deal with the general case in Section 4.12.

Now assume L♭ = Span{x1,x2} with Gram matrix Diag(u1, u2(−π0)n) with u1, u2 ∈

O×F0
. Applying Proposition 4.6.2 to ZKra(x1), we find

LZKra(L♭) = [OZ̃(x1)
⊗L OZKra(x2)] +

∑
Λ0∈V0(x1)

[OExcΛ0
⊗L OZKra(x2)].

By Proposition 4.7.1, we know the intersection Z̃(x1)∩ZKra(x2) is proper and is isomorphic

to ZKra
2,χ(u1)

(x2). Combining this with Corollary 4.6.5 we obtain

LZKra(L♭) = i∗(
LZKra

2,χ(u1)
(x2))−

∑
Λ0∈V0(L♭)

HΛ0 . (4.59)

where i∗ is the map Gr1K0(NKra
2,χ(u1)

) → Gr2K0(NKra
3,1 ) induced by the closed immersion

i : NKra
2,χ(u1)

→ NKra
3,1 . Equation (4.59) reduces the problem of decomposing LZKra(L♭) in
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this case to [Shi22, Theorem 4.5] and Theorem 3.3.1. We do not make the effort to write

the complete result down, but instead look at two basic examples.

Let us begin by the case when L♭ is unimodular. By (4.59) and either [Shi22, Theorem

4.5] or Theorem 3.3.1, we have

LZKra(L♭) = [OZ̃(L♭)◦ ] (4.60)

in the notation of Theorem 4.8.2.

Next consider L♭ = Span{x1,x2} with Gram matrix Diag(1,−uπ0) where u ∈ O×F0
.

Then Span{x1}⊥ is split and Z̃(x1) ∼= NKra
2,1 . By Proposition 4.10.7 (3), V2(L♭) consists

of two adjacent lattices Λ and Λ′. Moreover by Theorem 3.3.1 and (4.59), we have

LZKra(L♭)v = [OÑΛ
] + [OÑΛ′

] +HΛ∩Λ′ . (4.61)

4.11.2 The intersection number

Assume Λ ∈ V2. For x ∈ V\{0}, define

IntΛ(x) := χ(NKra,OÑΛ
⊗L OZKra(x)). (4.62)

In this subsection we prove the following theorem.

Theorem 4.11.2. Let Λ ∈ V2 and x ∈ V\{0}. Then

IntΛ(x) = 1Λ(x)

where 1Λ is the characteristic function of Λ ⊂ V.

Corollary 4.11.3. Assume that Λ0 ∈ L0 and Λ ∈ L2 such that Λ0 ⊂ Λ. Then for any

y0 ∈ Λ0 \ πΛ0 such that y⊥0 is nonsplit, we have

χ(NKra,OÑΛ
⊗L OZ̃(y0)) = 0.
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Proof. By Proposition 4.6.2, we know

ZKra(y0) = Z̃(y0) + ExcΛ0 .

Now the corollary follows immediately from Theorem 4.11.2 and Lemma 4.10.12.

Proof of Theorem 4.11.2: We consider three different cases. First if x /∈ Λ or v(x) < 0,

then by Lemma 4.10.2, ZKra(x) ∩ ÑΛ = ∅ hence IntΛ(x) = 0. From now on we assume

x ∈ Λ and v(x) ≥ 0. Write x = x0π
n with x0 ∈ Λ\πΛ and n ≥ 0.

Case 1: First we assume x0 ∈ Λ\Λ♯. Choose a basis {e′1, e′2, e′3} of Λ with Gram

matrix H1
3,1 such that

x0 = xe′1 + ye′2 + ze′3.

Then one of x and y is in O×F as Λ♯ = Span{πe′1, πe′2, e3}. Apparently the equation

2u− vv̄ = h(x0,x0)

has a solution (u, v) ∈ O2
F0

with u ∈ O×F0
. Now according to Lemma 4.5.2, we can find a

matrix g ∈ U(H1
3,1)(OF0) such that

g


x

y

z

 =


πu

1

v

 .

Now replace the basis {e′1, e′2, e′3} by {e1, e2, e3} = {e′1, e′2, e′3}g−1, we have

x0 = πue1 + e2 + ve3

where u ∈ O×F0
, v ∈ OF .

Define

f1 =
1

π
u−1e2, f2 = πue1, f3 = e3. (4.63)
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Then {f1, f2, f3} has also Gram matrix H1
3,1 and Λ′ := Span{f1, f2, f3} is a type 2 lattice

adjacent to Λ with Λc = Λ ∩ Λ′ = Span{πe1, e2, e3} is a type 0 lattice. Now in terms of

the basis {f1, f2, f3} we have

x = πn(πuf1 + f2 + vf3).

Define θ ∈ U(V) by taking the basis {e1, e2, e3} to {f1, f2, f3}. Then

θ(x) = x, θ(Λ) = Λ′.

In particular θ(ZKra(x)) = ZKra(x) and

IntΛ′(x) = IntΛ(x). (4.64)

Now let

y0 = e3, y1 = π(−πue1 + e2),

L♭ = Span{y0,y1}, and L = Span{y0,y1,x}. Then by (4.61) and Theorem 4.8.2 we have

LZKra(L♭) = [OÑΛ
] + [OÑΛ′

] +HΛc + [OZ̃(M♭)]. (4.65)

where Z̃(M ♭) is the quasi canonical-lifting cycle of the lattice

M ♭ := Span{e3,−πue1 + e2}.

Combining with (4.64), we have

Int(L) = 2 · IntΛ(x) + χ(NKra, LZKra(x) ·HΛc) + χ(NKra, LZKra(x) · [OZ̃(M♭)]). (4.66)
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Let x′ = πn(πue1 + e2) = x− πnve3. Then we have

Int(L) = χ(NKra, LZKra(y0) · LZKra(x) · LZKra(y1))

= χ(NKra, LZKra(y0) · LZKra(x′) · LZKra(y1))

= χ(NKra,OZ̃(y0)
⊗L OZKra(x′) ⊗L OZKra(y1))

+
∑

Λ0∈V0(L)

χ(NKra,OExcΛ0
⊗L OZKra(x′) ⊗L OZKra(y1))

where we have used linear invariance ([How19, Corollary D]) and Proposition 4.6.2. Notice

that the Gram matrix of {x′,y1} is Diag(2u(−π0)n,−2uπ0). By Proposition 4.7.1 and

Theorem 3.4.1,

χ(NKra,OZ̃(y0)
⊗L OZKra(x′) ⊗L OZKra(y1)) =


1 if n = 0,

1 + n− 2q if n ≥ 1.

By Corollary 4.6.6 and Lemma 3.2.14, we know that

∑
Λ0∈V0(L)

χ(NKra,OExcΛ0
⊗L OZKra(x′) ⊗L OZKra(y1)) = |V0(L)| =


1 if n = 0,

2q + 1 if n ≥ 1.

Combining the above two equations we know that

χ(NKra, LZKra(x) · LZKra(L♭)) = n+ 2.

On the other hand, by Corollary 4.6.8,

χ(NKra, HΛ0 · LZKra(x)) = −1.

By [Gro86, Proposition 3.3]

χ(NKra,OZ̃(M♭) ⊗
L OZKra(x)) = n+ 1.
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Hence we obtain by (4.66)

IntΛ(x) = 1. (4.67)

Case 2: Now we Assume x0 ∈ Λ♯\πΛ. As in the proof of the previous case, we can

find a basis {e1, e2, e3} of Λ with Gram matrix H1
3,1 by Lemma 4.5.4 such that

x = πn(ue3 + πe1).

where u ∈ O×F0
. Define

Λ′ = Span{πe1,
1

π
e2, e3}, Λc = Λ ∩ Λ′,

then x0 ∈ Λ′\Λ′♯. Also define

y0 = e3, y1 = π(−πe1 + e2),

and L♭ := Span{y0,y1}. Then by Theorem 4.8.2 and (4.61) we have

LZKra(L♭) = [OÑΛ
] + [OÑΛ′

] +HΛc + [OZ̃(M♭)], (4.68)

where Z̃(M ♭) is the quasi-canonical lifting cycle of the lattice

M ♭ := Span{e3,−πe1 + e2}.

Let x′ := πn+1e1 = x− πnue3, then we have

χ(NKra, LZKra(x) · LZKra(L♭)) =χ(NKra,OZ̃(y0)
⊗L OZKra(x′) ⊗L OZKra(y1))

+
∑

Λ0∈V0(L)

χ(NKra,OExcΛ0
⊗L OZKra(x′) ⊗L OZKra(y1)).

Notice that the Grammatrix of {x′,y1} is equivalent toH1 when n = 0, and to Diag(u1π
n
0 , u2π0)

for some u1, u2 ∈ O×F0
when n ≥ 1. Hence by Proposition 4.7.1 and Theorem 3.4.1, we
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know that

χ(NKra,OZ̃(y0)
⊗L OZKra(x′) ⊗L OZKra(y1)) =


−(q − 1) if n = 0,

1 + n− 2q if n ≥ 1.

By Corollary 4.6.6 and Lemmas 3.2.14 and 3.2.15, we know that

∑
Λ0∈V0(L)

χ(NKra,OExcΛ0
⊗L OZKra(x′) ⊗L OZKra(y1)) = |V0(L)| =


q + 1 if n = 0,

2q + 1 if n ≥ 1.

Hence we know that

χ(NKra, LZKra(x) · LZKra(L♭)) = n+ 2.

On the other hand, by Corollary 4.6.8,

χ(NKra, HΛ0 · LZKra(x)) = −1.

By [Gro86, Proposition 3.3]

χ(NKra,OZ̃(M♭) ⊗
L OZKra(x)) = n+ 1.

Since x ∈ Λ′\Λ′♯, by the previous case we also have

IntΛ′(x) = 1.

Combining all above, we have by (4.68)

IntΛ(x) = 1. (4.69)

This finishes the proof of Theorem 4.11.2.
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4.12 Proof of the modified Kudla-Rapoport conjecture for

the case n = 3

First, we need some preparation.

Proposition 4.12.1. Assume that L ⊂ V has a Gram matrix T = Diag(u1, u2(−π0)b, u3(−π0)c)

with ui ∈ O×F0
and 0 ≤ b ≤ c. Then

Int(L) = ∂Den(L).

Moreover, for every decomposition L = L♭ ⊕ Span{x}, we have

Int(L)(2) = ∂Den(L)(2).

Proof. Fix a basis {x1,x2,x3} of L such that the Gram matrix of {x1,x2,x3} is T =

Diag(u1, T2) where u1 ∈ O×F0
and T2 ∈ Herm2(OF ). Let u

−1
1 ·L be a lattice represented by

u−11 ·T . Since Int(u−11 ·L) = Int(L) and ∂Den(u−11 ·L) = ∂Den(L), we may assume u1 = 1.

Let L♭ = Span{x2,x3}. According to Propositions 4.7.1, 4.6.2, and Corollary 4.6.6, we

have

Int(L)− Int(L♭) = χ(NKra, LZKra(x1) · LZKra(L♭))− χ(NKra, LZ̃(x1) · LZKra(L♭))

(4.70)

=
∑

Λ0∈V0(L)

χ(NKra, [OExcΛ0
] · LZKra(L♭))

= |{V0(L)}|.

Now the result we want follows by comparing (4.70) with (4.22), and the identity Int(L♭) =

∂Den(L♭) proved in [Shi22, Theorem 1.3] and Theorem 3.0.1. (2) follows from (1) and

Theorem 4.1.7 (2).
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Theorem 4.12.2. If v(L♭) > 0, we have the following decomposition of cycles in Gr2K0(NKra
3 )

D(L♭) =
∑

Λ2∈V2

L♭⊂Λ♯
2

(2[OÑΛ2
] +

∑
Λ0∈V0

Λ0⊂Λ2

HΛ0)

where Gr•K0(NKra
3 ) is the associated graded ring of K0(NKra

3 ) with respect to the codi-

mension filtration.

Proof. Under the assumption v(L♭) > 0, we can decompose D(L♭) in Gr2K0(NKra) as

D(L♭) =
∑

Λ2∈V(L♭)

m(D(L♭),Λ2)[OÑΛ2
] +

∑
Λ0∈V(L♭)

m(D(L♭),Λ0)HΛ0 , (4.71)

by (4.58) and Proposition 4.9.6.

Claim 1: m(D(L♭),Λ0) = 0 unless L♭ ⊂ Λ0. In such a case,

m(D(L♭),Λ0) =


q + 1 if Λ0 ∈ V(L♭) \ B(L♭),

1 if Λ0 ∈ B(L♭).

(4.72)

Indeed, since Λ0 is of type 0, we may choose a y0 ∈ V\L♭
F such that Span{y0}⊥ is non-split

and y0 ∈ Λ0 \ πΛ0. In this case, Proposition 4.6.2, Corollaries 4.6.7 and 4.6.8 imply that

χ(NKra, HΛ0 · [OZ̃(y0)]) = 1.

So by (4.71), Corollaries 4.11.3 and 4.7.2, we have

m(D(L♭),Λ0) = χ(NKra,D(L♭) · [OZ̃(y0)]).

Let (2a, 2b) (b > a) be the fundamental invariant of the projection of L♭ onto Span{y0}⊥.

Let φ be the natural quotient map Λ0 → Λ0/πΛ0 and define

m := dimFqφ(L
♭) ≤ 2.
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Equation (4.52) implies that m = 0 if and only if Λ0 ∈ L(L♭)\B(L♭). First assume m = 0,

in other words, L♭ ⊂ πΛ0 so b ≥ a ≥ 1. By the definition of D(L♭) and [Shi22, Theorem

1.2], we have

m(D(L♭),Λ0) = µ(a, b)− qµ(a− 1, b)− µ(a, b− 1) + qµ(a− 1, b− 1) = q + 1,

as claimed where

µ(a, b) = χ(NKra, LZKra(L♭) · [OZ̃(y0)]) =


2
∑a

s=0 q
s(a+ b+ 1− 2s)− a− b− 2 if a ≥ 0

0 if a < 0.

(4.73)

Now assume m = 1, then φ(L♭) is a line ℓ and b ≥ 1. By the assumption that y0 /∈ L♭
F ,

we know ℓ is not in Span{φ(y0)}, hence the projection of ℓ onto φ(y0)
⊥ is nonzero. Since

φ(y0)
⊥ is nonsplit, we must have a = 0. Hence by the definition of D(L♭) and (4.73), we

have

m(D(L♭),Λ0) = µ(0, b)− qµ(−1, b)− µ(0, b− 1) + qµ(−1, b− 1) = 1

as claimed. Finally, m = 2 is impossible since v(L♭) > 0. This finshes the proof of Claim

1.

Claim 2: m(D(L♭),Λ2) = 2 for any Λ2 ∈ V2(L♭).

Indeed, according to Lemma 4.6.9, we have χ(NKra,D(L♭) · [OExcΛ0
]) = 0. On the

other hand, Corollary 4.6.7 and Lemma 4.10.12 imply that

χ(NKra,D(L♭) · [OExcΛ0
]) =

∑
Λ0⊂Λ2

m(D(L♭),Λ2)− 2m(D(L♭),Λ0). (4.74)
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Combining the above with Claim 1, we have

0 = χ(NKra,D(L♭) · [OExcΛ0
]) =


∑

Λ0⊂Λ2
m(D(L♭),Λ2)− 2(q + 1) if Λ0 ∈ L(L♭) \ B(L♭),∑

Λ0⊂Λ2
m(D(L♭),Λ2)− 2 if Λ0 ∈ B(L♭).

(4.75)

Recall S(L♭) in Definition 4.10.8. First assume Λ2 ∈ L(L♭) \ S(L♭). If d(Λ2,B(L♭)) equals

to 1
2 , choose Λ0 ∈ B(L♭) such that Λ0 ⊂ Λ2, then Λ2 is the unique lattice in V2(L♭) that

contains Λ0, hence (4.75) implies that m(D(L♭),Λ2) = 2 in this case. Now Corollary

4.10.10 allows us to show m(D(L♭),Λ2) = 2 by induction on the distance d(Λ2,B(L♭)) for

any Λ2 ∈ L(L♭) \ S(L♭).

Similarly for Λ2 ∈ S(L♭), we can show m(D(L♭),Λ2) = 2 by induction on its distance

to S(L♭) ∩ B(L♭). This finishes the proof of Claim 2.

Notice that for Λ0 ∈ V(L♭)

∑
Λ2∈V2(L♭)

∑
Λ0⊂Λ2

1 =


q + 1 if Λ0 ∈ V(L♭) \ B(L♭),

1 if Λ0 ∈ B(L♭).

This finishes the proof of Theorem 4.12.2.

In the following discussion we freely use Theorem 4.11.2 and Corollary 4.6.8 without

explicitly referring to them.

Proposition 4.12.3. Assume L = L♭ k Span{x} with Gram matrix

T = Diag(Ha, u3(−π0)c)

where a is a positive odd integer, and c ≥ 0. Then

Int(L)(2) = ∂Den(L)(2) =


1− qa if a ≤ 2c,

1− q2c+1 if a > 2c.

(4.76)
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Proof. By Proposition 4.4.5, it suffices to prove the identity for Int(L)(2).

Now we compute Int(L)(2). We may take L♭ = Span{π
a+1
2 e1, π

a+1
2 e2}, where the Gram

matrix of {e1, e2} isH. Let e3 = π−cx. Then L(L♭) is centered at Span{e1, e2, e3} of radius
a
2 by Proposition 4.10.7.

Assume a ≤ 2c first. In this case, L(L♭) ⊂ L(x). As a result, we have IntΛ2(x) = 1

and IntΛ0(x) = −1 for any Λ2 ∈ V2(L♭) and Λ0 ∈ V0(L♭). Hence by Theorem 4.12.2, we

have

Int(L)(2) =
∑

Λ2∈L(L♭)

χ(NKra, (2[OÑΛ2
] +

∑
Λ0⊂Λ2

HΛ0) · ZKra(x)) (4.77)

= (1− q)|{Λ2 | Λ2 ∈ L(L♭)}|

= (1− q)(1 + (1 + q)q + (1 + q)q3 + · · ·+ (1 + q)qa−2)

= 1− qa,

as claimed.

Now we assume a > 2c. We consider the case c = 0 first. Recall that Z̃(e3) ≈ NKra
2,1 ,

hence L(L♭) ∩ L(e3) is a ball of radius a
2 in the Bruhat-Tits tree L2,1 of NPap

2,1 centerd at

the vertex lattice corresponding to π−
a+1
2 ·L♭, within which a vertex lattice Λ0 of type 0 is

contained in two vertex lattices of type 2, and a vertex lattice Λ2 of type 2 contains q+ 1

vertex lattice of type 0. Hence

|{Λ0 | Λ0 ∈ (L(L♭) \ B(L♭)) ∩ L(e3)}| = 1 + q + (1 + q)q + · · ·+ (1 + q)q
a−3
2 ,

and

|{Λ0 | Λ0 ∈ B(L♭) ∩ L(e3)}| = (1 + q)q
a−1
2 .

Moreover, notice that if e3 ∈ Λ0, then IntΛ2(e3) = 1 for any Λ2 such that Λ0 ⊂ Λ2. As a
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result,

χ(NKra,D(L♭) · ZKra(e3)) = 2(1 + q · |{Λ0 | Λ0 ∈ (L(L♭) \ B(L♭)) ∩ L(e3)}|)

− (q + 1)|{Λ0 | Λ0 ∈ (L(L♭) \ B(L♭)) ∩ L(e3)}|

− |{Λ0 | Λ0 ∈ B(L♭) ∩ L(e3)}|

= 2 + (q − 1)(1 + q + (1 + q)q + · · ·+ (1 + q)q
a−3
2 )− (1 + q)q

a−1
2

= 1− q,

which is compatible with (4.76).

Next we show

χ(NKra,D(L♭) · (ZKra(πe3)−ZKra(e3))) = q − q3.

According to Proposition 4.10.6, V(πe3) = {Λ | d(Λ,L(e3)) ≤ 1}. Hence, around each

Λ0 ∈ (L(L♭) \ B(L♭)) ∩ L(e3), there will be q(q − 1) many new vertex lattices of type 0 in

L(L♭) ∩ L(πe3) \ L(L♭) ∩ L(e3). Hence,

χ(NKra,D(L♭) · (ZKra(πe3)−ZKra(e3)))

= 2q · q(q − 1)(1 + q + (1 + q)q + (1 + q)q2 + · · ·+ (1 + q)q
a−1
2
−2)

− q(q − 1)(q + 1)(1 + q + (1 + q)q + (1 + q)q2 + · · ·+ (1 + q)q
a−1
2
−2)

− q(q − 1)(1 + q)q
a−1
2
−1

= q − q3.

Continuing in this way, we can show

χ(NKra,D(L♭) · (ZKra(πie3)−ZKra(πi−1e3))) = q2i−1 − q2i+1
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for 2i < a. So

Int(L)(2) = D(L♭) · ZKra(πce3) = 1− q2c+1 = ∂Den(2)(L)

as claimed.

Proposition 4.12.4. Assume L = L♭ k Span{x} with Gram matrix

T = Diag(u1(−π0)a, u2(−π0)b, u3(−π0)c)

where 0 < a ≤ b ≤ c, then

Int(L)(2) = ∂Den(L)(2) = 1 + χ(−u2u3)qa(qa − qb)− qa+b.

Proof. By Proposition 4.4.4, it suffices to show

Int(L)(2) = 1 + χ(−u2u3)qa(qa − qb)− qa+b. (4.78)

Notice that since a ≤ b ≤ c, we have L(L♭) ⊂ L(x) by Propositions 4.10.6 and 4.10.7.

First, we assume χ(−u2u3) = −1, then (4.78) specializes to

∂Den(T )(2) = 1− q2a.

On the other hand, L(L♭) is a ball centered at a vertex lattice of type 0 with radius a in

this case. One can show Int(L)(2) = 1− q2a exactly as in (4.77).

Now we assume χ(−u2u3) = 1. In this case, (4.78) specializes to

∂Den(L)(2) = 1 + q2a − 2qa+b.

Let r = b−a, and L♭ = Span{x1, x2}. Then L(π−aL♭) is a ball centered at a vertex lattice
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of type 0 with radius r in the Bruhat-Tits tree L2,1. Hence,

L(L♭) = {Λ | Λ ∈ L3, d(Λ,L(π−aL♭)) ≤ a}.

When a = 1, V0(π−1L♭) = V0(L♭) \ B(L♭). Then combining with Theorem 4.12.2, it is

not hard to see

Int(L)(2) = 2(q + 1 + q · 2(q + q2 + · · ·+ qr))− (q + 1)|V0(L♭) \ B(L♭)| − |B(L♭)|

= 1 + q2 − 2qb+1,

where we use the fact

|V0(π−1L♭)| = 1 + 2(q + q2 + · · ·+ qr),

and

|B(L♭)| = (q − 1)q(1 + 2(q + q2 + · · ·+ qr−1)) + 2qr+2.

Now assume a > 1. Let T be the hermitian matrix associated with L♭ kSpan{x}, then

∂Den(πL♭ k Span{x})(2) − ∂Den(L♭ k Span{x})(2)

= 1 + q2a+2 − 2qr+2a+2 − (1 + q2a − 2qr+2a)

= q2a(q2 − 1)(1− q2r)

= q2
(
∂Den(L♭ k Span{x})(2) − ∂Den(π−1L♭ k Span{x})(2)

)
,
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and

Int(πL♭ k Span{x})(2) − Int(L♭ k Span{x})(2)

= 2q|B(L♭)| − q|B(L♭)| − |B(πL♭)|

= (2q − q − q2)|B(L♭)|

= q2
(
Int(L♭ k Span{x})(2) − Int(π−1L♭ k Span{x})(2)

)
,

where we use the fact |B(πL♭ k Span{x})| = q2|B(L♭)|. Since r is arbitrary, an induction

on a gives the result we want.

Theorem 4.12.5. Assume n = 3. Then for any non-degenerate lattice L ⊂ V of rank 3,

we have

Int(L) = ∂Pden(L).

Proof. The case v(L) < 0 follows from Proposition 4.4.1 and the fact that Int(L) = 0

under this condition. Assume v(L) ≥ 0. There are three cases.

Case 1: When L has a Gram matrix Diag(u1, u2(−π0)b, u3(−π0)c) as in Proposition

4.12.1, it is proved by Proposition 4.12.1.

Case 2: When L has a basis {x1,x2,x3} whose Grammatrix is T = Diag(Ha, u3(−π0)c),

take L♭ = Span(x1,x2) and x = x3. By Propositions 4.12.1, 4.12.3, and 4.12.4, we have

Int(L♭,′ ⊕ Span{x})(2) = ∂Den(L♭,′ ⊕ Span{x})(2)

for any L♭ ⊂ L♭,′ ⊂ L♭
F (direct sums in the above identity are actually orthogonal direct

sums). Thus we have by Theorem 4.1.7 (1)

Int(L) = ∂Den(L).

Case 3: When L has a Gram matrix Diag(u1(−π0)a, u2(−π0)b, u3(−π0)c) with 0 ≤

a ≤ b ≤ c), the same argument as Case 2 gives Int(L) = ∂Den(L). This finishes the proof
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of the theorem.

Theorem 4.12.5 and Theorem 4.1.7 imply the following corollary.

Corollary 4.12.6. For any lattice L = L♭ ⊕OFx ⊂ V of rank 3, we have

Int(L)(2) = ∂Den(L)(2).
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Chapter 5

Proof of the Kudla-Rapoport

conjecture for Krämer models

First, for convenience, we take the following conventions in this chapter. In this chapter,

we let Den(M,L,X) := α(M,L,X) and

Den′(M,L) := −2 · ∂

∂X
Den(M,L,X)|X=1. (5.1)

Also, in this chapter, we say a lattice Λ is a vertex lattice of type t if πΛ♯ ⊂ Λ ⊂ Λ♯ and

[Λ♯ : Λ] = t.

5.0.1 Strategy and novelty of the proof of the Main Theorem 1.0.3

First, we review the overall proof strategy in this subsection. Our general strategy is

closest to the unramified orthogonal case proved in [LZ22b]. More precisely, fix an OF -

lattice L♭ ⊂ V of rank n − 1 and denote by W = (L♭
F )
⊥ ⊂ V. Consider functions on

V \ L♭
F ,

IntL♭(x) := Int(L♭ + ⟨x⟩), ∂DenL♭(x) := ∂Den(L♭ + ⟨x⟩).
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Then it remains to show the equality of the two functions IntL♭ = ∂DenL♭ . To show this

equality, we find a decomposition

IntL♭ = IntL♭,H + IntL♭,V , ∂DenL♭ = ∂DenL♭,H + ∂DenL♭,V

into “horizontal” and “vertical” parts such that the horizontal identity IntL♭,H = ∂DenL♭,H

holds and that the vertical parts IntL♭,V and ∂DenL♭,V behaves well under Fourier trans-

form along L♭
F .

The horizontal identity essentially reduces to the horizontal computation for n = 2 in

[Shi22] and Chapter 3. For the vertical identity, we perform a partial Fourier transform

along L♭
F and consider new functions on W \ {0},

Int⊥
L♭,V (x) :=

∫
L♭
F

IntL♭,V (y + x)dy, ∂Den⊥
L♭,V (x) :=

∫
L♭
F

∂DenL♭,V (y + x)dy.

The key is to show that Int⊥
L♭,V

and ∂Den⊥
L♭,V

are both constant on W≥0 \ {0} := {x ∈

W\{0} : val(x) ≥ 0} ofW (see §1.0.6 for notation) as in Theorem 5.2.16 and Theorem 5.6.2.

Using an induction on the valuation of L♭, we show that the difference Int⊥
L♭,V

−∂Den⊥
L♭,V

vanishes on W≤0 := {x ∈ W : val(x) ≤ 0}, and hence it vanishes identically and allows us

to conclude that IntL♭,V = ∂DenL♭,V .

On the geometric side, we prove a Bruhat–Tits stratification for the Krämer model

(Theorem 5.1.19), analogous to the case of the Pappas model treated in Rapoport–

Terstiege–Wilson [RTW14]. We make use of the linear invariance of special cycles [How19]

to express IntL♭,V as a linear combination of functions on V which are translation invari-

ant under vertex lattices. A new observation in our ramified case is that the translation

invariance already allows us to control the support of its Fourier transform well enough

(Lemma 5.2.13) to conclude the desired key constancy of Int⊥
L♭,V

on W≥0. Compared

to the unramified case, we completely avoid the Tate conjecture of generalized Deligne-

Lusztig varieties and explicit computation of their intersections with special divisors. It is

not clear that the Deligne-Lusztig cycles span the Tate cycles in this case. §5.1 studies the
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structure of Nred and special cycles, and should be of independent interest (in addition to

preparation for §5.2).

On the analytic side, we make use of the primitive decomposition of the local density

polynomial into primitive local density polynomials and obtain a decomposition.

∂Den(L) =
∑
L⊂L′

∂Pden(L′), (5.2)

where L′ runs over OF -lattices in LF containing L, and the symbol Pden stands for the

primitive version of Den (Corollary 5.3.3). Unlike the unramified or exotic smooth case,

the primitive local density polynomial itself seems rather complicated (see e.g. Corollary

5.4.2). Nevertheless we manage to prove a simple formula for its modified central derivative

∂Pden(L), which we find quite striking.

Theorem 5.0.1 (Theorem 5.5.1). Let L ⊂ V be an OF -lattice (of full rank n).

1. If L is not integral, then ∂Pden(L) = 0.

2. If L is unimodular, then

∂Pden(L) =


1, if n is odd,

0, if n is even.

3. If L is integral and of type t > 0, then

∂Pden(L) =



t−1
2∏

ℓ=1

(1− q2ℓ), if t is odd,

(1− χ(L′)q
t
2 )

t
2
−1∏

ℓ=1

(1− q2ℓ), if t is even.

Here we write L ≃ In−t k L′ with In−t unimodular of rank n− t.

The proof of this theorem occupies the entire §5.4 and §5.5, and is our major technical

innovation. One key difference between our case and the unramified or exotic smooth case
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is that in our case In and H (see (1.6) and (1.7)) have different fundamental invariants,

hence it is not clear how to reduce the calculation of ∂Pden into the embedding-counting

problems over finite fields in the style of [CY20, §3]. To deal with this difficulty, we first

decompose ∂Pden(L) according to orbits of hermitian embeddings (Theorem 5.4.1). Now

a new observation is that the primitive local density polynomial becomes simpler when L

is “very integral” (i.e., when its fundamental invariants are all ≥ 1, see Proposition 5.5.6)

in which case the decomposition in Theorem 5.4.1 is simple. The primitive local density

polynomial vanishes when L is “very non-integral” (e.g., when one of its fundamental

invariants is ≤ −2, see the proof of Lemma 5.3.1). When L is the dual of a vertex lattice

of positive type, this is just our assumption (1.10). The remaining cases (in particular

the unimodular lattice case) are much trickier to handle, whose proof occupies most of

§5.5 and is summarized in §5.5.2. The proof relies on a series of non-trivial polynomial

identities (e.g., Lemma 5.5.15 and Lemma 5.5.16) involving algebraic combinatorics of

quadratic spaces over finite fields, which should be of independent interest.

With the simple formula for ∂Pden(L) at hand, we finally prove the desired key con-

stancy of ∂Den⊥
L♭,V

on W≥0 \ {0} via involved lattice-theoretic computation in §5.6, in a

fashion similar to [LZ22b]. The techniques developed here on the analytic side seem to

have wide applicability and we hope that they may shed new light on the Kudla–Rapoport

conjecture in the context of more general level structures, e.g., for minuscule parahoric

levels at unramified places formulated by Cho [Cho22].

We remark again that in this chapter we are using a slightly different notion of vertax

lattice for convenience compared with previous chapters. We say a lattice Λ is a vertax

lattice of type t if πΛ♯ ⊂ Λ ⊂ Λ♯ and [Λ♯ : Λ] = t. Basically, a vertex lattice in this chapter

is the hermitian dual of a vertex lattice in previous chapters.

5.1 Bruhat–Tits Stratification of Krämer models

We prove a Bruhat–Tits stratification for the Krämer model (Theorem 5.1.19), analogous

to the case of the Pappas model (proposed in [Pap00]) treated in [RTW14]. More precisely,
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we define closed subschemes NΛ (Definition 5.1.4) and show that the reduced locus of N

is stratified by NΛ (Theorem 5.1.19). From this stratification we obtain a stratification

of the reduced locus of Z(L) (Proposition 5.1.20). We also show that NΛ is isomorphic

to the (modified) Deligne-Lusztig variety YV,κ̄ defined in §5.1.1 (Theorem 5.1.16), and is

in particular a smooth projective variety over κ̄. We remark here that for the purpose

of our main result (Theorem 5.7.7), only a weaker version of Proposition 5.1.20 is needed

(namely we do not need the reducedness of NΛ). However we believe the rest of this

section contributes to the theory of Rapoport-Zink space and is of independent interest.

5.1.1 Deligne-Lusztig varieties

Throughout this subsection we assume m ≥ 1. Let V be a 2m-dimensional symplectic

space over κ = Fq equipped with the symplectic form ⟨ , ⟩. Let Vκ̄ = V ⊗κ κ̄ and denote

the bilinear extension of ⟨ , ⟩ to Vκ̄ still by ⟨ , ⟩. Let Gr(i, V ) be the Grassmannian variety

parametrizing rank i locally direct summands of VR for any κ-algebra R. Let SGr(i, V )

be the subvariety of Gr(i, V ) whose κ̄-points are specified by

SGr(i, V )(κ̄) = {z ∈ Gr(i, V )(κ̄) | z is isotropic with respect to ⟨ , ⟩}.

Let SV be the subvariety of SGr(m,V ) as in [RTW14, Equation (5.3)] whose κ̄-points are

specified by

SV (κ̄) = {U ∈ SGr(m,V )(κ̄) | dim(U ∩ Φ(U)) ≥ m− 1}, (5.3)

where Φ is the Frobenius endormophism. By [RTW14, Proposition 5.3] and its remark, SV

has isolated singularities which are exactly the points where U = Φ(U). We denote by U

the nonsingular locus of SV . By Proposition 5.5 of loc.cit., SV,κ̄ is irreducible of dimension

m. To resolve the singularities of SV , define YV to be the subvariety of SGr(m,V ) ×

SGr(m− 1, V ) whose κ̄-points are specified by

YV (κ̄) = {(U,U ′) ∈ (SGr(m,V )× SGr(m− 1, V ))(κ̄) | U ′ ⊂ U ∩ Φ(U)}. (5.4)
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Then the variety YV is a projective subvariety of Gr(m,V )×Gr(m− 1, V ). The forgetful

map (U,U ′) → U defines a morphism πm : YV → SV .

Lemma 5.1.1. The morphism πm is a projective morphism. It is an isomorphism outside

the singular locus of SV . For a singular point z of SV , π
−1
m (z) ∼= Pm−1

κ̄ .

Proof. First we know πm is projective as it is a morphism between projective schemes.

Consider a κ̄-point z = U in U(κ̄). Then U ∩ Φ(U) has dimension m − 1, this entails

U ′ = U ∩Φ(U). This shows that the morphism has an inverse when restricted on π−1m (U),

hence πm|π−1
m (U) is an isomorphism of varieties.

If z = U is a singular κ̄-point, then U = Φ(U) and U ′ can be any element in Gr(m−

1, U) ∼= Pm−1
κ̄ . This finishes the proof of the lemma.

Proposition 5.1.2. The projective variety YV,κ̄ is irreducible and smooth of dimension

m.

Proof. Define SGr(m,m− 1, V ) to be the sub flag variety of SGr(m,V )× SGr(m− 1, V )

whose κ̄-points are specified by

SGr(m,m− 1, V )(κ̄) = {(U,U ′) ∈ (SGr(m,V )× SGr(m− 1, V ))(κ̄) | U ′ ⊂ U}.

Then YV,κ̄ is the intersection of the image of the closed immersion

(SGr(m,m− 1, V )κ̄)
2 → (SGr(m,V )κ̄ × SGr(m− 1, V )κ̄)

2 :

(U1, U
′
1, U2, U

′
2) 7→ (U1, U

′
1, U2, U

′
2),

with the image of the closed immersion

SGr(m,V )κ̄ × SGr(m− 1, V )κ̄ → (SGr(m,V )κ̄ × SGr(m− 1, V )κ̄)
2 :

(U3, U4) 7→ (U3, U4,Φ(U3), U4).

Since (SGr(m,m − 1, V )κ̄)
2 and SGr(m,V )κ̄ × SGr(m − 1, V )κ̄ are smooth (as they are
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homogeneous varieties), and Φ induces the zero map on the tangent space, one can see

immediately that the intersection is transversal. Hence YV,κ̄ is smooth. Since SV,κ̄ is

irreducible of dimension m, by Lemma 5.1.1, we know YV,κ̄ is connected and has an open

subvariety of dimension m. Taking into consideration the smoothness, we know YV,κ̄ must

be irreducible of dimension m. This finishes the proof of the proposition.

Remark 5.1.3. One can show that YV,κ̄ is in fact the blow-up of SV,κ̄ along its singular

locus.

5.1.2 Minuscule cycle NΛ and its tangent space

In this section, we often identify a vertex lattice Λ ⊂ V with b−1(Λ) using the isomorphism

of hermitian spaces (2.5) unless otherwise stated.

Definition 5.1.4. For a vertex lattice Λ ⊂ V of type t(Λ) = 2m, define the subfunctor NΛ

to be the subfunctor of N such that for a OF̆ -scheme S, NΛ(S) is the set of isomorphism

classes of tuples (X, ι, λ, ρ,F) satisfying the following conditions.

1. (X, ι, λ, ρ,F) ∈ Z(Λ)(S).

2. If m ≥ 1, we require in addition that x∗(Lie(G ×Spf OF̆
S)) ⊂ F for any x ∈ Λ.

We first describe the κ̄-points of N and NΛ.

Proposition 5.1.5. There is a bijection between Nred(κ̄) and the set of pairs of OF̆ -lattices

(M,M ′) in N satisfying

M ♯ =M, ΠM ⊂ τ−1(M) ⊂ Π−1M, VM ⊂M ′ ⊂ τ−1(M)∩M, and length(M/M ′) = 1.

Proof. Let (X, ι, λ, ρ,F) be a κ̄-point of N and M(X) be the OF0-relative Dieudonné

module of X. DefineM = ρ(M(X)) ⊂ N andM ′ = ρ(Pr−1(F)) ⊂ N where Pr :M(X) →

LieX =M(X)/VM(X) is the natural quotient map. The conditionM ♯ =M is equivalent

to the fact that λ is a principal polarization. The condition ΠM ⊂ τ−1(M) ⊂ Π−1M
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is equivalent to π0M ⊂ VM ⊂ M . The condition VM ⊂ M ′ ⊂ τ−1(M) ∩ M and

length(M/M ′) = 1 is equivalent to the condition

VM ⊂M ′ ⊂M, ΠM ′ ⊂ VM, dimκ̄(M/M ′) = 1,

which is in turn equivalent to

F ⊂ LieX, dimκ̄(F) = n− 1, Π · F = {0}, Π · LieX ⊂ F .

Notice that the condition Π · LieX ⊂ F is automatic once we know dimκ̄(F) = n − 1

and F is stable under the action of Π. Hence the filtration F ⊂ LieX satisfies Krämer’s

signature condition and we have translated all conditions in the definition of N in term

of relative Dieudonné modules. The proposition now follows from Dieudonné theory.

For a vertex lattice Λ in V or C, define

Λ̆ := Λ⊗OF
OF̆ , Λ̆

♯ := Λ♯ ⊗OF
OF̆ . (5.5)

Corollary 5.1.6. Let Λ be a vertex lattice in C. There is a bijection between NΛ(κ̄) and

the set of pairs of OF̆ -lattices (M,M ′) in N satisfying the conditions in Proposition 5.1.5

and the following condition.

1. If t(Λ) = 0, then M = Λ̆.

2. If t(Λ) ≥ 2, then Λ̆ ⊂M ′ ⊂M .

Proof. By Dieudonné theory, a point (X, ι, λ, ρ,F) ∈ N (κ̄) is in Z(Λ)(κ̄) if and only if

ρ−1 ◦ x(M(Y)) ⊂ M(X) for any x ∈ b−1(Λ). Since M(Y) is generated by e, this is the

case if and only if x(e) ∈ M = ρ(M(X)) for any x ∈ b−1(Λ), if and only if Λ ⊂ M

(by the definition of b (2.5)), if and only if Λ̆ ⊂ M . When t(Λ) = 0, both M and Λ̆

are unimodular, thus M = Λ̆. Similarly (2) is equivalent to Condition (2) in Definition

5.1.4 as the Lie algebra of Y is generated by the image of e under the quotient map
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M(Y) → LieY =M(Y)/VM(Y).

To study the tangent space of NΛ, we recall the Grothendieck-Messing deformation

theory of N from [How19, §3]. We remark here that although [How19] deals with the

case F0 = Qp, the argument in fact applies to general F0 using the relative display theory

of [ACZ16]. Let R ∈ NilpOF̆ . For a strict OF0-module X over SpecR, we denote by

D(X) the OF0-relative Dieudonné crystal in the sense of [ACZ16, §3]. A point z ∈ N (R)

corresponds to a strict OF0-module (X, ι, λ) over R together with filtration F ⊂ LieX

satisfying Definition 2.1.2. We have the following exact sequence of locally free R-modules

0 → Fil(X) → D(X) → LieX → 0, (5.6)

where Fil(X) and LieX are of rank n and D(X) is of rank 2n. The principal polarization

λ induces a symplectic form ⟨ , ⟩ on D(X) such that

⟨ι(a)x, y⟩ = ⟨x, ι(ā)y⟩

for all a ∈ OF and x, y ∈ D(X). With respect to ⟨ , ⟩ the Hodge filtration Fil(X) is

maximal isotropic. Hence ⟨ , ⟩ induces a perfect pairing (still denoted by ⟨ , ⟩):

⟨ , ⟩ : Fil(X)× LieX → R. (5.7)

The submodule F ⊂ LieX and its perpendicular complement F⊥ (which is locally a direct

summand of Fil(X) of rank one) with respect to (5.7) determine each other. The condition

on F in Definition 2.1.2 is

OF acts on F by OF
ī−→ OF̆ → OS and on LieX/F by OF

i−→ OF̆ → OS . (5.8)

This is equivalent to the condition that OF acts on F⊥ by OF
ī−→ OF̆ → OS and on

Fil(X)/F⊥ by OF
i−→ OF̆ → OS . Since OF0 acts on D(X) by i0 and OF = OF0 [π], (5.8) is
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further equivalent to

(Π + π) · F⊥ = 0, (Π− π) · Fil(X) ⊂ F⊥, (5.9)

where we use Π to denote the action ι(π) on D(X).

Definition 5.1.7. Let C be the following category. Objects in C are triples (O,O → κ̄, d)

where O is an Artinian OF̆ -algebra, O → κ̄ is an OF̆ -algebra homomorphism, and d is a

nilpotent OF0-pd-structure (see [ACZ16, Definition 1.2.2]) on Ker(O → κ̄). Morphisms

in C are OF̆ -algebra homomorphisms compatible with structure maps to κ̄ and OF0-pd-

structure structures.

Let z = (X, ι, λ, ρ,F) ∈ Z(Λ)(κ̄) and M = ρ(M(X)) ⊂ N . Then Λ ⊂M by Corollary

5.1.6. We can identify (5.6) with

0 → VM/π0M →M/π0M →M/VM → 0.

Let F⊥ ⊂ VM/π0M be the perpendicular complement of F as described above. Denote

by Z(Λ)z (resp. NΛ,z) the completion of Z(Λ) (resp. NΛ) at z. For any O ∈ C and z̃ =

(X̃, · · · ) ∈ Z(Λ)z(O), we can identify D(X̃) with MO :=M ⊗OF̆0
O and by Grothendieck-

Messing theory z̃ corresponds to a filtration of free O-module direct summands

F̃⊥ ⊂ F̃il ⊂MO,

which lifts the filtration F⊥ ⊂ Fil ⊂Mκ̄ =M/π0M . Let fO be the map

fO : z̃ 7→ (F̃⊥, F̃il). (5.10)

Lemma 5.1.8. Let the notations be as above. Denote by ΛM,O the image of the composi-

tion of maps Λ̆ →M →MO, and let Λ⊥M,O be its perpendicular complement in MO under

the alternating form ⟨ , ⟩.
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1. The map fO defines a bijection from Z(Λ)z(O) to the set consisting of pairs (F̃⊥, F̃il)

lifting (F⊥,Fil) satisfying the following conditions:

(a) F̃⊥ and F̃il are free O-module direct summands of MO of rank 1 and n respectively

and F̃⊥ ⊂ F̃il;

(b) F̃il is isotropic with respect to ⟨ , ⟩;

(c) (Π + π) · F̃⊥ = 0 and (Π− π) · F̃il ⊂ F̃⊥;

(d) F̃il contains F̃il
−
:= (Π + π) · ΛM,O.

2. The restriction of fO to NΛ,z(O) defines a bijection from NΛ,z(O) to the set consisting

of pairs (F̃⊥, F̃il) satisfying the above conditions together with the extra condition:

(e) F̃⊥ ⊂ Λ⊥M,O.

Proof. Proof of (1): By the previous discussion, (F̃⊥, F̃il) satisfies conditions (a), (b) and

(c) for any z̃ ⊂ Nz(O) (Nz is the completion of N at z). Conversely by Grothendieck-

Messing theory any pair (F̃⊥, F̃il) lifting (F⊥,Fil) satisfying (a), (b) and (c) gives rise to a

unique point z̃ ∈ Nz(O). Since the action of OF on LieG is via the inclusion ī, the Hodge

filtration of GO is SpanO{(Π+π) · e⊗ 1} where e is a generator of M(Y) as in §2.1.2. The

image of the SpanO{(Π + π) · e⊗ 1} under elements of Λ ⊂ V in MO is exactly F̃il
−
. By

Grothendick-Messing theory again, z̃ ∈ Z(Λ)z(O) if and only if condition (d) holds.

(2) is a corollary of (1). For any z̃ = (X̃, . . . , F̃) ∈ Z(Λ)z(O), let F̃ ′ be the preimage of

F̃ under the quotient map MO →MO/F̃il. Condition (2) in Definition 5.1.4 is equivalent

to ΛM,O ⊂ F̃ ′ by the same reasoning as Corollary 5.1.6. The perpendicular complement

of F̃ ′ with respect to ⟨ , ⟩ is F̃⊥. Hence condition (2) in Definition 5.1.4 is equivalent to

condition (e). Hence z̃ ∈ NΛ,z(O) if and only if (e) is satisfied. This finishes the proof of

the lemma.

Lemma 5.1.9. Let Λ be a vertex lattice of type 2m in C and M ⊂ N be an OF̆ -lattice

such that Λ ⊂M and M =M ♯. Then there is an OF̆ -basis {e1, . . . , en} of M such that

(eα, eα+m) = 1, (eµ, eµ) ∈ O×
F̆
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for 1 ≤ α ≤ m, 2m+ 1 ≤ µ ≤ n, the inner product ( , ) between any other basis vectors is

zero, and

Λ̆ = SpanOF̆
{Πe1, . . . ,Πem, em+1, . . . , en}.

Proof. By assumption we have ΠM ⊂ ΠΛ̆♯ ⊂ Λ̆ ⊂M and dimκ̄(M/Λ̆) = m. With respect

to the κ̄-valued quadratic form ( , ) (mod π) on M/ΠM , Λ̆/ΠM has a decomposition

Λ̆/ΠM = R kW,

where R is totally isotropic and W is non-degenerate. Then by the nondegeneracy of ( , )

(mod π) on M/ΠM we know that there is a totally isotropic subspace R′ such that

M/ΠM = (R′ ⊕R) kW,

and ( , ) (mod π) induces a perfect pairing between R and R′. Hence we can find a basis

{ē1, ēn} ofM/ΠM such thatR′ = ⟨ē1, . . . , ēm⟩, R = ⟨ēm+1, . . . , ē2m⟩,W = ⟨ē2m+1, . . . , ēn⟩,

and

(ēα, ēα+m) = 1 (mod π), (ēµ, ēµ) (mod π) ∈ κ̄×

for 1 ≤ α ≤ m and 2m + 1 ≤ µ ≤ n and the pairing between all other basis vectors

are zero. We can lift the above basis to a basis {e1, . . . , en} of M which will satisfy the

assumptions of the lemma.

Proposition 5.1.10. The scheme Z(Λ) has no OF̆ /(π
2)-point.

Proof. Let O = OF̆ /(π
2) with the reduction map O → κ̄ and the natural OF0-pd structure

on πO. Then O ∈ C . Let z = (X, ι, λ, ρ,F) ∈ Z(Λ)(κ̄) and M = ρ(M(X)) ⊂ N as in

Proposition 5.1.5. Then by Corollary 5.1.6 Λ̆ ⊂ M , and we can assume there is an OF̆ -

basis {e1, . . . , en} ofM as in Lemma 5.1.9. Denote the image of ei inMO still by ei. Then

{e1, . . . , en,Πe1, . . . ,Πen} is an O-basis of MO. With respect to the alternating form ⟨ , ⟩,
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we have by (2.2)

⟨eα,Πem+α⟩ = −1/δ, ⟨em+α,Πeα⟩ = −1/δ, ⟨eµ,Πeµ⟩ ∈ O×
F̆0
, (5.11)

for 1 ≤ α ≤ m, 2m+ 1 ≤ µ ≤ n, and all other pairings between basis vectors are zero.

Assume that z can be lifted to a point z̃ ∈ Z(Λ)z(O), which corresponds to a pair

(F̃⊥, F̃il) as in Lemma 5.1.8. First notice that

F̃il
−
= (Π + π) · ΛM,O = SpanOF̆⊗O

F̆0
O{πΠe1, . . . , πΠem, (Π + π)em+1, . . . , (Π + π)en}.

(5.12)

With respect to the alternating form ⟨ , ⟩, its perpendicular complement (F̃il
−
)⊥ in ΛM,O

is generated by

{(Π + π)e1, . . . (Π + π)em,Πem+1, πem+1, . . . ,Πe2m, πe2m, (Π + π)e2m+1, . . . , (Π + π)en}.

(5.13)

By Lemma 5.1.8 (c), F̃⊥ is annihilated by Π + π, hence it is spanned by a vector

v =

n∑
i=1

ai(Π− π)ei,

where ai ∈ O× for some i as F̃⊥ is a direct summand of MO. By Lemma 5.1.8, we

must have F̃il
−

⊂ F̃il, F̃⊥ ⊂ F̃il and F̃il is isotropic. Hence F̃il ⊂ (F̃il
−
)⊥. Moreover

⟨F̃il
−
, F̃⊥⟩ = 0, which implies ai ∈ πO for 1 ≤ i ≤ m and 2m+ 1 ≤ i ≤ n. Hence without

loss of generality we can assume that am+1 = 1.

Since F̃il is a direct summand of MO we have MO = F̃il⊕ S where S is an O-module.

We can write Πe1 = w +w′ where w ∈ F̃il and w′ ∈ S. Since πΠe1 ∈ F̃il
−
⊂ F̃il, we must

have πw′ = 0. This implies that w′ ∈ πMO and w is of the form

w = (Π + bπ)e1 + x

where b ∈ O and x ∈ π · SpanO{e2,Πe2, . . . , en,Πen}. Since w ∈ F̃il ⊂ (F̃il
−
)⊥, by (5.13),
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we must have b = 1 and x is of the form

x =
m∑
i=2

di(Π + π)ei +
2m∑

i=m+1

(ci + diΠ)ei +
n∑

i=2m+1

di(Π + π)ei,

where ci ∈ πO for m + 1 ≤ i ≤ 2m and di ∈ πO for 2 ≤ i ≤ n. Since (Π + π)ei ∈ F̃il for

2m + 1 ≤ i ≤ n, by changing w and x at the same time if necessary we can assume that

di = 0 for 2m+ 1 ≤ i ≤ n. By (5.11), we have

⟨(Π + π)e1, (Π− π)em+1⟩ = 2π⟨e1,Πem+1⟩ ≠ 0.

Moreover

⟨x, v⟩ =
m∑
i=2

⟨di(Π + π)ei, am+i(Π− π)em+i⟩+
2m∑

i=m+1

⟨(ci + diΠ)ei, ai−m(Π− π)ei−m⟩ = 0

Here we have used the fact that ai ∈ πO for 1 ≤ i ≤ m, ci ∈ πO for m+ 1 ≤ i ≤ 2m and

di ∈ πO for 2 ≤ i ≤ 2m. Then ⟨w, v⟩ ≠ 0 which contradicts the fact that F̃il is isotropic.

Hence there is no lift of z into Z(Λ)(O). This proves the lemma.

As NΛ is a formal subscheme of Z(Λ), the following corollary is immediate.

Corollary 5.1.11. NΛ has no OF̆ /(π
2)-point.

Proposition 5.1.12. Let Λ be a vertex lattice of type 2m (m ≥ 1) in V and z ∈ NΛ(κ̄).

Then the tangent space Tz(NΛ,κ̄) has dimension less or equal to m.

Proof. Let z = (X, ι, λ, ρ,F) ∈ NΛ(κ̄) and M = ρ(M(X)) ⊂ N as in Proposition 5.1.5.

Let O = κ̄[ϵ]/(ϵ2), then O is an OF̆ -algebra through the map OF̆ → κ̄ → O and the

ideal (ϵ) ⊂ O is equipped with a natural OF0-pd structure. Then O ∈ C . Any point

z̃ ∈ Tz(NΛ,κ̄) = NΛ,z(O) corresponds to a unique pair (F̃⊥, F̃il) lifting (F⊥,Fil) as in

Lemma 5.1.8. We prove the lemma in two cases.

Case (a): Fil ̸= Π ·Mκ̄. Since MO is a free OF ⊗OF0
O-modules of rank n, we have the



177

following exact sequence

0 → Π ·MO →MO
Π−→ Π ·MO → 0,

where Π ·MO is a free O-module of rank n and the first arrow is the natural injection.

This implies the following sequence is exact.

0 → (Π ·MO) ∩ F̃il → F̃il
Π−→ Π · F̃il → 0. (5.14)

Since F̃il ̸= Π ·MO, by (5.14) we know that Π · F̃il ̸= {0}. By Lemma 5.1.8, Π · F̃il ⊂ F̃⊥

and F̃⊥ has rank 1, we know that Π · F̃il = F̃⊥ by Nakayama’s lemma. In particular F̃⊥ is

determined by F̃il. Moreover F̃il is determined by its image in the O-module (F̃il
−
)⊥/F̃il

−

where F̃il
−
= Π · ΛM,O as in Lemma 5.1.8. Equation (5.12) is still true and implies that

F̃il
−
is an isotropic free O-module direct summand ofMO of rank n−m (notice that π = 0

in O). Notice that by (5.14) and the fact that Π·F̃il = F̃⊥ is free (in particular projective),

(Π ·MO)∩F̃il is a free direct summand of F̃il of corank 1. This implies that (Π ·MO)∩F̃il is

a free direct summand of Π ·MO of corank 1 as well. So (Π ·MO)∩ F̃il/F̃il
−
is a hyperplane

in the O-module Π ·MO/F̃il
−
of rank m, and is determined by m− 1 parameters over κ̄

as the tangent space of Pm−1
κ̄ has dimension m − 1. Hence (Π ·MO) ∩ F̃il is determined

by m − 1 parameters over κ̄ as well. Since F̃il is maximal isotropic, it corresponds to a

hyperplane in the rank two O-module

((Π ·MO) ∩ F̃il)⊥/(Π ·MO) ∩ F̃il,

hence is further determined by one parameter over κ̄ as the tangent space of P1
κ̄ has

dimension 1. This proves case (a).

Case (b): Fil = Π ·Mκ̄. By Lemma 5.1.9, we know Π ·MO ⊂ ΛM,O and ΛM,O is a free

O-module direct summand ofMO of corank m. Hence (ΛM,O)
⊥ is a free O-module of rank

m and is in (Π ·MO)⊥ = Π ·MO. As in [Krä03], we assume that we have a O ⊗OF0
OF -

basis {e1, . . . , en} of MO such that ⟨ei,Π · ej⟩ = δij for 1 ≤ i, j ≤ n and all other pairings



178

between these basis vectors are zero. The lift F̃il is spanned by x1, . . . , xn where

(x1, . . . , xn) = (e1, . . . , en,Πe1, . . . ,Πen)

Aϵ
In


where A ∈Mn(κ̄) and A = tA since F̃il is isotropic. Assume F⊥ ⊂ Fil = Π ·Mκ̄ is spanned

by
n∑

i=1

bn+iΠ · ei.

Then bn+i ̸= 0 for some i and we can assume without loss of generality bn+1 = 1. The lift

F̃⊥ is spanned by
n∑

i=1

b̃iei +

2n∑
i=n+1

b̃iΠ · ei,

where b̃n+1 = 1 and b̃n+i = bn+i + ϵci for 2 ≤ i ≤ n and some ci ∈ κ̄. Let

λ = t(b̃n+1, . . . , b̃2n).

Equations (4.7), (4.8) and (4.10) of [Krä03] tell us that

A = γ1λ · tλ

for some γ1 ∈ κ̄. Equation (4.5) of loc.cit. tells us

t(b̃1, . . . , b̃n) = Aλ,

which is equal to γ1λ · tλ ·λ = 0 as tλ ·λ = 0 by (4.9) of loc.cit.. In particular F̃⊥ ⊂ ΠMO

and a point in Tz(NΛ,κ̄) is determined by the n − 1 parameters ci for 2 ≤ i ≤ n together

with the additional parameter γ1. Now the condition F̃⊥ ⊂ (ΛM,O)
⊥ (condition (e) of

Lemma 5.1.8) imposes further n −m independent linear equations on the parameters ci

for 2 ≤ i ≤ n. This shows that the tangent space Tz(NΛ,κ̄) has dimension less or equal to

m. This finishes the proof of the proposition.



179

5.1.3 Isomorphism between NΛ and YV,κ̄

By [RTW14, Lemma 6.1], the lattices Λ̆ and Λ̆♯ (see (5.5)) are closed under Π, V and

F, hence determine supersingular p-divisible strict OF0-modules with OF -action X− and

X+ (denoted by XΛ− and XΛ+ resp. in [RTW14, §6]) of dimension n over κ̄ together

with quasi-isogenies ρ− : X− → X of height m and ρ+ : X+ → X of height −m. The

inclusion Λ̆ ⊂ Λ̆♯ also defines an isogeny ρΛ : X− → X+ of height 2m. Since X− ∼= Yn as

an OF -module for any κ̄-scheme S, on the special fiber condition (1) in Definition 5.1.4 is

equivalent to the condition

(1)′ : The quasi-isogeny ρX,− := ρ−1 ◦ (ρ−)S : (X−)S → X is an isogeny. (5.15)

This is further equivalent by loc.cit. to the condition

(1)′′ : The quasi-isogeny ρX,+ := (ρ+)
−1
S ◦ ρ : X → (X+)S is an isogeny. (5.16)

Lemma 5.1.13. The functor NΛ,κ̄ is representable by a projective scheme over κ̄. The

functor morphism NΛ,κ̄ → N is a closed immersion.

Proof. Z(Λ)κ̄ is a closed formal subscheme of N . Since for any κ̄-scheme S, Condition

(1) in Definition 5.1.4 is equivalent to (5.15), the functor Z(Λ)κ̄ can be represented by

a projective scheme over κ̄ by exact the same argument as that of [VW11, Lemma 3.2].

Condition (2) of Definition 5.1.4 defines NΛ,κ̄ as a closed subscheme of Z(Λ)κ̄, hence is

itself projective over κ̄ and a closed formal subscheme of N . This finishes the proof of the

lemma.

In the following discussion we assume that Λ has type greater or equal to 2. Let

V = Λ♯/Λ and define a symplectic form ⟨ , ⟩V on V as follows. For x̄, ȳ ∈ V with lifts

x, y ∈ Λ♯, define ⟨x̄, ȳ⟩V by the image of π0δ⟨x, y⟩ in Fq (see §2.1.2). Extend this form

bilinearly to Vκ̄. Note that τ induces identity on V and the Frobenius Φ on Vκ̄. Let R

be a κ̄-algebra and (X, ι, λ, ρ,F) ∈ NΛ(R). As in the proof of [VW11, Corollary 3.9],
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Image(D((ρΛ)R)) is a locally free direct summands of D((X+)R) of corank 2m and

D((X+)R)/Image(D((ρΛ)R)) ∼= Λ̆♯/Λ̆⊗κ̄ R = VR.

As (ρΛ)R = ρX,+ ◦ ρX,−, we know ker(ρX,+) = ker((ρΛ)R)/ ker(ρX,−) as a quotient of

finite group schemes over SpecR. Since ΠΛ̆♯ ⊂ Λ̆, by relative Dieudonné theory, we know

ker(ρΛ) ⊂ X−[ιX−(π)] or equivalently ιX−(π) ·ker(ρΛ) = {0}. Hence ι(π) ·ker(ρX,+) = {0}

or equivalently ker(ρX,+) ⊂ X[ι(π)]. Thus there exists an isogeny ρ̃X,+ : X+ → X such

that ρ̃X,+ ◦ ρX,+ is the isogeny ι(π) : X → X. Recall Fil in the exact sequence (5.6).

Lemma 5.1.14. D(ρ̃X,+)
−1(Fil) is a locally free direct summand of D(X+) that contains

D((ρΛ)R). Moreover the quotient

U(X) := D(ρ̃X,+)
−1(Fil)/Image(D((ρΛ)R)) (5.17)

is a locally free direct summand of VR of rank m.

Proof. By universality, it suffices to check the case when SpecR is an affine sub formal

scheme of NΛ. In this case, by Nakayama’s lemma, it suffices to check the condition on

the κ̄-points of NΛ. A point z ∈ NΛ(κ̄) corresponds to a pair (M,M ′) as in Corollary

5.1.6. Then the isogeny ρ̃X,+ is induced by the map of relative Dieudonné modules Λ̆♯ →

M : x 7→ Π · x. Recall Fil = VM . So

D(ρ̃X,+)
−1(Fil) = Π−1VM/π0Λ̆

♯ = τ−1(M)/π0Λ̆
♯.

Since Λ̆ ⊂M , we have Λ̆ = τ−1(Λ̆) ⊂ τ−1(M). So

Image(D((ρΛ)R)) = Λ̆/π0Λ̆
♯ ⊂ D(ρ̃X,+)

−1(Fil).

The conditionM =M ♯ is equivalent to the fact that Φ(U(X)) is Lagrangian in V , which in

turn is equivalent to the fact that U(X) is Lagrangian which implies dimκ̄ U(X) = m.
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By Condition (2) of Definition 5.1.4, we know Image(D((ρΛ)R)) ⊂ D(ρX,+)(q
−1
X (F))

where qX : D(X) → LieX is the natural quotient homomorphism of R-modules (see the

proof of Corollary 5.1.6). Define

F(X) := D(ρX,+)(q
−1
X (F))/Image(D((ρΛ)R)).

Then F(X) is a locally free direct summand of U(X) of rank m − 1. We define a map

ϕ : NΛ,κ̄ → Gr(m,Vκ̄)×Gr(m− 1, Vκ̄) by

ϕ : (X, ι, λ, ρ,F) 7→ (U(X),F(X)) ∈ (Gr(m,Vκ̄)×Gr(m− 1, Vκ̄))(R).

Lemma 5.1.15. ϕ defines a bijection between NΛ(κ̄) and YV (κ̄).

Proof. A point z ∈ NΛ(κ̄) corresponds to a pair (M,M ′) as in Corollary 5.1.6. By the

definition of ϕ we have ϕ(z) = (U,U ′) where

(U,U ′) = (Π−1VM/Λ̆,M ′/Λ̆) = (τ−1(M)/Λ̆,M ′/Λ̆) = (Φ−1(M/Λ̆),M ′/Λ̆).

As in the proof of Lemma 5.1.14, the condition M = M ♯ is equivalent to the condition

that U is Lagrangian. The condition M ′ ⊂M is equivalent to U ′ ⊂ Φ(U). The condition

M ′ ⊂ τ−1(M) is equivalent to U ′ ⊂ U . This shows that ϕ(z) ∈ YV (κ̄).

Conversely assume (U,U ′) ∈ YV (κ̄) and let M = Pr−1(Φ(U)) and M ′ = Pr−1(U ′)

where Pr : Λ̆♯ → Λ̆♯/Λ̆ is the natural quotient map. Then by definition Λ̆ ⊂M ′ ⊂M ⊂ Λ̆♯,

and M = M ♯ as U is Lagrangian. Since VM ⊂ VΛ̆♯ = ΠΛ̆♯ ⊂ Λ̆ ⊂ M ′, we have

VM ⊂M ′. We also have

ΠM ⊂ ΠΛ̆♯ ⊂ Λ̆ = τ−1Λ̆ ⊂ τ−1(M),

and

τ−1(M) ⊂ τ−1(Λ̆♯) = Λ̆♯ ⊂ Π−1Λ̆ ⊂ Π−1M. (5.18)
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Hence ΠM ⊂ τ−1(M) ⊂ Π−1M . This shows that (M,M ′) satisfies the conditions in

Proposition 5.1.5 and Corollary 5.1.6. This defines the inverse of ϕ on the level of κ̄-

points. Hence ϕ defines a bijection between NΛ(κ̄) and YV (κ̄).

Theorem 5.1.16. Let Λ be a vertex lattice of type 2m (m ≥ 1) in V. Then NΛ is reduced

and the morphism ϕ defines an isomorphism NΛ → YV,κ̄. In particular NΛ is smooth of

dimension m over κ̄.

Proof. Let N red
Λ be the underlying reduced κ̄-scheme of NΛ. Lemma 5.1.15 shows that ϕ

induces a morphism ϕred : N red
Λ → YV,κ̄ which is a bijection on κ̄-points, in particular quasi-

finite. Since ϕred is a morphism between projective varieties, it is projective. Moreover

using the theory of relative displays and windows, working with Cohen rings instead of

the Witt ring, we can show that N red
Λ (R) = YV (R) for any field R containing κ̄ by the

same proof as that of Lemma 5.1.15. In particular ϕred is birational. Being quasi-finite

and proper at the same time, it is an isomorphism by Zariski’s main theorem since YV,κ̄ is

normal. Now Proposition 5.1.12 implies that N red
Λ = NΛ,κ̄. By [RTZ13, Lemma 10.3] and

Corollary 5.1.11, we have NΛ = NΛ,κ̄. This finishes the proof of the theorem.

Proposition 5.1.17. Let Λ be a vertex lattice of type 0 in V. Then NΛ is the exceptional

divisor ExcΛ and is isomorphic to Pn−1
κ̄ .

Proof. Let R be any κ̄-algebra and z be any point in NΛ(R) and (X, ι, λ, ρ,F) be the

pullback of the universal object of N to z. As Λ is a unimodular lattice, the quasi-isogeny

ρ− has height 0. Thus the isogeny

ρX,− = ρ−1 ◦ (ρ−)R : (X−)R → X

has height 0 and is an isomorphism, hence we can identify (X, . . . , ρ) with ((X−)R, . . . , (ρ−)R).

As Π|Λ = V|Λ for any vertex lattice Λ, and LieX− =M(X−)/VM(X−), the action of ι(π)

on LieX− is trivial. The point z is uniquely determined by the filtration F ⊂ LieX. Hence

F can be any rank n−1 locally free R-module on LieX. This shows that NΛ is isomorphic
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to Pn−1
κ̄ and is in particular reduced. Moreover if R = κ̄, then ρ(M(X)) = Λ̆. This shows

that NΛ is a subscheme of ExcΛ according Definition 2.1.5. By the proof of Lemma 2.1.6,

we know that NΛ and ExcΛ have the same κ̄-points. As they are both reduced subscheme

of N , they must be the same. This proves the proposition.

5.1.4 Bruhat-Tits stratification

Lemma 5.1.18. For any pair (M,F) satisfying the condition in Proposition 5.1.5, there

is a unique vertex lattice Λ(M) such that Λ(M) ⊂ M and Λ(M) is maximal among all

such vertex lattices.

Proof. This is essentially [RTW14, Proposition 4.1] as such M satisfies the conditions in

Proposition 2.4 of loc.cit..

Theorem 5.1.19. There is a stratification of Nred by closed strata NΛ given by

Nred =
⋃
Λ

NΛ. (5.19)

where the union is over all vertex lattices in V. We call this the Bruhat-Tits stratification

of Nred. In the following, assume that Λ and Λ′ are vertex lattices of type greater or equal

to 2, and Λ0 and Λ′0 are vertex lattices of type 0.

1. If Λ ⊂ Λ′, then NΛ′ is a subscheme of NΛ.

2. The intersection of NΛ′ ∩ NΛ is nonempty if and only if Λ′′ = Λ + Λ′ is a vertex

lattice, in which case we have NΛ′ ∩NΛ = NΛ′′.

3. The intersection of NΛ′
0
∩NΛ0 is always empty if Λ0 ̸= Λ′0.

4. The intersection NΛ∩NΛ0 is nonempty if and only if Λ ⊂ Λ0 in which case NΛ∩NΛ0

is isomorphic to Pm−1
κ̄ where 2m is the type of Λ.

Proof. To prove (5.19), it suffices to check this on κ̄-points. A point z ∈ Nred(κ̄) corre-

sponds to a pair (M,M ′) as in Proposition 5.1.5. Take Λ = Λ(M) as in Lemma 5.1.18.
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If Λ has type 0, then both Λ̆ and M are unimodular and Λ̆ ⊂ M , so they have to be

equal. Hence z ∈ NΛ by Corollary 5.1.6. If Λ is not of type 0, then M is not τ -invariant,

hence M ′ = M ∩ τ−1(M) is uniquely determined. Since Λ is τ -invariant, Λ̆ ⊂ M ′. Hence

z ∈ NΛ(κ̄) by Corollary 5.1.6. This proves (5.19).

(1) follows immediately from Definition 5.1.4.

(2). If Λ′′ is a vertex lattice, then NΛ ∩ NΛ′ = NΛ′′ by Definition 5.1.4. Conversely

if NΛ′ ∩ NΛ(κ̄) is nonempty, let (M,M ′) ∈ NΛ′ ∩ NΛ(κ̄). Then Λ(M) ⊃ Λ + Λ′ by the

maximality of Λ(M). Then Λ + Λ′ ⊂ Λ(M) ⊂ Λ(M)♯ ⊂ Λ♯ ∩ (Λ′)♯ = (Λ + Λ′)♯. Hence

Λ + Λ′ is a vertex lattice.

(3) follows directly from Corollary 5.1.6.

(4). By Corollary 5.1.6, a point (M,M ′) ∈ N (κ̄) is in NΛ ∩ NΛ0 if and only if M =

Λ0 ⊗OF
OF̆ and Λ ⊂ M ′ ⊂ M . This show that Λ ⊂ Λ0 and M ′ corresponds to a point in

P(Λ0/Λ)(κ̄). Hence NΛ ∩NΛ0(κ̄) = P(Λ0/Λ)(κ̄). Similarly one can show that

NΛ ∩NΛ0(R) = P(Λ0/Λ)(R)

for any κ̄-algebra R. This finishes the proof of (4).

Proposition 5.1.20. For a rank r lattice L ⊂ V, the reduced subscheme Z(L)red of Z(L)

is a union of Bruhat-Tits strata:

Z(L)red =
⋃
L⊂Λ

NΛ, (5.20)

where the union is taken over all vertex lattices Λ such that L ⊂ Λ. Moreover, the inter-

section of Z(L) with NΛ is nonempty if and only if L ⊂ Λ♯.

Proof. The proof of (5.20) is the same as that of [Shi18, Proposition 3.8].

If L ⊂ Λ♯ and L is integral, define Λ′ := L+Λ. Then Λ′ is a vertex lattice and Λ ⊂ Λ′.

By Theorem 5.1.19 (1) and the definition of Z(L), NΛ′ is in the intersection of Z(L) and

NΛ.
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Conversely if the intersection of Z(L) andNΛ is not empty, then by (5.20) and Theorem

5.1.19, there exists a vertex lattice Λ′ such that Λ ⊂ Λ′ and L ⊂ Λ′. Since Λ′ ⊂ (Λ′)♯ ⊂ Λ♯,

we know that L ⊂ Λ♯. This finishes the proof of the lemma.

5.2 Fourier transform: the geometric side

5.2.1 Horizontal and vertical part of LZ(L♭)

Recall that we have the following definition of horizontal lattices.

Definition 5.2.1. Let L♭ be a rank n−1 integral lattice in V. We say that L♭ is horizontal

if one of the following conditions is satisfied.

1. L♭ is unimodular.

2. L♭ is of the form L♭ = M k L′ where M is a unimodular sublattice of rank n − 2

such that (MF )
⊥ (the perpendicular complement of MF in V) is nonsplit.

We denote the set of horizontal lattices by Hor.

Lemma 5.2.2. Let L♭ be a rank n − 1 lattice in V. Then L♭ is horizontal if and only if

there is a unique vertex lattice Λ which contains L♭. If this is the case, Λ is of type 0.

Proof. We first prove the “only if” direction. Let Λ be any vertex lattice containing L♭. If

L♭ is unimodular, then Λ has to be of the form L♭ kL′ where L′ is the unique unimodular

lattice in (L♭
F )
⊥. If L♭ is of the form M k L′ such that M is of rank n − 2 and (MF )

⊥

is nonsplit, then the proof of [Shi18, Theorem 3.10] implies that there is a unique vertex

lattice Λ′ in (MF )
⊥ which is of unimodular (this corresponds to the fact that the Bruhat-

Tits building of (MF )
⊥ has only one point). Then Λ must be of the form M kΛ′. In both

cases, Λ is unique and is of type 0.

We now prove the “if” direction. If t(L♭) ≥ 2, then there exist a type 2 vertex lattice

Λ2 containing L♭ and any type 0 vertex lattice containing Λ2 (there are q+1 of them) also

contains L♭. Hence t(L♭) ≤ 1 and L♭ is of the form M k L′ such that M is of rank n− 2.
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If (MF )
⊥ is split and val(L′) > 0, then there are more than one type 0 vertex lattices Λ′

in (MF )
⊥ containing L′. For any such Λ′, M k Λ′ is a vertex lattice of type 0 containing

L♭. This shows that in order for such Λ to be unique, L♭ must satisfies the conditions in

Definition 5.2.1. The lemma is proved.

Recall that for a rank n− 1 lattice L♭ in V, we define

Hor(L♭) := {M ♭ ∈ Hor | L♭ ⊂M ♭}. (5.21)

When dim(V) = 2 and χ(V) = −1, for y ∈ V, define

Z̃(y)◦ :=

 Z+
val(y) ⊔ Z−val(y) if val(y) > 0,

Z0 if val(y) = 0.

Here Z0
∼= Spf OF̆ and Z+

s
∼= Z−s ∼= SpfWs are quasi-canonical lifting cycles defined in

[Shi22, §3] where Ws is a totally ramified abelian extension of OF̆ of degree qs. When

dim(V) = 2 and χ(V) = 1, for y ∈ V=0, define Z̃(y)◦ to be Zh(y), where Zh(y) ∼= Spf OF̆

is as in Theorem 3.3.1. In all cases, Z̃(y)◦ is a closed subscheme of N2.

For a M ♭ ∈ Hor, we can decompose M ♭ as M k Span{y} where M is unimodular and

val(y) has to be zero if (MF )
⊥ is split. By Proposition 4.7.1, the unimodular lattice M

induces a closed embedding N2 ↪→ Nn. We define Z̃(M ♭)◦ to be the image of the composed

embedding Z̃(y)◦ ↪→ N2 ↪→ Nn where Z̃(y)◦ is the closed formal subscheme of N2 defined

above. Moreover by loc. cit., the definition of Z̃(M ♭)◦ is independent of the choice of M .

Recall the following theorem from Chapter 4 (Theorem 4.8.2):

Theorem 5.2.3. Let L♭ be a rank n− 1 non-degenerate integral lattice in V, then

Z(L♭)H =
⋃

M♭∈Hor(L♭)

Z̃(M ♭)◦. (5.22)



187

In particular, Z(L♭)H is of pure dimension 1. We have the following identity in Grn−1K
Z(L♭)
0 (N ):

[OZ(L♭)H
] =

∑
M♭∈Hor(L♭)

[OZ̃(M♭)◦ ]. (5.23)

Lemma 5.2.4. For any formal subscheme Z of N and 0 ≤ i ≤ n, F iKZ
0 (N ) is an ideal

in K0(N ).

Proof. By definition F iKZ
0 (N ) is generated by elements of the form [F•] where F• is a

finite complex of locally free coherent ON -modules acyclic outside a sub formal scheme Y

of Z such that the codimension of Y in N is greater or equal to i. By Kunneth formula

for chain complexes, the product complex F• ⊗ON K• is acyclic outside Y as well for any

finite complexes of locally free coherent ON -modules K•. This proves the lemma.

By Lemma 5.2.4, for any formal subscheme Z of N , we can define a quotient ring (not

necessary with identity)

Gr′KZ
0 (N ) := KZ

0 (N )/FnKZ
0 (N ). (5.24)

In particular Grn−1KZ
0 (N ) = Fn−1KZ

0 (N )/FnKZ
0 (N ) is a subgroup of Gr′KZ

0 (N ).

Let L♭ be a rank n−1 non-degenerate integral lattice. Since Z(L♭)H is one-dimensional,

the intersection Z(L♭)H ∩Z(L♭)V must be 0-dimensional if nonempty. It follows that there

is a decomposition

Gr′K
Z(L♭)
0 (N ) = Gr′K

Z(L♭)H
0 (N )⊕Gr′K

Z(L♭)V
0 (N ). (5.25)

Under this decomposition, we have

LZ(L♭) = LZ(L♭)H + LZ(L♭)V ∈ Gr′K
Z(L♭)
0 (N ), (5.26)

where we denote by the same notation the image of LZ(L♭) under the natural quotient

map K
Z(L♭)
0 (N ) → Gr′K

Z(L♭)
0 (N ). It follows that the element LZ(L♭)V ∈ Gr′K

Z(L♭)
0 (N )



188

is canonically defined although Z(L♭)V depends on the choice of a large integer m≫ 0.

Since Z(L♭)H has expected dimension, LZ(L♭)H is in fact in Grn−1K
Z(L♭)
0 (N ) and is

represented by the structure sheaf of Z(L♭)H . In order to match the analytic side of our

conjecture, we need to slightly modify LZ(L♭)H .

Definition 5.2.5. Let L♭ be a horizontal lattice in V. Define LZ(L♭)◦ ∈ Gr′K
Z(L♭)
0 (N )

by

LZ(L♭)◦ =


[OZ̃(L♭)◦ ] +

1−(−1)n−1

2 [OPΛ
] if L♭ is unimodular,

[OZ̃(L♭)◦ ] + [OPΛ
] otherwise,

where Λ is the unique type 0 vertex lattice containing L♭ as in Lemma 5.2.2 and PΛ is a

projective line over κ̄ in ExcΛ.

Remark 5.2.6. LZ(L♭)◦ is simply the difference cycle D(L♭) defined previously.

Definition 5.2.7. Let L♭ be a rank n−1 non-degenerate integral lattice. Define LZ(L♭)∗H ∈

Gr′K
Z(L♭)
0 (N ) by

LZ(L♭)∗H :=
∑

M♭∈Hor(L♭)

LZ(M ♭)◦,

where Z(M ♭)◦H is as in Definition 5.2.5. Define the modified vertical part of the derived

special cycle LZ(L♭) by

LZ(L♭)∗V := LZ(L♭)− LZ(L♭)∗H ∈ Gr′K
Z(L♭)
0 (N ).

For any x ∈ V \ L♭
F , define

IntL♭,H (x) := χ(N , LZ(L♭)∗H · [OZ(x)]), and IntL♭,V (x) := χ(N , LZ(L♭)∗V · [OZ(x)]).

(5.27)

Lemma 5.2.8. For a rank n− 1 non-degenerate integral lattice L♭, we have

LZ(L♭)∗V ∈ Gr′K
Z(L♭)V
0 (N ).
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Proof. By the definition of LZ(L♭)∗V , the decomposition (5.26) and Theorem 5.2.3, we

have

LZ(L♭)∗V =LZ(L♭)V + LZ(L♭)H −
∑

M♭∈Hor(L♭)

LZ(M ♭)◦

=LZ(L♭)V +
∑

M♭∈Hor(L♭)

([OZ(M♭)◦ ]−
LZ(M ♭)◦).

We know all terms in the last expression are in Gr′K
Z(L♭)V
0 (N ) by the definition of

LZ(L♭)V and Definition 5.2.5.

Lemma 5.2.9. If L♭ is a horizontal lattice of rank n− 1 in V, then

LZ(L♭)∗H = LZ(L♭). (5.28)

In particular for any x ∈ V \ L♭
F we have

IntL♭,H (x) = IntL♭(x).

Proof. Let Λ be the unique type 0 vertex lattice containing L♭ as indicated by Lemma

5.2.2. Then Λ ∩ L♭
F is the unique unimodular lattice in Hor(L♭). By Theorem 5.2.3, we

have

LZ(L♭)∗H − LZ(L♭) = (m− 1 +
1− (−1)n−1

2
)[OPΛ

]− LZ(L♭)V ,

where m := |Hor(L♭)|. By Proposition 5.1.20 and Lemma 5.2.2, we know that LZ(L♭)V ∈

Gr′KNΛ
0 (N ). Corollary 4.6.5 implies that in fact LZ(L♭)V ∈ Grn−1KNΛ

0 (N ), hence

LZ(L♭)V = m′[OPΛ
]

for some integer m′. In order to prove (5.28), it suffices to show

m′ = m− 1 + (−1)n−1

2
. (5.29)
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Now assume L♭ = M k L′ where M is unimodular and of rank n − 2 and val(L′) = a.

Then m = a+ 1. By Lemma 4.8.4, we know that

χ(N , LZ(L♭)H · [ONΛ
]) = 2a+ 1 = 2m− 1.

By Corollary 4.6.7, we know

χ(N , LZ(L♭)V · [ONΛ
]) = m′ · χ(N , [OPΛ

] · [ONΛ
]) = −2m′.

On the other hand, by Corollary 4.6.6,

χ(N , LZ(L♭)H · [ONΛ
]) + χ(N , LZ(L♭)V · [ONΛ

]) = χ(N , LZ(L♭) · [ONΛ
]) = (−1)n−1.

Combine the above equations, we get (5.29).

5.2.2 hermitian lattices and Fourier transform

We fix an additive character ψ : F0 → C× whose conductor is OF0 . Recall that the Fourier

transform with respect to ψ is defined by

φ̂(x) =

∫
V
φ(y) · ψ(TrF/F0

(x, y))dµ(y), (5.30)

where dµ is the unique self-dual Haar measure on V with respect to this transform. For

a lattice L in V we use L∨ to denote its dual under the quadratic form TrF/F0
(( , )). The

following lemma is well-known and easy to check.

Lemma 5.2.10. Let L ⊂ V be a lattice of rank n and 1L ∈ S (V) be its characteristic

function. Then

1̂L = vol(L, dµ) · 1L∨ .

Lemma 5.2.11. Let L be a rank n lattice in V. A function φ ∈ S (V) is L-invariant

(invariant under the translation of L) if and only if its Fourier transform φ̂ is supported
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on L∨.

Proof. We first prove the “only if” direction. For any µ ∈ V, let µ̄ be its image in the

quotient V/L. Define

L(µ̄) := µ+ L.

Any L-invariant function ϕ ∈ S (V) is a linear combination of the characteristic functions

1L(µ̄). So it suffices to assume ϕ = 1L(µ̄). In this case,

ϕ̂(x) = ψ(TrF/F0
(x, µ)) · 1̂L(x).

So ϕ̂(x) is supported on L∨ by Lemma 5.2.10. This proves the “only if” direction.

For the “if” direction. It suffices to show that if φ is supported on L∨, then φ̂ is

L-invariant. For any z ∈ L, we have

φ̂(x+ z) =

∫
V
φ(y) · ψ(TrF/F0

(x, y)) · ψ(TrF/F0
(z, y))dµ(y).

Since ψ(TrF/F0
(z, y)) = 1 for any z ∈ L and y ∈ L∨ and φ is supported on L∨, the above

is equal to φ̂(x). This finishes the proof of the lemma.

For an integer m, recall that

V≥m = {x ∈ V | val(x) ≥ m}.

Definition 5.2.12. Define S (V)≥m to be the subspace of S (V) consisting of functions

φ such that φ̂ is supported on V≥m.

Lemma 5.2.13. Let Λ be a vertex lattice in V. Any Λ-invariant function in S (V) is in

S (V)≥−1.

Proof. By Lemma 5.2.11, it suffices to show that Λ∨ ⊂ V≥−1. Since Λ is a vertex lattice,

we have

Λ♯ = Ht k In−2t,
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for some t. Simple calculation gives then

Λ∨ =
1

π
Λ♯ =

1

π
Ht k

1

π
In−2t ⊂ V≥−1.

5.2.3 Fourier transform of IntL♭,V

Theorem 5.2.14. Let Λ be a vertex lattice and K ∈ KNΛ
0 (N ). For any x ∈ V \ {0}, the

function that takes x to K · [OZ(x)] ∈ KNΛ
0 (N ) is Λ-invariant. More precisely, for any

y ∈ Λ such that x+ y ̸= 0, we have

K · [OZ(x)] = K · [OZ(x+y)]. (5.31)

Moreover, the function

IntK(x) := χ(N ,K · [OZ(x)])

extends to a Λ-invariant function in S (V)≥−1.

Proof. Any element K ∈ KNΛ
0 (N ) ∼= K ′0(NΛ) is a sum of elements of the form [F ] where

[F ] is a coherent sheaf of ONΛ
-module. Hence it suffices to prove the theorem for K = [F ].

By [How19, Corollary C], we know

[OZ(y) ⊗L
ON OZ(x)] = [OZ(y) ⊗L

ON OZ(x+y)].

For any y ∈ Λ with x + y ̸= 0, NΛ is a subscheme of Z(y) by Proposition 5.1.20. Hence
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we have

K · [OZ(x)] =[F ⊗L
ON OZ(x)]

=[F ⊗L
ONΛ

ONΛ
⊗OZ(y)

OZ(y) ⊗L
ON OZ(x)]

=[F ⊗L
ONΛ

ONΛ
⊗OZ(y)

OZ(y) ⊗L
ON OZ(x+y)]

=K · [OZ(x+y)]

We have proved the Λ-invariance of K · [OZ(x)]. It follows that IntK(x) is also Λ-invariant.

Hence we can define IntK(0) to be IntK(x) for any 0 ̸= x ∈ Λ and obtain a (unique) Λ-

invariant function (still denoted by IntK(x)) for all x ∈ V. In particular IntK(x) is locally

constant. If x /∈ Λ♯, by Proposition 5.1.20, the intersection of Z(x) with NΛ is empty,

which implies IntK(x) = 0. This shows that the function IntK(x) is compactly supported.

Hence it is in S (V) and is in fact in S (V)≥−1 by Lemma 5.2.13. This finishes the proof

of the theorem.

Theorem 5.2.15. For every non-degenerate lattice L♭ of V of rank n − 1, the function

IntL♭,V on V\L♭
F can be extended to an element in S (V)≥−1 which we denote by the same

notation.

Proof. Lemmas 5.2.8 and 2.2.4 imply that LZ(L♭)∗V ∈ Gr′KNred
0 (N ) ∩ Gr′K

Z(L♭)V
0 (N ).

Lemma 2.2.3 implies that there exist finitely many classes Ki ∈ Gr′KNred
0 (N )Q together

with Ci ∈ Q such that

IntL♭,V (x) =
∑
i

Ci · χ(N ,Ki · [OZ(x)]).

By Theorem 5.1.19 we may assume that Ki is supported on some NΛ. Now we can apply

Theorem 5.2.14 to conclude the proof.
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5.2.4 Partial Fourier transform

Let L♭ be a rank n− 1 non-degenerate lattice in V. Let W = (L♭
F )
⊥. For any function φ

defined on V \L♭
F , we define its partial Fourier transform φ⊥ as a function on W \ {0} by

φ⊥(x) :=

∫
L♭
F

φ(x+ y)dy, ∀x ∈ W. (5.32)

Theorem 5.2.16. The partial Fourier transform Int⊥
L♭,V

∈ S (W)≥−1 and is W≥0-invariant.

In particular it is constant on W≥0.

Proof. It is easy to see that partial Fourier transform maps S (V) to S (W). It remains

to show that the Fourier transform of Int⊥
L♭,V

∈ S (W) is supported on W≥−1. For x ∈ W,

we have

̂Int⊥
L♭,V

(x) = ̂IntL♭,V (x),

where ̂IntL♭,V (x) is the Fourier transform of IntL♭,V ∈ S (V). Since ̂IntL♭,V is supported

on V≥−1 by Theorem 5.2.15, we know that ̂Int⊥
L♭,V

(x) is supported on W≥−1.

Since W is one-dimensional, W≥m is a full rank lattice in W for any m ∈ Z. By

Lemma 5.2.11 and what we just proved, Int⊥
L♭,V

is invariant under the translation of

(W≥−1)∨ = W≥0.

5.3 More about local densities and primitive local densities

In this section, we record more results about the basics of local densities and primitive

local densities.

5.3.1 Basic properties of local density and primitive local density poly-

nomials

Recall that in this chapter, we let Den(M,L,X) := α(M,L,X) and

Den′(M,L) := −2 · ∂

∂X
Den(M,L,X)|X=1. (5.33)
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Similarly, the primitive local density polynomial Pden(M,L,X) is defined to be the poly-

nomial in Q[X] such that

Pden(M,L, q−2k) = lim
d→∞

q−d(2n(m+2k)−n2)|PhermL,MkHk(OF0/(π
d
0))|, (5.34)

where

PhermL,MkHk(OF0/(π
d
0)) := {ϕ ∈ HermL,MkHk(OF0/(π

d
0)) | ϕ is primitive}.

Here we recall that ϕ ∈ HermL,MkHk(OF0/(π
d
0)) is primitive if dimFq((ϕ(L) + π(M k

Hk))/π(M k Hk) = n. In particular, we have Pden(M,M) = Den(M,M) since any

ϕ ∈ HermM,M (OF0/(π
d
0)) is primitive for large enough d.

Recall that without explicit mentioning, we assume ϵ = χ(L). As an analogue of (1.7)

and (1.8), we define

Pden′(L) := −2 ·
d
dX

∣∣
X=1

Pden(In, L,X)

Den(In, In)
and Pdent(L) :=

Pden(Λ♯
t, L)

Den(Λ♯
t,Λ

♯
t)
. (5.35)

To save notation, we simply denote Pden0(L) (resp. Pden
′
0(L)) by Pden(L) (resp. Pden′(L)).

We define

∂Pden(L) := Pden′(L) +

tmax
2∑

j=1

c2j · Pden2j(L), (5.36)

where c2j is as in (1.9).

Lemma 5.3.1. Let L be a lattice. If there exists x ∈ L such val(x) ≤ −1, then ∂Den(L) =

Den′(L) = ∂Pden(L) = Pden′(L) = 0.

Proof. AssumeM ∼= In orM ∼= Λ2t for some t. Then Den(MkHk, L) = 0 and Pden(Mk

Hk, L) = 0 since there is no vector in M with valuation less than or equal to −1.

Now we recall several results that describe the relation between local density and

primitive local density polynomials discussed in Chapter 4.
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Lemma 5.3.2. Let M and L be lattices of rank m and n. Then we have

Den(M,L,X) =
∑

L⊂L′⊂LF

(qn−mX)ℓ(L
′/L)Pden(M,L′, X),

where ℓ(L′/L) = lengthOF
L′/L. Here Pden(M,L′, X) = 0 for L′ with fundamental invari-

ant less than the smallest fundamental invariant of M . In particular, the summation is

finite.

Corollary 5.3.3. Let L be a lattice. We have the following identity:

∂Den(L) =
∑

L⊂L′⊂LF

∂Pden(L′).

Proof. Since Pden(In, L
′, 1) = Pden(In, L

′) = 0, we have by Lemma 5.3.2

− 2
d

dX

∣∣∣∣
X=1

Den(In, L,X) = −2
∑

L⊂L′⊂LF

d

dX

∣∣∣∣
X=1

Pden(In, L
′, X) =

∑
L⊂L′⊂LF

Pden′(In, L
′).

Similarly, according to Lemma 5.3.2, we have

Den(Λ2j , L) =
∑

L⊂L′⊂LF

Pden(Λ2j , L
′)

for 0 < j ≤ tmax/2. Now the corollary follows from (1.9) and (5.36).

Conversely, the primitive local density polynomial is a linear combination of local

density polynomials.

Theorem 5.3.4. Let M and L be lattices of rank m and n. We have

Pden(M,L,X) =
n∑

i=0

(−1)iqi(i−1)/2+i(n−m)Xi
∑

L⊂L′⊂π−1L
ℓ(L′/L)=i

Den(M,L′, X).
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Corollary 5.3.5. Let L be a lattice of rank n. Then

∂Pden(L) =
n∑

i=0

(−1)iqi(i−1)/2
∑

L⊂L′⊂π−1L
ℓ(L′/L)=i

∂Den(L′).

Recall that for two lattices L,L′ ⊂ V of rank n, n(L′, L) = |{L′′ ⊂ LF | L ⊂ L′′, L′′ ∼=

L′}|.

Lemma 5.3.6. For two lattices L and M of the same rank n, we have

Pden(M,L) =


Den(M,L) if M ∼= L,

0 if M ̸∼= L.

(5.37)

Moreover,

Den(M,L) = n(M,L) ·Den(M,M).

In particular, if χ(M) ̸= χ(L), then Den(M,L) = 0.

Proof. First of all, for M ∼= L, Pden(M,L) = Den(M,L) by the definition of primitive

local density. Now we show that if Pden(M,L) ̸= 0, then M ∼= L. If Pden(M,L) ̸= 0,

then for any large enough d we have

PhermL,M (OF0/(π
d
0)) ̸= 0.

Let ϕ ∈ PhermL,M (OF0/(π
d
0)) be a primitive embedding and L(d) = L⊗OF0

OF0/(π
d
0). Let

ϕ(L(d)) be the image of ϕ(L(d)) in M(d). Since ϕ is primitive, we have ϕ(L(d)) = M(d).

Then by Nakayama’s lemma, we know ϕ(L(d)) = M(d). Hence ϕ is an isometry between

L(d)
∼=M(d). Since this holds for any large enough d, we have L ∼=M .

Now the formula of Den(M,L) follows from (5.37) and Lemma 5.3.2.

Corollary 5.3.7. Let L be a lattice. Then for any even integer t such that 0 ≤ t ≤ tmax,
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we have

Dent(L) :=
Den(Λ♯

t, L)

Den(Λ♯
t,Λ

♯
t)

∈ Z.

Corollary 5.3.8. Assume L ̸∼= Λ♯
t for any vertex lattice Λt with t > 0. Then

∂Pden(L) = Pden′(L).

Corollary 5.3.9. Let ct be the coefficients in (1.10) with even t and 0 < t ≤ tmax. Then

ct = −Pden′(Λ♯
t).

Proof. On the one hand, combining Corollary 5.3.5 with (1.10), we obtain

∂Pden(Λ♯
t) = 0.

On the other hand, by Lemma 5.3.6 and (1.9),

∂Pden(Λ♯
t) = Pden′(Λ♯

t) + ct.

Write Λ♯
t = Ht/2 k L1 where L1 is unimodular of rank n1. Then by Lemma 5.3.12,

Corollaries 5.4.2 and 5.3.9, we have (see the following subsections for the relevant nota-

tions)

ct = −2

∏t/2−1
ℓ=1 (1− q2ℓ)

Den(In, In)
·

n1∑
i=0

n1−i−1∏
ℓ=0

(1− q2(ℓ+t/2)) ·
∑

V1∈Gr(i,L1)(Fq)

|O(V1, In)|.

Combining this formula with Lemma 5.3.15 and Lemma 5.3.17, we can compute ct explic-

itly. We give some examples here.
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Example 5.3.10. If n is odd, we have

ctmax = −
Pden′(In,Λ

♯
tmax

)

Den(In, In)
=

(−1)
n+1
2

q(
n−1
2

)2(q
n−1
2 + 1)

. (5.38)

If n is even and ϵ = 1, we have

ctmax = −
Pden′(In,Λ

♯
tmax

)

Den(In, In)
=

(−1)
n
2

q
n
2
(n
2
−1)(q

n
2 + 1)

.

We also give a list of ct for small n, t and ϵ = 1 in the following table:

t
n

2 3 4 5 6

2 −1
q+1

1
q(q+1)

−1
q2(q+1)

1
q3(q+1)

−1
q4(q+1)

4 0 0 1
q2(q2+1)

−1
q4(q2+1)

1
q6(q2+1)

6 0 0 0 0 − 1
q6(q3+1)

In fact, computation suggests that ct has the following simple formula:

ct =


(−1)n+t/2(qn/2+1)

qt/2(n−t−1)(qn/2−1)(qt/2+1)
if n is even and ϵ = −1,

(−1)n+t/2

qt/2(n−t/2−1)(qt/2+1)
otherwise.

(5.39)

We believe this formula can be proved by similar method as in §5.5. Since this formula is

not needed in our proof, we omit the details.

5.3.2 Explicit formulas for some simple primitive local density polyno-

mials

Lemma 5.3.11. ([LL22, Lemma 2.15]) Assume L is an integral lattice of rank n. Then

Pden(Hk, L) =

n−1∏
ℓ=0

(1− q−2k+2ℓ).

Lemma 5.3.12. Assume L = Hj k L1 where j > 0 and L1 is an integral lattice of rank
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n1. Then

Den(Im, L,X) =
( j−1∏

ℓ=0

(1− q2ℓX)
)
Den(Im, L1, q

2jX),

Pden(Im, L,X) =
( j−1∏

ℓ=0

(1− q2ℓX)
)
Pden(Im, L1, q

2jX).

In particular,

Pden′(Im, L) = 2
( j−1∏

ℓ=1

(1− q2ℓ)
)
Pden(Im, L1, q

2j). (5.40)

Proof. First, by Corollary 4.1.9 and Lemma 5.3.11,

Den(Im, L,X) =
( j−1∏

ℓ=0

(1− q2ℓX)
)
Den(Im, L1, q

2jX). (5.41)

Notice that if L ⊂ L′ and L′ is not of the form Hj k L′1, then there exists v ∈ L′ \ L

such that Pr
Hj

F
(v) ̸= 0 and Pr

Hj
F
(v) ̸∈ Hj . Hence some fundamental invariant of L′ is

smaller or equal to −2. Hence Den(Im, L
′, X) = 0 by Lemma 5.3.1. Now Theorem 5.3.4

and (5.41) implies

Pden(Im, L,X)

=

n∑
i=0

(−1)iqi(i−1)/2+i(n−m)Xi
∑

L1⊂L′
1⊂π−1L1

ℓ(L′
1/L1)=i

Den(Im, H
j k L′1, X)

=
( j−1∏

ℓ=0

(1− q2ℓX)
) n1∑

i=0

(−1)iqi(i−1)/2+i(n−m−2j)(q2jX)i
∑

L1⊂L′
1⊂π−1L1

ℓ(L′/L)=i

Den(Im, L
′
1, q

2jX)

=
( j−1∏

ℓ=0

(1− q2ℓX)
)
Pden(Im, L1, q

2jX)

as expected.

Definition 5.3.13. Assume U and V are quadratic spaces over Fq. We define O(U, V )
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to be the set of isometries from U into V , and M(U, V ) to be the set of subspaces V1 ⊂ V

such that V1 ∼= U . Moreover, we define m(U, V ) = |M(U, V )|.

Definition 5.3.14. We define U ϵ
i to be the i-dimensional non-degenerate quadratic space

over Fq with χ(U ϵ
n) = ϵ. Moreover, we define 0i to be the i-dimensional totally isotropic

space.

Recall the following result from Chapter 4.

Lemma 5.3.15. Assume L = Iϵ1n−t k L2 where L2 is a lattice of full type t and n ≤ m.

Then

Pden(Iϵ2m , L) = q−mn+n2 · |O(0t k U ϵ1
n−t, U

ϵ2
m )|.

Specifically, we have by [LZ22b, Lemma 3.2.1],

|O(0j k U ϵ1
k , U

ϵ
m)| = q(k+j)(2m−k−j−1)/2

∏
⌊m−k

2
⌋+1−j≤l≤⌊m−1

2
⌋

(1− q−2l)

·



(1 + ϵϵ1q
−m−k

2
+j) ifm ≡ k ≡ 1 (mod 2),

1 ifm ≡ k − 1 ≡ 1 (mod 2),

(1− ϵq−
m
2 ) ifm ≡ k − 1 ≡ 0 (mod 2),

(1− ϵq−
m
2 )(1 + ϵϵ1q

−m−k
2

+j) ifm ≡ k ≡ 0 (mod 2).

Corollary 5.3.16. Let In be the unimodular lattice of rank n and sign −ϵ. Then

Den(In, In) =


2q

n(n−1)
2

∏n−1
2

s=1 (1− q−2s) if n is odd,

2q
n(n−1)

2 (1 + ϵq−
n
2 )
∏n

2
−1

s=1 (1− q−2s) if n is even.

5.3.3 Counting formulas for subspaces of a quadratic space over Fq

The main results of §5.4 transforms the calculation of primitive local density polynomial

into a sum over the subspaces of a quadratic space over Fq. In this subsection, we count



202

the number of such subspaces with a fixed quadratic form.

Lemma 5.3.17. Given quadratic spaces U and V over Fq, let M(U, V ) be the set of

subspaces V1 ⊂ V such that V1 ∼= U , and let m(U, V ) = |M(U, V )|. Then

m(0j k U ϵ2
k , U

ϵ
n) =

|O(0j k U ϵ2
k , U

ϵ
n)|

qjk|O(U ϵ2
k , U

ϵ2
k )| · |GLj(Fq)|

.

In particular,

m(0j k U ϵ2
k , U

ϵ
n) = q−jkm(0j , U

δ(n,k,ϵ,ϵ2)
n−k )m(U ϵ2

k , U
ϵ
n), (5.42)

where

δ(n, k, ϵ, ϵ2) =


ϵ if k = 0,

−ϵϵ2 if both k and n− k are odd,

ϵϵ2 otherwise.

(5.43)

Proof. We prove the first identity first. Fix a subspace V1 of U ϵ
n such that V1 ∼= 0j k U ϵ2

k .

Then by Witt’s theorem we have a surjection

O(0j k U ϵ2
k , U

ϵ
n) →M(0j k U ϵ2

k , U
ϵ
n), ϕ→ ϕ(V1).

Moreover, each fiber of this surjection is in bijection with O(0jkU ϵ2
k ). Any ϕ ∈ O(0jkU ϵ2

k )

is determined uniquely by ϕ1 = ϕ|0j and ϕ2 = ϕ|Uϵ2
k
. The number of different choices of

ϕ1 is |GLj(Fq)|. The number of different choices of ϕ2 is qjk|O(U ϵ2
k , U

ϵ2
k )|.

Lemma 5.3.18. For any ϵ1, ϵ2 ∈ {±1}, we have

m(0j k U ϵ2
k , 0t k U ϵ1

n−t) =

min{t,j}∑
ℓ=0

(
t

ℓ

)
q

· q(t−ℓ)(j+k−ℓ)m(0j−ℓ k U ϵ2
k , U

ϵ1
n−t).

Proof. Let V and U be quadratic spaces over Fq such that V ∼= 0tkU
ϵ
n−t, and U

∼= 0jkU ϵ2
k .
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Let R ∼= 0t be the radical of V . First, we consider a partition of

M(U, V ) =

min{t,j}⊔
ℓ=0

Mℓ(U, V ),

where

V1 ∈Mℓ(U, V ) if and only if dimFq(V1 ∩R) = ℓ.

The number of choices of ℓ-dimensional subspace of R is
(
t
ℓ

)
q
. Now we fix an ℓ-dimensional

subspace W of R. Let R ∼= 0t−ℓ be the radical of the quotient space of V/W . Then a

choice of V1 ∈Mℓ(U, V ) such that V1 ∩R =W corresponds to an element of

S = {V1 ⊂ V/W | V1 ∩R = {0} and V1 ∼= 0j−ℓ k U ϵ2
k }.

Write V/W = RkV2 ∼= 0t−ℓkU ϵ1
n−t. Let Pr : V/W → V̄2 be the natural quotient map. For

V1 ∈ S, the condition V1 ∩ R = {0} implies that Pr(V1) ∼= 0j−ℓ k U ϵ2
k by the rank-nullity

theorem. Moreover, the following map

S →M(0j−ℓ k U ϵ2
k , V2), V1 7→ Pr(V1)

is a surjection with each fiber in a bijection with R
j+k−ℓ

.

Corollary 5.3.19.

|O(0j k U ϵ2
k , 0t k U ϵ

n−t)| = qjk|O(U ϵ2
k , U

ϵ2
k )| · |GLj(Fq)| ·m(0j k U ϵ2

k , 0t k U ϵ
n−t)

= |GLj(Fq)| ·
min{t,j}∑

ℓ=0

(
t

ℓ

)
q

· q(t−ℓ)(j+k−ℓ)+ℓk ·
|O(0j−ℓ k U ϵ2

k , U
ϵ
n−t)|

|GLj−ℓ(Fq)|
.

We will also need the following lemma later (Section 7), which follows from Lemmas

5.3.17 and 5.3.15 .
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Lemma 5.3.20. For integers 0 ≤ r ≤ n and ϵ1, ϵ = ±1, we have

m(U−ϵ1r , U ϵ
n)

m(U ϵ1
r , U ϵ

n)
=



1 if r ≡ n− 1 ≡ 1 (mod 2),

1−ϵϵ1q−
n−r
2

1+ϵϵ1q
−n−r

2
if r ≡ n ≡ 1 (mod 2),

1−ϵ1q−
r
2

1+ϵ1q
− r

2
if r ≡ n− 1 ≡ 0 (mod 2),

1−ϵϵ1q−
n−r
2

1+ϵϵ1q
−n−r

2
· 1−ϵ1q−

r
2

1+ϵ1q
− r

2
if r ≡ n ≡ 0 (mod 2),

and

m(U ϵ1
r+1, U

ϵ
n)

m(U ϵ1
r , U ϵ

n)
=
qn−2r−1(1− (−1)n−rϵϵ1q

−⌊n−r
2
⌋)

1− (−1)r+1ϵ1q
−⌊ r+1

2
⌋

.

Lemma 5.3.21. Assume i ≤ r ≤ n and ϵ, σ, δ′ ∈ {±1}. Let δ(r, i, δ′, σ) or δ(n, i, ϵ, σ) be

as in (5.43). Then

m(Uσ
i , U

ϵ
n)m(U

δ(r,i,δ′,σ)
r−i , U

δ(n,i,ϵ,σ)
n−i ) = m(U δ′

r , U
ϵ
n)m(Uσ

i , U
δ′
r ).

Proof. Let V = U ϵ
n and S be the following set of flags in V ,

S = {0 ⊂ F1 ⊂ F2 ⊂ V | F1
∼= Uσ

i , F2
∼= U δ′

r }.

We can count the cardinality of S in two ways. One way is to first count the number of

F1 ∈M(Uσ
i , V ), then for a fixed F1 count the number of F ′2 ∈M(U

δ(r,i,δ′,σ)
r−i , (F1)

⊥) which

has a one-to-one correspondence with F2 = F ′2 k F1 ∈M(U δ′
r , V ). This way we get

#|S| = m(Uσ
i , U

ϵ
n)m(U

δ(r,i,δ′,σ)
r−i , U

δ(n,i,ϵ,σ)
n−i ).

On the other hand, we can first count the number of F2 ∈ M(U δ′
r , V ), then count the

number of F1 ∈M(Uσ
i , F2) and get

#|S| = m(U δ′
r , U

ϵ
n)m(Uσ

i , U
δ′
r ).
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This finishes the proof of the lemma.

5.3.4 q-binomial theorem

In this subsection we discuss the q-binomial theorem and related results, which are used

repeatedly in §5.5 to obtain certain vanishing results and transform complicated linear

combinations into simple formulas.

Definition 5.3.22. The q-analogue of
(
n
i

)
is defined to be

(
n

i

)
q

:=
(qn − 1) · · · (qn−i+1 − 1)

(qi − 1) · · · (q − 1)
.

In fact,
(
n
i

)
q
is the number of i-dimensional subspaces of a n-dimensional vector space

over Fq. Now we recall the q-binomial theorem.

Lemma 5.3.23 (q-binomial theorem). The following identity between polynomials of X

holds:

n−1∏
i=0

(1− qiX) =

n∑
i=0

(−1)iq
i(i−1)

2

(
n

i

)
q

Xi. (5.44)

Corollary 5.3.24. Let f be a polynomial of degree ≤ n− 1. Then

n∑
i=0

(−1)iq
i(i−1)

2

(
n

i

)
q

· f(q−i) = 0.

Proof. Let f = an−1x
n−1 + · · ·+ a0. For 0 ≤ s ≤ n− 1, by evaluating (5.44) at X = q−s,

we have

n∑
i=0

(−1)iq
i(i−1)

2

(
n

i

)
q

· asq−si = 0.

Hence

n∑
i=0

(−1)iq
i(i−1)

2

(
n

i

)
q

· f(q−i) =
n−1∑
s=0

n∑
i=0

(−1)iq
i(i−1)

2

(
n

i

)
q

· asq−si = 0.
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The following is in some sense an inverse of q-binomial theorem that will be used in

§5.5.

Lemma 5.3.25.

n∑
i=0

(−1)iq
i(i−1)

2 ·
(
n

i

)
q

·
i−1∏
ℓ=0

(1 + q−ℓX) = (−X)n.

Proof. Let gi(X) =
∏i−1

ℓ=0(q
−ℓX + 1). Since {gi(X)} forms a basis of the vector space of

polynomials of degree ≤ n, there exist an,i ∈ C such that

(−X)n =

n∑
i=0

an,i · gi(X).

Notice that gi+1(X) = (1 + q−iX)gi(X), hence Xgi(X) = qi(gi+1(X) − gi(X)). Then we

have

n+1∑
i=0

an+1,i · gi(X) = (−X)n+1 = (−X) · (−X)n =

n∑
i=0

(−an,i) ·Xgi(X)

=

n∑
i=0

(−an,i)qi · (gi+1(X)− gi(X)).

As a result, we have

an+1,i =


an,0 if i = 0,

qian,i − qi−1an,i−1 if 0 < i < n+ 1,

−an,nqn if i = n+ 1.

(5.45)

It is easy to check that bn,i = (−1)iq
i(i−1)

2 ·
(
n
i

)
q
satisfies (5.45) and that a1,i = b1,i. So we

have an,i = bn,i.
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5.4 Decomposition of primitive local densities

This section is devoted to prove the following decomposition of the primitive local density

polynomial, which is a vast generalization of Proposition 4.5.14 and one of the main tools

we use to prove Theorem 5.5.1.

Theorem 5.4.1. Assume that L is an integral lattice of rank n. For any m ≥ 0 we have

Pden(Im, L,X) =

n∑
i=0

Pdenn−i(Im, L,X),

where Pdenn−i(Im, L,X) is a polynomial characterized by

Pdenn−i(Im, L, q
−2k) = q−2kiPden(Hk, 0n−i)

∑
V1∈Gr(i,L)(Fq)

q(n−i)iPden(Im, LV1), (5.46)

where 0n−i is a totally isotropic lattice of rank n− i and LV1 ⊂ L is a sublattice of rank i

such that LV1 = V1.

Here, an important special case is when m = n. In this case, Pden0(I−ϵn , L,X) = 0

since χ(L) ̸= χ(I−ϵn ). Hence,

Pden(In, L,X) =

n−1∑
i=0

Pdenn−i(In, L,X).

Applying the formulas of Pden(Hk, 0n−i) and Pden(Im, LV1) given in Lemmas 5.3.11

and 5.3.15, we obtain the following corollary.

Corollary 5.4.2. Let L be an integral lattice of rank n. We have

Pden(Im, L,X) =

n∑
i=0

(
(qn−mX)i

n−i−1∏
ℓ=0

(1− q2ℓX)
)
·

∑
V1∈Gr(i,L)(Fq)

|O(V1, Im)|. (5.47)
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In particular,

Pden′(In, L) = 2
n∑

i=0

( n−i−1∏
ℓ=1

(1− q2ℓ)
)
·

∑
V1∈Gr(i,L)(Fq)

|O(V1, In)|.

When L is a full type lattice of rank n, L is totally isotropic. So we obtain

Corollary 5.4.3. Let L be a full type lattice of rank n. Then

Pden(Im, L,X) =

n∑
i=0

(
(qn−mX)i

n−i−1∏
ℓ=0

(1− q2ℓX)
)
·
(
n

i

)
q

|O(0i, Im)|.

In particular,

Pden′(In, L) = 2
n∑

i=0

( n−i−1∏
ℓ=1

(1− q2ℓ)
)
·
(
n

i

)
q

|O(0i, In)|.

Here by Lemma 5.3.15, we have

|O(0i, Im)| = q
i(i−1)

2 ·


∏

1≤ℓ≤i
(
qm+1−2ℓ − 1

)
if m is odd,(

qm/2 − χ(Im)
) (
qm/2−i + χ(Im)

)
·
∏

1≤ℓ<i

(
qm−2ℓ − 1

)
if m is even.

Proof of Theorem 5.4.1. To save notation, we use M to denote Im in this proof. Recall

that by (5.34),

Pden(M,L, q−2k) = lim
d→∞

q−dn(2(m+2k)−n)|PhermL,MkHk(OF0/(π
d
0))|.

First, we define a partition

PhermL,MkHk(OF0/(π
d
0)) =

⊔
0≤i≤n

Phermi
L,MkHk(OF0/(π

d
0)),
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where

Phermi
L,MkHk(OF0/(π

d
0)) := {ϕ ∈ PhermL,MkHk(OF0/(π

d
0)) | dimFqPrHk(ϕ(L)) = i}.

(5.48)

Here PrHk denote the projection map toHk, and PrHk(ϕ(L)) denote the image of PrHk(ϕ(L))

in H
k
. As a result, we have

Pden(M,L,X) =
n∑

i=0

Pdeni(M,L,X),

where Pdeni(M,L,X) is the function such that

Pdeni(M,L, q−2k) := lim
d→∞

q−(2n(2k+m)−n2)d|Phermi
L,MkHk(OF0/(π

d
0))|.

We need to count |Phermi
L,MkHk(OF0/(π

d
0))|. For ϕ ∈ Phermi

L,MkHk(OF0/(π
d
0)), it in-

duces

ϕ : V = L −→M kHk/π(M kHk), and ϕHk := Pr
H

k ◦ ϕ.

By the definition of Phermi
L,MkHk(OF0/(π

d
0)), For a (n− i)-dimensional subspace V1 ⊂ L,

let

PhermV1

L,MkHk(OF0/(π
d
0)) = {ϕ ∈ Phermi

L,MkHk(OF0/(π
d
0)) | Ker(ϕHk) = V1 ⊂ L}.

Since Ker(ϕHk) ⊂ L has dimension n− i for any ϕ ∈ Phermi
L,MkHk(OF0/(π

d
0)), we have

Phermi
L,MkHk(OF0/(π

d
0)) =

⊔
V1∈Gr(n−i,V )(Fq)

PhermV1

L,MkHk(OF0/(π
d
0)). (5.49)

We need to show

q−(2(m+2k)n−n2)d|PhermV1

L,MkHk(OF0/(π
d
0))| = q(n−i)iXn−iPden(Hk, LV2) · Pden(M,LV1).

(5.50)
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Let V2 be a subspace of V such that V = V1 ⊕ V2. Let LV1 ⊂ L be a sublattice of rank

n− i such that the image of LV1 in V is V1. Similarly, let LV2 ⊂ L be a sublattice of rank i

such that the image of LV2 in V is V2. Let ϕi = ϕ|LVi
for i ∈ {1, 2}. According to Lemma

5.4.4, the number of different choices of ϕ2 is given by

|Phermi
LV2

,MkHk(OF0/(π
d
0))| = qi(2(m+2k)−i)dPden(Hk, LV2). (5.51)

Now for a fixed ϕ2 ∈ Phermi
LV2

,MkHk(OF0/(π
d
0)), let

Phermϕ2

LV1
,MkHk(OF0/(π

d
0))

:= {ϕ1 ∈ PhermLV1
,MkHk(OF0/(π

d
0)) | (ϕ1, ϕ2) ∈ PhermV1

L,MkHk(OF0/(π
d
0))}.

Claim: For any ϕ2 ∈ Phermi
LV2

,MkHk(OF0/(π
d
0)),

|Phermϕ2

LV1
,MkHk(OF0/(π

d
0))| = q(2d−1)(2k−i)(n−i)|PhermLV1

,M (OF0/(π
d
0))| (5.52)

= q(2d−1)(2k−i)(n−i)+(2m(n−i)−(n−i)2)dPden(M,LV1).

Assuming the claim holds, (5.50) follows from (5.51) and (5.52) since for any fixed ϕ2 we

have

|PhermV1

L,MkHk(OF0/(π
d
0))| = |Phermi

LV2
,MkHk(OF0/(π

d
0))| · |Pherm

ϕ2

LV1
,MkHk(OF0/(π

d
0))|.

Proof of the claim: For ϕ1 ∈ Phermϕ2

LV1
,MkHk(OF0/(π

d
0)), write ϕ1 = ϕ1,Hk + ϕ1,M , where

ϕ1,Hk = PrHk ◦ ϕ1 and ϕ1,M = PrM ◦ ϕ1. First, for any g ∈ U(M kHk), one can directly

check the map

Phermϕ2

LV1
,MkHk(OF0/(π

d
0)) → Phermg◦ϕ2

LV1
,g(MkHk)

(OF0/(π
d
0)), (5.53)

ϕ1 7→ g ◦ ϕ1
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is well-defined and is in fact a bijection. Then according to Lemma 5.4.5, we may assume

ϕ2(LV2) ⊂ Hk.

Now finding ϕ1 such that (ϕ1, ϕ2) ∈ PhermV1

L,MkHk(OF0/(π
d
0)) is equivalent to finding

ϕ1 such that ϕ1,M is primitive, ϕ1,Hk ∈ πHk,

(ϕ1(v), ϕ2(w)) ≡ (v, w) mod (π2d−1) for any v ∈ LV1 , w ∈ LV2 , (5.54)

and

(ϕ1(v), ϕ1(w)) ≡ (v, w) mod (π2d−1) for any v ∈ LV1 , w ∈ LV1 . (5.55)

We consider condition (5.54) first. Since ϕ2(LV2) ⊂ Hk, we have

(ϕ1,Hk(v), ϕ2(w)) ≡ (ϕ1(v), ϕ2(w)) for any v ∈ LV1 , w ∈ LV2 .

When k is large enough, we can always find and fix a ϕ′
1,Hk that satisfies (5.54). Then

finding ϕ1,Hk that satisfies (5.54) is equivalent to find Φ1,Hk = ϕ1,Hk−ϕ′1,Hk , which satisfies

(Φ1,Hk(v), ϕ2(w)) ≡ 0 mod (π2d−1) for any v ∈ LV1 , w ∈ LV2 ,

Then according to Lemma 5.4.6, the number of different choices for ϕ1,Hk is q(2d−1)(2k−i)(n−i).

Now we consider condition (5.55). Since ϕ1,Hk(v) ∈ πHk for any v ∈ LV1 , (5.55) is

equivalent to

(ϕ1,M (v), ϕ1,M (w)) + πα ≡ (ϕ1(v), ϕ1(w)) ≡ (v, w) mod (π2d−1) for any v, w ∈ LV1 ,

for some α ∈ OF . By Lemma 5.3.15, for a unimodular lattice M and any integral lattice

N , Pden(M,N) only depends onM and N . Hence, for our purpose, we may replace (5.55)
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by

(ϕ1,M (v), ϕ1,M (w)) ≡ (ϕ1(v), ϕ1(w)) ≡ (v, w) mod (π2d−1) for any v, w ∈ LV1 .

Therefore the number of different choices of primitive ϕ1,M is given by

q(2m(n−i)−(n−i)2)dPden(M,LV1).

As a result, we have

|Phermϕ2

LV1
,MkHk(OF0/(π

d
0))| = q(2d−1)(2k−i)(n−i) · q(2m(n−i)−(n−i)2)dPden(M,LV1).

This finishes the proof of the claim.

Lemma 5.4.4. Assume that L is an integral lattice of rank n and k ≥ n. Then

|Phermn
L,ImkHk(OF0/(π

d
0))| = q2mnd|PhermL,Hk(OF0/(π

d
0))|.

Proof. For ϕ ∈ Phermn
L,ImkHk(OF0/(π

d
0)), we may identify ϕ with (ϕHk , ϕIm) where ϕHk =

PrHk ◦ ϕ and ϕIm = PrIm ◦ ϕ. As

|HomOF
(L, Im)(OF0/(π

d
0))| = q2mnd,

it suffices to show that for any fixed φ ∈ HomOF
(L, Im), we have

|{ϕ ∈ Phermn
L,ImkHk(OF0/(π

d
0)) | ϕIm = φ}| = |PhermL,Hk(OF0/(π

d
0))|. (5.56)

Let Lφ be the lattice L equipped with the hermitian form (x, y)Lφ
:= (ϕHk(x), ϕHk(y))

where ϕ is any element in Phermn
L,ImkHk(OF0/(π

d
0)) such that ϕIm = φ. Since each such

ϕ is an isometry and ϕIm is fixed, ( , )Lφ is independent of the choice of ϕ. Then we have
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a bijection

{ϕ ∈ Phermn
L,ImkHk(OF0/(π

d
0)) | ϕIm = φ} → PhermLφ,Hk(OF0/(π

d
0)), (5.57)

ϕ 7→ ϕHk .

Since L is integral and ϕ is an isometric embedding, Lϕ
Hk

is also integral. Then according

to [LL22, Lemma 2.16],

|PhermLφ,Hk(OF0/(π
d
0))| = |PhermL,Hk(OF0/(π

d
0))|.

Combining with the bijection in (5.57), this proves (5.56), hence finishes the proof of the

lemma.

Lemma 5.4.5. Assume that M is a unimodular lattice, L is an integral lattice of rank n,

and ϕ : L→MkHk is a primitive isometric embedding such that PrHk(ϕ(L)) is primitive

in Hk. Then there exists a g ∈ U(M kHk) such that g(ϕ(L)) ⊂ Hk.

Proof. Consider the non-degenerate symplectic space over Fq: (H
k
, ⟨ , ⟩) = (H

k
, π( , )).

Let v denote the image of v ∈ Hk in H
k
. Since PrHk(ϕ(L)) is primitive in Hk, V (L) :=

PrHk(ϕ(L)) is a n-dimensional subspace. Since M and L are integral, PrHk(ϕ(L)) is

integral. Hence V (L) is an isotropic subspace. Let {ℓ1, · · · , ℓn} be a basis of L, ℓs,Hk =

PrHk(ℓs) and es = ℓs,Hk . Since V (L) is an n-dimensional isotropic space, we have k ≥ n

and we can extend {e1, · · · , en} to a standard symplectic basis {e1, f1, · · · , ek, fk} of H
k
,

where (es, ft) = δst, and (es, et) = (fs, ft) = 0 for 1 ≤ s, t ≤ k.

Now let {f̃1, · · · , f̃n} be a lifting of {f1, · · · , fn}. In particular, for 1 ≤ s ≤ n, we have

(ℓs, f̃s) = π−1 + x for some x ∈ OF . Therefore, L⊕ ⟨f̃1 · · · , f̃n⟩ ∼= Hn. Hence, there exists

g ∈ U(M kHk) such that g(L⊕ ⟨f̃1 · · · , f̃n⟩) ⊂ Hk.

Lemma 5.4.6. Let N ⊂ Hk be a primitive integral lattice of rank i. Then

#{w ∈ πHk/πd0H
k | (N,w) = 0 mod (π2d−1)} = q(2d−1)(2k−i).
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Proof. Through this proof, we use L to denote the image of L in H
k
for any sublattice L

of Hk. Let N⊥ be the perpendicular lattice of N in Hk. First we show N⊥ is primitive of

rank 2k − i. If N⊥ is not primitive, then there exists v ∈ N⊥ such that π−1v ∈ Hk \N⊥.

However, (π−1v,N) = 0, hence π−1v ∈ N⊥, which is a contradiction.

We claim that for any w ∈ πHk and π(N,w) = 0 mod πa with a ≥ 0, there exists a

x ∈ πaHk such that w − x ∈ N⊥. We prove the lemma by assuming the claim, and give

the proof of the claim in the last paragraph. Taking a = 2d, the claim implies that

#{w ∈ πHk/πd0H
k | (N,w) = 0 mod (π2d−1)}

= #{w ∈ π(N⊥ + πd0H
k)/πd0H

k | (N,w) = 0 mod (π2d−1)}.

Since N⊥ is primitive of rank 2k − i, we have

#{w ∈ πN⊥/πd0H
k | (N,w) = 0 mod (π2d−1)} = q(2d−1)(2k−i).

This proves the lemma assuming the claim.

Now we prove the claim. Consider the symplectic space over Fq: (H
k
, π( , )). Since N

is integral, N is isotropic in H
k
. Let N be spanned by {e1, · · · , ei}. Then we may extend

{e1, · · · , ei} to a standard symplectic basis {e1, f1, · · · , ek, fk} of H
k
, where (es, ft) =

δst, and (es, et) = (fs, ft) = 0 for 1 ≤ s, t ≤ k. Let {ẽ1, f̃1, · · · , ẽk, f̃k} be a lifting of

{e1, f1, · · · , ek, fk}. By our choice of ẽs, we can find a basis {w1, · · · , wi} of N such that

ws − ẽs ∈ πHk for any 1 ≤ s ≤ i. Consider x = a1f̃1 + · · ·+ aif̃i ∈ ⟨f̃1, · · · , f̃k⟩. In order

to have w − x ∈ N⊥, we need to solve the following system of equations:

π(ws, x) = π(ws, w) for 1 ≤ s ≤ i. (5.58)

Let A denote the i × i matrix corresponding to this system of linear equations. Since

ws − ẽs ∈ πHk, we have A ≡ Idi mod (π). Therefore, there exists a unique solution x

of (5.58). Moreover, since π(N,w) = 0 mod πa, we have π(ws, w) ∈ (πa) for 1 ≤ s ≤ i.
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Then (5.58) implies that as ∈ (πa), hence x ∈ πaHk. The claim is proved.

5.5 Explicit formulas for Pden′(L)

5.5.1 Explicit formulas and consequences

The goal of this section is to establish the following formulas for

∂Pden(L) = Pden′(L) +

tmax/2∑
j=0

c2jPden2j(L). (5.59)

Here

Pden′(L) =
Pden′(In, L)

Den(In, In)

is normalized as in (5.35). Recall, from Lemma 5.3.8, that

∂Pden(L) = Pden′(L) (5.60)

when L is not dual to some vertex lattice Λt of positive type t > 0.

Theorem 5.5.1. Let L ⊂ V be a lattice of rank n.

1. If L is not integral, then ∂Pden(L) = 0.

2. If L is unimodular, then

∂Pden(L) = Pden′(L) =


1, if n is odd,

0, if n is even.

3. If L = In−t k L2 where L2 is of full type t, then

∂Pden(L) = Pden′(L) =


∏ t−1

2
ℓ=1(1− q2ℓ), if t is odd,

(1− χ(L2)q
t
2 )
∏ t

2
−1

ℓ=1 (1− q2ℓ), if t is even.
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Corollary 5.5.2. Let L be a lattice. Then ∂Den(L) ∈ Z. Moreover, ∂Den(L) = 0 for

non-integral L.

Proof. According to Corollary 5.3.3, we have

∂Den(L) =
∑

L⊂L′⊂LF

∂Pden(L′).

Now Theorem 5.5.1 implies that ∂Pden(L′) ∈ Z, hence ∂Den(L) ∈ Z. If L is non-integral,

then ∂Pden(L′) = 0 for each L′ such that L ⊂ L′ by (1) of Theorem 5.5.1.

As another corollary, we prove the following cancellation law for ∂Den(L). Recall that

for hermitian lattices L and L′ of the same rank, n(L′, L) = #{L′′ ⊂ LF | L ⊂ L′′, L′′ ∼=

L′}.

Corollary 5.5.3. Let L = L1 kL2 ⊂ V be a rank n lattice, with L1 being unimodular and

Li of rank ni. Then

∂Den(L)− ∂Den(L2) = n(In2 , L2) · (δodd(n)− δodd(n2)). (5.61)

Proof. By Corollary 5.3.3 and Lemma 5.5.4, we have

∂Den(L) =
∑

L⊂L′⊂LF

∂Pden(L′) =
∑

L2⊂L′
2⊂L2,F

∂Pden(L1 k L′2).

Similarly,

∂Den(L2) =
∑

L2⊂L′
2⊂L2,F

∂Pden(L′2).

Hence

∂Den(L)− ∂Den(L2) =
∑

L2⊂L′
2⊂L2,F

(∂Pden(L1 k L′2)− ∂Pden(L′2)).

If L′2 is not integral, then both ∂Pden(L1kL′2) and ∂Pden(L
′
2) vanishes by (1) of Theorem
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5.5.1. If L′2 is integral but not unimodular, then (3) of Theorem 5.5.1 implies ∂Pden(L1 k

L′2)− ∂Pden(L′2) = 0. Hence

∂Den(L)− ∂Den(L2) =
∑

L2⊂L′
2⊂L2,F

L1kL′
2
∼=Λ0

(∂Pden(L1 k L′2)− ∂Pden(L′2)). (5.62)

Combining (5.62) with (2) of Theorem 5.5.1, we have

∂Den(L)− ∂Den(L2) = n(In2 , L2) · (δodd(n)− δodd(n2)).

This proves the corollary.

Lemma 5.5.4. Assume L = L1kL2 is a lattice where L1 is unimodular. If L ⊊ L′ ⊂ π−1L

and L′ is not of the form L1 k L′2, then L
′ is not integral and ∂Pden(L′) = 0.

Proof. Consider the Fq-vector space π−1L/L. Since we assume L′ is not of the form

L1 kL′2, there exists v ∈ L′ \L such that Prπ−1L1
(v) ̸= 0, which in turn implies that L′ is

not integral. Hence ∂Pden(L′) = 0 by (1) of Theorem 5.5.1.

5.5.2 Proof strategy

The proof of Theorem 5.5.1 occupies the rest of this section. Since the proof is rather long

and technical, we summarize the main idea of the proof first. When there is some x ∈ L

with val(x) ≤ −1, ∂Pden(L) = 0 by Lemma 5.3.1. Otherwise, write

L = Hj k In1−t k L2,

where L2 is of full type t. There are four cases.

(a) The case n1− t = 0 (i.e., L = Hj ⊕L2) is significantly simpler than the general case,

and we will deal with it in next subsection although it is part of the general case. For

example, when L is of full type, the reduction L of L modulo π is a totally isotropic
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quadratic space over Fq. Hence, the summation in Corollary 5.4.2 is simply:

∑
V1∈Gr(i,L)(Fq)

|O(V1, Im)| =
(
n

i

)
q

|O(0i, Im)|.

An application of q-binomial theorem settles this case.

(b) The case j = 0, i.e., L is integral.

(c) The case j > 0 and t > 0.

(d) The case that t = 0 and j > 0 is part of the modification assumption.

In general, the problem becomes harder when n1 − t is larger. In fact, when t > 0, i.e.,

n1 − t < n1, (b) and (c) can be proved via Corollary 5.4.2 and an involved application

of the induction formulas of Den(In, L) established in Chapter 4. However, when t = 0,

i.e., L is unimodular, this method fails. To overcome this difficulty and give a uniform

proof of (b) and (c), we introduce a new method which is different from the method used

in Chapters 3 and 4 even in the case n ≤ 3.

To illustrate the idea, we stick to case (b) for now. The first key step is to discover a

finer structure of ∂Pden(L) and prove the following formula (Lemma 5.5.11):

∂Pden(L) = (∗)
min{n−t,n−1}∑

r=0

n−1∑
i=0

(
n− r

i− r

)
q

(−1)n−1+i+rq
(i−r)(i−r−1)

2 qrt · g(n, n1, r, q−i),

(5.63)

where (∗) is some constant number and g(n, n1, r,X) is a linear combination of polynomials

of degree n−1. The second key observation is that there is a lot of cancellation underlying

this linear combination. Indeed, we show for r < n that g(n, n1, r,X) is actually of degree

≤ n − r − 1 and is essentially a simple multiple of some simple polynomial (denoted by

h(n, r,X)) (Lemmas 5.5.13 and 5.5.15). This enables us to apply q-binomial theorem
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(Corollary 5.3.24) to the inner sums in (5.63). Consequently, we obtain

∂Pden(L) = (∗)
m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · g(n, n− t, r, q−n). (5.64)

The last step is to evaluate this sum and the result is given by Lemma 5.5.16. It is in this

step that the case n1 = n (L is unimodular) becomes different: the sum above is a sum

from r = 0 only to n−1, not to n1 = n. To make it worse, the ‘missing’ term g(n, n, n,X)

is in fact ill-behaved.

One common strategy in proving Lemmas 5.5.15 and 5.5.16 is to express both sides of

the identity as (uniquely) linear combinations of certain basis of polynomials, and prove

that the coefficients satisfy the same recursion formulas and the same initial conditions.

Here we use crucially the combinatorical properties of m(U, V ) (Lemma 5.3.17) for U and

V quadratic spaces over Fq.

In Case (c), the derivative becomes the value of some primitive local density poly-

nomials at some non-central point qj by Lemma 5.3.12. Strikingly, the formula for this

value (see (5.97)) is very similar to the formula for the derivative Pden(In1−t k L2) (see

(5.98)). Proof of Cases (b) and (c) will be given in Subsection 5.5.6 after long preparation

in Subsections 5.5.4 and 5.5.5.

5.5.3 The case n1 − t = 0

In this subsection we assume that n1− t = 0 and divide it further into two subcases: j = 0

or j > 0.

Proposition 5.5.5. Assume that L = Hj kL2 where j > 0 and L2 is of full type and has

rank n2 = n− 2j. Then

∂Pden(L) = 0.
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Proof. By Lemma 5.3.12, we have

Pden′(In, L) = 2
( j−1∏

ℓ=1

(1− q2ℓ)
)
Pden(In, L2, q

2j).

Hence it suffice to show

Pden(In, L2, q
n−n2) = 0.

We prove the odd n case and leave the even n case to the reader. According to Corollary

5.4.3, we have

Pden(In, L2, q
n−n2) =

n2∑
i=0

(−1)n2−iq
i(i−1)

2

(
n2
i

)
q

·
n2−i−1∏
ℓ=0

(q2ℓ+n−n2 − 1) ·
i∏

ℓ=1

(qn+1−2ℓ − 1)

=

n2∑
i=0

(−1)n2−iq
i(i−1)

2

(
n2
i

)
q

·

n+n2
2
−i−1∏

ℓ=
n−n2

2

(q2ℓ − 1) ·

n−1
2∏

ℓ=n+1
2
−i

(q2ℓ − 1).

We can factor out

n−1
2∏

ℓ=
n−n2

2

(q2ℓ − 1) so that

Pden(In, L2, q
n−n2)

n−n2
2∏

ℓ=n−1
2

(q2ℓ − 1)−1 =

n2∑
i=0

(−1)n2−iq
i(i−1)

2

(
n2
i

)
q

g(n2, q
−i),

where

g(n2, X) =

n2+n
2
−1∏

ℓ=n+1
2

(q2ℓX2 − 1) (5.65)

is a polynomial ofX of degree n2−1. Now Pden(In, L2, q
n−n2) = 0 by Corollary 5.3.24.

Proposition 5.5.6. Assume that L is a full type lattice of rank n. We have

Pden′(L) =


∏n−1

2
ℓ=1 (1− q2ℓ), if n is odd,

(1− ϵq
n
2 )
∏n

2
−1

ℓ=1 (1− q2ℓ), if n is even.
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Proof. First of all, recall that

Pden′(L) =
Pden′(In, L)

Den(In, In)
,

where

Den(In, In) =


2q(

n−1
2

)2∏n−1
2

ℓ=1 (q
2ℓ − 1) if n is odd,

2q(
n
2
)(n

2
−1)(q

n
2 + ϵ)

∏n
2
−1

ℓ=1 (q2ℓ − 1) if n is even.

(5.66)

We verify the even n case and leave the odd n case to the reader. Direct calculation using

Corollary 5.4.3 gives

Pden′(In, L)
(
(q

n
2 + ϵ)

n
2
−1∏

ℓ=1

(q2ℓ − 1)
)−1

= 2

n
2
−1∑

i=0

(−1)n−i−1q
i(i−1)

2

(
n

i

)
q

(q
n
2
−i − ϵ)

n−i−1∏
ℓ=n

2
−i+1

(q2ℓ − 1)

= 2
n−1∑
i=0

(−1)n−i−1q
i(i−1)

2

(
n

i

)
q

(q
n
2
−i − ϵ)

n−1∏
ℓ=n

2
+1

(q2ℓ−2i − 1).

According to Corollary 5.3.24,

n−1∑
i=0

(−1)n−i−1q
i(i−1)

2

(
n

i

)
q

(q
n
2
−i − ϵ)

n−1∏
ℓ=n

2
+1

(q2ℓ−2i − 1) = q
n(n−1)

2 (q−
n
2 − ϵ)

n−1∏
ℓ=n

2
+1

(q2ℓ−2n − 1)

= q(
n
2
)(n

2
−1)(1− ϵq

n
2 )

n
2
−1∏

ℓ=1

(1− q2ℓ).

Now by (5.66), we conclude that

Pden′(L) = (1− ϵq
n
2 )

n
2
−1∏

ℓ=1

(1− q2ℓ),

as claimed.
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5.5.4 Preparation

In this subsection, we rewrite Pden′(In, L) as a linear combination of special values of cer-

tain polynomial gϵ1(n,m, r,X) as in Lemma 5.5.11. We then express general gϵ1(n,m, r,X)

as a simple combination of gϵ3(n, r, r,X), see Lemma 5.5.13.

Let L = Iϵ1n−t k L2 where L2 is of full type t. By Corollary 5.4.2, we have

Pden′(In, L) = 2
n−1∑
i=0

n−i−1∏
ℓ=1

(1− q2ℓ)
∑

0≤j≤i

∑
ϵ2∈{±1}

m
(
0j ⊕ U ϵ2

i−j , 0t ⊕ U ϵ1
n−t

) ∣∣∣O(0j k U ϵ1
i−j , U

−ϵ
n

)∣∣∣ .
(5.67)

Here and in the following, we interpret
∑

ϵ2∈{±1} f(U
ϵ2
0 ) as f(U1

0 ) for a function f with

U ϵ2
i as input.

Let s and n be integers such that 0 ≤ s < n, and let ϵ2 = ±1. For odd n, we define

fϵ2(n, s,X) =


∏n+s−2

2

ℓ=n+1
2

(q2ℓX2) · q
n+s
2 X(q

n+s
2 X − ϵϵ2) ·

∏n−1
ℓ=n+s+2

2

(q2ℓX2 − 1) if s is odd,∏n−1
2

+ s
2

ℓ=n+1
2

(q2ℓX2) ·
∏n−1

ℓ=n+1+s
2

(q2ℓX2 − 1) if s is even.

(5.68)

Similarly, for an even integer n > 0 and 0 ≤ s < n, we define

fϵ2(n, s,X) =


∏n+s−3

2

ℓ=n
2

(q2ℓX2)q
n
2
+s−1X ·

∏n−1
ℓ=n+s+1

2

(q2ℓX2 − 1) if s is odd,∏n+s−2
2

ℓ=n
2

(q2ℓX2) · q
s
2 (q

n+s
2 X − ϵϵ2) ·

∏n−1
ℓ=n+s+2

2

(q2ℓX2 − 1) if s is even.

(5.69)

Here when s = 0, we always take ϵ2 = 1. Notice that fϵ2(n, s,X) is a polynomial of

degree n− 1.

Lemma 5.5.7.
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1. Assume 0 ≤ i < n. We have

n−i−1∏
ℓ=1

(1− q2ℓ)|O(0i−s k U ϵ2
s , U

−ϵ
n )| = (−1)n−i−1q

i(i−1)
2 Iϵ(n)fϵ2(n, s, q

−i),

where

Iϵ(n) :=


∏n−1

2
ℓ=1 (q

2ℓ − 1) if n is odd,

(q
n
2 + ϵ)

∏n
2
−1

ℓ=1 (q2ℓ − 1) if n is even.

2. Assume 0 ≤ i ≤ n, s < n and that n′ − n > 0 is even. We have

n−i−1∏
ℓ=0

(1− q2ℓ+n′−n)|O(0i−s k U ϵ2
s , U

−ϵ
n′ )| = (−1)n−iq

i(i−1)
2 Iϵ(n

′, n)fϵ2(n, s, q
n′−n

2
−i),

where

Iϵ(n
′, n) :=


∏n′−1

2

ℓ=n′−n
2

(q2ℓ − 1) if n is odd,

(q
n′
2 + ϵ)

∏n′
2
−1

ℓ=n′−n
2

(q2ℓ − 1) if n is even.

Proof. This follows from the formula of |O(0i−s k U ϵ2
s , U

−ϵ
n )| given in Lemma 5.3.15 and

a straightforward computation.

Lemma 5.5.8. For integers 0 ≤ i, t ≤ n, we have

(
t

i

)
q

=

n−t∑
a=0

(−1)a · qa(t+1−i)q
a(a−1)

2 ·
(
n− t

a

)
q

·
(
n− a

i− a

)
q

. (5.70)

Proof. The identity is automatically true for i > t as both sides are zero. Recall the

following analogue of Pascal’s identity for q-binomial coefficients:

(
t

i

)
q

=

(
t+ 1

i

)
q

− qt−i+1

(
t

i− 1

)
q

. (5.71)

By this identity, we obtain 2 terms, one with the t-index raised, another with the i-index
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lowered. Applying again (5.71) to
(
t+1
i

)
q
and

(
t

i−1
)
q
respectively, we obtain

(
t

i

)
q

=

(
t+ 2

i

)
q

− qt−i+2

(
t+ 1

i− 1

)
q

− qt−i+1
((t+ 1

i− 1

)
q

− qt−i+2

(
t− 1

i− 2

)
q

)
.

We may continue this process and after n − t steps, we obtain 2n−t many terms. Each

term corresponds to a lattice path starting from the origin, going to north and east as

follows. If the ℓ-th step raises the index of t (resp. reduces the index of i), we define the

lattice path goes towards north for the ℓ-th step (resp. east). We use I = (i1, · · · , in−t)

where iℓ ∈ {0, 1} to denote the path whose ℓ-th step goes towards north (east) if iℓ = 0

(iℓ =1) and let |I| = i1 + · · · + in−t. We use PI to denote the term corresponding to I.

Now the lemma follows from the following claim.

Claim: ∑
I,|I|=a

PI = (−1)a · qa(t+1−i)q
a(a−1)

2 ·
(
n− t

a

)
q

·
(
n− a

i− a

)
q

.

Indeed a direct calculation shows that

P(1a,0n−t−a) = (−1)a · qa(t+1−i)q
a(a−1)

2 ·
(
n− a

i− a

)
q

.

Let AI denote the area bounded by the lattice path I, the horizontal axis, and the vertical

line given by x = |I|. Then a direct computation shows that

PI = qAI · P(1a,0n−t−a).

Now the claim follows from the well-known formula of q-binomial coefficient (see [Cam,

Theorem 6.9] for example):

∑
I,|I|=a

qAI =

(
n− t

a

)
q

.

This proves the claim and the lemma.
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Lemma 5.5.9. For an integer n ≥ 0 and ϵ = ±1, let

α(n) = q⌊
n
2
⌋⌊n−1

2
⌋ =


q(

n−1
2

)2 if n is odd,

q
n
2
(n
2
−1) if n is even,

and βϵ(n) =


(−1)

n−1
2 if n is odd,

ϵ(−1)
n
2 if n is even,

1 if n = 0.

Then
n∑

j=0

(−1)jq
j(j−1)

2 m(0j , U
ϵ
n) = α(n)βϵ(n).

Proof. If n = 0, the statement both sides are 1 by definition. From now on we assume

n > 0. By [LZ22b, Lemma 3.2.2.], we have

|m(0j , U
ϵ
n)| =

(
d

j

)
q

·
j∏

l=1

(qd+e−l + 1),

with

d =


n−1
2 if n is odd,

n
2 − 1−ϵ

2 if n is even,

and e =


1 if n is odd,

1− ϵ if n is even.

So we have

n∑
j=0

(−1)jq
j(j−1)

2 ·m(0j , U
ϵ
n) =

d∑
j=0

(−1)jq
j(j−1)

2

(
d

j

)
q

j∏
l=1

(qd+e−l + 1),

which by Lemma 5.3.25 equals to (−qd+e−1)d. A direct calculation checks that (−qd+e−1)d =

α(n)βϵ(n).

Definition 5.5.10. For 0 ≤ r ≤ m ≤ n, we define

gϵ1(n,m, r,X)

:=
r∑

k=0

(−1)kq
k(k−1)

2

∑
ϵ2∈{±1}

m(U ϵ2
k , U

ϵ1
m )

r−k∑
j=0

(−1)jq
j(j−1)

2 ·
(
m− j − k

r − j − k

)
q

·m(0j , U
δ
m−k)fϵ2(n, k,X)

with δ = δ(m, k, ϵ1, ϵ2) as defined in (5.43). In the following, when n is clear in the context,
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we simply write gϵ1(m, r,X) for gϵ1(n,m, r,X).

In particular, gϵ1(n,m, 0, X) = f1(n, 0, X) and by Lemma 5.5.9,

gϵ1(n, r, r,X) =
r∑

k=0

(−1)kq
k(k−1)

2 ·
∑

ϵ2∈{±1}

m(U ϵ2
k , U

ϵ1
r ) · α(r − k)βδ(r − k) · fϵ2(n, k,X).

(5.72)

In the rest of this section, we let m = n− t without explicit mentioning.

Lemma 5.5.11. Assume L is a lattice of rank n and type t.

1. Let m(n, t) := min{n− t, n− 1}. Then for 0 ≤ i ≤ n− 1, we have

(Pdenn−i)′(In, L) = 2Iϵ(n)·
m(n,t)∑
r=0

(
n− r

i− r

)
q

(−1)i−r+n−1q
(i−r)(i−r−1)

2 qr(n−m)·gϵ1(n,m, r, q−i).

2. Assume that n′ − n is a positive even integer and m < n. Then for 0 ≤ i ≤ n, we

have

Pdenn−i(I−ϵn′ , L, q
n′−n) = Iϵ(n

′, n)

m∑
r=0

(
n− r

i− r

)
q

(−1)i−r+nq
(i−r)(i−r−1)

2 qr(n−m) · gϵ1(n,m, r, q
n′−n

2
−i).

Proof. We prove (1) first. By (5.67), Lemma 5.5.7 and Lemma 5.3.18, we have

(Pdenn−i)′(In, L) ·
(
2(−1)n−i−1Iϵ(n)

)−1
=

t∑
ℓ=0

(
t

ℓ

)
q

i−ℓ∑
k=0

∑
ϵ2∈±1

q(t−ℓ)(i−ℓ)q
i(i−1)

2 m(0i−k−ℓ k U ϵ2
k , U

ϵ1
n−t)fϵ2(n, k, q

−i)

=

i∑
s=max{i−t,0}

(
t

i− s

)
q

s∑
k=0

∑
ϵ2∈±1

q(t−(i−s))sq
i(i−1)

2 m(0s−k k U ϵ2
k , U

ϵ1
n−t)fϵ2(n, k, q

−i),

where the last identity is obtained by setting s = i − ℓ. Notice that if s > n − t, then

m(0s−k k U ϵ2
k , U

ϵ1
n−t) = 0. Hence we may assume s ≤ n − t, or equivalently t ≤ n − s in

the above summation. Now applying (5.70) to i − s ≤ t ≤ n − s and let m = n − t, we



227

may rewrite the above summation as

i∑
s=max{i−t,0}

m−s∑
a=0

(−1)a
(
n− s− a

i− s− a

)
q

·
(
m− s

a

)
q

·

s∑
k=0

∑
ϵ2∈±1

qa(n−m+1−(i−s))+a(a−1)
2

+(n−m+s−i)sq
i(i−1)

2 m(0s−k k U ϵ2
k , U

ϵ1
m )fϵ2(n, k, q

−i)

=
i∑

s=max{i−t,0}

m−s∑
a=0

(
n− s− a

i− s− a

)
q

q
(i−(s+a))(i−(s+a+1))

2 q(s+a)(n−m)

· (−1)a
(
m− s

a

)
q

s∑
k=0

∑
ϵ2∈±1

q(s+a)(s− s+a+1
2

)+
a(a+1)

2 m(0s−k k U ϵ2
k , U

ϵ1
m )fϵ2(n, k, q

−i).

Now let r = s + a. Notice that r ≤ m and
(
n−r
i−r
)
q
= 0 for r > i. Rearranging the

summation index, we obtain

(Pdenn−i)′(In, L) ·
(
(−1)n−i−1Iϵ(n)

)−1
=

m{n,t}∑
r=0

(
n− r

i− r

)
q

q
(i−r)(i−r−1)

2 qr(n−m) · gϵ1(n,m, r, q−i),

where

gϵ1(n,m, r,X)

=

r∑
s=0

(−1)r−s ·
(
m− s

r − s

)
q

·
s∑

k=0

∑
ϵ2∈±1

q
s(s−1)

2 m(0s−k k U ϵ2
k , U

ϵ1
m )fϵ2(n, k,X)

=
r∑

k=0

(−1)kq
k(k−1)

2

∑
ϵ2∈{±1}

m(U ϵ2
k , U

ϵ1
m )

r−k∑
j=0

(−1)jq
j(j−1)

2 ·
(
m− j − k

r − j − k

)
q

·m(0j , U
δ
m−k)fϵ2(n, k,X).

Here, we use Lemma 5.3.17 to obtain the last identity.

Using (2) of Lemma 5.5.7, the same proof of (1) proves (2).

We conclude this subsection by establishing a formula to express gϵ1(m, r,X) in terms

of gϵ3(r, r,X), which, as we will see, has a particular simple form (Lemma 5.5.15). First,

we need the following identity which might have independent interest.
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Lemma 5.5.12. For any integers 0 ≤ r ≤ n, we have

r∑
j=0

(−1)jqj(j−1)/2
(
n− j

r − j

)
q

m(0j , U
ϵ
n) =

∑
τ∈{±1}

m(U τ
r , U

ϵ
n)α(r)βτ (r), (5.73)

where α(r) and βτ (r) are defined in Lemma 5.5.9.

Proof. We proceed by induction on n. The case n = 1 is obvious. Now recall the identities

m(0j , U
ϵ
n) =

(
n

j

)
q

−
j∑

i=1

∑
σ∈{±1}

m(0j−i k Uσ
i , U

ϵ
n)

=

(
n

j

)
q

−
j∑

i=1

∑
σ∈{±1}

q−(j−i)im(Uσ
i , U

ϵ
n)m(0j−i, U

δ(n,i,ϵ,σ)
n−i ),

by (5.42), and

r∑
j=0

(−1)jqj(j−1)/2
(
n− j

r − j

)
q

(
n

j

)
q

=

r∑
j=0

(−1)jqj(j−1)/2
(
n

r

)
q

(
r

j

)
q

= 0. (5.74)

These imply that

r∑
j=0

(−1)jqj(j−1)/2
(
n− j

r − j

)
q

m(0j , U
ϵ
n)

=−
r∑

j=0

(−1)jqj(j−1)/2
(
n− j

r − j

)
q

j∑
i=1

∑
σ∈{±1}

q−(j−i)im(Uσ
i , U

ϵ
n)m(0j−i, U

δ(n,i,ϵ,σ)
n−i )

=

r∑
i=1

∑
σ∈{±1}

(−1)i+1qi(i−1)/2m(Uσ
i , U

ϵ
n)

r−i∑
j=0

(−1)jqj(j−1)/2
(
n− i− j

r − i− j

)
q

m(0j , U
δ(n,i,ϵ,σ)
n−i ).

where in the last step we switch the order of summation and substitute j by j + i.

We can now use the induction hypothesis

r−i∑
j=0

(−1)jqj(j−1)/2
(
n− i− j

r − i− j

)
q

m(0j , U
δ(n,i,ϵ,σ)
n−i ) =

∑
τ∈{±1}

m(U τ
r−i, U

δ(n,i,ϵ,σ)
n−i )α(r−i)βτ (r−i)

and

m(Uσ
i , U

ϵ
n)m(U τ

r−i, U
δ(n,i,ϵ,σ)
n−i ) = m(U δ′

r , U
ϵ
n)m(Uσ

i , U
δ′
r ),
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where δ′ ∈ {±1} such that τ = δ(r, i, δ′, σ) (see Lemma 5.3.21) to obtain

r∑
j=0

(−1)jqj(j−1)/2
(
n− j

r − j

)
q

m(0j , U
ϵ
n)

=

r∑
i=1

∑
σ∈{±1}

(−1)i+1qi(i−1)/2
∑

τ∈{±1}

m(U δ′
r , U

ϵ
n)m(Uσ

i , U
δ′
r )α(r − i)βτ (r − i) (5.75)

Hence (5.73) is equivalent to

r∑
i=0

∑
σ∈{±1}

(−1)iqi(i−1)/2
∑

τ∈{±1}

m(U δ′
r , U

ϵ
n)m(Uσ

i , U
δ′
r )α(r − i)βτ (r − i) = 0 (5.76)

Now applying Lemma 5.5.9, the left hand side of (5.76) is equal to

r∑
i=0

∑
σ∈{±1}

(−1)iqi(i−1)/2
∑

τ∈{±1}

m(U δ′
r , U

ϵ
n)m(Uσ

i , U
δ′
r )

r−i∑
j=0

(−1)jqj(j−1)/2m(0j , U
τ
r−i)

=
∑

τ∈{±1}

m(U δ′
r , U

ϵ
n)

r∑
i=0

r−i∑
j=0

∑
σ∈{±1}

(−1)i+jq(i+j)(i+j−1)/2m(0j k Uσ
i , U

δ′
r )

=
∑

δ′∈{±1}

m(U δ′
r , U

ϵ
n)

r∑
k=0

(−1)kqk(k−1)/2
(
r

k

)
q

= 0.

The lemma is proved.

Lemma 5.5.13. For 0 ≤ r ≤ m < n, we have

gϵ1(m, r,X) =
∑

ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )gϵ3(r, r,X).

Proof. When r = 0, we have by definition

g(m, 0, X) = f1(n, 0, X) =
∑

ϵ3∈{±1}

m(U ϵ3
0 , U

ϵ1
m )gϵ3(0, 0, X).

Now we assume r > 0, δ = δ(m, k, ϵ1, ϵ2) and δ
′ = δ(r, k, ϵ3, ϵ2). On the one hand, by
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definition

gϵ1(m, r,X)

=
r∑

k=0

(−1)kq
k(k−1)

2

∑
ϵ2∈{±1}

m(U ϵ2
k , U

ϵ1
m )

r−k∑
j=0

(−1)jq
j(j−1)

2 ·
(
m− j − k

r − j − k

)
q

·m(0j , U
δ
m−k)fϵ2(n, k,X).

On the other hand, we have by (5.72),

∑
ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )gϵ3(r, r,X)

=
r∑

k=0

(−1)kq
k(k−1)

2 ·
∑

ϵ2∈{±1}

∑
ϵ3∈{±1}

m(U ϵ2
k , U

ϵ3
r )m(U ϵ3

r , U
ϵ1
m ) · α(r − k)βδ′(r − k) · fϵ2(n, k,X).

By Lemma 5.3.21,

m(U ϵ2
k , U

ϵ3
r )m(U ϵ3

r , U
ϵ1
m ) = m(U ϵ2

k , U
ϵ1
m )m(U δ′

r−k, U
δ
m−k).

Hence, in order to prove the theorem, it suffices to show for any k and ϵ2

r−k∑
j=0

(−1)jq
j(j−1)

2 ·
(
m− j − k

r − j − k

)
q

·m(0j , U
δ
m−k) =

∑
δ′∈{±1}

m(U δ′
r−k, U

δ
m−k) · α(r − k)βδ′(r − k),

which is exactly the content of Lemma 5.5.12.

5.5.5 Some identities between polynomials

Although gϵ1(r, r,X) by definition is a complicated linear combination of fϵ2(n, k,X). We

show in this subsection that in fact gϵ1(r, r,X) has a very simple form (Lemma 5.5.15).

Similarly, although Pden′(In, L) is a complicated linear combination of the special values

of gϵ1(n− t, r,X), certain linear combination of gϵ1(n− t, r,X) is of a simple form (Lemma

5.5.16). By a direct computation, we can check the following lemma.
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Lemma 5.5.14. For 0 ≤ s ≤ n− 1, let

hϵ1(n, s,X) :=


∏n−1

l=n+s+1
2

(q2lX2 − 1) if n− s is odd,

(q
n+s
2 X − ϵϵ1)

∏n−1
l=n+s+2

2

(q2lX2 − 1) if n− s is even.

(5.77)

Then

hϵ1(n, j, qX) = hϵ1(n+ 1, j + 1, X), (5.78)

q⌊
n+j+2

2
⌋Xhϵ1(n+ 1, j + 1, X) = hϵ1(n+ 1, j,X) + (−1)n+j+1ϵϵ1hϵ1(n+ 1, j + 1, X).

(5.79)

Lemma 5.5.15. For integers 0 < r ≤ n− 1 and ϵ, ϵ1 = ±1, we have

gϵ1(r, r,X) = (−1)r(n−1)ϵn1 ϵ
rα(r)hϵ1(n, r,X).

In particular, gϵ1(r, r,X) is a polynomial of degree n− r − 1.

Proof. We prove the case when n case is odd and r is even, and leave the other three cases

to the reader. The idea is the same (a little bit more complicated). In this case, we need

to show

gϵ1(r, r,X)

hϵ1(n, r,X)
=

r∑
k=0

(−1)kq
k(k−1)

2 ·
∑

ϵ2∈{±1}

m(U ϵ2
k , U

ϵ1
r ) · α(r − k)βδ(r − k) · fϵ2(n, k,X)

hϵ1(n, r,X)
= ϵ1α(r),

(5.80)

where δ = δ(r, k, ϵ1, ϵ2). Since n is odd and r is even, we have

fϵ2(n, k,X)

hϵ1(n, r,X)
=


∏n+k−2

2

ℓ=n+1
2

(q2ℓX2) · q
n+k
2 X(q

n+k
2 X − ϵϵ2)

∏n+r−1
2

ℓ=n+2+k
2

(q2ℓX2 − 1) if k is odd,∏n−1+k
2

ℓ=n+1
2

(q2ℓX2) ·
∏n+r−1

2

ℓ=n+1+k
2

(q2ℓX2 − 1) if k is even.

As a result, dividing (5.80) by q(n+
r−1
2

)( r−1
2

)+n+r
2 ·Xr and setting Y = (q

n+1
2 X)−1, j = r−k,
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(5.80) is equivalent to

g̃ϵ1(r, Y ) :=
r∑

j=0

(−1)r−jq
(r−j)(r−j−1)

2 · α(j) ·
∑

ϵ2∈{±1}

m(U ϵ2
r−j , U

ϵ1
r )βδ(j) · f̃ϵ2(j, Y ) = ϵ1Y

r,

(5.81)

where f̃ϵ2(j, Y ) is a polynomial of degree j defined as follows:

f̃ϵ2(j, Y ) :=


∏ r−2

2

ℓ= r−j
2

(1− q−2ℓY 2) if j is even,

(1− ϵϵ2q
− r−j−1

2 Y ) ·
∏ r−2

2

ℓ= r−j+1
2

(1− q−2ℓY 2) if j is odd.

Since {f̃1(j, Y ), 0 ≤ j ≤ r} forms a basis of the space of polynomials with degree ≤ r,

there exists unique tuples (aj) and (bj) such that

f(Y ) = ϵ1Y
r =

r∑
j=0

aj f̃1(j, Y ), and g̃ϵ1(r, Y ) =
r∑

j=0

bj f̃1(j, Y ).

We need to show (aj) = (bj). It is easy to check

ar = br = (−1)
r
2 ϵ1α(r).

Now to prove aj = bj for all j, it suffices to prove that both aj and bj satisfy the recursion

formula for j < r

aj =


−qj 1−q

−j−2

1−qj−r aj+2 if j is even,

0 if j is odd.

(5.82)

We start with aj . First of all, we have

r∑
j=0

q−raj f̃1(j, Y ) = q−rf(Y ) = f(q−1Y ) =
r∑

j=0

aj f̃1(j, q
−1Y ). (5.83)

Notice that

f̃1(j, q
−1Y ) = (1− q−rY 2)f̃1(j − 2, Y ).
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Since

f̃1(j + 1, Y )/f̃1(j, Y ) =


1− ϵq−

r−j−2
2 Y if j is even,

1 + ϵq−
r−j−1

2 Y if j is odd,

we have

Y f̃1(j, Y ) =


−ϵq

r−j−2
2 (f̃1(j + 1, Y )− f̃1(j, Y )) if j is even,

ϵq
r−j−1

2 (f̃1(j + 1, Y )− f̃1(j, Y )) if j is odd,

Y 2f̃1(j, Y ) =


−qr−j−2(f̃1(j + 2, Y )− f̃1(j, Y )) if j is even,

−qr−j−2(f̃1(j + 2, Y ) + (q − 1)f̃1(j + 1, Y )− qf̃1(j, Y )) if j is odd.

Therefore,

f̃1(j, q
−1Y ) =


q−j f̃1(j, Y ) + (1− q−j)f̃1(j − 2, Y ) if j is even,

q−j f̃1(j, Y ) + (q − 1)q−j f̃1(j − 1, Y ) + (1− q1−j)f̃1(j − 2, Y ) if j is odd.

Plugging this into (5.83), we obtain

(q−r − q−j)aj =


(q − 1)q−j−1aj+1 + (1− q−j−2)aj+2 if j is even,

(1− q−j−1)aj+2 if j is odd,

with ar+1 = ar+2 = 0. So we have (5.82). We remark that in other cases, we have similar

recursion formula as above but could not be simplified like (5.82).

Now we compute bj for j < r. Recall that r is even. First, if j = 0, we have

∑
ϵ2∈{±1}

m(U ϵ2
r−j , U

ϵ1
r )βδ(j) · f̃ϵ2(j, Y ) = f̃ϵ1(0, Y ).
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It is easy to check that

f̃ϵ2(j, Y ) =


f̃1(j, Y ) if j is even,

(1− ϵϵ2q
− r−j−1

2 )f̃1(j − 1, Y ) if j is odd,

(5.84)

Now Lemmas 5.3.20 and 5.5.9 imply for j ̸= 0 and δ = δ(r, j, ϵ1, ϵ2), we have

∑
ϵ2∈{±1}

m(U ϵ2
r−j , U

ϵ1
r ) · βδ(j) · f̃ϵ2(j, Y ) =


2ϵ1(−1)

j
2 (ϵ1q

− j
2+q−

r−j
2 )

(1+ϵ1q
− j

2 )(1+q−
r−j
2 )

m(U1
r−j , U

ϵ1
r )f̃1(j, Y ) if j is even,

2(−1)
j−1
2 m(U1

r−j , U
ϵ1
r )f̃1(j − 1, Y ) if j is odd.

Plugging this into the definition of g̃ϵ1(r,X) as in (5.81), we obtain

g̃ϵ1(r,X) =
r∑

j=0

bj f̃1(j, Y )

with bj = 0 for odd j, b0 = q
r(r−1)

2 (1− 2q−(r−1)m(U1
1 , U

ϵ1
r )), and

bj =2(−1)r−
j
2 q

(r−j)(r−j−1)
2

(q−
j
2 + ϵ1q

− r−j
2 )

(1 + ϵ1q
− j

2 )(1 + q−
r−j
2 )

m(U1
r−j , U

ϵ1
r )

− 2(−1)r−
j
2 q

(r−j−1)(r−j−2)
2 α(j + 1)m(U1

r−j−1, U
ϵ1
r )

for even j ̸= 0. Applying Lemma 5.3.20, for even j ̸= 0, we have

bj = 2(−1)r−
j
2 q

(r−j)(r−j−1)
2

q−
r−j
2 (ϵ1 + q−

r
2 )

(1 + ϵ1q
− j

2 )(1 + q−
r−j
2 )

α(j)m(U1
r−j , U

ϵ1
r ).

Now applying Lemma 5.3.20 twice, we can check that bj satisfy (5.82).

Recall that m(n, t) := min{n− t, n− 1}.

Lemma 5.5.16. For 0 ≤ t ≤ n, and m = n− t, we have

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · gϵ1(m, r,X) = Fϵ1(n,m,X), (5.85)
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where

Fϵ1(n,m,X) =


q

n(n−1)
2 fϵ1(n,m,X) if t ̸= 0,

(−1)n−1α(n)
∑n−1

ℓ=0 (−qnX)ℓ if t = 0.

Proof. We treat the case t = 0 first. In this case, ϵ1 = ϵ. Before we give the details of the

proof, we summarize the main idea. Since {hϵ(n, s,X), 0 ≤ s ≤ n−1} forms a basis of the

space of polynomials with degree ≤ n−1, there exists unique tuples (an,j) and (bn,j) ∈ Qn

such that

Fϵ(n, n,X) =

n−1∑
j=0

an,jhϵ(n, j,X), and

n−1∑
r=0

(−1)rq
(n−r)(n−r−1)

2 · gϵ(n, r,X) =

n−1∑
j=0

bn,jhϵ(n, j,X).

(5.86)

We need to show an,j = bn,j for all n and j. We first show that an,j satisfy the recursion

relations (5.90), which gives a description of an+1,j in terms of an,j and an,j−1. We can

directly check a1,0 = b1,0 = 1. Then by an induction on n, it suffices to show bn,j also

satisfies (5.90).

Now we derive (5.90). It is easy to check that

Fϵ(n+ 1, n+ 1, X) = q⌊
n
2
⌋(qn+1X)Fϵ(n, n, qX) + (−1)nα(n+ 1). (5.87)

Plugging (5.86) into the above formula and applying Lemma 5.5.14, we obtain

n∑
j=0

an+1,jhϵ(n+1, j,X) = q⌊
n
2
⌋(qn+1X)

n−1∑
j=0

an,jhϵ(n+1, j+1, X)+(−1)nα(n+1)hϵ(n, n−1, X).

(5.88)

Let

γ(n, j) = ⌊n
2
⌋+ n+ 1− ⌊n+ j + 2

2
⌋ =


n− j

2 if j is even,

n− ⌊ j−(−1)
n

2 ⌋ if j is odd.

(5.89)
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Then Lemma 5.5.14 and (5.88) imply

n∑
j=0

an+1,jhϵ(n+ 1, j,X) =

n−1∑
j=0

an,jq
γ(n,j)hϵ(n+ 1, j,X) +

n∑
j=1

(−1)n+jan,j−1q
γ(n,j−1)hϵ(n+ 1, j,X)

+ (−1)nα(n+ 1)hϵ(n+ 1, n,X).

That is 
an+1,0 = qnan,0,

an+1,j = qγ(n,j)an,j + (−1)n+jqγ(n,j−1)an,j−1, 0 < j < n,

an+1,n = qγ(n,n−1)an,n−1 + (−1)nα(n+ 1).

(5.90)

Now we compute bn,j . A direct computation shows that bn,0 = q
n(n−1)

2 . In the following,

we compute bj for j ̸= 0.

For r = 0, we have

gϵ(n, 0, X) = f1(n, 0, X) =


hϵ(n, 0, X) if n is odd,

hϵ(n, 0, X) + (1− ϵ)hϵ(n, 1, X) if n is even.

Now we assume r ̸= 0. Recall that by Lemma 5.5.13, we have

gϵ(n, r,X) =
∑

ϵ3∈{±1}

m(U ϵ3
r , U

ϵ
n)gϵ3(r, r,X).

Notice that when n− r is odd, hϵ1(n, r,X) is independent of ϵ1. Then a direct calculation

using Lemma 5.5.15 and the formula for m(U ϵ1
r , U

ϵ
n) gives

gϵ(n, r,X) = α(r)hϵ(n, r,X)m(U ϵ
r , U

ϵ
n)


2q−

r
2

1+ϵq−
r
2

if n ≡ r − 1 ≡ 1 (mod 2),

−2ϵ if n ≡ r − 1 ≡ 0 (mod 2).

(5.91)

When n− r is even, we have

hϵ3(n, r,X) = (q
n+r
2 X − ϵϵ3)hϵ(n, r + 1, X). (5.92)
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So a direct calculation gives

gϵ(n, r,X) = α(r)hϵ(n, r+1, X)m(U ϵ
r , U

ϵ
n)

(
q

n+r
2 X − 1 + (−1)n(q

n+r
2 X + 1)

m(U−ϵr , U ϵ
n)

m(U ϵ
r , U

ϵ
n)

)
.

(5.93)

We have by Lemma 5.3.17

m(U−ϵr , U ϵ
n)

m(U ϵ
r , U

ϵ
n)

=
1− q−

n−r
2

1 + q−
n−r
2


1 if n ≡ r ≡ 1 (mod 2),

1−ϵq−
r
2

1+ϵq−
r
2

if n ≡ r ≡ 0 (mod 2).

The equation (5.92) gives

Xhϵ(n, r + 1, X) = q−
n+r
2 (hϵ(n, r,X) + hϵ(n, r + 1, X)).

So when n ≡ r ≡ 1 (mod 2), we have

gϵ(n, r,X) = 2α(r)m(U ϵ
r , U

ϵ
n)

(
q−

n−r
2

1 + q−
n−r
2

hϵ(n, r,X) +
q−

n−r
2 − 1

1 + q−
n−r
2

hϵ(n, r + 1, X)

)
,

and when n ≡ r ≡ 0 (mod 2) and r ̸= 0, we have

gϵ(n, r,X)

=
2α(r)m(U ϵ

r , U
ϵ
n)

(1 + q−
n−r
2 )(1 + ϵq−

r
2 )

(
(1 + ϵq−

n
2 )hϵ(n, r,X) + (1− q−

n−r
2 )(1− ϵq−

r
2 )hϵ(n, r + 1, X)

)
.

In summary, we have the numbers bn,j for j ̸= 0 are given by the following.

If n and j are odd, then

bn,j = 2(−1)jq
(n−j)(n−j−1)

2 α(j)
m(U ϵ

j , U
ϵ
n)

1 + q
n−j
2

.

If n is odd and j is even, then

bn,j = 2(−1)jq
(n−j)(n−j−1)

2

(
α(j)q−

j
2

1 + ϵq−
j
2

m(U ϵ
j , U

ϵ
n)−

qn−jα(j − 1)(q−
n−j+1

2 − 1)

1 + q−
n−j+1

2

m(U ϵ
j−1, U

ϵ
n)

)
.
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If n and j are even, then

bn,j =
2(−1)jq

(n−j)(n−j−1)
2 α(j)(1 + ϵq−

n
2 )

(1 + q−
n−j
2 )(1 + ϵq−

j
2 )

m(U ϵ
j , U

ϵ
n).

If n is even, then for j = 1 we have

bn,1 = q
n(n−1)

2 (1− ϵ+ 2ϵq−(n−1))m(U1
1 , U

ϵ
n),

and for odd j > 1, bn,j is equal to

2(−1)j+1q
(n−j)(n−j−1)

2

(
ϵα(j)m(U ϵ

j , U
ϵ
n) +

qn−jα(j − 1)(1− q−
n−j+1

2 )(1− ϵq−
j−1
2 )

(1 + q−
n−j+1

2 )(1 + ϵq−
j−1
2 )

m(U ϵ
j−1, U

ϵ
n)

)
.

Using the explicit formulas, direct calculation shows that bn,j satisfies (5.90).

From now, we assume t ̸= 0 and let m = n− t. The proof is essentially the same as the

proof of Lemma 5.5.15 and we only prove the case that n is odd and m is even in detail.

According to Lemma 5.5.13, we have

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · gϵ1(m, r,X)

=

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt ·
∑

ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )gϵ3(r, r,X)

= q
(n−m)(n+m−1)

2

m(n,t)∑
r=0

(−1)rq
(m−r)(m−r−1)

2 ·
∑

ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )gϵ3(r, r,X).

Assume that n is odd and m is even. Factoring out hϵ1(n,m,X), replacing X by q
n−1
2 X,

and apply Lemma 5.5.15, we have that (5.85) is equivalent to

q
(n−m)(n+m−1)

2

m∑
r=0

(−1)rq
(m−r)(m−r−1)

2 ·
∑

ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )α(r)g′ϵ3(m, r,X) = F ′(n,m,X),

(5.94)
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where

g′ϵ3(m, r,X) =


ϵϵ3(q

r+1
2 X − ϵϵ3) ·

∏m
2

ℓ= r+3
2

(q2ℓX2 − 1) if r is odd,

ϵ3
∏m

2

ℓ= r+2
2

(q2ℓX2 − 1) if r is even,

and

F ′(n,m,X) = q
n(n−1)

2

m
2∏

ℓ=1

(q2ℓX2).

Since g′ϵ(r,m,X) forms a basis of the space of polynomials with degree ≤ m, there exists

unique tuples (aj) and (bj) such that

LHS of (5.94) =

m∑
j=0

ajg
′
ϵ(m, j,X), RHS of (5.94) =

m∑
j=0

bjg
′
ϵ(m, j,X).

It suffices to show that a0 = b0 and both (aj) and (bj) satisfy the following recursive

relation for 0 < r ≤ m:

ar =


0 if r is odd,

qm−r+2−1
qm−qm−r ar−2 if r is even.

(5.95)

We derive the recursive relation for aj first. Notice that

g′ϵ(m, r, qX) = (qm+2X2 − 1)g′ϵ(m, r + 2, X).

Moreover,

Xg′ϵ(m, r,X) =


q−

r+1
2 (ϵg′ϵ(m, r − 1, X)− g′ϵ(m, r,X)) if r is odd,

q−
r
2 (ϵg′ϵ(m, r − 1, X) + g′ϵ(m, r,X)) if r is even.

X2g′ϵ(m, r,X) =


q−(r+1)(qg′ϵ(m, r − 2, X) + ϵ(q − 1)g′ϵ(m, r − 1, X) + g′ϵ(m, r,X)) if r is odd,

q−r(g′ϵ(m, r − 2, X) + g′ϵ(m, r,X)) if r is even.
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Hence if m is even, then

g′ϵ(m, r, qX)

=


qm−rg′ϵ(m, r,X) + ϵ(q − 1)qm−r−1g′ϵ(m, r + 1, X) + (qm−r−1 − 1)g′ϵ(m, r + 2, X) if r is odd,

qm−rg′ϵ(m, r,X) + (qm−r − 1)g′ϵ(m, r + 2, X) if r is even.

Hence for 1 < r ≤ m+ 1

(qm − qm−r)ar =


(qm−r+1 − 1)ar−2 if r is odd,

ϵ(q − 1)qm−rar−1 + (qm−r+2 − 1)ar−2 if r is even,

(5.96)

with am+1 = 0, which implies (5.95).

Now we compute bj . First, when r = 0,

∑
ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )g′ϵ3(m, 0, X) = ϵg′ϵ(m, 0, X).

For r ̸= 0,

∑
ϵ3∈{±1}

m(U ϵ3
r , U

ϵ1
m )g′ϵ3(m, r,X) =


−2ϵm(U ϵ

r , U
ϵ1
m )g′ϵ(m, r + 1, X) if r is odd,

ϵ(m(U1
r , U

ϵ1
m )−m(U−1r , U ϵ1

m ))g′ϵ(m, r,X) if r is even.

Then

br =


0 if r is odd,

a′r−1 + a′r if r is even.

where

a′r = q
(n−m)(n+m−1)

2


−2(−1)rq

(m−r)(m−r−1)
2 α(r)ϵm(U ϵ

r−1, U
ϵ1
m ) if r is odd,

(−1)rα(r)q
(m−r)(m−r−1)

2 ϵ(m(U1
r , U

ϵ1
m )−m(U−1r , U ϵ1

m )) if r is even.



241

Finally, a direct calculation shows that a0 = b0 = ϵq
n(n−1)

2 and br satisfies (5.96).

5.5.6 Proof of Theorem 5.5.1

Now we are ready to prove Theorem 5.5.1.

Recall that

Pden′(L) =
Pden′(In, L)

Pden(In, In)
,

and

Pden(In, In) = 2α(n)Iϵ(n),

where Iϵ(n) is defined in Lemma 5.5.7.

We first assume that L = Hj k L1 with j > 0 where L1 = In1−t k L2 is an integral

lattice of rank n1 and type t > 0 (the other non-integral cases were taken care of in the

summary of the proof at the beginning of this section). By Lemma 5.3.12, we have

Pden′(In, L) = 2
( j−1∏

ℓ=1

(1− q2ℓ)
)
Pden(In, L1, q

2j).

It suffices to show Pden(In, L1, q
2j) = 0. By Theorem 5.4.1 and Lemma 5.5.11, we have

Pden(In, L, q
2j) =

n1∑
i=0

Pdenn1−i(I−ϵn , L, q2j)

= Iϵ(n, n1)

n1−t∑
r=0

n1∑
i=0

(
n1 − r

i− r

)
q

(−1)n1+i−rq
(i−r)(i−r−1)

2 qrt · gϵ1(n1, n1 − t, r, qj−i).

(5.97)

Notice that the assumption t > 0 implies that r ≤ n1−t ≤ n1−1. Hence gϵ1(n1, n−t, r,X)

is a polynomial of degree n1−r−1 by Lemma 5.5.15. Then we may apply Corollary 5.3.24
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to conclude

n1∑
i=0

(
n1 − r

i− r

)
q

(−1)n1+i−rq
(i−r)(i−r−1)

2 qrt · gϵ1(n1, n1 − t, r, q
n−n1

2
−i) = 0.

Hence

Pden′(L) =
2
(∏j−1

ℓ=1(1− q2ℓ)
)

Pden(In, In)
Pden(In, L, q

n−n1) = 0.

Next, we assume L = In−t k L2 is integral of rank n and type t (Cases (2) and (3)

or equivalently Case (b) in the summary of the proof at the beginning of this section).

Similarly, by Theorem 5.4.1 and Lemma 5.5.11, we have

Pden′(In, L) =
n−1∑
i=0

(Pdenn−i)′(In, L)

= 2Iϵ(n)

m(n,t)∑
r=0

n−1∑
i=0

(
n− r

i− r

)
q

(−1)n−1+i+rq
(i−r)(i−r−1)

2 qrt · gϵ1(n, n− t, r, q−i).

(5.98)

Here, recall that m(n, t) := min{n − t, n − 1}. Applying Corollary 5.3.24 as before, we

have

n∑
i=0

(
n− r

i− r

)
q

(−1)r(−1)n−1+iq
(i−r)(i−r−1)

2 qrt · gϵ1(n, n− t, r, q−i) = 0.

Hence,

Pden′(In, L) = 2Iϵ(n)

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · gϵ1(n, n− t, r, q−n).
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By Lemma 5.5.16, if t ̸= 0, then

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · gϵ1(n, n− t, r, q−n) = Fϵ1(n, n− t, q−n)

= α(n) ·


∏ t−1

2
ℓ=1(1− q2ℓ) if t is odd,

(1− ϵϵ1q
t
2 )
∏ t

2
−1

ℓ=1 (1− q2ℓ) if t is even.

Notice that if t is even, then χ(Iϵ1n−t)χ(L2) = ϵ. Hence ϵϵ1 = χ(L2).

If t = 0, then by Lemma 5.5.16,

m(n,t)∑
r=0

(−1)rq
(n−r)(n−r−1)

2 qrt · gϵ1(n, n, r, q−n) = Fϵ1(n, n, q
−n) = α(n) ·


1 if n is odd,

0 if n is even.

This proves the theorem.

5.6 Fourier transform: the analytic side

In this section, we study the partial Fourier transform of the vertical part of the analytic

side following Section 8 of [LZ22b]. The main result is Theorem 5.6.2.

Definition 5.6.1. For a non-degenerate lattice L♭ ⊂ V of rank n− 1, and x ∈ V \L♭
F , we

define

∂DenL♭,V (x) =
∑

L♭⊂L′⊂L′♯

L′♭ ̸∈Hor(L♭)

∂Pden(L′)1L′(x),

where L′♭ = L′ ∩ L♭
F .

Theorem 5.6.2. Let L♭ ⊂ V be a non-degenerate lattice of rank n−1, and let W = (L♭
F )
⊥

be the perpendicular space of L♭
F in V. Recall the partial Fourier transform

∂Den⊥
L♭,V (x) :=

∫
L♭
F

∂DenL♭,V (x+ y) dy, x ∈ W \ {0}.
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Then ∂Den⊥
L♭,V

(x) is constant on W≥0 \ {0} and is zero for x ∈ W<0.

Proof. It suffices to show that if val(x) > 0, then

∂Den⊥
L♭,V (x)− ∂Den⊥

L♭,V (π−1x) = 0.

By definition, we have

∂Den⊥
L♭,V (x) =

∫
L♭
F

∑
L♭⊂L′⊂L′♯

L′♭ ̸∈Hor(L♭)

∂Pden(L′)1L′(x+ y) dy,

where L′ runs over lattices of rank n in L♭
F + ⟨x⟩.

Recall that PrL♭
F
denotes the projection to L♭

F . We rewrite the summation based on

L′ ∩ L♭
F and PrL♭

F
(L′). For lattices L′♭ ⊂ L̃′♭ in L♭

F of rank n− 1, let

Lat(L′♭, L̃′♭) := {L′ ⊂ V | L′ ∩ L♭
F = L′♭, PrL♭

F
(L′) = L̃′♭}.

Then by Lemmas 7.2.1 and 7.2.2 of [LZ22a], we have

∂Den⊥
L♭,V (x) =

∑
L♭⊂L′♭

L′♭ ̸∈Hor(L♭)

∑
L′♭⊂L̃′♭

L̃′♭/L′♭ cyclic

∑
L′∈Lat(L′♭,L̃′♭)

∂Pden(L′)

∫
L♭
F

1L′(x+ y) dy.

Here we can switch the order of the sum and integral because there are only finitely many

nonzero terms in the sum for a fixed x. Since L̃′♭/L′♭ is cyclic, it has a generator u♭ ∈ L♭
F .

Moreover, for L′ ∈ Lat(L′♭, L̃′♭), we can write L′ = L′♭ + ⟨u⟩ with u = u♭ + u⊥ ∈ V where

0 ̸= u⊥ ∈ W. Moreover, write x = αu⊥ with α ∈ F×, then

x+ y = αu+ (y − αu♭) ∈ L′
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if and only if α ∈ OF and y − αu♭ ∈ L′♭. As a result, we have

∫
L♭
F

1L′(x+ y)− 1L′(π−1x+ y)dy =


vol(L′♭), if ⟨x⟩ = ⟨u⊥⟩,

0, otherwise.

Therefore, we have

∂Den⊥
L♭,V (x)− ∂Den⊥

L♭,V (π−1x) =
∑

L♭⊂L′♭

L′♭ ̸∈Hor(L♭)

vol(L′♭)D(L′♭)(x), (5.99)

where

D(L′♭)(x) =
∑

L′♭⊂L̃′♭

L̃′♭/L′♭ cyclic

∑
u⊥∈⟨x⟩ generator
L′=L′♭+⟨u♭+u⊥⟩

∂Pden(L′) =
∑

u♭∈(L′♭)♯/L′♭

val(u♭)≥0

∂Pden(L′♭ + ⟨u♭ + x⟩).

(5.100)

Here the last step uses the fact that L′ = L′♭+⟨u♭+x⟩ is integral if and only if u♭ ∈ (L′♭)♯/L′♭

and val(u♭) ≥ 0 (since val(x) > 0).

It suffices to show D(L′♭)(x) = 0 for any L′♭ such that L♭ ⊂ L′♭ and L′♭ ̸∈ Hor(L♭). To

show this, we write L′♭ = Iϵ1n1
kL2 where L2 is of full type (of rank n− 1− n1). Let u2 be

the projection of u♭ to L2. Then

(L′♭)♯/L′♭ = (Iϵ1n1
k (L2)

♯)/L′♭ ∼= L♯
2/L2 and L′♭ + ⟨u♭ + x⟩ = L′♭ + ⟨u2 + x⟩.

We consider a partition of

(L♯
2)
◦/L2 = S+(L2) ⊔ S0(L2) ⊔ S−(L2)

with

S+(L2) = (πL♯
2)
◦◦/L2, S0(L2) = ((πL♯

2)
◦ − (πL♯

2)
◦◦)/L2, S−(L2) = ((L♯

2)
◦ − (πL♯

2)
◦)/L2.
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Here, for a lattice L,

L◦ := {x ∈ L | val(x) ≥ 0} and L◦◦ := {x ∈ L | val(x) > 0}.

In general, for a full type lattice L2, we also define

µ+(L) := |(πL♯)◦◦/L|, µ0(L) := |((πL♯)◦ − (πL♯)◦◦)/L|, µ−(L) := |((L♯)◦ − (πL♯)◦)/L|.

(5.101)

For ν ∈ {±1}, let

µ0,ν(L) := |{u ∈ (πL♯)◦ − (πL♯)◦◦ : χ((u, u)) = ν}/L|. (5.102)

Since L′ = L′♭ + ⟨u2 + x⟩ with u2 integral and val(x) > 0, it is not hard to check that

t(L′) =


t(L′♭) + 1 if u2 ∈ S+(L2),

t(L′♭) if u2 ∈ S0(L2),

t(L′♭)− 1 if u2 ∈ S−(L2).

Set t = t(L′♭). There are two cases.

When t is odd, we can write

L′ = L′♭ + ⟨u2 + x⟩ =


Iϵ1n1

k L′2 if u ∈ S+
2 (L2),

Iϵ1n1
k I12 k L′2 if u ∈ S−2 (L2).

In both cases, a simple calculation gives

χ(L′2) = ϵϵ1.
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For t > 1, by Theorem 5.5.1,

∂Pden(L′) = (1− ϵϵ1q
t−1
2 )

t−1
2
−1∏

ℓ=1

(1− q2ℓ) ·


(1− ϵϵ1q

t+1
2 )(1 + ϵϵ1q

t−1
2 ) if u2 ∈ S+(L2),

1 + ϵϵ1q
t−1
2 if u2 ∈ S0(L2),

1 if u2 ∈ S−(L2).

For t = 1, S−(L2) is empty and L′♭ ̸∈ Hor(L♭) implies that L′ = Lϵ1
n1

kL′2 with χ(L′2) = 1,

i.e. ϵ1 = ϵ. In this case, by Theorem 5.5.1,

∂Pden(L′) =


1− q if u ∈ S+(L2),

1 if u ∈ S0(L2).

Hence by (5.100), we have D(L′♭) = 0 if

(1− ϵϵ1q
t+1
2 )(1 + ϵϵ1q

t−1
2 )µ+(L2) + (1 + ϵϵ1q

t−1
2 )µ0(L2) + µ−(L2) = 0. (5.103)

When t = t(L′♭) is even, L′♭ ̸∈ Hor(L♭) implies that t > 0. Moreover, if u2 ∈ S0(L2),

we have a decomposition (since u2 ∈ L2 is perpendicular to Iϵ1n1
)

L′ = L′♭ + ⟨u2 + x⟩ = Iϵ1n1
k ⟨u2 + x⟩ k L′2

for some full type lattice L′2 of rank t. Then a direct calculation gives

χ(L′2) = (−1)n1ϵ1ϵχ(u2).
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So we have by Theorem 5.5.1,

∂Pden(L′) =

t
2
−1∏

ℓ=1

(1− q2ℓ) ·


(1− qt) if u2 ∈ S+(L2),

1− (−1)n1ϵ1ϵχ(u2)q
t
2 if u2 ∈ S0(L2),

1 if u2 ∈ S−(L2).

Hence by (5.100), we have D(L′♭) = 0 if

(1− qt)µ+(L2) + (1− (−1)n1ϵ1ϵq
t
2 )µ0,1(L2) + (1 + (−1)n1ϵ1ϵq

t
2 )µ0,−1(L2) + µ−(L2) = 0.

(5.104)

Now (5.103) follows from Proposition 5.6.7 and (5.104) follows from Proposition 5.6.9.

Hence we have D(L′♭) = 0 for L′♭ such that L♭ ⊂ L′♭ and L′♭ ̸∈ Hor(L♭). Now the theorem

follows from (5.99).

To complete the proof of Theorem 5.6.2, we are left to state and prove Propositions

5.6.7 and 5.6.9.

Definition 5.6.3. Let L and L′ be lattices of full type such that L ⊂ L′ ⊂ π−1L. For

? ∈ {+, 0,−, {0,+1}, {0,−1}}, define

µ?(L,L′) := µ?(L)− [L′ : L]µ?(L′),

where µ?(L) is defined in (5.101) and (5.102).

Lemma 5.6.4. Let L be a full type lattice of rank t. Then

µ+(L) + µ0(L) + µ−(L) = qt · µ+(L).

Let L and L′ be full type lattices of rank t such that L ⊂ L′ ⊂ π−1L. Then

µ+(L,L′) + µ0(L,L′) + µ−(L,L′) = qt · µ+(L,L′).
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Proof. It suffices to show that the following map

(L♯)◦/L→(πL♯)◦◦/L, x 7→ πx

is surjective and every fiber of this map has size qt. For x ∈ (πL♯)◦◦ = π(L♯)◦, the fiber

at x is

{π−1(y + x) ∈ (L♯)◦ : y ∈ L}.

Since x ∈ π(L♯)◦,

π−1(y + x) ∈ (L♯)◦ ⇐⇒ (y + x) ∈ π(L♯)◦ ⇐⇒ y ∈ π(L♯)◦.

Moreover, the assumption that L is a full type lattice implies that L ⊂ π(L♯)◦. Hence

|{π−1(y + x) ∈ (L♯)◦ : y ∈ L}| = |L| = qt.

This proves the first statement. The second statement follows from the first and the

definition of µ?(L,L′).

Definition 5.6.5. Let L be a full type lattice of rank t. We call L maximal of type t if

t(L′) < t for any L′ such that L ⊊ L′ ⊂ LF .

Lemma 5.6.6. If L is non-maximal full type lattice of rank t, then there exists a L′ such

that L ⊂ L′ ⊂ π−1L and

µ+(L,L′) + µ0(L,L′) = q · µ+(L,L′).

Proof. We need to find a L′ such that L ⊂ L′ ⊂ π−1L and

|((πL♯)◦ − (πL′♯)◦)/L| = q · |((πL♯)◦◦ − (πL′♯)◦◦)/L|.
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Let (a1, · · · , at) be the fundamental invariants of L. We consider two cases seperately.

(i) If at is even and at ≥ 4, then we may choose a normal basis {ℓ1, · · · , ℓt} of L

such that ⟨ℓ1, · · · , ℓt−1⟩ ⊥ ℓt. Write (ℓt, ℓt) = ut(−π0)
at
2 . In this case, we choose

L′ = ⟨ℓ1, · · · , ℓt−1, π−1ℓt⟩, with fundamental invariants (a1, · · · , at−1, at − 2). Then

πL♯ = ⟨π−a1+1ℓ1, · · · , π−at+1ℓt⟩ and πL′♯ = ⟨π−a1+1ℓ1, · · · , π−at−1+1ℓt−1, π
−at+2ℓt⟩.

For a fixed x0 =
∑

1≤i<t siπ
−ai+1ℓi where si ∈ OF , let

S◦x0
:= {x ∈ (πL♯)◦ − (πL′♯)◦ : x = x0 + stπ

−at+1ℓt, st ∈ OF }/L,

S◦◦x0
:= {x ∈ (πL♯)◦◦ − (πL′♯)◦◦ : x = x0 + stπ

−at+1ℓt, st ∈ OF }/L.

It suffices to show |S◦x0
| = q · |S◦◦x0

|. Notice that x = x0 + stπ
−at+1ℓt ∈ S◦x0

if and only if

st ∈ O×F , (x, x) = ut(−π0)−
at
2
+1(u−1t (−π0)

at
2
−1(x0, x0) + sts̄t) ∈ OF0 ,

and x ∈ S◦◦x0
if and only if

st ∈ O×F , (x, x) = ut(−π0)−
at
2
+1(u−1t (−π0)

at
2
−1(x0, x0) + sts̄t) ∈ (π0).

Consider the π-adic expansions

st =

∞∑
i≥0

biπ
i, −u−1t (−π0)

at
2
−1(x0, x0) =

∞∑
i≥0

ciπ
i,
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where bi, ci ∈ OF0/(π0). Then x ∈ S◦x0
if and only if st ∈ O×F , and

c0 = b20,

c1 = b1b0 − b0b1,

c2 = b2b0 − b1b1 + b0b2,

· · ·

cat−3 =

at−3∑
i=0

(−1)ibat−3−ibi.

Similarly, x ∈ S◦◦x0
if and only if x ∈ S◦x0

and

cat−2 −
at−3∑
i=1

(−1)ibat−2−ibi = 2bat−2b0.

Since st ∈ O×F , b0 ̸= 0 and bat−2 is uniquely determined by the above equation. Hence

|S◦x0
| = q · |S◦◦x0

| as a result.

(ii) If at is odd (since L is non-maximal, at > 1 in this case) or at = 2, then we

may choose a normal basis {ℓ1, · · · , ℓt} of L such that the moment matrix of {ℓt−1, ℓt} is

Hat , where Hat :=

 0 πat

(−π)at 0

. We may choose L′ = ⟨ℓ1, · · · , ℓt−2, π−1ℓt−1, ℓt⟩ with

fundamental invariants (a1, · · · , at−2, at − 1, at − 1). In this case,

πL♯ = ⟨π−a1+1ℓ1, · · · , π−at+1ℓt⟩ and πL′♯ = ⟨π−a1+1ℓ1, · · · , π−at+1ℓt−1, π
−at+2ℓt⟩.

For a fixed x0 =
∑

1≤i<t−1 siπ
−ai+1ℓi where si ∈ OF , let

S◦x0
:= {x ∈ (πL♯)◦ − (πL′♯)◦ : x = x0 + st−1π

−at+1ℓt−1 + stπ
−at+1ℓt, where st−1, st ∈ OF }/L,

S◦◦x0
:= {x ∈ (πL♯)◦◦ − (πL′♯)◦◦ : x = x0 + st−1π

−at+1ℓt−1 + stπ
−at+1ℓt, where st−1, st ∈ OF }/L.

It suffices to show |S◦x0
| = q · |S◦◦x0

|. Notice that x = x0+st−1π
−at+1ℓt−1+stπ

−at+1ℓt ∈ S◦x0
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if and only if

st ∈ O×F , (x, x) = (x0, x0) + (st−1s̄t + (−1)at s̄t−1st)(−1)−at+1π−at+2 ∈ OF0 ,

and x ∈ S◦◦x0
if and only if

st ∈ O×F , (x, x) = (x0, x0) + (st−1s̄t + (−1)at s̄t−1st)(−1)−at+1π−at+2 ∈ (π0).

Write

st−1 =
∞∑
i≥0

biπ
i, st =

∞∑
i≥0

ciπ
i, −(−1)at−1πat−2(x0, x0) =

∞∑
i≥0

diπ
i,

where bi, ci, di ∈ OF0/(π0). Then x ∈ S◦◦x0
if and only if x ∈ S◦x0

and

dat−2 + S = −2bat−2c0.

where S is certain expression involving b0, · · · , bat−3 and c1, · · · , cat−2. Since st ∈ O×F ,

c0 ̸= 0. Hence, for any given S, the number of choices of bat−2 is determined if x ∈ S◦◦x0
.

As a result, |S◦x0
| = q · |S◦◦x0

|.

Proposition 5.6.7. Assume that t ≥ 1 is odd and L is a full type lattice of rank t. Then

for any χ ∈ {±1}, we have

(1− χq
t+1
2 )(1 + χq

t−1
2 )µ+(L) + (1 + χq

t−1
2 )µ0(L) + µ−(L) = 0.

Proof. We prove this for maximal L first. We can choose a basis {ℓ1, · · · , ℓt} of L with

moment matrix Diag(H
t−1
2

1 , ut(−π0)). Set L1 = ⟨ℓ1, · · · , ℓt−1⟩ and L2 = ⟨ℓt⟩. Then we can

directly compute that

(πL♯)◦◦ = L, (πL♯)◦ = L1 k π−1L2, (L♯)◦ = π−1L1 k π−1L2.
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Hence

µ+(L) = |(πL♯)◦◦/L| = 1, µ0(L) = |((πL♯)◦ − (πL♯)◦◦)/L| = q − 1,

and

µ−(L) = |((L♯)◦ − (πL♯)◦)/L| = qt − q.

As a result,

(1− χq
t+1
2 )(1 + χq

t−1
2 )µ+(L) + (1 + χq

t−1
2 )µ0(L) + µ−(L)

= (1− χq
t+1
2 )(1 + χq

t−1
2 ) + (1 + χq

t−1
2 )(q − 1) + qt − q

= 0.

Now we assume L is not maximal and the proposition holds for L′ such that L ⊊ L′

by an induction on val(L). With this assumption, it suffices to show

(1− χq
t+1
2 )(1 + χq

t−1
2 )µ+(L,L′) + (1 + χq

t−1
2 )µ0(L,L′) + µ−(L,L′) = 0,

which follows from a combination of Lemmas 5.6.4 and 5.6.6.

Lemma 5.6.8. If L is non-maximal full type lattice of rank t, then there exists a L′ such

that L ⊂ L′ ⊂ π−1L and

µ0,+(L,L′) = µ0,−(L,L′).

Proof. Let

Sν := {x ∈ ((πL♯)◦ − (πL♯)◦◦)− ((πL′♯)◦ − (πL′♯)◦◦) : χ(⟨x⟩) = ν}/L.

We need to show |S+1| = |S−1|. Let {ℓ1, · · · , ℓt} be a normal basis of L, and let {a1, · · · , at}
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be the set of fundamental invariants of L. We consider two cases seperately.

(i) If at is even and at ≥ 4, then we may choose a normal basis {ℓ1, · · · , ℓt} of L such that

⟨ℓ1, · · · , ℓt−1⟩ ⊥ ℓt. In this case, we choose L′ = ⟨ℓ1, · · · , ℓt−1, π−1ℓt⟩, with fundamental

invariants (a1, · · · , at−1, at − 2). Then

πL♯ = ⟨π−a1+1ℓ1, · · · , π−at+1ℓt⟩ and πL′♯ = ⟨π−a1+1ℓ1, · · · , π−at−1+1ℓt−1, π
−at+2ℓt⟩.

For a fixed x0 =
∑

1≤i<t siπ
−ai+1ℓi where si ∈ OF , we set

Sν
x0

:= {x ∈ ((πL♯)◦ − (πL♯)◦◦)− ((πL′♯)◦ − (πL′♯)◦◦) : x = x0 + stπ
−at+1ℓt, st ∈ OF , χ(⟨x⟩) = ν}/L.

We need to show |S+1
x0

| = |S−1x0
|. Write (ℓt, ℓt) = ut(−π0)

at
2 . Notice that x = x0 +

stπ
−at+1ℓt ∈ Sν

x0
if and only if

st ∈ O×F , (x, x) ∈ O×F0
, χ((x, x)) = ν. (5.105)

Notice that

(x, x) = ut(−π0)−
at
2
+1(u−1t (−π0)

at
2
−1(x0, x0) + sts̄t).

Write

st =

∞∑
i≥0

biπ
i, and − u−1t (−π0)

at
2
−1(x0, x0) =

∞∑
i≥0

ciπ
i,

where bi, ci ∈ OF0/(π0). Then the conditions in (5.105) are equivalent to the following
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equations:

c0 = b20 ̸= 0,

c1 = b1b0 − b0b1,

c2 = b2b0 − b1b1 + b0b2,

· · ·

cat−3 =

at−3∑
i=0

(−1)ibat−3−ibi,

ν = χ
(
ut(−π0)−

at
2
+1
(
− cat−2 +

at−2∑
i=0

(−1)ibat−2−ibi
))
.

Since at is even by assumption, the last equation is the same with

ν = χ
(
ut(−π0)−

at
2
+1
(
− cat−2 +

at−3∑
i=1

(−1)ibat−2−ibi + 2b0bat−2
))
.

Notice that the possible choices of {b0, · · · , bat−3} are determined by the first at − 2 equa-

tions. And for a given choice of {b0, · · · , bat−3}, the number of choices of bat−2 that satisfies

the last equation is clearly independent of ν since b0 ̸= 0.

(ii) If at is odd or at = 2, then we may choose a normal basis {ℓ1, · · · , ℓt} of L such that

the moment matrix of {ℓt−1, ℓt} is Hat , where Hat :=

 0 πat

(−π)at 0

. We may choose

L′ = ⟨ℓ1, · · · , ℓt−2, π−1ℓt−1, ℓt⟩ with fundamental invariants (a1, · · · , at−2, at−1− 1, at− 1).

In this case,

πL♯ = ⟨π−a1+1ℓ1, · · · , π−at+1ℓt⟩ and πL′♯ = ⟨π−a1+1ℓ1, · · · , π−at−1+1ℓt−1, π
−at+2ℓt⟩.

For a fixed x0 =
∑

1≤i<t−1 siπ
−ai+1ℓi, we set

Sν
x0

:= {x ∈ ((πL♯)◦ − (πL♯)◦◦)− ((πL′♯)◦ − (πL′♯)◦◦) :x = x0 + st−1π
−at−1+1ℓt−1 + stπ

−at+1ℓt,

st−1, st ∈ OF , χ(⟨x⟩) = ν}/L.
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It suffices to show |S+1
x0

| = |S−1x0
|. Notice that x = x0+st−1π

−at−1+1ℓt−1+stπ
−at+1ℓt ∈ Sν

x0

if and only if

st ∈ O×F , (x, x) = (x0, x0) + (st−1s̄t + (−1)at s̄t−1st)(−1)−at+1π−at+2 ∈ O×F0
, χ((x, x)) = ν.

(5.106)

Write

st−1 =
∞∑
i≥0

biπ
i, st =

∞∑
i≥0

ciπ
i, −(−1)at−1πat−2(x0, x0) =

∞∑
i≥0

diπ
i,

where bi, ci, di ∈ OF0/(π0). Then the condition in (5.106) is equivalent to the following

equations:

d0 = b0c0 + (−1)atb0c0,

d1 = b1c0 − b0c1 + (−1)at(−b1c0 + b0c0),

· · ·

ν = χ
(
(−1)at−1π−at+2

(
− dat−2 + S + 2bat−2c0

))
,

where S is certain expression involving b0, · · · , bat−3 and c1, · · · , cat−2. Since st ∈ O×F ,

c0 ̸= 0. Hence, for any given S, the number of choices of bat−2 that satisfies the last

equation is clearly independent of ν.

Proposition 5.6.9. Assume that t ≥ 1 is even and that L is a full type lattice of rank t.

Then for any χ ∈ {±1}, we have

(1− qt)µ+(L) + (1− χq
t
2 )µ0,+1(L) + (1 + χq

t
2 )µ0,−1(L) + µ−(L) = 0.

Proof. We prove this for maximal L first. There are two cases we need to consider.

(i) If we can choose a basis {ℓ1, · · · , ℓt} of L with moment matrix Diag(H
t
2
−1

1 , ut−1(−π0), ut(−π0))

where χ(−ut−1ut) = −1, then set L1 = ⟨ℓ1, · · · , ℓt−2⟩ and L2 = ⟨ℓt−1, ℓt⟩. In this case, a
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direct computation shows that

(πL♯)◦◦ = L, (πL♯)◦ = L1 k π−1L2, (L♯)◦ = π−1L.

Hence

µ+(L) = |(πL♯)◦◦/L| = 1, µ−(L) = |((L♯)◦ − (πL♯)◦)/L| = qt − q2. (5.107)

Moreover,

µ0,ν(L) = |{(x, y) ∈ F2
q − (0, 0) | χ(ut−1x2 + uty

2) = ν}|.

It is well known that

|{(x, y) ∈ F2
q − (0, 0) | ut−1x2 + uty

2 = 1}| = q − χ(−ut−1ut) = q + 1.

Hence

µ0,+1(L) = µ0,−1(L) =
q2 − 1

2
. (5.108)

Combining (5.107) and (5.108), we have

(1− qt)µ+(L) + (1− χq
t
2 )µ0,+(L) + (1 + χq

t
2 )µ0,−(L) + µ−(L)

= (1− qt) + (q2 − 1) + (qt − q2) = 0.

(ii) If we can choose a basis {ℓ1, · · · , ℓt} of L with moment matrix H
t
2
1 , then we can directly

compute that

(πL♯)◦◦ = L, (πL♯)◦ = L, (L♯)◦ = π−1L.
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Hence

µ+(L) = |(πL♯)◦◦/L| = 1, µ0(L) = 0, µ−(L) = |((L♯)◦ − (πL♯)◦)/L| = qt − 1.

As a result we have

(1− qt)µ+(L) + (1− χq
t
2 )µ0,+(L) + (1 + χq

t
2 )µ0,−(L) + µ−(L) = (1− qt) + (qt − 1) = 0.

Now we assume L is not maximal and the proposition holds for L′ such that L ⊊ L′

by an induction on val(L). With this assumption, it suffices to show

(1− qt)µ+(L,L′) + (1− χq
t
2 )µ0,+1(L,L′) + (1 + χq

t
2 )µ0,−1(L,L′) + µ−(L,L′) = 0,

which follows from a combination of Lemmas 5.6.4 and 5.6.8.

5.7 Proof of the main theorem

We prove the main theorem in this section by an induction on val(L) using the results we

obtained about the partial Fourier transform in previous sections.

5.7.1 Comparison of horizontal intersection numbers

Lemma 5.7.1. Let L ⊂ V be a lattice. If L = L1 k L2 where L1 is unimodular, then

Int(L)− ∂Den(L) = Int(L2)− ∂Den(L2).

Proof. The lemma follows from comparing (5.61) with (4.37).

Definition 5.7.2. Let L♭ ⊂ V be a non-degenerate lattice of rank n− 1, and x ∈ V \ L♭
F .

Define

∂DenL♭,H (x) =
∑

L♭⊂L′⊂L′♯

L′♭∈Hor(L♭)

∂Pden(L′)1L′(x). (5.109)
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Lemma 5.7.3. If L♭ ⊂ V is horizontal, then

IntL♭,H (x) = ∂DenL♭,H (x),

where IntL♭,H is defined in Definition 5.2.7.

Proof. Let L = L♭ ⊕ ⟨x⟩. By Lemma 5.2.9, we know

IntL♭,H (x) = IntL♭(x) = Int(L). (5.110)

On the other hand, since L♭ is horizontal, by Lemma 5.2.2 any integral lattice of rank

n− 1 containing L♭ is horizontal, hence we have

∂DenL♭,H (x) = ∂DenL♭(x) = ∂Den(L). (5.111)

So it suffices to prove Int(L) = ∂Den(L).

When n = 2, by (5.110) and (5.111), the lemma is a consequence of [Shi22, Theorem

1.1] and Theorem 3.4.1. When n > 2, L♭ has a unimodular direct summand L1 of rank

n − 2 such that L = L1 k L2 and L♭
2 := L2,F ∩ L♭ is a horizontal lattice in L2,F . The

lemma follows from the the case n = 2 and Lemma 5.7.1.

Lemma 5.7.4. If M ♭ ⊂ V is horizontal, then

χ(N , LZ(M ♭)◦ · Z(x)) =
∑

M♭⊂L′⊂L′♯

L′♭=M♭

∂Pden(L′)1L′(x),

where LZ(M ♭)◦ is as in Definition 5.2.5.

Proof. By Definition 5.2.7, we have

IntM♭,H (x) = χ(N , LZ(M ♭)◦ · Z(x)) +
∑

L′♭∈Hor(M♭)

L′♭ ̸=M♭

χ(N , LZ(L′♭)◦ · Z(x)). (5.112)
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We now prove the lemma by induction on val(M ♭). When M ♭ is unimodular, the lemma

is the same as Lemma 5.7.3. In general notice that any integral lattice of rank n − 1

containing M ♭ is horizontal by Lemma 5.2.2. Applying the induction hypothesis to the

right hand side of the above formula and applying Lemma 5.7.3 to the left hand had, we

obtain

∑
M♭⊂L′⊂L′♯

L′♭∈Hor(M♭)

∂Pden(L′)1L′(x) = χ(N , LZ(M ♭)◦ · Z(x)) +
∑

M♭⊂L′⊂L′∨

L′♭ ̸=M♭

∂Pden(L′)1L′(x).

(5.113)

Subtract the left hand side by the second term of the right hand side of the equation, the

lemma is proved.

Theorem 5.7.5. For a non-degenerate lattice L♭ ⊂ V of rank n− 1, and x ∈ V \ L♭
F , we

have

IntL♭,H (x) = ∂DenL♭,H (x).

Proof. By the definition of IntL♭,H (x), we have

IntL♭,H (x) =
∑

M♭∈Hor(L♭)

χ(N , LZ(M ♭)◦ · Z(x)).

The theorem now follows from (5.109) and Lemma 5.7.4.

5.7.2 Proof of the main theorem

The following is an analogue of Lemma 9.3.1 of [LZ22b].

Lemma 5.7.6. Let L♭ ⊂ V be a non-degenerate lattice of rank n − 1 and W = (L♭
F )
⊥.

For x ̸∈ L♭ k W, there exists an OF -lattice L
′♭ of rank n− 1 and x′ ∈ V such that

val(L′♭) < val(L♭) and L′♭ + ⟨x′⟩ = L♭ + ⟨x⟩.
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Proof. Assume that L♭ ⊂ V has fundamental invariants (a1, · · · , an−1). Let {ℓ1, · · · , ℓn−1}

be a basis of L♭ whose moment matrix is

Diag(Hb1 , Hb3 , · · · , Hb2s−1 , u2s+1π
b2s+1 , · · · , un−1πbn−1),

where b1, · · · , b2s−1 are odd and Hj =

 0 πj

(−π)j 0

. Notice that {b1, · · · , bn−1} =

{a1, · · · , an−1}. The moment matrix of {ℓ1, · · · , ℓn−1, x} is

T =



Hb1 (ℓ1, x)

. . .
...

un−1π
bn−1 (ℓn−1, x)

(x, ℓ1) · · · (x, ℓn−1) (x, x)


.

Assume (a′1, · · · , a′n) is the fundamental invariants of L♭ + ⟨x⟩. According to Lemma 2.23

of [LL22], a′1 + · · ·+ a′n−1 equals the minimal valuation of the (n− 1)× (n− 1) minors of

T .

Write x = x♭ + x⊥ where x♭ ∈ L♭
F and x⊥ ∈ W. If x♭ ̸∈ L♭, then we can write

x♭ =
∑n−1

j=1 αjℓj where αi ̸∈ OF for some i. First, we assume αi ̸∈ OF for some i ≤ 2s.

The valuation of the (n, i)-th minor of T (removing n-th row and i-th column) equals to


valπ((ℓi+1, x))− bi + (b1 + · · ·+ bn−1) if i is odd,

valπ((ℓi−1, x))− bi + (b1 + · · ·+ bn−1) if i is even.

Since αi ̸∈ OF , we have valπ((ℓi+1, x)) < bi if i is odd and valπ((ℓi−1, x)) < bi if i is

even. In particular,
∑n−1

j=1 a
′
j <

∑n−1
j=1 aj . Now if we choose a normal basis {ℓ′1, · · · , ℓ′n} of

L♭ + ⟨x⟩, then L′♭ = ⟨ℓ′1, · · · , ℓ′n−1} and x′ = ℓ′n satisfy the property we want.

Now we assume αi ̸∈ OF for some 2s < i ≤ n− 1. The valuation of the (n, i)-th minor
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of T equals to

valπ(ℓi, x)− bi + (b1 + · · ·+ bn−1).

Since αi ̸∈ OF , valπ(ℓi, x) < bi, hence
∑n−1

j=1 a
′
j <

∑n−1
j=1 aj . Now if we choose a normal

basis {ℓ′1, · · · , ℓ′n} of L♭ + ⟨x⟩, then L′♭ = ⟨ℓ′1, · · · , ℓ′n−1} and x′ = ℓ′n satisfy the property

we want.

For any L, we can write it as L♭ + ⟨x⟩ where L♭ is a non-degenerate hermitian OF -

lattice of rank n − 1, and x ∈ V \ L♭. Therefore, in order to show Int(L) = ∂Den(L), it

suffices to show the following theorem.

Theorem 5.7.7. Let L♭ ⊂ V be a non-degenerate lattice of rank n−1. For any x ∈ V\L♭
F ,

we have

IntL♭(x) = ∂DenL♭(x).

Proof. For x ∈ V \ L♭
F , let ΦL♭(x) = IntL♭(x)− ∂DenL♭(x). We need to show ΦL♭(x) = 0.

We prove the theorem by an induction on val(L♭). If L♭ is not integral, then IntL♭(x) = 0

as Z(L) is empty by Proposition 5.1.20. Moreover ∂DenL♭(x) = 0 by Corollary 5.5.2.

Hence the theorem is true in this case.

Now we assume L♭ is integral. By induction hypothesis and Lemma 5.7.6, we may

assume supp(ΦL♭) ⊂ L♭ k W where W = (L♭
F )
⊥. Since ΦL♭(x) is invariant under the

translation of L♭, we may write

ΦL♭(x) = 1L♭ ⊗ ϕW(x), (5.114)

where ϕW(x) is a function on W \ {0}. Then we have by definition

Φ⊥
L♭ = vol(L♭)ϕW.
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Theorem 5.7.5 implies that

ΦL♭(x) = ΦL♭,V (x) := IntL♭,V (x)− ∂DenL♭,V (x).

Hence

vol(L♭)ϕW = Φ⊥
L♭,V . (5.115)

By induction on the rank of L and Lemma 5.7.1, we may assume ΦL♭(x) = 0, hence

ϕW(x) = 0 for x ∈ W=0. Combining this with the non-integral case, we know ϕW(x) = 0

for x ∈ W≤0. As a result, we have Φ⊥
L♭,V

(x) = 0 for x ∈ W≤0 by (5.115). By Theorem

5.6.2 and Theorem 5.2.16, we have Φ⊥
L♭,V

(x) = 0 for x ∈ W≥0 \ {0}. Hence Φ⊥
L♭,V

(x) = 0

for all x ∈ W \ {0}. Consequently, ϕW(x) = 0 by (5.115).

Combining this theorem with Theorem 5.2.15, we have the following corollary.

Corollary 5.7.8. Let L♭ ⊂ V be a non-degenerate lattice of rank n−1. Then ∂DenL♭,V (x) ∈

S (V)≥−1 is a Schwartz function.

5.8 Global applications

5.8.1 Shimura varieties

In this section, we switch to global situation and will closely follow [RSZ20] and [RSZ21].

Let F be a CM number field with maximal totally real subfield F0. We fix a CM type

Φ ⊂ Hom(F,Q) of F and a distinguished element ϕ0 ∈ Φ. We fix an embedding Q ↪→ C

and identify the CM type Φ with the set of archimedean places of F , and also with the set

of archimedean places of F0. Let V be an F/F0-hermitian space of dimension n ≥ 2. Let

Vϕ = V ⊗F,ϕ C be the associated C/R-hermitian space for ϕ ∈ Φ. Assume the signature
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of Vϕ is given by

(rϕ, rϕ̄) =


(n− 1, 1), ϕ = ϕ0,

(n, 0), ϕ ∈ Φ \ {ϕ0}.

Define a variant GQ of the unitary similitude group GU(V ) by

GQ := {g ∈ ResF0/QGU(V ) : c(g) ∈ Gm},

where c denotes the similitude character. Define a cocharacter

hGQ : C× → GQ(R) ⊂
∏
ϕ∈Φ

GU(Vϕ)(R) ≃
∏
ϕ∈Φ

GU(rϕ, rϕ̄)(R),

where its ϕ-component is given by

hGQ,ϕ(z) = Diag{z · 1rϕ , z̄ · 1rϕ̄}

under the decomposition of Vϕ into positive definite and negative definite parts. Then its

GQ(R)-conjugacy class defines a Shimura datum (GQ, {hGQ}). Let Er = E(GQ, {hGQ})

be the reflex field, i.e., the subfield of Q fixed by {σ ∈ Aut(Q/Q) : σ∗(r) = r}, where

r : Hom(F,Q) → Z is the function defined by r(ϕ) = rϕ.

We similarly define the group ZQ (a torus) associated to a totally positive definite

F/F0-hermitian space of dimension 1 (i.e., of signature {(1, 0)ϕ∈Φ}) and a cocharacter

hZQ of ZQ. The reflex field EΦ = E(ZQ, {hZQ}) is equal to the reflex field of the CM type

Φ, i.e., the subfield of Q fixed by {σ ∈ Gal(Q/Q) : σ ◦ Φ = Φ}.

Now define a Shimura datum (G̃, {h
G̃
}) by

G̃ := ZQ ×Gm GQ = {(z, g) ∈ ZQ ×GQ | NmF/F0
(z) = c(g)}, h

G̃
= (hZQ , hGQ).

Then G̃ ∼= ZQ × G where G = ResF0/QU(V ). Its reflex field E is equal to the composite

ErEΦ, and the CM field F becomes a subfield of E via the embedding ϕ0. We remark
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that E = F when F/Q is Galois, or when F = F0κ for some imaginary quadratic κ/Q

and the CM type Φ is induced from a CM type of κ/Q (e.g., when F0 = Q). Assume that

KZQ ⊂ ZQ(Af ) is the unique maximal open compact subgroup, and KG =
∏

vKG,v where

v runs over finite places of F0 is a compact open subgroup of G(Af ). Let K = KZQ×KG ⊂

G̃(Af ). Then the associated Shimura variety ShK = ShK(G̃, {h
G̃
}) is a Deligne-Mumford

stack of dimension n− 1 and has a canonical model over SpecE.

5.8.2 Integral model

In this subsection we run through the set-up of [LZ22a, §14]. Letm = (mv)v be a collection

of integers mv ≥ 0 indexed by finite places of F0 such that mv = 0 for all but finitely

many places and mv = 0 for all places v that are nonsplit in F . Let Λ be an OF -lattice of

V . Assume that for any finite place v of F0 (with residue characteristic p), the following

conditions are satisfied where ν̃ : Q̄ → Q̄p is an embedding that induces a place ν of E.

(G0) If p = 2, then v is unramified in F .

(G1) If v is inert in F and Vv is split, then Λv ⊂ Vv is self-dual and KG,v is the stabilizer

of Λv. If v is further ramified over p and ν is any place of E above v, then the

subset {ϕ ∈ Φ : ν̃ ◦ ϕ induces w} ⊂ Hom(Fw,Qp) is the pullback of a CM type

Φur ⊂ Hom(F ur
w ,Qp) of F ur

w . Here w is the place of F above v and F ur
w is the

maximal subfield of Fw unramified over Qp.

(G2) If v is inert in F and Vv is nonsplit, then v is unramified over p and Λv ⊂ Vv is

almost self-dual, i.e., Λ♯
v/Λv is a 1 dimensional space over the residue field of Fw.

Moreover KG,v is the stabilizer of Λv.

(G3) If v is ramified in F , then v is unramified over p and Λv ⊂ Vv is unimodular.

(G4) If v is split in F and mv = 0, then U(V )(F0,v) ∼= GLn(F0,v) and we assume Λv ⊂ Vv

is self-dual. Let KG,v
∼= GLn(OF0,v) be the stabilizer of Λv.
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(G5) If v is split in F and mv > 0, then again U(V )(F0,v) ∼= GLn(F0,v) and we assume

Λv ⊂ Vv is self-dual. Further assume that v splits into w and w̄ in F and all places

ν of E above v satisfy the following two conditions.

(a) the place ν of E matches the CM type Φ (in the sense of [RSZ20, §4.3]): if

ϕ ∈ Hom(F,Q) induces the p-adic place w of F (via ν̃ : Q ↪→ Qp), then ϕ ∈ Φ.

(b) the extension Eν/Er|v is unramified, where Er|v is the local reflex field as defined

in [RSZ20, §4.1]. We remark that this condition holds automatically if all p-adic

places of F are unramified over p.

(c) Let v′ be any other place of F0 above p nonsplit in F and ν ′ be any place of

E above v′. Then either w or w̄ matches the CM type Φ (let us take w for

example): if ϕ ∈ Hom(F,Q) induces the p-adic place w of F (via ν̃ ′ : Q ↪→ Qp),

then ϕ ∈ Φ. This condition is assumption (H5) of [LZ22a, §11.2].

We remark here that condition (a) and (c) are automatically true when F = F0κ

for some imaginary quadratic κ/Q and the CM type Φ is induced from a CM type

of κ/Q (e.g., when F0 = Q), or when v is of degree one over p. Let KG,v be the

principal congruence subgroup modulo πmv
v inside the stabilizer of Λv where πv is a

uniformizer of F0,v.

In the case when the above conditions are satisfied, we denote K by Km. Also denote

Km by K◦ if m = (0)v. In other words K◦ ⊂ G̃(Af ) is the stabilizer of Λ⊗OF
ÔF . Define

the moduli functor MK◦ as follows. For a locally noetherian OE-scheme S, MK◦(S) is

the groupoid of tuples (A0, ι0, λ0, A, ι, λ,F) such that

1. A (resp. A0) is an abelian scheme over S;

2. ι (resp. ι0) is an action of OF on A (resp. A0) satisfying the Kottwitz condition of

signature {(rϕ, rϕ̄)ϕ∈Φ} (resp. {(1, 0)ϕ∈Φ}):

charpol(ι(a) | LieA) =
∏
ϕ∈Φ

(T − ϕ(a))rϕ · (T − ϕ̄(a))rϕ̄ (5.116)



267

for any a ∈ OF ;

3. λ (resp. λ0) is a polarization of A (resp. A0) whose Rosati involution induces the

automorphism given by the nontrivial Galois automorphism of F/F0 via ι (resp. ι0);

4. F is locally a direct summand OS-submodule of LieA which is stable under the OF -

action. Moreover OF acts on F by the structural morphism and on LieA/F by the

Galois conjugate of the structural morphism.

We further require the following conditions to be satisfied.

(H1) (A0, ι0, λ0) ∈ Mξ
0 where Mξ

0 = M(1),ξ
0 in the notation of [RSZ21, §4.1] (where (1)

is the unit ideal in OF ) is an integral model of ShK
ZQ (Z

Q, hZQ) depending on the

choice of a similarity class ξ of 1 dimensional F/F0-hermitian spaces.

(H2) For each finite place v of F0, λ induces a polarization λv on the p-divisible group

A[v∞]. We require kerλv ⊂ A[ι(ϖv)] and is of rank equal to the size of Λ♯
v/Λv, where

ϖv is a uniformizer of F0,v.

(H3) For each place v of F0, we require the sign condition and Eisenstein condition as

explained in [RSZ20, §4.1]. We remark that the sign condition holds automatically

when v is split in F , and the Eisenstein condition holds automatically when the

places of F above v are unramified over p.

(H4) We impose the Krämer condition on F as explained in [RSZ21, Definition 6.10].

A morphism (A0, ι0, λ0, A, ι, λ,F) → (A′0, ι
′
0, λ
′
0, A

′, ι′, λ′,F ′) is a pair (f0 : A0 → A′0, f :

A → A′) of OF -linear isomorphism of abelian schemes over S such that f∗(λ′) = λ,

f∗0 (λ
′
0) = λ0, f∗(F) = F ′. Let Vram (resp. Vasd) be the set of finite places v of F0 such that

v is ramified in F (resp. v is inert in F and Λv is almost self-dual). By [RSZ20, Theorem

5.2], the moduli problemMK◦ is representable by a Deligne-Mumford stack over OE which

is regular and semistable at all places of E above Vram∪Vasd. The generic fiber of MK◦ is

the Shimura variety ShK◦ . For a general m, define MKm to be the normalization of MK◦

in ShKm . Then by [RSZ20, Theorem 5.4], MKm is representable by a Deligne-Mumford
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stack over OE which is regular and semistable at all places of E above Vram ∪ Vasd. Its

localization at each finite place ν of E agrees with the semi-integral models defined in and

[RSZ20, §4] or [LZ22a, §11].

5.8.3 Global main theorems

From now on we assumeK = Km and simply denoteMKm byM. Let V be the incoherent

AF /AF0-hermitian space associated to V , namely V is totally positive definite and Vv
∼= Vv

for all finite places v. Let φK ∈ S (Vm
f ) be a K-invariant (where K acts on Vf via the

second factor KG) Schwartz function. We say φK is admissible if it is K-invariant and

φK,v = 1(Λv)m at all v nonsplit in F .

First, we consider a special admissible Schwartz function of the form

φK = (φi) ∈ S (Vm
f ), φi = 1Ωi , i = 1, . . . ,m, (5.117)

where Ωi ⊂ Vf is a K-invariant open compact subset such that Ωi,v = Λv at all v nonsplit

in F . Given ti ∈ F and φi, there exists a unique special divisor Z(t, φi) over MK such

that for each place ν of E inducing a non-split place of F0, the base change of Z(t, φi)

to SpecOE,(ν) agrees with the special divisor defined as in [LZ22a, §13.3], and for each ν

inducing a split place of F0, it agrees with the Zariski closure of the special divisor over

the generic fiber of MK . Then we have the following decomposition (cf. [KR14b, (11.2)]),

Z (t1, φ1) ∩ · · · ∩ Z (tm, φm) =
⊔

T∈Hermm(F )

Z (T, φK) ,

where ∩ denotes taking fiber product over MK , and the indexes T have diagonal entries

t1, . . . , tm.

Let T ∈ Hermn(F ) be a nonsingular F/F0-hermitian matrix of size n. Given (T, φK),

we can define an arithmetic degree as follows. First, analogous to the local situation (1.5),

we can define a local arithmetic intersection numbers IntT,ν(φK) for any place ν of E.

First we assume ν is finite and let v be the place of F0 under ν. By the same proof of



269

[KR14b, Proposition 2.22], it suffices to consider the case when v is nonsplit in F . When

φK is of the form (5.117), define

IntT,ν(φK) :=
1

[E : F0]
· χ(Z(T, φK)ν ,OZ(t1,φ1)ν ⊗

L · · · ⊗L OZ(tn,φn)ν ) · log qν , (5.118)

where qν denotes the size of the residue field kν of Eν , Z(T, φK)ν and Z(t, φi)ν denote

the base change to OE,(ν), OZ(ti,φi)ν denotes the structure sheaf of the Kudla–Rapoport

divisor Z(ti, φi), ⊗L denotes the derived tensor product of coherent sheaves on M, and χ

denotes the Euler–Poincaré characteristic. For a general admissible function φK , we can

extend the definition C-linearly. Using the star product of Kudla’s Green functions, we can

also define a local arithmetic intersection number IntT,ν(y, φK) at infinite places ([LZ22a,

§15.3]), which depends on a parameter y ∈ Hermn(F∞)>0 where F∞ = F⊗QR. Combining

all the local arithmetic numbers together, define the global arithmetic intersection number,

or the arithmetic degree of the special cycle Z(T, φK) in the arithmetic Chow group of

M,

d̂egT (y, φK) :=
∑
ν∤∞

IntT,ν(φK) +
∑
ν|∞

IntT,ν(y, φK).

Theorem 5.8.1. Let Diff(T,V) be the set of places v such that Vv does not represent T .

Let T ∈ Hermn(F ) be nonsingular such that Diff(T,V) = {v} where v is nonsplit in F

and not above 2. Assume φK ∈ S (Vm
f ) is admissible. Then

d̂egT (y, φK)qT = cK · ∂EisT (z, φK),

where qT := ψ∞(TrT z), cK = (−1)n
vol(K) is a nonzero constant independent of T and vol(K)

is the volume of K under a suitable Haar measure. Finally, ∂EisT (z, φK) is the T -th

coefficient of the modified central derivative of Eisenstein series in (1.18)

Proof. When v is finite and v /∈ Vram ∪ Vasd, the theorem is proved in [LZ22a, Theorem

13.6]. For v ∈ Vasd, our definition of IntT,ν(φK) differs from that of [LZ22a, (13.5.0.14)].

Correspondingly on the analytic side, our definition of ∂EisT (z, φK) is also modified, see
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(??) and (1.17). However using [LZ22a, Theorem 10.5.1] instead of [LZ22a, Theorem

10.3.1], the proof of [LZ22a, Theorem 13.6] works the same way in this case. When v is

infinite, the theorem is proved in [Liu11, Theorem 4.17,4.20] and independently in [GS19,

Theorem 1.1.2]. When v is finite and v ∈ Vram, the theorem is a corollary of Theorem

5.7.7 and can be proved in the same way as [HSY23a, Theorem 12.3].

We say φv ∈ S (Vn
v ) is nonsingular if its support lies in {x ∈ Vn

v : detT (x) ̸= 0}, see

[LZ22a, §12.3] or [Liu11, Proposition 2.1].

Theorem 5.8.2. Assume that F/F0 is split at all places above 2. Further assume that

φK is admissible and nonsingular at two places split in F . Then

d̂eg(z, φK) = cK · ∂Eis(z, φK),

where d̂eg(z, φK) is defined in (??). In particular, d̂eg(z, φK) is a nonholomorphic her-

mitian modular form of genus n.

Proof. The theorem can be derived from Theorem 5.8.1 by the same way as [LZ22a,

Theorem 15.5.1].
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Rapoport conjecture for Krämer models. preprint, 2022.



273

[How15] Benjamin Howard. Complex multiplication cycles and kudla-rapoport divisors,

ii. American Journal of Mathematics, 137(3):639–698, 2015.

[How19] Benjamin Howard. Linear invariance of intersections on unitary rapoport–zink

spaces. In Forum Mathematicum, volume 31, pages 1265–1281, 2019.

[HSY23a] Qiao He, Yousheng Shi, and Tonghai Yang. Kudla-Rapoport conjecture for
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