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Abstract

This thesis explores several different aspects in theoretical quantum computing, including
problems in application, implementation and fundamental theories.

First, we investigate the spin bus problem. We primarily focus on the non-local multi-
qubit entanglement state generation and unitary gate construction using the new type of
gates we proposed, the mediated gates. We build a complete set of toolbox to solve and
optimize this problem using all the different mediated gates spin bus could offer. Specifically,
we compare the quantum circuit efficiency with the conventional serial gate implementation
method using a nearest-neighbor SWAP gate and demonstrate that in most cases, using
mediate gates through a spin bus will provide a significant improvement in terms of circuit
depth. As a consequence, it provides a viable and robust solution to the challenges we face
when considering scalability in quantum circuits.

We then turn our attention to a specific implementation of encoded logical qubit, the
exchange-only qubit in a semiconductor triple quantum dot. It has plenty of advantages
compare to other encoded qubit, such as fast gate operations via pure electrical control,
and robustness against global magnetic noise when encoding happens in decoherence free
subspace, etc. We show that there are more things we could do to further improve the
quality of gate operations on such encoded logical qubits. The general idea is similar as in
the context of singlet-triplet qubits and hybrid qubits. One thing is to take full advantage
of the true “sweet spot” of its energy level diagram as the optimal working point, which
provides protection against charge noise. The other is that we could optimize the tunnable
parameters in the pulse sequence by taking into account the knowledge we have about the
device, such as the strength of nuclear field bath (for GaAs triple quantum dot) and the
dephasing rate. Our result shows the upper bounds you could anticipate for specific gate
operations using DC pulse sequences.

Finally, we discuss a more theoretically fundamental problem in quantum computation,
the property of two partite entanglement space. We calculate the separability probability

in the high dimensional space of two rebits, two qubits, and two quaterbits using Monte
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Carlo Sampling methods. Our results match the analytical conjecture almost perfectly for
such three systems. Our method of probing such problems provides a simple but efficient
way to explore the geometrical structure of high dimensional two partite system, such
as the distribution of physical, separable and entanglement states. And the connection
between our numerical simulations and the analytical conjecture proposed earlier might

imply something more fundamental yet to be uncovered.
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Chapter 1

Introduction

The last twenty years have witnessed the rapid advancement of computation powers, based
upon the traditional electrical and computer engineering. Along with that, is the fast
development of microprocessing techniques towards the nanometer scales, which set the
bigger stage for quantum mechanics to reach its potential.

Utilizing the power of quantum mechanics to store, process and transfer information has
long been an intriguing and promising idea [I]. A quantum computer, if realized, is expected
to speed up certain types of computations exponentially [2]. A huge amount of effort has
been devoted into relevant research of a quantum computer on multiple different levels.
On the hardware side, several different implementations have made spectacular progress
towards the goal of building a working quantum computer [3], such as in photons [4, 5],
trapped atoms [6], superconductors [7] and quantum dots [8, [O]. On the software side,
multiple quantum algorithms have been proposed that could offer significant speed up to
solve some of the most difficult problems when compared to their classical counterparts,
such as Shor’s factorization algorithm [2], Grover’s searching algorithm [I0] and algorithms
on graph isomorphism problems [11], [12].

With the maturity of modern technology, the ability to control and manipulate mul-
tiple qubits simultaneously is already within reach, which poses challenges along with the

excitement. Large-scale quantum computing is challenging in any qubit implementation.



So, scalability issue is definitely a key factor that needs to be thoroughly considered for any
implementations to be practically meaningful.

The recent growing and development on experimental quantum computing also provides
us an unforeseen testbed to study fundamental theories in quantum mechanics. Quantum
mechanics, over the course of more than a hundred years history, still has plenty open
questions need to be answered. One such example is quantum entanglement [I3]. It’s one
of the most peculiar phenomenon in quantum mechanics that lacks a classical counterpart,
which we still don’t fully understand.

In this thesis, we present our attempt and effort to attack several interesting problems

of the type described above.

1.1 Thesis outline

This thesis is an attempt to give a comprehensive overview of all the work I’ve been involved
during my graduate school. It is organized as follows.

First, in chapter 2| we show the application of spin bus in non-proximal quantum entan-
glement state generation and unitary gate construction on multiple qubits. We particularly
emphasize the aspect of efficiency comparison between the spin bus based protocols ver-
sus the conventional swap gate based serial protocols. In order to address such problem,
we develop a complete numerical solver to try to find the optimal solution. We utilize a
mix of different optimization methods, including both global (genetic algorithm, clustering
algorithm) and local (Nelder-Mead downhill simplex search) optimization methods. We
provide example solution for such problems in the generation of some of the most impor-
tant resources for quantum computation, such as entanglement state as Bell state, W state,
GHZ state, and also gates as CNOT and Toffoli. We demonstrate that in most cases, “me-
diated gates” protocol through a spin bus is indeed superior than conventional swap gate
based methods, and more so when we scale up the computation. We list the comparison as
benchmarks.

Second, in chapter [3, we zoom in onto the microscopic level. We study one particular



implementation of encoded logical qubit, the exchange-only qubit in a triple quantum dot.
We simulate the dynamic evolution process for such logical qubit under DC pulsed gate, in a
full set of relevant basis states. There are multiple sources of errors that are associated with
such evolution, including both leakage and dephasing. We use the master equation method
the primary tool to model such a process, specifically for Z and X logical qubit rotations.
Knowledges and parameter settings of the device are taken into full account during the
simulation. We show that by operating the qubit at its “sweet spot” in the energy level
diagram and optimizing the pulse parameters, we could achieve reasonably high fidelities
for logical qubit rotations.

The last topic we delve into details is presented in chapter [ We study the more
fundamental problem about quantum computation, the entanglement and its geometrical
properties for general two partite systems. There’s this very intriguing analytical conjecture
proposed to predict the separability probability in two partite systems, which we showed
previously that it works very well for qubit systems. Now we expand our work into rebit
and quaterbit systems, and test the conjecture again using Monte Carlo Simulations. Our
result still strongly supports the correctness of the conjecture.

Finally, in chapter [5| we provide a brief conclusion for the whole thesis.

We put most of our calculation details into the supplemental materials, which are pre-

sented in the corresponding order.

1.2 Publications List

Each of the three main chapters in this thesis is based on either published work or work to
be submitted. Here, I list all the relevant publications for the results presented.

Chapter [2| is based on Ref. [14], titled Mediated gates between spin qubits, which I
completed with Dr. Dong Zhou, Dr. Yun-Pil Shim, Dr. Sangchul Oh, Prof. Xuedong Hu
and Dr. Mark Friesen. Other closely related work that I've contributed to are Ref. [15] 16,
17, 18, 19].

Chapter [3] is based on our work to be submitted, titled Characterizing gate operations



near the sweet spot of an exchange-only qubit, which I completed with Jo-Tzu Hung, Dr.
Teck Seng Koh, Dr. Yun-Pil Shim, Prof. Susan Coppersmith, Prof. Xuedong Hu, and Dr.
Mark Friesen. Other closely related work that I've contributed to is Ref. [20].

Chapter [ is based on our work to be submitted, titled Numerical Computations of
Separability Probabilities, which I completed with Prof. Robert Joynt. Other closely related

work that I've contributed to is Ref. [21].



Chapter 2

Spin Bus

2.1 Introduction

Quantum dot spin qubits are promising candidates for quantum computing because of their
long decoherence times and their potential to leverage existing semiconductor technolo-
gies [22], 23]. The exchange coupling is a desirable tool for mediating interactions between
spin qubits, because it can be controlled electrostatically and it is typically very fast [9]. In
combination with arbitrary single-qubit operations, the exchange coupling enables univer-
sal quantum computation [8]. When logical qubits consist of two [24] or three [25] physical
qubits in a decoherence-free subsystem, the exchange coupling alone is universal for quan-
tum computation. On the other hand, the intrinsic short-range nature of the exchange
coupling (typically tens of nanometers) imposes strong constraints on the physical archi-
tecture of the spin qubits. These constraints present a significant challenge to scalability
during quantum error correction, particularly for linear qubit architectures, which are typi-
cal for quantum dot spin qubits [26]. Indeed, large-scale quantum computing is challenging
in any qubit implementation, and the complexity of a given quantum circuit could, to a
large extent, determine its success.

In a number of qubit systems, such as nuclear magnetic resonance (NMR), the physical

interactions may be constant or “always on.” This is not necessarily a disadvantage. For



Figure 2.1: A linear triple-quantum-dot geometry with three electrons. Mediated gates
can be achieved between qubit 1 and qubit 2 by applying simultaneous exchange couplings,
with J; = Jo. At the end of the operation, the ancilla qubit ¢ is restored to its initial state.

example, it has been shown that simultaneous, multiqubit couplings can be used to enable
quantum state transfer [27, [I5], and other rudimentary quantum gates [28]. Similar consid-
erations apply to quantum dot spin systems with Heisenberg couplings [29]. Quantum dots
provide unique opportunities for controlling the nature of the interactions. For example,
simultaneous, multiqubit couplings could provide a potential route for enhancing the effec-
tive range of the coupling, in analogy with the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction [30}, 31 [32]. When these couplings are arranged into nontrivial topologies, such
as rings, a rich spectrum of quantum gates emerges [33, 34, B35]. However, even simple
topologies, like those considered here, can produce entangling gates that differ from the
existing two-qubit gates in spin qubits [36, [37, [3§].

In this paper, we show how to control such simultaneous, multiqubit couplings. The
result is a class of “mediated” quantum gates. We focus primarily on the three-qubit
geometry shown in Fig. due to recent experimental progress on triple quantum dots [39,
40, 41]. In this arrangement, the mediated gate acts on the nonproximal qubits 1 and 2,
leaving the ancilla or central qubit ¢ unaffected, at the end of the operation. We characterize
this well-defined gate operation, Us, and show how arbitrary two-qubit states and gates can
be generated using Uy as the sole entangling resource. We also compare the circuit depth
of these mediated gate protocols to more conventional SWAP-based protocols. Finally, we
explain how long-range mediated gates can be attained by replacing qubit ¢ with a spin

bus.



2.2 Two-Qubit Mediated Gate, U,

Mediated gate, U,

We begin by characterizing the mediated gate Us. The effective spin Hamiltonian for the
quantum dot geometry in Fig. derives from the exchange interaction and takes the form

of nearest-neighbor Heisenberg couplings [§], given by
H = Jisy - s¢ + Joss - s, (21)

where s; are spin operators. In typical experiments, the coupling constants J; and Jy are
controlled by detuning the local electrostatic potentials in a given dot [9]. J; and J can
usually be varied independently as a function of time [39, 40]. For mediated gates, however,
we assume that both couplings are turned on and off simultaneously.

The Hamiltonian H induces three-spin dynamics according to the time evolution oper-
ator U(t) = e *H! where we set h = 1. However, the mediated gate we seck has the special
form U = Us ® I, where Us acts on qubits 1 and 2, and the identity operator I acts on the
ancilla qubit ¢. In Appendix A, we prove that only one nontrivial mediated gate exists for
the geometry in Fig. corresponding to the unique parameter combination J; = Jy = J
and the special evolution period T, = 47 /3J (with periodic recurrences [42]). The gate is
robust against control errors, similarly to conventional two-qubit exchange gates. For ex-
ample, if Jy = J1(1 + §) results in the gate U (), where U(0) is the desired gate, and if the
fidelity is defined as [43] F' = |Tr[U(8)TU(0)]|/Tr[U(0)TU(0)], then we obtain a quadratic
error in the fidelity: 1 — F ~ 0.976% when 6 < 0.4.

Any unitary two-qubit operator Uy € SU(4), including Us, can be expressed in the form

of a Cartan decomposition, given by [44] [45]

Uy & e%(Clo'x®0':c+520'y®0'y+c30'z®0'z), (2.2)

—

where 0,,0,,0, are the Pauli matrices, and s = ¢/2 in spinor notation. Here, the relation
U heans “equal, up to local unitary gates,” where the latter may be applied before and/or

after the nonlocal operator. The decomposition is unique when the parameters (c1, c2, c3)



are restricted to the tetrahedron @ — co > ¢ > ¢9 > ¢3 > 0, known as the Weyl chamber.
(Note that special considerations apply to the base of the tetrahedron [45].) There is a
one-to-one mapping between the Weyl chamber and the Makhlin invariants [46], which
provides an alternative representation of the nonlocal properties of Uy € SU(4) (except on
the bottom surface of the chamber). The Cartan decomposition for our two-qubit mediated

gate is given by (c1, co,¢3) = (2,1,1)(7/3) and it has the explicit form (see Appendix A for

details)
$(1+iV3) 0 0 0
1_ i 1 i
S 0 1(-14iv3)  $(3+iV3) 0 2.9
0 13+4v3)  I(-1+iV3) 0
0 0 0 $(1+iV3)

The position of Us in the Weyl chamber is shown in Fig. 2.2] along with several other
common two-qubit gates.

The gating capabilities of Uy € SU(4) derive from its entangling properties, which can be
characterized in part by its position in the Weyl chamber. The operators known as “perfect
entanglers” lie inside a polyhedron, which fills half of the chamber [45], as shown in Fig.
Combined with local unitaries, a perfect entangler can generate a maximally entangled state
from a separable state. For example, if we quantify two-qubit entanglement in terms of the
“concurrence” measure C' [47, [48], then a separable state exhibits no entanglement, with
C = 0, while a highly nonlocal state like the singlet Bell state |¥~) = %(\OU— |10)) exhibits
maximal entanglement, with C = 1. Thus, for some initial two-qubit state with C' = 0, one
application of a perfect entangler produces a state with C' = 1. The standard CNOT gate is
known to be a perfect entangler [45], as indicated in Fig. However, CNOT does not arise
naturally from the exchange interaction between spin qubits; it must be constructed from
more basic gates [§]. In contrast, the mediated gate Us does arise naturally in many-body
spin systems as we have shown; however, its location in the Weyl chamber indicates that it
is not a perfect entangler. Using the methods of [44], we find that Us achieves a maximum

concurrence of Cax = V3 /2 < 1, when acting on a separable state.
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Figure 2.2: A geometric representation of two-qubit SU(4) gate operations. Axes c1, c2, and
c3 are defined in Eq. . The Weyl chamber corresponds to the tetrahedron 0-A;-As-As,
while the gates known as perfect entanglers lie inside the shaded region [45]. The coordinates
for other special gates are given by B = (3, §,0), CNOT = (5,0,0), SWAP = (5, 5, 5), and
SWAP = (7,7, %)

140 4
A universal quantum processor must be able to generate arbitrary entangled states or
implement arbitrary quantum circuits. For example, CNOT gates combined with single-
qubit unitaries are known to be universal [49, 50, [6I]. Any two-qubit entangling gate Us
can replace CNOT in this scheme [52], although the entangling capabilities of the gate will
affect the overall circuit depth. In the remainder of this section, we explore methods for
generating arbitrary entangled states and entangling gates using the mediated gate Us,, and

we determine the circuit depth of such protocols.
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Generation of arbitrary states

Our goal here is to construct arbitrary, two-qubit, entangled pure states between qubit 1
and qubit 2 in the geometry shown in Fig. 2.1} using the mediated gate Uy as our nonlocal
entangling resource. Allowing for local operations and classical communication (LOCC),
it is possible to transform maximally entangled states, such as Bell states, into arbitrary
pure states [53]. We therefore focus on using U to generate Bell states. For simplicity, we
ignore global phase factors throughout this paper.

The strategy we adopt is to apply Us repeatedly, assisted by single-qubit unitary rota-
tions Uq, as needed:

[v) = (U1 @ U1)[U2(Ur @ Up)]"(00). (2.4)

Note that each application of Uy here represents an arbitrary rotation, and that, in general,
the rotations can all be different.

We would like to be able to compare the speed or efficiency of disparate gating protocols,
particularly between mediated and conventional gates. The most convenient measure of this
efficiency is the “circuit depth,” which we define here as the total number of exchange gates.
For example, in Eq. , the circuit depth is equal to n. For conventional quantum dot
circuits, there may be cases where it is possible to implement gates between different pairs
of qubits simultaneously, due to physical separation. We define the circuit depth of such
parallel gates to be 1, since they occur simultaneously. On the other hand, conventional
circuits typically require intermediate SWAP gates to be applied sequentially when the qubits
are nonproximal, causing the circuit depth to increase by 1 with each SwWAP application.
This notion of circuit depth plays an important role in the gate times and fidelities of
quantum circuits, and we speak of circuit depth throughout the following discussion. To
conclude, we note that since Us is not a perfect entangler, the value of n in Eq. must
be greater than 1 when we generate a Bell state.

We have solved Eq. numerically, obtaining several two-qubit states of interest. Our
procedure involves maximizing the state fidelity, f = |(¥ges|Vactual)|?, Where |actual) is the

outcome of Eq. (2.4), and [1)ges) is the desired outcome. The two-qubit mediated gate used
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‘\P_>12’X>c

Figure 2.3: Quantum circuit for Bell state generation. (a) A quantum circuit for generating
the singlet Bell state [ ™) = %(\Ol) —110)) (up to a global phase), using the mediated gate

Us,, given in Eq. . Here, the single qubit rotations are defined as R, (0) = e~297¢  where
o = x,y, z. The rotation angles are given by 1 = — arccos(%), 0y = —%7‘( — arctan %.
(b) An efficient Bell-state protocol between nonproximal qubits, based on nearest-neighbor,
pairwise gates. Here, H is the Hadamard gate and X is the Pauli gate o,, corresponding to
a 7 rotation about the x axis of the Bloch sphere (up to a global phase). In this figure,
and several other subsequent figures, we note that the central ancilla spin ¢ mediates the
multi-qubit gates. The initial state of the ancilla |x) is arbitrary, and it returns to its initial
state at the end of the operation. For completeness, we include ¢ in these circuit diagrams
and use filled circles to indicate the qubits being acted on.

in the simulations is given by Eq. , and the individual single-qubit rotations U; are
determined using global optimization methods, as described in Appendix B. In principle,
we could also allow the circuit depth n to vary. However, we find that maximally entangled
Bell states can already be obtained when n = 2. The resulting circuit for the singlet Bell
state |U~) = %(\Ol) — |10)) is shown in Fig. (a). Other Bell states can be generated in
a similar fashion.

We can compare our mediated gate protocol to the conventional Bell-state protocol
based on nearest-neighbor gates, as shown in Fig. (b) In the latter case, CNOT is used
to generate the Bell state, while the SWAP gates are used to make the qubits proximal. The
minimal circuit depth needed to construct cNOT is 2 [8]. Comparing Figs. [2.3(a) and [2.3(b),

we obtain an exchange gate circuit depth of n = 2 for the mediated gate protocol and n = 4
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for the swapP-based protocol. The mediated gate therefore offers distinct advantages for

generating arbitrary states.

Experimental proposal for a triple quantum dot

Triple quantum dots have been investigated in several laboratories [40),[41]. Here, we suggest
a specific protocol for generating a Bell state in a triple quantum dot, using the mediated
gate protocol in Fig. (a). Our proposal includes the supporting initialization and veri-
fication steps, and it is based on existing experimental methods. We note that Bell states
can also be produced via standard, conventional (i.e., nonmediated) techniques [9]. The
purpose of this section is simply to outline a proof-of-principle experiment that employs
mediated gates.

To generate a Bell state using mediated gates, we must first initialize the triple dot
into the separable state |0)1|x)¢|0)2, as shown on the left in Fig. [2.3(a). There are two
common procedures for initializing quantum dot spin qubits: the preferential loading of
single-electron spin ground states (|0); and |0)2) in a large magnetic field [54], and the
preferential loading of a two-electron singlet state (|S)1) [9]. The latter can be transformed
into the spin ground state of a double quantum dot (]0)1]0).) by adiabatically detuning the
double dot in a moderate magnetic field [9]. Both of these methods require a magnetic field,
and we have confirmed that the protocol shown in Fig. [2.3|a) is unaffected by a uniform
field, up to an overall phase factor. For the singlet loading method, the desired initial state
is achieved, finally, by performing a SWAP operation between qubit ¢ and qubit 2. Once
the triple dot has been initialized, the mediated gate protocol is implemented as shown in
Fig. [2.3(a), giving the result |¥~)12]x)e.

The verification step is performed most conveniently via spin-to-charge conversion, using
a singlet projection procedure [9]. We first perform a SWAP operation between qubit ¢ and
qubit 2, so the two spins in the singlet state become proximal: |¥ ™ )12|x)e = |¥ 7 )1c]X)2-
Dots 1 and ¢ are then detuned, so that the electron in dot ¢ tunnels to dot 1 only if the two

electrons form a singlet, due to the large singlet-triplet energy splitting in a single quantum
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(a) Mediated Gates

(b) Pairwise Gates
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Figure 2.4: A comparison of circuits used to construct some common quantum gates. Each
case presents two results: a mediated gate construction, obtained using global optimization
methods (as described in Appendix B), and a “conventional” circuit, based on nearest-
neighbor, pairwise gates. The pairwise gates require extra SWAP operations when the qubits
being acted on are not proximal. In the cases shown here, the qubits (1 and 2) are separated
by one ancilla (¢). (a), (b) cNOT gates. For the mediated gate circuit, we have b =
—arccos(—1/3). The pairwise gate circuit is given in [8]. (c), (d) v/SWAP gates. For the
mediated gate circuit, we have 61 = 0.524w, 0, = 0.5497, 63 = 1.0157w, 64 = 0.100m,
05 = 0.3927, g = —0.3057, 0; = —0.4377w, g = 0.626m, 69 = —0.9067, and 019 =
—0.1747. (These parameters can be obtained up to machine precision. Here, and elsewhere
throughout the paper, we halt the optimization procedure when the objective function is
smaller than 107!4) For the pairwise gate circuit, we note that SWAP and /SWAP are
“natural” gates for spin qubits, whose interactions are of the isotropic Heisenberg type. As
a result, the pairwise gate circuits for SWAP and \/SWAP are very simple. (e), (f) SWAP
gates. For the mediated gate circuit, we have f; = —0.7377, 8o = —0.4657, B3 = —0.543m,
B4 = 0.700m, B = 0.8077, Bg = 0.0097, By = —0.2787, Bs = 0.3697, B9 = 0.2747, and
B0 = —0.3257. (g), (h) B gates. For the mediated gate circuit, we have (; = 0.297,
(o = 0.7887, (3 = 0.6607, (4 = —1.0927, and (5 = 0.5797. For the pairwise gate circuit,
the circuit was constructed by first solving for the B gate in terms of \/SWAP gates, using
the global optimization methods described in Appendix B. SWAP gates were then applied,
to make the qubit states proximal.
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dot. This projection technique requires a moderate (not too large) magnetic field, so that

the singlet remains the ground state of the two-electron dot.

Construction of arbitrary gates

We now consider protocols for generating arbitrary two-qubit gates, using the mediated
gate Uy as an entangling resource, in combination with arbitrary single-qubit gates U;. We

adopt a strategy analogous to Eq. (2.4)), given by
Uy = (Ul & Ul)[UQ(Ul X Ul)]n (2.5)

As before, we solve this equation using global optimization techniques, as described in
Appendix B. The results for some familiar gates are shown in Figs. 2.4(a), 2.4c), 2.4e),
and (g) These results appear to have the smallest possible circuit depth, based on
exhaustive searches. None of the gates requires more than five applications of Us.

Our result for ¢NOT is indicated in Fig. (a). This mediated gate circuit employs four
U, gates. The corresponding circuit for conventional, pairwise gate operations employs
two \/SWAP gates when the qubits are proximal [8]. When the qubits are nonproximal,
additional SWAP gates are needed, as indicated in Fig. b). Thus, for the second-nearest-
neighbor geometry shown in Fig. the mediated and conventional CNOT circuits have
equal circuit depths, with n = 4.

Figure also shows mediated gate results for several other types of gates, as well as
the corresponding conventional, pairwise gate circuits. For the examples shown here, the
mediated gate method has equal or larger circuit depths compared to the pairwise gate
method. The examples where the pairwise gate method is more efficient fall into the SWAP
family, which is the “natural” gate for spin qubits, since it is generated by the isotropic
Heisenberg interaction. There are other, less familiar gates for which the mediated gate
circuit is more efficient; the gate Uy is an obvious example. Generally, we expect that the
mediated gate method should be more likely to improve the circuit depth of larger gates
(e.g., Toffoli) when multiqubit entangling gates like Us are available, or when the central

spin can be replaced with a spin bus. We discuss both of these examples below.
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There are several well-known techniques for constructing arbitrary two-qubit gates,
which can be adapted for mediated gates. The most efficient method involves the so-
called B gate [55], which is defined as the only two-qubit gate that can generate generic
two-qubit operations from two successive applications. Figure (g) shows our globally
optimized circuit for a B gate, which employs five Us gates. This result (together with [55]),
constitutes a formal proof that n < 10 for a mediated gate with optimal circuit depth,
as described in Eq. . It also forms a constructive protocol for generating an arbitrary
two-qubit gate using 10 Us gates. However, we note that the bound n < 10 does not appear
to be tight, since none of the gates we have solved requires more than five applications of
Us.

To conclude this section, we consider the scaling properties of the two-qubit mediated
gate scheme for a spin bus geometry [42]. Specifically, we consider an odd-size spin chain
of length N, and two external qubits. When the bus is constrained to its ground-state
energy manifold, it can be treated as a spin-1/2 pseudospin [42]. The effective interaction
between the qubits and the bus pseudospin has a Heisenberg form [56, [15], with an effective
coupling constant J* o< .JJ/v/N [42]. We can immediately apply all our three-qubit protocols,
simply by replacing the central qubit in Fig. with a bus and replacing J with J* when
we calculate the gate period T,. The resulting bus gate Us is identical to the two-qubit
mediated gate, and the protocols proceed as before, except that the qubits can now be far
apart. The exchange gate circuit depth for the bus protocol is the same as that for mediated
gates. Specifically, it is independent of N. The gate period T, scales as V/N, however,
since Ty o< 1/J*. In contrast, the circuit depth of a conventional gate protocol, based on
pairwise SWAP gates, is proportional to IV, while Ty is independent of N for a given pairwise
operation. Thus, the spin bus architecture has much better scaling properties than the
conventional gate protocol, in terms of both total gate time [O(v/N) vs. O(N)] and circuit

depth [O(1) vs. O(N)], with immediate consequences for quantum error correction [26].
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2.3 Three-Qubit Mediated Gate, Us

Mediated gate, U;

We now consider the mediated gate geometry shown in Fig. (a), with three qubits coupled

through a single mediating spin, c¢. The system Hamiltonian is given by

H = J1:81 - 8¢ + Jacs2 - s¢ + J3¢83 - S, (2'6)

and the time evolution operator is given by U(t) = e *#t. If qubits 1-3 are arranged in a
linear geometry rather than the “star” geometry shown in Fig. then an effective star
geometry can still be achieved by introducing a spin bus architecture [42], where ¢ is an
odd-size bus.

For larger geometries, the group theoretical methods described in Appendix A become
cumbersome. However, for the special case of equal couplings, J = Ji. = Jor = J3¢, we
can still obtain mediated gates analytically. We do this by computing U(¢) in the angular
momentum basis, where it is diagonal [42]. We then transform it to the computational
basis and identify the gate periods ¢ = T}, for which the special decomposition U = U3z ® I
is satisfied. Here, Us is the mediated gate acting on qubits 1-3, while I is the single-
qubit identity operator acting on spin c¢. This procedure produces four different mediated
gates [42]. The first gate is the trivial identity operator, obtained at the gate periods T, =
(8m)m/J (m is an integer). The second gate occurs at the gate periods Ty = (8m +2)7/J,

and takes the form
1 0 0 0 0 0 0
-1/3  2/3 0 2/3 0 0
2/3 —-1/3 0 2/3 0 0
0 0 -1/3 0 2/3  2/3

0 0 2/3 0 -1/3 2/3

o o o o o o o

0 0o 2/3 0 2/3 -1/3

0
0
0
0 2/3 2/3 0 -1/3 0 0
0
0
0

0 0 0 0 0 0 1
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The third gate occurs at the gate periods T, = (8m+4)7r/J, and is given by U3 = —I. The

fourth gate occurs at the gate periods T, = (8m + 6)7/.J, and is given by U3 = —Us.

Generation of arbitrary states

The methods used to generate two-qubit states and gates can also be extended to three-qubit
problems. However, three-qubit protocols are slightly more complicated because they can
involve two-qubit gates, three-qubit gates, or both. The most general scheme for generating
a three-qubit state is shown in Fig. a). We note that higher order gates such as the
three-qubit mediated gate Uz can potentially achieve shorter circuit depths, because they

are more parallel than two-qubit gates. The global optimization techniques used to solve

Eq. (2.4) can also be applied to Fig. a).

@ (b)

) J JJ
, 800
J J
\ ?]
G o

Figure 2.5: Multiqubit “star” geometries for implementing mediated gates. Here, the
qubits are labeled with numbers and the ancilla spins labeled ¢ mediate the gates. (a) The
Us gate acts on qubits 1-3 when the three qubit couplings J are equal. (b) To generate
the four-qubit cluster state |Cy), we implement three-qubit mediated gates Us by turning
on the couplings to three of the qubits at a time. (c) To generate a Wy state, we consider
N qubits connected simultaneously to the ancilla spin ¢, with equal couplings J. In each of
these geometries, the ancilla spin can be replaced with an odd-size spin bus. In this case,
c represents the pseudospin of the bus ground state [42].

There are known to be two nonfungible forms of entanglement for three qubits [57]: the

W-state family, characterized by the symmetric form

1

V3

and the Greenberger-Horne-Zeilinger (GHZ)-state family [58], characterized by the sym-

[Ws) = —(]001) 4 [010) + |100)), (2.8)
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metric form
1
V2

The GHZ state is understood to be maximally entangled for three qubits.

IGHZ5) = —(]000) + |111)). (2.9)

We have applied global optimization methods to obtain |GHZ3) and |W3), obtaining
the results shown in Figs. [2.6(b){2.6(d). For |[W3), we provide two different strategies. One
uses a combination of Us and Us; the other uses Us only. They both have the same circuit
depth, n = 2. Remarkably, we find that the GHZ state can be attained using U3 as the

only entangling resource with just a single application:
|GHZ3) = (U, ® Uy @ U1)Us(U; @ Uy @ U3)|000). (2.10)

The circuit is optimal (n = 1), indicating that Us is a perfect entangler for the three-qubit
GHZ state family [57]. We can compare this result to the conventional, pairwise gating
circuit for |GHZ3), which uses two CNOT gates [59]. In a quantum dot quantum computer,
this would require at least four exchange gate operations, or n = 4. It is interesting to
note that Us is locally equivalent to the time evolution operator describing the three-qubit
triangular geometry (evaluated at a special time) [60]. The latter gate is also capable of
generating |GHZ3) in a single time step.

Although Ujs acts on just three qubits at a time, it is interesting to note that it can
also be used as an entangling resource for larger systems. For example, we can consider
cluster states, which represent an important entanglement family used for one-way quantum

computing [61], 62]. The four-qubit cluster state |Cy) is defined as

1

C4) 2 Z(]0000) + [0011) + [1100) — [1111)). (2.11)

|

We have solved |Cy) numerically, for the geometry shown in Fig. [2.5(b). Here, the
ancilla spin ¢ can be connected to each of the four qubits. However, we assume that only
three of the couplings are turned on at a time. For example, Us(1, 2, 3) indicates that the

couplings between ¢ and qubits 1-3 are turned on, thus implementing the gate Uz between
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those three qubits. Hence, we obtain a numerical solution for |Cy4) of the form
Cr) =UP'U3(1,2, 3)U Us (1,2, ) U Us (1,2,3)
x UPHU3(2,3,4)U2410000). (2.12)

Here, U{®4 represents arbitrary single-qubit rotations acting on each of the four qubits.
According to our definition of circuit depth, this protocol corresponds to n = 4.

We can compare our mediated gate solution to a conventional sequence for generating
|C4), based on nearest-neighbor pairwise gates. The conventional scheme involves three
sequential applications of the phase gate diag(1,1,1,—1), in addition to single-qubit rota-
tions [61} [62]. Since the phase gate is locally equivalent to CNOT, it can be decomposed
into two exchange gates plus single-qubit rotations. The resulting circuit depth for the
conventional protocol is therefore n = 6. Thus, again, we find that mediated gates offer a

considerable improvement in terms of circuit depth.

Construction of arbitrary gates

We now turn to the construction of three-qubit quantum gates using Us. As an example,

we determine an explicit gate sequence for generating the Toffoli gate, defined as

1000 0O0O0O
01 000O0O0O
0010O0O0O0O©O
Uy — 0001 O0O0O00QO0 (2.13)
00 0O01O0O0O0
0000 1 00
000O0O0OGO0OGO0T1
00 0O0O0OO0OT1F@P0

Our strategy is analogous to the state-generating circuit in Fig. (a), where we interspersed
U, or Us gates with arbitrary single-qubit rotations. Our best result for constructing the
Toffoli gate by this method is a gate sequence containing five Uy gates and seven Us gates,

giving a total exchange-gate circuit depth of n = 12.
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ancilla

ancilla

(d)

R,0) |{ R

Figure 2.6: Circuits for 3-qubit entanglement state generation with mediated gates. (a)
A general circuit for generating an arbitrary three-qubit state, using Us and/or Us gates.
Note that Uz can act on different pairs of qubits. (b) A circuit for generating a |GHZ3)
state, using the three-qubit mediated gate Us. (c) A circuit for generating a |[W3) state,
using both Us and Us gates, with #; = —0.2627, 3 = 0.7307, 03 = —1.3567, 6, = 0.349,
05 = 1.1937, 6 = 0.2707, and ¢ = 1.2997. (d) An alternative circuit for generating a |W3)
state, using only Us gates, with 01 = 0.5297, 65 = 0.7257, 63 = —0.6087, and 0, = —0.1377.
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We can compare our mediated gate solution to a conventional Toffoli gate construction.
A Toffoli circuit using CNOT gates as the entangling resource has been presented in [50] and
[63]; it consists of six sequential CNOT gates. We can decompose this into a sequence of
nearest-neighbor exchange gates, including intermediate SWAP gates when necessary. After
identifying the exchange gates that can be performed in parallel, this procedure gives a
circuit depth of n = 16. Alternatively, if we allow other two-qubit gates in this procedure,
in addition to CNOT, it can be shown that five sequential two-qubit gates are necessary and
sufficient for implementing a Toffoli gate [64]. However, some of these gates are decomposed
into exchange gate sequences with n > 2. Based on such considerations, it appears that
the mediated gate circuit with a circuit depth of n = 12 for constructing a Toffoli gate is

always more efficient than a conventional gate circuit.

2.4 Mediated Gates, Usyi1 (N > 1)

The previous approach to state generation and gate construction using mediated gates can
be extended to systems with more than three qubits. There are many qubit architectures
of interest. Here, we consider the “star” geometry shown in Fig. 2.5(c). In cases where it
is experimentally challenging to fabricate a star geometry, due to physical constraints, it
may be convenient to replace the central spin ¢ with an odd-size spin bus [42]. In this case,
nontrivial mediated gates can be obtained when an odd number of qubits is simultaneously
coupled to the bus. These multiqubit mediated gates, Usny1, are highly parallel and
potentially very efficient.

Here, we demonstrate that multiqubit W states can be generated using mediated gates,
with very small circuit depths. The N-qubit W state is defined as

1

VN

In Figs. 2.6(c) and [2.6(d) we indicate two methods for generating |W3). An alternative

[Wy) = ——(]00...01) 4+]00...10) 4 ...+ |10...00)). (2.14)

method is shown in Fig. This circuit requires a maximally entangled Bell state, |U™),

as input. The total circuit depth for this solution (n = 3) is larger than in Figs. [2.6[c) and
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ancilla

Figure 2.7: A mediated gate circuit for generating |W3) using a Bell state as input. Here,
01 = —0y = arccos(1/4).

2.6(d) because the circuit depth for generating |¥~) is n = 2. However, the scheme has the
advantage that it may be scalable for odd-size W states.

For the cases N = 1-3, we have numerically verified the result that
(Wan1) = (U1 @ Un)Usn 1 (Ur @ Up)[7)|0) 2D, (2.15)

which includes the result in Fig. for the case N = 1. For all cases, we note that the
single-qubit rotations are applied only to qubits 1 and 2 (the qubits in the Bell state). For
the cases of N = 2,3, the generating circuits are similar to Fig. but with different
angles 07 and 63. For each of these cases, the circuit depth is given by n = 3.

A related, probabilistic scheme can be used to generate the even-size W states. We first

generate the odd-size W state, as described above. This state can be expressed as

1
- - ®2N1
|[Wan1) 2N—|—1’O> 1) + 9N + 1

[Wan)[0). (2.16)

Hence, if one of the qubits is measured in the z basis, with outcome 0, then the state of the
remaining qubits will collapse to |Wsx). When N is large, this protocol is successful with

a high probability, P = 2N/(2N + 1).

2.5 Summary and Conclusions

In this paper, we developed the concept of a mediated gate between nonproximal qubits.

This gate is implemented by coupling the qubits simultaneously through a central, ancilla
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Table 2.1: Schemes we consider here are based on (i) mediated gates (as described in this
paper), or (ii) conventional pairwise gates. The pairwise gating method requires extra SWAP
gates when the qubits being acted on are not proximal. (A useful reference for the scaling
of |Wy) state using pairwise gates is [65].)

State or gate No. mediated gates No. pairwise gates
|[v—) 2 4
[Ws) 2 2
W) 3 N-1
|GHZ3) 1 4
|Cy) 4 6
CNOT 4 4
V/SWAP 4 3
SWAP 5) 3

B 5 5
Toffoli 12 16

qubit, which is restored to its initial state at the end of the operation. We have focused
on two and three-qubit gates, although higher dimensional gates can be obtained in similar
fashion. We investigated protocols, based on global optimization techniques, for generating
arbitrary states and gates, using mediated gates as the sole entangling resource.

Several promising results were obtained using mediated gates, as summarized in Table I.
We showed that a maximally entangled Bell state can be achieved with just two applications
of a mediated gate Us, and we proposed an experimental protocol for implementing this
procedure in a triple quantum dot. We showed that several important two-qubit quantum
gates can be obtained using five or fewer mediated gates, and we proved that ten exchange
gates is the maximum needed for generating an arbitrary two-qubit gate. We showed how
the central ancilla qubit can be replaced with a spin bus, leading to significant improvements
in scaling properties, for both the total gate time and the circuit depth. We also considered
the mediated gates Uy with N > 3, and showed how mediated gate methods might be
generalized to higher dimensions.

We find that mediated gates compare favorably with conventional, pairwise gating
schemes, which make use of SWAP gates when qubits are not proximal. For each of the

results reported in Table I, we compare the circuit depths based on mediated gates to those
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involving conventional pairwise gates.
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Chapter 3

Exchange Only Qubit

3.1 Introduction.

A great challenge in quantum computation is to perform prescribed operations with very
small error rates. Logical qubits are important for achieving this [66], since they are funda-
mental for quantum error correction [67]. Moreover, logical qubits can have symmetries that
give rise to so-called sweet spots, at which the effects of noise are suppressed [68]. Several
logical spin qubits have been proposed for quantum dot architectures [§]. Here, we consider
the exchange-only logical qubit [25], formed of three electrons in a triple dot [39} [40] [41], as
illustrated in Fig. (d) This qubit has the advantage that it has the potential to be very
fast, since all operations can be implemented without spatially varying magnetic fields.
The effects of charge noise can never be fully suppressed, even near a sweet spot [69]. In
this paper, we quantify the effect of sweet spots on gate fidelities by performing theoretical
simulations of pulsed gate operations in an exchange-only qubit. The sweet spot in this
device occurs at the symmetry point shown in Fig. [3.1fb), where the detuning parameters
e = ey = 0, and the charge-induced fluctuations of the detuning [70] are suppressed, to
leading order. (Charge noise in the tunnel coupling [71] is not suppressed at this point, but is
not thought to be a dominant noise source [72].) As consistent with recent experiments [73],

Z-rotations are performed at the sweet spot, while X-rotations are obtained by pulsing away
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from this point. In principle, the different rotations can be turned on and off independently.
However, in practice it may be necessary to turn on the exchange interactions and magnetic
field at all times, to suppress leakage into the non-logical sector of the Hilbert space [74] 20].

The exchange-only qubit provides an ideal platform for assessing the effect of sweet
spots, since all gate operations are generated by the same physical process (the exchange
interaction [25], [75] [76]). The only difference between X and Z-rotations is their proximity
to the sweet spot. The fidelities of these operations can therefore be used to quantify the
effectiveness of the sweet spot for mitigating charge noise. This is in contrast with logical
qubits where the different rotation axes correspond to different physical processes (e.g.,
exchange vs. magnetic couplings in singlet-triplet qubits [77, 9]).

In Ref. [20], we provided a detailed account of magnetic noise from nuclear spins on the
decoherence of an exchange-only qubit. Here, we simulate realistic gate operations including
quasistatic random Overhauser fields [78] and charge noise [74]. In certain regimes we find
that the main limit on the gate fidelities arises from the Overhauser fields, as consistent with
experimental observations [73]. However, when the gates are properly optimized, we predict
that charge noise should determine the upper bound on gate fidelities. After optimization,
we find that gate fidelities at the sweet spot are typically 20 times better than away from

the sweet spot.

3.2 Theoretical Model.

We model the coherent evolution of the exchange-only qubit using a 3-electron, 3-site Hub-

bard model with the Hamiltonian

H = Z tij (C;[UCJ‘U + C}UCZ'U) + UZ NN

(id)o j
+Y gy +n4y) — gusB Y (njr —njy)
J i

+gup Y AB;(njr —njy), (3.1)
J
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where the labels {i,j} = 1,2, 3 correspond to dot locations, 1,], and o refer to individual
spin s, eigenstates, c} and cj, are electron creation and annihilation operators, and n;,
is the electron number operator. The first term in Eq. describes the tunneling, with
tunnel couplings ¢;;. We assume a symmetric, linear triple dot geometry, as shown in
Fig. (d), with t19 = tog = ¢ and t13 = 0. The second term describes the onsite Coulomb
repulsion, with energies U that are the same at every site. The third term describes the local
electrostatic potentials ;. The fourth term describes the Zeeman energy due to a uniform
external magnetic field B = Bz, with the Landé g-factor and Bohr magneton pp. The fifth
term describes the local variations of the Zeeman energy due to Overhauser field fluctuations
AB;. Here, we take AB;||B because the lateral components of AB; generate couplings
between S, manifolds that are highly suppressed in the regime of large Zeeman splittings,
which we consider below. We also ignore Coulomb interactions between electrons in different
dots. The detuning € = &1 — €3 is defined in analogy with experiments [40, [73], and
corresponds to the energy difference between the (2,0,1) and (1,0,2) charge configurations.
For a triple dot, there is also a second, independent detuning parameter [79], which we
define here as )y = e9 — (1 + €3)/2. In experimental systems, the detunings ¢ and e, are
controlled by voltages, including V7, and Vg, which are applied to the top-gates. A typical
charge stability diagram is shown in Fig. m(a) for a fixed value of ey.

The Hilbert space associated with Eq. is large. For GaAs-based devices, most
leakage channels can be suppressed by enforcing sizeable energy splittings [20]. As consistent
with recent experiments [73], we therefore consider the energy hierarchy gupB > J >
gupAB > 0, where J is the exchange interaction generated by the tunnel couplings. (In
we briefly consider 2®Si-based devices, which do not require such an energy heirarchy,
due to the absence of nuclear spins.) Since gupB is large, the energy spectrum splits
into manifolds of constant total spin S,. Our simulations focus on the seven states in the
S, = 1/2 manifold, where the two qubit states are defined in the decoherence free subspace
with S =S, [25,[73]. For a basis set, we consider the seven eigenstates of Eq. when € =

em = AB; = 0, consisting of three singly-occupied (1, 1,1) states, [0) = \/1/3|Tp)13[T)2 —
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Figure 3.1: (a) A two-dimensional cut through the charge stability diagram of a triple
quantum dot as a function of top-gate voltages, for a fixed value of the detuning parameter
err. (b) Energy level diagram of the S, = 1/2 manifold as a function of the detuning
parameter . In the central region, the low energy states |0)-|2) are in the (1,1,1) charge
configuration, while the high energy states are doubly occupied. (c) Bloch sphere repre-
sentation of the logical qubit, with the rotation axes corresponding to Ja3 = 0 (left) and
J12 = 0 (right). (d) Hubbard model of a triple quantum dot containing three electrons.
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V23T )13z, 1) = [S)is[t)e, and [2) = /2/3|To)1s[t)2 + +/1/3[T4)13/4)2, and four
doubly-occupied states, [3) = [S)1]-)2[1)3, [4) = [)1[S)2|1)s, [5) = [1)1]S)2]-)3, and [6) =
M) 1]-)2|S)s. Here, the subscript denotes the dot index, |S) = %(\’N) — M), [To) =
%(\T@ + [41)), and |T4) = |[11) are the singlet and triplet states of two spins, and |-)
represents a dot with no electrons. |0) and |1) are the logical qubit states, |2) is the main
leakage state, and the doubly occupied states mediate the exchange interaction.

The gate simulations described below include the full set of seven basis states, in order
to address questions of leakage and decoherence. However it is instructive to consider the

effective Hamiltonian in the {|0),|1)} logical subspace [74],

V3 1
H = ==(J12 = J23)0s — £ (Ji2 + Jas)oz, (3.2)

where Ji2 and Jo3 are exchange interactions. The latter may be tuned independently as
a function of the control parameters ¢ and ey, yielding a continuous set of rotations in
the x-z plane of the Bloch sphere. For example, we could independently set .Jio or Jog to
zero, yielding the pair of rotation axes shown in Fig. 3.1c). From Eq. (3.2), we see that
Z-rotations are obtained when Jyo2 = Joz. In|B|, we show that this requirement is met when
either € = 0 or £); = 0. We also show that the special combination € = €3; = 0 corresponds
to a detuning sweet spot, because 0Fy1/0e = 0FEy1/0ep = 0, where Ep; is the energy
splitting between the qubit states. Since always-on exchange interactions are needed to
prevent leakage, and since Jy9, J13 > 0, Eq. suggests that we cannot achieve pure X-
rotations. We overcome this problem by implementing a three-step pulse sequence [80]. This
procedure requires moving away from the sweet spot, with consequences for the decoherence
and gate fidelity. Finally, we note that a complete set of single-qubit operations must include
initialization and readout. The latter are accomplished in experiments by adiabatically
tuning the device to the (2,0, 1) or (1,0, 2) charge configurations in the far-detuned regime
of Fig. [3.1[(b) [73]. In our simulations, we do not investigate readout and initialization; we
consider only the unitary gate operations. Moreover, we assume instantaneous (diabatic)
pulses and do not investigate pulse imperfections. We consider only the errors caused by

charge and nuclear noise sources, and by leakage outside the logical qubit Hilbert space.
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3.3 Gate Simulations.

We simulate the dynamics of the logical qubit gate operations by solving the master equation

P Lw 0] - D (33)

for the 7 x 7 density matrix, p. The first term on the right-hand side of Eq. describes
the unitary evolution, while the second term describes the decoherence.

We consider dephasing from charge noise and random Overhauser fields. The nuclear
fluctuations occur at frequencies much lower than the relevant electronic time scales [81]; we
take them to be quasistatic with a Gaussian distribution width cg = 4 mT, as appropriate
for GaAs [82]. The charge fluctuations occur over a range of frequencies [72]. Here, we model
them as either “fast” (compared to qubit gate frequencies), with a characteristic Markovian
dephasing rate I' ~ 1 GHz [83], or “slow” (quasistatic), with a Gaussian distribution width
0. =5 peV [84, [85].

We consider two types of fast charge noise. The virtually occupied states |3)-|7) mediate
exchange interactions, but they also contribute to double occupation dephasing errors of
the form [86] Dy =5, 5[% + 14y, [ni + nig, p)]. We also consider direct dephasing D, of
the singly occupied states |0)-|2), with rates that depend on the derivative of the energy
splitting E;; between eigenstates |i) and |j) with respect to the detuning [81]. We assume
that contributions from the individual detuning parameters contribute in quadrature, with
the dephasing rates v;; = T[(0F;;/0¢)? + 2(0E;; /)% /2. Here, the factor of 2 reflects

the relative magnitudes of the € and e); terms in the effective 2 x 2 Hamiltonian for the
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logical qubit states |Bl The resulting dephasing matrix is given by

D=Dy+D. = (3.4)

0 ~oipor "vo2po2 Tpos  T'poa LT'pos  Tpos
Y0191 0 myi2p1i2 TI'pis Tpuu Tpis Tpis
V02002 V12012 0 Lpas DI'paa Tpas  T'poe

Ppos  T'pis T'pag 0  4lpss 3Up3s  T'pse
Tpos  Tply Tpyy 4Upzy 0 Dpss 3Dpss
Toos  Tpis  Toas 3Upss Tpis 0 4lpse

Lpos Tpls Tz Tozg 3Lpis 4p5s 0

We treat the slow fluctuations of the detuning and Overhauser fields by numerically
solving the 49 coupled real differential equations in Eq. for a fixed noise realization
We then repeat the calculations for 625 realizations of Overhauser field fluctuations and
961 realizations of detuning fluctuations, and perform the appropriate Gaussian averages.
The simulations are performed on the Open Science Grid at the University of Wisconsin-

Madison [87]. The results reported here represent > 23 compute years.

3.4 (Gate Optimization.

We begin by considering Z(7) rotations of the logical qubit. As described above, these
operations are performed at the sweet spot ¢ = g3y = 0. Fluctuations of the detuning and
the Overhauser fields give rise to errors within the qubit subspace as well as leakage. We
monitor these effects by performing quantum process tomography (QPT) [B beginning the
simulations in four different initial states, and comparing the final results to the ideal final
states for a fixed value of the tunnel coupling ¢. In this procedure, the evolution period
T is treated as a variable. The optimal value of 7 is chosen by maximizing the fidelity F
obtained from QPT, with results shown in Fig. 3.3l For small ¢, the rotations are slow,
and the fidelity is strongly suppressed by the quasistatic random Overhauser fields. For

large t, the rotations are fast, and the fidelity is determined by a combination of charge
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noise and leakage. Since the leakage process is coherent, the projection of the full density
matrix onto the logical qubit subspace undergoes oscillations, as seen in the lower inset of
Fig. 3.3l These oscillations are severe for large tunnel couplings, causing a deterioration of
the fidelity as seen in the main figure.

We also investigate X (7) rotations of the logical qubit. As noted above, it is not possible
to perform a direct rotation around X; accurate rotations require multi-pulse gate sequences.
Here, we consider a three-step procedure [80] that can be visualized as shown in the lower
inset of Fig. The sequence consists of (i) a m-rotation around the —(X + z)//2 axis on
the Bloch sphere, (ii) a Z(7) rotation, and (iii) a final m-rotation around the —(x + 2)/v/2
axis. For steps (i) and (iii), the values of ¢ and e, that determine the axis tilt are not known
a priori; we find them by performing fidelity simulations for the desired gate operations in
the absence of detuning and nuclear fluctuations. The results are shown in Fig. for a
fixed value of ¢, with the optimal values of € and €;; indicated by a red star. This calibration
procedure is then repeated for other values of t. The three-step protocol is then optimized,
step by step, by performing simulations to determine the evolution period 7 that maximizes
the fidelity of each step. The final fidelities of the three-step X (m) protocol are shown in
Fig. We observe results similar to those in Fig. However, the effects of leakage and
charge noise are more severe because steps (i) and (iii) are not performed at sweet spots.
The suppression of the fidelity due to leakage is most obvious at large t. The lower inset

shows a typical evolution projected onto the logical qubit Bloch sphere.

3.5 Results and Discussion.

The X and Z-rotation protocols used in Fig. are different. However, by comparing
fidelities obtained using QPT, we can compare the final results effectively. We observe that
maximal fidelities (or minimal infidelities, 1 — F') occur over a range of moderate to large
tunnel couplings, ¢t ~ 5-20 GHz, that depends on the Hubbard repulsion parameter U. Our
results also depend on the local field gradients AB;, which determine the leakage rate. The

values of AB; considered here are typical for GaAs triple dots. The optimal fidelities in
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Figure 3.2: Fidelity of m-rotations around the axis —(% + z)/v/2, in the absence of noise,
corresponding to step (i) of a three-step X (m) rotation protocol [80], for t = 5 GHz. The
red star indicates the optimal values of € and ;.

Fig. occur on a plateau, whose value is largely determined by the detuning noise.
This is not the same conclusion reached in [73], where fidelity limits were attributed to
nuclear noise. We speculate that those experiments were performed at lower ¢, below the
plateau, where nuclear noise predominates. We emphasize that larger ¢ should be used to
achieve maximal fidelities.

Our most important results are obtained by comparing the maximal fidelities of X (7)
and Z () rotations. We find that X-rotations have maximum fidelities ~20 times worse than
Z-rotations, which can be directly attributed to the fact that X-rotations occur away from
the sweet spot, while Z-rotations occur at the sweet spot. The degradation of X-rotations is

most noticeable for large ¢, where the fidelity is dominated by charge noise. Measurements
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Figure 3.3: Z(m) rotations. Circles include fast and slow detuning fluctuations, while the
longitudinal magnetic field gradients are held fixed at AB5 — ABf = AB; — AB5 =3 mT.
Diamonds include quasistatic fluctuations of the Overhauser fields and fast detuning noise,
but no slow detuning fluctuations. Both solutions assume an onsite Coulomb repulsion of
U = 1 meV. For small ¢, the fidelity is mainly limited by nuclear noise and leakage into
state |2), while for large ¢, the fidelity plateau is mainly limited by charge noise. For very
large t, leakage into the excited charge states causes fidelity oscillations that are nearly
independent of nuclear noise [B] The lower inset shows the evolution of the density matrix
projected onto the Bloch sphere of the logical qubit for the tunnel coupling ¢ = 10 GHz; the
small, rapid oscillations are caused by leakage. The upper inset shows results of averaging
over detuning noise for U = 1 meV (circles, as in the main figure), U = 2 meV (triangles),
and U = 3 meV (squares), with larger U yielding higher maximum fidelities.
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Figure 3.4: Final fidelity of X (7) rotations, via the three-step protocol, where step (i)
occurs at the red star in (b), step (ii) occurs at the white star (¢ = epr = 0), and step (iii)
occurs at the red star. The circles and diamonds have the same meaning as in [3.3] Here,
the fidelity-limiting mechanisms are similar to (3.3 with a much stronger suppression of the
fidelity at large t, due to leakage and charge noise. The insets are also defined as in [3.3
Note the large leakage oscillations during steps (i) and (iii) of the protocol.
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of the quantum dot hybrid qubit show a similar degradation of coherence away from a sweet
spot [88][89]. This suggests that AC gating techniques could yield better fidelities than the
DC pulsing techniques studied here, because the detuning is always centered at the sweet
spot [74]. Indeed, recent experiments on the exchange-only qubit have employed such a
strategy [90]. On the other hand, AC methods tend to produce somewhat slower gates, for
which nuclear noise could be a problem.

Finally, we note that our analysis has focused on GaAs quantum dot devices, where
nuclear noise is known to be important. For Si-based devices, especially isotopically purified
28Gi, the nuclear noise can be very small. As a result, Si devices should yield better fidelities
for DC pulsed gates, especially in the low-¢ regime. (See ) At higher ¢, where nuclear
noise is not predominant, Si and GaAs exchange-only qubits should have similar fidelities.

We thank Z. Shi, X. Wu, K. Rudinger, J. Gamble, and C. Wong for helpful discussions.
We also thank the HEP, Condor, and CHTC groups at UW-Madison for computational
support. This work was supported in part by ARO (W911NF0910393), NSF (PHY-1104660
and PHY-1104672), UW-Madison (150 486700 4), and by the United States Department of
Defense. The views and conclusions contained in this paper are those of the authors and
should not be interpreted as representing the official policies, either expressed or implied,

of the US Government.
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Chapter 4

Separability Probability

4.1 Introduction

The surprising efficacy of complex numbers in describing the physical world has led to
persistent speculation that quaternions might also serve as a fruitful foundation of physical
theories. Quaternions resemble the complex numbers in forming a division ring: they
are the richest such number system that has the very restrictive unique division property
(Frobenius). Thus there is a natural mathematical progression from the real to the complex
to the quaternionic numbers. We might ask if there is a corresponding natural progression
also in physical theories that use these numbers.

Real numbers are sufficient to completely describe rebits, physical objects with two
degrees of freedom whose 2 x 2 density matrices are symmetric real matrices. Complex
numbers describe the usual qubits that have 2 x 2 complex Hermitian density matrices.
Quaterbits are described by 2 x 2 density matrices with quaternionic entries. These matrices
are Hermitian in the sense that the transpose is the quaternionic conjugate. The conjugate
of a quaternion h = a+ipb+jc+kdis h = a—ipb—jc—kd. a,b, c,d are real and Hamilton’s
symbols iy, j, k satisfy z% = j2 =k?> = —1,i,j = —jip = k, etc. The density matrices are
positive and have unit trace in all cases.

Recently, there has been some interesting mathematical work that gives some indication
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of such a natural progression in the properties of these density matrices. This progression
arises in the context of considering correlations in bipartite systems, i.e., in the 4 x 4 density
matrices p that describe a pair of physical objects. Two objects A and B are said to be
separable if p may be written as
A B
p=> pipi @ p (4.1)
i
where the real numbers p; satisfy p; > 0 and >, p; = 1. pf‘ and pfg are 2 X 2 density
matrices that refer to the 2 objects individually. Clearly this definition makes sense in all
three number systems, as do the positivity and trace conditions.
Now there is a very fundamental question, first proposed in [91]: what proportion P of

bipartite systems are separable? There is an intriguing conjecture that the formula

Pa) =) fla+i), (4.2)
1=0

where
fla) =2 (a) 2749757 (3a+ 3) T (b + 2) (43)
a) = , .
3 (a+ 1)L (20 +3)T (5a+ 1)
with
q (o) = 185000a” 4 779750a* + 128912503
+ 104201502 + 4106940 + 63000, (4.4)

which for simple integral and half-odd-integral values of « gives results that are close to
rational numbers with fairly small denominators, and that the rational numbers P (1/2)
gives the proportion of separable 2-rebit states, and P (1) gives the proportion of separable
2-qubit states. This remarkable result [92, 93] comes from the computation of moments such

P T}> , an application of Zeilberger’s algorithm [94], and numerical evaluation of

as (Jol" |o
Eq. to thousands of decimal places. Here the angle brackets refer to an average over
all physical states (i.e., those that satisfy positivity and have unit trace), and the straight

brackets denote the determinant. The average is defined using the measure induced by the

Hilbert-Schmidt metric on the space of density matrices. As we shall see, the o = 1 and
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a = 1/2 conjectures are extremely well-supported. So it is natural to ask if higher values of
a have a physical interpretation. In this paper, we shall focus on the possibility that o = 2
corresponds to quaterbits (quaternion-based bits), though we also present computations for

qubits and rebits. Our approach is to compute P (a)) by a Monte Carlo method.

4.2 Qubits

For qubits, the conjecture based on Eq. gives

P(l):%:o.ﬂ,

where the overbar indicates a repeating decimal.
This conjecture was also supported by numerical evidence [21], with Monte Carlo sim-
ulations yielding

Py (1) = 0.2424 - 0.0002.

This earlier Monte Carlo work used the condition of zero concurrence for separability [47,
48]. This is equivalent to the Peres-Horodecki Criterion (PHC) [95, [96] which states that
to be separable, it is necessary and sufficient for the partial transpose p©’T of the density

matrix p to be positive. In the 2-qubit case, the 4 x 4 density matrix can be written as

3
1 1
p= 14—1—1 Z Ngj (Ui®0'j), (4.5)

4 3,j=0
where I, is the n x n identity matrix, og = I2, and the o; are the Pauli matrices. The sum
excludes the i = j = 0 term, and n;; is thus a real 15-vector. We can use Euclidean measure
to define probabilities in the space, which is equivalent to the Hilbert-Schmidt measure. The
allowed values of n;; form a compact and convex subset of R'®> whose boundary is set by
the condition thatp is positive. This set is the generalization of the familiar Bloch sphere for
spin 1/2. Its shape has been described in at least a partial fashion [21} [97], and its volume

has been computed [98]. It lies within the sphere given by Ef’ =0 n?j = 3/4. The 15-ball of

radius /3/4 is sampled uniformly, testing both positivity and the PHC, which yields P (1).
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The sampling method is taken from [99]. In [21], 5 x 10'? points were sampled. We have

now reproduced this calculation, sampling 5 x 10! points. The new result is
P.g (1) = 0.24243 £+ 0.00001.

Thus the numerical results strongly support the conjecture P (1) = 8/33.

4.3 Rebits

The progression aspect of the problem arises already when we consider the same problem
for rebits. Rebits are obtained by setting nge = nio = n3s = ngy = n91 = nog = 0, i.e.,
omitting the imaginary generators in Eq. Positivity still requires that ngj < 3/4 for
the coefficients of the nonzero generators. The conjecture is that

2
P(1/2) = 6—2 = 0.453125.

What is remarkable is that P (1) and P (%) are given by the same formula, changing only the
parameter . We have performed the Monte Carlo sampling for this case, testing positivity

and the PHC for points in the 9-ball. The result is

P (1/2) = 0.45313 £ 0.00001, while
29
o = 0453125,

We tested 5 x 10'! points. Hence the unified formula is well-confirmed by the numerical

computations for both o =1/2 and o = 1.

4.4 Quaterbits

Now we consider quaterbits. It is reasonable to conjecture that a = 2 formula should give

the separability ratio for this 26-dimensional case. The conjecture is:

6 ~ 0.080495.

P(2)= o

We first note that the PHC has not been proven for this case - it is not known whether

positivity of the partial transpose is equivalent to separability. Thus it is very interesting to
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repeat the above calculations for this case. The 2 x 2 matrix representation of quaternions
in which h = a + ipb +ic + id — Iza + ibo, + icoy, + ido, will be useful. I,, is the n x n
identity.

Two quaterbits are described by 4 x 4 density matrices p with quaternionic entries.

These matrices are self adjoint. Writing the quaternions themselves as matrices we find

Al @ @ @

Ig , qy Bl ¢
8 @1 73 CL g
42 44 G5 DI
with
a; —id; b + ¢ B a; +1id; —ib; — ¢;
Qi = 9 qz -
b, — ¢ a; +id; —ib; + ¢ a; —id;
We must have that A+ B+ C+ D = 0. Defining u = 24A4+2B,v = 2A+2C,w = —2B - 2C
and

Nijk = 0; @ 05 & o},

so that T'r AjjrAijrir = 8 044705:0kk, we find, after a lengthy calculation:

p' = ul300 + vAg30 + WA330

1 1 1
+ 540 (Ao10 + Azi0) + 550 (Ao21 + Az21) — 5¢0 (Ao22 + As22)

1

1 1
- §d0 (Ao23 + Az23) + 501 (A100 + A130) — §b1 (A201 + A231)

1 1 1
— 50 (A202 + A232) — 5031 (X203 + A233) + 02 (A110 — A220)

1 1 1
— =ba (M21 + A211) — =c2 (M122 + A212) — =da (A123 + A213)

2 2 2
1 1 1

+ 293 (AM10 + Aa220) + 553 (A121 — A211) — 53 (A122 — A212)
1 1 1

+ ng (A23 — A213) + 04 (A100 — A130) — 554 (A201 — A231)
1 1 1

+ 5 (A202 — A232) — §d4 (Ao23 — A233) + 595 (Ao10 — A310)

1

1 1
255 (Ao21 — As21) + =¢5 (Ao22 — Az22) — =ds (Ao23 — A323)

2 2



42

Thus

!
/
p = Z NijkNijks

ijk

/ . .
where the sum ¥ runs only over the combinations

{ijk} = {300}, {030}, {330}, {010}, {310}, {021},
{321}, {022}, {322}, {023}, {323}, {100},
{130}, {201}, {231}, {202} , {232}, {203},
{233}, {110}, {220}, {121}, {211}, {122},

{212}, {123}, {213} .

and positivity requires that
/

7
2
Z (nijr)” < o1
ijk
To determine P (2) numerically, we sample the 27-ball of radius 1/7/64 uniformly in the
nijk, which, as stated above, is also uniform in the Hilbert-Schmidt metric. We test each

point for PPT and positivity, giving an estimate Pe.g (2). 5 x 10'! points are sampled in

the Monte Carlo simulation. We find
P, (2) = 0.08048 £ 0.00005.

The numerical results give strong evidence in favor of the conjecture.

4.5 Conclusion

Quaternionic quantum mechanics has been investigated in detail. It can only describe the
observed universe if some superselection rules are added [I00]. Rebits do not have a rich
enough mathematical structure to describe the real world - it would be very difficult to
see how a rebit could display Ramsey fringes, for example, since the whole Bloch sphere
is required for the dynamics. Qubits seem to be about right, of course. But it is remark-
able that some mathematical structures overarch the three possibilities. The separability

probability formula in Eq. seems to be one of these.
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Chapter 5

Conclusion

In this thesis, we have investigated several different aspects of quantum computing prob-
lems, including applications, implementations and also the fundamentals. We provide some
interesting results and new insights on each topic we’ve covered.

The first major topic we explored in detail is spin bus in chapter We discussed
the challenges need to be overcome in modern quantum computing when most practical
implementations are already in a stage of scaling up. We extend the previous work on this
subject and develop a new concept “mediated gates” using a spin bus to provide a viable
solution to this problem. It usually improves the circuit efficiency significantly compared to
conventional serial method when generating useful entanglement states, or arbitrary multi-
qubit unitary gates. We discuss our method on how to approach and dissect such problems
and build a complete toolbox dedicated for solving this type of problems. Specifically,
we listed the “step-by-step recipes” for the generation of several resources of particular
importance for quantum computing, like Bell state, W-state, GHZ-state, and CNOT, Toffoli
gates. We show how much it improves upon conventional method in terms of circuit depth,
which makes it more robust against noise and more likely to achieve high fidelity to meet
practical needs.

Chapter [3] delves into issues in the effort of physically implementing accurate single

qubit operations, which is the building block for all quantum computation schemes. We
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primarily focus on the exchange-only logical qubit in a semiconductor triple quantum dot,
inspired by the very active and fast developing experiments on this topic. We try to improve
the overall quality of gate operations on such encoded qubit mainly by doing two things.
First, tune the device and operate at the optimal working point, the “sweet spot”. Second,
optimize the pulse sequence in the parameter space to realize the rotation in an optimal
way.

The idea of operating the qubit at its “sweet spot” of the energy level diagram has
emerged as a widely used tool to provide protection for the encoded qubits against charge
noise, such as in the context of singlet-triplet qubit [101], [102] and hybrid qubit [89]. Our
work confirms that it works well for exchange-only qubit as well in a similar fashion. Com-
pare to other implementations of logical encoded qubits, which has only one detuning
parameter to operate on, there are two independent detuning parameters for exchange-only
qubit. We discover that there’s a “true sweet spot” for both detunings for exchange-only
qubit, and it indeeds mitigate the effect of charge noise.

Due to the nature of the logical qubit rotation, for some operations, you have to operate
away from the “sweet spot”, such as in a DC pulsed gate sequence. We demonstrate how
to optimize the tunable parameters to improve the fidelity in such cases. The optimization
is conducted based on very practical estimation of the device, such as the strength of the
nuclear bath and charge noise. And our calculation will point out the optimal fidelity we
could anticipate when conducting such operations.

Finally, in chapter we turn to the more fundamental questions in quantum comput-
ing, the entanglement properties of two partite systems. We investigate the geometrical
structure of physical states, separable states and entangled states and compute the prob-
ability that a bipartite quantum state is separable by Monte Carlo sampling. We expand
upon our previous work on two qubits [21], and calculate the separability probability for
both two rebits and two quaterbits systems. Our numerical results match the analytical
conjecture almost perfectly for such three different cases, which is surprisingly interesting

and might indicate something more fundamental about entanglement space that we don’t
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quite understand yet.

Much effort has been devoted in the study of quaterbit system, in which case the Peres-
Horodecki Criterion for separability has not been proven yet. So, we are actually testing a
double-conjecture here by conducting similar separability probability calculation as in the
two rebits and two qubits case. Our numerical results seems to support both. First, Peres-
Horodecki Criterion is still a valid separability criterion for quaterbit. Second, the analytical

conjecture for general separability probability formula still works for two quaterbits case.
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Appendix A

Supplemental information for

Chapter

A.1 Effective Hamiltonian of Odd Size Bus

Hamiltonian

Here we consider the Hamiltonian of the bus plus external qubits system

N—-1 N
H:H0+H,:JbZSj-Sj+1+ZJij'Sj, (Al)
p= =1

where s; represent bus internal spins, S; represent external spins. Jj is the uniform bus
internal coupling constant, and J; is the coupling between the 4" bus internal node and
the j** external spin. We consider the case Jj < Jp, so that we could treat the 274 term as
perturbation.

We use the eigenstates of Hy as our basis states. Assume we have a subspace D4 spanned
by a set of basis states with similar energies. Here D 4 corresponds to the bus ground state
manifold. The complementary subspace Dp, excited states manifold, is spanned by basis

states with energies well separated from the energies of the basis states of Dy . The
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Schrodinger equation for the eigenvalue problem is, in a matrix form,

Haa Hagp ay ay

Hp4a Hpp ap ap
1%t order term

Up to the 2" order term, the effective Hamiltonian of the ground state manifold is given

by
==(0 (1 (2
(Hop) s = Higy + Hyj -+ HY ) (A.3)
)
= (Ho)aa + Hiyy + 5 (H apS) — S{pH 5a), (A.4)

where SS}B and SSA are

1) iH'yy
Sy =55, VkeDa, VieDp. (A.5)
kT &
By the hermiticity of S,
N
S = (8i) = g _“g» VhEDa VIEDS (A.6)
R

We've already known that the 0** order term ﬁf& and the 1% order term ﬁ% [42],

HY) = coly = £0]05)(0p] = 20| 1)1, (A7)
Hyy =S JVs,-s;, (A.8)
j=1

where the subscript b means bus, and ¢q is the bus ground state energy. The 1% order

effective coupling constant .J )

is
J

T = T3(0p[s3(06) = T [53] 1) (A-9)

2" grder term

— i
HY) = §(H'ABS§A ~SYLH B). (A.10)
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For Vk,k' € D4,V € Dpg, we have

——(2 7
H) = 5 (kH apS) — SUEH palK) (A1)
1 1
= 5 D ((K{H ap|1) (SR — (kIS4 L1 (1B palk))
l
i iH'y iH'yy 0 0
=22 Mg~ gt @0 =ed)
l S A
H', H
:ZH, Vi € Dp. (A.12)
1Sk T &

We could always write the state k, k', in terms of the bus spin state A\ and external spin

state {o;},
k) = [Aos {o5}), (A.13)
k') = Xy {o3}), (A.14)

1) =[x {of}). (A.15)
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—(2) H', H
Hyp = Z (0) (0)
1 € T &

:Z*WLWMMWMWWWMMW%%>

nNi{ol} Ek 0 T E

—Z > o7 (Aoi {oi sy - Ssl A {05 1) (s {0 Hsy - Sy [Ny {o5})
3" Ai{ell} 5k - l

o JJ/ )\ )\ . S' /A )\ . )\/ " S' /
ID olsil ) - Lo HISil o2} (lsy ) - ({07} 1Sy {0 })
i o} 5k - l

=X X P X Ol e ST O 1N ol S e

33" Nis{ol} Ek 5l a,B=xy,2

J J i/ (0% «
—ZZ( 2 ol SR SN (s} 5SS (A.16)
Ji' N €1 aB=ryz
Y = > k) i (A.17)
kK’

= 3 S Pu o NED N (o)

)‘b?{U]} )‘bv{o }

- X Y e S 5t Ll

)\b,{aj})\b,{a} Ji’ N
ZM@MM%MW&%%MMH%!
76
J Jj
—ZZZ o ol ST 55 ) (X155
OYD VNN Y l aﬁ
—ZZZZ el I Ol 5G5S (A.18)
i aB XAy N 5 l

Consider the state |Ap), |A) could be | 1) or | {}), which gives 4 possible combinations. And
a, B could be (z,y,z) or (+,—, z), which gives 9 possible combinations. So in total, there
will be 36 terms in the above summation. Here we expand those terms in terms of creation

and annihilation operator (+, —, z) by using

a Qo 1 — — zZ Qz
sj-Sj =875 = i(s;rSj +s; Sj) + 8357. (A.19)
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By carefully analyzing the total z component of angular momentum of each term, there are

10 non-zero terms,

AA—ZJJZ

<7

(n |s.+m><xl\s:| DI 155 S + 100 I N sy | 168 15555

= |57 IM0) (uls5 L DT 187 S5 + i(ﬂ [s; ) (Nls L M 18]S

(U Isy I lsil W8 1SS, +;<U |55 1) (AlsS L M |S]S5

(1 135100 (s )1 14018555 + 5

wM—wN»aw\

Wlsz (sl M) (8755

+ (M Is5 A0 alsrl M 1S7S5 + (U [s51A) (AlsT [ D] 1) (U \S]Z-Sf/)- (A.20)

Let’s reorganize them into pairs as follows,

AA—ZJJ Z (0 60 X

(fm [sEIA) sz 01 D0 15755+ 7 0

l

7 Is7 s T DB @ 18]S
Z<U‘S+’/\l><)\l|3 | DI 187 8] + i

50 IsEINOsF ) 1785 + 1(ﬂ S5 s 1 ) (1 1555
5 I IOOsF] MU ISTS5 -+ 5150 (s | D] 94019585

(A sy 1) s T M IS S5

+ (M [s7 1A Aalsel MM 19755 + (U s A0 (Ml sT | Ol 1) (U |S§S§/)- (A.21)

We could further simplify this expression by considering the following quantitative proper-

ties of the summation:

1. All the matrix elements, such as ({} lsj]/\l), are real numbers. The bus Hamiltonian is

a real matrix. Under the spin configuration basis, we could always express the bus eigen-

states, such as | 1), | {}), and |);), in real vector form. Also, all the spin operators s;r, 55

j Y

and s, can also be expressed in real matrix form under the same basis,

st = sT = §F = . (A.22)
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so we have (ff \s;r|/\l> = (Als; | )" = (Mils; [ 1), ete.
2. We could exchange indices j and j’ if needed, since they are dummy indices in the sum.

Sum over term 1 and term 2,
ZJ.J. Z¥X
a7 ©) _ _(0)
J3’ PR A
1 _ _ 1 _ _
(3 \s*|Al><Al|s-,| MM 18755 + 74 bsy IOl 1 17 55)
_Z‘] J Z (0) (0)

(fm |s+|Al><Al|s:| ] ﬂ><ﬂ 5785 + 1<u 57 1) (s L 1 (1S5 57
LYo (O) wobl L0 15T ulsz (1 D6 1+ 94 1)S7 8

TT|8+W Y Alss | 1)

—ZJJ Z o LSy S (A.23)
—g )
Notice that,
(s sl = =3 = (s I = ), (A.24)
Ol = =l 1) = Qs = 21l ), (4.25)

Sum over term 3 and term 4,
ZJ.J. Z¥X
7y’ © _ _(0)
J3’ P
1 _ _ 1 _ _
(34 \s*|Al><Al|s.,| DIBYW 18755 + 740 Isy Il 00 157 55)
_Z‘] J Z (0) (0)

(7@; |S+|Al><Al|S:| )] u><u 1S5 Sh + 1<ﬂ |57 I\ sl T IS{S})
LYo (O) ok L0157 I Ouls 3 (1 0 1+ W 1)S7 s

DXIDS

Notice that,

ﬂls !Az Y(Nlsh] )
— g ))

- gt
1,57 5. (A.26)

(s sl = =2y = {4 s I = 3, (A27)

2
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w3 w3
O st2 = =2 1) = (sl = Sl ), (A.25)

Sum over term 5 and term 6,

1
ZJij/ZWX
33’ A Sk l
1 1
(G400 s O3] )0 (U 15755 + 5 (1 s3I Ol )] 1) (1585 )

1

:ij‘]j’276<0>_8<0>x

33’ A Sk l

1 1

(500 s M sl DI S] 85 + 5 L7 I (lsi ] 0] 1) (157755 )
1

:ijjj/zig@_g(o)x

37’ Ak l

1

5 (1510 Ouls] ) + (6 Is7 A Oulsy |00 (0 1585

=0. (A.29)

Notice that,

1 1
+ . otot _ — . Jtot
<ﬂ ‘8] |)‘l7sz - _§> - <‘U’ |8j |)‘la8z - §>> (A30)
o 1 z o 1 z
<Al;3tzt:—§’8‘j/‘~u> :—<Al;3tzt: 5‘8]/’ﬂ> (Agl)

Sum over term 7 and term 8,
1
Z Jij/ Z 75(0) B E(O) X
Ji’ A Sk l
1 1
(50 157 I sl M40 1S785 + 5 (0 s3I0 (s | 1)1 0048 19555 )
1
= Z Jij/ Z 75(0) - 5(0) X
Ji’ AN Sk l
1 1
(544 17 s3] ) 15785 + 5040 IsT A Ols] )] ) (1 15755 )
1
= Z Jij/ Z 78(0) _ 6(0) X
37’ Al k l
1
5 (157100 Ouls 0+ (s 1A s 09)1 40 157755

=0, (A.32)



Notice that,
1

_§>7

(st = |81|TT> —(As; 53 ot — 2 51551 )

_ o 1 0
(|55 [ \; 85 = §> (f |sF 1A s

Sum over term 9 and term 10,

ZJJZ

(m 5500 (s 015555 + (155 A0 (ulss] D1 B0 1555)

(fh Js2 120 (Ol |
Y Z % LOZ l(’j)' (11 + 1 @ 1)s;s3

(f lszMz >\z!8 /1)

- Z JjJj Z (0 (0) beS;'

= Z J758:87,

where
M I8N (Nl s5 [ )
Jj,j’ = Jjdj Z (0) (0)

We used the fact that,

1
(1520522 = ) = —(U Il st = —2),

1
O 512 = s3] ) = — s = 21531 ).

Put all the calculations above together, we get

(M IsF I ulsz L) + (1 [s5 1) (s ] )

HAA_Z‘]J Z (0)_ (0)
(k € )

Let’s define
[ (M Is Iy ulsy L) + (0 [s5 [ (s ] )
33" © _ _(0 ‘
d(e,” —¢)

We could easily show that
Lijo =1y ;=105 M),

HAA_ZJJ ZI]] \)S; S +ZJZZ,SZSZ

o4

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

— o+ T2z Qz Qz
S;Sh + Z J7 8357,

(A.39)

(A.40)

(A.41)

(A.42)



Recall that,

St =87 448Y,
ST =8%—isY.
So,
S;Sh = S785 + SYSY +i(57SY — SYS).
542,)4 = ZJ Jjr ZI 3,3 N) (S57S5 + S;-”SJZ-’, + i(S;?S;J, - Sj@f’Sw Z Jzz,SZSz
The cross term Z(ij Sjy, — S;’S;?,) will be gone after the sum over j and j/,

HY) = ZJ Jj ZI (7,4 M) (STS% + SYSY) + 3 J#, 5257,

Let’s define

Irn = TV = Ty > 10,5 M)
Al
HY) =Y Jr(S7S5 + 5YSY) + Z 7555,
37’
We are not breaking any symmetry here. So we could expect,

JrT JYY __ Fzz (2)
=T =T =T

95

(A.43)

(A.44)

(A.45)

(A.46)

(A.47)

(A.48)

(A.49)

(A.50)

Then we get the final form of the 2" order effective Hamiltonian of odd size bus, which is

just spin-spin interaction,

2) =(2
=T85Sy,
J#y
7(2)

24 order effective coupling constant .J i

where the

TT|5Z|>\1 (Adlss | )
“,—JJ Z 0

l

0 \8 |>\z Ml | 1)

JJZ O

=y

All the above calculations are supported by numerical simulations.

(A51)

(A.52)

(A.53)
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A.2 EXISTENCE PROOF FOR U,

Here, we prove that the gate Us, presented in Eq. (2.3 of the main text (and its family),
represents the only solutions to the mediated gate problem for two qubits. For convenience,
we adopt slightly different notation than in the main text, as indicated in Fig. Spins

1 and 3 are the two nonproximal qubits, while spin 2 is the central ancilla qubit.

0—0—0

Figure A.1: Two-qubit mediated gate geometry. Here, ancilla qubit 2 mediates gate Us,
which acts on qubits 1 and 3.

We consider the following Hamiltonian for a linear three-qubit array:
H=J,s1 -89+ Jpss - s3, (A.54>

where s; is the spin operator for qubit j. In principle, J, and J, may take any value.

However, we limit our search to the case where the couplings are turned on and off simulta-

neously. J, and J, are therefore constant throughout the gate operation. The goal of this

Appendix is to identify specific relations between J, and J, that lead to mediated gates.
We make use of the identity [103], [104]

4s;-sj=2p — 1, (A.55)

where p¥ is the SWAP (i.e., transposition) operator between spin i and spin j, and I is the

two-qubit identity operator. Hamiltonian (A.54)) can then be rewritten as

1 1
H = §(Jap12 + Jop?*) — Z(Ja + Jb). (A.56)



The time evolution operator is given by

U(t) =

— i(JatJo)t/4,—iQJt/2

e—th

o7

; L (—idyt/2)"™
— Uty (nl/) o", (A.57)

where i = 1 and we have defined

n=0

Q=p* +Jp*,

(A.58)

with J = J,/Jp. Since p?* and p'? are generators of the symmetric group Sz, we may

expand Q" in terms of the S3 group elements:

Qn — anp231 +bnp312 + Cnp12 ‘|’dnp13 + enp23 + nt

Here, p** is the tripartite, cyclic permutation operator.

(A.59)

Table A.1: Cayley table for the symmetric group Sgs.

T p12 p13 p23 p231 p312

T T 12 p13 p23 p231 p312

p12 p12 I p231 p312 p13 p23

p13 p13 p312 I p231 p23 p12

p23 p23 p231 p312 I p12 p13
p231 p231 p23 p12 p13 p312 I

p312 p312 p13 p23 p12 I p231

The full set of S3 group operations is listed in Table. We then deduce the recursion

relations for Q™! = QQ™:

apt1 = Cp + Jdp,
bnt1 = dp + Jey,
Cnt1 = ap + J [,
dp+1 = by + Jan,
ent+1 = fn + Jbn,

fnr1 =en+ Jep.

(A.60)
(A.61)
(A.62)
(A.63)
(A.64)

(A.65)
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These relations can be expressed compactly as

Vn+1 = TVII7 (A66)
where
Vn = [fn Cn €n anp bn dn]Ta (A67)
and
0o J 1 0 0 0
J 0 0 1 0 O
1 0 0 0 J 0
T (A.68)
01 0 0 0 J
00 J 0 0 1
0O 0 0 J 1 0

We now solve the recursion problem analytically. The n = 0 term of the summation in

Eq. (A.57) corresponds to the initial condition vo = [1 0 0 0 0 0]7. Equation (A.66|) then

leads to
0 = é[u FO) = (1= T+ 725, (A.69)
m:%m+JW—@—J+ﬂﬁL (A.70)
j}:%KL+ﬂ”+%1—J+J%ﬂ, (A.71)
cn =dn, =e, =0, (A.72)
when n is even, and
o = %[(1+J)”+(2J— (1= J+ %), (A.73)
dn:é[(lJrJ)”—(1+J)(1—J+J2)nT_1], (A.74)
en = %[(1+J>”+(2—J)(1—J+J2)"T’1}, (A.75)

ap =by = fr =0, (A.76)
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when n is odd. Performing the sum over n, the time evolution operator can finally be
written as

it (1+7) /4

Ult)=——— <p231 {cos[Jbt(l +J)/2] — cos(JptvV/1—J + J2/2)}

3
+ p3t? {cos[Jbt(l + J)/2] — cos(Jpt\/1 — J + J2/2)}
+1 {cos[Jbt(l +J)/2] + 2cos(JptV/1— J + J2/2)}
—-ﬂﬂQ{gnLaﬂ14—Jp9]+fl]_*lﬁn@htvl-—Jﬁ—J%Q)}

V1—J+J?
ipt3 < si 71 +J sin —
—ip {sm[Jbt(l +J)/2] — A (Jbtm/Q)}
— ip* { sin _2=) sin —
P { [ot(1+0)/2] + == — (JtV/1—J + J2 /2)}). (A.77)

The mediated gates we search for can be decomposed as
U=0U®1, (A.78)

where Uy acts on qubits 1 and 3, while [ is the single-qubit identity operator acting on spin
2. Condition (A.78) is satisfied when the coefficients of p?3!, p3!2, p'2, and p?3 in Eq. (A.77)

all vanish. The solution is given by

Ja
J = 7 1, (A.79)
with
cos(Jyt/2) = cos(Jpt), (A.80)
sin(Jpt/2) = — sin(Jpt). (A.81)

We then solve Egs. (A.80) and (A.81)) to obtain the mediated gate periods, t = T:

47?81

Jng = 07 ?7 3

AT, (A.82)

The time evolution operator obtained from Eqs. (A.79)—(A.81) is given by

U(T,) = eeTa/2[I cos(Jyt) — ip™® sin(J,T}))]. (A.83)
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Equation (A.82)) then leads to three distinct types of gate operations. When J,T; = (4m)m,
with m an integer, we obtain the trivial gate, U(T,) = I. When J,T; = (4m + %)ﬂ', we

obtain the nontrivial result
). (A.84)

The decomposition of Eq. (A.78) leads to the identification of the mediated gate Us, given
in Eq. 1} When JT, = (4m + %)71’, we obtain the complementary gate U(T,) = U3 ® I.
Finally, we note that U3 = I. Thus, Uy, U3 = U, ! and I comprise the full set of two-qubit

mediated gates.

A.3 GLOBAL OPTIMIZATION TECHNIQUES FOR
CONSTRUCTING QUANTUM STATES AND
GATES

In this Appendix, we outline the global optimization methods used to solve Eqgs. and
, which act on two qubits. Identical methods can also be used to generate states and
construct gates involving more than two qubits.

Equations and can be summarized as follows. An arbitrary two-qubit quan-
tum circuit is formed of units comprised of one entangling gate, Us, sandwiched between
single-qubit unitary rotations. One or more of these units can be combined, sequentially,
to form a circuit. The single-qubit rotations in this protocol are arbitrary. However, the
entangling gate Uy is fixed, with the form shown in Eq. (2.3)).

Three scalar parameters are required, to fully specify an arbitrary single-qubit rotation,
up to a global phase factor (e.g., the Euler angle construction). Here, we adopt the ZYZ
decomposition [50]:

Uila, B,7) = e ~100=/2o=iBoy/2 =170z /2, (A.85)

In the most general case, the rotations will be applied to both qubits, before and after each

exchange gate. The construction can be further simplified by noting that terms such as
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(U @ Up)(U; ® Up) are redundant and can be collapsed into the form U; ® U;. Thus, up to
6(n 4 1) rotation angles are required, to specify an arbitrary gate sequence of circuit depth
n.

Here, we employ global optimization techniques, to search through this large parameter
space. We have found that multistart clustering algorithms [105], [106] are particularly
effective for solving this problem. We first define an appropriate objective function to be
minimized. For generating arbitrary states, as in Eq. , we use the infidelity (1 — f) of

the desired final state |tges) as the objective function, where

f = |<wdes|¢actual> |2 (A86)

= [(aes| (U1 ® U1)[U2(Ur ® UL)]"100) .

For generating arbitrary gates, as in Eq. (2.5)), we use the operator error norm e as the
objective function, where

€= HUQ,des - UQ,actualH- (A87)

The global optimization is performed in two steps. In the first step, we use the multistart
algorithm to identify potential candidate solutions. Then, we use these solutions as a first
guess in a local Nelder-Mead downhill simplex search [I07]. The final outcome generally
provides results with very low or very high accuracy. The latter are accepted as valid
solutions. We begin our searches using the minimal exchange gate sequence (n = 1). If no
valid solutions are obtained for a given sequence length, we increment n by 1 and repeat
the procedure. Once an optimal, numerical solution has been obtained, it is sometimes
possible to work backwards, to determine the exact rotation angles, as in Figs. and

[2.6] These identifications can then be confirmed analytically.
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Appendix B

Supplemental information for

Chapter

In these Supplementary Materials, we provide details about the calculations and simula-
tions discussed in the main text. Section describes the Hamiltonian for the S, = 1/2
spin manifold. Section provides analytical estimates for the exchange interactions in
certain operating regimes of interest. Section [B.3]| provides details of the quantum process
tomography methods. Section describes our statistical averaging procedure for treating
quasistatic charge and nuclear noise. Section describes some additional results for sim-
ulations with averages over Overhauser field gradients. Section describes results with

no Overhauser field gradients, consistent with pure, isotopically purified 28Si.
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B.1 Calculation Details

In this section, we describe our Hubbard model Hamiltonian. We evaluate each individual

term of Eq. in the main text using the 7D basis set defined by

0) = = 0+ 147) — 21, (B.1)
1) = =5 (1) = 1)), (B.2)

2) = = (1110 + 14419 + 3, (B.3)
3) = <5 (1th1 = 110 [l (B.4)
4) = 25 (12 = 1102 ) (B.5)
5) = \}| 1 (1142 = 1)) s, (B.6)
6) = —5ithaba (1tha = [113). (8.7

where the notation [1]); (or |[}1);) indicates that both electrons are in the same dot, labelled
j =1,2,3, and |-); indicates an empty dot. The creation-annihilation operator combina-

tions, ¢! Cjo, are then readily evaluated, as are the particle number operators n;, = C}LUCiU,

) w
for dots 4, j, and spins o =T, |.
We then obtain the following expressions for the individual terms in the Hubbard Hamil-

tonian, Eq. in the main text. The tunnel coupling term is given by

0 0 0 \/gt —\/3t —y/3t /3t
0 0 0 —g5t 5t -5t 5t
0 0 0 0 0 0 0
H = 5t —5t 00 0 0 0 (B.8)
—\/3t ozt 00 0 0 0
—y\/3t —5t 00 0 0 0
st 5t 000 0 0 0
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The onsite Coulomb repulsion term describes the double-occupation energy cost for a

single dot. It is given by

The detuning energies are given by

EM

o o o o o O
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o o o o O

o o o o o o o

o o o o o o o
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(B.10)

Since the basis states all belong to the same S, = 1/2 spin manifold, they all have the same

Zeeman energy, which we ignore here. The local Overhauser field energies due to nuclear

fluctuations are given by

Hap = gup

Z5(ABi+AB,) —2(AB,—AB,)
0 @ (AB, + AB,)
ViAB +AB)  L(AB - AB,)
0 0
0 0
0 0
0 0

0 0
0 0
0 0
0 0
0 0
AB; 0
0 AB;

(B.11)
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where we define AB; = Bf — B5 and AB, = B5 — B3 to be the differences in local magnetic
fields in the z direction. As explained in the main text, we only consider longitudinal (z)
components of the Overhauser fields, defined by B = Bz, as consistent with [81].
Equation of the main text then represents a set of 49 real coupled differential equa-
tions. We solve these equations numerically and check that the trace-preserving condition

is satisfied for the final density matrix, when the calculation is complete.

B.2 Exchange Interactions and the Sweet Spot

In this section, we estimate the effective exchange interactions J;; that generate rotations.
We can use the results to provide initial estimates for the evolution periods for gate opera-
tions; we use these estimates to optimize the gates, as discussed in the main text.

We now reduce the full 7 x 7 Hamiltonian, H = H; + Hy + H., to an effective 2 x 2
Hamiltonian for the logical qubit states. We consider the ideal case with no nuclear fields,
so AB; = 0 and there is no coupling between the qubit states {|0),|1)} and the leakage
state [2). A Schrieffer-Wolff transformation [108] to order #? in the small parameter ¢/U

yields the well-known Heisenberg Hamiltonian
H.g = Jia81 - 80 + Jogsg - 83, (B.12)

for the 3 x 3 subspace of (1,1,1) charge states. Here, Jio, Jog ~ O[t?]. In the absence of
any coupling to the leakage state, we can immediately project Heg onto the 2 x 2 logical

qubit subspace, yielding
V3 1
Heyg = (COIlSt) + T(Jlg — JQS)UI — Z(Ju + J23)0'Z, (B13)

where o, and o, are Pauli matrices. Here, we may drop the constant term, giving Eq. (2)
in the main text.
We can also obtain Heg by directly performing a Schrieffer-Wolff transformation of H

onto the 2 x 2 subspace, yielding

_2\/§t2U6M5 B 22U (U? — 2, — e2/4)

Heg ~ D Oz D Oz,

(B.14)
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where the denominator is given by

D =U*-2(e2, + 2 /4)U? + (3, — £2/4)2. (B.15)

By comparing Egs. (B.13) and (B.14)), we can identify the individual exchange interactions:

42U (U? — 2)2
Jig = ( (DEM + 8/ ) )’ (B].G)
42U (U2 — —¢/2)?
Jp = HUWU” = (em = €/2)7) (B.17)
D
Diagonalizing Eq. (B.14]), we obtain the energy splitting
4t2U\/(U2 —e2, —e2/4)? 4 3&3 2
Ep = o) . (B.18)
Since Fjy; is an even function in the variables € and €7, we immediately find that
= =0 B.19
(‘9(—: 86]\/[ ( )
when € = ey = 0, establishing this setting as a detuning sweet spot.
At the sweet spot, we find that
212
Heff == _70—Za <B20)

corresponding to a Z-rotation. Indeed, we see that Z-rotations are achieved when either
e =0or ey = 0. From Eq. (B.14)), we see that rotations around the axis —(% + 2)/v/2,

used in the three-step X () protocol described in the main text, are defined by the line
€2+ 244+ V3eye =U?, (B.21)

which correctly predicts the line of highest fidelities in Fig. of the main text.

B.3 Quantum Process Tomography

Quantum process tomography (QPT) provides a means of characterizing quantum gates
by comparing the ideal outcomes of gate operations with their actual outcomes. Here, we

follow the QPT recipe given in [50]. We solve the master equation, Eq. (3) in the main
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Tunnel Coupling, t (GHz)

Figure B.1: Infidelity, 1 — F, of a Z(m) rotation, including quasistatic nuclear noise for
three different values of the intradot Coulomb repulsion: U = 1 meV (black diamonds, as
in the main panel of Fig. in the main text), U = 2 meV (triangles), and U = 3 meV
(circles), with larger U values yielding higher maximum fidelities.

text, for a specified pulse sequence for a given gate operation. For each simulation, the
detuning parameters and the local magnetic fields are held constant. Using the simulation
results, we calculate the final fidelity, as outlined below. In the following section, we describe
our method for performing statistical averages of those fidelities, taking into account the
fluctuations of the detuning parameters and the random magnetic fields. We now summarize
the QPT method.

We consider a gate operation £(p) acting on an initial state described by the density
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1.00

0.50

0.10

0.05

Infidelity, 1 — F

0.01 : : : :
1 2 5 10 20 50

Tunnel Coupling, t (GHZz)

Figure B.2: Fidelity of a three-step X (7) rotation, as described in the main text, including
quasistatic nuclear noise for three different values of the Coulomb repulsion: U = 1 meV
(black diamonds, as in the main panel of Fig. in the main text), U = 2 meV (triangles),
and U = 3 meV (circles). All fidelity averages are obtained assuming a Gaussian distribution
of Overhauser field differences with standard deviation op = 4 m'T. Quasistatic noise in the
detuning parameters are not included in this simulation.

matrix p. Here, £(p) represents the final density matrix, and has no relation to the detuning

parameter. The £ operation can be expressed in terms of operation elements F;, such that

E(p) = ZEZ-pEiT : (B.22)

The operation elements can be decomposed with respect to an orthogonal basis set of
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operators E,, for the state space, such that
Ei=> eimEm, (B.23)
m

where e, are complex numbers. If p describes a single qubit, then each E, isa2x2

matrix. A convenient choice is the basis set

Ey=1, (B.24)
E| = o, (B.25)
Ey = —ioy, (B.26)
Fs3 =0, (B.27)

where o, are Pauli matrices. We then have

E(p) = EmpE}xmn, (B.28)

mn

where the process matrix y is defined as

Xmn = > €im€p- (B.29)
i

The process matrix can be fully characterized by initializing the system into linearly in-
dependent basis elements for the density matrix. A convenient choice of initial states is
0), |1}, |4+) = (|0) + |1))/v/2, and |—) = (|0) +4|1))/v/2. We then perform appropriate
linear combinations of gate operations on the initial states, as described in [50]. Once the
process matrix has been reconstructed, the process fidelity for a single-qubit rotation is
given by [109]

_ 1
F=3 (2Tr[XXideal] + 1) , (B.30)

where Xidqeal represents the ideal process matrix.

B.4 Averaging Procedure for Nuclear Field and Detuning

Fluctuations

In the previous section, we described the calculation of QPT fidelities for individual sim-

ulations. Each simulation is performed for a constant value of the detuning parameters
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and the local nuclear fields. However, these parameters are all quasistatic, and we should
perform an average over these quantities, as described in the main text, to describe the
inhomogeneous broadening.

There are two different fluctuation axes for the detuning parameters (¢ and eps) and
two different axes for the nuclear fields (AB; and AB,). While it is not computationally
feasible to perform accurate, simultaneous averages over four different fluctuation axes, it
is possible to perform simultaneous averages over two axes at a time. We choose to perform
simultaneous averages over the detuning fluctuations and the random Overhauser fields
separately, to distinguish the effects of charge and nuclear noise. These calculations are
computationally intensive.

We first consider the quasistatic random Overhauser fields. When B > AB, we only
need to consider the longitudinal components of AB;, [8I]. We model the probability

distributions of these random fields as

%e—(ABZQ-I-ABz)/(QU%)? (B.31)
7TO'B

P(AB;,AB,) =

where op is the standard deviation of the random fields. The master equation is solved
over a grid (AB;, AB,) of size Ny x Ny, with N, = 25, while keeping ¢ and ), fixed. The

noise-averaged fidelity is then given by

dABdAB,
F= /IQF(ABz, AB,,e,en)e (BPIFABR/C05) (B.32)
2moy
N (ABmaX - ABmin)2 = _(ABQ+AB2)/(20_2 )
- 271_0.%]\]'!]2 Z F(AB[,ABT,E,SM)G l r B/, (B33)

(AB;,ABy)
In our simulations, we choose AB; and AB, in the range (-12 mT,+12 mT), and cp=4 mT,
as consistent with [82].

Similarly, we consider fluctuations of the detuning parameters keeping the local magnetic

fields fixed. We model the fluctuation probability distribution as

1
P(AS, A&M) = me_(Aa2+AE?VI)/(2U§) <B34>
13
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Figure B.3: Comparison of gate infidelities, 1 — F, for perfect, isotopically purified 2®Si
(purple squares) and GaAs (red circles) in the presence of detuning fluctuations. The
GaAs results are identical to the red circles in Fig. of the main text. For 28Si,
we assume no Overhauser fields in the dots, while for GaAs, we assume the fixed values
ABj; — AB} = AB; — AB; = 3 mT, as for the red circles in Fig. [3.3] 3.4 We assume an
intradot Coulomb repulsion of U = 1 meV. Z(7)-rotations, as described in the main text.

over a grid (Ae, Aejr) of Ny x N,y points, with N, = 31. The noise-averaged fidelity is then
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Figure B.4: Comparison of gate infidelities, 1 — F, for perfect, isotopically purified 2®Si
(purple squares) and GaAs (red circles) in the presence of detuning fluctuations. The
GaAs results are identical to the red circles in Fig. of the main text. For 28Si,
we assume no Overhauser fields in the dots, while for GaAs, we assume the fixed values
ABj; — AB} = AB; — AB; = 3 mT, as for the red circles in Fig. [3.3] 3.4 We assume an
intradot Coulomb repulsion of U = 1 meV. Three-step X (7) rotations, as described in the

main text.
given by
dAedAey; -
F= / SwgzeM*F(e + Ac,enr + Aear, ABy, AB, e~ (A A/ (202) (B.35)
€
_ .2 _
= (Afmax QA;:mm) Z F(e + Ae,enr + Aey, AB, ABr)e_(A€2+A€?VI)/(2‘7§)
2moiNg

(Ae,Aepy)

(B.36)
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In our simulations, we choose Ae and Aeyy in the range (-15 peV,+15 peV), and o.=5 peV,

as consistent with [84] [85].

B.5 Nuclear Noise Averages

Figures[3.3]and [3.4] of the main text show comparisons of nuclear and charge noise averaging
results, while the insets show comparisons of charge noise averaging for three different values
of U.

In this section, we extend these results by plotting nuclear noise-averaged results for
three different values of U, as shown in Fig. As before, we find that X(7)
rotations have fidelities that are approximately 20 times worse than Z(7) rotations, with

optimal values that improve when U is larger.

B.6 28Si

In previous sections, particularly in Fig. of the main text and Fig. of

the Supplemental Materials, we compared the effects of random nuclear fields and detuning
fluctuations. When we simulated detuning fluctuations, we adopted a fixed, characteristic
magnetic field difference between the two dots. To complete this story, we perform the
same simulation here, setting the static Overhauser fields to zero. This can be viewed as
the ideal case for perfect, isotopically purified 2Si devices, whereas the previous simulations
corresponded to GaAs.

The results of our ?2Si simulation are shown in Fig. assuming only detuning
fluctuations. We also show the equivalent GaAs simulation for comparison, with the same
detuning fluctuations but setting AB5 — AB{ = AB; — AB5 = 3 mT, as in Fig. 3.3
of the main text. We see that using 2®Si is highly beneficial in two ways. First,
it yields an improvement in the maximum fidelity. Second, it lowers the optimal tunnel
coupling, and therefore the gate speed, to a range that may be more convenient from a

technological perspective. At even lower gate speeds, fast charge noise eventually degrades
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the gate fidelity. At higher tunnel couplings, where the effects of quasistatic charge noise and
leakage to doubly-occupied charge states dominate the fidelity, the presence of a magnetic
field difference is irrelevant. Omnce again, we find the optimal fidelity for Z-rotations is
approximately one order of magnitude better than for X-rotations, due to the presence of

the sweet spot.
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Appendix C

Supplemental information for

Chapter

C.1 Quaternions

A quaternion is defined as h = a + ipb + jc + kd where a,b, ¢,d are real and Hamilton’s
symbols iy, j, k satisfy Z}QL = j2 =k?> = —1,iyj = —jip, = k, etc. The conjugate is defined
as h = a — iyb — jc — kd. The magnitude squared is hh = hh = a? + b*> + 2 + d?. Two
quaternions do not commute in general: gh # hg. We define taking the real part by tr
h = a.We will find it very convenient to write quaternions as 2 x 2 matrices using the

identifications ij, = i0,,j = ioy and k = io,, so that

a+id ib+c
tb—c a—1id
It is easy to see that this gives the right commutation relations.
Matrices with quaternionic entries can be defined and clearly do not commute. If we
define the adjoint as

M, =DM, (C.2)

and the trace as

Tr M= tr M, (C.3)
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then we have

(MN)' = NTMt (C.4)
and
Tr(MN)=Tr(NM) (C.5)
but in contrast to complex matrices
MN # MN (C.6)
and
(MN)T £ NTMT (C.7)

in general. If M is self-adjoint then MT = M, and for this case when M1 = ¥\ for some

quaternionic vector v, then the eigenvalues \ are real.

C.2 Single Quaterbits

Quaterbits are described by 2 x 2 density matrices p with quaternionic entries. These

matrices are self adjoint. Thus we have
p= : (C.8)

where a is “real”, i.e., a = @. Using the matrix forms for the individual quaternions, this

becomes a 4 x 4 matrix of the form

A 0 a+id ib+c
1 0 A itb—c a—1id
a—id —ib—c —A 0

—ib+c a-+id 0 —A

which has 5 real parameters A,a,b,c,d. This is more than the 3 real parameters that

characterize a qubit density matrix, but much less than the 15 that characterize a 4 x 4
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2-qubit density matrix. This can be written as

A 0 a+id ib+c
1 0 A tb—c a—1id
a—id —ib—c —A 0
—ib+c a-+id 0 —A
= Ao.®og+ao0,®00—boy,®o,—coy®@oy—doy,®o0,. (C.10)

C.3 Two Quaterbits

Quaterbits are described by 4 x 4 density matrices p with quaternionic entries. These

matrices are self adjoint. So

Al @ @
I Gy Bl ¢ @
P3 =p = . (C.11)
¢ q3 ClLy g5
42 9 q5 DI

When the quaternions are rewritten as 2 x 2 matrices, we get an 8 x 8 matrix with
I, = (C.12)

and

a; —id; ib; + ¢
a=1" " (C.13)
ibi—ci az-—i-z'dz-

a; +td;  —ib; — ¢
a=1 R (C.14)
—ib; +¢;  a; —id;
We must have that A+ B+ C+ D = 0. Defining u = 2A+4+2B,v = 2A+2C,w = —2B —2C

and

)\ijk:Ui®Uj®0'k (0.15)
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so that T'r \jjxAijriy = 8 04i765:0kk, we find, after a lengthy calculation:

P = ul300 + vAo30 + w330

1 1 1 1
+§a0 (Moo + A310) + 5170 (Mo21 + A321) — 50 (Mo22 + A322) — §d0 (Mo23 + A323)

1 1 1 1
+—a1 (Moo + A130) — =b1 (A201 + A231) — 51 (A202 + Aa232) — =di (A203 + A233)

2 2 2
1 1 1 1

+§a2 (A110 — A220) — 552 (A121 + Ao11) — 52 (A122 + A212) — §d2 (A123 + A213)
1 1 1 1

+§a3 (AM10 + Aa220) + 553 (A121 — A211) — 563 (A122 — A212) + §d3 (A123 — A213)
1 1 1 1

+§a4 (A100 — A130) — 554 (A201 — A231) + ¢4 (A202 — A232) — §d4 (Ao23 — A233)

1 1 1 1
+§a5 (Ao10 — Az10) — 5175 (Ao21 — Az21) + 565 (Ao22 — Az22) — §d5 (Ao23 — A323)

(C.16)
It is sufficient to write /
p = Znijk)\ijk, (C.17)
ijk
where the sum ¥’ runs only over the combinations
{ijk} = {300},{030},{330},{010},{310},{021},{321},{022}, {322},
{023}, {323} ,{100}, {130}, {201},{231}, {202}, {232}, {203},
{233},{110}, {220}, {121}, {211}, {122}, {212} ,{123},{213}.
We may use the condition that Tr p? < 1, together with
TrXijiNirjrir = 04301 Oy (C.18)

to get
1 \?2
Trp* = Tr <pl + 8]>

1
= Trp?+ Trol
2

/

1

= Tr Zk: nijk)\ijk + g
v

1 ’ 2
= 3 +8Z (nijr)

ijk

IN

1
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so that

!/

7
> (mige)” < o (C.19)

ijk
C.4 Computational Methods

Two Qubits

We wish to find the ratio of the total number of separable states to the total number of

physical states. We write

1 /
4,7=0,3
where the n;; are real and the prime on the sum indicates that the term i = j = 0 is
omitted. A\;; = %0’1‘ ® o;. We have

2

1 /
Tr p2 = Tr 4I+ijz_;3nij>\ij
1 / /
= 4 tIr > nighy Nk Ak
4,7=0,3 k,1=0,3

1 : 2 2
= 7 + Z ng; TrAj;
4,7=0,3

IN
—_

SO
/

3

2

Z (nij)* < 15 (C.21)
ij

Hence we need to sample the 15-ball uniformly. Then we check for positivity, which may

be done by computing the eigenvalues, and for separability, which may be done by checking

the positivity of the partial transpose. To get the desired ratio, we discard those p that

are not positive, and for the remaining p’s just divide the separable ones by the total. The
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partial transpose is given by

("), = —niy ifj=2 (C.22)

("), = ny ifj#2 (C.23)

This is because aiT = 0; except when i = 2.

Two Rebits
We write the expansion for p using only the real generators:
1
p— ZI = no1Ao1 + 10303 + n10A10 + n11 A1 + ni1An + nagAze
+n30A30 + 131231 + n33A33. (C.24)
where the n;; are again real. The constraint on the 9-vector 7 is that

72<i.
= 16

Now we sample the 9-ball and proceed exactly as we did for 2 qubits. The partial transpose
is given by
T _ . .
(n )ij = —n ifj=2, (C.25)

("), = ny ifj#2 (C.26)

For this case, the only n;; that is changed is nas.

Two Quaterbits

We write the expansion for p using only the generators A;;, with

{ijk} = {300},{030},{330},{010},{310},{021},{321},{022}, {322},
{023}, {323}, {100}, {130}, {201}, {231}, {202} , {232}, {203} ,

{233}, {110}, {220}, {121}, {211}, {122}, {212} , {123}, {213} .
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1
p—4L = n01A01 + 103A03 + n10A10 + P11A11 + n11A11 + n2aAge
+n30A30 + 13131 + N33A33. (C.27)

where the n;; are again real. The constraint on the 27-vector 7 is that

7
—2

< —.
"= 6

Now we sample the 27-ball and proceed exactly as we did for 2 qubits. The partial transpose
is given by
(") = —nige 5 =2, (C.28)

(") = ngr iHj#2 (C.29)

Monte Carlo Sampling

To get an error estimate for the computation, we consider the volume V' of physical states,
each given by some 7. Let p(7) = 1/V, so
/ p(7)d = 1. (C.30)
\%4
Now define the function f(77) = 1, if 77 is separable, and f(77) = 0, if not. The quantity we

wish to estimate is

= () = [ @ (Ca1)
We do this by taking the finite sum
| X
=~ Z (C.32)
with the 77; each distributed uniformly, i.e., pl( i) = pi)1/V. Now note that
L
(Sn) = N (f(1i:)) = P, (C.33)
i=1

and the variance is

1 Y ’
:< NZf(ﬁz)_P >
=1
1 (P-P?)° < =N (C.34)
N = 4N’
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since 0 < P < 1. Chebyshev’s inequality is

1
Pr(|Sy—P|>a) < = <(SN - P)2>
1
< iva (C.35)
Setting a = %8*1/2N*1/2, we find
Pr (\SN - P|> ;51/2N1/2> <e. (C.36)

Hence if we want the probability that we are off by more than a = 0.01 to be less than
e = 0.1, we need

1
N = yPi 2.5 x 10* steps.
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