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Abstract

In this thesis, we focus on the study of hyperkahler metric in four dimensional cases,
and practice GMN’s construction of hyperkédhler metric on focus-focus fibrations.

We explicitly compute the action-angle coordinates on the local model of focus-focus
fibration, and show its semi-global invariant should be harmonic to admit a compati-
ble holomorphic 2-form. Then we study the canonical semi-flat metric on it. After the
instanton correction inspired by physics, we get a family of generalized Ooguri-Vafa met-
ric on focus-focus fibrations, which becomes more local examples of explicit hyperkéhler
metric in four dimensional cases.

In addition, we also make some exploration of the Ooguri-Vafa metric in the thesis.
We study the potential function of the Ooguri-Vafa metric, and prove that its nodal
set is a cylinder of bounded radius 1 < R < oco. As a result, we get that only on a
finite neighborhood of the singular fibre the Ooguri-Vafa metric is a hyperkahler metric.
Finally, we give some estimates for the diameter of the fibration under the Oogui-Vafa
metric, which confirms that the Oogui-Vafa metric is not complete.

The new family of metric constructed in the thesis, we think, will provide more

examples to further study of Lagrangian fibrations and mirror symmetry in future.
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Chapter 1

Introduction

1.1 Background

The well-known Calabi conjecture solved by Yau [42] in 1978 promises that given any
elliptic K3 surface there always exists a unique hyperkahler metric in each given Kahler
class. After this fundamental existence result, it has been an open problem to write
down the explicit expression of such metrics.

Motivated by the celebrated Strominger-Yau-Zaslow conjecture [38], nowadays it is
a folklore that the hyperkahler metrics near large complex limits are approximated by
semi-flat metrics with instanton correction from the holomorphic discs with boundaries
on special Lagrangian fibres [12]. The semi-flat metric is written down under the special
Lagrangian fibration setting in [17]. Later, Gross and Wilson [20] proved that such
hyperkahler metrics indeed can be approximated by the semi-flat metrics glued with
generalized Ooguri-Vafa metrics around each singular fibre. However, in this procedure
the instanton corrections are not included.

Recently, Gaiotto, Moore and Neitzke make a significant breakthrough and propose
a new approach on this problem with the instanton corrctions in their papers [14] [15].
It brings lots of new ingredients into the field, which includes: Kontsevich-Soibelman

wall-crossing formula on BPS states or generalized Donaldson-Thomas invariants [26],



and construction of twistor spaces of hyperkéhler metrics [22] from associated Riemann-
Hilbert problems determined by the wall-crossing data.

In this thesis, we try to practice the GMN’s construction in one of the important
cases of completely integrable systems: focus-focus fibration. Following Vu Ngoc’s clas-
sification result on focus-focus fibration [34], here we view the local model in [34] as a
total neighborhood of a type I or A; singular fibre in the special Lagrangian fibration of
an elliptic K3 surface (up to some symplectomorphism). We adapt GMN’s construction

as outlined in [33] on the local model, and study the explicit hyperkéhler metric on it.

1.2 Outlines

The thesis is organized as follows:

First, we study our local model and state Vi Ngoc’s classification result on focus-
focus fibrations, and then explore its explicit action-angle coordinates. As an important
example, we also calculate the action-angle coordinates for Ooguri-Vafa case.

Second, we follow Arnold’s integration over vanishing cycle technique [1], show the
semi-global invariant .S introduced by Vi Ngoc in [34] on the local model should be a
harmonic function to admit a compatible holomorphic 2-form.

Then, we study the canonical semi-flat metric on the regular part of local model. We
show that under certain conditions on the semi-global invariant .S, such semi-flat metric
will become a real hyperkahler metric on the regular part of the fibration. However,
such metric generally cannot be extended over the singular fibre.

Finally, we apply the GMN ansatz to modify the semi-flat metric to a global metric

with central fibre completion. In stead of making the modification on the metric directly,



we consider the associated twistor space and translate the problem into a Riemann-
Hilbert problem on the holomorphic Darboux coordinates of holomorphic 2-forms. Then
we follow the GMN integral ansatz to solve the Riemann-Hilbert problem and construct
the modified twistor space. From the twistor space, we achieve the final modified metric.
It turns out to be the generalized Ooguri-Vafa metric with similar extra harmonic term
in the potential function as used in Gross-Wilson’s work on hyperkéhler metric[20].

As a detailed review and also further exploration, we study the geometry of the
Ooguri-Vafa metric in the last part. We start with the classical Gibbons-Hawking ansatz,
and analyze the periodic Gibbons-Hawking ansatz, and then the Ooguri-Vafa metric.
Based on this, we make some geometric estimates of the fibration as Gross-Wilson did
in their work.

In the appendix part, we give the Fourier expansion of the Ooguri-Vafa potential

and also the curvature calculation of the Gibbons-Hawking ansatz for further interests.



Chapter 2

Local Models

In this chapter, we first state the local model of focus-focus fibrations, which will be the
main object for our further study. Then we study the important action-angle coordinates
for the local model. Generally for dynamic systems, it is not easy to get the explicit
expression of the coordinates. Here we will give an explicit expression in the focus-focus
case. As a further example, we will also explore that for Ooguri-Vafa case, and make

some interesting observations.

2.1 Focus-focus fibrations

Definition 2.1 A Lagrangian fibration f : (M,w) — B € R? is called a focus-focus
fibration if: (1) each fibre is compact; (2) the central fibre m=1(0) is the unique singular

fibre, which has one Ay singularity, i.e. the central fibre is a pinched torus.

Definition 2.2 Two focus-focus fibrations f; : (M;,w;) — B; with i = 1,2 are called
equivalent if there exist subsets B; C B; such that we have the following bundle symplec-

tomorphism:

(Mg, w1) (Ma,,w2)

I |

él J §2




For the further construction, we need a quick review of the local model of focus-focus

fibration, and also the classification result of focus-focus fibration founded by Vu Ngoc
[34] here.

Focus-focus Singularity. Take the space W = R? x R?, with the symplectic structure:
Wean = dxy N\ dyy + dxg A dys

We consider the following Lagrangian fibration with isolated singularity, namely the
focus-focus singularity:
Tean : W — R?

Tean(T1,Y1; T2, Y2) =(71, M) = (2101 + TaYo, T1Y2 — Tal1)

If we take an auxiliary complex structure J,, on W with:
1 =T1 — W1, 22 = T2+ Y2

Then the symplectic structure becomes: we., = Re(dz; A dzy), and consequently the

fibration simply becomes:

Tegn - W — C
7Tcan<zla 22) = 2172

with : ™ = Re(z123), m = Im(z122)

As a completely integral system, here {m;} induce independent hamitonian flows on

W. Under the auxiliary complex coordinates, they can be simply written as:

(bti(zla 22) — (et © 21, eit : 22)

it

¢t2<zla 22) = (67% © 21, el : 22)



Gluing Procedure. We denote the space of smooth functions on R? with vanishing
value at 0 by R[[z,y]]o. It will be our classification space. For any S € R][x,yl]o, we
denote its partial derivatives by S; and S5. Then we take two Poincare surfaces in W

as follows:

Iy = {(e, 1) | [e] <€}

H2 _ {(651(6)—2'52((:)70 . 6—51(C)+i52(c)) | |C| < 6}

Here {II;} are smooth surfaces constructed in such a way that for any ¢ # 0, Il is
the image of I1; by the joint flow of (71, m5) at the time (S; — In|c|, S + arg(c)).

Consider the S'-orbit of II; under the ¢, flow, denoted by ¢,(II;). We use the
symplectomorphism induced by the joint flow to glue collar neighborhoods of ¢ (I1;)

inside each torus 7~1(c), that is:

Y1 ga(Ilh) — do(Ily)

,(/}(le ZQ) :(esl(c)—iSQ(C) . 22_1, e—Sl(C)—l-iSQ(C) . leg)

Notice that the gluing is carried out on each Lagrangian fibre. After the gluing

procedure, each regular fibre 7! (c) with ¢ # 0 becomes a compact torus, and the

can

central fibre 7! (0) becomes a pinched torus.

Now let us denote the space after the gluing procedure by (W, Weany S). Then we are

ready to state the classification result:

Theorem 2.3 ([34]) The equivalent classes of focus-focus fibration are classified by the
local model:

Tean - (Wawcanas) — B = {C | ’C‘ < 6}

with the classification space {S | S € R[[z,y]]o}



Remark. Since the classification space R[[z,y]]o is path connected, by the standard
Moser’s trick, we will get all the local models with the same base are symplectomorphic

to each other.

Semi-global Invariant. The classification data S above is also called the semi-global
inwvariant of focus-focus fibration. It has the following geometric interpretation in each
focus-focus fibration.

Given a focus-focus fibration f : (M,w) — B € C 2 R?. Let us take {7, v} as the

generators of Hi(mw~!(c)). If we consider the action integral (central charge) along the

1 1
2y (€) = g/ a, z(c) = %/ o
Ym Ye

where « is any 1-form on some neighbourhood of 7~(c) in W such that do = w (which

1-cycle:

always exists since 7~!(c) is Lagrangian). Then the semi-global invariant S can be

interpreted as a regularised action integral:
S(c) =27 - [2y,,(c) — 2,,,(0)] + Re(clnc — ¢). (%)

Notice that the classification is purely about the Lagrangian fibration structure. The
auxiliary complex structure J,,, used above is not necessary compatible with the gluing.

In fact, we have the following result:

Lemma 2.4 The auxiliary complex structure J,, is compatible with the gluing if and

only if the semi-global invariant S is harmonic.

Proof 2.5 Recall that by definition, we have S;(c) = S;(#2552 22222 We consider




the Cauchy-Riemann equation for the gluing maps, that is:

0 ,
_ 651—152) — 0

9,
0% (

S1—18;
1—52) — )
G () =0,

Such equations can be simplified to: S11 + Sao = 0. Thus we get the proof.

2.2 Action-Angle coordinates

Now we study the action-angle coordinates of the focus-focus fibration. Let us take a
local model (W, Wean, S), then denote the punctured disc by By, and restricted fibration
over punctured disc By by Wo. We will call WD the regular part of the fibration in the
later discussion.

Following the general strategy, we pick a Lagrangian section of the fibration and then
use Hamiltonian flows to construct the coordinates.

Recall that from the gluing construction we have the local model given as:

W = W/(I; ~ IL,)

Here the two Poincare surfaces are chosen as:

I ={(c,1) | |c] < e < 1}

I, = {(esl(c)—z&(c))C . 6_51(0)+i52(c)) | |c| <e< 1}
We take a simple Lagrangian section as another initial data:
[(c) = (¢, 1)

Then we follow the standard procedure in [9] to construct the action-angel coordi-

nates. Using the Hamiltonian flows {¢!} with T'(c) as the initial level set, we get a



parametrization of WO as follows:

BO XR/L 2 (vawacanaS)

By id By

T(cit1,ts) = 67" 0 ¢35 (¢, 1) = (c - e"hr¥ite hmita)

Here the period lattice is L =< (57 — In ¢, So 4+ arg¢), (0,27) > from the above gluing
construction, which should be normalized to achieve the angle coordinates.

Remark. Notice here arg c or In ¢ is not globally defined function on By. To clarify the
affine coordinates on the base, we need at least two affine charts, with different choice
of branches of the argc or Inc¢ function. In our calculation, we will skip this part, and

formally use argc or In ¢ directly if no confusion happens.
From the relation between the action integral and the semi-global invariant above,
we have the following identity:

Theorem 2.6 Given the Lagrangian section I'(c) as the initial level set, we have the

action-angle coordinates on Wy as follows:

1
zvm:%[—ln|c|~01+argc-02+01+5], Zy, = C2
21 -t So + argc
0, = ——— 0,, =to— ——— -t
8 —Inlc|’ RS —Ine !
i.e. T*(Wean) = dzy,, N db,, +dz, Adb,,

Proof 2.7 [t is a direct calculation to get the identity:

T* (wam) = dCl VAN dtl + dCQ VAN dtQ
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Moreover, from the gluing procedure in the local model, we can write down the action
integrals directly:

1
Z%:%(—ln|c|~cl+argc'02+01+5>a Zye = C2

Consequently, we are able to figure out the frequency data. Recall we have the implicit
relations:

Cl = Cl(’z"/rrﬂ ’Z'Ye)’ 62 = 62(27777.7 Z’Yc)

Compute the implicit derivatives, then we will get the frequency data:

Jcy 27 Jcy Sy +argc
w = = w = = —
M0z, S —In|d’ VT 0z, S1 —In|c|
Similarly,
602 a02
w2’1 az’)’m ’ w272 aZ’Ye

Thus we get the angle coordinates:

9’7 :wll'tl—i_le'tQZM
‘ ’ ’ S1—In|c|

0 =it 4wty =ty — 22T EC
" ’ ’ S —In|c|

Finally follow the dynamic identity of the integrable system, we arrive at:
dCl VAN dtl + ng VAN dtg = dZFym VAN dg% + dZ-ye N dQVm
That finishes the proof of identities in the lemma.

Notice that(dz,,, A db,, + dz, A df,,,) is invariant under the gluing determined by
the period lattice L, and also the monodromy transformation of z,,, and 6., . Thus the

action-angle coordinates above is well defined. Moreover, under the angle coordinates
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{0.,.,0,.}, the period lattice becomes the standard one: < (2m,0), (0,27) >.

Remark. Notice that generally the action-angle coordinates is not unique, different
choice of Lagrangian section as the zero level set of the Hamiltonian flow may give us

different angle coordinates.

2.3 Examples

There are lots of interesting examples of focus-focus fibration studied in different fields.
However due to the complexity of elliptic integral generally the action-angle coordinates

and thus the semi-global invariant is not easy to calculate. We discuss several cases here.

Example.1. Spherical pendulum is a famous example equipped with the focus-focus
fibration structure. The action integrals and also the semi-global invariant is recently

calculated by Dullin in [10].

Ezxample.2. The Ooguri-Vafa space Moy is also an important case of focus-focus
fibration. Geometrically it is a S' bundle over R? x S! with first chern class +1 as
constructed in [35]. Follow the Gibbons-Hawking ansatz [16], we choose the following

sympletic form on Mo y. (which is a rescaling by —27 of the standard one):

do,, 0
Wy = —27 - [dCQ VAN (E + Ao) -+ %d<2ﬂ'R) AN dCl]
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Here the Lagrangian fibration is given by:

f Moy — R?

f(cl762;0670m) - (01702)

Recall that the standard Ooguri-Vafa potential [35] is given as:

R 1
Vov.=—" Z[ — £(n)]
A nez \/R2\0]2+(3—;+n)2

with the regularization terms: x(0) = 0, and k(n) = ﬁ if n # 0 for the convergence
consideration.
Here we make some generalization and choose the following potential functions for

the symplectic structure wy:

R
Vo= —-

1
>l
i \= \/R2\c\2 + (= +n)?

As above, here S is any smooth harmonic function with S(0) = 0, and S; = 25. It

— k(n)] +2S51(eq, 2)

satisfies the following positivity condition along the 6.-axis:

500>~ min 53 [~ k() (4)

0c B
nez ‘% + n‘
Then V is still a local positive harmonic function with one singularity at origin. The

connection 1-form is given from the standard relation: dAg = *dVj.

Property 2.8 The action-angle coordinates on (Mo.y.,wy) with respect to the above

Lagrangian fibration can be given by:

wo = dzm A dO, + dz, A d6,,
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with:

1
zm:%ﬂRe(c—clnc)%—S], Ze = Co

6 —0 1+ 27 - Ro ém:_em_52+argc.
Sy —In|c|

S —In|c’ ho

here when ¢ # 0, the angle correction term is given by:

. 1 1 .
_ inst _ = inbe
O'—/VO db. = 5 nééoi'”e Ko(2m|ne|) + C

Proof 2.9 It mainly comes from the calculation of the action integrals. Notice that w®/
and w share the same action integrals [5] [14]. It is a special property comes from the

Gibbons-Hawking ansatz construction.

Recall that from Fourier expansion, the semi-flat or zero mode part of the potential

18 simply given as:

s R ~
v = —E(lnc—l—lnc—Qsl)

Consequently, we have the semi-flat or zero mode part of the connection 1-form:

!

Ay =
0 82

(Inc —1In¢—+ 2i - Ss)db,

Then from direct calculation, we have the action-angle coordinates for the semi-flat

part:

s dem S S 06
wil = =27 - [dey A (G + A+ vofd(ﬁ) A dey]
1

1
=d —-Re(c—clnc)+2—-5 A dB. + dey N d(—06,y,)

27 s

Now let us take the instanton part into account. Recall that the instanton part wi"s* =

Wy — W, 1S StiLar etermine e mstanton part o € potentiat ana connection
s is similarly determined by the instanton part of the potential and ti
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1-form:

. R .
Vst = P Zel eﬁKo(Qﬂ\nc\)

n#0
, R (dec dec ;
inst __ . inbe
Alnst — I <? = ?) Zszgn(n) - e |c| Ky (2m|nel)
n#0
Wit = 27« [dey A AT - Vm‘gtd(i) A deq
0 0 0 2R

From property of the Bessel function, we get the following action-angle coordinates

for the instanton part:

4 1 1 27 - Ro Sy + argce
st —d | — - —cl — - d{ ——— deo Nd | ———-
Wo . Re(c—clne) + o S} A <S1 — ln|c]> + dcy ( S, —In|c Ra)

Add Wi and wirst together, we finish the proof of the lemma.

Notice that wgf and wyp share the same action coordinates but different angle coordi-
nates. In the Ooguri-Vafa space, 6. and 6, are global coordinates away from the singular
point, while the angle coordinates 6. and 6,, generally are only defined on the regular
part of the fibration or away from the singular fibre. The above formula in the Ooguri-
Vafa case indicates a way to deform the angle coordinates to make them extendable over
the singular fibre, which might be helpful in other geometry cases.

In addition, the formula also shows that in the Ooguri-Vafa case, the instanton cor-
rection only contributes to the deformation of the angle coordinates, which comes in the

form of an infinite series labeled by wrapping number n as explained in [35].

Fzxample.3. Another example of focus-focus fibration comes from the famous special
Lagrangian fibration model [19] used in the study of mirror symmetry and wall crossing
phenomena:

7TZC2—{2122+1:0}—>R2
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\21’2— |Z2\2
o], ————

(21, 22) = (In |1 + 22 5 )

Here the symplectic structure on C* — {z;25 + 1 = 0} is not the normal one, which is

given as:

. 2
1 1

w=-—— dz; N dz;
2‘1‘{'2122‘; J J

It will be quite interesting to study the dynamic system for this fibration, and find

its action integral and moreover the semi-global invariant.
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Chapter 3

Construction of Metrics

In this chapter, we construct hyperkahler metrics on focus-focus fibrations. Motivated
by the equivalent relation between hyperkédhler manifold and its twistor space, we focus
on the construction of twistor space. We start with the study of holomorphic 2-form,
and then adapt the semi-flat metric inspired by physics, finally use the GMN ansatz to
derive the metric which could smoothly extend to the whole fibration. After that, we

provide some interesting discussion about the metric and also the whole construction.

3.1 Hyperkahler metric and twistor space

Definition 3.1 A hyperkdhler manifold is a closed smooth Riemannian manifold M, g
with a triple of compatible complex structure I, J and K which satisfy the quaternionic

relations: 1> = J> = K2 =1JK = —Id.

Notice that I, .J and K give each tangent space the structure of a quaternionic vector
space, so the real dimension of a hyperkahler manifold must be divisible by 4. Since I, .J
and K are covariantly constant, a parallel transport commutes with the quaternionic

multiplication and thus the holonomy group is contained in O(4n) N G L, (H) = Sp(n).
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In particular, since Sp(n) C SU(2n) every hyperkdhler manifold is Calabi-Yau. In
addition, when n = 1, we have Sp(1) = SU(2), so every Calabi-Yau surface is hy-
perkihler. The only compact examples are T and K3 surfaces.

From another point of view, if we consider the triple kdhler structures induced by
I,J and K: wy,ws,wg, and their complex linear combination, then we will get into more
interesting geometry structures. For example, it is easy to check Q; = (wy + @ - wg) will
become a holormorphic 2-form with respect to complex structure I. In fact, we have a
S2-family of such structures. From later discussion we will see, they would be essential
important data to a hyperkédhler manifold.

Notice that for any u = (uq, ug, uz) € R3, if we consider I, = uil + usJ + us K, then
we have:

I2 = —(u} 4+ uj + u3) - Id.

u

So as long as u € S?%, I, will become a complex structure on M, which will also

induce some complex structure on M x S2.
Definition 3.2 The manifold Z = M x S? with the complex structure given as:
IZLU(U’ w) = (I, lyw),

where (p,u) € Z, v € T,M, w € T,5%, and Iy is the natural complezx structure on

S2? =2 CP!, is called the twistor space of the hyperkdhler manifold M.

From the above construction, we will get the following structures on the twistor space

of a hyperkahler manifold.

Theorem 3.3 The twistor space Z of a hyperkdhler manifold M?" is a complex manifold

with the following structures:
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(1) a holomorphic fibration p : Z — CP*,

(2) a real structure o : Z — Z covering the antipodal map of CP?,

(8) a section @ of \° T3 cpr ® p*O(2) which is real with respect to o, and defines a
non-degenerate holomorphic 2-form on each fiber,

(4) a family of holomorphic sections on p : Z — CPY, which are real with respect to

o, and whose normal bundles are all isomorphic to C*" ¢ p*O(1).

Moreover, from the twistor space we are able to recover the original hyperkahler

manifold in the following sense.

Theorem 3.4 ([22]) Suppose a complex manifold Z of dimension 2n+1 has the struc-
tures (1)-(4) given by the previous theorem. Then the parameter space of real sections
(4) is a hyperkdhler manifold whose twistor space is Z. It’s hyperkdhler metric can be

derived from the section of (3).

In practice, such theorems provide us with another approach to construct examples
of hyperkahler metrics. Instead of the explicit metric, first we construct a twistor space
of the underlying manifold, and then use Hithcin’s machine to recover its corresponding

hyperkahler metric. That is the key idea of GMN ansatz, and of our work here.

3.2 Holomorphic 2-form

Motivated by study of the hyperkdhler metric on (local) elliptic K3, here we study
holomorphic 2-form or holomorphic symplectic structure on the local model of focus-

focus fibration.
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Recall that on elliptic K3 surface X with the hyperkéhler data (w, J, 2), following the
standard hyperkahler rotation, we can always transfer the elliptic fibration structure into
a Lagrangian fibration structure with respect to the symplectic form Re(€2) or I'm(£2).
Generally we will take local elliptic K3, denoted by M, as a total neighborhood of an
Ay singular fibre in such fibration. Then equipped with the restricted geometry data,
M acquires a focus-focus fibration structure with respect to the symplectic structure
Re(Qar) or Im(2ar).

From classification result [34], we know such Lagrangian fibration is also equivalent
to certain local model of focus-focus fibration. Therefore we would like to study similar
geometric structure directly on the local model of focus-focus fibration, which can be
viewed as the pull back of the geometric structure from local elliptic K3 through the
corresponding bundle symplectomorphism.

Based on Andreotti’s observation [23] about holomorphic 2-form on K3 surface, we

make the following definition on the local model:

Definition 3.5 We call a 2-form € on the local model (W,wc,m,S) 15 a compatible
holomorphic 2-form, if it has the following specialty properties:

1) Wean = Re(Q2);

2)dr=0, QAQ=0, QAQ>0;

3) the fibration Ty, : W — B becomes an elliptic fibration with respect to the complex

structure determined by 2).

Notice that from Andreotti’s argument, in fact any 2-form Q with property 2) will de-
termine a unique complex structure .Jy such that €2 becomes a holomorphic 2-form with

respect to Jy. Thus no ambiguity would happen in our definition.
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Now let us consider the condition of existence of such 2-form on the local model.
Suppose our local model (W,wcan,S) admits such a homomorphic 2-form €2, and the
fibration g, : (W, J,Q)) — B becomes an elliptic fibration, then similarly as before, we

have the action integral (central charge) along the 1-cycle:

1 1
2@ =5 [ 5z =y [
TYm Ye

where k is any 1-form on some neighbourhood of 77!(¢) in W such that dr = (which

always exists since 771(c) is Lagrangian). By construction, we have the simple relation:
Re(Z’Ye) = Z’Ye? RG(Z’Ym) = Z'Ym

Observations. The first observation comes from the result of integral over vanishing
cycles in singularity theory [1]. Since the local model now is equipped with the structure

of elliptic fibration with A; singularity, we have the property:

Lemma 3.6 The action integrals Z., , Z., are holomorphic functions on By. For the

integral over vanishing cycle, we have the local expression:
Zy, = f(e) +9(c)In(c), Vee By

here f, g are local holomorphic functions defined near c. Consequently, the action inte-

grals z,, and z.,, are always harmonic functions on B.
Secondly, we have the simple but important identity:
c—c-lnc=(—Inlc|-co +argc-co+c1) +i-(—Injc|-c; —arge- ¢ + o)

Thus, we arrive at the following statement about the homomorphic 2-form on the

local model:
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Corollary 3.7 If a local model (W,wcan, S) admits a compatible holomorphic 2-form €
as defined above, then:
1) the semi-global invariant S is harmonic,

2) the action integral has the form:

1 -
Z%:%-[c—c-lnc—i—(S—l—z'-S)], Zy =C—i-c1=—i-c

here S is conjugate harmonic function of S,

3) the holomorphic 2-form ) is determined as:
Q= dZ’Ym A\ deye + dZ»},8 A d(%m 4+ - h(Cl, 02)d01 A dCQ
with the positive definite condition: Sy > In |c|. Here h(cy,c2) is a smooth function.

Proof 3.8 The first two properties directly comes from the observations made above.
We just check the three characteristic properties of two form ) here.

1) The closeness of Q2 is given directly.

2) Notice that we have (S+i-S) as a homomorphic function, by its Cauchy-Riemann
equation, we have the identity:

dZ,, NdZ, =0

which implies the second property 2 A\ 2 = 0 through a short calculation.

3) After arrangement, we get the expression:

ONQ=(dZ, NdZ,, +dZ, NdZ. ) \db,, Adb.,,

2
=— (S1 —In|c|)dey A deg A dB,,, A dB.,,

therefore we arrive at the positivity condition: S > In|c|. The h term appears here since

0,.,0., are not necessary angle coordinates for Im(2) here.
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Remark. Here the addition term h(cq, ¢2) appears since we just know the fibration is
Lagrangian with respect to Im(€2). If we further have the section I'(¢) is also Lagrangian

with respect to Im(2), then the h(cy,co) term will vanish.

Generally it is not easy to write down the explicit expression of the complex structure
Jo determined by 2. However from the observation in Lemma 2.4, we have the following

result in the special case:

Corollary 3.9 If a local model (W,wcan,S) admits a compatible holomorphic 2-form
with h = 0, then we have the complex structure Jy and the holomorphic 2-form € on w

simply given by:
J() = Jaua Q= le VAN dZQ = (dCl + 7- dCQ) A (dtl -1 dtg)

Remark. Notice that in this case, Jy and €2 is well defined on whole W, not just on the

regular part Wo. Then the total space W can be well described as in [45].

3.3 Semi-flat metric

In this part, we study the canonical semi-flat metric [4] [33] on W, constructed by the
above action-angle coordinates. From now on, we just focus on the simple case with

h = 0. Notice that in such cases the background complex structure is fixed to be

JO - Jau'

Definition 3.10 Given any R € R, the canonical semi-flat pseudo-metric on (WO, Wean, S)
15 given by:

\ — 1
w' =7R- Re(dZ,, NdZ,) + 3R " O N5,
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It is easy to check this canonical form w*/ is compatible with the gluing, and invariant
under the monodromy transformation. Moreover, we have the following properties of

the canonical form:

Lemma 3.11
1 — _
wsf/\wsfziQ/\Q, WCIAQ=0, wAQ=0

Thus we get w*/ indeed a non-degenerate (1,1)-form with respect to Jy = J,,. As we
know in special geometry, generally w*/ is just a pseudo-metric on Wg. We still need to

check the positivity condition here. From a direct computation, we have the following:

Proposition 3.12 The canonical form w*f gives a hyper-kihler metric on (WO, Jo) if

and only S; > In|c|.

Proof 3.13 Notice that we have the complex structure Jo = J,,. Thus the induced

complex structure on cooridnates {cy, co;t1,ta} is given by:
J(dcl) = dCQ, J(dt1> = —dtg

Consider the canonical form under the {c1,co,t1,t2} coordinates, which is explicitly

given as follows:

1
w = R(S, — In|c|)de; A dey + 53 0m N s,

= R(S1 — In|c|)dey A deg

SR W S
R(S; — In|c|)? R(S; — In|c|)?

t2 1

—dl I
+ RS —In |C|)3[d52 + darg(c)] A [dSy — dln|c|] RS —n[d)

dSs + darg(c)] A dty + dS; — dln|c|] A dty

dty N dto
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For abbreviation, we take some notations here:

C
m:SH—@, 7”L2512_

Co
|c[?

Then we continue the calculation and get the simplification:

t2(m? + n?)

sf _ 1
w R(S; —In|c|) + R(S: —n|])?

dCl A dCQ

131
_ dey — mdes] A dt
RS = njepzder = mdea At

1
d d dt
+R(Sl—ln|c|)2[m c1+n 02]/\ 2

1
- _dh Adt
R(S; —In|c) 777

By Sylvester’s criterion, the positivity condition goes to:

2 2
S; —Inle| > 0, [R(Sl—ln|c|)+t§- metn } 0

R(Sy —In|c|)3
m? 4+ n? 1 tin

R(S: — 1n|c|)3] RS ) RS )

tlm

R(S; —1In]|c])

5

R(S: ~ nle) + 11 o

Previously we already have the condition for € in Corollary 3.7, that is: S; > In|c|.

Since R € Ry, thus the final condition goes to: S; > In|c|.

Therefore, for the semi-flat metric, we still need the same condition: S; > In|c| as
for the holomorphic 2-form €2, which happens to coincide with the positive asymptotic
condition for the Ooguri-Vafa potential at infinity.

Furthermore, if we pick complex coordinates as u; = ¢ +icq, uy = t1 —itq, then from
the above calculation, we will get a decomposition of the semi-flat metric. In fact, we

have:

TR Re(dZ.,, NdZ,) = R[S; —In|c|]de; A dcy

1 A t2 o2 [Si—=In|e
ﬁ~d97m/\d876—108 {m] —28(9 {W.Q%
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Notice that (S; —In|c|) is a harmonic function on the base By, thus the first part
generally is not a Ricci flat metric on the base, unless it is a flat one. The second part
is a pseudo-metric on WD since the metric is positive-semidefinite. This decomposition

also indicates that [w®/] # 0 in HY(Wy, Jo).

Remark. It is easy to see that in fact we can generalize the canonical semi-flat metric
by admitting the parameter R to be a suitable positive functions which is compatible
with the gluing and monodromy condition. Similar results as in Lemma 3.11 is still

valid, however w?®/ is not Kahler anymore.

Remark. Notice that if the h term in the holomorphic form €2 is non-vanishing, then
it is easy to check w A Q # 0, and w A  # 0, thus the canonical form w*f cannot be a
(1,1) form or a Kéhler metric. Moreover, in this case, the complex structure determined
by € is not J,, anymore. It is not easy to write down the explicit expression of the
complex structure in general case. Therefore, although we start the construction on the
real completely integral system, so far we are just able to carry out further calculation
in the complex integrable system, i.e. h term vanishing case. We’d like to explore the

general case in further studies.

3.4 Instanton correction

Now we consider the instanton correction of the semi-flat metric.
The main strategy here is that we do not make the modification directly on the semi-

flat metric, but instead on its associated twistor space. Then we transfer the correction
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problem into a Riemann-Hilbert problem of solving the monodromy of the associated
holomorphic Darboux coordinates. Finally, we adapt GMN’s integral ansatz and read
out the metric from the twistor space determined by modified holomorphic Darboux
coordinates.

First we consider the twistor space of WA/:). By the previous construction of holomor-
phic 2-form Q and Kihler form w*/, we can write the family of holomorphic 2-forms
as:

1 1 —
wsf(o:—i-9+wsf+§¢-9, (eCp!

Here we have an important observation by Gaiotto, Moore and Neitzke. In fact, we

can represent the holomorphic 2-forms by holomorphic Darboux coordinates:

Lemma 3.14 ([14]) The CP'-family of holomorphic 2-form can be rearranged into the

form:
1 dy

() = 5om
(o)
2nR 3

here the holomorphic Darboux coordinates are given by:

R —

. 7R . : =
Xi{ = expli - % Ly, + 10y, —i-TRC- 2]

Remark. Recall that we have the action-angle coordinates of {2 given by:

1 -
Zymzz—-[c—c-lnc—i—(S—l—%S)], Zy, =—i-c
m
9 — 2T -t 0. —t Sy +argce

= 22 TTeT
T S —1Inle|’ Sy —1Infc| '

According to the monodromy transformation:

L = Loy + 2y Oy — 0, — 0,
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the pairing in the Darboux coordinates is the unique one which induces the complex

structure, although with the global monodromy:

Xl = ol !

Now comes the main idea of GMN’s construction. We should carry out instanton
correction on the CP!-family of holomorphic 2-forms by solving the monodromy issue
for the whole family of holomorphic Darboux coordinates simultaneously.

The basic idea to achieve this is to produce the inverse monodromy to cancel the orig-
inal one. The main tool we need is the Cauchy-Plemelj-Sokhotskii formula for Riemann-

Hilbert problem, that is:

Theorem 3.15 Take a smooth simple curve | on C, for every C%(l) function ¢ on I,
there exist an unique piecewise holomorphic function on C, which is:

1) continuously extendable from Iy to 1, as well as from I_ to l_,

2) it vanishes for large |z,

3) it has the monodormy: fi — f_ = ¢ onl,

Moreover, such function is given by the Cauchy-Plemelj-Sokhotskii formula:

_ 1 e
f(z)_zm/lt—zdt

Taking into account of further compatible conditions for the twistor space [33], we

have GMN’s integral ansatz for the holomorphic Darboux coordinates:

Theorem 3.16 ([14]) The instanton corrected holomorphic Darboux coordinates on Wo
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can be given by the following integral formulas:

Xre = X3!
s [ dd’ ¢+ ¢ / [ dd ¢+ ¢ 1
= e | [ G0 - ) - o [ Gt mi - x¢)

Consequently, the instanton corrected holomorphic 2-forms are given by:

1 ) dX'ym(C) A dX%(C)

O = TR 0 " 00

Here ly are the rays connecting 0 and 0o, which are away from the BPS rays: {( | Reg =
0} determined by holomorphic discs bounding vanishing cycle, otherwise the above inte-

gral will diverge.

Now we adapt this integral formula and compute the new twistor space after instan-

ton correction on our local model.

Corollary 3.17 After the instanton correction given by GMN ansatz, we get the modi-

fied twistor space given as:
1
=—= &N
w(() = 5 bn N

where:

1
& = —idf,, +2mi- A+ iV - (=dc — (de)

¢
1
& =1idl, + TR - (ch + (dc)
and the potential function here is given by:
Ty — k(n)] + 25,

1
>
am ez \/R2\0\2+(02L;+n)2
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Proof 3.18 The proof of the identity contains the semi-flat part and the instanton part.

Semi-flat part. For the semi-flat part, we need to check the following identity:

_ 1 _dX’SYZCn(C)/\dXve(O
27RO Xae(Q)

Notice that on the left side, we have:

@ (¢)

()= 5= 6 A&

1 1
= —— | —idf,,, +2mi- A + i -V (Sde— (de)| A&,
27TR{ idf.,,, + 2mi + i (C c CC)] §
I . . 1 ] X (©)
= —— | —idf,, +2mi- A + iV (Sde— dc} N Tl
27TR|: ! (C <) Xr. (€)

here

Vel — _R (Inc+Inc—25)
4

S Z C }
Asf — o (Inc—Inc+ 2iS,) db,,

Moreover, a direct calculation verifies that:

dysf 1 ;
Xs}#(o = |—idf.,,, +2mi- A + i VI (Zde — (de)| — L (Inc —Inc+ 2iS,) b (©)
Xom (€) ¢ T X (€)

Thus we get the identity for the semi-flat part.

Instanton part. For the instanton part, we need to check the following identity:

RS (VA
2R Xszft(o X%(C)

winst (C)

The whole calculation is similar as given in [14]. For completeness, we outline the
main steps here, which will show how the instanton correction will appear from contour

integrals. More details and explanations can be found in [14] and [37].
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Notice that on the left side, we have:

, 1
inst inst
T = 5 A e
. 1 9 ZvAinst_i_ Z‘VinSt ldC—CdE /\5
2R " " ¢ e
here
Vinst _ E Zem%e K0(27R|nc|)
2T
n;éO
inst R in9
inst _ de de 2329” - e"e|c| Ky (27 R|ncl)

n#0

On the right side, first let us take the partial integrals:

i dC’C’+C{ X7 () dx,. (¢)
Cdr Ji, O == X (O)F XA (C)

Then the right side of identity goes to:

dX'Ye (C)

eI

2R

Thus the identity we want to verify can be simplified into:

dXy. (¢)

L) A Xne (C)

: . 1
= [2m’Am5t + miymst (ch — CdE)] A&
Now let us explicitly compute the left side terms. Notice that:

nafes - [T e T 26 e
i [ d¢ (C’+C dx,.(Q) [dx%(C’) B dxwe(C)D { X (¢ }
TS, ¢ \T=C O T @) 10 1= X (¢)F

e (o] [
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Take the arrangement:

to-ce) 20

L C’dE) {%}

( xl6)
- dc_c (%dc o {%]
o
(

Thus we have the simplification:

dx+.(€) _ @
Xe (€) 4

dX% (O
Xe (€)

Now we are ready to calculate the contour integrals. During the computation, we need

(I + 1) A

(LT + L7+ Ly + Ly) A

some identity for Bessel functions. Notice that after expanding the geometric series, we

get the series labeled by n:

d_C/ Xe (C/)

; — =) 2¢"% Ko(2mR|nc|)
l+ C 1 - X'Ye (C ) nz>0

¢’ xv.(¢)7! ind

— e =y 2e""e Ko (2w R|nel)
l_ C 1 _X’YC(C )_1 ; ’

Thus, we have the first important identity about the Vst part:

iR L A Q) AR e, 1o 0\ dx(Q)
Z(Lir +L7)A m =5 gﬁ%e b Ko(2m R|ncl) (Cdc Cdc) A (O

-1 7inst 1 — dX'Ye(C)
=miV —dc —(d =
v (e ) £ SG

= miyinst (%dc — CdE) A&
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Moreover, we have the identity:

d¢’ ., x 9
e % = 2 e™e K\ (21 R|nc
LT l—x% c' D el
dC' X”/ 6
- 2 e K (27 R|nc
Raa=m o el
Similarly:
d¢’ XA ()™ )
— (e % 2 e [, (2mR|nc
AT RN el
dC' Xre (¢ )~ c| ino
- = 2—em ve K4 (2w R|nc
T TT @)1 2 e e

Thus L* will contribute to the rest part of the identity. We get the second important

identity about the A™st part:

iR + dXve(o
4 PSR X%(C)

(— — %) nz#osz'gn(n) e || Ky (2mR|nc]) | A C;XJ—((CC))

. rinst dX'Ye (O
— 2 AM’LS
i PG)

— 2 ATt A €,

Combining the two important identities about the instanton contribution, finally we

finish the proof of the instanton part through:

dX'Ye(g) o ﬁ + — + — dX’ye(C)
et AT — a B et ket L) A

, el
2mi Ainst 4 riyyinst (ch - CdE)] A&,

Then following the standard procedure from twistor space to the metric, we are
able to read out the explicit metric. However, here we adapt an alternative way. In

fact, from direct comparison to the twistor space w,, (¢) of Ooguri-Vafa metric with
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potential function V', we can figure out the twistor space w(() we constructed above is
just a rescaling by the constant of 27, that is w(({) = 271w, (().

Notice that because of the orientation issue of the local model, here we need to take
a negative sign for 6, . Up to this orientation adjustment, we end with the following

result:

Theorem 3.19 Given a harmonic semi-global invariant S with Sy > In |c| and positivity
condition (xx), the twistor structure determined by w(() gives a construction of metric
2mg on WO, here g is the generalized Qoguri-Vafa metric with potential function V' given

as above.

Notice that the metric we directly get from the above construction is just defined on
the regular part W, of the fibration over By = {0 < |¢| < €}. One natural question is
how to carry out certain completion of the metric, by adding the central fibre. Here, we

adapt the partial completion through Ooguri-Vafa space as follows.

Partial completion. Since now WO is equipped with the metric 27g, by the property
of Ooguri-Vafa space, we have a partial metric completion of WO by addition a central

fibre, which comes from the following isometric embedding:

i:(Wo,2m9) — (Mo.y,279)
(Z’Ye’ Z’Ym’ Q’Y'nm Q’Ye) — (Ze, Zm, _Q’VTH 96)
Here the space Moy, and also the coordinates are explicitly given as in the Example 2.

This partial completion is a little tricky here, since it is not directly from WO to W,

although we know My v, is homeomorphism to W as the total space of same topological
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torus fibration. The main reason we choose the above approach through embedding
1 is the following: if originally w,, comes from a hyperkahler metric gy on the local
model, then from construction we can see go\m it is always different from the metric
27g determined by the twistor space w(().

We make more discussion from the point view of Lagrangian fibration here. Recall
that twistor strucutre of (Mo.v.,2mg) is given by 27w, , (). With respect to the sym-
plectic structure: 27w, ., = —4rRew,,(0), Mo.v. has the Lagrangian fibration structure

given by:

fZMo_V—>B

f(Cl,CQ;em,ee) - (01702)

As for the local model W, we have the global symplectic structure given by: weq, =

Re(dzy A dzs). Its Lagrangian fibration is simply given by:

Wcan:W—>B

Tean(21, 22) = (¢1,¢2) = (Re(z129), Im(z129))

Notice that on the regular part, we have the important relation from the embedding
map:

wcan|W0 =i (27“*]2.{).)

Thus we find i : (Wo,wc(m) — (Mo, wey.) is not a symplectic embedding (or
equivalently wean iy, # —2Rew(0)), since 0,,,6,,, are angle coordinates on the left side,
however 6., 0,, are not angle coordinates on the right side, as showed in Property 2.8.
The difference essentially can be read out from similar identity as in Property 2.8. The

infinite terms of instanton deformation of the angel coordinates here are directly achieved
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through GMN’s integration formula.

After the above partial completion, finally we get a re-construction of the Ooguri-Vafa
metric (up to a rescaling by 27 ) with the generalized potential function on a focus-focus
fibration through GMN’s construction of hyperkahler on completely integrable systems.
The type of metrics we get coincides with the one used in Gross and Wilson’s work on
approximation construction of hyperkahler metric on elliptic K3. Morever, from point
of view of focus-focus fibration, we unfold the geometric meaning of the extra harmonic
term in the potential function V. In fact, it indicates the semi-global invariant of the
integrable system. Such dynamic interpretation also serves as a positive evidence that

GMN’s project might work finally on the global picture [14] [26].
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Chapter 4

Further Discussions

At the end, we make some further discussion about the whole construction. Compared
to the Gibbons-Hawking ansatz on S' fibration, the GMN ansatz acts as a construc-
tion of hyperkahler metric on torus fibration with singular fibres. They require totally
different ingredients and technics. However, on the local model, they still have certain

relations.

e A, singularity case:

In our paper, we just study the one singularity case of the Ooguri-Vafa potential,
which corresponds to the A; singularity case. Generally, it is similar to construct the
metric on A, singularity case. Use the GMN ansatz in the local model, we are also able
to construct such metrics. For example, as constructed in [34], we take n copies of the
local model with the same semi-global invariant {(W;,w,S)}, and denote the Poincare

surfaces by I';; = I'y, and I'; = I';. Then we make the following sequence of gluing:

n

H(VVia w,S){Ti2 ~ Tiyia}

i=1

here I'yp1p =T and I'ypi 0 =Ty o
Since the compatible property of the final metric 27rg on Wo, we just need to take the
same metric on each copy and glue them together. After the similar partial completion

procedure, we thus get a smooth hyperkéahler metric in the A,, singularity case.
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e Slsymmetry

As we know, the Ooguri-Vafa metric has the isometric tri-hamiltonian S* action
which is inherited from the Gibbons-Hawking ansatz [3]. However in the GMN ansatz,
there is no a priori reason such symmetry will appear in the result. Thus it turns out
to be interesting in the local model so far we still cannot get a new metric without such
symmetry. It may require a further bundle symplectic automorphism (but not holomor-

phic automorphism) to break such symmetry.

e Removable singularity of GMN ansatz

In the local model, the extension over singular fibre property of the final metric is
borrowed from the good property of Ooguri-Vafa metric. However, in the general case,
even for two singular fibres case, we have no such auxiliary metric to make the extension
work directly. One possible approach comes from the recent development of geometric
analysis on the removable singularity of Kéhler-Einstein metrics [6] [8] [44]. GMN ansatz
on elliptic K3 may need similar results for hyperkahler metric or even twistor space to

justify the extension property of the final metric.
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Chapter 5

Gibbons-Hawking Ansatz

In this chapter, we review the Ooguri-Vafa metric, and also make some further explo-
ration, which is important ingredient of our above results.

Back to the story of explicit hyperkahler metric. By Calabi-Yau Theorem, we know
such metric always exists, however it is not easy to write down an explicit one. Some
newest global approaches are given by gluing of Oaguri-Vafa metric by Gross and Wil-
son in [20], by gluing Yau-Tian ansatz by Hein in [21] and physically by Kontsevich-
Soibelman wall crossing formula by Gaiotto, Moore and Neitzke in [14]. Locally, in a
neighborhood of a singular point (fibre), the most important approach is via Gibbons-
Hawking ansatz. The first explicit expression is known as the Oogui-Vafa metric [35].

To follow the traditional notation for the Ooguri-Vafa metric, our symbols and pa-
rameters adapted here might be different from the ones used above in the main body of

the thesis.

5.1 Classical Gibbons-Hawking ansatz

Gibbons-Hawking ansatz is a systematic way to construct equivariant hyperkahler met-
rics on S bundles over open subsets of R? [9].

Classically, let 7 : M — U be a principal S* bundle over some open set U C R3.
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Let o be a connection 1-form on M. The curvature of the connection is da = 7*w for a
2-form w on U. And then the first Chern class of the bundle is given by iw/27. Suppose

V' is a positive harmonic function on base U satisfying *dV = w/(27i). Let

w = dug A o/ (27i) + Vdug A dus
wy = dug A\ o/ (2mi) + Vdus A duy

w3 = dus A a/(2mi) + Vduy A dus.

It follows that wy, we, ws defines a hyperkahler metric on M. Let ag = a/(27i) denote

the real 1-form. Then the metric is explicitly given by:
ds® = Vdu - du+V'aj.

We are particularly interested in the case when the open set is R? with finite discrete
points removed. This leads to the following characterization of the Gibbons-Hawking

ansatz:

Theorem 5.1 ([16], [29], [31]) Let 7 : M — R> — {x1,..., 21} be an S* bundle with
first Chern class —a; (a; € N) around each point. Let V be the positive harmonic
function:

k
1 a;

Vi) = —E ‘. ceRT.

(x) c+2i:1 @ — c

Equip the bundle with the connection 1-form o satisfying: doy = 7 (xdV'), which is

unique upto gauge change. Then the metric
g=Vdx -de+V 'a]

defines a hyperkdhler metric on M, which is referred as Gibbons-Hawking ansatz.

Moreover, we have the following results:
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If a; = 1, then M has a nonsingular completion M = M U {x;}.

In addition, if c = 0, we obtain in this way the multi- Eguchi-Hanson metric; if ¢ > 0,
we get the multi-Taub-NUT metrics. For example:

1) Ifc=0,k =1, then M is just the Euclidean space R*;

2)Ifc =1,k =1, then M is R* with a non-flat hyperkihler metric, which is classified
by Lebrun.

In contrast, if a; > 1, then M has an orbifold point at z; of the form C2/Z,,.

In this construction, the positive harmonic potential function V(x) plays an impor-
tant role. Indeed, positive harmonic function on R™ with isolated singularities can be

completely described thanks to Bocher’s Theorem:

Proposition 5.2 Let A = {x1,xs,...} be a set of discrete points in R™(n > 2). If V is

a positive harmonic function on R™ — A, then it has the following form:

1 oo
V(z)=c+ §;ai|az —x;*", >0

for each point x;, if we take a small sphere with radius r; centered at x; which contains
only x; inside, then:

1
a; = mh_{gl Wz)’ here fi(x) = §|33 — &

|2fn

Different choices of the coefficients will give us different potential functions of the
Gibbons-Hawking ansatz. In this way, we can construct a large family of hyerkahler
metrics on M.

One interesting problem is that what kind of hyperkéhler metric can be reconstructed

by the Gibbons-Hawking ansatz. With the help of the above Proposition, we can get

the following answer:
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Theorem 5.3 ([24]) Let (M, g) be a complete, simply-connected hyperkéihler 4-manifold
which admits an isometric, triholomorphic S*-action. Then the metric g is obtained from

the Gibbons-Hawking ansatz.

5.2 Periodic Gibbons-Hawking ansatz

In this section, we shall discuss the periodic Gibbons-Hawking ansatz, which is closely
related to the construction of the Oogui-Vafa metric. In the view of potential function
V() in Theorem 5.1, now we require V() is periodic in one direction. Therefore such
ansatz induces metrics on S bundles over R? x S*.

Periodic condition is important in the local K3. Since generally a local K3 is an
elliptic fibration with one type I singularity, which can be regarded as an S bundle over
R? x S1. As pointed by Bernard and Matessi [1], topologically the model of local K3 is
the one given by Gross in [9], as follows:

.2
1 l

M=C"—{1+2z2=0 = ———5 ) dzAdz

{1+2120=0}, w 1 le2|2j:1 z; NdZ;

fi: M — R? given by : fi1(z1,29) = (|z1|2 — |22|2,1n|1 + z129])

This fibration is a special lagrangian fibration. It induces the S* fibration we want to
apply the ansatz:
f2 M — {(070)} — RQ X Sl o {(07071)}

1+ 2129
= 2 _ 2 1n1 IR
Foen2) = (1l = | L4 2], )

The fibre S* can be observed from the S! action on the fibration,which is given as:
Ty(21, 20) = (€?21,e7%2;). The singular point of this fibration is the origin O in C2. The

first Chern class of the fibration around the singular point is —1.
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In this case, the base of the fibration is R? x S* — {(0,0,1)}. Thus we need to find a
potential V' on R? which is periodic along one direction with period 1. Without loss of
generality, we assume the periodic direction is the last component of R3, so we use the
coordinate (y, z;¢ =z mod 1) on the base, then the potential conditions for V' can be

stated as follows:

1
A ;0) = 1 = -1 1
Vin0) =000, V>0, o [ wav (5.1

Here S? is a small sphere with radius r < 1 centered at (0,0, 1).

Nevertheless, we have the striking non-existence result:

Theorem 5.4 There does not exist a harmonic function V- on R? satisfying (5.1), which

18 periodic with period 1 in last component.

Proof 5.5 We prove this by contradiction. Suppose there is a periodic function V satis-
fies (5.1). First, since V is a positive harmonic function on space R* —{(0,0,4)|i € Z},
by Proposition 5.2, we know there are nonnegative constants a; and ¢ such that:

V(y,z,x —c—i-z

€L

2|(y, 2, x) (O,O,i)l'

Second, since V' is period in x, we have

A1
Z|y,zac (0,0,9)] Z|y,zx (0,0,i+ 1)]

€L

By the Heaviside Trick, we obtain: a; = a;r1. Then series converges if and only if
a; = 0, in another word: u = ¢, which does not satisfies the integral condition. Thus we

get the contradiction.
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As a result, we get some statement about the hyperhéler metric on local K3:

Corollary 5.6 There is no complete hyperkdahler metric on local K3 which can be con-

structed directly from periodic Gibbons-Hawking ansatz.

Remark. A simple observation here is that: the above analysis also works for general
case R""! xR (n > 3). From the argument, we can see the existence of potential function
is equivalent to the convergence of the series > (1)2. Thus in the higher dimensional
case, when n > 2, the potential function always exists, and it will induce function
on R"! x S! which satisfies the potential conditions, and therefore we can construct

hyperkéhler metrics through the periodic ansatz [3].

5.3 QOoguri-Vafa Metric

From last section, we see that a global positive harmonic function V' on R*\ {(0,0,Z)}
does not exist. If we relax the positive condition, we will show by explicit construction
that such harmonic function exists, and it is positive on a cylinder of the form D x
R\ {0,0,Z}, where D is a disk centered at 0 of the y — z plane. Hence it induces
an incomplete hyperkihler metric on M, the S' bundle over D x S'\ (0,0,1). By
inserting the point back, this metric extends to M, which can be regarded as a singular
torus fibration given as © : M — D, with the central fibre 77(0) degenerates to a
pinched torus. The fist explicit construction is due to Ooguri-Vafa [35], hence referred
as Ooguri-Vafa metric.

Now we explain in full detail the explicit construction of the Ooguri-Vafa metric. It is

a metric constructed through the periodic Gibbons-Hawking ansatz, with the following
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amazing potential function on the base R* — {(0,0,7Z)}:

— ). (5.2)

Ve(y,z,2) =c+ = Z

nEZ |(y, z,x) (0,0,n)|

Here the correction term is given as:

:ﬁ(n%())

If we take cylindrical coordinate (r,8) on R?  then we get another expression:

Vilr.6,2) = c+ 7

1
2 2 Z =k (5.3)
2 m ez () (x—n)2 |n]

We state some elementary properties of the potential function by looking at the
expression (5.3).

First notice that, for fixed (r,z), we have: |———— — v,,| has the order of n~2

"t (z—n)2
as n — +00, thus the series on the right hand side of (5.3) converges absolutely. As a
result, the potential function enjoys some good properties:

(1) Periodic in z: V(r,z) = V.(r,x + 1);

(2) Even in z: V.(r,z) = V.(r, —x);

(3) V(r,-) is a strict decreasing function with respect to ;

(4) The series in (5.3) converges uniformly on any compact subset K C R*\{(0,0,Z)},
thus V. is a singular harmonic function;

(5) Vo ~ —Inr when r — oo (this is a physical requirement set on the Ooguri-Vafa
metric).

In order to get a metric by applying the ansatz, we need to figure out the region

where V, is positive. By the property above, it follows that the region of V., > 0 is a

cylindrical region around z-axis of the form:

{Ve> 0} = {(r,2) [r < Re(2)}, (5.4)
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where R.(x) is the radius of the slice for each x, which is an even function of = and with
period 1. By continuity of V., the boundary N(V,) of {V. > 0} is where V, vanishes,
namely, the nodal set of the harmonic function V.

In what follows, we estimate the radius R.(z) of the cylindrical region {V, > 0}. We

warm up with the ¢ = 0 case, then move to the general case.

Proposition 5.7 Consider the potential function V. when ¢ = 0, then we have
a) if r <1/2, then Vo(r,z) > 0;
b)if r > 2, then Vo(r,z) < 0.

It thus follows: when ¢ =0, 3 < Ro(z) < 2.

Proof 5.8 By property (1) and property (2) of Vo, we only need to check for x € [%, 1].
Part a). According to the property (3), we just need to show: Vo(3,z) > 0. We

arrange the terms of Vi into the following expression:
1
2‘/0(57513) = 1) + I,

where

1 1 1

= V1/A+ 22 +(\/1/4+(x—1)2 B 1)+<\/1/4+(x+1)2 —
1 1 1 1
1= ;22[\/1/4—1— (x —n)? a ﬁ] +n222[\/1/4+(x+n)2 B ﬁ]

Notice that since x € [3,1], when n > 2 we have: \/1/4+ (n—x)? < n, thus every
term is the first part of Iy is positive.

Now let us estimate 17 and Iy. Notice that:

1 1 2nx — x? —1/4
VI/A+ (@ =n)2 1 ny/1/4+ (@ —n)(n+ /1/4+ (z = n)?)’
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1 1 2na + 2%+ 1/4
V1/4d+ (x+n)2 n n\/1/4—1— (x +n)2(n+/1/4+ (x +n)?)

Thus we get

(2nz — 2% — 1/4) — (2nz + 2> + 1/4)
122271\/1/4—1— n)2(n++/1/4+ (x —n)?)
—22% —1/2
>Zn¢1/4+ n)?(n+/1/4+ (z — n)?)
5/2 3
_Zn\/1/4—|— n—12(n++1/4+ (n—1)?) >_5'

As for the term Iy, it is easy to get
) 6
[1 Z min Il Z g
Therefore, we get 2Vy(3,2) > ¢ =2 >0, i.e. Vo(3,2) > 0.
Part b). According to the property (3), we just need to show: Vo(2,z) < 0. In this
case, we use the following decomposition
2Vp(2,2) = L + D,
where

L= Y ———ul

s 44 (xr —n)

and

~ 1
) SRR NS S SR N
n>b 4+ (x—n) et 4+ ( m+n) n

We rewrite fg as follows:

~ 1 1 1 1
Izzz[\/4+(n—l—3—x)2 _n+3]+n222[ 44 (n+x)? _ﬁ]

n>2
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Notice that

1 1 2(n+3)r —2? — 4
Vi+m+3—2 n+3  (n+43)/A+n+3-22n+3+ A+ [n+3-2))

and

1 1 2nz + 2% + 4
Vi+(z+n)? n ny/4+ (n+2)2(n+ 4+ (n+x)?)

Thus we get

»I;SZ(2(n—|—3)x—x2—4)—(2nm+x2—|—4)

n>2 ny/4+ (n+x)?(n+ 4+ (n+x)?)

2% — 6+
= Z A+ (n+a)2(n+ A+ (n+2)?)
n>2
4 1
<

= ;_n\/4+(n+1)2(n+ i+ (nrl)?) ST

As for the term fl, it is easy to get

~ 12 37
I <maxl; < — - —=<0

5 12 '

Therefore, we get 2Vy(2,x) < 0, i.e. Vp(2,2) < 0.

Now let us restrict V; on z-axis, denoted the corresponding function by ¢, (), i.e.,

goov(x)::%(O,ac)zo—l—%-%—i-zl-[ = + ! —z] (5.5)

N2 n+xr nm—x n

It turns out ¢,,(x) is closely related to the digamma function ¢ (x) in number theory

and the Euler-Mascheroni constant . Digamma function ¢(z) has following expression:

Y+ =1+ - — ) (5.6

Hence by (5.5) and (5.6), we have
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@) =5 =S ) ) (5)

|| = n x+n o —xrtn
B 111 , )
——7+§'m—§[¢($+ )+ (=z+1)]
1 1
=7+ Ae] 5[1/)@) + (=)

From above expression (5.7), we directly get
Lemma 5.9 ¢,,(z) € C®°(R —Z), it is a positive and even function with period 1.

By the periodic property, we can just consider the function in one period (0,1). As

a result of the property of digamma function, we can get

Proposition 5.10 ¢, () is strict decreasing on (0,3), and thus strict increasing on
(3.1), with:

1
min @, (z) = gpov(§) = In4.

0<x<1

For general r > 0 case, we can get similar result by the following symmetry of the

expression of the potential function for x € [0, 1]:

1 2
Vo(r,z) = lim — ] - —}

k—>+ooQZ \/m \/TQ +(n+1—x)? n

Based on the estimate given in Propostion 5.7, similarly we also have

Proposition 5.11 For fized % < r <2, we have the extremal value of Vy(r, x):

1 1 1 1
Pt 5
2+ nez—{0} \/T% 4 (5 —n)?

min Vy(r, ) = Vo(r
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From Proposition 5.11, we obtain a sharp lower bound for Ry(z), which is Ry(3). By

direct calculation of Vy(r, %) > 0, we can get an estimate:
1
r>1, thus: Ro(é) > 1.
This leads to following result:

Corollary 5.12 When ¢ = 0, the region {Vy > 0} is cylindrical region around the x-azis

of the form (5.4) with 1 < Ry(x) < 2.

For general ¢ > 0, notice that for fixed r and x, the function V.(r,z) is always

increasing with respect to ¢, thus we have:

Corollary 5.13 the region {V. > 0} is cylindrical region around the x-axis of the form
(5.4) with 1 < e1(c) < Re(x) < ea(c). Here g1 are smooth increasing functions of ¢

(¢ > 0), moreover when ¢ — 00, e3(c) has the order of e°.

Notice that the radius function R.(z) automatically descends to the base: R? x S! of
local K3, here we recall ¢ as the coordinate of S component. Now we arrive the locality

propery of the Ooguri-Vafa metric:

Theorem 5.14 The Ooguri-Vafa metric is a hyperkdhler metric of the S* fibration re-

stricted over an open solid torus, with varying radius 1 < R.(¢) < co.

Remark. From the construction we can see the potential and thus the metric loose
uniqueness. Since we just consider positive periodic potential on some solid torus D x S*,

we can construct a lot of other potentials in the form:

V =V, +h(r,z).
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For example, in [20] Gross and Wilson make a little correction of the potential func-

tion, then consider a new family of potential function:

V:‘/;+f(y;2>7

where f(y, z) is a harmonic function satisfies some bounded condition.
Apply the Gibbons-Hawking ansatz, then we get a lot of new hyperkahler metrics in

a small neighborhood of the singular fibre.

5.4 Geometry of the Ooguri-Vafa Metric

In this part, we follow the calculation in [7] to estimate the diameter of the fibration
under the Ooguri-Vafa metric. Finally, we will see the Ooguri-Vafa metric is not a
complete metric on the fibration.

We recall the formula of the metric according to the Gibbons-Hawking ansatz,
namely:

Goo = Vedzx - dx + V. o

Here the potential function V, is a function on the base: R3 — {(0,0,Z)}, now we
picked the cylindrical coordinate {r,0;x} on the base. «q is the connection 1-form of
the S* bundle. Since the function is periodic in the z direction, we just need to consider
the function in one period, that is: 0 < x < 1.

Generally if we choose a local trivialization of the S!-firbration so as to have a
coordinate t on the fibre. By solving the equation: dag = *dV. under the cylindrical

coordinates {r,0;x}, we can get an explicit formula of the Ooguri-Vafa metric [18]:
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Theorem 5.15 Locally the connection 1-form « is given as:

r—n sign(n) 1
oy = E + do + —dt
° [2 r2+ (z —n)? 2 | 2m

nez
up to gauge equivalence. Here we set sign(0) = 0.
By the Gibbons-Hawking ansatz, we get the local expression of the Qoguri- Vafa met-
ric:

Jov = g1 + 9o,

with

g1 = Vedr® + Vor?d0?® + V,da?,

1 r—n sign(n) 1.5
= — df + —dt}-.
92 V{%[2 = + = 1d0 + —dt}

c £ + (x —n)?
Remark. The term sign(n) here is added for convergence. The metric above is periodic
in the x direction.
Recall that for the potential function, we has the following properties:
1) lim, 2)—(0,0) Ve(r, ) = 400;
2) lim, g (z) Ve(r, 2) = 0;

By direct calculation, we get the first estimate on one side:

Lemma 5.16 For fixed x, when r — 0, we have the estimate for the potential function
Ve(r,x):
1) if x =0, then V.(r,0) — oo with the order of r~;

2) if x #£ 0, then V.(r,x) < \/CT;(%, here Cy(x) is a positive constant depends on x

and c.
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On the other side, by direct calculation of the derivative we can get a positive constant

Cy(x) such that:
ar‘/c(ra x)’r:Rc(x) = —Cg(l')

Therefore, we have the second estimate:

Lemma 5.17 For fized x, when r — R.(x), we have V.(r,x) — 0 with the order of:

(Re(x) — 1), and thus VC_I/Q(T, x) — +oo with the order of: (Re(z) —r)~Y/2.

Now let us start the estimate of diameter of the fibration in each direction.

First, we estimate the diameter of the S! fibre, that is the case when r,0 and x are

fixed:

Proposition 5.18 The diameter of S' fibre over the base point (r,0, ), with 0 < r <

R.(x), is given as:
2 1
dlr,5) = [ 5 V@)t = V),
0 2m

When (r,xz) — (0,0), we get the diameter of the singular fibre: dy(0,0) = 0;

when r — R.(x), the diameter dy(r,z) — oo, with the order of: (R.(x) —r)~Y/2,

Next we consider the diameter of the fibration in the horizontal direction.

We start from the = direction. We consider the central axis of the cylinder, which is
the S! on the base. In this case, we have fixed » = 0. Let us denote the diameter by ds.

Recall that when r = 0, we have the expression of the potential as:

1

Ve(0,2) = ¢+ @ou() =c—v+g5 - %[¢(1+x) + (1 — ).

By the formula about digamma function and usual zeta function, we get:

WA +a)+yv(1—2)]=201—-2*)""+2y -2+ i 2(¢(2n + 1) — 1)z

n=1
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Thus we have a simple expression of the potential:

1 2 >
V.(0,2) = — on—+1) — 1)z>"
(0.2) c+2x+1_$2+;(<(n+) ),

which has a radius of convergence at least 2.

Then we get the following estimate:

Proposition 5.19 The diameter do of the central S* in the x direction is given as:

1
do= [ VIP0.0)d
0

which s bounded as:

o0

max{v/2,v/c} < dy <\/E+(1+\/§)+Z A

2n 4+ 1) — 1)1/2
n—+1 '

Proof 5.20 The lower bound follows from the property:

1
V.(0,2) > ¢, and V.(0,x) > Dy

T

thus,

V2(0,2) > Ve, and V}/*(0,2) >

5~
S

we get the result after integration.

The upper bound follows from the property:

1 Qj‘2 oo
1/2 _ - 9 1) — 1 1/2 n
|7 (o,x)<\/E+\/2I+\/1_x2+n§:1(g(n+ ) — 1),

again, we get the result after integration.

Remark. When the central line moves to the nodal set of the potential, with 6 fixed,
then it is easy to check: since V (r,z) decreases to 0, the diameter of the S* on the base

decreases to 0.
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At last, we consider the diameter in the radial direction. For 0 < x < 1, we consider
a radial curve [, from r = 0 to r = R.(x) within the slice. There is a horizontal lift 'z; of
l, to the fibration. Let us denote the length of curve A by ds.

Notice that for 0 < x < 1, we always have: R.(x) > 1. By the property of the

potential function, we get the estimate:

Proposition 5.21 For 0 <z < 1, the length ds(x) of the radial curve is given as:

Re(x)
dy(x) = / V2 (r, 2)dr,
0

which s bounded as:

1
Vet 1 < da(@) < Gole) +263(w) - RY*(w) < +oc.

Here C; are all positive constants which only depend on ¢ and x.

Proof 5.22 The lower bound comes from the estimate:

1 1 1
1
d3(x)>/ ‘/61/2(7",$)d7“>/ VCI/Q(I,:E)dr>/ \/61/2(1,5)dr,
0 0 0

and here for Vcl/z(l, %), we have:
1 1 1 1 1 2
D=et———+ 23] v -2,
20/1+(5)2 “nen 4 J1+(n—3)?2 /1+(n+3)?
1 1 1, 17 1

1,2)> ed — + = (—=t ly
Vc(,2)_0+\/5+2( 25)>c—|-10

Ve(l,

We get the result after integration.

Then upper bound comes from the estimate:

1 Re(x)
ds(x) = / VA2, 2)dr + / VA2(r, 2)dr,
0 1

by Lemma 5.16 for the first term and Lemma 5.17 for the second term, we get the

estimate by integration.
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Notice that the Ooguri-Vafa is not defined on the nodal set of the potential function,
thus it is just defined on the fibration over an open solid torus, which is not topological

closed. Therefore the Proposition 5.21 implies that:

Corollary 5.23 The Ooguri-Vafa metric is not a complete metric.

As a result, generally we will get an incomplete hyperkahler metric in a small neigh-
borhood of the singular fibre, but not a complete metric in the entire local K3. It will

be an interesting problem to find a complete hyperhahler metric in local K3.
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Appendix A

Some calculations

A.1 Fourier expansion of the Ooguri-Vafa potential

In this part, we calculate the Fourier expansion of the potential function V, first and
then discuss its asymptotic expansion when r — oo.

First, recall that the potential function V.(r,z) is periodic on the x direction, i.e.
Ve(r,x) = Vo(r,z+ 1), thus it has Fourier expansion with respect to . Now let us figure
out the explicit expansion by the standard calculation.

For the 0-mode term, we apply the trick of [20] and arrange the term in the following

way:
i) = i 3t i i 30 )
Here the correction term is given as: vy = i|, v = In(|k] + 1) — In|k| if & # 0, and

|k

vo = 1y = 0. Now let us calculate the 0-mode of each term.



For the first part, we have:

n+1 1 0 n k+1 1
= ——dx + / dx + ———dx
/1 Z 7nl’_]- 2—:71 k \/7’2+I2
0
1

- G e

+

(n+1)+ 2+ (n+1)2

= In| o) | —In[(n+1) - (=n+Vr? + n?)]
R e T N O N N )
_ln[(n+1)+ r2+(n+1)2]_ln[ (n+1)-r |
- n+1 n+ vz +n2

Let n — oo, we get the 0-mode of the first part is:

1 n 1 2
lim
[ 2

For the second part, we have:

/Ozyk_yk

k=—n
_ 1
= Z In(|n[+1) =Injnf] = > il
k=—n,k#0 k=—n,k#0

=2In(n+1) Z—.

1 |
dx+/ W
x—l) 0 V124 22
/2
= (:v+ ra WP+ Inf|lz — 1] - (z + V2 + 22)]|°, + In(z + V72 + 22)|;

—Dk]dx:ln2—lnr— =2In2—-2Inr.

57
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Let n — oo, we get the 0-mode of the second part is:

1 n
/0 nlggl(} k;n(ﬁk — v )dr = —27.

Here 7 is the Euler-Mascheroni constant as given before.

Thus, we get the 0-mode of the potential function as follows:
1
/ Ve(ryz)de =c+1n2 —~ —lInr.
0

It is easy to see here when r < 1, the O-mode is always positive.

Now let us calculate the other mode term:

1
/V(r x) - e2mima (..

. eZm’mm dl’
0 — k)2

keZ

1 .
:Z/ _€2mmmdm
) 2 2+(x—k)2

kEZ

—n+1
— § /‘/ 627mmmd$
7“2 + z2

nel
+o0o 1

— . ¢
2412 + 2
27rm:c

\/1“2 + z2

[
/ cos(2 )du (here:u:f)
~ K,

(2m|mr]).

2mima diL‘

Here Ky(x) is the modified Bessel function of the second kind.

As a result, we get the Fourier expansion of the potential function as follows:

1 1
Ve(r,2) = (e +1n2 = 7) + 5 In(5) + ) e Ky (2m|mr).
m##0
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Moreover, when ¢ > r > 0, we can get the asymptotic expansion of potential
function by the property of Bessel function Ky(z). Notice that when = > 0, we have

the asymptotic expansion:

T, = (—1D)"[(2n — DI
Ko(x):\/;-e .nZ:O( )71[!((81;)71)]’

Thus we have the asymptotic expansion of the potential function when ¢ > r > 0

as follows:

1 1
V’C<7ﬂ7 fl?) — (C +1n2 — fy) + 5 ln(ﬁ) + V;nstanton(ra x)a

here the instanton term is given as follows:

> 24/7[(2n — 1)!1)? 1

Vinstanton (T, T) = Z{exp[—Zﬂ(|mr| — ima)] - Z(_l)n | )n+%}

par o n! 167|mr|
_ S VT LGrn) 1
= —9 — : 2 : NS
mzséo{e)(p[ 7T(|mT’ Zmﬁ)] ; nl- 1—‘(% _ TL) <47T‘m7"’) 2}

Physically [35] the term 27|mr| in the exponent gives the the Born-Infeld action for
the m—instanton, and the second term 2wima describes the coupling of the D2-brane

to the RR field.
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A.2 Curvature form for the Gibbons-Hawking Ansatz

In this part, we make some tensor calculation of the Gibbon-Hawking ansatz, which is
important ingredient for further construction and application.

Since the Gibbons-Hawking ansatz comes in the good form:
g =V ((du")? + (du?*)?® + (du®)?) + V' (ap)?,  dag = *dV,
we take the orthonormal coframe for the metric, which is just:
wh = V2du!, w? = VV2du?, WP = V243, wt = V1 2q,,.
Let us solve the Cartan’s Structural Equations (torsion free):
dw' = ! AW, w;—kwf =0, (A.1)
dwj» = wf A wh + Q; (A.2)
We solve the first equation first. A direct computation shows that:
_1

1 1
dw' = 2V’1dV Aw', dw? = §V’1dV Aw?, dw? = §V’1dV Aw?,

1
dw* = —§V*1dV AW + V32w Aw? + Vaw® A wt + Viw! Aw?).

Thus we can get the expression for {w}}:

1 1
wy = SV (Vaw! = Viw® = Vaw'), wy = SV (Vaw! = Viw® + Vaw?),

1 1
w? = §V*3/2(V},w2 — Vaw® = Viwh), w) = —EV’3/2(V3w2 — Vaw® — Viw?),

1 1
wi = —§V_3/2(V1w3 — Vaw' — Vow?), wi = —EV_?’/Q(le — Viw? — Vaw?).
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Then we solve the second equation and get the curvature form {Q;} Set the following

anti-self dual basis:
1 1 1
w, = §(w1 ANw? — WP AW, wy = §(w1 Aw? —wt AP, wo = §(w1 Aw* —wr Aw?),
For © < j < 3 cases, we have:

Oy =w, - {=V 3=V = V& +2VE) + V 2V} +wy - {3V VLl — V 2V}
+wg {3V = VTV s}

Oy =w, A=V 7V = VE 4 2V) + V2o 4wy - {3V VaVs — V2 Vh)
+w, {3V, + VTR,

0 =w, {=VVF +VE =2V7) =V Vit +w, {3V Vs + V2Vis})
+w, - {3V VIV — V)

For j = 4 cases, we have:

Y=w, V72V = V2V VTV o, - BV VIV - VTRV
+wy, {3V + VTRV)

Of =w, A=V (V2 = VE 4 2V5) + V2 Voo +wp - {3V Vol — V7 2Vag}
+w, {=3V7ViVa + V2 Via}

O =wy A=V VS = 2V) = V72Vag} +wp - {3V Vol + V2 Vis}
+w, {3V NV + V)

Meanwhile, we could observe the curvature forms also have the symmetry relations:

Ql——03, Ql—02 02—_ql
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It is ready to check the Ricci Curvature is 0 here with the above expression.

At last, we consider the point-wise norm square of the curvature form. Notice that
the norm square equals to: QA% = —QAQ, since the curvature form is anti self dual. It
also equals to the square sum of all the coefficients of Q; under the basis: { “\’/—“_5, °\J/—%, %},
thus we have:

1 3 3
Sl[Bm|* = D AVIENVVE+ @V V)R 4+ Y BV Y - V)
i=1 i#j
3 3
=3V OIVVE = 2Y VIEVVPEV TV = V) + Y BV VY — V)
i=1 0]

=3V OV — 6V O VV|* 4 2V PAV + OV SV =6V 0> ViV + VY VD

i,J 0,

—6 4 -5 —4 2
=6V V[P =6V ViV VY VS

i3 2
=6V C|VV|* =3V PVVVIVV|? + V| HessV|?
1
=6V O VV|* =3V VIV V|VV]? + 5\/—4A|VV|2 —~ VVVAV

= iVlAAvl.

Therefore norm square of the curvature tensor is given by: %V‘lAAV_l.
Remark. From the above formula we can get the decomposition of the curvature
operator on the basis of self-dual 2 forms and anti self-dual 2 forms. It is easy to see
that the Gibbons-Hawking ansatz only has the anti self-dual part of the Weyl curvature.
Moreover, we can find that the curvature tensor (W;;) in this orthonormal basis is

Viy _ gViv;
V2 Vs

the trace-free part of the matrix ( ), which can also be written as 2V times

the trace-free part of the Hessian of the function V=2, see Donaldson’s work for reference.
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Remark. During the computation, we always use the fact that V' is a harmonic function.
In the absence of this condition, the curvature form will have different expression, for

instance:

Oy = w, {3V VoVs + V2Vs} + w {=3V ViV + V7 2V33}

LAV TV = VE 4 2V + VT (Vi + Vi)
3 A 4
DV V2V - V)

Then the norm of the curvature tensor goes to:
|Rm|]? = 12V C|VV[* + VHAAIVV 2= 6VVVIVV |2 +4V 5|VV|2PAV -2V 4(AV)%

which will be simplified to 1/2V"*AAV ! in the presence of harmonicity of V.
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