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Abstract

Direct numerical simulations (DNS) of plane Poiseuille flow are performed in an extended domain

at friction Reynolds numbers ranging from 70 to 100. In minimal domains, turbulence in this

Reynolds number range displays substantial intermittency that is associated with chaotic movement

of turbulent trajectories between lower and upper branch invariant solutions known as exact coherent

states (ECS). Part of the present work aims to address the relationship between temporal dynamics

in minimal channels and spatiotemporal dynamics in extended domains. Both temporal and spatial

analyses of the turbulent velocity fields are performed, the latter using image analysis methods.

These analyses partition the flow characteristics into low-, intermediate- and high-drag classes; we

present the differences between flows fields in these classes in terms of simple quantities like mean

velocity, wall shear stress and flow structures. The temporal and spatial analysis methods, although

completely independent of one another, yield very similar results for both low and high drag regions.

In particular, the conditional mean profiles in regions of low drag closely resemble those found in

low drag temporal intervals in the minimal channel. Finally, we address the possibility of similarities

between turbulence and exact coherent states in two ways: (1) comparing wall shear stress in localised

patches the size of minimal channels in large domains with those in actual minimal channel; and (2)

comparing conditional mean velocity profiles during low drag events with mean profiles from lower

branch ECS. These analyses show that both the local near-wall flow structure in the low drag patches

of the large domain and the conditional mean profiles in the region y+ . 30 resemble those of a lower

branch minimal domain ECS. In summary, the results presented here suggest that spatiotemporal

intermittency in transitional channel flow turbulence is related to temporal intermittency, and by

extension to the state space structure, in the minimal channel.
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Lower and upper branch ECS from one particular family of solutions are imprinted separately on

a turbulent flow field in the minimal channel at Reynolds number close to transition. Specifically,

the spatial patterns of their wall shear stress are imprinted on the channel wall, and the phase of

the pattern keeps changing dynamically in accordance with the wave speed of the ECS solution

from with the imprinted pattern is derived. The motion of the wall results in a travelling wave of

wall deformation in streamwise or spanwise direction. Boundary conditions on the moving wall are

satisfied using immersed boundary methods. Imposition of any pattern changes the dynamics of

the flow near the wall. When a lower branch ECS is imprinted, drag-reduction is observed for most

of the cases, and a maximum drag reduction of just over 15% is achieved. The resultant flow field

shows characteristics of a flow with lesser drag: mean velocity profile is elevated, Reynolds shear

stress and velocity fluctuations are reduced, and the streaks appear more streamwise aligned with

less fluctuations. The flow trajectories also pass through the vicinity of the imprinted lower branch

ECS in the state space. On the other hand, when an upper branch is imprinted on the flow, the drag

increases. In such cases, the trajectories remain in the high-drag region of the state space. These

results indicate that flow can be driven toward a desired state — a low drag state in our case — by

manipulating the near-wall dynamics using information from that state. This opens many avenues

for the development of new flow control strategies.
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Chapter 1

Overview

The problem of understanding the nature of fluid flow over a rigid surface, which from this point

onward we will refer to as wall, or in a wall-bounded domain, for example, a channel or a pipe, remains

one of the oldest problems in fluid mechanics. Even though the equations of motion that govern the

flow of a fluid are known — they are the celebrated Navier–Stokes equations, and even though in

this time when researchers have state-of-the-art experimental equipment and immense computational

resources, the challenge lies in understanding and rationalising the information extracted from such

experiments or computations. A classical example of such a problem is the problem of transition:

what is it that makes the flow go from a highly ordered laminar state in space and time to a highly

disordered turbulent state in both space and time as the flow rate increases [Reynolds, 1883]?

One idea that may help us understand transition to turbulence emerges from the dynamical

systems theory — it is the use of invariant solutions to the Navier–Stokes equations. These solutions,

sometimes known as the building blocks of turbulence, may help us understand complicated flows

occurring both spatially and temporally. Some of these nonlinear solutions lie on or near the edge

of the basin boundary, i.e., the boundary between laminar and turbulent regions in the state space.

These solutions have been found in a variety of shear flows, and it has been observed both numerically

and experimentally that the chaotically moving turbulent trajectories visit some of these solutions

in the state space [Park and Graham, 2015; Suri et al., 2017].

We are interested in flows of incompressible Newtonian fluids in rectangular, wall-bounded do-
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mains, i.e., channels. An incompressible flow is one in which the material density of an element of

the fluid, at a given temperature, remains constant both spatially and temporally as the fluid ele-

ment flows with some velocity. Mathematically, an incompressible flow implies that the divergence

of the fluid at a given temperature is zero. A Newtonian fluid is a fluid in which the local viscous

stresses arising due to the flow are linearly proportional to the local strain rate, i.e., the rate of

change of its deformation. The region close to the surface on which fluid flows, or the near-wall

region, is dominated by viscosity, and the stress exerted by the fluid at the wall is the measure of

the skin-friction drag. For Newtonian fluids, inertia drives the nonlinear behaviours in the flow, the

magnitude of which depends on a single dimensionless parameter, the Reynolds number (Re) [Bird

et al., 2007] — it the ratio of inertial forces to viscous forces. It can also be thought of as the ratio

of viscous time scale to inertial time scale. Significant nonlinear behaviours can only be expected

for Re > O (1): the flow is smooth and orderly at low Reynolds number and with the increasing

Reynolds number, fluctuations increase and eventually the flow becomes fully turbulent. Reynolds

number has a major effect on the length and time scales of the flow. This results in variation in a

number of flow properties with changing Reynolds number, including the flow structures.

Organised structures play a very important role in all turbulent shear flows. Being able to

visualise flow structures, either in experiments or in simulations, is important: it helps not only

in understanding transition to turbulence by giving qualitative and/or quantitative information

about the flow but also in developing flow control techniques via direct interference with these

deterministic events. Most of the structural information on the wall-bounded flows available in the

literature come from rather low-Reynolds-number experiments and simulations. This is because flow

becomes increasingly unstable at high Reynolds number, resulting in more breakdown of structures.

The reduced length scales of flow structures, that can range anywhere from 1 µm to 1 mm at high

Reynolds numbers, coupled with high frequencies of the flow, usually up to 100 kHz [Kasagi et al.,

2009b], make taking accurate measurements very difficult. Simulating high Reynolds number flows

requires very fine spatial and temporal resolutions in order to capture each and every flow structure.

This in turn increases the computational costs. The focus of this study is on flows at Reynolds

numbers close to transition.

At low Reynolds numbers, organised structures appear to be similar in all shear flows, e.g.,
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Figure 1.1: Top view of a turbulent boundary layer on a flat plate at a low Reynolds number (Reθ = 725). Low-speed
streaks are visualised using a sheet of laser and fluorescent dye (after Gad-El-Hak et al. [1984]).

channel flow, pipe flow or turbulent boundary layer flow only in the near-wall region or the inner

layer. In the outer layer, the flow is vastly different — the outer region of a turbulent boundary

layer is, by construction, different from the core region of a pipe or a channel flow. In addition to

the near-wall structures, some of the mean mean statistics for different shear flows are also very

similar. For example, the mean velocity profile, i.e., flow velocity (U+) as a function of distance

from the wall (y+), when scaled with the wall variables (hence the + in the superscript) and plotted,

follow a characteristic log law that is independent of Reynolds number. The profiles follow the log

law for a range of y+ that increases with Re, and deviate from the log law near the channel’s mid-

plane/pipe centre/top of the boundary layer. The current work is focussed purely on channel flows

but an example of coherent structures visualised by Gad-El-Hak et al. [1984] in a laboratory scale

boundary layer flow on a plate is depicted in Figure 1.1. In the figure, the view is from the top
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and the flow is from left to right. The Reynolds number based on the momentum thickness (Reθ) is

725. Fluorescent dye and a thin sheet of laser are used for illumination. The laser sheet is parallel

to and almost touching the wall. Due to the vortical motion near the wall, fluid is transferred both

towards and away from the wall. This results in variation of flow speeds at a fixed distance from the

wall. This is depicted as bright and dark regions elongated in the flow direction in the figure. The

bright structures are the slow moving fluid, known as low-speed streaks whereas the dark regions are

regions of fluid moving with high speed, or high-speed streaks. Similar flow features are observed in

channel flows, and a more detailed explanation on these structures is given below.

Our focus is on incompressible, Newtonian, pressure-driven turbulent flows in a wall-bounded

domain. As noted above, physical and numerical experiments have shown the presence of organised

flow structures near the wall and that most of the turbulent energy production (about 80%) takes

place in the this region [Lumley and Blossey, 1998]. Prandtl postulated that at high Reynolds num-

bers, the mean velocity profile very close to the wall is determined by the viscous scales, independent

of the flow away from the wall. If y denotes the distance from the wall, the region y+ ≤ 5, known

as viscous sublayer, is where the viscosity dominates. The outer part of the inner layer (y+ ≥ 30)

has negligible effect of viscosity and is known as the log-law layer. The region between the viscous

sublayer and the log-law layer is known as the buffer layer and it is the transition region between the

viscosity-dominated and the turbulence-dominated parts of the flow. The superscript + indicates

flow variables normalised by the friction velocity, uτ , and the kinematic viscosity of the fluid, ν.

Reynolds stress, that arises from the momentum transfer by the fluctuating velocity field [Pope,

2000], accounts for turbulence in fluid flow. Velocity at any position x and any given time t, U (x, t),

can be decomposed into its mean, 〈U (x, t)〉, and the fluctuation, u′ (x, t). Here U = (U V W )T:

U , V and W are the three components of the velocity along the streamwise (x), wall-normal (y) and

spanwise (z) directions, respectively, and x is the position vector. Thus, the velocity fluctuations in

the three directions can be written as: u′ = U−〈U〉, v′ = V −〈V 〉 and w′ = W−〈W 〉. The fluctuating

velocity field gives rise to near-wall quasi-streamwise vortices (QSVs), which are responsible for high

skin-friction drag in turbulent boundary layers/channel flows [Choi et al., 1994]. The streamwise

vortices, consisting of wall-normal and spanwise velocities, independent of the streamwise direction,

interact with the mean shear, dU/dy, and create a spanwise dependence in the streamwise velocity
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Figure 1.2: An instantaneous snapshot of flow velocities in the y-z plane in the lower half of the channel in a plane Poiseuille
flow at Reτ = 94.5. The flow is into the plane of paper. Box dimensions are (Lx, Ly, Lz) = (4.24 l, 2 l, 1.65 l), where l is
the half-height of the channel. The streamwise velocity component is shown by contours and the wall-normal and spanwise
components by black arrows. They are scaled by the laminar centreline velocity, Uc. Two vortices, V1 and V2, and their
effect on the mean flow, i.e., formation of streaks are shown. The white horizontal arrow at the top represents the reference
vector and has a length Uc.

(main flow) near the wall. These structures, known as streaks, are unstable because of the spanwise

gradient of the streamwise velocity. They migrate slowly away from the wall, known as streak lifting

or ejection, and when in the buffer layer, they exhibit rapid oscillations followed by a breakdown,

known as turbulent burst. The finer-scale motions created again lead to the formation of more

vortices [Pope, 2000]. This process is self-sustaining [Waleffe, 1997; Jiménez and Pinelli, 1999;

Waleffe, 2003] and is unaffected by the outer part of the boundary layer at low Reynolds number

[Kim, 2011; Jiménez and Pinelli, 1999]. Note that an ejection event is the transfer of low-momentum

fluid away from the wall, i.e., u′ < 0 and v′ > 0, although an event that satisfies these conditions

is not necessarily an ejection. Ejections are accompanied by sweep events, when high-momentum

fluids are induced towards the wall, i.e., u′ > 0 and v′ < 0, creating regions of high wall shear

stress. Majority of turbulence production takes place in the buffer region during sweep and ejection

events [Pope, 2000]. Reynolds stress, given by −〈u′v′〉, increases when the product u′v′ is negative.

Thus both ejection and sweep events produce turbulent energy. Figure 1.2 shows the velocity
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distributions in the wall-normal and spanwise directions (y-z plane). The colour contours are that

of the streamwise velocity component (U) while vectors represent the wall-normal (V ) and spanwise

(W ) velocity components. Two streamwise vortices (approximate centres at V1 and V2) are shown.

Vortex V1 is bringing high-momentum fluid from the bulk flow towards the wall (sweep event S) and

at the same time lifting low-momentum fluid away from the wall (ejection event E). A low-speed

streak is formed in the process. Regions of local wall shear stress, that are highly correlated with

vortical structures, are created. Specifically, high skin-friction zones are created under the sweep

events and low skin-friction zones under the ejection events.

From the control point of view, an intuitive strategy to attenuate and control turbulence in the

near-wall region would be to suppress the sweep and ejection events by manipulating the interactions

between these streamwise vortices and the wall. Suppressing sweeps and ejections makes the flow

orderly and fluctuations in the flow are greatly reduced. There have been various approaches in

the past to reduce the turbulent motions near the wall by suppressing the coherent structures,

and significant progress has been made, both numerically and experimentally, to provide a better

understanding of the physics of turbulence and its control.

The dissertation is organised as follows. An in-depth discussion on the structures and statistics

of regions of varying levels of turbulence, occurring spatially and temporally, is presented in Part

I. It includes discussion on detection and sampling of events of interest, conditional averaging, and

comparison of channel flow turbulence with the invariant solutions to the Navier–Stokes equations.

A detailed literature review on the development of immersed boundary methods (IBM) and the

usage of IBM in order to implement channel wall deformation for manipulating the near-wall flow

dynamics is presented in Part II. In Part III, I have reviewed existing drag-reduction methods, their

benefits and limitations, and various types of wall motions with the aim of achieving reduction in

skin-friction drag along with the results. Finally, numerical details of a finite-volume Navier–Stokes

solver for direct numerical simulation (DNS) of incompressible flows is discussed in Appendix A.
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Part I

Statistics and structures of low-

and high- drag events in turbulent

channel flow
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Chapter 2

Introduction

The past 20 years or so have seen rapid advances in understanding transition to turbulence [Hof

et al., 2004; Kerswell, 2005; Eckhardt et al., 2007; Willis et al., 2008; Kawahara et al., 2012]. These

advances build on the mathematical foundation of dynamical systems theory and the discovery of

nontrivial invariant solutions to the Navier–Stokes equations (NSE) for the canonical shear flows:

plane Couette flow [Nagata, 1990; Clever and Busse, 1997; Nagata, 1997; Viswanath, 2007; Gibson

et al., 2008, 2009; Halcrow et al., 2009; Itano and Generalis, 2009; Schneider et al., 2010; Deguchi

et al., 2013; Blackburn et al., 2013; Nagata, 2013], plane Poiseuille flow [Waleffe, 1998, 2001, 2003;

Toh and Itano, 2003; Nagata and Deguchi, 2013] and pipe flow [Faisst and Eckhardt, 2003; Wedin

and Kerswell, 2004; Kerswell, 2005; Kerswell and Tutty, 2007; Pringle and Kerswell, 2007; Eckhardt

et al., 2007; Duguet et al., 2008]. These solutions, sometimes called exact coherent states (ECS)

[Waleffe, 1998], take the form of steady states, nonlinear travelling waves, relative periodic orbits

and edge states (these are solutions that live on the boundary in state space of the basins of at-

traction of the laminar and turbulent states, respectively). Most of these states have been found

in so-called “minimal flow units” (MFU) or “minimal channel” geometries: i.e. they are spatially

periodic in the unbounded dimensions of the domain with periods that roughly correspond to the

smallest length scales at which turbulence can persist in the domain of interest. The spatial struc-

ture of these solutions qualitatively matches that of near-wall turbulence: a mean shear flow with

streamwise-modulated streamwise vortices that generate low- and high-speed streaks. Additionally,
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direct numerical simulations of turbulence in MFUs indicates that at low (transitional) Reynolds

numbers, the turbulent trajectories in these geometries are organised at least in part around the

ECS [Gibson et al., 2008; Kawahara et al., 2012; Park and Graham, 2015]. It is important to note

that some highly localised invariant solutions, which display nontrivial flow only over a small region

of an extended flow domain, while the remainder of the domain remains laminar, have been found as

well [Brand and Gibson, 2014; Chantry et al., 2014; Zammert and Eckhardt, 2014]. These solutions

are highly reminiscent of the turbulent spots or puffs that are a common feature of turbulence near

transition [Avila et al., 2013].

More broadly, the spatiotemporal dynamics of turbulence in extended domains contains many

open issues even in the transitional Reynolds number regime. One of these is the extent to which

dynamics in extended domains is related to dynamics in minimal ones. Aiming to shed some light

on these issues, the present work focuses on the plane channel flow geometry, using direct numerical

simulations and temporal and spatial sampling techniques to characterise intervals and regions of

high and low turbulence activity. Specifically, our results are consistent with the hypothesis that

temporal intermittency observed in minimal channels becomes spatiotemporal in extended domains

and that main features of the ECS and minimal channel turbulence results are found in localised

regions in the extended domain.

A number of research groups have computed exact coherent states for the channel flow geometry

[Waleffe, 2001; Itano and Toh, 2001; Waleffe, 2003; Nagata and Deguchi, 2013; Park and Graham,

2015; Rawat et al., 2016]. For the most part, these solutions arise in pairs at saddle-node bifurcations;

the “upper-branch” solution of each pair has larger velocity fluctuations and higher drag compared

to the “lower branch” solution. Park and Graham [2015] found a family of channel flow ECS in the

minimal channel geometry, which they denoted “P4”, that has particularly intriguing behaviour.

The mean velocity profile of the upper branch state approaches the Prandtl-von Kármán log-law

while that of the lower branch approaches a form generally associated with turbulence in viscoelastic

polymer solutions, the so-called Virk profile [Virk, 1975]. This profile is a good approximation of

experimental and computational observations in the so-called “maximum drag reduction” (MDR)

regime. This ECS result adds to the set of observations in which mean velocity profiles close to

the Virk profile are found in Newtonian flow [Kerswell et al., 2003; Bandyopadhyay, 2006; Xi and
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Graham, 2010a,b; Dubief et al., 2010; Xi and Graham, 2012a,b]. Notwithstanding this intriguing

similarity to MDR, the present work addresses only Newtonian flow. The flow structures of the

upper and lower branch solutions are very different — the upper branch has strong streamwise

vortices and wavy streaks representing strong fluctuations while the lower branch has weak vortices

and almost streamwise-invariant streaks.

Direct numerical simulations (DNS) of turbulence in the same minimal geometry at Reynolds

numbers near transition have been found by a number of researchers [Jiménez and Moin, 1991; Xi

and Graham, 2010a, 2012b] to exhibit temporal intermittency between high- and low- drag intervals:

Xi and Graham [2010a] denoted these as “active” and “hibernating”, respectively. Park and Graham

[2015] found that this behaviour is a reflection of the organisation of the turbulent dynamics around

the P4 solution family. Specifically, as illustrated in Figure 2.1(a), at friction Reynolds number

Reτ = 85 the trajectory spends most of its time orbiting in the vicinity of the upper branch solution,

displaying relatively high drag and a mean profile near the von Kármán profile, but occasionally takes

excursions that approach the lower branch solutions (there are actually two of these because the lower

branch turns back on itself) and thus exhibit low drag. Over part of the Reynolds number regime

the lower branch states lie on the basin boundary between the laminar and turbulent attractors in

the minimal domain, so the approach of the turbulent dynamics to these states implies an approach

to the laminar-turbulent basin boundary. At higher Reynolds number, these excursions become

increasingly rare as we describe below. Mean velocity profiles of some upper and lower branch

travelling wave solutions from the P4 family are plotted in Figure 2.1(b). As noted above, the upper

branch velocity profiles nearly collapse with the classical Newtonian (von Kármán) profile, while

the lower branch velocity profiles approach the Virk MDR. Park and Graham [2015] showed that

near the wall (y+ . 30), instantaneous velocity profiles from minimal channel DNS are very nearly

bracketed between the UB and LB solutions, while deviations from these solutions are observed near

the centre of the channel. Thus, the P4 travelling waves appear to form an approximate envelope for

the DNS mean velocity profiles for y+ . 30. This is important as these similarities in the near-wall

behaviour suggest that the turbulent dynamics in minimal channels is organised at least in part

around these travelling wave solutions.

A natural question is how closely these minimal channel observations are related to the phe-
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nomenon of “laminar-turbulent intermittency” in the transitional Reynolds number regime for spa-

tially extended flows (i.e. experimentally realised flows where no artificial periodicities are present).

Manneville [2015] provides an excellent overview of this phenomenon; the basic observation is that

the transitional Reynolds number regime, at a given point in the domain the flow alternates ran-

domly between states with weak and strong fluctuations. Pipe flow is the most well-studied case.

Here laminar-turbulent intermittency is first observed as localised turbulent patches, known as puffs,

surrounded by laminar flow upstream and downstream of it [Wygnanski and Champagne, 1973; Wyg-

nanski et al., 1975]. These puffs have complex behaviour, involving growth and splitting [Eckhardt

et al., 2007; Avila et al., 2011], and many aspects of the transition regime can be captured using

reaction-diffusion-advection models involving evolving fronts that separate spatial regions of turbu-

lent and laminar motions [Barkley, 2011; Barkley et al., 2015; Graham, 2015], with the turbulent

regions taking over the whole domain once the Reynolds number is sufficiently high. Nevertheless,

even at Reynolds numbers traditionally regarded as above the transition regime, substantial spa-

tiotemporal fluctuations in turbulence activity persist [Avila and Hof, 2013]. In the case of boundary

layer flows, turbulent spots are surrounded by laminar flow [Wygnanski et al., 1976]. These spots

spread in all directions as they convect downstream [Emmons, 1951; Nolan and Zaki, 2013], culmi-

nating in a fully turbulent boundary layer. In channel flow, the focus of the present work, experi-

mental studies by Carlson et al. [1982] reveal the presence of arrowhead shaped turbulent spots with

streamwise streaks trailing from the rear of the spot. The front of the spot moves faster than the

rear end, resulting in the expansion of the spot before it eventually splits into two. Within a spot,

strong turbulent fluctuations occur, which are preceded by oblique waves that surround the spot.

Other studies [Duguet and Schlatter, 2013; Lemoult et al., 2012, 2013, 2014; Hashimoto et al., 2009;

Rolland, 2015; Tuckerman et al., 2014; Barkley and Tuckerman, 2005] observed elongated near-wall

streaks forming stripe patterns. These patterns are oriented obliquely relative to the main flow

direction. Flow is highly turbulent near the centre region of the stripes, and around the stripes are

regions of streamwise streaks that are relatively less turbulent. As the Reynolds number is increased,

the fluctuation intensity in the less turbulent regions increases along both streamwise and spanwise

directions, the stripiness in the flow structures start to vanish and eventually, the flow becomes

uniformly turbulent, i.e., any apparent large-scale structures are absent.
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To differentiate between regions of turbulent flow from nonturbulent flow, conditional sampling

techniques have been used by many researchers. Volino et al. [2003] conducted transitional boundary

layer experiments in a wind tunnel and measured velocities at several locations in the streamwise

and wall-normal directions. They calculated intermittency factors using flow quantities such as

streamwise velocity and Reynolds shear stress, and found that the mean velocity profiles differed

significantly between the turbulent and nonturbulent regimes. They also showed that the wall-

normal velocity fluctuations and Reynolds shear stress in the turbulent spots are significantly higher

and the skin friction was 70% higher within the turbulent zone compared to the nonturbulent zone.

However, no data on the flow structures in the turbulent and nonturbulent zones were reported.

Hutchins et al. [2011] identified conditional structures during low or high skin-friction events in a

turbulent boundary layer flow. They defined a low skin-friction event as an event during which the

instantaneous skin-friction fluctuation is negative, and vice-versa, and found that the mean velocity

profile during low skin-friction events lie well above the velocity profiles during high skin-friction

events, which is same as the findings of Volino et al. [2003]. In addition, the conditional flow fields

reveal the presence of an elongated low-speed structure aligned in the flow direction flanked on either

side by a pair of counter-rotating vortices [Hutchins and Marusic, 2007; del Álamo et al., 2006].

A conceptually simple technique of conditionally partitioning data sets such as flow fields into

distinct groups or clusters such that properties in the same cluster are more similar to each other

than those in other clusters is k-means clustering. Kaiser et al. [2014] used this method to partition

snapshots from a mixing layer flow into k distinct clusters. The mean or centroid of each cluster is

determined iteratively by minimising the sum of squares of distances between individual snapshots

of a cluster and the centroid of that cluster. This results in the formation of k different clusters such

that properties are similar within a cluster but vary from one cluster to the other. Another approach

to partitioning large data sets is thresholding. Nolan and Zaki [2013] performed numerical studies

for boundary layer flows and developed a thresholding technique to discriminate laminar spots from

turbulent spots. An input signal, which is a time series of flow properties, e.g., velocity fluctuations,

is carefully thresholded using Otsu’s method [Otsu, 1979] — an image-processing technique used to

automatically perform image segmentation by determining threshold(s) between distinct regions such

that each region shares certain characteristics. Otsu’s method picks out the optimum threshold(s)
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by minimising the intra-class variance, or maximising the inter-class variance. It can also be used for

multilevel thresholding; in general, the number of classes is one more than the number of thresholds.

Although the k-means and Otsu algorithms are different, it can be shown that they both extremise

the same objective function [Liu and Yu, 2009]. Nolan and Zaki identified laminar and turbulent

regions in boundary layer flows and computed conditional averages for those distinct regions. They

observed that the laminar-conditioned velocity profiles have a characteristic laminar shape whereas

the turbulent-conditioned profiles follow the law of the wall. We use Otsu’s method below.

Many other methods for discriminating turbulent areas from nonturbulent regions in a flow field

have been employed where thresholds are set for various flow properties. For example, instantaneous

wall-normal and spanwise velocities, instantaneous turbulent dissipation and vortex identification

(λ2 and Q criteria) are thresholded by Rehill et al. [2012] in a boundary layer flow over a flat plate.

They found that the Q criterion and the dissipation methods show the least sensitivity to changes

in the threshold level and hence are the best input signals that can be used for identifying turbulent

spots. Baltzer et al. [2013] examined and characterised the spatial arrangements of very large-scale

motions in a pipe flow at high Reynolds number. Regions at a distance of y/R = 0.15 from the

pipe wall where the streamwise velocity fluctuations were stronger than the threshold value u′thr
of −0.10Ubulk were extracted — these are the low-speed regions in the flow field. A conditional

average of many such low-speed events reveals the presence of an elongated low-speed streak with

counter-rotating vortices on either side of it. Similar thresholding techniques to extract features

from turbulent flow fields in pipe, channel or boundary layer flows, although for large-scale motions,

have been adopted by Dennis and Nickels [2011]; Lee and Sung [2011]; Lee et al. [2014, 2015a].

For the most part, the work just described does not address the question introduced above

regarding the relationship between temporal intermittency in minimal domains and spatiotemporal

intermittency in extended ones. Indeed very little study has been made of the dynamics of the

“laminar” intervals in laminar-turbulent transition, although the dynamics in these regions can be

nontrivial and according to Avila et al. [2010] persist into the fully turbulent regime. Evidence for

the existence of a spatiotemporal relationship between minimal channels and full turbulent flows

has been presented by Jiménez et al. [2005]; Flores and Jiménez [2010]; Jiménez [2013]. They have

shown that the variability in temporal statistics during bursting events in minimal boxes agrees well



15

(a) View from an angle

(b) View from top

Figure 2.2: Flow structures of a typical snapshot from channel flow DNS (Reτ = 85, L+
x ≈ 3000, L+

z ≈ 800). Flow is in the
x-direction. Only the lower half of the channel is shown. The green sheet is the isosurface of streamwise velocity U = 0.35;
cross-planes in the first panel at x+ = 500 and 1950 show contours of streamwise velocity; tubular structures are isosurfaces
of Q2D = 0.05 [Xi and Graham, 2010b] colour-coded by the streamwise vorticity at the same location: red represents positive
vorticity and white represents negative vorticity. Sample regions showing weak and strong fluctuations are shown enclosed
by blue and black boundaries, respectively, in the second panel.
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with the variability in spatial statistics in sub-boxes of similar sizes in large domains suggesting

that the flow dynamics in minimal channels are also part of full size turbulent flows. Figure 2.2

shows a snapshot from a channel flow DNS in which we have arbitrarily circled regions of intense

or weak turbulence activity (regions of “active” and “hibernating” turbulence in the nomenclature

introduced in Xi and Graham [2010a]). The aim of the present work is to systematically characterise

the dynamics and structure in these regions and examine their relationship to minimal channel and

ECS results.

Part I is organised as follows. A brief discussion on formulation of the system and simulation

parameters are presented in Chapter 3. Sampling methodology of intermittent low and high drag

events based on pointwise sampling of wall shear stress and conditional averaging of these events

are discussed in Chapter 4.1.1. In Chapter 4.1.2 we quantify this temporal intermittency. The mean

velocity profiles of low and high drag intervals are presented in Chapter 4.1.3 and the underlying

flow structures during these events have been illustrated in Chapter 4.1.4. Chapter 4.2.1 presents

a discussion on the identification of spatial intermittency and a comparison of temporal statistics

in a large domain with the spatial statistics and finally in Chapter 4.2.2 we compare DNS results

with nonlinear travelling wave solutions and find connections between the two. A summary of main

results and conclusions of Part I is presented in Chapter 5.
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Chapter 3

Formulation

We consider pressure driven flow of an incompressible Newtonian fluid in a rectangular, wall-

bounded domain (channel) maintained at constant mass flux, a schematic of which is shown in

Figure 3.1. The x, y and z axes correspond to the streamwise, wall-normal and spanwise directions,

respectively. No-slip boundary conditions are applied at the top and bottom walls and periodic

boundary conditions are adopted in the streamwise and spanwise directions. The periods are Lx and

Lz in these directions, respectively. The half-channel height, l = Ly/2 is chosen as the characteristic

length scale for nondimensionalisation of all the lengths in the geometry. Velocities are scaled with

the laminar centreline velocity Uc for the given mass flux. Time t is scaled with l/Uc and pressure

p with ρU2
c , where ρ is the fluid density. The nondimensionalised Navier–Stokes equations are then

given as:

∂u

∂t
+ u ·∇u = −∇p+ 1

Re∇
2u (3.1)

∇ · u = 0 (3.2)

The Reynolds number is given as Re ≡ lUc/ν, where ν is the kinematic viscosity of the fluid. The

friction Reynolds number is defined as Reτ ≡ luτ/ν, where uτ ≡
√
τw/ρ is the friction velocity; τw

is the time- and area-averaged (mean) wall shear stress.

This study focusses on results for three Reynolds numbers, Re = 1490, 1820 and 2200 (corre-
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Figure 3.1: Schematic of the plane Poiseuille flow geometry: the actual simulation box is highlighted with dark-coloured
walls in the centre, surrounded by its periodic images. The white dot on the bottom wall represents a sampling point xs
where we measure the instantaneous wall shear stress in Chapter 4.1.

sponding to friction Reynolds numbers, Reτ = 70, 85 and 100, respectively). The streamwise and

spanwise periods in outer units are 42.86 l × 11.43 l at Reτ = 70, 35.36 l × 9.43 l at Reτ = 85 and

30.00 l×8.00 l at Reτ = 100. These dimensions correspond to a domain size of L+
x ≈ 3000, L+

z ≈ 800

in wall units at all values of Reτ : 70, 85 and 100. Here, the superscript ‘+’ indicates normalisation

with the viscous length scale, δν = ν/uτ .

Simulations are performed using ChannelFlow, a direct numerical simulator for incompressible

Newtonian fluid flow in a periodic, rectangular, wall-bounded domain, developed and maintained

by Gibson [2009]. The system of coupled Equations (3.1) and (3.2) is integrated in time with a

third-order semi-implicit scheme: a third-order implicit backward differentiation method is used to

update the linear terms while the nonlinear terms are integrated with an explicit third-order Adams–

Bashforth method [Peyret, 2002]. Fourier-Chebyshev-Fourier spatial discretisation is applied in all

variables and nonlinear terms are calculated with the collocation method. We use (Nx, Ny, Nz) =

(196, 73, 164) grid points for Reτ = 70, (160, 73, 120) grid points for Reτ = 85 and (160, 85, 120)

grid points for Reτ = 100 in the streamwise, wall-normal and spanwise directions, respectively. The

numerical grid spacings in streamwise and spanwise directions are δ+
x ≈ 15 and δ+

z ≈ 5, respectively,

for all the cases. Nonuniform Chebyshev spacing in the wall-normal direction gives δ+
y,min ≈ 0.07

at the wall and δ+
y,max ≈ 3 at the centre of the channel. A constant time step, δt = 0.02, which

satisfies the CFL stability condition, is used in all simulations. The spatial and temporal resolutions

are at the same level as those reported in previous studies [Alfonsi, 2011]. A convergence check
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was also done — spatial resolution was increased and all the quantities reported in the dissertation

were recalculated, yielding negligible changes from the results reported here. Each simulation run

is sufficiently long (more than 25 Re ≈ 6 × 104 l/Uc time units) to ensure meaningful statistical

averages.
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Chapter 4

Results and discussion for Part I

The results are organised as follows. In Chapter 4.1 we characterise events based on temporal

behaviour — the fundamental “measurement” we consider here is the time series of shear stress at a

point on the wall. Based on behaviour, specifically low- and high-drag events at that point, we focus

on the time series of flow properties at a point on a wall and at various discrete distances above

the wall, flow properties are sampled conditionally based on when an event happens in time and

conditional averages are presented. In Chapter 4.2 we characterise events based on space. Instead of

focussing just at a point, we examine the entire domain at the same time. Spatial regions or patches

showing similar characteristics are identified and put together in order to get spatially conditional

averages. Finally, we compare temporal and spatial dynamics of large-domain DNS with minimal

channel ECS.

4.1 Temporal intermittency

4.1.1 Time series of wall shear stress — unconditional and conditional

We first describe our method of characterisation of events with varying amounts of drag relative

to the mean. To detect and sample such events happening locally with time, we measure the

instantaneous wall shear stress at a sampling point xs on a wall. A point xs is shown as a white

dot on the bottom wall in Figure 3.1. In fact, to get better statistics we choose nine measurement
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locations on the wall of the large domain in a way that the shear stress at each location is not

correlated with the other locations: any two adjacent points are 1.67 × 2.67 correlation lengths

apart. Our criteria for an event is that the wall shear stress (τw) at xs must pass through a

threshold value and stay on the same side of the threshold for a specified minimum time duration.

Specifically, for a “hibernation” event, characterised by low drag, the wall shear stress must fall

below the specified threshold and remain below it for a specified time duration, and likewise for a

high-drag “hyperactive” event where τw must exceed a threshold value for a specified duration. We

measure this time duration in units of t∗ = tuτ/l, i.e., eddy turnover times, and our base case is to

set this duration to t∗ = 3 — we address below the issue of sensitivity to the chosen value while for

the moment we note that this value was chosen based on observations from prior work. Jiménez and

Moin [1991] have observed that the peak-to-peak distance in the time series of wall-shear deviations

from the mean in turbulence in a minimal channel is about t∗ ≈ 4. Similar observations were made

in MFUs by Webber et al. [1997]. Xi and Graham [2010a] defined hibernation in minimal channels as

events when the area-averaged wall shear stress is below 90% of its mean value for more than 1.18 t∗.

In a later study [Xi and Graham, 2012b] in which hibernation was defined differently, they showed

that the average duration of hibernation events was t∗ ≈ 4.5. The default threshold values chosen

for the current study are 90% of the mean wall shear stress (τw) for a hibernation event, and 110%

of τw for a hyperactive event. For Reτ = 70, 85, 100, t∗ > 3 corresponds to tUc/l > 63.5, 64.5, 65.3,

respectively, in outer units and tu2
τ/ν > 211.1, 254.1, 303.1, respectively, in inner units. Again,

sensitivity to the threshold value is addressed with the presentation of the results.

Figure 4.1 shows time series of shear stress measured at a point xs at Reτ = 70, 85 and 100. By

the criteria above, the flow is in hibernation during the intervals bounded by the vertical orange lines:

the instantaneous wall shear stress (grey line) is significantly lower than the time averaged value (τw)

shown as a dashed line for 3 or more l/uτ . These are examples of low-drag events in turbulence and

this intermittent behaviour is observed at all the Reynolds numbers considered. Figure 4.2 shows

some instantaneous snapshots of wall shear stress fluctuations before and during hibernation events

at friction Reynolds numbers 70, 85 and 100. The white dot in the centre of the domain represents

the location where the wall shear stress shown in Figure 4.1 is measured. The flow structures are

significantly three-dimensional at all the Reynolds numbers considered and fluctuations can be seen
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Figure 4.1: Time series of the wall shear stress at different friction Reynolds numbers. Grey = instantaneous; black dashed
= laminar; colour dashed = time averaged; colour dashed-dotted = threshold.

throughout the domain: the intermittency observed is purely within turbulence. It is interesting

to note that at Reτ = 70, which is the lowest Reτ we consider, a large-scale stucture of weak and

strong turbulent fluctuations appears in the form of stripes that are oriented obliquely relative to

the mean flow. Similar stripy patterns have also been observed experimentally in channel flow by

Hashimoto et al. [2009] as well as in Couette flow computations (e.g. Barkley and Tuckerman [2005]).

The stripes we see here are oriented at 20◦ ∼ 30◦ relative to the mean flow which is in excellent

agreement with the orientation angle reported in experiments [Hashimoto et al., 2009]. As the

Reynolds number increases, the stripiness start to disappear (see Figure 4.2 (c)-(f)) and eventually

the turbulence becomes uniform. Further, it can be observed that in the “before hibernation” figures

(left column), the wall shear stress at and near the measurement point is high (red), whereas it is

low (blue) in the “after hibernation” figures (right column).

In Figure 4.3(a), we show time series of 639 temporal hibernation events measured at Reτ = 85.

The beginning of each event is shifted to t∗ = 0. The ensemble average of all the instantaneous

hibernation events is shown as a thick green line. On average the wall shear stress during hibernation

falls to a plateau in the time interval 0.7 ≤ t∗ ≤ 3.0 and is preceded by a sharp peak in the wall

shear stress (higher than the mean) during −0.8 ≤ t∗ ≤ 0. Figure 4.3(b) shows instances that satisfy

the “hyperactivity” criterion. Before hyperactivity begins, a brief drop in the wall shear stress is

observed and it becomes higher than the mean for t∗ ≈ 0.7 − 3.0. The frequency of occurrence of

hibernation and hyperactive events has been quantified and the results are presented in Chapter
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Figure 4.3: Instantaneous (thin grey lines) and ensemble-averaged (thick green solid line) wall shear stress before, during
and after the intervals of hibernation and hyperactivity at Reτ = 85. The thick blue and red lines highlight specific individual
instantaneous events with a duration of 4 and 6 eddy turnover times, respectively. The mean wall shear stress is represented
by the green dashed line and the threshold by the green dashed-dotted line. All the events are shifted along the time-axis
such that t∗ = 0 represents their beginning.

4.1.2. We do not yet have a physical explanation as to why there is a spike in wall shear stress

before hibernation or a dip before hyperactivity.

The abovementioned characteristics of hibernation and hyperactivity are observed for a range

of Reynolds numbers studied (Reτ = 70, 85, 100). Figure 4.4(a) shows ensemble-averaged wall shear

stress before, during and after hibernation for three different Reynolds numbers. Error bars repre-

senting standard error of the data at their respective Reynolds number are also shown. The error

bars are small, especially within the low drag events.

As the Reynolds number is increased, keeping the threshold the same, the decrease in wall shear

stress during hibernation events becomes larger. This claim is supported by the observation that

the standard error during hibernation events is smaller than the variation in the wall shear stress

observed with increasing Reτ . On the other hand, the effect of Reynolds number on the strength

of hyperactive turbulence is not very clear as shown in Figure 4.4(b), although a drop in wall shear

stress before the start of hyperactivity is still observed for all the cases.

Figure 4.5 illustrates what happens to the wall shear stress as flow leaves hibernation. Here,

data from Figure 4.3(a) and Figure 4.4(a) are replotted with the time axis shifted such that t∗ = 0
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Figure 4.4: Ensemble-averaged wall shear stress before, during and after hibernation and hyperactivity at different Reynolds
numbers along with the mean and sampling threshold values. Error bars indicate standard error. Here t∗ = 0 corresponds
to the beginning of an event.
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Figure 4.5: (a) Instantaneous and ensemble-averaged wall shear stress at Reτ = 85, and (b) Ensemble-averaged wall
shear stress at different Reynolds numbers as the flow leaves hibernation. Error bars indicate standard error. Here t∗ = 0
corresponds to the end of an event.

represents the end of a hibernation event. We observe that on average, as the flow leaves hibernation,

there is a brief spike in the wall shear stress. This effect is observed at all Reynolds numbers

considered. As seen earlier in Figure 4.4(a), the strength of hibernation increases with Reynolds
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Figure 4.6: Conditional wall shear stress for start of hibernation at Reτ = 100. Results are presented for various threshold
criteria (95%, 90%, 85%, 80%, 75% — increasing hibernation strictness in that order) and time durations (t∗ > 3 and t∗ > 2).
Error bars are not shown to avoid overcrowding. Here t∗ = 0 corresponds to the beginning of a hibernation event.

number.

A detailed sensitivity analysis at Reτ = 100, showing the effect of both threshold and time

duration criteria on the stress plateau just after the beginning of hibernation, is presented in Figure

4.6. It is observed in Figure 4.6 that as the threshold criterion for hibernation is made more stringent,

i.e., going from 95% to 75% of the mean stress, the stress during hibernation becomes smaller, but

for a constant threshold, the stress plateau remains the same for both the durations, indicating

that the cut-off duration has no effect on the strength of hibernation. Results for the exit from

hibernation as well as for hyperactivity are analogous, as are those at Reτ = 70 and 85. Thus, for

brevity, they are omitted.

4.1.2 Statistics of temporal events

In this chapter we quantify the duration and frequency of occurrence of hibernating and hyper-

active turbulence and their dependence on Reynolds number. The statistics reported in this chapter

are obtained from simulation runs over a duration of 60000 l/Uc (more than 25 Re) for all the cases.
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The average duration of hibernating events is calculated as:

tH =

NH∑
n=1

tH,n

NH
(4.1)

where tH,n is the duration of the nth hibernating interval and NH is the total number of hibernating

intervals identified in the data set. On similar lines, we can define temporal intermittency factors

for hibernation and hyperactivity, specifically, the fraction of time flow spends in hibernation and

hyperactivity, respectively. These intermittency factors are calculated as:

FH =

NH∑
n=1

tH,n

T
(4.2)

FHA =

NHA∑
n=1

tHA,n

T
(4.3)

Here, FH and FHA are temporal intermittency factors for hibernation and hyperactivity, respectively,

tHA,n is the duration of the nth hyperactive interval and T is the total duration of the simulation.

Note that FH + FHA < 1 because for the major part of the total time the flow is neither in

hibernation nor in hyperactivity. The quantities calculated from above equations are plotted in

Figure 4.7 illustrating their dependence on Reynolds number.

We observe that the fraction of time spent in hibernation, FH , decreases with increase in Reynolds

number. In contrast, the average duration of hibernating intervals remains almost invariant with

the change in Reτ : it is a bit higher than the cut-off duration chosen for the identification of hiber-

nating or hyperactive events, i.e., t∗ = 3. The average duration of hyperactive events, tHA, was also

calculated using an expression analogous to Equation (4.1) and it was found to be very similar to tH

(hence not plotted to avoid overcrowding). Since 3 is the minimum duration for hibernation and hy-

peractivity, their average duration must be larger than 3. The fraction of time spent in hyperactivity,

FHA, increases with increasing Reτ . With the average duration of hibernation and hyperactivity

remaining almost invariant with Reynolds number, and the corresponding time-fraction decreasing

and increasing, respectively, the following inferences can be drawn for hibernating and hyperactive
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Figure 4.7: Average duration of hibernating turbulence (left ordinate) and the fraction of time spent in hibernation and
hyperactivity, FH and FHA, respectively, (right ordinate) as functions of friction Reynolds number.

turbulence. Increasing the Reynolds number and/or the strictness of the threshold criterion makes

hibernation happen less frequently. Secondly, the frequency of occurrence of hyperactive turbulence

decreases with the threshold whereas it increases with the Reynolds number.

It is important to note that the abovementioned quantities, tH , FH , tHA and FHA, should be

interpreted in terms of their behaviour and trend with respect to Reτ and the threshold; their specific

values will definitely depend on the choice of the cut-off duration for a hibernating/hyperactive event.

For example, if we choose t∗ = 2.5 as the criterion for a hibernating/hyperactive event, tH and tHA

decrease and FH and FHA increase. Nevertheless, the overall trends remain similar to the t∗ = 3

case. It is also worth noting that the occurrence of hyperactive events is in general very infrequent

— all the cases reported are less than 5%, and they become extremely rare at low Reynolds numbers

(< 1%).

It is worth mentioning that the finite box size does seem to have some effect on intermittency

factors: we calculated the same quantities for a box 1.7 times bigger in both streamwise and spanwise

directions and found that both FH and FHA have reduced. Their trend as a function of Reτ remains

the same, however. On the other hand, it should also be noted that the conditional quantities
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Figure 4.8: Unconditional (solid lines) and conditional (filled circles) ensemble-averaged streamwise mean-velocity profiles at
different Reynolds numbers. The black dotted line is the viscous sublayer, U+ = y+; black dashed-dotted line is the Prandtl-
von Kármán log-law, U+ = 2.5 ln y+ + 5.5 and the black dashed line is the Virk MDR log-law, U+ = 11.7 ln y+ − 17.0. The
orange dashed lines show the lower and upper 95% confidence intervals to the MDR asymptote Virk et al. [1970]; Graham
[2014].

including wall shear stress (including the precursor peak and plateau), mean velocity and flow

structures, are insensitive to a further increase in box size.

4.1.3 Conditional mean velocity profiles

Figure 4.8 shows the streamwise unconditional time averaged velocity profiles at different Reynolds

numbers with solid lines. These all lie slightly above the Prandtl-von Kármán log-law and are in

good agreement with experimental and other numerical values reported in the literature at similar

Reynolds number [Patel and Head, 1969; Kasagi and Shikazono, 1995; Tsukahara et al., 2005]. In

Figure 4.8(a) we also present in solid circles the conditional mean velocity profiles during hibernation

events at the same Reynolds numbers, evaluated on a line extending from the measurement point

xs vertically into the fluid. These profiles are calculated by first determining the ensemble-averaged

streamwise velocity for several hibernation events, averaging it over the plateau region t∗ = 0.7−3.0,

and finally scaling it with the hibernating wall shear stress determined during the same time interval.

For reference, also shown on the same plot is the 95% confidence interval to the MDR asymptote

within which velocity profiles in the MDR regime from a number of representative computational
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Figure 4.9: Unconditional (line) and conditional (symbols) mean velocities for hibernation at Reτ = 100. Results are
presented for various threshold criteria (95%, 90%, 85%, 80%, 75% — increasing hibernation strictness in that order) and
time durations (t∗ > 3 and t∗ > 2).

and experimental studies lie [Graham, 2014] — close to the wall, data for polymer solutions lies

close to the lower end of the interval, while farther from the wall it approaches the upper end. The

hibernating profiles lie well above the Prandtl-von Kármán log-law, and in fact brush against the

lower end of the MDR confidence interval. Figure 4.8(a) also shows mean velocity profiles of lower

branch ECS. It is observed that in the region y+ . 30 the conditional and ECS velocity profiles are

very similar while close to the centreline the conditional turbulent mean deviates downward from

the ECS profile. Even in the low drag intervals the turbulence has fluctuations in the core of the

flow that are absent from the P4 lower branch solutions. Only a weak dependence of conditional

profiles on Reτ is observed.

Mean velocity profiles during hyperactive turbulence are illustrated in Figure 4.8(b), alongside

the unconditional profiles at the same Reynolds numbers. It is observed that as the Reynolds number

is increased keeping the threshold criterion fixed, the mean velocity profile of the hyperactive event

moves down, away from the Prandtl-von Kármán log-law.

A detailed sensitivity analysis at Reτ = 100, showing the effect of both threshold and time

duration criteria on the velocity profiles, is presented in Figure 4.9. Increasing the strictness of
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the stress threshold (different coloured curves) results in the lowering of the plateau stress during

hibernation (Figure 4.6), which then results in the elevation of velocity profile in the region y+ & 20

as shown in Figure 4.9. Note that here also, and in all the future chapters, each velocity profile

is scaled with the corresponding mean wall shear stress, unconditional or conditional as the case

may be. On the other hand, the velocity profiles are insensitive to the the time duration (circles

and triangles) — this result is consistent with with insensitivity of the the stress plateau during

hibernation on the duration threshold. The same trends are obtained for Reτ = 70 and 85.

4.1.4 Spatial variation of wall shear stress and flow structures during

temporal hibernation events

In this chapter we look at the spatial patterns of wall shear stress and velocities observed before

and during hibernation intervals. In particular, flow behaviour at and away from the measurement

location and its relation to hibernation and hyperactivity are discussed. Figures 4.10(a) and 4.10(b)

show the spatial structure of ensemble-averaged wall shear stress fluctuations at Reτ = 85 before

(t∗ = −0.52) and during (t∗ = 0.41) the hibernation event as observed at the white dot at the wall at

(x+, z+) = (1500, 400). They are generated by identifying several instantaneous hibernation events

at the centre of the domain (white dot) based on the set criteria, τw/τw ≤ 90% for a duration of t∗ > 3

for this case, shifting the time-axis so that t∗ = 0 corresponds to the time of the onset of hibernation,

i.e., when the wall shear stress starts to fall below the threshold, and finally ensemble-averaging all the

conditionally-sampled instantaneous wall shear stress-fluctuations fields, τ ′w (x, z, t), corresponding

to the given time. Here, the fluctuating field is given as τ ′w = τw − τw. Ensemble-averaged results

at Reτ = 70 and 100 are qualitatively similar and hence not shown. The “before” picture (Figure

4.10(a)) shows a region of higher-than-mean wall shear stress (red colour) that corresponds to the

precursor peak in the local wall shear stress as observed in Figure 4.3(a). It also shows a region

of lower-than-mean wall shear stress (blue colour) trailing behind the red region. This blue region

has fully developed in the “after” picture (Figure 4.10(b)) and it corresponds to the plateau in

the local wall shear stress in Figure 4.3(a), depicting the low wall shear stress nature of hibernating

turbulence, for example, an elongated low-speed streak spanning a length of approximately 1500 and

50 viscous wall units in the streamwise and spanwise directions, respectively. This low-speed streak



32

(a) Before hibernation, t∗ = −0.52 (b) During hibernation, t∗ = 0.41

Figure 4.10: Spatial patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90%) wall shear stress fluctuations at
Reτ = 85 before and during hibernation.

(a) Before hyperactivity, t∗ = −0.48 (b) During hyperactivity, t∗ = 0.45

Figure 4.11: Spatial patterns of ensemble-averaged conditionally-sampled (τw/τw ≥ 110%) wall shear stress fluctuations at
Reτ = 85 before and during hyperactivity.

is a result of a low wall shear stress region and corresponds to a localised pair of counter-rotating

vortices. The structures of these vortex pairs is discussed below. Sample instantaneous wall shear

stress-fluctuations fields before and during hibernation are shown in Figure 4.2. In all the “before”

pictures (left column) we can see high wall shear stress at the measurement location while in the

“after” pictures (right column), a low wall shear stress is seen at the same location.

We use the method described above to generate the ensemble-averaged spatial patterns of the wall

shear stress before and during hyperactivity. The light blue colour in the centre of Figure 4.11(a)

corresponds to the very brief drop in the wall shear stress before the start of hyperactivity, for

example, see Figure 4.3(b). The red region trailing behind it which is fully developed in the channel

centre (Figure 4.11(b)) corresponds to the higher-than-mean wall shear stress during hyperactivity.

As discussed in Chapter 4.1.2, the frequency of occurrence of hyperactive events is very low — only
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(a) During hibernation, t∗ = −0.41 (b) After hibernation, t∗ = 0.52

Figure 4.12: Spatial patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90%) wall shear stress fluctuations at
Reτ = 85 during and after hibernation.

about 2% of the total time is spent in hyperactivity for the case plotted. Thus, averaging in even

very long trajectories does not give good statistics. This effect can in fact be observed at points

far from the measurement location in Figure 4.11 where the wall shear stress does not revert as

smoothly as in the case of low-drag events back to the overall mean value.

We now look at the spatial patterns at Reτ = 85 as the flow leaves hibernation. In Figure 4.5(a)

we observed a brief spike in the wall shear stress just after the hibernation period. The plateau of

low wall shear stress is illustrated by an elongated low-speed streak in Figure 4.12(a) and the spike

that follows by a region of elevated wall shear stress at the measurement location in the centre in

Figure 4.12(b).

In the spatial patterns presented above for the three cases: (1) before and during hibernation,

(2) before and during hyperactivity, and (3) during and after hibernation, reflection symmetry was

enforced in the spanwise direction. Therefore, we do not get any information about the orientation of

an ensemble-averaged hibernation event with respect to the mean flow, i.e., whether it is symmetric

or asymmetric. In order to determine the relative orientation of ensemble-averaged hibernation

events, we introduce an additional condition while sampling them — the additional condition will

determine whether the flow is toward the left or toward the right of the measurement location. This

additional condition is described below. In addition to the hibernation criteria, we also measure the

following flow quantities: (1) ∂U/∂z at y+ = 15 above the wall shear stress measurement location,

and (2) ∂W/∂y at the wall shear stress measurement location. While the first quantity tells if a

streak is flowing straight (∂U/∂z = 0) or if it is meandering (∂U/∂z 6= 0), the second quantity
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(a) Before hibernation, t∗ = −0.52 (b) During hibernation, t∗ = 0.41

Figure 4.13: Spatial patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90% and ∂U/∂z|y+=15 > 0) wall shear
stress fluctuations at Reτ = 85 before and during hibernation.

(a) Before hibernation, t∗ = −0.52 (b) During hibernation, t∗ = 0.41

Figure 4.14: Spatial patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90% and ∂W/∂y > 0) wall shear stress
fluctuations at Reτ = 85 before and during hibernation.

is simply the spanwise wall shear stress. Events that satisfy the hibernation criteria as well as the

condition ∂U/∂z|y+=15 > 0 (or ∂W/∂y > 0) are averaged. Hibernation events for which the quantity

is < 0 are flipped in the spanwise direction and then the average is computed.

The spatial patterns of wall shear stress fluctuations before and during hibernation satisfying

the additional asymmetry criterion are shown in Figure 4.13 (for ∂U/∂z|y+=15 > 0) and Figure 4.14

(for ∂W/∂y > 0). It is observed that for both the cases, compared to the results shown in Figure

4.10, the “before” picture looks somewhat asymmetric whereas the structure during hibernation is

very close to being symmetric.

We now look at the flow structures in the cross-flow plane as observed before and during hi-

bernating intervals. In Figure 4.15 we show the ensemble-averaged y-z planes of the channel at

Reτ = 85 before (t∗ = −0.52) the hibernation event. Figure 4.15(b) corresponds to the location
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(a) Before hibernation, x+ = 500 (b) Before hibernation, x+ = 1500

Figure 4.15: Flow patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90%) velocities in the y-z plane of a
turbulent channel flow at Reτ = 85 before the hibernation event.

(a) During hibernation, x+ = 500 (b) During hibernation, x+ = 1500

Figure 4.16: Flow patterns of ensemble-averaged conditionally-sampled (τw/τw ≤ 90%) velocities in the y-z plane of a
turbulent channel flow at Reτ = 85 during the hibernation event.

where measurements are taken, at x+ = 1500, while Figure 4.15(a) corresponds to x+ = 500, a

region developing behind the measurement location. Flow is out of the plane. Contours represent

the streamwise velocity whereas arrows represent the wall-normal and spanwise velocities. At

the measurement location we observe a downward motion of fluid (indicated by downward-pointing

arrows) and this momentum transfer toward the wall results in a region of high wall shear stress

corresponding to the precursor peak in Figure 4.3(a) and 4.10(a). The low wall shear stress region

that trails behind the high wall shear stress is formed due to the motion of fluid away from the wall.

This region develops into a long low-speed streak as the flow enters hibernation. This is illustrated

in Figure 4.16 for Reτ = 85 at t∗ = 0.41. At both the locations, i.e., measurement location at
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x+ = 1500 and trailing location at x+ = 500, we observe transfer of momentum away from the

wall which corresponds to counter-rotating streamwise vortex pairs that result in a long streamwise

streak as observed earlier in Figure 4.10(b).

4.2 Spatial intermittency and connections to nonlinear trav-

elling waves

4.2.1 Spatial distribution of hibernation and quantification of spatial in-

termittency

We now turn from temporal sampling to spatial sampling of the channel flow dynamics. To

discriminate between spatially occurring high, intermediate and low drag regions and quantify the

intermittency, we use a technique similar to what Nolan and Zaki [2013] used to discriminate laminar

spots from turbulent spots. Specifically, we introduce a detector function that uses information from

longitudinal and lateral variations of velocity, and compute this for each snapshot obtained from

DNS. Simply using the wall shear stress as the detector function is not desirable because even in a

region of high turbulence activity there will be low stress regions corresponding to low-speed streaks.

We found that a better detector function combines the wall shear stress with the spanwise derivative

of the streamwise velocity above the wall in the buffer layer:

D (x, z) ≡
∣∣∣∣∂U∂y

∣∣∣∣
w

+
∣∣∣∣∂U∂z

∣∣∣∣
y+=15

. (4.4)

The first term on the right-hand side is simply the drag; the reasoning for choosing the second term

is as follows. It is known that the streaks do not always flow straight in the streamwise direction

— they meander in the spanwise direction as well. Johansson et al. [1991] showed that streaky

structures asymmetric in the spanwise direction result in large turbulence production. To take this

into account, we include the streamwise velocity gradient in the spanwise direction, ∂U/∂z, in the

buffer layer at the point of maximum variance, y+ = 15, in our detector function. We did consider

other detector functions, for example, D = |∂U/∂y|w + |∂W/∂y|w, where W is the spanwise velocity
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— both gave very similar results. This function is lowpass-filtered by a Gaussian filter, the size

of which is set according to correlation lengths: the characteristic streamwise length of the streak

(600 wall units) and the characteristic stream spacing (100 wall units). We then apply Otsu’s

method independently to the D field for each snapshot [Otsu, 1979], which results in a demarcation

between regions of varying levels of turbulence. We emphasise that there are no explicit thresholds

of either time or stress level in Otsu’s method — all we specify is the number of classes we want

the data at each time instant to be classified into. Otsu’s method picks out the optimum threshold

by minimising the intra-class variance, or in other words, maximising the inter-class variance. We

specify that three classes be sought (corresponding to low, intermediate and high values of D). The

boundaries (or edges) between any two classes results in demarcation of weakly, intermediately and

strongly fluctuating regions (hibernating, active and hyperactive).

An example of the result of the Otsu algorithm is shown in Figure 4.17. The contours in Figure

4.17(b) represent the wall shear stress patterns from an instantaneous flow-field at Reτ = 85. Black

solid and dashed lines correspond to the two thresholds obtained from the filtered detector function

at the same time instant, the contours of which are shown in Figure 4.17(a). The solid line represents

the demarcation line between high-drag and intermediate-drag regions and the dashed line separates

the intermediate-drag areas from the low-drag areas. A distinct difference between the three regions

is observed — areas enclosed by solid lines show high wall shear stress and strong fluctuations

whereas the areas enclosed by dashed lines are smooth, local wall shear stress values are low and the

variations are small. Regions between solid and dashed lines lie in the intermediate-drag regime.

Streamwise velocity profiles are sampled conditionally for the three intermittent spatial regimes

— low, intermediate and high D — and averaged over those conditional areas for the entire time

series. Note that we are treating all the spatially occurring low drag events equally — an event

covering a large area is given equal weightage as two or more widely separated events covering the

same area. Same is applicable to intermediate and high drag events. In Figure 4.18(a), 4.18(b) and

4.18(c) we compare conditionally-averaged mean velocity profiles from edge-detection scheme with

the pointwise thresholding results discussed earlier in Chapter 4.1.3. We see a clear dependence of

mean flow statistics on the spatially intermittent nature of near-wall turbulence — the conditional

profiles in the low and high drag regions lie respectively, above and below, the intermediate drag
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(a) Detector function after filtering (b) Wall shear stress fluctuations

Figure 4.17: Contours of (a) detector function after filtering and (b) spatial patterns of wall shear stress fluctuations from
a single snapshot of DNS at Reτ = 85, along with the thresholds (solid and dashed curves) obtained from application of
Otsu’s method to the field shown in (a).

conditional profile which lies almost over the unconditional time averaged velocity profile. This is

observed at all the Reynolds numbers. We also find a very good agreement of velocity profiles of

hibernating, active and hyperactive turbulence that were based on temporal analysis with those

from spatial analysis, i.e., conditional low and high drag velocity profiles from temporal sampling

show good correspondence with the conditional low and high drag profiles, respectively, from spatial

analysis. It is important to emphasize that the temporal and spatial sampling techniques are com-

pletely different from one another (the temporal analysis requires thresholds on wall shear stress and

time duration to be specified explicitly while there are no predetermined thresholds in the spatial

analysis), so the quantitative similarity between the results is a reflection of the robustness of the

intermittency phenomenon in these flows. Here also, the agreement between velocity profiles of lower

branch ECS and low drag regions is good in the region y+ . 30, especially for Reτ = 70 and 85.

In the above results, we have illustrated the intermittent dynamics (both temporal and spatial) of

transitional channel flow turbulence in an extended domain. In minimal channels, the intermittency

is associated with the chaotic movement of turbulent trajectories between lower and upper branch

ECS. In Figure 4.19, we compare conditional mean profiles from our analyses here to those in the

minimal channel. Velocity profiles of ECS are also included for comparison. The mean velocity profile

of low drag events in the minimal channel is determined using the log-law slope criterion developed by

Xi and Graham [2012b]: the instantaneous log-law slope of the velocity profile (A∗20−30) is obtained

in the interval y∗ = 20 − 30, and if A∗20−30 > 7, it is considered to be low drag (or hibernation).

Here, the superscript ‘∗’ indicates normalisation with the instantaneous viscous length scale. It is
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Figure 4.18: A comparison between conditionally-averaged streamwise velocity profiles based on time and space criteria at
the corresponding Reynolds number.

observed that all the low drag velocity profiles — both minimal and large domain — show very good

agreement. The agreement with lower branch ECS profile is also excellent in the region y+ . 30.

Finally, we quantify the spatially intermittent nature of hibernation. Figure 4.20 shows intermit-

tency factors for hibernation based on temporal and spatial sampling techniques: the red line from

temporal sampling as one shown in Figure 4.7 and the green line is based on spatial sampling and
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Figure 4.19: Comparison of low drag velocity profiles in minimal channel occurring temporally (when A∗20−30 > 7) with
low drag velocity profiles in an extended domain occurring both temporally (when τw/τw ≤ 90% for t∗ > 3) and spatially
(regions of low values of D (x, z)). Velocity profiles of lower branch ECS are also plotted for comparison.

is calculated as:

FH =

NH∑
n=1

AH,n

A
(4.5)

Here, AH,n is the area of the nth patch of the domain undergoing hibernation at any given time,

NH is the total number of patches in an instantaneous snapshot and A is the total surface area of

the wall. It is observed that firstly, both temporal and spatial intermittency factors are very close
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Figure 4.20: Intermittency factors for hibernation, both temporal and spatial, as a function of friction Reynolds number.

to each other for all the Reynolds numbers, and secondly, as the Reynolds number is increased, the

occurrence of hibernation, both temporally and spatially, decreases. It is worth mentioning that,

by construction, the spatial separation of hibernation patches is larger than the correlation lengths

of the flow. The average separations between the centres of mass of hibernation patches in the

streamwise and spanwise directions, respectively, in wall units, are 1131.54 × 288.14 for Reτ = 70,

1108.87 × 282.32 for Reτ = 85 and 1113.66 × 282.19 for Reτ = 100. In other words, it is higher

than the correlation lengths in the streamwise and spanwise directions, respectively, by a factor of

1.89×2.88 for Reτ = 70, 1.85×2.82 for Reτ = 85 and 1.86×2.82 for Reτ = 100. There does not seem

to be a clear dependence of the mean spatial separation between hibernation patches on Reynolds

number, but the area of the region undergoing hibernation does depend on Reynolds number as

already shown in Figure 4.20. It is noteworthy that we get nearly identical velocity profiles and

intermittency factors from two completely independent thresholding criteria, one based on time,

and the other based on space.
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4.2.2 Connections to nonlinear travelling waves

Figure 4.21 illustrates a bifurcation diagram of average velocity versus friction Reynolds number

for the “P4” family of minimal domain travelling wave (TW) solutions discussed in Chapter 2.

These solutions have streamwise and spanwise periods of length π and π/2, respectively, in outer

units. A solution with higher friction Reynolds number (Reτ ) is an upper branch (UB) solution

corresponding to high drag, while that with lower Reτ is a lower branch (LB) solution. Curves for

the Prandtl-von Kármán and Virk MDR log law profiles are also shown. In this representation,

also known as the Prandtl-von Kármán plot, the lower branch solutions lie above the upper branch

solutions, because for the same wall shear stress, a lower branch solution has higher bulk velocity

than the upper branch solution. We will make comparisons between extended-domain DNS results

and minimal channel ECS at constant mass flux (laminar centreline velocity Re). The DNS at

Reτ = 70, 85 and 100 have Reynolds numbers based on the laminar centreline velocity (Re) of

1490, 1820 and 2200, respectively. The ECS used for comparison are represented on the plot as

red, green and blue triangles, respectively. Triangles pointing upwards are upper branch solutions

whereas triangles pointing downwards are lower branch solutions. For the P4 family, there are

two lower-branch-solution branches, denoted as “LB1” and “LB2”, and two upper-branch-solution

branches, denoted as “UB1” and “UB2” [Park and Graham, 2015]. Lower branch solutions used for

comparison with DNS that lie on the LB1 branch are represented as hollow triangles while the ones

that lie on the LB2 branch are represented as filled triangles. Only the solutions that lie on the UB1

upper branch are used for comparison — the UB2 branch has not yet been successfully resolved for

higher Re. Mean velocity profiles of these travelling wave solutions are illustrated in Figure 2.1(b).

A subharmonic branch (SB) arises above the turning point of the LB solutions at Reτ = 88.7, giving

rise to spatiotemporal period doubling — this branch has doubled fundamental spatial periods in

the streamwise and spanwise directions compared to the P4 solution family.

It should be kept in mind that the ECS used for comparison here come from one particular

family (P4) at one particular domain size. An interesting feature of this family of solutions, as

already mentioned earlier, is that the turbulent dynamics in the minimal channel is organised around

these ECS. As illustrated in Figure 2.1(a), Park and Graham [2015] studied connections between

travelling wave solutions and turbulent trajectories in a minimal domain, observing that while the
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Figure 4.21: Prandtl-von Kármán plot of the bifurcation diagram for the “P4” family of ECS [Park and Graham, 2015].
The average velocities as a function of friction Reynolds number are shown. Corresponding curves for Newtonian turbulence
and Virk MDR are also shown.

dynamical trajectory spends most of the time in one core region of the state space, fluctuating about

the upper branch ECS UB1, it occasionally escapes the core region and passes through the vicinity

of LB1 solutions, approaching LB2 very closely. In particular, LB2 is the closest approach of the

trajectories to the laminar state and seems to form a lower bound of the turbulent trajectory with

regard to flow properties like wall shear stress, energy dissipation rate and turbulent kinetic energy

— see Figure 2.1(a). This observation is further illustrated in Figure 4.22 where we show time series

of wall shear stress in minimal channel turbulence at laminar centreline Reynolds numbers of 1490,

1820 and 2200.

To address the relationship between large-box DNS with upper and lower branch ECS, we begin

by comparing averages over patches the size of minimal channel ECS in the large domain with the

actual ECS. In Figure 4.23 we show time series of wall shear stress measured over a patch the size

of a minimal channel, L+
x ≈ 360, L+

z ≈ 140, and compare it with the wall shear stress of the exact

coherent states at the same Re. Due to the saddle-node bifurcation shown in Figure 4.21, we observe

that the wall shear stress of both LB1 and LB2 decreases as the Reynolds number is increased. The
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Figure 4.22: Time series of the wall shear stress measured in a minimal channel at different Reynolds numbers. Time
averaged values and wall shear stress for upper and lower branch ECS are also shown for comparison.
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Figure 4.23: Time series of the wall shear stress measured over a minimal patch in a large channel at different Reynolds
numbers. Time averaged values and wall shear stress for upper and lower branch ECS are also shown for comparison.

gap between the lower branch ECS and the DNS increases with increasing Reynolds number. The

LB2 branch seems to form the lower bound to the wall shear stress for the corresponding large-

box DNS; this bound is fairly sharp at low Re but becomes less so as Re increases. This result

is important because the same trend has been observed in minimal channels. In fact, Figure 4.23

(minimal patches in the large box) is virtually indistinguishable from Figure 4.22 (minimal box).

This suggests that localised regions in a large box approach the travelling wave solutions in a way

similar to minimal channels.

To make a closer comparison of hibernating turbulence occurring spatially in a large domain with

a lower-branch ECS, we consider the conditionally averaged velocity field around a point located

in the centre of an instantaneous patch undergoing hibernation. For DNS at Re = 1820, a total
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Figure 4.24: Spatial patterns of ensemble-averaged wall shear stress fluctuations at Reτ = 85 (Re = 1820). The white dot
represents the location at which the centroids of individual low-drag patches were centred.

number of 26033 low-drag regions or patches are identified using the edge-detection scheme discussed

in Chapter 4.2.1. This amounts to an average of 9 events occurring per field. The conditionally

averaged flow field is determined by locating the centroids of all the low-drag patches, shifting the

velocity fields such that all centroids coincide, and then averaging them. Reflection symmetry is

enforced in the spanwise (neutral) direction. The spatial wall shear stress pattern of the resulting

conditionally averaged flow field is shown in Figure 4.24. We observe a low-speed streak in the

streamwise direction straddled by streamwise vortices. Qualitatively, the picture looks similar to

the conditionally averaged wall shear stress patterns obtained by pointwise thresholding (see Figure

4.10(b)) except for a couple of differences. First, the spatially sampled streak is not as elongated

as the temporally sampled one. Second, the spatially identified streak has a spanwise width a little

bit higher than that from temporal sampling. This is because there is no time criterion in spatial

sampling. To get an estimate of the size of the ensemble-averaged low-drag patch (e.g. Figure 4.24),

we calculate the moments of inertia of individual patches and then take the average. The effective

radius, or the radius of gyration (Rg), of the patch is a good representation of its size, and it is

related to the moment of inertia (I) as:

I = mR2
g (4.6)

where m is the “mass” of the patch. For our case, m would be the total wall shear stress of the



46

patch. The radius of gyration, Rg,xx (or Rg,zz) can then be calculated as:

Rg =

√∫
r2dm∫
dm (4.7)

where r is the distance of the area element of “mass” dm from the axis along the spanwise (or the

streamwise) direction, passing through the centroid of the patch. To get a better indication of the

simple size of the regions, we calculate the uniformly-weighted lengths, i.e., we assume that dm =

constant. The moments of inertia about the streamwise direction (Ixx) and the spanwise direction

(Izz) give us the radii of gyration in the spanwise and streamwise directions, respectively. The

uniformly-weighted average lengths of the low-drag patch in the streamwise and spanwise directions,

i.e., Rg,xx and Rg,zz, respectively, are 317.97 × 45.59 for Reτ = 70, 287.65 × 31.76 for Reτ = 85

and 277.70 × 29.11 for Reτ = 100. This observation further corroborates the claim that the size of

low-drag regions decreases as the Reynolds number is increased (see Figure 4.20).

Illustrated in Figure 4.25 are conditionally averaged mean velocity profiles at the centroid of

hibernation regions occurring spatially. For example, the hibernation profile in Figure 4.25(b) cor-

responds to the streamwise velocity profile observed at the white dot in Figure 4.24. As we have

done everywhere, each velocity profile plotted in Figure 4.25 is scaled with the corresponding mean

wall shear stress, unconditional or conditional as the case may be. This is why they all collapse in

the near-wall region. For all the three cases, we observe that the velocity profiles at the centroid of

hibernation patches are elevated: they lie well above the unconditional time averaged profiles from

DNS and very close to the lower branch ECS. In fact, in the region y+ . 30, both the conditional and

ECS velocity profiles are very similar, and become nearly indistinguishable as the Reynolds number

is increased. However, the behaviour in the core (near the centreline) remains distinct. Similar ob-

servations were made while comparing lower branch ECS profiles with conditionally averaged (low

drag) profiles from temporal and spatial sampling techniques (Figure 4.8(a) and Figure 4.18). This

pattern is also observed by other researchers when comparing ECS to minimal channel turbulence

[Park and Graham, 2015; Hwang et al., 2016] and localised relative periodic orbits (RPOs)/lower

branch solution to turbulent puffs in pipe flows [Avila et al., 2013] — it seems that a single ECS is

not capable of capturing both near-wall and core dynamics. The close similarity for y+ . 30 again
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Figure 4.25: (a), (b), (c) Comparison of conditional mean velocity profiles at the centroid of hibernation patches in a large
box with lower branch ECS at the same Reynolds number. (d) All the conditionally averaged velocity profiles at the centroids
of hibernation patches at different Reynolds numbers.

suggests that a hibernation event in an extended domain is, at least with regard to mean velocity, a

spatially local approach toward a lower branch ECS. In Figure 4.25(d), conditional streamwise ve-

locity profiles observed at the centroid of hibernation regions are presented as a function of Reynolds

number. There does not seem to exist an obvious dependence on Reynolds number.

We now propose a way of quantifying the “local closeness” of a DNS to lower and upper branch

exact coherent states. We consider instantaneous snapshots of spatial patterns of wall shear stress.
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(a) Re = 1490, LB2 (b) Re = 1490, UB1

(c) Re = 1820, LB2 (d) Re = 1820, UB1

(e) Re = 2200, LB2 (f) Re = 2200, UB1

Figure 4.26: Spatial patterns of wall shear stress fluctuations of P4 lower and upper branch travelling wave solutions.

See Figure 4.2 for some examples of snapshots at Reτ = 70, 85 and 100; here we will be using the

snapshots from the right column to make comparisons with the travelling wave solutions (plotted

again in Figure 4.27 (a), (d), (g)). We calculate how closely a localised coherent structure from a

DNS snapshot resembles the chosen ECS based on the wall shear stress measurements. In particular,
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we calculate the following function:

d (x, z, t) = min
φ

 1
L′xL

′
z

√√√√∫ x+L′x
2

x−L
′
x

2

∫ z+L′z
2

z−L
′
z

2

{f (x′, z′, t)− g (x′, z′, t, φ)}2 dx′dz′

 (4.8)

Here, d is the “distance” between DNS and ECS, f is a flow property from the DNS and g is the

same flow property from the travelling wave or a reference template, x and z are the coordinates in

space, φ represents the spatial phases in x and z of g relative to f , and L′x = π and L′z = π/2 are

the streamwise and spanwise periods, respectively, of the ECS we are using for comparison. Since

we have chosen to quantify the closeness based on wall shear stresses, here f = τw,DNS (x, z, t) and

g = τw,TW (x, z). Shown in Figure 4.26 are wall shear stress fluctuation patterns of the lower (LB2)

and upper (UB1) branch travelling wave solutions of the P4 family used as templates for comparison

with DNS. Figures 4.27 (b), (e), (h) show instantaneous spatial variation of d when the reference

template is wall shear stress of a lower branch travelling wave. It can be observed that bluer regions

that have smaller values of d are the ones that are much “closer” to the lower branch travelling

wave and thus exhibit low drag. On the other hand, regions that are more red are characteristic of

high drag. In Figure 4.27 (c), (f), (i), the distance of DNS from the upper branch travelling wave is

shown. A red region in this figure may not necessarily mean low drag, but could also mean a high

drag region due to hyperactive or active (normal) turbulence that is just different from the upper

branch travelling wave used here for comparison. On the other hand, a blue region on this figure

would mean that it is close to the upper branch and will exhibit high drag.

To summarise, a number of separate results, from time-series of wall shear stress to conditional

mean velocity profiles to a measure of local similarity between wall shear stress patterns suggest that

near-wall features of exact coherent states found in minimal channels appear in a spatiotemporally

local manner in extended domains. In summary, the results presented here suggest that spatiotem-

poral intermittency in transitional channel flow turbulence is related to temporal intermittency, and

by extension to the state space structure, in the minimal channel.
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Chapter 5

Conclusions of Part I

The present work has quantified, using temporal and spatial sampling and conditional averaging

techniques, the intermittent dynamics of transitional channel flow turbulence in an extended domain.

In minimal domains, turbulence in this Reynolds number range displays substantial intermittency

that is associated with chaotic movement of turbulent trajectories between lower and upper branch

invariant solutions known as exact coherent states (ECS). In the present work we address the rela-

tionship between temporal dynamics in minimal channels and spatiotemporal dynamics in extended

domains. Both temporal and spatial analyses of the turbulent velocity fields are performed, the

latter using image analysis methods. These analyses partition the flow characteristics into three

classes depending on degree of turbulence activity; we present the differences between flows fields in

these classes in terms of simple quantities such as mean velocity, wall shear stress and flow struc-

tures. Notably, the temporal and spatial analysis methods, although completely independent of one

another, yield very similar results for both low and high drag regions. The conditional mean velocity

profiles during low drag events in large domains, both temporal and spatial, closely resemble those

found in low drag temporal intervals in the minimal channel. Finally, we present connections be-

tween turbulence and exact coherent states by comparing wall shear stress in localised patches the

size of minimal channels in large domains with those in actual minimal channel. Conditional mean

velocity profiles during low drag intervals occurring temporally and spatially in extended domains

were compared with the lower branch ECS profiles from the P4 family of solutions and an excellent
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agreement was found in the region y+ . 30. This analysis shows that, at least with regard to the

quantities studied here, the near-wall flow structure in the low drag patches of the large domain

resembles that of a lower branch ECS. A clear direction for future work is development of methods

to extend the comparison to incorporate more details of the velocity fields.

We believe that these results have the potential to shed light on the structure and dynamics

of “laminar” intervals in the laminar-turbulent transition regime, especially as Reynolds number

increases toward the uniformly turbulent regime. In particular, our work is consistent with that

of Avila et al. [2010], who note that intermittent low-drag excursions persist into the fully turbu-

lent regime. We find that although low-drag “hibernating” events become increasingly rare as Re

increases, their structure, especially in terms of conditional mean velocity profile, is insensitive to

Re. Finally, the results presented here suggest that spatiotemporal intermittency in transitional

channel flow turbulence is related to temporal intermittency, and by extension to the state space

structure, in the minimal channel. The similarity in near wall structure, especially wall shear stress

and conditional mean velocity profile, suggests that ECS found in a minimal channel continue to

play some role in organising the spatiotemporal dynamics in extended domains.
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Part II

Implementing wall deformation

using immersed boundary methods
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Chapter 6

Introduction

We now switch the focus of the dissertation to the development and testing of new flow control

strategies. The details of the flow control methods are discussed in Part III of the dissertation.

Part II deals with the numerical skeleton behind the implementation of those techniques. At this

point, it would suffice to mention that for the flow control methods we have developed to change the

dynamics of turbulent flows, they require the domain to change its shape dynamically, specifically

the walls of the channel. The deformations are pretty small — they extend only up to a few viscous

units, and under such circumstances, the wall can safely be assumed to be hydraulically smooth

[Endo et al., 2000]. Satisfying the desired boundary conditions on a wall with a complex shape

is not straightforward. Part II presents a detailed literature review of how flows in a domain with

complex shapes (both moving and non-moving) can be simulated. It also presents the specific details

of the method used in the current work to simulate flows over rigid, complex-shaped, moving walls.

In this work, an immersed boundary method (IBM) is used to facilitate the modelling of de-

formable wall. Specifically, the IBM is used to achieve a desired velocity distribution over the chan-

nel wall of some desired shape. Another common way of simulating flow in domains with complex

rigid boundaries is using a boundary-fitted or unstructured grid. However, the boundary (channel

wall) may have a complex shape and doing a coordinate transformation by generating a grid that

conforms to the shape of the walls at every time step can be computationally expensive. Not only

does an unstructured grid require high memory but also the equations resulting from a coordinate
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transformation can be complex to solve, more so if the boundaries are deformable. Thus, to address

the complex interaction between the fluid and the deformable wall, one would seek to solve the

system of equations without having to resort to boundary-conforming methods. A distinguishing

feature of immersed boundary methods is that the entire simulation can be carried out on a Carte-

sian grid without generating an unstructured grid at every time step. The major challenge now is

to accurately model the complex walls and satisfy the boundary conditions on the deformable walls.

This chapter is intended to introduce different types immersed boundary methods and to describe

in detail the method used in this work.

The motion of an incompressible fluid is governed by the momentum equation (A.3) subjected to

continuity equation (A.4) (see Appendix A). Equation (A.3) includes the possibility that the fluid is

subjected to a body force f which can be included in the right-hand side of the momentum equation,

giving it the following form:

∂u

∂t
+ u ·∇u = −∇p+ 1

Re∇
2u + f (6.1)

Gravity is an example of body force. Other body forces, like electromagnetic forces, are produced

in the context of flow control. These forces have been used extensively by researchers in both

experimental and numerical studies, for example, Mani et al. [2008], Qin et al. [2008], Liu et al.

[2009], Choi et al. [2011], Mamori and Fukagata [2014], Whalley and Choi [2014], Hanson et al.

[2014], and Fuaad et al. [2016] to name a few. In the context of immersed boundary methods, the

body forcing f may be used to mimic a boundary condition. A local force density is introduced to

modify the local flow field near the deformable wall while satisfying the proper boundary conditions.

The force f is a function of both space and time since the boundary (channel wall) is continuously

moving and the fluid velocity field which is the key component in determining the forcing, is unsteady.

Immersed boundary methods can broadly be classified into two categories [Iaccarino and Verzicco,

2003; Mittal and Iaccarino, 2005]: (1) continuous (or feedback) forcing, and (2) discrete (or direct)

forcing. In the continuous forcing approach, the forcing term is added to the Navier–Stokes equations

before they are discretised whereas in the discrete forcing method, the forcing term is added either

explicitly or implicitly to the discretised Navier–Stokes equations [Mittal et al., 2008]. Developed
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by Peskin [1972, 1982, 2002], the immersed boundary method was first used to simulate blood flow

in heart valves. In his method, he demonstrated the effect of immersed boundary (elastic fibres in

this case) on the surrounding fluid by transmitting the fibre stress to the fluid through a localised

forcing term f at position x at time t given by:

f (x, t) =
∑
k

Fk (t) δ (|x−Xk|) (6.2)

Here, Fk is the stress at the kth point on the fibre whose coordinates are Xk, and δ is the Dirac

delta function. In general, the location of fibres does not coincide with grid points on the Cartesian

mesh, thus the force f is distributed over a few grid points across the fibre. Thus, the sharp Dirac

delta function is replaced by a smooth function d that distributes the force in the surrounding cells.

The body forcing is then given as:

f (x, t) =
∑
k

Fk (t) d (|x−Xk|) (6.3)

Many forms of the smoothing distribution function d have been used in the past [Peskin, 1972; Saiki

and Biringen, 1996; Lai and Peskin, 2000; Taira and Colonius, 2007] depending on the situation.

Peskin’s method is generally suitable for flows with immersed elastic boundaries.

Researchers like Goldstein et al. [1993, 1995], Saiki and Biringen [1996], Lai and Peskin [2000],

Su et al. [2007], Margnat and Morinière [2009] used a modified form of the IBM described above

to simulate flow over rigid boundaries. They employed a feedback forcing to represent a solid body

and added it to the momentum equation. The analytical expression for the force density f is given

as:

f (x, t) = Ki

∫ t

0
[u (x, t′)− V (x, t′)] dt′ +Kp [u (x, t′)− V (x, t′)] (6.4)

Here, u is the velocity field and V is the desired velocity distribution over a boundary whose

position is x at time t. Ki and Kp are negative constants whose dimensions are 1/T 2 and 1/T ,

respectively. The above forcing expression is like a feedback controller where the velocity difference

u (x, t) − V (x, t) is fed as input to the controller with the aim of minimising this difference. In

other words, the forcing behaves in a way to enforce u = V on the immersed boundary. As u on
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the boundary becomes different from V , f brings it back to V . Magnitudes of constants Ki and Kp

must be big enough so that the force can act with a frequency higher than the highest frequencies

present in the flow [Fadlun et al., 2000]. Unfortunately, large values of Ki and Kp make Equation

(6.1) stiff which, therefore, requires time integration to take very small time steps — the CFL number

typically is O
(
10−3 − 10−2) [Goldstein et al., 1993; Saiki and Biringen, 1996]. This increases the

total computation time. Another problem associated with the feedback forcing strategy is that the

smooth force smears the boundary between the solid and the fluid. This means that the boundary

conditions on the immersed surface are not precisely satisfied at its actual location but within a

localised region round the boundary. Thus, a sharp representation of the immersed boundary is not

possible. This is not acceptable for flows at high Reynolds numbers.

The second category of forcing, the discrete or direct forcing, developed by Mohd-Yusof [1997,

1998] explicitly enforces the boundary conditions at the grid points near the immersed boundary.

This form of forcing is obtained by discretising Equation (6.1) in the following way:

un+1 − un

∆t = RHSn + fn+1 (6.5)

where n and n + 1 are the current and next time steps, and RHS comprises of the advective and

diffusive terms and the pressure gradient. Calculation of RHS has been discussed in Appendix A.3.

If the desired velocity distribution at the boundary (channel wall) at the next time step is V , i.e.,

un+1 = V , then the body force that will yield the desired outcome is simply given by:

fn+1 = V − un

∆t − RHSn (6.6)

The boundary conditions after the forcing described in Equation (6.6) is applied holds at every time

step. Moreover, unlike the feedback forcing described in Equation (6.4), there are no free parameters

to choose. Another distinguishing feature of the direct forcing schemes is that they are very much

dependent on the spatial discretisation, which was not the case for continuous forcing. Many variants

of the direct forcing strategy have been tried and tested. In Mohd-Yusof’s formulation, the forces are

applied only on the surface of the immersed boundary or inside the body. For the tangential velocity

components, the velocity of the point immediately interior to the surface is forced to be equal and
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opposite to the velocity at the point immediately exterior to the surface. The normal component

of the velocity is preserved across the surface. Fadlun et al. [2000] modified Mohd-Yusof’s scheme

slightly to be able to use it on a staggered grid using finite-differences. They applied the direct

forcing at the first Eulerian grid points external to the immersed boundary. The velocity at these

points is obtained by a linear interpolation of velocity at the second grid points from the surface in

the fluid region, which comes from solving the momentum equation, and the prescribed velocity at

the surface.

It is known that direct forcing strategies when applied to moving boundary problems may result

in spurious force oscillations on the body. This degrades the quality of solutions and hence should be

minimised. These oscillations occur due to the role change of the fluid-solid interface from one time

step to the next. For example, if a grid point is located inside a solid body at the current time step

and because of the motion of the body, it becomes a part of fluid at the next time step, then force

oscillations will arise due to this spatial discontinuity. Same phenomenon will happen when a point

in the fluid becomes a point in the solid at the next time step. To tackle this issue, one possibility is

to simply filter out the high frequency noise as recommended by Miller and Peskin [2004]. Uhlmann

[2005] reduced these spurious oscillations by combining Peskin’s smoothing function [Peskin, 2002]

and the discrete forcing method of Fadlun et al. [2000]. Yang and Balaras [2006] proposed a field

extension approach to reduce the oscillations. They obtained the velocity and pressure data at grid

points where solid becomes fluid by extrapolating the velocity and pressure fields from adjacent fluid

grid points. These methods proved to be really effective in reducing the force oscillations but did not

completely eliminate them. Kim et al. [2001], Huang and Sung [2007], Lee et al. [2011a] and Lee and

You [2013] got rid of the pressure discontinuity by adding a mass source/sink term in combination

with momentum forcing. The mass source/sink term was added only for the cells containing the

immersed boundary to satisfy mass conservation. Lee et al. [2011a] also concluded that the force

oscillations can also be reduced by decreasing the grid spacing or increasing the computational time

step.

Some of the other researchers who have used direct forcing formulations include Deng et al.

[2006], Zhang and Zheng [2007], Kang et al. [2009a], Guy and Hartenstine [2010], Pinelli et al.

[2010], Liao et al. [2010], Seo and Mittal [2011], Ji et al. [2012], Chang et al. [2014], Gronskis and
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Artana [2016].

We are following the direct forcing scheme proposed by Liao et al. [2010]. The discrete momentum

forcing f (x, t) is applied only at nodes adjacent to the immersed boundary (channel wall) on both

the fluid and the solid side in order to satisfy the no-slip and no-penetration boundary conditions

at the wall. The implementation of the scheme and other problem-specific details are discussed in

the following chapters.
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Chapter 7

Domain set-up

We consider pressure driven flow of an incompressible Newtonian fluid in a rectangular, wall-

bounded domain (channel) maintained at constant mass flux. It is desired to change the shape

of the wall dynamically in order to manipulate the near-wall flow. For a Cartesian coordinate

system like ours, using immersed boundary methods would be helpful for reasons described in

Chapter 6. Conventionally, the deformation of walls in turbulent channel flows has been modelled

by transforming the Cartesian coordinates into appropriate boundary-fitted coordinates at each and

every time step of the simulation [Carlson et al., 1995; Carlson and Lumley, 1996; Mito and Kasagi,

1998; Kang and Choi, 2000; Endo et al., 2000; Sullivan et al., 2000; Endo and Kasagi, 2001; Kang,

2002; Shen et al., 2003; Sun et al., 2011; Nakanishi et al., 2012; Tomiyama and Fukagata, 2013; Kim

and Choi, 2014]. Immersed boundary methods have also been used in the past to simulate turbulent

flows over non-flat surfaces for geometries that are of interest to us. For example, Goldstein et al.

[1993, 1995] and Mohd-Yusof [1997] have simulated turbulent flows in a channel with riblets on

the surface of the wall, Mohd-Yusof [1998] has simulated flows in a turbulent channel with periodic

bumps in the wall. Simulations of turbulent flows over a wavy wall have been conducted by Iaccarino

and Verzicco [2003] and Kang et al. [2009b], whereas Chang et al. [2014] simulated turbulent flows

over periodic hills. Lee et al. [2011b] simulated turbulent boundary layer flows over a rough wall

and Ikeno and Kajishima [2007] did turbulent flows over an inclined wall and a pipe. On one hand,

in an approach that requires a coordinate transformation, the computational domain includes only
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the space occupied by the fluid — the physical Cartesian coordinate system is transformed into

a convenient coordinate system on which calculations can be performed easily, e.g., the Cartesian

coordinates on a wavy channel wall are transformed to boundary-fitted coordinates that do not

change. On the other hand, in an immersed boundary situation, the computational domain consists

of both fluid and solid regions, and it is usually a convenient, regular shape on which equations of

motion for a fluid can be solved for the regions that contain the fluid as well as for the regions that

supposedly contain the solid.

A cartoon depicting the computational domain for our channel flow simulations on deformable

walls is shown in Figure 7.1. As was the case in our regular channel (illustrated in Figure 3.1),

here too, the x axis is aligned with the streamwise direction, the z axis is aligned with the spanwise

direction, and the y axis represents the wall-normal direction. On the whole, the computational

domain has a rectangular channel-like shape shown as solid lines. The portion of the domain that is

supposed to contain the solid is called virtual solid — there are two virtual solids in the computational

domain, one at the top and one at the bottom. The portion between the two virtual solids is the one

that contains the actual fluid, and the interface between the fluid and the solid is termed the virtual

boundary shown as dashed lines. For clarity, the virtual boundaries, both at top and bottom, are

shown as straight dashed lines, but in general they can assume any shape, which may or may not

change with time, depending on the flow control algorithm. Either way, both the virtual boundaries,

which we will refer to as channel walls from now on, should be periodic in both streamwise and

spanwise directions. Both no-slip and no-penetration conditions must be satisfied at both the walls

at each and every time step during the simulation.

As mentioned earlier, a local force density f can be applied at or near the walls to satisfy the

boundary conditions. A cartoon showing where the forces are applied near the walls in all the three

directions is illustrated in Figure 7.2. The dashed line represents the bottom wall (deformable) of the

channel while the solid line is the bottom boundary of the computational domain. Above the wall is

the physical domain containing the fluid and below it is the virtual solid. If the wall coincides with

a grid point, then the forcing is applied at that grid point, but in general, this may not be the case.

In a more general case when the wall does not coincide with a grid point, which is what is illustrated

in Figure 7.2, the forces are only applied at grid points located adjacent to the channel wall. These
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𝐿𝑧 
𝑥 

𝑦 

𝑧 
Figure 7.1: Schematic of the flow geometry showing the full computational domain. Computation domain goes from
y = − (l + δ) to y = l + δ, where δ is the height of the virtual solid near the top and bottom walls. The physical fluid flow
domain goes from y = −l to y = l. Mean locations for the top and bottom walls are set at 〈yw〉 = −l and l, respectively.
Body forcing is applied across the dashed line (channel wall) — an example region is shown enclosed by red lines near the
bottom wall. A magnified representation of this region is illustrated in Figure 7.2.
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Figure 7.2: Application of body forces in the streamwise, spanwise and wall-normal directions at nodes adjacent to the
virtual boundary shown as red arrows.

forces are illustrated as red arrows in the figure. Black arrows simply represent the velocities in the

respective direction. The tangential forcing components (fx and fz) are such that the corresponding

tangential velocity components (u and w, respectively) are reversed across the virtual boundary —

this will make the velocity at the boundary equal to zero, ensuring the no-slip condition at the wall.

The normal forcing component (fy) is such that the normal velocity component (v) relative to the

wall is zero — this ensures the no-penetration condition at the wall. The combined effect of the
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three forcing components at grid points adjacent to the boundary is the development of a smooth

velocity profile across the boundary. The location of the wall must be known prior to the calculation

of f . Numerical details about the body forcing f can be found in Chapter 9.

Both the deformable walls (top and bottom) move only in the wall-normal direction. The mean

distance between the walls is Ly which is twice the mean half-channel height l, i.e., Ly = 2l (see

Figure 7.1). Again, l is chosen as the characteristic length for nondimensionalisation of all the

lengths in the geometry. The channel length is Lx and its width is Lz. Thus, the volume of the

region occupied by the fluid is LxLyLz and it must be kept constant throughout the simulation, i.e.,

there must not be any generation or consumption of fluid mass at any given time. The centre of the

channel is the plane y = 0. The mean location of the two walls of the channel lie at y = ±Ly/2 = ±l;

+ for the top wall and − for the bottom wall. The top and bottom boundaries of the computational

domain are located at a distance of approximately 0.1l from the corresponding virtual boundary,

i.e., at y ≈ ±1.1l. The upstream end of the channel corresponds to x = 0 whereas the downstream

end lies at x = Lx. It should be noted that although, the momentum equations are solved for both

fluid and solid portions of the computational domain, only the fluid region is of importance to us.

The flow inside the virtual solid has no physical meaning and can be safely disregarded.
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Chapter 8

Numerical scheme for the

immersed boundary method

A finite-volume method with discretisation in Cartesian coordinates is used to solve the Navier–

Stokes equations. We adopt a staggered-grid arrangement for flow variables: velocities are calculated

at cell faces and pressure at cell centre. This allows for conservation of mass and momentum in every

cell/control volume. The three components of the body force f , that represent the influence of the

immersed boundary on the fluid, are defined at the location of corresponding velocity components.

The governing equations for the regions occupied by both the fluid and the solid are given by

Equation (6.1), subjected to continuity for incompressible fluids, ∇ · u = 0. For incompressible

fluids, the advective term in Equation (6.1) can be written in the conservation form, yielding the

following form of the momentum equation:

∂u

∂t
+ ∇ · uu = −∇p+ 1

Re∇
2u + f (8.1)

The solution of the Navier–Stokes equations is obtained by using the Crank–Nicolson method for

the diffusive terms and the second-order Adams–Bashforth method for the convective terms. The

discretised momentum and continuity equations are then written as shown below and are solved in
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the following sequence:

û− un

∆t = −3
2∇ · (uu)n + 1

2∇ · (uu)n−1 + 1
2Re∇

2 (û + un) + fn+1 (8.2)

∇2p† = ∇ · û
∆t (8.3)

un+1 − û

∆t = −∇p† (8.4)

Here, n and n + 1 are current and next time steps, respectively, û is the intermediate velocity,

which is a non-divergence-free approximation to un+1, and p† is the pressure. The fractional-

step (projection) method used to integrate the Navier–Stokes equations in time is same as the one

discussed in Appendix A.3.1. The body forcing fn+1 is direct in that it is imposed directly on the

immersed body — the boundary condition holds at every time step. Note that fn+1 has to be

determined in advance in order to satisfy the no-slip and no-penetration boundary conditions at the

immersed boundary at the next time step n+ 1.
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Chapter 9

Forcing strategy for the immersed

boundary method

The body force (f) applied to achieve the desired velocity distribution must be determined before

solving for the intermediate velocity û. We apply the discrete-time momentum forcing only at grid

points adjacent to the immersed boundary (channel wall). Specifically, as shown in Figure 7.2, forces

are applied at the wall if the wall coincides with a grid point, or at the first grid point above and

below the wall if the wall does not coincide with a grid point. The expression for the force density

f is given as follows [Liao et al., 2010]:

fn+1 = us − u∗

∆t (9.1)

where u∗ is an approximation for the updated velocity un+1 near the immersed boundary in the

absence of any forcing. It is estimated with an explicit Adams–Bashforth scheme using a form similar

to Equation (A.46) [Zhang and Zheng, 2007; Kim et al., 2001; Liao et al., 2010; Lee et al., 2011a].

u∗ = un + ∆t
{
−3

2∇ · (uu)n + 1
2∇ · (uu)n−1 + 1

Re∇
2un −∇pn

}
(9.2)
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Figure 9.1: Linear interpolation scheme for the x component of the velocity in the immersed boundary region near the
bottom wall. Flow is from left to right. Interpolation for the z component follows the same scheme.
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In Equation (9.2), us represents the velocity near the immersed boundary region in the presence

of forcing. In order to achieve the no-slip boundary condition at the immersed boundary, we seek

to reverse the flow across the boundary in the streamwise and spanwise directions — u and w

are constrained such that the interpolated velocity field at the immersed boundary is zero. The

wall-normal velocity component (v) at grid point adjacent to the immersed boundary is constrained

to satisfy the no-penetration condition. This means that if the forcing point (which lies on the

immersed boundary interface) coincides with the grid node, then the x and z components of us will

be set to zero and the y component will be set to the prescribed wall-normal velocity of the wall.

The case when forcing points do not coincide with grid locations, and this will be true for most part,

is discussed in the following paragraph.

We use linear interpolation to determine the forcing at the grid point inside the immersed bound-

ary adjacent to the interface required to achieve no-slip boundary condition at the moving bound-

aries. This is illustrated in Figure 9.1 where a linear interpolation scheme for the x component of the

velocity in case of the no-slip wall is presented. The region below the dashed line (virtual boundary)

denotes the virtual solid. In the figure, C is the forcing point — the point adjacent to the immersed

boundary interface. P is the location on the wall directly above C, and C ′ is the mirror image of C

about point P in the fluid region. This means that P lies at the mid-point of the vertical line joining

C and C ′. If the distance between C and C ′ is 2h, then the lengths |PC| = |PC ′| = h. A and B

are, respectively, the first and second velocity points in the fluid region (outside the body surface)

lying at a distance of yA and yB , respectively, from the point P . Clearly, yB > yA. We seek that the

velocity at C (shown as us in the figure) be equal and opposite to the velocity approximation at C ′

(shown as uC′ in the figure). Velocity approximation us at C is determined by using the following

linear interpolation:

us = −uC′ =


− h
yA
u∗A for 0 < h ≤ yA

− (yB−h)u∗A+(h−yA)u∗B
yB−yA for yA < h < yB

(9.3)

Velocities u∗A and u∗B are determined by solving the x component of Equation (9.2). The same
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scheme is applied to the z component of the velocity in order to get ws. The y component of the

velocity at the grid adjacent to the interface in the solid region, vs, is calculated such that the

divergence of the velocity field in the cell cut by the immersed boundary interface is zero. After

all the velocities we want to specify at the grid points adjacent to the immersed boundary interface

are known, forces are determined using Equation (9.1) which are then substituted in the discretised

Equation (8.2) which is then solved to get the updated velocity.

The full numerical procedure at each time step for the above algorithm is summarised below.

Let n time steps have been completed and we want the solution at the (n+ 1)th time step.

1. Determine the location of the immersed boundary interface at time step n+ 1.

2. Identify the points lying in the fluid and solid regions.

3. Calculate u∗ using Equation (9.2).

4. Calculate us using Equation (9.3).

5. Calculate the body force using Equation (9.1).

6. Compute the non-divergence-free velocity field û using Equation (8.2) and then solve the

Poisson equation (8.3) to get the pressure p†.

7. Get the updated, divergence-free velocity un+1 using Equation (8.4).
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Chapter 10

Validation of the immersed

boundary method

Before using the immersed boundary method to implement wall deformation for conducting drag

reduction studies, we apply the method to solve problems with known solutions to establish the

accuracy of the method. The advantages of validating the immersed boundary method are many:

not only do we gain confidence that the results of the problems that we are trying to solve, drag

reduction by wall deformation in our case, are valid but also get to learn more about the method

itself, test its limits and develop even better methods. We test our method with the following

three problems for which solutions are known, either analytically or experimentally/numerically:

(1) unidirectional flow, (2) nearly unidirectional flow, and (3) turbulent flow in a channel.

10.1 Laminar flow in a channel

In this test, we use the immersed boundary method and derive body forcing as described in

Chapter 9 to simulate laminar flow in a channel as illustrated in Figure 7.1. We start a simulation

with a laminar, parabolic velocity profile in the physical domain, i.e., the region bounded by the two

dashed lines, as the initial condition, and see if the laminar profile is maintained. If our immersed

boundary condition can maintain the laminar velocity profile in the channel, it is a good indication
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Figure 10.1: (a) Comparison of steady-state velocity profile obtained numerically from the finite-volume code with the
analytical solution u (y) = 1− y2. (b) Percent error between the numerical and analytical solutions.

that the forcing strategy and the implementation of IBM are correct.

We initialise the streamwise velocity with a laminar, parabolic profile as described by Equation

(A.83); velocity at the centre of the channel is 1. No-slip boundary condition is enforced at the

virtual boundary (channel wall). This is achieved by setting the u velocity at the first grid point

in the virtual solid such that the interpolated value at the virtual boundary is zero. The flow field

in the rest of the virtual solid is arbitrary. The wall-normal and spanwise components are set to

zero everywhere (Equations (A.84) and (A.85)). Other simulation parameters for this validation

test are the same as discussed in Table A.2. The momentum equations are integrated in time until

a steady state is reached. The numerical result is then compared with the analytical solution as well

as laminar flow results from a channel with conventional boundaries, that have been discussed in

Appendix A.4.2.

Figure 10.1(a) shows the laminar steady state velocity profile across the entire computational

domain in red colour. In between the planes y = −1 (bottom wall) and y = 1 (top wall), it shows an

excellent agreement with the analytical solution (shown as black circles) as well as with the numerical

solution in a channel with conventional boundaries, i.e., without virtual boundaries (shown as black

line). The red line lies exactly on top of the black line, hence the latter is not visible. The region to
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the left of y = −1 and the region to the right of y = 1 correspond to virtual solids: the numerical

solution in these regions does not have any physical meaning and hence it can safely be ignored.

Figure 10.1(b) illustrates the percent error in the computation of numerical solution. Specifically,

we have plotted |(Un − Ua) /Ua|×100%, where Un is the numerical solution and Ua is the analytical

solution. Error only in the region of interest, i.e., physical domain −1 ≤ y ≤ 1 is shown. Overall,

the error across the channel height is extremely small just like what was observed in Appendix A.4.2

— it is less than 0.035%.

For future reference, we would like to mention that showing of numerical results in the non-

physical part of the computational domain, i.e., virtual solid, will be restricted to the current chapter

only. In all the future chapters, only the results in the physical domain will be presented and

discussed.

10.2 Nearly unidirectional flow in a channel

Laminar flow in a channel, as we discussed in Chapter 10.1, is an example of a unidirectional

flow. Two velocity components, wall-normal (v) and spanwise (w), were zero, which enabled the

determination of exact solution to the Navier–Stokes equations. There can be situations when one

of the velocity components is not identically zero, but small. For such problems, inertial effects are

unimportant and their solution can be determined in a way similar to unidirectional flows, by exploit-

ing the lubrication approximation. Liquid flowing in a long, narrow channel shows characteristics of

being nearly unidirectional and the flow is dominated by viscous effects.

In this chapter, we test our immersed boundary forcing strategy in a long and wide, but very

narrow channel with a wavy wall. We consider a steady, two-dimensional flow in between the

channel walls: the top wall is flat whereas the bottom wall has a sinusoidal shape in the streamwise

direction. Both the walls are rigid and stationary. The flow is along x and y axes only; the main

flow is along the x axis though. Spanwise velocity (w) is zero everywhere. Due to the sinusoidal

shape of the bottom wall, the channel height or the gap between the walls varies with position along
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the streamwise direction. Since w = 0, the continuity equation (Equation (A.7)) reduces to:

∂u

∂x
+ ∂v

∂y
= 0 (10.1)

Here, both u and v depend on x and y. Let Lx and Ly represent the length scales for velocity

variations in the x and y directions, respectively, and let the velocity scales in the corresponding

directions be represented by U and V, then it follows from Equation (10.1) that U/Lx ∼ V/Ly, or

V
U
∼ Ly
Lx

(10.2)

For our test case, we have Ly ∼ 0.15l and Lx ∼ 100l, therefore, the variation on velocity in the two

directions is such that V/U ∼ 1.5 × 10−3 � 1. Making use of this information in addition to the

fact that the flow is steady, the Navier–Stokes equation reduces to:

∂2u

∂y2 = Re dp
dx (10.3)

Equation (10.3) is known as the lubrication approximation. Here, u = u (x, y), p = p (x) only and

dp/dx depends on x. Reynolds number, Re, must be small.

The shape and size of the channel and other simulation parameters are discussed below. The

length of the channel is Lx = 100l and its width is Lz = 50l; both are large compared to the half-

height of the computational domain, l. The plane y = l corresponds to the top wall. If the plane

y = 0 lies at the centre of the computational domain, then the coordinates of the bottom wall are

given by y = −{l − h (x)} where h (x) follows from the equation:

h (x) = 0.15
{

1 + sin
(

2πx
Lx

)}
l (10.4)

A schematic of the long channel (not drawn to scale) indicating in thick black lines the flat top wall

and the wavy bottom wall is shown in Figure 10.2. The red circles on the bottom wall indicate the

streamwise locations where comparison between numerical and analytical solutions will be presented.

Other parameters used in the simulation are listed in Table 10.1. The Navier–Stokes are integrated
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Figure 10.2: A two-dimensional schematic of the plane Poiseuille flow geometry showing the x-y plane. Lengths are scaled
with l, the half-height of the computational domain. Both the top and bottom walls are stationary: the top wall is flat and
it lies at y = 1 while the bottom wall is wavy — it has a sinusoidal shape. The flow is two-dimensional and it is from left
to right. Results for comparison between numerical and analytical solutions are presented for streamwise locations indicated
by red circles on the bottom wall.

Re (Reτ ) Lx/l (L+
x ) Lz/l (L+

z ) Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min,∆y+

max

1 (1.54) 100 (153.69) 50 (76.84) 180 × 135 × 200 0.85 0.38 4.22×10−4, 0.04

Table 10.1: Simulation parameters used for simulating a nearly unidirectional flow in a very long and wide channel.

until statistical steadiness is reached. The numerical solution is then compared with the analytical

solution at the streamwise locations represented by red circles in Figure 10.2. The analytical solution,

which is described by Equation (10.5), is obtained by solving Equation (10.3) for the channel shown

in Figure 10.2 and applying appropriate boundary conditions.

Ua (y) =
4
3 (1− y) (1− h+ y)

(1− h) (2− h) + h2

2 (2− h)− 1
3

{
1 + (1− h)3

} (10.5)

Here, the velocity is scaled with the laminar centreline velocity in a channel with both walls flat and

stationary, and the lengths are scaled with the half-height of the computational domain, l.

Figures 10.3(a)–10.3(j) show steady-state mean velocity profiles in black lines at the locations

represented by red circles in Figure 10.2. Analytical solution at the same locations is also shown in

black circles for comparison. The virtual boundary is represented by a dashed vertical line. Although

the flow was reversed in the region occupied by virtual solid (left side of the dashed line), velocity

in those regions is shown as zero — it is non-physical anyway. In the physical part of the domain

(right side of the dashed line), an excellent correspondence is seen at all the locations. Both the

numerical and analytical solutions match perfectly.
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Figure 10.3: For caption see next page.



77

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

1.5

(g) x = 60

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

1.5

(h) x = 70

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

1.5

(i) x = 80

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

1.5

(j) x = 90

Figure 10.3: Comparison of steady-state mean velocity profiles at different streamwise locations obtained numerically from
the finite-volume code (lines −) with the analytical solution (circles ◦). The dashed vertical line (−−) represents the virtual
boundary: both numerical and analytical solutions lying on the left side of this boundary are non-physical and can be safely
discarded.
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10.3 Turbulent flow in a channel

The primary objective of implementing immersed boundary method in our code is to simulate

turbulent flows in a channel with arbitrarily shaped walls. It is, therefore, important that the

immersed boundary method is also validated for turbulent flows. The most straightforward way to

do it would be to simulate a turbulent channel flow in the physical domain (region bounded by the

two dashed lines) with immersed boundary conditions that satisfy the no-slip and no-penetration

conditions for non-moving flat walls. There are no analytical solutions for turbulent flows due to

their chaotic nature, hence we compare statistics obtained from our code with numerical solutions

obtained from ChannelFlow [Gibson, 2009], which has already been validated extensively.

In this validation study, the top and bottom walls of the channel, corresponding to the virtual

boundary, remain flat at all times. They lie at y = 1 and y = −1, respectively, and the plane y = 0

corresponds to the centre of the channel. The computational domain extends from y = −1.0962 to

y = 1.0962 — the additional thickness of 0.0962 at the top and the bottom of the computational

domain is occupied by virtual solid. The flow is maintained by a pressure gradient in the streamwise

(x) direction, and the bulk velocity is kept constant at Ubulk = 2/3. The pressure gradient is

dynamically adjusted to maintain a constant flow rate. Pressure gradients in the wall-normal and

spanwise directions are zero. Simulation parameters for this validation test are presented in Table

10.2.

In Figures 10.4(a) and 10.4(b), we have plotted the mean velocity profile (red circles) for Newto-

nian turbulence the parameters for which are given in Table 10.2, using a linear scale and a semi-log

scale, respectively. Note that y+ = 0 represents the location of the channel wall. The region y+ < 0

corresponds to a virtual solid and hence it is non-physical. For comparison, ChannelFlow results

(black line) as well as results from the finite volume code with conventional boundaries (black circles)

are also presented. The correspondence between the three velocity profiles is commendable near the

Re (Reτ ) Lx/l (L+
x ) Lz/l (L+

z ) Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min,∆y+

max

1800 (85) π (267.04) π/2 (133.52) 51 × 136 × 41 5.45 3.42 0.92, 2.18

Table 10.2: Simulation parameters for turbulent flow in a channel with flat walls implemented using the immersed boundary
method.
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Figure 10.4: Mean velocity profiles in minimal channel Newtonian turbulence at Reτ = 85 calculated using ChannelFlow
and our finite-volume code plotted using (a) a linear scale, and (b) a semi-log scale. In (b), the black dotted line is the
viscous sublayer, U+ = y+; black dashed-dotted line is the Prandtl-von Kármán log-law, U+ = 2.44 ln y+ +5.2 and the black
dashed line is the Virk MDR log-law, U+ = 11.7 ln y+ − 17.0. (c) Percent error between the mean velocity profiles obtained
from ChannelFlow and finite volume codes.

wall whereas a small discrepancy can be observed away from the wall. Figure 10.4(c) shows the per-

cent error between the finite volume results for the case with virtual boundaries and ChannelFlow

results. The error is minimum near the wall and it increases slightly as one moves away from the

wall. The maximum percent error across the half-channel is still less than 1.5%.
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Chapter 11

Conclusions of Part II

In Part II we discussed immersed boundary methods and their usage to achieve a desired velocity

distribution over a smooth rigid surface of an arbitrary shape. Immersed boundary methods are

preferred over coordinate transformation as generating a grid that conforms to the shape of the walls

at every time step can be computationally expensive. Two broad categories of immersed boundary

methods were discussed: continuous forcing and discrete forcing. The continuous forcing approach

was found to be more suitable for flows over flexible bodies; for flows over rigid bodies, they made

the system stiff. This forces us to take smaller computational time steps, thus increasing the total

computation time. The continuous forcing approach also smears the boundary between the solid

and the fluid. The situation gets worse at higher Reynolds numbers. Direct forcing approach, on the

other hand, suits best for flows over complex, rigid boundaries. This approach does not smear out

the interface between the solid and the fluid, and thus, is recommended for flows at higher Reynolds

numbers.

A description of the modified computational domain was provided. To allow space for deformable

walls, extra solid regions or “virtual solid” regions are included near the top and bottom walls. The

thickness of each of these regions is approximately 0.1l, where l is the half-height of the physical

channel. The momentum equations are solved for the entire computational domain, including the

virtual solid regions, but the results in the virtual solid regions are ignored as they are not a part of

the physical channel.
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A step-by-step numerical procedure for the determination and implementation of the direct

forcing at each time step is discussed. Body forces are applied at nodes only adjacent to the

deformable wall (or the virtual boundary). These nodes are forced in a way such that the the

desired boundary conditions at the moving walls are satisfied. No-slip boundary condition in the

streamwise and spanwise directions is satisfied by reversing the flow in the virtual solid region. No-

penetration boundary condition is satisfied by forcing the wall-normal velocity to a value such that

the divergence of the velocity field in the cell cut by the immersed boundary interface is zero.

Finally, a detailed study validating our immersed boundary method in different situations is

conducted. It is found that the results — the first and second order statistics in particular — of

flows with the immersed boundary conditions match with the known results in a plane channel under

the same conditions, or with the analytical solutions. This gave us confidence that the results of the

drag-reduction problem we are going to solve using the immersed boundary method will be valid.
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Part III

Drag reduction utilising the

nonlinear dynamics of near-wall

turbulence
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Chapter 12

Introduction

Turbulence control is of great importance in fundamentals and applications, and it has been

a subject of study for more than a century because of the potential benefits associated with it,

particularly with regard to energy savings. Turbulence, characterised by chaotic property changes,

results in an increase in skin-friction drag. Each year, ocean shipping consumes more than a billion

barrels of oil worldwide. At subsonic cruising speeds, approximately half of the total drag of aircraft

is due to skin friction, which results in huge consumption of fuel. Similarly, transportation via road

also consumes about a billion barrels of oil per year [Kim, 2011]. Current fuel prices are very high,

and may increase further due to increasing demands. Any savings on fuel consumption by reducing

skin-friction drag could result in huge gains, ranging from billions of dollars saved in operational costs

for transportation industries, to a clean, pollution-free environment. Other examples of turbulence

control that are of interest include enhanced heat transfer, control of separation and reattachment,

and reduction of energy loses in pipelines.

The necessity and urgency of searching for convenient and efficient methods to conserve energy

by flow control has invigorated attempts at designing control strategies and testing them by numer-

ical computations. Studies have shown that flow structures near the wall are responsible for the

production of turbulent kinetic energy, and a substantial amount of drag-reduction can be achieved

by suppressing these near-wall structures [Choi, 1989]. Most of the attempts at weakening these

structures have been based on the physical intuition of the researcher and the physics of the flow.
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One of the most widely studied control strategies is the opposition control [Choi et al., 1994; Wang

et al., 2016] where blowing and suction is used at the wall based on velocity information inside the

flow. This approach results in the suppression of the near-wall structures leading to significant drag

reduction (more than 20%). Some control strategies like using riblets or imposing a body force, e.g.,

Lorentz force, aim at disrupting the fully-developed turbulence near the wall. However, these strate-

gies have their own limitations. The most successful approach to turbulent drag reduction is to add

a small amount of polymer molecules to the liquid [Virk, 1975]. This approach was tested on a US

Navy submarine (as an external flow) in the 1970s where it was found that hull drag was reduced

and speed increased by 10-15%. It is also widely followed by oil industries, e.g., Alaska pipeline

[White and Mungal, 2008]. Addition of polymer manipulates the flow in the near-wall region, and

drag reduction upwards of 80% can be achieved [White and Mungal, 2008]. This approach, however,

can only be used in liquids. We wish to understand and implement turbulent control in situations

where addition of polymers is not possible, e.g., flow over the wings of aeroplane.

In the following few paragraphs, a review of existing drag-reduction methods is presented, with

their pros and cons wherever required. In the final few paragraphs, some ideas for the development

of new control methods are discussed. These ideas come from the fact that some of the invariant

solutions to the Navier–Stokes equations form an important part of the intermittent nature of wall

turbulence.

Drag reduction techniques are mainly divided into two categories: passive and active. Passive

techniques are the ones that involve no energy expenditure. They include drag reduction by riblets,

dimples, usage of outer layer devices (OLDs), boundary layer devices (BLADEs), large eddy breakup

devices (LEBUs) and tandem arrayed parallel plate manipulators (TAPPMs) [Abdulbari et al., 2015].

On the other hand, drag reduction techniques that require energy and involve a control system are

active techniques. Polymer drag reduction, wall oscillations, travelling wave-like wall movements,

blowing and suction, active wall deformations, plasma actuators are some of the examples of active

drag reduction techniques. Some of the active techniques require sensing and actuation while some do

not. We discuss few of these techniques, the amount of drag reduction they achieve, their feasibility

and effectiveness below.

One of the most popular and successful techniques to reduce skin-friction drag is to add a small
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amount of long-chain polymer to the liquid flow — concentrations in parts per million (by weight)

is often adequate. Also known as the Toms’ phenomenon [Toms, 1949, 1977; Virk et al., 1967, 1970;

Virk, 1975], it has been shown to occur with many polymers and solvents, e.g., polymethylmethacry-

late (PMM) in monochlorobenzene, PMM in toluene, polyisobutylene (PIB) in cyclohexane and in

benzene, carboxymethyl cellulose (CMC) in water, guar gum in water, a copolymer of polyacry-

lamide and polyacrylic acid in water and polyethylene oxide (PEO) in water [Lumley, 1969], and is

widely used in the fossil fuel industry [Fink, 2012], in the Alaska pipeline [Burger et al., 1982; White

and Mungal, 2008] and in fracking fluids [King, 2012]. It has been shown numerically in minimal

channels that stretching of polymer molecules leads to the weakening of three-dimensional coherent

structures, which results in the reduction of skin-friction drag [Stone et al., 2002, 2004; Li et al.,

2005, 2006; Kim et al., 2007; Li and Graham, 2007; Kim et al., 2008] — a minimal flow unit is the

smallest simulation box for a given set of parameters, periodic in streamwise and spanwise directions,

with periods corresponding to the smallest length scales containing only the essential self-sustaining

turbulent elements for which turbulence persists [Jiménez and Moin, 1991]. Graham and co-workers

[Xi and Graham, 2010a, 2012b; Wang et al., 2014; Graham, 2014; Wang et al., 2017] have shown

that the flow characteristic of high drag, or active turbulence, stretches the polymer chains. The

polymer stress that arises due to polymer stretching suppresses the highly turbulent motions and the

flow enters a relatively calmer state characteristic of lower drag or hibernation. The flow stays near

the low-drag state for a time interval during which polymer molecules start relaxing in the weakened

flow field. Eventually, polymer chains return to their original, relaxed state: the hibernation period

ends and the flow becomes turbulent again. This cycle repeats in a stochastic manner, making the

flow behaviour very intermittent with respect to time and space. Drag reduction by polymers is one

of the most inexpensive and efficient techniques to reduce skin-friction drag. It can easily be used for

all closed geometries and does not require any special boundary conditions. However, it can be used

only in liquids, and there are problems associated with polymer breakage — mechanical degradation

of polymer molecules occurs under high shear conditions due to interaction with turbulent flows as

well as being passed through pumps. The breakdown of polymer chains significantly reduces its re-

laxation time which then reduces the overall drag reduction capabilities of the polymers [Shanshool

et al., 2011; Abubakar et al., 2014]. Some other ways of reducing skin-friction drag that do not
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suffer from the problems associated with polymers are discussed in the following paragraphs.

In an attempt to suppress the near-wall vortical structures, Choi et al. [1994] applied opposition

control by local blowing/suction at the wall. In their DNS of turbulent flow, they changed the wall-

normal velocity at the wall such that it was equal and opposite to the wall-normal velocity of the

fluid at a distance of y+ = 10 from the wall. This action prevents the transport of momentum toward

and away from the wall [Hammond et al., 1998] by reducing the spin of the vortices. It resulted in a

drag-reduction of 25-30% at a Reynolds number of 3300 (corresponding friction Reynolds number,

Reτ = 180). They examined the resulting flow-fields and found that the strength of the near-wall

streamwise vortices was substantially reduced. This approach, however, is difficult to implement,

as it requires velocity information within the flow, which is not easily available. However, from the

approach, it became clear that near-wall streamwise vorticies can indeed be suppressed and skin-

friction drag be reduced by manipulating the turbulent structures near the wall. Chung and Talha

[2011] found that the amplitude of blowing/suction as well as the location of the detection plane play

an important role in the effectiveness of opposition control. A recent numerical study conducted

by Ge et al. [2017] discusses the initial response of turbulent flow to slow and rapid application of

opposition control. They show that the application speed of opposition control does not alter the

final state of flow but it does have a significant influence on the dynamic evolution during the initial

stages after the control is applied.

Many variations of Choi’s opposition control have been developed and tested by several re-

searchers. For example, Deng et al. [2014] strengthened the control input by introducing time

relaxation into the scheme. The reduction in drag from the updated scheme was enhanced and the

maximum drag reduction achieved was 33%. In a different study, Deng et al. [2013] used a linear

transient growth model to determine the input for the opposition control using blowing and suction.

They show that a detection plane at y+ = 15 can significantly suppress the transient growth of

near-wall structures. However, if the detection plane is located in the buffer layer, then the influence

of the control on large scale motions is limited and decreases as Reynolds number increases. Pamiès

et al. [2007] proposed a blowing-only opposition control — where the suction part was removed — on

a spatially developing turbulent boundary layer at high Reynolds numbers. Their method injected

fluid into the boundary layer, and the net mass flux across the wall, although non-zero, was very
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small. Some studies have stabilised the flow by using a streamwise-travelling wave of blowing and

suction in a channel [Min et al., 2006; Lee et al., 2008; Hœpffner and Fukagata, 2009; Moarref and

Jovanović, 2010; Lieu et al., 2010], streamwise-varying steady transpiration in a pipe [Gómez et al.,

2016], and uniform blowing and suction in a turbulent boundary layer [Kametani and Fukagata,

2011; Kametani et al., 2015].

In order to overcome the problem associated with Choi’s opposition control, Lee et al. [1997]

designed a neural network that was trained to predict actuation at the wall for a desired output,

i.e., flow with reduced drag. The optimal value of the control input was calculated as a function of

the weighted sum of spanwise wall shear rate near the point of interest. By actuating the wall using

blowing/suction, they were able to reduce the skin-friction drag by as much as 20% at low Reynolds

numbers. Upon examining the computed flow-fields, it was found that instantaneous patterns looked

very similar to those observed in the opposition-controlled channel of Choi et al. [1994]. Another

improvement to Choi’s opposition control was provided by Ge et al. [2015]. They developed an

opposition control that instead of using information from within the flow, requires flow properties

that can be easily measured at the walls. Specifically, they measure the pressure fluctuations (p′)

and spanwise shear stress fluctuations (τ ′yz) at the wall to detect near-wall streamwise vortices, and

their opposition control schemes to suppress the near-wall vortices using the above two measurable

quantities result in a drag reduction of 16% and 11%, respectively.

In Choi’s opposition control, it was observed that blowing and suction increased the spanwise

pressure gradient under the streamwise vortex near the wall. Lee et al. [1998] used this result to

construct a control scheme that maximised the pressure gradient in the spanwise direction near

the wall. Their scheme was suboptimal, i.e., they sought to minimise the objective function over

a short time period (T → 0). About 16-22% drag-reduction was obtained in a turbulent channel

flow at Reτ = 110 (Reτ is based on the unactuated flow). This control scheme gave results almost

identical to the neural network results obtained by Lee et al. [1997] — the two control schemes were

derived by totally different approaches, but they resulted into similar feedback control laws. Xu

et al. [2002] extended the same strategy to turbulent pipe flows at Reτ = 150 and achieved 13-23%

drag-reduction. Fukagata and Kasagi [2004] developed a similar scheme which aimed at minimising

the near wall Reynolds shear stress, and obtained a drag-reduction of about 12% at Reτ = 180 (Reτ



88

based on the unactuated flow). Bewley et al. [2001] adopted a control scheme where the objective

functions were minimised over a finite time period T , in a turbulent channel at Reτ = 100. They

achieved flow relaminarisation accompanied by a drag reduction of over 50%, and showed that in

order to achieve such high levels of drag reduction, it is necessary to optimise the control schemes

over a sufficiently long time, i.e., T+ ≥ 25. Their approach, however, is computationally expensive

(since it requires solving Navier–Stokes equations iteratively) and impossible to implement in a

realistic setting. Choi and Sung [2002] examined the effect of amplitude and timescale of actuation

and the size of sensor/actuator and concluded that the optimal timescale is ∼ 1 in inner units and

that the most effective drag reduction is achieved by using wall-normal velocity at the wall as the

control input, determined from the local distributions of the spanwise velocity gradient at the wall.

Among other turbulence control strategies that require energy input by the controller, active wall

motion is one of the most practical ways to achieve skin-friction drag reduction. Carlson and Lumley

[1996] used a Gaussian shaped actuator, 12 wall units in height, that emerges from one of the walls

of minimal turbulent channel flow. They showed that a drag-reduction of 7% can be achieved if the

actuator is raised with a maximum velocity of 1uτ before and under a sweep motion. By doing this,

the faster moving fluid is moved away from the wall and the adjacent low-speed region is expanded.

Kang and Choi [2000] implemented local wall-deformation based on two successful control strate-

gies of Choi et al. [1994] and Lee et al. [1998]. At Reτ = 140 (based on the unactuated flow), they

achieved an overall drag-reduction of 13-17% — lesser than what was achieved by Choi et al. (25-

30%) and Lee et al. (16-22%). This was attributed to the fact that the amplitude to wall-deformation

was limited to 5 wall units. Opposition control of Choi was also used by Endo et al. [2000], Endo

and Kasagi [2001] and Sun et al. [2011] in the form of wall-deformation to attenuate the meandering

of low-speed streaks which occurs due to tilted quasi-streamwise vortices in the spanwise direction

and contributes to the regeneration mechanism [Jeong et al., 1997]. A drag-reduction of about 10%

was obtained at Reτ = 150 (based on the unactuated case). Results from DNS of turbulent channel

flows with opposition type control indicate that due to the interaction between the wall-normal ve-

locity component accompanied by a vortex and the wall-normal velocity at the wall, a virtual wall

is established [Hammond et al., 1998], where the wall-normal velocity component gets nullified and

the near-wall momentum transport is reduced.
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Pamiès et al. [2011], however, have pointed out that the gains associated with an ideal opposition

control are completely annihilated when a realistic actuator description is included in the simulation.

In their simulation, they used finite-sized actuators, and for Reτ = 368, they showed that form

drag, although small, wipes off any reduction in skin-friction drag achieved if it is included in the

calculation of overall drag reduction. This is attributed to the fact that the more realistic control is

both confined and localised. In the classical opposition-control scheme, it is assumed that each sensor

and actuator is infinitely small and there are infinite number of such actuators, thus the turbulent

structures are opposed at every grid point, which is not possible if the actuators have finite spatial

dimensions. Therefore, the physical actuators are confined. It is also assumed that the actuators

are convected with the turbulent structures whereas in a practical setting, they are fixed to the wall.

This imparts a local character to the actuators. Thus, it becomes imperative to develop sensors and

actuators to be able to achieve better results in real flows.

Some model predictive active-control algorithms have also been developed and implemented

[Joshi et al., 1997; Högberg et al., 2003a,b; Kim and Bewley, 2007; Belson et al., 2013; Semeraro

et al., 2013; Dadfar et al., 2014], using the linearised form of the Navier–Stokes equations. It

has been identified that important parts in the self-sustaining process of near-wall turbulence are

essentially nonlinear, but they are maintained by a linear mechanism [Kim and Lim, 2000; Kim

and Bewley, 2007]. However, the linear operator of the linearised Navier–Stokes equations is non-

normal, and this non-normality arises due to linear coupling between wall-normal velocity and

wall-normal vorticity, which leads to the creation of streaks in the self-sustaining process. That is,

disturbances can grow up in time proportional to O (Re) even below the critical Reynolds number

(where laminar flow is linearly stable) before they ultimately die out. Lim [2003] designed a controller

with the aim to minimise the linear coupling term Lc (ωx + Lc ⇒ streaks which lead to more ωx,

where ωx is the streamwise vorticity). The resultant optimal control input (blowing/suction at the

wall) was expressed linearly with the state vector (wall-normal velocity and vorticity as mentioned

above) and a drag-reduction of about 20% was achieved. It was also observed that in contrast to

opposition control, the control effect in this case was confined to the near-wall region. However,

due to nonlinearity of the system, the state vector evolves in time, therefore the linear operator

in the linearised Navier–Stokes equations, which depends on the mean flow, does not remain time-
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independent [Kim, 2003]. Additionally, the control requires that the entire velocity field be known.

Due to these reasons, such approaches seem unrealistic to be experimentally verified, although they

do indicate the potential of model-based control for suppression of turbulent skin friction.

Studies have also been conducted to explore the possibility of achieving drag-reduction in a tur-

bulent channel via wall actuation in an open-loop control scheme. Mito and Kasagi [1998] studied

drag-reduction in a turbulent channel flow with a wall oscillating like a standing wave. The deforma-

tion, comparable with the thickness of the viscous sublayer, is uniform in the streamwise direction

and spatiotemporally sinusoidal in the spanwise direction. The skin-friction change is reflected in

the vorticity fluctuations, and the receptivity of the induced flow structures changes with the fluctu-

ating skin-friction. Similarly, effects of a streamwise travelling-wave of blowing/suction [Min et al.,

2006; Lee et al., 2008; Hœpffner and Fukagata, 2009] as well as wall-deformation in the form of

travelling-wave in the streamwise [Shen et al., 2003; Hœpffner and Fukagata, 2009; Nakanishi et al.,

2012] and spanwise [Klumpp et al., 2011; Tomiyama and Fukagata, 2013] directions have been stud-

ied and it has been found that skin-friction drag can be reduced and even completely eliminated

(laminarisation) under certain sets of parameters.

A significant amount of drag-reduction (up to 40%) can be obtained by subjecting a wall flow

to high frequency spanwise oscillations [Jung et al., 1992; Akhavan et al., 1993; Pollard, 1998; Choi

et al., 1998; Dhanak and Si, 1999; Choi et al., 2001; Choi, 2002; Choi et al., 2002; Lee and Kim, 2002;

Iuso et al., 2003; Quadrio and Ricco, 2004; Zhao et al., 2004; Ricco and Quadrio, 2008; Quadrio et al.,

2009; Quadrio and Ricco, 2010; Quadrio, 2011; Ricco, 2011; Yudhistira and Skote, 2011; Skote, 2011,

2012; Ricco et al., 2012; Touber and Leschziner, 2012; Duque-Daza et al., 2012; Gatti and Quadrio,

2013; Skote, 2013, 2014]. Baron and Quadrio [1996] suggested that the disruption of the spatial

coherence between the longitudinal vortices and the low-speed streaks by oscillating a wall in the

spanwise direction causes the vortices to pump the high-speed fluid away from the wall and low-speed

fluid toward the wall, thus reducing the turbulent energy production. The most widely accepted

mechanism is given by Choi et al. [1998] and Choi [2002] who proposed that the log mean velocity

profile is shifted upwards and mean velocity gradient is reduced at the wall due to the creation

of a spanwise vorticity near the wall. Bandyopadhyay [2006] analysed experimental and numerical

data in the light of Stokes’ second problem and proposed a vorticity reorientation hypothesis. He
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also found that the mean velocity profile at maximum drag reduction is very similar to that due to

polymer.

Results similar to those obtained from spanwise wall oscillations are obtained when an external

spanwise body force in the form of oscillations or travelling wave is made to act in the fluid near the

wall. This form of force can be achieved by lining permanent magnets and electrodes alternately

in the spanwise direction, and the direction of the spanwise force can be altered periodically by

switching the polarity of electric current [Huang et al., 2012]. Up to 30% drag-reduction can be

obtained from the wavy force [Du et al., 2002], while the oscillatory form can result up to 40% drag-

reduction [Berger et al., 2000]. However, the efficiency of this technique is usually very low [Berger

et al., 2000; Huang et al., 2010; Breuer et al., 2004] — the energy required to impose the desired

force on the flow is more than the energy saved from drag-reduction, and the situation worsens at

high Reynolds numbers [Breuer et al., 2004]. This is primarily due to the poor conductivity of the

system, e.g., seawater. The open-loop control techniques are attractive in a way that they do not

require a large number of sensors and actuators. However, fabricating an actuating device which

could induce travelling wave-like blowing and suction is still complicated.

Control techniques that do not require energy expenditure are known as passive control strategies.

Many such strategies have been tested in the past, and they are believed to reduce drag in wall-

bounded flows by introducing a transverse flow [Karniadakis and Choi, 2003], which disrupts the

structures of the equilibrium turbulent flow [Jung et al., 1992]. One such technique which can result

in a drag-reduction up to 10% involves microgrooves the size of viscous sublayer, known as riblets

[Choi, 1989; Sirovich and Karlsson, 1997; Pollard, 1998; García-Mayoral and Jiménez, 2011a,b]. The

concept of riblets gets its inspiration from the skin of a shark which has streamlined V-shaped

protrusions [Sagong et al., 2008; Abdulbari et al., 2013] that greatly reduce the drag that a shark

experiences while swimming at a speed of up to 50 kmh−1. These microgrooves are etched into

the surface and should be aligned with the local flow direction in order to achieve maximum drag

reduction [Karniadakis and Choi, 2003]. Riblets hinder the spanwise movement of the streamwise

vortices, preventing their stretching during ejections, thereby weakening the sweep events that follow

[Choi et al., 1993]. Experimental and numerical studies conducted by Sagong et al. [2008] and a

numerical study conducted by Boomsma and Sotiropoulos [2016] indicate an overall increase in
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drag for flows over different arrangements of sharkskin denticles over a channel wall. The three-

dimensionality of the denticles causes a secondary flow which results in the overall drag increase.

Riblets, on the other hand, decrease Reynolds stresses and overall drag. Thus, the sharkskin denticles

must have the correct size and arrangement for them to reduce skin friction drag like riblets. A new

application of riblets was tested with the invention of ribbed swimsuits, which helped the swimmers

win many gold medals at the 1995 Pan American Games [Jones, 2011].

Other successful passive control strategies include use of dimples [Abdulbari et al., 2013; Sun

et al., 2011], compliant walls [Abdulbari et al., 2013; Kim and Choi, 2014], micro-bubbles [McCormick

and Bhattacharyya, 1973; Abdulbari et al., 2013] and superhydrophobic surfaces [Min and Kim, 2004;

Truesdell et al., 2006; Martell et al., 2009, 2010; Rothstein, 2010; Hasegawa et al., 2011; Busse and

Sandham, 2012; Nouri et al., 2012, 2013; Park et al., 2013; Nguyen and Papavassiliou, 2013; Jelly

et al., 2014; Lee et al., 2015b; Watanabe et al., 2017].

As noted above, it is extremely important to be able to develop sensors and actuators that can

work on frequency and length scales required to directly manipulate near-wall turbulent structures

— the spatiotemporal scales of coherent structures for aircraft are in the range of 100 µm and 100

kHz [Kasagi et al., 2009b]. Technology reviews by, for example, Ho and Tai [1998], Löfdahl and

Gad-el Hak [1999], Sheplak et al. [2004], Kasagi et al. [2009b] and Cattafesta and Sheplak [2011] to

name a few, have shown progresses in the development of micro-electromechanical systems (MEMS)

and in the usage of such devices in control applications. Rathnasingham and Breuer [2003] used

a spanwise array of synthetic jet actuators in response to shear stress and pressure measurements

to introduce pairs of streamwise vortices into the flow — they obtained about 7% drag reduction.

Micro hot-film sensors to measure streamwise wall shear stress fluctuations and magnetic actuators

to deform the wall were used by Yoshino et al. [2008], who obtained about 6% reduction in drag

in channel flow at Reτ = 300. Große and Schröder [2009a,b] visualised wall shear stress patterns

of coherent structures using micro-pillars with a spatial resolution of 5.33 viscous units. Recently,

Hanson et al. [2014] designed a PI control algorithm and used plasma actuators to suppress streaks

generated by roughness elements in a boundary layer flow.

Many other successful experimental studies have been conducted based on the control strategies

tested numerically. Rebbeck and Choi [2001, 2006] carried out opposition control of the near-wall



93

turbulence over a flat plate at Re ≈ 1000. A piston-type actuator was used to create a jet in the

wall-normal direction. They demonstrated that the drag can be reduced by selectively cancelling

the downwash of high-momentum fluid during the sweep events. Rathnasingham and Breuer [1997]

used a feed-forward control algorithm to investigate turbulence control. Three sensors were located

upstream and one sensor was located downstream of the actuator and the aim was to minimise

the streamwise-velocity fluctuations at the downstream sensor. A maximum reduction of 31% was

obtained. Breuer et al. [2004] studied the effect of spanwise oscillatory Lorentz force in a low-speed

salt water channel. A conductive polymer coating was used to reduce the problems associated

with electromagnetic flow. They achieved a maximum drag reduction of approximately 10%. Itoh

et al. [2006] and Tamano and Itoh [2012] investigated the effect of a spanwise-travelling wave with

wall deformation in a wind tunnel. The test plate consisted of a flexible sheet section, where the

travelling-wave motion was generated by a rotating eccentric disc connected to a motor. Velocity

measurements, obtained by a hot-wire probe, were used to calculate the momentum thickness from

which drag-reduction ratio was obtained. Sweep events were reduced and a maximum drag-reduction

of 13% was obtained at a time period of 115 and average amplitude of 24 in viscous units. Effects

of transversal wall oscillations on the near-wall flow in the buffer layer have been analysed exper-

imentally on a flat plate [Iuso et al., 2003] and in a pipe [Auteri et al., 2010]. Wall oscillations in

such experiments are usually produced by a crank-shaft system, which can also be used to create

travelling-wave like wall deformations [Itoh et al., 2006; Tamano and Itoh, 2012]. An increase in the

streak spacing was observed by Iuso et al. [2003], indicating reduction in turbulence activity, and

a maximum of 33% reduction in drag was obtained by Auteri et al. [2010]. Some other successful

turbulence control experiments have been performed by a number of researchers like Breuer et al.

[1989], Kim et al. [2003] and Bai et al. [2014]. In a recent study, Li et al. [2015] combined the

passive and active techniques by using a riblet-structured surface undergoing spanwise transversal

wave motion. They observe that the combination yields a better drag reduction compared to the

passive means alone. Specifically, while the riblet surface alone gave a drag reduction of 4.7%, the

combination of riblets and wave motion resulted in a local drag reduction of up to 9.4%.

Recent advancements in the applications of dynamical systems theory to turbulent flows have

shed light on transition to turbulence and the nature of turbulence near the wall [Hof et al., 2004;
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Kerswell, 2005; Eckhardt et al., 2007; Willis et al., 2008; Kawahara et al., 2012]. The study of

transient nature of wall turbulence and its connections to the near-wall coherent structures have

been made possible by the discovery of nontrivial invariant solutions to the Navier–Stokes equations,

or the exact coherent states (ECS) [Waleffe, 1998], for the canonical shear flows: plane Couette flow

[Nagata, 1990; Clever and Busse, 1997; Nagata, 1997; Viswanath, 2007; Gibson et al., 2008, 2009;

Halcrow et al., 2009; Itano and Generalis, 2009; Schneider et al., 2010; Deguchi et al., 2013; Blackburn

et al., 2013; Nagata, 2013], plane Poiseuille flow [Waleffe, 1998, 2001, 2003; Toh and Itano, 2003;

Nagata and Deguchi, 2013] and pipe flow [Faisst and Eckhardt, 2003; Wedin and Kerswell, 2004;

Kerswell, 2005; Kerswell and Tutty, 2007; Pringle and Kerswell, 2007; Eckhardt et al., 2007; Duguet

et al., 2008]. Most of these solutions have been found in the minimal flow units. The exact coherent

states can be steady state solutions to the Navier–Stokes equations moving with a constant wave

speed (nonlinear travelling waves), or relative periodic orbits, or edge states. Some of the exact

coherent states display very interesting properties, for example, lying on or very close to the basin

boundary between turbulent and laminar states, which is why in addition to understanding transition

to turbulence, the nonlinear nature of wall turbulence can also be utilised towards developing effective

control strategies. Specifically, the most successful control strategy would be to incorporate the

highly nonlinear dynamics of near-wall turbulent flows — which would likely be flow information

from the exact solutions — into the control algorithm. We describe this idea below.

Park and Graham [2015] discovered new families of exact coherent states occurring in the form of

nonlinear travelling wave solutions for plane Poiseuille flow in a minimal channel. These solutions,

also known as the building blocks of turbulence [Avila et al., 2013], arise in pairs as a result of

saddle-node bifurcations: the upper branch solution of each pair has larger velocity fluctuations and

higher drag compared to the lower branch solution. One family of solutions, which they denoted

“P4”, showed a particular intriguing behaviour. The mean velocity profile of the upper branch

state approaches the Prandtl-von Kármán log-law while that of the lower branch approaches a form

generally associated with turbulence in viscoelastic polymer solutions, the so-called Virk profile

[Virk, 1975]. This profile is a good approximation of experimental and computational observations

in the so-called “maximum drag reduction” (MDR) regime. Their DNS in the minimal channel

at Reynolds number near transition exhibited temporal intermittency between high- and low-drag
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intervals, a phenomenon that has been observed before by a number of researchers [Jiménez and

Moin, 1991; Xi and Graham, 2010a, 2012b]: Xi and Graham [2010a] denoted the high- and low-drag

intervals as “active” and “hibernating”, respectively. They showed that the turbulent dynamics

are organised around the P4 solution family. Specifically, as illustrated in Figure 2.1(a), at friction

Reynolds number Reτ = 85 the trajectory spends most of its time orbiting in the vicinity of the upper

branch solution, displaying relatively high drag and a mean profile near the von Kármán profile,

but occasionally takes excursions that approach the lower branch solutions (there are actually two

of these because the lower branch turns back on itself) and thus exhibit low drag.

A recent numerical study conducted by Kushwaha et al. [2017] shows that Newtonian turbulence

in large channels at Reynolds numbers near transition displays intermittency within turbulence both

in time and in space. They did temporal and spatial analyses on their extended-domain data which

they classified into low-, intermediate- and high-drag regimes, and showed that the localised flow

structures and mean velocities of low-drag intervals show very close resemblance to those observed

during low-drag intervals occurring temporally in minimal channels as well as to those of some of

the lower branch P4 ECS in the near-wall region. Specifically, the near-wall flow structures and

the mean velocity profiles of the low-drag regions resemble those of a lower branch minimal domain

ECS, and hence, lie close to the Virk MDR profile. These intermittencies have also been observed

experimentally by Whalley et al. [2017]. The similarities in flow properties between turbulence and

ECS suggest that intermittenly, the turbulent trajectories approach the lower branch ECS in the

state space. These results add to the set of observations in which mean velocity profiles close to

the Virk profile are found in Newtonian flows [Kerswell et al., 2003; Bandyopadhyay, 2006; Xi and

Graham, 2010a,b; Dubief et al., 2010; Xi and Graham, 2012a,b].

The existence of intermittency described above wherein the flow trajectory moves chaotically and

approaches a particular family of exact coherent states has recently been supported experimentally by

Suri et al. [2017] and Hof and Budanur [2017]. They studied turbulent flow at transitional Reynolds

numbers generated in an electromagnetically forced shallow electrolyte layer and showed that the

turbulent trajectory visit the neighbourhood of exact coherent structures repeatedly. Specifically, a

trajectory approaches an ECS along its stable manifold, where the fluid dynamics slows down and

the trajectory stays in the neighbourhood for a considerable period of time, and finally leaves the
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region along the unstable manifold and heads toward another turbulent attractor, which could be a

different exact coherent state. This process continues which not only gives rise to the chaotic nature

of the flow but also develops into an intermittent phenomenon, and the intermittency is seen in the

flow properties, e.g., wall shear stress, velocities, pressure, both temporally and spatially.

We use the idea that turbulent trajectories approach the lower branch ECS in the state space

intermittenly to develop turbulence control strategies. As already discussed, many researchers have

examined the effect of imposing wall deformations and oscillations in an attempt to manipulate

the flow near the wall and achieve reduction in skin-friction drag. Wall deformations have been

imposed either as simple opposition or as travelling wave-like perturbations. Travelling wave-like

perturbations or wall oscillations have generally taken a sinusoidal form and have been tested for a

large set of values of important parameters like wave amplitude, wave length, wave speed, in part

because it has not been obvious which wave form might be most effective at reducing skin-friction

drag. In the control strategies that we are developing, the idea is to drive the flow toward a low-drag

state that is known a priori. We manipulate the near-wall flow structures by wall deformations, but

instead of using monochromatic planar waves as the shape of the wall, we use information coming

directly from the desired low-drag state. Using low-drag ECS solutions that have a particular

structure and wave speed and imprinting their patterns on a flow field, it will be interesting to

see how the flow responds to such an imposition. In particular, whether the turbulent flow field

will move close to the imprinted pattern or not. To begin with, an obvious choice for the desired

low-drag state could be a lower branch travelling wave solution. We describe the implementation of

the abovementioned ideas in Chapter 13.
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Chapter 13

Results and discussion for Part III

In the present study, we use DNS to study the effect of a wave-like wall deformation on the near-

wall dynamics and the drag. The shape of the wave in question is derived from a known solution to

the Navier–Stokes equations. In particular, we use ideas from dynamical systems theory to develop

and test new control strategies. Prior open loop control strategies that implement wall-deformation

have used monochromatic planar waves, mostly a sine wave-form, as the shape of the moving wall.

Part of the reason is that it was not obvious what non-planar wave-form might be effective at drag-

reduction. However, with the knowledge of the existence of naturally appearing low-drag transients

in turbulent flows, specifically the lower-branch exact coherent states, more avenues to choosing the

wall shape or the rate at which deformations happen are now open. These lower branch ECS are

of course travelling waves, but with quite particular structures and wave speeds. Here, we answer

the question we raised in Chapter 12 that whether somehow imprinting the features of a particular

ECS on a flow field can drive the flow toward that state.

We test this hypothesis by imposing the travelling wave perturbations on wall deformation that

mimics the wall shear stress patterns a particular ECS. We choose the “P4” family of lower branch

ECS discovered recently by Park and Graham [2015] in the minimal channel. At Re = 1800, the wall

shear stress patterns of the P4 lower branch ECS look as shown in Figure 13.1. Note that both the

DNS and the P4 lower branch ECS have the same mass flux (same laminar centreline Re = 1800).

Since this ECS has a lower drag, its friction Reynolds number (Reτ ) is expected to be smaller than
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Figure 13.1: Spatial patterns of wall shear stress fluctuations, g (x, z), of P4 lower branch travelling wave solution at
Re = 1800 (Reτ = 67.13) in a minimal channel of size Lx × Ly × Lz = π × 2 × π/2. The shape of the moving wall in the
wall-deformation cases mimics this pattern.

that of the DNS at the same laminar centreline Reynolds number — Reτ for the ECS is in fact

67.13. In Figure 13.1, the streamwise and spanwise periods are shown in wall units.

As for wall motions, the wall elements are assumed to move up and down in the wall-normal

direction only. This can occur in the form of a wave travelling either in the streamwise or in the

spanwise direction. The shape of the wall, as illustrated in Figure 13.1, is maintained at all times,

only the phase keeps changing with time either in the streamwise or in the spanwise direction,

depending on what direction the wave is travelling. The wall-normal displacement of the bottom

wall (denoted as ‘b’) from its mean location is given by:

ηb = αg (x− cxt, z − czt) (13.1)

Here, g (x, z) is the wall shear stress fluctuations patterns at time t = 0 as shown in Figure 13.1, cx

and cz are wave speeds in the streamwise and spanwise directions, respectively, and α is the scaling

parameter. All the three parameters, α, cx and cz, are kept constant for a given simulation. We

also keep α > 0, cx ≥ 0, and cz ≥ 0, although negative values will not change the mean statistics

— only the instantaneous shape/speed of the moving wall will differ by a phase angle of π. The

wave travels in one direction only, i.e., only one of the following two cases holds true: (1) cx 6= 0,
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cz = 0 or (2) cx = 0, cz 6= 0. Both of these cases and their results are discussed separately in the

following chapters. We consider that both the walls are undergoing motions with the same scaling

factor and with the same speed in the same direction and assume that they are in the varicose mode,

i.e., moving in the same phase. The wall-normal displacement of the top wall (denoted as ‘t’) from

its mean location is then given as:

ηt = −ηb = −αg (x− cxt, z − czt) (13.2)

Thus, if the mean location of the bottom and top walls are represented by 〈yw〉b and 〈yw〉t, respec-

tively, then any point on these walls will be given by 〈yw〉b + ηb and 〈yw〉t + ηt, respectively. The

amplitude of wall deformation, i.e., the distance between the highest crest and the lowest trough

over the entire area of the wall is given by

η = α {max (g)−min (g)} (13.3)

where max (g) and min (g) are the maximum and minimum values of g, respectively. The wall-normal

boundary conditions at the bottom and top walls are given as:

vb = ∂ηb
∂t

(13.4)

vt = ∂ηt
∂t

(13.5)

At both the walls, no-slip conditions are enforced in the streamwise and spanwise directions, and the

no-penetration conditions are enforced by making sure that Equations (13.4) and (13.5) are satisfied.

Implementation of the boundary conditions is described in Chapter 9.

The details of the DNS code, spatial discretisation, domain set-up and immersed boundary forcing

have been discussed extensively in Appendix A.2. This study focusses on flows for which the laminar

centreline Reynolds number, Re, is 1800 (corresponding to friction Reynolds number Reτ ≈ 85).

The streamwise and spanwise periods in outer units are π × π/2 — they are scaled by the half-

height of the channel, l. The reader is referred to Appendix A.2.1 for the meaning of dimensionless

symbols. These dimensions correspond to a domain size of L+
x ≈ 267, L+

z ≈ 134 in wall units.
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Here, the superscript ‘+’ indicates normalisation with the viscous length scale, δν = ν/uτ , for the

plane channel, i.e., the controlled or the unactuated case. We use (Nx, Ny, Nz) = (51, 106, 41) grid

points for the controlled case in the streamwise, wall-normal and spanwise directions, respectively.

The numerical grid spacings in streamwise and spanwise directions are δ+
x ≈ 5.45 and δ+

z ≈ 3.42,

respectively. Nonuniform Chebyshev spacing in the wall-normal direction gives δ+
y,min ≈ 0.04 at the

wall and δ+
y,max ≈ 2.57 at the centre of the channel. A convergence check was also done — spatial

resolution was increased and the flow quantities were recalculated, yielding negligible changes from

the results reported here (see Appendix A.4.3). Due to the introduction of regions of virtual solid,

we increase the number of grid points in the wall-normal direction, Ny, to 136 for all the wall

deformation cases. For the values of η, cx and cz tested, the streamwise and spanwise spacings are

fine enough to resolve the boundary conditions varying in the spanwise or the streamwise direction

for the wall deformation cases. A constant time step, δt = 0.01 (or δt+ = 0.04 in wall units based on

the controlled channel flow), which satisfies the CFL stability condition, is used in all simulations.

The spatial and temporal resolutions for both unactuated and actuated cases are at the same level as

those reported in previous studies [Alfonsi, 2011; Tomiyama and Fukagata, 2013]. It should, however,

be noted that for large deformations or wave speeds, the spatial and temporal resolutions must be

made finer. The computations are performed under a constant flow rate. Thus, the reduction

in skin-friction drag is reflected by the reduction in the mean pressure gradient, −dP/dx. Each

simulation run is sufficiently long to ensure meaningful statistical averages; averages are taken only

after statistically stationary state is attained. We now discuss various forms of the P4-like travelling

wave wall motions.

13.1 P4-LB-like wall moving in the streamwise direction

Figure 13.2 shows an instantaneous snapshot of the deformable bottom wall mimicking the wall

shear stress fluctuations patterns of the P4 lower branch ECS shown in Figure 13.1. Since the P4

family of ECS moves in the streamwise direction, and since one of the solutions from that family is

being imprinted on the flow, an obvious choice for wall deformation waves would be have them move

in the same direction. Therefore, in this case we consider that a streamwise wave is generated due
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Figure 13.2: Schematic of the streamwise travelling wave-like wall deformation showing the the bottom wall. The wave
travels in the streamwise direction with a wave speed cx. Colour map at the bottom represents the location of the wall in
the form of y coordinates. White denotes the mean location of the wall, red means a crest (above the mean) whereas blue
means a trough (below the mean).

to the up and down motion of the wall, and it propagates in the direction of increasing x as shown

by an arrow in Figure 13.2. The spanwise wave speed, cz, is zero. The streamwise wave propagation

speed chosen for this study is such that the time period of the wall deformation wave propagation in

the streamwise direction, Tx, is comparable to that of the P4 lower branch travelling wave in a plane

channel (Tx,P4-LB2) at the same Reynolds number. Two cases are considered: (1) Tx = Tx,P4-LB2,

and (2) Tx = 5Tx,P4-LB2. Park and Graham [2015] have reported that the propagation speed of

the P4 lower branch travelling wave (cx,P4-LB2) at Re = 1800 (the one that is imprinted here) in

the streamwise direction is 0.74 (nondimensionalised by the laminar centreline velocity, Uc, at the

same mass flux). Therefore, its time period would be Tx,P4-LB2 = Lx,P4-LB2/cx,P4-LB2 = π/cx,P4-LB2.

For the deformable wall travelling wave to have a streamwise time period n times that of the P4

lower branch travelling wave, i.e., for Tx to be equal to nTx,P4-LB2, the wave speed must be cx =

Lx/ (nπ/cx,P4-LB2) = (π) / (nπ/cx,P4-LB2) = cx,P4-LB2/n = 0.74/n. Thus, for case (1), T+
x = 18.22,

and for case (2), T+
x = 91.08, scaled with the inner time scale for the plane, unactuated channel.

Results for both the frequencies examined are presented below.

In Figure 13.3, we show the mean velocity, Reynolds shear stress and RMS fluctuations for the

three velocity components for the plane channel (black solid lines) and the actuated channel (red

hollow symbols) for case (1) when Tx = Tx,P4-LB2. At this Reynolds number, the velocity profile for

the plane channel lies slightly above the Prandtl-von Kármán log law [Patel and Head, 1969; Kasagi
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Figure 13.3: (a) Mean velocity profile, (b) Reynolds shear stress, and (c) streamwise, (d) wall-normal and (e) spanwise
RMS velocity fluctuations when the P4-LB2 shaped wall moves in the streamwise direction with a time period of T+

x = 18.22.
Corresponding profiles for the unactuated case are shown in black.
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Figure 13.4: (a) Mean velocity profile, and (b) Reynolds shear stress when the P4-LB2 shaped wall moves in the streamwise
direction with a time period of T+

x = 91.08. Corresponding profiles for the unactuated case are shown in black.

and Shikazono, 1995; Tsukahara et al., 2005]. For reference, also shown in Figure 13.3(a) are the

viscoelastic maximum drag reduction (MDR) velocity profile from the numerical work of Wang et al.

[2014], and the P4 lower branch ECS velocity profile due to Park and Graham [2015]. Statistics

for the actuated channel have been obtained by averaging data at each distance from the mean

height of the deformable wall. Since the motion of both the bottom and the top walls is congruent,

data for both the halves of the channel are considered for better statistics. Note that here, and

in all the future chapters, each first and second order statistics is scaled with the corresponding

mean wall shear stress, from unactuated or actuated wall as the case may be. Local zones near the

deforming walls are excluded from averaging and hence not shown. We observe that the velocity

profiles are elevated, they have a slightly higher slope compared to the Prandtl von Kármán log

law slope, and the Reynolds shear stresses are reduced. This is indicative of reduction is the skin-

friction drag; specifically, the reduction is more for a higher deformation amplitude for the range

of amplitudes studied. Overall, wall-normal (Figure 13.3(d)) and spanwise (Figure 13.3(e)) velocity

fluctuations follow the same trend. However, the streamwise velocity fluctuations (Figure 13.3(c))

seem to increase in the buffer layer as the deformation amplitude is increased. Moreover, the RMS

fluctuations for the wall-normal velocity are very small near the wall due to the small deformation

velocity of the wall. For case (2), when Tx = 5Tx,P4-LB2, a negligible change in results is observed
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(Figure 13.4).

Since we are imprinting a P4 lower branch travelling wave structure (shown in Figure 13.1) on

a turbulent flow field, it will be interesting to see how close the flow quantities approach that of

the imprinted structure. To visualise the approach of turbulent trajectories to the P4 lower branch

ECS in the state space, we project the trajectories onto a three-dimensional space with the following

quantities as references: disturbance kinetic energy (KE), energy dissipation rate (D), and area-

averaged instantaneous wall shear stress scaled with the mean wall shear stress in the plane channel

(τw/τ̄w). Each of these quantities is calculated only in half of the channel. Without any loss of

generality, we choose the lower half for this purpose. The disturbance kinetic energy, KE, for the

lower half of the channel is given by the following expression:

KE = 1
Γ

∫
Γ

∫ 0

〈yw〉b+ηb

1
2 (u− ulam)2 dydγ (13.6)

where ulam is the laminar flow field, dγ is an area element on the wall whose total area is Γ, and

〈yw〉b + ηb denotes a point on the bottom wall. For the plane channel, dγ = dxdz, Γ = LxLz, and

〈yw〉b + ηb is simply −1. The energy dissipation rate for the lower half of the channel is given by

the following expression:

D = 1
ReΓ

∫
Γ

∫ 0

〈yw〉b+ηb

(
|∇u|2 + |∇v|2 + |∇w|2

)
dydγ (13.7)

The above quantity is multiplied by 3Re/4 before plotting, so that the scaled energy dissipation rate

is 1 for the Newtonian laminar flow.

Figure 13.5 shows dynamical trajectories of channel flow turbulence at Reτ = 85 (unactuated)

in the minimal channel for both unactuated (black lines) and actuated wall (red lines) cases. The

deformation amplitude and the time period of the streamwise wave for the actuated wall cases are

η+ = 7.754 and T+ = 18.22. The P4 lower branch travelling wave and the laminar flow are also

projected for reference. It is known that the dynamical trajectories spend most of their time in

the region of the state space that is populated with high-drag-exhibiting upper branch solutions,

and occasionally pass through the vicinity of low-drag-exhibiting lower branch solutions [Park and

Graham, 2015]. Trajectories for the plane channel, shown in black colour, display this behaviour.
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Figure 13.5: State space visualisation of DNS trajectories for plane channel (black) and for a channel with P4-LB-like wall
motion in the streamwise direction (red) with η+ = 7.754 and T+

x = 18.22 in a minimal channel turbulent flow at Reτ = 85,
projected onto three dimensions: disturbance kinetic energy (KE), energy dissipation rate (D), and normalised instantaneous
wall shear stress (τw/τ̄w). Circles are attached to the lines at intervals of 1 l/Uc. P4-LB2, P4-UB1 and laminar solutions
are also included for reference. All quantities are calculated only for the bottom half of the channel.

For the actuated wall case, the trajectories start from the same high-drag core and then move

closer to the low-drag region where they spend more time compared to the unactuated case. These

trajectories are shown in red colour. For both the unactuated and actuated cases, initial transients

have been removed and only the statistically stationary trajectories are shown. Clearly, in a state of

statistical steadiness, the trajectories for the wall-actuation case stay in the low-drag region of the

state space.

Joint probability density functions (PDFs) of KE and D, τw/τ̄w and D, and τw/τ̄w and KE for

both the actuated and the unactuated cases are shown in Figure 13.6. The first thing to notice is

that there is a positive correlation between any two quantities: for a plane channel, higher D is more

likely to be observed with higher KE and a higher τw. High values of these quantities are indicative

of higher drag, and vice versa. The PDF for the plane channel (left column) is spread over a larger
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Figure 13.6: Joint probability densities of [(a), (b)] KE and D, [(c), (d)] τw/τ̄w and D, and [(e), (f)] τw/τ̄w and KE for both
the plane channel (left column) and for a channel with P4-LB-like wall motion in the streamwise direction with η+ = 7.754
and T+

x = 18.22 (right column). Hollow symbols have same meaning as before.
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(a) (b)

Figure 13.7: Instantaneous snapshots of the full cross-flow plane showing streamwise velocity as colour contours and
streamwise vorticity as line contours (positive vorticity as solid lines and negative vorticity as dashed lines) for (a) unactuated
case, and (b) actuated case with η+ = 7.754 and T+

x = 18.22. In (b), the wave moves in the direction of increasing x. Note
that in (b), both the walls are smooth but they look like sharp steps due to the blanking limitations of Tecplot 360 EX 2017
R1.

area, indicating the movement of trajectories between high- and low-drag states in the space space.

In contrast, the PDF for the actuated wall case (right column) is not only spread over a smaller

area but also lies in the region of low KE, low D and low τw/τ̄w indicating low-drag throughout the

actuation process after a statistically stationary state has been attained. The positive correlation

between the quantities is maintained.

We now look at some instantaneous flow structures. Illustrated in Figure 13.7 are instantaneous

snapshots of the cross-flow plane showing the streamwise velocity, U , as colour contours and the

streamwise vorticity, ωx, as line contours. In the unactuated plane channel (Figure 13.7(a)), dense

lines of both positive (solid) and negative (dashed) ωx can be seen indicating strong streamwise

vorticity, which is associated with the high skin-friction drag. On the other hand, for the actuated
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Figure 13.8: Instantaneous snapshots of streamwise velocity fluctuations, u′, at y+ ≈ 15 for (a) unactuated case, and (b)
actuated case with η+ = 7.754 and T+

x = 18.22. In (b), the wave moves in the direction of increasing x.

channel case (Figure 13.7(b)) in which the wave at both the walls propagates in the increasing x

direction (into the plane of paper), the streamwise vorticity is significantly reduced, and on average,

they have moved away from the wall. We can also see that the cross-section of streamwise streaks

that are more fluctuating and show great degree of disorder in the plane channel have become calm

and orderly with actuation and have more or less taken the shape of the wall.

Figure 13.8 shows instantaneous streamwise velocity fluctuations, u′, at y+ ≈ 15 from the bottom

wall corresponding to the snapshots shown in Figure 13.7. In Figure 13.8(a), the unactuated case,

the streaks are meandering which is typical of a turbulent channel flow, implying strong three-

dimensionality in the flow. In the actuated wall case (Figure 13.8(b)), the three-dimensionality in

the flow is significantly reduced and the low-speed streaks appear to be aligned above the crest in

the streamwise direction. Thus, in a way, the P4 lower branch ECS has been imprinted on the

flow. The alignment of streaks, for a different wave form though, for wall deformation has also been

observed by Klumpp et al. [2011] and Tomiyama and Fukagata [2013]. Orderly streaks aligned in

the streamwise direction with less fluctuating motions is indicative of weak turbulence and hence

drag reduction.
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13.2 P4-LB-like wall moving in the spanwise direction

Figure 13.9 shows an instantaneous snapshot of the deformable bottom wall whose shape mimics

the wall shear stress fluctuations patterns of a lower branch ECS illustrated in Figure 13.1. In the

current set-up, the effect of a spanwise travelling wave that arises due to the up and down motion

of the wall on the near-wall dynamics is investigated. The idea of the spanwise motion is, in part,

derived from the work of Tomiyama and Fukagata [2013] who used a spanwise-dependent sinusoidal

wave form travelling in the spanwise direction. For our case, the wave propagates in the positive z

direction only which is shown by a black arrow in Figure 13.9. The streamwise propagation speed,

cx, for this case is zero. The spanwise wave speed, cz, is not chosen arbitrarily — it is such that the

time period of the wave motion of the deformable wall in the spanwise direction (Tz) is comparable

to that of the P4 lower branch travelling wave in a plane channel (Tx,P4-LB2) at the same Reynolds

number. We consider two cases: (1) Tz = Tx,P4-LB2, and (2) Tz = 5Tx,P4-LB2. The reasoning

behind case (1) is straightforward: here the deformable wall wave is made to propagate with the

same frequency as that of P4 lower branch ECS. For the deformable wall travelling wave to have

a spanwise time period (Tz) same as that of the P4 ECS (Tx,P4-LB2), the wave speed should be

cz = Lz/ (Lx,P4-LB2/cx,P4-LB2) = (π/2) / (π/cx,P4-LB2) = cx,P4-LB2/2 = 0.37. In case (2), the wave

moves 5 times slower and the frequency now is comparable to those of other wall-actuation methods,

e.g., drag reduction by transverse wall oscillations [Ricco and Quadrio, 2008] or spanwise travelling

wave-like wall deformation using a monochromatic planar wave [Tomiyama and Fukagata, 2013].

Results for both the frequencies examined are presented below.

Figure 13.10 shows the first and second order statistics for case (1) when the P4-LB travelling

wave-like wall deformation propagates in the spanwise direction such that Tz = Tx,P4-LB2. For

this case, T+
z = 18.22. Figure 13.10(a) shows the streamwise time averaged velocity profile for the

unactuated channel at Reτ = 85 with a black solid line. We also present in red hollow symbols the

velocity profiles during wall actuation for different values of deformation amplitude η+ (or η in outer

units; see Equation (13.3)). Velocity profiles for viscoelastic MDR and P4 lower branch ECS are also

shown in Figure 13.10(a). It is observed that as the amplitude of deformation increases, the velocity

profile gets elevated and displays a higher log law slope just outside the buffer layer compared to the
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Figure 13.9: Schematic of the spanwise travelling wave-like wall deformation showing the the bottom wall. The wave travels
in the spanwise direction with a wave speed cz . Colour map at the bottom represents the location of the wall in the form
of y coordinates. White denotes the mean location of the wall, red means a crest (above the mean) whereas blue means a
trough (below the mean).

Prandtl-von Kármán log law. This elevation of the velocity profile above the Prandtl-von Kármán

log law indicates deceleration of fluid near the deforming wall resulting in a lower drag.

Figure 13.10(b) shows the variation of mean Reynolds shear stress (stress arising due to fluctu-

ating velocity field) as a function of distance from the wall. It can be clearly seen that compared to

the unactuated case, the Reynolds shear stress has reduced with wall actuation and the reduction is

more for a higher amplitude. The position of the peak in Reynolds stress remains unaltered though.

Figures 13.10(c)–13.10(e) show the distribution of root-mean-squared (RMS) velocity fluctuations

for all the three velocity components on the deformed wall. Almost negligible difference is observed

in the streamwise velocity fluctuations — the peak and its position compared to the unactuated

channel remain unchanged, although a very minor reduction can be seen in the region y+ ≈ 20−40.

Wall-normal and spanwise velocity fluctuations, on the other hand, are considerably reduced for

deforming walls. The trend in reduction is consistent with that observed in the mean velocity and

the Reynolds shear stress — greater the deformation amplitude, greater the reduction in RMS fluc-

tuations. In the near-wall region though (y+ . 10), the wall-normal velocity fluctuations are higher

than the unactuated case. This is in accordance with the boundary conditions on the wall-normal

velocity component due to the wall motion as described by Equations (13.4) and (13.5).

The state space picture for spanwise wall movement is compared with that of a plane channel

in Figure 13.11. Both the trajectories are plotted after a state of statistical steadiness has been
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Figure 13.10: (a) Mean velocity profile, (b) Reynolds shear stress, and (c) streamwise, (d) wall-normal and (e) spanwise
RMS velocity fluctuations when the P4-LB2 shaped wall moves in the spanwise direction with a time period of T+

z = 18.22.
Corresponding profiles for the unactuated case are shown in black.
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Figure 13.11: State space visualisation of DNS trajectories for plane channel (black) and for a channel with P4-LB-like wall
motion in the spanwise direction (red) with η+ = 2.636 and T+

z = 18.22 in a minimal channel turbulent flow at Reτ = 85.

attained. The trajectories for the actuated wall case (shown in red colour) stay in the low-drag

region of the state space. Interestingly, they also come very close to the P4 lower branch ECS used

to determine the shape of the deformable wall. Joint PDFs of disturbance kinetic energy and energy

dissipation rate are plotted in Figure 13.12. Observations similar to the streamwise wall movements

are made for the spanwise case as well — the PDF for the actuated wall case (right column) is

spread over a smaller area and lies in the region of low KE, low D and low τw/τ̄w.

Instantaneous snapshots of a cross-flow plane and streamwise velocity fluctuations at y+ ≈ 15

for both the plane and actuated channels are shown in Figure 13.13 and Figure 13.14, respectively.

The actuated channel shows lesser degree of fluctuations in the streamwise velocity structure in the

cross-flow plane, streamwise vorticity as well as velocity fluctuations compared to those observed in

the plane channel. In Figure 13.13(b), however, some regions of relatively high density of ωx lines

can be observed locally very close to the walls — these are generated due to the spanwise motion of
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Figure 13.12: Joint probability densities of [(a), (b)] KE and D, [(c), (d)] τw/τ̄w and D, and [(e), (f)] τw/τ̄w and KE for
both the plane channel (left column) and for a channel with P4-LB-like wall motion in the spanwise direction with η+ = 2.636
and T+

x = 18.22 (right column).
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(a) (b)

Figure 13.13: Instantaneous snapshots of the full cross-flow plane showing streamwise velocity as colour contours and
streamwise vorticity as line contours (positive vorticity as solid lines and negative vorticity as dashed lines) for (a) unactuated
case, and (b) actuated case with η+ = 2.636 and T+

z = 18.22. In (b), the wave moves in the direction of increasing z. Note
that in (b), both the walls are smooth but they look like sharp steps due to the blanking limitations of Tecplot 360 EX 2017
R1.

the wavy wall.

Now we present flow statistics for case (2) when the P4-LB travelling wave-like wall deformation

propagates in the spanwise direction such that Tz = 5Tx,P4-LB2. For this case, the time period of

wall motion is T+
z = 91.08, which is comparable to those of other wall-actuation methods mentioned

before. Figure 13.15 shows the mean velocity and Reynolds shear stress profiles over the deformable

wall for this case. The RMS velocity fluctuations are omitted for conciseness. The velocity profiles

are slightly elevated and the Reynolds stresses are slightly reduced, with respect to the unactuated

case. Qualitatively it appears that there is some level of drag reduction but a quick comparison with

case (1) results (Figure 13.10) indicates that the reduction in drag is smaller. A quantitative study

on the levels of drag reduction for both the cases is presented in Chapter 13.3.
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(a) (b)

Figure 13.14: Instantaneous snapshots of streamwise velocity fluctuations, u′, at y+ ≈ 20 for (a) unactuated case, and (b)
actuated case with η+ = 2.636 and T+

z = 18.22. In (b), the wave moves in the direction of increasing z.

13.3 Drag reduction and energy savings

In this chapter, we will quantify the extent of drag reduction achieved by different control strate-

gies described in previous chapters, as well as comment on energy savings and the efficiency of the

process. Since the mass flux is maintained constant throughout a given simulation, the resultant

percent drag reduction, % DR, or the percent gain in pumping power, can be determined from the

reduction in the pressure gradient, −dP/dx. The power required to pump the fluid, Wp, is given by

Wp =
{

1
Tf − Ti

∫ Tf

Ti

〈
−dP

dx

〉
dt
}
Ub (13.8)

where Ti and Tf indicate the start and end times of the simulation, excluding the initial transients, 〈·〉

denotes volume average, and Ub is the constant bulk velocity. Calculations are performed only after

a statistical stationary state has been attained. The percent drag reduction can then be calculated

as:

% DR = Wp0 −Wp

Wp0
× 100% (13.9)

Here, the “0” in the subscript indicates the unactuated, plane channel case.

Figure 13.16 shows the variation of % DR with the deformation amplitude when the travelling

deformable wall propagates in the streamwise (Chapter 13.1) and spanwise (Chapter 13.2) directions

at two different frequencies. Drag reduction rates for laminar and P4 lower branch travelling wave
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Figure 13.15: (a) Mean velocity profile, and (b) Reynolds shear stress when the P4-LB2 shaped wall moves in the spanwise
direction with a time period of T+

z = 91.08. Corresponding profiles for the unactuated case are shown in black.
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Figure 13.16: Drag reduction rate as a function of deformation amplitude for (a) streamwise and (b) spanwise motion
of channel walls the shape of which that mimics the spatial patterns of wall shear stress fluctuations of a P4 lower branch
travelling wave. Corresponding values for laminar and P4-LB2 solutions are included for reference.

are also shown for reference. Note that the laminar solution will be different for different deformation

amplitudes, hence the solution, among other laminar solutions computed, for which drag reduction

rate is minimum is shown here. For extremely small deformations, the drag reduction rate for all the

cases approaches zero which is expected for an actuated channel tending to a plane channel. As the
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deformation amplitude increases, deviations from the controlled case can be seen. Interestingly, for

both the spanwise and streamwise travelling waves of wall deformation, more positive drag reduction

cases are observed for case (1), i.e., for the higher frequency case. Case (2), for which the frequency of

the wave motion corresponds to the wall oscillation frequency in case of drag reduction by oscillating

walls, predominantly results in drag increase. All the drag reduction values due to wall deformation

are far off from their laminar or P4-LB2 counterparts.

Even though we do achieve drag reduction in some cases using the strategies described in previous

chapters, which result in a gain in pumping power, it comes at the expense of an external energy

that is required for actuating the wall. Thus, in order to truly capture the energy savings, we have

to take into account the energy we are adding to the system to actuate the walls. At statistically

steady state, the total rate of work for pumping the fluid and wall-shape change at constant volume

is identical to the dissipation function [Fukagata et al., 2009] given by Equation (13.10) for the full

channel.

Wtotal = 1
2ReΓ (Tf − Ti)

∫ Tf

Ti

∫
Γ

∫ 〈yw〉t+ηt

〈yw〉b+ηb

(
|∇u|2 + |∇v|2 + |∇w|2

)
dydγdt (13.10)

The net energy savings can be calculated as [Kasagi et al., 2009a]:

S = Wp0 −Wtotal

Wp0
(13.11)

Therefore, the efficiency of the entire process is given by:

ε = DR
DR− S (13.12)

For any active control strategy to be practically implementable, the net energy savings, S, must

be positive, or in other words, the efficiency, ε, must be greater than unity. In Figure 13.17, the

computed values of ε are plotted at different deformation amplitudes for different frequencies. For the

sake of completeness, ε for cases that resulted in drag increase, or for cases for which ε < 1, are also

shown. The maximum efficiency observed is ∼ 1.7 for the streamwise travelling wave case and ∼ 1.5

for the spanwise travelling wave case. These values are very similar to those obtained from other
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Figure 13.17: Process efficiency as a function of deformation amplitude for (a) streamwise and (b) spanwise motion of
channel walls the shape of which that mimics the spatial patterns of wall shear stress fluctuations of a P4 lower branch
travelling wave.

control methods, e.g., temporal spanwise wall oscillation [Quadrio and Ricco, 2004] and streamwise-

travelling waves of spanwise wall velocity [Quadrio et al., 2009], while they lie on the lower side

of the efficiency values obtained from control methods like streamwise oscillation of spanwise wall

velocity [Viotti et al., 2009], steady streamwise forcing [Xu et al., 2007] and streamwise travelling

wave-like blowing and suction [Min et al., 2006]. This may be attributed to the lower drag reduction

rates for our methods — drag reduction of up to 40% can be achieved by spanwise oscillations.

A definitive pattern of the variation of the drag-reduction rate as a function of parameters, e.g.,

deformation amplitude, wave speed, was not found. Only a single lower branch ECS was imposed on

the flow with deformation amplitudes that extended not beyond the viscous sublayer. Even though

deformations in this range have been used before both for open loop [Tomiyama and Fukagata, 2013]

and closed loop [Kang and Choi, 2000] active control techniques, effects of larger deformations need

to be studied with regard to pattern imposition.
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13.4 Other forms of wall actuation

13.4.1 P4-UB-like wall moving in the streamwise or spanwise direction

In Chapters 13.1 and 13.2, effects of the imposition of a low-drag state, specifically, a lower

branch solution from the P4 family of travelling waves [Park and Graham, 2015], on the near-

wall dynamics of a turbulent flow field were discussed. The travelling wave-like wall deformations

moved in streamwise and spanwise directions. Quantification of drag-reduction and the efficiency of

the process was discussed in Chapter 13.3. We saw that upon the imposition of a low-drag state,

the turbulent trajectories approached the vicinity of that state. This provides us motivation to

investigate what would happen if instead of a low-drag state, a high-drag state is imposed on the

flow. Will the trajectories approach the high-drag state in the state space? Or will they just move

chaotically in a general high-drag region? Or will they approach a low-drag region: is the effect of

imposing a travelling wave generic? We try to answer some of these questions in the current chapter.

We look at the effects of imprinting a high-drag state on the flow. The most obvious choice

for a high-drag state would be an upper branch travelling wave solution. We choose an upper

branch travelling wave solution from the same P4 family of solutions at the same laminar centreline

Reynolds number, Re = 1800. The upper branch solution is imposed on a turbulent flow in the same

manner as was done for lower branch solutions (see Chapters 13.1 and 13.2). Both the streamwise

and spanwise motions of wall deformation are considered. The wave speed the chosen upper branch

solution in the streamwise direction, cx,P4-UB1, is 0.73 (nondimensionalised by the laminar centreline

velocity, Uc, at the same mass flux) [Park and Graham, 2015]. The time period of the travelling wave

of wall deformation in the streamwise direction, Tx, and the spanwise direction, Tz, is set to be same

as the time period of the P4 upper branch solution, Tx,P4-UB1, imprinted on the flow. Thus, for the

streamwise propagating wave of wall deformation, Tx = Tx,P4-UB1, and for the spanwise propagating

wave of wall deformation, Tz = Tx,P4-UB1. The results for both the cases are discussed below.

In Figure 13.18, mean velocity profiles above the actuated wall for both the streamwise and

spanwise travelling waves are shown in red. Velocity profiles for the plane, unactuated channel are

also shown (in black). It is observed that for the actuated wall cases, the velocity profiles lie very

close to the velocity profile for the plane channel. Interestingly, these profiles also lie very close to the
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Figure 13.18: Drag reduction rate as a function of deformation amplitude for (a) streamwise and (b) spanwise motion of
channel walls the shape of which that mimics the spatial patterns of wall shear stress fluctuations of a P4 upper branch
travelling wave. Corresponding values for laminar and P4-UB1 solutions are included for reference.
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Figure 13.19: Drag reduction rate as a function of deformation amplitude for (a) streamwise and (b) spanwise motion of
channel walls the shape of which that mimics the spatial patterns of wall shear stress fluctuations of a P4 upper branch
travelling wave. Corresponding values for laminar and P4-UB1 solutions are included for reference.

velocity profile of the upper branch that was imposed on the flow, except in the region y+ ≈ 15− 35

where the upper branch velocity profile shows a deviation.
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Figure 13.20: State space visualisation of DNS trajectories for plane channel (black) and for a channel with P4-UB-like wall
motion in the streamwise direction (red) with η+ = 4.733 and T+

x = 18.46 in a minimal channel turbulent flow at Reτ = 85.

The degree to which drag has changed has been quantified in Figure 13.19. Drag reduction

rates have been calculated using Equation (13.9). For both the cases, a negative drag-reduction

is observed, i.e., an increase in drag. The level of drag-increase is very close to that of the upper

branch solution that was imposed on the flow. It is interesting to note that for the streamwise case,

minor drag-reduction was observed for two values of deformation amplitude — the reason for this

is not known to us.

Figure 13.20 shows state space trajectories in the streamwise actuated channel (red) in compar-

ison with the trajectories in the plane channel (black). The upper branch travelling wave solution

(P4-UB1) is also shown for reference. It is observed that the red trajectories remain in the high-drag

region of the state space and keep moving chaotically around a high-drag turbulent attractor, not

necessarily the upper branch solution that was imposed on the flow. Similar observations are made

when the imposed pattern propagate in the spanwise direction (Figure 13.21).
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Figure 13.21: State space visualisation of DNS trajectories for plane channel (black) and for a channel with P4-UB-like wall
motion in the spanwise direction (red) with η+ = 3.313 and T+

z = 18.46 in a minimal channel turbulent flow at Reτ = 85.

Figures 13.22 and 13.23 show the joint probability densities of KE and D, τw/τ̄w and D, and

τw/τ̄w and KE for streamwise and spanwise travelling waves of wall deformation, respectively. Similar

plots for the plane channel are also presented for comparison. The joint densities for the wall

actuation case with an upper branch solution are concentrated in the regions where the values of all

the three quantities are high. The positive correlation between the quantities, which is very strong

for the plane channel, still exists for the actuated channel but it appears to have weakened a little

bit.

13.4.2 Spanwise wall oscillation of the wall

In this chapter, we visit a drag-reduction technique studied extensively by many researchers: drag

reduction via spanwise wall oscillation. An excellent review article by Quadrio [2011] describes many

forms in which spanwise wall oscillation has been implemented, why the spanwise motion is particu-



123

0 0.01 0.02 0.03

0.5

1

1.5

2

2.5

3

3.5

(a)

0 0.01 0.02 0.03

0.5

1

1.5

2

2.5

3

3.5

(b)

0.5 1 1.5

0.5

1

1.5

2

2.5

3

3.5

(c)

0.5 1 1.5

0.5

1

1.5

2

2.5

3

3.5

(d)

0.5 1 1.5

0

0.005

0.01

0.015

0.02

0.025

0.03

(e)

0.5 1 1.5

0

0.005

0.01

0.015

0.02

0.025

0.03

(f)

Figure 13.22: Joint probability densities of [(a), (b)] KE and D, [(c), (d)] τw/τ̄w and D, and [(e), (f)] τw/τ̄w and KE
for both the plane channel (left column) and for a channel with P4-UB-like wall motion in the streamwise direction with
η+ = 4.733 and T+

x = 18.46 (right column). Hollow symbols have same meaning as before.
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Figure 13.23: Joint probability densities of [(a), (b)] KE and D, [(c), (d)] τw/τ̄w and D, and [(e), (f)] τw/τ̄w and KE for
both the plane channel (left column) and for a channel with P4-UB-like wall motion in the spanwise direction with η+ = 3.313
and T+

z = 18.46 (right column). Hollow symbols have same meaning as before.
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larly effective in reducing the drag and the importance of the generalised Stokes layer developed due

to the oscillatory motions in determining turbulent drag reduction. The simplest form of spanwise

wall oscillation is given by a spatially uniform temporal oscillation of the spanwise velocity of the wall

[Jung et al., 1992; Akhavan et al., 1993; Quadrio and Ricco, 2004; Ricco and Quadrio, 2008; Touber

and Leschziner, 2012]. It can mathematically be expressed as Ww = Wm sin (2πt/T ), where Ww is

the spanwise velocity at the wall at any given time t, Wm is the spanwise velocity amplitude, and

T is the time period of oscillation. Drag reductions up to 40% can be achieved from this technique

at low Reynolds numbers [Jung et al., 1992]. Various other forms of spanwise wall oscillation have

also been tried and tested, and they have shown in basically similar effects: streamwise variation

of a stationary spanwise velocity, Ww = Wm sin (kxx) [Viotti et al., 2009; Skote, 2011], travelling

wave-like motion of the spanwise velocity in the streamwise [Quadrio et al., 2009] or the spanwise

[Zhao et al., 2004] direction, i.e., Ww = Wm sin (kxx− 2πt/T ) or Ww = Wm sin (kzz − 2πt/T ), re-

spectively. Here, where kx and kz are the wave numbers in the streamwise and spanwise directions,

respectively.

In this study, we have implemented the simplest form of spanwise wall oscillation, namely,

spatially uniform temporal oscillation of the spanwise velocity of the wall, described by Ww =

Wm sin (2πt/T ). The simulation parameters are same as those for a plane, unactuated channel: lam-

inar centreline Reynolds number, Re = 1800, corresponding friction Reynolds number, Reτ = 85,

streamwise and spanwise periods equal to π and π/2, respectively. The domain is discretised using

(Nx, Ny, Nz) = (51, 106, 41) grid points in the streamwise, wall-normal and spanwise directions, re-

spectively, and a constant time step, δt = 0.01, which satisfies the CFL stability condition, is used

in all simulations. A constant mass flux is maintained in the channel, thus, the drag-reduction rate

is determined by measuring the drop in the mean pressure gradient, −dP/dx.

A total of 12 different cases have been studied: W+
m values corresponding to 6, 12 and 18, and T+

values corresponding to 25, 50, 100 and 150. The + in the superscript of Wm and T denotes scaling

with the friction velocity and the time scale in wall units, respectively, of the plane, unactuated

channel. These values of W+
m and T+ have been reported to give high levels of drag reduction at

low Reynolds numbers. Only the bottom wall of the channel, i.e., wall at y = −1, is oscillating.

First of all, we discuss the effect of spanwise wall oscillation of one of the channel walls on a still
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Figure 13.24: Instantaneous spanwise velocity profiles (solid lines) in a channel with still fluid and oscillating bottom wall.
Analytical solutions to Stokes layer problem (hollow circles) are also plotted for comparison.

fluid. Figure 13.24 shows instantaneous spanwise velocity profiles over an oscillating bottom wall

(at y = −1), each with a velocity amplitude W+
m = 18 and time period T+ = 50 (red), 100 (green)

and 150 (blue). Solid lines indicate numerical solution whereas hollow circles indicate analytical

solution to the Stokes’ second problem, i.e., oscillating flat plate beneath a semi-infinite layer of

initially quiescent incompressible fluid. From scaling arguments, it can be derived that the thickness

of the effective layer through which momentum can diffuse in one time period is proportional to
√
νT , where ν is the kinematic viscosity of the fluid. This thickness is known as the Stokes layer.

In Figure 13.24, the location of the Stokes layer relative to the oscillating wall for different time

periods of oscillation is shown by vertical dashed lines in their respective colour. In Figure 13.24(a),

the entire channel height, from y = −1 to y = 1 is shown. In Figure 13.24(b), only the region near

the oscillating bottom wall, y = −1, is emphasised. An extremely good correspondence is observed

between the numerical and analytical results at all the oscillation frequencies, especially inside the

Stokes layer. Very minor discrepency, which is expected due to the presence of the top wall at y = 1,

is also observed. An excellent agreement between the numerical results and the analytical solution

to the Stokes problem validates our numerical procedure.

We now present mean statistics of drag-reduction results due to spanwise wall oscillation in a
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Figure 13.25: Mean velocity profiles above a spanwise oscillating wall for (a) W+
m = 6, (b) W+

m = 12 and (c) W+
m = 18.

Plane channel, viscoelastic MDR and P4-LB2 ECS profiles are also shown for comparison. Lines corresponding to T+ = 100
are omitted to avoid overcrowding.

turbulent channel. Note that for all the cases, averages are taken only after a statistical stationary

state has been attained. Illustrated in Figure 13.25 are the mean streamwise velocity profiles over

the wall oscillating at different velocity amplitudes, and for each velocity amplitude, results corre-

sponding to different frequencies are plotted. The black solid line represents the velocity profile in

the plane channel, and at Reτ = 85, it lies slightly above the Newtonian log law [Patel and Head,
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Figure 13.26: Reynolds shear stress above a spanwise oscillating wall for (a) W+
m = 6, (b) W+

m = 12 and (c) W+
m = 18.

Plane channel profile is also shown for comparison. Lines corresponding to T+ = 100 are omitted to avoid overcrowding.

1969; Kasagi and Shikazono, 1995; Tsukahara et al., 2005]. Velocity profiles corresponding to the

viscoelastic maximum drag reduction (MDR) [Wang et al., 2014] and the P4-LB2 lower branch ECS

[Park and Graham, 2015] are also shown for comparison. For all the three cases of velocity ampli-

tudes, it is observed that velocity profiles above the oscillating wall are elevated, i.e., they lie above

the Newtonian log law and have a higher slope in the region y+ ≈ 20 − 30. For a given velocity

amplitude, for example, W+
m = 6 in Figure 13.25(a), it can be seen that increasing the time period
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of spanwise wall oscillation (or decreasing its frequency) elevates the velocity profile approximately

up to the viscoelastic MDR profile. Velocity profiles are elevated more for higher time periods for

all the three cases, and the viscoelastic MDR profile appears to form the upper bound to the wall

oscillation velocity profiles. A related observation, not in a drag-reducing case though, has been

made earlier by Park and Graham [2015]: they found that temporally intermittent flow properties

in a minimal channel at Reτ = 85, e.g., mean velocity, wall shear stress, disturbance kinetic energy,

energy dissipation rate, are all bounded on the upper end by a lower branch ECS of the P4 family.

Kushwaha et al. [2017] made similar observations for Newtonian turbulence in extended domains

where they found that the low-drag velocity profiles (conditionally averaged profiles) lie very close

to the same P4 lower branch ECS in the near-wall region, y+ . 30. Finally, with regard to the span-

wise velocity amplitude, it is observed that the velocity profile is elevated more for a higher velocity

amplitude at a given time period of oscillation. For example, for W+
m = 18 in Figure 13.25(c), all

the velocity profiles corresponding to the wall actuated at different frequencies are elevated and lie

extremely close to the viscoelastic MDR and the P4-LB2 profiles.

Reynolds shear stress profiles for both unactuated and actuated channels are illustrated in Figure

13.26. These profiles follow the trend observed for the velocity profiles: (1) Reynolds shear stresses

for the actuated channel are lower compared to that of the unactuated channel, (2) for a given velocity

amplitude, the reduction in the stresses increases as the time period of spanwise wall oscillation is

increased, and (3) for a given time period, the reduction in the stresses increases as the velocity

amplitude of spanwise wall oscillation is increased.

A state space visualisation of DNS trajectories for the plane and actuated channels is presented

in Figure 13.27, in black and red colours, respectively. Both the trajectories represent a statis-

tically stationary state for their respective cases. Trajectories for the plane channel follow their

usual pattern as seen earlier in the dissertation and in other literature [Park and Graham, 2015;

Kushwaha et al., 2017]: they move chaotically between high- and low-drag states in the state space,

mostly concentrated in the high-drag region around a high-drag turbulent attractor, and making

occasional excursions to very low-drag states, e.g., an exact solution characteristic of low drag. Tra-

jectories corresponding to spanwise wall oscillation look very different from those observed earlier

for streamwise (Figure 13.5) or spanwise (Figure 13.11) travelling waves of wall deformation. Due
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Figure 13.27: State space visualisation of DNS trajectories for plane channel (black) and for a channel with spanwise wall
oscillation (red) with W+

m = 18 and T+ = 100 in a minimal channel turbulent flow at Reτ = 85.

to the sinusoidal form of spanwise wall oscillation, the trajectories appear to move continuously in

a spiral in the low-drag region (region where τw/τ̄w is small) of the state space. In addition, they

are restricted to the region they are spiralling in — they never come out of it. A projection of these

trajectories on two-dimensional planes is better represented in the form of joint PDFs as illustrated

in Figure 13.28. Compared to the joint PDF for the unactuated channel (left column) that shows

a positive correlation between the two variables and the high density in the high-D, high-KE and

the high-τw/τ̄w regions, the joint PDFs for the wall oscillation case (right column) takes an oval

shape with high densities only along the thick edge of the oval. In contrast to the joint PDFs for

the streamwise (in Figure 13.6) or spanwise (in Figure 13.12) travelling waves of wall deformation,

the joint PDF for the current case shows a greater spread across the D-KE plane.

We now look at some instantaneous snapshots of flow structures observed over a spanwise os-

cillating wall in a turbulent channel flow. Figure 13.29 shows instantaneous cross-flow planes for
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Figure 13.28: Joint probability densities of [(a), (b)] KE and D, [(c), (d)] τw/τ̄w and D, and [(e), (f)] τw/τ̄w and KE for
both the plane channel (left column) and for a channel with spanwise wall oscillation with W+

m = 18 and T+ = 100 (right
column).
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(a) (b)

Figure 13.29: Instantaneous snapshots of the full cross-flow plane showing streamwise velocity as colour contours and
streamwise vorticity as line contours (positive vorticity as solid lines and negative vorticity as dashed lines) for (a) unactuated
case, and (b) oscillating wall case with W+

m = 18 and T+ = 100. Note that the number of vorticity contour levels has been
reduced here for a better visualisation of the induced vorticity near the bottom wall in (b).

the unactuated channel (Figure 13.29(a)) and the actuated channel with the bottom wall oscillating

in the spanwise direction (Figure 13.29(b)). Colour contours are the streamwise velocity, U , and

line contours represent the streamwise vorticity, ωx, (solid: positive vorticity, and dashed: nega-

tive vorticity). In the unactuated plane channel, dense vorticity lines can be seen indicating strong

streamwise vorticity, which is associated with the high skin-friction drag. For the wall oscillation

case, vorticity lines are in fact denser near the oscillating wall — this is due to the streamwise

vorticity induced by the spanwise wall oscillation. However, just above the oscillating bottom wall

(near-wall region), the flow appears to be very orderly: the nearly-flat vorticity-lines indicate that

the streaks and vortices have been stabilised, without actually laminarising. Overall, the vortices

in the fluid region have moved away from the wall. Interestingly, the near-wall region where the
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(a) (b)

(c)

Figure 13.30: Instantaneous snapshots of streamwise velocity fluctuations, u′, at y+ ≈ 15 for (a) unactuated case, and (b)
oscillating wall case with W+

m = 18 and T+ = 100. (c) u′ at y+ ≈ 3 for the same oscillating wall case at the same time
instant.

flow has been stabilised and fluctuations reduced, lies within the Stokes layer formed due to the

oscillation. The Stokes layer thickness when W+
m = 18 and T+ = 100 is close to 0.8 in outer units

(see the blue dashed line in Figure 13.24(b)), which is the thickness in which the turbulent motions

have been stabilised in Figure 13.29(b).

Instantaneous snapshots of streamwise velocity fluctuations, u′, at the time instants for which

Figure 13.29 was plotted, are shown in Figure 13.30. Fluctuations for the unactuated channel are

plotted at a distance y+ ≈ 15 from the wall (Figure 13.30(a)), whereas for the actuated channel,

they have been plotted at two locations: y+ ≈ 15 (Figure 13.30(b)) and y+ ≈ 3 (Figure 13.30(c)).

The former one lies outside the Stokes layer while the latter one lies within the Stokes layer. The

unactuated channel shows a typical streamwise dependent streaky behaviour implying strong three-

dimensionality in the flow. The velocity fluctuation patterns for the actuated channel at y+ ≈ 15 are

relatively calmer and show reduced streamwise dependence. Interestingly, the streamwise velocity
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Figure 13.31: Drag reduction rate as a function of time period of spanwise wall oscillation for different velocity amplitudes.
The friction Reynolds number for the controlled flow, Reτ = 85. Corresponding drag reduction rates for laminar and P4-LB2
solutions are included for reference.

fluctuation patterns within the Stokes layer, at y+ ≈ 3, do not look similar to the patterns outside

the Stokes layer. The low-speed regions appear to be more or less aligned in the spanwise direction

whereas the high-speed regions appear to show some degree of obliqueness. Wall shear stress patterns

were also plotted (not shown) and they were found to look like the streamwise velocity fluctuation

patterns within the Stokes layer — not aligned in the streamwise direction.

Drag reduction due to spanwise wall oscillation has been quantified in Figure 13.31. The rates

have been computed from the drop in the mean pressure gradient, as described by Equation (13.9).

Regardless of the parameters of the wall oscillation, a maximum drag-reduction of close to 20% is

observed. In addition, for all the parameters studied, none resulted in an increase in overall drag.

The overall trend looks like the following: drag reduction increases with increasing time period of

wall oscillation, as well as with the velocity amplitude.

13.4.3 Sinusoidal wave-like wall deformation moving in the spanwise di-

rection

In this chapter, we conduct DNS to look at drag reduction in a turbulent channel flow using

spanwise sinusoidal travelling wave-like wall deformation. This technique of achieving reduction
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Figure 13.32: Schematic of the spanwise sinusoidal travelling wave-like wall deformation (after Tomiyama and Fukagata
[2013]).

in skin-friction drag has been implemented numerically in a turbulent channel flow by Tomiyama

and Fukagata [2013]. For their flows at a friction Reynolds number, Reτ , of 180, they achieved a

maximum drag reduction of 13.4%. It should be noted that compared to their Reτ , ours is in the

transitional Reynolds number regime: Reτ = 85. The second difference between their set-up and

ours is the domain size: the streamwise, wall-normal and spanwise lengths of their computational

domain are 2π × 2 × π whereas our computational domain is half this size in both streamwise and

spanwise directions, i.e., π × 2× π/2.

We ran some simulations to see the effect of spanwise sinusoidal travelling wave-like wall defor-

mation on turbulent channel flows in a minimal channel at Reτ = 85 (for the controlled, unactuated

channel). A schematic of wall deformation and its propagation is shown in Figure 13.32. Other

parameters in the simulation, e.g., deformation amplitude η+, wave speed c+z , wave number kz, were

chosen similar to those used by Tomiyama and Fukagata [2013]. Note that the wave number, kz,

reported here is the angular wave number, i.e., number of waves over a period of 2π. Since the

spanwise period of our minimal channel is π/2, the wave number over this spanwise length would be

kz/4. Drag reduction rates as a function of parameters is presented in Figure 13.33. Surprisingly,

for all our runs, the flow laminarised — the drag reduction rate approached the laminar value for

all deformation amplitudes, wave numbers and wave speeds. This is due to (1) low Re, and (2) high

wave number in the spanwise direction, kz, used. We looked into cases with smaller spanwise wave

number, kz = 4, and got a drag-reduction of about 25% at η+ = 1.7 without any laminarisation.

Figure 13.34 shows the patterns of streamwise velocity fluctuations, u′, at y+ ≈ 15 for both
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Figure 13.33: Drag reduction rate as a function of deformation amplitude due to spanwise sinusoidal travelling wave-like
wall deformation. Cyan: kz = 4, red: kz = 8, green: kz = 16, and blue: kz = 32.

(a) (b)

Figure 13.34: Instantaneous snapshots of streamwise velocity fluctuations, u′, at y+ ≈ 15 for (a) unactuated case, and (b)
spanwise sinusoidal travelling wave-like wall deformation with η+ = 6.8, c+

z = 0.21 and kz = 16.

plane and actuated channels. The unactuated channel shows streamwise dependent streaks with

fluctuations whereas for the channel with spanwise sinusoidal travelling wave-like wall deformation,

due to laminarisation, well-organised streamwise independent streaks are formed. Low-drag regions

are formed over the crest whereas high-drag regions are formed over the trough. These patterns

move in the spanwise direction with the moving wall.

A list of all wall actuation parameters and the resultant drag reduction rate is presented in Table

13.1.
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Table 13.1: Set of wall actuation parameters and resultant drag reduction rate.

η+ W+
m kx/kz λ+ c+x /c+z T+ % DR

P4-LB-like wall moving in the

streamwise direction with Tx =

Tx,P4-LB2

0.78 — — — 15.67 18.22 -2.14

1.55 — — — 15.67 18.22 -3.26

3.10 — — — 15.67 18.22 2.00

4.65 — — — 15.67 18.22 4.27

7.75 — — — 15.67 18.22 6.71

15.51 — — — 15.67 18.22 -9.30

P4-LB-like wall moving in the

streamwise direction with Tx =

5Tx,P4-LB2

0.78 — — — 3.13 91.08 -3.65

1.55 — — — 3.13 91.08 3.31

3.10 — — — 3.13 91.08 0.02

4.65 — — — 3.13 91.08 -5.77

7.75 — — — 3.13 91.08 -1.66

12.41 — — — 3.13 91.08 -9.70

15.51 — — — 3.13 91.08 1.89

P4-LB-like wall moving in the

spanwise direction with Tz =

Tx,P4-LB2

0.16 — — — 7.84 18.22 0.15

0.47 — — — 7.84 18.22 -5.37

0.78 — — — 7.84 18.22 3.04

1.09 — — — 7.84 18.22 7.75

1.40 — — — 7.84 18.22 5.52

1.71 — — — 7.84 18.22 -3.00

2.02 — — — 7.84 18.22 3.18

2.33 — — — 7.84 18.22 3.71

2.64 — — — 7.84 18.22 15.30
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Table 13.1: Set of wall actuation parameters and resultant drag reduction rate (continued).

η+ W+
m kx/kz λ+ c+x /c+z T+ % DR

P4-LB-like wall moving in the

spanwise direction with Tz =

5Tx,P4-LB2

0.16 — — — 1.57 91.08 -1.37

0.47 — — — 1.57 91.08 -1.75

0.78 — — — 1.57 91.08 -9.47

1.09 — — — 1.57 91.08 -4.34

1.40 — — — 1.57 91.08 -1.02

1.71 — — — 1.57 91.08 14.36

2.02 — — — 1.57 91.08 2.68

2.33 — — — 1.57 91.08 2.39

2.64 — — — 1.57 91.08 -3.53

P4-UB-like wall moving in the

streamwise direction with Tx =

Tx,P4-UB1

0.47 — — — 15.46 18.22 -2.50

2.37 — — — 15.46 18.22 -5.99

4.73 — — — 15.46 18.22 -5.54

9.47 — — — 15.46 18.22 2.03

14.20 — — — 15.46 18.22 1.21

P4-UB-like wall moving in the

spanwise direction with Tz =

Tx,P4-UB1

0.24 — — — 7.73 18.22 -2.00

0.47 — — — 7.73 18.22 -3.00

1.42 — — — 7.73 18.22 -3.81

2.37 — — — 7.73 18.22 -4.84

3.31 — — — 7.73 18.22 -4.01

Sinusoidal stationary riblets

Note: these are short runs and

may not be statistically con-

verged

0.85 — 32 16.69 0.00 ∞ 5.88

3.40 — 32 16.69 0.00 ∞ 9.47

6.80 — 32 16.69 0.00 ∞ -4.14

10.20 — 32 16.69 0.00 ∞ 1.78
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Table 13.1: Set of wall actuation parameters and resultant drag reduction rate (continued).

η+ W+
m kx/kz λ+ c+x /c+z T+ % DR

Sinusoidal travelling wave mov-

ing in the spanwise direction

1.70 — 4 133.52 7.84 18.22 25.31

3.40 — 4 133.52 7.84 18.22 42.30

4.25 — 4 133.52 7.84 18.22 46.77

5.10 — 4 133.52 7.84 18.22 46.20

2.89 — 8 66.76 0.78 182.15 48.37

2.89 — 8 66.76 7.84 18.22 49.00

3.40 — 8 66.76 0.74 192.56 48.16

6.80 — 16 33.38 0.21 673.96 48.11

8.50 — 32 16.69 0.42 336.98 47.02

10.20 — 16 33.38 0.42 336.98 45.93

Spanwise wall oscillation Ww =

Wm sin (2πt/T )

— 6 — — — 25 2.77

— 6 — — — 50 12.50

— 6 — — — 100 16.19

— 6 — — — 150 17.60

— 12 — — — 25 6.93

— 12 — — — 50 15.44

— 12 — — — 100 16.99

— 12 — — — 150 21.10

— 18 — — — 25 11.86

— 18 — — — 50 16.87

— 18 — — — 100 17.88

— 18 — — — 150 20.03
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Chapter 14

Conclusions of Part III

For the first time in the turbulent channel flow control literature, knowledge from the dynamical

systems theory has been used to develop and test active control methods for achieving drag reduction

in turbulent channel flows at Reynolds number near transition. In minimal domains, turbulence

in this Reynolds number range displays substantial intermittency that is associated with chaotic

movement of turbulent trajectories between lower and upper branch invariant solutions known as

exact coherent states (ECS). In this work we have attempted to “imprint” some of these exact

solutions on the turbulent flow field and looked at the effects of the imposition in terms of quantities

like mean velocity, Reynolds shear stress, velocity fluctuations, instantaneous flow structures and

the amount of drag reduction.

First, information from a low-drag ECS, specifically, a lower branch travelling wave solution

found in transitional channel flow turbulence by Park and Graham [2015], was used as a template.

Both the walls of the turbulent channel were dynamically deformed; their shape mimicking the

wall shear stress fluctuations of the said travelling wave solution. The up and down motion of wall

elements results in a travelling wave of deformations, and the wave propagates in either streamwise

or spanwise direction. This affects the near-wall dynamics, and some of the flow quantities, for

example, wall shear stress, energy dissipation rate, disturbance kinetic energy, tend to approach

those of the set target. Immersed boundary methods (IBM) with direct forcing were used to satisfy

the boundary conditions at the deforming wall.
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A maximum drag reduction of just above 15% was achieved when the wave of wall deformations

moved in the spanwise direction with a time period same as that of the chosen lower branch ECS,

and the deformation amplitude of 2.636 wall units. A maximum process efficiency of approximately

1.7 was obtained for a streamwise travelling wave. Few cases also resulted in drag increase, pre-

dominantly the ones for which the wave of wall deformation moved at a lower frequency. For the

drag reduction cases, the mean velocity profile was found to lie above the Newtonian von Kármán

log law, the Reynolds stress as well as the velocity fluctuations were reduced. Streamwise vorticity

was also reduced compared to a plane channel, although a slight increase was observed very close

to the wall due to wall motions. The low-drag streaks showed significantly reduced fluctuations and

they were aligned above the crest of the deformed wall in the streamwise direction. The orderly,

streamwise aligned streaks with reduced fluctuating motions is indicative of weak turbulence and

hence drag reduction.

A definitive pattern of the variation of the drag-reduction rate as a function of parameters,

e.g., deformation amplitude, wave speed, was not found. All the drag-reduction results presented

are obtained by imposition of a single lower-branch travelling wave solution with small deformation

amplitudes. Thus, a more comprehensive study with more exact solutions as the template and with a

wider range of deformation amplitude needs to be conducted to be able to get a better understanding

of how drag-reduction rate scales with physical parameters.

Upper branch ECS were also imposed on the turbulent flow. An increase in skin-friction drag

was observed for almost all the cases, except a couple. For the cases for which an increase in drag

was observed, the turbulent trajectories were found to stay in the high-drag region of the state space,

moving chaotically in that region, not necessarily near the imposed upper branch solution.

We also studied drag reduction by uniform spanwise wall oscillation. The wall velocity in the

spanwise direction, described by Ww = Wm sin (2πt/T ), resulted in drag reduction for all the cases

considered. The mean velocity profiles, for the wall oscillation cases, were elevated and they lied

very close to the viscoelastic MDR velocity profile as well as the P4 lower branch ECS velocity

profile. Reynolds shear stresses were significantly reduced. Spanwise oscillation of the wall induces

streamwise vorticity in the near-wall region. The general trend for the parameters studied was that

increasing the velocity amplitude or the time period of oscillation resulted in higher drag reduction.
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Effect of sinusoidal wave-like wall deformation moving in the spanwise direction was also looked

into. Surprisingly, for most of the parameters studied, the flow entered into a laminar state.
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Chapter 15

Future directions: extending the

scope of the current drag-reduction

technique

A major portion of Part III was devoted to getting an understanding of how imprinting a known

solution to the Navier–Stokes equations on the turbulent flow field impacts the near-wall flow dy-

namics. In particular, the goal was to imprint features of a lower branch travelling wave solution

that shows characteristics of low-drag, in the form of waves of wall deformations in streamwise and

spanwise directions, and see if the flow approaches the imprinted pattern, and if the skin-friction

drag due to the flow reduces.

In this chapter, I have tried to present a critical analysis of my work described in Part III,

specifically, its limitations and shortcomings, and I have described possible ways of improvement to

the physical process as well as the numerical tools that help us in simulating the process.

The idea of imprinting the features of a lower branch travelling-wave, specifically, its spatial

wall shear stress patterns and wave speed, on the turbulent flow field is a novel one and it did give

promising results. Regardless of the parameters of the wall deformation, a maximum drag reduction

of just over 15% was achieved and the process was found to be efficient, i.e., energy savings in the
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form of reduction in pumping power were more than the energy spent on actuation. When an upper

branch travelling wave solution was imposed, the net drag was found to increase.

Even with some of these positive outcomes, this study raises more questions than it answers,

partly because it was conducted for only a few set of parameters:

1. Reynolds number was in the transitional regime: Reτ = 85 for the plane, unactuated channel.

2. Flow domain was a minimal channel: Lx × Lz = π × π/2.

3. Only two single exact solutions were worked with on the turbulent flow, a lower branch and

an upper branch solution, each from the P4 family travelling waves.

4. Deformation amplitudes were small: they lied within the viscous sublayer.

In addition, although the effect of deformation amplitude and wave speed on the drag reduction rate,

% DR and efficiency, ε, is presented, an in-depth study on the scaling of these quantities has not been

done, in part because it requires data from a range of parameters enumerated above. For example,

in the work of Tomiyama and Fukagata [2013] in which a spanwise sinusoidal travelling wave-like

wall deformation was implemented, the drag reduction rate was found to be reasonably scaled with

a+δ+, where a+ is the magnitude of wall deformation velocity and δ+ is the thickness of its effective

layer. Similarly, in the case of stationary riblets, drag-reduction scales nicely with a length scale

equivalent to
√
A+
g , derived from the cross-sectional area of the groove, A+

g [García-Mayoral and

Jiménez, 2011a,b]. At the moment, the lower and upper branch solutions we have are restricted to

minimal channels, and are for flows at transitional Reynolds numbers. Their spatial patterns in this

Reynolds number regime do not vary by a lot. Thus, an obvious choice for drag-reduction scaling is

not available. Therefore, for our drag-reduction methods, a more comprehensive study using known

solutions as potential targets should be done, not only for scaling reasons but also for assessing the

generality and effectiveness of our method over a broad parameter range.

Another interesting thing to look into is the effect of imposition lower/upper branch ECS on

a turbulent flow field in an extended domain. As discussed in Part I, the temporal intermittency

observed in minimal channel flows translates to spatiotemporal intermittency in large domains —

high and low drag events happen at the same time at different locations. Quantitatively, we have
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shown that the intermittency factors for hibernation (low drag) events, i.e., fraction of time/space

the slow spends under hibernation, are nearly same for both temporal and spatial sampling. We

also showed that both the local near-wall flow structures in the low-drag patches of the large domain

and the conditional mean profiles in the region y+ . 30 resemble those of a lower branch minimal

domain ECS. Thus, it is hypothesised that, with regard to drag reduction, imposing a lower branch

solution might have a positive impact. Since all the ECS solutions we have at the moment are in

the minimal channel, imprinting these small structures in a large domain can be done in two ways:

(1) locally — the pattern can be imposed at an arbitrarily chosen location in the large domain

and the resulting effects can be studied and compared with those from imposition in the minimal

channel, and (2) globally — exploiting the fact that the solutions are periodic in both streamwise

and spanwise directions, the minimal channel ECS can be tiled multiple times in these directions

so as to form a bigger pattern the size of large domain. The effect of the imposed solution on the

spatiotemporal dynamics in the extended domain can then be studied.

In the current work, we have basically designed an open loop control strategy that uses informa-

tion from a lower branch travelling wave which acts like a target flow field. The strength of actuation

is same throughout the control process irrespective of the instantaneous drag. For example, in the

current formulation, the walls continue to move at the same rate even after the flow with reduced

drag has attained a statistically stationary state. This may result in more energy consumption than

ideally required which would decrease the efficiency of the process. In the longer run, it would be

desirable to have a closed loop, feedback control scheme that in addition to using information from

known solution, keeps taking measurements of the key components, e.g., wall shear stress or flow

velocity, from the flow field. The controller input will be based on some form of difference between

the measured quantity and the known solution that was set as the desired state. One may take ideas

from the suboptimal control schemes of Lee et al. [1998] and Xu et al. [2002] that aim at minimising

the pressure gradient, or of Fukagata and Kasagi [2004] that minimises the near-wall Reynolds shear

stress to develop a closed loop control scheme that minimises, for example, the difference between

the wall shear stresses of the current state and the desired state.

Another important issue that requires attention is related to our computational methodology:

the ability to perform numerical experiments more quickly. All the computational results presented
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in this dissertation have been obtained from a serial code that can run only on a single processor.

Compared to Gibson’s pseudo-spectral ChannelFlow [Gibson, 2009] code, a serial version of which

was used to obtain results of Part I of the dissertation, the finite-volume code used to implement

wall deformation in Part III is much slower. For example, for the same set of parameters, the finite-

volume code could do about 200 time units in a 24 hour period (wall time) compared to about 1000

time units with ChannelFlow on a similar node, i.e., a node with similar technical specifications.

Thus, it is imperative that a parallel version of the current finite-volume code be developed and

utilise the computing power of our parallel machines. One should also note that computations

become prohibitively expensive with increasing Reynolds number and/or domain size, especially if

one wants to simulate flow in full-sized channels. This limits the range of control strategies that can

be explored [Jiménez, 2003]. A faster code will help deal with situations like this.

In order to achieve parallel computing and improve the speed of our code, we can utilise the

Message Passing Interface (MPI) support which is provided by the Portable, Extensible Toolkit for

Scientific Computation (PETSc) [Balay et al., 2011] libraries we are using to solve the linear system

in the finite-volume code. One way of running the code on multiple processors is to use domain

decomposition. As the name suggests, the domain decomposition method decomposes the full three-

dimensional domain, which is rectangular in our case, into many sub-domains. Calculations in each

sub-domain can be performed by an independent processor; thus, there will be multiple processors

performing calculations for multiple sub-domains simultaneously, each working independent of every

other processor. Data can be communicated between processors as and when required. PETSc uses

distributed arrays to carry out domain decomposition. These arrays contain information pertaining

the layout of the sub-domains and the communication information between them, i.e., which sub-

domain is connected with which other sub-domains. The actual data are stored in variables that are

specific to the data types supported by PETSc. The fact that PETSc has its own data types that

support the usage of variables containing data for different sub-domains in a very straightforward

manner eliminates coding at the MPI level. The reader is referred to PETSc Users Manual [Balay

et al., 2011] for more information on distributed arrays and their usage.
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Appendix A

A finite-volume Navier–Stokes

solver for direct numerical

simulation of incompressible flows

A.1 Introduction

In Part I of the dissertation, all the results that were presented, were obtained using the Chan-

nelFlow code [Gibson, 2009]. The code uses spectral discretisation in spatial directions — Fourier

in the streamwise and spanwise directions and Chebyshev in the wall-normal direction, and finite-

differencing in time. Problem arises when we try to implement wall actuation via wall deformation

using ChannelFlow: the incompressibility condition that can be enforced on each (x, z) Fourier mode

independently in a rectangular domain, is no longer valid. Moreover, the influence-matrix approach

implemented in ChannelFlow is not flexible enough to be applied to complex boundary conditions or

domains. Hence, we switch to a non-spectral code that uses a finite-volume approach on a Cartesian

mesh. The system of equations are solved using a fractional-step method, in which a non-solenoidal

velocity field is calculated, which is then projected onto a divergence-free vector field.

We use a Newtonian code provided by Prof Sang Lee from the University of New Mexico and
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Prof Jae Sung Park from the University of Nebraska–Lincoln. The code was originally written for

boundary layer flows over a flat surface, which was modified by us to be used for simulating flows in

a wall-bounded channel. In Appendix A, numerical details about the code — system formulation,

boundary conditions, flow solver — are provided in great details. Finally, validation of the code is

done by comparing its results with known results in the literature.

A.2 Formulation

A.2.1 Governing equations

We consider pressure driven flow of an incompressible Newtonian fluid in a rectangular, wall-

bounded domain (channel) maintained at constant mass flux, a schematic of which is shown in Figure

A.1. The x, y and z axes correspond to the streamwise, wall-normal and spanwise directions, respec-

tively. Velocities in these directions in the frame of reference of the channel are represented as u, v

and w, respectively; the velocity vector is denoted by u as a column vector, i.e., u = (u v w)T. No-

slip boundary conditions are applied at the top and bottom walls and periodic boundary conditions

are adopted in the streamwise and spanwise directions. The periods are Lx and Lz in these direc-

tions, respectively. More on the grid set-up and implementation of boundary conditions is discussed

in Appendix A.2.2 and Appendix A.2.3, respectively. The momentum and continuity equations for

an incompressible fluid with constant density (ρ) and viscosity (µ) are given as:

ρ
∂u

∂t
+ ρu ·∇u = −∇p+ µ∇2u (A.1)

∇ · u = 0 (A.2)

The half-channel height, l = Ly/2 is chosen as the characteristic length scale for nondimensionali-

sation of all the lengths in the geometry. Velocities are scaled with the laminar centreline velocity

Uc for the given mass flux. Time t is scaled with l/Uc and pressure p with ρU2
c , where ρ is the fluid

density. Replacing u with uUc, t with tl/Uc, p with pρU2
c and ∇ with ∇/l in Equation (A.1) and
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Figure A.1: Schematic of the plane Poiseuille flow geometry: the actual simulation box is highlighted with dark-coloured
walls in the centre, surrounded by its periodic images.

Equation (A.2), the nondimensionalised Navier–Stokes equations are then given as:

∂u

∂t
+ u ·∇u = −∇p+ 1

Re∇
2u (A.3)

∇ · u = 0 (A.4)

The Reynolds number is given as Re ≡ lUc/ν, where ν is the kinematic viscosity of the fluid. The

friction Reynolds number is defined as Reτ ≡ luτ/ν, where uτ ≡
√
τ̄w/ρ is the friction velocity; τ̄w

is the time- and area-averaged (mean) wall shear stress.

The advection term (second term on the left-hand side) in Equation (A.1) and Equation (A.2)

is written in the nonconservation form. It is easy to show that for incompressible flows,

u ·∇u = ∇ · uu (A.5)

In Equation (A.5), the expression on the right-hand side is said to be written in the conservation

form —we will work with this form in our numerical scheme, i.e., we will be discretising the following

momentum equation:
∂u

∂t
+ ∇ · uu = −∇p+ 1

Re∇
2u (A.6)
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The continuity equation can be written using the three velocity components, u, v and w as:

∂u

∂x
+ ∂v

∂y
+ ∂w

∂z
= 0 (A.7)

A.2.2 Grid

We adopt a staggered grid arrangement for flow variables: velocities are calculated at cell faces

and pressure at cell centre. This allows for conservation of mass and momentum in every cell/control

volume. The streamwise and spanwise velocity components, u and w, respectively, are located at

the vertical boundaries, each aligned in their respective directions, and the wall-normal velocity

component, v, is located at the horizontal boundaries. Each of the velocity components is defined

at the centre of cell faces, i.e., where the diagonals of a given rectangular face intersect, and the

pressure is defined where the space diagonals of a cell (cuboid) intersect. We also define control

volumes for pressure (p) and the three velocity components (u, v, w) such that a control volume for

a quantity α contains the quantity α at the centre of the control volume (cell centre). For example,

a control volume for p has p located at the centre and u-, v-, w-velocity components located at its

boundaries. A control volume for the u-velocity component has its centre located at the middle of the

vertical boundary of the p control volume and a control volume for the v-velocity component has its

centre located at the middle of the horizontal boundary of the p control volume. Similarly, one can

imagine the formation of a w control volume. In addition to these control volumes, an additional

row of ghost cells is provided outside the domain to facilitate the implementation of no-slip and

periodic boundary conditions. Two-dimensional representation of control volumes for p, u, v and w

is depicted in Figure A.3. The nodes of the four flow quantities are identified in the following way:

p-nodes by indices (i, j, k), u-nodes by indices (i+ 1/2, j, k), v-nodes by indices (i, j + 1/2, k) and

w-nodes by indices (i, j, k + 1/2). In the code, the grids are shifted and each component is referenced

by a positive integer. The advective and diffusive terms of the Navier–Stokes equations are stored

at the corresponding velocity nodes. A cartoon of the computational domain, which includes the

physical domain and ghost cells, is illustrated In Figure A.2. The z dimension is omitted for a better

representation. The boundaries of the channel are depicted as thick black lines. Pressure nodes are

located at the centre of the cell whereas velocity nodes are located at the centre of cell faces. The
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Figure A.2: The staggered grid arrangement used for flow variables. Pressure nodes are located at the centre of the cell
whereas velocity nodes are located at the centre of cell faces. Only the x and y dimensions are shown for clarity — the z
dimension is into the plane of the sheet. The boundaries of the channel are represented by thick black lines: the thick black
horizontal lines near the top and bottom represent the top (y = l) and bottom (y = −l) walls, respectively, and the thick
black vertical lines at the left and the right represent the channel inlet (x = 0) and outlet (x = Lx), respectively. Cells lying
outside the thick black lines are ghost cells. Some u velocity nodes in the bottom half of the channel have not been labelled
to avoid overcrowding. The indices (i, j, k) start at (0, 0, 0); k is not shown here though.
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thick horizontal line near the top represents the top wall, y = l, whereas the thick horizontal line

near the bottom represents the bottom wall, y = −l. Similarly, thick vertical lines near the left and

the right represent channel inlet (x = 0) and outlet (x = Lx), respectively. Although not shown, one

can imagine the existence of two more vertical planes at z = 0 and z = Lz, and the corresponding

ghost cells.

As mentioned earlier, Lx, Ly and Lz are the box dimensions in the streamwise, wall-normal and

spanwise directions, respectively. Ly is always twice the channel half-height, l, i.e., Ly = 2l. The

periodic dimensions, Lx and Lz, are specified in outer units, i.e., in real-number multiples of l. The

spatial resolution of the numerical discretisation in the three directions is given by positive integers

Nx, Ny and Nz — they are the number of grid points in the physical space in the three dimensions.

In the y direction, only Ny − 1 points are in the physical domain, thus in order to have v-nodes

at channel centre, it is advisable to have an even Ny. The numerical grid spacings in streamwise

(x) and spanwise (z) directions are uniform while a nonuniform Chebyshev spacing is used in the

wall-normal (y) direction. In the x direction, the first grid point is located at x = 0 and the last

one is located at x = Lx + ∆x, where ∆x is the uniform grid spacing in the x direction. The last

but one grid point corresponds to x = Lx. Similarly, in the z direction, the first and last grid points

are located at z = 0 and z = Lz + ∆z, respectively, where ∆z is the uniform grid spacing in the

z direction. Not considering the nodes that are repeated due to periodicity in the streamwise and

spanwise directions, we can write the uniform streamwise and spanwise grid spacings as:

∆x = Lx
Nx − 2 (A.8)

∆z = Lz
Nz − 2 (A.9)

Thus, the computational domain in the x dimension spans from 0 to
(
Nx−1
Nx−2

)
Lx, with grid points

at regular intervals of width ∆x. Same is applicable to the computational domain in the z direction.

This can be represented mathematically as:

xi+1/2 = (i+ 1/2) ∆x i = 0, 1, 2, . . . , (Nx − 1) (A.10)

zk+1/2 = (k + 1/2) ∆z k = 0, 1, 2, . . . , (Nz − 1) (A.11)
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(a) p control volume (b) u control volume

(d) v control volume (e) w control volume

Figure A.3: Placement of pressure and velocity nodes in a staggered-grid arrangement. The control volume (a) shows
pressure location at the cell centre of the control volume while velocities are located at the cell faces. Control volumes for
each velocity component are shifted by half a cell in the corresponding direction as shown in (b), (c), and (d).
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The Chebyshev nodes in the wall-normal direction span from y = −1 (bottom wall) to y = 1 (top

wall), with the channel-centre at y = 0. These nodes are given by:

yj+1/2 = cos
(
{j + 1/2}π
Ny − 2

)
j = 0, 1, 2, . . . , (Ny − 1) (A.12)

Note again that the point y = cos
(
Ny−1
Ny−2

)
π lies outside of the channel (and hence computational

domain).

Since pressure is stored at cell centres denoted by indices (i, j, k), and velocities at cell faces (half

a grid spacing from the pressure point), we can define grid spacing at the pressure points as:

∆xi = xi+1/2 − xi−1/2 (A.13)

∆yj = yj+1/2 − yj−1/2 (A.14)

∆zk = zk+1/2 − zk−1/2 (A.15)

and at the velocity points as:

∆xi+1/2 = xi+1 − xi (A.16)

∆yj+1/2 = yj+1 − yj (A.17)

∆zk+1/2 = zk+1 − zk (A.18)

Clearly, ∆xi = ∆xi+1/2 and ∆zk = ∆zk+1/2 due to uniform grid spacing in the x and z directions

whereas due to nonuniform Chebyshev discretisation in the y direction, ∆yj 6= ∆yj+1/2. Notations

for grid spacing at pressure and velocity points will come handy while discretising advective and

diffusive terms.

Finally, we define linear interpolation factors that are used to determine velocities at locations

where they are not defined. They are given as:

αi =
xi+1/2 − xi−1/2

xi+3/2 − xi−1/2
i = 1, 2, 3, . . . , (Nx − 3) (A.19)

βj =
yj+1/2 − yj−1/2

yj+3/2 − yj−1/2
j = 1, 2, 3, . . . , (Ny − 3) (A.20)
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γk =
zk+1/2 − zk−1/2

zk+3/2 − zk−1/2
k = 1, 2, 3, . . . , (Nz − 3) (A.21)

Interpolation factors at the edges of the domain are all assigned a constant value of 0.5, i.e., α0 =

αNx−2 = β0 = βNy−2 = γ0 = γNz−2 = 0.5. It should also be noted that due to uniform grid spacing

in the streamwise and spanwise directions, we have αi = γk = 0.5 for all possible values of i and k.

A.2.3 Boundary conditions

Implementation of desired boundary conditions is pretty straightforward on a staggered mesh.

Refer to Figure A.2. Both the tangential velocities, u and w are not stored at the rigid boundaries

(channel walls), but we do have them specified at half a grid spacing inside the flow. In particular,

we know the values of ui+1/2,1,k, ui+1/2,Ny−2,k, wi,1,k+1/2 and wi,Ny−2,k+1/2. We can use them

in combination with the velocities at the walls, uwall and wwall to specify the velocity at the face-

centre of ghost cells outside the boundary. Assuming that the velocity at the wall is given by a linear

interpolation between the ghost velocity and the velocity just inside the domain, we can write, for

the streamwise velocity component at the top wall:

uwall = β1ui+1/2,0,k + β0ui+1/2,1,k (A.22)

Here, the first term on the right-hand side is the ghost velocity and the second term is the velocity

just inside the domain. For the no-slip boundary condition to hold, uwall must be zero. This gives

us:

ui+1/2,0,k = −β0

β1
ui+1/2,1,k (A.23)

Similarly, boundary conditions can be written for u at the bottom wall and for the spanwise velocity

component, w, at both the walls:

ui+1/2,Ny−1,k = −
βNy−1

βNy−2
ui+1/2,Ny−2,k (A.24)

wi,0,k+1/2 = −β0

β1
wi,1,k+1/2 (A.25)

wi,Ny−1,k+1/2 = −
βNy−1

βNy−2
wi,Ny−2,k+1/2 (A.26)
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The wall-normal velocity, v, is specified at the walls. Thus, the boundary conditions for v at the

walls are straightforward:

vi,1/2,k = 0 (A.27)

vi,Ny−3/2,k = 0 (A.28)

The inlet and outlet boundary conditions for all the three velocity components are dictated by the

fact that the system is periodic in streamwise and spanwise directions. The periodic boundary

conditions are implemented as follows:

u1/2,j,k = uNx−3/2,j,k (A.29)

uNx−1/2,j,k = u3/2,j,k (A.30)

ui+1/2,j,0 = ui+1/2,j,Nz−2 (A.31)

ui+1/2,j,Nz−1 = ui+1/2,j,1 (A.32)

v0,j+1/2,k = vNx−2,j+1/2,k (A.33)

vNx−1,j+1/2,k = v1,j+1/2,k (A.34)

vi,j+1/2,0 = vi,j+1/2,Nz−2 (A.35)

vi,j+1/2,Nz−1 = vi,j+1/2,1 (A.36)

w0,j,k+1/2 = wNx−2,j,k+1/2 (A.37)

wNx−1,j,k+1/2 = w1,j,k+1/2 (A.38)

wi,j,1/2 = wi,j,Nz−3/2 (A.39)

wi,j,Nz−1/2 = wi,j,3/2 (A.40)

On a staggered mesh, pressure does not require any special treatment at boundaries as it is stored

at the cell centre. Simply using incompressibility yields correct boundary conditions for pressure.
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A.3 Flow solver

We introduce simplified notations for the advective and diffusive terms in the momentum equation

(Equation (A.6)) and decompose the pressure field into the base and perturbation components:

A ≡∇ · uu (A.41)

D ≡ 1
Re∇

2u (A.42)

∇p = Πxex + Πyey + Πzez + ∇p† (A.43)

Here, A is the advection term, D is the diffusive term, Πx, Πy and Πz are the instantaneous

mean pressure gradients in the streamwise, wall-normal and spanwise directions, respectively, and

p† indicates the perturbation component of pressure. ex, ey and ez are the unit vectors in the

streamwise, wall-normal and spanwise directions, respectively. Note that for an incompressible flow

in a channel with periodic boundary conditions in the spanwise direction, Πy = Πz = 0 at all times;

the streamwise component, Πx 6= 0, is balanced by the shear stress experienced at the channel walls.

Hence, the simplified pressure decomposition equation looks like:

∇p = Πxex + ∇p† (A.44)

The momentum equation can now be written as:

∂u

∂t
= −A−∇p† + D + Πxex (A.45)

with continuity (Equation (A.4)) being the constraint.

A.3.1 Time integration

A fractional-step (projection) method is used to integrate the Navier–Stokes equations in time.

We split the momentum equation (Equation (A.45)) and compute an intermediate velocity field,

which is not divergence-free, without considering the pressure perturbations, and then project the

intermediate velocity on to a divergence-free field and determine the pressure. The projection method



158

is used in combination with a second-order Adams–Bashforth and Crank–Nicolson methods for

advective and diffusive terms, respectively. The intermediate velocity field, û, is determined by

solving the implicit system:

û− un

∆t = −
(

3
2A

n − 1
2A

n−1
)

+ 1
2

(
D̂ + Dn

)
−Πn

xex (A.46)

Here, n and n − 1 indicate the current time and the previous time, respectively, and ∆t indicates

the numerical time step. Velocity at the next time, n+ 1, can be determined as:

un+1 − û

∆t = −∇
(
p†
)n+1 (A.47)

The intermediate velocity, û, does not satisfy continuity but the updated velocity, un+1, does, i.e.,

∇ ·un+1 = 0. This information can be used to determine pressure prior to solving Equation (A.47)

— taking divergence of both the sides of Equation (A.47) gives us:

∇2 (p†)n+1 = ∇ · û
∆t (A.48)

Equation (A.48) is the Poisson equation for pressure.

A.3.2 Spatial discretisation

We use the finite-volume approach to discretise the momentum equations. In this approach, a

small control volume V is chosen where the conservation principles for mass and momentum are

applied.

The continuity equation becomes:

un+1
i+1/2,j,k − u

n+1
i−1/2,j,k

xi+1/2 − xi−1/2
+
vn+1
i,j+1/2,k − v

n+1
i,j−1/2,k

yj+1/2 − yj−1/2
+
wn+1
i,j,k+1/2 − w

n+1
i,j,k−1/2

zk+1/2 − zk−1/2
= 0 (A.49)

The three components of the intermediate velocity û can be determined by solving the following
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equations:

ûi+1/2,j,k = uni+1/2,j,k

+ ∆t
{
−
(

3
2 (Ax)ni+1/2,j,k −

1
2 (Ax)n−1

i+1/2,j,k

)
+ 1

2

((
D̂x

)
i+1/2,j,k

+ (Dx)ni+1/2,j,k

)
−Πn

x

}
(A.50)

v̂i,j+1/2,k = vni,j+1/2,k

+ ∆t
{
−
(

3
2 (Ay)ni,j+1/2,k −

1
2 (Ay)n−1

i,j+1/2,k

)
+ 1

2

((
D̂y

)
i,j+1/2,k

+ (Dy)ni,j+1/2,k

)
−Πn

y

}
(A.51)

ŵi,j,k+1/2 = wni,j,k+1/2

+ ∆t
{
−
(

3
2 (Az)ni,j,k+1/2 −

1
2 (Az)n−1

i,j,k+1/2

)
+ 1

2

((
D̂z

)
i,j,k+1/2

+ (Dz)ni,j,k+1/2

)
−Πn

z

}
(A.52)

Note that for our system, there is no net flow in the wall-normal and spanwise directions, therefore

the pressure gradients in these directions vanish, i.e., Πy = Πz = 0, and the pressure gradient in

the streamwise direction, Πx, can be calculated by integrating the x-momentum equation over the

control volume V :

Πx = 1
V

∫
V

∂p

∂x
dV (A.53)

= 1
V

∫
V

1
Re∇

2udV (A.54)

The velocity at the next time, un+1, step can be determined as follows:

un+1
i+1/2,j,k = ûi+1/2,j,k −∆t


(
p†
)n+1
i+1,j,k −

(
p†
)n+1
i,j,k

xi+1/2 − xi−1/2

 (A.55)

vn+1
i,j+1/2,k = v̂i,j+1/2,k −∆t


(
p†
)n+1
i,j+1,k −

(
p†
)n+1
i,j,k

yj+1/2 − yj−1/2

 (A.56)

wn+1
i,j,k+1/2 = ŵi,j,k+1/2 −∆t


(
p†
)n+1
i,j,k+1 −

(
p†
)n+1
i,j,k

zk+1/2 − zk−1/2

 (A.57)
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A.3.3 Discretisation of the advective term

The advective terms, A = (Ax Ay Az)T, at a cell face is approximated by their value at the

centre of the face:

(Ax)i+1/2,j,k = 1
∆xi+1/2

[
(uu)i+1,j,k − (uu)i,j,k

]
+ 1

∆yj

[
(vu)i+1/2,j+1/2,k − (vu)i+1/2,j−1/2,k

]
+ 1

∆zk

[
(wu)i+1/2,j,k+1/2 − (wu)i+1/2,j,k−1/2

]
(A.58)

(Ay)i,j+1/2,k = 1
∆xi

[
(uv)i+1/2,j+1/2,k − (uv)i−1/2,j+1/2,k

]
+ 1

∆yj+1/2

[
(vv)i,j+1,k − (vv)i,j,k

]
+ 1

∆zk

[
(wv)i,j+1/2,k+1/2 − (wv)i,j+1/2,k−1/2

]
(A.59)

(Az)i,j,k+1/2 = 1
∆xi

[
(uw)i+1/2,j,k+1/2 − (uw)i−1/2,j,k+1/2

]
+ 1

∆yj

[
(vw)i,j+1/2,k+1/2 − (vw)i,j−1/2,k+1/2

]
+ 1

∆zk+1/2

[
(ww)i,j,k+1 − (ww)i,j,k

]
(A.60)

Spatial derivatives are approximated using second-order centred differencing. At low Reynolds

numbers, central schemes for convection are stabilised by viscosity [Versteeg and Malalasekera,

2007]. Velocities at locations where they are not defined, for example, u velocity at the boundary

of the u-velocity control volume, are determined using linear interpolation, i.e.,

ui+1,j,k = αi+1/2ui+3/2,j,k +
{

1− αi+1/2
}
ui+1/2,j,k (A.61)

Similarly, v and w velocities can be determined at locations where they are not defined. Now, the

advective terms using these interpolated values can be written as:

(Ax)i+1/2,j,k =
(

1
xi+1 − xi

)[(
ui+3/2,j,k + ui+1/2,j,k

2

)2
−
(
ui+1/2,j,k + ui−1/2,j,k

2

)2
]
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+
(

1
yj+1/2 − yj−1/2

)[(
vi+1,j+1/2,k + vi,j+1/2,k

2

)(
βjui+1/2,j+1,k + {1− βj}ui+1/2,j,k

)
−
(
vi+1,j−1/2,k + vi,j−1/2,k

2

)(
βj−1ui+1/2,j,k + {1− βj−1}ui+1/2,j−1,k

)]

+
(

1
zk+1/2 − zk−1/2

)[(
wi+1,j,k+1/2 + wi,j,k+1/2

2

)(
γkui+1/2,j,k+1 + {1− γk}ui+1/2,j,k

)
−
(
wi+1,j,k−1/2 + wi,j,k−1/2

2

)(
γk−1ui+1/2,j,k + {1− γk−1}ui+1/2,j,k−1

)]
(A.62)

(Ay)i,j+1/2,k =
(

1
xi+1/2 − xi−1/2

)[(
ui+1/2,j+1,k + ui+1/2,j,k

2

)(
αivi+1,j+1/2,k + {1− αi} vi,j+1/2,k

)
−
(
ui−1/2,j+1,k + ui−1/2,j,k

2

)(
αi−1vi,j+1/2,k + {1− αi−1} vi−1,j+1/2,k

)]

+
(

1
yj+1 − yj

)[(
vi,j+3/2,k + vi,j+1/2,k

2

)2
−
(
vi,j+1/2,k + vi,j−1/2,k

2

)2
]

+
(

1
zk+1/2 − zk−1/2

)[(
wi,j+1,k+1/2 + wi,j,k+1/2

2

)(
γkvi,j+1/2,k+1 + {1− γk} vi,j+1/2,k

)
−
(
wi,j+1,k−1/2 + wi,j,k−1/2

2

)(
γk−1vi,j+1/2,k + {1− γk−1} vi,j+1/2,k−1

)]
(A.63)

(Az)i,j,k+1/2 =
(

1
xi+1/2 − xi−1/2

)[(
ui+1/2,j,k+1 + ui+1/2,j,k

2

)(
αiwi+1,j,k+1/2 + {1− αi}wi,j,k+1/2

)
−
(
ui−1/2,j,k+1 + ui−1/2,j,k

2

)(
αi−1wi,j,k+1/2 + {1− αi−1}wi−1,j,k+1/2

)]

+
(

1
yj+1/2 − yj−1/2

)[(
vi,j+1/2,k+1 + vi,j+1/2,k

2

)(
βjwi,j+1,k+1/2 + {1− βj}wi,j,k+1/2

)
−
(
vi,j−1/2,k+1 + vi,j−1/2,k

2

)(
βj−1wi,j,k+1/2 + {1− βj−1}wi,j−1,k+1/2

)]

+
(

1
zk+1 − zk

)[(
wi,j,k+3/2 + wi,j,k+1/2

2

)2
−
(
wi,j,k+1/2 + wi,j,k−1/2

2

)2
]

(A.64)
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A.3.4 Discretisation of the diffusive term

The diffusive terms, D = (Dx Dy Dz)T, are approximated at the centre of cell faces in a similar

fashion:

(Dx)i+1/2,j,k = 1
∆xi+1/2

[
2
(
∂u

∂x

)
i+1,j,k

− 2
(
∂u

∂x

)
i,j,k

]

+ 1
∆yj

[(
∂u

∂y
+ ∂v

∂x

)
i+1/2,j+1/2,k

−
(
∂u

∂y
+ ∂v

∂x

)
i+1/2,j−1/2,k

]

+ 1
∆zk

[(
∂u

∂z
+ ∂w

∂x

)
i+1/2,j,k+1/2

−
(
∂u

∂z
+ ∂w

∂x

)
i+1/2,j,k−1/2

]
(A.65)

(Dy)i,j+1/2,k = 1
∆xi

[(
∂v

∂x
+ ∂u

∂y

)
i+1/2,j+1/2,k

−
(
∂v

∂x
+ ∂u

∂y

)
i−1/2,j+1/2,k

]

+ 1
∆yj+1/2

[
2
(
∂v

∂y

)
i,j+1,k

− 2
(
∂v

∂y

)
i,j,k

]

+ 1
∆zk

[(
∂v

∂z
+ ∂w

∂y

)
i,j+1/2,k+1/2

−
(
∂v

∂z
+ ∂w

∂y

)
i,j+1/2,k−1/2

]
(A.66)

(Dz)i,j,k+1/2 = 1
∆xi

[(
∂w

∂x
+ ∂u

∂z

)
i+1/2,j,k+1/2

−
(
∂w

∂x
+ ∂u

∂z

)
i−1/2,j,k+1/2

]

+ 1
∆yj

[(
∂w

∂y
+ ∂v

∂z

)
i,j+1/2,k+1/2

−
(
∂w

∂y
+ ∂v

∂z

)
i,j−1/2,k+1/2

]

+ 1
∆zk+1/2

[
2
(
∂w

∂z

)
i,j,k+1

− 2
(
∂w

∂z

)
i,j,k

]
(A.67)

Using the second-order central differencing scheme for calculating the derivatives, we get:

(Dx)i+1/2,j,k =
(

1
xi+1 − xi

)[
2
(
ui+3/2,j,k − ui+1/2,j,k

xi+3/2 − xi+1/2

)
− 2

(
ui+1/2,j,k − ui−1/2,j,k

xi+1/2 − xi−1/2

)]

+
(

1
yj+1/2 − yj−1/2

)[(
ui+1/2,j+1,k − ui+1/2,j,k

yj+1 − yj
+
vi+1,j+1/2,k − vi,j+1/2,k

xi+1 − xi

)

−
(
ui+1/2,j,k − ui+1/2,j−1,k

yj − yj−1
+
vi+1,j−1/2,k − vi,j−1/2,k

xi+1 − xi

)]

+
(

1
zk+1/2 − zk−1/2

)[(
ui+1/2,j,k+1 − ui+1/2,j,k

zk+1 − zk
+
wi+1,j,k+1/2 − wi,j,k+1/2

xi+1 − xi

)
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−
(
ui+1/2,j,k − ui+1/2,j,k−1

zk − zk−1
+
wi+1,j,k−1/2 − wi,j,k−1/2

xi+1 − xi

)]
(A.68)

(Dy)i,j+1/2,k =
(

1
xi+1/2 − xi−1/2

)[(
vi+1,j+1/2,k − vi,j+1/2,k

xi+1 − xi
+
ui+1/2,j+1,k − ui+1/2,j,k

yj+1 − yj

)

−
(
vi,j+1/2,k − vi−1,j+1/2,k

xi − xi−1
+
ui−1/2,j+1,k − ui−1/2,j,k

yj+1 − yj

)]

+
(

1
yj+1 − yj

)[
2
(
vi,j+3/2,k − vi,j+1/2,k

yj+3/2 − yj+1/2

)
− 2

(
vi,j+1/2,k − vi,j−1/2,k

yj+1/2 − yj−1/2

)]

+
(

1
zk+1/2 − zk−1/2

)[(
vi,j+1/2,k+1 − vi,j+1/2,k

zk+1 − zk
+
wi,j+1,k+1/2 − wi,j,k+1/2

yj+1 − yj

)

−
(
vi,j+1/2,k − vi,j+1/2,k−1

zk − zk−1
+
wi,j+1,k−1/2 − wi,j,k−1/2

yj+1 − yj

)]
(A.69)

(Dz)i,j,k+1/2 =
(

1
xi+1/2 − xi−1/2

)[(
wi+1,j,k+1/2 − wi,j,k+1/2

xi+1 − xi
+
ui+1/2,j,k+1 − ui+1/2,j,k

zk+1 − zk

)

−
(
wi,j,k+1/2 − wi−1,j,k+1/2

xi − xi−1
+
ui−1/2,j,k+1 − ui−1/2,j,k

zk+1 − zk

)]

+
(

1
yj+1/2 − yj−1/2

)[(
wi,j+1,k+1/2 − wi,j,k+1/2

yj+1 − yj
+
vi,j+1/2,k+1 − vi,j+1/2,k

zk+1 − zk

)

−
(
wi,j,k+1/2 − wi,j−1,k+1/2

yj − yj−1
+
vi,j−1/2,k+1 − vi,j−1/2,k

zk+1 − zk

)]

+
(

1
zk+1 − zk

)[
2
(
wi,j,k+3/2 − wi,j,k+1/2

zk+3/2 − zk+1/2

)
− 2

(
wi,j,k+1/2 − wi,j,k−1/2

zk+1/2 − zk−1/2

)]
(A.70)

A.3.5 Determining intermediate velocity

The intermediate velocity, û, is determined by solving Equation (A.46). Plugging in the meaning

of D and adding and subtracting 1
2Re∇

2 (2un) to the right-hand side of Equation (A.46), it can be

rewritten as:

û− un

∆t = −
(

3
2A

n − 1
2A

n−1
)

+ 1
2Re

(
∇2û−∇2un

)
+ 1

Re∇
2un −Πn

xex (A.71)
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Introducing ud = û− un, the above equation can be written as:

ud −
∆t
2Re∇

2ud = ∆t
{
−
(

3
2A

n − 1
2A

n−1
)

+ 1
Re∇

2un −Πn
xex

}
(A.72)

The right-hand side of Equation (A.72) is known as it depends on the current time n and the previous

time n− 1; let’s call it R. The equation can then simply be written as:

(
1− ∆t

2Re∇
2
)
ud = R (A.73)

or:

Lud = R (A.74)

where operator L = 1− ∆t
2Re∇

2. Equation (A.74) is solved using the Alternating Direction Implicit

(ADI) method. It is a three-step process where a one-dimensional problem is solved in each step. The

method is second-order accurate in both time and space and is unconditionally stable . Neglecting

the higher order terms, the operator L can be approximated as:

L ≈ LxLyLz (A.75)

where

Lx = 1− ∆t
2Re

∂2

∂x2 (A.76)

Ly = 1− ∆t
2Re

∂2

∂y2 (A.77)

Lz = 1− ∆t
2Re

∂2

∂z2 (A.78)

The system that needs to be solved now becomes:

LxLyLzud = R (A.79)

which is solved in the following three steps:
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1. Solve Lxu‡ = R for u‡, where u‡ = LyLzud.

2. Solve Lyu† = u‡ for u†, where u† = Lzud.

3. Solve Lzud = u† for ud.

The abovementioned steps follow the sequence C/T/C for ud, T/C/C for vd and C/C/T for wd where

T and C denote solving a tridiagonal and a cyclic tridiagonal system, respectively. The tridiagonal

system (T) of equations is solved using the Thomas algorithm [Thomas, 1949] while to solve the

cyclic tridiagonal system (C), we use the Sherman–Morrison formula [Sherman and Morrison, 1950]

in combination with the Thomas algorithm.

The intermediate velocity, û, can now be calculated:

û = ud + un (A.80)

A.3.6 Pressure equation

Expanding the right-hand side of the pressure Poisson equation, Equation (A.48) can be written

as:

∇2 (p†)n+1 = 1
∆t

(
ûi+1/2,j,k − ûi−1/2,j,k

xi+1/2 − xi−1/2
+
v̂i,j+1/2,k − v̂i,j−1/2,k

yj+1/2 − yj−1/2
+
ŵi,j,k+1/2 − ŵi,j,k−1/2

zk+1/2 − zk−1/2

)
(A.81)

Discretising the left-hand side, we get the final form of the Poisson equation for pressure as the

following:

(
1

xi+1/2 − xi−1/2

){
p†i+1,j,k − p

†
i,j,k

xi+1 − xi
−
p†i,j,k − p

†
i−1,j,k

xi − xi−1

}

+
(

1
yj+1/2 − yj−1/2

){
p†i,j+1,k − p

†
i,j,k

yj+1 − yj
−
p†i,j,k − p

†
i,j−1,k

yj − yj−1

}

+
(

1
zk+1/2 − zk−1/2

){
p†i,j,k+1 − p

†
i,j,k

zk+1 − zk
−
p†i,j,k − p

†
i,j,k−1

zk − zk−1

}

= 1
∆t

(
ûi+1/2,j,k − ûi−1/2,j,k

xi+1/2 − xi−1/2
+
v̂i,j+1/2,k − v̂i,j−1/2,k

yj+1/2 − yj−1/2
+
ŵi,j,k+1/2 − ŵi,j,k−1/2

zk+1/2 − zk−1/2

)
(A.82)
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Equation (A.82) is the full discretised form of Equation (A.48) and a linear system that is solved

using the conjugate gradient method. Several linear system solvers are available in the KSP object

of PETSc.

A.4 Validation of the DNS code

We conduct a few tests to validate our finite-volume DNS code: (1) test the spatial discretisation

of the code, and (2) compare the results of laminar and turbulent flows obtained from our code

with either analytical results or results from other popular DNS codes, e.g., ChannelFlow [Gibson,

2009], as well as with experiments. Each of the abovementioned tests is described in the following

paragraphs.

A.4.1 Validating the spatial discretisation

As already mentioned in Appendix A.2.1, the mean flow in the channel (or the streamwise

direction) is aligned with the x axis and the spanwise direction is aligned with the z axis. Since the

boundary conditions in both streamwise and spanwise directions are the same, the solution to the

Navier–Stokes equations should remain unchanged if keeping everything else the same, the fluid is

made to flow along the z axis, i.e., the mean pressure gradient is applied along the z axis. In other

words, DNS results should remain unchanged if the z axis corresponds to the streamwise direction

and the x axis corresponds to the spanwise direction. This is what we are testing in our code,

and if the results for both the DNS runs come out to be the same, it would mean that the spatial

discretisation in the x and z directions is the same. Its correctness and accuracy are discussed in

further tests.

The results of the spatial discretisation validation test are presented in Figure A.4. We consider

two cases for a plane Poiseuille flow in a minimal channel maintained at a constant mass flux: Case

Case Re (Reτ ) Lx/l (L+
x ) Lz/l (L+

z ) Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min,∆y+

max

1 2000 (91) 2π (571.77) π (285.88) 81 × 166 × 71 7.24 4.14 0.02, 1.74
2 2000 (91) π (285.88) 2π (571.77) 71 × 166 × 81 4.14 7.24 0.02, 1.74

Table A.1: Simulation parameters used for validating the spatial discretisation of the finite-volume code.
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Figure A.4: Instantaneous profiles for (a) streamwise velocity, (b) spanwise velocity, and (c) Reynolds shear stress at 0th

and 400th time step for flows in x and z directions.

1 when the flow is in x direction, and Case 2 when the flow is in z direction. Case 2 is nothing but

Case 1 rotated by an angle of 90 degrees about the y axis. For both the cases, the bulk velocity

is maintained at Ubulk = 2/3. The simulation parameters for the two cases are presented in Table

A.1. Runs for both cases 1 and 2 (flow along x and z, respectively) are started with the same initial

condition. The momentum equations need not be time integrated for a very long duration since
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the goal here is not to validate the accuracy of the code but to make sure that if we start from

the same initial flow field and maintain a given mass flux, we get exactly same results irrespective

of the direction of application of the pressure gradient. The equations were marched forward 500

time steps and results for flow along x and z were compared at arbitrarily chosen times. In Figure

A.4, we are showing instantaneous profiles for three flow properties, streamwise velocity, spanwise

velocity, and Reynolds shear stress, at 0th and 400th time step for both the cases. It is observed

that at both the time instants, a flow property when the flow is along the x axis matches exactly

with itself when the flow is along the z axis. We did the comparisons at other time instants as well

(not shown to avoid overcrowding), and each comparison resulted in a perfect match. Hence, it is

concluded that the spatial discretisation used in the code is consistent along both the x and z axes.

A.4.2 Laminar flow in a channel

We start a simulation with a laminar, parabolic velocity profile in the domain as the initial

condition, and see if the laminar profile is maintained. If our numerical scheme can maintain the

laminar velocity profile in the channel, it is a good indication that the implementation of the Navier–

Stokes solver is correct. All velocities are nondimensionalised with the laminar centreline velocity,

Uc, and all lengths are nondimensionalised with the half-height of the channel, l. The three velocity

components, streamwise (u), wall-normal (v) and spanwise (w), for a laminar flow are then given as:

u (y) = 1− y2 (A.83)

v = 0 (A.84)

w = 0 (A.85)

The plane y = 0 corresponds to the centre of the channel. The top and bottom walls lie at y = 1

and y = −1, respectively. The flow is maintained by a constant pressure gradient in the streamwise

(x) direction, dP/dx = −2/Re, where Re is the Reynolds number as defined in Appendix A.2.1, and

the bulk velocity is maintained at Ubulk = 2/3. Pressure gradients in the wall-normal and spanwise

directions are zero, i.e., dP/dy = dP/dz = 0 since there is no net flow in the y and z directions. For

a laminar flow, the wall shear rate in the streamwise direction, which is also the drag, is always 2.
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Figure A.5: (a) Comparison of steady-state velocity profile obtained numerically from the finite-volume code with the
analytical solution u (y) = 1− y2. (b) Percent error between the numerical and analytical solutions.

Hence, the friction Reynolds number, Reτ , for a laminar flow at Re = 1800 turns out to be Reτ = 60.

Other simulation parameters for this validation test are presented in Table A.2:

We initialise the streamwise velocity with a laminar, parabolic profile as described by Equation

(A.83). The velocity at the centre of the channel is 1. The wall-normal and spanwise components

are set to zero everywhere (Equations (A.84) and (A.85)). The momentum equations are integrated

in time until a steady state is reached. The numerical result is then compared with the analytical

solution.

Figure A.5(a) shows a comparison between the steady-state solution obtained by integrating the

momentum equations and the analytical solution. Streamwise velocity profiles across the channel

are plotted and it can be observed that there is an excellent agreement between the numerical and

analytical solutions — both the profiles nearly collapse on each other. In Figure A.5(b), we have

shown the percent error, i.e., |(Un − Ua) /Ua| × 100%, where Un is the numerical solution and Ua is

Re (Reτ ) Lx/l (L+
x ) Lz/l (L+

z ) Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min,∆y+

max

1800 (60) π (188.50) π/2 (94.25) 51 × 106 × 41 3.85 2.42 0.03, 1.81

Table A.2: Simulation parameters used for validating a laminar flow in a plane channel.
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the analytical solution. Overall, the error across the channel height is extremely small and is less

than 0.035%.

A.4.3 Turbulent flow in a channel

Channel flow Newtonian turbulence results from the finite-volume code are compared with Gib-

son’s ChannelFlow [Gibson, 2009] at similar Reynolds numbers for validation. Gibson’s code is a

popular Navier–Stokes simulator; it is used by many researchers worldwide and has been validated

extensively. We compare wall shear stresses, mean velocity profiles, Reynolds shear stresses, velocity

fluctuations obtained from the finite-volume code with those obtained from ChannelFlow. Parame-

ters used in the simulation for the current validation test are very similar to those used in Appendix

A.4.2, except that the friction Reynolds number in this case would be higher due to turbulence. A

complete list of the parameters used in this validation test is given in Table A.3.

Turbulence statistics are presented in ‘inner’ units, after normalisation with length or velocity

scales in the viscosity-dominated region very close to the wall. The friction Reynolds number, as

defined in Appendix A.2.1, is given as Reτ ≡ luτ/ν, where uτ ≡
√
τ̄w/ρ is the friction velocity; τ̄w is

the time- and area-averaged (mean) wall shear stress, ν and ρ are the kinematic viscosity and density

of the fluid, respectively. The viscous length scale or ‘wall unit’ is given as δν ≡ ν/uτ . Most of the

turbulence statistics presented below are a function of distance from the wall. Quantities enclosed

within angular brackets, e.g., 〈u〉, are area averaged quantities, and quantities with an overbar, e.g.,

τ̄w above, represent area and time averaged quantities. In the case of velocities, we will represent

the area and time averaged value of a velocity component by the corresponding capital letter, e.g., ū

is represented as U . An apostrophe is used to define fluctuations of a quantity, deviations from the

mean, e.g., u′ = u− 〈u〉 or u′ = u−U as the case may be. Unless or otherwise stated, a fluctuation

would mean deviation from the area and time averaged quantity.

In Figure A.6, we show the probability density functions of wall shear stress fluctuations from

Case Re (Reτ ) Lx/l (L+
x ) Lz/l (L+

z ) Nx ×Ny ×Nz ∆x+ ∆z+ ∆y+
min,∆y+

max

1 1800 (85) π (267.04) π/2 (133.52) 51 × 106 × 41 5.45 3.42 0.04, 2.57
2 1800 (85) π (267.04) π/2 (133.52) 71 × 156 × 61 3.87 2.26 0.02, 1.73

Table A.3: Simulation parameters used for validating a turbulent flow in a plane channel.
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Figure A.6: Probability density functions of wall shear stress fluctuations in minimal channel Newtonian turbulence calcu-
lated using (a) ChannelFlow, and (b) our finite-volume code. The

〈
τ ′w

2
〉1/2

in the denominator of the x-axis label indicates
the root-mean-squared value of the wall shear stress fluctuations.

our code and from ChannelFlow. These were obtained from a very long time series of area averaged

wall shear stress in the minimal channel. The mean of these fluctuations is zero. Not only do the

two probability density functions are in a very nice agreement but they also very similar to those

reported by Xi and Graham [2012b] for Newtonian flows at a constant pressure drop in minimal

channels — they are nearly symmetric with respect to the mean value, except for a shoulder on

the left side. The existence of this shoulder is attributed to the presence of a low-drag attractor in

the state space. Park and Graham [2015] have shown that Newtonian turbulence trajectories in a

minimal channel that spend most of the time near a high-drag attractor, make close visits near this

low-drag attractor, thus imparting an intermittent nature to turbulence.

Figures A.7(a)–A.7(b) show the mean velocity profiles from both finite-volume code and Chan-

nelFlow at Re = 1800 (Reτ = 85), one using a linear scale and the other using a semi-log scale. For

flows at low Reynolds numbers (near transition), the mean velocity profile lies slightly above the

Prandtl-von Kármán log-law [Patel and Head, 1969; Kasagi and Shikazono, 1995; Tsukahara et al.,

2005]. Velocity profiles from the two codes show a very good correspondence — they almost collapse

on each other near the wall whereas away from the wall, very minute discrepancy can be noticed.
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Figure A.7: Mean velocity profiles in minimal channel Newtonian turbulence at Reτ = 85 calculated using ChannelFlow
and our finite-volume code plotted using (a) a linear scale, and (b) a semi-log scale. In (b), the black dotted line is the
viscous sublayer, U+ = y+; black dashed-dotted line is the Prandtl-von Kármán log-law, U+ = 2.44 ln y+ +5.2 and the black
dashed line is the Virk MDR log-law, U+ = 11.7 ln y+ − 17.0. (c) Percent error between the mean velocity profiles obtained
from ChannelFlow and finite volume codes.

Percent error between velocity profiles from the two codes is plotted in Figure A.7(c). The error

across the half-channel is very small and the maximum percent error is approximately 1.5%. The

reason for the occurrence of discrepancy between ChannelFlow results and finite volume results is

explained in the following paragraph.

Reynolds shear stress from both the codes at Re = 1800 (Reτ = 85) are presented in Figure A.8(a)
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Figure A.8: Reynolds shear stress and root-mean-squared velocity fluctuations for all the three components in minimal
channel Newtonian turbulence at Reτ = 85 calculated using ChannelFlow and our finite-volume code.

and root-mean-squared fluctuations of the three velocity components are plotted in Figures A.8(b)–

A.8(d). A commendable correspondence can be seen between ChannelFlow results and results from

our finite-volume code. All the quantities match very well near the wall whereas some discrepancy

occurs near the centre of the channel. This discrepancy is due to different orders of time integration

in the two codes. In ChannelFlow, the whole equation system is advanced in time with a third-order

semi-implicit Adams–Bashforth scheme whereas in the finite volume code, the time advancement is
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second order. Hence, large structures near the centre of the channel take the longest to evolve in

time and average out. This was verified by running a simulation with smaller time step. In any

case, it is worth mentioning that we are interested in the flow dynamics near the wall, more so

when discussing flow manipulation by wall actuation, and in the near-wall region, the statistics are

converged.
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