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abstract

Complex nonlinear turbulent systems are ubiquitous in geoscience, engineering,

neural and material sciences. This thesis focuses on three of cental topics related to

complex nonlinear turbulent dynamical systems, the effective prediction, uncer-

tainty quantification, and data assimilation.

In the first part of this thesis, a simple but effective Bayesian Machine learning

advanced forecast ensemble method is developed, which combines an available

imperfect physics-informed model with data assimilation to facilitate the ML en-

semble forecast. In the BAMCAFE framework, a Bayesian ensemble DA is applied

to create the training data of the ML model, which reduces the intrinsic error in the

imperfect physics-informed model simulations and provides the training data of the

unobserved variables. Then a generalized DA is employed for the initialization of

the ML ensemble forecast. Besides, the BAMCAFE also provides an accurate quan-

tification of the forecast uncertainty utilizing a non-Gaussian probability density

function that characterizes the intermittency and extreme events.

In the second part, the skill of a rich class of nonlinear stochastic models, known

as the “conditional Gaussian nonlinear system” (CGNS), as both a cheap surrogate

model and a fast preconditioner is explored to advance many computationally

challenging tasks in complex nonlinear systems. The CGNS preserves the underly-

ing physics to a large extent and reproduces the observed intermittency, extreme

events and other non-Gaussian features of nature. Second, the CGNS allows the

development of a fast algorithm for simultaneously estimating the parameters and

the unobserved variables with uncertainty quantification in the presence of only
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partial observations. Utilizing an appropriate CGNS as a preconditioner signifi-

cantly reduces the computational cost in accurately estimating the parameters in

the original complex system. Finally, the CGNS advances rapid and statistically

accurate algorithms for computing the probability density function and sampling

the trajectories of the unobserved state variables. These fast algorithms facilitate

the development of an efficient and accurate data-driven method for predicting

the linear response of the original system with respect to parameter perturbations

based on a suitable CGNS preconditioner.

In the third part, a nonlinear optimal filter, a nonlinear optimal smoother, and

the associated filter-based forward sampling and smoother-based backward sam-

pling algorithms are developed for CGNS. The optimal nonlinear smoother also

outweighs the optimal nonlinear filter in detecting the hidden mechanism of trigger-

ing observed extreme events. In addition, the optimal nonlinear smoother improves

the state estimation in stochastic parameterizations and Lagrangian data assimila-

tion. Next, an efficient and accurate online forward-in-time smoother is developed.

Comparing with the nonlinear filter, the sequential update of the existing state

estimates using the online nonlinear smoother leads to a more accurate recovery of

intermittent time series and the associated non-Gaussian features. Finally, the on-

line nonlinear smoother is incorporated into an efficient expectation-maximization

algorithm for online parameter estimation.
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1 introduction

Complex nonlinear turbulent systems are ubiquitous in geoscience, engineering,

neural and material sciences.

Chapter 2 introduced a simple but effective Bayesian machine learning ad-

vanced forecast ensemble (BAMCAFE) method that combines an available im-

perfect physics-informed model with DA to facilitate the ML ensemble forecast.

Ensemble forecast based on physics-informed models is one of the most widely

used forecast algorithms for complex nonlinear turbulent systems. A major diffi-

culty in such a method is the model error that is ubiquitous in practice. Data-driven

machine learning (ML) forecasts can overcome the model error but they often

suffer from the partial and noisy observations. In this paper, a simple but effective

Bayesian Machine learning advanced forecast ensemble (BAMCAFE) method is

developed, which combines an available imperfect physics-informed model with

data assimilation (DA) to facilitate the ML ensemble forecast. In the BAMCAFE

framework, a Bayesian ensemble DA is applied to create the training data of the ML

model, which reduces the intrinsic error in the imperfect physics-informed model

simulations and provides the training data of the unobserved variables. Then a

generalized DA is employed for the initialization of the ML ensemble forecast. In

addition to forecasting the optimal point-wise value, the BAMCAFE also provides

an accurate quantification of the forecast uncertainty utilizing a non-Gaussian prob-

ability density function that characterizes the intermittency and extreme events.

It is shown using a two-layer Lorenz 96 model that the BAMCAFE method can

significant improve the forecasting skill compared to the typical reduced-order
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imperfect models with bare truncation or stochastic parameterization for both the

observed and unobserved large-scale variables. It is also shown via a nonlinear

conceptual model that the BAMCAFE leads to a comparable non-Gaussian forecast

uncertainty as the perfect model while the associated imperfect physics-informed

model suffers from large forecast biases.

In chapter 3, the skill of a rich class of nonlinear stochastic models, known as

the “conditional Gaussian nonlinear system” (CGNS), as both a cheap surrogate

model and a fast preconditioner is explored to advance many computationally

challenging tasks in complex nonlinear systems. Developing suitable approximate

models for analyzing and simulating complex nonlinear systems is a practically

important topic. The objective of this paper is to explore the skill of a rich class of

nonlinear stochastic models, known as the conditional Gaussian nonlinear system

(CGNS), as both a cheap surrogate model and a fast preconditioner for facilitating

many computationally challenging tasks. The CGNS preserves the underlying

physics to a large extent and reproduces the observed intermittency, extreme events

and other non-Gaussian features of nature. First, the closed analytic formulae of

solving the conditional statistics provide an efficient and accurate data assimilation

scheme. It is shown that the data assimilation skill of a suitable CGNS approximate

forecast model outweighs that by applying an ensemble based method even to the

perfect model in the presence of strong nonlinearity and turbulence, where the

latter suffers from filter divergence. Second, the CGNS allows the development of

a fast algorithm for simultaneously estimating the parameters and the unobserved

variables with un- certainty quantification in the presence of only partial observa-
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tions. Utilizing an appropriate CGNS as a preconditioner significantly reduces the

computational cost in accurately estimating the parameters in the original complex

system. Finally, the CGNS advances rapid and statistically accurate algorithms for

computing the probability density function and sampling the trajectories of the

unobserved state variables. These fast algorithms facilitate the development of an

efficient and accurate data-driven method for predicting the linear response of the

original system with respect to parameter perturbations based on a suitable CGNS

preconditioner.

In chapter 4, efficient nonlinear filtering, nonlinear smoothing, forward sam-

pling and backward sampling algorithms are developed and compared for a rich

class of nonlinear complex turbulent dynamical systems using only partial observa-

tions. Point-wise state estimation and path-wise optimal sampling of unobserved

processes in complex nonlinear turbulent dynamical systems, given partially ob-

served time series, are important topics in practice. A nonlinear optimal filter, a

nonlinear optimal smoother, and the associated filter-based forward sampling and

smoother-based backward sampling algorithms are developed for a rich class of

highly nonlinear systems with significant non-Gaussian features. Both the state

estimation and the optimal sampling algorithms involve closed analytic formulae,

which allow rigorous mathematical analysis and efficient numerical simulations. It

is shown that there exist intrinsic barriers in the posterior mean time series and the

trajectories from the filter-based forward sampling algorithm in reproducing the

nonlinear dynamical and statistical features of nature while the smoother-based

sampling algorithm succeeds in recovering the salient non-Gaussian statistics and
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the crucial dynamical characteristics. The optimal nonlinear smoother also out-

weighs the optimal nonlinear filter in detecting the hidden mechanism of triggering

observed extreme events. In addition, the optimal nonlinear smoother improves

the state estimation in stochastic parameterizations and Lagrangian data assimila-

tion. Next, an efficient and accurate online forward-in-time smoother is developed.

Comparing with the nonlinear filter, the sequential update of the existing state

estimates using the online nonlinear smoother leads to a more accurate recovery of

intermittent time series and the associated non-Gaussian features. Finally, the on-

line nonlinear smoother is incorporated into an efficient expectation-maximization

algorithm for online parameter estimation. Numerical simulations show that the

observed extreme events facilitate a rapid convergence of the iterations and provide

an accurate estimation of model parameters.
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2 bamcafe: a bayesian machine learning advanced

forecast ensemble method for complex turbulent

systems with partial observations

2.1 Introduction

Forecasting complex turbulent systems is an important task in many areas, particu-

larly in geophysics, engineering, neuroscience, and climate science (Majda, 2016;

Strogatz, 2018; Wilcox, 1988; Sheard and Mostashari, 2009). These systems are often

characterized by a large dimensional phase space with strong nonlinear interactions

between different spatial and temporal scales, which transfer energy throughout

the system. Intermittent instability, extreme events, non-Gaussian probability den-

sity functions (PDFs), and multiscale dynamics are typical characteristics in these

systems (Farazmand and Sapsis, 2019; Moffatt, 2021). Because of such features,

errors and uncertainties from various sources (e.g., initializations, parameters and

approximations) may get amplified in the forecast stage, which leads to big chal-

lenges in effectively forecasting these complex systems. In addition to predicting

the optimal point-wise value, an accurate quantification of the forecast uncertainty

of these turbulent systems is an equally important issue.

Ensemble forecast based on physics-informed (or parametric) models is one of

the most widely used forecast algorithms for predicting turbulent signals (Palmer,

2019; Toth and Kalnay, 1997; Leutbecher and Palmer, 2008). Starting from a given

initial condition, multiple model simulations are conducted resulting in a forecast
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ensemble. However, developing effective ensemble forecast algorithms that enable

a skillful forecast with an accurate uncertainty quantification is very challenging

mainly for the following three reasons. First, only partial and noisy observations are

available in many real-world situations (Kalnay, 2003; Lau and Waliser, 2011). For

example, temperature at the sea surface are more accessible than inside the deep

ocean from satellite observations, and large-scale components of many geophysical

systems are more observable than small-scale components. Such partial and noisy

observations often introduce large biases and uncertainties at the initialization stage,

which significantly affect the accuracy of the ensemble forecast as time evolves. Sec-

ond, due to the high dimensionality and the complexity of many turbulent systems,

it is computationally expensive for even a single run of the forecast, prohibiting the

forecast being repeated multiple times to create the ensemble. Third, one of the

major and ubiquitous difficulties in applying the parametric model-based ensemble

forecast is the model error (Majda and Chen, 2018; Allen et al., 2002). The presence

of the model error is often due to a lack of the perfect understanding of nature

and the inadequate resolution in the models because of the limited computing

power, where model reduction techniques and parameterizations are often adopted

when developing practical approximate models (Palmer, 2001; Phillips et al., 2004;

Rotstayn, 2000; Mou et al., 2020, 2021a).

Purely data-driven approaches, such as machine learning (ML) or other non-

parametric models have gained great interest in the past decades (Vlachas et al.,

2018; Chattopadhyay et al., 2020a,c; Scher, 2018; Scher and Messori, 2018; Weyn

et al., 2020; Pathak et al., 2018; Rasp and Thuerey, 2021; Raissi et al., 2019; Beucler
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et al., 2019; Chattopadhyay et al., 2020b). Given a sufficiently large amount of

accurate training data, ML models with well-designed architectures can extract key

information from the high-dimensional complex systems, which allows them for

effective forecasts (Vlachas et al., 2018; Chattopadhyay et al., 2020a,c; Scher, 2018;

Scher and Messori, 2018). It is also worthwhile to notice that once the model has

been trained, the computational cost for executing these data-driven models is much

cheaper (or even negligible) compared to the cost in a typical numerical solver for

the parametric models (Chattopadhyay et al., 2020c). Popular ML models include

the long short-term memory (LSTM) networks (Hochreiter and Schmidhuber, 1997;

Vlachas et al., 2018), the convolutional neural networks (LeCun et al., 1998; Weyn

et al., 2020), and the echo state networks (Jaeger, 2007; Pathak et al., 2018). However,

these ML models may suffer from the polluted, incomplete, and insufficient training

data, which appear in many real applications resulting from the partial and noisy

observations (Rasp and Thuerey, 2021; Chattopadhyay et al., 2021; Farchi et al.,

2020; Brajard et al., 2021). Physics-informed ML models partially solve this issue

by enforcing some key physics knowledge (e.g., conservation law) as constraints or

including them into the model architecture design (Raissi et al., 2019; Beucler et al.,

2019; Chattopadhyay et al., 2020b; De Bézenac et al., 2019).

Data assimilation (DA), which combines parametric models with observations,

plays a vital role in assisting physics-based model forecast of turbulent systems (Law

et al., 2015; Ghil and Malanotte-Rizzoli, 1991; Kalnay, 2003). The main benefits of

DA are two-fold. First, DA recovers the states of the unobserved variables. Second,

by incorporating the information from observations into the available imperfect
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model, the model error and the observational noise are simultaneously mitigated.

Therefore, DA improves the initialization of both the observed and the unresolved

state variables that facilitates the ensemble forecast. However, utilizing partial

observations to correct the model error via DA only applies to the initialization

stage of the standard physics-based model ensemble forecast; the model error

continuously enters into the forecast ensembles as time evolves. On the other hand,

DA can also be incorporated into the ML forecast, where promising results have

been shown in various approaches (Chattopadhyay et al., 2021; Tomizawa and

Sawada, 2020; Bocquet et al., 2020; Farchi et al., 2020; Brajard et al., 2021; Chen,

2020a). In iterative methods, the ML model is treated as a surrogate model in

DA (Brajard et al., 2020; Wikner et al., 2021; Bocquet et al., 2020). However, the

so-called cold start problem may arise in this type of approach that leads to the

potential numerical instability. In addition, the algorithms may take a long time to

converge. One remedy is to add a neural network (NN) as a residual to correct the

imperfect knowledge-informed outcomes, which helps reduce the number of cycles

as well (Farchi et al., 2020; Brajard et al., 2021). Note that some methods also attempt

to predict the uncertainty by training an ML model on the error residual (Scher

and Messori, 2018). Other ML forecast approaches involving perturbing the initial

conditions are also developed to mimic the traditional ensemble forecast approach.

However, as was pointed in (Scher and Messori), the uncertainty obtained in these

methods can be systematically lower than that in the physics-based numerical

prediction models.

This paper develops a simple but effective Bayesian Machine Learning Advanced
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Forecast Ensemble (BAMCAFE) method. Assume that a partial and noisy observa-

tional time series and a physics-based but imperfect parametric model are available,

as in many realistic situations. The BAMCAFE combines ML with DA to improve

the predictions utilizing the standard ensemble forecast by running the imperfect

parametric model forward. Different from many purely data-driven methods, the

BAMCAFE takes advantage of the available imperfect parametric model to extract

useful information that feeds into a ML model via DA. The BAMCAFE starts with a

Bayesian ensemble DA that aims to reduce the observational noise and recover the

time series of the unobserved variables, which often allow the resulting assimilated

trajectories to more accurately represent the underlying dynamics of nature than the

imperfect parametric model. Therefore, if these assimilated trajectories are used to

build a new forecast model, then the associated forecast is expected to be improved.

Since it is in general very challenging to write down a set of physics-informed

parametric equations to describe the time evolution of these assimilated trajectories,

ML models are used to characterize the underlying dynamics in the BAMCAFE

framework. Next, in addition to forecasting the optimal point-wise value, the BAM-

CAFE is also designed to quantify the forecast uncertainty. The forecast uncertainty

in the BAMCAFE is represented by a non-Gaussian PDF, which is computed via

an inexpensive algorithm from a mixture distribution. Such a non-Gaussian dis-

tribution is particularly appropriate for characterizing the uncertainty in complex

turbulent systems in the presence of intermittency and extreme events. Then in the

forecast initialization stage of the BAMCAFE approach, a generalized ensemble DA

is utilized, which provides an ensemble of time series that serve as the input of the
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ML model. Subsequently, the ML forecast is carried out for each ensemble member

to obtain both the point-wise forecast value and the forecast uncertainty. Overall,

the BAMCAFE is computationally efficient in both the training and forecasting

stages. It collects the useful information from the partial and noisy observations as

well as the imperfect physics-informed model to facilitate the ML ensemble forecast.

The rest of the paper is organized as follows. The BAMCAFE algorithm is

developed in Section 2.2. Section 2.3 includes nonlinear and non-Gaussian test ex-

amples comparing the forecast skill of the BAMCAFE algorithm and the associated

imperfect models. The paper is concluded in Section 2.4.

2.2 The Bayesian Machine Learning Advanced

Forecast Ensemble (BAMCAFE) Framework

2.2.1 Overview

The ensemble forecast is a popular prediction approach for turbulent systems that

employs a collection, known as the “ensemble”, of multiple individual forecasts

from a parametric model. A skillful ensemble forecast requires an accurate rep-

resentation of the underlying dynamics as well as a reliable forecast initialization.

DA is used to generate a more accurate initialization by combining partial and

noisy observations with the given imperfect model. However, the forecast error

can grow up quickly as time evolves due to the model bias, which often results in
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an inaccurate quantification of the forecast uncertainty as well.

In the Bayesian Machine Learning Advanced Forecast Ensemble (BAMCAFE)

framework, the intrinsic error in the imperfect physics-based forecast model is

alleviated by training a ML model (e.g., a NN) based on a set of assimilated trajecto-

ries, which are obtained by applying a Bayesian sampling method (i.e., a Bayesian

ensemble DA) to the imperfect physics-based model with the help from the avail-

able partial and noisy observational time series. Combining the information from

both the imperfect model and the noisy observations, the assimilated trajectories

achieve trajectory-wise improvement compared with the signals generated from the

imperfect model in terms of both the dynamical and statistics features. Specifically,

the BAMCAFE involves the following four steps:

1. Generating the ML training data using a Bayesian sampling approach.

2. Training a ML model (e.g., a NN) utilizing the training data from Step 1.

3. Employing a generalized DA for the initialization of the ML model.

4. Applying a ML ensemble forecast.

The generalized DA in Step 3 aims at recovering a short piece of time series before

the initial time instant for forecast, serving as the initialization of the ML model. It

plays a similar role as the traditional physics-based parametric model forecast, but

the initialization is not just at a single time instant. Figure 2.1 includes a schematic

illustration of the traditional physics-informed parametric model based ensemble

forecast and the BAMCAFE approach. The details of each of the four steps in the

BAMCAFE algorithm will be explained in the following subsections.
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Figure 2.1: A schematic illustration of the traditional physics-informed parametric
model based ensemble forecast and the BAMCAFE approach.

2.2.2 Generating the ML training data using a Bayesian

sampling approach

The first step of the BAMCAFE algorithm is to generate a set of trajectories that will

be used to train the ML model. This is achieved by exploiting a Bayesian sampling

approach that takes into account the information from both the given imperfect

physics-based parametric model and the available partial and noisy observational

time series. Denote by xj the state variable and yj the observational vector at time

tj, where the dimension of yj is often smaller than that of xj due to the partial

observations. The training data for the ML model is generated from the following

conditional distribution,

p(x0, x1, . . . , xN|y1, y2, . . . , yN), 0 6 j 6 N, (2.1)
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where {y1, y2, . . . , yN} stands for all the available observations in a given time inter-

val. For the rest of this paper, we define yi:j = (y>i , y>i+1, . . . y>j )> for 0 6 i 6 j. In the

Bayesian framework, the statistical information provided by the available imperfect

parametric model is called the prior distribution while the conditional distribu-

tion (2.1) is named as the posterior distribution. Many existing Bayesian sampling

algorithms can be applied to compute the posterior distribution (2.1) (Tong et al.,

2020; Bédard, 2017; Johnson et al., 2013; Ottobre et al., 2016; Agapiou et al., 2017).

In this work, the ensemble Kalman smoother (EnKS) (Evensen and Van Leeuwen,

2000), which is one of the commonly used DA approaches, is adopted to sample

from the posterior distribution. The technique details of sampling from the poste-

rior distribution utilizing the EnKS are summarized in the Appendix A.1. Denote

by {xk0|N, . . . , xkN|N} for k = 1, . . . ,K the resulting K ensemble members from the

EnKS, each of which is a time series. The trajectories of these ensemble members

will be used as the training data for the ML model. By using the Bayesian DA, the

model error is mitigated in these posterior time series due to the extra information

from observations. In addition, the training data are now also available for the

unobserved variables, without which it is quite challenging to apply the ML models

to predict the entire system.

It is important to note that despite the ensemble mean time series from the EnKS

{µ0|N, . . . ,µN|N} being a widely used surrogate for the true signal as in the standard

reanalysis approaches, the ensemble mean time series is not always a suitable

training data for the ML model because the fluctuation of the original turbulent

dynamics is smoothed out in the ensemble mean time series. In other words, the
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dynamical and statistical features of the underlying dynamics are not fully reflected

in the ensemble mean time series. Different from the smoother mean, each ensemble

member {xk0|N, . . . , xkN|N}, referred as a sampled trajectory, is more appropriate for

training the ML models. This is one of the fundamental differences between the

training data in the BAMCAFE framework and the traditional reanalysis outcome

that is often given by the ensemble mean time series. A comparison between

the time series of the ensemble members and the smoother mean as well as the

associated ML forecast results will be presented in Section 2.3.3.4.

It is also worthwhile to note that the EnKS is a more suitable method than the

ensemble Kalman filter (EnKF), which takes into account only the information

in the past, to create the ML training time series. The state estimation using the

EnKF is often less accurate than that using the EnKS, especially in the presence of

strong turbulence, intermittency and extreme events (Evensen and Van Leeuwen,

2000; Chen and Majda, 2020). Since the training procedure is offline, where the

observational time series in a given interval y1:N is in hand, it is natural to adopt

the EnKS for creating the training data for the ML models.

2.2.3 Training a ML model

Given the sampled trajectories from Step 1, the second step of the BAMCAFE

algorithm is to build a new model that captures the key features of these sampled

trajectories. Since it is often quite difficult to develop a physics-based parametric

model that perfectly captures the underlying dynamics of these sampled trajectories,

it is natural to employ a ML model to characterize their time evolutions. For the
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convenience of discussion, a NN will be utilized as the ML model throughout the

paper. It is worthwhile to note that numerous works have been shown that NNs

can well approximate many complex dynamics (Chen and Chen, 1995; Hornik,

1993; Sonoda and Murata, 2017).

Denote by xk0:N the k-th member of the sampled trajectories from t0 to tN, as

a simpler notation for {xk0|N, . . . , xkN|N}. The entire sampled trajectory is further

separated as the training and the validation periods, denoted by xk0:Ntr
and xkNtr:N

,

respectively. The NN model is defined as g(x;θ), where θ is a set of trainable

parameters in the network. The ML task is to predict the value that is l steps

forward in time, which can be expressed as follows

x̂kn+l = g(xk0:n;θ), for N0 6 n 6 Ntr − l, (2.2)

where l is the lead time or forecast horizon and N0 is the length of the initial

period of the NN. We aim to introduce the framework instead of sophisticated NN

architectures, a one-layer LSTM model followed by a fully connected layer will be

used in the numerical experiments of this work, the NN structure of which is shown

in Figure 2.2. The LSTM here can be replaced by other non-parametric models such

as convolutional neural networks depending on the applications. Note that the

right-hand side of (2.2) is written in a general form, in which the recurrent neural

network can take varying length sequences as the input. A simpler version of the

general form (2.2) replaces xk0:n by xkn−Ninit:n
on the right-hand side, which is widely
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used in practice. The loss function used in the training phase is given as follows,

J(θ) =

√√√√ 1
K(Ntr − l+ 1 −N0)

K∑
k=1

Ntr−l∑
n=N0

‖x̂kn(θ) − xkn‖2. (2.3)

The loss function (2.3) is the mean-squared error, which is a commonly used loss

function in time series predictions. Again, other loss functions can be utilized in the

BAMCAFE framework. Note that the error x̂kn(θ)−xkn evaluated on validation set is

crucial in quantifying the uncertainty in the forecast stage, which will be discussed

in Section 2.2.5.
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Figure 2.2: Structure of the one layer LSTM model used in this work. FC means a
fully-connected layer.
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2.2.4 Employing a generalized DA for the initialization of the

ML model

With the trained NN in hand, what remains is to apply the BAMCAFE for the

ensemble forecast. The goal is to predict both the point-wise value and the asso-

ciated uncertainty at the lead time l, i.e., to predict xN+l given an observational

sequence y1:N.

Following (2.2), the predicted value for each ensemble member is given by

x̂kN+l = g(xkN−Linit:N
;θ∗), (2.4)

for k = 1, . . . ,Kp, where Kp is the total number of the ensembles used in prediction

that can be different from the number of the training trajectories K. In (2.4), θ∗ is

the value minimizing the loss function obtained from the Step 2 while Linit is the

length of the initial period. Adopting a period of time series xkN−Linit:N
as the input is

necessary for the LSTM and other networks to take into account the memory effects

of the dynamics that significantly facilitates the forecast, which is also consistent

with the input data in (2.2).

Similar to the training data, only partial observations y1:N are available for the

state variable x1:N at the forecast initialization stage. Therefore, an initialization

procedure has to be applied to obtain xkN−Linit:N
that is the prerequisite for implement-

ing (2.4). This initialization can be regarded as a generalization of the traditional

DA because 1) the initial condition xkN−Linit:N
can be obtained via a Bayesian ensem-

ble DA formula; and 2) the value at the end point xkN is exactly the initial values
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used in the traditional ensemble forecast. The main difference is that the initial

condition in the traditional approaches is a group of point-wise samples at only

the time instant tN yet those in the BAMCAFE framework is a group of time series

from tN−Linit to tN. The generalized DA for the initialization of the NN is carried

out utilizing the following Bayesian formula

p(xN−Linit , xN−Linit+1, . . . , xN|y1, y2, . . . , yN), 0 6 j 6 N, (2.5)

where the prior information is still provided by the imperfect parametric model, as

in (2.1). Again, the EnKS is applied in this work to sample the trajectories from the

posterior distribution (2.5), serving as the initialization of the NN forecast model

in (2.4). Note that the value of xkN from the EnKS is the same as that by applying the

EnKF but those xkN−Linit
, xkN−Linit+1, . . . , xkN−1 are statistically more accurate utilizing

the EnKS.

2.2.5 Applying a ML ensemble forecast

Given the initialization from the generalized DA, it is ready to run (2.4) for the

ensemble forecast.

The ensemble mean, which is the most widely used surrogate for the point-wise

prediction value, is calculated as follows,

¯̂xN+l =
1
Kp

Kp∑
k=1

x̂kN+l, (2.6)
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where x̂kN+l is calculated from (2.4). Note that the mode or other statistical measures

can also be used as the optimal point-wise prediction value depending on the

quantity of interest of the applications.

In addition to the ensemble mean, predicting the uncertainty is also essential,

especially for complex turbulent dynamics with intermittency and extreme events.

Unlike many ML approaches that focus only on the optimal point-wise forecast

value, the BAMCAFE also provides the quantification of the forecast uncertainty.

The total forecast uncertainty contains two parts. The first part is the ensemble

spread of the point-wise forecasts, namely the x̂kN+l with k = 1, . . .Kp. The second

and indispensable component is the intrinsic uncertainty associated with each

ensemble member. The ensemble spread of the point-wise forecasts is the dominant

source of the uncertainty at short lead times, where the spread comes from DA. As

the lead time increases, the point-wise forecast becomes less accurate, the associated

error of which contributes to the total uncertainty of the forecast. Because of this,

the BAMCAFE exploits the validation error obtained in the ML training period

as the measurement of the forecast uncertainty associated with each ensemble

member. Such a simple criterion is a natural choice for quantifying the forecast

uncertainty since it represents the residual part of the dynamics which cannot be

well characterized and forecasted by the LSTM model. Some quantitative studies

between the forecast uncertainty in the LSTM forecast based on the validation

error and that in the ensemble forecast using the perfect parametric model will be

illustrated in Section 2.3.2.4. Note that the validation error here can be replaced by

the training error, assuming the NN is appropriate, i.e., without being overfitted or
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underfitted. Specifically, the forecast uncertainty associated with the BAMCAFE

is represented by a non-Gaussian PDF. This non-Gaussian PDF is constructed by

a mixture distribution, where each mixture component is another non-Gaussian

distribution that is associated with one forecast ensemble member in (2.4). The

k-th mixture component is given by adding the point-wise forecast value x̂kN+l to a

non-Gaussian distribution ε,

p(xkN+l) = x̂kN+l + ε, (2.7)

where ε is the distribution of the validation error,

ε ∼ PDF of
(

xk ′n+l − g(xk
′

Ntr:n
;θ∗), for k ′ = 1, . . . ,K, Ntr + 1 6 n 6 N− l

)
. (2.8)

As a final remark, a connection can be built between using the parametric model

and the BAMCAFE algorithm to characterize forecast uncertainty. In fact, the

ensemble ML forecast algorithm of the BAMCAFE can be regarded as a surrogate

of the ensemble forecast using physics-informed parametric models but using a

different approach of computing the forecast uncertainty. To see such a connection,

suppose that we have an ensemble of the forecast value at time tN+l. Consider the

following mean-fluctuation decomposition of the forecast value for each ensemble

with an index k,

x̂kN+l =
¯̂xN+l + (x̂kN+l −

¯̂xN+l), (2.9)

where the first term on the right-hand side is the ensemble mean and the second
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term is the fluctuation. The uncertainty is essentially given by the statistics, namely

the PDF, of the fluctuation part. In the traditional forecast using physics-informed

parametric models, each ensemble member is given directly by running either

stochastic or deterministic chaotic models forward. The results of such an ensemble

forecast can be directly used to form the forecast PDF. Nevertheless, in most of the

ML forecasts, the ML model/mapping is deterministic and non-chaotic. The ML

forecast output is typically a deterministic value provided by a certain averaging

process (i.e., the optimal mapping) inside the complicated ML architecture. There is

a residual from such an averaging process, which is characterized by the validation

error. The validation error for each sample is essentially the second part on the

right-hand side of (2.9). In other words, the validation error mimics the ensemble

spread in the traditional ensemble forecast using physics-informed parametric

models. If the training and testing data have the same features, then it is expected

that the residual in the testing period should be similar to that in the validation

period. Therefore, it is natural to use the validation error as a characterization

of the uncertainty. Notably, a more accurate ML model in terms of representing

the perfect model dynamics is expected to provide a closer result of the forecast

uncertainty as the perfect model. This fact implies that the Bayesian DA is crucial

in creating an improved data set for training the ML model.
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2.3 Test Examples

This section will illustrate how the BAMCAFE improves ensemble forecast results

by employing testing models that mimic many desirable features of complex tur-

bulent systems in reality. In each test case, we demonstrate a perfect model with

specific parameters that produces the true dynamics. The baseline is the ensemble

forecasts using one or two commonly used imperfect parametric models. Based on

50 sampled trajectories, a NN model, as was shown in Figure 2.2, with a one-layer

LSTM network followed by a fully connected layer is trained. The ‘Adam’ optimiza-

tion algorithm and the mean-squared error loss function (2.3) are utilized to train

different LSTM models for different lead times. The details of hyperparameters are

included in Appendix A.3.

The two test experiments used below will emphasize different aspects of the

BAMCAFE framework. In the first case, the goal is to illustrate that the BAMCAFE

algorithm can improve the forecasting skill compared to the typical reduced-order

imperfect models with either bare truncation or stochastic parameterization. In the

second case, it is highlighted that the BAMCAFE facilitates the quantification of the

forecast uncertainty in a strongly turbulent system with intermittency and extreme

events.

2.3.1 General experiment setup

The true dynamics are integrated from the perfect model using the Euler-Maruyama

scheme (Gardiner, 2004), with the integrated time step ∆t being 0.001 for both the
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perfect and imperfect models. The discrete observations are collected for every 0.05

time units.

The two criteria for quantifying the overall point-wise prediction skill are the

root-mean-square error (RMSE) and the pattern correlation (Corr) between the

prediction x̂ and the true signal x. These criteria are defined as (Hyndman and

Koehler, 2006):

Corr =
∑I
i=1(x̂i −

¯̂x)(xi − x̄)√∑I
i=1(x̂i −

¯̂x)2
√∑I

i=1(xi −
¯̂x)2

,

RMSE =

√∑I
i=1(x̂i − xi)

2

I
,

(2.10)

where ¯̂x and x̄ are the averages of the scalar quantities x̂i and xi over i = 1, . . . , I,

respectively. In general, if RMSE is below one standard deviation of the true signal

and Corr is above the threshold value Corr = 0.5, then the prediction is said to be

skillful.

On the other hand, the relative entropy (also known as the Kullback–Leibler

divergence) is one of the most suitable measurements that quantifies the accuracy

of the forecast uncertainty (Kleeman, 2011; Majda et al., 2002; Xu, 2007; Branicki

et al., 2013). It measures the statistical distance between the PDF p(x) associated

with the perfect model ensemble forecast and that p(x̂) associated with either the

imperfect parametric model ensemble forecast or that from the BAMCAFE at a

given time instant. The relative entropy is defined as (Kullback and Leibler, 1951;
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Kullback, 1987; Cover and Thomas, 1991):

P(p(x),p(x̂)) =
∫
p(x) log

(
p(x)
p(x̂)

)
. (2.11)

The relative entropy is zero if the two PDFs equal with each other. The relative

entropy increases monotonically as the difference between the two PDFs becomes

large.

2.3.2 Improving the ensemble forecasts from the reduced-order

models with bare truncation or stochastic parameterization

The first numerical test example is the two-layer Lorenz 96 model, which aims

at showing that the BAMCAFE algorithm can improve the forecasting skill com-

pared to the typical reduced order imperfect models with either bare truncation or

stochastic parameterization (Majda and Grote, 2009; Grooms and Majda, 2014b,a;

Majda and Grooms, 2014).

2.3.2.1 The perfect model

The two-layer Lorenz 96 (L96) model is a conceptual representation of geophysical

turbulence that is widely used in numerical weather forecasting as a testbed for DA

and parameterization (Lorenz, 1996; Lee and Majda, 2017; Wilks, 2005; Arnold et al.,

2013). The model mimics a coarse discretization of atmospheric flow on a latitude

circle, which exhibits complex wave-like and chaotic behavior. It illustrates the

interactions between small-scale fluctuations and larger-scale motions schematically.
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The noisy version of the model reads

dui

dt
=

(
−ui−1 (ui−2 − ui+1) − ui + f−

hc

J

J∑
j=1

vi,j

)
+ σuiẆui , i = 1, . . . , I,

(2.12a)
dvi,j

dt
=

(
−bcvi,j+1 (vi,j+2 − vi,j−1) − cvi,j +

hc

J
ui

)
+ σvi,jẆvi,j , j = 1, . . . , J,

(2.12b)

where I, J, f, h, c, b, σui and σvi,j are given parameters while Ẇui and Ẇvi,j

are white noise. The large-scale variables ui are periodic in iwith ui+I = ui−I =

ui. The corresponding small-scale variables vi,j are periodic in i with vi+I,j =

vi−I,j = vi,j and satisfy the following conditions in j: vi,j+J = vi+1,j, and vi,j−J =

vi−1,j. The model discussed here uses variables ui to describe large-scale or slow

movements which are resolved; small scales or rapid fluctuations represented by

vi,j are often unresolved ones. The coupling of fast and slow variables is regulated

by the parameter h. The parameter c specifies how quickly the fast variables

are damped in comparison to the slow variables. The parameter f controls the

magnitude of external large-scale forcing, while b determines the amplitude of

nonlinear interactions between the fast variables. As in the standard L96 model,

we take I = 40. There are J = 4 small-scale variables associated with each ui. Thus,

the total number of the state variables is 200. The constant forcing f = 4 makes

the system to be chaotic. The parameters h, c, and b are chosen in such a way that
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the small-scale variables have a comparatively significant impact on the large-scale

ones. In other words, the perfect model only has a weak scale separation. The

reason that we consider such a weak scale separation is that it better mimics the

real atmosphere with chaotic/turbulent behavior, the associated forecast of which

is often very difficult. Finally, additional stochastic noise is added to the system,

representing the contribution of the variables that are not explicitly modeled. The

noise also interacts with the deterministic part via nonlinear terms, introducing

additional complexity that mimics nature. To summarize, the parameters used in

the perfect model (2.12) are as follows,

I = 40, J = 4, h = 2, c = 2, b = 2, f = 4, σui = σu = 1, σvi,j = σv = 1.

(2.13)

With these parameters, the spatiotemporal patterns are shown in Figure 2.3, together

with the time series of the variables at a fixed location i = 1, i.e., the large-scale

variable u1 and the small-scale variables v1,1, . . . , v1,4, as well as the associated equi-

librium PDFs and the autocorrelation functions (ACFs). The ACFs, which measure

the memory of the system of each component, validate the weak scale separation

adopted here. The average value of the ACF decay time, i.e., the decorrelation time,

for large scales is 0.76.

2.3.2.2 The imperfect parametric models

Since the perfect knowledge of nature is never known or it is too complicated to be

used in practice, approximate models with reduced dimensions or simpler struc-
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Figure 2.3: The two-layer L96 model (2.12) with parameters in (2.13). Panel (a):
The spatiotemporal patterns of large-scale variables ui. Panel (b): the time series
of the large-scale variable u1 and the associated small-scale variables v11, . . . , v14.
Panel (c): the ACFs corresponding to the variables in Panel (b).

tures are often utilized as the forecast models. Two imperfect (i.e., approximate)

parametric models are introduced here, which are developed by applying two

widely used approximation approaches as in many applications. The goal here is

to make use of these imperfect models to predict the large-scale variables ui at all

grid points, i.e., for i = 1, . . . , I.

The first imperfect model is the one-layer L96 (L96-1LYR) model, which is a

reduced order model of the perfect system. It is also unknown as the bare truncation

model, which is one of the simplest approximations by completely ignoring the



28

small-scale variables. The L96-1LYR model reads

dui

dt
= (−ui−1 (ui−2 − ui+1) − ui + f) + σuiẆui , i = 1. . . . , I. (2.14)

Bare truncation models are widely used in practice due to its reduced computational

cost. In fact, the dimension of the L96-1LYR model (2.14) is only 40, which is 5x

smaller than that of the 200-dimensional perfect model. However, the feedback

from the small-scale variables vi,j to the large-scale variables ui is non-negligible

here as in many real-world applications, which is the main source of the model

error. Note that the bare truncation models may sometimes suffer from a finite-time

blowup issue (Majda and Yuan, 2012), which is however not a problem here as the

model only contains advection and dissipation terms beyond a constant forcing.

The second imperfect parametric model is developed as follows. Instead of

completely ignoring the small-scale variables, the equations of these unresolved

scale variables are replaced by simple stochastic parameterized equations. The

specific parameterization form adopted here follows the one that is widely-used in

the stochastic parametrized extended Kalman filters (SPEKFs), which have been

shown to be skillful for improving the DA and prediction skill (Gershgorin et al.,

2010a,b; Majda and Harlim, 2012a). The stochastic parameterized imperfect model

(L96-SP) has the following form:
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dui

dt
=

(
−ui−1 (ui−2 − ui+1) − ui + f−

hc

J

J∑
j=1

vi,j

)
+ σuiẆui , i = 1, . . . , I,

(2.15a)
dvi,j

dt
= −d̂i,j(vi,j − v̂i,j) + σ̂vi,jẆvi,j , j = 1, . . . , J. (2.15b)

In (2.15), the unresolved small scales vi,j have been reduced to linear processes

with only Gaussian additive noise providing statistically accurate feedbacks from

the unresolved scales to the resolved ones. The parameters in (2.15b) can be

calibrated by matching the mean, the variance, and the decorrelation time of vi,j

with those in the perfect system, which provides the optimal Gaussian fit of each

vi,j in (2.15b) with that in the perfect model (2.12). The comparison between

the perfect model (2.12) and two imperfect models (2.14) and (3.29) is shown in

Figure 2.4. It is clear that both the imperfect parametric models capture certain

features of the perfect dynamics but the model errors are also obvious. The L96-SP

model is more accurate than the L96-1LYR model, as is expected. Note that the

random numbers generated from the noise sources Ẇui and Ẇvi,j when performing

the ensemble forecast using both the perfect and imperfect models are different

from the truth, which is a realistic setup.

2.3.2.3 The experiment setup

In this experiment, the two imperfect models (i.e., the L96-1LYR model and the L96-

SP model) discussed above will be utilized to provide the baseline of the ensemble
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Figure 2.4: Comparison between the perfect model and two imperfect models
associated with the two-layer L96 model. Panel (a)–(c): spatiotemporal patterns of
the large-scale variables ui. Panel (d)–(f): the time series, PDFs and ACFs of u1,
where the red curve shows those of the L96-SP (2.15), the magenta curve shows
those of the L96-1LYR (2.14) and the blue dashed curve corresponds to those of
the perfect model (2.12) as a reference.

forecast results. They will then be utilized as the prior models to create sampled

trajectories for training two LSTM models within the BAMCAFE framework. We

refer to the LSTM models trained from the sampled trajectories generated from the

L96-1LYR model (2.14) and the one from the L96-SP model (2.15) as the LSTM-

L96-1LYR and the LSTM-L96-SP, respectively.

The observations are adopted only for the large-scale variables and are only on

the even grid points. In other words, u2,u4, . . . ,u40 are the observed variables while

u1,u3, . . . ,u39 and all the small-scale variables have no observations. The observa-

tion noise is assumed to be Gaussian with zero mean and a standard deviation of

1. The total length of the observational sequence is 8000 (400 time units) and is

separated into the training and the validation data sets with a ratio 9:1. The testing

set is the next 1600 observation steps (from 400 to 480 time units). The LSTM

models are trained and are applied for forecast for all the large-scale variables.

Sensitivity tests have been performed, which justifies that 400 units are sufficiently
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long to train the current one-layer LSTM models.

For the conciseness of presentation, the phrase “imperfect models” below always

stands for the imperfect parametric models, i.e., the L96-1LYR model (2.14) and

the L96-SP model (2.15). The NN models will always have a prefix ‘LSTM’.

2.3.2.4 The prediction skill

The RMSE and the Corr of the predicted ensemble mean time series related to

the truth as a function of the forecast lead time are shown in Figure 2.5. The skill

scores averaged over all the unobserved large-scale variables (in panel (a)) and over

all the observed variables (in panel (b)) are shown using the perfect L96 model,

the imperfect L96-1LYR model, and the LSTM-L96-1LYR model. Comparison

between the perfect L96 model, the imperfect L96-SP model, and the LSTM-L96-

SP model is shown in panel (c)–(d). In each panel, prediction from the perfect

model with perfect initial condition (the true values initially at each time) is shown

as a reference. When the two different imperfect models are compared to their

corresponding LSTM models, almost all the skill scores from the LSTM models

outperform those from the imperfect models, owing to the model error being

significantly reduced in the training data. It is important to note that the skill scores

of the LSTM models are also quite close to those associated with the perfect model,

where the useful prediction lasts for more than 1 unit that is slightly longer than the

average decorrelation time. In contrast, the errors in the imperfect models increase

quickly. The forecast of the observational variables are more skillful than those

in the unobserved large-scale variables at short lead times because of the larger
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initialization uncertainty of the latter. Besides, since the L96-1LYR model (2.14)

completely ignores the damping effects of the small scales, the predicted values

have larger amplitudes than the true values and the predictions have phase shifting

tendencies.
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Figure 2.5: The RMSE and the Corr of the ensemble mean prediction as a function of
lead time, where the true signal is generated from the two-layer L96 system (2.12).
Panels (a)–(b): the skill scores averaged over all the 20 unobserved large-scale
variables and those averaged over all the 20 observed variables using the one-layer
L96 imperfect model (2.14) and the associated LSTM model. Panels (c)–(d): similar
results but for the stochastic parameterized L96 model (2.15). The blue dashed
curves indicate the ensemble prediction using perfect model from perfect initial
conditions as a reference. The black dashed lines in the RMSE panels represent the
one standard deviation of the true signal and those in the Corr panels show the
Corr = 0.5 threshold.

Figure 2.6 depicts a case study in which the prediction begins at t = 410 with

the assimilate initial condition. The ensemble prediction is run for three time units

forward in each subfigure. The time evolution of the forecast spread illustrated

here is constructed using 2500 ensemble members for all physics-based models.

For the LSTM models, the ensemble is made use of 50 components where each
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component is constructed by generating 50 samples from the distribution in (2.8).

The black solid line is the ensemble mean and the dark and light shading areas

show the one and two standard deviations of the uncertainty in the prediction,

respectively. First, it justifies the results in Figure 2.5 that, compared to the imperfect

models, the associated LSTM models can predict at longer lead times in terms of

the ensemble mean forecast. For example, in Rows 2 and 3 of Panel (b), with the

same initial condition, the ensemble mean prediction from the imperfect L96-1LYR

model starts away from the truth quickly and ends up with larger uncertainty

at t = 413. In contrast, the LSTM-L96-1LYR model can provide longer lead times for

the ensemble mean prediction (nearly identical to the perfect model) and smaller

uncertainty completely covering the true signal. Another example to illustrate

this point is to compare Rows 4 and 5 of Panel (d). The LSTM-L96-SP model can

predict the ascending trends from t = 410.5 to t = 411 as the perfect model while

the imperfect L96-SP model decays immediately. Second, despite the possible

initialization errors in the unobserved variables, the ensemble evolutions of the

LSTM models can quickly adjust to follow those of the perfect model as is shown in

Panel (c) row of the LSTM-L96-1LYR model, which is not the case for the associated

imperfect L96-1LYR model. Third, although the ensemble mean predictions from

the two LSTM models are similar, which can also be found in score curves in

Figure 2.5, the prediction uncertainty for the unobserved variables in LSTM-L96-

1LYR is slightly larger due to larger variance of the training data generated by

the bare truncation model which totally ignores the small scales. Nevertheless,

the forecast uncertainty in the LSTM-L96-1LYR has been significantly reduced
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compared with the associated imperfect L96-1LYR model, indicating the success

of the BAMCAFE in characterizing the forecast uncertainty even in the presence

of a heavily biased imperfect parametric forecast model. The relative entropy skill

scores (the last row) that describe the time evolutions of the forecast uncertainty of

the imperfect and LSTM models related to the perfect model forecast also confirm

the improvement of the LSTM models in quantifying the forecast uncertainty.

The time evolution of the validation errors using the LSTM-L96-SP model are il-

lustrated in Figure 2.7, where the dashed and solid green curves show the averaged

validation error over the unobserved and observed large-scale variables, respec-

tively. Recall in Section 2.2.5 that the validation error is the forecast uncertainty of

each ensemble member in the LSTM model. For comparison, the averaged forecast

ensemble spread using the perfect model (2.12) is shown by the solid black curve.

The ‘average’ here means averaging the forecast deviation from the truth based on

multiple forecasts starting from different time instants in a very long trajectory and

averaging over all the ui. Perfect initial conditions are used in the perfect model

ensemble forecast to exclude the uncertainty due to the initial ensemble spread.

In such a way, both the LSTM-L96-SP and the perfect model illustrate the time

evolution of the intrinsic uncertainty instead of the uncertainty resulting from the

initializations. It is shown that the time evolutions of the validation errors of the

LSTM-L96-SP model are very similar to the averaged forecast uncertainty using

the perfect model. Specifically, the validation errors of the LSTM-L96-SP model

increase as a function of time and converge to the one standard deviation of the

true signal at the statistical equilibrium state. This means that the LSTM-L96-SP
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model succeeds in reproducing the time evolution of the forecast uncertainty of

the perfect model. The validation error in the unobserved large-scale variables is

slightly larger than that in the observed ones. This is because the training data

(i.e., the sampled trajectories) of the former contain slightly larger biases. Finally,

despite the fact that Figure 2.7 only compares the validation errors in the LSTM

model with the perfect model using the perfect initial conditions, the LSTM-L96-SP

also has almost the identical uncertainty spread as the perfect model forecast when

DA is applied to the initialization, which can be seen from the second last row of

Figure 2.6.
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Figure 2.6: Ensemble forecasts of four large-scale variables of the two-layer L96
model. Columns (a) and (c) show the forecasts of the two unobserved variables
u3 and u17 while Columns (b) and (d) show those of the two observed variables
u4 and u18. Different rows (except the last one) show the forecasts using different
models with assimilated initial conditions starting from t = 410. The solid curves
are ensemble mean for different models while the black dashed curve are the true
trajectories. The dark and light shading areas show the one and two standard
deviations of the uncertainty in the prediction. The last row show the time evo-
lutions of the relative entropy between the perfect model ensemble forecast and
the ensemble forecast using different imperfect parametric or LSTM models. The
pink, dark green, red, and light green curves show the results using the L96-1LYR
model, the LSTM-L96-1LYR model, the L96-SP model and the LSTM-L96-SP model,
respectively.
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Figure 2.7: The time evolution of the validation errors using the LSTM-L96-SP
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the averaged forecast ensemble spread using the perfect model (2.12) is shown by
the solid black curve. The ‘average’ here means averaging the forecast deviation
from the truth based on multiple forecasts starting from different time instants in
a very long trajectory and averaging over all the ui. Perfect initial conditions are
used in the perfect model ensemble forecast to exclude the uncertainty due to the
initial ensemble spread. The one standard deviation is used here to denote the
averaged ensemble spread. The black dashed line is the one standard deviation of
the forecast uncertainty at the statistical equilibrium state of the perfect model.
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2.3.3 Quantifying the forecast uncertainty in a conceptual

nonlinear model with strongly non-Gaussian features

The purpose of this subsection is to demonstrate the skill of the BAMCAFE algo-

rithm in quantifying the forecast uncertainty in a strongly turbulent systems with

intermittency and extreme events.

2.3.3.1 The perfect model

The perfect model used here is the a nonlinear triad model with energy-conserving

nonlinear interaction (Majda, 2015; Chen and Majda, 2016a),

du1

dt
=
(
− γ1u1 + L12u2 + L13u3 + Iu1u2 + F

)
+ σ1Ẇ1, (2.16a)

du2

dt
=
(
− L12u1 −

γ2

δ
u2 + L23u3 − Iu

2
1
)
+
σ2

δ1/2Ẇ2, (2.16b)

du3

dt
=
(
− L13u1 − L23u2 −

γ3

δ
u3
)
+
σ3

δ1/2Ẇ3, (2.16c)

where γi, L12, L13, L23, I, F, σi, and δ are given constants while Ẇi are independent

white noise. This nonlinear triad system is a simple prototype nonlinear stochastic

model that mimics structural features of low-frequency variability of general cir-

culation models with non-Gaussian features (Majda et al., 2009) and it was used

to test the skill for reduced nonlinear stochastic models for fluctuation dissipation

theorem (Majda et al., 2010). The triad model (2.16) involves a quadratic nonlinear

interaction between u1 and u2 with energy-conserving property that induces inter-

mittent instabilities. On the other hand, the coupling between u2 and u3 is linear

and is through the skew-symmetric term with coefficient −L23, which represents
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an oscillation structure of u2 and u3.

The parameter δ controls the scale separation of the system. If δ � 1, then

(2.16) becomes a slow-fast system. If δ is of order O(1), then all the three variables

lie in a similar time scale. This model has been widely used as a testbed for the

DA and forecast of complex turbulent systems (Majda and Chen, 2018; Chen and

Majda, 2018b, 2016a). The following parameters are adopted for the nonlinear triad

model (2.17) in this experiment,

γ1 = 2, γ2 = 0.2, γ3 = 0.4, L12 = 0.2, L13 = 0.1 L23 = 0, I = 5, δ = 1

σ1 = 0.5, σ2 = 1.2, σ3 = 0.8, F = 2
(2.17)

The blue curves in Figure 2.8 show one realization of the model where the model

trajectories are given in Panel (a) and the equilibrium PDFs are given in Panel (b).

The black dashed curves in Panel (b) are the Gaussian fits of the true equilibrium

distributions. It is clear that strong intermittency and extreme events in the time

series of u1 lead to a highly non-Gaussian PDF with an one-sided fat tail. The strong

nonlinear feedback from u1 to u2 also introduces a skewed PDF of u2.

2.3.3.2 The imperfect model

In various applications (Majda et al., 2009, 2010; Chen and Majda, 2018b) , it is

often assumed that u1 is the observed variables while u2 and u3 represent the unre-

solved processes. Therefore, approximate models are developed, which includes

simple parameterizations for these two unresolved processes. One natural way of

proposing an imperfect approximate model is to use linear stochastic processes
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Figure 2.8: Panel (a): A realization of the triad model (2.16) with the parameters
in (2.17). Panel (b): the associated equilibrium PDFs, where the black dashed
curves are the Gaussian fits of the true PDFs. Panel (c)–(d): A realization and the
associated PDF of u1 from the imperfect model (2.18).

to replace the nonlinear dynamics of u2 and u3 (Majda and Harlim, 2012a). The

resulting model reads,

du1

dt
=
(
− γ1u1 + L12u2 + L13u3 + Iu1u2 + F

)
+ σ1Ẇ1, (2.18a)

du2

dt
= −dMu2

(v− ūM2 ) + σMu2
Ẇu2 , (2.18b)

du3

dt
= −dMu3

(v− ūM3 ) + σMu3
Ẇu3 , (2.18c)

Assume that the parameters in (2.18a) for the observed variable u1 are the same as

those in the perfect model (2.16) while the parameters in (2.18b)–(2.18c) for the
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unobserved variables u2 and u3 are calibrated by matching the mean, variance, and

decorrelation time with those in (2.16). Note that due to violation of the energy-

conserving constraint of the nonlinear terms in (2.18), the amplitude of u1 from the

imperfect model is much larger than the one from the perfect model. See Panel (c)

in Figure 2.8. The pathological behavior associated with such a model error exists in

many ad hoc data-driven statistical models for time series of partial observations of

nature (Majda and Yuan, 2012). In addition, the PDF of u2 in the imperfect model

(2.18) is Gaussian by design, which is also different from the skewed PDF as in the

perfect model.

2.3.3.3 The experiment setup

In this experiment, u1 is the observed variable while u2 and u3 are unobserved in

the triad model (2.16). The standard deviation of the observational noise is 0.2.

The total length of the observational sequence is 16,000 (800 time units) and is

separated into training and validation data set with a ratio 9:1. The testing set is

the next 1,600 observational steps (from 800 to 880 time units). The LSTM model is

trained based on 50 sampled trajectories of u1, u2, and u3.

2.3.3.4 The prediction skill

Before discussing the prediction skill using the imperfect and the LSTM model,

we start with showing the sampled trajectories and the posterior mean time se-

ries, which is the typical outcome from the traditional reanalysis techniques. The

purpose here is to illustrate that the latter fails to capture the basic dynamical and
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statistical features in this tough test experiment. Therefore, the ML prediction can

be biased and result in an inaccurate uncertainty quantification if it is trained on

the posterior mean time series. The smoother posterior mean time series (orange

curves) are shown in Panel (a) of Figure 2.9. It is clear that the dynamical behavior

of the posterior mean time series is quite different from the true signals. As is shown

in Panel (b), the large error in the PDFs, especially for u2 and u3, is as expected since

the posterior mean time series smoothed out all the fluctuations that are also crucial

for characterizing the underlying dynamics. In contrast, the sampled trajectories

(green curves) resemble the truth in terms of both the dynamical and statistical

features. Furthermore, they are very different from a free run of the imperfect

model, as the observations serve as a regularizer in the Bayesian sampling process

that completely resolved the instability problem that occurs in the imperfect model

simulations.

In Figure 2.10, the time evolutions of the predicted PDFs for u1 and u2 starting

from t = 805 with the assimilated initial conditions are shown in Panels (a) and (c),

respectively. For ensemble forecast using both the perfect and the imperfect para-

metric models, each PDF is constructed using 2500 ensemble members. The PDFs

from the LSTM forecast model are constructed by 50 non-Gaussian mixture compo-

nents where each component is formed by 50 points from the distribution (2.8). It

is clear that, as time increases, the PDFs of u1 constructed from the imperfect model

become much more fat-tailed than those from the perfect model. This is because

the nonlinear feedback −Iu2
1 is dropped in the imperfect model (2.18) such that

the energy-conserving nonlinear constraint is broken. The consequence is that u1
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can stay in the unstable phase for a longer time, which triggers extremely large

amplitudes of u1 intermittently. On the other hand, since u2 is approximated by a

linear Gaussian process in the imperfect model (2.18), the PDF of u2 of the imper-

fect model can never reflect any non-Gaussian information such as the skewness

in the truth. In contrast, the PDFs constructed from the LSTM model are closer to

the true PDFs since the training data is improved by the Bayesian sampling in the

BAMCAFE algorithm. The skewness for the last row of u2 from the perfect model,

the imperfect model, and the LSTM model are -0.581, -0.035, -0.366, respectively.

Panels (b) and (d) of Figure 2.10 show 5 out of the 50 components of the mixture

distribution, corresponding to the 1st, 16th, 50th, 84th, 99th percentile of the point-

wise forecast values i.e., x̂kN+l in (2.7), among all the mixture components. The black

cross marks are these point-wise forecast values. These mixture components show

that the uncertainty of the prediction comes from two places. One is from the spread

of all the mixture components. The other is from the LSTM model’s uncertainty,

quantified by the variability of each mixture component that is computed in light of

the validation error (2.8). When the forecast lead time is small, the uncertainty of

the LSTM model is tiny. In such a situation, the spread of the mixture components

due to the use of DA for initialization is the dominant contribution to the uncertainty.

On the other hand, as the forecast lead time increases, different mixture components

gradually converge to each other and the uncertainty is explained more and more

by the single LSTM model’s forecast error (2.8).

Finally, since in traditional reanalysis, the smoother mean is usually used as a

surrogate of the true signal, we compare the performance of the LSTM model trained
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from the sampled trajectories and the LSTM model trained from the smoother mean

(generated from the same period of observations) in Figure 2.11. It is clear that

the PDFs constructed from the LSTM model trained from the smoother mean time

series strongly underestimates the uncertainty. The fundamental reason is that the

posterior mean time series has much less variability than the true signal, which

has been shown in Figure 2.9. It is also worthwhile to note that the long-term

forecast uncertainty should be the same as the equilibrium PDF of the training time

series. Yet, the orange curve of u2 at t = 809 in Figure 2.11, which corresponds to

the forecast at the lead time of 4 units that is much longer than the decorrelation

time, does not equal to the equilibrium PDF of u2 associated with the posterior

mean in Figure 2.9. Such an error probably comes from the insufficient number

of the data in the training set. In fact, if the posterior mean time series is used as

training, then only one time series is contained in the training data set. In contrast,

using multiple sampled trajectories effectively increases the size of the training data,

which facilitate the training of the ML.
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Figure 2.9: Comparison of the true signal from the triad model (2.16) with the
smoother mean and the sampled trajectories based on the imperfect model (2.18).
Blue curves show the true trajectories, the associated PDFs and ACFs. The orange
curves show the posterior mean time series from the EnKS. The green curves show
one sampled trajectories. The uncertainty of the smoother estimates, represented
by the one standard deviation, is shown by the green shading areas. Panel (a):
the time series of true signal, smoother mean, and one sampled trajectory. Panel
(b)-(c): the PDFs and ACFs of the true signal, the smoother mean, and the sampled
trajectory.
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Figure 2.10: The time evolutions of the forecast uncertainty starting from t =
805, where the true signal is generated from the triad model (2.16). In Panel (a),
the forecast PDFs of u1 from the perfect model (2.16) and from the imperfect
model (2.18) are constructed using 2500 ensemble members whereas the PDFs
from the LSTM model are constructed by 50 non-Gaussian mixture components
where each component is formed by 50 points from the distribution (2.8). Panel
(b) shows 5 out of the 50 components of the mixture distribution, corresponding
to the 1st, 16th, 50th, 84th, 99th percentile of the point-wise forecast values i.e.,
x̂kN+l in (2.7), among all the mixture components. The black cross-marks are these
point-wise forecast values. Panel (c)–(d): similar to Panel (a)–(b) but for u2.
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2.4 Discussions and conclusion

A simple but effective Bayesian machine learning advanced forecast ensemble

(BAMCAFE) method is developed that combines an available imperfect physics-

informed model with DA to facilitate the ML ensemble forecast. In the BAMCAFE

framework, a Bayesian ensemble DA is applied to create the training data of the ML

model, which reduces the intrinsic error in the imperfect physics-informed model

and provides the training data of the unobserved variables. Then a generalized DA is

employed for the initialization of the ML ensemble forecast. In addition to providing

the optimal point-wise forecast value, the BAMCAFE also improves the accuracy of

quantifying the forecast uncertainty utilizing a non-Gaussian probability density

function that characterizes the intermittency and extreme events. Furthermore,

one advantage of using ML model to forecast is efficiency. For example, one can

generate 2500-ensemble members of 5-time units forecast in about 30 minutes using

the perfect L96 model on a server with a 64-core CPU, 256G memory. In contrast,

it only takes a few seconds to generate the same forecast using new LSTM-based

models.

Compared to the past studies that have already combined DA and ML, the

novelties of this paper are as follows.

1. An effective offline DA is applied to create an improved data set compared

with the simulations from the available imperfect model. The new data set

contains a recovery of the unobserved state variables. It also mitigates the

model error. The augmented data is used as the training data for the ML

models.
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2. Different from the traditional re-analysis technique, where only the optimal

point-wise state estimation is often retained, the trajectories of all the ensemble

members are utilized here as the ML training data. These sampled trajectories

contain crucial temporal information of the underlying dynamics and the

multiple trajectories facilitate a relatively short ML training period.

3. A generalized DA is developed for the ML forecast using only partial obser-

vations.

4. The forecast uncertainty is characterized in light of a non-Gaussian PDF via a

mixture distribution.

Future work includes the theoretical studies of the BAMCAFE algorithm, espe-

cially the quantification of the uncertainty, and applying the BAMCAFE algorithm

to more complicated and realistic systems, such as those for numerical weather

forecasting. As is expected, there will be some additional challenges of the latter.

One such challenge is the high dimensionality of the system, which can affect

the accuracy of the ensemble data assimilation results. Natural remedies include

incorporating the localization and noise inflation techniques (Evensen, 2009) into

the ensemble data assimilation schemes or developing suitable approximate data

assimilation algorithms that exploit semi-analytic formulae for the state estimation

(Chen and Majda, 2018a). Another difficulty for dealing with more realistic ap-

plications is the development of suitable approximate models. Skillful stochastic

parameterizations and systematic model reduction strategies facilitate the applica-

tion of the BAMCAFE. More sophisticated ML model architectures and training

techniques, such as the mixed-scale dense convolutional neural network (Pelt and
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Sethian, 2018), are also required for the BAMCAFE to forecast more efficiently and

accurately.
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3 conditional gaussian nonlinear system: a fast

preconditioner and a cheap surrogate model for

complex nonlinear systems

3.1 Introduction

Complex nonlinear systems are ubiquitous in many areas, including geophysics,

climate science, engineering, neuroscience and material science (Vallis, 2017; Stro-

gatz, 2018; Wilcox, 1988; Sheard and Mostashari, 2009; Ghil and Childress, 2012).

Mathematical modeling plays an important role in characterizing and discovering

the underlying physics of these complex systems (Edwards, 2011; Majda, 2012).

With suitable mathematical models in hand, effective parameter inference, state

estimation and data assimilation then become fundamental tasks that serve as the

prerequisites for analyzing these systems (Asch et al., 2016; Kalnay, 2003; Majda

and Harlim, 2012a; Law et al., 2015; Ghil and Malanotte-Rizzoli, 1991). Accurate

forecast of future states and successful prediction of the system response due to

external perturbations are topics that have many practical implications (Lucarini

et al., 2017; Ragone et al., 2016; Majda et al., 2010; Toth and Kalnay, 1997; Leutbecher

and Palmer, 2008).

However, there exist quite a few mathematical and computational challenges in

analyzing and simulating complex nonlinear systems. First, the intrinsic nonlinear-

ity in these complex nonlinear systems often triggers strongly chaotic or turbulent

behavior (Salmon, 1998; Dijkstra, 2013; Palmer, 1993). As a consequence, inter-
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mittency, extreme events and non-Gaussian probability density functions (PDFs)

are some of the typical features in these systems (Farazmand and Sapsis, 2019;

Trenberth et al., 2015; Moffatt, 2021; Majda, 2003; Manneville and Pomeau, 1979),

which impede the use of many traditional mathematical tools to analyze the model

properties. Second, due to the nonlinear interactions between state variables across

different scales, many of these complex nonlinear systems are high dimensional

and have multiscale spatiotemporal structures (Wilcox, 1988; Majda, 2016; Tao et al.,

2009; Majda and Grooms, 2014). Therefore, developing new efficient numerical

algorithms to accelerate the computational efficiency becomes essential. Third,

it is often the case in practice that only partial observations of the state variables

are available (Kalnay, 2003; Lau and Waliser, 2011), which result in additional

difficulties for model calibration, state estimation and prediction where systematic

uncertainty quantification needs to be addressed (Curry and Webster, 2011; DelSole,

2004; Edwards, 1999; Majda and Branicki, 2012; Majda and Chen, 2018).

Since many complex dynamical systems are too expensive to be handled directly,

it is of practical importance to develop suitable approximate models, which capture

certain features of nature and are easier to deal with. Linear regression models are

arguably the simplest class of approximate models (Yan and Su, 2009; Freedman,

2009), which can already provide certain skill for short-term forecasts although

they usually suffer in characterizing the underlying nonlinear physics. Physics-

constrained regression models are a set of nonlinear approximate models (Majda

and Harlim, 2012b; Harlim et al., 2014; Kondrashov et al., 2015), which take into

account the energy conserving nonlinear interactions in the model development



53

that guarantees the well-posednss of long-term behavior of the system. Another

commonly used approach to developing approximate models is to project the start-

ing complex nonlinear system to the leading a few energetic modes in light of the

Galerkin proper orthogonal decomposition methods (Holmes et al., 1996) or other

empirical basis functions such as the principal interaction patterns (Hasselmann,

1988; Kwasniok, 1996) and the dynamic mode decomposition (Rowley et al., 2009;

Schmid, 2010). With a careful design of the closure terms to compensate the trunca-

tion error, these reduced order models are skillful in resolving certain problems in

fluids and turbulence (Carlberg et al., 2013; Noack et al., 2011; Taira et al., 2020; Xie

et al., 2018). On the other hand, many data-driven approximate modeling strategies

have recently been developed (Ahmed et al., 2021; Chekroun and Kondrashov,

2017; Lin and Lu, 2021; Mou et al., 2021a; Peherstorfer and Willcox, 2015; Hijazi

et al., 2020; Smarra et al., 2018). One popular method is the sparse identification

of nonlinear dynamical systems (SINDy) (Brunton et al., 2016), which is a set

of nonlinear regression models that take the advantage of an automatic regular-

ization to retain a parsimonious model structure. Other approximate modeling

approaches have been designed for specific scientific purposes. For example, the

past noise forecasting method (Chekroun et al., 2011) was developed as an ap-

proximate forecast model for stochastic systems. Reduced-space Gaussian process

regression forecast (Wan and Sapsis, 2017) was designed for data-driven proba-

bilistic forecast of chaotic dynamical systems. Small-scale parameterization based

on a data-informed optimal homotopic deformation of invariant manifolds was

developed to design low-dimensional models of the large-scale variables for both
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deterministic chaotic systems and stochastic systems (Chekroun et al., 2015, 2020).

Physically consistent data-driven weather forecasting techniques were proposed

and applied to operational models (Chattopadhyay et al., 2020b, 2021). In addition,

machine learning methods nowadays have been extensively incorporated into the

reduced order models to further improve the approximation and forecast skill (San

and Maulik, 2018; Chattopadhyay et al., 2020c; Chen and Li, 2021; Pawar et al., 2020;

Moosavi et al., 2015).

The objective of this paper is to explore the skill of a rich class of nonlin-

ear stochastic models, known as the “conditional Gaussian nonlinear system”

(CGNS) (Chen and Majda, 2018a), as approximate models for complex nonlin-

ear systems. The CGNS includes many physics-constrained nonlinear stochastic

models (e.g., the stochastic versions of various Lorenz models, low-order mod-

els of Charney-DeVore flows, and a paradigm model for topographic mean flow

interaction), quite a few stochastically coupled reaction-diffusion models in neuro-

science and ecology (e.g., stochastically coupled FitzHugh-Nagumo (FHN) models

and stochastically coupled SIR epidemic models), and several large-scale dynami-

cal models in engineering and geophysical flows (e.g., the Boussinesq equations

with noise and stochastically forced rotating shallow water equation). See the arti-

cle (Chen and Majda, 2018a) for a gallery of examples of the CGNS. The CGNS has

also been applied to modeling and forecasting several important climate phenom-

ena, such as the Madden-Julian oscillation and the monsoon (Chen et al., 2014a,

2018a), and has been utilized for Lagrangian data assimilation (Chen et al., 2014b).

Yet, most of the previous work focused on perfect model scenarios, where utilizing
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the CGNS as an approximate model has not been systematically studied.

The CGNS has several unique features that allows it to be distinct from many

existing approximate modeling strategies. First, the CGNS aims at preserving the

underlying physical mechanism to the greatest extent. Specifically, the nonlinearity

involving the large-scale or slow variables are by design retained, which includes

not only self-interactions among the large-scale variables but also cross-scale in-

teractions between large- and small-scale variables, while suitable approximations

are imposed primarily on the nonlinear self-interactions between small-scale, fast-

varying or unresolved state variables. This is fundamentally different from many

purely data-driven nonlinear regression models, which may miss certain crucial

underlying physics of the original complex nonlinear systems. Second, the self in-

teractions between small-scale variables are effectively parameterized by stochastic

noise, which leads to the important feature that the distribution of the small-scale

variables conditioned on the large-scale ones is Gaussian. One remarkable conse-

quence is that the associated conditional Gaussian distribution can be calculated

using closed analytic formulae (Liptser and Shiryaev, 2013), which considerably

facilitate the mathematical analysis and numerical simulations of the CGNS. In fact,

the closed analytic formulae of the conditional Gaussian distributions allow the

development of efficient and statistically accurate algorithms for parameter estima-

tion, data assimilation and ensemble forecast in light of only partial observations.

Note that, despite the conditional Gaussianity, the joint and marginal distributions

of the CGNS remain highly non-Gaussian. Thus, the intermittency, extreme events

and turbulent features can all be preserved in a suitably designed CGNS. Third,
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the CGNS is also adaptable to many data-driven scenarios. Physics constraints,

localizations and sparse identification together with many other mathematical

and computational strategies can be possibly incorporated into the CGNS. Finally,

information theory (Kleeman, 2011; Majda et al., 2005) can be applied to quantify

the uncertainty and the statistical error of the CGNS in approximating the original

complex nonlinear systems.

The specific goal of this paper is two-fold. First, by taking advantage of its

analytically solvable properties, the CGNS can be served as a fast preconditioner

for facilitating many computationally challenging tasks associated with the orig-

inal complex nonlinear system. Important applications include estimating the

parameters of the original system in the presence of only partial observations and

recovering the non-Gaussian PDFs as a crucial intermediate step for computing

the model sensitivity and response. Second, the CGNS is exploited as a surrogate

model, aiming at spending a much lower computational cost to create comparably

accurate results as those obtained from the original complex system. This includes

for example the state estimation of unobserved variables and the statistical forecast.

The rest of the paper is organized as follows. The general mathematical frame-

work of CGNS and its analytic properties are described in Section 3.2. Several

systematic strategies for the development of the CGNS are included in Section 3.3.

Sections 3.4 – 3.6 consist of three important tasks in complex nonlinear systems,

showing the roles of the CGNS both as a surrogate model and a preconditioner for

the original complex system. Specifically, Section 3.4 focuses on the data assimila-

tion and ensemble forecast, Section 3.5 aims at efficient parameter estimation, and
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Section 3.6 illustrates the use of CGNS in facilitating the study of model sensitivity

and response theory. The paper is concluded in Section 3.7.

3.2 General Mathematical Framework of the CGNS

Let us start with the general formulation of the turbulent dynamical systems mo-

tivated from fluid applications (Vallis, 2017; Salmon, 1998; Kalnay, 2003; Majda,

2016),
du
dt = (L+D)u + B (u, u) + F (t) + σ (u, t) Ẇ (t) , (3.1)

where the state variable u ∈ CN is in a high dimensional phase space. In (3.1),

the first two components, (L+D)u, represent linear dispersion and dissipation

effects, where L∗ = −L is a skew-symmetric operator; andD is a negative-definite

matrix. The nonlinear effect is introduced through an energy-conserving quadratic

form, B (u, u). Besides, the system is subject to external forcing effects that are

decomposed into a deterministic component, F (t), and a stochastic component

represented by a Gaussian random process, σ (u, t) Ẇ (t), where σ ∈ RN×K is the

noise matrix and Ẇ ∈ RK is the white noise. The two components (L+D)u +

B (u, u) + F (t) and σ (u, t) on the right hand side of (3.1) are also known as the

drift part and the diffusion coefficients, respectively.

3.2.1 The CGNS

Despite being highly nonlinear and possessing strongly non-Gaussian statistics in

both the marginal and joint distributions of the state u, many complex nonlinear
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dynamical systems (3.1) have or can be approximated by the following nonlinear

system with conditional Gaussian structures. The general mathematical framework

of the CGNS is as follows (Liptser and Shiryaev, 2013; Chen and Majda, 2016a,

2018a),

dX
dt =

[
A0(X, t) + A1(X, t)Y(t)

]
+ B1(X, t)Ẇ1(t), (3.2a)

dY
dt =

[
a0(X, t) + a1(X, t)Y(t)

]
+ b2(X, t)Ẇ2(t), (3.2b)

where the original model state u is decomposed into multi-dimensional state vari-

ables X ∈ CN1 and Y ∈ CN2 , with N1 +N2 = N. In (3.2), A0, a0, A1, a1, B1 and b2

are vectors or matrices that can depend nonlinearly on the state variables X and

time t while Ẇ1 and Ẇ2 are independent white noise sources.

The name “conditional Gaussian” comes from the fact that once a time series

of X(s) for s 6 t is given, then the conditional distribution p(Y(t)|X(s 6 t)) is

Gaussian. This can be seen by noticing that, with a given X, the process of Y is

linear (with respect to the variable Y itself since X has been given) with Gaussian

white noises. It is worthwhile to highlight that, from the general form of the complex

turbulent system (3.1) to the CGNS (3.2), the nonlinear interactions between X

itself and those between X and Y in (3.1) are both completely retained. The only

simplification in the CGNS is to approximate the nonlinear self interactions between

Y by a combination of nonlinear functions of X, conditional linear functions of Y

and effective stochastic noises. Nevertheless, if Y represents small-scale or fast

variables, then such a manipulation is expected to be an effective approximation
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that preserves the underlying physics to a large extent.

It should be noted that the CGNS in (3.2) is still highly nonlinear due to the

nonlinearity in A0, a0, A1 and a1 as well as the nonlinear coupling between the latter

two with Y. Such nonlinearities preserve the non-Gaussian statistics in (3.1) and

allow to reproduce many observed features in nature such as extreme events with

the more tractable conditional Gaussian structure. A gallery of examples of the

CGNS, including many physics-constrained nonlinear stochastic models, quite a

few stochastically coupled reaction-diffusion models in neuroscience and ecology,

and some large-scale dynamical models in engineering and geophysical flows can

be found in (Chen and Majda, 2018a).

Despite being highly nonlinear and non-Gaussian, one of the important features

of the CGNS (3.2) is that the conditional distribution of Y given one realization of

the time series X can be solved via closed analytic formulae. Such a unique analytic

property significantly facilitates the analysis and calculations of state estimation,

data assimilation and forecast. This feature also makes the CGNS to be quite

different from general nonlinear or non-Gaussian systems. For the latter, particle

methods have to be applied for state estimation (Carpenter et al., 1999; Hol et al.,

2006; Nummiaro et al., 2003), in which many empirical tunings have to be involved

to mitigate the numerical sampling errors.
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3.2.2 Closed analytic formulae for computing the conditional

statistics and data assimilation

3.2.2.1 Nonlinear filter

For the CGNS (3.2), given one realization of the time series X(s) for s ∈ [0, t], the

conditional distribution

p(Y(t)|X(s), s 6 t) ∼ N(µf(t), Rf(t)) (3.3)

becomes Gaussian, where the conditional mean µf and the conditional covariance

Rf are given by the following explicit formulae (Liptser and Shiryaev, 2013)

dµf

dt = (a0 + a1µf) + (RfA∗1)(B1B∗1)−1
(

dX
dt − (A0 + A1µf)

)
, (3.4a)

dRf

dt = a1Rf + Rfa∗1 + b2b∗2 − (RfA∗1)(B1B∗1)−1(A1Rf), (3.4b)

with ·∗ being the complex conjugate transpose. The subscript ‘f’ in the conditional

mean µf and conditional covariance Rf is an abbreviation for ‘filter’. The explicit

formulae in (3.3)-(3.4) correspond to the optimal nonlinear filter solution of the

state variable Y(t) given a realization of the observed time series X(s) for s ∈ [0, t].

Thus, µf and Rf in (3.4) are also known as the filter posterior mean and the filter

posterior covariance. The classical Kalman-Bucy filter (Kalman and Bucy, 1961) is

the simplest special example of (3.4).

The closed analytic formula (3.4) provides an efficient algorithm for the non-

linear data assimilation of the CGNS, which avoids using the ensemble or particle
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methods that may suffer from sampling errors. In Section 3.4, the closed analytic

data assimilation formula (3.4) will be used for an accurate state estimation of the

initial value that facilitates effective ensemble forecast. It also allows the develop-

ment of an efficient Gaussian mixture algorithm for calculating the non-Gaussian

PDFs of the CGNS (see Section 3.2.3), which overcomes the curse of dimension-

ality. Such non-Gaussian PDFs are crucial in analyzing the model sensitivity and

predicting the system response, the details of which will be discussed in Section 3.6.

3.2.2.2 Nonlinear smoother

Filtering exploits the observational information up to the current time instant for

an online state estimation. On the other hand, given the observational time series

within an entire time interval, the state estimation can become more accurate. This

is known as the smoother (Särkkä, 2013).

Given one realization of the observed variable X(t) for t ∈ [0, T ], the optimal

smoother estimate p(Y(t)|X(s), s ∈ [0, T ]) of the CGNS (3.2) is also Gaussian (Chen,

2020b),

p(Y(t)|X(s), s ∈ [0, T ]) ∼ N(µs(t), Rs(t)), (3.5)

where the conditional mean µs(t) and conditional covariance Rs(t) of the smoother

at time t satisfy the following backward equations

←−−
dµs

dt = −a0 − a1µs + (b2b∗2)R−1
f (µf − µs), (3.6a)

←−−
dRs

dt = −(a1 + (b2b∗2)R−1
f )Rs − Rs(a∗1 + (b2b∗2)Rf) + b2b∗2 , (3.6b)
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with µf and Rf being given by (3.4). Here, the subscript ‘s’ in the conditional mean

µs and conditional covariance Rs is an abbreviation for ‘smoother’, which should

not be confused by the time variable s in X(s). In (3.6), the terms on the left hand

side are understood as

←−−
dµs = lim

∆t→0
µs(t) − µs(t+ ∆t),

←−−
dRs = lim

∆t→0
Rs(t) − Rs(t+ ∆t),

while the terms on the right hand side of (3.6) takes values at t. The starting value

of the nonlinear smoother (µs(T), Rs(T)) is the same as the filter estimate at the

endpoint (µf(T), Rf(T)).

The nonlinear smoother plays an important role for an unbiased state estimation

and postprocessing of the data. It is also able to quantify the uncertainty in the

unobserved variables in the parameter estimation given only partial observations,

which will be a topic to be studied in Section 3.5. In addition, the nonlinear smoother

is also the basis to the development of a nonlinear sampling formula, which will

be shown below and is a necessary step in analyzing the model sensitivity and

predicting the system response in Section 3.6.

3.2.2.3 Nonlinear sampling formula

Associated with the nonlinear smoother, a nonlinear conditional sampling formula

can be derived. In addition to satisfying the point-wise optimal estimate (3.6), i.e.,

a distribution formed by conditional mean and conditional distribution at each time

stamp, the conditional sampled trajectories further take into account the temporal

correlation. These sampled trajectories in the CGNS framework can be regarded as
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the analogs of the ensemble members in the ensemble Kalman smoother (Evensen,

2009), but the former can be obtained via a closed analytic formula.

Conditioned on one realization of the observed variable X(s) for s ∈ [0, T ],

the optimal strategy of sampling the trajectories associated with the unobserved

variable Y satisfies the following explicit formula (Chen and Majda, 2020),

←−
dY
dt =

←−−
dµs

dt −
(
a1 + (b2b∗2)R−1

f
)
(Y − µs) + b2ẆY(t), (3.7)

where ẆY(t) is a random noise that is independent from Ẇ2(t) in (3.2). The

conditional sampling formula is another necessary component in analyzing the

model sensitivity and predicting the system response in Section 3.6.

3.2.3 Semi-analytic and statistically accurate formulae for

solving the non-Gaussian PDFs via mixtures

The closed analytic formula (3.4) in calculating the conditional distributionp(Y(t)|X(s), s 6

t) in (3.3) also provides an extremely useful way to compute the marginal distri-

bution p(Y(t)). In fact, assuming there are L trajectories of X(s 6 t), denoted by

Xobs
i (s 6 t) for i = 1, . . . ,L, then in the limit with L→∞, the marginal distribution

p(Y(t)) is given by

p(Y(t)) = lim
L→∞

1
L

L∑
i=1

p
(

Y(t)|Xobs
i (s 6 t)

)
. (3.8)
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While the above identity is in the asymptotic form with L→∞, it has been shown

that the error bound in approximating p(Y(t)) with a finite L does not depend on

the dimension of Y (Chen et al., 2018b). In other words, fundamentally different

from the traditional Monte Carlo simulations, the method in (3.8) avoids the curse

of dimensionality. If it is further assumed that the dimension of X is low, then the

following efficient and statistically accurate approach can be utilized to compute

the joint PDF at any transient phase p(X(t), Y(t)) (Chen and Majda, 2017),

p(X(t), Y(t)) = lim
L→∞

1
L

L∑
i=1

(
KH(X(t) − Xobs

i (t))p(Y(t)|Xobs
i (s 6 t))

)
. (3.9)

Here the distribution of X is solved via a kernel density estimation, where each

kernel component is a Gaussian function centered at Xobs
i (t) with a bandwidth

H (Botev et al., 2010). In addition to the advantage of applying (3.9) in solving

high-dimensional PDF (especially when the dimension of Y is large), the semi-

analytic formula in (3.9) also allows a smoothed PDF, which reduces the sampling

error compared with other approaches even for systems with moderate or low

dimensions.

It is important to note that if the underlying system contains model error, then

the PDF provided by (3.9) is very different from the one created by simply running

the imperfect model. This is because the model error in the marginal distribution

p(Y(t)) is mitigated with the help of the observations Xi(s 6 t). Such a unique

feature plays a crucial role in improving the results for computing the model

response and sensitivity analysis, where the perfect model is seldom known in
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Figure 3.1: A schematic illustration of utilizing the CGNS as a fast preconditioner
and a cheap surrogate model for general nonlinear system.

practice. The details will be illustrated in Section 3.6. As a final remark, only the

equilibrium PDF is required in many applications, including the study of the model

response. Therefore, if the system is ergodic, then only a single (sufficiently long)

trajectory of X(0 6 t 6 T), denoted by Xobs(0 6 t 6 T), is needed in computing the

equilibrium distribution peq(X, Y)

peq(X, Y) = lim
J→∞

1
J

J∑
j=1

(
KH(X − Xobs(tj))p(Y|Xobs(s 6 tj))

)
, (3.10)

where [t1, . . . , tJ] is a partition of the time interval [T0, T ] with some burn-in time T0.

Finally, Figure 3.1 shows a schematic illustration of utilizing the CGNS as a fast

preconditioner and a cheap surrogate model for general nonlinear system.
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3.3 Strategies of Developing CGNS

The goals of developing approximate models for solving different problems in

practice are often distinct to each other. For example, some applications require a

skillful forecast model while others seek for a suitable model to reproduce certain

statistics. While there is not a universal criterion to build the “optimal” CGNS as

an approximate model for all applications, a few potentially useful strategies are

provided below for constructing CGNS, which will be applied in the following

sections.

3.3.1 Fast wave averaging

Recall the general form of the complex systems with quadratic nonlinearity (3.1).

Writing it into the form of state variables (X, Y) yields

dX
dt = L11X + L12Y + B1

11 (X, X) + B1
12 (X, Y) + B1

22 (Y, Y) + F1 + σ1 (X, Y) Ẇ1,

dY
dt = L21X + L22Y + B2

11 (X, X) + B2
12 (X, Y) + B2

22 (Y, Y) + F2 + σ2 (X, Y) Ẇ2,

(3.11)

where for the notation simplicity the explicit time dependence has been omitted.

In (3.11), Lij are constant matrices while Bkij are vector functions with the entries

being quadratic functions of the state variables. In some applications, there exists

a scale separation of the state variables, where X and Y represent slow and fast

variables, respectively. In such a case, it is natural to apply a fast wave average

such that the terms representing self interaction between the fast variables, i.e.,
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B1
22 (Y, Y) and B2

22 (Y, Y), are approximated by stochastic damping and noise (Majda

et al., 2001, 1999). By further approximating the diffusion coefficients σ1 (X, Y) and

σ2 (X, Y) by functions of only X, the resulting system becomes

dX
dt = L̃11X + L̃12Y + B1

11 (X, X) + B1
12 (X, Y) + F1 + σ̃1 (X) Ẇ1,

dY
dt = L̃21X + L̃22Y + B2

11 (X, X) + B2
12 (X, Y) + F2 + σ̃2 (X) Ẇ2,

(3.12)

which belongs to the CGNS (3.2). Note that, if the scale separation is not strong

enough to apply the fast wave averaging, then B1
22 (Y, Y) and B2

22 (Y, Y) can be

approximated by additional closure terms (San and Maulik, 2018; Mou et al., 2021b)

that include nonlinear functions of X and bilinear functions of X and Y to fit the

CGNS framework.

3.3.2 Stochastic parameterizations

The fast wave averaging or closure approximations are suitable approaches to build

CGNS if the starting complex nonlinear system is completely known. However, in

many practical applications, the information of the perfect model is not entirely

available. Specifically, while the large-scale dynamics of nature is often accessible,

the details of the small- or unresolved-scale features are not fully understood. In

such a situation, suitable stochastic parameterizations can be adopted to approx-

imate the processes of the unobserved variables Y such that the feedback from

small/unresolved to large/resolved scales are well characterized and the parame-

terized system follows the CGNS structure.
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One of the simplest strategies is to apply a linear stochastic model with Gaus-

sian white noise to describe each component of the hidden processes of Y while

the processes of X remain highly nonlinear. This parameterization strategy has

been utilized in data assimilation and short-term statistical prediction (Gershgorin

et al., 2010b,a; Branicki et al., 2013). The model with such a simple stochastic pa-

rameterization automatically fits the CGNS as there is no quadratic function of Y

involved. A more sophisticated stochastic parameterization is to incorporate the

physics-constrained nonlinear regression model (Majda and Harlim, 2012b; Harlim

et al., 2014) into the CGNS. This allows a more accurate way in characterizing the

nonlinear dynamics of the small-scale features in Y, influenced by the large-scale

variables X. In addition, the coupled system with physics constraints also prevents

finite-time blow up of the solutions and facilitates a skillful medium- to long-range

forecast.

3.3.3 System augmentation

As has been discussed in Section 3.3.1 that the most significant difference between

the general nonlinear system (3.1) and the CGNS (3.2) is the quadratic nonlinear

self interactions of Y, namely the Q(Y(t), Y(t)) and q(Y(t), Y(t)) terms in the fol-

lowing system, which has been written in a form that is adaptive to the CGNS (3.2),

dX(t)
dt =

[
A0(X, t) + A1(X, t)Y(t) + Q(Y(t), Y(t))

]
+ B1(X, t)Ẇ1(t), (3.13a)

dY(t)

dt =
[
a0(X, t) + a1(X, t)Y(t) + q(Y(t), Y(t))

]
+ b2(X, t)Ẇ2(t), (3.13b)
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where the dependence of Y in the diffusion coefficients have been eliminated for

simplicity. Different from approximating the two quadratic terms Q(Y(t), Y(t)) and

q(Y(t), Y(t)) directly, the coupled system (3.13) can be augmented to a new system,

where an additional variable Z = YY∗ is introduced. Applying Ito’s formula then

yields (Gardiner, 2004)

dZ(t)
dt =

[
Y(t)a∗0(X, t) + Z(t)a∗1(X, t) + Y(t)q(Y(t), Y(t)) + b2(X, t)b∗2(X, t)

]
+Y(t)b∗2(X, t)Ẇ∗

2(t).
(3.14)

The conditional distribution p(Y(t)|X(s 6 t)) can be solved by first computing the

conditional distribution p(Y(t), Z(t)|X(s 6 t)) and then marginalizing it over Z.

One of the advantages of such a strategy is that both Q and q can be written as a

function of Z. Therefore, the only term in the drift part that breaks the structure

of the CGNS is the cubic term Y(t)q(Y(t), Y(t)), which together with the diffusion

term in the Z equation, needs to be approximated. Nevertheless, since the right hand

size of X and Y are unchanged, it is expected that the coupled system (3.13)–(3.14)

with a suitable approximation has reasonable data assimilation skill. Note that if

q ≡ 0, then there is no approximation involved in the drift part of (3.13)–(3.14).

Although the dimension of the augmented system may increase dramatically for

high dimensional systems, the strategy is effective for models with low to moderate

dimensions.
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3.4 Data Assimilation and Ensemble Forecast

Data assimilation concerns the problem of estimating the state variables of a given,

usually nonlinear and possibly stochastic, dynamical system when observations

of certain related output variables are available (Evensen, 2009; Kalnay, 2003; Law

et al., 2015; Majda and Harlim, 2012a). One major challenge in data assimilation is

the strong nonlinearity and the associated non-Gaussian statistics in the underlying

dynamics, in which a direct application of the particle methods may be inaccu-

rate especially in the high dimensional situations. The development of cheap and

effective approximate models that capture the main characteristics of the underly-

ing dynamics is thus an important topic in state estimation and data assimilation.

Since the data assimilation solution corresponds to the initialization of the subse-

quent forecast, an efficient and accurate data assimilation scheme is also essential

to advancing the forecast skill. Note that there is usually a stronger demand in

developing suitable approximate models for data assimilation than the subsequent

short- or medium-range forecast since the former often involves many numerical or

sampling issues in the presence of strong nonlinearity and non-Gaussianity.

In this section, a particular type of approximate models for this purpose obtained

by the method of system augmentations presented in Section 3.3.3 is studied. The

resulting approximate model has the form of a CGNS. Thus, the associated data

assimilation solutions can be calculated using the closed analytic formula (3.4) as

was discussed in Section 3.2.2. To simplify the presentation, the idea is illustrated

using a low-dimensional SDE system with energy-conserving quadratic terms. The

data assimilation results from the CGNS, which is an approximate model, will be
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compared with that by applying a classical ensemble data assimilation method

directly to the perfect model. The goal is to illustrate the efficiency and accuracy of

the data assimilation scheme using the CGNS, especially in avoiding the potential

sampling and other numerical issues that appear in the ensemble-based approaches.

3.4.1 A truncated stochastic quadratic system and its CGNS

approximation through system augmentation

The model considered here is the following three-dimensional SDEs with energy-

conserving quadratic nonlinear terms and subject to additive white noise forcing

dx
dt = βxx+ αxy+ αyz+ σxẆx, (3.15a)

dy
dt = βyy− αx2 + 2αxz+ σyẆy, (3.15b)

dz
dt = βzz− 3αxy+ σzẆz. (3.15c)

Here, the coefficients for the linear terms are chosen such that βx is positive to

introduce linear instability into the system, while βy and βz are negative, repre-

senting linear damping effects. The coefficient α > 0 controls the strength of the

nonlinearity; and the noise strength coefficients σx, σy, and σz are positive constants.

This system can for instance be obtained as a Fourier-Galerkin projection of the

stochastic Burgers-Sivashinsky equation

∂u

∂t
=
(
ν∂xxu+ λu− u∂xu

)
+ Ẇ(t, x)
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posed on a bounded interval x ∈ (0,L) subject to homogeneous Dirichlet boundary

conditions. In this context, βx, βy, and βz are simply the three largest eigenvalues

of the linear operator and α is linked to the domain size L via α = π/(
√

2L3/2); see

e.g. (Chekroun et al., 2015, Chapter 6).

In the following, the largest scale variable x is treated as the observed variable

while there is no direct observations for the state variables (y, z). Under this splitting

of the state variables, system (3.15) does not have the conditional Gaussian structure

due to the quadratic nonlinear term αyz between the unobserved variables that

appears in (3.15a). Following the idea presented in Section 3.3.3, in order to obtain

a CGNS to approximate the system (3.15), three auxiliary variables are introduced

for the possible quadratic interactions between the two unobserved variables:

p = y2, q = yz, r = z2. (3.16)

Using (3.15) and apply Itô’s formula yields

dp
dt = (σy)

2 + 2
(
βyp− αx

2y+ 2αxq
)
+ 2σyyẆy,

dq
dt = (βy + βz)q− αx2z− 3αxp+ 2αxr+ σyzẆy + σyyẆz,

dr
dt = (σz)

2 + 2
(
βzr− 3αxq

)
+ 2σzzẆz.

(3.17)

Assume that the global mean values of the unobserved variables y and z are

accessible (from a period of training data). Then, in combination with (3.15),

and after replacing y and z in the state-dependent noise terms of (3.17) by their
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respective global mean, the following augmented system is arrived at:

dx
dt = βxx+ αxy+ αq+ σxẆx,

dy
dt = βyy− αx2 + 2αxz+ σyẆy,

dz
dt = βzz− 3αxy+ σzẆz,

dp
dt = (σy)

2 + 2
(
βyp− αx

2y+ 2αxq
)
+ 2σyyẆy,

dq
dt = (βy + βz)q− αx2z− 3αxp+ 2αxr+ σyzẆy + σzyẆz,

dr
dt = (σz)

2 + 2
(
βzr− 3αxq

)
+ 2σzzẆz,

(3.18)

where yz in (3.15a) becomes the state variable q. This augmented system (3.18)

fits into the CGNS form of (3.2) with now the unobserved variables taken to be

Y = (y, z,p,q, r)>.

Although the dimension of the approximate system is increased compared with

the original system, closed analytic equations are now accessible for the evolution

of the corresponding conditional statistics for the data assimilation solutions (see

equation (3.4) in Section 3.2.2). As will be shown below, the approximate system

(3.18) can provide a significantly more accurate estimation of (y, z) compared with

another conditional Gaussian approximation obtained by simply removing the

term αyz in (3.15a), called the bare truncation (BT) system below. The skill of

the proposed method is comparable and sometimes even more accurate than the

ensemble Kalman-Bucy filter (EnKBF) (Bergemann and Reich, 2012), while being

more efficient thanks to the availability of analytic formulae.
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3.4.2 Dynamical regimes and numerical setup

In the following, we consider two dynamical regimes:

Regime I: σx = 1,σy = 1,σz = 2,βx = 0.1,βy = −0.5,βz = −1,α = π/
√

2,

Regime II: σx = 0.1,σy = 1,σz = 2,βx = 0.1,βy = −0.5,βz = −1,α = π/
√

2.

(3.19)

In particular, we have a relatively strong nonlinear effects with α ≈ 2.2, and a

relatively small spectral gap between the observed and the hidden variables with

βx − βy = 0.6. Both of the two hidden variables are subject to strong noise pertur-

bations. The two regimes differ only in the value of the noise strength σx in the

x-equation.

The same numerical setup is adopted for both parameter regimes. The true

signal is obtained by integrating the original SDE system (3.15) for an arbitrarily

fixed noise path using the Euler-Maruyama scheme with a uniform time step size

δt = 5× 10−4 and initialized at (x,y, z) = (0, 0, 0).

For the state estimation of the unobserved variables (y, z), we compare three

methods:

Method 1: Apply the nonlinear filtering formulae (3.4) for the general CGNS

(3.2) to the augmented system (3.18), with X = x and Y = (y, z,p,q, r)>. This

method will be referred as the CG method below.

Method 2: Apply the nonlinear filtering formulae (3.4) to a bare truncation of

(3.15) in which we simply remove the term αyz in (3.15a) to obtain a CGNS,
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with X = x and Y = (y, z)>. This method will be referred as the BT method

below.

Method 3: Apply the ensemble Kalman-Bucy filtering (EnKBF) method to

(3.15). See (3.23) below for its formulation.

The data assimilation for each of the above methods is performed over the

time window [0, 400] with the same time step size δt as the true signal. For the

CG method, the global mean values y and z in (3.18) are taken to be the mean

values of the corresponding true signal over the interval [0, 200]. For both CG

and BT, the initial values of the conditional mean and conditional covariance are

taken to be zero. For EnKBF, the size of ensemble is taken to be N = 100 and the

unobserved variables are initialized at (y, z) = (0, 0). For the sake of clarity, we

provide below some details about the EnKBF applied to (3.15). We introduce the

following notations for the drift part of the system (3.15):

g(x,y, z) = βxx+ αxy+ αyz,

f1(x,y, z) = βyy− αx2 + 2αxz,

f2(x,y, z) = βzz− 3αxy.

(3.20)

Denote by y = (y1,y2, . . . ,yN)> and z = (z1, z2, . . . , zN)> the collection of all the N
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ensemble members. We define also

N1(xobs(t), y, z) = 1
σ2
x(N− 1)

N∑
j=1

(yj − y(t))(g(xobs(t),yj, zj) − g(xobs(t), y, z)),

N2(xobs(t), y, z) = 1
σ2
x(N− 1)

N∑
j=1

(zj − z(t))(g(xobs(t),yj, zj) − g(xobs(t), y, z)),

(3.21)

where

y(t) = 1
N

N∑
`=1

y`(t), z(t) = 1
N

N∑
`=1

z`(t), g(xobs(t), y, z) = 1
N

N∑
`=1

g(xobs(t),y`, z`).

(3.22)

Then, each ensemble member (yi, zi), i = 1, 2, . . . ,N, of the EnKBF is computed

using

dyi
dt = f1(xobs(t),yi, zi) + σyẆy,i

−N1(xobs(t), y, z)
[
g(xobs(t),yi, zi) − ẋobs(t) + σxẆx,i

]
,

dzi
dt = f2(xobs(t),yi, zi) + σzẆz,i

−N2(xobs(t), y, z)
[
g(xobs(t),yi, zi) − ẋobs(t) + σxẆx,i

]
,

(3.23)

where Wx,i, Wy,i, and Wz,i, i = 1, 2, . . . ,N, are all mutually independent one-

dimensional Brownian motions, and xobs is the observed signal of x.

For Regime II, we will also compare the ensemble forecast skills. The forecast

is performed over the time window [200, 400], which is chosen to avoid overlap

with the training window [0, 200] from which the global mean values of y and z
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appearing in (3.18) are computed. The forecast model is taken to be the true SDE

system (3.15), and the initial conditions (IC) of (y, z) are drawn from multivariate

Gaussian distributions with mean and covariance estimated respectively from BT,

CG and EnKBF described above. For x, its initial value is taken to be that of the true

signal at the corresponding time instant. We will also compute the results when the

forecast is initialized with the true signal for all the three variables, which serves

as the reference of the theoretic forecast/predictability limit and will be referred

as the case with the perfect IC. The time locations at which to issue the forecasts

are equally spaced over the chosen time interval, with a gap of 0.01 between two

adjacent forecasts, leading thus to a total of 2× 104 forecast locations. Each forecast

is computed up to a lead time of 1 time unit, and a total of 40 ensemble members

are generated at each forecast location. This procedure is repeated for each of the

methods used to construct the IC.

3.4.3 Numerical results

We present now the results obtained based on the numerical procedure described

above. For the two regimes given by (3.19), due to the larger noise strength param-

eter σx used in Regime I for the observed variable, the corresponding DA exercise

is less challenging and will be presented first.

Results for Regime I. As is shown in Figures 3.2 for Regime I, the dynamics of x

exhibits intermittent behavior with relatively quiescent episodes punctuated by

large excursion events. Due to the relatively small spectral gap, the dynamics of

y also exhibits highly nonlinear oscillations sustained by noise. In contrast, the
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dynamics of z is mainly a damped oscillation sustained by noise due to the relatively

strong linear stabilizing effects, and it is the variable that decays the fastest.

300 310 320 330 340 350 360 370 380
-6
-4
-2
0
2
4

-5 0 5
0

0.2

0.4

0.6

0 5 10 15

0

0.5

1

300 310 320 330 340 350 360 370 380

-4

-2

0

2

-6 -4 -2 0 2
0

0.2

0.4

0 5 10 15

0

0.5

1

300 310 320 330 340 350 360 370 380

-4

-2

0

2

4

-5 0 5
0

0.2

0.4

0 5 10 15

0

0.5

1

Figure 3.2: Solution of (3.15) in Regime I given by (3.19) for one arbitrarily fixed
realization of the noise, and the corresponding probability density functions (PDFs)
and autocorrelation functions (ACFs). This solution trajectory is taken to be the
true signal. See Section 3.4.2 for details about the numerical setup. The ACFs and
PDFs are estimated based on the solution trajectory over the time window [0, 104],
corresponding to 2× 107 data points for the time step used.

The posterior mean states of (y, z) for Regime I obtained by CG and EnKBF

are fairly close to each other as is shown in Figure 3.3. The conditional covariance

matrices of (y, z) estimated by these two methods are also close to each other for

this regime (not shown). In contrast, for BT, there are prolonged time windows

over which the posterior mean of y deviates significantly from the true signal as is

shown in Panel (a) of Figure 3.4. An inspection of the time series of yz shown in

Panel (b) of Figure 3.4 reveals that such deviation typically occurs when the value
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Figure 3.3: Panel (b): the filtered posterior mean of y for Regime I obtained from
CG (green) and EnKBF (orange); the corresponding true signal previously shown
in Figure 3.2 is plotted in blue. Panel (c): analogue of Panel (b) for z.

of yz is large, which is expected, since the omission of the term αyz in (3.15a) is

the only difference between the BT system and the full system. The posterior mean

of z obtained by BT is similar to those obtained by CG and EnKBF shown in Panel

(c) of Figure 3.3, which is thus not presented.

Results for Regime II. The dynamics of the true system (3.15) in Regime II exhibits

similar features as in Regime I shown in Figures 3.2, although the amplitude of

each variable is slightly reduced due to the smaller noise intensity σx used for this

regime. The shape of both the PDFs and ACFs of all the three variables are similar

to those shown in Figures 3.2, with although the decorrelation time of x becoming

comparable with that of y in this regime. The analogue of Figures 3.2 for Regime II
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Figure 3.4: Panel (a): The filtered posterior mean of y obtained from BT (red) and
the true signal of y (blue). Panel (b): The true signal of yz. The deterioration of
the estimated y using BT occurs over time windows when the magnitude of yz gets
large.

is thus omitted.

For this regime, CG and EnKBF still provide comparable posterior mean state

of z as shown in Panel (c) of Figure 3.5, although the PDF of the posterior mean

obtained by EnKBF approximates slightly better the PDF of the true signal of z.

However, CG is significantly more skillful in estimating the conditional mean of y

(Figure 3.5, Panels (b) and (d)).

The deterioration of the skill from EnKBF in this regime is associated with a

false bimodal behavior appearing in the posterior mean of the y variable (see Panel

(d) of Figure 3.5), whereas the true signal is unimodal, skewed towards negative

values. It has also been checked that the bimodality is always there for EnKBF

by further increasing the total number of ensemble members N or decreasing the

numerical integration time step δt. Such a pathological behavior is associated with

the filter divergence (Gottwald and Majda, 2013; Kelly et al., 2015), which often
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Figure 3.5: Panel (b): the filtered posterior mean of y for Regime II obtained from
CG (green) and EnKBF (orange) with the corresponding true signal shown in blue.
Panel (c): the analogue of Panel (b) for z. Panel (d): PDFs of the filtered posterior
mean of y from CG (green) and EnKBF (orange) compared with that of the true
signal. Panel (e): the analogue of Panel (d) for z.

occurs for the ensemble-based filters when the noise in the observational process is

small and the observational process is highly nonlinear. In fact, the small noise in

the observational process xmakes the filter trusts more towards the information

provided by the observations. However, the strong nonlinear and non-Gaussian

features of x make it very difficult to accurately recover the states of y and z by

inferring mainly from the x process.

In contrast, CG tracks well the modulations of the true signal, leading to a
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much better reproduction of the PDF of the true signal of y; see again Panel (d)

of Figure 3.5. It is worth pointing out that the original system (3.15) can also

exhibit bimodal dynamics in a broad range of dynamical regimes, even though

bimodality is not observed in the true signals of (x,y, z) for neither of the two

regimes considered here. This bimodality that can occur in the dynamics of (3.15)

is induced by the additive noise that drives the system to switch from the two

locally stable steady states of the corresponding deterministic system produced

from a supercritical pitchfork bifurcation, although when occurs, the bimodality is

mainly visible in the x variable.

Regarding BT, compared with the corresponding result shown in Figure 3.4 for

Regime I, its performance here is even worse and is thus not shown. In particular,

the posterior mean state of y not only deviates significantly from the true signal but

also has spurious fast oscillations presenting throughout the whole time window.

Such fast oscillations also appear in the filtered posterior mean of z, although to a

lesser extent.

For this regime, we also compared the skills of ensemble forecast with the fore-

cast model simply taken to be the true SDE system (3.15), and the initial conditions

(IC) of (y, z) drawn from multivariate Gaussian distributions in which the mean

and covariance are estimated respectively from BT, CG and EnKBF described above;

see Section 3.4.2 for further details. In addition, we compute the results when the

forecast is initialized with the true signal for all the three variables, which serves as

the reference of the theoretic forecast limit.

In Figure 3.6, we presented the normalized root-mean-square error (RMSE)



83

0 0.5 1
0

0.5

1

1.5

2

0 0.5 1
0

0.5

1

0 0.5 1
0

0.5

1

1.5

2

0 0.5 1
0

0.5

1

0 0.5 1
0

1

2

3

4

0 0.5 1

0

0.5

1

Figure 3.6: Panels (a)-(c): RMSE of the forecast skills for Regime II when the ICs
are chosen either to be the perfect values from the true signals, or are drawn from
multivariate Gaussian distributions in which the mean and covariance are estimated
respectively from BT, CG and EnKBF; the RMSE are normalized by dividing by
the standard deviation of the respective true signal. Panels (d)-(f): the correlation
coefficients of the forecast skills. The vertical dashed line corresponds to lead time
τ = 0.4 for which the corresponding forecasted ensemble mean time series are
shown in Figure 3.7.

and correlation coefficients of the forecasts for all the methods used. As expected,

the better skills of CG at the DA stage carries over to the ensemble forecast as

well. BT performs the worst due to large spurious oscillations appearing in its

DA stage. While the RMSE is a convenient way of ranking the performance, to

provide a better visualization of the skills, we also show in Figure 3.7 the forecasted

ensemble mean trajectories at a given lead time, chosen here to be τ = 0.4 time

unit, which corresponds roughly to one half of the decorrelation time of the y-

variable. The results in Figure 3.7 show that the forecast based on initial conditions
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provided by CG (middle row) actually performs fairly well for all the three variables

compared with those when perfect initial conditions are used (top row), although

the uncertainty in the y variable is slightly higher for CG. The results for EnKBF are

correlated with its performance at the DA stage, with significant error in the x and

y variables over the time windows when the filtered posterior mean of y deviates

from the true signal as was previously shown in the middle panel of Figure 3.5.

For BT, large spurious oscillations appear in the forecasted ensemble mean time

series for all the variables, especially for x and y. Such oscillations are inherited

from those appearing in the assimilated y variables, which propagate to the other

two variables due to nonlinear interactions.
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Figure 3.7: The forecasted ensemble mean time series for Regime II at lead time
τ = 0.4 time unit, when the ICs are from either the true signal (top row), or
assimilated from the CG method (middle row), or the EnKBF (bottom row). The
gray area on each panel marks the spread between 5 percentile and 95 percentile of
the corresponding ensemble forecast. The true signals are plotted in black. For BT,
large spurious oscillations appear in the forecasted ensemble mean time series for
all the variables; and the results are not shown here.
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3.5 Parameter Estimation

Parameter estimation is an important topic and a necessary precursor for effective

state estimation, data assimilation, and prediction. Maximum likelihood estimation

(MLE) and maximum a posterior (MAP) are often adopted to infer the parameter

values if the observed time series for all the state variables are accessible (Myung,

2003; Kristensen et al., 2004; Coleman and Block, 2006). However, only partial

observations are available in many complex nonlinear systems. In such a situation,

data augmentation is widely used to simultaneously estimate the model parameter

and recover the unobserved state variables (Tanner and Wong, 1987). In particular,

data augmentation has been extensively incorporated into the Markov Chain Monte

Carlo (MCMC) algorithms for improving the Bayesian inference (Wei and Tanner,

1990; Golightly and Wilkinson, 2008; Eraker, 2001; Papaspiliopoulos et al., 2013).

In contrast to targeting the global optimal solution based on the MCMC, many

other parameter estimation algorithms seek locally optimal solutions. One of the

widely used local optimal parameter estimation approaches is the expectation-

maximization (EM) algorithm (Ghahramani and Roweis, 1999; Ghahramani and

Hinton, 1996; Dembo and Zeitouni, 1986). The EM algorithm is an iteration method

that aims to find the parameter values that maximize the likelihood function and

compute certain statistical expectations of the unobserved state variables in an al-

ternating fashion. Note that, due to the local optimality property, the EM algorithm

often requires fewer iterations than the MCMC algorithm. Unfortunately, both

methods are computationally expensive for general complex nonlinear systems

since neither the data augmentation in MCMC nor the computation of the statistical
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expectation in the EM is easily obtained.

Unlike the general complex nonlinear systems, the closed analytic formulae of

the CGNS facilitate the acceleration of the computational efficiency in parameter

estimation. In particular, the conditional sampling formula (3.7) has the potential

to allow a rapid data augmentation in the MCMC method while the analytic state

estimation formula (3.6) offers an exact and accurate way to compute the statistical

expectation, which is an essential component in the EM algorithm. Note that appro-

priately incorporating the CGNS into the MCMC may require several additional

manipulations, which deserves a separate topic to study. Therefore, the focus below

is on applying the CGNS to accelerate the parameter estimation utilizing the EM

algorithm, where detailed mathematical justifications are more accessible. The

CGNS in this entire procedure acts as a preconditioner to seek a suitable approx-

imation of the statistical expectation of the unobserved state variables given the

observational time series via the EM algorithm. With such a statistical expectation

available from the CGNS, the original complex nonlinear system is only essential

in computing the maximum likelihood solution at the last iteration step, leading

thus to a significant speedup of the computational time required.

3.5.1 Accelerating the EM algorithm with a CGNS

preconditioner

Denote by (X, Y) the state variables of a complex nonlinear system, where only

a time series of X is observed while there is no direct observations for the state

variable Y. Let θ = (θD,θS) be the collections of the model parameters, where
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θD and θS denote the model parameters in the drift part and the diffusion coeffi-

cients, respectively. Denote by X̂ = {X0, . . . , Xj, . . . , XJ} and Ŷ = {Y0, . . . , Yj, . . . , YJ}

a discrete approximation of the continuous time series of X and Y, respectively,

within the time interval t ∈ [0, T ], where T = J∆t, Xj = X(tj) and Yj = Y(tj), with

tj = j∆t.

The target is to seek an optimal estimation of the unknown parameters θ by

maximizing the log-likelihood function. Since only the time series of X is observed,

the maximum log-likelihood estimate is given by the solution that averages over

the state variable Y,

L(θ) = log q(X|θ) = log
∫

Y
p(X, Y|θ)dY. (3.24)

Due to the unknown state variable Y, there is no simple formula for a direct cal-

culation of the log-likelihood. Nevertheless, the EM iteration algorithm can be

applied to solve the optimization in (3.24). The EM algorithm alternates between

performing an expectation (E) step, which estimates the unobserved state variable

Y with an uncertainty quantification using the current estimate for the parameters,

and a maximization (M) step, which updates the parameters by maximizing the

expected log-likelihood found on the E step (Dembo and Zeitouni, 1986; Kokkala

et al., 2014). Denote θk the updated parameters after the k-th iteration. The EM

algorithm at step k+ 1 is the following:

E-Step. Computing the conditional distribution p(Ŷ|X̂,θk) using the previously

estimated parameters θk and then plugging it into the cost function to compute
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the function expectation

Q(θ;θk) =
∫

Ŷ
p(Ŷ|X̂,θk) log p(Ŷ, X̂|θ)dŶ. (3.25)

M-Step. Updating the parameters θk+1 utilizing the result from the E-Step,

θk+1 = arg max
θ

Q(θ;θk). (3.26)

In many situations, the M-Step usually involves solving a quadratic optimization

problem, the analytic formula of which is available. However, for general nonlinear

systems, the conditional distribution p(Ŷ|X̂,θk) in the E-Step is extremely difficult

to solve. Note that such a conditional distribution is precisely the smoother estimate

of the complex nonlinear system. Particle methods can be applied. Yet, repeatedly

using these particle methods through the iteration procedure can be computation-

ally expensive, and careful tuning is required, especially for systems with large

dimensions.

To overcome the most significant computational barrier in the above EM algo-

rithm, namely computing the conditional distribution p(Ŷ|X̂,θk), it is natural to

exploit a suitable CGNS model as a preconditioner to accelerate the calculation

of such a conditional distribution in the E-Step. We denote the distribution of the

state variables of CGNS as pM(Ŷ, X̂|θMk ). Here M indicates that the model is an

imperfect model. Note that since the CGNS is only an approximate model, the

collection of the parameters θM associated with the CGNS can be different from

that θ associated with the perfect system. One major advantage of the CGNS is
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that the closed analytic formula in (3.6) substantially advances the computational

efficiency of the EM algorithm. After the conditional distribution pM(Ŷ|X̂,θMk )

being converged after a few EM iterations based on the CGNS, the original complex

nonlinear system is then applied to compute the expectation and the maximum

log-likelihood solution at the last iteration step. The technical details are included

in the Appendix B.1.

Physics constraints or other constraints can be naturally incorporated into the

CGNS for parameter estimation, which preserves the closed analytic formulae

in the corresponding EM algorithm. In addition, a block decomposition of the

conditional covariance can be further applied to deal with the complex nonlinear

systems in high dimensions (Chen, 2020b). Both strategies are adopted in the

following numerical tests, where the mathematical details are again included in
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the Appendix B.1.1 and Appendix B.1.2.
Algorithm 1: EM with CGNS

1 Start with a given realization of the observations X̂;

2 Propose an approximate model pM(Ŷ, X̂|θM) that belongs to CGNS (3.2);

3 Assign an initial guess of the parameters θM0 ;

4 for k = 1 : K do

5 E-step: compute the conditional distribution pM(Ŷ|X̂,θMk−1) using the

previously estimated parameters θMk−1 and then plugging it into the

cost function to compute the function

expectation Q̃(θM;θMk−1) =
∫

Y p
M(Ŷ|X̂,θMk−1) log pM(Ŷ, X̂|θM)dŶ;

6 M-step: update the parameters θMk where

θMk = arg maxθM Q̃(θM;θMk−1).

7 E-step: compute the conditional distribution pM(Ŷ|X̂,θMK ) and then

compute the function

expectation Q(θ;θMK ) =
∫

Y p
M(Ŷ|X̂,θMK ) log p(Ŷ, X̂|θ)dŶ;

8 M-step: update the parameters θK+1 where θK+1 = arg maxθ Q(θ;θMK )

3.5.2 A multiscale turbulent test model

In this subsection, the two-layer inhomogeneous Lorenz model is utilized to demon-

strate that a suitable CGNS can be both a preconditioner and a surrogate model in

parameter estimation. First, we show that a simple approximate model that belongs

to CGNS can accelerate the EM algorithm as a preconditioner. Then, we show that

this approximate model itself can be used as a surrogate model for prediction.
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3.5.2.1 The perfect model

The two-layer Lorenz 96 (L96) model (Lorenz, 1996) is a conceptual representation

of geophysical turbulence that is commonly used as a testbed for DA and parame-

terization in numerical weather forecasting (Majda and Grote, 2009; Grooms and

Majda, 2014b,a; Majda and Grooms, 2014). The model mimics a coarse discretiza-

tion of atmospheric flow on a latitude circle. It supports complex wave-like and

chaotic behavior, and the two-layer structure schematically depicts the interactions

between small-scale fluctuations and large-scale motions. The stochastic version of

the model subject to additive noise forcing reads

dui

dt
=

(
−ui−1 (ui−2 − ui+1) − ui + f−

hci

J

J∑
j=1

vi,j

)
+ σuiẆui , i = 1, . . . , I,

(3.27a)
dvi,j

dt
=

(
−bcivi,j+1 (vi,j+2 − vi,j−1) − civi,j +

hci

J
ui

)
+ σvi,jẆvi,j , j = 1, . . . , J,

(3.27b)

where I denotes the total number of large-scale variables, J the number of small-

scale variables corresponding to each large-scale variable, f, h, ci, b, σui and σvi,j
are given scalar parameters while Ẇui and Ẇvi,j are white noise. The large-scale

variables ui are periodic in iwith ui+I = ui−I = ui. The corresponding small-scale

variables vi,j are periodic in i with vi+I,j = vi−I,j = vi,j and satisfy the following
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conditions in j: vi,j+J = vi+1,j, and vi,j−J = vi−1,j.

The model discussed here uses variables ui to describe large-scale or slow

movements which are resolved; small scales or rapid fluctuations represented by

vi,j are often unresolved ones. The coupling of fast and slow variables is regulated

by the parameter h. The parameter f controls the magnitude of external large-scale

forcing, while b determines the amplitude of nonlinear interactions between the

fast variables. The parameter ci specifies how quickly the fast variables are damped

in comparison to the slow variables. As in the standard L96 model, we take I = 40,

corresponding to a discretization of the latitude circle by a total of 40 sites. There

are J = 4 small-scale variables associated with each ui. The constant forcing f = 4

makes the system to be chaotic. The parameters h, ci, and b are chosen in such a

way that the small-scale variables have a comparatively significant impact on the

large-scale ones. In other words, the perfect model only has a weak scale separation.

The reason that we consider such a weak scale separation is that it better mimics

the real atmosphere with chaotic/turbulent behavior, the effect that the small-scale

variables to the large ones cannot purely replaced by a simple parameterization.

The parameter ci varies across the spatial sites, which aims to mimic the fact that

the coupling across the variables above the ocean is weaker than that above the

land since the latter usually have stronger friction or dissipation. In this sense, the

model is inhomogeneous. Finally, additional stochastic noise is added to the system,

representing the contribution of the variables that are not explicitly modeled. The

noise also interacts with the deterministic part via nonlinear terms, introducing

additional complexity that mimics nature. To summarize, the parameters used in
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the perfect model (3.27) are as follows,

I = 40, J = 4, h = 2, ci = 2 + 0.7 cos(2πi/I), b = 2, f = 4,

σui = σu = 0.2, σvi,j = σv = 1.
(3.28)

3.5.2.2 The approximate model

Since in general the perfect model is not always fully known, or it is too complicated

to be used in practice, it is essential to develop a simple and computationally

tractable approximate model, which is nevertheless able to capture the key nonlinear

feedback from the unobserved variables (vi,j here) to the observed variables (ui

here). As was discussed in Section 3.3, stochastic parameterization is widely used in

describing chaotic signals (Chen and Majda, 2016a), which replaces the nonlinear

eddy terms by quasilinear stochastic processes on formally infinite embedded

domains where the stochastic processes are Gaussian conditional to the large scale

mean flow. In addition, physics-constraint is adopted in designing approximate

models, which also includes the effects from the large-scale ui to the small-scale

variables vi,j. Therefore, such approximate models can potentially be used as

surrogate models of the perfect model. The approximate model that we introduce
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for (3.27) is as follows

dui

dt
=

(
−ui−1 (ui−2 − ui+1) − ui + f̂i − âi

J∑
j=1

vi,j

)
+ σ̂uiẆui , i = 1, . . . , I,

(3.29a)
dvi,j

dt
= −d̂i,jvi,j + v̂i,j + ĉiui + σ̂vi,jẆvi,j , j = 1, . . . , J, (3.29b)

where f̂i, âi, σ̂ui , d̂i,j, v̂i,j, ĉi, and σ̂vi,j are unknown constants. Compared with the

original system (3.27), the main simplification here is in the small-scale equations,

where we have replaced the nonlinear interactions bcivi,j+1(vi,j+2−vi,j−1) in (3.27b)

by simpler linear terms involving vi,j and ui. The equations for ui are essentially

the same as before, although f̂i is allowed now to vary from site to site. In the

numerical experiments below, we will enforce âi = ĉi for simplicity.

One desirable feature of this approximate model is that the direct coupling of

the state variables only involves ui and the corresponding vi,j for each fixed i. This

is different from the original system (3.27) where ui can have direct interactions

with vi+1,1 and vi−1,J given periodic conditions of the small scale vi,j over both i and

j. Such a property allows to use a block decomposition of the covariance matrix of

the smoother estimate during both E-step and M-step (Chen, 2020b). The entire

state space for all the variables {ui, vi,j | i = 1, . . . , I, j = 1, . . . J} can be decomposed

into I subspaces, where each subspace can be dealt with in parallel. The technical

details are included in the Appendix B.1.2.1.
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3.5.2.3 Setup of the numerical simulations

The true signal is obtained by integrating the inhomogeneous L96 model (3.27)

using the Euler-Maruyama scheme with the parameters given by (3.28), a uniform

time step size δt = 2 × 10−3, and zero initial condition. The same time step size

and initial condition are adopted for the approximate model (3.29) as well as the

identified model, where the latter takes the same form as (3.27) but with estimated

parameters. The true signals of ui with 100 time units are used as the observations

for parameter estimation while longer data with 1000 time units are used to compute

their statistics. This latter length is also adopted when computing the statistics of

the variables in the approximate and the identified models. The total number of

the EM loops with CGNS is fixed to be 200 in this experiment.

3.5.2.4 CGNS as a preconditioner for identifying parameters in the perfect

model

We first discuss the results of applying the EM algorithm to estimate the parameters

in the approximate model (3.29). Figure 3.8 shows the trace plots at the site i = 2

corresponding to the variables u2 and v2,j (in the first and the third rows) and the

final estimation of the parameters in (3.29) (in the second and the fourth rows).

The trace plots at other spatial locations have similar behavior; the parameters

involved in the ui-equations all converge quickly (within 10 iteration steps), and

those involved in the vi,j-equations converge at a relatively slower speed, but all

stabilized after about 100 iterations. The black curves are shown as a reference,

assuming f̂i, âi (= hci/J), σ̂ui , and ĉi are known and equal to those in the perfect
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model and d̂i,j = d̂i, v̂i,j = v̂i, and σ̂vi,j = σ̂vi are calibrated by the true statistics,

i.e., the mean, the variance, and the decorrelation time, in the perfect model of vi,j

averaged over j. The EM algorithm with the approximate model (3.29) can provide

an accurate approximation of the parameters corresponding to the Gaussian fit of

vi,j in the true signal. The conditional distribution of approximate model (3.29)

with the estimated parameters is shown in Figure 3.9. Panel (a) and (c) show the

true signal of two large-scale modes u10 and u20, and Panel (c) and (d) show the

true signal, and smoother estimate of the two hidden modes, where the smoother

mean is given the black dashed curves, and one, two, and three standard derivations

of the uncertainty are shown in the light, moderate, and dark shading areas. The

shading areas cover most of the true signal, which indicates appropriate amount of

uncertainties are obtained by combining the true observations and the approximate

model. In fact, characterizing appropriate amount of uncertainty plays an important

role in the EM algorithm when the hidden process contains large uncertainty. If

uncertainty is totally ignored in the EM loop, the solution of conditional distribution

of the approximate model can easily blow up.

Figure 3.10 shows the estimated parameters for the perfect model, where the

CGNS is utilized as a preconditioner following Algorithm 1. Due to the intrinsic

model error of the approximate model where the hidden variables are fully decom-

posed, in the sense that the correlation between the small scales corresponding to

different large scales are omitted, resulting in 0 value of the bci term. However,

other parameters, for example f and ci, are adjusted accordingly. As a result, the

identified model with estimated parameters resembles the truth to a remarkable
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extent. Figure 3.11 shows the hovmoller plot of the large scales from different

models. Although the estimated parameters is not perfect, the identified perfect

model (Panel (b)) are almost the same as the true signal (Panel (a)). One real-

ization of the identified perfect model with estimated parameters and that with

true parameters (3.28) are shown in the first four row of Figure 3.12. The overall

behavior of the trajectories from the model with estimated parameters resembles

the truth. In addition, despite the small error, the ACFs and the PFDs are recovered

with high accuracy.

3.5.2.5 CGNS as a surrogate model

The approximate model (3.29) with estimated parameters itself can be exploited as

a surrogate model of the perfect system, which can be applied for ensemble forecast

and other tasks. In fact, as is shown in Panel (c) of the Figure 3.11, the hovmoller

plot of approximate model is almost the same as that of the perfect model (3.27).

The performance of the approximate model serving as a surrogate model can also

be found from the last four row of Figure 3.12, where a single realization of the

trajectory, and the statistics from the approximate model with estimated parameters

are all similar to the truth. Note that the single realization from the approximate

model is not expected to follow the truth at all time instants since the system is

chaotic.
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Figure 3.8: Learning the parameters of the approximate L96 model (3.29). The
panels (a)–(d) and (i)–(k) in the 1st and 3rd rows show the trace plots of the
estimated parameters of the EM algorithm at site i = 2. The panels (e)–(h) and
(l)–(n) in the 2nd and 4th rows show the final estimated parametersθMK (blue) after
the K-th step of the EM algorithm with K taken here to be 200, the initial guesses of
the parameters (red), and the reference parameters assuming f̂i, âi (= hci/J), σ̂ui ,
and ĉi are known and equal to those in the perfect model and d̂i,j = d̂i, v̂i,j = v̂i,
and σ̂vi,j = σ̂vi are calibrated by the true statistics, i.e., the mean, the variance, and
the decorrelation time, in the perfect model of vi,j averaged over j.
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Figure 3.9: Smoother estimate of the approximate model in the K-th iteration. The
blue curves: true signals; the black dashed curves: the smoother mean time series
of the hidden variable; the light, moderate, and dark shading areas show the one,
two, and three standard derivations (STDs) of the uncertainty in the smoother
estimate. Panel (a): true signal of u10; Panel (b): true signal of v10,1 with one, two,
and three, standard derivations of the uncertainty. Panel (c)–(d): similar to Panel
(a)–(b) but for u20 and v20,1.
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3.6 Predicting the Statistical Response

Yet another important topic in studying complex nonlinear systems is to predict

the model response to the perturbation of the external forcing. Developing efficient

and accurate approaches to study such a key issue facilitates understanding model

sensitivity, regime-switching behavior, and nonlinear interactions across different

scales. Resolving this problem using advanced mathematical tools also has sig-

nificant practical implications, such as coping with the climate change scenario.

Due to various uncertainties from the internal instability and external forcing, a

probabilistic description is more suitable for characterizing the complex turbulent

systems (3.1). However, there exist several challenges in predicting the statistical

response of complex nonlinear systems. First, solving the high-dimensional Fokker-

Planck equation is the prerequisite of obtaining the model statistics, which, however,

often suffers from the curse of dimensionality. Second, since the perfect system

is not always computationally feasible in practice, the predicted model response

may become inaccurate when an approximate model is utilized. It is then impor-

tant to take advantage of a suitable combination of partial observations with the

approximate model to mitigate error in calculating the model statistics. Third, due

to the nonlinear nature of the systems, computing the statistical response in terms

of the perturbations with different strengths and categories requires repeatedly

solving the Fokker-Planck equation. As a consequence, even with a relatively fast

solver of the Fokker-Planck equation, the total computational cost can still remain

significant.

The advantage of the exact and statistically accurate solver of the equilibrium
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PDF (3.9) makes the CGNS a natural framework for the development of approx-

imate models for efficiently computing the model statistics and the associated

response. One important feature in finding the PDF of the CGNS based on the for-

mula (3.9) is that the available partially observed time series X is used to compute

the conditional distribution of Y given X. As a consequence, the model error in the

PDF associated with the direct simulation of the approximate model is mitigated

with the help of observations in computing the PDF based on (3.9). In other words,

the resulting PDF from (3.9) is in general closer to the truth than that computed

purely based on the approximate model without taking into account any input

information from observations. What remains is the third challenge mentioned

above. To overcome such a difficulty, the linear statistical response is utilized as

an approximate method for computing the exact statistical response. The linear

response only requires a linearization of the statistical equation while there is no

linearization involved in the original nonlinear dynamics. Therefore, the nonlinear

features of the underlying dynamics is preserved. In addition, the linear response

can be computed utilizing the fluctuation-dissipation theorem (FDT) (Majda et al.,

2005), which involves only a single PDF for computing different linear responses.

Note that such a PDF is the equilibrium distribution of the unperturbed state, which

can be efficiently solved using the formula (3.10).
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3.6.1 Computing the linear statistical response via the

fluctuation-dissipation theorem (FDT)

Consider the general complex nonlinear systems in (3.1). Defining G(u, t) =

(L+D)u + B (u, u) + F(t), the model can be written in a concise form

du
dt = G(u, t) + σ(u, t)Ẇ. (3.30)

The equilibrium statistics of some functional A(u) associated with (3.30) is formu-

lated as

〈A(u)〉 =
∫
A(u)peq(u)du, (3.31)

where peq(u) is the equilibrium PDF of u in (3.30). Now consider the dynamics

in (3.30) by a small time separable external forcing perturbation δw(u)f(t), where

δ is a small scalar w is a general nonlinear function of u. The perturbed system

reads
du
dt = G(u, t) + δw(u)f(t) + σ(u, t)Ẇ. (3.32)

The FDT states that if δ is small enough, then the leading-order correction to the

statistics in (3.31) becomes

δ〈A(u)〉(t) = δ
∫ t

0
R(t− s)f(s)ds, (3.33)
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where R(t) is the linear response operator, which is calculated through correlation

functions in the unperturbed dynamics:

R(t) = 〈A(u(t))B(u(0))〉, B(u) = −
divu(w(u)peq(u))

peq(u)
. (3.34)

See (Majda et al., 2005) for a rigorous derivation of (3.33)–(3.34). In particular, the

above procedure of computing the linear response via the FDT does not require the

linearization of the underlying complex nonlinear systems. Therefore, the features

of the nonlinear dynamics are preserved. If the functional A(u) in (3.33) is given

by A(u) = u, then the response computed is for the statistical mean. Likewise,

A(u) = (u − ū)2 is used for computing the response in the variance.

3.6.2 Calculating the linear statistical response via the CGNS

preconditioner

According to (3.34), the calculation of the linear statistical response via the FDT

requires the information of

1. the equilibrium PDF peq(u),

2. the time series A(u), and

3. the correct formulation of B(u).

Even if the perfect model is known, directly solving the high-dimensional Fokker-

Planck equation is often not computationally affordable. Therefore, a suitable

CGNS, serving as a preconditioner, is utilized to find a suitable approximation of
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the non-Gaussian equilibrium PDF peq in an efficient way. Specifically, the explicit

formula in (3.10) is utilized to achieve this goal. Besides, the observations are also

need to be incorporated in computing the equilibrium peq (and later in recovering

the hidden components in A(u)) to reduce model error from the approximate

model free run. We denote one realization of the observations by Xobs, the posterior

distribution (filter and smoother) given Xobs by pM|obs whereM indicates that the

approximate model is used in computing the filter distribution (3.4), the explicit

formula (3.10) becomes

pM|obs
eq (X, Y) = lim

J→∞
1
J

J∑
j=1

(
KH(X − Xobs(tj))p

M|obs(Y|Xobs(s 6 tj))
)

, (3.35)

where pM|obs
eq is an efficient and effective approximation of the true equilibrium

PDF peq.

Next, in the presence of partial observations, the conditional sampling for-

mula (3.7) is exploited to calculate the unobserved component of the time series

in A(u). Note that the approximate model is used to compute the filter distribu-

tion (3.4), the smoother distribution formulae (3.6) and the conditional sampling

formula (3.7). It is remarkable to note that the partial observations are involved in

computing both peq(u) and A(u), which automatically mitigate the model error in

the approximate model in both the equilibrium PDF and time series of the unob-

served components. In addition, with peq(u) and A(u) obtained from the CGNS

preconditioner, the original nonlinear system structure is utilized to form B(u) to

compute the linear response R(t). The entire procedure of the FDT via CGNS is
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given in Algorithm 2.
Algorithm 2: FDT with the CGNS preconditioner

1 Start with a given realization of the observations Xobs;

2 Propose an approximate model that belongs to CGNS (3.2);

3 Compute the filter posterior distribution pM|obs(Y|Xobs(s 6 ti)) via (3.4) ;

4 Form the equilibrium p
M|obs
eq via equation (3.35);

5 Compute the smoother posterior distribution pM|obs(Y(t)|Xobs(s), s ∈ [0, T ])

from (3.6);

6 Sample one realization of the hidden time series via (3.7) that is used to

approximate the unobserved component of A(u);

7 Compute the response operator R(t) via (3.34) and compute the linear

response via (3.33).

3.6.3 A 4D stochastic climate model

This section utilizes a four-mode stochastic model with key features of atmospheric

low-frequency variability to show how to use CGNS as a preconditioner incorpo-

rated with partial observations to calculate the linear statistical response.

3.6.3.1 The perfect model

The stochastic climate model is designed in such a way that it involves many of the

major dynamical properties of comprehensive global circulation models (GCMs)

but with only four degree of freedom (Majda et al., 2008, 2005, 1999, 2001). The
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model reads as follows

dx1

dt = (−x2(L12 + a1x1 + a2x2) − d1x1 + F1 + L13y1 + b123x2y1) + σ1Ẇx1 , (3.36a)

dx2

dt = (+x1(L12 + a1x1 + a2x2) − d2x2 + F2 + L24y2 + b213x1y1) + σ2Ẇx2 , (3.36b)

dy1

dt = (−L13x1 + b312x1x2 + F3 − γ1y1) + σ3Ẇy1 , (3.36c)

dy2

dt = (−L24x2 + F4 − γ2y2) + σ4Ẇy2 , (3.36d)

where b123 + b213 + b312 = 0. Consistent with many geophysical flow models,

the model has energy-conserving quadratic nonlinear terms, a linear operator,

and external forcing terms. The linear operator contains two parts: one is a skew-

symmetric component formally related to the Coriolis effect and topographic Rossby

wave propagation; the other is a negative definite symmetric portion conceptually

analogous to dissipative processes such as surface drag and radiative damping. The

coupling in different variables is through both linear and nonlinear terms, where

the nonlinear coupling through bijk produces multiplicative noise effects. In fact,

the strategies described in Section 3.3.1 are applied to y1 and y2 that introduce the

stochastic noise and damping terms. The variables x1 and x2 can be regarded as the

climate variables and y1 and y2 represents the weather variables. The parameters
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used to generate the true dynamics are as follows

d1 = 1, d2 = 0.4, γ1 = 0.5, γ2 = 0.5, L12 = 1, L13 = 0.5, L24 = 0.5,

a1 = 2, a2 = 1, b123 = 1.5, b213 = 1.5,

σ1 = 0.5, σ2 = 2, σ3 = 0.5, σ4 = 1, F1 = F2 = F3 = F4 = 0.
(3.37)

One realization of the true signal is shown in black color in Figure 3.13. Both

climate variable x1 and weather variable y1 have intermittent behavior with non-

Gaussian PDFs. Note that this stochastic model is CGNS with X = (x1, x2)
> and

Y = (y1,y2)
>. We use a CGNS as the perfect model because the analytical solver is

available, which helps to visualize presenting the results. Besides, the sampling

error from computing the linear response via the FDT can be removed at this

moment. In (3.36), we assume the variable x1 and x2 are observed variables.

3.6.3.2 The approximate model

In practice, running the entire perfect model is prohibitively costly. As a result,

simpler or reduced models are commonly utilized in computing the responses.

Linear stochastic models are widely used as approximate models for the unresolved

variables (DelSole, 2005). Therefore, the hidden processes are replaced by two linear

Gaussian equations, the parameters of which are calibrated by the true equilibrium

statistics, i.e., the mean, the variance, and the decorrelation time. Besides, the

parameters in the observed processes are assumed to be the same as those in the
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perfect model (3.36). The approximate model reads,

dx1

dt = (−x2(L12 + a1x1 + a2x2) − d1x1 + F1 + L13y1 + b123x2y1) + σ1Ẇx1 , (3.38a)

dx2

dt = (+x1(L12 + a1x1 + a2x2) − d2x2 + F2 + L24y2 + b213x1y1) + σ2Ẇx2 , (3.38b)

dy1

dt = −γ̂3 (y1 − ŷ1) + σ̂3Ẇy1 , (3.38c)

dy2

dt = −γ̂4 (y2 − ŷ2) + σ̂4Ẇy1 , (3.38d)

which belongs to the CGNS. Note that despite the simplicity of utilizing linear

Gaussian models to approximate the hidden processes, one major issue in (3.38) is

that the physics constraint is no longer satisfied in (3.38). Therefore, the model in

(3.38) can contain large errors for a long simulation.

3.6.3.3 Calculating linear response via FDT

In this example, we aim at calculating the linear response to the perturbation of the

external forcing and linear interaction parameters. Specifically, the following two

perturbation cases are considered:

Case 1: perturb parameters of forcing in the observed processes, i.e., Fδ1 =

Fδ2 = 0.3, δw(u)f(t) = (0.3, 0.3, 0, 0)>;

Case 2: perturb parameters in linear interaction terms, i.e., Lδ13 = Lδ24 = 0.1,

δw(u)f(t) = (0.1y1, 0.1y2,−0.1x1,−0.1x2)
>.

Note that in the second case, the parameters appear in both the observed and

hidden processes. We compare the linear response in the following models:

Perfect FDT (or perfect model): The equilibrium PDF peq(u), the time series
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A(u) and the formulation of B(u) are all from the perfect model (3.36).

Imperfect FDT (or imperfect model): The equilibrium PDF peq(u), the time

seriesA(u) and the formulation ofB(u) are all from the approximate model (3.38).

Concatenate FDT (or concatenate model): The equilibrium PDF peq(u), the

time series A(u) are from the simple concatenation of the observations, i.e.,

the trajectories of observed variables x1 and x2 from the perfect model (3.36),

and the trajectories of the hidden variables y1 and y2 from the approximate

model (3.38) free-run. The formulation of B(u) is from the approximate

model (3.38).

FDT with preconditioner (or preconditioner model): The equilibrium PDFpeq(u)

is calculated via (3.10) where true observations and the CGNS approximate

model (3.38) are utilized in computing KH(X − Xobs(ti)) and pM|obs(Y|X(s 6

ti)). The time series A(u) are generated by equation (3.7) with the CGNS

approximate model and the true observations. The formulation of B(u) is

from the perfect model.

The details of the B(u)’s forms from the perfect model and approximate model can

be found in Appendix B.2. In this experiment, the true signal is obtained using

Euler-Maruyama scheme with a uniform time step δt = 5 × 10−3 and the total

length is 1000 time units.

Before discussing the linear response using CGNS as a preconditioner, we start

by showing some pre-requisites, the equilibrium covariance, and time series A(u)

from different models. The trajectories from the approximate model (3.38) free-

run (red color) are shown in Figure 3.13. Note that due to the violation of the
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energy-conserving constraint of the nonlinear terms in (3.38), the amplitude of x1

and x2 from the approximate model is much larger than the one from the perfect

model (3.36). In addition, the PDF of y1 is Gaussian by design, which is also

different from the skewed PDF as in the perfect model. The model error can also

be found in the comparison of the equilibrium covariance matrices of the perfect

model (Panel (a)) and the approximate model (Panel (d)) in Figure 3.14. Due to

large error caused by the simple parameterization of the hidden processes, one

may consider concatenating the observations (from the perfect model) and the

trajectories of the hidden variables y1 and y2 from the approximate model (3.38)

free-run to approximate the required equilibrium PDF peq and the unobserved

time series. However, it is expected that the correlation between the observations

from the perfect model and trajectories from the approximate model free-run is

neglected. See Panel (c) of Figure 3.14. In contrast, in light of the desired structures

of CGNS, the partial observations can be incorporated with both approximating

the equilibrium PDF and recovering the unobserved times series. Therefore, the

model error is significantly mitigated, and the correlation between the observed

and unobserved variables is reserved. The green curves in Figure 3.13 show one

sampled trajectories of y1 and y2 using conditional sampling formula (3.7) from the

approximate model (3.38) and observations. The overall dynamics of the recovered

sampled trajectories are very similar to those in the perfect model. In addition, the

skewed PDF of y1 can be found in the green curve but the appropriate model free

run only brings Gaussian statistics by design. More importantly, the correlation

between the sampled trajectories and the observations is consistent with that in
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the perfect model as shown in Panel (b) of Figure 3.14. A final remark is that the

smoother (or filter) mean time series is widely used as a surrogate of the true

signals, which, however, underestimate the uncertainty as shown in the orange

color in Figure 3.13. Therefore, conditional sampling is essentially in approximating

the time series of A(u).

Figure 3.15 shows the linear response operator R(t) in (3.34) for the response

of the first four moments when perturbing the external forcing parameters in the

observed processes. Here, the blue and red curves show the linear response from

the perfect model (3.36) and the free-run of the approximate model (3.38), respec-

tively. The magenta curves show the linear response from simply concatenating the

trajectories of observed variables x1 and x2 from the perfect model (3.36) and the

trajectories of the hidden variables y1 and y2 from the approximate model (3.38).

The green curves show the linear response from the procedure discussed in Sec-

tion 3.6.2. The imperfect FDT contains huge errors in capturing higher moments for

the observed variables x1 and x2. Concatenate FDT works well for computing the

four moments of x1; however, it is gradually away from the perfect FDT from lower

moments to higher moments. For example, the gap between the concatenate FDT

and the perfect FDT is obvious in the last row of x2. This is because the strong cor-

relation between the x2 and y1 (shown in Panel (a) in Figure 3.14) is omitted in this

simple concatenation (shown in Panel (c) in Figure 3.14). In contrast, the response

operator R(t) of the two observed variables from preconditioner FDT is very close

to the perfect FDT. Due to the indirect perturbation of the unresolved variables, the

response is expected to be small. The preconditioner FDT can still capture the trend
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of the linear response operator as that using perfect FDT. Figure 3.16 shows the sec-

ond perturbation case, i.e., perturbing the linear interaction parameters appearing

in both the observed and the hidden processes. In addition to the model error of the

approximate model being mitigated and correlation between the observations and

hidden dimensions of the approximate model being reserved, the perfect model

structure is utilized to calculate the B(u) in FDT with preconditioner. Therefore,

the performance of the FDT with preconditioner outperforms concatenate FDT and

imperfect FDT.
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Figure 3.13: Comparison of the trajectories from the perfect 4D stochastic climate
model (3.36), approximate model (3.38), the smoother mean time series, and
the sampled trajectories based on the approximate model. Blue curves: perfect
model trajectories; red curves: approximate model trajectories; orange curves:
the smoother mean time series; green curves: sampled trajectories. Panel (a):
trajectories; Panel (b): PDFs.
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the perfect model where the equilibrium PDF is from the perfect model (3.36);
Panel (b): preconditioner model where equilibrium PDF is from (3.4) where true
observations and approximate model are utilized in computing KH(X − Xobs(ti))
and pM|obs(Y|X(s 6 ti)); Panel (c): concatenate model where the equilibrium
PDF peq is from the simple concatenation of the observations, i.e., the trajectories
of observed variables x1 and x2 from the perfect model (3.36) and the trajectories
of the hidden variables y1 and y2 from the approximate model (3.38) free-run;
Panel (d): the imperfect model where the equilibrium PDF is from the approximate
model (3.38).
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3.7 Discussion and Conclusions

In this paper, the skill of a rich class of nonlinear stochastic models, known as the

“conditional Gaussian nonlinear system” (CGNS) (3.2), as both a cheap surrogate

model and a fast preconditioner is explored to advance many computationally chal-

lenging tasks in complex nonlinear systems. The CGNS not only preserves the main

underlying physics of nature but reproduces the observed intermittency, extreme

events and other non-Gaussian features as well. The closed analytic formula of

solving the conditional statistics facilitates the development of many mathematical

theories and fast numerical algorithms. Three topics are covered in this paper. First,

the closed analytic formulae of the conditional statistics of the CGNS allow an

efficient and accurate data assimilation scheme. It is shown in Section 3.4 that the

data assimilation skill of a suitable CGNS approximate forecast model outweighs

the EnKBF applying directly even to the perfect model in the presence of strong

nonlinear and turbulent features. The latter may suffer from filter divergence when

the observational process is highly nonlinear with small observational uncertain-

ties. Second, as is shown in Section 3.5, the CGNS allows the development of a fast

algorithm for simultaneously estimating the parameters and the unobserved state

variables with uncertainty quantification in the presence of only partial observa-

tions. Utilizing an appropriate CGNS as a preconditioner significantly reduces the

computational cost in accurately estimating the parameters in the original complex

system. The same CGNS can also serve as a surrogate model for reproducing the

large-scale dynamics and statistics of nature and can be applicable to ensemble

forecast. Finally, the CGNS advances rapid and statistically accurate algorithms for
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both computing the probability density function and sampling the trajectories of the

unobserved state variables. Showing in Section 3.6, these fast algorithms facilitate

the development of an efficient and accurate data-driven method for predicting

the linear response of the original system with respect to parameter perturbations

based on a suitable CGNS preconditioner.

Several important topics are remained as future work. First, it is crucial to sys-

tematically determine the CGNS approximate model. A promising approach is to

write down the general structure of (3.12) and then apply a parameter estimation

algorithm together with certain sparse identification method to prevent the overfit-

ting issue. Second, it is of practical significance to develop further pathways that

allow to apply the CGNS to more complicated systems and explore the approximate

errors. Incorporating the CGNS into intermediate complicated models or even

certain versions of the general circulation models (GCMs), say for climate science

or geophysics, can be interesting and practically useful tasks. Finally, the CGNS

may have the potential to combine with machine learning algorithms to advance

the ensemble forecast. One possible direction is to exploit the analytic formula in

(3.9) for the ensemble forecast, where the complicated nonlinear interactions in

solving the conditional distributions can be replaced by a cheaper machine learning

architecture.
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4 efficient nonlinear filtering, smoothing, forward

and backward sampling algorithms for partially

observed complex turbulent nonlinear dynamical

systems with intermittency and extreme events

4.1 Introduction

State estimation of unobserved or unresolved variables in complex nonlinear tur-

bulent dynamical systems, given partially observed time series, is an important

topic in practice. Filtering is one of the most widely used approaches for state

estimation (Kalnay, 2003; Lahoz et al., 2010; Majda and Harlim, 2012a; Evensen,

2009; Law et al., 2015), where the estimated state is given by the so-called posterior

distribution. One major advantage of the filtering technique is that it adopts the

observational information only up to the current time instant and thus the filter

estimate is used as an improved initialization for real-time prediction. On the

other hand, the smoothing technique (Rauch et al., 1965; Särkkä, 2013) exploits

the information in the entire observational period, including both the past and the

future data, and it is extensively used for postprocessing. Due to the extra obser-

vational information, the state estimation from smoothing is expected to be more

accurate and less uncertain than that from filtering, at least in the perfect model

setup. When the underlying dynamics and the observational operator are linear

and the system and observational noises are Gaussian, the corresponding filtering
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and smoothing techniques are the celebrated Kalman filter and the Rauch-Tung-

Striebel (RTS) smoother (Kalman and Bucy, 1961; Bucy and Joseph, 2005; Rauch

et al., 1965). On the other hand, strong nonlinear and non-Gaussian phenomena,

including intermittency and extreme events (Farazmand and Sapsis, 2018; Denny

et al., 2009; Mohamad and Sapsis, 2015), are key features in nature. Thus, a large

number of numerical or approximate methods have been proposed for filtering

nonlinear and non-Gaussian systems, such as the ensemble Kalman filters and

the particle (or sequential Monte Carlo) filters (Evensen, 2009; Law et al., 2015;

Anderson, 2001; Del Moral, 1997; Liu and Chen, 1998). Correspondingly, the en-

semble Kalman smoother (Evensen and Van Leeuwen, 2000) and the Monte Carlo

smoother (Kitagawa, 1996) have also been developed. These numerical methods

are widely applied in different areas and lead to great success in many practical

issues.

However, due to the considerable computational cost of simulating complex

nonlinear dynamical systems, especially in high dimensions, the number of the

particles or ensembles that are allowed to use in these numerical methods are very

limited. This may lead to a significant bias in the state estimation of nonlinear

systems and even a finite-time blowup of the solution (Harlim et al., 2010; Gottwald

and Majda, 2013). In addition, the Gaussian approximation in the ensemble Kalman

filter/smoother and the insufficient number of samples in the particle methods

may end up with large errors in recovering the non-Gaussian probability density

functions (PDFs) and predicting extreme events. Various remedies, such as noise

inflation, localization and resampling, have been developed (Greybush et al., 2011;
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Anderson, 2001; Hol et al., 2006), which improve the numerical behaviors of these

particle based methods. Nevertheless, incorporating closed analytic formulae into

the state estimation algorithms is highly preferable for enhancing the computational

efficiency as well as promoting the accuracy of capturing salient non-Gaussian

features such as rare and extreme events. The closed analytic formulae also facilitate

the theoretic study of the error and uncertainty in state estimation.

In this article, a recently developed nonlinear modeling framework (Liptser and

Shiryaev, 2013; Chen and Majda, 2016a, 2018a), called conditional Gaussian nonlin-

ear models, are used to study the filter-based and smoother-based nonlinear state

estimation. One of the main advantages of such models is that closed analytic for-

mulae are available for the nonlinear optimal filter and nonlinear optimal smoother,

which facilitate rigorous mathematical analysis and efficient numerical simulations.

The conditional Gaussian models are highly nonlinear and non-Gaussian, where

both the joint and marginal PDFs can be skewed with fat tails. Extreme events, in-

termittency and highly nontrivial nonlinear interactions between different variables

all appear in the conditional Gaussian systems. The name “conditional Gaussian”

comes from the fact that once the trajectories of a subset of the variables are given,

the statistics of the remaining variables conditioned on the given trajectories are

Gaussian. A gallery of examples of conditional Gaussian systems in engineering,

neuroscience, ecology, fluids and geophysical flows can be found in (Chen and

Majda, 2018a).

In addition to the point-wise state estimation using filtering or smoothing tech-

niques, another important and highly relevant topic is to sample the trajectories of
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the hidden variables conditioned on the observations. These conditional sampled

trajectories are completely different from the time series by connecting independent

samples drawn from the posterior distributions at different time instants. Instead,

each point in the sampled trajectories takes into account the nonlinear temporal

dependence with those at nearby time instants. The point-wise statistics of the

sampled trajectories (namely, the statistics at each time instant) is nevertheless

consistent with the posterior distribution from filtering or smoothing. Notably,

the path-wise information provided by the sampled trajectories allows the study

of many crucial dynamical characteristics, such as the temporal autocorrelation

function (ACF) and the causality between the observed and hidden extreme events,

which are not available from the point-wise statistics using filtering or smoothing.

While sampling the hidden trajectories in general nonlinear systems can be an

extremely computationally challenging task, the conditional Gaussian nonlinear

models allow closed analytic formulae for both the filter-based forward sampling

and smoother-based backward sampling. These explicit formulae facilitate a sys-

tematic comparison of the two methods in reproducing various nonlinear and

non-Gaussian features in the hidden processes and advance the understanding of

the onset, demise and the dynamical evolution of the intermittent extreme events.

The sampled trajectories can also be used to illustrate the lack of information in the

posterior mean time series and the approximation error in the affecting the overall

dynamics by treating the posterior mean time series as a path-wise surrogate of the

hidden trajectories, which is widely used in practice.

The traditional smoother-based state estimation and the associated sampling
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approach require a forward pass of filtering the entire period before running a

backward pass for smoothing (Rauch et al., 1965). However, this is often hard to be

applied in practice since the method requires to restore the filtered state estimation

in the entire period before running the backward pass. As the dimension of the

system and the length of the observational period increase, a significant amount

of storage is required. In addition, in many practical situations new observational

data are often available in a sequential manner. Recalculating the entire forward-

backward procedure from scratch when a new observation is included can be

quite cumbersome. Therefore, it is highly desirable to develop an online version

of the nonlinear smoother and the associated online smoother-based sampling

algorithm that involve only a forward-in-time pass. As the traditional offline version,

the recursive online smoother can be expressed by closed analytic formulae with

the help of the analytically solvable conditional Gaussian statistics. The explicit

formulae of the online smoother allows using rigorous mathematical analysis and

accurate computational algorithms to understand the sequential update of the

existing state estimates, especially for the recovery of extreme events, which can be

quite challenging using the ensemble based methods. The closed form of the online

nonlinear smoother also facilitates the online parameter estimation of complex

nonlinear systems. In particular, it can be used to study the role of the observed

extreme events in improving the online parameter estimation skill.

The rest of the article is organized as follow. The conditional Gaussian nonlinear

modeling framework is presented in Section 4.2. The filter-based forward sampling

and the smoother-based backward sampling of the hidden processes are presented
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in Section 4.3. The online forward-in-time nonlinear optimal smoother and the

associated sampling algorithm are shown in Section 4.4. Section 4.5 aims at using

numerical simulations to compare the nonlinear filter and nonlinear smoother as

well as the associated sampling strategies. The focus is on the state estimation,

sampling hidden intermittent time series and detecting hidden extreme events in

various nonlinear and non-Gaussian systems. A smoother-based online parameter

estimation algorithm is shown in Section 4.6. The article is concluded in Section 4.7.

All the proofs are included in Appendix.

4.2 Conditional Gaussian Nonlinear Systems

4.2.1 Special cases

4.2.1.1 The Kalman-Bucy filter

Consider the simplified version of (3.2), where all the matrices and vectors have no

dependence on the variable X and the noises in the two processes are independent

with each other. The resulting system is then a linear model with deterministic

coefficients. In particular, the process of Y becomes independent of X. Such a

system is the classical Kalman-Bucy filter model (Kalman and Bucy, 1961; Bucy

and Joseph, 2005),

dX(t) =
[
A0(t) + A1(t)Y(t)

]
dt+ B2(t)dW2(t), (4.1a)

dY(t) =
[
a0(t) + a1(t)Y(t)

]
dt+ b1(t)dW1(t), (4.1b)
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which aims at solving the conditional distribution p(Y(t)|X(s), s 6 t). Note that

in the general conditional Gaussian nonlinear framework, the filter estimate (3.4)

involves solving a random Riccati equation for the covariance, which is not the case

in the Kalman-Bucy model since all the coefficients of the filter estimate are state

independent.

As an analog, the classical Kalman filter (Kalman and Bucy, 1961; Kalman, 1960)

is a special case of the discrete version of the conditional Gaussian systems.

4.2.1.2 Stochastic parameterizations and Lagrangian data assimilation

In many situations, the coupled system (3.2) has the following specific form,

dX(t) =
[
A0(X, t) + A1(X, t)Y(t)

]
dt+ B2(X, t)dW2(t), (4.2a)

dY(t) =
[
a0(t) + a1(t)Y(t)

]
dt+ b1(t)dW1(t), (4.2b)

where X does not appear in the process of Y. However, different from the Kalman-

Bucy filter (4.1), the process of X in (4.2a) remains highly nonlinear. The coupled

system (4.2a) has several important applications in practice.

a) Stochastic parameterization Many reduced order models involve parameter-

izing certain complicated processes, such as those related to the unresolved or the

small-scale variables. However, the deterministic parameterization may not be

sufficient to capture crucial turbulent and chaotic features. Therefore, the stochas-

tic parameterization, which is designed to include the small-scale variability and

uncertainties, becomes a widely used method in practice (Gershgorin et al., 2010b;
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Berner et al., 2017; Andrejczuk et al., 2016; Plant and Craig, 2008). One of the

typical stochastic parameterization approaches involves using linear processes with

Gaussian noises (4.2b) for describing the unresolved variables, which nevertheless

interact with the nonlinear large-scale dynamics and result in various non-Gaussian

characteristics in (4.2a).

b) Lagrangian data assimilation In Lagrangian data assimilation (Apte et al.,

2008b; Ide et al., 2002; Apte et al., 2008a), the process X represents the time evolution

of the Lagrangian trajectories, which is usually highly nonlinear. On the other hand,

the process Y describes the underlying flow field, which can be linear. The variable

Y drives the observed tracer trajectories but is not affected by the tracers. Despite

the intrinsic nonlinearity in the observed process, the coupled system belongs to

the conditional Gaussian framework, which allows an explicit formula for obtaining

the posterior estimate from the nonlinear Lagrangian data assimilation (Chen et al.,

2014b, 2015; Chen and Majda, 2016b).

4.2.1.3 Nonlinear systems retaining the conditional Gaussianity in the

reverse way

The conditional Gaussianity of p(Y(t)|X(s), s 6 t) is an important feature of the

nonlinear modeling framework (3.2). However, the conditional Gaussianity is in

general not valid in the reverse way, meaning that the conditional distribution

p(X(t)|Y(s), s 6 t) is not guaranteed to be Gaussian. Nevertheless, there is a wide

class of the nonlinear models, in which both p(Y(t)|X(s), s 6 t) and p(X(t)|Y(s), s 6
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t) are Gaussian. These models are summarized as follows,

dX(t) =
[
LXX(t)X(t) + LXY(t)Y(t) + NX(X(t), Y(t)) + FX(t)

]
dt

+ B1(t)dW1(t), (4.3a)

dY(t) =
[
LYX(t)X(t) + LYY(t)Y(t) + NY(X(t), Y(t)) + FY(t)

]
dt

+ b2(t)dW2(t). (4.3b)

In (4.3), LXX(t), LXY(t), LYX(t) and LYY(t) are deterministic functions, which are

coefficients associated with the linear terms. The noise coefficients B1(t), B2(t),

b1(t) and b2(t) are also deterministic and they do not depend on the state variables.

The two nonlinear terms NX(X(t), Y(t)) and NY(X(t), Y(t)) are bilinear.

The energy-conserving nonlinearity, also known as the physics constraints (Ma-

jda and Harlim, 2012b; Harlim et al., 2014), is satisfied in many nonlinear turbulent

systems. This implies

X ·NX(X, Y) + Y ·NY(X, Y) = 0. (4.4)

Since the first term in (4.4) in a quadratic function of X while the second term is a

quadratic function of Y, the equation of (4.4) leads to the following conditions

X ·NX(X, Y) = 0 and Y ·NY(X, Y) = 0. (4.5)
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This means the bilinear functions NX(X, Y) and NY(X, Y) have the following forms

NX(X, Y) = SX(Y)X, and NY(X, Y) = SY(X)Y, (4.6)

where SX(Y) and SY(X) are both skew-symmetric matrices. Examples of such type

of systems include many Lorenz-like systems or the Lorenz-Chen systems (Wang

and Chen, 2013; Lainscsek, 2012).

4.3 Forward and Backward Sampling of Hidden

Trajectories Conditioned on the Observations

4.3.1 Closed analytic formulae of computing the sampled

trajectories

The posterior distribution from the nonlinear filter or smoother provides the point-

wise optimal statistical state estimation. Here, “point-wise estimation” means the

state estimation at a fixed time instant. In many applications, it is also important

to sample trajectories of the hidden processes conditioned on the observations.

Unfortunately, merely using the information from the posterior distributions is not

sufficient to draw unbiased trajectories of the hidden variables conditioned on the

observations. This is because, in addition to the point-wise statistical state estimates,

each point in the sampled trajectories is required to take into account the nonlinear

temporal dependence with those at nearby time instants. In practice, the posterior
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mean time series is often used as a surrogate of the optimal trajectories of the hidden

processes conditioned on the observations. However, the posterior uncertainty and

its temporal correlation are completely ignored in such an approximation. The

consequence, which will be shown in Section 4.5, is that the posterior mean time

series fails to capture some of the key dynamical features, such as the temporal

autocorrelation function (ACF) of the underlying dynamics. Note that a naive way

of involving the posterior uncertainty in sampling hidden trajectories conditioned

on the observations is to draw independent random numbers from the posterior

distributions at different time instants and then connect them together. Yet, such an

approach will not only leads to a noisy time series but fails to capture the underlying

dynamical features as well due to the lack of incorporating the temporal correlation

of the uncertainty.

Since the trajectories of the hidden variables conditioned on the observations

allow the understanding of many dynamical features, developing an efficient and

unbiased method with rigorous mathematical evidence to sample these trajectories

has practical significance. The two theorems below provide closed analytic formulae

for sampling the hidden trajectories conditioned on the observations.

Theorem 4.1 (Nonlinear Optimal Forward Sampling Formula). Conditioned on one

realization of the observed variable X(s) for t ∈ [0, t], the optimal strategy of sampling

the trajectories associated with the unobserved variable Y at time t satisfies the following
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explicit formula,

dY = dµf +
(
a1 − (RfA∗1)(B ◦ B)−1(A1Rf)R−1

f
)
(Y − µf)dt

+
(
b ◦ b + (Rf(A1)

∗)(B ◦ B)−1(A1Rf)
)1/2dWY,

(4.7)

where WY is an independent white noise source. The ·1/2 in the second line of (4.7) is the

square root of a matrix. Since b ◦ b + (Rf(A1)
∗)(B ◦ B)−1(A1Rf) is a positive definite

matrix, the square root is unique.

See Appendix C.2 for the proof. Similar to the filtering technique, the forward

sampling formula in Theorem (4.7) is a sequential method, which makes use of

the information only in the past to compute the path-wise value at the current time

instant.

The formula in (4.7) states that the sampled trajectory of Y is based on the pos-

terior mean estimate of the filter µf (the first term on the right hand side of (4.7))

but it also includes temporal correlated uncertainties that depend on both the obser-

vations and the underlying nonlinear model. In fact, as is shown in Appendix C.2,

with the mean stability of the system being satisfied, the real part of all the eigenval-

ues of a1 − (RfA∗1)(B ◦B)−1(B ◦ b + A1Rf)R−1
f is negative, which implies that Y has

a tendency going towards the filter mean state µf. It is also worthwhile to point out

that the noise coefficient is not simply (b ◦b)1/2 as in the original model (3.2b). The

uncertainty represented by the noise also takes into account the information from

observations, which is embodied in Rf, A1 and B. Despite this noise level being

larger than (b ◦ b)1/2 in (3.2b), the equation has a much larger damping than the
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original model (3.2b) as well. Therefore, the uncertainty, represented by the equi-

librium variance, in the sampled Y conditioned on the observations (4.7) is lower

than the Y resulting from a free run of the coupled model (3.2). The reduction of

the uncertainty comes from the information of the given observational time series.

Another useful conclusion that can be drawn from (4.7) is the following. The

residual of the sampled trajectory Y with respect to the filter mean state µf is

Y′ = Y − µf, which satisfies the equation

dY′ =
(
a1 − (RfA∗1)(B ◦ B)−1(A1Rf)R−1

f
)
Y′dt

+
(
b ◦ b + (Rf(A1)

∗)(B ◦ B)−1(A1Rf)
)1/2dWY.

(4.8)

This indicates that time series of the residual, which reflects the uncertainty in

the sampled trajectory, does have a highly non-trivial temporal dependence. The

temporal dependence of Y′ in (4.8) is very different from that of Y in the original

system (3.2b). In fact, consider the simplest situation that both X and Y are one-

dimensional variables and all the coefficients are constants with A1 < 0 and a1 < 0

(and therefore Rf converges to a constant). Then the decorrelation time, which

measures the memory of a stochastic system, is 1/(−a1) and 1/(−a1 + (RfA∗1)(B ◦

B)−1(A1Rf)R−1
f ) for the original system (3.2b) and the residual of the sampled

trajectory (4.8), respectively. Such a difference is due to the extra information

provided by the observations, which is incorporated into the sampled trajectories.

The above forward sampling formula is based on the nonlinear filter estimate

(see also Corollary 4.4 below). Since the nonlinear smoother provides a more

accurate and less uncertain state estimation, it is natural to study the smoother-
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based sampling formula.

Theorem 4.2 (Nonlinear Optimal Backward Sampling Formula). Conditioned on

one realization of the observed variable X(t) for t ∈ [0, T ], the optimal strategy of sampling

the trajectories associated with the unobserved variable Y at any time t ∈ [0, T ] satisfies the

following explicit formula,

←−
dY =

(
− a0 − a1Y

)
dt+ (b ◦ b)R−1

f
(
µf − Y

)
dt+

(
b ◦ b

)1/2dWY, (4.9)

where WY is an independent white noise source. As in Theorem 4.1, the square root of b ◦b

is unique. In (4.9), the left hand side is understood as

←−
dY = lim

∆t→0
Y(t) − Y(t+ ∆t).

The formula (4.9) starts from t = T and it is run backwards towards t = 0. Therefore, it is

named as a backward sampling formula. The initial value of Y in (4.9) is drawn from the

conditional Gaussian distribution from filtering N(µf(T), Rf(T)) due to the fact that the

filter and the smoother estimates are the same at the end point.

The proof of Theorem 4.2 is similar to that in Theorem 4.1 but makes use of the

nonlinear smoother estimate in (3.6). See (Chen and Majda, 2020) for the details.

Comparing with the true underlying dynamics of Y in (3.2b), the backward

sampling equation (4.9) involves an extra term (b◦b)R−1
f
(
µf−Y

)
dt. This correction

term is similar to the one in the nonlinear smoother mean equation (3.6a), which

takes into account the information from observations and builds a connection
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between the nonlinear smoother and the backward sampling. In light of (3.6a), an

alternative way of backward sampling formula is given as follows.

Corollary 4.3 (An Alternative Backward Sampling Formula).

←−
dY =

←−−
dµs −

(
a1 + (b ◦ b)R−1

f
)
(Y − µs)dt+

(
b ◦ b

)1/2dWY. (4.10)

See Appendix C.2.2 for the proof. The result in (4.10) illustrates that the sampled

trajectory indeed meanders around the smoother mean state, which is an analogy

to (4.7). Similar to the argument in the forward sampling formula, the uncertainty

in the trajectory computed from the backward sampling formula (4.9) or (4.10) is

smaller than that of Y from a free run of the original model (3.2), as a result of the

extra information provided by the observations.

The following two corollaries make connections between the point-wise statistics

of the sampled trajectories and the filter/smoother posterior estimates. The proofs

are shown in Appendices C.2.3 and C.2.4.

Corollary 4.4 (Forward sampling and nonlinear filter). The conditional Gaussian non-

linear filter estimate (3.4) can be recovered by applying a mean-fluctuation decomposition

to the forward sampling equation (4.7).

(a.) The ensemble average of the forward sampling equation (4.7) is the time evolution of

the posterior mean equation (3.4a).

(b.) The ensemble average of the quadratic form of the residual equation of (4.7) is the

time evolution of the covariance equation (3.4b).
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Corollary 4.5 (Backward sampling and nonlinear smoother). The conditional Gaus-

sian nonlinear smoother estimate (3.6) can be recovered by applying a mean-fluctuation

decomposition to the backward sampling equation (4.9).

(a.) The ensemble average of the forward sampling equation (4.9) is the time evolution of

the posterior mean equation (3.6a).

(b.) The ensemble average of the quadratic form of the residual equation of (4.9) is the

time evolution of the covariance equation (3.6b).

4.3.2 Path-wise error in the posterior mean time series and the

sampled trajectories

In many applications, the skill of filtering is quantified by the path-wise error in the

filtered posterior mean time series related to the truth. The motivation of adopting

such an approach is that for Gaussian posterior distribution the posterior mean

estimate at each fixed time instant is the point-wise maximum likelihood estimate.

In addition, the path-wise error between the posterior mean time series and the

truth is easy to compute in practice. However, computing the path-wise error in the

posterior mean time series completely ignores the posterior uncertainty, which is

also a time-dependent function and contains significant amount of information of

the posterior estimate. Besides, the posterior mean time series is simply a collection

of the point-wise maximum likelihood estimates, which is not even dynamically

consistent with the underlying model. On the other hand, since the sampled

trajectories from either (4.7) or (4.9) take into account the posterior uncertainty and
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temporal correlations, assessing the path-wise error in these sampled trajectories can

be a more suitable choice in certain circumstances, especially for understanding the

dynamical behavior of the unobserved processes conditioned on the observations.

This subsection focuses on comparing the path-wise error in the posterior mean

time series and that in the sampled trajectories. The root-mean-squared error

(RMSE) and the anomaly pattern correlation (Corr) are the two most widely used

path-wise measurements in practice (Taylor, 2001; Houtekamer and Mitchell, 1998;

Lermusiaux, 1999; Kalnay, 2003; Hendon et al., 2009; Kim et al., 2012). The path-

wise error is often computed for each dimension of the state variable. Denote

Y(t) the one-dimensional true time series and Ŷ(t) a sampled trajectory of Y from

the filter-based forward sampling conditioned on the observations (4.7). Denote

Y(t) = E(Ŷ(t)) the posterior mean time series from filtering, where the expectation

is taken over all the ensembles at a fixed time instant. Denote 〈Y〉 = 1
T

∫T
0 Y(t)dt the

time average of Y(t). Let 0 = t1 6 t2 6 . . . 6 tn−1 6 tn = T be a partition of the

time interval with equal distance, and Yi stands for Y(ti). The RMSE and the Corr

between the posterior mean time series and the true trajectory are defined as

RMSE =

√∑n
i=1(Yi − Yi)

2

n
, (4.11)

Corr =
∑n
i=1(Yi − 〈Y〉)(Yi − 〈Y〉)√∑n

i=1(Yi − 〈Y〉)2
√∑n

i=1(Yi − 〈Y〉)2
. (4.12)

Similarly, the RMSE and the Corr using the sampled trajectory have the same

formulae (4.11)–(4.12) except that Yi is replaced by Ŷi. Clearly, the uncertainty

in the posterior estimate does not appear in the path-wise measurements (4.11)–
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(4.12) using the posterior mean time series. The following proposition builds a

connection between the RMSE in the posterior mean time series and that in the

sampled trajectory from (4.7), where the latter takes into account both the averaged

error and the uncertainty.

Proposition 4.1. The expected squared error in Ŷ(t) related to the truth Y(t) is given by

E

[
1
n

n∑
i=1

(
Y(ti) − Ŷ(ti)

)2
]

= E

[
1
n

n∑
i=1

(
Y(ti) − Y(ti) + Y(ti) − Ŷ(ti)

)2
]

= E

[
1
n

n∑
i=1

(
Y(ti) − Y(ti)

)2
]
+ E

[
1
n

n∑
i=1

(
Y(ti) − Ŷ(ti)

)2
]

=
1
n

n∑
i=1

(
Y(ti) − E

[
Ŷ(ti)

])2
+ E

[
1
n

n∑
i=1

(
E
[
Ŷ(ti)

]
− Ŷ(ti)

)2
]

,

(4.13)

where the fact E
[
Ŷ(ti)

]
= Y(ti) is used in the last equality, which comes from Corollary 4.4.

This is actually the bias-variance decomposition (Kohavi et al., 1996), where the

first term is the bias while the second term is the variance. Notably, the bias part is

exactly the square of the traditional RMSE in the posterior mean time series (4.11).

The variance part quantifies additional uncertainties in the sampled trajectory

beyond the variation of the posterior mean time series. Such additional uncertainties

are provided by the posterior covariance at each time instant, which are often

ignored in many applications that take into account only the posterior mean time

series.
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The next goal is to study the difference in the anomaly pattern correlation

between using the posterior mean time series and the sampled trajectories.

Proposition 4.2. The anomaly pattern correlation (Corr) between the sampled trajectory

Ŷ(t) and the truth Y(t) is given by

Corr (Ŷ, Y) =
∑n
i=1(Ŷi − 〈Ŷ〉)(Yi − 〈Y〉)√∑n

i=1(Ŷi − 〈Ŷ〉)2
√∑n

i=1(Yi − 〈Y〉)2

=

∑n
i=1(Yi − 〈Y〉)(Yi − 〈Y〉) +

∑n
i=1 Y

′
i(Yi − 〈Y〉)√∑n

i=1(Yi − 〈Y〉)2 +
∑n
i=1(Y

′
i)

2
√∑n

i=1(Yi − 〈Y〉)2

= Corr (Y, Y) · α,

(4.14)

where the constant 0 6 α 6 1

α =

√∑n
i=1(Yi − 〈Y〉)2√∑n

i=1(Yi − 〈Y〉)2 +
∑n
i=1(Y

′
i)

2
, (4.15)

and Y′i = Yi − Yi is the residual part of the sampled trajectory related to the posterior mean,

the time average of which is zero since the posterior distributions are all Gaussian.

Note that the time series of Y′, according to (4.7), satisfies a linear Gaussian

equation (Y′ = Y − µf in the notation there and Y′ is one entry of the vector Y′),

which does not depend on Y. Therefore, Corr(Y′, Y) is zero. This fact has been used

in deriving the last equality of (4.14).

Proposition 4.2 implies that the anomaly pattern correlation between the sam-

pled trajectory and the truth Corr(Ŷ, Y) equals to that between the posterior mean
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time series and the truth Corr(Y, Y) multiplied by a factor α that depends on the

filter uncertainty (Y′i)
2. When the filter uncertainty increases, α becomes small.

Since 0 6 α 6 1, Corr(Ŷ, Y) is always smaller than Corr(Y, Y). Only in the limit-

ing situation that the posterior uncertainty goes to zero, Corr(Ŷ, Y) converges to

Corr(Y, Y).

Despite the wide applications of the RMSE and Corr, these two path-wise

measurements are not suitable indicators to quantify the temporal dependence of

the points on each time series. Another important quantity in assessing the path-

wise behavior is the temporal autocorrelation function (ACF). The ACFs associated

with the truth and the posterior mean time series are given by

ACFY(s) =
E[(Yt − Y∞)(Yt+s − Y∞)]

Var(Y∞) , (4.16)

ACFY(s) =
E[(Yt − Y∞)(Yt+s − Y∞)]

Var(Y∞)
, (4.17)

respectively, where Var(Y∞) and Var(Y∞) are the equilibrium variances. Note that

computing the ACF requires the underlying dynamics to be stationary. In practice,

the sample variance is often used as an approximation in calculating the ACF. For

the theoretic discussions here, let us assume the underlying coupled system is

linear with Gaussian noise, which guarantees the stationarity condition. In such a

situation, the posterior variance also goes extensionally to a constant after a short

relaxation period.

Below, let us compare the temporal ACF of the posterior mean time series and

that of the sampled trajectory.
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Proposition 4.3. The temporal ACF of the sampled trajectory Ŷ is given by

ACFŶ(s) =
E[(Ŷt − Ŷ∞)(Ŷt+s − Ŷ∞)]

Var(Ŷ∞)
=

E[(Y′t + Yt − Y∞)(Y′t+s + Yt+s − Y∞)]

Var(Y′∞ + Y∞)

=
E[(Yt − Y∞)(Yt+s − Y∞)]

Var(Y′∞) + Var(Y∞) +
E[Y′tY′t+s]

Var(Y′∞) + Var(Y∞)
= ACFY · β1 + ACFY′ · β2,

(4.18)

where the constants 0 6 β1,β2 6 1

β1 =
Var(Y∞)

Var(Y′∞) + Var(Y∞) , β2 =
Var(Y′∞)

Var(Y′∞) + Var(Y∞) (4.19)

and β1 + β2 = 1.

It is important to note that the temporal ACF of Y′ is not zero because Y′ satisfies

a dynamical equation (4.7) (Y′ = Y − µ) with a finite damping rate. This is very

different from the anomaly pattern correlation in (4.18) where Y′ has no contribu-

tion in (4.18). The integration of the ACF is a crucial quantity and is named as the

decorrelation time (Gardiner, 2004), which measures the memory of the system.

The decorrelation time of the sampled trajectory can thus be smaller, equal or larger

than that of the posterior mean time series.

Similar arguments can be made for the sampled trajectories based on the smoother-

based backward sampling method (4.9). In fact, the ACF of the backward sampled

trajectory can perfectly reproduce the truth while that associated with the (filter

or smoother) posterior mean time series contains a bias (see the numerical experi-
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ments in Section 4.5). This also justifies the fact that the posterior mean time series

is not dynamical consistent with the truth while the sampled trajectory takes into

account the uncertainty and its temporal dependence, which is a more suitable way

as a path-wise surrogate of the true signal.

4.3.3 Equilibrium PDFs

In addition to the path-wise errors, quantifying the skill in reproducing the model

statistics is another important task. Assume the coupled system (3.2) is stationary

and ergodic. It is easy to argue that the posterior mean time series from either

filtering or smoothing is unable to recover the equilibrium PDF of the unobserved

variable Y due to the lack of including the posterior uncertainty. On the other hand,

the sampled trajectories provide a new efficient way of computing such a PDF,

which can also be applied to high-dimensional systems and outweighs the classical

numerical approaches of solving the Fokker-Planck equation (Gardiner, 2004).

Theorem 4.6. Assume the coupled system (3.2) is ergodic. Further assume one realization

of the observed variable X(t) is available, where the length of this time series goes to infinity.

Then the equilibrium PDF of Y from the underlying model equals the PDF by collecting

all points in the trajectory from the forward sampling (4.7). It also equals the PDF by

collecting all points in the trajectory from the backward sampling (4.9).

The proofs can follow the procedure provided in (Chen and Majda, 2017, 2018b)

and use the ergodic property.
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4.4 An Online Nonlinear Smoother Algorithm and

the Associated Sampling Procedure

The standard smoother technique (Rauch et al., 1965; Simonoff, 2012; Law et al.,

2015; Chen and Majda, 2020) involves a forward pass using a specific filtering

method followed by a backward pass to obtain the optimal state estimation. This

forward-backward algorithm is quite useful for offline postprocessing the data.

However, in many practical situations new observational data are often available in

a sequential manner. Recalculating the entire forward-backward procedure from

scratch when a new observation is included can be quite cumbersome. Therefore, an

online version of the nonlinear smoother that requires only forward-in-time model

integrations is highly desirable, which aims at updating the existing estimated

states when new observational data arrive sequentially. While particle or ensemble

methods can be applied to general nonlinear systems (Evensen and Van Leeuwen,

2000; Olsson et al., 2017), the conditional Gaussian nonlinear framework allows us

to use closed analytic formulae to derive such an online nonlinear smoother, which

facilitates understanding the associated mathematical and numerical properties.

4.4.1 An online forward-in-time nonlinear smoother algorithm

For the convenience of discussion, consider the time discretization of the gen-

eral conditional Gaussian nonlinear system (3.2) based on the Euler-Maruyama

scheme (Gardiner, 2004) with a small time step ∆t = tj+1 − tj. Denote X =

{X0, X1, X2, . . . } and Y = {Y0, Y1, Y2, . . . , } the time series of the observed and un-
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observed variables at discrete time instants, respectively, where Xj = X(tj) and

Yj = Y(tj).

Lemma 4.7. The conditional distribution

p(Yj|Yj+1, Xs, s 6 j) ∼ N(mj, Pj) (4.20)

is Gaussian, where the conditional mean mj and conditional covariance Pj satisfy the

following equations

mj = µjf + Cj
(
Yj+1 − aj0∆t− (I + aj1∆t)µ

j
f
)
, (4.21a)

Pj = Rjf − Cj
(
bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆t)∗

)
(Cj)∗, (4.21b)

and the auxiliary matrix Cj is given by

Cj = Rjf(I + aj1∆t)∗
(
bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆t)∗

)−1. (4.22)

Denote µn,j
s and Rn,j

s the smoother mean and the smoother covariance at time

t = tj conditioned on a realization of X up to time t = tn, respectively, where j 6 n.

With Lemma 4.7 in hand, the online forward-in-time nonlinear optimal smoother

estimate of the conditional Gaussian system (3.2) is given as follows.

Theorem 4.8 (Online Nonlinear Optimal Smoother). Assume the observational data

X0, X1, X2, . . . is given sequentially. When a new observation Xn is available, it is used to

update all the existing nonlinear optimal smoother estimates at time instants j 6 n− 1 and

provide a new state estimate at j = n. The nonlinear smoother estimatep(Yj|Xs, 0 6 s 6 n)
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is conditional Gaussian,

p(Yj|Xs, 0 6 s 6 n) ∼ N(µn,j
s , Rn,j

s ). (4.23)

The conditional mean µn,j
s and the conditional covariance Rn,j

s for 0 6 j 6 n− 1 satisfy

the following recursive formulae,

µn,j
s = µn−1,j

s − Dn−2,jµn−1,n−1
s + Dn−1,jµn,n

s + Dn−2,jmn−1
1 ,

Rn,j
s = Rn−1,j

s − Dn−2,jRn−1,n−1
s (Dn−2,j)∗

+ Dn−1,jRn,n
s (Dn−1,j)∗ + Dn−2,jPn−1(Dn−2,j)∗,

(4.24)

where each smoother estimate (µn,j
s , Rn,j

s ) is obtained by updating that from the previous

step (µn−1,j
s , Rn−1,j

s ). The coefficients of the update in (4.24) are calculated forward-in-time

in the following way

Dn−1,n = I, for n > 0,

Dn−1,n−1 = mn−1
0 , for n > 1,

Dn−1,j = Dn−2,jmn−1
0 , for n > 2 and j = 0, . . . ,n− 2.

(4.25)

In (4.24)–(4.25), the auxiliary terms are given by

mn−1
0 = Cn−1,

mn−1
1 = µn−1

f − Cn−1(an−1
0 ∆t+ (I + an−1

1 ∆t)µn−1
f ),

Pn−1 = Rn−1
f − Cn−1(bn−1 ◦ bn−1∆t+ (I + an−1

1 ∆t)Rn−1
f (I + an−1

1 ∆t)∗)(Cj)∗,
(4.26)
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and the auxiliary matrix Cn−1 is defined in (4.22).

Finally, when j = n, the smoother and the filter estimates are the same, namely µn,n
s =

µnf and Rn,n
s = Rnf at the end point.

The proof is shown in Appendix C.3.2. Theorem 4.8 provides an optimal online

update the state estimate (µn,·, Rn,·) based on the smoother estimate using the

observational information up to the previous time instant (µn−1,·, Rn−1,·) together

with some other contributions that depend only on the filter estimates. When a

new observation is available at n, all the existing state estimates (µn−1,j, Rn−1,j) are

updated accordingly. The amount of the update from (µn−1,j, Rn−1,j) to (µn,j, Rn,j)

can be significant when j is close to n but the influence of the new observations on

the existing states decays when j� n. On the other hand, the smoother estimate

simply becomes the filter one at the endpoint, namely j = n.

Another form of the online nonlinear smoother, which is equivalent to that in

Theorem 4.8 but is more intuitive in understanding the recursive relationship, is as

follows.

Theorem 4.9 (Equivalent Formulae of the Online Nonlinear Optimal Smoother).

An equivalent form of the online nonlinear optimal smoother is given as follows

µn,j
s = µn−1,j

s + Dn−2,j(µn,n−1
s − µn−1,n−1

s ),

Rn,j
s = Rn−1,j

s + Dn−2,j(Rn,n−1
s − Rn−1,n−1

s )(Dn−2,j)∗,
(4.27)
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where the coefficient Dn−2,j is updated using (4.25) and

µn,n−1
s = mn−1

0 µn,n
s + mn−1

1 ,

Rn,n−1
s = mn−1

0 Rn,n
s (mn−1

0 )∗ + Pn−1,
(4.28)

where mn−1
0 , mn−1

1 , and Pn−1 are the same as those in (4.26).

Based on Theorem 4.8, an algorithm associated with the online smoother up-

date (4.27) is summarized in Algorithm 3.

Figure 4.1 provides an intuitive way of understanding the forward and backward

smoother estimates. For the convenience of discussion, only the smoother mean

µ·,·s is shown. The same argument applies to the smoother covariance R·,·s .

Each row, for example the last one in the red dashed box, can be understood

as the procedure of the backward smoother estimate given a batch realization

{X0, . . . , Xn}. It requires a forward pass for computing the filter estimate and a

backward pass for calculating the smoother estimate. It is known as forward

filtering backward smoothing. On the other hand, each column shows the update

of the smoother estimate at a fixed time j in the online forward-in-time smoother

algorithm (Theorem 4.9) when new observations arrive sequentially.

Figure 4.1 can also be used to explain the forward-in-time update formulae (4.27).

Recall that each row represents the smoother estimates based on currently available

observations. Assume the current time instant is n − 1, and therefore the last

element is µn−1,n−1
s . When a new observation is available at time n, the smoother

estimate at j = n− 1 is updated to µn,n−1
s . Such an update is indicated by the last
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green dashed box in Figure 4.1 and it appears on the right hand side of (4.27). Now

let us rewrite the first equation in (4.27) in the following form,

µn,j
s − µn−1,j

s = Dn−2,j(µn,n−1
s − µn−1,n−1

s ),

where the left hand side is represented by the first a few green dashed boxes in

Figure 4.1. Clearly, the amount of the update from n− 1 to n observations for the

existing state estimation at j is proportional to that at the most recent time instant

n− 1 via the matrix Dn−2,j.

μ0,0
s

μ1,0
s μ1,1

s

μ2,0
s μ2,1

s μ2,2
s

…

… … …

μj,0
s μj,1

s μj,2
s μj,j

s

… … …

…μn−1,0
s μn−1,1

s μn−1,2
s μn−1,j

s

…

… μn−1,n−1
s

…μn,0
s μn,1

s μn,2
s μn,j

s … μn,n−1
s μn,n

s

:   Forward
:   Backward

Figure 4.1: Annotation of forward and backward smoother mean. Smoothing parts
only.
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Algorithm 3: Online Smoother Estimate

1 Give the first observation X0; Initialize conditional mean µ0, and conditional

covariance R0 ;

2 for n = 0, 1, . . . do

3 Compute the conditional mean at the last time step: µn,n
s = µnf ;

4 Compute the conditional covariance at the last time step: Rn,n
s = Rnf ;

5 Compute mn−1
0 , mn−1

1 , and Pn−1 using (4.26);

6 for j = 0 : n− 1 do

7 Compute Dn−1,j using (4.25);

8 Compute µn,j
s and Rn,j

s using (4.24)

Therefore, for the sake of understanding the update in the online smoother, it is

natural to study the mathematical properties of the matrix Dn−2,j. In light of (4.25),

it is easily to see that for j 6 n− 2

Dn−2,j =

n−2∏
i=j

mi
0, and mi

0 = Ci, (4.29)

which implies the study of the auxiliary matrix Cj in (4.22),

Cj = Rjf(I + aj1∆t)∗
(
bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆)t∗

)−1.

The following proposition shows that the impact of the observation obtained from

time n on the smoother estimate at a previous time instant j will decay when n

becomes larger than j.
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Proposition 4.4. If aj1Rjf + bj ◦ bj is a positive definite matrix, then the spectral radius of

Cj in (4.22) is less than 1.

The proof is shown in Appendix C.3.4. Note that the filter covariance matrix Rjf
combines the uncertainties from both the observed and unobserved variables. If the

uncertainty in the observed processes is much smaller than that in the unobserved

processes, then the eigenvalues of bj ◦ bj will be much larger than those of Rjf . As a

consequence, the spectral of Cj is much less than 1 according to (4.22). In fact, in

such a situation, the informative new observation is able to provide a significant

amount of the update for the estimated states within a nearby time interval but its

impact on the past time instants that are far away from the current one will decay

exponentially fast. Numerical examples of a two dimensional linear Gaussian model

with exact solutions and a nonlinear dyad model with intermittent instabilities

are provided in Appendix C.4. For the latter one, the value of Cj will be smaller

when extreme events happen in the observed time series, since it gives a large

signal-to-noise ratio and reduces the uncertainty in the observations.

4.4.2 A fixed-lag online smoother approximation

As the dimension of the system and the length of the observational period increase,

the storage of the updates in the online smoothing becomes tremendous. Since

the impact of each new observation on the past time instants decays exponentially,

it is practically useful to derive a fixed-lag online smoother (Kitagawa and Sato,

2001; Cappé et al., 2006; Olsson et al., 2008), in which the impact region of each

new observation is assumed to be finite and is predetermined.
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Assume the predetermined size of the impact region (i.e., the lag) is L. The

fixed-lag online smoother estimate is given by following formulae.

µn,j
s =


µn−1,j

s , j 6 n− 1 − L,

µn−1,j
s + Dn−2,j(µn,n−1

s − µn−1,n−1
s ), n− L 6 j 6 n− 1,

(4.30a)

Rn,j
s =


Rn−1,j

s , j 6 n− 1 − L,

Rn−1,j
s + Dn−2,j(Rn,n−1

s − Rn−1,n−1
s )(Dn−2,j)∗, n− L 6 j 6 n− 1.

(4.30b)

The explicit form of Cj can be used as a reference of choosing the lag L.

4.4.3 A forward-in-time smoother-based sampling algorithm

Theorem 4.8 provides an optimal online way of state estimation at each time instant

tj adjusted from the existing values when new observations are available. Corre-

sponding to this online smoother, an online sampling algorithm can be developed.

Note that this online sampling algorithm makes use of the smoother-based state es-

timation, which is different from the forward sampling based on the filter estimates

in Theorem 4.1.

Theorem 4.10 (Nonlinear Optimal Smoother-Based Forward-in-Time Sampling

Algorithm). Assume the observational data X0, X1, X2, . . . is given sequentially. When a

new observation Xn is available, it is used to update all the existing the mean and covariance

(mn,j
s , Pn,j

s ) of the conditional distribution p(Yj, Yj+1|Xs, s 6 n) at time instants j 6 n−1
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and provide a new estimate at j = n. Such an estimate leads to the following sampling of

the hidden trajectories

Yj+1 ∼ N(mn,j
s , Pn,j

s ), j 6 n− 1, (4.31)

where
mn,j

s = µn,j+1
s + Rn,j+1

s (Cj)∗(Rn,j
s )−1(Yj − µn,j

s ),

Pn,j
s = Rn,j+1

s − Rn,j+1
s (Cj)∗(Rn,j

s )−1(Cj)Rn,j+1
s .

(4.32)

In (4.32), the smoother mean and covariance (µn,j
s , Rn,j+1

s ) is updated using (4.24) from

n− 1.

The proof is shown in Appendix C.3.5. Clearly, given all the smoother estimates,

the sampling step is forward-in-time since Yj+1 depends only explicitly on Yj. This

is fundamentally different from the backward sampling formulae in (4.9).

Comparing with the filter-based forward sampling in (4.7), the smoother-based

forward-in-time sampling algorithm developed here provides more accurate sam-

pled trajectories. Yet, the computational cost of the smoother-based forward-in-time

sampling algorithm is more expensive since the conditional distribution (4.32)

needs to be re-calculated with the sequential observational data. Therefore, if

certain error is allowed, then the cheap filter-based forward sampling in (4.7) re-

mains as a good approach to generate sampled trajectories of the hidden variables

conditioned on the past observations.
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4.5 State Estimation, Sampling Intermittent Time

Series, and Detecting Hidden Extreme Events

In this section, numerical examples are used for studying the state estimation, inter-

mittency and extreme events. Throughout this section, the forward sampling stands

for the filter-based forward sampling method (4.7) while the backward sampling

means the smoother-based backward sampling approach (4.9) (or numerically its

online version (4.27)). Note that the forward sampling here should not be confused

with the online smoother-based sampling algorithm developed in Section 4.4.

4.5.1 Recovering the dynamical and statistical features of

hidden variables

In this subsection, the following nonlinear dyad model is used as a test model

to numerically illustrate the difference in the path-wise and statistical behavior

between using the filter posterior mean time series, the smoother posterior mean

time series, the sampled trajectories from the forward sampling and the sampled

trajectories from the backward sampling.

The nonlinear dyad model reads,

du =
(
(−du + cv)u+ fu

)
dt+ σudWu, (4.33a)

dv = (−dvv− cu
2 + fv)dt+ σvdWv, (4.33b)

where u and v correspond to the observed variable X and the unobserved one Y in
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the general conditional Gaussian nonlinear modeling framework (3.2), respectively.

The dyad model (4.33) is a simple nonlinear model but it contains many desirable

features that are observed in more complex turbulent dynamical systems. First,

the nonlinear dyad model has energy-conserving nonlinear interactions via the

cvu and −cu2 terms, and therefore the model belongs to the physics-constrained

nonlinear modeling framework (Majda and Harlim, 2012b; Harlim et al., 2014).

Second, the hidden variable v acts as a stochastic damping of the observed variable

u. In other words, v plays the role of triggering the extreme events in u when

−du + cv becomes positive. This allows the dyad model to be a simple test model

for understanding and predicting extreme events. Third, it is the stochastic noiseWv

that drives v above the threshold of v = du/c, which then triggers the intermittent

extreme events in u. The recovery of the hidden variable in such a “noise-driven”

process is thus a more challenging task than the models which are dominated by

the deterministic effects.

In this subsection, the focus is on studying the path-wise and statistical behavior

of the model and therefore a long trajectory with 500 units is used to eliminate

the error in reconstructing the statistics due to the insufficient number of sample

points. A short trajectory will be used in Section 4.5.2 for comparing the filter and

the smoother estimates in capturing the transient behavior of extreme events.

The following parameters are used in the tests here:

fu = 1, fv = 0, dv = 0.8, du = 0.8,

c = 1.2, σv = 2, σu = 0.5.
(4.34)
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Figure 4.2 shows a realization of the model with 500 time units. The true signal

of the observed variable u has quite a few intermittent extreme events and the

associated PDF is highly non-Gaussian with an one-sided fat tail. The true signal

of v is nearly Gaussian and it is not observed.

Panel (a) of Figure 4.3 compares the truth and the recovered PDFs of v based

on different approaches. Here, the blue curve represents the true PDF. The green

and the red curves are the PDFs associated with the posterior mean time series

resulting from the nonlinear optimal smoother (3.6a) and the nonlinear optimal

filter (3.4a), respectively. The black and the cyan curves are the sampled trajectories

from the smoother-based backward sampling (4.9) and the filter-based forward

sampling (4.7). Unlike the posterior mean time series, which is deterministic once

the observational time series is given, the randomness still exists in the sampled tra-

jectories. To take into account the uncertainty from such randomness in calculating

the statistics due to the use of a finite length of the time series, the PDFs associated

with 50 different sampled trajectories are shown for each case. The results indicate

that the difference between the PDFs resulting from different sampled trajectories

with 500 time units is small. Similar to Panel (a), Panel (b) shows the comparison

of the ACFs.

From Panel (a), it is clear that the PDFs associated with the posterior mean time

series regardless of filtering or smoothing are quite different from the truth. This is

not a surprising result because the variability of v represented by the posterior vari-

ance is not included. In contrast, the PDFs associated with the sampled trajectories

resulting from both the forward and backward sampling strategies perfectly recover
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the truth. This is a numerical evidence that supports the result in Theorem 4.6. In

Panel (b), it is shown that the ACFs associated with the posterior mean time series

also contain biases, which validate the conclusions in Proposition 4.3 that ignoring

the temporal correlated uncertainty leads to errors in recovering the dynamical

features of the underlying system. These comparisons indicate that the posterior

mean time series is not a good surrogate to reproduce the statistical and dynamical

features of the truth. On the other hand, different from a perfect match of the

PDF, the trajectories resulting from the forward sampling now leads to an error in

reproducing the ACF. Nevertheless, the trajectories from the backward sampling

remains a perfect recovery of the truth. The results here are intuitive because the

backward sampled trajectories contains extra information in “future”.

Panel (c) shows the error PDF, which is computed by first taking the difference

between the true signal and a certain recovered trajectory and then forming a PDF by

collecting all the points in the resulting time series. The recovered trajectory is either

the posterior mean time series or the sampled ones. The overall difference between

the two time series is reflected by the variance of the error PDF, which is equivalent

to the RMSE but is a more intuitive representation. The results in Panel (c) indicate

that the averaged point-wise error in the smoother mean time series is the smallest,

followed by the filter mean time series. The sampled trajectories have larger point-

wise errors resulting from the uncertainty in the posterior variance, which has

been quantified by the variance part in Proposition 4.1. Panel (d) demonstrates

the comparison of the anomaly pattern correlation, which has the same qualitative

conclusion as the error PDFs, and the numerical results here are consistent with
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the conclusions in Proposition 4.2. Note that the anomaly pattern correlation

conditioned on the phases with extreme events of u are lower than the overall

pattern correlation, where the phases with extreme events of u are defined by those

time instants when v is greater than du/c such that the damping becomes anti-

damping. The deterioration in the skill of recovering the hidden states associated

with the observed extreme events is due to the fact that the extreme events are

largely triggered by random noise in the unobserved process. Nevertheless, the

smoother has a much higher skill than the filter to recover these hidden states. In

fact, the extreme events in u happen as a consequence of the signal v being across

the threshold du/c. In other words, the occurrence of the large bursts in u acts as a

delayed response when v becomes greater than du/c. Since filtering only uses the

information in the past, the state estimation from filtering is expected to miss the

onset phase of v being across the threshold du/c. A case study will be shown in

Section 4.5.2 for a comparison of the state estimation between using filtering and

the online smoothing.

To summarize the findings in Figure 4.3, the filter or smoother posterior mean

time series contains a smaller averaged point-wise error (Panels (c) and (d)) while

the sampled trajectories share more similar dynamical and statistical features as

the true dynamics (Panels (a) and (b)). In particular, despite the optimality in

the point-wise sense, using the posterior mean time series as the surrogate for the

hidden trajectory is not a suitable choice since it misses both the basic dynamical

feature (reflected by the temporal ACF) and fails to reproduce the equilibrium

statistics of the model (e.g., the PDF). The sampled trajectories from the smoother-
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based backward sampling method can reproduce both the ACF and PDF perfectly

while those from the filter-based forward sampling method succeed in recovering

the equilibrium PDF but may contain errors in reproducing the ACF.

As a final remark of this subsection, a naive way to obtain a set of sampled

trajectories of the u that shares certain features with the specific observed one is to

plug the sampled trajectories of the hidden variable v back into (4.33a). The PDFs

of these sampled trajectories of u are nearly the same as the truth (not shown here).

However, the ACFs may contain errors. This is because plugging a fixed trajectory

of v back into the u equation to form a time series of u is equivalent to assuming

that the uncertainty of v is zero, which is not the case in the original coupled system.

On the other hand, the time series of u resulting from plugging the posterior time

series into (4.33a) even contains errors in the PDF. In Section 4.5.3, a simple but

systematic method will be developed to sample trajectories of the observed variable

for the conditional Gaussian models that retain the conditional Gaussianity in the

reverse way, as were discussed in Section 4.2.1.3. The sampled trajectories succeed

in recovering both the PDFs and ACFs of the true signals from the original model.
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Figure 4.2: A realization of the dyad model (4.33) (Panels (a) and (c)) and the
equilibrium PDFs (Panels (b) and (d)), where the parameters are given by (4.34).
In Panels (b) and (d), the black dashed curves are the Gaussian fits of the true
PDFs.
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Figure 4.3: Dyad model (4.33) with parameters (4.34). Panel (a): the truth and the
recovered PDFs of v based on different approaches. Here, the blue curve represents
the true PDF. The green and the red curves are the PDFs associated with the
posterior mean time series resulting from the nonlinear optimal smoother (3.6a)
and the nonlinear optimal filter (3.4a), respectively. The black and the cyan curves
are 50 sampled trajectories from the smoother-based backward sampling (4.9) and
the filter-based forward sampling (4.7). The truth is given in Panel (c) of Figure 4.2
and all the recovered trajectories have 500 time units as the truth. Panel (b): the
comparison of the ACFs. Panel (c): the error PDF, which is computed by first
taking the difference between the true and a certain recovered trajectory and then
forming a PDF by collecting all the points in the resulting time series. Panel (d): the
anomaly pattern correlation related to the truth. The label “extreme events” here
means the phases with extreme events in u that are defined by the corresponding v
being greater than the threshold value du/c such that v becomes anti-damping in
the observed u process.
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4.5.2 Comparing the posterior state estimation using the

nonlinear smoother and the nonlinear filter

It is important to understand quantitatively the difference between the filter and

smoother estimates and the time evolution of the estimated states. In this subsec-

tion, the nonlinear dyad model (4.33) is used again to demonstrate the difference

between the time evolutions of the filter and smoother estimates, especially at the

phases with the observed extreme events. Recall that when a new observation is

available at time t, filtering only provides the state estimation at the current time

instant t while smoothing updates all the estimated states in the past for s 6 t. The

online smoothing algorithm developed in Section 4.4 is utilized here for studying

the online update of the historical states using the nonlinear smoothing technique.

Figure 4.4 shows a comparison between the state estimations using the online

smoothing (4.27) and filtering (3.4) techniques. The parameters in (4.34) are used

to generate the true signal, which are shown in Panel (a). The black and the blue

curves are the true signals of u and v, respectively. Panels (b)–(i) demonstrate

the filter and smoother estimates as time evolves from t = 31.25 to t = 33. This

period is indicated by the red box in Panel (a). The online smoother and filter

posterior mean states are shown in the green and the red curves, respectively, and

the associated uncertainties (represented by one posterior standard derivation) are

given by the green and the red shading areas. In Panels (b)–(d), the true signal of

v remains negative and the signal u of lies in a quiescent phase. In such a situation,

both the filter and smoother mean estimates are non-informative, tracking the

equilibrium mean state of v in the original model, with large uncertainties that
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cover the true signal. At t = 32 (Panel (e)), the true signal of v exceeds the threshold

value and starts to trigger the extreme events of u. Yet, the response of u is not

instantaneous such that no obvious increase of the amplitude is observed in the

signal of u. In other words, the triggering mechanism of the observed extreme

events is not observable. Therefore, both the filter and the smoother estimates fail

to recover the true signal of v. The estimated states from filtering and smoothing

become significantly different when t = 32.25 (Panel (f)). At this time instant, the

amplitude of u has been greatly increased and thus both the filter and smoother

are able to recover the hidden state quite accurately due to a large signal-to-noise

ratio in the observed signal u. However, since the filter only estimate the state at the

current time, the underestimated amplitude of v in all the previous time instants

cannot be corrected. On the other hand, the online smoother at t = 32.25 not only

accurately detects the instantaneous state of v but makes use of such information to

remedy the estimated states in the previous time instants. In fact, the recovered

signal of v in the entire period from t = 31.75 to t = 32.25 has been revised almost

perfectly, which indicates the advantage of the smoother over the filter. In Panels

(g)–(i), the true signal of v goes back to the negative phase and the signal of u

stops increasing. Nevertheless, due to the delayed response in u to the change of v,

the large signal-to-noise ratio remains in the time series of u. As a result, both the

filter and the smoother posterior mean states capture the truth accurately with a

tiny uncertainty.
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Figure 4.4: The physics-constrained dyad model (4.33) with parameters given
by (4.34). Panel (a) shows the true signal of the observed variable u (black) and
the hidden variable v (blue). Panels (b)–(i) show the smoother and filter estimates
up to the current observed time instant, which moves forward in time. The online
smoother and filter mean states are shown in the green and red curves, respectively,
and the associated uncertainties (represented by one standard derivation) are given
by the green and red shading areas.



165

4.5.3 Sampling the observed variables

In addition to sampling the trajectories of the unobserved variables Y given a

specific observed trajectory Xobs(t), it is also practically useful to make use of these

sampled Y trajectories to generate different trajectories of the observed variables

X. These sampled X trajectories are different from those associated with a model

free run. Instead, they are based on the specific observed trajectory Xobs(t) and

take into account the model uncertainty. Meanwhile, they should share the same

dynamical and statistical features as the underlying model.

In Section 4.5.1, it has been remarked that plugging the sampled hidden trajec-

tory of Y back into the equation of the observed variables X to reach a sampled time

series of the latter violates the dynamical structure of the original coupled system.

This is because applying this plugging-in method is equivalent to assuming that

the uncertainty in the hidden process is zero. In this subsection, a dynamically

consistent method is developed for the conditional Gaussian models that retain the

conditional Gaussianity in the reverse way (see Section 4.2.1.3). It is based on the

following two-step sampling procedure:

Step 1. Given a trajectory of Xobs(t), run either the forward or backward sampling

algorithm (4.7) or (4.9) to obtain a sampled path of Y, which is denoted by

Ysmp(t).

Step 2. Since p(X(t)|Y(s)) is also a conditional Gaussian model, the forward or

backward sampling algorithm can be applied to sample a trajectory of X

conditioned on the Ysmp(t) from Step 1. The resulting sampled trajectory of
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X is denoted by Xsmp(t).

In the procedure of computing Xsmp(t), the uncertainties in both X and Y have been

taken into account. The trajectories Xsmp(t) and Xobs(t) also share many common

dynamical and statistical features.

As a test model, consider the noisy Lorenz 63 model (Lorenz, 1963),

dx = σ(y− x)dt+ σxdWx, (4.35a)

dy =
(
x(ρ− z) − y

)
dt+ σydWy, (4.35b)

dz = (xy− βz)dt+ σzdWz. (4.35c)

It is a simplified mathematical model for atmospheric convection and is widely

used as a testbed for validating numerical methods for chaotic systems. The noisy

Lorenz 63 model (4.35) is a conditional Gaussian system in two ways, that is, both

the conditional distributions p(x(t)|y(s), z(s), s 6 t) and p(y(t), z(t)|x(s), s 6 t)

for filtering are conditional Gaussian (and the same applies for smoothing). The

following parameters are adopted in the test here,

σ = 5, ρ = 38, β = 2/3, σx = σy = σz = 15. (4.36)

These parameters are different from the classical choices (σ = 10, ρ = 28 and β =

8/3). The modification of the parameters allows the system to be more turbulent,

which together with the moderately large noise coefficients leads to a noticeable

difference in the posterior mean time series and the sampled ones. Nevertheless, as
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shown in Figure 4.5, the phase plots still exhibit a butterfly profile and the trajectories

have irregular oscillation patterns. A model simulation with 500 time units is used

for the study here, which is sufficiently long to exclude obvious undersampling

bias.

Below, assume one trajectory of x (with 500 time units) is available, which

is shown in Panel (a) of Figure 4.5. Following the procedure described at the

beginning of this subsection, the forward or backward sampling method can be

applied to sample trajectories of y and z given the specific observed time series

of x. Then, conditioned on the sampled trajectories of y and z, the forward or

backward sampling algorithm is used again for sampling the trajectory of x. The

PDFs and ACFs associated with the sampled trajectories of x based on 50 repeated

experiments are shown in the first two rows in Figure 4.6. The sampled trajectories

of x from the smoother-based backward sampling method lead to a perfect recovery

of the statistics while those from the filter-based backward sampling approach

are also nearly the same as the truth. In fact, unlike the nonlinear dyad model, in

which the intermittent events are triggered by random noise in the hidden process,

the noisy Lorenz 63 model still have crucial dynamical structures dominated by

irregular oscillations. Thus, the difference in the filter-based sampling and the

smoother-based sampling methods is not that significant. As a comparison, the

third and the fourth rows show the statistics associated with the trajectories of x

which are formed by plugging the sampled trajectories of y and z into the equation

of x (4.35a) (hereafter “plugging-in” method). It is clear that non-negligible errors

exist in the ACFs.
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In addition to the skill of recovering the dynamical and statistical features of

the model, the point-wise error represented by the error PDFs in the plugging-in

approach of sampling x is significantly larger than the two-step sampling procedure

developed here. See Panel (c) in Figure 4.6. Likewise, the anomaly pattern correla-

tion in Panel (d) also indicates the advantage of the two-step sampling procedure

developed here, especially for the extreme events. The extreme events are those

with amplitude of x being greater (smaller) than 15 (−15), which is two standard

deviations from the mean value. In fact, the direct plugging-in approach can be

regarded as using an imperfect model with zero uncertainty of y and z in the second

step. It is expected that the error becomes large in the presence of model error.

Each panel in Figure 4.7 shows one sampled trajectory (black) and the proba-

bility of the area covered by the sampled trajectories. The sampled trajectories in

Panels (a) and (b) are based on the two-step sampling procedure using the filter-

based forward sampling and the smoother-based backward sampling, respectively.

Panels (c) and (d) show the sampled trajectories using the plugging-in approach

for x, based on the sampled trajectories of y and z from the forward and backward

sampling. The results in this figure confirm the statistical and dynamical behavior

shown in Figure 4.6. The sampled paths using the two-step procedure resemble

the truth while those using the plugging-in approach do not always capture the

crucial dynamical features of the true signal. The latter also have a much larger

uncertainty.



169

Figure 4.5: Noisy Lorenz 63 model (4.35) with parameters (4.36). Panels (a)–(c):
trajectories. Panels (d)–(f): marginal PDFs. Panels (g)–(i): two dimensional phase
plots. The statistics are based on a model simulation with 500 time units despite
that the trajectories shown here, for the illustration purpose, have only 15 time units
long.
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Figure 4.6: Sampling trajectories of the observed variable x in the noisy Lorenz 63
model (4.35) with parameters (4.36) given the specific observed trajectory shown
in Panel (a) of Figure 4.5. The first two rows are the statistics associated with the
sampled trajectories of x using the two-step procedure developed at the beginning
of this subsection. the third and the fourth rows show the statistics associated with
the trajectories of x which are formed by plugging the sampled trajectories of y
and z in the first step into the equation of x (4.35a). All the statistics are computed
based on time series with length of 500 time units. Panel (a): PDFs. Panel (b):
ACFs. Panel (c): error PDFs. Panel (d): anomalous pattern correlation.
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Figure 4.7: The true signal (blue) and a sampled trajectory (black) of the noisy
Lorenz 63 model (4.35) with parameters (4.36). The shading shows the probability
of the area that all the sampled trajectories cover. The four panels show the situations
using different methods to sample the trajectories of x. Panels (a)–(b): using the
two-step procedure developed at the beginning of this subsection, using filter-based
forward and smoother-based backward sampling, respectively. Panels (a)–(b):
plugging the sampled trajectories of y and z in the first step into the equation of
x (4.35a).
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4.5.4 Multiple observations in recovering stochastic

parameterizations

In all the previous examples, the observed and the hidden variables have a mutual

dependence. Therefore, one realization of the unobserved variable has only one

corresponding realization of the observed variable. On the other hand, for the

models belonging to the framework shown in Section 4.2.1.2, where the governing

equation of Y has no dependence on X, multiple observations can be used to recover

a single trajectory of the hidden variable.

As a simple illustration, consider the following so-called SPEKF model (stochas-

tic parameterized extended Kalman filter model) (Gershgorin et al., 2010b,a),

du = (−γu+ fu +w)dt+ σudWu, (4.37a)

dγ = (−dγγ+ fγ)dt+ σγdWγ, (4.37b)

where u is the observed variable and γ is the stochastic parameterization serving as

the stochastic damping of u. The nonlinear SPEKF system was first introduced for

filtering multiscale turbulent signals with hidden instabilities and has been used for

filtering and predicting complex nonlinear systems (Majda and Harlim, 2012a; Ma-

jda, 2016). Other important applications of using the SPEKF model to filter complex

spatial-extended systems include stochastic dynamical superresolution (Branicki

and Majda, 2013) and effective filters for Navier-Stokes equation (Branicki et al.,

2018). It has been shown that the SPEKF model has much higher skill than classi-

cal Kalman filters using the so-called mean stochastic model (MSM) (Majda and
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Harlim, 2012a). In (4.37a), a control termw is added, which by default is zero. The

other parameters in the test here are given as follows,

fu = 0, σu = 0.3, dγ = 1, fγ = 0.8, σγ = 1. (4.38)

These parameters allow γ to switch between positive and negative values. Once γ

becomes negative, the anti-damping leads to intermittent extreme events in u.

A single realization of γ is generated from the SPEKF model, which is illustrated

by the blue curve in the second and third row in Figure 4.8. As shown in Panel (a),

if a single observation of u is used to recover γ, then the filter estimate (the second

row) has a delayed response while the smoother estimate (the third row) can cap-

ture the timing of the negative phase of γ, which is the same as the nonlinear dyad

model. Both the filter and smoother estimates have a relatively large uncertainty,

especially at the quiescent phases. In Panel (b), L = 10 observational trajectories are

used. Such multiple observations improve the state estimation of γ in the sense that

the uncertainty of the posterior estimate is greatly reduced. Notably, the issue of

the delayed response in the filter estimate is significantly mitigated. This is because

multiple observations play the role of averaging out the noise. Therefore, the onset

of the intermittent phase is much easier to be detected. In Panel (c), again L = 1

observation is used. But different from the setup in Panel (a), a nonzero control

term w = 2 is used in the test in Panel (c). This control term plays the same role

as the multiple observations that reduce the uncertainty in recovering the hidden

trajectory and improves the accuracy in detecting the onset phase of the extreme

events. In fact, this control term leads to a larger amplitude of the observational time
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series of u, which increases the signal-to-noise ratio and provides the improvement.

Figure 4.8: The SPEKF model (4.37) with parameters in (4.38). The true signal of
the unobserved variable γ is the same in all the test. Panel (a): L = 1 observed
trajectory of u. Panel (b): multiple L = 10 observed trajectories of u. Panel (c):
L = 1 trajectory of u but a nonzero control term w = 2 is imposed. The first row
shows the observed time series of u. The second and the third rows show the true
hidden trajectory γ (blue), the filter/smoother posterior mean (thin curve) and
the filter/smoother posterior uncertainty (shading) in the form of one standard
deviation of the posterior distribution. The second row shows the results for filtering
while the third row shows those for smoothing.
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4.5.5 Lagrangian data assimilation

Lagrangian data assimilation has wide applications in practice. The state estimation

from the nonlinear smoothing technique developed here can be used as a compari-

son to explore the insufficiency in Lagrangian data assimilation in the presence of

multiple observations.

Consider a simple random incompressible flow given by the stream function (Val-

lis, 2017)

ψ = û1,0e
ix + û0,1e

iy + c.c., (4.39)

where ψ is represented by 4 Fourier modes with Fourier coefficient ûk and ‘c.c.’

denotes the complex conjugate. The stream function and the velocity field are

related via

v = ∇⊥ψ =

(
−
∂ψ

∂y
, ∂ψ
∂x

)T
. (4.40)

For both wavenumbers k = (1, 0) and k = (0, 1), the underlying dynamics of ûk is

given by

dûk = (−dkûk + fk)dt+
√

2σkdWk, (4.41)

where Wk is a complex random variable and the randomness is used to include

the unresolved small-scale features. It is clear that once the Fourier coefficients

are known, the underlying velocity is determined since the Fourier bases are de-

terministic functions. The observation is the tracer trajectory x = (x,y)T , which
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satisfies

dx = vdt+ σxdW,

=

 −ieiyû0,1 + c.c.

ieixû1,0 + c.c.

dt+ σx

 dWx

dWy

 (4.42)

where the deterministic part is the Newton’s law while the stochastic part accounts

for the small-scale noise. The parameters used here are

d1,0 = 1.0, d0,1 = 1.2, σ1,0 = σ0,1 = 1, f1,0 = f0,1 = 0, σx = 0.5. (4.43)

The coupled system (4.41)–(4.42) is a nonlinear system because x appears

in the exponential function in (4.42). Nevertheless, given the observed tracer

trajectories, the velocity field is a Gaussian process. Thus, the model belongs to the

general conditional Gaussian framework (3.2). In fact, the flow field itself does not

depends on the tracer trajectories and therefore the coupled system belongs to the

special class of the conditional Gaussian nonlinear model (4.2) and multiple tracer

observations can be used to recover the flow field.

Figure 4.9 shows the truth and the recovered flow field from the filter and the

smoother estimates. Panels (a)–(b) show the situations using L = 2 tracers while

Panels (c)–(d) correspond to the case using L = 12 tracers. Note that the degree of

freedom (DoF) of the underlying flow is DoF = 4 (in total 4 Fourier modes). With

a small number of tracers, the filter estimate is significantly less accurate than the

smoother estimate (see the pattern correlation within each panel). In fact, when
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the underlying flow has a sudden change, the filter estimate tends to have a delay

related to the truth. This can be seen for example around t = 12.4 in the second and

the fourth rows. The reason is that the tracer trajectory is the result of an integrated

effect of the underlying flow field and therefore the change of the tracer movement

does not completely synchronize with that of the underlying flow. Such a delayed

effect will be greatly mitigated when the number of the tracers becomes large, say

L = 12, in which case the filter and the smoother estimates become closer to each

other with small uncertainties. Yet, even in the situation that L�DoF, the recovered

signal still intermittently misses the true values, for example at time t = 10.5.

Figure 4.10 compares the true velocity field with the recovered ones based

on the filter and the smoother posterior mean estimates at three different time

instants t = 10.5, 12.4 and 14.0. The true flow field alternates between jet flows (e.g.,

t = 10.5) and vortices (e.g., t = 12.4). With L = 2 tracers (Panels (a)–(c)), despite

the fact that the overall patterns of the true signals are recovered by the filter and the

smoother estimates and the path-wise error is only moderate, the recovered flow

field can have a completely different pattern compared with the truth. For example,

the true flow field at t = 10.5 (Panel (a)) and t = 14 (Panel (c)) have patterns

with strong jets and strong vortices, respectively, while the recovered patterns from

the filter mean estimate are the opposite. It is important to note that at t = 12.4

(Panel (b)), all the three recovered Fourier coefficients Re[û0,1(t)], Re[û1,0(t)] and

Im[û1,0(t)] from the filter estimate nearly perfectly match the truth. The only error

in the filtered signal is the delayed response of Im[û0,1(t)]. However, even the error

in this single Fourier mode is able to cause a significant difference between the
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recovered flow pattern and the truth, where the truth is dominated by a jet along

the y-axis together with a few vortices while the jets in the filtered flow are along

the x-axis. In addition, there is no surprising that the recovered flow field from the

filter estimate is less accurate than that from the smoother. Yet, with a small number

of the tracers, larger errors also occur in the smoother estimate intermittently. Next,

when L is increased to L = 12 (Panels (d)–(f)), which is much larger than the DoF

of the underlying flow, the path-wise error in all the Fourier coefficients become

much smaller, where in particular the pattern correlations between the true signals

and the filtered ones are all beyond 0.84. However, as shown in Panels (e)–(f), the

filtered flow fields are still quite different from the truth. As a comparison, the

recovered flow fields from the smoother stay nearly the same as the truth.
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Figure 4.9: Comparison of the truth and the recovered flow field in terms of the
Fourier coefficients in the Lagrangian data assimilation framework (4.41)–(4.42).
Panels (a): the truth and the smoother estimate with L = 2 tracers. Panels (b):
the truth and the filter estimate with L = 2 tracers. Panels (c): the truth and the
smoother estimate with L = 12 tracers. Panels (d): the truth and the filter estimate
with L = 12 tracers.
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Figure 4.10: Comparison of the truth and the recovered flow field in physical
space in the Lagrangian data assimilation framework (4.41)–(4.42). Panels (a)–(c):
comparison at t = 10.5, t = 12.4 and t = 14 using L = 2 tracers, which are marked
by black dots in the first row. Panels (d)–(f): comparison at t = 10.5, t = 12.4 and
t = 14 using L = 12 tracers.
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4.6 An Online Parameter Estimation Method

Parameter estimation of complex nonlinear dynamical systems is an important

topic and a necessary precursor for effective state estimation, data assimilation

and prediction. For partially observed nonlinear systems, parameter estimation

and state estimation need to be carried out simultaneously. Approximations and

expensive numerical methods are often required for general nonlinear systems in

the presence of partial observations. Nevertheless, the closed analytic formulae

of the nonlinear smoother in Theorem 4.9 allow an efficient online parameter

estimation scheme for the conditional Gaussian nonlinear systems (3.2). In this

section, an expectation-maximization (EM) algorithm (Ghahramani and Roweis,

1999; Ghahramani and Hinton, 1996) is developed to estimate the parameters

and the hidden states alternatively, where closed analytic formulae are used in

estimating both the states and the parameters.

4.6.1 The EM algorithm

The parameter estimation aims at seeking an optimal estimation of the unknown

parameters θ by maximizing the log likelihood function. Since only the time series

of X are observed, the maximum log likelihood estimate is given by

L(θ) = log p(X|θ) = log
∫

Y
p(X, Y|θ)dY. (4.44)

The EM iteration alternates between performing an expectation (E) step, which

estimates the hidden state of Y using the current estimate for the parameters, and a



182

maximization (M) step, which computes parameters by maximizing the expected

log-likelihood found on the E step (Dembo and Zeitouni, 1986; Kokkala et al., 2014).

E-Step Compute the conditional distribution p(Y|X,θk) based on the current

parameter θk and calculate the expectation

Q(θ;θk) =
∫

Y
p(Y|X,θk) log p(Y, X|θ)dY, (4.45)

the solution of which is exactly the nonlinear smoother estimate (3.6).

M-Step Update parameters θ by solving

θk+1 = argmaxθQ(θ;θk). (4.46)

Since Y is unobserved, the conditional expectation needs to be taken for those

functions containing Y when computing the log likelihood estimate. which takes

into account the uncertainty of the estimated Y. In addition, the log likelihood

estimate only involves linear and quadratic functions of Y, which are provided by

the solutions of the smoother mean and smoother covariance (3.6). The technique

details of this online parameter estimation algorithm is shown in Appendix C.5.

In practice, the observational data of X is obtained sequentially. Therefore, the

online nonlinear smoother algorithm developed in Section 4.4 can be incorporated

into the EM algorithm. Below, numerical examples show the online update of the

estimated parameters with sequential observations.
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4.6.2 Numerical examples

4.6.2.1 The SPEKF model

The SPEKF model (4.37) is used to understand the update of the estimated pa-

rameters when the partial observational data is available sequentially. The true

parameters are the same as in (4.38) except fu = 1 and w = 0. The entire time

series of the observed variable u in the parameter estimation is shown in Panel (a)

of Figure 4.11, where the associated unobserved time series of γ is shown in Panel

(b). Recall that the unobserved variable γ serves as a stochastic damping of the

dynamics of u. When γ is below zero, extreme events are triggered in the observed

process u.

In the EM iterations, the initial guesses of the parameters are given as follows:

f(0)
u = 3, σ(0)

u = 0.8, d(0)
γ = 4, f(0)

γ = 4, σ(0)
γ = 2,

which are far away from the true values in (4.38).

Figure 4.12 shows the parameter estimation results. The green curves are the

trace plots from the offline EM algorithm given the entire observational time series

with 50 time units. The initial errors decay quite fast, and the offline algorithm

provides accurate estimations of the parameters.

Next, the online parameter estimation is carried out. A short time series in-

cluding only the first 10 time units (20% of the entire observations in Panel (a)

of Figure 4.11) is used as a start. For each EM iteration, a small amount of extra

data with 0.005 units is included sequentially. It is interesting to see that there are



184

three significant drops around k = 1600, 4000 and 5000 (marked as I, II and III in

Figure 4.12) towards the true states. The associated time instants of the sequential

input of the data are around t = 18, 30 and 35 (marked as I, II and III in Figure 4.11),

which correspond to the three extreme events in the observed time series u. These

extreme events have a large signal-to-noise ratio and are therefore able to provide

more dynamical information to the parameter estimation algorithm.
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I II III

(a) Trajectory of u
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2

3
(b) Trajectory of 

Figure 4.11: True signal (training period) of the SPEKF model (4.37) with true
parameter (4.38) (with fu = 1 and w = 0). The horizontal dashed line shows the
intermittent threshold v∗ = 0.
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Figure 4.12: Trace plots of the online and offline parameter estimation algorithms
(given in green and blue line, respectively) for the SPEKF model (4.37). Here k is
the iteration step. The black dashed line in each panel shows the true parameter
values in (4.38) with fu = 1 and w = 0.
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4.6.2.2 The noisy Lorenz 63 model

The second test example here is the noisy Lorenz 63 model (4.35). Different from

the SPEFK model where random noise in v is the triggering mechanism of the

extreme events in u, the events with large amplitudes in the noisy Lorenz 63 model

are triggered by the intrinsic chaotic nature due to the deterministic nonlinearity.

Here, the true parameters are the standard ones that allow the butterfly profiles of

the solution with some small noises,

ρ = 28, σ = 10, β = 8/3, and σx = σy = σz = 1. (4.47)

Only the time series of x is observed. The total length of the observations for the

offline algorithm is 5 time units. For the online parameter estimation, only 1 unit

of the time series is used as the start and then a small amount of extra data with

0.002 units is included sequentially for each EM iteration. The trace plots of the

online and offline algorithms are shown by green and blue curves, respectively, in

Figure 4.13. Both the online and offline algorithms have high parameter estimation

skill using even short training periods, which is due to the fact that the nonlinear

dynamics rather than the noise dominates the model behavior.

4.7 Conclusion

In this article, efficient nonlinear filtering, nonlinear smoothing, forward sampling

and backward sampling algorithms are developed for a rich class of nonlinear com-
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Figure 4.13: Trace plots of the online and offline parameter estimation algorithms
(given in green and blue line, respectively) for the noisy Lorenz 63 model (4.35).
Here k is the iteration step. The black dashed line in each subplot shows the true
parameter values in (4.47).

plex turbulent dynamical systems using only partial observations. The nonlinear

filter and the nonlinear smoother provide the optimal point-wise state estima-

tion while the optimal sampling algorithms facilitate to sample hidden trajectories

conditioned on observations. These sampled trajectories recover the temporal de-

pendence as well as many other salient nonlinear dynamical features, which cannot

be captured by the point-wise state estimation. The closed analytic formulae in

these algorithms allow them to be accurately applied to highly nonlinear systems

in large dimensions. Since sequential observations appear in many practical situ-

ations, an online nonlinear smoother and the associated sampling technique are

developed here as well. The applications of these algorithms to state estimation,
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understanding hidden extreme events, Lagrangian data assimilation, stochastic

parameterizations and parameter estimation have been illustrated with the help of

numerical simulations.

All the models considered here are perfect. One future direction of the work is

to study the model error in filtering, smoothing and sampling. Another potential

application is to make use of the sampled trajectories to quantify the uncertainty in

complex nonlinear dynamical systems.
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a appendix for bamcafe

A.1 Details about the ensemble Kalman filter and

smoother

Assume that the prior model from time tn−1 to tn is given as following form:

xMn = FM(xMn−1) + σ
M
n . (A.1)

The goal of filtering problem is to estimate the unknown true state xn, given noisy

and partial observations

yn = Hxn + σon, (A.2)

where yn is am-dimensional measurement vector, H is am by nmatrix, and σon is a

vector of unbiased Gaussian noise with variance Ron. Thus, the filtering problem can

be formulated as maximizing the conditional distribution p(xn|y1:n) sequentially for

each time t = 1, 2, · · · Based on the Bayesian’s formula, the conditional distribution

satisfies

p(xn|y1:n) ∝ p(xn|y1:n−1)p(yn|xn), (A.3)

where the prior estimates p(xn|y1:n−1) is obtained from underlying model fore-

cast (A.1) and p(yn|xn) is the likelihood of estimating xn given observation yn.

Ensemble Kalman filter (EnKF) is one of the typical methods used for filtering

the nonlinear underlying dynamics. It is based on an assumption that the prior
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distribution is approximated by Gaussian and the mean and covariance are formed

by a finite number K of sampled members. More specifically, assume that the

filtering ensemble at time tn−1 is given by {xkn−1|n−1}k=1,...,K, the forecast ensem-

ble {xkn|n−1}k=1,...,K is obtained by applying forecast model (A.1) to each ensemble

member. Thus, the prior distribution is

p(xn|y1:n−1) = N(xn|µn|n−1,Σn|n−1), (A.4)

where N(x|µ,Σ) denotes a multivariate normal distribution with mean µ and co-

variance matrix Σ, and µn|n−1 and Σn|n−1 are sample mean and sample covariance,

respectively. Given this Gaussian prior, the posterior distribution is also Gaussian

p(xn|y1:n) ∝ p(xn|y1:n−1)p(yn|xn)

= N(xn|µn|n−1,Σn|n−1)N(yn|Hnxn, Ron)

∝ N(xn|µn|n,Σn|n),

(A.5)

where the filtered mean µn|n and filtered covariance Σn|n are given by

µn|n = µn|n−1 + Kn(yn − Hnµn|n−1),

Σn|n = (I − KnHn)Σn|n−1,
(A.6)

with the Kalman gain Kn

Kn = Σn|n−1H ′n(HnΣn|n−1 + Ron)−1. (A.7)
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The ensemble Kalman filter algorithm is given in Algorithm 4.
Algorithm 4: Ensemble Kalman filter

1 Start with an initial ensemble {xk0|0}k=1,...,K sampled from initial distribution

N(µ0|0, R0|0);

2 for n = 1, . . . do

3 for k = 1, . . . ,K do

4 Compute forecast ensemble members using

xkn|n−1 = FM(xkn−1) + σ
M
n ;

5 Estimate prior ensemble covariance Σn|n−1 by the samples {xkn|n−1};

6 Compute the Kalman gain Kn = Σn|n−1H ′n(HnΣn|n−1H ′n + Ron)−1;

7 Draw a sample vkn ∼ N(0, Ron) ;

8 Update ensemble member xkn|n = xkn|n−1 +Kn(xn −Hnxkn|n−1 − vkn) ;

For smoothing, it exploits the information in the entire observational window,

including the past and the future. Therefore, the smoothing problem optimizes the

entire state {x0:n} given all available observations {y1, . . . , yn}. Ensemble Kalman

smoother (EnKS) Evensen and Van Leeuwen (2000) can be easily extended from

EnKF. It starts from the sequential formulation

p(x0:n|y1:n) ∝ p(x0:n−1|y1:n−1)p(xn|xn−1)p(yn|xn)

= p(x0:n|y1:n−1)p(yn|xn),
(A.8)

which is obtained using Bayesian’s formula, the definition of the conditional PDF

and the Markov property of the system. Thus, the vanilla version of EnKS algorithm

is given by Algorithm 5. Evensen and Van Leeuwen (2000); Katzfuss et al. (2020);
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Cosme et al. (2012)
Algorithm 5: Ensemble Kalman smoother and sampling (EnKS)

1 Start with an initial ensemble {xk0|0}k=1,...,K sampled from initial distribution

N(µ0|0, R0|0);

2 for n = 1, . . . do

3 for k = 1, . . . ,K do

4 Compute forecast ensemble members using

xkn|n−1 = FM(xkn−1) + σn;

5 Estimate prior ensemble covariance Σn|n−1 by the samples {xkn|n−1};

6 for n ′ = 0, . . . ,n do

7 Compute cross-covariance Σn ′,n|n−1 between ensemble {xkn ′|n−1}

and {xkn|n−1} ;

8 Compute the Kalman gain

Kn ′,n = Σn ′,n|n−1H ′n(HnΣn,n|n−1H ′n + Ron)−1;

9 Draw a sample vkn ∼ N(0, Ron) ;

10 Update ensemble member

xkn ′|n = xkn ′|n−1 + Kn ′,n(xn − Hnxkn|n−1 − vkn) ;

A.2 Parameters related to perfect model and data

assimilation

The parameters used in perfect models and data assimilation are shown in Table A.1.
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Table A.1: Parameters used perfect model and data assimilation.

model parameters data assimilation
L96 I J h c b f σui σvi,j σo ∆obst

40 4 2 2 2 4 1 1 1 0.05
Triad model γ1 γ2 γ3 L12 L13 L23 I δ σ1 σ2 σ3 F σo ∆obst

2 0.2 0.4 0.2 0.1 0 5 1 0.5 1.2 0.8 2 0.2 0.05

A.3 Hyperparameters used in the LSTM models

Table A.2: Hyperparameters used in the LSTM models.

L96 LSTM models
Lead time [1, 10] [11, 16] [16, 70] [71,

100]
Maximum epochs 300 100 100 100
Hidden dimension 64 64 32 16

Learning rate 0.001
Batch size 64
Linit 15 (0.75 time units)

Triad LSTM model
Lead time [1, 3] [4, 15] [16, 40] [41, 80]

Maximum epochs 200 100 30 30
Hidden dimension 64 64 32 16

Learning rate 0.0005
Batch size 64
Linit 15 (0.75 time units)

Triad LSTM model (smoother mean)
Lead time [1, 3] [4, 15] [16, 40] [41, 80]

Maximum epochs 1000 500 500 500
Hidden dimension 64 64 32 16

Learning rate 0.001
Batch size 64
Linit 15 (0.75 time units)
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The hyperparameters used in the LSTM models associated with the two imper-

fect L96 models and the imperfect triad model are listed in Table A.2.
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b appendix for cgns as fast preconditioner and cheap

surrogate model

B.1 Details of the EM algorithm for parameters

estimation

Consider the discrete fashion of CGNS (3.2) using the Euler-Maruyama scheme Gar-

diner (2004),

Xj+1 =Xj + (Aj0(X, t;θ) + Aj1(X, t;θ)Yj)∆t+ Bj1(X, t;θ)
√
∆tεj1, (B.1a)

Yj+1 =Yj + (aj0(X, t;θ) + aj1(X, t;θ)Yj)∆t+ bj2(X, t;θ)
√
∆tεj2, (B.1b)

where εj1 and εj2 are independent and identically distributed Gaussian white noises,

and ∆t is sufficiently small. Assume all the parameters appear as multiplicative

prefactors of some functions of Xj and Yj on the right hand side of (B.1). Thus, the

log likelihood function of p(X, Y|θ) in M-step can be solved explicitly.

For (B.1), the local linear Gaussian approximation on the right hand side is

N(µj, Rj) = C̃|Rj|− 1
2 exp

(
−

1
2(u

j+1 − µj)T (Rj)−1(uj+1 − µj)

)
, (B.2)

where uj+1 = (Xj+1, Yj+1)T and µj = Mjξ + §j. Here, ξ is the parameters in

drift part (B.1) and §j is those terms that do not involve parameters such as the

first terms Xj or Yj in (B.1). The covariance Rj is a block diagonal matrix with
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entries (Bj1(X, t))(Bj1(X, t))∗∆t and (bj2(X, t))(bj2(X, t))∗∆t, which has an one-to-one

correspondence with the parameters in the diffusion terms. The constant C̃ is due

to the normalization of a Gaussian distribution. Since the states Y is unobserved

and it contains uncertainty, an expectation of the log-likelihood function as in (3.25)

is adopted, and the overall objective function becomes

L̃ =
1
2
∑
j

〈
(uj+1 − Mjξ− §j)∗(R)−1(uj+1 − Mjξ− §j)

〉
−
J

2 log |R|, (B.3)

where ξ and R are parameters in drift terms and diffusion terms, respectively.

In (B.3), J is the total numbers of the terms in previous sum, and 〈·〉 denotes the

expectation over the uncertain component of uj, namely Yj, at fixed j while the

expectation of the deterministic component Xj is simply itself. Here we assumed

Rj = R for all j. To find the minimum of L̃, we aim at finding ∂L̃
∂ξ

= 0 and ∂L̃
∂R = 0,

which leads to

R =
1
J

∑
j

〈
(uj+1 − Mjξ− §j)(uj+1 − Mjξ− §j)∗

〉
, (B.4a)

ξ = D−1c, (B.4b)

where

D =
∑
j

〈
(Mj)∗R−1Mj

〉
and c =

∑
j

〈
(Mj)∗R−1(uj+1 − §j)

〉
. (B.5)
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B.1.1 Learning with constraints

In certain cases, one may want to constrain the element of ξ. For example, under

the restriction

Hξ = g, (B.6)

where H and g are constant matrices, we obtain the following objective function

L̃ =
1
2
∑
j

〈
(uj+1 − Mjξ− §j)∗(R)−1(uj+1 − Mjξ− §j)

〉
−
J

2 log |R−1|+λ∗(Hξ−g).

(B.7)

Therefore, the solution of the minimization problem with the new objective func-

tion (B.7) is given as follows

R =
1
J

∑
j

〈
(uj+1 − Mjξ− §j)(uj+1 − Mjξ− §j)∗

〉
(B.8a)

λ =
(
HD−1H∗

)−1
(HD−1c − g), (B.8b)

ξ = D−1 (c − H∗λ) , (B.8c)

where D and c are defined in (B.5).

B.1.2 Learning with block decomposition

Many complex systems with multiscale structures, multilevel dynamics or state-

dependent parameterizations have the following block decomposition features.

Now we develop an efficient strategy with block decomposition and incorporate it



198

into the basic algorithms. Consider the following decomposition of state variables

u =

I⋃
i=1

ui, with ui = (Xi, Yi), Xi ∈ RNI,i and Yi ∈ RNII,i, (B.9)

where 1 6 i 6 I, NI =
∑I
i=1NI,i and NII =

∑I
i=1NII,i. Correspondingly, the full

dynamics are decomposed into L groups, where the variables on the left-hand side

of the lth group are ui. In addition, we assume both B1 and b2 are diagonal for

notation simplicity. Furthermore, in the dynamics of each ui in (3.2), the terms A0,i

and a0,i can depend only on the components of Xi while the terms A1,i and a1,i are

only functions of Yi; namely

A0,i :=A0,i(t, X), a0,i :=a0,i(t, X),

A1,i :=A1,i(t, Xi), a1,i :=a1,i(t, Xi).
(B.10)

In addition, only Yi involves with terms A1,i and a1,i. The initial values of (Xi, Yi)

and (Xi ′ , Yi ′) for all i ′ 6= i are also assumed to be independent with each other.

Therefore, we can decompose equation (3.2) as follows,

dXi(t)
dt = [A0,i(X, t;θ) + A1,i(Xi, t;θ)Yi(t)] + B1(X, t;θ)Ẇ1(t), (B.11a)

dYi(t)
dt = [a0,i(X, t;θ) + a1,i(Xi, t;θ)Yi(t)] + b2,i(Xi, t;θ)Ẇ2,i(t). (B.11b)
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Correspondingly, the evolution of the conditional mean and covariance and smooth-

ing mean and covariance are given as follows

dµf,i(t)

dt =(a0,i + a0,iµf,i) + (Rf,iA∗1,i)(BX,iB∗X,i)
−1
(

dXi
dt − (A0,i + A1,iµf,i)

)
,

(B.12a)
dRf,i(t)

dt =
(
a1,iRf,i + Rf,ia∗1,i + b2,ib∗2,i − (Rf,iA∗1,i)(BX,iB∗X,i)

−1(A1,iRf,i)
)

, (B.12b)

and

d(−µs,i)

dt =
(
− a0,i − a1,iµs,i + ((b2,ib∗2,i)R−1

f,i (µf,i − µs,i))
)
, (B.13a)

d(−Rs,i)

dt = −
(
(a1,i + b2,ib∗2,i)R−1

f,i )Rs,i + Rs,i(a∗1,i + (b2,ib∗2,i)R−1
f,i ) − (b2,ib∗2,i)

(B.13b)

When computing the log likelihood, we further assumed that the parameters to

have a decomposition θ =
⋃I
i=1 θi, where the parameters θi appear only in the

equations of Xi and Yi. Therefore, the objective function (B.3) becomes

L̃ =

(
1
2
∑
j

〈
(uj+1 − Mjξ− §j)∗(R)−1(uj+1 − Mjξ− §j)

〉
−
J

2 log |R−1|

)

=
∑
i

(∑
j

1
2

〈
(uj+1
i − Mj

iξi − §
j
i)
∗(Ri)−1(uj+1

i − Mj
iξi − §

j
i)
〉
−
J

2 log |R−1
i |

)
.

(B.14)



200

Similarly, the optimal solution of the minimization problem of the new objective

function of each block can be achieved via

Ri =
1
J

∑
j

〈
(uj+1
i − Mj

iθi − §
j
i)(u

j+1
i − Mj

iξi − §
j
i)
∗
〉

, (B.15a)

ξi =

(∑
j

〈
(Mj

i)
∗R−1
i Mj

i

〉)−1(∑
j

〈
(Mj

i)
∗R−1
i (uj+1

i − §
j
i)
〉)

. (B.15b)

B.1.2.1 Block decomposition of the approximate two-layer L96 model (3.29)

Following general block decomposition from previous section, each block ui for

the approximate two-layer L96 model (3.29) is given as (ui, vl,1, vl,2, · · · , vl,J). Cor-

respondingly, A0,i, a0,i, A1,i, a1,i, B1,i, and b2,i are

A0,i =− ui−1(ui−2 − ui+1) − ui + f̂i, A1,i = (−âi,−âi, . . . ,−âi), B1,i = σ̂ui ,

a0,i =



ui + v̂i,1

ui + v̂i,2
...

ui + v̂i,J


, a1,i =



−d̂i,1

−d̂i,2

. . .

−d̂i,J


, b2,i =



σ̂vi,1

σ̂vi,2
. . .

σ̂vi,J


.

(B.16)

Therefore, the time evolution of mean and covariance for the filter (B.12) and the

smoother (B.13) can be computed in parallel.
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B.2 Calculating B(u)

In light of (3.34) and (3.35), one has the following explicit expression of B(u)

B(u) = −
divu(w(u)pM|obs

eq (u))
p
M|obs
eq (u)

= −

N∑
i=1

∂

∂ui
wi(u) −

N∑
i=1

wi

∂

∂ui
pM|obs

eq (u) .
(B.17)

When perturbing the parameters of forcing in the observed processes, the forms of

B(u) from the perfect model and the approximate model are the same, since the

parameters F1 and F2 appear exactly the same way as in both the perfect and the

approximate model. The B(u) term reads as follows

B(u) = −
∂

∂x1
pM|obs

eq (u) − ∂

∂x2
pM|obs

eq (u) . (B.18)

When perturbing the parameters in linear interactions terms that appear in both

the observed and hidden processes, the formulation of B(u) from the perfect

and approximate models are different. Given the perturbation vector w(u) =

(y1,y2,−x1,−x2)
>, the B(u) from the perfect model is as follows

B(u) = −y1
∂

∂x1
pM|obs

eq (u) − y2
∂

∂x2
pM|obs

eq (u) + x1
∂

∂y1
pM|obs

eq (u) + x2
∂

∂y2
pM|obs

eq (u) .

(B.19)
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However, since there is no L13 and L24 parameters in the hidden processes of the

approximate model, the formulation of B(u) from the approximate model remains

B(u) = −y1
∂

∂x1
pM|obs

eq (u) − y2
∂

∂x2
pM|obs

eq (u). (B.20)
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c appendix for efficient filter and smoother

C.1 Auxiliary formulae

C.1.1 The mean-fluctuation decomposition

The mean-fluctuation decomposition of a random variable Y at a fixed time instant

is given by Adrian et al. (2000); Vallis (2017)

Y = Y + Y′, (C.1)

where Y is the ensemble average (namely the ensemble mean) of Y and Y′ = 0 is

the residual. The covariance of Y is given by Y′(Y′)∗.

C.1.2 Some useful properties of multivariate Gaussian

distributions

Let us denote a Gaussian distribution with mean µ and covariance R by N(x|µ, R),

where x is the random variable.

Lemma C.1. For two Gaussian distributions,

∫
N(x2|Fx1 + b, R2)N(x1|µ1, R1)dx1 = N(x2|Fµ1 + b, FR1F∗ + R2). (C.2)
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Lemma C.2. Let the Gaussian random variables be

x =

 x1

x2

 ,

with mean µ and covariance R,

µ =

 µ1

µ2

 , R =

 R11 R12

R21 R22

 .

The conditional distribution

p(x1|x2) ∼ N(µ, R),

where

µ = µ1 + R12R−1
22 (x2 − µ2),

R = R11 − R12R−1
22 R21.

(C.3)

C.1.3 Discrete approximation

Let us start writing the nonlinear conditional Gaussian system (3.2) in a discrete

fashion using the Euler-Maruyama scheme Gardiner (2004),

Xj+1 = Xj + (Aj0 + Aj1Yj)∆t+ Bj1
√
∆tεj1, (C.4a)

Yj+1 = Yj + (aj0 + aj1Yj)∆t+ bj2
√
∆tεj2, (C.4b)
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where εj1 and εj2 are independent Gaussian random noises, and ∆t is sufficiently

small. All the proofs below will be based on this discrete approximation and

eventually let ∆t→ 0 to retrieve the continuous dynamics.

C.2 Proofs of the results related to the forward and

backward sampling

Lemma C.3. The cross-covariance between Yj+1 and Yj, conditioned on the observations

X, s 6 J is given by

Rj+1,j
s = Rj+1

s (Cj)∗, (C.5)

where Cj is the same as in (4.22).

Proof. The standard proof starts from writing down the details of the joint distri-

bution of Yj+1 and Yj conditioned on the observations X, s 6 J, where j + 1 6 J.

Below, a shortcut of proving the result in (C.5) is shown.

Consider the joint distribution

p(Yj, Yj+1|Xs, s 6 J) ∼ N


 µjs

µj+1
s

 ,

 Rjs (Rj+1,j
s )∗

Rj+1,j
s Rj+1

s


 , (C.6)

where the notation Rj+1,j
s denotes the cross-covariance. In light of Lemma C.2, the

conditional distribution is given by

p(Yj|Yj+1, Xs, s 6 J) = µjs + Rj+1,j
s (Rj+1

s )−1(Yj+1 − µj+1
s ). (C.7)
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Recall that the same conditional distribution appears in Lemma 4.7. Matching the

coefficients in front of Yj+1 in (C.7) and (4.21a) leads to (C.5).

C.2.1 Proof of Theorem 4.1

Proof. Consider the filter estimate at the nearby two time instant j and j+ 1,

p(Yj+1|Xs, s 6 j+ 1) ∼ (µj+1
f , Rj+1

f ),

p(Yj|Xs, s 6 j) ∼ (µjf, Rjf).
(C.8)

As has been shown in Lemma C.3, the cross-covariance is given by

cov(Yj+1, Yj) = Rj+1
f (Cj)∗. (C.9)

Note that since the observations are given up to only j+ 1, the smoother covariance

equals to the filter covariance at this end point and therefore Rj+1
f appears on the

right hand side of (C.9).

For simplicity of notation, define

D1 = aj1Rjf + Rjf(a
j
1)
∗ + bj ◦ bj,

D2 = −(Rjf(A
j
1)
∗)(Bj ◦ Bj)−1(Aj1Rjf).

(C.10)

With the two marginal means and covariances (C.8) as well as the cross-covariance (C.9)

in hand, applying (C.2) leads to the conditional distribution p(Yj+1|Yj) ∼ N(mj
f , Pjf),

where by slightly abusing the notation Yj+1 and Yj themselves are the filtered dis-
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tribution in (C.8). The solutions of mj
f and Pjf are as follows,

mj
f = µ

j+1 + Rj+1
f (Cj)∗(Rjf)

−1(Yj − µj), (C.11a)

Pjf = Rj+1
f − Rj+1

f (Cj)∗(Rjf)
−1(Cj)Rj+1

f , (C.11b)

where recall that

Cj = Rjf(I + aj1∆t)∗
(

bj ◦ bj∆t+ (I + aj1∆t)R
j
f(I + aj1∆t)∗

)−1

= Rjf(I + aj1∆t)∗
[
(Rjf)

(
(Rjf)

−1bj ◦ bj∆t+ I + (Rjf)
−1(aj1Rjf + Rjf(a

j
1)
∗)∆t

)]−1

= Rjf(I + aj1∆t)∗
[
(Rjf)

(
I + (Rjf)

−1(aj1Rjf + Rjf(a
j
1)
∗ + bj ◦ bj)∆t

)]−1

= Rjf(I + aj1∆t)∗(I − (Rjf)
−1(aj1Rjf + Rjf(a

j
1)
∗ + bj ◦ bj)∆t)(Rjf)

−1

= Rjf(I + (aj1)∗∆t)(I − (Rjf)
−1Dj

1∆t)(R
j
f)

−1.
(C.12)



208

Plugging (C.12) back into (C.11b) yields

Pjf = Rj+1
f − Rj+1

f (Rjf)
−1(I − Dj

1(R
j
f)

−1∆t)(I + aj1∆t)R
j
f

× (I + (aj1)∗∆t)(I − (Rjf)
−1Dj

1∆t)(R
j
f)

−1Rj+1
f

= Rjf + (Dj
1 + Dj

2)∆t− (I + (Dj
1 + Dj

2)(R
j
f)

−1∆t)(I − Dj
1(R

j
f)

−1∆t)

× (I + aj1∆t)R
j
f(I + (aj1)∗∆t)(I − (Rjf)

−1Dj
1∆t)(I + (Rjf)

−1(Dj
1 + Dj

2)∆t)

= (Dj
1 + Dj

2)∆t

−
(
(Dj

1 + Dj
2)∆t− Dj

1∆t+ aj1Rjf∆t+ Rjf(a
j
1)
∗∆t− Dj

1∆t+ (Dj
1 + Dj

2)∆t
)

= Dj
1∆t− aj1Rjf∆t− Rjf(a

j
1)
∗∆t− Dj

2∆t

= aj1Rjf∆t+ Rjf(a
j
1)
∗∆t+ bj ◦ bj∆t− aj1Rjf∆t− Rjf(a

j
1)
∗∆t− Dj

2∆t

= (bj ◦ bj − Dj
2)∆t.

(C.13)



209

Next, plugging (C.12) back into (C.11a) results in

mj
f − Yj = µj+1

f + Rj+1
f (Cj)∗(Rjf)

−1(Yj − µjf) − Yj

= µj+1
f

+ (Rjf + (Dj
1 + Dj

2)∆t)(R
j
f)

−1(I − Dj
1(R

j
f)

−1∆t)(I + aj1∆t)(Yj − µ
j
f) − Yj

= µj+1
f

+ Yj − µjf − Yj + (−Dj
1(R

j
f)

−1 + aj1 + Dj
1(R

j
f)

−1 + Dj
2(R

j
f)

−1)(Yj − µjf)∆t

= µj+1
f − µjf + (aj1 − (Rjf(A

j
1)
∗)(Bj ◦ Bj)−1(Aj1Rjf)(R

j
f)

−1)

× (Yj − µjf)∆t.

(C.14)

Collecting the results in (C.13) and (C.14) and taking the limit ∆t→ 0 lead to

dY = dµf +
(
a1 − (Rf(A1)

∗)(B ◦ B)−1(A1Rf)R−1
f
)
(Y − µf)dt

+
(
b ◦ b + (Rf(A1)

∗)(B ◦ B)−1(A1Rf)
)1/2dWY.

(C.15)

C.2.2 Proof of Corollary 4.3

Proof. Recall the smoother posterior mean equation (3.6a)

←−−
dµs =

(
− a0 − a1µs + (b ◦ b)R−1

f (µf − µs)
)
dt,
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and the backward sampling equation (4.9)

←−
dY =

(
− a0 − a1Y

)
dt+ (b ◦ b)R−1

f
(
µf − Y

)
dt+

(
b ◦ b

)1/2dWY.

Take the difference between these two equations yields,

←−
dY −

←−−
dµs = −a1(Y − µs)dt+ (b ◦ b)R−1

f
(
µs − Y

)
dt+

(
b ◦ b

)1/2dWY

= −
(
a1 + (b ◦ b)R−1

f
)
(Y − µs)dt+

(
b ◦ b

)1/2dWY.
(C.16)

which is (4.10).

C.2.3 Proof of Corollary 4.4

Proof. Plugging the mean-fluctuation decomposition (C.1) into (C.15) yields,

dY = dµf +
(
a1 − (Rf(A1)

∗)(B ◦ B)−1(A1Rf)R−1
f
)
(Y − µf)dt. (C.17)

If Y at the initial time instant equals µf, then Y ≡ µf as time evolves. On the other

hand, if Y differs from the filter mean µf at the initial time instant, then Y → µf.

This is because to guarantee the mean stability of Y in (3.2b), the time average of a1

is such a matrix that the real part of its eigenvalues should all be negative. On the

other hand, −(Rf(A1)
∗)(B ◦ B)−1(A1Rf)R−1

f is also a negative definitely matrix.

Next, subtracting (C.17) from (C.15) yields an equation for the fluctuation part
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of Y,

dY′ =
(
a1 − (Rf(A1)

∗)(B ◦ B)−1(A1Rf)R−1
f
)
Y′dt

+
(
b ◦ b + (Rf(A1)

∗)(B ◦ B)−1(A1Rf)
)1/2dWY.

(C.18)

The covariance is given by Y′(Y′)∗, which can be solved by using the Ito’s for-

mula Gardiner (2004)

dY′(Y′)∗ = Y′d(Y′)∗ + (dY′)(Y′)∗ + dY′d(Y′)∗. (C.19)

Then plugging (C.18) into (C.19) yields,

dY′(Y′)∗ =
(
a1Rf + Rfa∗1 + b ◦ b − (RfA∗1)(B ◦ B)−1(A1Rf)

)
dt, (C.20)

which is exactly the same as the filter covariance equation (3.4b).

C.2.4 Proof of Corollary 4.5

Proof. The proof here is similar to that in Appendix C.2.3 in light of the mean-

fluctuation decomposition.

Taking the ensemble average of both the left and right hand sides of (4.9) yields

←−−
dµs =

(
− a0 − a1µs + (b ◦ b)R−1

f (µ− µs)
)
dt, (C.21)

which is (3.6a).



212

Next, taking the difference between (4.9) and (C.21) yields,

←−−
dY′ =

(
− a1 − (b ◦ b)R−1

f
)
Y′dt+ b1dWY,1 + b2dWY,2. (C.22)

The covariance can be solved by making use of the Ito’s formula Gardiner (2004),

←−−
dRs = d(−Y′(Y′)∗) = (Y′)∗d(−Y′) + Y′d(−(Y′)∗) + d(−Y′)d(−(Y′)∗), (C.23)

which combining with (C.22) leads to

←−−
dRs = −

(
(a1 + (b ◦ b)R−1

f )Rs + Rs(a∗1 + (b ◦ b)R−1
f ) − b ◦ b

)
dt. (C.24)

This is (3.6b).

C.3 Proofs of the results related to the online

smoother and sampler

C.3.1 Proof of Lemma 4.7

Proof. Let us start with the joint distribution p(Yj, Yj+1|Xs, s 6 j). The marginal

distribution p(Yj+1|Xs, s 6 j) is given by

p(Yj+1|Xs, s 6 j) ∼ N
(

aj0∆t+ (I + aj1∆t)µf, bj ◦ bj∆t+ (I + aj1∆t)R
j
f(I + aj1∆t)∗

)
.

(C.25)
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On the other hand, the other marginal distribution p(Yj|Xs, s 6 j) is simply given

by the filtering formula,

p(Yj|Xs, s 6 j) ∼ N(µjf, Rjf). (C.26)

The cross covariance term is given by

〈Y′,j+1(Y′,j)∗〉 = (I + aj1∆t)R
j
f , (C.27)

where Y′,j+1 and Y′,j are Yj+1 and Yj by removing their mean values. Therefore,

collecting (C.25)–(C.27) leads to

p(Yj, Yj+1|Xs, s 6 j) ∼ N
(
µ̃i, R̃i

)
, (C.28)

where

µ̃i =

 µjf

aj0∆t+ (I + aj1∆t)µ
j
f

 , (C.29)

and

R̃i =

 Rjf Rjf(1 + aj1∆t)∗

(I + aj1∆t)R
j
f bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆t)∗

 . (C.30)

In light of Lemma C.2, the result in (C.28) yields the conditional distribution,

p(Yj|Yj+1, Xs, s 6 J) = p(Yj|Yj+1, Xs, s 6 j) = N(mj, Pj), (C.31)
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where

mj = µjf + Cj
(
Yj+1 − aj0∆t− (I + aj1∆t)µ

j
f
)
, (C.32a)

Pj = Rjf − Cj
(
bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆t)∗

)
(Cj)∗, (C.32b)

and the auxiliary matrix C is given by

Cj = Rjf(I + aj1∆t)∗
(
bj ◦ bj∆t+ (I + aj1∆t)R

j
f(I + aj1∆t)∗

)−1. (C.33)

Note that the first equality in (C.31) is due to the Markovian property of the underly-

ing system Särkkä (2013). In fact, if Yj+1 is known, then the conditional distribution

of Yj has no dependence on Xs, s > j + 1. More specifically, the information of

Xs, s > j has been included in Yj+1. The conditional terms Yj+1 and Xs, s 6 j

represent the information in the future and past, respectively, which can be seen

in (C.32). This finishes the proof of Lemma 4.7.

In light of the Lemma 4.7, an alternative way of calculating the optimal nonlinear

smoother is given as follows.

Lemma C.4 (An alternative way of calculating the Optimal Nonlinear Smoother).

Given one realization of the observed variable {X0, . . . , XJ}, the nonlinear optimal smoother

estimate p(Yj|Xs, 0 6 s 6 J) is conditional Gaussian,

p(Yj|Xs, 0 6 s 6 J) ∼ N(µjs, Rjs), (C.34)
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where the conditional mean µjs and conditional covariance Rjs of the smoother are given by

µjs = µ
j
f + Cj(µj+1

s − aj0∆t− (I + aj1∆t)µ
j
f),

Rjs = Rjf + Cj(Rj+1
s − (I + aj1∆t)R

j
f(I + aj1∆t)∗ − bj ◦ bj∆t)(Cj)∗,

(C.35)

where the auxiliary matrix Cj is the same as in (4.22). The optimal smoother is calculated

backwards from s = J to s = 0. The starting value of the smoother estimate (µJs , RJs) is the

same as the filter estimate at the endpoint (µJf , RJf ).

C.3.2 Proof of Theorem 4.8

Proof. For any n > 1 and 0 6 j 6 n− 1, the following equations are valid

µn,j
s = Dn−1,jµn,n

s + mj
1 +

n−1∑
m=j+1

Dm−1,jmm
1 ,

Rn,j
s = Dn−1,jRn,n

s (Dn−1,j)∗ + Pj +
n−1∑
m=j+1

Dm−1,jPm(Dm−1,j)∗,
(C.36)

where µn,j
s and Rn,j

s denote the smoother mean and smoother covariance at time

t = tj based on one realization of trajectory of X up to t = tn. In fact, the mean

and covariance at two nearby time instants satisfy similar relationship as in (C.35).

Thus, the equations (C.36) can be proved by showing

µn,j
s = µjf + Cj(µn,j+1

s − aj0∆t− (I + aj1∆t)µ
j
f),

Rn,j
s = Rjf + Cj(Rn,j+1

s − (I + aj1∆t)R
j
f(I + aj1∆t)∗ − bj ◦ bj∆t)(Cj)∗,

(C.37)
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for n > 1 and 0 6 j 6 n− 1. Denote mj
0, mj

1, and Pj as follows

mj
0 = Cj, mj

1 = µ
j
f − Cj(aj0∆t+ (I + aj1∆t)µ

j
f),

Pj = Rjf − Cj(bj ◦ bj∆t+ (I + aj1∆t)R
j
f(I + aj1∆t)∗)(Cj)∗,

(C.38)

and the auxiliary matrix Cj is the same as in (4.22). Therefore, the right hand side

of equation (C.37) can be written as

µn,j
s = mj

0µ
n,j+1
s + mj

1,

Rn,j
s = Pj + mj

0Rn,j+1
s (mj

0)
∗.

(C.39)

Note that for any n > 1 and 0 6 j 6 n− 1,

mj
0Dn−1,j+1 = Dn−1,j. (C.40)

This is because for n > 2 and 0 6 j 6 n − 2, from the third equation of (4.25), it

follows

Dn−1,j = Dn−2,jmn−1
0 = Dn−3,jmn−2

0 mn−1
0 = · · · = Dj,jmj+1

0 . . . mn−1
0 =

n−1∏
i=j

mi.

(C.41)

Similarly, the left hand side of (C.40) becomes

mj
0Dn−1,j+1 = mj

0

n−1∏
i=j+1

mi
0 =

n−1∏
i=j

mi, (C.42)
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which is the same as the right hand side of equation (C.40). When n > 2 and

j = n− 1, the equation (C.40) becomes

mj
0Dn−1,j+1 = mn−1

0 Dn−1,n = mn−1
0 = Dn−1,n−1 = Dn−1,j,

and when n = 1 and j = 0, it is

mj
0Dn−1,j+1 = m0

0D0,1 = m0
0 = D0,0 = Dn−1,j.

Plugging the expression of µn,j+1
s in (C.36) into the right hand side of the first

equation of (C.39) yields

mj
0µ
n,j+1
s + mj

1 =mj
0Dn−1,j+1µn,n

s + mj
0mj+1

1 +

n−1∑
m=j+2

mj
0Dm−1,j+1mm

1 + mj
1

=Dn−1,jµn,n
s + mj

0mj+1
1 +

n−1∑
m=j+2

Dm−1,jmm
1 + mj

1

=Dn−1,jµn,n
s +

n−1∑
m=j+1

Dm−1,jmm
1 + mj

1 = µ
n,j
s ,

(C.43)
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where the second equality is due to (C.40) and the third one is by Dj,j = mj
0.

Likewise, plugging Rn,j+1
s in (C.36) into the second equation of (C.39) yields

Pj + mj
0Rn,j+1

s (mj
0)
∗ =Pj + mj

0Dn−1,j+1(Rn,n
s )(Dn−1,j+1

0 )∗(mj
0)
∗

+

n−1∑
m=j+2

mj
0Dm−1,j+1Pm(Dm−1,j+1)∗(mj

0)
∗ + mj

0Pj+1(mj
0)
∗

=Pj + Dn−1,jRn,n
s (Dn−1,j)∗ +

n−1∑
m=j+1

Dm−1,jPm(Dm−1,j)∗

=Rn,j
s ,

(C.44)

where the second equality is due to (C.40) and Dj,j = mj
0.

Next, the recursive formulae (4.24) can be verified by showing the difference

between µn,j
s and µn−1,j

s and that between Rn,j
s and Rn−1,j

s are as follows

µn,j
s = Dn−1,jµn,n

s + mj
1 +

n−1∑
m=j+1

Dm−1,jmm
1

= Dn−1,jµn,n
s + mj

1 +

n−2∑
m=j+1

Dm−1,jmm
1 + Dn−2,jmn−1

1

= µn−1,j
s − Dn−2,jµn−1,n−1

s + Dn−1,jµn,n
s + Dn−2,jmn−1

1 ,

(C.45)
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and

Rn,j
s =Dn−1,jRn,n

s (Dn−1,j)∗ + Pj +
n−1∑
m=j+1

Dm−1,jPm(Dm−1,j)∗

=Dn−1,jRn,n
s (Dn−1,j)∗ + Pj +

n−2∑
m=j+1

Dm−1,jPm(Dm−1,j)∗

+ Dn−2,jPn−1(Dn−2,j)∗

=Rn−1,j
s − Dn−2,jRn−1,n−1

s (Dn−2,j)∗

+ Dn−1,jRn,n
s (Dn−1,j)∗ + Dn−2,jPn−1(Dn−2,j)∗.

(C.46)

C.3.3 Proof of Theorem 4.9

Proof. By Theorem 4.10, the online smoother update is given by

µn,j
s = µn−1,j

s − Dn−2,jµn−1,n−1
s + Dn−1,jµn,n

s + Dn−2,jmn−1
1 ,

Rn,j
s = Rn−1,j

s − Dn−2,jRn−1,n−1
s (Dn−2,j)∗

+ Dn−1,jRn,n
s (Dn−1,j)∗ + Dn−2,jPn−1(Dn−2,j)∗.

(C.47)

Replacing the coefficient Dn−1,j by Dn−2,jmn−1
0 using the coefficient update formu-

lae (4.25), the mean equation in (C.47) becomes

µn,j
s = µn−1,j

s + Dn−2,j(mn−1
0 µn,n

s + mn−1
1 − µn−1,n−1

s )

= µn−1,j
s + Dn−2,j(µn,n−1

s − µn−1,n−1
s ),

(C.48)
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where the second equality is obtained by using the first equation of (C.39). Similarly,

the covariance can be written as

Rn,j
s = Rn−1,j

s + Dn−2,j(mn−1
0 Rn,n

s (mn−1
0 )∗ + Pn−1 − Rn−1,n−1

s )(Dn−2,j)∗

= Rn−1,j
s + Dn−2,j(Rn,n−1

s − Rn−1,n−1
s )(Dn−2,j)∗,

(C.49)

where the second equality is due to the second equation of (C.39).

C.3.4 Proof of Proposition 4.4

Proof. Recall the auxiliary matrix Cj in form (C.12)

Cj = Rjf(I + (aj1)∗∆t)(I − (Rjf)
−1Dj

1∆t)(R
j
f)

−1, (C.50)

where

Dj
1 = aj1Rjf + Rjf(a

j
1)
∗ + bj ◦ bj. (C.51)

By rearranging terms in Cj, it obtains

Cj =Rjf(I + (aj1)∗∆t− (Rjf)
−1(aj1Rjf + Rjf(a

j
1)
∗ + bj ◦ bj)∆t)(Rjf)

−1

=
(
Rjf − Rjf(a

j
1)
∗∆t− (aj1Rjf + Rjf(a

j
1)
∗ + bj ◦ bj)∆t

)
(Rjf)

−1

=(Rjf − aj1Rjf∆t− bj ◦ bj∆t)(Rjf)
−1

=I − (aj1Rjf∆t+ bj ◦ bj∆t)(Rjf)
−1.

(C.52)

If aj1Rjf + bj ◦ bj is positive definite, so is (aj1Rjf∆t+ bj ◦ bj∆t)(Rjf)−1 since (Rjf)−1 is

also a positive definite matrix. Thus, the spectral radius of Cj is less than 1.
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C.3.5 Proof of Theorem 4.10

Proof. Given the results from the backward smoothing (C.6) with in totaln available

observations,

p(Yj+1, Yj|X 6 n) ∼ N


µn,j+1

s

µn,j
s

 ,

 Rn,j+1
s Rn,j+1

s (Cj)∗

CjRn,j+1
s Rn,j

s


 , (C.53)

the conditional distribution is as follows

p(Yj+1|Yj, Xs 6 n) = N(mn,j
s , Pn,j

s ), j 6 n− 1, (C.54)

where the expression of mn,j
s and Pn,j

s are exactly (4.32).

C.4 Examples: the behavior of Cj in affecting the

online smoother impact regions

It has been shown in Section 4.4.1 that the spectral radius of the auxiliary matrix

Cj in (4.22) plays an important role in affecting the impact regions of the online

smoother. Here two examples are used to address this issue.
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A two dimensional linear Gaussian model Consider the following two dimen-

sional linear Gaussian model

dx = (a11x+ a12y)dt+ σ1dW1,

dy = (a21x+ a22y)dt+ σ2dW2,
(C.55)

where a11, a12, a21, and a22 are constants, and x and y are the observed and unob-

served variable, respectively. Here a22 needs to be negative in order to guarantee

the existence of the statistical equilibrium state of the coupled system. Since the

coefficients are constants, the equilibrium solution of the filter covariance Req can

thus be solved via the following steady state Riccati equation (3.4b)

2a22Req + σ
2
2 =

(Reqa12)
2

σ2
1

, (C.56)

which gives

Req =
a22σ

2
1 + σ1

√
∆

a2
12

, (C.57)
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where ∆ = a2
22σ

2
1 + a

2
12σ

2
2. Plugging (C.57) into the assumption aj1Rjf + bj ◦ bj, we

find the assumption in Proposition 4.4 yields

aj1Rjf + bj ◦ bj = a22
a22σ

2
1 + σ1

√
∆

a2
12

+ σ2
2

=
a2

22σ
2
1 + a22σ1

√
∆+ a2

12σ
2
2

a2
12

=
∆+ a22σ1

√
∆

a2
12

=

√
∆(
√
∆+ a22σ1)

a2
12

> 0.

(C.58)

The last inequality is due to
√
∆+a22σ1 =

√
a2

22σ
2
1 + a

2
12σ

2
2+a22σ1 > 0. This implies

that the auxiliary constant Cj is always less than 1.

A nonlinear dyad model Here, a nonlinear dyad model is used to understand

the spectral radius of Cj at both quiescent and intermittent phases. Recall the

physics-constrained nonlinear dyad model in (4.33) with one observed variable u

and one unobserved variable v, which is repeated as follows,

du =
(
(−du + cv)u+ fu

)
dt+ σudWu, (C.59a)

dv = (−dvv− cu
2 + fv)dt+ σvdWv. (C.59b)

Define two dynamical regimes by controlling the values of the noise as follows

(other parameters are the same as in (4.34)).
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Gaussian regime:

σu = 2, σv = 0.5,

Intermittency regime:

σu = 0.5, σv = 2.

Figure C.1 shows realizations of the model trajectories of u and v as well as the

associated Cj. The first column shows the results in the Gaussian regime while the

second column illustrates those in the intermittency regime. It is clear that in the

Gaussian regime, the matrix Cj stays below the threshold value Cj = 1 when the

system reaches its equilibrium state. On the other hand, Cj changes significantly

as a function of time j in the intermittency regime, depending strongly on the

observations. The value of Cj is smaller at the phases that extreme events appear in

the observational time series u. In fact, the signal-to-noise ratio in these intermittent

phase is large, implying a relatively smaller uncertainty in the observational process

than that in the hidden one, which has been discussed in Section 4.4.1. In such a

situation, the impact region will be a shorter time interval. Nevertheless, the amount

of the update at intermittent phases is significant and overall the extreme events in

the observational processes greatly reduces the uncertainty in the recovered hidden

states within a finite neighborhood.
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Figure C.1: Panel (a)-(c): the trajectories of observations u, hidden variable v, and
auxiliary matrix C in Gaussian regime. Panel (d)-(f): the trajectories of observations
u, hidden variable v, and auxiliary matrix C in intermittency regime.

C.5 Details of the EM algorithm for parameter

estimation

Consider a slightly simpler version of conditional Gaussian nonlinear model (3.2)

with B2(t) and b1(t) being zero matrices. Let us write the discrete approximation

of the original continuous system using the Euler-Maruyama scheme,

Xj+1 =Xj + (Aj0(X, t;θ) + Aj1(X, t;θ)Yj)∆t+ Bj1(X, t;θ)
√
∆tεj1, (C.60a)

Yj+1 =Yj + (aj0(X, t;θ) + aj1(X, t;θ)Yj)∆t+ bj2(X, t;θ)
√
∆tεj2, (C.60b)

where εj1 and εj2 are independent and identically distributed Gaussian white noises.

Assume all the parameters appear as multiplicative prefactors of some functions

of Xj and Yj on the right hand side of (C.60). Thus, the log likelihood function of
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p(X, Y|θ) can be solved explicitly.

For (C.60), the local linear Gaussian approximation on the right hand side is

N(µj, Rj) = C̃|Rj|− 1
2 exp

(
−

1
2(Z

j+1 − µj)T (Rj)−1(Zj+1 − µj)

)
, (C.61)

where Zj+1 = (Xj+1, Yj+1)T and µj = Mjξ + Sj. Here ξ is the parameters in

drift part (C.60) and Sj is those terms that do not involve parameters such as the

first terms Xj or Yj in (C.60). The covariance Rj is a block diagonal matrix with

entries (Bj1(X, t))(Bj1(X, t))∗∆t and (bj2(X, t))(bj2(X, t))∗∆t, which has an one-to-one

correspondence with the parameters in the diffusion terms. The constant C̃ is due

to the normalization of a Gaussian distribution. Since the states Y is unobserved

and it contains uncertainty, an expectation of the log-likelihood function as in (3.25)

is adopted, and the overall objective function becomes

min
θ

L = min
θ

(
1
2
∑
j

(Zj+1 − Mjξ− Sj)∗(R)−1(Zj+1 − Mjξ− Sj) + J

2 log |R|

)
,

(C.62)

where θ = {ξ, R}, J is the total numbers of the terms in previous sum, and · denotes

the expectation over the uncertain component of Zj, namely Yj, at fixed j while the

expectation of the deterministic component Xj is simply itself.

The online smoother estimates in Section 4.4 allow us to derive an online EM

algorithm using sequential data. In order to avoid blowup issue due to the lack

of observations, a small number of observations, {X0, . . . , XT0}, exist before the EM

procedure. Denote Xi:j = {Xi, . . . , Xj} for i 6 j, the online EM algorithm is given in
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Algorithm 6.
Algorithm 6: An online EM algorithm for parameter estimation

1 Set an initial guess θ0;

2 for k = 1 to converge do

3 Use Algorithm 3 to compute the conditional distribution

p(Y0:T0+k|X0:T0+k,θk−1) ;

4 M-step: update the parameters θMk where

θMk = arg maxθM Q̃(θM;θMk−1) ;

5 Compute(
1
2
∑T0+k−1
j=0 (Zj+1 − Mjξ− Cj)∗(R)−1(Zj+1 − Mjξ− Cj) + T0+k−1

2 log |R|
)

;

6 Update θk = argmaxθQ(θ;θk−1);
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