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Abstract

In this thesis we investigate two families of mixed-integer quadratic sets with specific structure
of binary indicator variables. These two sets appear as substructures in many interesting op-
timization problems. The focus of the thesis is to obtain good approximations of the convex
hull of these sets in order to improve the solution process of the relevant optimization problems.
We present in each chapter the result of our analysis of each of these sets or its polyhedral
outer-approximations. By exploiting the mathematical structure of the sets, we derive valid
inequalities that result in strong convex relaxations. Computational experiments are performed
to examine the importance of the inequalities in describing the convex hull of each set. In all cases,
we apply our new inequalities to practical optimization problems, and numerical experiments
show that the inequalities are useful in improving the bounds in the solution process of the
associated optimization problems.
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Chapter 1

Introduction

An Integer Program (IP) is an optimization problem where a subset of the variables are restricted
to take integer values. These discrete variables are useful in modeling logical constraints, fixed
costs for decisions, and finite sets of alternatives. In many interesting applications, the discrete
variables are binary indicator variables whose value dictates whether a specific constraint is
enforced or if sepcific variables are allowed to be non-zero. The main subject of this thesis is to
exploit the mathematical structure of optimization problems with indicator variables to develop
strong formulations that are helpful in the solution process.

In this chapter, we first explain the structures of two categories of problems investigated
in the thesis and introduce some examples of their applications. Theoretical background and
review of relevant research are presented in the following sections. A summary of the thesis
and contributions concludes the chapter.

1.1 MIQCP with indicator variables

The class of problems we primarily study in this thesis is the 0-1 Mixed Integer Quadratically
Constrained Program (MIQCP). It is an optimization problem where the objective function and
one or more constraint functions are quadratic, and a subset of the variables are binary indicators
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involved only in linear terms. Specifically, we consider a problem of the form

min xTQ0x+ c
T
0 x (0-1 MIQCP)

s.t. xTQix+ c
T
i x 6 di ∀i ∈ [k],

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [p], (1.1)

x ∈ Rn, z ∈ Bp,

where Q0,Qi ∈ Sn×n, c0, ci ∈ Rn, A ∈ Rm×n, H ∈ Rm×p, f ∈ Rm, and di ∈ R ∀i ∈ [k]. The
constraints (1.1) dictate that xj is either restricted to 0 or allowed to take any value in the interval
[lj,uj]. Binary variables z that enforce these conditions are indicator variables, and the continuous
variables regulated in this manner such as x are called semicontinuous variables. In this thesis, we
assume that −∞ < lj < uj <∞ ∀j ∈ [p] and focus our attention to the problems where Q0,Qi
for each i is positive semidefinite.

Let F denote a mixed integer set that represents the feasible region for a 0-1 MIQCP problem P.
Any set F̄ that contains F is called a relaxation of F. The relaxation of P refers to the optimization
problem with the same objective over a relaxation of the feasible region of P. For MIQCP or
Mixed Integer Linear Program (MILP), a natural continuous relaxation is to replace the integrality
(binary) constraints with appropriate continuous bounds. For example, the constraint z ∈ Bp is
replaced with 0 6 zj 6 1, j ∈ [p]. We denote this natural relaxation by R(F).

The feasible region F of (0-1 MIQCP) is the set of points satisfying the constraints

F := {(x, z) ∈ Rn+ × Bn | xTQix+ c
T
i x 6 di ∀i ∈ [k],

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [p]}.

When Qo,Qi are positive semidefinite, the natural relaxation of (0-1 MIQCP) is a convex QCP
problem as it is a minimization of a convex function over a convex set R(F).

By introducing an auxiliary variable, the problem (0-1 MIQCP) can be reformulated without
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loss of generality to a problem with a linear objective function:

min v (0-1 MIQCP-l)

s.t. v > xTQ0x+ c
T
0 x,

xTQix+ c
T
i x 6 di ∀i ∈ [k],

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [p],

x ∈ Rn, z ∈ Bp. (1.2)

The nonlinearity of the objective function is now moved to the constraints. The feasible set Fl for
(0-1 MIQCP-l) is defined in a space one dimension higher than F,

Fl := {(v, x, z) ∈ Rn+1 × Bn | v > xTQ0x+ c
T
0 x,

xTQix+ c
T
i x 6 di ∀i ∈ [k],

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [p]}.

An important difference between these two equivalent formulations, (0-1 MIQCP) and
(0-1 MIQCP-l), is that an optimal solution x∗ for (0-1 MIQCP-l) occurs at an extreme point of the
convex hull of the feasible region, whereas the optimal solution for (0-1 MIQCP) may reside in
the interior of the convex hull of its feasible region. Thus having the complete description of the
convex hull of Fl allows us to solve a convex continuous optimization problem whose solution
also solves (0-1 MIQCP-l).

The set conv(Fl) is an extremely complicated object not easily amenable to mathematical
analysis. Instead, we focus our study on a relaxation of Fl

T := {(v, x, z) ∈ Rn+1 × Bn | v > xTQ0x+ c
T
0 x,

ljzj 6 xj 6 ujzj ∀j ∈ [p]},

where all constraints except for one quadratic constraint and the indicator constraint are ignored.
Since T is a relaxation of Fl, valid inequalities for T are also valid for Fl. We hope to apply the
knowledge gained by studying the structure of T to solving general 0-1 MIQCP. Note that the
feasible region defined by general convex quadratic constraints with indicator variables can be
relaxed to the set T defined above. Specifically, we can introduce an auxiliary variable wi for
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each constraint xTQix+ cTi x 6 di to reformulate it as wi > xTQix+ cTi x, wi 6 di. We do not
consider the intersection of these relaxations in this study.

Our motivation in studying this relaxation comes from previous studies that have shown that
reformulating and generating valid inequalities for important, problem-specific relaxations can
be extremely useful when applied to solve the original problem. Crowder, Johnson, and Padberg
[18] demonstrated that utilizing the well-understood characteristics of knapsack polytope is very
advantageous in the numerical solution of 0-1 MILP problems. Padberg, Van Roy, and Wolsey
[49] investigate MIPs with binary variables involved only in indicator constraints, derive classes
of facet-defining inequalities for its feasible region, and illustrate using these inequalities to
strengthen formulations. For Mixed Integer Nonlinear Program (MINLP), Frangioni and Gentile
[28] suggest the technique for strengthening partially reformulated substructure of 0-1 MIQCP
and demonstrate its usefulness. Their approach is introduced in more detail in Section 1.5.7.

The problem 0-1 MIQCP is a special case of a 0-1 MINLP where the objective and constraint
functions can be general nonlinear functions. Important special cases of 0-1 MIQCP are the 0-1
Mixed Integer Quadratic Program (0-1 MIQP) where k = 0, and the 0-1 Mixed Integer Linear
Program (0-1 MILP) where k = p = 0.

1.2 Cycle substructure with indicator variables

Another problem structure that we investigate arises from the transmission switching problem.
In the transmission switching problem, the switching decision on each transmission line is
represented by a binary indicator variable. Here we introduce a specific relaxation for this
problem and later we provide a more detailed introduction to the DC switching problem in
Section 1.3.4 and Chapter 4. The specific relaxation comes from extracting a cycle substructure
of the transmission line network. We denote this substructure by a directed cycle (V ,C) where
V = [n], C = {(1, 2), (2, 3), · · · , (n, 1)} and define the set

C =
{
(x, θ, z) ∈ R2n × {0, 1}n | − uijzij 6 xij 6 uijzij ∀(i, j) ∈ C,

zij(θi − θj) = xij ∀(i, j) ∈ C
}

(1.3)

which contains a subset of constraints of the original DC switching problem described in more
detail in Chapter 4. The binary variable zij is an indicator of whether or not the line (i, j) is
available. A special characteristic of zij is that when it enforces one constraint, another constraint
is relaxed. If zij = 1, the bounds on flow xij are relaxed and a non-zero flow is allowed on the
line between buses i and j. Additionally, if zij = 1, the flow xij must satisfy Ohm’s law, which
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states that the power flow on a line is proportional to the potential difference at its endpoints.
Otherwise, if zij = 0, the power flow xij is restricted to 0, but the constraint θi − θj = xij no
longer has to be satisfied.

Writing the constraints in (1.3) as

x12 = z12(θ1 − θ2),

x23 = z23(θ2 − θ3),

· · · ,

xn1 = zn1(θn − θ1),

it becomes easier to see that this system of equations has an interesting attribute that when
zij = 1 ∀(i, j) ∈ C, it is implied that∑

(i,j)∈C
xij = (θ1 − θ2) + (θ2 − θ3) + · · ·+ (θn − θ1) = 0.

We exploit this characteristic to derive strong valid inequalities for this relaxation in Chapter 4.
Note that this approach may be applicable for other problems with similar structure involving
network flow models where flow is proportional to the potential difference.

In the remainder of this chapter, we first introduce some examples of applications of convex
0-1 MIQCP in Section 1.3, present brief explanation on the existing algorithms that can be applied
to solve general convex 0-1 MIQCPs in Section 1.4, and give background theories and techniques
related to solving these problems in Section 1.5. The chapter concludes with remarks on the
contribution of the thesis and roadmap for future research in Section 1.6.

1.3 Applications of Optimization with Indicator Variables

In this section, a few of important applications of convex 0-1 MIQCP in various fields and the
DC transmission switching problem are introduced.

1.3.1 MIQCP: Portfolio Management

Portfolio Selection is a widely studied problem in finance based on the pioneering work of
Markowitz [42] with the goal to construct a portfolio of financial equities that has the lowest
possible collective variance/volatility/risk while providing a certain level of expected return.
The portfolio is often constructed to closely follow a stock market index as a benchmark, in
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which case the tracking error with respect to the benchmark, also refered to as active variance,
is used as a risk measure instead of portfolio variance itself. The problem of constructing a
portfolio with the least tracking error satisfying some constraints is called Benchmark Tracking.
Due to transaction and contract costs, the number of equities to be included in the portfolio
and proportion of each equity is often constrained. There have been many studies on how to
formulate and solve the Benchmark Tracking problem including Jansan and van Dijk [51], and
the problem can be modeled as a 0-1 MIQP of the following form :

min (x− b)TQ(x− b)

s.t. αTx > ρ,

eTx = 1,

eTz 6 κ,

ljzj 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Bn. (1.4)

In this model, variables x represent the proportions of the n individual assets in the portfolio,
the vectors α,b ∈ Rn ,respectively, denote the expected return and the proportions of the n
assets in the benchmark, and the objective function (x−b)TQ(x−b) represents the total tracking
error defined for a given positive semidefinite covariance matrixQ. The solution to this problem
defines a portfolio with the minimum possible tracking error consisting up to κ assets and having
an expected return of at least ρ.

1.3.2 MIQCP: Variable Subset Selection for Regression

A fundamental problem in statistics is to describe a relationship between dependent and in-
dependent variables refered to as regression. A regression model is estimated from observed
or experimentally achieved data, often by building a linear model that describes the data with
the minimum sum of squared errors [48]. In multivariate regression with a large number of
independent variables, the minimum error is often achieved when all the available independent
variables can be utilized. However, there are benefits of having a “simple” explanation for
the dependent variable using only a selected subset of independent variables [33, 45]. Some
benefits of having a sparse regression model are a lower cost for estimating or predicting, smaller
standard errors in coefficient estimation, reduced training and utilization time, and facilitating
data visualization. Guyon and Elisseeff [33] also point out that the importance of variable subset
selection has become more significant with new domains of applications where the number of
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variables is huge such as gene selection or text categorization.
Bertsimas and Shioda [11] discuss an algorithm for variable subset selection that relies on a

formulation of the problem as QP with a cardinality constraint. The objective of this optimization
problem is to find the vector β that minimizes the sum of squared errors

∑
i(yi − β

Txi)
2 for

m given data points (xi,yi), xi ∈ Rd,yi ∈ R, i ∈ [m]. The problem may be mathematically
expressed as

min (y− Xβ)T (y− Xβ) (1.5)

s.t. ||β||0 6 κ,

β ∈ Rd

where X ∈ Rm×d whose rows are xi, i ∈ [m].
If the independent variables have bounded weights, lj 6 βj 6 uj ∀j ∈ [d], then the problem

can be reformulated to a 0-1 MIQCP with binary variables zj indicating whether or not each βj
is allowed to be positive:

min (y− Xβ)T (y− Xβ) (1.6)

s.t. ljzj 6 βj 6 ujzj j ∈ [d],

eTz 6 κ,

β ∈ Rd.

Typically, lj = −M, uj =M for a scalarMwhich needs to be sufficiently large for the solution
of (1.6) to be also a solution of (1.5). On the other hand, it is important to choose a value that
is not unnecessarily large, as letting M take too large a value results in slow solution process.
Bertsimas et. al. [12] suggest an approach to compute these parameters from the given data. The
authors also demonstrated in the study that using warm starts in Integer Programming solvers
outperforms other state of the art (statistical) methods to solve the subset selection problem.
Specifically, their approach solved the problems withm in the 1, 000s and d in the 100s within
minutes to provable optimality, and found solutions near optimality for problems withm in the
100s and d in the 1, 000s within minutes.

1.3.3 MIQCP: Sparse Digital Filter Design

A digital filter is a system that processes a digital signal by means of performing arithmetic
operations. How the filter mathematically manipulates input signals is specified as the coefficient
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defined at the filter design stage. As the number of arithmetic operations is the cost-dominating
factor for implementation, it is desirable to design a sparse filter with few non-zero coefficients.
The sparsity of the filter also helps reduce the cost related to hardware and energy consumption
[25].

There have been different lines of approach to the sparse filter design problem taking dif-
ferent performance criteria into consideration. The criteria include weighted least-squares in
approximating an ideal frequency response, simplified mean squared error, and signal-to-noise
ratio. It is known that designing a sparse digital filter with constraints on these three metrics
can all be formulated as an optimization problem of the following form:

min ||x||0

s.t. (x− c)TQ(x− c) 6 γ, (1.7)

x ∈ Rn,

where Q ∈ Sn is positive semidefinite, c ∈ Rn, and γ ∈ R+.
This problem can be reformulated as a mixed 0-1 MIQCP of the form

min eTz

s.t. (x− c)TQ(x− c) 6 γ,

ljzi 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Zn,

where l,u ∈ Rn are lower and upper bounds on x which are selected so that the feasible set of x
defined by the quadratic constraints (1.7) is not changed.

1.3.4 DC Transmission Switching

The power flow network is typically depicted in a graph (N,E) where the set of nodes N denote
the set of buses and set of arcs E the lines between buses. Variables θi for each node i ∈ N
and xij for each arc (i, j) ∈ E represent the phase angle of bus i and power flow on line (i, j),
respectively. The parameter αij for each arc (i, j) ∈ E represent the susceptance of line (i, j).
The Direct Current (DC) power flow equation provides a simplification of the physical laws
governing the status of components of the power flow network and is written as follows:

xij = αij(θi − θj) ∀(i, j) ∈ E. (1.8)
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It is an interesting paradox that the efficiency of the power flow network can be increased by
switching some of the lines on or off. The switching decision is typically modeled by introducing
binary variables zij indicating whether or not line (i, j) is used in the network. If the line is
switched off, then the flow on the line should be 0. As discussed in Section 1.2, the DC flow
equation should not be imposed on the line in this case. This relationship can be modeled by the
following two constraints:

xij = αijzij(θi − θj) ∀(i, j) ∈ E, (1.9)

−uijzij 6 xij 6 uijzij ∀(i, j) ∈ E. (1.10)

The bilinear equation (1.9) can be equivalently formulated using big-M approach as in the
work by Fisher, O’Neil, and Ferris [26]. To fully write a formulation for optimal transmission
switching, we define the sets, variables, and parameters are as

Sets R ⊂ N : set of generator nodes

D ⊂ N : set of demand nodes

Variables xij : power flow on arc (i, j) ∈ E

pi : amount of power produced from generator i ∈ R

θi : voltage angle at node i ∈ N

Parameters ci : unit cost of production at generator i ∈ R

di : demand at node i ∈ D

uij : capacity on line(i, j) ∈ E

pmini /pmaxi : minimum / maximum production at generator i ∈ R.

With these definitions, a formulation of optimal power flow with optimal transmission switching



10

(OPF-OTS) is of the form:

min
∑
i∈R

cipi (OPF-OTS)

s.t.
∑

j:(i,j)∈E
xij −

∑
j:(j,i)∈E

xij =


pi ∀i ∈ R
di ∀i ∈ D
0 otherwise,

− uijzij 6 xij 6 uijzij ∀(i, j) ∈ E,

pmini 6 pi 6 p
max
i ∀i ∈ R,

αij(θi − θj) − xij +M(1 − zij) > 0 ∀(i, j) ∈ E, (1.11)

αij(θi − θj) − xij −M(1 − zij) 6 0 ∀(i, j) ∈ E, (1.12)∑
(i,j)∈E

zij 6 κ,

xij ∈ R, zij ∈ B ∀(i, j) ∈ E,pi ∈ R+, θi ∈ R ∀i ∈ N.

The objective of this problem is to find the optimal generating and switching decisions that
minimize the total power generation cost satisfying demand where the power flow is governed by
the DC flow constraint (1.8). For a scalarM sufficiently large, these constraints are only imposed
on the arcs that are switched on.

1.4 Algorithms for solving MINLPs

Some of the most widely used algorithms to solve general convex MINLP are briefly introduced
in this section. A more thorough explanation and comparison of algorithms and software for
convex MINLP can be found in a review paper of Bonami, Kilinç, and Linderoth [14]. Belotti
et al. [9] provide a survey of cutting planes and deterministic methods for convex MINLPs,
formulations and heuristics for solving non-convex MINLPs, and a comparison of available
solvers for both convex and non-convex MINLPs.
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A general MINLP can be expressed in the following algebraic form;

min f(x, z) (MINLP)

s.t. gj(x, z) 6 0 ∀j ∈ [m],

Ax+ Bz 6 d,

L 6 z 6 U,

x ∈ Rn, z ∈ Zp.

If the nonlinear functions f,gj are convex, we say the MINLP is convex. MIQCP and MILP are
special cases of MINLP where f,gj are quadratic and linear, respectively. We assume that the
set X = {(x, z) | Ax + Bz 6 d} is bounded and lower bound L and upper bound U on discrete
variables z can be deduced for feasible points.

There are different exact methods for solving convex MINLPs. Most commonly applied meth-
ods use a branch-and-bound approach, and differ from each other in terms of the subproblems
considered in the solution process.

A subproblem often used is the continuous relaxation with restricted bounds. For some lower
bound l > L and upper bound u 6 U on discrete variables y, the NLP relaxation NLPR(l,u) is
defined as

min f(x,y) (NLPR(l,u))

s.t. gj(x,y) 6 0 ∀j ∈ [m],

Ax+ By 6 d,

l 6 y 6 u,

x ∈ Rn,y ∈ Rp.

If f,gj are convex, then NLPR(l,u) is tractable. The optimal objective value of NLPR(L,U)provides
a lower bound on the optimal objective value of the original MINLP.

Here we briefly introduce the algorithm within which we wish to use the knowledge obtained
through our investigation of structured mixed integer sets. NLP-based branch and bound is
in principal identical to branch and bound for MILP except that linearity of subproblems is
not required. Through enumeration of subproblems, the lower bound vL and upper bound
vU for the optimal objective value v∗ for (MINLP) are updated. The algorithm is summarized
in Algorithm 1.1. The set T denotes the set of nodes, where a node is characterized by a pair
of vectors (li,ui) representing the subproblem NLPR(li,ui). The optimal objective value and
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optimal solution of NLPR(li,ui) are denoted by vi and (xi,yi).

Algorithm 1.1: NLP-Based Branch and Bound
0. Initialize
Set zU =∞, T = {(L,U)}.

1. Enumerate
Choose a node (li,ui) and remove it from T . Solve NLPR(li,ui).
if NLPR(li,ui) is infeasible or vi > vU then

go to step 3.
else if yi is integral then

Set vU = vi, (x∗,y∗) = (xi,yi).
Delete all nodes from T such that vjL > vU.
Go to step 3.

else
go to step 2.

2. Divide
Divide the interval (li,ui) into subintervals (li1 ,ui1), (li2 ,ui2), · · · , (lik ,uik).
For each j ∈ [k], create and add a node to T and let vjL = vj.
Go to step 1.

3. Terminate
if T = ∅ then

return (x∗,y∗) as optimal solution.
else

go to step 1.

The efficiency of this algorithm depends on many algorithmic decisions such as node selection
or branching rules, cuts added, and the use of heuristics for obtaining a feasible point. Our
approach explained in Section 1.1 is applicable in this scheme and will work by strengthening
the formulation for subproblem NLPR(l,u). Specifically, we add cuts valid for NLPR(l,u) so
that the lower bound it provides is improved, with the goal of improving the entire solution
process. If the lower bound vi improves, the chance of getting node (li,ui) pruned in step 1.
of the algorithm increases, which is likely to lead a smaller amount of enumeration until the
termination criterion is satisfied.



13

1.5 Theoretical Background

In this section, we present some background material on techniques we will use in our investiga-
tion of convex 0-1 MIQCP. Our mathematical terminology is essentially standard. See page iv
for a complete list of notations used in the thesis.

1.5.1 Theory of Polyhedra

In Chapter 2 and Chapter 4, we will discuss polyhedral relaxations and reformulations of mixed
integer nonlinear sets, so here we introduce some common terminology and results related to
polyhedron.

Definition 1.1. A subset of Rn described by a finite set of linear constraints

P = {x ∈ Rn | Ax 6 b}

is a polyhedron.

The vast importance of understanding polyhedra with regard to mixed-integer optimization
is based on the well known result due to Meyer [44].

Theorem 1.1. [44] The convex hull of a mixed integer set

X = {(x,y) ∈ Rn+ × Zp+ | Ax+Gy 6 b}

is a polyhedron if A,G,b are rational.

It follows from Theorem 1.1 that a Mixed Integer Linear Program(MILP) of the form

max{cx+ dy | (x,y) ∈ X}

can be reformulated as an LP

max{cx+ dy | (x,y) ∈ conv(X)}.

Therefore, having the complete set of inequalities that describes the convex hull of the
feasible set would provide the ideal LP formulation for MIPs. When it is not available, we aim to
obtain a good approximation of the convex hull by adding cuts (inequalities) that strengthen
the formulation. Knowledge on polyhedra can provide a basis on which we can determine
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the strength of cuts since the best possible cuts are the ones that are necessary in describing a
polyhedron.

Review of relevant results can be found in Wolsey [55] or Conforti, Cornuéjols and Zambelli
[17], some of which we introduce below without proof.

A polyhedron may be expressed in two different ways.

Theorem 1.2. For a set P ⊂ Rn, the following two conditions are equivalent:

1. P is a polyhedron, i.e., there is a matrix A and a vector b such that P = {x ∈ Rn | Ax 6 b}.

2. There are finite sets of vectors v1, . . . , vp, r1, . . . , rq such that

P = conv(v1, . . . , vp) + cone(r1, . . . , rq).

Definition 1.2. (i) If the maximum number of affinely independent vectors in polyhedron P is d+ 1, the
dimension of P is d.
(ii) The polyhedron P is full dimensional if its dimension is n.

An inequality satisfied by all points in P is called valid for P.

Definition 1.3. An inequality πx 6 π0 is valid for polyhedron P if πx̄ 6 π0 ∀x̄ ∈ P.

A polyhedron has faces, and only the highest-dimensional faces are necessary in its inequality
description.

Definition 1.4. (i) F defines a face of the polyhedron P if F = {x ∈ P | πx = π0} for some valid inequality
πx 6 π0 of P.
(ii) F is a facet of P if F is a face of P and dim(F) = dim(P) − 1.
(iii) If F is a face of P with F = {x ∈ P | πx = π0}, the valid inequality πx 6 π0 is said to define the face.

Theorem 1.3. If a polyhedron P is full-dimensional, a valid inequality πx 6 π0 is necessary in the
description of P if and only if it defines a facet of P.

Theorem 1.1 and Theorem 1.3 provide the justification for looking for facets of the convex
hull of a mixed integer set as a means of solving an MILP.

1.5.2 Theory of Convex Sets

Recently, Dey and Moran [21] were able to generalize Theorem 1.1 to characterize the convex hull
of integer points in other types of closed convex sets besides polyhedra. The characterization
relied on the following definition.
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Definition 1.5. [21] The closed convex set K ⊂ Rn is thin if the following condition holds for all
c ∈ Rn :

min{cTx | x ∈ K} = −∞ if and only if there exists d ∈ rc(K) such that cTd < 0.

The following theorem of Dey and Moran states the necessary and sufficient conditions for
the convex hull of the integer set (K ∩ Zn) to be polyhedral. Note that all polyhedral sets are
thin convex sets.

Theorem 1.4. [21] LetK ⊂ Rn be a closed convex set. IfK is thin and the recession cone ofK is a rational
polyhedral cone, then conv(K ∩ Zn) is a polyhedron. Moreover, if int(K) ∩ Zn 6= ∅ and conv(K ∩ Zn)
is a polyhedron, then K is thin and the recession cone of K is a rational polyhedral cone.

Example 1.1. Define an unbounded closed convex set

K1 = {(x, t, z) ∈ R3 | t > x2, 0 6 x 6 z}

with the recession cone rc(K1) = {(0,d, 0) | d > 0}. Since K1 is thin and rc(K1) is a rational polyhedral
cone, Theorem 1.4 tells us that conv(K1 ∩ Z3) is polyhedral.

It can be easily verified from the graphical representation that

conv(K1 ∩ Z3) = conv{(0, 0, 0), (0, 0, 1), (1, 1, 1)}+ cone((0, 1, 0))

and indeed is polyhedral. But the result no longer holds for a mixed integer set with a similar
definition and the same recession cone.

Example 1.2. Define a mixed 0-1 convex set

K2 = {(x, t, z) ∈ R2 × B | t > x2, 0 6 x 6 z}

with the recession cone rc(K2) = {(0,d, 0) | d > 0}. It can be shown [32] that

conv(K2) = {(x, t, z) ∈ R3 | zt > x2, 0 6 x 6 z, 0 6 z 6 1}

which is not polyhedral.

Example 1.2 demonstrates that it will not suffice for our analysis to seek facets of the convex
hull for the mixed integer sets we study. In interesting recent work, Kilinç-Karzan [39] generalizes
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the concept of linear inequalities being in a minimal description of a polyhedron to a concept
known as K-minimality (with respect to cone K) for some specially structured mixed integer
conic sets. Yet, for general mixed integer sets with non-polyhedral convex hull, there does not
exist a widely-used criterion for determining the necessity of an inequality in describing the
convex hull such as the facet-defining quality introduced in Definition 1.4 and Theorem 1.3.

In this work, we instead introduce our own concepts about what it means for valid inequalities
to be useful for describing a mixed integer set. Let F denote a mixed integer set representing a
feasible region of an MINLP problem,

F = {x ∈ Rn−p × Zp | f(x) 6 0}.

We assume that F has a continuous relaxation R(F) ( F = R(F) ∩ (Rn−p × Zp)) that is closed
and convex.

Definition 1.6. We say an inequality h(x) 6 0 is useful for F̄ ⊇ F if h(x) 6 0 ∀x ∈ F, but there exists
x̂ ∈ F̄ such that h(x̂) > 0.

For the NLP-based branch-and-bound algorithm introduced in Section 1.4, the subproblems
that gets solved are continuous relaxations with modified bounds or added cuts. If the problem
has a linear objective function as in (0-1 MIQCP-l), the optimal solutions to the subproblems are
obtained at extreme points of the feasible region of relaxations. If the optimal solution to the
subproblem is also feasible to the original discrete problem, then the problem is solved. This is
always the case when we have a complete description of the convex hull of feasible region, as the
extreme points of the convex hull are contained in the original feasible region. If the subproblem
solution is not feasible to the original problem, the solution point needs to be separated from the
feasible region of the original problem. The purpose of generating a cut (or a valid inequality) is
to perform this separation and provide tighter bounds. Definition 1.6 describes precisely the
inequalities that are able to serve this purpose for a relaxation F̄ ⊇ F.

The complete description of convex hull is known for some mixed integer sets with specific
structure (e.g., K2 in Example 1.2), but it is generally very difficult to obtain it. However, it is
sometimes possible to obtain a description of the convex hull in a higher dimensional space
called an extended formulation.

Definition 1.7. For a setQ ∈ Rn×Zp, Q̄ ∈ Rn+p+q is an extended formulation forQ if projRn+p(Q̄) =

conv(Q).
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1.5.3 Second Order Cone Programming

The problem (0-1 MIQCP) defined in Section 1.1 with a convex quadratic objective and constraints,
(i.e., with matrices Q,Qi � 0 ∀i ∈ [k],) is a special case of a Mixed Integer Second Order Cone
Program (MISOCP). An MISOCP problem can be written as

min cTx+ rTy (MISOCP)

s.t. ||Aix+Giy− bi||2 6 aTi x+ g
T
i y− hi, i ∈ [k]

x ∈ Rn,y ∈ Zp.

To cast a convex 0-1 MIQCP problem as a 0-1 MISOCP problem, the quadratic constraint

xTQx+ cTx 6 d

where Q � 0 is transformed to an equivalent second order conic constraint∥∥∥∥∥ Lx
1+cTx−d

2

∥∥∥∥∥
2

6
1 − cTx+ d

2 ,

where L is from the Cholesky factorization of Q = LTL. This can be verified via a simple
arithmetic argument. Taking squares of both sides of the inequality and rearranging, we obtain

xTLTLx+ (
1 + cTx− d

2 )2 6 (
1 − cTx+ d

2 )2

⇔ xT (LTL)x+
1 + (cTx)2 + d2 + 2cTx− 2d− 2d(cTx)

4

−
1 + (cTx)2 + d2 − 2cTx+ 2d− 2d(cTx)

4 6 0

⇔ xTQx+
4cTx− 4d

4 6 0

⇔ xTQx+ cTx 6 d.

A rotated second order cone is represented with a constraint of the form

||x||2 6 yz, y, z > 0 (1.13)

for some vector x ∈ Rn. The inequality (1.13) can be equivalently written as the standard form
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of conic quadratic constraint ∥∥∥∥∥ 2x
y− z

∥∥∥∥∥
2

6 y+ z. (1.14)

The second-order cone is often referred to as the Lorentz cone defined as

Lm =
{
(x1, · · · , xm−1, xm) ∈ Rm | xm > ||(x1, · · · , xm−1)||2

}
.

It is often useful to transform a convex quadratic constraint to a conic quadratic constraint as
efficient algorithms are available for solving SOCPs. We take the definition suggested by Ben-Tal
and Nemirovski [10] for sets that are represented by conic quadratic inequalities.

Definition 1.8. A set X ∈ Rn is Second Order Cone Representable (SOC-Representable) if there exists
a system of finitely many inequalities of the formAjx+Hju−bj ∈ Lmj where x ∈ Rn, u are additional
variables, and Lmj is the Lorentz cone of the appropriate dimension such that

x ∈ X⇔ ∃u such that Ajx+Hju− bj ∈ Lmj ∀j ∈ [k].

Software packages that are able to solve SOCP include commercial codes CPLEX, MOSEK,
Gurobi, and academic codes SeDuMi, and CVX. A brief overview of some of the solvers can be
found in the survey of Pólik [50]. Later in Chapter 3 we derive valid inequalities that are conic
quadratic, which allows for the use of above SOCP solvers for computations.

Ben-Tal and Nemirovski [10] introduce various types of inequalities that can be reformulated
to conic quadratic constraints. Aktürk, Atamtürk, and Gürel [2] introduce a conic quadratic
reformulation of the machine-job assignment problem that can be used for other 0-1 convex
problems, and demonstrate its effectiveness for solving the problem to optimality. Rather recently,
there has been research on the techniques of strengthening the formulation for MISOCP some of
which are briefly introduced in Section 1.5.6.

1.5.4 Disjunctive Programming

A disjunctive set is a union of sets. Disjunctive programming is optimization over disjunctive sets.
The concept was developed for the union of polyhedra in the seventies by Balas. The notations
and terminology in this section is mainly according to [7].

The following theorem describes the extended formulation of convex hull of a disjunctive set
consisting of union of polyhedra.
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Theorem 1.5. [6] Given polyhedra Pi = {x ∈ Rn | Aix > bi} 6= ∅, i ∈ Q, the closed convex hull of⋃
i∈Q Pi is the set of x ∈ Rn for which there exist vectors (yi,yi0) ∈ Rn+1, i ∈ Q satisfying

x−
∑
i∈Q

yi = 0,

Aiyi − biyi0 > 0,

yi0 > 0, i ∈ Q,∑
i∈Q

yi0 = 1. (1.15)

In particular, denoting by PQ := clconv
⋃
i∈Q Pi the closed convex hull of

⋃
i∈Q Pi and by P the set of

vectors (x, {yi,yi0}i∈Q) satisfying 1.15,

(i) if x∗ is an extreme point ofPQ, then (x̄, {ȳi, ȳi0})i∈Q is an extreme point of P , with x̄ = x∗, (ȳk, ȳk0 ) =
(x∗, 1) for some k ∈ Q, and (ȳi, ȳi0) = (0, 0) ∀i ∈ Q \ {k}.

(ii) if (x̄, {ȳi, ȳi0})i∈Q is an extreme point of P , then ȳk = x̄ = x∗ and ȳk0 = 1 for some k ∈
Q, (ȳi, ȳi0) = (0, 0) ∀i ∈ Q \ {k}, and x∗ is an extreme point of PQ.

This representation requires a number of variables proportional to the number of disjunctions
|Q|. Therefore, it is necessary that a tractable number of disjunctions are defined for this to be
useful in practice. If, for instance, a disjunctive set is defined for each of all integral feasible point
for 0-1 MIP with p binary variables, the number of variables in the extended representation will
be linear in 2p, resulting in a computationally disadvantageous formulation.

Important for our work on non-polyhedral sets in Chapter 3 is the generalization of this result
to disjunctive convex sets by Ceria and Soares [15]. Their work gives a starting point of using
perspective function to obtain strong formulation for MINLPs, and is used as a basis for the
reformulation technique introduced in Section 1.5.7.

The perspective of a closed convex function f : Rn → R ∪ {+∞}, f̃ : Rn+1 → R ∪ {+∞} is the
function

f̃(λ, x) =
{
λf(x/λ) if λ > 0
+∞ otherwise

It is known that the perspective function of a closed convex function is convex [35].
The main result of Ceria and Soares is stated in the following theorem.

Theorem 1.6. [15] For t ∈ T , let Gt : Rn → Rmt be a vector-valued function with the property that
the corresponding sets

Kt = {x ∈ Rt | Gt(x) 6 0}
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are nonempty, closed and convex. Let K = ∪t∈TKt be bounded below or above. Then x ∈ conv(K) if
and only if the following system is feasible:

x =
∑
t∈T

xt;
∑
t∈T

λt = 1; cl(G̃t)(λt, xt) 6 0, λt > 0 ∀t ∈ T ,

where cl(G̃)(λ, x) denotes the closure of the perspective function of G.

The same work provides the characterization of the nontrivial constraint:

cl(G̃t)(λt, xt) 6 0 ⇔
{
λtG

t(xt/λt) 6 0 if λ > 0,
rec(Gt)(xt) 6 0 if λ = 0.

Theorem 1.6 provides an extended formulation for the convex hull of the union of convex
sets. Similar to the linear case, this result is not always readily applicable to solving discrete
optimization problems as it may require a large number of additional variables in the problem.
Furthermore, the nonlinear functions cl(Ĝt)(λt, xt) can present additional numerical difficulties.

In the later chapters, we present continuous formulations for 0-1 MIQCP that approximates
the convex hull in a space with slightly higher dimension than the space of original variables,
and both of the results from [6] and [15] serve as references for determining how close the
approximation is to the convex hull.

1.5.5 Lifting

Lifting of inequalities typically refers to the extension of inequalities that are valid for a lower-
dimensional restricted subset to obtain inequalities valid for the higher dimensional original
set. The restricted set is generally obtained by fixing a subset of variables, and a valid inequality
involving the remaining variables is “lifted” to involve all the original variables. The conventional
form of lifting is linear; a valid linear inequality is extended by adding linear terms involving the
variables previously fixed. In case of MIP, linear lifting provides strong formulations for many
classes of problems since all the inequalities required for an ideal LP formulation (the convex
hull of the feasible region) are linear as we know from Theorem 1.1. The technique of lifting
plays a major role in our effort to generate cutting planes for (0-1 MIQCP) in chapters 2 and 3.

We give a short description of the lifting procedure in the case of linear inequalities, a large
part of which is taken from [31] and [3]. Define a mixed 0-1 knapsack set

K = {(x,y) ∈ Bn × Rm+ | aTx+ gTy 6 b}
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where a ∈ Rn, g ∈ Rm,b ∈ R. For a general vector v ∈ Rn, let vI denote the subvector of v
consisting of elements vj, ∀j ∈ I for some index set I ⊂ [n]. For some partition (L,U,R) of [n],
define a nonempty subset of K as

K(L,U,R) = {(x,y) ∈ B|R| × Rm+ | aTRxR + gTy 6 d},

where d = b − |U|. Note that K(L,U,R) is obtained from K by fixing xj = 0 ∀j ∈ L and
xj = uj ∀j ∈ U.

Given a valid inequality for K(L,U,R),

πTRxR + σTy 6 π0, (1.16)

we aim to construct a valid inequality for K of the form

πTRxR + πTLxL + π
T
U(1 − xU) + σ

Ty 6 π0. (1.17)

The lifting function for the inequality (1.16) Φ : R 7→ R ∪ {∞} is defined as

Φ(α) = π0 − max{πTRxR + σTy | aTRxR + gTy 6 d− α, xR ∈ B|R|, y ∈ Rm+ }.

The involved optimization problem, called the lifting problem, is a useful tool in proving the
validity of the extended inequality as it determines the maximum value of the slack in inequality
(1.16) if α is subtracted from the right-hand-side of the knapsack constraint from K. Specifically,
it is easy to see that (1.17) is valid for K if and only if πTLxL + πTU(1 − xT ) 6 Φ(aTLxL + a

T
U(xU −

1)) ∀(x,y) ∈ K. We use this same idea numerous times in chapters 2 and 3.
The lifting can be executed sequentially for one variable at a time or simultaneously for all

variables xj ∀j ∈ L ∪U. For sequential lifting, we start by choosing a variable xk. If k ∈ L, the
lifted inequality will be of the form

πTRxR + πkxk + σ
Ty 6 π0

which is valid for K(L\{k},U,R ∪ {k}) if and only if πkxk 6 Φ(akxk) ⇔ πk 6 Φ(ak). If k ∈ U,
the lifted inequality will be of the form

πTRxR + πk(1 − xk) + σ
Ty 6 π0

which is valid for K(L,U\{k},R∪ {k}) if and only if πk(1− xk) 6 Φ(ak(xk− 1))⇔ πk 6 Φ(−ak).
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Note that the lifting function will change after each step of sequential lifting, and different
lifting problems need to be solved while lifting each variables in L ∪U. Therefore, the coefficient
of a lifted variable xl depends on its order in the sequence if lifted during sequential lifting.
However, Wolsey [56] showed that if the lifting functionΦ is superadditive, then it is possible to
obtain coefficient for all variables using the same lifting function regardless of the sequence of
lifting.

For (1.17), if Φ is superadditive, then

πTRxR +
∑
i∈L

Φ(ai)xL +
∑
i∈U

Φ(−ai)(1 − xU) + σ
Ty 6 π0. (1.18)

is valid. Note that even if Φ is not superadditive, a superadditive lower bound φ : R 7→ R ∪ {∞}

of Φ can be used in place of Φ for sequence independent lifting.
This concept has been effectively used in strengthening formulation of a variety of sets by

deriving strong valid inequalities, especially for the ones involving binary variables. Examples of
application of this technique can be found in many studies including the work of Gu, Nemhauser
and Savelsbergh [30].

1.5.6 Cutting Planes, Theory and Algorithms for MINLPs

Our work will derive inequalities for specific structures found in MIQCPs. However, many other
researchers have adapted general inequalities from MILP to be applicable for MINLPs. Cezik
and Iyengar [16] demonstrated that Gomory mixed integer cuts can be used when the nonlinear
constraint set can be represented with conic inequalities. Atamtürk and Narayanan generalize
the theory of lifting to integer programming with conic constraints (Conic Integer Programming)
[4] and extend mixed integer rounding procedure to SOCPs [5]. The lift and project procedure
for 0-1 MINLPs was derived by Stubbs and Mehrotra [52] based on earlier work of Balas, Ceria
and Cornuéjols [8]. Kilinç, Linderoth and Luedtke [37] introduce a procedure for generating
disjunctive inequalities for convex MINLPs, and report that the use of this inequality within
a branch-and-cut solver reduces solution time for many instances. Kilinç, Linderoth, Luedtke
and Miller [38] make use of the information from the strong branching technique for MINLP
in deriving valid inequalities. The authors demonstrate that this approach can significantly
improve existing algorithms for MINLP. Modaresi, Kilinç, and Vielma [46] generalize the split
and intersection cuts and provide simple formulas for split cuts for convex sets with single
quadratic constraint and for intersection cuts for various convex quadratic sets. Dong and
Linderoth [22] investigate valid inequalities for a set involving xxT for x ∈ [0, 1]n and indicator
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binary variables, which appears in a relaxation of MIQP. The authors derive different classes of
inequalities by lifting the inequalities valid for a related set without binary variable, and show
that one of the classes of inequalities describe the convex hull for relevant convex 0-1 quadratic
set and also generalizes the perspective constraints.

Extension of theory on polyhedra from MILP includes the work of Dadush, Dey, and Vielma
[19], [20] that generalize the earlier studies on rational polytope and show that the split closure of
a strictly convex body and the Chvátal-Gomory closure of a compact convex set are both rational
polytopes.

There also have been studies on the solution process of MISOCP. Vielma, Ahmed, and
Nemhauser [54] present a linear programming based branch and bound algorithm that uses a
polyhedral relaxation of conic quadratic constraints. Drewes and Pokutta [23] suggest a cutting
plane framework based on the generalized Benders cut for 0-1 SOCPs where continuous and
binary variables are solely coupled in the conic constraints. Drewes and Ulbrich [24] introduce a
subgradient-based outerapproximation approach to solve MISOCPs and also generalizes the
convergence result for differentiable MINLP to subdifferentiable constraint functions.

1.5.7 Perspective Reformulation

A useful technique to get a strong relaxation for some classes of convex MINLPs with indicator
variables is the perspective reformulation introduced by Günluk and Linderoth[32]. In particular,
they study the convex hull description of sets where some of the variables are restricted to assume
fixed values or to be contained in a convex set depending on whether the indicator variables
are turned on or off. The following lemma provides an important ingredient of our subsequent
work presented in Chapter 2 and Chapter 3.

Lemma 1.1. [32] Define the sets

W0(x̄) = {(x, z) ∈ Rn+1 | x = x̄, z = 0}

W1(x̄) = {(x, z) ∈ Rn+1 | fi(x) 6 0 ∀i ∈ [t],u > x− x̄ > l, z = 1}

W− = {(x, z) ∈ Rn+1 | zfi(x/z) 6 0 ∀i ∈ I,uz > x > lz, 1 > z > 0}

where x̄ ∈ Rn and u, l ∈ Rn+. IfW1 is convex, then conv(W0 ∪W1) =W− ∪W0 = cl(W−).

The name perspective reformulation comes from the fact that the formulation for W− uses
the perspective function. Lemma 1.1 can be viewed as an adaptation of Theorem 1.6 to special
indicator-induced convex sets.
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An earlier work that is closely related to perspective reformulation comes from Frangioni
and Gentile [27]. They consider MINLPs with one indicator variable of the form

min f(x) + cz

s.t. Ax 6 bz,

x ∈ Rn, z ∈ B

where the polyhedron {x | Ax 6 b} is bounded, f is a closed convex function that is finite on
{x | Ax 6 b}, and f(0) = 0.

Then Frangioni and Gentile show that for an equivalent MINLP

min v

s.t. v > f(x) + cz,

Ax 6 bz,

x ∈ Rn, z ∈ B,

the perspective cut

v > f(x̄) + c+ sT (x− x̄) + (c+ f(x̄) − sT x̄)(z− 1) (1.19)

for s ∈ ∂f(x̄) is a valid inequality. The inequality (1.19) is derived based on a first-order analysis
of the convex envelope of the original objective function f(x) + cz. This inequality is valid for
any x̄ such that Ax̄ 6 b and defines maximal face for the epigraph of convex envelope of f+ cz
of dimension at least one. Günlük and Linderoth [32] demonstrate that (1.19) can be derived
as a linear outerapproximation of the convex inequality in the definition of the perspective
reformulation.

1.5.8 Strengthened Reformulations

Both perspective cuts and the perspective reformulation are developed for problems with semi-
continuous variables regulated by indicator variable(s) where the semicontinuous variables
appear separably in convex functions. Therefore it cannot be directly applied for the problems of
different structure in terms of interaction between continuous and binary variables. Frangioni
and Gentile in their successive work [28] suggest how to utilize perspective cuts for problems
where the semicontinuous variables appear together in non-separable convex quadratic function:
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An example is the problem

min xTQx+ qTx+ cTz,

s.t. Ax+Hy > b,

lizi 6 xi 6 uizi ∀i ∈ [n],

x ∈ Rn, z ∈ Bn

We demonstrate how to apply their approach for the problem of our interest:

min v (0-1 MIQCP-l)

s.t. v > xTQx+ cTx,

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Bn.

Note that for simplicity of formulation we consider the case where all variables x are semi-
continuous, i.e., p = n, and leave out quadratic constraints other than the original objective.
The relaxation approach explained below can be separately applied to each of the omitted
inequalities.

If Q is a diagonal matrix, the quadratic function can be written as
∑
i∈[n]Qii(x

2
i + cixi) and

the perspective cuts or perspective reformulation can be directly applied to generate a strong
formulation. The perspective cut for this case at (x̄, z̄) for each i ∈ [n] can be written as

vi > (2Qiix̄i + ci)xi −Qiix̄2
izi (1.20)

In fact, an extended formulation of the convex hull of the substructure of this problem is known.

Lemma 1.2. [53] Define the set X as

X = {(v, x, z) ∈ R1+n × Bn | v >
∑
j∈[n]

qjx
2
j , ljzj 6 xj 6 ujzj ∀j ∈ [n]},

and an extended formulation is X̄

X̄ = {(v, x, t, z) ∈ R1+2n × Bn | v >
∑
j∈[n]

qjtj, tj > x2
j , ljzj 6 xj 6 ujzj ∀j ∈ [n]}. (1.21)
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The convex hull of X̄ is

conv(X̄) = {(v, x, t, z) ∈ R1+2n × [0, 1]n | v >
∑
j∈[n]

qjtj,

tjzj > x
2
j , ljzj 6 xj 6 ujzj ∀j ∈ [n]}. (1.22)

The inequalities

tjzj > x
2
j ∀j ∈ [n]

come from the (separable) application of the perspective reformulation. For a general positive
semidefinite matrix Q, we can create an equivalent formulation with the matrix split into a
diagonal matrix and a remainder matrix. Specifically, with any nonnegative diagonal matrix D
such that Q−D � 0, (0-1 MIQCP-l) can be equivalently formulated as

min w

s.t. w > xT (Q−D)x+ xTDx+ cTx,

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Bn.

For a substructure of this problem

{(v, x, t, z) ∈ R1+2n × Bn | v > xTDx, ljzj 6 xj 6 ujzj ∀j ∈ [n]},

both the convexification of the extended formulation of Lemma 1.2, or the inequalities (1.20) can
be directly applied to construct a stronger formulation.

To satisfy Q−D � 0 and thus maintain the convexity of the problem, Frangioni and Gentile
suggest two different choices ofD. The first one is to setD = λminIwhere λmin is the minimum
eigenvalue of Q. The second approach aims to get ’larger’ D so that more improvement on the
(root) lower bound can be achieved by adding perspective cuts. To maximize the total extracted
amount while keeping the remainder matrix positive semidefinite, one can solve the following
Semidefinite Program (SDP):

max
{ n∑
i=1

di | Q−

n∑
i=1

di(eie
T
i ) � 0, d > 0

}
. (1.23)
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Computations of Frangioni and Gentile [28] demonstrates convincingly that even though the
perspective cuts were applied only to a subset with simple structure, the reformulation, relaxation
and convexification techniques help improve the root node bound for the unit commitment
problem and minimum variance portfolio problem.

We suggest a generalization of this approach to handle nonseparability. Consider a more
general decomposition of Q = R+ B such that B,R � 0, which allows for the reformulation of
(0-1 MIQCP-l) to

min v (0-1 MIQCP-r)

s.t. v > xT (Q− B)x+ xTBx+ cTx,

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Bn.

We then propose to diagonalize the extracted matrix xTBx using the Cholesky factorization
B = LLT . By introducing a set of new variables y and letting y = LTx, we get xTBx = xTLLTx =
yTy and (0-1 MIQCP-r) is equivalently formulated as

min v

s.t. v > xT (Q− B)x+
∑
j∈[n]

tj + c
Tx,

tj > y
2
j ∀j ∈ [n],

y = LTx,

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [n],

x ∈ Rn, z ∈ Bn.

As in the diagonal decomposition, we create a relaxation of the feasible region of the reformulated
problem by taking only the inequalities involving variables y and the lower and upper bound
constraints on variables x. Substituting the variables xwith L−Ty, we obtain a lower dimensional
set

S0 = {(y, t, z) ∈ R2n × Bn | tj > y
2
j , ljzj 6 [L−Ty]j 6 ujzj ∀j ∈ [n]} (1.24)
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and aim to find a good approximation to conv(S0).
The set S0 is very similar to X̄ defined by (1.21) as all of the quadratic constraints are repre-

sented by separable functions. Yet the perspective cuts (1.20) or Lemma 1.2 cannot be immediately
applied to approximate conv(S) because the indicator variables z now have a more complicated
interaction with the continuous variables y through constraint ljzj 6 [L−Ty]j 6 ujzj ∀j ∈ [n].
Even relaxing the quadratic constraints tj > y2

j , the set S0 is equivalent to the intersection of
knapsack constraints for which no good characterization is known [43]. Therefore we concentrate
our analysis on a low dimensional case of S0 denoted by S:

S = {(y, t, z) ∈ R2 × R2
+ × B2 | t1 > y2

1, t2 > y2
2,

0 6 a11y1 + a12y2 6 z1,

0 6 a22y2 6 z2 } (1.25)

where the matrix

L−T =

[
a11 a12

0 a22

]
∈ R2×2.

Note that we use lj = 0,uj = 1 ∀j ∈ [n] without loss of generality as we can scale the variables
for any −∞ < lj < uj < +∞.

Note that although S is a restricted set, what we learn about conv(S) can still be utilized
in constructing a good formulation for (0-1 MIQCP-l) by taking the decomposition Q = R+ B

for a 2 × 2 block diagonal matrix B � 0. Then the Cholesky factor L and L−T are also block
diagonal which makes the constraint ljzj 6 [L−Ty]j 6 ujzj ∀j ∈ [n] partially separable in a sense
that the ith block Li interacts with only variables y2i, y2i+1. Therefore, any strong formulation
for S can be applied separately for substructures involving each 2 × 2 block. We discuss this
approach more fully in Chapter 2. The diagonal decomposition is a special case of block diagonal
decomposition. Our goal is to obtain a formulation for S that results in improving the bounds in
the solution process for problems defined as (0-1 MIQCP).

1.6 Contributions

In Chapter 1, we explained our motivation to investigate mixed-integer sets with indicator vari-
ables that arise from 0-1 MIQCP and the transmission switching problem. These classes of
optimization problems appear in numerous applications from various fields such as the portfolio
problem in financial engineering, subset selection for regression in statistics and electricity net-
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work design problems. The goal of this thesis is to develop strong formulations of substructures
appearing in these problems that can improve the solution process by providing better bounds
in enumeration algorithms. Previous research and theories related to the subject were briefly
reviewed. The review includes the existing techniques that were directly applied in our attempt
to construct the relaxation for 0-1 MIQCP and different approach suggested by other researchers.
What makes our approach unique is the reformulation process using the Cholesky factorization
of the Hessian. This results in a feasible set defined by separable quadratic constraints involv-
ing new variables and more complicated linear constraints involving indicator variables. The
methods we develop in Chapter 2 and Chapter 3 are applicable to this reformulated feasible set.

For 0-1 MIQCP, we focus on a low-dimensional case with 2 indicator variables and start the
investigation with a polyhedral outer-approximation of the problem in Chapter 2. Five different
types of valid inequalities are derived for this MILP mainly using techniques such as lifting, vari-
able substitution, constraint aggregation, and the perspective reformulation. These inequalities
are shown to be facet-defining for the convex hull of the mixed integer set under some mild con-
ditions. We conduct computational experiments to examine how well the resulting formulation
approximates the convex hull and to infer which facets are more important in describing the
convex hull. By solving optimization problems with random linear objective function over the
set defined by our formulation, it is revealed that we do not have the complete description of
the convex hull, but the formulation provides exact solutions for 90 % of the instances. We also
demonstrate through computation on the minimum variance portfolio problem how to use the
results in the low dimensional case to general problems of larger size by a 2× 2 block-diagonal
matrix extraction.

In Chapter 3, based on what was developed in the previous chapter, four types of quadratic
valid inequalities are derived for the low dimensional case. The techniques applied to derive
them are very similar to what were used in Chapter 2. All of the inequalities derived are shown to
be second order cone representable. Since there does not exist a theoretical tool to determine the
necessity of an inequality in describing a non-polyhedral set whereas facet defining quality is well-
defined for polyhedra, we examine the importance of these inequalities through computational
experiments. Complete characterization of the set of extreme points of the natural relaxation
and the set of extreme points of the convex hull are given. We also specify which extreme points
of the natural relaxation are violated by each of the inequalities we introduce. Computational
experiments on the same instances of the minimum variance portfolio problem from Chapter 2
are performed.

In Chapter 4, we investigate the substructure of the DC transmission switching problem.
As for 0-1 MIQCP, we define a relaxation by including a subset of constraints for the original
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DC transmission switching problem. This subset of constraints is selected by finding a specific
subgraph in the form of a directed cycle of the underlying transmission line network. We exploit
the attribute of the relaxation to derived valid linear inequalities for the relaxation and prove
that they are facet-defining for the relaxation. It was also shown by our collaborators that these
are the only non-trivial inequalities necessary to describe the convex hull of a lower-dimensional
set obtained by projecting out the voltage angle variable from our relaxation. Computational
experiments are performed to demonstrate the usefulness of the inequalities in a branch-and-cut
scheme on IEEE instances.

The following list summarizes the main result and contributions of this thesis from each
chapter.
In Chapter 1:

• We motivate the study of mixed-integer sets with specific structure involving indicator
variable and provide a review of related theoretical results and tools that are helpful in the
investigation.

• For 0-1 MIQCP, we introduce a unique approach to reformulate its relaxation through
Choesky factorization to obtain separability of quadratic constraints.

• For DC transmission switching problem, we introduce our approach to construct a relax-
ation by extracting a subgraph from the transmission line network.

In Chapter 2:

• For a polyhedral outer-approximation P(A,B) of a low-dimensional (transformed) relax-
ation of 0-1 MIQCP, we derive 5 classes of valid inequalities and prove that they are
facet-defining under some mild conditions.

• We measure the importance of each facet via shooting experiment and present computa-
tional evidence that these 5 classes of inequalities do not provide complete characterization
of conv(P(A,B)).

• We describe a framework to utilize the result obtained for a low-dimensional relaxation in
a solution process for a general problem of larger dimension by reformulation through
matrix decomposition. This was also demonstrated in computational experiments on the
minimum variance portfolio optimization.

In Chapter 3:
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• We define a low-dimensional (transformed) relaxation of 0-1 MIQCP with quadratic con-
straint, S, and characterize the set of extreme points of its simple continuous relaxation
R(S) and conv(S).

• We derive 4 classes of nonlinear inequalities valid for S and prove that they are all second-
order cone representable.

• Computational evidence is provided to show that these 4 inequalities do not provide
complete characterization of conv(S).

• We measure the impact of the inequalities by i) analyzing which extreme points of R(S) are
cut off by them and at which extreme points of conv(S) they are tight, and ii) conducting
shooting experiments.

• Computations were performed on the same instances of the minimum variance portfolio
optimization from Chapter 2 to demonstrate the ability of the valid inequalities to improve
bounds.

In Chapter 4:

• We construct a useful relaxation C of the DC transmission switching problem based on the
physical intuition of Kirchoff’s voltage law. the relaxation is based on a directed cycle.

• We derive a class of valid inequalities for the relaxation C and prove that they are also
facet-defining for C.

• We investigate the separation problem and describe a closed form solution to its subproblem
formulated as a knapsack problem.

• Computations were performed on IEEE instances of the DC transmission switching prob-
lem to demonstrate the usefulness of the inequalities in the solution process.
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Chapter 2

Polyhedral Outer-approximation of S

2.1 Introduction

With the reformulation strategy explained in Section 1.5.8 in mind, the focus of this chapter is
the mixed integer set

S0 = {(y, t, z) ∈ R2n × Bn | tj > y
2
j , ljzj 6 [L−Ty]j 6 ujzj ∀j ∈ [n]}. (2.1)

As described in Section 1.5.8, the set S0 can be used in a relaxation of the feasible region of the
following reformulation of 0-1 MIQCP:

min v

s.t. v > xT (Q− B)x+
∑
i∈[n]

ti + c
Tx,

ti > y
2
i ∀i ∈ [n],

y = LTx,

xTQix+ c
T
i x 6 di ∀i ∈ [k],

Ax+Hz 6 f,

ljzj 6 xj 6 ujzj ∀j ∈ [p],

x ∈ Rn, z ∈ Bp.
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We begin with an analysis of the lower-dimensional set defined as

S = {(y, t, z) ∈ R2 × R2
+ × B2 | t1 > y2

1, t2 > y2
2,

0 6 a11y1 + a12y2 6 z1,

0 6 a22y2 6 z2 }. (2.2)

Note that the lower and upper bounds on the variables y1,y2 can be deduced from the linear
inequalities. Specifically, y1 ∈ [l1,u1],y2 ∈ [l2,u2] ∀y1,y2 ∈ S0 where

l1 :=min{0,−a12
a11

1
a22

},

u2 :=max{ 1
a11

, 1
a11

−
a12
a11

1
a22

},

l2 :=0,

u2 :=
1
a22

.

For ease of notation, we ignore the dependence of the set S on the parameters a11,a12, and a22

when we refer to the general structure. However, when we explicitly write the dependence, e.g.,
to address specific instances, we refer to the set as S(a11,a12,a22).

In this chapter, we investigate a polyhedral outer-approximation of S. The relaxation can be
constructed using tangential lines of the quadratic constraints and made to be arbitrarily close to
S by increasing the number of these lines. We denote the polyhedral set by

P(A,B) = {(y, t, z) ∈ R2 × R2
+ × B2 | 0 6 a11y1 + a12y2 6 z1, (2.3a)

0 6 a22y2 6 z2, (2.3b)

t1 > 2αy1 − α
2 ∀α ∈ A, (2.3c)

t2 > 2βy2 − β
2 ∀β ∈ B } (2.3d)

where A = {α1,α2, · · · ,αm} ⊂ [l1,u1] and B = {β1,β2, · · · ,βp} ⊂ [l2,u2] are the index sets of
the points at which we take linearizations for t1 > y2

1 and t2 > y2
2, respectively. Without loss

of generality, assume that αi < αi+1 ∀αi,αi+1 ∈ A, and βj < βj+1 ∀βj,βj+1 ∈ B. We define
parameters σ and δ for A and B to be the minimum distance between consecutive lineariation
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points:

σ := min
i=1,...,m−1

{αi+1 − αi} (2.4)

δ := min
j=1,...,p−1

{βj+1 − βj}. (2.5)

These parameters are used specifically in the facet proofs in section Section 2.2.

2.2 Valid Inequalities for P(A,B)

Five methods of deriving strong inequalities for P(A,B) are presented in this section. For
simplicity of notation, we define a constant r = a12

a11
.

The first facet-defining inequality is the perspective cut of Frangioni and Gentile [27].

Proposition 2.1. For each β̄ ∈ B, the inequality

t2 > 2β̄y2 − β̄
2z2. (Ineq L1)

is valid for P(A,B).

Proof. Since z2 = 0 implies y2 = 0, t2 > 2β̄y2 − β̄2 for any β̄ ∈ B (equation (2.3d) in the
description of P(A,B)) can be strengthened through the perspective reformulation introduced
in Section 1.5.7 to (Ineq L1).

Proposition 2.2. The inequality (Ineq L1) defines a facet of conv(P(A,B)).

Proof. To prove that (Ineq L1) is a facet of conv(P(A,B)), we present the following 6 affinely
independent points that are contained in P(A,B) and satisfy t2 = 2β̄y2 − β̄

2z2:

0
0
0
0
0
0


,



0
0
0
0
1
0


,



0
0
1
0
0
0


,



1
a11

0
( 1
a11

)2

0
1
0


,



−rβ̄

β̄

r2β̄2

β̄2

0
1


,



0
β̄− δ

2
0

β̄(β̄− δ)

1
1


.

Note that δ defined in (2.5) is a parameter representing the minimum distance between values
in B. It is obvious that the first five points are in P(A,B). For the sixth point to be feasible, the
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condition β̄(β̄ − δ) > 2β(β̄ − δ
2 ) ∀β ∈ B must be true. The condition holds since 2β̄y2 − β̄

2 >

2βy2 − β
2 ∀β, β̄ ∈ B if y ∈ [β̄− δ

2 , β̄+ δ
2 ].

The next three inequalities are derived by fixing and lifting the variable z1 with the perspective
reformulation. The inequalities differ from each other in the substitution made between the
variables y1 and y2.

Proposition 2.3. For each αk ∈ A, define

L1(αk) =



0 if 0 6 αk 6 − r
a22

or 0 6 αk 6 1
a11

, r > 0
2r(αp1−αk)

a22
+ α2

p1 − α
2
k if − r

a22
6 αk, r < 0

−2αk
a11

if 1
a11

− r
a22

6 αk 6 0
−

2αp2
a11

+
2r(αp2−αk)

a22
+ α2

p2 − α
2
k if αk 6 1

a11
− r
a22

6 0, r > 0
−2rαk
a22

− α2
k if αk 6 0, 1

a11
− r
a22

> 0

(2.6)

where αp1 and αp2 are parameters that can be uniquely chosen by finding elements in A satisfying
αp1+αp1−1

2 6 − r
a22

6
αp1+αp1+1

2 and αp2+αp2−1
2 6 1

a11
− r
a22

6
αp2+αp2+1

2 .
Then the inequality

− 2rαky2 − t1 − L1(αk)z1 − α
2
kz2 6 0 (Ineq L2)

is valid for P(A,B).

Proof. If z1 = 0, (2.3a) implies y1 + ry2 = 0 where r = a12
a11

. Substituting y1 = −ry2 in the
inequality t1 > 2αky1 −α

2
k for some αk ∈ A gives t1 > −2rαky2 −α

2
k. Applying the perspective

reformulation leads to a strengthened inequality −2rαky2 − t1 − α
2
kz2 6 0 that is valid in the

case that z1 = 0.
We can maximally lift this inequality back in z1 to −2rαky2−t1−α

2
kz2 6 L1(αk)z1 by solving

L1(αk) = max{−2rαky2 − t1 − α
2
kz2 | (y, t, z) ∈ P(A,B)}. (2.7)

We need only consider the case z1 = 1, and solve the two cases of (2.7) where z2 = 0 and 1. If
z1 = 1, z2 = 0, then (2.3b) implies that y2 = 0, (2.7) reduces to

max{−t1 | 0 6 y1 6 1/a11, t1 > 2αy1 − α
2 ∀α ∈ A, t1 > 0}

and the optimal value in this case 0.
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When z1 = z2 = 1, (2.7) is written as follows:

L1(αk) = max −2rαky2 − t1 − α
2
k (Lift1-P)

s.t. a11y1 + a12y2 > 0, (λ1)

a11y1 + a12y2 6 1, (λ2)

a22y2 > 0, (λ3)

a22y2 6 1, (λ4)

2αy1 − t1 6 α2 ∀α ∈ A, (µi)

2βy2 − t2 6 β2 ∀β ∈ B, (γj)

t1, t2 > 0.

The variables in parentheses (λ,µ,γ) are the dual variables associated with each constraint. We
characterize optimal solutions to (Lift1-P) by examining its dual linear program involving these
variables:

min λ2 + λ4 +
m∑
i=1

α2
iµi +

n∑
j=1

βjγj − α
2
k (Lift1-D)

s.t. − a11λ1 + a11λ2 +
m∑
i=1

2αiµi = 0,

−a12λ1 + a12λ2 − a22λ3 + a22λ4 +
n∑
j=1

2βjγj = −2rαk,

−

m∑
i=1

µi > −1,

−

n∑
j=1

γj > 0,

λ,µ,γ > 0.

The optimal solution to (Lift1-P) can be characterized by describing feasible points (ŷ1, ŷ2, t̂1, t̂2)

to the primal (Lift1-P) and (λ̂, µ̂, γ̂) to dual (Lift1-D), showing that these points have the same
objective value. Different points are characterized for different cases defined depending on
the instances of P(A,B) and αk ∈ A. As A ⊂ [l1,u1], we know that if a12 < 0, then αk ∈
[0, 1/a11 − r/a22], and if a12 > 0, then αk ∈ [−r/a22, 1/a11]. We partition these intervals and
consider two types of instances where a12 > 0, (0 6 a12 6 a22 and a12 > a22) to define the
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following 6 different cases:

• Case 1: a12 < 0, αk ∈ [0,−r/a22]

• Case 2: a12 < 0, αk ∈ [−r/a22, 1/a11 − r/a22]

• Case 3: 0 6 a12 6 a22, αk ∈ [−r/a22, 0]

• Case 4: 0 6 a12 6 a22 or a12 > a22, αk ∈ [0, 1/a11]

• Case 5: a12 > a22, αk ∈ [−r/a22, 1/a11 − r/a22]

• Case 6: a12 > a22, αk ∈ [1/a11 − r/a22, 0]

The feasible points for (Lift1-P) and (Lift1-D) and the common (optimal) objective value are
described for each of these cases. Note that if the objective value for these points is less than 0,
the optimal objective value for (2.7) is 0 which is obtained when z2 = 0.

• Case 1:
(αk,−αkr ,α2

k, (αkr )2) is feasible for (Lift1-P) and (( 2αk
a11

, 0, 0, 0), ek, 0) is feasible for (Lift1-D)
with optimal objective value 0.

• Case 2:
(− r
a22

, 1
a22

,−2rαp1
a22

− α2
p1, ( 1

a22
)2)) is feasible for (Lift1-P) and ((

2αp1
a11

, 0, 0, 2r(αp1−αk)
a22

), ep, 0)
is feasible for (Lift1-D) with optimal objective value 2r(αp1−αk)

a22
+ α2

p1 − α
2
k. Note that if

αp1 = αk, the resulting inequality coincides with Case 1.

• Case 3:
(0, 1

a22
, 0, ( 1

a22
)2) is feasible for (Lift1-P) and ((0, 0, 0,−2rαk

a22
), 0, 0)is feasible for (Lift1-D)

with optimal objective value −2rαk
a22

− α2
k. Note that this value is nonnegative since

−
2rαk
a22

− α2
k = −αk(αk +

2r
a22

) = −αk(αk +
r

a22
+

r

a22
)

where αk 6 0 and r > 0 by assumption and αk + r
a22

> 0 since αk ∈ A ⊂ [− r
a22

, 1
a11

].

• Case 4:
(0, 0, 0, 0) is feasible for (Lift1-P) and ((0, 0, 2rαk

a22
, 0), 0, 0)is feasible for (Lift1-D) with optimal

objective value −α2
k. As this is less than 0, the optimal objective value to the original lifting

problem involving z2 is 0 as in Case 1.
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• Case 5:
( 1
a11

− r
a22

, 1
a22

, 2αp2(
1
a11

− r
a22

) − α2
p2, ( 1

a22
)2) is feasible for (Lift1-P) and

((0,−2αp2
a22

, 0, 2r(αp2−αk)
a22

), ep, 0) is feasible for (Lift1-D) with optimal objective value−2αp2
a11

+
2r(αp2−αk)

a22
+ α2

p2 − α
2
k. If αp2 = αk, the resulting inequality coincides with Case 6.

• Case 6:
(αk, 1

a12
− αk

r ,α2
k, ( 1

a12
− αk

r )2) is feasible for (Lift1-P) and ((0,−2αk
a11

, 0, 0), ek, 0)is feasible
for (Lift1-D) with optimal objective value −2αk

a11
.

We have characterized the lifting coefficient L1(αk) as (2.6) by providing a closed form solution
to (2.7) in all cases, which establishes the validity of (Ineq L2) for P(A,B).

Proposition 2.4. The inequality (Ineq L2) defines a facet of conv(P(A,B)).

Proof. To prove the claim, we give 6 affinely independent points in P(A,B) that satisfy

−2rαky2 − t1 − L1(αk)z1 − α
2
k = 0

for each of the 6 cases defined in the proof of Proposition 2.3. Note that σ is a parameter
representing the minimum distance between values in A defined as (2.4).

• Case 1 or Case 4: (a12 < 0,αk ∈ [0,−r/a22] or a12 > 0,αk ∈ [0, 1/a11])
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
−2rαky2 − t1 − α

2
kz2 = 0:

0
0
0
0
0
0


,



0
0
0
1
0
0


,



0
0
0
0
1
0


,



1
a11

0
0
0
1
0


,



αk

−αkr
α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)

( 1
r(αk −

σ
2 ))

2

0
1


.

• Case 2: (a12 < 0, αk ∈ [−r/a22, 1/a11 − r/a22])
For any ε such that − r

a22
− ε ∈ [

αp1+αp1−1
2 , αp1+αp1+1

2 ], the following 6 affinely independent
points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy −2rαky2 − t1 − (

2r(αp1−αk)
a22

+ α2
p1 −



39

α2
k)z1 − α

2
kz2 = 0:

0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

−αkr
α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)

( 1
r(αk −

σ
2 ))

2

0
1


,



− r
a22
1
a22

−
2rαp1
a22

− α2
p1

( 1
a22

)2

1
1


,



− r
a22

− ε
1
a22

−
2rαp1
a22

− α2
p1

( 1
a22

)2

1
1


.

• Case 3: (0 6 a12 6 a22, αk ∈ [−r/a22, 0])
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
−2rαky2 − t1 − (− 2rαk

a22
− α2

k)z1 − α
2
kz2 = 0:



0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

−αkr
α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)

( 1
r(αk −

σ
2 ))

2

0
1


,



0
1
a22

0
( 1
a22

)2

1
1


,



−σ2
1
a22

0
( 1
a22

)2

1
1


.

• Case 5: (a12 > a22, αk ∈ [−r/a22, 1/a11 − r/a22])
For any ε such that 1

a11
− r
a22

− ε ∈ [
αp2+αp2−1

2 , αp2+αp2+1
2 ], the following 6 affinely inde-

pendent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy −2rαky2 − t1 − (−
2αp2
a11

+
2r(αp2−αk)

a22
+ α2

p2 − α
2
k)z1 − α

2
kz2 = 0:



0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

−αkr
α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)

( 1
r(αk −

σ
2 ))

2

0
1


,



1
a11

− r
a22

1
a22

2αp2(
1
a11

− r
a22

) − α2
p2

( 1
a22

)2

1
1


,



1
a11

− r
a22

− ε
1
a22

2αp2(
1
a11

− r
a22

) − α2
p2

( 1
a22

)2

1
1


.

• Case 6: (a12 > a22, αk ∈ [1/a11 − r/a22, 0])
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
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−2rαky2 − t1 − (− 2αk
a11

)z1 − α
2
kz2 = 0:



0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

−αkr
α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)

( 1
r(αk −

σ
2 ))

2

0
1


,



0
−αkr + 1

a12

α2
k

(−αkr + 1
a12

)2

1
1


,



0
−αk2r + 1

a12

0
(−αk2r + 1

a12
)2

1
1


.

We can apply a similar lifting procedure without substituting the y variables to obtain the
following valid inequality.

Proposition 2.5. For each αk ∈ A, define

L3(αk) =


0 if αk 6 0
α2
k if 0 6 αk 6 1

a11
2αk−2αq
a11

+ α2
q if αk > 1

a11

(2.8)

where αq ∈ A can be uniquely chosen by finding an element in A that satisfies αq+αq−1
2 6 1

a11
6

αq+αq+1
2 . Then the inequality

2αky1 − t1 − L3(αk)z1 − α
2
kz2 6 0 (Ineq L3)

is valid for P(A,B).

Proof. We start from a valid inequality 2αky1 − t1 − α
2
k 6 0 for some αk ∈ A in the description

of P(A,B). Under the restriction z1 = 0, z2 = 0 implies y1 = 0 due to (2.3a), so we can apply
the perspective reformulation to tighten this inequality. As a result, we obtain the inequality
2αky1 − t1 − α

2
kz2 6 0, which is valid if z1 = 0. Then we lift this in z1 to

2αky1 − t1 − α
2
kz2 6 L3(αk)z1. (2.9)

The minimal lifting coefficient is attained by solving

L3(αk) = max{2αky1 − t1 − α
2
kz2 | (y, t, z) ∈ S}. (2.10)
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We need only consider the case z1 = 1. If z1 = z2 = 1, the objective function of (2.10) reduces to
2αky1 − t1 −α

2
k, which is nonnegative by (2.3c) in the description of P(A,B). A feasible solution

y1 = αk, t1 = α2
k has the objective value 0. Therefore, the optimal objective value for (2.10) in

this case is 0. When z1 = 1, z2 = 0, (2.10) is written as follows:

L3(αk) = max 2αky1 − t1 (Lift3-P)

s.t. a11y1 > 0, (λ1)

a11y1 6 1, (λ2)

2αy1 − t1 6 α2 ∀α ∈ A, (µi)

t1 > 0.

Its optimal solution can be characterized by examining its dual linear program:

min λ2 +
m∑
i=1

α2
iµi (Lift3-D)

s.t. − a11λ1 + a11λ2 +
m∑
i=1

2αiµi = 2αk,

−

m∑
i=1

µi > −1,

λ,µ > 0.

By describing feasible points (ŷ1, t̂1) to primal (Lift3-P) and (λ̂, µ̂) to dual (Lift3-D) with
common optimal objective value and comparing it with 0, we obtain closed form solutions to
(2.10). If these points have objective value less than 0, the optimal objective value of (2.10) is 0
obtained when z2 = 0. Three possible cases of (Ineq L3) are considered based on the value of
αk: αk 6 0, 0 6 αk 6 1

a11
, and αk > 1

a11
.

• If αk 6 0 :
(0, 0) is feasible for (Lift3-P) and ((−2αk

a11
, 0), 0) is feasible for (Lift3-D) with optimal objective

value 0.

• If 0 6 αk 6 1
a11

:
(αk,α2

k) is feasible for (Lift3-P) and ((0, 0), ek) is feasible for (Lift3-D) with optimal objective
value α2

k.

• If αk > 1
a11

:
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( 1
a11

, 2αq
a11

−α2
q) is feasible for (Lift3-P) and ((0,−2αk−2αq

a11
)), ep) is feasible for (Lift3-D) with

optimal objective value 2αk−2αq
a11

+ α2
q.

By definition of L3(αk), (2.9) is valid for P(A,B). By explicitly characterizing L3(αk) as (2.8), the
proof is complete.

Proposition 2.6. The inequality (Ineq L3) defines a facet of conv(P(A,B)) if i) αk < 0, or ii) 0 6

αk <
1
a11

and 0 6 −αkr 6 1
a22

, or iii) αk > 1
a11

, 0 6 −αkr 6 1
a22

, and ∃ε :
2αq
a11

− α2
q − 2αkε >

2α
a11

− α2 ∀α ∈ A.

Proof. To prove the claim, we provide 6 affinely independent points in P(A,B) that satisfies

2αky1 − t1 − L3(αk)z1 − α
2
kz2 = 0

for each of 3 cases.

• If αk < 0:
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
2αky1 − t1 − α

2
kz2 = 0:

0
0
0
0
0
0


,



0
0
0
1
0
0


,



0
0
0
0
1
0


,



αk

− 1
rαk

α2
k

(αkr )2

0
1


,



αk +
σ
2

− 1
r(αk +

σ
2 )

αk(αk − σ)
1
r2 (αk +

σ
2 )

2

0
1


,



αk
1
r(

1
a11

− αk)

α2
k

1
r2 (

1
a11

− αk)
2

1
1


.

• If 0 6 αk 6 1
a11

and 0 6 −αkr 6 1
a22

:
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
2αky1 − t1 − α

2
kz1 − α

2
kz2 = 0:

0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

0
α2
k

0
1
0


,



αk −
σ
2

0
αk(αk − σ)

0
1
0


,



αk

− 1
rαk

α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)
1
r2 (αk −

σ
2 )

2

0
1


.
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• If αk > 1
a11

, 0 6 −αkr 6 1
a22

, and ∃ε :
2αq
a11

− α2
q − 2αkε > 2α

a11
− α2 ∀α ∈ A:

The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
2αky1 − t1 − (

2αk−2αq
a11

+ α2
q)z1 − α

2
kz2 = 0:



0
0
0
0
0
0


,



0
0
0
1
0
0


,



1
a11

0
2αq
a11

− α2
q

0
1
0


,



1
a11

− ε

0
2αq
a11

− α2
q − 2αkε
0
1
0


,



αk

− 1
rαk

α2
k

(αkr )2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)
1
r2 (αk −

σ
2 )

2

0
1


.

Fixing and lifting the variable z2 and applying the perspective reformulation, we obtain the
next inequality.

Proposition 2.7. For each αk ∈ A, define

L4(αk) =


0 if − αk

r < 0
α2
k if 0 6 −αkr <

1
a22

2r(αs−αk)
a22

+ α2
s if − αk

r > 1
a22

(2.11)

where αs ∈ A can be uniquely chosen from A by finding an element satisfying αs+αs−1
2 6 − r

a22
6

αs+αs+1
2 . Then the inequality

2αky1 − t1 − α
2
kz1 − L4(αk)z2 6 0 (Ineq L4)

is valid for P(A,B).

Proof. If z2 = 0, it is implied that y2 = 0, so in this case z1 = 0 implies y1 = 0 by (2.3a). This
allows the application of the perspective reformulation to t1 > 2αky1 − α

2
k for any αk ∈ A in

the description of P(A,B) to obtain tighter inequality 2αky1 − t1 − α
2
kz1 6 0 valid in the case

z2 = 0. We lift it back in z2 to

2αky1 − t1 − α
2
kz1 6 L4(αk)z2 (2.12)
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by solving

L4(αk) = max{2αy1 − t1 − α
2z1 | (y, t, z) ∈ P(A,B)}. (2.13)

We need only consider the case z2 = 1. If z1 = z2 = 1, (2.13) reduces to

max{2αky1 − t1 − α
2
k | (y, t, z) ∈ P(A,B)},

for which y1 = αk, t1 = α2
k is feasible with the optimal objective value 0.

If z1 = 0, z2 = 1, (2.13) is written as follows:

max 2αky1 − t1 (Lift4-P)

s.t. −
1
r
y1 > 0,

−
1
r
y1 6

1
a22

,

2αy1 − t1 6 α2 ∀α ∈ A,

t1 > 0.

We use its dual linear program written below to characterize the optimal objective value for
(2.13):

min 1
a22
λ2 +

m∑
i=1

α2
iµi (Lift4-D)

s.t. 1
r
λ1 −

1
r
λ2 +

m∑
i=1

2αiµi = 2αk,

−

m∑
i=1

µi > −1,

λ,µ > 0.

The solution to (2.13) can be characterized by describing feasible points (ŷ1, t̂1) to the primal
(Lift4-P) and (λ̂, µ̂) to the dual (Lift4-D) with common optimal objective value and comparing
this value with 0, which was the objective value obtained when z1 = z2 = 1. The characterization
is done for three different cases defined depending on the values of a11,a12,a22, and αk.

• If −αkr 6 0 :
(0, 0) is feasible for (Lift4-P) and ((2rαk, 0), 0) is feasible for (Lift4-D) with optimal objective
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value 0.

• If 0 6 −αkr 6 1
a22

:
(αk,α2

k) is feasible for (Lift4-P) and ((0, 0), ek) is feasible for (Lift4-D) with optimal objective
value α2

k.

• If −αkr > 1
a22

:
(− r
a22

,−2rαs
a22

−α2
s) is feasible for (Lift3-P) and ((0, 2r(αs−αk)), ep) is feasible for (Lift3-D)

with optimal objective value 2r(αs−αk)
a22

+ α2
s.

By definition of L4(αk), (2.12) is valid for P(A,B). Therefore, characterizing the optimal objective
value to (2.13) as L4(αk) defined in (2.11) suffices to establish validity.

Proposition 2.8. The inequality (Ineq L4) defines a facet of conv(P(A,B)) if i) − αk
r 6 0 or ii) 0 <

−αkr 6 1
a22

and 0 6 αk 6 1
a11

.

Proof. We provide 6 affinely independent points in P(A,B) that satisfy 2αky1 − t1 − α2
kz1 −

L4(αk)z2 = 0 for each of the two conditions in the claim.

1. If −αkr 6 0:
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
2αky1 − t1 − α

2
kz1 = 0:

0
0
0
0
0
0


,



0
0
0
0
0
1


,



0
0
0
1
0
0


,



αk

0
α2
k

0
1
0


,



αk −
σ
2

( 1
a12

− αk
r )

αk(αk − σ)

( 1
a12

− αk
r )2

1
1


,



0
1
a22

0
0
0
1


.

2. If 0 < −αkr 6 1
a22

and 0 6 αk 6 1
a11

:
The following 6 affinely independent points (y1,y2, t1, t2, z1, z2) are in P(A,B) and satisfy
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2αky1 − t1 − α
2
kz1 − α

2
kz2 = 0:

0
0
0
0
0
0


,



0
0
0
1
0
0


,



αk

−αkr
α2
k
α2
k

r2

0
1


,



αk −
σ
2

− 1
r(αk −

σ
2 )

αk(αk − σ)
1
r2 (αk −

σ
2 )

2

0
1


,



αk

0
α2
k

0
1
0


,



αk −
σ
2

0
αk(αk − σ)

0
1
0


.

Note that under this condition, inequality (Ineq L4) coincides with the second case of
inequality (Ineq L3).

The last valid inequality we introduce is derived using constraint aggregation and the per-
spective reformulation.

Proposition 2.9. If a12 > 0, the inequality

(a11y1 + a12y2) −
a11
2α t1 −

a12
2β t2 − (

αa11
2 +

βa12
2 )z1 6 0. (Ineq L5)

where 0 < α ∈ A, 0 < β ∈ B is valid for P(A,B).

Proof. We show validity for two values that z1 takes. If z1 = 0, (2.3a) implies thata11y1+a12y2 = 0,
thus (Ineq L5) reduces to a11

2α t1 +
a12
2β t2 > 0. This is valid since t1, t2 are nonnegative variables

and a11,a12,α,β are all assumed to be positive. If z1 = 1, (2.3a) is equivalent to a11
2α × (t1 >

2αy1 − α
2) + a12

2β × (t2 > 2βy2 − β
2). As this is a linear combination of two valid inequalities

with positive weights a11
2α and a12

2β , it is valid for P(A,B).

Proposition 2.10. The inequality (Ineq L5) defines a facet of conv(P(A,B)).

Proof. To prove claim, we present 6 affinely independent points (y1,y2, t1, t2, z1, z2) in P(A,B)
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that satisfy (a11y1 + a12y2) −
a11
2α t1 −

a12
2β t2 − (αa11

2 + βa12
2 )z1 = 0:

0
0
0
0
0
0


,



0
0
0
0
0
1


,



α

β

α2

β2

1
1


,



α− σ
2

β

α(α− σ)

β2

1
1


,



α

β− δ
2

α2

β(β− δ)

1
1


,



−σ2
σ
2r
0
0
0
1


.

We use the following example to demonstrate the usefulness of the derived inequalities.

Example 2.1. For the following instance of S,

Ŝ = {(y, t, z) ∈ R2 × R2
+ × B2 | 0 6 3y1 + y2 6 z1,

0 6 2y2 6 z2,

t1 > y2
1, t2 > y2

2 },

we construct a polyhedral outerapproximation with tangential lines of the quadratic inequalities at lower
and upper bounds of variables y1,y2. The resulting polyhedron is written as

P̂(A,B) = {(y, t, z) ∈ R2 × R2
+ × B2 | 0 6 3y1 + y2 6 z1,

0 6 2y2 6 z2,

t1 > −
1
3y1 −

1
36,

t1 >
2
3y1 −

1
9,

t2 > y2 −
1
4 }

where A = {−1
6 , 1

3 }, B = {0, 1
2 }.
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It can be shown that the only nontrivial facet-defining inequalities for conv(P1) are

4y2 − 4t2 − z2 60, (f1-1)

4y2 − 36t1 − z1 − z2 60, (f1-2)

−12y1 − 36t1 − z2 60, (f1-3)

6y1 − 9t1 − z1 60, (f1-4)

12y1 + 4y2 − 18t1 − 4t2 − 3z1 60. (f1-5)

All five facets can be generated by using each of the linear inequalities we derived. Specific inequalities
and parameters are given below.

• (Ineq L1) with β̄ = 1
2 generates facet (f1-1).

• (Ineq L2) with αk = −1
6 , L1(αk) = 1 generates facet (f1-2).

• (Ineq L3) with αk = −1
6 , L3(αk) = 0 generates facet (f1-3).

• (Ineq L4) with αk = 1
3 , L4(αk) = 0 generates facet (f1-4).

• (Ineq L5) with α = 1
3 , β = 1

2 generates facet (f1-5).

2.3 Block-diagonal Decomposition

Recall from the discussion in Section 1.5.8 that our focus on the lower dimensional set S is based
on our approach to handle nonseparability by decomposing Q = R+ B, where B is a 2× 2 block
diagonal matrix. The choice of B � 0 is not unique. Mimicking the earlier work of Frangioni and
Gentile [28], we introduce a way of constructing a non-overlapping block diagonal B ∈ Rn×n by
solving an SDP whose objective is to maximize the amount extracted. We assume that n is an
even number and formulate the SDP as follows:

max
n∑
j=1

rµj +
∑

j∈{1,3,5,··· ,n−1}
sλj

s.t. Q−

n∑
j=1

µjeje
T
j −

∑
j∈{1,3,5,...n−1}

λj(eje
T
j+1 + ej+1e

T
j ) � 0,

µjeje
T
j + µj+1ej+1e

T
j+1 + λj(eje

T
j+1 + ej+1e

T
j ) � 0 ∀i ∈ {1, 3, 5, · · · ,n− 1}. (2.14)
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Variables µj and λj represent the diagonal and off-diagonal elements of a symmetric matrix
B, respectively. Different matrices B can be obtained for different value of objective weights r
and s. The effectiveness of the relaxation depends on which matrix B is used, but it is still not
clear what the best strategy to construct B is. Similar consideration was taken for obtaining
the best diagonal decomposition by Zheng, Sun and Li [57]. They formulated an SDP to find
the diagonal matrix D which results in the tightest possible continuous relaxation when the
perspective reformulation is applied. Their formulation results in a larger dimensional SDP
compared to the formulation (1.23) used by Frangioni and Gentile, but provides a tighter root
bound. Dong and Linderoth [22] obtain similar result but give computational evidence that
extracting from diagonal to optimize root bound is not always the best strategy. Our focus is
not on the specific extraction, but on whether or not performing a non-diagonal extraction to
reformulate can be useful. For that reason, we do not perform extensive analysis on the effect of
optimizing root bound, or on effect of choice of the objective coefficient r and s from (2.14). In
all our experiments in the thesis we use r = 5, s = 2.

2.4 Computational Experiments

2.4.1 Comparing Relaxations of P(A,B)

Let the simple continuous relaxation of P(A,B) be denoted by

R(P(A,B)) := {(y, t, z) ∈ R2 × R2
+ × [0, 1]2 |0 6 a11y1 + a12y2 6 z1,

0 6 a22y2 6 z2,

t1 > 2αy1 − α
2 ∀α ∈ A,

t2 > 2βy2 − β
2 ∀β ∈ B },

and a stronger relaxation obtained by adding the 5 classes of valid inequalities derived in
Section 2.2 by

T(P(A,B)) := {(y, t, z) ∈ R(P(A,B)) | (Ineq L1) − (Ineq L5)}.

Since conv(P(A,B)) is the tightest possible relaxation, we know thatP(A,B) ⊆ conv(P(A,B)) ⊆
T(P(A,B)) ⊆ R(P(A,B)). What is not clear is how different these sets are from each other. In
particular, we would like to tell whether or not T(P(A,B)) = conv(P(A,B)). In this section, we
perform a simple numerical experiment to estimate the difference between the sets which also
shows that T(P(A,B)) 6= conv(P(A,B)).
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We generated random instances of P(A,B) along with random vectors c ∈ R6 and solved

ωH = min
(y,t,z)∈proj(y,t,z)H

cT (y, t, z) (2.15)

for each H ∈ {P(A,B), conv(P(A,B)),T(P(A,B)),R(P(A,B))}. For H = conv(P(A,B)), the ex-
tended description given in Theorem 1.5 on disjunctive sets is used. This is a result by Balas
[6] and brief introduction can be found in Section 1.5.4. Note that we know by Theorem 1.1
(introduced in Section 1.5.1) thatω∗ := ωP(A,B) = ωconv(P(A,B)). We test how useful the facet-
defining inequalities are in describing conv(P(A,B)) by measuring their ability to close the gap
between the MILP solution ω∗ and the natural relaxation solution ωR(P(A,B). To do that, we
define the Gap Closure(GC) in percentage(%) as below:

GC := 100×
(

1 −
ωT(P(A,B)) −ω

∗

ωR(P(A,B)) −ω∗

)
.

This value represents the proportion of the gap reduced by the inequalities derived in Section 2.2
out of the original gap obtained by solving the simple continuous relaxation.

We created random instances of P(A,B) and (2.15) in the following manner. Random matrices

of the form
[
a11 a12

0 a22

]
where a11,a22 > 0 were generated by drawing each element a11,a12, and

a22 from uniform distributions of integers in the range [1, 10], [−10, 10], [1, 10], respectively. If the
generated a12 = 0, the draw for a12 was repeated until we obtain a nonzero value. The objective
coefficients c were also drawn from uniform distributions: c1, c2 ∼ U(−100, 10), c3, c4 ∼ U(0, 100)
and c5, c6 ∼ U(−10, 100). The coefficients c3, c4 on t are chosen to be always nonnegative as
otherwise (2.15) will be unbounded. The draws for c were repeated until we obtain an instance
of (2.15) satisfyingωR(P(A,B)) −ω

∗ > 10−3, since otherwise there is no gap to close. For each
random instance of P(A,B), we compute the lower and upper bounds of y1 (l1, l2) and y2(l2,u2).
The set of linearization pointsA and B to be used for equations (2.3c) and (2.3d) in the description
of P(A,B) were constructed to contain 40 equally-spaced points in the intervals [l1,u1] and [l2,u2],
respectively, including the bounds. For each α ∈ A and β ∈ B, all applicable inequalities from
Section 2.2 were generated and added to formulate T(P(A,B)).

A hundred random instances were generated by this procedure and (2.15) was solved for
each instance. The average gap closure for all instances was 94.52 %. The gap was completely
closed (i.e., GC was 100 %) for 90 instances. For the other 10 instances, the remaining gap ranges
between 0.1 % and 100 %. The fact that there exist instances for which GC is not 100 % proves
that T(P(A,B)) 6= conv(P(A,B)). Therefore, the inequlaities (Ineq L1) - (Ineq L5) are not the only



51

nontrivial inequalities necessary in the description of conv(P(A,B)).

2.4.2 Shooting Experiment

In Section 2.2, we provided conditions under which each of the valid inequalities for P(A,B) were
facet-defining. In this section, we measure the importance of each of the facets with shooting
experiment. To our knowledge, it was first proposed by Kuhn [41] as a means to identify new
facets of the TSP polytope. Random rays from a fixed point in the interior of the polytope are
extended until they intersect facets of the polytope and these facets are recorded. Later Gomory,
Johnson, and Evans [29] reported a similar experiment conducted on the cyclic group polyhedra
where the random shooting rays originate from outside of the polyhedra and the number of
rays intersected for each facet is recorded. The facets hit by the highest percentage of rays are
considered most important. Hunsaker [36] found that the facets whose “hit percentage” is large
correlate strongly with empirical usefulness of the inequalities.

We conduct a shooting experiment on random instances of T(P(A,B)) to determine which
inequalities are more important in optimization. A point d0 ∈ R6 in the interior of T(P(A,B)) is
selected, and random rays in direction d ∈ R6 are shoot from d0 until they hit a facet. A shooting
for a specific direction d̂ corresponds to solving the following LP:

max s

s.t. (d0 + sd) ∈ T(P(A,B)),

s ∈ R+. (2.16)

Random instances of T(P(A,B)) were generated by using the exactly same procedure
described in Section 2.4.1. For each randomly generated instance, d0 was defined as
(1/4a11, 1/4a22, 1/(8a2

11), 1/(8a2
22), 0.5, 0.5) to be sure that none of the inequalities in the de-

scription of R(P(A,B)) is tight at the origin of shooting. Each element of the shooting direction d
was drawn from a uniform distribution. Specifically, d1,d2,d5,d6 ∼ U(−1, 1) and d3,d4 ∼ U(0, 1).
The coefficients d3,d4 for variables t1, t2 are chosen to be nonnegative as otherwise (2.16) is
unbounded. Thirty instances of T(P(A,B)) were generated and 500 randomly generated d were
used to solve (2.16) for each of them.

Table 2.1 summarizes the result of the shooting experiment. The entries denote the number
of random rays (out of 500) for which the inequalities are tight at the optimal solution of (2.16).
The columns represent the inequalities in the description of R(P(A,B)) and (Ineq L1) - (Ineq L5).
For numerical purposes, we say the inequality f(x) 6 0 is tight at x̂ if f(x̂) < 10−6.
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inst. R(P(A,B)) (Ineq L1) (Ineq L2) (Ineq L3) (Ineq L4) (Ineq L5)
1 4 68 0 427 1 0
2 71 390 5 13 13 0
3 116 299 8 42 35 0
4 66 361 0 63 9 0
5 0 31 0 0 469 0
6 19 461 0 8 12 0
7 0 368 0 0 131 0
8 500 0 0 0 0 0
9 76 423 0 0 0 0

10 0 31 0 1 467 1
11 0 14 0 486 0 0
12 0 171 0 0 328 1
13 14 34 0 450 2 0
14 0 2 0 0 498 0
15 0 2 0 0 498 0
16 246 82 116 48 6 0
17 10 314 0 176 0 0
18 8 487 0 0 1 0
19 2 487 0 0 0 0
20 1 442 0 1 55 0
21 4 399 0 0 96 0
22 138 361 0 0 0 0
23 0 48 0 0 452 0
24 6 485 0 8 0 0
25 1 246 0 253 0 0
26 10 478 0 6 5 0
27 0 60 0 0 440 0
28 500 0 0 0 0 0
29 0 147 0 0 353 0
30 0 4 0 496 0 0

Average 59.73 223.17 4.30 82.60 129.03 0.07

Table 2.1: Shooting experiment for T(P(A,B))
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All inequalities derived in Section 2.2 were hit at least once. On the average, inequalities
(Ineq L1), (Ineq L3) and (Ineq L4) were hit by most number of rays.

2.5 Application

In this section, we apply the cutting planes and decomposition technique introduced in Sections
2.2 and 2.3 to application problems. Our goal is to demonstrate the strength of the resulting
formulation compared to Frangioni and Gentile’s approach [27].

We first define the general relaxation formulation for the two methods. Let F denote the
feasible region of (0-1 MIQCP-l):

F = {(v, x, z) ∈ R+ × Rn × Bn | v > xTQ0x+ c
T
0 x,

Ax+Hz 6 f,

0 6 xj 6 zj ∀j ∈ [n],

x ∈ Rn, z ∈ Bp.}

Let RD(F) denote the reformulation of continuous relaxation of F resulting from the diagonal
decomposition suggested by Frangioni and Gentile with Q = R +D, D = diag(d). Let RB(F)
denote the reformulation from the 2× 2 block diagonal decomposition Q = R+ B:

RD(F) = {(x, z, v,w) ∈ Rn+ × [0, 1]n × R1+n
+ | v > xTRx+ dTw,

wj > x
2
j ∀j ∈ [n],

Ax+Hz 6 f,

0 6 xj 6 zj ∀j ∈ [n] },

RB(F) = {(x,y, z, v, t) ∈ Rn+ × Rn × [0, 1]n × R1+n
+ |v > xTRx+ eT t,

tj > y
2
j ∀j ∈ [n],

Ax+Hz 6 f,

LTx = y,

0 6 xj 6 zj ∀j ∈ [n]. }

Let TO
D(F) denote the formulation obtained by applying perspective cuts to a polyhedral

outer-approximation of RD(F). We denote by TO
B (F) the formulation obtained by adding the
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inequalities (Ineq L1) - (Ineq L5) from Section 2.2 to a polyhedral outer-approximation of RB(F).
Assuming n is an even number, we obtain n/2 blocks and handle each of them separately to
obtain polyhedral relaxations of the form (2.3). Specifically, we construct the 6-dimensional
polyhedral set denoted by Pi(Ai,Bi,L−Tii ,L−Ti,i+1,L−Ti+1,i+1) for each i ∈ {1, 3, · · · ,n− 1}. The sets
Ai,Bi are the set of linearization points chosen between the lower and upper bounds on variables
yi and yi+1, respectively, and L is the Cholesky factor satisfying B = LLT .

Mathematically, these formulations are written as

TO
D(F) = {(x, z, v,w) ∈ Rn+×[0, 1]n × R1+n

+ |

v > xTRx+ dTw,

wj > 2ηkjxj − η
2
kj
zj ∀j ∈ [n],kj ∈ Kj,

xj 6 zj ∀j ∈ [n] }

where Kj is the set of points where the outer-approximations of wj > x2
j is taken for each j ∈ [n],

and

TO
B (F) = {(x,y, z, v, t) ∈ Rn+×Rn × [0, 1]n × R1+n

+ |

v > xTRx+ eT t,

ti > 2αiyi − α2
i ∀αi ∈ Ai, i ∈ [n], i odd ,

ti > 2βiyi − β2
i ∀βi ∈ Bi, i ∈ [n], i even ,

(y, t, z) ∈ T(Pi(Ai,Bi,L−Tii ,L−Ti,i+1,L−Ti+1,i+1)) ∀i ∈ [n], i odd ,

LTx = y,

0 6 xj 6 zj ∀j ∈ [n] }

for some choice of sets of linearization points Ai,Bi for the ( i+1
2 )th pair of y variables.

In all following computational experiments, the set of linearization points are defined to
contain 40 equally-spaced points between lower and upper bounds of the associated y variables
(for Ai,Bi) or x variables (for Kj) including the bounds. As in Section 2.4.1, for each α ∈ Ai and
β ∈ Bi, all applicable inequalities of the form (Ineq L1) - (Ineq L5) were generated and added to
the definition of the formulation T(Pi(Ai,Bi,L−Tii ,L−Ti,i+1,L−Ti+1,i+1)).

2.5.1 Minimum Variance Portfolio Problem

We consider the portfolio optimization problem where the goal is to produce a financial portfolio
with the minimum possible variance satisfying a set of constraints. We use the formulation
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similar to (1.4).

ν∗ = min xTQx (2.17)

s.t. eTx = 1,

eTz 6 K,

αTx > ρ,

0 6 xj 6 zj j ∈ [n],

x ∈ Rn, z ∈ Bn

We created instances of (2.17) randomly in the following manner. The parameters αj were
drawn from uniform distributions in the range [−0.02, 0.5], and the parameter ρ from a uniform
distribution in the range [0, 0.02]. A random, positive semidefinite matrix Q is constructed as

Q = ATA+ diag(ζ) +
n/2∑
j=1

γj(e2j−1 + e2j)(e2j−1 + e2j)
T

where A ∈ Rn×n, ζ ∈ Rn,γ ∈ Rn/2. Each element of A is drawn uniformly at random from
the range [−5, 5], each ζj is a uniform random variable in the range [0, ζ̄] and γj is a uniform
random variable in the range [0, γ̄]. The third addend inQ is a 2×2 block-diagonal matrix whose
jth block has all 4 entries equal to γj, j = 1, 2, · · · ,n/2. By increasing ζ̄, the resulting matrix Q
becomes more diagonally dominant. By increasing γ̄, we can make Q more “block”-diagonally
dominant. We would expect the block extraction technique with the facet-defining inequalities
(Ineq L1)-(Ineq L5) to perform best if γ̄ is large. Note that by construction we have Q � 0. We
created three families of random instances. In the first family, ζ̄ = γ̄ = 0; in the second family,
ζ̄ = 100, γ̄ = 0; and in the third family ζ̄ = 0, γ̄ = 100.

To precisely define the relaxations, let

P := {(x, z) ∈ [0, 1]n × [0, 1]n | eTx = 1, eTz 6 K,αTx > ρ, xj 6 zj∀j ∈ [n]}

be the continuous relaxation of the feasible region of (3.40). The natural continuous relaxation
obtains root objective value

νR := min
x,z

{xTQx | (x, z) ∈ P}.

To create a relaxation based on a diagonal matrix-splitting, we solve the SDP (1.23) to obtain
an optimal solution d, and we let Q = R + diag(d). The strengthened relaxation obtains root
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objective value

νD := min
x,z,v,w

{
v | v > xTRx+ eTw

(x, z) ∈ P

wj > 2ηkjxj − η
2
kj
zj ∀j ∈ [n],kj ∈ Kj

}
.

To create a relaxation based on a block-diagonal matrix splitting, we solve the SDP (2.14) to
obtain an optimal solution solution B, and we let Q = R+ B,withB = LLT . The strengthened
relaxation employing our new facet-defining inequalities obtains root objective value

νB := min
x,z,v,t,y

{
v | v > xTRx+ eT t

(x, z) ∈ P

LTy = x

(y, t, z) ∈ T(P(Aj,Bj,L−Tjj ,L−Tj,j+1,L−Tj+1,j+1)) ∀j ∈ {1, 3, · · · ,n− 1}
}

.

Note the dependence of the feasible region, specifically the sets P(Aj,Bj), on the inverse of the
Cholesky factor of B.

We also create a relaxation based on performing the same block-diagonal matrix splitting
used to compute νB, but we replace T(P(A,B)) (our approximation of conv(P(A,B))), with
conv(P(A,B))using the extended formulation described in Theorem 1.5. Specifically, we compute
the value

νconv := min
x,z,v,t,y

{
v | v > xTRx+ eT t

(x, z) ∈ P

LTy = x

(y, t, z) ∈ conv(P(Aj,Bj,L−Tjj ,L−Tj,j+1,L−Tj+1,j+1)) ∀j ∈ {1, 3, · · · ,n− 1}
}

.

Relaxations are compared with respect to their root optimality gap

Gap(ν?) :=
ν? − ν

∗

ν∗
,

where ν? is one of νR,νD,νB, or νconv depending on which relaxation is being evaluated.
Tables 2.2, 2.3, and 2.4 show the average root optimality gaps for the four different relaxation
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methods over the 20 randomly generated instances of each problem size.

n Gap(νR) Gap(νD) Gap(νB) Gap(νconv)
10 39.02 38.56 38.20 38.00
20 33.47 33.17 33.46 33.46
30 27.98 27.49 27.93 27.85
40 19.00 18.60 19.00 19.00

Table 2.2: Average Gap(%) for Min Variance Portfolio Problem with (ζ̄ = 0, γ̄ = 0)

n Gap(νR) Gap(νD) Gap(νB) Gap(νconv)
10 40.09 12.22 18.73 10.91
20 34.72 11.76 21.94 13.48
30 35.73 9.38 24.68 11.70
40 35.73 10.71 25.22 12.70

Table 2.3: Average Gap(%) for Min Variance Portfolio Problem with (ζ̄ = 100, γ̄ = 0)

n Gap(νR) Gap(νD) Gap(νB) Gap(νconv)
10 25.42 20.39 15.80 12.36
20 21.65 17.46 15.01 13.84
30 24.73 17.83 16.57 15.61
40 30.71 15.80 22.00 20.78

Table 2.4: Average Gap(%) for Min Variance Portfolio Problem with (ζ̄ = 0, γ̄ = 100)

Table 2.2 shows that for a matrix Q that is not diagonally or block-diagonally dominant,
(ζ̄ = γ̄ = 0) using perspective cuts or the facet-defining inequalities from Section 2.2 makes
little contribution to tightening the gap at the root node. However, as shown in Table 2.4 and
Table 2.3, the root gap was improved significantly for the other two families of instances. WhenQ
is diagonally dominant, (ζ̄ = 100, γ̄ = 0) using diagonal extraction to add perspective cuts works
best. The value Gap(zD) < Gap(zconv) for some instances in this case, which contradicts our
expectation that the reverse would be true, since block-diagonal extraction is a generalization of
diagonal extraction. However, as discussed in Section 2.3, the root gap depends on the extracted
matrix and we do not focus on obtaining a specific extraction that optimizes the root bound. The
relaxation from block-diagonal extraction is the strongest when Q is block-diagonally dominant.
(ζ̄ = 0, γ̄ = 100)
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2.6 Summary

In this chapter, we investigate the polyhedral outer-approximation of S, denoted by P(A,B). This
polyhedron is constructed by replacing the quadratic constraints in the description of S with
their linearizations taken at a number of break points. We drive 5 classes of valid inequalities
for P(A,B) by using techniques such as lifting, variable substitution, constraint aggregation,
and the perspective reformulation. It was shown that they are facet-defining under some mild
conditions, and the importance of each facet was measured through shooting experiment. Com-
putational experiment provide evidence that these inequalities do not suffice in the description
of conv(P(A,B)). Although the inequalities are only applicable for low-dimensional relaxations,
they can be helpful in a solution process for a problem of larger dimension. We decribe how
to utilize them for each low-dimensional substructure of an optimization problem obtained
by matrix decomposition, and demonstrate this framework in computations on the minimum
variance portfolio optimization problems of size n ∈ {10, 20.30, 40}.
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Chapter 3

Quadratic Cutting Surfaces for S

3.1 Introduction

In this chapter, we direct our attention back to the nonlinear set

S0 = {(y, t, z) ∈ R2n × Bn | tj > y
2
j , ljzj 6 [L−Ty]j 6 ujzj ∀j ∈ [n]} (3.1)

that relaxes the feasible region of a reformulation of 0-1 MIQCP. As in Chapter 2, our investigation
focuses on the low-dimensional set

S = {(y, t, z) ∈ R2 × R2
+ × B2 | t1 > y2

1, (3.2a)

t2 > y2
2, (3.2b)

0 6 a11y1 + a12y2 6 z1, (3.2c)

0 6 a22y2 6 z2 }. (3.2d)

We first characterize in Section 3.1.1 the extreme points of conv(S) and the extreme points of its
natural relaxation. The derivation procedure for the valid inequalities is explained in Section 3.2
where their relationship with the linear inequalities from Chapter 2 is discussed. The results of
computational experiments to demonstrate the strength of the formulation that uses the new
nonlinear inequalities is reported in sections 3.3 and 3.4.
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3.1.1 Extreme Points Characterization

We denote the continuous relaxation of S by

R(S) := {(y, t, z) ∈ R2 × R2
+ × R2 | t1 > y2

1, t2 > y2
2,

0 6 a11y1 + a12y2 6 z1,

0 6 a22y2 6 z2,

0 6 z1 6 1, 0 6 z2 6 1 }. (3.3)

Recall from Section 1.5.8 that

L−T =

[
a11 a12

0 a22

]
∈ R2×2,

so we may assume a11,a22 > 0.
S is a union of 4 subsets in which (z1, z2) take values among (0, 0), (0, 1), (1, 0), and (1, 1).

These subsets are all defined by the same set of quadratic inequalities and only differ in the
polyhedral feasible region for y1,y2. We letQz̄1z̄2 denote the polyhedron containing y1,y2 for
each subset:

Qz̄1z̄2 = {(y1,y2) ∈ R2 | 0 6 a11y1 + a12y2 6 z̄1,

0 6 a22y2 6 z̄2 }

for (z̄1, z̄2) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)}.
As explained in Section 1.5.1, we will determine the usefulness of nonlinear valid inequalities

based on whether they strengthen the relaxation by cutting off extreme points of the natural
relaxation. The following lemma and theorem provide the characterization of the points in
ext(R(S)).

Lemma 3.1. If p = (ŷ1, ŷ2, t̂1, t̂2, ẑ1, ẑ2) ∈ ext(R(S)), then t̂1 = ŷ2
1, t̂2 = ŷ2

2.

Proof. If p∗ = (y∗1 ,y∗2 , t∗1 , t∗2 , z∗1 , z∗2) is an optimal solution to the optimization problem

min
p∈R(S)

{cTp}

with c > 0, then it must be that t∗1 = (y∗1)
2, t∗2 = (y∗2)

2. If not, a solution with strictly smaller
objective function value would exist.



61

Theorem 3.1. Define the following 4 infinite families of points parametrized by α,β ∈ R:

( α, β, α2, β2, 1, 1 ) (3.4)

( α, β, α2, β2, 1, a22β ) (3.5)

( α, β, α2, β2, a11α+ a12β, 1 ) (3.6)

( α, β, α2, β2, a11α+ a12β, a22β ). (3.7)

The set of extreme points of R(S) is defined as

ext(R(S)) = {(3.4), (3.5), (3.6), (3.7) | (α,β) ∈ Q11}.

Proof. (⊇) Suppose p = (ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2) is one of the forms (3.4) - (3.7), but not an extreme
point. Then there must exist 2 points distinct from p in R(S) which we denote by

u =(y1u,y2u, t1u, t2u, z1u, z2u),

v =(y1v,y2v, t1v, t2v, z1v, z2v)

such that (1 − λ)u+ λv = p for some λ ∈ (0, 1).
This relationship and the definition of R(S) imply that

ȳ1 = α = (1 − λ)y1u + λy1v

t̄1 = α2 = (1 − λ)t1u + λt1v

t1u > y2
1u, t1v > y

2
1v.

This system of equations and inequalities implies that

t̄1 = α2 =(1 − λ)t1u + λt1v

>(1 − λ)y2
1u + λy2

1v

>((1 − λ)y1u + λy1v)
2

=ȳ2
1.

Due to the strict convexity of function f(y) = y2, the last inequality holds at equality only
if y1u = y1v. It follows that y1u = y1v = α, t1u = t1v = α2. The same argument applies
to the system of equations and inequalities involving ȳ2,y2u,y2v, t̄2, t2u, t2v and implies that
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y2u = y2v = β, t2u = t2v = β
2. Then the definition of R(S) implies that

0 6 a11α+ a12β 6 ẑ1 6 1,

0 6 a22β 6 ẑ2 6 1,

and thus for a point p of the form (3.4),(3.5),(3.6),or (3.7), any solution to the equation
(1 − λ)u+ λv = p, λ ∈ (0, 1) satisfies z1u = z1v = ẑ1, z2u = z2v = ẑ2. We have established that
p = u = v, which contradicts the assumption that p is not an extreme point. Therefore any point
in R(S) of the given form is an extreme point.

(⊆) Suppose there exists an extreme pointp = (ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2) that cannot be written in the
form of (3.4),(3.5),(3.6), or (3.7). From Lemma 3.1, we knowp can be written as (α,β,α2,β2, ẑ1, ẑ2).
Since p ∈ R(S), it satisfies

0 6a11α+ a12β 6 z̄1 6 1

0 6 a22β 6 z̄2 6 1

As we assumed z̄1 /∈ {a11α+a12β, 1}, a11α+a12β < z̄1 < 1. Then we can take two points in R(S)

u =(α,β,α2,β2,a11α+ a12β, z̄2),

v =(α,β,α2,β2, 1, z̄2)

that satisfy p = (1 − λ)u+ λv where

λ =
z̄1 − (a11α+ a12β)

1 − (a11α+ a12β)
∈ (0, 1).

This contradicts the assumption that p is extreme, and thus we conclude that z̄1 ∈ {a11α+a12β, 1}.
A similar argument shows that z̄2 ∈ {a22β, 1}, proving that any extreme point can be written in
the forms (3.4),(3.5),(3.6), or (3.7).

Note that the points in the 4 families (3.4),(3.5),(3.6), and (3.7) may not be distinct from each
other depending on the values of a22β and a12α+ a12β. As there are infinitely many of these
combinations, this family of points constitutes an uncountably infinite set of extreme points.

With a similar argument, we also characterize ext(conv(S)). Not surprisingly, conv(S) is not
a polyhedron.
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Theorem 3.2. Define the following 4 infinite families of points (ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2) parametrized by
α,β ∈ R:

( α, β, α2, β2, 1, 1 ) (3.8)

( α, β, α2, β2, 1, 0 ) (3.9)

( α, β, α2, β2, 0, 1 ) (3.10)

( α, β, α2, β2, 0, 0 ). (3.11)

The set of extreme points of conv(S) is defined as

ext(conv(S)) = E :={(3.8) | (α,β) ∈ Q11} ∪ {(3.9) | (α,β) ∈ Q10}

∪ {(3.10) | (α,β) ∈ Q01} ∪ {(3.11) | (α,β) ∈ Q00}.

Proof. (⊇) Suppose for contradiction that there exists a point p = (ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2) which is in
the set E defined above, but which not an extreme point. Then there exist two distinct points in
conv(S) which we denote by

u =(y1u,y2u, t1u, t2u, z1u, z2u),

v =(y1v,y2v, t1v, t2v, z1v, z2v)

such that (1 − λ)u+ λv = p for some λ ∈ (0, 1). Since (ẑ1, ẑ2) ∈ B2 and ziu, ziv ∈ [0, 1], i = 1, 2,
any solution to this equation satisfies ziu = ziv = ẑi, i = 1, 2. Applying the same argument
from the proof of Theorem 3.1, we can deduce that yiu = yiv = ȳi, tiu = tiv = t̄i = ȳ

2
i, i = 1, 2.

This results in u = v = p, which contradicts the assumption that p is not extreme.

(⊆) Suppose for contradiction that there exists a point p ∈ ext(conv(S)) that cannot be written
in the forms (3.8)-(3.11). First note that (z̄1, z̄2) ∈ B2 is a necessary condition for p to be extreme.
If (z̄1, z̄2) /∈ B2, then p ∈ conv(S)\S which means that p is written as a convex combination of
two or more points in S and by definition not an extreme point. The condition (ȳ1, ȳ2) ∈ Qz̄1z̄2

follows from feasibility requirement. Therefore, that p is not of one of the forms (3.8) - (3.11)
means t̄i > ȳ2

i for i = 1 or 2. Let t̄i = ȳ2
i + εi for εi > 0, i = 1, 2 and take

u =(y1u,y2u, ȳ2
1 + 2ε1, ȳ2

2 + 2ε2, z1u, z2u),

v =(y1v,y2v, ȳ2
1, ȳ2

2, z1v, z2v).
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Then p = 0.5u+ 0.5v, so P is not extreme, contradicting the assumption.

3.2 Valid and Useful Inequalities for S

Motivated by an intuitive conjecture that facets of P(A,B) would correspond to linearization
of nonlinear inequalities that describe the boundaries of conv(S), we take a similar approach
to generate strong quadratic inequalities valid for S. Specifically, procedures such as fixing the
value of a variable followed by substitution, (nonlinear) lifting, and strengthening the inequalities
via the perspective reformulation were applied to produce convex nonlinear inequalities valid
for S. The usefulness of these inequalities is illustrated in Section 3.3.2 by showing when the
points in ext(R(S)) (characterized in Theorem 3.1) are cut off by the inequalities.

The first valid inequality is a result of direct application of perspective reformulation to the
variables t2,y2 and z2.

Proposition 3.1.
z2t2 > y2

2. (Ineq 1)

is a valid inequality for S.

Proof. If z2 = 1, then (Ineq 1) is the same as (3.2d) in the description of S. If z2 = 0, then (3.2d)
implies that y2 = 0, so (Ineq 1) is valid in this case as well.

Note that (Ineq 1) is in the form of a rotated second order cone, since z2, t2 > 0.
The second valid inequality is obtained by fixing the variable z1 = 0, substituting variable y1

with −ry2, applying the perspective reformulation on t1,y2 and z2 and lifting for validity when
z1 = 1.

Proposition 3.2. The inequality

C1z1z2 + z2t1 > r2y2
2 (Ineq 2)

where

C1 =


0 if a12 < 0
r2

a2
22

if 0 6 a12 6 a22
r2

a2
22
− ( 1

a11
− r 1

a22
)2 if a12 > a22

is valid for S.
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Proof. When z2 = 0, (Ineq 2) is valid since both left and right-hand side of the inequality reduce
to 0 as (3.2d) implies that y2 = 0. If z2 = 1 and z1 = 0, then (3.2c) implies that y1 = −ry2. By
substitution, (Ineq 2) is equivalent to (3.2a) and therefore valid in this case. We need only prove
that (Ineq 2) is valid when z1 = z2 = 1, which is true if C1 > r2y2

2 − t1. Thus the minimum lifting
coefficient is attained by solving

max r2y2
2 − y

2
1 (3.12)

s.t. 0 6 a11y1 + a12y2 6 1,

0 6 a22y2 6 1.

which is a nonconvex optimization problem. Note that in the objective of the lifting problem
(3.12), y2

1 replaces t1 as t1 = y2
1 at an optimal solution. Instead of using an optimality certificate

to identify a closed form solution to the problem as in Chapter 2, we exploit the fact that the
objective function is separable to obtain a closed-form solution. Define

y∗1(y2) = argmax
y1

{r2y2
2 − y

2
1 | 0 6 a11y1 + a12y2 6 1}.

Observing that for a fixed y2 this optimization problem is equivalent to

argmin
y1

{|y1| | 0 6 a11y1 + a12y2 6 1}

= argmin
y1

{y1 | −ry2 6 y1 6
1
a11

− ry2} (3.13)

and y2 > 0 ∀y2 ∈ S, we characterize y∗1(y2) as

y∗1(y2) =


−ry2 if r < 0
0 if r > 0, 1

a11
− ry2 > 0

1
a11

− ry2 if r > 0, 1
a11

− ry2 < 0.

Here we see that y∗1(y2) is unique. So now the lifting problem (3.12) becomes an optimization
problem over only y2.

C1 = max
y2

{
r2y2

2 − (y∗1(y2))
2 | 0 6 a11y

∗
1(y2) + a12y2 6 1, 0 6 a22y2 6 1

}
. (3.14)

Recall that r = a12
a11

and as a11 > 0, a12 > 0⇔ r > 0. If a12 < 0, then substituting y∗1(y2) = −ry2
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into (3.14) gives
C1 = max

y2
{0 | 0 6 a22y2 6 1} = 0.

If a12 > 0, then we must consider two subcases depending on the value of y∗1(y2). Specifically, in
the case y2 6 1/a12, we substitute y∗1(y2) = 0 into (3.14), and in the case y2 6 1/a12, we substitute
y∗1(y2) =

1
a11

− ry2 into (3.14). Performing these substitutions and simplifying the expressions
yields

C1 = max
{

max
y261/a12

{r2y2
2 | 0 6 a12y2 6 1, 0 6 a22y2 6 1}, (3.15)

max
y2>1/a12

{
r2

a2
22

− (
1
a11

− r
1
a22

)2 | 0 6 a22y2 6 1}
}

.

We can solve each of the two optimization problems in the definition ofC1 in closed form. If a12 6

a22, the first maximization problem in (3.15) has optimal value (a12/(a11a22))
2, and the second

optimization problem is infeasible. Thus C1 = r2/a2
22 when a12 6 a22. If a12 > a22, the first

maximization problem in (3.15) has optimal value 1/a2
11, and the second maximization problem

in (3.15) has optimal value r2

a2
22
− ( 1

a11
− r 1

a22
)2 = (1/a2

11)(2a12/a22 − 1). Since (2a12/a22 − 1) > 1
when a12 > a22, we know that C1 = (1/a2

11)(2a12/a22 − 1) when a12 > a22. Having established
the proper value of C1 in all cases, the proof is complete.

Note that since C1 > 0 in all cases, (Ineq 2) can be written in the form of a rotated second order
cone constraint:

(C1z1 + t1)z2 > (ry2)
2.

A similar lifting procedure involving variable z2 was used to derive the following inequality.

Proposition 3.3. The inequality

C2z1z2 + a
2
11z1t1 > (a11y1 + a12y2)

2 (Ineq 3)

where

C2 =


0 if a12 < 0
−(a12
a22

)2 + 2a12
a22

if 0 6 a12 6 a22

1 if a12 > a22

is valid for S.

Proof. If z1 = 0, then (Ineq 3) reduces to 0 > (a12y1 + a12y2)
2, which is implied by (3.2c) in the

description of S. If z1 = 1, z2 = 0, then (Ineq 3) is a2
11t1 > (a11y1)

2, which is equivalent to (3.2a).
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Thus, we need only prove that (Ineq 3) is valid for the case z1 = z2 = 1, which is true if

C2 > max{(a11y1 + a12y2)
2 − a2

11t1 | 0 6 a11y1 + a12y2 6 1, 0 6 a22y2 6 1, t1 > y2
1}

= max{(a11y1 + a12y2)
2 − a2

11y
2
1 | 0 6 a11y1 + a12y2 6 1, 0 6 a22y2 6 1}.

Defining Y = a11y1 + a12y2, we can rewrite this as

C2 = max{Y2 − a2
11y

2
1 | 0 6 Y 6 1, 0 6

a22
a12
Y −

a11a22
a12

y1 6 1}. (3.16)

We again can exploit separability to derive a closed-form solution to this problem. Let

y∗1(Y) := argmax
y1

{Y2 − a2
11y

2
1 | −

a22
a12
Y 6

−a11a22
a12

y1 6 1 −
a22
a12
Y}

= argmin
y1

{|y1| | −
a22
a12
Y 6

−a11a22
a12

y1 6 1 −
a22
a12
Y}.

The definition of C2 in (3.16) can be replaced by a 1-dimensional optimization problem

C2 = max
Y

{Y2 − a2
11(y

∗
1(Y))

2 | 0 6 Y 6 1, 0 6
a22
a12
Y −

a11a22
a12

y∗1(Y) 6 1} (3.17)

assuming that y∗1(Y) is a singleton ∀Y. If a12 6 0, then

y∗1(Y) = argmin
y1

{|y1| | Y/a11 6 y1 6 Y/a11 − a12/(a11a22)} = Y/a11,

since Y/a11 > 0. Substituting this into (3.17), we get that

C2 = max
Y

{0 | 0 6 Y 6 1} = 0.

If a12 > 0, then

y∗1(Y) = argmin
y1

{|y1| | Y/a11 > y1 > Y/a11 − a12/(a11a22)}

=

{
0 if Y 6 a12/a22

Y/a11 − a12/(a11a22) if Y > a12/a22.
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C2 = max
{

max
Y6a12/a22

{Y2 | 0 6 Y 6 1, 0 6 (a22/a12)Y 6 1}, (3.18)

max
Y>a12/a22

{2a12Y/a22 − (a12/a22)
2 | 0 6 Y 6 1}

}
If a12 > a22, the first maximization problem in (3.18) has optimal value 1, and the second
optimization problem is infeasible. So C2 = 1 in the case that a12 > 0,a12 > a22. If a12 6 a22, the
first maximization problem in (3.18) has optimal value (a12/a22)

2, and the second maximization
problem in (3.18) has optimal value 2a12/a22 − (a12/a22)

2. Since

2a12/a22 − (a12/a22)
2 − (a12/a22)

2 =
2a12
a22

(
1 −

a12
a22

)
> 0

when a22 > a12, we can conclude thatC2 = 2a12/a22−(a12/a22)
2 in this case. Having established

the value of C2 in all cases, the proof is complete.

Since if 0 6 a12 6 a22, we have that C2 = (a12/a22)(2 − a12/a22) > 0, (Ineq 3) can be written as
the rotated second order cone constraint

(C2z2 + a
2
11t1)z1 > (a11y1 + a12y2)

2.

The final valid inequality is equivalent to applying the perspective reformulation to the
variables t1,y1 and (z1 + z2) which is applicable because z1 + z2 = 0 implies y1 = 0.

Proposition 3.4.
t1(z1 + z2) > y

2
1. (Ineq 4)

is a valid inequality for S.

Proof. We verify the validity for each value that z1, z2 take.

1. (z1 = 0, z2 = 0)
(Ineq 4) simply reduces to 0 > 0.

2. (z1 = 0, z2 = 1 or z1 = 1, z2 = 0)
(Ineq 4) is equivalent to (3.2a) in the description of S.

3. (z1 = 1, z2 = 1)
(Ineq 4) is equivalent to 2t1 > y2

1, which is dominated by (3.2a) in the description of S.
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Note that the feasible region for (Ineq 4) is convex since it is clearly in rotated second-order cone
form.

Adding the valid inequalities (Ineq 1)-(Ineq 4) to the continuous relaxation of S results in a
strengthened relaxation of S, which we denote as

T(S) =
{
(y, t, z) ∈ R2 × R2 × R2 | t1 > y2

1, t2 > y2
2,

z2t2 > y2
2

C1z1z2 + z2t1 >
a2

12
a2

11
y2

2

C2z1z2 + a
2
11z1t1 > (a11y1 + a12y2)

2

t1(z1 + z2) > y
2
1

0 6 a11y1 + a12y2 6 z1,

0 6 a22y2 6 z2,

0 6 z1 6 1, 0 6 z2 6 1
}

.

3.2.1 Relationship between the linear and nonlinear inequalities

The derivation technique for the strong inequalities for linear outer-approximation P(A,B)
and the nonlinear inequalities for S are very similar in principle, and the resulting sets of
inequalities are closely related to each other. Specifically, we found that the linearization of some
of the nonlinear inequalities at particular points exactly coincides with the facet-defining linear
inequalities for the polyhedral outer-approximation introduced in Chapter 2.

For example, the first valid inequality z2t2 > y2
2 (Ineq 1) for S can be linearized to generate

the valid inequality t2 > 2β̄y2 − β̄2z2 (Ineq L1) from Chapter 2. In general, the linear outer-
approximation of a convex inequality of the form f(x) 6 0 at x = x̄ is the following inequality:

∇f(x̄)T (x− x̄) + f(x̄) 6 0.

Writing (Ineq 1) as f(y2, t2, z2) = y
2
2 − t2z2 6 0, its outer-approximation at the point (ȳ2, t̄2, z̄2) is
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Nonlinear Ineq Linearization Point Linear Ineq Condition
(ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2)

(Ineq 1) (ȳ1,β, t̄1,β2, z̄1, 1) (Ineq L1) β ∈ B

(Ineq 2)
r < 0 (ȳ1,−αk/r,α2

k, t̄2, z̄1, 1) (Ineq L2) 0 6 αk 6 1/a11
0 < a12 6 a22 (ȳ1, 1/a22,α2

k, t̄2, 0, 1) (Ineq L2) αk = −r/a22 < 0
a12 > a22 (ȳ1,−αk/r,α2

k, t̄2, 0, 1) (Ineq L2) a22 = a12, 0 6 αk 6 1/a11
(Ineq 3) - - -

(Ineq 4) (αk, ȳ2,α2
k, t̄2, 1, 0) (Ineq L3) 0 6 αk 6 1/a11

(αk, ȳ2,α2
k, t̄2, 0, 1) (Ineq L4) 0 6 −αk/r 6 1/a22

Table 3.1: Relationship between nonlinear and linear inequalities

given by

∇f(ȳ2, t̄2, z̄2)
T

y2 − ȳ2

t2 − t̄2

z2 − z̄2

+ f(ȳ2, t̄2, z̄2)

=

2ȳ2

−ẑ2

−t̂2


T y2 − ȳ2

t2 − t̄2

z2 − z̄2

+ f(ȳ2, t̄2, z̄2)

= 2ȳ2y2 − z̄2t2 − t̄2z2 − ȳ
2
2 + t̄2z̄2 6 0.

At the point (ȳ2, t̄2, z̄2) = (β̄, β̄2, 1), this linear inequality is 2β̄y2 − t2 − β̄
2 6 0, which is precisely

(Ineq L1).
We can similarly write the outer-approximation of each nonlinear inequality we derived in

Section 3.2 at (ȳ1, ȳ2, t̄1, t̄2, z̄1, z̄2).

(Ineq 2)→ 2r2ȳ2y2 − z̄2t1 − C1z̄2z1 − (C1z̄1 + t̄1)z2 − r
2ȳ2

2 + t̄1z̄2 + C1z̄1z̄2 6 0

(Ineq 3)→ (2a2
11ȳ1 + 2a11a12ȳ2)y1 + (2a11a12ȳ1 + 2a2

12ȳ2)y2 − a2
11z̄1t1

− (a2
11t̄1 + C2z̄2)z1 − C2z̄1z2 − (a11ȳ1 + a12ȳ2)

2 + a2
11t̄1z̄1 + C2z̄1z̄2 6 0

(Ineq 4)→ 2ȳ1y1 − (z̄1 + z̄2)t1 − t̄1z1 − t̄1z2 − ȳ
2
1 + t̄1z̄1 + t̄1z̄2 6 0

Table 3.1 summarizes the conditions under which these inequalities are equivalent to the
linear valid inequalities for P(A,B) derived in Chapter 2.
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3.3 Measuring the Impact of Inequalities

In mixed integer linear programming, it is known that the convex hull of a mixed integer linear
set defined by rational inequalities is a polyhedron [44]. Theorem 3.2 established that conv(S)
is not a polyhedron, so we have no nice way of demonstrating that the inequalities we derived
are necessary in the description of conv(S), like demonstrating facets of a polyhedron. The
theory of mixed integer nonlinear sets is not fully-developed, but Kilinç-Karzan [39] has done
some work to extend the notion of the necessity of inequalities in the description of mixed-
integer nonlinear sets. In this section, we take a different approach to providing evidence of
the usefulness of the conic inequalities (Ineq 1)-(Ineq 4). First, we provide a short empirical
experiment to demonstrate that adding the inequalities to the continuous relaxation R(S) does
not provide a complete description of conv(S), i.e. T(S) 6= conv(S). The next two subsections
provide evidence that the inequalities (Ineq 1)-(Ineq 4) may be useful by characterizing which
fractional extreme points of the continuous relaxation are cut off by each of the inequalities and
by characterizing at which points of conv(S) each of the inequalities is tight. The section also
contains results of a “shooting experiment,” wherein we estimate the size of each surface of T(S).

3.3.1 Proportion of Fractional Extreme Points

Our first question about the strength of the relaxation T(S) is whether it is the complete charac-
terization of conv(S), i.e., whether the conic inequalities (Ineq 1) - (Ineq 4) are the only nontrivial
inequalities necessary in the description of conv(S). We show that T(S) 6= conv(S) by estimating
the probability that T(S) has fractional extreme points through computational experiments. As
Theorem 3.2 has shown that all extreme points of conv(S) are integral in the z1, z2 components,
this probability should be zero if T(S) = conv(S).

The extreme points of T(S) were obtained by solving

min
(y,t,z)∈T(S)

αT (y, t, z) (3.19)

where α ∈ R6. The coefficients α1,α2,α5,α6 were drawn from a uniform distribution in [−1, 1],
and the coefficients for the t variables α3,α4 were drawn from a uniform distribution in [0, 1]
since they need to be non-negative to ensure that (3.19) is not unbounded.

Thirty random instances were generated and 50 random linear objectives were tried on
each instance of S. The same experiment was repeated using R(S) for comparison. Table 3.2
summarizes the proportion of fractional extreme points out of all extreme points obtained by
solving (3.19) for different cases.
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Instance Classes R(S) T(S)

A (a12 < 0) 0.064 0.084
B (0 6 a12 6 a22) 0.052 0.14

C (a22 < a12) 0.048 0.092

Table 3.2: Probability of having fractional extreme points

The probabilities associated with T(S) are not zero, which implies T(S) 6= conv(S). There
does not seem to be apparent difference between the classes of instances in the proportion of
fractional extreme points. Note that T(S) appears to be more likely to have fractional extreme
point than R(S), which means the valid inequalities we applied cut off extreme points while
generating more fractional extreme points.

3.3.2 Extreme points cut off by the inequalities

We investigate the usefulness of the inequalities by examining which of the points of ext(R(S))
are cut off by each of the inequalities introduced in Section 3.2. Table 3.3 demonstrates whether
the fractional extreme points in each of the families (3.5), (3.6), and (3.7) are cut off by inequalities
(Ineq 1) - (Ineq 4), or the condition under which they are cut off. In the table, it is assumed that
0 < a11α + a12β < 1 and 0 < a22β < 1 so that points represented by (3.5) - (3.7) are fractional.
The entries of the table means either the points are always cut off (O), are never cut off (X), or are
cut off under some condition given in the equations referenced.

The analysis demonstrates that all 4 inequalities are able to eliminate some fractional extreme
points of the simple relaxation R(S). Equation Ineq 1 eliminates all extreme points with fractional
z2 value.

3.3.3 Tightness of inequalities

Another property of inequalities that may point toward their usefulness in strengthening the
continuous relaxation of a mixed integer nonlinear set S is whether or not the inequality is tight
at extreme points of the convex hull of S. In Table 3.4 we examine for each class of extreme points
of conv(S) whether or not each inequality (Ineq 1) - (Ineq 4) holds with equality at that point.
In the table, the notation A denotes that the inequality is always tight for all extreme points of
the associated type. The notation X denotes that the inequality is never tight for that class of
extreme points. If the inequality is tight for some of the extreme points in the class, then the
conditions under which the extreme point is tight is given by the equation number listed in the
table.
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Inequality Extreme Points
(3.5) (3.6) (3.7)

(Ineq 1) O X O

(Ineq 2)
a12 < 0 (3.20) X (3.20)

0 < a12 6 a22 X (3.21) (3.22)
a12 > a22 (3.23) (3.24) (3.25)

(Ineq 3)
a12 < 0 X (3.26) (3.26)

0 < a12 6 a22 (3.27) X (3.28)
a12 > a22 (3.29) (3.30) (3.31)

(Ineq 4) X X (3.32)

a22α
2 − (

a12
a11

)2β < 0 (3.20)

(
r

a22
)2(a11α+a12β) +α

2 − r2β2 < 0 (3.21)

(
r

a22
)2(a11α+a12β) +α

2 −
r2

a22
β2 < 0 (3.22)

r2

a2
22

− (
1
a11

−
r

a22
)2 +α2 − (

r

a22
)2β < 0 (3.23)

(
r2

a2
22

− (
1
a11

−
r

a22
)2)(a11α+a12β) +α

2 − r2β2 < 0 (3.24)

(
r2

a2
22

− (
1
a11

−
r

a22
)2)(a11α+a12β) +α

2 −
r2

a22
β < 0 (3.25)

a2
11α

2 −a11α−a12β < 0 (3.26)

a22β+a2
11α

2 − (a11α+a12β)
2 < 0 (3.27)

a2
11α

2 −a11α−a12β+a22β < 0 (3.28)

(
2a12
a22

− (
a12
a22

)2)a22β+a2
11α

2 − (a11α+a12β)
2 < 0 (3.29)

(
2a12
a22

− (
a12
a22

)2) +a2
11α

2 − (a11α+a12β) < 0 (3.30)

(
2a12
a22

− (
a12
a22

)2)a22β+a2
11α

2 − (a11α+a12β) < 0 (3.31)

a11α+a12β+a22β < 1 (3.32)

Table 3.3: Extreme points cut off
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Inequality Extreme Points
(3.8) (3.9) (3.10) (3.11)

(Ineq 1) A A A A

(Ineq 2)
a12 < 0 A A (3.33) (3.34)

0 < a12 6 a22 A A (3.33) (3.35)
a12 > a22 A A (3.33) (3.36)

(Ineq 3)
a12 < 0 A A A (3.33)

0 < a12 6 a22 A A A (3.37)
a12 > a22 A A A (3.38)

(Ineq 4) A A A X

β = 0 (3.33)
a11α+ a12β = 0 or a11α− a12β = 0 (3.34)

α = 0 and β =
1
a22

(3.35)

1
a2

11

(
2a12
a22

− 1
)
+ α2 =

(
a12
a11

)2
(3.36)

−

(
a12
a22

)2
+

2a12
a22

+ a2
11α

2 = (a11α+ a12β)
2 (3.37)

α = 0 and β =
1
a12

(3.38)

Table 3.4: Tightness of inequalities at extreme points of conv(S)

3.3.4 Shooting Experiment

In this section, we present the result of shooting experiments for T(S) which is analogous to
what we conduct for T(P(A,B)) in Section 2.4.2. We would like to understand the importance of
each of the surfaces in our relaxation T(S) by estimating the likelihood of hitting that surface
first if traversing a random direction from a fixed point in the interior of conv(S).

A shooting with ray r ∈ R6 originating from a point p̂ = (ŷ1, ŷ2, t̂1, t̂2, ẑ1, ẑ2) corresponds to
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solving the following conic programming problem:

max
y,t,z,d

d (3.39)

s.t. (y, t, z) = (p̂+ rd)

(y, t, z) ∈ T(S)

d ∈ R+.

By selecting p̂ as a convex combination of the extreme points of conv(S) (characterized in
Theorem (3.2)), we can be sure that p̂ ∈ conv(S). In an attempt to approximate the centroid
of conv(S), we consider all possible combinations of the lower and upper bounds on variables
y1,y2 as the values of α,β in each of the 4 cases (3.8) - (3.11) to obtain the following 9 points:

p1 = (0, 0, 0, 0, 1, 1)

p2 = (1/a11, 0, (1/a11)
2, 0, 1, 1)

p3 = (−a12/a11a22, 1/a22, (a12/a11a22)
2, (1/a22)

2, 1, 1)

p4 = (1/a11 − a12/a11a22, 1/a22, (1/a11 − a12/a11a22)
2, (1/a22)

2, 1, 1)
p5 = (0, 0, 0, 0, 0, 1)

p6 = (−a12/a11a22, 1/a22, (a12/a11a22)
2, (1/a22)

2, 0, 1)
p7 = (0, 0, 0, 0, 1, 0)

p8 = (1/a11, 0, (1/a11)
2, 0, 1, 0)

p9 = (0, 0, 0, 0, 0, 0).

As the starting point for our shooting experiment we use

p̂ =
1
9

9∑
j=1

pj.

We choose the ray r ∈ R6 to be uniformly distributed over an appropriate hemisphere in
r ∈ R6. Since conv(S) is unbounded in the directions (0, 0, 1, 0, 0, 0) and (0, 0, 0, 1, 0, 0), we are
not interested in rays r that have positive components in the t directions (r3 > 0 or r4 > 0). We
generate the direction by first generating a vector r from the multivariate normal distribution
r ∼ N(0, I), thus ensuring that r is uniformly distributed on the unit sphere in R6. If r3 > 0 or
r4 > 0, we simply flip the sign for that component of the vector. For each random instance of S,
the shooting problem (3.39) was solved 1,000 times using different directions r chosen in this
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manner.
Table (3.5) summarizes the result of the shooting experiment for 10 different sets

S(a11,a12,a22), characterized by the values of the coefficients (a11,a12,a22). Entries in the table
denote the number of times out of 1,000 the inequalities (Ineq 1) - (Ineq 4), and the original
inequalities in the description of R(S) are tight at the optimal solution of shooting problem. For
numerical purposes, we define the inequality f(x) 6 0 to be tight at x̂ if ‖f(x̂)‖ < 10−6.

(a11,a12,a22) (Ineq 1) (Ineq 2) (Ineq 3) (Ineq 4) R(S)

(5,−9, 6) 838 2 7 0 153
(9,−9, 4) 560 37 0 0 403
(5,−9, 3) 668 9 0 0 323
(7, 5, 5) 616 0 0 0 384
(8, 2, 9) 662 0 0 0 338
(3, 3, 9) 949 0 0 0 51
(1, 2, 8) 963 0 0 0 37
(8, 2, 6) 446 0 0 0 554
(5, 4, 1) 171 0 2 1 826
(3, 5, 1) 254 1 0 0 745

Table 3.5: Shooting Experiment

The results of the experiment show convincingly that the most important nonlinear inequal-
ities are the perspective inequalities (Ineq 1). However, each of the inequalities is sometimes
useful in strengthening the set R(S). For all 10,000 instances of (3.39), the optimal solution value
lies in conv(S).

3.4 Computations

This section demonstrates how to utilize the useful valid inequalities from Section 3.2 to a
general instance of 0-1 MIQCP. As in the previous Chapter, we use the 2 × 2 block diagonal
decomposition strategy Q = R+ B introduced in Section 2.3. We compare the strength of the
resulting formulation with the ones obtained by diagonal decompositionQ = R+D,D = diag(d).

We first define the general relaxation formulation for the two methods. Let F denote the
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feasible region of (0-1 MIQCP-l):

F = {(v, x, z) ∈ R+ × Rn × Bn | v > xTQ0x+ c
T
0 x,

Ax+Hz 6 f,

0 6 xj 6 zj ∀j ∈ [n],

x ∈ Rn, z ∈ Bp}.

We denote the formulation of a relaxation of F obtained by diagonal decomposition and
applying quadratic perspective inequalities byTD(F), the formulation obtained by block diagonal
decomposition and applying inequalities (Ineq 1) - (Ineq 4) by TB(F), respectively. The two
formulations can be written as follows:

TD(F) = {(x, z, v,w) ∈ Rn+ × [0, 1]n×R1+n
+ |

v > xTRx+ dTw,

Ax+Hz 6 f,

wjzj > x
2
j ∀j ∈ [n],

xj 6 zj ∀j ∈ [n] },

TB(F) = {(x,y, z, v, t) ∈ Rn+ × Rn × [0, 1]n×R1+n
+ |

v > xTRx+ eT t,

Ax+Hz 6 f,

tj > y
2
j ∀j ∈ [n],

(yi,yi+1) ∈ T(S) ∀i ∈ [n], i odd ,

LTx = y,

0 6 xj 6 zj ∀j ∈ [n] }.

3.4.1 Minimum Variance Portfolio Problem

To demonstrate the potential of the block diagonal extraction and the strong conic inequalities
introduced in Section 3.2, we report the results of an experiment computing root node bounds
for small instances of a minimum variance portfolio problem. The problem can be stated
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mathematically as

z∗ := min xTQx (3.40)

s.t. eTx = 1,

eTz 6 K,

αTx > ρ,

0 6 xj 6 zj j ∈ [n],

x ∈ Rn, z ∈ Bn.

We use the same 3 families of randomly generated instances from Section 2.5.1 where Q was
written as

Q = ATA+ diag(ζ) +
n/2∑
j=1

γj(e2j−1 + e2j)(e2j−1 + e2j)
T .

Recall from Section 2.5.1 that each element of A ∈ Rn×n were drawn from discrete uniform
distribution within [−5, 5] and each element of ζ ∈ Rn andγ ∈ Rn/2 were drawn from continuous
uniform distributions within ranges [0, ζ̄] and [0, γ̄], respectively. As with the facet-defining
inequalities for conv(P(A,B)), we would expect that block extraction technique with the conic
inequlaities (Ineq 1)-(Ineq 4) to perform best if Q is more “block”-diagonally dominant, i.e.,
when γ̄ is large.

In each family, we solved 20 random instances for each size n ∈ {10, 20, 30, 40} to compare
the strength of different relaxations. For each instance, we set the cardinality constraints to have
value K = b2n/5c. To precisely define the relaxations, let

P := {(x, z) ∈ [0, 1]n × [0, 1]n | eTx = 1, eTz 6 K,αTx > ρ, xj 6 zj∀j ∈ [n]}

be the continuous relaxation of the feasible region of (3.40). The natural continuous relaxation
obtains root objective value

zR := min
x,z

{xTQx | (x, z) ∈ P}.

To create a relaxation based on a diagonal matrix-splitting, we solve the SDP (1.23) to obtain
an optimal solution d, and we let Q = R + diag(d). The strengthened relaxation obtains root
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objective value

zD := min
x,z,v,t

{
v | v > xTRx+ eT t

(x, z) ∈ P

zjtj > djx
2
j ∀j ∈ [n]

}
.

To create a relaxation based on a block-diagonal matrix splitting, we solve the SDP (2.14) to
obtain an optimal solution solution B, and we let Q = R+ B, with B = LLT . The strengthened
relaxation employing our new conic inequalities obtains root objective value

zB := min
x,z,v,t,y

{
v | v > xTRx+ eT t

(x, z) ∈ P

LTy = x

(y, t, z) ∈ T(S(L−Tjj ,L−Tj,j+1,L−Tj+1,j+1)) ∀j ∈ {1, 3, · · · ,n− 1}
}

.

Note the dependence of the feasible region, specifically the sets S, on the inverse of the Cholesky
factor of B.

We also create a relaxation based on performing the same block-diagonal matrix splitting
used to compute zB, but we replace T(S) (our approximation of conv(S)), with conv(S) using
the extended formulation described in Theorem 1.6. Specifically, we compute the value

zconv := min
x,z,v,t,y

{
v | v > xTRx+ eT t

(x, z) ∈ P

LTy = x

(y, t, z) ∈ conv(S(L−Tjj ,L−Tj,j+1,L−Tj+1,j+1)) ∀j ∈ {1, 3, · · · ,n− 1}
}

.

Relaxations are compared with respect to their root optimality gap

Gap(z?) :=
z? − z

∗

z∗
,

where z? is one of zR, zD, zB, or zconv depending on which relaxation is being evaluated.
Tables 3.6, 3.7, and 3.8 show the average root optimality gaps for the four different relaxation

methods over the 20 randomly generated instances of each problem size.
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n Gap(zR) Gap(zD) Gap(zB) Gap(zconv)
10 38.47 38.26 37.55 37.44
20 34.04 34.03 34.03 34.03
30 24.19 24.10 24.08 24.06
40 18.43 18.43 18.43 18.43

Table 3.6: Average Gap(%) for Min Variance Portfolio Problem with (ζ̄ = 0, γ̄ = 0)

n Gap(zR) Gap(zD) Gap(zB) Gap(zconv)
10 39.68 12.07 12.25 10.69
20 32.05 12.27 15.01 13.40
30 31.93 8.00 11.90 9.75
40 29.34 7.98 11.34 9.27

Table 3.7: Average Gap(%) for Min Variance Portfolio Problem (ζ̄ = 100, γ̄ = 0)

n Gap(zR) Gap(zD) Gap(zB) Gap(zconv)
10 24.72 20.33 13.20 11.80
20 19.99 17.22 12.41 11.76
30 18.84 17.36 11.98 11.53
40 17.27 16.07 12.72 12.39

Table 3.8: Average Gap(%) for Min Variance Portfolio Problem (ζ̄ = 0, γ̄ = 100)

Table 3.6 shows that strengthening the relaxation using the perspective reformulation or the
new conic inequalities appears to have little or no impact for the instances with ζ̄ = 0, γ̄ = 0.
However, Tables 3.7 and 3.8 show that there are significant root gap improvements for instances
in the families where Q contains elements specifically added to the diagonal or off-diagonal.
The diagonal extraction method works best for instances that are the most diagonally dominant
(ζ̄ = 100, γ̄ = 0). For these instances, we even observe Gap(zD) < Gap(zconv). Since the 2 × 2
block extraction technique is a generalization of the diagonal extraction technique, we would
expect the reverse. However, the final root gap depends on the extracted matrix D or B. We
placed arbitrary weights (s = 5, r = 2) on extracting diagonal and off-diagonal elements in our
extraction SDP (2.14) which cannot guarantee that Gap(zD)>Gap(zconv). In Table 3.8, clearly the
relaxations from block-diagonal extraction (zB and zconv) are the strongest. This meshes with our
intuition, since we specifically studied and strengthened the sets arising from this reformulation.
We are encouraged that the values for Gap(zB) are close to Gap(zconv). This indicates that the
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new conic inequalities (Ineq 1)-(Ineq 4) do a good job approximating conv(S), at least in the
direction of the objective function. Overall, we conclude that the block-extraction technique and
proposed conic inequalities may be effective for instances where Q is close to block-diagonal.

3.5 Summary

In this chapter, we direct our attention back to the nonlinear set S. We begin by completely
characterizing the set of extreme points for two important relaxations of S, the simple continuous
relaxation R(S) and conv(S). As an immediate consequence of this anlysis, it is established that
conv(S) is not a polyhedron. Using the similar techniques used in Chapter 2, 4 classes of valid
quadratic inequalities for S are derived. They are all shown to be second-order cone representable,
which allows us to use conic programming solvers to optimize over the strengthened relaxation.
We show that the inequalities are closely related to the linear inequalities from Chapter 2 as
we can exactly generate some of the facet of P(A,B) by linearizing the quadratic inequalities
at specific points. As we do not have a nice way of demonstrating if an inequality is necessary
for describing a convex hull of a non-polyhedral set, we measure the impact of our inequalities
through extreme point analysis and computations including shooting experiment. Specifically,
we have characterized which extreme points of R(S) violate each inequality and at which extreme
points of conv(S) the inequalities are tight. The result of computational experiment implies that
we still do not have the complete description of conv(S). We conduct additional computation on
the same instances of the minimum variance portfolio optimization problem from Chapter 2 to
demonstrate the ability of the derived inequalities to improve bounds.
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Chapter 4

Valid Inequalities for DC Transmission
Switching

4.1 Introduction

Optimization problems arising from the design and operation of electric power systems have
been a very active topic of research. The types of optimization problems include optimal power
flow, unit commitment, optimal transmission switching, pricing, and others [47]. Many of these
optimization problems involve the non-convex, nonlinear power flow equations that model the
steady-state power flow of Alternating Current (AC).

The power flow network is typically depicted in a graph G = (N,E) where the set of nodesN
denote the set of buses and set of arcs E the lines between buses. Variables vi and θi for each node
i ∈ N represent the voltage magnitude and phase angle of bus i, respectively. Variables xij,yij
represent the active and reactive power flow on line (i, j) and pi,qi represent the active and
reactive power at bus i. Parameters αij and gij for each arc (i, j) ∈ E represent the susceptance
and conductance of line (i, j).

The physical laws dictating the status of these components are written as:

xij = gijv
2
i − gijvivj cos(θi − θj) − αijvivj sin(θi − θj)

yij = −αijv
2
i + αijvivj cos(θi − θj) − gijvivj sin(θi − θj)

∀(i, j) ∈ E (4.1)

pi =
∑
j:(i,j)∈E xij

qi =
∑
j:(i,j)∈E yij

∀i ∈ N. (4.2)

As a means of creating a computationally tractable approximation of the non-convex set
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defined by the power flow equations, the Direct Current (DC) power flow model is often used.
The simplification is based on several assumptions [34]:

• The phase angle difference θi − θj ≈ 0, which implies cos(θi − θj) ≈ 1 and sin(θi − θj) ≈
θi − θj.

• The voltage magnitude vi ≈ 1.

• The relative power yij is ignored.

With these assumptions, the first two addends for the active power xij in (4.1) cancels. The
resulting DC model reduces equations (4.1) from the AC power flow model to the linear equations

xij = −αij(θi − θj) ∀(i, j) ∈ E. (4.3)

Recall from Section 1.3.4 that for the purpose of describing the mathematical formulations
for optimization problems arising from transmission line network, we define the relevant sets,
variables, and parameters as follows:

Sets R ⊂ N : set of generator nodes

D ⊂ N : set of demand nodes

Variables xij : power flow on arc (i, j) ∈ E

pi : amount of power produced from generator i ∈ R

θi : voltage angle at node i ∈ N

Parameters ci : unit cost of production at generator i ∈ R

di : demand at node i ∈ D

uij : capacity on line(i, j) ∈ E

pmini /pmaxi : minimum / maximum production at generator i ∈ R.

A classical power network optimization problem is the economic dispatch problem where
the objective is to determine the generator operation decision that minimizes the total generator
cost while satisfying certain level of demands. With the DC power flow model, the economic
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dispatch problem (ED) for power network G = (N,E) can be written as:

min
∑
i∈R

cipi (ED)

s.t.
∑

j:(i,j)∈E
xij −

∑
j:(j,i)∈E

xij =


pi ∀i ∈ R
di ∀i ∈ D
0 otherwise

,

xij = αij(θi − θj) ∀(i, j) ∈ E (4.4)

− uij 6 xij 6 uij ∀(i, j) ∈ E, (4.5)

pmini 6 pi 6 p
max
i ∀i ∈ R,

xij ∈ R ∀(i, j) ∈ E,pi ∈ R+, θi ∈ R ∀i ∈ N.

In this problem, the only operation decision is how much power should be produced at each
generater i ∈ R, represented by variable pi. Once the decision is made, the flows xij on each line
(i, j) are determined according to the DC power flow equation and subject to the line capacity
Uij.

By introducing the decision of switching some of the lines on or off, the efficiency of the power
flow network can be improved. Binary variables zij are introduced to represent the switching
decision, indicating whether the line (i, j) is used in the network (zij = 1) or not (zij = 0). If the
line is switched off, then the flow on the line should be 0 and the DC flow equation should not
be imposed on the line. This relationship can be modeled by modifying the constraints (4.4) and
(4.5) as follows:

xij = αijzij(θi − θj) ∀(i, j) ∈ E, (4.6)

−Uijzij 6 xij 6 Uijzij ∀(i, j) ∈ E. (4.7)

The bilinear equation (4.6) can be equivalently formulated using big-M approach as in the
work by Fisher, O’Neil, and Ferris [26]. Their formulation of optimal power flow with optimal
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transmission switching (OPF-OTS) is of the form

min
∑
i∈R

cipi (OPF-OTS)

s.t.
∑

j:(i,j)∈E
xij −

∑
j:(j,i)∈E

xij =


pi ∀i ∈ R
di ∀i ∈ D
0 otherwise,

−Uijzij 6 xij 6 Uijzij ∀(i, j) ∈ E,

pmini 6 pi 6 p
max
i ∀i ∈ R,

αij(θi − θj) − xij +M(1 − zij) > 0 ∀(i, j) ∈ E, (4.8)

αij(θi − θj) − xij −M(1 − zij) 6 0 ∀(i, j) ∈ E, (4.9)∑
(i,j)∈E

zij 6 κ,

xij ∈ R, zij ∈ B ∀(i, j) ∈ E,pi ∈ R+, θi ∈ R ∀i ∈ N.

The objective of this problem is to find the optimal generating and switching decisions that
minimize the total power generation cost satisfying demand where the power flow is governed
by the DC flow model (1.8). If line (i, j) is switched on, (zij = 1) equations (4.8) and (4.9) dictate
that the DC power flow constraint (4.4) is imposed on this line. Otherwise if zij = 0, we need
the scalarM to be sufficiently large so that

−M 6 αij(θi − θj) 6M

is valid for the feasible region of (ED).
We propose to consider the set defined by a subset of the constraints for a subgraph of G.

Specifically, we extract a directed cycle from the network and consider only the DC powerflow
equations (4.6) and the bounds on flow on each arc (4.7), ignoring the flow balance equation
and the generator capacity constraints. As in our approach for 0-1 MIQCP from Chapter 2 and
Chapter 3, we aim to improve the solution process for optimization problems in power flow
network such as (OPF-OTS) that contain this relaxation as a substructure.

We repeat the definition of the relaxation of focus from Section 1.2

C =
{
(x, θ, z) ∈ R2n × {0, 1}n | −uijzij 6 xij 6 uijzij ∀(i, j) ∈ C,

zij(θi − θj) = xij ∀(i, j) ∈ C
}

, (4.10)



86

where (V ,C) is a directed cycle with V = [n], C = {(i, i + 1) | ∀i ∈ [n − 1]} ∪ {(n, 1)}. As C is
the union of 2n polyhedra, clconv(C) is a polyhedron by Theorem 1.5 due to Balas [6] from
Section 1.5.4. For any additive function M of subset of arcs S ⊆ C, we define M(S) :=

∑
e∈SMe.

A class of strong valid inequalities for C are introduced in Section 4.2 that are also shown to
be facet-defining. We formulate and study the separation problem for these inequalities in
Section 4.3 and use the result to design heuristics for separation. Computational result on the
DC switching problem is reported in Section 4.4.

4.2 Valid inequalities for clconv(C)

In this section, we present a series of lemmata and theorems to characterize the extreme rays of
C, introduce strong valid inequalities for C, and prove that these inequalities are facet-defining
for the closure of its convex hull clconv(C).

Lemma 4.1. The extreme rays of clconv(C) are (0, ei, 0), (0,−ei, 0) ∀i ∈ [n].

Proof. Consider two points in C; (x̄, θ̄, z̄) and (0, α
1−λei, 0) for some α ∈ R+, i ∈ [n] and λ ∈ (0, 1).

A convex combination of these points,

λ(x̄, θ̄, z̄) + (1 − λ)(0, α

1 − λ
ei, 0) = (λx̄, λθ̄+ αei, λz̄)

is contained in conv(C). By constructing a sequence of scalars {λj}∞j=1 such that λj ∈ (0, 1) ∀j and
limj→∞ λj = 1, (e.g., λj = 1 − 1

j ) we can construct a sequence of points contained in conv(C)
of the form {(λjx̄, λjθ̄ + αei, λjz̄)}∞j=1. Therefore, the limit of this sequence, (x̄, θ̄ + αei, z̄), is
contained in clconv(C). We have established that for any point (x̄, θ̄, z̄) ∈ C,

(x̄, θ̄, z̄) + α(0, ei, 0) ∈ clconv(C) ∀i ∈ [n], ∀α ∈ R+.

A similar argument shows that (0,−ei, 0) is also a ray of clconv(C) ∀i ∈ [n].

Corollary 4.1. Any inequality valid for clconv(C) of the form∑
a∈C

λaxa +
∑
j∈[n]

γjθj +
∑
a∈C

µaza 6 D, (4.11)

has γj = 0 ∀j ∈ [n].
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Proof. Suppose that γi 6= 0 for some i ∈ [n] and let (x̄, θ̄, z̄) ∈ clconv(C) satisfy (4.11). Then we
can find a point of the form (x̄, θ̄+ α(0, ei, 0), z̄) or (x̄, θ̄+ α(0,−ei, 0), z̄) which is also contained
in clconv(C) by Lemma 4.1, but violates (4.11) for α sufficiently large.

The following theorem states the main result of this section.

Theorem 4.2. For S ⊆ C such that u(C \ S) < u(S), the inequalities

x(S) +
∑
a∈C

βSaza 6 bS, (4.12)

−x(S) +
∑
a∈C

βSaza 6 bS (4.13)

are valid for C, where

βSa = u(S \ a) − u(C \ S) ∀a ∈ C, (4.14)

bS = (n− 1)(2u(S) − u(C)). (4.15)

Proof. Let T ⊆ C be a subset of variables that are fixed to 0. The inequalities (4.12) and (4.13) are
valid if

x(S \ T) 6 bS − βS(C \ T) ∀T ⊆ C, (4.16)

−x(S \ T) 6 bS − βS(C \ T) ∀T ⊆ C (4.17)

hold, respectively. In the case T = ∅, x(C) =
∑

(i,j)∈C(θi − θj) = 0, so that the left hand side of
(4.16) is x(S) = −x(C \ S) and the right hand side of (4.16) is

bS − βS(C) = (n− 1)(2u(S) − u(C)) −
∑
a∈C

(u(S \ a) − u(C \ S))

= (n− 1)(2u(S) − u(C)) − (n− 1)u(S) + n(u(C) − u(S))

= u(C \ S)

which proves the validity of (4.12). Similarly, when T = ∅, x(C) = x(S) + x(C \ S) = 0 implies
that the left hand side of the the inequality (4.13) is −x(S) = x(C \ S). Thus (4.13) reduces to
x(C \ S) 6 u(C \ S) which is valid.

We can show that the inequality is valid for |T | > 1 by examining the right hand side of (4.16)
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and (4.17):

bS − βS(C \ T) =(n− 1)(2u(S) − u(C)) −
∑
a∈C\T

u(S \ a) +
∑
a∈C\T

u(C \ S)

=(n− 1)(2u(S) − u(C)) −
∑
a∈C

u(S \ a)

+
∑
a∈T

u(S \ a) + |C \ T |(u(C) − u(S))

=(n− 1)(2u(S) − u(C)) − (n− 1)u(S)

+ |T |u(S) − u(S ∩ T) + (|T |− n)(u(S) − u(C))

=(n− 1)(u(S) − u(C)) + |T |u(S) − u(S)

+ u(S \ T) + (|T |− n)(u(S) − u(C))

=(|T |− 1)(2u(S) − u(C)) + u(S \ T)

Since the assumption u(C \ S) < u(S) implies u(S) > 1
2u(C), this shows that bS − βS(C \ T) >

u(S \ T) ∀T : |T | > 1 and both (4.16), (4.17) hold.

Theorem 4.3. The inequalities (4.12), (4.13) for any S ⊆ C satisfyingu(C\S) < u(S) are facet-defining
for set C.

Proof. The proof we present here addresses only (4.12). A very similar argument can establish
that (4.13) is facet-defining as well. Let F denote the face of C defined by (4.12) and G a face
defined by an arbitrary valid inequality for C.

F :=
{
(x, θ, z) ∈ C | x(S) +

∑
a∈C

βSaza = bS
}

G :=
{
(x, θ, z) ∈ R3 |

∑
a∈C

λaxa +
∑
j∈[n]

γjθj +
∑
a∈C

µaza = D
}

.

To prove the theorem, we will show that if F ⊆ G, then the coefficients defining G, (λ,γ,µ,D),
must be a scalar multiple of the coefficients defining F, (

∑
i∈S ei, 0,βS,bS). Note that it follows

from Theorem 4.1 that γ = 0.
First observe that a point in F satisfies the following conditions.

x(S) = u(C \ S) if za = 1 ∀a ∈ C (4.18)

x(S) = u(S \ â) if za = 1 ∀a ∈ C \ â, zâ = 0. (4.19)
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If za = 1 ∀a ∈ C,

x(S) = bS −
∑
a∈C

βSaza

⇔ x(S) = (n− 1)(2u(S) − u(C)) −
∑
a∈C

(u(S \ a) − u(C \ S))

= (n− 1)(2u(S) − u(C)) − (n− 1)u(S) + nu(C \ S)

= u(C \ S).

Note that if x(S) = u(C \ S), then it is implied that xa = −ua ∀a ∈ C \ S in order for (x, θ, z) ∈ C

as it needs to satisfy x(C) = 0.
If za = 1 ∀a ∈ C \ â and zâ = 0, we consider whether or not â ∈ S. If â ∈ S,

x(S) = bS −
∑
a∈C

βSaza

⇔
∑
a∈S\â

xa = (n− 1)(2u(S) − u(C)) −
∑
a∈C\â

(u(S \ a) − u(C \ S))

= (n− 1)(2u(S) − u(C)) − (n− 1)u(S) + u(S) − uâ − (n− 1)(u(C \ S))

= u(S) − uâ

otherwise if â ∈ C \ S,

x(S) = bS −
∑
a∈C

βSaza

⇔ x(S) = (n− 1)(2u(S) − u(C)) −
∑
a∈C\â

(u(S \ a) − u(C \ S))

= (n− 1)(2u(S) − u(C)) − (n− 1)u(S) + u(S) − (n− 1)(u(C \ S))

= u(S).

Define a parameter ρ :=
u(C\S)
u(S) ∈ [0, 1). We consider the following points in F satisfying
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conditions (4.18) and (4.19). A point χ = (x̄, θ̄, z̄) satisfying

x̄a =

{
ρua if a ∈ S
−ua if a ∈ C \ S

θ̄i =


0 if i = 1
−x̄12 if i = 2
θ̄i−1 − x̄i−1,i if 2 < i 6 n

z̄a = 1 ∀a ∈ C,

and a class of n points ξâ = (x̂, θ̂, ẑ) satisfying

x̂a =

{
ua if a ∈ C \ â

0 if a = â

θ̂i =


0 if (i, i+ 1) = â∑
a∈C x̂a if (i− 1, i) = â

θ̂i−1 − x̂i−1,i otherwise

ẑa =

{
0 if i = â
1 if a ∈ C \ â.

We first show that λa = 0 ∀a ∈ C\S. For any k ∈ C\S, we can find a point ξâ−(εek,∆, 0) ∈ F
for some â 6= k, ε ∈ R sufficiently small and ∆ ∈ Rn. By the assumption F ⊆ G, both ξâ and
ξâ − (εek,∆, 0) ∈ G, which implies∑

a∈C
λaua − λâuâ +

∑
a∈C

µa − µâ = D (4.20)∑
a∈C

λaua − λâuâ − λkε+
∑
a∈C

µa − µâ = D. (4.21)

Subtracting the equations, (4.20) − (4.21) gives λkε = 0. Since this relationship holds for any
k ∈ C \ S, we have

λa = 0 ∀a ∈ C \ S. (4.22)

Next we will show that λa are equal ∀a ∈ S. If |S| = 1, there is nothing to show. Otherwise,
for any pair of arcs k, l ∈ S, we can find a point χ − (εek − εel,∆, 0) ∈ F for ε ∈ R sufficiently
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small and some ∆ ∈ Rn and obtain the equations∑
a∈C

λax̄a +
∑
a∈C

µa =D (4.23)∑
a∈C

λax̄a − λkε+ λlε+
∑
a∈C

µa =D. (4.24)

Subtracting the equations, (4.23)− (4.24) gives λkε− λlε = 0. Since k, l ∈ Swere arbitrary, every
coefficients λa, a ∈ S are equal to each other. For some scalar Λ, let

λa = Λ ∀a ∈ S. (4.25)

The remainder of the proof shows that µa is a multiple of βSa defined in (4.14), and D is
a multiple of bS defined in (4.15). For any pair of arcs k, l ∈ C, ξk, ξl ∈ F ⊆ G results in the
equations ∑

a∈C
λaua − λkuk +

∑
a∈C

µa − µk = D (4.26)∑
a∈C

λaua − λlul +
∑
a∈C

µa − µl = D (4.27)

and the subtraction (4.26) − (4.27) implies λk − λl + µk − µl = 0. Due to (4.22) and (4.25), this
can be written as the following 4 equations depending on whether or not k, l ∈ S:

Λ(uk − ul) = − (µk − µl), k, l ∈ S (4.28)

Λuk =− (µk − µl), k ∈ S, l ∈ C \ S (4.29)

−Λul =− (µk − µl), k ∈ C \ S, l ∈ S (4.30)

0 =− (µk − µl), k, l ∈ C \ S (4.31)

Adding (4.28) and (4.29) for all choices of l ∈ C, and for a specific k ∈ S, we obtain

nΛuk −Λu(S) = −nµk +
∑
a∈C

µa ∀k ∈ S. (4.32)

Similarly, we add (4.30) and (4.31) for all choices of al ∈ C for a specific k ∈ C \ S to obtain

−Λu(S) = −nµk +
∑
a∈C

µa ∀k ∈ C \ S. (4.33)
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The equations (4.32) and (4.33) provide expressions for µk ∀k ∈ C in terms of Λ,u(S),uk, and∑
a∈C µa. To determine µa, we first obtain the description for

∑
a∈C µa by considering the

following equations. First we obtain by adding (4.20) for all â ∈ C and substituting λ with
Λ
∑
a∈S ei,

(n− 1)Λu(S) + (n− 1)
∑
a∈C

µa =nD. (4.34)

By substituting λwith Λ
∑
a∈S ei and ρwith u(C\S)

u(S) in (4.23), we obtain

Λρu(S) +
∑
a∈C

µa (4.35)

=Λu(C \ S) +
∑
a∈C

µa = D. (4.36)

The subtraction n× (4.36) − (4.34) gives∑
a∈C

µa =(n− 1)Λu(S) − nΛu(C \ S)

=(n− 1)Λu(S) − nΛ(u(C) − u(S))

=Λ((2n− 1)u(S) − nu(C)). (4.37)

Plugging (4.37) into (4.32) results in

µk =
1
n
(
∑
a∈C

µa +Λu(S) − nΛuk)

=
1
n
Λ(2nu(S) − nu(C) − nuk)

=Λ(u(S \ k) − u(C \ S)) ∀k ∈ S,

and plugging (4.37) into (4.33) gives

µk =
1
n
(
∑
a∈C

µa +Λu(S))

=
1
n
Λ(2nu(S) − nu(C))

=Λ(u(S \ k) − u(C \ S)) ∀k ∈ C \ S.
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So we have shown that µa = ΛβSa ∀a ∈ C. Finally, plugging (4.37) into (4.36), we obtain

D =Λu(C \ S) +
∑
a∈C

µa

=Λ(u(C) − u(S) + (2n− 1)u(S) − nu(C))

=Λ(n− 1)(2u(S) − u(C)),

which establishes D = ΛbS. We have shown that if F ⊆ G, then

(λ,γ,µ,D) = Λ(
∑
i∈S

ei, 0,βS,bS) for some Λ ∈ R,

which establishes that (4.12) is facet-defining for clconv(C).

In a collaborative work with Kocuk, Dey, and Sun, we also have shown that the inequalities
(4.12), (4.13) characterize the convex hull of proj(x,z)(C).

Theorem 4.4. [40]

conv(proj(x,z)(C)) =
{
(x, z) | (4.12), (4.13),−uijzij 6 xij 6 uijzij, zij 6 1 ∀(i, j) ∈ C

}
For proof of the theorem and more discussion on complexity, separation, and some computa-

tional result, we refer the readers to Kocuk et. al. [40]

4.3 The Separation Problem

Given an arbitrary instance of (OPF-OTS) based on network G = (N,E), it may be possible to
generate exponentially many inequalities of the form (4.12) and (4.13) since the number of cycles
inGmay be exponentially large. To make the inequalities useful in the solution process, we need
a procedure to generate specific inequalities that can separate a given fractional solution to a
continuous relaxation for (OPF-OTS). The procedure comprises two different aspects: the first
is to detect directed cycles in the underlying network G from which we construct relaxations C
defined in (4.10), and the second is to identify the inequalities of the form (4.12) or (4.13) from
each cycle (V ,C) that are violated by the current solution. Given a fractional point (x̂, ẑ), the
separation problem for (4.12) is written as

max
C∈E:C is a cycle

{
max

S⊆C:2u(S)>u(C)
{x̂(S) +

∑
a∈C

βSaẑa − bS}
}

, (4.38)



94

an optimization problem whose objective is to maximize the amount of violation by (x̂, ẑ).
Instead of considering all directed cycles contained in G, we specify a characteristic of a

cycle C that is useful in separating a fractional point (x̂, ẑ). The following proposition provides a
necessary condition for C to generate inequalities (4.12) or (4.13) violated by this point. Given a
cycle C and a point (x̂, ẑ), we first define a parameter KC(ẑ) as

KC(ẑ) := 1 −
∑
a∈C

(1 − ẑa). (4.39)

For each subset S ⊆ C satisfying 2u(S) > u(C \ S), we denote by viol(S) the amount of violation
for inequality (4.12) by (x̂, ẑ):

viol(S) := x̂(S) +
∑
a∈C

βSaẑa − bS. (4.40)

Proposition 4.1. Given (x̂, ẑ) for a cycle C, if KC(ẑ) 6 0, then the inequalities (4.12), (4.13) are not
violated.

Proof. Consider the inequality (4.12) for some S ⊆ C satisfying u(S) −u(C \ S) > 0. The amount
of violation for (4.12) by (x̂, ẑ) can be written using KC(ẑ) by rearrangement:

viol(S) =
∑
a∈S

x̂a +
∑
a∈C

(u(S \ a) − u(C \ S))ẑa − (n− 1)(2u(S) − u(C))

=
∑
a∈S

(x̂a − uaẑa) +
∑
a∈C

(2u(S) − u(C))ẑa − (n− 1)(2u(S) − u(C))

=
∑
a∈S

(x̂a − uaẑa) + (2u(S) − u(C))KC(ẑ). (4.41)

Since x̂a − uaẑa 6 0 ∀a ∈ C from feasibility and 2u(S) − u(C) = u(S) − u(C \ S) > 0 by
assumption, this value cannot be positive if KC(ẑ) 6 0. A similar argument establishes that this
condition is also necessary for (4.13).

This result allows us to select and consider only the cycles with KC(ẑ) > 0, or equivalently,∑
a∈C ẑa > n− 1.
Given a cycle C, and a solution (x̂, ẑ) ∈ Rn+ × [0, 1]n, the separation problem for inequalities

(4.12) is equivalent to finding a subset of arcs S that maximizes the violation. This is the inner
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optimization problem from (4.38):

max
S⊆C:2u(S)>u(C)

{x̂(S) +
∑
a∈C

βSaẑa − bS}. (4.42)

We introduce binary variables y ∈ {0, 1}n to represent the decision whether or not each arc a ∈ C
is contained in S and use viol(S) rearranged as (4.41) to formulate (4.42) as the following Integer
Program:

max
y∈{0,1}n

∑
a∈C

(x̂a − uaẑa)ya + (
∑
a∈C

2uaya − u(C))KC(ẑ)

s.t.
∑
a∈C

uaya >
1
2u(C). (4.43)

Let v̂ = x̂a − uaẑa + 2uaKC(ẑ). Then by rearrangement,the separation problem is written as a
knapsack problem:

ν = max
y∈{0,1}n

{ ∑
a∈C

v̂aya |
∑
a∈C

uaya >
1
2u(C)

}
(4.44)

If ν−u(C)KC(ẑ) > 0 and the optimal solution to (4.44) is y∗, then the inequality generated using
S = {a ∈ C | y∗a = 1} is violated.

Due to the special structure of the knapsack problem (4.44), it is possible to describe its
optimal solution in closed form. Define the set of arcs

S∗C := {a ∈ C | x̂a − uaẑa + 2uaKC(ẑ) > 0}. (4.45)

The following proposition shows that S∗C is the only solution to the separation problem (4.42)
that we should consider. For ease of presentation we define a parameter ∆ for S as

∆(S) := u(S) − u(C \ S).

Proposition 4.2. Assume KC(ẑ) > 0. If there is any S ⊆ C with ∆(S) > 0 and viol(S) > 0, then the
separation problem (4.44) is solved by S∗C.

Proof. Let T∗ denote the optimal solution of (4.42). First note by construction S∗C contains every
a ∈ C that has a positive contribution to the objective viol(S). Therefore, T∗ ⊇ S∗C as otherwise
we can find an alternative solution with improved objective by adding the element a ∈ S∗C \ T∗

to T∗, which will also satisfy the constraint u(S) > 1
2u(C).
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Suppose that ∆(S∗C) > 0, so that S∗C is a feasible solution to (4.44). Then T∗ = S∗C as adding
any more element in C \ S∗C to S∗C would decrease the objective value. Suppose that S∗C is
infeasible, i.e., ∆(S∗C) 6 0. Then

viol(S∗C) =
∑
a∈S

(x̂a − uaẑa) + ∆(S
∗
C)KC(ẑ) 6 0

because the first term x̂a 6 uaẑa is nonpositive to satisfy the line capacity constraint, and
the second term is nonpositive by assumption. We have T∗ ⊃ S∗C, which implies viol(T∗) 6

viol(S∗C) 6 0 since elements a /∈ S∗C contribute a non-positive amount to the objective. Thus in
the case ∆(S∗C) < 0, there is no S ⊆ C with ∆(S) > 0 and viol(S) > 0.

We have shown in Proposition 4.1 that KC(ẑ) > 0 is a necessary condition for finding violated
inequality from cycle C. Therefore, the result of Proposition 4.2 implies that a violated inequality
exists for a given cycle C with KC(ẑ) > 0 if and only if:∑

a∈C

(
max{0, x̂a − uaẑa + 2uaKC(ẑ)}− uaKC(ẑ)

)
> 0. (4.46)

The separation reduces to a search for a cycle C satisfying this condition and KC(ẑ) > 0.
Although the analysis we conduct here may provide useful ideas on how to efficiently find

violated inequalities, it remains an open question to establish the complexity of exactly solving
the separation problem defined in (4.38). We conjecture that it is a hard problem, as the separation
problem appears to have similarities to the longest path problem.

4.4 Computation

4.4.1 Algorithm

In this section, we explain our algorithmic framework for applying the inequalities (4.12) and
(4.13) as cuts in solving the DC transmission switching problem instances. Algorithm 4.1 provides
a sketch of the basic framework we use to generate cuts. Description of some details of each step
of the algorithm follows.

Let F denote the feasible region of (OPF-OTS). The first continuous relaxation we solve to
obtain solution (x̂, ẑ) and lower bound L̂ is the natural relaxation R(F) obtained by replacing the
constraints z ∈ {0, 1}n with z ∈ [0, 1]n. Observe that in the description of F, there is no incentive
to keep ẑ from taking the largest possible value, 1.0. This is a disadvantage since separating the
solution (x̂, ẑ) with an unnecessarily large value of ẑmay not improve the lower bound of the
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Algorithm 4.1: Cut Generation
Initialize: cutoff = true, r = 0.
while cutoff = true and r < maxR do

Solve a continuous relaxation to obtain solution (x̄, z̄) and the lower bound L̂.
Construct the collection B of directed cycles C satisfying KC(x̄) > 0.
for every cycle C ∈ B do

Find S∗C defined in (4.45).
if u(S∗C) >

1
2u(C) then

Generate cuts and add them to formulation.
else

cutoff = false.
r← r+ 1.

optimal objective value at all. Our inequalities always have positive coefficients on at least some
of the binary variables zij, (i, j) ∈ C by definition of the coefficients βSij. Therefore, the amount
of violation by (x̂, ẑ) will reduce if the values of the binary variables zij decrease for (i, j) ∈ C
such that βSij > 0. If the solution (x̂ ′, ẑ ′) to the updated formulation has ẑ ′ 6 ẑ to satisfy the
added cuts but has the same flow on the lines, (x̂ ′ = x̂) the objective function value will remain
the same. To avoid this problem, we obtain an alternative solution (x̄, z̄) by solving

(x̄, z̄) = argmin
(x,z)

{ ∑
(i,j)∈E

zij |
∑
i∈R

cipi = L̂, (x, z,p, θ) ∈ R(F)
}

. (4.47)

We look for cycles with KC(z̄) > 0 instead of KC(ẑ) > 0, hoping to find cycles that are more
useful in improving the lower bound.

To find the cycles at each iteration within the while loop in Algorithm 4.1, a simple heuristic
based on the Depth First Search (DFS) was implemented. We start the search from each node
i ∈ N satisfying

∑
(i,j)∈E zij > 1 + 10−3, as otherwise the resulting cycle is not likely to satisfy

the necessary condition for violation given in Proposition 4.1. In each round of cut generation,
we collect up to 300 cycles. (|B| 6 300)

We iterate through the set of cycles collected to generate inequalities. For each cycle satisfying
u(S∗C) >

1
2u(C), we generate at least one inequality. The first inequality is generated by using

S∗C:
x(S∗C) +

∑
a∈C

β
S∗C
a za 6 bS

∗
C .

The fact that S∗C solves the separation subproblem (4.42) does not mean that it provides the only



98

violated inequality from cycle C. For example, for any a ∈ S∗C satisfying

u(S∗C \ a) >
1
2u(C),

we can generate a violated inequality using S∗C \ a. For any a ∈ C \ S∗C, if

viol(S∗C) + x̂a − uaẑa + 2uaKC(ẑ) > 0,

then S∗C ∪ a also generates a violated inequality which is valid since u(S∗C) >
1
2u(C) implies

u(S∗C ∪ a) >
1
2u(C). We examine this possibility and add all the inequalities we find that are

violated by the current solution (x̂, ẑ) or the alternative solution (x̄, z̄).
In the following sections, we demonstrate the usefulness of our inequalities by applying

the algorithm described above in the solution process for some instances of DC transmission
switching problem. We use the Concert Technology libraries for C++ of CPLEX 12.5 [1] to solve
the problems and implement our algorithm. In all the computational result we present, the cut
generation algorithm described in Algorithm 4.1 was applied only at the root node within a
Callback structure.

4.4.2 DC transmission switching

In this section, we solve the DC transmission switching problems on some variants of the 118-bus
instance introduced by Blumsack [13], which has 118 buses (|N| = 118), 186 lines (|E| = 186), and
19 generators (|R| = 19). The instances from [13] were modified by generating a discrete random
variable that follows a uniform distribution in the range [0, 15] for each of the demand nodes and
adding the random number to the demand. We generated 15 instances by this modification and
solved them with and without applying our cut generation algorithm. Since using a Callback
suppresses some default features of CPLEX (e.g., dynamic search) and we do not know its entire
effects, we used an empty Callback that does not contain any computation for fair comparison.
The problems were solved using traditional branch and cut strategy (instead of dynamic search)
using a single thread with the time limit of 1 hour.

We first solved the instances with three types of Callbacks, the empty Callback, cut generation
Callback up to 20 rounds, and cut generation Callback up to 200 rounds, with all default CPLEX
cuts turned off. Table 4.1 summarizes the result for each case. The entries in each row represent
the average across 15 instances for the initial optimality gap at the root node, the ending optimality
gap at the root node, solution time, number of nodes explored, number of cuts added to the
formulation, and number of unsolved instances out of 15.
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Empty Callback Cut Callback (maxR = 20) Cut Callback (maxR=200)
Init RG(%) 21.22 21.22 21.22
End RG(%) 21.22 17.26 17.25

Time(s) 1178.67 921.15 303.37
# Nodes 1118548 1062023 450812
# Cuts - 516 2244

# Unsolved 1 0 0

Table 4.1: Impact of Inequalities for DC OTS without CPLEX Cuts

Using the cut Callback with maxR = 200 performed best with respect to all criteria. On the
average, applying our cut generation algorithm helped close up to 3.97% of optimality gap at the
root node. It significantly improved the speed of solution process, reducing the average solution
time by 21.85 % when maxR = 20 and by 74.26 % when maxR = 200. The number of explored
nodes was reduced by 5.05 % and 59.70 % by the two cut Callbacks. We were able to solve all 15
instances to provable optimality within 1 hour using the cuts, including the instance that was
not solved within the time limit without the cuts. The remaining gap for the unsolved instance
after the time limit with the empty Callback was 9.04 %.

4.5 Summary

In Chapter 4, we discuss a strong relaxation for the cycle relaxation C of the DC transmission
switching problem. A class of valid linear inequalities were derived forC. We know that clconv(C)
is a polyhedron unlike conv(S), which allows us to use the theoretical tool to determine if our
inequalities are necessary in the description of clconv(C). We prove that the inequalities are in
fact facet-defining for clconv(C). In a collaborative work with Kocuk, Dey, and Sun, it was also
shown that these inequalities are the only non-trivial inequalities in the description of the convex
hull of a lower-dimensional set obtained by projecting out a subset of variables. We also discuss
the separation problem for the inequalities, which involves two subproblems: finding directed
cycles in a graph and finding violated inequalities from each cycle. Due to the characteristic of
C, we can provide a closed-form solution to the second subproblem formulated as a knapsack
problem. Computational experiment on IEEE instances were conducted to demonstrate the
usefulness of the derived inequalities.
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Chapter 5

Conclusion

The main subjects of investigation in this thesis are two classes of mixed-integer quadratic
sets that have the specific structure of binary indicator variables. The first set, denoted by S,
is constructed by reformulating a low-dimensional relaxation for 0-1 MIQCP via a Cholesky
factorization. The second set, denoted by C, is a relaxation for the DC transmission switching
problem based on a directed cycle extracted from the underlying transmission line network and
Kirchoff’s voltage law.

In Chapter 1, we define the sets S, C and introduce various applications where the sets appear
as substructures. We briefly introduce the algorithmic framework within which our findings
can be utilized to improve the efficiency of the solution process. A review of previous studies
that help our investigation is provided. Each of the following three chapters of the thesis present
the main result of our investigation for three different sets, a polyhedral outer-approximation of
S, S, and C, respectively.

Chapter 2 investigates the polyhedral outer-approximation of S, denoted by P(A,B). This
polyhedron is constructed by replacing the quadratic constraints in the description of S with
their linearizations taken at a number of break points. We derive 5 classes of valid inequalities for
P(A,B) by using techniques such as lifting, variable substitution, constraint aggregation, and the
perspective reformulation. It was shown that they are facet-defining under some mild conditions,
and the importance of each facet was measured through a shooting experiment. Computational
experiments provide evidence that these inequalities do not describe conv(P(A,B)). Although
the inequalities are only applicable for low-dimensional relaxations, they can be helpful in a
solution process for a problem of larger dimension. We decribe how to utilize them for each low-
dimensional substructure of an optimization problem obtained by matrix decomposition, and
demonstrate this framework in computations on the minimum variance portfolio optimization
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problems.
In Chapter 3, we direct our attention back to the nonlinear set S. We begin by completely

characterizing the set of extreme points for two important relaxations of S, the simple continuous
relaxation R(S) and conv(S). As an immediate consequence of this anlysis, it is established
that conv(S) is not a polyhedron. Using similar techniques used in Chapter 2, 4 classes of valid
quadratic inequalities for S are derived. They are all shown to be second-order cone representable,
which allows us to use conic programming solvers to optimize over the strengthened relaxation.
We show that the inequalities are closely related to the linear inequalities from Chapter 2 as
we can exactly generate some of the facet of P(A,B) by linearizing the quadratic inequalities
at specific points. As we do not have a nice way of demonstrating if an inequality is necessary
for describing a convex hull of a non-polyhedral set, we measure the impact of our inequalities
through extreme point analysis and computations including shooting experiment. Specifically,
we have characterized which extreme points of R(S) violate each inequality and at which extreme
points of conv(S) the inequalities are tight. The results of our computational experiments imply
that we do not have the complete description of conv(S). We conduct additional computation
on the same instances of the minimum variance portfolio optimization problem from Chapter 2
to demonstrate the ability of the derived inequalities to improve bounds.

Finally, in Chapter 4, we discuss the cycle relaxation C of the DC transmission switching
problem. A class of valid linear inequalities were derived for C. We know that clconv(C) is
a polyhedron unlike conv(S), which allows us to use the theoretical tool to determine if our
inequalities are necessary in the description of clconv(C). We prove that the inequalities are in
fact facet-defining for clconv(C). In a collaborative work with Kocuk, Dey, and Sun, it was also
shown that these inequalities are the only non-trivial inequalities in the description of the convex
hull of a lower-dimensional set obtained by projecting out a subset of variables. We also discuss
the separation problem for the inequalities, which involves two subproblems: finding directed
cycles in a graph and finding violated inequalities from each cycle. Due to the characteristic of
C, we can provide a closed-form solution to the second subproblem formulated as a knapsack
problem. Computational experiment on IEEE instances were conducted to demonstrate the
usefulness of the derived inequalities.

We conclude the thesis with remarks on the questions that remain open on the subjects. In
chapters 2 and 3, we have established that the valid inequalities we derive are not the only ones
necessary to describe conv(P(A,B)) or conv(S). Identifying the missing inequalities to obtain
complete characterizations of their convex hulls would be a meaningful contribution. Also, it
would be interesting to see if it is useful to extend the result to generate strong relaxations for
a larger dimensional set. On the computational side, we chose not to further investigate the
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strategy for extracting a block-diagonal matrix. An extensive analysis or experiments on the
SDP we solve to perform matrix decomposition may shed light on how to extract small matrices
so that the impact of our approach is maximized in the solution process. The algorithmic
framework we applied in Chapter 4 is based on very simple heuristics, and we impose upper
bounds on the number of cycles and inequalities that we handle to avoid computation time
getting too long. It may be possible to design more efficient heuristics that utilize the result of our
analysis of the separation problem presented in the thesis. Additional research goals would be
to establish the complexity of separation for our inequalities, and to understand how to combine
flow balance considerations with Kirchoff’s voltage law to construct a stronger relaxation for the
DC switching problem. We hope that these studies will spur additional research in to these and
other important related sets.
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Appendix A

Supplemental Proofs

A.1 Affine independence of points used in proof of Proposition 2.2

We have claimed in the proof of Proposition 2.2 that the following points are affinely independent.

0
0
0
0
0
0


,



0
0
0
0
1
0


,



0
0
1
0
0
0


,



1
a11

0
( 1
a11

)2

0
1
0


,



−rβ̄

β̄

r2β̄2

β̄2

0
1


,



0
β̄− δ

2
0

β̄(β̄− δ)

1
1


.

Denote these points by p0,p1, · · · ,p5. To prove the claim, we show that the five points (p5 −

p0), (p4 − p0), · · · , (p1 − p0) are linearly independent. Note that p0 is the origin and that these
five points are linearly independent if and only if

∑5
i=1 λipi = 0 implies λi = 0, i = 1, 2, · · · , 5.
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The first equation is written as the following system of equations:

1
a11
λ3 − rβ̄λ4 = 0 (A.1)

β̄λ4 + (β̄−
δ

2)λ5 = 0 (A.2)

λ2 + (
1
a11

)2λ3 + r
2β̄2λ4 = 0 (A.3)

β̄2λ4 + β̄(β̄− δ)λ5 = 0 (A.4)

λ1 + λ3 + λ5 = 0 (A.5)

λ4 + λ5 = 0 (A.6)

We solve this system for λ. Taking the subtraction (A.6) ×β̄− (A.2), we obtain δ
2λ5 = 0. By (A.6),

λ5 = 0 implies λ4 = 0, which in turn implies that λ3 = 0 by (A.1). Plugging in λ3 = 0, λ4 = 0 to
(A.3) and λ3 = 0, λ5 = 0 to (A.5), we obtain λ2 = λ1 = 0. We have established that λ = 0, which
proves that p0,p1, · · · ,p5 are affinely independent. The affine independence of all sets of points
used in the proofs of Propositions in Chapter 2 can be established by similar exercise.
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