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Abstract

Exciton-phonon interactions play a fundamental role in phonon-assisted radiative recombi-
nation and exciton dynamics in solids. In this work, we present a first-principles framework
for computing phonon-assisted radiative lifetimes and exciton relaxation dynamics at finite
temperatures. Starting from the solution of the Bethe-Salpeter equation, we construct an
effective excitonic Hamiltonian that incorporates both exciton-photon and exciton-phonon
interactions. Phonon-assisted radiative lifetimes in anisotropic media are evaluated using
time-dependent second-order perturbation theory. We further analyze the temperature
and phonon-mode dependence of the phonon-assisted radiative lifetime and compare
our results with available experimental data. In particular, we explain the nonmonotonic
temperature dependence of the lifetime by identifying distinct mechanisms governing the
low- and high-temperature regimes. To capture out-of-equilibrium dynamics, we perform
real-time exciton relaxation simulations within the diagonal approximation of Lindbladian
dynamics, providing direct insights into ultrafast thermalization and scattering pathways.
In addition, we developed a reciprocal-space linear interpolation method for dielectric
matrices that efficiently accounts for substrate screening effects in quasiparticle and ex-
citonic properties of arbitrarily lattice-mismatched 2D interfaces, without introducing
artificial strain. This advancement enables a systematic investigation of substrate-induced
screening effects on quasiparticle energies and optical properties. Overall, our ab-initio
theory provides a detailed microscopic understanding of phonon-mediated exciton re-
laxation, recombination processes, and substrate effects, offering valuable perspectives
on phonon-assisted many-body interactions and their influence on optical phenomena in
light-emitting and optoelectronic materials.
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Chapter 1

Introduction

Exciton-phonon interactions play a fundamental role in governing the optical and transport
properties of semiconductors. In particular, they are essential for describing phonon-
assisted radiative processes and exciton dynamics in materials with indirect band gaps,
where phonons are required to satisfy momentum conservation during photon emission.
These phonon-mediated optical transitions are especially relevant in layered van der Waals
(vdW) materials and other quantum systems, where the interplay between electronic
many-body effects and lattice vibrations gives rise to rich and unconventional physical
behavior [116, 94, 11].

Over the past decades, substantial progress has been made in the theoretical and
computational understanding of excitons, which are quasiparticles of electron-hole pairs.
This progress has been enabled by first-principles many-body perturbation theory (MBPT)
based on the Bethe-Salpeter equation (BSE) [99, 35, 23, 77]. The BSE, typically built on top
of quasiparticle corrections from the GW approximation, has successfully predicted exciton
binding energies, finite-momentum dispersion [82], exciton-phonon scattering rates [4, 19],
and optical spectra in both bulk and low-dimensional systems [83, 99]. However, most
existing BSE applications focus on first-order or direct optical transitions [126, 72, 18] and
do not capture phonon-assisted recombination processes, which require a second-order
treatment involving both exciton-photon and exciton-phonon couplings.

Phonon-assisted luminescence, such as the indirect photoluminescence (PL) observed
in hexagonal boron nitride (hBN) [116, 94], monolayer WSe2 [11], and silicon [57], cannot
be described using first-order optical processes alone. Instead, a second-order process
involving both exciton and phonon interactions must be considered. Despite their signif-
icance, a fully ab initio many-body framework for computing phonon-assisted radiative
lifetimes still remains to be developed. Earlier efforts have formulated such transitions at
the single-particle level [64, 73, 110] or have treated exciton-photon and exciton-phonon in-
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teractions separately [11, 19, 54], potentially missing the coupling effects between different
scattering pathways [17].

In this work, we present a rigorous many-body formalism to compute phonon-assisted
radiative lifetimes and simulate time-resolved exciton dynamics from first principles. Our
approach is based on constructing an effective exciton-photon-phonon Hamiltonian in
second quantization, combining excitonic states from the finite-momentum BSE [99] with
exciton-phonon coupling derived from first-principles electron-phonon matrix elements [32,
4, 71, 19]. Radiative rates are evaluated using time-dependent second-order perturbation
theory [98], with both phonon emission and absorption channels treated explicitly.

To capture out-of-equilibrium exciton dynamics in open quantum systems, we derive
a quantum master equation in the Lindblad form [92, 91, 128, 131], which governs the
evolution of the exciton density matrix under phonon scattering. In the semiclassical limit,
this formulation reduces to the Boltzmann transport equation (BTE) [93, 49], enabling real-
time simulation of exciton relaxation and thermalization. This framework also provides
a foundation for future studies of exciton coherence, dephasing, and spin dynamics in
realistic material systems.

In addition to phonon-assisted exciton dynamics, this thesis also addresses the challenge
of accurately predicting quasiparticle energies in 2D interface systems with strong substrate
screening effects. Two-dimensional materials provide an outstanding platform for exploring
new physics and device applications, particularly when combined to form interfaces.
Substrates can significantly modify the electronic structure of 2D materials, often requiring
sophisticated many-body treatments for accurate predictions. In our earlier work [39], we
developed a reciprocal-space linear interpolation method that enables substrate screening
effects to be incorporated into GW calculations of arbitrarily mismatched interfaces, without
applying artificial strain. We benchmarked this approach using hBN/SnS2 heterostructures
and hBN bilayers, and showed that it yields excellent agreement with explicit interface GW
calculations.

We further extended this framework to excitonic properties by solving the substrate-
screened BSE on top of substrate-screened GW calculations. In particular, we demonstrated
the nonrigid shift of excitonic 1s and 2s peaks in supported monolayer hBN due to substrate
screening, and provided a simple physical model based on the 2D hydrogenic exciton.
Finally, we calculated exciton radiative lifetimes for monolayer hBN and WS2 on various
substrates at both zero and room temperatures, showing quantitative agreement with
experimental data. These results highlight the importance of substrate effects in accurately
modeling the excitonic behavior of 2D interfaces.
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Chapter 2

Theoretical Background

2.1 Field operator
In the second quantization formalism [25, 2, 106], a single particle at position x in a many-
particle system is created by the action of the field operator ψ̂†(x) on the vacuum state |0⟩.
This operation defines the single-particle state as |x⟩ = ψ̂†(x) |0⟩. Here, x = (r,σ) represents
the combined index of the particle’s spatial position r and spin polarization σ. By definition
of the state overlap, the following identity holds:

δ(y − x) = ⟨y|x⟩ = ⟨y| ψ̂†(x) |0⟩ = ⟨0| ψ̂(x) |y⟩∗ . (2.1)

Applying Eq. (2.1) to an N-particle state |y1 · · ·yN⟩, and utilizing the antisymmetric
property of fermionic states, the state overlap ⟨x1 · · · xN| |y1 · · ·yN⟩ can be expressed as:

⟨x1 · · · xN−1| ψ̂(xN) |y1 · · ·yN⟩ =
N∑
k=1

(−1)N+kδ(xN − yk) ⟨x1 · · · xN−1| |y1 · · ·yk−1yk+1 · · ·yN⟩ .

(2.2)
This leads to the general relation:

ψ̂(x) |y1 · · ·yN⟩ =
N∑
k=1

(−1)N+kδ(x − yk) |y1 · · ·yk−1yk+1 · · ·yN⟩ . (2.3)

To compute the composite action of ψ̂(x)ψ̂†(y) on the N-particle state |y1 · · ·yN⟩, we
proceed as follows:
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ψ̂(x)ψ̂†(y) |y1 · · ·yN⟩ = ψ̂(x) |y1 · · ·yNy⟩ (2.4)

= δ(x − y) |y1 · · ·yN⟩+
N∑
k=1

(−1)N+k+1δ(x − yk) |y1 · · ·yk−1yk+1 · · ·yNy⟩ (2.5)

= δ(x − y) |y1 · · ·yN⟩− ψ̂
†(y)

N∑
k=1

(−1)N+kδ(x − yk) |y1 · · ·yk−1yk+1 · · ·yN⟩ (2.6)

= δ(x − y) |y1 · · ·yN⟩− ψ̂
†(y)ψ̂(x) |y1 · · ·yN⟩ . (2.7)

From this, the anticommutation relations for fermionic field operators follow:

{
ψ̂(x), ψ̂†(y)

}
= δ(x − y),

{
ψ̂(x), ψ̂(y)

}
=

{
ψ̂†(x), ψ̂†(y)

}
= 0, (2.8)

where {·, ·} denotes the anticommutator. These relations encapsulate the antisymmetric
nature of fermionic states.

Consequently, a general one-particle state |n⟩with quantum number n can be expressed
in terms of the position-spin state |x⟩ via the completeness relation:

|n⟩ =
∫
dx |x⟩ ⟨x|n⟩ =

∫
dxφn(x) |x⟩ =

∫
dxφn(x)ψ̂†(x) |0⟩ . (2.9)

Thus, we define the electron creation operator ĉ†n associated with the quantum number
n as:

ĉ†n =

∫
dxφn(x)ψ̂†(x). (2.10)

Similarly, the electron annihilation operator ĉn can be defined by taking the complex
conjugate:

ĉn =

∫
dxφ∗n(x)ψ̂(x). (2.11)

where φn(x) = ⟨x|n⟩ represents the overlap between the states |n⟩ and |x⟩, also known as
the wavefunction in the position representation.

Similarly, the anticommutation relations for fermionic creation and annihilation opera-
tors are given by:

{
ĉi, ĉ†j

}
= δij,

{
ĉi, ĉj

}
=

{
ĉ
†
i , ĉ
†
j

}
= 0. (2.12)

By applying the orthonormality condition, we can express the field operator in terms of



5

the electron creation and annihilation operators as follows:

ψ̂(x) =
∑
n

φn(x)ĉn, ψ̂†(x) =
∑
n

φ∗n(x)ĉ†n. (2.13)

2.2 Evolution operator and Heisenberg picture
So far, our discussion has focused on time-independent aspects. To introduce the time
evolution of the system with a many-body Hamiltonian Ĥ(t), we begin with the well-known
time-dependent Schrödinger equation:

i
d

dt
|Ψ(t)⟩ = Ĥ(t) |Ψ(t)⟩ , (2.14)

here |Ψ(t)⟩ represents the ket state of the system. Throughout this thesis, we will employ
atomic units, setting  h = e = me = 4πϵ0 = 1. A special case occurs when Ĥ(t) = Ĥ(t0) is
time-independent, where the solution follows from a first-order differential equation:

|Ψ(t)⟩ = e−iĤ(t0)(t−t0) |Ψ(t0)⟩ , (2.15)

But what is the form of a time-dependent total Hamiltonian? More generally, can we
find a unitary operator Û(t, t0) that satisfies:

|Ψ(t)⟩ = Û(t, t0) |Ψ(t0)⟩ , (2.16)

for time-dependent Hamiltonian? A natural approach is to divide the interval between t0
and t into a sufficiently large number of time steps, so that the Hamiltonian Ĥ(t) ∼ Ĥ(tp)
within each sub-interval (tp, tp+1):

|Ψ(t)⟩ = lim
n→∞T

{
e−i∆tΣ

n
p=0Ĥ(tp)

}
|Ψ(t0)⟩ = T

{
e−i

∫
dt′Ĥ(t′)

}
|Ψ(t0)⟩ , (2.17)

where the T is the Wick’s time-ordering operator, including a “−" sign for Fermion and
“+" sign for Boson each time when switching the permutation of time. Therefore, the time
evolution operator Û(t, t0) is:

Û(t, t0) = T

{
e
−i

∫t
t0
dt′Ĥ(t′)

}
. (2.18)
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Substituting Eq. 2.18 into Eq. 2.14 with the boundary condition Û(t0, t0) = 1̂, we obtain:

Û(t, t0) = 1̂− i

∫ t
t0

dt1Ĥ(t1)Û(t1, t0)

= 1̂− i

∫ t
t0

dt1Ĥ(t1) + (−i)2
∫ t
t0

dt1

∫ t1
t0

dt2Ĥ(t1)Ĥ(t2)Û(t2, t0)

· · ·

=

∞∑
k=0

(−i)k
∫ t
t0

dt1

∫ t1
t0

dt2 · · ·
∫ tk−1

t0

dtkĤ(t1)Ĥ(t2) · · · Ĥ(tk).

(2.19)

Using the identity for summation over all permutations P of the time ordering:∫ t
t0

dt1

∫ t
t0

dt2 · · ·
∫ t
t0

dtkf(tP(1), . . . , tP(k)) =
∑
P

∫ t
t0

dt1

∫ t1
t0

dt2 · · ·
∫ tk−1

t0

dtkf(t1, . . . , tk),

we arrive at the commonly used definition of the time evolution operator with the time-
ordering operator:

Û(t, t0) =
∞∑
k=0

(−i)k

k!

∫ t
t0

dt1

∫ t
t0

dt2 · · ·
∫ t
t0

dtkT
{
Ĥ(t1)Ĥ(t2) · · · Ĥ(tk)

}
. (2.20)

By definition we have the relation:

Û(t0, t)Û(t, t0) = 1, (2.21)

with the explicit form of the anti time-evolution operator Û(t0, t):

Û(t0, t) = T̄

{
e
i
∫t
t0
dt′Ĥ(t′)

}
. (2.22)

Therefore, the time-dependent quantum average of operator Ô(t) can be written as:

⟨Ψ(t)| Ô(t) |Ψ(t)⟩ = ⟨Ψ(t0)| Û(t0, t)Ô(t)Û(t, t0) |Ψ(t0)⟩ . (2.23)

This introduces the Heisenberg picture, in which the time-dependent operator ÔH(t) is
defined as:

ÔH(t) = Û(t0, t)Ô(t)Û(t, t0). (2.24)

Note that this definition in the Heisenberg picture also applies to field operators. The
density operator, defined as n̂(x) = ψ̂†(x)ψ̂(x), can be expressed in the Heisenberg picture
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as:

n̂H(x, t) = Û(t0, t)ψ̂†(x)Û(t, t0)Û(t0, t)ψ̂(x)Û(t, t0) = ψ̂†H(x, t)ψ̂H(x, t), (2.25)

where the field operators in the Heisenberg picture are defined as:

ψ̂
†
H(x, t) = Û(t0, t)ψ̂†(x)Û(t, t0), ψ̂H(x, t) = Û(t0, t)ψ̂(x)Û(t, t0). (2.26)

It is important to emphasize that, up to this point, no perturbation has been applied.
In the Heisenberg picture, the evolution operator Û(t, t0) must be constructed using the
total Hamiltonian, including the perturbation Hamiltonian when present. Meanwhile, the
states, expressed as |ΨH⟩ = |Ψ(t0)⟩, remain time-independent and are determined at the
reference time t0.

2.3 Gell-Mann and Low theorem
Let us consider an N-electron system interacting with a scalar field V(r). In the context of
solids, a typical choice for V(r) is the electron-nuclei potential. The total (unperturbed)
Hamiltonian in the second quantization, which includes both the one-particle interaction
Ĥ0 and the two-particle interaction Ĥ1, can be written as:

Ĥ = Ĥ0 + Ĥ1 =

∫
dx ψ̂†(x)h(r)ψ̂(x) + 1

2

∫
dxdx′ ψ̂†(x)ψ̂†(x′)v(r, r′)ψ̂(x′)ψ̂(x). (2.27)

The one-particle Hamiltonian h(r) is:

h(r) = −
1
2∇

2 + V(r), (2.28)

while the two-particle interaction v(r, r′) is the bare Coulomb interaction:

v(r, r′) = 1
|r − r′| . (2.29)

To study the equation of motion and its relation to the correlation function, a commonly
used approach involves introducing an perturbative interaction Hamiltonian Ĥ′(t) of an
external (scalar) potential U(x, x′; t):

Ĥ′(t) =

∫
dxdx′ψ†(x)U(x, x′; t)ψ(x′), (2.30)
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practically, a physical local scalar potential will take the form:

U(x, x′; t) = U(x; t)δ(x, x′). (2.31)

In this thesis, we adopt the alternative derivation approach proposed by Hedin [42, 43,
108], which employs functional derivatives of the Green’s function (to be defined later).
The physical picture originates from Schwinger’s variational approach to the equations of
motion for the one- and two-particle Green’s functions [100]. This approach defines
“interaction” differently compared to the conventional diagrammatic framework. For
instance, the diagrammatic method [25, 2, 106] does not explicitly include the external
potential U; instead, it applies Wick’s theorem [121] to the electron-electron interaction
term Ĥ1, as defined here. While both methods are physically equivalent (in perturbation
theory), the alternative derivation provides a more direct connection to the equations of
motion and conservation laws governing the Green’s function, which will be explored in
subsequent sections.

The interaction picture is typically defined under the adiabatic assumption, where the
interaction is gradually switched on as t → −∞ and vanishes as t → +∞. At t = 0, the
Hamiltonian corresponds to the full Hamiltonian of the interacting system. This is achieved
by defining the new time-dependent Hamiltonian as:

Ĥη(t) = Ĥ(t) + e
−η|t|Ĥ′(t), (2.32)

where η → 0+ is a small positive parameter. This allows us to introduce the so called
interaction picture, where the field operator and Hamiltonian is defined via the unperturbed
Hamiltonian Ĥ:

ψ̂I(x, t) = eiĤtψ̂(x)e−iĤt; (2.33)

Ĥ′I(t) = e
iĤtĤ′(t)e−iĤt =

∫
dxdx′ψ̂†I(x, t+)U(x, x′; t)ψ̂I(x′, t). (2.34)

In the interaction picture, the state is time dependent as well:

|ΨI(t)⟩ = Ûη(t, t0) |ΨI(t0)⟩ (2.35)

with the time evolution operator Ûη(t, t0) in the interaction picture is explicitly given by:

Ûη(t, t0) =
∞∑
k=0

(−i)k

k!

∫ t
t0

dt1

∫ t
t0

dt2 · · ·
∫ t
t0

dtke
−η(|t1|+···+|tk|)T

{
Ĥ′I(t1)Ĥ

′
I(t2) · · · Ĥ′I(tk)

}
.

(2.36)
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Let t0 → −∞ and Ĥη → Ĥ. In the Schrödinger picture, the eigenstate is given by:

|ΨNS (t0)⟩ = e−iĤt0 |ΨN0 ⟩ , (2.37)

where |ΨN0 ⟩ is the eigenstate of the unperturbed time-independent Hamiltonian Ĥ, satisfy-
ing:

Ĥ |ΨN0 ⟩ = E |ΨN0 ⟩ . (2.38)

In the interaction picture with t0 → −∞, the eigenstate becomes time-dependent and
can be expressed as:

|ΨNI (t0)⟩ = eiĤt0 |ΨNS (t0)⟩ = |ΨN0 ⟩ . (2.39)

From this, we obtain the following important relation:

|ΨNH⟩ = |ΨNI (0)⟩ = Ûη(0,−∞) |ΨN0 ⟩ . (2.40)

The same procedure can be extended to the limit t0 → +∞. Gell-Mann and Low [28, 25]
demonstrated that, under the adiabatic assumption, if the following limit exists at all orders
in perturbation theory:

lim
η→0+

Ûη(0,±∞) |ΨN0 ⟩
⟨ΨN0 | Ûη(0,±∞) |ΨN0 ⟩

=
|ΨNH⟩
⟨ΨN0 |ΨNH⟩

, (2.41)

then the resulting state becomes an eigenstate of the perturbed Hamiltonian Ĥη. This
result is widely known as the Gell-Mann and Low theorem, valid under the adiabatic
assumption [25].

2.4 Interacting Green’s function
Let us begin our discussion with the equilibrium, zero-temperature, real-time interacting
Green’s function, with an external time-dependent perturbation Ĥ′(t). In many-body
physics, a correlation function is defined as the ground-state expectation value of a time-
ordered product of operators. A special type of n-particle correlation function involves
an equal number of creation and annihilation field operators. It is also referred to as a
propagator or Green’s function, formally defined [25] in the Heisenberg picture as:

G(n)(1, · · · ,n; 1′, · · · ,n′) = (−i)n ⟨ΨNH | T
{
ψ̂H(1) · · · ψ̂H(n)ψ̂†H(n

′) · · · ψ̂†H(1
′)
}
|ΨNH⟩ .

(2.42)
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Here, j = (xj, tj), with j = 1, . . . ,n, represents the joint index of position-spin and time,
and |ΨNH⟩ denotes the N-particle Heisenberg ground state with relation defined as Eq. 2.40.
The field operator in the Heisenberg picture is defined in Eq. 2.26. It is important to note
that our definition of the unperturbed state |ΨN0 ⟩ corresponds to the ground state of the
full unperturbed Hamiltonian Ĥ = Ĥ0 + Ĥ1, rather than just Ĥ0, ensuring consistency with
the Heisenberg picture.

However, this expression is challenging to use directly in perturbation theory. The
objective is to express the field operators in terms of the unperturbed Hamiltonian. To
achieve this, we employ the Gell-Mann and Low theorem to transition to the interaction
picture. As an example, consider the general two-operator correlator (assuming t > t′):

⟨ΨNH | T
{
ÂH(t)B̂H(t

′)
}
|ΨNH⟩

= ⟨ΨN0 | Û−1
η (0,−∞)

{
Ûη(0, t)ÂI(t)Ûη(t, 0)

}{
Ûη(0, t′)B̂I(t′)Ûη(t′, 0)

}
Ûη(0,−∞) |ΨN0 ⟩

= ⟨ΨN0 | Û−1
η (+∞,−∞)T

{
ÂI(t)B̂I(t

′)Ûη(+∞,−∞)
}
|ΨN0 ⟩

=
⟨ΨN0 | T

{
ÂI(t)B̂I(t

′)Ûη(+∞,−∞)
}
|ΨN0 ⟩

⟨ΨN0 | Ûη(+∞,−∞) |ΨN0 ⟩
.

(2.43)

In the first step we use the result of Eq. 2.40. In the final step, we invoke the adi-
abatic assumption for a non-degenerate ground state. This assumption ensures that
Ûη(+∞,−∞) |ΨN0 ⟩ is also a ground state, apart from a phase factor. As a result, Ûη(+∞,−∞)

only introduces a phase factor to the state. This operator is commonly referred to as the
S-matrix:

Ŝ = Ûη(+∞,−∞) = T
{
e−i

∫+∞
−∞ dt Ĥ′

I(t)
}

, (2.44)

where T denotes the time-ordering operator, and Ĥ′I(t) is the perturbative interacting
Hamiltonian in the interaction picture. For convenience in notation, we define:

ψ̂(1) = ψ̂I(x1, t1) = eiĤt1ψ̂(x1)e
−iĤt1 , (2.45)

to represent the field operator in the interaction picture. Furthermore, unless otherwise
specified, field operators indexed by numbers are assumed to be in the interaction picture.
By applying the same operation to multiple field operators, we obtain the Green’s function
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in the interaction picture:

G(n)(1, · · · ,n; 1′, · · · ,n′) =
⟨ΨN0 | T

{
Ŝψ̂(1) · · · ψ̂(n)ψ̂†(n′) · · · ψ̂†(1′)

}
|ΨN0 ⟩

⟨ΨN0 | T{Ŝ} |ΨN0 ⟩
. (2.46)

Thus far, we have established the foundational prerequisites necessary to address the
equations of motion and subsequent perturbative treatments. Particular attention must be
given to the precise definitions of the Green’s function, S-matrix, field operators, and the
various pictures. Since we are employing the functional derivative approach [42, 43, 108], as
discussed earlier, the interaction terms are defined differently compared to the conventional
diagrammatic approach presented in standard textbooks [25, 2, 106].

2.5 Equations of motion for operators in the Heisenberg
picture

An operator Ô(t) is defined in the Heisenberg picture as:

ÔH(t) = Û(t0, t)Ô(t)Û(t, t0), (2.47)

where Û(t, t0) is the time evolution operator governed by the time-dependent Schrödinger
equation with the boundary condition:

i
d

dt
Û(t, t0) = Ĥ(t)Û(t, t0), Û(t0, t0) = 1. (2.48)

From this, we derive the equations of motion for operators in the Heisenberg picture:

i
d

dt
ÔH(t) =

[
ÔH(t), ĤH(t)

]
+ i

∂

∂t
ÔH(t). (2.49)

where the notation for the partial time derivative of the operator in the Heisenberg picture
refers to the time derivative of the operator in the Schrödinger picture.

For the unperturbed Hamiltonian Ĥ defined in Eq. 2.27, the equations of motion for
the field operators can be written in the Heisenberg picture. Since there is no explicit time
dependence of the field operator (so that the last term on the right-hand side of Eq. 2.49
vanishes), we have [106]:

i
d

dt1
ψ̂H(1) =

[
h(1) +

∫
d3 v(1, 3)ψ̂†H(3)ψ̂H(3)

]
ψ̂H(1); (2.50)
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i
d

dt2
ψ̂
†
H(2) = −ψ̂†H(2)

[
h(2) +

∫
d3 v(2, 3)ψ̂†H(3)ψ̂H(3)

]
, (2.51)

with the additional definitions h(1) = h(r1) and v(1, 2) = v(r1, r2)δ(t1 − t2).
Now, consider a special time-ordered correlation operator:

Ĝn(1, · · · ,n; 1′, · · · ,n′) = (−i)nT
{
ψ̂H(1) · · · ψ̂H(n)ψ̂†H(n

′) · · · ψ̂†H(1
′)
}

, (2.52)

where T denotes the time-ordering operator. The equation of motion for this correlation
operator can be expressed in the Heisenberg picture [106]:

i
d

dtk
Ĝn(1, · · · ,n; 1′, · · · ,n′)

= (−i)nT

{
ψ̂H(1) · · ·

(
i
d

dtk
ψ̂H(k)

)
· · · ψ̂H(n)ψ̂†H(n

′) · · · ψ̂†H(1
′)

}
+

n∑
j=1

(−1)k+jδ(k, j′)Ĝn−1(1, · · · ,k, · · · ,n; 1′, · · · , j′, · · · ,n′).

(2.53)

Here, the notation k (or j′) indicates that the corresponding indices are excluded from
the correlation operator.

By applying the equation of motion for field operators, as given in Eq. 2.49, we achieve an
important relation that connects the equations of motion of n- and n± 1-particle correlation
operators. This relation is commonly referred to as the Martin-Schwinger hierarchy [106]:

[
i
d

dtk
− h(k)

]
Ĝn(1, · · · ,n; 1′, · · · ,n′)

= −i

∫
d1̄ v(k, 1̄)Ĝn+1(1, · · · ,n, 1̄+; 1′, · · · ,n′, 1̄++)

+

n∑
j′=1

(−1)k+j′δ(k, j′)Ĝn−1(1, · · · ,k, · · · ,n; 1′, · · · , j′, · · · ,n′),

(2.54)
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Ĝn(1, · · · ,n; 1′, · · · ,n′)
[
−i

d

dtk′
− h(k′)

]
= −i

∫
d1̄ v(k′, 1̄)Ĝn+1(1, · · · ,n, 1̄−−; 1′, · · · ,n′, 1̄−)

+

n∑
j=1

(−1)k′+jδ(j,k′)Ĝn−1(1, · · · , j, · · · ,n; 1′, · · · ,k′, · · · ,n′).

(2.55)

This hierarchy describes the recursive structure of n-particle Green’s functions in terms
of n± 1-particle Green’s functions and is fundamental in many-body theory.

2.6 Martin-Schwinger hierarchy in the interaction picture
We begin by defining the one- and two-particle Green’s functions. In the interaction picture,
with an external perturbation Ĥ′, these Green’s functions are expressed as follows, based
on Eq. 2.46:

G(1)(1; 2) = (−i)
⟨ΨN0 | T

{
Ŝψ̂(1)ψ̂†(2)

}
|ΨN0 ⟩

⟨ΨN0 | T{Ŝ} |ΨN0 ⟩
, (2.56)

G(2)(1, 2; 1′, 2′) = (−i)2
⟨ΨN0 | T

{
Ŝψ̂(1)ψ̂(2)ψ̂†(2′)ψ̂†(1′)

}
|ΨN0 ⟩

⟨ΨN0 | T{Ŝ} |ΨN0 ⟩
, (2.57)

where the S-matrix Ŝ is defined in Eq. 2.44. Since the equations of motion for the field
operator (Eqs. 2.50 and 2.51) are invariant under the gauge transformation of an external
electromagnetic field [106], their structure remains unchanged in the interaction picture:

i
d

dt1
ψ̂(1) =

[
h(1) +

∫
d3 v(1, 3)ψ̂†(3)ψ̂(3)

]
ψ̂(1); (2.58)

i
d

dt2
ψ̂†(2) = −ψ̂†(2)

[
h(2) +

∫
d3 v(2, 3)ψ̂†(3)ψ̂(3)

]
. (2.59)

Using the equation of motion for the time evolution operator Ûη(t1, t2) in the interaction
picture, we have:

d

dt1
Ûη(t1, t2) = −iĤ′I(t1)Ûη(t1, t2); Ûη(t1, t2)

d

dt2
= iÛη(t1, t2)Ĥ′I(t2), (2.60)
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where Ĥ′I is the perturbative interaction Hamiltonian Ĥ′ in the interaction picture, as defined
in Eq. 2.34. Using this, we can formulate the generalized Martin-Schwinger hierarchy for
the one-particle Green’s function in the interaction picture [108]:[

i
d

dt1
− h(1)

]
G(1)(1; 2) −

∫
d3U(1, 3)G(1)(3; 2)

+ i

∫
d3v(1, 3)G(2)(1, 3+; 2, 3++) = δ(1, 2);

(2.61)

G(1)(1; 2)
[
−i

d

dt2
− h(2)

]
−

∫
d3G(1)(1, 3)U(3; 2)

+ i

∫
d3v(2, 3)G(2)(1, 3−−; 2, 3−) = δ(1, 2).

(2.62)

with the additional definition U(1, 2) = U(x1, x2, t1)δ(t1 − t2), note that letting U → 0
recovers the standard definition of the equilibrium Green’s function without perturba-
tion [25, 2, 106].

2.7 Schwinger equation with variational potential
Taking the first-order variation of δG(1)(1; 2) with respect to the external potentialU(4, 3) =
U(x4, x3; t3)δ(t4 − t3), we obtain the following identity [108, 12]:

δG(1)(1; 2) = (−i)
⟨ΨN0 | T

{
δŜψ̂(1)ψ̂†(2)

}
|ΨN0 ⟩

⟨ΨN0 | T{Ŝ} |ΨN0 ⟩
−
⟨ΨN0 | T

{
δŜ

}
|ΨN0 ⟩

⟨ΨN0 | T{Ŝ} |ΨN0 ⟩
. (2.63)

Observe that the two-field operator term ψ̂†ψ̂ commutes with other two-field operators
in the S-matrix [108, 12]. This allows us to apply the variation of the exponential inside
the time-ordering operator as:

δŜ = δT
{
e−i

∫+∞
−∞ dt Ĥ′

I(t)
}
= (−i)

∫+∞
−∞ dt Ĥ′I(t)T

{
e−i

∫+∞
−∞ dt Ĥ′

I(t)
}

= T
{
e−i

∫+∞
−∞ dt Ĥ′

I(t)
}
(−i)

∫+∞
−∞ dt δĤ′I(t)

= −iŜ

∫+∞
−∞ dt3

∫
dx4dx3 ψ̂

†
I(x4, t+3 )U(x4, x3; t3)ψ̂I(x3, t3).

(2.64)

Thus, we obtain the important relation commonly referred to as the Schwinger equa-
tion [100]:
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G(2)(1, 3; 2, 4) = G(1)(1; 2)G(1)(3; 4) − δG
(1)(1; 2)

δU(4, 3) . (2.65)

By substituting the Schwinger equation into the generalized Martin-Schwinger hierarchy,
we can rewrite Eqs. 2.61 and 2.62 as follows. To simplify the notation, we omit the corner
indices of (1) or (2) in the later sections:

[
i
d

dt1
− h(1) −U(1+, 1) + i

∫
d3 v(1, 3)G(3; 3+)

]
G(1; 2)

−i

∫
d3 v(1+, 3) δG(1; 2)

δU(3+, 3) = δ(1, 2);
(2.66)

G(1; 2)
[
− i

d

dt2
− h(2) −U(2, 2−) + i

∫
d3 v(2, 3)G(3−; 3)

]

−i

∫
d3 v(2−, 3) δG(1; 2)

δU(3, 3−) = δ(1, 2).
(2.67)

2.8 Schwinger–Dyson equation
To avoid referencing the variational external potential, a commonly used technique is to
rewrite the equation by defining a new quantity that includes the δG/δU term, referred to
as the self-energy. Two alternative expressions can be defined from Eqs. 2.66 and 2.67:

−→
Σ (1; 2) = ΣH(1; 2) +−→Σ XC(1; 2); ←−

Σ (1; 2) = ΣH(1; 2) +←−Σ XC(1; 2). (2.68)

Here, ΣH(1; 2) represents the Hartree self-energy:

ΣH(1; 2) = δ(1, 2)
[
−i

∫
d3v(1, 3)G(3; 3+)

]
, (2.69)

While −→Σ XC(1; 2) and←−Σ XC(1; 2) denote the exchange-correlation self-energy, they are
defined from two alternative expressions in Eqs. 2.66 and 2.67:

−→
Σ XC(1; 2) = i

∫
d3d4 v(1+, 3) δG(1; 4)

δU(3+, 3)G
−1(4; 2); (2.70)
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←−
Σ XC(1; 2) = i

∫
d3d4G−1(1; 4) δG(4; 2)

δU(3, 3−)v(3, 2−). (2.71)

where the inverse Green’s function is defined through the following identity:∫
d3G−1(1; 3)G(3; 2) =

∫
d3G(1; 3)G−1(3; 2) = δ(1, 2). (2.72)

Therefore the Eqs. 2.66 and 2.67 have a compact form with our definition of self energy:[
i
d

dt1
− h(1) −U(1+, 1)

]
G(1; 2) −

∫
d3−→Σ (1; 3)G(3; 2) = δ(1, 2); (2.73)

G(1; 2)
[
−i

d

dt2
− h(2) −U(2, 2−)

]
−

∫
d3−→Σ (1; 3)G(3; 2) = δ(1, 2). (2.74)

To properly define the inverse Green’s function, −→Σ XC(1; 2) and←−Σ XC(1; 2) must be equal.
This equality can be established using the conservation approximations for the Green’s
function [108, 106]. Accordingly, we adopt the unified notation ΣXC =

−→
Σ XC =

←−
Σ XC to

represent the exchange-correlation self-energy.
Eqs. 2.73 and 2.74 are commonly referred to as the differential forms of the Schwinger–Dyson

equations [108, 106], or simply as Dyson’s equation in perturbation theory. To establish a
clearer connection with Dyson’s equation in the diagrammatic framework, we define the
non-interacting one-particle Green’s function G0, which satisfies the following equations
of motion: [

i
d

dt1
− h(1)

]
G0(1; 2) = δ(1, 2); (2.75)

G0(1; 2)
[
−i

d

dt2
− h(2)

]
= δ(1, 2). (2.76)

These expressions correspond to the zeroth-order Green’s function, derived under
the assumption that the two-particle electron-electron interaction Ĥ1 and the external
perturbation Ĥ ′ vanish. Substituting Eqs. 2.75 and 2.76 into the differential forms given by
Eqs. 2.73 and 2.74, we obtain:∫

d3
[
G−1

0 (1; 3) −U(1, 3) − Σ(1; 3)
]
G(3; 2) = δ(1, 2), (2.77)

∫
d3G(1; 3)

[
G−1

0 (3; 2) −U(3, 2) − Σ(3; 2)
]
= δ(1, 2). (2.78)
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Comparing this result with the definition of the inverse Green’s function in Eq. 2.72, we
find:

G−1(1; 2) = G−1
0 (1; 2) −U(1; 2) − Σ(1; 2), (2.79)

and the corresponding integral form:

G(1; 2) = G0(1; 2) +
∫
d3d4G0(1; 3) [U(3, 4) + Σ(3; 4)]G(4; 2), (2.80)

which represents the most commonly used form of Dyson’s equation [25, 2, 106].

2.9 Vertex function and Hedin’s equations
To close the equation of motion, it is necessary to eliminate the dependence on the varia-
tional external potential U. For this purpose, we define the total potential V as:

V(1) = U(1) − i
∫
d3 v(1, 3)G(3; 3+), (2.81)

where U(1) is a local scalar external potential, satisfying the relation U(1) = U(1+, 1) =
U(1, 1−). Using this definition, the exchange-correlation self-energy can be expressed
through the chain rule [42, 43, 108, 12]:

ΣXC(1; 2) = −i

∫
d3d4d5 v(1+, 3)G(1; 4)δG

−1(4; 2)
δV(5)

δV(5)
δU(3) . (2.82)

The last term on the right-hand side is closely related to the Schwinger equation 2.65.
Noting that −iG(1; 1+) = ⟨n̂(1)⟩ = n(1), where n̂(1) = ψ̂†(1)ψ̂(1) is the density operator
in the interaction picture, we obtain:

δV(1)
δU(2) = δ(1, 2) +

∫
d3 v(1, 3) δn(3)

δU(2) . (2.83)

By applying two delta functions to reduce the two-particle Green’s function in the
Schwinger equation 2.65 to a "bubble diagram," we derive:

δG(1; 1+)
δU(2+, 2) = i

δn(1)
δU(2) = G(1; 1+)G(2; 2+) −G(1, 2; 1+, 2+). (2.84)

As we will see in a later section, the quantity δn/δU corresponds to the density-density
response function, as defined by the Kubo formula [25, 2, 106] in the linear response theory.
This quantity is commonly known as the (reducible) polarizability χ:
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χ(1; 2) = δn(1)
δU(2) = i

[
G(1, 2; 1+, 2+) −G(1; 1+)G(2; 2+)

]
. (2.85)

We will revisit this quantity in greater detail when discussing the two-particle correlation
function and the Bethe-Salpeter equation. The left-hand side of Eq. 2.83 is commonly
referred to as the inverse dielectric function, ϵ−1, as defined in linear response theory.
Consequently, Eq. 2.83 can be expressed as:

ϵ−1(1; 2) = δ(1, 2) +
∫
d3 v(1, 3)χ(3; 2). (2.86)

It is often convenient to express χ from Eq. 2.84 in terms of the total field V :

χ(1; 2) =
∫
d3δn(1)
δV(3)

δV(3)
δU(2)

=

∫
d3δn(1)
δV(3)

[
δ(3, 2) +

∫
d4 v(3, 4)χ(4; 2)

]
= χ0(1; 2) +

∫
d3d4χ0(1; 3)v(3, 4)χ(4; 2),

(2.87)

where the irreducible polarizability χ0 is defined as:

χ0(1; 2) = δn(1)
δV(2) . (2.88)

Similarly, the dielectric function ϵ can be expressed in terms of the irreducible polariz-
ability χ0:

ϵ(1; 2) = δ(1, 2) −
∫
d3 v(1, 3)χ0(3; 2). (2.89)

Finally, we examine the term −δG−1/δV , which is commonly referred to as the vertex
function Γ , as introduced in Eq. 2.82:

Γ(1, 2; 3) = −
δG−1(1; 2)
δV(3) = δ(1, 3)δ(2, 3) + δΣXC(1; 2)

δV(3)

= δ(1, 3)δ(2, 3) +
∫
d4d5δΣXC(1; 2)

δG(4; 5)
δG(4; 5)
δV(3) .

(2.90)

The last term on the right-hand side can be expressed in terms of an integral involving
Γ :
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δG(4; 5)
δV(3) = −

∫
d6d7G(4; 6)G(7; 5)δG

−1(6; 7)
δV(3)

=

∫
d6d7G(4; 6)G(7; 5)Γ(6, 7; 3),

(2.91)

where we use the following identity from functional analysis:

δf(1; 2)
δg(3) = −

∫
d4d5 f(1; 4)δf

−1(4; 5)
δg(3) f(5; 2). (2.92)

A special case of Eq. 2.91 defines the irreducible polarizability χ0 in terms of the vertex
function:

χ0(1; 2) = −i
δG(1; 1+)
δV(2) = −i

∫
d3d4G(1; 3)G(4; 1)Γ(3, 4; 2). (2.93)

Substituting this result, we derive the equation for the vertex function:

Γ(1, 2; 3) = δ(1, 3)δ(2, 3) +
∫
d4d5d6d7 δΣXC(1; 2)

δG(4; 5) G(4; 6)G(7; 5)Γ(6, 7; 3). (2.94)

As we will see in later discussions, this is the Bethe-Salpeter equation for the vertex
function. To further simplify the self-energy, it is convenient to define a screened Coulomb
potentialW:

W(1, 2) =
∫
d3 ϵ−1(1, 3)v(3, 2)

= v(1, 2) +
∫
d3d4 v(1, 3)χ0(3; 4)W(4, 2)

= v(1, 2) +
∫
d3d4 v(1, 3)χ(3; 4)v(4, 2).

(2.95)

Thus, Eq. 2.82 can be expressed compactly in terms of the screened Coulomb potential
and the vertex function:

ΣXC(1; 2) = i
∫
d3d4W(1+, 3)G(1, 4)Γ(4, 2; 3)

= i

∫
d3d4 Γ(1, 4; 3)W(4+, 2)G(3, 2−).

(2.96)
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The equations for χ0, Γ ,W, and ΣXC, along with Dyson’s equation for the one-particle
Green’s function, are collectively known as Hedin’s equations [42, 43, 108, 106].

2.10 Two-particle correlation function and Bethe–Salpeter
equation

We define the right-hand side of the Schwinger equation 2.65 as the two-particle correlation
function L:

L(1, 3; 2, 4) = δG(1; 2)
δU(4, 3) . (2.97)

Thus, the Schwinger equation can be expressed as:

L(1, 3; 2, 4) = −G(1, 3; 2, 4) +G(1; 2)G(3; 4), (2.98)

which is the most commonly used definition for the two-particle correlation function L. In
some literature, L is also defined with a prefactor of the imaginary unit i, so it reduces to
the reducible polarizability when the diagram is closed with 3→ 1, 4→ 2.

Applying the functional analysis identity from Eq. 2.92 to Eq. 2.97, we obtain:

L(1, 2; 1′, 2′) = δG(1; 1′)
δU(2′, 2) = −

∫
d3d4G(1; 3)δG

−1(3; 4)
δU(2′, 2) G(4; 1′)

=

∫
d3d4G(1; 3)

[
δ(3, 2′)δ(4, 2) + δΣ(3; 4)

δU(2′, 2)

]
G(4; 1′)

= G(1; 2′)G(2; 1′) +
∫
d3d4d5d6G(1; 3)G(4; 1′) δΣ(3; 4)

δG(6; 5)L(6, 2; 5, 2′),

(2.99)

where we introduce the Bethe-Salpeter (BS) Kernel Ξ and the zeroth-order correlation
function L0:

Ξ(3, 5; 4, 6) = δΣ(3; 4)
δG(6; 5) , L0(1, 2; 1′, 2′) = G(1; 2′)G(2; 1′). (2.100)

Using these definitions, the Bethe-Salpeter equation (BSE) for the two-particle correla-
tion function L takes the following form:
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L(1, 2; 1′, 2′) = L0(1, 2; 1′, 2′) +
∫
d3d4d5d6L0(1, 4; 1′, 3)Ξ(3, 5; 4, 6)L(6, 2; 5, 2′). (2.101)

This form is analogous to Dyson’s equation for the one-particle Green’s function, but it
applies to the two-particle correlation function.

2.11 Practical Implementation of GW Approximation and
Bethe–Salpeter Equation

2.11.1 Dynamical screening and exchange-correlation self-energy

The single-particle Green’s function can be formally expressed by inserting a complete
set of exact many-body eigenstates, which correspond to systems with N+ 1, and N− 1
particles. This insertion allows us to decompose the Green’s function into contributions
from particle addition and removal processes, respectively. Specifically, we write:

G(x1, x2; t) =− iθ(t)
∑
m

fm(x1)f
∗
m(x2)e

i(ϵN0 −ϵN+1
m )t

+ iθ(−t)
∑
n

g∗n(x2)gn(x1)e
−i(ϵN0 −ϵN−1

n )t,
(2.102)

where t = t1 − t2 is the time difference, and θ(t) is the Heaviside step function, ensuring
causality in the time ordering of operators. The terms fm(x) and gn(x) are defined as the
many-body matrix elements:

fm(x) = ⟨ΨN0 | ψ̂(x) |ΨN+1
m ⟩ , gn(x) = ⟨ΨN−1

n | ψ̂(x) |ΨN0 ⟩ , (2.103)

where:

• |ΨN0 ⟩ is the ground state of the N-particle system,

• |ΨN+1
m ⟩ and |ΨN−1

n ⟩ are the excited states of the (N+ 1)- and (N− 1)-particle systems,
respectively,

• ϵN0 , ϵN+1
m , and ϵN−1

n are the corresponding total energies of these many-body states.

Physically, the first term represents the propagation of an added particle (electron
addition), while the second term describes the propagation of a removed particle (electron
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removal). By applying the Fourier transform to this time-domain expression, we trans-
late the Green’s function into frequency space. This results in the well-known Lehmann
representation of the single-particle Green’s function:

G(x1, x2;ω) =
∑
m

fm(x1)f
∗
m(x2)

ω− (ϵN+1
m − ϵN0 ) + iη

+
∑
n

gn(x1)g
∗
n(x2)

ω− (ϵN0 − ϵN−1
n ) − iη

, (2.104)

In practical implementations of many-body perturbation theory [25, 106, 108, 12, 70], the
non-interacting Green’s function G0 is not constructed from free-particle states, but instead
from the Kohn-Sham (KS) eigenstates obtained by solving the Kohn-Sham equations
within density functional theory (DFT). The non-interacting Green’s function in this basis
is expressed as:

G0(x1, x2;ω) =
∑
nk
φnk(x1)φ

∗
nk(x2)G

0
nk(ω), (2.105)

whereφnk(x) = ⟨x|nk⟩ are the Kohn-Sham wavefunctions, andG0
nk(ω) is the state-resolved

non-interacting Green’s function, given by:

G0
nk(ω) =

1 − fnk
ω− ϵnk + iη

+
fnk

ω− ϵnk − iη
, (2.106)

where fnk is the occupation number of state |nk⟩, ϵnk is the Kohn-Sham eigenvalue, and η
is an infinitesimally small positive quantity.

The interacting Green’s function Gnk(ω) is obtained via Dyson’s equation through the
exchange-correlation self-energy ΣXC

nk(ω):

Gnk(ω) = G0
nk(ω) +G0

nk(ω)ΣXC
nk(ω)Gnk(ω). (2.107)

SinceG0 is defined in the Kohn-Sham basis, it already includes the mean-field exchange-
correlation effects from DFT through the local exchange-correlation potential vxc[ρ0](x).
Therefore, when applying the many-body exchange-correlation self-energy ΣXC, it is very
important to subtract the DFT exchange-correlation contribution ΣXC → ΣXC − ΣXC

DFT to
avoid double counting.

The irreducible (non-interacting) polarizability χ0, which describes the linear density
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response of the electron system to an external perturbation, is defined at the lowest order
within the random phase approximation (RPA) as:

χ0(1, 2) = −iG(1; 2)G(2; 1), (2.108)

whereG is the single-particle Green’s function. In practice, χ0 is often expressed in the tran-
sition basis of the the Kohn-Sham states. In this representation, the frequency-dependent
polarizability in real space becomes:

χ0(x1, x2;ω) =
∑
cvkq

φck(x1)φ
∗
vk−q(x1)φvk−q(x2)φ

∗
ck(x2)χ

0
cvkq(ω), (2.109)

where c and v label conduction and valence bands, respectively, and k and q are crystal
wave-vectors. The transition-resolved polarizability is given by:

χ0
cvkq(ω) =

1
2π

∫
dω ′G0

v,k−q(ω
′)G0

ck(ω+ω ′)

=
1

ω− (ϵck − ϵv,k−q) + iη
−

1
ω+ (ϵck − ϵv,k−q) − iη

,
(2.110)

within periodic boundary conditions, e.g. the Born–von Karman (BvK) condition used for
crystals, the irreducible polarizability is Fourier-transformed into reciprocal space:

χ0
G,G ′(q,ω) =

∑
cvk
ρ∗cvk(G)ρcvk(G ′)χ0

cvkq(ω), (2.111)

where G and G ′ are reciprocal lattice vectors, and ρcvk(G) is the transition matrix element
defined by:

ρcvkq(G) = ⟨ck| ei(q+G)·r |vk − q⟩ =
∫
dr ei(q+G)·r φ∗ck(r)φv,k−q(r). (2.112)

The screened Coulomb potential W, which incorporates the effects of electronic screen-
ing is given in reciprocal space by:

WG,G′(q,ω) =
4πϵ−1

G,G′(q,ω)

|q + G||q + G′| , (2.113)

where ϵ−1
G,G′(q,ω) is the inverse dielectric matrix evaluated within the random phase

approximation (RPA), and is defined as:
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ϵ−1(q,ω) = 1+ v(q)χ(q,ω), (2.114)

with v(q) representing the bare Coulomb interaction and χ(q,ω) the reducible polarizabil-
ity. The matrix elements of v(q) in reciprocal space are given by:

vG(q) =
4π

|q + G|2
δG,G′ . (2.115)

Therefore, the exchange-correlation self-energy ΣXC
nk = ⟨nk|ΣXC |nk⟩, within the G0W

approximation, can be expressed as the sum of exchange (ΣX) and correlation (ΣC) terms:

ΣXC = ΣX + ΣC. (2.116)

The exchange part of the self-energy is given by:

ΣX
nk = −

∑
v,G

∫
d3q
(2π)3

4π
|q + G|2

∣∣ρnvkq(G)
∣∣2 , (2.117)

where the sum over v runs over the occupied states, and ρnvkq(G) is the plane-wave matrix
element defined as:

ρnvkq(G) = ⟨nk| ei(q+G)·r |vk − q⟩ . (2.118)

The correlation part of the self-energy is given by:

ΣC
nk(ω) = i

∑
m,G,G′

∫
d3q
(2π)3

∫
dω′

2π
4πϵ−1

G,G′(q,ω′)
|q + G||q + G′|ρnmkq(G)ρ∗nmkq(G

′)G0
mk−q(ω−ω′),

(2.119)
where ϵ−1

G,G′(q,ω′) is the inverse dielectric matrix computed within the RPA, and G0
mk−q is

the non-interacting Green’s function for statemk − q.

2.11.2 Exciton and Bethe-Salpeter equation

The Bethe-Salpeter kernel [90] with GW self-energy can be represented from Eq. 2.100 at
the lowest order of screening as:
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Ξ(3, 5; 4, 6) = δΣ(3; 4)
δG(6; 5) = −iδ(3; 4)δ(5; 6)v(3; 6) + iδ(3; 6)δ(4; 5)

:= Ξx(3, 5; 4, 6) + Ξd(3, 5; 4, 6),
(2.120)

where Ξx and Ξd denote the exchange term from the Hartree self-energy and the direct term
from the exchange-correlation self-energy, respectively. From Eq. 2.101, the Bethe-Salpeter
equation for the two-particle correlation function reads:

L(1, 2; 1′, 2′) = L0(1, 2; 1′, 2′) +
∫
d3d4d5d6L0(1, 4; 1′, 3)Ξ(3, 5; 4, 6)L(6, 2; 5, 2′), (2.121)

where L0(1, 2; 1′, 2′) = G(1; 2′)G(2; 1′) = iχ(1, 2; 1′, 2′) is the two-particle non-interacting
correlation function. The Lehmann representation of L0 in the transition basis is:

L0(1, 2; 1′, 2′;ω) = i
∑
v,c

(
ψc(x1)ψ

∗
v(x′1)ψv(x2)ψ

∗
c(x′2)

ω− (ωc −ωv) + iη
−
ψv(x1)ψ

∗
c(x′1)ψc(x2)ψ

∗
v(x′2)

ω+ (ωc −ωv) − iη

)
.

(2.122)

Within the quasi-particle approximation, where the collective excitations are represented
by excitons (bound electron-hole pairs), the Lehmann representation of the two-particle
correlation function L in the excitonic basis takes the form:

L(1, 2; 1′, 2′;ω) = i
∑
S

(
nS(x1, x′1)n∗S(x′2, x2)

ω−ωS + iη
−
nS(x2, x′2)n∗S(x′1, x1)

ω+ωS − iη

)
, (2.123)

where nS(x, x′) = ⟨0| ψ̂†(x′)ψ̂(x) |S⟩ is the exciton amplitude. This amplitude can be ex-
pressed in the transition basis as:

nS(x, x′) =
∑
v,c

(
ASvcψc(x)ψ∗v(x′) +BSvcψv(x)ψ∗c(x′)

)
, (2.124)

whereASvc and BSvc are the resonant and anti-resonant components of the exciton amplitude,
respectively.

From Eqs. 2.122, 2.123, and 2.124, the Bethe-Salpeter equation (BSE) eigenvalue problem
becomes:
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(ωc −ωv)A
S
vc +

∑
v′c′

KAAvc,v′c′(ωS)A
S
v′c′ +

∑
v′c′

KABvc,v′c′(ωS)B
S
v′c′ = ωSA

S
vc, (2.125)

(ωc −ωv)B
S
vc +

∑
v′c′

KBBvc,v′c′(ωS)B
S
v′c′ +

∑
v′c′

KBAvc,v′c′(ωS)A
S
v′c′ = −ωSB

S
vc. (2.126)

The interaction kernels are given by:

KAAvc,v′c′(ωS) = i

∫
d3456ψv(x4)ψ

∗
c(x3)Ξ(3, 5; 4, 6;ωS)ψv′(x5)ψ

∗
c′(x6), (2.127)

KABvc,v′c′(ωS) = i

∫
d3456ψv(x4)ψ

∗
c(x3)Ξ(3, 5; 4, 6;ωS)ψv′(x6)ψ

∗
c′(x5), (2.128)

with similar expressions for KBB and KBA due to the symmetry of the BSE kernel structure.
Within the Tamm-Dancoff approximation (TDA) [7, 90, 25], the coupling between reso-

nant and anti-resonant terms is neglected by setting KAB = KBA = 0. This approximation
is valid when the band gap is large compared to the exciton binding energy. Under TDA,
the eigenvalue problem for the resonant term simplifies to:

(ωc −ωv)A
S
vc +

∑
v′c′

KAAvc,v′c′(ωS)A
S
v′c′ = ωSA

S
vc, (2.129)

where the eigenvalues ωS represent the resonant exciton energies. The Bethe-Salpeter
kernel KAA in the spinor transition space can be expressed as [90]:

KAA =



Kd +Kx Kx

Kd

Kd

Kx Kd +Kx


, (2.130)

where each matrix element corresponds to the spin configurations of the electron-hole
(transition) pairs in the following order:

v ↑ c ↑, v ↑ c ↓, v ↓ c ↑, v ↓ c ↓ .

It is important to note that for the hole spin, the actual spin counted is the opposite of



27

the excited electron’s spin. Therefore, the spin triplet (symmetric) states in the transition
basis are given by:

v ↑ c ↓, v ↓ c ↑, 1√
2
(v ↑ c ↑ +v ↓ c ↓),

with the corresponding effective kernel K = Kd.
In contrast, the spin singlet (antisymmetric) state is represented as:

1√
2
(v ↑ c ↑ −v ↓ c ↓),

for which the effective kernel becomes K = Kd + 2Kx. The explicit expression for each
term in the kernel can be found in Ref. [99, 59, 12, 70]. Therefore, the effective two-particle
Hamiltonian in the transition basis, as given in Eq. 2.129, can be expressed as [4]:

Ĥ
2p
vc,v′c′ = (ωc −ωv) δcc′δvv′ +Kvc,v′c′ , (2.131)

where ωc and ωv are the quasiparticle energies of the conduction and valence states,
respectively, and K denotes the interaction kernel. Given Eq. 2.131, the resonant part of
the non-interacting two-particle correlation function L0 [from Eq. 2.122] and the full two-
particle correlation function L [from Eq. 2.123] can be written in the transition basis as
follows:

L0
vc,v′c′(ω) =

1
ω− (ωc −ωv) + iη

δvv′δcc′ , (2.132)

Lvc,v′c′(ω) =
∑
S

ASvcA
S∗
v′c′

ω−ωS + iη
, (2.133)

where ASvc denotes the exciton amplitude associated with state S, and ωS is the exciton
energy. It is also important to note that the two-particle correlation function L becomes
diagonal in the excitonic eigenbasis:

LSS′(ω) =
1

ω−ωS + iη
δSS′ . (2.134)

2.12 Lattice Vibrations and Electron–Phonon Interaction
We follow the derivations outlined in the review by Giustino [32] (Rev. Mod. Phys. 89,
015003 (2017)) and the foundational work by Maradudin and Vosko [58] (Rev. Mod. Phys.
40, 1 (1968)).
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2.12.1 Dynamical Matrix and Normal Mode Basis

First, we consider a system composed ofM ions per unit cell. The position of ion κ in the
primitive unit cell is denoted by uκ, and its displacement along the Cartesian direction
α = 1, 2, 3 is given by uκα. Periodic boundary conditions are imposed over a supercell
consisting of Np unit cells, indexed by lattice vectors Rp, where p = 1, . . . ,Np. The full
position of the ion κ in the unit cell p is then given by uκp = Rp +uκ. We define a uniform
grid of q-points in reciprocal space with Np total points per Brillouin zone, and denote
reciprocal lattice vectors by G.

Under the harmonic approximation, the potential energy Φ is expanded in terms of
small displacements ∆uκαp from equilibrium positions u0

κp as:

Φ = Φ0 +
1
2

∑
καp
κ ′α ′p ′

∂2Φ

∂uκαp∂uκ ′α ′p ′
∆uκαp∆uκ ′α ′p ′ . (2.135)

The second derivatives of the total energy with respect to ionic displacements define
the interatomic force constants:

Cκαp,κ ′α ′p ′ =
∂2Φ

∂uκαp∂uκ ′α ′p ′
. (2.136)

The resulting equations of motion for the ionic displacements are given by:

Mκüκαp =
∂Φ

∂uκαp
= −

∑
κ ′α ′p ′

Cκαp,κ ′α ′p ′uκ ′α ′p ′ , (2.137)

whereMκ is the mass of ion κ.
We assume a trial solution of the form:

uκαp(t) = uκαM
−1/2
κ eiq·Rp−iωt, (2.138)

and substitute this into Eq. (2.137) to obtain:

ω2uκα =
∑
κ ′α ′

Dκα,κ ′α ′(q)uκ ′α ′ , (2.139)

where the dynamical matrix is defined as:

Dκα,κ ′α ′(q) = (MκMκ ′)
−1/2

∑
p ′

Cκαp,κ ′α ′p ′ exp
[
−iq · (Rp − Rp ′)

]
. (2.140)
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The dynamical matrix D(q) is Hermitian and thus has real eigenvalues. Its eigenvalue
problem reads: ∑

κ ′α ′

Dκα,κ ′α ′(q) eκ ′α ′,ν(q) = ω2
qν eκα,ν(q), (2.141)

whereωqν is the frequency of phonon mode ν at wavevector q, and eκα,ν(q) is the corre-
sponding polarization vector (normal mode).

The eigenvectors are normalized and orthogonal for each q:∑
ν

e∗κ ′α ′,ν(q)eκα,ν(q) = δκκ ′δαα ′ , (2.142)∑
κα

e∗κα,ν(q)eκα,ν ′(q) = δνν ′ . (2.143)

Here, the mode index ν runs from 1 to 3M. Each mode ν corresponds to a collective
vibrational motion of the lattice, and its associated vector eκα,ν(q) is referred to as the
polarization or normal mode of vibration.

From Eq. (2.140), one can also show the following symmetry relations:

ω2
−qν = ω2

qν, eκα,ν(−q) = e∗κα,ν(q), (2.144)

indicating that the phonon frequencies are even functions of q, and the eigenmodes at −q
are complex conjugates of those at q.

2.12.2 Second Quantization of the Phonon Hamiltonian

Starting from Eqs. (2.135) and (2.136), the Hamiltonian describing nuclear motion in the
Cartesian basis is given by:

Ĥp =
1
2

∑
καp
κ ′α ′p ′

Cκαp,κ ′α ′p ′∆uκαp∆uκ ′α ′p ′ −
∑
καp

 h2

2Mκ

∂2

∂u2
καp

, (2.145)

To evaluate the Hamiltonian, we require an explicit expression for the displacements
∆uκαp. The eigenvectors eκα,ν(q) from the dynamical matrix do not encode amplitude
information. Using Eq. (2.138) and normalization with Np q-points from Born–von Kár-
mán boundary conditions, the displacements can be written as (here I choose a different
definition):

∆uκαp =
1√
Np

∑
qν
eiq·Rpeκα,ν(q) zqν, (2.146)
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where zqν is referred to as the complex normal coordinate.
Inverting Eq. (2.146) gives:

zqν =
1√
Np

∑
καp

e−iq·Rpe∗κα,ν(q)∆uκαp. (2.147)

The number of degrees of freedom is 3MNp, while zqν encodes 2× 3MNp real variables,
introducing redundancy. Applying Eqs. (2.144) and (2.147) leads to:

z−qν = z∗qν. (2.148)

To identify 3MNp independent normal coordinates, we partition the q-grid into three
sets. Set A contains vectors invariant under inversion. Sets B and C are paired such that
−q in C corresponds to q in B. Let zqν = xqν + iyqν. Then Eq. (2.146) becomes:

∆uκαp =
1√
Np

 ∑
q∈A,ν

eκα,ν(q)xqν

+ 2 Re
∑

q∈B,ν
eiq·Rpeκα,ν(q)(xqν + iyqν)

 . (2.149)

This yields exactly 3MNp real degrees of freedom.
We now express the Hamiltonian in terms of xqν and yqν:

Ĥp =
1
2
∑
qν

(
−

 h2

Mκ

∂2

∂u2
qν

+Mκω
2
qν(∆uqν)

2

)
. (2.150)

Introducing scaled variables x̃qν and ỹqν:

x̃qν = xqν/(2lqν) for q ∈ A, (2.151)

x̃qν = xqν/lqν, ỹqν = yqν/lqν for q ∈ B, (2.152)

where lqν =
(

 h
2Mκωqν

)1/2
is the zero-point amplitude.

The Hamiltonian becomes:

Ĥp =
1
2

∑
q∈B,ν

 hωqν

(
−
∂2

∂x̃2
qν

−
∂2

∂ỹ2
qν

+ x̃2
qν + ỹ

2
qν

)
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+
1
2

∑
q∈A,ν

 hωqν

(
−
∂2

∂x̃2
qν

+ x̃2
qν

)
. (2.153)

We define the ladder operators:

âqν,x =
1√
2

(
x̃qν +

∂

∂x̃qν

)
, (2.154)

and analogously for âqν,y. Eq. (2.153) becomes:

Ĥp =
∑

q∈B,ν

 hωqν
(
â†qν,xâqν,x + â

†
qν,yâqν,y + 1

)
+

∑
q∈A,ν

 hωqν

(
â†qν,xâqν,x +

1
2

)
. (2.155)

To diagonalize this Hamiltonian more naturally, we define complex ladder operators:

â+qν =
1√
2
(âqν,x + iâqν,y), (2.156)

â−qν =
1√
2
(âqν,x − iâqν,y), (2.157)

which relate q and −q as â−qν = â+−qν.
The ladder operators are then defined as:

âqν = âqν,x for q ∈ A, (2.158)

âqν =
1√
2
(âqν,x + iâqν,y) for q ∈ B,C. (2.159)

From this, we obtain the fundamental identity:

zqν =

(
 h

2Mκωqν

)1/2 (
âqν + â

†
−qν

)
, (2.160)

and the phonon Hamiltonian in its final form:

Ĥp =
∑
qν

 hωqν

(
â†qνâqν +

1
2

)
. (2.161)
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2.12.3 Second Quantization of the Electron–Phonon Hamiltonian

Within the Kohn–Sham formalism of density functional theory (DFT), the electron–phonon
interaction is obtained by expanding the Kohn–Sham potential with respect to the dis-
placements of nuclei ∆uκp from their equilibrium positions u0

κp. To first order in the
displacements (the Fan–Migdal term), the expansion is given by:

VKS({uκp}) = V
KS({u0

κp}) +
∑
καp

∂VKS

∂uκαp
∆uκαp

= VKS({u0
κp})

+N
−1/2
p

∑
qν

∑
καp

(
 h

2Mκωqν

)1/2
eκα,ν(q) eiq·Rp

∂VKS

∂uκα

∣∣∣∣
r−Rp

(âqν + â
†
−qν).

(2.162)

This can be rewritten more compactly in the phonon mode basis:

VKS = VKS({u0
κp}) +N

−1/2
p

∑
qν
∆qνV

KS(âqν + â
†
−qν), (2.163)

where we have defined:

∆qνV
KS = eiq·r∆qνv

KS, (2.164)

∆qνv
KS =

(
 h

2Mκωqν

)1/2 ∑
κα

eκα,ν(q)∂κα,qv
KS, (2.165)

∂κα,qv
KS =

∑
p

e−iq·(r−Rp)
∂VKS

∂uκα

∣∣∣∣
r−Rp

. (2.166)

Here, both ∂κα,qvKS and ∆qνvKS are lattice-periodic functions.
The second-quantized electron–phonon interaction Hamiltonian is given by:

Ĥep =
∑

nk,n ′k ′

⟨ψnk|V
KS({uκp}) − V

KS({u0
κp})|ψn ′k ′⟩ ĉ†nkĉn ′k ′ , (2.167)

where the integral is taken over the supercell volume. The Kohn–Sham wavefunctions are
expressed in Bloch form:

ψnk(r) = N
−1/2
p unk(r) eik·r, (2.168)

with unk(r) being lattice-periodic.
After substituting Eqs. (2.163)–(2.168) into the interaction Hamiltonian, and canceling
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the phase factors, we obtain:

Ĥep = N
−1/2
p

∑
k,q

∑
mnν

gmnν(k, q) ĉ†m,k+qĉnk(âqν + â
†
−qν), (2.169)

where the electron–phonon matrix element in mode representation is defined as:

gmnν(k, q) = ⟨um,k+q|∆qνv
KS|unk⟩ (2.170)

=

(
 h

2Mκωqν

)1/2 ∑
κα

eκα,ν(q) ⟨um,k+q|∂κα,qv
KS|unk⟩ (2.171)

=
∑
κα

(
 h

2Mκωqν

)1/2
eκα,ν(q)gκαmnν(k, q), (2.172)

with gκαmnν(k, q) denoting the matrix elements in Cartesian representation.
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Chapter 3

Phonon-Assisted Radiative Lifetimes and
Exciton Dynamics

3.1 Introduction
Exciton-phonon interactions play a fundamental role in governing the optical and transport
properties of semiconductors. In particular, they are essential for describing phonon-
assisted radiative processes and exciton dynamics in materials with indirect band gaps,
where phonons are required to satisfy momentum conservation during photon emission.
These phonon-mediated optical transitions are especially relevant in layered van der Waals
(vdW) materials and other quantum systems, where the interplay between electronic
many-body effects and lattice vibrations gives rise to rich and unconventional physical
behavior [116, 94, 11].

Over the past decades, substantial progress has been made in the theoretical and compu-
tational understanding of excitons, which are quasiparticles formed by bound electron-hole
pairs. This progress has been enabled by first-principles many-body perturbation theory
based on the Bethe-Salpeter equation (BSE) [99, 35, 23, 77]. The BSE, typically built on top
of quasiparticle corrections from the GW approximation, has successfully predicted exciton
binding energies, finite-momentum dispersion [82], exciton-phonon scattering rates [4, 19],
and optical spectra in both bulk and low-dimensional systems [83, 99]. However, most
existing BSE applications focus on first-order or direct optical transitions [126, 72, 18] and
do not capture phonon-assisted recombination processes, which require a second-order
treatment involving both exciton-photon and exciton-phonon couplings.

Phonon-assisted luminescence, such as the indirect photoluminescence (PL) observed
in hexagonal boron nitride (hBN) [116, 94], monolayer WSe2 [11], and silicon [57], cannot
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be described using first-order optical processes alone. Instead, a second-order process
involving both exciton and phonon interactions must be considered. Despite their signif-
icance, a fully ab initio many-body framework for computing phonon-assisted radiative
lifetimes is still lacking. Earlier efforts have formulated such transitions at the single-particle
level [64, 73, 110] or have treated exciton-photon and exciton-phonon interactions sepa-
rately [11, 19, 54], potentially missing the coupling effects between different scattering
pathways [17].

In this work, we present a rigorous many-body formalism to compute phonon-assisted
radiative lifetimes and simulate time-resolved exciton dynamics from first principles. Our
approach is based on constructing an effective exciton-photon-phonon Hamiltonian in
second quantization, combining excitonic states from the finite-momentum BSE [99] with
exciton-phonon coupling derived from first-principles electron-phonon matrix elements [32,
4, 71, 19]. Radiative rates are evaluated using time-dependent second-order perturbation
theory [98], with both phonon emission and absorption channels treated explicitly.

To capture out-of-equilibrium exciton dynamics in open quantum systems, we derive
a quantum master equation in the Lindblad form [92, 91, 128, 131], which governs the
evolution of the exciton density matrix under phonon scattering. In the semiclassical limit,
this formulation reduces to the Boltzmann transport equation (BTE) [93, 49], enabling real-
time simulation of exciton relaxation and thermalization. This framework also provides
a foundation for future studies of exciton coherence, dephasing, and spin dynamics in
realistic material systems.

This work was published as a preprint in Guo et al., arXiv arXiv:2504.18071 (2025) [37].

3.2 Effective Exciton-Photon-Phonon Hamiltonian
We first derive the effective exciton-photon-phonon Hamiltonian, as presented in our
work [37], starting from the one-particle light-matter interaction (electron-photon) Hamil-
tonian and the electron-phonon Hamiltonian. In this framework, the exciton, defined as the
eigenstate of the Bethe-Salpeter equation (BSE) Hamiltonian, is treated as a quasiparticle
in the electron-hole space [68]. The exciton creation operator can be expressed as

ĉ
†
S(Q)

=
∑
vck
A
S(Q)
vck d̂

†
ck+Qd̂vk, (3.1)

where ĉ†
S(Q)

creates an exciton in state Swith momentum Q, d̂†ck+Q and d̂vk are electron cre-

ation and annihilation operators, and AS(Q)
vck denotes the exciton amplitude. This formalism
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Figure 3.1: Schematic illustration of phonon-assisted radiative processes. (a) Intraband
phonon scattering (ph) combined with interband photon emission (hν), and (b) interband
phonon scattering combined with intraband photon emission.

implies that a single exciton corresponds to an interband transition, while describing intra-
band transitions requires the involvement of two excitons. We start with the non-interacting
Hamiltonian of exciton, phonon, and photon fields:

Ĥ0 = Ĥex + Ĥph + Ĥγ

=
∑
S,Q

 hωS(Q)ĉ
†
S(Q)

ĉS(Q) +
∑
νq

 hωνq

(
b̂†νqb̂νq +

1
2

)

+
∑
λk̄

 hωλk̄

(
â
†
λk̄âλk̄ +

1
2

)
, (3.2)

where ν and λ index the phonon and photon modes, respectively, and q and k̄ are their
corresponding wavevectors. The operators b̂(†) and â(†) represent phonon and photon
annihilation (creation) operators, respectively.

3.2.1 Exciton-Photon Hamiltonian

The exciton-photon interaction Hamiltonian is obtained by extending the electron-photon
interaction Hamiltonian. In the length gauge [29], the substitution reads:

Ĥe−γ = −
e

m
Â · p̂ → Ĥex−γ = −

e

mex
Â · p̂ex, (3.3)



37

where Â remains the photon vector potential, while p̂ex denotes the exciton momentum
operator defined as

p̂ex = −
i
 h
mex[r̂, Ĥex]. (3.4)

Using the plane-wave expansion of the vector potential,

Â(r) =
∑
λk̄

√
 h

2ωλk̄Vϵ0

(
eλk̄âλk̄e

ik̄·r + e∗
λk̄â

†
λk̄e

−ik̄·r
)

, (3.5)

the exciton-photon Hamiltonian becomes

Ĥex− = i
∑
λk̄

√
e2

2 hωλk̄Vϵ0

(
eλk̄âλk̄e

ik̄·r + e∗
λk̄â

†
λk̄e

−ik̄·r
)
· [r̂, Ĥex]. (3.6)

Since the excitonic Hamiltonian Ĥex is diagonal in the excitonic basis, we have:

Ĥex|S(Q)⟩ = ES(Q)|S(Q)⟩, Ĥex|GS⟩ = 0, (3.7)

where |GS⟩ denotes the ground state (no exciton).

3.2.2 Exciton-Phonon Hamiltonian

Considering the electron-phonon interaction to first order in atomic displacement [32], the
Hamiltonian can be written as

Ĥe−ph =
∑
k,q

∑
mnν

gmnν(k, q)d̂†m,k+qd̂n,k(b̂qν + b̂
†
−qν), (3.8)

where d̂ denotes the electron field operator, and m and n label the band indices. The
quantity gmnν(k, q) = ⟨mk+q|∆qνvKS|nk⟩ represents the electron-phonon coupling matrix
element in the phonon-mode representation, with ∆qνvKS being the derivative of the Kohn-
Sham potential obtained from DFPT calculations. The Born–von Karman (BvK) boundary
condition is applied to the plane-wave basis [32], restricting the wavevector summations
to the first Brillouin zone. For simplicity, the normalization factor N−1/2

p is omitted.
To define the exciton-phonon Hamiltonian, we begin with the electron-phonon inter-

action at first order in atomic displacement (higher-order effects such as two-phonon



38

processes would require including the Debye-Waller term) [32]:

Ĥe−ph =
∑
k,q

∑
mnν

gmnν(k, q)d̂†m,k+qd̂n,k(b̂qν + b̂
†
−qν), (3.9)

where d̂ is the electron field operator, and m and n denote conduction or valence band
indices. The quantity gmnν(k, q) = ⟨m(k + q)|∆qνvKS|nk⟩ represents the electron-phonon
coupling matrix element, with ∆qνvKS being the derivative of the Kohn-Sham potential
obtained from DFPT calculations. For simplicity, we omit a normalization factor N−1/2

p

associated with the number of unit cells in the Born–von Karman supercell [32].
The electron-phonon Hamiltonian describes both intraband transitions, wherem and n

belong to the same band (either valence-valence or conduction-conduction), and interband
transitions, wherem and n belong to different bands (valence-conduction). The exciton,
as the solution of the Bethe-Salpeter Equation (BSE), is a quasiparticle defined in the
electron-hole (valence-conduction) space [68]. The exciton creation operator is given by

ĉ
†
S(Q)

=
∑
vck
A
S(Q)
vck d̂

†
c,k+Qd̂v,k, (3.10)

where AS(Q)
vck are the exciton amplitudes, and Q is the center-of-mass momentum.

This formalism implies that a single exciton corresponds to an interband transition.
In contrast, describing an intraband transition requires two excitons (since intraband
transitions correspond to general valence-valence or conduction-conduction transitions).

Thus, the exciton-phonon Hamiltonian can be categorized as follows:

• It describes intraband transitions if it contains one exciton creation and one exciton
annihilation operator.

• It describes interband transitions if it contains only a single excitonic field operator
(either creation or annihilation).

To derive the intraband exciton-phonon Hamiltonian, we begin by evaluating the prob-
ability amplitude for an exciton-to-exciton transition mediated by the electron-phonon
interaction, given in Eq. (3.9). We then promote this amplitude to an operator expression
by inserting the corresponding excitonic field operators:

Ĥ
ex−ph
intra =

∑
SS ′

∑
qQ
⟨S ′(Q + q)|Ĥe−ph|S(Q)⟩ ĉ†

S ′(Q+q)ĉS(Q). (3.11)
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Note that this amplitude involves only excitonic states; the phonon field remains unaltered
in this procedure.

Using the exciton definition in terms of the electron-hole basis,

|S(Q)⟩ =
∑
vck
A
S(Q)
vck d̂

†
c,k+Qd̂v,k|GS⟩, (3.12)

the matrix element becomes

⟨S ′(Q + q)|Ĥe−ph|S(Q)⟩ =
∑
vck

∑
v ′c ′k ′

∑
k ′′q ′

∑
mnν

A
S ′(Q+q)∗
vck A

S(Q)
v ′c ′k ′gmnν(k ′′, q ′)(b̂q ′ν + b̂

†
−q ′ν)

× ⟨GS|d̂†v,kd̂c,k+Q+qd̂†m,k ′′+q ′d̂n,k ′′d̂†c ′,k ′+Qd̂v ′,k ′ |GS⟩. (3.13)

To evaluate the expectation value, we apply Wick’s theorem for six fermionic operators.
The non-vanishing contractions give:

⟨d̂†v,kd̂c,k+Q+qd̂
†
m,k ′′+q ′d̂n,k ′′d̂

†
c ′,k ′+Qd̂v ′,k ′⟩

= ⟨d̂c,k+Q+qd̂
†
m,k ′′+q ′⟩⟨d̂n,k ′′d̂

†
c ′,k ′+Q⟩⟨d̂

†
v,kd̂v ′,k ′⟩

− ⟨d̂†v,kd̂n,k ′′⟩⟨d̂†m,k ′′+q ′d̂v ′,k ′⟩⟨d̂c,k+Q+qd̂
†
c ′,k ′+Q⟩

= δc,mδk+Q+q,k ′′+q ′δn,c ′δk ′′,k ′+Qδv,v ′δk,k ′

− δv,nδk,k ′′δm,v ′δk ′′+q ′,k ′δc,c ′δk+Q+q,k ′+Q. (3.14)

Here we exclude the contraction ⟨d̂†m,k ′′+q ′d̂n,k ′′⟩, as it yields disconnected contribu-
tions [4].

By substituting Eqs. (3.13) and (3.14) in Eq. (3.11), we obtain

Ĥ
ex−ph
intra =

∑
SS ′

∑
qQν

GS ′Sν(Q, q)ĉ†
S ′(Q+q)ĉS(Q)(b̂qν + b̂

†
−qν) (3.15)

with

GS′Sν(Q, q) =
∑
vcc ′k

A
S′(Q+q)∗
vck A

S(Q)
vc ′k gcc ′ν(k + Q, q) −

∑
cvv′k

A
S ′(Q+q)∗
vck A

S(Q)
v ′ck+qgv ′vν(k, q),

(3.16)

where we have done a shift k = k ′ − Q in the first term of the RHS of Eq. (3.22).
To derive the interband ex-ph Hamiltonian, we follow the same procedure but for the
recombination process (we are interested in photon emission, if we want to consider also
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photon absorption the excitation process has to be taken into account), namely

Ĥ
ex−ph
inter =

∑
SQ
⟨G|Ĥe−ph|S(Q)⟩ĉS(Q) (3.17)

=
∑
SQ

∑
mnν

∑
vck

∑
k ′q
A
S(Q)
vck gmnν(k

′, q)⟨d̂†m,k ′+qd̂n,k ′d̂
†
c,k+Qd̂v,k⟩ĉS(Q)(b̂qν + b̂

†
−qν)

=
∑
SQ

∑
mnν

∑
vck

∑
k ′q
A
S(Q)
vck gmnν(k

′, q)δm,vδk ′+q,kδn,cδk ′,k+QĉS(Q)(b̂qν + b̂
†
−qν)

=
∑
SQν

[∑
vck
A
S(Q)
vck gvcν(k + Q,−Q)

]
ĉS(Q)(b̂−Qν + b̂

†
Qν). (3.18)

Therefore, we can define

Ĥ
ex−ph
inter =

∑
SQν

GSν(Q)ĉS(Q)(b̂−Qν + b̂
†
Qν), (3.19)

with
GSν(Q) =

∑
vck
A
S(Q)
vck gvcν(k + Q,−Q). (3.20)

Therefore, the total Hamiltonian Ĥ is defined as Ĥ0 + Ĥint, where Ĥint represents the
interacting Hamiltonian, given by: Ĥint = Ĥ

ex−γ + Ĥ
ex−ph
intra + Ĥ

ex−ph
inter ,

Ĥ
ex−ph
intra =

∑
SS ′

∑
qQν

GS ′Sν(Q, q)ĉ†
S ′(Q+q)ĉS(Q)(b̂qν + b̂

†
−qν);

Ĥ
ex−ph
inter =

∑
SQν

GSν(Q)ĉS(Q)(b̂−Qν + b̂
†
Qν), (3.21)

the intraband and interband exciton-phonon interaction Hamiltonians are derived by
projecting the electron-phonon coupling from the one-particle basis onto the excitonic
basis, where G is the interband and intraband exciton-phonon matrix element

GS′Sν(Q, q) =
∑
vcc ′k

A
S′(Q+q)∗
vck A

S(Q)
vc ′k gcc ′ν(k + Q, q)

−
∑
cvv′k

A
S ′(Q+q)∗
vck A

S(Q)
v ′ck+qgv ′vν(k, q);
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GSν(Q) =
∑
vck
A
S(Q)
vck gvcν(k + Q,−Q). (3.22)

3.3 Second-Order Time-Dependent Perturbation Theory
The phonon-assisted radiative transition probability is expressed in terms of the time-

dependent perturbative coefficients [98] c(n)i→f(t) as: Pi→f(t) =
∣∣∣c(1)i→f(t) + c(2)i→f(t) + · · ·∣∣∣2, for

the specific i→ f transition under consideration, the first-order coefficient c(1)i→f(t) vanishes.
Contributions from higher-order terms beyond the second order are not included in this
analysis.

We are interested in the photon emission rate associated with exciton recombination
mediated by phonons, which is described by

c
(2)
i→f(t) = −

1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+

∑
m

eit
′(ωfm−iη)eit

′′(ωmi−iη
′)

×
[
⟨f| Ĥex−ph

inter |m⟩ ⟨m| Ĥex− |i⟩+ ⟨f| Ĥex− |m⟩ ⟨m| Ĥ
ex−ph
intra |i⟩

]
= c

(2)
(i→f),1(t) + c

(2)
(i→f),2(t), (3.23)

where ωij = (Ei − Ej)/ h and Ei denotes the energy of the non-interacting Hamiltonian.
We use only the interband (intraband) exciton-phonon Hamiltonian for the first (second)
term because the complementary contributions yield vanishing amplitude.

We consider the initial state as an exciton state

|i⟩ = |S(Q)⟩ ⊗ |Ω⟩ ⊗ |0⟩ = |S(Q),Ω, 0⟩ ,

and the final state as an emitted photon accompanied by the absorption or emission of a
phonon in the exciton ground state:

|f⟩ = |G,Ω± 1ν,∓q, 1λk̄⟩ ,

where |Ω⟩ represents the phonon bath.
Let us focus on the second term on the right-hand side of Eq. (3.23). The intermediate

states that yield non-zero contributions are exciton states plus the absorption or emission
of a phonon, i.e.,

|m⟩ = |S ′(Q ′),Ω± 1ν ′,∓q ′ , 0⟩ ,

leading to the summation
∑
m =

∑
S ′Q ′

∑
q ′ν ′ .
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Thus, the second-order coefficient becomes

c
(2)
(i→f),2(t) = −

1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+

∑
S ′Q ′

∑
q ′ν ′

× eit
′(±ων,∓q+ωλk̄−ωS ′(Q ′)∓ων ′,∓q ′−iη)e

it ′′(ωS ′(Q ′)±ων ′,∓q ′−ωS(Q)−iη
′)

× ⟨G,Ω± 1ν,∓q, 1λk̄|Ĥ
ex−|S ′(Q ′),Ω± 1ν ′,∓q ′ , 0⟩

× ⟨S ′(Q ′),Ω± 1ν ′,∓q ′ , 0|Ĥex−ph
intra |S(Q),Ω, 0⟩. (3.24)

We now calculate the exciton-phonon probability amplitude:

⟨S ′(Q ′),Ω± 1ν ′,∓q ′ , 0|Ĥex−ph
intra |S(Q),Ω, 0⟩

=
∑
S ′′S ′′′

∑
q ′′Q ′′ν ′′

GS ′′′S ′′ν ′′(Q ′′, q ′′)⟨S ′(Q ′)|ĉ†
S ′′′(Q ′′+q ′′)ĉS ′′(Q ′′)|S(Q)⟩

× ⟨Ω± 1ν ′,∓q ′ |b̂q ′′ν ′′ + b̂†−q ′′ν ′′ |Ω⟩

=
∑
S ′′S ′′′

∑
q ′′Q ′′ν ′′

GS ′′′S ′′ν ′′(Q ′′, q ′′)δS,S ′′δQ,Q ′′δS ′,S ′′′δQ ′,Q ′′+q ′′

×
√
nν ′′(∓q ′′) + 1

2 ±
1
2 δν

′′,ν ′δq ′′,q ′

= GS ′Sν ′(Q, q ′)
√
nν ′(∓q ′) + 1

2 ±
1
2 δQ ′,Q+q ′ . (3.25)

Next, the exciton-photon probability amplitude, using the Hamiltonian from Eq. (3.6),
is nonzero only for photon emission:

⟨G,Ω± 1ν,∓q, 1λk̄|Ĥ
ex−|S ′(Q ′),Ω± 1ν ′,∓q ′ , 0⟩

= i
∑
λ ′k̄ ′

√
e2

2 hωλ ′k̄ ′Vϵ0
e∗
λ ′k̄ ′ · ⟨G|e−ik̄

′·r[r̂, Ĥex]|S
′(Q ′)⟩

× ⟨Ω± 1ν,∓q|Ω± 1ν ′,∓q ′⟩⟨1λk̄|â
†
λ ′k̄ ′ |0⟩

= i
∑
λ ′k̄ ′

√
e2

2 hωλ ′k̄ ′Vϵ0
ES ′(Q ′) e∗

λ ′k̄ ′ · ⟨G|e−ik̄
′·r r̂|S ′(Q ′)⟩ δν,ν ′δq,q ′δλ,λ ′δk̄,k̄ ′

≈ i

√
e2

2 hωλk̄Vϵ0
ES ′(Q ′) e∗

λk̄ · ⟨G|r̂|S
′(Q ′)⟩ δQ ′,−k̄δν,ν ′δq,q ′ . (3.26)

where in the last line we have used the dipole approximation

⟨G| e−ik̄·r r̂ |S(Q)⟩ ≈ ⟨G| r̂ |S(Q)⟩ δQ,−k̄, (3.27)
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and we define the exciton-photon matrix element as

MS(Q),λk̄ = i

√
e2

2 hωλk̄Vϵ0
ES(Q) e∗

λk̄ · ⟨G| r̂ |S(Q)⟩ . (3.28)

By inserting the results of Eqs. (3.25) and (3.26) in Eq. (3.24) we obtain

c
(2)
(i→f),2(t) = −

1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+
(3.29)∑

S ′Q ′

∑
q ′ν ′

e
it ′(±ων,∓q+ωλk̄−ωS ′(Q ′)∓ων ′,∓q ′−iη)e

it ′′(ωS ′(Q ′)±ων ′,∓q ′−ωS(Q)−iη
′)

× GS ′Sν ′(Q, q ′)MS ′(Q ′),λk̄

√
nν ′(∓q ′) + 1

2 ±
1
2δQ ′,Q+q ′δQ ′,−k̄δν,ν ′δq,q ′

= −
1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+

∑
S ′

e
it ′(ωλk̄−ωS ′(Q+q)−iη)e

it ′′(ωS ′(Q+q)±ων,∓q−ωS(Q)−iη
′)

× GS ′Sν(Q, q)MS ′(Q+q),λk̄

√
nν ′(∓q ′) + 1

2 ±
1
2δQ+q,−k̄. (3.30)

The time integrals give

lim
η,η ′→0+

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′eit

′(ωλk̄−ωS ′(Q+q)−iη)e
it ′′(ωS ′(Q+q)±ων,∓q−ωS(Q)−iη

′)

= −i lim
η,η ′→0+

∫ t
−∞ dt ′

eit
′(ωλk̄±ων,∓q−ωS(Q)−iη−iη

′)

ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη
′

= − lim
η,η ′→0+

eit(ωλk̄±ων,∓q−ωS(Q)−iη−iη
′)

ωλk̄ ±ων,∓q −ωS(Q) − iη− iη
′

1
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

′ . (3.31)

In the end, we obtain

c
(2)
(i→f),2(t) =

1
 h2 lim

η,η ′→0+
eit(ωλk̄±ων,∓q−ωS(Q)−iη−iη

′)

ωλk̄ ±ων,∓q −ωS(Q) − iη− iη
′

√
nν(∓q) + 1

2 ±
1
2δQ+q,−k̄

×
∑
S ′

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

′ . (3.32)

Let’s now calculate the first term on the RHS of Eq. (3.23). The intermediate state that
gives non-zero amplitude are now an exciton plus a photon, i.e., |m⟩ = |S ′(Q ′),Ω, 1λ ′k̄ ′⟩
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and so
∑
m =

∑
S ′Q ′

∑
λ ′k̄ ′

c
(2)
(i→f),1(t) = −

1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+
(3.33)∑

S ′Q ′

∑
λ ′k̄ ′

e
it ′(±ων,∓q+ωλk̄−ωS ′(Q ′)−ωλ ′,k̄ ′−iη)e

it ′′(ωS ′(Q ′)+ωλ ′,k̄ ′−ωS(Q)−iη
′)

× ⟨G,Ω± 1ν,∓q, 1λk̄|H
ex−ph
inter |S ′(Q ′),Ω, 1λ ′k̄ ′⟩⟨S ′(Q ′),Ω, 1λ ′k̄ ′ |Ĥ

ex−|S(Q),Ω, 0⟩.
(3.34)

We then calculate the exciton-photon probability amplitude:

⟨S ′(Q ′),Ω, 1λ ′k̄ ′ |Ĥ
ex−|S(Q),Ω, 0⟩

= i
∑
λ ′′k̄ ′′

√
e2

2 hωλ ′′k̄ ′′Vϵ0
e∗
λ ′′k̄ ′′ · ⟨S ′(Q ′)|e−ik̄

′′·r[r̂, Ĥex]|S(Q)⟩⟨1λ ′k̄ ′ |â
†
λ ′′k̄ ′′ |0⟩

= i
∑
λ ′′k̄ ′′

√
e2

2 hωλ ′′k̄ ′′Vϵ0
(ES(Q) − ES ′(Q ′)) e∗

λ ′′k̄ ′′ · ⟨S ′(Q ′)|e−ik̄
′′·r r̂|S(Q)⟩δλ ′,λ ′′δk̄ ′,k̄ ′′

≈ i

√
e2

2 hωλ ′k̄ ′Vϵ0
(ES(Q) − ES ′(Q ′)) e∗

λ ′k̄ ′ · ⟨S ′(Q ′)|r̂|S(Q)⟩δQ−Q ′,−k̄ ′

= MS ′(Q ′)S(Q),λ ′k̄ ′ δQ−Q ′,−k̄ ′ . (3.35)

where we used the dipole approximation

⟨S ′(Q ′)|e−ik̄ ′′·r r̂|S(Q)⟩ ≈ ⟨S ′(Q ′)|r̂|S(Q)⟩δQ−Q ′,−k̄ ′′ , (3.36)

and define the exciton-photon matrix element as

MS ′(Q ′)S(Q),λ ′k̄ ′ = i

√
e2

2 hωλ ′k̄ ′Vϵ0
(ES(Q) − ES ′(Q ′)) e∗

λ ′k̄ ′ · ⟨S ′(Q ′)|r̂|S(Q)⟩. (3.37)

The exciton-phonon probability amplitude is

⟨G,Ω± 1ν,∓q, 1λk̄|Ĥ
ex−ph
inter |S ′(Q ′),Ω, 1λ ′k̄ ′⟩

=
∑

S ′′Q ′′ν ′

GS ′′ν ′(Q ′′)⟨G|ĉS ′′(Q ′′)|S
′(Q ′)⟩⟨Ω± 1ν,∓q|b̂−Q ′′ν ′ + b̂†Q ′′ν ′ |Ω⟩⟨1λk̄|1λ ′k̄ ′⟩

=
∑

S ′′Q ′′ν ′

GS ′′ν ′(Q ′′)δS ′′,S ′δQ ′′,Q ′δλ,λ ′δk̄,k̄ ′δν ′,νδ−Q ′′,q

√
nν ′(±Q ′′) + 1

2 ±
1
2
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= GS ′ν(−q)
√
nν(∓q) + 1

2 ±
1
2δλ,λ ′δk̄,k̄ ′δQ ′,−q. (3.38)

By inserting Eqs. (3.35) and (3.38) into Eq. (3.33), we obtain

c
(2)
(i→f),1(t) = −

1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+

∑
S ′Q ′

∑
λ ′k̄ ′

e
it ′(±ων,∓q+ωλk̄−ωS ′(Q ′)−ωλ ′k̄ ′−iη)

× eit
′′(ωS ′(Q ′)+ωλ ′k̄ ′−ωS(Q)−iη

′)
GS ′ν(−q)MS ′(Q ′)S(Q),λ ′k̄ ′

√
nν(∓q) + 1

2 ±
1
2

× δQ−Q ′,−k̄ ′δλ,λ ′δk̄,k̄ ′δQ ′,−q

= −
1
 h2

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′ lim

η,η ′→0+

∑
S ′

e
it ′(±ων,∓q−ωS ′(−q)−iη)e

it ′′(ωS ′(−q)+ωλk̄−ωS(Q)−iη
′)

× GS ′ν(−q)MS ′(−q)S(Q),λk̄

√
nν(∓q) + 1

2 ±
1
2δQ+q,−k̄. (3.39)

The time integrals give

lim
η,η ′→0+

∫ t
−∞ dt ′

∫ t ′
−∞ dt ′′eit

′(±ων,∓q−ωS ′(−q)−iη)e
it ′′(ωS ′(−q)+ωλk̄−ωS(Q)−iη

′)

= −i lim
η,η ′→0+

∫ t
−∞ dt ′

eit
′(±ων,∓q+ωλk̄−ωS(Q)−iη−iη

′)

ωS ′(−q) +ωλk̄ −ωS(Q) − iη
′

= − lim
η,η ′→0+

eit(±ων,∓q+ωλk̄−ωS(Q)−iη−iη
′)

±ων,∓q +ωλk̄ −ωS(Q) − iη− iη
′

1
ωS ′(−q) +ωλk̄ −ωS(Q) − iη

′ . (3.40)

Finally, we obtain

c
(2)
(i→f),1(t) =

1
 h2 lim

η,η ′→0+
eit(ωλ,k̄±ων,∓q−ωS(Q)−iη−iη

′)

ωλ,k̄ ±ων,∓q −ωS(Q) − iη− iη
′

√
nν(∓q) + 1

2 ±
1
2 δQ+q,−k̄

×
∑
S ′

GS ′ν(−q)MS ′(−q)S(Q),λk̄
ωS ′(−q) +ωλ,k̄ −ωS(Q) − iη

′ . (3.41)

By summing Eqs. (3.32) and (3.41), we obtain the total second-order coefficient:

c
(2)
(i→f)(t) =

1
 h2 lim

η,η ′→0+
eit(ωλ,k̄±ων,∓q−ωS(Q)−iη−iη

′)

ωλ,k̄ ±ων,∓q −ωS(Q) − iη− iη
′

√
nν(∓q) + 1

2 ±
1
2 δQ+q,−k̄

×
∑
S ′

[
GS ′ν(−q)MS ′(−q)S(Q),λk̄

ωS ′(−q) +ωλ,k̄ −ωS(Q) − iη
′ +

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

′

]
.

(3.42)
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3.4 Transition Probability and Rate
The transition probability is defined as

Pi→f(t) =
∣∣∣c(1)i→f(t) + c(2)i→f(t) + · · · ∣∣∣2 . (3.43)

The first-order coefficient c(1) vanishes for the i → f transition we consider, which is
momentum-forbidden at first order, and higher-order terms beyond second order are
neglected. Thus, the probability for photon emission due to phonon-mediated exciton
recombination is obtained from Eq. (3.42) as

Pi→f±(t) =
1
 h4 lim

η,η ′→0+
e2t(η+η ′)

(ωλ,k̄ ±ων,∓q −ωS(Q))
2 + (η+ η ′)2

(
nν(∓q) + 1

2 ±
1
2

)

×

∣∣∣∣∣∑
S ′

[
GS ′ν(−q)MS ′(−q)S(Q),λk̄

ωS ′(−q) +ωλ,k̄ −ωS(Q) − iη
′ +

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

′

]
δQ+q,−k̄

∣∣∣∣∣
2

.

(3.44)

The radiative rate for a fixed initial state (exciton S(Q)) is obtained by summing over all
possible final states (

∑
λ,k̄,q,ν,±) and taking the time derivative of the transition probability:

γS(Q) =
∑

λ,k̄,q,ν,±

d

dt
Pi→f±(t)

=
∑

λ,k̄,q,ν,±

1
 h4 lim

η,η ′→0+
2(η+ η ′)e2t(η+η ′)

(ωλ,k̄ ±ων,∓q −ωS(Q))
2 + (η+ η ′)2

(
nν(∓q) + 1

2 ±
1
2

)

×

∣∣∣∣∣∑
S ′

[
GS ′ν(−q)MS ′(−q)S(Q),λk̄

ωS ′(−q) +ωλ,k̄ −ωS(Q) − iη
′ +

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

′

]
δQ+q,−k̄

∣∣∣∣∣
2

.

(3.45)

By defining η ′′ = η+ η ′, we have

lim
η ′′→0+

2η ′′e2tη ′′

(ωλ,k̄ ±ων,∓q −ωS(Q))
2 + (η ′′)2 = 2πδ(ωλ,k̄ ±ων,∓q −ωS(Q)), (3.46)

and therefore the phonon-assisted radiative rate becomes

γS(Q) =
2π
 h4

∑
λ,k̄,q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
δ(ωλ,k̄ ±ων,∓q −ωS(Q))
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× lim
η→0+

∣∣∣∣∣∑
S ′

[
GS ′ν(−q)MS ′(−q)S(Q),λk̄

ωS ′(−q) +ωλ,k̄ −ωS(Q) − iη
+

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

]
δQ+q,−k̄

∣∣∣∣∣
2

.

(3.47)

Here, γS(Q) is the state-resolved phonon-assisted radiative rate. If a spin-unpolarized
calculation is performed, an additional spin degeneracy factor of 2 should be applied.
The expression of interband and intraband exciton-photon matrix elements M, within the
dipole approximation, is provided as

MS ′(Q ′)S(Q),λk̄ = i h

√
e2

2 hωλk̄ϵ0V
(ωS(Q) −ωS ′(Q ′))e∗λk̄

· ⟨S ′(Q ′)|r̂|S(Q)⟩;

MS(Q),λk̄ = i h

√
e2

2 hωλk̄ϵ0V
ωS(Q)e∗λ,k̄ · ⟨G| r̂ |S(Q)⟩ . (3.48)

In the following discussion, we focus on the phonon-assisted radiative process, specif-
ically, intraband exciton-phonon coupling, which is described by the second term in
Eq. (3.47) and depicted in Fig. 3.1(a). The interband exciton-photon coupling, which
is described by the first term in Eq. (3.47) and depicted in Fig. 3.1(b), corresponding to
transitions between the valence and conduction bands induced by phonon excitation, is
typically negligible in semiconductors, because of the large energy gap between these
bands compared to phonon energies.

3.5 Phonon-Assisted Radiative Rate in Anisotropic
Medium

We now consider the propagation of light in anisotropic optical media [46, 134]. The
relative dielectric tensor ↔ϵ , expressed in the principal frame defined by the Cartesian axes
(x,y, z), takes the form:

↔
ϵ=


ϵxx 0 0

0 ϵyy 0

0 0 ϵzz

 , (3.49)
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where ϵii (i = x,y, z) denotes the dimensionless relative dielectric constant along each
principal axis.

The photon dispersion relation is given byωλk̄ = |k̄|v = |k̄|c/nλ, where nλ = n1,n2 is
the refractive index of the medium, and λ = 1, 2 labels the photon polarization modes.

Starting from Maxwell’s equations,

∇× (∇× E) = ∇(∇ · E) −∇2E = −ϵ0µ0
↔
ϵ
∂2E
∂t2

, (3.50)

we insert a plane-wave ansatz E = E0 e
−i(ωt−k̄·r), with the photon wavevector expressed as

k̄ = |k̄|nλs = |k̄|nλ (sxx̂ + syŷ + szẑ), where s is a unit vector in the propagation direction.
Substituting into Eq. (3.50), we obtain the Fresnel equation for anisotropic media:

s2
x

n2
λ − ϵxx

+
s2
y

n2
λ − ϵyy

+
s2
z

n2
λ − ϵzz

=
1
n2
λ

. (3.51)

The corresponding electric field eigenvector for each mode is then given by:

Eλ =


sx
(
n2
λ − ϵxx

)−1

sy
(
n2
λ − ϵyy

)−1

sz
(
n2
λ − ϵzz

)−1

 . (3.52)

We now consider a special case where ϵxx = ϵyy = ϵ∥ and ϵzz = ϵ⊥, which is sufficient
for our discussion of dimensional dependence. The direction of light propagation is
represented as

s = sin θ cosϕ x̂ + sin θ sinϕ ŷ + cos θ ẑ.

Under this symmetry, the Fresnel equation simplifies to

(n2
λ − ϵ∥)

2(n2
λ − ϵ⊥) = sin2 θn2

λ(n
2
λ − ϵ∥)(n

2
λ − ϵ⊥)

+ cos2 θn2
λ(n

2
λ − ϵ∥)

2. (3.53)

Applying the orthonormality condition for the eigenmodes eλk̄, such that

e†
λk̄
↔
ϵ eλ ′k̄ = δλλ ′ ,
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we obtain the following eigenmode solutions:

e1,k̄ =


−ϵ

−1/2
∥ sinϕ

ϵ
−1/2
∥ cosϕ

0

 , e2,k̄ =


−ϵ

−1/2
∥ cosϕ cos θ̄

−ϵ
−1/2
∥ sinϕ cos θ̄

ϵ
−1/2
⊥ sin θ̄

 , (3.54)

where cos θ̄ and sin θ̄ are defined as

cos θ̄ =
cos θ ϵ1/2

⊥√
ϵ∥ sin2 θ+ ϵ⊥ cos2 θ

,

sin θ̄ =
sin θ ϵ1/2

∥√
ϵ∥ sin2 θ+ ϵ⊥ cos2 θ

.

(3.55)

In the isotropic limit where ϵ∥ = ϵ⊥, these reduce to the standard isotropic eigen-
modes [18]. To avoid confusion between the refractive index and the Bose-Einstein occu-
pation number, we define the inverse squared refractive index as Θλ = 1/n2

λ, yielding:

Θ+ =
1
ϵ∥

, Θ− =
sin2 θ

ϵ⊥
+

cos2 θ

ϵ∥
. (3.56)

The photon energy dispersion relation is thus written asωλk̄ = c|k̄|
√
Θλ. The phonon-

assisted radiative rate takes the form:

γS(Q) =
2π
 h4

∑
λ,q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
V

(2π)3

∫
dk̄

∣∣∣∣∣∑
S ′

GS ′Sν(Q, q)MS ′(Q+q),λk̄
ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη

δQ+q,−k̄

∣∣∣∣∣
2

× δ(ωλ,k̄ ±ων,∓q −ωS(Q)). (3.57)

Changing integration variables and inserting the dipole matrix element µS, we obtain:

γS(Q) =
∑
λ,q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
e2

8π2ϵ0 h3c3

∫∫
dϕdθ sin θ 1

Θ
3/2
λ

×
∫
dωλk̄ωλk̄

∣∣∣∣∣∑
S ′

ωS ′(Q+q)
GS ′Sν(Q, q) eλk̄ ·µS ′(Q+q)

ωS ′(Q+q) ±ων,∓q −ωS(Q) − iη
δQ+q,−k̄

∣∣∣∣∣
2

=
∑
λ,q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
e2

8π2ϵ0 h3c3 (ωS(Q) ∓ων,∓q)
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×
∫∫
dϕdθ sin θ 1

Θ
3/2
λ

∣∣∣∣∣∑
S ′

ωS ′(0)
GS ′Sν(Q, q) eλ0 ·µS ′(0)

ωS ′(0) ±ων,∓q −ωS(Q) − iη
δQ,−q

∣∣∣∣∣
2

. (3.58)

We define the angular integral

ISν±(Q, q) = 1
 h2c2

∑
λ

∫∫
dϕdθ sin θ 1

Θ
3/2
λ

∣∣∣∣∣∑
S ′

ωS ′(0)
GS ′Sν(Q, q) eλ0 ·µS ′(0)

ωS ′(0) ±ων,∓q −ωS(Q) − iη
δQ,−q

∣∣∣∣∣
2

.

(3.59)

Finally, we define the dimensionless vector Λ as

ΛS ′Sν±(Q, q) = 1
 hc
ωS ′(0)

µS ′(0)GS ′Sν(Q, q)
ωS ′(0) −ωS(Q) ±ων,∓q − iη

δQ,−q, (3.60)

so that

ISν±(Q, q) =
∑
λ

∫∫
dϕdθ sin θ 1

Θ
3/2
λ

∣∣∣∣∣∑
S ′

eλ0 ·ΛS ′Sν±(Q, q)

∣∣∣∣∣
2

. (3.61)

Let cos θ = z, and for brevity, we omit the universal subscript Sν±(Q, q) in ΛSν±(Q, q) =∑
S ′ ΛS ′Sν±(Q, q) in the following derivation. Odd functions such as sin(· · ·) and sin(· · ·) cos(· · ·)

cancel upon angular integration. The integral ISν±(Q, q) becomes:

ISν±(Q, q) =
∫
dϕ

∫
d(cos θ) (3.62)

ϵ
3/2
∥

∣∣∣−Λxϵ
−1/2
∥ sinϕ+Λyϵ

−1/2
∥ cosϕ

∣∣∣2
+
(

sin2 θ
ϵ⊥

+ cos2 θ
ϵ∥

)−3/2 ∣∣∣−Λxϵ
−1/2
∥ cos θ̄ cosϕ−Λyϵ

−1/2
∥ cos θ̄ sinϕ+Λzϵ

−1/2
⊥ sin θ̄

∣∣∣2


= 2π
∫1

−1
dz

[
1
2(
|Λx|

2 + |Λy|
2)ϵ

1/2
∥

+
(ϵ∥ϵ⊥)

3/2[
(ϵ⊥ − ϵ∥)z2 + ϵ∥

]3/2

(
1
2(
|Λx|

2 + |Λy|
2)

cos2 θ̄

ϵ∥
+ |Λz|

2 sin2 θ̄

ϵ⊥

)
=

8π
3

(|Λx|2 + |Λy|
2)
ϵ
−1/2
∥ ϵ⊥ + 3ϵ1/2

∥
4 + |Λz|

2ϵ
1/2
∥

 , (3.63)

where

cos2 θ̄ =
ϵ⊥z

2

(ϵ⊥ − ϵ∥)z2 + ϵ∥
, sin2 θ̄ =

ϵ∥(1 − z2)

(ϵ⊥ − ϵ∥)z2 + ϵ∥
.
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Note that although the macroscopic dielectric environment is assumed in-plane isotropic
(ϵxx = ϵyy = ϵ∥), the microscopic in-plane components of the effective dipole amplitude,
Λx and Λy, may still differ.

To obtain the final result, we use the following integral identities for u > 0:∫1

−1

dz

(z2 + u)3/2 =
2

u(1 + u)1/2 ,
∫1

−1

dz

(z2 + u)5/2 =
2

3u2(1 + u)3/2 .

We now define the dimensionless effective amplitude and an effective tensor
↔
E to

simplify Eq. (3.62):

ΛSν±(Q, q) =
∑
S ′

ΛS ′Sν±(Q, q)

=
1
 hc

∑
S ′

ωS ′(0)
µS ′(0)GS ′Sν(Q, q)

ωS ′(0) −ωS(Q) ±ων,∓q − iη
δQ,−q, (3.64)

↔
E=


ϵ
−1/2
∥ ϵ⊥+3ϵ1/2

∥
4 0 0

0
ϵ
−1/2
∥ ϵ⊥+3ϵ1/2

∥
4 0

0 0 ϵ
1/2
∥

 . (3.65)

The effective tensor
↔
E is positive semidefinite. Thus, Eq. (3.62) can be written compactly

as

ISν±(Q, q) = 8π
3 Λ†Sν±(Q, q)

↔
E ΛSν±(Q, q) = 8π

3

∣∣∣∣↔E1/2
ΛSν±(Q, q)

∣∣∣∣2 . (3.66)

The exciton-state-resolved phonon-assisted radiative rate becomes

γS(Q) =
e2

8π2ϵ0 hc

∑
q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
(ωS(Q) ∓ων,∓q)ISν±(Q, q)

=
e2

3πϵ0 hc

∑
q,ν,±

(
nν(∓q) + 1

2 ±
1
2

)
(ωS(Q) ∓ων,∓q)

∣∣∣∣↔E1/2
ΛSν±(Q, q)

∣∣∣∣2 . (3.67)
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Using the dimensionless fine-structure constant α = e2

4πϵ0 hc , the final expression is

γS(Q) =
4
3α

∑
q,ν,±

(
ωS(Q) ∓ων,∓q

) ∣∣∣∣↔E1/2
ΛSν±(Q, q)

∣∣∣∣2(nν,∓q +
1
2 ±

1
2

)
. (3.68)

The observable, finite-temperature phonon-assisted radiative rate γ is computed as a
thermal average [125] of γS(Q) in the dilute limit:

γ = ⟨γS(Q)⟩ =
1
Z

∑
S,Q
e−β

 hωS(Q)γS(Q), (3.69)

with the partition function

Z =
∑
S,Q
e−β

 hωS(Q) . (3.70)

The finite-temperature phonon-assisted radiative lifetime τ is defined as the inverse of the
phonon-assisted radiative rate.

3.6 Real-Time Exciton Dynamics and Master Equation
To study the exciton dynamics and thermalization, we derived the quantum master equation
in the Lindblad form [131] for exciton-phonon dynamics. The scattering Hamiltonian for
exciton-phonon interaction can be symmetrically expressed [92, 91] as

Ĥs =
∑
12νq

(
G

qν
12 ĉ
†
1ĉ2b̂

†
νq + G

qν,∗
21 ĉ

†
2ĉ1b̂νq

)
=

∑
12νq

G
qν
12 ĉ
†
1ĉ2b̂

†
νq + H.c., (3.71)

where the exciton-phonon matrix elementGS ′Sν(Q, q) is denoted byG
qν
12 , with 1 := S ′(Q+q)

and 2 := S(Q).
The time evolution of the density matrix due to this scattering process follows the

Lindblad-type equation [92, 91]:

dρ̂

dt
= Âρ̂Â† −

1
2

{
Â†Â, ρ̂

}
,

where the operator Â is defined by

Â =
1
 h

(
1

2πt̄2

)1/4 ∫
dt ′ e−

Ĥ0t
′

i h Ĥse
Ĥ0t

′
i h e

− t ′2
4t̄2 , (3.72)
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with t̄ representing the scattering time scale.
To obtain the time evolution of the density matrix elements ρ12 = ⟨ĉ†2ĉ1⟩, we compute:

dρ12
dt

= Tr
(
ĉ
†
2ĉ1
dρ̂

dt

)
=

1
2Tr

(
[Â†, ĉ†2ĉ1]Âρ̂+ ρ̂Â†[ĉ†2ĉ1, Â]

)
=

1
2Tr

(
[Â†, ĉ†2ĉ1]Âρ̂

)
+ H.c. (3.73)

We now insert Eqs. (3.71) and (3.72) into Eq. (3.73) and define:

Â =
∑
qν

(
D̂qν+b̂†qν + D̂qν−b̂qν

)
,

D̂qν± =
∑
12

D
qν±
12 ĉ

†
1ĉ2,

D
qν±
12 =

1
 h

(
1

2πt̄2

)1/4
G

qν
12

∫
dt ′ e−

(ϵ1−ϵ2±ωqν)t ′
i h e

− t ′2
4t̄2

=

√
2π
 h2 G

qν
12

(
1

2πϵ̄2

)1/4
e
−
(
ϵ1−ϵ2±ωqν

2ϵ̄

)2

, (3.74)

where the energy broadening is defined as ϵ̄ =  h/(2t̄)→ 0+.
The commutators become:[

D̂qν±,†, ĉ†2ĉ1
]
=

∑
3

(
D

qν∓
32 ĉ

†
3ĉ1 −D

qν∓
13 ĉ

†
2ĉ3
)

. (3.75)

We assume the total density matrix is: ρ̂ = ρ̂S⊗ ρ̂B, where ρ̂S describes excitons (system)
and ρ̂B describes phonons (bath). For phonons:

TrB(b̂qνb̂q ′ν ′ρ̂B) = TrB(b̂†qνb̂
†
q ′ν ′ρ̂

B) = 0,

TrB(b̂qνb̂
†
q ′ν ′ρ̂

B) = δqq ′δνν ′nqν,

TrB(b̂†qνb̂q ′ν ′ρ̂B) = δqq ′δνν ′(nqν + 1). (3.76)

Substituting Eqs. (3.75) and the above into Eq. (3.73), and tracing over the phonon bath,
we obtain:

dρS12
dt

=
1
2

∑
345qν±

(
D

qν∓
32 h3145 −D

qν∓
13 h2345

)
D

qν±
45 n±qν + H.c., (3.77)
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where the two-particle correlation function is

h1234 = Tr
(
ĉ
†
1ĉ2ĉ

†
3ĉ4ρ̂

S
)

. (3.78)

To close the system, we apply the mean-field approximation, neglecting the disconnected
exchange terms:

h1234 ≈ δ23ρ
S
41 + ρS41ρ

S
23 = (1+ ρS)23ρ

S
41. (3.79)

This yields the final master equation for the exciton density matrix:

dρS12
dt

=
1
2

∑
345qν±

(
(1+ ρS)14D

qν±
45 ρS53D

qν∓
32 −D

qν∓
13 (1+ ρS)34D

qν±
45 ρS52

)
n±qν + H.c., (3.80)

where n±qν = nqν +
1
2 ±

1
2 denotes the phonon occupation for emission (+) and absorption

(−).
We define:

P1234 =
∑
qν±

A
qν±
13 A

qν±,∗
24 ,

A
qν±
13 = D

qν±
13

√
n±qν, D

qν±
12 =

√
2π
 h2 G

qν
12 δ

1/2
G
(
ω1 −ω2 ±ω∓qν

)
,

where δG is a Gaussian-broadened delta function ensuring approximate energy conserva-
tion.

Thus, the final compact master equation becomes:

dρS12
dt

=
1
2
∑
345

(
(1+ ρS)14P4253ρ

S
53 − (1+ ρS)34P

∗
3415ρ

S
52

)
+ H.c.

In the following text, we drop the superscript S in ρ for simplicity.

dρ12
dt =

1
2
∑
345

((1+ ρ)14 P4253ρ53 − (1+ ρ)34 P
∗
3415ρ52)

+ H.c. , (3.81)

where the scattering terms are defined as: P1234 =
∑

qν±A
qν±
13 A

qν±,∗
24 with

A
qν±
13 = D

qν±
13

√
nν,∓q + 1

2 ±
1
2 . The exciton-phonon coupling term D

qν±
12 is expressed
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as: D
qν±
12 =

√
2π
 h2G

qν
12 δ

1
2
G
(
ω1 −ω2 ±ω∓qν

)
, where δG represents an energy-conserving

Dirac delta function broadened to a Gaussian. Here, the exciton-phonon matrix element
GS′Sν(Q, q) is denoted for simplicity as Gqν

12 , where the indices are defined as 1 := S′(Q + q)
and 2 := S(Q). ρ represents the exciton density matrix. Notably, the primary distinc-
tion between the Lindblad equation for the exciton dynamics and that for the electron
dynamics[128, 131, 129] lies in the term 1−ρ being replaced by 1+ρ. This difference arises
due to the distinct (anti)commutation relations governing fermionic and bosonic operators.
In this study, we focus on exciton occupation changes due to exciton-phonon scatterings,
where the phase coherence information between different exciton states (corresponding to
the off-diagonal elements of exciton density matrices) is not important, which will leave for
our future studies. Therefore, by applying the diagonal (semiclassical) approximation to
exciton density matrices and Lindbladian operators, we obtain the (semiclassical) quantum
master equation

d
dtN2 =

∑
1
Γ21N1 (1 +N2) −

∑
1
Γ12N2 (1 +N1) , (3.82)

where the scattering rate Γ12 describes the transition rate between exciton states 1, 2. This
rate is expressed as

Γ12 =P1122 =
∑
qν±

A
qν±
12 A

qν±,∗
12

=
2π
 h2

∑
qν±

∣∣Gqν
12
∣∣2(nν,∓q +

1
2 ±

1
2

)
δG(ω1 −ω2 ±ω∓qν), (3.83)

which aligns with the transition rate derived from the Fermi’s golden rule.

3.7 Results and Discussion
Next, we present the temperature-dependent phonon-assisted radiative lifetime in Fig. 3.2(a).
The black curve shows the total radiative lifetime, which consists of both phonon emis-
sion (red curve) and phonon absorption (blue curve) contributions. Below 150 K, the
total lifetime exhibits a non-monotonic behavior, which can be qualitatively understood
using a two-valley model. We approximate the exciton energy landscape with two val-
leys—valley 1 and valley 2—where valley 1 dominates the radiative process. Neglecting
exciton dispersion, we model the radiative rate from valley 1 as γ1(T) = γ̃1(nph + 1), with
nph = (eβ hω̃ − 1)−1 representing the Bose-Einstein occupation of a single effective phonon
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Figure 3.2: Temperature dependence of phonon-assisted radiative lifetime in bulk hBN. (a)
Total radiative lifetime (black), with contributions from phonon emission (red) and phonon
absorption (blue) shown separately. The magenta star marks the experimental radiative
lifetime of 27 ns at room temperature, reported by S. Roux et al. [94]. The gray solid line
represents a fit using a two-valley model, capturing the non-monotonic behavior at low
temperatures. The gray dashed line corresponds to Eq. 3.68 using constant exciton-phonon
coupling G. (b) Labeling of phonon branches in the phonon band structure of bulk hBN. (c)
Phonon mode contributions to the radiative lifetime from phonon emission processes. (d)
Phonon mode contributions to the radiative lifetime from phonon absorption processes.
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Figure 3.3: Real-time exciton occupation of bulk hBN at room temperature simulated
using the real-time semi-classical quantum master equation Eq. (3.82) at different time
steps: (a) 0 fs (initial step), (b) 750 fs, (c) 1500 fs, and (d) 2000 fs (final step). Exciton
occupation is projected onto the exciton band structure and plotted as a colormap along
Γ → Q→ K.

mode of frequency ω̃.
At low temperatures, the phonon emission process dominates. The corresponding

thermal-averaged radiative rate is approximately

γ(T) ∼ γ̃1

(
1

1 + e−β∆E

)(
1

eβ hω̃ − 1 + 1
)

, (3.84)

where the first bracket accounts for thermal occupation of the dominant valley and de-
creases with increasing temperature, while the second bracket describes the phonon
emission contribution, which increases with temperature. Their competition leads to
the observed non-monotonic behavior of the total and phonon-emission lifetimes in the
low-temperature regime. The fitted two-valley model, shown as the gray solid line in
Fig. 3.2(a), agrees well with the first-principles results in this regime.
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Above 150 K, the radiative lifetime decreases monotonically with temperature, driven by
the rapid increase in phonon population as kBT becomes comparable to the phonon energy.
To isolate this effect, we set the exciton-phonon matrix elements in Eq. 3.68 to a constant cho-
sen to match the calculated radiative rate at room temperature. The resulting gray dashed
curve in Fig. 3.2(a) reproduces the overall trend, confirming that high-temperature behav-
ior is primarily governed by phonon population, rather than valley-dependent scattering
details.

We further analyze the mode-resolved phonon contributions to the radiative lifetime,
distinguishing between phonon emission and absorption processes, as shown in Figs. 3.2(b-
d). In the phonon emission case [Fig. 3.2(c)], high-energy optical modes (green) dominate
at low temperature due to their strong coupling with excitons. Their contribution remains
relatively stable with increasing temperature due to much higher phonon energies com-
pared to thermal energy kBT . As temperature rises, low-energy optical and acoustic modes
(red and blue) contribute more significantly due to increased phonon occupations. In
contrast, phonon absorption contributions [Fig. 3.2(d)] are negligible at low temperature
due to the lack of thermally populated phonons. At higher temperatures, low-energy
optical and acoustic modes dominate absorption-assisted radiative transitions, as their
occupation numbers increase rapidly.

Finally, we investigate real-time exciton dynamics using Eq. (3.82). The initial exciton
population is fully assigned to the first bright exciton state, with total occupation f = 1,
consistent with the dilute limit. As shown in Figs. 3.3(a–d), the exciton distribution relaxes
toward low-energy valleys near Q due to exciton-phonon scattering. The population
evolves exponentially toward thermal equilibrium, with a fitted valley relaxation time of
approximately 114 fs at room temperature. This timescale agrees with experimental PL
linewidth measurements [116], where a linewidth of ∼ 30 meV implies a relaxation time
of ∼ 60 fs via the optical theorem: τ−1 = 2∆

 h . This framework provides a direct pathway
for studying exciton dephasing and exciton spin dynamics, capturing quantum coherence
effects [130, 85] that are absent in the semiclassical limits.

3.8 Computaional Details
Our first-principles implementation is based on Density Functional Theory (DFT) to
determine ground-state electronic properties. Phonon dispersions and electron-phonon
coupling matrix elements are computed using Density-Functional Perturbation Theory
(DFPT), as implemented in the Quantum ESPRESSO (QE) [31, 30] and EPW [55] packages.
Ground-state calculations employ the Pseudo Dojo [115] LDA pseudopotentials.



59

Figure 3.4: Exciton band structure using 18× 18× 4 (red line) and 18× 18× 2 (blue line)
uniform sampling of Q and k grid, with the energy minimum shift to the 5.95 eV according
to the experiment value of indirect optical gap of bulk hBN.

Figure 3.5: a) Calculated normalized photoluminescence (PL) spectrum of bulk hBN at
8 K (red line), compared with the result obtained without including the complex optical
dipole matrix element µ (gray line), and experimental data from Vuong et al. [116] (blue
dots). b) Histogram of phonon mode dependence of the sum of exciton-phonon matrix
element module square |Gnml(0, Q)|2.
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Exciton eigenvalues and amplitudes are obtained by solving the finite-momentum Bethe-
Salpeter equation (BSE) using the Yambo code [59, 99]. To evaluate the exciton-phonon
matrix elements at finite momenta, we interface electron-phonon coupling data from EPW
with exciton states from Yambo, ensuring consistency by disabling all symmetry operations.
Both exciton and electron-phonon calculations are performed on a uniform k- and q-point
grid of 18× 18× 4, using the same set of ground-state wavefunctions with no symmetry
reduction.

A 10 Ry energy cutoff is used for the dielectric screening, GW self-energy, and the BSE
kernel. GW calculations include 200 bands, with convergence accelerated via the efficient
algorithm introduced in Ref. [8]. To match experimental optical properties, we align the
computed exciton energies with the measured indirect optical gap of 5.95 eV for bulk
hBN [116, 15], as shown in Fig. 3.4. For dielectric screening, we adopt static experimental
values ϵxx = ϵyy = ϵ∥ = 6.9 and ϵzz = ϵ⊥ = 3.5 [101, 66, 76, 53]. The BSE kernel includes
two valence and two conduction bands, which we verify to be sufficient to converge the
optical observables in this work.

We show the calculated normalized PL spectrum and phonon-mode-resolved exciton-
phonon coupling strength in Fig. 3.5. A comparison of PL spectra with and without
explicitly including the optical dipole matrix element µ shows good agreement within
the phonon sideband energy window [Fig. 3.5(a)], due to its narrow range. However,
for broader optical spectra, such as absorption, it is essential to retain the full dipole
matrix element to account for multiple bright exciton states with different optical strengths.
The phonon mode-resolved coupling strength shown in Fig. 3.5(b) confirms that high-
energy optical modes dominate exciton-phonon interactions. The squared exciton-phonon
matrix elements |G|2 and the exciton/phonon energies are linearly interpolated onto a fine
36× 36× 8 grid to compute the radiative properties.

Real-time Boltzmann transport equation (rt-BTE) simulations are also performed on the
same fine grid for both Q and q points. The squared exciton-phonon matrix elements and
exciton/phonon energies are interpolated consistently. Phonon populations are assumed
to follow the Bose-Einstein distribution. A Gaussian broadening of 5 meV is used for the
energy-conserving Dirac delta function δG. To initialize the simulation, the first bright
optical exciton is assigned an occupation number of 1, consistent with the dilute exciton
limit. The time evolution of the exciton distribution is simulated with a 10 fs time step
over 200 steps, allowing the system to relax toward thermal equilibrium. The resulting
time-resolved exciton occupations and thermalized exciton population distributions are
shown in Fig. 3.6 and Fig. 3.7.

We present the exciton energy landscape and state-resolved phonon-assisted radiative
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lifetimes at low temperature (5 K) for the lowest exciton band near the Q = (1
6 , 1

6 , 0) point
(in crystal units), based on direct calculations using an 18× 18× 4 Q-grid in reciprocal
space, as summarized in Table 3.1. Exciton energies are aligned to the experimental indirect
optical gap of 5.95 eV [116, 15] for computing optical properties. Multiple valleys are
identified in the vicinity of the Q point, with corresponding state-resolved lifetimes τ
symmetrized for energy-degenerate states.

Exciton Q Energy (eV) τQ (ns)

( 3
18 , 2

18 , 0) 5.950 217.8

( 2
18 , 3

18 , 0) 5.950 217.8

( 4
18 , 2

18 , 0) 5.953 602.9

( 2
18 , 4

18 , 0) 5.953 602.9

( 4
18 , 3

18 , 0) 5.954 312.6

( 3
18 , 4

18 , 0) 5.954 312.6

( 2
18 , 2

18 , 0) 5.977 183.4

( 3
18 , 3

18 , 0) 5.986 143.6

( 4
18 , 4

18 , 0) 6.004 139.4

Table 3.1: Exciton energy and state-resolved phonon-
assisted radiative lifetime of the lowest exciton band
around Q = (1

6 , 1
6 , 0) point. The exciton wave vector Q

is chosen to be in-plane.

Within the irreducible Brillouin zone, the lowest-energy exciton valley (denoted "valley
1") is located at Q1 = ( 3

18 , 2
18 , 0), with an energy of 5.950 eV and a radiative lifetime τQ1 =

217.8 ns. The next-lowest valley ("valley 2") appears at Q2 = ( 4
18 , 2

18 , 0), with an energy of
5.953 eV and a substantially longer lifetime of 602.9 ns. These values are consistent with
the two-valley model described in the main text: the fitted effective lifetime for valley 1
is τ1 = γ̃−1

1 ≈ 160 ns, and the fitted energy separation ∆E ≈ 2 meV agrees well with the
computed difference of 3 meV between Q1 and Q2. These results validate the two-valley
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Figure 3.6: Real-time exciton occupation dynamics of bulk hBN at room temperature. a)
Relaxation dynamics starting from the initial bright exciton at the Γ point. b) Relaxation
dynamics at the lowest energy valley Q = Q1 of the lowest band. The data points (red
dots) are obtained from real-time Boltzmann transport equation (rt-BTE) simulations. The
black dashed lines show exponential fits to the data, from which the relaxation time τfit is
extracted.

Figure 3.7: The calculated exciton occupation number (red dots) as a function of exciton
energy in the final step (2000 fs) of rt-BTE simulation. The phonon temperature (lattice
temperature) is set to room temperature (300 K). The fitted effective exciton temperature is
317.2 K using an exponential fit of Boltzmann distribution (black dashed line). The results
show that at the final step, the simulated exciton distribution approaches the steady-state
regime, with an effective exciton temperature close to the lattice temperature.
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model as a qualitatively description of the exciton band-edge properties and its impact on
the phonon-assisted radiative recombination process at low temperatures.

The associated exciton relaxation dynamics are illustrated in Fig. 3.6. The phonon
population is assumed to follow the Bose-Einstein distribution at room temperature. From
the time evolution of exciton occupations, we extract valley-specific relaxation times. The
fitted decay time for the initial bright exciton at Γ is τfit(Γ) ≈ 175 fs, while the relaxation time
at the lowest valley Q1 is τfit(Q1) ≈ 331 fs. The effective overall relaxation time between
these two states, is estimated as

τrelax =
[
τ−1(Q = Γ) + τ−1(Q1)

]−1
≈ 114 fs.

This estimate provides a direct quantification of the ultrafast exciton relaxation timescale
governed by exciton-phonon scattering.

The final exciton distribution after 2000 fs of evolution is shown in Fig. 3.7. A Boltzmann
fit of the steady-state distribution yields an effective exciton temperature of T eff

ex ≈ 317 K,
closely matching the lattice temperature of 300 K, indicating that the system has reached
thermal equilibrium.

3.9 Conclusion
In summary, we developed a comprehensive ab-initio framework for evaluating phonon-
assisted radiative processes and exciton dynamics in semiconductors, based on time-
dependent second-order perturbation theory and many-body perturbation theory, starting
with an effective exciton-photon-phonon Hamiltonian. By applying this formalism to a pro-
totypical indirect materials bulk hBN, we computed the phonon-assisted radiative lifetime
in a wide range of temperatures and found good agreement with the available experimental
data. The resulting temperature dependence of the radiative lifetime is non-monotonic at
low temperatures and monotonically decreases at higher temperatures above 150 K. This
trend contrasts with the conventional T3/2 increase observed for direct exciton radiative
lifetime [52, 18, 45]. We explain the non-monotonic behavior at low temperatures with a
simplified two-valley model, where a large difference in scattering rates between different
valleys plays a critical role. At higher temperatures, the decrease in radiative lifetime is
shown to be governed by the thermal occupation factors. To capture the out-of-equilibrium
dynamics of excitons, we derived and implemented a real-time quantum master equation in
the Lindblad formalism. In the semiclassical limit, this reduces to the Boltzmann transport
equation (BTE) with exciton-phonon scattering dynamics. Our simulations reveal ultrafast



64

relaxation of excitons into finite-momentum valleys with information of relaxation and
thermalization dynamics. This framework lays the groundwork for future extensions to
study exciton coherence, dephasing, and exciton spin dynamics in realistic materials.
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Chapter 4

Substrate Screening Approach for
Quasiparticle Energies

4.1 Introduction
Two-dimensional (2D) materials and their heterostructures have emerged as a platform for
exploring novel physical phenomena and enabling technological applications in diverse
areas such as opto-spintronics [123, 138], quantum information science [41, 111], and
biomedical engineering [119, 109]. Unique quantum effects including unconventional
superconductivity [14, 13] and topologically protected states [105, 3, 81, 80] which can
emerge through layer stacking and interface engineering in these systems. Experimentally,
2D materials are typically supported on substrates during growth via epitaxial techniques
or chemical vapor deposition (CVD) [65]. The presence of a substrate can significantly
modify the electrical and optical properties of the 2D layer by influencing its dielectric
environment. For instance, substrate screening can reduce the fundamental quasiparti-
cle gap [122, 114]. Therefore, accurate prediction of substrate-induced screening effects
is essential for interpreting experimental measurements and guiding materials design.
Although hybrid functionals such as HSE06 [50] perform well for bulk materials, they
become incompatible for low-dimensional systems with strongly inhomogeneous dielectric
screening. More sophisticated approaches, such as Koopmans-compliant [107, 63, 120] or
dielectric-dependent hybrid functionals [137], are necessary to describe 2D materials. In
such cases, the fraction of Fock exchange must be determined individually for each system,
depending on layer thickness and dimensionality [104].

Alternatively, many-body perturbation theory (MBPT) provides a parameter-free and
accurate description of both quasiparticle and excitonic properties [77, 44, 99]. Charged
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excitations and neutral excitations can be computed using the GW approximation [35,
124, 75] and the Bethe-Salpeter equation (BSE) [90, 125, 78, 89], respectively. However,
direct application of GW/BSE to full interface supercells is computationally expensive
and often impractical for exploring a wide range of substrate materials. To address this,
approximate methods have been developed to compute the quasiparticle properties of
interfaces by combining primitive-cell calculations of individual layers [112, 133, 114]. For
weakly bonded van der Waals (vdW) heterostructures, the dominant interfacial effect is the
modification of dielectric screening, rather than wavefunction hybridization [133]. Within
the GW framework, this can be described by approximating the dielectric matrix of the full
interface from the dielectric responses of its individual constituents [114, 112]. Despite their
success, these methods often involve uncontrolled approximations such as neglecting local-
field effects or off-diagonal components of the dielectric matrix [10, 84] which have not been
systematically evaluated. We examine the validity of such approximations by explicitly
testing their impact on both in-plane and out-of-plane dielectric components across a
range of systems. Furthermore, these methods are limited to commensurate interfaces,
where an integer relation between lattice constants must be satisfied (L ·N = L̃ · Ñ).
Artificially straining one or both layers to enforce lattice matching may distort the electronic
structure. To overcome this limitation, we introduce a reciprocal-space linear interpolation
scheme over the full q + G space that enables dielectric matrix construction for arbitrarily
mismatched interfaces without the need for supercell strain or commensurability. To
demonstrate the accuracy and versatility of our approach, we study hexagonal boron
nitride (hBN) interfaces. hBN is a wide-bandgap material with applications in deep-
UV optoelectronics [51] and quantum information, serving as a host for single-photon
emitters and spin qubits [126, 5]. Accurate treatment of substrate screening is crucial for
interpreting its optical and defect properties [1, 118], particularly since most measurements
are performed with hBN supported on substrates. In this work, we investigate hBN/SnS2

heterostructures and bilayer hBN with different stacking conformations as prototypical
examples.

This work was published as an Editors’ Suggestion in Guo et al., Phys. Rev. B 102, 205113
(2020) [39].

4.2 Methodology
In this section, we will discuss the different methods and concepts used in this paper, which
are summarized in the Table 4.1.
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Table 4.1: Overview of methodology in this work.

Methods Assumption

χeff-sum (Eq. 4.3) Coulomb interaction between layers

χGSC
eff -sum Uses interface eigenvalue

in χeff-sum

χFWF
eff -sum Uses interface eigenvalue

and wavefunctions in GW with χeff-sum

χ0-sum (Eq. 4.4) Coulomb interaction between layers,

equiv. to χeff-sum at RPA

χ-sum (Eq. 4.6) No interaction between layers

Approximations Definition

ϵ−1-diag Neglects χs off-diagonal elements

ϵ-diag Neglects χs0 off-diagonal elements

Interface structure Solution

Lattice match Direct summation

Special match q + G mapping

Arbitrary mismatch q + G bilinear interpolation

4.2.1 Methods for interface polarizability

The interactions among quasi-particles within the GW approximation is described by the
screened Coulomb potentialW = ϵ−1vC, where vC is the bare Coulomb interaction and ϵ
is the dielectric matrix. The inverse dielectric matrix is defined by ϵ−1 = 1+ vCχwithin the
random phase approximation (RPA) [44]. The reducible polarizability χ can be obtained
from the irreducible polarizability χ0 (also known as independent-particle polarizability)
through the equation χ = χ0 + χ0vCχ.

For the purpose of our discussion we first partition the total (“tot") vdW interface
systems into material (“m") and substrate (“s") subsystems [133]. Considering density
response of external field, we obtain:

δnm =χm(δVext + vCδn
s),

δns =χs(δVext + vCδn
m),

(4.1)

where δn is the density response, and the reducible polarizability χ is defined as the
density-density response function to an applied potential. If we consider the material
subsystem (“m") as the probe, the total external potential includes the external applied
potential (δVext) and the Coulomb potential from the charge response δns in the substrate
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Figure 4.1: Atomic structure of 2D interfaces a) hBN/SnS2, b) bilayer hBN with AB
stacking, c) bilayer hBN with AA′ stacking. The green balls denote boron atoms; the white
balls denote N atoms; the yellow balls denote sulfur atoms; the silver balls denote Sn atoms.

(vCδns). (We assume the material and substrate are connected only through interlayer
Coulomb interactions, with minimum wavefunction overlap between material and sub-
strates, i.e. interlayer hybridization.) Then we define an effective polarizability χeff as a
density response function of one subsystem to only the external applied potential (δVext),
i.e. χm/seff = δnm/s/δVext. More precisely, χm/seff can be given in terms of χm/s through Eq. 4.1:

χ
m/s
eff =

δnm/s

δVext

=(1− χm/svCχ
s/mvC)

−1(χm/s + χm/svCχ
s/m).

(4.2)

When subsystems have negligible interlayer wavefunction overlap (i.e. hybridization),
the total density response (δntot) can be written as δntot = δnm + δns and then the total
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polarizability χtot of entire interface systems is

χtot =
δntot

δVext
=
δnm

δVext
+
δns

δVext
= χmeff + χseff. (4.3)

In summary, this approach uses the reducible polarizabilty of each subsystem (χm/s)
where the Coulomb potential from the other subsystem is considered part of external
potential in Eq. 4.1, to construct the effective reducible polarizability χm/seff of each subsystem
where such potential is excluded from external potential in Eq. 4.2. Then we sum up χmeff
and χseff to obtain total reducible polarizability of interface systems χtot in Eq. 4.3, which
will be denoted as “χeff-sum”.

As we noted above, interlayer wavefunction overlap or hybridization effect is not taken
into account in the method described above. The hybridization effect can change the
eigenvalues and eigenfunctions at the DFT level which then change the Green’s function
(G) and dielectric matrix (in W) in the GW calculations. Therefore, for systems with strong
interlayer hybridization, we can add the hybridization effect step-by-step. We can add
corrections from ground state eigenvalues of interfaces to the χeff-sum methods, namely
“χGSCeff -sum" method, which partially take into account the effect of interlayer hybridization
on eigenvalues at the DFT level. Furthermore, we can also include interface ground state
wavefunction (“FWF") and eigenvalues as inputs for Green’s function (G), denoted as
“χFWFeff -sum" method. This method is close to GW calculations of an explicit interface except
with approximate dielectric matrix by Eq. 4.3.

From another perspective, if the interlayer hybridization or wavefunction overlap is
negligible (similar to the condition required above for δntot) [56, 132], the total irreducible
polarizability χtot0 of the interfaces can be expressed approximately as the sum of each
subsystem contribution [10, 114, 84, 62, 132, 56]

χtot
0 = χm

0 + χs
0, (4.4)

which we denote as “χ0-sum" method. To further understand the theoretical connection
between different methods, we rewrite Eq. 4.1 with χ0 through relation χ = χ0 + χ0vCχ as:

δnm =χm0 (δVext + vCδn
s + vCδn

m),

δns =χs0(δVext + vCδn
m + vCδn

s).
(4.5)

Here χ0 as the irreducible polarizability is the density response function to total field



70

δVtot, which includes the applied field and bare Coulomb potential of the total interface
system, namely δVtot ≡ δVext + vCδn

tot. Using the above condition δntot = δnm + δns

for the interface, summation of the two equations of subsystems in Eq. 4.5 results in
δntot = χtot

0 δVtot = (χm0 + χs0)δVtot, which gives Eq. 4.4. This indicate that the χeff-sum
method and χ0-sum method are equivalent under RPA. However, χeff-sum method and χ0-
sum method are not equivalent when the diagonal approximation is applied, i.e. neglecting
off-diagonal elements of χ in the former or χ0 in the latter, as we will discuss in the Sec.
II.B. Therefore we primarily used χeff-sum method in this paper.

If we further neglect the interlayer Coulomb interaction, this will set vCδnm/s to zero in
Eq. 4.1 and lead χeff → χ. This is at the non-interacting limit between two layers, where

χtot = χm + χs, (4.6)

and we name it as “χ-sum” method. In Sec. 4.3.1, we will compare the quasiparticle energies
of interfaces with the above approximated dielectric matrices with explicit interface GW
calculations.

4.2.2 Diagonal approximation of dielectric screening

For simple metals which may be treated as “jellium", the nearly translational invariance
justifies the dielectric matrix ϵmay be diagonal in reciprocal space [44]. However, semi-
conductors and insulators have strong in-homogeneity at interaction length scale requires
non-zero off-diagonal elements of ϵ [87, 44]. The effect from off-diagonal elements of
dielectric matrix ϵ is often referred to the “local field effect" [16, 87, 44].

While the effect of off-diagonal terms in intrinsic dielectric screening has been system-
atically studied [16, 87, 44], the off-diagonal terms’ effect from environmental dielectric
screening has not been studied in detail. Here we will investigate the off-diagonal effect of
environmental dielectric screening through two different approaches, i.e. by applying the
diagonal approximation of dielectric matrix ϵ (“ϵ-diag", which directly relates to diagonal
approximation of χ0) or inverse dielectric matrix ϵ−1 (“ϵ−1-diag", which directly relates to
diagonal approximation of χ and χeff).

The ϵ-diag approximation has been used for substrate dielectric screening in the past
work [10, 114, 84, 62] when applying the χ0-sum method, specifically, by removing the in-
plane off-diagonal components of substrate dielectric matrices. The ϵ−1-diag approximation
has not been employed before, but is more convenient in the χeff-sum approach. Since the
off-diagonal elements of χ0 will contribute to the diagonal elements of χ and ϵ−1 through
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the matrix inverse operation, this is a weaker approaximation than ϵ-diag. We will compare
these two approximations considering specific numerical examples in Sec. 4.3.2.

4.2.3 Reciprocal-space linear-interpolation approach

The construction of interface structure models is often complicated by the problem of lattice
matching between two subsystems. One of the main objectives of this work is to propose
a general approach that can be applied to subsystems with rather different periodicity
and crystal symmetry, and does not require the application of strain to force the lattice
matching at the interface.

In general, in order to directly sum the subsystem contributions to obtain the polar-
izability (and dielectric matrix) of the full interface, one needs an exact correspondence
of the q + G vectors between the material and the substrate. This requires finding two
integer numbers N and Ñ such that the lattice constants L (substrate) and L̃ (material)
satisfy the relation L ·N = L̃ · Ñ. If N and Ñ can be chosen to be reasonably small, calcula-
tions can be directly performed for supercells containing N and Ñ repetitions, although
this approach often requires the application of a small percentage of strain. However, if
the required N or Ñ are large, several methods have been proposed to make this type of
calculations practical [10, 114, 84, 62, 132, 56]. The central idea is to consider unit cells only
and to perform a one to one mapping between the reciprocal space q + G vectors of the
material and substrate [56] (see Figure 4.2(a)). This approach still requires the relation
L ·N = L̃ · Ñ to be satisfied (possibly by applying a small strain to modify L or L̃) but
avoids supercell calculations. We note that even if one applies the diagonal approximation
for χ0 or χ, the diagonal elements still contain both q and G vectors, which requires this
relation to be satisfied. While this is a clear numerical improvement, a large number of
q vectors in the first Brillouin zone might still be required. Indeed, one needs to sample
q and/or q̃ point meshes fine enough to ensure that the number of q points (Nq) satisfy
the relation L ·Nq = L̃ ·Nq̃ or equivalently Nq/Nq̃ = N/Ñ. Accordingly, this approach
becomes computationally demanding for large N and/or Ñ. A more serious issue is that
this mapping scheme is not possible for interfaces with two systems with very different
crystal symmetry, e.g. a hexagonal and a lattice.

In this work we propose a general method for arbitrarily lattice-mismatched interfaces
where it is not possible to map the q + G vectors between the two subsystems. This
approach applies a linear interpolation of the matrix elements on the substrate grid (q +G,
q ′ + G ′) to obtain their representation on the material grid (q̃ + G̃, q̃ ′ + G̃ ′), as shown in
Figure 4.2(b) and (c). We note that we need to interpolate q+G together between materials
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and substrates, which can completely remove the symmetry constrain. Interpolation of q
only as done in the past work [24, 48] will improve q-sampling convergence speed but does
not solve the periodicity or symmetry mismatch problem at interfaces. As this procedure
requires a sampling of the q vectors over the full first Brillouin zone (FBZ), whenever
necessary, the symmetry operators are used to reconstruct the grid in the FBZ from the
grid in the irreducible Brillouin zone (IBZ). Without loss of generality we choose the same
size for vacuum in the z-direction for both subsystems; in this way the same out-of-plane
reciprocal lattice Gz components are obtained. In order to simplify the implementation, we
neglect the in-plane off-diagonal elements of the substrate, i.e. we consider vCχsG,G′(q) ≈
vCχ

s
GG′(q)δGx,G′

x
δGy,G′

y
. As shown later for specific numerical examples (see Sec. 4.3.3),

this approximation works well in practice for mismatched 2D interfaces. For each set of
matrix elements at fixed {Gz,G′z}, the standard bilinear interpolation technique [79] is used
to obtain the corresponding in-plane matrix elements vCχGz,G′

z
(q̃x,y + G̃x,y) in the material

subspace, interpolated from vCχGz,G′
z
(qx,y + Gx,y) in the substrate subspace. As shown

in Figure 4.2(b), the value of the response function ϵ−1 − 1 = vCχ at each q̃ + G̃ point
(denoted by the black cross overlaying the blue dots) is obtained by interpolating the values
at the four nearest q + G points (denoted by the red cross overlaying the orange dots). We
note that the bilinear interpolation method can be applied only if all four nearest neighbours
exist within the boundaries of q + G space; otherwise the standard proximal interpolation
method is applied, which considers only the nearest point on the grid (most likely at the
boundary), as shown in Figure 4.2(c). However, the values close to the boundary of q + G
space are very close to zero as shown in Figure 4.3(a).The bilinear interpolation method is
fully general regardless of crystal symmetry, which can be applied to arbitrary interfaces.

By applying the interpolation method, we can obtain substrate vCχ matrix elements
at the material’s q̃ + G̃ grids, without any artificial strain [56, 114, 132]. As shown in
Figure 4.3(a), the orange points are the vCχGz,G′

z
(qx,y + Gx,y) values computed at the

substrate momentum space with full BZ, then we interpolate them to the blue points on the
grids of material momentum space vCχGz,G′

z
(q̃x,y + G̃x,y) (only elements in IBZ are shown

here). The blue points fall smoothly on the surface of orange points which show a good
interpolation quality. A zoomed-in picture is also shown in Figure 4.3(b). To show the
generality of our method, we applied this interpolation method for hBN/phosphorene(BP)
interface, where BP has a rectangle lattice, sharply different from the hexgonal lattice hBN
has. We show again with our interpolation method, one can obtain the matrix elements of
substrates at the material q̃ + G̃ grids. Then we can compute the quasiparticle energies of
this interface, at two systems’ natural lattice constants, with the χeff-sum method.
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Figure 4.2: Schematic diagram of a) mapping between computed data points of substrate
(orange dots) and computed data points of material (blue dots), where the reciprocal
space q + G grid from the substrate and q̃ + G̃ grid from the material are overlapping; b)
bilinear interpolation of the black cross point at P (from q̃ + G̃ grid) from the four nearest
data points A,B,C,D (red cross) when P is inside the boundary of the q + G grid (orange
dots); c) proximal interpolation with the only nearest one point A when the interpolation
point is P at the boundary.
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Figure 4.3: 3D plot of in-plane diagonal elements of function ϵ−1 − 1 of SnS2 substrate,
with G vector subset (Gz,G′z) = (0, 0) in a) full reciprocal space; b) a zoomed-in portion
of a) that contains the irreducible Brillouin zone of the interpolated points (blue) in hBN
q̃ + G̃ subspace. The qi +Gi, i = x,y are in-plane reciprocal space Cartesian coordinate in
atomic unit (Bohr−1). The orange points are directly computed data points (“DIR CALC")
in SnS2 substrate q+G subspace, while the blue points are interpolated points (“INTERP")
to (hBN) material q̃ + G̃ subspace. Note that the orange points used for interpolating blue
points in b) are beyond the first Brillouin zone of the substrate q + G subspace. The single
point at zero is the head element of ϵ−1 − 1, which is exactly zero for both material and
substrate.
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4.3 Results and discussions

4.3.1 Numerical comparison of different methods for substrate
screening

After presenting in Sec. 4.2 with different approaches to approximate the total dielectric
screening of an interface between two weakly interacting subsystems, in this section we
discuss their accuracy in practical GW calculations. Results for explicit interfaces will be
used as a reference. Specifically, we computed the GW quasiparticle bandgaps of three
interfaces: hBN/SnS2, 2L-AB stacking hBN with two layers’ atoms misaligned, and 2L-AA′

stacking hBN interface with two layers’ atoms aligned (the corresponding atomic structures
are shown in Figure 4.1). In order to keep the comparison of different methodologies as
simple as possible, the calculations in this section are performed with fully commensurate
interfaces, for both explicit and approximate interface calculations, as the results shown in
Figure 4.4.

From the explicit interface results in Figure 4.4 we see that the direct band gap of
hBN at the hBN/SnS2 interface (black cross in the third column) is reduced by 0.8 eV
compared with the isolated ML hBN (dashed line). This value is about four times of
the band gap reduction for the bilayer hBN with respect to the isolated ML hBN (black
cross in the first and second columns). This is because ML SnS2 has a much stronger
dielectric screening ( ϵ∞ ≈ 17) and a smaller electronic band gap (≈ 2 eV) compared
to ML hBN, which has ϵ∞ ≈ 5 and an electronic band gap of ≈ 7 eV. This indicates
the positive correlation between electronic band gap reduction and substrate dielectric
screening, similar to previous discussions [21, 67, 47].

Secondly, we find that the effective polarizability approach results (“χeff-sum" method,
blue circle) are consistently in good agreement with the ones from explicit interface GW
calculations (“Direct", black cross), i.e. within 0.2 eV. We improve the agreement by 50
meV with additional corrections from ground state eigenvalues of interfaces (“χGSCeff -sum"
method, red triangle), which partially take into account the effect of interlayer couplings
on eigenvalues at the DFT level. Moreover, by using interface ground state wavefunctions
and eigenvalues (“FWF") as inputs for Green’s function calculations, the results of the
effective polarizability approximation (“χFWFeff -sum" method, green square) are further
improved, i.e. with only 10 meV difference from the explicit interface GW calculations.
While a similar approach was used in Ref. 132, the χFWFeff -sum method has a computational
cost similar to that of the full interface GW calculation (although the evaluation of the
dielectric matrix is more efficient) and is much more demanding than the other methods
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Figure 4.4: hBN direct band gap at K from several interfaces with different approximations
of substrate screening, compared with explicit interface calculations. The black dashed line
is the direct band gap atK of free-standing ML hBN. For each symbol in the figure, “DIR HS"
with black cross denotes direct GW calculation of explicit heterostructure; “χeff-sum" with
blue circle denotes sum of effective polarizability approach by Eq. 4.3 with ground state
inputs from free-standing ML hBN; “χGSCeff -sum" method with red down triangle denotes
“χeff-sum" method with additional eigenvalue corrections from ground state interface
eigenvalues (“GSC"); “χFWFeff -sum" with magenta up triangle denotes “χeff-sum" method
with both ground state eigenvalues and wavefunctions from interfaces; “χ-sum" denotes
non-interacting “χ-sum" method by Eq. 4.6.

in Figure 4.4 and Table 4.1. Therefore χeff-sum and χGSCeff -sum provide the best compromise
between accuracy and computational cost. We note that for explicit hBN/SnS2 interface,
we had to apply 1.5% strain to obtain commensurate supercells which may explain why
this interface has slightly larger difference between χeff-sum and explicit calculation than
bilayer hBN.

In sharp contrast to the methods discussed above, the non-interacting interlayer method
based on Eq. 4.6 (“χ-sum" method, black diamond) gives results far from the explicit
interface reference (e.g. with an error of about 0.6 eV). This indicates that the interlayer
Coulomb interaction plays a dominant role in the electronic bandgap reduction by substrate
screening.

4.3.2 Diagonal approximation of substrate dielectric screening

In this section we will compare different diagonal approximations for the screening consid-
ering different numerical examples. With “in-plane ϵ−1-diag” we will denote an approx-
imation that discards the in-plane off-diagonal elements of reducible polarizability χ in
reciprocal space, i.e. χGG′(q,ω)δGx,G′

x
δGy,G′

y
. Similarly, “out-of-plane ϵ−1-diag" will denote
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Figure 4.5: GW results for hBN direct band gap at K using “χeff-sum" or equivalently “χ0-
sum" method to examine the effect of diagonal approximations.“Full matrix" in black cross
denotes full dielectric matrices without any diagonal approximation as reference; “in-plane
ϵ−1-diag" in red down triangle denotes diagonal approximation to in-plane elements of
ϵ−1; “out-of-plane ϵ−1-diag" in dark blue right triangle denotes diagonal approximation to
out-of-plane elements for ϵ−1; “in-plane ϵ-diag" in magenta up triangle denotes diagonal
approximation to in-plane elements of ϵ; “out-of-plane ϵ-diag" in light blue left triangle
denotes diagonal approximation to out-of-plane elements of ϵ.

an approach that does not include the out-of-plane off-diagonal elements of polarizability
in reciprocal space, i.e. χGG′(q,ω)δGz,G′

z
. Analogous definitions will be used for ϵ-diag.

The GW quasiparticle gaps with different diagonal approximations for the hBN bilayer in
two different confomations (AA′/ AB) and the hBN/SnS2 interface are shown in Figure 4.5.
We find that for both the ϵ−1 and ϵ diagonal approximations, neglecting out-of-plane
off-diagonal elements of the substrate (“out-of-plane ϵ−1-diag" and “out-of-plane ϵ-diag",
dennoted by dark blue right triangle and light blue left triangle, respectively) causes a
large discrepancy of the bandgaps (i.e. from 0.2 to 0.8 eV) with respect to the “exact” result
obtained from the full screening matrix (“Full matrix", black cross). In contrast, the results
obtained by neglecting in-plane off diagonal elements (in-plane ϵ−1/ in-plane ϵ-diag, red
down triangle/ magenta up triangle) are similar to those with the full screening matrix with
deviations within 50 meV. This means the inhomogeneity effect of out-of-plane substrate
screening on quasiparticle energies is much stronger than the one of in-plane substrate
screening, because the out-of-plane direction is along the non-periodic (vacuum) direction
with dramatically inhomogeneous charge distribution, compared to the in-plane periodic
direction.

Besides the overall difference of diagonal approximation along different directions, we
also distinguish the difference between ϵ−1-diag and ϵ-diag approach in each case. 1)
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Along the in-plane direction, the difference between different approaches is negligible, i.e.
less than 10 meV. 2) Along the out-of-plane direction, the out-of-plane ϵ−1-diag results
(dark blue right triangle) are much closer to the full dielectric matrix results (black cross)
than the out-of-plane ϵ-diag results (light blue left triangle) in Figure 4.5. This is consistent
with our earlier speculation that the ϵ−1-diag may be a better (weaker) approximation,
because the off-diagonal elements of irreducible polarizability χ0 contribute to χ or ϵ−1

during its matrix inversion, which is completely missing in the ϵ-diag approximation.
Moreover, the in-plane inhomogeneity is relatively larger when there is stronger in-

terlayer coupling with atoms aligned perfectly for chemical bonding. For example, the
in-plane inhomogeneity of bilayer hBN with atoms aligned (e.g. 2L AA′ hBN in Figure 4.1
(b); both in-plane ϵ−1-diag (red down triangle) and in-plane ϵ-diag (magenta up trian-
gle) results have 40 meV difference from the “Full matrix" results in the first column of
Figure 4.5), is larger than the interfaces with atoms misaligned (e.g. 2L AB hBN and
hBN/SnS2 hectorstructure in Figure 4.1 (a) and (c); both in-plane ϵ−1-diag and in-plane
ϵ-diag results have no difference from “Full matrix" results in the second and third columns
of Figure 4.5).

4.3.3 Lattice mismatched hBN/SnS2 interface

In order to benchmark the reciprocal-space linear-interpolation method introduced in
Sec. 4.2.3 and Table 4.1, we consider the hBN/SnS2 interface. A strain of 1.5% was applied to
SnS2 to match the hBN lattice constant with a 2:3 ratio in each direction of the plane (namely
2LSnS2 = 3LhBN). By using a commensurate q-point sampling for the two subsystems with
a 2:3 ratio, a mapping of the q + G vectors is possible and traditional methods for the
substrate effect can be applied to produce a reference results for our new interpolation
method (which, instead, will be used with an incommensurate q-point sampling). We
computed the GW band edges near the high symmetry pointK of hBN on the SnS2 substrate
with the χeff-sum method at different k-point samplings, as shown in Figure 4.6. The mesh
for q-point sampling was chosen to be identical to the k-point sampling. Specifically, the
reference calculations were performed with the hBN unit cell calculation with 20× 20× 1
and 30× 30× 1 k-point sampling for the units cells of SnS2 and hBN, respectively (this
choice satisfies the 2:3 ratio for each inplane direction). The reference result obtained from
the q + G mapping is shown in Figure 4.6 (blue curve labelled by “Nk 20 mapping"). To
apply our interpolation technique, it is not necessary to use commensurate grids and we
compare instead the results for two different choices of the q-point sampling for SnS2.
Specifically, in Figure 4.6 we show the results for the 22× 22× 1 (red dashed line, “Nk
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Figure 4.6: GW band structure of hBN at hBN/ stretched SnS2 interface, referenced to va-
lence band maximum (VBM) by using “χeff-sum" method. The blue solid line is computed
with commensurate q-point sampling with the reciprocal space mapping approach, while
the red/black dash line results are computed with incommensurate q-point sampling with
the reciprocal-space linear-interpolation approach. a) shows both valence and conduction
band edges; b) shows only the conduction band edge close to K.

22 interp.") and 24× 24× 1 (black dashed line, “Nk 24 interp.") q-point grids, which do
not allow for a mapping of the reciprocal space vectors and would be impossible to treat
without our interpolation method. The results in Figure 4.6(a) show that the GW band
structure with interpolation (red and black dashed lines) is nearly identical to the one
based on the mapping (blue solid line), with differences smaller than 1 meV (as can be seen
by zooming-in the conduction band edge in Figure 4.6(b)). This comparison demonstrates
the excellent numerical accuracy of our linear interpolation method, which could have also
been expected from the high quality of the interpolation in Figure 4.3.

Finally, we use our new interpolation method to better understand the effect of the
strain on quasiparticle energies. In Figure 4.7, the blue curve corresponds to the the hBN
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Figure 4.7: GW band structures of hBN with stretched SnS2 substrate (“hBN/stretched
SnS2", red dash-dotted line), hBN with SnS2 substrate with no strain (“hBN/SnS2", blue
solid line), compressed hBN with SnS2 substrate (“compressed hBN/SnS2", black dashed
line), respectively.

bandstructure on the SnS2 substrate without strain for either system as obtained from the
interpolation scheme described above. These results are compared with those obtained
for the interface by applying strain either to compress the hBN lattice parameter or to
stretch SnS2. We found that even a 1.5% compressive strain for hBN (black dashed line),
the conduction band edge changes by 0.2 eV. Since we are focusing on the band structure
of hBN states, the application of the strain to the SnS2 substrate leads to negligible changes
(red dash-dotted line). This result highlights the high sensitivity of quasiparticle band
structures to strain.

We note that for a proof of principle and benchmark purpose, we chose systems with
similar crystal symmetry, i.e. hexagonal lattice, in this work. However, our interpola-
tion method can be applied to general interfaces with very different crystal symmetry,
e.g. interface between hexagonal and rectangle lattices, as the example of hBN/phos-
phorene interface. This is not possible by using the previous q + G mapping approach.
Our reciprocal-space linear-interpolation method makes possible the GW calculations of
interfaces composed by two materials with very different lattice parameters and symmetry,
at the cost of primitive cell calculations only.
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4.4 Computational details

4.4.1 Computational workflow

The workflow of GW calculations for the interface is structured as follows. We first compute
the reducible polarizabilities (χ) for each subsystem separately and then we use them
to obtain the effective polarizabilities (χm/seff ) using Eq. 4.2. In case of lattice mismatch
between the two subsystems, the matrix elements of the polarizability χ of the substrates
are obtained on the same reciprocal space grid of the material (ML hBN in the practical
applications of this work) by using the linear interpolation method described above. Next
we sum them to obtain χtot (i.e. the χeff-sum method).

Finally, in order to include the screening effect of the substrate on the material, the
GW calculations are performed for the standalone hBN ML with the χtot obtained in the
previous step. As we will discuss later, one can achieve further improvement for interfaces
with strong hybridization by including corrections from ground state eigenvalues and
wavefunctions of explicit interfaces.

4.4.2 Numerical parameters

In this work, we mainly focus on the quasiparticle energies of monolayer hBN/substrate
interfaces as prototypical systems (where as substrates we will consider monolayer hBN
itself and monolayer SnS2). Density functional theory (DFT) ground state calculations
based on the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional [74] have
been performed using the open source plane-wave code Quantum ESPRESSO [30] with
Optimized Norm-Conserving Vanderbilt (ONCV) pseudopotentials [40] and a 80 Ry wave
function cutoff. From structural relaxation we obtained lattice constants of 2.51 (Å) and
3.70 (Å) for the free-standing monolayer (ML) hBN and SnS2, respectively.

GW calculations with the Godby-Needs plasmon-pole approximation [33, 69] (PPA)
were then performed using the Yambo [59] code. We chose PPA as a showcase for lower
computational cost, but we can apply the same χeff-sum and reciprocal-space interpolation
method with full frequency integration as well without technical difficulty, with more
computational cost. Importantly, to the best of our knowledge, only PPA models or static
COHSEX approximation were used in past calculations for the dielectric screening of
substrates [133, 114, 10, 84, 132, 56, 62] and the obtained results were reasonably accurate.
We used the same plasmon frequency for all calculations ωp=27.2 eV and found little
variation of the results (i.e. within 20 meV, withωp from 24.5 to 30 eV).

The distance between the nearest periodic repetitions along the vacuum direction was
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set to be 20 Å. In order to speed up convergence with respect to vacuum sizes, a 2D Coulomb
truncation technique was applied to dielectric matrices and GW self-energies [96]. For
bilayer hBN systems, we set the interlayer distance to the bulk value of 3.33(Å) for both of
the two different stacking configurations considered here (AA′ and AB). The hBN/SnS2

interlayer distance was set to 3.31 (Å) as obtained from structural relaxation with vdW-
corrected functionals [36, 6].

For each free-standing monolayer (“ML") unit cell, the GW self-energy cutoff is set to
15 Ry. The number of bands is set to 1000 (1500) for hBN (SnS2) unit cell calculations. The
exchange self-energy cutoff is set to 40 Ry. We use a 30× 30× 1 (20× 20× 1) k-points
sampling for ML-hBN (ML-SnS2) unit cell calculations, unless specified.

GW calculations for the full explicit heterointerfaces have also been performed to obtain
“exact” reference results to benchmark the different methods for the substrate screening
effects (see Sec. 4.3.1). The computational parameters for the full interface are set to keep
consistency between supercells and unit cell calculations.

4.4.3 Example of Reciprocal-space Linear interpolation method for
arbitrarily mismatched interface

As we mentioned in the main text, our q + G linear interpolation method works for ar-
bitrarily mismatched interfaces. For example, hBN has a hexagonal Brillouin zone while
phosphorene(BP) has a rectangle Brillouin zone, making it difficult to construct commen-
surate interfaces without large artificial strain. However, since q + G interpolation does
not require specific symmetry or periodicity between two systems at interfaces, we can
still apply this method to this interface and compute their quasiparticle energies at GW
approximation without any strain. For the test purpose, we use 36× 36× 1 q point sampling
for hBN and 15× 12× 1 q point sampling for BP. The interlayer distance was set to 3.42 Å
same as Ref. 9.

As shown in Figure 4.8 (a), we can see the different Brillouin zone (BZ) symmetry
between hBN and BP, where the hBN irreducible Brillouin zone is triangle while the BP
irreducible Brillouin zone is rectangle. Typically, constructing interface supercell with
different symmetry requires relatively large artificial strain and large supercell sizes, which
make GW calculations difficult and inaccurate. Since our interpolation method can be
applied to general interfaces independent on the symmetry of two systems, we applied
it to obtain the dielectric matrix of substrate BP at material hBN reciprocal space grids
as shown in Figure 4.8 (a) in irreducible BZ and (b) full BZ. The dimension of the q + G
mesh is determined by the plane-wave cutoff of dielectric matrix. Although in (a) the
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Figure 4.8: 3D plot of in-plane diagonal elements of ϵ−1 − 1 of BP substrate, with G vector
subset (Gz,G′z) = (0, 0) in a) q points sampling in irreducible Brillouin zone; b) q points
sampling in full Brillouin zone. The qi+Gi, i = x,y are in-plane reciprocal space Cartesian
coordinate in atomic unit (Bohr−1). The orange points are directly computed data points
(“DIR CALC") in BP substrate q + G subspace, while the blue points are interpolated
points (“INTERP") to (hBN) material q̃ + G̃ subspace. Note that the orange points used
for interpolating blue points in b) are beyond the first Brillouin zone of the substrate q + G
subspace.

interpolated points (blue) barely overlap with the direct calculated points (orange) due to
their disparate symmetry, after extending the orange points to the full BZ by symmetry
operations, the interpolated points fall exactly on the surface of the calculated points in
Figure 4.8 (b). This validates our accurate interpolation method from substrate BP q + G
grids to material hBN q̃ + G̃ grids. Following the same steps as proposed in main text by
using χeff-sum method for substrate dielectric screening, we predict the direct band gap of
hBN reduce by 0.90 eV due to substrate screening effects from BP.

4.4.4 Computational Details for GW Calculations of Explicit Interfaces

As we discussed in the main text, we used explicit interfaces’ GW calculations as references
to benchmark our methods for substrate dielectric screening, which only require unit cell
calculations. For the hBN/SnS2 interface, we used a (3× 3) hBN/(2× 2) SnS2 supercell,
by straining SnS2 by 1.5% for the interface lattice matching. As we discussed in Section
IV.C of the main text, we do not need to apply strain at this interface if we apply our
reciprocal-space linear-interpolation method.

Figure 4.9 shows convergence tests of GW quasi-particle band edges and band gaps of
the hBN/SnS2 interface with respect to number of bands and cutoff energy for dielectric
matrices and GW self-energy. Note that the conduction band minimum (CBM) and the
valence band maximum (VBM) of the interface are from SnS2 and hBN, respectively.
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Figure 4.9: The convergence of energy cutoff and number of bands for GW self-energies
and dielectric matrices, for a) VBM at (3×3)hBN/(2×2)SnS2 interfaces, referenced to the
VBM at the ground state; b) CBM at the interface; c) the band gap at the interface.

Figure 4.10: Charge density distribution with an isosurface value of 1.7× 10−3 e/Bohr3

of a) VBM at hBN/SnS2 interface b) CBM at hBN/SnS2 interface c) CBM belongs to hBN
subsystem at hBN/SnS2 interface.

Their corresponding electronic wavefunctions are shown in Figure 4.10a and Figure 4.10b.
However, in order to compare with the substrate screening methods where we focus on
the change of hBN band gaps due to substrates, we identify the CBM at K of hBN at the
interface (its electronic wavefunction is shown in Figure 4.10c) and use the direct band
gap at K of hBN at the interface as a reference.

When testing the convergence of energy cutoff and band number in GW calculations,
we choose relative coarse k-point grids, since their convergence is uncorrelated with k-
point convergence [27]. We tested 5 to 25 Ry energy cutoff for the interface band edge
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convergence. For each energy cutoff, we tested 200 to 8000 bands included in the GW
self-energy for the interface calculations.

Based on the convergence of interface band edge in Figure 4.9a and b and direct band
gap in Figure 4.9c, we choose 15 Ry energy cutoff and 6000 bands (≈ 200 eV above the
CBM) as converged parameters.

Figure 4.11: GW k-point convergence of direct band gap of hBN at monolayer and
interface with SnS2. “ML" with the black triangle denotes the direct band gap of free-
standing ML hBN at K. “DIR HS" with red cross denotes direct GW calculations of
explicit (3×3)hBN/(2×2)SnS2 interfaces. The dashed line represents the fitting with
Eg = A/N

2
k +B, where Nk is number of k points. The fitted value of B has less than 0.1 eV

difference from the computed results at 7×7.

Finally, using the converged energy cutoff and bands above, we further test the con-
vergence of k-point samplings for a) free-standing ML hBN direct gap (“ML") and b)
direct gap of hBN at hBN/SnS2 interface in Figure 4.11. At fixed bands and cutoff, we per-
formed k-point convergence tests from 4× 4 to 7× 7 for (3× 3)hBN/(2× 2)SnS2 interface
supercell in Figure 4.11. The q-point samplings are set to be identical to k-point samplings.
Compared with fitted curve [124] marked as gray dashed line, the result obtained at 7× 7
for 3× 3 hBN supercell or (3× 3)hBN/(2× 2)SnS2 interface is within 0.1 eV difference
from the extrapolated results from fitting. And the band gap of hBN by 30× 30 k-point
sampling for the unit cell is only 10 meV difference from 7× 7 for 3× 3 supercell.Therefore
we choose the 7× 7 k-point for the 3× 3 hBN supercell (i.e. 21× 21 for hBN unit cells) as
the converged parameter for the interfaces. The error bar for the monolayer calculation is
around 10 meV but for the interface, it is within 0.1 eV.

Note that we applied 2D Coulomb truncation [96] along the vacuum direction to avoid
spurious periodic interactions and speed up the vacuum convergence. In order to keep
consistency between free-standing monolayer (“ML") and direct heterostructure (“DIR
HS") interface calculations, we set the GW energy cutoff to be the same as interface i.e.



86

15Ry. The bands included in the ML calculations are set to a similar energy range (about
200 eV above the CBM), consistent with the DIR HS calculations above.

4.5 Conclusion
In this work, we theoretically and numerically examined the existing methods to approx-
imate substrate dielectric screening effect on quasiparticle energies, through hBN het-
erostructures as prototypical examples. We clarified the theoretical equivalence between
the sum of effective reducible polarizability approach (χeff-sum) and sum of irreducible
polarizability of interface systems (χ0-sum), at the RPA level. We numerically compared the
GW calculations of 2D interfaces with several approximations, and found excellent agree-
ments between χeff-sum and the explicit interface calculations. Further improvement can
be achieved by including the ground state corrections of eigenvalues (and wavefunctions)
from explicit interfaces. We further evaluated the importance of non-diagonal elements
of ϵ and ϵ−1 from substrates on quasiparticle energies of 2D interface. Most importantly,
we developed an accurate reciprocal-space linear-interpolation technique for arbitrarily
lattice-mismatched interfaces, which can be used to compute the interface polarizability
for GW quasiparticle energies without any artificial strain, at the cost of only primitive cell
calculations.
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Chapter 5

Substrate Effect on Excitonic Shift and
Radiative Lifetime

5.1 Introduction
Due to reduced dimensionality, two-dimensional (2D) materials and their heterostructures
have shown emerging optical properties, such as strong light-matter interaction and giant
excitonic binding energy [20], distinct from the three-dimensional counterparts. Promising
applications have been demonstrated in many areas, such as opto-spintronic devices [123,
138] and quantum information technologies [41, 111]. Experimentally, growth of 2D
materials, achieved through physical epitaxy or chemical vapor deposition (CVD), is
typically supported on a substrate [65]. Similarly, the optical measurements, such as
photoluminescence and absorption spectra, are often performed on top of substrates or
sandwiched by supporting substrates. In general, the optoelectronic properties of 2D
materials can be strongly modified by environmental dielectric screening. For example,
their fundamental electronic gap and exciton binding energy can be significantly reduced
at presence of substrates when forming heterostructures [122, 114].

An interesting experimental observation is that in the presence of environmental dielec-
tric screening (including increasing the number of layers of 2D materials), the 2s (second)
exciton peaks shift strongly, but the 1s (first) exciton peaks stay relatively unchanged
[20, 114, 117, 86]. Yet, the physical origin of such non-rigid shift of excitonic peaks due to
substrate screening has not been revealed and requires careful investigation. Its quanti-
tative prediction is also crucial for correct interpretation and utilization of experimental
measurement data. For example, the energy difference between 1s and 2s absorption peaks
∆12 in the presence of different substrate screening has been used to estimate electronic
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band gaps in optical measurements [86, 117], although its underlying assumption still
requires careful justification.

Physically, the exciton peak shift due to substrate screening is determined by changes
both from the electronic gap and exciton binding energy, which compete with each other.
Therefore, theoretical methods such as many-body perturbation theory (MBPT, GW ap-
proximation and solving Bethe-Salpeter equation (BSE)) including electron correlation
and electron-hole interactions are necessary to accurately describe both electronic gaps and
exciton binding energies [77]. In order to study the effect of various substrates at such level
of theory, our recent development on substrate dielectric screening from MBPT [39] will
make these calculations computationally tractable. There we developed a reciprocal linear-
interpolation method, which interpolates the dielectric matrix elements from substrates to
materials at the entire q⃗+ G⃗ space, thus completely removes the constraint on symmetry
and lattice parameters of two interface systems. In this work we will further apply this
method to study the substrate effects on excitonic excitation energies and radiative lifetime.

Previous theoretical studies described the exciton energy spectrum of free-standing
2D materials with relative simple models, e.g. 2D Wannier exciton Rydberg series [67]
or linear scaling between exciton binding energy and electronic band gap [22, 47]. The
environmental screening induced exciton peak shifts have been discussed with semi-infinite
dielectric models [21]. The applicability of these models to explain the excitonic physics
of 2D heterostructures or multilayer systems is unclear and requires examination. On the
other hand, past first-principle work mostly focused on the substrate effects on first exciton
peak position (optical gap) and electronic band gaps [114]. The question of the origin
of nonrigid shift of excitonic peaks due to substrate screening and whether there is any
universal scaling relation have not been answered to our best knowledge. Furthermore, how
the substrates affect exciton radiative lifetime, a critical parameter determining quantum
efficiency in optoelectronic applications, has rarely been studied before. Understanding
how radiative lifetime changes in the presence of substrate screening will provide important
insights to experimental design of optimal 2D interfaces.

This work was published in the Emerging Leaders issue of J. Phys.: Condens. Matter as
Guo et al., J. Phys.: Condens. Matter 33, 234001 (2021) [38].
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Figure 5.1: Absorption spectra obtained by solving BSE (with e-h interaction) for mono-
layer hBN interfacing with various substrates. The curves from the bottom to the top are
for 1) free-standing hBN (hBN/Vac) 2) hBN/hBN 3) hBN/SnS2 4) hBN/Graphene(Gr) 5)
hBN/SnSe2 heterostructures. Curves are vertically displaced for clarity.

5.2 Results and discussions

5.2.1 Substrate screening effect on optical excitation energy of hBN

Hexagonal boron nitride (hBN) has drawn significant attentions recently due to its po-
tentials as host materials for single photon emitters [61, 111] and spin qubits [34, 113] for
quantum information science applications. Rapid progress has been made both experi-
mentally and theoretically [127, 104, 124, 103, 97]. The related optical measurements are
often performed on top of substrates, whose effects have not been carefully examined. We
use hBN as a prototypical example to examine how optical excitation energies are changed
in the presence of substrates. We obtain the optical excitation energies and absorption
spectra by solving the BSE (with electron-hole) and Random Phase approximation (RPA)
calculations (without electron-hole interactions), with GW quasiparticle energies as input.

Figure 5.1 shows the BSE calculations of monolayer hBN with various substrates, includ-
ing SnSe2, graphene, SnS2, hBN as well as without substrate (interfacing with vacuum).
The 1s absorption peak shifted little referenced to the free-standing hBN (black curve)
i.e. < 0.2 eV but the 2s absorption peak shifts nearly twice compared to the first peak.
This trend obtained from our BSE calculations is fully consistent with the experimental
observations mentioned in the introduction [20].

In contrast, Figure 5.2 shows the RPA spectra of hBN with various substrates using
GW quasiparticle energies exhibit a nearly-rigid shift to a lower energy (compared to
free-standing hBN). The red shift is mainly due to the reduction of electronic band gap in
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Figure 5.2: Absorption spectra at RPA with GW quasiparticle energies (without e-h
interaction). The curves from the bottom to the top are for 1) free-standing hBN (hBN/Vac)
2) hBN/hBN 3) hBN/SnS2 4) hBN/Graphene(Gr) 5) hBN/SnSe2 heterostructures. Curves
are vertically displaced for clarity.

the presence of substrate screening. This rigid shift may be qualitatively explained by the
independence of k-point for electronic band structure under Born approximation [21, 117],
which has been reported for 2D semiconductors (e.g. WS2) [117].

In general, we find the reduction of quasiparticle band gaps due to substrates increases
with stronger substrate dielectric screening. However, a simple dielectric constant picture
is insufficient to describe low dimensional systems. Specifically, we show the in-plane
diagonal elements of dielectric matrices in Figure 5.3. For example, comparing with the
SnSe2 substrate (purple dots), the graphene substrate (green dots) has a stronger dielectric
screening at a small momentum transfer region close to zero, and a weaker dielectric
screening at a larger momentum transfer region. As a result, the reduction of band gap
with the SnSe2 substrate is larger than the one with the graphene substrate although
graphene is closer to a metallic system at the Dirac cone than SnSe2. Therefore, fully first
principle calculations are required to get reliable prediction of screening effects by various
substrates.

5.2.2 1s and 2s exciton binding energy change with substrate screening

The difference between BSE excitation energies (ES) and electronic band gaps Eg defines
exciton binding energy Eb for excitonic state S:

Eb(S) = Eg − ES. (5.1)
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Figure 5.3: The in-plane diagonal elements of RPA dielectric matrix ϵG||,G||
(q||)-1 as a func-

tion of absolute values of in-plane momentum transfer q|| + G|| for different hBN/substrate
interfaces.

We found the proportionality between 1s and 2s exciton binding energies across different
substrates falls into a linear relation (i.e. with a slope of 0.73 for Eb(2s)/Eb(1s)), as shown
in Figure 5.4.

To understand the physical meaning of this linear scaling obtained by solving BSE, we
compare our results with the previous 2D hydrogen model of excitons [20, 67], which has
been used to interpret the exciton energies of free-standing 2D materials. Here we will
test the applicability of this model for substrate screening effect on 2D excitons. In this
model, we express the 2D dielectric function ϵ(q) as ϵ(q) = 1 + 2παq, where α is the 2D
polarizability. The exciton binding energies of nth 2D Rydberg-like excitonic state [135]
(EModel
b (n)) can be expressed as:

EModel
b (n) =

µ

2(n− 1
2)

2ϵ2
n

, (5.2)

where µ is the exciton reduced mass and ϵn is the effective dielectric constant for nth
excitonic state, defined as [67]:

ϵn =
1
2(1 +

√
1 +

32παµ
9n(n− 1) + 3). (5.3)

Further simplification [67, 47] of Eq. 5.2 with Eq. 5.3 gives 2D exciton binding energy EModel
b

independent of exciton reduced mass µ as follows:
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Figure 5.4: Linear scaling between exciton binding energy of 1s state Eb(1s) and 2s state
Eb(2s). The blue triangles are first-principles results by solving BSE. The dashed black line
is the linear fit to the blue triangles. The red line is computed from the 2D hydrogen model
for exciton binding energies [67] based on Eq. 5.4. The blue triangle points from right to
left are 1) free-standing hBN (hBN/Vac) 2) hBN/hBN 3) hBN/SnS2 4) hBN/Graphene(Gr)
5) hBN/SnSe2 heterostructures.

EModel
b (n) ≈ 9n(n− 1) + 3

16π(n− 1
2)

2 ·
1
α

. (5.4)

From Eq. 5.4, we have EModel
b (1s) ≈ 3/(4πα) and EModel

b (2s) ≈ 7/(12πα). The ratio
between Eb(2s) and Eb(1s) is a constant 0.78 from this simplified model. Figure 5.4 shows
the linear scaling between 1s and 2s exciton binding energies of monolayer hBN when
changing its substrates. The scaling behavior by the model in Eq. 5.4 (red curve) is in
qualitative agreement with our GW/BSE results (blue triangles), i.e. both of which have a
linear relation between 2s and 1s exciton binding energies, with a ratio of less than one
(Model: 0.78; GW/BSE: 0.73), corresponding to the slope. This implies the change of 1s Eb
is larger than the change of 2s Eb due to substrate screening, with a constant ratio while
varying the substrate materials. Figure 5.4 also shows a constant shift between the first-
principles scaling and the model one. This discrepancy independent of specific screening
environment may come from the limitation of 2D hydrogen model, i.e. either the strict
2D limit of ϵ(q) is unrealistic considering the finite thickness of materials, or hBN has
tighter-bounded excitons [26], deviated from 2D Wannier excitons assumed in previous 2D
hydrogen model. Note that the explicit form of Eq. 5.4 and related linear scaling behavior
is based on strict 2D limit of Eq. 5.2, which is better to describe the interface with relatively
small thickness, e.g. heterostructures formed by atomically thin materials. We anticipate
that this simplified model may become inappropriate for interface systems with large
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Figure 5.5: Linear scaling between 1s and 2s exciton binding energy Eb and quasiparticle
direct band gaps Eg computed from GW and BSE. The data points from right to left are (1)
free-standing hBN, (2)(2L-AA′) hBN/hBN (3) hBN/SnS2, (4) hBN/Graphene(Gr), (5)
hBN/SnSe2 results with effective polarizability approach (’χeff-sum’ method).

thickness, especially for systems with high dielectric semi-infinite substrates [88].

5.2.3 Substrate induced linear scaling relation between Eb and Eg
The exciton peak positions are determined by both the exciton binding energies and elec-
tronic band gaps, which have opposite trends while increasing substrate screenings. The
relationship between these two quantities was studied for free-standing 2D systems [22, 47],
where Eb ≈ 1

4Eg across a wide range of 2D materials.Yet, no investigation on their relation-
ship when varying substrates has been carried out.

In Figure 5.5, we show the calculated electronic gap (Eg) and exciton binding energy of
1s (red circle) and 2s (blue triangle) (Eb) for monolayer hBN at various substrates. Our
first-principle results show a linear scaling between exciton binding energy Eb (1s peak
position) and quasiparticle electronic band gap Eg due to substrate screening, with a slope
nearly close to one (0.88 in Figure 5.5, linear fitting the computed data (red circles) with a
black dashed line). This indicates that the changes of 1s exciton binding energy ∆Eb and
electronic gaps ∆Eg due to substrate screening are largely canceled out. Therefore, the first
exciton peak (1s) is at a relatively stable position, insensitive to the environmental screening.
This explains the experimental and theoretical results in Figures 5.1 and 5.6, where the
first excitonic peak has rather small shifts with changing environmental screening.

This linear scaling is significantly different from the 1/4 scaling across different mono-
layer 2D materials [47, 22]. Physically, the scaling between Eb and Eg due to substrate
screening has very different nature from the one of free-standing monolayer semiconductor.
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The environmental screening can be approximately described by classical electrostatic
potential of dielectric interface [21, 117], which gives a similar reduction on quasi-particle
band gaps and exciton binding energies by 2D hydrogen model (linear scaling slope ≈ 1).

On the other hand, the scaling between 2s binding energy and electronic gap is signifi-
cantly smaller (0.65) than unity, which indicates the change of 2s exciton binding energy is
a lot smaller than the electronic gap with increasing substrate screening. Therefore, the 2s
exciton peak position is dominated by the change of electronic gap, which red shifts the
spectra with increasing substrate screening (i.e. from vacuum to interfacing with SnSe2

in Figure 5.6). This stronger red shift of 2s exciton peak than 1s is also expected from the
smaller reduction of 2s binding energy with increasing substrate screening in Figure 5.4.

5.2.4 Layer dependence of WS2 optical spectra

To further validate our method for substrate screenings on optical properties, we calculate
the optical spectra from one to three-layer WS2 with the GW/BSE method, then compare
with recent experimental results [20]. The multi-layer calculations are performed with
“χeff-sum" method introduced earlier [39], which is computationally efficient and properly
includes interlayer Coulomb interactions from first-principles.

As shown in Figure 5.6, we find the position of the first peak (1s, blue dot) is nearly
unchanged (shifted within 20 meV) when increasing the number of layers, while the
position of the second peak (2s, red dot) shifts over 100 meV. The calculated results with
blue (1s) and red dots (2s) are compared with the experimental results (1s, blue triangle)
and (2s, purple triangle). From 1L to 4L, the agreements between experiments and theory
are nearly perfect, which validate the accuracy of our methods. Meanwhile, the calculated
electronic gaps (black cross) are also shown in Figure 5.6b, with a strong reduction as
increasing the number of layers, in sharp contrast to the nearly unchanged optical gaps (1s
exciton energies, red dots).

5.2.5 Exciton lifetime in the presence of substrates

Zero temperature exciton lifetime

Environmental screening due to substrates can also significantly modify the exciton lifetime
τ, which is a critical parameter that determines quantum efficiency. The radiative rate γ
(inverse of lifetime 1/τ) based on the Fermi’s Golden rule can be defined as follows [125, 72]:

γ(Qex, qL, λ) = 2π
 h

∣∣∣ 〈G, 1qLλ

∣∣Hint∣∣S(Qex), 0
〉∣∣∣2
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Figure 5.6: Layer dependence of optical properties of WS2 a) calculated BSE absorption
spectra for 1 layer(1L)→ 3 layers (3L) WS2 b) electronic gaps and optical excitation energies
from GW and BSE, in comparison with experimental exciton energies [20].

× δ(E(Qex) −  hcqL), (5.5)

where G denotes the ground-state wavefunction, S(Qex) the excited state, E(Qex) the
excitation energy, qL photon wave-vector, λ photon polarization direction and Qex exciton
wave-vector. Then the radiative decay rate can be defined as the summation of each photon
mode:

γ(Qex) =
∑

qLλ=1,2
γ(Qex, qL, λ); (5.6)

the corresponding radiative lifetime can be defined as the inverse of rate γ(Qex). Further-
more, the radiative decay rate can be separated into two parts:

γ(Qex) = γ0Y(Qex), (5.7)
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Sub Ω/eV µ2
S ·

8π
V /eV τ0/fs

Vac 5.34 0.788 30.9

hBN 5.25 0.818 30.3

SnS2 5.29 0.738 33.3

Gr 5.26 0.706 35.0

SnSe2 5.19 0.729 34.3

Table 5.1: Monolayer hBN 1s exciton lifetime with different substrates at zero temperature,
comparing with the free-standing one (Vac). V is the volume of unit cell.

Sub Ω/eV µ2
S ·

8π
V /eV τ0/fs

Vac 6.24 0.218 95.6

hBN 6.04 0.201 107.1

SnS2 6.04 0.162 132.5

Gr 5.94 0.120 182.8

SnSe2 5.92 0.159 138.1

Table 5.2: Monolayer hBN 2s exciton lifetime with different substrates at zero temperature,
comparing with the free-standing one (Vac). V is the volume of unit cell.

where γ0 is the exciton decay rate at Qex = 0 and Y(Qex) has exciton wave-vector depen-
dence. Note that the Qex dependence will be only important to the exciton lifetime at finite
temperature [125]. Therefore the zero-temperature lifetime is simply 1/γ0.

Specifically for two-dimensional exciton lifetime at zero temperature, we have [125]

γ0 =
8π
cA
·Ωµ2

S, (5.8)

whereΩ is the exciton energy, A is the unit cell area, and µ2
S is the module square of dipole

matrix elements [125].
The computed 1s and 2s exciton lifetimes of monolayer hBN on various substrates at

zero temperature are shown in Table 5.1 and Table 5.2 respectively. The effect of substrate
screening on τ0 comes from the quench of oscillator strength (or dipole moment µ2

S) and
the red-shift of exciton energy, both of which increase the lifetime. In Table 5.1 and 5.2,
µ2
S are reduced by a similar amount between 1s and 2s excitons with increasing substrate

screening; however, the relative proportion of reduction is much larger in 2s exciton due to
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Mat τ0/fs τEMRT /ps τEXPRT /ps

ML WS2 334 923 806 [136]

Table 5.3: Monolayer (ML) WS2 1s exciton radiative lifetime compares with experiment
result. The zero temperature lifetime (τ0) is directly computed based on BSE exciton
energy and dipole moments. The room temperature lifetime (τEMRT ) is calculated with
effective mass approximation with exciton effective massmexc = 0.59 [102]. The reference
experiment result is obtained from room temperature time-resolved photoluminescence
(TRPL) spectroscopy [136] .

its much weaker µ2
S than 1s exciton. This results in stronger increase in 2s exciton lifetime

(i.e. increased by 30 ∼ 80 fs) in Table 5.2. Instead, 1s exciton lifetime is rather insensitive to
the substrate screening in Table 5.1.

Finite temperature exciton lifetime

The radiative exciton decay rate γ(T) at finite temperature T can be calculated by the thermal
average of all accessable excitonic states as follows:

γ(T) =

∫
dQexe−E(Qex)/kBTγ(Qex)

Z
(5.9)

Z =

∫
dQexe

−E(Qex)/kBT , (5.10)

where E(Qex) is the exciton energy dispersion as a function of exciton wave-vector Qex.
Since a constant shift of E(Qex) does not change the expression of rate γ, we will use
E(Qex) − E0 to replace E(Qex) in all later discussions, where E0 = E(Qex = 0) is the lowest
exciton energy. As the integration of Eqs. 5.9-5.10 requires the dispersion of exciton energy
E(Qex), we use the effective mass approximation for exciton energy dispersion.

First, we compute the room temperature (300K) exciton radiative lifetime of monolayer
(ML) WS2 to compare with experimental lifetime [136]. The effective mass approximation
for exciton dispersion is defined as E(Qex) = E(Qex = 0) +  h2Q2

ex/2mexc, wheremexc is the
exciton effective mass. mexc is chosen to be the summation of electron and hole effective
mass, which was shown adequate for Wannier excitons [60]. The electron (me) and hole
(mh) effective mass are from GW band structure results [102] (me = 0.27,mh = 0.32).
Our calculated lifetime at room temperature is 923 ps for monolayer WS2, in excellent
agreement with experimental lifetime 806 ps [136] as shown in Table 5.3.

We then apply the same methodology to compute the exciton radiative lifetime for
monolayer hBN with various substrates at finite temperature, as shown in Table 5.4. We



98

Sub τ0/fs τEMRT /ps

Vac 30.9 33.3

hBN 30.3 32.6

SnS2 33.3 35.8

Gr 35.0 37.7

SnS2 34.3 37.0

Table 5.4: τ0 is the monolayer hBN (1s) exciton lifetime with diffient substrate at zero tem-
perature (0K), while τEMRT is room temperature lifetime with effective mass approximation
at 300K compare with free-standing (Vac).

find within the effective mass approximation, the room temperature exciton lifetime τEMRT
is much longer (2 ∼ 3 orders) than the zero temperature lifetime τ0. To confirm the
exciton lifetime of monolayer hBN with substrates in Table 5.4 at finite temperature, future
experimental work will be necessary.

5.3 Computational Details
The ground state calculations are performed based on Density functional theory (DFT) with
the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional [74], using the open
source plane-wave code QuantumEspresso [30]. We used Optimized Norm-Conserving
Vanderbilt (ONCV) pseudopotentials [40] and a 80 Ry wave function cutoff for most
systems except WS2 (60 Ry). For monolayer WS2, spin-orbit coupling is included through
fully relativistic ONCV pseudopotentials. The interlayer distance and lattice constants of
hBN interfaces and multiplayer WS2 are obtained with PBE functionals with Van der Waals
corrections [36, 6].

In this paper, the quasiparticle energies and optical properties are calculated with
many-body perturbation theory at GW approximation and solving Bethe-Salpeter equa-
tion respectively, for hBN/substrate interfaces and multi-layer WS2. To take into account
the effect of substrates, we use our recently developed sum-up effective polarizability
approach (χeff-sum) [39], implemented in a postprocessing code interfacing with the
Yambo-code [59]. Briefly, we separate the total interface systems into subsystems [133]
and perform GW/BSE calculations for monolayer hBN or WS2 including the environ-
mental screenings by the χeff-sum method. For lattice-mismatched interfaces, we use our
reciprocal-space linear interpolation technique [39] to interpolate the corresponding ma-
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Figure 5.7: The convergence of GW energy cutoff and number of bands for the GW
quasiparticle gap of monolayer hBN, computed at a fixed k-point 21× 21× 1. We chose
GW energy cutoff 15 Ry and number of bands 1000 for hBN results in the main text.

Figure 5.8: The convergence of k-point samplings of GW quasiparticle gaps of monolayer
hBN at GW energy cutoff 15Ry and 1000 bands. We chose k-point sampling 36× 36× 1 for
hBN results in the main text.

trix elements from substrate to materials q⃗+ G⃗ space before summing up the subsystems’
effective polarizabilities.

In order to speed up convergence with respect to vacuum sizes, a 2D Coulomb truncation
technique [95] was applied to GW and BSE calculations. The k-point convergence of
quasiparticle gaps and BSE spectra for monolayer hBN is shown in SI Figure 2 and 3,
where we show 36× 36× 1 k points converge up to 20 meV, which was adopted for other
calculations.

The structural parameters of hBN interfaces and multiplayer WS2 are obtained with
PBE functionals with van-der Waals corrections [36, 6]. The lattice constants after geometry
relaxation are 2.51, 3.70, 3.87, 2.47 (Å) for the free-standing monolayer (ML) hBN, SnS2,
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Figure 5.9: The convergence of k-point samplings of absorption spectra for monolayer
hBN at BSE Hamiltonian cutoff energy 10 Ry. The k-point samplings are always chosen to
be the same between GW and BSE, with GW energy cutoff 15Ry and 1000 bands.

SnSe2 and graphene, respectively. For bilayer hBN, we set the interlayer distance to the
bulk value of 3.85 (Å) for the AA′ stacking configuration considered here. The relaxed
hBN/SnS2, hBN/SnSe2, hBN/graphene interlayer distances were obtained as 3.31, 3.22, 3.11
(Å). For monolayer and few-layer WS2, the lattice constant 3.19 (Å) and the stacking-layer
distance 3.01 are chosen to be the same as those of fully relaxed bulk WS2 structure.

In order to speed up convergence with respect to vacuum sizes, a 2D Coulomb truncation
technique was applied to dielectric matrices and GW and BSE calculations [96]. The
distance between the nearest periodic repetitions along the vacuum direction was set to
be 20 Å for monolayer hBN, SnS2, graphene, and 35.5 Å for monolayer WS2. The large
vacuum is needed when we sum up the dielectric screening from different subsystems. The
convergence of number of bands and cutoff for the GW quasiparticle gaps of monolayer hBN
is shown in Figure 5.7, with a fixed k-point grid of 21×21×1. We used 1000 bands and 15 Ry
for the dielectric matrix and GW self-energies for our results in the main text. We then show
the k-point convergence of quasiparticle gaps of monolayer hBN in Figure 5.8,where we
show 21×21×1 is already converged up to 50 meV. We used the most converged parameter
36×36×1 k-point for the final calculations. The convergence of absorption spectra at
GW+BSE of monolayer hBN is shown in Figure 5.9, where we show that at 36×36×1
k-point the spectra are converged within 20 meV.

For GW/BSE calculations of other systems, we used 36× 36× 1 k-points sampling for
graphene and WS2, 24× 24× 1 for SnS2 and SnSe2 unit cells. The energy cutoffs of both
dynamic and static dielectric matrix were set to 15 Ry for graphene, SnS2, SnSe2 and 10
Ry for WS2. The number of bands for static and dynamic screening and GW self-energy
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of unit cell calculations were set to 1000-2000 depending on each system’s convergence
speed. The Godby-Needs plasmon-pole approximation [33, 69] (PPA) was employed for
frequency integration of self-energy in the the Yambo [59] code. For all systems, we used
10Ry for BSE Hamiltonian. The k-point samplings in BSE calculations were set to be the
same as GW calculations. Our calculated monolayer WS2 electronic band gap (2.65 eV) and
optical gap (2.06 eV) have converged within 50meV, in good agreement with both previous
experimental [20] and first principles [72] results.

5.4 Conclusion
In this work we examined the substrate screening effects on excitonic excitation and re-
combination lifetime of 2D materials. We applied our previously developed effective
polarizablility (χeff-sum) method to efficiently calculate the electronic and optical spectra
for arbitrary 2D interfaces with GW method and solving the BSE. We revealed the under-
lying mechanism of the non-rigid shifts of 1s and 2s peaks, i.e. why 2s red shifts much
stronger than 1s in the presence of substrate screening. We explained this phenomenon
through two steps: first, we showed a linear scaling (with a ratio of less than one) between
1s and 2s exciton binding energy both from our first-principle results and 2D Wannier
exciton models; second, we presented the linear scaling between electronic gaps and exciton
binding energies with a slope close to 1 for 1s and much smaller for 2s exciton while varying
substrate screening. We further validated our method by reproducing the 1s and 2s exciton
energy shift of WS2 as a function of layer thickness observed experimentally. Finally we
investigated the substrate effects on exciton lifetime and found the 2s exciton lifetime has
a stronger dependence on substrates than 1s, due to the relative large change of exciton
dipole moment.
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Chapter 6

Conclusion

In this thesis, we have developed a comprehensive first-principles framework for evaluating
phonon-assisted radiative recombination and exciton dynamics in solids. Starting from a
second-quantized effective Hamiltonian that includes exciton-photon and exciton-phonon
interactions, we derived the phonon-assisted radiative transition rate using time-dependent
second-order perturbation theory within the many-body perturbation theory formalism.
Applying this methodology to bulk hexagonal boron nitride (hBN) as a prototypical
material, we computed phonon-assisted radiative lifetimes across a wide temperature range
and found good agreement with available experimental data. The calculated temperature
dependence reveals a non-monotonic behavior at low temperatures, explained by a two-
valley model where differences in scattering rates between exciton valleys are critical.
At higher temperatures, the lifetime decreases monotonically due to thermal occupation
effects, in contrast to the conventional T3/2 scaling seen in direct-gap materials.

To capture exciton relaxation under out-of-equilibrium conditions, we developed a
real-time Lindblad quantum master equation that, in the semiclassical limit, reduces to
the Boltzmann transport equation. This approach enables direct simulation of ultrafast
exciton thermalization driven by exciton-phonon interactions. The real-time simulations
provide access to exciton relaxation processes and establish a platform for future studies of
quantum coherence, dephasing, and spin dynamics in realistic materials.

In addition, we developed an efficient and accurate interpolation technique for dielectric
matrices that made quasiparticle energy calculations possible for arbitrarily mismatched
interfaces free of strain, which is critical for predicting quasiparticle energies. We analyti-
cally demonstrated the connection between different approximate formulations, including
the χeff-sum and χ0-sum methods, and verified their equivalence at the RPA level. We
also quantified the role of off-diagonal elements in the dielectric matrices of substrates
and evaluated their impact on the quasiparticle corrections of supported 2D materials. To
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overcome limitations in treating interfaces with arbitrary lattice mismatch, we developed
a reciprocal-space linear interpolation technique that enables accurate computation of
dielectric screening effects without applying artificial strain.

Building on this substrate-screening framework, we investigated the influence of sub-
strates on excitonic properties in 2D materials. By solving the screened Bethe–Salpeter
equation on top of screened GW calculations, we explained the observed non-rigid energy
shifts of 1s and 2s excitons. We showed that these shifts originate from the combined
scaling relations between exciton binding energies, quasiparticle gaps, and exciton dipole
moments. Our results reproduced experimental trends for materials like monolayer WS2

and provided insight into how different excitonic states respond to environmental screen-
ing. Furthermore, we demonstrated that 2s exciton radiative lifetimes are more sensitive
to substrate effects than 1s states, due to the stronger variation of dipole matrix elements
with screening.

Together, these results establish a unified ab initio framework for simulating radiative
properties and exciton-phonon interactions in solids. The methodology developed in this
work lays a solid foundation for future applications in photonics, quantum information,
and optoelectronic device.
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