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Chapter 1

Introduction

Varying coefficient regression is a flexible technique for modeling data where the coet-
ficients are functions of some effect-modifying parameter, often time or location in a
certain domain. While there are a number of methods for variable selection in a vary-
ing coefficient regression model, the existing methods are mostly for global selection,
which includes or excludes each covariate over the entire domain. Presented here is a
new local adaptive grouped regularization (LAGR) method for local variable selection
in spatially varying coefficient linear and generalized linear regression. LAGR selects
the covariates that are associated with the response at any point in space, and simul-
taneously estimates the coefficients of those covariates by tailoring the adaptive group
Lasso toward a local regression model with locally linear coefficient estimates. Oracle
properties of the proposed method are established under local linear regression and
local generalized linear regression. The finite sample properties of LAGR are assessed

in a simulation study and for illustration, the Boston housing price data set is analyzed.

After the properties of estimation by the method of LAGR are established, the



natural next step for statistical inference for the model parameters. The distribution
of LASSO-type estimators (like LAGR) is a complicated mixture of a point mass at
zero with a continuous density conditional on the estimate being nonzero. Because the
Gaussian approximation is not workable in this case, it is common to use Monte Carlo
methods such as the bootstrap to simulate the distribution of the coefficient estimates.
A weighted likelihood bootstrap approach is developed for simulating the distribution
of coefficients estimated by LAGR. This approach is new and is apparently the first
uniformly-convergent bootstrap for the so-called “paired” nonparametric regression,

where the locations, covariates, and response are iid samples from a joint distribution.

The methods proposed in this dissertation are kernel smoothing methods for
nonparametric regression. Any kernel smoothing method includes a bandwidth pa-
rameter, which we estimate by minimizing the Akaike Information Criterion (AIC).
Then estimation and inference proceed conditional on the selected bandwidth. It is
preferable to make confidence statements about the marginal coefficient estimates,
which are not dependent on the nuisance bandwidth parameter. An empirical Bayes
approach to marginal inference for the coefficients is proposed. The approach is to
assume a parametric distribution for the bandwidth, such as the gamma distribution.
The weighted likelihood bootstrap is used to simulate the distribution, and its parame-
ters are estimated from the bootstraps. This estimated distribution for the bandwidth
parameter is interpreted as the posterior hyperprior in a mixture distribution for the
coefficient estimates. A method is proposed for simulating the mixture distribution
by the weighted likelihood bootstrap, and it is shown that the distribution of the

bootstraps tends in the limit to the unknown mixture.



Chapter 2

Local Adaptive Grouped Regularization
and its Oracle Properties for Varying

Coefficient Regression

2.1 Introduction

Whereas the coefficients in traditional linear regression are scalar constants,
the coefficients in a varying coefficient regression (VCR) model are functions - often
smooth functions - of some effect-modifying parameter (Cleveland and Grossd, T991;
Hasfie and Tibshirani, 1T993). Here we treat the case of a VCR model on a spatial
domain where the spatial location is a two-dimensional effect-modifying parameter.
Current practice for VCR models relies on global model selection to decide which
variables should be included in the model, meaning that covariates are selected for
inclusion or exclusion over the entire domain. Various methods have been developed by
using, for example, P-splines (Anfoniadas ef all, 2012), basis expansion (Wang et all,

2008), and local regression (Wang and Xia, 2009). For spatial coefficient functions
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that are expressed by a wavelet decomposition, the wavelet components with nonzero
coefficients may be identified via Bayesian variable selection (Shang, 2011) or the Lasso
(Zhang and Clayton, 2011). Since the coefficients vary in a VCR model, in principle
there is no reason that the best model must use the same set of covariates everywhere
on the domain - that is, some of the coefficients may be zero in part of the domain.
New methodology is developed here for guiding the decision of which covariates belong
in the VCR model at any location, termed local variable selection, as the literature
on how to do so is currently scarce. Such new methodology provides for more flexible
variable selection in regression models with coefficients that vary in space.

Specifically, local adaptive grouped regularization (LAGR) is developed here as
a novel method of local variable selection at a given location in the domain of a VCR
model. The method of LAGR applies to VCR models where the coefficients are es-
timated using locally linear kernel smoothing. Kernel smoothing for nonparametric
regression is described in detail in Fan and Gijbels (T996). The extension to estimating
VCR models is made by Fan and Zhang (1999) for a VCR model with a univariate
effect-modifying parameter, and by Sun_ef all (2014) for a two-dimensional effect-
modifying parameter in a spatial VCR with autocorrelation. These methods mitigate
the boundary effect by estimating the coefficients as local polynomials of odd degree
(usually locally linear) (Hasfie and Toader, T993). However, none of these authors ad-
dressed local variable selection. In this work, we focus on local variable selection with
a two-dimensional effect-modifying parameter and discuss the effect of dimensionality
on the results.

For standard linear regression models, the least absolute shrinkage and selection

operator (Lasso) is a regularization method that simultaneously selects covariates for
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the regression model and shrinks the coefficient estimates toward zero ([Iibshirani,
996). However, the Lasso can be inconsistent for variable selection and inefficient
for coefficient estimation (Zou, P200G). The adaptive Lasso (AL) is a refinement of
the Lasso that produces consistent estimates of the coefficients and has been shown
to have appealing properties for variable selection, which under suitable conditions
include the “oracle” property of asymptotically including exactly the correct set of
covariates and estimating their coefficients as well as if the correct covariates were
known in advance (Zou, 2006). For data where the observed covariates fall into mutu-
ally exclusive groups that are known in advance, the adaptive group Lasso has similar
oracle properties to the adaptive Lasso but selects groups rather than individual co-
variates (Ynan and Lin, 2006; Wang and Leng|, PZ00R). An innovation here is to develop
an adaptive group Lasso for local variable selection and coefficient estimation in a lo-
cally linear regression model, where each group consists of a single covariate and its
interactions with the effect-modifying parameter. Further, we consider both varying
coefficient linear regression for Gaussian response and varying coefficient generalized
linear regression for responses that are not necessarily Gaussian. We show that the
proposed LAGR method possesses the oracle properties of asymptotically selecting ex-
actly the correct local covariates and estimating their local coefficients as accurately
as would be possible if the identity of the nonzero coefficients for the local model were
known in advance.

The remainder of this paper is organized as follows. The kernel-based estimation
of a VCR model is described in Section ZZ2. The proposed LAGR technique for varying
coefficient linear regression and its oracle properties are presented in Section 2Z3. In

Section 24, the finite-sample properties of LAGR are evaluated in a simulation study,



and in Section 223 LAGR is applied to the Boston housing price dataset. In Section P24,
LAGR is extended to varying coefficient generalized linear regression and the oracle
properties for this setting are established, followed by conclusions and discussion in

Section 7. Technical proofs are given in the appendices.

2.2 Varying Coefficient Regression

2.2.1 Varying Coefficient Model

Consider n observation locations s; = (s;1, si2)” for i = 1,...,n, which are
distributed in a domain D C R? according to a density f. For i = 1,...,n, let
Y; = Y(s;) and X; = X (s;) denote, respectively, the univariate response and the
(p + 1)—vector of covariates measured at location s;. At location s;, assume that the
outcome is related to the covariates by a linear regression where the coefficients 3(s;)

are functions in the two dimensions and ¢; is random error at location s;. That is,

Further assume that the error term ¢; is normally distributed with zero mean and
variance o2, and that €;, i = 1,...,n are independent. That is, for € = (4, .. ,5n)T,
e ~ N (0,0°I,) where I,, denotes the identity matrix.

In the context of nonparametric regression, the boundary-effect bias can be re-
duced by local polynomial modeling, usually in the form of a locally linear model
(Fan and Gijbeld, 1996). Here, to prepare for the estimation of locally linear coef-
ficients, we augment the design matrix with interactions between the covariates and

location in two dimensions (Wang et all, P00R). Let X = (Xi,...,X,)" be the

design matrix of observed covariate values. Then the augmented local design ma-
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trix at location s = (u,v)” is defined to be Z(s) = (X L(s)X M(s)X), where
L(s) = diag{sy1 —u}l_, and M (s) = diag{sy2 — v}l_;. The vector of augmented
local coefficients at location s is defined to be {(s) = (8(s)”, V.B(s)", VU,B(S)T)T,

where V,8(s) and V,8(s) denote the local gradients of the coefficient surfaces.

2.2.2 Coefficient Estimation via Local Likelihood

Let ¢ = (¢(s1),...,¢(s,))" denote a matrix of the local coefficients at all ob-
servation locations si,..., s, and let {Z(s)}, denote the ith row of the matrix Z(s)
as a column vector. The total log-likelihood of the observed data is the sum of the

log-likelihood of each individual observation:

() =—(1/2))_ (logo® + 0% [y — {z(s:)}:C ()] ). (2:2)
i=1
Since there are a total of 3(p+1)n+1 parameters for n observations, the model is
not identifiable and it is not possible to directly maximize the total log-likelihood (E22).
When the coefficient functions are smooth, though, the coefficients {(s) at location s
can be approximated by the coefficients {(t) , where ¢ is within some neighborhood of
s. This intuition is formalized by the following local log-likelihood at location s € D:
. _ 2
0(¢(s)) == (1/2) Y Ku(lls — si]l) [logo® + o2 {y: — 2/ ¢(s)} ] (2.3)
i=1
where Z; = {Z(s)},, h is a bandwidth parameter, || - || is the ¢y;-norm, and
Kin(||s — s;||) for i = 1,...,n are local weights from a kernel function. For instance,
the Epanechnikov kernel is defined as Kj(||s; — s¢||) = h™2K (h™!||s; — s¢||) where
K(z) = (3/4)(1 — 2?) if x < 1, and 0 otherwise (Samiuddin and el Sayyad, T990).
The local log-likelihood (223) is maximized to obtain an estimate ¢(s) of the

local coefficients at s. Let W(s) = diag { K (||s — s;]|)},—_, denote a diagonal matrix
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of kernel weights. The local likelihood (EZ3) can be maximized by minimizing a locally

weighted least squares:
S(¢(s) = (/2 {Y — Z(s)¢(s)} W(s){Y — Z(s)¢(s)} - (2.4)
The minimizer of (23) is the locally weighted least squares estimate
¢(s) = {Z(s)TW(s)Z(s)}f1 Z(s)"W(s)Y. (2.5)

By Theorem 3 of Sun ef-all (2014), for any given s, the estimated local coefficients
. N _ T
B(s) = (Cl(s), e ,@(3)) converge in probability at the optimal rate of O (n~'/?%)

and are asymptotically normally distributed. The bias of the local coefficient estimates

is proportional to the second derivatives of the true coefficient functions.

2.3 Local Variable Selection with LAGR

2.3.1 LAGR Penalized Local Likelihood

Estimating the local coefficients by (23) has traditionally relied on variable se-
lection a priori; that is, a set of covariates is pre-determined. Here we develop a new
method of penalized regression to simultaneously select covariates locally and estimate
the corresponding local coefficients. For this purpose, each raw covariate is grouped
with its covariate-by-location interactions. That is, ¢;y(s) = (8;(s), VuB3;(s), V.53;(s))"
for j =1,...,p. The proposed penalty is akin to the adaptive group Lasso (Yian and
Linl, 2006; Wang and Leng, 2008). By the mechanism of the adaptive group Lasso,
covariates within the same group are included in or dropped from the model together.

The intercept group is left unpenalized.
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To select and estimate the local coefficients at location s, we minimize a penalized

local sum of squares at location s:

J (C(s)) = S(C(s)) +P(C(s)), (2.6)

where S (¢ (s)) is the locally weighted least squares defined in (24), P ({(s)) =
T_190i(8)lI¢) ()]l is a local adaptive grouped regularization (LAGR) penalty. The
LAGR penalty for the jth group of coefficients at location s is ¢;(s) = )\n\|5(j)(s)||_7,
where )\, > 01is a local tuning parameter applied to all coefficients at location s, é(j)(s)
is a vector of unpenalized local coefficients for the jth covariate and its interactions
with location from (Z3), and v > 1.
Minimization of (28) is by blockwise coordinate descent, where each block is a
covariate group (one raw covariate and its interactions with location). A companion

software package for estimating ¢(s) will be made available in R (R-Core Team, 2014).

2.3.2 Oracle Property

At location s, let there be py(s) < p covariates X, (s) with nonzero local regres-
sion coefficients, denoted Bq)(s) # 0. Without loss of generality, assume the indices
of these covariates are 1,...,po(s). The remaining p — po(s) covariates X)(s) have
coefficients equal to zero, denoted B)(s) = 0. Denote by a,, = max {¢;(s),7 < po(s)}
the largest penalty applied to a covariate group whose true coefficient norm is nonzero,
and by b, = min {¢,(s),j > po(s)} the smallest penalty applied to a covariate group
whose true coefficient norm is zero. Let Z;)(s) be the augmented design matrix for
covariate group k, and let Z ) (s) be the augmented design matrix for all the data
except covariate group k. Similarly, let {)(s) be the augmented coefficients for co-

variate group k and {(x)(s) be the augmented coefficients for all covariate groups
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2 - 2 -
except k. Let V(;(s) = (Vqu(s),VUCj(s))T and V2(;(s) = ( gg“gjég gg”?gg )

Let ko = fi K(Isl)ds, 52 = [ul(LO)sPE([sl)ds = frul(0, Ds]*K(]|s])ds, and
v = Jp K*(||s])ds. Finally, let % and 4 denote convergence in probability and
distribution, respectively, as n — oo.

Assume the following regularity conditions.

(C.1) The kernel function K(-) is bounded, positive, symmetric, and Lipschitz contin-

uous on R, and has a bounded support.

(C.2) The coefficient functions f;(-) for j = 1,...,p have continuous second-order

partial derivatives at s.

(C.3) The covariates X(s1),...,X(s,) are random vectors that are independent of
€1, En. Also ¥(s) = E{X(5)X (s)|s} and ¥ (,)(s) = E { X () (8) X () (8)7|s}

are positive-definite and differentiable at location s.
(C4) E {|X(s)|3 |s} and E{Y(s)*|X(s), s} are continuous at a given location s.

(C.5) The observation locations {s;} are a sequence of design points on a bounded
compact support S. Further, there exists a positive joint density function f(-)

satisfying a Lipschitz condition such that

sup n_IZ[T(Si)Kh(HSi — sl))] —/T(t)Kh(llt—SH)f(t)dt = O(h)

where f(-) is bounded away from zero on S, r(-) is any bounded continuous

function, and Kj(-) = K(-/h)/h*.

(C.6) h=0 (n~19).
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(C.7) h'n""%a, & 0 and hn='/?b, & .

Conditions (C.1)—(C.4) are common in the literature on nonparametric estimation,
for instance see conditions (1)—(3) of Sun_ef all (2014) and conditions (5) and (6)
of Caief_all (2000). However, the covariates X (s1),..., X (s,) were assumed to be
itd in Sun_ef"all (2014), which is not required here. The existence of ¥(-) is needed
for the existence of the limiting distribution of B(s); its differentiability is used in the
Taylor’s expansions. Condition (C.4) is used when bounding the remainder term in the

Taylor’s expansions. Condition (C.5) is the same as condition (4) of Sun"ef all (2014).
Under condition (C.6), the coefficient estimates attain the optimal rate of convergence
for bivariate nonparametric regression. Condition (C.7) is needed for establishing the
oracle properties, and is a refinement of the condition for the adaptive group Lasso
(Wang and Leng, PO0R).

In particular, satisfying (C.7) implies an additional restriction on =y, the unpe-
nalized group norm exponent in the LAGR penalty. Under condition (C.7), the local
penalty tends to zero on covariates with true nonzero coefficients and to infinity on
covariates with true zero coefficients. By (C.7), h='n"1/2), — 0 for all j < py(s)
and hn=12\,|[¢;)(8)||77 — oo for all j > po(s). We require that A, satisfy both
assumptions. Suppose ), = n®. Since h = O (n~V/%) and [|{()(s)|| = O (h~*n"12), it
follows that h='n~Y2), = O (n~Y3t) and hn~Y2)\,[|C) (s)[| 7 = O (n~2/3+a+/3),

Thus, (2 —7v) /3 < a < 1/3, which can only be satisfied for v > 1.
Theorem 2.1 (Asymptotic normality). Under (C.1)-(C.8),

{F(&)hn}" | By (5) = Bay(s) = (260) b { V2B () + V2B (5)}

4N (O, /{521/002\1/(,1)(3)_1) ,
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’l,UheT’@ {viuIB(G)<S) + v?)v/g(a)(s)} = (viu/61<s) + v?)v/gl(s)7 o vZuBPO(S) + ngﬁpo (8))T‘

Theorem 2.2 (Selection consistency). Under (C.1)-(C.8), for j > po(s),

P{I¢u ()l =0} = 1.

Theorem 21 indicates that the LAGR estimates for true nonzero coefficients have
the same asymptotic distribution as a local regression model where the true nonzero
coefficients are known in advance. Further, by Theorem P2, the LAGR estimates
of true zero coefficients tend to zero with probability one. Together, local variable
selection and local coefficient estimation by LAGR have the oracle property. The

technical proofs of Theorems P71 and 22 are given in Appendix A.

2.3.3 Tuning Parameter Selection

In practical application, it is necessary to select the LAGR tuning parameter )\,
for each local model. A popular approach in other Lasso-type problems is to select
the tuning parameter that maximizes a criterion that approximates the expected log-
likelihood of a new, independent data set drawn from the same distribution. This is
the framework of Mallows’ C,,, Stein’s unbiased risk estimate (SURE) and Akaike’s

Akaike, T973).

information criterion (AIC) (Mallows, [973; Stein, T9&T;

These criteria use a so-called covariance penalty to estimate the bias due to using
the same data set to select a model and to estimate its parameters (Efron, 2004). We
adopt the approximate degrees of freedom for the adaptive group Lasso from NYuan

and Lin (20068) and minimize the AIC to select the tuning parameter \,. That is, let
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At 8) =31 (1€ )l > 0) +a D 10w )IIIE(s)

j=1 j=1

n N 2 .
AIC(hi8) =~ Killls = sil)o ™ {u = 21 C0wi 8) |+ 24 (s )
=1

where [ (-) is the indicator function, d is the dimension of the effect-modifying param-
eter, and the local coefficient estimate is written é’ (An; 8) to emphasize that it depends
on the tuning parameter. Here, d = 2. More general dimensionality is discussed in

Section E74.
2.4 Simulation Study

2.4.1 Simulation Setup

A simulation study was conducted to assess the performance of the method
described in Sections Z2-23. Data were simulated on the domain [0, 1]?, which was
divided into a 20 x 20 grid. Each of p = 5 covariates X,..., X5 was simulated by a
Gaussian random field (GRF) with mean zero, nugget variance 0.2, and exponential
covariance Cov (X;;, Xy;) = oZexp (—7,10;#) where o2 = 1 is the variance, 7, =
0.1 is the range parameter, and ;7 = ||s; — sy||. Correlation was induced between
the covariates by multiplying the design matrix X by R, where R is the Cholesky
decomposition of the covariance matrix ¥ = RT R. The covariance matrix X isa 5x 5
matrix that has ones on the diagonal and p for all off-diagonal entries, where p is the

between-covariate correlation.

The simulated response was y; = . 3(s;) + & for i = 1,...,n where n = 400
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2
-

and the ¢;’s were iid Gaussian with mean zero and variance oZ. The coefficients
B1(8), ..., P3(s) were generated by GRFs, and the fourth coefficient was 54(s) = 0.
The GRFs for generating fi(s),...,33(s) had mean zero, no nugget variance, and
exponential covariance Cov (5;(s;), Bj(sir)) = JJZ exp (—Tﬂ_léii/) where 73 = 1 is the
range parameter. The scale of the coefficient surface §;(s) was set via the variance UJQ-,
and the values used in the simulations were 0? = 10,032 = 1,02 = 0.1. These values
were chosen so that the covariates Xi, Xs, X3 would have progressively less influence
on the response. The coefficient values [;(s),...,3(s) generated in this way are
plotted in Figure 1.

Two parameters were varied to produce six simulation settings. Data were sim-
ulated with low (p = 0), medium (p = 0.5), or high (p = 0.9) correlation between the
covariates, and with low (0. = 0.5) or high (0. = 1) variance for the random error
term. Each setting was used to generate five data sets consisting of 400 observations
each. For each data set, estimates were made of the coefficients for three different
sample sizes N: the full 400 observations, and subsets generated by sampling 100 or
200 unique observations uniformly from the data set. The coefficients were estimated
via LAGR and via a VCR model without variable selection as in Section 2=3. For
both estimation methods, the bandwidth parameter was h = (3/2)N~/¢ — 0.36 with

a nearest neighbors type bandwidth, meaning the kernel bandwidth was adjusted at

each location s; to achieve the ratio > _.,_, w;s/n = h.

2.4.2 Simulation Results

The mean integrated squared error (MISE) of the coefficient surface estimates are

in Table 21, where the MISE is calculated as MISE(S;) = N1 SN {5;(s:) — 5;(s:)}.



Simulation MISE MISE MISE MISE
settings B By Bs Ba
n p o.|LAGR VCR|LAGR VCR|LAGR VCR |LAGR VCR
05| 216 2.15| 0.35 036 | 0.18 024 | 0.15 0.29
O 70| 210 2.14| 0.38 038 | 0.17 028 | 0.16 0.35
05| 2.36 247 | 040 0.35| 0.19 027 | 0.26 048
10005 15| 225 248 | 044 0.39| 0.18 034 | 024 058
05| 3.00 490 | 0.68 1.16| 0.35 1.07 | 0.70 2.22
09 10| 277 518 | 0.61 135| 0.38 137 | 0.53 271
05| 175 1.72| 020 0.18] 0.09 015 | 0.03 0.10
O 30| 179 1.78| 027 o0.21| 011 022 | 0.05 0.3
05| 1.80 1.75| 025 0.22| 0.12 023 | 0.05 0.15
200005 19] 184 1.83| 032 0.28| 0.18 034 | 0.07 021
05| 219 237 | 043 076 | 0.36 098 | 0.24 0.75
09 90| 2,25 266 | 052 1.10| 0.57 148 | 0.32 1.01
05| 134 1.33| 018 0.15| 0.06 006 | 0.02 005
O 90| 137 1.35| 022 0.17] 0.08 008 | 0.02 005
05| 1.37 1.35| 020 0.18| 0.07 0.09 | 0.03 0.08
400005 101 140 1.39| 025 0.21] 0.09 0.13| 0.03 0.09
05| 1.55 1.66 | 0.41 047 | 0.16 036 | 0.15  0.40
09 90| 1.57 184 | 0.44 064 | 017 054 | 0.14 046

15

Table 2.1: For each setting as a combination of sample size n, cross-covariate corre-

lation p, and error standard deviation o., the mean integrated squared error (MISE)

of the coefficient estimates, averaged over five independent data sets for each sim-

ulation setting. The MISE of Bl, e

,[5’4 from estimation by local adaptive grouped

regularization (LAGR) is compared to that from estimation by locally linear regression
without selection (VCR). Highlighting indicates whether LAGR or VCR produced

the smaller MISE for each coefficient surface under each simulation setting.
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The results in Table EZ1l are averaged over the five independent data sets for each
simulation setting. In general, the coefficients estimated by LAGR were more accurate
in terms of MISE than those estimated by VCR. Although the frequency with which
MISE was smaller under LAGR than under VCR for estimating 5, and (3, was 8 of 18
cases each, the improvement by MISE for LAGR over VCR was greater for covariates
with smaller influence, with LAGR producing the smaller MISE for 83 and (3, in every
case. In no case was the MISE for LAGR more than 27% greater than for VCR. The
MISE for estimating 4 with p = 0.9, 0. = 1.0, and n = 100 setting was 5 times
greater for VCR than for LAGR, and under the other simulation settings the greatest
improvement for LAGR over VCR tended to be a 2 — 3 times reduction in MISE.
With other factors held constant, the MISE for estimating the coefficients tended
to be smaller for less influential covariates and under larger sample sizes. On the other
hand, the MISE tended to increase with high error variance or increasing correlation
between covariates. In terms of MISE, the improvement from estimation by LAGR
over VCR was greater for settings with smaller sample sizes, higher correlation between
covariates, and greater error variance. In fact, estimation by LAGR was always more
accurate than estimation by VCR under high cross-covariate correlation (p = 0.9).
The frequencies of exact zeros among the estimates of each coefficient for each
simulation setting are in Table EZ4. The frequency of exact zeros in the coefficient
estimates generally increased as covariates grew less influential. In particular, the es-
timates ,@1 were almost never exactly zero, while the estimates ,5’3 and /3, were exactly
zero more often than not. Exact zero coefficient estimates were generally more fre-
quent under smaller sample sizes, greater error variance, and greater cross-covariate

correlation. Under high cross-covariate correlation, the frequency of exact zero esti-
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mates was roughly equal (and in the neighborhood of 75%) for fs, B3, and 4, which
indicates that under high cross-covariate correlation, LAGR tended to include only

the most influential covariate.

2.5 Data Example

The proposed LAGR estimation method was applied to estimate the coefficients
in a VCR model for the price of homes in Boston based on data from the 1970 U.S.
census (Harrison and Rubinfeld, T978; Gilley and Pace, T996; Pace and Gilleyl, [997).
The data are the median price of homes sold in 506 census tracts (MEDV), along with
the potential covariates CRIM (the per-capita crime rate in the tract), RM (the mean
number of rooms for houses sold in the tract), RAD (an index of how accessible the
tract is from Boston’s radial roads), TAX (the property tax per $10,000 of property
value), and LSTAT (the percentage of the tract’s residents who are considered “lower
status”). With the Epanechnikov kernel, the nearest neighbors type bandwidth was
set to h = 0.26.

The estimates of the local coefficients are plotted in the first five panels of Figure
22 and are summarized in Table EZ3. The estimated coefficients of CRIM and LSTAT
were everywhere negative or exactly zero, suggesting that the crime rate and propor-
tion of “lower-status” individuals were associated with a lower median house price.
Meanwhile, the coefficient of RM was everywhere estimated to be positive, so the more
rooms in the average house was everywhere associated with a higher median house
price. The coefficient of TAX was negative in most census tracts, but was estimated
to be exactly zero in 50 tracts, indicating no discernable effect of the property tax rate

on house prices in those tracts. The coefficient of RAD is positive in some areas and



Simulation Zero
settings frequency

n P O¢ 51 52 33 34
051000 040 067 076
0 10000 057 072 0.80
0.510.00 047 068 0.75
10005 191001 065 077 0.79
0.5]0.00 076 079 0.78
09 101002 084 079 0.76
051000 028 068 083
0 101000 039 066 084
0.510.00 036 066 081
200005 101000 048 0.69 0.84
051003 067 074 083
09 101004 071 069 0.84
051000 018 056 074
0 10000 031 064 082
051000 024 062 0.73
400005 901000 036 069 0.80
051002 061 077 073
09 101002 068 075 080

18

Table 2.2: For each setting as a combination of sample size n, cross-covariate correla-

tion p, and error standard deviation o., the frequency of exact zeroes in the estimates

of Bl?"

- B4 as estimated by local adaptive grouped regularization.
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negative in others. This indicates that there are parts of Boston where access to radial
roads is associated with a greater median house price and parts where it is associated
with a lesser median house price. The bottom right panel of Figure EZ2 shows which
covariates were estimated to have a nonzero coefficient in each tract. There were 471
tracts where all LAGR estimated that all the covariates had a nonzero coefficient, 43
tracts where all covariates except for TAX were estimated to have nonzero coefficients,
six tracts where the coefficients of CRIM and TAX were estimated to be zero, and one

tract where the coefficients of CRIM, RAD, and LSTAT were estimated to be zero.

2.6 Extension to Generalized Linear Regression

2.6.1 Local GLM and Local Quasi-likelihood Estimation

Generalized linear models (GLMs) extend the linear regression model to a re-
sponse variable following any distribution in the exponential family (McCullagh and
Nelder, T98Y). As is the case for the local linear regression model, we now consider
local GLM coefficients as smooth functions of location (Caief all, 2000). Suppose the
response variable Y is from an exponential family distribution with F {y(s)|x(s)} =
(s) = U (6(s)), 6(s) = (gob) ™ (1(s)), n(s) = x(s)"B(s) = g (1(s)), Var {y(s)|a(s)} =

b" (0(s)), and link function g(-). Then the probability density is

fy(s)lx(s),6(s)) = c(y(s)) x exp{O(s)y(s) = b(6(s))}-

If g(-) = b/(-), then the composition (g o ¥')(-) is the identity function. This
particular ¢ is called the canonical link. Assuming the canonical link, all that is re-

quired is to specify the mean-variance relationship via the variance function, V' (u(s)).
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B2

-76 3.1 [33

Figure 2.1: Left to right, the values used for coefficients f;(s), ..., f3(s) in the simu-

lation study.

) Standard Zero coef.
Covariate | Mean
dev. count
CRIM -0.15 0.07 7
RM 2.56 1.68 0

RAD 0.21 0.25 1

TAX -0.02 0.01 50
LSTAT -0.73 0.13 0

Table 2.3: The mean, standard deviation, and count of zeros among the estimates of

the local coefficients in a model for the median house price in 506 census tracts in

Boston, with coefficients selected and fitted by local adaptive grouped regularization.

The covariates are CRIM (per capita crime rate in the census tract), RM (average

number of rooms per home sold in the census tract), RAD (an index of the tract’s

access to radial roads), TAX (property tax per USD10,000 of property value), and

LSTAT (percentage of the tract’s residents who are considered “lower status”).
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Figure 2.2: A varying coefficient regression model for the median house price in each
census tract in Boston in 1970, estimated by local adaptive grouped regularization. In
the left column are the estimated coefficients for covariates CRIM (per-capita crime
rate), RM (mean number of rooms per house), and RAD (an index of access to radial
roads. In the right column are the estimated coefficients for covariates TAX (property
tax per $10,000) and LSTAT (proportion of residents who are “lower status”), and a
map indicating which covariates were estimated to have nonzero coefficients in each

census tract.
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Then the local coefficients can be estimated by maximizing the local quasi-likelihood

=) Ki(ls—sl)Q (g7 (/<(s) . Y7). (2.7)

i=1
The local quasi-likelihood (PZ7) generalizes the local log-likelihood (E33) that was
used to estimate coefficients in the local linear regression. The local quasi-likelihood
(272) is concave, and is defined in terms of its derivative, the local quasi-score function
(0/01) Q(u,y) = (y—p){V (p)}~!. The local quasi-likelihood is maximized by setting

the local quasi-score function to zero:

©0/0¢)" (¢(9)) = ZKh Is = sill) (s = flsis 8)) {V ((sis 8)} " 20 = 0y (28)

where fi(s;;8) = g1 (ziTC(s)) is the mean at location s; evaluated at the esti-
mated coefficients é’ (s) at location s. The asymptotic distribution of the local coeffi-
cients in a varying-coefficient GLM with a one-dimensional effect-modifying parameter
are given in Cai ef all (2000). For coefficients that vary in the two dimensions, the
arguments in the proof of Theorem 1 of Caiefall (2000) can be extended to show

that the distribution of the estimated local coefficients is:

{nh?f(s)}'"* |B(s) = Bls) = (1/2)x5" kb {V2,B(s) + V2,8(s)}

5N (0, 55 eI (s) 7).

where ' (s) = E {p (s, X (s)) X (s) X (s)"|s},

p(s,2) = g1 (u(s, 2))* Var {Y(5)| X (s), 8}, 91(-) = 95(-)/9/(-), and go(-) is the canon-

ical link function. So when the canonical link is used, p(s,z) =V (u(s, 2)).
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2.6.2 LAGR Penalized Local Likelihood and Oracle Properties

Whereas the method of LAGR for local linear regression uses a penalized local

likelihood, LAGR for GLMs uses a penalized negative local quasi-likelihood:

T (C(s)) = —£7(¢(s)) + P (C(s))
n p
==Y Kills=sl)Q (97" (/<) .Y:) + D 65() i (8]l
i=1 j=1
Further, let ¢;(s) = )\n||é(j)(s)||*7, where ), > 0 is a the local tuning parameter

applied to all coefficients at location s and f(j)(s) is the vector of unpenalized local

coefficients. In addition to the definitions and conditions of Section 2232, let

F(a) (S) =F {p (87 X(a)(s)> X(a)(S)X(a)(S)Tls}
and assume the following regularity conditions:

(C.8) The functions ¢g"” (s), VI'(s), VI, (s), V (1 (s,2)), and V' (u(s, z)) are con-

tinuous at s.

(C.9) The function (9?/0u?) Q (g7 (1) ,y) < 0 for p € R and y in the range of the

response.

These additional conditions are not uncommon in the nonparametric regression liter-
ature (see, e.g., conditions (1) and (2) of Caief all (2000)). Condition (C.8) is needed
for the Taylor’s expansion of the local quasi-likelihood. Condition (C.9) assures that

the local quasi-likelihood is concave and has a unique maximizer.
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Theorem 2.1 (Asymptotic normality). Under (C.1)-(C.10),

{nh2f()}" | B () = Bay(8) = (20) " kol { V2, B0 (8) + V2,80 (9)}

4 N (0, kg *voL (@) (8)7")
Theorem 2.2 (Selection consistency). Under (C.1)-(C.10), if j > po(s),

P{IIéy () =0} > 1.

By Theorem 71, the LAGR estimates achieve the same asymptotic distribution
as if the nonzero coefficients were known in advance. The difference between the
Gaussian and GLM cases is that 0?4 (s) ™! in the variance term of Theorem 271 has
been replaced by I'(4)(s)~! in Theorem PT because the variance of the response in the
GLM case depends on the expectation of the response. Theorem P2 gives the same
result for the GLM setting as Theorem 224 does for the Gaussian setting: the true zero
coefficients are dropped from the model with probability tending to one. Thus, the
oracle properties for the GLM setting are established. The technical proofs are given
in Appendix B and the necessary lemmas are provided in the online supplementary

materials.

2.7 Conclusions and Discussion

We have developed a new method of LAGR and shown its oracle properties for
local variable selection and coefficient estimation in VCR models. This innovation
provides a natural and heretofore lacking flexibility to variable selection for varying
coefficient regression models, as any covariate may be included in part of and not

necessarily the entire domain of interest. This is in contrast to the existing literature
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on variable selection for VCR models that focuses on global variable selection, where
a covariate is either included in or excluded from the model over its entire domain.
Further, the method of LAGR extends the adaptive group Lasso. In particular, the
previous literature on the adaptive group Lasso is insufficient for local selection in
a VCR model because the local weights are functions of the kernel K(-) and the
bandwidth h. As a result, the local observation weights change with sample size and
the coefficient estimates converge at a slower rate than in the traditional adaptive
group Lasso. Under our refined conditions, we have established the oracle property
for the LAGR method.

Here we have considered the case of two-dimensional effect-modifying parameter.
Similar results can be obtained when the effect-modifying parameter has dimension
other than two, but in higher dimensions the so-called “curse of dimensionality” means
that the estimation accuracy may quickly degrade. Since the optimal rate of conver-
gence for nonparametric regression is achieved when h = O (n‘l/ {4+d}) where d is
the dimension of the effect-modifying parameter, it follows that to attain the oracle
properties, the exponent in the adaptive weights for LAGR estimation must satisfy
v >d/2.

A possible future direction to take is extension to local regression for spatio-
temporal data such that the regression coefficients vary not only in space but also

over time. This extension is left to future research.
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2.8 Proofs of Theorems 1-2

2.8.1 Proof of Theorem 1

Proof. Let Hy(u) = J (¢(s) + h'n""?u) — J ({(s)) and a;, = h™'n""/2. Then, we

have

Hy(u) = (1/2) [Y = Z(s) {¢(s) + anu}]’ W(s)[Y — Z(s) {¢(s) + anul]
+Z¢] MCi(8) + anuyl]
— (1/2){Y = Z(s)¢(s)} W(s){Y — Z(s)(s)} - Z% )IC;(s
= (1/2) ciu” {Z(s)"W(s)Z(s)} u
—anu’ [Z(s)W(s){Y — Z(s)¢(s)}]

p
+ Y20 {[16 (8) + anugy |l = 11691}
j=1

The limiting behavior of the last term differs between the cases j < po(s) and j >
po(8). Case j < po(s): If j < po(s), then n=/2¢;(s) — n~2\, || (s)]| 77 and

[n172 {]|¢) (8) + anragll = 1€ ()1} | < A4 lugy|l - Thus,
9;(3) (1€ (8) + anugy | — 1€ (8)1]) < andi(s)[ug)ll < anan|lug|| — 0.

Case j > po(s): It j > po(s), then 6;(s) ([ () + anugy | = 1€ (5)) = @5(s)anlug |l

Since h = O(n=Y/%), if hn=/2b,, & oo, then a,b, = co. Thus, if |lu)|| # 0, then
and;(s)ugll = amballug)ll = oo

On the other hand, if ||u(;)| = 0, then a,¢;(s)||ug)|| = 0. Thus, the limit of H,(u)

is the same as the limit of H(u) where H}(u) = oo if |Ju(j)| # 0 for some j > py(s),
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and
Hy(u) = (1/2)apu’ {Z(s)"W(s)Z(s)} u — a,u’ [Z(s)"W(s){Y — Z(s)¢(s)}]

otherwise. It follows that H(w) is convex and has a unique minimizer, called .
Let w(q), and ), be, respectively, the subvectors of u, corresponding to the true

nonzero coefficients and true zero coeflicients. Then

ayn = {17 Z(ay(8) W(8) Z(ay(5)} (A2 Z 0y (8)"W(8) {Y — Z(4)(5){(0)(8) }]

and ), = 0. By epiconvergence, the minimizer of the limiting function is the limit
of the minimizers u,, (Geyer, 1994; Knight and Fu, 2000). Since, by Lemma 2 of Sun

et all (2014),

ﬁ(a)n—(Zanf(s)l/Qﬁo)_l Koh? {meC(a)(s) + V?)UC(G } 4N (0 oz_Qf( ) K 21/002\11( )(s)_l)

the result of Theorem 21 follows. O

2.8.2 Proof of Theorem 2

Proof. The proof is by contradiction. Without loss of generality we consider only the
pth covariate group. Assume Hé(p)(s)H # 0. Then J ({(s)) is differentiable w.r.t.
¢(p)(s) and is minimized where

~

0= Z{,(s)W(s) {Y — Z() (5) i) = Ziy (3) &g <>} 011 (8)C0 (3) [ ()]
= Z)(s)"W(s) [Y = Z(s)C(s) — (260) " WPha { V7,6 (8) + V5,6()}]

+ Zi)(5) W(5)Z) (5) [C<_p><s>+<2no>”h%z{vzucx-p><>+v2 ()} = ()]
+ Zi)(8) W(S)Ziy (8) [ (8) + (200) " B2 { V2,0 >+vzvc@><s>}—é@><s>]

— 3,(8)C0n (8) 1 (8) 7
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Thus,

(nh2) 2 6,()Ei (8) 1€y (8)] 7!

=2 ()" Wis) (112) | Y - 2(5)¢(5) -

(V2.c(s) + vaas)}]

+ {7 2 ()" W(s) Z () (5) }(nh?) 2 [q-p)(s H{Vikin(8)+ Vit ()} S
h2:‘12

2%0

+{nlz<p><s>TW<s>Z<p><s>}(nh?)”?{c@><s>+ (V2L (8)+ V2L (8)} =L }

From Lemma 2 of Sun_ef all (2014),
Op (07" Zy)(8)" W (8) Z)(8)) = Oy (07 Z ()" W(s) Zy)(s)) = O, (1).
From Theorem 3 of Sun_ef all (2014), we have that

()" |G (3) = Cn(8) = (260) ™" 22 { V2,800 (8) + V2L (9)}] = Oy (1)

and

(nh2)""* & (5) = i (8) = (2k0) ™" W2z {92,C0 () + VL (8)}] = O, (1),
We showed in the proof of Theorem EZT that
(nh?)""* Z)(8)"W(s) [Y = Z()C(s) — (200) ™ B2 {V2,4(8) + V2,L(5)}] = 0, (1).

The right hand side of (Z9) is O,(1), so for é(p)(s) to be a solution, we must have that
hn=26,(8)C ) (8) 1€ (8) |1 = O, (1). But since by assumption (,(s) # 0, there
must be some k € {1,2,3} such that |(), ()| = max{|y),.(s)] : 1 < m < 3}. And
for this k, we have that |§(p)k(s)|||é(p)(s)||*1 > 3712 > 0. Since hn~'/?b, — oo, we
have that hn='/2¢,(8)Cw) (8)[Ce ()| > hb, (3n)/? = oo and therefore the left
hand side of (Z9) dominates the sum to the right side. Thus, for large enough n,

é'(p)(s) # 0 cannot maximize J (-), and therefore P {é(b)(s) = 0} — 1. O
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2.9 Proofs of Theorems 3—4

2.9.1 Proof of Theorem 3

21 The next proofs require the lemmas in the web-based supplemental material.

First, let 2z € R?®. Define the g-functions to be the derivatives of the quasi-likelihood:

gi(t.y) = (0/0t) Q (g71(t),y). Thenq1 (n(s,2),p(s, 2)) =0,and g2 (n (s, 2), 1 (s, 2)) =

—p(s,z). Let

be the p-vector of quadratic forms of location interactions on the second derivatives

of the coefficient functions.

Proof. Let H' (u) = J*(¢(8) + apu) — J* (¢(s)) and a,, = h~'n~2. Then, mini-

mizing H/ (u) is equivalent to minimizing H,(u), where
Ho(w) = =030 (g7 (27 {¢(s) + auu}) . Y) K (s - si])
i=1
+n! Z@ (97 (21¢(9)) Vi) K (715 = sill)

+n qu] ) N1 (8) + anu]| — Zd)] ) 16 (5)1I-

Define
Qn = anZQl (ZzTC(S)vifz) ZzK (h_IHS - Sz”) = anzwi
i=1 i=1

and
n

n=—a2 qu (27¢(s).Y:) ZiZIK (h7Y||s = si]|) = a2 > 6.

i=1
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Then it follows from the Taylor expansion of J* ({(s) + a,u) around {(s) that
Hy (w) = =Qu + (1/2)u” Ay + (a;,/6) qu (27¢.v) [27a)" K (h7]s - sil)
+ Z@ ) LIS (8) + Rt = [I¢ (s)l] - (2.10)
j=1

where ¢; lies between ¢(s) and ¢(s) + ayu. Since gs (ZZ-TCN;, Yi> is linear in Y;, K (+)

is bounded, and, by condition (C.6),

(07/6) B (Z G.vi) (2]’ K (n lus—sin)‘:O(an),

the third term in (Z10) is O, (o). The limiting behavior of the last term of (210)
differs between the cases j < po(s) and j > po(s). Case j < po(s): If j < po(s),

then n1/26,(s) =m0 ()7 and [V {[1¢0(8) + antugy | — IS ()1} | <
B gl Thus,

lim ¢;(s) (10 (s) + anrgyll = 1€ (S)1]) < andj(8)u)|l < anan|lugll =0

n—oo

Case j > po(s): If j > po(s), then ¢;(s) ([I€i)(s) + anruy | = € (8)]) = d5(s)anlluyll.

Since h = O(n=Y/%), if hn=/2b,, & oo, then ay,b, = 0o. Now, if [|u | # 0, then
and;(8)llug | = anbalugll = oo

On the other hand, if |lu;)| = 0, then a,¢;(s)||u)|| = 0. By Lemma 1, A, =

A+ O, (ay,), so the limit of H,(u) is the same as the limit of H;'(u) where
H(w) = =Q,u@) + (1/2)uy) A @) + o, (1)

if ||u;|| =0 V5 > po(s), and H}(u) = oo otherwise. It follows that H;(u) is convex

and has a unique minimizer, called @,. Let @), A@q) and (), be, respectively, the
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parts of u,, A, and €, corresponding to the true nonzero coefficients, and let ), be

the subvector of u,, corresponding to the true zero coefficients. Then
’l:l,(a)n = A(_GSQ(a)n + 0p (1) and ﬁ(b)n =0

by the quadratic approximation lemma (Fan and Gijbels, T996). By epiconvergence,
the minimizer of the limiting function is the limit of the minimizers w,, (Geyei, 1994
Knight and Fu, 2000). Since A is a constant, the normality of (), follows from the
normality of €2,,, which is established via the Cramér-Wold device. Let d € R be a

unit vector, and let
S=aq (ZiTC<3)aYi) d"Z,K (h’lei - SH) .

Then d'Q,, = a,, >, &. We establish the normality of d”Q, by checking the Lya-
punov condition of the sequence {dTVar () d}_l/2 {dTQn — dTEQn}. By bound-
edness of K (-), linearity of ¢ (Z]'¢(s),Y;) in Y, and conditions (C.6) and (C.8), we
have that

natE (16]%) = O (an) — 0. (2.11)

We observe that (Z0) implies that na? [E (&)° — 0, and since E (1& — Efl\g) <
E{(&]+ |E£1|)3} — 0, the Lyapunov condition is satisfied. Thus, €2,, asymptotically
follows a Gaussian distribution and the result follows from the quadratic approxima-

tion lemma. ]

2.9.2 Proof of Theorem 4

22
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Proof. The proof is by contradiction. Without loss of generality we consider only the
pth covariate group. Assume Hé’(p)(s)H # 0. Then J ({(s)) is differentiable w.r.t.

¢(p)(s) and is minimized where
¢p(s)é(p)(3)||ép) || -1 qu <ZT > Z( )K (h_lnsi _ SH) (212)

From Lemma 2, the right hand side of (E12) is O, (1), so for é’(p)(s) to be a solution,
we must have that hn="2¢,(8)Cq) (8)1€w) (8)| " = O, (1). But since by assumption
Cp)(8) # 0, there must be some k € {1,2,3} such that |Q:(p)k(s)| = max{|é(p)m(s)| :
1 < m < 3}. And for this k, we have that |é(p)k(s)|\|é(p)(s)\|_1 > 3712 > 0. Since
hn~1/2b, — oo, we have that hn='2¢,(s)C1) (8)[|€p) (8) ]| > hb,(3n) /2 — oo and
therefore the left hand side of (Z12) dominates the sum to the right side. Thus, for
large enough n, é(p)(s) # 0 cannot maximize J (-), and therefore P {é(b)(s) = O} —

1. [l

2.10 Lemmas

Lemma 1.

qu (Z7¢( )ZKh<||s—sz||>]

< 271! 213 f(8) T (5) (V2,8(s) + V2,8(s))" ) +0p (W13)
02, ' Y

and

Var

> (Z76().Y7) Zii (s - sz-ll)] — J(s)diag {v0, v, 12} ® T(s) + 0 (1)

=A+o0(1)
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Proof. Expectation: For j =1,...,p, by a Taylor expansion of 3;(s;) around s,

Bi(si) = Bj(s) + VBi(s)(si — s) + (i — 8)" {V*B;(s)} (s: — 5) + 0 (h?)

and thus, for x € RP,
=7 B(s:) me Bi(s) + VB;(5) (51 — ) + By | +0(2).

Letting ZZT = {(17 Si1 — S1,8i2 — 52) ® 1’?} and {(s) = (B(S)Ta VUB(S)T7 Vvﬁ(*S)T)Ta

we have that
! B(si) — 2/ C(s) = 2! B! + 0 (1)
=0y (hQ) :

By a Taylor expansion around z?3(s;), then,

0 (1 ¢(6). (s, 2)) = 0 (a7 B(s0). (s, 2)
— 42 (ZBZTB(sz), P’(Si, Z)) sz ~£/

0 (h2) .
And by the definitions of ¢;(-) and ¢»(-), we have that
a1 (27¢(s), u(si, 21)) = p(si, z)al B + o (h?).
Now the expectation of €, is

nk(wilZ; = zi, 8;) = (1/2) anziqn ( C(S)7N<Si>zi)) K (;leS - SZH)

= (1/2) a,h’z; {h_Qp(si, z)xl B! +o (13p)} K (h_le —sil)-
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To facilitate a change of variables, we observe that h_QB;-’ = (u)T {V23;(s)} (52).

h h
Thus,
1 ~
E (wils;) = (1/2) a,h? hl(si1—s1) | @ {I‘(si)h_z,@f} +o0(13)| K (h_le — slH) )
h_l(Si,Q — 82)
And, using the symmetry of the kernel function,
K2
E(w;) = (1/2)anh*f(s) | hrs | @ [D(s) {V2.B(s) + Vi,B(s)} + o (h°13,)
hlig

where {V2,8(s) + V2,8(5)} = (V2,51(s) + VZ,01(s). .., V2.5y(3) + V2,5,(s))". Thus,

E(©,) = ( o2 (ST (e) (Vule) + Vi8(s) ) + 0, (h13,)

Variance: By the previous result, F(,) = O (h?). Thus, var(Q,) — E(Q2),
and since the observations are independent, £ (Q2) = > | E (w?). And, by Taylor
expansion around z] ¢(s;),
g (21 ¢(8),Ys) = i (2 ¢(s0). Y3)

—q1 (ZiTC(Si)a Y%) q2 (zzTC(Si)a Y;) ZUZT ~;,

+o0 (hQ) .
Since ¢ (+, ) is the quasi-score function, it follows that

E(w}|Z; = z;,8;) = aip(si, z)zizl K (h7Y|s — s4]) + o (R?).
By the symmetry of the kernel function,
E (w}) =n~' f(s)diag {vo, v2, 2} @ T'(s) + 0(1).

Thus,

Var (Q,) = f(s)diag {vy, va, 10} @ T'(s) + 0(1).



35

Lemma 2.

ZqQ (Z]¢(s),Y)) ZZTKh(Hs—sZH)] —f(s)diag {ko, ko, K2} @T(8) + 0(1)

=—-A+o0(1)

and

(Zq2 (Z7¢(s) )ZZTKh<||s—s@H>> =0 (n'h7)

Proof. Expectation: The approach is similar to the proof of Lemma 0. By the Taylor

expansion of g (27 ¢(s), 11 (8, 2;)) around 2] ¢(s;):

q2 (ziTC(S)nu(siazi)) = Q2 (Z?C(Si)7lj’(si’ Zz)) +q3 (ZiTC(S ), 14(85, Z; ) {z ¢(s C(Sz‘)}
= —p(si,z)+o(1).

And by the same arguments as before

E(6,]Z; = zi,8:) = —app(si, zi)ziz] K (h7|s; — s||)

T
1 1
((5 ’8 ) Oéi hil(SZ”l — Sl) hil(Siﬂl — 81) & F(SZ)K (h_lei — SH)
hil(SZ”Q — 82) hil(Si’Q — 82)

Thus,
E(A,) = —f(s)diag {ko, k2, k2} @ T'(s) + 0(1)
Variance: From the previous result, it follows that {E (6;)}> = O (n"2). By the

definition of ¢;,

FE ((512|Zz = Z;, Si) =

1 1 !
arzlzig3(si,z) | P (si1 — 51) h=(si1 — s1) zizl K* (W '|s; — s|))+o (1)
hil(SZ‘Q — 82) ]’Lil(Si’Q — 82)



And it follows that E (6?2) = O (n"'a?), and Var (A,) = O («

2
n

).
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Chapter 3

A Weighted Likelihood Bootstrap for
Inference in Varying Coefficients

Regression

3.1 Introduction

The previous chapter proposed the method of local adaptive grouped regular-
ization (LAGR) for estimating the local coefficients in a spatially varying coefficients
regression (VCR) model. The key benefit of LAGR over existing methods for esti-
mation in a VCR model is its ability to estimate the local value of the coefficient
functions and to simultaneously estimate which of the model’s coefficients are nonzero
on only part of the spatial domain, which was called local variable selection. In this
chapter, a method is developed for simulating the distribution of the LAGR estimate
by a weighted likelihood bootstrap (WLB).

By assumption, coefficients in a VCR model are smooth functions of the location,

denoted 3(-). The method of LAGR employs local polynomial modeling to estimate
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the local coefficients pointwise at a particular location. As described in chapter 2,
estimation of the values of the coefficient functions at s proceeds by approximating
B(-) in a neighborhood of s by a first-order Taylor expansion. Then the local coefficient
estimate is a weighted mean of the data where the weights decline with increasing
distance from s according to a kernel function.

The method of LAGR selects covariates for local regression models and estimates
their coefficients via a grouped L; penalization scheme akin to the adaptive group
LASSO. This type of penalized regression originated with the least absolute shrinkage
and selection operator (LASSO) ([Iibshirani, T996). A later refinement, the adaptive
LASSO, was shown to have the oracle properties; it asymptotically selects exactly the
correct covariates and estimates them as accurately as if their identities were known
in advance (Zoul, 2006). The group LASSO and adaptive group LASSO are analogous
methods that work on predefined groups of covariates, simultaneously selecting all
covariates in a group for inclusion in or exclusion from the model (Ynan and Lin,
2006; Wang and Leng, 2008). It was shown in chapter 2 that LAGR possesses the
oracle properties.

By the method of LAGR, we are able to estimate the value of the local coeffi-
cients, but to proceed with statistical inference within the VCR model it is necessary
to derive the distribution of the estimator. LAGR sits at the intersection of local
polynomial regression and LASSO-type estimation, both of which are fields where the
distribution of estimators is the subject of recent scholarship. In the setting of VCR
where the coefficient functions are estimated using the local polynomial model, asymp-
totic pointwise confidence intervals can be estimated from the asymptotic normality

of the local coefficient estimates (Caief all, 2000). However, this approach relies on
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the asymptotic normality of the coefficient estimates and does not account for the 1,
regularization step of LAGR. As a result, the estimated asymptotic distribution is not
necessarily the same as the distribution of realized coefficient estimates.

In the paper that proposed the LASSO, [Tibshirani (T996) proposed a variance
estimate that treats the coefficients estimated as zero as having zero variance. Later,
Osborne_efall (2000) developed method that estimates a positive variance for all
coefficient estimates by approximating the LASSO as a linear estimator, which is
problematic because the nondifferentiability of estimates at zero is the property that
enables the LASSO to simultaneously select covariates and estimate their coefficients.
A sandwich estimator based on local quadratic approximation, introduced in Fan and
Li (2001), can be applied to the variance of nonzero LASSO estimates and was shown
in Fan and Peng (2004) to be consistent for the variance of the nonzero coefficients.

An alternative to calculating the distribution of complex or intractable estima-
tors is to simulate the distribution instead. The bootstrap is a method that repeatedly
resamples with replacement from an empirical distribution defined by the data (as in
the nonparametric bootstrap) or from a parametric distribution estimated from the
data (the parametric bootstrap) in order to simulate the distribution of an estima-
tor (Efron, 1979). In particular, the residual bootstrap resamples the residuals of a
regression model and adds the resamples back to the fitted values at each iteration
(Ereedmanl, T98T). A residual bootstrap approach for simulating the distribution of
the coefficient estimates was proposed by Knight and Fu (2000), critiqued by Chat-
terjee and Lahiri (2010), and modified to demonstrate consistency in Chatterjee and
Lahiri (2011), which also showed that the unmodified residual bootstrap is consistent

for the distribution of regression coefficients estimated by the adaptive LASSO. The
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results of Chatterjee and Lahir] (2011) are shown to apply in the setting of linear
regression with constant coefficients and homoskedastic errors, conditions which may
be violated in a VCR model.

The residual bootstrap works by resampling from the empirical distribution of
residuals from fitting a regression model, then adding the resampled residuals back to
the fitted values. This method tends to work when the random error represented by the
residuals is homoskedastic and is the only random component in the data (Freedman,
1987). For data where the random error is heteroskedastic, the wild bootstrap is a
kind of residual bootstrap where the distribution of each residual is simulated using
only its own value, rather than the empirical distribution of the whole set of residuals
(Ciu, T988). The wild bootstrap was quickly adapted for application to nonparametric
regression (Hardle and Mammen, 1997), and is a standard simulation method for
local polynomial regression (Hardld, 1990; Cao-Abad, 1991; Cao-Abad and Gonzalez=
Manteiga, T993). Data on a spatial domain, though, are often considered to arise
at locations that are random according to some density. The appropriate bootstrap
procedure for this kind of data is the pairs bootstrap, which Freedmanl (I98T) calls
the “correlation model”. In this procedure, resampling is not of the residuals but of
whole observations from the data, e.g. (y;, x;, s;). Applications of the pairs bootstrap
to LASSO-type estimation have focused on evaluating model selection consistency
(Bachl, 2008; Hall'ef all, 2009).

Typically, resampling by the pairs bootstrap entails resampling each observation
an integer number of times, resulting in a multinomial random vector that describes
how often each observation was resampled for a given bootstrap (Freedman, T9&T;

Mammen, T993). The so-called Bayesian bootstrap (BB) was introduced by Rubin
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(T98T), by contrast, generates this vector of resample counts by drawing from a Dirich-
let distribution and uses the resample counts as weights in the log-likelihood. Riihin
(I98T) proposed that the parameters of the Dirichlet random vector could be inter-
preted as reflecting prior belief, but the BB method is Bayesian in interpretation, not
in execution. Whereas Rubinl (T981) proposed the method for estimating moments in
a nonparametric model for some data, it was modified to estimate the distribution of
parameters in a parametric model and renamed to the weighted likelihood bootstrap
(WLB) by Newton and Raffery (1994). We adopt and modify this method for esti-
mating the distribution of local coefficient estimates in a nonparametric VCR model.
As in Rubin (T981) and Newton and Rafferyl (1994), the method works by drawing
random bootstrap resampling counts to be used as weights in a log-likelihood. Here,
though, the weights are sums of independent Dirichlet random vectors, which causes
the resampling counts to be clustered around one, and it is this property which allows
us to prove a uniform convergence result for nonparametric regression.

For showing the asymptotic properties of estimation by LAGR in the previous
chapter, the expectation and variance of some components of the normal equations for
local polynomial regression were worked out and then the components were combined
through standard results like Slutsky’s theorem. In that setting, the components of
the normal equations were kernel-weighted sums of independent observations, but in
the WLB setting these are sums of the components of Dirichlet random vectors, and
so not independent. The moments for sums of this kind of sum were worked out by
Provost and Ho Cheong (2000), based on [mhof (1961) for the sum of chi-squared
random variables and the representation of a Dirichlet random vector as a vector of

independent Gamma random variables, normalized to have unit sum. Such moment
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calculations are used extensively to prove our theoretical results here.

The coefficient functions in a VCR model may realize to different values at each
location on the domain. As a result, the data observed at distinct locations, however
close together, arise from distinct models. The models for nearby locations are related
because the parts that vary with location (such as the coefficient values, the variance
of random error, and the spatial covariance of the covariates) are varying smoothly. In
the previous chapter, proofs of the convergence of the local coefficients estimated by
LAGR utilize uniform convergence results of Sun_ef all (2014) to the bound order of
the absolute difference between a sum of independent but nonidentically distributed
random variables and its expectation. Because the WLB has a fixed quantity of
weight to distribute among the observations, the elements of the sum are no longer
independent in this setting. A new result is proven, following the framework for
uniform convergence in local polynomial models that was used in Hansen (200S),
which establishes uniform convergence for the sum of dependent and nonidentically
distributed random variables of the kind encountered in the WLB.

This chapter concludes with a simulation study that demonstrates an application
of the WLB for simulating the distribution of local coefficients in a VCR model as

estimated by LAGR.

3.2 Varying Coefficients Regression

3.2.1 Model

Suppose that data are observed at locations sy, ..., s, in the domain D, a subset

of R%. For the ith observation we have data vector {s;,Y;, X;}, consisting of location
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S;, the univariate response Y; = Y(s;) and the p-vector of covariates X; = X (s;),
which arise from a random field on D with covariance ¥(s) = E {X7(s)X(s)|s}
that is continuous with respect to s. The response is related to the covariates through

a spatially varying coefficient regression (VCR) model

Vi = X[ B(si) + ¢, (3.1)

where B(s;) = (B1(8i),- .., B,(s:))T is the p-vector of spatially varying coeffi-
cients and ¢4, . .., €, are independent random error terms with mean zero and variance
o? for i = 1,...,n. The coefficients in the spatial VCR model (BI) are functions of
the location parameter s and are assumed to all have continuous second derivatives
on the domain D.

Since the vector-valued coefficient function B3(-) varies smoothly over space,
nearby data provide some information about the model at s, which is the founda-
tional insight of local regression. The notion of a “nearby” observation is formalized
in the kernel function Kj,(-) = h™2K(-/h), which assigns a weight to each observa-
tion in the data set based on its distance from the location of estimation, s, rela-
tive to the bandwidth h. Throughout this chapter, we use the Epanechnikov kernel:
K(z) = (3/4)(1 — |z|?) if |z] < 1 and K(x) = 0 otherwise. Then the local regression

estimates of the coefficients at s are found by maximizing the weighted local likelihood

o) = > Killlsi = sl) {yi — 27 B(s)}.

As a kernel smoothing method, local regression is biased for estimating the
local coefficient values at s, especially if s is near the boundary of the domain (Fan

and Gijbeld, T996). In order to reduce the bias, a local polynomial expansion of
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the coefficient functions is used. Specifically, we consider the case of a locally linear
expansion, which approximates the coefficients as linear functions in a neighborhood
of the estimation location s.

Let V3,(s) = {Vu.5;(8), V,5;(s)} denote the vector of directional derivatives of
B;(+) at s along the cardinal directions of the location parameter. Then the coefficients
at location s; in a neighborhood of s are approximated by the first order Taylor

expansion:

Bi(si) = Bj(s) + (si — 8)'VB;(s) + O(l|si — s||*) for j=1,....p,

where s € D is close to s;, and || - || denotes the Euclidean distance. Because the
Epanechnikov kernel gives zero weight to observations farther than one bandwidth
from the estimation location, the remainder term in the Taylor expansion is O(h?) for
any observation given nonzero weight.

For convenience, denote the value of the jth coefficient and its directional deriva-
tives at s by {;(s) = (8;(s), VuBi(s), V,5;i(s)). Similarly, the matrix of covariates
and their interactions with the two dimensions of the location parameter is denoted
Zs={X(s),LsX(s), M;X(s)} where Ly and M are diagonal n x n matrices with
{Ls},; = sa —s1 and { M}, = si2 — sa.

Now the value of the coefficient function at s is estimated by maximizing the

weighted local log-likelihood

n

thi(s) =Y Knllls: = sll) [y = {z:}7 <)), (3.2)

=1

which is maximized by the method of weighted least squares
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((s) = (ZFKn.Z.) " Z'K) .y, (3.3)

where y = (y1, ..., yn) and K, 5 is the diagonal matrix with {Kj, s }i; = Ki(||si—

sl)-

3.2.2 Local Adaptive Grouped Regularization

At s € D, assume that coefficients 1,...,py are nonzero and that the remaining
coefficients are exactly zero, where 1 < py < p. Denote the collection of nonzero
local coefficients as B, = (Bi(s), ... ,Bpo(8))", and that of the zero coefficients as
By (8) = (Bpos1(8), -+, Bpl(3))"

The method of LAGR simultaneously estimates the local coefficients and esti-
mates which are equal to zero. Estimation is via penalized local likelihood, adding
an adaptive group LASSO penalty to the local likelihood estimation of (B=). The

penalized local likelihood is

ZKh Isi = ) [y — x{ {B(s) + (s — 5)"VB(s) +Z¢; ) 1IG5(s
(3.4)
where ¢;(s) = A, HCJ H_v, fj(s) is the weighted least squares estimate of
¢(s) defined in (B3), A, is a LASSO tuning parameter, and v > 1. In chapter 1 it
was shown that, under suitable regularity conditions, the method of LAGR attains a

central limit theorem and consistent selection of only the nonzero coefficients:
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{nf(s)h"}'/? {ﬁ(a)(s) — Bia)(8) = (250) " Rah? Z V2B (s } 4N (0, HEQVOUQ(S)‘I’@%(SD

(3.5)

de{szo}%1, (3.6)

where kg = [pi K(||s]])ds, ko = [pasTK(||s]))ds, vo = [z« K3(||s]|)ds, and

Wo(s) = E{X]

(8 )X(a)(s)|3}. In (B3) the local coefficient estimates are biased,

with the asymptotic bias of 3;(s) given by (2kq) ' koh? Z;.lzl V2,8;(s), which is pro-

portional to the curvature of 5;(-) at s.

3.3 Weighted Likelihood Bootstrap

The estimation properties of the method of LAGR are appealing. However,
statistical inference requires a model for the variability of the coefficient estimates.

The penalized likelihood is not differentiable when the coefficient is zero, a prop-
erty that allows the LASSO to simultaneously estimate regression coefficients and
shrink some to exactly zero. Because of the nondifferentiability, there is not an an-
alytic formula for the distribution of the parameter estimates. Instead, we develop
a bootstrap approach to simulate the distribution of the local coefficients and make

inferences about the varying coefficients.

3.3.1 Classes of Bootstrap Procedures

Bootstrap procedures for regression models can be divided into two kinds, which
are the so-called fixed-design and paired bootstraps. The fixed-design bootstrap pro-

cedures assume that the only random component of the regression model is the error
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term e, with the locations S and covariates X fixed at their observed values. In the
case of linear regression with constant coefficients and homoskedastic error variance,
the fitted model can be written as y; = a:ZT,é +¢&; for i = 1,...,n. The distribution
of coefficient estimates B is simulated via the residual bootstrap by repeatedly fit-
ting the model to bootstrapped responses y7,...,y;, where y’ = ZIJlTB + ¢f and the
bootstrap errors €* are sampled with replacement from the residuals €. [Chatterjee
and Lahiri (2001) showed, for a linear regression model with constant coefficients and
homoskedastic errors, that when coefficients are estimated by the adaptive LASSO
then the coefficient distribution as simulated by the residual bootstrap converges to
the true distribution of the coefficient estimates.

Varying coefficients violate the assumptions of Chatterjee and Lahiri (2011),
so the validity of their residual bootstrap method in the VCR setting is unknown.
It is likely that the residual bootstrap fails to consistently simulate the coefficient
distribution in this case because kernel smoothing methods like LAGR are biased for
estimating the local coefficients. Bias in the coefficient estimates affects the residuals
through the regression model.

The wild bootstrap is a fixed-design bootstrap procedure for nonparametric re-
gression models with potentially heteroskedastic errors. Under the wild bootstrap,
the distribution of each error ¢; is estimated individually from the Studentized resid-
ual &;/(1 — hy;) where h;; = 073;/0y;. The wild bootstrap does not attempt to
simulate the error distribution exactly, but to approximate the distribution from a
single observation in a way that consistently estimates at least the first and sec-
ond moments (Liu, T988). The wild bootstrap is implemented by sampling v} from

a two-point distribution with zero mean - usually either the Rademacher distribu-
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tion (vf = +1 wp. 1/2, —1 w.p. 1/2) or Mammen’s distribution (v} = (1 —
V5)/2 wp. (V5 +1)/(2v5), (14+v5)/2 wp. (V5 —1)/(2/5)). Then the resam-
pled error € is calculated from v} and the Studentized residual by € = vie; /(1 — hy;).

In the case of a VCR model, however, it is not clear that any fixed-design boot-
strap procedure above is appropriate. The reason is that these resample only the
residuals, while our definition of the VCR model assumes that the covariates are real-
izations of a random process and that the locations sq, ..., s, are random according
to a density f(-). Since the randomness of the observation locations and the covari-
ates are reflected in the local coefficient estimates, they must also be reflected in the
resampling used to simulate the distribution of those estimates. Additionally, the
LAGR estimates of the local coefficients in a VCR model are biased, and the biased
coefficient estimates affect the residuals. Because of the bias, resampling the residuals
may not simulate the correct bootstrap distribution.

After the fixed-design bootstrap, the other kind of bootstrap procedure for re-
gression models is the pairs bootstrap, which was introduced as the so-called corre-
lation model of Freedman ([98T). In the setting of ordinary linear regression, this
procedure works by resampling the response and the covariates together as the pairs
(V;, X;) for i = 1,...,n. In a nonparametric regression setting like the VCR model,
the locations are included in the “pairs” as well, leading to resampling the triples
(V;, X;,8;) fori=1,... n.

While this method does resample from the data-generating process, it poses
problems when estimating the coefficients at locations that were resampled zero times

because then we have an estimation problem at those locations.
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3.3.2 Weighted Likelihood Bootstrap

The weighted likelihood bootstrap (WLB) differs from the standard bootstrap
in that it generates continuous weights for each observation, rather than resampling
each an integer number of times. Thus, while the NPB draws weights for the obser-
vations from an n-parameter Multinomial(1/n,...,1/n) distribution, the WLB draws
the weights from an (n — 1)-parameter Dirichlet(1,...,1) distribution. We call the
bootstrap procedure the weighted likelihood bootstrap because the distribution of the
coefficient estimates is simulated by resampling bootstrap weights for the weighted
likelihood.

The procedure to simulate the distribution of the local coefficient estimates is as
follows. Let b =1, ..., B index the bootstrap resamples, where B is the total number
of resamples. Let Db, ... D i Dirichlet(1,) be n independent n-vectors, each
sampled from a uniform Dirichlet distribution. Then their sum, W** = 37" | D3’ is
the n-vector of likelihood weights for the bth resample.

Then the penalized weighted local log-likelihood for the bth resample is
6(s) Zw*% lsi=sll) [y — 2T {B8(s) + (s: — )" VB(s)}] "+, Z 05(s)1¢(s

where ¢3’(s) = /\n||C_@;‘b(.s)||*7 are adaptive weights for the regularization scheme, A, is

a sequence of LASSO tuning parameters, and
Cs) = (ZT K W*Z,) " ZT K, Wy,

The WLB coefficients 8*(s) are those that maximize (;*(s) for b = 1,..., B.

We are now prepared for a statement of the main theorem.
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3.3.3 Asymptotic Property

Asymptotics work as follows: let G; = {s, X(s),e}; = {s;, X(s;),;} be the
collection of random elements from the ith observation in the data set. And let
Gn = 0({G; : i < n}) be the o-field generated by the data through the nth observa-
tion. Define the conditional expectation Eg(---) = E(---|G,), and the conditional
probability P (---) = P(---|G,). The limits in this section are taken as n — oo.

Assume the following regularity conditions:

(C1). The kernel function K(-) is bounded, positive, symmetric, and Lipschitz
continuous on R, and has a bounded support.

(C2). The coefficient functions §;(-) for j = 1,...,p have continuous second-order
partial derivatives at s.

(C3).The covariates X (s1),...,X(s,) are random vectors that are independent of
El,...,en. Also ¥(s) = E{X(s)X(s)"|s} and ¥(,)(s) = E{X()(8)X()(s)"|s}
are positive-definite and differentiable at location s.

(C4). E {|X(s)\3 |s} and E{Y (s)*|X(s), s} are continuous at a given location s.
(C5). The observation locations {s;} are a sequence of design points on a bounded
compact support S. Further, there exists a positive joint density function f(-) satis-

fying a Lipschitz condition such that
Sup nt Y [r(s)Ea(llsi — sl)] - /T(t)Kh(Ht — sl f(#)dt| = O(h)
s i=1
where f(-) is bounded away from zero on S, r(+) is any bounded continuous function,
and Kj(-) = K(-/h)/Rh?.
(C6). h =0 (n79).

(C7). (nh)'a, 2 0 and (nh)~'b, & cc.



ol

Theorem 3.1. Let H,, = P(T,, < x) for x € R where

Y

T, = {*nf(s)}"/* [B(S) — B(s) — (2r0) 'R’ (D ViB(s)}

and let H, be the conditional cumulative distribution function of the WLB estimate

T, = {n*n*f(s)}"? [ﬁ*”(S) — B(s) — (2r0) "Rah* (> Vi B(s)}

Under the reqularity conditions, as n — oo, H, converges to H,, in the sense that

D(H,, H,) %0,
where D(-,-) is the Prokhorov distance metric.

Proof. The theorem is follows from a series of Lemmas in the technical appendix. [

3.4 Simulation Study

3.4.1 Simulation Setup

A simulation illustrates the WLB inference method. The location parameter for
the simulation is two-dimensional. Data were simulated at 196 locations on a uniform

14 x 14 grid covering the domain [0, 1] x [0, 1]. The model for the simulated data is

Yi = Po(si) + X1iP1(si) + Xaifa(si) + i

where € = (g1,...,e,)T ~ N(0,02I,). The coefficient functions 3y(s), 31(s), and
Pa(s) are plotted in Figure 1. The coefficients X; and X, were simulated as zero mean

Gaussian random fields with exponential covariance model having unit variance, range
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parameter 0.1, and nugget variance 0.2. Collinearity was induced in the covariates by
multiplying the matrix (X; X3) by the square root of the matrix having ones on the
diagonal and p for the off-diagonal entries.

Data were simulated under six settings: low (p = 0.1), medium (p = 0.5), or
high (p = 0.9) covariance, crossed with low (¢ = 0.5) or high (¢ = 1) error vari-
ance. For each setting, 28 independent replications were simulated. For each of these
replications, the coefficient functions were estimated by LAGR and the distribution of
these coefficient function estimates was estimated by 100 resamples of the WLB.

The WLB distribution of the coefficient estimates was compared to the asymp-
totic normal approximation of Caief"all (2000). The asymptotic distribution of the
coefficient estimates as written in (B2) depends on the local density of observation
points, f(s) and the local second derivatives of the coefficient functions, V?j Br(s) for
j=1,....,dand k = 1,...,p. These quantities are unknown and so cannot be used
for estimation. The local second derivatives of the coefficient functions appear in the
asymptotic bias but not the variance; we can avoid having to estimate the second
derivatives by ignoring the bias. Meanwhile, some simple calculations show that the
expected value of the sum of kernel weights at s is

n
EY " Ki(lls = sill) = nEK,(|s = s1]]) = nrof(s) + Op(h®) — nrof(s).
i=1
Combining this result with (B:3), we have that the local coefficient estimates are

approximately distributed as

=1

Bls) = N (ﬂ(S) + (2f<&o)*1f€2hdz V3i8(8), 1067 {hro Yy ¥ (8)Kn(ls — 31‘”)}1> :

This is the asymptotic distribution to which the bootstrap distribution is compared
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in this simulation study. No local variable selection was attempted for the asymptotic

approximation.

Figure 3.1: The coefficient functions used in the simulation model.

3.4.2 Simulation Results

The mean coverage frequency of nominal 90% confidence intervals (CIs)for the
coefficients fy(-), £1(+), and By(-) are summarized in Tables BTl and B2, which respec-
tively describe the coverage of WLB CIs and asymptotic CIs. The reported frequencies
are the means of coverage frequency for each coefficient over the domain [0, 1] x [0, 1].
Coverage is reported for the true coefficient functions and for smoothed versions of
the truth which represent the estimable coefficient functions.

Coverage of both the true coefficients and the smoothed coefficients by the
asymptotic CI was usually greater than by the WLB CI. In general, both achieved
mean coverage lower than the nominal 90%. The 90% Cls covered the smoothed
coefficients with much greater frequency than they covered the true coefficients.

Coverage of the intercept function Sy(-) by both kinds of CI appears to be iden-
tical between the true and smoothed versions, probably because the intercept function

had minimal curvature. There is a marked difference in the frequency with which nom-
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coverage frequency
Parameters true coefficients smoothed coefficients
o P Bo B P2 | o B B2
0.50 0.10 | 0.77 0.47 0.58 | 0.77 0.76 0.64
0.50 0.50 | 0.75 0.48 0.61]0.75 0.72 0.61
0.50 0.90 | 0.75 0.55 0.70 | 0.75 0.66 0.54
1.00 0.10 | 0.82 0.53 0.64 | 0.82 0.75 0.60
1.00 0.50 | 0.81 0.51 0.68 | 0.81 0.68 0.57
1.00 0.90 | 0.81 0.49 0.64 | 0.81 0.56 0.41

Table 3.1: Coverage frequencies of nominal 90% weighted likelihood bootstrap confi-
dence intervals (CIs) for the coefficient estimates, averaged over the modeling domain,
under the six simulation settings. Columns 3-5 list the frequency that the nominal
90% CI covered the true local value of the coefficient function, while columns 6-8
list the frequency that the nominal 90% CI covered the smoothed local value of the

coefficient function.

coverage frequency
Parameters true coefficients smoothed coefficients
o p Bo Br B2 | Bo B B2
0.50 0.10 | 0.86 0.60 0.62 | 0.86 0.87 0.86
0.50 0.50 [ 0.85 0.64 0.69 | 0.85 0.88 0.87
0.50 0.90 | 0.86 0.78 0.79 | 0.86 0.87 0.87
1.00 0.10 | 0.87 0.69 0.69 | 0.87 0.87 0.87
1.00 0.50 | 0.88 0.72 0.75]0.88 0.88 0.88
1.00 0.90 | 0.86 0.80 0.81|0.86 0.86 0.86

Table 3.2: Coverage frequencies of nominal 90% asymptotic confidence intervals (CIs)
for the coefficient estimates, averaged over the modeling domain, under the six sim-
ulation settings. Columns 3-5 list the frequency that the nominal 90% asymptotic
CI covered the true local value of the coefficient function, while columns 6-8 list the
frequency that the nominal 90% CI covered the smoothed local value of the coefficient

function.
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inal 90% confidence intervals for the other coefficient functions cover the smoothed
coefficients, compared to the frequency with which they cover the true coefficients.
Coverage of the smoothed coefficients is uniformly more frequent and comes close
to the nominal 90% coverage (ranging between 0.41 and 0.76 for [3;(-) and [a(+)).
Coverage of the true f1(-) and fB(-) ranged between 0.47 and 0.7.

The reason for the difference appears to be that the local coefficient estimates
are biased in the direction of curvature of the coefficient functions. As is apparent
from Figure 1, the intercept function [y is mostly a gradient from the top left to the
bottom right of the domain. The frequency with which the nominal 90% CI covers
the true [y and the smoothed [y(+) are shown in the second and third panel of Figure
2, respectively. Any difference between the panels is hard to identify. On the other
hand, see Figure 3 for the local coverage frequency for the nominal 90% CI for 3;(+)
and Figure 4 for the local coverage frequency for the nominal 90% CI for 5(-). The
nominal 90% CI badly undercovers the true coefficient functions in some areas of the
domain, which are colored orange in the figures. These areas are exactly where the
true coefficient functions (plotted in the first panels of Figures 2, 3, and 4) are curving,.
The smoothed versions of these coefficient surfaces are covered at approximately the
nominal frequency in the same areas.

It appears from the simulation that the confidence intervals constructed by the
WLB are for a smoothed version of the truth, where the smoothing is an artifact of

the kernel smoothing we used to estimate the model.
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Figure 3.2: Intercept function [y(-) (left panel) and the coverage of nominal 90%
confidence intervals (Cls) at 196 locations on the domain [0,1] x [0,1]. The middle
panel illustrates the frequency with which the CIs cover the true local intercept, and
the right panel illustrates the frequency with which the CIs cover the local value of
the smoothed intercept function. Locations of undercoverage are colored orange and

locations of overcoverage are colored purple.



57

-

1

Figure 3.3: Coefficient function [i(-) (left panel) and the coverage of nominal 90%
confidence intervals (Cls) at 196 locations on the domain [0,1] x [0,1]. The middle
panel illustrates the frequency with which the Cls cover the true local coefficient, and
the right panel illustrates the frequency with which the CIs cover the local value of
the smoothed coefficient function. Locations of undercoverage are colored orange and
locations of overcoverage are colored purple.
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Figure 3.4: Coefficient function [(-) (left panel) and the coverage of nominal 90%
confidence intervals (CIs) at 196 locations on the domain [0,1] x [0,1]. The middle
panel illustrates the frequency with which the Cls cover the true local coefficient, and
the right panel illustrates the frequency with which the CIs cover the local value of
the smoothed coefficient function. Locations of undercoverage are colored orange and
locations of overcoverage are colored purple.
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3.5 Discussion and Conclusions

Inference for the coefficients in a VCR model can be divided into two categories:
either the observation locations are fixed or they are random. The WLB assumes
that the observation locations are random, according to the density f(s). Under
this assumption, the WLB assigns weights to the observations {s;, X;,Y;} for i =
1,...,n. The WLB resampling scheme thus implicitly simulates the distribution of
the locations, the distribution of the covariates X, and the distribution of the random
errors €. If the sampling locations are considered fixed, a residual bootstrap method
(such as the wild bootstrap or parametric residual bootstrap) may be required.

The rate at which the WLB resamples converge is faster than that of the original
LAGR estimate. Specifically, the error of the raw LAGR estimate is O(h~'n~"/2) =
O(n~'/3), while the error of the WLB coefficient estimates is O(h~'n"!) = O(n=5/9).
As a result, the WLB estimates must be adjusted in order to be interpreted as sim-
ulating the distribution of the coefficients as estimated by LAGR. The adjustment is
done by subtracting the mean from the bootstrap estimates, multiplying the difference
by v/n, and then adding the mean back.

Convergence is faster for the WLB because of how the weights are sampled.
The sum of n independent Dirichlet(1,,) random variables exhibits a central tendency,
which means that the weights are clustered near one. This is a consequence of the
Central Limit Theorem. On the other hand, the NPB samples from a multinomial
distribution with uniform weights, and the BB studied by Rubin (T981) and Newfon
and Rafferyl (T994) samples its weights via a single realization of a Dirichlet(1,,) dis-

tribution, which is a multivariate generalization of the uniform distribution. In both
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cases, the mean and variance of the weights tend to one and therefore the mean and
variance of the bootstrap resamples tend to the corresponding moments of the target
distribution. Meanwhile, the variance of the weights in the WLB tends to 1/n, which
is why the variance of the bootstrap resamples is too small by a factor of n.

The crucial advantage of the WLB is that it converges uniformly on the domain
of the location parameter. Because the coefficients vary over the domain, each ob-
servation is the product of a unique model that applies only at the location where
that observation was made. If the observations had all arisen from the same model,
then the familiar law of large numbers and central limit theorem would suffice to show
that the coefficient estimates converge to their expectation at a particular rate. Given
observations that are generated by a process that varies smoothly over the domain,
individual observations can each be approximated via Taylor’s expansion. However,
that is merely an approximation, and entails an unknown amount of error. Uniform
convergence means establishing a supremum for error when approximating the model
at s by the weighted mean of nearby approximations, for any s. It also means that
the supremum goes to zero as n — oo.

Alternatives like the NPB and the BB are not known to possess the property of
uniform convergence, and it is unlikely that they could. Heuristically, convergence is
usually established by showing that the probability of encountering any observation
that deviates from the expectation by enough to have a noticeable impact on the mean
grows more slowly than the sample size. Then any deviations that do occur are even-
tually washed out in the course of n — co. However, when the bootstrap weights are
sampled from a uniform distribution (be it discrete as in the NPB, or continuous as in

the BB) on [0, n], the limiting behavior can change. Now it is straightforward to show
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by the Borel-Cantelli lemma that, for any sample size, repeatedly bootstrapping the
weights will inevitable generate bootstraps where one observation carries an arbitrary
proportion of the total weight (25%, say), which grows with the sample size. Even as
n — 00, that observation’s contribution is not negligible in the mean, which prevents
the error supremum from converging to zero.

This heuristic argument also shows why the solution for bootstrapping in a non-
parametric regression setting must be for the bootstrap weights to cluster around one.
When the weights cluster, the likelihood of any extreme bootstrap weights gets smaller
as the sample size increases. The theorem shows that the WLB achieves a balanced
condition where the probability of extreme weights declines quickly enough to achieve
uniform convergence but not so fast that the bootstrap distribution degenerates to
a point mass at the unbootstrapped LAGR estimate. Thus, the convergence of the
WLB resamples is orderly, which allows us to interpret those resamples as arising from

the approximate distribution of the LAGR estimate.

3.6 Technical Appendix

The following result, due to Provost and Ho Cheong (2000), will be used several

times.

Lemma 3.1. Moments of a linear combination of components of a Dirichlet ran-
dom wvector Let D = (Dy,...,D,,)T be a random wvector having an m-parameter
Dirichlet(1,,) distribution. Further, suppose a = (ai,...,ay) is a fired m-vector and
denote the linear combination of the elements of @ and D by S =Y .", a;D;. Then

the kth integer moment of S is
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K k—k k—k1——km_2

K KT(m) 1
E(S):]CZZ... Z F(k:——(kni)H(S"

1=0 ko=0 km_1=0

S

with ky =k — 30 k.

We begin by proving that the kernel-weighted sum of Dirichlet-weighted obser-
vations converges uniformly on the domain D. The result differs from Lemma 1 of
Sun_ef-all (2014) in that the Dirichlet weights of the WLB induce dependence in the
observations, which violates the assumptions of that Lemma. Our proof of the re-
sult repeatedly uses the fact that the Dirichlet weights of the WLB are independent
of the observations. The expectation here is with respect to the observations and
the Dirichlet weights; for now, the observation locations are considered fixed. The
approach taken here is to: truncate the observations and bound the error for doing
so, then define a finite set of grid points so that the domain is covered by neighbor-
hoods around the grid points, then find the error supremum by taking the maximum
error over the neighborhoods, and finally bounding the remainder by the Bernstein

inequality (Hansenl, 2O0R; Sun ef all, 2014).

Lemma 3.2. Uniform convergence

Let {Y;} be a sequence of independent random variables, D % Dirichlet(1,,) for
i=1,...,n, and W be a random n-vector such that W; = 377, Di;. Let {s;} € R?
be nonrandom location vectors. suppose that for some q > 2, max; E|Y;|? < oo. Under
reqularity conditions C1 and C5, if n'=2/7h/log? n — 0o and lim, oo n™* S0 Ku(||si—

s||) < oo for any s € D, then
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n

sup |n™' Y [Kn(lls: — s|)WY: — E{Kn(|ls; — s|)W:Y:}|G,)]

seD i—

=0, <{n’1h’d log n}1/2>

Proof. As noted, we begin by bounding the error that arises when we truncate the ob-

servations. Define 7, = n¥/=2(logn)"2 and R,,(s) = n~t 31| Ki(||si—s|)) {W;Y; — WY I(]W,;Y;] <

Thus, R(s) =n~' >0 Kin(||si — s| )WY I(|W;Yi] > 7,,). One useful result is that for
large enough n, the truncation error vanishes. To show this, we bound the expected fre-
quency of truncation using Chebyshev’s inequality: P(|W;Y;| > 7,,) < 7 9E|W;Y;|? <
770 (g+1)E|Y;|% For ¢ > 2,5 779 < > n~llog™' n < oo, and by assumption,
E|Y;|? < co. Thus, by the Borel-Cantelli lemma, there is an N such that for alln > N,
|Y,| < 7,,. Since the Y; are also independent, we have that for n > N, |Y;| < 7, for all

i > 1. Thus, for large enough n, R(s) = 0.

Next, we bound |ER(s)| in a way that applies for all n. |ER(s)| = |Ew EjwR(s)| <

Bw [n™t 320 WiByw {|Kn(llsi — sIDIIY:H(|Yi] > 7./Wi)}]. Since 7., /Wil(|Yi] > 7, /W;) <

Yi|, we have I(|Y;] > 7,/W;) < [W;Y;|97! /7471 Thus,

[ER(s)] < 7 Ew [n”" Y WIEw {|Kn(llsi = s|)| [Yi|*}

=1

<7, "Ew (Z Wf) Ew {nl > 1K(||s; — sl \leq}
| \i=1 j=1

<l 1) [ Ils = DI (Yol = t) fat

< b+ Ve [ (K ()| de
Rd

< 7 ImD(g + Deres = O(r2%) = O(r,). (3.7)

n

It follows that with probability one, sup,cp |R(s) — ER(s)| = O(1y,).

Further, since D is compact, there is a positive constant ¢z such that D C {s:
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|s]| < ¢3}. We intend to define a regular grid of points such that the domain D is
covered by neighborhoods of the points. Define the neighborhood of each grid point
sj by N; = {s:||s; — s|| < hr,}. Then D can be covered by N < ¢3/(hr,)? such
neighborhoods and the supremum on D can be replaced by the maximum over the
neighborhoods.

The kernel has compact support, so there is a finite positive constant L such that
|s|]| > L = K(||s|]|) = 0. Because the kernel is Lipschitz continuous, there is a finite
positive constant cs such that for all s,¢ € RY, |K(||s]|) — K(||t|])] < cs]|s — t||. Let
Ki(llsl) = esI(lls]l < 2L) and Ki(llsl}) = A=K7 (b= s])). Then h~[ls — ;]| < 7,

for all s € N; and, for all i > 1,
|K (W H|s; — s]]) — K (h7Y|si — s5]])| < ro KT (Wt |s; — s)) - (3.8)

Define Ri(s) = n~' 321, Ku(l|si—s|)WiYil ((WiYi| < 7,) and Ri(s) = n~" 320 Kj([lsi—
s|)|W;Y;|I(|W;Y;| < 7,). By an argument much like (872), E|R](s)| < ¢ for some

positive constant ¢g. Then by (BR),

sup | Ru(s) — ERy(8)] < |Ru(s;) — ER(s)| + 1 (| Rl(s))

SGNj

+ E|Rl(s;)

)

< |Ri(s;) — ERy(s;)| + a |Ri(s;) — ERI(s;)| + 2r, E|RI(s;)|

< |Ru(s;) = ERu(s))| + | Ri(s;) = BRI(s;)] + 2race.
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Thus, for large enough n, we can bound the error supremum by

seD 1<j<N sEN;

P (sup |R1(s) — ERy(s)| > 4c6rn> <N max P (sup |R1(s) — ERy(s)| > 4067“n>

<N max P(lRl(S]) ER1(S]‘)| > CGTn)

1<j<N
+ N max P (‘RT s;) — ERI(s;)| > 06rn> .
1<j<N
(3.9)

It follows that the probabilities can be bounded by applying Bernstein’s inequal-
ity. Since W is the sum of n independent Dirichlet random vectors, R(s) and Rf(s)
can be written as sums of independent random variables, each of which is a linear com-
bination of the elements of a Dirichlet random vector. Applying Bernstein’s inequality
requires bounding each lienar combination and calculating its second moment.

We have seen that for large enough n, |Y;| < 7, with probability one, so assume
that |Y;| < 7,. Since K(|| - ||) is Lipschitz continuous and has compact support, we

have that K (h™!||s; — s]|) < ¢; for some positive constant c;. We have that

[Ry(s) — ERy(s)| = n~* | S ViWiK, (b7 |s; — s]]) - {Zywm s - S”)H

i=1 i=1
—pn! Ezlyipﬁxh s —s]|) - {lelyz;ﬂf(h 1\|sl-—s|y)H
=1 J= i=1j

=n! ii [YiDjiKh (h_lez- - 5”) —n"'E {Y;Kh (h_lusi - SH)H ‘

j=1 i=1

=0t WY Vils)
j=1
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where V(s) for j = 1,...,n are independent. In addition, we have

n

var Vj(s)=F (Z (VDK (b8 — s||) — E{YiDjK (h™"|s; — sH)H)

=1

= EpE (ZD]Z (VK ( 1Hs,~—s||)—E{)@K(h_lﬂsi—s”)}]) |D,

<E (2 Dz) E (Z Vi (07 sy = ) — B {YiK (7" s, - su)}}>2-

=1

Since K?(-) satisfies regularity condition (1), by regularity condition (5), we have

B (Z Vil (b ls: = s])) = B {Y: (h~" i - SH>H>

— ByE (ZK (K" ls. — sll) [Yi - E{m) o(¥)
< cnh?.

Also, because Y | D;; = 1, we have

n 2 n
=1 =1

k#£1

—EZD (n—1)/(n+1)
=1.

Thus EY " | D% =2/(n+ 1), and var (V;(s)) < 2cnh?®/(n + 1) < 2cnh?.
Since we have the quantity |R;(s) — ER(s)| expressed as the sum of n inde-

pendent random variables, each of which is bounded by 4+27,¢; and with variance
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bounded by 2ch?. Thus, by Bernstein’s inequality,

>_Vils)
<P (i Vi(s)| > cﬁrnnhZ)

P(|Ri(s) — ERy(8)| > cgrn) = P (

> c6rnnh2>

. -2
< 2exp{ —(cgrnnh?)?/ (2 Zvar Vi(s) + 4/306C7annnh2>
=1

< 2exp{—cglogn/(2c+4cr)} < 2n (3.10)

By an analogous argument,

Ri(s) — ER{(S)‘ = ! ‘fﬂ R (s)) where
VjT(s) for j =1,...,n are independent and Vj(s)‘ < 27,¢g for a positive constant cs.

Thus,

P (‘R{(s) — ERi(s)| > cﬁrn) < on~cs, (3.11)
The proof is completed by substituting (B10) and (B) into (B):

P <sup |R1(s) — ERy(s)| > 4(:6?“n) < c(hr,)?n=% — 0.

seD

O

Lemma 3.3. Second moment of the normal equations Under regularity conditions

(C1) and (C3)-(C6),

“1r- - W(s) 0,4
B2l K, Wz = ) Oy (cnl@snpll,
' o Odpxp Rof(s)W(s) ® I + P(C (d+1)p (d+1)p)

where ¢, = h + {n_lh_d log n}l/Q.
Proof. Using the definitions of H, Z,, K s, and W,

n'H'ZI'K, W*Z.H ' =

( n~ 3 Xa X wiKy(||si — s|)) n=t 3 XX @ (22) wi K (s — sl) >

n= 3 XX @ () wi Kn(llsi — sll) n7! 300 Xa X @ (52) (52) wi Ku(llsi — sll)
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By Lemma 1, the expectation is

n'E{H'ZTK, W*Z,H'G,} =

( nt i XX Ku(llsi — ) nTt i XX @ (22) Ku([lsi — ) )
nT il XX @ () K(llsi — sl)) nT L Xa X[ @ (552) (52) T K s — sl])

As n — o0, due to Lipschitz continuity of f(-), symmetry of the kernel, and

regularity condition (C5), the expectation tends to
n'E{H'ZTK, ,W*Z,H'G,} %

Kof(s)¥(s) 0, (dp) ) .
+ O(h1 1 .
( 0(dp)xp Rof(8)¥(s)® Iy ( (d+1)p (d+1)p)

The difference between the mean and its expectation can be bounded by applying

Lemma 1:
nt [H'ZIK, W*Z,H' - E{H 'Z'K, ,W*Z,H'}] = 0, ({(nh*) " logn}"/?)
which completes the proof of Lemma 3. O

Lemma 3.4. Bias of the normal equations Under regularity conditions (C1) - (C6),

d
B(8)—(I,,0,04p)(ZL K}, W*Z ) ' Z, K}, W*m = —27 'k ko h? Z Vi.B(8)+0,(h*1,)

k=1

Proof. To begin, note that

B(s)—(I, 0pxdp)(ZsTKhﬁW*ZS)_lZsKh,sW*m =
(I, 0p><2p)H_1(n_lH_lZgKh’SW*ZsH_I)_ln_lH_IZgKh’sW* {Zs¢(s) —m}
(3.12)

and by a standard argument,

n'H'ZI'K, W*{Z.((s) —m} = (3.13)

LN [ T wim (550) V2B,(s)) (552 Kallls — s|) }
o Z{ nTUY wie @ (252) my (272) " V2B5(s]) (252) Ka(llsi — s))
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where s! = s 4 0] (s; — s) for some 6! € [0,1] is a point on the line between s and s;.

We now have that, by Lemma 1, the expectations over the observed data are
u - si— s\ S;i— S
(o) Y |3 i, (252) waish () mallsi - s||>|gn] -

1#22%% ( Z S)TVQﬁj(SD <Si }: S) Kn([[si — sl)),

7j=1 =1

and

—@mlmﬁiE

iw:wi o (22) s (?)vasb (%) s - s\mgn] _
oY (U)o (U52) w6 (55 Kals sl

7j=1 =1

Thus, as n — 00, due to continuity of the second derivatives of 3(-), symmetry
of the kernel function, Lipschitz continuity of f(-), and regularity condition (C5), the

expectations of the components of (BT3) tend to:

p n T
) eSSBS wimay (M) Vsl () Kl - s||>|gn] 5
j=1 i=1
d

— 2702k, {}:v ,E:v”p } + o(h*1,)

and (due especially to the symmetry of the kernel function),

p n T
~en ey E | Yee () (B) il () Kallsi - s||>|gn]
j=1 Li=1

O(h21dp).

Using Lemma 2 to bound the difference between (B13) and its expectation, we
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have that
n'H'Z'K, W*{Z.((s) —m} D

( 2 U () U(s) { T, Vi (9)..... S, VaB(e) ) ) + (L),
Oap

(3.14)

The statement of Lemma 4 now follows by Lemma 3 and Slutsky’s theorem. [

Lemma 3.5. Adaptive weights Under regularity conditions (C1) - (C6),

{n?h?f(s)}? (5*(8) —B(s) — 27y ok Y Vikﬁ(S))

k=1
4N (0, kg 2vea” T~ (s))

Proof. First, note that
{n2hdf(s)}1/2 (B*(S) - 6(3)) = {thdf(S)}1/2<Ip> Opxdp)(ZZKh,sW*ZS)_lstKh,sW*e
+{n*h ()} 2L, 0puap){(Z] K, W™ Z,) ' Z] K), W*m — B(s)}

=dJdp + ']n2-

Since Dy, ..., D} are independent,
var (H'Z! K, ;W*e) = i var (H'Z! K, Dje)
i=1
= nvar (H”ZTKh,sDi‘a) )
By applying Lemma 1, we get
B{H 27K, Dielg,} = S (Zheiallsi — 1)

i=1

and

E{H'Z"K, Diec" DK, Z,H (G, }

=2/{n(n+1)} Y > AZ}{Z} eie; Knlllsi — sl Knlls; — sl))-

i=1 j=1
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Thus,
1 n
M (partH 2T KW 61} = Sy 1) L AZMAZ Rl —ol)
9 n i—1
+ —n(ni 1)hdf(8) ZZZ ;{Zs}i{zs}fsigj}(h(nsi —s|)Kn(ls; — s|)

b o ) vW(s) Opxdp
= o (&) (s ( Odpxp VQ‘I’(S)d® I, ) .

By the central limit theorem, Lemma B=3, and Slutsky’s theorem,
Jnl i> N (O, 1/050_20'2\1’_1(8)) .
By Lemma 4, we have that

d
Juo = (W f(8)}V2 — 27 g woh® Y ViB(8) + 0p(11,),
k=1

which completes the proof of Lemma 5. O

Lemma 3.6. Bootstrap distribution of adaptive LASSO estimator Under regularity

conditions (C1) - (C7),

{n2hf ()} |80y (8) = Biay () — (260) b { V2, By (3) + V2, B (3}

4N (0, H62V00'2\I/(a)(8)_1) ,

where { V2,80 (s) + V2,80 (8)} = (ViB1(s) + V2,B1(), . ViuB(8) + V2,Bp(s)) -

Proof. Let H(u) = J*(¢(s) + h'n"tu) — J* ({(s)) and o,, = h~'n~!. Then, we
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have
Hy(uw) = (1/2) [Y = Z.{¢(s) + anu}]’ Kp WY — Z.{{(5) + anu}]

+Z¢ )G (8) + anuy|

p

— (1/2){Y = Z.((s)} WK o {Y — Z.((8)} — Y 65()[I¢;(9)]

j=1
=(1/2) aiu” {ZIW*K), s Z,} u

— apu? [ZTW K, Y — Z.0(9)}]

+ > 05(8) {l1< (s) + anugy | = € ()11} -
j=1

The limiting behavior of the last term differs between the cases 7 < po(s) and j >

po(s). Casej < po(s): It j < po(s), then ¢%(s) < a, and | {[[Ci5)(8) + anug|l — [1€0) (s

OanU,(j)H. Thus,

;5(8) (1€ (8) + anug | = IS (9)1]) < ananllugl — 0.

Case j > po(s): If j > po(s), then ¢;(s) ([I¢y)(s) + anugll — 1< (s)) =

*(8)a||wn||. Since by assumption a,b, - oo, then if ||u | # 0, it follows that
J () )
an@j(8)llugll = anbnllug || — oo

On the other hand, if |lug)|| = 0, then a,¢j(s)||lug)|| = 0. Thus, the limit of

H(u) is the same as the limit of H(u) where H}(u) = oo if [Ju;)|| # 0 for some

J > po(s), and
Hi(u) = (1/2)2u" {ZIW' K}, . Z;} u — a,u” [ZIW* K}, {Y — Z,((s)}]

otherwise. It follows that H () is convex and has a unique minimizer, called 4.

Let 112‘&)” and '&Z‘b)n be, respectively, the subvectors of ) corresponding to the true

s)I}] <
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nonzero coefficients and true zero coeflicients. Then
~ % — T * -1 T *
Wy, = {0 23 W KpsZs)} [ ZyoyW Kps {Y — Zya)Ca)(5)}]

and '&fb)n = 0. By epiconvergence, the minimizer of the limiting function is the limit

of the minimizers 4} (Geyer, 1994; Knight and Fu, 2000). Since, by Lemmas 3 and 4,
'&fa)n—(Zanf(s)l/%o)_ Koh? {VW (s) + ngC(a } - N (0 o, 2 f(s) kg 21/00'2‘1’( )(s)_l)
the statement of Lemma 6 follows. O

Lemma 3.7. Consistency of bootstrap for covariate selection by adaptive LASSO

Under regularity conditions (C1) - (C7), for j > po(s),
P{Ci(s) =0lGa} 1

Proof. The proof is by contradiction. Without loss of generality we consider only the
pth covariate group. Assume ||§:*(p)(s)|| # 0. Then J*({(s)) is differentiable w.r.t.

¢(p)(s) and is minimized where

~

0= ZiyW Kia{Y = Zu i p(s) - zs<p><:p)<s>} ~ 6 (&) ()€ ()

= ZL WK, [Y — Z,((s) — (2k0) " k2 {V2,4(8) + V2,L(9)}]
+ Z;f(p)W*Kh»SZS(fp) [C(,p)(s) + (2r0) “2 {V ( ) + VUUC p) )} - é?—p)(s)}
+ ZﬁT(p)W*KhﬁZS(p) [C(p)(s) + (2K0) h*ky {V (s) + v%vC(?)('S)} - é&)(s)]

— 03(8)SH) ()16 ()7



74
Thus,

hy(8)CE) (8)11€0 (8117

2
:hZST(p)W*Kh,s {Y — Zs((s) — i

2K

{Vi.l(s)+ Vi C(s)}

—i—nh{n 1ZT W Khs s(— p}|: h KQ{V ( )+V2 } C

h:‘ig

b {0 2L WK, Zagy { Vi >+vzvc@><s>}—é;p)<s>].

(3.15)
By Lemma 3,

Op (N ' Z3 WK} s Zy—p) = O, (7' Z3 y WK} s Zs(y)) = Op(1).
From Lemma 5, we have that

nh [ G-y (8) = G (8) = (260) " ke { V26 (8) + ECn(3)}] = 0,(1)

and
nh [é’fp)(S) — iy (8) = (2k0) " WPh2 { Vo, L) (8) + VivC(p)(S)}} = 0,(1).
We showed in the proof of Lemma 6 that
hZgyW Kps [Y = ZsC(s) = (260) " h2ra { V3,8 (8) + V3,6(8) }] = Oy(1).

The right hand side of (BT3) is O, (1), so for éfp) (s) to be a solution, we must have
that hey(s)C, ¢ (s )||C (s )7t = O,(1). But since by assumption é?‘p)(s) # 0, there
must be some k € {1,...,d+1} such that \é{p)k(s)\ = max{\é'(*p)m(sﬂ 11 <m < d+1}.
And for this k, we have that |§fp)k(s)\|]é€p)(s)||_l > 3712 > 0. Since by assumption
(nh)~'b, — oo, we have that hgb;(s)é’{p)(s)||§A’E‘p)(s)||*1 > hb,371/2 — 0o and therefore
the left hand side of (BT13) dominates the sum to the right side. Thus, for large enough

n, ¢ (8) # 0 cannot maximize J* (-), and therefore P {éfb)(s) = O\Qn} — 1. O
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Chapter 4

An Empirical Bayes Procedure for

Inference in Local Polynomial Models

4.1 Introduction

Introduced in chapter 2, local adaptive grouped regularization (LAGR) is a
method for estimating varying coefficient regression (VCR) models. The method of
LAGR utilizes local polynomial regression, a form of kernel smoothing (Fan and Gij-
beld, T996). Kernel smoothing requires estimation of a bandwidth parameter fL, and
then estimation and inference proceed conditional on h. However, there is uncertainty
in the estimation of fL, which is not reflected when estimates are conditional on h.
Furthermore, the bandwidth is a nuisance parameter, and it is preferable to report
results marginal to h rather than conditional on h.

In this chapter, an empirical Bayes method is proposed to simulate the marginal
distribution of the local coefficient estimates. Empirical Bayes methods are those

which use the data to estimate a prior distribution. Here, we use a weighted like-
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lihood bootstrap (WLB) to estimate the hyperparameters in the distribution of the
bandwidth parameter, which is known as a parametric empirical Bayes (PEB) ap-
proach. At this level, the bootstrap resamples h* are interpreted as samples drawn
from the posterior distribution for h, which is called the posterior hyperprior. The re-
samples are not considered independent because they are related by the bootstrapping
weights. In cases where the bootstrap is used to estimate a parameter after model
selection, the nonparametric delta method of Efronl (I98T) can reduce the uncertainty
of the estimate by smoothing out discontinuities that are due to the model selection
(Efron, 2014). Since the method of LAGR was used to select which coefficient func-
tions are locally nonzero (called local variable selection), we employ the nonparametric
delta method for an improved estimate of the variability in h.

The particular WLB used here to generate the bootstrap resamples was intro-
duced in chapter 3. Its weights are generated by a sum of independent Dirichlet
random vectors, which induces a central tendency in the bootstrap weights. As a
result, the weights are not uniformly distributed. Although uniformity is usually a de-
sirable property of bootstrap resampling, it was shown in the previous chapter that the
nonuniform weights are necessary for the bootstrap estimates of the local coefficients
to converge uniformly on the spatial domain. A side effect of the nonuniform boot-
strap weights is that the local coefficient distribution as estimated by the WLB has
smaller variance than the true distribution of the non-bootstrapped local coefficient
estimator. It is therefore necessary to correct the variance of the WLB distribution
for the local coefficient estimates.

A form of the WLB was introduced by Rubinl (T951) as the Bayesian Bootstrap

(BB). This approach was built on the observation that the standard nonparametric
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bootstrap samples from a uniform multinomial distribution where each observation is
added to the log-likelihood once for each time it is resampled (Efron, 1979). Then
Rubinl (T98T) replaced the discrete resample counts by uniform continuous weights
from a Dirichlet distribution, with the Bayesian part of the BB name coming from
the interpretation of parameters of the Dirichlet distribution as hyperparameters that
express a nonparametric prior likelihood for the observed data. The WLB name comes
from the paper of Newton and Raftery (T994), which used the BB approach in a fully
parametric model to generate samples of a model parameter from the likelihood. The
WLB samples of the parameter values are then resampled according to a prior dis-
tribution by a sampling-importance resampling (SIR) algorithm (Rubin, T988; Smith
and Gelfand, 1997). This process generates samples that are simulation-consistent for
the posterior distribution of the parameter (Newton and Raftery, 1994).

The method we develop here uses the WLB both to estimate the prior distribu-
tion and then to estimate the marginal posterior. This is an empirical Bayes approach
in that the data is used to estimate the hyperprior distribution. The approach fol-
lows Laird_and Louis (I987) in using the bootstrap to simulate the hyperprior and
the marginal posterior both. Unlike the foregoing, however, the method developed
here is applied in a nonparametric regression setting. One consequence is that the
bandwidth parameter here cannot be estimated by maximum likelihood, and thus we
propose to estimate it by AIC instead. Additionally, we develop an approach for ad-
justing the WLB samples in order to correct their variance. Because the method of
LAGR incorporates data-based model selection, estimates such as the bandwidth that
minimizes AIC may be discontinuous near the boundaries of model-selection regions

(Efron, 2014). Bootstrap aggregation, or bagging, is the process of averaging an esti-
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mate over several bootstrap resamples in order to smooth out discontinuities caused
by model selection (Breiman, 1996). The expectation and variance of the posterior
hyperprior are estimated by bagging the WLB resamples of the bandwidth, using the
nonparametric delta method of citetEfron-2014 to estimate the variance. In particu-
lar, we assume a gamma model for the distribution of the bandwidth and implement a
variance adjustment to correct for WLB underdispersion by multiplying the estimated

/2 Hyperparameters for the gamma distribution of bandwidth are then

variance by n
estimated by the method of moments.

The remainder of the chapter is organized as follows. Section 2 briefly describes
varying coefficients regression, local covariate selection and estimation by local adap-
tive grouped regularization, and the weighted likelihood bootstrap for simulating the
distribution of local coefficient estimates. Section 3 describes a hierarchical model for
the local coefficient estimates and proposes a method for estimation and inference in

the hierarchical framework. In section 4, the proposed method is demonstrated via a

simulation study.
4.2 Varying Coefficients Regression

4.2.1 Model

The varying coefficients regression model is the same setting as was used in
chapters 2 and 3 of this dissertation.

Consider a response variable Y that is related to the p covariates X = (X1,..., X))
on the two-dimensional domain D C R? by a linear equation with coefficients 3(-) =

(B1(-), ..., Bp())". Assume that the coefficients are smoothly varying functions of
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location. The model is written

Y(s) = X"(s)B(s) +(s) (4.1)

where s € D and € is a vector of independent random errors such that &; ~
N(0,0?). Suppose data were observed at locations s1, ..., s, € D and write (Y;, X;, 3;)
(Y(s;), X (s;),B(s;)) fori =1i,...,n.

By saying that the coefficient functions are smoothly varying, it is meant that
they have continuous second derivatives. The method of maximum local likelihood is
used to estimate the values of the coefficients at s € D. For s; in a neighborhood of s,

the values of the coefficients at s; are approximated by a first order Taylor expansion:

Bi(si) = Bj(s) + (si — 8)"VB;(s) + O([|s: — s|1”).

Observations nearest to s contain the most information about the values of 3(s)
and VB(s). This intuition is formalized by the likelihood weights K} (||s; — s]|) for
i =1,...,n, which arise from the kernel function K}(-) = h™2K(-/h) and bandwidth
parameter h. An example is the Epanechnikov kernel: K(t) = 3/4(1 — %) if [¢] < 1
and K (t) = 0 otherwise. Some notation will allow the likelihood to be written more
simply. Denote the concatenation of the jth covariate with its directional derivatives
by ¢;(8) = (8;(s), VuBi(s), VuB;(s)". Let Z, = (X L, X M,X) where L, and M,
are diagonal matrix with {Ls}; = s — s1 and { M} = s;p — s fori=1,...,n, and
denote the ith row of Zs as a column vector by {Zs};. Then the local log-likelihood

18
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lo(s:h) =Y Knllls = sill) [ — {237 ¢(s)] - (4.2)
i=1
Let K}, s be the diagonal matrix where { K}, s}, = Kj(||s — s;||). Then the local

coefficient estimates that maximize the local likelihood (B=2), can be calculated by

weighted least squares:

((s) = (ZTK.Z,) " ZT K .y. (4.3)

4.2.2 Local Adaptive Grouped Regularization

As the coefficients are smoothly varying functions of location, a coefficient may
in general be equal to zero on some portion of the domain. At s € D, assume that
po out of the p coefficient functions are nonzero and assume that these have indices
1,...,po so that B; # 0if j < py and S;(s) = 0 if j > py. Chapter 2 introduced the
method of local adaptive grouped regularization (LAGR), a method of simultaneously
estimating which coefficients are locally nonzero and estimating the local values of the
nonzero coefficients. The local adaptive grouped regularization (LAGR) estimator at

s minimizes the penalized weighted likelihood criterion

p

((s; h) Z Knllsi = sll) [y = {237 C()]" + Y (857 1¢(5)] (4.4)

j=1

where ¢;(s;hy) = A ||¢j(s5hp)|| 7Y for 5 = 1,...,p, v > 1, and (;(s; hy) is the
vector of unpenalized weighted likelihood estimates of the jth coefficient function and

its first derivatives from (B22). The maximizer of (&) is denoted by ¢;(s; hy).
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4.2.3 Bandwidth Estimation

Bandwidth A is a global parameter in the VCR model, meaning that it appears
in every local likelihood. The method of maximum likelihood is not suitable for
estimating the bandwidth because changing the bandwidth changes the degrees of
freedom of the model. As a result, estimating the parameters under two different
bandwidths in a sense produces two different models, rather than two evaluations at
different parameter values. For estimation of the bandwidth A, the adopted framework
is that of minimizing the Kullback-Leibler (KL) divergence I(f,g;h) between truth
f(-) and the fitted model g(-; h), where the KL divergence is (Kullback and Leibler,

T951)

I(7.9:h) = [ {log f(a) = log g(ai W)} £ ().

The KL divergence generalizes the method of maximum likelihood to the context
of model selection, but I(f, g;h) depends on the unknown truth f, and therefore is
not practically computable. An estimate of E{I(f,g;h)} that can be computed is the
Akaike Information Criterion (AIC). Minimizing the AIC generates in an estimate of
the model that maximizes the expected density of a theoretical future data set where
the covariates and observation locations are identical to the observed data (Akaike,
1973, [974; Burnham and Anderson, 200%).

The estimated bandwidth is A that minimizes the AIC, defined as

AIC(h) = —20(h) + 2df(h) (4.5)
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where
n

i) =3 {o— {=7esim )

=1

is the maximized total log likelihood and

n n -1
09 = 3 [atee) {3 1o )|
i=1 j=1
is the total degrees of freedom used in estimating the model with bandwidth h. The

degrees of freedom for the local fit at s;, df (si; h), is the number of nonzero elements

in the vector ¢(s;;h).

4.2.4 Weighted Likelihood Bootstrap

4.2.4.1 Bootstrap Resamples of Local Coefficient Estimates

The distribution of model parameters is simulated by the weighted likelihood
bootstrap (WLB), which is described in detail in chapter 3 of this dissertation. The
procedure is briefly reviewed here.

Each bootstrap resample is generated by the method of maximum weighted
likelihood, as in (E4), with the kernel likelihood weights multiplied by additional

bootstrap weights w*. The vector of bootstrap weights is given by

w; = Zdz fori=1,...,n, where
k=1
Dy, o Dirichlet(1,) fork=1,...,n. (4.6)

For a particular bandwidth h, the bootstrap resample é*(s; h) is generated by

maximizing the weighted likelihood
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(53 h,w) wah Isi = slD) [y = {2} <)) + D05 ) IG5 (0)]] - (A7)

where ¢%(s;h) = X [|CH(s;h)|| 77, C*(s;h) = (Z;.FI{;MW*ZS)_1 ZTK, W*y
and W is the diagonal matrix having {W**};; = w;.

It was shown in chapter 3 that the distribution of the WLB resamples for the

true nonzero coefficients B, is converging to

L (Inh2) 2 (B () = Blay(s) — (200)  wah (V180 () + VB0 (3))
4N <0, H&QVOO'Q(S)\I’(;;(S)) )

which is the same limiting distribution as the original estimates by LAGR, but
as a faster rate.

Henceforth, the distribution of the WLB resamples é’*(s; h) is written as the
posterior distribution 7* {{(s)|y, h}. Implicit in this notation is the assumption of a
uniform prior distribution on the local coefficients, but if there is nonuniform prior
information about the distribution of the local coefficients, it can be incorporated via
sampling-importance resampling (SIR) of the WLB resamples (Smith and Gelfand,

[992).

4.2.4.2 Bootstrap Resamples of Bandwidth Parameter

The WLB may also used to simulate the distribution of the bandwidth parameter
that minimizes the AIC. Each WLB resample h* is the bandwidth that minimizes a
bootstrap AIC, where the bootstrap likelihood weights w* are generated according to

(M), and the bootstrap AIC, written as AIC*, is defined as
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AIC* (h, w*) = —20*(h, w*) + 2df (h, w*) (4.8)

where
n

Pt = Y ui {2 san)

i=1

is the maximized total log likelihood and

n n -1
df" (h, w*) = 3 wid (si; h) {ij[(h(Hsi - sju)}
i=1 j=1
is the total degrees of freedom used in estimating the model with bandwidth A and the

degrees of freedom for the local fit at s;, dAf*(si; h), is the number of nonzero elements

in the vector ¢*(s;; h).

4.3 A Hierarchical Model for Local Inference

The distribution of the local coefficient estimates as simulated by the WLB is
conditional on the bandwidth parameter, so we write it as 7*{3(s)|y, h}. Uncondi-
tional confidence statements about the local coefficients must come from the marginal
posterior distribution 7{3(s)|y}. Bandwidth h is therefore a nuisance parameter that
must be dealt with when making inferences about B(s). Estimation of h by AIC
entails maximizing the likelihood over all parameters in the model. Thus, minimizing
AIC jointly estimates the parameters {3(s), h}, which suggests the strategy of basing
inference about h or B(s) on draws from a joint bootstrap distribution 7*{3(s), h}.
However, samples from this distribution are expensive because the AIC is minimized
by profiling over the possible range of bandwidths, which entails estimating the model

several times over.



85

4.3.1 Posterior Hyperprior

A less expensive alternative is to frame the marginal posterior 7{3(s)|y} as a
mixture of conditional distributions 7{3(s)|h, y}, where the mixture weights are given
by the posterior hyperprior m(h|y) and the estimated posterior hyperprior 7 (h|y) is
based on a relatively small number S of samples from the WLB bandwidth distribu-
tion 7*(h|y). The marginal posterior distribution is then obtained by integrating the

bandwidth out of the model. That is,

7By} = [ 7B()Ih )iy (49)

Typically, the estimated posterior hyperprior 7(h|y) might be calculated from
the WLB resamples via a kernel density estimate, which is a nonparametric empirical
Bayes procedure (Newton and Raftery, 1994). But since convergence of the WLB
resamples is faster than that of the likelihood (by the results of chapter 3), an ad-
justment is required to the variance of the resamples, and it is easiest to apply this
adjustment to a parametric distribution. Thus, we assume a particular parametric
form for the bandwidth distribution. Since the bandwidth is a positive, continuous
value with no upper bound, we adopt the gamma as a plausible distribution for the
bandwidth.

Suppose that the posterior hyperprior 7(h|y) is a I'(a,b) distribution. Then,
the mean and variance of the WLB resamples h*!,... h*¥ are those of a I'(na,nb)
distribution, which accounts for the faster convergence of the WLB resamples without
affecting the expectation or the parametric form of the distribution. That is, if H* ~

Gamma(na,nb) and H ~ Gamma(a, b), then EH = EH* and var(H) = n x var(H").
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As the estimation of A* by minimizing the AIC*(h) involves model selection,

the nonparametric delta method of Efron (2014) is used to estimate the variance
of the distribution of H*, rather than naively calculating the variance of the WLB

resamples. By the method of moments, the parameter estimates are a = (h*)?/(ng3)

and b = h*/(n?2), where

S
nr=S"Y kb
=1

n
=2 A2
o}, = E cov;
i=1

S

cov; =y (wy —w)(h} = hr)/S
j=1
w.,; = n! Z Wij-

The result is that the estimated posterior hyperprior #(hly) = I'(@,b). This
is an empirical Bayes procedure in that we have estimated a posterior hyperprior

distribution from the likelihood, without an explicit prior distribution (Laird and

4.3.2 Conditional Posterior

Our strategy for sampling from the posterior distribution is to draw B band-
width samples hq, ..., hp from the distribution 7(h|y) and use each to sample from
the conditional posterior m({|hy, y), which is simulated by the WLB resamples as
7 (¢|hy,y) for b = 1,..., B. A result of chapter 3 is that the WLB resamples have
variance smaller than that of the target distribution by a factor of n, so an adjustment

is required to simulate 7({|hy, y) by 7°(|hs, y). We may expect, naively, to apply the
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adjustment after all the samples have been drawn. However, because the bandwidth
h appears in the expression for the bias of the local coefficient estimates, the naive
approach ends up overestimating the variance of the local coefficients by inflating the
variability of the bias.

The approach for adjusting the WLB resamples to the proper variance with-
out altering the bias is to draw N > 1 resamples from each conditional distribution
7{¢(s)|hs, y}, subtract their mean, multiply the difference by [n{(2n—1)/(2n) }{N/(N+
1)}]*/2, and then add back the mean. That is, the adjusted WLB resamples ¢'(s; hy)

have the same expectation and variance as ¢(s; hy) where

C(s:h) = ¢ (s:.hw) + [n{(2n — 1)/ 2n) {HN/(N + 1)}V {C" (s: ) — € (53 h)}

CH(s;hy) = N71¢"(s5 hy)

4.3.3 Marginal Posterior

The procedure for sampling from the simulated marginal posterior distribution
7{{(s)|y} by drawing B bandwidth samples hy, ..., hg from the estimated posterior
hyperprior 7 (h|y). Then for each hy (b= 1,..., B), N samples ¢™(s; hy), ..., ™ (s; hy)
are drawn from the simulated conditional posterior distribution 7*{{(s)|h,y}. This

procedure produces the N x B samples

ZT(S) = {Cﬂ(s; h1)7 s 7CTN(8; hB)} )

which are interpreted as a simulation of the marginal posterior distribution.
For a given bandwidth, the local coefficient estimates by the WLB are converging

to some Gaussian distribution. And the process of integrating the bandwidth out of the
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hierarchy is to form a linear combination of the bandwidth-conditional distributions,
so the limit of the marginal posterior distribution is also Gaussian. We need only find
its expectation and variance, which are straightforward to calculate by conditional
expectation.

First, the expectation is

E Z'(s) = E [E{¢"(s; h)|n}]
= E [Ba)(8) + (260) " kah®{V318(0)(8) + V5280 (8)}]

= Ba)(8) — (2k0) ' koa(a + 1)5_2{Vf1ﬂ(a)(s) + V3.8 ()} (4.10)

The variance is

var Z'(s) =E [var{¢'(s; h)|h}] + var [E{¢!(s; h)|h}]
=E [{ronh*f(s)} oW (s)] +var [B(s) + (2r0) " h*{ V2, B(s) + V3,8(s)}]
—{r2nf(s)} 103 (a—2) " (a — 1) reU(s)
+ (2k0) " ta(4a + 6)(a + )b V2, B(s) + V2,8(s)}. (4.11)
These are the same expectation and variance as for the marginal posterior dis-

tribution of the non-bootstrap local coefficient estimates. So the empirical Bayes

procedure simulates the marginal posterior distribution.



89

4.4 Simulation Study

4.4.1 Simulation Setup

A simulation illustrates the empirical Bayes procedure. The location parameter
for the simulation is two-dimensional. Data were simulated at 196 locations on a
uniform 14 x 14 grid covering the domain [0, 1] x [0, 1]. The model for the simulated

data is

yi = Bo(si) + X1iBi(s:) + XaiBa(s:) + €

where € ~ N(0,02I,) and 0 = 0.5. The coefficient functions 3y(s), S1(s), and
Ps(s) are plotted in Figure 1. The coefficients X; and X, were simulated as zero mean
Gaussian random fields with exponential covariance model having unit variance, range
parameter 0.1, and nugget variance 0.2. Collinearity was induced in the covariates by
multiplying the matrix (X; X3) by the square root of the matrix having ones on the
diagonal and p = 0.1 for the off-diagonal entries. The simulation was repeated for a

total of 67 runs. In each run, 200 resamples were drawn from the estimated marginal

posterior distribution of each local coefficient.

Figure 4.1: The coefficient functions used in the simulation model.
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4.4.2 Bandwidth Estimation

For each run of the simulation, the WLB was used to generate S = 10 from the
posterior hyperprior distribution for bandwidth A. Following the method of section
3.1, these resamples are assumed to be from a I'(na,nb) distribution. Each resample
from the posterior hyperprior was estimated by sampling a WLB weight vector w*
and minimizing the AIC*(h, w™*) with respect to h. An example AIC profile is plotted
in Figure 3, in which the minimum was achieved at h = 0.315. By the method of
section 3.1, the resamples hj,...,hj, were used to estimate a and l;, the parameters
of the posterior hyperprior gamma distribution. For one run of the simulation, the

WLB samples and the estimated 7(h|y) are plotted in Figure 4.

4.4.3 Posterior Simulation

Foreachb =1,..., B, a bandwidth parameter h; was sampled from the posterior
hyperprior 7 (h|y), and N = 2 weight vectors w?® and wj? were sampled according to
(6). Using the sampled bandwidth and likelihood weights, the local coefficients were
estimated at each of the n = 196 grid points by minimizing (7). Then the variance

adjustment method of section 3.2 was applied to the local coefficients.

4.4.4 Simulation Results

A quantile-based 90% confidence interval (CI) was generated for each local coeffi-
cient at each location in each run of the simulation. The endpoints of the Cls were the
5th and 95th quantiles of marginal posterior resamples. The results of the simulation

are reported in terms of the frequency with which these 90% Cls cover the smoothed
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Figure 4.2: Trace of the AIC values calculated while estimating the bandwidth pa-
rameter, h, for the simulated data. The parameter estimate h is the value of h that
minimizes the AIC. For the simulated data, h = 0.315.
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density

0.0 0.5 1.0 15

Figure 4.3: Density of the estimated posterior hyperprior distribution, 7 (h|y), for the
simulated data. Also plotted (as circles) are the weighted likelihood bootstrap samples
that were used to estimate the parameters of the distribution. The density is that of
a T'(a,b) distribution where a = (h*)2/(n62), b = h*/(nG2), h* = S~ Zle h;, and 7},
is calculated by the nonparametric delta method as described in the manuscript. This
is the distribution from which the bandwidth samples are drawn for the hierarchical

mixture model.
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true coefficients, as in chapter 3. In each run of the simulation, the mean of the pos-
terior hyperrprior bandwidth distribution was used to smooth the true coefficients for
the purpose of calculating CI coverage.

Figures 4, 5, and 6 summarize the local values of the coefficients estimates.
Figure 4 is two panels: on the left is the actual spatially-varying intercept used to
generate the data, and on the right is the coverage frequency of the 90% CIs based
on local marginal posterior resamples. The cells of the right panel are all tinted
orange, indicating undercoverage, because the nominal 90% CIs in fact achieved a
mean coverage frequency of 0.66, across the entire spatial domain. The story is similar
for Figures 5 and 6, the left-hand panels of which show the true spatially-varying
coefficients f;(-) and (3(-). The middle panels show the coverage frequency of the
local 90% ClIs. For both f;(-) and f5(-) the Cls mostly undercovered their nominal
confidence level, achieving a mean coverage frequency of 0.70 across the spatial domain
for f1(-) and for f(-). The rightmost panels of Figures 5 and 6 plot the frequency
of exact zeroes among the WLB resamples from the marginal posteriors of () and
Ba(+), with orange indicating less than 50% exact zeroes and purple indicating greater
than 50% exact zeroes.

There is no apparent pattern in the plots of coverage frequency for the local Cls
for the intercept nor for 1 (-). Figure 6 seems to indicate that coverage of 55(+) by the
local CIs was greatest in the corners where the true coefficient was exactly zero, and
near the “peak” and “trough” of the two bulges in f(+). Additionally, more than half
of the resamples from the marginal posterior were less than zero in the corners where
that coefficient’s true value is exactly zero. There is a small region in the bottom right

of the domain where (;(+) is near zero and a large proportion of the resamples from
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the marginal posterior were exactly zero. Undercoverage was a problem for the Cls in
this simulation study, where mean coverage was less than was achieved under the same
settings but without the empirical Bayes framework in chapter 3. It is encouraging
that there is less spatial pattern to the coverage frequency in this study than was

observed in chapter 3.

Figure 4.4: Intercept function [y(-) (left panel) and the coverage of nominal 90%
confidence intervals (Cls) at 196 locations on the domain [0,1] x [0,1]. The middle
panel illustrates the frequency with which the ClIs cover the true local intercept, and
the right panel illustrates the frequency with which the CIs cover the local value of
the smoothed intercept function. Locations of undercoverage are colored orange and

locations of overcoverage are colored purple.

4.5 Conclusions and Discussion

In this chapter, an empirical Bayes procedure is proposed for sampling from a
posterior distribution of the local coefficients in a local regression model, where infer-
ence is to be marginal to the bandwidth parameter. The methods described require
interpreting resamples from the WLB as draws from a posterior distribution. The

same data are used to estimate the distributions of the nuisance bandwidth param-
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Figure 4.5: Intercept function 51(-) (left panel) and the coverage of nominal 90% con-
fidence intervals (Cls) at 196 locations on the domain [0, 1] x [0, 1]. The middle panel
illustrates the frequency with which the Cls cover the smoothed local coefficient. Lo-
cations of undercoverage are colored orange and locations of overcoverage are colored
purple. The right panel shows how frequently the local coefficient was estimated as

exactly zero.

Figure 4.6: Intercept function 55(-) (left panel) and the coverage of nominal 90% con-
fidence intervals (Cls) at 196 locations on the domain [0, 1] x [0, 1]. The middle panel
illustrates the frequency with which the Cls cover the smoothed local coefficient. Lo-
cations of undercoverage are colored orange and locations of overcoverage are colored
purple. The right panel shows how frequently the local coefficient was estimated as

exactly zero.
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eter and of the local coefficients, which are the parameters of interest. This process
involves a parametric assumption about the distribution of the bandwidth parameter
and two variance adjustments due to the way that likelihood weights are sampled for
the WLB. A simulation study was used to illustrate the procedure, but the confidence
intervals calculated during the simulation study covered the true coefficients with a
frequency well below the nominal 90%. It remains unclear whether the undercoverage
is due to random chance, the modest sample size, particular features of the simulation

setup, or needed refinements to the methodology.
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Chapter 5

Conclusion and Future Work

5.1 Future Work

Together, the chapters of this dissertation describe a framework for estimation
and inference in a varying-coefficient regression (VCR) model where coefficients may
be exactly zero on part of the domain. In chapter 2, the method of local adaptive
grouped regularization (LAGR) was proposed for estimation of the local coefficients.
The method of LAGR was shown to work in a generalized linear model context.
Chapters 3 and 4 proposed a weighted likelihood bootstrap (WLB) for inference, and
an empirical Bayes (EB) procedure for simulating the marginal posterior distribution
of the local coefficient estimates. These chapters were developed in the context of
regression models with a Gaussian response. The extension of the WLB and EB
procedures to the setting of generalized linear models is a natural next step. From the
experience of developing the current methodology, it seems that this will be a simple
generalization.

An R package to estimate local coefficients in a VCR model has been developed
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and is available for download from github.com/wrbrooks/lagr. While the code is
complete and functional, it is a prototype that was developed for the purpose of
running the simulations and examples in this dissertation. Once the last bugs are fixed
and the documentation is finalized, a manuscript will be forthcoming that describes
the software and its use.

A more prospective avenue of future research is to describe LAGR and the WLB
in the framework of traditional spatial models, where nearby data are related through
a covariance model. The cases considered in this dissertation assume that, conditional
on the covariates, all the data are independent. It seems likely, though, that for some
kinds of spatial error process, covariance among the random errors may be adequately
modeled by the spatially-varying intercept. We anticipate that this will be a future

area of research.
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