VARIABLE SELECTION VIA PENALIZED LIKELIHOOD

by

Zhigeng Geng

A dissertation submitted in partial fulfillment of
the requirements for the degree of

Doctor of Philosophy

(Statistics)

at the

UNIVERSITY OF WISCONSIN-MADISON

2014

Date of final oral examination: 06/02/2014

The dissertation is approved by the following members of the Final Oral Committee:
Grace Wahba, IJ Schoenberg-Hilldale Professor, Statistics
Sijian Wang, Associate Professor, Statistics
Wei-Yin Loh, Professor, Statistics
Stephen Wright, Professor, Computer Sciences

Karl Rohe, Assistant Professor, Statistics



© Copyright by Zhigeng Geng 2014
All Rights Reserved



ACKNOWLEDGMENTS

It was a summer afternoon, warm and sunny, when I first met my advisor, Grace
Wahba, in her office. At that time, I just came to the United States from China for
a few weeks. I was quite nervous and could not even speak English fluently in
front of such a famous statistician. But Grace was like your own grandmother and
the summer weather here in Madison, so nice and comfortable to speak with. It is
my great honor and privilege to work with her and learn from her so closely since
then. Grace is a brilliant and passionate statistician and she has very positive life
attitude. She has set up the best role model for me to follow in my career. I would
like to express my deepest gratitude to Grace, for her introduction into the field
of penalized likelihood methods, and her guidance, support, encouragement and
patience through the entire course of my PhD study.

I am thankful to my coadvisor, Professor Sijian Wang. He is extremely smart and
quick-minded. Discussions with Sijian have always been inspiring and challenging.
He greatly stimulated my interests in variable selection and guided the direction
of my research. This thesis would not be possible without discussions with and
insights from Sijian.

I want to thank Professor Stephen Wright, Professor Wei-Yin Loh, and Professor
Karl Rohe for their service in my thesis committee. I would like to thank Professor
Stephen Wright for his guidance in computation. I was in his optimization class
and I learned a lot about optimization from him. One of the proposed models in
this thesis is solved with efficient optimization algorithm following the idea in his
paper. I am thankful to Professor Wei-Yin Loh and Professor Karl Rohe for their
insightful questions and valuable suggestions which helped improve the thesis
greatly. I was in Professor Loh’s decision tree class and it turns out to be one of the
most useful classes I have ever taken. Professor Rohe is one of the Thursday Group
meeting hosts and I learned a lot about social network from his presentations.

I want to thank Professor Ming Yuan for his sharp questions and helpful sugges-
tions. I want to thank Professor Menggang Yu for his contribution to my research
and our paper. I want to thank many other the professors who contributed to my



ii

education, including Professor Ming Yuan, Professor Zhengjun Zhang, Professor
Rick Nordheim, Professor Jun Shao, Professor Kam-Wah Tsui, Professor Chunming
Zhang and Professor Sunduz Keles.

Our Thursday Group meeting has been a great experience during the course
of my study, and I would like to thank the former and current Thursday Group
meeting members: Xiwen Ma, Bin Dai, Shilin Ding, Tai Qin, Jing Kong, Luwan
Zhang, Han Chen and Shulei Wang. I would like to thank my friends in Madison
and the fellow students in the Statistics Department: Yi Chai, Minjing Tao, Xiao
Guo, Ji Liu, Xu Xu, Bin Zhu, Yajie Zhao, Qiurong Cui, Vincent Chan, Zhuang Wu,
Jiwei Zhao, Guangde Chen, Jiajie Chen, Xinxin Yu, Rui Tang, Wenwen Zhang, Lie
Xiong, Chen Zuo, Hao Zheng, Sheng Zhang, Yaoyao Xu, Ning Leng, Xu He, and
many many others to name. All these wonderful friends make my stay in Madison
enjoyable.

And last, but not least, I would like to thank my family, for their unconditional
support.



CONTENTS

iii

Contents iii

List of Tables v

List of Figures vii

Abstractviii

1 Introduction 1

2 Variable selection via the K-Smallest Items penalties family

2.1
2.2
2.3
24
2.5
2.6
2.7

3.1
3.2
3.3
3.4
3.5
3.6

Motivation 8

Method 10

Theoretical Results 13
Simulation Studies 20

Real Data Analysis 23
Extension and Discussion 24
Conclusion 31

Variable selection via the Self-adaptive penalty 35

Motivation 35
Method 36
Theoretical Results 39
Simulation Studies 43
Real Data Analysis 46
Conclusion 47

Group variable selection via the Log-Exp-Sum penalty 52

4.1 Motivation 52
4.2  Method 53



4.3 Theoretical Results 61

4.4  Simulation Studies 65

4.5 American Cancer Society Breast Cancer Survivor Data Analysis 69
4.6 Conclusion and Discussion 72

5 Concluding Remarks 80
A Appendix 82

References 116

iv



LIST OF TABLES

21

2.2
2.3

24

2.5

3.1

Summary of simulation results over 1000 replicates. “Sens” means sensi-
tivity of variable selection; “Spec” means specificity of variable selection;
“Nonzero” means the number of nonzero estimated coefficients; “ME”
means model error; “BIAS” means bias. The numbers in parentheses
are the corresponding standard errors. “adpLASSO” means adaptive
LASSO. “adpSCAD” means adaptive SCAD. . . ... ..........
Variables in Boston HousingData . . . . . ... ..............
Ordinary least squares estimates of the regression coefficients in the

Boston Housing Data; t is the t—statistic of the corresponding coefficient.

Summary of augmented Boston housing data analysis results. Results
are based on 100 random splits using 5—fold CV tuning. “MSE” reports
the average mean square errors on test sets and "Selection Frequency”
reports the average number of selected variables. The numbers in paren-
theses are the corresponding standard errors. “adpLASSO” means
adaptive LASSO. "adpSCAD” means adaptive SCAD. . . . . ... ...
Summary of simulation results over 1000 replicates. “Sens” means
sensitivity of variable selection; “Spec” means specificity of variable
selection; “gSens” means sensitivity of group selection; “gSpec” means
specificity of group selection; “Nonzero” means the number of nonzero
estimated coefficients; “ME” means model error; “BIAS” means bias.

The numbers in parentheses are the corresponding standard errors.

Summary of simulation results over 1000 replicates. “Sens” means sensi-
tivity of variable selection; “Spec” means specificity of variable selection;
“MSE” means mean square error. “adpLASSO” means adaptive LASSO.

The numbers in parentheses are the corresponding standard errors. . .

33

34

34

49



3.2

3.3

4.1

4.2

Real Data Analysis Summary: real data analysis results over 100 random
splits. “Mean Square Error” column represents average mean square
error on the test set over 100 random splits. “Selection Frequency” col-
umn represents the average number of variable selected over 100 splits;
The numbers in parentheses are the corresponding standard errors. . .
Real Data Analysis Summary: Individual variable selection frequency
across 100 random splits. Variables are sorted according to the selection

frequency of SAP. . . . .. ...

Summary of simulation results over 1,000 replicates. “1-Sens” means one
minus the sensitivity of variable selection; “1-Spec” means one minus
the specificity of variable selection; “ME” means the model error; “Bias”
means the bias of the estimator, which is defined as ||p — p*|[2. “AUC”
means the area under ROC curve of sensitivities and specificities of
variable selection across different tuning parameter values. The numbers
in parentheses are the corresponding standard errors. The bold numbers
are significantly better than others at a significance level of 0.05. . . . .
Summary of ACS breast cancer survivor data analysis results. Results
are based on 100 random splits. “Variable selection” reports the average
number of selected individual variables; “Group selection” reports the
average number of selected groups and “MSE” reports the average
mean square errors on test sets. The numbers in parentheses are the

corresponding standard errors. . . . ... ...

vi

50

78



vii

LIST OF FIGURES

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8

Within Group Selection Results for Personality Group . . . . . ... .. 73
Within Group Selection Results for Physical Health Group . . ... .. 74
Within Group Selection Results for Psychological Health Group . . .. 74
Within Group Selection Results for Spiritual Health Group . . . . . .. 75
Within Group Selection Results for Active Coping Group . . . . . . .. 75
Within Group Selection Results for Passive Coping Group . . . . . . . 76
Within Group Selection Results for Social Support Group . . . . . . . . 76

Within Group Selection Results for Self Efficacy Group . . . ... ... 77



viii

ABSTRACT

Variable selection via penalized likelihood plays an important role in high dimen-
sional statistical modeling and it has attracted great attention in recent literature.
This thesis is devoted to the study of variable selection problem. It consists of
three major parts, all of which fall within the framework of penalized least squares
regression setting.

In the first part of this thesis, we propose a family of nonconvex penalties named
the K-Smallest Items (KSI) penalty for variable selection, which is able to improve
the performance of variable selection and reduce estimation bias on the estimates of
the important coefficients. We fully investigate the theoretical properties of the KSI
method and show that it possesses the weak oracle property and the oracle property
in the high-dimensional setting where the number of coefficients is allowed to be
much larger than the sample size. To demonstrate its numerical performance, we
applied the KSI method to several simulation examples as well as the well known
Boston housing dataset. We also extend the idea of the KSI method to handle the
group variable selection problem.

In the second part of this thesis, we propose another nonconvex penalty named
Self-adaptive penalty (SAP) for variable selection. It is distinguished from other
existing methods in the sense that the penalization on each individual coefficient
takes into account directly the influence of other estimated coefficients. We also
thoroughly study the theoretical properties of the SAP method and show that it pos-
sesses the weak oracle property under desirable conditions. The proposed method
is applied to the glioblastoma cancer data obtained from The Cancer Genome Atlas.

In many scientific and engineering applications, covariates are naturally grouped.
When the group structures are available among covariates, people are usually in-
terested in identifying both important groups and important variables within the
selected groups. In statistics, this is a group variable selection problem. In the
third part of this thesis, we propose a novel Log-Exp-Sum(LES) penalty for group
variable selection. The LES penalty is strictly convex. It can identify important
groups as well as select important variables within the group. We develop an
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efficient group-level coordinate descent algorithm to fit the model. We also derive
non-asymptotic error bounds and asymptotic group selection consistency for our
method in the high-dimensional setting. Numerical results demonstrate the good
performance of our method in both variable selection and prediction. We applied
the proposed method to an American Cancer Society breast cancer survivor dataset.
The findings are clinically meaningful and may help design intervention programs

to improve the quality of life for breast cancer survivors.



1 INTRODUCTION

Variable selection through optimizing the penalized ordinary least squares has
been an active research area in the past decade. With proper choices of selection
methods and under appropriate conditions, we are able to build consistent models
to select variables and estimate coefficients simultaneously, to avoid model over-
fitting, and to obtain satisfactory prediction accuracy. In my thesis, we consider
the variable selection problem under the usual regression setting: we have training
data, (x;,y;), i = 1,...,n, where x; is a vector of values with p covariates and y;
is the response. To model the association between response and covariates, we

consider the following linear regression:
P
yi=) xjBjt+ei,i=1..,n, (1.1)
=1

where €; g N(0, 02) are error terms and f ;’s are regression coefficients. Without
loss of generality, we assume the response is centered to have zero mean and each
covariate is standardized to have zero mean and unit standard deviation, so the
intercept term can be removed in the above regression model.

For the purpose of variable selection, we consider the penalized ordinary least
squares (OLS) estimation:

nanﬂz( qursj) NS a8l (12)

J=1

where A is a non-negative tuning parameter and p,(-) is a sparsity-induced penalty
function which may or may not depend on A.

Many methods have been proposed and their properties have been thoroughly
studied, for example, see LASSO (Tibshirani, 1996), SCAD (Fan and Li, 2001), Elastic-
Net (Zou and Hastie, 2005), adaptive LASSO (Zou, 2006), COSSO (Lin and Zhang,
2006), SICA (Lv and Fan, 2009), MCP (Zhang, 2010), truncated L; (Shen et al., 2011)



and SELO (Dicker et al., 2011).
We review some of the popular penalties here.
LASSO (Tibshirani, 1996) is one of the the most popular and widely studied

methods. It penalizes the L-norm of the coefficients:

p

p
AY mBi=AD_IBil. (1.3)
i=1

J=1

Meinshausen and Biihlmann (2006), Zhao and Yu (2006) and Zhang and Huang
(2008) studied the conditions under which LASSO can achieve model selection
consistency in high dimensional setting. Fan and Lv (2011) recently showed that, as
a boundary case of the folded-concave penalty, LASSO possesses the weak oracle
property. This weak oracle property was introduced by Lv and Fan (2009). It means
that when n,p — oo, with probably tending to 1, the penalty will identify the
sparsity structure of true coefficients, and the L, loss on the nonzero elements of
true coefficients is consistent under a rate slower than /n.

Zou (2006) proposed the adaptive LASSO, which is a weighted version of
LASSO:

p p
AY paBil) =A) wilpil. (1.4)
j=1 i=1

When dimension p is fixed, Zou (2006) showed that with a properly chosen set
of weights w;’s, adaptive LASSO has the oracle property. Their results were ex-
tended by Huang et al. (2008) in the high dimensional setting where dimension
p = O(exp(n*)), for some « € (0,1). When p < n, a typical weight in use is
w; = IE,‘.”slfl, where EI‘.”S is the unpenalized OLS estimator.

SCAD (Fan and Li, 2001) is another popular method. The penalty function p(-)

is the continuous differentiable function defined by its derivative on [0, co):

max{a\ — 0, 0}
(a—1)A

pl(0) =1(0 <A)+ 16 > A). (1.5)

Here a > 2 is another tuning parameter. Then, the penalty function p,(-) can be



obtained as:

12
prIB1) = (1B~ D0 )18 < aN) + ks (1B > 2N (16)

Fan and Li (2001) showed that there exists a local optimizer of the SCAD penalty
which has the oracle property in the finite-dimensional setting, i.e., it performs as
well as if the true model is specified in advance. Their results were extended by
Fan and Peng (2004) where dimension p is allowed to grow at the rate o(n'/?). Fan
and Lv (2011) further extended the results and showed, under desirable conditions,
there exists a local optimizer of SCAD which possesses the oracle property even
when p = O(exp(n%)), for some « € (0, 1).

Zhang (2010) proposed the MCP method which is given by:

Bl
2YA

Pr(IBID) = (1Bl — =) 4 1(0 < IBi| < YA) + @/(w > YA) (17)
Herey > 01is another tuning parameter. Zhang (2010) showed that, with probability
tending to 1, MCP can select the correct model if A and vy satisfy certain conditions.
The results from Fan and Lv (2011) is applicable to MCP as well. Therefore, under
desirable conditions, there exists a local optimizer of MCP which possesses the
oracle property even when p = O(exp(n*)), for some o € (0,1).

In many regression problems, the predictor are naturally divided into meaning-
ful groups based on some prior domain knowledge. For example, when analyzing
genomic data, one can group genes into known biological pathways, or group the
SNPs within the intragenic and regulatory regions of a given gene into a group
and perform genebased association analysis. Besides the group structure based
on the domain knowledge, there are also many group structures based on model.
For example, in ANOVA factor analysis, a factor may have several levels and can be
expressed via several dummy variables, then the dummy variables corresponding
to the same factor form a natural group. Similarly, in additive models, each origi-
nal predictor may be expanded into different order polynomials or a set of basis
functions, then these polynomials (or basis functions) corresponding to the same



original predictor form a natural group. We are interested in identifying important
groups and important variables within the selected groups that are related to the
responses. In statistics, this is a group variable selection problem.

When the group structure is assumed, we incorporate the group information
and consider a slight modification of the linear regression problem (1.1):

K pk
ZZ ,kjﬁkj—i—e;,i:l,...,n, (18)
k=1 j=1
where €, g N(0, 02) are error terms and Bj’s are regression coefficients. We
denote By = (Bx1,- -+ , Bip,)’ to be the vector of regression coefficients for covariates
in the kth group. We again assume the response is centered to have zero mean and
each covariate is standardized to have zero mean and unit standard deviation.
For the purpose of group variable selection, we consider the penalized ordinary

least square (OLS) estimation:

K pk K

“é‘i“z ( ZZx,kJrskj) A (B, (19)

k=1 j=1 k=1

where p(-) is a sparsity-induced penalty function, A is a non-negative tuning pa-
rameter and K is the total number of groups.

Several methods have addressed the group variable selection problem in litera-
ture.

Yuan and Lin (2006) proposed the following group LASSO penalty which is to
penalize the Ly-norm of the coefficients within each group:

Bi) = /B3y + B, (1.10)

Due to the singularity of |34 ||> at Bx = 0, some estimated coefficient vector (3, will
be exactly zero and hence the corresponding kth group is removed from the fitted
model.



Zhao et al. (2006) proposed penalizing the L,,-norm of 3;:

p(Bx) =max{Bii, ..., Bup, - (1.11)

The Lo-norm of (3, is also singular at 3, = 0. Therefore, some estimated coefficient
vector 3, will be exactly zero.

We can see that both Ly-norm and L,,-norm are singular when the whole vector
B, is zero. Therefore, some estimated coefficient vector 3, will be exactly zero
and hence the corresponding kth group will be removed from the fitted model.
This is the reason that the L,-norm and L,-norm methods can effectively remove
unimportant groups. But a possible limitation with these two methods is that they
select variables in an “all-in-all-out” fashion, i.e., when one variable in a group is
selected, all other variables in the same group are also selected. In other words,
they cannot conduct the within group variable selection. This is because once a
component of 3, is non-zero, the two norm functions are no longer singular. Hence
they cannot conduct the within group variable selection.

In many practical problems, however, people want to keep the flexibility of
selecting variables within a group. For example, when a group of genes is related
to certain kind of disease, it does not necessarily mean all the individual genes in
the same group are related to this disease. People may want to not only remove
unimportant groups effectively, but also identify important individual genes within
important groups as well. To achieve the goal, Huang et al. (2009) and Zhou and
Zhu (2010) independently proposed the group bridge penalty and the hierarchical
LASSO penalty.

Huang et al. (2009) proposed the following group bridge penalty:

p(B) = (IBial++ +1Bi ), (1.12)

where 0 < y < 1is another tuning parameter.
Zhou and Zhu (2010) independently proposed a hierarchical LASSO penalty.



This penalty decomposes 3,; = y,0; and considers:
Pk
p(Br) = hyel+ D 104l (1.13)
j=1

When the groups are not overlapped, the hierarchical LASSO penalty is equiva-
lent to the group bridge penalty with y = 0.5. We can see that these two penalties
are singular at both 3, = 0 and 34; = 0 and hence is able to conduct both group
selection and within group selection. However, one possible drawback of the two
methods is that their penalty functions are no longer convex. This non-convexity
may cause numerical problems in practical computation, especially when the num-
bers of groups and covariates are large.

Simon et al. (2012) proposed the sparse group LASSO penalty:

Pk

p(BY) = 5\/By ++ + B, +(1—5) ) B, (1.14)

J=1

where 0 < s < 1 is another tuning parameter. We can see that, by mixing the
LASSO penalty and group LASSO penalty, the sparse group LASSO penalty is
convex and is able to conduct both group and within group selection.

The rest of this thesis is organized as follows.

In Chapter 2, we propose a family of nonconvex penalties named the K-Smallest
Items (KSI) penalties for variable selection. It is intuitive and distinguished from
other existing methods in the sense that it has the flexibility of penalizing only a
few coefficients with the smallest magnitudes and placing no penalty at all on the
other larger coefficients. Thus it is able to improve the performance of variable
selection and reduce estimation bias on the estimates of the important coefficients.
The theoretical properties of the KSI method is fully investigated and it is shown to
possess the weak oracle property and the oracle property in the high-dimensional
setting where the number of coefficients is allowed to be much larger than the
sample size. This KSI method is applied to several numerical examples as well
as the well known Boston housing dataset. We further extend the idea of KSI



penalty to handle group variable selection problem and study the group selection
consistency and estimation consistency of the KSI estimators.

In Chapter 3, we propose a nonconvex penalty named Self-adaptive penalty
(SAP) for variable selection, which is able to reduce estimation bias. It is distin-
guished from other existing methods in the sense that the penalization on each
individual coefficient takes into account directly the influence of other coefficient
estimators. We also thoroughly study the theoretical properties of the SAP method
and show that it possesses the weak oracle property under desirable conditions.
The proposed method is applied to the glioblastoma cancer data obtained from
The Cancer Genome Atlas (TCGA).

In Chapter 4, we propose a new Log-Exp-Sum (LES) penalty for group variable
selection. This new penalty is convex, and it can perform variable selection at both
group level and within-group level. The theoretical properties of our proposed
method are thoroughly studied. We establish both the finite sample error bounds
and asymptotic group selection consistency of our LES estimator. The proposed
method is applied to the ACS breast cancer survivor dataset.

Finally, we conclude the thesis in Chapter 5.



2 VARIABLE SELECTION VIA THE K-SMALLEST ITEMS PENALTIES

FAMILY

2.1 Motivation

In this chapter, we consider the variable selection problem under the usual regres-
sion setting: we have training data, (x;,y;), i = 1,...,n, where x; is a vector of
values with p covariates and y; is the response. To model the association between

response and covariates, we consider the following linear regression:

p
yi=) xiBj+te,i=1...,n (2.1)
=1

iid. . . .
where €¢; <~ N(0, 0?) are error terms and {3 ;s are regression coefficients. Without

loss of generality, we assume the response is centered to have zero mean and each
covariate is standardized to have zero mean and unit standard deviation, so the
intercept term can be removed in the above regression model.

For the purpose of variable selection, we consider the penalized ordinary least

squares (OLS) estimation:

p

p
min 2= 3 (= 3 xys) +3 D By, 22)
J j=1

n
i=1 j=1

where A is a non-negative tuning parameter and p,(-) is a sparsity-induced penalty
function which may or may not depend on A.

We have reviewed some of the most popular variable selection methods in the
Chapter 1, including LASSO, SCAD and MCP. One possible limitation of these
methods is that, the penalty function p,(-) is applied to every single regression coef-
ficient 3; regardless of its magnitude. This may introduce unnecessary estimation
bias to the estimates of the important coefficients. In many real problems, however,

we may want to have the flexibility of placing more penalty on the unimportant



variables, while putting less or even no penalty on the important ones. Doing so
will help to remove the unimportant variables and reduce the estimation bias on
the estimates of the important coefficients.

The weighted versions of these variable selection methods, adaptive LASSO, for
example, will help to alleviate the estimation bias issue to some extend. However,
they usually lead to a two-step procedure, where some properly chosen weights
are first obtained, then a penalized ordinary least squares model is fitted. This may
require extra computation efforts. Moreover, they do not completely eliminate the
bias issue because the weight obtained from the traditional ordinary least squares
estimator is usually not zero.

For the purpose of variable selection and estimation bias reduction, we propose
a family of nonconvex penalties named the K-Smallest Items (KSI) penalties for
variable selection. It is intuitive and distinguished from other existing methods
in the sense that it has the flexibility of penalizing only K coefficients with the
smallest magnitudes and placing no penalty at all on the other larger coefficients.
Here these K smallest coefficients in absolute value are automatically selected and
penalized by the KSI penalties, and no”two-step procedure” is needed. Thus it is
able to improve the performance of variable selection and reduce estimation bias
on the estimates of the important coefficients.

The chapter is organized as follows. In Section 2.2, we propose the KSI penalties
family and present the corresponding algorithm. In Section 2.3, we investigate the
theoretical properties of our proposed method and show that it possesses the weak
oracle property and the oracle property in the high-dimensional setting where the
number of coefficients is allowed to be much larger than the sample size. In Section
4, we present the simulation results. In Section 2.5, we apply the proposed method
to the well known Boston housing dataset. In Section 2.6, we discuss the extension
of the KSI method to handle group variable selection problem. Finally we conclude
this chapter with Section 2.7.



10

2.2 Method

KSI Penalties Family
We propose the following K-Smallest Items (KSI) penalties family:

p

A Y Byl 2.3)

j=p—K+1

Here A is a nonnegative tuning parameter. K is a positive integer between 1 to
p which controls the number of regression coefficients one wants to penalize. In
practice, K is treated as another tuning parameter. 3(;’s are the ordered covariates
of B satisfies: 0 < |Byl < Byl < ... < Byl And pa(+) is a sparsity-induced
penalty function which may or may not depend on A. Hereafter we assume p)(-)
satisfies the following condition as is suggested in Fan and Lv (2011).

Condition (C1). For any given A, p)(t) is increasing and concave in t € [0, c0),
and has a continuous derivative p; (t) £ 9py(t)/0t with p(t) >0, for t € (0,00). In
addition, p; (t) is increasing in A € (0, 00) and py (0+) is independent of A. Further-
more, py (t) £ 92py(t)/9t? is continuous with respect to t almost everywhere.

From (2.3), it is easy to see that the KSI penalties family only penalizes the K
coefficients with the smallest magnitudes and puts no penalty on the other larger
coefficients. When K = p, i.e., p-smallest items are penalized, the KSI method
reduces to the usual case as is in (2.2). More flexibility is introduced into (2.2)
when K is set to be K # p. With some properly chosen values of (A, K) and under
desirable conditions, the KSI method is able to remove the unimportant variables
while introduce small or even no estimation bias to the estimates of the important
coefficients. This idea can be applied to many exciting penalty functions, such as
LASSO and SCAD. Therefore, the KSI penalties family covers a large collection of
potential members.

The number of nonzero elements in the solution of the KSI method is at least
p — K. This is readily justified by the observation that 3(y), ..., [,—x) are nonzeros

because they are not penalized. In fact, By, ..., B[,k are the ordinary least squares
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estimates given the values of 3, k1), ---,Bp)-
The KSI penalties family is generally nonconvex because of the ordering con-
straint in B(;)’s, even if py(| - |) is convex. To see this, consider the case when
pa(l-1) =|-|. If K = p, the KSI penalty is the well known convex LASSO penalty. If
K < p, however, it is not necessary convex as is shown in the following example:
Example 2.1: Let 3 = argminﬁllﬁz%(l.S —B1)%+ %(1 —B2)? + 1Byl Itis easy to
verity B = (1.5,0)7 is the global minimizer; while B = (0.5,1)7 is a strict local

minimizer which is different from the global minimizer.

Algorithm

In this section, we present the algorithm for solving the following optimization

problem:

A 18 p p
p=argminQ(B) =) (vi—) xiB)>+A D Byl (249
s i=1 j=1 Jj=p—K+1
We will apply gradient projection algorithm (Goldstein, 1964; Levitin and Polyak,
1966) which combines a proximal step with a gradient step.

The details of the algorithm are as follows:

Step 1 (Initialization): Set iteration number m = 0, initialize 3 with some

initial value [3(0).

Step 2 (Gradient Step): Let u = B(’") — s X' (X % [5(’") —Y)/n. s here is some
prespecified step length.

Step 3 (Sort u): Sort u according to the absolute value. Let idx_1 be set of the
indices for the K-smallest elements of u in absolute value, and idx_2 be the

rest.

Step 4 (Proximal Step and Update (™ 1)): For each index j in set idx_1, solve
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the following single variable optimization problem:

B(_erl)

o1
) :argmvmi(v—uj)2+s*7\*p)\(|v]). (2.5)

For each index j in set idx_2, we simply set [5(.'"+1) = uj.

(m+1) _ g(m)|| is small, or

Step 5 (Termination): Terminate the iteration if 1B
the changes of the objective function value |Q(f (m+1)y _ Q(B(m))l is small.

Otherwise, set m <— m+1, and repeat from step 2.

Note that in Step 4, there is explicit solution for the single variable optimization
problem for both LASSO and SCAD penalty. In general, (2.5) should be an easy
optimization problem so we skip the details for solving it here. The validity of Step
3 and Step 4 in the algorithm is guaranteed by the following proposition. After
Step 4, we have |[5 (m1)) |[5,(-m+1)|, Vheidx 2and Vi € idx_1.

Proposition 2.1. Assume py(-) satisfies condition (C1), then Step 3 and Step 4 presented
in the algorithm solve the following optimization problem:

min = » (B;—uj) 24+ A Z palIBjl)- (2.6)

Jj=1 j=p—K+1

The proof is given in the Appendix for completeness.

Pathwise Optimization and Warm Starts

In practice, we usually need to compute (3 for many different pairs of regularization
parameter values (A, K). Following Friedman et al. (2010a), we apply the idea of
solving Q(3) along a path of values for (A, K) and using the previous estimates as
warm starts. To be specific, for a fixed K and a decreasing sequence A} > A, > ...,
we first solve Q, k)(B) with parameters (A;, K) using a reasonable starting point
B, Suppose B is the current minimizer of Qi k) (B). At the next step, B, is
used as a warm start when we solve Q3 k) (B) with parameters (A2, K). And so on

and so forth.
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This scheme exploits the idea of warm starts along the decreasing sequence of
A, and leads to a faster, more stable and even more accurate algorithm. We have
simulation examples where it is faster to compute the path down to a small A and a

smaller objective function value Q(f3) can be obtained, than starting directly at that

value for A.

Choice of "™

warm

The choice of a reasonable starting point 3 at the very beginning of the algorithm

deserves some discussions. According to our simulation experience, by setting
B2 = 0, the algorithm will generally select less variables along the path of A than
otherwise. It also works well in terms of prediction in simulations.

On the other hand, in the real data analysis, by applying Sure Independence
Screening (SIS) method (Fan and Lv, 2008a), we can sometimes produce an optimum
estimator which gives better prediction performance on future data. To be more
specific, for a given K, we first set """ = 0. We then apply SIS to select p — K
variables and call the index set for these p — K variables A. We calculate the

ordinary least squares estimates based on the submatrix X4 and call it 3 2%, where

BZ% € RP~K. Finally, we set the corresponding values in "2 to be 4™ = BZ%.
In order to be consistent, in both simulation section and realy data analysis

warmyr,

section, the 3 s are obtained using the SIS approach.

2.3 Theoretical Results

In this section, we study the theoretical properties of the KSI estimators. It is
generally difficult to study the global minimizer of a nonconvex function, so as
is common in literature, we focus on local minimizer. In the remaining of this
section, we first present several conditions which characterize the behavior of a
local minimizer. We then show under several assumptions, there exists a local

minimizer of KSI method such that the nonasymptotic weak oracle property is
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satisfied. Finally we show there exists a local minimizer of KSI method such that

the oracle property is satisfied.

Characterization of KSI estimators

Because it is hard to deal with the order constraint in the penalty function, we first
connects the KSI method with its un-ordered counterpart. Throughout this chapter,
we denote Q(3) to be the penalized likelihood using KSI penalties family; denote
C(B) to be its corresponding un-ordered counterpart, where C() simply penalizes
on the last K covariates of 3 regardless of their values. To be specific, we have:

QB) = Z qursj =y Z (1B (2.7)

=p—K+1

C(B) Z ZXUBJ +A Z P |BJ (2.8)

/1 Jj=p—K+1

The following proposition connects the KSI method to its un-ordered counter-
part C(B).

Proposition 2.2.

(a) IfB is a local minimizer of Q(B), and B satisfies Bl > !B,-I,for Y h, i, where
1<h<p—Kandp—K+1<i<p. Then f is a local minimizer of C(f3)

(b) If[g is a local minimizer of C(f3), and B satisfies 1Bl > IB;I,for Y h, i, where
1<h<p—Kandp—K+1<i<p. Then is a local minimizer of Q(3)

The proof is given in the Appendix for completeness.

According to this proposition, if the order in {3 is assumed, a local minimizer
of Q(B) is readily a local minimizer of C(B). On the other hand, a strict inequality
condition is needed for a local minimizer of C(3) to be a local minimizer of Q(f3).
The strict inequality in part (b) ensures that for any vector 3 within a small open
ball centered at 3, the order of this B’s covariates is still valid, i.e., the first p — K
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covariates of B in absolute value are strictly greater than the last K covariates of

B in absolute value. Therefore 3 7, p(IByl) = 27_, 1 pA(IR;]), and Q(B)

has the same form as C(B). Then { is indeed a local minimizer of Q(B). If the
strict inequality fails, a local minimizer of C(f3) is not necessary a local minimizer
of Q(B) as is shown in the following example.

Example 2.2: Let C(B) = 3(1—B1)2+ 3(2—B2)? + B2l and Q(B) = (1 —
B1)%+ %(2 —B2)?+ |Bl- Then B=(1,1)7 is the unique global minimizer of C().
However, it is easy to verify B is not a local minimizer of Q(B).

In spirit of Theorem 1 in Fan and Lv (2011), we derive the necessary and sufficient
conditions for {3 to be the solution to minimization problem of Q(f3). By the relation
of Q(B) and C(B) presented in proposition 2.2, we first derive the necessary and

sufficient conditions for B to be the local minimizer of C(B).

Theorem 2.3. Assume p)(-) satisfies condition (C1). Let B = (|A31T , ﬁzT )T € RP, where
B, € RS are the nonzero components of 3, and B, = 0 € RP~5 are the zero components
of B. s here is the number of nonzero components of p and we assume s > p — K. Let X
and X, denote the submatrices of X formed by first s columns and last p — s columns of X,
respectively.

Then (3 is a strict local minimizer of C () if the following conditions are satisfied:

1 A A
;XlT(y—Xlﬁﬂ —VAh(B1)=0; (2.9)
1 R
—1X" (y = XaB1)lloo < Ap3(0+); (2.10)
1 .
;XlTXl +V2A(B1) > 0. (2.11)

Here V(1) = (0,..., 0, Ap{(IBp—k411)58n(Bp—k11), -+, Ap{(IBs)sgn(Bs)) ™ € R;
and V2 h\(Bq) is a s x s diagonal matrix given by:

diag (0, ..., 0, Apy (1Bp—k+11), ---, Apy (1Bs])). (2.12)

On the other hand, if B is a local minimizer to C(PB), then it must satisfy (2.9) - (2.11)
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with strict inequalities replaced by nonstrict inequalities.

The proof is given in the Appendix for completeness.
By Theorem 2.3 and Proposition 2.2, we can derive the necessary and sufficient
conditions for {3 to be the local minimizer to Q(f3).

Proposition 2.4. Assume the same notations as in Theorem 2.3 and pj(-) satisfies condition
(C1). If: (a). ﬁsatisﬁes Bl > IB,-!,foth, i,wherel < h< p—Kandp—K+1<i<p;
and (b). conditions (2.9) - (2.11) are satisfied. Then B is a strict local minimizer of Q(B).
On the other hand, assume: (c). B satisfies IBhI > IB;I,for Vh,i,wherel < h< p— K and
p—K+1<i< p;and (d). B is a local minimizer of Q(B). Then B must satisfy (2.9) -
(2.11) with strict inequalities replaced by nonstrict inequalities.

The proof of Proposition 2.4 is given in the Appendix for completeness.

It is well known that Karush-Kuhn-Tucker (KKT) conditions characterize the
behavior of the minimizer of a convex function. When it comes to a nonconvex
function, KKT conditions do not apply directly. Proposition 2.4 presented here plays
the role as the KKT conditions to characterize the behavior of a local minimizer of
the nonconvex KSI method. It is also worth noting that the necessary condition
for a local minimizer and sufficient condition for a strict local minimizer differ
slightly (nonstrict versus strict inequalities). The strict inequality is needed in order
to ensure the optimizer is indeed a strict local minimizer.

Nonasymptotic Weak Oracle Properties

In this section, we study the nonasymptotic property of the KSI method. The weak
oracle property was introduced by Lv and Fan (2009). It means that when n — oo,
with probably tending to 1, the penalty will identify the sparsity structure of the
true coefficients, and the L., loss on the nonzero elements of the true coefficients is
consistent under a rate slower than y/n. Fan and Lv (2011) showed that there exists
a nonconvex SCAD estimator which satisfies the weak oracle property when n is
sufficiently large and log(p) = O(n'~2t), for some t € (0, %). We will extend their

arguments and show that a similar KSI estimator exists for our proposed method.
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It is worth noting that under the rate log(p) = O(n'72t), the number of predictors p
is allowed to be much larger than the number of observations n, i.e., p >> n. This
situation arises in many practical applications and is of great interests to many
researchers.

Let B* € R be the true regression coefficients in model (2.1). Assume B* =
(B;T,B5T)T, where B} € R are the nonzero components of $*, and g} = 0 € RP~*
are the zero components of . Denote X; and X; to be the submatrices of X formed
by first s columns and last p — s columns of X, respectively.

We have the following theorem:

Theorem 2.5. (Weak Oracle Property) Assume py(-) satisfies condition (C1). Under the
conditions:

(C2) Let dy, = 5 min{|B;]

7 # 0} > nYlog n, for somey € (0, %);

(CB) ||(X] Xl)(X] X1) 1||Oo < min{CP%(O ), O(n% t)}, or some C € ((),1) and
2 1 P}\(dn)
tc (Y,%);

(C4) 1(X," X1) Yoo = 0(n*+/log n), where & < min{—% —vy, t —y —1};
1 & 2

(C5) 3 A, such that Appy (dn) = O(n=*¥=1,/log n) and n~t\/log n/A, = o(1);

(C6) Ankg = o(T), where kg = max{—py (8;)|6 € R*, (|8 —Billc < n~Ylogn},

and T = Amin[2 X7 X41];

(C7) |B>[kp_Kn]| - |B>[kp—Kn+l]| > 2n_y 10g n,

(C8) parameter K, satisfies K, > p—s;
* (C9) X is standardized such that the diagonal elements of X "X /nis1

Then for s = o(n) and log(p) = O(n'™2t), there exists a strict local minimizer
B of Q(B) such that for sufficiently large n, with probability at least 1 — (sn~ ! + (p —
s)en logmy B (IA51T, IASZ)T satisfies:

1. (Sparsity) B, = 0;
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2. (Lo 105) 1By — Billoo = O(n " log ),

where 31 € R® and B, € RP~* are the subvectors of (3 formed by the first s covariates and
the last p — s covariates of 3, respectively.

In Theorem 2.5, condition (C2) requires that the minimum signal of true coef-
ficients B can not be too small. Condition (C3) is similar to the irrepresentative
condition of Lasso (Zhao and Yu, 2006). It essentially requires the correlation be-
tween X; and X; can not be too strong. Condition (C4) essentially requires that
matrix %XlTXl is not singular and there exists a upper bound for the L,,-norm of its
inverse. Condition (C5) controls the growth rate of tuning parameter A,. The exis-
tence of A, is valid because of « < t —y — 1. Condition (C6) is similar to condition
C(4). It explicitly requires the smallest eigenvalue of 1 X, X; do not vanish too fast.
Condition (C7) requires that there is a gap between the K regression coefficients
that are penalized and the rest p — K regression coefficients that are unpenalized.
This is a price to pay when we want to maintain the order constraint in our estimate
B. When K = p, no order constraint is needed and condition (C7) can be removed.
When K = p — s, condition ( C7) reduces to condition (C2). Condition (C8) requires
the number of coefficients being penalized can not be too small. When K < p—s,
there are exists some 7 = 0 that is unpenalized. Thus, the sparsity conclusion
3, = 0 will not be able to hold. Condition (C9) assumes the matrix X has been
standardized, which is a common procedure in practice.

The proof is given in the Appendix for completeness.

From Theorem 2.5, under the given regularity conditions, for sufficiently large
nand p = O(exp(n'~2t)), with large probability, there exists a KSI estimator which
satisfies the weak oracle property. The diverging rate of p is allowed to grow up to
exponentially fast with respect to n. The estimation consistency rate O(n~Y log n)
is slower than O(+/n). This is in line with SCAD and LASSO penalty as shown in
Fan and Lv (2011). Both of the diverging rate of p and the estimation consistency
rate depend on the structure of design matrix and the minimum signal of the true

coefficients. To obtain better estimation consistency rate, we need to make stronger
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assumption on the design matrix and minimum signals, as well as slower diverging

rate of p. And vice versa.

Oracle Properties

In this section, we study the oracle property (Fan and Li, 2001) of the KSI method.
In the previous section when we study the weak oracle properties, we made the
assumption that the parameter K satisfies K > p — s. In this section we will show,
if the parameter K is correctly chosen such that K = p —s, then for V p and under
much more relaxed assumptions than in previous section, there exists a strict local
minimizer of the KSI method such that the oracle property is satisfied. It is worth
noting that in this case, p is allow to diverge at a rate even faster than O(exp(n)).
This is a much stronger conclusion than in any existing literature.

Assume the same notations as in the previous section, we have the following
theorem:

Theorem 2.6. Assume py(-) satisfies condition (C1). Under the conditions:

* (C9) X is standardized such that the diagonal elements of X "X /nis1

e (C10) s < nand Amin[%XlTXl] > ¢ > 0, where c is some positive constant;
Br # 0} >> \/s/n;

e (C12)K,=p—sand A, >> max{\/log(p), \/s/n2 max|y,—1 [1X5 X1Vl o )-

* (C11) min(|B;]

Then for ¥ p, there exists a strict local minimizer B = ([31T , [?’,ZT )T of Q(B) such that
B, = 0 with probability tending to 1 as n — oo, and ||B1 — Bl = Op(+/s/n). In fact,
By is given by B, = (X{X1)"'X{y. Here B, € R® and B, € RP are the subvectors of[AS
formed by the first s covariates and the last p — s covariates of {3, respectively.

The proof is given in the Appendix for completeness.
Here condition (C10) requires that matrix %XlTXl is not singular and its smallest

eigenvalue is bounded below by a positive constant. Condition (C11) requires the
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smallest signal in * is much stronger than /s/n. This is a price to pay when
we want to maintain the order constraint in our estimate 3 and distinguish the
important coefficients from the unimportant ones. Condition (C12) assumes the
parameter K satisfies K = p — s. Then with a large enough parameter A, we will be
able to remove the unimportant coefficients and recover the important coefficients.
The estimation for the important coefficients work as well as if the correct submodel
were known in advance and a ordinary least squares regression were fitting based

on the submodel.

Theorem 2.7. (Oracle Property) Under the conditions of Theorem 2.6, with probability
tending to 1, the strict local minimizer B = (GlT , [?’)zT )T in Theorem 2.6 must satisfy:

1. (Sparsity) p, = 0;

2. (Asymptotic normality).
An(X{X1)'2(B1 — B}) > N(0,0°G), (2.13)

where Ap is a q x s matrix such that A,A;, — G, G is a q X q symmetric positive

definite matrix.

The proof is obvious by Theorem 2.6 and the normality assumption in €, so we
skip the proof here.

2.4 Simulation Studies

In this section, we perform simulation studies to compare the finite sample perfor-
mance of LASSO, SCAD, adaptive LASSO, adaptive SCAD, with our KSI-LASSO
and KSI-SCAD methods. We consider three examples based on the following linear
regression model:

yi=x/B +e,i=1,...,n,

j.i.d.
where €; e N(0, 02). We chose o to control the signal-to-noise ratio to be 3. The

details of the settings are described as follows.
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Example 1: There are p = 10 variables and n = 100 observations in total. We
generated x; ~ N(0, X), where £ = 0.5U=K. The true B* was specified as:

B* =1[3,1.5,0,0,2,0,0,0,0,0] .

Example 2: There are p = 50 variables and n = 100 observations in total.
We generated x; ~ N(0,Z). The £; was given by: £; = 1; £ = 0.5, for
1<j,k <5andj # k; Zjx = 0.2 otherwise. The true 3* was specified as:

B*=1[1,1,1,2,2,0,...,0]".
45

Example 3: There are p = 100 variables and n = 60 observations in total.
We generated x; ~ N(0,Z). The £; was given by: Z; = 1; X = 0.5, for
1<j,k<5andj # k; Ly = 0.2 otherwise. The true B* was specified as:

B*=11,1,1,2,2,0,...,0] .
95

We repeated each simulation example for 1,000 times. The KSI-LASSO and the
KSI-SCAD were fitted using the algorithm described in Section 2.2. The LASSO
and the adaptvie LASSO were fitted using the R package “glmnet” (Friedman
et al., 2010b). The SCAD and the adaptive SCAD were fitted using the R package
“ncvreg”. The parameter “a” of both the SCAD and the adaptive SCAD penalties
was fixed at 3.7 as suggested in Fan and Li (2001). We used the same a = 3.7 in the
KSI-SCAD as well. 5-fold Cross Validation (CV) was used to select the best tuning
parameters.

In example 1, tuning parameter K for the KSI methods was selected from set
{9, 8,7, 6,5 }; the weights for the adaptive methods were obtained using the
reciprocal of absolute values of ordinary least squares estiamtes. In example 2, K
was selected from set { 49, 47, 45, 43, 41 }; the weights for the adaptive methods

were also obtained using the reciprocal of absolute values of ordinary least squares
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estiamtes. In example 3, K was selected from set { 95, 90, 85, 80, 75, 70, 65, 60 }. Note
that in example 3, p is greater than n. The ordinary least squares estiamates do not
exist. We obtained the weights for the adaptive methods using the ridge regression,
with the optimum tuning parameter for the ridge regression selected from 5-fold
corss validation. In all three examples, the tuning parameter A was selected from
set {exp(3—0.1x% 1) ‘O < i < 110}. Following our discussion in section 2.2, for each
value of K, the initial warm starting point """ was calculated by SIS method.

To evaluate the variable selection performance of methods, we consider sensi-
tivity (Sens) and specificity (Spec), which are defined as follows:

# of selected important variables
- # of important variables
# of removed unimportant variables
# of unimportant variables

For both sensitivity and specificity, a higher value means a better variable selection
performance. We also provide the number of nonzero estimated coefficients for
readers’ interests.

To evaluate the prediction performance of methods, following Tibshirani (1996),
we consider the model error (ME) which is defined as:

ME = (B —B*)"Z(B — B),

where B is the estimated coefficient vector, B is the true coefficient vector, and X is
the covariance matrix of the design matrix X. We would like to acknowledge that
the model error is closely related to the predictive mean square error proposed in
Wahba (1985) and Leng et al. (2006).
To evaluate the estimation performance of methods, we consider the estimation
bias which is given as:
BIAS = |IB — B3

A smaller value means better estimation performance.
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The simulation results are summarized in Table 2.1. We notice that in all three
examples, the KSI methods produced higher specificity, smaller number of nonzero
estimated coefficients, smaller model error and smaller bias, than their correspond-
ing original methods. The sensitivity of KSI methods and their corresponding
original methods are close to each other and comparable as well.

2.5 Real Data Analysis

In this section, we apply LASSO, SCAD, adaptive LASSO, adaptive SCAD, and
KSI-LASSO and KSI-SCAD methods to analyze the well-known Boston housing
data from the 1970 census (Harrison Jr and Rubinfeld, 1978). This dataset consists
of 506 observations and 13 predictors, with median value of owner-occupied homes
(MEDV) being the target variable. The purpose of Harrison Jr and Rubinfeld (1978)
was to study the effect of air quality on housing price in the Boston area in the
1970’s. Table 2.2 gives the names and meanings of the variables.
Harrison Jr and Rubinfeld (1978) fitted the following linear model:

log(MEDV) = Bo + B1AGE + (3,B 4 B3CHAS + 34,CRIM + 35 log/(DIS)
+B6INDUS + 7 log(LSTAT) + pgNOX? + BoPT
+B10 log(RAD) + BllRMz + B2 TAX + 313ZN,

whose ordinary least squares estimate, t-statistic and p-value for each predictor are
given in Table 2.3.

In order to compare the prediction performance and the variable selection
performance of different penalized methods, we created 50 extra noise predictors z;,
1 < i <50, and added them onto the original 13 predictors in the Boston housing
dataset. These z;’s satisfy normal distribution with mean zero, unit variance and
pairwise correlation p = 0.2. After this data augmentation step, we have obtained
a new dataset with 506 subjects and 63 predictors. Among these 63 predictors, 50

are pure noise predictors.
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We applied six methods to analyze the augmented Boston housing data: LASSO,
SCAD, adaptive LASSO, adaptive SCAD, and our KSI-LASSO and KSI-SCAD
methods. We randomly split the augmented dataset into a training set with sample
size n = 337 and a test set with sample size n = 169 (the ratio of two sample sizes
is about 2 : 1). We fitted models on the training set using 5-fold CV. We then
evaluated the prediction performances on the test set. We repeated the whole
procedure beginning with a new random split for 100 times.

The tuning parameter K was selected from set { 58, 55, 53, 51, 50, 49, 47, 45, 42
}. The tuning parameter A was selected from set {exp(4 — 0.1 x /) |0 <7 <130} The
weights for the adaptive methods were obtained using the reciprocal of absolute
values of ordinary least squares estiamtes. In order to be consistent with the
simulation section, for each value of K, we obtained the initial warm starting point
B2 using the SIS method.

Table 2.4 summarizes the average mean square errors (MSE) on test sets over
100 replicates and the average number of selected variables over 100 replicates
for LASSO, SCAD, adaptive LASSO, adaptive SCAD, and the KSI-LASSO and
KSI-SCAD methods. We can see that both KSI-LASSO and KSI-SCAD methods
produced the smallest MSEs (better prediction performance). We can also see
that, on average, both KSI-LASSO and KSI-SCAD methods selected around 15
predictors, which are significantly less than LASSO, adaptive LASSO and SCAD.
Because 50 predictors are pure noise predictors generated by ourselves and around
13 predictors are potentially related to the response, the KSI methods actually
performed very well in terms of variable selection.

2.6 Extension and Discussion

In the previous sections, we have demonstrated the advantages of the KSI method
in the case of variable selection problem. In fact, we could further extend the idea
of KSI method to handle group variable selection problem. In this section, we
briefly discuss the properties of the KSI methods when they are applied to the

group variable selection problem.
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To be specific, we consider the following linear regression setup with group
structure: we have training data, (x;, y;), i =1,..., n, where x; and y; are a p-length
vector of covariates and response for the ith subject, respectively. We assume the
total of p covariates can be divided into G groups. Let the gth group have p,
variables, and we use x; (5) = (Xi g1,/ Xi gp g)T to denote the pg covariates in the
gth group for the ith subject. To model the association between response and

covariates, we consider linear regression:

G Pg

yi=3 > xigbgte,i=1...n (2.14)
g=1j=1

iid. 5 , . .

where €; ~ N(0,0°) are error terms and (34s are regression coefficients. We
denote Bz = (Bg1, ", Bgpg) ' to be the vector of regression coefficients for covariates
in the gth group. We assume the response is centered to have zero mean and each
covariate is standardized to have zero mean and unit standard deviation.

For the purpose of variable selection, we consider the penalized ordinary least

square (OLS) estimation:

1n G Pg

min — (y/ — Z Z Xi,nggj>2 + (B, (2.15)

. 2n
Pej i=1 g=1 j=1

where J() is a sparsity-induced penalty function and A is a non-negative tuning
parameter.

Yuan and Lin (2006) proposed the following group LASSO penalty which is to
penalize the Ly-norm of the coefficients within each group:

G G
BB =AY /B e+ By =AY Bl (2.16)
g=1 g=1

Wang et al. (2007b) proposed the group SCAD penalty and Breheny and Huang
(2009) proposed the group MCP penalty for group variable selection. They have
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the following form:

G
A(B) =2 plIBgla), (2.17)
g=1
where p)(-) is the SCAD penalty and the MCP penalty, respectively.
By applying the idea of KSI method, we can introduce more flexibility into
the above group variable selection problem, reduce estimation bias and improve
prediction performance, just as in the case of variable selection problem. In the

remaining of this section, we consider the following penalized regression problem:

n G Pg G
min Qu(B) £ 35 (=3 Y xighs) +A Y mllBgl). @19
& i=1 g=1 j=1 g=G—K+1

Here A is a nonnegative tuning parameter. K is a positive integer between 1 to G
which controls the number of groups one wants to penalize. It is treated as another
tuning parameter. 34’s are the group coefficients of 3 ordered by the magnitude
of their Ly-norms, i.e.: 0 < [IBigll < B 1yl < ... < Byl And py(-) is a
sparsity-induced penalty function which may or may not depend on A. We assume
px(+) satisfies the condition (C1) as in Section 2.

Algorithm

In this subsection, we present the algorithm for solving the optimization problem
(2.18). This algorithm is similar to the one presented in Section 2.2, the details of

which are as follows:

Step 1 (Initialization): Set iteration number m = 0, initialize 3 with some

initial value [3(0).

Step 2 (Gradient Step): Letu = B(M — s X'(XxB™ —Y)/n. s here is some
prespecified step length.

Step 3 (Sort ug): For 1 < g < G, sort ug according to their Lr-norms. Let idx_1

be the set of indices for the K-smallest elements of u; in Ly-norm, and idx_2
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be the rest.

Step 4 (Proximal Step and Update !™1)): For each index g in set idx_1, solve

the following single variable optimization problem:

1 1
gL = argmin S|lv — ugl3 + 5 A pa(lIvil2) (2.19)
For each index g in set idx_2, we simply set Bé—mﬂ) = ug.

Step 5 (Termination): Terminate the iteration if IIB(’"H) — B(m)Hz is small, or
the changes of the objective function value IQg([S('"H)) — Qg(B(m))I is small.

Otherwise, set m <~ m+1, and repeat from step 2.

Theoretical Results

In this subsection, we study the theoretical properties of the KSI estimators (2.18).
Following the discussions in Section 3, we derive the necessary and sufficient
conditions for {3 to be a solution to minimization problem of Qg ().

Theorem 2.8. Without loss of generality, we assume ||[§g||2 # 0, forl < g < Gy, and
IBgll =0, for Go+1 < g < G. G here is the number of selected important groups and we
assume Gy > G — K. Denote index set Hy ={1,2,..., Go}, and H§ = {Go+1,..., G}. Let
Xg denotes the submatrice of X formed by the columns with group index being g. Assume
pa(-) satisfies condition (C1).

Assume {3 satisfies:
1Bl > IBg,ll, Va5t 1< <G—K G—K+1<g<G; (220

then (3 is a strict local minimizer to Qg () if the following conditions are satisfied:

1 .
;XgT(y—XHoBHo) =0, 1<g<G-—K; (2.21)
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A

1 A A B
—Xg (y =X Brg) =M (IBglk) 5= =0, G-K+1<g<Gy (222

1Bgll
1 A
~IXg (y = Xy By Il < Ap{(04+), Go+1<g<G; (2.23)
1 ~
;xHTO Xty + V2 (Br,) > 0. (2.24)

On the other hand, if B is a local minimizer of Qg(B) and it satisfies (2.20) with strict
inequality replaced by nonstrict inequality, then it must satisfy (2.21) - (2.24) with strict
inequalities replaced by nonstrict inequalities.

Here N2y (B 1y, ) is a block diagonal matrix such that V2 J\(By,) = A« diag(Aq, ..., Ag,),
where the Ags are given by:

A =0, 1<g<G—K; (2.25)

P (1B gl)
1B 12

prlIBgll)

& 16,13
gli2

A AT R . AT
Beghg + (||Bg||§*l—l3gﬁg), G-K+1<g<G.

(2.26)

The proof follows the same idea as in Theorem 2.3 and Proposition 2.4, so we
skip the proof here.

Next, we study the nonasymptotic weak oracle property of the KSI estimators
(2.18) under high dimensional setting. We will extend the arguments in Section 3
and show that a similar KSI estimator exists for (2.18).

Let B* € R? be the true regression coefficients in model (2.14). Without loss of
generality, we assume ||BZ.||2 #0,forl < g < Gy; and ||[52||2 =0,forGy+1<g<G.
Gp here is the number of important groups. Denote index set Hy = {1, 2, ..., Gy},
and Hy ={Gy+1,..., G}. Denote 5p = 250:1 pg to be the total number of covariates
in the important groups.

We have the following theorem:

Theorem 2.9. (Weak Oracle Property for Group Variable Selection) Assume p(-) satisfies
condition (C1). Under the conditions:
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(C9) X is standardized such that the diagonal elements of X "X /nis1;

(C13) Let d, = %min1<g<60 maxi<j<p, |B;’| > n~Ylog n, for somey € (0, %);

_ . (0 1
(C14) maxy 116 X Xbt) (X Xrg) Uloop = min{CEEH, O(n3 ), for

some C € (0,1)and t € (v, %), where f, = mini¢z<g, IIBZIIZ, and the matrix norm
. . A
is defined as ||All o2 = maxy.zo %;

(C15) II(XJOX,L/O)_lHOo = o(n%y/log n), where o« < min{—% —v, t—vy—1}

(C16) 3 A, such that Aapy (fa) = O(n=*Y~1\/log n) and n~*\/Llog n/\, =

o(1), where L = maxi<z<c Pg;

(C17) Aako = 0(%), where kg = max{—p{, (18]12)[[185 — Bjlow < nVlogn, 1 <
14 < GO}/ and T = }\min[%X[?/;XHO] > 0;

(C18) IB{g_k jllo = IBfg s 4 qyll2 > 2v/Ln~Y log n;
® (C19) parameter K, satisfies K, > G — Gy.

Then for sy = o(n) and log(p) = O(n'=2Y), there exists a strict local minimizer {3
of Qg(PB) such that for sufficiently large n, with probability at least 1 — (syn~ ' + (p —
so)e_"lfm logn) 3 satisfies:

1. (Sparsity) Bg =0,Vg=>Gy+1;

2. (Ly Loss and Group Selection) Hﬁg — Bgllo = O(nYlog n), and ﬁg £0,Vg <
Go.

Theorem 2.9 is similar to Theorem 2.5 in many ways. It shows under the given
regularity conditions, for sufficiently large nand p = O(exp(n'—2t)), with large
probability, there exists a KSI estimator which satisfies the theoretical property.
This KSI estimator possesses group selection consistency, meaning that it will
select all important groups (groups that contain at least one important variable)
while removing all unimportant groups. It also has estimation consistency in the

important groups in terms of L, loss. Many of the regularity conditions are similar
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to the ones in Theorem 2.5. Condition (C13) requires that minimum among the
strongest signal H[:’,Z,Hoo of important groups can not be too small. It is a relaxation
over condition (C2), because the smallest signal in [32 is allowed to be smaller
than n™Y log n. In condition (C14), a different matrix norm is used compared with
condition (C3). py(f,) in (C14) is a small relaxation over (C3) because the f, is
likely to be larger than the d,, in (C3). Condition (C15) is similar to condition (C4).
Condition (C16) controls the growth rate of tuning parameter A,. It is a slightly
stronger assumption than condition (C5) because the maximum group size L in
condition (C16) can not grow too fast. However, we can always divide a large group
into several small groups to meet this requirement. Condition (C17) is similar to
condition (C6). Condition (C18) requires that there is a gap between the K groups
of regression coefficients that are penalized and the rest G — K groups of regression
coefficients that are unpenalized. The gap in (C18) is larger than the gap in (C7),
so it is a stronger assumption than (C7). Condition (C19) requires the number of
groups being penalized can not be too small.
The proof is given in the Appendix for completeness.

Simulation Studies

In this subsection, we perform simulation studies to compare the finite sample
performance of group LASSO with our KSI-groupLASSO method. We consider
the same setting as in Section 4 Example 1, but with group structure among the
covariates of B*. To be specific, we have the following group structure:

B* =13,15,0,0,2,0,0,0,0,0] . (2.27)
gr;Zpl gr;Zp2

We repeated this simulation example for 1,000 times. The KSI-groupLASSO
was fitted using the algorithm described in subsection 6.1. The group LASSO was
titted using the R package “grplasso”. 5-fold Cross Validation (CV) was used to
select the best tuning parameters. To evaluate the performance of methods, we

consider sensitivity and specificity, model error and estimation bias as in Section 4.
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To evaluate the group selection performance, we consider group sensitivity (gSens)
and group specificity (gSpec), which are defined as follows:

# of selected important groups
# of important groups

# of removed unimportant groups
# of unimportant groups '

gSens =

gSpec =

The simulation results are summarized in Table 2.5.
We notice that in this example, the KSI-groupLASSO method produced higher
specificity, higher group specificity, smaller number of nonzero estimated coeftfi-

cients, smaller model error and smaller bias, than the group LASSO method.

2.7 Conclusion

In this chapter, we proposed a novel K-Smallest Items (KSI) penalties family for
variable selection. We developed an efficient gradient projection algorithm for
solving the corresponding optimization problem. We also studied the nonasymp-
totic weak oracle property and the oracle property for our proposed method in
the high-dimensional setting. Numerical results indicate that the proposed new
method works well in terms of prediction accuracy, estimation bias reduction and
variable selection. We applied the KSI method to analyze well know Boston housing
dataset and showed its advantage. We further extended the KSI method to handle
group variable selection problem and studied the group selection consistency and
estimation consistency of the KSI estimators. We performed numerical experiments
to study its performance under the group variable selection problem setting.
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Table 2.1: Summary of simulation results over 1000 replicates. “Sens” means
sensitivity of variable selection; “Spec” means specificity of variable selection;
“Nonzero” means the number of nonzero estimated coefficients; “ME” means model
error; “BIAS” means bias. The numbers in parentheses are the corresponding
standard errors. “adpLASSO” means adaptive LASSO. “adpSCAD” means adaptive
SCAD.

5-fold CV Tuning
Sens Spec  Nonzero ME BIAS

Example 1
LASSO 1.000  0.601 5.795 0.518  0.683
(0.000) (0.008)  (0.058)  (0.011) (0.017)
adpLASSO | 0.999  0.798 4.411 0432  0.596
(0.001)  (0.007)  (0.048)  (0.010) (0.017)
KSI-LASSO | 0.998  0.858 3.992 0.369  0.520
(0.001) (0.006)  (0.044)  (0.010) (0.016)
SCAD 099  0.810 4.320 0.397  0.570
(0.001) (0.007)  (0.051)  (0.013) (0.022)
adpSCAD 0.997  0.842 4.099 0456  0.656
(0.001) (0.006)  (0.045)  (0.013) (0.022)
KSI-SCAD | 0.998  0.874 3.873 0372 0.533
(0.001) (0.006)  (0.039)  (0.011) (0.018)

Example 2
LASSO 0981  0.874 10.568 1.360  1.483
(0.002) (0.003)  (0.153)  (0.023) (0.027)
adpLASSO | 0.886  0.791 13.819 2568  3.566
(0.004) (0.005) (0.222)  (0.052) (0.069)
KSI-LASSO | 0971  0.963 6.510 0.891  1.345
(0.003) (0.002)  (0.107)  (0.026) (0.037)
SCAD 0.857  0.894 9.075 2.028  3.309
(0.005) (0.002)  (0.107)  (0.031) (0.050)
adpSCAD 0.813  0.847 10.945 3.356  4.810
(0.005) (0.004) (0.199)  (0.084) (0.106)
KSI-SCAD | 0967  0.972 6.088 0.872  1.330
(0.003) (0.002)  (0.069)  (0.026) (0.039)

Example 3
LASSO 0917 0916 12579  2.858  2.888
(0.004) (0.002)  (0.237)  (0.054) (0.062)
adpLASSO | 0921 0810 22611 5728  7.074
(0.004) (0.005)  (0.455)  (0.141) (0.168)
KSI-LASSO | 0.960  0.975 7.176 1.780  2.518
(0.003) (0.002)  (0.208)  (0.065) (0.083)
SCAD 0.741  0.947 8.730 4.374  6.008
(0.006) (0.001)  (0.124)  (0.065) (0.107)
adpSCAD 0.822  0.910 12.696  5.867  7.735
(0.005) (0.003)  (0.266)  (0.166) (0.196)
KSI-SCAD | 0961  0.982 6.494 1.702 2422
(0.003) (0.001)  (0.092)  (0.060) (0.077)




Table 2.2: Variables in Boston Housing Data

Name  Meaning Name Meaning

MEDV  median value of homes LSTAT % lower status population
AGE % homes built before 1940 NOX nitric oxides concentration

B (%Black —63)%/10 PT pupil teacher ratio

CHAS 1 if on Charles River; 0 o.w. RAD accessibility to radial highways
CRIM  per capita crime rate TAX full-value property-tax rate
DIS distances to employment centers | RM average number of rooms
INDUS % non-retail business ZN % residential land
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Table 2.3: Ordinary least squares estimates of the regression coefficients in the
Boston Housing Data; t is the t—statistic of the corresponding coefficient.

Predictor 3 t p—value | Predictor & t p—value
Constant 447 28.05 < 2e-16 | LSTAT -3.71le-1  -14.84 < 2e-16
AGE 9.07e-5 0.17 8.6e-1 NOX? -6.38e-1  -5.64 2.9e-8
B 3.64e-4 3.53 4.6e-4 | PT -3.11e-2  -6.21 1.1e-9
CHAS 9.14e-2 2.75 6.1e-3 | log(RAD) 9.57e-2  5.00 7.9e-7
CRIM -1.19e-2 953 <2e-16 | RM? 6.33e-3  4.82 1.9e-6
log(DIS) -191e-1 -5.73 1.8e-8 | TAX -4.20e-4 -3.43 6.6e-4
INDUS 2.39e-4 0.10 9.2e-1 ZN 8.02e-5 0.16 8.7e-1




34

Table 2.4: Summary of augmented Boston housing data analysis results. Results
are based on 100 random splits using 5—fold CV tuning. “MSE” reports the average
mean square errors on test sets and "Selection Frequency” reports the average
number of selected variables. The numbers in parentheses are the corresponding
standard errors. “adpLASSO” means adaptive LASSO. "adpSCAD” means adaptive
SCAD.

Mean Square Error and Selection Frequency

MSE  Selection Frequency
LASSO 0.0389 28.460
(0.0006) (0.717)
adpLASSO  0.0392 19.560
(0.0006) (0.600)
KSI-LASSO  0.0366 15.180
(0.0005) (0.335)
SCAD 0.0382 19.219
(0.0005) (0.487)
adpSCAD 0.0396 14.590
(0.0007) (0.343)
KSI-SCAD 0.0366 14.850
(0.0005) (0.311)

Table 2.5: Summary of simulation results over 1000 replicates. “Sens” means
sensitivity of variable selection; “Spec” means specificity of variable selection;
“gSens” means sensitivity of group selection; “gSpec” means specificity of group
selection; “Nonzero” means the number of nonzero estimated coefficients; “ME”
means model error; “BIAS” means bias. The numbers in parentheses are the
corresponding standard errors.

5-fold CV Tuning
Sens Spec  gSens gSpec Nonzero ME BIAS
Example 1 with group structure
group LASSO 1.000 0.138 1.000  0.193 9.035 0.545 0.764
(0.000) (0.009) (0.000) (0.012) (0.062) (0.010) (0.016)
KSI-groupLASSO | 1.000 0.556  1.000  0.779 6.105 0.431 0.657
(0.000) (0.009) (0.000) (0.013) (0.066) (0.009) (0.016)
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3  VARIABLE SELECTION VIA THE SELF-ADAPTIVE PENALTY

3.1 Motivation

In this chapter, we consider the variable selection problem under the usual regres-
sion setting: we have training data, (x;,y;), i = 1,...,n, where x; is a vector of
values with p covariates and y; is the response. To model the association between

response and covariates, we consider the following linear regression:

p
yi=> xiBj+e,i=1..,n, (3.1)
j=1

where €; i N(0, 02) are error terms and f ;j’s are regression coefficients. Without
loss of generality, we assume the response is centered to have zero mean and each
covariate is standardized to have zero mean and unit standard deviation.

For the purpose of variable selection, we consider the penalized ordinary least
squares (OLS) estimation:

n p
mi_an<YI'_ZXUBJ.>2+}\J(B)’ (3.2)

i=1 j=1

where J($) is a certain sparsity-induced penalty function and A is a non-negative
tuning parameter.

In this chapter, we propose a novel Self-adaptive penalty (SAP) for variable
selection. It is a nonconvex penalty and it is able to reduce estimation bias and
improve the performance of variable selection and prediction. SAP is motivated
by the adaptive LASSO, which is a weighted version of LASSO. The penalization
of SAP on each individual coefficient takes into account directly the influence of
other estimated coefficients. We transform the SAP model into a weighted LASSO
problem and apply the coordinate descent algorithm (Friedman et al., 2007; Wu and
Lange, 2008) to fit the model. We thoroughly investigate the theoretical properties of
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SAP and show that it possesses the weak oracle property under desirable conditions.
The proposed method is applied to the glioblastoma cancer data obtained from
The Cancer Genome Atlas (TCGA).

This chapter is organized as follows. In Section 3.2, we propose the Self-adaptive
penalty and present the corresponding algorithm. In Section 3.3, we derive its weak
oracle property in the high-dimensional setting where the number of coefficients is
allowed to be much larger than the sample size. Simulation results are presented in
Section 3.4. In Section 3.5, we apply the proposed method to the TCGA glioblastoma

dataset. Finally we conclude this chapter with Section 3.6.

3.2 Method

Self-adaptive penalty
We propose the following Self-adaptive penalty (SAP):

A(B) 2 Alog, (a‘ﬁl' ot a'ﬁpl), (3.3)

where a € (0, 1) is another tuning parameter. The SAP is nonconvex, which can be
straightforwardly verified by calculating its second derivative.
Consider an arbitrary vector B° which is close to 8, the penalty can be locally

approximated using the first order approximation:

18]
log (aP1l .. 4 QlPely log (alﬁﬁ’l 4t a\rsg\) +Z a—o(|[3j| —1BY. (3.4)
a a ' Zp aHg/| J
j=1 2-I=1
1891
Treating the term log,(3_; alP; ) and the term Zle Zpi 2 Bl |[3§-)| as constants

because they are not related to the @3, the original optimization problem (3.2) with
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SAP can be approximated by:

IBOI
kT Y] (3.5)

p
I%ﬁ“—nZ(yf ZX’JBJ) ,lep 80

The original problem now becomes a weighted LASSO problem with the weight
for each coefficient given by al# /Y 2Pl These weights are automatically speci-
fied by the penalty itself and they takes into account the relations between different
regression coefficients. By the assumption that 3 is close to 3, the weights are
large for small coefficients of B, and the weights are small for large coefficients.
This implies SAP automatically penalizes more heavily on small coefficients and
gently on large coefficients. Therefore it can reduce the estimation bias on large
estimated coefficients.

The SAP method has several connections with the existing methods.

Similar to adaptive LASSO, SAP needs to solve the weighted LASSO problem.
However, adaptive LASSO uses a two stages procedure. First a set of appropriate
weights need to be specified. These weights are usually obtained by solving the
ordinary least squares problem and are based on the individual signal strength
of different predictors. Next these weights are plugged into the model and the
adaptive LASSO estimators are achieved by solving the weighted LASSO problem.
This two stages procedure requires extra computation efforts. Unlike adaptive
LASSO, SAP combines these two stages together. The weights are automatically
specified by the penalty itself and iteratively updated until model (3.2) is solved.
These weights take into account the relation among different coefficients as is
implied by the denominators in (3.5).

The format of SAP is similar to the group variable selection method Log-Exp-
Sum (LES) penalty which will be presented in Chapter 4. Because SAP is not aimed
for group variable selection and no group structure is assumed, the predictors in
SAP are treated as if they are all in the same group. This is a special case of the LES

“ II

penalty when only one single group exists. The natural base “e” in the LES penalty

“" II

is changed to in the SAP here, which makes SAP a nonconvex penalty.
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It is worth noting that not every group variable selection method can be adjusted
and applied to the variable selection problem. We consider two popular group
variable selection methods here: the group LASSO and the group bridge. Using
the idea of first order approximation, we notice that the weights are proportional
to the sizes of the absolute value of coefficient estimators in group LASSO, and the
weights are the same for every coefficient estimator in group bridge. Therefore,

they are not good candidates for the variable selection problem.

Algorithm

We need to solve the following optimization problem:

" 2n

n p
rréin Q(B) = ! Z(y,-— x,-J-(f’>j>2—l—7\loga <a|51‘+-~~—|—a|f’f’|>. (3.6)
J i=1 j=1

The SAP is singular at the origin, and it does not have continuous second deriva-
tives. So Newton method and many other sophisticated optimization techniques
can not be applied directly. However, the optimization problem can be approxi-
mated by a weighted LASSO problem as described in (3.5). Following Friedman
et al. (2007) and Wu and Lange (2008), we apply the coordinate descent algorithm
to solve the optimization problem (3.5). Numerical examples in section 3.4 demon-
strate the efficiency and efficacy of this algorithm. The details of the algorithm are

as follows:
Step 1 (Initialization): Set k = 0, initialize B with some reasonable values.

Step 2 (Update p): For j =1,..., p, obtain the update for the j-th covariate of

B[k-l—l):
n ~
1 XijVi Aw;
) — s (L T, (37)
2 i1 Xij 2 i1 Xij
B (k) \ﬁ}kj\
where y; = y; — Zl-#j xiB; ", w = a—\rs“‘)\’ and S(-,-) is a soft threshold
Yiat

function given by S(u, v) = sign(u)(|ul — v) 4.



39

(k+1) B(¥)|| is small, or the

Step 3 (Termination) Terminate the iteration if || Bl
changes of the objective function value |Q(3 M _Q(B )| is small. Otherwise,

set k < k +1, and repeat step 2.

3.3 Theoretical Results

In this section, we study the theoretical properties of the SAP estimators. It is
generally difficult to study the global minimizer of a nonconvex function, so as
is common in literature, we focus on local minimizer. In the remaining of this
section, we first present several conditions which characterize the behavior of a
local minimizer. We then show under several assumptions, there exists a local
minimizer of SAP such that the nonasymptotic weak oracle properties are satisfied.
Throughout this section, we denote the penalized likelihood optimization problem
to be:

1’1’[15111(?(6)é 1 Z(yk—zxk, ) —{-7\./ ) (38)
where J(B) = loga<a”31| et a|f3p|>_

Characterization of SAP estimators

In spirit of Theorem 1 in Fan and Lv (2011), we derive the necessary and sufficient

conditions for {3 to be the solution to (3.8).

Theorem 3.1. A vector 3 € RP is a strict local minimizer to Q(B) if the following

conditions are satisfied:

1 A A
X (y=XB1) —AV1I(B1) =0; (3.9)

1 A A
~11X" (y — X1B1)llso < - ; (3.10)
n Zigs a|f3i| + (,D—S)

1 R
;XlTxl +AV3J(Bq) > 0. (3.11)
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On the other hand, if {3 is a solution to (3.8), then it is a local minimizer if it satisfies (3.9) -
(3.11) with strict inequalities replaced by nonstrict inequalities.

Here we assume 3 = ([31T , [3; )T, where [31 € IR*® are the nonzero components of B, and
B, = 0 € RP are the zero components of B. s is the number of nonzero components of B.
X1 and Xy denote the submatrices of X formed by first s columns and last p — s columns of
X, respectively. Denote T = ) alBil ¢ (p—s), ViJ(Bq) and V%J(ﬁl) are given by:

7 sign( B1)

ViJ(B1) = : ,

IBsl . PN
2 T sign(fs)

ViJ(B1)

BT — By BHBsign(ByBy) - alPHBslsign(Byfs)
loga |aPiHBelsign(Bifpy)  —alfd(T —alfl)y ... dB2tBslsign(B,py)
T2 : : ) :

AP+ Bslsign(BBs)  aPtBslsign(BaBs) - —alPsl(T — albs)

The proofs are given in the Appendix for completeness.

It is well known that Karush-Kuhn-Tucker (KKT) conditions characterize the
behavior of the minimizer of a convex function. When it comes to nonconvex
function, KKT conditions do not apply directly. The theorem we present here plays
the role as KKT conditions to characterize the behavior of a local minimizer of the
nonconvex SAP method. It is also worth noting that the necessary condition for a
local minimizer and sufficient condition for a strict local minimizer differ slightly
(nonstrict versus strict inequalities). The strict inequalities are needed in order to
ensure the optimizer is indeed a strict local minimizer.

We denote A, (G) to be the minimum eigenvalue of G, where G is any square

matrix. The following proposition gives an easy way to check condition (3.11).

Proposition 3.2. Let s be the number of nonzero components in B. A sufficient condition
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for inequality (3.11) to hold is:

1
“X"X) = —
n p—s

Aminl( log a. (3.12)

Nonasymptotic Weak Oracle Properties

In this section, we study the nonasymptotic property of the SAP estimator. The
weak oracle property was introduced by Lv and Fan (2009). It means that when
n — oo, with probably tending to 1, the penalty will identify the sparsity structure
of true coefficients, and the L, loss on the nonzero elements of true coefficients
is consistent under a rate slower than y/n. Fan and Lv (2011) showed that there
exists a nonconvex SCAD estimator which satisfies the weak oracle property when
n is sufficiently large and log(p) = O(n'72%), for some « € (0, %). We will extend
their arguments and show that a similar SAP estimator exists for our proposed
method. It is worth noting that under the rate log(p) = O(n'~2%), the number of
predictors p is allowed to be much larger than the number of observations n, i.e.,
p >> n. This situation arises in many practical applications and is of great interests
to many researchers.

Let B* € RP be the true coefficients. Assume B* = (BIT, B;T) T, where B} € R®
are the nonzero components of 3, and ; = 0 € IRP~* are the zero components of
B*. Denote X1 and X to be the submatrices of X formed by first s columns and last
p — s columns, respectively.

Our main results are stated in the following theorem.
Theorem 3.3. (Weak Oracle Property) Under the conditions:
o (CD (X X1) Yoo = o(n~ 2%\ /Tog n), for some o € (0,1);

* (C2) Let d, = 5 min{|B%| : B} # 0} = n~Ylogn, for somey € (0, x+t—3),
te(0,3);

* (C3) ocand tsatz'sfy% <at+t<l;

o (CH) (X X)) (X X1) Yoo < min{Ca=d, O(n271)}, for some C € (0,1);
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* (C5)s = o(n) and log(p) = O(n12%);
e (Co6) 7\,,,,-,,(%X1TX1) = O(n"), for some r € (x — % —v,0);
* (C7) X is standardized such that the diagonal elements of X7 X /n is 1.

If we choose tuning parameter A such that X\ = O(n“_%_yp\ /log n) and A/(%) — 00.
Then there exists an solution B to Q(B) such that for sufficiently large n, with probability
at least 1 — (sn~! + (p — s)e‘”lfzt logm B = (ﬁlT, ﬁzT) T satisfies:

1. (Sparsity) B, =0,
2. (Ly loss) ||[A31 —Billo = O(nYlog n),

where B1 € R® and B, € RP™ are the subvectors of {3 formed by the first s covariates and

the last p — s covariates of 3, respectively.

In Theorem 3.3, condition (C1) essentially requires that matrix %XlTXl is not
singular and there exists a upper bound for the L,-norm of its inverse. Condition
(C2) requires that the minimum signal of true coefficients " can not be too small.
Condition (C3) controls the relation between several constants, it is needed for
technical proof purposes. Condition ( C4) is similar to the irrepresentative condition
of Lasso (Zhao and Yu, 2006). It essentially requires the correlation between X; and
X3 can not be too strong. Condition (C5) controls the growth rate of the number of
important variables and the total number of variables. Condition (C6) explicitly
bounds the smallest eigenvalue of %XlTXl. Condition (C7) assumes the matrix X
has been standardized, which is a common procedure in practice.

The proofs are given in Appendix for completeness.

From this theorem, under the given conditions, for sufficiently large n and
p = O(exp(n'™2t)), with probability tending to 1, there exists a SAP estimator
which satisfies the weak oracle property. The diverging rate of p is allowed to
grow up to exponentially fast with respect to n. The estimation consistency rate
O(n~Ylog n) is slower than O(y/n). This is in line with SCAD penalty as shown in
Fan and Lv (2011). Both of the diverging rate of p and the estimation consistency
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rate depend on the structure of design matrix and the minimum signal of true
coefficients. To obtain better estimation consistency rate, we need to make stronger
assumption on the design matrix and minimum signals, as well as slower diverging

rate of p. And vice versa.

3.4 Simulation Studies

In this section, we conduct simulation studies to evaluate the numerical perfor-
mance of the SAP method. We compare our penalty with several existing methods,
including LASSO, adaptive LASSO, SCAD and MCP. We consider four examples.
All examples are based on the following linear regression model:

T .
}’i:x/ B*+€i1 l:]-/"'/n/

j.i.d.
where €; e N(0, o?). For each example, we chose o to have the signal-to-noise

ratio to be 3. The details of each setting are described as follows.

Example 1. There are n = 60 observations and p = 8 variables in total. We
generated x; ~ N(0,X). £; = 1. For i # j, the entry of £ was given by:

0.7 1<i,j<3or4<i,j<8
i= " o " (3.13)
0.3 0.W.
The true B* was specified as:
B* =13,2,1.5,0,0,0,0,0] . (3.14)

Example 2. There are n = 100 observations and p = 60 variables in total.
We generated x; ~ N(0,X). X; = 1. For i # j, the entry of £ was given by:

L; = 0.5/ The true p* was specified as:

B* = [0.05,0.05,0.05,0.05,0.05,0,0,...,0,0] . (3.15)
55
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Example 3. There are n = 400 observations and p = 200 variables in total.
We generated x; ~ N(0,X). £; = 1. For i # j, the entry of Z was given by:
Yjj = 0.5. The true p* was specified as:

B*=105,1,15,2,25,3,—-1,-15,0,0,...,0,0] . (3.16)
192

Example 4. There are n = 60 observations and p = 100 variables in total.
We generated x; ~ N(0,X). X; = 1. For i # j, the entry of £ was given by:
Y = 0.2. The true B was specified as:

B* =10.5,1,1.5,—0.5,0,0,...,0,0] . (3.17)
96

We repeated each simulation example for 1,000 times. The SAP was fitted
using the algorithm described in Section 3.2. The LASSO was fitted using the R
package “glmnet” (Friedman et al., 2010b). The adaptive LASSO was also fitted
using the R package “glmnet” with the adaptive weights being the reciprocal
of the absolute value of OLS estimators. In cases when p > n, the generalized
OLS was used. The SCAD and MCP were fitted using the R package “ncvreg”.
Five-fold cross validation method was used to select the tuning parameters. For
the SAP, we used two-dimensional cross-validation and selected the base a from
{0.01,0.1,0.5, e 109, 0.99}. The parameter “a” of the SCAD penalty was fixed at 3.7
as Fan and Li (2001) suggested. The parameter “y” of the MCP penalty was fixed
at 2. The model with the smallest average cross validation error was selected.

To evaluate the variable selection performance of these methods, we considers
sensitivity (Sens) and specificity (Spec), which are defined as follows:

# of selected important variables

Sens =
# of important variables
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# of removed unimportant variables

Spec = # of unimportant variables
For both sensitivity and specificity, a higher value means a better variable selection
performance.

To evaluate the prediction performance of these methods, in each simulation,
we independently generated a test set data with 5,000 observations from the same
distribution as the training data. We then calculated the mean square error (MSE)
on the test set. The MSE is the prediction error, so a smaller value means a better
prediction performance.

The simulation results are summarized in Table 3.1.

In Example 1, the LASSO method produces the highest sensitivity and the lowest
MSE. This is consistent with Fan and Li (2001) that LASSO has good performance
when the noise level is high and the sample size is small. The SAP method has the
second lowest MSE, which shows its good prediction performance. Although worse
than LASSO and adaptive LASSO, SAP outperforms other non-convex methods
in terms of sensitivity. SAP also outperforms other methods except MCP in terms
of specificity. The fact that MCP produces the highest specificity is not surprising
because Zhang (2010) has shown that MCP has a nice upper bound for the false
positive.

In Example 2, LASSO and SAP have similar performance in all three aspects.
The difference between these two methods is insignificant. They both produce the
highest sensitivity and the lowest MSE which are significantly better than other
three methods. Again, MCP produces the highest specificity, while SAP produces
the second highest specificity.

In Example 3, the number of observations and the number of noise variables
increase dramatically from example 1 and 2. SCAD produces the lowest MSE which
is significantly better than other methods. SAP yields the second lowest MSE which
differs insignificantly with MCP. LASSO produces the highest sensitivity. MCP
again produces the highest specificity and SAP has the second highest specificity.
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In Example 4, the number of variables is larger than the number of observations.
In this situation, SCAD produces the lowest MSE. SAP gives the third lowest MSE,
higher than SCAD and MCP, but lower than LASSO and adaptive LASSO. LASSO
gives the highest sensitivity. MCP produces the highest specificity while SAP yields
the second highest specificity.

3.5 Real Data Analysis

In this section, we analyzed the publicly available glioblastoma cancer data obtained
from The Cancer Genome Atlas (TCGA). The glioblastoma cancer is the the most
common and lethal brain cancer in adults (Furnari et al., 2007). It is characterized
by its poor responses to all existing therapeutic approaches and the short median
survival time for newly diagnosed patients (Furnari et al., 2007). Identification
of the relation between survival time and cancer-causing genome will add to the
understanding of this deadly disease.

This data set is obtained under the “hg_u133a” platform and it includes 12042
genes taking continuous values. The outcome of interest is the survival time of
glioblastoma patients. The data set contains a total of 519 subjects among which 116
subjects (22.4%) are censored in response. We excluded these 116 censored subjects
and retained n = 403 subjects for our analysis. We took the logarithm transform of
the survival time, centered the data and standardized the genes before any analysis
was made.

In our analysis, we first applied the Sure Independence Screening (SIS) method
proposed by Fan and Lv (2008b) to reduce the total number of predictors down to
n/log(n) = 67, as is suggested in Fan and Lv (2008b). The SIS is a screening method
which is widely used for dimension reduction. Combining the screening method
SIS with variable selection methods will allow us to narrow down the search for
important variables and improve the estimation accuracy (Fan and Lv, 2008b). After
the SIS step, we are presented with a subset of the original data which contains
n = 403 subjects and p = 67 predictors.
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In this subset, we compared the prediction performance of our proposed SAP
method with LASSO, adaptive LASSO, SCAD and MCP. We randomly split the
whole subset into a training set with sample size ny.,;, = 300 and a test set with
sample size ntes; = 103 (the ratio of two sample sizes is about 3 : 1). We fitted
models on the training set and evaluated their prediction performances on the
test set. We used 5-fold cross validation as our tuning criterion for training. We
repeated the whole procedure starting from the random split for 100 times.

Table 3.2 summarizes the average mean square errors (MSE) on test set and
the average number of variable selected across 100 random splits. We can see that,
among all five methods, LASSO and SAP produced the same MSE up to the third
digit, which is the smallest among all five methods. As the cost of this gain in
prediction performance, LASSO and SAP selected more variables, on average, than
other methods.

Table 3.3 summarizes the selection frequency of each individual variables across
100 random splits. It is worth noting that the selection frequency of SAP is very
similar to LASSO. This is because the estimated coefficients in absolute value
are small (max} ;i < 0.274). The weights for each predictor in SAP are close to
each other which makes the SAP problem becomes similar to the LASSO problem.
Among the 67 genes, 11 of them have been selected for more than 90 times by
SAP, including: RPS28, TOP1, LAMB4, HEMK1, ZNF208, NPTXR, CLEC5A, CDK3,
NELL1, GSN and HOMER1. Among these genes, CDK3 and GSN are found to be
closely associated with glioblastoma in literature (Zheng et al., 2008; Kamitani et al.,
2002). The connection of other highly selected genes with glioblastoma remains to
be found. SAP has narrowed down the collection of genes for biologist to examine.

3.6 Conclusion

In this chapter, we proposed a new nonconvex Self-adaptive penalty (SAP) method
for variable selection. We developed an efficient coordinate descent algorithm for
solving the corresponding optimization problem. We also studied the nonasymp-

totic weak oracle property for our proposed method, in which the number of
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prediction variables is allowed to be much larger than the sample size. Numerical
results indicate that the proposed new method works well in terms of both pre-
diction accuracy and variable selection. We applied the SAP method to analyze a

TCGA glioblastoma cancer data and obtained clinically meaningful results.
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Table 3.1: Summary of simulation results over 1000 replicates. “Sens” means
sensitivity of variable selection; “Spec” means specificity of variable selection; “MSE”
means mean square error. “adpLASSO” means adaptive LASSO. The numbers in

parentheses are the corresponding standard errors.

Method Sens Spec MSE
Simulation 1

LASSO 0.989 (0.002) 0.672 (0.009) 12.693 (0.030)
adpLASSO 0.919 (0.005) 0.652 (0.010) 13.126 (0.037)
SCAD 0.857 (0.006) 0.727 (0.010) 13.300 (0.042)
MCP 0.820 (0.006) 0.796 (0.010) 13.325 (0.041)
SAP 0.874 (0.006) 0.789 (0.008) 13.044 (0.038)
Simulation 2°

LASSO 0.999 (0.001) 0.880 (0.003) 1.076 (0.003)
adpLASSO 0.934 (0.004) 0.866 (0.005) 1.193 (0.007)
SCAD 0.958 (0.003) 0.873 (0.002) 1.134 (0.004)
MCP 0.853 (0.005) 0.968 (0.001) 1.145 (0.005)
SAP 0.996 (0.001) 0.891 (0.003) 1.075 (0.003)
Simulation 3

LASSO 0.939 (0.002) 0.891 (0.002) 16.454 (0.017)
adpLASSO 0.853 (0.004) 0.932 (0.003) 16.591 (0.039)
SCAD 0.891 (0.003) 0.971 (0.001) 15.887 (0.018)
MCP 0.778 (0.004) 0.998 (0.001) 16.000 (0.021)
SAP 0.819 (0.004) 0.985 (0.001) 15.961 (0.018)
Simulation 4

LASSO 0.864 (0.005) 0.886 (0.003) 2.073 (0.010)
adpLASSO 0.590 (0.009) 0.849 (0.004) 3.281 (0.040)
SCAD 0.854 (0.006) 0.943 (0.001) 1.890 (0.008)
MCP 0.701 (0.007) 0.990 (0.001) 1.932 (0.010)
SAP 0.728 (0.007) 0.963 (0.003) 1.952 (0.010)

" The numbers in MSE column in simulation 2 are increased by 100

times.
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Table 3.2: Real Data Analysis Summary: real data analysis results over 100 random
splits. “Mean Square Error” column represents average mean square error on
the test set over 100 random splits. “Selection Frequency” column represents the
average number of variable selected over 100 splits; The numbers in parentheses
are the corresponding standard errors.

Mean Square Error and Selection Frequency
Mean Square Error  Selection Frequency

LASSO 0.932 (0.018) 25.75 (0.43)
adpLASSO 0.981 (0.018) 20.02 (0.91)
SCAD 0.988 (0.018) 18.58 (0.30)
MCP 1.010 (0.019) 11.16 (0.50)
SAP 0.932 (0.018) 25.48 (0.47)
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Table 3.3: Real Data Analysis Summary: Individual variable selection frequency
across 100 random splits. Variables are sorted according to the selection frequency
of SAP.

gene LASSO  adpLASSO  SCAD MCP SAP
RPS28 100 82 94 78 100
TOP1 100 85 97 75 100
LAMB4 100 64 97 87 100
HEMK1 99 81 93 82 99
ZNF208 100 81 92 65 99
NPTXR 99 91 93 80 99
CLEC5A 98 74 95 75 98
CDK3 96 80 79 36 94
NELL1 94 39 66 34 93
GSN 93 75 84 62 93
HOMER1 92 70 76 51 91
PCNXL2 88 30 52 12 87
HIST3H2A 81 40 45 18 80
HOXD11 82 66 72 46 80
FKBP6 69 26 53 18 69
HOXD10 69 25 51 27 68
RBP1 68 12 63 29 68
BDH1 68 31 45 23 67
GRIA1 67 46 41 17 66
ZNF528 66 37 40 12 65
RANBP17 65 42 50 22 65
MAP6D1 64 27 40 19 62
MDK 54 34 29 13 52
GPRASP1 53 48 28 3 52
PARD3 53 29 19 8 51
TIMP1 51 61 24 8 50
MAP3K7IP1 44 46 13 6 44
tcag?7.1314 43 23 32 6 41
SND1 35 18 10 2 34
SCG5 32 43 16 8 31
TOLLIP 28 31 11 7 28
RPL10 28 30 18 13 28
UPP1 27 4 11 2 27
CHI3L1 25 41 1 2 24
1IQCG 24 26 7 3 24
NOL3 25 22 12 5 24
SPP1 24 12 20 4 24
ABCA1 20 19 8 5 20
SLC25A20 19 17 17 2 19
TMEM112 18 26 4 3 18
CRELD1 16 11 9 4 16
TRAF3IP1 12 12 7 4 12
DIRAS3 10 20 6 4 10
RPL36A 9 23 3 6 9
TCTA 7 13 5 3 7
EIF3H 5 10 3 2 6
CHL1 6 7 1 1 6
C70rf43 6 4 4 0 6
B3GAT3 5 7 0 1 5
LOC201229 5 10 2 4 4
GNG12 4 7 2 2 4
DKFZP564]102 4 3 3 0 4
DKK3 3 3 0 0 3
TMEM?22 3 14 1 1 3
MAPKS8 3 2 3 2 3
PHYHIP 2 8 0 1 2
HRASLS3 2 9 0 0 2
C130rf18 2 5 2 0 2
FBXO17 2 9 2 2 2
SLC4A3 2 3 0 1 2
EFEMP2 2 19 1 1 2
CAMK1 2 13 2 2 2
TREM2 1 13 1 1 1
KIAA0495 1 17 0 1 1
PGCP 0 6 1 2 0
B3GALNT1 0 15 1 2 0
PDPN 0 5 1 1 0
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4  GROUP VARIABLE SELECTION VIA THE LOG-EXP-SUM

PENALTY

4.1 Motivation

Breast cancer is the most common cancer in women younger than 45 years of age
and is the leading cause of death among females in the United States. However, the
survival rate for these young women with breast cancer has continuously improved
over the past two decades, primarily because of improved therapies. With this long-
term survival, it is important to study the quality of life that may be hampered by
this traumatic event and by the long-term side effects from related cancer therapies
(Berry et al., 2005).

This chapter is motivated by analyzing a dataset from a study funded by the
American Cancer Society (ACS), a large quality of life study of breast cancer sur-
vivors diagnosed at a young age. The study included 505 breast cancer survivors
(BCS) who were aged 18-45 years old at diagnosis and were surveyed 3-8 years
after standard treatments. The study collected many covariates and quality of life
outcomes. One outcome that is of particular interest is overall well being (OWB).
It is captured by Campbell’s index of well being which is measured from seven
questionnaire items (Campbell et al., 1976). Studying the OWB status after an
adversity is of great interest in an increasing body of research to comprehensively
understand the consequences of a traumatic event, for example, cancer at a young
age (Zwahlen et al., 2010).

In the present analysis, the covariates include demographic variables and social
or behavior construct scores. The constructs are divided into eight non-overlapping
groups: personality, physical health, psychological health, spiritual health, active
coping, passive coping, social support and self efficacy. The constructs in each
group are designed to measure the same aspect of the social or behavioral status of
a breast cancer survivor from different angles. In our analysis, we are interested

in identifying both important groups and important individual constructs within



53

the selected groups that are related to OWB. These discoveries may help design
interventions targeted at these young breast cancer survivors from the perspective
of a cancer control program. In statistics, this is a group variable selection problem.

In this chapter, we propose a new Log-Exp-Sum penalty for group variable
selection. This new penalty is convex, and it can perform variable selection at both
group level and within-group level. We propose an effective algorithm based on a
modified coordinate descent algorithm (Friedman et al., 2007; Wu and Lange, 2008)
to fit the model. The theoretical properties of our proposed method are thoroughly
studied. We establish both the finite sample error bounds and asymptotic group
selection consistency of our LES estimator. The proposed method is applied to the
ACS breast cancer survivor dataset.

The chapter is organized as follows. In Section 4.2, we propose the Log-Exp-Sum
penalty and present the group-level coordinate descent algorithm. In Section 4.3,
we develop non-asymptotic inequalities and group selection consistency for our
LES estimator in the high-dimensional setting where the number of covariates is
allowed to be much larger than the sample size. Simulation results are presented
in Section 4.4. In Section 4.5, we apply the proposed method to ACS breast cancer
dataset. Finally we conclude the chapter with Section 4.6.

4,2 Method

Log-Exp-Sum penalty

We consider the usual regression setup: we have training data, (x;,y;), i=1,...,n,
where x; and y; are a p-length vector of covariates and response for the ith subject,
respectively. We assume the total of p covariates can be divided into K groups. Let
the kth group have pj variables, and we use x; (x) = (X k1, - - .,x,-,kpk)T to denote the
px covariates in the kth group for the ith subject. In most of this section, we assume
> « Pk = p, i.e., there are no overlap between groups. This is also the situation
in ACS breast cancer survivor data. We will discuss the situation that groups are
overlapped in Section 4.6.
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To model the association between response and covariates, we consider linear

regression:
K Pk

:ZZXi'ijkj+€i’ i:l,...,n, (41)

k=1 j=1

where €, g N(0, 02) are error terms and Bi;’s are regression coefficients. We
denote B, = (Bk1,- -+, Bip,)’ tobe the vector of regression coefficients for covariates
in the kth group. Without loss of generality, we assume the response is centered
to have zero mean and each covariate is standardized to have zero mean and unit
standard deviation, so the intercept term can be removed from the above regression
model.

For the purpose of variable selection, we consider the penalized ordinary least
square (OLS) estimation:

K pk K

Hﬁltnﬂ ( ZZX/ k_]Bkj) Zp(ﬁk)/ (42)

k=1 j=1 k=1

where p(-) is a sparsity-induced penalty function and A is a non-negative tuning
parameter.

Our LES penalty is motivated by modifying the group LASSO penalty to conduct
both group and within-group selection. Note that the group LASSO penalty is a
member of a penalty function family: p(B,) = ffl{f(|[5k1|) 4o f(|f5kpk|)} by
taking f(x) = x2. Our LES penalty is another member of this family by taking
f(x) = exp(x). To be specific, we propose the following LES penalty:

p(B) = wilog { exp(alBial) + - +exp(elBin, ) |, (43)

where « > 0 is a tuning parameters and wj’s are pre-specified weights to adjust for
different group sizes, for example, taking wy = px/p. The LES penalty is strictly
convex, which can be straightforwardly verified by calculating its second derivative.
Similar to other group variable selection penalties, the LES penalty utilizes the
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group structure and is able to perform group selection. Meanwhile, the LES penalty
is also singular at any {3,; = 0 point, and hence is able to conduct the within group
selection as well.

The LES penalty has three connections to the LASSO penalty. First, when each
group contains only one variable (p, = 1), i.e., there is no group structure, the
LES penalty reduces to the LASSO penalty. Second, when the design matrix X
is orthonormal, i.e. X’'X = 1 p, the LES penalty yields the following penalized
estimation:

exp{alBil}
) K (4.4)

By = sign(BgF) (1BE| — mhcow :
! ! Pk exp{adlBl}

where B%’-s’s are the unpenalized ordinary least square estimates, and function
(a)+ £ max{0, a} for any real number a.

Then at the group level, we have the following result:

S Bl = Y B2 maaw, o SR 45)
j=1 B0 >_yexp{x|Bul}
MK

Note that when each estimate (3; in the kth group is non-zero, the following
equality holds:

Pk Pk
D IByl=> IBFI—maw,  if By #0, Vi=1..p  (46)
j=1 j=1

which can be viewed as an extension from the thresholding on the individual coef-
ficient by the LASSO penalty to the thresholding on the L;-norm of the coefficients
in each group.

The third connection between the LES penalty and the LASSO penalty is that,
given any design matrix X (not necessarily orthonormal) and an arbitrary grouping
structure (pyx > 1), the LASSO penalty can be viewed as a limiting case of the LES
penalty. To be specific, we have the following proposition.
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Proposition 4.1. Given the data, for any positive number vy, consider the LASSO estimator

and LES estimator as follows:

K pk
~LASSO .
B = argmin OLS+‘}/ZZ|f3kj|,
B k=1 j=1
LES AT
B = argmﬁin OLS—H\Z Fklog <exp{oc|[3k1|}+ e +exp{oc|[3kpk|}),
k=1

2
where OLS = 21—,, [ ()’i - 21521 Zfil Xi,kjﬁkj) :
Then we have

BLES — ﬁLASSO — 0, as o« — 0 and keeping Aot/p =y.

The proof of Proposition 4.1 is given in the Appendix.

Our LES penalty has a property that the estimated coefficients of highly corre-
lated variables within the same group are enforced to be similar to each other. As
a consequence of this, when applied to the ACS Breast Cancer Survivor dataset,
since the construct scores within the same group can be highly correlated, our LES
penalty tends to select or remove the highly correlated constructs within a group

together. To be specific, we have the following proposition.

Proposition 4.2. Let (3 be the penalized OLS estimation with the LES penalty. If 3 kP >

IBri — Brjl < C1/2(1— pig),

where i j = X,Iij is the sample correlation between X,; and X; and constant C is

0, then we have:

given by:

1

K K
1 2 2 wy
——— + 2nA | + —1
”A“ZWkJ lyll3 +2n l§_1 wlog(py) exp{ s Y12 /2_1 " og(pi) }
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The proof of Proposition 4.2 is given in the Appendix.

Algorithm
We need to solve the following optimization problem:

K Pk
Hﬁlan Bi) =7 Z( - ) % kﬂ%) +7\Z WkIOg{ZeX}? (Bl }

k=1 j=1

(4.7)
We propose applying the coordinate descent algorithm (Friedman et al., 2007;
Wu and Lange, 2008) at the group level. The key idea is to find the minimizer of the
original high-dimensional optimization problem (4.7) by solving a sequence of low-
dimensional optimization problems, each of which only involves the parameters
in one group. To be specific, for fixed B_k = (B{, ey B,/(_l, [~5,/<+1, e, E»K), define
the function Qx = Q(B; B_x). Our group-level coordinate descent algorithm is
implemented by minimizing Q) with respect to 3, for each k at a time, and using
the solution to update 3; at the next step, Qx+1 = Q(Bxi1; B_ (k+1)) is minimized
and the minimizer is again used to update 3. In this way, we cycle through the
indices k = 1,..., K. This cycling procedure may repeat for multiple times until

some convergence criterion is reached.

To minimize Qx (B, B_x), we need to solve the following optimization problem:
1
min 5 llc — ABJ + Aw log (explalBual) + -+ explalBi ), (48)
k

where c is a n—length vector with ¢; = y; — 3, Zf’zl x; iR, and Ais a n x py
matrix with Aj; = x; ,;. We propose applying the gradient projection method to
get the solution. This method was shown in (Figueiredo et al., 2007) to be very
computationally efficient.

In order to solve the optimization problem (4.8), we consider a transformation of

the original problem. To be specific, let u and v be two vectors such that u; = (34;)+
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and v; = (—P;)+, where (a)+ = max{0, a}. Then the optimization problem (4.8) is
equivalent to:

min zlzTBz +d7z+f(z) =F(z) st z>0, 4.9)
z 2n
u —A'c ATA —ATA
where z= , d= | = T - ,
v A'c —A'A A'A

f(z) = Awy log [exp{oc(zl + zp 1)} 4 Fexplolzp, + ZZpk)}:| .

Then we apply the Barzilai-Borwein method in Figueiredo et al. (2007) to get
the solution to (4.9):

Step 1 (Initialization): Initialize z with some reasonable value z(9. Choose
G min and ¢ max, the lower bound and upper bound for the line search step
length. Choose ¢ € [$min, P max), which is an initial guess of the step length.
Set the backtracking line search parameter p = 0.5, and set iteration number
t=0.

Step 2 (Backtracking Line Search): Choose ¢(;) to be the first number in
the sequence ¢, pd, p2d, ..., such that the following “Armijo condition" is
satisfied:

F((z(t) — d)(t)VF(z(t)))+> < F(z(t)>.

Step 3 (Update z) Let 2!+ « (2(t) — ¢, VF(2!)))
St (1)

., and compute §'* =

Step 4 (Update Step Length): Compute y!) = VF(z(t*1) — VF(z[!)), and
update step length:

151112

& = median{ min, W’

(bmax}
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t+1) _ 2(t)||, is small; oth-

Step 5 (Termination) Terminate the iteration if 2!
erwise, set t < t +1, and go to step 2. In our numerical experiment, we

terminate the iteration with tolerance of 1e-6.

Since our objective function is convex and the LES penalty is separable at the
group level, by results in Tseng (2001), our algorithm is guaranteed to converge to
the global minimizer. Note that, if we apply the coordinate descent algorithm at
the individual coefficient level, the algorithm is not guaranteed to converge, and in
our numerical study, we observed that sometimes the updates were trapped in a
local area.

Tuning parameter selection

Tuning parameter selection is an important issue in penalized estimation. One often
proceeds by finding estimators which correspond to a range of tuning parameter
values. The preferred estimator is then identified as the one for the tuning parameter
value to optimize some criterion, such as Cross Validation (CV), Generalized Cross
Validation (GCV) (Craven and Wahba, 1978), AIC (Akaike, 1973), or BIC (Schwarz,
1978). It is known that CV, GCV and AIC-based methods favor the model with
good prediction performance, while BIC-based method tends to identify the correct
model (Yang, 2005). To implement GCV, AIC and BIC, one needs to estimate the
degrees of freedom (df) of an estimated model. For our LES penalty, the estimate
of df does not have an analytic form even when the design matrix is orthonormal.
Therefore, we propose using the randomized trace method (Girard, 1987, 1989;
Hutchinson, 1989) to estimate df numerically.

We first briefly review the randomized trace method to estimate df of a model
which is linear in response y. Let y be the estimation of the response y based on the
model, which is given by:

§y=AQ)y = f(y), (4.10)

where A(A) is the so-called “influence matrix”, which depends on the design matrix

X and the tuning parameter A, but does not depend on the response y. Wahba (1983)
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defined tr(A(A)), the trace of A(A), to be “equivalent degrees of freedom when A is
used”.

The randomized trace method is to estimate tr(A(A)) based on the fact that,
for any random variable & with mean zero and covariance matrix p2/, we have
tr(A(A)) = ESTA(N)8/p2. To be specific, we generate a new set of responses by
adding some random perturbations to the original observations: y"*" =y + §,
where 8§ ~ N(0, p?/). Then tr(A(A)) (and hence df) can be estimated by

87 (Fly+8)—Fly))

df =8 A(?\)S/p =0 A(ynew _)’)/p ~ 1 Z" 52
n i=1%]

(4.11)

To reduce the variance of the estimator df, we can first generate R independent
noise vectors: 8(,, r = 1,..., R, and then estimate df by df using each §(,). The
final estimate of df can be the average of these R estimates:

RS (Fly+8) —fy))
a 1 i\ Ty (r) y
dr = = 3 4.12)
1¢T 4
R~ 2810

which is called an R-fold randomized trace estimate of df.

The estimated model by LES is nonlinear in response y, i.e., in equation (4.10),
the influence matrix A depends on the response y. In general, the estimated models
by most penalized estimation methods (like LASSO) are nonlinear in response y. Lin
et al. (2000) and Wahba et al. (1995) discussed using the randomized trace method

to estimate df of a nonlinear model. Following their discussions, when an estimated
n Of(y);

model is linear, i.e., equation (4.10) is satisfied, we can see that tr{A(A)} = > 7 4 -

of (y)i
ay;
using divided differences. When the model is nonlinear, a response-independent
f(v+5331*f(Y)i

So the randomized trace estimate of df can be viewed as an estimation of ) ;

influence matrix A(A) does not exist. However, the divided differences _
generally exist, so we can still estimate df by the routine R-fold randomized trace
estimator defined in (4.12).

In our numerical experiments, we found that the 5-fold randomized trace estima-
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tor worked well. Its computation load is no heavier than the 5-fold cross-validation.
In addition, as a proof of concept, we conducted several simulation studies to esti-
mate df of LASSO. Our simulation results (not presented in this chapter) showed
that the 5-fold randomized trace estimates of df for LASSO were very close to the
number of non-zero estimated regression coefficients, which is given in Zou and
Hastie (2005) as an estimator of df for LASSO.

4.3 Theoretical Results

In this section, we present the theoretical properties of our LES estimator. We
are interested in the situation when the number of covariates is much larger than
the number of observations, i.e., p >> n. We first establish the non-asymptotic
error bounds for the LES estimator. Then we study the asymptotic group selection
consistency for the LES estimator. Throughout the whole section, we consider the
following LES penalized OLS estimation:

n K pk K
min 21_n >-> X;,kjﬁkj>2 +A Y pilog (exp(alBual} + -+ explalBin,l}).
J i=1 k=1 j=1 k=1

(4.13)

Non-asymptotic error bounds

In this subsection, we extend the argument in Bickel et al. (2009) to establish finite-
sample bounds for our LES estimator. We make the following Restricted Eigenvalue
assumption with group structure (REgroup), which is similar to the Restricted
Eigenvalue (RE) assumption in Bickel et al. (2009).

REgroup assumption: Assume group structure is prespecified and p covariates
can be divided into K groups with p, covariates in each group. For a positive
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integer s and any A € IRP, the following condition holds:

2||X
k(s)£ min min XAl >0,

G{1,... K}, VA0, 2 2
Gl<s  Yige I8kl e (1+2p) 1ALl ﬁ\/zkEG Pell+ pi) " Akl

where G is a subset of {1, ..., K}, and |G| is the cardinality of set G. A, € RPkis a
subvector of A for the k-th group, i.e. Ay = (A1, ..., Akp,) |- We denote || - || and
|| - ||1 to be Euclidean norm and L;-norm, respectively.

Theorem 4.3. Consider linear regression model (4.1). Let 3" be the vector of true regression
coefficients. Assume the random error terms €1, ..., € arei.i.d. from the normal distribution
with mean zero and variance o2. Suppose the diagonal elements of matrix X T X /n are equal
to 1.

Let G(3) be the set of indices of groups that contain at least one nonzero element for
a vector B,i.e. G(B) ={ k|3 j, 1 <j < pi, s.t:Py #0;1 <k <K} Assume the
REgroup assumption holds with k = k(s) > 0, where s = |G(B")|. Let A be a real number
bigger than 2v/2 and y = Ao 10%. Let two tuning parameters satisfy Ao =y. Denote 3
to be the solution to optimization problem (4.13). Then with probability at least 1 — pl—A/8,
the following inequalities hold:

1w s s 16A%0%s 1
SIX(B-BINE < g x —0P, (4.14)
n K n
A 16A 1
1B — B < —o # ) 22, 4.15)
K n
A 8Ac lo
BBl < (2v5+nPATYE, 08P @.16)

The proof of Theorem 4.3 is given in the Appendix. From Theorem 4.3, under

certain conditions, for any n, p and any design matrix X, with certain probability, we
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obtained the upper bounds on the estimation errors with prediction loss, L;-norm
loss and Euclidian-norm loss.

We can generalize our non-asymptotic results to asymptotic results if we further
assume that k(s) is bounded from zero, i.e., there exists a constant v > 0, such that
kK(s) > u>0,Yn, pand X. Then as n — oo, p — oo and log p/n — 0, we have

1 A * O * N *
~[IXB—=XB* 30, [B=B" 10, [B—B"[2—0, (417)

which implies the consistency in estimation when the tuning parameters are prop-
erly selected.

In addition, the LASSO estimator is a special case of our LES estimator when
each group has only one variable. If in Theorem 4.3, p, = 1 V k, our REgroup
assumption is exactly the same as RE assumption in Bickel et al. (2009). And we
obtain exactly the same bounds in (11) and (12) as presented in Theorem 7.2 in
Bickel et al. (2009). Therefore, our results can be viewed as an extension of results
in Bickel et al. (2009) from the setting without group structure to the setting with

group structure.

Group selection consistency

In this subsection, we study the asymptotic group selection consistency for the LES
estimator when both p and n tend to infinity. We would like to show that, with
probability tending to 1, the LES estimator will select all important groups (groups
that contain at least one important variable) while removing all unimportant groups.

Let O be the event that there exists a solution {3 to optimization problem (4.13)
such that ||B |l > 0 forall k € G(B*) and ||B4llee = 0 for all k ¢ G(B*), where B*
is the vector of true regression coefficients for model (4.1) and G(B”) is the set of
indices of groups that contain at least one nonzero element for a vector *. We

would like to show the group selection consistency as the following;:

P(O) =1, n— oo (4.18)
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Following Nardi and Rinaldo (2008), we make the following assumptions. For
notation simplicity, in the remaining of this subsection, we use G to stand for G(").

(C1) The diagonal elements of matrix X " X/n are equal to 1;

(C2) Let pp = ) e Pk and dp = mingeg |Blloc, where || - |l is the Lo-norm.
Denote c to be the smallest eigenvalue of %XZ X¢ and assume ¢ > 0, where
X is the submatrix of X formed by the columns whose group index is in G.
Assume

1 logpy Acy/Po .
d_n( 5 I&aé(pk)%(), (4.19)

(C3) Forsome 0 < Tt < 1,

_ 1—7
IXEXEXIXG) Moo € ————, (4.20)
maXkeG Pk

where Xgec is the submatrix of X formed by the columns whose group index

i, /M = 0. (4.21)
Ax n

Condition (C1) assumes the matrix X is standardized, which is a common

is not in G;

(C4)

procedure in practice. Condition (C2) essentially requires the minimum among the
strongest signal || ||oo of important groups can not be too small; and the eigenvalue
of %XZ;— X does not vanish too fast. Notice that the dimension of X is n x py, this
implicitly requires py can not be larger than n. Condition (C3) controls the multiple
regression coefficients of unimportant group covariates X e on the important group
covariates X. This condition mimics the irrepresentable condition as in Zhao and
Yu (2006) which assumes no group structure. The bound of condition (C3) actually
depends on the choice of weights w;’s. By choosing a different set of weights, we
could obtain a more relaxed bound in (C3). Finally, condition (C4) controls the

growth rate of p and n where p can grow at exponential rate of n.
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Theorem 4.4. Consider linear regression model (4.1), under the assumptions (C1) — (C4),
the sparsity property (4.18) holds for our LES estimator.

The proofs follow the spirit in Nardi and Rinaldo (2008) and the details are
given in the Appendix. It is in general difficult to study the individual variable
selection consistency of a group variable selection method. Because it is hard to
obtain consistency estimators for the unimportant variables in the important groups.
So we only focus our discussions on the group selection consistency rather than

extending to individual variable selection consistency.

4.4 Simulation Studies

In this section, we perform simulation studies to evaluate the finite sample perfor-
mance of the LES method, and compare the results with several existing methods,
including LASSO, group LASSO (gLASSO), group bridge (gBrdige) and sparse
group LASSO (sgLASSO). We consider four examples. All examples are based on
the linear regression model: y; = x,-TB* +e¢€;,1=1,...,n, where ¢; Hd N(0, 52). We
chose o to control the signal-to-noise ratio to be 3. The details of the settings are
described as follows.

Example 1 (“All-In-All-Out”) There are K = 5 groups and p = 25 variables
in total, with 5 variables in each group. We generated x; ~ N(0, I). The true

B* was specified as:

B* = 2,2,2,-2,-2,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0] T (422
gr;;pl gr;ZpZ grg;p?) group4 grggp5

Example 2 (“Not-All-In-All-Out”) There are K = 5 groups and p = 25
variables in total, with 5 variables in each group. We generated x; ~ N(0, X),
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where £ was given by:

P 17 7 1 1 17 7 7 7

P 7 1 7 1 1 71 7 7 7

= Q withP=17 7 1 1 1| Q=17 7 1 7 7
Q d 1 1 1 7 7 7 7 1 7

Q d 1 1 7 1 7 7 7 7 1

The true B* was specified as:

B =122200222000,00000000000,0,0,0] T, (4.23)

groupl group? group3 group4 groupb

Example 3 (mixture) There are K = 5 groups and p = 25 variables in total,
with 5 variables in each group. We generated x; ~ N(0, £), where £ was the
same as in simulation setting 2. The true 3* was specified as:

B*=100,0,0,22000,22111111111100,00,0".  (4.24)
groupl group? gr;ZpB group4 groupb

Example 4 (mixture) There are K = 6 groups and p = 50 variables in total.
For group 1, 2, 4 and 5, each contains 10 variables; for group 3 and 6, each
contains 5 variables. We generated x; ~ N(0, @), where @ is a block diagonal
matrix given by diag(Z, X), £ here was the same as in simulation setting 2
and 3. The true 3* was specified as:

B* - [OI OI 0/ 2/ 2/ O/ OI OI 2/ 2/ 1/ 1/ 1/ 1/ 1/ OI OI O/ OI QI 1/ 1/ 1/ 1/ 1/

gr(;trlpl group2 gr(;;p?;
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 07, (4.25)
group4 groupb gr;Zp6

For each setup, the sample size is n = 100. We repeated simulations 1,000 times.
The LES was fitted using the algorithm described in Section 2. The LASSO was
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fitted using the R package “glmnet” (Friedman et al., 2010b). The group LASSO
was fitted using the R package “grplasso”. The group bridge was fitted using the R
package “grpreg”. The sparse group LASSO was fitted using the R package “SGL".

To select the tuning parameters in each of the five methods, we consider two
approaches. The first approach is based on data validation. To be specific, in each
simulation, besides the training data, we also independently generated a set of
tuning data with the same distribution and with a same sample size as the training
data. Then for each tuning parameter, we fitted the model on the training data and
used the fitted model to predict the response on the tuning set and calculated the
corresponding mean square error (prediction error). The model with the smallest
tuning error was selected.

Our second approach for tuning parameter selection is based on BIC, which is
defined to be:

BIC =1log(lly — XBI13/n) +1og n - df /n,

where df is the degrees of freedom of an estimated model. This format of BIC is
based on the profile likelihood to get rid of 62, the variance of the errors. It is used
in Wang et al. (2007a) and was shown to have a good performance. For the LES
method, the df was estimated using the randomized trace method described in
Section 4.2. For the LASSO method, the df was estimated by the number of non-
zero estimated coefficients (Zou and Hastie, 2005). For the group LASSO method,
the df was estimated as suggested in Yuan and Lin (2006). For the group bridge
method, the df was estimated as suggested in Huang et al. (2009). For the sparse
group LASSO method, the corresponding papers did not consider estimation of df,
and we used the number of non-zero estimated coefficients as the estimator for its
df.

To evaluate the variable selection performance of methods, we consider sensi-
tivity (Sens) and specificity (Spec), which are defined as:

# of selected important variables
Sens = . .
# of important variables
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# of removed unimportant variables

Spec = # of unimportant variables

For both sensitivity and specificity, higher value means a better variable selection
performance. For each of five methods considered in our simulation, we further
obtain the sensitivities and specificities of models along its full solution paths of
(by fitting models with many tuning parameter values), create the ROC curve with
respect to these sensitivities and specificity, and calculate the corresponding area
under curve (AUC). For all five methods, it is possible that several models have the
same specificity but different sensitivity. When this happens, we use the highest
sensitivity to construct the ROC curve, representing the best variable selection
performance of the method.

To evaluate the prediction performance of methods, following Tibshirani (1996),
we consider the model error (ME) which is defined as:

ME = (B —B*)"Z(B — B,

where [3 is the estimated coefficient vector, B is the true coefficient vector, and X is
the covariance matrix of the design matrix X. We would like to acknowledge that
the model error is closely related to the predictive mean square error proposed in
Wahba (1985) and Leng et al. (2006). We also calculate the bias of estimator defined
as Bias = || — B*|.

The simulation results are summarized in Table 4.1.

In Example 1, the group bridge method has the lowest model error as well as the
highest specificity. This is not surprising, because Example 1 is a relatively simple
“All-In-All-Out” case, i.e., all covariates in a group are either all important or all
unimportant. Under this situation, the non-convex group bridge penalty has an
advantage over other methods in terms of removing unimportant groups. Although
slightly worse than the group bridge method, the LES method outperformed the
other three methods in terms of model error. Note that, because of the diagonal
covariance matrix of X in this example, the bias is exactly the same as the model
error. All five methods had identical AUC values.
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In Example 2, the LES method produced the smallest model error when the
tuning set approach was used, and produced the smallest bias when the BIC tuning
was used. No method dominated in specificity. All five methods had almost
identical sensitivities. Except group LASSO, the other four methods had almost
identical AUC values as well. Note that the under-performance of LES when BIC
tuning criteria is used, may be due to the inefficiency of randomized trace method
to capture the true degrees of freedom of the model.

In Example 3, the LES method produced the smallest model errors no matter
which tuning criterion was used. It has the smallest bias when BIC tuning was used
as well. The group LASSO method had the highest sensitivity, but its specificity
was very low. This means that the group LASSO method tended to include a large
amount of variables in the model. The LES method had the highest AUC value
among five methods.

Example 4 is similar to Example 3, but has more covariates and more complex
group structure. The conclusion about comparisons is similar to that in Example 3.
One difference is that, both the LES method and the sparse group LASSO method
had the highest AUC values among five methods.

4.5 American Cancer Society Breast Cancer Survivor

Data Analysis

In this section, we analyze the data from ACS breast cancer study which was
conducted at the Indiana University School of Nursing. The participants of the
study were survivors of the breast cancer aged 18 — 45 years old at diagnosis and
were surveyed between 3 — 8 years from completion of chemotherapy, surgery, with
or without radiation therapy. The purpose of the present analysis is to find out
what factors in the psychological, social and behavior domains are important for
the OWB of these survivors. Identification of these factors and establishment of
their association with OWB may help develop intervention programs to improve
the quality of life of breast cancer survivors.
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The variables included in our current analysis are 54 social and behavior con-
struct scores and three demographic variables. The 54 scores are divided into
eight non-overlapping groups: personality, physical health, psychological health,
spiritual health, active coping, passive coping, social support and self efficacy. Each
group contains up to 15 different scores. The three demographic variables are: “age
at diagnosis” (Agediag), “years of education” (Yrseduc) and “How many months
were you in initial treatment for breast cancer” (Bcmths). We treated each demo-
graphic variable as an individual group. There are 6 subjects with missing values in
either covariates or response, and we removed them from our analysis. In summary,
we have 499 subjects and 57 covariates in 11 groups in our analysis.

We applied five methods in the data analysis: LASSO, group LASSO, group
bridge sparse group LASSO and our LES method. We randomly split the whole
dataset into a training set with sample size n = 332 and a test set with sample
size n = 167 (the ratio of two sample sizes is about 2 : 1). We fitted models on
the training set, using two tuning strategies: one used 10-fold CV, the other used
BIC. The BIC tuning procedure for all of the five methods is the same as what we
described in the simulation studies. We then evaluated the prediction performances
on the test set. We repeated the whole procedure beginning with a new random
split 100 times.

The upper part of Table 4.2 summarizes, over 100 replications, the average
number of selected groups, the average number of selected individual variables,
and the average mean square errors (MSE) on the test sets, for the five methods.
We can see that, for all five methods, the models selected by the 10-fold CV tuning
had smaller MSEs (better prediction performance) than the models selected by the
BIC tuning. As the cost of this gain in prediction performance, the models selected
by 10-fold CV tuning included more groups and more individual variables than
the models selected by BIC tuning. We can also see that, our LES methods had the
smallest MSE among five methods no matter which tuning strategy was used.

The lower part of Table 4.2 summarizes the selection frequency of each group
across 100 replicates. A group is considered to be selected if at least one variable
within the group is selected. Since there are some theoretical works showing that
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BIC tuning tends to identify the true model (Wang et al., 2007a), we focus on the
selection results with BIC tuning. We can see that the psychological health group
is always selected by all of five methods. For our LES methods, three other groups
have very high selection frequency: spiritual health (91 out of 100), active coping
(89 out of 100) and self efficacy (99 out of 100). These three groups are considered
to be importantly associated with OWB in literature. Spirituality is a resource
regularly used by patients with cancer coping with diagnosis and treatment (Gall
et al., 2005). Purnell and Andersen (2009) reported that spiritual well-being was
significantly associated with quality of life and traumatic stress after controlling
for disease and demographic variables. Self-efficacy is the measure of one’s own
ability to complete tasks and reach goals, which is considered by psychologists
to be important for one to build a happy and productive life (Parle et al., 1997).
Rottmann et al. (2010) assessed the effect of self-efficacy and reported a strong posi-
tive correlation between self-efficacy and quality of life and between self-efficacy
and mood. They also suggested that self-efficacy is a valuable target of rehabilita-
tion programs. Coping refers to “cognitive and behavioral efforts made to master,
tolerate, or reduce external and internal demands and conflicts” (Folkman and
Lazarus, 1980). The coping strategies are usually categorized into two aspects:
active coping and passive coping (Carrico et al., 2006). Active coping efforts are
aimed at facing a problem directly and determining possible viable solutions to
reduce the effect of a given stressor. Meanwhile, passive coping refers to behaviors
that seek to escape the source of distress without confronting it (Folkman and
Lazarus, 1985). Setting aside the nature of individual patients or specific external
conditions, there have been consistent findings that the use of active coping strate-
gies produce more favorable outcomes compared to passive coping strategies, such
as less pain as well as depression, and better quality of life (Holmes and Stevenson,
1990). Another interesting observation is that, compared to other methods, our
LES method identified much more frequently the importance of Social Support
(including communication with health care team both at diagnosis and at follow
up, and support from health care providers). There seems to be more awareness for
the importance of this construct both scientifically and publicly. In the New York
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Times Science Section of 10-Feb-2014, Dr. Arnold S. Relman, a prominent Medical
Professor, Writer and Editor, discussed his experience as a hospital patient, where
he found out how very important his interactions with nurses were.

In addition, the within group selection results from our LES method provide
insights about which aspects/items within selected constructs are most important.
The details of within group selection results of five methods are presented in the
tigures below. For example, positive reframing/thinking and religious coping
are two most frequently picked items from the Active coping group. Other items
such as emotional support, planning, acceptance are not frequently picked. When
designing interventions to boost Active coping for patients, focus may be directed

towards positive reframing and religious coping.

4.6 Conclusion and Discussion

In this chapter, we propose a new convex Log-Exp-Sum penalty for group variable
selection. The new method keeps the advantage of group LASSO in terms of
effectively removing unimportant groups, and at the same time enjoys the flexibility
of removing unimportant variables within identified important groups. We have
developed an effective group-level coordinate descent algorithm to fit the model.
The theoretical properties of our proposed method have been thoroughly studied.
We have established non-asymptotic error bounds and asymptotic group selection
consistency for our proposed method, in which the number of variables is allowed to
be much larger than the sample size. Numerical results indicate that the proposed
method works well in both prediction and variable selection. We also applied
our method to the American Cancer Society breast cancer survivor dataset. The
analysis results are clinically meaningful and have potential impact on interventions
to improve the quality of life of breast cancer survivors.

The grouping structure we have considered in this section does not have overlaps.
However, it is not unusual for a variable to be a member of several groups. For
example, given some biologically defined gene sets, say pathways, not surprisingly,

there will be considerable overlaps among these sets. Our LES penalty can be
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modified for variable selection when the groups have overlaps. With a little change
of notation, the p variables are denoted by Xj,..., X, and their corresponding
regression coefficients are 31,...,3,. Let Vi C{1,2,..., p} be the set of indices of

variables in the kth group. We consider the following optimization problem:

n

p K
21—n Z(J/i —Bo— ZXi,ij>2 +)\Z Wi log{ Z exp(ocmjlﬁj!)}, (4.26)
k=1

i=1 j=1 JjeVi

where wy, k =1,..., K are weights to adjust for possible different size of each group,
say, taking wy = px/p,and m;, j =1, ..., pare weights to adjust for possible different
frequency of each variable included in the penalty term, say taking m; = 1/n;, where
n; is the number of groups which include the variable X;. It is easy to see that the
objective function (4.26) reduces to the objective function with the original LES

penalty (8) when there is no overlap among the K groups.
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Table 4.1: Summary of simulation results over 1,000 replicates. “1-Sens” means one
minus the sensitivity of variable selection; “1-Spec” means one minus the specificity
of variable selection; “ME” means the model error; “Bias” means the bias of the
estimator, which is defined as ||p — p*||2. “AUC” means the area under ROC curve of
sensitivities and specificities of variable selection across different tuning parameter
values. The numbers in parentheses are the corresponding standard errors. The
bold numbers are significantly better than others at a significance level of 0.05.

Tuning Set Tuning BIC Tuning AUC
Method 1-Sens  1-Spec ME Bias 1-Sens  1-Spec ME Bias

Simulation 1
LASSO 0.000 0.418 1.022 1.022 0.000 0.136 1.318 1.318 1.000
(0.000)  (0.006) (0.016) (0.016) | (0.000) (0.004) (0.021) (0.021) | (0.000)
gLASSO 0.000 0.608 0.717 0.717 0.000 0.061 0.856 0.856 1.000
(0.000)  (0.009) (0.012) (0.012) | (0.000) (0.004) (0.015) (0.015) | (0.000)
gBrdige 0.000 0.057 0.543 0.543 0.000 0.092 0.641 0.641 1.000
(0.000)  (0.004) (0.010) (0.010) | (0.000)  (0.003) (0.011) (0.011) | (0.000)
sgLASSO 0.000 0.612 0.811 0.811 0.000 0.028 1.050 1.050 1.000
(0.000)  (0.009) (0.013) (0.013) | (0.000) (0.003) (0.018) (0.018) | (0.000)
LES 0.000 0.537 0.544 0.544 0.000 0.282 0.770 0.770 1.000
(0.000)  (0.006) (0.010) (0.010) | (0.000) (0.006) (0.016) (0.016) | (0.000)

Simulation 2
LASSO 0.006 0.379 2.289 3.902 0.013 0.065 2.682 3.746 0.995
(0.001)  (0.006) (0.035) (0.072) | (0.001) (0.003) (0.045) (0.069) | (0.001)
gLASSO 0.000 0.846 3.463 6.117 0.000 0.349 4.262 4.845 0.895
(0.000)  (0.007) (0.046)  (0.096) | (0.000) (0.006) (0.062) (0.070) | (0.000)
gBrdige 0.004 0.146 2.061 3.712 0.005 0.062 2.321 3.600 0.997
(0.001)  (0.004) (0.032) (0.072) | (0.001) (0.002) (0.040) (0.072) | (0.001)
sgLASSO 0.000 0.470 2.030 2.333 0.003 0.058 2.608 2.865 1.000
(0.000)  (0.008) (0.031) (0.043) | (0.001) (0.003) (0.045) (0.057) | (0.000)
LES 0.001 0.466 1.931 2.344 0.006 0.169 2.629 2.426 1.000
(0.000)  (0.009) (0.031) (0.045) | (0.001) (0.006) (0.047) (0.054) | (0.000)

Simulation 3
LASSO 0.101 0.410 4.158 8.303 0.145 0.146 4.886 8.254 0914
(0.002)  (0.007) (0.046)  (0.094) | (0.003) (0.005) (0.066) (0.096) | (0.002)
gLASSO 0.000 0.975 6.018 13.040 0.000 0.761 7.011 11.585 0.839
0.000) (0.003) (0.063) (0.149) | (0.000) (0.007) (0.082) (0.129) | (0.003)
gBrdige 0.100 0.399 4.337 8.407 0.135 0.089 5.559 8.347 0.932
0.002) (0.006) (0.048) (0.097) | (0.002) (0.003) (0.068) (0.092) | (0.002)
sgLASSO 0.030 0.673 3.563 4.759 0.105 0.191 4.738 7.282 0.994
0.001) (0.007) (0.044) (0.062) | (0.002) (0.005) (0.060) (0.095) | (0.000)
LES 0.028 0.642 3.295 4.933 0.051 0.365 4.459 5.000 0.999
(0.002) (0.008) (0.041) (0.067) | (0.003) (0.009) (0.063) (0.076) | (0.000)

Simulation 4
LASSO 0.127 0.243 5.539 9.081 0.174 0.080 6.830 9.067 0.899
(0.003)  (0.004) (0.060) (0.097) | (0.003) (0.003) (0.091) (0.092) | (0.002)
gLASSO 0.000 0.910 9.460 16.780 0.002 0.515 11573  13.795 0.881
(0.000)  (0.005) (0.089) (0.170) | (0.001) (0.006)  (0.150) (0.140) | (0.001)
gBrdige 0.118 0.138 5.058 8.998 0.147 0.059 6.151 8.777 0.913
(0.003)  (0.003) (0.059) (0.112) | (0.003) (0.002) (0.074) (0.109) | (0.002)
sgLASSO 0.023 0.445 4.830 4.517 0.107 0.076 6.996 7.028 0.991
(0.001)  (0.007) (0.045) (0.047) | (0.003) (0.002) (0.084) (0.074) | (0.000)
LES 0.028 0.472 4.638 5.559 0.034 0.245 6.284 5.273 0.992
(0.002)  (0.008)  (0.054) 0.069 (0.002)  (0.006) (0.086) (0.071) | (0.000)
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Table 4.2: Summary of ACS breast cancer survivor data analysis results. Results
are based on 100 random splits. “Variable selection” reports the average number
of selected individual variables; “Group selection” reports the average number of
selected groups and “MSE” reports the average mean square errors on test sets.

The numbers in parentheses are the corresponding standard errors.

Selection Frequency and Mean Square Error

10-fold CV Tuning BIC Tuning
Variable Group MSE Variable Group MSE
selection  selection selection  selection
LASSO 23.18 8.76 2.6288 8.59 3.97 2.7949
(0.53) (0.14) (0.0286) (0.33) (0.15) (0.0309)
gLASSO 51.32 8.80 2.6484 10.46 1.64 2.8620
(0.42) 0.12) (0.0286) (0.64) (0.09) (0.0307)
gBrdige 16.24 3.34 2.6239 11.56 2.94 2.7548
(0.64) (0.13) (0.0293) (0.26) (0.07) (0.0356)
sgLASSO 25.83 8.58 2.6221 5.89 1.59 2.8765
(0.60) (0.18) (0.0265) (0.31) (0.11) (0.0280)
LES 33.50 9.58 2.6072 19.86 6.37 2.7026
(0.74) (0.11) (0.0283) (0.91) (0.20) (0.0298)
Individual Group Selection Frequency
10-fold CV Tuning
Group Name  Agediag  Bcmths  Yrseduc  Personaity  Physical — Psychological
Health Health
LASSO 73 55 19 96 75 100
gLASSO 82 66 19 94 82 100
gBrdige 4 2 0 30 2 100
sgLASSO 80 56 18 91 71 100
LES 91 71 21 97 89 100
Group Name  Spiritual Active Passive Social Self
Health Coping Coping Support Efficacy
LASSO 100 100 68 90 100
gLASSO 98 100 46 93 100
gBrdige 35 70 0 3 88
sgLASSO 97 98 60 89 98
LES 100 100 86 97 100
BIC Tuning
Group Name  Agediag  Bcmths  Yrseduc Personaity  Physical  Psychological
Health Health
LASSO 5 1 0 32 14 100
gLASSO 2 1 4 4 9 100
gBrdige 1 0 0 6 0 100
sgLASSO 1 0 0 3 4 100
LES 28 14 3 75 48 100
Group Name  Spiritual Active Passive Social Self
Health Coping  Coping Support Efficacy
LASSO 63 69 2 14 97
gLASSO 0 4 1 11 28
gBrdige 29 67 0 0 91
sgLASSO 5 10 1 3 32
LES 91 89 31 59 99
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5 CONCLUDING REMARKS

In this thesis, we study the variable selection problem under the penalized least
squares regression setting. Two novel penalties, K-Smallest Items (KSI) penalty and
Self-adaptive penalty (SAP), are proposed for variable selection; and one penalty,
Log-Exp-Sum (LES) penalty, is proposed for group variable selection.

Both the KSI penalty and SAP are motivated to solve the estimation bias re-
duction problem. They are nonconvex penalties, and they place relatively small
or even no penalty on important predictors with large estimated coefficients. We
fully investigate the theoretical properties of these two penalties, and show that
under desirable conditions, they both possess the weak oracle property. If stronger
assumptions are assumed, we show that KSI penalty possesses the oracle property.
Simulation examples and real data analysis demonstrates the goodness of these
two penalties. Moreover, the idea of KSI penalty can be applied to many existing
penalties, including LASSO, SCAD and MCP. Therefore, we have a large collection
of penalties which belong to the KSI penalties family. By using the idea of KSI
penalty, we introduce flexibility into those existing penalties. We could further
extend the idea of KSI to handle group variable selection problem. For example,
in the case of group lasso penalty, we may choose to penalize on the K-smallest
Lr-norm of the group coefficients.

The LES penalty is motivated to solve the group variable selection problem
when group structures exist among covariates. It is a convex penalty and it can
select the important group as well as the important variables within the selected
groups. We have established the non-asymptotic error bounds and asymptotic
group selection consistency for LES penalty. Simulation examples and real data
analysis indicate that the proposed method works well in terms of both variable
selection and prediction accuracy. Although the LES penalty is proposed when
there are no overlaps among different group, it can be easily modified to handle
the case when the groups have overlaps. It is also worth noting that, we apply the

randomized trace method to numerically estimated the degrees of freedom of an
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estimated model. In many variable selection and group variable selection problems,
the model degrees of freedom are not very clear. Sometimes people simply use
the number of nonzero estimated coefficients as a proxy for the estimated degrees
of freedom. The randomized trace method provide an alternative to estimate the
degrees of freedom numerically.



82

A APPENDIX

Proof of Proposition 2.1

Proof. We first assume p =2, K =1, and 0 < up < u;. Then (2.6) can be simplify as:

min > (B1— w)+ 5 (B2 — ) + A () (A1)

We want to show, the 3y in (A.1) is indeed (3, i.e., the following inequality is

satisfied:
min 2 (B~ un )+ 5(B2 — ) + A (B2 (A2)
< min 5 (B1— P+ 52— wl + Any(1B1). (A3)

Because p,(-) satisfies condition (C1), p;(t) > 0 for t € [0, 00). The solution B
to the following optimization problem:

" 1

B = arg min E(Bz— )* +Apr(IB2l), (A4)
2

satisfies 0 < By < up < uy. Therefore, f1 = vy and py = P, is the unique minimizers

to the optimization problem (A.2) and we have:

o1 s 1 2 o1
min — —wn) 4+ = — )+ A = min - — ) +A A5
(31>B22”31 1) 2(52 2) pA(IB2l) i 2(32 2)2 +ApA(IB2]). (A5)
Here 31 = vy and 3, = B, is exactly what step 3 and step 4 in the algorithm will
produce. Next we show the validity of (A.2) being less than (A.3).
Because p;(t) > 0 for t € [0,00), and 0 < wp < uy, it is easy to verify that:

1 1
Hflsizni(ﬁz—uz) +ApA(IB2]) < Héllﬂ (B1— u1)* +Apa(IB1)). (A.6)
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So we have:

min — 1 (B1— w1)? 4+ Apa(IB1)

B 2
< minl(ﬁ —u)z-l—l(ﬁ — w)? +ApA(IB1l)
< min 5 1 1 2 2 2 PatipP1
1 2, 1 2
< min (B — )"+ 5(B2 —w)+Apy / A7
f32>f512([31 1) 2(32 2) (IB11) (A7)

where the first inequality is because the term (B2 — uy)? is positive and the second
inequality is because unconstrained minimizer is smaller than the constrained
minimizer.

Combining (A.5), (A.6) and (A.7), we show (A.2) is indeed less than (A.3).

In the more general case, we denote set &/ = {1,2,...,p — K} and set & =
{p—K+1,..., p}. We assume u satisfies |u;, | > |u,|,Vji € &7, and j, € . We want

to show,
1g P
EZ R N SN ([ 1) (AS8)
j=p—K+1
1 P
§Z Bi—u)2+A Y pallBj. (A9)
=1 J=p—K+1

Here Q) is a constraint such that Q = {§3; | 1Bl = 1Bjl, Vi1, jo, st j1 € &, and jp €
). Under the constraint Q, we have Zf:p—KH Byl = Zf:p,Kﬂ pa(1B;])-
Therefore, there is no order constraint in (A.9). It is easy to see that if we fol-
low Step 3 and Step 4 in the algorithm, we will solve the minimization problem
(A9).

Now let’s assume constraint Q is violated. Then there must be indices j; € &/
and j, € 4, such that the order constraint is not valid, i.e. | j~1| ) f2|' By what we
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showed earlier, we have:

Lo _uvelipg. o )
B I/IB \2(6 i)’ + 5By —up)" +An(IB]) (A.10)
. 1 Y 1 o N
TR 9 (BA )+ g By — e+ Ann(IB (A11)

The above inequality implies if constrain O is violated, we will always obtain a
larger objective function value. Therefore, the equality between (A.8) and (A.9) is
valid. This completes the proof. O

Proof of Proposition 2.2

Proof. We first prove part (a).
By the conditions in part (a), we have Q(B) = C(B) for a small area centered at
B. For V B within this area, we have:

A 1 A P .
QRIB) = %Hy—XBH%Jﬁ\ Z pr(IB 1)

j=p—K+1
< —||y XBI3 +A Z (1B )
j=p—K+1
< —Hy XBlE 42 Z (1))
Jj=p—K+1
= C(B). (A.12)

So B is a local minimizer of C(B).

We now prove part (b).

Consider a small open ball with center [:’» and radius r = min %{I [3 nl— IB-I
h<p—K,p—K+1< i< p}. ForV 3 within this open ball, the first K covariates of
B in absolute value are str1ct1y greater than the last p — K covariates of 3 in absolute

value. So ZJ-K:prH (Bl = ZjK:prH pA(IB1), which implies within this open
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ball, Q(B) and C() have the same form. Therefore, the local minimizer of C(3) is
also the local minimizer of Q(3). H

Proof of Theorem 2.3

Proof. We will first derive the necessary condition.
Suppose B is a local minimizer of C(B), then I v = (v, ..., vp)T € RP, such

that:
1

n

VCB)=—-XT(y=—XB)+Av=0, (A.13)

wherev; = 0forl1 <j < p—K; v, = pﬁ(lfﬁjl)sgn(fﬁj) forp—K+1<j <s;and
vj € [=p5(0+), px(0+)] fors+1 < j < p.
It is easy to see equation (A.13) can be equivalently written as:

1 A A
X (y=XB1) = VA(B1) =0, (A.14)

1 n
;HXZT(y — X1B1)lloo < ApS(04). (A.15)

Note that f is also a local minimizer of C(B) constrained on the s-dimension
subspace S = {3 € IRP‘ B; =0, s+1 <, < p}. It follows from the second order

condition that 1 X7 X; + V2, (j3,) is positive semi-definite. So,

1 R
ExlTxl + V2 A(B1) = 0. (A.16)

Next, we prove the sufficient condition.

We first constrain C(f3) on the s-dimension subspace S ={p € RP|3; =0, s+
1 < j < p}of RP. Consider a neighborhood By in the subspace S centered at B,
conditions (2.9) and (2.11) entail that B is the unique local minimizer of C(B) in
By C R°.

It remains to show that f is a strict local minimizer of C(B) in RP. Consider
a sufficiently small ball B; C RP centered at B, such that B; NS C By. For any
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n! € By \ By, let n? be the projection of n' onto the subspace S. Then we have
n? € S, which entails that C(n2) > C(B) if n% # B. Thus, it suffices to show that
C(n") > C(n?).

By the mean value theorem, we have:

CmH—cm)=vCcm”) (' —n?), (A17)

where 1% = n? + c(n! —n?) for some ¢ € (0,1).
Let n}- and ng be the j-th component of n! and n?, respectively. Then we have:

nj=n; forl<j<s; (A.18)

=0 fors+1<j<p. (A.19)

Therefore, n? = n}, for1 <j < s;and nJQ = cn}, fors+1<j < p.
The right hand side of (A.17) can then be expressed as:

Lyt
—— X% (y = xn") "ng +A Z+1 px (7D}, (A.20)
Jj=s

where n% is a subvector of n! formed by the last p — s components of nl. By
n' € B; \ By, we have n% #£0.

It follows from concavity of p,(-) in condition (C1) that p;(t) is decreasing in
t € [0, 00). By condition (2.10) and the continuity of py(t), there exists some & > 0
such that for any B in a open ball in R? centered at 3 with radius , the following
inequality holds:

X (y — XB)loe < A (5). (A21)

We further shrink the radius of the ball IB; to less than & so that In}-l <dfors+1<K
J < pand (A.21) holds for any $ € B;. Since nY € By, it follows from (A.21) that
the term (A.20) is strictly greater than:

—Aps(8)mil + Aps (8)mdl =0, (A22)
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where the monotonicity of p; (-) was used in the second term. Thus we conclude
C(n') > C(m?). This completes the proof. ]

Proof of Proposition 2.4

Proof. Conditions (2.9) - (2.11) are sufficient to ensure that B is a strict local mini-
mizer to C(B). By part (b) in Proposition 2.2, we know B is a strict local minimizer
of Q(B). On the other hand, the local minimizer of Q() is also a local minimizer of
its un-ordered counterpart C(3), therefore it must satisfy the necessary conditions
of C(B). O

Proof of Theorem 2.5

Proof. Let & = (&1,...,&p) T = XT(y—XB*) = XTe, consider event sets

) ={l|&slloo < \/20%nlogn} and @h = {|Esclloo < n%ft\/ZGanog n}, (A.23)

where indexset S = {j|1 </ < s} and index set S¢ = {j|s+1 < j < p}. Notice
that the diagonal elements of XX is 1, so f Y i1 Xjj€; satisfies standard normal
distribution. By normal d1str1but10n tail inequality, for n > 2, we have:

P(erff) < ZP(|5j|>\/202nlogn ZP |£J|>\/210gn)
j=1

S

S
1
< —F—— < —
j; ny/mlogn —n

(A.24)
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p
P(ey) < P(I&;] > n? ~*1/20%nlog n) = Z P IEJI > n? ~ty/2logn)

Jj=s+1 j=s+1

P n'—2tlogn B

Z < (p—s)e e (A.25)
n2~t/mlogn

By (A.24) and (A.25), we know P(2/f Natp) > 1 — (sn 1+ (p— s)e‘”lfzt logn) Under
the intersection of <7 N <%, we will show that there exists an solution p € RP to
(2.9)-(2.11) such that sign(p) = sign(B*) and | — B*[lec = O(n™Y log n), where the
function sign applies componentwise.

STEP 1: EXISTENCE OF A SOLUTION TO EQUATION (2.9). We first show for sufficiently

large n, equation (2.9) has a solution {3, inside the hyper cube:
N ={8 € R*:[|6 — B]lloc = n" ¥ log n}. (A.26)
For V6 € .4, since d, > n" Y log n, we have:

rjréi? 161 > rjrg? !Bj-‘\ —n Vlogn > dy, (A.27)

and sign(8) = sign(B5).
By the monotonicity condition of p)’\n (t) and (A.27), we have:

IV, (8)lloo < Anpy, (dn)- (A.28)

By inequality (A.28) and the definition of &g, we have:

1Es — NV, (8)]loo < \/ZGznlog n+ n7\,,p7'\n(d,,). (A.29)
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Define ®(6) which corresponds to n times the left hand side of in equality (2.9):

D(8) & X[y— X X186 —nVI (8)
= X (y—XiB}) — X X1(6 — B}) — nV A, (8)
= (& —nVh,(8) =X X1(8 — B}). (A.30)
Let
D(8) 2 (X X)) 'D(8) =u—(8—B7), (A.31)

where u = (XlTXl)’l(E,s —nV 4, (8)). By assumptions (C4) and (C5):

o < 11X X)) lso(1Esloo + A1V Ay, (8)]loo)
= o(nVlogn). (A.32)

So for sufficiently large n, if (6 — 3]); = n~Y log n, we have:

D;(8) < [lulloo — nYlog n <0, (A.33)
and if (6 — B]); = —n" Y log n, we have:
®;(8) > —lulloo +nYlogn >0, (A.34)

where @ ;(8) is the jth covariate of 0 (8). By the continuity of (5(8 ), (A.33) and (A.34),
Miranda’s existence theorem guarantees that equation ®(8) = 0 has a solution in
A, which we denote as [A31. It is easy to see, [?’,1 also solves ®(8) = 0. Thus, equation
(2.9) does have a solution inside the hypercube .4".

STEP 2: VERIFICATION OF STRICT INEQUALITY (2.10).

Let B = (ﬁI,OT)T € RP, with [A31 € ./ being a solution to equation (2.9). We
want to show that B satisfies inequality (2.10), i.e.:

1 .
;IIXZT(y — X1B1)lloo < Anpy, (0+). (A.35)
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Notice that

1 A
1T (y = XiB1)l

1 n
| Xty = xi87) — X X (B — B)

1 1 N
~llEselloo + ;IIXQTX1(B1 —B7)lloo
(1) + (). (A.36)

> /A

Because [|&scllo0 < n%_t\/2<72nlog nand n~f\/log n/A, = o(1), we have:
(1) = O(n"*\/log n) = o(Ap). (A.37)

Because [31 is a solution to @ (8) = 0, we have:

Br— B = (X X)) (&5 = nV A, (B1)). (A.38)
Therefore,
(1) = I X005 X0) ™ (s — 1V, (Bl
< XXX ol (B — 1V, (B1))le
< XXX oo (Il + 105, (Bl
— () + (IV). (A.39)

By conditions C(3) and C(5),

(1) = ZIXT X004 %) eclEslloe = Olnd ¢\ /nlog n/n)
= O(n_t\/log n) = o(A,). (A.40)
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Again by condition C(3),

(V) = 11X X (X X)) MloolIV1I (1)) oo
py (0+) .
< C-*=- % Ap * dn
B (dy) P Pau )
— 7\,,Cp)/\n(0+)
< Anpy, (0+). (A.41)

Combining (/), (/1), (1l1), (IV) and the fact that p)’\n (0+) does not depend on A,, we
have proved {3 satisfies inequality (2.10).

Finally, by condition (C6), we know %XlTXl + Vsz\n(ﬁl) is positive definite.
Inequality (2.11) is satisfied for sufficiently large n. Therefore, {3 is a strict local
minimizer of C(f3).

By condition (C7) and B, € N, we have:

Bl = IBGyl —nYlogn > Byl +nYlogn > 1Byl Vh, i, (A42)

wherel < h<p—K,,andp—K,+1<i<s. And [AS[,-] =0, for i > s+ 1. Following
the ideas of Proposition 2.4, B is a strict local minimizer of Q(B).
This completes the proof. O

S

Proof of Theorem 2.6

Proof. Step 1: CONSISTENCY IN THE S-DIMENSIONAL SUBSPACE.
We first constrain C(f3) on the s-dimension subspace: S = {f € ]Rp’B j =
0, s+1 < j < p} of RP. Then the minimizer of mingeg C(P) is the ordinary least

square estimators given by

By = (X{ X)) X]y = B} + (X{ X1) "1 X{e. (A.43)
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By standard arguments, we have:

ncllBy—BilE < IO X0)Y2(By — B7)IB
= /X (X{X)) I X]e
= 0, [E{e'xl(xl’xl)*lxl'e}
= o?tr{ X1 (X{ X1) "1 X1}0,(1)
= O,(s). (A.44)

Therefore, [|B1 — Bill = Op(~/s/n).

STEP 2: SPARSITY.
Let B = ([31T ,01) T € RP, we want to show that 3 satisfies inequality (2.10), i.e.:

1 n
1D (y = XaB1)lloo < Anpf, (0+) (A45)

Following the same idea as in the proof of Theorem 2.5, welet & = (&,...,&p) T =
XT(y—XPB*) = XTe, and consider the event set

52{2 = {”E»SCHOO < 7\n \% 202”}, (A46)
where index set 5¢ = {j|s+1 < j < p}. Notice that the diagonal elements of XX js

1,s0 0\1—[ Y i xjje; satisfies standard normal distribution. By normal d1str1but10n

tail inequality, for n > 2, we have:

P
Z (1&j1 > AnV/202n) ZP |aj|>f>\

Jj=s+1

— 0, asn— oo. (A47)
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Notice that

1 A
1T (y = X1 B1)lloe

1 A
— ;HXZT(y—Xlﬁ’{) — X) X1(B1— B})

‘ (0.¢]

1 1 . .
< llEselloo + ;H»@Xﬂﬁl — B )loo
1 1 . i}
< lEsellos + ;||X2TX1||2,OO||131 — B3l
1202 A

Therefore, for sufficient large n, B satisfies inequality (2.10).

By step 1 and step 2 together with condition (C10), we know 3 is a strict local
minimizer of C(f3).

By condition (C11) and !![31 — Bl = OP(M), we have min{!le |1 <Jj < stis
bounded away from 0. By Proposition 2.4, {3 is a strict local minimizer of Q(3).

This completes the proof. O

Proof of Theorem 2.9

Proof. Let & = (&11,...,Elpl,...,EG,pG)T = XT(y—XB*) = XTe, consider event
sets

h ={llEHllo < (/20%nlogn} and o = {l[Eyglloo < it 20%nlog n}. (A.49)

Notice that the diagonal elements of Q is 1, so %ﬁ Y i xjje; satisfies standard

normal distribution. By normal distribution tail inequality, for n > 2, we have:

Pl < 2; (A.50)

PleAs) < (p—sp)e™  logn, (A51)
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By (A.50) and (A.51), we know P(a4 Nah) > 1— (son L+ (p—sp)e ™ ~logn),
Under the intersection of 7 N <%, we will show that there exists a solution p € RP
of (2.21)-(2.24).

STEP 1: EXISTENCE OF A SOLUTION FOR EQUATIONS (2.21) AND (2.22). We first show
for sufficiently large n, equations (2.21) and (2.22) have a solution [AS,_,O inside the
hyper cube:

N ={6 e R" (|5 — B} lloo = Y log n}. (A.52)

For each g such that 1 < g < G, let “3;'| = maxigi<p, !BZ,\ # 0, by d, >
n~Ylog n, we have:
|0gjl > IB;,-I —n Ylogn > d, (A.53)

and sign(dg) = signl( Z_J-). Therefore, in the the hyper cube ./, [[8.]l» # 0, for
1 < g < Gp. This implies that if group g is an important group of *, group g will
also be an important group of 8.

By the monotonicity condition of p; (t) and (A.53), we have:

6
||}\np},\n(||6g’|2)ﬁ”oo < Anpy, (fa). (A.54)
g

By inequality (A.54) and the definition of &, we have:

1&H, — NV A, (8)lloo < y/202nlog n+ nA,py (fn) (A.55)

Define @ (&) which corresponds to n times the left hand sides of equalities (2.21)
and (2.22):

D(8) & Xjy— X Xu,d—nVh,(8)
= Xpjo (y — Xty BEyy) — Xy Xriy (8 — Byy) — 1V, (8)
= (&H, — NV, (8)) — Xy Xny (8 — By )- (A.56)

Let
O(8) £ (X Xry) ' ©(8) = u— (85— Bjy), (A.57)
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where u = (X,Z;XHO)_l(&HO —nVJ,(8)). By assumptions (C15) and (C16):

ullss < 10X, Xky) ™ lloo (1EHlloo + IV Iy, (8)loo)
= o(n Ylogn). (A.58)

So for sufficiently large n, if (& — B’,‘_,O) g = nYlog n, we have:

Dgj(8) < llulloo — 0 Ylog n < 0; (A59)
and if (& — BT—/O)gj = —n~"Ylog n, we have:
Dgi(8) = —llullo +n"Ylogn >0, (A.60)

where © gj(8) is the gjth covariate of &)(8). By the continuity of &)(8), (A.59) and
(A.60), Miranda’s existence theorem guarantees that equation ®(8) = 0 has a
solution in ./, which we denote as H,- 1t is easy to see, B H, also solves ©(8) = 0.
Thus, equations (2.21) and (2.22) do have a solution inside the hypercube .4".

STEP 2: VERIFICATION OF STRICT INEQUALITY (2.23).

Let p = (ﬁlT,..., [ASZ;—O,OT)T € RP, with ([AilT,..., st;—O)T € ./ being a solution to
equations (2.21) and (2.22). We want to show that B satisfies inequality (2.23), i.e.:

1 N
—lIXg [y = XeyBr) 2 < Anp3,(04), Go+1<g<G. (A.61)

Notice that

1 ~

;HXgT(y - XH() BHO)HZ

1 * pa *
| X (= X B) — X X (B, — B

1 1 A
—V/PellErglloo + EHXgTXHO(BHO — Byl
() + (0. (A.62)

;

> /A
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Because [|&p¢lloo < n%’t\/202nlogn and n—*y/Llog n/A, = o(1), we have:
(1) = O(n"*\/log n) = o(An). (A.63)

Because BH@ is a solution to ®(8) = 0, we have:

By — By, = (X Xrip)~ (Ery — 1V, (Bry,)- (A.64)
Therefore,
() = LI Xy X Xi) ™ (£, — 7, (Bl
<X X X5 Xi) ol (B, — 1 (Bl
<X Xt X Xo) o2 (156 o + 105, (B o
— (1) + (IV). (A.65)

By conditions C(14) and C(16),

1
(1) =~ 1X] X (X Xetg) oo 2lErlloc = O(n2~*/nog n/n)
= O(n *y/logn) = o(Ap). (A.66)

Again by condition C(14),

(V) = 11X] Xey (X Xrty) Moo 21V I (B 1))l
Py, (0+)
Py, (fn)
= AnCpy (0+)

< Anpy, (0+). (A.67)

< C

* Ap * p}/\n(fn)

Combining (/), (/), (/ll), (IV) and the fact that p)’\n (0+) does not depend on A, we
have proved B satisfies inequality (2.23).
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Finally, by condition (C17), we know %X ,Z,; Xu, + V2, ( B H,) is positive definite
and inequality (2.24) is satisfied for sufficiently large n.
By condition (C18) and GHO € ./, we have:

IBigyll2 = 1Bl — VLn Y logn > 1By o+ VLn Y1ogn > Byl (A.68)

wherel1 < g1 < G—K,,and G— K, +1 < g < Gy. And ﬁ[g] =0, forg > Gy+1.
By Theorem 2.8, we know B is a strict local minimizer of Qg (B).

This completes the proof. O
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Proof of Theorem 3.1

Proof. We will first derive the necessary condition.
Suppose B is a local minimizer of Q(B), then Iv = (v, ..., vp)T € RP, such
that:

VQ(B) = —%XT(y—xlé,) +Av =0. (A.69)
Here: .
5lBil R .
Vi = TSign(Bi) if B; #0; (A.70)
1 1 e
Vi c [—?, ?] lf B,’ =0. (A71)

By (A.69), (A.70) and (A.71), it is easy to verify the following is true:

1 o n

;X{(y — X1B1) —AV1J(B1) =0, (A.72)
1,7 A A
— — < —. .
—I1X (y = XBr)lloo < (A.73)

Note that § is also a local minimizer of (3.8) constrained on the s-dimension
subspace S = {3 € RP|3; =0, s+ 1 < i < p}. It follows from the second order

condition that %XlTXl + V%J ( [31) is positive semi-definite. So,

1 .
;xlTxl +AV2J(B1) > 0. (A.74)

Next, we prove the sufficient condition.

We first constrain the penalized likelihood Q(f3) on the s-dimension subspace S
of RP. Consider a neighborhood By in the subspace S centered around {3, conditions
(3.9) and (3.11) entail that p is the unique local minimizer of Q(f) in By C R®.

It remains to show that B is a strict local minimizer of Q(B) in RP. Consider
a sufficiently small ball B; C IR centered around B, such that By NS C By. For
any n! € By \ By, let n? be the projection of n! onto the subspace S. Then we have
n? € S, which entails that Q(f) < Q(n?) if n? # B. Thus, it suffices to show that
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QM2 < Q).

By the mean value theorem, we have:
QMY —QmH) =vem") (n' —n?), (A.75)

where n° =12 + t(n! —n?) for some t € [0, 1].
Letn} and n? be the i-th component of n! and 1, respectively. Then we have:

N —m?=0 forl<i<s, (A.76)

7=0 fors+1<i<p. (A.77)

Therefore, n? = n}, for1l </ <s;and n? = tn}, fors+1<i<p.
The right hand side of (A.75) can be expressed as:

1 29I
=X (y=Xn"ma A 3 =,
n i=s+1 n;

(A.78)

where n% is a subvector of ' formed by the last p — s components of nl. By
n1 € B \ By, we have n% #0.
Because n? = tn}, fors+1<i<p. So ifn} #0,

oJ(n° e am?)
a(no )11,1 ~=p mgf@”(ﬂ?)ﬂ} = Wh}}l- (A.79)
n; Zj:l a Zj:l a
For given f1, ..., Bs, consider function f(x)
}\ X
flx) = . x> 0. (A.80)

Yo abit g (p—s—1)+ &

Then inequality (3.10) is equivalent to:

1 "
ﬁM{w—Mmmw<ﬂm. (A.81)
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By the continuity of f(x) and (A.81), there exists some & > 0 with < min{| Bl | B #
0}, such that for any  in a ball in IRP centered at B with radius 5, we have:

A
SicsdPil St (p—s—1)+ad

Ly~ XBllo < (A82)

By inequalities (A.82), we further shrink the ball By such that: (1). IT],1 —Bil <5,
for i < s;and (2). In}l < b fori > s+ 1. Therefore, for i > s+ 1, we have:

’aJ(nO) ’ B up
N 0
ony S ey e
up
= A 0
st':l alPil=d 4 gnil (p—s—1)
36
5 . (A.83)
ngs alBil=d 4 8 4 (p—s—1)
Combining (A.75), (A.78), (A.79) and (A.83), we have
Q') —Q(n?)
> 7\35 |n1|+ }\aé |n1’
_ ] ! i !
ngs a‘ﬁﬂ_é + a5 + (p—S— 1) ngs a”?’j‘_6 + aé + (P_S— 1)

By the arbitrariness of 117, we complete our proof. O
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Proof of Proposition 3.2

Proof. Notice that (3.12) can be further decomposed as:

ViJ(B1)
a‘ﬁll""ﬁl‘SIgn(BlBl) e a‘BlH"BS'SIgn(BlGS) a‘f’l'
B log a . . . T )
= T2 - o : o .. o : o . A
| a‘ﬁl‘sign(Bl) _ IRl
a A A o) A
— — 07igz E [a'ﬁl‘s,gn(l?)l) e a”?’S‘SIgn(BS) —|— T '.. >
log a
5 7652 (A+ TB). (A.84)
then we have:
A log a
Amin(V3(B1)) > =557 AmialA) + TAmin( B))
I |
_ 081y 282 (A.85)
T2 p—s

The second inequality is because the diagonal element of B matrix is strictly greater
than —1. The third inequality is because T > p —s. Therefore,

1 5 1 A
Amin(— X" X0 A AVIS(B1)) = Amin(— X\ X1) + Amin(AVTJ(B1)) >0, (A.86)

as long as (3.12) holds. O

Proof of Theorem 3.3

Proof. Let & = (&4,..., Ep)T = XT(y—XB) = XTe, consider event sets

o ={|Esllo < \/202nlogn} and o = {|Esclloo < 2Ty /202nlog n}, (A.87)
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where index set S = {j|1 < j < s} and index set S¢ = {j|s+ 1 < j < p}. Notice
that the diagonal elements of # is1, so %ﬁ Y71 xj€; satisfies standard normal
distribution. By normal distribution tail inequality, for n > 2, we have:

Pleff) < Y P(lg]> \/20%nlogn) = ZP !£J!>\/210gn)
j=1

S

S
1
< E — < —
= ny/mlogn ~ n

(A.88)

p
P(ey) < P(I&;] > n%ft\/ZGanogn Z P Iéjl > n? ~t/2logn)

s+1 Jj=s+1

n'—2tlogn
\/ﬂlogn

By (A.88) and (A.89), we know P(a Nah) > 1— (sn 1+ (p—s)e " 1081 Under
the intersection of @4 N <%, we will show that there exists an solution € RP to
(3.9)-(3.11) such that sign() = sign(B*) and || — B*|lec = O(n"Y log n), where the
function sign applies componentwise.

S < (p—s)e " Flogn, (A.89)

I\/]n
N\H f'D
/

STEP 1: EXISTENCE OF A SOLUTION TO EQUATION (3.9). We first show for sufficiently

large n, equation (3.9) has a solution {3, inside the hyper cube:
A ={86 € R*: |8 —B]llec = n" Y log n}. (A.90)
ForV & € .4, since d, > n~Y log n, we have:

min [5;/ > min I[SJ’-‘I —n Ylogn=d, (A.91)
1<<s

1<<s

and sign(8) = sign(B7).



For any given i, 1 < i < s, it is easy to see:

> ;g% +(p—s)
1
Y qd%+(p—s)
1
p—s

<

<

Therefore:

5;]
1V1J(8)llso = max{ 2 1<i<s)<

Y%+ (p—s) p—s

Notice that equation (3.11) can be written as:

X[y — X[ X186 — nAV1J(8)
= X/ (y—XiB}) — X/ X1 (8 — B}) — mAV1J(8)
= (&s—n\V1J(8)) — X/ X1 (5 — B})
2 ().

Let
D(8) 2 (X X)) lD(8) =u—(8—B7),
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(A.92)

(A.93)

(A.94)

(A.95)

where u = (XlTXl)*l(E,s — nAV1J(8)). By assumption (C1), the choice of A, and

the fact that y < «, we have:

lulleo < 10X X1) Moo (1Es]loo + PAIV1I(8))lloo)
— o(n2%/log n* n+/log n) + of

= o(nVlogn).

p—s

nYplogn

(A.96)
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So for sufficiently large n, if (6 — 37); = n~Y log n, we have:

©;(8) < llulloo — 0¥ log n < 0; (A.97)
and if (6 — B7); = —n"Y log n, we have:
®;(8) > —lulloo +nYlogn >0, (A.98)

where &)(6) = (&)1(6),..., &)s(é))T By the continuity of d)(é), (A.97) and (A.98),
Miranda’s existence theorem guarantees that equation ®(8) = 0 has a solution in
A, which we denote as ﬁl. It is easy to see, ﬁl also solve ®(8) = 0. Thus, equation
(3.9) does have a solution inside the hypercube .#".

STEP 2: VERIFICATION OF STRICT INEQUALITY (3.10).

Let B = (GlT,OT)T € R", with [31 € ./ being a solution to equation (3.9). We
want to show that {3 satisfies inequality (3.10), i.e.:

1 . A
1IXT (y — X1B1)lloo < _ . A.99
- > (y—XiB1) a1 (ps) (A.99)

Notice that:

Xty XiBy )l
(- xlfsl) X X (B —81)||
1

;KMMM H&Wﬂ —B7)loo
(1) + (1. (A.100)

> /A

Because ||&sclloo < n27%4/20%nlog n and A/ (BBl 10gn) — 00

t

n 1, _ 1
(I):O(Wn \/nlogn)—o(p). (A.101)
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Because [§1 is a solution to ®(8) = 0, we have:
B1—B1 = (X X1) (&5 — IAV1J(B1)). (A102)
Therefore,

1 N
(1 = n—A||XJX1(X1TX1)—1(as—nle(Bl)mw

N

1 _ n
ﬁnxfxl(xlTXn Yooll(Es — mMAV1J(B1))lloo

N

X O X0) o (s loo + 1AV 1J(B1) o)
= () +(IV). (A.103)

1 _
(= n—AHXJxl(XJXl) YleollEslloo

= o(l). (A.104)
p
(V) = 1IX X (X X)) ool V1 (B1)) oo
1 a9
S b s B
a ijla '+ (p—s)
— ! . (A.105)

Si b+ (p—s)

Combining (/), (/), (/ll) and (/V'), we have shown that B satisfies inequality (3.10).

Finally, because

1
A a3y
o~

p—s p

f . o8 ") = o(n* 1Y /Tog n). (A.106)

By proposition 3.2, and condition (C6), we know {3 satisfies the inequality (3.11)
for sufficiently large n. This completes the proof. O
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Proof of Proposition 4.1

Here we present the proof of Proposition 4.1.

Proof. : By KKT condition, ﬁLASSO, the solution of LASSO satisfies:

1 ~ LASSO
1 A LASSO - A
—Xgly=XBTT <y if B0 =0, (A.108)

Similarly, [ASLES, the solution of LES satisfies:

1 ALES. A exP(oc!BLESI)

Xy =X = =P e #sign(BLES) i BEES #0,
p P exp(alBEES)) A109)

Xy - xpHE) < A0 : OB S0 A

n'k TP 1+ Y exp(alBLES)) 0 '

It is easy to see that if we let tuning parameter « — 0, each exponential term
in the right hand side of the equations (A.109) and (A.110) will be close to 1. If
we choose the tuning parameter A such that }‘?"‘ = v, then KKT condition for
LES is approximately the same as KKT condition for LASSO. Therefore we have

[?,LES — BLASSO — 0. This completes the proof. u

Proof of Proposition 4.2

Here we present the proof of Proposition 4.2.

Proof. : Let 3 be the solution of LES. By plugging $ = 0 into the objective function,
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we have:
1 n K Pk
LS (=3 3 o) 13 welog{explolBul) + -+ explolus
i=1 k=1 j=1 k=1
1 K
< EHYH%JH\Z wy log(p).- (A.111)
k=1

From (A.111), we have the following two inequalities:

K  pk K
Z(y, >3 xiugby) =ly—XBIE < IyE+2m Y welog(py), (A112)
k=1 j=1 k=1
and
exp(adBal) + -+ exp(alBip ) < exp{ uyuz+z L log(py) }. (A113)

So, if B ;P i > 0, by KKT condition:

exp(lBxil) sion(

XT(y—XB)=nA A ; A.114
Wi LY B)=n (XWkZ/eXp(OCIBk/D gn(PBi) ( )

XkT(y—X[g):nA(XWk exp(ocl[gkﬁ-l) sign([gkj). (A.115)
’ > exp(adBul)

Without loss of generality, we assume Bui > Bkj > 0, and sign(P ) = sign(Bkj) =
then, by taking the difference between (A.114) and (A.115), we have:

exp(af i) — exp(af;)
>oexpladBul)

(Xui — Xi) T (y — XB) = nhowy (A.116)
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By the convexity of exponential function, we have:

A A A A A A A

exp(afy) —exp(afii) = exp(oij) * a(Bui — Brj) = Pri — Bijl-  (A117)

By equality (A.116), we have:

< Z/eXP(OC|Bk/|)|

lexp(ofii) —exp(ofy)| < Ao [ Xki — Xijll2lly — XBll2.  (A.118)

Combining (A.112),(A.113), (A.117) and (A.118), we can have the result we want.
This completes the proof. O

Proof of Theorem 4.3

To prove Theorem 4.3, we first prove a useful lemma.

Lemma A.1. Consider the model (4.1). Let 3* be the true coefficients of the linear model.
Assume the random noise €1, .. ., €, are iid from normal distribution with mean zero and
variance 0. Suppose the diagonal elements of matrix X" X/n are equal to 1. Let A be a real

. . log p , ,
number bigger than 2/2 and y = Ao/ 82, Let two tuning parameters A and « satisfy

Ao = y. For any solution B to the minimization problem (4.13), and any B € RP, with

1—-A2/8

probability at least 1 — p , the following inequality holds:

1

—IX(B = B3 +¥IIB — Bl
1 A
< IX(B=BIIE+2y Y (14 plBe— Bilh- (A.119)

keG(B)

Proof. : Let [3 be the solution to (4.13), then, for any 3 € IRP, we have:
1 5112 A 1 2
Elly —XBll; + ha«lB) < ;Ily — XBlI3 + hul(B) (A.120)

Here for notation simplicity, we denote J, o(B) = 2A Zszl pi log{exp(«|Bil) +
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- exp(adBp, )
Because y = Xp™ + €, the above inequality is equivalent to:

5 1 2 A A
LIX(B — BZ < LIX(B — BVNE+ 2 X(B—B) + ha(B)— halB).  (A12D)

Consider the random event set &/ = {%IIXTeHOO < v}, where [ XTello =
maxyj | Y i_q Xi«j€il. Because the diagonal elements of matrix XTX/n are equal
to 1, the random variable z; = ﬁ > im1 Xikj€i follows the standard normal dis-
tribution, even though the z;; may not be independent from each other. Let Z be
another random variable from the standard normal distribution. For any kj, we
have: Pr(| ) xixieil = ) = Pr(1Z| > %ﬁ). Then by Gaussian tail inequality, we

have:

Prier) < PO, UP%, (12l > T0)) < e Pr(1Z) > L00) < p A8 (A122)

20
Therefore, on the event set <7, with probability at least 1 — pl_Az/ 8 we have:
1 N *
~IX(B — BB
n
]- 2 A A
< ZIX(B = BB+ IX elloollB — Bl + Sl B) — Sl B)
1

N

—IIX(B — BB +VIB — Bllt + Aa(B) — Au«lB) (A.123)
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Adding vIIB — Bll1 to both sides of (A.123), we have:

1

—IX(B — B + VI — Bl
1 A o
< IX(B = BN +2vIIB — Bl + A al(B) = SalB)
1 N
= CIX(B-BIE+2y Y Ik~ Bylh
keG(B)
+2A Z Pk{log Zeo‘”akf — log|( Ze“‘ﬁkf }
keG(B
2y Y 1B+ Y pk{log(pk —log(}_ e}, (A124)
k¢ G(B) k¢ G(B) J

The last equality uses the fact that 3, =0, for k ¢ G(B).
We next show two simple inequalities. Suppose ay,...,am and by, ..., by are 2m

arbitrary real numbers, then the following inequalities hold:

Z laj| < mlog{(eIall +...+ e'a’”‘)/m}, (A.125)
i=1
log(el"”1| o el — log(e“’1| +...+elbrhy < Z la; — bjl. (A.126)
i=1

The first inequality can be shown by using the arithmetic inequality and the geo-
metric mean inequality; the second inequality follows by Log-Sum inequality.

By inequality (A.125), since Ax = vy, we have:

2y > IBdh+2n Y pk{log pi) — log( Zeal% }\o. (A.127)
k¢G(B) k£G(B)
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By inequality (A.126), we have:

20 Y piflog(Y e P —log(y_ e*Pul) <one Y pulli— Bill(A128)
(B) J J

keG keG(B)

Simplify inequality (A.124) using (A.127) and (A.128), then we have proved the

lemma. O
Now we prove Theorem 3.

Proof. : Lets = |G(B")|. In the event set & = {%IIXTeIIoo <v}hlet B =B in (A.119),
then:

1 H * H *
SIX(B-BINE < 2y ) (1+plBe—Bilh
keG(B™)

< 2vvs | ) pl+p)?lBk— BB (A129)
keG(B*)

where the second inequality follows by Cauchy inequality.
Using a similar argument, we have:

S Be—Bih < Y (1+2p)lBx— Bl (A.130)
k¢ G(B*) keG(B™)

If REgroup assumption holds with k = k(s), then we have:

. 2[X(B — B*
D> e+ p 2Bk — BRIZ < IX(B — BOll2 (A.131)
Ky/n
keG(p™)
By (A.129), (A.130) and (A.131), we have:
1. .4 . 16sy?
CIXB-BIE < 5 (A132)
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Notice that inequality (A.119) implies:

IB—Blh < 2 ) (I+pdlBx—Bilh <2Vs | D pil1+pu)?IBr — Bl
keG(B*) keG(B™)
4V/SIX(B—B")ll> _ 165y

< ™ o (A.133)

Finally, we work on the bound for ||[§> — B*II%. For notation simplicity, we denote

8§ =P —B* and let G = G(B*). When the REgroup assumption holds, we have:

I5gelly < I8gelh < Y (1+2p)lIBx—Bilh <2v5 | Y pell+pi)?lIfi — BEIR

keG(B¥) keG(B™)
451Xl _ 16sy

< < . A.134
Ky/n K2 ( )
Because px > 1, then, by the REgroup assumption,
2||X6H 8+/s
Isala< [ 3 pull+ b — B3 < 22 < VY (a13)
keG(B")
Therefore, we have:
8
lolla < liscla + lsaell < (2v5 + 122V, (A136)

The inequalities (A.132), (A.133) and (A.136) complete proof of the theorem. [

Proof of Theorem 4.4

Here we present the proof of Theorem 4.4.
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Proof. Let gy to be the subgradient for LES penalty with respect to 3, then:

) exp (ol 4l)
> P exp(adBul)

8kj = Aop % 0|Byl, (A.137)
where a|BkJ| = sign([gkj) if Bkj 75 O; and GIBkJI S [—1, 1] if Bkj =0.
Because the LES penalized OLS estimation (4.13) is convex, by KKT condition,

event ¢ holds if and only if the following two equations are satisfied:

~ N 1 1
BG:BG+(;X2XG) 1(;X£€—gc), (A.138)
_1XT lex 1XTX —1 _le A1
Bge = [ Age€ T —Rge G(n cXc) (8¢ - GE), (A.139)

where g is a vector of subgradient gi;’s with k € G and g- is a vector of subgra-
dient gkj’s with k % G.
In order to prove the theorem, we only need to show the following two limits:

PIBc —BGlloo < dn) =1,  n—oo; (A.140)

and
P(llggelloo < Acx) — 1, n — oo. (A.141)

Recall d, = mingeg |IBlloo, therefore (A.140) implies H[ASkHOO >0, forall k € G.
When || lloo > 0, if we let |34 = [IB4llo > 0, then:

Aok exp (ol B ijl) Aopy

~ ~ = = = > A
exp(alBial) + ..+ exp(olBrpe) 1+ 2, exploc Bl — 1B}~
(A.142)

By inequality (A.142), we know (A.141) implies ||[A3k||oO =0, forall k ¢ G. In turn,
(A.140) and (A.141) imply

gkl =

P(O)—1, n— 0o,
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as claimed. We will use equations (A.138) and (A.139) to show (A.140) and (A.141).

We will first show (A.140). For simplicity, we denote £ = 1X .X . Consider the
po-dimensional vector Z = %z—lxg €. Then the expectation and covariance of Z
are E(Z) =0and Var(Z) = %22_1. By Ledoux and Talagrand (2011), the maximum
of a Gaussian vector is bounded by:

1
E(1Zlleo) < 30y, %cpo' (A.143)

@?\ocpk. (A.144)

Notice that:

127860 < IE Mlsollgglloo < v/POIE I % Aotpye <
By (A.143), (A.144) and Markov inequality, we have:

E(lIBg — BEllo)
dn

< —{E01Zl) + 1= g6l |

P(IBs —Bglloo < dn) <

[

1 1
< —(30 O’%CPO \/_Aocmaxpk> (A.145)

which goes to zero when n — oo under assumption (C2). Thus (A.140) is estab-
lished.
Next we show (A.141). Let

1 1
gge = ;XZCXGZ_lgG—i—EXEC(I—XGZ_lch;)e

u-+v. (A-146)

lI>
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Then for any k € G€, [|g¢clloo < llulloc + [IVlleo- By assumption (C3), we have:

ullee < IXEXG(XEXG) Hloollggllos
< Aar?ag Pk * HXZCXG(XEXG)ilnoo
S
< Ax(l—1). (A.147)
Notice that for any element v; of v, v; = %X J(l — XG}Zflxg )€ for some column

kl of matrix X, k ¢ G. Then we have E(v;) =0 and

02 _ 02 o2
Var(v;) = —ZXJ(/ ~XeZ 1x£>xk, < ZlIXul = = (A.148)
n n n
By a similar argument we used in (A.143), we have:
1 _
Ellvlle) < 301/ 8PP (A149)

By Markov’s inequality,

T 60 [log(p—po)
P(llv]loo > onc) < S - , (A.150)

which goes to zero by assumption (C4).
Combining (A.147) and (A.150), we have:

Pllgeelloo = (1— %)m) 0, n— oo, (A151)

which gives (A.141). This completes the proof. O
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