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Abstract

Among the various major components of the electric power system, distribution grids have not

received a lot of attention from the research community. While novel analysis and optimization

techniques have been developed for the operation of large transmission systems, the distribution

grids continued to act as a passive interconnection between the transmission systems and con-

sumers without a lot of analysis. Today’s distribution grids are experiencing a significant trans-

formation due to an increasing amount of smart electric loads and distributed energy resources

(DERs), such as electric vehicles, smart home appliances, rooftop solar photovoltaic (PV) systems

and energy storage. Growing penetration of DERs can increase the power injection variability in

distribution grids, which lead to power quality issues such as voltage unbalance. High voltage un-

balance can increase network losses and lead to failure of three-phase equipment such as induction

motor loads connected to the grid. Apart from voltage unbalance, increasing deployment of DERs

might result in large voltage variations and increase in the voltage magnitudes at the customers’

end. DERs such as solar PV systems with power electronic inverters can be employed as a cost-

effective solution to provide reactive power support and minimize voltage violations as well as

unbalance. However, the intermittent nature of these DERs as well as load forecasting errors can

increase uncertainty in distribution grids. Furthermore, DERs are managed by different entities

such as distribution utility or third-party aggregators whose objectives are conflicting with each

other. This makes it challenging to effectively and precisely control DER behavior to optimize

grid operations.
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This work introduces an optimization-based approach to improve power quality in unbalanced

distribution grids and effectively exploit the considerable flexibility offered by DERs in response to

uncertainty. Organizations such as IEC, NEMA and IEEE define voltage unbalance in their power

quality standards and these definitions are not consistent. To address this issue, bounds are derived

on the maximum difference among the definitions of voltage unbalance to understand how one def-

inition can be used to ensure safe bounds on the voltage unbalance defined by another definition.

Next, an unbalanced distribution grid is modelled in the phase domain and a three-phase optimal

power flow (OPF) formulation is developed to identify DER control actions that mitigate voltage

unbalance. A major challenge to efficiently solving the three-phase OPF problem is computation

time. To reduce the computational complexity, three linear power flow models which are well

suited to analyze voltage unbalance are utilized as part of a successive approximation approach

to provide good quality solutions that are feasible for three-phase AC power flow. The OPF for-

mulation is then extended to examine the impact of uncertainty on distribution grid operations by

leveraging a chance-constrained optimization approach. A reformulation based on constraint tight-

ening is discussed to efficiently solve the problem and identify a set of DER control actions that

can be utilized across a range of highly uncertain scenarios. Finally, the challenges of harnessing

the flexibility offered by DERs that are controlled by different entities in the grid is addressed. A

bilevel optimization approach is proposed to determine a feasible region of aggregate power that

represents the collective DER and load flexibility in the network. This aggregate power flexibility

range can help reduce burdens on transmission system resources while maintaining power quality

in distribution grids.
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Êmax
v Worst case empirical violation probability for upper voltage constraint

Y ϕ
v,i Constraint violation indicator random variable

Three-phase OPF: Variables Considering Uncertainty

|vϕ
i,ω|, |Vi,ω| Voltage magnitude corresponding to uncertain power injections

θϕ
i,ω,Θi,ω Voltage angle corresponding to uncertain power injections

pϕ
G,0,ω,PG,0,ω Active power injection at substation corresponding to uncertain power in-

jections

qϕ
G,0,ω,QG,0,ω Reactive power injection at substation corresponding to uncertain power

injections

v+
dl,ω,v

+
ql,ω Real and imaginary components of positive sequence voltage phasor v+

l,ω

corresponding to uncertain power injections

v−
dl,ω,v

−
ql,ω Real and imaginary components of negative sequence voltage phasor v−

l,ω

corresponding to uncertain power injections



xxv

Three-phase OPF: Bilevel Problem Variables

Xl,Xu Bilevel problem lower-level and upper-level variable vectors

∆p Aggregate active power flexibility of distribution grid

∆p+,∆p− Maximum and minimum limits on aggregate active power flexibility

∆pϕ
G,i,∆pϕ

L,i Active power flexibility of generators and loads at node i ∈ N , ϕ ∈ Φ

γϕ
G,i Power ratio of solar PV inverters at node i ∈ N , ϕ ∈ Φ in constant power

factor mode

qϕ
G,i Maximum allowable reactive power of solar PV inverters at node i ∈

N , ϕ ∈ Φ in voltage-reactive power mode

p̂ϕ
G,i, q̂

ϕ
G,i Current operating point: active and reactive power injection of generators

∀i ∈ N , ϕ ∈ Φ

p̂ϕ
L,i, q̂

ϕ
L,i Current operating point: active and reactive power load demand ∀i ∈

N , ϕ ∈ Φ

V̂di, V̂qi ∈ R3 Current operating point: real and imaginary components of phase-to-neutral

voltage phasor at node i ∈ N

v̂ϕ
di, v̂

ϕ
qi Current operating point: real and imaginary components of phase-to-neutral

voltage phasor at node i ∈ N , ϕ ∈ Φ

V̂d, V̂q ∈ R3n Current operating point: overall real and imaginary components of phase-

to-neutral voltage phasor

|v̂ϕ
i | Current operating point: phase-to-neutral voltage magnitude at node i ∈

N , ϕ ∈ Φ



1

Chapter 1

Introduction

The power grid infrastructure is currently undergoing major changes all over the world with

many countries adopting incentives and policies that promote deployment of low-emission renew-

able energy sources. As the electric power system transitions from a centrally controlled electric

grid with unidirectional delivery of power (i.e. from large central power plants to end consumers)

into one that includes distributed generation and control systems, we require novel approaches to

optimize the operation of the grid such that system performance as well as power quality is pre-

served. In this thesis, we will focus on how this transition impacts the operation of distribution

grids.

1.1 Motivation

The increasing deployment of distributed energy resources (DERs) is creating both opportuni-

ties and challenges for distribution grid operations. End consumers might install solar photovoltaic

(PV) systems which will generate electricity and may lead to a bidirectional flow of power in the

network as well as voltage variations at the consumer end. Furthermore, the electricity consump-

tion is expected to rise due to electrification of heating, ventilation and air conditioning as well as

the charging of electric vehicles (EVs). The characteristics of these intermittent sources require

distribution system operators (DSOs) to employ different, and sometimes more expensive steps to

manage generation and load while maintaining system reliability. At the same time, the presence

of DERs provide new opportunities for control and flexibility in adjusting power generation or con-

sumption that can be utilized by DSOs to optimize the grid operations. For example, distribution
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utilities can control the active and reactive power outputs of DERs such as solar PV installations

or battery storage systems to improve power quality, manage grid constraints and minimize cost of

electricity distribution.

The integration of DERs is expected to have a major impact on the design and operation of dis-

tribution grids. A critical issue due to the large-scale DER installations is the expected degradation

in power quality [2]. While there is no standard definition of power quality in the existing litera-

ture, it generally refers to the electrical interaction between the distribution grid and the equipment

or customers connected to the grid. Any deviation from the ideal voltage and current characteris-

tics specified for the grid can be considered as a power quality issue [2]. Most of the emphasis on

power quality is typically assigned to the deviations from ideal voltage characteristics since they

frequently lead to voltage violations and interruptions in the grid operation [2]. At the distribution

level, DERs such as solar PV and plug-in EVs are typically not equally distributed throughout the

feeder. This can lead to major power quality issues such as voltage unbalance. High unbalance

can result in damage of three-phase devices such as induction motors [3] and transformers [4]. In

addition, it can also increase the cost of infrastructure upgrades due to the higher current flowing in

the three-phase lines to accommodate the excess unbalance [4]. Traditional practices such as reas-

signing individual customers to different phases [5] cannot mitigate temporary unbalances which

can be significant due to intermittent distributed generation as well as large single-phase seasonal

loads [6].

Apart from voltage unbalance, the deployment of DERs will have a major impact on voltage

variations and lead to increase in the voltage magnitudes at the customers’ end. This will lead to

transformers and distribution lines operating close to their maximum limits [2]. Although these

scenarios can be avoided by placing additional transformers or distribution lines with larger cross-

section area, they increase the investment cost.

Another major challenge for DSOs is the intermittent nature of power injections of DERs such

as solar photovoltaic (PV) systems as well as load variability which increases uncertainty in the

grid. The outputs of DERs and load demands are still difficult to predict accurately especially for

the long term due to their inherent volatility. In addition, distribution grids are also characterized by
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limited real-time measurement availability which further aggravate the estimation errors of DER

generation and load demand [7]. Therefore, uncertainty has become a salient feature of the modern

distribution grid and it is essential to accurately model the impact of uncertainty on distribution grid

operation. This will help in maximizing the DER hosting capacity of the grid while ensuring that

the network is secure.

Typically, all DERs connected to the distribution grid are not controlled by a single entity. Apart

from DSOs managing some of the DERs, there are various third-party entities such as aggregators

who control DERs with objectives that conflict with the control objectives of the DSO. If there is

no proper coordination between these various entities with possibly contradictory interests, DERs

are prone to be underutilized and it might not be possible to harness the true flexibility offered by

these resources.

All the challenges mentioned above emphasize the requirement of better modeling and analyt-

ical tools to optimize operation of the distribution grids using DERs. Conventional tools used to

analyze transmission networks are inadequate for distribution grids since they assume a perfectly

balanced, single-phase equivalent model of the system. Some of the prominent characteristics of

distribution grids [8] that make them different from transmission systems are

• Radial structure with large number of branches/buses

• Untransposed lines with high R/X ratio

• Three-phase, unbalanced systems with grounded or ungrounded operation

• Unbalanced loads which are also voltage-dependent

Furthermore, the number of simulation tools available specifically to analyze and optimize dis-

tribution grid operations are limited since there was no crucial demand for research in this area.

Therefore, an optimization framework that considers an unbalanced, three-phase model of the dis-

tribution grid will be beneficial for system operators to harness the full flexibility of DERs while

ensuring that power quality standards are met throughout the whole network.

The main goal of our research work is to develop efficient optimization-based methods to

improve power quality in distribution grids. Our aim is to develop a framework that enables DSOs,
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individual DER owners and third-party entities (such as DER aggregators) to mutually share the

benefits offered by DERs while ensuring that the grid is secure. First, we focus on tackling voltage

unbalance which is becoming one of the major power quality issues due to large deployments of

single-phase rooftop solar PV systems. In order to mitigate voltage unbalance and avoid voltage

violations, we utilize the reactive power capabilities of solar PV inverters. These power electronic

devices are able to provide reactive power support without undesirable curtailment of active power

as they are not always operating at their maximum apparent power capacity. By reducing unbalance

and eliminating voltage violations, distribution grids can be operated in a more efficient and reliable

manner. Next, we consider the impact of uncertainty in distribution grids. We propose different

methods to maintain power quality and maximize the flexibility offered by DERs in response to

uncertain parameters (load demand, DER outputs etc.) in the grid. We explore the different ways

in which uncertainty can be incorporated in the optimization framework to ensure that the resulting

solutions are realistic and practical.

While we reference various previous works when developing our formulations, the proposed

methods will be more practical due to our consideration of large-scale, realistic networks with var-

ious DERs using actual measurement data, more cost efficient because we use existing equipment

such as solar PV inverters, and more robust since we will consider uncertainty associated with the

DERs and loads.

1.2 State of the Art in Distribution Grid Analysis

In this section, we provide a brief summary of the existing literature and introduce the state-of-

the-art tools for distribution grid analysis. A more comprehensive review of the existing methods

related to our research is provided at the beginning of each chapter.

1.2.1 Power Flow

The main objective of power flow is to determine the steady-state behaviour of a network

for a given generation and load consumption. Power-flow studies determine voltages at various

buses, line flows through branches and losses in the system to analyze whether the network is
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able to function properly. In addition to this, they are also crucial to design and plan electric grid

expansions.

Typically, the Newton–Raphson method and its variants which rely on the calculation of the

Jacobian and bus admittance matrices are employed for the power flow analysis of transmission

systems. However, they do not exhibit similar performance for radial distribution grids since the Ja-

cobian and bus admittance matrices are no longer diagonally dominant and convergence problems

arise in power flow solutions that depend on the inverse of these matrices [8]. In terms of analy-

sis for three-phase systems, [9] proposed an iterative approach using Newton–Raphson method in

the polar coordinate frame where voltage phasors were represented by their magnitude and angle

components. In addition to this, the power flow problem was also presented in the rectangular

coordinate frame where voltage phasors were represented by their real and imaginary components.

By assessing the performance of both power flow formulations, [9] concluded that the rectangular

coordinate implementation had better convergence rate than the polar coordinate frame especially

for ill-conditioned systems. In [10], a model based on three-phase current injections which exploits

the structure of the Jacobian matrix was presented using the rectangular coordinate frame.

Since the Newton-Raphson method showed poor convergence in distribution system studies,

other approaches were developed to perform distribution power flow analysis. The method of sym-

metrical components is a common approach to simplify analysis of unbalanced three-phase power

systems by expressing the asymmetrical voltage phasors as linear combinations of symmetrical

phasors. A three-phase power flow problem formulation using symmetrical components was pro-

posed in [11] and numerical simulations verified that the results were as fast as the conventional

Newton–Raphson method in the phase domain. However, it only included branches comprising of

distribution lines without any models for other major components such as transformers and volt-

age regulators. In [12], a fixed-point interpretation of the power flow equations was presented.

The conditions that guarantee uniqueness of the power flow solutions were theoretically derived

and corroborated through simulations in [12]. Another approach to solve three-phase power flow

for unbalanced distribution grids is the forward-backward sweep method. This method takes ad-

vantage of the radial topology and consists of two computational steps, a forward sweep for bus
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voltage calculations and a backward sweep to determine branch currents [13, 14]. The work in [8]

extended a balanced, single-phase equivalent analysis to a three-phase power flow method using

the forward-backward sweep approach, However, the grid model only included three-phase distri-

bution lines and constant power loads.

Distribution grids with large installation of DERs require advanced modeling and simulation

tools to analyze the operation of the network. There are few open-source power flow solvers

available for distribution grid analysis and used extensively by grid planners, distribution grid

operators and research institutions. The two most commonly used software tools which are easily

integrated with other software platforms are the following:

• OpenDSS is a free and powerful tool used for simulating distribution grids which includes

various models for distributed generation [15]. Most of the major distribution grid compo-

nents such as transformers, distribution lines and cables, motors, capacitor banks etc. can be

modelled on this platform. This software supports power flow analysis using Newton and

fixed-point methods [16].

• GridLAB-D is one of the first open source and flexible simulation platforms focusing on

distribution grid modelling [17]. This software also supports models of major distribution

grid components similar to OpenDSS. Furthermore, GridLAB-D provides options to per-

form the power flow analysis using either Newton-Raphson or forward-backward sweep

methods [16].

Both OpenDSS and GridLAB-D are capable of simulating unbalanced distribution networks es-

pecially with time-varying data. While GridLAB-D has fewer features to visualize distribution

networks and display power flow results compared to OpenDSS, it supports more residential end-

user load models (heater, electric vehicle charger, refrigerator, dryer etc.) and different PV system

models whose generation is determined based on geographical PV irradiance data [16]. Since these

features are not available in OpenDSS, it might be easier to obtain more realistic distribution grid

models in GridLAB-D. Therefore, we use GridLAB-D as our source for system data and also for

benchmarking purposes.
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1.2.2 Optimal Power Flow

Generally, optimal power flow (OPF) is a nonlinear and non-convex optimization problem that

optimizes operating conditions and control actions while ensuring that power flow equations and

other engineering constraints are satisfied in the electrical power system. For distribution grids,

an unbalanced three-phase OPF problem must be solved to alleviate various power quality and

security issues and minimize grid investments. Typically, the OPF problem can be summarized as

min Objective Function

s.t. Engineering constraints,

Power flow.

where we minimize an objective function subject to various constraints of the network. The op-

timization problem comprises of two types of variables: 1) continuous variables which include

power injections of controllable loads and DERs such as solar PV and battery systems, voltage

at all buses etc. and 2) discrete variables which are assigned to the switching actions of other

controllable devices in the distribution grid such as capacitors, transformer and voltage regulator

taps [18]. In this thesis, the controllable devices are solar PV systems and hence we only need

to consider continuous variables in our OPF problem formulation. More specifically, the control

actions to minimize the objective function are the power injections of solar PV systems.

For transmission systems, one of the most commonly used objective function is operating cost.

For distribution grids, there are variety of different objective function choices such as load ad-

justment or curtailment, tap position and capacitor switching, carbon emissions, social welfare

etc. [18]. We will consider two critical objective functions in our work related to power quality

which are voltage unbalance and network losses. While minimizing network losses helps in reduc-

ing the cost of electricity distribution, minimizing voltage unbalance will improve power quality

and ensure secure operation of equipment connected to the distribution grid.

The engineering constraints include both physical and operational limits that need to be en-

forced for stable operation of the grid. These constraints define the feasible region of our op-

timization problem and can generally be classified into two categories, inequality and equality
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constraints. The inequality constraints usually include limits on the voltage magnitude, power in-

jections by generators (i.e. DERs such as solar PV, battery systems etc.) based on their maximum

capacity, current constraints to limit the power flow over the line, capacitor and transformer tap

switching constraints which require discrete variables etc. [18]. Recall that power quality issues

related to voltage are more prevalent in distribution grids compared to power quality issues related

to current [2]. Hence, we do not consider current constraints in our work, but enforce the voltage

magnitude limits.

The power flow problem described in the previous section is typically included in the OPF as

equality constraints. These equality constraints are nonlinear and make the optimization problem

hard to solve. Novel techniques which involve approximations and relaxations of the nonlinear

AC power flow equations were developed for transmission systems. These strategies based on the

simplified OPF formulations have been extended for balanced distribution grid models. In [19],

loss minimization and voltage regulation are addressed by utilizing second order cone relaxations

of the power flow constraints. The method proposed in [20] considers an OPF strategy for volt-

age regulation using semidefinite programming (SDP) and derive the conditions under which the

semidefinite relaxation is tight for balanced circuits.

There are several works focusing on developing strategies for coordinating and optimizing con-

trol actions of DERs in unbalanced distribution grids. While we only mention some examples here,

a more detailed literature review is provided in Chapters 4 and 5. In [21], an unbalanced OPF ap-

proach is utilized to optimize load shedding and operate smart grids in real time. The optimization

problem was solved using a quasi-Newton method coupled with OpenDSS to calculate the three-

phase power flow. A three-phase OPF model was developed in [22] using discrete variables to

include capacitors switching and regulator taps changes. Since the proposed problem did not scale

well, the discrete values were relaxed and a nonlinear optimization problem was solved by GAMS.

In [23], a three-phase OPF approach using the three-phase current injection model in rectangu-

lar coordinate frame was proposed. While recent work on SDP relaxations [24] for unbalanced

systems has been proposed, this approach does not scale well for large networks or guarantee solu-

tions that are AC feasible. Furthermore, most of the above mentioned approaches are not suitable
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for analyzing or mitigating voltage unbalance in distribution grids because they make assumptions

about the system being nearly balanced (e.g., the voltage magnitudes at all three phases of a node

are equal).

While open-source tools such as OpenDSS and GridLAB-D discussed in the previous section

do not have optimization capabilities, there are some packages that support three-phase OPF for-

mulations such as

• PowerModelsDistribution.jl is a Julia [25] package using JuMP [26] for steady-state opti-

mization of distribution grids [27]. It provides a common platform for testing and bench-

marking multiple three-phase OPF formulations based on variable space, coordinates (polar

or rectangular) and approximations of power balance equations.

• GridAPPS-D is an open-source platform developed for application development and data

integration [28]. Although the GridAPPS-D platform supports modelling of various DERs,

most of the proposed applications focus on decentralized OPF approach to control smart in-

verters and coordinate switching devices such as capacitors and regulators to achieve system-

level objectives.

1.2.3 Considering Uncertainty in Load and DER Power Injections

The OPF problem described in the previous section is typically handled as a deterministic

optimization problem on the basis of a forecasted point for the load and renewable generation.

However, the uncertainty in power systems has been rising in the recent years and is projected to

increase further in the near future. We need to account for this uncertainty by treating the OPF

problem as a stochastic optimization problem. The main reason for the increasing uncertainty is

the higher power injection uncertainty of DERs and load variability. This can be particularly chal-

lenging at the distribution grid level, where limited real-time measurements are available and DERs

are typically not equally distributed among the three phases of the feeder. An important question

becomes how to coordinate DER control actions and maintain power quality of distribution grids

under uncertainty.
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Several approaches for stochastic OPF with uncertainty in load demand and renewable energy

generation have been well documented in the context of transmission systems [29, 30, 31, 32, 33].

However, these proposed methods often employ DC power flow approximations and single-phase

equivalents to represent the power flow physics, which are not applicable to distributions grids

that are unbalanced and exhibit large R/X ratios. In addition, the primary focus of transmission

operations is system balancing and congestion management. On the other hand, distribution util-

ities tend to focus on power quality issues that affect end consumers such as managing voltage

magnitudes and voltage unbalance. In order to do this efficiently, several stochastic OPF models

have been developed especially for distribution grids. Some of these methods include stochastic

approximation techniques [34], distributionally robust methods [7, 35, 36], and chance-constrained

formulations [37]. A more comprehensive literature review is provided in Chapter 6. The above

mentioned strategies are different in the way uncertainty is incorporated into the system model and

they prepare the power system for a wide range of uncertainty realizations. While some approaches

are computationally complex and exhibit better accuracy, other methods are computationally sim-

pler at the cost of a lower accuracy. In most methods, incorporating uncertainty in the optimization

model will either lead to highly conservative and expensive solutions. Therefore, one of the most

important factors to consider when solving an OPF problem that includes uncertainty is to find

a suitable trade-off between cost and security. This is usually determined by how we define the

uncertainty set (robust optimization), the type of scenarios that are taken into account (stochastic

programming) or the acceptable violation probability (chance constraints) [38].

1.2.4 Aggregate Power Flexibility

As mentioned previously, majority of DERs in distribution grids are controlled by third-party

entities such as aggregators. Typically, these aggregators have limited knowledge about the net-

work and as a result, they control DERs without considering the grid constraints. From the per-

spective of the DSO who might not have direct control over these resources, DERs represent a
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combination of renewable generation and loads with uncertain and dynamic response characteris-

tics. Without proper coordination between the DSO and aggregators, it is not possible to leverage

all the flexibility offered by the DERs.

One way for DSOs to account for the uncertain DER responses is to identify secure operating

ranges which can be easily communicated to aggregators. An example of such easy to commu-

nicate operating ranges could be a feasible region of aggregate power that defines the collective

DER and load variability in the network. This feasible region is referred to as the aggregate power

flexibility and it determines the ability of the distribution grid to exchange power with the trans-

mission system at the point of interconnection (i.e. substation interface) without the risk of grid

constraint violations. A major advantage of accurately identifying the aggregate power flexibility

is that it allows distribution grids to actively contribute as virtual power plants in the operation and

control of transmission systems [39]. Since DERs are mostly connected to the grid via power elec-

tronic inverters, the aggregate power can be regulated quickly with a large ramping rate in response

to the command signals. As a result, a distribution grid with a precise aggregate feasible region

has the capability to provide ancillary services to the bulk transmission system, such as reserve

and regulation services. Several works in literature propose methods for distribution-level power

aggregation [40, 41, 42]. While determining the aggregate power flexibility is only part of the

problem, it is important to guarantee disaggregation feasibility so that any aggregate power trajec-

tory inside the feasible region can be utilized to dispatch DERs appropriately without causing any

grid constraints violations. There are only a few works in literature [43, 44, 45, 46] which develop

distribution system-level aggregate power flexibility while considering both aggregation optimality

and disaggregation feasibility. We provide a more detailed literature review in Chapter 7.

1.3 Thesis Organization

This thesis attempts to optimize the operations of unbalanced distribution grids by using DERs

to maintain power quality and provide flexibility in response to uncertainty. On one hand, we

introduce a three-phase OPF approach to mitigate voltage unbalance using reactive power support

from DERs such as solar PV systems. On the other hand, we propose different ways to model
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uncertainty arising from DER variability or lack of direct DER control within the OPF framework

and apply these models to different kinds of problems to investigate operational cost and grid

security. The thesis is structured as follows:

Chapter 2 introduces the different definitions of voltage unbalance adopted by IEC, NEMA

and IEEE in their power quality standards and emphasizes that these definitions are partially in-

consistent with one another. This chapter highlights the relationships between the three most com-

monly used voltage unbalance definitions. We perform empirical evaluations to characterize these

relationships’ accuracy and asses the conditions under which these relationships are inaccurate.

Chapter 3 entails the fundamentals needed for the modelling of major distribution grid compo-

nents which is the first step in building a framework to optimize the operation of distribution grids.

We discuss modelling of the distribution grid in the phase-domain to incorporate the three-phase

unbalanced nature of the network. We discuss detailed models of major system components such

as transformers and voltage-dependent loads in any configuration (wye or delta).

Chapter 4 provides a detailed description of the three-phase OPF formulation which is flex-

ible enough to represent the various voltage unbalance definitions either as objective function or

constraints. The proposed method is tested on two distribution feeders and we perform an in-depth

comparison of the results obtained by minimizing different voltage unbalance definitions, which

show that minimizing unbalance using one standard might violate the limits set by another standard

or lead to other power quality issues such as increase in network losses.

Chapter 5 extends the three-phase OPF approach by introducing three different linear power

flow models used within a successive approximation framework to improve scalability of the three-

phase OPF formulation. We discuss the various modifications made to the conventional three-phase

OPF approach introduced in Chapter 3 in order to develop the three scalable methods and sum-

marize the advantages as well as limitations of these scalable implementations. We demonstrate

the efficacy of the approximation scheme on three-phase OPF implementation on a large, realistic

distribution feeder. We benchmark the methods against the conventional nonlinear, non-convex

OPF formulation, and existing approximations such as LinDist3Flow. We perform an in-depth

comparison of the performance of all methods in terms of optimality, scalability and accuracy.
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Furthermore, the methods are also tested in practical scenarios considering the time-varying load

demand and DER outputs with measurements available only at certain time intervals after a time

delay.

Chapter 6 describes a chance-constrained optimization approach to reduce the impact of un-

certainty on the operation of distribution grids. We formulate the chance-constrained optimal

power flow (CC-OPF) problem which minimizes voltage unbalance by controlling setpoints of

DER inverters. We propose a computationally tractable reformulation of the chance-constrained

problem applicable to a distribution grid setting. A detailed case study is performed using real

load and DER data where we test ability of the proposed approach to enforce chance constraint

satisfaction. Furthermore, we investigate how properties of the uncertainty data can influence the

resulting solutions.

Chapter 7 discusses a bilevel optimization-based framework to find the optimal aggregate

power flexibility that active distribution grids can provide to help reduce burdens on transmission

grid resources while mitigating the risk of constraint violations in distribution grids. We propose a

computationally tractable, strong duality based reformulation of the bilevel problem which can be

solved efficiently using an iterative approach. The proposed method is tested on two unbalanced

distribution feeders, where we investigate how the range of the feeder’s aggregate power flexibility

can be maximized while considering different DER reactive power control modes.

Chapter 8 concludes with a summary and main contributions of the research work. Further-

more, we propose different directions to continue research as part of the future work to make the

three-phase OPF framework more realistic.

1.4 Publications

The work presented in this document has been reported by the following publications:

Journal Publications

1. K. Girigoudar, and L. Roald, ”Identifying secure operating ranges for DER control using bilevel

optimization,” In preparation. 2022
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2. K. Girigoudar and L. A. Roald, ”On the impact of different voltage unbalance metrics in distri-

bution system optimization,” Electric Power Systems Research, vol. 189, p. 106656, 2020 [47]

Conference Publications

1. K. Girigoudar, Hou, Ashley M and L. A. Roald, ”Chance-constrained AC optimal power flow

for unbalanced distribution grids,” in Bulk Power Systems Dynamics and Control Symposium

(IREP). 2022 [48]

2. K. Girigoudar and L. A. Roald, ”Linearized three-phase optimal power flow models for dis-

tribution grids with voltage unbalance,” in Conference on Decision and Control (CDC). IEEE,

2021 [49]

3. K. Girigoudar, D. Molzahn, and L. Roald, ”On the relationships among different voltage unbal-

ance definitions,” in North American Power Symposium (NAPS). IEEE, 2019 [50]

Other Publications

The following publication has been published during the course of this PhD, but their contents

are not included in the thesis:

1. K. Girigoudar, M. Yao, J. L. Mathieu, and L. A. Roald, ”Integration of centralized and dis-

tributed methods to mitigate voltage unbalance using solar inverters”, submitted to IEEE Trans-

actions on Smart Grids. 2022
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Chapter 2

Voltage Unbalance

Increasing deployment of distributed energy resources (DERs) such as rooftop solar photo-

voltaic (PV) systems and electric vehicles (EVs) are leading to greater load variability in distri-

bution systems. High penetrations of DERs, which are typically not allocated evenly between

phases [51], can result in problems such as voltage unbalance and make it challenging for dis-

tribution system operators to maintain acceptable power quality throughout the network. Unbal-

anced voltages may cause damage or derating of expensive three-phase equipment such as motor

loads [3]. Furthermore, voltage unbalance can also lead to non-zero neutral currents in four-wire

systems which affect protection devices [52] and increase network losses [53]. Various organiza-

tions such as IEC [54], NEMA [55], and IEEE [56] propose different voltage unbalance definitions

in their power quality standards. These definitions are also used to define the maximum voltage

unbalance limits for both equipment manufacturers, who design equipment by ensuring no per-

manent damage is caused due to voltage unbalance as well as for grid operators, who need to

maintain acceptable power quality throughout the system. However, the associated voltage un-

balance definitions are partially inconsistent. The IEC standard [54] defines voltage unbalance

using symmetrical components [57], which require measurement of both voltage magnitude and

phase angle. The NEMA [55] and IEEE [56] standards use definitions based on phase-to-phase

and phase-to-neutral voltage magnitudes, respectively.

There are a number of papers comparing the voltage unbalance definitions. Three definitions

of voltage unbalance (IEEE 1159, IEEE 141-1993, and NEMA) are numerically compared in [58]

and [59]. These papers conclude that for unbalances below 5%, the voltage unbalance definitions

agree reasonably well. However, the numerical comparisons show that there are some differences
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which imply that operating points satisfying one standard might might violate other standards.

In [60] and [61], several approximations of the IEC definition based only on phase-to-phase voltage

magnitude measurements are evaluated. However, the expressions derived are nonlinear and no

clear bounds on the error with respect to the IEC definition are provided.

2.1 Main Contributions

In this chapter, we derive the analytical relationships among the voltage unbalance definitions

and numerically verify the accuracy of these relationships. Additionally, we also assess the con-

ditions when these relationships are inaccurate. Relative to existing literature, we do not just

numerically compare the different voltage unbalance definitions which might be useful to analyze

one definition as an approximation for the others. Instead, we focus on deriving bounds for the

maximum difference among the voltage unbalance definitions. This is helpful to understand how

we can use one voltage unbalance definition (which might for example, require fewer real time

measurements) to deduce acceptable bounds on the voltage unbalance defined by another stan-

dard.

2.2 Voltage Unbalance Definitions

Voltage unbalance occurs in three-phase power systems due to unequal phase voltage mag-

nitudes or asymmetrical phase angle displacement, or a combination of both [57]. In this sec-

tion, we present the three most commonly used definitions of voltage unbalance from IEC [54],

NEMA [55], and IEEE [56]. Other definitions based on approximations of the IEC definition [61]

are not discussed here as they fundamentally do not represent voltage unbalance.

We use the following notation to represent phasors in polar form: v = |v|∠θ, where v rep-

resents the voltage phasor as a complex number, |v| is the voltage magnitude, and θ is the phase

angle. In rectangular form: v = vd + jvq, where vd, vq denote the real and imaginary components,

respectively, with j =
√
−1. The complex conjugate of v is denoted as v∗.
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2.2.1 IEC Definition (VUF)

The Voltage Unbalance Factor (VUF) is considered to be the “true” definition of voltage un-

balance. It is adopted by the IEC [54] and expressed as the ratio of negative to positive sequence

voltage magnitude component using

VUF [%] =
|v−|
|v+|

× 100, where (2.1)

v+=
va + a·vb + a2 ·vc

3
, v−=

va + a2 ·vb + a·vc

3
.

v+ and v− are the positive and negative sequence voltage phasors, respectively; a = 1∠120◦;

and va, vb, and vc are the three phase-to-neutral voltage phasors at phases a, b and c, respectively.

The use of symmetrical components v+ and v− pose some practical challenges due to the need

to measure both voltage magnitudes and angles for each phase as well as the associated complex

algebra [58]. One of the major issues in using the IEC definition is the unavailability of phase

angle measurements from RMS meters installed in the distribution systems [59]. For low- and

medium-voltage systems, the IEC standard 61000-2-2 [54] limit for voltage unbalance, as defined

in (2.1), is 2%.

2.2.2 IEEE Definition (PVUR)

The IEEE definition is a recommended guideline for electrical grid operators to measure un-

balance [56]. It is commonly referred to as Phase Voltage Unbalance Rate (PVUR) and defined

using the phase-to-neutral voltage magnitudes |va|, |vb| and |vc|:

PVUR [%] =
∆vmax

P

vavgP
× 100, (2.2)

where vavgP =
|va|+ |vb|+ |vc|

3
,

∆vmax
P = max{||va| − vavgP |, ||vb| − vavgP |, ||vc| − vavgP |}.

Motors operating near full load can be damaged by voltage unbalance exceeding 2% due to over-

heating [56]. Since the IEEE definition ignores phase angle information, it cannot detect voltage

unbalance due to phase angle asymmetries.
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2.2.3 NEMA Definition (LVUR)

Typically, motors are one of the most common three-phase loads connected to distribution sys-

tems. Motor manufacturers use the NEMA definition of voltage unbalance [55], which is also

referred to as the Line Voltage Unbalance Rate (LVUR). The NEMA definition of voltage unbal-

ance uses phase-to-phase voltage magnitudes |vab|, |vbc| and |vca| which can be defined in terms of

phase-to-neutral voltage phasors as

|vab| = |va − vb|, |vbc| = |vb − vc|, |vca| = |vc − va|. (2.3)

Since we are using the difference between phase-to-neutral voltage phasors in (2.3), some infor-

mation about the phase-to-neutral voltage angle is inherently retained when calculating the phase-

to-phase voltage magnitudes and hence, the phase angle information is not completely ignored. By

using (2.3), the NEMA definition can be expressed as

LVUR [%] =
∆vmax

L

vavgL
× 100, (2.4)

where vavgL =
|vab|+ |vbc|+ |vca|

3
,

∆vmax
L = max{||vab| − vavgL |, ||vbc| − vavgL |, ||vca| − vavgL |}.

Per NEMA MG-1 [55] and ANSI C84.I [62], the maximum voltage unbalance for three-phase

power systems under no-load conditions must not exceed 3%.

2.3 Comparison of Voltage Unbalance Definitions

This section provides a detailed comparison of the various voltage unbalance definitions by

deriving analytical bounds which are validated through numerical simulations. For our analysis,

we divide voltage unbalance into three categories:

(a) Voltage magnitude unbalance,

(b) Voltage angle unbalance,

(c) Voltage magnitude and angle unbalance.
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Figure 2.1: Voltage triangles for three categories of unbalance in phase b.

Assuming phase a as the reference, we evaluate the impacts of shifting the voltage phasors

associated with either phase b individually or both phases b and c. Fig. 2.1 illustrates the voltage

triangle with unbalance in phase b for each of the three categories. With balanced voltage mag-

nitude represented by vP, the magnitude unbalance is defined by the multiplicative factor x and

the angle unbalance is denoted by ϕ. The angles γ and γ1, γ2 in Fig. 2.1 can be represented as

functions of both x and ϕ.

We start with the simpler voltage unbalance cases which involve either magnitude or angle

unbalance. We derive analytical expressions for VUF, PVUR and LVUR by using small angle
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approximations and then utilize these expressions to derive bounds on the maximum difference

among the various definitions as well as characterize the relationships. Next, we verify the bounds

using numerical simulations which do not involve any approximations.

For more general cases with either angle unbalance in multiple phases or combinations of

magnitude and angle unbalance, the analytical expressions are complex, and hard to compare or

analyze. Hence, we rely only on numerical simulations and avoid including analytical expressions

for such cases.

2.3.1 Voltage Magnitude Unbalance at a Single Phase

We first investigate the voltage magnitude unbalance case (i.e., ϕ = 0◦). Let us consider a volt-

age magnitude unbalance in phase b (chosen arbitrarily) as shown in Fig. 2.1(a). While one of the

phase-to-phase voltages has a magnitude of
√
3vP which is similar to a perfectly balanced case, the

other two phase-to-phase voltage magnitudes denoted by vL are influenced by the unbalance of the

phase-b-to-ground voltage magnitude. The phase-to-neutral and phase-to-phase voltage phasors

are

va = vP∠0
◦, vab = vL∠(30

◦ ± γ),

vb = x · vP∠−120◦, vbc = vL∠−(90◦ ± γ),

vc = vP∠120
◦, vca =

√
3vP∠150

◦.

2.3.1.1 IEC Definition (VUF)

We start by providing analytical expressions for the IEC definition. The magnitudes of the

symmetrical components |v+| and |v−| are

|v+| = |vP∠0◦ + xvP∠0◦ + vP∠0◦|
3

=
vP (x+ 2)

3
, (2.5a)

|v−| = |vP∠0◦ + xvP∠120◦ + vP∠−120◦|
3

=
vP

3

|(x− 1)(1− j
√
3)|

2
=
vP|x− 1|

3
. (2.5b)

The voltage unbalance using the IEC definition in (2.1) is

VUF =
|v−|
|v+|

=
|x− 1|
x+ 2

. (2.6)
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2.3.1.2 IEEE Definition (PVUR)

The PVUR definition (2.2) is calculated as the ratio of the maximum deviation ∆vmax
P to the

average phase-to-neutral voltage vavgP expressed by

vavgP =
vP + vP + xvP

3
=
vP (x+ 2)

3
, (2.7a)

∆vmax
P = |xvP −

vP (x+ 2)

3
| = 2vP|x− 1|

3
, (2.7b)

which gives rise to the following PVUR expression,

PVUR =
2|x− 1|
x+ 2

. (2.8)

2.3.1.3 NEMA Definition (LVUR)

The LVUR voltage unbalance definition (2.4) requires the phase-to-phase voltage vL. By ap-

plying the sine triangle rule to the triangle △OAB in Fig. 2.1(a), we can express vL in terms of x

as
vL

sin 120◦
=

vP

sin(30◦ ∓ γ)
=

xvP

sin(30◦ ± γ)
. (2.9)

Using the trigonometric angle sum identities in (2.9) yields two expressions for vL in terms of x

and γ:

vL sin(30
◦ ∓ γ) = vP sin 120

◦ ⇒ vL

(
cos γ ∓

√
3 sin γ

)
=

√
3vP, (2.10a)

vL sin(30
◦ ± γ) = xvP sin 120

◦ ⇒ vL

(
cos γ ±

√
3 sin γ

)
=

√
3xvP. (2.10b)

By adding (2.10a) to (2.10b) and using the small angle approximations (sin γ ≈ γ, cos γ ≈ 1), we

can express vL in terms of x using

vL =
√
3vP

(
x+ 1

2 cos γ

)
≈

√
3vP

(
x+ 1

2

)
. (2.11)

Using (2.11), the maximum deviation ∆vmax
L and average phase-to-phase voltage vavgL can be ex-

pressed as

vavgL =
vL + vL +

√
3vP

3
≈

√
3vP

(
x+ 2

3

)
, (2.12a)

∆vmax
L = |

√
3vP − vL

avg| ≈
√
3vP

(
|x− 1|

3

)
, (2.12b)
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which allows us to express LVUR as:

LVUR ≈ |x− 1|
x+ 2

. (2.13)

2.3.1.4 Analytical Comparison

We observe the following relationships by comparing the three definitions based on (2.6), (2.8)

and (2.13):

LVUR ≈ VUF =
PVUR

2
. (2.14)

The LVUR expression involves small angle approximations as indicated by the ≈ sign. On the

contrary, VUF and PVUR are exact calculations. For a given deviation in voltage magnitude |x−1|,

the expressions for v−, ∆vmax
P and ∆vmax

L in the numerators of (2.6), (2.8) and (2.13), respectively,

are invariant to under-voltage (x < 1) or over-voltage (x > 1) operating conditions. Conversely,

the expressions for v+, vavgP and vavgL in the denominators of (2.6), (2.8) and (2.13) respectively, are

directly proportional to x. Therefore, the voltage unbalance for under-voltage condition is greater

compared to the over-voltage cases, which is also consistent with the observations in [60].

2.3.1.5 Numerical Validation

To verify the expressions derived previously, we run simulations to compute the voltage un-

balance by varying the phase-b voltage magnitude. We vary the multiplicative factor x from 0.8

to 1.2 in steps of 0.01 to analyze both under-voltage and over-voltage operating conditions. Fig. 2.2

shows the variation of VUF (on the y-axis) for voltage magnitude unbalance in phase b only with

reference to both PVUR and LVUR (on the x-axis). The dashed black line illustrates the scenario

when VUF and LVUR are equal, while the dashed red line represents the scenario where PVUR

is larger than VUF by a factor of 2. The orange and green dots correspond to values obtained for

LVUR and PVUR, respectively.

We observe from Fig. 2.2 that PVUR is exactly twice as large as VUF which is consistent

with our analytical results. The values for VUF and LVUR are almost equal, although there are
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small variations due to inaccuracy of the small angle approximations. For the range of x values

considered, the relative difference between LVUR and VUF
(

|LVUR−VUF|
VUF

)
is less than 2%.

∙

Figure 2.2: Voltage magnitude unbalance at phase b for 0.80 ≤ x ≤ 1.20.

2.3.2 Voltage Magnitude Unbalance at Two Phases

Now we consider deviations in the magnitudes at phases b and c. The phase-to-neutral voltage

phasors are

va = vP∠0
◦, vb = x1vP∠−120◦ and vc = x2vP∠120

◦,

where x1, x2 are the two multiplicative factors. Since the voltage unbalance expressions are com-

plex, we only include a high-level summary of this case.
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2.3.2.1 IEC Definition (VUF)

The denominator and numerator for VUF in (2.1) i.e. the magnitude of the positive and negative

sequence voltages are expressed as

|v+| = |vP∠0◦ + x1vP∠0◦ + x2vP∠0◦|
3

=
vP

3
(1 + x1 + x2) , (2.15a)

|v−| = |vP∠0◦ + x1vP∠120◦ + x2vP∠−120◦|
3

=
vP

3

√
x21 + x22 + 1− x1 − x2 − x1x2. (2.15b)

2.3.2.2 IEEE Definition (PVUR)

The maximum deviation ∆vmax
P and average phase-to-neutral voltage vavgP can be defined as

vavgP =
|va|+ |vb|+ |vc|

3
=
vP

3
(1 + x1 + x2) , (2.16a)

∆vmax
P = max{||va| − vavgP |, ||vb| − vavgP |, ||vc| − vavgP |} =

vP

3
max{|y1|, |y2|, |y3|}, (2.16b)

where y1 = x1 + x2 − 2, y2 = −2x1 + x2 + 1 and y3 = x1 − 2x2 + 1 represent the three cases

corresponding to the deviations of the phase-to-neutral voltage magnitudes from vavgP .

2.3.2.3 NEMA Definition (LVUR)

By using the sine triangle rule as well as small angle approximations and following the same

procedure defined in (2.9)-(2.11), we express the phase-to-phase voltage magnitudes using

|vab| ≈
√
3vP

(
x1 + 1

2

)
, |vbc| ≈

√
3vP

(
x2 + 1

2

)
and |vca| ≈

√
3vP

(
x1 + x2

2

)
. (2.17)

The average phase-to-phase voltage vavgL can be expressed as

vavgL =
|vab|+ |vbc|+ |vca|

3
≈

√
3vP

(
1 + x1 + x2

3

)
, (2.18)

Since ∆vmax
L depends on the maximum deviation of the voltage magnitude from the average value,

we again consider three cases,

∆vmax
L = max{||vab| − vavgL |, ||vbc| − vavgL |, ||vca| − vavgL |}

≈
√
3vP

6
max{|y1|, |y2|, |y3|}, (2.19)
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where y1, y2 and y3 represent the three cases corresponding to the deviations of the phase-to-phase

voltage magnitudes from vavgL and the expressions are already defined in (2.16b).

2.3.2.4 Analytical Comparison

Similar to the magnitude deviation in only one phase, the denominators of all three definitions

of voltage unbalance defined in (2.15a), (2.16a) and (2.18) simplify to the same expressions when

voltage magnitude deviations occur in two phases. Therefore, we only need to assess the differ-

ences in the numerators to analytically compare the voltage unbalance definitions. Using (2.16b)

and (2.19), the relationship between PVUR and LVUR can be expressed as

PVUR

LVUR
≈ ∆vmax

P

∆vmax
L

≈ 2 ⇒ PVUR ≈ 2 · LVUR. (2.20)

When comparing PVUR and LVUR with VUF, we observe that a one-to-one mapping does not

exist since we need to consider the three different cases corresponding to whether y1, y2, or y3

defined in (2.16b) is the largest. Therefore, instead of deriving an approximate relationship, we

find the bounds for VUF in terms of PVUR and LVUR. To derive an upper bound, we square the

ratio between VUF and PVUR to get(
VUF

PVUR

)2

=

(
|v−|

∆vmax
P

)2

=
x21 + x22 + 1− x1 − x2 − x1x2

(max{|y1|, |y2|, |y3|})2
. (2.21)

After identifying the largest among |y1|, |y2| and |y3|, we can simplify the expressions and take the

square root on both sides of (2.21). We then obtain an upper bound on VUF in terms of PVUR,

|v−|
∆vmax

P
≤ 1√

3
⇒ VUF ≤

(
1√
3

)
· PVUR. (2.22)

To derive the lower bound, we observe that the definitions of y1, y2, and y3 entail that the unbalance

ratio described in (2.21) is always greater than the situation when either x1 = 1 or x2 = 1. This

means that the relationship defined in (2.14) for magnitude unbalance only in phase b is a lower

bound on the more general case with voltage magnitude unbalance in two phases. By combining

the upper (2.22) and lower (2.14) bounds, we get the following relationship between PVUR and

VUF: (
1

2

)
PVUR ≤ VUF ≤

(
1√
3

)
PVUR. (2.23a)
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Using (2.20) to substitute LVUR for PVUR, we obtain the approximate lower and upper bounds

for VUF in terms of LVUR,

LVUR ≲ VUF ≲

(
2√
3

)
LVUR. (2.23b)

The ≲ sign indicates that the calculations for LVUR in (2.18) and (2.19) involve small angle

approximations and are therefore not exact.

2.3.2.5 Numerical Validation

Similar to the case with unbalance in one phase, we run simulations where x1 and x2 vary

from 0.8 to 1.2 in steps of 0.01. The results are illustrated in Fig. 2.3. The black and red lines

represent the scenario where LVUR = VUF and PVUR = 2· VUF, respectively. In addition to this,

we also include lines to denote the upper bounds VUF = 2√
3
· LVUR (solid blue line) and VUF

= 1√
3
· PVUR (solid purple line). While most of the points fall within the predicted range, LVUR

is higher than VUF for approximately 17% of the considered points. These points are below the

dashed black line in the grey shaded region shown in Fig. 2.3. This scenario corresponds to cases

where two phase-to-phase voltages were significantly larger than the third phase-to-phase voltage,

∙

≥

√𝟑

𝟐
∙

√𝟑 ∙

Figure 2.3: Voltage magnitude unbalance at phases b and c for 0.80 ≤ x1, x2 ≤ 1.20.
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i.e., extreme cases of over-voltage in one phase and under-voltage in other two phases, which

leads to inaccurate small angle approximations. However, within the ranges of voltage magnitudes

corresponding to 0.8 ≤ x1, x2 ≤ 1.2, the errors in our bounds are negligible and we never see

violations greater than 2% relative to the bounds in (2.23).

2.3.3 Voltage Angle Unbalance at a Single Phase

We next consider the voltage angle unbalance in one phase with angle displacement ϕ and

balanced voltage magnitude vP as illustrated in Fig. 2.1(b). The phase-to-neutral and phase-to-

phase voltage phasors in this case are

va = vP∠0
◦, vab = |vab|∠(30◦ ∓ ϕ/2),

vb = vP∠−(120◦ ± ϕ), vbc = |vbc|∠−(90◦ ± ϕ/2),

vc = vP∠(120
◦ ∓ ϕ), vca =

√
3vP∠150

◦.

2.3.3.1 IEC Definition (VUF)

We use the small angle approximation to calculate the magnitudes of the symmetrical voltage

components, |v+| and |v−|:

|v+| = |vP∠0◦ + vP∠∓ϕ+ vP∠∓ϕ|
3

≈ vP

3

√
9 + ϕ2 ≈ vP, (2.24a)

|v−| = |vP∠0◦ + vP∠(120◦ ∓ ϕ) + vP∠(−120◦ ∓ ϕ)|
3

≈ vP

3
ϕ. (2.24b)

2.3.3.2 IEEE Definition (PVUR)

Since the phase-to-neutral voltage magnitudes are perfectly balanced, ∆vmax
P = 0. So, PVUR

= 0 for any unbalance that only influences the voltage angles. Hence, we observe that PVUR does

not detect phase angle unbalance.
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2.3.3.3 NEMA Definition (LVUR)

To determine the expressions for LVUR, we use the small angle approximation as well as the

sine triangle rule for ϕ to obtain the phase-to-phase voltage magnitudes, |vab| and |vbc|:

|vab| ≈ vP(
√
3± ϕ

2
), |vbc| ≈ vP(

√
3∓ ϕ

2
). (2.25)

Next, we derive approximations for the maximum deviation ∆vmax
L and average phase-to-phase

voltage magnitudes vavgL to obtain an approximate expression for LVUR:

vavgL =
|vab|+ |vbc|+

√
3vP

3
≈

√
3vP, (2.26a)

∆vmax
L ≈ |vP(

√
3± ϕ

2
)−

√
3vP| =

ϕvP

2
. (2.26b)

2.3.3.4 Analytical Comparison

Using (2.24)-(2.26), we obtain the approximate relationship between LVUR and VUF as

VUF =
|v−|
|v+|

≈ ϕ

3
, LVUR =

vmax
L

vavgL
≈ ϕ

2
√
3
⇒ VUF ≈ 2√

3
LVUR. (2.27)

2.3.3.5 Numerical Validation

The relationship defined in (2.27) is verified by numerical simulations. Assuming phase a as

the reference, the angle displacement in phase b is varied in the range −20◦ ≤ ϕ ≤ 20◦ in steps

of 1◦. The results for unbalance in phase b are represented in Fig. 2.4. With PVUR = 0 for any

value of ϕ and almost all points lying on the solid blue line representing LVUR =
√
3
2

VUF, the

numerical simulations verifies the analytical results.

2.3.4 Voltage Angle Unbalance at Two Phases

We further assess the relationships among the definitions for voltage angle unbalance in two

phases by introducing two angle deviations, ϕ1 and ϕ2 for phases b and c, respectively. The phase-

to-neutral voltage phasors are

va = vP∠0
◦, vb = vP∠−(120◦ ± ϕ1) and vc = vP∠(120

◦ ± ϕ2).
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Figure 2.4: Voltage angle unbalance in phase b for -20◦ ≤ ϕ ≤ 20◦.

We only discuss the numerical results for this case due to the complexity of the analytical expres-

sions.

2.3.4.1 Numerical Comparison

Similar to the numerical simulations for voltage angle unbalance in phase b, we assume phase a

as the reference, and consider angle deviations in phases b and c in the range −20◦ ≤ ϕ1, ϕ2 ≤ 20◦,

in steps of 1◦. The results are illustrated in Fig. 2.5. We again observe that PVUR is still always

zero for all combinations of angle unbalance since it includes no information about phase angle

unbalance. While there is no longer a direct correspondence between VUF and LVUR, we observe

that the lower and upper bounds of VUF satisfy the relationships given by

LVUR ≲ VUF ≲

(
2√
3

)
LVUR, (2.28)

where the upper bound was derived in (2.27).
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Figure 2.5: Voltage angle unbalance in phases b and c for -20◦ ≤ ϕ1, ϕ2 ≤ 20◦.

2.3.5 Voltage Magnitude and Angle Unbalance

Finally, we consider the most general case where the unbalance occurs due to asymmetries in

both voltage magnitudes and angles. We first analyze the case with unbalanced voltage magni-

tude xvP and asymmetrical angle displacement ϕ in phase b as shown in Fig. 2.1(c). The phase-to-

neutral and phase-to-phase voltage phasors in this case are

va = vP∠0
◦, vab = |vab|∠(30◦ ∓ γ1),

vb = xvP∠−(120◦ ± ϕ), vbc = |vbc|∠−(90◦ ± γ2),

vc = vP∠120
◦, vca =

√
3vP∠150

◦.

Furthermore, we consider the situation where we have similarly defined magnitude and angle un-

balance in both phases b and c. Due to the complexity of the expressions, we derive the bounds

using numerical simulations only.
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2.3.5.1 Numerical Comparison

To perform numerical simulations, we assume va as the reference voltage phasor at 1∠0◦ and

calculate the voltage unbalance based to each definition as we vary the deviations in voltage mag-

nitudes (from 0.8 to 1.2 in steps of 0.01) and angles (from −20◦ to 20◦ in steps of 1◦). The results

are illustrated in Fig. 2.6. The left part represents the case with unbalances in phase b only and the

right part depicts the case with unbalances in both phases b and c.

𝒃 𝒃 𝒄

∗ √𝟑

𝟐
∗

Figure 2.6: Voltage magnitude and angle unbalances for 0.8 ≤ x ≤ 1.2 and −20◦ ≤ ϕ ≤ 20◦.

As discussed previously, PVUR does not detect voltage angle unbalances. Hence, Fig. 2.6

depicts a large variation of PVUR with reference to any given value of VUF. Interestingly, the

relationship between LVUR and VUF is still similar to the previous cases, satisfying the bounds

defined in (2.23b) or (2.27). There are some points where VUF < LVUR which correspond to the

extreme condition of over-voltage in one phase and under-voltage in other two phases. For the

ranges of voltage magnitude deviations 0.8 ≤ x1, x2 ≤ 1.2 and phase angle deviations −20◦ ≤

ϕ1, ϕ2 ≤ 20◦ considered in the simulations, we never observe violations larger than 5% relative to

the bounds expressed in (2.23b) or (2.27).
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2.4 Main Takeaways

In this chapter, we provided a comprehensive analysis of the relationships among the three

most commonly used voltage unbalance definitions using both analytical derivations and numerical

simulations. The “true” definition of voltage unbalance endorsed by the IEC standard (VUF) is

based on symmetrical voltage components. Although VUF captures both voltage magnitude and

angle unbalance, it can be challenging to use this definition in practice due to the requirement to

measure voltage angles. The other two definitions from NEMA and IEEE based on the phase-to-

phase voltages (LVUR) and phase-to-neutral voltages (PVUR), respectively, are frequently used as

substitutes to design electrical motors and operate the distribution system with acceptable power

quality standards. To summarize:

• PVUR does not provide any information about unbalance due to phase angle asymmetries

and hence, there is no clear relationship with VUF.

• LVUR can detect unbalances in both voltage magnitudes and phase angle displacement.

Using the small angle approximation, we derived the lower and upper bounds [50] for the

IEC definition (VUF) in terms of the NEMA definition (LVUR) as

LVUR ≲ VUF ≲

(
2√
3

)
LVUR.

For acceptable ranges of voltage magnitude (0.8 to 1.2 p.u.) and angle deviations (−20◦ to 20◦),

we observed that the violations of these bounds were below 5%.
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Chapter 3

Distribution Grid Modelling

Electric power distribution is a part of the power system infrastructure that acts as an inter-

connection between the high-voltage, meshed transmission system and customers [63]. The dis-

tribution grid typically starts at the substation, where the incoming transmission-level voltage is

stepped down to multiple primary circuits by a power transformer. These primary distribution

lines are medium-voltage, radial circuits which transfer the power to local distribution transform-

ers closer to each customer [63, 64]. The local distribution transformers further step down the

voltage to secondary distribution circuits which are connected to the residential or commercial

customers [63, 64].

Distribution feeders typically serve a large number of single-phase loads distributed unevenly

among the three phases of the grid which make it inherently unbalanced. In addition, voltage

unbalance is also introduced by the asymmetrical spacing between conductors of the three-phase

overhead lines and underground cables. Due to this, traditional power-flow methods used for

transmission system analysis are inadequate as they assume a perfectly balanced system and ex-

hibit poor numerical convergence for unbalanced radial systems. In order to perform accurate

analysis of the distribution feeders, it is imperative to utilize a three-phase model of all the ma-

jor components. In this chapter, we describe the three-phase models of the major components

which have been developed in the ”phase domain” [14]. Recall that the symmetrical component

approach is a common way to analyze unbalanced three-phase power systems. In the symmetrical

component approach, lines are ideally assumed to be transposed while also serving perfectly bal-

anced loads [65]. Distribution grids typically consist of single-phase, two-phase, and untransposed

three-phase lines that serve unbalanced loads [14]. This is one of the major reasons we chose to
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model distribution grid components using the phase domain instead of the symmetrical component

approach.

3.1 Modelling Framework and Notation

We consider a three-phase distribution grid where a set of three-phase nodes is denoted by N0. Φ =

{a, b, c} represents the set of single-phase connections at each node and the set of phase-to-phase

connections is defined by Φ∆ = {ab, bc, ca}. Generally, we assign a reference node for voltage

angle measurement which is also referred to as the slack bus. The distribution substation is typi-

cally chosen as the slack node with index i = 0. We define the set of three-phase nodes except the

slack bus using N with n = |N |. Distribution grids typically have several single and two-phase

nodes. However, to simplify notation, we consider all nodes to have three phases. For the single

and two-phase nodes, the corresponding entries for the missing phases are zero. The resulting total

number of single-phase connections in the distribution grid is 3(n+1). While G is the set of nodes

with generators, LY and L∆ represent the set of nodes with wye- and delta-connected loads, re-

spectively. The distribution grid parameters such as voltage magnitude, power, and admittance are

expressed as per-unit quantities. All scalar values are denoted using small letters, while all vector

counterparts and matrices are denoted using capital letters. We represent the element-wise product

of two vectors using ⊙.

The voltage at any node i can be expressed as

|Vi| =


|vai |

|vbi |

|vci |

, Θi =


θai

θbi

θci

, |V∆,i| =


|vab∆,i|

|vbc∆,i|

|vca∆,i|

, (3.1)

where |Vi|, θi ∈ R3 represent the phase-to-neutral voltage magnitude and angle vectors, respec-

tively, at every node i ∈ N0. In order to model the delta-connected loads, which will be described

later in this chapter, we also consider variables for phase-to-phase voltage magnitudes |V∆,i| ∈ R3

at every node i ∈ N0.
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3.2 Distribution Lines and Cables

The determination of the impedance for overhead lines and underground cables is critical to

analyze a distribution feeder. It is important to consider both the self- and mutual impedance of

the conductors for an accurate model of the distribution lines or cables. A π-model is utilized to

represent the series impedance along with the shunt admittance of distribution lines and cables [66]

as shown in Fig. 3.1. The branch admittance matrix Yik ∈ C3×3 for any three-phase branch between

nodes i and k is represented by

Yik =


zaaik zabik zcaik

zabik zbbik zbcik

zcaik zbcik zccik


︸ ︷︷ ︸

Zik,se

−1

+ j · 1
2


baaik 0 0

0 bbbik 0

0 0 bccik


︸ ︷︷ ︸

Yik,sh

. (3.2)

The diagonal elements of the series impedance matrix Zik,se denote the self impedance values in

each phase whereas the off-diagonal elements are the mutual impedance which account for inter-

phase coupling as shown in Fig. 3.1. The modified Carson’s equations can be used to calculate

the self- and mutual impedances of the lines and cables [14]. The shunt admittance between

the branches represented by Yik,sh usually comprises of the capacitive susceptance only while

conductance is ignored since it is very small [14]. In addition, we also ignore the inter-phase

𝑎

𝑏

node i node k

𝑎

𝑏

𝑐𝑐

Figure 3.1: π model of a three-phase line segment.
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coupling since it is negligible [67]. The principle of superposition can be employed to first calculate

the voltage drop between the conductor and ground and then determine the capacitive susceptance

between the two points [14].

For a four-wire system with multi-grounded neutral, we get a primitive 4×4 branch admittance

matrix that also includes coupling between the neutral and different phases. This primitive 4×4

matrix can be reduced to a 3×3 phase-frame matrix shown in (3.2) using Kron reduction [68].

By employing the modified Carson’s equations along with the phase-frame matrix, we get a very

accurate model of the distribution lines and cables [14].

3.3 Transformer

Transformers have a significant impact on distribution grids affecting grounding methods, net-

work losses, zero sequence currents as well as protection strategy. Three-phase transformers are

typically wound on a common core and therefore, all the windings are coupled to one another [69].

Conventional transformer models used for balanced three-phase systems are no longer suitable for

the unbalanced radial distribution feeders. We consider a two-winding, three-phase transformer

model [69] with a primitive admittance matrix Ypr ∈ C6×6 expressed as

Ypr =



yt 0 0 −yt 0 0

0 yt 0 0 −yt 0

0 0 yt 0 0 −yt

−yt 0 0 yt 0 0

0 −yt 0 0 yt 0

0 0 −yt 0 0 yt


=

Ypp Yps

Ysp Yss

 , (3.3)

where yt is the transformer leakage admittance. Ypr can be divided into four 3×3 submatrices

where Ypp, Yss ∈ C3×3 are the primary and secondary self admittance submatrices, respectively.

The mutual admittance submatrices are represented by Yps, Ysp ∈ C3×3. We made the following

assumptions to represent Ypr in (3.3):
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(i) Transformer bank comprises of three single-phase transformers. Hence, all the off-diagonal

elements of the Ypp, Yss, Yps, Ysp submatrices are equal to zero. Although this assumption is

not required, it simplifies the subsequent derivation.

(ii) The three sets of coils have identical characteristics with the self admittance values for pri-

mary and secondary windings as well as the couplings equal to yt. Therefore, all the diagonal

elements of Ypp, Yss, Yps, Ysp are equal to ±yt. This assumption generally holds for realistic

feeders since we ensure that the model considers the transformer leakage losses.

Fig. 3.2 illustrates a three-phase transformer connected between nodes i and k. The shunt block

models core losses in the transformer. These losses can be considered as voltage-dependent loads

connected to node k which will be discussed in detail in the load modelling section. The series

block represents the leakage admittance matrix YT ∈ C6×6 which can be calculated using (3.3) to

get

YT = C⊺
tf · Ypr · Ctf =

Yii Yik

Yki Ykk

 , (3.4)

where Ctf is a connection matrix mapping the voltage difference across windings to the node volt-

ages.

𝑎
𝑏

node i node k

𝑎
𝑏
𝑐𝑐

Leakage 

admittance 𝑌T

Core

losses

Figure 3.2: Three-phase transformer model represented by a series block and shunt block.
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Typically, various transformer connections can be found in distribution grids. Table 3.1 illus-

trates the submatrices of YT for different IEC transformer connections [66] where

Y1 = yt


1 0 0

0 1 0

0 0 1

 , Y2 = yt

3


2 −1 −1

−1 2 −1

−1 −1 2

 and Y3 =
yt√
3


−1 1 0

0 −1 1

1 0 −1

 . (3.5)

Connection Submatrices

node i node k Yii Ykk Yik Yki

Wye-G Wye-G Y1 Y1 -Y1 -Y1

Wye Wye Y2 Y2 -Y2 -Y2

Wye-G Delta Y1 Y2 Y3 Y ⊺
3

Delta Wye-G Y2 Y1 Y ⊺
3 Y3

Delta Wye Y2 Y2 Y ⊺
3 Y3

Delta Delta Y2 Y2 -Y2 -Y2

Table 3.1: Admittance submatrices for most common transformer configurations. Delta, Wye and

Wye-G represent the delta, ungrounded wye and grounded wye connections, respectively.

3.4 Voltage Regulator

Voltage regulation is a critical function on a distribution feeder. With varying loads connected

to the feeders, it is important to maintain voltage magnitude within an acceptable level. Typically,

voltage regulators are auto-transformers with adjustable turns ratio t that depend on the tap posi-

tions [66, 67, 70]. Standard voltage regulators have 32 tap positions allowing ±10% voltage range
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which amounts to a 0.625% change per tap. The position of these taps are generally determined

by a control circuit which calculates the voltage drop from the regulator to the target node whose

voltage magnitude needs to be controlled. The target node is usually the node to which the output

terminal of the regulator is connected or a remote node in the feeder [14].

We model voltage regulators as a special case of the transformer model with Wye-G:Wye-G

connection type [67] as seen in Table 3.1, where three single-phase voltage regulators with constant

tap ratios defined by ta, tb, tc for each phase are connected between nodes i and k. The regulator

admittance matrix YR is then represented as

YR =



ta
2 · yr 0 0 −ta · yr 0 0

0 tb
2 · yr 0 0 −tb · yr 0

0 0 tc
2 · yr 0 0 −tc · yr

−ta · yr 0 0 yr 0 0

0 −tb · yr 0 0 yr 0

0 0 −tc · yr 0 0 yr


, (3.6)

where yr is the admittance of the regulator connections between nodes i and k.

3.5 Overall System Model

By combining the major component models from (3.2)-(3.6) which include distribution lines,

cables, transformers and voltage regulators, the distribution grid with (3n + 1) single-phase con-

nections can be represented using an overall nodal admittance matrix Y ∈ C(3n+1)×(3n+1) defined

as

Y = G+ j ·B

=



∑n
k=1 Y1k −Y12 . . . −Y1n

−Y21
∑n

k=1 Y2k . . . −Y2n
...

... . . . ...

−Yn1 −Yn2 . . .
∑n

k=1 Ynk


. (3.7)
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Here, G and B corresponding to the real and imaginary part of Y are the node conductance and

susceptance matrices, respectively.

3.6 Load Modelling

The loads connected to distribution grids show a voltage-dependent behavior. Therefore, we

consider a polynomial load (ZIP) model [66] to represent loads as a function of the voltage magni-

tudes |Vi|, and |V∆,i| defined in (3.1). Typically, ZIP loads comprise of a constant power (P) com-

ponent which is voltage-independent along with the constant current (I) and constant impedance

(Z) components which depend on voltage of the node to which the loads are connected. It must

be noted here that the load models do not have any effect on the overall node admittance ma-

trix Y discussed in the previous section. We represent complex power phasor s in rectangular

form: s = p + jq, where p and q denote the active and reactive power components, respectively,

with j =
√
−1. We denote the complex conjugate of current phasor i as i∗.

3.6.1 Wye-connected Loads

The active power pϕL,i and reactive power qϕL,i drawn by a wye-connected load at phase ϕ ∈ Φ

of node i ∈ LY can be expressed as

pϕLY,i = pϕPY,i + pϕIY,i · |v
ϕ
i |+ pϕZY,i · |v

ϕ
i |2, (3.8a)

qϕLY,i = qϕPY,i + qϕIY,i · |v
ϕ
i |+ qϕZY,i · |v

ϕ
i |2, (3.8b)

where pϕPY,i+ jq
ϕ
PY,i is the active and reactive power of the constant power load component; pϕIY,i+

jqϕIY,i and pϕZY,i + jqϕZY,i denote the active and reactive power corresponding to the constant cur-

rent and constant impedance load components. Here, the actual power drawn by both the constant

current and constant impedance load components depend on the phase-to-neutral voltage magni-

tude |vϕi |. Note that the transformer core losses are also modelled as constant impedance loads

using (3.8).
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3.6.2 Delta-connected Loads

Similar to the model described for the wye-connected loads, the power drawn by a delta-

connected load at phase ϕ∆ ∈ Φ∆ of node i ∈ L∆ can be expressed as

pϕ∆

L∆,i = pϕ∆

P∆,i + pϕ∆

I∆,i · |v
ϕ∆

∆,i|+ pϕ∆

Z∆,i · |v
ϕ∆

∆,i|
2, (3.9a)

qϕ∆

L∆,i = qϕ∆

P∆,i + qϕ∆

I∆,i · |v
ϕ∆

∆,i|+ qϕ∆

Z∆,i · |v
ϕ∆

∆,i|
2, (3.9b)

where pϕ∆

P∆,i+jq
ϕ∆

P∆,i is the active and reactive power of the constant power load component; pϕ∆

I∆,i+

jqϕ∆

I∆,i and pϕ∆

Z∆,i + jqϕ∆

Z∆,i denote the active and reactive power corresponding to the constant cur-

rent and constant impedance load components. Here, the actual power drawn by both the constant

current and constant impedance load components depend on the phase-to-phase voltage magni-

tude |vϕ∆

∆,i|.

3.6.3 Shunt Capacitors

Shunt capacitor banks are generally utilized in distribution systems to aid in voltage regulation

and also provide reactive power support. The capacitor banks are generally modelled as constant

susceptance loads. By using (3.8), we can express a wye-connected capacitor at phase ϕ ∈ Φ of

node i ∈ LY using

qϕYcap,i = |vϕi |2 · b
ϕ
Ycap,i, (3.10)

where bϕYcap,i is the constant susceptance of the capacitor. Similarly, we can use (3.9) to express

a delta-connected capacitor at phase ϕ∆ ∈ Φ∆ of node i ∈ L∆ with constant susceptance bϕ∆

∆cap,i

using

qϕ∆

∆cap,i = |vϕ∆

∆,i|
2 · bϕ∆

∆ cap,i. (3.11)

3.7 Summary

This chapter developed models for major components of the distribution grid in the phase

domain including generalized matrices for distribution lines and cables, transformers as well as
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voltage regulators. One of the major features has been the implementation of a node admittance

matrix that combines all the generalized matrices to model the overall network. Load models

which include a combination of constant power, constant impedance, and constant current loads

were developed to depict the commonly found loads in distribution grids.
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Chapter 4

Three-phase Optimal Power Flow

The optimal power flow model is a well-established approach to determine the most suitable

operating conditions in a balanced transmission network, typically with the objective to minimize

operating cost. It is also an important tool used to improve power quality in distribution grid by

coordinating various DERs and ensuring consumer voltages are within specified limits. In this

chapter, we formulate the three-phase OPF problem to minimize voltage unbalance using reactive

power support from the solar PV inverters.

4.1 Literature Review: Existing Methods to Mitigate Voltage Unbalance

Traditional methods to mitigate voltage unbalance include equalizing DER connections or res-

idential load consumption between phases, which is usually done at most few times a year [5].

Furthermore, switching devices such as transformer online tap changer, voltage regulators and ca-

pacitors can be used to balance the grid. However, frequent switching of these equipment can

cause failures and increase maintenance costs [71]. Other methods include installation of power

electronic-based static synchronous compensators [72], which might be costly.

Inverter-based reactive power control has previously been proposed as a promising solution to

mitigate unbalance due to lower investment cost and better transient performance compared to the

traditional methods [73]. Solar PV inverters usually do not operate at their maximum apparent

power rating throughout the day which means the additional available capacity could be utilized

to absorb or inject reactive power to the grid. There are papers in the existing literature which
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propose a centralized three-phase OPF approach minimizing voltage unbalance in distribution sys-

tems using solar PV inverters. In [74], an optimization problem is solved with only active power of

inverters as controllable variables while reactive power is ignored. Strategies based on three-phase

OPF formulation which include reactive power support are discussed in [73, 75, 76], but they use

only the IEC voltage unbalance definition either as constraints or objective function in the problem

formulation. The IEEE definition is used in [77] to mitigate unbalance in distribution systems with

large number of solar PV systems.

Alternatively, distributed/decentralized methods have been proposed to reduce the sensing and

communications effort while minimizing voltage unbalance. For example, [78] proposed an algo-

rithm to distribute the centralized three-phase OPF problem into three single-phase sub-problems.

In [77], a decentralized approach is suggested using only voltage magnitude to measure unbal-

ance. [79] proposed a feedback control scheme that employs the Steinmetz circuit design to calcu-

late reactive power injections of inverters using local measurements only. While these methods are

computationally faster, they provide sub-optimal performance compared to the centralized three-

phase OPF approach and cannot guarantee that all engineering constraints are satisfied.

Some works in the existing literature focus on integrating different approaches for distribution

grids. Hierarchical control strategies which integrate centralized and distributed approaches for

voltage regulation have been proposed in [20, 80, 81, 82]. However, these strategies also assume

that the distribution grid is balanced or nearly balanced, making them unsuitable for mitigating

voltage unbalance.

4.2 Main Contributions

In this chapter, we formulate the three-phase OPF problem to minimize voltage unbalance

using reactive power support from the solar PV inverters. The OPF formulation is flexible enough

to represent the various voltage unbalance definitions discussed in Chapter 2 as objective functions

or constraints. For our analysis, we test the approach on two unbalanced low-voltage distribution

feeders and provide an in-depth comparison of the results obtained by minimizing various voltage
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unbalance definitions. Furthermore, we also evaluate the performance using critical power quality

metrics such as network losses and substation power factor.

4.3 Three-phase OPF Constraints

The models for all the major components of the distribution grid have been discussed in the

previous chapter. We can utilize these models to formulate various operational and physical con-

straints that need to be considered in order to solve the three-phase OPF problem. The three-phase

OPF problem in this chapter is formulated in the polar coordinate frame. All optimization vari-

ables are denoted using bold symbols. Recall that all scalar values are denoted using small letters,

whereas all vector counterparts and matrices are denoted using capital letters.

4.3.1 Voltage Limits

The distribution substation is assumed to be a perfectly balanced three-phase node and chosen

as a reference for the measurement of voltage angles. For the substation node with index i = 0,

the voltage is fixed at

|V0|∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
. (4.1)

For any other node i ∈ N connected to phase ϕ ∈ Φ, the voltage magnitude limits can be enforced

by

v ≤ |vϕ
i | ≤ v, (4.2)

where v and v are the lower and upper voltage magnitude limits, respectively. The phase-to-phase

voltage magnitude |vϕ∆

∆,i| ∀i ∈ N0, ϕ∆ ∈ Φ∆ is defined in terms of phase-to-neutral voltage

magnitude and angle as

|vϕ∆

∆,i|
2 = |vϕ1

i |2 + |vϕ2

i |2 − 2|vϕ1

i ||vϕ2

i | · cos
(
θϕ1

i − θϕ2

i

)
, (4.3)

where ϕ1, ϕ2 ∈ Φ and ϕ1 ̸= ϕ2.
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4.3.2 Solar PV Inverter Limits

The primary source of flexibility in the distribution system are the solar PV inverters. We

have modelled some traditional flexibility sources such as voltage regulators with tap control and

capacitors with on-off control in our framework as discussed in Appendix A, but we do not consider

them for any of the numerical simulations in this thesis. For a single-phase PV inverter connected

to phase ϕ ∈ Φ at node i ∈ G with maximum apparent power |sϕG,i|, the controllable variable is the

reactive power injection qϕ
G,i and the active power output pϕ

G,i is set to a constant value pϕG,i since

we do not consider active power curtailment. We can express the reactive power limit of the PV

inverter as qϕG,i =

√
|sϕG,i|2 − (pϕG,i)

2
and constrain the inverter reactive power using

−qϕG,i ≤ qϕ
G,i ≤ qϕG,i. (4.4)

4.3.3 Power Balance

Conservation of power must be satisfied at each node i ∈ N0 in the distribution grid. By

representing the element-wise product using ⊙, the power balance equations are expressed in

terms Pi,Qi which denote the active and reactive power injection at node i using

Pi = PG,i − PL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θik

)
+Bik ⊙ S

(
Θik

)]
· |Vk|, (4.5a)

Qi = QG,i −QL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θik

)
−Bik ⊙ C

(
Θik

)]
· |Vk|, (4.5b)

where PG,i, QG,i ∈ R3 denote the active and reactive components of the substation and solar

PV inverters at node i; PL,i, QL,i ∈ R3 represent the active and reactive components of the load

demand; Gik, Bik ∈ R3×3 are the conductance and susceptance submatrices as defined in (3.7).
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For a branch connecting three-phase nodes i and k, we define C
(
Θik

)
, S
(
Θik

)
∈ R3×3 as

C
(
Θik

)
=


cos(θa

i − θa
k) cos(θa

i − θb
k) cos(θa

i − θc
k)

cos(θb
i − θa

k) cos(θb
i − θb

k) cos(θb
i − θc

k)

cos(θc
i − θa

k) cos(θc
i − θb

k) cos(θc
i − θc

k)

 , (4.6a)

S
(
Θik

)
=


sin(θa

i − θa
k) sin(θa

i − θb
k) sin(θa

i − θc
k)

sin(θb
i − θa

k) sin(θb
i − θb

k) sin(θb
i − θc

k)

sin(θc
i − θa

k) sin(θc
i − θb

k) sin(θc
i − θc

k)

 . (4.6b)

4.3.3.1 Delta to Wye Conversion of Loads

It is important to note that PL,i, QL,i in (4.5) represent power drawn by wye-connected loads.

So, we need to convert the delta-connected loads defined in (3.9) to equivalent wye-connected

loads before we can use them in our power balance equations. In order to do this, we first introduce

rectangular components of phase-to-phase currents iϕ∆

∆d,i, i
ϕ∆

∆q,i ∀i ∈ L∆, ϕ∆ ∈ Φ∆ at the delta-

connected loads as new variables in the formulation. The complex load power can be represented

using

pϕ∆

L∆,i + j · qϕ∆

L∆,i = vϕ∆

∆,i · i
ϕ∆

∆,i

∗
=
(
vϕ1

i − vϕ2

i

)
·
(
iϕ∆

∆d,i − j · iϕ∆

∆q,i

)
. (4.7)

where ϕ1, ϕ2 ∈ ϕ and ϕ1 ̸= ϕ2. The active power pϕ∆

L∆,i and reactive power qϕ∆

L∆,i drawn by the load

are already functions of our optimization variables |vϕ∆

∆,i| as defined in (3.9). By separating the

real and imaginary terms in (4.7), the equality constraints on the active power pϕ∆

L∆,i and reactive

power qϕ∆

L∆,i drawn by the load can then be expressed as

pϕ∆

L∆,i =
(
|vϕ1

i | cos(θϕ1

i )− |vϕ2

i | cos(θϕ2

i )
)
· iϕ∆

∆d,i +
(
|vϕ1

i | sin(θϕ1

i )− |vϕ2

i | sin(θϕ2

i )
)
· iϕ∆

∆q,i,

qϕ∆

L∆,i = −
(
|vϕ1

i | cos(θϕ1

i )− |vϕ2

i | cos(θϕ2

i )
)
· iϕ∆

∆q,i +
(
|vϕ1

i | sin(θϕ1

i )− |vϕ2

i | sin(θϕ2

i )
)
· iϕ∆

∆d,i.

By substituting the active and reactive power expressions for the load power derived in (3.9),

we now have equality constraints for the delta-connected loads in terms of all our optimization

variables |vϕ
i |,θ

ϕ
i , |v

ϕ∆

∆,i|, i
ϕ∆

∆d,i, i
ϕ∆

∆q,i.
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We still need determine the per-phase power injections of the delta-connected loads so that we

can use them in the power balance equations defined in (4.5). So, we next calculate the phase-

to-neutral current drawn by the delta-connected loads. In order to do this, we apply Kirchhoff’s

current law and derive expressions for the phase-to-neutral current phasor Ii using the phase-to-

phase current variables Iϕ∆

∆d,i, I
ϕ∆

∆q,i and transformation matrix Γ given by

Ii =


iai

ibi

ici

 =


1 0 −1

−1 1 0

0 −1 1


︸ ︷︷ ︸

Γ

·


iab∆d,i + j · iab∆q,i

ibc∆d,i + j · ibc∆q,i

ica∆d,i + j · ica∆q,i

 . (4.9)

The final step is to derive the per-phase power drawn by the delta-connected load in terms of the

optimization variables |vϕ
i |,θ

ϕ
i . For phase a, we get

sa∆Y,i = vai · iai
∗ = |va

i |
(
cos(θa

i ) + j · sin(θa
i )
)
·
(
iadi − j · iaqi

)
, (4.10)

where iadi, i
a
qi are the real and imaginary components of the phase a-to-neutral current phasor iai ,

respectively. By substituting (4.9) in (4.10), the active power pa∆Y,i and reactive power qa∆Y,i drawn

by the delta-connected load at phase a can be expressed in terms of our optimization variables as

pa∆Y,i = |vi|a cos(θa
i ) ·
(
iab∆d,i − ica∆d,i

)
+ |vi|a sin(θa

i ) ·
(
iab∆q,i − ica∆q,i

)
, (4.11a)

qa∆Y,i = −|vi|a cos(θa
i ) ·
(
iab∆q,i − ica∆q,i

)
+ |vi|a sin(θa

i ) ·
(
iab∆d,i − ica∆d,i

)
. (4.11b)

The active and reactive power drawn by the delta-connected load at phases b and c can be derived

using analogous expressions by following the same procedure defined in (4.9)-(4.11). Now, we

can directly use (4.11) in (4.5) to represent power drawn by the delta-connected loads.

4.4 Voltage Unbalance

This section describes the formulation of different voltage unbalance metrics explained in

Chapter 2 both as constraints and objective function.
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4.4.1 Voltage Unbalance Factor (VUF)

Recall that a = 1∠120 is used to calculate the symmetrical components defined in (2.1). The

symmetrical components for critical node i ∈ N can be calculated as

3 · v−i = vai + a2 · vbi + a · vci

3 · (v−
di + j · v−

qi) = |va
i |∠θa

i + |vb
i |∠(θb

i − 120◦) + |vc
i |∠(θc

i + 120◦)

3 ·

v−
di

v−
qi

 =

cos(θa
i ) cos(θb

i − 120◦) cos(θc
i + 120◦)

sin(θa
i ) sin(θb

i − 120◦) sin(θc
i + 120◦)



|va

i |

|vb
i |

|vc
i |

 , (4.12a)

3 · v+i = vai + a · vbi + a2 · vci

3 · (v+
di + j · v+

qi) = |va
i |∠θa

i + |vb
i |∠(θb

i + 120◦) + |vc
i |∠(θc

i − 120◦)

3 ·

v+
di

v+
qi

 =

cos(θa
i ) cos(θb

i + 120◦) cos(θc
i − 120◦)

sin(θa
i ) sin(θb

i + 120◦) sin(θc
i − 120◦)



|va

i |

|vb
i |

|vc
i |

 , (4.12b)

where v−i = v−
di+jv

−
qi and v+i = v+

di+jv
+
qi are the rectangular form representation of the negative

and positive sequence voltage phasors, By using (4.12), we can express VUF at critical node i as a

function of our optimization variables as

VUFi =
|v−i |
|v+i |

=

√√√√(v−
di)

2
+ (v−

qi)
2

(v+
di)

2
+ (v+

qi)
2 . (4.13)

It is important to note here that the expression for VUF is non-convex. In order to avoid square

root in the objective function, we minimize VUF by minimizing the sum of the squared VUF

components across all three-phase nodes, i.e.,

min
∑
i∈N

VUFi
2 = min

∑
i∈N

(v−
di)

2
+ (v−

qi)
2

(v+
di)

2
+ (v+

qi)
2 . (4.14)
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We can impose constraints on the VUF at the three-phase node i by enforcing an upper bound uVUF.

By squaring both sides of (4.13) and rearranging terms, we get

(v−
di)

2
+ (v−

qi)
2 ≤ u2VUF ·

(
(v+

di)
2
+ (v+

qi)
2
)
. (4.15)

4.4.2 Phase Voltage Unbalance Rate (PVUR)

To express PVUR at critical three-phase node i ∈ N in terms of the phase-to-neutral voltage

magnitude |Vi|, we first define the absolute value of voltage deviation. This can be done by includ-

ing additional variables zϕ
P,i at every single-phase connection, which denote the absolute voltage

magnitude deviation in each phase. This leads to the following set of constraints,

za
P,i ≥ |va

i | − vavgP,i , z
a
P,i ≥ −(|va

i | − vavgP,i ), (4.16a)

za
P,i ≥ |vb

i | − vavgP,i , z
b
P,i ≥ −(|vb

i | − vavgP,i ), (4.16b)

zc
P,i ≥ |vc

i | − vavgP,i , z
c
P,i ≥ −(|vc

i | − vavgP,i ), (4.16c)

where vavgP,i = 1
3
(|va

i | + |vb
i | + |vc

i |) is the average phase-to-neutral voltage magnitude as defined

in (2.2). Next, we define a variable zP,i for each node in the distribution grid. It represents the

maximum relative voltage deviation across the three phases,

zP,i ≥
za
P,i

vavgP,i
, zP,i ≥

zb
P,i

vavgP,i
and zP,i ≥

zc
P,i

vavgP,i
. (4.17)

We minimize PVUR by minimizing the sum of zP,i across all three-phase nodes, i.e.,

min
∑
i∈N

zP,i. (4.18)

By defining uPVUR as the specified PVUR limit, we can enforce PVUR as constraints using

zP,i ≤ uPVUR. (4.19)

4.4.3 Line Voltage Unbalance Rate (LVUR)

We employ a similar strategy as for PVUR to express LVUR in terms of the phase-to-phase

voltage magnitude |V∆,i|. We define additional variables zϕ
L,i and zL,i for any three-phase node i ∈
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N . This allows us to express LVUR at critical three-phase node i using following set of constraints,

za
L,i ≥ |vab

∆,i| − vavgL,i , z
a
L,i ≥ −(|vab

∆,i| − vavgL,i ), (4.20a)

zb
L,i ≥ |vbc

∆,i| − vavgL,i , z
b
L,i ≥ −(|vbc

∆,i| − vavgL,i ), (4.20b)

zc
L,i ≥ |vca

∆,i| − vavgL,i , z
c
L,i ≥ −(|vca

∆,i| − vavgL,i ), (4.20c)

zL,i ≥
za
L,i

vavgL,i
, zL,i ≥

zb
L,i

vavgL,i
and zL,i ≥

zc
L,i

vavgL,i
, (4.20d)

where vavgL,i = 1
3
(|vab

∆,i|+ |vbc
∆,i|+ |vca

∆,i|) is the average phase-to-phase voltage magnitude as defined

in (2.4). We minimize LVUR by minimizing the sum of zL,i across all three-phase nodes,

min
∑
i∈N

zL,i. (4.21)

LVUR constraints with maximum specified limit uLVUR are expressed as

zL,i ≤ uLVUR. (4.22)

4.5 Other Power Quality Metrics

There are other important metrics apart from voltage unbalance that a distribution system op-

erator (DSO) must manage to operate the network efficiently.

4.5.1 Network Losses

A critical objective for DSOs is to operate the grid efficiently with minimal losses since they

are a major driver for the electricity distribution cost. The network losses can be calculated as

ploss =
∑
i∈N

(PG,i − PL,i) , (4.23)

where PG,i and PL,i have already been defined in (4.5) and denote the active power components

of the generation and load demand at node i, respectively.
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4.5.2 Power Factor

Another critical objective for the DSO is to ensure that a high power factor is maintained at the

point of interconnection to the transmission system. This avoids the additional cost of acquiring

the higher apparent power [83] from transmission system operators. In addition to this, it also

avoids increase in investment costs due to the additional infrastructure required to distribute the

excess apparent power [83]. Furthermore, higher power factor leads to lower currents flowing

in the distribution network which decreases losses. The power factor at the substation node is

measured as the ratio of real to apparent power given by

cos ϕss =
paG,0 + pbG,0 + pcG,0

|saG,0|+ |sbG,0|+ |scG,0|
, (4.24)

where paG,0, p
b
G,0, p

c
G,0 and |saG,0|, |sbG,0|, |scG,0| are the per-phase active and apparent power gener-

ation at the substation, respectively. It is important to note that we consider power factor only for

evaluation purposes and do not include it in the three-OPF formulation.

4.6 Problem Formulations

In this section, we describe the various three-phase OPF problem formulations representing

typical optimization problems that might be of interest to DSOs.

4.6.1 Minimize Losses

Our first problem minimizes network losses without considering voltage unbalance. The prob-

lem formulation can be summarized as

min Network Losses : (4.23) (P1-Loss)

s.t. System Constraints : (4.1) − (4.11).

4.6.2 Minimize Voltage Unbalance

Our next problem formulations minimize voltage unbalance based on the three voltage unbal-

ance definitions. In order to minimize VUF, we solve
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min VUF2 : (4.12) − (4.14) (P2-VUF)

s.t. System Constraints : (4.1) − (4.11).

The PVUR minimization is defined by

min PVUR : (4.18) (P4-PVUR)

s.t. System Constraints : (4.1) − (4.11),

PVUR constraints : (4.16), (4.17).

while LVUR can be minimized using

min LVUR : (4.21) (P3-LVUR)

s.t. System Constraints : (4.1) − (4.11),

LVUR constraints : (4.20).

4.6.3 Minimize Losses with Voltage Unbalance Constraints

Our final problem formulation minimizes network losses with all the voltage unbalance defini-

tions implemented as constraints,

min Network Losses : (4.23) (P5-LossVU)

s.t. System Constraints : (4.1) − (4.11),

VUF constraints : (4.12), (4.15),

PVUR constraints : (4.16), (4.17), (4.19),

LVUR constraints : (4.20), (4.22).

4.7 Software Implementation

The three-phase OPF problems discussed in the previous section were implemented in Julia

which is an open-source programming language with math-friendly syntax and excels at numerical
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computing [25]. In addition to this, we employed the JuMP [26] package embedded in Julia and

used the solver Ipopt [84] to solve the non-convex and nonlinear optimization problems.

Our main source of distribution grid data is GridLAB-D which generates the following files for

a given distribution feeder:

(i) data.xml: This file contains the topology of the distribution feeder which includes informa-

tion about the nodes as well as details about loads, generators connected to the feeder.

(ii) z dump.xml: All information about the series and shunt impedance of branches required to

construct the overall nodal admittance matrix Y are included in this file.

For our implementation, the first step was to build a flexible data parser that is able to read the

models of all major distribution grid components designed in GridLAB-D and convert this network

data into MATPOWER [85] format matrices. These matrices will then be used as inputs to the

three-phase OPF implementation in Julia. Fig. 4.1 illustrates a flow diagram for the data parser

and Table 4.1 summarizes all the matrices generated by the data parser.

GridLAB-D
Data 

parser

Three-phase 

OPF Julia 

model
data.xml
z_dump.xml

bus, ygen,
yload, dload, 
branch, tf_branch

Network data
MATPOWER 

format matrices

Figure 4.1: Data parser for GridLAB-D to Julia conversion.

In order to benchmark the three-phase OPF implementation with GridLAB-D, we utilized the

matrices generated by the data parser and first solved an optimization problem with only one set

of constraints representing the power balance equations defined in (4.5). The solution obtained

in Julia was benchmarked against the power flow solution from GridLAB-D. Both solutions were

similar which ensured that the Julia model developed using matrices generated by the data parser

along with the models of distribution grid components defined in (3.2)-(3.11) are consistent with

the GridLAB-D model.
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Notation Description

node node type, voltage limits, GridLAB-D voltage solution

yload location, ZIP components for wye-connected loads

dload location, ZIP components for delta-connected loads

branch location, series and shunt impedance of branches

tf branch location, impedance, and configurations of transformers

ygen location, inverter limits, GridLAB-D power solution

Table 4.1: MATPOWER format matrices generated by data parser.

4.8 Case Study Overview

In the next two sections, we perform various analyses to evaluate the performance of our pro-

posed method:

• Section 4.9 investigates the performance of the approach on a small IEEE 13-node feeder.

More specifically, we want to compare the solutions obtained by minimizing voltage unbal-

ance using the three different metrics as well as the overall network losses.

• After evaluating the performance of the method on a small test case, Section 4.10 describes

the results obtained for a large PNNL taxonomic feeder: R2-12-47-2. The goal is to deter-

mine if the three-phase OPF formulation can be used to analyze realistically sized distribu-

tion feeders.

For our analysis, we solve the five optimization problems: (P1-Loss), (P2-VUF), (P3-LVUR), (P4-

PVUR) and (P5-LossVU) defined in the previous section. In problem (P5-LossVU), we set the

voltage unbalance limits to uVUF = uPVUR = 0.02 and uLVUR = 0.03.
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4.9 Case Study I: IEEE 13-node Feeder

Fig. 4.2 illustrates the modified IEEE 13-node feeder with 15 single-phase solar PV systems

at seven nodes as shown by the houses. The maximum apparent power rating of each solar PV

inverter is 50 kVA. We define the PV penetration level as ratio of total PV generation (in kW) to

the total rated load (in kW). For this test case, the the active power injected by the 15 solar PV

inverters was chosen such that PV penetration level is 35%.

Figure 4.2: Modified IEEE-13 node feeder.

Fig. 4.3 illustrates the average and maximum values of the different voltage unbalance metrics

for the solution of each optimization problem. The average unbalance is calculated as the ratio

of the sum of voltage unbalance at all three-phase nodes to the number of three-phase nodes. The

maximum voltage unbalance level is the highest level among all the three-phase nodes of the feeder.

The green dashed line represents the voltage unbalance limit specified by IEC and IEEE standards

for VUF and PVUR, respectively. The NEMA standard for LVUR has a higher limit of 3% that

is never violated and therefore, not shown in Fig. 4.3. Other performance metrics such as network

losses, substation power factor (cosϕss) are summarized in Fig. 4.4 along with the average reactive
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P1-Loss                                           P2-VUF                                         P3-LVUR

P4-PVUR                                       P5- LossVU

Figure 4.3: IEEE-13 node feeder results. We show the values of the different voltage unbalance

metrics for each of the considered optimization problem formulations.

Figure 4.4: IEEE-13 node feeder results for network losses, substation power factor and average

reactive power injection.
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power injections (Qinj
avg) which is calculated as the ratio of the sum of reactive power injections of

all solar PV inverters to the number of solar PV inverters.

We observe from the results in Fig. 4.3 that minimizing network losses leads to an operating

condition where PVUR unbalance limit is violated. This emphasizes the need to consider voltage

unbalance when optimizing system operations. We further observe in Fig. 4.3 and Fig. 4.4 that

there is a strong relationship between VUF and LVUR since the resulting values for VUF and

LVUR are similar when we minimize losses or any of the voltage unbalance metrics. Another

significant observation is that PVUR in Fig. 4.3 considerably increases when VUF or LVUR is

minimized. Hence, we can conclude that minimizing one voltage unbalance definition may result

in violation of another voltage unbalance definition.

By comparing the simulation results for problem (P1-Loss) with the results for problems (P2-

VUF) and (P3-LVUR) in Fig. 4.4, we observe that the average reactive power injection is negative

when VUF or LVUR is minimized. This illustrates that the solar PV inverters are absorbing reactive

power from the grid. This also explains the reduction in power factor and increase in losses since

the substation needs to supply the additional reactive power to the grid to satisfy the power balance

equation in (4.5). On the contrary, the average reactive power injection for problem (P4-PVUR) is

positive, resulting in higher power factor at the substation with lower network losses.

Finally, we analyze the results for problem (P5-LossVU), which minimizes losses subject to

voltage unbalance constraints, in Fig. 4.4. We conclude that it is possible to find a solution which

ensures that the maximum values of all the unbalance metrics are within acceptable limits, while

incurring negligible increase in the network losses.

4.10 Case Study II: PNNL Taxonomic Feeder- R2-12-47-2

The R2-12-47-2 feeder shown in Fig. 4.5 consists of n = 646 nodes which represents a mod-

erately populated suburban area mainly comprised of single family homes and small commercial

loads [86]. The colored dots indicate solar PV inverters connected to 385 single-phase nodes in

the feeder. Each inverter has a maximum rating of 10 KVA with the active power injection chosen

to achieve a PV penetration level of 50% of the total rated load.
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𝒂
𝒃
𝒄

Figure 4.5: Modified R2-12-47-2 taxonomic feeder visualized using [1].

Fig. 4.6 shows the average voltage unbalance results for all cases and Fig. 4.7 illustrates the

results for network losses, substation power factor as well as average reactive power injections.

Different from the IEEE-13 node results, the base case solution (P0-BasePF) is not computed by

solving the three-phase OPF problem, but by running the power flow in GridLAB-D using the

Newton-Raphson method.

We observe from the results in Fig. 4.6 and Fig. 4.7 that minimizing any of the voltage un-

balance metrics gives rise to similar results. In comparison to the base case, there is considerable

reduction in voltage unbalance as well as losses. The substation power factor decreases because

the average reactive power injection is negative for all cases minimizing the voltage unbalance

metrics, as illustrated in Fig. 4.7.

Finally, we compare the results of problem (P5-LossVU) in Fig. 4.6 and Fig. 4.7 with other

cases. Since the average reactive power for (P5-LossVU) is positive, the network losses are signifi-

cantly lower which also leads to a higher power factor. All the voltage unbalance metrics are lower

than the acceptable limits, highlighting that minimizing losses is sufficient to ensure that voltage

unbalance limits are never violated in this case.
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P0-BasePF P2-VUF                                         P3-LVUR

P4-PVUR                                       P5- LossVU

Figure 4.6: Taxonomic feeder: R2-12-47-2 results for voltage unbalance.

Figure 4.7: R2-12-47-2 feeder results for network losses, substation power factor and average

reactive power injection.
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4.11 Summary

In this chapter, we presented a full three-phase AC OPF formulation, which we extended with

the different voltage unbalance definitions [47]. The case studies showed that care must be taken

when minimizing voltage unbalance. To summarize the main observations from our simulation

results:

• For the IEEE 13-node test feeder, we observed that minimizing VUF and LVUR led to

similar results, but the PVUR value violated acceptable limits.

• Our results for the larger taxonomic distribution feeder were slightly different and we ob-

served that minimizing any of the voltage unbalance metrics led to similar results along with

a reduction in losses relative to the base case.

• The results obtained for both test feeders when minimizing network losses subject to the

voltage unbalance constraints demonstrated that it is possible obtain a solution with low

losses without violating any of the voltage unbalance limits.
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Chapter 5

Scalable Implementation of Three-phase Optimal Power Flow

We have shown in Chapter 4 that considerable reduction in voltage unbalance can be achieved

by using the three-phase OPF approach. Recall that the optimization problem is non-convex and

nonlinear which is challenging to solve especially for large, realistic distribution grids. One of

the major challenges with the three-phase OPF approach is computation time. Table 5.1 shows

the computation time for test feeders with varying sizes when we solve the optimization problem

OPFopt minimizing VUF at critical node x ∈ N as summarized in the next page.

Test case IEEE-13 R1-12.47-3 R2-12.47-2 R1-12.47-1

Single-phase connections 40 163 820 2204

Computation time <2 sec <20 sec <20 min >120 min

Table 5.1: Computation time to solve three-phase OPF for various test feeders. All simulations

were run on a Windows 10 PC with 2.60 GHz Intel Xeon processor and 64 GB RAM.
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min VUF2
x =

(v−
dx)

2
+ (v−

qx)
2

(v+
dx)

2
+ (v+

qx)
2

(OPF)

s.t. |V0|∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
,

v ≤ |vϕ
i | ≤ v, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,

PG,i − PL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θik

)
+Bik ⊙ S

(
Θik

)]
· |Vk|, ∀i ∈ N0,

QG,i −QL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θik

)
−Bik ⊙ C

(
Θik

)]
· |Vk|, ∀i ∈ N0.

Apart from the power balance equations and lower voltage limits which can yield feasible spaces

that are non-convex, the expression for VUF is also non-convex and therefore, solving OPFopt can

be challenging. We observe in Table 5.1 that OPF can be solved in less than 1-minute for small

test cases (i.e. IEEE-13 node, R1-12.47-3 feeder). For larger, realistic test cases such as the R1-

12.47-1 taxonomic feeder, the computation time is more than two hours. In practice, OPF needs to

be solved frequently to consider the time-varying load and PV generation and the delay associated

with computation time to solve OPF can have an impact on the performance of this approach.

5.1 Literature Review: Existing Methods to Improve Computation Time

Most conventional techniques proposed in existing literature to reduce computational com-

plexity are based on approximations and convex relaxations of the power balance equations. The

DC power flow approximation [87, 88] is not applicable for distribution grids since the voltage

magnitudes are usually not close to 1 p.u. and resistance of distribution lines are significant. Sev-

eral improvements over the DC power flow approximation have been discussed in [89, 90] which

extends the LinDistFlow model for unbalanced distribution grids. The power balance equations

were approximated in [89, 90] by ignoring the line losses. In addition to this, the ratio of volt-

age phasors at different phases was also approximated to a constant value, which might not be
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a suitable approach when trying to minimize voltage unbalance. An unbalanced OPF approach

was proposed in [21] to optimize load shedding and the optimization problem was solved using

a quasi-Newton method coupled with OpenDSS to calculate the three-phase power flow. Convex

relaxation techniques using semidefinite programming (SDP) have been proposed in [24, 91, 92]

which converge to globally optimal solutions in many practical cases. However, the computation

time is still large and the solutions might not be feasible for the original problem with nonlinear

power balance equations. In [92], the results indicated that the semidefinite relaxation is not tight

for distributions grids with delta-connected loads. In order to obtain good quality solutions, it was

necessary to assume nearly balanced voltages which make these relaxations unsuitable for analysis

of voltage unbalance. Other relaxation techniques using second order cone programming (SOCP)

have been employed for balanced distribution grids in [93, 94].

5.2 Main Contributions

To solve the OPF problem related to voltage unbalance that is challenging to address via exist-

ing approximations and relaxation, we formulate the optimization problem based on linear power

flow models that are used as part of a successive approximation approach. This method not only

provides AC feasible solutions upon convergence, but can also be used as a direct replacement

of the nonlinear AC power balance equations to obtain an approximate solution. In this chapter,

we develop three linearized methods based on first-order Taylor expansion, fixed-point equation

and forward-backward sweep. They provide good solutions with significant computational bene-

fits when solving the OPF problem for realistic distribution feeders with components such as ZIP

loads or delta-connected components. We test the three strategies using a large taxonomic feeder

R1-12.47-1 to compare the performance in terms of voltage unbalance reduction, violations of

voltage limits and computation time. We benchmark our methods against Lin3DistFlow [90] be-

cause it is one of the most widely used linear models for distribution grid analysis. In the next

few sections, we describe the successive approximation approach and also discuss the different

methods to linearize the power balance equations.
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5.3 Successive Approximation Approach

The general approach for all three strategies is to employ a successive approximation method [95]

as shown in Fig. 5.1. The iterative approach is carried out according to the following steps:

Check 

convergence

|𝑉(𝜅+1)–𝑉(𝜅)|< ε

Min Objective function      (OPFlin)

s.t. Inverter limits,             

Voltage magnitude limits, 

Linear AC power flow

Start Stop

No

Yes

Update estimate  

𝑉(𝜅) = 𝑓(𝑉(𝜅+1))

𝑉(𝜅=0) 𝑉(𝜅+1)

𝑉(𝜅)

Figure 5.1: Flow diagram for the iterative approach using successive approximation.

1) Initialization: Set iteration count to κ = 0 and start with an initial voltage estimate V (κ=0).

2) Solve OPF: Solve a simplified optimization problem OPFlin that is similar to OPFopt except that

the nonlinear power flow equations are replaced by their linear approximations derived using

the voltage estimate V (κ).

3) Check convergence: Terminate if the deviation between the new voltage estimate V (κ+1) and

initial voltage estimate V (κ) is below specified tolerance ϵ.

4) Update voltage estimate: If the stopping criterion is not satisfied, update the voltage estimate

and iteration count to κ = κ+ 1 and repeat steps 2) and 3).

It is important to note that the only simplification to the OPF problem in step 2) is to linearize the

AC power balance equations. The problem still includes nonlinear objective function which will

be described in the subsequent section. Hence, we cannot guarantee that this approach converges

to an optimal solution. However, the iterative method is guaranteed to provide a feasible solution

upon convergence. As shown in Fig. 5.1, we utilize f(V (κ+1)) in step 4) to update the voltage

estimate which we will discuss in more detail in the next few sections.
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5.3.1 Objective Function

We will now describe the three objective functions that will be used to compare the performance

of the linear approximations. Recall that optimization variables are denoted using bold symbols,

scalar values are denoted using small letters, and their vector counterparts and matrices are denoted

using capital letters.

5.3.1.1 Voltage Unbalance

Since VUF is considered to be the true definition of voltage unbalance, we only use VUF de-

fined in (4.14) to measure voltage unbalance in this chapter. We saw in Chapter 4 that minimizing

VUF can lead to higher network losses due to excessive absorption of reactive power by inverters.

Furthermore, the optimization algorithm can sometimes identify solutions that would require large

reactive power injections from the PV systems. Such solutions are less desirable than solutions

with smaller reactive power injections and, in some cases, they also lead to convergence prob-

lems for the algorithm. To promote solutions with moderate reactive power injections and faster

convergence, we add a penalty on the reactive power injections to our objective function (4.14),

minVUFx
2 +Qpen = min

(v−
dx)

2
+ (v−

qx)
2

(v+
dx)

2
+ (v+

qx)
2
+ w

∑
i∈G

∑
ϕ∈Φ

(qϕ
G,i)

2
, (5.1)

where w is a scalar weighting factor, which we choose to be small to ensure that higher priority is

given to minimizing VUF. A larger w will reduce the reactive power injections from PV systems

and promote convergence of the algorithm, but may also increase the resulting VUF.

5.3.1.2 Substation Power

A critical objective for the DSO is to minimize active power drawn at the point of intercon-

nection with the transmission system (i.e. the substation) to avoid investment costs due to the

additional infrastructure required to distribute the excess power [83]. The overall active power at

the substation is given by

min pss = min
∑
ϕ∈Φ

pϕ
G,0, (5.2)
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where pϕ
G,0 is the per-phase active power generation at substation which can be expressed as a

function of our voltage variables using (4.5a).

5.3.1.3 Network Losses

As discussed in the previous chapter, active power loss in the network is one of the major

drivers for the cost of electricity distribution. Similar to (4.23), we calculate network losses using

min ploss = min
∑
i∈N

(PG,i − PL,i) , (5.3)

where PG,i and PL,i have already been defined in (4.5) and denote the active power components

of the generation and load demand at node i, respectively. Note that minimizing active power at

substation using (5.2) might not lead to minimal losses since we consider voltage dependent ZIP

loads in our formulation.

Now that we have defined the different objective functions, we summarize the nonlinear TP-

OPF problem as

min VUF (5.1) or pss (5.2) or ploss (5.3) (OPFopt)

s.t. |V0|∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
,

v ≤ |vϕ
i | ≤ v, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,

PG,i − PL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θik

)
+Bik ⊙ S

(
Θik

)]
· |Vk|, ∀i ∈ N0,

QG,i −QL,i = |Vi| ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θik

)
−Bik ⊙ C

(
Θik

)]
· |Vk|, ∀i ∈ N0.

We will next describe the three linear approximations of the power flow equations used to simplify

the problem OPFopt.
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5.4 First-order Taylor Approximation (FOT-OPF)

One way to linearize the power balance equations is to use first-order Taylor’s (FOT) approxi-

mation. This technique has been used to solve the single-phase AC OPF problems for transmission

systems [96] and power flow problems in distribution grids [12, 97]. In this section, we adopt

the first-order Taylor’s (FOT) approximation to linearize the power balance equations and describe

how we incorporate the linearized equations in our iterative approach as illustrated in Fig. 5.1.

5.4.1 Notation

We combine the overall voltage variables at all nodes and denote them using

|V | =


|V0|

|V1|
...

|Vn|

, Θ =


Θ0

Θ1

...

Θn

, (5.4)

where |V |,Θ ∈ R3(n+1) are vectors of the voltage magnitude and angle optimization variables,

respectively. Similarly, we can denote the power injections at all nodes using

P =


P0

P1

...

Pn

, Q =


Q0

Q1

...

Qn

, (5.5)

where P ,q ∈ R3(n+1) are vectors of the active and reactive power injections, respectively. As

shown in Fig. 5.1, we start with the initial estimate of the voltage phasor V (0) ∈ C3(n+1) which is

typically a flat-start or the no-load voltage. In our case, we start with a no-load voltage and run

a three-phase power flow until convergence. The power flow solution is considered as the initial

voltage estimate V (0). We denote P (0), Q(0) ∈ R3(n+1) as the vectors of the active and reactive
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power injections calculated using the initial voltage estimate V (0) = |V (0)|∠Θ(0) where

|V (0)| =


|V (0)

0 |

|V (0)
1 |
...

|V (0)
n |

, Θ
(0) =


Θ

(0)
0

Θ
(0)
1

...

Θ
(0)
n

, P
(0) =


P

(0)
0

P
(0)
1

...

P
(0)
n

, Q
(0) =


Q

(0)
0

Q
(0)
1

...

Q
(0)
n

. (5.6)

Here, |V (0)|,Θ(0) ∈ R3(n+1) are the voltage magnitude and angle vectors of the initial estimate V (0),

respectively.

5.4.2 Linearized Power Balance Equations

The power balance equations in (4.5) can be linearized using the first-order Taylor’s approxi-

mation and the power injections P ,Q ∈ R3(n+1) can be expressed asP
Q

 =

PG − P
(κ)
L

QG −Q
(κ)
L

 =

P (κ)

Q(κ)

+ J(V (κ)) ·

|V | − |V (κ)|

Θ−Θ(κ)

 , (5.7)

where PG,QG ∈ R3(n+1) are the active and reactive power generation vectors; P (κ)
L , Q

(κ)
L ∈

R3(n+1) are the estimates of active and reactive power drawn by the ZIP loads; P (κ), Q(κ) ∈

R3(n+1) are the estimates of active and reactive power injections. The Jacobian matrix J ∈

R6(n+1)×6(n+1) represents the partial derivatives [98] of the nonlinear power flow equations defined
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in (4.5). It has the form

J(V ) =



δpa
0

δ|va
0 |

. . .
δpa

0

δ|vc
n|

δpa
0

δθa
0

. . .
δpa

0

δθc
n

... . . . ...
... . . . ...

δpc
n

δ|va
0 |

. . . δpc
n

δ|vc
n|

δpc
n

δθa
0

. . . δpc
n

δθc
n

δqa
0

δ|va
0 |

. . .
δqa

0

δ|vc
n|

δqa
0

δθa
0

. . .
δqa

0

δθc
n

... . . . ...
... . . . ...

δqc
n

δ|va
0 |

. . . δqc
n

δ|vc
n|

δqc
n

δθa
0

. . . δqc
n

δθc
n



. (5.8)

The partial derivatives defined in (5.8) are functions of our optimization variables |V |,Θ as sum-

marized in Tables. 5.2 and 5.3. The Jacobian matrix J(V (κ)) in (5.7) can be calculated using

the voltage estimate V (κ) by substituting |V | = |V (κ)| and Θ = Θ(κ) in Tables. 5.2 and 5.3. In

addition, we also require the nodal admittance matrix Y = |Y |∠Ψ, where |Y |,Ψ ∈ R3(n+1)×3(n+1)

are the magnitude and angle components, respectively.

To determine P (κ), Q(κ) in (5.7), we substitute |V | = |V (κ)| and θ = θ(κ) in (4.5) to calculate

the initial power injections P (κ)
i , Q

(κ)
i at node i ∈ N0 given by

P
(κ)
i = |V (κ)

i | ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θ

(κ)
ik

)
+Bik ⊙ S

(
Θ

(κ)
ik

)]
· |V (κ)

k |, (5.9a)

Q
(κ)
i = |V (κ)

i | ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θ

(κ)
ik

)
−Bik ⊙ C

(
Θ

(κ)
ik

)]
· |V (κ)

k |, (5.9b)

where |V (κ)
i |, |V (κ)

k | are the magnitude components of the initial voltage estimate. C
(
Θ

(κ)
ik

)
and

S
(
Θ

(κ)
ik

)
are calculated from (4.6) using the angle components Θ

(κ)
i ,Θ

(κ)
k of the initial voltage

estimate.
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δ i = k

δp
ϕi
i

δ|vϕk
k |

|vϕi

i | · |yϕiϕi

ii | cosψϕiϕi

ii +
∑

k∈N0

∑
ϕk∈Φ

|vϕk

k | · |yϕiϕk

ik | cos
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
δp

ϕi
i

δθ
ϕk
k

−|vϕi

i |
∑

k∈N0,
k ̸=i

∑
ϕk∈Φ

|vk| · |yϕiϕk

ik | sin
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)

δq
ϕi
i

δ|vϕk
k |

−|vϕi

i | · |yϕiϕi

ii | sinψϕiϕi

ii +
∑

k∈N0

∑
ϕk∈Φ

|vk| · |yϕiϕk

ik | sin
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
δq

ϕi
i

δθ
ϕk
k

|vϕi

i |
∑

k∈N0,
k ̸=i

∑
ϕk∈Φ

|vϕk

k | · |yϕiϕk

ik | cos
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)

Table 5.2: Diagonal entries of Jacobian matrix J(V ) with i, k ∈ N , ϕi, ϕk ∈ Φ. The nodal

admittance matrix is Y = |Y |∠Ψ.

δ i ̸= k

δp
ϕi
i

δ|vϕk
k |

|vϕi

i | · |yϕiϕk

ik | cos
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
δpϕi

δθ
ϕk
k

|vϕi

i | · |vϕk

k | · |yϕiϕk

ik | sin
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
δq

ϕi
i

δ|vϕk
k |

|vϕi

i | · |yϕiϕk

ik | sin
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
δq

ϕi
i

δθ
ϕk
k

−|vϕi

i | · |vϕk

k | · |yϕiϕk

ik | cos
(
θϕi

i − θϕk

k − ψϕiϕk

ik

)
Table 5.3: Off-diagonal entries of Jacobian matrix J(V ) with i, k ∈ N , ϕi, ϕk ∈ Φ. The nodal

admittance matrix is Y = |Y |∠Ψ.
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It is important to note that the linearized power balance equations in (5.7) include P (κ)
L , Q

(κ)
L

which represent expressions for voltage dependent wye- and delta-connected loads as defined

in (3.8) and (3.9), respectively. In the next subsections, we simplify these expressions to constant

values using the initial voltage estimate V (κ).

5.4.2.1 Wye-connected Loads

When solving power flows with voltage-dependent loads, it is common to approximate the

load demand using a zero-order approximation. We employ the same approximation in the op-

timization framework by using the initial voltage magnitude estimate |V (κ)| in (3.8) to compute

the approximate load demand. For a wye-connected load at phase ϕ ∈ Φ of node i ∈ LY, we

substitute |vϕ
i | = |vϕ(κ)i | in (3.8) to get

p
ϕ(κ)
LY,i = pϕPY,i + pϕIY,i · |v

ϕ(κ)
i |+ pϕZY,i · |v

ϕ(κ)
i |2, (5.10a)

q
ϕ(κ)
LY,i = qϕPY,i + qϕIY,i · |v

ϕ(κ)
i |+ qϕZY,i · |v

ϕ(κ)
i |2. (5.10b)

We observe in (5.10) that the active and reactive power demand are constant values and not a func-

tion of our optimization variable |vϕ
i |. Note that the load demand is recalculated in each iteration

of the successive approximation approach based on the updated voltage estimate. It is possible to

use a first-order approximation (which is a linear function of the voltage magnitude variable |vϕ
i |)

instead of the zero-order approximation to get a slightly better accurate model of the load demand

at every iteration of the successive approximation approach. However, recall that the iterative

approach converges only when the deviation between the voltage at the current iteration and pre-

vious voltage estimate is very small. Hence, the first-order approximation essentially reduces to a

zero-order approximation when the voltage steps taken by the iterative process is very small.

5.4.2.2 Delta-connected Loads

Similar to the wye-connected loads, we can employ the zero-order approximation in (3.9)

to calculate the approximate load demand. Using the first-order approximation in this case will

require inclusion of nonlinear constraints defining the relationship between phase-to-phase and
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phase-to-neutral voltage magnitudes as described in (4.3). To avoid this, we can use the zero-order

approximation and express the demand for a delta-connected load at phase ϕ∆ ∈ {ab, bc, ca} of

node i ∈ L∆ using

p
ϕ∆(κ)
L∆,i = pϕ∆

P∆,i + pϕ∆

I∆,i · |v
ϕ∆(κ)
∆,i |+ pϕ∆

Z∆,i · |v
ϕ∆(κ)
∆,i |2, (5.11a)

q
ϕ∆(κ)
L∆,i = qϕ∆

P∆,i + qϕ∆

I∆,i · |v
ϕ∆(κ)
∆,i |+ qϕ∆

Z∆,i · |v
ϕ∆(κ)
∆,i |2, (5.11b)

where |vϕ∆(κ)
∆,i |2 = |vϕ1(κ)

i |2 + |vϕ2(κ)
i |2 − 2|vϕ1(κ)

i ||vϕ2(κ)
i | · cos

(
θ
ϕ1(κ)
i − θ

ϕ2(κ)
i

)
, (5.11c)

with ϕ1, ϕ2 ∈ {a, b, c} and ϕ1 ̸= ϕ2. Recall that we converted the delta-connected loads to

equivalent wye-connected loads in (4.7)-(4.11) by introducing the phase-to-phase current variables

iϕ∆

∆d,i, i
ϕ∆

∆q,i ∀i ∈ L∆, ϕ∆ ∈ {ab, bc, ca}. Since the complex power defined in (4.7) simplifies to a

constant value, no current variables are required and we can directly compute the initial phase-to-

phase current phasor iϕ∆(κ)
∆,i using

i
ϕ∆(κ)
∆,i

∗
=
p
ϕ∆(κ)
L∆,i + j · qϕ∆(κ)

L∆,i(
v
ϕ1(κ)
i − v

ϕ2(κ)
i

) . (5.12)

By following the same procedure defined in (4.9) to get the initial phase-to-neutral current pha-

sor I(κ)i = Γ · I(κ)li , we can calculate the complex power S(κ)
∆Y,i drawn by the delta-connected load

using

S
(κ)
∆Y,i =


sa∆Y,i

sb∆Y,i

sc∆Y,i

 =


vai

vbi

vci


︸ ︷︷ ︸
V

(κ)
i

⊙


iai0

∗

ibi0
∗

ici0
∗


︸ ︷︷ ︸
I
(κ)
i

∗

. (5.13)

Similar to the power demand derived in (5.10) for wye-connected loads, we observe that S(κ)
∆Y,i is

also a constant value and not a function of our optimization variables |vϕ
i |, |v

ϕ∆

∆,i|. We can directly

use the real and imaginary components of S(κ)
∆Y,i to represent power drawn by the delta-connected

loads in (5.7). Similar to the wye-connected loads, note that the load demand is recalculated in

each iteration of the successive approximation approach using the updated voltage estimate.
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5.4.3 Iterative Approach

As discussed in the beginning of the chapter and illustrated in Fig. 5.1, we employ an iterative

approach to ensure our solutions are AC feasible and close to the optimal solution. The iterative

approach using first-order Taylor approximation (FOT-OPF) is executed as per the following steps:

1) Initialization: Run a power flow until convergence from a flat-start. The solution obtained by

solving power flow is the initial voltage estimate V (κ=0).

2) Solve OPF: Solve a simplified optimization problem OPFFOT which utilizes the initial volt-

age estimate V (κ) to linearize the power flow equations using FOT series approximation. The

solution of the optimization problem is the new estimate is V (κ+1).

min VUF (5.1) or pss (5.2) or ploss (5.3) (OPFFOT)

s.t. |V0|∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
,

v ≤ |vϕ
i | ≤ v, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,P

Q

 =

PG − P
(κ)
L

QG −Q
(κ)
L

 =

P (κ)

Q(κ)

+ J(V (κ)) ·

|V | − |V (κ)|

Θ−Θ(κ)

 .
3) Check convergence: Terminate if

∑
i∈N

|V (κ+1)
i − V

(κ)
i | is below specified tolerance ϵ.

4) Update voltage estimate: If the stopping criterion is not satisfied, run a power flow until conver-

gence using V (κ+1) as the initial point. Update the voltage estimate V (κ) = V (κ+1) and increase

the iteration count to κ = κ+ 1 and return to step 2).

5.5 Fixed-point Linearization (FP-OPF)

Another way to improve scalability of the three-phase OPF problem would be to utilize the

fixed-point interpretation of the power balance equations. This method has been used in [12, 99] to

solve power flow for unbalanced distribution grids. In this section, we incorporate the fixed-point
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equations into our three-phase OPF framework and employ an iterative approach similar to the

FOT-OPF method. We will first introduce the fixed-point linearization of the power balance equa-

tions and then discuss the modifications necessary to integrate this approach into our optimization

framework.

5.5.1 Linearized Power Balance Equations

In order to express the fixed-point interpretation of the nonlinear power balance equations, we

can split the nodal admittance matrix Y defined in (3.7) into four submatrices given by

Y =

Y00 Y0L

YL0 YLL

 . (5.14)

Here, Y00 ∈ C3×3 represents the submatrix corresponding to the slack node (i.e. substation)

and YLL ∈ C3n×3n denotes the submatrix of the entire network ignoring the slack node. Y0L ∈

C3×3n, YL0 ∈ C3n×3 are the other submatrices of Y .

Next, we split the complex power injections at all nodes except the substation node with index 0

into wye-connected injections SY ∈ C3n and delta-connected injections S∆ ∈ C3n, which can be

defined as

SY =



SY,1

SY,2

...

SY,n


=



SGY,1

SGY,2

...

SGY,n


︸ ︷︷ ︸

SGY

−



SLY,1

SLY,1

...

SLY,n


︸ ︷︷ ︸

SLY

, S∆ =



S∆,1

S∆,2

...

S∆,n


=



SG∆,1

SG∆,2

...

SG∆,n


︸ ︷︷ ︸

SG∆

−



SL∆,1

SL∆,2

...

SL∆,n


︸ ︷︷ ︸

SL∆

, (5.15)

where SY,i ∈ C3 represent the power injections at node i corresponding to wye-connected sources

SGY,i and loads SLY,i. Similarly, S∆,i ∈ C3 denote the power injections at node i corresponding to

delta-connected sources SG∆,i and loads SL∆,i. We also define a transformation block diagonal ma-

trix H ∈ Z3n×3n to convert the delta-connected injections to equivalent wye-connected injections,
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which is defined by

H =


Γ 0 . . .
... . . . . . .

0 . . . Γ

 , where Γ =


1 −1 0

0 1 −1

−1 0 1

 . (5.16)

Similar to the FOT-OPF approach, we start with an initial estimate of the voltage phasor V (κ)

which allows us to express the fixed-point equation [12] as

|V |∠Θ = f(V (κ), SY, S∆)

= −Y −1
LL YL0(|V0|∠θ0)︸ ︷︷ ︸

W

+Y −1
LL

(
diag(V (κ)∗)−1S∗

Y +H⊤diag(HV (κ)∗)−1S∗
∆

)
, (5.17)

where |V |∠Θ is the voltage phasor expressed in terms of our optimization variables defined

in (5.4) and |V0|∠Θ0 is the voltage phasor at substation node. Since our voltage variables at

the substation node are fixed, we refer to W = −Y −1
LL YL0V0 as the no-load voltage phasor and

use it as the initial voltage estimate V (κ) for this method. It is important to note in (5.17) that the

inverse of YLL exists for most practical distribution grids [99, 100]. By rearranging and equating

the real and imaginary terms, we can rewrite (5.17) as

ℜ{V } = ℜ
{
Z1

}
+ ℜ

{
Z2

}
· PY + ℑ

{
Z2

}
·QY, (5.18a)

ℑ{V } = ℑ
{
Z1

}
+ ℑ

{
Z2

}
· PY −ℜ

{
Z2

}
·QY, (5.18b)

where Z1 = −W + Y −1
LL H

⊤diag(HV (κ)∗)−1S∗
∆, and Z2 = Y −1

LL diag(V (κ)∗)−1.

Here, Z2 is fixed and Z1 is also a constant term since S∆ represents only the power drawn by

delta-connected loads SL∆ as we do not consider delta-connected sources. We can calculate SL∆

using the initial voltage estimate V (κ) and by following the same steps defined in (5.11)-(5.13)

for the FOT-OPF approach. Similarly, we can also calculate the power drawn by wye-connected

loads SLY using V (κ) and by repeating the procedure defined in (5.10) for the FOT-OPF approach.

Furthermore, we know that the real component of SY which is PY = PGY − PLY is also constant

since the active power of solar PV inverters PGY is fixed. This means that QY = QGY − QLY

which is the imaginary component of SY and includes our controllable variables (i.e. the reactive



77

power injections of solar PV inverters) in QGY is the only unknown part in the right-hand side

of (5.18) and makes it a set of linear expressions.

It is important to note the left-hand side expressions of (5.18) are linear in rectangular coor-

dinate frame and hence, (5.18) represents a set of linear equality constraints. So, we implement

this approach in the rectangular coordinate frame. In the next few subsections, we will discuss the

notation and constraints that need to be reformulated in the rectangular coordinate frame.

5.5.2 Notation

We replace our polar coordinate frame voltage variables |Vi|, Θi defined in (3.1) for a three-

phase node i ∈ N0 node with the variables defined by

Vdi =


va
di

vb
di

vc
di

, Vqi =


va
qi

vb
qi

vc
qi

, (5.19)

where Vdi,Vqi ∈ R3 represent the real and imaginary components of the phase-to-neutral voltage

phasor at node i, respectively. We can combine the overall voltage variables at all nodes except the

substation node and denote them using

Vd =


Vd1

Vd2

...

Vdn

, Vq =


Vq1

Vq2

...

Vqn

, (5.20)

where Vd,Vq ∈ R3n are vectors of the real and imaginary components of the phase-to-neutral

voltage, respectively. The initial voltage estimate in rectangular form is defined as V (κ) = V
(κ)

d +

jV
(κ)

q where

V
(κ)

d =


V

(κ)
d1

V
(κ)

d2
...

V
(κ)

dn

, V
(κ)

q =


V

(κ)
q1

V
(κ)

q2
...

V
(κ)

qn

. (5.21)
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Here, V (κ)
d , V

(κ)
q ∈ R3n are the real and imaginary components of the initial estimate V (κ), respec-

tively. We can now rewrite (5.18) in terms of our new optimization variables Vd,Vq to get the

linearized power balance equations defined as

Vd = ℜ
{
Z1

}
+ ℜ

{
Z2

}
· PY + ℑ

{
Z2

}
·QY, (5.22a)

Vq = ℑ
{
Z1

}
+ ℑ

{
Z2

}
· PY −ℜ

{
Z2

}
·QY, (5.22b)

where Z1, Z2 have already been defined in (5.18). Now that we have the linearized power balance

equations in the rectangular form, we also need to modify the voltage limits and expression for

VUF since they depend on the voltage variables. On the contrary, we do not need to reformulate

the inverter limits defined in (4.4) since our controllable variables qϕ
G,i denoting the reactive power

injection of single-phase solar PV inverters connected to phase ϕ at node i are unchanged. Next,

we will implement the voltage limits and VUF expressions in the rectangular coordinate frame.

5.5.3 Voltage Limits

With substation node chosen as a balanced reference node, the voltage is fixed at

Vd0 + j · Vq0 =
[
ej0

◦
e−j120◦ ej120

◦
]⊤
. (5.23)

For every other node i ∈ N connected to phase ϕ ∈ Φ, the voltage limits can be represented by

nonlinear constraints as

v2 ≤ (vϕ
di)

2
+ (vϕ

qi)
2 ≤ v2. (5.24)

5.5.4 Voltage Unbalance

Recall that a = 1∠120◦ = −0.5 + j0.87 is used to calculate the symmetrical components

defined in (2.1). The symmetrical components for critical node x can be represented in rectangular
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coordinates as

3 · v−x = 3 · (v−
dx + j · v−

qx) = vax + a2 · vbx + a · vcx

=
(
va
dx + jva

qx

)
+
(
− 0.5− j0.87

)(
vb
dx + jvb

qx

)
+
(
− 0.5 + j0.87

)(
vc
dx + jvc

qx

)

3 ·

v−
dx

v−
qx

 =

1 −0.5 −0.5

0 −0.87 0.87



va
dx

vb
dx

vc
dx

+

0 0.87 −0.87

1 −0.5 −0.5



va
qx

vb
qx

vc
qx

 , (5.25a)

3 · v+x = 3 · (v+
dx + j · v+

qx) = vax + a · vbx + a2 · vcx

=
(
va
dx + jva

qx

)
+
(
− 0.5 + j0.87

)(
vb
dx + jvb

qx

)
+
(
− 0.5− j0.87

)(
vc
dx + jvc

qx

)

3 ·

v+
dx

v+
qx

 =

1 −0.5 −0.5

0 0.87 −0.87



va
dx

vb
dx

vc
dx

+

0 −0.87 0.87

1 −0.5 −0.5



va
qx

vb
qx

vc
qx

 , (5.25b)

where v−x = v−
dx + jv−

qx and v+x = v+
dx + jv+

qx are the rectangular form representation of the

negative and positive sequence voltage phasors, respectively. We can substitute the expressions for

rectangular components derived using (5.25) in (5.1) to express the objective function minimizing

voltage unbalance.

5.5.5 Iterative Approach

Similar to the FOT-OPF iterative approach, we replace the nonlinear power balance equations

in OPFopt defined at the beginning of this chapter with the linearized equations derived using the

fixed-point interpretation. As illustrated in Fig. 5.1, the iterative approach using fixed-point lin-

earization (FP-OPF) is carried out according to the following steps:

1) Initialization: Start with no-load voltage W = V (κ=0).

2) Solve OPF: Solve a simplified optimization problem OPFFP which utilizes the initial voltage

estimate V (κ) to linearize the power flow equations using FP interpretation. The solution of the
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optimization problem is the new estimate is V (κ+1).

min VUF (5.1) or pss (5.2) or ploss (5.3) (OPFFP)

s.t. Vd0 + j · Vq0 =
[
ej0

◦
e−j120◦ ej120

◦
]⊤
,

v2 ≤ (vϕ
di)

2
+ (vϕ

qi)
2 ≤ v2, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,

Vd = ℜ
{
Z1

}
+ ℜ

{
Z2

}
· PY + ℑ

{
Z2

}
·QY,

Vq = ℑ
{
Z1

}
+ ℑ

{
Z2

}
· PY −ℜ

{
Z2

}
·QY.

3) Check convergence: Terminate if
∑
i∈N

|V (κ+1)
i − V

(κ)
i | is below specified tolerance ϵ.

4) Update voltage estimate: If the stopping criterion is not satisfied, directly update the voltage

estimate V (κ) = V (κ+1) and increase the iteration count to κ = κ+ 1 and return to step 2).

5.6 Forward-Backward Sweep Linearization (FBS-OPF)

The forward-backward sweep (FBS) is an iterative power flow solution approach which ex-

ploits the radial topology of distribution grids [14]. It has already been utilized in three-phase OPF

formulations [75, 101, 102] due to the easy mathematical formulation which gives rise to three-

phase OPF problems that can be efficiently solved. In [75], an iterative FBS approach is employed

to reducing voltage unbalance by enforcing limits on the negative sequence voltage. While [101]

focuses on solving a multi-period optimal power flow problem to determine optimal placement and

size of storage in low voltage networks, [102] proposes a chance-constrained OPF with objective

to minimize network losses and cost of DER control. All three papers [75, 101, 102] test their

implementation on a small European LV feeder [103] with constant power loads and the extension

to a more general case including ZIP loads with both wye- and delta-connections are not presented.

In this section, we replace the nonlinear power balance equations in our three-phase OPF frame-

work with a single iteration of the FBS approach. Similar to the previous two methods, we will
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solve the simplified optimization problem iteratively to obtain AC feasible solutions. A single

iteration of the FBS approach comprises of:

• Backward sweep to calculate the current injections at every node using the initial voltage

estimate V (κ) and determine the branch currents by applying Kirchoff’s current law (KCL)

• Forward sweep to update the voltage at all nodes by using the branch currents calculated

from the backward sweep and applying Kirchoff’s voltage law (KVL)

The next subsection provide a detailed description of the backward and forward sweep implemen-

tation.

5.6.1 Linearized Power Balance Equations

Similar to the FP-OPF method, we implement this method in the rectangular coordinate frame

so that the power balance equations can be expressed in a linear form. Our initial voltage esti-

mate for this method is the no-load voltage W = V (κ) = V
(κ)

d + jV
(κ)

q which can be calculated

using (5.17).

5.6.1.1 Backward Sweep

As mentioned previously, we start with a backward sweep to calculate the branch currents.

This step is referred to as backward sweep since we start calculating current injections at the

remote terminal nodes and move towards the root node which is the substation. We denote the

real and imaginary components of branch currents flowing between intermediate node k ∈ N and

terminal node i ∈ N using Id,ki, Iq,ki ∈ R3. Since these branches are located at the end of the

feeder, it must be noted that the branch current will be equal to the current injections at the terminal

node i, which are represented by Idi, Iqi ∈ R3 in the rectangular form. So, we express the current

injections at the terminal node i by using the real and imaginary components of the initial voltage
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estimate V (κ)
di , V

(κ)
qi ∈ R3 at node i and representing the element-wise division using ⊘ to get

Ii = Iki = S∗
i ⊘ V

(κ)
i

∗

Idi + jIqi = Id,ki + jIq,ki = (Pi − jQi)⊘ (V
(κ)

di − jV
(κ)

qi ), (5.26)

where Pi = PG,i − PL,i and Qi = QG,i − QL,i are the active and reactive power components

of the complex power injection Si, respectively. The load components PL,i, QL,i are constant and

calculated by using the initial voltage estimate V (κ) and following the same procedure explained

in (5.10)-(5.13) for the FOT-OPF method. Furthermore, PG,i is also fixed since it represents the

active power injections of solar PV inverters. Our controllable variable qϕ
G,i will be show up

in (5.26) as a part of Qi and more specifically QG,i, when the terminal node i has a solar PV

inverter connected at phase ϕ ∈ Φ. We can rewrite (5.26) by equating the real and imaginary parts

as

Id,ki = Idi =
(
Pi ⊙ V

(κ)
di +Qi ⊙ V

(κ)
qi

)
⊘
(
V

(κ)
di

2
+ V

(κ)
qi

2
)
, (5.27a)

Iq,ki = Iqi =
(
Pi ⊙ V

(κ)
qi −Qi ⊙ V

(κ)
di

)
⊘
(
V

(κ)
di

2
+ V

(κ)
qi

2
)
. (5.27b)

For all other branches connecting nodes m ∈ N0 and k, we can apply KCL to get

Id,mk = Idk +
∑
i∈Nk

Id,ki, (5.28a)

Iq,mk = Iqk +
∑
i∈Nk

Iq,ki, (5.28b)

where Nk is the set of downstream nodes connected to node k. By substituting (5.27) in (5.28), we

now have linear expressions for all the branch currents in terms of our controllable variables qϕ
G,i.

Next, we will implement the forward sweep to complete one single iteration of the FBS approach.

5.6.1.2 Forward Sweep

After all the branch currents are calculated using the backward sweep, we apply KVL to per-

form a forward sweep. This step is referred to as forward sweep since we start with the root node

and move towards the remote terminal nodes. Recall that the voltage at the root node (i.e. substa-

tion) denoted by V0 = Vd0 + jVq0 is fixed. Based on the ordering of the nodes in the system, we
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first update the voltage at node m ∈ N0 which is connected to the root node using

Vm = A0m · V0 − Z0m · I0m

Vdm + jVqm = A0m · (Vd0 + jVq0)− Z0m · (Id,0m + jIq,0m)︸ ︷︷ ︸
V0m

, (5.29)

where Vm = Vdm + jVqm is the voltage at node m. Z0m ∈ C3×3 is the series branch impedance

matrix for branch connecting the substation and node m as defined in (3.2). It is important to

note here that the shunt admittance of all the branches are not ignored and instead modelled as

constant impedance loads using (5.10). Hence, we only need to use the series branch impedance

matrix in the forward sweep to calculate the voltage drop V0m across the branch connecting the

substation and node m. The voltage transformation matrix A0m ∈ R3×3 is usually an identity

matrix for branches corresponding to distribution lines and cables. For transformers and voltage

regulators, A0m can be calculated using the “ABCD” matrix definitions in [14]. The rectangular

components of current Id,0m, Iq,0m flowing in the branch connecting the substation and node m

has already been calculated during the backward sweep as defined in (5.28). By separating and

equating the real and imaginary terms in (5.29), we get

Vdm = A0m · Vd1 −ℜ{V0m}, (5.30a)

Vqm = A0m · Vq1 −ℑ{V0m}. (5.30b)

In general, the forward sweep equation for any downstream node k connected to upstream node m

can be expressed as

Vdk = Amk · Vdm −ℜ{Vmk}, (5.31a)

Vqk = Amk · Vqm −ℑ{Vmk}, (5.31b)

where Vmk = Zmk · (Id,mk + jIq,mk),

and Vk = Vdk + jVqk is the voltage at node k. Zmk ∈ C3×3 is the series branch impedance matrix

for branch mk with voltage drop Vmk. We now have linear expressions for all the node voltages in

terms of our optimization variables. We can replace the nonlinear power balance equations in OPF

with (5.28) and (5.31), which are a set of linear constraints.
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5.6.2 Iterative Approach

Since this method was implemented in the rectangular coordinate frame, we can reuse the

voltage constraints as well as the inverter limits defined for the FP-OPF approach and replace the

power balance equations with the backward and forward sweep equations. Similar to the previous

methods, we employ an the iterative approach using the forward-backward sweep (FBS-OPF)

according to the following steps:

1) Initialization: Start with no-load voltage W = V (κ=0).

2) Solve OPF: Solve a simplified optimization problem OPFFBS which utilizes the initial voltage

estimate V (κ) to linearize the power flow equations using FP interpretation. The solution of the

optimization problem is the new estimate is V (κ+1).

min VUF (5.1) or pss (5.2) or ploss (5.3) (OPFFBS)

s.t. Vd0 + j · Vq0 =
[
ej0

◦
e−j120◦ ej120

◦
]⊤
,

v2 ≤ (vϕ
di)

2
+ (vϕ

qi)
2 ≤ v2, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,

Id,mk = Idk +
∑
i∈Nk

Id,ki, Iq,mk = Iqk +
∑
i∈Nk

Iq,ki, ∀m ∈ N0, k ∈ N ,

Vdk = Amk · Vdm −ℜ{Vmk}, Vqk = Amk · Vqm −ℑ{Vmk}, ∀m ∈ N0, k ∈ N .

3) Check convergence: Terminate if
∑
i∈N

|V (κ+1)
i − V

(κ)
i | is below specified tolerance ϵ.

4) Update voltage estimate: If the stopping criterion is not satisfied, directly update the voltage

estimate V (κ) = V (κ+1) and increase the iteration count to κ = κ+ 1 and return to step 2).

5.7 Linear Benchmark- LinDist3Flow

The LinDist3Flow model from [89] proposes a linear approximation of the AC power flow

equations for unbalanced distribution grids. In this chapter, we utilize the LinDist3Flow model as

a benchmark for the approximate solutions obtained after the first iteration.
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5.7.1 Linearized Power Balance Equations

Following [89], we initially calculate the power flow Sik through the branch connecting up-

stream node i ∈ N0 and downstream node k ∈ N similar to the backward sweep using

Sik = Pik + jQik = (Pk + jQk)︸ ︷︷ ︸
Sk

+
∑
l∈Nk

(Pl + jQl)︸ ︷︷ ︸
Sl

, (5.32)

where Sk, Sl are power injections at node k and l, respectively. It is important to note that (5.32)

only considers power injections at all nodes in the network and ignores network line losses since

they involve nonlinear terms.

Next, we define a new optimization variable yϕ
i = (vϕ

di)
2
+(vϕ

qi)
2

at any node i ∈ N0 connected

to phase ϕ ∈ Φ. So, the voltage magnitude constraints at the substation becomes

Y0 =
[
ya
0 yb

0 yc
0

]⊤
=
[
1 1 1

]⊤
. (5.33)

For any other node i connected to phase ϕ, the voltage magnitude is bounded by

v2 ≤ yϕ
i ≤ v2. (5.34)

We next use the KVL equation defined for a branch connecting upstream node i to downstream

node k and square both sides. By ignoring the higher order term corresponding to the square of the

voltage drop across the branch, we get

Yi = Yk + 2 · ℜ{Γk ⊙ Z∗
ik · Sik} (5.35a)

= Yk + 2 · Γk ⊙ℜ{Z∗
ik} · Pik + 2 · Γk ⊙ℑ{Z∗

ik} ·Qik, (5.35b)

where Γk ∈ C3×3 is a square matrix denoting the ratio of voltage between different phases defined

as

Γk =


1 γabk γack

γbak 1 γbck

γcak γcbk 1

 =


1 vak(v

b
k)

−1 vak(v
c
k)

−1

vbk(v
a
k)

−1 1 vbk(v
c
k)

−1

vck(v
a
k)

−1 vck(v
b
k)

−1 1

 . (5.36)
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For (5.35) to be linear, Γk is assumed constant and simplifies to

Γk =


1 1∠120◦ 1∠−120◦

1∠−120◦ 1 1∠120◦

1∠120◦ 1∠−120◦ 1

 . (5.37)

The LinDist3Flow problem can be summarized as

min VUF (5.1) or pss (5.2) or ploss (5.3) (OPFLDF)

s.t. Y0 =
[
1 1 1

]⊤
,

v2 ≤ yϕ
i ≤ v2, ∀i ∈ N , ϕ ∈ Φ,

− qϕG,l ≤ qϕ
G,l ≤ qϕG,l, ∀l ∈ G, ϕ ∈ Φ,

Yi = Yk + 2 · Γk ⊙ℜ{Z∗
ik} · Pik + 2 · Γk ⊙ℑ{Z∗

ik} ·Qik, ∀i ∈ N0, k ∈ N .

5.8 Summary

Table 5.4 summarizes all three scalable methods discussed in this chapter along with the orig-

inal approach to solve OPF as discussed in the beginning of this chapter and the LinDist3Flow

benchmark method described in the previous section. Recall that while the scalable methods can-

not guarantee convergence to an optimal solution, they are able to obtain solutions that are AC fea-

sible. Some key observations when comparing the computational complexity and solution quality

of all three scalable methods include:

• First-order Taylor approximation: The FOT-OPF approach provides the best approximation

accuracy around the initial voltage estimate V (κ), which means it is a good approach if local

behavior is of interest [12]. Each iteration of this method involves calculation of the Jacobian

matrix J , which could be a computationally expensive step for large systems.

• Fixed-point linearization: The fixed-point equations at each iteration can be interpreted as

an interpolation between two solutions (i.e. initial voltage estimate V (κ) and FP-OPF so-

lution V (κ+1)). So, it might lead to a better approximation if a less local behavior is of
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interest [12]. This strategy has a computational advantage over FOT-OPF method since it

does not require calculation of the Jacobian matrix J provided that the nodal admittance

matrix Y is precalculated in advance. However, it is also necessary to recalculate Y if there

are any topology changes in the feeder (E.g. regulator tap switching).

• Forward-backward sweep: Both the FOT-OPF and FP-OPF methods do not exploit the ra-

dial nature of distribution grids. Hence, these methods are still computationally heavy to

solve. On the contrary, the FBS-OPF method does not involve the time-consuming step of

calculating large matrices such as J or Y . Similar to the other two methods, this method

does not guarantee convergence to an optimal solution, but is computationally tractable to

determine AC feasible solutions.

Abbreviation Description

TP-OPF Conventional approach solving OPFopt by using nonlinear power bal-

ance equations

FOT-OPF Iterative approach solving OPFFOT with power balance equations lin-

earized using first-order Taylor’s approximation

FP-OPF Iterative approach solving OPFFP with power balance equations lin-

earized using fixed-point equation

FBS-OPF Iterative approach solving OPFFBS with power balance equations re-

placed by forward-backward sweep equations

LinDist3Flow Benchmark approach solving OPFLDF with power balance equations re-

placed by three-phase version of the LinDistFlow model

Table 5.4: Summary of different methods to solve three-phase OPF.
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5.9 Case Study Setup

For our analysis, the performance of each method shown in Table 5.4 was evaluated using a

large test case based on one of the taxonomic distribution feeders from Pacific Northwest National

Laboratory (PNNL) [104]. To do this, we consider three different objective functions:

1) C1-Pss: Minimize active power at substation using (5.2)

2) C2-Ploss: Minimize network losses using (5.3)

3) C3-VUF: Minimize voltage unbalance at a critical three-phase node (e.g., a node with a three-

phase motor load) using (5.1)

5.9.1 Feeder Description

Substation

Critical 

bus-359

Figure 5.2: Modified taxonomy feeder R1-12.47-1 visualized using [1].

The R1-12-47-1 feeder shown in Fig. 5.2 comprises of n = 1833 nodes with 2204 single-phase

connections. It represents a moderately populated suburban and rural area composed of single

family homes and light commercial loads [86]. The feeder was modified to include 598 houses

with solar PV systems (265 at phase a, 150 at phase b and 183 at phase c). The voltage magnitude
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limits at all single-phase connections is set to v = 0.9 p.u. and v = 1.1 p.u. For C3-VUF, we

choose a three-phase node (shown by the orange dot in Fig. 5.2) far away from the substation to

which critical three-phase equipment such as induction motor is connected.

5.9.2 Measurement Data

We solve the OPF for multiple time instances in a day. For our numerical experiments, we use

realistic measurement data for the load power and solar PV injections of each of the 598 houses.

The solar PV active power generation is simulated based on 1-minute irradiance data from the

National Renewable Energy Laboratory’s Measurement and Instrumentation Data Center [105].

Fig. 5.3a illustrates the six different PV profiles used to model the active power injections of the

solar PV systems. The maximum apparent power capacity of each solar PV inverter is 20 kVA.

Furthermore, we also use actual 1-minute residential load data from Pecan Street [106]. Fig. 5.3b

represents 30 unique load profiles modelling electric vehicle charging behavior as well as HVAC,

refrigerator and other appliance use.

We assume that load and PV generation remain constant within the 1-minute interval. The

overall number of time steps over the day by using the 1-minute resolution load and PV data

is T = 1440.

5.9.3 Investigations

In the next two sections, we describe the results of the numerical experiments and provide a

detailed comparison of the performance of all the methods listed in Table. 5.4.

• Section 5.10 evaluates performance of the three iterative approaches and compares them

with the nonlinear TP-OPF and Lin3DistFlow formulations. More specifically, we assess the

solution quality, computation time and linearization accuracy of all three methods.

• Section 5.11 discusses the results obtained for time-based simulations in a realistic setting.

We examine the impact of time delays and limited measurements on the performance of

the iterative methods.
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(a) Solar PV active power

(b) Residential load

Figure 5.3: Actual 1-minute resolution measurement data. (a) Solar PV active power profile from

NREL (b) Residential load profile from Pecan Street.

5.10 Case Study I: Performance Evaluation of Scalable Methods

We first solve the OPF for multiple time instances to compare the performance of the three

iterative approaches using linear power flow models with the benchmark TP-OPF formulation. We

also compare quality of the approximate solutions obtained after one iteration with the solution

obtained using Lin3DistFlow.
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5.10.1 Performance Comparison with TP-OPF

We start by running simulations for a single time instance and benchmark the performance of

all three iterative methods against the conventional TP-OPF. Recall that the PV penetration level is

defined as the ratio of total PV generation (in kW) to the overall rated load (in kW). For this case

study, we choose the active power injected by each PV inverter such that the PV penetration level

is 50%.

5.10.1.1 Objective Value

Table 5.5 shows the results of the objective value when solving the three cases. The initial

objective value is obtained by running a power flow with zero reactive power injections from the

PV inverters. We see that all methods converge to very similar objective values. While both the

network losses and substation active power are minimized by all the methods, as illustrated by the

results for C1-Pss and C2-Ploss, we also observe from the objective value for for case C3-VUF that

all methods are able to reduce the VUF at node-359 to zero. Further, note that all solutions are

feasible, as the iterative methods were run until convergence. This was also verified by running a

power flow using the final solution of the iterative approach as the start point. For all the iterative

methods, the power flow converged in one iteration to the same operating point as the initial point.

Case
Initial TP-OPF FOT-OPF FP-OPF FBS-OPF

(pu) (pu) (pu) (pu) (pu)

C1-Pss 29.44 29.17 29.16 29.17 29.17

C2-Ploss 2.06 1.77 1.77 1.77 1.77

C3-VUF 0.018 0 0 0 0

Table 5.5: Comparison of objective value for single time instance.
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5.10.1.2 Computation Time

The total computation time for all methods is summarized in Table 5.6. Recall that TP-OPF

is not solved iteratively and takes more than two hours to converge for all three cases. On the

contrary, the iterative methods converge within 12 iterations with a computation time of less than

12 minutes. Furthermore, we observe that FBS-OPF exhibits the lowest computation time for

all three cases. This is due to the fact that FBS-OPF exploits the radial structure of distribution

grids and does not require calculation of large matrices such as the Jacobian J or nodal admittance

matrix Y as explained in the previous section.

Case
TP-OPF FOT-OPF FP-OPF FBS-OPF

min min iter min iter min iter

C1-Pss 325.6 5.1 11 4.7 8 0.6 8

C2-Ploss 213.6 4.7 7 4.4 8 3.4 8

C3-VUF 130.9 6.0 12 11.8 8 0.5 8

Table 5.6: Comparison of computation time for single time instance.

The computation time shown in Table 5.6 corresponds to the time taken by Ipopt to solve the

problem. If we examine the time elapsed to setup the problem that Ipopt solves, we see that the

average time taken for TP-OPF for all three cases is 10 seconds. For the iterative methods, we

observe that FOT-OPF takes longer time to setup (around 15 seconds) every iteration because we

need to calculate the Jacobian and run a power flow until convergence to determine the initial

voltage estimate. On the other hand, FP-OPF and FBS-OPF directly update the voltage estimate

and as a result, take lesser average time of 8 and 5 seconds per iteration, respectively, to setup the

problem.
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5.10.1.3 Convergence

To further investigate the convergence for all the methods, the objective value and average reac-

tive power injections at each iteration are shown in Fig. 5.4. A noteworthy observation is that both

FP-OPF and FBS-OPF converge to identical solutions at each iteration for all cases. Furthermore,

we see from the average reactive power injections that FOT-OPF finds the same solution as the

benchmark TP-OPF for cases C2-Ploss and C3-VUF. For case C1-Pss in Fig. 5.4(a), we observe that

FP-OPF and FBS-OPF take large steps during the first few iterations and converge to a different

solution than the TP-OPF. In addition, we also notice an oscillatory behavior in the solutions of

FOT-OPF which are not seen for either FP-OPF and FBS-OPF. This behavior might be due to the

fact that the FOT-OPF voltage solutions are updated in each iteration by running a power flow until

convergence in step 4) of the successive approximation approach described in Section 5.3.

5.10.2 Comparison of Approximate Solutions

We next investigate the approximation accuracy of the three linearizations when they are uti-

lized as a direct replacement for the nonlinear AC power balance equations. For this, we compare

the solutions obtained after one iteration of the successive approximation approach. The solutions

of the three linearizations are benchmarked against the non-iterative LinDist3Flow formulation in

terms of objective value and linearization accuracy. We determine the linearization accuracy by

using the following procedure:

1) We terminate the successive approximation approach after the first iteration to get the reactive

power injection of PV inverters qϕOPF,i ∀i ∈ G, ϕ ∈ Φ and the voltage solution V (1)
OPF ∈ Cn.

2) We then set the reactive power injections of PV inverter at node i connected to phase ϕ equal

to qϕOPF,i and utilize the voltage solution V
(1)

OPF as the initial starting point to run a three-phase

power flow until convergence. The resulting power flow solution is V (1)
PF ∈ Cn.

3) We use the new voltage solution V (1)
PF to calculate the mean difference per node given by

∆v =

∑
|V (1)

OPF − V
(1)

PF |
n

. (5.38)
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(a) C1-Pss

(b) C2-Ploss

(c) C3-VUF

Figure 5.4: Convergence of objective value (left) and average reactive power injections (right) for

single time instance.
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The linearization accuracy ∆v provides an indication of how far the voltage obtained after the

first iteration of the successive approximation approach is from a feasible operating point which

satisfies the nonlinear AC power flow equations.

5.10.2.1 Objective Value

Table 5.7 summarizes the objective value for the different linearizations after one iteration. We

notice that the FOT-OPF provides the objective value that is closest to the final value. As expected

based on the previous results, the FP-OPF and FBS-OPF provide similar solutions, with lower

objective values. By comparing the results of LinDist3Flow with the other three methods, we see

that objective value for cases C1-Pss and C2-Ploss are noticeably lower. Recall that LinDist3Flow

ignores line losses and as a result, underestimates the total losses in the network. Hence, it also un-

derestimates the active power injection at the substation. Furthermore, we know that LinDist3Flow

also approximates the ratio of the voltage between phases. This leads to a non-zero objective value

for case C3-VUF whereas the other three methods are able to reduce the VUF to zero after the first

iteration.

Case
Initial FOT-OPF FP-OPF FBS-OPF LinDist3Flow

(pu) (pu) (pu) (pu) (pu)

C1-Pss 29.44 28.99 27.54 27.54 25.28

C2-Ploss 2.06 1.72 1.61 1.61 0.83

C3-VUF 0.018 0 0 0 0.003

Table 5.7: Objective value after one iteration (single time instance).
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5.10.2.2 Feasibility

The linearization accuracy denoted by the deviation ∆v for different linear approximations

is shown in Table 5.8. We notice that the FOT-OPF provides the solution with the lowest in-

accuracy (i.e., the lowest ∆v values). While the FP-OPF and FBS-OPF provide solutions with

significantly higher inaccuracy, LinDist3Flow has the highest inaccuracy among all the methods.

The better accuracy of the FOT-OPF may be because the initialization point for the FOT-OPF is

a power flow solution and hence, much closer to an AC actual feasible operating point. We also

observe that ∆v is maximum for LinDist3Flow since the model does not consider line losses and

approximates the unbalanced nature of the network. Based on the results shown in Table 5.8, we

can conclude that FOT-OPF, FP-OPF and FBS-OPF exhibit better approximation accuracy than

LinDist3Flow.

Case
FOT-OPF FP-OPF FBS-OPF LinDist3Flow

(pu) (pu) (pu) (pu)

C1-Pss 0.0002 0.0073 0.0073 0.0234

C2-Ploss 0.0002 0.0069 0.0069 0.0231

C3-VUF 0.0001 0.0029 0.0029 0.0258

Table 5.8: linearization accuracy ∆v after one iteration (single time instance).

5.10.3 Performance across Multiple Time Instances

The results from the previous section were obtained for a single time instance. In order to

generalize the conclusions obtained from the previous results, we next evaluate the performance

of the methods over multiple OPF instances. These instances are created by solving the OPF

problem every two hours for one day (i.e. 12 time instances) with varying PV penetration levels

and loading conditions by using the measurement data described in Section 5.9.2. For simplicity,

we only discuss the results for case C3-VUF where the objective is to minimize voltage unbalance.
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5.10.3.1 Comparison with TP-OPF

Fig. 5.5 illustrates the VUF at critical node-359 and computation time for TP-OPF as well as

the three iterative methods obtained by solving for 12 multiple time instances throughout a single

day. We observe that all the iterative methods are consistently able to obtain good quality solutions

with the VUF at node-359 almost close to zero. During the middle of the day when PV penetration

levels are high and the reactive power support is limited, we see that all the iterative methods

including the benchmark TP-OPF obtain solutions with slightly higher VUF. Furthermore, we see

that the iterative methods converge to a good quality solution much quicker than TP-OPF with

FBS-OPF exhibiting the lowest computation time for all the 12 time instances.

Figure 5.5: Objective value (left) and computation time (right) obtained by solving OPF every two

hours in a single day.

Table 5.9 summarizes the results shown in Fig. 5.5 for TP-OPF and the three iterative methods.

The average, minimum and maximum values are calculated based on the solutions obtained for 12

time instances during the entire day. The initial average, minimum and maximum VUF at node-

359 obtained by solving a power flow with zero reactive power injections from the PV inverters are

1.72%, 1.66% and 1.9%, respectively. When comparing TP-OPF with the iterative methods, we

see that all FOT-OPF is able to find good solutions that close to TP-OPF. In addition, the FBS-OPF

always converges to a solution within 1 minute. The maximum VUF and maximum computation
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time for all methods occur during midday when the PV penetration levels are high which is verified

by the plots shown in Fig. 5.5.

Parameter TP-OPF FOT-OPF FP-OPF FBS-OPF

Avg. VUF359 (%) 0.0005 0.001 0.002 0.003

Min. VUF359 (%) 0.000 0.000 0.000 0.000

Max. VUF359 (%) 0.002 0.018 0.017 0.017

Avg. Time (min) 130.7 3.1 (7) 12.6 (8) 0.4 (8)

Min. Time (min) 113.1 2.2 (5) 10.0 (7) 0.3 (7)

Max. Time (min) 151.8 9.1 (21) 21.5 (13) 0.6 (13)

*The numbers in brackets are the no. of iterations.

Table 5.9: Summary of objective value and computation time (multiple time instances).

5.10.3.2 Comparison with LinDist3Flow

Finally, we evaluate the linearization accuracy of the iterative methods based on the solu-

tions obtained after the first iteration of each run. Fig. 5.6 shows the VUF at critical node-359

and linearization accuracy for the three iterative methods as well as the benchmark formulation

LinDist3Flow for 12 multiple time instances throughout a single day. We again observe that all

the iterative methods have good linearization accuracy and are also able to consistently reduce the

VUF at node-359 to almost zero whereas LinDist3Flow converges to a solution with a higher VUF

and linearization accuracy. The VUF at node-359 and linearization accuracy ∆v for the three linear

approximations and LinDist3Flow are summarized in Table 5.10. Similar to our previous results

for the single time instance, we notice that the average, minimum and maximum values of VUF at

node-359 as well as deviation ∆v for FOT-OPF, FP-OPF and FBS-OPF are almost 20 times lower

on average compared to LinDist3Flow. Furthermore, the inaccuracy ∆v is lowest for FOT-OPF

verifying that the FOT approximation provides the best approximation accuracy around the initial

voltage estimate.
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Figure 5.6: Objective value (left) and linearization accuracy (right) after one iteration of solving

OPF every two hours in a single day.

Parameter FOT-OPF FP-OPF FBS-OPF LinDist3Flow

Avg. VUF359 (%) 0.001 0.02 0.02 0.44

Min. VUF359 (%) 0.000 0.00 0.00 0.39

Max. VUF359 (%) 0.003 0.24 0.25 0.79

Avg. ∆v (pu) 0.0002 0.0034 0.0034 0.0228

Min. ∆v (pu) 9.07e−6 0.0028 0.0028 0.0185

Max. ∆v (pu) 0.0016 0.0052 0.0052 0.0321

Table 5.10: Summary of objective value and linearization accuracy after one iteration (multiple

time instances).

5.11 Case Study II: Considering Limited Measurements and Time Delays

In the previous section, we obtained results for the multiple time instances by assuming that

measurement data is readily available any time during the day. Furthermore, we also assumed that

the solution obtained by solving the OPF problem is instantly applied to the network at the same

time instance that we receive our measurement data. However, this might not be realistic because
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some of the major challenges with employing the centralized three-phase OPF approach for a

realistic setting are computation time delays and extensive communication requirements which

could lead to limited availability of measurement data.

In this section, we first describe a time-based simulation approach which considers realistic

conditions such as limited measurement availability and time delays associated with communica-

tion as well as solving the optimization problem. We next evaluate the performance of the itera-

tive methods in this realistic setting by running numerical experiments on the R1-12-47-1 feeder

discussed in Section 5.9.1. We will also use the PV and load measurement data introduced in

Section 5.9.2 for the time-based simulations. For simplicity, we will only show the results for

case C3-VUF where the objective is to minimize the VUF at critical node-359. Furthermore, we

compare results of FOT-OPF and FBS-OPF with the conventional TP-OPF. We do not show re-

sults for FP-OPF because it was clear from the results from the previous sections that FP-OPF and

FBS-OPF converge to identical solutions.

5.11.1 Solution Timeframe

In practice, the three-phase OPF needs to be solved frequently as load and PV generation keep

changing. As illustrated in Fig. 5.7, we need to consider the time-varying load and PV generation.

We assume that the system data including measurements from all loads and solar PV systems con-

nected to the distribution grid is available at regular time interval τm. Once we obtain the system

data at time step t, we start solving the three-phase OPF problem. However, the corresponding re-

active power set-points are available only after a time delay τd that includes both the computational

time as well as the communication delay associated with acquiring measurements and sending set-

points to the PV systems. If the delay τd is large, the reactive power set-points may no longer be

optimal since load and especially PV generation can change quickly in real distribution systems.

It is important to note that since none of the methods listed in Table 5.4 guarantee an optimal

solution, it might be difficult to assess the performance in terms of optimality of the final solution.

But, it is still beneficial to compare all the methods and get a better insight on the performance

of the scalable methods with reference to solving the original non-convex optimization problem
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OPF. In the next subsection, we describe the various performance metrics that will be used in the

time-based simulations to evaluate the performance of all the methods.

Three-phase 

OPF

Reactive power

injections

Load and PV

measurements

Three-phase 

OPF

Time delay 𝜏d

Load and PV

measurements

…. 

𝑡

Measurement interval 𝜏m

Figure 5.7: Time-based simulation approach to solve sequence of three-phase OPF problems.

5.11.2 Performance Metrics

We run simulations for a time-varying case where we solve the three-phase OPF for a given

time step t ∈ T where T is the set of time steps. The total number of time-steps is denoted by

T = |T | which is equal to 1440 in our simulations since we use 1-minute resolution data for

load and PV measurements. To compare the performance of the different methods, we utilize the

following performance metrics:

1) Unbalance improvement: Since our main objective is to minimize unbalance, we evaluate the

methods based on how much reduction in VUF they can achieve. For time-varying case, the

mean VUF at the critical node (VUFavg
359), average (VUFavg

all ) and maximum (VUFmax) unbalance

across all three-phase nodes over the day are compared using

VUFavg
359 =

1

T

T∑
t=1

VUFt
359,

VUFavg
all =

1

n · T

T∑
t=1

n∑
i=1

VUFt
i,

VUFmax = max(VUFt
i) ∀i ∈ N , t ∈ T . (5.39)
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2) Voltage limits violation: All nodes in the distribution grid have specified voltage limits to main-

tain acceptable power quality standards. In addition, these limits also ensure that any device

connected to the grid at these nodes are within their safe operating area and there is no damage

to the equipment due to undervoltage or overvoltage conditions. Recall that the three-phase

OPF is solved only at certain interval τm as shown in Fig. 5.7. During this measurement in-

terval τm, voltage limits can be violated in the grid since we are not solving an optimization

problem to enforce the voltage constraints. The voltage limits α in percent is defined as

α =
100

3n · T

T∑
t=1

n∑
i=1

zϕ,ti , (5.40)

where zϕ,ti is a binary variable indicating if voltage magnitude at any node i connected to

phase ϕ at time step t is below the minimum limit v or above the maximum limit v:

zϕ,ti =

1, if |vϕ,ti | < v or |vϕ,ti | > v,

0, otherwise.
(5.41)

5.11.3 Time-based Simulation Results

We investigate the impact of measurement interval τm as well as time delay τd on performance

of all the methods. Recall that load and PV data for a whole day are available at 1-minute interval

as discussed in section 5.9.2. Using this data, we find that there is significant variation in the

PV penetration level throughout the day. The average PV penetration level throughout the day is

45.63% with a maximum PV penetration of 199.84% occurring at 11:25 am.

5.11.3.1 Benchmark Case

We initially consider a benchmark case where we minimize unbalance at critical-node 359

throughout the day by solving the three-phase OPF problem every minute (i.e. τm = 1-min) and

assume that we are able to instantly use the reactive power injections calculated by solving the

optimization problem without any time delay (i.e. τd = 0-min). This means that the three-phase

OPF problem is solved T = 1440 times during the whole day with the load and PV data updated

every minute. Since TP-OPF takes more than two hours to converge for a single time step, we do
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not have results for the benchmark case when solving the optimization problem. Hence, we will

compare only the FOT-OPF and FBS-OPF for this benchmark case.

Table 5.11 summarizes the voltage unbalance results for the benchmark case (i.e. with τm =

1-min and τd = 0-min) when minimizing unbalance at node-359 for the whole day using the

three scalable methods. We observe that in addition to minimizing the mean unbalance at critical

node VUFavg
359, the average unbalance VUFavg

all and maximum unbalance VUFmax across all three-

phases nodes for the whole day are considerably reduced.

Method
Unbalance (%)

VUFavg
359 VUFavg

all VUFmax

Initial 1.746 1.285 2.453

FOT-OPF 0.003 0.074 0.724

FBS-OPF 0.006 0.071 0.722

Table 5.11: Simulation results for benchmark time-varying case when minimizing unbalance at

node-359 for whole day using two iterative methods with τm = 1-min and τd = 0-min.

The initial VUF at node-359 obtained by solving the power flow without any control as well

as the VUF at node-359 throughout the day for both iterative methods is illustrated in Fig. 5.8a.

We observe that PV penetration levels have higher impact on unbalance compared to load varia-

tions since the initial VUF at node-359 (shown by blue line) violates the 2% limit during midday

when PV penetration levels are high. Both iterative methods are able to reduce VUF at node-359

throughout the day to almost zero except for some time steps during midday, as shown by the

zoomed plot in Fig. 5.8a, when the PV penetration levels are high. Fig. 5.8b illustrates the average

reactive power injections throughout the day for the scalable methods. While the average reactive

power injections are almost identical for both FOT-OPF and FBS-OPF during midday (between

12-3pm) when the PV penetration level is high, the results for FBS-OPF show a more negative
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reactive power injections throughout the rest of the day. This was also observed in the results for a

single time-instance shown in Fig. 5.4 for case C3-VUF.

(a) VUF at critical node-359

(b) Average reactive power injections

Figure 5.8: Comparison of iterative methods for the benchmark time-varying case with τm = 1-

min and τd = 0-min. (a) VUF at critical node-359 (b) Average reaction power injections.
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5.11.3.2 Realistic Case

Next, we investigate more realistic cases which consider computational time delay τd. In prac-

tice, the residential load and PV data for all houses might be available less frequently. Furthermore,

there might be additional delay (apart from computation time) associated with acquiring the mea-

surement as well as communication with solar PV inverters. So, we consider two realistic cases for

the conventional TP-OPF as well as two scalable methods FOT-OPF and FBS-OPF with different

delay and measurement intervals (i.e. τd = τm = 15- or 120-min).

The simulation approach for the realistic case with τd = τm = 15-min is illustrated in Fig. 5.9

and described using the following steps:

1) We assume that the system data including measurements from all loads and solar PV systems

connected to the distribution grid are available at time step t when we start solving the three-

phase OPF.

2) The reactive power injections for all solar PV inverters calculated based on the system data at

time t are available at time step (t+ 15) to be implemented in the system as shown in Fig. 5.9.

At the same time, we acquire the new system data corresponding to time step (t+15) and start

solving the three-phase OPF again.

3) During the interval between time steps t and (t + 15), we solve a three-phase power flow

using the updated measurement data to model the natural distribution grid behavior without

any control. Recall that since we are not solving the three-phase OPF during this interval,

we cannot guarantee that all engineering constraints are satisfied and hence, voltage violations

might occur. In order to solve the power flow, we also need to set the reactive power injections

of solar PV inverters to a fixed value. Therefore, for all the power flow calculations between

time steps t and (t + 15), we set the reactive power injections to values determined from the

previously solved three-phase OPF using system data at time step (t− 15).

Table 5.12 summarizes the unbalance and voltage violations for the realistic cases. In addition

to the two iterative methods, we also consider a realistic case (τd = τm = 120-min) when solving
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Figure 5.9: Time-based simulation approach for realistic case with τd = τm.

TP-OPF and compare the performance with the iterative methods. We see for both FOT-OPF and

FBS-OPF that the mean VUF at critical node VUFavg
359 and voltage violations α increase when the

three-phase OPF is solved less frequently with longer delay time. This is due to the large variations

of load and PV generation in the feeder which might make the reactive power injections obsolete by

the time they are available as set-points for the solar PV inverters. While the voltage violations for

FOT-OPF rise with increase in τm and τd, there is negligible increase in voltage violations for the

FBS-OPF method. This is mostly due to the more negative reactive power injections determined

by FBS-OPF which lead to lower number of overvoltages.

For a better comparison, the VUF at node-359 throughout the day for all the methods with τd =

τm = 120-min is illustrated in Fig. 5.10(a). All the methods show identical improvement in the

unbalance at node-359. Fig. 5.10(b) shows the minimum (dashed lines) and maximum (solid

lines) voltage magnitude across all single-phase connections at each time step. The maximum

voltage violations in the feeder for all the methods occur during midday mainly due to overvoltage

in phase a which has the highest number of solar PV systems. In addition to this, there are some

undervoltage cases that are seen during the evening mostly due to peak load. Fig. 5.10(c) illustrates

the average reactive power injections throughout the day for the various methods. Different from

the reactive power injections seen in Fig. 5.8(b), we see that the reactive power injections are

updated after τm = 120-min interval and hence, remain constant during the 120-min interval. We

observe that the average reactive power injections for all the methods are negative throughout the
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Method Time (min) Unbalance (%) Voltage

τm τd VUFavg
359 VUFavg

all VUFmax α (%) Min. (pu) Max. (pu)

Initial 1 - 1.746 1.285 2.453 0.087 0.882 1.122

TP-OPF 120 120 0.273 0.215 2.090 3.556 0.868 1.142

FOT-OPF
15 15 0.085 0.108 2.090 1.720 0.886 1.134

120 120 0.272 0.215 2.090 3.485 0.868 1.142

FBS-OPF
15 15 0.086 0.116 2.090 0.563 0.876 1.133

120 120 0.276 0.220 2.090 0.419 0.857 1.130

Table 5.12: Simulation results for realistic time-varying case when minimizing unbalance at node-

359 for whole day.

day with TP-OPF following an almost identical trend when compared to FOT-OPF. Similar to

the reactive power injections seen in Fig. 5.8(b), the reactive power injections for FBS-OPF are

more negative compared to the other methods leading to lower overvoltage cases for the FBS-OPF

method as seen in Fig. 5.10(b). As a result, the voltage violations α are lower for the FP-OPF

method as summarized in Table 5.12.
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(a) VUF at critical node-359

(b) Voltage magnitude across all nodes

(c) Average reactive power injections

Figure 5.10: Comparison of performance metrics for the realistic time-varying case with τm = τd =

120-min. (a) VUF at critical node-359 (b) Voltage magnitude across all single-phase connections

(c) Average reaction power injections.
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5.12 Main Takeaways

In this chapter, we presented three different scalable implementations of the three-phase AC

OPF problem. We evaluated the methods by running numerical experiments on a large distribution

feeder. By comparing the results of the conventional TP-OPF with all three iterative methods at

a single time instance, we noticed that they converged to good quality solutions close to the local

optimum obtained by solving TP-OPF, but the computation time was significantly lower. This was

further validated by solving the OPF for multiple time instances. The results indicated that the

iterative methods converge quickly to high-quality solutions with FBS-OPF achieving the lowest

computation time. In addition, we observed that the accuracy of all three linear approximations

was better than LinDist3Flow.

The results obtained from the time-based simulations for realistic cases indicated that higher

time delay τd or measurement availability interval τm reduce the overall performance measured in

terms of voltage unbalance reduction and voltage violations with the FBS-OPF method showing

the least degradation in performance.
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Chapter 6

Chance-Constrained Optimal Power Flow

The OPF problem discussed in the previous chapters is typically handled as a deterministic

optimization problem on the basis of a forecasted point for the load and renewable generation. The

intermittent nature of DERs and errors in load forecasting increases uncertainty in the network,

while also posing considerable power quality issues such as voltage unbalance and voltage mag-

nitude violations. While OPF provides optimal set-points, the frequency at which the set-points

are updated is limited by real-time system measurements and communication delays as seen in

Chapter 5. As a result, it may be critical to identify DER setpoints that ensure grid security over

extended periods of time, with intervals ranging from 15 minutes (assuming good communication

systems exist) to an entire season (in case low complexity is desired). Across these time horizons,

there will be significant variability and uncertainty in the realization of load and DER power in-

jections. If not appropriately accounted for, this can lead to constraint violations and high voltage

unbalance in the time intervals between control set-point updates. To address this problem, we

must treat the variable load and DER injections as uncertain and formulate the centralized OPF

problem as a stochastic optimization problem.

6.1 Literature Review: Optimization under Uncertainty

Several types of stochastic OPF methods for distribution grids have been proposed in existing

literature. This includes robust and distributionally robust methods [7, 35, 36], which aim to hedge

against worst-case operating conditions, and often lead to highly conservative solutions. Other

stochastic approximation techniques [34] and chance-constrained formulations [37] have also been
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proposed for balanced distribution grids. These models mainly focus on voltage regulation or

reducing voltage magnitude violations [7, 36] with the objectives to minimize cost of energy [35,

36, 37], deviation from a desired power injection at the distribution substation [36], or network

losses [7, 34, 37]. it must also be noted that these models often leverage power flow models that

exploit radial network topology of distribution grids [12, 14, 89, 93, 94], include approximations

of voltage unbalance [24, 90, 91, 92], and sometimes employ successive approximation algorithms

such as forward-backward sweep [75, 101, 102]. Most of these existing formulations are linear

approximations [89, 90, 107] or convex relaxations [24, 91, 92, 93, 94], which typically do not

converge to solutions that are AC feasible. The few methods that do consider the full, nonlinear

AC power flow model [35] or converge to a solution that is AC feasible [37] generally only consider

balanced, single-phase equivalent networks.

One of the major challenges for data-driven and stochastic methods in distribution grids is the

uncertainty characterization. Certain assumptions such as the law of large numbers that might

be true when we consider large number of customers will no longer hold for a smaller number

of consumers in the case of distribution feeders, where it is hard to accurately forecast both load

and DER power injections since they exhibit large variability over time. The most flexible way

to model these distributions is using scenarios. However, scenario approaches may suffer from

dimensionality issues due to the large number of decision variables and constraints that appear

especially when using three-phase unbalanced models. Although choosing an appropriate set of

samples (based on, e.g., historical data) is challenging, a chance-constrained formulation can be

adopted to identify one set of control actions that can be utilized across a range of highly uncertain

scenarios. This can be very useful because distribution utilities often only communicate with and

control individual DERs at infrequent intervals. So the chance-constrained formulation represents

a more realistic alternative to solving a deterministic problem for each uncertain scenario and

identifying control set-points that need to be communicated frequently to the DERs. Another

benefit of chance constraints is that they provide an intuitive trade-off between solution optimality

(e.g. lowering voltage unbalance) and system robustness (i.e., reducing the number of constraint

violations) by adjusting the parameter associated with the desired violation probability.
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In general, chance-constrained optimization problems are challenging to solve [108], mainly

because the probabilistic constraints need to be reformulated into a tractable form that can be

solved by commercially available solvers. Some methods to reformulate chance constraints in ap-

plications involving distribution grids include moment-based approaches which assume Gaussian

uncertainty [109] and distributionally agnostic strategies that employ e.g., scenario approaches [110],

conservative convex approximations [111, 112], or data-driven robust methods [36]. While these

assumptions can aid in the ability to obtain tractable reformulations of the probabilistic constraints,

they are often limiting and/or inaccurate for distribution grids.

6.2 Main Contributions

In this chapter, we formulate a chance-constrained optimal power flow (CC-OPF) problem to

minimize voltage unbalance while ensuring that voltage magnitude constraints and DER capac-

ity limits are satisfied. We reformulate the problem using a data-driven, iterative approach that

is computationally tractable. This method was inspired by existing approaches for transmission

systems [113, 114, 115, 116] and balanced distribution grids [37]. The main idea is to define every

chance constraint using its corresponding nominal constraint with the addition of a tightening term

(also referred to as uncertainty margin) that accounts for uncertainty in the system. By choosing an

optimal tightening term, we can obtain solutions that satisfy the chance constraints with the desired

level of probability. A detailed case study is performed using real load and DER data where we

test ability of the proposed approach to enforce chance constraint satisfaction. Furthermore, we

investigate how properties of the uncertainty data can influence the resulting solutions.

6.3 Uncertainty Modeling

In this section, we discuss how the model of the load and PV inverters in distribution grids

described in previous chapters is extended to include uncertainty. Recall that distribution grids

typically have a small number of households distributed across different parts of the feeder. So, we

do not see the smoothing effect that can be observed in transmission grids [14]. The PV generation
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of each household as well as the load demand is highly variable, as shown by the example data in

Fig. 6.1. This data is obtained from Pecan Street for a group of households in New York [106]. It is

evident that forecasting the load demand can be challenging, especially due to the fact that the data

does not fit any of the well described, standard probability distributions. In order to capture the

probability distributions of the realistic solar PV generation and load consumption, we will directly

utilize historical data (which can usually be obtained from smart meters after a delay [117]) for all

the simulations in this chapter.

(a) PV active power generation

(b) Load active power demand

Figure 6.1: One-minute resolution Pecan Street data for 15 houses from a single day. (a) PV active

power generation. (b) Load active power demand.
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6.3.1 Notation

We will use the subscript ω to denote dependency on a given uncertainty realization ω. The

individual realizations ω are grouped together to represent the full uncertainty data set using Ω with

the total number of samples M = |Ω|. Although we use radial distribution grids in our case study,

the model makes no limiting assumptions of radiality and hence, we can employ the same approach

to weakly-meshed or meshed distribution grid configurations. To simplify notation, we assume that

there is one solar PV inverter and one load at every single-phase connection of node i ∈ N . If any

node connected to a phase has no source or load, we set the corresponding entries to zero. Recall

that optimization variables are denoted using bold symbols, scalar values are denoted using small

letters, and their vector counterparts and matrices are denoted using capital letters.

6.3.2 Modeling of Loads

For any node i ∈ N , we represent the three-phase active and reactive power demand for a given

realization ω as

PL,i,ω =


paL,i,ω

pbL,i,ω

pcL,i,ω

, QL,i,ω =


qaL,i,ω

qbL,i,ω

qcL,i,ω

.
If the reactive power demand is not known, we can assume that the loads are operating with a

constant power factor pfϕ
L,i, and the reactive power consumption then becomes

QL,i,ω =


γaL,i,ω

γbL,i,ω

γcL,i,ω


︸ ︷︷ ︸

ΓL,i

⊙PL,i,ω, (6.1)

where the individual entries of the constant factor ΓL,i are calculated using the constant power

factor pfϕ
L,i as

γϕL,i =

√√√√(1− pfϕ
L,i

2
)

(pfϕ
L,i)

2 .
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We express the average active power load P̄L,i and reactive power load Q̄L,i as the sample average

across all realizations in the sample set Ω with

P̄L,i =


p̄aL,i

p̄bL,i

p̄cL,i

, Q̄L,i =


q̄aL,i

q̄bL,i

q̄cL,i

,
where the per-phase active and reactive power values are calculated using

p̄ϕL,i =
1

|Ω|
∑
ω∈Ω

pϕL,i,ω, (6.2a)

q̄ϕL,i =
1

|Ω|
∑
ω∈Ω

qϕL,i,ω. (6.2b)

We define the uncertainty of the load consumption as deviation from the average value which can

be expressed as

δPL,i,ω = PL,i,ω − P̄L,i, (6.3a)

δQL,i,ω = QL,i,ω − Q̄L,i. (6.3b)

6.3.3 Modeling of Solar PV Active Power Generation

Similar to the previous chapters, we assume that the utility does not perform active power cur-

tailment and hence consider the solar PV active power generation as uncontrollable random vari-

ables. Following the load modelling procedure described in the previous section, the active power

generation of the solar PV inverters PG,i,ω under realization ω and the average generation P̄G,i are

defined as

PG,i,ω =


paG,i,ω

pbG,i,ω

pcG,i,ω

, P̄G,i =


p̄aG,i

p̄bG,i

p̄cG,i

.
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The per-phase average active power generation p̄ϕG,i and uncertain deviation δPG,i,ω are defined

similar to the loads using

p̄ϕG,i =
1

|Ω|
∑
ω∈Ω

pϕG,i,ω, (6.4a)

δPG,i,ω = PG,i,ω − P̄G,i. (6.4b)

6.3.4 Reactive Power Control from Solar PV Inverters

We consider that all solar PV systems connected to the distribution grid via smart inverters

which provide opportunities for reactive power support as defined in the IEEE Standard 1547-

2018 [118]. In this chapter, we will assume that all inverters are operating in the constant reactive

power mode, where each inverter provides reactive power according to a specified set-point,

QG,i = [qa
G,i qb

G,i qc
G,i]

⊤.

This set-point is provided by the DSO and serves as a control variable in our optimization problem.

Our aim is to find an optimal set-point QG,i that will remain the same for all the uncertainty

realizations ω with the objective to minimize voltage unbalance while ensuring voltage magnitude

limits are satisfied.

The active and reactive power of the PV inverter must satisfy the apparent power limits. For

a single-phase PV inverter connected to phase ϕ at node i, we define the apparent power rating

as |sϕG,i|. The inverter reactive power qϕ
G,i is then constrained by

Pω

(
(qϕ

G,i)
2 + (pϕG,i,ω)

2 ≤ |sϕG,i|
)
≥ 1− ϵq. (6.5)

Since the active power generation pϕG,i,ω depends in the uncertainty realizations ω, this constraint is

enforced as a chance constraint where ϵq ∈ [0, 1] denotes the acceptable violation probability. This

means that the reactive power set-point qϕ
G,i is guaranteed to be feasible with probability 1− ϵq.

Fig. 6.2 shows the PV inverter limit (blue dashed line), which is assumed to be a hard constraint.

The reactive power is constant (orange line) with respect to the active power since we are operating

in the constant reactive power mode. If the reactive power remains fixed beyond a certain value
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Figure 6.2: Inverter reactive power control with and without capping.

of active power generation, the PV inverter gets overloaded (red line) and operates in the region

where the inverter limits are no longer satisfied. If inverter operates under overloaded conditions

for long time duration, there is a high probability of premature failure of the inverter, and manual

intervention might be required to avoid this situation. Therefore, we consider capping the inverter

to be within the specified apparent power limits by decreasing the reactive power (green curve)

as active power generation increases. This is also compliant with the IEEE Std 1547-2018 [118],

which specifies that DERs should satisfy their apparent power limits. In such cases where inverter

power injections are capped, the violation probability ϵq is interpreted as the probability that an

inverter is unable to provide the desired reactive power to the grid.

6.3.5 Voltage Representation

Similar to the previous chapters, we implement the three-phase OPF in the polar coordinate

frame using the phase-to-neutral voltage magnitude and angle variables at every node i ∈ N . The

voltage magnitudes and angles corresponding to the average power injections P̄i, Q̄i are denoted

by |Vi| = [|va
i | |vb

i | |vc
i |]⊤ and Θi = [θa

i θb
i θc

i ]
⊤, respectively. As the active and reactive power

injections change, the voltages change as well. The voltage variables for a given realization ω

is represented by |Vi,ω| = [|va
i,ω| |vb

i,ω| |vc
i,ω|]⊤ and Θi,ω = [θa

i,ω θb
i,ω θc

i,ω]
⊤. Recall that the

distribution substation is considered as the reference for voltage angle measurements where the
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voltage is assumed to be independent of ω and remains fixed according to (4.1). All other voltage

magnitudes at node i ∈ N connected to phase ϕ are constrained by

Pω

(
|vϕ

i,ω| ≤ v
)
≥ 1− ϵv, (6.6a)

Pω

(
|vϕ

i,ω| ≥ v
)
≥ 1− ϵv. (6.6b)

Since the voltage magnitude |vϕ
i,ω| depends on the uncertainty realization ω, these constraints are

enforced as chance constraints with acceptable violation probability ϵv ∈ [0, 1]. Note that the volt-

age magnitude constraints can be considered as soft constraints, where a violation of the constraint

indicates an under- or over-voltage conditions. Soft constraint violations are generally acceptable

if the magnitude and duration are quite small.

6.3.6 Power Flow

The active power injection Pi,ω ∈ R3 at node i ∈ N depends on the uncertainty realization ω. It

can be expressed as the sum of the average active generation P̄G,i ∈ R3 and average load P̄L,i ∈ R3

with corresponding deviations δPG,i,ω ∈ R3 and δPL,i,ω ∈ R3,

Pi,ω = PG,i,ω − PL,i,ω =
(
P̄G,i + δPG,i,ω

)
−
(
P̄L,i + δP L,i,ω

)
. (6.7)

The reactive power injection Qi,ω ∈ R3 at node i ∈ N is modeled as the deviation between the

reactive power generation of solar PV inverters QG,i and the reactive power load QL,i,ω,

Qi,ω = QG,i −QL,i,ω. (6.8)

The average active and reactive power injections at each node are then represented by

P̄i = P̄G,i − P̄L,i, (6.9a)

Q̄i = QG,i − Q̄L,i. (6.9b)

The active power balance is maintained by the distribution substation, which injects power equal

to the difference between the active power load demand and generation from PV systems for each

scenario as well as any additional power needed to cover the power losses. The active power

injection at the substation is considered as a decision variable PG,0,ω.
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Similarly, the reactive power balance is also guaranteed by the substation. We denote the

reactive power injection at the substation as our decision variable QG,0,ω, which produces the

difference between consumption, losses and generation.

Following [47], we can express the power flow equation at node i ∈ N0 using

Pi,ω =|Vi,ω| ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θik,ω

)
+Bik ⊙ S

(
Θik,ω

)]
· |Vk,ω|, (6.10a)

Qi,ω =|Vi,ω| ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θik,ω

)
−Bik ⊙ C

(
Θik,ω

)]
· |Vk,ω|, (6.10b)

where the cosine component C(Θik,ω) and sine component S(Θik,ω) of the branch angle ma-

trix Θik,ω ∈ R3×3 are given by

C
(
Θik,ω

)
=


cos(θa

i,ω − θa
k,ω) cos(θa

i,ω − θb
k,ω) cos(θa

i,ω − θc
k,ω)

cos(θb
i,ω − θa

k,ω) cos(θb
i,ω − θb

k,ω) cos(θb
i,ω − θc

k,ω)

cos(θc
i,ω − θa

k,ω) cos(θc
i,ω − θb

k,ω) cos(θc
i,ω − θc

k,ω)

 ,

S
(
Θik,ω

)
=


sin(θa

i,ω − θa
k,ω) sin(θa

i,ω − θb
k,ω) sin(θa

i,ω − θc
k,ω)

sin(θb
i,ω − θa

k,ω) sin(θb
i,ω − θb

k,ω) sin(θb
i,ω − θc

k,ω)

sin(θc
i,ω − θa

k,ω) sin(θc
i,ω − θb

k,ω) sin(θc
i,ω − θc

k,ω)

 .
Note that the power flow equations (4.5) are enforced for all ω ∈ Ω. For the remainder of the

chapter, we use

f(|Vi,ω|,Θi,ω, Pi,ω, Qi,ω) = 0, ∀i ∈ N0, ω ∈ Ω,

as a shorthand representation of (6.10).

6.3.7 Objective Function

For the objective of the OPF problem, we choose to minimize voltage unbalance by using the

Voltage Unbalance Factor (VUF) definition of voltage unbalance. For a three-phase node l, the

square of VUF for the uncertainty realization ω is modelled as

VUF2
l,ω =

|v−l,ω|
2

|v+l,ω|
2 =

(v−
dl,ω)

2
+ (v−

ql,ω)
2

(v+
dl,ω)

2
+ (v+

ql,ω)
2 , (6.11)
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where v−
dl,ω,v

−
ql,ω and v+

dl,ω,v
+
ql,ω denote the rectangular coordinate representation of negative se-

quence voltage v−l,ω and positive sequence voltage v+l,ω, respectively. They can be represented as

non-linear functions of the voltage variables Vl,ω,Θl,ω using

v−
dl,ω = ℜ{v−l,ω},v

−
ql,ω = ℑ{v−l,ω}, where

v−l,ω = |va
l,ω|∠θa

l,ω + |vb
l,ω|∠(θb

l,ω − 120◦) + |vc
l,ω|∠(θc

l,ω + 120◦), (6.12a)

v+
dl,ω = ℜ(v+l,ω),v

+
ql,ω = ℑ(v+l,ω), where

v+l,ω = |va
l,ω|∠θa

l,ω + |vb
l,ω|∠(θb

l,ω + 120◦) + |vc
l,ω|∠(θc

l,ω − 120◦). (6.12b)

6.4 Chance-Constrained Optimal Power Flow

The three-phase AC chance-constrained OPF problem is formulated as

min
PG,0,QG,|V |,Θ

∑
ω∈Ω

∑
l∈N

VUF2
l,ω (CC-OPF)

s.t. f
(
|Vi,ω|,Θi,ω, Pi,ω, Qi,ω

)
= 0, ∀i∈N0,ω∈Ω,

Pω

(
|vϕ

i,ω| ≤ v
)
≥ 1− ϵv, ∀ϕ∈Φ,i∈N ,

Pω

(
|vϕ

i,ω| ≥ v
)
≥ 1− ϵv, ∀ϕ∈Φ,i∈N ,

Pω

(
(qϕ

G,i)
2+(pϕG,i,ω)

2≤|sϕG,i|
)
≥1− ϵq, ∀ϕ∈Φ,i∈N ,

|V0|∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
,

where the optimization variables for each uncertainty realization ω ∈ Ω are the voltage magnitudes

at all nodes |V | ∈ R3(n+1), voltage angles at all nodes Θ ∈ R3(n+1), active power generation at the

substation PG,0 ∈ R3, and reactive power generation at all nodes QG ∈ R3(n+1).

Generally, we can interpret the chance constraints (6.5) and (6.6) as the probability that the

DSO might need to take some real-time control actions in order to keep the system secure. There

are two choices for the DSO [114]:

(i) Choosing high acceptable violation probabilities ϵq and ϵv puts the system at a higher risk of

insecure operation. This may require frequent deployment of real-time controls, which might

not always be available.
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(ii) Choosing a low violation probability can be expensive, but the trade-off is that the system

operation is safer and less prone to risk of insecure operation.

As formulated above, the CC-OPF problem is not tractable because of the chance constraints

(6.5) and (6.6). While the feasible region defined by the chance constraints is non-convex, it is

generally difficult to evaluate the feasibility of a solution since multi-dimensional integration is

required. In addition, it is computationally expensive to enforce the power flow constraints (6.10)

for all ω ∈ Ω, especially if the uncertainty set Ω is large. Hence, we need to reformulate these

constraints into deterministic counterparts to obtain a tractable formulation that can be solved

efficiently. Furthermore, our problem setting has two more complications:

(i) We do not make any distributional assumptions on the uncertainty in the problem.

(ii) We use the full, non-linear, non-convex AC power flow equations.

As a result, CC-OPF belongs to a challenging class of problems, where standard analytical refor-

mulation techniques cannot be used. In the next section, we discuss a data driven reformulation

approach to simplify the CC-OPF problem.

6.5 Analytical Reformulation

We take an iterative, data-driven approach to solve the CC-OPF problem which combines an

approximate problem formulation along with sample-based evaluations to successively update the

formulation, as illustrated in Fig. 6.3 [116]. Following [114, 116], we start by replacing (6.10)

by a single set of deterministic power balance equations. Furthermore, we express the chance

constraints (6.5) and (6.6) employing their nominal counterpart plus a constant tightening term

that protects the system from risk against uncertainty. We refer to this tightening term as the

uncertainty margin. By doing this, we get an approximate problem that can be solved efficiently

using commercially available solvers. The candidate solution obtained by solving the approximate

problem along with the available uncertainty data can be used to iteratively update the uncertainty

margin. We will discuss this in more detain in the next few sections.
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Figure 6.3: The general iterative process comprising of solving an approximate problem formula-

tion and utilizing the results of a sample-based evaluation to update the problem formulation.

One of the primary advantages of the iterative approach is that we have decoupled the solving

of the three-phase AC OPF problem from the consideration of the uncertainty. This enables us

to take advantage of the available uncertainty data without adding any computational complexity

associated with solving the optimization problem. Therefore, unlike other sample-based methods

like the scenario method, the size of the optimization problem does not increase as more samples

are used [119]. Moreover, we are now able to use the non-linear, non-convex AC power flow

equations without the requirement to perform any approximations or explicit linearizations. Since

we deliberately choose to utilize an approximate reformulation that is straightforward to solve,

the resulting algorithm can benefit from the computational efficiency of commercially available

solvers.

Accurately identifying and updating the values of the uncertainty margins is still a major chal-

lenge of using this style of deterministic reformulation. We must make sure that the uncertainty

margins are large enough that the solution to the reformulated problem is feasible for the original

chance constrained problem CC-OPF. Additionally, the uncertainty margins should also be small

enough so that we do not obtain a very conservative result. The remainder of this section describes

the main components of the iterative approach illustrated in Fig. 6.3.

6.5.1 Approximate Problem Formulation

We use a generalized approach based on [114] and reformulated the chance-constraints and

power flow equations.
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6.5.1.1 Nonlinear Power Flow

Instead of enforcing the power flow equations in (6.10) for all uncertainty realizations, we en-

force a deterministic set of power flow equations at node i ∈ {0,N} which use the average power

injections, P̄i, Q̄i and corresponding voltage variables |Vi|,Θi. The power balance constraints

become

P̄i =|Vi| ⊙
∑
k∈N0

[
Gik ⊙ C

(
Θik

)
+Bik ⊙ S

(
Θik

)]
· |Vk|, (6.14a)

Q̄i =|Vi| ⊙
∑
k∈N0

[
Gik ⊙ S

(
Θik

)
−Bik ⊙ C

(
Θik

)]
· |Vk|, (6.14b)

and the shorthand representation of (6.14) is then given by

f(|Vi|,Θi, P̄i, Q̄i) = 0, ∀i ∈ N0.

6.5.1.2 Linear Power Flow

Linear approximations of power flow equations have been widely used to reduce computational

complexity as discussed already in Chapter 5. We have seen from the simulation results for larger

test feeders in Chapter 5 that using the full, non-linear, non-convex AC power flow equations can

lead to long computation times. Instead of formulating the deterministic power flow equations

using (6.14), we can also employ one of the linear power flow models from Chapter 5. In this

chapter, we have set up the problem in the polar coordinate frame. In addition, we can determine

an initial voltage estimate using the average power injections with ω = 0. Hence, we choose to

utilize the FOT approximation to linearize the power balance equations around the operating point

defined by the average power injections P̄i, Q̄i and corresponding voltage estimates. We use

fFOT(|Vi|,Θi, P̄i, Q̄i) = 0, ∀i ∈ N0.

as the shorthand to represent the linear power flow equations defined in (5.7). Note that if the

load forecasting error and variability of power injections by solar PV inverters are small, the FOT

linearization approach should be able to provide accurate results.
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6.5.1.3 Inverter Limits

The inverter limits represented by quadratic chance constraints in (4.4) are replaced by deter-

ministic box constraints, which consist of a nominal limit and a tightening term. The upper and

lower limits for a PV inverter at phase ϕ ∈ Φ of node i ∈ N are computed by using the average

generation pϕG,i as

qϕG,i =
√

|sϕG,i|2 − (p̄ϕG,i)
2, (6.15a)

qϕ
G,i

= −
√

|sϕG,i|2 − (p̄ϕG,i)
2. (6.15b)

The non-negative tightening terms corresponding to the upper and lower limits are represented

by λ
ϕ

q,i, λ
ϕ
q,i ∈ R+, respectively. For notational convenience, we also define the tightenings using

vectors

Λq =
[[
λϕq,i
]⊤
ϕ∈Φ

]⊤
i∈N

, Λq =
[[
λ
ϕ

q,i

]⊤
ϕ∈Φ

]⊤
i∈N

.

It is important to note that these tightenings can be pre-calculated because the inverter reactive

power limits depend only on the apparent power and uncertain active power which are known a

priori. The process is illustrated in Fig. 6.4 [48]. For example, consider the upper inverter limit

where can evaluate the limit qϕG,i,ω for every uncertainty sample ω ∈ Ω using Eq. (6.15a) with

Figure 6.4: The histogram depicts the probability distribution function of an example inverter

reactive power upper limit, fϕ
q,i(·). The constraint tightening λ

ϕ

q,i, shown by the orange line, is given

by the distance between the nominal limit qϕG,i (brown line) and the ϵq quantile of the empirical

distribution of the upper reactive power limit fϕ
q,i(ϵq) (yellow line).
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the sampled value pG,i,ω instead of the average value p̄ϕG,i. Once we calculate this limit for all

uncertainty realizations, an empirical distribution for the upper reactive power generation limit is

obtained, which we represent by fϕ
q,i(·). The empirical distribution for the lower reactive power

generation limit will simply be the negative, i.e., −fϕ
q,i(·). Next, we identify the desired quantiles

of the empirical distribution and use them to compute the constraint tightening terms. If the chance

constraint on the upper reactive power limit needs to hold, the upper limit must be set to fϕ
q,i(ϵq),

which is equal to the ϵq quantile of the empirical distribution of the upper reactive power limit.

To ensure the chance constraint holds, we set the appropriate uncertainty margin to the difference

between the nominal inverter lower limit qϕ
G,i

and fϕ
q,i(ϵq). Thus, the constraint tightenings for

reactive power limits can be calculated as follows:

λ
ϕ

q,i = qϕG,i − fϕ
q,i(ϵq),

λϕq,i = −fϕ
q,i(1− ϵq)− qϕ

G,i
.

Note that the tightening values need to be calculated only once. Once they are determined, the

tightenings remain fixed throughout the entirety of the iterative algorithm.

6.5.1.4 Voltage Limits

Similar to the inverter limits, we replace the chance constraints on the lower and upper voltage

magnitude constraints (6.6) with the nominal limits and tightening terms, which are represented

by λ
ϕ

v,i, λ
ϕ
v,i ∈ R+, respectively. The vector representations are

λV =
[[
λϕ∈ΦV,i

]
i∈N

]⊤
, λV =

[[
λ
ϕ∈Φ
V,i

]
i∈N

]⊤
.

Different from the inverter limits, the voltage constraint tightenings require the solution obtained

from the approximate OPF problem in order to be determined and as a result, must be calculated

in every iteration and updated accordingly.
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6.5.1.5 Reformulated Problem

Before we describe the reformulated problem, we must calculate the deterministic VUF by

replacing the voltage variables Vl,ω,Θl,ω with their nominal counterparts |Vl|,Θl (corresponding

to average power injections) in (6.11) and (6.12).

The deterministic approximate problem obtained by using the reformulation detailed above can

be expressed as

min
PG,0,QG,|V |,Θ

∑
l∈N

VUF2
l (CCR-OPF)

s.t. f(|Vi|,Θi, P̄i, Q̄i) = 0 or fFOT(|Vi|,Θi, P̄i, Q̄i) = 0, ∀i∈N0 ,

|vϕ
i | ≤ v − λ

ϕ

v,i, ∀ϕ∈Φ,i∈N ,

|vϕ
i | ≥ v + λϕv,i, ∀ϕ∈Φ,i∈N ,

qϕ
G,i ≤ qϕG,i − λ

ϕ

q,i, ∀ϕ∈Φ,i∈N ,

qϕ
G,i ≥ qϕ

G,i
+ λϕq,i, ∀ϕ∈Φ,i∈N ,

V0∠Θ0 =
[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
.

We represent the solution of CCR-OPF using Xsol = (PG,0,QG, |V|,Θ).

6.5.2 Solution Evaluation

After solving the approximate problem (CCR-OPF) to obtain a candidate solution Xsol, we

can utilize the available uncertainty samples to investigate if the voltage constraint tightenings are

conservative or not. To do this, we evaluate the solution Xsol by creating an empirical distribution

and then perform a quantile evaluation as explained in Section 6.5.1.3 to obtain the inverter limit

tightenings.

6.5.2.1 Quantile Evaluation

We start by using the candidate solution Xsol to calculate power flows (Monte Carlo simula-

tions) for each sample in our uncertainty set. By doing this, we get empirical distributions for

the voltage magnitudes around our candidate voltage solution |vϕ
i | at node i ∈ N connected to
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phase ϕ ∈ Φ. We represent this using fϕ
v,i(·). Similar to the evaluation of the inverter limit tighten-

ings, we can evaluate the voltage magnitude value at the desired quantiles by using the empirical

distribution. Hence, we get the upper 1 − ϵv and lower ϵv quantiles of the empirical distribu-

tion fϕ
v,i(·) denoted by fϕ

v,i(1− ϵv) and fϕ
v,i(ϵv), respectively.

6.5.2.2 Empirical Voltage Violation Probability Evaluation

We can also use the uncertainty samples to find the empirical violation probability of the solu-

tion Xsol to determine whether the chance constraint is satisfied. For example, consider the upper

voltage magnitude constraint for node i ∈ N connected to phase ϕ ∈ Φ and uncertainty samples

pϕG,i,ω and pϕL,i,ω. We define an indicator random variable Y ϕ
v,i(Xsol, p

ϕ
G,i,ω, p

ϕ
L,i,ω) ∈ {0, 1}, which is

equal to 0 if the upper voltage constraint holds and 1 otherwise, i.e.,

Y ϕ
v,i(Xsol, p

ϕ
G,i,ω, p

ϕ
L,i,ω) =

0 if |vϕ
i,ω| ≤ v,

1 otherwise.
(6.17)

We calculate the empirical violation probability for this constraint, denoted Êϕ
v,i(Xsol) ∈ [0, 1], by

taking the mean evaluated across all samples, i.e.,

Êϕ
v,i(Xsol) =

1

|Ω|
∑
ω∈Ω

Y ϕ
v,i(Xsol, p

ϕ
G,i,ω, p

ϕ
L,i,ω). (6.18)

Similar evaluations can be performed to obtain the empirical violation probabilities of the voltage

lower limits Êϕ
v,i(Xsol), inverter upper limits Êϕ

q,i(Xsol), and inverter lower limits Êϕ
q,i(Xsol). For a

solution Xsol, we then define the worst case empirical violation probability for a single constraint

type as the maximum empirical violation probability seen across all constraints of that type. As an

example, the worst case empirical violation probability for the voltage upper limit is computed as

Êmax
v (Xsol) = max

i∈N ,ϕ∈Φ
{Êϕ

v,i}. (6.19)
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6.5.2.3 Handling of Inverter Limits

As detailed in Section 6.3.4, we consider PV inverter limits as hard constraints. Consequently,

as we assess the solution Xsol in the evaluation step, we propose two strategies to deal with the

condition when the inverter limits specified in (6.5) are violated:

(i) We allow inverters to be overloaded and observe inverter limit violations. The empirical vi-

olation probability can be calculated following the same procedure described in the previous

section for voltage limits.

(ii) We cap the reactive power of inverter such that the total apparent power stays within the

specified limits. Hence, no calculation of the empirical violation probability is required.

It is important to note here that the latter approach with inverter capping is a more realistic situation.

Although the capping of the inverter output is challenging to model as a constraint within the

approximate optimization problem, it is quite straightforward to perform this a posteriori during

the solution evaluation step.

6.5.3 Iterative Quantile-based Method

Similar to the approaches proposed in [37, 113, 114], our iterative method utilizes available

uncertainty samples to obtain empirical distribution functions for the voltage variables. We then

follow the procedure discussed in Section 6.5.2.1 to find the desired quantiles of the empirical dis-

tribution. After doing this, we can directly calculate the tightening terms for the voltage magnitude

limits. Following the approach illustrated in Fig. 6.3, the iterative quantile-based method consists

of the following steps:

(1) Initialize: We set the iteration count to κ = 0 and fix the voltage magnitude tightenings

Λ
(0)

v ,Λ(0)
v to zero. The reactive power generation tightenings Λq,Λq are computed as per the

procedure detailed in Section 6.5.1.3.

(2) Solve approximate problem: We solve the simplified problem CCR-OPF using fixed tightening

terms Λ
(κ)

v ,Λ(κ)
v ,Λq,Λq and obtain a candidate solution X(κ+1)

sol .
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(3) Solution evaluation: We perform the quantile evaluation discussed in Section 6.5.2.1 to de-

termine the upper 1 − ϵv and lower ϵv quantiles of the empirical distribution of the voltage

magnitude, fϕ,(κ+1)
v,i (1− ϵv) and fϕ,(κ+1)

v,i (ϵv), respectively.

(4) Update tightenings: We use the evaluated quantiles to update the voltage magnitude constraint

tightenings,

λ
ϕ

v,i = f
ϕ,(κ+1)
v,i (1− ϵv)− |vϕ,(κ+1)

i |,

λϕv,i = |vϕ,(κ+1)
i | − f

ϕ,(κ+1)
v,i (ϵv).

(5) Check convergence: We terminate when the upper and lower voltage constraint tightenings

do not deviate too much from the previous iteration and converge below their respective pre-

specified tolerance values ηv, ηv ∈ R+, i.e., both

max{|Λ(κ+1)

v −Λ
(κ)

v |} ≤ ηv and max{|Λ(κ+1)
v −Λ(κ)

v |} ≤ η
v

must be satisfied. We return the final solution X(κ+1)
sol . If not, we increase the iteration count to

κ = κ+ 1 and go back to step (2).

It is evident that the quantile-based method has some flexibility in its tightening updates because

of the ability to calculate different tightenings for each of the voltage constraints separately. How-

ever, one drawback of the flexibility of the quantile-based method could be a higher chance for

overfitting to the sampled uncertainty data.

6.6 Case Study Setup

In this section, we describe our case study setup where we use the IEEE 13-node radial dis-

tribution feeder [76] with realistic uncertainty data for solar PV generation and load demand to

assess the performance of the iterative algorithm detailed in Section 6.5.3. Our goal is to identify

reactive power set-points for the PV inverters that are valid for one full day, i.e., we assume that

the distribution of possible load and solar PV values represents the power injection profiles across

the whole day.
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We explore how properties of the uncertainty data set (i.e., sampling procedure, number of

samples, correlation between data points etc.) can have an impact on the resulting solutions. We

evaluate the performance of the iterative algorithm in terms of chance constraint feasibility and

objective optimality using both in- and out-of-sample evaluations. The optimization problem and

algorithms are implemented in Julia [25] using JuMP [26] with the solver Ipopt [84].

6.6.1 Feeder Description

As our test system, we use the same IEEE 13-node feeder [76] described in Chapter 4, which

consists of 15 houses represented as single-phase connections at seven nodes as illustrated in

Fig. 4.2. In order to ensure that the generation and demand data is realistic, we utilize the same

Pecan Street [106] residential data with 1-minute resolution as discussed in Section 5.9.2. This

data consists of measurements from residential homes in New York, which are available for 25

full days between May 2019 and August 2019. Recall that an example of the load and solar PV

profiles for a single day was shown in Fig. 6.1. We assume every house has a single-phase rooftop

solar PV system with a maximum inverter rating of 100kVA (value chosen to match existing loads

in the test feeder).

6.6.2 Sampling Procedure

For our numerical experiments, we divide the available data for in-sample and out-of-sample

evaluations.

6.6.2.1 Out-of-sample Data

We randomly pick five days of data from the 25 day data set to be utilized for an out-of-sample

evaluation. These samples remain the same across all experiments.
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6.6.2.2 In-sample Data

We draw M samples from the remaining 20 days which will be used in the iterative algorithm

and in-sample evaluation. We employ two types of sampling methods with different size variations

to draw these M samples:

(i) Full day samples: We randomly pick either 1, 2 or 4 days from the set of 20 days, correspond-

ing to M = 1440, 2880, or 5760 data points, respectively. This data set can be interpreted

as the common practice of using data from a set of “representative days”. Drawing samples

using this type of method could lead to data having strong correlations among subsequent

time steps.

(ii) Random samples: All available data points from the set of 20 days are pooled together

and M = 1440, 2880, or 5760 samples are drawn randomly from the data pool. This data

set assumes that the data from the 20 days defines a probability distribution of the data and

we draw i.i.d. samples from this set. While this does not guarantee that all time steps in the

day are represented, it most likely represents a wider variety of operating conditions since

the data from more days are included.

6.6.3 Investigations

In the next four sections, we perform different analyses to analyse the performance of our

proposed method and evaluate the different ways to model hard inverter limits:

• Section 6.7 examines how different data sampling procedures can impact the performance

of our method. More specifically, we evaluate the performance of the iterative algorithm with

the full day and random samples across numerous different algorithm replications, with the

goal to assess which sampling procedure is more suitable.

• After identifying the most suitable sampling approach, Section 6.8 provides a detailed de-

scription of the iterative algorithm for one replication. We examine the resulting constraint
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tightenings, voltage and inverter set points, as well as constraint violations evaluated on in-

and out-of-sample data.

• Section 6.9 explores the algorithm performance when the effect of inverter capping is in-

corporated.

• Section 6.10 investigates the performance of the algorithm when linear power flow models

are used. We evaluate if the algorithm can provide high-quality solutions with good approx-

imation accuracy when the power flow equations are linearized.

6.7 Case Study I: Comparison of Sampling Methods

We first run numerical simulations to evaluate the performance of the quantile-based method

under each of the data set sampling variations described in Section 6.6.2.2. For each of the six

sampling methods (full day or random samples with M = 1440, 2880, or 5760), we perform

10 replications, each using a different, independent sample draw. The desired chance constraint

violation probability is set to ϵv = ϵq = 0.05.

6.7.1 Empirical Violation Probability

In Figs. 6.5 and 6.6, we plot the worst-case empirical violation probabilities for each constraint

type (as defined in (6.19)) evaluated on both the in- and out-of-sample data, respectively. The

worst-case violation probabilities for the lower voltage magnitude, upper voltage magnitude, lower

inverter reactive power, and upper inverter reactive power constraints are shown in the figures

using the blue, red, yellow, and purple bars, respectively. The average across the 10 replications

is illustrated using the square, while the bars depict the range of worst-case violation probabilities

obtained across the replications. The figures illustrate the results obtained by the quantile-based

method, when using full day samples comprising of 1, 2, and 4 days (top) and M = 1× 1440, 2×

1440, and 4× 1440 randomly drawn data points (bottom).

To evaluate if the obtained solution is feasible for the original chance-constrained problem,

we first look at the in-sample violation probabilities of solutions obtained from the quantile-based
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Lower voltage limit                     Upper voltage limit                    

Lower reactive power limit         Upper reactive power limit

(a) Full day samples

(b) Random samples

Figure 6.5: In-sample evaluation of violation probabilities for quantile-based method with different

data set variations for 10 replications.

method in Fig 6.5. We see that the quantile-based method is able to limit the worst-case violation

probabilities of all constraint types to the desired ϵv = ϵq = 0.05 for all cases. The quantile-based

method adjusts all tightenings individually based on the quantile evaluation, and as a result, it is

able to provide “fine-tuned” and less conservative tightenings for each constraint type.

In Fig. 6.6, it is obvious that the maximum violation probability across the 10 replications

is considerably higher than the desired violation probabilities ϵv = ϵq = 0.05, with empirical

violation probabilities up to 0.61. This demonstrates that solutions obtained from the quantile-

based method is most likely infeasible to the original chance constrained problem.



134

Lower voltage limit                     Upper voltage limit                    

Lower reactive power limit         Upper reactive power limit

(a) Full day samples

(b) Random samples

Figure 6.6: Out-of-sample evaluation of violation probabilities for quantile-based method with

different data set variations for 10 replications.

6.7.2 Sampling Procedure

In Fig. 6.5, we notice that the range of worst-case probabilities is much smaller when using

random samples (bottom) when compared to using full day samples (top). This most likely hap-

pens because drawing random samples leads to a data set that captures a wider range of possible

uncertainty realizations.

As mentioned previously, there is a significant difference in the in- and out-of-sample violation

probabilities. This suggests that the data used within the optimization algorithm (i.e., to generate

the in-sample results) is not representative of the out-of-sample data, contributing to the incredibly

poor results. However, we see that the solutions obtained using randomly selected samples (bot-

tom) seem to have lower worst-case violation probabilities, verifying the fact that randomly drawn
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samples may be an advantageous sampling procedure. In addition, we notice that the utilization of

random samples leads to solutions with smaller ranges (i.e., less variation across replications) of

violation probabilities compared to using the full-day samples.

6.7.3 VUF

We evaluate optimality of the solutions by calculating the total VUF obtained the CCR-OPF

solutions. Fig. 6.7(a) shows the average, minimum, and maximum values across 10 replications of

the in-sample VUF for solutions obtained by the quantile-based algorithm for different sampling

methods. We also assess the solution quality on the out-of sample data by calculating the deviation

between the out-of-sample VUF and in-sample VUF normalized by the in-sample VUF. The out-

of-sample VUF for each replication is determined by computing the total unbalance averaged

across the five evaluation days. Fig. 6.7(b) depicts the average, minimum, and maximum values

across 10 replications of the normalized VUF evaluated on out-of-sample data.

By comparing the in-sample voltage unbalance results shown in Fig. 6.7(a) obtained with the

full day samples (green bars) and random samples (light blue bars), we see that the VUF tends to

be slightly smaller on average and fall in a narrower range when random samples are used. This

is true for all sample sizes (which includes the smallest sample size set). This demonstrates that

the total set of operating conditions is much better represented by randomly drawn samples rather

than the full days of data.

(a) In-sample (b) Out-of-sample

Figure 6.7: In-sample evaluation of total VUF and out-of-sample evaluation of normalized VUF

for quantile-based method with different data set variations for 10 replications.
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From Fig. 6.7(b), we see that the deviation in out-of-sample VUF from the in-sample VUF is

higher when we use random samples (light blue bars) when compared to full day samples (green

bars). This might be because the full day in-sample data is more representative of the out-of-sample

data, where we also use the full day samples.

6.8 Case Study II: Detailed Results for a Single Replication

In this section, we discuss results of a single replication of the iterative algorithm. Based on

the conclusions of Section 6.7, we choose to use a data set comprising of M = 2880 randomly

sampled data points.

6.8.1 Constraint Tightenings

We first look at the constraint tightenings obtained by the quantile-based method. Fig. 6.8 illus-

trates the voltage magnitude set-points and constraint tightenings across all single-phase connec-

tions (left) and PV inverter reactive power set-points and constraint tightenings across all houses

(right). The nominal constraints are shown using the dashed red lines, while the tightened con-

straints are depicted by blue lines. The tightening can be interpreted as the difference between the

red dashed and the respective solid lines.

(a) Voltage magnitude limits (b) Inverter limits

Figure 6.8: CCR-OPF solution and constraint tightenings obtained by the quantile-based method

for single replication using M = 2880 random samples.
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Consider the voltage magnitude constraints shown in Fig. 6.8(a). We first observe that the

tightenings for the upper and lower voltage magnitude constraints obtained with the quantile-based

method are not symmetric. This demonstrates that the probability distribution of the voltage mag-

nitudes is asymmetric. Conversely, the inverter reactive power constraint tightenings are symmetric

as expected since the probability distribution of the upper limit is equal to the negative probability

distribution of the lower limit as explained in Section 6.5.1.3.

6.8.2 OPF Solutions

The VUF of the nominal solution for the quantile-based method is 6.3%. The nominal voltage

magnitude and reactive power obtained with the quantile-based method is illustrated using blue

circles in Fig. 6.8. When looking at the reactive power set-points obtained with the quantile-based

methods in Fig. 6.8(b), we observe that most of the set-points are either equal to the maximum or

minimum allowable reactive power injections. On the other hand, the voltage magnitude set-points

are well within the tightened limits at most of the single-phase connections.

6.8.3 Constraint Violations by Node and Inverter

We next compare the performance of the quantile-based method in terms of constraint viola-

tions for the same replication as discussed above. To analyse the performance, we calculate the

voltage magnitude and inverter apparent power for each in-sample and out-of-sample realization.

Fig. 6.9 illustrates the box-whisker plots of the results for the in-sample (top) and out-of-sample

(bottom) data using the quantile-based solution.

First, we compare the in-sample and out-of-sample results for the voltage magnitudes (left).

The voltage magnitude violations in the in-sample evaluation (illustrated in Fig. 6.9(a)) are both

larger in magnitude and also occur at a greater number of nodes compared to the out-of-sample

evaluation (illustrated in Fig. 6.9(c)). We observe a similar trend when we compare the in-sample

and out-of-sample constraint violations of the inverters. While the largest constraint violations

are of similar magnitudes in both the in-sample and out-of-sample data, the number of nodes

experiencing violations is much higher in the in-sample evaluation. Additionally, we observe that
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the variability in the data for both voltage magnitudes and apparent power is higher in the in-

sample compared to the out-of-sample distributions. This further verifies that the in-sample data

is not representative of the out-of-sample distributions which might be due to the difference in

the sampling method for the in-sample evaluation (where random samples are used) and the out-

of-sample evaluation (where 5 full days of data is used). In addition, this demonstrates that it is

necessity to ensure that the days used for the out-of-sample evaluation are representative of actual

operating conditions.

a) In-sample 

voltage magnitude distribution

(c) Out-of-sample

voltage magnitude distribution

(b) In-sample 

inverter apparent power distribution

(d) Out-of-sample

inverter apparent power distribution

Figure 6.9: Box-whisker plots for voltage magnitude and inverter apparent power distribution

calculated using Monte Carlo simulations for the quantile-based method for single replication us-

ing M = 2880 random samples.
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6.8.4 Constraint Violations by Time of Day

We noticed above that there are significant voltage magnitude and inverter limit violations in

the out-of-sample results. Because the out-of-sample evaluation is performed using full day data,

we can investigate how the violations vary across the day. Fig. 6.10 illustrates violations for the

quantile-based solution over time. The top plots show the percentage of single-phase connections

experiencing voltage violations (left) or inverters experiencing apparent power violations (right) at

each time step of the day, averaged over the five out-of-sample evaluation days. The bottom plots

show the magnitude of the worst-case violation across all single-phase connections or inverters and

all evaluation days at each time step.

Figure 6.10: Time-series plots for out-of-sample voltage magnitude and inverter reactive power

limits violations for quantile-based method for single replication using M = 2880 random sam-

ples.

In Fig. 6.10(a), the upper voltage violations (orange lines) usually occur during mid-day when

the PV generation variability is very high. The lower voltage limit violations (blue lines) occur in

the evening (mostly between 6pm and 9pm) and at night (between midnight and 2am) when the
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load variability is high. However, we observe in Fig. 6.10(c) that the magnitude of the voltage

magnitude violations are comparatively small, with a maximum of around 0.02 p.u.

Looking at the inverter limits in Fig. 6.10(b), we see that the quantile-based method has inverter

upper limit violations (purple lines) occurring throughout the day-time when the PV generation is

not zero. In contrast to the voltage violation results, the percentage of nodes experiencing vio-

lations is very high, reaching a maximum of around 30% at 1pm. The maximum magnitude of

inverter upper limit violation is high in Fig. 6.10(d) at 73.2 kVAR throughout the day-time period.

6.9 Case Study III: Considering the Impact of Inverter Capping

One strategy to mitigate inverter violations is to cap the inverter reactive power injections so

that they comply with the IEEE 1547-2018 standard [118]. In this section, we cap the inverter

reactive power injections to their respective limits during the solution evaluation step described in

Section 6.5.2. We use the same set of M = 2880 randomly sampled data points as in Section 6.8

and examine the impact of inverter capping on the voltage violations and total VUF.

6.9.1 Comparison of Empirical Distributions

We first examine the impact of capping the inverter reactive power injections on the voltage and

inverter violations. Fig. 6.11 illustrates the voltage magnitude (left) and inverter apparent power

(right) distributions for both in-sample (top) and out-of-sample (bottom) data. As expected, we do

not see any inverter limit violations in Figures 6.11(b) and 6.11(d) because of the capping. When

we compare the voltage distribution plots in Fig. 6.11(c) with the results obtained in Fig. 6.9(c)

without capping, we observe that the violations of the upper voltage magnitude limit (at nodes 38

and 40) are lesser with smaller violation sizes for the lower voltage magnitude limit (nodes 36

and 44) for the out-of-sample data. The decrease in the number of undervoltage and overvoltages

violation size is most likely because of the reduced availability of reactive power injections due to

capping.

Recall that the reactive power injections are capped in the solution evaluation step. However,

the reactive power limits in CCR-OPF are still tightened using the ϵq and 1 − ϵq quantiles of the
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empirical distribution and do not see the capping from the solution evaluation step. So, we next

examine how changing ϵq has an impact on the constraint tightenings, resulting VUF, and out-of-

sample voltage magnitude violations.

a) In-sample 

voltage magnitude distribution

(c) Out-of-sample

voltage magnitude distribution

(b) In-sample 

inverter apparent power distribution

(d) Out-of-sample

inverter apparent power distribution

Figure 6.11: Box-whisker plots for voltage magnitude and inverter apparent power distribution

calculated using Monte Carlo simulations with capping for the quantile-based method for single

replication using M = 2880 random samples.

6.9.2 Impact of Higher Violation Probability

We evaluate the impact of using a higher desired violation for the reactive power constraints.

Recall that choosing a high violation probability can be inexpensive but might put the system at
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a higher risk of insecure operation. Here, we keep ϵv = 0.05 while we set ϵq = 0.15 in the

quantile-based method with inverter capping. Fig. 6.12 compares the operating points and con-

straint tightenings for ϵq = 0.05 (blue lines) and ϵq = 0.15 (orange lines). The voltage magnitude

tightenings in Fig. 6.12(a) remain almost the same since we set ϵv = 0.05 for both cases. However,

by choosing a higher violation probability ϵq = 0.15, we achieve a wider range for the reactive

power limits in Fig. 6.12(b), which almost overlap the nominal constraints (red dashed lines).

(b) Inverter reactive power limits(a) Voltage magnitude limits

Nominal constraints        OPF soln (𝜖𝑞 = 0.05)

OPF soln (𝜖𝑞 = 0.15)

Constraints (𝜖𝑞 = 0.05)

Constraints (𝜖𝑞 = 0.15)

Figure 6.12: Comparison of CCR-OPF solution and constraint tightenings resulting from the

quantile-based with capping for single replication using M = 2880 random samples with dif-

ferent ϵq.

Tables 6.1 and 6.2 show the in- and out-of-sample results for a single replication of the quantile-

based method using ϵq = 0.05 without capping (from Section 6.8), ϵq = 0.05 with capping, and

ϵq = 0.15 with capping. All the results utilize the same sample set (M = 2880 randomly drawn

samples). We compare the worst-case violation probabilities for all constraint types as well as the

VUF. In Table 6.1, we notice that none of the in-sample violation probabilities for any of the three

cases exceed 0.05. In addition, when the inverter capping is used, the violation probabilities for

the inverter limits Êmax
q , Êmax

q are zero as expected. By capping with ϵq = 0.05, we see a slight

increase in the VUF compared to the VUF for case without capping. This increase is most likely

because of the limited reactive power support resulting from capping. By increasing ϵq = 0.15, we
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also increase the feasible space for reactive power injections, resulting in a better solution with the

lowest VUF value among all three cases.

Case Êmax
v Êmax

v Êmax
q Êmax

q VUF (%)

No capping 0.05 0.005 0.05 0.05 6.32

Capping, ϵq= 0.05 0.05 0.007 0.0 0.0 6.61

Capping, ϵq= 0.15 0.05 0.05 0.0 0.0 5.85

Table 6.1: In-sample results for quantile-based method with capping for single replication

with 2880 random samples.

A similar trend can be seen in the out-of-sample results summarized in Table 6.2. For the case

without capping, we observe that the out-of-sample violation probabilities for the inverter upper

limits Êmax
q and voltage upper limits Êmax

v are larger than the desired violation probability of 0.05.

By capping with ϵq = 0.05, we obtain violation probabilities that are significantly below 0.05. By

setting ϵq = 0.15, we get the lowest VUF value at the cost of increasing the voltage upper limit

violations.

Case Êmax
v Êmax

v Êmax
q Êmax

q VUF (%)

No capping 0.019 0.126 0.0 0.36 6.97

Capping, ϵq= 0.05 0.019 0.016 0.0 0.0 6.81

Capping, ϵq= 0.15 0.018 0.029 0.0 0.0 6.21

Table 6.2: Out-of-sample results for quantile-based method with capping for single replication

with 2880 random samples.
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6.10 Case Study IV: Considering Linear Power Flow Models

In this section, we look at the solutions obtained when a linear power flow model is used in

the CCR-OPF problem. The goal is to compare the solutions obtained by using the linearized

power balance equations with the solutions determined in the previous case study section. Fur-

thermore, it is important to note that we are adopting an iterative solution method in this chapter

which lends itself naturally to the integration of the linear approximations which are used in a

successive approximation approach in Chapter 5. By doing this, we can investigate how the linear

approximation accuracy changes during every iteration of the quantile-based method. Note that we

only employ linear power flow models to solve the approximate problem CCR-OPF. During the

solution evaluation step, no linearization is used and we perform Monte Carlo simulations to cal-

culate AC feasible operating points for each sample in the uncertainty set and create the empirical

distributions. The results from Section 6.7 indicate that randomly chosen samples is the most suit-

able sampling method and results from Section 6.9 demonstrate that capping mitigates violations

of inverter reactive power limits. Hence, for this case study, we run numerical simulations using

random samples with M = 2880 and cap the inverter reactive power injections. We perform 10

replications, each using the same sample draw as the uncertainty data used in Section 6.7.

6.10.1 Comparison of In-sample Results

Table 6.3 summarizes the in-sample results where we compare the average, minimum and

maximum values of the empirical violation probabilities for each constraint type, total VUF deter-

mined by the CCR-OPF problem and number of iterations across the 10 replications. We see that

the quantile-based method limits the worst-case violation probabilities of all constraint types to the

desired ϵv = 0.05 when using either nonlinear or linear power flow equations. By comparing the

in-sample voltage unbalance results, we observe that using linear approximations leads to solu-

tions with slightly lower VUF. Another noteworthy observation is that, although the computation

time of quantile-based method using linear power flow equations is small per iteration, it takes

more number of iterations to converge to a solution when compared to the quantile-based method
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using nonlinear power flow equations. This might be because the OPF solution of the approximate

problem using linear power flow equations is not AC feasible, whereas the tightening terms calcu-

lated in the solution evaluation step are determined based on AC feasible operating points for each

uncertainty realization.

Value
Êmax

v Êmax
v VUFOPF [%] No. of Iter. [#]

Nonlin. FOT Nonlin. FOT Nonlin. FOT Nonlin. FOT

Avg. 0.05 0.05 0.003 0.001 6.99 6.67 4 6

Min. 0.05 0.05 0.0 0.0 6.04 5.49 3 5

Max. 0.05 0.05 0.014 0.002 8.26 8.27 5 7

Table 6.3: In-sample results comparing nonlinear and linear power flow models for quantile-based

method with capping using 2880 random samples for 10 replications.

To evaluate how far the solution obtained by solving the CCR-OPF problem with linear power

flow equations is from an AC feasible operating point, we calculate the linearization accuracy

following the procedure defined in (5.38). Our results indicate that the linearization error is small

with an average deviation across 10 replications equal to 0.008 p.u. per node and the maximum

deviation seen among the 10 replications is 0.015 p.u. per node.

6.10.2 Comparison of Out-of-sample Results

The out-of-sample results comparing the average, minimum and maximum values of the em-

pirical violation probabilities for each constraint type and absolute value of the normalized VUF

across the 10 replications are summarized in Table 6.4. Contrary to the results from Section 6.7,

we observe that the difference between the in- and out-of-sample violation probabilities are not

large when using either nonlinear or linear power flow models. While the violation probabilities

for the lower voltage limits are well within 0.05, the worst-case violation probabilities of the upper

voltage limits exceeds 0.05 for some of the replications. Although the number of violations are

higher than expected, the violations size is small with the maximum voltage magnitude exceeding
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the upper limits by 0.01 p.u. By comparing the absolute deviation in out-of-sample VUF from

the in-sample VUF for the nonlinear and linear power flow models, we see that the normalized

VUF is higher on average when using the linear power flow models which might be because of the

linearization error.

Value
Êmax

v Êmax
v |VUF−VUFOPF

VUFOPF
| [%]

Nonlin. FOT Nonlin. FOT Nonlin. FOT

Avg. 0.007 0.006 0.085 0.084 0.081 0.097

Min. 0.000 0.000 0.019 0.015 0.019 0.023

Max. 0.022 0.021 0.154 0.156 0.249 0.297

Table 6.4: Out-of-sample results comparing nonlinear and linear power flow models for quantile-

based method with capping using 2880 random samples for 10 replications.

6.10.3 Comparing Results for a Single Replication

Finally, we compare the results of a single replication of the iterative algorithm. Fig. 6.13 shows

the constraint tightenings and voltage magnitude set-points across all single-phase connections

(left) as well as PV inverter reactive power constraint tightenings and set-points across all houses

(right). We observe from Fig. 6.8(a) that the tightenings and voltage setpoints obtained by the

nonlinear and linear models are close to each other. The linearization error for this replication

is 0.009 p.u. It is interesting to note that this deviation does not change much in each iteration

of the algorithm. This might be due to the fact that we do not update the linearization point in

each iteration and only calculate the Jacobian once at the beginning of the iterative process. By

comparing the results for inverter reactive power limits in Fig. 6.8(b), we see that the most of the

set-points are close to each other. This demonstrates that even though we are using the linearized

power balance constraints, the iterative method is able to obtain solutions that are similar to the

results obtained by the iterative method using nonlinear power flow equations.



147

Constraints (Nonlinear)        

Constraints (Linear)
OPF soln (Nonlinear)

OPF soln (Linear)

Nominal constraints        

(a) Voltage magnitude limits (b) Inverter reactive power limits

Figure 6.13: Comparison of CCR-OPF solution and constraint tightenings resulting from the

quantile-based with capping for single replication using M = 2880 random samples with dif-

ferent power flow models.

6.11 Main Takeaways

In this chapter, we develop an iterative, data-driven algorithm to solve the chance-constrained

AC OPF for unbalanced distribution grids. We reformulate the chance constraints to deterministic

constraints which consist of a nominal constraint tightened with uncertainty margins. The optimal

constraint tightenings are computed using an iterative approach that alternates between solving an

approximate OPF problem with fixed tightenings and utilizing Monte Carlo simulations to update

the tightening terms.

The proposed method was tested by running numerical experiments on the IEEE 13-bus test

feeder using actual residential load and PV data. Our case studies show that the quantile-based

method is able to enforce the chance constraints in the in-sample evaluation. The out-of-sample

results were significantly improved by capping the DER inverter outputs. In addition, preliminary

simulation results demonstrate that using randomly chosen samples across multiple days is the

most suitable sampling procedure, as opposed to using representative full day data sets. Further-

more, we also observe that the quantile-based method obtains good quality solutions even when

linear power flow models are used in the approximate problem formulation.



148

Chapter 7

Identifying Secure Operating Ranges for DER Control

Distribution grids are no longer being considered as passive loads in the transmission system

operation. As the number of dispatchable DERs increases in distribution grids, they can provide

flexibility in the form of energy services to transmission systems similar to the large-scale operat-

ing reserves. However, DERs are managed by various entities (i.e. DSOs, aggregators, individual

owners) whose control objectives can be different from each other. A new framework is required to

accurately model the coordination between the various entities and the interaction between trans-

mission system and distribution grid operation in the presence of DERs. In this chapter, we assume

that DERs are controlled by aggregators with no knowledge of distribution grid constraints. Our

goal is to determine the aggregate power flexibility of distribution grids and identify optimal DER

control actions that can be easily communicated to aggregators and transmission system operators

to mitigate violations of any distribution grid constraints.

As per the recently announced FERC Order 2222 [120] in the USA, DER aggregators are

allowed to participate in Independent System Operator (ISO) markets. Consider the example il-

lustrated in Fig. 7.1 where generators and a distribution grid are connected to the transmission

system. The two generators G1 and G2 can bid into the electricity market and the amount of power

provided by them combined is determined by solving a transmission system dispatch problem that

considers the transmission constraints expressed using Pmin, Pmax. Analogous to this, the distribu-

tion grid comprises of two DER aggregators A1 and A2, that control DERs at multiple nodes as

illustrated by the red and green circles, respectively, can now bid into the electricity market. How-

ever, including the operational limits of each DER aggregator in the transmission system dispatch

problem can increase the computational complexity [121, 122, 123]. One promising alternative
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Aggregator A1 Aggregator A2

Transmission

System

G1

G2 𝑃min,
𝑃max

∆𝑃min,
∆𝑃max

Figure 7.1: Example of transmission-distribution interaction.

to model this transmission-distribution interaction is for the DSO to identify the aggregate flexi-

bility limits ∆Pmin,∆Pmax of power that can be provided from all DERs in the distribution grid

combined such that no grid constraints are violated. Every DER in the distribution grid operates

within a certain feasible region, which is determined by the physical and operational constraints

of the distribution grid. The aggregation of these feasible regions determines the net flexibility

that can be offered by the distribution grid. This aggregate feasible region defined by the lim-

its ∆Pmin,∆Pmax can then be used analogous to transmission limits specified for individual lines

thereby reducing the need to integrate a detailed distribution grid model in the transmission system

dispatch problem.

7.1 Literature Review: Existing Methods to Find Aggregate Power Flexibility

There are numerous works in literature which focus on identifying flexibility of individual

DERs [124, 125] as well as system-level aggregate power flexibility [40, 41, 42] in distribu-

tion grids. Data-driven approaches employing Monte Carlo simulations with a large number of

sampling scenarios are described in [126, 127, 128] to estimate the aggregate power flexibility

range. Bilevel optimization models are used to improve the interactions between DSO and ag-

gregators in [129, 130, 131, 132] as well as interactions between end consumers and aggregators

in [132, 133]. Most of these methods assume that network constraints such as voltage magni-

tude limits are non-binding and hence, do not consider them. However, this might not be true for

large-scale aggregation of DERs where ensuring that voltage limits are not violated can be highly

critical. The methods proposed in [134, 135] do consider network constraints to solve the flexibility
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aggregation and feasible disaggregation problem for a single time-step in the system. Geometric

approaches that consider temporally coupled constraints are discussed in [136, 137, 138], where

polytope sets are utilized to describe the power flexibility of an individual DERs. The aggregate

power flexibility is then determined using polytopic projection to a lower dimensional space or

calculating the Minkowski sum of the polytope sets. It is important to note that most of the works

mentioned above model the distribution grids using a balanced, single-phase equivalent power flow

model. However, distribution grids are typically unbalanced due to untransposed lines, and asym-

metrical three-phase loads [14]. To that end, [43, 44, 45, 46] employ the unbalanced three-phase

network model to perform power flexibility aggregation for distribution grids.

The definition of flexibility and computation of associated flexibility regions relies on assump-

tions about who controls the DERs. On one hand, DERs can be controlled individually by the DSO,

who can leverage these devices to both provide services to the transmission grid and manage dis-

tribution grid constraints. On the other hand, aggregators can control multiple DERs to achieve an

aggregated response, possibly without awareness of their exact geographical location and without

any consideration of the distribution grid constraints. In such cases, several intermediate solutions

could be possible to ensure secure operation of distribution grid. For example, aggregators could

control DER responses to meet their own objectives, but the DSO can override the control actions

of the aggregator to ensure secure operation of the grid [139]. Another example could be for the

DSO to determine and communicate secure operating ranges of individual DERs to the aggrega-

tors controlling them [125, 135]. A challenge associated with such approaches is that it requires

(possibly frequent) communication between the DSO and the aggregator. Furthermore, in prac-

tice, there may be multiple aggregators in the distribution grid competing for the same capacity,

and resolving the sharing of limited grid capacity in a fair manner is not a straightforward task.

Hence, it can be quite challenging for the DSO to maximize (or at least check the feasibility of)

the provision of DER flexibility when there is no coordination with the aggregators.
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7.2 Main Contributions

All researches mentioned above assume that there is continuous communication between the

DSO and aggregators to harness the full DER flexibility. To counteract the challenges of facilitat-

ing extensive communication requirements, we propose a methodology that makes such commu-

nication unnecessary. We only assume that aggregators are required to report the maximum and

minimum power limits of the DERs they control to the DSO. After receiving this information from

all aggregators, the DSO can then determine a secure aggregate power flexibility range such that

any disaggregation solution (including the worst-case condition) will be feasible. This range can

be communicated to the transmission system operator who may use this information to clear the

market with consideration of aggregator bids. This can reduce burden on transmission resources

while also ensuring that the combined bid of all aggregators participating are adequately accounted

for.

By definition, the aggregate power flexibility range will be smaller if we assume a worst-case

disaggregation solution, as compared with a situation in which the utility control the DERs di-

rectly. As a result, the worst-case approach could lead to conservative solutions. However, it is

possible to determine rules for DER control activation that are not only easy to communicate to the

aggregators, but also increase the aggregate power flexibility of the grid to the aggregator’s benefit.

Note that the DSO does not allocate capacity limits for individual DERs or individual DER aggre-

gators, but instead determines total capacity limits for all DER devices combined. The individual

DER aggregator capacity limits (and associated bids to provide flexibility) will be considered by

the transmission system operator as part of the market clearing, which takes the distribution grid

constraints as an input.

Since this decision making process is hierarchial where an upper-level authority (i.e. DSO)

takes decisions based on the unknown (and thus assumed to be worst-case) responses by the lower-

level entity (i.e. aggregators), it is natural to leverage a bilevel optimization framework. In this

chapter, we formulate a bilevel problem that identifies the largest amount of active power capacity

that can be provided to the transmission system (i.e., at the substation). The bilevel problem is
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formulated with the overall objective to find the maximum allowable change in active power at

the substation (relative to the current operating point) such that there are no voltage magnitude

violations in the network, regardless of how this change in power injections is allocated by the ag-

gregators among the individual DERs. This optimization problem is solved subject to several rules

for DER active and reactive power control activation that can be easily communicated to aggrega-

tors. For example, one rule we impose is that the active power of all DERs must be controlled in the

same way. This is practical since the benefits of the aggregate power flexibility should be shared

among all the aggregators and we avoid situations where one aggregator is allowed to increase the

active power while other aggregators are required to curtail active power. The upper-level prob-

lem maximizes the allowable power injections while guaranteeing that the voltage magnitudes stay

within acceptable limits. The lower-level solves a three-phase OPF problem for each node in the

network with objective to find the worst-case (largest or smallest) voltage magnitude in the grid,

subject to the power flow constraints and rules for DER activation.

The lower-level problem of the bilevel task is similar to the formulation proposed in [140],

which we extend to include the unbalanced three-phase power flow model derived in Chapter 4.

As mentioned previously, the solution of the bilevel problem can be too conservative since we

are looking at the worst-case conditions. To maximize the aggregate power flexibility range, we

assume that DSO can provide certain rules for DER control activation (e.g. all DERs are either

simultaneously increasing or decreasing their active power output) as well as reactive power set-

points to the inverters as per the IEEE Standard 1547-2018 [118]. We consider three different

inverter reactive power control modes for reactive power control in this work, which include con-

stant power factor, constant reactive power and voltage-reactive power modes. We assume that the

reactive power control setpoints are provided to the DERs either through the aggregator or directly

from the DSO.

In the next few sections, we provide a brief overview of bilevel optimization and then present

the formulation of the bilevel problem to identify aggregate power flexibility. We then describe the

analytical reformulation of the problem using linear approximations and strong duality and test the

proposed approach on two unbalanced distribution feeders.
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7.3 Bilevel Optimization: Theoretical Background

A bilevel problem can be defined as an optimization problem that is constrained by another

optimization problem. One of the main reasons to choose a bilevel optimization approach in our

work is because we have two independent decision makers i.e. the DSO and DER aggregators

and each of them has their own objective and constraints. By using this approach, we are able to

capture the conflicting interests of the DSO and aggregators. To better explain how to solve such

a problem with hierarchical structure, we consider a sequential game based on the Stackelberg

game theory [141] where two players are involved. The first player is referred to as the leader

problem with the decision vector represented by Xu. The decision vector of the second player

or the follower problem is denoted by Xl. From a mathematical point of view, a general bilevel

problem is given by

max
Xu

fu(Xu, X̂l) (7.1a)

s.t. gu(Xu, X̂l) ≤ 0, (7.1b)

hu(Xu, X̂l) = 0, (7.1c)

where X̂l = argmax
Xl

fl(Xu,Xl) (7.1d)

s.t. gl(Xu,Xl) ≤ 0, (7.1e)

hl(Xu,Xl) = 0. (7.1f)

Here, (7.1a)-(7.1c) describes the leader or the upper-level problem and (7.1d)-(7.1f) represents the

follower or the the lower-level problem. It is important to note the optimal reaction of the follower

is included in the decision making process of the leader in the bilevel problem. The leader problem

has full knowledge of the objective and constraints of the follower problem, whereas the follower

problem can only observe the decisions made by the leader problem and then optimize their own

strategy. Therefore, the follower problem can be considered as an Xu-parameterized problem

where the upper-level decision vector is assumed to be known and not considered as a variable.

The solution pair (Xu, X̂l) where X̂l denotes the optimal response of the follower problem to the
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leader problem’s decision Xu is feasible provided that X̂l satisfies the constraints (7.1b)-(7.1c) in

the upper-level problem.

Although there is considerable body of literature on solving bilevel optimization problems,

the hierarchical structure of the problem introduces challenges such as disconnectedness and non-

convexity [142]. Even for simple examples of bilevel optimization tasks, it has been observed that

the problems are not straightforward to handle mathematically. As a result, bilevel problems are

considered to be strongly NP-hard to solve [143, 144]. Some of the classical approaches to solve

bilevel problems are summarized below:

• Single-level reduction: One of the most commonly used strategies is to reformulate the

bilevel problem as a single-level problem. If the follower problem is convex, we can replace

the lower-level optimization problem with its Karush-Kuhn-Tucker (KKT) conditions [145,

146, 147] or apply the strong duality theorem [148, 149, 150] for the lower-level problem.

The advantage of this method is that the resulting single-level reformulation can be directly

solved using state-of-the-art commercially available solvers.

• Descent methods: This is based on finding a descent direction in bilevel optimization that

results in decrease in upper-level objective function value while ensuring that the solution is

feasible [144, 151, 152]. A drawback of this approach is that finding the descent direction

can be complex.

• Penalty function methods: This approach reformulates the problem as an unconstrained op-

timization task where a penalty term measures the extent of constraint violation [153, 154].

While the lower-level problem is replaced by a penalized problem, the bilevel structure is

still maintained and as a result, the reduced problem is still challenging to solve.

• Trust-region methods: This is an iterative method where at every iteration, a model of the

bilevel problem is built around the approximate solution [155, 156, 157]. If the approxima-

tion is accurate, the region is enlarged, otherwise it is reduced. Although this approach is

popular due to the strong convergence properties, it can be computationally expensive since

it involves solving the bilevel problem over multiple iterations.
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Based on the advantages and limitations of the different approaches mentioned above, we choose

to develop a linear bilevel problem which can be reformulated using the strong duality based,

single-level reduction approach. We will discuss the reformulation in more detail in Section 7.5.

7.4 Problem Formulation

In this section, we describe our model of the flexibility offered by solar PV inverters and loads

in the distribution grid. We then present a formulation of a bilevel optimization problem. To

simplify notation, we assume that there is one solar PV inverter and one load at every single-phase

connection of node i ∈ N . If any node connected to a phase has no source or load, we set the

corresponding entries to zero. Recall that optimization variables are denoted using bold symbols,

scalar values are denoted using small letters, and their vector counterparts and matrices are denoted

using the same capital letters.

7.4.1 Current Operating Point

Assume that we have full information about the current operating point in the grid and the

full system model. At any three-phase node i ∈ N0, we know the the voltage phasor which is

represented by Vi = |Vi|∠Θi = Vdi + j · Vqi. Similarly, we also know the three-phase active

and reactive power injections which are expressed as Pi = [pai pbi pci ]
⊤ and Qi = [qai qbi qci ]

⊤,

respectively. At any node i ∈ N0, we denote the current operating point using Vi, Pi, Qi ∈ R3.

The power injections at node i ∈ N connected to phase ϕ ∈ Φ are expressed as the difference

between the generation and load demand using

pϕi = pϕG,i − pϕL,i, (7.2a)

qϕi = qϕG,i − qϕL,i, (7.2b)

where pϕG,i, q
ϕ
G,i are the active and reactive power generation by solar PV inverters, respectively; pϕL,i,

qϕL,i denote the respective active and reactive load demand.
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The power balance is maintained by the substation, which supplies the difference between the

load and power generation as well as other losses in the grid. At the current operating point, the

active and reactive power injection at the substation are denoted by PG,0, QG,0 ∈ R3, respectively.

7.4.2 Voltage Representation

In this chapter, the voltage variables in the bilevel problem are expressed in rectangular form.

For any node i ∈ N0, the real and imaginary components of voltage are given by Vdi,Vqi ∈ R3,

respectively. Recall that the fixed-point linearization method in Chapter 5 was implemented in

rectangular coordinates. So, we can enforce voltage magnitude constraints at distribution substa-

tion using (5.23) defined in Chapter 5. For every other node i ∈ N connected to phase ϕ, we

include additional voltage magnitude variables |vϕ
i | in the formulation. These voltage magnitude

variables are quadratic functions of the rectangular voltage variables vϕ
di,v

ϕ
qi. Given the current

voltage magnitude |vϕi | =
√
(vϕdi)

2
+ (vϕqi)

2
, we use First-order Taylor approximation to get the

following linear constraints for the voltage magnitude:

(vϕdi)
2
+ (vϕqi)

2
+ 2vϕdiv

ϕ
di + 2vϕqiv

ϕ
qi = |vϕi |

2
+ 2|vϕi ||v

ϕ
i |. (7.3)

7.4.3 Flexibility Modelling

The aggregators can offer flexibility by modifying the active power demand of controllable

loads as well as the active power generation of the solar PV inverters. In this work, we only con-

sider single-phase DER inverters since most residential solar PV systems are typically connected

to single phases of distribution grids in the US. However, the modelling can be easily extended to

include three-phase inverters with higher capacity and larger range of flexibility, but we defer this

to future work.
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7.4.3.1 Modelling of Loads

For a load at node i ∈ N connected to phase ϕ ∈ Φ, let ∆pϕ
L,i denote the controllable change

in active power demand of the load from the current operating point such that

pϕ
L,i

≤ pϕL,i +∆pϕ
L,i ≤ pϕL,i. (7.4)

Here, pϕ
L,i
, pϕL,i represent the minimum and maximum limits for the active power load demand. We

assume that the loads operate with a constant power factor pfϕ
L,i, which means the reactive power

consumption is given by

qϕ
L,i =

√
1− (pfϕ

L,i)
2

pfϕ
L,i

·
(
pϕL,i +∆pϕ

L,i

)
. (7.5)

7.4.3.2 Modeling of Solar PV Active Power Generation

Similar to the load modelling, we consider ∆pϕ
G,i as the controllable change in active power

generation from the current operating point for a solar PV inverter at node i ∈ N connected to

phase ϕ ∈ Φ such that

pϕ
G,i

≤ pϕG,i +∆pϕ
G,i ≤ pϕG,i, (7.6)

where pϕ
G,i
, pϕG,i denote the respective minimum and maximum limits for the active power genera-

tion.

7.4.3.3 Aggregate Power Flexibility

The total active power flexibility ∆p provided by the distribution grid can be bounded to define

the secure operating range using

∆p− ≤
∑
i∈N

∑
ϕ∈Φ

(
∆pϕ

G,i −∆pϕ
L,i

)
︸ ︷︷ ︸

∆p

≤ ∆p+, (7.7)

where ∆p−,∆p+ are the respective lower and upper limits of the aggregate power flexibility which

will be provided by the substation since there are no other generators in the network apart from the
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solar PV systems. Recall that the current operating point can be considered as the condition when

the substation offers zero flexibility to the transmission network (i.e. ∆p = 0).

To find the limits on the aggregate power flexibility, we enforce a rule that the active power

injection of each solar PV inverter as well as each load controlled by the aggregator is adjusted in

the same way. The reasoning behind this rule is to ensure that limiting the aggregate response is

sufficient to actually control voltage magnitude violations in the feeder. Without this rule, some

DERs in one part of the feeder can arbitrarily increase their injections as long as the increases are

offset by an equally large decrease in injections elsewhere. In this case, even a zero change in the

overall active power injection can cause voltage violations. To model this rule in our optimization

problem, we consider two cases:

(a) Positive (+) case: This case corresponds to finding the maximum aggregate power flexibility

limit ∆p+ ≥ 0. The active power injections at any node i ∈ N connected to phase ϕ is

assumed to be greater than the current value pϕi . This means that the load demand is reduced

and that any solar PV inverters that were not operating at full capacity at the current operating

point can increase their active power injection. This gives rise to the following constraints on

flexibility activation for PV generation and load:

∆pϕ
L,i ≤ 0, ∆pϕ

G,i ≥ 0. (7.8)

(b) Negative (-) case: This case is used to calculate the minimum aggregate power flexibility

limit ∆p− ≤ 0. We assume that the active power injections at every node i ∈ N connected

to phase ϕ is lower than the current value pϕi . This case gives rise to the following rules for

flexibility activation from PV generation and load:

∆pϕ
L,i ≥ 0, ∆pϕ

G,i ≤ 0. (7.9)

7.4.4 Reactive Power Control from Solar PV Inverters

We assume that all solar PV inverters are smart inverters with the ability to provide reactive

power control as specified in the IEEE Standard 1547-2018 [118]. To determine the reactive power
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injections, which are decision variables in our optimization problem, we consider three modes in

which the PV inverters can operate. For all three modes, any inverter at node i ∈ N connected

to phase ϕ ∈ Φ should not exceed the the inverter apparent power capacity |sϕG,i|. Since the

inverter limits are quadratic constraints, we use the circular constraint linearization method to

outer approximate the feasible region using linear constraints given by

0 ≤ pϕG,i +∆pϕ
G,i ≤ |sϕG,i|, (7.10a)

− |sϕG,i| ≤ qϕ
G,i ≤ |sϕG,i|, (7.10b)

pϕG,i +∆pϕ
G,i + qϕ

G,i ≤
√
2 · |sϕG,i|, (7.10c)

pϕG,i +∆pϕ
G,i − qϕ

G,i ≤
√
2 · |sϕG,i|. (7.10d)

Note that it is possible to obtain a more accurate representation of the quadratic inverter constraints

by including more linear constraints.

We will next describe the three inverter reactive power control modes. For each mode, the

setpoints provided by the DSO are different and will be considered as the leader problem variables.

All other variables in the inverter constraints are part of the follower problem. The assignment of

the inverter variables to the upper-level and lower-level problems for different inverter reactive

power control modes is summarized in Table 7.1 at the end of this subsection.

7.4.4.1 Constant Power Factor Mode

When the inverter is operating in this mode, the solar PV inverters operate at a constant power

factor. The power factor setting can be adjusted locally or remotely as specified by the DSO. In

this work, we assume that DSO provides the target power factor setting to the DERs. The reactive

power injection qϕ
G,i depends on the active power generation and the target power factor pfϕ

G,i and

expressed as

qϕ
G,i = γϕ

G,i ·
(
pϕG,i +∆pϕ

G,i

)
, (7.11a)

−
√

1− (pfϕ
G,i)

2

pfϕ
G,i

≤ γϕ
G,i ≤

√
1− (pfϕ

G,i)
2

pfϕ
G,i

, (7.11b)
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where γϕ
G,i is an upper-level variable which defined as the power ratio of the inverter.

Note that (7.11a) consist of bilinear terms involving the upper-level variables γϕ
G,i and lower-

level variables ∆pϕ
G,i. Recall that the upper-level variables are considered as parameters in the

follower problem, and as a result, (7.11) is linear for the lower-level problem.

7.4.4.2 Constant Reactive Power Mode

In this mode, the reactive power injection qϕ
G,i at node i connected to phase ϕ is specified by

the DSO and hence, considered as an upper-level variable. The DERs are allowed to operate at

any power factor in this mode as long as the power factor requirements are met at the point of

interconnection to the grid. In our work, we assume that PV inverters are operating within the

specified power ratio γϕG,i and we enforce limits on the reactive power using

qϕ
G,i ≥ −γϕG,i ·

(
pϕG,i +∆pϕ

G,i

)
, (7.12a)

qϕ
G,i ≤ γϕG,i ·

(
pϕG,i +∆pϕ

G,i

)
. (7.12b)

7.4.4.3 Voltage-Reactive Power Mode

This mode is also commonly referred to as voltage regulation with reactive droop. The reactive

power injection of the solar PV inverter is a function of the voltage magnitude, which follows a

piecewise linear characteristic with the parameter values specified by the DSO. An example voltage

magnitude-reactive power characteristic is illustrated in Fig. 7.2.

Consider a PV inverter at node i connected to phase ϕ with the maximum available reactive

power qϕ
G,i specified by the DSO and included in our bilevel task as an upper-level decision vari-

able. If the actual voltage magnitude |vϕ
i | at this single-phase connection is below the minimum

limit v, the PV inverter injects all the available reactive power qϕ
G,i. Conversely. the PV inverter ab-

sorbs the maximum reactive power when the voltage magnitude is above the maximum limit v. In

the grey shaded region, the reactive power can be expressed as a function of the voltage magnitude
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using

qϕ
G,i = qϕ

G,i − 2qϕ
G,i ·

(
|vϕ

i | − v

v − v

)
, (7.13a)

0 ≤ qϕ
G,i ≤ |sϕG,i|. (7.13b)

It is quite challenging to model the linear piecewise equality constraints illustrated in Fig. 7.2 in

an optimization problem. In our work, we assume that the inverter is operating only in the gray

shaded region and hence, we can use (7.13) to determine the reactive power injections. This is a

reasonable assumption since the voltage magnitude |vϕ
i | is supposed to be within the limits v, v,

which are identical to the voltage magnitude limits specified for every single-phase connection in

the network as defined in (4.2). It is important to note here that the actual upper bound of the

maximum available reactive power qϕ
G,i can be expressed as |sϕG,i|2 − (pϕG,i +∆pϕ

G,i)
2. Since this

expression is quadratic, we relax the upper bound and come up with a linear constraint as defined

in (7.13b).

Similar to the constant power factor mode, the reactive power constraints in (7.13a) consist of

bilinear terms involving the upper-level variables qϕ
G,i and lower-level variables |vϕ

i |.
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Figure 7.2: Voltage magnitude-reactive power characteristic
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Reactive power mode Upper-level (Xu) Lower-level (Xl)

Constant power factor γϕ
G,i ∆pϕ

G,i, q
ϕ
G,i

Constant reactive power qϕ
G,i ∆pϕ

G,i

Voltage-reactive power qϕ
G,i ∆pϕ

G,i, q
ϕ
G,i, |v

ϕ
i |

Table 7.1: Assignment of inverter variables to the bilevel problem for different inverter reactive

power control modes.

7.4.5 Power Flow

We can use any of the linear power flow models described in Chapter 5 to enforce power

balance constraints in our bilevel problem. We choose the fixed-point linear power flow model

described in Section 5.5 because it exhibits better global approximation accuracy when compared

to the first-order Taylor approximation and provides the same solutions as the forward-backward

sweep model.

7.4.6 Bilevel Optimization Problem

The main objective of the bilevel problem is to find the maximum range of aggregate power

flexibility while ensuring that the grid is secure even in the worst-case conditions. In this section,

we first discuss the bilevel problem formulation where inverters are operating in constant power

factor mode and DSO controls the power ratio γϕ
G,i of each inverter. The upper-level variable

vector Xu and lower-level variable vector Xl of the bilevel problem is denoted by

Xu := {∆p+,∆p−,γϕ
G,i∀ϕ∈Φ,i∈N},

Xl :=
{
{vϕ

di,v
ϕ
qi, |v

ϕ
i |,∆pϕ

G,i,∆pϕ
L,i, q

ϕ
L,i, q

ϕ
G,i}∀ϕ∈Φ,i∈N

}
. (7.14)

Recall that we define a positive and negative case in Section 7.4.3.3 to enforce rules on how all ag-

gregators are required to control the DER power injections in the same way. The aggregate power

flexibility and inverter setpoints determined by the bilevel problem must be applicable for both the
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cases and hence, we only need one set of the upper-level variables Xu that is shared by both cases.

On the other hand, the worst-case conditions determined for the positive case can be different from

the worst-case conditions seen for the negative case because the rules for power injections are not

the same. Furthermore, we determine the worst-case conditions at every single-phase connection

in the network by finding the minimum and maximum voltage magnitude achievable at that con-

nection. Again, these operating conditions will be different for the positive and negative cases. As

a result, we need to consider four sets of lower-level variables X+
l ,X

−
l ,X

+

l ,X
−
l which represent

four different scenarios as summarized in Table 7.2. For example, scenario 1 corresponds to the

positive case where the worst-case condition is determined by finding the minimum achievable

voltage magnitude.

Scenario (#) Case Voltage Lower-level

1
Positive

Min. X+
l

2 Max. X
+

l

3
Negative

Min. X−
l

4 Max. X
−
l

Table 7.2: Summary of lower-level problem variables corresponding to each single-phase connec-

tion in the network.

We define four sets of lower-level system constraints which depend on the follower problem

variable vectors X+
l ,X

−
l ,X

+

l ,X
−
l as

L(X+
l ), L(X

−
l ), L(X

+

l ), L(X
−
l ) :=


Voltage constraints (7.3),

Load reactive power constraints (7.5),

Power flow (5.22).

The inverter constraints are expressed using both the leader and follower problem variables. For

the inverter at node i connected to phase ϕ operating in the constant power factor mode, we can
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represent four sets of inverter constraints using

I(γϕ
G,i,X

+
l ), I(γ

ϕ
G,i,X

−
l ), I(γ

ϕ
G,i,X

+

l ), I(γ
ϕ
G,i,X

−
l ) := Inverter constraints (7.10), (7.11).

Similarly, the active power flexibility limits are defined using both the leader and follower problem

variables. We denote the sets of active power flexibility constraints for the positive and negative

case using

F(∆p+,∆p−,X+
l ), F(∆p+,∆p−,X

+

l ) := Positive case (7.7), (7.8),

F(∆p+,∆p−,X−
l ), F(∆p+,∆p−,X

−
l ) := Negative case (7.7), (7.9).



165

The bilevel problem to determine the aggregate power flexibility limits ∆p+,∆p− can be formu-

lated as

max
Xu

∆p+ −∆p− (P±)

s.t. v ≤ |vϕ
i,min|

+, |vϕ
i,max|+ ≤ v, ∀ϕ∈Φ,i∈N ,

v ≤ |vϕ
i,min|

−, |vϕ
i,max|− ≤ v, ∀ϕ∈Φ,i∈N ,

where |vϕ
i,min|

+ = min
X+

l

|vϕ
i |+, ∀ϕ∈Φ,i∈N ,

s.t. System constraints L(X+
l ),

Inverter constraints I(γϕ
G,i,X

+
l ),

Flexibility constraints F(∆p+,∆p−,X+
l ),

|vϕ
i,max|+ = max

X
+
l

|vϕ
i |+, ∀ϕ∈Φ,i∈N ,

s.t. System constraints L(X+

l ),

Inverter constraints I(γϕ
G,i,X

+

l ),

Flexibility constraints F(∆p+,∆p−,X
+

l ),

|vϕ
i,min|

− = min
X−

l

|vϕ
i |−, ∀ϕ∈Φ,i∈N ,

s.t. System constraints L(X−
l ),

Inverter constraints I(γϕ
G,i,X

+
l ),

Flexibility constraints F(∆p+,∆p−,X−
l ),

|vϕ
i,max|− = max

X
−
l

|vϕ
i |−, ∀ϕ∈Φ,i∈N ,

s.t. System constraints L(X−
l ),

Inverter constraints I(γϕ
G,i,X

−
l ),

Flexibility constraints F(∆p+,∆p−,X
−
l ).
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Note that for each node i ∈ N connected to phase ϕ ∈ Φ, we include four lower-level problems

corresponding to the four scenarios described in Table 7.2. Hence, the total number of lower-level

problems in (P±) is 12n.

7.5 Single-level Reformulation

One of the most frequently used solution method for bilevel optimization is to reformulate

the problem into a single-level problem. In this section, we utilize the strong-duality theorem for

the lower-level problem to perform the single-level reduction. Given that the lower-level problem

has a finite optimal solution, the dual feasible set is non empty and strong duality holds for every

primal and dual feasible pairs. This strong duality based reformulation does not require the use

of any other additional properties or assumptions. Hence, it can be less restrictive than the KKT

conditions based reformulation [158].

For simplicity of exposition, we first derive the reformulation for a setting with only one fol-

lower problem and reactive power control using a constant power factor. Then, we discuss how the

reformulation generalizes to the setting with multiple follower problems and other reactive power

control modes.

7.5.1 Reformulation with Single Follower Problem

Consider a reduced version of the bilevel problem P± where the objective of the upper-level

problem is to determine the aggregate power flexibility limit ∆p+ for the positive case only. We

only consider one follower problem with the objective to find the maximum achievable voltage
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magnitude at node i connected to phase ϕ. The simplified bilevel problem can be represented as

max
Xu

∆p+ (P+)

s.t. |vϕ
i,max|+ ≤ v,

where |vϕ
i,max|+ = max

X
+
l

|vϕ
i |+

s.t. System constraints L(X+

l ),

Inverter constraints I(γϕ
G,i,X

+

l ),

Flexibility constraints F(∆p+,X
+

l ).

To derive the strong duality based reformulation of the reduced problem P+, we start by rewriting

the bilevel problem P+ in a more abstract form to get

max
∆p,γ

∆p (7.15a)

s.t. x̂l ≤ b1, (7.15b)

where x̂l = max
xl

xl (7.15c)

s.t. a2xl ≤ b2, (7.15d)

a3xl + d3γxl ≤ b3, (7.15e)

a4xl + d4∆p ≤ b4, (7.15f)

where xl is the follower problem variable and γ,∆p represent the upper-level variables which are

considered as parameters in the lower-level problem. Therefore, the follower problem is linear in xl

even though we have bilinear terms in (7.15e). By taking dual of the lower-level problem (7.15c)-

(7.15f), we get

min
λ

[
b2 b3 (b4 − d4∆p)

]
λ (7.16a)

s.t.
[
a2 (a3 + d3γ) a4

]
λ = 1, (7.16b)

λ ≥ 0, (7.16c)
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where λ is the dual variable vector. For a given decision ∆p of the leader problem, weak duality of

the follower problem states that the dual objective provides an upper bound for the primal objective,

i.e.

xl ≤
[
b2 b3 (b4 − d4∆p)

]
λ (7.17)

must hold for any feasible primal-dual pair (xl,λ). Using the strong duality theorem, we know

that the feasible primal-dual pair is the optimal solution when the objective value of the primal

problem x̂l is equal to the objective value of the dual problem. This occurs when

xl ≥
[
b2 b3 (b4 − d4∆p)

]
λ. (7.18)

Consequently, we can now replace the dual of the lower-level problem (7.16) by the following set

of constraints:

xl ≥
[
b2 b3 (b4 − d4∆p)

]
λ, (7.19a)[

a2 (a3 + d3γ) a4

]
λ = 1, (7.19b)

λ ≥ 0, (7.19c)

We can use the above set of constraints and reformulate the bilevel problem (7.15) to get a

single-level optimization problem given by

max
∆p,γ,xl,λ

∆p (7.20a)

s.t. xl ≤ b1, (7.20b)

a2xl ≤ b2, (7.20c)

a3xl + d3γxl ≤ b3, (7.20d)

a4xl + d4∆p ≤ b4, (7.20e)

xl ≥
[
b2 b3 (b4 − d4∆p)

]
λ, (7.20f)[

a2 (a3 + d3γ) a4

]
λ = 1, (7.20g)

λ ≥ 0, (7.20h)
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In reality, we do not need the lower-level problem to determine the exact optimal value for xl.

We only need to guarantee that xl is lower than the upper bounds specified by the constraints (7.20b)

which were part of the leader in the bilevel problem. Since we already have an upper bound b1

for xl, which in turn is an upper bound on the dual objective function, we can use the same

bound b1 in (7.20f) to modify the strong duality constraint. The single-level optimization problem

then reduces to

max
∆p,γ,xl,λ

∆p (7.21a)

s.t. a2xl ≤ b2, (7.21b)

a3xl + d3γxl ≤ b3, (7.21c)

a4xl + d4∆p ≤ b4, (7.21d)

b1 ≥
[
b2 b3 (b4 − d4∆p)

]
λ, (7.21e)[

a2 (a3 + d3γ) a4

]
λ = 1, (7.21f)

λ ≥ 0. (7.21g)

This single-level problem can now be solved using general purpose solvers. A drawback of the

strong duality based reformulation is the presence of bilinear terms γ · xl in the primal follower

problem constraint (7.21c), ∆p · λ in the strong duality constraint (7.21e) and γ · λ in the dual

equality constraint (7.21f) which make the problem non-convex and computationally challenging.

7.5.2 Generalization to Multiple Follower Problems

A similar approach can be used to derive the single-level reduction of P± which comprises of

multiple follower problems. Note that as the number of follower problems increase, we get a large

optimization problem with many bilinear terms.

For lower-level problems with objectives to find the minimum achievable voltage magnitude,

the primal objective value is a lower bound instead of an upper bound in the strong duality con-

straint. Since we already have a lower bound v for xl, it is possible to modify the strong duality

constraint and formulate the single-level optimization problem similar to (7.21).
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7.5.3 Reformulation for Other Inverter Reactive Power Control Modes

We can choose other inverter reactive power control modes and formulate the bilevel problem

and the single-level reformulated problem in the same way as described for the constant power

factor mode. For the voltage-reactive power mode, the upper-level and lower-level variable vectors

are defined by

Xu := {∆p+,∆p−, qϕ
G,i∀ϕ∈Φ,i∈N},

Xl :=
{
{vϕ

di,v
ϕ
qi, |v

ϕ
i |,∆pϕ

G,i,∆pϕ
L,i, q

ϕ
L,i, q

ϕ
G,i}∀ϕ∈Φ,i∈N

}
. (7.22)

Recall that that we have bilinear terms in the inverter reactive power constraint, strong duality

constraint as well as the dual equality constraints for the constant power factor mode. Similarly,

for the voltage-reactive power mode, we get the same number of bilinear terms since the inverter

constraints (7.13) are defined by product of upper-level and lower-level variables.

In case of the constant reactive power mode, the upper-level and lower-level variable vectors

are given by

Xu := {∆p+,∆p−, qϕ
G,i∀ϕ∈Φ,i∈N},

Xl :=
{
{vϕ

di,v
ϕ
qi, |v

ϕ
i |,∆pϕ

G,i,∆pϕ
L,i, q

ϕ
L,i}∀ϕ∈Φ,i∈N

}
. (7.23)

Different from the other two modes, the inverter constraints (7.12) do not consist of any bilinear

terms and as a result, no bilinear terms are present in the dual equality constraints. However, the

upper-level inverter variable qϕ
G,i shows up in a number of other constraints. Because of this, we

get a large number of bilinear terms in the strong duality constraint for the constant reactive power

mode.

We will next describe an iterative solution approach used to efficiently handle the bilinear terms

and solve the single-level problem (7.21).

7.5.4 Iterative Solution Approach

As the number of leader problem variables or the number of follower problems in (7.15) in-

creases, the number of bilinear terms in the single-level reformulated problem (7.21) also increase,
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making it computationally expensive to solve. One way to reduce the number of bilinear terms is to

decrease the number of follower problems in the bilevel problem. Typically, the voltage magnitude

violations in a distribution grid occur only at a few nodes, which in turn determine the aggregate

power flexibility of the system. Instead of solving the bilevel problem with 12n number of follower

problems, we can identify the nodes where voltage violations are most likely to occur and only in-

clude the lower-level problems corresponding to these nodes in the bilevel optimization task. In

this section, we use an iterative approach to identify such nodes and solve the problem efficiently.

We will describe the method to solve for the single-level reformulated problem in this section. The

iterative approach is summarized below and a more detailed explanation is provided in the next

few subsections.

1) We solve a worst-case problem where we assume DSO determines the aggregate power flex-

ibility limits ∆p+, ∆p− without any DER reactive power support i.e. aggregators are free to

control even the reactive power injections of the DER inverters without considering grid con-

straints. This means that the inverter control variables become lower-level variables and ∆p+,

∆p− are the only upper-level variables. For all three inverter reactive power control modes, we

have the same lower-level variables which are defined as

Xl :=
{
{vϕ

di,v
ϕ
qi, |v

ϕ
i |,∆pϕ

G,i,∆pϕ
L,i, q

ϕ
L,i, q

ϕ
G,i}∀ϕ∈Φ,i∈N

}
. (7.24)

By solving the worst-case problem, we can determine the node where voltage violations (i.e.

either overvoltage or undervoltage) are most likely to occur and as a result, provide the lowest

aggregate power flexibility range.

2) We solve an ideal case problem which is already defined in P± where the DSO determines the

setpoints for DER reactive power control along with the aggregate power flexibility limits and

rest of the DER power injections are controlled by the aggregators. Instead of including all 12n

followers, we solve a relaxed version of the problem where we only include the lower-level

problems corresponding to the single-phase connection which provides the lowest aggregate

power flexibility range the worst-case problem in step 1).
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3) We perform a feasibility check to ensure that the solution of the ideal case problem mitigates

voltage violations at all the nodes. To do this, we use the aggregate power flexibility range and

inverter setpoints determined by solving the ideal case problem and solve only the lower-level

problems defined in P± to find the worst-case voltage magnitudes.

4) If all voltage magnitudes are within limits, we terminate the iterative process. Otherwise, we go

back to step 2) and solve the ideal case problem again by including an additional set of follower

problems corresponding to the single-phase connection that did not pass the feasibility check.

7.5.4.1 Worst Case Problem

As mentioned previously, the inverter setpoints for the different inverter reactive power control

modes are not considered as leader problem variables in the worst-case problem. Instead, we

assume they are determined by the aggregator and may be equal to the values that would lead to

worst-case conditions occurring in the grid. These worst-case values are determined by including

them in the bilevel problem as lower-level variables. This is a straightforward approach for the

constant reactive power mode where the inverter constraints (7.12) are linear. However, we have

bilinear terms in the inverter constraints (7.11a), (7.13a) for constant power factor and voltage-

reactive power mode, respectively. To avoid these bilinear terms and ensure that we can solve the

worst-case problem efficiently, we fix the inverter setpoints to one of their specified limits. For

example, if the lower-level objective of the bilevel problem is to maximize voltage magnitude, the

inverter setpoints for both reactive power modes are determined as follows:

• Constant power factor mode: We set γϕ
G,i for every inverter to its upper limit defined

in (7.11b). This corresponds to the situation where all inverters are boosting the voltage

profile in the network by injecting the full available reactive power leading to higher voltage

magnitudes.

• Voltage-reactive power mode: We set qϕ
G,i to its lower limit defined in (7.13b). This repre-

sents the condition where inverters do not provide any reactive power support when voltage

magnitude is close to or violating the upper limit v.



173

Note that ∆p+,∆p− are the only variables that are shared by all the lower-level problems

in the worst-case problem. Apart from that, there are no other variables or constraints linking

the 12n follower problems. This allows us to separate the problem into individual problems for

each follower specifically. We first solve 12nworst-case problems with one leader and one follower

each to obtain 6n aggregate power flexibility upper limits for the positive case (with ∆p− = 0)

and 6n aggregate power flexibility lower limits for the negative case (with ∆p+ = 0). Next, we

sort the 6n upper limits in ascending order and also sort the 6n lower limits in the descending order.

The difference between the minimum upper limit and the maximum lower limit is the lowest range

of aggregate power flexibility for the network. This value should be equal to the solution obtained

by solving the worst-case problem with one leader and 12n followers because all the follower

problems are independent of each other. The total computation time to solve the 12n smaller worst-

case problems will be much lower than the time to solve one large worst-case problem with 12n

followers, especially when parallel computing techniques are used. Note that each of the 12n small

worst-case problems has only one bilinear term corresponding to the product of the dual variable

and upper-level variable in the strong duality constraint.

7.5.4.2 Ideal Case Problem

We have multiple upper-level variables shared by the followers of the ideal case problem P±

as defined in (7.14). Hence, this problem cannot be broken down into multiple bilevel problems

and solved independently like the worst-case problem. To reduce computational complexity, we

initially only include the two lower-level problems (one each for positive and negative cases) cor-

responding to the two worst-case problems that determined the lowest aggregate power flexibility

range in step 1). When we only have a few follower problems, the number of bilinear terms is

much lower compared to the problem with 12n followers. As a result, the ideal case problem can

be efficiently solved to obtain the aggregate power flexibility range and inverter setpoints. Note

that the subset of lower-level problems included in the ideal case bilevel problem is sequentially

increased, if needed, as described in the feasibility check section.
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7.5.4.3 Feasibility Check

It is not guaranteed that the solution obtained by solving the ideal case problem mitigates

voltage violations at all single-phase connections in the network since we only considered two

followers in the bilevel problem corresponding to one single-phase connection. Hence, we perform

a feasibility check by using the aggregate power flexibility range and inverter setpoints determined

by the ideal case problem and solving the lower-level problems defined in P± to determine worst-

case voltage magnitudes. Recall that when we solve the worst-case problems in step 1) of the

iterative approach, we sort the resulting 6n upper-limit and lower-limit ranges in ascending and

descending orders, respectively. These two lists also provides us with an order for the single-phase

connections, where the connections with maximum risk of voltage violations are at the top and

single-phase connections with lowest risk of voltage violations are at the bottom of the list. We

utilize this ordering when we are doing the feasibility check and solve the lower-level problems

sequentially starting from the top of the lists. If we observe a voltage violation, we go back to

step 2) and add the followers to the ideal case problem which correspond to the single-phase

connection where the voltage violation occurred and solve the problem again. We repeat this

process iteratively and terminate when the feasibility check determines that all worst-case voltage

magnitudes are within limits. Note that the lower-level problems are fully linear with no bilinear

terms since the inverter setpoints were already determined by the ideal case problem, making them

easy to solve.

7.6 Considering Impact of Limited Measurements

One of the assumptions in the previous section is that measurement data (i.e. power injec-

tions, voltage phasors) is available at all nodes in the network. As a result, we assume to have

full knowledge about the current operating point of the system. However, the real-time measure-

ments might not be available at all points in the grid since it can lead to higher cost of monitoring

equipment, communication burden and privacy concerns of the end-consumers. In this section,

we extend the bilevel formulation described above to include the case where the current operating
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point is not known or partially known. To consider this limitation while also maintaining security

of operations, we treat all unknown measurements as optimization variables in the follower of the

bilevel problem. This will result in a more conservative worst-case operating condition compared

to the previous case where we assumed all measurements were available. In this section, we as-

sume that measurements are not available at any node i ∈ N and the voltage variables are denoted

using V̂di, V̂qi, |V̂i| ∈ R3, respectively. The active and reactive power injections at node i ∈ N

connected to phase ϕ at the current operating point are given by

p̂ϕ
i = p̂ϕ

G,i − p̂ϕ
L,i, (7.25a)

q̂ϕ
i = q̂ϕ

G,i − q̂ϕ
L,i, (7.25b)

where p̂ϕ
G,i, q̂

ϕ
G,i are the respective active and reactive power generation variables for solar PV

inverters; p̂ϕ
L,i, q̂

ϕ
L,i represent the active and reactive load demand variables, respectively.

7.6.1 Load Modelling

For a load at node i ∈ N connected to phase ϕ ∈ Φ, the limits for active power demand become

pϕ
L,i

≤ p̂ϕ
L,i ≤ pϕL,i, (7.26a)

pϕ
L,i

≤ p̂ϕ
L,i +∆pϕ

L,i ≤ pϕL,i. (7.26b)

Assuming that loads operate in constant power factor pfϕ
L,i, the reactive power consumption is

q̂ϕ
L,i =

√
1− (pfϕ

L,i)
2

pfϕ
L,i

· p̂ϕ
L,i, (7.27a)

qϕ
L,i =

√
1− (pfϕ

L,i)
2

pfϕ
L,i

·
(
p̂ϕ
L,i +∆pϕ

L,i

)
, (7.27b)

where q̂ϕ
L,i is the reactive power consumption at the current operating point.
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7.6.2 Modeling of Solar PV Active Power Generation

The active power generation limits defined in (7.6) can be reformulated to include the power

generation variable p̂ϕ
G,i corresponding to the current operating point to get

pϕ
G,i

≤ p̂ϕ
G,i ≤ pϕG,i, (7.28a)

pϕ
G,i

≤ p̂ϕ
G,i +∆pϕ

G,i ≤ pϕG,i. (7.28b)

7.6.3 Inverter Constraints

The inverter limits defined in (7.10) can be reformulated to include the power generation vari-

ables p̂ϕ
G,i, q̂

ϕ
G,i to get

0 ≤ p̂ϕ
G,i ≤ |sϕG,i|, (7.29a)

− |sϕG,i| ≤ q̂ϕ
G,i ≤ |sϕG,i|, (7.29b)

p̂ϕ
G,i + q̂ϕ

G,i ≤
√
2 · |sϕG,i|, (7.29c)

p̂ϕ
G,i − q̂ϕ

G,i ≤
√
2 · |sϕG,i|, (7.29d)

0 ≤ p̂ϕ
G,i +∆pϕ

G,i ≤ |sϕG,i|, (7.29e)

− |sϕG,i| ≤ qϕ
G,i ≤ |sϕG,i|, (7.29f)

p̂ϕ
G,i +∆pϕ

G,i + qϕ
G,i ≤

√
2 · |sϕG,i|, (7.29g)

p̂ϕ
G,i +∆pϕ

G,i − qϕ
G,i ≤

√
2 · |sϕG,i|. (7.29h)

For the constant power mode, we can express the reactive power injections using

q̂ϕ
G,i = γ̂ϕG,i · p̂

ϕ
G,i, (7.30a)

qϕ
G,i = γϕ

G,i ·
(
p̂ϕ
G,i +∆pϕ

G,i

)
. (7.30b)

where γ̂ϕG,i represents the power ratio of inverter at the current operating point. We assume that γ̂ϕG,i

is specified by the DSO and hence, the value is already known. Note that the limits for γϕ
G,i were

already defined in (7.11b).

For the constant reactive power mode, we again assume that the reactive power injections at

the current operating point are known because they are controlled by the DSO and denoted by q̂ϕG,i.
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So, we replace the limits defined in (7.12) by

q̂ϕ
G,i = q̂ϕG,i, (7.31a)

−γϕG,i ·
(
p̂ϕ
G,i +∆pϕ

G,i

)
≤qϕ

G,i ≤ γϕG,i ·
(
p̂ϕ
G,i +∆pϕ

G,i

)
. (7.31b)

For the voltage-reactive power mode, we assume that DSO has information about the maximum

available reactive power at the current operating point q̂
ϕ

G,i. We still need to include additional

reactive power constraints which are expressed as

q̂ϕ
G,i = q̂

ϕ

G,i − 2q̂
ϕ

G,i ·

(
|v̂ϕ

i | − v

v − v

)
. (7.32)

Here, the voltage magnitude at current operating point |v̂ϕ
i | is constrained by

v ≤ |v̂ϕ
i | ≤ v. (7.33)

Furthermore, we express the relationship between |v̂ϕ
i | and the rectangular form voltage variables

at the current operating point v̂ϕ
di, v̂

ϕ
qi similar to (7.3) using

(vϕdi)
2
+ (vϕqi)

2
+2vϕdiv̂

ϕ
di + 2vϕqiv̂

ϕ
qi = |vϕi |

2
+ 2|vϕi ||v̂

ϕ
i |, (7.34)

where vϕdi, v
ϕ
qi are the real and imaginary components of the initial voltage estimate, respectively.

Note that in the previous section, we used the current operating point as the initial voltage esti-

mate. In this case, we use the no-load solution defined in (5.17) as the initial voltage estimate for

both (7.3) and (7.34).

7.6.4 Power Flow

Following (5.22) and using the no-load solution as the initial voltage estimate, we enforce the

power balance constraints at the current operating point using

V̂d = ℜ
{
Z1

}
+ ℜ

{
Z2

}
· P̂Y + ℑ

{
Z2

}
· Q̂Y, (7.35a)

V̂q = ℑ
{
Z1

}
+ ℑ

{
Z2

}
· P̂Y −ℜ

{
Z2

}
· Q̂Y, (7.35b)
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where V̂d, V̂q ∈ R3n are vectors of the real and imaginary voltage components of the current

operating point, respectively; P̂Y, Q̂Y ∈ R3n denote the respective active and reactive power

injections at the current operating point. Note that (5.22) also requires an initial voltage estimate

and we use the same no-load voltage solution for this.

7.6.5 Bilevel Problem

In this section, we discuss the bilevel problem formulation where inverters are operating in

constant power factor mode. We can follow the same procedure to formulate bilevel problems for

the other inverter reactive power control modes. The upper-level and lower-level variables for the

constant power factor mode are given by

Xu := {∆p+,∆p−,γϕ
G,i∀ϕ∈Φ,i∈N},

Xl :=
{
{vϕ

di,v
ϕ
qi, |v

ϕ
i |,∆pϕ

G,i,∆pϕ
L,i, q

ϕ
L,i, q

ϕ
G,i}∀ϕ∈Φ,i∈N

}
,

X̂l :=
{
{v̂ϕ

di, v̂
ϕ
qi, |v̂

ϕ
k |, p̂

ϕ
G,i, p̂

ϕ
L,i, q̂

ϕ
L,i, q̂

ϕ
G,i}∀ϕ∈Φ,i∈N

}
. (7.36)

Note that the additional lower-level problem variables X̂l correspond to the unknown current op-

erating point. Furthermore, we consider the four scenarios as summarized in Table 7.2 and define

four sets of lower-level variables X+
l ,X

−
l ,X

+

l ,X
−
l . However, the current operating point does

not change for the four scenarios and as a result, we only need one set for X̂l.

Similar to the procedure followed in Section 7.4.6, we define an extra set of lower-level system

constraints which depend on X̂l using

L(X̂l) :=


Voltage constraints (7.34),

Load reactive power constraints (7.27),

Power flow (7.35).

The four sets of inverter constraints depend on X̂l and can be represented by

I(γϕ
G,i,X

+
l , X̂l), I(γϕ

G,i,X
−
l , X̂l),

I(γϕ
G,i,X

+

l , X̂l), I(γϕ
G,i,X

−
l , X̂l)

 := Inverter constraints (7.29), (7.30).
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It is important to note here that the lower-level variable vector X̂l is shared by all four sets.

The sets of active power flexibility constraints for the positive and negative case do not depend

on X̂l. So, we can use the same sets defined in Section 7.4.6 along with the above defined sets and

formulate a bilevel problem similar to P±. The single-level reformulation of the bilevel problem

can be performed using the steps described in Section 7.5.

We employ the same iterative solution approach detailed in Section 7.5.4 to solve the single-

level optimization problem efficiently. It is important to note here that in step 1) of the iterative

method, we solve 12n worst-case problems with one leader and one follower each and determine

the overall aggregate power flexibility using the obtained solutions. Since the lower-level vari-

ables X̂l are also shared by the follower problems along with upper-level variables ∆p+,∆p−,

the resulting aggregate power flexibility will be more conservative than the solution determined

by solving one large worst-case problem with 12n followers (i.e. they are no longer equal to each

other). Since the solutions are more conservative, we can still use them to identify the lower-level

problems that need to be included in the ideal case problem in step 2) of the iterative approach.

7.7 Case Study Overview

In the next three sections, we perform various analyses to evaluate the performance of our

proposed method:

• Section 7.8 investigates the performance of the method on a small IEEE 13-node feeder.

More specifically, we want to evaluate if our solution approach is able to find aggregate

power flexibility limits and DER inverter reactive power setpoints that mitigate voltage vio-

lations throughout the grid. We also check the accuracy of the linear power flow approxi-

mation.

• Section 7.9 investigates whether the proposed bilevel approach scales well for a larger

PNNL taxonomic feeder: R2-12-47-2 [86].

• Section 7.10 explores the algorithm performance when no measurements are available at

any node except the substation. Contrary to Sections 7.8 and 7.9 where we assume that the
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current operating point is known, we evaluate the impact of having no knowledge of the

current system state by testing the approach on the IEEE 13-node feeder.

For our analysis, we solve three optimization problems based on the three inverter reactive power

control modes. The load power factor pfϕ
L,i at node i connected to phase ϕ is set to 0.95. For the

solar PV inverters, we set the target power factor pfϕ
G,i = 0.9 for the constant power factor mode

and the target power ratio γϕG,i = 0.48 for the constant reactive power mode.

The bilevel optimization problem is implemented in Julia [25] and the optimization problem is

solved using using JuMP [26] and Gurobi solver [159]. All simulations were run on a Windows

10 PC with 3.00 GHz Intel Xeon processor and 16 GB RAM.

7.8 Case Study I: Performance Evaluation using IEEE 13-Node Feeder

For our small test case, we use the modified IEEE 13-node feeder [76] illustrated in Fig. 4.2

with single-phase solar PV installations at seven nodes. The maximum apparent power rating of

each single-phase solar PV inverter is 60 kVA. The PV penetration level, calculated as the ratio of

total PV generation (in kW) to the total rated load (in kW), was chosen to be 45% for the forecasted

operating point. The voltage limits are set to v = 0.9 p.u. and v = 1.1 p.u. The taps of the voltage

regulator connecting three-phase nodes 650 and 630 are set to high values of (10,8,11) and as a

result, the system is more prone to overvoltage conditions compared to undervoltage scenarios.

For simplicity, we will only discuss results which focus on identifying aggregate power flexibility

limits ∆p−,∆p+ that mitigate overvoltages in the feeder (i.e. the lower-level problem objective

is to maximize voltage magnitude). The maximum available aggregate power flexibility in the

system, which can be determined by summing the individual bounds for load and PV inverter

flexibility, is ±1.64 MW.

7.8.1 Worst-case Aggregate Power Flexibility Limits

The first step of our iterative solution approach is to solve the worst-case problem for each

single-phase connection separately and identify the location where overvoltages are most likely
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going to occur. Fig. 7.3 shows the aggregate power flexibility limits obtained by solving the worst-

case problem for the three inverter reactive power control modes. The orange triangles represent

the solution obtained for the upper limit ∆p+ and the blue triangles illustrate the solution obtained

for the lower limit ∆p−. We observe for the constant power factor mode that the aggregate power

flexibility obtained is different for different single-phase connections. The lower limit ∆p− is

equal to −1.64 MW for most of the single-phase connections. Conversely, the upper limit ∆p−

is much lower than 1.64 MW indicating that the overvoltages are most likely going to occur for

the positive case compared to the negative case. For the reactive power mode, the aggregate power

flexibility range is equal to zero for multiple single-phase connections. This is because the reactive

power constraints are less restrictive compared to the constraints defined for the constant power

factor mode. On the other hand, the results for the voltage-reactive power mode indicate that the

reactive power constraints are most restrictive for this mode. Therefore, we see that the aggregate

power flexibility range at almost all the single-phase connections is equal to the maximum available

aggregate power flexibility.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.3: IEEE-13 node feeder results. We show the aggregate power flexibility limits obtained

by solving worst-case problem for every single-phase connection with different inverter reactive

power control modes.

For all three inverter reactive power control modes, the smallest aggregate power flexibility

range was obtained when the lower-level problem objective was to maximize voltage magnitude at

phase b of node 675 (single-phase connection #46 in Fig. 7.3). To verify this, we solved a single

worst-case problem with one leader problem and multiple follower problems and the obtained
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aggregate power flexibility limits are summarized in Table 7.3. We notice that the aggregate power

flexibility range obtained for the different reactive power nodes is equal to the range obtained for

single-phase connection #46 in Fig. 7.3. This verifies that both problems are equivalent.

It is important to note that the worst-case problem with one follower has only two bilinear

terms in the single-level reformulated problem which arises due to the product of the dual vari-

able corresponding to aggregate power flexibility constraints and either of the two upper-level

variable ∆p+,∆p−. Solvers such as Gurobi can handle this constraint efficiently using spatial

branching if the number of bilinear terms are small and the average computation time to solve the

worst-case problem with one follower is less than 0.07 seconds. Conversely, the computational

time to solve the large worst-case problem with multiple follower problems is longer as seen in

Table 7.3.

Mode
∆p− ∆p+ Computation

(MW) (MW) Time (sec)

Constant power factor -0.18 0.03 4.6

Constant reactive power 0 0 3.1

Voltage-reactive power -1.64 0.67 3.5

Table 7.3: IEEE-13 node feeder results for aggregate power flexibility obtained by solving a single

Worst-case problem for different inverter reactive power control modes.

7.8.2 Ideal Case Aggregate Power Flexibility Limits

We next solve the ideal case problem by starting with one lower-level problem corresponding

to node 675 at phase b. After obtaining the inverter setpoints from the optimization, we perform a

feasibility check to determine if more follower problems need to be added to the ideal case problem

iteratively following the procedure described in Section 7.5.4. Table 7.4 summarizes the aggregate

power flexibility limits obtained after termination of the iterative process. We observe that the
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aggregate power flexibility limits are same for all inverter reactive power control modes and they

are equal to the maximum available aggregate power flexibility in the system. By comparing this

with the conservative limits obtained by the worst-case problem in Table 7.3, we can conclude

that it is important that the DSO is able to control the reactive power settings of the inverters to

maximize the amount of flexibility offered by the DERs connected to the grid.

It is interesting to note that the feasibility check is passed after only a few iterations for all the

problems. While only one follower is required for the problem with inverters operating in constant

reactive power mode to pass the feasibility check, we observe for the constant power factor and

voltage-reactive power modes that more follower problems are required. This might be because the

single-level problem for these two modes consists of bilinear terms in the dual equality constraints.

On the contrary, no bilinear terms are present in the dual equality constraints of the single-level

problem for the constant reactive power mode. Furthermore, Table 7.4 show the computation time

to solve the ideal case problem with multiple follower problems in the last iteration. We observe

that the solve time is less than a second for all three inverter reactive power modes. This indicates

that the iterative approach can solve the problem efficiently and scales well for larger distribution

feeders.

Mode
∆p− ∆p+ No. of Computation

(MW) (MW) Iterations Time (sec)

Constant power factor -1.64 1.64 3 0.10

Constant reactive power -1.64 1.64 1 0.05

Voltage-reactive power -1.64 1.64 3 0.50

Table 7.4: IEEE-13 node feeder results for aggregate power flexibility obtained by solving ideal

case problem for different inverter reactive power control modes.

Fig. 7.4 illustrates the inverter setpoints determined by the ideal case problem that ensure no

overvoltages occur throughout the grid. For the constant power factor and constant reactive power
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(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.4: IEEE-13 node feeder results obtained by solving ideal case problem. We show the

setpoints determined for different inverter reactive power control modes. The red dashed lines are

maximum and minimum limits on the upper-level variables.

modes, we observe that the reactive-power injections for most of the solar PV systems are negative.

This is expected since the voltage profile of the feeder is already close to the upper limit due to the

high regulator tap settings and hence, absorption of the reactive power will lead to lowering of the

voltage magnitudes. For the voltage-reactive power mode, it can be seen that the maximum reactive

power limit is chosen very close to the apparent power limit of the inverters (red dashed line) to

ensure that the total reactive power absorbed by the solar PV systems is high thereby keeping the

voltage magnitudes within limits.

7.8.3 Linear Approximation Accuracy

Recall that we linearized multiple constraints in the lower-level problem of our bilevel opti-

mization task. To analyze the accuracy of the inverter setpoints obtained by solving the linear ideal

case problem, we formulate the nonlinear counterpart of the lower-level problem by making the

following changes:

• Quadratic inverter constraints are utilized instead of the circular linear constraints.

• We replace the first order Taylor approximation of the relationship between the voltage vari-

ables with the quadratic constraints.
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• We use the nonlinear power flow equation in rectangular form instead of the fixed-point

linear power flow model.

Consequently, the nonlinear lower-level problem with objective to find worst-case maximum volt-

age magnitudes for the positive case can be expressed as

|vϕ
i | = max

Xl

|vϕ
i |, ∀ϕ∈Φ,i∈N , (7.37)

s.t. Load reactive power : (7.5),

Aggregate power flexibility : (7.7), (7.8),

Inverter reactive power modes : (7.11) or (7.12) or (7.13),

(pϕG,i +∆pϕ
G,i)

2 + (qϕ
G,i)

2 ≤ |sϕG,i|
2, ∀ϕ∈Φ,i∈N ,

|vϕ
i |2 = (vϕ

di)
2
+ (vϕ

qi)
2
, ∀ϕ∈Φ,i∈N ,

Pi =
∑
k∈N0

Vdi ⊙
[
GikVdk −BikVqk

]
+
∑
k∈N0

Vqi ⊙
[
BikVdk +GikVqk

]
, ∀i∈N ,

Qi =
∑
k∈N0

Vdi ⊙
[
−BikVdk −GikVqk

]
+
∑
k∈N0

Vqi ⊙
[
GikVdk −BikVqk

]
, ∀i∈N .

We can formulate a similar nonlinear problem for the negative case by just replacing the aggregate

power flexibility constraints (7.8) with (7.9).

We substitute the aggregate power flexibility limits determined by the ideal case problem

in (7.7) and the inverter setpoints in the constraints for the inverter reactive power modes. We then

solve the optimization problem for all single-phase connections to check if the resulting voltage

magnitudes are within the limits. We compare the voltage magnitudes obtained by solving (7.37)

with the voltage magnitudes that are obtained by solving the linear lower-level problem of our

bilevel task.

Fig. 7.5 shows the worst-case voltage magnitudes obtained by solving the nonlinear and lin-

ear versions of the problem. We observe that for all three inverter reactive power control modes,

the setpoints determined by the ideal case problem keep the voltage magnitudes within the lim-

its even we solve the nonlinear problem (7.37). We note that the approximation accuracy for the

constant power factor and voltage-reactive power mode is high since the nonlinear voltage mag-

nitudes (blue circles) and linear voltage magnitudes (orange crosses) are close to each other. On
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the other hand, the approximation accuracy is lower for the constant reactive power mode (max-

imum error ≈ 0.006 p.u.). This might be because the solution is further away from the initial

operating point which was used to linearize the power flow equations in (5.22). However, we

see that the fixed-point approximation is conservative for the constant reactive power mode since

the voltage magnitudes determined by solving the nonlinear problem are generally lower than the

voltage magnitudes obtained by the linear problem. Another noteworthy observation is that for a

given single-phase connection, if we compare the worst-case voltage magnitudes obtained by all

three modes, the results for the voltage-reactive power mode exhibit the lowest magnitude. This

indicates that voltage-reactive power mode is the most restrictive reactive power mode among the

three modes and can be used effectively to mitigate voltage violations.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.5: IEEE 13-node feeder results comparing the worst-case voltage magnitudes obtained

by solving nonlinear and linear versions of the lower-level problem. The red dashed lines are the

upper voltage magnitude limits.

7.9 Case Study II: Evaluating Scalability using Taxonomic Feeder-R2-12-47-2

We next investigate scalability of our solution method. For our larger test case, we choose

the R2-12-47-2 feeder [86] shown in Fig. 4.7 which comprises of 820 single-phase connections

and depicts a moderately populated suburban area with single family homes and light commercial

loads [104]. Solar PV inverters are connected to all single-phase nodes in the feeder with each

inverter rated at 5 KVA to achieve a PV penetration level of 20% of the total rated load. The
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voltage limits for this test case are tighter and set to v = 0.95 p.u. and v = 1.05 p.u. The maximum

available aggregate power flexibility in the system is ±4.86 MW. In this case, we solve the bilevel

problem to determine the aggregate power flexibility and inverter reactive power setpoints that

mitigate both overvoltages and undervoltages in the feeder.

7.9.1 Worst-case Aggregate Power Flexibility Limits

We first look at the aggregate power flexibility limits obtained by solving the worst-case prob-

lem for every single-phase connection in the network. Different from the IEEE-13 node feeder

results, we observe in Fig. 7.6 that all three inverter reactive power control modes provide an

aggregate power flexibility range of zero at multiple single-phase connections in the network. Fur-

thermore, the average computation time to solve the worst-case problem at each single-phase con-

nections is about 2 seconds.

Since there are multiple single-phase connections with aggregate power flexibility range of

zero, we randomly pick node 135 connected to phase b (#571 in Fig. 7.6) whose corresponding

lower-level problems will be included in the ideal case problem.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.6: R2-12-47-2 feeder results. We show the aggregate power flexibility limits obtained

by solving worst-case problem for every single-phase connection with different inverter reactive

power control modes.
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7.9.2 Ideal Case Aggregate Power Flexibility Limits

We compare the results obtained after termination of the iterative approach where the ideal

case problem is solved repeatedly until the feasibility check is passed. Table 7.5 summarizes the

obtained aggregate power flexibility limits and computation time to solve the ideal case problem

at the final iteration. Similar to the IEEE 13-node results, we observe that the aggregate power

flexibility limits determined for all inverter reactive power control modes are equal to the maximum

available aggregate power flexibility ±4.86 MW in the system. It is interesting to note that the

feasibility check passed after the first iteration for all three inverter reactive power control modes.

In addition, the computation time to solve the ideal case problem with one follower was less than

a minute for all three power modes. The higher solve time for the constant reactive power mode

is mostly due to the higher number of bilinear terms in the reformulated problem. It is possible

to employ piecewise McCormick envelopes to relax the bilinear terms [160] and further reduce

computation time, but we defer this to future work.

Mode
∆p− ∆p+ No. of Computation

(MW) (MW) Iterations Time (sec)

Constant power factor -4.86 4.86 1 10

Constant reactive power -4.86 4.86 1 45

Voltage-reactive power -4.86 4.86 1 30

Table 7.5: R2-12-47-2 feeder results for aggregate power flexibility obtained by solving ideal case

problem for different inverter reactive power control modes.

The inverter setpoints determined by the ideal case problem for the different reactive power

modes is shown in Fig. 7.7. Compared to the IEEE-13 node feeder results, most of the power ratio

setpoints for the constant power factor mode are no longer close to the lower limit. Instead, we

see that multiple inverters are injecting reactive power into the grid. This might be because the

voltage profile of the feeder is not close to the upper limits and the lower PV penetration level
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reduces the probability of overvoltages and increases the risk of undervoltages. Hence, it is not

required to absorb more reactive power from the network. The inverter setpoints obtained for the

reactive power mode are closer to zero compared to the lower limit which is similar to the reactive

power setpoints obtained for the IEEE-13 node feeder in Fig. 7.4(b). On the other hand, for the

voltage-reactive power mode, the maximum reactive power setpoints are closer to the lower limit

as opposed to the IEEE-13 node results shown in Fig. 7.4(c) where the setpoints are near the upper

limit. This verifies the conclusion made by looking at results for the constant power factor mode

that the reactive power absorption is not required to be very high for this test case.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.7: R2-12-47-2 feeder results obtained by solving ideal case problem. We show the set-

points determined for different inverter reactive power control modes. The red dashed lines are

maximum and minimum limits on the upper-level variables.

7.10 Case Study III: Considering Impact of Limited Measurements

To investigate the effect of not knowing the current operating point, we use the same IEEE

13-node feeder described in Section 7.8 and focus on identifying aggregate power flexibility lim-

its ∆p−,∆p+ that mitigate overvoltages in the feeder. As mentioned previously, the maximum

available aggregate power flexibility in the system is ±1.64 MW.

Recall that the DER setpoints at the current operating point are assumed to be known since

they are controlled by the DSO. For simplicity, we assume in this case study that the setpoints are

equal to zero, i.e. γ̂ϕG,i = 0 for the constant power factor mode, q̂ϕG,i = 0 for the constant reactive
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power mode and q̂
ϕ

G,i = 0 for the voltage-reactive power mode. This means that the reactive power

injections of all the DER inverters at the current operating point is zero for all three reactive power

control modes.

7.10.1 Worst-case Aggregate Power Flexibility Limits

Fig. 7.8 illustrates the range of aggregate power flexibility obtained by solving the worst-case

problem for the three inverter reactive power control modes. Different from the results in Fig. 7.3,

we observe that the aggregate power flexibility range is extremely conservative since the current

system state is not known and as a result, the problem finds the worst-case current operating point.

Similar to the results in Section 7.8, we again choose to start solving the ideal case problem by

including the followers corresponding to phase b of node 675 since the aggregate power flexibility

range is zero for all three inverter reactive power control modes.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.8: IEEE-13 node feeder results with limited measurements. We show the aggregate power

flexibility limits obtained by solving worst-case problem for every single-phase connection with

different inverter reactive power control modes.

7.10.2 Ideal Case Aggregate Power Flexibility Limits

Table 7.6 summarizes the final results obtained by solving the ideal case problem iteratively.

We observe that it is still possible to obtain results with the maximum available aggregate power

flexibility in the system. However, we see that the feasibility check is passed after a higher number
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of iterations compared to the results shown in Table 7.4. Furthermore, the computation time to

solve the ideal case problem with multiple follower problems in the last iteration is higher due to

the larger number of variables in the optimization problem.

Mode
∆p− ∆p+ No. of Computation

(MW) (MW) Iterations Time (sec)

Constant power factor -1.64 1.64 5 2.9

Constant reactive power -1.64 1.64 6 1.5

Voltage-reactive power -1.64 1.64 3 2.2

Table 7.6: IEEE-13 node feeder results for aggregate power flexibility obtained by solving ideal

case problem with limited measurements.

Fig. 7.9 illustrates the inverter setpoints determined by solving the ideal case problem. We

observe that the reactive-power injections for most of the solar PV systems are negative and the

set-points are similar to the results shown in Fig. 7.4. Recall that this happens because the voltage

profile of the feeder is already close to the upper limit due to the high voltage regulator tap settings

and as a result, the reactive power is absorbed by PV inverters to lower the voltage profile.

(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.9: IEEE-13 node feeder results obtained by solving ideal case problem with limited mea-

surements. We show the setpoints determined for different inverter reactive power control modes.

The red dashed lines are maximum and minimum limits on the upper-level variables.
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The main takeaway from the results shown above is that it is possible to identify reactive power

setpoints that allow us to use the maximum available aggregate power flexibility in the system even

when limited measurements are available. However, this cannot be generalized for all cases. The

IEEE 13-node feeder used here is a smaller test case with a PV penetration level less that 50%. For

larger and more realistically sized distribution feeders with higher PV penetration levels, it might

be challenging to identify such reactive power setpoints that allows us to harness the full collective

flexibility of the DERs.

7.10.3 Linear Approximation Accuracy

We finally investigate the solution quality by solving the linear and nonlinear versions of the

lower-level problem using the inverter setpoints determined above. Fig. 7.10 shows the worst-

case voltage magnitudes at all single-phase connections when solving the nonlinear and linear

problems with limited measurements. Similar to the results shown in Fig. 7.5, we see that for all

three inverter reactive power control modes, the setpoints determined by the ideal case problem

maintain the voltage magnitudes within the limits even for the nonlinear case. Even though we do

not use the current operating point as the initial voltage estimate in our linear power flow equations

and instead use a no-load voltage estimate, the approximation accuracy is high (maximum error

≈ 0.011 p.u.) for all three inverter reactive power control modes. Different from the results in

Fig. 7.5, we observe that the fixed-point approximation is no longer conservative and the voltage

magnitudes determined by solving the nonlinear problem are not always lower than the voltage

magnitudes obtained by the linear problem.

7.11 Main Takeaways

This chapter explores the coordination between transmission systems, distribution grids and

DER aggregators. The main goal is to identify the aggregate power flexibility range provided to

transmission systems without causing any constraint violations in distribution grids. We formulate
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(a) Constant power factor mode (b) Constant reactive power mode (c) Voltage-reactive power mode

Figure 7.10: IEEE 13-node feeder results comparing the worst-case voltage magnitudes obtained

by solving nonlinear and linear versions of the lower-level problem with limited measurements.

The red dashed lines are the upper voltage magnitude limits.

a bilevel optimization task where the upper-level problem maximizes the aggregate power flex-

ibility and determines the DER inverter reactive power setpoints while the lower-level problem

determines the worst-case disaggregation strategy.

Our case studies demonstrate that it is important to allow the DSO to choose the DER inverter

reactive power setpoints in order to utilize the maximum available flexibility in the system. These

setpoints will ensure that the grid is secure even during worst-case conditions. The results for

the IEEE 13-bus feeder showed that we are able to obtain high-quality solutions for the inverter

setpoints by solving the single-level, strong duality based reformulated problem. We also observed

that the proposed approach performs well even when limited measurements are available. Our

results on the larger taxonomic feeder demonstrate that the proposed approach scales well and can

be applied to large, realistic distribution feeders.
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Chapter 8

Conclusions and Future Work

This thesis has introduced our approach to implementing efficient three-phase OPF formu-

lations with the main goal to improve voltage unbalance in distribution grids and maximize the

flexibility offered by distributed energy resources in response to uncertainty. In this chapter, we

summarize the main conclusions that can be drawn from the work done so far. Furthermore, the

work has revealed various areas of related research which require further analysis. We propose

different directions for future work in this field that can build upon the unbalanced, three-phase

OPF framework described in the previous chapters.

8.1 Conclusions

This sections provides a brief summary of the main contributions and conclusions of each

chapter.

Chapter 1 introduced the motivation for our research work along with a literature review of the

existing work that focused on analysis of distribution grids with integration of DERs. While there

are some existing tools capable of performing power flow and optimal power flow analysis for

distribution grids, we observed that there is a need for an optimization framework that is practical,

robust and cost effective with the goal to improve power quality in large-scale, realistic distribution

grids considering actual measurement data as well as variability associated with residential loads

and various DER connections.

Chapter 2 discussed one of the major power quality issues in distribution grids with high pen-

etration of DERs such as rooftop solar PV systems. In this chapter, we introduced the three most
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commonly used definitions of voltage unbalance and derived the analytical relationships high-

lighting bounds for the maximum difference among the three definitions. The accuracy of these

relationships was verified using numerical simulations. While VUF is the true definition of voltage

unbalance, it requires measurement of voltage angles which is not readily available in practical

distribution grids. The other two definitions (i.e. LVUR and PVUR) are widely used as substitutes

for VUF since they only require voltage magnitude measurements. We were able to conclude from

our analysis that PVUR has no clear relationship with VUF whereas LVUR can be used to derive

lower and upper bounds on VUF.

Chapter 3 provided a detailed description of the modelling of major distribution grid compo-

nents in the phase domain. We use the model in Chapter 4 to formulate the full three-phase AC

OPF problem which was extended by including the different voltage unbalance definitions as con-

straints or objective functions. In order to do this, we introduced additional variables and nonlinear

expressions in our three-phase OPF framework making the optimization problem harder to solve

when compared to the standard three-phase OPF problem. The proposed method was tested on a

small feeder (i.e. IEEE 13-bus) as well as a large, realistic taxonomic feeder (i.e. R2-12-47-2).

The main takeaway from the case studies was that minimizing voltage unbalance using one defi-

nition can lead to increase in network losses and/or violation of voltage unbalance limits specified

by other definitions. However, we were able to demonstrate that the three-phase OPF formulation

minimizing network losses subject to all the voltage unbalance constraints obtained a solution with

low network losses without violating the voltage unbalance limits.

Chapter 5 acknowledged one of the challenges with the three-phase OPF approach i.e. com-

putation time. To address this issue, we developed three different scalable implementations by

linearizing the power balance equations and using an iterative approach to obtain solutions that are

AC feasible and close to the optimal solution (i.e. reduce VUF at critical bus to almost zero). The

main contribution of this chapter was the performance comparison of the three scalable methods

in terms of voltage unbalance reduction, voltage violations and computation time. The compar-

ison was done by performing time-based simulations for a large, realistic taxonomic feeder (i.e.
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R1-12-47-1) using actual measurement data for residential loads and PV generation. Our analy-

sis showed that all three scalable methods were able to considerably improve computation time

and also obtain solutions that significantly reduced voltage unbalance. Furthermore, we observed

that the overall performance of all the methods reduced if the three-phase OPF was solved less

frequently. Hence, we can conclude that although solving the original optimization problem OPF

might provide us optimal solutions, it is worthwhile to employ the scalable methods and obtain

good, but sub-optimal solutions more frequently especially for large, realistic distribution feeders.

Chapter 6 leverages a chance-constrained optimization approach to investigate the impact of

uncertainty on operation of distribution grids. We first present a chance-constrained optimal power

flow problem for unbalanced distribution grids and then describe a reformulation based on con-

straint tightening. We employ an iterative, data-driven approach that is capable of solving the

reformulation efficiently. Our case studies on the IEEE 13-bus test feeder using real PV and load

measurement data indicate that the iterative quantile-based algorithm is able to enforce the chance

constraints in both in- and out-of-sample evaluations. Furthermore, we observed that randomly

chosen samples across multiple days is the beneficial sampling procedure compared to using full

day samples. Our case study also demonstrated that the iterative method using linear power flow

models performed in a similar manner compared to using the nonlinear power flow equations.

Chapter 7 develops a bilevel optimization approach to model and identify the aggregate flexi-

bility for DERs in unbalanced distribution systems. We propose a strong duality based reformula-

tion of the bilevel problem that can be efficiently solved using an iterative approach. Our case study

results for two unbalanced distribution feeders showed that the bilevel problem provides safe op-

erating ranges for different DER control actions which can be easily communicated to third-party

aggregators controlling these devices. Moreover, the resulting aggregate flexibility range can help

reduce burdens on transmission system resources while mitigating the risk of constraint violations

in distribution grids.
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8.2 Future Work

While the electric power system evolves towards a distributed infrastructure with increasing

number of controllable nodes, there is lot of scope for research that leverage advances in optimiza-

tion and control to develop frameworks for distribution grids that ensure stability, reliability, and

also meet economic objectives. We have already seen that existing research work include various

optimization strategies focusing on distributed control strategies or centralized methods with small

test cases, simplified load models relying on approximations or relaxations of the unbalanced sys-

tem model. In this section, we propose few directions for continuing the research work in this

field.

8.2.1 Additional Controllable Devices

Our current three-phase OPF framework considers reactive power injections of single-phase

solar PV inverters as the control variables. We have also modelled voltage regulators with tap

control and capacitors with on-off switching control as described in Appendix A. There are other

DER controllers and strategies to ensure efficient and reliable operation of the distribution grid

while satisfying power quality standards such as

• Three-phase PV systems: Solar PV systems integrated in the distribution grid can also have a

three-phase connection based on their rated power. For such cases, the PV inverter topology

is a critical factor that must be considered when modelling the three-phase solar PV sys-

tems. While three-phase, three-wire inverters do not have the ability to inject zero-sequence

currents, there are different configurations [161, 162, 163, 164] for three-phase, four wire

inverters we could consider in order to apply independent per-phase control and mitigate

the negative effects of unbalance. Furthermore, the active power injected by these invert-

ers can also be considered as control variables and curtailed in extreme cases when the PV

penetration levels are very high and the number of overvoltages are very high.

• Electric vehicles and battery storage systems: It is important to note that the above men-

tioned strategy can also be extended to other DERs such as electric vehicles and battery
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energy storage systems. Increasing deployments of these devices make them promising can-

didates to overcome challenges in the distribution grid including, but not limited to, the

voltage unbalance problem and multi-period implementation of the optimization problem

using the scalable methods discussed in Chapter 5.

While previous work focused on controlling individual components such as three-phase PV in-

verters [74, 163], voltage regulators [165], electric vehicles [166] and battery storage systems [167]

to improve power quality, a more comprehensive approach can be taken to extend the distribution

grid modelling by including the above mentioned additional components. The main research ques-

tion to address here is whether the interaction between various control strategies has an impact on

the operation of the grid. This will help identify if local DER actions (such as droop control) can be

utilized without violating any grid constraints or, conversely, if centralized control strategies (such

as tap switching of remotely-controlled voltage regulators) are required to ensure power quality

standards are maintained in the distribution grid.

8.2.2 State Estimation

One of the major assumptions in Chapter 5 is that measurement data is available at all buses

to which loads are connected. However, this is not a realistic assumption as discussed in Chap-

ter 7. Although we consider the impact of limited measurement availability in Chapter 7, we do

not estimate the exact system state. So, the main research question to consider here is whether a

three-phase OPF problem can be solved efficiently with limited sensors and monitoring points in

the distribution grid. In such cases, we can consider state estimation for distribution grids to pro-

vide accurate real-time information of network power flow by using the limited measurement data.

For transmission systems, state estimation is a matured research area with different well-known al-

gorithms [168]. However, distribution grids do not have the same availability of measurement data

or network topology as compared to transmission systems [169]. The unbalanced nature of dis-

tribution grids as well as the requirement of redundant measurement data from historical data and

virtual measurement for buses with zero power injection makes state estimation complicated [170].
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The distribution grid state estimation problem can be formulated using the weighted least

squares or weighted least absolute value error criterion for robust state estimation. Since the pres-

ence of redundant and virtual measurement data could result in divergence issues by employing

solvers similar to transmission systems for the state estimation, the convex semidefinite program-

ming approach can be employed. This enables the state estimation problem to be solved in poly-

nomial time with the SDP-based relaxation of non-convex constraints where virtual measurements

can be handled efficiently without running into numerical issues [171]. Using this state estimation

approach, the resulting voltage estimate can be used as the initial estimate to determine power in-

jections at buses without sensors and solve the three-phase OPF problems described in Chapters 5

and 7.

8.2.3 Real-time Optimization

We have already seen that the optimization problem OPF described in the beginning of chap-

ter 5 is nonlinear and non-convex problem which takes a long time to converge to a solution. In

order to utilize this formulation as a real-time control strategy, we could improve convergence rate

by identifying the binding constraints in the optimization problem. Previous work has focused on

predicting the binding status of constraints [172] or decreasing the number of variables and con-

trol actions using network reduction techniques [173, 174] or choosing the most effective control

actions by sensitivity analysis [175] for transmission systems. The main research question here

is whether it is possible to identify the binding constraints of the three-phase OPF problem and

utilize this information to generate a reduced optimization problem by ignoring the non-binding

constraints. In addition to this, the measurement data such as load pattern and PV generation profile

can be analyzed to investigate if there exists a direct relationship between the binding constraints

and power injections in the system. Furthermore, since OPF is a non-convex problem, a good start-

ing point might lead to better convergence rate. In our current work, we either use a flat-start or the

no-load voltage as our initial operating point. One way to calculate a good initial point would be to

use relaxations such as semidefinite programming [176] and solve a relaxed optimization problem.

We can use the solution of this relaxed problem as a warm start for solving OPF. Although these
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relaxed three-phase OPF solutions might depend on the solver and network topology, it might be a

promising approach for determining a suitable starting point to solve the three-phase OPF.

8.2.4 Integration with GridLAB-D

Our main source of network data is the taxonomic feeder information included with GridLAB-

D which is one of the first open source and flexible simulation platforms focusing on distribution

grid modelling [17]. While GridLAB-D comprises of some the most advanced modeling tech-

niques coupled with with high-performance algorithms for power flow studies [17], recall that it

does not have any optimization capabilities or the ability to solve optimal power flow problems.

Since GridLAB-D can examine the interplay between any components of a distribution grid in

detail without the using approximate or reduced-order models, it might be useful to integrate our

three-phase OPF framework with GridLAB-D. We already discussed earlier that the FOT-OPF

method requires a power flow to be solved during each iteration and the FBS-OPF method uses a

single-iteration of the forward-backward sweep. While GridLAB-D has efficient Newton-Raphson

and forward-backward sweep power flow solvers, we can also integrate these solvers into the opti-

mization framework to improve convergence time.

To the best of our knowledge, there are no existing tools to integrate GridLAB-D with Julia.

However, several efforts such as open modelling framework (OMF) from National Rural Electric

Cooperative Association [177] have been made to use GridLAB-D in a Python-based environment.

One direction for future work could be to integrate the Julia code with GridLAB-D and use third-

party open-source tools like OMF to set up an optimization framework that allows interaction with

GridLAB-D. While this enables us to utilize the advanced functionalities of GridLAB-D, it also

increases opportunities to make improvements and extensions which will help in standardizing

the three-phase OPF framework. The integration with a common tool such as GridLAB-D will

facilitate a better platform for benchmarking as well as comparison of results with other research

groups.
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Appendix
Conventional Flexibility Sources

While we only consider solar PV inverters as our flexibility source in the three-phase OPF prob-

lem, we can also include other traditional approaches for voltage control which include switching

devices such as voltage regulators and capacitors. Note that although we have modelled these

controllable devices in our framework, we use voltage regulators with constant tap-ratios as de-

scribed in Section 3.4 and capacitors with fixed on-off state as discussed in Section 3.6.3 for all

our numerical simulations in this thesis.

Voltage Regulator with Tap Control

In the previous chapter, we discussed the modelling of voltage regulators with constant taps. In

practice, DSO can remotely change the regulator taps to control the voltage profile of the network.

Consider a gang-operated, three-phase voltage regulator connected between nodes i and k. The

output voltage magnitude at node k is related to the input voltage magnitude at node i as |Vk| =

αik|Vi|, where αik is the transformation ratio. αik is a discrete variable since it ranges between 0.9

and 1.1 at integer steps of 0.625% and a mixed-integer linear programming (MILP) formulation

is needed to include such variables in the optimization problem. For computational simplicity, we

can approximate αik as a continuous variable and model the regulator taps using

0.9 · |Vi| ≤ |Vk| ≤ 1.1 · |Vi|. (A.1)

Alternatively, the regulator can also be locally controlled if they are equipped with a line drop

compensator (LDC) [14]. Consider a three-phase voltage regulator connected between the nodes i

and k. By using the current Iik flowing in the branch ik, the LDC regulator calculates a regulated
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voltage defined by

VLDC = Vk − ZLDC · Yik · (Vi − Vk)︸ ︷︷ ︸
Iik

, where ZLDC = RLDC + j ·XLDC (A.2)

is the LDC impedance setting and Yik is a submatrix of the nodal admittance matrix Y . Different

from the remotely-controlled regulator described previously, the LDC regulator tries to control the

regulated voltage magnitude |VLDC| instead of the actual output voltage magnitude |Vk|. To specify

the voltage range for the LDC regulator, we define a reference output voltage magnitude |V ref
k |

(bandcenter) and the bandwidth ∆Vik. The LDC regulator maintains |VLDC| within the specified

range such that

|V ref
k −∆Vik|2 ≤ |VLDC|2 ≤ |V ref

k +∆Vik|2. (A.3)

We define additional variables Vd,ik,Vq,ik in rectangular form to determine the voltage difference

between nodes i and k such that

Vd,ik = |Vi| ⊙ cos (Θi)− |Vk| ⊙ cos (Θk) ,

Vq,ik = |Vi| ⊙ sin (Θi)− |Vk| ⊙ sin (Θk) . (A.4)

By substituting these variables in (A.2) and separating the real and imaginary parts, we get

ℜ{VLDC} = Vdk −ℜ{ZLDC · Yik} · Vd,ik + ℑ{ZLDC · Yik} · Vq,ik,

ℑ{VLDC} = Vqk −ℜ{ZLDC · Yik} · Vq,ik −ℑ{ZLDC · Yik} · Vd,ik,

|VLDC|2 = ℜ{VLDC}2 + ℑ{VLDC}2. (A.5)

We can substitute the above expression derived for |VLDC|2 in (A.3) to model the LDC regulator.

Capacitors with Switching Control

Recall that shunt capacitor banks are generally utilized in distribution systems to provide reac-

tive power support. While we modelled capacitors as constant susceptance loads in the previous

chapter, they can be switched on and off to aid in voltage regulation. Consider a wye-connected
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capacitor at node i connected to phase ϕ with susceptance bϕYcap,i. The capacitor switching action

can be modelled using a binary variable zϕ
i . For computational simplicity, we can again approx-

imate zϕ
i as a continuous variable that ranges between 0 and 1. We define a new variable for the

capacitor susceptance bϕYcap,i = zϕ
i · bϕYcap,i where

zϕ
i =

0 if |vϕ
i | ≥ v,

1 if |vϕ
i | ≤ v.

(A.6)

These if-then constraints can be modelled as

if zϕ
i = 0 ⇒ |vϕ

i | − v ≤M · (1− zϕ
i )− ϵ · zϕ

i , (A.7a)

if zϕ
i = 1 ⇒ |vϕ

i | − v ≥ m · zϕ
i + ϵ · (1− zϕ

i ), (A.7b)

where M,m are upper and lower bounds on |vϕ
i | − v and |vϕ

i | − v, respectively, and ϵ is a small

value.
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