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Abstract

In this dissertation, we investigate the microscopic and macroscopic instabilities devel-
oping in magneto-active elastomer (MAE) composites undergoing large deformations in
the presence of an external magnetic field. In particular, we consider the MAEs with
bi-phasic layered microstructure, with phases exhibiting ferromagnetic behavior. We first
start with a basic introduction of MAEs where we introduce the model, characterization,
and applications of MAEs. In the theoretical model, we go into the governing equations
of the problem that we are trying to solve and lay the foundations for modeling MAEs.
We discuss the energy models used in the neo-Hookean with linear magnetic model and
the Langevin model (for ferromagnetic materials) which describes the saturation effects.
To improve our energy model, we consider adding magnetic energy invariants (I, I5, and
Is) (similar to the energy model for dielectric elastomers). In the analysis section, we
then derive an explicit expression for the magnetic field-induced deformation of MAEs
with hyperelastic phases. To perform the magneto elastic instability analysis, we employ
the small-amplitude perturbations superimposed on finite deformations in the presence of
the magnetic field. We examine the interplay between the macroscopic and microscopic
instabilities. We find that the layered MAEs can develop microscopic instability with
antisymmetric buckling modes, in addition to the classical symmetric mode. Notably,
the antisymmetric microscopic instability mode does not appear in a purely mechanical
scenario (when a magnetic field is absent). Furthermore, our analysis reveals that the
wavelength of buckling patterns is highly tunable by the applied magnetic field, and by
the properties and volume fractions of the phases. We find that the effects of Iy, I5, and
Ig decrease with an increase in permeability. Our findings provide the information for de-
signing materials with reconfigurable microstructures. This material ability can be used to
actively tune the behavior of materials by a remotely applied magnetic field. The results
can be utilized in designing tunable acoustic metamaterials, soft actuators, sensors, and

shape-morphing devices.
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Chapter 1

Introduction

Magneto-active (MA) materials have become one of the essential smart metamaterials
because of their wide range of potential applications. They are broadly classified into
magnetorheological fluids (MRFs) and Magneto-active elastomers (MAEs). Their main
difference is their effective properties, i.e., MAE devices produce variable stiffness. In con-
trast, fluids and other non-solid-state devices produce variable damping co-efficient and
other fluid-related flow behaviors. In this dissertation, we will mainly focus on the insta-
bilities of magnetoactive elastomers. However, before we begin the discussions regarding
instabilities, we will cover some theories about the properties, structure, and applications

of MAEs.

1.1 Magnetoactive elastomers (MAEs)

Magnetoactive elastomers (MAEs) belong to a class of soft active materials that respond to
a remotely applied magnetic field. The application of magnetic field results in the modifi-
cation of mechanical behavior and deformation (also referred to as magnetostriction). Let
us now go over the background for the fabrication, characterization, and magnetostriction
of MAEs.

1.1.1 Fabrication

The fabrication of MAEs is done by adding ferromagnetic particles (or fillers with high
magnetic permeability) to an elastic material. Ferromagnetic particles (or fillers with high
magnetic permeability) such as Carbonyl-iron (CI) particles are added as soft magnetiz-
able microparticles. The magnetizable particles (from micro to nano-size) are added to
the matrix material in its liquid state. Upon polymerization, the MAEs with randomly

distributed magnetizable particles are produced. Curing in the presence of magnetic field



results in the alignment of magnetizable particles into chain-like structures, as shown in
Fig. 1.1 (for a detailed description of the MAE synthesis, interested readers are referred
to the review article by Bastola et al., 2020).

(a) MRE (800 mT) X200. (b) MRE (800 mT) X1600. (c) Idealized MRE.

Figure 1.1: (a) SEM image with 200 times magnification of MRE prepared in 800 mT
(Chen et al., 2007); (b) SEM image with 1600 times magnification of MRE prepared in
800 mT (Chen et al., 2007); (c¢) Schematic representation of the idealized layered mi-

crostructure considered in this work.

We shall now understand the materials used to create soft magnetoactive elastomers.
In principle, MAEs are composite materials consisting of magnetizable particles (for ex-
ample, carbonyl iron, nickel, or Terfenol-D) embedded in an elastomeric matrix material
such as silicone rubber, polyurethane (Jolly et al., 1996a). The behavior and features of
the MAEs highly depend on the properties of the bulk matrix materials and the embed-
ded magnetic fillers. The distribution of the magnetic particles within the matrix can
also strongly affect the properties of MAEs. In other words, we can use these changes
in properties to effectively ”tune” our MAEs to get desired effects. On the other hand,
the matrix materials provide the necessary elastomeric properties required for large de-
formation. These materials are usually magnetically inactive. They are mechanically soft
with an elastic modulus in the range of 10 kPa to 10 GPa (Rus and Tolley, 2015). Some
examples of matrix materials are polyurethanes (PU), vinyl rubbers (VR), polybutadi-
ene rubber, thermosets/thermoplastics elastomers, silicone rubbers (SR), natural rubbers
(NR), and synthetic rubbers such as Ethylene propylene diene monomer (EPDM) (Ginder
et al., 2002; Bednarek, 1999; Guan et al., 2008). Among these, silicone rubbers are the
most widely used elastomeric materials. CI is a popular choice for magnetic particles be-
cause of its high magnetic saturation (700 mT), low magnetic remanence, high magnetic
permeability, and negligible magnetic hysteresis. Other choices include magnetic particles

such as iron-cobalt, cobalt, nickel, Terfenol-D, and iron sands (Guan et al., 2007; Jolly



et al., 1996b; Bednarek, 2000). The distribution of particles and their concentration can

also significantly influence magneto-deformation.

1.1.2 Characterization

There is a significant body of studies concerning the magneto-mechanical characterization
of MAEs with different microstructures — random and chain-like — present in the literature.
For example, Jolly et al. (1996a) and Danas et al. (2012) studied the shear response of
chain-structured MAEs, showing that effective shear modulus increases in the presence of
a magnetic field. The effective moduli of MAEs are also reported to be increased by the
applied magnetic field under uniaxial compression (Abramchuk et al., 2006) and tensile
tests (Soria-Herndndez et al., 2019). The magnetostriction of MAEs with randomly dis-
tributed magnetizable particles under a very high magnetic field is analyzed by Bednarek
(1999).

1.1.3 Magnetostriction

Magnetostriction is defined as the change in the dimensions of materials under the influence
of an external magnetic field. The range of motion is very small for ferromagnetic materials
such as cobalt, nickel, and iron. For example, after saturation is reached, the stretch ratios
of these materials are of the order 1 - 10 [um/m] (Guan et al., 2008). As far as applications
are concerned, the ideal behavior of an MAE would be to generate significant, perfectly
reversible deformation by applying small magnetic fields. That’s where composites come
into the picture. By combining materials that have large reversible elastomeric deformation
properties and large reversible magnetic interactions, we can get almost perfect MAE and
also be able to tune such behavior for our applications.

When combined with magnetic materials, soft polymer-based materials can signifi-
cantly impact magnetostriction. Also, large magnetically induced deformation is possible
based on the selection of the materials in soft magnetoactive materials. The magnetostric-
tion further increases with the increase in magnetic field-induced Maxwell stress. There-
fore, particles with high permeability, such as iron and iron oxides, are usually employed
to fabricate MAEs (Rigbi and Jilken, 1983; Guan et al., 2008; Zrinyi et al., 1996). For a
free-standing MAE sample in a uniform magnetic field, the deformation is approximately
uniform (Tan et al., 2020).

These materials have found applications in stretchable electronics and nonplanar con-
figurations (Scott, 2012). Ginder et al. (2002) and Guan et al. (2008) determined the
magnetostriction of random and chain-structured MAEs. The effect of particle rotation

on the effective magnetization of MAEs is investigated by Lanotte et al. (2003a). Moreno



et al. (2021) provided a comprehensive experimental characterization of MAEs focusing
on the material response under various strain rates. Dargahi et al. (2019) performed the
dynamic characterization of MAEs subjected to a wide range of excitation frequencies and
magnetic flux densities. In these studies, the magnetizable particles are effectively rigid
compared to the elastomer matrix. Therefore, the magneto-mechanical coupling observed
in these MAEs is majorly governed by the two underlying mechanisms, namely, magnetic
torques and magnetic interaction between the particles.

The pioneering works of Brown (1966), Maugin and Eringen (1972), Tiersten (1964),
Toupin (1956), Truesdell and Toupin (1960) laid the foundation for the theory of magne-
toelastic (and mathematically analogous electro-elastic) behavior of continuum, which has
been reformulated and further developed by Dorfmann and Ogden (2004a), Kankanala and
Triantafyllidis (2004), Vu and Steinmann (2007). In parallel, many microstructural-based
magneto-elastic constitutive models are also developed—for example, the lattice model
(Garcia-Gonzalez and Hossain, 2020; Ivaneyko et al., 2014; Jolly et al., 1996a).

Additionally, significant efforts have been made to implement the non-linear magnetoe-
lastic framework into numerical schemes (Keip and Rambausek, 2017; Javili et al., 2013;
Keip and Rambausek, 2016). Ponte Castaneda and Galipeau (2011) proposed an analyt-
ical approach to estimate the effective behavior of MAEs with the random distribution
of magnetoactive particles. In particular, they developed a finite strain non-linear ho-
mogenization framework to determine the total magnetoelastic stress in MAEs under the
combined mechanical and magnetic loading. By employing this framework, Galipeau and
Ponte Castaneda (2012) studied the effects of randomly distributed magnetizable particle
shape, distribution, and concentration on the effective properties of MAEs. Moreover,
Galipeau et al. (2014) investigated the behavior of MAEs with periodic arrangements
of circular and elliptical fibers, showing that by tailoring the periodic micro-structure of
MAESs, their magneto-mechanical behavior could be highly tuned. We note that these
systems share some similarities with their mathematically analogous dielectric elastomer
composites (Rudykh et al., 2013; Tian et al., 2012; Goshkoderia et al., 2020a).

1.1.4 Soft magnetic materials

When magnetic materials are subjected to magnetic fields, they are observed to retain
some magnetization, even after the magnetic field is removed. This ability to retain the
magnetization is known as hysteresis. The different parameters that characterize hysteresis
are shown in Fig. 1.2. For details refer (Szczygltowski, 2001; Jiles and Atherton, 1983;
Stoner and Wohlfarth, 1991).



Figure 1.2: Schematic representation of the hysteresis showing the magnetic coercivity H,,
magnetic remanence M,., and saturation magnetization M. A ferromagnetic saturation
behavior is assumed for the applied magnetic field. The dotted line (- -) represents the
ideal behavior without hysteresis, while the solid (—) line represents the behavior with
hysteresis. (Zhang and Rudykh, 2022; Bira et al., 2020).

Coercivity H,, (see Fig. 1.2), also called magnetic coercivity, coercive field, or coercive
force, is defined as the resistance of a magnetic material to changes in magnetization,
equivalent to the field intensity necessary to demagnetize the fully magnetized material.
It measures the ability of a ferromagnetic material to withstand an external magnetic
field without becoming demagnetized. Hysteresis is considered a lossy phenomenon with
respect to energy. Therefore, it is undesirable when rapid fluctuations in the magnetic field
are involved, as happens in the various applications of MAEs (McHenry, 2001). Based on
the magnitude of the hysteresis, ferromagnetic materials are broadly classified as either
hard or soft, depending on how easily the materials can be magnetized and demagnetized.
Although in this dissertation, we mainly focus on soft magnetic materials, it is worth noting
the differences between them to understand properties that would suit our applications.

Soft magnetoactive materials have a low hysteresis and can be easily magnetized and
demagnetized; in other words, their magnetization is easily reversible. Although there
is not a strict criterion to distinguish soft and hard magnetic materials, soft magnetic
materials show a low coercivity H, of (1071 — 1024/m), and high M; (Inoue and Kong,
2022). Technical properties of interest for soft magnets include (i) high permeability,
(ii) low hysteresis loss, and (iii) low eddy current and anomalous losses. Soft magnetic

materials are used primarily to enhance the flux produced by an electric current. A typical



hysteresis loop of soft and hard magnetic materials is shown in Fig. 1.3.
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Figure 1.3: magnetization vs. the magnetic field, hysteresis curves for different magnetic
field values describing the coercivity H. and residual magnetic field B, and the magnetic
remanence, M, for (a) hard and (b) soft magnetic materials(Bertotti, 1998; Bira et al.,
2020).

In contrast, hard magnetic materials act more like permanent magnets and require a
higher magnetic field (also known as a coercive force) to demagnetize them and show a
large coercivity of (103 — 10°A/m) (Inoue and Kong, 2022; Attard et al., 2021) and high
magnetic remanence M,.

Recently, particles of hard magnetic materials or high-coercivity ferromagnetic ma-
terials, including NdFeB, hard ferrite, and alnico alloys, have been used in the creation
of hard-magnetic active elastomers (hMAEs) (Lum et al., 2016; Kim et al., 2018b; Zhao
et al., 2019; Mukherjee et al., 2021). These new magnetoactive composites exhibit pro-
grammable and intricate shape transformations at low magnetic fields (Mukherjee et al.,
2021; Garcia-Gonzalez and Hossain, 2021; Yan et al., 2021; Moreno-Mateos et al., 2023).
Notebly, once exposure to a substantial magnetic field, hard magnetic materials retain
their magnetization even after the removal of the external field. The high coercivity char-
acteristics enables these materials to maintain their remanent magnetization over a wide
range of applied magnetic fields below the coercive field strength. When the applied mag-
netic field does not align with the magnetization direction of the hard magnetic particles,
the induced magnetic torque endeavors to align the particle’s magnetization direction with

the applied field, resulting in the deformation of the hMAE composite (Montgomery et al.,



2020; Alapan et al., 2020; Moreno-Mateos et al., 2022; Yan et al., 2023).

1.1.5 Applications

Due to their simple, remote, and reversible principle of operation, MAEs can provide the
material platform for applications such as creating a variety of actuators and sensors. As
the macroscopic stiffness of MAEs can be modified smoothly, quickly, and reversibly by
applying a magnetic field, the macroscopic response of MAEs can be actively controlled
in real-time. Additionally, the strain in the MAE composites can also change the overall
magnetization, which could be detected by magnetometers or other sensors. This also
makes their application well-suited for different sensors. Some examples of applications
are variable-stiffness devices

The remote and reversible shape-transformative properties of hMAEs have paved the
way for versatile applications in areas such as soft robotics (Hu et al., 2018; Cui et al.,
2019), biomedical devices (Wang et al., 2021), and mechanical metamaterials (Chen et al.,
2021; Zhang and Rudykh, 2022; Sim et al., 2023; Alam et al., 2023; Zhang et al., 2023b;
Zhang et al., 2023a; Yang and Keten, 2023; Pal and Sitti, 2023).

(Sunaryono et al., 2013; Varga et al., 2005; Yoon et al., 2013; Erb et al., 2012; Ginder
et al., 2002), self-assembly and self-organization (Piranda et al., 2021), mechanical meta-
materials (Chen et al., 2021), tunable vibration absorbers (Ginder et al., 2001a; Wang
et al., 2018; Sun et al., 2016; Deng et al., 2006), damping devices (Gong et al., 2012; Yang
et al., 2012; Lerner and Cunefare, 2008; Ginder et al., 2001b; Deng et al., 2006; Hoang et
al., 2011), sensors (Lanotte et al., 2003b; Tian et al., 2011; Zadov et al., 2012; Bednarek,
2000; Lanotte et al., 2003a; Kawasetsu et al., 2018), biomedicine (Bowen et al., 2015;
Crivaro et al., 2016; Wang et al., 2021; Qi et al., 2020; Makarova et al., 2016; Luo et al.,
2019; Zhou et al., 2021) noise barriers (Farshad and Le Roux, 2004; Karami Mohammadi
et al., 2019; Yu et al., 2018), remotely controlled actuators (Ciambella et al., 2017; Kim
et al., 2020; Tang et al., 2018; Stanier et al., 2016; Kim et al., 2018a), soft robotics (Hu
et al., 2018; Yim and Sitti, 2011; Anil et al., 2021; Cui et al., 2019; Kim et al., 2019; Tang
et al., 2019),

1.2 Instabilities

While the heterogeneity provides access to tailored and enhanced coupled behavior, it
is also a source for developing micro-structural instabilities. The instability phenomenon
historically has been considered a failure mode, which is to be predicted and avoided. This

motivated the investigation of instabilities in composites subjected to purely mechanical



loading (Pathak et al., 2022; Arora et al., 2020; Geymonat et al., 1993; Greco et al., 2020;
Li et al., 2021; Li et al., 2019; Rosen, 1965; Rudykh and deBotton, 2012; Arora et al.,
2019; Slesarenko and Rudykh, 2017; Triantafyllidis and Maker, 1985; Arora et al., 2022).

The elastic instability phenomenon has recently been embraced to design materials
with unusual properties and switchable functionalities (Florijn et al., 2016; Kochmann
and Bertoldi, 2017). Examples include instability-induced elastic wave band gaps (Bertoldi
and Boyce, 2008; Rudykh and Boyce, 2014), auxetic behavior (Li et al., 2018; Shim et al.,
2013; Li and Rudykh, 2019), and photonic switches (Krishnan and Johnson, 2009). The
possibility of controlling the instability development via a magnetic field can provide the
opportunity to activate these functionalities remotely.

Extending the instability analysis for the coupled magneto-mechanical case, Ottenio
et al. (2008) studied the onset of magneto-mechanical instabilities in isotropic MAEs with
a focus on surface instabilities of a homogeneous magnetoactive half-space. Kankanala and
Triantafyllidis (2008) investigated the failure modes of a rectangular MAE subjected to
plane-strain loading conditions in the presence of a magnetic field. Rudykh and Bertoldi
(2013) analyzed the onset of macroscopic instabilities in anisotropic MAEs by deriving the
exact solution for MAEs with layered microstructure. Danas and Triantafyllidis (2014)
studied the finite-wavelength instability modes occurring in an MAE substrate/layer sys-
tem under a transverse magnetic field. Recently, Goshkoderia and Rudykh (2017) em-
ployed a numerical finite element-based code to investigate macroscopic instabilities in
MAEs with circular and elliptical inclusions. Very recently, Goshkoderia et al. (2020b)
experimentally illustrated that the instability pattern can be tailored by the application
of magnetic field in particulate magnetoactive composites.

Motivated by recent experimental studies showing the tunability of finite-wavelength
instabilities via magnetic field (Goshkoderia et al., 2020b; Psarra et al., 2017), in this
work, we study the onset of microscopic instabilities and associated buckling patterns
in MAEs. In particular, we consider the MAEs with biphasic layered microstructure
exhibiting ferromagnetic behavior. To investigate the onset of instabilities, we consider
the small-amplitude perturbations superimposed on finite deformations in the presence of
a magnetic field to perform the microscopic instability analysis. Moreover, we analyze the
limit corresponding to the long-wave or macroscopic instability. We examine the influences
of the applied magnetic field and material parameters on MAE’s stability. Additionally,
we study the magnetostriction of layered MAEs and derive an explicit expression for the
induced stretch as a function of the applied magnetic field, mechanical and magnetic

properties of layers, and their volume fractions.



1.3 Structure of this dissertation
This dissertation is structured as follows:

e Chapter 2 presents the theoretical background on magneto-elastics and incremental
analysis together with the constitutive laws for magnetically linear and ferromagnetic

behavior.

e Chapter 3 is concerned with the analysis of the magneto-deformation and determi-

nation of the microscopic and macroscopic instabilities in layered MAEs.

e Chapter 4 illustrates the results with examples of magnetostriction and magnetoe-

lastic instabilities in MAEs with various morphologies and material properties.

e Chapter 5 concludes the thesis with a summary and a discussion inferred from the

results.

1.4 List of Publications

The following publication resulted from the dissertation.

e Pathak, P., Arora, N. and Rudykh, S. (2022). Magnetoelastic instabilities in soft
laminates with ferromagnetic hyperelastic phases. International Journal of Mechan-
ical Sciences, 213, 106862.
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Chapter 2
Theoretical background

In this section, we will go through some fundamental theories of elasticity and magnetism

necessary for understanding MAEs (Holzapfel, 2001).

2.1 Kinematics

Consider material points in a continuous deformable body, occupying a stress-free region
(configuration), residing in three-dimensional Euclidean point space (R?) with the material

particles labeled by their position vectors.

Deformed
Undeformed configuration
configuration Eulerian)
(Langrangian) y
N
t
a0

Figure 2.1: Transformation from undeformed (Lagrangian) to deformed (Euler) configu-
ration describing applied traction t, magnetic field and intensity B, H across a region {2
with boundary 9. The 0 symbol in B?, H®, 99 and Qg denotes corresponding fields in

the undeformed configuration.

We consider a magneto-elastic deformable solid with a transformation from undeformed
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that occupies a region ¢y — € with a boundary 9y — 02 of outward normal ONg —
ON in the reference (and current) configuration, where (—) denotes a transformation
from undeformed configuration to a deformed configuration. €y and 2 C R? region are
undeformed and deformed configurations, respectively. The Cartesian position vector of
a material point in the reference configuration of a body is X, and its position vector
in the deformed configuration is . The deformation is described by the function x that
maps the reference point x in Qg to its deformed position = x(X) in 2. We introduce

a mapping vector function y such that
z = x(X) (2.1)

Under the action of a combination of mechanical loading and magnetic field, the body
deforms into the current configuration €2, where deformation gradient F is defined such
that

F = g—; (2.2)
a Jacobian J > 0 is then defined as

J =detF (2.3)
and C is the right Cauchy-Green strain tensor is defined as

C=F'F (2.4)

2.2 FEulerian formulation

This work considers quasi-static deformation in the absence of an electric field, electrical

charges, or electrical currents within the material.

2.2.1 Eulerian governing relations

Let B and H be the magnetic induction and magnetic intensity in the Eulerian reference
frame. Let o be the Cauchy stress. Assuming the absence of body forces, the magnetic
induction B and magnetic intensity H (in the current configuration) satisfy the following
field equations.

divB =0, culH=0, dive=0 (2.5)

where the div and curl are the differential operators defined with respect to z. In the

standard Nabla notation, Eq. (2.5) can be rewritten as

V.-B=0, VxH=0, V.0=0 (2.6)
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2.2.2 Eulerian boundary conditions

Moreover, in heterogeneous bodies such as laminates, many phases of different materials
differ in magnetic and elastic properties. The boundaries between the phases can be
considered to be interfaces. The magnetic fields have to satisfy the jump conditions across
the interface. Consequently, for a given phase, the Maxwell equations and boundary
conditions at 0f2 take the form.

N-[BJ=0, Nx[H]=0, [g]N=0 (2.7)
where N = FI'NY and N? denote the normals to the interface in the current and reference
configurations, respectively. The jump operator [e] = (o)™ — (o)~ is defined such that N
and NY are pointing towards phase (e)~.

2.2.3 Eulerian to Lagrangian transformations

Let H? be the magnetic intensity and B? be magnetic induction in the Lagrangian refer-
ence configuration. To transform the magnetic induction, magnetic intensity, and stress

between Euler and Lagrangian fields, we use the following relations.
H'=F"H, B°=JF 'B, P=JF 1o (2.8)
Here transformation between Cauchy stress (o) and the first Piola-Kirchhoff stress tensor

(P) is given. The inverse transformations from Lagrangian to Eulerian are as follows.

H=FTH’, B=J'FB’, o=J"'F'P (2.9)

2.3 Lagrangian formulation

2.3.1 Lagrangian governing relations
In the Lagrangian form, Eq. (2.5) can be written as (Dorfmann and Ogden, 2004a)
DivB? =0, CurlH’=0, DivP =0 (2.10)

where the Div and Curl operators are defined with respect to X

2.3.2 Lagrangian boundary conditions

Moreover, for a heterogeneous infinite body, the boundary conditions across interfaces

separating different phases at 9Q° take the form.

[B°] N°=0, [H]!xN’=o0, [P]-N°=o, (2.11)
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2.4 Stress, magnetism and energy relations

2.4.1 Magnetism relations

Magnetization is customarily defined as

M= B_ H (2.12)
Ho

where pg is the vacuum magnetic permeability. Following the works of Brown (1966),
Coleman and Noll (1974), Kovetz (2000), the magnetization is constitutively defined in
terms of free-energy function ¢(F,B) as

9¢

M=-r8"

(2.13)

¢ is the magnetic energy density function and p is the material density in the current
configuration.
2.4.2 Stress relations

Consequently, stress equations due to magnetization M take the form (Zhang and Rudykh,
2022)

O'—pg]g?‘FT—l—(M-B)I—M@B—i—am (2.14)
where o, which is given by
1 BB
am:<B®B—> (2.15)
Ho 2

The corresponding stress tensor o, is also called Maxwell stress. Note that in the absence
of material (or vacuum), the stress tensor Eq. (2.15) is still non-zero and depends on the

magnetic field.

2.4.3 Energy relations

In terms of these relations, the energy-density function ¢ fully characterizes the behavior
of magneto-active elastomers. The free energy in Lagrangian form is defined as ®(F,B°) =
#(F,J 'FBP). In terms of ®, a Lagrangian amended energy function can be constructed
as follows (Dorfmann and Ogden, 2004a). For a conservative material whose response is

described by a free-energy density function ¥ (F7 BO).

FB’ . FB’

U(F,BY) = py®(F, B°
(7 ) p0(7 )+ 2MOJ

(2.16)



14

where pg = pJ is the material density in the reference configuration. ¥, which is expressed
as a function of the deformation gradient tensor F' and magnetic induction vector B, obeys
the following constitutive equations.
ov (F,B° ov (F,B°
P = ( ) and 0 __ ( )

For incompressible materials (J = 1) (2.17) transforms into

oV (F,BY)

P=—F

—pF T (2.18)

where P is the total first Piola-Kirchhoff stress tensor, p is the Lagrange multiplier as-
sociated with the incompressibility constraint, and the corresponding total Cauchy stress

tensor is

_ OW(F,BY)
~ OF
In terms of H, the relationship can be rewritten as follows (Goshkoderia and Rudykh,
2017)

FL — pl, (2.19)

p_ ¥ (F,H") ago_ Y (F,H") (2.20)
= OF an = SH0 .
For incompressible materials (J = 1) (2.20) transforms into
oV (F,H")
P=———""—+°_pF " 2.21
3F p (2.21)

2.4.4 Traction boundary conditions

It can be shown (see Galipeau, 2012; Kankanala and Triantafyllidis, 2004) that the traction

on the boundary of the specimen can be expressed in the form

t = [T+%(H-H)1—B®B]n—%(M.n)Qn (2.22)

where H, B and M are just inside the boundary, and n is the outward normal to the
boundary of the material surface and ¢ is the traction outside the material. Let us consider
a 2D square with two adjacent surfaces, A and B (as shown in Fig. 2.2), oriented along
the e; and eo directions, respectively. Stress inside the materials are o4 and op. The
externally applied traction on these surfaces is tao and tg. A magnetic field B = Be, is
applied. We are assuming surfaces 1 and 2 are free surfaces; therefore, externally applied

traction (t4 and tp) are zero on the outer surfaces.
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Figure 2.2: Surface traction and Maxwell stress in the elastomer placed in an externally

applied magnetic field

For surface A, considering stress and traction components along ey direction, we get

the following result

(2.23)

For surface B, considering stress and traction components along eo direction, we get the

following result

BZ
t = —_—_— =
2 022 2#0
e (2.24)
022 =
210

Here 011 and o099 become the Maxwell stress inside the material in the calculation of the
traction as measured on the surface of the material. The pressure term is derived using the
traction boundary conditions (2.22) along with the energy relations of Cauchy stress. The
corresponding Cauchy stress o922 equals Maxwell stress (2.24) in that direction. We then
combine the traction boundary condition (2.24) and incompressible total Cauchy stress
(2.19) to the expression for the Lagrange multiplier in (2.25)

b [8W(F,B0)FT}

— 022, (225)

OF 29
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oW (F,BO) o1 . . .
To calculate the =——5g=—F" term, the deformation gradient and the material model are

used as inputs at the boundary and taking o9y from (2.24), we can get the equation of the

Lagrange multiplier.

2.5 Incremental analysis

The mechanics of incremental deformations superimposed upon a given state of finite
initial deformation allow the investigation of instabilities that develop in MAEs subjected
to magnetic fields. For further reading, refer to the works of Goshkoderia and Rudykh
(2017), Ottenio et al. (2008), Rudykh and Bertoldi (2013), Wu and Destrade (2021),
Dorfmann and Haughton (2006).

2.5.1 Lagrangian incremental formulation
Lagrangian incremental governing relations

Following the approach recently developed to investigate instabilities in magnetoactive
composites (Dorfmann and Ogden, 2004b; Bertoldi and Gei, 2011; Rudykh and deBotton,
2011), we derive the governing equations for the incremental deformations superimposed
upon a given state of finite deformation in the presence of a magnetic field. We derive the

incremental Lagrangian equation from the Lagrangian governing equations (2.5).
DivB=0, CwlH’=0, DivP=0 (2.26)

where P, BY, and H? are the incremental changes in P, BY, and HY, respectively.

Lagrangian incremental constitutive relation

Assuming that all incremental quantities are sufficiently small, the relations (2.17) can
be linearized as follows. The linearized expressions for the incremental changes in the
linearized constitutive relations can be expressed using the Einstein summation notation.

In the first Piola-Kirchhoff stress tensor and magnetic induction are given as

Pij = A?jlekl + M?jkBl(c)a

. ) . (2.27)
For an incompressible material, Eq. (2.27); modifies to
5. A0 1 0 o —1p -1 _ ;-1
Pij = AjjuFr + M By, + (0F Fa k), — pFy), (2.28)

where p is the incremental change in p.
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Lagrangian incremental constitutive tensors

The magneto-elastic moduli tensors are derived as follows

o*wW
OBYOBY

oW ] 02w

: 0 =" _ 2.29
OF;;0Fy i 9F;;0BY (2.29)

(N 0 _
Abjel = Hij =

Lagrangian to Eulerian incremental transformations

The push forward transformations (denoted by H — H9,B — B?) and & — P to the

current configuration are
H=FTH’, B=J'FB’, ¢=J"'F'P (2.30)
In the current configuration, the magneto-elastic moduli are transformed as
Aijit = J ™ Fjo Fig Ajas
—1 440
Miji = FiaFg Miqg (2.31)
—1—1440
H'LJ - JFal F,Bj Haﬁ
and they possess the following symmetries

Aijrl = Artij, Mije = Mig, and Hij = Hj;. (2.32)

2.5.2 Eulerian incremental formulation

For further analysis of instabilities, it is convenient to reformulate the incremental bound-
ary value problem in an Eulerian formulation, where the reference configuration moves

and is identified with the current configuration.

Eulerian incremental governing relations

Substituting the above equation yields the standard governing relations, similar to non-
incremental governing relations. The updated incremental governing equations take the
form

dive=0 , culH=0, divB=0 (2.33)

where &, B, and H are the ‘push-forward’ counterparts of P, BO, and HO, respectively.
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Eulerian incremental constitutive relations

Substituting the transformations Eqs. (2.31) and (2.30) to the constitutive relations
Eqgs. (2.27)3 and (2.28), we obtain

v, . v
Uzj = Azgkl oy + Mzngk p(sij +paxj
(% ! (2.34)
where v is the velocity field in the current configuration and d;; is the Kronecker delta
given as
1 Vi=j
0ij = (2.35)
0 Vi#j

Here we have used the following expressions for the incremental deformation gradient and

incremental displacements (Goshkoderia and Rudykh, 2017)

. ov 81) ox
F = F

0X 8ac 0X = Vv (2.36)
="

where F is the incremental deformation gradient.

Eulerian incremental field equations for velocity and magnetic field

Upon substitution of Egs. (2.34) into Egs. (2.33); and (2.33)2, we obtain the Eulerian
tensor moduli field equations

L d2vy, OB,  Op

i ik .
K 895]-8951 Y 61']' 8:152

0%v; OB;
€spi <M]k28 T +H]> =0

=0

(2.37)
x0T " Oz

where €gp; is the Levi-Civita permutation tensor.

2.6 Background of linear and non-linear magnetism

In this section, we cover some theoretical background of magnetism and the constitutive
laws used to predict the behavior of MAEs.
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2.6.1 Permeability

The magnetic permeability constant u is defined as the ratio between the magnetic flux

density B within a material, and the intensity of an applied magnetic field H

B = uH, (2.38)

where p is the magnetic permeability. Let p, = p/po be the relative permeability of
the material. Based on the value of the relative permeability, magnetic materials can be
roughly classified into diamagnetic ( p, < 1), paramagnetic (1 < p, < 5), and ferromag-
netic (pu, > 5) (See Fig. 2.3).

0 0.2 04 0.6 0.8 1
H [A/m)]

Figure 2.3: Comparison of the permeability of various permeable materials (Developers,

2017)

2.6.2 Initial susceptibility

The relation between magnetic field B and magnetization M (defined in Eq. (2.12)) is

initially linear with slope x as the initial susceptibility.
uoM = By (2.39)

where x is the initial susceptibility. The relation between magnetic intensity and the

magnetic field is initially linear with a constant initial slope (1 — x)

poH = B(1 — x) (2.40)
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Here the conversion between p, and x is

-1 1
X = Hr and  p, = —— (2.41)

Hr I—x

The paramagnetic and ferromagnetic materials all have y > 0. The ferromagnetic ma-
terials show large magnetic susceptibility of x = 0.9-0.99. Diamagnetic materials have
x < 0. A typical value of x¥ at room temperature is in the order of y = —107° for dia-
magnetic materials. The lowest limit of x for a diamagnetic material is a superconductor

with yg = —1 .

2.6.3 Magnetization

Magnetization M for paramagnetic materials is parallel to the applied field H and in-
creases by applying a magnetic field. Magnetization of diamagnetic is weak and opposes
the applied magnetic field. Thus magnetic flux density reduces within a magnetic field.
Ferromagnetic materials exhibit strong magnetism in the same direction as the field. These
materials are either soft or hard depending on hysteresis, and they can be easily magne-

tized and demagnetized.

2.6.4 Superparamagnetism

Superparamagnetic substances are magnetic nanoparticles (refer Fig. 2.1), with a size
ranging from a few nanometers to a couple of tenths of nanometers (usually 3 to 50 nm).
At this size, depending on the type of materials, the materials transition from ferromag-
netic to paramagnetic (Bhattacharya, 2021). They behave like a giant paramagnetic with
fast responses to applied magnetic fields, negligible remanence (residual magnetism), and

coercivity.

Tn this work, we use the magnetic susceptibility, x, defined via magnetic induction as oM = xB.
Note the alternative definition of magnetic susceptibility in terms of magnetic intensity is M = ymH.

These susceptibilities are related as xg = x/(1 — x) or x = xu/(xa + 1).
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Figure 2.4: (a)Differences between superparamagnetic and ferromagnetic are highlighted

using a schematic (b) Effect of nanoparticle size on coercivity (Koo et al., 2019)

The differences between paramagnetic and superparamagnetic materials are high-
lighted in Fig. 2.5. We can see a higher magnetization for the same magnetic field level.
By definition of a superparamagnetic material, the hysteresis effects are also negligible
in a superparamagnetic material as compared to ferromagnetic (as can be seen from the
hysteresis curves in Fig. 2.5 (a),(b). (Koo et al., 2019; Naseer et al., 2014; Bertotti, 1998)
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Figure 2.5: (a)Schematic of Hysteresis curves for paramagnetic, ferromagnetic and su-
perparamagnetic (Martinez, 2018) (b) Hysteresis loop of FesO3 nanoparticles at room
temperature (Nguyen et al., 2020; Moskvin et al., 2020)

2.7 Theory of non-linear elasticity

The theory of elasticity is covered in detail in the books by (Truesdell and Noll, 1965;
Wang and Truesdell, 1973; Ogden, 1997; Holzapfel, 2001)
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2.7.1 Hyperelastic materials

Hyperelastic materials are materials whose models are described by a strain-energy func-
tion. The strain-energy function is a scalar-valued energy function of the deformation
gradient F. In the purely mechanical isotropic material, the deformation gradient can be
adequately described using three invariants (I,I2, and I3). Hence only three parameters

are needed to describe the energy-density function (Holzapfel, 2001).

Y(F) = ¢(L, I, I3) (2.42)

where v is the scalar-valued energy density function, F is the deformation gradient

and [I7, I and I3 are the three invariants of deformation gradient F. Where invariants,

L=TtC, IL=-(I{ -TrC?, I3=detC (2.43)

N | =

Hyperelastic material models are primarily designed for modeling rubber or rubber-like
materials that have large deformations. They can have a high degree of non-linearity in
their stress-strain response. There are many strain-energy models for materials. Some
examples are the neo-Hookean model (Rivlin, 1949), Mooney—Rivlin model (Rivlin, 1949;
Mooney, 1940b; Mooney, 1940a; Ogden, 1992) and polynomial models, etc. Mooney-Rivlin

model is well-known to model rubber-like materials within moderate strain regions.

2.7.2 Neo-Hookean model

The neo-Hookean model is a special case of the Mooney-Rivlin model, which is described

by the following relation,

o) = SEF )= S -3 (2.41)

2.8 Magnetoelastic energy models

Elastomeric models are then combined with magnetic models to create a Magnetoelastic
model of materials. In this work, we assume the magnetoactive elastomers to be magnet-
ically soft, so the hysteresis effects can be neglected. Moreover, we consider the magnetic

particles to be isotropic and superparamagnetic, i.e., demagnetization effects are neglected.

2.8.1 Linear magnetic model

The relation between the magnetic field and the magnetic intensity affects the overall

stability of the composite. This relationship depends on the energy model used, as well as
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the initial susceptibility and saturation value. The corresponding magnetic energy is

pon(B) = —5 B \B. (2.45)

The constitutive relationship is defined by a hyperelastic solid model. In general, the

energy density function W for an isotropic function is a function of six invariants
U (F,BY) =V (I, I, I5, I, I, I) (2.46)

In the special case of the linear magnetic energy model, the expression is

G I5
U (F,B%) = = (I, -3) + — 2.47
where the invariant I5
Is = FB? . FB® (2.48)

C is the right Cauchy-Green strain tensor, B? is the Lagrangian magnetic field in the refer-
ence configuration, HY is the Lagrangian magnetic intensity in the reference configuration.
In terms of the current configuration, (2.47) can also be written as

U(F,B) = G

J
— (I — —B-B 2.4
5 (=845, (2.49)

where B is the magnetic field in the current configuration.

2.8.2 Ferromagnetic material model

For ferromagnetic materials, the magnetization reaches a saturation state at sufficiently
high magnetic fields, beyond which there is no further increase in magnetization. As-
suming the soft ferromagnetic behavior and magnetic particles are large compared to the
typical domain size, the material behavior can be idealized as having a single-valued con-
stitutive behavior. Although other models can be used, we use the isotropic Langevin
model to define the ferromagnetic behavior in the forthcoming analysis. For this model,
magnetization is defined by the following relation.

The relation between magnetic intensity and magnetization is nonlinear, with initial
slope x as the initial susceptibility and in the direction of the magnetic field. The magne-

tization asymptotically reaches a saturation value of m.

3v|B 3vIBl\ !
Coth< X| \>_< X| \)
Homs Homs

where m is the saturation magnetization and B is the magnitude of the magnetic induction

0®
M(B) = —rgg = ™ g]

(2.50)

vector B, i.e., B = |B|. Using the identity for magnetic field poM + poH = B. we derive
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the equation for magnetic intensity H by subtracting the magnetization from the magnetic

field. Alternatively, the constitutive relation can also be expressed as

B = u(B)H (2.51)

[0 3x|B| poms 1\ 7
B) = 1— th — 2.52
u(B) ““( B] [ (Moms 3y/B] (2:52)

The corresponding magnetic energy is

pdm(B) = o [m <sinh F”"B’D —In <3X|B|>} (2.53)

3x Mo Mo

where
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Figure 2.6: The dependence of magnetic intensity magnitude H (a) and magnetization M

(b) on the magnetic induction magnitude B; initial susceptibility is xy = 0.9 in (a).

Fig. 2.0a illustrates the magnetic B — H dependence for linear and ferromagnetic
materials. Here, we plot the magnitude of magnetic intensity H as the function of B for
materials with initial susceptibility x = 0.9. The dashed curves represent the behavior of
the linear magnetic material, while the solid curves show the corresponding response of
ferromagnetic materials with magnetic saturation values: pgms = 2 T (red dash-dotted
curve), puoms = 5 T (blue dotted curve), and poms = 10 T (green dashed curve). As
expected, the B — H curve for linear magnetic material shows a linear response. However,
for ferromagnetic materials, the dependence is nonlinear, specifically in small magnetic
fields. However, once the saturation limit of magnetization is achieved at a relatively high
magnetic field, they show the linear relation in H and B.

Fig. 2.6b shows the normalized magnitude of magnetization M/mg as the function

of normalized magnetic induction B/(uoms). The solid curves represent the response
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of the ferromagnetic materials, whereas the dash-dotted curves correspond to the linear
magnetic materials. We consider the materials with three initial susceptibilities: xy = 0.9
(black curves), x = 0.7 (green curves), and x = 0.5 (red curves). As expected, the linear
magnetic materials show the linear dependence of magnetization on magnetic induction,
with slopes proportional to their corresponding magnetic susceptibilities x. Ferromagnetic
materials also show a linear response, however, only at small magnetic fields. At relatively
high magnetic induction magnitudes, the magnetization in these materials approaches the
saturation values, M/mgs — 1 (see the solid curves). In ferromagnetic materials with higher
initial susceptibilities, the saturation magnetization values are achieved at comparatively
smaller magnetic induction magnitudes. The corresponding energy has three parts neo-

Hookean energy (¥,,r7), magnetic field energy( ¥p ) and energy of magnetization (W)

where
G
v, — (FB°) - (FB®) (2.54)
2u0J
Uy = p®(|BJ)

and invariant [; is defined in (2.43), G is the initial shear modulus, pg is the permeability
in a vacuum, |B| and |B°| is the absolute value of the magnetic induction vector in the
current configuration and reference configuration respectively, and p is a proportionality
constant. The total energy of function ¥ is the sum of the material’s mechanical and

magnetization energy plus the energy due to the magnetic field.
U (F,B°) = U, + ¥ + Uy (2.55)

The full expression of the total energy is

0\ 0
U (F,B°) = % (I — 3) + (FB Q)MOSFB ) + p®(B|) (2.56)
where
_ o [ (BB L (3B
p2(IBI) = 3x [l < h(uoms» ! <uoms>] (2:57)

and mg is the saturation magnetization, x is the initial susceptibility and |B| is the absolute

value of the magnetic induction vector. Magnetization is defined by the following relation.

B B\ !
Coth(SX\ |>_(3x\ |>
Ho™ms Ho™ms

Note that Eq. (2.58) implies that magnetization and magnetic field vectors are co-linear.

o®
M(B) = _”aiB = ms@

(2.58)

Thus, the interaction of the magnetic field and the magnetic moment does not result in
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the appearance of the magnetic torque under this assumption. The magnetic force in the
particles, which is proportional to the rate of change of the magnetic field, is non-zero only

if the magnetic field is homogeneous.

2.8.3 neo-Hookean energy model with magnetic invariants [,, /5 and I

We consider adding additional invariants to the magnetic hyperelastic to improve our
energy model. Galich and Rudykh (2016) uses these invariants to model dielectric elas-
tomers. Analogously, we use the additional invariants I, Is and Ig for modelling MAEs.
The constitutive relationship is defined by a hyperelastic solid model. The energy density

function ¥ for an isotropic function is a function of six invariants

U (F,B°) =W (I, I1, I3, 14, I5, I5) (2.59)
n G
v (F,B ) = 5 (Il — 3) + o] (’)/0[4 4+ y1l5 + 7216) (260)

where invariants Iy, I5 and Iz are

,=B".B° I;=FB°.FB° I;=CB°.CB° (2.61)

and 49, 71, and o are the empirically determined proportionality constants. It is important
to remember that the additional invariants have no physical analog and their effect on the
total material energy is purely empirical. In the special case of an undeformed state, the
deformation gradient F = I (the 3 x 3 identity matrix), and since there is only a pure
magnetic field, (2.61) becomes Iy = Is = Is = BY - B’. To maintain consistency with the
linear magnetic model, the Eq. (2.60) must be equivalent to the standard linear magnetic
energy model (2.47). This can only happen if the proportionality constants o, 71, and 2
sum to unity i.e. (2.60) is consistent with (2.47) for all values of the deformation gradient
(F) if and only if

Y+n+rr=1 (2.62)

For the special case of plain strain where the deformation gradient is
F=)ei®er + )\ les®ey+e3®es (2.63)

the magnetization equations (2.39) reduces to the following

L /2
The magnetic intensity equations (2.38) reduces to the following
B
poH = m (% +7+ 70)\2) (2.65)
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Chapter 3

Analysis

3.1 The microstructure of the composite material

We examine incompressible magnetoactive elastomers with bilayered microstructure (schemat-
ically shown in Fig. 3.1 having lamination direction L. The constituents have a volume
fraction of the matrix phase as ¢(™), and that of the stiff layer as ¢(/) = 1—¢("™). Hereafter,
we denote the parameters and fields corresponding to the matrix and stiff layers as (o)(m)
and (o)(f ), respectively. The average deformation gradient F and magnetic induction B

are defined as

(3.1)

(a) Magnetic field, B (b) Layered microstructure

(m)
L Soft matrix m+ L

Y vy
~
0]

MAE specimen

b =

Stretch, A
(Mechanical loading)

vy

B i Soft matrix m—

v

Figure 3.1: Schematic representation of the composite under investigation. Magneto active
elastomer (MAE) specimen is placed in the presence of an external magnetic field (a). The

MAE has layered micro-structure (b).
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3.2 Energy equation of laminates with the isotropic layers

We consider the laminates with the isotropic layers, with each layer (r) € {m, f} defined

by the following amended energy function
W =w) 4w, (3.2)

where We(r) is the elastic part and Wr(rf) is the magnetic part. Although the analysis
presented here is general, we consider the elastic part of both phases to adopt the neo-

Hookean material model for simplicity. The corresponding energy function is

el
(r) —
W 5

where G(") is the shear modulus of the phase (r) and I{T) =trC", ¢ = FOTF) ig

the right Cauchy-Green deformation tensor, and F(") is the deformation gradient. The

(11 —3), (3-3)

magnetic part of the amended energy function W,Sf[ ) for each layer is defined as

1
W = pr) g 4 5-BB. (3.4)

where the term p(r)¢>£ﬁ) can be defined either using the expression (2.45) or (2.53), accord-
ing to the magnetic behavior of the layer; B(") denotes the magnetic induction vector. Note
that the second term, B(") . B(") /(2u0), is independent of material constants; therefore,

the magnetic energy is non-zero in the free space or a non-magnetic material.

3.3 Magnetostriction

Here, we evaluate the deformation of the magneto-active laminates with the application
of magnetic field B = Be, without any mechanical traction. In particular, we study the
homogenized response of the periodic unit cell shown in Fig. 3.1b. Using Eq. (2.19), the
stress field inside an incompressible layer (), with the amended energy function given by
Egs. (3.2)—(3.1) can be written as

1
u()

o) =GIFFT + —BoB - p1, (3.5)

where the magnetic permeability p(") can either be constant or a function of B (2.52)
depending on the choice of the energy function.

The stress field jump condition across the interface L = es yields 0572”) = Ug). We
assume that the finite MAE specimen (Fig. 3.1a) is surrounded by a vacuum. Using
the mechanical traction-free boundary conditions and the stress field jump condition, we
obtain

M gm) L () g(f) = o

m?

(3.6)
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where o, is the Maxwell stress tensor defined as

a;kn::o(]_3®]_3—;(]_3-]_3)1>. (3.7)

Then, the stress components become

A GO B B
SN0
H 2 (3.8)

M) L (D) Ga2 () o (D)D) — s
0

By eliminating the Lagrange multipliers p(™) and p{/) from Eqs. (3.8), the relation between
the applied magnetic field and induced stretch is obtained as

AQ—A—2—B—2~—1—1 3.9
== (i1, )s (3.9)
Gpo

where G is the average of the shear modulus of the materials weighted over volume fraction,

G = magim) 4 (Hqlh) (3.10)
and fi, is the harmonic mean of relative magnetic permeability weighted over the volume
fraction, defined as
-1 -1

pl= C(m),u(m) + C(f)M(f) (3.11)
Here, ,u,y) = pu /1o is the relative magnetic permeability of phase (r). In the case of the
linear magnetic layer, uy) is a constant. However, for the ferromagnetic layer, ,u,(f) can be
expressed as a function of B, in terms of layer’s magnetic saturation value my) and the
initial magnetic susceptibility x(") (see Eq. (2.52)). Hence, expression (3.9) is applicable
for MAEs having layers with any type of magnetic behavior — linear or ferromagnetic.

Eq. (3.9) further simplifies to yield an explicit expression for A, namely,

9 1/2 1/2
P ol Gl ) ] 7 (3.12)
2
where Bl 1
Gro

For magnetoactive layers (i, > 1), the application of magnetic field results in contraction
along the layer direction, A < 1 (or Ay > 1 ). We note that certain magneto-mechanical
loading conditions can lead to the development of magnetoelastic instabilities (Kankanala
and Triantafyllidis, 2008; Rudykh and Bertoldi, 2013); the analysis of the magnetoelastic

instabilities is provided in the following subsection.
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3.4 Loading condition

Let us introduce a fixed Cartesian coordinate system with orthonormal basis vectors z9 (i =

1,2,3), such that the vector :1;(2] is perpendicular to the direction of lamination in the
reference configuration (see Fig. 3.1). A pure homogeneous plane-strain deformation in

the 2§ — 29 plane is considered so that the deformation is completely described by

0
1

1=y | @ = N U3 ] (3.14)

where ) is the stretch along direction z{. Homogeneity and perfect bonding between layers
requires that all phases r share the same longitudinal stretch, namely \? = A(p = m, f).
In the plane-strain case in Fig. 3.1, we also assume the absence of a magnetic field in
the 23 direction. Application of the periodic boundary conditions allows us to determine
the solution along a magneto-mechanical loading path. In this work, we investigate the

magneto-mechanical loading defined as

F=)ei®ei+)\ lea®er +ez®@es

B = Beg,

(3.15)

where A is the stretch along the direction of layers. Note that we consider an idealization
of the periodic micro-structure that is made up of unit cells (schematically shown in Fig.
3.1b) and situated far from the specimen’s boundaries. The mechanical and magnetic
fields within the unit cell are assumed to be homogeneous in each layer of the laminate

and are determined by the appropriate jump conditions.

3.5 General solution of the loaded specimen

Here diffuse modes corresponding to the non-homogeneous response of the composite with
wavelengths (given by 27 /ki, where k; is the wavenumber) on the same order of the
characteristic length of the heterogeneity are investigated. We then apply the Bloch-

Floquet quasi periodicity condition at each L interval with wave number as ks.
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Al :

Figure 3.2: The onset of microscopic instabilities

The onset of instabilities Fig. 3.2 in MAE with bi-layered micro-structure is determined
as follows. To solve the incremental boundary-value problem given by tensor Eq. (2.37)

in each layer, we seek solutions in the form (Bertoldi and Gei, 2011).

v1 (21, 22) = v1 (x2) ethrr
ve (z1, 22) = V2 (x2) etk1z1
By (x1,x2) = By (x2) etk (3.16)
By (x1,22) = By (x2) €M™
P (21, 22) = p (x2) €11

where k; is the wavenumber along the e;-direction.

3.6 Substitution of general solution in magneto-elastic gov-

erning equations

From applying divergence laws V - & = 0 given in Eq. (2.33) to the solution (3.16)

9611 9012 _
63:1 8x2
96n 902 _,
8901 8:1:2

(3.17)
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Applying V x H = 0 given in Eq. (2.33) to the solution (3.16)
0H, OH;
— =0 3.18
8951 8332 ( )
Substitution of V- B = 0 from Eq. (3.16)3 into the Eq. (2.33)y results in
0B, 0B, . ,
— +—=tkiBi1+By;=0 3.19
8%1 * 6902 by 2 ( )

Incompressibility condition V - v = 0 implies

ovy O0vy . /
=ik = 2
R + Oy ikiv1 +v5 =0 (3.20)

where (o) = (o) 5.

3.7 Transformation of magneto-elastic governing equations

into second order system

To get the final differential equations, substitute the tensor Eq. (2.37) into the stress

governing Eq. (3.17) to get a second-order system of equations.

—ikip + k¥ (Ar122 + Araor — A1111) v1 + Araiov] + ikiMy12Bay + My B = 0

(3.21)
ip' + ikiAg121v0 + (A221 + Ar12a — Az22) k1) + k1 (Miyag — Magg) By = 0
Substitute the tensor Eq. (2.37) into magnetic intensity Eq. (3.18).
M121V1/ + (Mi12 + Mi21 — Maaa) k%l/l + 7‘[11[51 — i Hook1 B2 =0 (3.22)

In terms of the non-zero components of magnetoelastic tensors, the incremental governing

equation (2.37) can also be written as

—ikip — K Ay + Ai2iav + Man By = 0,
ip| + ki Ag1a1va — k1 Agaoor 4+ k1(Mig — M) By = 0, (3.23)
Mig + k (Mig1 — Mago)n + Hii By — ikiHaoBs = 0.
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3.8 Transformation of magneto-elastic governing equations

into a first-order system

Introducing a 6 new variable substitution for vy, such that wy = v]. We then transform

the second order system (3.23) to first order system (3.26), and rearrange

1/{ —w; =0
Araiow] + M By + kf (Ar122 + Araar — Ari1n) vi + ikiMy12Ba — ikip = 0
Vé +ikir1 =0
Minw] + Agy Bl + (Mi1z + Migr — Mog) kivy — iHaoki Ba = 0
By +ikiB; =0
ip + (Ar221 + Ar122 — Aga92) k1w + ikF Az121v0 + k1 (Mi21 — Maga) By =0

(3.24)

Egs. (3.20), (3.19) and (3.23) provide a set of six linear homogeneous first-order
differential equations that depend on the vector of six unknown quantities. Let x be the
distance in the es direction within a given phase and starting at its phase boundary, and

let y(x) be a vector function such that
T
y@) = @) wi@) w@) B Bix) )] (3.25)
Using (3.25), we transform the first-order system (3.24) into a matrix form.
Ay'+By =0 (3.26)

where

y= (Vl,’ll)l,l/Q,Bl,Bg,p)

simplifying (3.26) further, the equations can be written together as

y =Vy (3.27)
where V.= —A~!B. The non-zero components of the matrix V are calculated from
Matrices A and B

1 0 0 0 0 0
0 A2 0 M1 0 0
0 0 1 0 0 0
A= (3.28)
0 M121 0 7‘[11 0 0
0 0 0 0 10
0 0 0 0 0 1
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B =
0 -1 0 0 0 0
k% (Ar122 + Ara21 — A1111) 0 0 0 tkyMy1a  —iky
iky 0 0 0 0 0
(Mi12 + Miagr — Mago) k? 0 0 0 —iHooki 0
0 0 0 ik1 0 0
0 (Ata21 + A1122 — Azo20) k1 k3 A2101 k1 (Migr — Maga) 0 0

3.9 Matrix solution of first order magneto-elastic system of

equations
The general solution to first-order differential Eq. (3.27) is of the form
y(z) = Webk, (3.30)

where W is the eigenvector matrix of V, Here, z is the eigenvalue vector of matrix V;
Z = diag[(z)] is a diagonal eigenvalue matrix of V. k is an arbitrary constant vector that
will be determined using the continuity and quasi-periodic boundary conditions of the unit
cell.

For initial conditions, let y(0) = yo. Then k = W1y, therefore the general solution

to the first-order system (3.26) can be rewritten in terms of the initial value yq as

y(z) = We W™ lyg (3.31)

3.10 Jump conditions at the fiber-matrix interface
Applying Euler boundary conditions (2.7) and converting to incremental form and substi-
tuting the microscopic solution (3.16). The displacement continuity condition at the layer

interface implies

<F<m> _ F(f)) s=0 (3.32)

where s is a unit vector perpendicular to the lamination direction N. Using Eq. (3.32),

for the deformation gradient F (3.15); with incompressible phases, we can write

F(m) = F(f) =le1 ey + )\_162 X eg + ez ® es. (3.33)

In the deformed configuration, the thicknesses of the matrix and stiff layers are L("™) =

ML and L) = DL, respectively, where L is the period of the layered material in

(3.29)
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the current state. Moreover, using the magnetic induction jump condition (2.7) at the

interface for the current magnetic loading (3.15)2, we obtain
B) = B(™ = Be, (3.34)
The set of interface jump conditions for the incremental fields are
[6]N=0, [B]-N=0, and [H]xN =0 (3.35)

the displacement continuity equations are

vi| =0
] (3.36)
[[1/2]] =0
the traction continuity equations are
[Mi21B1 + iky (A1221 + p) vo + Ar210w1] = 0 (3.37)
[MagaBs + iky (Ar122 — A2z —p)vi —q] =0
The magnetic field interface conditions are
B2 =0
(5] (3.38)

[Hi1B1 + Mig1wi + iMiorkiva] =0

Change (3.39) to differential equation [Qy] = 0, at each boundary interface Using
Eqgs. (3.16), (3.20), and (3.19), the jump conditions (3.35) can be rewritten in terms

of the non-zero tensor components as

[1] =0, [r2] =0, [B] =0,
[Mi21B1 + ikipro + Ai21211] = 0,
[MazeBs — ik (Az222 + p)v1 — g =0,
[H11B1 + M1t + iMiaikie] = 0.

(3.39)

Based on the interface boundary conditions, we can create a Q matrix to indicate the

change of variables at the interface.
QmMy(m = Q(Ny () (3.40)
writing y) in explicit form,
v = (Q—1<f>Q<m>> y (™) (3.41)

where Q is



1
0
0
ik1 (Ar122 — Az222 — p)
0
0

0

0
A1212

0

0
Mioy

0
1
ik (Ai221 + p)
0
0
iMio1ky

0
0
Mia
0
0
Hi

0

0

0
Moo

1

0

0

36

(3.42)

Eq. (3.39) can be written in the form [Qy] = 0. The non-zero components of the

matrix Q are

Qu =Q3=CQs5=—Qu =1, Qz2=A1212, Q33=ikip,
Q31 = Mia1, Qa1 = —ik1(A222 +p), Qa5 = Maaa, (3.43)
Qe2 = Mig1, Qg3 =ikiMi21, Qs = Huia.
3.11 Bloch-Floquet periodicity condition
For the periodic unit cell of the layered composite (as shown in Fig. 3.3a), the quasi-
periodic boundary conditions are
y(z2 + L) = y(x2) exp(ika L), (3.44)

where ko € [0,27/L) is the Floquet parameter. We apply the Bloch-Floquet quasi-
periodicity condition at each L interval. The wavenumber ks is frequently termed the

'Bloch parameter’ and sets the shape of modes along the transverse direction.

yL = e¢*Fyo (3.45)
As yo and yr, are both real,
etkel — 41 (3.46)
using definition of stretch in zy direction as 1/ = L/Lg and solving for ko,
nAT

where n is an integer. Normalizing ko with respect to L, we get the normalized wavenum-
ber ko as

ko = koL = nAm (3.48)
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Figure 3.3: The following three relations are equivalent (a) The Bloch-Floquet boundary
condition (b) K matrix definition (c) the non-trivial solution with interface jump condi-

tions

3.12 Non-trivial solution of the magneto-elastic equations

Combining the interface (3.11), and first-order solution (3.31) into a single equation, we

get the general solution (3.19), in the form of a K matrix(3.50)
y = Ky, (3.49)

where the matrix K is as follows
K = [Q(m)’lQ(f)] [W(f)ez‘f)ﬂf)w(f)’l]

[Q(f)_lQ(m)] [W(m)ez(m)L(mW(m)—l} (3.50)

Here (- -) indicates that the matrix product is continued on the next line. The derivation
of the K matrix can also be visualized from Fig. 3.3c.

Alternatively, the K matrix can also be derived using the following analytical method
(see Bertoldi and Gei, 2011). let 2 (z) = 2" In the domain 0 < 29 < L + LM,
solution (3.30) takes the form

y(z2) = W 200 (40)yo (M=) 0 < 2y < L0
Wz (20)yo), L™ <2y < L., (3.51)
y(z2) = W 200 (25)yo (™) L < 29 < L+ L™

<

—~~
8

N
I
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On substituting Egs. (3.51) into (3.44), we obtain
vo™) = exp(iksL) (z<m> (L)) yo (™). (3.52)

Finally, by using Eq. (3.51) we obtain

QMW (m) Z(m) (L(m)yy (m=) — QW) 2 (Lm))y, ()

3.53
QMW 20m) (L)yom=) — QUIWE) 2 (L)yeF) (3:53)

Combining Eqgs. (3.52) and (3.53) results in the following condition for the existence of a
non-trivial solution
det [K - eik?LI] —0, (3.54)

where

-1

K = [Q(m)w(m)] QVYWW z (L. ..

. (3.55)
[Q(f)w(f)] QUMW) Z(m)(1,(m))

3.13 Eigen value constraint of K matrix

Combining the Bloch-Floquet boundary condition (3.45) with the K-matrix solution (3.49),

a constraint condition for the eigenvalue of K matrix is derived

tko L

yr,=Kyy=e Yo (3.56)

Let ¢; be an eigenvalue of matrix K, by definition of eigenvalue, we have

Kyo = Gyo (3.57)

For non-trivial solution to exist (3.56), at least one of eigenvalue ¢; of K must be e*2L,
Therefore from (3.57) and (3.56)

¢ = eibol (3.58)

To eliminate ks, we use the fact that the magnitude of the imaginary exponent is unity.
Thus the magnitude of at least one of the eigenvalues of K must be 1. Therefore, the

eigenvalue constraint (3.58) reduce to
|Gl =1 (3.59)

Thus, the first occurrence of unity magnitude of the eigenvalue along any path is the
point on the onset of the microscopic instability. If the condition (3.51) is satisfied for a

combination of mechanical and magnetic loads, an incremental solution of the form (3.16)
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k2L g also

exists, making the elastomer unstable. The solution y lies in the real space, e
real-valued; hence, Using Eq. (3.44), (3.58), (3.46) the eigenvalue constraint is further
simplified to

G ==+1 (3.60)
The instability criterion (3.60) is evaluated by scanning over the values of kj at different
deformation levels for a given magnetic field until the eigenvalue with {; = £1 is obtained.
Once the condition is satisfied, the corresponding stretch along the direction of layers (e)
that separates the unstable and stable domain is termed as the critical stretch A and the

corresponding wave number is the critical wave number ki.;.

3.14 Symmetric vs. anti-symmetric modes

Based on the buckling pattern wavelength, we distinguish the macroscopic (or long-wave)
and microscopic instabilities. Macroscopic instability is characterized by the critical wave-
length significantly larger than the characteristic microstructure (k1. — 0). In contrast,
microscopic instability may lead to the formation of a new periodicity of the order of the

initial microstructure.

(a) Symmetric mode (b) Antisymmetric mode

S

T
R ™

S
e
Py

M

e M
L» koL = 21 koL = m

€]

Figure 3.4: Schematic representation of the symmetric (a) and anti-symmetric (b) micro-

scopic instability modes.

Furthermore, depending on the two possible values of eigenvalue: exp (ikeL) = 1 and
—1, the buckling modes can be classified as symmetric for ko L = 2n7 and anti-symmetric
for koL = (2n — 1)7 (with n being an integer). For illustrating these instability modes in
the plots, hereafter, we use koL = 27 and koL = m (with n = 1) to represent the symmetric
and anti-symmetric modes, respectively. These buckling modes are schematically shown
in Fig. 3.4.
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3.15 Pure mechanical loading

In the special case of a pure mechanical model in the absence of a magnetic field, the
expressions for the bi-layered laminates are given below. (see Bertoldi and Lopez-Pamies,
2012), we keep the displacement (3.36) and the traction continuity conditions (3.37) and
remove the magnetic field conditions by eliminating 2 of the rows and columns relating to
magnetic fields from the following matrices y, A, B, and Q transform into the following
matrices (see Geymonat et al., 1993, for the purely mechanical case). The vector y from

(3.25) reduces to
T
v (z) = [ nw o Vowm p ] (3.61)

The matrix A from (3.28) reduces to

1 0 0 0
0 A 0 0
A— 1212 (362)
0 0 1 0
0 0 0 =
The matrix B from (3.29) reduces to
0 -1 0 0
B k2 (Ar122 + A1221 — Ar111) 0 0 —iky
ik 0 0 0
0 (Ar221 + A1122 — Azo2) k1 ikfAoi;r O
The matrix Q from (3.42) reduces to
1 0 0 0
0 0 1 0
Q= , (3.63)
0 A1z k1 (Aig21 +p) 0
ik1 (A1122 — Ag222 —p) 0 0 -1

Other parts of the analysis (like the K-matrix and the eigenvalue constraints etc.) remain

identical to the procedure described previously for Eq. (3.50) and Eq. (3.59).
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Chapter 4

Results

4.1 Numerical methods for evaluating solutions to the magneto-

elastic equations

To validate our analysis, we used the following explicit expression for macroscopic analysis
(see Rudykh and Bertoldi, 2013, for reference).

G2 (1_5)r )

Acr(-B) =

where (G) is the average and (f1) is the harmonic average, both weighted over the volume

fractions of the phases, such that

i = cm) ) 4 o) (),

4.2
+ C(f)G(f ( )

)~ )1

G = () m

and G, fi are as defined in (3.10) and (3.11) respectively.
Eq. (4.1) is valid for a special case of macroscopic analysis when (k.. — 0). In general,
for any value of (k1. > 0), we do not have an explicit expression for A.; therefore, we

have to resort to numerical methods for getting the value A\, and k..

4.1.1 Eigenvalue characteristic polynomial function

In this section, we will go through a numerical method for solving the eigenvalue constraint
Eq. (3.59). Although the final eigenvalue Eq. (3.59) appears to be trivial, algorithmically
calculating these eigenvalues over a large domain has its fair share of challenges and
limitations. In this analysis, the K matrix expression (3.50) is considered to be a function

of parameters stretch A and the wavenumber k1, while other variables in the K matrix are
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assumed to be constants. Let us define a characteristic eigenvalue function as f(A, k1, ()
such that

FO k1, Q) = [K(X k) — (T (4.3)

where ( is a parameter and | e | is the determinant of the matrix expression K — (I. Let
(; be one of the eigenvalue of matrix K. If { = (; and is indeed an eigenvalue of K, then

by definition of eigenvalue,
k1, G) = |K(X k1) = GI| =0 (4.4)

According to (3.59), to solve for the critical point, we apply the eigenvalue constraint
(i = £1 in (4.4). Therefore, we search the pairs of values (A, k1) within an empirically

determined domain, such that f(A,k;, £1) becomes equal to 0.
FOWk,£1) =0 (4.5)

To visualize the point where f = 0, the function f is then plotted using colored contours
and the corresponding (A, k1) points at which this condition (4.5) is visible as a sharp
and distinct boundary between the two colors in Fig. 4.1. Among these boundary points,
the point that has the highest (\) value is the onset of instabilities. Eigenvalues ¢; = 1
and (; = —1 correspond to the symmetric and anti-symmetric modes, respectively, as the
complex phase angle of ko is 360° and 180°degrees, respectively.

The function f has matrix exponents, and in general, the intersection with zero is hard
to discern. So to make function f more well-behaved and have a clear boundary around 0,
we transform f. Let’s define the transformation as a logarithmic bounding function b(f)

such that we get the lower bound and upper bound as 0 and 20, respectively.
b(f) = logio (min (max (1071, real ()), 10'°)) + 10 (4.6)
Applying the b(f) to f(X, k1,(), we define f/(\, k1, () such that
FN k1, Q) = b(f(A, k1, Q) (4.7)

The function f” can be further simplified into a step function g(\, k1, ¢),

gk = DS WELO>0 (45)
0, if f'(N\ k1,{) <0

The function g(\, k1, ¢) gives us a sharp and clear boundary for calculating and visualizing

the eigenvalue constraint (3.59).
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Figure 4.1: Characteristic eigenvalue function f(\, k1) plot for one of the eigenvalues de-
scribing the transition between macroscopic instability and microscopic instability modes

at By, = 4.9, ¢ = 0.6, y\/) = 0.9

4.1.2 Examples of symmetric and anti-symmetric instability modes

Based on Eq (3.60) ¢; = £1, two sets of solutions are obtained, one for each of the cases

+1.

<
o
<
o
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(a) Symmetric (¢; = +1) (b) Anti-symmetric (¢; = —1)

Figure 4.2: The Eigenvalues characteristic functions f is contour plotted (4.4) for the
eigenvalues +1. The continuous red region describes the positive eigen function, and
the banded region is the negative eigen function. The x and y axes are stretch and ki,

respectively, and contours represent the value of eigen function for ¢f) = 0.50 for at

By, =0.

The maximas for each of the contours in Fig. 4.2a,b are calculated and compared.

Depending on which maxima is greater, we determine whether the corresponding mode
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is symmetric or anti-symmetric. The symmetric and anti-symmetric A, vs B, plots are
shown in solid (—) and dashed lines (- -) respectively in Fig. 4.3a. The symmetric curve
usually (but not necessarily) corresponds to macroscopic instability. The anti-symmetric
curve is always in the microscopic instability region. The transition point from macroscopic
to microscopic instability is the intersection of the symmetric and anti-symmetric curves.
The transition point is shown in ki, diagram as a sudden jump in the value of ki.. is

shown in Fig. 4.3b.

t 10 I I I
o 1.4 4 & Symmetric (¢; = +1) 1
,<U - - g 8 Anti-symmetric (¢; = —1) .
. | 1 8 il ]
§ 1.2 1 12 N i
O S
= 1§ 4 s
S 0.8 1 = . .
IS 1 Symmetric (¢; = +1) 1 .§ 2 .
© 0.6 Anti-symmetric (¢; = —1) | | E ] |
I I I I © 0 I I I I
0 1 2 3 4 5 0 1 2 3 4 5
magnetic field, By, magnetic field, By,
(a) Aer vs By, (b) kier vs B,

Figure 4.3: The symmetric and anti-symmetric Ao, vs By, plots are shown in solid (—) and
dashed (- -) lines respectively. Their intersection is usually the transition point between

the macroscopic to microscopic instabilities at ¢() = 0.6 , x = 0.95

4.1.3 Numerical limitations

When calculating the eigenvalue near A, = 1, matrix singularities are reached. Thus we
must avoid this region in general and interpolate the values to get solutions within this
region.

The four eigenvalue contour plots were generated for the K matrix in the special case
of pure mechanical model (see sec. 3.15). As can be seen from Fig. 4.4, if we attempt
to calculate the eigenvalues directly, discontinuities start showing up in the contour plots.
Hence, it’s quite cumbersome to create a robust algorithm over such a noisy data set as

input.
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Figure 4.4: Four eigenvalue contour plots of the K matrix are generated in the special
case of pure mechanical model (see sec. 3.15). The discontinuities in the contour plots

prevent us from creating a robust algorithm for detecting the eigenvalue constraint

Hence it is not recommended to solve the constraint Eq. (3.59) directly using the
actual eigenvalues of the matrix K. Instead, the characteristic eigenvalue polynomial f
Eq. (4.4) is recommended to be used (after appropriate transformation to a step function
g9 Eq. (1.8))

At extremely low and high volume fractions ¢) < 0.02 and ¢() > 0.98, numerical
noise increases in the solution because of the matrix singularities caused by exponential
terms involved, thus making this method impractical beyond this threshold of volume

fractions. An example of this noise is shown in Fig. 4.5
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Figure 4.5: At low fiber volume fraction ¢f) = 0.01 and ) = 2.5, numerical noise is
observed because of K matrix singularities due to the exponential terms present in the

solution.

4.2 Numerical Simulation

In the numerical simulation, the matrix phase, which is soft, is assumed to be magnetically
inactive (ie., (™ = 1 ). Here we focus on multilayered materials characterized by
shear modulus contrast ratio k; = G/ / G(™ = 10 and three permeability ratios ky, =
p utm) = (1.6,5,20)

4.2.1 Loading conditions

We used the case of pure shear as given in Rudykh and Bertoldi (2013)

F=Xe®el+ 1 '@ el +el® el (4.9)

B, = B%) (4.10)

4.2.2 Energy models for the matrix and fiber phases

The composite is made of two phases, each having its own material parameters and energy

model.
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Matrix phase

For simplicity, we have considered the matrix phase (m) to be magnetically inactive
(,u(m) = 1). The energy-density function of a two-phase composite is given below. Substi-

tute 4™ = 1 and linear energy density function is

Gm FB’.-FB°
v (F,B") = —— (I _3)+T

Note the Maxwell term ﬁFBO - FBY is still present even if the material is magnetically

(4.11)

inactive. The matrix phase has a shear modulus G("™).

Fiber phase

The fiber phase (f) is magnetically active. The fiber phase has a shear modulus of G,
There are two different energy densities applied to this phase. The linear energy model
(2.47) and Langevin’s energy model (2.56) are used to analyze the behavior of the fiber

phase.

4.2.3 Non-dimensional numbers

For the non-dimensional analysis, the matrix phase (m) is taken as the reference material.
Using the non-dimensional analysis, we make the following normalization in the numerical

solution.

Magnetic field

The magnetic field can be non-dimensionalized with respect to G 9. The non-dimensional
magnetic fields are
B
B, = —— (4.12)
G™ g

Stretch ratio

The stretch ratio is the ratio of the length in the current configuration and the length in
the reference configuration. If we take the x; direction as a reference, the stretch in the

a1 direction is A and that in the x5 direction is 1/A.

1/\ = LLO (4.13)
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Shear-to-saturation ratio

A co-efficient 1 characterizes the ratio between magnetic saturation and the shear modulus.

n= _MsHo (4.14)

G g
Wavenumber

The wavenumbers k; and ko are normalized with respect to the total initial height of a
periodic layer.
k1= kL |, ko =koL® (4.15)

Volume fraction

The volume fractions ¢(™ and ¢(f) vary between 0 to 1, and it is the length of each phase

with respect to the length of each layer.

(m) (#)
dm) — BT ) LT (4.16)

Shear modulus ratio
The shear modulus ratio between the phases is

a

ke =

We used the shear modulus ratio of kg = 10 in our examples.

Permeability ratio

The permeability ratio can be calculated from the ratio between the initial susceptibilities

of the phases. In our examples, we assume u(m) =1.

ky = 1 (4.18)

Initial susceptibility

The initial susceptibility of the material is the ratio between the initial slope of the mag-

netization vs. the magnetic field curve. In our examples, we assume x (™) = 0.

Y =1
VEA I — (4.19)
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Pressure term

Since the pressure term has the same dimensions of stress, it is normalized with respect
to the shear modulus G™).
_ p
=< _ 4.2
P= G (4.20)

4.2.4 Constitutive tensors for different materials

The coefficients are derived for the magnetic field oriented along the xo direction Bg =

(0, By, 0) stretch X along the «; direction, along with the incompressibility condition.

Constitutive tensors for neo-Hookean laminates

Using the neo-Hookean energy function (2.44) and the tensor moduli equations (2.29) and
combined with the Euler transformations (2.31), the following non-zero coefficients were

derived for neo-Hookean laminates. The non-zero elastic tensor coefficients A;jx; are

A1 = Aziz1 = GUIN2, (4.21)

G

= (4.22)

Ai212 = Agoeo =
Constitutive tensors for neo-Hookean laminates with linear magnetic energy

models

Using the energy function for the linear magnetic energy model (2.47) and the tensor
moduli equations (2.29) and combined with the Euler transformations (2.31), the following
non-zero coefficients were derived for neo-Hookean laminates with linear magnetic energy

models. The non-zero magnetic tensor coefficients H;; are

1
Hit = Hoo = — (4.23)
Ko

The non-zero magneto-elastic coupling tensor coefficients M;;;, are

1
Migr = Moy = ——B°, (4.24)
oI
Mags = —2—B? (4.25)
222 ) .
The non-zero elastic tensor coefficients A;;z; are
Arii1 = Aniz = G2, (4.26)
G 1
Ai212 = Aoz = + B” (4.27)

A pjioA?
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The corresponding pressure term is

G BY (1-p)
A Ny p

p= (4.28)
Constitutive tensors for ferromagnetic materials with Langevin’s magnetic

model

Using the energy function for Langevin’s ferromagnetic model (2.56) and the tensor moduli
equations (2.29) and combined with the Euler transformations (2.31), the following non-
zero coefficients were derived for ferromagnetic materials with Langevin’s magnetic model.

The non-zero magnetic tensor coefficients H;; are

242
Huy =1 g + (s AT maA o (3X|B|> , (4.29)

3B g x BO oM
242
m A 3x|B
%22:1/%—7( 3‘020) +3X <C h< A |>> (4.30)
3BY pox Ho HoMs
The non-zero magneto-elastic coupling tensor coefficients M;;;, are
B° mspo)2 A msho 3x|B|
= - — — [ —=—) coth 4.31
Min = Mo = o (/\+< BY ) 3x ( BY )CO poms ) )’ (4:31)
BY (2 mspo\2 A 3x 3xIBI) \
Mooy — 2 7_(5 >7 Csch 4.32
227 o (A BY ) 3y X HoMs (4.32)

The non-zero elastic tensor coefficients A;;z; are

x|B]
A= [ L4 B\ 1 + (mgpo)® 1 (B (mpg)® O (u m)
2z A2\ Gupo ) X2 Grpo 3 \mspo) Gupo A ’
(4.33)
BY 1 (mspo)? 1 B” '\ 3x 3x|B|
G _ sy - 2A Csch
Az = ()\2 " <G( ) ) A2 G0 3x " GOg ) N2 [Moms] ’
(4.34)
Ai111 = Azzg = G2 (4.35)
The corresponding pressure term is
G miue  Bm 3x|B|
— sEU % coth 4.
P=3 + 3y 3 cot (ms%) (4.36)
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Constitutive tensors for neo-Hookean laminates with magnetic invariants Iy,
I5 and I6

The tensor coefficients for the I, and Ig model is calculated using similar methods as the
other models. Using the energy function with additional invariants I, and I (2.60) and
the tensor moduli equations (2.29) and combined with the Euler transformations (2.31),
the following non-zero coefficients were derived for neo-Hookean laminates with magnetic
invariants I4, I5 and Ig. The non-zero magnetic tensor coefficients H;; are
Hi1 = Hao = L (lg +7+ 72)\2> (4.37)
phto N A

The non-zero magneto-elastic coupling tensor coefficients M;;;, are

1 Y0 2
By B — - p <f A ) 4.38
Mi21(B) = Mo (B) PPEAST +7 + 72 (4.38)
2 V2
Man(B) = —B (m +233) 4.39
222(B) B\t (4.39)
The non-zero elastic tensor coefficients A;;; are
Aii11 =GN, (4.40)
Ai2o1 = Ag112 = — (12)%), (4.41)
Ko
B2
Agio1 = G(r))\2 + — (72)\2) ) (4.42)
Ko
G B2 2
=+ — — + A2 4.4
Ai212 e T P <’71 + 72 ()\2 + )) ; (4.43)
2222 = T35 Lt gt 2 .
The corresponding pressure term is
G B? 279
_ - 4.45
p 22 + )\2,LLMO (P)/l + 22 ,LL) ( )

4.3 Examples for ferromagnetic energy model and compar-

ison with linear magnetic model

In this section, we illustrate the microscopic analysis through the examples for the laminate
MAEs with magnetically inactive matrix (i.e., ™ = 0 and (™ = 1) and different
magnetic behaviors of the stiffer active layer. In the discussion hereafter, we denote the
magnetic parameters corresponding to the stiffer active layer without the superscript (f),

ie, x) - y and ,u(f) — U
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4.3.1 Magnetostriction in layered MAEs
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Figure 4.6: Magnetic field-induced stretch A, = A2 as the function of normalized mag-
netic induction B, = B/\/G(m),ug. MAE with stiff layer’s volume fraction ) = 0.4,
initial magnetic susceptibility x = 0.9, and initial shear modulus contrast G/) / G =10

are considered.

In this subsection, we analyze the magnetic field-induced deformation in the layered MAEs.
In Fig. 4.6, we plot the field-induced stretch as the function of normalized magnetic in-
duction By, = B/ \/G(T)MO. Here, Mg is the stretch-induced along the direction of the
applied magnetic field (e2), which is determined using Eq. (3.12) as Apag = A2 = A7, The
results are shown for MAEs with stiff layer volume fraction ¢/) = 0.4, initial magnetic
susceptibility x = 0.9, and initial shear modulus contrast G(f) / G™) = 10. The black solid
curve denotes the response of the MAE with the stiff layer characterized by linear mag-
netic behavior. For the stiff layer with ferromagnetic behavior, we consider three magnetic
saturation values: mgpug = 10 T (green dashed curve), mgsug = 5 T (blue dotted curve),
and mgup = 2 T (red dash-dotted curve).

Clearly, the magnetic field-induced stretch \,,q4 increases with an increase in the ap-
plied magnetic field for both the MAEs with linear magnetic and ferromagnetic behaviors.
We observe that MAE with linear magnetic behavior undergoes larger deformations as
compared to those with ferromagnetic behavior. For instance, at B,, = 7, the induced
stretch corresponding to linear magnetic MAE is A\pqy = 2.01, whereas in MAE with
mspg = 2 T, it is A\peg = 1.66. Moreover, among the MAEs with ferromagnetic behavior,
the stretch A4y decreases with a decrease in magnetic saturation value. For example, at
By, = 10, the magnetic field-induced stretch decreases from A;q9 = 2.74 to Apqg = 2.03

as magnetic saturation decreases from mgug = 10 T to mspug = 2 T (see green and red
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curves).

The observed dependence of magneto-deformation on mgpug values is due to the vari-
ation in MAFE’s effective magnetic permeability. In particular, with the decrease in the
magnetic saturation values, the effective magnetic permeability also decreases (2.52), lead-
ing to an increase in the contribution of magnetic stress into the total stress, Eq. (3.5).
However, Maxwell’s stress o, does not change with MAE’s magnetic properties, and to
satisfy the mechanical traction-free boundary conditions, the total stress inside the MAE
also remains constant, Eq. (3.6). Therefore, an increase in magnetic stress is compensated
by a decrease in mechanical stress. Thus, the MAE undergoes comparatively smaller

deformations as the active layer’s magnetic saturation value decreases.
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Figure 4.7: Magnetic field induced stretch )., = A2 as the function of active layer volume
fraction ¢/). The results are shown for (a) ferromagnetic MAEs with G/)/G(™) = 10 and
(b) linear magnetic MAEs with different shear modulus contrast values. MAEs with initial

magnetic susceptibility x = 0.9 are subjected to magnetic field B,, = 10.

Next, in Fig. 4.7, we plot the magnetic field-induced stretch as the function of stiff
active layer volume fraction ¢\f). The MAEs with y = 0.9 are subjected to the magnetic
field of magnitude B, = 10. Similar to Fig. 4.6, in Fig. 4.7a, we consider the ferromagnetic
MAEs with G(/) /G (m) — 10 having different magnetic saturation values. For completeness,
we show the results for linear magnetic MAEs with different shear modulus contrasts in
Fig. 4.7b.

We observe that the field-induced stretch monotonically increases with an increase in
)| regardless of MAE’s magnetic behavior (see Fig. 4.7a) and shear modulus contrast
(see Fig. 4.7b). This is because only the stiff layer contributes to the response of MAEs
under the applied magnetic field. Similar to the observations in Fig. 4.6, the induced

stretch is higher for linear magnetic behavior, and A,y decreases with a decrease in
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mspto- As expected, the magnetic field-induced deformation decreases with an increase in

shear modulus contrast (see Fig. 4.7b).

4.3.2 Magnetoelastic instabilities in layered M AEs

In this subsection, we analyze the magnetoelastic instabilities in MAEs with bilayered
microstructure. First, we investigate the effect of the applied magnetic field B,, on the
critical stretch \.. and wavenumber k.., and related instability modes. Here, \.. denotes
the critical stretch value (A; along the direction of layers e1) corresponding to the onset of
instability. In the second part of this subsection, we examine the role of phase volume frac-
tion in developing instabilities in MAEs with different magnetic behaviors. In the following

examples, we consider the MAEs with initial shear modulus contrast G/ )/ G = 10.

Effect of magnetic field on magnetoelastic instabilities

We start by illustrating the influence of the applied magnetic field on the stability of MAEs
with linear magnetic behavior. Fig. 4.8 shows the critical stretch (a) and normalized
critical wavenumbers: kf and k5 (b) as the functions of normalized magnetic induction
B,,. The wavenumbers are normalized with respect to the period length L in the current
configuration (see Fig. 3.1) as k] = k1L and k3 = kaL. We consider the MAEs with stiff
layer volume fraction ¢(f) = 0.6 and initial magnetic susceptibility x = 0.95. Here and
thereafter, we use solid and dotted curves for macroscopic and microscopic instabilities,
respectively (see Fig. 4.8a). Furthermore, solid and dash-dotted curves denote the critical

wavenumbers &k} and k3, respectively (see Fig. 1.8b).



55

(a) 2.0 T T T T (b) 4 T T T T
— Macroscopic 5 — K
1.8 . . 1 =2
N Microscopic g - ]{2* P T
< 3 '
= 1.6+ 4 £
2 2
1]
g 4] Stable | 5, \
©
3 2
= 1.24 Unstable 1 3
(@) P E 1 i
1.0-/ 1 5
0.8 : : : : 0 ' , : : 1
0 p 4 6 8 10 0 2 4 6 8 10
Magnetic induction, B, Magnetic induction, B,,

Figure 4.8: Critical stretch A, (a) and normalized critical wavenumbers (b) vs. the
normalized magnetic field B,,. MAEs with stiff layer’s volume fraction ¢/) = 0.6 and
initial magnetic susceptibility x = 0.95.

We find that the critical stretch increases with an increase in the applied magnetic
field. Furthermore, we observe that when the MAE is subjected to a smaller magnetic field
(Bm < 2.5), it develops instabilities under compressive strains (.. < 1). Interestingly,
at higher magnetic fields, MAE is unstable even under tensile strains. For example, the
MAE is unstable for A < 1.59, when subjected to B,, = 7. Moreover, we find that the
instability mode switches at a certain threshold magnitude of magnetic induction B, In
particular, macroscopic instability appears for B,, < B,tfj , whereas microscopic instability
emerges for By, > B, For the considered MAE, the threshold value is B = 4.1.

The transition in the instability mode is also evident from the evolution of the critical
wavenumbers (ki and k3) with the magnetic field (see Fig. 4.8b). For B,, > B the
wavenumbers have finite non-zero values, hence, representing the microscopic instability.
In particular, the MAEs develop an antisymmetric mode of microscopic instability, as
the critical wavenumber k5 = 7w, when subjected to this range of magnetic field values
(see. Fig. 4.8b). Moreover, we find that the wavenumber k] monotonically decreases with
an increase in B,,, hence, showing the tunability of buckling patterns with an applied
magnetic field. For magnetic induction magnitudes smaller than B! both the critical
wavenumbers (k] and k3) approach zero, k., — 0, showing the long-wave or macroscopic

loss of stability.
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Effect of ferromagnetic behavior on the magnetoelastic instabilities

Next, we investigate the development of magnetoelastic instabilities in MAEs with ferro-
magnetic behavior. Fig. 1.9 shows the critical stretch (a),(c), and critical wavenumbers
(b),(d) as functions of B,, for MAEs with y = 0.95. The results are shown for MAEs with
stiff layer volume fractions: ¢f) = 0.4 (Fig. 4.9a and b) and (Fig. 4.9¢ and d). We consider
the MAEs with magnetic saturation values: mgug = 10 T (blue curves), mgug =5 T (red
curves), and mgug = 2 T (green curves). The results for MAEs with the linear magnetic
behavior are included for comparison (black curves).

Similar to MAEs with linear magnetic behavior, the MAEs with ferromagnetic behavior
also develop instabilities at higher stretches when subjected to higher magnetic fields.
However, we observe that the critical stretch at a particular magnetic induction magnitude
decreases with a decrease in the MAE magnetic saturation value. For example, in MAEs
with ¢f) = 0.4 at B, = 8, the critical stretches (with corresponding magnetic saturation
values) are A\, = 1.55 (mgspo = 10 T), A\er = 1.22 (mguo = 5 T), and A\, = 0.96
(mspo = 2 T); for linear magnetic behavior, A, = 1.88. Moreover, the critical stretches of
MAEs with smaller magnetic saturation values, for example, mgsug = 5 T and mgug = 2 T,
approach a saturation value at higher values of B,,, (see the red and green curves in Fig. 1.9a

and c¢). These observations hold regardless of the volume fraction of phases.
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Figure 4.9: Critical stretch A, (a),(c), and normalized critical wavenumbers (b),(d) vs.

the normalized magnetic field B,,. MAEs with stiff layer’s initial magnetic susceptibility

x = 0.95 and volume fractions: /) = 0.4 (a),(b) and /) = 0.05 (c),(d) are considered.

The effect of the applied magnetic field on the buckling patterns and instability modes
strongly depends on the stiff layer volume fraction and its magnetic behavior. First,
consider the MAEs with a high stiff layer volume fraction, ¢/) = 0.4. We observe that in
these MAEs, the threshold magnetic induction B, at which the instability mode switches,
increases with a decrease in mgug. Thus, the MAEs composites with lower magnetic
saturations favor the long instability over the microscopic one. For the considered MAEs,
the transition occurs at BY* = 4 (linear) and BY* = 6.1 (msuo = 10 T). Interestingly, the
MAEs with magnetic saturation values msug = 5 T and mgug = 2 T do not show any

transition in the considered range of B,,, and develop macroscopic instabilities. We find
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that the MAEs with ¢/) = 0.4 develop the antisymmetric mode of microscopic instabilities
(k3 = m), for both magnetic behaviors. However, the wavelength of the buckling pattern
is smaller (higher k) in MAEs with the ferromagnetic behavior as compared to linear

ones when they are to develop microscopic instabilities (see the black and blue curves in
Fig. 1.9b).

Effect of volume fractions on the magnetoelastic instabilities

The MAEs with smaller volume fraction, ¢(f) = 0.05, develop microscopic instabilities
when subjected to smaller magnitudes of the magnetic field. The instability mode switches
to macroscopic at magnitudes B, > B (see Fig. 4.9c and d). Moreover, the threshold
magnitude B increases with a decrease in mu (see inset in Fig. 4.9c). However, for
smaller magnetic saturation values, msug = 5 T and mgug = 2 T, the transition in the in-
stability mode does not occur in the considered range of the applied magnetic field. Hence,
as opposed to MAEs with high volume fractions (c(f) = 0.4), in MAEs with ) = 0.05,
a decrease in magnetic saturation values promotes microscopic (or finite-wavelength) in-
stabilities. Moreover, these MAEs develop the symmetric mode of microscopic instability,
with the critical wavenumber k5 = 27 (see the dash-dotted curves in Fig. 4.9d).

The results indicate that in addition to the influence of the applied magnetic field and
phase magnetic behavior, the instability development and associated buckling patterns

significantly depend on the volume fraction of layers. See sec. 4.3.2 for details.
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(e) are considered.
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Effect of initial magnetic susceptibility on the magnetoelastic instabilities

Next, we study the influence of initial magnetic susceptibility on the magnetoelastic insta-
bilities in the ferromagnetic layered MAEs. To this end, in Fig. 4.10, we show the critical
parameters corresponding to MAEs with initial magnetic susceptibilities: x = 0.95 (a),
(b); x = 0.80 (c), (d); and x = 0.375 (e). The results are shown for MAEs with stiff layer
volume fraction ¢f) = 0.4.

The critical stretch decreases with a decrease in the initial magnetic susceptibility; this
is observed for all magnetic saturation values. For instance, the critical stretch at B,, = 10
corresponding to MAEs with mgug = 10 T decreases from A, = 1.69 to As. = 1.10 as
susceptibility varies from x = 0.95 to x = 0.375 (compare the blue curves in Fig. 4.10a and
e). Moreover, the critical wavenumber k] increases with a decrease in y, in the MAEs that
develop microscopic instabilities. We note that the effect of initial magnetic susceptibility
on the critical parameters, A\, and k., is similar to that observed in the case of magnetic
saturation values (see Fig. 4.9a and b). This is because a decrease in magnetic saturation
and/or initial magnetic susceptibility values leads to a decrease in MAE’s magnetization
and vice-versa at a given magnetic field magnitude.

The initial magnetic susceptibility also significantly influences the instability mode in
the MAEs. In particular, lower values of x favor the occurrence of macroscopic instabilities
in MAEs. For instance, in the linear magnetic MAEs, the threshold magnetic induction, at
which the instability mode switches, increases from B! = 4 to B! = 7.4 as susceptibility
changes from y = 0.95 to x = 0.80. For further smaller magnetic susceptibilities, for
example, x = 0.375, no transition in the instability mode is observed, and the MAEs

develop macroscopic instabilities, regardless of their magnetic behavior (see Fig. 4.10e).

Effect of volume fraction of phases on magnetoelastic instabilities

Here, we study the effect of the phase volume fraction on the magnetoelastic instabili-
ties. First, we examine the linear magnetic MAEs with y = 0.95. In Fig. 4.11, we plot
the critical stretch (a) and wavenumber (b) as the functions of stiff layer volume fraction
). We consider the MAEs subjected to B,, = 1 (blue curves), B,, = 5 (green curves),
and By, = 10 (red curves). For the sake of convenient discussion, in Fig. 4.11a, we have
marked the first and second instability mode transition points as ‘S’ and ‘A’, respectively.
In particular, ‘S’ represents the switch from symmetric microscopic instability mode to
macroscopic, whereas ‘A’ denotes the transition from macroscopic to antisymmetric mi-
croscopic instability, with an increase in /).

For the MAEs subjected to smaller magnetic field levels, for example, B,, = 1, the

critical stretch increases with an increase in ¢f) up to a certain value; beyond that volume
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fraction value, the critical stretch decreases with a further increase in the volume fraction.
Moreover, when the stiff layer volume fraction is smaller than a particular threshold value,
c%), the MAEs develop symmetric microscopic buckling modes (k5 = 27). However, at
higher values of ¢(f), a macroscopic loss of stability occurs. We also observe that the
wavelength of the buckling pattern increases (k] decreases) with an increase in ), and
it approaches the long-wave limit (k7 — 0) for ) > cg). The corresponding threshold
value is c%) = 0.07, which is marked as ‘S’ on the blue curve (see Fig. 1.11a). We note
that a similar variation of critical parameters with stiff layer volume fraction has also been
reported for layered composites subjected to purely mechanical loadings Slesarenko and

Rudykh (2017).

Effect of higher magnetic induction values in volume fraction

However, MAEs subjected to higher magnetic induction values show contrastingly different
instability mode transitions and highly non-monotonous variation of critical parameters.
For example, consider the MAEs under B,, = 5; these MAEs, similar to MAE under
B,, = 1, also show the first transition ‘S’ in the instability mode. Interestingly, these
MAEs undergo an additional transition, back to microscopic instability, at higher values
of ¢f); this shift in the instability mode is marked as ‘A’ on the green curve in Fig. 41.11a.
Both transitions are also evident from the evolution of critical wavenumbers with stiff layer
volume fraction (see the green curves in Fig. 1.11b). Furthermore, we observe that in the
MAEs developing microscopic instabilities, the critical wavelength significantly varies with
the volume fraction. This high tunability of wavelength (or k) is very pronounced in the
vicinity of the extreme volume fraction values, i.e., ¢/) — 0 and (/) — 1 (see Fig. 1.11b).

Remarkably, the morphologies of MAEs that are to develop microscopic instabilities,
can exhibit antisymmetric and symmetric instability modes — with distinct values for crit-
ical wavenumber k3, dictated by the stiff layer volume fraction. In particular, MAEs with

() smaller than that corresponding to the first transition point ‘S’, i.e., ) < CEQ, has

k5 = 2m. However, for stiff layer volume fraction higher than that of ‘A’ A > CE}QI,

has k3 = m (see green dash-dotted curve). Similar behavior is observed for MAEs sub-
jected to By, = 10 (see the red curves). Thus, at high magnetic field magnitudes, MAEs
with smaller ¢(f) develop symmetric mode of microscopic instability, long-wave instabil-
ity emerges at moderate values of ¢\/), and microscopic instability with antisymmetric
buckling pattern arises at higher stiff layer volume fractions.

The threshold stiff layer volume fractions for both transition points decrease with an
increase in the magnitude of the applied magnetic field. For example, the threshold ¢(/)

corresponding to the ‘S’ transition point decreases from c%) = 0.07 to cg}]:) = 0.04 as the
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applied magnetic field changes from B,, = 1 to B,, = 5. Moreover, the threshold values
for ‘A’ decreases from c%) = 0.25 (at B;, = 5) to c%) = 0.14 (at By, = 10). Hence, the
application of a strong magnetic field favors the occurrence of the antisymmetric mode of

microscopic instability.
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Figure 4.11: Critical stretch A, (a) and normalized critical wavenumbers (b) vs. the stiff
layer volume fraction ¢(f). Linear magnetic MAEs with y = 0.95 are subjected to B, = 1,
B,, =5, and B,,, = 10.

Effect of ferromagnetic behavior on volume fraction vs .,

Next, we study the effect of volume fraction in MAEs with ferromagnetic behavior.
Fig. 4.12 shows the critical stretch (a) and critical wave numbers (b) versus stiff layer
volume fraction for the MAEs with magnetic saturation values mgsug = 10 T (blue curves)
and mgpuo = 5 T (red curves). We consider the MAEs with x = 0.95 subjected to magnetic
induction B,, = 10. The results for the linear magnetic MAEs are denoted by the black
curves and are added for comparison.

We observe that the instability in ferromagnetic MAEs develops at smaller stretches
than in their linear magnetic counterparts. Among the ferromagnetic MAEs, the lesser
the magnetic saturation value, the smaller is the critical stretch. Moreover, the critical
wavelength (wavenumber) decreases (increases) with a decrease in mgpug. These findings
are consistent with the previous observations in Fig. 4.9. Similar to the linear magnetic
MAES, ferromagnetic MAEs also offer a high tunability of the critical wavenumber kj,

especially in the vicinity of the extreme volume fraction values (see Fig. 1.12b).
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Figure 4.12: Critical stretch A, (a) and normalized critical wavenumbers (b) vs. the
stiff layer volume fraction ¢f). Linear magnetic MAEs with y = 0.95 are subjected
to By, = 10. The results are shown for ferromagnetic MAEs with msug = 5 T and
mspo = 10 T, together with linear magnetic MAEs.

Comparing the critical parameters of ferromagnetic MAEs (Fig. 4.12) with those of
linear magnetic MAEs (in Fig. 4.11), we find that a decrease in the magnetic field magni-
tude (in linear MAEs) has a similar influence as decreasing the magnetic saturation value
(in ferromagnetic MAEs under a constant magnetic field). This occurs because of the
magnetic saturation effect present in the ferromagnetic MAEs. In particular, the satura-
tion effect takes place at smaller magnetic fields in MAEs with small saturation values.
Therefore, when subjected to higher values of B,,, the influence of the applied magnetic
field on the magnetoelastic tensors of ferromagnetic MAEs is significantly weaker than
that in their magnetically linear counterparts.

The transition of instability modes also demonstrates the behavior resembling that in
Fig. 4.11. For instance, MAEs with smaller saturation values (msuo = 5 T) have only
the first transition point ‘S’, whereas MAEs with higher saturation value (mgug = 10 T)
show two transitions. Moreover, the threshold values corresponding to the transitions
decrease with an increase in mgug. For example, the ‘A’ transition occurs at =03
(for mspo = 10 T) and ¢/) = 0.15 (for linear magnetic). The ‘S’ transition in MAEs with
mspo = 5 T and mspg = 10 T occurs at ¢f) = 0.1 and ) = 0.07, respectively. Hence,
the MAEs with smaller values of mgug are less likely to develop antisymmetric microscopic

instabilities.
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Effect of initial magnetic susceptibilities x(/) on volume fraction ¢/) vs critical

strech ).,

Here, we illustrate the influence of the initial magnetic susceptibilities on the critical
parameters and instability mode transition with phase volume fraction. Fig. 4.13 shows
the critical parameters for linear magnetic MAEs with x = 0.95 (black curves), x = 0.80
(blue curves), and x = 0.375 (red curves). We consider the MAEs subjected to magnetic
inductions B, = 1 (Fig. 1.13a and b), By, = 5 (Fig. 1.13c and d), and B,,, = 10 (Fig. 1.13e
and f).

Consistent with the findings in Fig. 4.10, we observe that the MAEs with lower values
of x develop instabilities at smaller stretch levels. Moreover, the critical wavenumber k7]
decreases with an increase in y, in the MAEs that develop microscopic instabilities. This
holds independent of the magnitude of magnetic induction.

The interplay between the instability modes is also dictated by the magnetic suscep-
tibility of the MAEs. In particular, we observe that the threshold value corresponding
to the transition point ‘S’ increases with a decrease in y, irrespective of the magnetic
field’s magnitude. For example, under B,, = 5, the transition ‘S’ occurs at ) = 0.04
(for x = 0.95), ¢) = 0.07 (for x = 0.80), and (/) = 0.13 (for x = 0.375). Moreover,
we find that the occurrence of the second switch in instability mode with ¢/) depends
on the value of y, together with the magnetic field. For instance, ‘A’ transition point is
not observed for any of the MAEs subjected to B,, = 1. Under B,, = 5, however, ‘A’
transition only takes place for MAEs with y = 0.95. For MAEs subjected to B,, = 10,
the second switch in instability mode is observed for xy = 0.95 and x = 0.8. Similar to
‘S’ instability transition, for ‘A’ transition, the threshold volume fraction increases with a
decrease in x. For example, the corresponding threshold values for MAEs under B, = 10
are ¢/) = 0.15 (for x = 0.95) and ¢\/) = 0.32 (for x = 0.80).
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4.4 Examples of energy models with additional invariants
I4 and 16

In this subsection, we analyze how invariants I4 and I can affect the results of the instabil-
ity analysis. We illustrate the analysis through the examples and discuss the effects of the
invariants I, and Ig along with invariant I5. We examine the role of initial susceptibility
and volume fractions in developing instabilities in MAEs with different v, 71, and =2 coef-
ficients. According to (2.62) the sum of the gamma coefficients must sum to unity. In the

following examples, we consider the MAEs with initial shear modulus contrast kg = 10.

4.5 Effect of v, variation on magnetoelastic instabilities

Here, we study the morphologies of \.. and ki, as a function of the magnetic field B,,.
We have parameterized the curves with v9 and 1 coefficients ranging from vy = —0.2 to
Y0 = 0.2 and 1 = 0.8 to 71 = 1.2. We examine the linear magnetic MAEs with fiber
susceptibility of y = 0.8 and ¢/) = 0.8, where all the transitions would be present and
clearly visible. The constraints, 72 = 0 and v9+-1 = 1 hold throughout this section. Here,
the default values for which this system becomes identical to the linear magnetic model are
v = 0 and 73 = 1. In Fig. 4.14, we plot the critical stretch (a) and wavenumber (b) as the
functions of the magnetic field B,,. For the sake of convenient discussion, we have marked
the symmetric macroscopic and anti-symmetric microscopic instability modes with solid
(—) and dashed lines (- -), respectively.

We observe that for smaller magnetic fields B,, < 1, the effects of the additional
invariants on A.. were negligible. This is seen from the plot Fig. 4.14 as all A, — 0.85
for all vg values. This was expected as the invariant terms contribute to the stability only
when a magnetic field is present.

Moreover, the increase in vy from vy = —0.2 to 79 = 0.2 also impacted the transition
behavior, as can be seen from Fig. 4.14b. The transitions from macroscopic to microscopic
were observed from B,, = 6 to B,, = 7. As 7 increased, the B,, for the transitions in
kier decreased from B,, = 6.8 to B,, = 6, while the wavenumber ki.. at the transitions
increased from ki. = 7.2 to k1o = 8.2.

Before transitions, the critical stretch in the macroscopic region remained relatively
unaffected by changes in . This can be seen in the exploded view from Fig. 4.14a, where
before the transitions, the critical stretch was decreasing from A, = 1.02 to A, = 1.04.
In contrast, after the transitions, the critical stretch in the microscopic region was slightly
affected by the changes in 7y and increased with an increase in ~y. The critical stretch
increased from A\, = 1.08 to Ao, = 1.13. The variation in Aep (AXer = Az — Amin ), Which
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is the difference between the min and max curves, also increased from A\, = 0.025, while

after transitions this variation increased to A\, = 0.05.
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Figure 4.14: Critical stretch A\ (a) and normalized critical wave numbers k; (b) vs. the
normalized magnetic field B,,, for different v ranging from vy = —0.2 to 9 = 0.2 values
keeping 7o = 0 . MAEs with stiff layer’s volume fraction ¢/) = 0.8 and initial magnetic

susceptibility x = 0.8 and the linear magnetic model

4.5.1 Effect of changing volume fraction on the critical stretch ratio vs.

the magnetic field

Next, we study the effect of changing the volume fraction on the critical stretch ratio vs.
the magnetic field under different parameterizations of vg. In Fig. 4.15, the critical stretch
Aer are plotted in (a),(c),(e) while the critical wave numbers ki, are plotted in (b),(d),(f).
Both curves are plotted as a function of the magnetic field on the x-axis. Each of the cases
for Fig. 4.14 was simulated for different volume fractions from ¢(f) = 0.4 to ¢/) = 0.8,

while keeping v5 = 0 as constant.
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As the volume fraction of the fiber decreased from ¢f) = 0.8 to ¢f) = 0.4, the effect
of changes in 7y remained almost the same, with some decrease in the mid-range volume
fraction at ¢(f) = 0.6. This can be seen from the comparison of the transition region
spread in zoom view of A, values in Fig. 4.15 (a) vs. (c); the A\, range decreased from
Aer = 1.08 to 1.13 to A = 1.26 to Ao = 1.29 and then increased again to A, = 1.48
to Aer = 1.53. The transition magnetic field region also increased from B, € [6,7] at
) =08 to By, € [7,8] at /) = 0.4 (See Figs. 1.15 (b),(f)). And the average critical
wave number ki, decreased from 8 to 4 and the variation in ki, also decreased from
Akier = 1 to Akier = 0.2

4.5.2 Effect of initial susceptibility y and volume fraction ¢\/) variation

on the critical ratio ). characteristics

In this section, we study the effects of changing the initial susceptibility xy and volume
fraction ¢(f) on the critical stretch A, vs. magnetic field B,,, along with changing 7.
In Fig. 4.16, A, is plotted as a function of the magnetic field, and each of the cases
was simulated for different y values ranging from xy = 0.375 to x = 0.95 and different
mid-range volume fractions from ¢/) = 0.8 to ¢/) = 0.2. The corresponding j, values are
wr = 1.6, p, =5 and p, = 20 respectively.

From the results in Fig. 4.16, we observe that the initial susceptibility x plays a
more significant role in reducing the effects of g variations than variations in the volume
fraction. We observe that for higher xy = 0.95, the variation in the different curves for
Aer for 7p becomes negligible. i.e., A\, decreases roughly from an average in the order
of 0.2 to 0.02 for all the mid-range volume fractions ¢/) € [0.2,0.8] as y increases from
x = 0.375 to 0.95. Moreover, at high initial susceptibility, the variation in the transition
points is also lost for almost all values of v € [<0.2,0.2]. For e.g., at ¢/) = 0.8 (sce Fig.
1.16 (c)), the transition point for A\, vs. B, is (4.8,1) for all values of vy and this same
trend is observed for rest of the volume fractions till ¢f) = 0.4 at high susceptibility of
x = 0.95. At low volume fractions ) = 0.2, we begin to see a small variation in A\, and
kier (see Fig. 4.16 (1)). Thus higher initial susceptibility x reduces the effect of the ~

coefficients on the magnetic field B vs k1. and A relationships.
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Figure 4.16: Critical stretch, A, and critical wave-number, k1., vs. the normalized mag-
netic field B,,. MAEs with x = 0.375,0.8,0.95 are considered and of each of the x values
were simulated for stiff layer’s volume fraction of ) =0.2, 04, 0.6, 0.8. The curves are

considered for different v values ranging from vy = —0.2 to vy = 0.2 while keeping v = 0

4.5.3 Effect of initial susceptibility y variation on the critical ratio \..

characteristics at low fiber volume fraction /)

At low fiber volume fractions, the initial susceptibility plays a more important role in the
effect of v coefficients, i.e., the effect of changes in ~y variation gets significantly reduced
for higher susceptibility. This can be seen in the variation for all A.. curves, which reduces
significantly at x = 0.9. But the variation in A, is much greater when compared to
the variation in mid-range volume fractions. In Fig. 4.14a, we observed that for smaller
magnetic fields B, < 1, the effects of the additional invariants on A, were negligible. This
is seen from the plot Fig. 4.14 as all the lines converge towards a single point as B,,, — 0
then A, — 0.82 for all vy values and low volume fractions ¢{f) < 1. Moreover, the increase

in x from x = 0.375 to x = 0.9 also impacted the transition behavior, as can be seen from
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Fig. 4.17b. At ) = 0.1, the transitions from symmetric microscopic to macroscopic were
observed from B, = 6 and B,, = 8 and x = 0.375 for different g, while for x = 0.8 and
x = 0.9 the transitions were observed at B, = 0.75 and B,, = 0.5 respectively for all 7p.

At ¢f) = 0.05, the increase in ~o greatly impacted the transitions in high magnetic field

region as can be seen from Fig. 4.17 f where y = 0.9 and ¢) = 0.05. The transitions

in k1. were seen for v9 < 0 from B,, = 5.8 to B, = 7.8, while the wavenumber ki,

at the transitions remained at ki, = 7.9. This tells us that low 7y values increase the

chances of microscopic transitions at high magnetic fields for low-volume fractions for high

susceptibility.
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Figure 4.17: Critical stretch A, vs. the normalized magnetic field B,,, for MAEs with low
fiber volume fraction ¢) = 0.05, 0.1. The curves are considered for different ~o values

ranging from vy = —0.2 to 7y = 0.2 while keeping v2 = 0

4.6 Effect of 1, variation on magnetoelastic instabilities

Here, we study the morphologies of A\, and ki.. as a function of the magnetic field B,,
we have parameterized the curves with ~» and ~; coefficients ranging from v, = —0.2
to 72 = 0.2 and y; = 0.8 to v; = 1.2. The constraints, 79 = 0 and 2 + 71 = 1 hold
throughout this subsection. The default values for which this system becomes identical to
the linear magnetic model are v = 0 and y; = 1. In Fig. 4.18, we plot the critical stretch
(a) and wavenumber (b) as the functions of the magnetic field B,,. We first examine the
linear magnetic MAEs with fiber susceptibility of x = 0.8 and ¢\f) = 0.4, where all the
transitions would be present and clearly visible.

We observed that for smaller magnetic fields B,, < 1, the effects of the additional
invariants on A.. were negligible. This is seen from the plot Fig. 4.18 as all A., — 0.9 for

all o values.
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Moreover, the increase in g from vy = —0.2 to 79 = 0.2 also impacted the transition
behavior, as can be seen from Fig. 4.18b. The transitions from macroscopic to microscopic
were observed from B,, = 6.5 to B,,, = 8. As s increased, the B,, for the transitions in k1.,
increased from B,,, = 6.5 to B, = 7, while the wavenumber k1., at the transitions remained
almost constant at around ki, = 3.5. Thus 79 significantly affected the magnetic field for
the transitions. As compared to changes in g, the critical stretch in the macroscopic and
microscopic region was significantly affected by the changes in . This can be seen from
the fact that the critical stretch ratio at transitions decreased significantly from A, = 1.5
to Aer = 1.38 as 2 increased from v = —0.2 to 49 = 0.2. This trend is opposite to that
of =y, where critical stretch after transitions increased with an increase in 9. Moreover,
in terms of the total variation, this change is much more significant, as compared to ~g
(see Fig. 4.14). This is because, 72 is multiplied by Is in the magnetic energy equation
(in 2.60), which has C? factor (as per Eq. (2.61).) that greatly amplifies changes in the
critical stretch in the total energy. Thus smaller changes in ~» bring about large changes

in the critical stretch A.,.
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Figure 4.18: Critical stretch A, (a) and normalized critical wave numbers k; (b) vs. the
normalized magnetic field B,,, for different vo values ranging from v, = —0.2 to 5 = 0.2
keeping 7o = 0. MAEs with stiff layer’s volume fraction ¢f) = 0.4 and initial magnetic

susceptibility x = 0.8 and the linear magnetic model

4.6.1 Effect of volume fraction variation on the v, characteristic curves

Next, we study the effect of changing the volume fraction on the critical stretch ratio vs.
the magnetic field. In Fig. 4.19, the critical stretch A, are plotted in (a),(c),(e) while

the critical wave numbers ki, are plotted in (b),(d),(f). Both of them are plotted as a
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function of the magnetic field. Each of the cases for Fig. 4.19 was simulated for different

mid range volume fractions from ¢/) = 0.4 to ¢{/) = 0.8, while keeping 7o = 0 as constant.
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Y2 = —0.2 keeping 79 = 0

The curves are considered for different 7, values raging from 5 = 0.2 to
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As the volume fraction of the fiber decreased from ¢f) = 0.8 to ¢f) = 0.4, the effect
of changes in v was that at B, = 10, the . variation increased from A, € [1.3,1.6]
to Aer € [1.4,1.9] and then increased again to A, € [1.5,2.5]. This can be seen from
the comparison of the transition region spread A, values in Fig. 4.19 (a),(c), (e); In
Fig. 4.19 (b) ,(d), (f); The transition magnetic field region first decreased also increased
from B,, € [6.1,6.4] at ¢f) = 0.8 to B, € [6.3,6.6] at ¢/) = 0.6 and then increased to
B, €1[6.3,8] at ) =0.4. At the transitions, k1. decreased from 8 to 4 and the variation
in k1. also decreased from Ak, € [1,0.2]

Because o is multiplied by the C? (as in Eq (2.61)), the effect on stability is also
highly non-linear, and so A increases more sharply when compared to the g case for all

the volume fractions.

4.6.2 Effect of initial susceptibility y and volume fraction variation on

the +, characteristics

In this section, we study the effects of changing the initial susceptibility y and volume
fraction ¢(f) on the critical stretch A vs. magnetic field B,,, along with changing 7.
In Fig. 4.20, A is plotted as a function of the magnetic field, and each of the cases
was simulated for different x values ranging from x = 0.375 to x = 0.95 and different
mid-range volume fractions from ¢/) = 0.2 to ¢/) = 0.8. The corresponding j, values are
tr = 1.6 to pr = 5 and p, = 20 respectively.

From the results in Fig. 4.20, we observe that the initial susceptibility x plays a
more significant role in reducing the effects of o variations than variations in the volume
fraction. We observe that for higher y, as the initial susceptibility y increases, the variation
in the different curves for o becomes negligible. Moreover, at high initial susceptibility
x = 0.95, the variation in the transition points is lost for almost all values of 7. This can
be seen in Fig. 4.20 (c),(f),(i),(1) from the fact that the intersection of the gamma curves
reduces to almost a single point at y = 0.95 at all the volume fractions 0.4 < ¢(f) < 0.8.
The exception is at ) = 0.2 where we can see a range for ki values from ki, = 5.1 to
kier = 7.2 and a range of A\, = 1.7 to A, = 1.85 as can be seen in Fig. 4.20 (j). Thus
higher initial susceptibility x reduces the effect of the v and the I terms on the magnetic
field B vs. A relationship. Moreover, at high initial susceptibility, the variation in the
transition points is lost for almost all values of ~; for e.g., at ) = 0.8, the transition
point for A\ vs. B, is (4.8, 1) for all values of 4y and this same trend is observed for rest
of the volume fractions, till ¢(f) = 0.4 at high susceptibility of x = 0.95 with the exception
at ¢f) = 0.2. The variation in the Aer and ki vs By, curves is also lost at high x = 0.95
for ¢(f) > 0.4
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At low y = 0.375, the variation of A, values is quite significant for all volume fractions
0.2 < ) < 0.8 as can be seen from all the plots of A.. vs. B, in Fig. 4.20. The

anti-symmetric microscopic transitions also disappear while we start to see symmetric

microscopic transitions appear at B,, = 7.5 to By, = 9.
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Figure 4.20: Critical stretch, A, and critical wave-number, k1., vs. the normalized mag-
netic field B,,. MAEs with x = 0.375,0.8,0.95 are considered and of each of the x values
were simulated for stiff layer’s volume fraction of ¢(/) = 0.2, 0.4, 0.6, 0.8. The curves are

considered for different vy values ranging from v5 = —0.2 to 72 = 0.2 while keeping v = 0

4.6.3 Effect of initial susceptibility y variation on the critical ratio \..

characteristics at low fiber volume fraction ¢

At low fiber volume fractions, the initial susceptibility plays a more important role in the
effect of o coefficients, i.e., the effect of changes in 7o variation is present for susceptibility
and volume fractions.

The variation in A is significantly higher for all low ¢(f) and x values when compared
to similar variation in v in the mid-range volume-fractions ( see Fig. 4.20) as well as g
at low volume fractions ( see Fig. 4.17). This can be seen from all the A\ curves in Fig.
1.21).

In Fig. 4.21a, we observed that for smaller magnetic fields B,, < 1, the effects of the
additional invariants on A were negligible. This is seen from the plot Fig. 4.21 as all the

lines converge towards a single point as B, — 0 then A\, — 0.82 for all v, values at low
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Moreover, the increase in x from x = 0.375 to x = 0.9 also impacted the transition

behavior, as seen from Fig. 4.21. At ¢) = 0.1, The transitions from symmetric micro-

scopic to macroscopic were observed from B, = 4.5 and B,, = 6 for 9 > 0.1, x = 0.375

and ¢) = 0.1, while for y = 0.8 and x = 0.9 the transitions were observed at B,, = 0.75
and B,, = 0.5 respectively for all 75, At /) = 0.05 Fig. 4.21(d),(e) (f), the increase in

o greatly impacted the transitions in high magnetic field region as can be seen from Fig.

1.21 (f) where x = 0.9. The transitions in k., were seen for vy, < 0 from B,, € [5.5,7.7],

while the wave-number ki, at the transitions remained in the range k1., € [8,8.5].
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Figure 4.21: Critical stretch A, vs. the normalized magnetic field B,,. MAEs with stiff
layer’s volume fraction low fiber volume fraction ¢(f) = 0.05, 0.1. The curves are considered

for different v, values ranging from 92 = —0.2 to y2 = 0.2 while keeping 79 = 0

4.7 Differences between -, and -, characteristics

The effect of change in v, was more drastic as compared to 7y. This is because of the C?
factor involved in Is (2.61). When 77 increased, A, also increased, thus decreasing the
stability region. The increasing volume fraction also pushed the transition point further
higher. As 5 contains higher order terms for F, it was also much harder to get a well-
defined solution for higher values of 75. We can see this when some of the values for ~g
abruptly stop at A\, while vy values were available for a larger sub-domain than ~. Thus,

further empirical evidence is required for the energy models for Iy and Ig to be verified.
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Chapter 5

Conclusion

In this dissertation, we investigated the behavior of MAEs with biphasic layered micro-
structure with ferromagnetic hyperelastic phases. We considered the MAE laminates
subjected to a magnetic field perpendicular to the direction of layers. First, we derived
an explicit expression for the field-induced stretch in response to the remotely applied
magnetic field. Second, we performed the magneto-elastic instability analysis for layered
MAEs, by employing the small amplitude perturbation superimposed on finite deforma-
tions in the presence of a magnetic field. While the formulation developed here is general
for any magnetic behavior of phases, the results are presented for the special class of MAEs

with magnetically inactive matrix and active stiff layer phase.

5.1 MAEs deformation

We found that the layered MAEs experience tension along the direction of the magnetic
field, and the induced stretch increases with an increase in the applied magnetic field.
However, because of the magnetic saturation effect, the MAEs with smaller saturation
values attain smaller deformation levels. We also showed that the MAEs with higher
volume fractions of the active phase develop large deformations, irrespective of the shear

modulus contrast between the phases.

5.2 Effect of magnetic field on instabilities

The layered MAEs, when subjected to higher magnitudes of the magnetic field, develop
instabilities at higher stretches along the direction of layers (perpendicular to the magnetic
field). MAEs are observed to be unstable even under tensile strains in the presence of a

strong magnetic field. The magnetic saturation effect, however, results in a decrease
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in critical stretch levels. Moreover, the wavelength of buckling patterns is shown to be
highly tunable by the applied magnetic field. The comparison of critical parameters —
for MAEs with various morphologies — shows that a decrease in magnetic susceptibility
and/or magnetic saturation values (at a given magnetic field magnitude) has a similar

response as reducing the applied magnetic field magnitude.

5.3 Effect of volume fraction on instability

The instability mode and their transitions in layered MAEs are strongly dictated by the
volume fraction of phases together with the applied magnetic field. In the presence of a
weak magnetic field, similar to the purely mechanical case of layered composites, the lay-
ered MAEs also show the transition in instability modes once, with the change in volume
fraction. Thus, the symmetric microscopic instability occurs at small volume fractions of
the active stiff phase, whereas macroscopic loss of stability occurs at higher volume frac-
tions. Under higher magnetic fields, however, the MAE laminates show two transitions
with three distinct instability modes at different active phase volume fractions. First, sym-
metric microscopic instability is detected at smaller volume fractions. Second, at moderate
volume fractions, long-wave instability emerges. Interestingly, the MAEs with higher vol-
ume fractions develop microscopic instability with anti-symmetric buckling patterns. We
found that under stronger magnetic fields, the range of active stiff phase volume fractions,
at which the anti-symmetric mode is attained, further increases. Hence, the application
of a magnetic field promotes the development of anti-symmetric buckling patterns. It is
worth noting that the anti-symmetric microscopic instability mode is inadmissible in the

purely mechanical setting (without a magnetic field).

5.4 Macroscopic and microscopic instability solution

In the case of microscopic instabilities, the general solution to the MAFE was found to be a
bi-directional periodic function. In the case of the macroscopic, the instability degenerates
into a long-wave macroscopic instability which is periodic in one direction. This can also be
seen from wave number k; is zero. Depending on the periodicity of the solution, the modes
of instability can be either symmetric or anti-symmetric. Based on empirical observation
of the solution, the anti-symmetric modes correspond to the microscopic instability while
symmetric modes (usually) correspond to the macroscopic instability. Depending on which
of the modes had the highest critical stretch (A..), only one of the symmetric or anti-
symmetric modes manifested as the default state of the MAE, and the point at which it

transitioned was the transition point.



88

5.5 Numerical methods and analysis

The choice of numerical method greatly impacted our ability to correctly capture the
solution space. Calculating the eigenvalues directly from the equations increased the
numerical noise due to matrix singularities, and the effects of matrix exponents in the
solution created discontinuities. Using polynomial functions of the eigenvalues solved the
problem of numerical noise created by the exponential term within the solution. Using
incremental changes in the solution also reduced solution time by reducing the size of the
domain and improved the accuracy by confining the search domain to a smaller region
around the solution. This made the algorithm more robust and less likely to fail due to

arbitrary numerical noise.

5.6 Effect of the additional magnetic field invariants

We also took into consideration the effects of additional invariants I4 and Ig on the critical
stretch ratio A.- and critical wave number ki... For lower susceptibility values, even small
changes in ~ co-efficient caused larger changes in the characteristics of the stability region.
In contrast, for higher susceptibility, the effect of variation in v coefficients and their
invariants Iy, I, and Ig was greatly reduced. Changes in 2 and Ig were found to have a
larger effect on instability as compared to changes in 9 and I since we have a higher order
factor C? multiplying the magnetic term in the energy equation. The susceptibility had a
significant impact on stability as compared to the volume fraction. For lower susceptibility,
the variation of + coefficients changed the stability region and the transition points. In
contrast, for a higher susceptibility, the effect of changes v was less significant on the

stability region.

5.7 Impact of MAESs

The presented results can help widen the design space for novel materials with switchable
functionalities with potential applications in remotely controlled soft micro-actuators and
sensors. Moreover, the theoretically predicted anti-symmetric buckling mode can moti-
vate further experimental studies of the micro-structured MAEs. In the study, we have
considered the MAEs subjected to quasi-static loading; therefore, the viscous and inertial
effects have not been considered. However, for the dynamic loading, these effects can
influence the material stability, as observed, for example, in the soft laminates Slesarenko
and Rudykh (2016). To investigate the influence of time-dependent magneto-mechanical

loading on the instability development in MAESs, one should account for the phase rate-
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dependent behavior and inertia in the modeling. Additionally, the understanding of the
material behavior can benefit from the implementation of multi-scale modeling that could
more accurately capture the global finite size effects, as well as smaller length-scale effects

(such as, for example, dipole-dipole interactions).
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