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abstract

Soft elastomers provide an excellent material platform for developing com-

pliant devices, including soft robots, sensors, and wearable devices, due to

their ability to sustain large elastic deformations. However, by designing

structured-soft materials, we can extend their capabilities beyond merely

a material platform. The structural design, which can be tailored for de-

sired material properties, can involve features such as microscale patterns,

hierarchical arrangements, or inclusions within the soft matrix.

When soft architected materials are subjected to large deformations, they

often develop elastic (reversible) instabilities. The phenomenon is associated

with sudden and dramatic microstructural transformations. Opposed to

the traditional approach of designing to curb the onset of instability, this

thesis focuses on harnessing instability-induced structural reconfigurations

to design stimuli-responsive materials with switchable functionalities. The

post-transformation behavior of such tunable materials is dictated by the

admissible buckling configurations; therefore, they play a crucial role in the

design of these materials.

This thesis provides a detailed study of the instability phenomenon

occurring at different length scales in a variety of soft architected materials.

First, we show that in 3D fiber composites, the non-linear stiffening behavior

of phases dictates the interplay between the long-wave and microscopic

instabilities, and defines the wavelength of the buckling patterns. Then, we

experimentally illustrate that the fiber composites switch the orientation of

their buckling plane, depending on their in-plane periodicity and material

properties.

Next, we investigate a composite system consisting of a magnetoactive

layer embedded into an inactive elastomeric matrix. With this material

system, we show that instability-induced reconfigurations can be triggered via

a remotely applied magnetic field. In addition to elucidating the mechanisms
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associated with magneto-mechanical instability, the study also outlines

the strategy and benefits of harnessing two-field physics for controlling

bifurcations in a material system.

We also introduce a novel design framework for achieving desired struc-

tural transformations that are encoded magnetically. The framework utilizes

the rich interplay of magnetic interactions and instability phenomenon. We

showcase the diversity of the admissible reconfigurations through a series of

information embedding demonstrations, including alphabet shape match-

ing and Morse code. Finally, by employing this framework, we design a

magneto-mechanical metamaterial in which we can program the deformation

field to attain local material densification. Furthermore, we demonstrate its

application as a strain-tunable vibration absorber.
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1 introduction

1.1 Elastic instabilities in soft architected

materials

The instability development in solids, historically, has been associated with

material failure or structural collapse. It can occur across multiple length

scales, and through multiple mechanisms, including but not limited to

buckling, plastic necking, shear bands, wrinkling, and fracture (Pence and

Song, 1991; Nguyen et al., 2019; Li et al., 2023b; Cohen and Durban, 2013;

Abu-Qbeitah et al., 2023, 2022; Ansari et al., 2023; Emery and Fu, 2021; Fu

et al., 2021; Russ et al., 2020; Shen et al., 2019; Alijani et al., 2021). With

the motivation to avoid the onset of instabilities, the study of instability

development in solids and structures dates back to the 18th century when

Leonard Euler introduced the calculation of the critical load for the buckling

of a slender beam in 1759 (Euler, 1759), followed by Lagrange’s analysis for

higher modes in 1770 (Lagrange, 1770). Since then, a number of studies have

made integral contributions to the development of the theory of material and

structure stability (Euler, 1780a,b; Kirchhoff, 1859; Love, 1893; Southwell,

1914; Timoshenko and Gere, 2009; Leipholz, 2013; Thompson and Hunt,

1973; Iooss and Joseph, 2012; Geymonat et al., 1993; Nguyen, 2000; Ziegler,

2013; Budiansky, 1974).

This thesis is concerned with the instability development in soft materials.

Since, soft materials such as elastomers, gels, and biological tissues can

easily sustain large deformations, the instability-induced transformations

(for example, buckling, wrinkling, and creasing (Dortdivanlioglu and Linder,

2019; Lin et al., 2016)) do not lead to a catastrophic failure of the material.

Instead, they provide the opportunity to leverage the sudden change in

the configuration of material morphology for various functionalities. In
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nature, instability development can lead to pecuilar structural features, for

example, twisting and wavy-patterns in plant organs during differential

growth (Huang et al., 2018) and wrinkling of skin when immersed in water,

which can improve handling of wet objects (Kareklas et al., 2013; Wilder-

Smith, 2004).

The structural reconfigurations induced via instability development have

been reported in various flexible architected materials. For example, periodic

lattices exhibit mechanical instability by sequential buckling of inner elements

(Kang et al., 2014; Frenzel et al., 2016). Circuferential instabilities are

observed in radially incompatible bi-tube structure (Emuna and Cohen,

2020). In soft porous architectures, the voids collapse in a cooperative manner

leading to an internal reconfiguration of the microstructure (Mullin et al.,

2007; Bertoldi et al., 2008). Moreover, multi-phase architected composites

(Cho et al., 2016; He et al., 2023; Ongaro et al., 2016b,a; Dehghani et al.,

2020) can develop a rich variety of post-buckling patterns (Triantafyllidis

and Maker, 1985; Li et al., 2019a; Jiang et al., 2006). Fiber and layered

composites develop wavy (or sinusoidal) buckling patterns (Li et al., 2013,

2018a) that may transform into twinning (Li et al., 2022). Soft particulate

composites exhibit the formation of ordered anti-symmetric domains in the

post-instability regime, in addition to the wavy buckling patterns (Li et al.,

2019a).

Moreover, instability-driven pattern transformations provide us with

the unique opportunity to build architected materials that can switch their

material behavior and morphology. For example, the materials in post-

instability regime can show unusual behaviors like the occurence of new

elastic wave band gaps (Bertoldi and Boyce, 2008a; Gao et al., 2018; Li et al.,

2019b; Rudykh and Boyce, 2014; Bertoldi and Boyce, 2008b), waveguiding

capabilities (Shan et al., 2014), auxetic behavior (Bertoldi et al., 2010; Li

et al., 2018b; Shim et al., 2013), tunable dielectric permittivity (Goshkoderia

et al., 2020a; O’Neill et al., 2022), and photonic switches (Krishnan and
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Johnson, 2009), among many others (Bertoldi et al., 2017). Furthermore, the

direction-dependent onset of buckling of fibers in a uniform composite has

been employed to develop mechanically non-reciprocal materials (Wang et al.,

2023). Apparently, in all these material designs, the post-instability behavior

of the material is uniquely determined by its buckling characteristics. Hence,

widening the range of admissible instability patterns is crucial for building

materials with on-demand switchable functionalities.

The soft architected materials with active phases that are responsive to

external stimuli, for example, magnetic field, allow us to remotely control

the shape-transformations (Yu et al.; Kim et al., 2018; Moreno-Mateos

et al., 2023b, 2022a,b; Yarali et al., 2022; Lucarini et al., 2022; Bastola and

Hossain, 2021; Zhang et al., 2023; Zhang and Rudykh, 2022; Sim et al.,

2023; Wu et al., 2022; Kuang et al., 2021; Montgomery et al., 2021; Alam

et al., 2023; Narayanan et al., 2023; Hu et al., 2022; Ciambella et al., 2017,

2018; Ciambella and Tomassetti, 2020; Stanier et al., 2016; Ciambella and

Nardinocchi, 2019). Notably, the instability characteristics of these materials,

when subjected to a combined loading from multiple physics, presents a

novel opportunity to navigate the bifurcation landscape in ways that are

inaccessible with only mechanical loading. Rather than solely relying on

the mechanical forcing of material to achieve a metastable state, it can be

advantageous to use an external stimulus to change the material properties

to remotely trigger the instability. Adaptive materials such as dielectric

elastomers or magnetorheological elastomers can harness electromechanical

or magneto-mechanical coupling to regulate instability (Saxena et al., 2019;

Reddy and Saxena, 2018). For example, dielectric elastomers were included

in a soft multilayered dielectric stack to determine how electrically-induced

finite deformations affect their stability (Bertoldi and Gei, 2011; Rudykh

and deBotton, 2011; Rudykh et al., 2014). Magnetic field interactions

with ordered arrays of ferrous cylinders have also been shown to induce

buckling periodicities of higher order, which are inaccessible with only
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mechanical loads (Goshkoderia et al., 2020b). In another instance, a layer

of magnetorheological elastomer was placed over a neat elastomer, and the

effects of magnetic and mechanical forces on the buckling of the bilayer

structure were measured (Danas and Triantafyllidis, 2014; Psarra et al.,

2017, 2019).

1.2 Brief overview of the thesis

This thesis encompasses the investigation of instability-driven structural

reconfigurations in various types of soft architected materials, including

soft fiber composites, magneto-active layered composites, particulate and

multi-phase composites with hard-magnetic inclusions.

Chapter 2 focuses on the buckling in 3D fiber composites (FCs). The

first part of the chapter elucidates how the strain-stiffening behavior of the

matrix and fiber phases influence the instability parameters. The second

part concerns with the buckling of fibers in FCs with varying in-plane

microstructure periodicity. Through our experiments and simulations, we

find that the out-of-plane buckling orientation of fibers is determined by

the constituent material properties, volume fractions, and the in-plane

periodicity.

Chapter 3 presents a numerical and experimental study on the buckling

behavior of the composite system consisting of a magnetoactive layer em-

bedded into an inactive elastomeric matrix. The composite is subjected to

compressive strains in the presence of a high magnetic field. The results

demostrates that the instability development can be tailored remotely by

the applied magnetic field.

Chapter 4 introduces a new class of transformable materials with mag-

netic defect-defined switchable configurations. The soft material can be

magnetically-programmed to transform into various encoded patterns utiliz-

ing the rich interplay of magnetic interactions and instability phenomenon.
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The strategy allows us to break the limit of admissible configurations of the

instability-induced patterns that dictate the post-transformation behavior.

We experimentally realize the phenomenon in a material system consisting

of periodically distributed magnetic inclusions in a soft matrix. We also

showcase the idea of reconfigurable material design by embedding binary

information in magnetic form, which can be read out through the unique

repositioning of inclusions via the applied mechanical deformation.

Chapter 5 presents a magneto-mechanical metamaterial that offers tun-

able frequency filtering. The metamaterial can be programmed with a

non-uniform deformation field to locally control the material-densification.

The strategy harnesses instability development in a graded architected de-

sign and the magnetic interactions between the inclusions. Through our

simulations, we show that the metmaterial is bistable and new bandgaps

are inducted via applied deformation. Moreover, we uncover the underlying

physical mechanisms leading to the transformation in the acoustic behavior

of the metamaterial.

Finally, Chapter 6 concludes the thesis with a brief discussion on the

new findings and results.

1.3 General theoretical background

Consider the position vector of a material point in the current configuration

of body B is x, and X in reference configuration B0. The displacement

function for every material point in the body is characterized by x = x(X).

Then, the deformation gradient is defined as F = ∂x/∂X, J ≡ detF > 0.

The differential operators in the reference configuration are denoted

Div(•) and Curl(•) and the corresponding operators in the current con-

figuration are div(•) and curl(•), respectively. In this thesis, I consider

quasi-static deformation (unless stated otherwise) in the absence of an

electric field, electric charges, or electrical currents within the material.
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Consequently, the magnetic induction B and magnetic intensity H (in the

current configuration) satisfy the following field equations

divB = 0 and curlH = 0. (1.1)

In the Lagrangian form, (1.1) can be written as (Dorfmann and Ogden,

2004)

DivB0 = 0 and CurlH0 = 0, (1.2)

where the Div and Curl operators are defined with respect to X, B0 =

JF−1B and H0 = FTH are the Lagrangian counterparts of the magnetic

fields. Moreover, in a heterogeneous body, magnetic fields satisfy the jump

conditions across the interface

[[B]] ·N = 0 and [[H]]×N = 0, (1.3)

or alternatively,

[[
B0
]]
·N0 = 0 and

[[
H0
]]
×N0 = 0, (1.4)

where N and N0 denote the normal to the interface in the deformed and

reference configurations, respectively. The jump operator [[•]] ≡ (•)+ − (•)−

is defined such that N and N0 are pointing towards phase (•)−. The

magnetization is customarily defined as

M =
B

µ0

−H, (1.5)

where µ0 is the vacuum magnetic permeability.

Following the works of Brown (1966); Coleman and Noll (1974); Kovetz

(2000), the magnetization is constitutively defined in terms of free-energy

function ψ(F,B) as

M = −ρ ∂ψ
∂B

, (1.6)
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where ρ is the material density in the current configuration. The total

Cauchy stress σ is given by

σ = ρ
∂ψ

∂F
FT − 1

2µ0

(B ·B)I+H⊗B+ (M ·B)I. (1.7)

In terms of these relations, the energy-density function ψ fully character-

izes the behavior of magneto-active elastomers. Note that in the absence of

material (or vacuum), the stress tensor (1.7) is still non-zero and depends

on the magnetic field. The corresponding stress tensor is also referred

to as Maxwell stress. The free energy in Lagrangian form is defined as

Ψ(F,B0) = ψ(F, J−1FB0). In terms of Ψ, a Lagrangian amended energy

function can be constructed as (Dorfmann and Ogden, 2004)

W (F,B0) = ρ0Ψ(F,B0) +
FB0 · FB0

2µ0J
, (1.8)

where ρ0 = ρJ is the material density in the reference configuration. Then,

the corresponding Lagrangian variables are given by

H0 =
∂W

∂B0
and P =

∂W

∂F
(1.9)

where P is the 1st Piola Kirchhoff stress tensor. Eqs. (1.7)–(1.9) hold true for

compressible hyperelastic materials. For incompressible materials (J = 1),

however, the total Cauchy stress tensor is

σ =
∂W

∂F
FT − pI, (1.10)

where p is the Lagrange multiplier associated with the incompressibility

constraint.

In the absence of body forces, the total Cauchy and 1st Piola-Kirchhoff
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stress tensors satisfy the equilibrium conditions

divσ = 0 and DivP = 0. (1.11)

The corresponding jump conditions at the interface are

[[σ]] ·N = 0 and [[P]] ·N0 = 0. (1.12)

Note that for magnetically-inactive hyperelastic materials, Eq. (1.8)

reduces to

W (F) = ρ0Ψ(F). (1.13)
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2 buckling in soft fiber composites

2.1 Introduction

Soft fiber composites (FCs) simultaneously possess many desirable mechani-

cal properties including flexibility, strength, toughness, rigidity, and fatigue

resistance (Zhang et al., 2021a; Wang et al., 2019; Xiang et al., 2020a; Li

et al., 2020), therefore, are ubiquitously present in natural and bio-materials

(Saheb and Jog, 1999; Humphrey, 2002). Their mechanical behavior can

be significantly tailored by modifying the microstructure comprising of soft

and stiff phases. The performance of soft FCs can be further enhanced by

leveraging the pattern transformations associated with the buckling instabil-

ity. Historically, the buckling of fibers was considered as a failure mode and,

therefore, was to be predicted and avoided (Rosen, 1965; Christensen, 1979).

Recently, however, elastic instability phenomenon has been embraced to

design tunable materials that can undergo sudden and dramatic microstruc-

tural transformations (Mullin et al., 2007; Florijn et al., 2016; Kochmann

and Bertoldi, 2017; Babaee et al., 2016; Li et al., 2022). Furthermore, the

recent advancements in the multi-material 3D printing (Zhou et al., 2020;

Schwartz and Boydston, 2019; Xiang et al., 2020b; Kuang et al., 2019) have

allowed to experimentally realize instability phenomenon in soft composites

(Slesarenko and Rudykh, 2016; Li et al., 2019a).

In FCs, the instabilities can be classified into macroscopic (or long-

wave) and microscopic based on the wavelength of the buckling pattern.

Macroscopic instability is characterized by the critical wavelength signifi-

cantly larger than the characteristic microstructure, whereas microscopic

instability leads to the formation of a new periodicity of the order of the

initial microstructure. To predict the onset of instabilities, the linearized

incremental analysis for small displacement superimposed on finite defor-

mations is widely used (Ogden, 1997). The macroscopic instability can be
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estimated by performing the loss of ellipticity analysis on the effective tensor

of elastic moduli (Volokh, 2017), which can be calculated by employing mi-

cromechanics (Agoras et al., 2009; Rudykh and deBotton, 2012; Slesarenko

et al., 2017b; Fontenele et al., 2022; Aboudi and Volokh, 2020; Aboudi and

Gilat, 2023), phenomenological (Merodio and Ogden, 2002; Merodio and

Pence, 2001), or numerical-based approaches (Bruno et al., 2010; Greco

and Luciano, 2011; Greco et al., 2020). The microscopic instability can be

predicted by employing the Bloch-Floquet analysis superimposed on finite

deformations (Triantafyllidis and Maker, 1985; Nestorovic and Triantafyl-

lidis, 2004; Triantafyllidis et al., 2006). Moreover, the loss of ellipticity

analysis is equivalent to the microscopic instability analysis in the long-wave

limit (Geymonat et al., 1993).

The instability development in FCs, primarily, is dictated by the stiffness

contrast between the phases and their volume fractions (Agoras et al., 2009;

Rudykh and deBotton, 2012; Merodio and Ogden, 2002; Merodio and Pence,

2001; Qiu and Pence, 1997; Bruno et al., 2010; Greco and Luciano, 2011;

Greco et al., 2020; Michel et al., 2010; Triantafyllidis and Maker, 1985;

Nestorovic and Triantafyllidis, 2004; Triantafyllidis et al., 2006; Slesarenko

and Rudykh, 2017). However, in the majority of previous studies, a weakly

non-linear hyperelastic neo-Hookean material model is used to define the

constitutive behavior of phases. This relatively simple model corresponds to

the class of the models with Gaussian statistics of the polymer molecular

chain, and it cannot fully capture the rich and complex behavior of soft

materials (Xiang et al., 2020d,b; Flory and Rehner Jr, 1943; Wang and

Guth, 1952; Treloar, 1943).

To address this issue, in the first part of the chapter, Sec. 2.2, we

focus on the influence of the stiffening effects – stemming from the non-

Gaussian statistics of the polymer chains – on the microscopic and long-wave

instabilities in 3D FCs. In particular, we examine the hyperelastic 3D fiber

composites with the phases characterized by the Gent model (Gent, 1996)
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and study the interplay between the microscopic and long-wave instabilities.

To this end, we derive the analytical expression for the onset of long-wave

instabilities, and employ the Bloch-Floquet analysis superimposed on finite

deformations to detect microscopic instabilities and associated buckling

modes in the 3D FCs.

In the second part of the chapter, Sec. 2.3, we focus on the influence

of in-plane periodic microstructure on the instability development in 3D

soft FCs. In this regard, Slesarenko and Rudykh (2017) employed the

Bloch-Floquet analysis to examine the instabilities and associated buckling

patterns in periodic 3D FCs with the square arrangement of fibers. Recently,

Galich et al. (2018) numerically studied the instabilities and propagation of

waves in FCs with the rectangular arrangement of fibers. By analyzing the

polarization of eigenmodes in the vicinity of microscopic instability, they

predicted that the orientation of the buckling plane in these composites can

be switched by tuning the periodic unit cell’s aspect ratio. Followed by this,

Li et al. (2018a) experimentally realized the buckling behavior, however,

only identifying a single buckling direction. In particular, they observed

that the fibers always buckle in the direction they are closer to each other.

Here, we find the configurations of FCs exhibiting change in the orientation

of buckling plane, and also identify the factors influencing the behavior. As

we shall show, in addition to the aspect ratio, the fiber volume fraction and

the shear modulus contrast between the phases also significantly affect the

direction of fiber buckling. Guided by the simulation results, we realize the

instability-induced pattern formations and the rotation of buckling plane in

the experiments.
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2.2 Fiber composites with stiffening phases∗

Consider the 3D fiber composite made of aligned fibers embedded in the

soft matrix (as shown in Fig. 2.1) with fiber volume fraction c(f) and matrix

volume fraction c(m) = 1 − c(f). Here and thereafter, in this section, the

parameters and fields corresponding to fibers and matrix are denoted by

the superscripts (•)(f) and (•)(m), respectively. To capture the non-linear

stiffening effects, here we consider the 3D-fiber composites with the fiber and

matrix phases characterized by the Gent material model. The corresponding

SEDF is

ψG = −1

2
µJm ln

(
1− I1 − 3

Jm

)
, (2.1)

where µ is the initial shear modulus, Jm is the locking parameter. I1 = Tr(C)

is the first invariant of the right Cauchy-Green deformation tensor, C = F⊤F.

The lock-up occurs as the deformation approaches the certain level defined

as (I1 − 3) → Jm. In the limit Jm → ∞, Gent model (2.1) reduces to the

neo-Hookean model.

For further use, we define the average properties as ¯(•), which are defined

as
¯(•) = 1

V

∫
B0

(•(X))dV (2.2)

In this work, we examine the instabilities in 3D-fiber composites, in

which the 3D buckling mode is dictated by the amount of deformation in

the fiber direction. Therefore, we consider the uniaxial deformation along

the fiber direction; the corresponding macroscopic deformation gradient is

F̄ = λ−1/2(e1 ⊗ e1 + e2 ⊗ e2) + λe3 ⊗ e3. (2.3)

∗This section is adapted from the article N. Arora, J. Li, V. Slesarenko, and S.
Rudykh, Microscopic and long-wave instabilities in 3D fiber composites with non-Gaussian
hyperelastic phases. International Journal of Engineering Science 157, 103408 (2020).
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L

e1

e3
e2

Figure 2.1: Schematic of FC with random distribution of fibers, aligned
along the direction L.

2.2.1 Macroscopic instability analysis

2.2.1.1 Background

To perform the instability analysis, we consider incremental deformations

superimposed on a finitely deformed state. Following Ogden (1997), we

define the incremental deformation gradient as Ḟ = ∂u/∂X, where u is

the incremental displacement. Accordingly, the increment in the 1st Piola-

Kirchhoff stress tensor Ṗ can be expressed as

Ṗ = AḞ, (2.4)

where

A =
∂2ψ

∂F∂F
. (2.5)

is the tensor of elastic moduli. The incremental equilibrium equation can

be written as

Aiαjβ
∂2uj

∂Xα∂Xβ

= 0. (2.6)
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In the case of incompressible materials, Eq. (2.6) modifies to

Aiαjβ
∂2uj

∂Xα∂Xβ

+
∂ṗ

∂Xi

= 0, (2.7)

where ṗ is the variation in p. The incompressibility condition implies

∇ · u = 0. (2.8)

The incremental equilibrium Eq. (2.7) in the current configuration can be

written as

A0
ipjq

∂2uj
∂xp∂xq

+
∂ṗ

∂xi
= 0, (2.9)

where

A0
ipjq = J−1FpαFqβAiαjβ. (2.10)

The macroscopic instability can be estimated by performing the loss of

ellipticity analysis on the effective tensor of elastic moduli. In particular,

we seek a solution for Eq. (2.9) in the form

u = m̂eikx·n̂, ṗ = qeikx·n̂, (2.11)

where m̂ and n̂ are unit vectors and k denotes a wave number. The

incompressibility constraint (2.8) results in the requirement

m̂ · n̂ = 0. (2.12)

Substitution of (2.11) in (2.9) yields

Qm̂+ iqn̂ = 0, (2.13)

where Q is the so-called acoustic tensor defined as

Qij ≡ A0
ipjqn̂pn̂q. (2.14)
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The associated strong ellipticity condition is

Qijm̂im̂j ≡ A0
ipjqn̂pn̂qm̂im̂j > 0. (2.15)

2.2.1.2 Effective tensor of elastic moduli

We propose the following effective SEDF for the uniaxially loaded TI 3D-FCs

with incompressible Gent phases

ψ̃(TI) = −1

2

[
c(m)µ(m)J (m)

m ln

(
1− Ĩ

(m)
1 − 3

J
(m)
m

)
+ c(f)µ(f)J (f)

m ln

(
1− Ĩ

(f)
1 − 3

J
(f)
m

)]
,

(2.16)

where,

Ĩ
(f)
1 = Ī4 + 2Ī

−1/2
4 +

(
1− c(m)ω

)2 (
Ī1 − Ī4 − 2Ī

−1/2
4

)
, (2.17)

and

Ĩ
(m)
1 = Ī4 + 2Ī

−1/2
4 +

[(
1 + c(f)ω

)2
+ c(f)ω2

] (
Ī1 − Ī4 − 2Ī

−1/2
4

)
, (2.18)

with Ī4 = L·C̄L and C̄ = F̄T F̄; L is a unit vector along the direction of

fibers (see Fig. 2.1). The scalar parameter ω is

ω =
G(f) −G(m)

G(f) (1− c(f)) +G(m) (1 + c(f))
, (2.19)

where G(r) denotes the (r)-phase tangent shear modulus, defined as

G(r) = J (r)
m µ(r)/θ(r), (2.20)

with θ(r) = J
(r)
m − (λ2 + 2λ−1 − 3). The tangent shear modulus G(r) reduces

to the initial shear modulus µ(r) in the case of the neo-Hookean phase

(J
(r)
m → ∞). Note that the proposed SEDF has a remarkably compact form,
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and it is applicable for the relevant fully 3D uniaxial deformation, and it

is not limited to the plane-strain constraint (Rudykh and deBotton, 2012),

which leads to a bulky expression for ω.

The non-zero components of the tensor of elastic moduli corresponding

to the SEDF (2.16) are

Â0
1111 = Â0

2222 = G̃λ−1 + 2βλ−2,

Â0
3333 = λ2

[
Ḡ(1 + 2λ−3)− 2G̃λ−3 + 2λ2 (β + 2ζ(1− λ−3) + η(1− λ−3)2)

]
,

Â0
1122 = Â0

2211 = 2βλ−2,

Â0
1133 = Â0

2233 = Â0
3311 = Â0

3322 = 2λ [β + ζ(1− λ−3)] ,

Â0
1212 = Â0

2121 = Â0
3131 = Â0

3232 = G̃λ−1,

Â0
1313 = Â0

2323 = λ2
(
G̃+

(
Ḡ− G̃

)
(1− λ−3)

)
,

(2.21)

where

β = c(m)G(m)(α̃(m))2/θ(m) + c(f)G(f)(α̃(f))2/θ(f),

ζ = c(m)G(m)α̃(m)(1− α̃(m))/θ(m) + c(f)G(f)α̃(f)(1− α̃(f))/θ(f),

η = c(m)G(m)(1− α̃(m))2/θ(m) + c(f)G(f)(1− α̃(f))2/θ(f),

(2.22)

with

α̃(f) =
(
1− c(m)ω

)2
and α̃(m) =

(
1 + c(f)ω

)2
+ c(f)ω2. (2.23)

The effective moduli G̃ and Ḡ are

G̃ = G(m)

(
1 + c(f)

)
G(f) +

(
1− c(f)

)
G(m)

(1− c(f))G(f) + (1 + c(f))G(m)
and Ḡ = c(f)G(f) + c(m)G(m).

(2.24)

2.2.1.3 Analytical estimate

By using the strong ellipcticity condition (2.15) on the effective elastic

modulus Â0
ijkl, the onset of macroscopic instability occurs when the stretch
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in the fiber directions exceeds the critical level given by

λcr =

(
1− G̃

Ḡ

)1/3

. (2.25)

Consider a special case of the FCs with fibers and matrix phases character-

ized by identical locking parameters, namely, J
(f)
m = J

(f)
m = Jm. Remarkably,

for this case, Eq. (2.25) reduces to

λcr =

(
1− µ̃

µ̄

)1/3

, (2.26)

where the effective initial shear moduli are

µ̃ = µ(m)

(
1 + c(f)

)
µ(f) +

(
1− c(f)

)
µ(m)

(1− c(f))µ(f) + (1 + c(f))µ(m)
, (2.27)

and

µ̄ = c(f)µ(f) + c(m)µ(m). (2.28)

Thus, the onset of macroscopic instability and the corresponding critical

stretch are independent of the locking parameters Jm for TI composites

with identical stiffening characteristics of the Gent phases. Note that the

expression for the critical stretch (2.26) coincides with the one corresponding

to neo-Hookean TI composites (Rudykh and deBotton, 2012).

2.2.2 Microscopic instability analysis

To study microscopic instability, we employ the Bloch-Floquet technique,

superimposed on finite deformations (Bertoldi et al., 2008; Geymonat et al.,

1993; Triantafyllidis et al., 2006; Slesarenko and Rudykh, 2017). Here, we

consider FCs with fiber aligned in the direction L = e3, and in-plane period-

icity (e1, e2). The instability analysis is performed on the representative

volume element (RVE) of the square periodic unit cell (shown in Fig. 2.2).
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The initial dimensions of the RVE are L = W = a and h = 0.05a. In the

undeformed configuration, d is the initial diameter of the fiber and a is

the distance between two adjacent fibers in either of e1 or e2 direction (see

Fig. 2.2) and c(f) = πd2/4a2.

e1

e3
e2

h

a

d

B

A

LLL

Unit cell (undeformed) Deformed state

Figure 2.2: 3D periodic fiber composite with L in the direction of fiber.

Numerical simulations are conducted by the means of finite element

code COMSOL Multiphysics 5.4. The instability analysis is performed in

two steps: First, we finitely deformation by imposing periodic boundary

conditions on the faces of the unit cell. Second, Bloch-Floquet conditions

are imposed on the unit cell as u (X+R) = u (X) exp(−iK · R), where

K is the Bloch wave vector, and R defines the spatial periodicity in the

reference configuration. The eigenvalue problem is solved until a non-trivial

zero eigenvalue is detected. The corresponding deformation level and the

wavenumber are identified as the critical deformation level and critical

wavenumber kcr.

2.2.3 Results

Figure 2.3 illustrates the dependence of critical stretch and the associated

wavelengths (inverse of critical wavenumber) on the fiber locking parameter

(J
(f)
m ) (a) and matrix locking parameter (J

(m)
m ) (b). The results are shown
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for the fiber composites with fiber volume fraction = 0.048, shear modulus

contrast, κ = µ(f)/µ(m) = 100, and J
(m)
m = 0.1 for subfigure (a) and J

(f)
m = 1

for subfigure (b). The filled and hollow symbols correspond to macroscopic

and microscopic instabilities, respectively. The half-filled symbol marks

the point corresponding to the transition of instability mode. We observe

that the stability of the composites increases (critical stretch decreases)

with an increase in the fiber locking parameter and/or decrease in the

matrix locking parameter. Moreover, the critical wavelength corresponding

to the microscopic instabilities increases with a decrease in the fiber locking

parameter and/or with an increase in the matrix locking parameter. As a

consequence, the composites with stiffening fibers tend to develop long-wave

instabilities, whereas the composites with stiffening matrix phase are more

prone to microscopic instabilities.

Figure 2.4 represent the buckling mode of fibers, which develop as a result

of microscopic instabilities in the composites with various phase locking

parameters. In particular, the locking parameters are: J
(f)
m = 0.4 and

J
(m)
m = 0.1 (a); J

(f)
m = 2 and J

(m)
m = 0.1 (b); J

(f)
m = 1 and J

(m)
m = 0.1 (c);

and J
(f)
m = 100 and J

(m)
m = 0.1 (d). The height of all the buckling modes

is identical. It is evident from these buckling modes, that even a small

variation in the locking parameters of phases results in significant changes

in the shape of these patterns.

Finally, we summarize the results for Gent-Gent composites in Fig. 2.5

showing the critical stretch ratio (a) and normalized critical wavenumber (b)

as surface-functions of fiber and matrix locking parameters. The results are

given for FCs with κ = 100 and c(f) = 0.048. The dashed curve separates

the white region where either of the phases locks-up before the onset of

instabilities (no instabilities are detected). In particular, the composites

with significantly smaller matrix locking parameters J
(m)
m get stable beyond

the corresponding lock-up stretch ratio λlock. The dash-dotted curve divides

the remaining region into two domains corresponding to microscopic and
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Figure 2.3: Dependence of critical stretch and normalized critical wavenum-
ber on the fiber (a) and matrix (b) locking parameters.

(a) (d)

neo-Hookean 

(b) (c)

J    = 0.3 m
(f) J    = 0.4m

(f) J    = 2 m
(f)

Figure 2.4: Buckling modes of fibers for composites with various phase
locking parameters. The color shows the magnitude of in-plane displacement.

long-wave instabilities. In agreement with our previous observations, the

results show that the critical stretch and wavenumber vary significantly in the

regions of small locking parameters (either of fiber or matrix phases). The
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(a)

(b)

Figure 2.5: Critical stretch λcr (top) and normalized critical wavenumber,

kcr3 a (bottom), with various fiber locking parameters J
(f)
m and matrix locking

parameters J
(m)
m . FCs with fiber volume fraction c(f) = 0.048 and shear

modulus contrast κ = 100 are considered.
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wavenumber, however, also shows a significant tunability in the transition

zone from long-wave to microscopic instabilities. Clearly, the stability of

FCs increases (critical stretch decreases) as the fiber locking parameter J
(f)
m

increases and/or the matrix locking parameter J
(m)
m decreases. Moreover, the

critical wavelength corresponding to the microscopic instabilities increases

with a decrease in the fiber locking parameter and/or with an increase in

the matrix locking parameter. The FCs with lower J
(f)
m tend to develop

long-wave instabilities, whereas smaller values of J
(m)
m favor the development

of microscopic instabilities. However, in the region where both locking

parameters are small, composites exhibit macroscopic instabilities.

2.3 Fiber composites with rectangular

in-plane periodicity†

In this section, we study the buckling of soft 3D-fiber composites (FCs)

with varying in-plane microstructure periodicity. In particular, FCs with

rectangular in-plane arrangement of fibers are considered, i.e., the fibers are

periodically situated at distance a from each other in one principal direction

and distance b along the other principal direction (b > a), as shown in

Fig. 2.6.

2.3.1 Material fabrication and experiments

First, we provide the details of specimen fabrication, experimental device

and setup. The 3D fiber composites are printed using the Stratasys Objet260

Connex 3D printer. Circular fibers are vertically aligned along the direction

e2 and are periodically distributed in transparent soft matrix with the

separation of distance a along the e1 direction, and b along the e3 direction,

†This section is adapted from the article N. Arora, J. Li, and S. Rudykh, Tunable
buckling configurations via in-plane periodicity in soft 3D-fiber composites: Simulations
and experiments. International Journal of Solids and Structures 250, 111711 (2022).
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Figure 2.6: (a) Unit cell of fiber composite with rectangular arrangement
of circular fibers. (b) 3D schematic of the fiber composite highlighting the
distinct fiber arrangement in two principal planes – (c) ⟨e1, e2⟩ plane referred
to as Plane 1 and (d) ⟨e3, e2⟩ plane referred to as Plane 2.
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Table 2.1: Geometric parameters, number of fibers along the principal
directions, and dimensions of the printed fiber composites.

vf b/a a (mm)
Number of fibers in

Specimen height (mm)
e1-direction e3-direction

0.05 4 4 20 6 74
0.05 7 2.5 20 3 60
0.05 10 2.5 24 3 60
0.06 10 2.5 12 2 40

as per the dimensions of unit cell (Fig. 2.6a); note that b > a. The schematic

of an example specimen is shown in Fig. 2.6b. The stiff fibers are printed

using the digital material (mixture of TangoPlus and VeroBlack) DM-95

(shear modulus, µf ≈ 4.9 MPa (Meng et al., 2020)), while transparent

soft matrix is printed using TangoPlus (µm ≈ 0.21 MPa (Slesarenko et al.,

2017a; Slesarenko and Rudykh, 2018)). Here, and thereafter, the fields and

parameters corresponding to fibers and matrix are denoted as (•)f and (•)m,
respectively. Geometrically, the FCs are defined by the aspect ratio of unit

cell, b/a, and the volume fraction of fiber phase, vf = πd2/(4ab), where d

is the diameter of each fiber (Fig. 2.6a). We print four different FCs with

the geometric parameters, number of fibers, and dimensions provided in

Table 2.1. To reduce the influence of boundary effects on the periodic FCs,

the specimens are printed with an additional TangoPlus material layer of

thickness 5 mm on the boundary. Uniaxial compression tests are performed

using MTS Sintech 10/GL testing machine (maximum load 50 kN). The

specimens are compressed quasi-statically along the direction of fibers, e2, at

the strain rate of 10−3 s−1. Since the soft matrix’s materials is transparent,

the embedded fibers and their buckling patterns are visible from the outside.

The deformation of FCs is recorded using two high resolution cameras:

The first camera is facing towards the ⟨e1, e2⟩ plane referred to as Plane 1

(Fig. 2.6c) and the second camera captures the deformation in plane ⟨e3, e2⟩
or Plane 2 (Fig. 2.6d).
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2.3.2 Numerical modeling

In this section, we discuss the numerical analysis performed to predict the

onset of instability and the associated buckling modes in FCs with rectangu-

lar arrangement of fibers. We employ Bloch-Floquet analysis superimposed

on finite deformations to investigate the microscopic instability, similar to

the study for fiber composites with stiffening phases (subsection 2.2.2). We

performed the analysis on the representative volume element (RVE) of the

periodic FC with dimensions as shown in Fig. 2.6a; the height of the RVE is

h = 0.05a. The FC is subjected to the uniaxial deformation along the fibers

defined by the following macroscopic deformation gradient:

F̄ = λe2 ⊗ e2 + λ−1/2 (e1 ⊗ e1 + e3 ⊗ e3) , (2.29)

where λ is the applied macroscopic stretch along the direction of fibers and

ei are basis vectors as shown in Fig. 2.6.

Fibers and matrix are defined by the neo-Hookean strain energy density

function, which is integrated in COMSOL as

Ψ =
1

2
µ (I1 − 3)− µ ln J +

1

2
Λ (ln J)2 , (2.30)

where µ is the shear modulus and Λ is the first Lame’s parameter. To model

the nearly-incompressible behavior of both phases, we set a very high ratio

between the first Lame’s parameter and shear modulus, Λ/µ = 1000. The

microscopic instability analysis is performed in two steps, as described in

subsection 2.2.2.

2.3.3 Results and discussion

We start by investigating the effect of the in-plane periodicity aspect ratio,

b/a, on the instability parameters and the orientation of buckling plane in

the FCs. Figures 2.7a and b show the critical stretch λcr and normalized
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Figure 2.7: (a) Critical stretch λcr and (b) normalized critical wavenumber
kcra/(2π) versus the aspect ratio of fiber composite, b/a. Fiber composites
with fiber volume fraction vf = 0.05 and shear modulus contrast µf/µm = 23
are considered. (c) Experimental images of instability induced pattern
formations in fiber composites with aspect ratios, b/a = 4, b/a = 7, and
b/a = 10 at λ = 0.654, λ = 0.687, and λ = 0.615, respectively. The color
coded horizontal line shows the orientation of buckling plane: blue and red
correspond to principal planes Plane 1 and Plane 2, respectively, and green
represents the non-principal plane. Scale bar: 5 mm.
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critical wavenumber kcra/(2π) as the functions of b/a, respectively. The

results are presented for the composites with fiber volume fraction vf = 0.05,

µf ≈ 4.9 MPa, and µm ≈ 0.21 MPa, such that the shear modulus contrast

is µf/µm ≈ 23. The triangles with dotted curves represent the simulation

results, and the circular symbols denote the experimental findings. The

experimental value of critical wavenumber in the reference configuration is

evaluated using the buckling wavelength l in the current configuration. The

relation between them is kcr = 2πλ/l, where stretch ratio λ corresponds

to the deformation level at which the wavelength is measured. Blue filled

symbols mark the composites in which the fibers buckle in the principal

Plane 1, whereas red hollow symbols show buckling in principal Plane 2.

The green half-filled symbols and the estimated region marked in the green

color denote the buckling of fibers in a non-principal plane. Figure 2.7c

shows the images of instability patterns observed experimentally: b/a = 4

(top left), b/a = 10 (top right), and b/a = 7 (bottom). The horizontal bar is

shaded in color to show the orientation of buckling at a given b/a value: blue

for Plane 1, red represents Plane 2, and the green region denotes buckling

in a non-principal plane.

We observe that the FCs develop instability at smaller deformation

levels (λcr increases) with an increase in the periodicity aspect ratio, b/a.

Moreover, the wavelength of instability patterns (inverse of kcr) increases

as the periodicity aspect ratio increases. The values of the numerically

predicted critical wavenumber values are in a good agreement with the

experimental results. In experiments, however, the instability develops at

higher deformation levels than predicted by simulations. The discrepancy

observed here can be attributed to multiple factors, such as, for example,

boundary effects or the stabilization effect due to the interphasial zone

between the fibers and matrix (Arora et al., 2019). Nevertheless, the

variation of critical parameters with aspect ratio follow the same trend in

simulations and experiments.
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Interestingly, the buckling plane of the FC rotates with a change in its

aspect ratio. In particular, we observe that at smaller values of b/a, the fibers

buckle in the direction in which they are closer to each other, i.e., in Plane

1. For instance, at b/a = 4, we find in our simulations and experiments, that

the fibers undergo cooperative buckling in ⟨e1, e2⟩ principal plane (Fig. 2.7c–
top left). On the other hand, at higher values of b/a, Plane 2 is preferred

over the first one for buckling. For example, in the FCs with b/a = 10, the

buckling is observed in the principal plane ⟨e3, e2⟩ (Fig. 2.7c–top right).
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Figure 2.8: Buckling plane map as the function of fiber volume fraction
vf and aspect ratio b/a. Fiber composites with shear modulus contrast
µf/µm = 23 are considered. The circular symbols denote the experimental
findings.

Note that the orientation of the buckling plane does not discretely switch

from Plane 1 to Plane 2. Instead, there exists a transition region (shaded in

green color) where the fibers buckle in a non-principal plane. In simulations,
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this region can be identified by observing the polarization of the associated

eigenmode(s) in the following two ways: (i) if the eigenmode for which

the zero non-trivial eigenfrequency is obtained has a polarization along

the non-principal direction, or (ii) for the eigenmodes with polarization

in the principal directions (e1 and e3), if the eigenvalues become (non-

trivially) zero at almost same deformation levels. For the FCs considered

here, the transition region approximately lies in the range 6 ≲ b/a ≲ 7. In

experiments, for the composite with aspect ratio b/a = 7, the instability

patterns are observed in both Plane 1 and Plane 2 (Fig. 2.7c–bottom),

which indicates that the buckling occurs in a non-principal plane. This is in

contrast to experimental results for the FCs with b/a = 4 and b/a = 10: for

these composites the buckling is only observed in a single principal plane.

Next, we investigate the role of fiber composite microstructure geometry

on the buckling plane orientation. To this end, Fig. 2.8 shows the buckling

plane map as the function of geometric parameters: fiber volume fraction vf

and aspect ratio b/a, for the composites with µf/µm = 23. The regions are

color shaded according to the buckling plane orientations, similar to Fig. 2.7.

The arrows in the schematic of respective regions show the direction of fiber

buckling. The dotted curve separates the gray region that is geometrically

inadmissible, given by the equation, vf ≥ πa/(4b). The circular symbols

represent the experimental results.

It is evident from Fig. 2.8 that the FCs can be classified into four

geometric parameter groups, based on their buckling plane orientations.

First, in the composites with small aspect ratios, i.e. with nearly square

arrangement of fibers, the buckling plane orientates towards the non-principal

direction (denoted by the green shaded region). These composites are not

influenced by the unequal distribution of fibers along the two principal

directions and their instability behavior is close to that of the square periodic

FCs. With increase in the aspect ratio, however, the buckling plane switches

to Plane 1. This transition, approximately marked by the dash-dotted
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curve, occurs at comparatively higher values of b/a for the composites with

smaller fiber volume fractions. For instance, in the FC with b/a = 2, the

fibers buckle along the non-principal direction when vf = 0.03, and along

e1-direction for vf = 0.05.

In the composites that show the effects of unequal in-plane distribution of

fibers, we observe that the volume fraction of fibers has a similar influence as

that of periodicity aspect ratio on the buckling plane orientation. Specifically,

in the FCs with smaller fiber volume fractions and smaller aspect ratios,

the fibers are more likely to buckle along the direction in which they are

closer to each other (or Plane 1 ). In contrast, the buckling along the second

principal plane is preferred at higher values of vf and b/a. The switch in

buckling plane orientation may be attributed to the decrease in the the

distance between the periphery of fibers with an increase in vf and/or b/a:

This leads to a significantly higher reinforcement along the e1-direction in

comparison to the e3-direction and the FCs tend to behave as laminates

with layers periodically distributed along e3-direction. Hence, ⟨e3, e2⟩ plane
(or Plane 2 ) becomes energetically favorable for the instability development.

These two regions (shaded in red and blue) are separated by a transition

region in the middle (shaded in green color). In this region, similar to the

nearly square periodic FCs, the fibers buckle in neither Plane 1 nor Plane

2, instead buckle in a non-principal plane. The black solid curve in Fig. 2.8

is approximately drawn at the centre of the transition region; it is termed

as the transition curve.

The experimental results for FCs with vf = 0.05 having aspect ratios

b/a = 4, b/a = 7, and b/a = 10 are in good agreement with the simulations

(as was also previously shown in Fig. 2.7). Moreover, the fibers in FC with

vf = 0.06 and b/a = 10 are experimentally observed to buckle in Plane 2

(hollow red symbol), further validating the numerical predictions.

Finally, we examine the dependence of fiber buckling orientation on the

shear modulus contrast between the phases. In Fig. 2.9, we plot the transition
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Figure 2.9: Shift in transition curve with the variation in shear modulus
contrast µf/µm of fiber composite.

curves, which correspond to the transition region between Plane 1 and Plane

2 on the buckling plane map (see the black solid curve in Fig. 2.8). We

consider the FCs with shear modulus contrast: µf/µm = 10 (blue), µf/µm =

15 (red), µf/µm = 23 (green), and µf/µm = 50 (orange). We observe that

with an increase in the shear modulus contrast (µf/µm), the transition

curve shifts towards the higher periodicity aspect ratios and higher fiber

volume fractions. For instance, consider the FCs with geometric parameters

vf = 0.03 and b/a = 8, they develop buckling in Plane 2 for µf/µm = 10,

whereas fibers buckle in Plane 1 when the shear modulus contrast is increased

to µf/µm = 50. Recall that the area between the transition curve and the

dotted curve (separating the geometrical inadmissible region) correspond to

the FCs that develop buckling in Plane 2. Therefore, as the transition curve

shifts with an increase in the shear modulus contrast, FCs are more likely

to develop buckling in the first principal plane for a wide range of geometric
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parameters. Hence, higher values of µf/µm favors the buckling of fibers in

Plane 1.

The results presented here can be utilized in designing systems that

exploits the targeted buckling plane; for instance, an acoustic metamaterial

that can filter waves based on their polarization. Moreover, these controlled

microstructure transformations in FCs can be merged with other material

systems at different length scales to build hierarchical elastic metamaterials

(Hussein, 2019; Bacquet et al., 2018; Arora et al., 2022; Ostoja-Starzewski

et al., 2016). The dynamic properties of such systems can be studied

by applying the recently developed adaptive isogeometric methods (Yu

et al., 2022; Jansari et al., 2022; Chen et al., 2022, 2020). Furthermore,

we note that the onset of instabilities can be affected by the uncertainties

or imperfections in the material or geometry of the composite. The effect

of such uncertainties can be quantified and integrated into the numerical

framework through stochastic analysis (Ding et al., 2020, 2021; Hauseux

et al., 2017, 2018).
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3 tuning instability development in

magnetorheological elastomer laminates∗

3.1 Introduction

Instability tuning with combined loading from multiple physics presents a

novel opportunity to navigate the bifurcation landscape in ways that are

inaccessible with only mechanical loading. Rather than solely relying on

the mechanical forcing of material to achieve a metastable state, it can be

advantageous to use an external stimulus to change the material properties

to remotely trigger the instability. Adaptive materials such as dielectric

elastomers or magnetorheological elastomers can harness electromechanical

(Xia et al., 2021) or magneto-mechanical coupling to regulate instability. For

example, dielectric elastomers were included in a soft multilayered dielectric

stack to determine how electrically-induced finite deformations affect their

stability (Bertoldi and Gei, 2011; Rudykh and deBotton, 2011; Rudykh et al.,

2014). Magnetic field interactions with ordered arrays of ferrous cylinders

have also been shown to induce buckling periodicities of higher order, which

are inaccessible with only mechanical loads (Goshkoderia et al., 2020b). In

another instance, a layer of magnetorheological elastomer was placed over a

neat elastomer, and the effects of magnetic and mechanical forces on the

buckling of the bilayer structure were measured (Danas and Triantafyllidis,

2014). This work strives to determine if buckling instability can be induced

in a laminated magnetorheological elastomer via an applied magnetic field

to provide a quick remotely-triggered geometric reconfiguration.

Magnetorheological elastomers (MREs) are fabricated by crosslinking

∗This chapter is adapted from the article V. Chen, N. Arora et al., Mechanical
instability tuning of a magnetorheological elastomer composite laminate. Composites
Part B 251, 110472 (2023). NA developed the computational model for the instability
analysis and analyzed the data. VC performed the experiments. All contributed to the
writing of the manuscript.
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micron-scale magnetic particles within an elastomeric matrix. The magnetic

particles can be isotropically dispersed throughout the matrix, or a magnetic

field can be applied to the sample (during polymerization) so that aligned

columns of magnetic particles are formed. In either system, it has been

consistently shown that the shear stiffness of an MRE increases fast and

reversibly with an applied magnetic field, as reported in the double lap

shear tests (Nam et al., 2020), magnetorheology (Walter et al., 2017), and

dynamic mechanical analysis (Chen et al., 2007). In addition, anisotropically

loaded MREs show a stronger stiffening effect over isotropic MREs in the

aligned direction (Khanouki et al., 2019). In general, the storage and loss

modulus of an MRE depend on the: (i) magnetic field-induced particle

interactions (ii) the viscoelasticity of the matrix, and (iii) the adhesion of

the particles to the matrix (Morillas and de Vicente, 2020). However, the

experimental literature lacks a consensus on the effect of magnetic field

on the MRE damping behavior as described by Li and Sun (2014), with

some articles claiming an increase, decrease, or unclear change in loss factor

with an applied magnetic field. A recent comprehensive review of magneto-

mechanical characterization of MREs by Bastola and Hossain (2020) provides

additional context on these challenges.

The complexity of the MRE response to combined mechanical and mag-

netic fields is exacerbated in mechanical instability studies, where small

changes in stiffness, geometric, and perturbation forces influence a critical

buckling event. Coupled magneto-mechanical material modeling has pro-

vided a useful lens to interpret MRE behavior (Garcia-Gonzalez and Hossain,

2020; Saxena et al., 2013; Tiersten, 1964; Gorodkin et al., 2009; Keip and

Rambausek, 2017; Javili et al., 2013; Castañeda and Galipeau, 2011; Kadapa

and Hossain, 2022; Ivaneyko et al., 2014; Itskov and Khiêm, 2016; Ciambella

et al., 2018; Ortigosa and Gil, 2016; Moreno-Mateos et al., 2023a), with a

particular focus on instability effects in the literature. In 1968, Moon and

Pao (1968) pioneered a model to determine the critical buckling point of a
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magnetoelastic thin plate constrained in a transversely- applied magnetic

field, and their results were compared to experiments. Later, Kankanala and

Triantafyllidis (2008) developed a continuum mechanics formulation that

described the instability formation of an MRE rectangular block subjected to

plane-strain deformation and a transversely applied magnetic field. Otténio

et al. (2008) derived the coupled linearized (or incremental) equations super-

imposed on large deformations (building on the formulation by Dorfmann

and Ogden (2004)) to analyze the surface instabilities in a magnetoactive

half-space. Psarra et al. (2017, 2019) determined the effect of a magnetic

field on a surface layer of MRE adhered to a soft elastomer layer, and

validated their work with experimental studies. Rudykh and Bertoldi (2013)

analyzed the effect of anisotropic magnetic particle formation within MREs

and derived the long-wave estimates for the magneto-mechanical instabilities

in magnetorheological laminates. Recently, Pathak et al. (2022) analytically

predicted the existence of unusual microscopic modes in layered MREs

under the action of a magnetic field. These studies help build a foundation

to understand magnetoelastic coupling in MRE materials; however, more

experimental research is needed to identify magnetic tuning features for

magneto-mechanical applications.

Thanks to their simple, remote, and reversible principle of operation,

MREs can provide the material platform for various applications, such

as variable-stiffness devices (Erb et al., 2012; Ginder et al., 2002), tunable

vibration absorbers (Ginder et al., 2001; Wang et al., 2018), damping devices

(Gong et al., 2012; Yang et al., 2012), sensors (Lanotte et al., 2003; Tian

et al., 2011), noise barriers (Farshad and Le Roux, 2004; Karami Mohammadi

et al., 2019), remotely controlled actuators (Ciambella et al., 2017; Kim

et al., 2018; Stanier et al., 2016; Tang et al., 2018), biomedicine (Makarova

et al., 2016), and soft robotics (Hu et al., 2018; Yim and Sitti, 2011) among

many others. In this study, we investigate the capacity of a magnetic field to

tune the wrinkling instability in the MRE stiff/soft composite laminate, with
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an eye toward how this can impact practical applications. We perform the

experimental investigation of the buckling development in the MRE laminate

under mechanical and magnetic loading sweeps. Further, a large deformation

nonlinear magneto-mechanical computational model is implemented using

the experimentally derived constitutive parameters and magnetization profile.

The study concludes with a tuning diagram of how to exploit the levers of

mechanical loading and magnetic field to control the wrinkling response of

an MRE architecture.

3.2 Experiments

3.2.1 Fabrication of MRE Specimens

To generate the neat soft elastomeric matrix, Sylgard 184 (Ellsworth Ad-

hesives, Germantown, WI) base and catalyst were mixed rigorously with a

handheld mixer for 5 minutes, followed by vacuum degassing for 1 hour at

room temperature. The base-to-catalyst ratio was varied from 10:1 to 30:1

to tune the crosslink density and stiffness of the elastomer. The degassed

mixture was poured into 3D printed molds (Flashforge Creator Pro, ABS

filament) with dimensions of 20 mm × 7 mm × 7 mm and cured at 60°C for

2 hours.

To fabricate the magnetoelastomer composite, iron powder with a 3

µm average diameter (US Research Nanomaterials Inc., Houston, TX, US)

was mixed into the Sylgard 184 at volume fractions from 0-0.52. Iron

particles were dispersed in the Sylgard 184 base prior to the addition of the

catalyst. A planetary mixer (Thinky, ARE-310) rotating at 1000 RPM for 2

minutes produced a homogeneous mixture without causing a significant rise

in temperature (¡ 5°C), which may lead to premature curing. The mixture

was placed under a vacuum for 1 hour to remove air pockets introduced by

the mixing. The iron-loaded composite was molded by casting between two
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acrylic sheets (McMaster Carr, Aurora, OH) with acrylic spacers (Astra

Products, Copiague, NY) ranging from 0.2-0.5 mm thick cut by a CO2 laser

(Full Spectrum Laser, PS48-150W). The layer was cured at 60°C for 2 hours.

After curing, the specimen was laser cut to rectangles of 28 × 7 mm2 using

a 1064 nm laser cutter (Keyence, MD-X1520).

The laminate specimen was formed by layering rectangles of neat elas-

tomer (30:1 base-to-catalyst ratio, 20 mm × 7 mm) followed by magnetoe-

lastomer (28 mm × 7 mm), and then another layer of neat elastomer (20

mm × 7 mm). A thin layer (¡100 µm) of the pre-polymerized 30:1 Sylgard

184 was applied between the layers as a chemically compatible adhesive.

The assembly was secured in a 3D printed mold during 2 hours of curing

at 60°C, followed by 2 hours of curing at 100°C. A representative laminate

sample can be seen in Fig. 3.1c.

3.2.2 MRE Laminate Test Setup

Figure 3.1a shows the experimental setup that allows simultaneous axial

compression and a transverse magnetic field to be applied to an MRE lam-

inate. The electromagnet coils can generate a uniform 2T magnetic field

in the volume occupied by the laminate MRE sample. A non-magnetic

compression stage was 3D printed (Fig. 3.1b), allowing for a plunger (acti-

vated by a servo-motor) to compress the laminate architecture while under

an applied magnetic field. The laminate sample is constrained within the

compression stage by an acrylic plate with silicone oil applied between the

sample and the acrylic plate to allow for a slip at the interface. The MRE

laminate long axis is oriented along the vertical mechanical loading direction

(z-axis), and the magnetic field is applied horizontally (y-axis) across the

laminated layers. A representative image of the MRE laminate specimen,

with dimensions annotated, is shown in Fig 3.1c. All specimens had a

nominal initial height (h0) of 20 mm, a depth (d) of 7 mm, and a width (w)

of 7 mm. The MRE layer consisted of an iron particle loading of 0.29 and
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Figure 3.1: Experimental setup of combined axial compression under
transverse magnetic field. A) Image of MRE laminate buckling setup and the
GWM 3474-140 electromagnet coils with a custom servo-driven mechanical
compression stage. B) Image of MRE specimen in the compression stage
with applied displacement (z axis) and magnetic field (y axis) orientations
annotated. Highlighted region indicates the uniform magnetic field zone. C)
Representative image of MRE laminate specimen with annotated dimensions.
The MRE layer extends outside of the specimen to provide a tab for clamping
in the compression grips. h0 = 20 mm, d= 7 mm, w = 7 mm, t = 0.2-0.5
mm.

included 10 distinct MRE layer thicknesses, ranging from t = 250 – 618 µm.

The MRE layer extends beyond the non-active layers (28 mm vs. 20 mm)

to enable clamping by the compression stage, which reduces the twisting of

the MRE layer under an applied magnetic field. The shared siloxane base

chemistry between the neat and MRE-loaded layers resulted in a strong

bonding. Attempts to pull the layers apart resulted in tearing in the soft/

neat layer only. No delamination was observed upon repeated loading and

unloading of the sample (¿ 10 cycles) in the compression jig.

Compression and image capture with a digital camera (Nikon, D750) were

synchronized with an Arduino UNO. Systematic compression of 50 µm/step

was applied to the specimen from the resting state. The camera was set at
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a safe distance from the electromagnet, and a 100 mm macro lens (Tokina,

AT-X PRO Macro 100) in conjunction with a 2× teleconverter (Nikon, TC-

201) were used to capture digital images. The onset of wrinkling is difficult

to visually detect in experimental systems. To mitigate inconsistency in

visual detection, an image processing workflow was developed to improve

and standardize the detection of wrinkling across specimens. Image captures

of the MRE laminate under varying degrees of compression were collected

(24.3 microns/pixel). Thresholding was applied to convert the colorized

images into binary data tables, where positive pixels correspond to the

MRE layer, and negative pixels correspond to the neat/soft matrix. The

effective width of the MRE layer was determined by the number of columns

exhibiting positive pixels. Registration marks embedded in the plungers

were used to measure the height of the specimen under compression to

determine the compressive strain. A critical buckling point (λc) was defined

as the intersection between two linear fits of the data prior to buckling (low

slope) and after buckling (rapid rise in width). A built-in fitting function

(Piecewise PWL2) in OriginPro was used to process the data.

3.2.3 Characterization of MRE Magnetic and

Mechanical Properties

The MRE formulation and mixing protocol in this study was selected to

produce an isotropic magneto-responsive material with a homogeneously

dispersed mixture of spherical iron particles. The amount of iron particle

loading controls the magnetization capacity of the MRE, as well as the

overall stiffness, as the rigid fillers increase the mechanical properties of

the MRE. To characterize this dependence, the magnetization (M [A/m]),

magnetic susceptibility (χ), and Young’s Modulus (E [MPa]) of the MRE

composite were measured as a function of increasing iron volume fraction

loadings (see Fig. 3.2). The volume fraction, ϕ , of the iron particles in the
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MRE is defined as,

ϕ =
mFe/ρFe

mFe/ρFe +mPDMS/ρPDMS

, (3.1)

where mx and ρx correspond to the mass and density, respectively of the

iron carbonyl particles (Fe) and the neat 10:1 base:catalyst Sylgard 184

(PDMS). The densities for the iron carbonyl particles and the neat silicone

were taken as 7.87 g/cm3 and 1.05 g/cm3, respectively.

 

B 

0.0 0.1 0.2 0.3 0.4 0.5 

2 

4 

6 

8 

10 

12 

Y
o

u
n

g
's

 M
o

d
u

lu
s
, 

E
 (

M
P

a
) 

 

  

A 

  

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.0

0.5

1.0

1.5

2.0

2.5  Experimental

 Linear Fit

Su
sc

ep
ti

b
ili

ty
, c

Iron Volume Fraction, f

Figure 3.2: A) Increase in magnetic susceptibility with Fe loading. Vibrating
magnetometer susceptibility data as a function of Fe particle volume fraction.
mean +/- stdev, n = 3. Inset: Magnetization vs applied field curves highlight
saturation at 550 kA/m (B = 0.7 T). B) Young’s modulus of homogenous
MRE specimens under uniaxial compression (λmax= 0.75), mean +/- stdev
for number of specimens, n=3. Base-to-catalyst ratio is 10:1. Inset: Example
specimen with the cylindrical shape (diameter, d = 6.36 and height, h =
6.35 mm) used for dynamic mechanical analysis.

Using magneto-vibrometry, the magnetization and susceptibility of the

MRE composite were collected at various iron volume fractions and are

presented in Fig. 3.2a. Magnetization, defined as the density of induced

magnetic dipoles, is plotted vs. the applied magnetic field, H, in the inset.

No magnetization is detected when the iron particles are not added to the
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matrix (ϕ = 0), demonstrating that the neat elastomer is insensitive to

the magnetic field. Magnetization increases significantly with increasing

volume fraction of iron, reaching a maximum magnetization strength of

837 kA/m for the highest iron loading of ϕ = 0.52. The magnetization

curves consistently saturate at an applied magnetic field of approximately

550 kA/m (B = 0.7 T) across all loadings. The magnetic susceptibility, χ ,

in this study is taken as the maximum slope of the magnetization vs applied

magnetic field curve. The magnetic susceptibility increased linearly within

the range of volume fractions investigated with a slope of 4.8 (R-square

= 0.997), which is in line with values reported in the literature (χ =2.5-

5.0 for 3–6-micron particles (Gorodkin et al., 2009)). Negligible remnant

magnetization was observed in the MRE specimens, which is consistent with

the soft magnet nature of the iron particles.

The effect of iron particle loading and base: catalyst ratio on the mechan-

ical properties of the MRE composite was also characterized. Compression-

based estimates of Young’s modulus, E, for the MRE composite as a function

of the iron volume fraction is depicted in Fig. 3.2b. Based on quasi-static

compression testing a DMA, the 10:1 base to catalyst ratio for the PDMS

matrix resulted in Young’s modulus of E = 2.61 MPa without iron fillers

(ϕ = 0). With increasing iron filler volume fraction, the stiffness of the MRE

composite increased to E = 11.5 MPa at ϕ = 0.52, a 4.4 times increase in

stiffness from the matrix alone. The base: catalyst ratios of 20:1 and 30:1

were also tested, yielding Young’s Moduli of 882 ± 50 kPa and 267 ± 43 kPa

(mean ± stdev, n = 10), respectively. The compression stiffness of the 10:1

ratio is approximately 8.75x greater than the 30:1 ratio. Silicone oil was also

added as a plasticizer to further reduce the stiffness of the matrix, reaching

Young’s Moduli as low as 27 ± 4 kPa (mean ± stdev, n = 10). However, the

silicone oil infiltrated and swelled the pre-formed MRE composite layerand

was not used for the laminate buckling tests.



42

3.3 Numerical modeling

3.3.1 Constitutive behavior

We employ an amended energy potential to define the constitutive behavior

of the phases, as defined in Eq. (1.8). In the current configuration, the

equation can be rewritten as

wr(F,B) = ρrψr(F,B) +
1

2µ0

B ·B, (3.2)

where ρr is the material density of matrix and layer phase r ∈ {m, l}. In

this work, we consider the free-energy that can be written as the sum of

elastic and magnetic part

ρrψr = ρrψ
el
r + ρrψ

mag
r . (3.3)

We consider the elastic part to be defined by the neo-Hookean material

model. The corresponding energy function is

ρr =
1

2
Gr(F : F− 3)−Gr ln(detF) +

1

2
(ln(detF))2, (3.4)

where Gr is the shear modulus, Λr is the first Lame’s parameter, and ‘:’

denotes the double contraction operator . To model the nearly incompressible

behavior of phases, we set a very high ratio between the first Lame’s

parameter and shear modulus, Λr/Gr = 1000. Following the experiments,

the shear modulus of matrix is G(m) = 100 kPa and the shear modulus ratio

G(l)/G(m) is decided according to stiffness ratio between the two layers in

the specimen.

Assuming that the magnetic part of the free-energy (3.3) is only a

function of magnetic field B, the total Cauchy stress defined in Eq. (1.7)
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Figure 3.3: Schematic of the specimen considered in simulations.

can be written as

σ = ρr
∂ψel

r

∂F
FT + (M ·B)I−M⊗B+ σM , (3.5)

where

σM =
1

µ0

B⊗B− 1

2µ0

(B ·B)I (3.6)

is the Maxwell stress tensor. In Eq. (3.5), M = −ρr∂ψmag
r /∂B is the local

magnetization field. The matrix is modeled as a magnetically inactive

material. On the other hand, the magnetorheological layer is modeled to

have an isotropic magnetic behavior with the same relation between the

magnetization and the applied magnetic field as observed in experiments

(see inset in Fig. 3.2a).

The composite is subjected to in-plane compression along the e2 di-

rection and the magnetic flux is applied horizontally, B = Be1. This

loading is imposed by applying the periodic boundary conditions in terms

of the displacement and magnetic potential on the boundaries of the RVE

(Goshkoderia and Rudykh, 2017). The RVE is considered with height L

and width a, and the thickness of the active layer is t (as shown in Fig. 3.3).

To emulate the single-layer setup (as in experiments), in simulations, we

consider the laminate with a very small volume fraction of active layer, i.e.,

cl = 0.01; hence, t = 0.01a. We consider a range of values for the height of
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RVE, L, the reasoning of which is discussed below in the instability analysis

subsection.

The governing equations Eq. (1.1) and (1.11) are evaluated by means of

finite element code COMSOL Multiphysics 6.0.

3.3.2 Instability analysis

To trigger the onset of instability in MRE laminates, small geometrical

imperfections are imposed on the layer in terms of the function f(y) =

A cos(2πy/L). We ensure that the geometrical perturbations do not affect

the predicted critical strains by choosing the perturbation amplitude to be

sufficiently small, A/t = 10−3. We determine the onset of instability by

monitoring the rate of horizontal displacement of the active layer’s center

point. To illustrate this method, as an example, we show the instability

prediction in the MRE layer under zero magnetic field. Figure 3.4a shows

the dependence of normalized horizontal displacement ũ = u/t on the stretch

for the RVE with L/t =11.11 . The displacement curve has a nearly-linear

variation with stretch and exhibits a change in the slope upon the onset

of instability. This change in slope is clearly visible through the dũ/dλ

(red) curve. In particular, during the transition in slope, dũ/dλ attains a

local minimum value marked by the red circle. We identify this change in

behavior as the onset of instability and the corresponding stretch value as

the critical stretch λc at that particular RVE’s height L.

The critical buckling wavelength, Lc, is identified by the corresponding

value of critical stretch values. In particular, when the height of RVE is

the same as the wrinkling wavelength (L = Lc), the composite develops

instability at a comparatively smaller deformation level (or higher stretch

values). To this end, in Fig. 3.4b, we show the dependence of λc on the

wavelength L or RVE’s height. We observe that the critical stretch attains a

local maximum at the value of L/t= 11.11 (red circle), which is the buckling

wavelength for the considered example, and the corresponding stretch value
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Figure 3.4: A) A representative example of critical stretch detection by
analyzing the rate of change in horizontal displacement. B) The dependence
of critical stretch on RVE’s height.

is the critical stretch of the composite. The procedure is repeated for different

values of the magnetic field to identify the change in critical stretch.

3.4 Results

3.4.1 Variation of critical stretch

Figure 3.5a displays images of this experimental wrinkling behavior of a

single MRE laminate specimen (MRE layer, ϕ = 0.29 , t = 306 ± 2.4 µm)

under various states of pre-compression (λ0) at continually increasing applied

magnetic fields. The stiffness ratio of the laminate with ϕ = 0.29 particle

loading, and no applied field, was El/Em = 15.97 (El – Young’s modulus of

the MRE layer 4.76 ± 0.35 MPa vs – Em Young’s modulus of the elastomeric

matrix 298 ± 16 kPa) based on the compression measurements. Without

any applied magnetic field, Fig. 3.5a shows that the laminate geometry has

not wrinkled at a pre-compression of λ0 = 1.00 or λ0 = 0.93. However, at

a pre-compression of λ0 = 0.89, the onset of wrinkling in the laminate has

already begun, and it is detectably wrinkled at λ0 = 0.86. While λ0 = 0.93
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showed no wrinkling when the field was off, the onset of wrinkling was

observed when the field was raised to 0.6 T. The amplitude of wrinkling

appears to quickly plateau as the field exceeds the saturation strength of

0.7 T. Higher compression (λ0 = 0.89) resulted in wrinkling without the aid

of magnetic stiffening, as indicated by λc > 0.92 in Fig. 3.5c but applied

magnetic field did increase the amplitude of the wrinkled MRE layer.

Strain-sweep experiments were performed with fixed applied magnetic

fields of 0.2, 0.4, 0.6, 0.8, 1.0, 1.4, and 1.8 T. The critical stretch ratio of

each strain-sweep experiment is plotted against the applied magnetic field

in Fig. 3.5c, and it indicates that without any magnetic field, the sample

will begin to wrinkle around λ0 = 0.92. Low applied fields (¡0.2 T) resulted

in minimal change to λc. A modest level of the applied field (0.6 T) reduced

the compression necessary to achieve wrinkling from λc = 0.92 to 0.97. Past

0.7 T, the critical wrinkling point appears to plateau at λc = 0.97, which

correlates with the saturation field strength of the magnetization curves

in Fig. 3.2a. Saturation may also be a factor in the applied field sweep of

Fig. 3.5b, as indicated by the plateau in wrinkling amplitude above 0.6-0.7

T for the pre-compression states of λ0 = 0.89 and λ0 = 0.93.

Combining the critical stretch ratio results, two dominant features of

magnetic tuning are observed. First, the MRE laminate consistently wrinkles

at lower strains when the magnetic field is applied (1.8T) compared to only

mechanical loading (0T). An applied magnetic field produced a marked

increase in the critical stretch ratio. The average change in stretch critical

ratio was ∆λc = 0.045 ± 0.012 between 0 and 1.8 T, which is effectively a 5%

change in the critical stretch ratio. While a seemingly small value, this 5%

shift is more than sufficient to reversibly trigger the wrinkling instability by

cycling on and off the magnetic field at modest pre-compressions. Shifts in

the critical stretch ratio in the range of 0.04-0.05 were observed at the lower,

post-saturation applied field of 0.8 T, indicating that reversible buckling

could be leveraged at more modest magnetic fields.
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Figure 3.5: Magnetic field triggers wrinkling instability. Experimental results
of specimen under combined axial compression and transverse magnetic
field. A) Image array of single layer MRE under fixed pre-compression
and increasing applied field. Width of each image is 4.8 mm (ϕ =0.29, t=
306 ± 2.4 µm). B) Plot of average amplitude of wrinkled MRE layer as
function of pre-compression and applied magnetic field. Note: no significant
change in amplitude observed in λ0 = 1.00 (pre-buckled) and λ0 = 0.86
cases (post-buckled). C) Critical stretch ratio determined from strain sweep
experiments at fixed B-fields.
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Next, we studied the tuning of critical stretch ratio in MREs numerically.

Following the experiments, the soft matrix is modeled with an initial shear

modulus Gm =100 kPa (Em ≈ 300 kPa and poisson’s ratio, νm =0.5), and

the stiffness ratio between the MRE layer and matrix is Gl/Gm = 16. The

experimental data (n = 10) and the computationally predicted critical stretch

ratio vs magnetic field curves are plotted in Fig. 3.6. The computational

model captures the qualitative trend of the experimental data, exhibiting

the initial reduction and then plateau in the critical stretch with increasing

field strength. However, the model predicted quantitatively higher critical

deformation levels for all values of the applied field. This is largely due to

the experiment fabrication and testing variability issues, which lead to the

premature triggering of the wrinkling instability. The thinner MRE layer

specimens exhibit earlier wrinkling initiations than the thicker MRE layers.

The trend in thinner MRE layers wrinkling at lower stretch ratio is clearly

seen in the color coding (red – thinner, blue – thicker) of the data in Fig. 3.6.

We found that the trend observed here in the experiments can be attributed

to the geometric imperfections. In particular, we observed that the wrinkling

detection method used on the experimental data has higher sensitivity to the

imperfections in thinner MRE layers. Interestingly in the mechanical-only

case (0T), the hyperelastic material model predicted a slightly higher critical

stretch ratio (λc =0.878) than the linear elastic model (λc =0.87 (Li et al.,

2013)). Although small, this difference highlights the influence of the choice

of a constitutive model for the wrinkling mechanics simulation. Furthermore,

we note that although the MRE layer is modeled as a homogenized continuum

material, it is a composite with iron particles embedded in a soft matrix.

Therefore, it may exhibit highly non-linear mechanical behavior (for example,

strain stiffening), which are not accounted for in the present study. These

material behavior uncertainties can induce additional discrepancies and

require full multiscale modeling to be resolved.

The computational model was next utilized to investigate the local
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Figure 3.6: Computational model captures trend in magnetic tuning of
critical stretch ratio. Plot of critical stretch ratio vs magnetic field strength
with experimental data (dots) and simulation prediction (dashed line).
Experimental data is color coded by the nominal MRE layer thickness of
each specimen (n = 10). In the simulations, a periodic RVE of the composite
with 1% volume fraction of MRE layer is considered. Note: thicker MRE
specimens (blue) most closely match the predicted instability curve, while
thinner MRE layers (red) wrinkle earlier.

magnetic field distribution within the MRE laminate composite as a function

of mechanical compression. Color plots of the magnetic field intensity,

|B| =
√
B2

x +B2
y , are shown in Fig. 3.7a under an applied magnetic field

of B = 1.8 T for mechanically-applied stretch ratios of λ =1, 0.9, and

0.8. In the reference configuration, the magnetic field intensity is uniform

and equal to the applied field of 1.8 T. However, as wrinkling initiates in

the MRE layer, the magnetic field starts to vary along the length of the

MRE layer due to the perturbed wrinkling geometry. The magnitude of

this field variation increases as more mechanical compression is applied,

reaching approximately a 10% deviation from the applied field intensity of

1.8T at λ =0.8. Further focusing on this variation, Fig. 3.7b-c show the local

magnetic field along the interface between the MRE layer and soft matrix,
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B C

A

Figure 3.7: Magnetic field amplifies wrinkling amplitude with geometry-
induced local field distribution. A) Color plot of magnetic field intensity
at an applied field of 1.8T with applied stretch ratios of λ =1, 0.9 and
0.8. Black dashed line denotes the deformation configuration of the MRE
layer without magnetic field applied (0T). Plots of the local magnetic field,
separated into B) aligned (Bx) and C) orthogonal (By) directions to the
applied field, evaluated along the MRE layer/soft matrix interface at the
undeformed, pre-wrinkling and post-wrinkling stretch ratios. The dotted
green line in panel A denotes the single wavelength of the interface length
plotted in panels B and C.
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separated into directions aligned (Bx) and orthogonal (By) to the applied

field. Figures 3.7b-c zoom in on a single wavelength of the MRE layer, where

the wavelength location is denoted by the green dash-dotted line in Fig. 3.7a.

The magnetic field intensity increases at the peaks of the wrinkled MRE

interface, but it decreases at the troughs in the wrinkled MRE interface. At

small wrinkling amplitudes (modest applied stretch ratios), the magnetic

field at the MRE layer interface nearly follows the profile of the wrinkling

displacement. However, at larger wrinkling amplitudes, the magnetic field

in the x-direction becomes even more intensely localized to the crest and

peak points along the MRE interface, and the profile does not follow a

single frequency sine wave. For By, the magnetic intensity is zero at the

crest and peaks of the wrinkled MRE interface, as the surface normal of the

MRE layer is aligned with the field at these points. Away from these points,

the vertical component, By, of the magnetic field cycles between positive

and negative values according to the orientation of the surface relative to

the applied magnetic field. This component is relatively small compared

to the magnitude of the applied field (0.2 T vs. 1.8 T). However, the

introduction of these attractive field variations in the vertical direction likely

promotes increased wrinkling amplitudes in the post-wrinkling regime. To

highlight the amplitude increase caused by the magnetic field, the deformed

configuration of the MRE layer under mechanical loading only (0T) has

been included as a dashed outline in the color plots of Fig. 3.7a. Psarra

et al. (2017) made a similar observation in their MRE surface layer study,

suggesting that alternating attractive fields develop across the wrinkled

MRE surface due to the wavy geometry. At a minimum, the localized

magnetic field correlates with the early initiation of wrinkling instability

and the increase in wrinkling amplitude. While other mechanisms could

also be contributing to this tuning capability, such as magnetostriction and

induced stiffening effects, these seem less dominant than the interaction of

wrinkle geometry and the magnetic field.
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(ii) Amplify Wrinkling

(i) Trigger Wrinkling

(i)

(ii)

A B

Figure 3.8: Leveraging Magnetic Field to Control Wrinkling Behavior.
A) Plot of modeling predictions of normalized wrinkling amplitude, A/t,
vs stretch ratio, λ, with and without applied magnetic field. Magnetic
tuning features include (1) triggering wrinkling at lower compressions, (2)
amplifying the amplitude of the wrinkling pattern in post-buckling, and
(3) maintaining the wrinkling amplitude under varying compression by
simultaneous adjusting the magnetic field. B) Representative example of
(1) triggering wrinkling with magnetic field (1.8T) at a pre-buckling stretch
ratio (λ0 = 0.917) and (2) amplifying wrinkling amplitude at post-buckling
stretch ratio (λ0 =0.875). MRE layer thickness, t = 466 ± 27 µm.

A key contribution of this work was the experimental validation of two

magnetic field tuning mechanism in the MRE laminate, specifically the

ability to trigger wrinkling and the ability to amplify the amplitude of

wrinkling in the post-wrinkling regime. We highlight these two tuning

features in Fig. 3.8a, using a plot of normalized wrinkling amplitude (A/t)

vs. stretch ratio for an “active” (1.8T) and “inactive” (0T) magnetic field

scenario. This diagram serves as a practical design guide on how much

to pre-compress the laminate in order to maximize the amplitude increase



53

induced by the magnetic field. A representative example of (i) triggering

wrinkling and (ii) amplifying the wrinkle amplitude are shown in Fig. 3.8b,

with side-by-side experimental and simulation comparisons. The speed of

triggering the wrinkling is dependent on the activation speed of the magnet.

In this study, the magnet field strength was slowly incremented in order

to access the effects of a quasistatic field. However, for a dynamic tuning

operation, the magnet could be programmed to step more rapidly and in

fewer increments between target field strengths.

3.4.2 Influence of magnetic field direction on

instability development

Figure 3.9: Critical stretch vs the magnitude of magnetic field with field
directions perpendicular (solid black) and parallel (dash-dotted blue) to the
MRE layer.

Thus far, we have presented an experimental and numerical study on

the instability development in MRE laminates subjected to magnetic field
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applied perpendicular to the MRE layer. In this subsection, we study the

onset of wrinkling when the magnetic field is applied parallel to the MRE

layer. To this end, in Fig. 3.9, we plot the critical stretch as the function of

the magnetic field magnitude (blue dash-dotted curve). For comparison, we

have also added the results for magnetic field applied perpendicular to the

MRE layer (black solid curve). We observe that when the magnetic field

is applied parallelly, higher deformation levels are required to trigger the

onset of instability. This is in contrast to the case when the field is applied

in the perpendicular direction (compare the solid and dash-dotted curves in

Fig. 3.9). In both the cases, however, the value of critical stretch saturates

at higher magnitudes of magnetic field. These results further highlight

the tunability of instability-induced pattern transformations offered by the

variations in the magnitude and the direction of magnetic field.
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4 magnetically-programmed

instability-driven structuctural

transformations∗

4.1 Introduction

The ability to reconfigure the microstructure of architected materials forms

the basis for designing material-based systems with switchable functionalities

(Frey et al., 2019; Kamperman and Synytska, 2012; Zhang et al., 2021b; Zhu

et al., 2017; Wang et al., 2017). Moreover, microstructural transformations

equip the materials with shape-shifting and morphing capabilities (Erb et al.,

2013; Zhang et al., 2021e; Frenzel et al., 2017), which are critical for various

applications, including soft robotics (Chen et al., 2018) and deployable

devices (Bobbert et al., 2018). Soft deformable architectures represent an

ideal platform for the design of such tunable materials, thanks to their

morphing capability in response to external stimuli (Kim and Zhao, 2022;

Palagi et al., 2016; Geryak and Tsukruk, 2014; Behl and Lendlein, 2007; Pal

and Sitti, 2023; Xia et al., 2022). Moreover, elastic instability phenomenon

observed in these materials has been identified as a powerful tool to trigger

sudden but controlled and reversible microstructural transformations (Mullin

et al., 2007; Kochmann and Bertoldi, 2017; Jiang et al., 2019).

Instability-driven microstructural transformations are studied in various

architected materials. For example, periodic lattices exhibit mechanical

instability by sequential buckling of inner elements (Kang et al., 2014; Frenzel

et al., 2016). In soft porous architectures, the voids collapse in a cooperative

manner leading to an internal reconfiguration of the microstructure (Mullin

∗This chapter is adapted from the manuscript submitted as N. Arora, V. Chen, Y.
Xiang, A. Juhl, P. Buskohl, and S. Rudykh, Magnetically-programmed instability-driven
pattern transformations in soft materials.
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et al., 2007). Moreover, multi-phase architected composites (Cho et al.,

2016) can develop a rich variety of post-buckling patterns (Triantafyllidis

and Maker, 1985; Li et al., 2019a; Jiang et al., 2006). Fiber and layered

composites develop wavy (or sinusoidal) buckling patterns (Li et al., 2013,

2018a) that may transform into twinning (Li et al., 2022). Soft particulate

composites exhibit the formation of ordered anti-symmetric domains in the

post-instability regime, in addition to the wavy buckling patterns (Li et al.,

2019a). In all these architectures, the characteristics of the buckling patterns

– periodicity and amplitude – are defined by the initial microstructure

patterning and mechanical properties of constituent materials. However, the

geometry of admissible patterns is highly limited in this mechanics-centric

design approach and, in general, the patterns are spatially homogeneous and

periodic. This also restricts their employability in challenging applications

such as soft robotics and actuation (Hu et al., 2018; Shepherd et al., 2011;

Ze et al., 2022), prosthetics (Chortos et al., 2016), wearable technologies

(Zeng et al., 2014; Ho et al., 2022; Fu et al., 2018; Amjadi et al., 2016), and

mechanical computers (Yasuda et al., 2021; El Helou et al., 2021), which

demand local control on the reconfigurability of the architected materials.

Here, we present how the magneto-mechanical coupling in soft archi-

tected materials can be exploited to break the limit of admissible instability-

induced patterns. We consider soft particulate composites with periodically

distributed stiff magnetic inclusions in a soft matrix (Fig. 4.1a). An indi-

vidual magnetic inclusion has one of either magnetic polarization: towards

the positive or negative x−direction (Fig. 4.1b). We first compare the

distinct microstructure evolution in composites with magnetically active

and inactive inclusions, via applied deformation. We then investigate the

different classes of buckling patterns, based on the competition between the

mechanical and magnetic interactions among the inclusions. Through our

experiments and simulations, we show that in the magnetically-dominated

regime, the reconfiguration of inclusions is solely guided by the local mag-
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netic forces, which can be pre-programmed. Finally, we show that the soft

composites can develop arbitrary binary (two-level) instability patterns,

based on the encoded magnetic polarity-arrangement. We showcase the

diversity of the admissible structural transformations through a series of

information embedding demonstrations, including alphabet shape matching

and Morse code.

4.2 Experiments

4.2.1 Specimen preparation

The magnet array specimens are fabricated by setting (N = 18) neodymium

magnets (B422, 6.35 × 3.175 × 3.175 mm3, K&J Magnetics) in a silicone

matrix (Mold Max 10T, Smooth-On). To achieve the spatial arrangement

of magnets, we insert them into an alignment holder (blue part in Fig. 4.2)

printed using Objet260, Stratasys. The magnets are arranged with a distance

6.35 mm between their centers, and are transferred into a two-part mold

for silicone casting with inner dimensions of 114.3×51.2×5.15 mm3. Square

wells of 0.6 mm depth are introduced to the inner surfaces of the mold pieces

(transparent and yellow parts in Fig. 4.2) to maintain magnet orientation

after the alignment holders are removed (blue and green parts in Fig. 4.2).

Silicone is mixed and degassed prior to pouring into the mold. The open

ends of the mold are capped and allowed to cure for 24 hours. For fabricating

the purely mechanical particulate composite, we demagnatized the magnets

by heating at 250◦C for more than 20 hours.

To ensure a strong bonding between the magnets and the surrounding

silicone, the magnet surfaces are chemically treated with a silane adhesion

promoter (A-306, Factor II). The mold pieces are treated with a release

agent (Ease Release 2831, Smooth-On) to prevent unwanted adhesion to the

silicone.
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Figure 4.1: Schematics and comparison of microstructure evolu-
tion in mechanical and magnetic composite with deformation. a,
Schematic of a periodic particulate composite with square rigid inclusions.
The primitive unit cell is bounded by dashed lines. b, The square inclu-
sion has either of the two orientations of magnetic polarity: either parallel
or anti-parallel to the x-axis. c, Experimental and simulation images of
mechanical (top) and magnetic composite (bottom) at different levels of
compressive strain, ε. The orange hollow circle on the strain scale marks
the experimental critical strain value for the magnetic composite, whereas
the black hollow circle marks it for the mechanical composite. The results
are shown for the composites with spacing ratio ξ = a/w = 0.5.
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Figure 4.2: Mold and alignment jigs for setting magnets. The
transparent and yellow parts define the top and bottom of the final specimen
with recessed wells to hold magnets in place. The blue and green parts are
used to transfer and align magnets into the mold.

4.2.2 Experimental set-up and testing

The specimens are mounted between the two transparent parallel plates

made of acrylic to prevent out-of-plane deformation (Fig. 4.3). A 3D printed

spacer is used to maintain the distance between the acrylic plates. The

interior surfaces are lubricated with silicone oil (1000 cPs, Brookfield) to

reduce friction during compression. The specimens are uniaxially compressed

using a plunger, which is attached to the gantry plate of a stepper motor-

based linear actuator (C-Beam, Openbuilds). The deformation images of

the specimen are collected with a digital camera (Nikon Z7) coupled with a

60 mm macro lens. Compression and image acquisition are synchronized

using a prototyping board (Arduino UNO R3).
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Figure 4.3: Schematic of compression test setup.

4.3 Numerical modeling

The soft matrix is modeled as nearly incompressible neo-Hookean hyperelas-

tic material (3.4). We set a high ratio between the first Lame’s parameter

and shear modulus, Λ/G = 102, to model the nearly-incompressible behavior

of the soft matrix. The matrix material characterized by the initial shear

modulus Gm = 0.1 MPa. The stiff inclusions are modeled as a rigid material.

The soft matrix is considered to be magnetically inactive and does not

have any remnant magnetization. The magnetic inclusions are modeled

as hard-magnetic materials with residual magnetic flux density defined in

terms of the magnetization M. The magnetic force and torque experienced

by each inclusion, due to the presence of other inclusions, are evaluated by

integrating the electromagnetic stress tensor over its boundary. The total

stress tensor is then calculated by incorporating these magnetic forces and

torques, thereby, establishing the magneto-mechanical coupling.

The specimen is subjected to in-plane deformation, with compression
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Figure 4.4: Characterization of magnets. a, Schematic of setup modeled
in simulations to evaluate the attraction force between the magnets. b,
Experimental and simulation data for attraction force versus the separation
distance (experimental data is taken from K&J Magnetics website.

along the vertical direction. In the simulations, the macroscopic mechanical

loading is implemented by applying periodic boundary conditions. The

applied macroscopic deformation gradient is

F̄ = F̄11e1 ⊗ e1 + (1− ε)e2 ⊗ e2 + e3 ⊗ e3 (4.1)

where ε is the compressive strain and F̄11 is evaluated using the traction-free

left and right boundaries. To avoid rigid body motions, the displacement of

the bottom-left point is constrained. We assume that there are no surface and

free currents within our system and the specimen is subjected to quasi-static

mechanical compression. The resulting governing equations Eq. (1.1) and

(1.11) are evaluated by means of finite element code COMSOL Multiphysics

6.0.
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4.3.1 Magnet characterization

To evaluate the magnitude of magnetization M , we use the experimental

magnetic force data for the B422 magnets provided by K&J Magnetics

website. We model the same setup in our simulations, as shown in Fig. 4.4a.

In particular, two magnets with identical polarity are placed horizontally

with a separation s between them. The experimental attraction force versus

separation data is plotted as blue circles in Fig. 4.4b. In simulations, by

performing iterations over the value of magnetization’s magnitude M to

closely match the experimental data, we obtain M = 900 kA/m. The

corresponding attraction force data is shown using red curve in the plot.

4.3.2 Instability analysis

In simulations, we consider a sufficiently large RVE with N = 24 primitive

unit cells. As examples, undeformed RVEs of the purely mechanical compos-

ite and magnetic composite with repulsion arrangement are shown in Fig. 4.5.

Each RVE is compressed uniaxially along the x−direction with periodic

boundary conditions applied on its edges. To trigger the post-buckling

patterns in the particulate composites, the initial geometry is perturbed

with small and random imperfections in the form of the inclusions’ vertical

position. We ensure that the geometrical perturbations do not affect the

predicted critical strains or the instability-induced patterns by choosing

the perturbation amplitude to be sufficiently small, r/a = 10−4. Here, a is

the side length of square inclusion and r is the perturbation amplitude, as

shown in Fig. 4.6.

We determine the onset of instability in our simulations by monitoring

the rate of vertical displacement of the inclusions. To illustrate the method,

as an example, we show the instability prediction in a magnetic composite

with the repulsion arrangement. Figure 4.7 shows the dependence of an

inclusion’s center point vertical displacement v (gray curve) and its rate
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Figure 4.5: Representative volume elements of composites consid-
ered in simulations. Left panel: Mechanical composite (top), magnetic
composite with repulsion arrangement (bottom). Right panel: The cor-
responding deformed (post-instability) configuration of the composites at
strain levels ε = 0.335 and ε = 0.295, respectively. In magnetic particulate
composite, blue and red colors are used to indicate inclusions with negative
and positive magnetic polarity, respectively.
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Figure 4.6: A representative example of an RVE showing the geometrical
perturbations in the inclusion’s center point location.

Strain,
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Figure 4.7: A representative example of critical strain detection by analyzing
the rate of change in vertical displacement dv/dε.
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of change dv/dε (blue curve) as the function of compressive strain ε. The

displacement curve has a nearly-linear variation with applied strain, and

exhibits a change in the slope upon the onset of instability. This change in

slope is clearly visible through the dv/dε curve. In particular, during the

transition in slope, dv/dε attains a minimum value marked by blue circle. We

identify this change in behavior as onset of instability and the corresponding

strain value as critical strain εcr. The magnetic composite with repulsion

arrangement considered here develops instability at εcr = 0.210.

4.4 Results

4.4.1 Mechanical and magnetic instability patterns

To understand the influence of using magnetically active inclusions in the

particulate composite, we start with comparing its response to that of

the purely mechanical counterpart (with magnetically inactive inclusions).

Geometrically, the composite is described using the spacing ratio ξ = a/w; w

is the width of the primitive unit cell (bounded by dashed lines in Fig. 4.1a)

and a is the side of the rigid square inclusion. The magnets have a square

cross-section with side a = 3.175 mm and out-of-plane thickness d = 6.35 mm.

As an illustrative example, we consider the magnetic composite in which

the adjacent inclusions have opposite polarities. Physically, the magnets

are placed in a fashion such that the adjacent magnets repel each other.

Note that for a fair comparison, the mechanical particulate composite is

prepared using demagnetized magnets. The inclusions are periodically

placed with a distance w = 6.35 mm between their centers, such that the

spacing ratio is ξ = 0.5. In the simulation images of particulate composite,

the magnetically inactive inclusions are shown in black color, whereas the

magnets are shown in red and blue colors to represent positive and negative

polarization, respectively.
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Figure 4.1c shows the direct comparison between the evolution of mi-

crostructure in the mechanical and magnetic composites as the function

of applied compressive strain ε. Both composites are subjected to large

deformations, up to the compressive strain level of ε = 0.35. The mechanical

composite maintains its initial periodicity of one unit cell up to the criti-

cal deformation level εcr = 0.267 (marked by a hollow black circle on the

strain-scale in Fig. 4.1c). With the onset of instability, the soft composite

breaks its initial periodicity (N = 1) and the rigid inclusions rearrange into

the wavy pattern with a new periodicity of N ≈ 4. On further deformation,

the amplitude of the buckling pattern further accentuates, as can be seen in

the deformation images at strains ε = 0.275 and ε = 0.335.

In the magnetic particulate composite, instability-induced microstructure

reconfiguration takes place at a comparatively smaller deformation level,

i.e. at εcr = 0.205 (marked by an orange hollow circle on the strain-

scale). The decrease in critical strain can be attributed to the magnetic

interaction between the inclusions. In particular, with the compression

of the composite, the inclusion moves closer to each other leading to a

significant increase in the magnitude of repulsive forces among the oppositely

polarized adjacent inclusions. As a result, in the post-instability regime,

the inclusions arrange into two rows. The alternately-positioned inclusions,

having positive magnetic polarity, shift cooperatively to constitute one of

the rows. The remaining inclusions with negative polarity arrange together

to form the other row of the buckling pattern (see deformation image of

magnetic particulate composite at ε = 0.295). Clearly, this two-level pattern

generated in the magnetic particulate composite is strikingly distinct from

the wavy-pattern observed in its mechanical counterpart.

We note that our numerical predictions agree with the experimental

results. In particular, for the mechanical composite (shown in Fig. 4.1c),

the simulation predicts εcr = 0.256 and post-buckling periodicity N = 4;

these parameters are fairly close to the experimental ones: εcr = 0.267
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(i) (ii) (iii)

(iv) (v)

Figure 4.8: Experimental images of magnetic composite with repulsion
arrangement under compressive strain of ε = 0.35. Roman numeral (i) to (v)
on top-right of each image shows the loading cycle and the corresponding
critical strains εcr are provided under the images.

and N ≈ 4.5. For the magnetic composite, the simulation estimates εcr =

0.210 in comparison to εcr = 0.205 observed in experiments. Notably,

the two-level pattern is accurately predicted in simulation as realized in

experiments. Moreover, the reproducibility of this discrete pattern is verified

experimentally in an additional specimen subjected to multiple loading

cycles and we find that the pattern develops consistently (more details in

the subsection below).

Response under multiple loading cycles

To verify the repeatability of post-buckling reconfiguration of inclusions, we

prepared an additional specimen for the magnetic composite with repulsion

arrangement and tested it for five loading cycles. For the first specimen,

we found that in the post-instability regime, the inclusions arrange into

two rows. Moreover, the critical strain for the first specimen is εcr = 0.205.

Figure 4.8 shows the experimental images of the second specimen subjected

to the compressive strain of ε = 0.35. We observe that in the first cycle,

the composite develops instability at εcr ≈ 0.214. In the second cycle,

however, the critical strain decreases to εcr ≈ 0.201. In the remaining
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Figure 4.9: Mechanical, transition, and magnetic instability pat-
terns. Simulation images of post-buckling patterns in the particulate
composites with spacing ratio ξ = 0.36 (top row), ξ = 0.50 (center row), and
ξ = 0.65 (bottom row). The results are shown for mechanical composites
(left column), magnetic composites (middle and right column) with their
magnetization values written at the bottom-right of each image.

cycles, the composite buckles at approximately εcr ≈ 0.205. The average

critical strain for the second specimen is εavgcr ≈ 0.206, which is fairly close to

εcr = 0.205 of the first specimen. Notably the instability patterns developed

in the composite are almost identical for all the five loading cycles, and

they resemble the two-level arrangement of inclusions observed in the first

specimen. This shows that the buckling patterns in the magnetic composites

are reproducible across specimens and do not change when subjected to

multiple loading cycles.

4.4.2 Transition from mechanical to magnetic

patterns

The results thus far illustrate that the magnetic interactions between the

inclusions lead to a distinct instability pattern from the purely mechanical
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case. Next, to investigate the transition from mechanical to magnetic

buckling pattern, we study how the instability characteristics change with

the magnetic strength of the inclusions. We consider the composites with

various spacing ratios, namely, ξ = 0.36, ξ = 0.50, and ξ = 0.65; the

corresponding simulation results are shown in Fig. 4.9 at the compressive

strains of ε = 0.4, ε = 0.3, and ε = 0.2, respectively.

We observe that the mechanical composites develop wavy buckling

patterns and their periodicity changes with the spacing ratio (left column in

Fig. 4.9). In particular, the composite with ξ = 0.36, ξ = 0.50, and ξ = 0.65

rearrange into the patterns with increasing periodicity of N = 3, N = 4,

and N = 5, respectively. The elements of periodic patterns in mechanical

composites are marked by green-dashed rectangles.

Next, consider the magnetic composites with a large magnetization value

of M = 1000 kA/m (right column in Fig. 4.9). The magnets are placed

such that they repel the adjacent ones (as also considered in Fig. 4.1c). In

these composites, the inclusions rearrange to form the two-level buckling

patterns with a periodicity of N = 2. This holds true regardless of the

initial spacing ratio of the composites, which highlights that the formation

of these patterns is dictated by the magnetic forces. The repeating elements

are marked by the red-dashed rectangles in the right column.

Interestingly, for a certain range of magnetization values, the instability

patterns neither resemble the mechanical patterns nor the two-level mag-

netic pattern. We classify these patterns as ‘Transition patterns’ (middle

column in Fig. 4.9). For example, in the soft composite with ξ = 0.36 and

M = 200 kA/m, we observe an irregular repetition of the base elements of

size N = 3 and N = 2 (marked by the violet-dashed rectangles). Moreover,

in the composite with ξ = 0.50 andM = 400 kA/m, the inclusions rearrange

aperiodically. It is worth noting that although the design parameters – geo-

metric placement of the inclusions and their magnetic polarity arrangement

– of these composites are periodic, they generate these quasi-periodic and
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aperiodic instability patterns. Exceptionally, the magnetic composite with

ξ = 0.65 and M = 800 kA/m develops a strictly periodic wavy-pattern. In

particular, the inclusions rearrange to give rise to a new a periodicity of

N = 4, which lies in between of the corresponding mechanical (N = 5) and

magnetic (N = 2) patterns. The repeating base element is marked by the

blue-dashed rectangle. Note that the composites shown in Fig. 4.9 are a

few of the representative examples. In Fig. 4.11, we present the formation

of buckling patterns at various magnetization values in composites with

ξ = 0.50.

We note that the instability development in these composites is led by

two mechanisms: (i) the chain of inclusions behaves similar to a reinforced

layer in a soft matrix (or a laminate) and drives the formation of periodic

wavy-patterns; and (ii) the inclusions rearrange vertically to ‘relax’ the

increasing magnetic forces as they are frustrated horizontally with an in-

creasing strain. Controlled by the particle magnetization (for a given initial

geometric configuration), the composites can develop mechanical, magnetic,

or transition patterns governed by the complex interplay of the mechanical

and magnetic mechanisms.

4.4.2.1 Pattern matching coefficients

We quantify the contribution of these mechanisms at different magnetization

values by probing into the corresponding buckling patterns. In particular, we

define pattern matching coefficients ϕmech and ϕmag; they gauge the similarity

of an instability pattern with the ideal mechanical and magnetic patterns.

Here, for the composites with a particular spacing ratio, the buckling

pattern obtained using magnetically inactive inclusions is considered to

be the standard mechanical pattern (left column in Fig. 4.9), whereas the

pattern at M = 1000 kA/m represents the ideal magnetic pattern (right

column in Fig. 4.9). First, we present the method employed to evaluate

the pattern matching coefficients ϕmech and ϕmag. The method is illustrated
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Figure 4.10: Pattern matching coefficients ϕmech and ϕmag versus the
magnetization strength for the composites with spacing ratios: a, ξ = 0.36,
b, ξ = 0.50, and c, ξ = 0.65.
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Figure 4.11: Buckling patterns at various magnetization values in composites
with ξ = 0.5. The magnetization values are written at the bottom-right of
each image.

using the example of composites with ξ = 0.5. The corresponding buckling

patterns at different magnetic strengths, as shown in Fig. 4.11, are classified

into mechanical, transition, and magnetic patterns.

The coefficients are evaluated as follows. First, the vertical position of

inclusions is recorded and normalized such that the bottom-most inclusion is

situated at zero and the top-most at one (see Fig. 4.12a). For the composites

with ξ = 0.5, the position of inclusions is noted at the compressive strain

of ε = 0.30. The normalization of data allows us to eliminate the effect of

amplitude. Consider, for example, the pattern at M = 400 kA/m (shown in

green color in Fig. 4.12a). To evaluate the pattern matching coefficients at

M = 400 kA/m, we compute the difference between the vertical positions



73

Figure 4.12: a, Normalized vertical positions of the inclusions corresponding
to the M = 400 kA/m, ideal magnetic, and ideal mechanical buckling pat-
terns. Shifting of M = 400 kA/m pattern over the extended (b) mechanical
and (c) magnetic patterns to compute the differences.
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of inclusions in the corresponding buckling pattern and the ideal patterns.

Let us denote the vertical position of inclusions in this pattern using v400,

and those of ideal patterns as vmech and vmag. These vectors are of the size

24× 1 with each element containing the vertical position of the inclusions

(there are 24 inclusions). The difference with the ideal mechanical pattern

is defined as δmech =
∑24

i=1 (v400(i)− vmech(i))
2. Similarly, the difference

with ideal magnetic pattern is δmag =
∑24

i=1 (v400(i)− vmag(i))
2. From these

differences, we can quantify the similarity between two patterns – lower the

difference, higher the similarity.

We note that the features of the patterns can be present at different

inclusion locations in two different composites. For example, consider

the first four inclusions in the M = 400 kA/m buckling pattern. They

resemble the periodic arrangement in the mechanical pattern (highlighted

by red-dashed rectangle). In the ideal mechanical pattern, however, the

similar arrangement is formed by the inclusion placed at positions four to

eight (highlighted by red-dashed rectangle). Therefore, computing the δmech

directly will result in a higher difference, indicating a very low similarity

between the two patterns, which otherwise are comparatively more alike.

To avoid such miscalculations, we compute the minimum of the differences

between the patterns by shifting the buckling pattern over the extended

ideal patterns. In particular, we extend the ideal patterns by repeating them,

i.e., Vmech = [vmech,vmech] and Vmag = [vmag,vmag]. Then, we iteratively

compute the differences by shifting the buckling pattern. The shifting of

M = 400 kA/m buckling pattern over the extended ideal patterns is shown

in Fig. 4.12b and c. The number of inclusions by which the pattern is shifted

towards right from the zeroth position is represented using integer j (see

Fig. 4.12b and c). At a position j of the pattern v400, difference with the

mechanical pattern is defined as

δmech(j) =
24∑
i=1

(v400(i)− Vmech(i+ j))2 , (4.2)
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where j ∈ [0, 23]. Similarly, the difference with the magnetic pattern is

computed using Vmag. From the differences thus computed, we calculate the

minimum differences as ∆mech = min
j
(δmech(j)) and ∆mag = min

j
(δmag(j)).

Finally, we calculate the pattern matching coefficients using ∆mech and ∆mag

as

ϕmech =
∆mag

∆mech +∆mag

and ϕmag =
∆mech

∆mech +∆mag

. (4.3)

Note that the coefficients ϕmech and ϕmag varies between zero and one and

also sum up to one.

Figure 4.10 shows the variations of mechanical, ϕmech (black circular sym-

bols) and magnetic, ϕmag (orange square symbols) coefficients as functions

of the magnetization level in the composites with spacing ratios ξ = 0.36

(a), ξ = 0.50 (b), and ξ = 0.65 (c). The plots explicitly show that the

magnetic strength of inclusions can be partitioned into three groups, based

on the values of ϕmech and ϕmag. First, in the composites with low mag-

netization strength, the buckling patterns have a large mechanical pattern

coefficient, ϕmech > 0.9 (or ϕmag < 0.1). At higher magnetization levels,

however, ϕmag > 0.9 (or ϕmech < 0.1). For example, consider the composites

with ξ = 0.50 (Fig. 4.10b): the first region is observed for magnetization

M ≲ 250 kA/m, where they develop mechanical patterns (as shown in the

center row of right column in Fig. 4.9). For M ≳ 550 kA/m, the inclusions

rearrange to develop the two-level magnetic buckling pattern (right column

in Fig. 4.9).

The buckling pattern does not switch from mechanical to magnetic

with an increase in the magnetic strength. Instead, there exists a range of

magnetization values where the buckling patterns are distinctly different

from both the mechanical and magnetic ones; we refer to this range as

transition region (shaded in green color). In this region, the mechanical and

magnetic pattern coefficient values are close to each other, ranging within

0.4 ≲ (ϕmech and ϕmag) ≳ 0.6. This highlights a competition between the two

mechanisms leading to the cooperative mechano-magnetic patterns. Note



76

that the coefficients ϕmag do not increase monotonically and gradually with

an increase in magnetization. In the considered examples ( Fig. 4.10), the

coefficients change abruptly from the ϕmag < 0.1 to 0.4 ≲ ϕmag ≳ 0.6 range

as we enter the transition region; and it again drastically jumps to ϕmag > 0.9

in the magnetically-dominated region. Moreover, in the transition region,

the coefficients either form a plateau or change abruptly. For example, in

the composite with ξ = 0.36, ϕmag ≈ 0.409 for M = 100 to 240 kA/m and it

increases to ϕmag = 0.601 at M = 300 kA/m (see Fig. 4.10a). Additionally,

we note an unexpected decrease in ϕmag at M = 900 kA/m in the composite

with ξ = 0.65 (see Fig. 4.10b). These findings shed light on the influence

of particulate composite’s geometry on the pattern formations in the post-

buckling regime. In particular, the discrete system of inclusions can only

rearrange into certain stable patterns to reduce geometric frustrations –

giving rise to jumps in pattern matching coefficients.

We note that the transition region shifts to higher magnetization values

with an increase in the spacing ratio. For example, in the composites with

ξ = 0.36, the region lies approximately between 50 ≳M ≲ 350 kA/m, which

shifts to 675 ≳ M ≲ 925 kA/m at ξ = 0.65. This shift implies that it is

comparatively easier to achieve two-level magnetic buckling patterns in a

composite with far-placed inclusions, even when they are magnetically weak.

However, when the inclusion are initially closely-placed, the mechanical

behavior dominates the formation of the post-buckling patterns.

Next, we analyze the dependence of instability onset on the magnetic

strength of inclusions. In Fig. 4.13, we plot the critical strain εcr for

composites with ξ = 0.36 (red squares), ξ = 0.50 (green circles), and

ξ = 0.65 (blue triangles) as the functions of magnetization. We observe that

the composites develops instability at smaller strain levels (or εcr decreases)

with an increase in magnetization. This destabilizing behavior is caused by

the repulsive forces between the adjacent inclusions, leading to earlier onset

of instabilities (also observed in experiments, see Fig. 4.1c). We note that,
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Figure 4.13: Dependence of critical strain εcr on the magnetization of
inclusions.

unlike the sudden transitions observed in the buckling patterns, εcr shows

a gradual and monotonic decrease with an increase in magnetic strength.

Moreover, the rate of change in εcr is higher at larger magnetization values,

shedding light on the non-linear relation between the magnetic forces and

magnetization.

4.4.3 Programming buckling patterns and encoding

information

Hitherto, we have investigated the pattern formations in composites possess-

ing the same magnetic polarity arrangement – the adjacent inclusions repel

each other. Next, we examine two distinct arrangements of magnetization

orientations. The first polarity pattern is periodic, consisting of a repeating

set of three inclusions with one negative magnetic polarity followed by two

positives. The second one is an arbitrarily-chosen aperiodic polarity pattern.
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Figure 4.14: Periodic and aperiodic reconfigurations. a, Simulation
images of particulate composites with spacing ratio ξ = 0.36 (top) and
ξ = 0.5 (bottom). The results are shown for magnetic composites with
periodic polarity pattern (left column) and aperiodic polarity pattern (right
column) having magnetization M = 900 kA/m. b, Critical strain values for
the composites considered in sub-figure a and their mechanical counterparts.

We consider the inclusions with sufficiently high magnetic strength, i.e.,

M = 900 kA/m, such that the formation of buckling patterns is dictated by

the magnetic interactions. Figure 4.14 presents the numerical results for the

instability development in these composites.

In magnetic composites with periodic polarity pattern, the magnets

with negative polarity are surrounded by the pairs of positively polarized

inclusions; hence, they are repelled by these pairs and vice-versa. On the

other hand, among the inclusion pair with positive polarity, there is an

attraction force. Guided by these magnetic interactions, in the buckling

pattern, the negatively polarized magnets shift to form one row. All the pos-

itively polarized magnets rearrange in pairs to form the other row. Notably,

identical buckling patterns are obtained in both the composites, regardless

of their spacing ratios (deformation images are shown in the left column of

Fig. 4.14a). Although the periodicity of these magnetic patterns is N = 3
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(repeating periodic elements are bounded by red-dashed rectangles), the

arrangement of inclusions is noticeably different from that in mechanical

composite with ξ = 0.36 (shown in the left column of Fig. 4.9). In particular,

the magnetic pattern is a discrete two-level reconfiguration of inclusions,

whereas the mechanical one is inherently a wave-like arrangement. We find

that in the case of an aperiodic polarity pattern as well, the instability-

induced shift in inclusions is governed by the resulting magnetic interactions.

Consequently, the aperiodic buckling pattern emerges in the magnetic com-

posites (Fig. 4.14a, right column), which is otherwise inadmissible in the

mechanical composite. Furthermore, for both the magnetic patterns – peri-

odic and aperiodic – the critical strain values are lower than their mechanical

counterparts (Fig. 4.14b).

From the analysis thus far, two key features emanate from the magnetic

buckling patterns. First, they are strictly guided by the (attraction/repul-

sion) magnetic forces between the inclusions, which leads to the formation

of two-level microstructure patterns with inclusions of identical polarity

lying in the same row. Second, these transformations are independent of

the initial spacing ratio, ξ. Building upon these features, we can program

any desired and deformation-activated microstructural transformations in

the composite. In particular, the target two-level pattern can be achieved

by encoding the magnetic bit scheme into the design of initially periodic

composite. The magnetic bit scheme consists of pattern bits ‘0’ and ‘1’,

physically denoting the two opposite orientations of magnets (Fig. 4.15a).

The placement of bits in the scheme is planned according to the target

microstructure pattern.

To showcase the complexity of achievable shapes, we consider the example

of encoding the ‘UW’ pattern into the composite (Fig. 4.15b). The pattern

is dissected into two-levels, such that it can be discretely represented by

the arrangement of inclusions. Guided by the required positioning of the

inclusions in the post-buckled state, we assign the magnetic pattern bits
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Figure 4.15: Programming instability patterns and encoding infor-
mation. a, Physical definition of the magnetic pattern bits that constitutes
the magnetic bit scheme. b, Programming ‘UW’ pattern. Discretization of
‘UW’ pattern into two levels and the analogous bit scheme. The correspond-
ing simulation and experimental images are shown on the right. c, Encoding
information as Morse code. From top to bottom: the letters, their Morse
code, magnetic bit schemes, the simulation results, and the experimental
deformation images. The results are shown for the composites with spacing
ratio ξ = 0.5 subjected to a compressive strain of ε = 0.35.
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to each inclusion: zero for bottom row and one for top row. The magnetic

bit scheme for the ‘UW’ pattern is obtained as ‘10010101’. We assess

this scheme in an initially periodic particulate composite with spacing

ratio ξ = 0.5. In the composite, the magnetic inclusions are embedded with

polarity pattern that follows the aforementioned magnetic bit scheme. Under

compressive strain greater than the critical value, the inclusions depart from

their initial periodic arrangement and indeed reconfigure to form the target

‘UW’ pattern. The experimental and simulation deformation images are

shown at the strain-level ε = 0.35 in Fig. 4.15b.

Finally, we present the encoding of binary information, specifically, Morse

code in our architected material, and analyze the consequent instability-

induced transformations. Morse code is a method to encode text in the

form of dots and dashes. In terms of ON-OFF keying, in a single letter,

a dot represents one ON signal, whereas a dash denotes a series of three

ON signals. The space in the Morse code is the equivalent of one OFF. To

encode Morse code in our composites, we represent ON and OFF signals as

‘1’ and ‘0’, respectively.

As illustrative examples, we encode the Morse code of four letters, ‘A’,

‘F’, ‘R’, and ‘L’. The magnetic bit scheme, that is fed into the design of the

composite, is directly derived from the Morse code in the binary form (as

shown in the ‘Bit scheme’ row in Fig. 4.15c). Each letter give rise to distinct

deformation modes in the post-instability regime. In particular, following

the input polarity arrangement, the inclusions rearrange into distinct binary

patterns. These patterns are identically revealed by our experiments and

finite element simulations (the bottom two rows in Fig. 4.15c show the

deformation images at strain ε = 0.35). The stored binary information can

be decoded from the relative positioning of the inclusions. Therefore, in the

present system, the information can be encoded in the magnetic form and

read out via the applied mechanical deformation in the form of buckling

patterns.
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Figure 4.16: Unique bits assignment. a, Two possible instability-induced
reconfigurations of inclusions for magnetic composite with polarity pattern
of Morse code letter ‘L’. b, Addition of reference inclusion to identify unique
information bits from the buckling pattern.

4.4.3.1 Unique bits assignment

The magnetic bit placement scheme for guiding reconfigurations may not

always result in the buckling patterns with negative polarity inclusions
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constituting the bottom row. In an ideal setting, there is an equal probability

that the negative polarity magnets form the top row and the ones with

positive polarity form the bottom row. For example, consider encoding the

Morse code of letter ‘L’ into the composite; the corresponding bit scheme

is ‘101110101’. The particulate composite encoded with this scheme, can

develop one of the two buckling patterns with equal probability, as shown

in Fig. 4.16a. Therefore, bits ‘0’ or ‘1’ cannot be uniquely determined from

the position of the inclusion in a buckling pattern.

This issue can be resolved by using an extra inclusion as reference,

following the approach similar to setting a ground-level bit in electrical

signals. For example, in addition to the inclusions that carry the information,

an extra inclusion with positive polarity is added (Fig. 4.16b). Hence, in the

buckling pattern, the inclusions aligning in the same row as the reference

inclusion carry the ‘1’ information bit, whereas the inclusions forming the

other row has ‘0’ bit. By using this method, the information bits can be

assigned uniquely based on the reference inclusion’s configuration, regardless

of the top/bottom position of the inclusions (as shown in Fig. 4.16b).

Finally, we note that the presence of initial geometric or material defects

can potentially affect the buckling patterns. The extent of perturbations,

however, can be reduced by producing magnetic composites through various

additive manufacturing techniques across length scales (Kim et al., 2018;

Zhang et al., 2021d; Cao et al., 2021; Wang et al., 2022b; Lantean et al., 2019;

Sundaram et al., 2019; Wu et al., 2020; Dong et al., 2020; Lopez-Donaire

et al., 2023; Lu et al., 2017). Additionally, employment of these techniques

to fabricate the magneto-elastic materials can automate and simplify the

manufacturing process. On the other hand, these imperfections can be

capitalized to enrich the admissible range of buckling patterns (Liu et al.,

2017).
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5 magneto-mechanical metamaterial with

tunable vibration-isolation

5.1 Introduction

Controlling the propagation of mechanical signal through elastic waves is

essential for a large variety of applications such as non-invasive material test-

ing, waveguides, and medical imaging. Recently, the acoustic metamaterials

have gained significant attention, since they exhibit exotic wave phenom-

ena. Elastic metamaterials (Liu et al., 2000; Mazzotti et al., 2023; Chen

et al., 2023a; Peri et al., 2020; Wootton et al., 2019) draw their performance

from pecuilar microstructures (De Maio et al., 2023; Aguzzi et al., 2022;

Matlack et al., 2018; Turco et al., 2022), giving rise to topological phase

transitions, extreme (and negative) effective parameters, and the bandgap

(BG) phenomenon. The potential metamaterial applications range from

vibration isolation (Elser et al., 2006; Liu et al., 2019; Zhang et al., 2021c,

2018; Kushwaha et al., 1993; Krushynska et al., 2021a; D’Alessandro et al.,

2020; Colquitt et al., 2017), switching (Bilal et al., 2017a), waveguiding (Zhu

et al., 2014; Wang et al., 2016; Bilal et al., 2017b; Krushynska et al., 2021b;

Miniaci and Pal, 2021; Gei et al., 2020) and focusing (Memoli et al., 2017),

mode splitting (Chang et al., 2015; Galich and Rudykh, 2015), cloaking

(Zhang et al., 2011), negative phase and group velocities (Lee et al., 2010;

Fang et al., 2006; Lott et al., 2021), and attaining topological state of matter

that enables elastic wave flows immune to backscattering losses (Wang et al.,

2015; Foehr et al., 2018; Braverman et al., 2021; Chen et al., 2019; Zhang

et al., 2020).

Soft architected materials, in particular, due to their capability to sustatin

large elastic (reversible) deformations, open the possibility of manipulating

wave propagation through deformation (Slesarenko et al., 2018; Dorfmann
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and Ogden, 2010; Galich and Rudykh, 2016; Chang et al., 2015; Galich and

Rudykh, 2015; Arora et al., 2021, 2022; Li et al., 2023a; Wang et al., 2021).

Deformation of soft materials can influence the wave propagation in two ways:

(i) The microstructure of the material will evolve, as it material undergoes

large deformation; (ii) the presence of deformation-induced stresses can

influence wave propagation. Moreover, soft architected materials can develop

sudden structural transformations that are induced by the development of

elastic instabilities within the material. Due to the switch in the structure

of the material, it also exhibits a change in its acoustic properties (Li et al.,

2018b; Wang et al., 2014, 2020; Rudykh and Boyce, 2014; Bertoldi and

Boyce, 2008b; Gao et al., 2021; Pranno et al., 2022). However, as also

discussed in Chapter 4, the geometry of admissible instability-driven pattern

transformations is highly limited in this mechanics-centric design approach

and, in general, the patterns are spatially homogeneous and periodic (Kang

et al., 2014; Frenzel et al., 2016; Mullin et al., 2007; Triantafyllidis and

Maker, 1985; Li et al., 2019a; Jiang et al., 2006; Li et al., 2022, 2021). Here,

we address this challenge by attaining non-affine (local) programmability of

the amplitude of buckling patterns.

In this work, we propose a design of magneto-mechanical metamaterial

that offers tunable frequency filtering. Our strategy make use of the pro-

grammed non-uniform deformation in the materials, which is induced by

the instability development in a graded architected design and the magnetic

interaction between the inclusions. Through our simulations, we show the

induction of new bandgaps via applied deformation. Moreover, we uncover

the underlying physical mechanisms leading to the transformation in the

acoustic behavior of the metamaterial.
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Figure 5.1: Schematic of the magneto-mechanical metamaterial. The volume
fraction of voids in a row is written on the left. The red-dashed rectangle
marks the unit cell of a particular row; enlarged view of the unit cell
shown on the right. The arrows in the enlarged view show the direction of
magnetization polarity.

5.2 Metamaterial design

Figure 5.1 shows the schematic of the magneto-mechanical metamaterial.

The design consists of circular voids distributed in square arrangement in

the soft matrix. The square magnets are also placed in a square arrangement

at a distance of a = 10 mm between their centers (horizontal and vertical),

as shown in Fig. 5.1 enlarged view. The size of the circular voids is defined

using their volume fraction cv = πr2/a2, where a is the distance between

the adjacent magnets and r is the radius of the circular voids. In this study,

we consider a graded geometry where the size of voids increase from top to

center and decreases from center to bottom row. As shown in Fig. 5.1, the
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volume fraction of voids increases from cv = 0.45 in the top row to cv = 0.65

in the center row, and gradually decreases to cv = 0.45 in the bottom row.

The magnets are placed at an angle of 45◦ from the horizontal axis. The

side length of square magnets is d = 3.175 mm. The magnets have four

different orientations of magnetization as shown in the enlarged view in

Fig. 5.1 using the red arrows. This polarity arrangement is periodically

repeated in the entire specimen.

5.3 Modeling

In our simulations, the soft matrix is modeled as nearly incompressible

neo-Hookean hyperelastic material with the strain energy density function

given in Eq. (3.4). The matrix material characterized by the initial shear

modulus Gm = 0.1 MPa and material density ρm = 1090 kg/m3. The

stiff inclusions are modeled as a rigid material with the material density of

ρi = 6250 kg/m3.

The soft matrix is considered to be magnetically inactive and does not

have any remnant magnetization. The magnetic inclusions are modeled

as hard-magnetic materials with residual magnetic flux density defined in

terms of the magnetization M = 900 kA/m (same as B422, K&J magnetics,

used in Chapter 4).

5.3.1 Static compression study

The metamaterial is subjected to in-plane deformation, with compression

along the vertical direction. In the simulations, the macroscopic mechanical

loading is implemented by applying periodic boundary conditions. The

applied macroscopic deformation gradient is

F̄ = F̄11e1 ⊗ e1 + (1− ε)e2 ⊗ e2 + e3 ⊗ e3 (5.1)
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where ε is the compressive strain and F̄11 is evaluated using the traction-free

left and right boundaries. To avoid rigid body motions, the displacement of

the bottom-left point is constrained. We assume that there are no surface and

free currents within our system and the specimen is subjected to quasi-static

mechanical compression. The resulting governing equations Eq. (1.1) and

(1.11) are evaluated by means of finite element code COMSOL Multiphysics

6.0.

To capture the post-buckling behavior, we consider slightly perturbed

shape of voids. In particular, we impose the imperfection by using elliptic

voids with very small aspect ratio 1.001:1, instead of circular voids. It was

verified that the geometrical imperfection do not affect the predicted critical

strain values or the instability-induced patterns.

5.3.2 Vibration study

In this study, we investigate the propagation of pressure waves traveling

from top to bottom in the magneto-mechanical metamaterial. We perform

the frequency domain analysis on the finitely deformed state (obtained

from the static compression study, Sec. 5.3.1) to evluate the transmittance

spectrum. To perform the analysis, we apply periodic boundary conditions

on the right and left boundaries. On the pre-deformed metamaterial, a

harmonic perturbation is imposed on the top boundary with an amplitude

Ain. The induced harmonic response at the bottom boundary is captured,

and the transmittance spectrum is computed as the ratio between the output

and input displacements, defined as 20 log10 ||Aout(ω)/Ain||, where ω is the

frequency.
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Figure 5.2: Simulation images showing the evolution of mechanical metama-
terial’s structure with compression.

5.4 Results

5.4.1 Static behavior and instability development

We start with analyzing the response of the purely-mechanical metamaterial.

In particular, we consider the architected material shown in Fig. 5.1 with
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Figure 5.3: True stress vs applied strain for the mechanical metamaterial.

non-magnetic rigid inclusions. Figure 5.2 shows the evolution of the meta-

material’s structure with increase in compressive strain. The rigid inclusions

are shown in black color, whereas the matrix is of gray color.

We observe that at strain ε = 0.05, the voids in the central row with

maximum volume fraction of cv = 0.65 departs from their initial circular

shape. At this deformation level, however, the change in the shape of

other voids with cv ≤ 0.60 is relatively insignificant. This is the primary

instability-mode that develops in the central row, because of which the

material architecture is divided into two-halves: upper half and bottom

half. These two halves appear to be sliding horizontally with respect to each

other, with the increase in deformation (compare the deformation image at

ε = 0.05 and ε = 0.10 in Fig. 5.2).

At strain level, ε = 0.10, we find that the voids in the top and bottom

halves also develop the secondary instability-mode. In particular, they de-

velop the well-known transformation of voids from circular to elliptical shapes
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with alternating orientations; the similar shape morphing is also observed in

soft matrix having identical circular voids with square arrangement (Mullin

et al., 2007; Bertoldi et al., 2008). With the increase in compressive strain

further, the voids collapse and their effective area decreases. This leads to a

significant shrinkage in the size of the architected material and it exhibit

auxetic behavior. The occurence of auxetic behavior in the post-instability

regime has also been reported in other soft architected materials (Bertoldi

et al., 2010; Li et al., 2018b).

Figure 5.3 shows the true stress (kN/m2) at the top boundary as the

function of applied strain for the mechanical metamaterial. At smaller

strain levels, we find that the stress is a linear function of the strain ε.

However, for strain levels ε > 0.035, stress-strain curve has a highly non-

linear relation. Interestingly, this shift in the stress-strain relation is marked

by the development of primary instability. In particular, the buckling of the

voids in the central row with cv = 0.65 occurs at ε = 0.035.

Next, we investigate how the structure of the magneto-mechanical meta-

material evolves under compression. Figure 5.4 shows the change in mi-

crostructure at different strain levels. In particular, we observe in our

simulations that the center row of voids collapse at the strain ε = 0.064.

On further compression, the row just under the center row collapses at

ε = 0.124. We observe the next collapse of voids in the row just above the

center row at ε = 0.161. In other words, first the row with volume fraction

cv = 0.65 collapses, followed by the cv = 0.60 rows. This collapse is a form

of deformation localization, which occurs post-instability in the row with

larger voids. The localization is further accentuated by the attractive forces

between the magnetic inclusions.

We note that the magneto-mechanical metamaterial has only one insta-

bility pattern, i.e., voids transform from circular to elliptical shapes with

alternating orientations. However, the extent of buckling is more concen-

trated in the voids with larger radius. This buckling pattern is significantly
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Figure 5.4: Simulation images showing the evolution of magneto-mechanical
metamaterial’s structure with compression.
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distinct from that in purely mechanical case, where there were two modes

of instability development (compare the last images in Fig. 5.2 and 5.4).

Moreover, we note that the collapse of voids is comparatively more localized

in the the magneto-mechanical case.

To further understand this localized deformation, in Fig. 5.5 we plot the

compressive true stress as the function of applied strain (red solid curve).

The gray-dotted curve for mechanical case is added for comparison. At

smaller strain levels (¡1%), the slope of the stress-strain curve is almost

identical for both the material systems. However, on further compression,

magneto-mechanical system shows a very distinct stress response. Near

strain ε = 0.064, when the first collapse takes place, we observe a sharp

drop in the force value. The force required at this strain level is negative

and slope is zero, which highlights that the metamaterial shows bistable

behavior. This drop in the force and stabilization at this deformation level

is because of the attraction forces between the magnets, which balances the

strain energy induced in the matrix. We see similar valleys in the force curve

at the second (ε = 0.124) and third collapse (ε = 0.161). Moreover, the

maximum stress value is significantly lower as compared to the mechanical

case, which is also because of the attraction between the magnets that favors

the compression of the material.

5.4.2 Dynamic behavior and strain-tunable

transmittance

Next, we study the propagation of elastic waves in the magneto-mechanical

metamaterial. Figure 5.6 shows the transmittance spectra, defined as

20 log10 ||Aout(ω)/Ain||, for pressure waves traveling from top to bottom

boundary (as described in Sec. 5.3.2). The results are presented for un-

deformed state, ε = 0 (a), and deformed states at strains: ε = 0.064 (b),

ε = 0.124 (c), and ε = 0.161 (d).
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Figure 5.5: True stress vs applied strain for the mechanical metamaterial
(gray-dotted curve) and magneto-mechanical metamaterial (red solid curve).

In the undeformed state ε = 0, we observe that the metamaterial has

positive transmittance for the almost all the frequency values in the consid-

ered range – 1 to 300 Hz (see Fig. 5.6a). This shows that the metamaterial

allows the wave of most of the frequencies to pass through. At compression

level ε = 0.064, where the center row of void collapses, we observe that the

transmittance curve shift below the zero line for a range of frequency at

smaller values (approximately 14 to 70 Hz, see Fig. 5.6b).

We find that in the metamaterial with two collapsed rows, at ε = 0.124,

the transmittance curve further shifts down giving rise to multiple bandgaps,

including the frequency ranges: 14 to 45 Hz, 50 to 130 Hz, 156 to 215

Hz, and 234 to 289 Hz (see Fig. 5.6c). Further, with the third collapse

at ε = 0.161, the metamaterial exhibit a highly lossy response, not only

at smaller frequencies but also at higher values (see Fig. 5.6d). Note that

this drastic change in the acoustic behavior of the metamaterial is achieved

only through applied deformation (compare Fig. 5.6a and d). Therefore, it
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c d

Figure 5.6: Transmittance spectra at strain levels: a. ε = 0, b. ε = 0.064,
c. ε = 0.124, and d. ε = 0.161.

can be reversed by reinstating the initial microstructure by changing the

compression level.

To investigate the mechanism leading to the formation of bandgaps, we

study the eigenmodes at strain ε = 0.161. Figure 5.7 shows the eigenmodes

at low-range and high-range frequencies, namely, f = 40 Hz and f = 250 Hz.

Note that at both these frequencies there is a negative transmission. The

color on the eigenmodes shows the vertical displacement as per the color
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Figure 5.7: Eigenmodes at frequencies f = 40 Hz and f = 250 Hz at strain
ε = 0.161. The color on the eigenmodes shows the vertical displacement as
per the color bar on the right.

bar on the right.

From the color distribution in the eigenmode at f = 40 Hz, we can

identify three distinct regions. First, the top region which is red in color.

Second, the center region with collapsed voids with dark blue color. Third

region is the bottom region colored in the light shade of blue corresponding

to almost zero displacement. This shows that the first region act as a single

rigid body and it moves down towards the applied perturbation at the top

boundary. There is almost no deformation inside the region. The second

region in the center moves up, opposite to the applied harmonic perturbation.

We observe that the deformation in the eigenmode is highly localized in

the beams connecting the two regions. The distribution of displacement

field observed here highlights the presence of local resonator. Note that

this resonator is formed because of the macro-structural changes due to the

applied compression. The interaction of this local resonator with the elastic

waves gives rise to the low-frequency bandgap.
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At f = 250 Hz, we observe that the displacement field is locally dis-

tributed according the microstructure in the upper-half of the metamaterial.

Therefore, the existence of bandgap at this frequency can be potentially

because of Bragg scattering at higher values of frequency. In the lower-half,

the displacement is close to zero (similar to 40 Hz eigenmode).

top inclusion

bottom inclusion

Figure 5.8: Vertical displacement of the two magnetic inclusions in the
eigenmodes of various frequencies at strain ε = 0.161.

To further probe into the mechanism, in the eigenmodes at ε = 0.161, we

analyze the vertical displacement of two magnetic inclusions in the collapsed

region. The frequencies considered here lie in the bandgap regions. The two

magnetic inclusions under consideration are shown in the Fig. 5.8. These

inclusions have a collapsed void between them. The rationale behind this

analysis is: If there is no relative displacement between the inclusions, then

it shows the occurrence of resonance, where the whole collapsed region

oscillates as a single body. However, if there is relative displacement, then

that represents the open-close oscillation of the voids in the collapsed region.

This correspond to the Bragg scattering phenomenon, also seen in periodic

architecture with square distribution of voids.
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We observe that at smaller frequency values, both the inclusions move

towards the same direction with almost same amplitude, opposite to the

applied harmonic perturbation. This confirms the local resonant behavior.

However, at higher frequencies (≥130 Hz), we find that the displacement of

these inclusions differs. Interestingly, at f = 250 Hz, the inclusions move

in opposite directions, highlighting the Bragg scattering phenomenon. In

the intermediate range of frequency, we anticipate that the waves does not

transmit potentially because of the combination of both the mechanisms.
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6 conclusion

6.1 Summary

This thesis has presented the fundamental study of the instability phe-

nomenon occurring at different length scales in a variety of soft architected

materials, including fiber and layered composites, matrix-voids material

systems, and particulate composites. Moreover, it illustrates the potential

of these materials to become the material-platform for novel applications.

First, in Chapter 2, we have investigated the microscopic and long-

wave instabilities in a class of non-Gaussian hyperelastic fiber composites

with Gent phases. We derived an analytical expression to predict the

onset of the long-wave instabilities. By employing Bloch-Floquet analysis

superimposed on finite deformations, we detect the critical parameters

of elastic instabilities. Our results indicate that the critical strains and

the associated wavelengths corresponding to the onset of instabilities are

significantly affected by the locking parameters of the phases. We show that

the stiffening effect (stemming from the accurate non-Gaussian based models)

together with instability phenomenon lead to the widening of admissible

pool of tunable microstructures.

Then, we have experimentally and numerically investigated the instability

development and associated buckling patterns in 3D FCs with rectangular

in-plane arrangement of fibers. We have provided a buckling configuration

map in the design-space of geometric parameters (fiber volume fraction and

in-plane periodicity aspect ratio). Pre-determined by the microstructure

parameters, the fibers buckle towards (i) the first principal direction along

which the fibers are closer to each other, or (ii) the second principal direction,

or (iii) towards a non-principal direction. Furthermore, we find that the

characteristics of the buckling plane map is governed by the shear modulus

contrast between the phases of FCs.
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In Chapter 3, we have investigated the buckling behavior of the compos-

ite system consisting of a magnetoactive layer embedded into an inactive

elastomeric matrix. The composite is subjected to compressive strains

in the presence of a high magnetic field. Our experimental results show

that the critical buckling strain is highly tunable by the applied magnetic

field. In particular, the composite buckles significantly earlier when the

field is applied, leading to well-developed controllable wavy patterns in the

post-buckling regime. To elucidate the mechanisms associated with the

magneto-mechanical instability, we investigated the stability using numerical

analysis. The numerical model is verified against the experimental results,

showing its capability to predict the onset of the magneto-mechanical insta-

bility and the post-buckling behavior of the MRE. Collectively, the study

demonstrates MRE instability tuning in a laminate form factor and outlines

the strategy and benefits of harnessing two field physics for controlling

bifurcations.

In Chapter 4, we presented a diverse range of instability-induced pattern

transformations in a material system consisting of rigid magnetic inclusions

periodically distributed in a soft matrix. Moreover, we proposed a strategy

to effectively program the positioning of inclusions in the post-buckling state.

By analyzing the influence of inclusions’ magnetic strength on the instability

development, we revealed the presence of three distinct regimes. First

regime is characterized by weak magnetic interaction among the inclusions,

resulting in the development of wavy buckling patterns, akin to mechanical

composites. Interestingly, when the magnetic and mechanical interactions

have a comparable command, the inclusions can rearrange into a periodic,

quasi-periodic, or aperiodic pattern, depending on the initial spacing between

them. Finally, in the magnetically-dominated regime, because of the non-

linear magnetic interaction between the inclusions, they rearrange into

highly discrete binary (two-level) pattern. It not only allow us to program

the deformation-activated microstructural transformation, but also embed
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binary information into the material, as demonstrated through the example

of Morse code.

Finally, in Chapter 5, we have proposed the design of a magneto-

mechanical metamaterial with strain-tunable bandgaps. The strategy utilizes

the structural transformations induced by the instability development and

magnetic interactions. Through our simulation, we have shown the induction

of new bandgaps via applied deformation. We also identify the underlying

physical mechanism leading to the rise of bandgaps. In particular, we find

that in the low-frequency range, the no-pass zone is created by the local res-

onance. On the other hand, at high frequency values, the wave propagation

is inhibited by Bragg scattering.

6.2 Future outlook

The projects presented in this thesis offers insights into the non-linear

response of soft architected materials, with a special emphasis on instability

phenomenon. The results provide motivation and groundwork for the

future theoretical and experimental investigations. Moreover, the various

instability-induced microstructure transformations reported in this thesis

offer promising strategies to design next generation materials. Some of the

prospective research directions are discussed below.

Soft composites with strain-stiffening phases: The influence of strain-

stiffening behavior is not only limited to instability development in soft

composites. Such highly non-linear behavior of soft phases significantly

also affect the composite’s dynamic response, when subjected to finite

deformations. For example, in another study (Arora et al., 2022), we have

reported the observation of deformation-induced negative group velocity

(NGV) state. These NGV states are achieved in stable composites through

tailored stiffening behavior of their non-Gaussian soft phases. Similar roton-

like dispersion behavior has been realized in other designs of metmaterials
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(Chen et al., 2023b; Wang et al., 2022a; Iglesias Mart́ınez et al., 2021).

However, deformation-induced roton-like dispersion observed in our system

are yet to be realized in experiments. In practice, the extent of matrix

stiffening may be regulated through, for example, varying the level of

crosslink density (Treloar, 1975). For instance, the crosslink density can be

controlled by the light intensity during the polymerization process of a 3D

printed soft polymer (Xiang et al., 2020c; Wu et al., 2018). Furthermore,

designing matrix phase using the combination of polymer networks and

stiff-inclusions can provide better control on its stiffening behavior (van

Oosten et al., 2019; Shivers et al., 2020).

Tunable buckling plane orientation in fiber composites: The switch in the

buckling plane direction reported in Chapter 2 are observed with the change

in the geometry and/or the material properties of the 3D fiber composite.

In other words, single buckling orientation is achieved in an individual

specimen. To achieve multiple buckling orientations in a single specimen, the

viscoelastic behavior of the phases can be utilized. In particular, by applying

different strain-rates for compression, the effective shear modulus contrast

between the phases can be actively controlled, resulting in different buckling

directions. The role of viscoelastic response of soft phases in microstructural

buckling had been studied for 2D soft composites (Slesarenko and Rudykh,

2016; Xiang et al., 2023). The results presented here can be further utilized

in designing systems that exploits the targeted buckling plane; for instance,

an acoustic metamaterial that can filter waves based on their polarization.

Moreover, tunable fiber buckling orientation can induce soft shear response

in different directions and can be used to design mechanically non-reciprocal

materials (Wang et al., 2023).

Magnetic-field controlled buckling: The experimental and numerical re-

sults presented in Chapter 3 showed that the deformation-level, at which

the instability occurs, changes with the magnitude of applied magnetic field.

However, for the specimen considered in the study, we do not observe a
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change in the buckling wavelength. Therefore, a more rigorous investigation

is required to further understand the role of various magnetic field-induced

stress-components within the composite that dictate the instability devel-

opment. Furthermore, in order to expedite the detection of instability

initiation, there arises a need for a computationally efficient technique, in

contrast to the post-buckling analysis employed in the current investigation.

For instance, the numerical implementation of the Bloch-Floquet analysis

performed on this two-physics problem (Pathak et al., 2022) can be em-

ployed for the detection of instabilities.∗ Finally, it should be noted that

the present study provides a proof-of-concept for the remotely-controlled

instability behavior of a relatively simple composite design, i.e., a laminate.

This strategy can be implemented to achieve transformations and tunable

behaviors in even richer structural designs.

Magnetically-programmed instability patterns: The study in the Chapter 4

presents a novel strategy to program desired deformation fields within the

soft architected material. In particular, the relative up/down shifting of

neighboring inclusions is analogous to local rotational deformation fields.

These local clockwise/anti-clockwise rotational fields are obtained because

of the local interactions of the magnets. This approach can be readily

implemented into the designs of other material-based systems. The strategy

presented here opens the door to a broad range of applications in which

the local shape-tunability of the architecture is instrumental. The pre-

programmed shape morphing, for example, can be used to incorporate

complex actuation, sensing, and control capabilities into the soft robots (Pal

et al., 2021). Moreover, in soft particulate composites, the positioning of

inclusions can be used to control the surface texture (Guttag and Boyce,

2015), thereby tuning their drag, friction, and wettability. Lastly, we envision

the design of a re-programmable architected material in which the magnetic

polarity of the inclusions can be reoriented through an external magnetic

∗Work underway
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field. From the fundamental viewpoint, the transition region, where a

plethora of distinct buckling patterns are observed, opens a new avenue

of research. In particular, further investigation is required to understand

the interplay between the mechanical and magnetic interactions with the

consideration of energy landscapes.∗ In addition, the non-linear and time-

dependent response of soft matrix (e.g., the viscoelasticity) can further enrich

the magneto-mechanical coupling and the admissible range of instability-

induced pattern transformations.

Strain-tunable vibration absorber: The study reported in Chapter 5

pertains to small amplitude vibrations. In order to encompass a wide array

of potential applications, it becomes necessary to analyze the material’s

response when subjected to vibrations of greater amplitudes. Moreover, an

experimental investigation is required to validate the phenomena observed

in the numerical simulations.∗ Furthermore, for an accurate representation

of the experiments, the viscoelastic response of the soft matrix should

be incorporated in the modelling, which is, however, not considered in

the present study. Finally, it should be noted that the band-gap induced

because of the local resonance within the architected material is inversely

related to the lumped mass formed because of the void collapse. Hence, the

material can be fabricated to actively switch from full to no transmission

at a particular frequency range, catering to the requirements of a specific

application.

∗Work underway
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