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Stochastic reaction networks within interacting
compartments

Aidan S. Howells

Abstract

Stochastic reaction networks, which are usually modeled as continuous-time Markov chains
on ng and simulated via a version of the “Gillespie algorithm,” have proven to be a useful
tool for the understanding of processes, chemical and otherwise, in homogeneous environ-
ments. There are multiple avenues for generalizing away from the assumption that the
environment is homogeneous, with the proper modeling choice dependent upon the context
of the problem being considered. One such generalization was recently introduced in [1],
where the proposed model includes a varying number of interacting compartments, or cells,
each of which contains an evolving copy of the stochastic reaction system. The novelty of
the model is that these compartments also interact via the merging of two compartments
(including their contents), the splitting of one compartment into two, and the appearance
and destruction of compartments. This thesis begins the systematic exploration of the
mathematical properties of this model. We (i) obtain basic/foundational results pertain-
ing to explosivity, transience, recurrence, and positive recurrence of the model, (ii) explore
a number of examples demonstrating some possible non-intuitive behaviors of the model,
(iii) identify the limiting distribution of the model in a special case that generalizes three
formulas from an example in [1], and (iv) examine the case where the splitting rate is
content-dependent. This thesis is best viewed as an expanded version of 2], and will be
familiar to readers of that paper. New items in the thesis include an expanded exposi-
tion (e.g. Remark , proofs of some results which were left as exercises to the reader
(e.g. Proposition, and a brand-new chapter with a case study on content-dependent
fragmentation (point (iv) above).
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Chapter 1

Introduction

Stochastic reaction networks are commonly utilized to model various types of systems
in the biological sciences. These mathematical models are often continuous-time Markov
chains and are used when the counts of at least some of the underlying “species,” which are
most commonly different molecule types, are low. In this low copy-number case, the state
of the model is a vector giving the integer counts of the different species and transitions
are governed by the different possible “reactions” that can take place. These models are
typically simulated via the Gillespie algorithm (see [3, 4]) or the next reaction method
(see |5 16]). See [7], and references therein, for more on this type of model.

One potential drawback to the standard model is that it assumes a homogeneous
environment. There are multiple ways to generalize away from this assumption. One
common generalization is to split the environment into different fixed pieces (often called
“voxels”), assume that the chemistry is well mixed within each voxel, and then allow for
transitions between adjacent voxels; see [8,|9]. Thinking of the size of the voxels going to
zero leads naturally to a model with continuous space in which the state of the system is
given by the type, position, velocity, etc., of each particle in the system. A reaction can
then only take place when the necessary constituent molecules are near each other (with
the precise mechanism for defining when they are “near enough” left to the modeler). One

of the first examples of such a continuous space model was introduced by Doi in [10]. More



generally, there are a whole class of continuous space models known as reaction-diffusion
models. For a brief overview of such models, see [11]. For a comparison of two specific
such models, with an approachable introduction, see [12]; for a more general approach,
see the introduction of [13].

A different approach to generalize from the homogeneous case is to imagine some fixed
collection of compartments and model the dynamics within each compartment in the usual
way (as a continuous-time Markov chain as described in the first paragraph above) while
also allowing for interactions between adjacent compartments. This is the approach taken
in [14] in an ecological context (their “patches” are our “compartments”). However, ideally
one might like to also account for situations like in cellular biology, where reactions take
place in cells that are not static but, for example, can appear, divide, possibly merge, or
even be destroyed. That is the approach presented in a recent paper by Duso and Zechner,
where they developed a Markov model for stochastic reaction networks within interacting

compartments [1]. In particular, their model consists of two basic components:

1. a stochastic model of a chemical reaction network;

2. a dynamic model of compartments, or cells, which themselves undergo basic tran-
sitions such as (i) arrivals, (ii) departures, (iii) mergers, and (iv) divisions. In the
context of [1], these four transition types are referred to as inflows, exits, coagula-

tions, and fragmentations, respectively.

Each compartment, or cell, contains a copy of the (evolving) chemical reaction network.
When two cells merge, their contents are combined. When a cell divides, its contents
are randomly split among the two new daughter cells. Beyond the framework itself, their
paper focuses on the framework’s practical use, using moment closure methods to derive
estimates for various population statistics which are then validated by simulation. They
also derive stationary distributions for some special cases.

In this thesis, we attempt to lay the groundwork for exploration of mathematical ques-
tions about the Markov chain model developed in [1]. We focus on the special case where

the compartments can only enter, leave, merge, and divide, all according to mass action
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Figure 1.1: Imagine the reactions W + Wl — and 0 — M, taking place inside com-
partments. The top shows a possible initial state of the system. The middle shows four
possible changes that could take place in the system: one compartment is entering, two
compartments are merging, and the other two compartments have chemistry taking place
inside them. The bottom shows the state of the system after the changes.




kinetics and unaffected by their contents. Questions pertaining to recurrence, transience,
and explosivity are all considered. We show that in most, but not all, parameter regimes
the overall qualitative behavior of the model (i.e., recurrence, transience, or explosivity)
is the same as that of one of the associated stochastic reaction networks. We also analyze
myriad examples that, taken together, demonstrate some of the non-intuitive (and inter-
esting) possible behaviors of the model. Moreover, we derive the stationary distribution
for the model in the case where the chemistry inside the compartments is well understood
in the sense that a formula for the distribution is known for all time (e.g., the DR models
of [15]) and the compartments themselves are not allowed to interact (but are not totally
static, being allowed to enter and leave the system). Two special cases of this stationary
distribution are provided as illustration, both of which generalize formulas from an ex-
ample in [1]. Lastly, we devote a chapter to the case where the rate of fragmentation is
affected by the contents of the compartment. In that case we are able to obtains some
results about explosivity, positive recurrence, and transience, some of which imply that a
stationary distribution which was approximated numerically in [1] actually exists.

Before moving on, we warn the reader that in the field of epidemiology, the term
“compartment model” has a different meaning. There the compartments are what we
would call species. For example, they would speak of an SIR model as dividing individuals
into a susceptible compartment, an infected compartment, and a recovered compartment.
See e.g. |16].

A standard knowledge of continuous-time Markov chains is assumed. See for example
Norris [17] for a detailed introduction to the topic. That said, we briefly pause to clarify
the role of the generator of a process, which plays a key role in much of the analysis
found in this thesis. Multiple different definitions of the generator of a of continuous-time
Markov chain exist in the literature, all equivalent under suitable convergence assumptions
(for example, the generator and full generator are defined in a more general context in
chapter 1 of |1§], whose proposition 1.5(c) relates them; see also chapter 5 of the same for

details on the specialization of those definition to Markov processes). For the purpose of



this thesis, we work with the following:

Definition 1.0.1: Suppose X is a Markov chain with countable state space S. For x,y €
S, let gy denote the rate that X transitions to state y from state x (that is, if py,(t) =
P.(X(t) = y), then gz = p},(0)). For f : S x [0,00) — R such that ¢t — f(x,t) is

differentiable for each x, define the generator £ of X via

0
L (w,t) = | DS,y | + 5. f(@:0).
yeS
whenever the sum is absolutely convergent (in which case we will say that f is in the

domain of the generator).

Note that most of the functions f which we take the generator of in this paper will
not vary in time (that is, f(z,t) will take the form f(z), and so the time derivative term
will vanish). The exception is in the proof of Theorem which involves constructing
a time-dependent Lyapunov function.

For notational convenience, we will use the following shorthand notations: for any two

vectors v, w € R%O and any vector x,y € Zéo we denote

- ﬁ(vi)w and 2! = ﬁ(mi)! and (;) = ﬁ <x>

i=1 i=1 =1 \Yi

with the conventions that 0° = 1 and that (g) =0 for y < 0 or y > x. Moreover, we will

always use d to represent the number of species in the model. Finally, for = € Zéo we
define e, : Z%o — Z to be the function taking the value of one at x and zero otherwise.
The remainder of the paper is outlined as follows. In chapter [2| we fully specify the
model. Further, we give two different mathematical representations that are both useful
and prove some first basic properties. In the brief section [3.I] we prove that the full
model is explosive if and only if the associated reaction network is. In section we

give conditions for when the full model is recurrent, positive recurrent, or transient. In

section [d, we provide the stationary distribution for a special class of models. Finally, in



chapter 5, we define and study a related model in which the compartment fragmentation

rate depends on the contents of the compartment.



Chapter 2

The reaction network within
interacting compartments (RNIC)

model

As discussed in the introduction, the full model we consider here consists of two sub-
models: (i) a stochastic reaction network and (ii) a dynamic model of compartments, or
cells, each of which contains an evolving copy of the stochastic reaction network. We first
describe these sub-models individually and then specify how they are combined to make

the full model.

2.1 Stochastic reaction networks

Suppose we have a finite set S, whose elements we shall call species, and a directed
graph whose vertices are unique linear combinations of species with non-negative integer
coefficients. The edges of the graph are called reactions; let R denote the set of reactions.
The linear combinations which appear as vertices in the graph are called complexes; the
set of complexes will be denoted C. A chemical reaction network (or just reaction network;

CRN for short) is the tuple Z = (S,C, R), where S, C and R are as above. See Figure



A+B——0__B A+2B —— A
2B

Figure 2.1: The CRN with species A and B and reactions A+ B — 0,0 — B, B — 0,
2B — 0, and A+ 2B — A. Note that 0 here denotes the linear combination 0A + 0B.

for an example reaction network.

When talking about specific reaction networks, the species will usually be represented
by capital Latin letters. When talking generally, there will be d species S1,...,54. In
this case we will identify Z¢ with the space of linear combinations of species with integer
coefficients. That is, we naturally identify v € C with the vector in Z¢ whose ith element
is the coefficient of S; in v. We will speak of reactions v — v/ € R, or sometimes, when
we wish to enumerate the reactions as {v, — v/}, we will simply write r € R.

There are multiple ways to associate a mathematical model to a given reaction network,
including the use of a deterministic ODE [19], a diffusion process |20} 21], and a continuous-
time Markov chain [7]. The only one of concern to us here is the continuous-time Markov
chain model with stochastic mass-action kinetics, in which the state of the system is
a vector giving the number of each species present and transitions are determined by
the reactions. To fully specify the model, positive (or sometimes, merely non-negative)
numbers, called rate constants, are assigned to each reaction. If the reaction v — v/
has rate constant x, then in state x that particular reaction occurs with rate /i(ff) and
when it occurs the chain transitions to state x + v/ — v. So the reactions will happen
with rate proportional to the number of ways the chemicals can combine to allow them to
happen, and & is the constant of proportionality. If K is a set of rate constants, one for
each reaction, we denote by Zx = (S,C, R, K) the corresponding stochastic mass-action

system. If we let x,_,,s be the rate constant for the reaction v — v/, then the Markov



chain transitions from state x € Z‘éo to state y € Z‘éo with rate

= X (D)= X mﬁ(x) (2.1)

v—U'ER v—U'ER 7j=1
V' —v=y—zx Vv —v=y—zx

where the sum is over those reactions for which v/ — v =y —z. For r = v, —» 1. € R, we
denote the rate of the reaction r in state x € Z‘éo by Ar(x):

Ar(z) = /{r<x> (2.2)

Vp

Note that A,_,/(x) = 0 if x; < v; for some ¢, since (7:) = 0 for kK > m. Note also
that not all authors take the same conventions as we do here. In fact, the convention we
use here pertaining to our rate constants is more in line with the biology literature [22].
In the mathematical literature it is more common to use a falling factorial \,_,,/(z) =
Ky [ (i) (2 = 1)+ (25 — v + 1) = K,,,_n,/(xfi!u)!, at the cost that their rate constant
k is no longer the constant of proportionality when the reaction takes multiple inputs [7].
This choice plays no fundamental role in our results, but makes certain expressions cleaner
in the present context.

We note here that many of the results found in this paper can be generalized to systems
with kinetics, i.e., rate functions A, other than mass-action. See Remark

Put more succinctly, we have a Markov process on Z‘io with infinitesimal generator

Lf@) =Y M@ (fx+v —v) = f(2),

reR

where A, is determined via (2.2)), and the above is valid for all functions f that are
compactly supported [18]. The Kolmogorov forward equation, often called the chemical

master equation in the context of reaction networks, is then

D)= S0 0~ v Pule — (= v 1) = Y0 M) Pl ),
reER reR
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where P,(x,t) = P,(X(t) = x) is the probability the process X is in state z € Z%O at time
t, given an initial distribution of u. We take the convention that Py (x,t) = 0 for z ¢ ZZ,,.

One way to represent the solution to the stochastic model described above is via a
representation developed and popularized by Thomas Kurtz. Let {Y, },cr be a collection of
independent, unit-rate Poisson processes, one for each possible reaction, and let X (¢),t >

0, be the solution to

t
X(0) = X0+ % ([ 2 x)ds) 0] o) 23)
reR 0
then X is a continuous-time Markov chain that satisfies the conditions of the model spec-

ified above |7, |18} 23].

Example 2.1.1: Suppose we assign rate constants to the example CRN in Figure [2.1] as

follows:
2
A+Bi>04>{’€ B A+2B —8 5 A
2.4
f (2.4)
2B

Let x = (a,b) € ZQZO denote an arbitrary state of the system. For the particular choice of

rate constants given above the positive transition rates ¢((a,b),-), for a,b € Z>q, are

Reaction(s) Transition Rate
A+B—0 (a,b) = (a—1,b—1) 10ab
0— B (a,b) = (a,b+1) 2
2B — 0 and A+ 2B — A (a,0) > (a,b—2) Gb(b21)+8ab<b21)
B—0 (a,b) = (a,b—1) Kb

We chose to write 6b(b2_1) + Sab(bz_l) instead of 3b(b — 1) + 4ab(b — 1) to emphasize our

choice of intensity functions. Note that all other rates, such as ¢((a,b),(a + 1,b)) or
q((a,b),(a+12,b— 3)), are zero. A
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2.2 Compartment model

Having fully specified our CRN, Zxc = (S,C,R,K), we turn to our next sub-model: the
compartment model. As mentioned in the introduction, we will assume that compart-
ments, or cells, can arrive, depart, merge, and divide. We can use the notation of chemical

reaction networks to describe the four possibilities visually via a reaction network,

00— C_—2C

with 0 — C representing arrivals, C' — 0 representing departures, C' — 2C representing
division, or fragmentation, and 2C — C' representing mergers, or coagulations. Moreover,
we assume that the stochastic model tracking the number of compartments behaves as a
standard stochastic reaction network as already described in the previous section (however,
see Remarkfor an allowable generalization to the choice of kinetics). We will term this
reaction network the compartment network, and denote it by H = (Scomp; Ccomps Reomp)-
Note that Scomp = {C'} and Ceomp is a subset of {0,C,2C} (depending on which rate
constants are non-zero). If rate constants are added as follows,
0= C =2

ke SR

where each kg, kr, ko, kp > 0, then we will denote the corresponding stochastic mass-
action SyStem by HIC = (Scompa Ccompa 7?/compa Kcomp)' ACCOI‘diDg to " if we denote by
M¢(t) the number of compartments at time ¢, then one way to represent this model is as

the solution to

Mo(t) = Mc(0) + Yi (1) — Y ( / t KEMc<s>ds> Y ( / t ﬁFMc<s>ds)

Me)ete) = 1) )
2 9y

t
—YC< KC
0

where Y7, YE, Yr, and Yo are independent unit-rate Poisson processes.
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2.3 Specifying the full, combined model

Our full model, which we will term a reaction network within interacting compartments
(RNIC), begins with two networks, one representing the dynamics of the compartments

themselves and one representing the chemistry taking place inside the compartments.

e A CRN Hji of the form 0 = C = 2C, called the compartment network. The state

of this CRN (in Z>() will be the number of compartments.
e An CRN Zx, called the chemistry (or Internal network), with d species.

The behavior of the model between transitions of the compartment model is straight-
forward: the CRN within each compartment evolves independently as a Markov chain
with transition rates specified by . All that remains is to specify what happens to the
full model at the transition times of the compartment model. Hence, there are four cases

to consider.

e An arrival: 0 — C. We assume the existence of a probability measure p on Z‘io.
Each time an arrival event occurs, we add a new compartment whose initial state is
chosen according to p, independent of the past. (Note that p is not necessary when

kr =0.)

e A departure: C — 0. When a departure event occurs, we choose one of the com-

partments, uniformly at random, for deletion.

e A merger: 2C' — C. When a merger event occurs, we select two compartments, uni-
formly at random. We replace the chosen compartments with a single compartment.

The state of the new compartment is the sum of the states of the two it replaced.

e A division: C' — 2C. When a division event occurs, we select a compartment,
uniformly at random. We replace the chosen compartment with two new compart-
ments, whose initial states are determined by having each molecule from the chosen

compartment select one of the two new compartments uniformly. For example, if
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there are n4 type A species in the chosen compartment, then one of the new com-
partments will get a number of A molecules given by a binomial distribution with

parameters n4 and p = %, and the other compartment will get n4 minus that value.

This whole system will be denoted F = (Zxc, Hic, it)-

Remark 2.3.1: Above, we assume that when divisions, i.e., compartment transitions of
the form C' — 2C, happen, each molecule picks a new compartment uniformly at random.
This assumption makes the constructions in this paper easier. However, our proofs only
require that the total number of each species across compartments is preserved when each

division happens. A

Similar to our network representations for reaction networks, we can specify the above

model through a picture of the following form:
K1 KE
Ix 0% C ; 2C n (2.5)
KE Ko

where “Zx” is a stand-in for a standard CRN diagram, such as the one in (2.4)).

Example 2.3.2: If 7 is exactly the network diagrammed in Example and p is the

point mass with 3 molecules of A and 4 molecules of B, we would write

10 2. 3
A+B*>O{K B A+2B —— A

KT KF
5 0 W C (W 20 6(374)(04,[))

2B

See also Example for another specific example.

There are multiple avenues for generalizations. For example, when a merger occurs it
could be that not all the molecules make it into the new compartment, or when a division
occurs it could be that some molecules are lost, or there is a non-uniform mechanism for
distributing the molecules. Moreover, it could be that the rate of compartment fragmen-

tation or exit depends on the internal state of the compartment. These models all fall
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under the more general framework given in [1] and could be studied mathematically in the
future if there is a desire, but for the initial development of the mathematics we choose to

keep things simpler.

2.3.1 Simulation representation

There are multiple ways to describe a Markov model satisfying the information given
in the ingredients F = (Zx,Hx, ). The first we give is what we term a “simulation”
representation in which we enumerate the compartments and track the counts of the
species in each compartment.

The simulation representation will be a Markov chain F$'™ whose state is a finite vector
of elements of Zéo, where d, as always, is the number of species. We first describe the

model via an example. Afterwards we will provide the mathematical details.

Example 2.3.3: Consider again the model from Example Suppose that at time T
there are 4 compartments, where the first has two A and two B, the second has no A and
one B, the third again has two of each, and the last has one A and twelve B. Then the

state of the model F¥™ would be the vector

We now suppose that at time T a transition occurs. We first consider four possibilities if

the transition is due to a reaction of the compartment model.

e Suppose first that the compartment transition is an inflow event. We will make
the convention that the new compartment due to an inflow reaction will always be
placed at the end of the vector of states. Hence, because the initial distribution for

arriving compartments is a point mass at (3,4) the new state of the full system is
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e Next suppose that the compartment transition is an exit event. In this case we must
choose a compartment at random, delete it from the vector, and re-index the other
components. Thus, we start by choosing from {1, 2, 3,4}, each with probability 1/4.
Suppose that the value 3 is chosen so that the third compartment will be deleted.

In this case, the new state of the full system is

e Now suppose that the compartment transition is a merger, or coagulation. Now
we must select two compartments at random and combine their contents. We will
always choose that the combined contents of the compartments will be placed within
the compartment with the lower index and will delete the compartment with the
higher index. Thus, assuming we choose the compartments indexed 1 and 2, we then
merge the first and second compartments and place their contents into compartment
1 (since it has the smaller index of the two chosen) and then delete the second

compartment. The resulting state is

e Finally, we suppose that the compartment transition is a fragmentation. The pro-
cedure will be as follows. We will first choose the index of the compartment that
fragments, we then create two new compartments and will then split the contents
between these new compartments (with each particular molecule choosing between
the new compartments with equal probability). The originally chosen compartment
will be deleted and the two new compartments will be placed at the end of the vector

of states.

For example, suppose we choose compartment 3 for fragmentation (which occurs
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with probability 1/4). We then split the contents of the original third compartment

(four molecules total, 2 of A and 2 of B) uniformly at random between the two new

1
compartments. Suppose for concreteness that we split as and . Then,

2 0

after deleting the 3rd compartment and adding these two onto the end we have a

new state for the full model of

It is also possible that the transition at time 7" was due to a reaction taking place
within one of the compartments. For example, if the reaction A+ 2B — A happens inside

the fourth compartment, then the state of the whole system, F*'™, will become

A

Now we give the formal mathematical description of F®™. First, let {M¢(t)}¢>0 be the
Markov chain associated to the compartment network Hx. Then M¢(t) will be the number
of compartments at time ¢. Let {7;}7°, be the jump times for this Markov chain, where
To=0. For any ¢ > 0 and any j = 1,..., Mc(T;), let {ng:(w}te[Ti,TiH] be realizations of
the Markov chain associated to Zx with initial distributions (at time T;) specified below.
Suppose that for any i1,io and ji, jo with either iy # io or ji # jo, the chains X;i and
X;; are independent conditional on their initial conditions, and suppose that the initial
distributions are chosen in the following manner (which are just formal characterizations

of the details provided in the example above):

e If the compartment transition at time 7T;41 was an inflow event (0 — C'), then let
X7 (Tig1) = Xj(Tiga) for j =1,..., Mo(Ty), and for j = Mo(Ti1) = Mo(T;) + 1

let X;H(Tiﬂ) be distributed according to pu, independently of everything in the
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past.

e If the compartment transition at time 7;11 was an exit event (C' — 0), then let J; be
chosen uniformly at random from {1,---, M¢c(7;)}, independently of everything in
the past. Let X (T;1) = X(Ti1) for j < J;, and let Xi(Tip1) = X1y (Ti)

for j > Jz

e If the compartment transition at time T;;; was a merger, or coagulation, event
(2C — C'), then let J} and J? be chosen uniformly at random from {1,--- , Mc(T;)}
and {1, , Mc(T;)}\ {J}}, respectively, independent of everything in the past. Let
X;H(’Z}H) = X}(Tiy1) for j < max{J}, J?} with j # min{J}, J7}, let X;:‘H(TZ-H) =
Xip1(Tign) for j > max{J}, J2}, and let X;7(Tip1) = Xi; (Tit1) + X-if? (Ti41) for
j =min{J}, J2}.

e If the compartment transition at time T;1; was a fragmentation event (C' — 2C),
then let J; be chosen uniformly at random from {1,---, Mc(T;)}, independently
of everything in the past. Let {Z{(z) : z € Z% k = 1,...,d} be a collection of
random variables, independent of each other and everything else, with Z]ZC(ZE) ~
Binom (0.5, ;). Let Z'(z) denote the vector (Zi(x),--- ,Z4(x)). Let X;H(Tiﬂ) =
Xi(Ti) for j < Ji, let XN (Tipn) = X1, (Tiga) for j = Ji,..., Mo(Ti) — 1, and
for j = Mo(Ty) let X;™H(Tipa) = Z°(X5 (Ti41)) and X1 (Tin) = X5 (Tivn) —
X (Tipn).

Let F™(t) be the vector (X{(t),X%(t), e 7X1i\40(t) (t)), where 7 is such that T; <t <

Titr.

Lemma 2.3.4: The process {F*™(t)};>0 is a continuous time Markov chain with state

space Umzo (Zéo)m, the space of finite tuples of elements of Zéo.

Proof. To show that this is a Markov process we have to show that the holding times are
exponential and the updates are independent of the holding times. To see that the holding

times are exponential, notice that since M¢ is a Markov chain it has exponential holding
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times, and similarly for each XJ’ But the holding times for these processes are independent,
and the minimum of independent exponential random variables is itself exponential.

Furthermore, the minimum of a (finite) collection of independent exponential random
variables is independent of the index at which the minimum occurs, so the updates are
indeed independent of the holding times.

The fact that F¥'™ takes values in the space of finite tuples is equivalent to M being
finite for all time, which in turn is equivalent to the fact that M¢ is not explosive, regardless
of the choice of rate constants in Hy. This is a standard result in the theory of 1-d mass

action stochastic reaction networks; see for instance [24]. O

2.3.2 An explicit construction of the simulation representation

We discuss one way of constructing the model described in Section [2.3.1] in the spirit of
the Kurtz representation . Here, by “construction” we mean an explicit detailing of
the random processes and random variables needed to generate a single realization of the
process. The construction is of interest since it is amenable to analysis, coupling methods,
simulation methods, etc. The construction will be used later in this paper to verify some
behaviors of Example [3.2.21]

Let F = (Zx, Hx, i) be as above. Suppose that Mc(0) is the initial number of com-

partments in the system and further suppose that M¢ is given as the solution to

Mc(t) = Mc(0) + Y7 (krt) — YE (/Ot IQEMc(S)dS> +Yr (/Ot K;FMc(S)dS)

e ([ M= ),

(2.6)

where Y7, Yr, Yr, and Yo are independent unit-rate Poisson processes. Then M¢ is the
Markov chain on Z>( associated to Hy, so that Mc(t) gives the number of compartments
at any time ¢t > 0.

The jump times of the counting processes R;(t) = Y7 (krt), Re(t) =Yg (fg HEMc(S)dS),
Rp(t) =Yr (fg KJFMC(S)CZS), and Ro(t) = Yo (fg’ mcw ds) determine when

the RNIC model transitions due to changes in the count of the compartments. To each
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such transition we will also require a collection of random variables needed to carry out
the updates in the RNIC model. We detail these random variables below.
The construction below may be confusing; the following remark is intended to help

clarify.

Remark 2.3.5: At several places in this construction (specifically, when compartment
transitions happen), we need to sample from a random variable which is not uniform on
[0,1]. For example, when a cell inflow happens we need to sample from g, when a cell
exit happens we need to sample uniformly from 1,2,---, M¢(t), etc.. But in each case
we define uniform random variables v and use them in the construction. Why does this
work? And why do we do it?

This works because a random variable with any distribution can be defined as a
function of a uniform [0,1] random variable. For example, considering p again, if we
order Z%o somehow as x1,x9,23, -+, let pp = Z;?:l w(zg), k = 0,1,2,---, and let
@) =z, p(#), then f(u) is distributed according to u whenever u is uniform.

Why do we do it this way, instead of just asking directly for a collection of random
variables with the required distribution? The answer is that we need to fully specify how all
random variables depend on each other, and if (for example) we just used uniform random
variables on 1,2, -+, Mx(t) for compartment exit, then those random variables wouldn’t
be independent of Y7, Y, Yr, Yo, because M (t) depends on Y7, Yg, Y, Y. Our approach
splits the construction of the random variable for the index of the exiting compartment into
two steps: Choosing a distribution to sample from, and sampling from it. The first step is
a function of Y7, Yg, Yr, Yo, and the latter is independent from them, so the dependence

is fully described. A

In the description below all random variables are independent of each other and of the

Poisson processes Y7, Yg, Yr, Yo. We require:

e A collection of independent uniform random variables {u!} on [0,1], i = 1,2,....
When R;(T)— R;(T—) = 1, the random variable uéI(T) is used to generate a sample

from p.
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e A collection of independent uniform random variables {u”} on [0,1], i = 1,2,....
When Rg(T)— Rg(T—) = 1, the random variable u%E(T) is used to determine which

compartment exits at that time.

e Two collections of independent uniform random variables on [0,1]: (i) {ul'}, i =
1,2,..., and (i) an array {a/}, i,j € {1,2,...}. When Rp(T) — Rp(T—) = 1,
the random variable ugF(T) is used to determine which compartment fragments.
We then utilize the finite collection {af, Rp } Jj= , M, where M is the total
number of molecules in the chosen compartment, to divide the different molecules

between the two new cells.

e A collection of independent uniform random variables {u$'} on [0,1], i = 1,2,....
When Ro(T)— Ro(T—) = 1, the random variable ugC(T) is used to determine which

two compartments are chosen to merge.

Note that the collections detailed above are chosen before a realization is generated. Said
differently, the realization of the RNIC model is a function of these independent random
variables.

All that remains is to give the timing of the different chemical reactions. One method
is the following. Let {Y,},cr be a collection of independent (of each other, and all other
random objects so far), unit-rate Poisson processes, one for each possible reaction in Zx.
Moreover, for each r € R, let {u]}, i = 1,2,... be a collection of independent uniform

random variables. Then, for r € R, we let

t Mc (T,

Tit1 A
nlx z A(X(s))ds |
>0
T, <t

where the T; are the jump times of the process M¢, X;(s) is the state of the process in
compartment j at time s, and A, is given as in (2.2]). Then R, is the counting process that
jumps by +1 when the rth reaction takes place in some compartment. When R, (T) —

R,.(T—) = 1, meaning a reaction has taken place somewhere, we use UTRT (T) to determine
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the compartment within which the reaction took place. In particular, the probability that

it took place in compartment k is simply

A (X4 (T-))

ST (XHT-))

2.3.3 A coarse-grained representation

While the description (and construction) above is often convenient for the sake of analysis
and simulation, it is sometimes not the most natural way to think about these models. For
example, suppose we have a model with a single species, denoted S, and for which there
are two compartments at time ¢, so that Mc(t) = 2. It is reasonable to think that we
would not care to distinguish the situation in which there are 6 molecules of species S in
the first compartment and 2 in the second, which is the state (6, 2), versus the situation of
2 molecules of S in the first and 6 in the second, which is the state (2,6). In this situation,
we would simply care that we have one compartment with two .S molecules, another with
six, and there are no other compartments.

To handle this, we consider a function n : Z>9 — Z>¢ in which ny := n(x) gives the
number of compartments present with precisely = molecules of S (hence the notation that
“n” gives the number of compartments with different counts). In this case, the state of

the example system described above would simply be the function with

/

1, ifx=2
Ng =41, ifx=6

0, else.

Note that in this one-dimensional case we can also think of n as an “infinite vector.” For

example, in our example above we would have

n=(0,0,1,0,0,0,1,0,0,...),
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with only zeros continuing on.
For another example, we could consider the case discussed in Example where

there are two species A and B and the state for the simulation representation was

In this case, the state could naturally be described by the function

2
2, ifz=
2
0
1, ifz=
Ng = 1
1
1, ifz=
12
0, else.

Note that in this example, it is not natural to view n as an “infinite vector.” Instead, it
would be natural to view it as an “infinite array” with a two in the (2,2) component, ones
in the (0,1) and (1,12) components, and zeros elsewhere.

Thus, we may take the following approach, as done in [1]. The state space of the

coarse-grained model will be

N := {functions n : Z%O — Z>o with compact support}
= {functions n : Z%, — Z>( with finite support} (2.7)

= {functions n : Z%O — Z>o with finite ¢! norm},

where we observe that all three sets are the same. Given n : Z%, — Zsg, we write



23

n= (”x)mezgo' For each possible state x € Z%o of the chemistry, n, € Z>q represents the
number of compartments whose chemistry has that particular state. Given Markov chains
Mc and X; as defined in Section let N be the process where N (t) is the number

of compartments in state x € Z‘éo at time ¢ > 0:

o0 AJC(TD
No(t) =Yt e [T, Tin)} Y H{Xit) =a}.
i=0 j=1

Note that the total number of compartments at time ¢ > 0 can be recovered from N (¢)
via

Mc(t) = [N(O)llp = D Na(t).

d
wEZzO

Note also that the process N transitions iff 7™ does. This fact is important enough that

we state it as a lemma:

Lemma 2.3.6: Let F¥'™ and N be as above. Then N undergoes a transition at time ¢ iff

Fs™ does.

Proof. On the one hand, N is defined as a function of F¥™ and so N cannot transition if
F¥m does not. On the other hand, all possible transitions of F™ cause a change in N:
If 5™ transitions because M does, then || N||,;, = M changes, whereas if F5™ changes

otherwise then the contents of some single compartment updated, which changes N. [

For the lemma below, we recall that for « € Zio we define e, to be the function taking

the value of one at x and zero otherwise.

Lemma 2.3.7: Let N(t) be as defined above. Then {N(¢)};>0 is a Markov chain taking

values in NV, defined in (2.7)). Moreover, for n € N, the transitions rates are as follows:
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Transition type Rate
Compartment inflow n—n+e; Kkru(x)
Compartment exit n+—n—eyg KEMNy
Compartment coagulation, x # y N> N+ eppy — €r — €y KCNzNy

. Ty
Compartment coagulation n = n+ egy — 2e;, /{C( 9 >
Compartment fragmentation NN —epry+ e+ ey IQFTL;E+yg0(:L‘ + v, CL’)

(x = y allowed here)

. T
Internal reaction r € R NN — ey + epyyy, nxmr< )
I/T

where

o ()

k=1
so that the distribution of the resulting compartments after a fragmentation is indepen-
dently binomial in each species. Note that each row mentioning = or y corresponds to an
infinite family of transitions and in the last row r € R also ranges over all reactions of the

reaction network 7.

Proof. The fact that N has finite support follows from the fact that F¥™ is always a finite
tuple, proved in Lemma [2.3.4
The fact that N is Markovian with the rates given follows from consideration of the

infinitesimal behavior of F*™ . For example, for & # y € Zéo,
P(N(t + h) =n+ egy — €z — €y|N(t) = n) = kengnyh + o(h), as h — 0,

since, to leading order, the probability that some compartment in state x merges with a
compartment in state y in the time interval [t,t + h) is kcnznyh. The other rows of the

table follow similarly. O
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Example 2.3.8: Consider the following possible compartment model:

Kb K1 Ko L 1
0 {Hd S 0 T C +— 2C 5(55—!-5(517

Here we are keeping track of some chemical S which forms with rate x; and degrades with
rate kg. Compartments are allowed to enter with rate x;, and new compartments that
enter this way have either 5 or 17 molecules of S, each with probability 1/2. Compartments
can also exit with rate constant kg, and merge (or coagulate) with rate constant xc. Since
there is only one species, the state space for the chemistry is leo = Z>0. As we detail
below, we will be assuming mass-action kinetics; in this case that means when the model

is in state n € A the transition rates are given by

Transition type Rate
Compartment inflow n—n-+es K1/2
Compartment inflow n—n-+ey K1/2
Compartment exit n—n—eg KENg
Compartment coagulation (z # y) NN+ eppy — € — €y KONz My
Compartment coagulation n+—n+ e — 2e, Ko <n2x>
S birth n—n—ey+eyrl KpNiy

S death n—n—e;+es1 KNy T

As before, each row mentioning x or y corresponds to an infinite family of transitions, one

for each z # y € Zio, and as always e, is the unit vector in direction =x. A
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Chapter 3

Non-Explosivity, Recurrence, and

Positive Recurrence

3.1 Non-Explosivity

A Markov Chain is explosive if it can undergo infinitely many transitions in finite time.

The formal definition is below; see e.g. [17] for more.

Definition 3.1.1 (Explosivity): Let {X(¢)}:>0 be a continuous-time Markov chain with
countable state space S. For each m € Zxg, let 7,,, be the time of the m-th transition of X
(formally, 7o = 0 and 7, = inf{t > 7,—1 : X(t) # X(7m—1)}), and let 7o0 = limy,—y00 Tm-
We say that X ezplodes if 7o < oo. If there is some state x € S such that with positive

probability X explodes when started in state x, we say that X is explosive.

We will show that explosivity for the RNIC model F = (Zx, Hy, i) is determined by
explosivity for the internal reaction network Zx. But to even talk about explosivity for F

instead of just the Markov chains F™ or N, we need the following simple proposition.

Proposition 3.1.2: Suppose we have a RNIC F = (Zic, Hic, ). Let F5™ and N be the
corresponding simulation and coarse-grained representations. Then F®™ is explosive iff

N is explosive.
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Proof. This is immediate from lemma [2.3.6, which says that F'™ and N transition at the

same times. O

In light of the proposition, we will speak merely of F = (Zx, Hy, ) being explosive,
and check the explosivity of either F*'™ or N depending on convenience. As it turns out, it
will be most convenient to check explosivity for F¥™. (Indeed, the fact that explositivity
is more easily checked for FS'™ is one of the major reasons for introducing F™ in the first

place.)

Theorem 3.1.3: Suppose we have a RNIC F = (Zx, Hi, p). Then F is explosive iff Zx

is explosive.

Proof. First, suppose that Zx is explosive. As discussed above, we intend to show that
FSI™ is explosive. By assumption, there is some = € Z% such that when the Markov chain
corresponding to Zx is started in state x it explodes with positive probability. In partic-
ular, there is some finite (nonrandom) time ¢ so that the chemistry undergoes infinitely
many transitions before time ¢ with positive probability. Start F*™ in the state with one
compartment whose state is . With positive probability, no compartment transitions
happen before time ¢t. But the compartment transition times are independent of what is
happening inside them by construction, and the compartment evolves according to Zx,
so on the event that no compartment transition happens before time ¢ the compartment
undergoes infinitely many transitions before time ¢ with positive probability. It follows
that F5™ is explosive.

Conversely, suppose that Zx is not explosive. Note that H, the compartment network,
is not explosive for any choice of rate constants (see e.g. [24]). So with probability one Fs™
undergoes only finitely many compartment transitions in finite time. But between each
pair of consecutive compartment transitions there are finitely many compartments each
evolving according to Zx, and by assumption each of these undergoes only finitely many
reactions in finite time a.s.. It follows that F*'™ undergoes only finitely many transitions

total in finite time, and hence is not explosive. O
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3.2 Transience, recurrence, and positive recurrence

The following definitions are standard. For example, see [17].

Definition 3.2.1: Let M be a Markov chain with countable state space S, and for x € S
let T, = inf{t > 0 : My = = but Is € [0,t], Ms # x} be the first time the process returns
to x (or just arrives at z, if the process does not start from z). If P, (7, < c0) = 1, we
say that the state z is recurrent, and if E,(T,) < oo we say that the state x is positive
recurrent. A state which is not recurrent is called tramsient, and a recurrent state which
is not positive recurrent is null recurrent. If P, (7, < oo) > 0 we say that y is reachable
from x. If every state © € S is positive recurrent, null recurrent, or transient, we say M is

positive recurrent, null recurrent, or transient, respectively.
A standard fact about (positive) recurrence is that it is a class property:

Proposition 3.2.2 (Theorems 3.4.1(iv) and 3.5.3(i) <= (ii) in [17]): Suppose that y is
reachable from x and x is recurrent (resp. positive recurrent). Then y is recurrent (resp.

positive recurrent).

In other words, if you can get between z and y with positive probability (in both
directions), then x and y are either both transient, both null recurrent, or both positive
recurrent. So for irreducible chains (ones where you can pass between any two points of
the state space with positive probability), the chain M is always positive recurrent, null
recurrent, or transient.

Before proceeding with the theory, we summarize the results of this section with a

table. The way to read Table is as follows:

e Suppose we have a RNIC (Zy, Hic, 1), and N is the associated coarse-grained model.

e The top row indicates possible dynamics (transient, null recurrent, or positive recur-
rent) for Zx, the chemical model, and the left column indicates possible dynamics
for Hy, the compartment model. Since the possible dynamics for N will turn out to
depend crucially on whether the compartments can exit (kg > 0) or not (kg = 0),

the left column is further subdivided along these lines.
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e Several cells are marked “Impossible”, because Hx cannot be null recurrent if kg = 0.
e The numbers inside each cell refer to the relevant theorems, lemmas, or examples
that demonstrates the result.

Chemistry (Zx)
H Transient (Trans.) ‘ Null Recurrent (NR) ‘ Positive Recurrent (PR)

Transient N must be Transient
Remark [3.2.4

Impossible

RE = 0
NR Lemma (3.2.3

. N must be Null Recurrent
E Theorem (3.2.5

N can be Trans. N can be Trans. N can be Trans.

iy =0 Ex Ex Ex [3.2.15] [3.2.17] [3.2.21]
N can be PR N can be PR N can be PR

PR Ex[3.2.11 Ex|3.2.13 Ex [3.2.17

Compartments (Hy)

N must be Positive Recurrent

ke >0 Theorem

Table 3.1: The possibly dynamics for N, classified in terms of the dynamics for Hx and
Iix. In the above “NR” and “PR” stand for “null recurrent” and “positive recurrent”,
respectively, whereas “Trans.” stands for “transient.”

Note that in all cases where we give an example of a recurrent N, the example is
actually positive recurrent. We suspect that null recurrent examples will also exist, but
we felt it more interesting to cover the behavioral extremes.

Moving to our theory, we begin by considering the dynamics of the compartment model

of section which takes the form of a relatively simple reaction network, namely,
Kr KR
00— C__——2C (3.1)
KE KC

The (positive) recurrence of this model is already completely classified; see e.g. [24]. We

state this classification now as a lemma.

Lemma 3.2.3: Consider the CRN in (3.1)).

e Suppose k1 = 0. Then 0 is an absorbing state. If some other rate constant is non-

zero then all other states are transient, whereas if all four rate constants are zero
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then all states are absorbing.
e Suppose k7 > 0 and kg > 0. The irreducible state space is {0,1,2,...} and:

— If ko > 0, then the chain is positive recurrent.
— If ko = 0 but kr < kg, then the chain is positive recurrent.
— If ko =0 and kp > kg, then the chain is transient.

— If ko =0 and kp = kg, then either k7 < kg and the chain is null recurrent, or

k1 > kg and the chain is transient.

e Suppose k7 > 0 and kg = 0. Then all statements remain the same as in the case
kr > 0 and kg > 0 except the irreducible state space is now {1,2,...} (and the

state 0 is transient).

Now we begin with our positive results. The first fact is simple enough to be stated as

a remark:

Remark 3.2.4: Notice that if N is the course-grained representation for F = (Zx, Hy, )
and n is a (positive) recurrent state for IV, then the number of compartments in n, ||n,,
is a (positive) recurrent state for Hy, since the return time to ||n||,; is bounded by the

return time to n. A

Said succinctly, if n is a positive recurrent state of the full model, then so is ||n||, for
the compartment model. One might hope that the converse would be true, and it turns

out under relatively mild assumptions it is:

Theorem 3.2.5: Consider a non-explosive model F = (Zx, Hy, p) where kg > 0, and let
N be its course-grained representation. Then a state n is (positive) recurrent for N iff n
is reachable from the empty state 0 for N and the state ||n[, is (positive) recurrent for

Hi.

Proof. If k; = 0 the conclusions of the theorem are clear, since by Lemma the state
with no compartments is absorbing for both N and Hx and all other states are transient.

From here on we assume x; > 0.
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Let Mc = ||N||,» be the number of compartments; recall that M¢ is a Markov chain
which evolves according to Hy. Suppose first that n is recurrent for N. By Remark
|n|[, is recurrent for Hi. Since kg > 0 and sk > 0, by Lemma Hy is irreducible,
so Hic eventually hits zero with probability one when started from ||n|,;. But when M¢
hits zero, N = 0. Since n is recurrent for N, it must be that N eventually returns to state
n after hitting state 0. This proves that n is reachable from 0 for N.

Now suppose that 7 is reachable from 0 and the state ||n||, is positive recurrent (resp.
recurrent) for Hy. Since Hi is irreducible as in the previous paragraph, it follows that
zero is positive recurrent (resp. recurrent) for Hx. But N = 0 exactly when M is 0, so 0
is positive recurrent (resp. recurrent) for N. But positive recurrence (resp. recurrence) is
a class property and by assumption n is reachable from 6, so we conclude that n is positive

recurrent (resp. recurrent) for N, as desired. O

The same theorem holds, mutatis mutandis, for F*™. The proof is the same so we

omit it.

Theorem 3.2.6: Consider a non-explosive model F = (Zx, Hx, ) where kg > 0, and
let F5'™ be its simulation representation. Then a state (z1,..., ) is (positive) recurrent
for F$™ iff (21,--- , ) is reachable from the empty vector () for F¥™ and the state k is

(positive) recurrent for Hy.

Remark 3.2.7: Theorems [3.2.5 and [3.2.6| hold under more general assumptions. Note

that the key idea of both is that 0 is (positive) recurrent for Hx. Hence, one can generalize
to the situation in which F = (Zx, Hg, ) has non-mass action kinetics for either Zx or

Hjic, so long as the system is non-explosive and 0 is (positive) recurrent for Hy. A

3.2.1 Instructive examples

We now consider some examples. The first is an application of Theorem and the
rest show the various ways the conclusion of the theorem can fail if the hypothesis kg > 0

is not satisfied. These examples also serve to illustrate various techniques that are useful
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for analysing recurrence and transience of RNIC models. In Example [3.2.11] positive
recurrence for the RNIC is shown via a Lyapunov function, applying Theorem In
Example transience for the RNIC is shown via a Lyapunov function, applying
Theorem And in Example transience for the RNIC is shown with the help
of the construction of F™ given in section m

In the following, any rate constants not specified are assumed to be positive.

Example 3.2.8: Consider the following RNIC.

K
0"y 99 0 = C 20 5o
KE

where Jg is the point mass at zero (so each compartment enters empty). Even though
TIx is transient, by Theorem the empty state is positive recurrent for N. Any state
where every compartment has an even number of S molecules is reachable from the empty
state, hence positive recurrent. Any state where any compartment has an odd number of

S molecules is not reachable from the empty state, hence transient. A

In all of the remaining examples in this section, we have kg = 0 and hence the state 0
will be transient for Hx. Hence, when discussing the properties of the model we restrict
ourselves to the state space N'\{0} that does not include the state with zero compartments.

The case where kg = 0 is more complicated than the kg # 0 case. For one thing,
it is no longer enough just to look at Hy to decide if all states are transient. Indeed, if
Example [3.2.8] is modified so that kg = 0 then every state becomes transient, despite the

fact that all states are positive recurrent for the compartment network Hy:

Example 3.2.9: Consider the model F = (Zx, Hx, p) described by

00— 28 0 s ¢ 520 5o (3.2)

where dg is again the point mass at zero.
We reiterate that this is exactly the same as the previous example but with kg set to

zero. However, that is enough to make every state transient for JF:
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Proposition 3.2.10: In the RNIC model (3.2)), Zx is transient, Hy is positive recurrent
on the irreducible state space {1,2,...}, and N (the coarse-grained model corresponding

to F) is transient.

Proof. Except for the zero-compartment state (which cannot be returned to), all states
are positive recurrent for Hx by Lemma [3.2.3] However, the total number of S molecules
across all compartments can never shrink, and grows with some positive rate (at least rp,

and larger if there are more compartments), so all states are transient for N. ]

Thus we see that, in this example, the long-term behavior of Hx and the course-grained

model N are different. AN

The above example shows that when kg = 0 and Zx is transient, F may be transient
even if Hx is not. However, this need not always be the case. Below we have an example
that demonstrates that, when kg = 0 and Zx is transient, it is still possible for F to be

positive recurrent.

Example 3.2.11: Consider the model F = (Zx, Hyc, i) described by

24+B 1+ B-—-150-—"254 0«2 20 S0.1y(a,b)  (3.3)

where d(g 1) is a point mass with zero A molecules and one B molecule. We will show
that the chemical model Zx is transient but that the course-grained model, N, is positive
recurrent. Intuitively, this can be understood in the following manner: B should be
thought of as an enzyme that degrades the substrate A. Without the compartment model,
the enzyme would simply disappear over time, and then the substrate would grow without
bound (from the reaction 0 — A). However, each compartment brings in a new enzyme

allowing for the further degradation of A.

Proposition 3.2.12: In the RNIC model (3.3)), Zx is transient, Hy is positive recurrent
on the irreducible state space {1,2,...}, and N (the coarse-grained model corresponding

to F) is positive recurrent.
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Proof. Hy is positive recurrent by Lemma TIx is transient by the discussion above.

It just remains to check positive recurrence of N. For n € N, let C(n) = ||n|p =
D a0 Dobeo M(a,p) denote the number of compartments, and let A(n) = 302 > 2 ang
and B(n) = > 0252, bn(qp) be the total number of A and B molecules, respectively,

across all compartments. Define V : N — [0, 00) via

A(n)+ B(n)+5C(n)—1 B(n)#0
V(n) =

A(n) 4+ B(n) +5C(n)+7 B(n)=0.

We claim that this is a Lyapunov function for N. An upper bound for £V (n), the generator
applied to V at n, is given by

/

—B(n)+7—-15C(n)(C(n) — 1) B(n)>2and C(n) > 2
14 —15C(n)(C(n) — 1) B(n)=1and C(n) > 2

LV (n)

IN

—1-15C(n)(C(n) — 1) B(n) =0

—A(n)(A(n) —1)B(n) — B(n)+7 B(n)>2and C(n) =1

—A(n)(A(n) —1)+ 14 B(n)=1and C(n) =1

\

Note that the first two rows are upper bounds and the last three rows are exact. Specifi-
cally, in the first two rows we neglected the contribution of the 24 + B — B reaction —
unlike everything else it crucially depends on how the A and B molecules are distributed
across the compartments.

We see that LV (n) < —1 for all n outside a finite set of states—for instance, you could
take the states where there is exactly one compartment and it has at most 7 B and at
most 4 A. So V is indeed a Lyapunov function for N, and hence N is positive recurrent

by Theorem [6.1.2 O

A

In the previous example we saw that even when kg = 0, positive recurrent compart-
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ments Hy can still tame transient chemistry Zx. It should not be surprising, then, that
positive recurrent compartments can tame null recurrent chemistry in the same manner.
For the sake of filling in Table 3.1 completely, we present a modification of Example

where Zx is null recurrent instead of transient.

Example 3.2.13: Consider the model F = (Zx, Hi, ) described by

1
2A+B —— B —5 0" A—524 0—5C+>—2C 4plab)
1
(3.4)
where (g 1) is a point mass with zero A molecules and one B molecule.

The verification of this example is similar enough to that of Example that we

provide only a sketch.

Proposition 3.2.14: In the RNIC model (3.4), Zx is null recurrent on the irreducible
state space {0,1,2,...} x {0}, Hx is positive recurrent on the irreducible state space

{1,2,...}, and N (the coarse-grained model corresponding to JF) is positive recurrent.

Proof Sketch. Similarly to Example [3.2.11], Hx is positive recurrent and Zx is eventually

reduces (after all the B molecules degrade) to the network

1
0. A—5 24
1

This model is null recurrent by Lemma [3.2.3

As for N, let V' be the very same Lyapunov function used to prove positive recurrence
in Example The only difference between this example and that one is the addition
of the reactions A — 0 and A — 2A. But notice that the contribution of A — 0 in LV (n)
is —A(n), and the contribution of A — 24 is A(n). These are equal and opposite, so
LV (n) is exactly the same in this example and Example Thus the remainder of

the proof is identical. O

A

Examples|3.2.9|and [3.2.11|{showed that F = (Zx, Hi, ) can be either positive recurrent

or transient when kg = 0 and Zx is transient. The next few examples are dedicated to
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showing the same when Zx is recurrent. First, if new compartments enter with a huge

number of molecules, it can overwhelm otherwise positive recurrent chemistry:

Example 3.2.15: Consider the RNIC model F = (Zx, Hi, 1) described by

K K
0 H: S 0"y 0 Ki 20 “ (3.5)

where p is not yet specified.

Proposition 3.2.16: Let NV be the coarse-grained model associated with the RNIC model
(13.5). For any choice of non-negative rate constants such that x; > 0, there is a distribution

1 on the non-negative integers such that IV is transient.

Proof. We will show that in the case k; = 0, p can be chosen so that the total number of S
molecules is itself a transient Markov chain. The case of k; > 0 then immediately follows
by a coupling argument. That portion of the proof is straightforward and is omitted.

Let M (t) denote the number of S molecules across all compartments at time ¢. Under
the assumption that x; = 0, M is a Markov chain which transitions from state m € N to
state m — 1 with rate kgm and to state m + j with rate kru(j).

Our plan is the following: we will recursively define an increasing sequence of integers
my, for k= 1,2,3, ..., and define pu(my) = 27% and u(j) = 0 otherwise. For k = 2,3,4, ...,
we will let Ay denote the event that the process M reaches my_; before it reaches (or
exceeds) myy1. It then suffices to show that sup, P, (Ax) < 1/2 to prove transience of
M.

Continuing, we begin by letting my = 0. Now suppose m1, ..., mi_1 have been defined.
We will show that for any ¢ > 0 it is possible to pick my, so that Pp,, (Ax) < € regardless of

the values chosen for my41, mg4o,.... To show this, we make the following observations.

1. Since M can only go down by one at a time, to get from my to mg_1 before hitting
a state equal to or larger than myy1, the process must visit every state my, my —

1,--- ,mp_1 + 1 at least once.
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2. On the event Ay, during each visit to each of the states my_1 +1,...,my there was
no transition of size +my41 (for in that case the state of M would would necessarily

reach or exceed my1).

2—(1@—0—1)%[

The probability of the process M transitioning up by myiq while in state m is TR

because the total rate out of state m is Ky + kgm, and the rate of inflows of size my4; in
state m is p(mpq1)kr = 2% 'k, Hence, combining the above observations we see
mk —(k+1)
2 ( K1
P, (Af) < TR

myg _ me
2 (k+l)l€l 1
< e M) _o—(k+1) -
- H P ( K1+ kgm xp i Z K1 + Kgm

m:mk,1+1 m:mk,ﬁ»l

where above we use the bound 1 — x < e™%.

If my_; is fixed and we send my — oo in the sum above, we get oo (it’s a tail of a
harmonic series). Therefore, IP,,, (Ax) can be made as small as we like by choosing my, big
enough. We conclude that for appropriate choice of my, the process M is transient, and

hence so is NV. O

Hence, so long as kg = 0, a distribution p that is “bad enough” can cause the whole

model to be transient even if the chemical model Zx is positive recurrent. A

In the previous example, the distribution p of incoming compartments was unbounded.
As it turns out, F = (Zx, Hi, ) can be transient even when Zx and Hy are positive
recurrent and g is bounded. The simplest, though not only, reason this can occur is the
existence of some conservation law, as the next example demonstrates. Put simply, the
total amount of species A and B is preserved by the chemistry, so any inflow of those

species, no matter how small, will overwhelm it.

Example 3.2.17: Consider the RNIC model F = (Zx, Hy, ) described by

AT B N s F; 20 i (3.6)
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where p is not yet specified.

Proposition 3.2.18: Let N be the coarse-grained model associated with the system F
from (3.6). If p is any measure on 2220 other than the trivial measure d(g ), then N
is transient even though all states are positive recurrent for Zx. On the other hand, if

p = d(0,0) then N is positive recurrent.

Proof. Zx is not irreducible, but when it is partitioned into closed irreducible communi-
cating classing, all are finite, and hence all states are positive recurrent. As always when
kg = 0 but ko > 0, the empty state is transient for Hx but all other states are positive
recurrent.

Forn € N, let S(n) =3 22> 52 (a+b)n(qp) denote the sum of the number of A and
B molecules, combined across all compartments in n.

First suppose that p # (o). Then S(N(t)) cannot shrink, and grows with positive
probability every time a compartment enters. So N is transient in this case.

Now suppose j = d(g,g). For n € N, let C(n) = [|n[|,» be the number of compartments

in state n, and let V(n) = 2C(n). Then
LV (n) =2k1 +2kpC(n) — keC(n)(C(n) — 1),

where L is the generator of V. This is less than —1 outside a finite set because it is
quadratic in C'(n) with negative leading term, provided we restrict the state space to
{n € N : S(n) = S(N(0))}. So Theorem applies and N is positive recurrent, as

claimed. O

YA

A natural question at this point is whether, if the behaviors in the last two examples
are ruled out, N can still be transient when Zx and Hx are both separately recurrent.
Specifically, if Zx and Hyx are both recurrent, there are no conservation laws, and the
number of molecules that an incoming compartment can have is bounded, can N be

transient? The answer is yes, as the next example demonstrates.
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Example 3.2.19: Consider the RNIC model F = (Zx, Hi, 1) described by

1
0 —8 —1-28 0 —— C+1—2C o1, (3.7)
1

where 07 is the point mass at one S.

Proposition 3.2.20: Let N be the coarse-grained model associated to the network F =
(Zxc, Hicy i) from (3.7). Then Zx is recurrent with no conservation laws and the number

of molecules in new compartments is bounded, however every state is transient for V.

Proof. Tx is (null) recurrent, and Hy is positive recurrent on the irreducible state space
{1,2,...}, by Lemma

It remains to show that every state is transient for V. As in all examples with kg = 0,
the state with zero compartments can never be returned to and we restrict the state space
of the chain to A"\ {0}. With this assumption the state space is a closed irreducible set, so
it suffices to pick one state and show that it is transient. We will show e( (the state with
one empty compartment) is transient. Denoting a state of N by n, let C(n) = > 27 n,
and S(n) = > o2 x - ng denote the total number of compartments and S molecules,
respectively. Define V : N' — [0, 1] by

S(n)

Vin) = 1+ S(n)

If £ denotes the generator of N, notice that

£V(n)=(0(n)+8(n)+1)(g(”)i;_ S(n) 1>+5(n)<5<")‘1_ S(n) >

(n) S(n) + S(n S(n) +1
. Cn)+Sn)+1 1
S (S(n)+2)(S(n)+1)  S(n)+1
B C(n)—1
~ (S(n) +2)(S(n) +1)

>0

for all n € N\ {0}. In particular, if B = {ep}, we can apply Theorem to conclude
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that when N is started from ey + e (the state with two compartments, one empty and
the other with one S), then the probability of reaching B is less than 1. But when N
is started from ey, it reaches ey + e; with positive probability (the transition from e to
eo + e1 corresponds to an inflow event). Putting these together, when N is started from
e it fails to return with positive probability, and hence eq is transient. As discussed, this

is enough to conclude that all states are transient for V. O
A

In the previous example Zx was null recurrent. One may still be tempted to think that
perhaps if it were positive recurrent then the whole process must be. The next example

demonstrates that even this is not guaranteed.

Example 3.2.21: Consider the compartment model described by

A+B 502> B 0 —— C«2-2C 8(m.0)(a, b)
% \
2B A
(3.8)

where m is some non-negative integer and d,, o) is the point mass at m molecules of A

and zero of B. Let v > 0 denote the expected number of compartments in stationarity.

Proposition 3.2.22: Let 7 = (Zx, Hx, ) be the compartment model from (3.8), and
let N be the associated coarse-grained model. Then Zx is positive recurrent, but N is

transient when m > ~.

Proof. That Zx is positive recurrent is witnessed by the Lyapunov function

3a+3 b=0
V(a7b):

3a+3b—2 b>1
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Indeed, if A denotes the generator of Zy, then

3(1) — 2(2) b=0
e 3(1) 4 3(2) — 1(10a) b=1
3(1) + 3(2) — 6(20a) — 1(10) b=2

3(1) + 3(2) — 6(10ab) — 6(5b(b— 1)) b >3

7

—1 b=0
9 —10a b=1
—1 —120a b=2

9 — 60ab — 30b(b—1) b>3

This is at most —1 away from (0, 1), so by Theorem I;C is positive recurrent.

Now regarding transience of N, let F'™ be the simulation representation of F, so that
N is a fuction of F¥™. Let X4 and Xp denote the total number of A and B molecules,
respectively, across all compartments in N (equivalently, across all compartments in F5™),
To show that N is transient, we will show that X 4(t) — oo a.s., as t — oo. To do this,
we will make use of the construction of F*™ from section Let Y7 and Y be as in

that section, so that the process My for the number of compartments is given by

Mo(t) = Mo(0) + ¥ (1) — Yo </Ot Mc(s)(Mc(s) — 1)d5> '

2
Similarly, for r € {A+ B — 0,0 - B,2B — 0,0 — A} let Y, be as in section and
let R, be the associated counting process for the number of times reaction r has occurred

across all compartments, so that

TH_l/\tMC(Ti) )
R =% |3 /T S A(Xi(s))ds |
i j=1

i>0
T,<t
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where the T; are the jump times of the process M, X;(s) is the state of the process in

compartment j at time s, and A, is given as in (2.2). Then

Xa(t) = X4(0) + Rosa(t) + mYr (t) — RatB—o(t)

= X4(0) 4+ Yo5a (/Ot Mc(s)ds> +mY7 (t) — Ratr—o(t).

Notice that in the last line above we were able to simplify the expression for Ry_, 4 in terms
of Yy 4 from the expression given above for R, in general. This was done by making use
of the fact that the total rate of this reaction across all compartments, ;Ao (X;(s)),
is exactly the total number of compartments Mc(s). We cannot hope to do the same for
R A+ B0 because the rate of that reaction depends on how the molecules are distributed
across the compartments. However, notice that the total number of times the reaction

A+ B — 0 fires is at most the total number of B molecules ever present in the system:

RayB—o(t) < XB(0) + Ro—p(t)

— Xp(0) + Yooz (2 /0 t Mc(s)ds> .

Therefore,

XA(t) > X4(0) — X5(0) + Yoy ( /0 t Mc(s)ds> +mY;(t) - Yoon (2 /0 t Mc(s)ds) :

Recall that « denotes the expected number of C' in the CRN Hy at stationarity. By the
CTMC ergodic theorem (see Theorem 45 in Chapter 4 of [25]), 1 fg Mc(s)ds — v almost
surely as ¢t — oo. This will matter in its own right; it also follows that fg Me(s)ds — oo
a.s. as t — oo. It is a standard fact about unit Poisson processes Y that Y (¢)/t — 1 a.s.

as t = co. Composing this Poisson limit with the limit from the previous sentence, we get
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that

Y0_>B <2 fO MC ds)
2f0 Mc(s)ds

a.s. as t — oo, and similarly for Yy_, 4. Putting this all together we have

lim M > lim

t—o00 t T t—oo

Yo (f Mo(s 10
oo / el

}/0—>B (2 fO MC ds) 2 t
. / Me(s)ds
2f0 MC ds 13 0

=5+m—2y.

almost surely. Therefore, as long as the integer m is (strictly) larger than ~, X 4(¢)/t is
converging almost surely to a positive number. In this case X4(t) — oo a.s. as t — o0,

and hence N is transient. O

Note that the above example shows the potential usefulness of the RNIC representation

provided in section [2.3.2] A
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Chapter 4

Stationary Distribution in a

Special Case

In light of Theorem whenever Hy is positive recurrent and kg > 0, then N, the
coarse-grained model associated to F = (Zx,Hi, i), is positive recurrent for at least
some states. In this case, the standard theory of Markov chains tells us that there is a
stationary distribution supported on those states. Ideally, it would be possible to write
down a formula for this stationary distribution in terms of information about the CRNs
Tx and Hi. Under the further assumption that ko = 0 = kK (so that compartments are

not interacting), we are able to do so.

4.1 Theorem

First we recall some general theory.

Definition 4.1.1: Let M be a continuous-time Markov chain with discrete state space
S and transition rate matrix @ = (gj)ijes. Let 7 = (7(7))ies = (7i)ics be a probability
measure on S. If 7Q) := (Eies TFiQij)jeg = 0, we say 7 is an tnvariant distribution. If for

every t > 0 we have P (X (t) = j) = 7(j), then we say 7 is a stationary distribution.

The previous definition is not totally standard (in particular, Norris [17] uses stationary
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distribution as a synonym of invariant distribution). However, the following theorem

ensures there should be no confusion.

Theorem 4.1.2 (3.5.5 in [17]): Let M be a continuous-time Markov chain with state
space S. Let m be a probability measure on S. If 7 is an invariant distribution for M, and

M is irreducible and recurrent on the support of m, then 7 is a stationary distribution for

M.

The idea is that having a stationary distribution 7 is useful (among other things it
can be shown that 7 is the limiting distribution for the chain), whereas the condition
7@ = 0 is more easily checkable. As discussed above, when kg > 0 and ko = 0 = kF the
compartment system has a stationary distribution 7; the next theorem gives a formula for

this m, and is proven by checking the condition 7¢) = 0.

Theorem 4.1.3: Consider a non-explosive model F = (Zic, Hi, 1) with kp = kg = 0,
and kg > 0:
Kr

Zk: 0 ¢ C 1%

KRE

Let N be the coarse-grained model associated to F. For = € Z‘éo and t € [0,00), let
P,(z,t) denote the probability that Zx is in state x at time ¢ when started from time zero

with initial distribution u. For z € Z< define a(z) via

a(x):/ P, (z,t)kpe "Fdt,
0

and define a distribution 7 on N via
alz)e wr \ 7o
ﬂ(n) = H & . [e_HI/HE . <I>
Tg! KE
eréO
Then 7 is the unique stationary distribution for N.

Remark 4.1.4: To apply Theorem [4.1.3] one needs to know not just the stationary

distribution for the chemistry, but the distribution for all time. This requirement may seem
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daunting, and indeed for many models this distribution is not known. One class of models
where it is know are the DR models of [15]. A second class of models are monomolecular
reaction networks with arbitrary initial conditions — see [26]. Note that [15] allows for
more general networks (all monomolecular networks satisfy the DR condition), but [26]

allows for more general initial conditions (the DR paper requires Poisson initial conditions).

A

Proof of Theorem[{.1.3 Note that by Theorem [3.2.5] any state which is reachable from
the zero state is positive recurrent, and all other states are transient. Furthermore, notice
that N is irreducible if restricted to the set of states which are reachable from the zero
state, since zero is reachable from any state. Thus there is a unique stationary distribution.
To prove that the 7w given above is indeed this unique stationary distribution, it suffices
to show that « is a distribution and 7@ = 0, where @ is the transition rate matrix for V.
That 7 is a distribution follows from the fact that « is a distribution, which we will check
later in the proof. So fix n € N; we wish to show that »~ .\ m(n)g(n’,n) = 0.

Note that there are only three possible types of transitions: inflow of compartment,
outflow of compartment, and transition of reaction network. Expanding the sum above
into three terms, one for each of these types of transitions, the desired equality can be

written

Z m(n—eg)g(n —egz,n) +m(n+ez)q(n+ez,n)
xEZ%O
+ Z ﬂ-(n — ezt e$—y§.+uj)Q(n — ezt ew—u§.+yj7n)

= 7T(’I’L) Z Q(nv n+ ex) + Q(na n— ex) + Z q(’I’L, n—ey + 6x+1/§—1/j)

p -
zGZZO J
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S |7n = e)ran(a) + w0+ ex)rp(n. +1)

d
IEZZO

"
T — v +V]> (4.1)

Vj

+ Z ﬂ(n —ézt+ eme}Jer)(nmfz/;Jrvj + 1)’%]' (
J

=m(n Kip(x) + KENg + Ngkj $>
) 3 (st s+ B (7
To prove this equality, we will consider two cases. Suppose first that n is such that n, > 0
for some y € Z%o with a(y) = 0, and fix such a y. Then a(y) participates in the product
defining 7(n), and hence w(n) = 0. Thus the right-hand side of is zero; we claim
that the left-hand side is also zero. Specifically, we will argue for each z and each j, each

of the three terms in the sum is zero. So fix x and j:

o m(n — ez)kru(x): Notice that if x # y then m(n — e;) = 0 for the same reason that
m(n) = 0. If x = y then p(z) = 0, since if u(y) > 0 it would be the case that
P,(y,t) > 0 for all small enough ¢, and hence the integral defining a(y) would be

positive.
o m(n+ez)kp(ns+1): Regardless of z, m(n+e;) = 0 for the same reason that w(n) = 0.

o m(n— eyt e yyy) (Mo vy, + 1)K (xf';é'f”j): As before, if x # y then w(n — e, +
J J J
ex,,,ﬁ,,j) = 0. Suppose towards a contradiction that w(n — e, + ey,V;Jr,,j) # 0 and
that k; (y_”lg;”j) # 0. Then 7(n —e, + ey_l,;_Jﬂ,j) # 0 implies that a(y — v} +v;) # 0,
and hence P#(y—ug- +vj,t) # 0 for some t. But this means that the state y—yg- +vjis
reachable for Z when started with initial distribution p. But ; (y_l;;';”’f ) # 0 implies
that y is reachable from y — Vj’» +v; for Z via the j-th reaction, so we conclude that y
is reachable from p. But this implies that P,(y,t) # 0 for ¢ > 0, which in turn means
that a(y) > 0. This contradicts our choice of y, so it must be that our assumption
L o —vitvi\ .
was wrong: either m(n — e, + ey_y§+yj) =0 or r;(" VJ]- “i) = 0. But either of those

imply the desired equality m(n — ey + ey_yﬁ,jj)(ny_,,ﬁ,,j + 1)k, (y*';;jv]') =0.
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This proves that reduces to 0 = 0 in this case. The reminder of the proof will be
devoted to the second case; namely, the case where n is such that n, = 0 for all y € Zéo
with a(y) = 0.

Let X = {x € Z%O :a(x) # 0}. We claim that for every x ¢ X and every j, every
summand in is zero. So fix ¢ X and j:

e m(n — ez )krp(x): Since ax) = 0, by choice of n we have n, = 0. But this means

that n — e, is negative at x and hence n — e, ¢ N, so m(n — e;) = 0.

e m(n + e;)kp(n, + 1): Notice that a(x) = 0 participates in the product defining

7(n + ez), and hence w(n + ez) = 0.

o m(n —e; + ex,,,ﬁ,,j)(nm,uﬁyj + 1)K (GU—I;/%—‘:-V]'); As before, n — e, + €o—v!tu; ¢ N

and hence 7(n — e, + ez_l,§_+,,j) = 0.

e rrpu(x): Since ax) = 0, it must be the case that p(x) = 0, as otherwise P,(z,t)

would be positive for sufficiently small ¢.
e kpny: Since a(x) = 0, by choice of n we have n, = 0.
® NyK;j (5“;) Once again, n, = 0.

Thus we have shown that terms with x ¢ X do not contribute to (4.1). So to complete

the proof, we have only to show that

Z m(n—eg)krp(x) + m(n+ex)kp(ng +1)
reX

x—Vi+v;
+ Z m(n — e + 6x—V}+Vj)(na:—V§-+uj + Dr; < ’ J) (4.2)

U
g J

= () 3 | (o) + e+ s ()

zeX J
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Let x € X be arbitrary. Integration by parts gives

o d o
/0 (dtP“(x’t)> kpe "Eldt = REe_”EtP#(x,t)’ —/0 P, (x,t)(—r%e "B dt

= —kpu(z) + kpa(z).

Because P, is the distribution for Zy, the Kolmogorov forward equations for Zx tell us

that

d r—v,+v; x
EPH(:L",t): Z I-ij( VJ] J)Pu(x—yg-—}—uj,t)— Z h;j<yj>PM(x,t)

. ! .
I/JA)I/j Vj%l/j

for each t. Plugging this in above and rearranging yields

S ok (9” —vit Vj)a(x )= Y <x')o¢(:ﬂ) = —kpu(z) + rpalz)

vi—vh Vi vi—v/ Yi
J J 7 J

. /
V]—>l/j

KE

Note that we did not divide by zero in the second line because a(z) # 0 by definition of X.

Since z € X was arbitrary, we can multiply through by n, and sum over x, which yields
() <ggy’.+yj> a(:z—l/§~+uj)>
NgKE +n K J _
2 ( “afx) T Z ! vj a(z)
Y
:Z NgKkg + Ng Z kil T ). (4.3)
\v;

zeX Vi

Now we claim that ;4 and « are both probability measures supported on X. We know that
i is a probability measure by assumption; it is supported on X because if p(x) > 0 then
P,(x,t) > 0 for small enough ¢ and hence a(x) > 0. We know that « is supported on X
by definition of X; to see that it is a probability measure, use the fact that the integrand
in the definition of « is non-negative to interchange a sum over x with the integral and

then apply the fact that P,(x,t) is a probability measure for each t. Therefore p and o
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are both probability measures supported on X, as claimed; it follows that » s xru(z) =

KI = Y ex kra(x). So adding 7 to both sides of (4.3)) gives
,u(x) xr — y/. —+ Vj a(m — I/J( + l/j)
Z <nxﬁEa(az) + kra(x) + ny Z Iij< l/jj T

zeX Vj-)l/;-
x
— Z <m,u(:c) + NgkE + Ny Z Kj (1/))
j

zeX ; .
€ I/]—)VJ

(4.4)

Now notice that, directly from the definition of 7, we have

m(n —ey) Ng KE
m(n)  alz) Kk
m(n+es)  alx) K
m(n) T e+ Lrg
T(n—ex+epipy)  alz—vi+v;) ng
7(n) B a(@) Mgy, 1

where the last equality holds for each reaction v; — 1/;-. Applying these three in order on

the left-hand side of (4.4), we get

m(n —ey) . m(n+ey)
%(”I““) wm DTG

T — V4 m(n—€x+ e ytn;)
+ ) mj< J J)(nx_yl;+yj+1) itV )

v vj m(n)
x
= Z (nl,u(x) + NgkE + Ny Z Kj <y>>
zeX J

. /
I/J—)Vj

> (Fam(x)vr(n —ez) +kE(ne + )m(n + e;)

zeX
x—Vi+v;
+ Z K“J'< VJ J) (nI—V;-“FVj + 1)7‘((11 — €z + ex—u§.+uj)>
Vj%l/é J
xr
DY <W<x> frnp e Y K <)) |

. /
I/J—H/j

which is exactly the desired equality, (4.2]). O
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4.2 Specific Examples

Let us now consider some examples of applying this result.

Example 4.2.1: Let A > 0, and consider the compartment system

Kp K1
0 > S 0 c Poi A
—— T} oisson(\)

Then the stationary distribution of the system is given by

(n) = <ﬁ a::j:*) _ lem/nE , (:;)Hnnél] |

x=0

where

S
x!

kpe "Eldt.

ar) = /OOO exp {—()\ — Kp/Kq)e "t — K]b//ﬁd} (A — fp/ka)

Proof. Check that the distribution

Py(z,t) = exp {—(A — Kp/Kq)e """ — kp/Kq} (A= /‘fb//‘fd)ex_!“dt + Kp/Kaq)”

is Poisson(\) at time ¢t = 0 and satisfies

d
D@ ) = rePa(z = 1,6) + ka(z + 1P +1,8) — mpPa(2, 1) — kawPr(2,1)

for each = and ¢, and apply Theorem [4.1.3]
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In the previous example, notice that the expected value of « is

Z za(x)
=0

RS A— —Kat 41
N / Z exp {—(\ = rp/Ka)e™ """ = kp/ra} (A= mo/ha)e™ ™ + /) kpe FELdL
(T —

!

> RpRE
= / (X — kp/kq)kpe” Ratrplt o 2002 o=kt gy
0 Kd

_ (A= ke/ka)kE L
Kd+ KE Kd
B AKE + Kp
Kd + KE ’
This matches [1], where the same example is consider in section 2.A (see specifically their
equation [20] and the following discussion). Note that in [1], though the expected value of
« is calculated in general, an explicit formula for a(x) (which, in their notation, is written
P (z)) is given in only two cases. The first is the case where A = k;/K4, where (in section
S7.4 of their SI Appendix) they remark that P, is Poission with mean . This matches
the formula we give above in Example The second case they cover is the one where
kg = 0. In that case they obtain

JD(L+2,0/6)

Pao(a) = (1 - )X /e D0

: (4.5)

where & = kp/(kp + £Eg) and T is the upper incomplete Gamma function. In Proposition
we will check that agrees with our next example, Example in the case
where p is taken to be Poission with parameter .

The following example is interesting for a few reasons. First, the chemistry is not
converging to any sort of stationary distribution, and yet the whole compartment model
is. Second, notice that when p is not a Poisson distribution, P,(x,t) is not a Poisson
distribution in z for all ¢ unlike the previous example or more generally the DR models

from Remark Third, as discussed above, it generalizes an example from [1].

Example 4.2.2: Let p be a probability distribution on Z>g, and consider the compart-



ment system

0"y g oﬁ%c i,

Then the stationary distribution of the system is given by

m(n) = <ﬁ afj:) . lem/nE , (g)llnngl] |

x=0

where

Proof. Check that the distribution

x

P,(z,t) = e "t (Z Klr;:;mu(x - m))

m=0

satisfies

d
&P“(m,t) = rpPu(x — 1,t) — kpPpu(x, t),

with initial condition P,(x,0) = u(z), and apply Theorem
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O]

A

As discussed, in the special case of the above where u is Poisson with parameter A,

[1] obtained the expression in (4.5) for ar. So our expression in (4.6|) should, by all rights,

agree with theirs in that case, and indeed it does:

Proposition 4.2.3: Let u(z) = A®e™*/z!, let « be as in ([4.6)), and let Py, be as in (4.5).

Then a(x) = Px(x).
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Proof. The binomial theorem gives

o] r mym yT—m ,—A\
A e
_ —Kpt ’ib —Kkgt
a(x) _/0 e ( E - 7(36 — )'> KEe dt

m=0

_ / 6—(~bt+x)$ <Z (2 ) (,{bt)mv—m> e "B pdt
0 !

m=0

> 1
= / e_("btJ”\)—'(/{bt + N\)%e "Bl g pdt
0 x

Let £u = Kyt + A. Then multiplying by kg/kp and rearrainging yields

KE KE
U — A\—
Ky + KE Kp

=1 =u—-A1/€-1).

IQEt =

So kgdt = (1 — §)du and

ale) = [ et (Guyre OIS - gy
€ X

& 1
— (- ey [ ety
M€ xT.

= Py (x)

as claimed.
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Chapter 5

A Generalization:

Content-dependent Fragmentation

This chapter is the first whose material is not present in |2]. The models studied in
this chapter do not fall under the framework from that paper because the rate of certain
compartment transitions will depend on the content of the compartments. Note that these
models will fall under the more general framework from [1].

Let Zx be some reaction network where S appears as a species. The models of this

chapter will be represented by diagrams of the form

kI KpSco
Ik 0 HW C HW 2C 1, (5.1)

where the intent is that everything is the same as in previous chapters except that a given

compartment with s molecules of S fragments at rate xr - s instead of rate k.

Remark 5.0.1: The usual convention in the study of reaction networks is to write rate
constants over reaction arrows, but krSc is not a rate constant, which may seem strange.
One way to think about the rate constants we have been writing is that any given com-
partment exits the system with rate kg, any given pair of compartments coagulates with

rate ko, etc.. Viewed in this light, the new notation makes more sense, since if S¢ is the
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number of S in compartment C, then krpS¢ is exactly the rate at which compartment C'

is fragmenting, consistent with the old notation. VAN

To be precise, let d (as always) be the number of species which appear in Zx, and for
z € 74, let S(x) denote the projection onto the S coordinate: when in state x there are
S(x) molecules of S. For reactions v — v/ of Zx, let A\,_,,/(z) denote the rate of reaction

v — v/ when in state z, so that the generator A of Zx is given by

Af@) = 3 Ao (@) ([ +V/ — ) — f(2)).

v—v/

Let NV be as in previous chapters, and for n € N'let C(n) = erzgo ng be the total number
of compartments and let S(n) = erzg . S(z)ng be the total number of S molecules across
all compartments. For each x,y € Zéo, let 1 (x,y) denote the probability that when a
compartment in state x fragments, the daughter compartment produced is in state y (and
the original compartment is in state x — y). For example, earlier in this thesis we worked
only with ¥(z,y) = 2*(11+'”+xd)($), and in Remark we will take y — ¥ (z,y) to be
uniform over possible pairs of resulting compartments. In general, we require only that
Y(x,y) = 0if y; > x; for some ¢, and that y — ¥ (x,y) is a probability measure for each
2. Then in this chapter, we are studying the Markov Chain N with generator £, where

for functions V : NV — R,

<Z NaAy— (T) (V(n — €+ €pppi—y) — V(n)))

v—v/!

+ k(@) (V(n+eg) = V(n) + kpng (V(n —ep) — V(n))

+ kpS(x)ny Z V(@ y)(V(n—ep+ey+epy) — V(n))

d
yEZZO

+ ke <”2m> (V(n — 26, + e2,) — V(n))

NgN

+ Z KC ZQ L(V(n—ep—ey+ eary) — V(n))|.
yEZ%O
yF
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As in previous chapters, we will refer to N as the coarse-grained model associated to (5.1)).

We will frequently be illustrating our results or techniques by considering the simpler

model
K K1 KkFSc,
0<Kd>S OémE C<KC>QC 78 (5.2)
which has generator
LV (n) = Z [mbnm (V(n— ez + ezt1) = V(n)) + kangz (V(n — eg + eg—1) — V(n))
=0

+ k(@) (V(n+eg) = V(n) + kpng (V(n —ez) — V(n))

M8

+ KpTng (@, y)(V(n—ex +ey+exy) = V(n))

<
Il
o

e (?’;) (V(n — 25 + e22) — V()

oo
N
+ Z nc%(V(n —eg — €y + €epty) — V(n)) .
y=0
y7#x
Note that we may take any rate constants to be zero, including possibly x; or k4. The
case where k; = kg = 0 and the number of S in each compartment is only changed by the

compartment events was studied in [1].

One assumption is frequent enough in what follows that it deserves attention here:

Condition 5.0.2: Let )\ denote the expectation under p of the total molecular count of

d

new compartments: \ = erzéo p(x) 35—y xj. Assume p is such that A < oo.

Unfortunately, translating results about Zx into results about N will not be as straight-
forward as in the previous chapters. One case where we can get results about N, however,
is the one where Zx has a Lyapunov function, and that Lyapunov function happens to be
linear. We are far from the first to consider specifically linear Lyapunov functions. For
example, in [27], a linear Lyapunov function condition (which they refer to as condition
DD1), stronger than any of the Lyapunov conditions appearing in this chapter, is studied.

They give conditions for their condition to be satisfied for unimolecular and bimolecular
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reaction networks (see sections S3 and S4, respectively, of their supplementary material),
and they verify the condition for a number of biologically motivated examples (see sections

S5 through S12 of the same).

5.1 Non-Explosivity

In Theorem [3.1.3] we showed that when the fragmentation rate does not depend on com-
partment contents, compartmentalizing a CRN does not affect whether or not it explodes:
N is explosive iff 7y is. However, things are more delicate in the present setting, as the

next example shows.

Example 5.1.1: Consider the following model
E+2S 24 E438 c 22, 90 (5.3)

Let o, 91 : 2220 X Zzzo — {0,1} be the functions

1 ¢ =eands =s
¢0((675)7(6/75/)) =

0 else

1 ¢€=eands =0
1/}1((675)7(6/73/)) =

0 else

The idea is that when the compartment fragmentation distribution is given by g, a
compartment in state (s,e) always splits into one compartment in state (s,e) and one
empty compartment. And when it is given by 11, a compartment in state (s, e) always
splits into one compartment in state (s,0) and one in state (0,e). Let IV; be the coarse-

grained mode associated to (5.3) with fragmentation distribution ;, for i =0, 1.

Proposition 5.1.2: The network £+25 2, E+3Sis explosive. When the distribution of
fragmented compartments is given by 1, then the corresponding coarse-grained model Ny

associated to ([5.3)) is also explosive. When the distribution of fragmented compartments
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is given by 11, however, then the corresponding coarse-grained model N; associated to

(5.3) is not explosive.

Proof. Let X denote the Markov chain associated to F + 2S5 2, E +3S. Notice that
since the number of F cannot change, the S-component of X is just an instance of the
CRN 25 28 35 , where Fjy is the initial amount of E present in the system. But this is
well-known to be explosive whenever the rate 2Ej is positive — see for instance [24].

Now we argue that Ny is explosive. Specifically, we will argue that it explodes with
positive probability when started in the state with exactly one compartment, where this
one compartment contains one F and two S. If A/, as always, denotes the state space
for Ny, define f : N' — Z2 so that f(n) is the state 2 = (s, e) with the largest value of
s, breaking ties in favor of larger values of e, such that n, # 0. Consider the stochastic
process f(Ng). We claim that f(Ny) is not only a Markov chain, but actually an instance
of the Markov chain X from the beginning of this proof (with starting state (2,1), from
which we know X explodes).

Indeed, notice that fragmentations only produce new empty compartments, that totally
empty compartments have no way of producing either more E or more S, and that existing
S and F are never removed from the system, so the state of Ny is always some number
of empty compartments plus one compartment with at least two S and one E. It follows
that f(IVo) is just the state of this one non-empty compartment, and that fragmentation
cannot affect f(Ny). So f(Ny) starts out in state (2,1), can only have transitions of the
form (s,1) — (s+1,1), and these transitions have independent exponential holding times
with rate s(s —1). So f(Np) is indeed an instance of X, and thus f(/NVy), and hence Ny,
is explosive.

Now we argue that N7 is not explosive. Notice that if N is in a state where no
compartment has both S and E, then it cannot explode. Indeed, (i) in such a state the
only possible transition is C' — 2C, (ii) once in such a state it will always be in such a
state and the number of S will not further change, so (iii) the network gains C' at constant

rate equal to the number of S. Since the rate of the only reaction is constant, it cannot
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be explosive. In light of this, we aim to show that, no matter what state Ny is started in,
it will a.s. eventually reach such a state where no compartment has both S and F before
having the chance to explode.

Different compartment are independent, so it suffices to consider the case of a single
compartment in state (s,e). The idea is that such a compartment fragments with rate s,
which because of our choice of ¥ splits the S and E into different compartments and kills
off any explosion. Since the compartment gains one S with rate es(s — 1), the probability

s 1

of fragmenting before leaving the state is - T — (=T The number e is fixed

and this quantity is not summable in s, so the second Borel-Cantelli lemma tells us that
the compartment fragments before exploding with probability one. (Strictly speaking the
Borel-Cantelli lemma applies to independent events, so to make this idea precise one would
need to, for instance, construct the process N1 “by hand” from independent exponential

random variables. But this is straightforward, if messy, so we omit it.) O
JAN

The example above shows that N, the coarse-grained model associated to (5.1]), can
fail to be explosive even when the associated chemistry Zx is explosive, in contrast to the
case where the fragementation rate does not depend on the compartment contents. The

converse, however, still holds provided we have an additional technical assumption on Zx:

Theorem 5.1.3: Let N be the coarse-grained model associated to (5.1)), and let .4 denote
the generator of the associated chemistry Zx. Suppose there exists some linear function

f: Zéo — R which satisfies the hypotheses of Theorem that is, suppose f is of

d

€0, and for some constants ¢ and d, we have

the form f(z) = w - for some w € R

Af(z) < cf(z)+ d for every x. Then N is not explosive.

Proof. First, we will assume that Condition [5.0.2]is satisfied, i.e., that A < co. We will
use the result for this case in the A = oo case. Let V(n) = C(n) + Zmz% ng(w - x). The
assumption that every coordinate of w is strictly positive means that V' — oo in the sense

of Theorem Notice that neglecting the kg and k¢ terms and computing the other
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terms exactly gets us the upper bound

LV (n) < Z kpS(x)ng + krp(z)(1+w-x) + Z ngAyw (2)(w- (2 +V —v) —w- )

d !
IEZZO v—v

= Y weS@)ns +rip@) 1+ w-w) +noAf(2)

mEZéO
< g kpS(x)ng + krp(x) + krp(x)(max wj) g zj | +ngef(x) +dng
J .
xEZ%O J

< (kpwg' + o+ d)V(n) + (kg + s (maxw;)A).

It follows from Theorem that NV is not explosive when \ < oo.

Now we deal with the case where A\ = co. Let 79 = 0 and for j = 1,2,3,---, let 7;
denote the time of the j-th inflow for N. For j = 0,1,2,---, let NU)(t) = N ()<,
(Strictly speaking, N (4) is not a Markov chain, but we can expand the state space from A
to Z>o x N, where the first coordinate indicates the number of inflows that have happened.
We will ignore this detail going forward.)

We claim that NU) is not explosive, for any j.

We proceed by induction on j. N (©) jsn’t explosive, since it’s just a constant. Suppose
that NU~Y is not explosive. NU) = NU=D yup to time Tj—1, SO NG cannot explode
before time 7;_1, and N () is constant after time Tj, S0 it remains only to consider what
happens for 7;_1 <t < 75. But for 7,1 <t < 75, by the strong Markov property N(j)(t)
has the same distribution as N(t) with 0 < ¢ < 7y started from NU)(;_;). But we can
construct another Markov chain N coupled to N by deleting all inflow transitions, we have
N(t) = N(t) for 0 <t < 71, and N(t) is not explosive by the argument given above in the
A < 0o case.

Now with the claim proven, let ¢, > 0 be arbitrary. We will show that the probability
that IV explodes by time ¢ is at most €. Pick j large enough that 7; > ¢ with probability
at least 1 —e. Then since NV, S(j ) — Ng when s < 7; and since N () is not explosive, it follows

that {N explodes by time t} C {7; < t}, and hence the probability N explodes by time ¢
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is at most €. Since € > 0 was arbitrary, IV explodes by time ¢ with probability zero. Since

t was arbitrary, N is not explosive. O

We now illustrate Theorem by applying it to the simpler model with chemistry
0 S,

Corollary 5.1.4: Let N be the coarse-grained model associated to (5.2]):

Kb K1 kFSC
0 — S 0 : C : 2C L
d RE KC

For any choice of parameters, N is not explosive. (We do not assume p has finite expec-

tation here.)

Proof. Let f(x) = x. Notice that

Af(z) = kp — kg < Kp.

Therefore, N is not explosive by Theorem [5.1.3 O

5.2 Positive Recurrence

Once again the key property of Zx will be the existence of a linear Lyapunov function.

Theorem 5.2.1: Let N be the coarse-grained model associated to (5.1)):

kI KrpSc
T 05 2 Cr 20 B

Let A denote the generator of the associated chemistry Zx. Suppose there exists some
linear function f : Z%O — R of the form f(z) = w -z for some w € R, such that
sup, Af(z) < oco. Suppose condition is satisfied: A < oco. If kg > 0 and kg > 0,
then the state with no compartments is positive recurrent for NV, all states reachable from

that one are also positive recurrent for N, and all other states are transient with finite

expected time to reach the set of positive recurrent states.
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Remark 5.2.2: If f were a Lyapunov function witnessing (via Theorem that Zx
was positive recurrent, we would have Af(x) < —1 outside some finite set. Similarly, if
f were witnessing that Zx was recurrent, we would have Af(x) < 0 outside some finite
set. Either of these would imply the assumption sup, Af(z) < oo from the theorem. This
assumption sup, Af(z) < oo is in fact strictly weaker than having a Lyapunov function
for recurrence, as we will see in[5.2.3] when we apply it with the transient chemistry 0 — S.
However, the assumption sup, Af(z) < oo is stronger than having a Lyapunov function
for non-explosivity. Indeed, if sup, Af(z) < oo and f — oo, then a suitable shift g of f

will satisfy Ag(z) < g(z) (this is easiest to see by taking g to be a shift of f satisfying
Ag(z) = Af(z) < sup, Af(y) <infyg(y) < g()). A

Proof of Theorem[5.2.1. Let V(n) =C(n)+ « erzéo ng(w - x), for some constant o > 0
to be chosen later. The assumption that every coordinate of w is strictly positive means

that V — oo in the sense of Theorem [6.1.21

LV (n) = Z kpS(z)ng + krp(x)(1+ow - x) + o Z ngAvw (@) (0 (x+V —v) —w - )

zgzio v—v/
n NN
—/ﬁEnm(l—i-ozw-x)—/{C(;)— Z KC gy

yEZéO

y#FT

= Z kpS(x)ng — akgng(w - z) + krp(z)(1 + aw - x) + ang Af ()
zeZ%O

— ke (0(2”)> — kpC(n)

IN

ko (0(2”)) T <ozs1;p«4f(x) - nE) Cn) + (wpws' — ang) | 3 na(w- )

xCZ4

+ k1 + akr(maxw;)A.
J

Pick « large enough that akgp > f@pwgl (here we used kg > 0). Then we claim

this upper bound is at most —1 outside a finite set of n. Indeed, the term (mpwgl —

atp) (3 ez na(w - ) is non-positive by choice of a, so LV (n) is at most a polynomial
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in C(n) (with no dependence on n other than through C(n) and) with negative leading
term (here we used k¢ > 0). So for large enough values of C'(n) we have LV (n) < —1. For
each individual value of C'(n) less than this threshold, the only term that varies as n varies
is (kpwg' — akp) (> ,eza na(w - ), and this approaches —co as >, cya Ny (w - ) — 00.
It follows that £V (n) < —1 outside some finite set, as claimed.

Therefore, by Theorem [6.1.2] any state in a closed, irreducible component of N is
positive recurrent, and from any given state the expected time for the process to enter the
union of the closed irreducible components is finite. So to complete the proof it remains
only to point out that the state with no compartment is a member of a (indeed, the) closed
irreducible component of N this fact follows from the fact that kg > 0 and hence the

state with no compartments is reachable from every state in N. O

We now illustrate this theorem by applying it to the simpler model with chemistry

0 = S. Note that the result holds even when Zx is transient.
Corollary 5.2.3: Let N be the coarse-grained model associated to (5.2]):

Kb K1 krSC

0 —8 00— C__—_2C L.
Kq KE KO

Suppose that condition is satisfied: A < oco. If both k¢ > 0 and kg > 0, then the

state (0,0,0,---) with no compartments is positive recurrent. Moreover,

e If k7 > 0 and either k, > 0 or pu # dp, then all states are reachable from (0,0,0,---)

and hence positive recurrent.

o If x; > 0 and both k, = 0 and p = §g, then all states with zero S are positive
recurrent and all other states are transient. These other states all have finite expected

time to be absorbed by the collection of zero-S states.

e If k7 = 0, then all states with a positive number of compartments are transient, but

are absorbed by the state with zero compartments in finite expected time.
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Proof. Let f(x) = x, and notice that Af(x) < kp. Therefore, the state with no com-
partments is positive recurrent for N by Theorem [5.2.1l The “moreover” part of this
corollary follows straightforward considerations about which states are reachable from the

state with no compartments. O

In any specific model, one may be able to do better than Theorem by using a

more tailored Lyapunov function. The next proposition provides an example of this by

extending Corollary

Proposition 5.2.4: Let NV be the coarse-grained model associated to ([5.2)):

Kb KT krpSc
0 2s 0—=C_—2C .
d KE KC

Suppose that condition [5.0.2]is satisfied: A < co. Consider the following conditions on the

parameters of the model:
(a) kg >0 and kg > 0.
(b) KL + Kpka > KpkF
(¢) kg >0and kg >0 and kp =0

If condition (a) or (b) is satisfied, the state (0,0,0,---) with no compartments is positive

recurrent. Moreover,

e If k7 > 0 and either k, > 0 or pu # dp, then all states are reachable from (0,0,0,---)

and hence positive recurrent.

e If k1 > 0 and both k, = 0 and p = g, then all states with zero S are positive
recurrent and all other states are transient. These other states all have finite expected

time to be absorbed by the collection of zero-S states.

e If k7 = 0, then all states with a positive number of compartments are transient, but

are absorbed by the state with zero compartments in finite expected time.
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If condition (c) is satisfied, the state (1,0,0,---) with one empty compartment is positive

recurrent. Moreover,

o If KKy > 0, 0or Kpky > 0, or k7 > 0 and pu # dg, then all states other than (0,0,0,---)

are reachable from (1,0,0,---) and hence positive recurrent.

e If x; > 0 and both k; = 0 and p = Jg, then all states with zero S and a positive
number of compartments are positive recurrent and all other states are transient.
These other states all have finite expected time to be absorbed by the collection of

zero-S states.

o If K, > 0 but kK = 0 = Kp, then all states with one compartment are positive
recurrent, and all other states are transient and have finite expected time to be

absorbed by the one-compartment states.

e If k7 = 0 and Kk = 0, then the state with no compartments is absorbing, as is
the state with one empty compartment, and all other states are transient. These
other states have finite expected time to be absorbed by the state with one empty

compartment.

Remark 5.2.5: Note that the above covers conditions (a), (b), and (c) completely: All
possible combinations of other parameters are listed in the bullet points following each
“Moreover”. Furthermore, note that (a) and (c) together cover every possible case where
ko > 0 except the one where kg = kg = 0, which is not a very interesting case since the
number of S cannot decrease. So the proposition is essentially complete except for the
parameter regime where ko = 0 and RQE + kgpkq < Kpkp. Later, in Proposition we

will prove transience in part (though not all) of this remaining regime. JAN

Proof of Proposition[5.2.4) The claims about condition (a) are just repeating Corollary
5.2.3l For the remaining conditions, let £ denote the generator of N. For n € N, let
C(n) = Y o yne and S(n) = > 72 jxn, be the total number of compartments and the

total number of S across compartments, respectively. Let V(n) = aS(n) + C(n) for some
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constant « > 0 to be chosen later. Then

LV (n) = —k¢ <C(2n)> + kpS(n) — kpC(n) — akpS(n) + arkyC(n) — akgS(n)

+ Z rrp(a) (1 + za)
=0

= —KC <C’(2n)> + (kp — a(kg + kq))S(n) + (aky — kE)C(n) + K1 + KA.

If ko > 0 and kg + kg > 0, then picking o > kp/(kq + k) we have that LV (n) < —1
outside a finite set. The claims about condition (c) now follow from Theorem and
straightforward reachability considerations. (This also gives an alternate proof of the
claims about condition (a).)

If K%+ Kpkq > Kpkp, then kp/(kp+Ka) < KE/kKp; pick a to be some number satisfying
kr/(kE + kq) < a < kg/Kp (with the convention that kg /K, = oo if kK, = 0). Then the
coefficients of both S(n) and C(n) are negative, so LV (n) < —1 outside a finite set. The

claims about condition (b) follow just as above. O

Remark 5.2.6: In Section 2.B of [1], the model is studied via simulation and moment
closure methods in the case where k;, = 0 = k4, where y is Poisson with parameter A\, and
where ¥ (x,y) is uniform over possible unordered pairs {y,z — y}. They study a moment-
closure approximation of the model for finite time scales, and do not deal with the long
term behavior of their model. As it turns out, their model is positive recurrent. This
follows from Proposition one could use either condition (a) or (b). In fact, since
Proposition (a) is just Corollary the existence of the stationary distribution is

essentially free from Theorem [5.2.1 JAN

In the simple model with chemistry 0 < S, we are also able to prove results about
transience. We will assume that k¢ = 0, since by Proposition conditions (a) and (c)
we know that if ko > 0 then N is positive recurrent as long as kg > 0 or kg > 0, and
the case where kg = 0 = kg is not interesting because the total number of molecules of S

across all compartments cannot shrink.
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Proposition 5.2.7: Let N be the coarse-grained model associated to ([5.2)

Kb kpSc
0§ 0 ﬁ o ﬁ 20 i,

Kd

where we again assume condition A< oo. If (kp—kEg)ky > (kg +Kq)kEp and k7 > 0

and ko = 0, then all states are transient for N

Proof. Let C(n) =Y 52 yna and Cso(n) = > o7 | ng, and let W(n) = C(n) 4+ aCso(n) for

some constant o > 0 to be chosen later. Let V(n) =1 — W

Notice that (with the convention that 0/0 = 0),

= Z kpng (V(n — g + egi1) — V() + kanaz (V(n — ez + €2-1) — V(n))
+ k(@) (V(n+eg) = V(n) + kpng (V(n —ep) — V(n))

+ KpTng (Z U(x, y)(V(n —ey+ey+ ex_y) - V(n)))

y=0
1 1 1 1
= Ryt (W(n) 1 W) 1 +a> + KaC>o(n) <W(n) 1 W1 a>
1 1 1 1
e (W(n) +1 W(n)) rpCo(n) <W(n) T1 Wn) - a)
1 1
#5rCoo) 50 (0~ )
_ Qkpng n krCso(n) + K1
Wmn)+1)(Wn)+1+a)  (W(n)+1)(W(n)+2)
KENQ (1+ a)kpCso(n akgCso(n)

_ _ () _
(W(n)+1)(W(n))  (W(n) + HY(W(n) —a)  (W(n)+1H(W(n)+1-a)

Multiplying through by (W (n) 4+ 1)(W(n) + 2), the above becomes

(W(n)+1)(W(n) +2)LV(n) = anbnom + krCso(n) + K1 — KENo Wv(‘v;()n—;— 2
- (14 a)/ﬁEC>0(n)m - OéHdC>o(n)W<n>7:)_1_a'

Let € > 0 be another constant that we will pick later. Notice that all four fractions

immediately above are converging to 1 as W(n) — oo. Let B. be a set of the form
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{n : W(n) < k;} for some number k., such that the first fraction is bounded below by

1 — € on Bf and the latter three are bounded above by 1+ ¢ on BS. But then off of B,

(W(n) +1)(W(n) +2)LV (n) = aryno(l — &) + kpCso(n) + k1 — kpno(l +¢€)
— (14 a)kpCso(n)(1+¢) — arkgCso(n)(1 +¢)
= (kp — (1 + a)rp(l+¢€) — arq(l +¢£))Cso(n)

+ (arp(1 —€) — kp(l+¢))no + ki

Since (kp — kg)kp > (kg + Ka)kE, in particular (krp — kg)/ (kg + Kq) > KE/kKp; pick a > 0
so that (kp — kg)/(kE + Kk4) > « > Kkg/Kp. Rearranging these two inequalities gets us
aky— kg > 0and kp — (14+a)kg — akg > 0. So for some sufficiently small € > 0, we have
arp(l—e) —kp(l+¢e) >0and kr — (1 + a)kp(l +¢€) — arg(l + &) > 0. Let £ be such;

outside B., we have

(W(n) + 1)(W(n) +2)LV (1n) > 0

LV (n) > 0.

Then, since sup,,cp_ V(n) < inf,cpe V(n) and since N is not explosive by Corollary
Theorem tells us that when N is started outside of B., the probability that it
eventually reaches B: is less than one. Notice that (since x; > 0), when started from
(0,0,0,---) the Markov chain N reaches (k.,0,0,0,---) € BS with positive probability,
and then by above with positive probability it never returns to (0,0,0,---). So (0,0,0,---)
is transient. Now either kg = 0 and every state is obviously transient, or kg > 0 and the
transient state (0,0,0,---) is reachable from every state. So in either case, every state is

transient, as claimed. O

Remark 5.2.8: Notice the gap between the previous two results: If ko = 0 and k7 > 0,
the former says that N is positive recurrent if ﬁ% + KEpkq > Kpkp whereas the latter says

that IV is transient if K2E 4+ Kkpkg < KpkF — Kpkg. We conjecture that N is transient in the
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case where Kpkp > K% + Kpka > KpKF — KbKE-

Limited numerical simulation supports this conjecture. With a team of four under-
graduate students (Carina Guo, Olivia Guo, Leo Shen, and Yikai Zhang), we simulated
the model of this chapter using a combination of the Gillespie and next reaction algo-
rithms (see [6], specifically Algorithms 1 and 2, for background on these two methods).
Specifically, simulations were done with parameters kg = 0, ky = kg = kg = k1 = 1,
and kp € {1.9,2.0,2.1}. By the theorem above, the system should be positive recurrent
with kp = 1.9, whereas kp = 2.0 and K = 2.1 fall into the gap (with kp = 2 right
on the boundary and not covered by the conjecture above). Indeed, the trajectories kept
returning to zero in the kr = 1.9 case, they were steadily increasing when xr = 2.1, and

the kp = 2.0 case was less clear. A
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Chapter 6

Technical Results

This chapter is devoted to stating and proving any technical results needed for the thesis.

6.1 Lyapunovfunctionology

The theory of Lyapunov functions for Markov chains provides powerful tools for checking
(in)stability properties. This section is devoted to introducing the extent of the theory we
use.

The statement and proof of Theorem [6.1.1] are heavily inspired by Theorem 2.1 of [28],
and one can check that our theorem is a corollary of theirs. Our proof is slightly different
because we prove the result by truncating the Lyapunov function instead of truncating

the process. The key idea for this alternate truncation was drawn from [29].

Theorem 6.1.1: Let X be a continuous-time Markov chain on a countable state space
S with generator £. Suppose V is a function on S which satisfies V' — oo in the sense
that {z € S : V(x) < B} is finite for every B > 0. If there are constants ¢,d > 0 so that

LV (z) < cV(x)+d for all x, then X is not explosive.

Proof. Observe that it is enough to consider the case where V > 0 and LV (z) < ¢V (z).
Indeed, the condition V' — oo grants that V attains a global minimum value. So a suitable

shift of V, say W, will have minimum at least d > 0 and so the condition LV (x) < ¢V (x)+d
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implies LW (z) < (c+ 1)W(x).
Now fix an enumeration z1,x,--- of S, and for m =1,2,3,--- let O, = {x1, - , 2}

and let T, denote the first time the process (X;) is not in O,,. Notice that to show that

X is not explosive, it suffices to show that ( := li_1>n T, is infinite P,-a.s. for each x € S.
m o
For m = 1,2,3,---, set g(z,t) = V(x)e™® and set f(z,t) = g(x,t)lp,, (). The

indicator function ensures that the support of f in the variable x lies in O,, and that f is
uniformly bounded in both variables. So we can apply Dynkin’s formula (Lemma [6.2.2))

to f and conclude that if 7 is any a.s. bounded stopping time,

B, [f(Xe,7)] = [(2,0) + E, [ I ﬁf(Xs,s)ds} |

One can check that since V' was assumed non-negative, Lf(x,s) < Lg(z, s) for all x € Oy,

and all s. This follows since z € O,,, one has
Lg(x,s)— Lf(x,s) =e ¢ qu y¢onV(y) = 0.
yFx

So if x € Oy, then for any a.s. bounded stopping time 7, we get

TATm
E.lf(Xoar,, T ATw)] < f(x,0) + E, [/0 Lg(Xs, s)ds]

—V(z) +E, [ /0 R (evx,) - cV(XS))ds]

< V(x),

where in the first line we use the fact that X, € O,, when s < 7 A T},.

Now consider the process M; := f(Xy, t)i<r,, = V(X¢)e “Iycp,, . Notice that M is
the product of right-continuous functions and hence itself right-continuous; we claim that
M is a supermartingale. Toward this end, fix s < ¢; we wish to show that E[M;|F,] < M,

where Fs denotes the o-algebra generated by (X ),<s. Since the event {s > T,,} € Fs,
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we can decompose
E[M|Fs] = E[M¢| Fs|ls>m,, + E[M| Fs|ls<,

so it is enough to show the desired inequality both on and off the event {s > T},,}. On
this event, we have My = 0 = M;, and so E[M|Fs]Ls>7,, = 0 = Mls>7,,. On the event
{s < T),}, notice that X € O,,, and hence the bound Ex, [f(X a1, ™ A Tw)] < V(X5)
from above applies for any a.s. bounded stopping time 7 (and in particular, for 7 =t — s).

So by the Markov property,

E[M| Fills<r,, = E[V (Xy)e e, | Fs|ls<T,,
= e CEx, [V(Xi_s)e 9, _gor, e,
= e “Ex,[f(Xi—s,t — 8)i_ser,, [T,
< e “Ex, [f(Xg—s)atm> (t = 8) A Ton)|ls<,,
<e “V(Xg)lser,

= ]\45]15<Tm .

We conclude that M is a supermartingale, as claimed. Now fix x € S and A > 0. By

Doob’s Supermartingale inequality (Lemma [6.2.4]),
MV (), () > P, | sup M; >\
t€[0,00)

=P, [ sup V(Xp)e > A] .
0<t<T™

Sending m — oo and applying continuity of probability yields

<A W (a). (6.1)

P, [ sup V(Xy)e >\
0<t<(¢
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Notice that

sup V(Xy)e @ > e ¢ sup V(X;).
0<t<( 0<t<(

This lower bound is co when ¢ < co thanks to the condition V' — oo, and hence we have

sup V(X;)e™ > X on the set where ( < oo, regardless of A\. From (6.1)), then,
0<t<(

P.(¢ < 00) < X W (x).

But A > 0 was arbitrary; sending A — oo yields that P,({ < oo) = 0. Since x was

arbitrary, it follows that X is not explosive. ]

The following theorem is well-known. In full generality, it is due to Meyn and Tweedie
— see [28]. The version below is a specialization to the countable state space case. For a

proof of the version given below, see the more recent paper [30].

Theorem 6.1.2: Let X be a continuous-time Markov chain on a countable state space S
with generator £. Suppose there exists a finite set K C S and a positive function V on S
such that

LV (z) < -1

for all x € S\ K. Suppose further that V' — oo in the sense that {x € S: V(x) < B} is
finite for every B > 0. Then each state in a closed, irreducible component of S is positive
recurrent. Moreover, if 7,, is the time for the process to enter the union of the closed

irreducible components given an initial condition zg, then Ey[74,] < oco.
We will also need the following, which provides a method to check for transience.

Theorem 6.1.3: Let X be a non-explosive continuous-time Markov chain on a countable
discrete state space S with generator £. Let B C S, and let 75 be the time for the process

to enter B. Suppose there is some bounded function V such that for all z € B¢,

LV (z) > 0.
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Then Py, (75 < 00) < 1 for any xg such that

sup V(z) < V(xo).
zeB

For a version of the theorem above that applies in much greater generality, see Theorem
3.3(i) in [31]. Our theorem is not an immediate corollary of theirs (they define restricted
versions of the chain X and state their theorem in terms of the generators of the restricted
processes), so we will provide a proof (which, just like the theorem statement, draws heavy

inspiration from [31]):

Proof of Theorem[6.1.3. Define W on S via W =V —sup,.p V(x). Notice that W (zo) is
strictly positive, W is nonpositive on B, and LW = LV . Fix some enumeration of S in
which zq is the first element, and for m € N let S,,, denote the first m elements of S. Let
Tm be the first time X is not in S,,. Let A be a new state not in S, and for m € N define

a new Markov chain X™ via

Xt t<7’m
X =

A t>T1,
Notice that X™ has finite state space S,, U {A}. Notice that W is bounded since V is,
let C' = sup,cs W(z), and extend W to a function on SU {A} by setting W(A) = C. Let

L, denote the generator of the process X™; we claim that LW (z) < L,,,W(z) whenever
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T € Sy,. Indeed, notice that

=Y WHP(X: =y)

y€eS

=Y WEP(Xe =yt <7m)+ Y WuP(Xy = y,t > 7m)
yeS y€eS

<ZW (Xt =y, t < T) —i—ZCP (Xt =y, t > 7m)
yeS y€eS
=> Wy =)+ W(AP(X" = A)
YESH

= E,[W(X{")],

and hence
E, X)) — . E, XM —
t\0 t t\0 t

as claimed. Now for any m, applying Dynkin’s Formula (Lemma |6.2.1]) to the chain X™

with finite stopping time 75 A 7, A m yields
TBNATmMm/AMm
B (X2 )] = W) + By | [ LW (XI)ds
0
But for s < 75 A 7, we have X" = X, € B°NS,;, and hence
L W(X) =L W(Xs) > LW(Xs) =LV (Xs) > 0.

So the integrand in Dynkin’s Formula is non-negative, and

W(.’Eo) < Ewo [W(X;Z/\Tm/\m)]

= Ewo [W(Xm )]ITB<Tm/\m] + Ero [W(X;n /\m)]ITB ZTm/\m]

< IEiL“o [W(X:Zg)HTB<Tm/\m] + C]Pxo (TB > Tm N m)
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Note that X7 € B on the event 75 < 7, A m. Hence W (X ), <7 am < 0, and

W(J}o) < CPmO(TB > Tm N m)

Since X is assumed to be non-explosive, 7, — 00 as m — oo, so taking m — oo above
gives

W(zo) < CPyy (75 = 0).

But W (xg) is strictly positive and 0 < W(zg) < C < o0, so Py, (75 = 00) # 0. That is,

P, (7B < 00) < 1, as desired. O

Remark 6.1.4: Note that the proof above gives us a lower bound for the probability that

the process never returns to the set B:

W (o)
C

S Pxo(TB — OO),

where C' = sup,es W(z) and W =V —sup,cp V(z). We do not make use of this fact. A

The following is a simplified version of Theorem 8.4.3 from [32] (expect that their

theorem is in discrete time, but that doesn’t matter), and this proof is essentially theirs.

Theorem 6.1.5: Suppose X is an irreducible CTMC on S. Suppose B C S is finite, and
suppose V : X — R with V' — oo (in the sense that {V < M} is finite for each M)

satisfies LV () < 0 for x ¢ B. Then X is recurrent.

Proof. By shifting V', we may suppose without loss of generality that V' : X — [0, 00). Let
Y be the jump chain for X. Then LV (z) < 0iff AV (z) := E;[V(Y1)]—V(z) <0 (you can
check that LV (x) and AV (x) differ by a positive ratio, namely, the total rate of X out of
state ). So our approach will be to prove that Y is recurrent using V(z) > E,[V (Y1)] for
x ¢ B.

Suppose toward a contradiction that {Yj} is transient. Then there is some zp ¢ B

such that P, (Tp = o0) > 0 where Tp = inf{k > 0 : Y} € B}; let zp be such. Let M
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denote some number large enough that
V(zg) < MP,,(Tp = c0).

Define a new process Y via }A’k = Yiar, (that is, take Y and stop it upon entering B).
Notice that V(z) > E,[V(Y1)] for all z € S (if z € B we have equality, and if = ¢ B we
have V(z) > E,[V(Y1)] = E.[V(Y1)]). By induction, we get V(z) > E,[V(Yy)] for all k
(expand as a telescoping sum and apply the Markov property). But then for all &, and all

z,

V(z) > E, [V (V)]

= "V(y)P*(z,y)

yeS

> Y V(yPay)

y¢B
V(y)>M

ZMPI(}/}]C ¢va(?k) ZM)7 (6'2)

where P is the transition matrix for Y. We claim ]P’mo(?k ¢ B, V(}Afk) > M) =P, (T =

o0) as k — oo. Indeed, we can decompose
Pwo(?k §é B) = Pwo(?k §é va(i}k) > M) —1—]?350(}/}]9 ¢ Bav(?k) < M)7

and it is clear that Py, (Y ¢ B) = Py (Yo, -+ ,Yi ¢ B) — Py, (T = 00) by continuity of
probability. And

Pxo(}/}k ¢ B7V(i}k) < M) = IP>xo(i}l€ ¢ B’V(Yk) < M) < PIO(V(Yk) < M)7

which goes to 0 as y — oo since xq is transient by assumption and {y : V(y) < M} is
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finite by assumption on V. It follows that
Py (Vi & B,V (Yy) > M) — Py (T = 00)
as k — oo, as claimed. But then taking k£ — oo in equation yields
V(z) > MPy,(Tp = 00),

which contradicts the definition of M. Thus our assumption was wrong, and Y (and hence

X) is recurrent. O

6.2 Other Technical Lemmata

The following was used in the proof of and is well-known.

Lemma 6.2.1 (Dynkin’s Formula): Suppose X is a Markov chain with finite state space
S, and let £ be the generator of X. Then for any a.s. bounded stopping time 7 and any

x €S, we have

E.[f(X,)] = f() + E, [ /0 ’ cf(xgds}

The version of Dynkin’s formula stated above was the one used in [2]. We do not
provide a proof because this thesis requires a more general version of Dynkin’s formula,

proven below.

Lemma 6.2.2 (Dynkin’s Formula): Suppose f : S x [0,00) — R has finite support in
the first argument uniformly in the second argument; that is, suppose there exists F' C S
finite with the property that for all ¢ € [0, 00) and all y ¢ F' we have f(y,t) = 0. Suppose
moreover that f is bounded uniformly in both variables. Then f is in the domain of the

generator, and for any a.s. bounded stopping time T,

B, [f(Xr,7)] = f(2,0) + E, [ /0 ' Ef(Xs,s)ds} |



80

Proof. Since f has finite support, the sum in the definition of Lf (Definition is
a finite sum, and in particular is absolutely convergent. So f is in the domain of the
generator.

Let My = f(X4,t) fo Lf(Xs,s)ds. We claim that (M) is a martingale. Toward this

end, fix 0 < r < t and notice that (if 7, denotes the o-algebra of information available up

7]

to time 7),
t T
E[/O Ef(XS,s)ds—/0 Lf(Xs,s)ds
¢
:E[/ Ef(Xs,s)ds]-}]

t
2| [ Sy | +0uf(Xe5)ds| 7,

yeS
t—r
=Ex, / Z fly, 7+ 8)ax,y | +02f (X, 7+ s)ds (Markov property)
yeS
t—r
_Z/ Zf y7r+3 qupX,z d8+2/ a?f y;7"+3)PX7y( )d
z€S y€eS y€eS
= Z Z/ f(y, 7+ 8)qzypx, - (s)ds + Z/ 0o f (y, 7 + s)px,y(s)ds (See below)
yeS z€eS y€eS
t—r
Z/ Zf Y, T+ 8)qzyPx,2(s)ds + Z/ Oaf (y,r + s)px,y(s)ds (See below)
zZ€S y€eS
t—r
= Z/ fly,r+ S)pXry( 5) 4+ 02 f (y,r + s)px,y(s)ds (Kolmogorov forward eq.)

yeS

= Z /t ' d fly,r+ s)pxry(s))ds

_Z< t)px,y(t )—f(y,r)px,\ym))

yeS
= Ex, [f(Xi—r, 1) — f(Xo,7)]
=E[f(Xe,t) = f(Xp,7)|F]. (Markov property)

The only steps left to justify are the ones marked “See below” where we interchange

various sums and integrals. Note that since y — f(y,-) has finite support uniformly in
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the second argument, the sums over y are finite. This justifies the first “See below” step.
By the Fubini—Tonelli theorems, to justify the second such step it suffices to check that

for each y we have

t—r
/0 Z |f(y, 7+ 8)qzypx,-(s)] ds < oo.

z€S

But f is uniformly bounded and 0 < px,.(s) < 1, so it suffices to bound

t—r t—r
/0 Z‘sz’psz(S)dS—/O —Quypx,=(5) + Y Gzypx,=(s)ds

z€S z#y
t—r
~ [ 2apx9)+ a9
0 zZ€S
t—r
< / _Qny + Z QZprrz(S)dS
0 zZ€S

t—r
= / —2Gyy + p/Xry(S)dS
0

= _Qny(t - T) + pXry(t - T) - pXry(O)-

This last quantity is finite, so interchanging the sums and integral is justified, and we

conclude that

E [/Otﬁf(Xs,s)ds - /0 Lf(X,,s)ds

fr] —E[f(Xent) — F(X,)|F.

Rearranging, we see that E[M; — M,|F,] =0, so (M;) is indeed a martingale. To get the
desired result, now apply some form of the optional stopping theorem (e.g., Theorem 2.13

in chapter 2 of [18]) to (M;) with stopping time 7. O

In the proof of Theorem [6.1.1] in addition to the stronger version of Dynkin’s formula
given above we also required Doob’s Supermartingale inequality. We now prove the latter

by way of an intermediate result:

Lemma 6.2.3: Let (X¢)c[0,7] be a right-continuous submartingale, and let A > 0 a real
constant. Then

AP | inf X, < -\ <E(X})-E[X,].
) 50 -
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where X = max{Xr,0}.
Proof. See (for example) Theorem 3.8 (ii) in Chapter 1 of [33]. O

The following result is sometimes also called “Kolmogorov’s Inequality”, for example

in the proof of Theorem 2.1 of |28§].

Lemma 6.2.4 (Doob’s Supermartingale inequality): Let (Xt);c[0,00) be a right-continuous

[0, 00)-valued supermartingale, and let A > 0 a real constant. Then

P| sup Xy >\ < )\_IIE[XO].
t€[0,00)

Proof. Letting Y; = — X}, and applying Lemma to Y; yields, for each fixed T' € (0, 00),

P| sup X; >\ <A 'E[X].
te[0,T

Sending T" — oo and applying continuity of probability gives the desired result. O
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