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Abstract

This thesis discusses the effects of confinement strength on two-electron states in an

electrostatically defined quantum dot (QD) in a Si/SiGe quantum well at zero magnetic

field, focusing on geometries appropriate for qubits. We account for electron-electron (e-e)

interactions via full-configuration interaction calculations as well as the nontrivial interplay

between the conduction band valleys of silicon, and disorder at the Si/SiGe interface via

tight-binding approach.

We show that the experimental signatures of strong e-e interactions in these devices

can be subtle. While the suppression of the singlet-triplet (ST) splitting in two-electron

quantum dots formed in direct band gap materials is a clear indication of e-e interactions,

in silicon devices this effect can be masked by the additional valley degree of freedom of the

conduction band electrons, if the Si/SiGe interface is flat. Interfacial-disorder-induced valley-

orbit coupling, on the other hand, can induce this suppression. To study these phenomena,

we explore the effects of different interface profiles on the ST splitting.

The presence of the valley degree of freedom in silicon quantum dots enables the existence

of excited two-electron states whose excitation energy is less sensitive to e-e interactions than
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their counterparts based on orbital excitations. We show that, by virtue of this difference in

the sensitivity to e-e interactions, the confinement strength can be used to change the valley

vs. orbital character of the first-excited state, with the former yielding excitation energies

that are more resilient to charge noise.

We further discuss the role of e-e interactions in two recent experiments demonstrating

(1) the use of valley-orbit states to probe Si/SiGe interface, and (2) a spectroscopically-dense

set of low-lying energy levels.
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Chapter 1

Introduction

1.1 Introduction

In the last forty years, since Richard Feynman’s famous proposal [1], the field of quan-

tum computing has seen many breakthroughs. Developments of quantum algorithms, such

as Shor’s factoring algorithm [2], have shown that building a quantum computer can solve

well-defined and interesting computational problems more efficiently than classical comput-

ers and sparked interest in realizing these machines. Today, scientists and engineers are

designing and learning to manipulate qubits implemented in various physical platforms in-

cluding superconducting circuits [3], photons [4], trapped ions [5] and semiconductors [6].

On the applications side, quantum chemistry simulations [7] and optimization problems [8]

are areas of active research. With the recent claims of experimental demonstrations that pro-

grammable quantum devices can indeed feasibly complete certain computational tasks that
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are unfeasible for classical computers [9, 10], quantum computing has become a subject of

mainstream interest, with the caveat that these computational tasks are not yet practically

useful but are important proofs of principle.

Although there is an ongoing search for practical applications of intermediate-scale im-

plementations that are already realized [11], it is generally believed that very large number

of physical qubits (millions) will be needed to achieve the goal of practically useful quan-

tum computing [12]. Central to this requirement is the sensitivity of quantum systems to

environmental noise and the consequent need for quantum error correction, which is based

on redundancy to recover from errors [13, 14]. Therefore, scalability of the physical imple-

mentations is critical. Semiconductor-based qubits are promising in this regard, due to their

potential for scalability, which stems from the extensive knowledge base and technological

infrastructure built around semiconductors, due to the central role they played in classical

computing hardware.

Semiconductor nanostructures can host qubits when they are engineered to trap electrons

(or holes) in localized potentials with discrete energy levels, similar to the electronic structure

of atoms. Suitable localized potentials are obtained from dopant atoms or quantum dots. For

quantum dots, this confinement can be achieved or modified by applying appropriate voltage

signals to lithographically-defined metallic gates [15], or by employing self-assembled growth

techniques to form charge-trapping islands [16]. Currently, gate-defined quantum dots are

more established as qubit platforms, although self-assembled dots are also of interest, due to

their optical control and transport properties [17]. Alternatively, dopant-based qubits have
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the advantage of very long lifetimes, although due to the small size of their electron wave

functions, implementing multiqubit gates is challenging.

Since the milestone proposal of Loss and DiVincenzo [18], various designs of gate-defined

quantum dot qubits have been proposed and implemented. These include spin-based [19, 20,

21, 22], charge-based [23, 24, 25, 26], and hybrid [27, 28, 29] platforms. Initial experimental

progress in the field was in GaAs/AlGaAs heterostructures [30]. However, due to the presence

of ubiquitous nuclear spins, which suppress the qubit coherence by interacting with the spins

of the electrons in these devices, attention subsequently turned to Si-based devices, due to

the high natural abundance of nuclear spin-zero isotopes, and the possibility of isotropically

purifying the silicon to have no nuclear spins [31]. Si/SiGe and Si metal-oxide-semiconductor

heterostructures are now commonly used to form gate-defined quantum dot qubits.

In this thesis, we study gate-defined quantum dots in Si/SiGe heterostructures that

contain two electrons. In addition to their role in qubit implementations, including quantum

dot hybrid qubits [27, 29] and singlet-triplet qubits [19, 20], doubly-occupied quantum dots

are excellent systems for studying the interplay between e-e interactions and the disorder at

the Si/SiGe interface.

The strength of electron-electron interactions depends on the strength of the confine-

ment. Although the interaction energies increase with increasing confinement, interacting

multielectron solutions approach to their noninteracting counterpart when the increase in

the single-electron energies is faster. In contrast, decreasing the confinement strength leads

to stronger effective interactions that suppress multielectron energy splittings from their
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noninteracting values. This is the typical case for quantum dots formed in direct band gap

materials like GaAs, where the single electron energies are strictly orbital in nature, and

such behavior has been thoroughly studied in literature [32, 33, 34, 35]. Silicon, on the other

hand, has an extra degree of freedom coming from its degenerate conduction band minima,

referred to as valleys. In bulk Si, this degeneracy is six-fold. In Si/SiGe heterostructures,

however, the tensile strain from the lattice mismatch lifts the energies of the valleys in the

plane of lateral confinement by about 200 meV, making them inaccessible to low-temperature

conduction band electrons in quantum dots [31]. The remaining two-fold degeneracy is bro-

ken by a sharp quantum well with a characteristic energy splitting that is usually referred as

valley splitting [36]. Valley splitting also depends on the confinement strength, when there

is disorder at the Si/SiGe interface that causes hybridization of valley and orbital degrees

of freedom [37]. Therefore, multielectron energy spectra in Si/SiGe quantum dots are deter-

mined by a nontrivial interplay among e-e interactions, confinement energy, valley splitting

and the disorder at the quantum well interface. This full range of phenomena has not been

thoroughly explored before. Understanding this interplay is the goal of this thesis.

1.2 Thesis outline

The following two chapters, Chapters 2 and 3, of this thesis focus on the theoretical explo-

rations of interacting electrons in Si/SiGe quantum dots. The next two chapters, Chapters 4

and 5, describe the collaborations with the group of Prof. Mark Eriksson at UW-Madison in

theoretical analysis of multielectron Si quantum dot experiments. I carried out tight-binding
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and full-configuration interaction calculations and assisted with the theoretical analysis in

this collaborations.

In Ch. 2, we study the singlet-triplet (ST) splitting of two electrons in a single dot. We

consider a range of orbital confinements relevant to experiments and analyze the effects of

different interface profiles on the ST splitting. We show that the suppression of ST splitting

from its noninteracting value depends not only on the e-e interaction strength, but also on

the strength of valley-orbit coupling. We also describe our computational methods, which

employ both tight-binding and full-configuration interaction approaches.

In Ch. 3, we focus on a transition in a first-excited state of two electrons in a single dot

that we predict to occur, which is induced by changing the confinement strength. We show

that this transition significantly affects the coupling of the first-excited state to a nearby

charge trap, with a corresponding impact on the dephasing rates associated with the ST

splitting.

In Ch. 4, we discuss measurements of one- and two-electron energies in a single dot.

We argue that, in conjunction with electrostatic simulations, our approach could provide an

important new probe of the Si/SiGe interface morphology.

In Ch. 5, we discuss measurements of an unusually dense set of low-lying energy levels

in a double quantum dot performed by J. Corrigan et al. in the Eriksson laboratory. Using

the theoretical machinery described above, we argue that strong e-e interactions are the

underlying reason for such behavior.

Appendix E contains our work previously published work on quantum error correction.
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Chapter 2

Strong electron-electron interactions

in Si/SiGe quantum dots

This chapter is adapted from the manuscript “Strong electron-electron interactions in

Si/SiGe quantum dots” by H. Ekmel Ercan, S. N. Coppersmith, and Mark Friesen, which

will be submitted for publication.

2.1 Introduction

Silicon quantum dots are of great current interest because of their desirable properties

as qubits [18, 31, 6, 38, 29, 39, 40, 41, 42, 43], including the high natural abundance of

spin-0 nuclear isotopes, and the possibility of leveraging the infrastructure of the semicon-

ductor industry for scale-up. Device uniformity plays a key role in scale-up, and recent, new

fabrication schemes have demonstrated improved control over geometry-influenced device
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parameters, including dot confinement energies and tunnel barriers [44, 45, 46, 47, 48, 49].

However, new physics enters the picture for dots and qubits with more than one elec-

tron [50, 29, 51, 52, 53, 54, 55], making it more difficult to achieve uniformity. Electron-

electron (e-e) interactions present a particular challenge, both from control and design per-

spectives, since they are so sensitive to many factors. A comprehensive and quantitative

theoretical understanding of e-e interactions and the contributing physics is therefore highly

desirable.

Strong e-e interactions occur in dots with low electron densities give rise to electron lo-

calization in the form of Wigner molecules [56, 32, 34, 57, 33], which are finite-size analogs

of Wigner crystals [58, 59]. Experimental signatures of Wigner molecules include the sup-

pression of multi-electron excitation energies, which has been observed in GaAs [60] and

Ga[Al]As [35] dots and carbon nanotubes [61]. A detailed understanding of these charge dis-

tributions is particularly important for qubit applications, because of the need to precisely

control the qubit energy splittings and tunnel couplings. Here we show that e-e interac-

tions are particularly subtle for dots formed in SiGe/Si/SiGe quantum wells, because of the

degeneracy of the low-lying conduction-band valleys [62, 63, 64]. These many-body effects

depend on the interplay between the underlying valley degree of freedom, which is strongly

affected by disorder at the Si/SiGe quantum well interface [65, 36, 66, 37, 67, 68, 69, 70, 71],

and the additional orbital and spin degrees of freedom.

The importance of e-e interactions can be estimated from the Wigner ratio RW =

ECoul/Eorb, relating the Coulomb energy, ECoul, to the single-electron orbital splitting, Eorb.
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Here, we assume a simple parabolic confinement potential, mtω
2x2/2, where mt is the ef-

fective mass in the plane of the quantum well. The corresponding orbital energy is given

by Eorb = ~ω, the dot radius is given by a0 =
√
~/mtω, and the characteristic Coulomb

energy is given by ECoul = e2/4πεa0. As expected, the Coulomb energy increases with

confinement strength; however, the orbital energy increases faster, resulting in e-e inter-

actions that increase with dot size. For two-dimensional (2D) circular dots, it has been

theoretically estimated that Wigner molecules should emerge when the Wigner parameter

RW & 1.5 [32]. Such behavior has been experimentally confirmed in GaAs dots [35]. For

Si dots, the RW = 1.5 criterion corresponds to ~ω = 18 meV; however, orbital energies are

typically of order ~ω ∼ 1 meV, which corresponds to RW = 6. We therefore expect Si qubits

to be in the strongly interacting regime.

Valley physics plays a critical role with regards to e-e interactions. For SiGe/Si/SiGe

quantum wells, the presence of a sharp interface lifts the two-fold degeneracy of the

conduction-band valleys. However, this valley splitting is suppressed well below the or-

bital splitting, due to the unavoidable interfacial disorder present in realistic devices [36, 37].

The valley ratio ECoul/Eval is therefore even larger than RW = ECoul/Eorb. While several

previous calculations explore e-e interactions in silicon dots [72, 73, 74, 75, 76], including

Wigner molecule effects [77], none includes the realistic disorder profiles that are key for

understanding the valley physics.

In this chapter we investigate the combined effects of e-e interactions and valley-orbit

couplings (VOC) on the energy states of a single quantum dot containing two electrons. We
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focus on the ground state (a singlet), and the first two excited triplet states. Such single-

dot ST energy splittings are key for many quantum computing applications. This obviously

includes ST qubits, particularly when tuned towards the readout regime [19, 20].

For the quantum hybrid qubit, the qubit energy splitting is largely determined by the

ST splitting in the dot containing two electrons [27, 28, 29, 78, 79, 80, 81, 82, 83]. Large ST

splittings are also key requirements for readout methods based on Pauli spin blockade [84,

85, 86, 87].

Special nonperturbative techniques are needed to treat strong e-e interactions, particu-

larly in the Wigner molecule regime, where two-electron wavefunctions have very different

charge distributions than the low-lying single-electron eigenstates. Here, we use the full con-

figuration interaction (FCI) method, in which multi-electron Hamiltonians are expanded in

large sets of “configurations,” which are in turn constructed from symmetrized products of

single-electron eigenstates. Special techniques are also required to treat VOC, which arises

due to atomic-scale disorder at the Si/SiGe quantum-well interface. (Here, we use the termi-

nology “valley-orbit coupling” to describe the mixing of valley and orbital states that would

otherwise represent good quantum numbers in the absence of interfacial disorder. This is in

contrast with some other authors that use the term interchangeably with “valley splitting”.)

In this case, we employ a minimal tight-binding (TB) model [62, 88, 37, 89] to compute the

single-electron basis states that are incorporated into the FCI calculations. This combina-

tion of methods is powerful and unique, allowing us to explore the diverse and unexpected

behavior observed in Si qubit experiments [82, 90].
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The main results of the present calculations are summarized as follows. A key experimen-

tal parameter for tuning e-e interactions is the orbital (i.e., lateral) confinement potential;

we adopt this as the main tuning parameter in our simulations. We then explore the com-

bined effects of e-e interactions and VOC in stages. First, we effectively turn off the VOC

by considering a perfectly flat quantum well interface, with no atomic-scale disorder. In

this case, “valley” and “orbital” are good quantum numbers for the single-electron eigen-

states, and these symmetries are also conferred upon the two-electron wavefunctions. The

resulting ground state is a singlet, while the lowest excited states are triplets, comprised of

configurations with either excited valley states or excited orbital states, but not both. For

weak confinement, the orbital triplet has the lowest energy, while for strong confinement,

the valley triplet has the lowest energy. Although the charge distributions of all two-electron

wavefunctions are affected by e-e interactions, and may even form Wigner molecules for

weak confinement, it is interesting that only the orbital ST splitting is found to depend on

the confinement strength. The valley ST splitting is protected by the valley symmetry, and

remains unaffected by the confinement, with a value nearly identical to the valley splitting.

As a result, the low-energy excited state switches from an orbital triplet (for weak confine-

ment) to a valley triplet (for strong confinement). This crossover occurs in a regime that is

typically relevant for quantum dot qubit experiments.

Next, we introduce atomic-scale steps at the quantum-well interface, resulting in VOC

that hybridizes the valley and orbital states, and suppresses the valley splitting. Typically,

we want a VOC that is fairly weak, so that it yields ST splittings appropriate for qubit
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Table 2.1: Some symbols and abbreviations used in this work.

Symbol Description

S Low-energy singlet
Tval Low-energy valley triplet
Torb Low-energy orbital triplet
ST Single-triplet (qubit)
FCI Full configuration interaction
TB Tight binding
e-e Electron-electron (interactions)
FFT Fast Fourier transform
VOC Valley-orbit coupling
Eval Valley splitting
Eorb Orbital splitting
ES Singlet energy
ETval

Valley-triplet energy
ETorb

Orbital-triplet energy
ESTval

ETval
− ES

ESTorb
ETorb

− ES

EST min(ESTval
, ESTorb

)
ECoul or Eee Coulomb-interaction energy
D Dot diameter
W Step separation
xs Step position
d = |xs| Distance from dot to nearest step
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applications. In this regime, ‘valley’ is no longer a good quantum number; however, the

triplet states remain approximately valley-like or orbital-like, and the valley ST splitting is

approximately equal to the valley splitting. The orbital ST splitting is suppressed by VOC –

in some cases quite significantly – and the different triplet states hybridize, so that the first

excited state can be tuned continuously from valley-like to orbital-like, as a function of the

confinement strength.

An important take-home message from this analysis is that, in the strongly confined

regime, when large ST splittings are observed in experiments, they provide evidence of weak

interfacial disorder; the measured ST splitting is then nearly equal to the valley splitting. In

this regime, the ST splitting is robust against small changes in the device tuning. However,

as the confinement is further reduced, there is eventually a transition to a very different

regime, marked by strong e-e interactions and suppressed ST splittings.

The chapter is organized as follows. A summary of symbols and abbreviations is presented

in Table 2.1. In Sec. 2.2, we describe the two-electron quantum dot Hamiltonian, and the TB

and FCI methods used to solve it. An overview of our main results is presented in Sec. 2.3.1,

with further details described in the remainder of the section. In Sec. 2.4, we summarize our

results and conclude. The Appendices provide technical details about the methods used.

2.2 Methods

This section presents the system Hamiltonian and calculational methods used in this

work. Sec. 2.2.1 presents the Hamiltonian, Sec. 2.2.2 describes the TB methods used to
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compute the single-electron eigenstates, and Sec. 2.2.3 describes the FCI methods used to

compute the two-electron eigenstates.

2.2.1 Hamiltonian

We consider a quantum dot containing two electrons, with Hamiltonian

H2e = H1e(r1) +H1e(r2) +Hint(r1, r2), (2.1)

where H1e are the single-electron Hamiltonians, Hint = e2

4πε0εr
1

|r1−r2| is the Coulomb interac-

tion, e is the electron charge (with e > 0), ε0 is the vacuum permittivity, and εr = 11.4 is the

dielectric constant of low-temperature Si [91]. Here, ẑ is defined as the crystallographic [001]

axis, although the quantum-well interface may not be perfectly aligned with ẑ, as depicted

in Fig. 2.1(a).

The single-electron Hamiltonians are defined as

H1e = HK +HE +HQW, (2.2)

where the kinetic energy HK, the lateral confinement potential HE, and the vertical confine-

ment potential HQW are described below.

To account for VOC and atomic-scale disorder, we adopt an atomistic Hamiltonian in

the x-z plane. We specifically consider the empirical two-band TB model of Refs. [62], as

illustrated in Fig. 2.1(d), which is known to give valley splitting results comparable to more
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realistic models [62, 88, 36]. To improve the computational efficiency of our calculations,

we adopt a continuous Hamiltonian in the third dimension (along ŷ). The only constraint

imposed by this choice is that the interfacial disorder profile (e.g., the atomic steps) must

be uniform along ŷ, as shown in Fig. 2.1(a); this constraint does not affect any of our

conclusions. With a proper choice of confinement potentials, H1e = H1e
x,z +H1e

y , the resulting

single-electron calculations are separable. The kinetic energy is thus given by

HK =
−~2

2mt

∂2

∂y2
+

∑
i,j=0,±1,...

(t1 |i, j + 1〉 〈i, j|+ t2 |i, j + 2〉 〈i, j|+ t3 |i+ 1, j〉 〈i, j|+h.c.), (2.3)

where the indices i and j refer to TB sites along the x̂ and ẑ axes, respectively. The ẑ hopping

parameters, t1 = 0.68 eV and t2 = 0.61 eV, are chosen to give the correct longitudinal

effective mass for Si, ml = 0.916 m0, and the correct positions of the valley minima in the

Brillouin zone, k0 = ±0.82(2π/a), where a = 5.43 Å is the Si lattice constant, and the grid

spacing is taken to be ∆z = a/4 [88]. The x̂ hopping parameter, t3 = −0.026 eV, is chosen

to yield the correct transversal effective mass for silicon, mt = 0.191 m0. Here, we choose

a grid spacing of ∆x = 2.79 nm for most of our calculations 1. We note that grid spacings

along x̂ can be much larger than along ẑ, as there are no fast valley oscillations along x̂.

The quantum well confinement potential is defined as

HQW =
∑

i,j=0,±1,...

[
E0 + VQWΘi,j − e(iFx∆x+ jFz∆z)

]
|i, j〉 〈i, j| , (2.4)

1The only exception is Fig. 2.3(a). In this case, the grid spacing, ∆x, is chosen to be smaller (0.47 nm,
yielding t3 = −0.93 eV), since the confinement strength is stronger for this calculation.
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as illustrated in Fig. 2.1(b). Here, E0 is a uniform energy shift, VQW = 150 meV is a typical

band offset between Si and SiGe, and Θi,j is a step function that takes the value 1 on a SiGe

site and 0 on a Si site. F = (Fx, 0, Fz) is a uniform electric field produced by a top-gate

electrode, oriented perpendicularly to the average quantum-well interface. In this work, we

considered equally spaced, single-atom steps at all interfaces, resulting in an average interface

tilt that determines the orientation of F . We refer to such disorder as a ‘tilted interface.’

Finally, the electrostatic confinement potential is assumed to be harmonic along both x̂

and ŷ:

HE =
1

2
mtω

2
x

∑
i,j=0,±1,...

(i∆x)2 |i, j〉 〈i, j|+ 1

2
mtω

2
yy

2, (2.5)

as illustrated in Fig. 2.1(c).

2.2.2 Single-electron wavefunctions

The first step in our solution procedure is to compute the single-electron energy eigen-

states. We therefore solve H1eφi = εiφi by leveraging the separability of the Hamiltonian,

H1e = H1e
x,z + H1e

y . The TB Hamiltonian H1e
x,z is numerically diagonalized to obtain the

wavefunctions ζnx,z(x, z), where the labels nx,z denote the valley and orbital modes. We

choose the spatial domain in the x-z plane to be large enough that the wavefunctions have

already vanished before reaching the boundaries. Some typical wavefunction solutions for

|ζnx,z(x, z)|2 are shown in Fig. 2.1(e) for a tilted interface. Note that confinement along ẑ is

strong enough that only the lowest subband is relevant for our calculations. As H1e
y is taken

to describe a harmonic oscillator in this work, the corresponding wavefunctions ηny(y) may
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Figure 2.1: Simulation and TB geometries used for single-electron calculations. (a)
Schematic of the Si/SiGe heterostructure in the vicinity of the quantum well. The Si quan-
tum well is depicted as white, while the SiGe barriers are depicted as gray. Interfacial
disorder is represented as single-atom steps of width W . A quantum dot of diameter D
is formed within the quantum well, with separation d between the center of the dot and
the nearest step edge. (b) Band offsets at the heterostructure interface, with an applied
electric field perpendicular to the interface, confine electrons in the quantum well. The red
curve represents the z-envelope of an electron wavefunction. Fast valley oscillations of the
wavefunction are not shown. (c) Electrostatic confinement in the x-y plane is provided by
top gates (not shown). We approximate the 2D potential as harmonic. (d) TB model and
hopping parameters t1, t2, and t3 in the x-z plane. On-site parameters for SiGe (gray) and
Si (white) allow for the inclusion of atomic steps at the interface. Note that the lattice
shown here is only schematic; the number of TB sites used in the calculations is actually
much higher (∼ 104). (e) Typical TB density results for the ground state (nx = 0), the
first valley-excited state (nx = 0′), and the first orbitally excited state (nx = 1). Although
atomic steps at the interface cause VOC, it is usually possible to distinguish valley-like and
orbital-like excitations. Note that confinement along ŷ is treated independently here, due
to the separation of variables, and that excited z subbands do not enter our calculations as
their energies are very high.
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be obtained analytically, as described in Sec. A.2. The full single-electron wavefunctions

φnx,z ,ny(x, y, z) = ζnx,z(x, z)ηny(y) are then employed as basis states in the FCI calculations,

described below.

2.2.3 Two-electron wavefunctions

The single-electron wavefunctions, computed above, represent exact solutions in the ab-

sence of Coulomb interactions, Hint(r1, r2). However, the strong e-e interactions of interest

here cannot be treated pertubatively. We therefore adopt the well-known FCI procedure to

solve for the two-electron wavefunctions [92]. This exact diagonalization technique is fre-

quently used in quantum chemistry applications and has also been used to study quantum

dot systems [56, 93, 94, 95, 96, 60, 97, 98, 99, 75, 76, 100, 101, 102].

In the FCI approach, we use a complete basis set of single-electron wavefunctions {φi}

to construct a complete basis set of two-electron wavefunctions {ψα}. The basic procedure

has two steps. First, we combine the orbital wavefunctions with spin wavefunctions to form

spin orbitals. Here, we use the shorthand notataion χ2i = φi⊗ ↑ and χ2i+1 = φi⊗ ↓. Next,

we combine two of these spin orbitals and ensure that they have proper fermionic symmetry

by computing their Slater determinants, ψα = |χmχn〉, using the notation of Ref. [92] to

denote Slater determinants. The resulting states are referred to as configurations. The set

of all possible configurations, obtained from all possible spin-orbital combinations, forms a

complete basis set for expanding the two-electron Hamiltonian. A general eigenstate Ψ of
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H2e can therefore be expressed as

Ψ =
∞∑
α=0

cαψα. (2.6)

Slater determinants are not necessarily spin eigenstates; however it is straightforward to

combine configurations to obtain such spin-adapted configurations, ψ
(ST)
α [92]. Hence, we

can also write

Ψ =
∞∑
α=0

c(ST)
α ψ(ST)

α . (2.7)

In practice, it is not possible to work with an infinite basis set. We therefore truncate

the single-electron bases to a set of size K, which is large enough that the results are not

significantly affected when K is increased. Typically, we find that K = 42 is sufficient for our

simulations, corresponding to six single-electron orbital shells. The full calculation therefore

involves 2K spin orbitals and
(

2K
2

)
= 3486 configurations.

Calculating the H2e matrix elements involves solving two types of integrals:

〈ψα|H1e(ri) |ψβ〉 and 〈ψα|Hint |ψβ〉. The first type can easily be reduced to single-electron

integrals whose values are known from the single-electron calculations. The remaining

Coulomb integrals are, by far, the most computationally expensive part of the simulation,

since the number of unique integrals scales as K4. It is therefore desirable to identify an

efficient computational method for performing these integrals. Here, we adopt a scheme [103]

that allows us to exploit fast Fourier transform (FFT) algorithms, which are numerically

efficient. Additionally, having incorporated separability into our single-electron Hamiltoni-

ans, we can exploit the harmonic oscillator wavefunctions ηny(y) to compute the y integrals
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analytically. This allows us to replace the 3D Coulombic interaction 1/r with an effective

2D interaction f̃ in the kx − kz Fourier plane. The resulting electrostatic potential from the

electron 1 is given by

V (x, z) =

∫
dkxdkze

2πi(kxx+kzz)f̃(kx, kz)ρ̃
(1)(kx, kz), (2.8)

where ρ̃(1)(kx, kz) is the Fourier transform of ρ(1)(x, z) ≡ ζ∗i (x, z)ζj(x, z), as obtained from the

discrete TB calculation. Here, V (x, z) and ρ̃(1)(kx, kz) are obtained using an FFT routine.

The full Coulomb integral then has the form e
∫
dxdzV (x, z)ρ(2)(x, z), which we perform as

a discrete summation in real space. Our FCI computational strategy is summarized in more

detail in Sec. A.1, while the details of the FFT-based integration method are described in

Sec. A.2.

2.3 Results

In this section, we present our results for two-electron wavefunctions and ST splittings.

We first provide an overview of the physics of two-electron wavefunctions in a Si quantum

dot, followed by a more focused discussion of behavior observed as a function of confinement,

for both circular and elliptical dots, and for dots with different disorder profiles. Geometries

without interfacial disorder (i.e., without VOC) are easier to understand, and they provide a

baseline for interpreting the more realistic, yet complicated, behaviors observed when VOC

is present.
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2.3.1 Overview of the physics

Here, we provide an overview of the physics of two-electron dots, including the effects

of e-e interactions and interfacial disorder. We begin with the simplest case of weak e-e

interactions, with no valleys and no disorder. (Note that, since the relative strength of e-e

interactions is governed by Eee/Eorb, the weakly interacting regime may also be viewed as

the strongly confined regime; we will use this terminology interchangeably.) We then add

each of these ingredients to our calculations, one at a time, to achieve a realistic description

of the two-electron system. A schematic summary is presented in Fig. 2.2.

A system with weak e-e interactions, no valleys, and no disorder is easy to describe. Such

situations can arise when the valley and orbital splittings are both much larger than other

experimental energy scales. In the noninteracting limit, the two-electron wavefunctions are

well-known from quantum mechanics textbooks, and are equivalent to low-energy configura-

tions: the ground state is a spin singlet with spatial configuration given by φ0(r1)φ0(r2), and

the low-energy spin triplet has the spatial configuration [φ0(r1)φ1(r2)−φ1(r1)φ0(r2)]/
√

2. For

the noninteracting case, the ST energy splitting is therefore given by EST = Eorb = E1−E0.

In Fig. 2.2(a), we show (schematically) the low-energy single-electron basis states, φ0, φ1, . . . ,

and the corresponding probability densities of the two-electron singlet and triplet states.

For the triplet, we note that φ1 is doubly degenerate (e.g., px vs. py), leading to degenerate

triplets, of which we have only shown one.

We now include strong e-e interactions, with Eee � Eorb, but still no valleys. Such a

situation can arise when the dot is very large. In this regime, the energy cost for adding
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new configurations to the two-electron wavefunctions is low compared with the potential

benefits of using these configurations to reduce Eee. This leads to the formation of Wigner

molecules, as shown in Fig. 2.2(b) for the low-energy singlet and triplet. For the singlet

case, we note that the circular symmetry of the confinement potential is also conferred upon

the two-electron wavefunction, yielding a Wigner molecule shaped like a doughnut. In gen-

eral, the configurations that make up singlet wavefunctions have very different probability

distributions than those of triplet wavefunctions, beginning already with the lowest-energy

configurations, as described above. However in the strongly interacting limit, when a very

large number of configurations contribute to each solution, the singlet and triplet wavefunc-

tions grow more similar in appearance and in energy. This is because minimizing Eee is the

driving force for both the singlet and triplet calculations, and when many degrees of freedom

are available for doing this, the resulting charge distributions take the same shape. Conse-

quently, EST is strongly suppressed in the weakly confined regime, and ultimately approaches

zero.

Next, we add valleys, but not interfacial disorder. For definiteness, we assume that

Eval < Eorb, which is typical for most experiments. As seen in Fig. 2.2(c), each orbital state

now splits into a pair of states (red and blue) with the same wavefunction envelope. The

envelopes are modulated by fast valley oscillations (not shown), which are 90 degrees out of

phase, yielding appropriately orthogonalized wavefunctions [36]. Due to the lack of interfacial

disorder, the valley degree of freedom remains a good quantum number. Thus for strongly

interacting electrons, the two-electron wavefunctions are formed of many configurations that
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must all have the same valley character: either two electrons in the same valley state, or

two electrons with opposite valley states. In particular, the ground-state singlet is formed

of same-valley configurations. However, there are now two types of low-energy triplets: The

first is formed of same-valley configurations, which we refer to as an orbital triplet, Torb; The

second is formed of opposite-valley configurations, which we refer to as a valley triplet, Tval.

In the following sections, we analyze the ST splittings obtained for these two triplet states,

defined as ESTorb
and ESTval

.

Generally, the S and Torb states have the same shape and behavior as the S and T

states described above, for the case where no valleys were considered. However, Tval behaves

differently. To understand this, we first note that ‘valley’ is a good quantum number for

single-electron wavefunctions. This symmetry also extends to two-electron solutions, except

that the Coulomb interaction term, Hint, breaks the symmetry very slightly. In the following

section, and in Sec. A.3, we clarify the weak effects of this symmetry breaking. However,

for the present purposes, we simply note that there is an approximate symmetry ensuring

that Tval has the same configuration expansion as S, except with each spatially symmetric

configuration replaced by a spatially antisymmetric configuration, with one of the lower valley

states replaced by an excited valley state. This (approximate) symmetry is apparent when we

compare the S and Tval wavefunctions in Fig. 2.2(c). Here, since the S wavefunction is formed

exclusively of same-valley configurations (its probability density is colored red). The Tval

probability density is formed of opposite-valley configurations (colored red + blue = purple).

However, the shapes of the probability distributions appear identical. In addition to their
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nearly identical shapes, the wavefunction energies are nearly identical, with ESTval
≈ Eval.

This intriguing and important result will be explored in detail, below.

Finally, we consider the most physically relevant scenario, which includes disorder at the

quantum well interface, which induces VOC and breaks the valley symmetry. As a result of

VOC, the orbital and valley characters of the single-electron basis states hybridize, yielding

pairs of valley states with dissimilar envelopes. This behavior is depicted in Fig. 2.2(d).

(Note that the single-electron envelopes in the figure are merely schematics, which we have

exaggerated for visual clarity.) The phases of the fast valley oscillations (not shown) are

also affected by VOC, and vary from orbital to orbital. Despite the VOC, we note that it

is usually possible to identify valley-like or orbital-like excitations in our TB wavefunctions,

particularly when Eval is well separated from Eorb. In the remainder of this chapter, we

therefore refer to them simply as valley or orbital states, when it makes sense to do so.

The broken valley symmetry extends to the two-electron states shown in Fig. 2.2(d),

since the configurations are no longer strictly same-valley or opposite-valley. The presence

of interfacial steps also breaks the circular symmetry of the confinement potential, so the

probability densities take a shape intermediate between a doughnut and a dumbbell. The

color of the probability density indicates that the S wavefunction is mainly formed of same-

valley configurations (red with a blue tinge). Similarly, the Tval probability density is formed

mainly of opposite-valley configurations (purple with a red tinge). The actual same-valley

(red) vs. opposite-valley (purple) configuration weights are specified in the pie charts shown

as insets; in all the other panels, the colors are pure-red or pure-purple.
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Figure 2.3: Effects of e-e interactions and VOC in silicon quantum dots. In (a), (b), and (d),
we compare the single-electron valley splitting (cyan-dashed) and orbital splitting (gray-
dashed) to the two-electron orbital (blue) and valley (red) singlet-triplet splittings, for a
circular quantum dot. In (a), (b), and (c), there is no step disorder at the quantum well
interface, and the e-e interactions are controlled by (a) the artificially modified Coulomb
interaction strength (e∗/e)2, or (b),(c) the orbital confinement strength ~ω. In both cases,
ESTorb

is suppressed well below its noninteracting value Eorb, as consistent with strongly
interacting electrons, while ESTval

≈ Eval is essentially unaffected by e-e interactions. (a)
Eorb = ~ω = 1.6 meV. (b) e∗ = e. Here, the lowest triplet state switches from Torb (low
~ω), whose energy depends strongly on the confinement, to Tval (high ~ω), whose energy is
nearly the same as S. (c) Weights of the lowest configurations, I to V (Table 2.2), for the S,
Torb, and Tval results shown in (b). The weights of S and Tval coincide, as consistent with
ESTval

≈ const.. The wavefunctions only converge to their lowest configurations, depicted in
the insets, for very strong confinement, indicating that the electrons are strongly interacting
in the normal operating regime. (d) Excitation energies for a dot with VOC, induced by
a tilted interface. Here, Eorb = ~ω = 1.6 meV corresponds to a dot of diameter D =
2
√
~/m∗ω = 31.7 nm, centered halfway between two steps (d = W/2). ESTval

is largest
when the steps are very wide. For all calculations, the quantum well width is 10 nm, the
barrier height is 150 meV, the dot is circular, and the vertical electric field is 1.5 MV/m,
except on the right-hand side of (c), where the electric field is increased to 10 MV/m, to
avoid filling higher subbands.



27

Finally, we note that ST splittings for dots with VOC will be discussed in later sections.

However, we note that, since the approximate valley symmetry protecting ESTval
is broken

by the interfacial disorder, it is no surprise that ESTorb
and ESTval

are now both affected by

e-e interactions.

2.3.2 Characterizing e-e interactions

In this section, we provide an in-depth analysis of the effects of e-e interactions. To begin,

we return to the case of no interfacial disorder, and therefore, no VOC.

We first recall that the ratio ECoul/Eorb characterizes the strength of e-e interactions.

However, the experimental tuning knob for the confinement energy, ~ω, affects both Eorb and

ECoul. We can disentangle these parameters, theoretically, by holding ~ω fixed while tuning

the effective charge used in the calculations, e∗. In Fig. 2.3(a), we plot several excitation

energies as a function of the effective Coulomb interaction strength, (e∗/e)2, for typical

quantum dot parameters, in the absence of interfacial disorder. When e∗ = 0, we observe

results consistent with the noninteracting limit, described above, for which ESTorb
= Eorb.

When e∗ > 0, ESTorb
is quickly suppressed, which can be understood by considering the

lowest-energy configurations for S, Tval, and Torb, as depicted in the insets of Fig. 2.3(c).

Since both electrons occupy the same orbital for S, and since this is the smallest orbital,

the Coulomb energy is greater for S than it is for Torb. Therefore, as (e∗/e)2 rises, the

energy spitting ESTorb
drops. The trend continues as the interaction strength grows, and

many configurations begin to contribute to the wavefunctions. The fact that ESTorb
reaches
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a value for which ESTorb
� Eorb at full interaction strength, e∗ = e, indicates that the

electrons are strongly interacting.

Turning to Tval, we see that ESTval
= Eval in the noninteracting limit, e∗ = 0, as expected.

However, in stark contrast with the behavior of ESTorb
, we find that ESTval

≈ Eval over the

whole range of coupling strengths. As discussed in the previous section, this remarkable

behavior can be attributed to the valley symmetry present in the absence of VOC, and

persists (approximately), even when the interactions are strong.

The nature of the valley symmetry can be understood from the Coulomb matrix elements

giving rise to the weak symmetry breaking. Full details of this discussion are presented

in Sec. A.3. We summarize those findings here by considering the single-electron spatial

wavefunctions φα(r) and φα
′(r), where φα

′(r) refers to the valley-excited version of the φα(r)

orbital. To a good approximation, φα(r) and φα
′(r) have the same envelopes, but their fast

valley oscillations differ in phase by 90 degrees [36]. Because of these fast oscillations, we

would always expect the Coulomb integral,

∫
dr1φα(r1)φ∗β

′(r1)V (r1, r2) ≈ 0, (2.9)

to vanish, for any α or β, whenever V (r1, r2) is a slowly varying function. However, V (r1, r2)

is the Coulomb interaction, and is therefore singular when r1 = r2, yielding matrix elements

that are nonvanishing. Consequently, the valley symmetry is lifted by Coulomb interactions.

However, the resulting matrix elements are orders of magnitude smaller than unprotected
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matrix elements. A second type of integral plays a role in ensuring that ESTval
≈ Eval:

∫
dr1φα(r1)φ∗β(r1)V (r1, r2) ≈

∫
dr1φα

′(r1)φ∗β
′(r1)V (r1, r2). (2.10)

In this case, the approximate equality occurs because φα(r) and φα
′(r) have nearly identical

envelopes [72].

To further characterize e-e interactions, we plot excitation energies as a function of the

orbital splitting in Fig. 2.3(b), and we plot the corresponding configuration weights (|cST
α |2) in

Fig. 2.3(c), as defined in Eq. (2.7). Again we observe the remarkable difference in behaviors

of ESTorb
and ESTval

. Here, we also observe a crossing between the triplet states, which plays

an important role in experiments [82]. Specifically, for large quantum dots (small ~ω), the

excitation energy is a strong function of ~ω, while for small quantum dots (large ~ω) it is

not. We define the minimum excitation energy as EST = min(ESTval
, ESTorb

).

In Fig. 2.3(c), we plot the weights of the dominant configurations for S, Torb, and Tval.

The spatial components of these configurations are defined in Table 2.2, with the lowest-

energy configurations illustrated in the insets of the figure. (In the large-~ω portion of the

figure, we note that it was necessary to apply a large electric field, to avoid populating higher

subbands in the quantum well.) Here, the valley symmetry causes the S and Tval configura-

tion weights to overlap. There is a further degeneracy of levels II and III due to the circular

symmetry of the confinement potential. In the limit of strong confinement (i.e., weak inter-

actions) the two-electron wavefunctions are well approximated as single configurations, with

the weights of all other configurations strongly reduced. It is important to note, however,
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that a 90% convergence of the weights is only achieved for ~ω > 20 meV. For weaker con-

finements, we find that ESTorb
� Eorb. This ~ω = 20 meV confinement level is much larger

than typical dots [46, 104, 90], including MOS dots [105]. Moreover, the valley splittings

in typical dots are also much lower than 20 meV. Taken together, these results emphasize

the importance of both strong e-e interactions and valley splitting for all Si devices, and

particularly for Si/SiGe quantum wells.

2.3.3 Characterizing VOC

In this section we explore the effects of single-atom steps at the quantum well interface,

and the resulting VOC, for one and two-electron wavefunctions.

Isolated step

Valley splitting is determined by the valley phase at the quantum well interface [36]. Since

that phase differs by ∼ π on neighboring atomic layers, a single-atom step at the interface can

cause significant interference effects that suppress the valley splitting and generate VOC [37].

The presence of VOC hybridizes valley states in different orbitals; so the mixing fraction,

defined as follows, provides a direct measurement of VOC in single-electron wavefunctions:

M0 =
∑

mx,z=1,1′,2,2′,...

∣∣∣〈ζ0

∣∣∣ζ(flat)
mx,z

〉∣∣∣2. (2.11)

Here, ζ0(x, z) is the ground state TB wavefunction in the presence of an atomic step,

ζ
(flat)
mx,z (x, z) are TB wavefunctions computed in the absence of steps, and the sum is taken over
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Figure 2.4: Effects of a single-atom step on valley splitting and VOC in one- and two-
electron wavefunctions. (a) and (b) correspond to a small dot. (c) and (d) correspond to
a large dot. In all cases, the quantum well is 10 nm thick and the vertical electric field is
1.5 MV/m. (a),(b) Mixing fractions, as defined in Eq. (2.11), plotted as a function of the
step position, as depicted in the inset. A large mixing fraction indicates strong VOC in
single-electron dots. (c),(d) Energy excitations as a function of the step position. Dashed
cyan lines show the valley splitting of the lowest orbital level. Blue circles correspond to
ESTorb

and red circles correspond to ESTval
, where the colors reflect the total weight of same-

valley configurations vs. opposite-valley configurations. Here we plot two Torb energy levels,
which are degenerate in the |xs| � 0 regime. The combination of VOC and e-e interactions
suppresses ESTval

< Eval, but has a mixed effect on ESTorb
. In (d), the triplet states anticross,

causing the orbital vs. valley characters to switch.
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all excited orbital states. (Note that VOC only occurs in the x-z sector of the wavefunctions,

due to the separation of variables.)

We expect to observe larger VOC effects when a dot is closer to a step. In Figs. 2.4(a)

and 2.4(c), we plot the mixing fraction as a function of the step coordinate, xs (see inset for

explanation), for two different dot sizes. M0 is clearly peaked for small |xs|, and it is more

strongly peaked for large dots because the energy splittings are smaller. In Figs. 2.4(b) and

2.4(d), we also see that M0 is strongly correlated with the suppression of the valley splitting

(dashed curves).

The effects of a step on two-electron excitation energies are also shown in Figs. 2.4(b)

and 2.4(d). Here, red circles correspond to ESTval
and blue circles correspond to the two

ESTorb
excitations, which are degenerate in the asymptotic regime, |xs| � 0. In the first

case, the dot is small, so Eorb > Eval and ESTorb
> ESTval

in the asymptotic regime. In the

region near xs ≈ 0, ESTval
deviates from Eval because VOC breaks the approximate valley

symmetry that previously protected ESTval
. Moreover, VOC now allows e-e interactions to

have an effect on ESTval
. We therefore find that ESTval

< Eval, for the same reasons that

ESTorb
< Eorb in the presence of e-e interactions. On the other hand, VOC has a more mixed

effect on ESTorb
, whose behavior is nonmonotonic near xs ≈ 0. For the larger dot shown in

Fig. 2.4(d), Eorb < Eval and ESTorb
< ESTval

in the asymptotic regime, |xs| � 0. In this case,

the Torb and Tval levels anticross, and we find that their orbital and valley characters switch

at the anticrossing. Since e-e interactions are very strong for a large dot, ESTval
is suppressed

very strongly below Eval. In all cases, we find that EST is strongly suppressed near a step.
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Tilted interface

Another typical form of interface disorder occurs when the interface is tilted slightly away

from the crystallographic axis; this can occur, for example, when the heterostructure is grown

on a slightly miscut substrate. Here, we model such tilt by introducing uniformly distributed

atomic steps at the interface. As for the case of a single step, the dot-step separation, W ,

plays an important role in determining the VOC.

In the present case, the dot may overlap with several steps, so dot diameter D =

2
√
~/mtω (depicted in the inset of Fig. 2.3(d)) also plays a role in determining the VOC.

More specifically, we can expect the ratio W/D to have a strong effect on both the single-

electron valley splitting and the two-electron splitting ESTval
. We explore this effect in

Fig. 2.3(d) for the case where d = W/2; the other system parameters are the same as

Fig. 2.3(a), with e∗ = e. When W � D, we recover the excitation energies of Fig. 2.3(a).

When W . D, the valley splitting is suppressed and would eventually go to zero for W → 0.

As in Fig. 2.4, we find that ESTval
< Eval, and that ESTorb

is only weakly affected by VOC.

We consider the full interplay between parameters W , D, and d. To begin, we solve for

the dot energy excitations over all possible combinations of the following step parameters:

W/D ∈ {3/5, 1, 2}, d/W ∈ {0, 1/4, 1/2}, and ~ω/meV ∈ {0.5, 1, 1.5, 1.9}. These results are

reported in Sec. A.4. Here, we combine the results into a more cohesive form, based on the

following observation: although the valley phases differ by ∼ π (i.e., nearly maximally) for

interfacial steps separated by a single atom [36], steps separated by two atoms experience

much smaller interference effects [37]. We can account for this even/odd behavior by defining
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a parameter

Q =

∣∣∣∣∣1− 2
∑
i=odd

∫
si

|ΨS(r1, r2)|2dr1dr2

∣∣∣∣∣ , (2.12)

where the integral represent a sum of contributions from every other step. For strongly

localized dots, the corresponding values of Q are illustrated in Figs. 2.5(b) and 2.5(c). The

function can be used to describe VOC for a single-step interface or a many-step interface; it

can also be extended to one-electron systems or many-electron systems. In all cases, Q = 0

indicates strong VOC and Q = 1 indicates weak VOC.

In Fig. 2.5 we plot EST and Eval as a function of Q, obtaining results that collapse fairly

well onto straight lines (note the large R values), with slopes that depend on ~ω. The

data collapse suggests that Eq. (2.12) indeed describes the effect of VOC on both one- and

two-electron excitation energies. The collapse is poorer for Eval (cyan data), as expected,

because Eval is a single-electron quantity, whereas Q (as defined here) and EST are two-

electron quantities.

The two EST slopes in Fig. 2.5 correspond to the different excitation regimes in Fig. 2.3(b),

which are dominated by Torb for weak confinement ~ω < 1.1 meV, or Tval for strong confine-

ment ~ω > 1.1 meV. (The dot with ~ω = 1 meV sits at the crossover, and behaves similarly

to the strongly confined dots.) For the case where Tval dominates, EST → 0 when Q → 0

because Eval is strongly suppressed near a step, similar to Fig. 2.4(c). For the case where

Torb dominates, EST → 0 for the same reason, because the low-energy triplet takes on a

strong valley-like character, similar to Fig. 2.4(d). The inset shows that EST goes to zero
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much faster than Eval, as consistent with Fig. 2.3(d), due to the fact that the broken valley

symmetry allows e-e interactions to strongly modify and suppress EST.

While the behavior embodied in Eq. (2.12) is useful as a guide, it does not fully describe

the range of behaviors that are observed for strongly interacting electrons at disordered

interfaces. For example, we observe some cases with low Q values but relatively high EST

values, up to ∼ 40 µeV (see left-hand inset). Such outliers are infrequent, however, and do

not spoil the general correlations observed in Fig. 2.5; they also do not correspond to ST

splittings that are large enough to be practical for quantum computing.

The main take-home message from this VOC analysis is that interfacial steps suppress

EST and are therefore detrimental for quantum computing. To take a specific example, the

qubit energy should be much larger than the thermal energy, for initialization or readout

purposes. For electrons in Si/SiGe devices, this typically corresponds to 100 mK, for which

kBT ≈ 8.6 µeV [106, 81, 107]. To be safe, qubits therefore require EST > 80 µeV. To

achieve such values, Fig. 2.5 suggests that we need Q > 0.4, indicating that at least 70%

of an electron’s probability should be centered on a single step (or on steps separated by

two atomic layers). Moreover, the single-electron valley splitting should be on the order of

150 µeV.
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Figure 2.5: One and two-electron excitation energies for dots at a tilted interface, for a
range step widths, dot diameters, and dot-step separations. [See inset of Fig. 2.3(d) for
illustration.] (a) Results are combined using a single parameter Q, defined in Eq. (2.12),
which describes the localization of an electron on one or more steps, as illustrated in (b)
and (c). EST exhibits two distinct slopes as a function of Q, depending on its Torb or Tval

character, with EST → 0 for Q → 0, corresponding to strong VOC. For all calculations, we
assume a circular dot in a 10 nm wide quantum well, with an electric field of 1.5 MV/m and
~ω as indicated in the figure.
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2.3.4 Elliptical dots

We now examine the effects of anisotropy in the 2D confinement potential on the singlet-

triplet splittings. We find that changing the confinement potential from circular to elliptical

affects our results quantitatively, but not qualitatively.

Once again, we begin with a flat interface, with no steps. We assume a parabolic con-

finement potential, as before, but we allow for separate confinement strengths, ~ωx and ~ωy,

along x̂ and ŷ. In Fig. 2.6(a), we plot EST as a function of both ~ωx and the anisotropy

ratio, ~ωy/~ωx. For any given ~ωx, EST is maximized when the confinement is isotropic,

~ωy = ~ωx. This is easy to understand because breaking the circular symmetry causes the

degeneracy of the two-electron orbital triplets to be lifted, as shown in the lower panel of

Fig. 2.6(a) (blue curves). The singlet-triplet splitting, EST, is the energy difference between

the lowest of these two curves and the singlet curve (yellow), and the peak in EST occurs

where these triplet states cross in energy. For the confinement energy ~ωx = 800 µeV as-

sumed in this plot, indicated by the dashed line in the top panel, Torb is always the dominant

excitation.

Next, we add a uniform tilt to the interface to induce VOC, with results shown in

Fig. 2.6(b). As discussed in previous sections, the combination of VOC and strong e-e

interactions suppresses the overall magnitude of ESTval
. The steps also break circular sym-

metry, as seen in Fig. 2.3(d), so there are two sources of anisotropy. The bottom panel of

Fig. 2.6(b) shows the two-electron energy levels for ~ωx = 1000 µeV. Here, Tval (red curve)

is suppressed below Torb over most of the anisotropy range of interest, making Tval the
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Figure 2.6: Effects of anisotropic confinement, with and without interface steps. All calcu-
lations assume 9.1 nm quantum wells, and a vertical electric field of 0.6 MV/m. Top panels
show the dependence of EST on the 2D confinement parameters ~ωx and ~ωy/~ωx for the
case of (a) a flat interface, (b) a 0.23◦ tilted interface, with a step separation of W ≈ 34 nm,
and a dot-step separation of d ≈ 0.4W . Bottom panels show the energies of the singlet (yel-
low), the valley triplet (red), and the two orbital triplets (blue), as a function of ~ωy/~ωx,
for the value of ~ωx indicated by red-dashed lines in the top panels. (a) EST peaks at the
symmetry point ~ωy = ~ωx. Away from this point, the circular symmetry is lifted, and the
Torb levels become non-degenerate. (b) EST peaks at ~ωy/~ωx < 1, due to the combination
of confinement- and step-induced anisotropy. EST is small compared to (a), due to the com-
bination of VOC and e-e interactions. Inset: two-electron density of the low-energy triplet
at point ~ωx = ~ωy = 800 µeV when d = 0, showing the effect of step-induced anisotropy.
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dominant excitation. ETval
crosses the energy level of one of the orbital triplets at around

~ωy/~ωx = 0.85, causing the peak in EST.

In Fig. 2.6(b), we see that the peak in EST shifts to the left, as a consequence of having

two different anisotropy sources. To understand this, we first note that when ~ωx < ~ωy,

and when there are no steps, the first orbitally excited single-electron state has a node in

the x̂ direction. The structure along x̂ for single-electron wavefunctions also extends to

two-electron wavefunctions. The key observation here is that elongation of the wavefunction

along x̂ occurs on the right-hand side of Fig. 2.6(a). Now, when we include a single step in

the x-z plane, but remove all other anisotropy, our FCI calculations show that the emerging

Wigner-molecule structure also occurs in the x̂ direction, as shown in the inset of Fig. 2.6(b).

Here, the key observation is that this behavior is similar to what we already found on the

right-hand side of Fig. 2.6(a). Hence, the step acts like an effective, built-in softening of the

x confinement, which results in the peak in Fig. 2.6(b) shifting to the left. In this case, we

note again that selection rules prevent excitations from occurring along the ŷ direction, for

two-electron wavefunctions.

2.4 Summary and Conclusions

In this chapter we have studied the combined effects of strong electron-electron interac-

tions and interface disorder in two-electron quantum dots in silicon heterostructures. Our

calculations combine full configuration interaction and tight-binding methods to treat inter-

action effects and valley-orbit coupling nonperturbatively and consistently.
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Electron-electron interactions become more important as the dot size increases. Our

calculations show that for dots in Si/SiGe quantum wells, in the experimentally relevant

confinement regime (with typical dot sizes of several tens of nanometers), electron-electron

interactions are strong. For a smooth quantum well interface, without disorder, the valley

degree of freedom does not couple to the orbital degree of freedom. Two-electron excitations

therefore take the form of well-defined and qualitatively distinct valley triplets or orbital

triplets. Interactions have a strong effect on the energy of these two-electron states, but

for typical dot sizes, the singlet-to-valley-triplet excitation energy is very close to the single-

electron valley-splitting energy, even when interactions modify the shape of the valley triplets

substantially.

Atomic steps at the quantum well interface are known to suppress the valley splitting.

They are the main source of valley-orbit coupling, which hybridizes the single-electron val-

ley and orbital eigenstates, and allows strong electron-electron interactions to suppress the

valley-triplet excitation energy, relative to the valley splitting. Steps also reduce the confine-

ment symmetry in a dot, effectively reducing the confinement in the direction perpendicular

to the steps. The step density, and the position of step(s) relative to the dot, both have a

strong effect on the singlet-triplet splitting. Importantly, the observation of a large singlet-

triplet splitting is a good indictor of a large valley splitting, and suggests that atomic steps

(if present) do not have a strong effect on the dot.

Finally, we note that the results described here also pertain to qubits formed in MOS

systems, such as Si/SiO2 interfaces or Si finFETs [108, 109, 53, 54, 55, 110, 111]. However,
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for these systems, the electric fields are typically higher than in SiGe/Si/SiGe quantum wells,

which enhances the valley splitting. The confinement energies also tend to be much higher.

As a result, electrons in MOS dots are less likely to be strongly interacting.

In conclusion, we have presented calculations showing that electron-electron interactions

are significant in multi-electron Si/SiGe quantum dots. We have also shown that valley

physics is nontrivial in these devices, particularly for strongly interacting electrons, with

implications for the energy spectrum. Interfacial disorder adds an extra layer of complexity,

as it couples the valley and orbital degrees of freedom. The current study provides key

insights into the physics of multi-electron quantum dots in silicon, which is essential for the

rational design and operation of qubits.
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Chapter 3

Charge noise resilience of Si/SiGe

singlet-triplet splitting: valleys and

e-e interactions

This chapter is adapted from the manuscript “Charge noise resilience of Si/SiGe singlet-

triplet splitting: valleys and e-e interactions” by H. Ekmel Ercan, Mark Friesen, and S. N.

Coppersmith, which will be submitted for publication.

3.1 Introduction

Charge noise is a dominant source of decoherence in quantum dot (QD) qubits that

limits qubit gate fidelities [112, 113, 114]. Approaches for suppressing the effects of charge

noise include material and surface improvements [115, 116], using pulse sequences such as
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dynamical decoupling that enable self-compensation of errors [117, 118], using strong driving

together with special pulse shaping techniques [119], and encoding qubits in multiple QDs

allowing the use of sweet spots, i.e. regions in control-parameter space that yield qubit

energies resistant to environmental perturbations [120, 86, 26, 121, 122, 123, 124, 125, 81,

126].

Experiments have shown that qubits fabricated in QDs with multiple electrons can have

particularly favorable properties [50, 127, 51, 52, 53, 54, 55]. Theoretical studies of GaAs

dots have demonstrated that dots with multiple electrons can be more resilient to charge

fluctuations [98, 128, 100]. However, investigating multi-electron wave functions in Si is

fundamentally different than for GaAs because the electrons have both orbital and valley

degrees of freedom. The orbital levels are determined by the electrostatic confinement po-

tential, while the valley degrees of freedom arise from the X valleys of the conduction band,

with the valley degeneracy lifted by the quantum well interface [36]. Exploring whether using

multi-electron wave functions can suppress the susceptibility of silicon qubits to charge noise

requires incorporating electron-electron (e-e) interactions as well as valley-orbit coupling

(VOC) effects that depend on atomic-scale physics at the quantum well interface.

Here we investigate the effects of charge noise on two-electron singlet-triplet (ST) splitting

in a single QD using theoretical techniques that capture valley and multi-electron physics, in-

corporating strong e-e interactions as well the atomic-scale effects of disorder at the Si/SiGe

interface, in the regime in which the single-particle orbital splittings are larger than the

valley splittings, as is typical for quantum dots in Si/SiGe heterostructures used for qubit
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experiments [129, 130, 131, 104, 90, 46, 82]. We show that a confinement-controlled char-

acteristic change in the wave functions of the first-excited state can result in a dramatic

change in the sensitivity of ST splitting to a nearby charge trap (CT) for small changes in

the confinement strength.

The large change in the susceptibility to charge noise arises because the charge density

distribution of the lowest energy triplet state with valley character is very similar to that

of the ground state and therefore the two states respond similarly to charge fluctuations,

while the charge density of the lowest energy triplet state with orbital character differs

significantly from that of the singlet ground state. Fig. 3.1 shows schematics of the in-plane

electron densities of the ground state singlet, the valley triplet, and the orbital triplet states.

Whether the lowest two-particle excited state has a valley or orbital character depends

on the confinement strength, which can be characterized using the single-particle orbital

energy splitting ~ω. Electron-electron interactions also play important role because they

substantially lower the energy of the orbital triplet relative to the the valley triplet. When

the dot size is small enough, the valley triplet has lower energy than the orbital triplet,

because ~ω is much larger than the single-particle valley splitting, and also because the

parameter governing the scale of the e-e interactions relative to the orbital energy splitting

is proportional to 1/
√
ω) and hence vanishes as ω → ∞. However, as we show below, the

orbital triplet can have lower energy than the valley triplet at experimentally relevant dot

confinements.

Our theoretical method combines a tight-binding (TB) calculation that enables the char-
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Figure 3.1: Effects of electron-electron interactions and the electric field of a charge trap (CT)
on the singlet-triplet (ST) splitting EST in a doubly-occupied quantum dot in a Si/SiGe
heterostructure. Electron densities are shown schematically with darker colors indicating
higher density. (a) For non-interacting electrons, the two-particle valley ST splitting ESTval

is equal to the single-particle valley splitting Eval and the two-particle orbital ST splitting
ESTorb

is equal to the single-particle orbital splitting Eorb. Electron densities of S and Tval

states are similar whereas the electron densities of S and Torb states are not. Typically, as
shown here, Eval< Eorb and EST = ESTval

. (b) Electron-electron interactions suppress ESTorb

whereas Eval is practically unaffected. (c) When the interactions are strong enough, ESTorb

is smaller than ESTval
and EST = ESTorb

. (d-e) Electron densities of the S, Tval, and Torb

states in the electric field of a CT. (d) The change in ESTval
due to a CT is relatively small,

while (e) the change in ESTorb
is relatively large.
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Figure 3.2: Overview of theoretical method for calculating properties of two electrons in a
Si/SiGe quantum dot. Tight-binding (TB) methods that incorporate atomic-scale disorder
that gives rise to valley-orbit coupling are combined with full-configuration interaction (FCI)
methods to incorporate the effects of strong e-e interaction effects. (a) Schematic of the
two-dimensional TB calculation. Out-of-plane hopping parameters t1 and t2 are chosen to
reproduce the silicon valley minima location and curvature [88], while t3 is the in-plane
hopping parameter. On-site terms ESi and ESiGe determine the band offset between the
Si layer and the SiGe layer, ESi − ESiGe = 150 meV, appropriate for 30% Ge. (b) Single-
electron energies εi and wave functions ψi are obtained using TB. (c) FCI step: All possible
Slater determinants Φα are generated using the truncated set of TB solutions χm with
spin degrees of freedom added. The two-particle interacting Hamiltonian H2e (Eq. 3.5) is
diagonalized in this Slater basis, with enough single-particle energy eigenstates included to
ensure convergence. (d) Two-electron energies Eq and wave functions Ψq are obtained.
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acterization of the valley physics of Si, including valley-orbit coupling induced by disorder

at the Si/SiGe interface, with a full configuration interaction (FCI) treatment of strong e-e

interactions (see Fig. 3.2). In the TB calculation, shown schematically in Fig. 3.2(a), the

Hamiltonian for the electrons in the 3D heterostructure is assumed to be separable in the

x − z plane and the y direction, corresponding to straight interface steps along y. This

simplification allows the effects of interface disorder on the valley physics as a function of x

to be incorporated while still enabling the variations in y to be treated analytically, enabling

the calculation to reach full convergence on a practical time scale. In this framework, the

single-electron Hamiltonian can be written as

H1e = HK +HE +HQW. (3.1)

Here, the kinetic energy is

HK =
−~2

2mt

∂2

∂y2
+

∑
i,j=0,±1,...

(t1 |i, j + 1〉 〈i, j|+ t2 |i, j + 2〉 〈i, j|+ t3 |i+ 1, j〉 〈i, j|+h.c.), (3.2)

where the hopping parameters t1 = 0.68 eV and t2 = 0.61 eV in z are chosen to reproduce

k-space location of the conduction band minima (k0 = ∓0.82(2π/a), a = 5.43 Å is the

bulk Si lattice constant 1) and the longitudinal effective mass of silicon, ml = 0.916 m0

for grid spacings of ∆z = a/4 [88], while t3 = −0.026 eV in x is chosen to yield the

transversal effective mass of silicon, mt = 0.191 m0, for the grid spacings of ∆x = 2.79 nm

1In Si/SiGe heterostructures, Si is strained due to lattice mismatch. In this work, we use bulk Si param-
eters as modified parameters that take strain into account differ slightly from the bulk [36]
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our calculations. Grid spacings in x can be much larger than spacing along z, as there are

no fast oscillations in x. The quantum well potential is

HQW =
∑

i,j=0,±1,...

[
E0 + VQWΘi,j − e(iFx∆x+ jFz∆z)

]
|i, j〉 〈i, j| , (3.3)

where Θn,m is a step function that takes the value 1 on a SiGe site and 0 on a Si site,

VQW = 150 meV is the band offset between Si and SiGe, e is elementary charge, and F e is

the electric field perpendicular to the interface due to the gate electrodes (|F e|=0.6 MV/m).

E0 is a uniform on-site energy that shifts the energy minimum but does not effect the energy

splittings that we are interested in. The interface disorder is implemented in the choice of

Θn,m. In this work, we considered interfacial tilts modeled with uniformly-distributed single

atomic steps of height a/4. The electrostatic potential is modeled by harmonic oscillators:

HE =
1

2
mtω

2
x

∑
i,j=0,±1,...

(i∆x)2 |i, j〉 〈i, j|+ 1

2
mtω

2
yy

2, (3.4)

As a first step we solve for H1eφi = εiφi, where H1e = H1e
x,z + H1e

y , and obtain the single-

electron energy spectrum, for which a typical level structure is shown in Fig. 3.2(b).

The Hamiltonian for two electrons including Coulomb interactions is

H2e = H1e(r1) +H1e(r2) +
e2

4πε0εr

1

|r1 − r2|
, (3.5)

where ε0 is the permittivity of free space, and εr = 11.4 is the dielectric constant of low-

temperature Si [91]. Dielectric constant of SiGe is expected to be slightly higher but we
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treat it the same as Si, as a small fraction of electrons penetrate into SiGe. We solve for the

eigenvalues and eigenstates of H2eΨq = EqΨq by using the FCI method [92], in which H2e

is diagonalized in a basis of Slater determinants generated from spin-orbitals χj, that are

based on a truncated set of ψi, as shown in Fig. 3.2(c). Analytical integration of y degree

of freedom in calculation of interaction terms allows reducing the numerical problem to two

dimensions by replacing the 1/r potential with an effective potential (see Ch. 2).

3.2 Results

3.2.1 FCI simulations

When e-e interactions and valley-orbit coupling arising from interface steps are both

absent, the two-electron ground state is a spin singlet (S) with both electrons occupying

the ground single-electron level, and the valley ST splitting (ESTval
) is equal to the energy

difference between the ground state and lowest valley-excited level. The in-plane charge

densities of the S and Tval states are similar, so their energies are affected similarly by

small changes in the electromagnetic environment, as indicated in Fig. 3.1(d). The orbital

valley splitting ESTorb
between S and the triplet states that have one of the electrons in an

excited orbital level (Torb) is equal to the single-electron orbital splitting (Eorb). The in-plane

charge densities of the S and Torb states differ significantly, so changes to the electromagnetic

environment affect them differently, giving rise to a stronger dependence of Torb on charge
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noise (Fig. 3.1(e)). These results imply that confinement strengths that are above a certain

threshold result in ST splittings that are more resilient to charge noise.

We now consider dots with strong interactions but no valley-orbit coupling. As Fig.

3.1(b) indicates, strong electronic repulsion changes the charge densities of both the S and

Tval states, but the charge densities of S and Tval remain similar to each other. Therefore, the

ST splitting can be close to the single-particle excitation energy even when e-e interactions

are strong, so long as the first-excited state of the system is Tval. However, e-e interactions

strongly suppress the orbital splitting, so that the orbital triplet has lowest energy at sub-

stantially smaller dot diameters than in the absence of e-e interactions. This suppression,

which can be seen as a crossover from the Fermi liquid to the Wigner molecule regime, has

been discussed previously [56, 32, 34, 57, 33].

Now we discuss the results of calculations that include both strong e-e interactions and

valley-orbit coupling (VOC) induced by steps at the Si/SiGe interface. VOC mixes the valley

and orbital states and also lowers the single-electron valley splitting [37]. These calculations

enable us to show quantitatively that step separations need be only slightly larger than the

dot diameter for the valley ST splitting to be essentially independent of both dot diameter

and of small changes in transverse electric fields. We focus on interface configurations and

step locations in which the electron wave function is not directly over a step and the single-

particle valley splitting is at least 100 µeV, which is necessary for the resulting singlet-triplet

splitting to be large enough to suppress thermal excitations to excited levels at the electron

temperatures in typical qubit experiments [132, 81, 107]. Our model of the interface has
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uniformly spaced atomic steps; this simplification is unimportant because the dot typically

extends over a very small number of steps. In these calculations, we use three parameters

to define dot-interface relation: distance from the center of the dot to the nearest step (d),

dot diameter (D = 2
√
~/mtω), and distance between two consecutive steps (w).

Fig. 3.3(a) shows EST (filled blue or red symbols) as a function of confinement strength

~ω, when d = w/2 and w/D is held fixed at 2. For the parameter values chosen, Eval ≈ 105

µeV and ESTval
≈ 90 µeV/ The valley singlet-triplet splitting ESTval

is nearly independent of

~ω on the plot, consistent with the intuition that the VOC effects are governed by w/D. For

the parameters used, one finds that the lowest triplet state is Torb when ~ω / 600 µeV. The

value of ~ω at the crossover from valley-like triplet to orbital-like triplet is much larger than

in the noninteracting case because e-e interactions strongly suppress the excitation energy

ESTorb
(blue) and the orbital energy splitting Torb. The insets of Fig. 3.3(a) show that lower

w/D ratios for f = w/2 yield significant reduction in ST splittings, making it harder to

achieve values over ∼ 80 µeV needed for qubit applications. In Sec. B.1 we show that for

when f = 0 and the center of the wave function is directly over the step, the singlet-triplet

splitting is suppressed still further.

In experiments, the distance between steps in a quantum well interface is fixed in a given

sample, so in Fig. 3.3(b) we show the results of calculations in which the the step separation

is held fixed. In this situation, ESTval
varies significantly with the confinement ~ω at smaller

confinements (large w/D), but ESTval
varies much less with ~ω when ~ω is larger.

The change in nature of the lowest energy two-particle triplet state from valley-like to
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orbital-like excitation can have substantial effects on qubit coherence. For example, the

logical basis states of the quantum dot hybrid qubit are the two lowest energy eigenstates

in a double occupied quantum dot [27, 29], so a fluctuation in the singlet-triplet splitting

of the doubly-occupied quantum dot leads directly to qubit dephasing. Here we focus on

dephasing caused by the effects of charge noise that changes the electromagnetic environment,

specifically on the effects of adding an additional charge from an impurity. The insets in

Fig. 3.3(b) show the electron densities in the dot at confinement values ~ω = 550 and 650

µeV, which bracket the transition at which the triplet state changes between valley and

orbital excitation. Comparing these calculated wave functions to the schematic drawings of

Fig. 3.1, one again sees that there is a the sharp contrast in the similarity of the electron

densities of the S and Tval states, as opposed to S and Torb states suggests that the variation

in ESTval
induced by remote charge fluctuations should be smaller than the variation in

ESTorb
. Therefore, stronger confinements that favor Tval over Torb as the first-excited state

are expected to be advantageous yielding longer dephasing times for oscillations between the

logical basis states.

3.2.2 Perturbation theory calculation of the shift in singlet-triplet

splitting due to a charge trap

To quantify this effect, we estimate the shifts in ST splittings due to a charge trap to

first-order in perturbation theory. Therefore, the shift in ESTval
due to the electrostatic

potential V of an occupied charge trap is
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δESTval
≈ |e| × |〈Tval|V |Tval〉 − 〈S|V |S〉| . (3.6)

Although we consider circular dots (ωx = ωy), that normally yield doubly-degenerate orbital

triplets (as schematically shown in Fig. 3.1), the interfacial disorder breaks this degeneracy,

allowing the use of nondegenerate perturbation theory for the shift in ESTorb
as well:

δESTorb
≈ |e| × |〈Torb|V |Torb〉 − 〈S|V |S〉| , (3.7)

where Torb denotes the low-energy orbital triplet shown in Fig. 3.2(b).

We consider a charge trap ∼ 50 nm above the dot, inside Al-oxide layer, as sug-

gested by recent experiments [114]. As the charge trap is strongly screened by the metal-

lic gate in this geometry, potetial due to its occupied state can be written as V =

1.13e
4πε0εr

(
|R− r|−1 − |Rim − r|−1), where R is the position of the trap and Rim is the po-

sition of its mirror image. The expression for V consists of the first two dominant terms

in the method of images solution that takes different dielectric constants of the layers into

account [133, 134]. The inset of Fig. 3.3(c) schematically show the geometry where we con-

sider 40 nm SiGe, 1 nm Si, 5 nm Al2O3, and 45 nm Al layers above the surface of Si layer

where the dot is formed. Here, the distance between the trap and the gate surface is very

important as it determines the strength of the metallic screening. To estimate it, we consider

a double-dot geometry with an interdot separation of 200 nm, and calculate the shifts in

detuning due to the occupied trap. In the inset of Fig. 3.3(c), we also show the detuning
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shift due to a trap 0.1 nm below the gate surface, and in 50 nm lateral proximity of the

dot, is in 4-9 µeV range, which is comparable to the experimental values of the detuning

fluctuation amplitudes σε in Si/SiGe dots that are in 0.87-11 µeV range [135, 81, 136, 40].

Finally, the main panel of Fig. 3.3(c) shows the shifts in the ST splitting at ~ω = 550 µeV

and at ~ω = 650 µeV as a function of the x position of the trap (the dot is centered at

x = 0, both the dot and the trap are centered at y = 0). Note that at ~ω = 550 µeV the

first-excited state is an orbital triplet and at ~ω = 650 µeV it is a valley triplet.

To further connect our calculations with experiments, we want to estimate dephas-

ing rates. For a double-dot, charge-noise-induced dephasing follows the relation Γ∗2 =

1√
2~ |∂EQ/∂ε|σε [113, 137, 89]. So, we estimate dephasing rates as Γ∗2 ≈ 1√

2~
δEST

2
using

the shifts in ST splittings calculated as in Eq. 3.6 and 3.7. We note that, with the assump-

tion of equal trapping and detrapping rates, the standard deviation of the shifts in the ST

splittings is half of the amplitude of these shifts, bringing the factor of 2 in the denominator.

The right-hand-side vertical axis on the main panel of Fig. 3.3(c) shows these dephasing

rate estimations. We find that by changing the confinement strength by 100 µeV dephasing

rate can change by at least one to four, depending on the lateral position of the trap. We

also observe that the dephasing rates at ~ω = 550 µeV, associated with ESTval
, take values

comparable to experimental values of a few MHz [81].
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3.3 Summary

Using a combination of tight-binding and full-configuration interaction calculations, we

have shown that in a two-electron Si/SiGe QD, a significant change in dephasing time Γ∗2 can

be observed by tuning the confinement strength through a transition where the similarity of

the charge densities of the lowest two states significantly change, and therefore amplitude of

the fluctuations of their energy difference due to charge noise is different. The mechanism

that allows this is a transition in the first-excited state in strongly-correlated electron regime

that can be controlled via effective e-e interaction strength, i.e. confinement strength. In

addition to strong e-e interactions, valley physics of silicon and interface-disorder-induced

valley-orbit coupling play crucial role in this mechanism. These results contribute to the

physical understanding of charge noise effects on Si/SiGe QDs.
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Chapter 4

How valley-orbit states in silicon

quantum dots probe quantum well

interfaces

This chapter is adapted from the manuscript “How valley-orbit states in silicon quantum

dots probe quantum well interfaces”, which can be found at arXiv:2103.14702, and which is

currently under review.

4.1 Introduction

The ability to make uniform and tunable qubits is crucial for large-scale applications.

Modern computers use one control electrode per field effect transistor with excellent unifor-

mity, and proposed architectures for quantum chips also rely on a small number of control
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lines per qubit, in order to minimize the density of control wires [138, 139]. Progress has re-

cently been made enhancing the homogeneity of the electrical environment by using quantum

dot designs that eliminate modulation doping and instead make use of metal surface elec-

trodes to both accumulate and deplete electrons [46]. The resulting structures enable good

control over electron occupation, gate voltages, and tunnel couplings between quantum dots

with a small number of gate electrodes per quantum dot [48, 47, 49, 107, 140, 41, 141, 142].

Uniformity remains a challenge with regards to conduction band valley energies in sil-

icon [143, 62], and important physical questions need to be addressed. Atomistic disorder

is known to play a particularly important (and typically uncontrolled) role in determin-

ing the energies of electrons at the bottom of the valleys [65, 66, 67, 68, 69, 71], result-

ing in a wide range of observed valley splittings in Si/SiGe quantum dots (20–270 µeV,

[77, 144, 145, 129, 29, 131, 130, 146, 147, 104]). Critically, the interplay between the factors

that determine the valley splitting in quantum dots — the atomic details of the interface

(which vary with lateral position), the degree of lateral confinement, and electron-electron

interactions within a quantum dot — are not yet fully understood.

This chapter reports quantitative characterization of the relationship between low-lying

one- and two-electron valley-orbit states and the quantum dot confinement strength, shape,

and position. The pulsed-gate spectroscopy and magnetospectroscopy measurements reveal

valley splittings in the range 36–87 µeV, two-electron singlet-triplet splittings between 22–59

µeV, and orbital splittings that can be tuned from 1.69–2.26 meV. Simulations combining full

configuration interaction (FCI) [92] with empirical tight-binding (TB) theory [88] are shown
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Figure 4.1: (a) A scanning electron microscope (SEM) image of a device lithographically
identical to the one measured shows the gate electrode layout in the active region. A COM-
SOL Multiphysics Thomas-Fermi simulation of the electron density is overlaid on the SEM
image. The sensor dot under gate M measures the average charge occupation 〈n|n〉 of the
P2 quantum dot via lock-in amplifier detection at frequency flockin. (b) The COMSOL sim-
ulation shows the charge density of the P2 dot, where the tunnel barrier to the left(right)
reservoir is opaque(transparent). (c) Valley-orbit state splittings are measured using pulsed-
gate spectroscopy. A square pulse with amplitude Vpulse at frequency fpulse is applied to
gate P2, rapidly pulsing the chemical potential of the P2 dot between ELg and EUg. The
change in chemical potential induces detectable shifts in the tunnel rate into and out of the
P2 quantum dot, allowing for measurement of excited state energies.
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to be in good agreement with the experimental results, and together these methods enable an

understanding of the interplay between effects arising from quantum well interface roughness,

orbital confinement strength, and electron-electron (e-e) interactions. This combination of

experiment and theory not only explains the origin of the energy spectrum but also provides

a new method for probing the quantum well interface.

4.2 Experimental methods

Spectroscopy of one- and two-electron valley-orbit states is performed in a device fabri-

cated using a three-layer overlapping aluminum gate architecture [46], as shown in Fig. 4.1(a).

A detailed fabrication process can be found in Ref. [107]. The integrated sensor dot under

gate M measures the electron occupation of the central quantum dot under gate P2. The

triple-dot on the bottom side is tuned into a regime where B1 and P1 form a large tunnel

barrier on the left side of P2, suppressing the tunnel rate into reservoir R3. Gates P3 and

B4 extend the reservoir R4 into the quantum dot channel, as shown by the electron density

heat map in Fig. 4.1(b), allowing for the tunnel barrier beneath gate B3 to tune the tunnel

coupling between the P2 dot and right reservoir under R4. The electron temperature is

measured to be Te = 100 mK.

One- and two-electron valley-orbit splittings are measured by pulsed-gate spectroscopy

using the experimental setup shown in Fig. 4.1(c). A square voltage pulse with amplitude

Vpulse and frequency fpulse is applied to gate P2, pulsing the ground state of the quantum dot

between two levels: ELg and EUg = ELg+αVpulse, where ELg(EUg) denotes the ground state of
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the dot in the loading(unloading) position, and α is the lever arm for gate P2. A measurable

change in the average electron occupation of the dot 〈n|n〉 occurs when an excited state

provides an additional channel for the electron to enter the dot, yielding a measurement of

the energy of this excited state [148, 105, 149].

4.3 Results

4.3.1 Measurement results

Fig. 4.2(a, b) show pulsed-gate spectroscopy measurements of the one-electron Eorb. The

excited orbital state is separated well enough from the ground state such that each peak

position is found by fitting to cosh−2(αVP2/2kBTe) [150], where Eorb = α∆Vorb. As shown in

Fig. 4.2(c, d), a similar procedure is used to measure the valley splitting. In this case, there

is overlap of the ground and lowest excited state signals that arises from thermal broadening.

To extract the peak locations, we make use of an expression for 〈n|n〉,

〈n|n〉 =
∑
i=g,x

Γi
e(Ei−EF )/E0i

e(Ei−EF )/kBTe + 1
, (4.1)

where Ei = αVi is the position of each peak in energy, and E0i and Γi are fitting parameters

for each peak. As shown by the solid line in Fig. 2(d), the experimental data are fit by the

derivative of Eqn. 4.1 with respect to the gate voltage (d 〈n|n〉 /dVP2), enabling extraction

of Eval = α∆Vval.

The two-electron singlet-triplet splitting EST is measured using both pulsed-gate spec-
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Figure 4.2: (a, b) Measurement of orbital splitting using pulsed-gate spectroscopy. The
pulse amplitude is increased until the lowest-lying orbital state is visible, shown in (a).
A line cut (dashed line) is taken when the pulse amplitude exceeds the orbital splitting,
allowing detection of the ground (Lg) and excited orbital (Lorb) states, shown as the peaks
in (b). The orbital splitting is given by α∆Vorb. (c, d) Using the same method, the valley
(Eval) and singlet-triplet splittings (EST) are measured. The red data points clearly show
two distinct peaks in (d). The data is fit using Eqn. 4.1, shown as the black line, giving
Eval = α∆Vval = 53.2 µeV. (e-g) Experimental magnetospectroscopy data (e) is reproduced
in (f) by treating the dot-reservoir system as a grand canonical ensemble. The experimental
peak locations in voltage space are extracted from (e) and plotted in (g) as red circles, which
are then fit to Eqn 4.2, yielding EST = 33.4 µeV.
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troscopy (using a similar procedure as above) and magnetospectroscopy [151, 152, 129, 145],

as shown in Fig. 4.2(e-g). A full theoretical model for magnetospectroscopy is developed in

Sec. C.1 which allows for the experimental data shown in Fig. 4.2(e) to be closely repro-

duced by the model in Fig. 4.2(f). This model enables fitting the peak position of the data

in Fig. 4.2(e), using

VP2(B) =
1

αβe
ln

(
e

1
2
κB+βeEST

(
eκB + 1

)
eκB + e2κB + eκB+βeEST + 1

)
, (4.2)

where VP2 is the gate voltage, κ = gµBβe where βe = 1/kBTe, g is the electron g-factor, µB

is the Bohr magneton, and B is the magnetic field. The peak positions from Fig. 4.2(e) are

extracted and plotted as red circles in Fig. 4.2(g), and the fit (solid line) to Eqn. 4.2 yields

for this example EST = 33.4 µeV.

Using these spectroscopic techniques, Eval, EST and Eorb are measured as a function of

electrostatic confinement in the x-y plane. The confinement is varied by changing the S3

gate voltage (VS3) between 260–420 mV while compensating with neighboring barrier/plunger

gates to maintain a constant electron occupation and tunnel rate into the dot.

Figure 4.3 shows the effects of changing VS3 on quantum dot orbital energy, shape, and

position. The device schematic pictured in the top left inset shows the approximate location

of the P2 dot as the shaded blue region. Changes to the voltage VS3 applied to the screening

gate, shown as the shaded gray region in the inset, modify the P2 dot confinement, orbital

shape, and position. The minimum orbital splitting, plotted as solid circles in Figure 4.3, is

found to be non-monotonic with VS3, because of the strong effect S3 has on the electrostatic
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confinement of the dot along the y-axis. At high VS3, the y-confinement becomes weak, and

the minimum orbital splitting falls off rapidly due to elongation of the dot along the y-axis.

Towards the center, the dot becomes isotropic, increasing the minimum orbital splitting up

to 2.26 meV at VS3 = 370 mV. At low VS3, suppression of the minimum orbital splitting

occurs due to the compensating barrier and plunger gate voltages needed to stay in the one-

electron regime, elongating the dot along the x-axis. Since low VS3 creates a tight confinement

potential along the y-axis, the x-orbital is the most weakly confined orbital below VS3 = 370

mV.

4.3.2 Thomas-Fermi simulations

This behavior is well explained by semiclassical (Thomas-Fermi) electrostatic simulations

using COMSOL Multiphysics, shown in the bottom inset of Fig. 4.3. The position and

orbital shape are simulated at the four points indicated by the shaded purple circles from

the experimental data. The outline of each oval represents the shape that encloses 50% of

the electron wave function, and the small circles show the center of the electron density for

each simulation. The Thomas-Fermi (TF) simulations qualitatively match the experimental

findings, where the x-orbital is most weakly confined at low VS3 and the y-orbital is most

weakly confined at high VS3. In addition to the changes in shape, significant change in

the position of the dot is observed in the COMSOL simulations. Over the range shown,

the quantum dot position slides down and to the left as VS3 increases for a total change in

position of 27.5 nm. We note that COMSOL simulations were not used to determine the dot
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shape and position above 390 mV, because this regime becomes close to the accumulation

threshold for the S3 gate, where uncertainties become large.

4.3.3 TB and FCI simulations

Atomic steps in the quantum well interface play an important role in determining Eval

and EST. Fig. 4.4(a) plots Eval (filled blue squares) and EST (filled red circles) as the

orbital shape and dot position are varied with VS3, where the shaded region represents

the measurement uncertainty. The measured Eval and EST change substantially across the

electrostatic configurations, and their large in situ tunability arises from motion of the

P2 quantum dot with respect to atomic steps at the quantum well interface. As the dot

approaches an atomic step, more of the wave function overlaps the step, thereby increasing

the valley-orbit coupling which suppresses Eval and EST [37]. To determine the position of

atomic steps relative to the quantum dot, we make use of a combination of the experimental

measurements, the COMSOL simulations just described, and FCI calculations, the latter

of which incorporate valley-orbit coupling that arises from interface roughness. The FCI

calculations use a single fitting parameter in order to match the measured values of Eval and

EST namely, the position of the dot relative to atomic steps at the quantum well interface.

Figure 4.4(a) shows the results of FCI calculations for Eval and EST as open blue squares

and open red circles, respectively. Close agreement with the experimental data is found

when the atomic steps are separated by 35 nm. The positions used in the FCI calculations

to produce the best fit to the data at each point are plotted in Fig. 4.4(b) as solid colored
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Figure 4.3: Quantum dot orbital shape and position. The top left inset shows a device
schematic where the P2 quantum dot is located within the filled blue region and the S3 gate
is shown as the filled gray region. The minimum orbital splitting is plotted as a function of
VS3. At low VS3, the dot has strong y-confinement and weak x-confinement, leading to a drop
in the minimum orbital splitting. As VS3 is increased, the dot becomes isotropic, increasing
the minimum orbital splitting. At high VS3, the dot has weak y-confinement and strong
x-confinement, reducing the minimum orbital splitting again. Thomas-Fermi electrostatic
simulations are used to calculate the quantum dot shape and position within the blue region
shown in the device schematic. Four points are simulated, shown as the shaded purple
circles in the experimental data. The change in shape of the electron density is found to be
in agreement with the experimental data. Additionally, the position of the quantum dot for
each simulation is illustrated as the small solid circle in the inset, showing that the quantum
dot slides down and to the left 27.5 nm.



71

points. Each point has a colored gradient overlay that represents the spatial extent of the

singlet (ground) state with respect to the atomic steps, which are shown as black dashed

lines. The gradient steps from darkest to lightest, corresponding to wave function probability

thresholds of 75%, 50%, and 25% of its maximum value.

A linear fit to the dot positions calculated from the FCI simulations reveal a total change

in position of the dot of 24.7 nm, which is remarkably close to the 27.5 nm change in

position extracted from the COMSOL simulations, given that these two methods are based

on different physical inputs. This correspondence can also be seen by comparing the FCI

results to the open purple circles in Fig. 4.4(b), which shows the central dot position extracted

from the four COMSOL simulations. The close agreement provides a measure of validation

for an approach that allows an in situ method of probing the quantum well interface through a

combination of spectroscopic measurements of the quantum dot and theoretical simulations.

We note that in future work, more detailed information could be determined by moving the

dot along two axes.

The inset of Fig. 4.4(a) reports the ratio EST/Eval as a function of Eorb, showing that

this ratio is significantly below unity for the entire range of parameters measured. Electron-

electron interactions suppress EST below the non-interacting energy Eval [61], revealing that

there are strong e-e interactions across all orbital splittings studied here (1.69–2.26 meV). To

look for any correlations between dot position relative to the steps and the ratio EST/Eval,

the dot positions in Fig. 4.4(b) are color coded by their corresponding orbital energies,

with the mapping shown in the inset plot. The random distribution of colors in Fig. 4.4(b)
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Figure 4.4: (a) The measured valley splitting (Eval) and singlet-triplet splitting (EST) are
plotted as a function of VS3 as filled blue squares and red circles, respectively, where the
measurement uncertainty is indicated by the width of the shaded regions. FCI simulations
for Eval and EST, shown as open blue squares and red circles, respectively, quantitatively
reproduce the experimental data once the effects of disorder in the form of atomic steps
at the quantum well interface are included. (b) The non-monotonic behavior observed in
both EST and Eval as a function VS3 is well explained by the quantum dot position changing
with respect to distinct atomic steps at the quantum well interface. The wave function and
position of the P2 dot singlet state is plotted with respect to atomic steps (dashed lines) at
the interface, shown as the colored gradients and points. A best fit to the data produces
a smooth change in position of the dot across steps spaced approximately 35 nm apart. In
addition, the change in position from the Thomas-Fermi simulation, plotted as the purple
line and open circles, agrees well with the FCI simulations. The inset plots the ratio EST/Eval

as a function of the orbital splitting (Eorb). The suppression of the ratio EST/Eval below
unity is a consequence of strong electron-electron interactions.
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demonstrates that orbital energy spacing is more important than dot position in determining

the suppression of EST below its non-interacting limit of Eval.

4.4 Summary

In summary, we measure large in situ tunability of valley, singlet-triplet, and orbital

splittings, allowing for determination of the quantitative relationship between these three

important energy scales. FCI simulations of the measured valley-orbit states were found

to be in good agreement with the data, pointing to a combination of two primary physical

parameters driving the relationship between these valley-orbit states: electrostatic confine-

ment strength and quantum dot position relative to steps in the quantum well interface.

This improved understanding enables a new in situ method of probing the quantum well

interface through a combination of spectroscopic data and theoretical simulations.

The derivation of Eqns. 1 and 2, details of the COMSOL simulations, and details of the

FCI calculations are provided in the Supplemental Material.
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Chapter 5

Coherent control and spectroscopy of

a semiconductor quantum dot Wigner

molecule

This chapter is adapted from the manuscript “Coherent control and spectroscopy of a

semiconductor quantum dot Wigner molecule”, which can be found at arXiv:2009.13572,

and which is currently under review.

5.1 Introduction

Semiconductor quantum dots containing more than one electron have extremely desir-

able properties for constructing and operating qubits. For single spin qubits, manipulating

electrons above closed shells makes electric-field driving more effective [54, 53], and certain
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qubits like quantum dot hybrid qubits [29] rely on multielectron filling to define the qubit

states themselves. Two-electron eigenstate energies are particularly important for quantum

dot qubits, since singlet-triplet splittings result in Pauli spin-blockade [153], which provides

a readout mechanism for singlet-triplet qubits [20, 154, 122], exchange based qubits [84, 86],

and quantum dot hybrid qubits [27, 29]. Pauli blockade can also be used to read out single

spin qubits [87], which is useful for high temperature operation [138, 55, 54]. When the

characteristic interaction energy between electrons becomes larger than the orbital confine-

ment energy, electronic states develop correlations and localize, leading to the formation of

Wigner molecules [56, 32, 155, 33, 156, 157]. Imaging of localization in Wigner molecules

has been achieved using scanning electronic [158] and near-field optical [159] methods. The

lowest-lying excited states in such molecules have been studied using both optical [160, 60]

and transport spectroscopy [35, 161], and the latter method has been used to observe a

reduction in symmetric-antisymmetric orbital splittings [61]. Thus, while the transition to

Wigner-type localization is known to reduce the gap between the ground and first orbital

excited state, the impact on higher lying states has not been observed in experiment, and

quantum control of such states has not been explored.

In this chapter we report pulsed microwave coherent control and spectroscopy of an

electrostatically-confined semiconductor double quantum dot in the Wigner-molecule regime.

We report coherent Rabi control of eight distinct resonances ranging in frequency from 3.3 to

8.3 GHz, corresponding to energies far smaller than the single-particle confinement energy.

With Ramsey spectroscopy, we map the energy as a function of double-dot detuning for
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two of these resonances. Using full configuration interaction (FCI) calculations, we argue

that the origin of this dense manifold of electronic states is strong correlations and Wigner

molecule physics. Time-domain simulations of the Rabi experiments are used to explain

the evolution of the Rabi oscillations as a function of detuning energy. The full set of

experimental spectroscopy results can be fit by a simple model consisting of a set of two-

electron states in the right quantum dot tunnel coupled to the lowest lying state in the left

dot.

5.2 Experimental methods

Fig. 5.1(a) describes the quantum dots used here, which form in an undoped Si/SiGe

heterostructure with three layers of overlapping gates [45]. Fabrication details can be found

in Ref. [107]. While the device is capable of hosting three dots, here we make use of the

two dots under gates P1 and P2, accumulating the rightmost dot as part of the electron

reservoir. We operate the double quantum dot (DQD) with a total of five electrons near the

(4,1)-(3,2) anticrossing, as shown schematically in Fig. 1(b-d). Tunnel rates between the two

dots and to the left and right reservoirs are set by gates B1, B2, and B3. Charge sensing

is performed with dot CS, and its current is measured using a two-stage cryogenic HEMT

amplifier [162] mounted on a separate printed circuit board (PCB) connected to the sample

PCB by stainless steel coax.
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5.3 Results

5.3.1 Pulsed microwave coherent control and spectroscopy

We initialize at setting I, shown in Fig. 5.1(b), into the (4,1) ground state, which has a

large splitting between the ground and first excited states. We ramp the detuning across the

interdot transition line to a manipulation point (M) in positive detuning where we perform

microwave pulse sequences. Rabi and detuned Ramsey pulses at M drive coherent rotations

between states in the (3,2) DQD. To perform readout, we adiabatically ramp back across the

interdot transition line: while the (3,2) ground state maps to the (4,1) ground state (R0), the

(3,2) excited states maintain their charge configuration (R1). Latched measurement [163] is

used to enhance readout: an electron in the right-hand dot of the (3,2)

charge state at R1 rapidly tunnels into the right reservoir to form the metastable (3,1) charge

state before slowly returning to the (4,1) ground state. The latch duration is determined by

the left barrier, which is tuned to have a long tunnel time.

Figure 5.1(e-j) demonstrate coherent spectroscopy of two different transitions of the DQD,

using the methods from Ref. [81]. Fig. 5.1(e,f) shows the Rabi and Ramsey control pulses;

the Rabi pulse consists of one continuous microwave drive of frequency fR, while the Ramsey

pulse has two π/2 microwave pulses of frequency fR surrounding a dc detuning ramp. The

resulting Rabi and Ramsey oscillations are shown in Fig. 5.1(g,h) and Fig. 5.1(i,j) for fR of

8.33 GHz and 7.30 GHz, respectively. The vertical axis δVP2 determines the detuning, and

the centers of the Rabi chevrons in Fig. 5.1(g,i) correspond to the detuning values where
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Figure 5.2: Simulations of Rabi oscillations. (a) Rabi oscillations with fR = 6.15 GHz, with
the centers of two on-resonance oscillations marked by a dashed line. (b) Rabi oscillations
with fR = 6.10 GHz. Note that the two resonances move closer together along the detuning
axes, as compared with (a). (c) Rabi oscillations with fR = 6.00GHz, where the on-resonance
locations have completely merged. (d-f) Simulated Rabi oscillations corresponding to (a-c)
using the simplified model described in Sec. D.2.

fR is resonant with the transition energy. Ramsey fringes like those in Fig. 5.1(h,j) allow

measurement of the energy difference as a function of detuning (Fig. D.1).

Figure 5.2 shows Rabi oscillations with two distinct resonances visible in the same plot.

In Fig. 5.2(a), the Rabi drive frequency fR = 6.15 GHz, and the detunings corresponding to

on-resonance oscillations are indicated by the white dashed lines in the figure. As the driving

frequency is reduced to 6.10 GHz (Fig. 5.2(b)), the centers of the Rabi patterns move closer

together, and in Fig. 5.2(c) the oscillations overlap at δVP2 = 1 mV. Numerical simulations

of these oscillations are shown in Fig. 5.2(d-f), using the model described in Sec. D.2. A

key feature of these two oscillations is the difference in width as a function of δVP2; this

behavior is reproduced in the theoretical model by different slopes for the respective energy
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dispersions, where a flatter slope corresponds to wider oscillations. The unusual merging of

the resonances is reproduced in the model with a level-crossing, which we discuss further

below.

Figures 5.1 and 5.2 above report four resonances as a function of the gate voltages defin-

ing the quantum dot. Additional Rabi measurements over a wide range of frequencies are

included in Fig. D.2, D.3. In total this data demonstrates Rabi driving of eight distinct

transitions below 10 GHz, an unusual density of resonances that cannot be described by

non-interacting two-electron physics. We must therefore consider how electron-electron in-

teractions influence the excited energy level spectrum.

5.3.2 FCI simulations

Here, we use FCI methods to compute the energy levels in the two-electron quantum dot

[156]. We find that the best correspondence between theory and experiment is achieved by

assuming a valley splitting of 3.81 GHz and an orbital confinement Eorb/h = 59.2 GHz. It

is interesting to first consider the noninteracting case, for which the lowest singlet state is

constructed from the two lowest single-electron orbitals, while the lowest triplet is constructed

from the ground and first excited states. We obtain these and the other low-lying, non-

interacting two-electron eigenstates by simply turning off the Coulomb interactions in the

FCI code, obtaining the yellow points in Fig. 5.3(a). In contrast, the fully interacting case

is shown in blue (Sec. D.4 and Ch. 2). For the fully interacting case, when interactions are

larger than valley or orbital excitation energies, the eigenstates are composed of contributions
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from many single-electron states. In Fig. 5.3(a), we observe the emergence of level manifolds;

for eigenstates within a given manifold, single-particle contributions and electron correlation

effects can be very similar in magnitude, and opposite in sign, resulting in a much smaller

energy difference than in the non-interacting limit (Sec. D.5). For the parameters considered

here, strong interactions yield a dense set of levels, with a total of 19 excited states below

50 GHz, instead of the two states obtained in the noninteracting limit. Interactions also

suppress the energy splitting between the two lowest energy states to below 1 GHz.

Wigner molecules with localized electrons are known to arise in systems with a high ratio

RW = Eee / Eorb between the electron-electron interaction energy Eee and the energy of the

lowest quantum dot orbital excitation energy Eorb. Typical estimates for the formation of

Wigner molecules are of order RW = 1.5 [35, 160, 60, 61, 159]. Here, using Eorb, we find

RW = 12.74, consistent with the formation of a Wigner molecule (Sec. D.5). The estimate

for Eorb used to compute RW also yields a dot radius of 40 nm, derived from the classical

turning point
√

~/(mtωx), giving an 80 nm diameter that is consistent with a quantum dot

situated in a 90 nm channel underneath a gate 70 nm wide. We note that, if we use any

of the two-electron excited state energies reported here to estimate the dot diameter in a

noninteracting electron model, it would give a dot diameter over 200 nm, much larger than

the size expected from the physical dimensions of the electrostatic gates in the

Figure 5.3(b-e) shows electron density plots corresponding to the blue energy levels in

Fig. 5.3(a), separated into four different manifolds, as indicated by the solid, dashed, and

dotted bounding boxes. It is clear that these Wigner molecule eigenstates cannot be easily
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constructed from low-energy, single-electron orbital states. This manifold structure also helps

to explain the energy spectrum in Fig. 5.3(a), since the gaps in the calculated spectrum

correspond to changes in the spatial pattern of electron localization. Energy separations

within a given manifold can be attributed to slight differences in orbital configurations and

to varying contributions from valley excitations. Larger energy gaps between the manifolds

correspond to characteristic changes in the electron localization.

5.3.3 Energy spectrum

Figure 5.4(a) shows the eigenvalues of a simple Hamiltonian (Eq. D.3) motivated by the

energy levels reported in Fig. 5.3, which we use to fit the Rabi and Ramsey data reported

in this work. In Fig. 5.4(b) we plot in teal the difference in energy between the ground

and excited states; we plot in yellow the difference between these same states and the first

excited state energy (E1/h = 0.75 GHz). Although we do not directly observe this state,

E1, its presence is motivated by the FCI calculations described above, and we infer its

existence and energy for reasons discussed below and in Sec. D.6. In the experiments, this

state has nonzero initialization occupation both because of non-adiabaticity of the pulse

sequence (Sec. D.7) and because of thermal excitation caused by electron temperatures of

about 100 mK (kBT = 2.1 GHz).

The data shown in Fig. 5.4(b) correspond to all the Rabi and Ramsey spectra reported

in this work, as described in the legend. We plot the spectra from Fig. 5.1(h,j) as purple

circles and green triangles, and we fit to them the transitions E05 and E15, corresponding
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to the differences between the ground and first excited states to the fifth excited state. The

resonant frequencies from Fig. 5.2(a-c) are shown as navy blue diamonds (for the resonance

that moves up between Fig. 2(a) and Fig. 2(c)) and pink diamonds (for the resonance that

moves down between Fig. 2(a) and Fig. 2(c)). As discussed earlier, these points merge with

decreasing fR, providing additional evidence that these Rabi oscillations are driven from

the ground and first excited state; if these two resonances belonged to the same dispersion,

they would merge into a single chevron at the dispersion minimum instead of overlapping,

as observed in Fig. 5.2(c) and Fig. D.2. If both transitions occurred as excitations from the

ground state, a level crossing would only occur if one of the tunnel couplings was anomalously

low (≤ 0.1 GHz) which is not supported by the shape of the Ramsey spectra. Finally, the

light blue squares in Fig. 5.4(b) show energies corresponding to Rabi oscillations reported in

Fig. D.3. The density of transitions in frequency space

as compared with the FCI calculations support the necessity to consider both E0 and E1

transitions. In total, Fig 5.4 summarizes the coherent control of eight different resonances

in this Wigner molecule.

For the quantum dot hybrid qubit, it is useful to be able to tune the singlet-triplet

splitting, where the energies of interest are bounded by temperature on the low end and ease

of microwave engineering on the high end. For silicon dots, the non-interacting singlet-triplet

energy is given by the valley splitting, which depends on lateral confinement only through

wavefunction overlap with interface roughness [65]. For strongly interacting electrons, this

valley-like eigenstate gains contributions from many orbital levels, each of which depends
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Figure 5.4: Energy spectrum based on a model Hamiltonian. (a) Energy eigenvalues of a
model Hamiltonian motivated by the electron interaction effects reported here. Measurement
locations from Fig. 1 are indicated. (b) Excited state spectra of the model Hamiltonian. The
teal lines are the energy differences between the ground state and energy level n, defined in
(a); the yellow lines are differences between the first excited level and the same energy levels
in (a). Symbols plotted correspond to frequencies extracted from experiment, as described
in the legend.
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strongly on lateral confinement. As we show in Fig. D.5(b), the singlet-triplet splitting

becomes strongly tunable in the presence of interactions. For the parameters considered

here, varying the lateral confinement strength from 55 GHz to 90 GHz in the presence of

interactions results in singlet-triplet splittings ranging from 0.18 GHz to 4.42 GHz, a variation

of more than a factor of 20; in the non-interacting case this energy varies by only a factor of

2.6.

5.4 Conclusion

In conclusion, we have demonstrated coherent manipulation of a dense ladder of Wigner

molecule energy levels. Eight transitions are controlled coherently using Rabi pulse se-

quences, and two levels are explored in more detail using Ramsey pulse sequences. A six-

level model motivated by both experiment and FCI calculations is presented. The presence of

such a Wigner-molecular regime with Eee � Eorb provides an additional tool for controlling

the energy splittings in gate-defined quantum dots, enabling small changes in confinement

to have a large impact on the energy splitting between adjacent levels.

This research was sponsored in part by the Army Research Office (ARO), through Grant

No. W911NF-17-1-0274, and by the Vannevar Bush Faculty Fellowship program under

ONR grant number N00014-15-1-0029. JC acknowledges support from the National Science

Foundation Graduate Research Fellowship Program under Grant No. DGE-1747503 and the

Graduate School and the Office of the Vice Chancellor for Research and Graduate Education

at the University of Wisconsin-Madison with funding from the Wisconsin Alumni Research



88

Foundation. We acknowledge the use of facilities supported by the NSF through the UW-

Madison MRSEC (DMR-1720415) and by the NSF MRI program (DMR-1625348). The

views and conclusions contained in this document are those of the authors and should not be

interpreted as representing the official policies, either expressed or implied, of the ARO, NSF,

or the U.S. Government. The U.S. Government is authorized to reproduce and distribute

reprints for Government purposes notwithstanding any copyright notation herein.



89

Chapter 6

Conclusion and future work

In this thesis, I have presented a computational strategy that nonperturbatively accounts

for strong electron-electron interactions, together with the valley physics of conduction band

electrons, and including the effects of interfacial disorder in lithographically-defined quan-

tum dots in Si/SiGe heterostructures. In Ch. 2, a range of confinement and interface profiles

were considered, and their effect on one- and two-electron energy splittings were discussed.

In Ch. 3, the implications of e-e interactions on the sensitivity of the qubit to charge noise

were described. We predicted that a transition of the first-excited state should be induced

by changing the confinement strength in an experimentally-relevant regime, and this should

lead to a large change in the rate of dephasing between the two qubit levels. In Ch. 4, we

demonstrated measurements of one- and two-electron energies and discussed how these pro-

vide a new method to probe the quantum well interface when combined with the electrostatic

device simulations, and our computational approach presented in the previous chapters. In
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Ch. 5, we described observations of a dense set of low-lying energy levels and argued that they

emerge as a result of strong e-e interactions, as deduced from our computational approach.

In this work, we have investigated doubly-occupied quantum dots. Looking forward,

this approach can be extended to configurations with three or four electrons and different

potential profiles (for example, double or triple quantum dots) to get a more complete picture

of the energy spectra of current qubit designs. The hybrid qubit, composed of three electrons

in a double-dot potential, would be a natural next step. Such an analysis would allow us to

study the role of excited multi-electron states in qubit operation. With some modifications,

the approach presented here could also be used to explore the energy spectra of qubits with

larger number of electrons.



91

Appendix A

Supplemental information for Chapter

2

A.1 Overview of the calculation strategy

This appendix provides an overview of the calculational methods. The information

is summarized in Fig. A.1, which illustrates how the tight-binding and the configuration-

interaction methods are integrated.
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Construct tight-binding Hamiltonian:
Hopping parameters chosen to match 
effective masses and locations of 
conduction band minima. Interface steps 
are parallel to y direction →Hamiltonian 
is separable

Find 2D single-particle eigenstates in x-z 
plane numerically.

(2+1)D single electron wave functions 
obtained.

Multi-electron basis set is constructed by 
enumerating all possible Slater 
determinants for multiple electrons out of 
the single electron basis. 

Analytic calculations of y-
dependence of single 

particle wave functions

All unique Coulomb and exchange integrals 
are calculated:

These integrals over two electron 
variables are converted into two Fourier 
transforms and a final integral in real 
space over a single electron variable.

Fourier transform of 1/r potential, 
with the contribution from the third 
dimension analytically integrated 
out, which reduces the problem 
back to 2D.

Potential of a single electron is 
calculated in the Fourier space 
(FFT).

Transformed back to the real space 
(FFT).

Energies are calculated by 
integrating the potential of the first 
electron multiplied with the density 
of the second electron, in real 
space.

FCI Hamiltonian is constructed and 
diagonalized.

Figure A.1: A flowchart summary of the method used for our calculations, which combines
tight-binding calculations that incorporate atomic-scale disorder with full configuration in-
teraction calculations to account nonperturbatively for strong electron-electron interactions.
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A.2 Details related to computing the Coulomb matrix

elements

This appendix presents details related to the evaluation of Coulomb matrix elements of

the form 〈ψα|Hint |ψβ〉.

After the spin degrees are integrated out, the remaining integrals are of the form

(i j|k l) ≡
∫
dr1dr2φ

∗
i (r1)φj(r1)Hintφ

∗
k(r2)φl(r2). (A.1)

Since the energy eigenstates are separable, φ(x, y, z) = ζ(x, z)η(y), the integral becomes

∫
dx1dz1dx2dz2ζ

∗
i (x1, z1)ζj(x1, z1)ζ∗k(x2, z2)ζl(x2, z2)

∫
dy1dy2

η∗i (y1)ηj(y1)η∗k(y2)ηl(y2)√
(y1 − y2)2 + ∆r2

⊥
,

(A.2)

where ∆r2
⊥ ≡ (x1 − x2)2 + (z1 − z2)2.

For the harmonic confinement potentials assumed here, the wavefunctions η(y) are har-

monic oscillator eigenstates, given by

ηn(y) =

(
1

πL2

)1/4
1√
2nn!

Hn(y/L)e−y
2/2L2

, L ≡
√

~/mω. (A.3)

Hence, the y-integral takes the form

fijkl(∆r⊥) =
∑
n,m

cnm

∫
dy1dy2

yn1 y
m
2 e
−(y2

1+y2
2)/L2√

(y1 − y2)2 + ∆r2
⊥
. (A.4)
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Now, we make the change of variables s ≡ y1 − y2 and t ≡ y1 + y2, such that

fijkl(∆r⊥) =
∑
n,m

cnm
2m+n+1

n,m∑
k,p=0

(
n

k

)(
m

p

)
(−1)p

∫
ds
sn+p−ke−s

2/2L2√
s2 + ∆r2

⊥

∫
dt tk+m−pe−t

2/2L2

.

(A.5)

These integrals have the following analytical forms:

∫
ds

sqe−s
2/2L2√

s2 + ∆r2
⊥

=


√
πL2(q − 1)!! U(1/2, 2−q

2
,∆r2

⊥/2L
2), if q = even

0, otherwise

(A.6a)

∫
dt tqe−t

2/2L2

=


Lq+1Γ( q+1

2
)2(q+1)/2, if q = even

0, otherwise,

(A.6b)

where U is Tricomi’s confluent hypergeometric function and Γ is the factorial function.

We define

ρ(1)(r1) ≡ φ∗i (r1)φj(r1),

ρ(2)(r2) ≡ φ∗k(r2)φl(r2),

and V (r2) =
e

4πε0εr

∫
dr1

ρ(1)(r1)

|r1 − r2|
.

(A.7)

A general matrix element then has the form I =
∫
dr2ρ

(2)(r2)V (r2), where the subscripts

ijkl have been dropped for convenience. We integrate out the y terms and apply the forms
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defined in Eq. (A.6):

V (x2, z2) =

∫
dy2V (r2)

=
e

4πε0εr

∫
dr1dy2

ρ(1)(r1)

|r1 − r2|

=
e

4πε0εr

∫
dx1dz1ρ

(1)(x1, z1)

∫
dy1dy2

ρ(1)(y1)ρ(2)(y2)√
(y1 − y2)2 + ∆r2

⊥

=

∫
dx1dz1ρ

(1)(x1, z1)f(∆r⊥).

(A.8)

The problem is reduced to 2D by replacing the 1/r potential with the effective potential,

f . Now, the Fourier integral representations of f and ρ are

ρ(1)(x1, z1) =

∫
dqe2πiq·r1⊥ ρ̃(1)(qx, qz) (A.9a)

f(∆r⊥) =

∫
dke2πik·(r1⊥−r2⊥)f̃(kx, kz) (A.9b)

Using these forms and completing the spatial integrals, V can also be expressed as a Fourier

transform:

V (x2, z2) =

∫
dx1dz1

∫
dke2πik·(r1⊥−r2⊥)f̃(kx, kz)

∫
dqe2πiq·r1⊥ ρ̃(1)(qx, qz)

=

∫
dx1dz1e

2πi(k+q)·r1⊥

∫
dqdkf̃(kx, kz)ρ̃

(1)(qx, qz)e
−2πik·r2⊥

=

∫
dqdkδ(qx + kx)δ(qz + kz)f̃(kx, kz)ρ̃

(1)(qx, qz)e
−2πik·r2⊥

=

∫
dke2πik·r2⊥ f̃(kx, kz)ρ̃

(1)(kx, kz)

(A.10)

The final integration in Eq. (A.10) is performed using a matlab FFT routine. ρ̃(1) is also
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obtained by performing a discrete FFT on ρ(1), which is obtained using the TB method

described in the main text. The Fourier transform of f is performed analytically:

f̃(kx, kz) =

∫ Dc

0

dr r

∫ 2π

0

dθe2πikrcosθf(r) = 2π

∫ Dc

0

J0(|2πkr|)f(r)rdr. (A.11)

Here, Dc is a cutoff distance that prevents the charges from interacting with their periodic

images [103]. Since the resulting expression for f is a sum of confluent hypergeometric

functions U(a, b, z), one must solved integrals of the form

∫ Dc

0

dr r J0(|2πkr|) U(1/2, b, r2/2L2). (A.12)

These integrals need to be calculated numerically for each value of k, which turns out to be

computationally expensive. However, when D goes to infinity, there is an analytical solution,

given by

∫ ∞
0

dr r J0(|2πkr|) U(1/2, 1, r2/2L2) =
e2π2k2L2

L erfc(
√

2πkL)√
2πk

, (A.13a)

∫ ∞
0

dr r J0(|2πkr|) U(1/2, b, r2/2L2) =
L2

√
π

Γ(2− b) U(2− b, 3/2, 2π2k2L2), b ≤ 0 (A.13b)

If the integral from Dc to infinity can be calculated efficiently, it can be subtracted from

(A.13) to obtain the desired integral (A.12). For large z, the asymptotic form of U is given

by

U(a, b, z) ∼ z−a
∞∑
n=0

(a)n(a− b+ 1)n
n!

(−z)−n, (A.14)
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where (a)n is the Pochhammer symbol, defined as Γ(a+n)
Γ(a)

[164, Eq. 13.7.3]. For each term in

the sum, the integral has the following analytical form:

∫ ∞
Dc

dr r J0(|2πkr|)
(
r2

2L2

)− 1
2
−n

= 2n+1/2L2n+1

(
4−n(2πk)2n−1Γ(1/2− n)

Γ(1/2 + n)
+
D1−2n
c

2n− 1
1F2(1/2− n; 1, 3/2− n;−π2D2

ck
2

)
,

(A.15)

where pFq is the generalized hypergeometric function. We truncate the sum in Eq. A.14 at

the n = 5 term; for the smallest value of the argument used in this work (D2
c/2L

2 = 38.87)

the resulting error is less than 0.2%.

The discrete lattice in the x-z plane has a maximum wave vector. Therefore, it is im-

portant to show that the k-space representations of the integrands fall off quickly enough

to converge properly. In Fig. A.2, we show that the expression f̃(kx, kz)ρ̃
(1)(kx, kz), in the

integrand of Eq. (A.10), indeed falls off quickly, for the case of ~ω = 1.9 meV in Fig. 2.3(b).

We choose to demonstrate a strongly-confined case here, since functions that are more lo-

calized in the real space are less localized in k-space. Note that the actual k-space domain

is significantly larger than shown in these plots, ensuring the maximum wavevectors set by

the discrete lattice are large enough.
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Figure A.2: k-space representation of V in Eq. (A.10). Here, ρ00 is the single-electron ground
state density for the ~ω = 1.9 meV data point in Fig. 2.3(b). Only the central portions of
the full domains, with significant amplitudes, are shown. (a) max |kx| = 0.18 nm−1, |kz| = 0,
(b) max |kz| = 3.68 nm−1, |kx| = 0.
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A.3 Detailed discussion of why the valley singlet-

triplet splitting ESTval
is close to the single-particle

valley spitting Eval even when interactions are

strong

Here, we more explicitly discuss why the one- and two-electron excitation energies Eval

and ESTval
are nearly equal, regardless of the confinement strength, in the absence of VOC,

as discussed in Sec. 2.3. As mentioned in the main text, this is due to two important

observations: (i) the interaction integrals involving electrons with two different valleys are

small due to the fast oscillating factors in the wavefunctions, (ii) valley states with the same

orbital number have approximately the same envelopes. Therefore, integrals like (a b|a′ b),

(a′ b|a′ b), (a b′|a′ b) are small, and (a b|c d) ≈ (a b|c′ d′) ≈ (a′ b′|c d) ≈ (a′ b′|c′ d′). [See

Eq. (A.1) for notation definitions.] We demonstrate these two effect numerically in Fig. A.3,

where we show results of calculations of a large number of representative matrix elements.

To illustrate further the symmetries and cancellations of the interaction terms in deter-

mining the energy separation of S and Tval, we consider an example case motivated by the

solutions shown in Fig. 2.3(b-c) and Table E.1. We write

〈r|S〉 = αφ1φ1 +
β

2
[φ1φ4 + φ4φ1 + φ1φ6 + φ6φ1] (A.16a)
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Figure A.3: Spatial interaction integrals involving states in the first three single-electron
shells, corresponding to the case ~ω = 1.2 meV in Fig. 2.3(b-c).
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〈r|Tval〉 =
α√
2

[φ1φ1′ − φ1′φ1]

+
β

2
√

2
[(φ1φ4′ − φ4′φ1)− (φ1′φ4 − φ4φ1′) + (φ1φ6′ − φ6′φ1)− (φ1′φ6 − φ6φ1′)], (A.16b)

where α, β > 0 and φi are real. Note that we have only included components I and III

from Table E.1, for simplicity. The energy difference due to the single-electron part of the

Hamiltonian is equal to Eval. We now show that the interaction contributions cancel. Using

the symmetries (ij|kl) = (kl|ij) = (ji|kl) for real wavefunctions, we have:

〈S|Hint |S〉 = α2(1 1 | 1 1) + 2αβ[(1 1 | 1 4) + (1 1 | 1 6)]

+
β2

2
[(1 1 | 4 4) + (1 4 | 4 1) + 2(1 1 | 4 6) + 2(1 6 | 4 1) + (1 1 | 6 6) + (1 6 | 6 1)]

(A.17)

〈Tval|Hint |Tval〉 = α2[(1 1 | 1′ 1′)− (1 1′ | 1′ 1)]+αβ[(1 1 | 1′ 4′)− (1 4′ | 1′ 1)+(1 4 | 1′ 1′)

− (1 1′ | 1′ 4) + (1 1 | 1′ 6′)− (1 6′ | 1′ 1) + (1 6 | 1′ 1′)− (1 1′ | 1′ 6)] +
β2

4
[(1 1 | 4′ 4′)

− (1 4′ | 4′ 1) + (1′ 1′ | 4 4)− (1′ 4 | 4 1′) + (1 1 | 6′ 6′)− (1 6′ | 6′ 1) + (1′ 1′ | 6 6)

− (1′ 6 | 6 1′) + 2(1 1 | 4′ 6′)− 2(1 6′ | 4′ 1) + 2(1′ 1′ | 4 6)− 2(1′ 6 | 4 1′) + 2(1 4 | 4′ 1′)

− 2(1 1′ | 4′ 4) + 2(1 6 | 4′ 1′)− 2(1 1′ | 4′ 6) + 2(1′ 6′ | 4 1)− 2(1′ 1 | 4 6′) + 2(1 6 | 6′ 1′)

− 2(1 1′ | 6′ 6)] (A.18)
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Further simplifying, based on Fig. A.3 we obtain

〈Tval|Hint |Tval〉 = α2(1 1 | 1′ 1′) +αβ[(1 1 | 1′ 4′) + (1 4 | 1′ 1′) + (1 1 | 1′ 6′) + (1 6 | 1′ 1′)]

+
β2

4
[(1 1 | 4′ 4′)+(1′ 1′ | 4 4)+(1 1 | 6′ 6′)+(1′ 1′ | 6 6)+2(1 1 | 4′ 6′)+2(1′ 1′ | 4 6)+2(1 4 | 4′ 1′)

+ 2(1 6 | 4′ 1′) + 2(1′ 6′ | 4 1) + 2(1 6 | 6′ 1′)]

= α2(1 1 | 1′ 1′) + 2αβ[(1 1 | 1′ 4′) + (1 1 | 1′ 6′)] +
β2

2
[(1 1 | 4′ 4′) + (1 4 | 4′ 1′)

+ 2(1 1 | 4′ 6′) + 2(1 6 | 4′ 1′) + (1 1 | 6′ 6′) + (1 6 | 6′ 1′)] (A.19)

Comparing Eqs. (A.17)and(A.19), we conclude that the interaction energies indeed cancel

and, therefore, ESTval
≈ Eval.

We now provide analytical estimates to back up these numerical observations. In partic-

ular, we compare (1 1 | 1 1) and (1 1′ | 1 1′) to show that the latter is much smaller than the

former. Using the envelope function formalism [36], with Gaussian envelopes for simplicity,

we have

φ1 =
e−(x2+y2)/2L2

(πL2)1/2

e−z
2/2l2

(πl2)1/4

√
2 sin k0z, φ1′ =

e−(x2+y2)/2L2

(πL2)1/2

e−z
2/2l2

(πl2)1/4

√
2 cos k0z. (A.20)

Therefore,

(1 1 | 1 1) =
e2

4πε0εr

∫
dz1dz2

πl2
e−(z2

1+z2
2)/l2 sin2 k0z1 sin2 k0z2

×
∫
dx1dy1dx2dy2

π2L4

e−(x2
1+y2

1+x2
2+y2

2)/L2

((x1 − x2)2 + (y1 − y2)2 + (z1 − z2)2)1/2
(A.21)
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The second integral can be calculated using the change of variables sx = x1 +x2, sy = y1 +y2,

tx = x1 − x2, and ty = y1 − y2, giving

1

4π2L4

∫
dtxdtye

−(t2x+t2y)/2L2

∫
dsxdsy

e−(s2x+s2y)/2L2

(s2
x + s2

y + (z1 − z2)2)1/2

=

√
π√

2L
e(z1−z2)2/2L2

(1− erf(|z1 − z2|/
√

2L)) (A.22)

Applying an additional change of variables, s = z1 + z2 and t = z1 − z2, we obtain

e2

4πε0εr

1

8
√

2πl2L

∫
ds dt e−s

2/2l2e−t
2(L2−l2)/2L2l2 (cos (k0t)− cos (k0s))

2 (1− erf(|t|/
√

2L)).

(A.23)

The following integrals are used to evaluate Eq. (A.23):

∫
du e−κu

2

=

√
π

κ
, κ > 0 (A.24a)

∫
du e−κu

2

cos (k0u) =

√
π

κ
e−k

2
0/4κ, κ > 0 (A.24b)

∫
du e−κu

2

cos2 (k0u) =
(e−k

2
0/κ + 1)

√
π

2
√
κ

, κ > 0 (A.24c)

∫
du e−κu

2

erf(τ |u|) = 2 arctan (τ/
√
κ)/
√
πκ, κ > 0, τ > 0 (A.24d)
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∫
du e−κu

2

cos2 (k0u) erf(τ |u|) =

∫ ∞
0

du e−κu
2

cos (2k0u) erf(τu)

+

∫ ∞
0

du e−κu
2

erf(τu), κ > 0, τ > 0. (A.24e)

Here, the terms with factors e−k
2
0/4κ and e−k

2
0/κ are negligible. To calculate the first term on

the right-hand side of Eq. (A.24e), we use integration by parts:

∫ ∞
0

du e−κu
2

cos (2k0u) erf(τu)

=
e−κu

2
erf(τu) sin(2k0u)

2k0

∣∣∣∣∣
∞

0

− 1

2k0

∫ ∞
0

du sin (2k0u)

(
2τ√
π
e−(κ+τ2)u2 − 2κu erf(τu

)

= 0− τ F (k0/
√
κ+ τ 2)

k0

√
π(κ+ τ 2)

+
κ

k0

∫ ∞
0

du sin (2k0u)u erf(τu), (A.25)

where F is the Dawson function. We can also use integration by parts to evaluate the

remaining integral in Eq. (A.25), which would yield terms proportional to the higher orders

of 1/k0. These terms are also negligible. Combining everything, we obtain

(1 1 | 1 1) ≈ e2

4πε0εr
√

2π(L2 − l2)

(
π +

√
L2 − l2F (2k0l)√

2k0L2
− 2 arctan

(
l√

L2 − l2

))
. (A.26)

Similarly, (1 1′ | 1 1′) can be calculated by replacing (cos (k0t)− cos (k0s))
2 term in

Eq. (A.23) by (cos (2k0t)− cos (2k0s)) /2. The only term that does not have an exponential

suppression in this integral is a product of the integrals shown in Eqs. (A.24a) and(A.25),
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Table A.1: Values of some interaction integrals.
[Analytical: Eqs. (A.26-A.27)] [Numerical: Appendix A.1]

l L ~ωz ~ωxy (1 1 | 1 1) (1 1′ | 1 1′) (1 1 | 1 1) (1 1′ | 1 1′)
(nm) (nm) (meV) (meV) (meV) (µeV) (meV) (µeV)

2.69 30.00 11.50 0.45 5.0 0.1 5.0 0.1
2.69 25.00 11.50 0.64 5.9 0.1 5.9 0.1
2.69 18.28 11.50 1.2 7.9 0.2 7.9 0.2
2.00 10.00 20.80 4.0 14.1 0.7 14.1 0.7
1.00 3.00 83.19 44.56 43.9 15.6 43.9 15.9
0.60 1.60 231.08 156.66 80.7 91.8 80.9 97.3

yielding

(1 1′ | 1 1′) ≈ e2

4πε0εr
√

2π(L2 − l2)

√
L2 − l2F (2k0l)√

2k0L2
. (A.27)

Some values of the integrals obtained using Eqs. (A.26) and (A.27), along with the values

obtained by using the numerical method summarized in Appendix A.1, for the wavefunction

forms in Eq. (A.20), are shown in Table A.1. We find that (1 1 | 1 1) is indeed much larger

than (1 1′ | 1 1′), and there is good agreement between the analytical and numerical methods.

We finally note that the values in the third row of Table A.1 best correspond to the values

in Fig. A.3. Here, we chose the l value to yield a similar inverse participation ratio in z as

in Fig. A.3, in which (1 1 | 1 1) = 7.9 meV and (1 1′ | 1 1′) = 0.2 µeV.

A.4 Additional details regarding Fig. 2.5

In Fig. A.4(a), we show the ground state electron densities, as a function of x, for the data

in Fig. 2.5. Here, the blue lines denote the positions of the atomic steps at the interface.

Figure A.4(b) shows the corresponding EST and Eval values, together with the interface

profiles considered.
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Figure A.4: Full set of solutions reported in Fig. 2.5. (a) One-dimensional electron densities
of the ground states, corresponding to 36 cases in Fig. 2.5. Blue lines show the steps at the
interface. (b) EST (pink) in comparison to Eval (cyan) in circular dots defined in 10 nm wide
quantum wells, with an electric field of 1.5 MV/m and tilted interfaces. The columns show
the horizontal distance between steps (the step widths, W ), corresponding to 0.6D, D and
2D, where D = 2

√
~/mtω is the dot diameter. The rows show distance to the nearest step,

d, corresponding to 0, 0.25W and 0.5W .
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A.5 FCI convergence

This appendix reports the convergence properties of the FCI calculations. In Figs. A.5(a)

and A.5(b), we plot the energy eigenvalues of the most-weakly-confined circular dots, as a

function of the number of shells included in the single-electron basis set. Due to the two-fold

multiplicity of the valleys, n shells correspond to K = n(n + 1) states, excluding spin. In

the circular dot calculations we used 6 shells, as this number is observed to be sufficient for

convergence in the most challenging cases. In Fig. A.5(c), we plot the energy eigenvalues of

the most-weakly-confined elliptical dots as a function of the number single-electron states

included basis, as there is no well-defined shell structure appropriate for all cases in Fig. 2.6.

We used K = 40 in these calculations.
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Figure A.5: Convergence properties of the FCI calculations. Data correspond to (a) the case
with ~ω = 0.4 meV, in Fig. 2.3(b), (b) the case with ~ω = 0.5 meV, W = 0.6D, and d = 0 in
Fig. A.4, and (c) the case with ~ωy = 0.8~ωx = 0.24 meV in Fig. 2.6(b). Results for (a),(b)
the lowest 20, or (c) the lowest 16 levels (including degeneracies), with respect to the ground
state, calculated using up to (a),(b) 7 shells (K = 56), or (c) 50 single-electron basis states.
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Appendix B

Supplemental information for Chapter

3

B.1 Singlet-triplet splitting for high valley-orbit cou-

pling cases

The main text shows the results of calculations performed in the regime where the valley-

orbit coupling induced by steps at the quantum well interface is small enough that the singlet-

triplet splitting is near 100 µeV, large enough for quantum computing applications. The

insets of Fig. E.4(a) show results obtained when the dot is maximally offset from the atomic

steps at the quantum well interface. Here we examine the behavior when the valley-orbit

coupling is larger, by characterizing the valley and orbital singlet-triplet energy splittings

when the dot center is closer to the nearest interface step.



110

Fig. B.1(a-b) shows the singlet-triplet splittings as well as the single-particle valley split-

ting as a function of W/D for electrons in a dot centered on an interface step. The two values

of ~ω shown are on the either side of the transition in Fig. E.4(a) in the main text. It is

clear that changing the location of the dot center with respect to the interface step changes

the behavior of the ST splitting qualitatively. When the dot is centered on an interface step,

valley-orbit coupling suppresses single-particle valley splitting substantially, and moreover,

e-e interaction effects suppress the valley ST splitting substantially from the single-particle

valley splitting.

Fig. B.2 shows the singlet-triplet splittings as well as the valley splitting as a function of

the distance to the nearest step for a fixed confinement at ~ω = 700 µeV and step separation

W = 3.5D of the uniformly distributed interface steps. Here, it is possible to observe the

effect of disorder-induced valley-orbit coupling gradually, as the dot gets closer to the nearest

step. As the valley splitting is a property of the lowest single-electron orbital and the singlet-

triplet splitting is a property of interacting two-electron states that involve higher orbitals,

the effect of the step on the singlet-triplet splitting is observed at a larger distance from the

step than on the valley splitting.

The results in this section demonstrate that a large and robust ST splitting requires,

in general, that the dot center should not be near a step, both due to the suppression of

the valley splitting and due to the further suppression of the singlet-triplet splitting from

the valley splitting. We note that, however, the latter suppression does not necessarily

monotonically increase as the dot gets closer to a step, as indicated in the inset of Fig.
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Figure B.1: Singlet-triplet splitting when the valley-orbit coupling is high because the dot
center is directly over a step. In these plots, the step separation W is increased while the
confinement energy is held fixed (therefore D), and the center of the confinement potential
is directly over an interface step (d = 0). The valley singlet-triplet splitting is smaller
than the orbital singlet-triplet splitting over the entire range shown, so the open squares
show the orbital ST splitting, the solid squares show the valley singlet-triplet splitting, and
the dashed line shows the single-particle valley excitation energy. The large valley-orbit
coupling suppresses the single-particle valley excitation energy substantially below its value
in the absence of a step of 100 µeV, and in addition, e-e interactions suppress the valley
singlet-triplet splitting substantially below the single-particle valley splitting.
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Figure B.2: Characterization of singlet-triplet splitting as the distance between the dot
center and interface step is varied. In these plots, the ratio between the step separation
and dot diameter W/D is held fixed, W/D = 3.5, and the confinement energy is held fixed,
~ω = 700 µeV. The valley singlet-triplet splitting (solid squares) is smaller than the orbital
singlet-triplet splitting (open squares) over the entire range shown. As the dot gets closer to
the nearest step, the valley singlet-triplet splitting starts to drop before the valley splitting
(gray dots). Inset shows the ratio of the valley ST splitting to the valley splitting.

B.2, which is also a result of interacting two-electron states involving higher orbitals, and

therefore various valley-orbital energy splittings.
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Appendix C

Supplemental information for Chapter

4

C.1 Pulsed-gate spectroscopy model

Consider a dot tunnel coupled to a reservoir, illustrated in Fig. C.1(a). The dot is

pulsed in a two-step duty cycle between voltages VL and VU , as shown in Fig. C.1(b). The

corresponding chemical potentials of the ground states of the dot, ELg and EUg, are related

to VL and VU via a lever arm: Eνg = αVν + E0, where ν = U,L and E0 is the ground

state (g) of the dot in the absence of a pulse. If the dot also has an excited state (x), then

∆E ≡ EUx − EUg = ELx − ELg, and Eνx = Eνg + ∆E. Tunneling can occur if there is a

state in the reservoir that electrons can tunnel out of or into, as determined by the Fermi
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Figure C.1: Parameters definitions for pulse spectroscopy. (a) EF is the Fermi energy of the
reservoir. EUi is the chemical potential of the dot eigenstate state i at the top edge of the
pulse. Here, i can refer to the ground state (g), the first excited state (x1), etc. Ebi is the
chemical potential of the dot eigenstate i at the bottom edge of the pulse. ΓUi and ΓLi are
the corresponding tunnel couplings. (b) The duty cycle for the pulse applied to gate P2.
TL = TU for valley-orbit measurements. The pulse frequency fpulse = 1/(TL + TU) is on the
order of the tunnel rate into/out of the dot during the bottom part of the pulse cycle. The
tunnel rate out of the dot during the top part of the pulse is much faster than the pulse
frequency such that the dot is completely empty at the beginning of the bottom part of the
pulse.

function:

fνi =
[
e(Eνi−EF )/kBT + 1

]−1
, (C.1)

where i = g, x.

The tunnel rates, Γνi, depend on the chemical potential Eνi, and can differ for the different

dot eigenstates (ν = g, x). As discussed in Ref. [144], Γνi is a complicated exponential

function. However, since there is not enough structure in the data to fully characterize the
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features of Γνi, we can simply linearize this function about the Fermi level, obtaining

Γνg ' Γ0,νge
(Eνg−EF )/E0,νg , (C.2)

Γνx ' Γ0,νxe
(Eνg+∆E−EF )/E0,νx . (C.3)

While there also exists a decay rate from the excited state to the ground state, Γxg, here we

do not consider its effect since recent measurements [165] indicate the decay rate is much

slower than our pulse frequency fpulse ' 1 MHz.

For a single ground state in the quantum dot, the rate equation for its level filling ng is

derived using detailed balance:

ṅνg = Γνg(fνg − ng) (C.4)

Before solving Eqn. C.4, we note that the steady state filling of the ground state, ng, can

be computed by setting ṅg = 0. The steady state filling is then simply the Fermi function,

ng = fg. However, this is only valid in the limit that Γνg � fpulse. The measurements shown

in the main text tune the tunnel rates such that, Γ ' fpulse, giving high sensitivity for pulsed

gate spectroscopy measurements [148]. Thus, we must find the general solution to Eqn. C.4

for t > t0:

nνg(t) = fνg − fνg
(

1− nνg(t0)

fνg

)
e−Γνg(t−t0) (C.5)

where nνg(t0) is the occupation of the dot at t = t0. Since αVpulse is much larger than the
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singlet-triplet splitting (EST) and valley splitting (Eval), ΓUg � fpulse in the fit regime [166].

Thus, when fitting our data, it is assumed that the dot is completely empty at the beginning

of the bottom part of the duty cycle. Then nLg(t0) = 0 and Eqn. C.4 simplifies to

nLg(t) = fLg
(
1− e−ΓLg(t−t0)

)
(C.6)

The average electron occupation of the ground state of the dot during the entire pulse cycle

is found by integrating from t = t0 to t = t0 + TL and dividing by 1/(TU + TL), where it has

been assumed the average electron occupation of the dot during the top part of the duty

cycle is 0 and TU = TL. Integrating Eqn. C.6, we obtain

〈ng|ng〉 =
1

2
fLg +

1

2TL

fLg
ΓLg

(
e−ΓLgTL − 1

)
(C.7)

where the first term on the right hand side of Eqn. C.7 represents the steady state oc-

cupation of the dot during the bottom part of the pulse, and the second term repre-

sents the perturbation due to energy dependent tunneling [144]. Finally, assuming that

〈nL|nL〉 = 〈nLg|nLg〉+ 〈nLx|nLx〉, the average electron occupation for the ground and excited

states in the dot during the bottom part of the pulse is

〈n|n〉 =
1

2

∑
i=g,x

[
fLi +

1

TL

fLi
ΓLi

(
e−ΓLiTL − 1

)]
(C.8)

This form can be simplified further into a convenient fitting form by expanding the expo-

nential in Eqn. C.8. This is valid for our measurements since Γ ∼ fpulse and TL = 1/(2fpulse),
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making ΓLiTL < 1. Expanding to second order, we obtain the final fitting form for deter-

mining valley-orbit state splittings using pulsed-gate spectroscopy

〈n|n〉 =
∑
i=g,x

Γi
e(Ei−EF )/E0i

e(Ei−EF )/kBTe + 1
(C.9)

where Ei = αVi is the position of each peak in energy, and E0i and Γi are fitting parameters

for each peak.

C.2 Magnetospectroscopy model

Magnetospectroscopy was used in addition to pulsed-gate spectroscopy to supplement

measurements of EST, providing better precision at low valley-orbit splittings and quantita-

tive verification of pulsed-gate valley-orbit splitting measurements. In this section, a model

is developed that can be used to extract EST from magnetospectroscopy data sets, where the

plunger gate voltage is swept on one axis and the magnetic field is swept on the other. This

2-dimensional data set is then converted into a 1-dimensional data set by peak-fitting along

the voltage axis, where the differential conductance is fit using the derivative of of Eqn. 2

in Ref. [150] with respect to gate voltage. The peak-fitted data set is then curve fit using

Eqn. C.19, which we now derive.

Consider a quantum dot that is tuned electrostatically such that the one- and two-electron

charge states are nearly degenerate. The system is found to be in one of six spin states that

is dependent on the number of electrons in the quantum dot. For one electron, it is found



118

to be in the |↑〉 or |↓〉 spin-state. For two-electrons, it is found to be in one of the singlet

(|S0〉) or triplet (|T−〉 , |T0〉 , |T+〉) spin-states. Including charge and spin degrees of freedom

and excluding charging energy, the energy of each state is given by [167, 168]:

E↓ = −1

2
gµBB − αVP2 (C.10)

E↑ =
1

2
gµBB − αVP2 (C.11)

ES0 = −2αVP2 (C.12)

ET− = −gµBB − 2αVP2 + EST (C.13)

ET0 = −2αVP2 + EST (C.14)

ET+ = gµBB − 2αVP2 + EST (C.15)

where g = 1.99 is the electron g-factor in silicon, µB is the Bohr magneton, α is the gate

lever arm, and VP2 is the gate voltage.

Using standard lock-in detection techniques, detailed in Ref. [169], the derivative of the

average electron occupation of the dot with respect to gate voltage is measured, shown in

Fig. E.3(e) of the main text. A derivation for the average electron occupation of a system in

thermal and diffusive contact with a large reservoir is detailed in Ref. [170]. The total electron
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occupation 〈n|n〉 is determined by treating the system as a grand canonical ensemble:

〈n|n〉 =
1

Z
∑
i

Nie
(Nµ−Ei)/kBTe (C.16)

Z =
∑
i

e(Niµ−Ei)/kBTe (C.17)

where Z is the grand partition function, µ is the chemical potential of the reservoir, Te is

the electron temperature and Ni is the number of electrons on the dot for each given state

(two electrons for the |S0〉 and |T 〉 states, and one electron for |↑〉 and |↓〉 states).

A 4-state model (inclusion of states |↓〉 , |↑〉 , |S0〉 , |T−〉) may be sufficient in the limit of

low Te and high EST; however, we find that in the experimentally relevant range (Te ' 100

mk, EST = 25–60 µeV), the 6-state model is requisite since significant occupation of higher

lying states at B = 0 occurs. We do not attempt to quantitatively match the raw voltage

VP2, instead plotting δVP2. This simplifies the final result (Eqn. C.16), allowing µ = 0 as this

quantity only provides an offset in VP2. Additionally, this justifies excluding the charging

energy from the states at the beginning of the derivation. The average electron occupation

is then

〈n|n〉 = 1 +
eαβeVP2

(
1 + eκB

(
1 + eESTβe + eκB

))
eαβeVP2 + e(αVP2+EST)βe+κB + eESTβe+

1
2
κB + eαβeVP2+κB + eESTβe+

3
2
κB + eαβeVP2+2κB

(C.18)
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where we have introduced βe = 1/kBTe and κ = gµBβe. The derivative of Eqn. C.18 with

respect to gate voltage is plotted in Fig. E.3(f) of the main text.

When fitting for EST, the peak value position along the gate voltage axis (VP2) is extracted

as described above (ie: Fig. E.3(g) of the main text). The curve fit is obtained from C.18

by solving the equation d2 〈n|n〉 /dV 2
P2 = 0. The resulting curve fit as a function of magnetic

field is

VP2(B) =
1

αβ
ln

(
e

1
2
κB+βeEST

(
eκB + 1

)
eκB + e2κB + eκB+βeEST + 1

)
, (C.19)

C.3 COMSOL electrostatic simulations

The COMSOL Multiphysics simulations are full device simulations where the dimensions

for each gate electrode are modeled out to 500 nm away from the center of the device. Using

a realistic quasiclassical (Thomas-Fermi) electrostatic simulation [171, 172], the electron

density is calculated as a function of gate voltages. The simulation is used to gain intuition

and provide estimates for quantum dot shape and position as the electrostatic configuration

is varied across the experimental range.

The presence of offset charge is incorporated into the simulation by first calculating the

electron density with the measured device voltages with no offset charge. Offset charge

is then added using a constant gate voltage offset to all gates until the electron density

beneath the reservoirs plateaus. This is the theoretical analog to the experimental device
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tuning procedure used, where reservoir voltages are increased until a plateau in transport is

observed. Then, while fixing S3 to 370 mV plus the original offset, a new offset to all other

gates is applied until the integrated charge in the quantum dot beneath P2 is roughly one

electron. This procedure preserves the differential voltage between each gate as closely as

possible.

The final step in simulating the experimental range of electrostatic tunings is adjusting

VS3 and the gates neighboring the P2 quantum dot to closely approximate the gate voltage

changes made in the experiment. The gate lever arms (α) are determined for each gate in

the COMSOL simulation, and are found to be in close agreement (but not identical) to the

experiment. Table C.1 shows the experimentally measured α for each gate neighboring the

P2 quantum dot. To keep the P2 quantum dot electron occupation close to 1.0 throughout

the different electrostatic regimes, COMSOL offset voltages were determined using the ratio

of experimental to COMSOL gate lever arm values as ∆Vsim = αexp/αsim∆Vexp. By applying

offsets in this way, the differential gate voltage used in the experiment is preserved without

significantly changing the electron occupation of the simulated dot.

The COMSOL simulated orbital splittings and change in position of the quantum dot

qualitatively match the experimental results, giving insight into the physical behavior of

the device across the electrostatic configurations. Both the simulation and measurements

indicate ~ωx < ~ωy at low S3 gate voltages, and ~ωx > ~ωy at large S3 gate voltages.

Between the S3 voltages of 330–370 mV, the dot is found to be roughly isotropic in the

simulation. As noted in the main text, voltages of VS3 > 390 mV did not produce physical
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Table C.1: Measurements of α for gates S3, S2, P2, B2 and B3 at varying electrostatic
configurations (denoted by the S3 gate voltage value). In addition to the changing S3 gate
voltage, a compensating voltage to neighboring plunger and barrier gates was applied to
maintain the electron occupation of the P2 dot. The change in α values clearly shows the
dot moving away from S2 towards S3 as the S3 gate voltage changes from 260 mV to 420
mV. This exact behavior observed in the COMSOL simulations.

S3 (mV) αS3 αS2 αP2 αB2 αB3

260 0.231 0.263 0.209 0.063 0.098

330 0.226 0.213 0.207 0.064 0.089

370 0.230 0.179 0.198 0.061 0.079

420 0.277 0.134 0.189 0.064 0.075

results in the simulation due to electron accumulation directly beneath the S3 screening gate.

This same phenomenon occurred at 430 mV in the experiment. The discrepancy is most

likely due to a small difference is αS3 between the simulation and experiment since the α of

each gate varies across the electrostatic tunings, as shown in Table C.1.

C.4 TB and FCI methods

Full configuration interaction (FCI) simulations aided by tight-binding (TB) calculations

of the electronic wave functions are used to accurately model Eval and EST, as shown in

Fig. E.4 of the main text. The TB model calculations results in wave functions with fast

oscillations in the z-direction which breaks the valley degeneracy. Thus, effects on the val-

ley splitting due to atomistic disorder, and the disorder-induced valley-orbit coupling are

captured in the TB model. FCI methods allow for accurate calculation of two-electron en-

ergies through diagonalization of the interacting two-electron Hamiltonian in the basis of
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3160 Slater determinants generated by using the TB solutions. Therefore, the combination

of these two procedures capture the interplay among the valleys, interface disorder and e-e

interactions.

The FCI calculations use a number of experimentally driven input parameters. This

includes the measured Eorb for each point, a vertical electric field of 0.7 MV m−1, a 9 nm

thick quantum well and atomic steps at the quantum well interface separated by 35 nm.

The confinement potential of the quantum dot is based derived from Eorb, which is used

in the form of a harmonic potential for determining the electron wave function in the x-y

plane of the quantum dot. Additionally, this influences the strength of e-e interactions. The

procedure for simulating valley and singlet-triplet energies is detailed more thoroughly in

Chapter 2.

For the calculation of quantum dot position with respect to the position of atomic steps

at the quantum well interface, the following procedure is used: first, the singlet-triplet and

valley splittings are simulated as the quantum dot position changes. The dot position is

varied in steps of 1.76 nm such that a matrix of 20 values are simulated between two atomic

steps separated by 35 nm. Next, the simulated values are compared to experimental values,

and the point which simultaneously has the smallest total error between simulation and

experiment for both singlet-triplet and valley splittings is chosen. Finally, the dot is only

allowed to move in one direction, otherwise the results would be unphysical. This condition

is enforced by noting that the simulations produce a reflectional symmetry halfway between

the steps. Two low-error simulations are found on both sides of this symmetry point. Thus,
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once the quantum dot has moved past the symmetry point, it cannot move backwards across

it.
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Appendix D

Supplemental information for Chapter

5

D.1 Additional information for Figure 1

The data in Fig. 5.1 presents two distinct dispersions that are individually addressable. To

produce Fig. 5.1(h), we averaged three data sets taken consecutively, as shown in Fig. D.1(a).

Additional data at low detuning is seen in Fig. D.1(b). The purple circles in Fig. 5.4(b) are

produced by fitting the resulting data from Fig. D.1(a,b) for the frequency of oscillation.

Similarly, to produce Fig. 5.1(j) we averaged the data shown in Fig. D.1(c). Additional data

taken at high detuning is shown in Fig. D.1(d). Since the two plots in Fig. D.1(d) are at

different time steps, these data are first fit for their oscillation frequencies and the two fits
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are averaged together. The green triangles in Fig. 5.4(b) are produced by fitting the results

from Fig. D.1(c,d).

The differences in size of the Rabi oscillations in Fig. 5.1(g,i) and the differences in shape

between Fig. 5.1(g,i) and Fig. 5.1(h,j) for the two microwave frequencies are indicative of two

distinct energy levels. In order to map the resulting dispersions from Fig. 5.1(h,j) relative

to each other, Fig. 5.1(g,i) are repeated at the same detuning, achieved using the microwave

drives of fR = 8.33 GHz and fR = 6.75 GHz, as shown in Fig. D.1(e,f). Rabi frequencies

extracted from Fig. D.1(e,f) are represented in Fig. 5.4(b) by including the fR = 6.75 GHz

magenta star at the same detuning as the fR = 8.33 GHz orange star. Though we do not

observe off resonant oscillations from one spectrum in measurements of the other, it does

appear that the region of suppressed coherence in Fig. D.1(e) is the region of enhanced

coherence in Fig. D.1(f) and visa versa.

The resonance in Fig. D.1(f) belongs to the same energy level as that in Fig. 5.1(i), as

can be seen by comparing Ramsey spectroscopy taken at the two fR locations, as shown in

Fig. D.1(g,h). The general shape of the data in Fig. D.1(g,h) is consistent, and the only

difference is a relative shift in δVP2 by 0.96 mV. To produce the points in Fig. 5.4(b), we

shifted the data in Fig. D.1(d,h) by δVP2 = 0.96 mV so that they match the detuning in

Fig. D.1(g),

as experimentally measured. The data in Fig. 5.4(b) is converted from gate voltage to

detuning with a detuning alpha of αε,P2 = 0.085± 0.009.
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D.2 Additional information on data and simulation

for Figure 2

Table D.1: Sets of on-resonance oscillations discussed in Fig. 5.2 and Fig. D.2. Each set is
separated by a line.

Set1 Set2

fR (GHz) Figure fR (GHz) Figure

6.30 Fig.D.2(a) 6.15 Fig.5.2(a)

6.15 Fig.D.2(c) 6.10 Fig.5.2(b)

6.00 Fig.D.2(d) 6.00 Fig.5.2(c

5.90 Fig.D.2(e) 5.90 Fig.D.2(f)

Set3 Set4

fR (GHz) Figure fR (GHz) Figure

5.85 Fig.D.2(g) 6.20 Fig.D.2(b)

5.80 Fig.D.2(h) -

Figures 5.2 and D.2 contain all the data used to extract the navy blue and pink diamonds

in Fig. 5.4(b). Each diamond in Fig. 5.4(b) represents the center of a Rabi oscillation for

a given drive frequency. As seen in Fig. 5.2, D.2, many of the data sets have two clear

on-resonance oscillations. In these cases, both centers are plotted with the same frequency

and different value of δVP2. All of the extracted data from these two figures can be seen in

Fig. D.2(i), where the different markers correspond to different sets of data taken consecu-

tively (before the device shifted). These sets are enumerated in Table D.1. The uncertainty

in Fig. D.2(i) is the uncertainty in the center of the oscillation, while the uncertainty in
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these points in Fig. 5.4(b) includes uncertainty in their location relative to zero double-dot

detuning.

The Rabi measurements shown in Fig. 5.2 indicate multi-level structure. We find that

the best model that reproduces the main features of the experimental measurements in a

simple way consists of four relevant states: two partially populated lower levels, separated

by a small energy E01, that make transitions to two excited states under detuning driving

fields. The effective Hamiltonian of this four-level system is

Htoy
0 =



0 0 0 0

0 E01 0 0

0 0 f(ε) 0

0 0 0 g(ε) + E01


, (D.1)

where f(ε) and g(ε) are interpolation functions based on the energy measurements, shown

as blue and orange lines in Fig. D.2(i). We set E01/h = 3 GHz, which is compatible with

the small energy gap between the lowest two states observed in the experiment and large



131

Table D.2: Parameters R02 and R13 from Eq. D.2, in addition to the drive frequency fR and
ground state population ρ00, which are all used for the simulations in Fig. 5.2(d-f).

Fig.5.2(d) Fig.5.2(e) Fig.5.2(f)

fR (GHz) 6.15 6.1 6.0

R02 × 103 0.443 0.463 0.616

R13 × 103 0.925 0.984 1.626

ρ00 0.7 0.7 0.65

enough to avoid undesired interactions. The driving field is characterized by

Htoy
1 = δε cos(ωt)



0 0 R02 0

0 0 0 R13

R02 0 0 0

0 R13 0 0


(D.2)

where R02 and R13 are fitting parameters. The only other fitting parameter is the ground

state population

ρ00, assuming ρ11 = 1 − ρ00. The fitting parameters used for each case are shown in Table

D.2.

We find that an even simpler model, such as a three-level system with a singly-populated

ground state and two interacting excited states, might also be an explanation. However,

the simulations with this simpler model added more unobserved interference phenomena.

We note that the simple four-level model is rather limited since the values of the Rabi

parameters R02 and R13 should depend on detuning. Moreover, the energy level landscape
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Figure D.4: Rabi oscillations associated fR = 7.60 GHz, shown as a light purple star in
Fig. 5.4(b).

is more complicated than a four-level system. Nevertheless, this simple model captures the

main features in the measurements.

Finally, to simulate the presence of noise in Fig. 3, we perform a Gaussian convolution

with σε = 7.1µeV. This number is extracted by averaging the σε =
√

2~
| dE
dε
|T ∗2

computed with T ∗2

and dE
dε

from the 7.30 GHz and 8.33 GHz resonances shown in Fig. 5.2.

D.3 Additional data for Figure 4

Figure D.3, D.4 contains the measured Rabi oscillations corresponding to the plots in

Fig 5.4(b). The data in Fig. D.3 is grouped in four sets, (a-e), (f-i), (j,k), and (l), as shown

in (m). Each set represents a portion of data that is taken without any drift of the DQD

device, and without changing any pulse-shape parameters besides microwave frequency. Each

extracted point is obtained by looking at line-cuts in time through the data and estimating

the center point of the oscillation in gate voltage. Note that all the data in these figures span

3 mV on the gate which dictates the quantum dot detuning, P2. The drastic changes in size,

shape, and frequency of these oscillations in the same relative window of detuning supports
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the interpretation that these oscillations correspond to different energy level transitions.

The data from (m) is mapped to the detuning axis in (n) by trying to simultaneously have

both (e,i) and (b,k) be as close as possible. The location of (e,l) relative to the polarization

line, which should be at the zero detuning point for the DQD, is approximated using their

resonant locations within the latched readout region, stability diagrams and the pulse height.

The data in Fig. D.4 appears as a purple star in Fig. 4(b).

D.4 Simulation details for Figure 3

The simulation results shown in Fig. 5.3 are performed by combining a full configuration

interaction (FCI) approach with the empirical tight-binding (TB) theory of Boykin et al.

[62, 88]. In the TB model, the nearest-neighbor and the next nearest neighbor hopping

parameters t1 = 0.6829 eV and t2 = 0.6119 eV are chosen such that the location of the

resulting band minima coincide with the location of bulk silicon’s conduction band minima

and the effective mass, determined by the curvature of the conduction band at its minima,

is equal to the lateral effective mass of bulk silicon. With an additional hopping parameter

t3, chosen such that the transversal effective mass of bulk Si is obtained, the model becomes

two-dimensional in the x-z plane. We are thus able to study the effects of different interface

profiles by simply assigning on-site terms ESi and ESiGe to grid points in different patterns.

Resulting wave functions have fast oscillations in z that are responsible for the breaking of

valley degeneracy, and disorder at the interface causes valley and orbital degrees of freedom to
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couple. In the calculations, we treat the third dimension y analytically with the assumption

that the confinement potential is parabolic.

While TB provides an accurate description of single electron wave functions by capturing

the valley physics of silicon and allowing modeling of the quantum well interface disorder,

FCI allows us to calculate two electron energies by including the effects of electron-electron

interactions. After adding the spin degree of freedom, we generate all possible two-electron

Slater determinants based on the 45 lowest energy TB eigenstates, which constitute the basis

for the FCI calculation. We calculate the full Hamiltonian, including the electron-electron

interaction term (with dielectric constant 11.4 [91]), in this basis and diagonalize it to obtain

the two-electron energy eigenvalues and eigenstates. For the simulation in Fig. 5.3, we used

a tilted quantum well interface with a tilting angle of ∼ 0.2◦, quantum well width of 9.1 nm

and an electric field of 0.6 MV/m perpendicular to the interface. With these parameters,

valley splittings range from 2.4 to 4.8 GHz (10 to 20 µeV) in the considered ~ωx domain,

and in particular is 3.81 GHz (14 µeV) for the ωx/2π = 59.2 GHz used in Fig. 5.3(a). We

pick the location of the center of the dot with respect to the uniform steps at the interface

to obtain the best agreement with the experimental data.

D.5 Electron-electron interactions

As described in the main text, the Wigner parameter RW = Eee / Eorb is used to classify

Wigner molecules. Here we take Eorb = ~ωx and calculate the Coulomb energy of two point

charges separated by the characteristic length scale of the quantum dot, which is a typical
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Figure D.5: Additional FCI data (a) Two-electron energy level separation from the ground
state at Eorb/h = 59.2 GHz plotted as a function of the relative interaction strength (e∗/e)2

(bottom) and Wigner parameter RW (top), showing suppression of excitation energies due
to electron-electron interactions. (b) Two-electron energy levels with electron-electron inter-
actions turned off (on) are plotted in yellow (blue) as a function of orbital confinement.
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measure of the electronic repulsion in the system. This results in Eee =
e2
√
mtωx/~
4πε

, where mt

is the effective mass. Using the mt and relative permittivity in Si, with Eorb/h = 59.2 GHz

consistent with the FCI calculations presented in Fig. 5.3, we obtain RW = 12.74.

To closely observe the effects of electron-electron interactions on the energy spectrum,

we gradually introduce them in our simulations by using an artificial electron charge e*

that ranges from 0 to real electron charge e. Two-electron energy level splittings from

the ground state are plotted in Fig. D.5 as a function of both (e∗/e)2 and RW. In the

absence of electron-electron interactions, the two-electron energy spectrum is dictated by

smaller (5-15 GHz) valley splittings and larger (60 GHz) orbital splittings. With increasing

interaction strength, two-electron wave functions are formed with contributions from many

excited valley and orbital states, as the electrons are increasingly driven away from each

other. This hybridization results in densely packed energy levels in the strong interaction

regime, which is seen in Fig. D.5.
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Table D.3: Parameters for Eq. D.3 chosen to best fit the data and percent change in each
parameter that degrades the fit.

Energy Tunnel Coupling

En E/h (GHz) δE (%) ∆n ∆/h (GHz) δ∆ (%)

- - - ∆0 6 10

E1 0.75 20 ∆1 1.5 30

E2 4.3 10 ∆2 1.5 30

E3 5.1 8 ∆3 1.5 30

E4 6.1 5 ∆4 1.5 30

E5 9 4 ∆5 10.5 10

D.6 Choice of Hamiltonian Parameters for Figure 4

The lines in Fig. 5.4(a) are the eigenvalues of

H =



ε/2 ∆0 ∆1 . . . ∆5

∆0 −ε/2 0 . . . 0

∆1 0 −ε/2 + E1 . . . 0

∆2 0 0
. . . 0

∆3 0 0 . . . 0

∆4 0 0 . . . 0

∆5 0 0 . . . −ε/2 + E5



, (D.3)
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which describes a system of five excited states in the right quantum dot coupled to the left

quantum dot. The values for energies En and tunnel couplings ∆n are listed in Table D.3.

Though we have a large quantity of data, including two detuned-Ramsey measurements

of different levels (Fig. 5.1(h,j)), Rabi measurements of eight different levels(Fig. 5.1(g,i),

Fig. D.3), and Rabi measurements of two merging levels(Fig. 5.2(a-c), Fig. D.2), the five-

level model from Fig. 5.4(b) based on Eq. D.3 is still under-constrained. It has 11 independent

parameters: five energies, E1 – E5, and six tunnel couplings, ∆0 – ∆5.

The detuned Ramsey data from Fig. 5.1(h) (purple circles in Fig. 5.4(b)) provides an

approximate value for E5 and ∆5, which respectively govern the high-detuning asymptote

and low-detuning shape of E05. Similarly, the set of detuned Ramsey data from Fig. 5.1(j)

(green triangles in Fig. 5.4(b)) places strong constraints on E15. Since E05−E15 = E01, these

two Ramsey sets of data together constrain the high-detuning asymptote and low-detuning

shape of E01, thereby dictating the values of E1 and ∆0. With this constraint on E01, the

relation E0n−E1n = E01 narrows the values of the other energies E2-E4. Each energy En has

at least two Rabi measurements (one for E0n and one for E1n) to define its value. Table D.3

shows the percent change in each energy En which degrades the fit.

The individual tunnel couplings ∆1 − ∆4 are not as firmly constrained as the energy

values. However, as all the eigenvalues are interdependent, the individual tunnel couplings

as well as the sum of the tunnel couplings are constrained to be within a certain range. For

example, having any or all of ∆n too large will push both E01 downward and E05 upward,

both of which are well constrained, as discussed above. Table D.3 shows the percent change
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Table D.4: Expected ground (ρ0) and excited state (ρ1,3) populations based on the pulse
sequence used.

Pulse 1 Pulse 2 Pulse 3 Pulse 4

εh (µeV) 680 646 612 816

tg (ns) 6 6 6 9

ρ0 0.841 0.873 0.872 0.864

ρ1 0.082 0.083 0.082 0.076

ρ3 0.054 0.023 0.026 0.038

in each tunnel coupling ∆0 and ∆5, as well as the percent change for all the tunnel couplings

∆1-∆4 which are set equal, that degrades the fit.

D.7 Estimations of excited-state populations

In the experiment, the qubit is initialized at very negative detuning values. In this region,

the ground state is well-separated from the first-excited state, ensuring proper initialization.

To manipulate the qubit, the detuning is pulsed from this region to positive detuning. Due

to the large number of low-lying excited states, some excited states may be populated during

this process. To estimate the excited-state populations, we simulate the initialization pulse

to the positive detuned regime.

To describe the qubit, we consider the effective model given by Eq. D.3. This model,

while an approximation, provides intuition on the interactions with the excited states. In

the experiment, the initial detuning value ranges from −400 to −300µeV (−97 to −73GHz).

Since the experimental pulses go from the negative far-detuned regime to the positive detuned

regime, the exact initial detuning position is not relevant; hence, we choose ε0 = −350µeV.
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The simulated pulse is simply ε(t) = ε0 + εh/tg · t, where εh is the pulse height and tg the

duration of the pulse.

We consider the four different experimental pulses in Table D.4, which are representative

of the pulses used in this work. The three states with the highest initialization population

are also shown in the table. The results show that the ground state is the most populated,

and that there is non-negligible population in the first excited state, consistent with the

experimental results reported in the main text. The third excited state, which has the next

highest initialization population, is less populated and not observed in the experiments.

D.8 Pulses and pulse corrections

Pulses are generated using a two-channel Textronix AWG 70002A and changing the

relative skew between the two channels. We perform lock-in measurements at the frequency

with which we modulate on and off the application of microwave pulses. Each pulse consists

of a short manipulation phase followed by a longer measurement phase of typical duration

1.2 µs. The typical modulation frequency is around 10kHz. The reported Ramsey fringes

are the amplitude of the lock-in signal

The pulse sequences we use consist of quasi-dc changes in detuning combined with ac

microwave bursts. Because of the frequency dependent attenuation down the dilution refrig-

erator, we apply pulse corrections to make our dc pulses more similar to the intended shape.

We use S21 measurements of the high frequency lines to determine the frequency dependent

attenuation expected. We then take a FFT for a step function, and weight the spectrum
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according to our S21 measurements. An inverse FFT is taken to obtain the corrected pulse

segment, which becomes the building block for our new pulse sequence. We apply the cor-

rected building block for every change in dc level to our intended dc pulse sequence. This

pulse sequence visually looks like an overcorrection of the pulse in order to counteract the

measured finite rise-time. We finally add in any ac components to our pulses. After these

pulse corrections, there is still an observable drift in the top of the pulse as a function of

time for short times (Ramsey measurements). To place points on Fig. 5.4(b) it is important

to know the detuning. Thus, we perform additional post-processing to the Ramsey data by

shifting line scans with the function A(1 + be−t/τ ) in order to align the dispersion minima

of consecutive Ramsey oscillations. This allows us to accurately plot detuned Ramsey data

for small times, such as the purple circles and green triangles in Fig. 5.4(b). Here, A is the

detuning pulse amplitude, b = 0.2, and τ = 1.8 ns.
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Appendix E

Measurement-free implementations of

small-scale surface codes for quantum

dot qubits

This appendix is adapted from the article Phys. Rev. A 97, 012318, ”Measurement-free

implementations of small-scale surface codes for quantum dot qubits”.

E.1 Introduction

Protecting quantum information against noise is one of the most important challenges

for building a quantum computer [173]. Quantum error correction (QEC) addresses this

issue by making use of redundancy [13]. Among many QEC approaches, surface codes are

considered to be particularly promising, with threshold error rates up to 1% [174, 175, 12].
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However, the practicality of a QEC procedure also depends on the physical implementation

of the qubits. Surface codes, as well as other standard QEC approaches, rely heavily on

syndrome measurements, and the threshold calculations in the literature commonly assume

that qubit measurements can be done within a gate time with failure probability equal to the

gate failure probability. This assumption does not hold for several qubit implementations,

including quantum dot qubits, for which readout times are several orders of magnitude longer

than the gate times [20, 176, 177, 81]. Therefore, conventional implementation of surface

codes on these qubits seems challenging. On the other hand, DiVincenzo and Aliferis [178]

have shown that in a truly large scale quantum computer, error correction can be performed

using slow measurements, because the measurements can take place concurrently within the

many levels of concatenation required to achieve fault tolerance. While of great interest for

future applications, this result does not address the challenges faced by intermediate-scale

implementations of 10-100 qubits, which realistically comprise only 1-2 levels of concatena-

tion.

To overcome problems associated with measurement, it has been noted that the conven-

tional widget used in syndrome measurements (a measurement followed by classical feed-

back), may be replaced by an alternative widget (a unitary gate operation followed by qubit

re-initialization) [179, 180, 181, 182, 183, 184]. An example of such a measurement-free cir-

cuit is shown in Fig. E.1. For many years it was thought that the error thresholds achievable

using this strategy would be prohibitively low. However, Paz-Silva et al. demonstrated that

measurement-free error correction for the Bacon-Shor code could have thresholds only about
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Figure E.1: Equivalence of unitary controlled operations with measurement and re-
initializations. A unitary operation determined by the result of a measurement of an ancilla
followed by re-initialization of the ancilla (left circuit) is equivalent to a unitary controlled
operation followed by the re-initialization of the control qubit (right circuit). Double lines
in the left circuit represent a single classical bit. In both circuits, |0〉 indicates a rapid re-
initialization of the qubit to its 0 state. For quantum dots, this involves tunneling to and
from a reservoir.

an order of magnitude worse than conventional schemes [185]. More recently, Crow et al.

improved these results by using redundant syndrome extractions and reported thresholds for

three qubit bit-flip (BF), Bacon-Shor, and Steane codes that are comparable to measurement-

based values [186]. However, measurement-free surface code implementations have not yet

been thoroughly investigated. Indeed, it has been argued that in this case, measurement-

free implementations would significantly reduce the advantage of surface codes because the

nontrivial classical matching problem used in this procedure relies on the results of error

syndrome measurements to determine the recovery operations [187].

Here, we show that this is not the case, for low-distance surface codes where the matching

process can be simplified significantly [185]. We investigate the performance of measurement-

free QEC by simulating quantum circuits, obtaining threshold values for BF and surface

codes of 2.0× 10−2 and 1.3× 10−4, respectively. These measurement-free thresholds can be

compared to thresholds of 2×10−2 and 8.0×10−4 for the corresponding measurement-based

procedures [188, 189].
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This appendix is organized as follows: In Sec. E.2 we give an overview of QEC with

surface codes and define necessary terms to make our discussion self-contained. In Sec. E.3

we explain in detail the changes we make to the conventional surface code implementations

to replace measurements with unitary operations and re-initializations. We first discuss the

assumptions we make for quantum dot implementations in Sec. E.3.1, then demonstrate our

method for a surface code restricted to one dimension, which is equivalent to the BF code

in Sec. E.3.2, and generalize it to a full surface code in Sec. E.3.3. In Sec. E.4 we discuss

the details of the error model and the simulation method that we use. We summarize our

results in Sec. E.5 and discuss them in Sec. E.6.

E.2 Stabilizer Codes

The codes we consider in this appendix belong to an important class of QEC codes known

as stabilizer codes [179]. The logical space of a stabilizer code is determined by a group of

stabilizer operators that leave this space unchanged under their action. Conventionally,

stabilizers are repeatedly measured to ensure that the system remains in a simultaneous

eigenstate of all of them. Over time, changes in the measurement outcomes indicate that

errors have occured in the form of X, Y or Z qubit operators and that anti-commute with

certain stabilizers. These operators are defined in terms of Pauli operators as X = σx,

Y = −iσy and Z = σz.

To take an example, we first consider the logical space of the three-qubit BF code,

which is spanned by |000〉 and |111〉 multiqubit states. These states are stabilized by two
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independent operators, Z1Z2 and Z2Z3. Here, the subscripts refer to physical qubits. As

shown in Table E.1, each single bit-flip error X1, X2 or X3 results in a different measurement

outcome, or error syndrome. Our measurement-free circuit that replaces the conditional

operations with a combination of unitary operations and re-initializations [179] is shown in

Fig. E.2.

In a second example, we consider surface codes, which also utilize stabilizers. Surface

code logical qubits can be arbitrarily large; here we focus on the specific 17-qubit surface

code [189] shown in Fig. E.3, which we refer to as surface-17 code. This is a distance-three

logical qubit with nine data qubits and eight ancilla qubits that correspond to the eight

independent stabilizers. These stabilizers, and logical X and Z operators are listed in Ta-

ble E.2. Eigenstates of the logical Z operator are defined as the logical |0〉 and |1〉 states.

We note that the measurement-free implementations of surface-17 will employ more than

17 qubits but the code will still be referred to as surface-17 as the structure of data qubits

and independent stabilizers do not change. In particular, the measurement-free implemen-

tation of surface-17 that employs 25 qubits should not be confused with surface-25, which

Table E.1: Stabilizers and syndrome values for the three-qubit bit-flip (BF) code. The two
independent stabilizers are given in the first column. Each of the three possible bit-flip errors
(X1,X2 or X3) corresponds to different syndrome, uniquely identifying the error.

Stabilizer Error syndrome

I X1 X2 X3

Z1Z2 0 1 1 0

Z2Z3 0 0 1 1
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refers to a different distance-three surface code that employs 13 data qubits and 12 ancillas

corresponding to 12 independent stabilizers.

In a general surface code, error syndromes cannot be uniquely matched with actual

errors in the system; for a given set of error syndromes, physical error must be determined

probabilistically. In a measurement-based surface code, this is done by storing a full history

of stabilizer measurement outcomes from each error correction cycle, and using a classical

minimum weight perfect matching (MWPM) algorithm [190] to match these syndromes with

the most probable (i.e., the minimum weight) errors [12]. It is important to note that it is

not necessary to correct errors immediately after they are detected. This is because the

recovery operations belong to a Pauli group which is closed under the action of the Clifford

group elements that contain all the gates needed for error correction [191, 178].

Here, motivated by our interest in implementing error correction in experimental systems

with moderate numbers of qubits, we investigate the performance of small surface codes that

are implemented in a measurement-free fashion. As pointed out in Ref. [189], syndrome–

error matching for a small scale, distance-three, surface code is substantially simpler than

for larger codes when only a short history of syndromes is used; in this case, MWPM can be

reduced to the application of few simple rules which we summarize below.
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time steps: 1 2 3 4 5 6 7 8 9 10 11 1 2 3 4 5 6 7 8 9 10 11
d1 • •
d2 • • • •
d3 • •
a1 |0i • • • • • •
a2 |0i • • • • • •
b1 • • |0i • • • •
b2 • • |0i • • • •
c1 |0i • • |0i • • |0i • • |0i • •
c2 |0i |0i • • |0i • •

Figure E.2: The error-extraction and correction circuit for the bit-flip (BF) code, a one-
dimensional surface code that only corrects bit-flip errors. Here, d1, d2 and d3 are data
qubits and the rest are ancillas. The error information is extracted to ancilla pairs {a1,a2}
and {b1,b2} in alternate time cycles, as shown in the figure. (A given cycle corresponds to time
steps 1-11, where a particular step may be comprised of 1-2 gates that can be implemented
simultaneously.) This two-cycle sequence ensures that single-data-qubit errors are always
signaled by exactly two syndromes. A data error on d2 flips both ancilla qubits that interact
with d2 in that cycle. A data error on d1 or d3 flips the pair {a1,b1} or {a2,b2}, respectively.
Using these ancilla pairs as the controls and the relevant data qubits as the targets of the
Toffoli gates, all single bit-flip errors are corrected. Whenever a Toffoli gate corrects an
error, the control qubits must return to state |0〉 so that the matching is perfect, i.e. any
syndrome is associated with at most one error. To do that, for each error-correcting Toffoli
gate we employ another one targeting either c1 or c2 ancilla qubits and use these ancillas
as the control qubits for two CNOT gates whose targets are the two control qubits of the
error-correcting Toffoli gate. The portion of the circuit responsible for perfect matching is
enclosed in the blue box in the figure. Excluding this subcircuit simplifies the QEC procedure
considerably without significantly affecting its ability to correct single errors, as explained
in the Appendix.
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Table E.2: Stabilizers and logical operators for the bit-flip (BF) and surface-17 codes. Stan-
dard operators for the BF code [179] and the surface-17 code of Ref. [189] are also given for
completeness of presentation.

BF code Surface-17

Z stabilizers X stabilizers Z stabilizers

Z1Z2 X2X3 Z1Z4

Z2Z3 X7X8 Z6Z9

X1X2X4X5 Z2Z3Z5Z6

X5X6X8X9 Z4Z5Z7Z8

Logical X Logical Z Logical X Logical Z

X1X2X3 Z1Z2Z3 X3X5X7 Z1Z5Z9

E.3 Measurement-free error correction

E.3.1 Assumptions for quantum dot implementations

We have argued that the measurement-free QEC scheme is appropriate for quantum

dot qubits due to the fact that measurements are relatively slow, and therefore expensive,

while qubit re-initialization is relatively fast, and therefore cheap. We make use of this fact

by using re-initialization repeatedly, and by assuming that the speed of re-initialization is

similar to a unitary gate operation.

In this work, we also make several other assumptions appropriate for quantum dot qubits.

First, to make up for the fact that measurement is expensive, we will assume that adding

additional ancilla qubits to our circuits is relatively cheap. This is motivated by the fact

that quantum dots are considered to be a scalable qubit technology. Second, we note that

long-range couplings between quantum dots are possible, in principle. For example, strong
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coupling between a double quantum dot and a microwave resonator has recently been demon-

strated [192], suggesting that long-range couplings between qubits could be achieved in the

near future. Hence, we assume that two- and three-qubit gates can be implemented natively

in our circuits (i.e., in a single time step), even when the qubits are not in close proximity.

For example, three-qubit Toffoli and controlled-controlled-Z (CCZ) gates play an important

role in our scheme because, as will be explained later, correction of a data qubit error de-

pends on the state of two ancilla qubits. For simplicity here, we further assume that Toffoli

and CCZ gates can be implemented with the same error rate as other gates.

E.3.2 Bit-flip (BF) code

The three-qubit BF code can be seen as an isolated line of three data and two ancilla

qubits in a surface code. Therefore, the strategies developed in this setting can be easily

generalized to more complicated cases, such as the surface-17 code. In this work, we only

apply our error correction methods to logical identity gate operation, not to the logical X

and Z gate operations described in Table E.2.

Below, we describe an error-correction strategy that is fault tolerant against single-qubit

BF errors, including errors on both the data qubits and the ancillas. The method requires

verifying information redundancy in space, as well as over time as our aim is to implement the

conventional surface code error-correction strategy without measurements [12]. The latter

involves storing and comparing syndrome information over consecutive cycles. The BF and
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surface codes considered here both require two time cycles to complete their correction

sequences.

The full error-detection and correction circuit for two consecutive cycles of the BF code is

shown in Fig. E.2. Here, the logical qubit is comprised of three data qubits (d1-d3) and eight

ancillas. As discussed in Sec. E.2, there are two independent stabilizers and the syndrome

information corresponding to each of these stabilizers is extracted to two ancilla qubits (a1,

a2). Since we consider two consecutive time cycles, a separate pair of ancillas (b1, b2) is

required to store the second set of stabilizer information. Note that in the beginning of the

first cycle of the figure, b1 and b2 carry information from the previous time cycle, which is not

shown here. This scheme is different than measurement-based strategies, for which the result

of the syndrome measurement is simply stored in a classical memory. In each cycle, the four

syndromes are compared. If a match occurs, it signifies an error, which is then corrected

by applying Toffoli gates (e.g., at time steps 4 and 8 in the figure). An important point is

that each error syndrome occurs in only one matched pair, which is why such a matching

is called “perfect”. To ensure that the matching signaled by our circuit is “perfect,” any

syndrome information used to correct an error should be removed from the system before

the beginning of the next time cycle. This is done with the help of two additional ancillas (c1

and c2). For each error-correcting Toffoli gate T (e.g., at time step 4) there is another Toffoli

gate T′ (time step 5) that employs the same control qubits but has a c ancilla as its target.

If an error is corrected by T, the c ancilla which is initially in state |0〉, is flipped by T′,

indicating that an error has been corrected. Two additional CNOT gates (time steps 6 and
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7) and a subsequent re-initialization of c1 and c2 use this information to remove syndrome

information from the system, preventing further matching.

The key to the fault tolerance of the above scheme is that no single bit-flip error in either

the data or ancilla qubits can cause a logical error. Using Toffoli gates for error correction

requires having signals from two ancilla qubits. Therefore, for errors to propagate from

ancilla qubits to data qubits at least two ancilla qubits must be flipped. Although there are

cases where a single error can propagate into the two ancilla qubits, they are reset before

being used in a Toffoli gate that can affect the data qubits. For example, an error occuring

on qubit c1 after time step 5 of the first cycle propagates into the qubits a1 and a2 but these

qubits are reset in time step 1 (assuming cyclic repetition) before they can affect d2 in time

step 4.

As indicated by the blue box in Fig. E.2, a large portion of the full circuit is comprised

of the gates that ensure perfect matching. Although perfect matching is necessary to correct

certain error sequences, the additional gate operations it imposes can also introduce addi-

tional errors into the system that suppress the error threshold. It is therefore interesting

to study an alternative QEC circuit with the perfect-matching components removed. We

will discuss the effects of these two approaches (i.e., longer circuit with perfect matching

vs. shorter circuit with imperfect matching) on the performance of the surface code error

correction in Sec. E.5 and explain them in more detail in the Appendix.
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Figure E.3: (a) Architecture of a 17-qubit, distance-three surface code, introduced in
Ref. [189]. Data qubits are denoted by the hollow circles whereas the X and Z syndrome
qubits are denoted by orange (light) and green (dark) solid circles, respectively. (b) Stan-
dard syndrome-extraction circuits for X and Z syndromes, for the qubit orientations shown
on the right. The circuits for the exterior ancillas that have only two neighboring data qubits
involve fewer gates, with the same relative ordering.
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Figure E.4: (a) 29-qubit system for implementing measurement-free error correction of a
distance-three surface code for nine data qubits. The data qubits are denoted as open circles
labeled 1 to 9. These qubits and their error extraction syndromes, X1, ..., X4, Z1, ..., Z4

are present in the measurement-based architecture shown in Fig. E.3(a); twelve additional
ancilla qubits (four c qubits and X̃1, ..., X̃4, Z̃1, ..., Z̃4) are present in the measurement-free
architecture. Syndrome information is extracted into two sets of eight ancilla qubits, S1 =
{X1, ..., X4, Z1, ..., Z4} and S2 = {X̃1, ..., X̃4, Z̃1, ..., Z̃4}, in alternate time cycles. Four ancilla
qubits, denoted as blue filled circles labeled c, are used to remove used syndrome information
from the system. The positions of the qubits in the figure do not necessarily represent the
actual physical geometry, particularly since we have assumed long-distance couplings. (b)
A portion of the circuit used to implement measurement-free X-error correction. Here, the
syndrome has already been extracted and stored on the Z ancilla qubits. Two different
cases are illustrated in the figure. Case 1: if there is an X error on qubit-5, a Toffoli gate
controlled by two Z syndrome qubits from S1 corrects this error. All data qubits that have
two neighboring ancilla qubits, of the same type (i.e., XX or ZZ), in the 17-qubit architecture
are corrected in this way as well. Case 2 (in parentheses): if there is an X error on qubit 1, the
error-correcting Toffoli gate is controlled by one Z syndrome qubit from S1 and one from S2,
corresponding to the syndromes extracted in two consecutive cycles. Other data qubits with
only one neighboring ancilla qubit, of a given type, in the 17-qubit architecture are corrected
in this way as well. The remaining gates remove the used syndrome information from the
ancilla qubits with the help of the c qubits. The Z error correction circuit is analogous, using
X syndrome qubits instead of Z syndrome qubits and CCZ gates instead of Toffoli gates. As
in Fig. E.2, the portion of the circuit in the box is responsible for perfect matching.
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E.3.3 Distance-three surface code

Here we generalize the strategy used for the BF code to the distance-three surface code of

Refs. [189, 193]. A more thorough description of the surface code is presented in [12]. For our

purposes, it is sufficient to note that isolated errors in the code (e.g., bit flips or phase flips)

may be tolerated if they do not affect the topology of the encoded qubit. However, a line of

errors extending across the two-dimensional array does change the topology, and represents

a logical error. Figure E.3(a) shows the architecture of the surface-17 code appropriate

for measurement-based error correction. Here, the 9 data qubits indicated as open circles.

Conventional syndrome extraction is performed on each proximal set of data qubits, as

discussed in Ref. [189], and the resulting syndrome values are stored in the 8 ancilla qubits

indicated as colored circles in Fig. E.3(b). Two types of syndrome protocols (X and Z) are

now required, since the two-dimensional code corrects both bit-flip and phase-flip errors.

The specific circuits needed for syndrome extraction involve CNOT and Hadamard gates, as

shown in Fig. E.3(b). To enable fault-tolerant, measurement-free error correction, we modify

the 17-qubit architecture along the same lines as was done for the BF code. Specifically,

we add eight new ancillas that store the syndrome information from the preceding error

correction cycle. In Fig. E.4(a), the syndromes obtained in different time cycles are indicated

as pairs of filled circles with different labels. Errors are then detected and corrected according

to the following rules:

• If a X(Z) type data error occurs and the erroneous data qubit has two neighboring
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Z(X)-syndrome qubits in the original architecture in Fig. E.3(a), implementation of a

Toffoli (CCZ) gate controlled by those ancillas corrects the error.

• If a X(Z) type data error occurs and the erroneous data qubit has only one neighboring

Z(X)-syndrome qubit in the original architecture in Fig. E.3(a), then error correction

is performed only after the same syndrome is extracted again in the next time cycle.

The correction is performed by applying a Toffoli (CCZ) gate controlled by two an-

cillas storing the syndrome information corresponding to the same stabilizer in two

consecutive cycles.

It is crucial to take into account the history of the syndromes for achieving fault-tolerance.

To see this, consider an X error that occurs on qubit 5 in Fig. E.4(a). Ideally, this causes

the two neighboring Z syndrome qubits to get flipped by two CNOT gates in the syndrome

extraction circuit [Fig. E.3(b)]. However, if the error occurs between the application of these

two CNOT gates, only one of the neighboring Z syndrome qubits will be flipped, falsely

indicating an error on qubit 3. If the error-correction is done based on only this information

(i.e., without comparing information from subsequent time cycles), an X gate will be applied

to qubit 3 to“correct” a non-existing error, which adds a second error to the system. Now,

the errors on qubits 3 and 5 cause qubit-7 to flip on a subsequent time cycle, resulting in

a logical error. Obviously, such a scheme is not fault-tolerant as a single physical error can

result in a logical error. On the other hand, in our circuit no error-correction is performed

based on a single syndrome, as evident by the fact that all error-correcting gates (Toffoli

or CCZ) involve three qubits. Using the circuit of Fig. E.4(b), the error considered above
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would be ignored in the cycle in which it occurs, and it would get corrected in the following

cycle, when both of the two neighboring Z syndrome qubits are flipped.

Once an error is corrected the syndrome information must be removed from the affected

ancillas, as was done for the BF code. To do this we introduce four more ancillas, in

contrast to the two ancillas needed for the BF code, to allow parallel operations to reduce

the circuit depth. In total, this implementation employs 29 qubits. Figure E.4(b) shows the

portion of the circuit that corrects X errors on one of the data qubits (1 or 5) based on the

extracted syndrome in Z1, Z2, Z3, and Z̃3. To implement perfect matching, the syndrome

information is then removed with the help of ancilla qubit c and the gates in the blue box.

Using this scheme, a single error on syndrome qubits cannot affect the data qubits, which

is important for achieving fault-tolerance. Fault-tolerance of the detection portion of the

circuit is discussed in [189]. For the correction portion of the circuit, the discussion in the

previous section also applies to this case, as the correction method is the same.

As noted in Sec. E.3B, the extra gates required by the perfect-matching procedure may

suppress the resulting error threshold. By removing the gates in the blue box of Fig. E.4(b),

the number of qubits required for implementing the surface code is reduced from 29 to 25. In

Sec. E.5 and the Appendix, we perform simulations to investigate both the full and reduced

surface-code circuits.
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E.4 Simulations of algorithm performance

We have checked the performance of the error-correcting algorithms by performing nu-

merical simulations. These simulations use the algorithm developed by Aaronson and Gottes-

man, which evolves stabilizers rather than the full state [194]. Toffoli and CCZ gates are not

in the Clifford group and cannot generally be simulated with this method. However, in our

simulations the control qubits of these gates are always in either |0〉 or |1〉 states. Hence,

they can be“measured” and the gates can be performed in a classical manner, as in [186].

Our error model is composed of four different types of errors:

• Memory errors: after each ideal application of a single-qubit gate (including the iden-

tity), perform a π rotation about the X, Y or Z axis, with each occurring with proba-

bility p/3.

• Two-qubit gate errors: after each ideal application of a two-qubit gate, perform one

of the 15 non-trivial tensor products of X, Y, Z and I, each occurring with probability

p/15.

• Three-qubit gate errors: after each ideal application of a three-qubit gate, perform one

of the 63 non-trivial tensor products of X, Y, Z and I, each occurring with probability

p/63.

• Initialization errors: after an ideal initialization to |0〉, perform an X rotation with

probability p.

We emphasize that all error processes are assumed to occur with equal probability, for the

sake of simplicity. Our method for determining the logical error rate is based on estimating
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the time-to-failure for the error-correction scheme, similar to Refs. [195, 189]. We initialize

our system to the logical |0〉 state and then continue running the simulation with errors

occurring at the physical error rate p, until the system arrives at the logical |1〉. To make

our simulation more efficient, we make the following observation: especially for small values

of p, the simulation involves many cycles in which no error occurs and the the state of the

system remains the same. Instead of simulating the full error-correction circuit for each of

these error-free cycles, we sample how many of them occur consecutively. To do that, we

define P as the probability that no error occurs in a given cycle. Hence,

P = (1− p)N ,

where p is the physical error rate and N is the number of error sites in a cycle. Hence the

probability of having no errors in m− 1 consecutive cycles followed by at least one error in

the mth cycle is

Pm−1(1− P ).

From this, the cumulative probability that the last, and only the last, cycle contains error(s)

among all cycles up to and including mth cycle, where m goes from 1 to n, is calculated as

n∑
m=1

Pm−1(1− P ) = 1− P n,
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and the number of error-free cycles n is sampled as

n =
ln (1− r)

lnP
,

where r is a uniformly distributed random number in [0, 1]. Each time a number n is sampled

at least one error is required to be added to the system. We first determine exactly how

many errors should be added using the conditional probability of having k errors given that

there is at least one error

q(k) =

(
N
k

)
pk(1− p)N−k

1− (1− p)N
.

Then we choose k error sites randomly and apply errors to them. At the end of each cycle

we check whether a logical error has occurred, or and whether the system has returned to

its initial error-free state. If there is a logical error the simulation stops. Alternatively, if the

state is error-free, another number n is sampled and the process described above is repeated.

We have checked the reliability of this method by checking that the results agree with

those obtained by simulating the full evolution (including error-free cycles) of the BF error-

correction circuit in Fig. E.2, which is computationally less demanding than the surface-17

error correction in Fig. E.4.

E.5 Results

The numerical results for the logical-error rate plog as a function of the physical-error

rate p for the BF and surface-17 codes are shown in Fig. E.5(a). The error threshold p
(X)
th is
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Figure E.5: (a) Numerical results for the logical X error rates plog for the 1D BF code (blue
and green lines), and the 2D surface-17 code, (red and orange lines) with measurement-
free QEC and without error correction (black dashed line) as a function of the physical
error rate p. The error threshold value is estimated as the value where the physical error
rate is equal to the logical error rate. For the BF code, pth,1D ≈ 3.2 × 10−3, and for the
2D surface-17 code, pth,2D ≈ 4.2 × 10−5. The simplified circuits for the BF and surface-17
codes, not including perfect matching (green and orange lines) produce higher thresholds
of pth,1D ≈ 2.0 × 10−2. and pth,2D ≈ 1.3 × 10−4. (b) Measurement-based-threshold values,
which were simulated here by using the circuit and look-up-table decoder in Ref. [189], for
surface-17 code at different measurement time/gate time (tm/tg) ratios (blue triangles) in
comparison to the measurement-free threshold (red dashed line). Increasing measurement
time reduces the error threshold as during the measurement of the ancilla qubits, the data
qubits sit idle without protection against errors. When the measurement time vs. gate
time ratio is around 10, measurement-free method produces a better threshold than the
measurement-based method.
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defined as the point where these curves cross the dashed line p = plog shown in Fig. E.5(a) 1.

Based on these simulations, we estimate threshold values for the BF and surface-17 codes to

be 3.2× 10−3 and 4.2× 10−5, respectively. If we remove the portions of the circuit used to

implement perfect matching (i.e., the blue boxes in Fig. E.4 and in Fig. E.2) the thresholds

for the BF and surface-17 codes improve to 2.0 × 10−2 and 1.3 × 10−4, respectively, which

we attribute to the reduced number of error sites in the simpler scheme, and the fact the

simplifications in the circuit do not affect its ability to correct single errors, as discussed

in the Appendix. We note that the threshold values reported here correspond to logical X

errors, which captures only two out of the three possible logical errors (X,Y and Z) that may

occur. In Table E.3, we compare these values to measurement-based results for the same

quantity, obtained elsewhere in the literature.

It is important to note that direct comparisons between different QEC schemes, such

as those presented in Table E.3, can be complicated by the use of different simulation pa-

rameters, such as the logical coding schemes, the error models and the allowed gates. For

instance, the measurement-based and measurement-free thresholds for the BF code are the

same, however, the error model used in Ref. [188] is slightly different model than the one

used in this study.
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Table E.3: Comparison of measurement-free thresholds with measurement-based thresholds.
The measurement-free BF and surface-17 codes studied here yield thresholds about an order
of magnitude lower than their measurement-based counterparts, which we obtain from the
literature. We note that the measurement-based threshold for surface-17 code, reported in
Ref. [189], was obtained using a look-up-table decoder that is based on a short history of
syndromes. It is expected that the threshold obtained with a more sophisticated decoder
would be higher [196].

Code
Measurement-based threshold,
p

(X)
th

Measurement-free threshold,
p

(X)
th

Bit-flip 2.0× 10−2 [188] 2× 10−2

Surface-
17

8.0× 10−4 [189] 1.3× 10−4

E.6 Discussion

We have described a method of implementing low-distance surface codes on physical sys-

tems where measurement times are long but initialization times are short, such as semicon-

ducting quantum dot qubits. In this method, we replace syndrome measurements by a com-

bination of fast re-initialization and unitary gates. We also assume that Toffoli (controlled-

controlled-not) and CCZ (controlled-controlled-Z) gates can be implemented efficiently and

that fast initialization into the |0〉 state is available. The method relies on the idea of storing

and comparing syndrome information from two consecutive error-correction cycles. We have

specifically considered an 11-qubit architecture for a bit-flip (BF) code, and 29 and 25-qubit

architectures for a distance-three surface code that employ this method. We have calculated

1Note that different definitions for the error threshold exist in the literature. For instance, Crow et al.
[186] define threshold as we do here, whereas in Ref. [189] the term pseudothreshold is used, reserving the
term threshold for the asymptotic threshold as the distance of the code goes to infinity.
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the error thresholds for all three of these schemes. A summary of our results along with the

corresponding measurement-based thresholds for comparison is given in Table E.3. We note

that the, measurement-based threshold for the surface-17 code in this table was calculated

using a simplified decoder optimized for limited-memory implementations [189]. It may be

possible to obtain a slightly better threshold for the measurement-based case by using a

more advanced decoder. Indeed, this was found to be true for the surface-25 code [196].

The method we suggest relies on the fact that the matching process can be simplified for

the surface-17 code due to its relatively small size. Although this code is large enough to

demonstrate correction of arbitrary errors, it is not large enough to fault-tolerantly imple-

ment a universal set of logical gates. To use the measurement-free approach to implement

error correction in systems with large numbers of qubits, a creative solution will need to be

developed that obviates the need to implement a large-scale classical matching algorithm

during the error correction process. However, we believe that even in the absence of such a

solution, the method we suggest could be useful for testing the assumptions made for quan-

tum error correction in medium-size experimental systems, before scaling up to the larger

systems needed for large-scale quantum computation.

Our results demonstrate that the error threshold for measurement-free error correction

for the surface code is less than an order of magnitude lower than for measurement-based

schemes. While achieving this threshold will be challenging in the laboratory, the results

obtained here clearly become significant in the limit of long measurement times. To demon-

strate this, in Fig. E.5(b) we show that when the measurement-time is about 10 times the



166

gate time, our method begins producing a higher threshold than the measurement-based

method. Since the fastest quantum dot spin readout to date is about 100 ns [197], while

qubit re-initialization can be as fast as 1 ns [198], measurement-free error correction schemes

are clearly of current interest.

The simulations for this work were performed using the University of Wisconsin Center

for High Throughput Computing. The authors thank Dan Bradley for his technical support,

and M. A. Eriksson, M. Saffman and Yuan-Chi Yang for helpful discussions. The authors

acknowledge support from the Vannevar Bush Faculty Fellowship program sponsored by the

Basic Research Office of the Assistant Secretary of Defense for Research and Engineering

and funded by the Office of Naval Research through grant N00014-15-1-0029.

E.7 Appendix: A comparison of results with and with-

out perfect matching

In this section, we discuss the procedure for removing used syndrome information, which

is done to avoid associating a syndrome with multiple error patterns. Although this step is

crucial for achieving perfect matching in larger surface codes, in the main text we showed

that excluding it actually improves our error threshold. In Fig. E.6, where the three (black)

open circles represent data qubits and the four (red) circles below them represent ancilla

qubits, we show examples related to the BF code to illustrate that this procedure is only

helpful for certain special cases where multiple errors occur, but are not well-separated in
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Figure E.6: Examples showing the effect of removing used syndrome information removal in
the BF code. The three (black) open circles in the top row represent data qubits. The four
(red) circles below the data qubits represent the ancillas, where the middle row corresponds
to the first time cycle, while the bottom row corresponds to the second time cycle. Flipped
ancillas indicating a syndrome signal are filled and errors on data qubits are denoted with
an X. (a) Here we show three different syndrome patterns that trigger different Toffoli gates
to correct corresponding data errors. (b) In the case of a single data error, not removing
used syndrome information is not harmful. For example, if there is an X error in the middle
data qubit there will be two signals in the top row of ancillas, triggering a Toffoli gate that
corrects the error. Even if these signals are not removed from the system, they will not
trigger other Toffoli gates in the next cycle, and in the following cycle they will disappear
completely. (c) We consider a case where errors appear in the middle data qubit in two
consecutive time cycles. The first row shows that if the used information is removed both of
these errors get corrected. In the second row, however, the information is not removed. This
results in signals occurring in all the ancillas in the second cycle, which causes the Toffoli
gates to correct errors in all three data qubits. One of these bit flips corrects the actual
error, while the other two introduce new errors (shown in purple) resulting in signals in all
ancillas in subsequent time cycles. The system then oscillates between having one and two
errors indefinitely, making it vulnerable to errors that may occur in the future.
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time. Eliminating the perfect-matching steps leaves the system unprotected against certain

rare, multiple-error patterns but on the other hand decreases the number of error sites.

Figure E.6(a) shows how we visualize the errors and error signals in this figure, when the

circuit in Fig. E.2 is implemented. Let the data qubits marked by a red X represent bit-

flip errors and let the red filled ancilla qubits represent the error signals that control the

error-correcting Toffoli gates. Here, the top row of the ancillas corresponds to results from

the first time cycle, while the bottom row corresponds to results of the second time cycle.

The three panels indicate that to correct the errors on the right-most and left-most data

qubits, two error-correction cycles are needed whereas to correct an error on the middle

data qubits only one is needed. In Fig. E.6(b), we consider a situation where removal of

the used syndrome information does not benefit us. Specifically, we show three consecutive

error-correction cycles, beginning with a single error on the middle data qubit. This error

can be corrected in the first cycle as there are already two signals. Although there are still

signals in the second cycle, this does not affect data qubits as these signals do not trigger

any Toffoli gates. So, this particular error can be corrected without introducing extra errors

into the system even when the used syndrome information is not removed. It can easily be

seen that this is also the case for the other two possible single data errors. In Fig. E.6(c),

we demonstrate an error pattern for which the removal of the used syndrome information is

beneficial. In this case, errors occur on the middle data qubit in two consecutive cycles. in

the first row, we consider the case where we remove the used syndrome information. Here,

the first and second time cycles do not interfere with each other and both of the errors
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get corrected. In the second row, we consider the same errors in the case where we do not

remove the used syndrome information. Here, the signals in the second cycle trigger all three

Toffoli gates. While one of these gates corrects the actual error, the other two introduce new

errors (indicated by purple X’s) into the data qubits, causing both of the fresh ancillas to

signal on a subsequent time cycle. It is easy to see that, in the absence of subsequent errors

that would disturb the cycle, the system will now remain in a cycle where the four ancillas

repeatedly signal errors and the data qubits oscillate between having one and two errors,

failing to return to the error-free state.
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[157] A. Ghosal, A. D. Güçlü, C. J. Umrigar, D. Ullmo, and H. U. Baranger, “Incipient
wigner localization in circular quantum dots,” Phys. Rev. B, vol. 76, p. 085341, Aug
2007. [Online]. Available: https://link.aps.org/doi/10.1103/PhysRevB.76.085341

[158] I. Shapir, A. Hamo, S. Pecker, C. P. Moca, Ö. Legeza, G. Zarand, and S. Ilani, “Imaging
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