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ABSTRACT

The first chapter of this thesis is the contents of the paper On Mixz-norms and the Rate
of Decay of Correlations, which was published June 2021 in Nonlinearity. There we
explore two quantitative notions of mixing: the decay of correlations and the decay of
the mix-norm — a negative Sobolev norm. The intensity of mixing can be measured
by the rates of decay of these quantities. We show that the mix-norm and correlations
decay at the same rate in the sense that they are Big-O but not Little-O of eachother.
This result bridges the connection between two fields: dynamical systems, where
correlations are commonly used to study mixing in the context of ergodic theory, and
fluid dynamics, where mix-norms are well suited for the partial differential equations
context. The second chapter can be seen as a study of mixing rates in the absence of
a fluid flow wherein we present a preprint of the paper Optimal Spatially Dependent
Diffusion Coefficients under an LP Constraint. We ask what spatially dependent
diffusion coefficients will maximize the rate of convergence to equilibrium of solutions
to the heat equation in inhomogeneous media. We formulate a variational problem for
the optimal spectral gap. We solve a relaxed version of this variational problem which
provides an upper bound for the optimal spectral gap. This solution is characterized

in terms of the extremals of Sobolev and Poincaré type inequalities.



1 ON MIX-NORMS AND THE RATE OF DECAY OF

CORRELATIONS

1.1 Introduction

Consider a spatially-periodic mean-zero function f*(x) = f(¢, ) bounded uniformly
in L?(T9) for all t > 0. For example, f(t,x) might be a solution to the advection-
diffusion equation

af

O u-vf=DAF. (L.1.1)

with f© € L*(T?) and smooth divergence-free velocity field w(t, ). We may also
consider D = 0 in Eq. (1.1.1), in which case it is the transport equation. Another
example, in the context of dynamical systems, is when an initial condition f° € L? is
transported by an area-preserving map M via the transfer operator "™ = f?o ML
Decay of the correlation function Cy(g) = |{f*, g)| as t = oo for observables ¢ in
L*(T%) corresponds to mixing of f! as t — oo [64]. Mathew et al. [50] introduced the
H~'/2 norm as another criterion to quantify mixing, and Lin et al. [40] extended this
to any negative Sobolev (e.g., H~9) norm and showed that correlations decay to zero

if and only if any such “mix-norm” decays to zero. That is,
tli)lg)<ft, g> =0 Ygel’ tlgglont

Hqu = 0, for any ¢ > 0.

Mix-norms are well-suited to quantification of mixing efficiencies [17, 39, 47, 63, 66—

68, 70], to lower bounds on the rate of mixing in general [32, 45, 46], and to analyzing



mixing [48, 49, 52, 71]. Moreover, such negative Sobolev spaces provide a natural
setting for a discussion of enhanced dissipation and relaxation [4, 7, 12-14, 23, 34, 35].
Mathew et al. [50] introduced the mix-norm in the context of spatial averages over
strips, and made the connection to weak convergence (see also [73]).

While mix-norms are well-adapted to the PDE context, correlations and weak
convergence are more commonly studied in the context of ergodic theory. A central
question, then, is the quantitative relationship between the decay rate of correlations
and decay of mix-norms. This is the central focus of this chapter where we will
work in a setting where the evolution of a function f*(x) is given, arising from the
continuous-time solution of a PDE or in discrete times from an iterated map.

When studying a collection of functions converging to zero as t — oo, such as
|(ft, g)| for g € X where X C L? is some Banach space, there are several reasonable

ways to define a rate of decay:

1. We can consider a uniform upper bound [6, 11, 18, 43, 62].

2. We can say that each function is O(p)' where g(¢) is some rate function [72].
This lifts the tail of the rate function by multiplying by a constant that depends

onge X.

3. We can instead lift the tail of the rate function by translation and say that each

function is bounded above by a translation of some rate function [21].

1We say that a(t) = O(b(t)) as t — oo if there are T, M so that |a(t)| < Mb(t) for t > T.
For b(t) > 0, this is equivalent to limsup,_, |a(t)|/b(t) = C € [0,00). Moreover, we say
a(t) = o(b(t)) if C =0.



We summarize as follows (for concreteness, fix some ¢ > 0 and consider X = H9(T%)):

1. Correlations decay at the uniform rate r(t) for g € H? if

[ | < r®)lgllye Vg € H. (1.1.2)

2. Correlations decay at the asymptotic rate o(t) for g € HY if

’<ft, g>‘ = O(p), for each g € H?. (1.1.3)
That is,
: 1(f*, 9)]
hrtri)s;lpw =C, €[0,00). (1.1.4)

3. Correlations decay at the translational rate A(t) for g € H? if for each g € H?

there exists 7, € R such that for all ¢ > 7, we have

[ )] < AE =79l ra - (1.1.5)

From considering duality in Section 1.2, we find that the smallest uniform rate
is the mix-norm || f*||;;—,. Since any uniform rate trivially satisfies the definitions
of asymptotic rate and translational rate, the question is whether there is a o (or
A) that decays faster than || f*||;—,. We answer this question by showing that
we cannot have ¢ = o(||f*||;—,). Similarly, given the additional assumption that

limsup,_,o, A(t — 7)/A(t) is finite, we cannot have XA = o(]| f*|| ;). We remark that



this growth condition on ) is satisfied by power law and exponential functions.?

We prove the above facts by constructing an observable g € H? such that |(f*, g)]
decays arbitrarily closely to the mix-norm. Namely, for any positive h(t) = o(|| f*|| ;-4)
there is a g € H? such that |(f*, ¢)| is Big-O but not Little-O of h. Note that this is
not the same as asymptotic equivalence because the correlation may be much smaller
than h at certain times.

Let P;f' denote the projection of f' onto the Fourier modes I. We say f! is
q-recurrent (otherwise it is g-transient) if there is a finite set I where || Prf*|| -,
is Big-O but not Little-O of || f*||;;—,. Heuristically, in this case, the decay of the
mix-norm is characterized by P;f!. We prove f! is g-recurrent if and only if there
is a g € H? such that |(f", g)| is Big-O but not Little-O of || f*||;-,. Therefore,
g-recurrence is the criterion for the existence of a correlation that obtains the decay
rate of the mix-norm.

In Section 1.2 we introduce the key definitions and main theorems. Section 1.3

contains examples, and Sections 1.4 and 1.5 contains the full proofs of the theorems.

2The growth condition is not satisfied by functions that decay faster than exponentially,
such as A(t) = e~ In this case, ) is not asymptotically equivalent to its own translation:
for large t, we see e~ ("7 = 2T =t 5, o= For \ not satisfying the growth condition,
a translation of A is much larger than a constant multiple of A. If there is a correlation
bounded by a translation of A but not a constant multiple of A, then A\ = o(p).



1.2 Overview

Throughout, it will be more convenient to work with the homogeneous Sobolev spaces
H for o € R. Since the torus T¢ is a compact manifold, Poincaré’s inequality applies
30] so that the H* norm and H® norm are equivalent for mean-zero functions. For

o > 0, the H=® norm is typically defined via the duality equation

1 llye = sup L9
geire 19 g

However, there is an equivalent definition [24] for all « € R. Let fi, = [r f(x) e 2™®* da

denote the Fourier coefficients of f(x). Then

1/2
£l o = (Z ke IkaQ)

k#0

where k% = |k|? = |k | + - - + |ka|*>. We will typically omit the k # 0 under the sum
since fo = 0 for mean-zero functions.

Similarly, correlations have a simple expression. Since the trigonometric functions
{e?™® k1 provide an orthonormal basis for L?(T?), the Fourier transform is a unitary
map to £?(Z%). Therefore the Fourier transform preserves the inner product [24] and

we have Plancherel’s Theorem:
(Fo0) = fuge Vf.geLX T
k

Now say ¢ > 0 and consider g € H? for the rest of this paper. For time-
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Figure 1.1: Plotted above are the mix-norm and correlations with different
choices of g, demonstrating that the mix-norm is the envelope over ‘< ft, g>‘
with ||l g, = 1.

dependent f*(z), the duality equation implies [(f*, g)| < ||/l 7-llgll go for all ¢.

Moreover, fix t =ty and take g with Fourier coefficients
_ -1
gk = [k Fo |- (1.2.1)

Then ||g|| 7, = 1 and Plancherel’s Theorem gives (f, g) = || f*|| ;—,. The correlation
achieves the mix-norm at the time ¢,. Since t, is arbitrary, we see that || f*|| ;- is
the envelope of the set of functions [(f*, g)| with ||g]/;;, = 1, as in Fig. 1.1. This
shows the point-wise smallest uniform rate of decay of correlations, in the sense of
Eq. (1.1.2), is the mix-norm || f*| ;. .

Using only duality, the most that can be said about the relationship between the

rate of decay of a correlation and the rate of decay of the mix-norm is that

11, 9)| = O(|| ]| ;5—a) for each g € HY.

However, each correlation could decay strictly faster than the mix-norm as illus-



trated in Fig. 1.1. We are then led to ask if such a situation is possible.

When is |(ft, g)| = o(||f!]l;—,) for each g € H?? To answer this question, we
must construct functions g € HY such that the correlations |(f*, ¢)| decay as slowly
as possible. To do this, we first classify f! as either g-recurrent or ¢-transient as
follows.

For a set I C Z¢ let

P]ft _ Z fli eQm'm-k:

kel

denote the projection of f* onto the Fourier modes k € I. Then

1Pef e = S k20| 2

kel

measures the amount of mix-norm supported on I. We often refer to this as the
Fourier energy contained in I. This notion of energy is ¢g-dependent, though the ¢

will usually be clear from the context.

Definition 1. We say f! is g-recurrent if there exists a finite set 1 C Z? such that

Pl
limsup—” 1/ HH d

> 0. (1.2.2)
oo [l g

Functions that are not g-recurrent will be called g-transient.

Remark. We emphasize that g-recurrence is a property of f! which encompasses
both the stirring action and the initial condition coupled together. To clarify, in
the context of the advection-diffusion equation (1.1.1), g-recurrence is a property

of a particular realization of w and f° taken together — it is not just a property of



the vector field w. Flows which don’t mix, like w = const., will trivially induce a
g-recurrent trajectory f* for any initial condition and any ¢q. However, this stability
does not hold in general. In Example 2 of Section 1.3, we will see that a given f*
may be g-recurrent for some (larger) values of g and g-transient for other (smaller) g.
Additionally, we will find that a given flow w may induce a g-recurrent evolution f*

for some initial conditions and g-transient for others.

From inequality (1.2.2) and the trivial bound || P;f*|| ;-4 < || f*||l -0 Wwe see that
| Prfi|l o is Big-O but not Little-O of || f*||;—,. Unpacking the definition of limit
supremum offers another interpretation: there exists § > 0 and a sequence t,, — 0o

where

[Prf | grea = || £ || o (1.2.3)

This means that there is at least a ¢ fraction of the mix-norm supported on I at
arbitrarily large times. As time progresses the Fourier energy could move off of I,
but we can always find a future time t,,,1 where a proportion § of the mix-norm
is again on [. In other words, some Fourier energy always returns to populate the
spatial scales in I. In this case, test functions g with coefficients for k € I similar
to that in Eq. (1.2.1) will match well with f* at times ¢,, (after possibly taking a
subsequence) so that in Section 1.4 we can prove the following theorem, a central

result of our paper.

Remark. The case ||f*]|;-, = 0 is degenerate in the context of the advection-
diffusion equation and dynamical systems. In those settings, if the mix-norm is zero

at any finite time it will remain zero for future times. In such a case where f? is
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Figure 1.2: There exists g € H? where }(ft, g>‘ does not decay faster than
S T

eventually zero, the mix-norm and correlations will trivially decay at the same rate,
the zero function. Otherwise, if the mix-norm is nonzero for a sequence t,, — 0o, we
may drop the times where the mix-norm is zero so that || f*||;-, > 0 for all ¢ > 0.
Without loss of generality, to simplify the presentation of our results, we will take

this as an assumption in the theorems below.

Theorem 1. Let f* be a mean-zero function in L*(T?) with || f*||;-, > 0 for all ¢ > 0.

Then f* is g-recurrent if and only if there is a function g € HY such that

t
s L 9)

T > 0.
oo [

Equivalently, there is a function ¢ € HY, a constant ¢ > 0, and a sequence t,,, — 00

where

[ )l = el £ o (1.2.4)



10

Remark. As demonstrated in Fig. 1.2, it is possible that |(f*, ¢g)| is small at times
t # t,, and so we do not show asymptotic equivalence. We interpret our result as
demonstrating that the correlation does not decay asymptotically faster than the
mix-norm in the sense that |(f*, g)| is Big-O but not Little-O of || f*|| ;.. From this
theorem, the answer to our previously posed question ‘when is |(f*, ¢)| = o(|| f*|l ;7-0)

for each g € H97? is exactly when f! is ¢-transient.

This naturally prompts us to ask if f! is g-transient and we carefully choose
g € HY, how slowly can we make |(f*, g)| decay? The following theorem answers this

question.

Theorem 2. Let f* be a mean-zero function in L*(T9) with || f!||;—, > 0 for all
t > 0. For any positive function h(t) such that h(t) = o(|| f*|| ;-¢), there is a function
g € H such that

(f*, 9)]

lim sup ————=— > 0.

Remark. Theorems 1 and 2 do not require f! to be bounded uniformly in L?(T¢)
in time, nor for the mix-norm to decay to zero. Additionally, Theorem 2 is valid

whether f! is g-recurrent or g-transient.

The proof of Theorem 2 is deferred until Section 1.5, but we present the idea
behind the proof now. If f! is g-recurrent, then the proof is accomplished by a result
similar to Theorem 1. For ¢-transient functions, the proof relies on the construction
of sets I,,, and times t,, satisfying certain properties, the first being that we want
the finite disjoint sets I,, € Z? to capture a large amount of the Fourier energy at

time ¢,,. We can do this since g-transience ensures that we can wait for the next
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time t,,,1 where a proportion of the Fourier energy moves off of I,,, and never comes
back. Then by choosing the Fourier coefficients of g on I,,, to agree with f* at time
tm, we can guarantee that |[(f*, g)| will be large at time ¢,,. Hence, the function g in

Theorem 2 which gives the slowly decaying |(f*, ¢)| has Fourier coefficients

Fk 2 ol hltn), K € L

0, otherwise;

where I,,, are disjoint and || Py, ' || ;—, captures a nonzero proportion of h(t,,), similar
to inequality (1.2.3). These coefficients are similar to those of Eq. (1.2.1) except with
an extra factor of h/|| f||;-,. This factor is needed so that we can satisfy the second
property we require from the sets [,,, and times t,,: by taking a subsequence, we can
use the fact that h(t) = o(|| f*|| z-.) to make the g decay fast enough as k — oo to
have g € H?. Hence, although correlations may not achieve the decay rate of the
mix-norm, they may achieve the decay rate of h.

These theorems allow us to show the result outlined in the introduction. The
following corollary reveals it is not possible to find a ¢ or A (under a given growth

condition) that is Little-O of the mix-norm.
Corollary 1.

1. For any p satisfying Eq. (1.1.3), we have

t
lim sup o(t) > 0.

t=oo || f* s
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2. For A satisfying Eq. (1.1.5) and limsup,_, . A(t — 7)/A(¢) finite for any 7 € R,
we have
Alt)

limsup ———— > 0.
oo [l g

Proof of Corollary 1. Seeking contradiction we suppose there is a o(t) satisfying
Eq. (1.1.3) such that o(t) = o(|| f*|| 5—.). Choosing h(t) = \/o(t)|| ft|| -4, the geomet-

ric mean of ¢ and the mix-norm, we see

h [ e
limsup ———— = limsup , /——— =0. (1.2.6)
twoo [f'llg-a tmoo VIl

Then Theorem 2 assures there is a ¢ € HY with

¢
lim sup —|<f . 9)|

>0.
t—o0 h

Then we have arrived at a contradiction:

t t

t—o0 t—o0 Q t—o0

since limsup,_, . |[(f*, ¢)|/o is finite by Eq. (1.1.3) and limsup,_,. o/h = 0 as in
Eq. (1.2.6).
A similar argument gives us the second half of the corollary. In this case choose

h(t) = /A@®)| f]l z-« and apply Theorem 2 to produce a test function g which comes

with a 7, from Eq. (1.1.5). Then we have another contradiction:

(/5 9 At)

, : 1ol . At —1) .
lim sup —4———=— < limsup ———~ - limsup ————=% - limsup —= =0
el () T et A=) el B h(e)
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Figure 1.3: The baker’s map.
since lim sup,_, . A(t — 7,)/A(t) is finite by hypothesis. O

In Section 1.3 we present an example of a g-transient function and alter it to
send energy down the spectrum less efficiently, resulting in ¢-recurrence for a range
of q. We then include diffusion at every time step, demonstrating a transition to
g-recurrence for all ¢ > 0. We include a numerical example and provide intuition
about how to recognize when f! is g-recurrent. Finally, we prove the theorems in

generality in Sections 1.4 and 1.5.

1.3 Examples

Example 1 (baker’s map and g-transience). Let B be the baker’s map, the area
preserving transformation of the domain [0, 1]? as pictured in Fig. 1.3. For the y-
independent initial function fO(x,y) = 2cos(27x) , applying the baker’s map simply
doubles the frequency in the x direction. After n applications of the baker’s map we
have f* = f0o B™ = 2cos(27 2"x). As a result, the Fourier coefficients have the

simple expression

1 ]{Z1:2n,]€2:0;

0 otherwise.
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This is a one dimensional action on Fourier coefficients f;! = f}! ; via an infinite

dimensional matrix Ay, as

ntl ZAW fr (1.3.1)
y4
where

1 23 4...
1
1 2
3
1 4
(Are) = 5
1 6
7
1 8

is populated by 1’s along a subdiagonal of slope —2 and 0’s everywhere else.
The entire mix-norm is supported on just one Fourier mode and given any finite
set I € Z4, it is clear that, as n increases, the Fourier energy will move off of I and

never return. Therefore f" is g-transient Vq > 0. A

Example 2 (baker-like action and g-recurrence). We now alter the previous example
so that the energy of f™ is sent down the spectrum less effectively, the result being

a g-recurrent function (if ¢ is large enough). This time, consider the action on the
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Fourier coefficients of f™(x) as in Eq. (1.3.1) via the infinite dimensional matrix

1 2 3 4...
a 1
b 2
3
B 1 4
(Akg) = 5
1 6
7
1 8

where a,b > 0 are constants such that a? 4+ v = 1.

Remark. It is not evident that the current example is still a dynamical systems
example. That is, we do not know that there is a map T : [0,1]¢ — [0,1]¢ so that
frtt=froT and f{ =Y, A 1. Moreover, such a map might not be injective,
surjective, or unique. For example, B~! from the previous example is not injective
when thought of as a map on [0, 1], but it is when we allow it to move through
another dimension (d = 2). For the present example, taking a,b = v/2/2, the initial
function fO(z) = 2cos(2nz) is transformed to f!(x) = v/2(acos(27x) + bcos(4rr))
after one time step. Since the range of f° and f! are not the same set, any such T
cannot be surjective. In this example, we see the map is also not measure preserving.
Lastly, if f™ is constant, then T" can be any map. These caveats notwithstanding, we
consider the current example as a study of possible ways for energy to move down

the spectrum and proceed with an analysis.

We show the coefficients of f™ for initial function f°(z) = 2cos(27rx) in Table 1.1.
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k=1 2 3 4 5 6 7 8
0
1
k
,i a b
f,? a® ab b
f,? ad a’b ab b

Table 1.1: Nonvanishing Fourier coefficients of f™ defined by Eq. (1.3.1), for

fO(x) = 2cos(27z).
Heuristically, the energy starts concentrated on the £ = 1 mode and subsequently
splits between modes k = 1,2 so that L? norm is preserved. After that the k = 1
mode continues to donate a proportion b of its energy to k = 2 and the energy on
k = 2 is transported down the spectrum at the same rate as the baker’s map (k = 2").

Notice that f" is mean-zero because it is the finite sum of cosine functions with

full period. We can compute the L? norm and find || f"||,» = 1 Vn. Hence Ay is a
unitary map on ¢? by the polarization identity. Therefore f™ is bounded uniformly in
L? and so f" satisfies the hypothesis of the theorems in Section 1.2.

Consider the contribution to the mix-norm from mode k =1

P = 1P f e = D KT P = A = 0™
k=1
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and compare it to the contributions from modes k > 1 (a geometric sum):

Eroy = 1Pus1 f 5 = > k72| f7)

k>1

Cqa(a®™ —272") for a # 271
b? a®'n, for a = 279,

where
bQ
Cqa = 2224 — 1’
For a > 279, we see that £ ~ &£]'.; as n — oo and the mode k£ = 1 captures a non-zero
proportion of the mix-norm for arbitrarily large n. Therefore f" is g-recurrent for
q > logy(1/a).
For a < 279, &' = o(&].,) so the mode k = 1 does not capture a non-zero
proportion of the mix-norm for arbitrarily large n. This suggests that " is ¢-

transient for ¢ < log,(1/a). To prove g-transience, we need to show the same holds

for an arbitrary finite set I. Take I = [O, 2R] for some R € IN. For n > R,

prfnui'{—q = CRyg,a a2n

where
1+ cq’a(l — a‘2R2_2qR), for a # 279
CR,qa =

1+ VR, for a =271
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and we conclude that

71 _

3 % o CR7Q7Q(1 + Cq,a) ) for a > 2 q;
n—00 n||2 -

1 0 g

Therefore f™ is g-transient for ¢ < log,(1/a) and g-recurrent for ¢ > logy(1/a). 4

Remark. In the above example, an initial function with f{ = 0 has a trajectory f"
that is ¢-transient. This is because the coefficients do not see the alterations we have
made to the baker’s map and are sent down the spectrum at the same rate as the
baker’s map (k = 2"). We emphasize that g-recurrence is a property of a particular
realization of the flow and initial condition taken together — a given flow may induce

a g-recurrent evolution f! for some initial conditions and g-transient for others.

Example 3 (baker-like action with diffusion). We use the same matrix Ay and

initial condition as in Example 2 but now we also include diffusion. Without diffusion

the conclusion from the previous section was that f” is ¢-recurrent if ¢ was large

enough. We now show that with diffusion, f™ is g-recurrent for all ¢. Along the way,

we show the rate of decay of the Sobolev norm || f"|| s is independent of 8 € R.
Let

Ve = exp(—r(2mk)?) (1.3.2)

and update the Fourier coefficients according to

= Z A f7 (1.3.3)
0
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k=1 2 3 4 5 6 7 8
011
t | am b2
fEla*d  amby by274
2| a3 a*77bya ay1by274 by2y4Y8

Table 1.2: Nonvanishing Fourier coefficients of f™ defined by Eq. (1.3.3), for
fO(x) = 2cos(27z).
where ZM is the matrix defined in Example 2. This matrix multiplication will result
in pulsed diffusion with diffusion constant k. We display the coefficients of f" in
Table 1.2.

The amount of mix-norm found on mode k = 1,

P = 1P f e = D KPIAE = 1A = (am)™, (1.3.4)
k=1

is asymptotically equivalent to the amount found on modes k& > 1 because

Eion = 1Pt "5 = D K| £71

k>1

=3"@9% ((a)" b TTe_y3:)’
/=1

= (am)* Y (29% ((am) b T 700)°

(=1

where the factor

_ 2
Cn,ﬁ,a,;—g = Z(zz)2ﬁ((a’}/1> Zb Hizlf}?s) (135)
=1
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limits to a finite constant cg, . as n — co. We see that ¢, g, . converges since the

factor

Yor = exp(—r(272°)?) (1.3.6)

dominates the terms in the sum to render the sum convergent. Lastly, notice that
CBax — 00 as B — oo or a — 0. We conclude that f™ is g-recurrent for all ¢ € R

and, moreover, that all of the Sobolev norms decay at the same rate. A

Example 4 (Toral automorphisms and a g-recurrent trajectory). In this example,
for any for ¢ > 0, we construct an initial condition so that the evolution under a toral

automorphism is g-recurrent. A toral automorphism is a map of the form
o(x) = Az (mod Z?), (1.3.7)

where A € SLy(7Z) is an integer-valued 2 x 2 matrix with determinant 1 such as

A= . (1.3.8)

The evolution of an initial function f°(x) € L?(T?) under this map is given by
f*(x) = f°(A"x). Toral automorphisms and their mixing properties are well studied,

see for example Sturman et al. [64]. The current presentation is inspired by the recent
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work of Feng and Iyer [23]. Since A is determinant 1,

f,i:/w e~ 2@k f1(g) da (1.3.9)
= /T 2 e 2k (0 Ax) da (1.3.10)
:/T2 e 2mATIYE 104 dy (1.3.11)
_ T262”iy'<A_l)T’“f0(y)dy (1.3.12)
= 1% . (1.3.13)

where B = (A™!)T. We conclude that the Fourier coefficients of f™ transform as

fi = B (1.3.14)

Suppose B € SLy(Z) satisfies the following conditions.
(C1) No eigenvalue of B is a root of unity,
(C2) and the characteristic polynomial of B is irreducible over Q.

Condition (C1) and det(B) = 1 imply |A;| > 1 > |A3] > 0. Therefore, there is an
expanding eigendirection and a shrinking eigendirection in C?. As a consequence,
from Eq. (1.3.14), we see that the Fourier coefficients of the initial condition are
shuffled hyperbolically.

Toral automorphisms under conditions (C1) and (C2) are known to be expo-
nentially mixing [23]. We construct an initial condition (depending on ¢ > 0) with

Fourier coefficients aligned with the shrinking direction so that enough energy is
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injected to low-frequency modes and the resulting trajectory is g-recurrent. This
example demonstrates that we may observe a g-recurrent trajectory even if the flow
is an efficient mixer with an exponential mixing rate. In other words, ¢g-recurrence
does not a priori imply slow mixing.

We proceed with constructing the initial condition. Feng and Iyer [23] prove the
following Lemma which guarantees every nonzero element of Z? will have nonzero

component in each eigendirection.

Lemma 1. Suppose B € SLy(Z) satisfies assumptions (C1) and (C2). There exists

a basis {v1,vs} of C? such that the following hold:
1. Fach v; is an eigenvector of B.

2. If k€ Z*\ 0, and a,b € C are such that

k = av, + bvy, (1.3.15)

then we must have

lab] > 1. (1.3.16)

We take v; to be the eigenvector with eigenvalue \;, where we have |A;| > 1 >
[A2] > 0 . We say v, is the expanding direction and v, is the shrinking direction.
The wv; are linearly independent since B is determinant 1, and so we may write
e; = av; + bvy, where e; = (1,0)T. Let Zio denote the set of positive integers

{1,2,3,...}. Consider the (forward and backwards) orbit of e; under B with step
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size M € Zi~q given by
k,, = B™Me, for m € Z. (1.3.17)

Lemma 1 guarantees that e, and therefore k,,,, will have a nonzero component in the
direction of v;. As a result, as m — oo, k,, will expand in the direction of v at a rate
of [A;|™. Similarly, notice that B~! has eigenvectors v; with eigenvalues f1; = 1/);.
Therefore B~! has expanding eigendirection v,. Additionally, B is determinate 1 and
so A\1As = 1. We see that, as m — —oo, k,, will grow in the direction of vy at a rate
of |1/Aa|™ = |\ |™™ . We may therefore approximate k,, in the following way.

Lemma 1 implies |a| > 0 and so for m > 1 we have
k., = a\"Mvu; + b\ M v, 2 aAMy, (1.3.18)
Let My € Zi~ be large enough so that for M > M; and m > 1 we have
L P o] < [l < 2laf P o] (1.3.19)
Similarly, || > 0 and so for m < —1 we have

km = G(A_l) V1 + b(/\—2> (%) MAN>;1 b <)\—2) Uy = b/\l Uy . (1320)

There is My € Z~( large enough so that for M > Ms; and m < —1 we have

14

T Pl M o] < | < 200] o)™ s (13.21)
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Notice that in the case m = 0, the magnitude of k,, is known: |ko| = 1. As
a result, we have the following general bound. Let M = max(M;, M;) and take

C' = max(2|avy|, 2|bve|, 2/|avy]|, 2/|bvy|, 1). For all m € Z we have the bound
1
5|A1|'m'M < k| < C|A ™ (1.3.22)

We take the initial condition to be the function with the following Fourier coeffi-

cients

A\ |7 if k = K, for some m >0,
£ = (1.3.23)

0 otherwise,

where the parameter « is some constant greater than zero. Notice that f° € L*(T?)

for aw > 0 since

1015 = D Il £2I2 (1.3.24)
k
= (1.3.25)
m>0
<00 ifa>0. (1.3.26)

We will now show that f" is g-recurrent for ¢ large enough. Using Eq. (1.3.14),
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we see that the contribution to the mix-norm from mode ky = e; at time t = nM is

2

1Precer ™ [0 = D 1177 12 (13.27)
k=e1

= | forp? (1.3.28)

= | fSie, | (1.3.29)

= (1.3.30)

= M7 (1.3.31)

We now compare this to the decay rate of the mix-norm. We proceed by bounding

the mix-norm from above at time t = nM. Using Eq. (1.3.14) we have

Lm0 = Sl 2 | (1.3.32)
= Z|k’_2q‘f]gnwfk|2- (1.3.33)

Notice that B"Mk = k,, when k = B~"Mk,, = B~"MB™Me, =k, .. We have

177 e = 32 Vel 1112,

m>0
2|q| [m—n| M —2 —2am
<cfy (1Ml Al
m>0
2 — (n—m)M —2 —2am 2 (m—n)M —2 —2am
D Bl N I P eyl S (Pt B Y
m=0 m>n

n—1
_ CQ\q| Z|)\1|72q(n7m)M72am + CZ\q\ Z |)\1|72q(m7n)M72am
m=0

m>n
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n—1
— O2\q| |/\1 |—2an Z |>\1|2qu_20”” + C2|q\ |)\1|2an Z |/\1 |—2qu—2am

m=0 m>n
n—1

= C2lal) ) |2 Z <‘)\1‘2(qM—a)>m + o2l |y, [P Z (|)\1|—2(qM+a))m
m=0 m2>n

1— <|)\1|2(qu04)>

1— ’)\1’2(qM—a)

<|)\1 |72(qM+a)> n

__ 2]q| —2gnM
_O |A1| 1 |>\1|—2(qM+Ot)

+ C2Iq\|)\1|2an

= [\ " e(n)

where

—2(gM —« n
(’)\1’ (q )) 1 1

+
1— |)\1|2(qM—a) 1— |)\1|—2(qM+oa)

c(n) = C?ld (1.3.34)
Notice that ¢(n) converges to a finite constant as n — oo if and only if (¢M — «) > 0.
We conclude that f™ is g-recurrent for ¢ > «/M. Since a was an arbitrary constant
greater than zero and independent of M, we conclude that for any ¢ > 0 there is an

initial condition f° so that the trajectory f™ is g-recurrent.

A

Example 5 (sine flow). Lastly we consider a computational example, the random
sine flow, which is a simple model flow that is empirically quite efficient at mixing
[61, 68]. The sine flow is a two-dimensional time-periodic flow with a full period

consisting of the shear flow

wy(t,z) = v2(0, sin(2rz + 1)),  0<t<1/2, (1.3.35a)
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H ™7 norm

Figure 1.4: For the advection-diffusion equation (1.1.1) with u given by the
random sine flow (1.3.35), the rate of decay of the mix-norms is independent of
q. The initial condition is f(x) = v/2 cos(2nz), and the diffusivity is D = 1075.

followed by

us(t,y) = V2 (sin(2my +40), 0),  1/2<t <1, (1.3.35b)

with (z,y) € [0,1]* and periodic spatial boundary conditions. Here v, and v are
random phases, uniformly distributed in [0, 27], chosen independently at every period.
Unlike the pulsed diffusion in Example 3, diffusion acts continuously by solving the
advection—diffusion equation (1.1.1) with diffusivity D = 10~°. We display || f*|| ;-4
for various ¢ in Fig. 1.4, for initial condition f°(z) = v/2 cos(27z), and observe that

the mix-norms all decay at the same rate, at least within numerical fluctuations. A

In general, if f! is g-recurrent then the decay rate of the mix-norm is independent
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of ¢ in the following sense:

Theorem 3. If f!is g-recurrent, then it is also ¢’-recurrent for any ¢’ > ¢. Moreover,
we have

t - !
limsup”jjjﬁ > 0.
t=oo [/ fr-a

Then together with the trivial estimate

TN PR T P (1.3.36)

we conclude that || f*|| ;-4 is Big-O but not Little-O of || f*|| ;;—,-

Proof. Since f!is g-recurrent, there is a finite set I such that

1P f W s

0<li . 1.3.37
RS (1337

Say I C [—R, R] for some R € N. Then
P2y s < RO B (1335

Putting together Eqgs. (1.3.36) to (1.3.38) we obtain

1P f N o

0 < R~ limsup 7 .
H-

We conclude f* is ¢/-recurrent. Moreover, the trivial estimate || Prf*|| -0 < || £l -«

together with Eqgs. (1.3.37) and (1.3.38) imply
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11—

0 < RY~9 limsup 7l )
H-4q

(1.3.39)
0

One question for further investigation is whether a converse to the above theorem
exists. That is, can we conclude f*is g-recurrent for a range of ¢ if the mix-norms
decay at the same rate for the those ¢? Another question concerns the transition
from g-transient to g-recurrent when including pulsed diffusion. Does ¢-recurrence

imply an introduction of the Batchelor scale and anomalous dissipation [5, 52, 53]7

1.4 Proof of Theorem 1

We begin by generalizing the definition of g-recurrent functions to the notion of

‘(q, h)-recurrent’ functions.

Definition 2. For positive functions h(t), we say f* is (g, h)-recurrent if there exists

a finite set I C Z% such that

lim sup > 0. (1.4.1)

1P f s
t—00 h

Functions that are not (g, h)-recurrent are called (g, h)-transient.

Lemma 2. If f' is (¢, h)-recurrent, then there is a function g € H9 such that

t
msup [0

> 0.
t—o00 h
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Moreover, g € H? for any f € R with

lgllZs =2 k. (1.4.2)

kel

Proof. There exists a constant ¢ > 0 and a sequence of times ¢,, — oo where

D IR P R = AR (t). (1.4.3)
kel
Recall the signum function
1, >0;
sgnr = (1.4.4)
-1, = <0.

Now notice that for each fixed time t,,, { i }rer is a list of |I| numbers in C. Write
fom = agr + ibym where aj* and by are real. Then f;™ is found in one of the four
quadrants of the complex plane, depending on the two possibilities for sgn aj™ and
two possibilities for sgn b, Thus, {fi" }rer has 417l possible states. Since we have
an infinite sequence of times ¢,,, one of these states must occur infinitely many times.
By taking a subsequence t,,,, we can ensure { f,im‘}ke 7 is the same state for all /. Let

£

{(ck, dg) }rer encode this state, meaning that ¢, = sgn a:" and di = sgn b:"f for all

¢. We see that a:”’“’ Cp = ‘al,;m‘| and b;me dy, = ’b;m"} for all ¢. Let

(cr +ide)k™9, k€ I;

Ik (1.4.5)

0, otherwise.
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Notice that g € H? because

Il = 3 lgel? k2 = S (lewl? + |22 = 23" k2079 < 00 (1.46)

kel kel

since [ is a finite set. We have

Z tmz gk = Z( by + 1b m£>(6k — de) k™4

kel
tm, tm, (1 tm, tm, —q
= Z(ak ek + by “dy +z(bk Cl — Qy dk>> k
kel
= Sl e (e ae)) 1
kel

We conclude that

(e, g)] = Re Y £ G
= > (Ja |+ )

kel

> Sy e+ o e

kel

:Zf

kel

tm,

9

as desired. Lastly, we use dominance of £* by ¢! together with Eq. (1.4.3) to conclude

‘<fth’ g>| ZCh(tmz)avmf- ]

Lemma 2 characterizes the behavior of (g, h)-recurrent functions. We now develop

the tool we need to further analyze (g, h)-transient functions.
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Lemma 3. Let f* be (g, h)-transient for some positive h = O(|| f*|| ;-4). For any o
with 0 < 0 < 1, there exist sets [; = {k|Ji_1 < |k| < J;} with J; = —1 and a

sequence of times T; — oo satisfying the following.

(i). The set I; captures a significant proportion of the Fourier energy at time T;, so
that

k> (1—6)|| " (1.4.7)

2
H-a°

>olh

kel;

(ii). Enough of the Fourier energy does not return to lower frequency modes, so that

S PR <SR (E) for all £ > T, (1.4.8)

|k|<Ji1

Proof. Base case: i = 1. Since (by definition of absolute convergence)

Tim >[R[ (1.4.9)
|k|<J
there is a .J; such that
SR E = =), (1.4.10)
|k|<J1

We see I) = {k|Jy < |k| < J1} where Jy = —1 and T} = 0 therefore trivially satisfy

Egs. (1.4.7) and (1.4.8).

Induction step: Suppose that we are given J;_, J;_1 and T;_; that satisfy Eqs. (1.4.7)

and (1.4.8). Since h = O(||f*|| -4), there is a ¢ > 0 and a time T so that h(t) <
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cllf o VE 2T,

Recall that f* is (g, h)-transient and so, for any finite set I,

Prft| -
lim sup % = 0. (1.4.11)

t—o00

That is, given finite set I, then for any constant € there is 7, so that

STIA R < eh?(t) for all £ > T, (1.4.12)

kel

Take I = {k s.t. |k| < J;_1} and € = min(d,5/c?) . We conclude that there exists

T; with T; > T;_1 + 1 and T; > T such that Eq. (1.4.8) is satisfied. Moreover, we have

STORE R < (5/E2) WA(T) < 6| £ - (1.4.13)
[k|<Ji—1
Hence,
ST R S = 0)| 7. (1.4.14)
|k|>J;—1
That is,
Tm > [RE R = (1.4.15)

Jia<lk|<J
where C' > (1 — §). From the definition of the limit, it follows that there is a J; large

enough so that for I; = {k|Ji—1 < |k| < J;} we have

(1.4.16)

2
H—a

STIRPE > (1 -6)|| "

kefi
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which is Eq. (1.4.7). O

Having developed all of the tools we will need, we now prove Theorem 1 and, in

the next section, Theorem 2.

Theorem 1. Let f* be a mean-zero function in L*(T?) with || f*||;-, > 0 for all £ > 0.

Then f* is g-recurrent if and only if there is a function ¢ € H? such that

t
s L 9)

T > 0.
oo |1l

Proof. The forward direction is a special case of Lemma 2 with h(t) = || ]| y—.. We
assume f! is g-transient and show (f*, g) = o(||f*|| ;_,) for all g € H?. We already
know (£, ) = O(f"l3-) for all g € A%, 50

t
fmeup [+ 9)
e 1 s

< oo, Yge H (1.4.17)

Seeking a contradiction, we suppose there exists a ¢ € H? such that

t
limsup 9 _ oo (1.4.18)

t=oo [l

There is a sequence ¢, — oo such that

C
[ = S g 0 (1.4.19)

We will show that Eq. (1.4.19) implies that the Fourier coefficients of ¢ decay

too slowly for g to be in H9. Since ¢ € H?, we can choose ¢ small enough that
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Applying Lemma 3 with h(t) = || f*|| -, there exist sets I; = {k| Ji_1 < |k| < J;}

and a sequence of times 7; — oo (without loss of generality, say that {T;} is a

subsequence of {t,} above) such that we have Egs. (1.4.7) and (1.4.8). Equation (1.4.7)

implies

< g

2
H-a°

PR

|k[>J;

Note that

(", 9) :ZkaTi Ik

§>1 kel

:kaTi g+ F

kel

and we can bound the error using the Cauchy—Schwarz inequality

1/2 1/2

E = kaT Gk < Z|fkT P Zlgk!2 ke

k¢, ke, keI,

Applying Eq. (1.4.7) of Lemma 3, we have

|E| < V6| /"

H*q”g”Hq .

and therefore

V"

(9l =

H—a HgHHq .

> fataw

kel;

(1.4.20)

(1.4.21)

(1.4.22)

(1.4.23)

(1.4.24)



Putting together Eqgs. (1.4.19) and (1.4.24), we have

(5 = Valall )|

Since ¢ € H?, we can choose ¢ small enough that

. < kaTiQk-

kel;

C
oi= (g = Vil ) > 0.
Applying Cauchy—Schwarz to the right-hand side of Eq. (1.4.25) we have

1/2 1/2
s (e (gmee)
kel kel;

Co

1/2
2
< | HQ<Z|gk| k) .
kcl;
Therefore
S lol k1> €2, Vi
kel;

This shows that the coefficients of g are large on sets I; and we have

gl =D lowl* k2 > 202

i kel;

We conclude that ¢ is not in H? — a contradiction.

36

(1.4.25)

(1.4.26)

(1.4.27)

(1.4.28)

(1.4.29)

(1.4.30)
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1.5 Proof of Theorem 2

Theorem 2. Let f! be a mean-zero function in L?(T?) with [|f!||,;-, > 0 for all
t > 0. For any positive function h(t) such that h(t) = o(|| f*|| 5-.), there is a function
g € H? such that

(/" 9l

li = > 0.
e ()

Proof of Theorem 2. If f'is (¢, h)-recurrent, then we are done by Lemma 2, so say f*
is (¢, h)-transient. Take some ¢ < 1/3 and apply Lemma 3 to construct sets {I;},—,

and a sequence {T;};-,. Let {T},},2, be a subsequence of {T;};-, satisfying

T, 2 < 62 (—h(Ti ) )2. 1.5.1
Z>ZL<HfTiZ Hq) a (A - (1.5-1)

> (Mﬁ#) < 6. (1.5.2)

H—a

and

This can be done since h(t) = o(||f"||z-.)- Let g be the function with Fourier
coefficients given by
Il V] PRI o

Ik = (1.5.3)
0 otherwise.
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Eq. (1.5.2) allows us to conclude that g € H:

gl Fe = lgel” k>
=3 2|

ie kel

B ZHfTiZ H;l_th(ﬂe) (Z )fkTiZ i k2q)
& kel;,

<SR,
iy

| AT

We will now finish the proof by showing ‘(fTiz , g>| > (1—30) h(T;,). We begin

with some notation. Split the following sum into two parts:

(P, gy = S0 S g g 2 )

je kelj,

= ST, + ETie’

where ST is the sum when j, = i,

ST =" 5" f ke || T

Je=ig kel;,

- > |

kGIie

2 2 T 1|—2
R e e (T,
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and ETu is the sum over j, # i,

T; -2
EEDIDIEANAL S Vi PTCH) (15.4)
][757,[ kEIM
The idea is that g is constructed to agree well with fk” when k € I;,. We will
show that ST# dominates the error Ei. Consider j, < i, and j, > i, separately

in Eq. (1.5.4); taking absolute value, we have

KIED D W1 TS Rl T PRI (1.55)
JeFie k€T,
and let Ef” be the sum over j, < iy:
Bl — Z Z ‘fgig Tig| 1.—2a Hfm”;_q h(T},) . (1.5.6)

Je<ip keljz

Similarly define Eg” to be the sum over j, > i;:

foel k

Egiz — Z Z ‘f}?é

Je>ig kelj,

e (T (1.5.7)
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We now bound ElT " using the Cauchy-Schwarz inequality:

1/2 1/2

ZEE DD NS ol B DI Ml T PR

Je<ig kEIjl Je<ip kEI-

) 1/2
S S| (Zufwm )

Je<ig keljl Je<tg

IN

We use Eq. (1.4.8) from Lemma 3 to bound the first factor and Eq. (1.5.2) to bound
the second factor:

By < (0h(T;,))"*(6)"% = 6 h(Ty,). (15.8)

We similarly bound E, *:

1/2 1/2

B [ s ) (2 S e, v

Je>tp kEIjZ Je>tg kiEIje

S 0 >)m.

Je>1e

Using Eq. (1.5.1), we find

1/2

52 (M) =0 h(T;,) (1.5.9)

Byt < 7
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and therefore

<fTi/z , g> = S7i, + ETi
> STil _ Efiz _ Egie

> 5T 6 W(T,,) — 8 h(T3,).

Again using Eq. (1.4.7) from Lemma 3 that the set I;, captures a large proportion of

the Sobolev norm, we conclude

(570 0) 2 (= | |7 5 1) 25 ()

= (1 - 36) h(ﬂ/)

This article has been reproduced with permission. 3

3@© IOP Publishing. Reproduced with permission. All rights reserved.
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2 OPTIMAL SPATIALLY DEPENDENT DIFFUSION

COEFFICIENTS UNDER AN L” CONSTRAINT

2.1 Introduction

In this chapter, we consider the problem of choosing spatially dependent coefficients
D; ;(x) that maximize the rate of convergence to equilibrium of solutions to the heat

equation in inhomogeneous media [16, 69]

%e—v-(mve) =0 inQ. (2.1.1)

This requires us to maximize the spectral gap of the corresponding elliptic operator.
Indeed, optimal control of coefficients of elliptic operators is well-studied, see [8,
31, 33, 36, 42, 44] and the references there. Applications include optimal design in
conductivity of composite materials [1, 15, 55]. The problem of optimal diffusion
processes in stochastic differential equations has been studied by Jafarizadeh [33] in
the n = 1 case with L' norm constraint on D(z) and Biswal et al. [8] in the n = 2
case with L> constraint on D(a). The present work may be considered an extension
of this work to the arbitrary dimension case with LP constraint on ID. The success of
the method presented in this chapter is that the nonlinear, nonlocal L? constraint
couples D and the scalar 8 when we take the functional derivative with respect to
the components D; ;, allowing for a nontrivial solution using calculus of variations.
Other commonly used constraints like L> do not see this coupling.

In Section 2.2, we formulate the problem for the optimal spectral gap using the
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Rayleigh quotient. We do not solve this optimization problem. Instead, we solve
a relaxed version which produces an upper bound for the optimal spectral gap. It
is common to assume the matrix of coefficients D() is uniformly elliptic. That is,
there exists a constant o > 0 such that & - D(xz)€ > o|€]? for all £ € R", x € Q. We
find that, relaxing the above restriction to o > 0, the relaxed optimization problem
admits a solution D,. Let 1 < p < oo and take r = 2p’ where p’ is the conjugate

exponent of p such that 1/p +1/p’ = 1. The optimal matrix D, = D, is

-1/p
D,.(2) = ( [IVelde) 9ol 'To. Vel (212)

Assuming Dirichlet boundary conditions on Eq. (2.1.1), ¢« = ¢. pir is the minimizer

(if it exists) of the Gagliardo-Nirenberg-Sobolev type inequality [22]

inf Vel (2.1.3)

I =
If we have Neumann boundary conditions on Eq. (2.1.1), then ¢, = ¢, Neu is the

minimizer (if it exists) of the generalized (2, r)—Poincaré inequality

. (2.1.4)
PEWLT, 00, [ =0 HQDHLQ

We remark that these D, . are not necessarily uniformly elliptic. Indeed, as
demonstrated in Section 2.5 in the n = 1 case, . pi: has a point of ¢/ p; (z) = 0
in the interior of . Therefore, so does D, p;,. Similarly, gpi,Neu and D, ney are zero

on the boundary 0€2. Allowing points of degeneracy is natural. In the context of
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anisotropic continuous media, a point where D(x) = 0 corresponds to a “perfect”
insulator [10, 15].

Having recognized the connection between our problem and the Sobolev and
Poincaré type inequalities, we may search the literature to find bounds on the relevant
constants and understand more of the properties (existence, regularity, sign, points
where Vi, vanish) of the extremal functions ¢, pi; and ¢, ney. Indeed there are many
researchers who study generalized Poincaré inequalities, (g, p)—Poincaré inequalities,
Poincaré type inequalities, Sobolev-Poincaré inequalities, the related p—Laplacian
eigenvalue equation, and sharp constants thereof [3, 9, 25, 27-29, 38, 41, 51, 54, 57,
60, 65]. We now present an overview where we derive the relevant optimization

problems, state our results, and outline the rest of the chapter.

2.2 Formulation of the optimization problem and
an overview

We begin by considering the parabolic partial differential equation

2e—v-(ﬂwe):o in Q
ot (2.2.1)

=0 on 0f,

with initial condition 6(x,0) = 0y(x) € L*(2) and open, bounded, connected domain

Q. Suppose that D; ;(x) € C*(Q) and D is symmetric (D, ; = D,;). Let the operator

Z be such that 20 = —V - (DV0) and suppose .Z is uniformly elliptic. That is,
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there exist a 0 > 0 such that & - D(x)€ > o|€]? for all £ € R™, & € Q. Then it is well
known (see Evans [22], section 6.5) that there is an orthonormal basis {wy}32, of

L*(2), where the w;, € HJ(2) are Dirichlet eigenfunctions of £ satisfying

(2.2.2)
wg =0 on 01},
with corresponding real eigenvalues
O< A <A< (2.2.3)
Expand the initial condition in this basis
O = apwy, (2.2.4)
k=1
and notice that the solution to the heat equation Eq. (2.2.1) is then [5§]
0 = e M apwy, . (2.2.5)
k=1
We have
102 = (| D e fax[*. (2.2.6)
k=1

A generic initial condition 8y will have a; # 0, and so generically solutions decay to 0
exponentially with rate A1 [58]. The problem we investigate in this chapter is that

of maximizing the decay rate \; over choices of diffusion tensors D(x), where D is
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constrained by its L” norm.
We now formulate the appropriate optimization problem. The principal eigenvalue

A1 is characterized by the Rayleigh quotient [22, 58],

Vo -DVepd
A= min fQ L vax

, (2.2.7)
PEHL(Q), p£0 Jo¥?dz

and the minimum is attained at ¢ = wy, the leading eigenvector. Suppose 1 < p < o0.
Taking the supremum of \; over D described above, we define A, , pi, to be the optimal

decay rate given Dirichlet boundary conditions and uniform ellipticity constant o > 0,

Ve -DVepd
)\*J,Dir = sup min fQ L B d CB, (228)
Dedy weHI(Q), 020 Jo P2 d
where
.

D;j = Dj;,

Ly = (2.2.9)
ID||,, =1, and
§-D(x)€>0lE)? VEER, z €.

We define the L norm of a matrix D(x) to be the L norm of its magnitude,
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considering D as a vector in R, That is

I, = [ prde (2.2.10)

_ /Q(UD\?)’”/2 dx (2.2.11)

p/2
:/(Z > Dﬁj) da . (2.2.12)

1<i<n 1<j<n

Therefore, the optimal decay rate A, pir given Dirichlet boundary conditions is found

by taking the supremum over choices of o > 0. We have

. fQ V- -DVepdx
AsDir := SUp sup min 5
>0 Dedy peHE(Q), 0 fg p*dx

(2.2.13)

Instead of solving the variational problem Eq. (2.2.13), we solve a relaxed version
where we allow a larger class of ). The result is that we arrive at an upper bound

for )\*,Dir .

Theorem 4. Let 1 < p < oo and take r = 2p’ where p’ is the conjugate exponent of

p such that 1/p+1/p' = 1.

1.) [Dirichlet Boundary Conditions] Define

Aepir i= inf sup /Vg0~ID>V<pd:c, (2.2.14)
Q

(,OEL%DH Deo
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where

o ={DeI’Q) st |D|,=1} and (2.2.15)

Brw ={p e W, () st ||l =1} (2.2.16)

We have that \ pi < X*,Dir.

2.) [Neumann Boundary Conditions| Define

Vo -DVpd
Ak Neu := Sup Sup min Jo V¢ 5 Ll (2.2.17)
>0 Dedy eH(Q), 040, [ =0 fQSD dx
Also define
X*,Neu = inf sup /Vap-]D)Vgpdm, (2.2.18)
PEPBNeuw DEL Q
where
Brw={peW(Q) st [ pda=0 ol =1). (2219
Q

We have that A\ new < X*,Neu'

With the introduction of the relaxed problems Egs. (2.2.14) and (2.2.18), we

present our characterizations of their solutions. We begin with

Theorem 5. Given p(x) € W (Q), the spatially dependent matriz

—1/p
D, (x) := (/Q|Vg0|r dm) V| Ve Ve' (2.2.20)
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maximizes the variation

sup /ch-]DVgpdm. (2.2.21)
Q

DeLp, ||D|p=1

With this, the variational problems (2.2.14 and 2.2.18) simplify to

peRB Ded pEB

1/p’
inf sup /Vgp-]D)Vapda: = inf </|Vg0|r daz) (2.2.22)
Q Q
2

= <inf ||V90||LT> . (2.2.23)

pER

For # = Pp;., notice that

inf |V, = inf IVl — ot (2.2.24)

PEBDir PEWRT, o0 H 90" L2

where Cp;, is the optimal constant in the Gagliardo-Nirenberg-Sobolev type inequal-
ity [22]
lellz2 < CoulIVell, Vo€ Wy (2.2.25)

Similarly, for # = Pneu, notice that

Vol
inf |V, = inf Vel e (2.2.26)
PEBNeu PEWLT 00, [ =0 HSDHLZ

where Cney is the optimal constant in the generalized (2, r)—Poincaré inequality

lell;2 < Cxen [Voll,r Vo € W st /ngdw =0. (2.2.27)
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Here we have to assume  has a C!' boundary 92 so that Eq. (2.2.27) is valid [22].

We conclude that

Corollary 2. We have X*Dir = Cp and X*7Neu = CR2,. Moreover, if ¢, pi achieves
equality in Eq. (2.2.25), then the optimal D, p;, in Eq. (2.2.14) is of the form Dy pi, =
D

oo USing the notation from Theorem 5. Similarly, if ¢. Neuw achieves equality in

Eq. (2.2.27), then the optimal Dy New tn Eq. (2.2.18) is of the form Dy yew = D

Px,Neu *

In Section 2.3, we recall that the nonhomogeneous Dirichlet eigenvalues of the
r—Laplacian correspond to the optimal constant in the Gagliardo-Nirenberg-Sobolev
type inequality. The r—Laplacian is defined as A, = V - (\V(p[T_ZVgo). Similarly,
the nonhomogeneous Neumann eigenvalues of the r—Laplacian correspond to the
optimal constant in the generalized Poincaré inequality. This will prepare us for
Sections 2.4 to 2.7 which concern the case n = 1. This is the setting where we can
give explicit examples.

In Section 2.4, we look at the closed solution provided by Drabek and Mandsevich
[19] for the nonhomogeneous r—Laplacian eigenvalue problem. In Section 2.5, we
use this closed solution to express the Dirichlet and Neumann eigenvalues and the
extremals ¢, piy and @, New. This result is not new [37], but it prepares us for the
example that follows. In Section 2.6, we present an explicit example where we show
the heat equation with Dirichlet boundary conditions (resp. Neumann) for various
choices of D(z) does not decay faster than rate X*Dir (resp. X*,Neu)- In Section 2.7,
we compute a closed form expression for X*7Neu. Again, this expression is not new
[37], but we are able to verify analytically that X*,Neu is larger than 72, the eigenvalue

in the constant diffusion case (D = 1). From this, we know that spatially dependent
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diffusion functions can improve decay rates in the heat equation over the constant
diffusion case.

In Section 2.8, we return to the arbitrary dimension case. We derive the optimal
D, for use in Theorem 5. In Section 2.9, we use another choice of matrix norm and
arrive at a related eigenvalue equation [59]. In Section 2.10, we prove Theorems 4
and 5. In Section 2.11, we prove a general lower bound for X*7Neu if 2 is convex and
bounded. This lower bound is an improvement over the constant diffusion case by a

factor of nl/2.

2.3 The nonhomogeneous r—Laplacian eigenvalue
equation

Notice that Corollary 2 and Eq. (2.2.24) imply X*,Dir = O where

S g /ywr i (2.3.1)
q¥?=1

pEW,",

Similarly, Corollary 2 and Eq. (2.2.26) imply X*,Neu = Cx2, where

Croy = inf /|V<,0|T dex . (2.3.2)

peWbr, [ 0?=1, [ ¢=0

Dividing by r and introducing Lagrange multipliers, we have

1 1 ir
~Cph = inf / —|Vo|" dx + HD <1 — / ©* dw) , (2.3.3)
r orl 2 Q

peW,"
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and

1 1 eu
—Cyey = Inf / —|Ve|" dx + i (1 — / gpQ dm) — 7/ pdx. (2.3.4)
r pewlr JQ r 2 Q Q

The corresponding Euler-Lagrange equation for Eq. (2.3.3) is

V- (IVe *V) + b p =0 Yz €Q
(2.3.5)

=0 Vo € 9.

This is a nonhomogeneous r—Laplacian Dirichlet eigenvalue equation. Recall that the
r—Laplacian is defined as A, = V- (|V<,0|T72Vg0). The corresponding Euler-Lagrange

equation for Eq. (2.3.4) is

V- (‘VSOV_QVSO) + UNeu P + Y= 0 Ve
(2.3.6)

Vo-n=20 Va € 0N).

Neumann boundary conditions appear here as the result of the natural boundary
conditions [26]. Taking the integral of the first equation of Eq. (2.3.6), applying the
divergence theorem, the Neumann boundary conditions, and the constraint [ ¢ =0,

we notice that v = 0. Eq. (2.3.6) becomes

V- (Ve V) + pinewp =0 Vo € 0
(2.3.7)

Veo-n=20 Va € 0N).

This is a nonhomogeneous r—Laplacian Neumann eigenvalue equation.
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Say ppi,1 is the smallest eigenvalue in Eq. (2.3.5) such that [¢?dx = 1. We
conclude this section by noticing that ppi,1 = Cp/. = XZ:Dir. This can be seen by
multiplying both sides of Eq. (2.3.5) by ¢, integrating over the domain, integrating by
parts, applying the Dirichlet boundary condition, using the constraint [ p?dx =1,
and comparing to Eq. (2.3.1). Similarly, the smallest eigenvalue pixes,1 in Eq. (2.3.7)

such that [ ¢*de =1 and [ ¢ = 0 is such that pinen1 = Crly = £\

*,Neu*

2.4 n=1: A closed solution to a nonhomogeneous
eigenvalue problem

Drabek and Mandsevich [19] solve the initial value problem

(J[""*w) + Alu**u =0 on (0,00),
(IV) (2.4.1)

This is a precursor to the eigenvalue problem discussed in the previous section,
Section 2.3. We remark that, in this section, we do not assume [u? = 1. Drabek
and Mandsevich [19] find that for each «, there is exactly one A (denoted \,) for
which (V') has a solution. Moreover, the solution is unique for this choice of a. The
solution is given as follows. Let

11 1 [/20\1
arcsin, ,(0) = 0 oF} (—, 1+ -, (—U> ) (2.4.2)
q

q T



o4

where o F] is the hypergeometric function. Define

Mg = 2 arcsinw(g) . (2.4.3)

We have that arcsin, g : [0, %] — [0, 52] is strictly increasing. Denote its inverse

by sin,, and notice that sin,, : [0, 75%] = [0, ] is strictly increasing. This is the

generalized sine function due to Lindqvist [41]. sin,, is the unique solution to the

initial value problem

(|u’|r_2u')/ + /\1|u|q_2u =0 on (0, W;") ,

(2.4.4)
u(0) =0, «'(0)=1,
where
94

' is the conjugate exponent of r such that 1/r + 1/r" = 1. Rescaling sin, , allows us

a
to conclude that u = —sin, ,(ct), where ¢ > 0, is the unique solution to
c

r— / -2 LS
/") + Aafu|”Pu =0 on (0, %2),
( ) ? (2.4.6)

where

Ao = M| 79. (2.4.7)

The unique solution to (IV') is then the periodic extension of u to (0,00). From here,
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the authors rescale and shift the above solution to find the eigenvalues on (0,7") under

Dirichlet, Neumann and periodic boundary conditions. The conclusion is that in each

case, given r # ¢, every A € (0,00) is an eigenvalue (A = 0 is also an eigenvalue if

q < r). This is evident from Eq. (2.4.7) and noting that changing « does not change
4

T
the domain (0, 2—) of the solution. The nonhomogeneity of the equation is what
c

causes the spectrum to have this range; scaling results in new eigenvalues.

2.5 n =1: The extremal functions ¢,. and D, .

Now that we have an explicit expression for the eigenfunctions and eigenvalues of
the r—Laplacian, we may write an expression for the extremal functions ¢, . and D, ..
Unlike Drabek and Mandsevich [19] in the previous section, our setting requires us
to normalize the solution to the r—Laplace eigenvalue equation in the L? norm (see
Section 2.3). With this extra restriction, there is now only one choice of « so that
|ul|;» =1 and u has largest period.

Take g = 2,1 < p < oo, and r = 2p’. In this setting, we may express the Neumann
and Dirichlet eigenvectors in terms of sin, , as in [37]. In the construction from the
previous section, take ¢ = % so that uney = %sinr,z(c t) is defined on [0, L]. Extend

UNeu 10 [—L, L] via tney(—%) = —unen(z). The a that gives ||ul|,. =1 is

c3
S 2.5.1
=150 (2.5.1)
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where
T2

co = / 2 (sin,o(t))%dt . (2.5.2)

From Eq. (2.4.7), the corresponding smallest eigenvalue is

3
27“1

_ C
HNeu,1 = )\102‘&’7” 2= >\1 (253)

(200) %71 ‘

We have ¢, New = UNeu and can find ¢, p;, similarly by shifting @ sin, o(ct) horizontally
c

and doing an even extension. As a result, finew,1 = fpir,1- We have
D,. = g™ | |72 2.5.4
*y ﬂNeu,l ’90*,’ : ( o )

We plot ¢, in Fig. 2.1. In Fig. 2.2, we plot D, . against the constant function

D, =1 and the parabolas D,,. where
1 1 1
Dn,Neu = an(<§ - [E) (5 + .I) + E) s (255)

Dy — an((l el + %) | (2.5.6)

and

a, is chosen such that f[_ﬁ 5 |D,,..|Pdx = 1.
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2.6 n =1: Example, the rate of decay of solutions
to the heat equation

In this section, we simulate the solution to the heat equation
—0 = (D(x)8") (2.6.1)

using the Matlab package pdepe. In Fig. 2.3, we take mean-zero initial condition
0(x,0) = .1sin(rz) + sin(37z), no flux boundary conditions D(—.5)0(—.5,t) =
D(.5)0(.5,t) = 0, and the various choices of D(z) given in Fig. 2.2 from Eq. (2.5.5).
Let 0p(x,t) denote the solution to the heat equation given that choice of D. In
Fig. 2.3a, we plot the log of the variance of p as a function of time. After a phase of
superexponential decay where the high frequencies are quickly diffused, the solutions
settle into an exponential decay. The slopes are difficult to distinguish, therefore, in
Fig. 2.3b, we translate each curve by a constant cp so that they all pass through the
point (.15,0). We note that in both subfigures, the dashed line represents the decay
rate X*,Neu; and it is shown for comparison.

We have a similar picture for Dirichlet boundary conditions in Fig. 2.4. We take
initial condition #(x,0) = .1 cos(mzx) + cos(3wx) and Dirichlet boundary conditions
0(—.5,t) = 0(.5,t) = 0. In Fig. 2.4a, we plot the L? norm of §p as a function of time.
In Fig. 2.4b, we translate each curve by a constant c¢p so that they all pass through
the point (.15,0).

From this example, we remark that X* seems to be the fastest decay rate for the

heat equation. Recall that, for Dirichlet boundary conditions, the actual optimal
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decay rate is A, pir. This is evidence that the bound in Theorem 4 is tight.

2.7 n=1: An expression for the optimal
eigenvalue.

In this section, we solve the variational problem for n = 1 with Neumann boundary
conditions. This has dual benefits: one can see the computations in a less notionally
heavy setting, and we arrive at an analytic expression for X*7Neu. The same expression
may be found by considering the optimal constant in the generalized (2, r)—Poincaré
inequality [37], but this example demonstrates a simple approach.

We take the constraint || D[, = 1 for some p > 1. We solve the following variational

problem

inf sup/QD(:E) (%gp(m))QCM (2.7.1)
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Introducing Lagrange multipliers (), v, ), the problem is equivalent to

inf %I(IB/QD(ZL‘) (%gp(m))de (2.7.2)
+)\(1—/ng(m)2d:v)
+u(1—/Q|D(:B)|pd:B)

+V/Qg0(x)dx.

Without loss of generality, we may assume D > 0. We now compute the Euler-

Lagrange equation. Notice that we will have the Natural boundary conditions
D(x) —go(x)‘ =0. (2.7.3)
The variation with respect to D is

/X 5D(z) ((%gp(m))z o D(@H) da (2.7.4)

The variation with respect to ¢ is

i /X Sip(x) (% <D(x)di;go(x)> +ap(z) — %7) da. (2.7.5)

We arrive at the system

(D@ @) + 2000 - 57 =0 (2.7
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(%w(%))g = prD(a)"! (2.7.7)

with boundary condition Eq. (2.7.3).
Remark 1: Notice that v = 0. This follows from integrating Eq. (2.7.6) in z, using
the boundary condition, and [ ¢ = 0.
Remark 2: Notice that v # 0. This follows from a contradiction argument. If v = 0,
then Eq. (2.7.7) implies ¢ = constant. The constraint [ ¢ = 0 implies ¢ = 0. Then
constraint [ ¢* =1 cannot be satisfied. Without loss of generality, we assume v > 0.

We proceed solving the system of equations. Solve Eq. (2.7.7) for D:
=1, 2
D = (pv)r=t]e[7=1. (2.7.8)

Substitute into Eq. (2.7.6) to get

=1

2 /
(pv) 7T (W|ﬁso’) +Amp = 0. (2.7.9)

For simplicity, take 2 = [0, 1]. We arrive at the nonhomogeneous eigenvalue problem

2 / ~
(1¢177¢') +Xp =0 (2.7.10)

1

where X = \(pr)7-1. We seck solutions where ¢/ > 0. The equation simplifies to the

second-order nonlinear ODE

()71 " = ¢y (2.7.11)
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where

(2.7.12)

Multiply Eq. (2.7.6) by ¢, integrate in x, apply integration by parts, and the boundary

condition to arrive at

— /D(¢’)2dx+/w2 =0. (2.7.13)

Substitute Eq. (2.7.7) to get

—pu/Dp = —)\/302. (2.7.14)

Recall the constraints || D[, = 1 and [|¢][, = 1. We conclude

pr=A\. (2.7.15)
The coefficient ¢, simplifies to
1
_/\pj-i-l
= 2.7.16
Cp Z% 1 ( )
_ Pl (2.7.17)
D1 ) 7.
We now solve the ODE
(¢)7T ¢ = cpp (2.7.18)

¢'(0) =¢'(1) =0. (2.7.19)
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Suppose ¢(x) is invertible on the domain U C [0, 1]. On this domain, we may write

x as a function of ¢, that is z(p). Let v(z) = ¢'(z) and w(p) = v(z(p)). Write the

ODE as

" = flo,¢)

where

—2

flo, @) = o (¢)rT

From the chain rule

dw _dv|  de
dp  drle(e) dple
1
—2 1

=cppwrT —.
w

The result is a separable ODE

—2

W (p) = c,owrt ().

We proceed by separation of variables

/wPQlHdw:/cp(pdcp.

2 B 2042 2
— 42 wr 1T =c, " +ay .

p—1

(2.7.20)

(2.7.21)

(2.7.22)

(2.7.23)

(2.7.24)

(2.7.25)

(2.7.26)

(2.7.27)
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Or simply, after redefining a4,

Wit =, +ay. (2.7.28)
Recall that w(p) = v(z(p)), and so w(p(x)) = v(x). We have
= 0(2)* + ay (2.7.29)

which is again a separable ODE. Let ¢ be the conjugate exponent of p such that

1/g+1/p=1.
Observations:
(1.) ¢, = —I%)\q

This follows from Eq. (2.7.17) and the above arithmetic.

2p+1
(2) ap = %/\q

This follows from integrating Eq. (2.7.29) over [0, 1] and applying the constraints
ID], = 1 and [lg], = 1.

This follows from evaluating Eq. (2.7.29) at the boundary and applying the

boundary conditions ¢'(0) = ¢'(1) = 0.



From these observations, the ODE Eq. (2.7.29) reduces to

1 1
2 1 2q
¥ P+ 1 P ¥

We proceed by separating variables.

1 1

1 7 » \2
24+ = — P d :/)\1/2<—) d
/( P (p) 4 p+1 v
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(2.7.30)

(2.7.31)

The integral on the left hand side is expressed in terms of the hypergeometric function

2F1(a7b7 ¢, Z)
1
%) 1
=
1 2 1<2q7

IR 2
oY) o () e
<2+1>2q p p+1
p

For R(c —a —b) > 0, Gauss’s summation Theorem gives

Y

DO | —
D | W

['(e)l'(c—a—1b)
['(c—a)l'(c—b)’

2F1(a7 b? ¢, 1) =

Using I'(1) = 1, I'(3) = 7'/2, and the relation I'(z 4+ 1) = 2I'(z), we have
113 a/20(1 - 5)
2 F 2_757571 :Tl-\?;—l
q (3 —2)
_w PTG+ )
2 T(1+ )

(2.7.32)

(2.7.33)

(2.7.34)

(2.7.35)

(2.7.36)
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1/2 1/2
Assume that ¢’ > 0, ¢(0) = —<2+ zla> , and (1) = (2—|— l) . Sending

p

1/2
r— 0and ¢ — —(2 + %) in Eq. (2.7.32) gives

1 %_Zz 205+ 5)
as = —(2 + —) —% (2.7.37)

/o (T( 1+ 1))\ 2
~ p+1 1 ! <2+2p)
A=\ eu — 2 - ’ 2.7.
N ( p+1) 1+ 5 (2.7.38)

Observations:

(1) limy_y A = 12

172
This follows from I'(1) = 1 and F(%) =

(2.) limy oo A = 72

This follows from I'(1) = 1 and T'(%) = 7'/2

2
These limits correspond to known cases. In Jafarizadeh [33], the p = 1 case on
the domain Q = [0, 1] gives A = 12. The p = oo case is trivial. The integrand in
Eq. (2.7.1) being non-negative, it is clear that the maximum of the integral is obtained
when D is pointwise largest (which in this case, is allowed). Taking D = constant,

the problem reduces to finding the second largest eigenvalue for the Laplacian on the

interval @ = [0,1], which is A = 7%



69

2.8 Derivation of the solution to the variational

problem.

In this section, we formally derive the solution to the Neumann variational problem

(2.2.18) for A)V\&Neu. The computations are later justified by Theorem 5. That is, we

consider the variation

inf sup /Vgo(:c)~D(w)Vgo(a:) de .
pvePB Ded JQ

The admissibility sets are

o = {D(@) st D], =1},

F—{eeW" (@ st [ gdw=0. ol =1},

Introducing Lagrange multipliers (A, v, ), the problem is equivalent to

inf sup/ D; ; 0y, 0y pdx
@) D) Jo Z Z ’ ’

1<i<d1<j<d

+/\(1— /Q gp(w)2dw>
+V(1—/Q]]D\pd:c>

—l—fy/ggo(:z:)d:c.

(2.8.1)

(2.8.2)

(2.8.3)

(2.8.4)

Notice that the derivative of |D|P with respect to D;; is p|D|P~2D; ;. This may be
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seen as an application of the generalized binomial theorem: if |z| > |y| then

(z+y)" = i (J;) g Fyk (2.8.5)

k=0

Recall that e; ® e; is a matrix with 1 in the (4, j)™ component and 0 everywhere else.

In what follows, repeated index does not imply summation over that index. We have

|]D) -+ aDm € X €j|p = (|D + aDm- e; X Gjlz)p/Q (286)

p/2

= (ID]* + (2D;; 0D;; + (0Di;)%)) (2.8.7)

Apply the generalized binomial theorem with z = |D|?* and y = 2D, ; 0D, ; + (8Dm-)2

to arrive at

|ID) + 8Di,j e & 6j|p (288)
P D p_

= (ID[*)% + S(IDI*)2 7 (2D 0D + (0Di5)") + O((9Di5)*) (2.8.9)

= D + p|D[P2D; ; OD; ; + O((0D; ;)?) . (2.8.10)

Thus, the derivative of |D[P with respect to D; ; is p|D|P~2D; ;. We now compute the

variation of »_, D ; 0., ¢ O, with respect to ¢

> Dij0s,(p+00) On, (0 + 0p) = Y D;j Oup Or (2.8.11)
.3 2%
- Z D; (0, 00,000 + 0,40 05,000) + O((00)?) . (2.8.12)

.



And so the derivative of [, ;i Dij Or,0 Op ;0 with respect to ¢ Is

=D 00,(Dij00,p) + 0r, (Dyj0s0) -

.3

Using the notation D = (D + D7) /2, this expression is equivalent to
—2V - (DVy).
The Euler-Lagrange system for the variational problem 2.8.4 is then

O, 0 On; 0 — vp|DIP2D; ; =0

V-DVe)+Ap—7/2=0,

with the natural boundary conditions

DVp-n=0 Vxed,
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(2.8.13)

(2.8.14)

(2.8.15)

(2.8.16)

where n is the outward pointing normal. Solving for D; ; in the first equations of

Eq. (2.8.15), we have

Dij = (vp) D™ 0,0 Oy

(2.8.17)

From this, we see that the optimal D is symmetric. Integrating the final equation

of Eq. (2.8.15) in space, applying the boundary conditions, and applying that ¢ is



mean zero, we see that v = 0. From Eq. (2.8.17), we have

[Df* = ZD?J
ij

= |vp| (DY (0,,0) (O, 0)°

i?j

2
= |vp| D7) (Z(é’wf)

7

= [vp| D Vpl".
And so
—1 2
D = [vp|7=T [V
Therefore Eq. (2.8.17) becomes

2(2—

)
p_lp 81‘290 az]SO ?

;1
D j = sgn(v) lvp|»=T |V

72

(2.8.18)

(2.8.19)

(2.8.20)

(2.8.21)

(2.8.22)

(2.8.23)

where sgn(v) is 1 if v > 0 and —1 if v < 0. Using this, we see that the j** component

of DV is
=1 2(2—p)
> Dij0np = sgn(v) [up| 7TV 7Y (00 0)°0ny 0
— 2(2—p)
= sgn(v) [vp| 71| V| 7 20,0
Therefore

—1 2
DVy = sgn(v) |vp|7=1| V|-V,

(2.8.24)

(2.8.25)

(2.8.26)
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and the last equation of Eq. (2.8.15) becomes
—1 2
sgn(v) lvp| 1V - (|w|p—1w) +Ap=0. (2.8.27)

Let A = Asgn(v) |I/p|ﬁ and r = 2p* where the conjugate exponent p* is given
by 210 + ﬁ = 1. Define the r—Laplacian operator by A, = V - (|[Vp|[""2Vp). Then
Eq. (2.8.27) becomes

Ap=—Np. (2.8.28)

Multiply Eq. (2.8.27) by ¢, integrate over €), integrate by parts, and apply the

boundary condition to arrive at

/ngn(u) |1/p|p%11|Vg0|2+p%1da: = )\/Qcp2da:. (2.8.29)

Apply Eq. (2.8.22) to get

sgn(y)|1/p|Pll+Pp1/ |DPda :)\/QOQCZQ?. (2.8.30)
Q Q

Recall the constraints [, |D|Pde =1 and ||¢||, = 1. Therefore, sgn(v) [vp| = A. Or,

more simply, vp = A\. We conclude that

A=\ (2.8.31)
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2.9 Derivation with L?({?) norm constraint

This time, we consider a different norm constraint on the matrix . Take D with

constraint HDHLI’(EP) =1, for some p > 1, defined by

Dl = [ 35 3 1D de. (291)

1<i<d 1<j<d

The above definition is consistent with first taking the ¥ norm of D, considering D as
a vector in R, then taking the L? norm of the resulting scalar function. This norm
is consistent with the definition of the norm of a vector that one sees, for example, in
the definition of the W* norm.

Since P norms on finite dimensional spaces are equivalent, this norm is equivalent
to that used in the previous section. Though it is an equivalent norm, we will derive
a different Euler-Lagrange equation, a “diagonal” p—Laplacian eigenvalue equation
[59].

Notice that the derivative of || D7, With respect to D;; is [ p|Dy;[P~*D; ;. This

may be seen as an application of the generalized binomial theorem: if |z| > |y| then

(z+y)" = i (1:) g kyh (2.9.2)

k=0
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Expanding, we have

Dij +0D;;" = (|Dy; + aDi,j|2)p/2 (2.9.3)

p/2

= (|Dij|* + (2D;; 0D, ; + (9D;)%)) (2.9.4)

Apply the generalized binomial theorem with = |D; ;|* and y = 2D, ; 0D; j+ (8Di,j)2

to arrive at

Dy + 0D, [P (2.9.5)
P P p_

= (IDi;*)2 + §(|Dz‘,j!2)2 Y(2D;;0D; 5 + (0D;;)%) + O((0D;;)?) (2.9.6)

= ’Di7j‘p + p‘DiJ’p72Di7j aDi,j + O<<8D17j)2> . (297)

Thus, the derivative of |[D|7, ) with respect to Dy ; is [ p|Di;[P~2D; ;.

The Euler-Lagrange system for the variational problem is then

Ov, 0 Op, 0 — vp|Dij[P72D; 5 = 0

(2.9.8)
V- (DVe) + Ay —7/2=0,
with the natural boundary conditions
DVp-n=0 VxedQ, (2.9.9)

where 1 is the outward pointing normal. Rearranging the first equations of Eq. (2.9.8),
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we have

‘Di:j’p72DiJ = (Vp)il a:vl(p a’pJSO (2910)

Taking absolute values we see that
1Di i7" = |(vp) ™" Oayip On 0] - (2.9.11)

Rearranging Eq. (2.9.10) and using Eq. (2.9.11) we have

Dij = (vp) [ Dij|* P 0rp Ouyp (2.9.12)
= (vp) ™ |(Up) ™" Dy 0 O, 0| 7T Duyip Oayip (2.9.13)
— sgn(v) |vp| 71|10 Dy p| 71 Drip Do (2.9.14)

From this, we see that the optimal I is symmetric. We now notice that the ;%

component of DV is

> Dy s = sgn(v)|vp|T (Z |8$i90|ﬁ(8xi90)2> 100,017 0o (2.9.15)

=1 _p_ 2-p
= sgn(v) [up|71 <Z !%s@\*’l) |0 p| 71 00 (2.9.16)

=1 P 2-p
= sgn(v) |vp|r—T HVngZ’ple |0z, 0|71 On, 0. (2.9.17)
* i i 1,1 i /— _P_
Let p* be the conjugate exponent given by st = 1. Notice that p’ = o We have

Y Dij 0o = sgn(v) [pl 7= [Volly,. 10:, 0" 7 sy (2.9.18)
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Integrating the final equation of Eq. (2.9.8) over (), applying the boundary
conditions, and using that ¢ is mean zero, we see that v = 0. And the last equation

of system 2.9.8 becomes

Dy, plP %so) =X ¥, (2.9.19)

o

where \,, = A, sgn(v) ‘Vp’l’%l. This equation is related to the second order ordinary
differential equation investigated by [59].
Multiply Eq. (2.9.19) by ¢, integrate over €2, integrate by parts, and apply the

boundary condition to arrive at

o dr =\ /tpzdm. (2.9.20)
Q
Notice that Eq. (2.9.11) implies
Vel = lvpl” I, . (2.9.21)

Recall the constraints [|D|[7,,, = 1 and [¢|l, = 1. From Eq. (2.9.20) we have

lup|?" = \,,. Therefore, vp = ), ,, and we conclude that

S‘MJ = |>‘p7p|p, . (2.9.22)



78

2.10 Proof of Theorems 4 and 5

Before proving Theorem 4, we need a Lemma due to Ekeland and Témam [20], Ch.

6. For completion, we repeat the proof here.

Lemma 4. Let &/ and % be arbitrary sets. A function Z(D, ¢) : & x # — R has
the property that

sup inf Z(D, ) < inf sup Z(D, ¢). (2.10.1)
Deof pER peB Ded

Proof. From the definition of infimum,

inf Z(D, p) <Z(D,v) VDe o, veA. (2.10.2)

174

Take the supremum over D of both sides to find

sup inf Z(D, ) < sup Z(D,v) Yve A. (2.10.3)
Deo/ pEPR Des/

The right side is uniformly (in v) bounded below by the left side. Therefore, the left

side is still a lower bound for the infimum (over v) of the right side. We conclude that

sup inf Z(D, ¢) < inf sup Z(D, ¢). (2.10.4)

Deo/ pEB B Ded

We now prove Theorem 4. Recall its statement:
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Theorem 4. Let 1 < p < oo and take r = 2p’ where p’ is the conjugate exponent of

p such that 1/p+1/p' = 1.

1.) [Dirichlet Boundary Conditions] Define

AsDir i= inf sup /V@-DVgoda:,
Q

‘pE@Dir Des/

where

o ={De LP(Q) st |D||,, =1} and

PBow ={p e Wy"(Q) st o]l =1}.

We have that A, pir < X*,Dir.

2.) [Neumann Boundary Conditions| Define

AsNeu i= SUp Sup man 5
>0 DE, eeH(Q), p#0,[ =0 fQ<P dz

Also define

AiNeuw = nf sup /V@-DVgoda:,
Q

PEABNeu DeA

where

%Neu == {90 € Wl’r<Q) s.t. / gpdaz = O, HQOHLQ = 1}
Q

We have that A New < X*,Neu-

fQ Ve -DVepdz

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)
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Proof. Recall the original variational problem for A, pi, that is Eq. (2.2.13):

Ve -DVepd
s Dir 1= SUD Sup min fQ id 5 L , (2.10.5)
>0 Dedy peHE(Q), 0 fg p*dx
where
.
D; ;= Dj;,
oy = (2.10.6)
D[, =1, and
¢-D(@)¢ > olé) VEEeR"z Q.
\
Since UOJZ%U Co ={DeLP(Q) st. [D|,, =1}, itis clear that
o>
Vo -DVepd
Aepir < Sup min fQ id L (2.10.7)

Dess/ peH (), 70 Jo¥p?dz

Similarly, recall that » > 2 and the LP spaces are nested on the bounded domain (2.

We see that W, C H} and so we have

Ve -DVopde Ve -DVpde
sup min Jo Ve 5 L < sup inf Jo V¢ 5 L (2.10.8)
Deds peHL(R), 940 Jo ¥?dex DET pEWLT (), p£0 Jo p?dx
Normalize ¢ in L? to see that
Vo -DVpdx
sup min Jo Ve 5 LA sup inf / Vo -DVede, (2.10.9)
Deo/ pEHL(R), 70 fg p*dx Deo/ PEADIr JQ
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where

B ={o € W, () st ol =1} (2.10.10)

Finally, we apply Lemma 4 and see that

Aepir < X*,Dir ;= inf sup / Ve -DVepdex, (2.10.11)
Q

@E‘%Dir DGQ{

where we have recalled the related variational problem for X*,Dir from Eq. (2.2.14).

The proof of A\ Neu < X* Nue 18 similar.

O
We finish this section by proving
Theorem 5. Given ¢(x) € W (Q), the spatially dependent matriz
—-1/p
D, (x) := (/|Vg0|r dw) V| Ve Ve' (2.2.20)
Q
maximizes the variation
sup /Vgp-]D)Vgod:n. (2.2.21)
DeL, ||D =1 Jo
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Proof of Theorem 5. First, we check that D, satisfies the condition [|Dyl|, = 1.

~1
[ e = ([[96 ) [ [9a55" 909} da

( / Vel dw) / Vo 5 g

(2.10.12)

(2.10.13)

(2.10.14)

Now, we apply the Cauchy-Schwarz inequality for vectors and Hdélder’s inequality for

functions to arrive at the bound

/Vgp-]D)Vgpda:

/ Z D; j ¢, pr; dx

i,7=1

/(ZD ) (zw)/dm

2,7=1 2,7=1

/<”le ) Q\Vgolgd:c

o 1/p
< ||1D>||,,( / Vil daz)
, 1/p
< (/|V<p\2p dzc)
(9]

(2.10.15)

(2.10.16)

(2.10.17)

(2.10.18)

(2.10.19)

(2.10.20)
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We finish the proof by showing that D, achieves this upper bound.

/V@-Dchpdm (2.10.21)
0
’ —1/17 2(2—p)
= (/|Vgp|2p d:l:) /|Vg0| 1 V- -Vo Ve Vode (2.10.22)
o/ —i/p 2p) 4
= \Vl™ dx |Vg0\ (2.10.23)

(2.10.25)

(o)
(/!VsO\Z”' dw)_ /p/!Vso\z” da (2.10.24)
~([1wer dm)

2.11 Bounding X*,Neu from below

It is well known that the Poincaré inequality holds given certain conditions on the

domain €. The following Theorem is from Evans [22].

Theorem 6. (Poincaré’s inequality) Let €2 be a bounded, connected, open subset of
R”, with a C* boundary 0. Assume 1 < r < oco. Then there ewists a constant C;

depending on n,r and €2 such that

1
w— pdx
H 12 Jo

< G Vel g (2.11.1)
0

for each function ¢ € W (Q).

We have used the notation that |2 is the volume of the domain Q. If we apply
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Holder’s inequality, we immediately see that for 1 < ¢ < r we have a “Poincaré type
inequality”

pdx <Gy ||V‘P||LT(Q) ’ (2.11.2)

La(Q)

gO_—
o,

where Cy < |Q|%_% C,. We are fortunate that, for us, ¢ = 2 and 1 < p < oo implies
r=2p > 2, and so Eq. (2.11.2) holds. Unfortunately for us, the exact constant (and
the extremal function . new) in Eq. (2.11.2) is not known for this choice of ¢ and 7.
Exact constants in Eq. (2.11.2) are known in only 4 cases (see the recent 2015 survey

Kuznetsov and Nazarov [37]):
e r = ¢ =2 (the quadratic case);
e ()= (0,¢) (the one-dimensional case);

nr
e r <n,q=——(the critical case);

e 7 =g =1 (the “geometric” case).

We considered the n = 1 case in Sections 2.4 to 2.7, where much can be made explicit.
However, we now wish to consider the arbitrary dimension n.

Instead of exact constants, we turn to the literature for upper bounds on the
constants. For example, we may apply a result due to Payne and Weinberger [60]:
when the domain is convex and r = 2, we have C; < diam(Q2)/7 in Eq. (2.11.1).
Applying Holder’s inequality, we have the following bound on the constant Cye, from

the generalized (2, r)—Poincaré inequality Eq. (2.2.26):

(2.11.3)
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Recall from Corollary 2 that X*,Neu = C’lggu. We conclude that

ANew = = .
N = diam(Q)2 Q1P

(2.11.4)

We remark that the bound Eq. (2.11.3) is sharp in the power of volume V' [9].
Consider, for example, the domain = [0,1] x [0,1/k]""" and the test function

o(x) = z1. We see that

1

el it — mys (2.11.5)
IVeoll -

Comparison to spatially independent diffusivity

We wish to compare this result to the spatially independent diffusivity case. Take the
diffusion matrix to be a constant times the identity, D.,,s;. = ¢I. Then the constraint
| Deonst. Hp = 1 implies ¢ = n~/2V =7, The variational problem (Eq. (2.2.14))
becomes

CAY = —Xonst. © - (2.11.6)
Therefore, C; < diam(2)/7 from Payne and Weinberger [60] implies

)\const. ™

> (2.11.7)

and so

~1/2 @
>\const. Z n d1am(Q)2 |Q|1/p . (2118)
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We notice that the lower bound Eq. (2.11.4) is an improvement over the lower bound

Eq. (2.11.8) by a factor of n'/2.

2.12 Future Work

Recall that we are interested in accelerating the rate of decay of the heat equation by
choosing optimal coefficients. We formulated the corresponding optimization problem
for A... Instead of solving this optimization problem, we studied the corresponding
relaxed problem for X* We were able to characterize the solution to this relaxed
problem using the extremals of well known Sobolev and Poincaré type inequalities.
Moreover, we have proved A, . < X*

For future work, we plan to study the I'—convergence of the original variational
problem to the relaxed problem with the hope of showing A, . = X*,., see Allaire [1].
This requires us to bound [ V¢ - D, Ve da from below in terms of || Vel|7, without
the use of the uniform ellipticity assumption. To show this, we need that & - D, .£ is
not zero “too often”.

By this, we mean there is a o(x) > 0 such that £ - D(x)¢ > o(x)|€]? for all
£ eR" xz € Q, and o(x) is not equal to zero “too often” in the sense that o' €
L7 for some ¢ sufficiently large. In that case, we may prove results about the
existence/regularity of solutions to and spectrum of the heat equation, see [2, 56].
Therefore, we must study the properties of the extremal functions (if they exist) in
the Sobolev and Poincaré type inequalities. This is an open problem; in general, the

extremal functions for the Sobolev and Poincaré type inequalities that we consider



87

in this chapter are not known [37]. Perhaps finding the extremal functions is too

difficult, but studying the order of the zeros of their gradients may be tractable.
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