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ABSTRACT

This dissertation consists of three independent essays in econometric theory.

In the first chapter, I propose a nonparametric iid bootstrap that achieves asymp-
totic refinements for t tests and confidence intervals (CI's) based on the generalized
method of moments (GMM) estimators even when the model is misspecified. In
addition, my bootstrap does not require recentering the bootstrap moment function,
which has been considered as a critical procedure for bootstrapping GMM. The
elimination of the recentering combined with a robust covariance matrix renders the
bootstrap robust to misspecification. Regardless of whether the assumed model is
correctly specified or not, the misspecification-robust bootstrap achieves the same
sharp magnitude of refinements as the conventional bootstrap methods which establish
asymptotic refinements in the absence of misspecification using recentering. The
key procedure is to use a misspecification-robust variance estimator for GMM in
constructing the sample and the bootstrap versions of the t statistic. Two examples
of overidentified and possibly misspecified moment condition models are provided: (i)
Combining data sets, and (ii) invalid instrumental variables. Monte Carlo simulation
results are provided as well.

In the second chapter, I propose a nonparametric iid bootstrap for the empirical
likelihood (EL) estimators, including the exponentially tilted empirical likelihood
estimator. My bootstrap achieves sharp asymptotic refinements for t tests and CI’s
regardless of whether the assumed moment condition model is correctly specified or
not. This result is new, because asymptotic refinements of bootstrapping for the
EL estimators have not been established in the literature even under correct model
specifications. Monte Carlo simulation results are provided.

In the third chapter, I examine first-order validity and asymptotic refinements
of the bootstrap methods for GMM estimators, when the moment condition model
is locally misspecified. Local misspecification implies that the moment condition is
misspecified for any finite sample size, but the misspecification vanishes as the sample
size grows. [ find that the conventional bootstrap methods are still first-order valid,

but they do not achieve asymptotic refinements anymore.



1 ASYMPTOTIC REFINEMENTS OF A
MISSPECIFICATION-ROBUST BOOTSTRAP FOR

GENERALIZED METHOD OF MOMENTS ESTIMATORS

1.1 Introduction

This paper proposes a nonparametric iid bootstrap that achieves asymptotic refine-
ments for ¢ tests and confidence intervals (CI's) based on the generalized method of
moments (GMM) estimators, without recentering the bootstrap moment function and
without assuming correct model specification. The recentering has been considered as
critical to get refinements of the bootstrap for overidentified models, but my bootstrap
achieves the same refinements without recentering. In addition, the conventional
bootstrap is valid only when the model is correctly specified, while I eliminate the
assumption without affecting the ability of achieving asymptotic refinements of the
bootstrap. Thus, the contribution of this paper may look too good to be true at
first glance, but it becomes apparent once we realize that those two eliminations are
in fact closely related, because the recentering makes the bootstrap non-robust to
misspecification.

Bootstrap critical values and CI’s have been considered as alternatives to first-
order asymptotic theory of GMM estimators of Hansen (1982), which has been
known to provide poor approximations of finite sample distributions of test statistics.
Hahn (1996) proves that the bootstrap distribution consistently approximates the
distribution of GMM estimators. Hall and Horowitz (1996) shows that the bootstrap
critical values provide higher-order improvements over the asymptotic critical values
of ¢ tests and the test of overidentifying restrictions (henceforth J test) of GMM
estimators. The bootstrap procedure proposed by Hall and Horowitz (1996) is denoted
by the Hall-Horowitz bootstrap throughout the paper. Andrews (2002) proposes a
k-step bootstrap procedure that achieves the same higher-order improvements but
which is computationally more attractive than the original Hall-Horowitz bootstrap.

Brown and Newey (2002) suggests an alternative bootstrap procedure using the



empirical likelihood (EL) probability. Hereinafter, the bootstrap procedure proposed
by Brown and Newey (2002) is denoted by the Brown-Newey bootstrap.

In the existing bootstrap methods for GMM estimators, the key procedure is
recentering so that the moment condition is satisfied in the sample. The Hall-Horowitz
bootstrap analytically recenters the bootstrap moment function with respect to the
sample mean of the moment function. Andrews (2002) and Horowitz (2003) also use
the same recentering procedure as the Hall-Horowitz bootstrap. The Brown-Newey
bootstrap recenters the bootstrap moment condition by employing the EL probability
in resampling the bootstrap sample. Thus, both the Hall-Horowitz bootstrap and the
Brown-Newey bootstrap can be referred as the recentered bootstrap.

Horowitz (2001) explains why recentering is important when applying the bootstrap
to overidentified moment condition models, where the dimension of a moment function
is greater than that of a parameter. In such models, the sample mean of the moment
function evaluated at the estimator is not necessarily equal to zero, though it converges
in probability to zero if the model is correctly specified. In principle, the bootstrap
considers the sample and the estimator as if they were the population and the true
parameter, respectively. This implies that the bootstrap version of the moment
condition, that the sample mean of the moment function evaluated at the estimator
should equal to zero, does not hold when the model is overidentified.

A naive approach to bootstrapping for overidentified GMM is to apply the standard
bootstrap procedure as is done for just-identified models, without any additional
correction, such as the recentering procedure. However, it turns out that this naive
bootstrap fails to achieve asymptotic refinements for ¢ tests and CI’s, and jeopardizes
first-order validity for the J test. Hall and Horowitz (1996) and Brown and Newey
(2002) explain that the bootstrap and sample versions of test statistics would have
different asymptotic distributions without recentering, because of the violation of the
moment condition in the sample.

Although they address that the failure of the naive bootstrap is due to the mis-
specification in the sample, they do not further investigate the conditional asymptotic
distribution of the bootstrap GMM estimator under misspecification. Instead, they

eliminate the misspecification problem by recentering. In contrast, I observe that the



conditional asymptotic covariance matrix of the bootstrap GMM estimator under
misspecification is different from the standard one. The conditional asymptotic
covariance matrix is consistently estimable by using the result of Hall and Inoue
(2003), and I construct the t statistic of which distribution is asymptotically standard
normal even under misspecification.

Hall and Inoue (2003) shows that the asymptotic distributions of GMM estimators
under misspecification are different from those of the standard GMM theory.! In
particular, the asymptotic covariance matrix has additional non-zero terms in the
presence of misspecification. Hall and Inoue’s formulas for the asymptotic covariance
matrix encompass the case of correct specification as a special case. The variance
estimator using their formula is denoted by the Hall-Inoue variance estimator, here-
inafter. Imbens (1997) also describes the asymptotic covariance matrices of GMM
estimators robust to misspecification by using a just-identified formulation of overi-
dentified GMM. However, his description is general, rather than being specific to the
misspecification problem defined in this paper.

I propose a bootstrap procedure that uses the Hall-Inoue variance estimators in
constructing the sample and the bootstrap ¢ statistics. The procedure ensures that
both t statistics satisfy the asymptotic pivotal condition without recentering. The
proposed bootstrap achieves asymptotic refinements, a reduction in the error of test
rejection probability and CI coverage probability by a factor of n=! for symmetric
two-sided t tests and symmetric percentile-t CI’s, over the asymptotic counterparts.
The magnitude of the error is O(n~?), which is sharp. This is the same magnitude of
error shown in Andrews (2002), that uses the Hall-Horowitz bootstrap procedure for
independent and identically distributed (iid) data with slightly stronger assumptions
than those of Hall and Horowitz (1996).

Moreover, the proposed bootstrap procedure does not require the assumption
of correct model specification in the population. The distribution of the proposed
bootstrap t statistic mimics that of the sample ¢ statistic which is asymptotically
pivotal regardless of misspecification. The sample ¢ statistic is constructed using

the Hall-Inoue variance estimator. Thus, the proposed bootstrap is referred to as

'Hall and Inoue (2003) does not deal with bootstrapping, however.



the misspecification-robust (MR) bootstrap. In contrast, the conventional first-order
asymptotics as well as the recentered bootstrap would not work under misspecification,
because the conventional ¢ statistic is not asymptotically pivotal anymore.

[ note that the MR bootstrap is not for the J test. To get the bootstrap distribution
of the J statistic, the bootstrap should be implemented under the null hypothesis that
the model is correctly specified. The recentered bootstrap imposes the null hypothesis
of the J test because it eliminates the misspecification in the bootstrap world by
recentering. In contrast, the MR bootstrap does not eliminate the misspecification
and thus, it does not mimic the distribution of the sample J statistic under the null.
Since the conventional asymptotic and bootstrap t tests and CI’s are valid in the
absence of misspecification, it is important to conduct the J test and report the result
that the model is not rejected. However, even a significant J test statistic would not
invalidate the estimation results if possible misspecification of the model is assumed
and the validity of ¢ tests and CI’s is established under such assumption, as is done
in this paper.

The remainder of the paper is organized as follows. Section 1.2 discusses theoretical
and empirical implications of misspecified models and explains the advantage of using
the MR bootstrap ¢ tests and CI’s. Section 1.3 outlines the main result. Section 1.4
defines the estimators and test statistics. Section 1.5 defines the nonparametric iid MR
bootstrap for iid data. Section 1.6 states the assumptions and establishes asymptotic
refinements of the MR bootstrap. Section 1.7 provides a heuristic explanation of
why the recentered bootstrap does not work under misspecification. Section 3.1
presents examples and Monte Carlo simulation results. Section 1.9 concludes the
paper. Section 1.10 contains Lemmas and proofs. A detailed calculations of the

examples in the following Sections are in Section 1.11.

1.2 Why We Care About Misspecification

Empirical studies in the economics literature often report a significant J statistic
along with GMM estimates, standard errors, and CI’s. Such examples include Imbens
and Lancaster (1994), Jondeau et al. (2004), Parker and Julliard (2005), and Agiiero



and Marks (2008), among others. Significant J statistics are also quite common in
the instrumental variables literature using two-stage least squares (2SLS) estimators,
where 2SLS estimator is a special case of GMM estimator.?

A significant J statistic means that the test rejects the null hypothesis of correct
model specification. For 2SLS estimators, this implies that at least one of the
instruments is invalid. The problem is that, even if models are likely to be misspecified,
inferences are made using the asymptotic theory for correctly specified models and the
estimates are interpreted as structural parameters that have economic implications.
Various authors justify this by noting that the J test over-rejects the correct null in
small samples.

On the other hand, comparing and evaluating the relative fit of competing models
have been an important research topic. Vuong (1989), Rivers and Vuong (2002), and
Kitamura (2003) suggest a test of the null hypothesis that tests whether two possibly
misspecified models provide equivalent approximation to the true model in terms of
the Kullback-Leibler information criteria (KLIC). Recent studies such as Chen et al.
(2007), Marmer and Otsu (2009), and Shi (2011) generalize and modify the test in
broader settings. Hall and Pelletier (2011) shows that the limiting distribution of the
Rivers-Vuong test statistic is non-standard that may not be consistently estimable
unless both models are misspecified. In this framework, therefore, all competing
models are misspecified and the test selects a less misspecified model. For applications
of the Rivers-Vuong test, see French and Jones (2004), Gowrisankaran and Rysman
(2009), and Bonnet and Dubois (2010).

Either for the empirical studies that report a significant J statistic, or for a model
selected by the Rivers-Vuong test, inferences about the parameters should take into
account a possible misspecification in the model. Otherwise, such inferences would
be misleading.

For the maximum likelihood (ML) estimators, White (1982) provides a theory
of the quasi-maximum likelihood when the assumed probability distribution is mis-
specified, which includes the standard ML theory as a special case. For GMM,
Hall and Inoue (2003) describes the asymptotic distribution of GMM estimators

2In the 2SLS framework, the Sargan test is often reported, which is a special case of the J test.



Intercept Fdu Age—35 (Age—35)? J test

90 91 92 93 X2 (5)
ML 1.44* —.009 —.002 —.002 -
(:317) (.093) (.015) (.002)
GMM 1.86* —.109 —.003 —.003* 11.4
(.268) (.084) (.002) (.0003) [.044]

Note: Standard errors in parentheses. p-value in bracket.
x: significant at 1% level

Table 1.1: Tables IT and V of Imbens and Lancaster (1994)

under misspecification. In particular, Hall and Inoue’s asymptotic covariance matrix
encompasses the standard GMM covariance matrix in the absence of misspecification

as a special case, under the situations considered in this paper.

Example: Combining Micro and Macro Data

Imbens and Lancaster (1994) suggests an econometric procedure that uses nearly
exact information on the marginal distribution of economic variables to improve
accuracy of estimation. As an application, the authors estimate the following probit

model for employment: For an individual i,

P(L; = 1|Age;, Edu;) = ®(x.0) (1.1)
= @(90 + 01 : Eduz + ‘92 . (1496z — 35) + Qg : (Agez - 35)2),

with x; = (1, Edu;, Age; — 35, (Age; — 35)?)" and ®(-) is the standard normal cdf.
L; is labor market status (L; = 1 when employed), Edu; is education level in five
categories, and Age; is age in years. The sample is a micro data set on Dutch labor
market histories and the number of observations is 347. Typically, the probit model
is estimated by the ML estimator. The first row of Table 1.1 presents the ML point
estimates and the standard errors. None of the coefficients are statistically significant
except for that of the intercept.

To reduce the standard errors of the estimators, the authors use additional informa-

tion on the population from the national statistic. By using the statistical yearbooks



for the Netherlands which contain 2.355 million observations, they calculated the
probability of being employed given the age category (denoted by pj where the index
for the age category k = 1,2,3,4,5) and the probability of being in a particular age
category (denoted by gx). These probabilities are considered as the true population
parameters.

The authors suggest to use GMM estimators with the moment function that
utilizes the information from the aggregate statistic. The second row of Table 1.1
reports the two-step efficient GMM point estimates and the standard errors. Now

the coefficient 65 is statistically significant at 1% level and the authors argue:

... The standard deviation on the coefficients 05 and 03, which capture the
age-dependency of the employment probability decrease by a factor 7...Age
is not ancillary anymore and knowledge about its marginal distribution is

informative about 0.

Although they could successfully improve the accuracy of the estimators by com-
bining two data sets, their argument has a potential problem. The last column
of Table 1.1 reports the J test statistic and its p-value. Since the p-value is 4.4%,
the model is marginally rejected at 5% level. The problem is that, if the model is
truly misspecified, the reported GMM standard errors are inconsistent because the
conventional standard errors are only consistent under correct model specification.
Then the authors’ argument about the coefficient estimates may be flawed. This
problem could be avoided if the standard errors which are consistent even under
misspecification were used. The formulas for the misspecification-robust standard

errors for the GMM estimators are available in Section 4.3

When the model is misspecified, Eg(X;,0) # 0 for all §, where 6 is a parameter
of interest and g(X;,0) is a known moment function. Let § be the GMM estimator
and Q7! be a weight matrix. According to Hall and Inoue (2003), (i) the probability

3Since the original data sets used in Imbens and Lancaster (1994) are not available, I could not
calculate the robust standard errors. Instead, I provide a supporting simulation result with a simple
hypothetical model that utilizes additional population information in estimation in Section 1.8



limit of 6 is the pseudo-true value that depends on the weight matrix such that
0o(Q27") = arg min Eg(X,, 0)'Q " Eg(X;, ), (1.2)
0

and (ii) the asymptotic distribution of the GMM estimator is

A

V(0 = 0o(Q7)) —a N0, Zur), (1.3)

where X/ is the asymptotic covariance matrix under misspecification that is different
from ¢, the asymptotic covariance matrix under correct specification. If the model
is correctly specified, then 0y(271) and Xy, simplify to 6y and X¢, respectively.

The pseudo-true value can be interpreted as the best approximation to the true
value, if any, given the weight matrix. The dependence of the pseudo-true value on
the weight matrix may make the interpretation of the estimand unclear. Nevertheless,
the literature on estimation under misspecification considers the pseudo-true value
as a valid estimand, see Sawa (1978), White (1982), and Schennach (2007) for
more discussions. Other pseudo-true values that minimize the generalized empirical
likelihood without using a weight matrix, have better interpretations but comparing
different pseudo-true values is beyond the scope of this paper.

Although we cannot fix any potential bias in the pseudo-true value, we can report
the standard error of the GMM estimator as honest as possible. (1.3) implies that
the conventional ¢ tests and CI’s are invalid under misspecification, because the
conventional standard errors are based on the estimate of ¥. Misspecification-robust
standard errors are calculated using the estimate of > y,5.

Unless one has a complete confidence on the model specification, the robust
Hall-Inoue variance estimators for GMM should be seriously considered. By using
the robust variance estimators, the resulting asymptotic ¢ tests and CI’s are ro-
bust to misspecification. The MR bootstrap t tests and CI’s improve upon these
misspecification-robust asymptotic ¢ tests and CI’s in terms of the magnitude of
errors in test rejection probability and CI coverage probability. A summary on the

advantage of the MR bootstrap over the existing asymptotic and bootstrap ¢ tests



Correct Model Misspecified Model
Critical Valuef First-order Asymptotic First-order Asymptotic
/ CIf Validity =~ Refinements  Validity Refinements
Conventional % i i i
Asymptotic
Naive
Bootstrap Y i i i
Recentered
Bootstrap Y Y i i
Hall-Inoue
Asymptotic Y i Y i
MR
Bootstrap§ Y Y Y Y

t: The critical values are for ¢ tests.
1: The bootstrap CI’s are the percentile-t intervals.
§: MR bootstrap denotes the misspecification-robust bootstrap proposed by the author.

Table 1.2: Comparison of the Asymptotic and Bootstrap Critical Values

and CI’s is given in Table 1.2.

1.3 Outline of the Results

In this section, I outline the misspecification-robust (MR) bootstrap. The idea of the
MR bootstrap procedure can be best understood in the same framework with Hall
and Horowitz (1996) and Brown and Newey (2002), as is described below.

Suppose that the random sample is x, = {X; : ¢ < n} from a probability
distribution P. Let F' be the corresponding cumulative distribution function (cdf).
The empirical distribution function (edf) is denoted by F,. The GMM estimator, 0,
minimizes a sample criterion function, J,,(#). Suppose that 6 is a scalar for notational
brevity. Let ¥ be a consistent estimator of the asymptotic variance of /n(f— plim()).

I also define the bootstrap sample. Let x;; = {X; : i < n} be a sample of



10

random vectors from the empirical distribution P* conditional on Y, with the edf
F,,. In this section, I distinguish n and n;, which helps understanding the concept
of the conditional asymptotic distribution.* I set n = n; from the following section.
Define J; (0) and S as J,(0) and ¥ are defined, but with Xp, in place of x,. The
bootstrap GMM estimator §* minimizes I (0).

Consider a symmetric two-sided test of the null hypothesis Hy : 0 = 0, with level
. The t statistic under Hy is T'(x,) = (0 — 90)/\/%, a functional of y,. One
rejects the null hypothesis if |T'(x,)| > =z for a critical value z. I also consider a
100(1 — )% CI for 6y, [ + z@] For the asymptotic test or the asymptotic CI,
set z = z4/2, where z,/o is the 1 — « /2 quantile of a standard normal distribution.
For the bootstrap test or the symmetric percentile-t interval, set z = zl*lea’ where
Z{7|.o 18 the 1 — a quantile of the distribution of [T'(x;, )| = 0% — 0)/1/* /.

Let Hy(z, F)) = P(T(xn) < 2|F) and H; (2, F,,) = P(T(x;,) < 2|F,). According
to Hall (1997), under regularity conditions, H,(z, F') and H; (2, F,) allow Edgeworth

expansion of the form

Hn(zv F) = Hoo(zaF) + n_l/z(Jl(zaF) + n_1Q2(Z7F) + O(H_l), (14)
H, (2, F,) = Hi(2F,)+ n,?l/qu(z, F)+ny gz, F) +op(ny ') (1.5)

uniformly over z, where ¢;(z, F') is an even function of z for each F, g5(z, F') is an

odd function of z for each F', q2(z, F,) — go(z, F') almost surely as n — oo uniformly

over z, Hoo(2, F) = lim,, 0o Hy(2, F) and H3 (2, F,,) = limy,, o0 H (2, F,). IET(+) is

asymptotically pivotal, then Ho(z, F') = H: (z, F,,) = ®(z) where ® is the standard

normal cdf, because Ho.(z, F') and HX (z, F},) do not depend on the underlying cdf.
Using (1.4) and the fact that ¢; is even, it can be shown that under Hy,

P(IT(xn)| > 2ap2) =a+0(n~"), PleCl)=1—a+0(n"), (1.6)

where CT = [0 + z, 12/ 52/n]. In other words, the error in the rejection probability

4ny is the resample size and should be distinguished from the number of bootstrap replication
(or resampling), often denoted by B. See Bickel and Freedman (1981) for further discussion.
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and coverage probability of the asymptotic two-sided ¢ test and CI is O(n™!).
For the bootstrap t test and CI, subtract (1.4) from (1.5), use the fact that ¢; is

even, and set n, = n to show, under Hy,
P(IT(xn)| > 2/7)0) = @+ on™), Pl,eCI')=1—a+o(n?) (1.7)

where CT* = [ + sz‘ya\/f]i/n]. The elimination of the leading terms in (1.4) and (1.5)
is the source of asymptotic refinements of bootstrapping the asymptotically pivotal
statistics (Beran (1988); Hall (1997)).

First suppose that the model is correctly specified, Fg(X;,6p) = 0 for unique 6y,
where E[-] is the expectation with respect to the cdf F. The conventional ¢ statistic
Te(xn) = (0 = 6y)/\/Sc/n, where 3¢ is the standard GMM variance estimator, is
asymptotically pivotal. However, a naive bootstrap t statistic without recentering,®
Te(x;,) = (0* — 0)/\/35 /ny, is not asymptotically pivotal because the moment
condition under F, is misspecified, Eg, g(X?,0) = n 'S, g(X;,0) # 0 almost
surely when the model is overidentified. If the moment condition is misspecified, the
conventional GMM variance estimator is no longer consistent, according to Hall and
Inoue (2003). Note that the bootstrap moment condition is evaluated at 0, where 0
is considered as the true value given Fj,.

The recentered bootstrap makes the bootstrap moment condition hold so that
the recentered bootstrap t statistic is asymptotically pivotal. For instance, the
Hall-Horowitz bootstrap uses a recentered moment function ¢*( X7, 0) = g(X},0) —
n 'Y g(X;,0) so that Ep, g*(X7 6) = 0 almost surely. The Brown-Newey boot-
strap uses the EL distribution function Fz(z) =n~' Y7, p:1(X; < z) in resampling,
where p; is the EL probability and 1(-) is an indicator function, instead of using F,,
so that By g(X7, 0) = 0 almost surely.

The MR bootstrap uses the original non-recentered moment function in imple-
menting the bootstrap and resamples according to the edf F,. This is similar to

the naive bootstrap. The distinction is that the MR bootstrap uses the Hall-Inoue

5A naive bootstrap for GMM is constructing 6* and ©* in the same way we construct 6 and f],
using the bootstrap sample x;,, in place of x,.
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variance estimator in constructing the sample and the bootstrap versions of the ¢
statistic instead of using the conventional GMM variance estimator. The sample
t statistic is Tyr(xn) = (é — (90)/\/2MR/n, where 3,/ is a consistent estimator
of Xyr and Xy g is the asymptotic variance of the GMM estimator regardless of
misspecification. Then, Tyr(x,) is asymptotically pivotal.

The MR bootstrap t statistic is Twr(x;,) = (0% — 0)/\/S3,5/np, where 3%,
uses the same formula as ¥y with X», in place of x,. Then, ij‘w R Is consistent
for the conditional asymptotic variance of the bootstrap GMM estimator, Y|, ,
almost surely, even if the bootstrap moment condition is not satisfied. As a result,
Trr(X;,) is asymptotically pivotal. Therefore, the MR bootstrap achieves asymptotic
refinements without recentering under correct specification.

Now suppose that the model is misspecified in the population, Eg(X;,0) # 0 for
all 8. The advantage of the MR bootstrap is that the assumption of correct model
is not required for both the sample and the bootstrap ¢ statistics. Since Thr(xn)
and Tyrr(x;,) are constructed by using the Hall-Inoue variance estimator, they are
asymptotically pivotal regardless of model misspecification. Thus, the ability of
achieving asymptotic refinements of the MR bootstrap is not affected.

The conclusion changes dramatically for the recentered bootstrap, however. First
of all, the conventional t statistic T¢(x») is no longer asymptotically pivotal and
this invalidates the use of the asymptotic ¢ test and CI's. Moreover, since the
recentered bootstrap mimics the distribution of T (,,) under correct specification,
the recentered bootstrap ¢ test and CI’s are not even first-order valid. The conditional
and unconditional distributions of the recentered bootstrap ¢ statistic is described in
Section 1.7.

Let 27, ..« Pe the 1—a quantile of the distribution of [Thr(X, )| and let CTy, 5 =

[0+ 2 mlaV Sur/n]. Using the MR bootstrap without assuming the correct model,
I show that, under Hy,

P(|ITvr(Xn)l > 21y i) =@+ 0n72), Py € Clyg) =1—a+0(n?). (18)

This rate is sharp. The further reduction in the error from o(n™!) of (1.7) to O(n?)
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of (1.8) is based on the argument given in Hall (1988). Andrews (2002) shows the

same sharp bound using the Hall-Horowitz bootstrap and assuming the correct model.

1.4 Estimators and Test Statistics

Given an L, x 1 vector of moment conditions g(X;, ), where 6 is Ly x 1, and L, > Ly,
define a correctly specified and a misspecified model as follows: The model is correctly
specified if there exists a unique value 6y in © C R such that Fg(X;,6,) = 0, and
the model is misspecified if there exists no # in © C RL¢ such that Eg(X;,0) = 0.
That is, Eg(X;,0) = g(f) where g : © — RL9 such that ||g(#)|| > 0 for all § € O, if
the model is misspecified. Assume that the model is possibly misspecified.

The (pseudo-)true parameter , minimizes the population criterion function,
J(O,Q7Y) = BEg(X;,0)Q ' Eg(X;,0), (1.9)

where Q7! is a weight matrix. Since the model is possibly misspecified, the moment
condition and the population criterion may not equal to zero for any 6 € ©. In this
case, the minimizer of the population criterion depends on 7! and is denoted by
0o (271). We call p(271) the pseudo-true value. The dependence vanishes when the
model is correctly specified.

Consider two forms of GMM estimator. The first one is a one-step GMM estimator
using the identity matrix Iz, as a weight matrix, which is the common usage. The
second one is a two-step GMM estimator using a weight matrix constructed from
the one-step GMM estimator. Under correct specifications, the common choice of
the weight matrix is an asymptotically optimal one. However, the optimality is
not established under misspecification because the asymptotic covariance matrix of
the two-step GMM estimator cannot be simplified to the efficient one under correct

specification.
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The one-step GMM estimator, é(l), solves

Ieréiél Jo(0,11,) = (n_l ig(X,,@)) (n_l zn:g(Xi,@)> . (1.10)

i=1 i=1
The two-step GMM estimator, é(g) solves

n n

i (0. 00) = (17 300600 ) W00) (1 o000 (1)

i=1 =1

n

W, (6) = <n S (92, 0) — 90(6))(9(Xir ) — gnw))')_ e

i=1

and g,(0) = n~ '3, g(X;,0). Suppress the dependence of W, on 6 and write
W, = Wn(é(l)). Under regularity conditions, the GMM estimators are consistent: é(l)
converges to a pseudo-true value 6y (I) = 6y1), and é(z) converges to a pseudo-true value
0o(W) = 0y(2). Under misspecification, 01y # o(2) in general. The probability limit
of the weight matrix W, is W = {E[(g(Xi,Qo(l)) — 901))(9(Xi, Oo(1y) —go(l))’]}il,
where go(;) = Eg(X;, o)) for j =1,2.

To further simplify notation, let G(X;,0) = (0/906")g(X;,0),

0
Gg(j) = EG(XZ, eo(j)), Gé%;) =F [89060 {G(X“ 90(3))}] N (113)

and an Lg X Ly matrix Hy;) = Gg(j)Q_lGo(j) + (g(')(j)Q_l ®IL9)G(()2.), where Q7! = Ip,
for j=1and Q7' =W for j = 2. Let

Gn(0) =n" znj G(X;,0), GPO)=n") ivec{G(Xi, 0)}, (1.14)

i=1 i=1

50ne may consider an L4 x Ly nonrandom positive-definite symmetric matrix for the one-step
GMM estimator or the uncentered weight matrix, W, () = (n=* Y7, g(X;,0)g9(X;,0)" )™, for the
two-step GMM estimator. This does not affect the main result of the paper, though the resulting
pseudo-true values are different. In practice, however, the uncentered weight matrix may not behave
well under misspecification, because the elements of the uncentered weight matrix include bias terms
of the moment function. See Hall (2000) for more discussion on the issue.
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Gty = Gal0p), and Hogg) = Gy Q7 Gy + (9127 © 12, )Gy, where Q71 = 1o,

for j =1 and Q7' =W, for j = 2. Let ©; and €, denote positive-definite matrices
such that

n(90(1)) - G0(1))/90 1 )x(Lg+Le)

\/ﬁ< (G(gn(%m) — o)) . ) N (0,@ y o ) , (1.15)

and

(9n(Bo2)) — 9o(2))
\/ﬁ (Gn<90(2)) - G0(2)>/Wg0(2) —>d N (0, QQ > . (116)
(W _ W)g()(z) (2Lg+Lg)x(2Lg+Lg)

To obtain the misspecification-robust asymptotic covariance matrix for the GMM
estimator, I use Theorems 1 and 2 of Hall and Inoue (2003). Then,

Vi(h) = o)) —a N0, Zarre), (1.17)
where Yy p(;) = Hy)ViHy ), for j =1,2,

Vi = | Gy I, || Goy I, }/’ (1.18)
Vo = [GioW I, Gig || GigW L, Giy |-

Under correct specifications, ¥y and X p(2) reduce to the standard asymptotic

covariance matrices of the GMM estimators, Y (1) and X¢ (o) respectively, where
Yoy = (GhGo) 'GiQeGo(GiGo) ™, o) = (GiQc'Go) ™, (1.19)

and QC = E[Q(X“ Go)g(Xl, 90),].

A consistent estimator of Xz is ZA]MR(J-) =H Vo) H}

() n(]) for j = 1,2, where

Vo) = {Gin fLe]Qnu){G;(l) I, },, (1.20)
Vo) = [ n(2)W I, G;L(Q) }Qn@){G%@)Wn I, G;I(Q) }/7
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and €,,(j) is a consistent estimator of {};, with the population moments replaced by

the sample moments. In particular,

A N /
" X’Mg — Yn X’HH - Yn
Gy = n 'Y 9(X,00)) — g W 9(Xi,00)) — g W (1.21)
i=1 (G(Xi7 9(1)) - Gn(l)) 9n(1) (G<Xi7 9(1)) - Gn(l)) dn(1)
A~ A~ /
. 9(Xi, 02)) = n2) 9(Xi, 02)) = gn(2)
Uy = 17> | (G(Xi,02) — Gug2) Wagne2) (G(Xi,02) — Gn@) Wagne) | »
=1
Wign(2) Wign(2)

where”

A

Wi = =W (90X, 00) = 9200 (0(Xi.00) = 9a(B)) =W, ") - Wao - (1.22)

The diagonal elements of the covariance estimator S r(j) for j = 1,2 are the Hall-
Inoue variance estimators. In practice, the estimation of the misspecification-robust
covariance matrices does not involve much complication. What we need to calculate
additionally is the second derivative of the moment function.

Let 0k, 0o(j),%, and é(j),k denote the kth elements of 0, 0y;), and é(j) respectively.
Let (ZATMR(]-))MC denote the (k, k)th element of f]MR(j). The ¢ statistic for testing the
null hypothesis Hy : 0 = 01 is

O — Onps
TMR(j) — (4).k 0(4),k ’ (123)

where 7 = 1 for the one-step GMM estimator and j7 = 2 for the two-step GMM
estimator.® Tnrg) is misspecification-robust because it has an asymptotic N(0,1)
distribution under Hy, without assuming the correct model. Th;p(;) is different from
the conventional ¢ statistic, because f]c(j) #+ ) MR(j) in general even under correct
specification, for j = 1,2. Note that f]c(j) is a consistent estimator for Xc(;), the

asymptotic covariance matrix under correct specification for j = 1, 2.

"Note that W,, — W = —W(W, 1 — W-H)W,,.
STMR(j) = Tmr(j)(Xn)- I suppress the dependence of Thsp(;) on x, for notational brevity.
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The MR bootstrap described in the next section achieves asymptotic refinements
over the misspecification-robust asymptotic ¢ test and CI, rather than the conventional
non-robust ones. Define the misspecification-robust asymptotic ¢ test and CI as follows.
The symmetric two-sided ¢ test with asymptotic significance level o rejects Hy if
|TrvReG)| > Zaj2, Where zq)9 is the 1 — /2 quantile of a standard normal distribution.

The corresponding CI for ;) , with asymptotic confidence level 100(1 — )% is

A

Clyry) = [G(j)k:i:za/g\/(iMR(j))kk/n], j =1,2. The error in the rejection probability
of the ¢ test with 2,/ and coverage probability of Clyp(; is O(n~'): Under Hy,

P (]TMR(]»)| > za/Q) =a+O0(n ') and P (Qo(j),k: € C’IMR(j)) =1—a+O0(n"), for
j=1,2.

1.5 The Misspecification-Robust Bootstrap

Procedure
The nonparametric iid bootstrap is implemented by sampling X7, .-+, X randomly
with replacement from the sample X1, -+, X,,.

The bootstrap one-step GMM estimator, éa) solves:
n ! n
: * _ -1 * —1 *
min J3(0,11,) — (n > ol ,9)> (n >l ,9)> S
and the bootstrap two-step GMM estimator HA&) solves

i 20 00) = (17 20062, 0)) W) (1 T alx20)) . (129)
i=1 =1
where
-1

Wi (6) = (n 3 (00X )~ )X 0) - g:;<9>>’) S )

and g:(0) = n™' 30", g(X},0). Suppress the dependence of W on # and write
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Wy = W;(éa)) To further simplify notation, let

=n! (2)* _ -1 o B *
=n Z (90’ X7,0), G"0)=n g 86’%6{86"(]0{1 ,9)} . (1.27)

= Gz(é* ), and H* N = G*lj)Q_lG;(j)—i_(g;kL/(j Q_1®[L9)G( * where Q1 — = I,

n(j)’

Gri)
for j =1 and Q7! W*forj—Q
The bootstrap version of the robust covariance matrix estimator f]MR(j) is

A*MR(j H o 1V* H* "for j = 1,2, where

n(j)

’

Vi = [GZ/(I) ILQ]QZ(].){G;:(U I, }/, (1.28)
v = [ GleWi I, Gl | [ GloWi L, Gl |

and Q* (j) 1s constructed by replacing the sample moments in Q,,(jy with the bootstrap

sample moments. In particular,

A~ A~ /
92(1) — ! Z g(*Xi; 9(1)) _*gn(ll) ) 9<*Xi>: ‘9(1 ) _*gn(l) , (1.29)
=1\ (G(X] ,9(1)) - Gn(l)) In(1) (G(X; 79(1 ) =G, ) In(1)

n g(X7, 9?2)) - 92(2) 9(X; 79(2)) - gn(2)
Doy = n )| (GXT, 0(2)) — Gria) W2 (G(X7,005) — Gr) Wigne
1=1 * ok *
Wi gh ) Widne)

where
Wi=-w,- ((g(XZ‘,éZ‘U) — g () (9(X7.00) — 9n(0)) — W{f’l) Wy (1.30)

The MR bootstrap ¢ statistic is

0z, — 0
Tiiag = a2, (1.31)
EMR(j))kk/n

/!
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for j = 1,2.% Let ZFTMR@)I@ denote the 1 — o quantile of [T5;[, j = 1,2. Following
Andrews (2002), we define U Tynla 10 be a value that minimizes [P (1T | <
z) — (1 —a)| over z € R, since the distribution of |17z ;)| is discrete. The symmetric
two-sided bootstrap ¢ test of Hy : 6 = Oy, versus Hy : 0 # Oy, rejects if
|Trire)| > ZI*TMR(]-)La’ j =1,2, and this test is of asymptotic significance level a. The

100(1 — a)% symmetric percentile-t interval for Oy is, for j = 1,2,

Clirgy = |06)k £ 273500 (EMR(j))kk/n:| : (1.32)

The MR bootstrap ¢ statistic differs from the recentered bootstrap ¢ statistic.
First, the MR bootstrap GMM estimator, unlike the Hall-Horowitz bootstrap, is
calculated from the original moment function with the bootstrap sample. Second,
the robust covariance matrix estimator, f]”jw R()» 18 used to construct the bootstrap ¢
statistic. In the recentered bootstrap, the conventional covariance matrix estimator
of Hansen (1982) is used.

1.6 Main Result

Assumptions

The assumptions are analogous to those of Hall and Horowitz (1996) and Andrews
(2002). The main difference is that I do not assume correct model specification. If
the model is misspecified, then the probability limits of the one-step and the two-step
GMM estimators are different. Thus, we need to distinguish 6y(;) from 6y, the
probability limit of é(l) and é(g), respectively. The assumptions are modified to hold
for both pseudo-true values. If the model happens to be correctly specified, then the
pseudo-true values become identical.

Let f(X;,6) denote the vector containing the unique components of g(X;, #) and
9(X;,0)9(X;,0), and their derivatives through order d; > 6 with respect to 6. Let

9T]T/[R(j) = Tamr(y)(X;,). I suppress the dependence of TJ’\}RU) on x; for notational brevity.
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(0™ /00™)g(X;,0) and (0™ /00™) f(X;, ) denote the vectors of partial derivatives with
respect to 6 of order m of g(X;,8) and f(X;,0), respectively.

Assumption 1.1. X, ¢ = 1,2, ... are did.

Assumption 1.2. (a) © is compact and 0yqy and gy are interior points of ©.
(b) é(l) and é(Q) minimize J,(0,Ir,) and J,(0, W) over 0 € ©, respectively; 0oy and
Oo(2) are the pseudo-true values that uniquely minimize J(0,11,) and J(6, W) over 6 €
O, respectively; for some function Cy(z), ||g(z,61) — g(x, 0:)|| < Cy(x)||01 — 5] for all
x in the support of Xy and all 0,0y € ©; and EC{* (X,) < oo and E||g(X1,0)[|" < oo
for all 0 € © for all 0 < ¢ < 0.

Assumption 1.3. The followings hold for j = 1,2.

(a) Q; is positive definite.

(b) Hyj) is nonsingular and Gy is full rank Lg.

(c) g(x,0) is d = dy + dy times differentiable with respect to 0 on Ny, where Nojy is
some neighborhood of Oy, for all x in the support of Xy, where di > 6 and dy > 5.
(d) There is a function Cyp(X1) such that ||(0™/00™) f(X41,0)—(0™/00™) f (X1, Ooj)| <
Cor(X)||0 = o)l for all 6 € Nygjy for allm =0, ..., ds.

(e) EC5:(X1) < 0o and E[(0™/00™) f(X1,00())[|2 < Cy < 00 for allm =0, ...,ds
for some constant Cy (that may depend on q2) and all 0 < g2 < 0.

(f) f(X1,000)) is once differentiable with respect to Xy with uniformly continuous

first derivative.

Assumption 1.4. Fort € R¥) gnd j = 1,2, lim SUD) 4|00 ‘E (exp(it’f(Xl, 90@)))) <

1, where 1 = v/—1.

Assumption 1.1 says that we restrict our attention to iid sample. Hall and
Horowitz (1996) and Andrews (2002) deal with dependent data. I focus on iid sample
and nonparametric iid bootstrap to emphasize the role of the Hall-Inoue variance
estimator in implementing the MR bootstrap and to avoid the complications arising
when constructing blocks to deal with dependent data. For example, the Hall-Horowitz

bootstrap needs an additional correction factor as well as the recentering procedure



21

for the bootstrap ¢ statistic with dependent data. The correction factor is required to
properly mimic the dependence between the bootstrap blocks in implementing the
MR bootstrap. I do not investigate this issue further in this paper.

Assumptions 1.2-1.3 are similar to Assumptions 2-3 of Andrews (2002), except
that I eliminate the correct model assumption. In particular, I relax Assumption 2 of
Hall and Horowitz (1996) and Assumption 2(b)(i) of Andrews (2002). The moment
conditions in Assumptions 1.2-1.3 are not primitive, but they lead to simpler results
as in Andrews (2002). Assumption 1.4 is the standard Cramér condition for iid

sample, that is needed to get Edgeworth expansions.

Asymptotic Refinements of the Misspecification-Robust
Bootstrap

Theorem 1.1 shows that the MR bootstrap symmetric two-sided ¢ test has rejection
probability that is correct up to O(n~?), and the same magnitude of convergence
holds for the MR bootstrap symmetric percentile-¢ interval. This result extends the
results of Theorem 3 ofHall and Horowitz (1996) and Theorem 2(c) of Andrews (2002),
because their results hold only under correctly specified models. In other words, the
following Theorem establishes that the MR bootstrap achieves the same magnitude
of asymptotic refinements with the existing bootstrap procedures, without assuming

the correct model and without the recentering procedure.

Theorem 1.1. Suppose Assumptions 1.1-1.4 hold. Under Hy : 0, = Oy k. for
J=12,

P(|Trrg)| > ZF}MR(],)W) =a+0(n™?) or POy € Clyry)) = 1—a+0(n™?),

where zp is the 1 — a quantile of the distribution of |Typ ;|-

R e

Since P (|TMR(]-)| > Za/g) = a+ O(n™ 1), the bootstrap critical value has a reduc-
tion in the error of rejection probability by a factor of n=! for symmetric two-sided ¢

tests. The symmetric percentile-t interval is formulated by the symmetric two-sided ¢
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test, and the CI also has a reduction in the error of coverage probability by a factor
of n= 1.

We note that asymptotic refinements for the J test are not established in Theorem
1.1. The MR bootstrap is implemented with a misspecified moment condition in the
sample, E*g( X7, é) =+ 0, where E* is the expectation over the bootstrap sample. Thus,
the distribution of the MR bootstrap J statistic does not consistently approximate that
of the sample J statistic under the null hypothesis, which is Eg(X;, 6y) = 0. Though
it is typical to report the J test result in practice, the test itself has little relevance
in this context since the Theorem holds without the assumption of Eg(X;,6y) = 0.

The proof of the Theorem proceeds by showing that the misspecification-robust ¢
statistic studentized by the Hall-Inoue variance estimator can be approximated by
a smooth function of sample moments. Once we establish that the approximation
is close enough, then we can use the result of Edgeworth expansions for a smooth
function in Hall (1997). The proof extensively follows those of Hall and Horowitz
(1996) and Andrews (2002). The differences are that I allow for distinct probability
limits of the one-step and the two-step GMM estimators, and that no special bootstrap
version of the test statistic is needed for the MR bootstrap. Indeed, the recentering
creates more complication than it seems even under correct specification, because
é(l) #* é(g) in general, which in turn implies that there are two (pseudo-)true values
in the bootstrap world. This issue is not explicitly explained in Hall and Horowitz
(1996) and Andrews (2002). Therefore, the idea of the proof given in this paper is

more straightforward than theirs.

1.7 The Recentered Bootstrap under

Misspecification

In this section, I discuss about the validity of the recentered bootstrap under misspeci-

fication. Let 6 be a scalar for notational brevidy. Consider the conventional ¢ statistic

TC(j)(Xn) = (é(j) — Qg(j))/\/ic(j)/n for j = 1,2, where ic(j) is the conventional
GMM variance estimator of Hansen (1982). Since f]c(j) is inconsistent for the true
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asymptotic variance, Ti(;)(Xn) is not asymptotically pivotal under misspecification.
Therefore, the resulting asymptotic ¢ test and CI would have incorrect rejection
probability and coverage probability. Since the asymptotic pivotal condition of the
sample and the bootstrap versions of the test statistic is critical to get asymptotic
refinements, it is obvious that any bootstrap method would not provide refinements
as long as we use the conventional ¢ statistic.

Since the recentered bootstrap depends on the assumption of correct model in
achieving asymptotic refinements, it is inappropriate to use the recentered bootstrap
if the model is possibly misspecified. Nevertheless, I provide a heuristic description
of the conditional and unconditional asymptotic distributions of the Hall-Horowitz
bootstrap t statistics under misspecification.

Let é}}(j) be the Hall-Horowitz bootstrap GMM estimator with the recentered
moment function. By standard consistency arguments, it can be shown that 9}3( 5 ~p
6y conditional on the sample. Since the model is correctly specified in the sample, we
apply standard asymptotic normality arguments as in Newey and McFadden (1994)
to get the conditional asymptotic variance of the Hall-Horowitz bootstrap GMM
estimator, X p(j)r,. By Glivenko-Cantelli theorem, F},(z) converges to F'(z) uniformly
in z € R, and thus, X () m, —p Lry) almost surely, where ¥ p(;) is the (unconditional)

asymptotic variance of the distribution of \/ﬁ(é*R( N é(j)). The formulas are given by

Sra) (GoyGowy) ™' GoyQry Goy(Gony Goy) ™ (1.33)
Srey = (GogWrGow) ' Goo WrQr@) WrGoe)(Gom WrGoz) ™
Qray = E(9(Xi,000)) — 901))(9(Xi, bor)) — go))'s
Qre) = E(9(Xi,002) — 9o02))(9(Xi, Oo2) — gor))’s
Wr = [E(Q(Xn@ou)) @) (9(Xi, 0o)) — 90(2))’}71

The above formulas describe the asymptotic variance of the Hall-Horowitz boot-
strap GMM estimators under misspecification. One of the fundamental reasons for the
failure of the Hall-Horowitz bootstrap is that the probability limits of the preliminary

and the two-step GMM estimators are different. In particular, ¥ p(9) cannot be further
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simplified to the variance of the efficient two-step GMM estimator, because Wx and
Qpr(2) do not cancel each other out. In contrast, go;y = 0 for j = 1,2, and 1) = y(2)
when the model is correctly specified. Then, Xg(;) simplifies to X¢(;, the conventional
variance.

In order to construct the Hall-Horowitz bootstrap ¢ statistic, we need the bootstrap
variance estimator, i*c RG)- It is constructed by using the recentered moment function
(X}, 0) — gn(0(;)) and following the standard GMM formula. In particular,

!/

cray = (Gh 2(1))7102(1) *R,n(l)G:;(U(G:;(l)GZ(lﬂilv (1.34)

* */ x—1 * —1
CR(2) — ( n(Z)QR,n(2)Gn(2)) )

n

*R,n(l) = n Z(Q(Xi*7 9?1)) - gn(é(l)))@(xi*; éa)) - gn(é(l)))/7
=1

R = 19X 0) = 92 (02)) (9(X7 . 00y) — 90 (02)))"

=1

By standard consistency arguments, we can show G}, ;) —p Go(j) and Qp ;) —p Qr(j)
almost surely for j = 1,2. Let Y¢g(j) be the (unconditional) probability limit of

E*CRU). Then,

Soray = (GomyGowy) ' GonyQrmyGoy(GonGony) ™' = Sra), (1.35)
Sore = (GooQrnGo) ™" # Sre)-

Thus, studentizing the Hall-Horowitz bootstrap ¢ statistic with 3¢ g,y hoping that
L R(2) Is consistent for the asymptotic variance of the Hall-Horowitz bootstrap GMM
estimator would not work under misspecifications.

Finally, Results 1 and 2 describe the asymptotic distribution of the Hall-Horowitz

bootstrap t statistics.

6%, .—0

Result 1 Thna) = \/Rz(l) “;n n_dm> N(0,1), conditional on the sample almost surely.
CR(1)
6%, —0

Result 2 Tj ) = =2 ® 44N (0, ;:;2) ), conditional on the sample almost

o Sk —
\/ECR(Z)/n e
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surely.

Now, consider the Brown-Newey bootstrap. The Brown-Newey bootstrap uses the
original moment function. The difference between the naive and the Brown-Newey
bootstrap is that we use F; based on the EL probabilities in place of the edf Fj,.
According to Chen et al. (2007), Fgy is consistent for the pseudo-true cdf Fs, which
is different from the true cdf F', under misspecification. This implies that the Brown-
Newey bootstrap resampling procedure does not mimic the true data generating
process asymptotically. In addition, Schennach (2007) shows that the asymptotic
behavior of the EL probability is problematic if the moment function g(Xj, #) is not
bounded in absolute terms. Brown and Newey (2002) does not have this bound in
its assumptions. Thus, a further investigation is needed to use the EL probability in

implementing the bootstrap.

1.8 Monte Carlo Experiments

In this section, I compare the actual coverage probabilities of the asymptotic and
bootstrap CI’s under correct specification and misspecification for different numbers of
samples. Since the actual rejection probability of the ¢ test is the coverage probability
subtracted from one, I only report the coverage probabilities.

The conventional asymptotic CI with coverage probability 100(1 — a))% is

éiza/gx/ic/n , (1.36)

where z,/p is the 1 — a/2th quantile of a standard normal distribution. The

Cle =

misspecification-robust asymptotic CI using the Hall-Inoue variance estimator with

coverage probability 100(1 — )% is

C[MR = [é + Za/z\/ i}MR/TL

The only difference between this CI and the conventional CI is the choice of the

. (1.37)

variance estimator. Under correct model specification, both asymptotic CI’s have
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coverage probability 100(1 — «)% asymptotically and the error in the coverage
probability is O(n~1). Under misspecification, C'Iysp is still first-order valid, but C'I
is not.

The Hall-Horowitz and the Brown-Newey bootstrap CI’s with coverage probability
100(1 — )% are given by

CIyy = {éiz*THH,a\/flc/n}, (1.38)

Clyy = [éiz;mm\/ic/n, (1.39)

where 27y, is the 1 — ath quantile of the Hall-Horowitz bootstrap distribution

Hla

of the t statistic and 2y is the 1 — ath quantile of the Brown-Newey bootstrap

vaa
distribution of the ¢ statistic. Both the recentered bootstrap CI’s achieve asymptotic
refinements over C'I- under correct specification. However, they are first-order invalid
under misspecification.

The MR bootstrap CI with coverage probability 100(1 — «)% is:

0% 1,0/ Sain/n] (1.40)

where 2 Tarnl o 18 the 1 —ath quantile of the MR bootstrap distribution of the ¢ statistic.

Clyr=

This CI achieves asymptotic refinements over C'I,;r regardless of misspecification by
Theorem 1.1.

Example 1: Combining Data Sets

Suppose that we observe X; = (V;,Z;) € R?, i = 1,...n, and we have an econometric
model based on Z; with moment function g;(Z;, 0), where 6 is a parameter of interest.
Also, suppose that we know the mean (or other population information) of Y;. If
Y; and Z; are correlated, we can exploit the known information on EY; to get more
accurate estimates of §. This situation is common in survey sampling: A sample
survey consists of a random sample from some population and aggregate statistics

from the same population. Imbens and Lancaster (1994) and Hellerstein and Imbens
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(1999) show how to efficiently combine data sets and make an inference. For more
examples, see Imbens (2002) and Section 3.10 of Owen (2001).

Let ¢1(Z;,0) = Z; — 0, so that the parameter of interest is the mean of Z;.
Without the knowledge on EY;, the natural estimator is the method of moments
(MOM) estimator, which is the sample mean of Z;: Oyon = Z =n 3%, Z;. If an

additional information, FY; = 0, is available, then we form the moment function as

9(X,,0) = ( ZY_ ) ) . (1.41)

Since the number of moment restrictions (L, = 2) is greater than that of the parameter
(Lp = 1), the model is overidentified and we can use GMM estimators to estimate 6.
If the assumed mean of Y is not true, i.e., EY; # 0, then the model is misspecified
because there is no 6 that satisfies Fg(X;,0) = 0.

The one-step GMM estimator solving (1.10) is given by 9(1) = Z. The two-step
GMM estimator solving (1.11) and the pseudo-true value are given by

R _ Cov(Yi, Z;) - Cov(Y;, Z;)
O = 72 — ——="2VY 5 Oy = BZ; — ————2 2V Y, 1.42
(2) Var(Y) » Do) Var(Y) (1.42)

where Var(Y;) = n 'S0, (Y; — V)2 and Cov(V;, Z)) = n ' S0 (Y; = Y)(Z; — 2).
Note that the pseudo-true value reduces to y2) = EZ; when EY; = 0, i.e., the model
is correctly specified.!”

Without considering a possible misspecification in the model, the conventional
asymptotic variance of é(g) is Yo = (GHQ'Go) L. If we admit a possibility that
the model is misspecified, the misspecification-robust asymptotic variance of é@) is

Yarr(2), where the formula for ¥y g is given in the previous section.

10The pseudo-true value may equal to the true value regardless of misspecification. Schennach
(2007) provides an example that the pseudo-true value is invariant to misspecification, and thus, is
the same with the true value.
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Let the true data generating process (DGP) be

)= (G)0r) 3)

where 0 < p < 1 is a correlation between Y; and Z;, and (Y}, Z;)’ is iid. Thus, the
assumed mean of Y, zero, may not equal to the true value, §. As § gets larger, the
degree of misspecification becomes larger. The pseudo-true value is 0y = —pd.

The asymptotic variances ¢ (o) and Eprp(e) are'!
Yo =1-p% Sare) = (1= p°)(1+6%). (1.44)

If the model is correctly specified, then using the additional information reduces
the variance of the estimator by p?, because the asymptotic variance of the MOM
estimator Z is Var(Z;) = 1. However, this reduction does not occur when the
additional information is misspecified, and furthermore, the conventional variance
estimator is inconsistent for the true asymptotic variance of the estimator. In
contrast, the Hall-Inoue variance estimator is consistent for the true asymptotic
variance regardless of misspecification. As the degree of misspecification becomes

larger, the ratio of Xj/r(2) to Mc(e) increases:

YMR(©2)

=1+6* =00 asd— oo. (1.45)
Yo

This implies that the ¢ statistic constructed with the conventional variance estimator
ic does not converge in distribution to standard normal: the asymptotic variance of
the conventional t statistic departs from 1 to infinity, as 6 — oo. Therefore, t tests
or confidence intervals based on the conventional ¢ statistic would yield incorrect

rejection probability or coverage probability under misspecification.

LA detailed calculation is in the technical appendix.



Degree of n =25 n = 100
Misspecification =~ Nominal Value 0.90 095 090 0.95
Clyr 0.871 0.926 0.895 0.944
Clyin 0.910 0.956 0.901 0.950
0=0 Cle 0.866 0.925 0.893 0.944
(correct Cliy 0.907 0.952 0.900 0.949
specification) Clgn 0.908 0.953 0.897 0.949
J test, 1% level
’ 1.0% 1.0%
(Rejection Prob.) ’ !
Clyr 0.850 0.907 0.881 0.938
Cliyin 0.892 0.942 0.895 0.945
0=20.6 Cle 0.793 0.862 0.824 0.892
(moderate CTiy 0.842 0.909 0.835 0.904
misspecification) Cljy 0.847 0.913 0.834 0.903
J test, 1% level
oo 53.2% 99.9%
(Rejection Prob.)
Clyr 0.851 0911 0.891 0.941
Clyr 0.901 0.952 0.902 0.951
0=1 Cle 0.716 0.792 0.745 0.820
(large Cli g 0.773 0.857 0.755 0.836
misspecification) Clgn 0.777 0.855 0.754 0.831
J test, 1% level
P 97.2% 100%

(Rejection Prob.)

29

Table 1.3: Coverage Probabilities of 90% and 95% Confidence Intervals for 62 based
on the Two-step GMM Estimator, é(z), when p = 0.5 in Example 1, where the number

of Monte Carlo repetition (r) = 5,000, the number of bootstrap replication (B)

1,000.
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Table 1.3 shows coverage probabilities of 90% and 95% CI’s based on the two-step
GMM estimator, 9(2), when p = 0.5. For a correctly specified model (§ = 0), the
coverage probability of the CI is the number of events that the CI contains the true
value, 0y = 0, divided by the number of Monte Carlo repetition, . The simulation
results show that the bootstrap CI's, CIy, g, Cljy, and Clfy, achieve asymptotic
refinements over the asymptotic CI’s. When the model is correctly specified, the
actual and the nominal levels of the (asymptotic) J test are about the same at 1%.

For misspecified models (§ = 0.6 or 1), the coverage probability of the CI is the
number of events that the CI contains the pseudo-true value, 0y 2), divided by r. CI};
clearly demonstrates asymptotic refinements over C'I,r regardless of misspecification.
In contrast, the conventional asymptotic and bootstrap CI’s are first-order invalid.
When n = 25, the asymptotic J test rejects the null about 53.2% of the Monte Carlo
repetition for moderately misspecified model (6 = 0.6) and about 97.2% of the Monte
Carlo repetition for largely misspecified model (6 = 1). Note that the degree of
misspecification can be arbitrarily large, and it makes the coverage probabilities of

Cle, Cljyy, and Clj )y arbitrarily close to zero.
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Figure 1.1: Coverage Probabilities of 90% Confidence Intervals for sy based on the
Two-step GMM Estimator, é(z), when p = 0.5 and n = 25 in Example 1 (r=>5,000,
B=1,000)

For different values of §, Figure 1.1 shows the coverage probabilities of the CI’s
when n = 25. The figure supports the arguments made throughout the paper:
Asymptotic refinements of the MR bootstrap and the first-order invalidity of the

conventional asymptotic and bootstrap CI’s.

Example 2: Invalid Instrumental Variables

Suppose that there is an endogeneity in the linear model y; = x;60 + e;, where
yi,x; € R and Ez;e; # 0. The OLS estimator BO Ls is inconsistent for 3y because
Bors —, Bors = Bo + (Ex?) ' Ex;e;, where the second term on the right-hand side

is not equal to zero. Consider two instruments, z;; and zy;. By using one of the
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instrument, z;;, k = 1 or 2, the IV estimator and its probability limit are
@]Vk = (Zj; Z3iT) izkzyz —p Brvi = Bo + (Ezriz:) ' Ezpies, (1.46)
and fSry, = Bo when Ezpe; = 0. If the instrument is invalid, i.e., Ezge; # 0, then

Brv, is biased.

Now consider using both instruments in estimating § by GMM. The moment

9(Xi, B) = ( 29 =~ =ib) ) , (1.47)

function is

Z2z‘(yz‘ - xzﬁ)

where X; = (y;, %, 214, 22;)’.  This moment function is correctly specified when
Eg(X;, Bo) = 0 holds, which is implied by the validity of the instruments Ezj;e; =
Ezye; = 0. In practice, a commonly used weight matrix is W,, = (n™! Y0, z;2}) 7!,

where z; = (z1;, z2;)’. The one-step GMM estimator B(l) solves (1.11) by using W,
as a weight matrix instead of using the identity matrix.'> Then 5(1) is a weighted
average of the two instrumental variable estimators, B 1 and B va. Let )y MR be the
Hall-Inoue variance estimator and let f]c be the conventional variance estimator for
3(1)' A

The asymptotic variance lim,, .o, X3/g can be calculated by using the formula
for Xarr(2), the asymptotic variance for the two-step GMM estimator described in
Section 1.4, because y/nvech(W,, — W) converges to a normal distribution. Maasoumi
and Phillips (1982) and Newey and McFadden (1994) address that the conventional
variance estimator is inconsistent for the true asymptotic variance,'® and that the

calculation of the asymptotic variance is very complicated under misspecification.

Let the DGP be

Yi = xiB0 + €5 x; = 211+ ZoiYe + €+ €y 2o = zgi + 0.5d¢e; + u;;(1.48)
(zu,zgi)’ ~ N(O, [2), €; ~ N(O,Q), E; N(O,l), Uy ~ N(O,l),

12A detailed calculation of 8(1) and its probability limit is in the technical appendix.
13The asymptotic variance formula of Hall and Inoue (2003) encompasses that of Maasoumi and
Phillips (1982) as a special case.
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where I, is a 2 x 2 identity matrix and (z1;, 2%,), €;, &, and u; are iid. This DGP
satisfies Fxe; # 0, Ez;e; = 0, and Ezge; = 0, where § measures a degree of
misspecification. Therefore, the instrument z;; is valid, while z9; may not. The

probability limit of B(l) is

24 0.58%)y, + 0
Boy = Bo + — ( lkE
1

221 056%) 1 (2 + 0505, 12 0=t o). (149

When the model is correctly specified (§ = 0), then fSy1) = fo. Otherwise, Byy # Bo-
Note that Byi) — By as § — 0o according to the above formula. This is because the
weight on the misspecified moment restriction, Ezye; = 0, converges to zero as the
degree of misspecification grows. Thus, larger misspecification does not necessarily
imply larger potential bias in the pseudo-true value. For example, Figure 1.2(a)
compares the pseudo-true value with the structural parameter 3y, when Sy = 1,
11 =1, and o = —0.5. In fact, if 75 = —§(2 + 0.56%) " in (1.49), then Son) = o
holds. However, ¥,z and X¢ are different in general even if 8yq1) = fo. Figure 1.2(b)
shows that the values of the Hall-Inoue variance estimator and the conventional
variance estimator are different under misspecification for n = 100, 000. Sug is

almost twice as large as Soat § = 2.
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(a) Comparison of The Pseudo-True Value and the Structural Parameter Value
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(b) Comparison of The Estimated Variances, Sk and S¢ when n = 100,000

Figure 1.2: The Pseudo-True Value and The Hall-Inoue Variance Estimates under
Different Degrees of Misspecification; 5y = 1, 1 = 1, 72 = —0.5 in Example 2
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Degree of n =25 n = 100

Misspecification =~ Nominal Value 0.90 095 090 0.95

Clyr 0.829 0.875 0.888 0.934
Clyin 0.868 0.917 0.900 0.944
0=0 Cle 0.816 0.862 0.886 0.932
(correct Cliy 0.862 0.912 0.901 0.946
specification) Clgn 0.867 0.918 0.901 0.946
J test, 1% level
’ 7.1% 6.4%
(Rejection Prob.) ’ !
Clyr 0.847 0.890 0.884 0.935
Cliyin 0.881 0.924 0.897 0.948
0=1 Cle 0.784 0.836 0.818 0.884
(moderate CIiy 0.825 0.876 0.839 0.907
misspecification) Cljy 0.856 0.905 0.847 0.914
J test, 1% level
oo 59.7% 98.9%
(Rejection Prob.)
Clyr 0.848 0.906 0.884 0.938
Clyr 0.892 0.943 0.894 0.948
0=2 Cle 0.732 0.812 0.747 0.832
(large Cli g 0.800 0.869 0.765 0.854
misspecification) Clyy 0.859 0.919 0.779 0.872
J test, 1% level
P 94.6% 100%

(Rejection Prob.)

Table 1.4: Coverage Probabilities of 90% and 95% Confidence Intervals for 51y based
on the One-step GMM Estimator, 5’(1) in Example 2, where the number of Monte
Carlo repetition (r) = 5,000, the number of bootstrap replication (B) = 1,000.
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Figure 1.3: Coverage Probabilities of 90% Confidence Intervals for 3oy based on the

A

One-step GMM Estimator, (1), n = 50 in Example 2 (r=5,000, B=1,000)

Table 1.4 shows coverage probabilities of 90% and 95% CI’s based on the one-step
GMM estimator, B(l), when By = 1, 71 = 1, and 75 = —0.5. Although asymptotic
refinements of C'I},;, do not depend on a particular choice of parameter values, the
actual amount of refinements can differ according to the DGP, the sample size, and
the choice of parameter values. The simulation results show that the bootstrap
CT's, CI3p, Clf gy, and Clgy, achieve asymptotic refinements over the asymptotic
CI’'s when the model is correctly specified, but the bootstrap does not completely
remove the error in the coverage probability. The J test over-rejects the correct
null hypothesis. Interestingly, the errors of C'I},, are smaller when there is a larger
misspecification. The conventional asymptotic and bootstrap CI’s are first-order
invalid under misspecification.

Figure 1.3 shows the coverage probabilities of the CI’s over different degrees of
misspecification. Again, the ability of achieving asymptotic refinements of the boot-
strap CI’s is clearly demonstrated at § = 0, and C'I},;; maintain the ability regardless

of misspecification. As the sample size grows, the invalidity of the conventional
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asymptotic and bootstrap CI’s becomes clearer, while the gap between the asymptotic

and bootstrap CI’s becomes smaller.

1.9 Conclusion

This paper gives an alternative bootstrap procedure for GMM that achieves a sharp
rate of asymptotic refinements regardless of misspecification. The existing bootstrap
procedures for GMM achieve the same rate of asymptotic refinements only for correctly
specified models by using an additional correction, the recentering procedure. The
proposed misspecification-robust bootstrap procedure requires neither the assumption
of correct model nor the recentering. The use of the misspecification-robust variance
estimator in constructing the sample and bootstrap versions of the test statistic is
critical in implementing the bootstrap for overidentified and possibly misspecified
models. Possible extensions of this paper would be to apply the MR bootstrap to the

generalized empirical likelihood (GEL) estimators.

1.10 Appendix: Lemmas and Proofs

The proofs of the Theorem and Lemmas are analogous to those of Hall and Horowitz
(1996) and Andrews (2002) by allowing possible model misspecification. Throughout
the Appendix, write gi(6) = g(X;. ), 4:(60) = g(X7,6), Gi(6) = G(X,.6), G1(8) =
G(X},0), fi(0) = f(X;,0), and f5(0) = f(X},0) for notational brevity.

Lemmas

Lemma 1.2 modifies Lemmas 1, 2, 6, and 7 of Andrews (2002) for nonparametric iid
bootstrap under possible misspecification. The modified Lemmas 1, 2, 6, and 7 of
Andrews (2002) are denoted by AL1, AL2, AL6, and AL7, respectively. In addition,
Lemma 5 of Andrews (2002) is denoted by AL5 without modification.

Lemma 1.2.
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(a) Lemma 1 of Andrews (2002) holds by replacing X; and N with X; and n, respec-

tively, under our Assumption 1.
(b) Lemma 2 of Andrews (2002) for j = 1 holds under our Assumptions 1-3.

(c) Lemma 6 of Andrews (2002) holds by replacing X, and N with X; and n, respec-
tively, and by letting l =1 and v = 0, under our Assumption 1.

(d) Lemma 7 of Andrews (2002) for j =1 holds by replacing X; and N with X; and

n, respectively, and by letting l =1 and v = 0, under our Assumptions 1-3.

Lemmas 1.3-1.4 prove that the one-step and two-step GMM estimators are con-
sistent for the (pseudo-)true values, 0y and 6y), respectively, under possible

misspecification.

Lemma 1.3. Suppose Assumptions 1-3 hold. Then, for all ¢ € [0,1/2) and all a > 0,

lim naP(||§(1) — 00(1)” > TL_C) = 0.

n—oo

Lemma 1.4. Suppose Assumptions 1-3 hold. Then, for all ¢ € [0,1/2) and all a > 0,

lim n?P([|02) — or|| > n~°) = 0.

n—oo

Lemmas 1.5-1.6 are the bootstrap versions of Lemmas 1.3-1.4, respectively, and
consistency of the MR bootstrap is established under possible misspecification. Note
that the bootstrap GMM estimators are different from the Hall-Horowitz bootstrap

GMM estimators, which use the recentered bootstrap moment function.

Lemma 1.5. Suppose Assumptions 1-3 hold. Then, for all ¢ € [0,1/2) and all a > 0,

Tim n® P(P*([|6,) — )| > n™) > n™") = 0.
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Lemma 1.6. Suppose Assumptions 1-3 hold. Then, for all ¢ € [0,1/2) and all a > 0,

lim n®P(P* (|0 — O] > n™¢) >n™") = 0.

n—oo

We now introduce some additional notation. Let S,, be the vector containing
the unique components of n=! 3" | (fi(90(1)>,, fi(OO(Q))’>/ on the support of X;, and
S = ES,,. Similarly, let S;; denote the vector containing the unique components
of 130, (fi*(é(l))/,fi*(é(g))/)/ on the support of X;, and S* = E*S;. Note that
the definitions of S,, and S} are different from those of Hall and Horowitz (1996)
and Andrews (2002), because they do not distinguish g1y and 6y(2) by assuming the
unique true value 6. Under misspecifications, 0y1) and 6y) are different and thus,
é(l) and é(g) have different probability limits. In addition, Hall and Horowitz (1996)

and Andrews (2002) define S} by using the recentered moment function.

Lemma 1.7. Let A,, and A} denote n1/2(«§(j) — boj)) and n1/2(9AE“j) - é(j)), or Tarr(j)
and T3 py for j = 1,2, For each definition of A, and A}, there is an infinitely
differentiable function A(-) with A(S) = 0 and A(S*) = 0 such that the following
results hold.

(a) Suppose Assumptions 1-4 hold with di > 2a + 2, where 2a is some nonnegative

integer. Then,

lim supn|P(A, < 2) = P(n'/?A(S,) < 2)] = 0.

(b) Suppose Assumptions 1-4 hold with dy > 2a + 2, where 2a is some nonnegative

integer. Then,

lim n*P (sup |P* (A < z) — P*(nl/QA(S;) < 2)| > n“) = 0.

n—00 2
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We define the components of the Edgeworth expansions of the test statistic Thsgy;)
and its bootstrap analog Ty p ;). Let ¥, = n'/2(S, — 5) and ¥, = n'/?(S; — S*). Let
U,k and W7 - denote the kth elements of W,, and W}, respectively. Let v, , and v}, ,
denote vectors of moments of the form n®™ E HZLI U, , and na(m) g ZLI ;Jw’
respectively, where 2 < m < 2a + 2, a(m) = 0 if m is even, and a(m) = 1/2 if m is
odd. Let v, = lim,_,o V4. The limit exists under Assumption 1 of Andrews (2002),
and thus under our Assumption 1.

Let m;(0, v,) be a polynomial in § = 0/0z whose coefficients are polynomials in
the elements of v, and for which m;(d, v,)®(z) is an even function of z when 7 is odd
and is an odd function of z when i is even for ¢ = 1, ..., 2a, where 2a is an integer.
The Edgeworth expansions of Tyr(j) and T} ;) depend on m;(d,v,) and (4, vy, ,),
respectively.

The following Lemma shows that the bootstrap moments v}, , are close to the

population moments v, in large samples. The Lemma is an iid version of Lemma 14

of Andrews (2002).

Lemma 1.8. Suppose Assumptions 1 and 3 hold with dy > 2a + 1 for some a > 0.
Then, for all c € [0,1/2),

lim n*P(||v, , — vall > n"¢) = 0.

n—oo

Lemma 1.9. For j = 1,2, (a) Suppose Assumptions 1-4 hold with di > 2a+ 2, where
2a is some nonnegative integer. Then,

lim n®sup =0.

n—oo 2cR

P(Tyr(j) < [1 —i—Zn P8, v, ] ®(2)

(b) Suppose Assumptions 1-4 hold with dy > 2a + 2 and dy > 2a + 1, where 2a is

some nonnegative integer. Then,
> n‘“) =0.

lim n*P (sup

n—o0 2cR

P*(Thrpg < [1 + Z” V26, yna)] O (2)
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Proof of Theorem 1.1

The usage of the Hall-Inoue variance estimators in constructing the sample and
bootstrap versions of the ¢ statistic without recentering the bootstrap moment function
is taken into account by Lemmas 1.7 and 1.9. Once we establish the Edgeworth
expansions of Thp(j) and Ty p(;) for j = 1,2, the proof of the Theorem is the same
with that of Theorem 2(c) of Andrews (2002) with his Lemmas 13 and 16 replaced
by our Lemmas 1.7 and 1.9. His proof relies on the argument of Hall (1988, 1992)’s

methods developed for “smooth functions of sample averages,” for iid data. Q.FE.D.

Proofs of Lemmas
Proof of Lemma 1.2

(a) Assumption 1 of Andrews (2002) is satisfied if our Assumption 1 holds. Then,
Lemma 1 of Andrews (2002) holds.

(b) We use the proof of Lemma 2 of Andrews (2002) which relies on that of Lemma 2
of Hall and Horowitz (1996). Since their proof does not require Fg(X;,6y) = 0, the
Lemma holds under our Assumptions 1-3.

(c¢) Assumption 1 of Andrews (2002) is satisfied if our Assumption 1 holds. Then,
Lemma 6 of Andrews (2002) holds for nonparametric iid bootstrap.

(d) We use the proof of Lemma 7 of Andrews (2002) which relies on that of Lemma 8
of Hall and Horowitz (1996). Since their proof does not require Fg(X;,0) = 0, the

Lemma holds for nonparametric iid bootstrap under our Assumptions 1-3. Q.FE.D.

Proof of Lemma 1.3

Write J(0) = J(0,11,), Ju(0) = J,(0, I1,) throughout the proof for notational brevity.
We first prove the result with n™¢ replaced by arbitrary fixed ¢ > 0. Given ¢ > 0,
30 > 0 such that [|§ — Oy1)|| > € implies that J(0) — J(6pa)) > 6 > 0, because Oy
uniquely minimizes J(¢). Note that J(6y)) may not be zero. Thus, by the triangle
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inequality,

>

n*P(J(01)) — Ju(0y) + Ju(B1)) — I (Boqry) > 0)
n*P(J () — Ju(01)) + Ju(Bory) — J(Bo)) > 6)

< n°P <sup |J(0) — J.(0)| > 5/2) = o(1).
0co

n*P([|0q) — boyll > €)

IN

IN

The last conclusion holds by AL2 and the argument in the proof of Theorem 2.6 of
Newey and McFadden (1994). This proves

lim n?P(||01) — o] > €) = 0. (1.50)

n—oo

Next, we prove the result as stated in the Lemma. The first order condition is
(8/89)Jn(§(1)) = G},(1)9n(1) = 0 with probability 1 — o(n™?). By using the population
first order condition, Gg(l) go(1) = 0, and by the mean value theorem, with probability
1 —o(n™%),

. 92 N1 o
0ay — oy = — (a&aef Jn(9)> 557 (0orw) (1.51)
where
a !/
59 n(tw) = { Gy (9n(Bor) — gor)) + (Gn(Bo1) — Goqry)'gn(Bo) } - (1.52)
0? .
= — (2) !/
so00 n(0) = 2Hu(0,11,) = 2{(gn(0) @ I1,) G(0) + Gn(0)G(0) } ,(1.53)

and 6 is between é(l) and 0y(1) and may differ across rows. Note that the first and
second derivatives of J,(#) include additional terms that do not appear under correct

specification, go) = 0. Then, combining the following results proves the Lemma:

lim 0P (| H,(0, 11,) — Hy (0o, In,)| > £) =0, (1.54)
Tlim 0P (|| Hy(0oq1), Iz,) — Hopy| > €) =0, (1.55)
lim 1P (|| G (00)) — Gowy| > n ) =0, (1.56)
Tim 1P (|| ga(6o1) — 90| > n7) = 0. (1.57)
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To show (1.54), we apply the triangle and Cauchy-Schwarz inequalities multiple

times,

[(9:0) © 11,) GPO) = (9000w © I1,) G (Borr) (1.58)
Gin(0) G(6) = Gn(Bo(1))' G (b)) |

< 162(0) — 2 (B0 (192(8) = gn(Bo) | + 9 (Bo)Il)
+[|G2 (Bo1)) 19(0) — g (b)) |
+1Gn(8) = GaBor) | ([1Gn(0) = GalBor) | + 2/ Gulbor))])
< 16 = boll {Copn(Cym + Copn) 16 — ol

+Conll G2 (Bon)) || + 2/ G (8o [| + ||gn(90(1))\|} ;

where C,,, = n ' Y0, Cy(X;) and Cypp, = n ' 30, Cop(X;). Using (1.50) and
multiple applications of AL1(a) with h(X;) = (87/9607)g;(0o)) for j = 0,1,2 or
h(X;) = Cy(X;), or h(X;) = Cys(X;) proves (1.54).

For (1.55), apply the triangle and Cauchy-Schwarz inequalities to get

1090 (Boy)’ © I2,)GP (Bo)) — (goay @ L2,) G| (1.59)
< IGD (Bory) — G5+ g Boe)) Il + IG5 |- 192 (Bocry) — g0yl

and

|G (0o1)) Gn(Bory) — GoyGo |
< |Gn(bory) — Goyll - (|G (bocry) — Goyll + 2[|Goyl])-

Then, it follows by AL1(b) with h(X;) = (87/967)g;(0o(1)) and by Lemma ALI(a)
with h(X;) = (87/067)g:(001y) — E(87/067)g:(0p1y) for 7 =0,1,2,¢ =0, and p = ¢.

The third result (1.56) holds by AL1(a) with h(X;) = Gi(0y1)) — Goq), ¢ = 0,
and p = go. The last result (1.57) follows from AL1(a) with h(X;) = g;(6o(1)) — 90(1),
c=c, and p = q. Q.E.D.
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Proof of Lemma 1.4

We first prove the result with n=¢ replaced by arbitrary fixed ¢ > 0. By Theorem 2.6
of Newey and McFadden (1994), suppee |Jn(8, W,) — J(0,W)| —, 0, provided that
W, —, W. Then, analogous arguments to that of Lemma 1.3 show that

lim n®P(||02) — ol > ) = 0. (1.60)

n—oo

By the mean value expansion of the first-order condition,

; 0 o

with probability 1 — o(n~%), where

0 /
%Jn(eom), Wn) = Gn(90(2)) Wn(gn(90(2)) - 90(2)) (1-62)
+ (Gn(90(2)) - G0(2)) Wgoee) + Gn(90(2))/(Wn - W)go(2),
0? -

= 2{(gn(0) W, @ I1,) GP(0) + G(6) WoG(6) },

and 6 is between é(g) and fy(2) and may differ across rows. Note that (1.62) includes

additional terms that are zero under correct specification. Thus, in order to show

: a 9 —c
nh_)rrolon P <H80Jn(90(2),Wn) >n ) =0, (1.64)
we need
nh—>nolo n®P (Hgn(eo(z)) — 90(2)H > n_c) =0, (1.65)
nh_)r{.lo n*P (HGn(GOQ)) — GQ(Q)H > n*"’) = 0, (166)
lim n®P([|W,(0y) — W] >n~¢) = 0. (1.67)

n—o0
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Note that (1.66) and (1.67) are required for possibly misspecified models.**
Gi(bo(2)) — Gozy- (1.67) follows from

Tim 0 P([W,(01)) ™ = Wa(Bo)) '] > n™¢) =0, and (1.68)
Tim n®P([|[W,(foy) ™ =W >n™%) = 0. (1.69)

To show (1.68), observe that

A —W( )~ (1.70)

I - Z Gi 9(1) gz )' — 9, 90(1))92‘(90(1))')“ + ||9n(90(1))9n(90(1))/ - %(1)9@(1)”-

i=1

For the first term of the right-hand side of (1.70), we apply the mean value expansion
and the Cauchy-Schwarz inequality to get

A

[n~ IZ 9:00))9:(01))" — 9i(001))gi(Bory)")| (1.71)

< 2n‘12 sup [|Gi()||g:(0)]| - 10y — oy |-

i=1 0€N0<1)

For the second term of (1.70), we apply the Cauchy-Schwarz inequality,

||9n(90(1))9n(901)/ Gn( gn()” (1.72)
= ||(gn(00<1>)—gn(€7 ) (Gn(8o)) + g (02))'|

< n! Z 19:(Bocr)) — gi(e(l))Hn_l > 119i(6oy) + gi(é(l))H
=1

=1

< 0ay = 8oy 1 Con (207 S 11 gi Bo) || + 101y — Boq1)l|Cyn)-

i=1

Then, ALL(b) with h(X;) = Cy(X;), h(X;) = gi(6oqr)), and h(X;) = supyey, ,, |Gi(0)[l]|9:(6)
and Lemma 1.3 proves (1.68).

14 Andrews (2002) proves (1.67) by replacing n=¢ with £ under correct specification.
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(1.69) holds by applications of AL1(a) with h(X;) = g:(6o1))gi(0o1))' —E9i(0o1))9: (Fo

and p = ¢1/2, and h(X;) = gi(fo(1)) — go(1) and p = ¢; since

W (Oo) ™" =W <

1zgz (G )gs(6o0 >—Egi<9o<1>>gi<eo<1>>'H (1.73)

(2”90 |+ 119 (Bocry) = gon)ll) llga (Bocr)) — gowy |l

Lastly, the Lemma follows from

Tim P (|| (0, W,) = Ho(0o), W) > €) =0, (1.74)
Tim 0P (|| H, (002, W) = Hop)|| > ) =0, (1.75)

that can be shown by multiple applications of AL1 and the results (1.67) and

(1.60). Q.E.D.

Proof of Lemma 1.5

Write J(0) = J(0,1,) and J;(0) = J¥(0,I;,) for notational brevity. First, we prove
the result with n=¢ replaced by a fixed € > 0. We claim that given ¢ > 0, 46 > 0
independent of n such that ||§ — é || > € implies that J,(0) — Jn(é(l)) > 6 > 0 with
probability 1 — o(n~%). To see this, note that H9(1 — oyl < €/2 with probability
1 —o(n~*) by Lemma 1.3 and write

Ta(0) = Ju@y) = T(0) = T(Bor) + Ju(8) = Ju(01)) (1.76)
—J(0) + J(01)) + J(6owy) — J(01))

J(0) = J(Bow) = [n(0) = Ju(02)) — J(6) + (B
—|7(0 1)) — T (Bow)]-

Vv

Define M = infyey 5 1ene J(6) = J (o)), where N, Bay)e =10 : 160 — || > e},

then M > 0 because (i) J(#) is uniquely minimized at 61y and is continuous on ©,

and (ii) we can take a neighborhood around 61y such that N 4(6o1)) C Ng(é(l)). By
AL2 and the proof of Theorem 2.6 of Newey and McFadden (1994), we have (iii)

)’
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lim,, 00 n* P(Supgee | Jn(0) — Jn(é(l)) —J(0)+ J( )| > A) =0 for all A > 0 and (iv)
lim,, 00 n“P(|J(§(1)) — J(6o))| > A) = 0 by Lemma 1.3. Taking A < M /2 proves the
claim.

Thus, we have

n® (P*(Héa) — Oyl >e) >n) (1.77)
< 0 P(P*(Ju(07y) — J5(07) + T2 (05) — Ju(0y) > 6) > n™®)
< nP(P*(Jo(0y) — J(07) + T2 (0y) — Ju(0y) > 6) > n™°)
<

nP <P* (sup |2 (0) — Jn(0)| > 6/2) > n_a> — 0,
0cO

since éz‘l) is the minimizer of J*(#). To verify the last conclusion of (1.77), we apply

the triangle and Cauchy-Schwarz inequalities,

|J(6) = Ju(0)] 197.(0)97,(0) — gn (6)'gn (0)] (1.78)
197(8) — gn(O)11”

+2([lgn(0) = Eg(X, 0)|| + [[Eg(Xs, 0)]]) |9, (6) — gn(0)]
g (8) — E7g; (0)I*

+2(llgn(0) — Eg(X, )| + | Eg(Xi, 0)]]) l|9,,(6) — Eg7 (O],

IN

and apply AL2 and ALTY.

Next, we prove the result stated in the Lemma. The first-order condition is
(6/89)J§(§{1)) = G;(é{l))/g;(éz‘l)) = 0 with P* probability 1 —o(n~%) except, possibly,
if y is in a set of P probability o(n~%). By the mean value theorem,

N N 02 _N\N'to .

with P* probability 1 —o(n~%) except, possibly, if y is in a set of P probability o(n=%),
where 6* is between QAE“I) and é(l) and may differ across rows. The proof follows that

of Lemma 1.3 with some modifications for the bootstrap version.
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First, we prove

li — T 0
s [0

> n—C> > n—a) =0, (1.80)

where

0 A A A

%Jé(ém) = Go(00)) (9:(00)) = 9(0))) + (G (0r)) - Gn(9(1>))/9§§(§(1)), (1.81)

since the sample first-order condition Gn(é(l))’gn(é(l)) = 0 holds. This can be done

by combining the following results,

Tim n®P(P*(|Gu(Bn)| > €) > n ™), (1.82)
Tim n®P(P* (g5 (0)]| > €) > n™), (1.83)
Tim n®P(P* (g5 (0) — ga(B) | > 1) > n™), (1.84)
lim n* P(P* (|G (1)) — Gu(Bny) | > n~°) > n™"). (1.85)

n—oo

For (1.82), note that [[Gu(01))| < [|Ga(Bon)ll + |Ga(Bay) — Ga(Bo) | holds by

the triangle inequality and claim

lim n® P(P*(||Go(Boy)|| > €) > n~) =0, (1.86)

n—oo

lim n®P(P*(||Gn(81)) — Gn(bo)|| > €) >n"%) = 0. (1.87)

n—oo

To see this, observe that P*(||G,(0o))|| > €) = 1{||Gn(for))|| > €}, where 1{-} is an

indicator function. Then,

n*P(P*(||Grn(bor))|| > ) >n™) (1.88)
= n*P({|[Gn(bow))l| > €} > n™% [|Galbo))l| > €)
+n* P(H{||Gr(bo)) || > e} > n™, [[Gn(fo))|| <€)
nP(||Gr(0o)ll > €) — 0,

IN
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by AL1(b). (1.87) can be shown similarly by applying AL1(a). By (1.86) and (1.87),
the first result (1.82) is proved. To show the second result (1.83), apply the triangle
inequality and Assumption 2 to get

1970l < llgn(@o)ll + 197(Gor)) — 97 (0 0))l (1.89)

< MlgnBoa)ll + Cgallfa) — Ooll,
where Cy | = n~' YL, Cy(X}). By applying AL6(d) and Lemma 1.3, we have the
result (1.83). For the third and the last result, we apply the triangle inequality and

Assumptions 2-3,

A

l97.(6))

W) = g0l < 1lg:0o)) = gaBo) |l + 180y — oyl (Cyn + Co),
G (0))

= G0l < 1G5 (o) = GalBo)l + 100y = b0 [ (Copn + Cipa);
where C’gf’n =n 1Yy, Cor(X7). Let h(X;) = gi(Oo1)) — 9oy or h(X5) = Gi(Oo1y) —
GO(l) so that Eh(XZ) = 0. Then, h(XZ*) = g;«(go(l)) —90(1) or h(Xz*) = G;‘(go(l))_GO(l)’
and g5 (o) — g (Bo)) | = In~ Sy AOC)— EB(XD)] ot G2 (Bogw)~ GalBorn)| =
In=t > h(X}) — E*h(X})||. Now, we apply AL6(a). For the second terms on the
right-hand side, apply Lemma 1.3 and Assumption 3. This proves the result (1.84)
and (1.85).
Next, we claim

lim P (P (| (0%, 11,) = H(0or), In,)| > €) > n™") =0, (1.90)

n—oo

lim n* P (P* (|| #3001y, Iz,) = Hopy| > €) > n~*) =0, (1.91)

n—oo

where ]:I;:(Q,ILQ) = (g5 (0) ® ILQ)G%Z)*(Q) + G*(0)'G%(0) and (0?/0000')J*(0) =
2H*(6, Ir,). Similar arguments with the proof of Lemma 1.3 prove (1.90) and (1.91)
using ALG6 in place of AL1. In particular, [|6* — 6| < ||§2‘1) — 0wyl + 110y — o]
by the triangle inequality and we use Lemma 1.3 and (1.77). By combining (1.80),
(1.90), and (1.91), the Lemma follows. Q.E.D.
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Proof of Lemma 1.6

We first show that

lim n®P(P*(|W;;(05,)) — W] >n™%) >n™") = 0. (1.92)

n—oo

This follows from

lim 2 P(P (W5 (8) ™ = Wi(6o) M > 07%) >0 =0, (1.93)

n—00

lim n*P(P*(||W;(0oy) ' =W | >n"%) >n"*) = 0. (1.94)

n—o0

To obtain (1.93), we use the same argument as that in the proof of Lemma 1.4 and

the triangle inequality to show

IN

"W;(éikl))_l - W;(QO(l))_ln C*H@AE) - 90(1)”

< C (1107 = Oyl + 161y — Bocr) 1)

where

= {2n_1 > sup [IGEO)llgr @) + Cj (20 3 g7 (Boay) | + 11671 — 90(1)||C§,n)} :
=1 0eNo) i=1
Apply AL6(d) with h(X;) = Cg(X5), h(X;) = gi(6or)), and h(X;) = supgen,,, [|Gi(0)[[[l9:(0)]
and use Lemmas 1.3 and 1.5 to get (1.93). The proof of (1.94) is analogous to that
of (1.69) with AL6(c) in place of AL1(a), using the same h(X;), ¢, and p.

For the rest of the proof, we write W = W;(ég‘l)) and W, = Wn(é(l)) for
notational brevity. Analogous arguments to that of Lemma 1.3 and Lemma 1.5 with
(1.92) show that

lim n®P(P* (|07 — 0| > ) >n™") = 0. (1.95)

n—o0

The first-order condition is (0/ 89)J;(§Z‘2), W) =0, with P* probability 1 —o(n=%)
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except, possibly, if v is in a set of P probability o(n~%). By the mean value theorem
pt, p Yy, 1L X p y y )

o o ) 9 .

with P* probability 1 —o(n~%) except, possibly, if y is in a set of P probability o(n=%),

where 6* is between QAZ‘Q) and é(g) and may differ across rows. Write

S0, W) = G0 Wig00) (1.97)
= G (0) Wy (%(9(2)—%@ ) ( n(02) — Gn(d ))) Wgn(02))
G301 (W = W)l + GOy (W > (),

since the sample first-order condition Gn(é( ) ann(ﬁ y) = 0 holds.
For the fist term of the right-hand side, by the triangle inequality and Assumptions
2-3,

Wall < (W]l + W, — W, (1.98)
GG < 1G5 (B0l + 1G(B) — Gin(bo) (1.99)
< ||G*(902))||+Oafn||9 — bo2) ],
g5 (02) = ga(B)Il < g5 (Bo)) — gn(Bo2) (1.100)
+g:(2)) — g5 (B0l + 1192 (02) — gn(Bo2)
< g5 (Bo) — gn(Bo@) |l + 12) — bo2) [ (C; + Cgm)-

We apply AL6(a) with h(X;) = ¢i(fo(2)), AL6(d), Lemma 1.4, and (1.95) to show that

lim 0 P(P* |G (02) Wy (95 (B)) — 9a(B2))| > n7) >n™) =0, (1.101)

n—o0

Similar arguments apply to the remaining terms and we conclude that

lim nP (P* (H(%JZ 9(2), Wl > n_c> > n‘“) = 0. (1.102)
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Now, the Lemma follows from

lim P (P (|| H;(6", W) = H; (6o, W)| > €) >n ") =0, (1.103)

n—oo

Tim 0P (P* (|| H; (602, W) = Hoy| > €) > ) =0, (1.104)
where H(0, W) = (g (0) W:®11,)GP*(0)+G% (0) WG () and (92/9000).J* (0, W) =
2H*(A,W). The proof is analogous to that given in Lemma 1.5, by applying the
Cauchy-Schwarz inequality and the triangle inequality multiple times. In particular,
we use the triangle inequality to get [|0* — 6o | < HQAE‘Q) — Oyl + 116i2) — o], and
apply Lemma 1.4 and (1.95). Q.E.D.

Proof of Lemma 1.7

(a) The proof mimics that of Proposition 1 of Hall and Horowitz (1996), but the proof
differs from theirs by allowing distinct probability limits for the one-step and the
two-step GMM estimators. The main problem to be solved is showing that é(j) — o)
can be approximated by a function of sample moments. First, let 9,, = é(l) —6p(1y and
dni denote the ith component of 6,. Write J,(0) = J,,(6, I1,) for notational brevity.
Using the convention of summing over common subscripts, a Taylor expansion of

0 = 8J,(01))/08 about 6 = 6y, vields

. 8Jn(00(1)) 82Jn(90(1))
0= —%¢ T a0 T
1 0% T (6o(1))

d, — 1)1 0006; - -- 90,

1037, (6o1))
AL IOV B 1.1
2 9606,00; 00 (1.105)

Oni* O + G, (1.106)

with probability 1 — o(n~%), where

1 0" Ju(0n) 0" Ju(bocr))

and 6, is between 9(1) and 61y and may differ across rows. Let R, be the column

vector whose elements are the unique components of 0™ J,,(6(1))/0006; - - - 00,., m =
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1,...,d;y — 1. Note that N{i,...,.k} =m —1and i,....k = 1,..., Ly, where N{-} is the
number of elements in the set. Let R denote almost sure limit of R,, as n — oo and
e, be the conformable vector (¢, 0, ...,0)" such that the dimension of e, is the same
with that of R,,.

Then, (1.106) can be rewritten as 0 = =(,,, R, + e,), where Z(+, ) is a polynomial
and thus, infinitely differentiable with respect to its arguments. Consider a sequence
of 6, and R,, + e,, then 0 = Z(9,,, R, + e,) holds for every n and 0 = Z(0, R) because
o, and e, converge to zero as n — oo. Let § = 0 — 0y(y). If we differentiate = with
respect to its first argument and evaluate at & = 0, we have (9%/9000").J,,(6o(1)).
[(02/06000")J,(0p(1y)] " exists and bounded with probability 1 —o(n~*) by AL1. Now,
we apply the implicit function theorem to (1.106) and get the result that there is a
function A; such that A;(R) = 0, Ay is infinitely differentiable in a neighborhood of
R, and

1) — Boy = 00 = M (R, + €). (1.108)

Each component of R, is a continuous function of S,. By AL1(a), for any € > 0,
|R, — R|| < e with probability 1 — o(n™*). By multiple applications of ALl(a)
and AL1(b), similar arguments with the proof of Lemma 1.3 show that ||(,] <
M|\é(1) — Opy||* for some M < oo with probability 1 — o(n™*). It follows from
Lemma 1.3 that ||e,|| < n~%¢ with probability 1 — o(n~?). Therefore, by the mean

value theorem for some M < oo,
n*P ([[(0) = o)) — A(Ra)|| > n~4) < 0P (Mllen|| > n="¢) = o(1), (1.109)

as n — 0o. In order to apply AL5(a) with &, = n'/2¢,, we need dic > a + 1/2 for
some ¢ € [0,1/2) and we need 2a to be an integer. Both hold by assumption of the
Lemma. By the result (1.109) and AL5(a),

lim sup n®
n—oo

P (n1/2<é(1) - 90(1)) S Z) — P (n1/2A1(Rn) S Z)‘ =0. (1110)

Now write J,(0,0) = J.(0,W,(0)) and let (8;/90)J(-,-) denote the gradient
of J(-,-) with respect to its first argument. Then, 81Jn(§(2),§(1))/80 = 0 with
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probability 1 — o(n™%) by the first-order condition. Let 7, = [(é(g) — bo(2)), (é(l) -
6o1))')’, and let n,; be the ith component of 7,,. Then, a Taylor series expansion of
o) Jn(é@), é(l))/(% through order d; about (6,6) = (6o(2), Bo(1y) ** that with probability
1 —o(n™%)

81 (00(2) s 00 ) 1 1

0= =20+ —————

where N{i,j,....k} = dy — 1, Q" is the mth order derivative of 0,.J,(-,-)/06 with
respect to both of its arguments evaluated at (6y(2),fo(1)), and v, is the remain-
der term of the Taylor series expansion, where ||v,|| = O(||1,]|4*). Observe that
(07/0000") J,,(00(2), Bo(1) is the coefficient ofé y —bor2y in (1.111) and its inverse exists
and is bounded with probability 1 —o(n~%) by ALL. Us1ng arguments similar to those

used in proving (2.53), we apply the implicit function theorem to obtain
O2) = bocz) = Mo (S v, Ai (R + €0)) (1.112)

with probability 1 — o(n™%) for some Ay, A2(S,0,0) =0 and A, is infinitely differen-
tiable in a nelghborhood of (S5,0,0). By Lemma 1.3 and Lemma 1.4, ||n,|| < n~¢ and
thus, [|v,] < n~%¢ with probability 1 — o(n™%). By the triangle inequality and the

mean value theorem,

1A2(Sn, s At (R + €0)) — Ag(Sn, 0,0)] (1.113)

< “AZ(Sm Un, Al(Rn + en)) - A2<Sn7 07 Al(Rn + 6”))”

+[[A2(Sn, 0, A (R + en)) — Ba(Sn, 0, Ay (Bn)) || + [[A2(Sn, 0, As(Bn)) — Aa(Sn, 0, 0)]

< Myfjvn]l + Mallen || + Ms|| R, — R||

for some M}, < oo, k = 1,2, 3. It follows that n®P (||(é(2) — Oo(2)) — N2(5,,0,0)|| > n*dlc> -

15Hall and Horowitz (1996) takes the Taylor expansion around (6, 605) = (6o, 6p), the unique true
value. Thus, each term of the expansion can be expressed as a function of n=! >°7 f(X;,6p). This
can be done only under the assumption of correct model specification.
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o(1) and by ALS5,

P (n'2(fz) = Oo@) < 2) = P (n'/?45(8,,0,0) < 2)| = 0. (1.114)

n—00

For Tyrr(j), we use the fact that the covariance matrix estimator, )y MR(j), 1S
a function of HA | = 1,2, by construction. Write ZA]MR(l)(QA(l)) = f]MR(l) and
Eare (00, 02) = EMR@ so that Tarra(0) = n'/2(0 — Oo1))/(Sarra)(0))Y? and
Tarr@) (Ba, ) = 020y — 0001)) / (Enrrez) (Bas 05)) /2, where 6 = (8,,0;) for Tarre (- -)-
Then, Tarr) (o)) = 0, Tarre) (Pory, fozy)) = 0 and their derivatives through order
d; — 1 are functions of S,,. To ensure the existence of the derivatives of Ty/r(;), we
need at least dy + 1 times differentiability of g;(6) with respect to 6 because Xyrg;)
involves second derivatives of the moment function. By Assumption 3(c), this is
satisfied.

Taylor series expansions of Tysr(1y about 6 = 0y1) through order d; yields results of
the form Thrpay = n/2[A3(Sn, é(l) —0o(1)) + Cu), where ¢, is the remainder term of the
expansion, ||G,|| = O(||é(1) — Oy ||™), Ag is infinitely differentiable in a neighborhood
of (S,0), and A3(S,0) = 0. Since ||n,|| < n~¢ with probability 1 — o(n~*) by Lemma
1.3 and 1.4, the result follows from AL5. The proof for Ty re) proceeds similarly.

(b) The proof mimics that of Proposition 2 of Hall and Horowitz (1996) Let R} be
the column vector whose elements are the unique components of 9™ .J *( ))/0000; - - - 00,
m=1,..dy — 1, N{i,....c} =m—1,and i,...,k = 1,..., Ly. Then, R} is the same
with R,,, except that we place X;‘ instead of X;. Let 9; = é’("l) — é(l) and let e be
a conformable column vector with zeros for all but its first Ly elements. Apply a

Taylor expansion of the bootstrap first-order condition around éz‘l) = é(l) to obtain

(0 27 (0 1 dy J*
2 (1))+6 <(1))(5* NS 0 J( >5* O+ ¢ (1.115)

0= 00 0006’ (dy — 1)1 0006;.. 80

with P* probability 1 —o(n~%) except, possibly, if y is in a set of P probability o(n~%),
where (¢ is the remainder term. Define A as in (2.53). Since all the terms in the

expansion are the same with (1.106) by replacing R,, and 0oy with Ry and é(l) we
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can write
07y — 01y = 6 = M (R} +€}) (1.116)

with P* probability 1 —o(n~%) except, possibly, if x is in a set of P probability o(n~=%)
(That is, for all & > 0, lim, oo n®P(P*(|| (01 — 01)) — A (RE+€5)]| > €) > n™) = 0.).
Observe that Aj(R*) = 0, where R* = E*R}. This can be verified by increasing the
number of the bootstrap draw given the sample, x,,, because ¢ and e’ converge to
zero conditional on x,. Since [|(}]| < M*HQAZ‘I) - é(l)Hdl for some M* < oo, Lemma
1.5 yields lim,,_,o, n*P (P* (He;ﬁ” > n_dlc) > n‘“) = 0 and thus,

lim P (P* (|[(05) = 00)) = M (Ry)[| > n~ ") > n7) = 0. (1.117)

n—oo

By AL5(b),

lim P (sgp ‘P*(nl/z(éa) - é(l)) < z) — P*(n*?A(R}) < z)‘ > n“) = 0.
(1.118)
For the rest of the proof, observe that A’ has the same form of A,, by replacing
Sy and 6y(;) with S; and é(j), respectively, since A* does not involve any recentering
procedure as in HH. Therefore, the remainder of the proof proceeds as in the previous

proof for part (a) of the Lemma. We use Lemmas 1.5-1.6 instead of Lemmas 1.3-
1.4. Q.E.D.

Proof of Lemma 1.8

Since X;’s are iid by Assumption 1, we set v = 0 and replace 0 < < 1/2 — « with
Ve € [0,1/2) in Lemma 14 of Andrews (2002). Since Assumptions 1 and 3 of Andrews
(2002) hold under our Assumptions 1 and 3, the Lemma holds by the proof of Lemma
14 of Andrews (2002). Q.E.D.



57

Proof of Lemma 1.9

By Lemma 1.7 for A, = Ty and Aj = Typ, it suffices to show that n'/2A(S,)
and n'/2A(S*) possess Edgeworth expansions with remainder o(n~%), where A(-) is
an infinitely differentiable real-valued function. The function A(-) is normalized so
that the asymptotic variances of n'/2A(S,) and n'/2A(S¥) are one.'® To see this,
observe that the asymptotic variances of n'/2A4(S,) and Tyg(;) are the same by
Lemma 1.7(a), and the conditional asymptotic variances of n'/2A(S*) and T7, R(j) are
the same, except if y,, is in a sequence of sets with probability o(n~*) by Lemma
1.7(b). By Theorem 1 and 2 of Hall and Inoue (2003), the asymptotic variance of
Tarr(j) is one for j = 1,2. To find the conditional asymptotic variance of T}, R(j)» e
use the proof of Theorem 2.1. of Bickel and Freedman (1981). Conditional on x,,
where x,, is in a sequence of sets with P probability 1 — o(n~?), the ordinary central

limit theorem and the law of large numbers imply

Vi) = 05) —a N0, Zaragir,): (1.119)

and i’wa(J’) —rp BLMR(j)|F, Where Xrr(j)F, 1s obtained by replacing the population
moments by the sample moments in the formula of Xj/p;). Then, by Slutsky’s
theorem, 77, RG) has the asymptotic variance of one for j = 1,2, conditional on x,,
where Y, is in a sequence of sets with P probability 1 — o(n™%).

The rest of the proof is analogous to that of Lemma 16 of Andrews (2002) which
uses the results of Bhattacharya (1987) with the properly normalized n'/2A(-) in
place of his n'/2H(-). For part (a), we apply Theorem 3.1 of Bhattacharya (1987)
with his integer parameter s satisfying (s —2)/2 = a for a assumed in the Lemma and
with his X = S,,. Conditions (A;) — (A4) of Bhattacharya (1987) hold by Assumption
3(e), the fact that A(-) is infinitely differentiable and real-valued, and Assumptions 1
and 4. For part (b), the result hold by an analogous argument as for part (a), but
with Theorem 3.1 of Bhattacharya (1987) replaced by Theorem 3.3 of Bhattacharya

(1987) and using Lemma 1.8 with ¢ = 0 to ensure that the coefficients v, , are well

16Hall and Horowitz (1996) and Andrews (2002) do this normalization by recentering, but the
procedure is implicit.
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behaved. Q.E.D.

1.11 Technical Appendix

1. Example: Imbens and Lancaster (1994)

The probit model is

with x; = (1, Edu;, Age; — 35, (Age; — 35)?)" and ®(-) is the standard normal cdf.
L; is labor market status (L; = 1 when employed), Edu; is education level in five
categories, and Age; is age in years. Typically, the probit model is estimated by the

maximum likelihood (ML) estimator. The log-likelihood function is
log(0) = > Lilog ®(x0) + (1 — L;)log(1 — ®(x;0)),
i=1

with the first-order condition (FOC)

n L; — d(x0
0-% (xi0hrL)

i=1 (I)(XééML)(l - CI)(XQQAML»

O(x0hrr) - wij,

where ¢(-) is the standard normal pdf and x;; is the jth element of x;.

By using the statistical yearbooks for The Netherlands which contains 2.355
million observations, they calculated the probability of being employed given the age
category (denoted by p, where the index for the age category k = 1,2,3,4,5) and the
probability of being in a particular age category (denoted by gx). These probabilities

are shown in Table 1.5 and are considered as the true population parameters.
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The moment function is g(L;, x;,0) = (g1(Li, x;,0)’, g2(x;,0))’, with

Li,x;,0) = : '0) - 25, for j=1,2,3,4
gl( Z?X’He) @(Xé@)(l _ @(X;e))QS(XZQ) xl]? or .7 ) 737 Y

QQ(Xi, 9) = 1<Ag€z € Ck) ' (pk - (I)(Xie)% for k = 17 27 37 47 5.

The first four moment restrictions g;(L;, x;, #) are from the FOC of the ML estimator.
The last five moment restrictions gs(x;, #) are from the true conditional employment

probability.

Age category (Cr) (4 Co Cs Cy Cs

Age 25-29 30-34 35-39 40-44 45-49
Dk 0.911 0933 0.932 0.932 0.891
qk 0.258 0.227 0.185 0.168 0.160

Table 1.5: Table IV of Imbens and Lancaster (1994)

2. Example 1: Combining Data Sets
The GMM estimators

The FOCs for the one-step and the two-step GMM estimators are Gn(ﬁ(l))’gn(é(l)) =0

and G, (0(2))W,(01))9(01y) = 0, where G,,(0) = (0, ~1), g.(8) = (Y, Z — 0)', and

Wyt = | Vo) Covl¥i, Zi) )
Cov(Y;, Z;)  Var(Z;)

The one-step GMM estimator é(l) = Z and the two-step GMM estimator is

Var(Y;)
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The probability limit of é(Q) is the pseudo-true value,

Cov(Y;, Z;)

Ooia) = EZ; —
0(2) Var(Y;)

EY; = —po.

Hall and Horowitz (1996), Andrews (2002), and Brown and Newey (2002) propose
the two-step GMM estimator that uses a uncentered weight matrix, and thus their
estimator is different from é(z). Nevertheless, the two estimators are asymptoti-
cally equivalent under correct specification and the recentered bootstrap achieves
asymptotic refinements over the CI based on é(g).

Under misspecification, using different weight matrix implies the resulting pseudo-
true values are different. Thus, the recentered bootstrap theory should be taylored to
use the centered weight matrix in the sample and in the bootstrap. However, this
modification is suggested by neither Hall and Horowitz (1996) nor Brown and Newey
(2002), and further investigation of this modification is not the objective of this paper.
Therefore, I just follow the original recipe of the recentered bootstrap, except that
I use the centered weight matrix for the sample two-step GMM estimator. In the
Monte Carlo simulation not reported here, I found that the result are similar when

using the uncentered weight matrix in the sample for the recentered bootstrap.

Asymptotic variance under correct specification, Y (s)

To find X¢(2), a relevant question is: If a researcher uses the conventional variance
estimator ZA)C(Q) based on the above GMM estimator, what is she estimating under
misspecification? To answer the question, ¥¢(2) should be interpreted as the proba-
bility limit of ic(g), evaluated at the pseudo-true value 02y, which is the probability
limit of the GMM estimator.
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First, we calculate S = (GHQ'Go) ™! Observe that Gy = (0 — 1) and

Qc = Eg(Xi,002)9(Xi, 0o2)
B Var(Y;) + (EY;)? Cov(Y;, Z;) + EY;(EZ; — 0y(2))
COU(}/Z', Zl) + EY;(EZZ — 90(2)) VCL’T‘(Zl) + (EZZ — 00(2))2 .
B 1+ p(1+462)
p(1+6%) 1+4p%2 |

The inverse matrix is given by

Q_l - L VCLT(ZJ + (E'ZZ - 90(2))2 —CO’l}(YZ‘, Zz) - EE(EZl - 00(2))
© " Dc \ —Cov(Y;, Z) — EYi(EZ; — 6y)) Var(Y;) + (EY;)? ’
where
De = (Var(V;) + (EY:)*)(Var(Z) + (EZ; — Oy2)?)
—(Cov(Yi, Z;) + EYi(EZ; — 0y2)))
= (1+8)(1—p?).
Thus,

N Var(Y;) + (EY;)?

Se) = (G2 Go)™! =1-p%

Asymptotic variance robust to misspecification, X,/p)

Observe that gn(eo(g)) —go(g) = (Y/ — E}/Z, Z— EZZ)/ and (Gn<00(2)) — Go(g))/Wgo(g) =0.

Let
w w
W= 11 12 ’
Wa1 W22
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where w3 = wsyy. To find the asymptotic distribution of (W, — W) go(2), observe that
W, =W =-WW-1t—-W=Hw, and

(e
Vnvech(W, =W = \/ﬁﬁ Z (Y, =Y)(Z; — Z) — Cou(Y;, Z;) | —=a N(0,Qw),
= (Zi — Z)* — Var(Z)

where Qy is 3 X 3 matrix such that

)
S
=
|
S|

( V)t = Var(v,)?,

(Y; — EY;)*(Z; — EZ;)? — Cov(Y;, Z;)?,
= E(Z;— EZ)*—Var(Z;)?,
(

(
(

=2
S

2
S

2
I

Y; — EY;))*(Z; — EZ;) — Var(Y;)Cou(Y;, Z;),
Y; — EY)*(Z; — EZ;)* — Var(Y)Var(Z;),
Y; — EY))(Z; — EZ;)* — Var(Z;)Cov(Y;, Zy),

=2
I

2
I

=2
S

éo
—~ —~ S —~ —~ S —~ —~ S
w W [\ N — w N —
[\) — — w w [\ w [\) —
SN— SN— SN— S— SN— N— N— SN— SN—
I

=2
I

Let

fi = (Yi- EY)? = Var(Y),
fo = (Yi - EY;)(Zi - EZi) - OOU(Y;, Zi)7
fs = (Zi— EZ)* —Var(Z,).
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Then, /n(W,, — W)go2) can be written as

VW, =Wgo) = —vaW (W, =W HW,go0
/W (W = W W)

()

12

12

W21

where Wi; = a1 fi + aofs + asfs and Wa; = bifi + bafo + bsfs (ag, by, £ = 1,2,3
are defined below). Note that the replacement of W,, with W between the RHS of
the first and the second line of the above equations does not change the asymptotic
distribution of \/n(W,, — W)go(2), while calculations become simpler. Similarly, the
replacement of vech(W, 1 — W) with (fy, fa, f3)' between the RHS of the second
and the last line is justified.

Let D = Var(Y;))Var(Z;) — Cov(Yi, Z;)%, g1 = go)(1) = EY; — py and go =
9o(2)(2) = EZ; — 0y(2). Then,

9 ar(Zl)

a; = —w — W W =

1 1191 11W12G2 T(Y;)

5 (w?, + ) Cov(Y;, Z;) 6

ay = —2wpw w2, + wyw —_—_—

2 11W12491 — (Wye 11W22)Gg2 = Var(Yl-) D’

Var(Z;) )
a3 = —Wig1 — WiiWi2gs = (VGT’(YZ) — 1) Cov(Yj, Zi)zﬁv
by = —wpwng — wf2g2 = Qg,
)

by = —(wiiwa + w%2)91 — 2W1aWa2gs = D
by = —wiaWagy — Waygs = 0.

Now we are ready to find

\/— Z le ey N 0 , 0-12/1/1 0'1/1/21[/[/2 7
Wgz 0 UW1W2 O'Wv2
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where

o, = aiQw(l,1) + a3Qw(2,2) + a3Qw (3,3) + 2a1a2Qw (1, 2)
+2a1a3Qw (1, 3) + 2a2a3Qw (2, 3)
o, = biQw(1,1) + 030w (2,2) + 2b1b2Q (1, 2)
owaw, = a1biQuw(1,1) + (a1bs + asby)Quw (1, 2) + asbeQw (2, 2)
+asb1Qw (3,1) + azbaQw (3, 2).

In order to find the covariances of g,,(6o2)) — gorz)y and (W, — W)go(2), observe that

Wi, and Wy ; are mean zero processes and

oyw, = E[(Yi— EY;)W,]
= aE(Y; — EY;)? + axE(Y; — EY))*(Z; — EZ;) + asE(Y; — EY;)(Z; — EZ;)?,
Ooyw, = E[(Y; - EYi)Wzi]

= WB(Y; - BY;)’ + b, B(Y; — EY,) (Zi — BEZ) + bE(Y, — EY))(Z; — EZ;)?,
ozw, = E[(Zi— EZ)W,]
a E(Y; — EY))(Z; — EZ;) + a,E(Y; — EY;)(Z; — EZ;)? + asE(Z; — EZ;)?,
ozw, = E[(Z;— EZ;)Wa,]
= WE(Y; - EY))*(Z; — EZ;) + b, E(Y; — EY;)(Z; — EZ;)* + bsE(Z; — EZ;).

Now we have

Y, — EY;
gn(eo(z)) — GJo(2) | Z;, — EZ;
vn (Gn(bo@) — Go) Waoe) | = \/ﬁﬁ Z 0 —a N(0,s),
(W — W)90(2) = Wi,

W,
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where
Var(Y;) COU(Y;,ZZ‘) 0 Oy,w, Oy, W,

COU(Y;, Z,) VCL?”(ZZ) 0 Oz W, 0Z Wy

Qy = 0 0 0 0 0
2
oy,w, 0zwy 0 o W 0w,
Oy, W, 0 Z,Ws 0 ow,w, 0w,

Since Hyo) = GoW Gy = Var(Y;)/D and

/

Vo = (GhoyW 1 Ghoy ) ( GopyW 1 Ghy
_ (Cov(Yi,Zi) _Var(yy) 4 0 —1)92( Cov(Y3,Z;) _Vav]":gYi) 1 0 —1 )/

D D D
= Cl,g )(1 + 20Z,W2) — 2OU(D )O'Y7W2 —+ 0'12/[/2,

we finally have,

D-Cov(Y;, Z;) N D? 9
o T
Var(Y;)? YW Var(Y;)? We

ZMR:H ‘/QHO(Z (1+20Z,W2)_2

ar(Y))

Since X is a bivariate normal random vector,

E(Y; — EY;))* = 3Var(V;)?
E(Y; — EY))*(Z; — EZ;))* = Var(Y;))Var(Z;) +2Cov(Y;, Z;)?,
E(Z;— EZ)* = 3Var(Z)?
Y; — EY)*(Z; — EZ;) = 3Var(Y;)Cov(Y;, Z;),
(Z

E )
E(Y; - EY))(Z; — EZ)* = 3Var(Z;)Cov(Y;, Z;).
Since

E(Y;—EY;)* = BE(Y,—EY;)*(Z;—EZ;)) = E(Y,—EY;)(Z;—EZ;)* = E(Z;—EZ;)* = 0,
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the covariances of g,,(0o(2)) — goc2) and (W,, — W)go(2) are zeros. Then,

D - Cov(Y;, Z;) N D*
o — o
Var(Y;)? YW Var(Y;)? Wa

D
EMR = Var(}/;)(l—{—QO'ZWQ)—Q
D 2\ 2 2
W(VW(E%L(S)—Q—P)(H'CS ).

The MR bootstrap GMM estimators HA’(*J-), Jj=12.

The MR bootstrap one-step GMM estimator is éz‘l) = Z*. Then, we construct a
(centered) weight matrix W¥ such that

N A N N , —1
Wro= (n M 9(X7,00) — g5 (00) (9(X7,071) — 6:(07)))

_( Varvy) Gz
-\ Cou(Yr,z;)  Var(2))

In this example, the weight matrix does not depend on QA’(“I). The FOC for the MR
bootstrap two-step GMM estimator is G;(éé))’W;g,ﬁ(éa)) = 0. Since G;(éé))’ =
(07 _1)7

) Z* o Cofi}/;*7 Zz*)}_/*
Var(Yy)

The Hall-Horowitz bootstrap GMM estimators 0 pJ=1,2.

The HH bootstrap one-step estimator solves G, (equ ) (g,’;(H;IH n) — gn(é( y)) =0
and is given by QHH 1 = = Z*. Then, we construct a weight matrix W* with the

recentered moment function such that

W = (000 D) — 9O 90X Bigy) — n00)))

:( Var(y)+ (V" =V Covac-*,Z;)( - >>‘1
v)(Z -

Cov(Y;, Z) — (Y = 0z)) Var(Z;) + <* @)

[l
/
= &
DN ¥ = %
— —_
S &
N ¥ =%
&) no
~
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The FOC for the HH bootstrap two-step GMM estimator is G;‘;(@A}‘{H(Q))’W;(g;;(éz,H(Q))—
9n(02))) = 0. Then,

N* 7% (O Sk \/ 7 A
Ounp = 27+ 2V —Y) = (Z —b).

*
Wag

Note that the bootstrap two-step GMM estimator using the original moment function

HAZ‘Q), and using the recentered moment function é}‘q H(2), are different.

The Brown-Newey bootstrap GMM estimators é*BN

For the Brown-Newey bootstrap, we resample the bootstrap sample Xf; ;,... X%y ,
from the empirical likelihood probability distribution (p; attached to each sample
observation), rather then the edf. The BN bootstrap one-step GMM estimator is
A*B NO) = Z% ;. Then, we construct a uncentered weight matrix ﬁ/; with the original

moment function such that

. — * N * N -1
W, = (n 1(g<XEL,i763N(1)))<g<XEL,i7 BN(l)))/)

_ _ _ 1
Var(Yg,,) + Yi? Cov(Ygri, Zir:)
COU(YE*L,ia ZZ‘L,Z’) VO””(Z%LJ)

The FOC for the BN bootstrap two-step GMM estimator is G;(éEN(Z))’ﬁ/;g;(éEN(Q)) =
0. Then, -
> COU<Y5L,m ZELJ)

*

*BN(Q) = Zpr — s

Var(Yi, )+ Y2 "0
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3. Example 2: Invalid Instrumental Variables

The GMM estimator and the pseudo-true value

The FOC for 3(1) is Gn(B(l))/ann(B(l)) = O, where

)]

—n~ 'y 29i%;)

an(B) = nt Y 2y — 0Tt Y 2y ) 7

nt Sz — Y 28

-1
n 2
21 21:%9;
- —1 14 11#~21
Vo = |n X L2 ‘
i=1 21122 25

Thus, the one-step GMM estimator is

By = GW1-n 'Y 2y + GW2 -7 0 2
W7 GWL-n ' S, 2w + GW2 - n LS| iy

where

n

n n n
~1 ~1 2 ~1 ~1
GW1 = n E FATHA RN ) E 25, — N E 29 Ti * T E 215725
i=1 =1 =1

=1

n n n n
1 1 ~1 ~1 2
GW2 = —n g 21T N g Z129; + 1 E 20iTi N E 2z
i=1 i=1 i=1 i=1

The probability limit of ﬁ(l) is

 Ezui B3 Ezyy; + Ergixi E27 E gy

6 EZQZl'lEZi s
o~ EZ%z(EZhZEZ)2 + EZ%Z(EZQIIZ)2

EZ%Z-(EZMZL’Z')Q + EZ%Z(EZQIIZ)Q b

= fo+

provided that EZM'ZQZ' = 0, EZUG»L' =0 and EZQZ'ei =.
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2 ASYMPTOTIC REFINEMENTS OF A
MISSPECIFICATION-ROBUST BOOTSTRAP FOR EMPIRICAL

LIKELIHOOD ESTIMATORS

2.1 Introduction

The goal of this paper is to establish asymptotic refinements of a misspecification-
robust bootstrap critical values for ¢ tests and confidence intervals (CI’s) based on
the empirical likelihood (EL) estimators. The term misspecification-robust implies
that the bootstrap t tests and CI’s yield correct rejection and coverage probabilities
regardless of whether the model is correctly specified or not. The model is misspecified
when there is no such parameter that satisfies the assumed moment restrictions. This
type of misspecification occurs only if the model is overidentified, that is, the number
of moment restrictions is greater than the number of parameters to be estimated.
For overidentified moment condition models, generalized method of moments
(GMM) of Hansen (1982) is traditionally used to get point estimates, to make
inferences, and to construct CI’s. However, GMM estimators have been known to
have relatively large finite sample bias. In addition, simulation studies show first-
order asymptotic approximation to the distribution of test statistics based on GMM
estimators perform poorly in finite sample. To improve upon first-order asymptotic
approximation for GMM, Hall and Horowitz (1996) and Andrews (2002) suggest to
use the bootstrap critical values and CI’s. These bootstrap tests and CI’s achieve
asymptotic refinements over the first-order asymptotic critical values and CI’s, which
means it has smaller errors in the test rejection probability and CI coverage probability.
On the other hand, generalized empirical likelihood (GEL) estimators (Newey
and Smith (2004)) have been considered as alternatives to GMM estimators. GEL
circumvent the estimation of the optimal weight matrix, which has been considered as
a significant source of poor finite sample performance of the two-step efficient GMM.
GEL includes the EL estimator of Owen (1988), Owen (1990), Qin and Lawless
(1994), and Imbens (1997), the exponential tilting (ET) of Kitamura and Stutzer
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(1997) and Imbens et al. (1998), and the continuously updating (CU) estimator of
Hansen et al. (1996). By investigating the higher-order asymptotic properties, Newey
and Smith (2004) shows that EL possesses theoretical advantages over the other GEL
estimators. Thus, the EL estimator is a favorable alternative to GMM estimators
and it is natural to consider bootstrap ¢ tests and CI’s based on the EL estimator to
further improve its finite sample property.

Few published papers explicitly deal with bootstrapping for the EL estimator,
however. Brown and Newey (2002) and Allen et al. (2011) employ the EL probability
in resampling the bootstrap sample for GMM estimators, not for the EL estimator.
Canay (2010) proposes a bootstrap method that uses EL probability for moment
inequality models. The resulting bootstrap confidence region for the empirical
likelihood ratio statistic is shown to be valid, but neither the validity nor asymptotic
refinements for ¢ tests based on the EL estimator are not established.

This paper proposes a bootstrap procedure for the critical values for ¢ tests and
CI’s based on the EL estimator, that achieves asymptotic refinements robust to
misspecification. In other words, the refinements result holds both under the correct
model and the misspecified model. In addition, I establish the same asymptotic refine-
ments of the misspecification-robust bootstrap for the exponentially tilted empirical
likelihood (ETEL) estimator of Schennach (2007). The reason that I also consider the
ETEL estimator is that the original EL estimator shows a questionable behavior under
misspecification. It is not /n-consistent without a strong assumption on the support
of the moment function, henceforth referred to as the uniform boundedness condition.
The ETEL estimator is designed to behave well under misspecification without the
uniform boundedness condition and it shares the same favorable higher-order asymp-
totic properties with the EL estimator under correct model specification. Thus, the
EL estimators considered in this paper includes both the original EL estimator and
the ETEL estimator.

The remainder of the paper is organized as follows. Section 2.2 provides a
heuristic explanation on why the misspecification-robust bootstrap works with the
EL estimators. Section 2.3 defines the estimators and the t statistic. Section 2.4

describes the nonparametric iid misspecification-robust bootstrap procedure for the
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EL estimators. Section 2.5 states the assumptions and establishes the asymptotic
refinements of the misspecification-robust bootstrap. Section 2.6 presents an example
and the results of the Monte Carlo simulation. Appendix contains Lemmas and proofs
of the results. Technical Appendix contains the calculation of the pseudo-true value

in the example of Section 2.6.

2.2 Why the Misspecification-Robust Bootstrap
Works with the Empirical Likelihood

Estimators

Construction of the asymptotically pivotal statistic is a critical condition to get
asymptotic refinements of the bootstrap: See Beran (1988), Hall (1997), Hall and
Horowitz (1996), Horowitz (2001), and Brown and Newey (2002) among others. That
is, the sample test statistic is required to be asymptotically pivotal and the bootstrap
test statistic is required to be asymptotically pivotal conditional on the sample. Since
the t statistic is the one of interest, we need to construct the t statistic to converge in
distribution to a standard normal distribution, both in the sample and the bootstrap
sample.

Suppose that x, = {X; : i < n} is an independent and identically distributed (iid)
random sample. Let F' be the corresponding cumulative distribution function (cdf).
The empirical distribution function (edf) is denoted by F},. Let 6 be a parameter of
interest and ¢(X;,#) be a moment function. Let § be either the EL estimator with
uniform boundedness condition, supycg ,c, |9(,0)|| < oo, or the ETEL estimator.
Then 6 is y/n-consistent regardless of whether the model is misspecified or not. Let
5. be a consistent estimator of the asymptotic variance of \/n(f — 6). The formula
for the misspecification-robust estimator S is available in the following section.

The (pseudo-)true value 6y = plim(é) uniquely maximizes the corresponding
objective function. If the moment condition Eg¢(X;,6y) = 0 holds, then the model
is correctly specified. If Eg(X;,0) # 0 for all # in the parameter space, then the

model is misspecified. This can happen if the model is overidentified. Throughout



72

the paper, I assume that the model is possibly misspecified and overidentified. Note
that this type of misspecification is different from the one of White (1982). In his
quisi-maximum likelihood (QML) framework, what is misspecified is the underlying
probability distribution. In addition, the QML theory deals with just-identified models,
where the number of parameters is equal to the number of moment restrictions. For
bootstrapping QML estimators, see Gongalves and White (2004).

I also define the bootstrap sample. Let x;, = {X; : i < ny} be a sample of random
vectors conditional on y, with the edf F},. In this section, I distinguish the number
of sample n and the number of bootstrap sample n;, which helps understanding the
concept of the conditional asymptotic distribution. Define the bootstrap EL or ETEL
estimator 0% and the bootstrap covariance estimator $* as their sample versions are
defined, but with x;, in place of x.

Construct the sample and the bootstrap t statistics

0 — 0, 0" — 0
T(xn) = —=—, T(x;,) = —F———,
Y/n ' \/ 2y

respectively. By writing the ¢ statistics as T'(x,) and T(x;, ), I emphasize that the
two versions of the ¢ statistic have the same formula except that the sample ¢ statistic
is based on the sample y,, and the bootstrap t statistic is based on the bootstrap
sample X, .

The correctly specified population moment condition is Fg(X;,6y) = 0, but I
assume that this may not hold. By construction, 7'(x,) —a4 N(0,1) regardless of
whether the population moment condition holds or not. For the bootstrap ¢ statistic
T(x;,), the corresponding bootstrap moment condition is £*g(X}, 0) = 0, where E*
is expectation with respect to the distribution of the bootstrap sample conditional on

the sample. This bootstrap moment condition does not hold in general, because
E*g(Xz*a é) = n_l Zg(le é) 7é 07

=1

when the model is overidentified. The above equality holds because the distribution
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of the bootstrap sample is the edf F},. Thus, the model is misspecified in the sample,
and this happens even if Eg(X;,0) = 0 holds. By fixing n and taking n, — oo, we
get the conditional asymptotic distribution of T(X;’;b). Since § and ¥ are considered
as the true values given the edf F,, we have T'(x;, ) —n, N(0,1) conditional on x,
as n, — oo. Therefore, T(X;ib) is asymptotically pivotal conditional on the sample,
regardless of whether the bootstrap moment condition as well as the population
moment condition is correctly specified or not.

A natural question is whether we can use the EL- or ETEL-estimated distribution
function estimator F' instead of F, in resampling. This is possible only when the
population moment condition is correctly specified. By construction, F' satisfies
E*g(X7, é) = 0, so that the bootstrap moment condition is always correctly specified.
For instance, Brown and Newey (2002) argues that using the EL-estimated distribution
function FEL(z) = > 1(X; < 2)p;, where p; is the EL probability, in place of F),
in resampling would improve efficiency of bootstrapping for GMM. Their argument
relies on the fact that F w1, 18 a consistent estimator of the true distribution function
F', which holds only under correct model specifications.

If the population moment condition happens to be misspecified, then neither Fgy
nor the ETEL-estimated distribution function FETEL is consistent for F'. To see why,
note that E*g(X7,0) = 0 holds in large sample, while Eg(X;,6y) # 0. In contrast,
the edf F,, is consistent for F' regardless of whether the population moment condition
holds or not by Glivenko-Cantelli Theorem. Therefore, F ‘g1, O E wrpr cannot be used

in place of F;, in the misspecification-robust bootstrap.

2.3 Estimators and Test Statistics

Let g(X;,0) be a moment function where 6 is a parameter of interest. Let G (X, 0)
denote the vectors of partial derivatives with respect to 6 of order j of g(X;,@).
In particular, GM(X;,0) = G(X;,0) = (0/90')g(X;,0) is a L, x Lg matrix and
G (X;,0) = (0/00")vec{G(X;,0)} is a L,Ly X Ly matrix, where vec{-} is the vec-
torization of a matrix. To simplify notation, write g; = g(X;, 0), GZ(»j) = GU(X;,0),
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9 = g(X;,0), and él(.j) = GU)(X;,0) for j =1,...,d+ 1, where 0 is either the EL or
the ETEL estimator.

Empirical Likelihood Estimator

The EL estimator is given by
0= argmm —n 1211171]% 0), pi(6)= %
=1 n(l - )‘(8)/91’)

where

A(0) = argmax —n " > In(1—Ng).

AeRlg i=1
Equivalently, 6 maximizes the objective function
n

InLep(6) = —n~1Y In(1 - A(0)g:), (2.1)

=1

where A(0) is such that

13

=1 1 - )‘ gz
The first-order conditions (FOC’s) are

(2.2)

n
_1 —l
L9><1 Z ’ Lg><1 Z

111_)\, 111_)‘,91

Y

and the FOC’s hold regardless of model misspecifications. By using the standard
asymptotic theory of just-identified GMM estimators (or Z-estimators), we can find
the asymptotic distribution of the EL estimator robust to misspecification. Assume

appropriate regularity conditions that includes the uniform boundedness condition

on g(XZ> 9)7 SupBE@,mEx ”g(fE, 9)” < 0.
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Let = (X,0") and ¥(X;, 5) be a (Ly + Lg) x 1 vector such that

MXM%E{wﬂ&””]

(1 Xg) ' GIA
02(X,. )

(1—=Ng) g

Then, 3 = (5\’, é/)’ is given by the solution to n™! Y"1 (X, 5’) = 0 and the following
Proposition holds:

Proposition 2.1. Suppose reqularity conditions hold. Then,
V(B = Bo) =a N(0,T;1(I) ™),

where I'y, = E(0/0B")(Xy, fo) and ¥ = Ev(X;, Bo)y (X, Bo)'.

Bo = (N, 0)" is the pseudo-true value that solves the population version of the

FOC’s: /
_ g Gil0) A0 0 = Eﬂ
Lgx1 1-— 691(90)’ Lgx1 - 692(90) '

The Jacobian matrix is given by

G GAg,  NeIL)GY | GIANG,
a¢(XZa6) — 1_/\/91' + gl_)\/gi)Q 1_)\191_ + (1_)\191.)2
op’ 9i9; Gi 4 giN' Gy
(1-Ng;)? 1-Ng (1-Ng;)?

I'y and ¥ are estimated by

. " o(X;, B . " . .

I, = n! W and ¥ =n""! Z@/}(Xi, B)v(Xs, B),
respectively. The lower right Ly x Ly submatrix of FQZI‘II(F;,)*, denoted by ¥, is the
asymptotic distribution of \/n(f — 6y). Let & be the corresponding submatrix of the

. . =13, TV \—1
covariance estimator I')"W(I",) ™.

Exponentially Tilted Empirical Likelihood Estimator

Schennach (2007) suggests the ETEL estimator, which is designed to be robust to
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model misspecifications without the uniform boundedness condition, supycg ¢, [l9(z, 0)[| <
0.
The ETEL estimator is given by
n 65‘(9)191

0 = arg min —n " > Innw;(0), @;(0) =
0

=1

n O
ijle()gj

where .
A(0) = argmax —n~1 Y N9,

AeRELy i=1
This estimator is a hybrid of the EL estimator and the ET probability. Equivalently,

the ETEL estimator 6 maximizes the objective function

InL(#) = —In (n_l Zej‘(e)/(gi_g")> ) (2.3)

i=1

where () is such that
L Zef\(e)’gi g =0, (2.4)

and g, = n 'Y, g;. In order to describe the asymptotic distribution of the ETEL
estimator, Schennach introduces auxiliary parameters to formulate the problem into
a just-identified GMM. Let 3 = (7,x", X, 0')’, where 7 is a scalar and x € R%s. By
Lemma 9 of Schennach (2007), the ETEL estimator f is given by the subvector of
B = (7, R, N, é’)’, the solution to

n Y 0K, B) = 0 (2:5)
where
»1(X;, B) N9 — 1
$2( X, B) eN9i - g,
X, = = / /
#X ) $3(X;, B) (1 —eN9) g +eN9 - gigik
¢4(Xi7 B) GA/giG; (K + )\g;fﬂ — /\) + TG;)\
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By Theorem 10 of Schennach (2007),
V(B = Bo) —a N(O,T,@(T) ™),

where 'y, = E(9/08")¢(Xi, Bo) and ® = E¢(X;, Bo)p(Xi, o). The pseudo-true value
By solves E¢(X;, By) = 0. In particular, \o(6) is the solution to Ee%g; = 0 and 6 is

a unique maximizer of the population objective function:
In L(@) = —1In (Ee/\o(e)/(gi—Egi)) )

I'y and ® are estimated by

respectively.
In order to estimate I'y, we need an exact formula of (9/93")¢(X;,8).! Let
G® = (0/00")vec{G;}, a LyLg x Ly matrix. The partial derivative of ¢1(X;, 3) is

given by
0¢01(X;, B) _ < -1 0 e’\'gigg NN G, )

8/8/ 1x1 1xLg 1xLg 1x Ly
The partial derivative of ¢o(X;, ) is given by

3@(*"9’5):( 0 0 gy e”gi(GﬁgiXGi)).

aﬂ/ Lgx1 LgxLyg LgxLg LyxLg

The partial derivative of ¢3(X;, ) is given by

005(X;, B) = (o, @mad agng ~ag) (0/08)6(Xi.5) ),

op’ Lgx1l — LgxLg LgxLg LgxLg

!This formula is not given in Schennach (2007), though the value of ' under correct specification
appears in the technical report of Schennach (2007).
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where

005(X::8) _ vy

00’ {gigﬁfc)\’ + gk’ — g\ + (gik — 1)[Lg} G, +1G;.

The partial derivatives of ¢4(X;, 5) is given by

3¢4<Xwﬁ>:( GIX X0(GL+ Gdgl) (D/ON)04(XisB) (0/08)04(Xis) ),

875’ Lox1 LgxLg LoxLg LoxLg
where
WD) o (e + Mging! — M+ (gl — D} + 76,
amgj, P) NI G (KN + Me' + AgkN — AN G,

+((K + K'gN = N)® ILQ)GZ@)} +7(V ® ILe)Gz(‘z)-

The lower right Ly x Ly submatrix of F;lCD(F;)_l, denoted by X, is the asymptotic
distribution of \/ﬁ(é —6p). Let 32 be the corresponding submatrix of the covariance
estimator f;l(i)(f’;)*l

The t statistic

Let  be either the EL estimator that solves (2.1)-(2.2) or the ETEL estimator that
solves (2.3)-(2.4). 3 is the corresponding covariance matrix estimator.

Let 0,, 6y,, and 0, denote the rth elements of 0, 6y, and 0 respectively. Let
3, denote the (r,7)th element of 3. The ¢ statistic for testing the null hypothesis
Hy: 0, =0, is
b, — o,

\/f]rr/n

T'(xy) is misspecification-robust because it has an asymptotic N (0, 1) distribution

T(Xn) =

under Hj, without assuming the correct model.
The symmetric two-sided ¢ test with asymptotic significance level a rejects Hy if

|T'(Xn)| > 2aj2, where 2,5 is the 1 — /2 quantile of a standard normal distribution.
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The corresponding CI for 6, with asymptotic confidence level 100(1 — «)% is
Cl, = [éT + 2a/21/ irr/ n]. The error in the rejection probability of the ¢ test with
Zas2 and coverage probability of CI, is O(n™'): Under Hy, P (|T(Xn)] > za/2> =
a+O0(mt)and P(hy, € CI,)=1—a+0(n1).

2.4 The Misspecification-Robust Bootstrap

Procedure

The nonparametric iid bootstrap is implemented by sampling X7, --- , X randomly
with replacement from the sample Xi,---,X,,. I do not employ the EL or ETEL
probability in resampling, because the EL or ETEL estimator of the cdf is inconsistent
for the true cdf.

The bootstrap EL estimator 0% is given by the subvector of B* = (5\*', é*/)’ , the

solution to

nt (XL T = 0. (2.6)

The bootstrap version of the covariance matrix estimator is f‘:‘ﬁ’l\i!*(f;‘p/)_l, where
[ =n ' 20(0/08)Y (X}, B%) and W* = n =t S0 (X}, B)(XF, B*).

The bootstrap ETEL estimator 6* is given by the subvector of 3* = (7%, &, A, QA*/)',
the solution to

Y 6(X7 B =0 (2.7)

The bootstrap version of the covariance matrix estimator is f;‘li)*(fg)*l, where
I =n"' 30(0/0B8)o(X;, 5%) and ©* = n~' 37 ¢(XF, 5*) o (X}, 5*)'.

Let ¥* be the corresponding submatrix of the bootstrap covariance estimator
f’z_lql*(f‘i)*l if 3* solves (2.6), and f’(’;_lti)*(fi)*l if 3* solves (2.7). The bootstrap
version of the estimators use the same formula with the sample version of the
estimators. The only difference between the bootstrap and the sample estimators is
that the former is calculated from the bootstrap sample, x;, in place of the original

sample, x,. Therefore, there is no additional correction such as the recentering, as in
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Hall and Horowitz (1996) and Andrews (2002).
The misspecification-robust bootstrap ¢ statistic is

L b=,
T(x,) =

VE/m

Let /7, denote the 1 — o quantile of [T'(x;,)|. Following Andrews (2002), we define
2710 t0 be a value that minimizes |P*(|T(x;)| < 2) — (1 — a)| over z € R, since
the distribution of |T'(x})| is discrete. The symmetric two-sided bootstrap t test
of Hy : 6, = 6y, versus Hy : 0, # 6y, rejects if |T'(x,)| > 27, and this test is of
asymptotic significance level a. The 100(1 — a))% symmetric percentile ¢ interval for

0o, is CI} = [9} + zi‘T"a\/f}w/n].

In sum, the misspecification-robust bootstrap procedure is as follows:

o)

1. Draw n random observations X7,...X; with replacement from the original

sample, X1, ..., X,,.
2. From the bootstrap sample x , calculate 0* and 3*.
3. Construct and save T'(x}).
4. Repeat steps 1-3 B times and get the distribution of |T'(x} )|, which is discrete.
5. Find 2, from the distribution of [T'(x},)|.

6. Use zjp, In testing Hy : 6, = by, or in constructing C'I;.

2.5 Main Result

Let f(X;, ) be a vector containing the unique components of ¢(X;, ) and its
derivatives with respect to the components of # through order d, and ¢(X;, 5)o(X;, B)’
and its derivatives with respect to the components of 3 through order d — 1. Let g
and GU) be an element of g; and Gl(j ), respectively, for j = 1,...,d + 1. In addition,

let ¢* be a multiplication of any k-combination of elements of g;. For instance, if
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9(X;,0) = (gi1,9i2), a 2 x 1 vector, then g* = 91‘2,17 Gi1Gi2, OF 922. Gk are defined

analogously. Then, f(X;, 3) contains terms of the form

o - ekT)‘/gi . gko . le . G(?)k‘z P G(d+1)kd+1’

where k. = 0,1,2, ko <d+3, k; <d+2—4,0 < Y k; < d+ 3, and kj’s are
nonnegative integers for j = 1,....,d + 1 and where o denotes products of components

of 5.
Assumption 2.1. X;,i =1,2,... are iid.
Assumption 2.2.

(a) © is compact and Oy is an interior point of ©; A(0) is a compact set such that

Xo(0) is an interior point of A(6).

(b) For some function Cy(x), ||g(z,601) — g(z,62)|| < Cy(2)||61 — 02| for all x in the
support of X1 and all 0,0, € ©; EC¥(X,) < oo and El/g(X1,0)[|% < co for
all § € © for all 0 < gy < oo.

(c) For some function C.(x), |eM9@®00) — X590 < O (2)||(N, 07) — (N, 05)]], for
all x in the support of X1 and all (N}, 07), (N5, 05) € A(0) x ©; EC¥(X;) < 00
and EeN9X10)4 < oo for all (N, 0') € A(6) x © for some q, > 2.

Assumption 2.3.

(a) Ty is nonsigular.

(b) g(z,0) is d+1 times differentiable with respect to 6 on N(0y), some neighborhood
of Oy, for all x in the support of X1, where d > 1.

(c) There is a function Cgq(X1) such that ||GU)(X,,0) — GY (X1, 0y)| < Ca(X1)|0 —
Oo|| for all® € N(6y) forj =0,1,...,d; EC&(X,) < 0o and E||GY (X1, 0y)||%¢ <
oo for j=0,1,....d+ 1 for all 0 < q¢ < 0.
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Assumption 2.4. There exists a nonempty open subset U of R¥™XV) with the

following properties:

(a) the distribution F' of X1 has a nonzero absolutely continuous component with

X1

respect to Lebesque measure on R¥™X1) with a positive density on U, and

(b) f(X1, Bo) is continuously differentiable on U.

Assumption 2.1 is that the sample is iid, which is also assumed in Schennach
(2007). Assumption 2.2(a)-(b) are similar to Assumption 2(a)-(b) of Andrews (2002).
Assumption 2.2(c) is needed especially for the ETEL estimator, and is similar to but
slightly stronger than Assumption 3(4)-(6) of Schennach (2007). Assumption 2.3(a),
(b), and (d) are usual regularity conditions for well-defined covariance matrix and
moment function. Assumption 2.3(c) is similar to Assumption 3(d)-(e) of Andrews
(2001), except that I specify the form of f(X;,5) and replace f(X;, ) with the
derivatives of the moment function. The standard Cramér condition for Edgeworth
expansion holds if Assumption 2.4 holds.

The moment conditions in Assumptions 2.2-2.3 that the statements hold for all
0 < g4, qc < 00 are slightly stronger than necessary, but yield a simpler result. This
is also assumed in Andrews (2002) for the same reason.

Theorem 2.1 shows that the misspecification-robust bootstrap symmetric two-sided
t test and percentile t interval achieve asymptotic refinements over the asymptotic
test and confidence interval. This result is new, because asymptotic refinements for
the EL estimators, including the ETEL, have not been established in the existing
literature even under correct model specifications.

Recall that the asymptotic test and CI are correct up to O(n~!). Theorem 2.1(a)
describes the minimum requirement for asymptotic refinements of the bootstrap. This
result is comparable to Theorem 3 of Hall and Horowitz (1996), that establishes the
same magnitude of asymptotic refinements for GMM estimators. Theorem 2.1(b) is
that the bootstrap test and CI achieve the sharp magnitude of asymptotic refinements

under more stronger conditions. This result is comparable to Theorem 2(c) of Andrews
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(2002) and Theorem 1.1 of Chapter 1, where the former holds under correct model
specifications and the latter is robust to model misspecifications.

The degree of asymptotic refinements varies according to ¢, and d. ¢, determines
the set that the moment generating function My()\) = Ee'% exists. d is the number

of differentiability of the moment function, g(X;,0).

Theorem 2.1. Assume that T(x,), T(x}), Cl,, and CI} are based on the ETEL

estimator.

(a) Suppose Assumptions 2.1-2.4 hold with q, = 32(1 + () for any ( > 0 and d = 4.
Under Hy : 0, = 6y,

P(IT(xn)l > #ip10) =@ +o(n™)  or  P(bo, € CL}) =1—a+o(n™");

(b) Suppose Assumptions 2.1-2.4 hold with all ¢, < oo and d = 6. Under Hy : 0, =
60,7’7

P(T(xn)| > 2fr0) = a + O(n™3? or P, cCI})=1-a+0n?),

where zjp , s the 1 — a quantile of the distribution of |T(x;,)|-

2.6 Monte Carlo Experiments

An Example: Estimating the mean

Let X; = (Y;, Z;)" be iid sample from two independent normal distributions: Y; ~
N(1,1) and Z; ~ N(1 —4,1), where 0 < ¢ < 1. Let

oY, — 1
Xi,e -
9(Xi,0) (HZi—l)

be a vector-valued function. A moment condition is Fg(X;,0) = 0. In words, the

moment condition implies that Y; and Z; have the same nonzero and finite mean
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0;'. The parameter § measures a degree of misspecification. § = 0 implies no
misspecification, that is, the two random variables have the same mean. As § tends
to one, FZ; decreases to zero and the degree of misspecification becomes larger.
The ETEL estimator is calculated by solving the equation (2.5). The estimator
does not have a closed form solution, and should be solved numerically. Nevertheless,
the probability limit of the estimator can be calculated analytically for this particular
example. By definition, A\g(#) = (M\o.1(0), Xo2(#)) is the solution to Fe)%g; = 0. The

pseudo-true value 6, maximizes the criterion
In L(6) = — In B (9= Fg:),
By solving the equations, we have

24

1—6, 1—(1—-08)0 2
(A0,1(0), Ao2(0)) = —, ( 5 )bo ., 0o
52 52

Note that 8y = 1 when 0 = 0, i.e., the model is correctly specified. In addition, the

corresponding Ao 1 and A2 become zeros when o = 0.

Confidence Intervals

In this section, I describe asymptotic and bootstrap CI’s based on the ET and ETEL
estimators. For brevity, let Ly = 1.

Conventional CI based on the EL estimator

I first consider the EL estimator, 0. According to its asymptotic theory, under

correct model specifications, we have
Vi(Ops — 00) —a N(0, (GyQ ' Go) ™),

where Qo = Fg¢;(00)g:(0p) and 6y is the true value that satisfies Fg;(6y) = 0. The
asymptotic covariance matrix can be estimated by S¢ = (GLQ-1G,)"!, where
Gp=n"1Y" G and Q, =n 'S, §;¢.. Then, the 100(1 — a)% asymptotic CI for
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0y is given by
Asymp.EL: (éEL + Za/g\/ic/n> .

This conventional CI yields correct coverage probability 1 — a only if the model is
correctly specified, because the covariance estimator ¢ is not consistent for the true
covariance matrix under misspecification.

I also consider the bootstrap CI based on the EL estimator using the efficient
bootstrapping suggested by Brown and Newey (2002), that utilizes the EL probability
in resampling. Although their paper is on constructing the bootstrap CI based on the
GMM estimator, not the EL estimator, it is natural to apply the procedure to the
EL estimator. The key procedure is to use the EL-estimated distribution function,
Fpp(z) = ¥, 1(X; < 2)pi, where p; = n~1(1 — Ny.4;)"%, in place of the edf, F,.
The bootstrap procedure is as follows: (i) For a given sample, calculate (N, 05, )"
and p;’s, (ii) Draw the bootstrap sample with replacement from Fyr, (iii) Calculate
Thrn = O — 0p0)/\/Se/n, where 3% = (G Qu1G:) ™!, G = n ' 1, G and
Q= n 'Y 9797, (iv) repeat this B times and get the distribution of ThLml;
(iv) Find the 1 — o quantile 27, | , of the distribution of [T, | and construct the

symmetric percentile ¢ interval,

BN-Boot.EL: (éEL + Z‘*TELLOCV ic/n> )

This CI would yield correct coverage probability 1 — a: only if the model is correctly
specified. Under misspecifications, this CI would not work because (i) S¢ is inconsis-
tent for the true covariance matrix under misspecification and (ii) Fg1, is inconsistent
for the true distribution F. Moreover, in the simulation described in the following
section, some of the EL probabilities had negative values under misspecifications,

making the EL weighted resampling hard to be implemented.
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Misspecification-Robust CI based on the EL estimator

Based on the same EL estimator, we can construct misspecification-robust asymptotic

and bootstrap CI’s.

MR-Asymp.EL: (éEL + 2a/2/ ZA]EL/n) ,
MR-Boot.EL: (éEL + 27 oV e /n> :

where all the quantities are defined in the previous sections. These CI’s are robust to
misspecification. Moreover, the bootstrap symmetric percentile ¢ interval MR-Boot. EL

achieves asymptotic refinements over the asymptotic CI MR-Asymp.EL.

Misspecification-Robust CI based on the ETEL estimator

Finally, I consider the asymptotic and the bootstrap CI’s based on the ETEL estimator
0:

MR-Asymp.ETEL: (é + 20/2V 2/7@) ,

MR-Boot. ETEL: (é SRR AIRYO) /n> :

where all the quantities are defined in the previous sections. These CI’s are robust
to misspecification. Moreover, the bootstrap symmetric percentile ¢ interval MR-
Boot. ETEL achieves asymptotic refinements over the asymptotic CI MR-Asymp. ETEL,

according to Theorem 2.1.

Simulation Result

Table 2.1 presents the coverage probabilities of 90% and 95% CT’s for the (pseudo-
)true value 0y based on the ETEL or EL estimator under model misspecifications.
0 denotes a degree of misspecification. As § gets larger, the model becomes more
misspecified. 6 = 0 implies that the model is correctly specified. Both the numbers of
Monte Carlo repetition (r) and the bootstrap repetition (B) are 1,000. The (actual)



87

Degree of n =25 n = 50
Misspecification CI’s 920% 95%  90%  95%
Asymp.EL 0.877 0.919 0.896 0.949
0=20 BN-Boot.EL 0.899 0.954 0.916 0.962
(none) MR-Asymp.ETEL 0.880 0.925 0.903 0.950

MR-Boot.ETEL 0.904 0.962 0.914 0.959
over-ID test, 1% level

(Rejection Prob.) L.5% L.0%
Asymp.EL 0.834 0.886 0.834 0.897
0=20.5 BN-Boot.EL 0.858 0.909 0.831 0.902

(moderate) MR-Asymp.ETEL 0.876 0.912 0.886 0.932
MR-Boot.ETEL 0.911 0.945 0.909 0.956

over-ID test, 1% level

(Rejection Prob.) 22.2% 47.0%
Asymp.EL 0.748 0.812 0.719 0.789
6 =0.75 BN-Boot.EL 0.717 0.769 0.574 0.642
(large) MR-Asymp.ETEL 0.820 0.850 0.872 0.915

MR-Boot.ETEL 0.866 0.911 0.900 0.938

over-ID test, 1% level
(Rejection Prob.)

56.8% 88.4%

Table 2.1: Coverage Probabilities of 90% and 95% Confidence Intervals for 6, under
Model Misspecifications

coverage probabilities are given by

1(0 I
Coverage Probability of CI = 2r1(6 € C )’
T

where C1 is either Asymp.FEL, MR-Asymp.ETEL, or MR-Boot. ETEL. Since the
nominal coverage probabilities are given by 90% and 95%, CI’s that yield actual

coverage probabilities close to 0.90 and 0.95 are favorable.
Consider the case 6 = 0. MR-Boot. ETEL performs better than Asymp. ETEL,
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especially when n = 25. This confirms Theorem 2.1. Although Theorem 2.1 does
not establish asymptotic refinements of BN-Boot.EL, the simulation result shows
that BN-Boot.EL performs better than the asymptotic CI based on the EL estimator
Asymp.EL when n = 25. Asymptotic refinements of the bootstrap CI’s become
less clear when n = 50, for both MR-Boot. ETEL and BN-Boot.EL. If we use a
non-Normal distribution for the data-generating process, then asymptotic refinements
of the bootstrap would be clearer than those shown in Table 2.1.

When the model is misspecified, 6 = 0.5 or 6 = 0.75, the CI’s based on the
conventional EL estimator, Asymp.EL and BN-Boot.EL, seem to fail to yield correct
coverage probabilities asymptotically. In addition, BN-Boot.EL loses asymptotic
refinements over Asymp.EL. In contrast, the CI’s based on the ETEL estimator,
MR-Asymp. ETEL and MR-Boot. ETEL, are robust to misspecification as expected.
MR-Boot. ETEL does not lose the ability of asymptotic refinements even if the model
is misspecified. This supports Theorem 2.1.

One might argue that any misspecification in the model could be detected by
using the overidentifying restrictions test. I emphasize that the test does not always
reject the misspecified model and in fact, the rejection probability is quite low in small
sample. The rejection probabilities of the EL overidentifying restrictions test are
reported in Table 2.1: over-ID test, 1% level (Rejection Prob.). The null hypothesis
of correct model specifications is rejected at 1% level. For instance, when n = 25 and
0 = 0.5, the probability that the overidentifying restrictions test correctly rejects the
misspecified model is 22.2%. When n = 25 and § = 0.75, the chance of rejecting the
misspecified model is 56.8%, even if there is a large misspecification. If one proceeds
with the misspecified model using the conventional EL estimator, then inferences and

CI’s would be invalid.

2.7 Appendix: Lemmas and Proofs

Lemmas

Lemma 2.2 is a nonparametric iid bootstrap version of Lemma 1 of Andrews (2002).
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Lemma 2.2. Suppose Assumption 1 holds.
(a) Let h(-) be a matriz-valued function that satisfies Eh(X;) = 0 and E||h(X;)|P < oo
forp>2 and p > 2a/(1 — 2¢) for some ¢ € [0,1/2) and a > 0. Then, for all e > 0,

n

n 'Y h(X;)

i=1

lim n*P ( > n%) =0.
n—oo

(b) Let h(-) be a matriz-valued function that satisfies E||h(X;)||P < oo forp > 2 and

p > 2a for some a > 0. Then, there exists a constant K < oo such that

n

nil Z h(XZ)

i=1

lim n*P (

n—oo

>K>:O.

In the following Lemmas, we assume that a = 1 or 2, because these values are
only required in the proofs of the Theorems. This simplifies the conditions for the

Lemmas.

Lemma 2.3. Suppose Assumptions 1-3 hold with q, > 2a. Then, for all ¢ > 0,

>£>:0,
>5>—0,

n

n='Y (9:(0) — Egi(0))

i=1

(a) lim n*P <sup

(b) lim n®P <sup nt i (65‘('9)/91'(‘9) _ Ee)\o(@)lgi(e)>

n—00 0co =

() lim n*P <sup ’5\(6) - /\O(Q)H > 5) = 0.

Let 75(0) = Ee*@'9:0) and k((6) = —(Ee*@'9:) g.(0)g;(8)) ' 10(0) Eg;(6). Anal-
ogous to the definition of A(6), define 7(6) and K(#) be compact sets such that
70(0) € int(T(0)) and ko (0) € int(K(0)). For g = (1,K', X, 0')’, define a compact set
B=T(0) x K(0) x A(f) x O.
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Lemma 2.4. Suppose Assumptions 1-8 hold with q; > 2a(1+() for any { > 0. Then,
for all e > 0,
lim nP (||3 — o]l > €) =0,

n—o0

where By = (10, Ky, Ny, 0;)' and B = (7, R/, 5\’,@)'.

Lemma 2.5. Suppose Assumptions 1-3 hold with q, > 13‘120(1 + () for any ¢ > 0.
Then, for all c € [0,1/2) and £ > 0,

Jim 1P (|1 = foll > nc) =0,
where By = (10, Ky, Ny, 0p)' and B = (7, R, 5\’,@)'.
Lemma 2.6 is identical to Andrews (2002). We restate it for convenience.

Lemma 2.6. (a) Let{A, : n > 1} be a sequence of L s x1 random vectors with either
(1) uniformly bounded densities over n. > 1 or (ii) an Edgeworth expansion with
coefficients of order O(1) and remainder of order o(n™%) for some a > 0 (i.e., for
some polynomials m;(0) in 6 = 0/0z whose coefficients are O(1) fori =1, ..., 2a,
lim,, oo nOSUP,cpra |P(A, < 2) — [14+ X2, n™27,(0/02)| @, (2)| = 0, where
Oy, (2) is the distribution function of a N(0,%,) random wvariable and the
eigenvalues of 3, are bounded away from 0 and oo forn >1). Let {§, :n > 1}
be a sequence of L x 1 random vectors with P(||&,] > 0,) = o(n™®) for some

constants 9, = o(n~) and some a > 0. Then,

lim sup n®|P(A, +& <2)— P(A, <z)|=0.

n—00
z€RLA

(b) Let {A: :n > 1} be a sequence of Ly x 1 bootstrap random vectors that pos-
sesses an Edgeworth expansion with coefficients of order O(1) and remain-
der of order o(n=®) that holds except if {x, : n > 1} are in a sequence
of sets with probability o(n™*) for some a > 0. (That is, for all ¢ > 0,
limy, o0 0 P(n® sup,c pr |[P*(A;, < 2) = [L+ 332 n~"?17(9/02)] @x, (2)] > €) =

0, where 7} () are polynomials in 6 = 0/0z whose coefficients, C, satisfy: for
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all p > 0, there exists K, < 0o such that lim,,_,. n®*P(P*(|C}| > K,) > p) =0
for all i = 1,...,2a, ®x:(2) is the distribution function of a N(0,3;) ran-
dom wariable conditional on X} and X is a possibly random matriz whose
eigenvalues are bounded away from 0 and oo with probability 1 — o(n™*) ad
n — oo.) Let {& :n > 1} be a sequence of La X 1 random vectors with
lim,, oo n*P(P*(||E]] > ¥,) > n™%) = 0 for some constants ¥, = o(n™%).
Then,

el ( sup |P*(4} 46 < 2) = PY(A; < 2)| > ”) -

z€REA

Let P* be the probability distribution of the bootstrap sample conditional on the
original sample. Let E* denote expectation with respect to the distribution of the
bootstrap sample conditional on the original sample. Since we consider iid sample
and nonparametric iid bootstrap, E* is taken over the original sample with respect
to the empirical distribution function. For example, E*X =n"' Y1 | X;.

Lemma 2.7 is a nonparametric iid bootstrap version of Lemma 6 of Andrews
(2002).

Lemma 2.7. Suppose Assumption 1 holds. Let h(-) be a matriz-valued function that
satisfies Eh(X;) = 0 and E||h(X;)||? < oo for p > 2 and p > 4a/(1 — 2¢) for some
c€0,1/2) and a > 0. Then,

> n_c> > n_a> =0,

> n_c> > n_a> =0,
> n_c> > n‘“) =0,

n' > ER(X])| > K> > n‘“) =0 and
i=1

>K> >n‘a> =0,

(a) lim n®P

n—0o0

n= Y h(X]) = ETh(X])
i=1

(b) lim n®P

n—oo

n~' > E*h(X})
=1

n—oo

(d) lim n®P

n—oo

lim n*P
n—oo

a
R

(c) lim n*P (P* ( nt ; h(X])
a
a

n~t Z h(X})
i=1
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for some K < oo, even if Eh(X;) # 0 and p only satisfies p > 2 and p > 4a in part
(d).

Lemma 2.8. Suppose Assumptions 1-3 hold with q. > 4a. Then, for all e > 0,

> 5) > n‘“) =0,
> 5) > n‘“) =0,

NOEPG] B g> > n—a> = 0.

n

n=t Y (g5 (0) — E*g;(0))

=1

(b) lim n*P (P* (sup n1 Z( A*(0) g7 (0) _ A(Q)'gi(9)>

(a) lim n®P (P* (sup

(c) lim n®P (P* (sup

Lemma 2.9. Suppose Assumptions 1-8 hold with q, > 4a(1+() for any ( > 0. Then,
for alle > 0,
lim nP (P* (||3" = Bl| > ¢) >n™") =0,

n—oo

R AL

where B*: (7%, R, A%, 0%) andﬁ (7, R )\’ 9’)

Lemma 2.10. Suppose Assumptions 1-3 hold with g, > 14‘30(1 + () for any ¢ > 0.

Then, for all ¢ € [0,1/2) and e > 0,

lim n*P (P* (HB* Bl > n’c) > n’“) =0,

where B* = (7%, 7% A\, 07 and B = (7, /N, 0.

Lemma 2.11. (a) Suppose Assumptions 1-3 hold with ¢, > 4a(1l + ¢) for any
¢ > 0. Then, for all 5 € N(fp), some K < oo, and some C(X;) that satisfies
lim, o n®P([[n™ ' 0, C(X))]| > K) =0,

17 (Xi, 8) = f(X5, Bo)l| < C(X)I[B = Boll-

(b) Suppose Assumptions 1-8 hold with ¢, > 8a(1 + () for some ¢ > 0. Then, for all
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B € N(By), some K < oo, and some C*(X}) that satisfies

: a * —1 = * * —a\ __
S n PP (™t € (X > K) > 0) =0,

1F(X7, 8) = F(XE Bo)ll < CHXI)B = Boll-

We now introduce some additional notation. Let .S,, be the vector containing the
unique components of n=1 37, f(X;, By) on the support of X;, and S = ES,. Simi-
larly, let S* denote the vector containing the unique components of n=! > | f(X7, B)
on the support of X;, and S* = E*S;.

Lemma 2.12. (a) Suppose Assumptions 1-3 hold with ¢, > 4a(1+ ) for any ¢ > 0.
Then, for all e > 0,
lim n*P (||S, — S| >¢) =0.

n—oo

(b) Suppose Assumptions 1-3 hold with q. > 8a(1 + () for any ¢ > 0. Then, for all
e >0,
lim P (P (||S; = S7[| > €) >n™") = 0.

Lemma 2.13. Let A, and A* denote \/n(f — 6y) and /n(6* — ), or T, and T".
For each definition of A,, and A%, there is an infinitely differentiable function A(-)
with A(S) =0 and A(S*) = 0 such that the following results hold.

(a) Suppose Assumptions 1-4 hold with ¢, > max {df;adfl,lla} (14 ) for any ¢ > 0,
and d > 2a + 2, where 2a is some positive integer. Then,

lim supn®|P(A, < z) — P(v/nA(S,) < 2)| = 0.

n—oo z

(b) Suppose Assumptions 1-4 hold with ¢, > max {dfzaadfl,Sa} ~(14¢) for any ¢ > 0,
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and d > 2a + 2, where 2a is some positive integer. Then,

Jim ntP (sup [P(A; < 2) = PUVAA(S]) < 2)] > 07) =0,

We define the components of the Edgeworth expansions of the test statistic T,
and its bootstrap analog T.*. Let U,, = \/n(S, —S5) and U} = \/n(S} — S*). Let ¥, ;
and W7 . denote the jth elements of W, and W}, respectively. Let v, , and v, , denote
vectors of moments of the form n®(™) BT, ¥, 5, and n“(m)E*Hm 1o

where 2 < m < 2a+ 2, a(m) = 0 if m is even, and a(m) = 1/2 if m is odd. Let

Vo = limy, o0 V4. The existence of the limit is proved in Lemma 2.14.

respectively,

Let m;(d,v,) be a polynomial in § = 9/0z whose coefficients are polynomials in
the elements of v, and for which 7;(d, v,)®(z) is an even function of z when 7 is odd
and is an odd function of z when 7 is even for ¢ = 1, ..., 2a, where 2a is an integer. The

Edgeworth expansions of 7;, and 7" depend on (4, v,) and m;(9, v ,), respectively.

’ 7 n,a

Lemma 2.14. (a) Suppose Assumptions 1-3 hold with ¢, > 4(a + 1)(1 + () for any

¢ > 0. Then, vy, and v, = lim,,_,o0 Vo €xist.
(b) Suppose Assumptions 1-3 hold with q. > %‘gl)(l + () for any ¢ > 0 and
v €10,1/2). Then,

lim nP <||1/Za — V|| > n_'y) = 0.

Lemma 2.15. (a) Suppose Assumptions 1-4 hold with q; > 4(a + 1)(1 + () and

2ad
qr > d—2a—1

Then,

(14 ) for any ¢ >0, and d > 2a + 2, where 2a is some positive integer.

lim n®sup =0.

n—o0 z2€R

P(T, < 2) [1+Zni Wléualcb(z)

(b) Suppose Assumptions 1-4 hold with ¢, > max {d—42aad—17 16a(a + 1)} (14 ¢) for



95

any ¢ >0, and d > 2a + 2, where 2a is some positive integer. Then,

> n‘“) = 0.

PY(Tr < z2) — [1 + in—i/%(é, y;;a)] P(2)

i=1

lim n*P | sup
n—oo ZGR

Proof of Theorem 1

Proof of (a). Let a = 1. We apply Lemma 2.14 with v = 0 and Lemma 2.15. Letting
d =4 and ¢, = 32(1 + () for all ¢ > 0 satisfies the required condition. The proof
mimics that of Theorem 2 of Andrews (2001). By the evenness of m;(4, v1)®(z) and
mi(6, v )P(2), for any € > 0, Lemma 2.15 yields

» ¥n,l

sup | P(T| < 2) = [1+ 7m0, 1) (8(2) = B(=2))| = o(n™"),

P <sup P < 2) = [L4 0 ma(0,50)] (B(2) — ®(=2))| > n_15> =o(n™).

» ¥n,1
z€R

By Lemma 2.14 with v = 0,

P <sup P(Tl < 2) — PHTY] < 2)] > n)

< P (n_1|7r2(5, vi) — (0, v )| > n_lg) +o(n™t) =o(n). (2.8)

Then by (2.8),

P(|P(IT3] < 2ry0) = P(Tal < #py0)| > 07 e)
= P(|1—a—Frna)l >n'e) =o(n™), (2.9)
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where Fip|(-) denote the distribution function of |T,|. Using (2.9), we have

P(|T. > 2(7,0)
= P (Fr(ITal) > Firy(#pa), 1 — @ = Firy (20| < n'e)
+P (Fir(ITal) > Firy(zry0): 11 = @ = Firy(2fpy0)| > n7'e)
P(Fr(|Ta]) > 1 —a — n_lg) +P(1—a-— F]T|(Z‘>kT|7a)| > n_ls)
< a+nlteto(nt), (2.10)

IN

and similarly,
P(|Ty > 2j714) 2 P(Fjry(IT0]) > 1 —a — nle) >a—nle (2.11)
Combining (2.10) and (2.11) establishes the present Theorem (a).

Proof of (b). The proof is the same with that of Theorem 2(c) of Andrews (2002)
with his Lemmas 13 and 16 replaced by our Lemmas 2.13 and 2.15. The proof relies
on the arguments of Hall (1988) and Hall (1997) developed for “smooth functions of
sample averages,” for iid data. Q.E.D.

Proofs of Lemmas

Proof of Lemma 2.2

Proof. Assumption 1 of Andrews (2002) is satisfied if Assumption 1 holds. Then,
Lemma 1 of Andrews (2002) holds. Q.E.D.
Proof of Lemma 2.3

Proof. The present Lemma (a) is proved by the proof of Lemma 2 of Hall and
Horowitz (1996). We apply Lemma 2.2 with ¢ = 0 and p = ¢, using Assumption 2(b).

Proving the present Lemma (b) and (¢) involves several steps. First, we need to
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show? that

lim n*P ( sup
n—oo (N,07) eA(0)x©O

nlY 0 N _ peXe
=1

> 5) = 0. (2.12)

We apply similar arguments to the proof of Lemma 2 of Hall and Horowitz (1996).
Then, Lemma 2.2 with ¢ = 0 and p = ¢, gives the result by Assumption 2(c).

Next, we show

lim n*P <sup HX(@) — )\O(Q)H > s> =0, (2.13)

where \(0) = arg miny e n ' ik, V9% We show (2.13) by using the arguments
in the proof of Theorem 10 of Schennach (2007). For a given € > 0, let

n=inf inf (EN9O) _ pero®@a®)
0€©  AeA(0) ?
IA=0(6)]1>=

which is positive by the strict convexity of Ee*9%(®) in X, A\o(f) = arg min, Ee*9(),
and the fact that © is compact. By the definition of 7,

0co 0c®

20ne may write My(0) = Ee)'9%©) and My() = n' 27, €M% to emphasize that Fe'9:()
and n~1 Z?zl eN'9:(9) are functions of A and f, and can be interpreted as the population and sample

moment generating functions, as in Schennach (2007). In the proof, however, I do not use these
notations.



98

Since nil Z?:l @5‘(9)/91‘(9) _ n*1 Z?il:l 6)\0(9)/92'(9) < 07

sup (B0 pero®'s©)
0cO

IA

sup < B0 _ 1y exw)'gz-w)) + sup <n—1 SO0 _ 1y exow)'gi(e))

0€0 i=1 0€© i=1 i=1

+sup (n~" En: e0(0)9:0) _ peo(0)'9:(0)
0co -1

< 2 sup
(\,0")' €A (8)x©

n-! Z N 9i0) _ poN9i(9)
i=1

Thus, we have

) N

> n*P ( sup
(N,07) EA(0)xO

nl3 0 O _ g
i=1

Sn/2> — 1,

by (2.12). Using this result, (2.14) implies (2.13). However, A(f) is the minimizer on
A(#). To get the present Lemma (c) for A(9) = arg minye, nt Y, N9 we use
the argument similar to the proof of Theorem 2.7 of Newey and McFadden (1994). By
using the convexity of n=* " eV%(® in X for any 0, A(§) = A(A) in the event that
MO) € int(A(6)), where int(A(6)) is the interior of A(f). Take a closed neighborhood
Ns(Xo(0)) of radius § around Ao(6) such that Ns(Ao(#)) C int(A(#)). Then, whenever

M0) € int(A(B)), [IN(6) — Mo(6)]| < 6 for all § € ©. Thus,

P (sup
9O

AB) = Xo(0)] > g>

- P (21618 IAN0) = Xo(0)] > ¢, Sup [A©0) = 2 (0)| < 5)

+P <§2§ IAN0) = Xo(0)] > ¢, sup IMO) = xo(0)] > 5)

<P (228 IM©) = 2 (0)] > 5> +P (328 [A©0) = 2 (0)] > 5) = o(n™®),
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by (2.13). This proves the present Lemma (c).

The present Lemma (b) can be shown as follows. By the triangle inequality,

n

01 Z 65\(9)/571-(9) _ Eeo(0)9:(0)

=1
< | TS AOEO 13 RO 4|1 Ho0)a0) _ peh®s®)|
=1 =1 =1

Combining the following results gives the desired result.

li_>rn n®P (sup nt Z e O)gi(6) _ =1 Z e 0@'9:0)) 5) =0, (2.15)
n—ro0 o€ i i=1
0

-e) -

Since Ao(0) € int(A(0)), (2.16) follows from (2.12). To show (2.15), we apply the

~

triangle inequality and use the fact that A(6) = A(#) in the event that A(0) € int(A(6)):

lim n*P <sup = Z eHo(®) — Ee®'ai®) (2.16)

n—oo 0cO

P (gl St - Z )=
_ (328 n 1;(@ M050)| > ¢, ?QSHA — ()| gé)
1 (sup o ;(eﬂ = 0n) e, sup[36) - ()] > o)
< (328 1;(6 ehol0)'0:(0)) >g> +P<21618H)\ — ()| >5>

<P (Sup [A©0) = Ao(0)] ! ;CTQQ) > s) +o(n™) = o(n™%),

0cO

by applying Lemma 2.2(b) with h(X;) = C.(X;) and p = ¢, and using the result
(2.13). Q.E.D.
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Proof of Lemma 2.4

Proof. First, we show

lim n®P <sup |In L(6) — In L(6)| > 5) = 0. (2.17)
Since
mL) = —In (n_l > e;\(g)lg"(e)> + X(0) g, (0), and
i=1
InL(0) = —In(EeO%O) 4 2 (0)Eg(0),

(2.17) follows from

lim nP (sup [n ' 3 @90 — pero@a)| 5 o) =0,
Ji P (sp 3 |

lim n®P (Sup IA(0) g.(0) — Xo(0) Egi(6)] > 5) = 0.
The first result holds by Lemma 2.3(b). To show the second result, we apply Schwarz

matrix inequality® to get
A6 9n(8) — X(8) Egi(0)] < [IA(6) = Ao () llgn ()| + 1M (8)]l[l9n(8) — Egi(6)]]-

By Lemma 2.3(a), (c), Lemma 2.2(b) with p = ¢,, and the fact that A\¢(#) exists for
all # € ©® and O is compact, the second conclusion follows.

Since In L(6) is continuous and uniquely maximized at 6y, Ve > 0, In > 0 such
that [|§ — 6y]| > € implies that In L(6y) — In L(#) > n > 0. By the triangle inequality,

3See Appendix A of Hansen (2012).
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the fact that § maximizes In L(6), and (2.17),

P(|l6— 0ol >¢) < P(InL(6o) —In L(d) < n)
= P (InL(0p) = In L(6) + In L(0) — In L(B) < n
< P (InL(6) — I L(6o) + In L() — In L(0) < n)
< P <sup ‘ln L(f) —In L(@)‘ < 7}/2) =o(n™?)
0c©
Thus, we have
lim n°P (|0 = 6o]| > ) = 0. (2.18)
Next, we show
Tim P (JA(0) = Xo(6)]| > ) = 0. (2.19)

By the triangle inequality,
P ([A@) = 200 > ) < P(IA0) = (0] > £/2) + P (| 2a(d) — Xo(0)]| > =/2)

< P (3161(19) IA(O) — Ao (0)]| > 6/2) +o(n ") =o(n"?).

The last equality holds by Lemma 2.3(c). To see P (H)\O(é) — Xo(6o)]| > 5/2) =o(n™%),
let £(0,)\) = Ee?9®) g,(0), a continuously differentiable function on (6, A(6)). Since
f(00, X0) = 0and (3/ON) f (6o, No) = FEe*09:%0) g:(04)g;(8,)" is invertible by Assumption
3(a), A\g(#) is continuous in a neighborhood of €y by the implicit function theorem.
By (2.18),  is in a neighborhood of 6, with probability 1 — o(n~) and this implies
that || A(6) — Xo(6o)]| — 0 with probability 1 — o(n~*). Thus, (2.19) is proved.
Next, we show
lim n®P (|7 — 10| > ) = 0. (2.20)

n—0o0

Write A = A(6) and Ao = Ao(6). Since # = n=t 37, V90 and 1, = Ee*osi®) (2.20)
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follows from

lim n*P (

n—oo

lim n®P (
n—oo

n n
nL Z eng‘(9) —n ! Z e)\f)gi(@o)
=1

=1

>5>:O,
>5>:0.

To show these results, we apply the argument with the proof of Lemma 2(b) that A(6)

n
n L Z 6>\69i(90) _ Ee>‘69i(90)

is in the interior of A(f) with probability 1 — o(n~®). Using this fact, Assumption
2(c), Lemma 2.2(b) with A(X;) = C;(X;) and p = ¢,, (2.18), and (2.19) prove the
first result. The second result holds by Lemma 2.2(a) with p = ¢,.
Finally, we show
lim n®P (||k — kol > €) = 0. (2.21)

n—o0

Since

~1
R = ( 126’\91(6 g, é)) ?gn(é), and

1
Ko = — (Ee 09:(6%0) gi(eo)gi(eo)) TOEgin)v

(2.21) follows from

ggmp< 12%”” 0)g:(0) — 0™ 3o @, B0)g, 00 | >
=1

=0, (2.22)

lim n®P ( - Ze X919 g,(80) s (B)' — B9 %) g;(60)g:(6o)'|| > 8)
=0, (2.23)
Jim n*P (|7 — 7o > €) =0, (2.24)
Jim 1P ([l92(0) = ga(60)]| > £) =0, (2.25)
Jim 1P (|lga(0o) ~ Egi(6o) | > £) = 0. (2.26)

The third result (2.24) holds by (2.20). The fourth result (2.25) holds by Assumption
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2(b), Lemma 2.2(b) with h(X;) = C,(X;) and p = ¢,, and (2.18). The last result
(2.26) holds by Assumption 2(b) and Lemma 2.2(a) with h(X;) = ¢:(60) — Eg:(60),
c=0and p = q,.

To show the first result (2.22), we apply the triangle inequality to get

_12( N gi(0) gl é (é)/ — ¢*09:(00) :(60) (6o’ >||

n-1 Z ‘6)‘/‘%(9) _ Mogilbo) gz(é)%(é)/
i=1
n! Z M) (gl(é)gl(é)/ - gi(e(])gi(eo)/) H : (2.27)
i=1

By Assumption 2(c), with probability 1 — o(n~%), the first term of (2.27) satisfies

9:1(8)9:(9)

12‘ )‘gz 09190

A

120 g:(0)

gi(8)|| - 1Y, 8) = (Ao, 60)'| = 0,(1).

The last conclusion o,(1) holds by (2.18), (2.19), and the fact that

A

||n_1ZC' 9:(6)

g(0)] = Oy(1),

with probability 1—o(n~%), which can be proved as follows. By the triangle inequality,

Schwarz matrix inequality and Assumption 2(b),

19:(0)g:(0) | < 119:(0)9:(0) — 9:(00)g:(60)'l| + l|9:(60)9: (o)
< (g:(8) — 9:(60))(g:(0) + g:(6))'|| + I1g:(60) 1
< 16 = 6]1PC2(X) + 2110 — o]l - Co(X)llgi(60) | + llgi(60) 1>
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Using this inequality relation and the triangle inequality,

n

S CH(X)gi(0)g:(0)

i=1

< n_lzC )llgi(00)

+[16 — 6o]1*n _120 i)Cq(Xy)

i=1

2010 — O]l - n 7S CH(Xi)Cy(X3) ] i(60) -
=1

Then the right-hand-side is O,(1) with probability 1 — o(n™*) by using (2.18) and
applying Lemma 2.2(b) with h(X;) = C.(X;)]|9:(60)||%, h(X;) = C-( i)Cg( X;), and
h(X;) = C-(X;)Cy(X;)|lg:(6o)]], provided that E|h(X;)||” < oo for some p > 2 and

p > 2a. In order to satisfy this condition, we use Holder’s inequality: for some ¢ > 0,

c(1+¢)~1!
ECH(X)lgi (00| < (BCPOHO(X ) Egi(0) |0+ 7)¢

?

Y

cat+ot

BC0+¢ ) 2

-
ECH(X)CP(X;) < (BCP™O(X )HC (Boze? >C(1+<)
N

1—‘,—(
ECE(X;)CP(X;)]lgi(00) [P < ( ECP+0 (X )

ca+o~1

(Bllgi(@o)P0<)

where Cauchy-Schwarz inequality is further applied for the last result. Letting
p(14¢) = g, gives ¢; > 2(1 + () and ¢, > 2a(1 4 (). Letting 2p(1 + (') = ¢, gives
gy > 4(1+¢1) and g, > 4a(1 + ¢'). These conditions are assumed in the present
Lemma.

The second term of (2.27) can be proved similarly. By the triangle inequality,

Schwarz matrix inequality, and Assumption 2(b),

n! Z e%gi(go)(gz‘(é)gi(é)/ - gi(eo)gi(é’o)/)H
i=1

< 16— 6olPnt D2 M0 PIC2(X5) + 2[|6 — 6o]| - Z X3)|19:(60)])-
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Then, (2.18) and Lemma 2.3(b) with
h(X;) = X0 CHXG) and h(X;) = X% C, (X3)]|gi (00)

give the desired result. This proves (2.22).

The result (2.23) can be proved by applying Lemma 2.2(a) with ¢ = 0 and h(X;) =
e09:00) g.(05) gi (0p) — Ee?09:%) g (05)g:(0,)'. To see if h(X;) satisfies the condition of
Lemma 2.2(a), it suffices to show Fe*o%:(0)P||g;(6)]|?” < oo by Minkowski’s inequality.
But we already proved that the assumed g, and ¢, satisfy this condition in the present
Lemma. Since we have shown (2.22)-(2.26), the result (2.21) is proved and this
completes the proof of the Lemma. Q.E.D.

Proof of Lemma 2.5

Proof. B solves n~! > ¢(Xi,3) = 0 with probability 1 — o(n™), because B is
in the interior of B with probability 1 — o(n™®). By the mean value expansion of
n~ YL, (X, B) = 0 around f,

n A\ L n
B—By=— (n_lzﬁgb(a);@/,ﬁ)) n Y o(Xi, Bo),
=1 i—1

with probability 1 — o(n~), where (3 lies between B and By and may differ across

rows. The Lemma follows from

nh_}rgo n®P ( nt @:1 8¢(§§/; B) —n ! i; 8(]5(;(;; o) > 5) =0, (2.28)
. a — - a(b(XZJ/BO) a¢(X2760) )
] P ! - F =0, 2.29
e ([ 22455 i (2:29)
lim n*P ( nt i(b(Xi, Bo)l| > nc> =0. (2.30)
i=1

First, we prove (2.30). We apply Lemma 2.2(a) with h(X;) = ¢(X;, 5). To
satisfy the condition of Lemma 2.2(a), we need to show E||¢(X;, Bo)||P < oo for p > 2
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and p > 2a/(1 — 2¢). By investigating the elements of ||¢(X;, Bo)l|, it suffices to
show Ee*09:00)P||g,(60)[|? < oo and Ee?09:(%0)P| g:(0,)||P||G;(6o)||P < oo. By Holder’s
inequality and Cauchy-Schwarz inequality, we have ¢, > 4(1 4 (') and ¢, > 4a(1 —
20)7H(1+ (1), ¢ > 2(1+¢) and ¢; > 2a(1 —2¢)7H(1 + (), and g¢ > 4(1 + (') and
g > 4a(1 —2¢)7*(1 4 ¢71). But this is implied by the assumption of the Lemma.

Second, we prove (2.29). We apply Lemma 2.2(a) with hA(X;) = (0/95")o(X;, Bo) —
E(0/08")¢(X;, Bo) and ¢ = 0. By investigating the elements of ||(0/98")d(X;, Bo)||, it
suffices to show FEe*09:0)P||g,(00)||°P < oo, Ee*o9:0)P||g;(6y)%P||G;(6o)||P < oo, and
Ee*09:00)|g:(0,)||P||G(00)||*P < oo, to satisfy the condition of Lemma 2.2(a) with
¢ = 0. By Holder’s inequality and Cauchy-Schwarz inequality, the corresponding
conditions for ¢, ¢; and gg are ¢, > 6(1+ (') and ¢, > 6a(1+ (1), ¢ > 2(14¢)
and ¢, > 2a(1+ (), and g¢ > 6(1 + (') and g5 > 6a(1+ ¢~'), which are implied by
the assumption of the Lemma.

Finally, (2.28) can be proved by multiple applications of Lemma 2.2(b) and
Lemma 2.4. Note that the matrix (0/08")¢(X;, f) consists of terms of the form
- ek XNa O g(g)ko . G(9)F - GP(0)F2 for ky = 0,1, kg = 0,1,2,3, ky = 0,1,2, ky = 0, 1,
and 0 < ko + ky + ky < 3, where ¢(0), G(0), and G (6) denote elements of g;(6),
Gi(0), and G§2)(9), respectively, and where o denotes products of elements of 3 that
are necessarily bounded for 5 € B;(3y). Thus, (0/08")d(X:, B) — (/08" (X, Bo)

consists of terms of the form

a- et uOg(gyo . GO - GAB) — ag - e Nm @) (o) - GBy)F - G ()"
(~ —ag) - NI (g - GO - G (0)*

( krNgi(0) emggi(eo)) _g(é)ko . G(é)kl _G(2)(§)k2
g PN (g() — g(00)) - GO - GO(0)
Fag - 0 g(0) (GO) — G(6n)") - G2 (B)"
+ag - B0 g(ho)F0 - G0o)F (G (0)" — G (6o)") . (2.31)

ko

We apply Lemma 2.4 to show P(|& — ap| > €) = o(n™*). By Assumption 2(b)-(c),
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Assumption 3(c), Lemma 2.2(b) and Lemma 2.4,

kX i() 'g<é)k0 . G(é)kl . G(2)(é)k2
< ekT)\{)gi(%) ) ’9(90)|k0 . ’G(90)|k1 . |G(2)(00)’k2 + 0p(1).

To apply Lemma 2.2(b) to the first term of the right-hand side of the above inequality,
it suffices to show Ee?09(%0) P |g(0,)[* < 0o, Ee*09:@)P . |4(04)|% - |G(6)|P < oo, and
Ee*09:00)P | g(00)|P - |G(60)|P - |G (6y)|P < oo for p > 2 and p > 2a. Since we already
showed this in the proof of (2.29), the first term of (2.31) is 0,(1). Similarly, we can
show the remaining terms of (2.31) are also o0,(1) by the binomial theorem under the
assumption of the Lemma, and thus, (2.28) is proved.

We illustrate the above proof for a term of (9/98")¢(X;, B) — (/08" p(Xi, Bo).
For example, we show

lim n*P ( -1 Z A5 0) . (8)g,(0) 7gi ()

n—oo

—n~! Z eo(%o)'gi (%) 9i(00)9:(00) Kogi(6o)’

=1

> e) 0.

as follows. By Assumption 2, and the triangle and Schwarz matrix inequalities,

n

‘lze 090 g,(0)gi(0) Fgi(0) — 'Y X5) g, (05)g,(05) riags (Bo) i
i=1
<RI IV, 67 = (X6, 06) [ ‘IZC )llg:(0)]°
=1

RN 02 €0 g,(6)g.(8) — g:(80)gi(B0) || - 19:(0)
I = roll -7t 3 X0 gi @) - 1g:(O)]

HIrolll16 — Bolln~" 3= M@ T, (X,)19:(0) |1

i=1

The conclusion follows from multiple applications of Lemma 2.2(b), Lemma 2.4, and
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the following inequality relations:

1El < {15 = oll + lImoll,
lg:( DI < Cy(Xi) 10 = boll + [lg:(6o) I,
19:(9)9:(0)" = 9:(00)gi(Bo)' | < CG(X)[10 — bo]|* +2C,(X)[10 — Ooll - ll: (o).

Q.E.D.
Proof of Lemma 2.6
Proof. See the proof of Lemma 5 of Andrews (2002). Q.E.D.
Proof of Lemma 2.7
Proof. See the proof of Lemma 6 of Andrews (2002). Q.E.D.

Proof of Lemma 2.8

Proof. The result (a) is proved by the proof of Lemma 8 of Hall and Horowitz (1996).
We apply Lemma 6 with ¢ = 0 and p = g, using Assumption 2(b).

> g) > n“) =0.

(2.32)
The proof of (2.32) is similar to that of Lemma 8 of Hall and Horowitz (1996).
We apply our Lemma 2.7(c) with ¢ = 0, h(X;) = 9% — B9 for some
(N}, 05) € A(0) x © or h(X;) = C7(X;) — EC;(X;), and p = ¢,. Note that ¢, needs to
satisfy ¢, > 2 and ¢, > 4a. To see this works, observe that A(X}) = e’\ag 03) _ pe?j9i(05)

or h(X}) = C.(XF) — EC,(X;). Then, E*h(X}) = n~ ' 0, eXi9:0) _ pelioi) o

Proving (b) and (c) involves several steps. We first show

" 12":( NO51(0) _ AO)5i0))

lim n*P (P* ( sup
n—o0 (N,01)EA (D) xO



E*h(X?) =n"t Y0, C.(X;) — EC.(X;). Thus,
X)) — E*h(X}) = N9l =1 Ze”%
MXP)— E'h(X)) = CA(X])—n"" Z Cr(Xi)

Next, we show

lim n*P (P (sup‘

where \*() = arg miny eyt i, €M%, For a given € > 0, let
- SIS N0) _ 1§ O 90)
BT MR LRS!
IA=AO)[1>¢

which is positive by the strict convexity of n=t 37, eNoi(®) in A,

A(0) = argminn ™' > N9
AEA(0) i=1

and the fact that © is compact. By the definition of 7,

P (Sup (n—l SN0 _ 13 ex(eygi(e)) < n) < pr (Sup I3(0) —

0cO 0cO

i=1 i=1

(6 (Q)H > 5) > n‘“) =0,
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(2.33)

A0)] < ) |
(2.34)
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Since n~t 1, N OGO Ly MO 60) < )

sup (n_l i 65‘*(9),91'(9) _ n_l i e)\(@)’!h‘(Q))
i=1

0cOe

i=1
< sup (n—l Z N O)9i(0) _ -1 Z 6»(9)@;(9))
=) = P
+sup < e X(O) g5 (0) _ -1 Ze)\ 0)'g >
0o =
" / * n
+SUP<7L_IZ€/\ 90 _p 1Z€A0)gz )
0€0 =
< 2 sup n! Z@XQI(@) _ peNeiO)]
(V.0') €A(0)x© -

Thus, we have

P (sup <n_1 Zn: N (O/9i0) _ -1 Zn: 6*(9)’91-(6’)) < 77)
1=1 i=1

0cO
n n
> p* ( sup n-! Z NIEO0) _ -1 Z N 9i(0)
(A,0" i=1 i=1

0') €A0)xO

Sn/2>,

and this implies that

P (P* <sup <n_1 Z e (0)'gi n~! Z e > 77) a)
0cO i=1
< P (P* < sup nt Ze’vg;(@) —nt Ze’vgi(e) > 7]/2> > n‘“) =o(n™%),
(V,0") €A(0)xO i=1 i=1

by (2.32). Using this result, (2.34) implies (2.33).

To prove the present Lemma (c), we need to replace A*(6) and A(9) with A*(#) and
A(0), respectively. We have shown that A(6) = A(0) in the event that A(0) € int(A(6))
in the proof of Lemma 2.3. By similar argument, A*(§) = A\*(0) in the event
that A\*(0) € int(A(#)). Take a closed neighborhood Ns(A\o(f)) of radius § around
Mo(6) such that Ns(A\o(#)) C int(A(A)). Then, whenever A(),\*(8) € int(A(H)),
IA(0) — Xo(0)] < 6 and [|A*(0) — A\o(8)]| < & for all & € ©. We use this fact to prove
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the present Lemma (c¢). By the triangle inequality,
IX*(8) = X ()| < [IA(0) = AO)]| + [[AB) — Ao (B)]],

and thus we have

P (p* (228 IA(8) = Xo(0)]] > 5) g ”)

IN

P (p* (22@13 IX*(6) — A0)] > 5/2> - n—a>

+P (P* (2161(19) H;\(H) - )\0(9)” > 5/2) > n_a>
= o(n™") +o(n™") = o(n™"), (2.35)

by (2.33) and (2.13). Note that \(6) is calculated from the original sample and thus
P (P* (sup IA(6) — o (0)]| > 5/2) > n“)
9co
= P (1 {Sup IAB) — No(0)]| > 5/2} > n‘“)
6c0
_ P (1 {sup IA®) — 2o(0)] > 6/2} >, sup [A(0) — do(0)] > 6/2)
9€6 6c6
P (1 {sup 130 — 2(6)] > 6/2} >, sup [A(8) — Mol®)] < 5/2)
9€6 6c6
< P (sup30) - (0] > 5/2) = o6™) (2.36)
9co

where 1{-} is an indicator function. Now, we are ready to prove the present Lemma
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(c):
P (sup ‘ A*(0 (0)H > 5)
0O
- P (sup (6) = AO)] > 2, sup |3*(0) = Mo (O)]] > 6)
fcO FSS)
+pP <Sup IA(0) = A0 > &, sup [|A*(0) = Ao(0)] < 5)
0co 0co
< P <sup 1(0) = 2(0)]| > 5) P <sup I3(0) = 2o(0)]] > 5)
0co 0o
+P* (sup ‘ (6 (H)H > &?) :
0cO
and thus,
P (P (sup ‘ A% (0 (9)” > 6) > n_a>
0O
< P (P* (supHX*(@) — Ao ()] > 5) > >
USS] 3
4P (P* <sup INB) — Ao ()] > 5) S )
6cO 3
+P (P* (sup ‘ (6 (G)H > 6) > n)
6cO 3
= o(n™%),

by (2.35), (2.36), and (2.33).

Finally, the present Lemma (b) follows from the results below:
lim n*P | P* | su
i P (P (sup

lim n®P < P (sup

Since A(A) € int(A(6)) with probability 1 — o(n~*) as in (2.36), (2.38) follows from

-1 Z ( *(0)'gr(0 (9)’93(9))

=1

W'y (0510 _ S0rao)

=1

> 5) > n‘“) = 0(2.37)

> e) > n‘“) = 0. (2.38)
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(2.32). To show (2.37), we use the arguments used in the proof of the present Lemma:

P ( (sup > 5) > n‘“)
0c©

n

n 12 ( “(0)'97(0) _ AO)g5 (0 ))

=1

< PPt S (o ) > o) >
+P (P* <sup ‘ (6 )\O(G)H > 5) > n_a>
0cO
+P (P* <Sup IMO) = xo(0)] > 5) > n)
0cO
< on*)+ P (P* (sup H )\O(Q)H’ffl zn:CT(X:) > 8) > na) = o(n™%),
0cO P

by applying Lemma 2.7(d) with A(X}) = C.(X}) and p = ¢, and using (2.33), (2.35),
and (2.36). Q.E.D.
Proof of Lemma 2.9

Proof. The proof is analogous to that of Lemma 2.4. Though they are similar, the

proof involves some additional steps for the bootstrap version of the estimators. First,

we show
lim n*P (P* (sup |In L*(0) — In L(9)| > 6) > n‘“) = 0. (2.39)
Since
InL*(0) = —In (nl > ex*(e)'93(9)> + N (0) g5(0),
=1

(2.39) follows from

nli_>HolonaP< <sup\n 12( A*(0)'g;(0) _ A(e) gi(0 ) | > 5) > na) — 0,

0cO

lim n®P (P* <sup IX(0) g%(0) — A(0) gn(0)] > g> > n—a) =0.
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Since the assumption of the present Lemma implies that ¢, > 2, ¢, > 4a, ¢, > 2, and
¢- > 4a, the first result holds by Lemma 2.8(b). To show the second result, we apply

Schwarz matrix inequality to get

sup [A"(8) 97, (6) — A(8)'9u(6)]
0cO

< sup [A*(0) = AO)I| - sup g2, ()| + sup [A@O)]] - sup [|g:,(6) — ga(0)]].
0€0 0€0 0€0 0€0

By Lemma 2.8(a), (c¢), Lemma 2.7(d) with h(X}) = supycg ||9; (9| and p = g,, the
inequality [|A(0)]| < |A(0) — Ao(0)]] + | Ao(F)]], Lemma 2.3(c), and the fact that Ao(6)
exists for all § € © and O is compact, the second conclusion follows.

Next we claim that given € > 0, there exists n > 0 independent of n such that
|6 — 6]| > e implies that In ﬁ(é) —In L(0) > n > 0 with probability 1 — o(n™%). To
show this claim, define M = infy_y 4cne(In L(6o) — In L(0)), where N(6 )) = {0 :
10 — 0|] < }. Then, M > 0 if ||§ — 6] < e. Now, conditional on the event that
160 — 6o|| < &, supgee | In L(A) — In L(9)| < M/6, and In L(6y) — In L(A) < M/3, we

have

/\ A

InL() —InL(O) = InL(6y) —InL(A) 4+ In L(A) — In L(6)
—1In L(6y) + In L(0) + In L(#) — In L(
)

0)
> InL(6y) —InL(6) — | In L(A) — In L(6) + In L(#) — In L(6)]
—(In L(6y) — In L())
> M —2sup |In L(A) — In L(0)| — (In L(#y) — In L(A))
> M/3 > S,

for any [|§ — @] > . Since the event occurs with probability 1 — o(n~) by Lemma
2.4, this proves the claim.

By the claim, the triangle inequality, the fact that * maximizes In ﬁ*(@), and



(2.39),

IN

IN

IN
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Thus, we have

lim n*P (P* (|0 = 0] > ) >n~*) =0. (2.40)

n—oo

Next, we show

lim nP (P* (J[A*(6%) = A@)]| > ) > n~*) =0. (2.41)

n—oo

By the triangle inequality,

IN

IN

P (JA(07) - X(é)ﬂ > s)

A A S
P (\Mo(e*) Xo(B)] > )+P*(\Aoe ||>4)
~ A 9
P (sup 130 = 3001 > )+ 2 (1) = (O > 5)
0co

+2p* (Sup 1Xo(0) — A0 > 5) .
EE) 4

Since |6 — 6|l < (1 = 8] + 116 — 6o,

IN

P (P (||6" = 6of| > £) > n)
P(P (0" =0l >¢) >n")+ P(ld = 05| > ) =o(n™"), (242)
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by Lemma 2.4 and (2.40). Therefore, (2.41) follows from Lemma 2.8(c), Lemma
2.3(c), the fact that Ag(f) is continuous in a neighborhood of 6y, and (2.42).

Next, we show

lim n*P (P* (|3 = #|| > ¢) > n™*) = 0. (2.43)

n—0o0

Since 7* =n"t30" 65‘*,9;(@*), where A* = \*(6%), (2.43) follows from

lim n*P < ( > 6) > n_“> =0,
n—oo

lim n*P <P* ( > 5) > n‘“) = 0.
n—oo

Since A\* is in the interior of A(0) with P* probability 1 — o(n™*) except, possibly, if

n
* * * N7
n 1Z<>\ (%) exgi(e))

=1

N (V500 — X))

i=1

X is in a set of P probability o(n™®) by (2.41), we use Assumption 2(c) and apply
Lemma 2.7(d) with h(X}) = C.(X}) and p = ¢, to show the first result. For the

second result, we use the triangle inequality to get

>\ g1 0) _ Naid) ‘6%92‘(90) — ¢M09i(00)

+ ‘ N7 (0) _ o Nogi (bo)

+ ‘6)‘692'(90) _ 6:\'%(@)) 7
and apply Assumption 2(c), Lemma 2.7(a) with h(X}) = e*09%:(0) — FeXog:(f0) ¢ = (
and p = ¢, Lemma 2.7(d) with hA(X}) = C;(X]) and p = ¢,, Lemma 2.2(b) with
h(X;) = C.(X;), and Lemma 2.4.

Finally, we show

lim n*P (P* (|&" — &| > ) >n ") = 0. (2.44)

n—oo

Since

~1
AT = < _126” 9107 6= (6%) g7 (0" )) # g5 (07),
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(2.44) follows from

lim P (P* ( W3 (NG ()1 ) - Vg 0y 0 )| > ) > n>
i=1
nlggonap (P* ( n—lz( Ngx( 9) * (é)/ _ eﬂ'gf(é)g:(é)g;k(é)/) > E) = n—a)
— O’

lim nP (P* (|3 = #]| > ¢) > n™*) =0,

Jim n?P (P (|lg:(07) = g:(0)]| > €) > n™") =0,
lim n*P (P* (||g5(6) = gu(B)]| > €) > n ") = 0.

n—oo
Given the results proved in the present Lemma, these results can be proved in a
similar fashion with the proof of Lemma 2.4 and thus omitted. In particular, we apply
Lemma 2.7 multiple times and we need g, and ¢, to be such that ¢, > 4(1 4+ (1),
qy > 8a(1+¢71), ¢- > 2(1+(), and ¢, > 4a(1+(). This is satisfied by the assumption

of the Lemma. Q.E.D.

Proof of Lemma 2.10

A

Proof. B* solves n~? >, o(X], p*) = 0 with P* probability 1 — o(n™%), except,
possibly, if x is in a set of P probability o(n~%), because @* is in the interior of B with
P* probability 1 — o(n™%), except, possibly, if x is in a set of P probability o(n~%).

A

By the mean value expansion of n~ 'S, (X7, 5*) = 0 around f,

-1

~ ~ LS * 3% n ~
o= (n e )) WS 6K B)
=1

i=1

with P* probability 1 — o(n™%), except, possibly, if x is in a set of P probability

o(n~%), where 3* lies between 3* and 3 and may differ across rows. The Lemma
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follows from

. . " (06(X;, BY) 3¢(XZ‘,50)> ) —a>
1 PP ! ( -
lim n ( (n ; 5 5 >c|>n
=0,(2.45)
. 21 xs (99(X], Bo) 9p(Xi, Bo)
| ‘PP ! ( —F ) ) )
R ( ( " ; op' op’
=0,(2.46)
lim n®P (P* ( n! zn:gb(X > n_c> > n‘“) =0. (2.47)
=1

First, we show (2.45). The proof is analogous to that of (2.28) in Lemma 2.5. We
use Lemmas 2.4, 2.9, 2.7(d), and the inequality relation ||3*— G| < [|5* =8|+ 15— boll-
In order to apply Lemma 2.7(d) instead of Lemma 2.2(b) as in the proof of Lemma 2.5,
we impose stronger assumption of ¢, ¢, and ¢,. In particular, ¢4, ge > 6(1 + ¢ -,
49,96 > 12a(1 +¢71), ¢ > 2(1 4 (), and ¢, > 4a(1 + ¢). These are implied by the
assumption of the Lemma.

The proof of (2.46) is also analogous to that of (2.29) in Lemma 2.5. We apply
Lemma 2.7(c) h(X}) = (0/08")p(X}, Bo) — E(0/05")p(Xi, By) and ¢ = 0. We need
9,96 > 6(1+C71), g9:96 > 12a(1 + (1), ¢- > 2(1 + (), and ¢; > 4a(1 + (), which
are implied by the assumption of the Lemma.

Finally, we show (2.47). By the triangle inequality and the mean value expansion,

n‘limxz,/é)H < [ S+ o S 2D 15 ol and
=1
SO0 2 OO (990.5) _ 00K
B s e b G e |

where 3 lies between 3 and (3, and may differ across rows. Since 13— Boll < ||B — Boll,
the proof of (2.45) and (2.46) can be applied to show
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by Lemma 2.2(b) for some constant K > 0 and Lemma 2.4. Now, (2.47) follows from

o

PP (-] > "5

n

n_l Z ¢(Xz*7 BU)

=1

> ”;) > n_“> — o(n%), (2.48)

) > n‘“) = o(n™). (2.49)

To show (2.48), we apply Lemma 2.7(c) with h(X}) = ¢(X/,[y). To satisfy
the condition of Lemma 2.7(c), we need to show E|¢(X;, fo)||P < oo for p > 2
and p > 4a/(1 — 2¢). By investigating the elements of ||¢(X;, 5)||, it suffices
to show e’ 7|g,(6,)[*7 < oo and Be’o% ) g,(6,)|P||Gi(6o)|[? < oo. By
Holder’s inequality and Cauchy-Schwarz inequality, we have q,, g > 4(1 + (1)
and ¢y, ¢ > 8a(1 —2¢)"H(14+¢™1), and ¢, > 2(1 4 ¢) and ¢, > 4a(1 — 2¢)H(1 + ¢).
But this is also implied by the assumption of the Lemma. (2.49) holds by Lemma 2.5

(e (1p-ml> ) > )
_ p(l{H@_ﬁou >”;} -
vp (1 {3 - ] > 5> o

P(l5-al> ")

because

-5

n—C
2

’B - 50“ <

)

IN

o(n™?).
Q.E.D.

Proof of Lemma 2.11

Proof of (a). The proof is similar to the proof of (2.28) in Lemma 2.5 and is

given by as follows. Since f(X;, 3) consists of terms of the form « - e*"'% (@) g(g)ko .



G(0)F - G (h)ka
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, f(Xi, B) — f(X5, Bo) consists of terms of the form

o - ek,_)\’gi(o)g(e)ko GOk G(d+1)(9)kd+1

= (a—a)-

"‘Oé()

+aq - e

. ek%gi(eo)g(go)ko -G (B)kr - - G(d+1)<60)kd+1

ek N 9i(0) .g(g)ko . G(@)kl e G(d+1)(9)kd+1
+ag - (ekM'Qi(G) _ €k7>\69i(90)) . g(@)ko . G(e)kl . G(d+1)<0)kd+1
Tap - ekrrogi(0o) (Q(e)ko _ g(GO)kO) . G(Q)kl LGl (e)kdﬂ

ekﬂ' ng 90 . g

kr )‘ogz (6o)

(90) (G<‘9)k1 - G(QO)kl) .. d+1 (9)kd+1
(Qo)ko G( )kl - (G(d+1)<0)kd+1 _ G(d+1)(00)kd+1> .

g

Since « is a product of elements of 3, we can write (o — o) < M||5 — So|| for some

constant M < oo. Let k; = 2, which is the most restrictive case. By Assumption

2(c),

!q.
62/\ 9i(0)

_ €2>\69i(90)

(X9 — Hass00) 4 eAggiwo))? _ o2N9i(00)

_ (ek'gi(‘)) _ ekbgi(90)>2 +2 (ek'gi(f)) _ 6)\(,)91'(90)) . ¢*09i(00)

< CHX) VL) = (%, 00)' |
+2C5(X;) - M) [[(X, 0 — (3, 6)'
< 18— Boll - (CHX)B — Boll + 205 (X;) - Xost@))

By the binomial theorem,

g(0)*

- g<90)ko

IN

IN

(9(8) — g(80) + g(60))* — g(6p)"
O ( o ) (9(0) — g(60))"g(6) "

r=1 r

ko ]{30 r T ko—r
. Co(Xi) - 10 = " - [|g: (o)

r=1

K
|w—m+2<:)0%mww—wW%mwMWf

r=1
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Similarly, we can show GU)(9)% — G (0y)k < |8 — fol| - C9)(X;) for some CU)(X;)
and for j =1, ...,d.
Now we can write f(X;,8) — f(X;, Bo) < C(X;)||8 — Bol, where

C(XZ) — MeFNa0) . G(d+1)(6)kd+l
+ag (CHX)[1B = Boll +2CH(X;) - X090)) g(9) ... G () ke
+age 09 (%) ()R CM(X;) + - -

To show C(X;) is bounded with probability 1 — o(n™%), as is in the proof of
Lemma 2.5, the remaining quantities such as ef~9:(0) . g(9)ko . G()F+ . .. G+ (§)kasr
Sk

Ck (X;)Ch(X5), or CF(X;)C57~ 7 (X;), need to be shown to be bounded with
probability 1 — o(n™*) by applying Lemma 2.2(b). It suffices to show the most re-
strictive cases: EC’EP(XZ-)C’g(d*?’)p(Xi) < oo and ECEP(Xi)Cg+3)p(Xi) < oo for p > 2

and p > 2a. By Holder’s inequality, for ¢ > 0,

ECT(X;)CiP(X;) < (113072.1’(1“)(&))(1+O71 , (Eoéd+3)p(1+<*1)(Xi)>c(1+<)*1 |
1 o (1401
ECEP(Xi)Cé;d%)p(Xi) < (ECEP(HC)(XZ»))(HO . (Ecéd+3)p(1+c )(Xi)) (1+0) |

and the assumption on g, gg, and g, of the present Lemma satisfy the condition.

Thus, the present Lemma (a) is proved.

Proof of (b). The proof is analogous to that of the present Lemma (a), except that
we use Lemma 2.7(d) in place of Lemma 2.2(b). Since Lemma 2.7(d) requires p > 2

and p > 4a, we need stronger conditions for g4, ¢i, and ¢., as are assumed. Q.E.D.
Proof of Lemma 2.12
Proof of (a). By the definitions of S,, and S, it suffices to show

d

n

n~' " f(Xi, Bo) — Ef(X;, Bo)

i=1

> 5) =o(n™%).
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We apply Lemma 2.2(a) with ¢ = 0 and h(X;) = f(X;, 5o) — Ef(Xi,By). By in-
vestigating the components of f(X;, 5y), the most restrictive condition for Lemma
2.2(a) to hold is EeXos(®0)2Cld+3p(X,) < 00 and BeXosi0)2CETP(X,) < oo, where
p > 2 and p > 2a. By Hélder’s inequality and Assumptions 2(b)-(c) and 3, we need
dg: e = 2(d+3)(1+C71), 45,96 > 2a(d+3)(1+(71), g = 4(1+() and ¢- > 4a(1+().

But these are implied by the assumption of the Lemma.

Proof of (b). By the definitions of S’ and S*, it suffices to show

P(r

By the triangle inequality,

> 5) > TF“) =o(n™%). (2.50)

nT YOS B) =YD f(XGB)
i=1 i=1

nliﬂX:,B)—nlif(Xi,B)H < n1i<f ‘o) —nlzfxl,ﬁo)H
=1 =1 =1
+n Y| G B) = FOXT )|

=1

3

+n~! 2—31 Hf(Xi,B) — f(Xi, 50)” . (2.51)

For the first term of (2.51), we apply Lemma 2.7(a) with ¢ = 0 and h(X;) =
f(Xi, Bo) — Ef(X;, Bo), where q¢, g > 2(d+3)(1 + (1), qq,qc > da(d+3)(1+ (1),
¢ > 4(1 + ¢) and ¢, > 8a(l + (). These are also implied by the assumption of
the Lemma. By Lemma 2.11, the second and the last terms of (2.51) are bounded
by |15 = Bolln ™" 2, (C*(X7F) 4+ C(X;)) and we apply Lemmas 2.4. Note that the
assumption of the Lemma satisfies the condition of Lemma 2.4. This proves (2.50)

and the result (b) of the present Lemma is proved. Q.E.D.

Proof of Lemma 2.13

A

Proof of (a). First, we prove the result (a) with A, = /n(0 — 6,). Let 6, = 5 — 5,
and ¢, ; denote the jth element of 6,,. Write n™t > | ¢(X;, ) = ¢, () for notational
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brevity. A Taylor series expansion of 0 = gbn(@ about = By through order d — 1
yields

Oy, Lo Lo g2 n
Jj1=1j2=1 1Y g2

L L _
1 f: f: 0T n(Bo) e Gug b (252)

+ n,
(d - 1)! ji=1  ja_1=1 aﬂjl T 8/8jd—1 "

with probability 1 — o(n™*), where Lg =1+ 2L, + Ly and

Lg Lgs 9414, A 9414, (B,
(d1w§:”.z ( on(B) én(o)

n = On '1"'67%}1717
¢ OBj -+ OBjay OBj - 'aﬁjd_1> ! ’

"=l Ja—1=1

where 3 is between @ and [y and may differ across rows. Let e, be the conformable
vector (£/,,0')" such that the dimension of e,, is the same with that of S,,. Then, (2.52)
can be rewritten as 0 = Z(d,, S, +e€,), where =(-, -) is a polynomial and thus, infinitely
differentiable with respect to its arguments. By Lemmas 2.4 and 2.12(a), ¢,, and S,
converge to 0 and S with probability 1 — o(n™%). Since n™' 7, f(X;, 8) includes
elements of (9%71/08;, - - - Bj,_, )Pn(), €n converges to zero with probability 1—o(n=?)
by Lemma 2.11(a). Thus, we have 0 = Z(0,5). Let § = 8 — fy. If we differentiate
= with respect to its first argument and evaluate it at § = 0, we get (9/95")pn (o),
the inverse of which exists and bounded with probability 1 — o(n~%) by (2.29) and
Assumption 3(a). Note that the condition for (2.29) to hold is ¢4, g > 6(1 + (1),
49,96 > 6a(14+¢1), ¢ > 2(1+ (), and ¢, > 2a(1 + ¢). These are implied by the
assumption of the present Lemma.

By applying the implicit function theorem to =Z(d,, S, + €,), there is a function
A;p such that A;(S) =0, A; is infinitely differentiable in a neighborhood of S, and

On = B — o= Ai(Sn + en), (2.53)

with probability 1—o(n~%). By Lemma 2.11(a), ||e,|| < M||3— Bo||* for some M < oo,
with probability 1 — o(n™%). By Lemma 2.5, ||3 — B]|? < n~% with probability
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1 —o(n™*). The condition for Lemma 2.5 is implied by the assumption of the present
Lemma. By the mean value theorem, A;(S, +e,) = A1(S,) + A1(S, + €,) - €,, where
Al (+) is the first derivative of A;(-) and é, lies between 0’ and e, and may differ
across rows. Since A} (S, + é,) = A1(9) + AL (S, +é,) — AL(S), A} is continuous, and
S, and €, converges to S and 0 respectively with probability 1 — o(n™) by Lemmas
2.11(a) and 2.12(a), it follows that

P (|AL(Sn + €n) = As(Sa)[| > n7%) < P (M - [len]| > n™*) = o(n™),  (2.54)

for some M < oo. Since (2.54) holds, we can apply Lemma 2.6(a) if (i) dc > a + 1/2
for some ¢ € [0,1/2), and (ii) 2a is a nonnegative integer. (ii) is assumed. Let
d = 2a + 1+ d, where d > 1 is some integer and let ¢ = (2a + 1)(4a + 2 + 2d)~".
Then d > 2a + 2 and dc = a + 1/2, so that (i) is satisfied. Note that (1 —2¢)~! =
(2a + 14 d)d~' = d(d — 2a — 1)~ with the defined value of ¢.* This term replaces
the term 1 — 2¢ appears in the condition of Lemma 2.5. By Lemma 2.6(a),

P (Vi(B = o) < 2) = P (ViAu(S,) < 2)| = 0,

lim sup n*
n— o0 ZeRLB
and the present Lemma (a) with A, = /(A — 6) holds because A, is a subvector
of v/n(B — fo).
Next, we prove the present Lemma (a) with A, = T, = /n(0, — 0y,.)/\/ S, We
use the fact that 3 is a function of 3. Define

&y (0%(5)

X(6) = 95 ad)”(ﬁ))_ :

)_ n-liaxi,ﬁ)cb(xi,m'( 5

and H,(8) = (8, — Bo,)(E(8)) /2 for some r that corresponds to an element of 6.

4There is a tradeoff relationship between the value of d and ¢. If we assume infinitely differentiable
9(X;,0), then ¢ could be arbitrarily small positive number and this weakens the condition on g¢.
Thus, the tradeoff between d and ¢ can be interpreted as a tradeoff between smoothness of the
moment function and the existence of the higher moment of C,(X;).
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Consider a Taylor expansion of Hn(B) around [y, through order d — 1:

. . 1 1 Ls Ls g2 )
Ha(B) = 04 (50(50) 0ur+ 5 Zl Zl D aﬁj Oy Oy + -
31 J2 1 2

Lg Lg 9411 (Bo)
—nénfl.'.(sn,‘d—l _|—77n’
(d - 1)' ];1 jdzl: 1 85]& T aﬁjd—l ’ ’

where

1 Lg Lg ad_lHn(B) 8d_1Hn(ﬁo) )
y = ————— — 5n'1"'5n7'd—17
g ! Z Z (aﬁﬁ T a/Bjd—l aﬁjl e af@jd—l ! !

Ja—1=1

where 3 is between B and 5y and may differ across rows. Since H, () and its derivatives
through order d — 1 with respect to the components of 5 are continuous functions
of terms of n™1 Y7, f(X;, 8), we can write H,(3) = A3(Sy,6,) 4 1, where Ay(-) is
infinitely differentiable and A5(S,0) = 0. By (2.53), A3(Sy, 6n) = A2(Sn, A1(Sn+e€,)).

By the mean value expansion, (2.54), and Lemma 2.11(a),
Ao (Spy A1(Sp + €n)) = Ao(Sp, A1(Sp)) < My - Jleal] < Ma- |15 = foll”,  (2.55)

for some My, My < oo, with probability 1 — o(n~?). Define A3(S,) = A2(S,, A1(S,)),
so that As(-) is infinitely differentiable and A3(S) = 0. Since ||n,|| < M||3 — Bol|* for
some M < oo with probability 1 — o(n=?) by Lemma 2.11(a), combining this with
(2.55) yields |H,(3) — A3(S,)| < Ms]|| — Bo||* for some My < co with probability
1 —o(n™®). By Lemma 2.5, we have

P (IIHa(5) = As(Su)l| > n~) = o(n™). (2.56)

Since the assumed condition for d and c satisfies the condition of Lemma 2.6, we

apply Lemma 2.6 with (2.56) to get our final conclusion:

lim supn® ‘P (T, <z)—P (\/ﬁAg,(Sn) < z)’ = 0.

n—oo 2€R
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Proof of (b). First, we prove the result (b) with A% = \/n(6* — 0). Let 6% = 3* — 3.
Write n™! 350, ¢(X 7, ) = ¢*(8) for notational brevity. A Taylor series expansion of
the bootstrap first-order condition 0 = gb;‘;(ﬁ*) about 8 = f3 through order d — 1 yields

LA 6B . .
= 5
0 ¢n (B) + aﬁ/ n 2 jlz:l j;l aﬁjlaﬁp Tle n ]2
1 Lg Lg 8d—1¢* (ﬁ) . . )
TAo 2 2 ap o, Onn O & (257)

T =1 Ja—1=1

with P* probability 1 —o(n~%) except, possibly, if y is in a set of P probability o(n~%),

where

PO S (8d1¢:<5*> UL ) R

=Dz 5\ 0B+ 0Bi, 085085, ng1 " Ongja—

where 3* is between B* and B and may differ across rows. Let e’ be the conformable
vector (£,0') as in the proof of the present Lemma (a). Since all the terms of (2.57)
are the same with those of (2.52) by replacing S, and Sy with S} and B, respectively,
we have 0 = Z(6, Sk + ¢), where Z(-, ) is the same with that in the proof of the
present Lemma (a). By Lemmas 2.9 and 2.12(b), 6 and S converge to 0 and S* with
P* probability 1 — o(n~%) except, possibly, if x is in a set of P probability o(n~%). To
show P(P*(|lef|| > €) > n™*) = o(n™*), we use the triangle inequality and Lemma
2.11(b),
o5 0Ten)

By -+ 9By OB -+ 0B,

o len(B) 9 (M)
aﬁjl T aﬂjdq 85]’1 T aﬁjdfl

d*len(5Y) 94 (Bo)
aﬂh to aﬂjd 1 8611 T aﬂjdfl

‘120* ) (118 = Boll + 113" = BolliR58)

.

IN
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provided that 5* is in N(f,) with P* probability 1 — o(n~®) except, possibly, if y is
in a set of P probability o(n™®), that holds by Lemma 2.9. By Lemmas 2.4 and 2.9,
we prove the desired result.

Thus, we have 0 = Z(0,5%). Let 0* = 5 — B. Tf we differentiate = with respect
to its first argument and evaluate it at 6* = 0, we get (8/83')¢*(53), the inverse of
which exists and bounded with P* probability 1 — o(n~%) except, possibly, if x is in a
set of P probability o(n~*) by (2.46) and Assumption 3(a). The conditions for (2.46)
to hold are implied by the assumption of the present Lemma.

As in the proof of the present Lemma (a), A;(S*) = 0, A; is infinitely differentiable

in a neighborhood of $*, and
n=p— =M +e), (2.59)

with P* probability 1 —o(n~%) except, possibly, if x is in a set of P probability o(n~%).
Next, we show P(P*(|le}| > n~%) > n™%) = o(n™*). Conditional on the sample Y,
by (2.58), for some M* < oo,

P(lepll > n%) < P (MIIB = Boll - 13* = BII*™ > n™*))
+P* (M3 = B]* > n "))

P (M*HB* — B > n_(d‘l)c)) + P* (||B — Byl > n—C))
P (M) = Bt > nm)).

IN

By Lemmas 2.5 and 2.10, the desired result is proved. Therefore, analogous arguments

as in the proof of the present Lemma (a) yield

P (P (JIA(S; +e5) = A(Sp] > n®) >n7e) < P (P (M ]len]| > n™*) > n")
= o(n %), (2.60)

for some M* < oo. Since the condition of Lemma 2.6(b) is satisfied by the assumption
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of the present Lemma, Lemma 2.6(b) gives

lim n*P ( sup

n—oo
2€REB

PR — ) < 2)  PVRA(S) < )] > ) o

and the present Lemma (b) with A* = /n(8* — 0) holds because A’ is a subvector

of v/n(5* — 5).

Next, we prove the present Lemma (b) with A* = T = /n(0* —0,)/\/%*.. Define

9= (20) S o o (252)

and H*(8) = (8, — B,)(2%,.(8))~Y/2 for some r that corresponds to an element of .
Consider a Taylor expansion of H*(5*) around f3, through order d — 1:

R . R 2 Lg Lp aQH*
HF) = 0+ (S00) T, 5 3 57 a;@ GO +
J1 J2

31 1j2=1

L L
1 B B 8d IH*(ﬁ)
+ A A Ona " Ongas T
(d - 1)! ]'12::1 jdzlzzl aﬁjl ) aﬁ]d 1 ’ !

where

P % % ( OB 9D ) 5o d
(@—1)! ji=1  ja_1=1 0B, 0B, OBy -+ 9B,

where 5* is between B* and B and may differ across rows. The remainder of the
proof proceeds as in the proof of the present Lemma (a). In particular, we use (2.60),
P(P*(|In:|l > n=%) > n=®) = o(n™*) by a similar argument with (2.58), and Lemma
2.6(b). Q.E.D.
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Proof of Lemma 2.14

Proof of (a). We show for m = 2,3,4,5,6, because m = 6 is the largest number
that we need in later Lemmas. Throughout the proof, let j, = 1 for p = 1,...,m,
for notational brevity. By the definition of S,, and S, the first element of S,, and S
are n~ " f1(Xy, Bo) and Efi(X;, By), respectively, where fi(X;, 8) denote the first
element of the vector f(X;, 3). Define s;(3) = fi1(X;, 8) and s,(8) =n~t 3", s:(83)
and write s; = s;(5o) and s, = $,,(5o)-

First, we show for m = 2. Since n*® = 1, n®@EV2 | = nE(s, — Es;)* =
n(Es? — (Es;)?). By Assumption 1,

1 -1
=E— (Z si> —E (Zs + 22818]) = " (Es;)?.
i )
Thus, we have n®@EV2 | = Es? — (Es;)? = lim,, 0o n* P EV2 |
Next, we show for m = 3. Since n®® = \/n, n*®EVS | = n?(Es} — 3Es2Es; +
2(E's;)?). By Assumption 1,

i g i jFkFig
n—1)(n—2)
n2

£ = £ (Sn) < 8 (Dot RS FET E wen)

1 -1
n n

(Es;)°.

Combining this result with the result for m = 2, we have n*®EW3 | = Es? —
3Es;Es? + 2(Es;)* = lim, o n®®EWS |

Next, we show for m = 4. Since n®¥ =1,

n*WEVE | = n?(Esh — 4Es) Es; + 6Es2(Es;)* — 3(Es;)").
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By Assumption 1,

1
Esfl = EF <§i:sz> —E (Zs +1'3'ZZSZS +2|2l2225

e

1111212 ZZ > sisisp+ ZZ > D stg3k51>

i j#i k#i,g ! i jF# kFi,g lF,gk

— —E P+ ( )E Esd + 3(nn; D (Es?)* + 6(n=1Dn —2) (Es;)*Es?

n3

Combining this result with the results for m = 2, 3, we have

1 4 —6 12
n“WEVt =  ZEs'— —FEs;Esd+ L(Esi)zEsf
’ n n n
3(n—1 3(n —2
4 (nn )(ESZZ)Z 4 (nn )<ESZ')4

= 3(Esi)' +3(Es})? — 6(Es;)*Es;.

n—

Next, we show for m = 5. Since n®®) = /n,

na(S)E\IJ;E’L’1 =n*(Es’ — 5Es Es; + 10Es3 (Es;)? — 10Es2(Es;)® + 4(Es;)?).
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By Assumption 1,

1
Es® = Eﬁ (Zsz> ——E (Zs +1'4|ZZSS +2‘3'Z§s
i jF
1|1|3|2 DRI 1!2!2'2 DRI ITE:

i jFL k#ij 1 jFi k#,j

1|1|1|2| 31 ZZ Z Z 5i8j5kS; + oy 51 ZZ Z Z Z S Sjskslsm)

i j#i k#Fig 1F£i gk i j#i ki, 1#£4,5,k m#i,jgk,l
1 5(n —1 10 1 10(n—1 -2
— —Es’+ L“)EsiEsf + (n4 )ps2pss 1 100 i(" ) (Bs)?Es?
n n n n

+15(n —1)(n—2) Esi(Bs?)? + 10(n — 1)(7;4— 2)(n — 3) (Esi)PEs?

(n =) =2 =8)(n =) s

nt

+

Combining this result with the results for m = 2, 3,4, we have

1 5 30(n —1 10(n — 1
gy = Lpg_Opaps TV pee 100D g0 g,
’ n n n n
50n — 60 —10n + 20 —20n + 24
N VB (Es)® + L(Esi)QEs? i L(Esf
n n
—  —=30Es;(Es?)® + 10Es Es; + 50Es2(Es;)* — 10(Es;)*Es? — 20(Es;)°.

n—o0

Finally, we show for m = 6. Since n®©® =1,

n“O BV | = n(Es—6Es) Esi+15Esh(Es;)*—20Es3 (Es;)*+15E s (Es;)*—5(Es;)°).
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By Assumption 1,

1 6! 6! 6! 1
6 _ 6 5 2 .4 3.3
Es) = EE (Zsl + QZZSiSj + MZZ%S] + ﬁ§§:zgls]
% 1 jF# i jF#L 1 jF#
6!1 4 6! 9 3 6! 1 9 9 9
Ta 2 D ssiskt g D0 DL Sisst gmi 2.0 D Siss
e N i jFLkFLg i jFkFg
6! 1 6! 1
+§§ZZ Z Z SiSjSkS?—F ﬁﬁzz Z Z 52'53'5%512
TG A kg I,k TA LA ok ket 14,5,k
6! 1
+§@ZZ o> Y sisisesish,
S G ki I£,5 k mAig kL
6!
“’@ZZ Z Z Z Z sisjskslsmsr)
TG joi ki I£4,5 k m g kL ri g,k Lm
1 6(n —1 15(n —1 10(n —1
n n n n
15(n —1 -2 60(n —1 -2
+ (n 2)(77, )(Es,-)QE's;l + (n g(n )EsiEs?Esf
n n
15(n —1 -2 20n —1 -2 -3
80D =2) o B0 = D=2 =3) s
n n
45(n — 1 -2 -3
(n )(7;5 )(n )(ESZ)Z(ES?)2
1 —1 -2 — —4
(150 =)0 =Dl == 1) s
n
n—1n—2)(n—-3)(n—4)(n—>5
+( )( )( - )( )( )(Esi)G.

Combining this result with the results for m = 2,3,4,5, we have

lim n*OBUS | = 15(Es})’ — 45(Es,)*(Es})? + 45(Es;) Es} — 15(Es,)°.

In order for all the quantities to be well defined, the most restrictive case is that
Es¢ exists. Since s; is an element of f(X;, 8y), it suffices to show that the condition
is satisfied for s; = e*0% (@) ghoGhr ... GUd+Dkat1 where kg + - - - + kg1 = d + 3. By
using Assumptions 2-3 and Holder’s inequality, we have ¢, gq¢ > 6(d+3)(1+¢ ') and
¢ > 12(1+4¢) for any ¢ > 0. For arbitrary a, we use the fact that max{m} = 2a+2 to
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show ¢y, qi, and ¢, should satisfy q,, g6 > 2(a+1)(d+3)(1+¢ 1) and ¢, > 4(a+1)(14C)
for any ¢ > 0. This proves the present Lemma (a).

Proof of (b). Since the bootstrap sample is iid, the proof is analogous to that
of the present Lemma (a). In particular, we replace F, X;, and 3, with E*, X, and
3, respectively. Let s¥(8) = f1(X7,8) and s%(8) = n~ ' ", f1(X7F, ). In addition,

write 8% = s7(f3), & = s;(0), 8 = s*(B), and &, = s,(5) for notational brevity.

We describe the proof with m = 2, and this illustrates the proof for arbitrary m.

Since n®? =1,
n n 2
@ Er = B — (BR8P =nt ) 8 — <n—1 Zs> :
=1 =1

Since lim,,_, n“(Q)E\I/%’l = FEs? — (F's;)?, combining the following results proves the

Lemma for m = 2:

p ( nTD 4 -0 | > n‘”) =o(n™ "), (2.61)
i=1 i=1

p ( n u — Bugl| > n”) =o(n"), (2.62)
i=1

where @; = 8; or 4; = 82, and u; = s; or u; = s?. We use the fact |52 — s?|| <
15; — sil| (|8 — si|| + 2s;), Lemma 2.11(a), Lemma 2.2, and Lemma 2.5 to show the
first result (2.61). The second result is shown by Lemma 2.2(a) with h(X;) = s? — Es?.
By considering the most restrictive form of s; and combining the conditions for the
Lemmas, we need gy, g > 4(d+3)(1+ (1) and ¢4, g¢ > 4a(d+3)(1—27)"1(1+¢),
and ¢; > 8(1+ () and ¢, > 8a(1 —2v)" (1 + ().

For arbitrary m, we can show the results (2.61) and (2.62) for u; = s by using the
binomial expansion as the proof of Lemma 2.11, Lemmas 2.2, 2.5, 2.11(a), and 2.12.
Since max{m} = 2a+2, q,,qq, and ¢, should satisfy q,,qc > 4(a+1)(d+3)(1+ ()
and ¢4, qc > 8a(a+ 1)(d+3)(1 —2vy)" (1 + ¢ 1), and ¢, > 8(a + 1)(1 + () and
¢ > 16a(a + 1)(1 — 29)7'(1 + () for any ¢ > 0. This proves the present Lemma
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(b). Q.E.D.

Proof of Lemma 2.15

Proof of (a). By Lemma 2.13(a), it suffices to show that 1/nA(S,,) possesses Edge-
worth expansion with remainder o(n~%), where A(-) is an infinitely differentiable
real-valued function. The coefficients v, are well-defined by Lemma 2.14(a). We
apply Theorem 3.1 of Bhattacharya (1987) with his integer parameter s satisfying
(s —2)/2 = a for a assumed in the Lemma and with his X = S,. Conditions
(A1) — (Ay) of Bhattacharya (1987) hold by Assumptions 1-4, and the fact that A(-)

is infinitely differentiable and real-valued.

Proof of (b). By Lemma 2.13(b), it suffices to show that v/nA(S:) possesses Edgeworth
expansion with remainder o(n~*). The present Lemma (b) holds by an analogous
argument as for part (a), but with Theorem 3.1 of Bhattacharya (1987) replaced by
Theorem 3.3 of Bhattacharya (1987) and using Lemma 2.14(b) with v = 0 to ensure
that the coefficients v, , are well behaved. Q.E.D.

2.8 Technical Appendix

The moment function is g; = (Y;0 — 1, Z,0 — 1)/ and the first derivative of the moment
function is G; = (Y, Z;)'. First, we solve for A\g as a function of §. The FOC is given
by

0 = Eexp(Ng)y;
—  Eeroa(Yi0—1)+Xo2(Zi0-1) (Y0 — 1, Z;0 — 1)’_ (2.63)
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By using that Y; and Z; are independent and Fubini’s Theorem, the first row of (2.63)

can be rewritten as

0 = [ [etomt20 Dy - 1)dF,dF.,

= i / X020z . / M9 (yo — 1)dF,

= e M017Ro2 /OO —1 ero.207— (Z7<1276)>2 dz - /OO (y0 — 1)71 o160y
vV 271’ —00 vV 21
(- (1+/\o 10))2
= C- / dy

= C ((1+)‘0,19>0 )7

(=12
2

dy

where C' denotes any nonzero constant. For the fourth equality, we use the fact that
the integration of the probability density function (pdf) of a Normal random variable
over the real value equals one. For the last equality, we use the fact that the function
in the integral is the pdf of a normal random variable with the mean 1 + Ao ;6. Thus,
we have 1 = (14 Xg10)0, or X\g1(0) =071 (67! —1).

Similarly, the second row of (2.63) can be rewritten as

0 = //e>\o,1(y9—1)+>\0,2(29—1)(ZQ _ 1)dF dF,

— z— 2
= e_/\O,l—/\O,2/ 1 /\019y— dy / Z9—1 )\029z—< (1=8) dz
\/27r
00 (z—(1=6+X9,20))2
C o[ et
oo

= ((1—(5+)\029)9 1),

where C' denotes any nonzero constant. The last equation implies that \g2(6) =
6710~ —1+0).
Observe that

max — In Bt @) 9=E90) o min pero®)(9:-Eg:)



where Ee?00) (9i—Egi) — [oro10(Yi—EY;) | E€A0,29(Z¢7EZ¢)’ and
1 1 1
FePoad(Yi—BY) < ! )
‘ Pl 513

Eet020(Zi~EZ))

- eXp<92_ o 2

Since

1 2-94 1+(1—5)2>‘

-1

1 1.1, 1 2-6 1+(1—5)2_<1_2—5>2+5

R B 9 2

we have 0y = 2(2 — ).

2

?
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3 BOOTSTRAPPING GMM ESTIMATORS UNDER LOCAL
MISSPECIFICATION

3.1 Asymptotic Distribution of GMM

The L, x 1 dimensional moment function is given by g(X;,#), where 6 is the Ly x 1
parameter vector. Let a triangular array {X; : ¢ < n} be iid over i for fixed n. For
notational simplicity, I suppress the additional subscript n on X;. Assume L, > Ly,
so that the model is overidentified.! Write g;(6) = g(X;, #). The moment condition is
correctly specified if

Eg(X;,0) =0, (3.1)

holds for a unique 6. A locally misspecified model is defined as follows:

Bo(Xi.t0) = <= (3.2
where 0 is L, x 1 vector of constants. This type of misspecification can be used to
describe situations such that the moment condition is slightly violated with finite n,
but becomes correctly specified asymptotically. For example, a set of instruments is
not exactly exogeneous when n is finite, but the exogeneity condition is satisfied as n
goes to infinity.

When the moment condition is locally misspecified, the GMM estimator is consis-
tent for 6y, but is not y/n-consistent. The asymptotic variance of the GMM estimator
is not affected.2 To see this, let 8 be the GMM estimator that minimizes the following

criterion function:

In(0) = gn(0) Wagn(0), (3.3)

where g,(0) =n~'Y; g(X;,0), and W, is a weight matrix such that W,, —, W and W

!The discussion of this note covers a just-identified model (L, = Lg). However, a non-standard
feature of bootstrapping for GMM arises when the model is over-identified. Thus, L, > Ly is the
primary focus of this chapter.

2Hall (2005) gives a detailed analysis on the asymptotic behavior of the GMM estimator under
local misspecification.
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is a positive definite matrix. Let G,,(8) = n~' Y, G(X;,0), G(X;,0) = (0/00")g9(X, ),
and Gy = lim,_,,n 'Y, EFG(X;,0;). By applying the mean value theorem to the
first-order condition multiplied by y/n,> we have

\/5(9 - 90) = _(Gn(é)/WnGn(é))_lGn(é),Wn\/ﬁgn(eo)
= —(GoWGo) 'GiW/n(gn(bo) — Eg(X;, )
—(GWGo)'GoyW/nEg(X;,00) + O,(n~?),

where 6 is the mean value between 6 and 6. By the Lindeberg central limit theorem

for a triangular array, we have
V(0 = 60) =4 N(=(GaWGo) "' GyW 6, %), (34)
where

Y = (GiWGo) 'GyW QW Go(GoW Go) L,
0 = nh*g.lon_lZEQ(X'MQO)Q(XHQO)/7

and (2 is positive definite and finite. The asymptotic bias in the limiting distribution
arises due to the locally misspecified moment condition. The expression (3.4) becomes

more interesting if we rewrite it as

A

V(0 = Bomy) —a N(0,5), (3.5)

where Oy,) = 0 — (GoWGo) 'GyW Eg(X;,6p). Now the GMM estimator is properly

centered. 6y, is called the (pseudo-)true value under local misspecification and

3Consistency of 6 for 6y can be shown easily by the FOC.
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indexed by n. Since Eg(X;,6y) — 0 as n — 00, Oy — 6y as n — oo. Let

S o= (GWLGh) G W QW G (G W, Gl

Gn(0),
Q, = nt > 9(X, 0)g(X,0),

o
I

n

then 3 is a consistent estimator for . Also let 6, and 6, denote the rth and (r, r)th
element of # and (f])l/ 2 respectively. A conventional ¢ statistic for testing the null

hypothesis Hy : 0, = Oy, is

\/ﬁ(ér - 6)O(n),r) '

Or

T, (3.6)
The implication of (3.5) is that the conventional ¢ tests and CI’s based on T, have
correct rejection and coverage probabilities asymptotically for the true value 0y(,).
The introduction of 6y, allows flexible interpretation of the estimand under possible
misspecification. Under correct specification (EFg(X;,0y) = 0), Oym) = 6. Under
global misspecification (Eg(X;,0y) = d, a vector of constants), Oy # 0y as n — oo.

In general, the relationship between 0y,) and 6y is unknown.

3.2 Conventional Bootstrap Methods

Now consider bootstrap methods for GMM. Hahn (1996) showed first-order validity
of the bootstrap for GMM estimators under correct specification. It supports wide
use of Efron-type percentile intervals in practice. Furthermore, Hall and Horowitz
(1996) (denoted by HH bootstrap, hereinafter) established asymptotic refinements
of the bootstrap for t and Wald statistics based on GMM estimators. Therefore,
percentile-t CI’s constructed by using the HH bootstrap are expected to be more
accurate than the asymptotic CI by having smaller error in the coverage probability.

Both Hahn (1996) and Hall and Horowitz (1996) assume correct specification of

the moment condition model. Do they work under local misspecification? To answer
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this question, I allow for local misspecification of the moment condition model and
show that the percentile and percentile-t intervals are consistent for 0y(,) even under
local misspecification. However, HH bootstrap fails to achieve asymptotic refinements

and a counter example is provided.

First-order Validity

First consider the bootstrap version of the criterion function (3.3) and the first-order
condition.? Let G%(0) = n™' Y, G(X7,0) and g:(0) = n 'Y, g(X7,0). Let W be
the bootstrap version of the weight matrix such that W —, W conditional on the
sample a.s. By the mean value theorem around the GMM estimator 9, we have the

following expression:
0" =0 = —(GLOYWGL(E) GO W,;.(0),

where 6* is the mean value between 6* and 6. Using § —, 6, we can show 6* —, 6,
conditional on the sample a.s. Since E*g*(f) = g,(f), the RHS of the above expression
is not properly centered and we need further expansion to apply the Lindeberg CLT.
We use G* (0%) = G, (0) + or(1), Wy =W, +03(1), and the FOC, 0 = G (0)Wign (6).
Multiplying both sides by /n,

A

Vil —0) = —(GoWGCo) ' GoW Vg, (6) — ga(0)) + Op(n~"72).
Finally, we have
V(@ —0) =4 N(0, %), (3.7)

conditional on the sample a.s., and this establishes the first order validity of the
bootstrap under local misspecification. Therefore, the percentile intervals are expected
to provide correct coverage probability asymptotically for the (pseudo-)true value

to(ny under local misspecification.

4Note that this is a naive bootstrap for GMM without recentering.
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Now consider the HH bootstrap. It bootstraps the t statistic, instead of the
GMM estimator itself. Bootstrapping asymptotically pivotal statistic, like the ¢
statistic, yields asymptotic refinements. Before investigating the ability of achieving
refinements of the HH bootstrap, I first show the HH bootstrap is still consistent
under local misspecification.

Let g (0) = n' 3>, (X7, 0). The recentered criterion function is
T * MY 1rr* * )
T5(0) = (g3(0) = gu(8)) Wy (g3(0) — gn(6)), (3.8)

where TW* is constructed using the recentered moment function g(X}, ) — g,(6). For

example, a common choice of W, is
3 1 _ N\t
- (o0t dy)
where 6 is a preliminary estimator. Then, W* and W are
-1
Wy = ( ZgX* 0)g(X; 9*)) :

W= (1 S (X7 %) — gu(B)) (9(X0,57) —gn<é>>/) |

n .
7

where 6* is the bootstrap version of the preliminary estimator. Note that W is used
for the naive bootstrap without recentering. If W, does not depend on the moment
function g(X;,0), then W* = W*. Let 6%, be the HH bootstrap version of the GMM
estimator that satisfies the following FOC:

0 = Gl WilgnO) — 9n(0)).
By Taylor expanding the RHS around 0, we have

O — 0 = —(Gr(0i) WG (07) 7 Gr(B) Wi (9:(0) — 9u(6)),
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where 6* is the mean value between QA}‘{ g and 0. We can show HA}‘{ H —p 0 conditional
on the sample a.s. and W;; = W + 0}(1). Multiplying both sides by /n,

Vil —0) = —(GaWGo) ' GoW/n(g,(0) = ga(0)) + Op(n~"72).
Then, the Lindeberg CLT gives

Vi@ —0) =4 N(0,%),

conditional on the sample a.s. Let

Sy = (G*’W*G*)-1G*’W*Q:W:G,t(GZ’WSGZ)‘l
G = 0 AT Bi) = 0 O)G(XE i) = 9a )

It is easy to show 3%, = ¥ + 05(1). Also let o}, denote the (r,7)th component of
(3%,)Y/2. Finally, we have

A

[
Thpgn = vl skt ) —4 N(0,1), (3.9)

OHHr

for any r = 1,..., Ly, conditional on the sample a.s. This result implies that the
percentile-t intervals using the HH bootstrap critical values have correct coverage
probabilities asymptotically. Thus, the HH bootstrap is first-order valid even under

local misspecification.

Asymptotic Refinements

In this section, I argue that the HH bootstrap does not achieve asymptotic refinements
under local misspecification. In order to investigate the higher-order property of the
distribution of the ¢ statistic, I use Hall (1997)’s argument based on the Edgeworth
expansion. Consider the ¢ statistic defined as (3.6). We may expand the distribution
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function of 7;, as
P(T,<z) = &) +n %z, F)+0(n™),

uniformly over z, where ¢(z, F') is an even function of z for each F'. Asymptotic ¢ tests
and confidence intervals use the critical value from the standard Normal distribution,
ignoring the higher-order terms. Therefore, the Normal approximation is in error by
n~1/2

Now consider T}, defined in (3.9). The expansion of the distribution of T,

is
P (T, <2) = @) +n P quu(z, F,) + Op(n"),

uniformly over z, where qyp(z, F},) is an even function of z. Observe that the sample
analogue of T}y, is not T, under local misspecification, because the population
analogue of gn(é), Eg(Xi,00»)) is not equal to zero. To find the sample version of

1% 1, We consider the recentered version of the criterion function

Jn(0) = (9a(0) = Eg(X:,000)) Wa (90(0) — Eg(X:, Ooy))

where W, is constructed using the moment function g(X;,0) — Eg(X;, 0(n)). The
sample analogue of é}{ i is éHH that minimizes jn(G). Note that éHH is an infeasible
estimator because Eg(X;, 0(n)) is unknown. Note that Oy,y = 6p and 0 = Eg(X;, Oyn))
under correct specification, and as a result, J,(0) = J,(0) and 5y = 0. However,
under local misspecification, the sample analogue of é}{ g 1s not é, but the minimizer

of the recentered criterion function, éH . Let

A

&mz(dWGWGWQMQ@mmﬁl
Q, = Z (X, 011) — Eg(Xi, 006))(9( X, Onnr) — Eg(Xi, 00ny))',

6, = (r, r)th element, of (Spx)"2.
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Then, the (infeasible) recentered t statistic is

\/ﬁ(éHH,r - 90(n) ,r)

OHH,r

Than =

for r =1, ..., Ly. The distribution of T, admits analogous expansion

P(Typn <z) = O(2)+ 7fl/2QHH(ZaF) +0(n™"),

uniformly over z, where gy (z, F) is an even function of z. Typically, qyy(z, F,,) —
quu(z, F) = O,(n~Y?). Thus, the HH bootstrap provides asymptotic refinements for
the distribution of T -

P (T, <2) = P(Tyua <2) = Oy(n7").

The key question is whether gy (z, F') is close enough to ¢(z, F') so that the HH
bootstrap also achieves asymptotic refinements for the distribution of 7;,. In other
words, the HH bootstrap provides refinements if Ty, = T, + O,(n!) so that
P(Tyun < z) = P(T, < z) +O(n™!) by the delta method because

P (T < ) — P(T, < 2)
= P*(T;IHW <z2)=P(Tupn<z2)+PTupn<z)— P, <2)
= Op(nil)’

Unfortunately, the answer seems to be negative because in general,
THH,n = Tn + gna

where &, —4 N (0, V¢) for some covariance matrix V¢. Therefore, I conjecture that
P(Tywn < 2) and P(T, < z) differs by the size of error n~/2, and we may conclude
that the HH bootstrap does not achieve asymptotic refinements for the distribution of
T,, under local misspecification. A counter example and simulation result are provided

in the next section.
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An Example

Suppose that we observe X; = (Y;, Z;)) € R% i = 1,...n, and we are interested in the
mean of Z;. The natural estimator is the method of moments (MOM) estimator, which
is the sample mean of Z;: OAMOM =Z=n" * 1 Z;. If an additional information,
EY; = 0, is available, then we can use this information to efficiently estimate 6 by

GMM. We form the moment function as

9(X;,0) = ( Z.Yig ) :

However, it may be true that the mean of Y is slightly different from zero with finite
n, i.e., EY; = §/y/n for some fixed number ¢, then the model is locally misspecified.
I use the following weight matrix by using the MOM estimator as a preliminary

estimator:

The two-step GMM estimator 6 and the (pseudo-)true value 6y, are given by

5 CoolYi Zy) .,

0 = Ve ,
Cov(Y;, Z;) Cov(Y;, Z;) ¢
by = EZi— TEY; =FEZ; - T%a

where Y = n 'Y V;, Y2 =n ' Y7 V2 and Cov(V;, Z;) = n L 0 (Y = V) (Z; —
Z ). Observe that 6y, is the population analogue of é, by replacing the sample mean
with the population mean. Also note that 6y,) — EZ; as n grows, but Oy, # EZ;

for all n unless 6 = 0. The variance estimator 62 is given by

(YZ - Y9y

A2 —ln ._A2_ —
Uc = n ;(ZZ 0) W ’
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where YZ =n~' 31" | Y;Z;. The 100(1 — )% asymptotic confidence interval is
Cl = [0 % zap20.]

and it has asymptotically correct coverage for fy(,).
The HH bootstrap GMM estimator #%,; minimizes (3.8) with the weight matrix

-1

Wi = (; S 9(X7, 2°) = 0u @) 9(X7, 27) - gn<é>>') ,

%

where Z* = n~' Y% | Z¢ and is given by

—

oo Coo(Yr,Zp) — (V= Y)SBAY oY, Z)
Ofy = 2% — — — Y*—Y) - —=221Y,
Var(YF) + (Y* —Y)? Y2

where Cov (Y, Z7) = n =t S0 (Y=Y *)(Z: —Z%) and Var(Y;") = nt S0, (Y =Y*)2.
Due to the recentering, é}‘q g 1s not the bootstrap analogue of é, and in other words,
the sample analogue of é}{ y 1s Oy which differs from . The recentered version of

the sample GMM estimator, éHH, is given by

Cov(Y;, Z;) — (Y — EY;) 220 py, Cov(Y;, Z:)
_ _ i Y — EY;) — I Sl Vs
Var(Y;) + (Y — EY;)? ( ) EY?

R _ —— 1 1
0+ Cin(Y — EY)) + Cou(Cov(Yi, Z;) — Cov(Y;, Zy)) + Cy, <y2 Eyg)

+Ci(Y — EY;)?, (3.10)

EY;,

O = Z—
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where C,,, Cs,, Cs,, and Cy, are

Ci, = COU(YZ,Z) (1 — 1_ ) = 0,(1),
Y2 Var(y) + (Y — BY))?
EY;
Con = y2 :OP(1)7
Cs, = Cov(Y;, Z;)EY;,
EY; Cov(Y;, Z;
Cyy = N— ( - ) = 0,(1).

EY? Var(Y) + (Y - BY;)?

The variance estimator 6% is calculated similarly:

n - Cov(Y;, Z; 2
5Ly = n_lz<Zz~—9—m}éY2)EY>

<n1 n (Y = EY)<Z._0_ConZ)Ey)>2

EY?

n 1y (Y — EY;)?

By using (3.10) and the fact that 62 — 6%, = 0,(1), we have

\/ﬁ(eHAH — b)) _ V/n(0 - Oon)) et \/E(QHAH — bog)) (1 B 0HH> + 0, (n12)
OHH Oc OHH Oc
0 — Oy
- M +£n+0p(1), (3.11)
where
o Cln Y, C2n ~ an 1
§n = 5, \/E(Y - EYi) + 5, \/E(OO"U(Yi, Zi) - COU(Yu Zz)) <Y2 - EYZ2> )

and &, —4 & ~ N(0, V), for some positive definite matrix V. Since both Ty, and
T,, are asymptotically standard normal, we have V¢ + Cov(T,,,&,) = 0. Unless the
higher-order cumulants of &,, such as skewness and kurtosis, equal to zero, (3.11)

shows that the distribution of Ty, would be differ from that of 7T, in error by n=1/2.
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Let the true data generating process (DGP) be

o (2)_ (0 ()
Zi ) e 0 09 1

DGP 2 : Generate data from DGP 1, then use ( ;/ZT ) where 7! = % — el/2,
i/ i<n

where (Y;, Z;) is iid given n. Figure 1 and 2 show the sampling distribution of Ty,
and 7},. The number of Monte Carlo repetition is 10,000 and the distributions are
nonparametrically estimated. When data is generated by the DGP 1, the distributions
of T,, and Ty, differ greatly when n = 25, in particular with respect to the variance
and the skewness, as is shown in Figure 1. Figure 2 shows similar results when data
is generated by DGP 2, with emphasis on the difference in the mean and the kurtosis
of the distributions. When I increase the sample size (to n = 250 when DGP 1, and
to n = 2500 when DGP 2) the distributions of 7}, and T g, become similar, close to
the standard normal distribution. Table 1 compares the first fourth cumulants of the
sampling distributions of 7}, and Txp .

Now I compare the coverage probabilities of the asymptotic confidence interval

C1, and the HH bootstrap confidence interval Cl};,, under local misspecification.

DGP 1 DGP 2
n =25 n = 250 n =25 n = 2500

Tn THH,n Tn THH,n Tn THH,n Tn THH,n

Mean -0.11  -0.16 0.04 0.02 0.008 -0.51 -0.14 -0.18
Variance 4.43 1.10 140 1.02 1.01 1.89 0.73 1.03
Skewness -0.18 -0 0.14 -0.01 -0.63 -0.89 -0.22 -0.26
Kurtosis 3.17  3.24 3.09 2.99 5.35 4.02 3.15 3.15

Table 3.1: Moments of the Sampling Distribution of T}, and Ty,



149

The 90% confidence intervals are constructed as

; &
Cl, = |0+1.645--%]|,
o108 71
Oc

CI;IH,n = [9 + Z\*T\,ogo : \/ﬁl )

where 27 o gy is the upper 10th quantile of the distribution of [T ,|. This type of
bootstrap confidence interval is called the symmetric percentile-t interval. Hall and
Horowitz (1996) and Andrews (2002) show that

Py e CL,) = 0.90+0(n™"),
P(0y € Clyy,) = 0904 0(n?),

under correct specification. Under local misspecification, we replace 6y with 0y,).
The question is that Cljy, still enjoys refinements over C'I,. Suppose that the
HH bootstrap achives asymptotic refinements of the size of n=!. Given the size of
the error when n = 25, if we increase the sample size to n = 250, then the error
in Clj;y,, would decrease by 1/100, while the error in C1,, would decrease by 1/10.
If the HH bootstrap fails to achieve asymptotic refinements, then the errors in the
coverage probabilities will decrease in a similar rate. Figure 3 shows the actual
coverage probabilities of C'I;, and Clj;y,, under local misspecification and correct
specification for different sample sizes. When the model is locally misspecified (Figure
3(a)), the actual coverage of the HH bootstrap confidence interval converges to the
nominal rate at the same rate as the asymptotic confidence interval. In contrast,
the gap between the coverages of the HH bootstrap confidence interval and the
asymptotic confidence interval becomes smaller under correct specification. This

supports asymptotic refinements of the HH bootstrap under correct specification.
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3.3 Conclusion

Bootstrap confidence intervals are often believed to perform better than asymptotic
confidence intervals, because of asymptotic refinements of the bootstrap. For GMM,
Hall and Horowitz (1996) and Andrews (2002) establish asymptotic refinements of
the bootstrap using an ad-hoc procedure, the recentering. The recentered bootstrap
works under correct specification, but what if the model is locally misspecified? This
paper answers this question by showing that the conventional bootstrap methods
for GMM are first-order valid but it does not improve upon first-order asymptotics
anymore under local misspecificaiton. A simple example and Monte Carlo experiment

result are provided.
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