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Hyun Jong Kim

Abstract

We prove a Cohen-Lenstra type result commenting on the distribution of class group
structures amongst function fields of superelliptic curves over finite fields. We also prove
a result commenting on the sparsity of such superelliptic curves whose zeta functions
vanish at a fixed complex number. These results are proven via point-counting techniques
on certain Hurwitz schemes generalizing techniques of Ellenberg-Venkatesh-Westerland
and Ellenberg-Li-Shusterman. To obtain these point counts, We prove a unitary big
monodromy theorem generalizing big monodromy theorems of Yu and Achter-Pries by
appealing to an arithmeticity theorem of Venkataramana.
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Chapter 1

Introduction

Given a global field K, write CI(K) for its ideal class group. Given an abelian group
A, write Ay for the Sylow f-subgroup of A for a prime number ¢, and write A, for the
odd part of A, i.e. the subgroup of A of elements of odd order. The original Cohen-
Lenstra heuristics [17] are conjectures for the distribution of the odd parts of class groups
of imaginary and real quadratic fields. One can state these conjectures as follows, cf [6,

Conjecture 5.10.1, Conjecture 5.10.2]:

Conjecture 1.0.1. For X > 0, let Sx be the set of discriminants D of imaginary
quadratic number fields such that |D| < X. For any odd prime { and any finite abelian

L-group A,

o #{D € Sx : CQWD)), = 4} _ T2, (1 p~)
X0 #5x |Aut(4)]

Conjecture 1.0.2. For X > 0, let Sx be the set of discriminants D of real quadratic

number fields such that |D| < X. For any finite abelian group A of odd order,

lim #{D € Sx : Cl(Q(vD)), = A} 1

X0 #5x T 2Al (15 (10— 279) - (TThse C(R)) - [ Aut(A)]

where ((k) is the Riemann zeta function.

There have been various conjectures and results about analogous distributions for both

number fields and functions fields since the inception of these conjectures. See [47], [25],



and [44] for some relevant works in the literature. One of the main results of this thesis
is a generalization Ellenberg, Venkatesh, and Westerland’s [15] result for function fields

resembling Cohen and Lenstra’s original conjecture for imaginary quadratic fields:

Theorem 1.0.3 (|15, 1.2 Theorem]). Let ¢ > 2 be prime and A a finite abelian (-group.
Write 6% (resp. 6~ ) for the upper density (resp. lower density) of imaginarﬂ quadratic
extensions of Fy(t) for which the (-part of the class group is isomorphic to A. Then 6% (q)

and 6~ (q) converge, as ¢ — oo with ¢ # 1 (mod £) to %

Theorem generalizes the above result to Kummer extensions of F,(t) of the form y?¢ =
f(t). In particular, our main results assume that F, contain a primitive dth-root of unity
or equivalently that ¢ = 1 (mod d). Note that both Theorem and Theorem
concern limits which first let deg f(¢) — oo and then let ¢ — oo. In contrast, |25] concerns
limits of distributions for function fields which first let ¢ — oo and then let the branch
locus degree approach infinity.

Our method for proving this generalization mimics the method that [15] used to prove
Theorem above — one asymptotically counts F,-points on certain Hurwitz schemes
which we denote by X,,/F, in Chapter [} Letting

e d > 2 be an integer,
e / be a prime number relatively prime to d,
e A be a module over Z[(4] = Zg[X]/(Zf:_Ol X,

e G be the semidirect product A x Z/dZ where 1 € Z/dZ acts on A by multiplication
by (4, and

e ¢ is the conjugacy class of G consisting of elements of the form (a, () for a € A,

the Hurwitz scheme X,, parameterizes tamely ramified G-covers f : C' — P! with mon-

odromy type (see Chapter|3]) ¢ away from oo such that the quotient C' — C'/A is unramified

'i.e. ramified at oo, cf. Definition



above the points in C'/A above co € PL. By the Grothendieck-Lefschetz fixed point for-

mula,
2n

X (Fg)| = > (—1) Tr(Frobg | HI(Xp; Q). (1.0.1)
j=1

Ellenberg, Venkatesh, and Westerland’s homological stability results |15, Theorem 6.1]
asymptotically bound the j < 2n terms, which are o(g™). We then show that the j = 2n
term is ¢" whenever n is sufficiently large. In turn, we show this via Corollary which
is a statement about Hermitian spaces, and via Theorem|[6.2.6|and Proposition[6.2.8] which
give desirable “big monodromy results”, i.e. that certain monodromy representations have
sufficiently large image.

The main difference between the case of d = 2 proved by |15] and the case of more
general d is the action of {4 on Jac(C'), where C' is the curve corresponding to the func-
tion field — when d = 2, the action is simply negation and when d > 2, the action is
be more complicated. Moreover, the Weil pairing on Jac(C') yields a non-trivial Hermi-
tian pairing when d > 2. Hence, Corollary is a statement about Hermitian spaces
unlike is predecessor [15, Lemma 8.9], which is about symplectic spaces, and the mon-
odromy representations of interest are unitary representations and not merely symplectic
representations.

Furthermore, Ellenberg, Li, and Shusterman [13] used the machinery in Ellenberg,
Venkatesh, and Westerland’s paper [15] to prove a statement about the vanishing of zeta

functions for hyperelliptic curves over F,.

Theorem 1.0.4 ([13, Theorem 1.2/3.2]). Fiz a prime p, and a complex number s = %—i—it.
Write Hy(Fq) for the family of genus g hyperellipic curves over Fy and write Zc(s) for

the zeta function of a curve. As k — oo, we have

{C € Hy(Fy) : Zc(s) = 0}] —k/276
up <p
g [Hq(Fq)

Theorem similarly generalizes this result for superelliptic curves corresponding to

the above Kummer extensions of P!. Once again, that the monodromy representations



of interest are unitary representations when d > 2 present difficulties not present in the
d = 2 case. More specifically, Lemma which generalizes |15, Lemma 3.5], is more
cumbersome to prove when d > 2 compared to when d = 2.

Chapter [2| discusses aspects of the structure of groups of the form A x Z/dZ where
A is a finite ¢-group for a prime ¢ { d. Lemma and Lemma show that the
homological stability results of [15] are applicable to the Hurwitz scheme X,,. Chapter
discusses monodromy types for covers of PL. Proposition provides a convenient way to
understand the monodromy types for curves given by y? = [1;(t—t;) — the monodromy
type of t = t; can be regarded as e; € Z/dZ. Chapter |4| discusses the Hermitian space
theory leading up to Corollary needed in later parts of this thesis.

Chapter [5] discusses the unreduced and reduced Burau representations, which are rep-
resentations of the Artin braid group B,. The chapter presents Venkataramana’s result
[43] that the reduced Burau representations evaluated at roots of unity are arithmetic, i.e.
their images are of finite index in the largest possible “trivial” codomain. Section [6.1]in-
troduces notations for the aforementioned Hurwitz schemes of interest, Section proves
relevant big monodromy results. There, Venkataramana’s arithmeticity results establish
base cases and Achter and Pries’ clutching methods [2] demonstrate the inductive step of
an induction argument. Section puts together the details from the previous chapters
and sections to prove Theorem which asymptotically counts the Fy-points of X, as
described above. Chapter [7]then uses Theorem to finish proving Theorem The
details presented in this chapter are basically identical to those in [15, 8.1 to 8.4 Lemma)
except for the fact that the abelian group surjections involved all must be equivariant for
the (4-action as well. We nevertheless include these details for completeness.

Chapter [§| and Chapter |§| generalize and ideas in [15, Section 2, Section 3]. Chapter
counts points on twists of X,, and Chapter [9] bounds the number of superelliptic curves
whose zeta functions vanish at a fix complex number. Finally, Chapter [10| proves details,
culminating in Lemma [10.4.2] about the orbits of the Burau representations evaluated at

roots of unity and reduced modulo ¢ ultimately needed to conclude Theorem



Chapter 2

Conjugacy structure of A x Z/dZ

In this section, we prove some lemmas concerning the group structure of A x Z/dZ where
d is a positive integer and A is a Zg-module with a Z/dZ-action for a prime ¢ that does
not divide d. We often, but not always, write Z/dZ as ((4) where (g is a fixed generator
of Z/dZ and write the group structure of (; multiplicatively and with an identity element

of 1. Write A% = Aa) for the ((4)-invariant subgroup of A.

Lemma 2.0.1. Let d > 2 be an integer, and let A be a Zg-moodule with a ((q) = 7 /dZ-

action where £ is a prime that does not divide d. The following hold for all k, k1, ke € Z
1. (a1, 5 - (a2, ¢8?) = (ar + Man, (T2
2. (a,¢)7" = (=7 a, M)
3. (a1,C51) . (az,C52) . (al,dqu1 = (a1 + C51a2 — szah 52)
4 (a1,¢5) - (ag, €)™ = (a1 — ag, 1)
5. (a1,¢%) - (az,1) - (a1,C5) 7! = (Chas, 1)
6. (a1,1) - (a2,¢f) - (a1, 1)~ = (1 = ¢f)ar + az, (f)
Proof. All of these are immediate calculations. O

We are further concerned with the case in which A% is trivial. Corollary lists

equivalent conditions. To prove Corollary we discuss



Since £ f d, X% — 1 is square free over Zy. Letting X¢ — 1 = [, f;(X) be the prime
factorization of X¢—1 over Zy, we have an isomorphism Z,[X]/(X¢—1) = [, Z¢([X]/ f:(X),
and the Zy[X]/ f;(X) are the rings of integers of the unramified extensions Q[ X]/(f;(X))
of Qp. Let B; = Z¢[X]/fi(X). In particular, a Zs-module with a ((4) action, i.e. a
(Z¢[X]/(X%—1))-module after identifying X with (4, is the product of its B;-components
A;. Given an element a € A, write a; € A; for its B;-component. Moreover, the B; are
discrete valuation rings with uniformizer ¢, so the structure theorem for finitely generated

modules over PID’s applies. To summarize, we can decompose A via isomorphisms
A=]J A4 (2.0.1)
i

k;
A; = P B/ (£%9) (2.0.2)
j=1
for finitely many integers d; ; > 0. For convenience, let fo(X) = X — 1 so that By = Z,
and {4 =1 in By.

Lemma 2.0.2. Let d > 2 be an integer, let £ be a prime not dividing d, and let A be a

finitely generated Zg-module with a (Cq)-action. With notations as above, Ag = A%,

Proof. By construction, the elements of Ag are clearly (4-invariant. To show that the
A% C Ag, it is equivalent to show that IL £0 A; has only trivial (g-invariants. Since
(4 respects each multiplication A; in H#O A; and respects each direct summand of the
decomposition A; = @?:1 B;/(¢%:), showing that IL 20 Ai has only trivial (g-invariants
is equivalent to showing that each B;/(¢%-i) has only trivial (4-invariants.

To show this, first note that the action of {4 on B;/¢B; does not have 1 € F; as an
eigenvalue whenever i # 0 because the characteristic polynomial of the multiplication-by-
(g-map on B is f;(X) € Z¢[X], which does not have a root of 1 when reduced modulo ¢.
Suppose for contradiction that there is some nonzero b € B;/(¢%) such that (zb = b. Note
that this cannot happen when d; ; = 0 because then Zord% would be an element of B

fixed by (4, and reducing this element modulo ¢ would produce a eigenvector of B;/¢{B; of



eigenvalue 1. Now assume that d; ; > 1. In particular, ord,b < d; ; — 1. Since the action
of {4 on B;/¢B; has only trivial invariants, b must be in ¢B;. Say that b; € B; such that
b = b1£. In particular, (4b1¢ = b4, so there is some ¢; € B; such that (461 = by + e 0dii—1,
Reducing modulo ¢ once again shows that by = byl for some by € B;, so there is some
co € B; such that (gbol = by + coldii—2, Continuing in this manner eventually yields
elements by, ;—1,c4; ;—1 € Bj such that b = bdiyj_lfdivj_l and Cgbg; ;—1 = bg; ;-1 + ¢cq; ;1L
The f-adic order of by, ;1 is at most zero and hence must be exactly zero but the reduced
equation Cdl;di,j—l = Bdw-—l modulo ¢ shows that Edi,j—l is an eigenvector of (; of eigenvalue

1, which is a contradiction. Hence, B;/(¢%) has trivial (s-invariants as desired. O

Corollary 2.0.3. Let d > 2 be an integer, let £ be a prime not dividing d, and let A be a

finitely generated Zg-module with a ((g)-action. The following are equivalent:
1. The induced action of (g on A/LA does not have 1 € Fy as an eigenvalue.
2. A% s trivial.
3. A is a module over Z[Cq) = Zo[X]/ (X1 + .- +1).

Proof. The equivalence of and follows immediately from Lemma Moreover,
implies because the action of (4 respects the direct summands B;/(¢4) in the
decomposition and because the action of (5 on B;/¢B; does not have 1 € Fy as an
eigenvalue for all ¢ # 0 as shown in the proof of Lemma Moreover, if is not
true, then the Bp-component Ay of A must be nontrivial, so the action of (4 on A/l A
must have an eigenvalue of 1 and hence would not be true. Therefore, and are

equivalent.

O]

Under the equivalent conditions of Corollary [2.0.3] some of the conjugacy classes of

A x ((g) are simple.

Lemma 2.0.4. Let d > 2 be an integer, and let A be a Zs-moodule with a ((q) = 7 /dZ-

action where £ is a prime that does not divide d. Suppose that ASd is trivial. For any fived



integer k that is relatively prime to d, the set

c={(a,¢f) € Ax (Ca) 1 a € A}

is a conjugacy class of A X <(§> In fact, any two elements of ¢ are conjugate via an

element of ¢ and are conjugate via an element of A.

Proof. On the one hand, c is indeed closed under conjugation. On the other hand, note
that 1—C [’j is invertible as a map A — A because k is assumed to be relatively prime to d and
because the action of (; on A/¢A does not have an eigenvalue of 1 € Fy. Lemma

above then shows that

(ala Cg)(a% Cilc)(a‘lv Cc]lc)_l = (a3> Cc]?)

_rk
ifa; = %. Moreover, Lemma 2.0.1@ shows that
d
(a1, 1)(az, () (a1, 1)~ = (a3, CF)
if a; = 7“13:%2. n

Ellenberg, Venkatesh, and Westerland’s homological stability result |15, Theorem 6.1]
as well as its consequences in loc. cit. depend on having a non-splitting conjugacy class —
we say that a conjugacy class c of a group G is non-splitting if for any subgroup H < G, the
intersection ¢ H is either empty or a conjugacy class in H. We show that the conjugacy

classes of Lemma [2.0.4] are nonsplitting.

Lemma 2.0.5. Let d > 2 be an integer, and let A be a Zg-moodule with a ((g) = 7 /dZ-
action where ¢ is a prime that does not divide d. Suppose that A% is trivial. For any fized
integer k that is relatively prime to d, the conjugacy class ¢ of elements A x ((yq) of the

form (a, ij) is non-splitting.

Proof. Say that H is a subgroup of A x ({4) such that cN H # (). We want to show

that ¢ N H is a conjugacy class of H. Suppose that (ag,g‘g),(ag,{z;) € H. We will



show that these two elements are related by some (a,1) € H. In particular, H has
(a2, Cg)(ag, Cs)_l = (ag — a3, 1). Moreover, write Z?;(]l b,-(;il for the multiplicative inverse
of 1 — (g in Zg[Cy] = Ze[X]/ (X1 + .- +1). Since k is relatively prime to d, H has an

element of the form («;, ) for every i. Therefore, H has elements

(i, ¢h) - (a2 — a3, 1) - (0, ¢§) ™ = (¢h(az — az), 1)

and hence H has the b;-th power of these elements, namely (b;(i(a2 — a3),1). Let a =

Zf:_ol biC'(az — a3) so that (a,1) € H and so that

(a7 1)<a27CcIl€)(a7 1)71 = (a(l - Cc]lg) + a27C§) - ((CLQ —ag) + az, 1) = (CL3, 1)

as desired. O

Lemma 2.0.6. Let d > 2 be an integer, and let A be a nontrivial Zs-module with a
(Ca) = Z/dZ-action where { is a prime that does not divide d. Suppose that the induced
action of (g on AJ/LA does not have an eigenvalue of 1 and has a primitive dth root of

unity in Fy as an eigenvalue. The group A x ((q) is center free.

Proof. By Lemma [2.0.1)(3), we have
(a1, ¢ - (a2, C5*) - (ar, )1 = (a1 + Jrag — §Par, CJ).

Given (al,g‘f;l) € A x (¢4) that is not the identity element (0,1), it suffices to show
that there is some (ag,df) € A x ((g) such that as # a1 + C(];lag - (§2a1, ie. that
az(1 —C8) # ar(1 - k).

If k1 = 0, then this non-equality is equivalent to 0 # a;(1 —CSQ). Note that a;(1—(y) =
0 would imply that a; = 0 by Corollary which is not the case because (aq, Csl) is
assumed to not be the identity element. Therefore, letting ko = 1 suffices.

If k1 # 0, then choose az € A to be a lift of an element of A/¢A belonging to the

sum of the eigenspaces (over F, whose eigenvalues are the primitive dth roots of unity. In
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particular, as(1 — 51) = 0. It now suffices to let ko = 0. O

Remark 2.0.7. Let d and £ be distinct prime numbers. Any nontrivial Z,-module A with
a ((g)-action whose (4-invariant subgroup is trivial must have a primitive dth root of unity

on F; as an eigenvalue, thereby satisfying the hypotheses in Lemma [2.0.6
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Chapter 3

Monodromy types of GG-covers of

stable genus 0-curves

In this section, we relate various ways to define monodromy of G-covers of stable genus

0-curves for finite groups G.

3.1 Definitions

Definition 3.1.1 (cf. |15, Section 7.1, 7.3], |13, Proof of Proposition 2.1], [25, Section
11.1]). A curve over a scheme S is a proper morphism C' — S whose geometric fibers are
connected and 1-dimensional. A cover of a curve C' — S is a finite, flat, and surjective
morphism Y — C' of S-schemes from a curve ¥ — S. Such a cover is tame if the
ramification index at every point is prime to the characteristic of the residue field at the
point. For a cover f:Y — C| let Aut(f) be the automorphism group of f : Y — C. Such
a cover f is Galois if f is separable and if Aut f acts transitively on fibers of geometric
points of C. Given a tame Galois cover f : Y — C, its branch locus D is the reduced
divisor of C such that D — S is étale, and f is étale over C — D, and C'— D is the maximal
with these properties. If there is some constant n such that the geometric fibers of D — S
are all of degree n, then f is said to have n branch points. Such a constant exists whenever

S is connected.
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In the case that S = Speck, given a finite group G and a conjugacy closed subset ¢ of

G\ {e}, a tame G-cover of P' consists of

o a tamely ramified finite Galois cover f : C — P! where C/k is a smooth proper

geometrically connected curve, and
e an isomorphism ¢ : G — Aut(f).

We will often only write f : C — P! when referring to the tame G-cover of P' whilst

leaving ¢ implicit.

More generally, we can consider labeled admissible stable G-covers of curves. We
generalize the definitions in |2 Section 2.1], which considers the case where the group G

is a cyclic group of prime order.

Definition 3.1.2 (cf. |2, Section 2.1], [11, Definition 1.2]). Let G = Z/dZ and let S be
an irreducible scheme over SpecZ[1/d, (4]. Let k be an algebraically closed field equipped
with a ring morphism Z[1/d, (4] — k.

A semi-stable curve ¢ : C — S is a flat and proper morphism whose geometric fibers
are connected, reduced curves whose only singularities are ordinary double points. Given
a point s of S, let Cs denote the fiber of C' over s. Let Singg(C') denote the set of z € C
such that z is a singular point on the fiber Cy.).

A mark Z on C/S is a closed subscheme of C' — Singg(C') which is finite and étale
over S. The degree of = is the number of points in any geometric fiber of = — S. Given
a semi-stable curve ¢ : C — S and a mark = on C/S, the pair (C/S,E) is called a
marked semi-stable curve. Furthermore, (C/S, =) is a stably marked semi-stable curve if
every irreducible component in every geometric fiber of C has at least three points which
are either in Singg(C) or in E. We say that a mark = has a labeling if = is an ordered
disjoint union of sections S — C. In this case, a labeling of the mark = is denoted by
n:{1,...,r} — E where r is the degree of Z.

Let G be a finite group. Given a G-action ¢ : G — Autg(C) on C/S, let R denote the

ramification locus of the cover C — C/1o(G), and let Rsy, = R — (R N Singg(C)) be the
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smooth ramification locus. The pair (C/S, ) is a stable G-curve if C'/S is a semi-stable
curve, Ry is a mark on C/S, and (C/S, Rsm) is stably marked.

Given a stable G-curve (C/S, 1), and a geometric point z of R N Singg(C), let C 1
and C, 2 be the two components of the formal completion of Cy ;). We say that (C/S, )
is admissible if, for every geometric point z € R N Singg(C), to(1) stabilizes each branch
C.,; and the characters of the action of ¢y on the tangent spaces of C,; and C.2 at
z are inverses. A labeling of an admissible stable G-curve (C/S,uy) is a labeling n of
Rsm. Note that a labeling n of an admissible stable G-curve (C/S,t) induces a labeling
no : {1,...,7} — Bgsm on the quotient C/1o(G) where Bgy, is the smooth branch locus of
the covering C' — C/1o(G).

Let s be a geometric point of S with residue field k, and let a be a point of the fiber
R 5. In particular, G acts on the tangent space of C; at a via a character x, : G — k™. In
the case that G = Z/dZ where d > 2 is an integer, there is a unique choice of 7, € G\ {0} so
that x,(1) = ¢;*. This value of v, is called the canonical generator of inertia at a. Given
a labeled admissible stable G-curve (C/S,v,n), where G = Z/dZ, its class vector is the

set map 7y : {1,...,7} — G\ {0} given by v(i) = ;). We often write v = (y(1),...,v(r)).

We are mostly concerned with admissible stable G-curves (C'/S, 1o) such that G = Z/dZ
the quotient C/io(G) has (arithmetic) genus 0. In this case, C/io(G) is a stably marked
curve by [11, Proposition 1.4].

Using conventions in [46| Sections 5.1, 5.2], we define monodromy types of tame G-

covers of PL.

Definition 3.1.3. Let k be a field. Given an indeterminate z, the Puiseauz series field
k((2'/>)) is the field extension of the Laurent series field k((z)) generated by z'/™ for m
relatively prime to char k.

When k = k, k((2'/°)) is the maximal prime-to-(char k) extension of k((z)). In this

case, there is an isomorphism

Gal(k((="/>))/k((2))) ~ (1) (3.1.1)
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O'(Zl/m)
21/m

given by o — {0} where Z(1), = Hm pm(k) and o, =

Let k be an algebraically closed field. For tg € k, write z =t — tg. Given any Galois
prime-to-(char k) extension L of k(t) = k(z), there is a Gal(L/k(t))-conjugacy class of
homomorphisms Gal(k((2'/>))/k((z))) — Gal(L/k(t)) which correspond to the k(t)-field
injections L — k((z'/°°)). Composing such a homomorphism with the isomorphism
yields the homomorphism

Tto.0 : Z(1) — Gal(L/k(t))

whose image is an inertia group I(Q|P) C Gal(L/k(t)) for a place (more precisely, a
system of places of finite Galois prime-to-(char k)-extensions of k(t)) @ of L above the
place P of k(t) corresponding to to. In particular, the Gal(L/k(t))-conjugacy class of
Tty is independent of the choice of k(t)-embedding L — k((2'/*)). Let ry, denote this
conjugacy class.

Moreover, choosing some base point * for IP’,}/, and letting U C ]P’,{/, be an open subset
containing *EL Let 7t (U, *) be the tamely ramified fundamental group of U (see |16, Exposé
XIII, 2.1.3] for a more detailed discussion). Let L = L™* be the maximal prime-to-
(char k)-extension of k(t) unramified at points of U so that 7! (U, *) = Gal(L™*/k(t)).
Let ti,...,t, be the k-points of P! — U. By Grothendieck’s comparison of étale and
topological fundamental groups |16, Exposé XIII, Corollaire 2.12], there exist elements

Yy -y Yn € T (U, 00) such that

o ’Yl...fy’n:l)

e 7; topologically generates an inertia group at ¢;, i.e. v; = ry, ((;) for some topolog-

ical generators (; € Z(l) i and some @ above t;, and

® Vi,...,Yn—1 freely generate 7! (U, *) as a profinite group.

146}, Section 5.2] specified co to be the base point of P!, but we do not make the same specification
here as we study covers of P! that are possibly branched at oo
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In fact, the condition =1 - - -y, = 1 applied to the extension

B (A= 0) =), V=) [t~ ta), -, W/~ ta) [ (E—10))

of k(t) shows that the ¢; are all equal, say to some ( € Z(l)kJ We refer to 71, ...,7v, and

¢ as generator data for U.

Definition 3.1.4 (cf. |15, Section 7.3], [13, Proof of Proposition 2.1]). Let k be a field,
let G be a finite group with chark { |G|, and let f : C — P! be a tamely ramified G-cover
over k equipped with an isomorphism ¢ : G — Aut(f) = Gal(L/k(t)) where L is the
G-extension of k(t) corresponding to C. Let U € IP% be the unbranched locus of f and
let ¢1,...,t, be the points of IP’,%\U. Choose generator data 7i,...,v, € 7 (U,00) and
¢ € Z(1); for U as above.

Let ¢ C G be closed under conjugation. We say that the monodromy type (with respect
to the choice of generator data) of f at/above t; is c if the image of 7; under the surjection
7 (U, %) — Aut(f) ﬁ) G given by the covering f : C} — ]P’]l€ is an element of c. If P € }P’}C
is not a branched point of f, then we say that the monodromy type of f at/above P is
trivial or is 1 € G. Furthermore, we say that f has monodromy type ¢ (with respect to the

choice of generator data) if all finite branch points P of f have monodromy type c.

Remark 3.1.5. The notion of f having monodromy of type ¢ does not specify whether
oo is a branch point of f and what the monodromy type above co € P! is. We use this
convention to later consider in Chapter |§| moduli of G-covers of P! with monodromy of a

fixed type (away from oco).

Remark 3.1.6. Monodromy types as defined above generally depend on the choice of the
generator data vi,...,v, € 7 (U, o) and ¢ € Z(l) %- A different choice of generator data
replaces ¢ with ¢ := {g® : g € ¢} for some a. By symmetry, there must be some 5 such
that ¢ = (ca)ﬂ. When discussing monodromy types, we leave the choice of generator data
implicit. In the case of interest, we let G be A x ((;) where A is a finite ¢-group such

that A2 £ 1, we let ¢ = ¢, be {(a, Cg) :a € A}, which is a non-splitting conjugacy class
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by Lemma [2.0.5] where k is a fixed integer that is relatively prime to d, and we consider
G-covers of P! with monodromy type c. Changing the choice of generator data in this case
changes the monodromy type from ¢, to some ¢ for some k' that is also relatively prime
to d. In fact, there is a choice of monodromy data, obtained by replacing ¢ if necessary,

that makes the monodromy types of the covers into c;.

Proposition [3.1.7] establishes that monodromy types respect subcovers when G is a

semi-direct product.

Proposition 3.1.7. Let k be a field. Let I', H be finite groups with I' acting on H and
such that char k 1 T, |H| and let HxT" be the semidirect product with respect to this action.
Let f: C — P}C be a tame (H x I')-cover of smooth curves over a field k. In particular,
[ factors as tame Galois covers C — C/H and g : C/H — P} of smooth curves over
k; the former cover is an H-cover and the latter is a I'-cover. Fix some generator data

Yy-esn € i (Up,00) and ¢ € Z(l),; for the unbranched locus Uy of f in IF’]%.

1. If t;,,...,t;,, are the branched points of g, then the images of ~i,,...,%,, under

the natural surjection m : @i (Us,*) — w(Ug,*) and ¢ form generator data for the

unbranched locus Uy of g in IP’}C.

2. Writeiz(P) and ig(P) for the monodromy types of f and g above P € IP’,% with respect
to the above generator data; these are conjugacy classes in H X I' and I" respectively.

The image of ig(P) in I is ig(P).

Proof. 1. m(v;) is trivial whenever i € {i1,...,im}, S0 Vi, -+ ¥, = 1. Moreover, ~;; is
a topological generator of an inertia subgroup of 7! (U £,%) at ti;, so its image under
the natural surjection is a topological generator of an inertia subgroup of 7} (U,, *)
at t;;. Lastly, under the comparison of étale and topological fundamental groups
[16, Exposé XIII, Corollaire 2.12] (see also |16, Exposé XII, Corollarie 5.2]), one sees

that vi,,...,%, freely generate 7} (U,,*) as a profinite group.

2. If P is unbranched for f, then if(P) and i4(P) are both trivial. Otherwise, is(P)

is the (H x I')-conjugacy class of the image of v; under the surjection 7 (U, *) —
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H x T given by f, where P is identified with ¢t = ¢;. If P is branched for g in this
case, then i,(P) is the H-conjugacy class of the image of m(v;) under the surjection
7t (Uy, ) — H given by g. This coincides with the image of 7; under the composition
7 (U, ) = H x T — H. If P is unbranched for g instead, then i4(P) is trivial by
definition. Moreover, 7 (i(P)) is the image of ; under the composition 7} (Uy, x) —
H x T — H, which equals the composition 7 (Uy,*) = 7t(Uy,*) — H. Thus,
m(ip(P)) is trivial. In any case, the image of if(P) in I is i4(P).

U

The ramification behavior above points can be calculated from the monodromy types.

Proposition 3.1.8. Let f : C — P} be a tame G-cover of smooth curves over a field k
where chark 1 |G|. Given a closed point P € P} and a point Q € C such that f(P) = Q,

the ramification index of QQ over P equals the order of the monodromy type of f at Q.

Proof. It suffices to prove this when k is algebraically closed. The ramification index of
Q over P equals #I1(Q|P) - [c(Q) : (P)]; where I(Q|P) is the inertia group of @ over P
and [k(Q) : k(P)]; is the inseparable degree of the residue field at @) over the residue field
at P (see, for example, [39, Corollary 7.10]). Since char k { |G/, the inseparable degree is
1. Moreover, I(Q|P) is generated by the monodromy type of f at @ (with respect to a
chosen generator of Z(1); and isomorphism Aut f 2 G). Therefore, the ramification index

of () over P equals the order of this monodromy type. ]

The moduli of G-covers of P! parameterizing monodromy types in ¢ discussed later in

Chapter |§| will be rational over the base finite field F, as long as c is rational as below:

Definition 3.1.9. Let G be a finite group and ¢ be a union of conjugacy classes in G.
We say that c is rational if ¢ is closed under the assignment z — 2V for all N relatively
prime to G. Similarly, given a prime power ¢, we say that c is Fy-rational if c is closed

under the assignment x +— x9.
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3.2 Monodromy for Kummer extensions of P!

Let G = 7Z/dZ for an integer d > 2, and suppose that k is a field with primitive dth-roots
of unity. By Kummer theory, Z/dZ-covers of F,(t) are of the form F,(¢)[y]/(y¢ — f(t))
where f(t) € F,(t). Equivalently, the Z/dZ-covers of IP’Iqu are smooth completions of the
curve given by y? = f(t) and in fact these covers are tame. We can take f(t) € F[t] to
be a polynomial without any dth or higher power factors. In this subsection, we describe

monodromy types for such Z/dZ-covers of P!.

Lemma 3.2.1. Let k be a field, let d > 2 be an integer not divisible by chark, and let
f:C— ]P’,lg be the covering map from the smooth completion C of the affine plane curve Cy
given by y¢ = f(t) where f(t) € k(t). Assume that C is geometrically connected. Without
loss of generality, say that f(t) is a polynomial without any dth or higher power factors.
Write f(t) = al]i, fi(t)¥ where a € k™ and f;(t) are monic irreducible polynomials.
For each i, C has exactly ged(d, e;) distinct points over the vanishing locus of f;(t) in P}.
Moreover, C' has exactly ged(d, deg f) distinct points over co. Furthermore, the rational

function y on C

€i

sed(dey o each of the points above the vanishing point of f;(t)

1. has vanishing order
. ol
in Py,

2. has poles of order m at the normalizations at the points above co, and

3. does not vanish and does not have a pole at other points on C.
Moreover, f is branched above oo if and only if deg f Z 0 (mod d).

Proof. Tt suffices to demonstrate these results in the case that k is algebraically closed.
In this case, fi(t) can be written as t —t; where t; € k. For each j, let f; be a positive
integer such that e; f; = ged(d, ej) (mod d); write e; f; = ged(d, ej) + dk;. For each j, the

equality y? = f(t) = a(t —t;)% [1iz;(t — )% of rational functions of C' is equivalent to

v = ali(t — 1)) [T - 1)
i#j
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i
where y;1 = (ti )

J

—. In turn, this equation is equivalent to
J

Y5 = ol T — 1) (3.2.1)
i#]
d/gcd(d,e]-)
where y;o = yﬂlﬁ The affine curve given by the equation (3.2.1) has ged(d, e;)

smooth points above ¢t = t;. At each of these smooth points @, the rational function ¢ —¢;
d/ ged(d,e

i)
J
. . Y;

vanishes, so y;1 also vanishes because y;o = =2+

- In particular, the vanishing order

of t —t; at () is a multiple of ﬁd’ej). This vanishing order equals the ramification index
of (), and the sum of the ramification indices of the smooth points above ¢ = t; must be
exactly d, so in fact these smooth points ) are exactly the points of C' above ¢t = t;, the

function y; 1 is a uniformizer at each @), and t — t; vanishes with order exactly m.
J

£

=G yt R the vanishing order of yfi at each of these Q is exactly 1 +
dk; €jfj

ged(de;) gcd(de )

Since y;1

Thus, the vanishing order of y at these @ is = d( - ok

Note that the affine curve given by y? = f(t) is smooth at the points that are not
above t = t; and not above oo. Therefore, such points are points of C. Moreover, y does
not vanish and does not have poles at such points because f(t) does not vanish and does
not have poles away from ¢ = ¢; and £t = oo

To prove , write s = % so that t = co corresponds to s = 0. The equation y? = f(t)

is equivalent to

r-1()

(sT*H N y)d = sl F 0 (1) . (3.2.2)

S

Note that s 5 o f ( ) is a polynomial in s of degree d(degf 1, and has exactly d(degf I

deg f factors of s. Part (1)) shows that C has exactly ged(d, d[de(%ﬁ —deg f) = ged(d, deg f)

.. . . . deg f . .
distinct points over ¢ = co. Moreover, the rational function sla Wy vanishes with order

deg fq7_
exactly % above each point over s = 0. As a rational function of C', the proof of

part above establishes that s vanishes at each point over s = 0 with order m.



20

Therefore, the vanishing order of y at each of these points is _ﬁ%égf)' In other words,
y has a pole of order % at each of these points.

O]

Proposition 3.2.2. Let d > 2 be an integer. Let k be a field such that chark td and let
¢ : C — P} be a tame Z/dZ-cover over k. Let ¢ = ((m)m € Z()g and 1, . ..,y € T (U, %)
be a choice of generator data for U, where U C IP’%g is the complement of the branch locus
of ¢ X, k. After base changing to an extension kq of k with a primitive dth-root of unity,
say that C is given by the smooth completion of the affine plane curve given by y® = f(t)
where f(t) € kq[t] is a polynomial without any dth or higher power factors. After this
base change, further say that ¢ : Z/dZ — Aut(p) is chosen to send 1 € Z/dZ to the
automorphism of C given by (x,y) — (z,Cay). Write f(t) = a[[;—, fi(t)* where a € k},
fi(t) are monic irreducible polynomials, and 1 < e; < d — 1. The monodromy type of C
above the vanishing point of fi(t) in P} is e; € Z/dZ, and the monodromy type of C above

oo € P} is —deg f.

Proof. 1t suffices to demonstrate the desired results in the case that k is algebraically
closed. In this case, write z; = fi(t) =t —to,; for to; € k and let P € ]P’/,lC be the (finite)
point corresponding to to;. Writing L = k(t)[y]/(y? — f(t)) for the function field of C,
consider any k(t)-embedding ¢ : k(t)[y]/(y? — f(t)) — k:((z.l/oo)) — such an embedding is

(2

=3

given by sending y to al/m(t —tp;)@ -w where a'/™ is any choice of dth root of a in k = k,

and w is any choice of dth root of [[;,;(t—10,;)* in k((2)). Under the isomorphism (3.1.1)),
1/m

¢ corresponds to the element of o : Gal(k:((zil/oo))/k((zi))) given by zil/m = (mz; . In

turn, o sends a'/™(t — to,i)% cw to al/™(Cg)% (t — tO,i)% cw =g (t— tO,i>% -w. In other
words, the homomorphism Gal(k((zil/oo))/k((zi))) — Gal(L/k(t)) = Aut f corresponding
to ¢ is given by sending o to the k(t) automorphism given by sending y to (j'y. Under ¢,

this automorphism corresponds to e; € Z/dZ. Therefore, the composition
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Tt;=Tt;,Q

/\

~ ~

Z(1)) —— Gal(k((z1/*))/k((2))) —— Gal(L™>/k(t)) —— 7t (U, %)

L Gal(LJR() —— = Awt(f) —— 7/dz

sends ( to e; € Z/dZ. Within the above series of maps, ¢ is sent to v; in 7% (U, %), so the
monodromy type of f above t =t; is e¢; € Z/dZ.

Let s = % to see, as in equation (3.2.2)) to see that the monodromy type of f above

s=01is d(iigé] — deg f, which is congruent to — deg f modulo d. Thus, the monodromy

type of f above co is — deg f. O

Remark 3.2.3. The sum of the monodromy types above the branch points (counted with
multiplicity) is 0 modulo d. This is a consequence of the relations on generators ~; of the

inertia groups at the branch points as discussed in Section [3.1

Remark 3.2.4. In the situation of Proposition [3.2.2] changing the generator data and the
choice of ¢ scales the monodromy types uniformly across the branch points. More precisely,
if (e1,...,ey,) is the n-tuple of monodromy types of f at the finite points ¢t = t1,...,t,,
then the tuple becomes (« - ej,...,a - e,) after changing the generator data and/or ¢
for some o € (Z/dZ)*. In other words, the tuple (eq,...,ey,) is a well defined element
of P"~1(Z/dZ) independent of the generator data and the choice of ¢. This element of
P"~1(Z/dZ) also coincides with the tuple (e}, ...,e€,) of canonical generators of inertia at

Q1,...,Q, where (); is a choice of ramification point in C' above t = ;.

3.3 Imaginary cyclic extensions of F,(t)

Definition 3.3.1. We say that a finite extension of k(t) is imaginary (resp. totally

imaginary) if it is ramified (resp. totally ramified) above occ.

We will focus on Z/dZ-extensions of F,(t) in later chapters, particularly ones which are

totally imaginary or not imaginary. The below proposition shows that totally imaginary
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Z/dZ extensions exist only when ¢ = 1 (mod d) which is the case exactly when F, has

primitive dth roots of unity.

Proposition 3.3.2. Let q be a prime power. Let d > 2 be an integer that is coprime to
q. Suppose that L is a cyclic dth-power extension of K =1F4(t). Let q be a place of L that
lies over a place p of K with ramification degree e. If the residue field of p is isomorphic
to Fga, then ¢* =1 (mod e). In particular, if L is totally imaginary, then ¢ =1 (mod d),

or equivalently, F, has primitive dth roots of unity.

Proof. Let Kp and ﬁq denote the completions of K and L with respect to p and q re-
spectively. Let K™ be the maximal abelian unramified extension of f(p, and let K’Er
be the maximal tamely ramified extension of Kp. The Galois group of K;r over K™ is
isomorphic to II := [/ prime Z¢ and the Galois group of Kgmr over Kp is the cyclic group
generated by Froby. Theeiifore, the Galois group of K;r over Ky is the semidirect product
IT » (Froby), where Frob, acts on II by ¢“.

Since d and ¢ are coprime, q is tamely ramified over p, so qu - Kgr. Moreover,
Gal(f,q/f(p) is identified with the decomposition group D(q|p) C Gal(L/K) = Z/dZ, and
this decomposition group is of order ef, where f is the degree of x(q)/k(p). Write g = %

so that the natural restriction Gal(K,"/ K,) — Gal(i}q /K,) is identified with a surjection
7 : II % (Froby) — ¢Z/dZ,

factoring through a composition I = Gal(K;mr/IA(p) — Gal(ﬁq/iqugnr) — Gal(f/q/f(p) =
g7/dZ. Note that [Lq N Ky K,] = f, so the image of II in Gal(L,/K,) is identified
with fg € Z/dZ.

Let v € II be an element such that 7(v) = fg € Z/dZ. On the one hand, b = g%,
so T(yP) = ¢% . 7(y) = ¢* - fg € Z/dZ. On the other hand, 7(7™P*) = 7(Frob,) +
7(v) — 7(Froby) = 7(v) = fg. Therefore, ¢* - fg = fg in Z/dZ. Since the order of fg as

an element of Z/dZ is e, ¢* =1 (mod e).
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Chapter 4

Hermitian Spaces over 7Z/[(,]

For an integer d > 1, let ®4(X) € Z[X] denote the dth-cyclotomic polynomial.

Notation 4.0.1. Given a commutative ring A and an integer d > 2, denote by A[(g]an,
Alales#1, AlCalprim the A-algebras A[X]/(X? — 1), A[X]/(X{Z5 X7), and A[X]/(Pa(X))

respectively. Further let

(

AlCdlan if21d
A[Cd]cd?é_l: .
\A[X]/(@Jll) if2|d
AlCdl¢ 21 if21d
A[Cd](d?é:tl = St g
\A[X]/( e ) it 2| d.

In particular, A[(ql¢,+—1 and A[Cg]¢,2+1 are quotients of A[(4]an and A[(4]¢, 21 respectively.
Ifin fact A[Cy] = A[Calan (vesp. AlGa) = ACulc,p1) Tactorizes as AlGale, 1 x A[X]/(X +1)
(resp. A[Ca]cyz+1 ¥ A[X]/(X + 1)), then let €4,) € A[C4] be the element corresponding
to the pair (1, —1) under the factorization.

When often simply refer to each of these algebras as A[(;4] and indicate which we are
referring to, if distinctions are necessary, before we use this simplified notation in context.
Note that Chapter [7|and Chapter [§ both let Z;[Cq] = Z¢[Cal¢,#—1-

For any of these algebras A[(4], note that Cg = 1 and that A[(4] has an involution
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sending (4 to Cd_l.

In this section, For prime numbers ¢ and integers d > 2 not divisible by ¢, Proposi-
tion induces Hermitian forms over Z[(4]¢,#1 from the (-adic Weil pairings on Jaco-
bians of Z/dZ-covers of P1. We also prove Corollary which concerns the theory of

such Hermitian forms. Since d is not divisible by ¢, Z¢[(4]an does not ramify over Z, and

ZZ [Cd]all = Hd’|d Z@ [Cd’]prim-
For a discussion of the theory of Hermitian forms over general involution rings, see

4.

Definition 4.0.2. Let R be a (not necessarily commutative) ring with an involution
“: R — R. The opposite module M of the left R-module M is the additive group M with

the right R-module structure

for all r € R and m € M. The dual module M" of the right R-module M is the abelian

group Homp (M, R) that is a left R-module under the action

(rf)(m) = rf(m)
for all r € R and m € M. The transpose module M* of an (right) R-module M is defined
to be MV.

Definition 4.0.3 (cf. |24, Chapter I, 2.2, 3.1, 3.2]). Let R be a ring with an involution
“: R — R. Let € be an element of the center of R such that ¢-2 = 1. Let V be an R-
module. A Hermitian form (or more precisely, an e-Hermitian form) on V is a biadditive

pairing H : V x V — R such that
1. H(av,bw) =aH (v,w)b for all v,w € V and a,b € R, and
2. H(v,w) =eH(w,v) for all v,w € V.

When V is a projective R-module, we say that (V, H) is a Hermitian module. When (V, H)



25

is a Hermitian module, H is said to be nonsingular if the adjoint map V — V* v —
H(v,—) is an R-module isomorphism. In this case, (V, H) is said to be a Hermitian space.
A morphism (Vi, H1) — (Va2, Hz) of Hermitian modules is an R-linear morphism ¢ :

Vi — Va such that Ha(¢(v), p(w)) = Hi(v,w) for all v,w € V;.

Remark 4.0.4. It is common to use the opposite convention for sesquilinearity, i.e. it is

common to define a Hermitian form H to satisfy H(av,bw) = aH (v, w)b.

Remark 4.0.5. We mostly need the theory of ez, ;-Hermitian forms where £ { d. As
Lemma shows, such Hermitian forms correspond to 1-Hermitian forms over factors
D; as in (4.1.10) where ¢4 # —1 and to (—1)-Hermitian forms over Z,[X]/(X +1) (occuring
only when d is even). Since the involution on Z/[X]/(X + 1) is trivial, (—1)-Hermitian

forms over it are skew-symmetric bilinear forms.
We will use some facts about orthogonality for Hermitian modules.

Definition 4.0.6 (cf. [24, Chapter I, 3.4, 3.6]). Let R be a ring with involution and let

€ € Rsatisfye-2=1.

1. If (Vi, H;) are e-Hermitian-modules for i = 1,2, the orthogonal sum (Mj,hy) L

(Mas, ho) is defined as the Hermitian module
(My @ Mo, Hy L H»)
where H; 1 Hs is the Hermitian form uniquely characterized by

Hi(v,w) ifv,weV
H(v,w) =

0 ifveV,wel

In particular,

H(v1 + vo, w1 +wi) = Hyi(v1,w1) + Ha(vg, we)

for all v1,wy € V1 and vy, wy € Vs.
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2. Two subsets X C V and Y C V of a Hermitian module (V, H) are orthogonal if
H(z,y)=0forall z € X andy €Y.

3. Given a submodule U C V of a e-Hermitian module (V, H), we define the orthogonal

complement U+ by

Ut ={zeV:H(z,u) =0 foraluecU}.

4. A e-Hermitian module (V, H) over R is said to be diagonalizable if there exists a basis
v1,...,0, of V such that the matrix of H with respect to v1,...,v, is diagonal, i.e.
H(v;,vj) = 0 for all i # j. Such a basis is called an orthogonal basis. If H(v;,v;) =1

for all 7, then the orthogonal basis is called an orthonormal basis.
Lemma 4.0.7 (|24, Chapter I, Lemma 3.6.2]). Let (V, H) be a Hermitian module.

1. Let U be a submodule of V' which is finitely generated and projective. If (U, H|y) is
nonsingular, then (V, H) = (U, H|y) L (U, H|;1).

2. If (V,H) ~ (Vq, Hy) L (Va, Hy) for some Hermitian modules (V;, H;) for i = 1,2,

then the H; are nonsingular if and only if H is nonsingular.

In the case of interest, R = A[(4] = A[z]/(1+x+---+2971), foraring Aand-: R — R
is the A-algebra involution homomorphism given by (4 — C;l. More specifically, we will
apply the theory of Hermitian forms of A[(4] in the case that A = Z, — Corollary
is concerned with a Zy[(4]-module with a perfect symplectic pairing w : V' x V' — Z; that
is preserved by (g4, i.e. w((qv,qw) = w(v,w) for all v,w € V. We show that w yields a
nonsingular Hermitian form H : V x V — Zy[(4] in Proposition m Before doing so,
we first prove Lemma [£.0.8 which is convenient for understanding Hermitian forms over

finite products of involution rings.

Lemma 4.0.8. Let R be a ring with involution. Write R = [[, D; where the product is a
finite product of involution rings, and the isomorphism is of involution rings. Hermitian

modules over R correspond to tuples of Hermitian modules over D;. More precisely, letting



27

V' be any R-module, writing V; for the D;-component of V', letting €; € D; satisfy e,; = 1,
and letting € be the element of R whose D;-component is €;, there is a bijection
Tuples (H;); where
e-Hermitian forms
Hi : V; X V; — Dl —

H:VxV >R
are g;-Hermitian forms

To discuss 1; H;, note that we regard H; : V; x V; — D; as a e-Hermitian form over R
via the injection D; — [[; D; = R sending an element d; € D; to the element of []; D;
whose ith component is d; and whose other components are 0.

Furthermore, given that each V; is a finitely generated and projective D;-module (equiv-
alently V' is a finitely generated and projective R-module), the H; are all nonsingular if

and only if 1; H; is nonsingular.

Proof. 1t suffices to prove this in the case that R =2 D; x Ds. We show that claimed
bijection has an inverse map that is the map sending a Hermitian form H : V x V — R
to the pair (H|v,, H|v;).

Given a e-Hermitian form H : V xV — R, note that H|y, : V1 XV} — R are respectively

valued in D; respectively because

H|y, (v,w) = H((1,0)v, (1,0)w)

=(1,0) - (1,0)H (v, w)
=(1,0) - (1,0)H (v, w)

= (17 O)H‘% (va)
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where (1,0) € D1 x Dy = R. In fact, H|y, is a (e1,0)-Hermitian form over R because

Hly, (v,w) = H((1,0)v, (1,0)w)

= (1,0)H((1,0)v,(1,0)w)

= (1,0)eH((1,0)w, (1,0)v)

=e1H|y, (w,v).

Similarly, H|y, : Va x Vo — R is valued in Dy and is a (0,e2)-Hermitian form over R.

Moreover, V = Vi @ V4 as R-modules, and for any v; € Vi and vy € V5,

H(vy,v2) = H((1,0)v1, (0, 1)v2)
= m : (07 1)H(Ulﬂ UQ)
= (1,0) - (0,1)H (v1, v2)

=0,

SO H:H‘Vl J.H’Vz.
On the other hand, given H; : V;xV; — D, we show that H; : V;xV; — D; < D1 xDy &
R is a e-Hermitian form over R. Given a € R, let a; € D; be the D;-component of a. For

all v, w €V,

H(v,w) = g;H(w,v)

=ceH(w,v).

For any v,w € V; and a,b € R, we then have

H;(av,bw) = H;(a;v, bjw)
=a; H;(v,w)b;

=aH;(v,w)b,
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so H; is indeed a Hermitian form over R. Note that (H; L Hs)y, = H;, so the claimed
inverse map is indeed the inverse map to the claimed bijection as desired. By Lemma

the H; are all nonsingular if and only if 1; H; is nonsingular. ]

4.1 Hermitian forms induced from the Weil pairing of a

superelliptic curve

Proposition 4.1.1. Let A be a commutative ring, let d > 2 be an integer, let A[(4] be
AlCdl¢ 1 equipped with the A-algebra involution - : (g — C;l, and let V' be an A[(4]-
module. If d is even, then additionally assume that d/2 is a nonzerodivisor of A, that
A =2 AlCale, 241 X A[X]/(X + 1), and that 1 + (g is invertible in A[Cqlc,#+1. Symplectic
pairings over A[(q] on V' which are preserved by (g functorially induce € A, -Hermitian

forms over A[(4]. More specifically, there exist natural maps

Sympletic pairings
€ Ajc,-Hermitian forms
w:VxV—oA —
H:V xV — A[¢]
preserved by (4

which are functorial in symplectic modules (V,w) over A preserved by (g and Hermitian
forms (V, H) over A[(4].
Moreover, there exist such natural maps that assign perfect symplectic pairings over A

which are preserved by (g to nonsingular Hermitian forms over A[(4].

Proof. Let A" be A[(4] if d is odd and A[(4)¢,2+1 if d is even. Let V' be the A’-component
of A and let w’ = w|ys. When d is even, let V|s,—=_1 be the A[X]/(1 + X)-component of
V and let w|¢,——1 be the restriction of w to V|¢,—_1.

We show that there exist a; € Z[(4] such that

d—1
H' (v,w) := Z a;iw (v, Chw)
i=1
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is a 1-Hermitian form over A’ for any symplectic module (V,w) over A. Afterwards, let H

be H' if d is odd, and let d be the ¢ 4j¢,-Hermitian form corresponding to H' on v’ and to

wl¢,=—1 on Vl]¢,=—1 via Lemma Assigning (V,w) to (V, H) then induces a functor

from the category of symplectic modules over A that are preserved by (;j to the category

of Hermitian forms.

On the one hand,
d—1 ‘
H' (v, {qw) = aie (v, G w)
i=1

d—1 '
= a1 (v, Gw)
=2

IS

—ag_ow' (v, Cw) +

—_

(ai—1 — ag—2)w' (v, Cw),

s
[|
v

and on the other hand,

d—1

H/(U’ w)Cd = Z aide/(Uv Cle)a

=1

so H' (v, (qw) = H'(v,w){y is equivalent to

a1(q = —aq—1

a;iCq = Qi—1 — ag—1

Also equivalently,

(ar:--iag) = (1 +1: G2+ +1

(4.1.1)

for2<i<d-—-1, (4.1.2)

(4.1.3)

D GG+ L ).
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Moreover,
d—1
U) = Z aiw/(w, g(llv)

= Z —aw (Cw, w)

_ . / d—1

— Z —a;w (Ua Cd ’U))
i=1
d—1

= Z _ad—iw,(v7 C;Ll/w)
i=1

and

Z a;w 1) de

These are equal if and only if
ag—; = —a; forall 1 <i<d-—1. (4.1.4)
Letting a = a1, the condition is equivalent to
ai= (T + TP+ + a foralll<i<d-—1
and under this condition, the condition is equivalent to

(gdﬂﬂ + gd+i+2 +ot+Da=ag; = —a = —(Cffl + CcifQ +-+1)a

forall 1 < i < d—1. In turn, this condition is equivalent to the single condition when
t=d—1,1ie. to

a=a1=-aG41=—(-Ca=¢"'a
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To see this, assuming that a = Cd_la, note that

(TG Da = (G G 4 Deaa

~(Ca+ ¢+ Caa

— (C;d+i+1 + C;d+i+2 N 1)(1

Therefore, finding solutions for ay,...,aq_1 is equivalent to finding solutions for a to the
a1
equation a = gd‘la. One such solution for odd d is a = (;* . Similarly, one such solution

for even d is a = C% + Cd%—H.

Note that ay,...,aq_1 generate A’ over A for these aforementioned values of a; in fact,
a1 (and in fact form a basis when d is odd). We now show that perfect symplectic pairings
over A which are preserved by (4 are assigned to nonsingular Hermitian forms over A[(y].
Now suppose that w is a perfect symplectic pairing. By Lemma It suffices to show
that the adjoint map V' — (V')*, v+~ (w — H'(v,w)) of H' is an isomorphism and,
when d is even, that w|¢,—_; is perfect. Since w is perfect, so are w’ and wl¢,—_1.

We first show that the adjoint map of H' is surjective. Let f € (V')*, i.e. f is an
A’-linear map f : (V')°P — A’. Since the a; form an A-basis of A’, there exist unique maps

fi : V! — A such that f(w) = Z?:_ll a;fi(w). Note that the f; are all A-linear. Moreover,

since f(Cqw) = (qf (w), we have

d—1 d—1
Z a; fi(Cqw) = Z a; fi(w)Ca- (4.1.5)
i1 i1
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Recalling that we have (4.1.1]), the RHS of (4.1.5)) equals

d—

a fi(w d+zazfz )Ca = —ag—1fi(w +Z ai—1 — ag—1) fi(w)

,_.

&ﬁ
N N

= —ag—1fi(w)+ Y (a; —ag—1)fit1(w)
1

d—2
= (Z aifi+1(w)) +aga(=fi(w) = = far(w)).

<.
Il

Comparing the a;-components in (4.1.5)) then yields

fir1(w) = fi(Cqw) for 1 <i<d-—2 (4.1.6)

—fi(w) =+ = fa1(w) = fa1(Caw).

Since f1 : V' — Ais an A-linear map and since w’ is a perfect symplectic form, there exists
some v € V such that fi(—) = w'(v,—). By (4.1.6), it follows that f;(w) = w'(v, {lw) for
all 1 <i<d—1,s0 f(w) =S aifi(w) = 25 i (v, ¢'w). Therefore, the adjoint
map of H' is indeed surjective.

We now show that the adjoint map of H’ is injective. Suppose that v € V satisfies
-l a;w'(v,Cw) = 0 for all w € V. If d is odd, then we must have that w'(v,w) = 0
for all w € V because the a; form an A-basis of A" = A[(4]. If d is even, then since
1+ 4+ Cj_2 =0 in A’ and since holds, we have

d—2
ag—1 = Z(—l)iai.
i=1
The equality Zf:_ll a;iw'(v, (bw) = 0 is thus equivalent to
d—2
Zal v, Gw) = —ag 1w’ (v,¢§ w) =D (1) a (v, (5 w).

=1

Moreover, under the choice of a, ai,...,aq—2 form an A-basis of A’, so ' (v,Céw) =
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(—1) 1 (v, 5_111)) for each i = 1,...,d — 2. In particular
’ ! 3 / d—1 d ’
W(U,de)+W(U,de)+"‘+w(’U, d UJ):i'W(’U,Cd’w).

On the other hand, the LHS above equals
W (v, Cqw + Cg’w 4+ jflw) =uw'(v,0) =0,

so under the assumption that % is a nonzerodivisor of A, we have that w'(v, {yw) = 0 for
all w € V. Therefore, w'(v,w) = 0 for all w € V whether d is even or odd. Since ' is
perfect, v = 0 in either case. Hence, the adjoint map of H’ is indeed injective and is thus

indeed an isomorphism as desired. ]

We will factor involution rings R into division rings with involution and double division
rings and decompose Hermitian forms as Hermitian forms over these factor rings. We will
also show in Proposition [£.1.6] that Hermitian spaces over nice enough division or double
division rings have orthogonal bases. We introduce the definition of double division rings

below.

Definition 4.1.2. Let A be a (not necessarily commutative) ring. The opposite ring of
A is the ring A°P with the same underlying set, the same additive group, and reverse

multiplication, i.e.

a’® - b® = (b-a)®
where a°? stands for a as an element of A°®. We often omit the superscript °P.

Definition 4.1.3. |24, Chapter I, 6.7] Let A be a ring. The hyperbolic ring of A is the

product H(A) = A x A° with involution
(a,b) = (b, a).

A double division ring is a ring of the form H(A) where A is a division ring.
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Let d > 2 be an integer and let ¢ be a prime number not dividing d. There are

isomorphisms

Qﬁ[(d](d?él = H QE[Cd/]prim (417)
7
[Cd Ca#l — H ZZ Cd’ prim-

d'|d
d'#1

which are in fact isomorphisms of rings with involutions. For each d’, Q, [Cd']prim is a Galois

algebra over Qy. There is also an isomorphism
(Z)d'2)* = Autg-ap(QelGalprim), @ (X > X°).

Moreover, Q¢[Ca]prim splits as a finite product [[, Ly ; of finite unramified extensions of
Q¢ and Autq,-alg(Qe¢[Ca]prim) acts transitively on Ly ; and yields isomorphisms amongst

the Ly ;. Let By ; be the valuation ring of Ly ;. In particular,

ZZ[Cd’]prim = H Bd/,i- (4.1.8)

From (4.1.7) and (4.1.8)), we also write

Zo[Caley1 = HB (4.1.9)

For each ¢, the involution - : (4 — Cd_l on Zy[¢4] either restricts to an automorphism
of B; or restricts to an isomorphism B; — B,(;y where i # (i) and o(o(i)) = 4. In the
latter case, B; x By(;) is isomorphic (as a ring with involution) to the double division ring

B; x B{® = B; x B; via the map ¢ : B; x B = B; X B,(;), (a,b) = (a,b); note that ¢

respects the involutions on B; x B; and on B; x B,;, i.e. ¢(a,b) = ¢((a,b)) because

(P(a’ b) = (a’ 6) = (b’ &) = (b’ (L) = @(b’ CL) = @((a’ b))
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There is thus an isomorphism

ZelCaleor = T ] Ds (4.1.10)

of involution rings where the D; are division rings (i.e. integral domains since all of the

rings here are commutative) or double division rings. Moreover, if d is prime, then all of

the D; are isomorphic. Factorizations similar to (4.1.7)), (4.1.8]), (4.1.10]) hold over other

rings Z¢[(4) in the notation of Notation [4.0.1]

Notation 4.1.4. Given a ring R with involution -, let R denote the subring of elements

fixed by ~.

Lemma 4.1.5. Let d > 3 be a positive integer, let £ be a prime number not dividing d,

and let Zy[Ca] = Ze[Cal¢, 241 Factorize Zy[(q) as [; Di as in (4.1.10). In particular, each

of the D; is either an integral domain or a double division ring.

1. Every invertible element of the subring D; of D; is the norm of some element of D;.

2. Ewvery invertible element of the subring Z¢[Cq] of Zy[Cq] is the norm of some element

of Z[Cal-

Proof. The norm map Z¢[Cq] — Z¢[C4) is given by a — a-a. When D; is an integral
domain, recall that D; is in fact the valuation rings of a finite field extension L; of Q.
The involution ~ on D; is induced by an involution on L;. This involution ~ on L; respects
the valuation on L;, so D; is the valuation ring of the subfield L; of L;. Moreover, since
the L; are unramified over Qy, each L; is unramified over L;. Therefore, the norm map on
D} surjects onto (D;)* (see [27, Corollary V.1.2] or [39, Theorem 10.22] for example).
When D; is a double division ring, say D; = B; x B;® = B; x B; with involution
“: B; x Bj, (a,b)  (b,a), then note that D; consists exactly of the elements corresponding
to the elements of B; x B; of the form (a,a). The norm map on B; X B; also sends (a, 1)
to (a,a). Therefore, the norm map on (B; x B;)* maps onto ((B; x B;)')™.
Either way, the norm map on D.* maps onto (D;)*, so the norm map on Zy[(4]* maps

onto (Zg[Ca] ). O



37

The following proposition establishes that a Hermitian space over a division ring or a

double division ring has an orthogonal basis under nice circumstances:

Proposition 4.1.6. An e-Hermitian space (V, H) over a ring D with involution has an

orthogonal basis if one of the following hold:

1. D is a division ring and the involution of D is not trivial.
2. D is a division ring, the involution of D is trivial, ¢ =1, and char D # 2.

3. D is a double division ring and 2 is a unit in D.

Proof. The first two parts restate [24, Chapter I, Proposition 6.2.4] in the case ¢ = 1.
When 2 is a unit in D, any Hermitian module (V, H) over D is even [24, Chapter I, 3.1]|H
Any even Hermitian space over a double division ring has an orthogonal basis |24, Chapter

I, 6.7). O

Proposition 4.1.7. Let d > 3 be a positive integer, let £ # 2 be a prime number not

dividing d, and let Zy[(q] = Zo[Ca)cy+1- As in (4.1.10), write
Zelca) = [ ] Ds
el
where the product and isomorphism are of involution rings, and each of the D; is either a

division ring or a double division ring.

1. For any € € D; such that € - = 1, any Hermitian space over any of the D; has an

orthonormal basis.

2. Let D = [],c; D; with J C I. Any free 1-Hermitian space over D has an orthonormal

basis.

Proof. 1. By Proposition any e-Hermitian space over any of the D; has an or-
thogonal basis because the involution on each D; is not trivial and because ¢ # 2

and hence 2 is invertible in Z,.

'That (V, H) is even means that H(v,w) = k(v, w) + k(w,v) for some sesquilinear form k& on V. We do
not use this definition in this thesis.
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Let (V, H) be a Hermitian space over D; and let vy,...,v, be an orthogonal basis
of V. In particular, H is nonsingular and (V, H) is the orthogonal sum of the sub-
modules V; generated by v; and hence the H|y; are all nonsingular by Lemma m

Therefore, H(v;,v;) must be a unit of D;.

By Lemmam there exist a; € D such that H(v;,v;) is the norm of a; in (D;)*.
We have H(a; Loi, a; 1vi) = 1. Replacing v; with a; Lv; yields an orthonormal basis

of V.

2. Let (V, H) be such a Hermitian space over D. Let V; be the D;-component of V', and
let H; = H|y,. By Lemma the H; are nonsingular 1-Hermitian forms over D;.
By the above, H; has an orthonormal basis over D;, say v; 1, ..., ;. In particular,
the orthogonal decomposition V' 22.1; V; further decomposes into V' =_1; 1<j<n, (vi ;)
and this decomposition is in fact a decomposition of Hermitian spaces over D. Since
V is assumed to be a free D-module, all of the n; are equal. Let n be n;. For
each 1 < j < n, choose a;; € D such that a;; - @;; = H(v;j,vij)"' in D;.
Let v; := ), a;;v;; and note that H(vj,vj) = >, a;; - @ jH(vij,v;5) = 1in D.
Moreover, H(vj,vj) = 0 whenever j # j’ because H(v;j, vy ;) = 0 for all 4,7'. In
particular, one can show that the v; are linearly independent over Z,[(4]. Letting
e; € D correspond to 1 in D; and to 0 in Dj for all ¢’ # i, note that €ivj = €;Q; jV; ;-
Furthermore, e;a; ; is invertible as an element of D;, so v;; is in the D-span of v;.
Therefore, the v; form an orthonormal basis of (V, H).

O]

We now show that the ¢-adic Tate module of a prime-order cyclic cover of IP’Iqu is a
projective module over Z[(4] = Z¢[Ca)c,#—1 to establish in Corollary that the Tate
module decomposes as orthonormalizable Hermitian spaces over the division ring and
double division ring factors of Z¢[(4l¢,+1 and that the Tate module itself is almost an

orthonormalizable Hermitian space when it is a free Z;[(q]¢,-+1-module.

Lemma 4.1.8. Let k be a field. Let d > 2 be an integer not divisible by char k. Let C
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be a Z/dZ-cover of P}, and let (q be a generator of Aut(C/PY) =2 Z/dZ. Let ¢ be a prime
number not dividing d and not divisible by chark. The £-adic Tate module Ty(Jac(C))
(over k) is a projective Z¢[(4)c,£1-module by letting (g € Z¢[Cqlc,21 act on Ty(Jac(C)) by

the automorphism induced by (g € Aut(C/PY), by abuse of notation.

Proof. Let ¢ : C — P! denote the covering map, and fix an k-point Py of C. For any
k-point P of C, the divisor (Z?:_ol [CaP] — [Con]) of C is a principal divisor given by the
function *(z(¢(P))) where ¢ : C — P! is the covering map and z(p(P)) is the function
of P! of divisor ¢(P) — ¢(FPy). Therefore, ®4(¢q) = Z?:_ol (4 acts as 0 on Jac(C), so
Ty(Jac(C)) is indeed a Z;[X]/(1 4+ X + - + X9 1)-module where X acts by (g.
Factoring Z¢[Ca)¢,21 = []; Bi as in ([(£.1.9), each B; is a PID. The Z[(4]¢,21-module
Ty(Jac(C)) corresponds to a tuple (M;); of B;-modules by Ty(Jac(C)) = []; M;. Moreover,
Ty(Jac(C)) is free (of rank 2g where g is the genus of C) as a Zy-module, so each M; must
be a free B;-module because otherwise, M; would have a finite direct summand by the

structure theorem for PID’s. Therefore, Ty(Jac(C)) is a projective Z¢[(q]¢,#1-module. [

Let k,d, ¢, and C be as in Lemma We use the character theory of the represen-
tation x¢ of (Cq) on H'(Cy, Q) = (Ty(Jac(C)) ®z, Q¢)V. Suppose that the cover C' — P!
has branch points P, ..., P, € P1(k) of monodromy g1, ..., g, € Z/dZ = ((4) respectively.
By [12, Proposition 1.3], which expresses a Riemann-Hurwitz theorem for characters, the

character x¢ of the representation of ((4) on H'(C, Q) = (Ty(Jac(C)) ®z, Q) satisfies

Xo = 2xuiv + 2(9(PY) — Dxqy + > (x1y — Xign)) (4.1.11)

n

= 2Xtriv - 2X(1> + Z(X(U - X<9i>)
=1

where iy is the trivial character of ((4) and x(g) is the character of ((;) induced from the

9)
trivial character xiv,(g) On (g9) where g € ((4). Moreover, the irreducible representations
(Cq) over an algebraically closed field of characteristic 0 are the dimension 1 representations

Yo for a € Z/dZ given by @ba(Cg) = ga. In particular, xiriv = %o.



40

Lemma 4.1.9. Let k,d, ¢, and C be as above. With the above notation for k,d, ¢, and C,

1. For g € (¢q),

X(g) = Z Yq

a€Z/dZ
ord gla

as characters of representations on Qy-vector spaces, where by ord g | a we mean that

a=«-ordg (mod d) for some integer «. In particular,

, I if i€ (g)
X(g)(Ca) = 40 ‘

0 otherwise

50 X(g) s valued in Q.

2. Fixz rq to be a primitive dth root of unity in Q,. Then, X(g) @S the character of

QlX]/ [Taez azn(X —15) as a (Cq) representation where (g acts as X.
ord gla

Proof. 1. The formula [37, The start of Section 7.2 and Chapter 7, Proposition 20| that

computes the induced character of a character on a subgroup of a group yields

1
ord g

> Xenivyg) (ETCR)

t€(Ca)
t1¢ite(g)

X(g)(Ch) =

el el

0 otherwise

from which the claimed result follows.

2. By (1),

X (€)= D %alCh)
a€Z/dZ
ord gla

_ Z <a~i
= g
a€Z/dZ
ord gla
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As an element of Q, this equals ) ,e7/4z rg'i, which coincides with the trace of Cfi
o ord gla
acting on Q[X]/ [[aez/az(X — ), so the claimed result holds.

ord gla
O

Proposition 4.1.10. Let k,d, ¢, and C be as above. If the cover C — P! has r; branch
points Py,..., P., € PY(k) whose monodromies, which are elements of 7./dZ, each have
order exactly d, then the (-adic Tate module T;(Jac(C)) has a free Z¢[Cq)¢,-1-module of
rank at least 11 — 2 as a direct summand.

Moreover, if all of the monodromies of the branch points have order exactly d (including
the point oo € P! assuming that it is a branch point), which happens when d is prime for
example, then Ty(Jac(C)) is a free Zy[Calc,21-module of rank r — 2 where v is the branch

locus degree of the cover C — P!,

Proof. Recall Equation (4.1.11). Fixing ry to be a primitive dth root of unity in Qp,

Lemma [4.1.9(2) shows that [[.cz/az(X — r§) is a polynomial over Q and xg is the
character of Q[X]/ [Taez/az(X O—rdgg; as a ((4) representation where (4 acts as X. Thus,
X(1) — X(g) is the chara?tii'i)f Q/[X]/ [loez/az(X —r§), which is Q¢[Cal¢ 1 if g has order
exactly d. Likewise, x (1) — Xtriv is also thzriflj(;racter of Qy[Ca)¢, 1. Representation of finite

groups over algebraically closed fields of characteristic 0 are determined by their characters
[37, Chapter 2, Corollary 2], so given that the cover C' — P! has r; branch points whose
monodromies each have order exactly d, x¢ is the character of a representation over Q,
that has a free Q, [Cal¢,#1-module of rank at least r; — 2 as a direct summand. Since field
extensions are faithfully flat, H 1(Cﬁq, Q) in fact has a free Q¢[(q]¢,1-module of rank at
least 1 — 2 as a direct summand, so this is also true of Ty(Jac(C)) ®z, Q.

By Lemma Ty(Jac(C')) is a Zg[Cq]¢,+1-module. Say that the prime factorization of
®4(X) over Zy is [[, hi(X); all of the h;(X) are distinct because Q({y) is unramified above
the prime ¢ of Q since £ { d. In particular, Z¢[C4]c,21 = [, Bi, where B; = Zy[X]/hi(X).
Since Ty(Jac(C)) is a projective Zy[(4)¢,#1 and hence has free B;-components, and since

Ty(Jac(C)) ®z, Q; to has a free Q[C4]¢c,21-module of rank at least r; — 2 as a direct
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summand, Ty(Jac(C)) must have a free Z/[(4]¢c,21-module of rank at least r; — 2 as a
direct summand.

If all of the monodromies of the branch points have order exactly d, then Ty(Jac(C))®z,
Qy is a free Q[Cq]¢,21-module of rank r—2 and T;(Jac(C')) must be a free Zy[(q]¢,-1-module
of rank r — 2. O

We now prove Corollary [4.1.11] which summarizes many of the ideas of the current

subsection.

Corollary 4.1.11. Let k be a field. Let d > 3 be an integer not divisible by char k. Let C
be a Z/dZ-cover of Pk, and identify Aut(C/PY) = Z/dZ with (C). Let { be a prime number
not dividing 2d and not divisible by char k. Write Z¢[Ca) = Z¢[Ca¢c,#1 as the product []; D;
of division rings and double division rings as in .

1. The L-adic Weil pairing w : Typ(Jac(C)) x Ty(Jac(C)) — Z; induces a nonsingular
ez,(c -Hermitian form H : Ty(Jac(C')) x Ty(Jac(C)) — Ze[Ca]-

2. Writing V; as the D;-component of Ty(Jac(C)), and H; as the restriction of H to V;,
the Hermitian form (Vi, H;) is nonsingular and has an orthonormal basis whenever

Cq is not —1 in D;.

3. If Ty(Jac(C)) is a free Zyg[(q)-module, then the Z[(4)¢,++1-component of (Ty(Jac(C)), H)
has an orthonormal basis. In particular, if d is odd, then (Ty(Jac(C)),H) has an

orthonormal basis.

Proof. Since w is a nondegenerate symplectic form preserved by (4, Proposition[4.1.1]shows
that w induces a nonsingular Hermitian form on Ty(Jac(C)) over Z;[(4). By Lemma [4.0.8|
(Vi, H;) are all nonsingular. Since ¢ # 2 and hence 2 is a unit in each D;, Proposition [4.1.7]
shows that (V;, H;) has an orthonormal basis.

Furthermore, if Ty(Jac(C)) is a free Zy[(4]-module, its Z[(4]¢,+1-component is a free

1-Hermitian space, in which case it also has an orthonormal basis by Proposition[d.1.7, O
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Remark 4.1.12. Note that the notions of norms and hence orthonormal bases of a (—1)-
Hermitian space over a ring with trivial involution, such as Zy[X]/(X +1), are not fruitful
— since the Hermitian form of such a space is actually a symplectic space, norms on such
a space are zero. In particular, there is no orthonormal basis of a ez,(¢,] . #1—Hermitian

space over Zg[Cql¢,+1 when d is even.

4.2 Unitary groups

Let (V,H) be an e-Hermitian module over a ring R with involution =. For m € R*,
let GU,, (V) be the set of R-linear automorphisms « of V' satisfying H(a(v1), a(v2)) =
mH (vi,v2) for all vi,vo € V. Write U(V) = GU(V), GU(V) = U,,, GUpn(V). When
(V,H) is a free Hermitian space, note that a € GU,, (V) satisfies det o - deta = m. If R
is a product [[, D; of finitely many involution rings and (V, H) corresponds to the tuple
(Vi, Hy); of Hermitian modules over D; via Lemma [4.0.8] then GU,, (V) = [], GUp(Vi).

For a free Hermitian space (V, H), write SU(V) = {a € U(V) : deta = 1}. More
generally, if R is a product [ [, D; of finitely many involution rings and (V, H) is a Hermitian
space such that the component (V;, H;) of (V, H) over D; is free for every ¢, then write
SU(V) ={a € U(V) : a|y, € SU(V;)}. By construction, SU,, (V') =[], SU,,(V;).

4.3 Counting the number of F,rational connected compo-

nents of Hurwitz schemes

In this subsection, we prove Proposition whose statement and purpose are both
analogous to those of [15, Lemma 8.9]. Namely, both Corollary and |15, Lemma 8.9]
are used to show that certain Hurwitz schemes over F, have exactly one F,-rational con-
nected component assuming such big monodromy results discussed further in Section
However, the (4-action introduces subtle differences that prevent the ideas of the proof of
[15, Lemma 8.9] from applying directly. In particular, elements f : V' — A of the set O

defined in [15] require a stabilizer h : V' — V to only satisfy w(h(v), h(w)) = qw(v,w) for
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all v,w € V, where w is the given symplectic pairing on V. In contrast, an element f of
the set O defined in Proposition [£.3.1] requires a stabilizer h : V' — V that is equivariant
for the (4-action as well. The proof of Proposition [£.3.1] generalize the symplectic theoretic

ideas from [15, Lemma 8.9] via the theory of Hermitian forms.

Proposition 4.3.1. Let d > 3 be an integer, let £ be a prime number not dividing 2dr, let
Zg[Ca) = Zy[Calcy21- Let A be a fized Zy[Cq)-module of finite cardinality and say that A is
a quotient module of Zy[Cq]®".

Let V' be a projective Zy[(q)-module equipped with a perfect symplectic pairing w :
V xV — Zy preserved by (4. Recall from Proposition that w induces a nonsingular
ez,(c)-Hermitian form H : V x V. — Zy[Cq). Let q € Z; be such that q — 1 is invertible
in Zg. Define O as the set of all Zy[(4]-equivariant surjections V. — A whose stabilizer,

inside GU(V'), intersects GUy(V') nontrivially, i.e.
O ={f:V — A surjective, equivariant for (4, and there exists h € GUy(V') with foh = f}.

If V has a free Zg[Cq]-module of rank at least 2r as a direct summand, then O is nonempty
and U(V) acts transitively on O. In fact, SU(V) acts transitively on O if V has a free

Z¢[Cq)-module of rank more than 2r as a direct summand.
We prove Proposition via Proposition and Proposition [4.3.7]

Lemma 4.3.2. Let D be a principal ideal ring that is a product of integral domains. A
finitely generated D-module M decomposes in the form @; M; where the M; are quotients

of D and r < oo.

Proof. Say that D = [[, By where By, are integral domains. Since D is a principal ideal
ring and the Bj are quotients of D, the By are PID’s. Moreover, M corresponds to a
tuple (My)y of Br-modules; My, is the Bjp-component of M and M = [], Mj. For each
k, the structure theorem for finitely generated modules over PID’s yields a decomposition

M = @;k Mj, ; where each My, ; is a Bi-module that is a quotient of By and 7, < oo.
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Letting 7 = maxy, r, letting M}, ; = 0 whenever j > 7, and letting M; = [, My ;, M; is

a quotient of D and M decomposes in the form @; M;. O

Proposition 4.3.3. Let d > 3 be an integer, let £ be a prime number not dividing 2d. Let
D be a division ring or a double division ring quotient of Z¢[(4)¢c,2+1- Fix a D-module A
of finite cardinality. Let (V, H) be a free Hermitian space over D. Let q € ZEX. Decompose
A as ®]_A; as in Lemma . If the rank s of V' as a D-module is at least 2r, then the

set
O ={f:V — A surjective, D-linear, and there exists h € GUq(V) with foh = f}

18 nonempty.

Proof. Let vy, ..., vs be an orthogonal basis of V' with respect to D such that H(vg;—1,v2,—1) =
1 and H(vg;,ve;) = —1 for 1 <4 < r and such that H(v;,v;) =1 for 2r +1 < i < s. Re-
call that V' has an orthonormal basis by Proposition and such an orthonormal basis
can be normalized in this proposed manner because all elements of (D)* are norms of
clements of D* by Lemma [4.1.5]

Let f:V — A be given by

1
02171,U2i*—>§€AiCA 1<i<r

v, —~0€A 2r+1<i<s

and extended D-linearly; here 1 € A; is a D-module generator of A;, which exists because
A; is a quotient of D, and % € A; is the element such that % + % =1.

Let h : V — V be the D-linear automorphism given by

1+4¢ 1—q
V2i—1 +

V2i—1 >

1—gq

V2 5 Vi1 + qvm‘ for1<i<r

v, = oav; for2r4+1<i<s
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where o € D is some element whose norm « - @ is g. Note that h € GUy(V') because

1+ 1-— 1+ 1-—
H(hvgi—1,hvyi—1) = H ( qUQi—l + Tqv% Tqv%—l + 5 qU2i>
_(1ta)_(1-a)_
2 5 ) 1
1-— 1+ 1-— 14+
H (hvgi, hvg;) = H ( qU2z’—1 + Tq’vzi, Tq'l)%—l + 5 qv2i>

1—¢\2 /1 2
:<2q> ‘Uq) Soa frlsisr

H (hvg, hvg) = H (aw;, avy)

= N(«) - H(vij,v;) =q for2r+1<i<s.

Moreover, foh:V — A is the D-linear map such that

S
1—
() (e e
2
vi—a-0=0 2r+1<:1<s
respectively, so f o h = f. Therefore, O is nonempty as desired. O

We continue with the notation in the above lemma to give a decomposition of V. The
decomposition that we will arrive at is similar to the decomposition of V' as presented in
the proof of [15, Lemma 8.9] Given f € O, let h € GUy(V) be so that foh = f and
thus im(h — 1) C ker f. Given A € F/, let V) be the sum of the generalized eigenspaces
of h on V as a Zs-module for all eigenvalues that reduce to A in F,. More precisely, let
V =V ® Qy, and then set

Vi=Vn @ Vv,
lv—Al<1

where V, is the generalized v-eigenspace of h in V. Equivalently, Vy consists of all v € V/

for which gy(h)"v — 0 as n — oo where g)(x) € Zy is a polynomial which reduces to the
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minimal polynomial of A over Fy.
Let W) be the sum of all other generalized eigenspaces of h on V; other than A and £,

i.e. of all eigenvalues v that satisfy |g\(v)gq(,)| = 1; in other words,

q
A

Wy = () 9r(v)g

n=1

()" =1.

q
A

Note that V) and W) depend on h.
Lemma 4.3.4. Given h € GUy(V),

1. there is a decomposition

Vi@ V% S Wy if X is not a square root of q in Fy

Vy® Wy if X is a square root of q in Fy.

as D-modules.

2. Vy and V% are both isotropic and both orthogonal to Wy with respect to H, i.e.
Hlv, xvy H’V%xv%; Hlv, xwy H|V%><WA are all 0. In particular, W/{- =V + V§

whether or not A is a square root of q.
3. I/V/\L and Wy have orthonormal bases.

Proof. We show that V' decomposes as V) & V§ @ W) in the case that X is not a square
root of ¢ in Fy. For v € V, write v uniquely as v = ux UL Fw where vy, Ve, w respectively

lie in the Q,-spans of Vj, V%, Wy. In particular,

(h)"v = gx(h)"g(h)"vx + gr(h)"g

(R)"ga(h)"vx + gr(R)"g

(h)"0g + ga(h)" g3 ()"

>

=9 (h)"va + gx(h)"ga (h)"w.

>

q
A

Since gx(h)"v) — 0 and g%(h)”v% converge to 0 as n — oo, they are in V for sufficiently

large n, so gx(h)"ga (h)"w € W), for sufficiently large n. Moreover, gy(h) and gs (h) are

q
A

invertible on W), so in fact w € W). Thus, vy + v g € V', and proceeding similarly, we
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have that vy € V) and v 1€ V% . Therefore, V =V, & V% @ Wy. Similarly, V = V) & Wy
if \ is a square root of ¢ in Fy.

We show that V) and V% are both isotropic and both orthogonal to W) with respect
to H. Showing that V) is isotropic and orthogonal to W) is tantamount to showing that
H(z,y) = 0 whenever x € V) and y € V) @ W). Note that g)(h)"z — 0 as n — oo and for

all n there exists some z, € V such that y = ga(h)"z, because g g is invertible on both

9
A

Vy and Wy. Write gy (z) = 2* + ap_12" "1 + - - - ag; note that ag € Z; because A € EX. In

k
particular, g1 (z) = zF + Z—;qa:k_l +-F a’;iglqk_l + %, and

H(z,y) = H(z, g5 ()" =)

k
= H(z,hFga (W) z,)+ H <x, ﬂqhk_lg (h)”_lzn> +---+H (:):, q—gg(h)”_lzn
By ag ap” A

q
A

Since H is is bilinear over Zjy, since the coefficients of gy are in Zy, and since h scales H

by ¢, the above equals

H (a:,hkgg(h)”_lzn) v H (ha, Bhbge ()" Yo ) + -+ H Rz, —hEge (B)" 2,
A ag A a

)
)

hk k n—1
+ -+ H|—x,h%a(h)" 2z,
ag A

Iterating, we have that H(z,y) = H ((%@)naz,zo and hence that H(z,y) lies in
H(gx(h)"z,V) for all n. Therefore, H(x,y) = 0 as desired, so V) is isotropic and or-
thogonal to W)y. By symmetry, V% is isotropic and orthogonal to Wj.

Since V is a free D-module, VVAL and W, are projective D-modules. Moreover, H
is nonsingular and hence restricts to nonsingular Hermitian forms on I/V)\L and W) by

Lemma m Therefore, WAJ- and W are Hermitian spaces with respect to H and have

orthonormal bases by Proposition [4.1.7] and in particular are free D-modules. O

We introduce some language to consolidate the Hermitian theories over division rings

and over double division rings in the proof of Proposition below.
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Definition 4.3.5. Let D be either a division ring with involution or a double division
ring, let M be a D-module, and let m € M. In the case that D is a double division ring,
identify D with H(A) = A x A°P where A is a division ring. Recall that the involution -

on A x A°P is given by (a,b) — (b, a)
1. The type of m is well defined if one of the following hold:

(a) D is a double division ring, m # 0, and m € (1,0)M U (0,1)M, or

(b) D is a division ring.

2. Assuming that the type of m is well defined, we define the type of m to be the

element ¢(m) € D given by the following:

(a) If D is a double division ring and m € (1,0)M, then «(m) = (1,0)
(b) If D is a double division ring and m € (0,1)M, then ¢(m) = (0, 1).

(¢) If D is a division ring, then ¢(m) = 1.
In any case, ¢(m) is idempotent and ¢(m)m = m.

Lemma 4.3.6. Suppose that D is a double division ring. Let M be a D-double and let
H:Mx M — D be a Hermitian form on M.

1. If my,mg € M and ma has well defined type, then H(m1, mg) = 0, or H(mj, msa)
has well defined type that equals t(mz). If my,mg € M and mq has well defind type,
then H(mi,m2) =0

2. If mi,mg € M have well defined and equal type, then H(mi,mz) = 0.

Proof. 1. Note that

H(my,mg) = H(mq,t(me2)msa) = H(mi,mz)t(ms)

so either H(mj, ma) is 0 or of type ¢(mz2).
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2. Similarly,

H(mi,mg) = H(t(m1)mq, (ma)me) = t(m1)H(mi, ma)(me) =0

O

Proposition 4.3.7. With notation as in Proposition and assuming that ¢ # 1
(mod ¢), if O is nonempty, then U(V) acts transitively on O. If O is nonempty and the

rank s of V' as a D-module is greater than 2r, then SU(V') acts transitively on O.

Proof. Given f € O and h € GUy(V) such that foh = f,let V= (V1 &V,) L W be the
decomposition of Lemma and write W = Wj. Note that V, @ W lies in the image of
h — 1 and hence in the kernel of f. In particular, f can only be nonzero on V;.

Decompose A in the form A = []7_; A; such that A; is a nonzero quotient of D if D
is an integral domain or such that A; is a nonzero quotient of either B x 0 or 0 x B if
D = B x B is a double division ring; note that this is not the same kind of decomposition
presented in Lemma if D is a double division ring. Let 1 € A; foreachi=1,...,r
denote an D-module generator. Let e; = (0,...,0,1,0,...,0) be elements of A which
reduce to a D-module generator 1 in A; and to 0 in A; when j # ¢. Note that e; is of well
defined type.

For each 1 < s < r, we recursively obtain elements vq,...,vs € V1 and wy,...,ws € V,

to satisfy the following;:

1. f(’()l) = €;.

2. If D is a double division ring, then v; and w; are of well defined type, and ¢(v;) = ¢(e;),

and ¢(v;) = v(w;).
3. H(Ui,wj) = 52‘]‘L(’wj).

e In particular, if D is a double division ring, then H (v; +w;, v; +w;) = d;5. This
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is because

H(v; + w;, v + ’wj) = H(vi,wj) + H(wi,vj) = (5¢jL(wj) + 5j‘b(wj) = 52‘]‘.

4. The D submodule U of Vi &V, generated by vy, ..., vs, w1, ..., ws is free and H |y,
is nonsingular. In particular, V1 ® V, = U; L U, j by Lemma m

e If D is an integral domain, then vy,...,vs, wy,...,ws form a D-basis of Us.
e If D is a double division ring, then vy + w1, ..., vs + ws form a D-basis of Us.
5. f(UE) C Agi1x---x Ay, ie. the images of elements of U} under f haveno e1, . .., es
components.

We show that the first three properties imply the fourth, i.e. that vy, ..., vs, w1, ..., ws
generate a free D-module and that the presented bases are indeed bases. More specifically,
in the case that D is an integral domain, v1,...,vs,wq,...,ws are linearly independent
—if 77 (v + Biw;) = 0 for some oy, 5; € D, then 0 = H (vj, Y 7 (av; + Biw;)) = f;
and similarly 0 = H (wj, Y ;4 (ov; + Bjw;)) = ;. Similarly, if D is a double division
ring instead, then vy + wq,...,vs + ws are linearly independent over D. Also note that
v1 + wi,...,Vs + ws generate the same D-module as vy, ...,vs, wy,...,ws because v; =
t(v;) - (v; +w;) and w; = v(w;) - (v; +w;), so v1 +wy,...,vs +ws indeed form a D-basis of
Us.

We proceed with the base case of the recursive construction. To obtain v; € V5 and
wy € V, satisfying these properties, first choose v € V; such that f(v) = e;. Replace v
with ¢(e1)v so that v has the same type as e; as well. Whether or not D is an integral
domain, there is some w € Vi @V, such that H (v, w) is nonzero because H is nonsingular.
By Lemma m H(v,w) is an element of D of type +(v). Replace w with its projection
in V; and replace w with an appropriate scalar multiple so that H (v, w) = 1(v). Note that
this is possible even when D is a double division ring because H (v, w) is a nonzero element

of ¢(v)- D and hence the scalar multiplication can be accomplished with an element of B*.
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Further replace w with ¢(v) - w so that «(w) = ¢(v). Let X; be the free D submodule of
Vi @V, generated by v and w. Recall that v and w form a basis of X7 if D is an integral
domain and that v + w forms a basis of X; otherwise.

We show that H|x, is nonsingular. In other words, we show that the adjoint map
X1 — X{, v~ H(v,—) is a D-isomorphism. If D is a double division ring, then the
adjoint map sends a(v + w), where a € D to H(a(v + w),—), which in turn is the map
X1 — D that sends v+ w to @. Thus, the adjoint map a bijection and hence an R-module
isomorphism. If D is an integral domain, then the adjoint map sends av + bw, where
a,b € D to H(av + bw, —), which in turn is the map X; — D sending v to b and w to a@.
The adjoint map is therefore also a bijection and hence an R-module isomorphism in this
case as desired. Thus, V1 @V, = X; L Xf by Lemma m

Proposition shows that Xi- is a free D-module because it is a nonsingular pro-
jective Hermitian module over D. Choose a basis 1, ...,z of Xf, and let a1,...,ar € D
be so that the element f(x; — a;v1) of A has image 0 in A;. Note that x1 — ajvy, 29 —
agvr, ..., T, — apvy are linearly independent over D. Let X| be the free module that they
generate. In particular, f(X]) C Ay x -+ A,. Since f maps V; surjectively onto A, there
is some element of X’ IL which maps to e; under f. Let v; be ¢(e1) times the V; component
of this element, so in particular, v; € V3 N X{L, f(v1) = €1, and t(v1) = t(eq). Just as
w was chosen based on v, there exists some w; € V; such that H(vi,w) = ¢(wy) and
such that t(w;) = ¢(v1). Replacing wy with its X{L component preserves the equality
H(vi,wy) = t(wy) because vy € X{L, preserves that +(w;) = ¢(v1), and additionally spec-
ifies wy to be an element of V1 N X {J‘. Moreover, the D-module U; generated by vy, w; is
free and H|y, is nonsingular. The D-ranks of X; and Xll are 2 and k respectively and
the rank of X/ is k, so the rank of X!* is 2. Moreover, if the rank 2 submodule U, of X/|*
were to be a proper submodule, then H|y, would be singular, so in fact Us is precisely
Xt Thus, f(UL) = f(X]) C Ay x --- A, as well, so v; and w; indeed satisfy the desired
properties.

Suppose inductively that vi,...,vs € V7 and wr,...,ws € V, satisfy the properties
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where 1 < s < r. We proceed similarly as in the base case to obtain vsy; € V7 and
wst1 € Vy. By the inductive hypothesis, V1 @ V;, = U, L Uj. Let v € V; such that
f(v) = esy1. Replace v with t(es41)v so that ¢(v) = t(esy1) as well. The Us-component v’
of v has no components in vy, . .., vs because f(v;) = e;. Therefore, v’ only has components
in wi,...,ws. Let v/ 4 be the U;- component of v, i.e. v,,; = v —v'. In particular,
f(v. 1) = esy1, the type of vi ; equals that of v, and H(v) ,w;) = 0for 1 < j <'s
because w; € Us. Let w € Vi @V, such that H(v,,,,w) # 0 and replace w with its

projection in V; so that w € V; as well. Further replace w with ¢(v)w and then by a scalar

multiple so that +(w) = ¢(v) and H(v,,,,w) =1 as well. Let

W =w— Z H (v, w)w;. (4.3.1)
i=1

Note that w’, , ; is of type ¢(w); for each i, either ¢(v;) = ¢(w), in which case ¢(H (v;, w)) =
t(w) so H(v;, w)w; is of the same type as w, or ¢(v;) = ww, in which case H(v;, w) = 0.

For 1 <i <s,

S
H(vy,wh ) =H (vi/,w - Z H(vi,w)wi>
i=1
S
= H(Ui’v w) - Z H(Ui’a H(Ui7 w)wl)
i=1

= H(vy,w) — H(vy, H(vyr, w)wy)
= H(vyr,w) — H(vyr, w)H (vy,wyr)

= H(vyr,w) — H(vyr, w)e(wy).

We show that the RHS expression above equals 0. If D is an integral domain, then ¢(w; ) =
1, so the RHS expression indeed equals 0. Otherwise, either type(v;) = type(w) in which

case H(vy,w) = 0, or type(vy) = type(w), in which case H(vy,w) = H(vy,w)i(vy) =

H (v, w)it(wy). Thus, in any case, the RHS expression equals 0 as claimed. Moreover,
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H(vyq,wyy) = H <U;+1a w— Z H (v;, w)w,)
= s+1’ ZH Vs+15 vlv ) )

= H(v;H,w) =1.

Let X;41 be the free D-module generated by vi,...,vs, vy, 1, w1, .., ws, Wy, ;. In
particular, X;41 = Us L (U;+1,w;+1>, so Xs4+1 is nonsingular and hence V; & V, =
Xsp1 L X34 Since Uy C Xgp1, X34y C Uf and hence f(XF5 ) C Agp1 X -+ x A,
by the inductive hypothesis. Choose a basis z1, ...,z of XSH, let ay,...,ar € D (note
that k is different from the k used in the base case of the recursive argument) be so
that the element f(x; — a;v,, ;) of A has image 0 when projected to A,y;. Note that
Ty — a1V, ..., Tp—apvy,; are linearly independent over D. Let X, be the free module
that they generate. In particular, f(X/ ;) C Asro X --- x A, and X[ is orthogonal to
Us, i.e. Ug C (XL, ;)" Since f maps Vi surjectively onto A, but f(Us) € Ay x -+ x A,
and f(X..;) € Aspo X -+ x Ay, there must be some element of Ul N (X] ;) that
maps to es11 under f. Let vsy1 be t(esy1) times the Vi-component of this element so
vst1 € Vi NUE N (XL 0)h, type(vsr1) = type(ess1), and f(vsp1) = esy1. Furthermore,
H(vsq1,w;) = 0 for 1 < j < s because w; € Us. Once again, there exists some ele-
ment w € Vg such that H(v,w) € D*. Replace w with its projection in ( QH)l, then
with m -w, and then with an appropriate scalar multiple so that w € V, N (X H)l,
type(w) = type(vss1), and H(vsy 1, w) = 1. With this new choice of w, define w1 as we
defined w’sH in so that w41 is of the same type as w and H(v;, w;) = d;; for all
1<4,7 <s+1. Let Ugyq be the free module generated by vy, ..., vs41, w1, ..., Wst1. In

particular, H|y

.., is nonsingular. Moreover, the ranks of X,41 and X5, are 2(s+ 1) and

k respectively and the rank of X.,, is k, so the rank of (X] ;)" is 2(s + 1). Moreover,
the rank 2(s + 1) submodule Uy of (X ;)" is a nonsingular Hermitian module for H,

so in fact Usyq is precisely (X7 ;). Thus, f(Uf,) = f(X.11) € Asa x -+ X Ay, so we
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can indeed recursively obtain the elements of V; and V, with the desired properties.
Now given f' € O as well, we show that there is an element ¢ € U(V) such that
f = f"owp. Letting h' € GUy(V) be so that f'oh’ = f’, decompose V as (V{ & V) L W'
with respect to i/ via Lemmaand choose elements v}, ..., v, € V{ and wi,...,w,. € V,
similarly. Applying Lemma again shows that V, @V, = U, L U;}* and V oV, =U. L

U’ TL where U, and U/ are respectively the D-modules generated by vy, ..., v, w1, ..., w,

and v{,...,v.,w},...,w.. In particular, we have the orthogonal decompositions U, L

s Upes
UL LW =V =U'LU7 LW, and by the inductive construction, f vanishes on Ut
and U’ TL . Let ¢ : V — V be any D-linear automorphism which takes v; to v}, takes w;
to w/, and transforms U- L W to U’y L W' such that H(o(v), p(w)) = H(v,w) for all
v,w € U+ L W. The latter is possible because U+ L W and U’5 L W' are nonsingular
Hermitian modules over D and hence have orthonormal bases by Proposition In the
case that D is a double division ring, the former can be accomplished by letting ¢ send
v; + w; to v; + w} and extending D-linearly. Note that H(p(v), ¢(w)) = H(v,w) for all
v, w € U,. Moreover, f(v;) = e; = f'(v) and f vanishes on w;, w!, U, U’f, W, and W'.
Therefore, ¢ is indeed an element of U(V') such that f = f’ o . The action of U(V') on O
is thus transitive as desired.

We now show that the action of SU(V') on O is transitive when s > 2r. As above,
given f, f' € O, let ¢ € U(V) such that f o = f" and decompose V as (V{ © V) L W'
with respect to f’. In this case, W’ is a free D-modules of positive rank. Moreover,
det p-det ¢ = 1, so in particular det ¢ is an invertible element of D. Choose an orthonormal

basis of W' via Proposition Let o : V — V be the D-linear automorphism acting

as the identity on V{ @ V] and as the matrix

1
=0 00 --- 0
0o 10 --- 0
0O 01 --- 0
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on W’ with respect to the orthonormal basis. Note that f = f’' o (a0 ) because f and f’
are nonzero on W and W' respectively and that det(a o ¢) = 1, so the action of SU(V)

on O is transitive as claimed. O

Proof of Proposition[{.3.1 Decompose Z¢[(4] as [[; D; as in and say that (V, H)
corresponds to the tuple (V;, H;); of Hermitian forms over D; via Lemma Since H
is nonsingular, all the H; are nonsingular, so the V; are free D;-modules. Moreover, let A;
be the D;-component of A, so A =[], A;.

Let O; be the set

O; = {fi : Vi = A, surjective, D;-linear, and there exists h; € GUy(V;) with f; o h = f;}.

The correspondences of (V, H) with the tuple (V;, H;); and of A with [[, A; induces a
bijection O = [, O; equivariant for the actions of U(V) = [, U;(V). If V has a free
Zy[(q)-module of rank at least 2r as a direct summand, then each V; is a free D;-module
of at least that rank. By Proposition |4.3.3| and Proposition 4.3.7, O; is nonempty and
U(V;) acts transitively on O; whenever (4 # —1 in D;. In fact, SU(V;) acts transitively
on O; as well if V has a free Zy[(4]-module of rank at least 2r + 1 as a direct summand.
If (4 = —1in D;, then H; is in fact a symplectic form, so the unitary group U(V;) is the
symplectic group Sp(V;); note that V; is of even rank over D; because H; is nonsingular.
By [15, Lemma 8.9], O; is nonempty and U(V;) = Sp(V;) acts transitively on O; because
2r > dimy, A;/CA;. In fact, one can argue similarly as in the last paragraph of the proof of
Proposition applied to the context of the last paragraph of the proof of |15, Lemma
8.9] to show that SU(V;) = {p € U(V;) : det(¢) = 1} acts transitively on O;. Therefore,

O is nonempty and U(V') (or SU(V)) acts transitively on O. O

Corollary 4.3.8. Let k be a field. Let d > 3 be a prime power not divisible by the
characteristic of k. Let £ be a prime number not dividing 2d and not divisible by char k.
Let Zy[Cq] = Zo[Ca)cy21- Let ¢ > 2 be an integer such that ¢ # 1 (mod ¢). Fix a Zg[(4)-

module A of finite cardinality and say that A is a quotient of Zy[Cq)®".
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Let C be a Z/dZ-cover of P}, and identify Aut(C/P') = Z/dZ with ((g). Write
V = T;Jac(C). Whenever there at least 2r + 3 branch points of the cover C — P! of

whose monodromies are elements of (Z/dZ)*, the set
O ={f:V — A surjective and Z[(4)-linear, and there exists h € GUy(V') with foh = f}

is nonempty and SU(V') acts transitively on O.
Proof. This follows from Proposition and Proposition O

Remark 4.3.9. To apply |15, Lemma 8.9] in the proof of Proposition we needed to
know that V; is of even rank in case (y = —1 in D;. We alternatively show this via .
For {4 = —1 to hold in D;, d must be even. Moreover, the monodromies of the branch
points of the cover C — P! are elements of Z/dZ whose sum is 0 by Proposition
In particular, the number of branch points with monodromy congruent to 1 mod 2 must
be even. Consequently, in expressing yc as a sum of the irreducible characters v, by

applying (4.1.11) and Lemma , the character 1 4 appears even many times. Thus,
the Z[X]/(X + 1)-rank in Ty(Jac(C)) is even.
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Chapter 5

The Burau representations

This section presents the unreduced and reduced Burau representations, which will be
used in Section to establish a big monodromy result. Moreover, Chapter studies
orbits of the actions of the braid group on vectors given by these Burau representations

and the results there are applied to Chapter [8| and Chapter [9]

Definition 5.0.1. Let n > 2 be an integer. The Artin braid group B, is the group with

n — 1 generators 01,09, ...,0,_1 under the braid relations
e 0,0;j =0j0; foralli,j=1,2,...,n—1 with |i — j| > 2, and
® 0,0;4+10; = 0;410;04+1 for i = 1, 2, ey — 2.

Definition 5.0.2. For n > 2, the unreduced Burau representation of B, is the the repre-

sentation 1, : B, — GL,(Z[t,t~1]) sending the standard braid o; to the block matrix

Ii i) 0 O 0

0 |1—-¢ ¢ 0
0 1 0 0

0 0 0fIn—i—1
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Given some invertible element ¢ in a ring R, we call the composition
Un -1 t=C
B, — GL,(Z[t,t™']) —> GL,,(R)

the unreduced Burau representation of By, evaluated att = (.

Given a prime number ¢, we call the composition
By &3 QLo (Z]t,t71]) 2ot b ar, (z )0zt 7))

the unreduced Burau representation of B, modulo £.
In the case that R = Z/¢Z|[(], where ( is invertible, we also refer the unreduced Burau
representation of B, evaluated at t = ( as the unreduced Burau representation of B,

modulo £ evaluated at t = (.

Definition 5.0.3. For n > 2, the reduced Burau representation of B, is the representation
Y’ By, — GLy—1(Z[t,t71]) defined as follows: for n > 3, " is the homomorphism given

by

o1

o; — 2<i1<n-—2,

Op—1 >
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For n =2, ¢4(01) = (—t).
We define the reduced Burau representation of B, evaluated at t = ¢ (for an invertible
element ¢ in a ring R, the reduced Burau representation of B, modulo ¢ (for a prime

number ¢), and the unreduced Burau representation of B, modulo ¢ evaluated at t = (

similarly as in Definition

Remark 5.0.4. There are competing conventions for the unreduced and reduced Burau
representations that differ by transposes and/or by involutions on Z[t,t~!], i.e. by an ex-
change of t and ¢t~!. In particular, the convention for the unreduced Burau representation
in Definition coincides with that of |21, Definition 3.1.1] and is transpose to that
of |35, Definition 2.1]. The convention for the reduced Burau representation in Defini-
tion coincides with those of [38, Section 2, Page 200] and [43, Section 1.1.2] and is

transpose to that of [21, Between Theorem 3.9 and Lemma 3.10].

See [21, Chapter 3| for a discussion on the Burau representations. When discussing
the action of B,, on a A®" (resp. A1) for an Z[t,t~-module A via 1, (resp. "),
we mean the action of the square matrices that are images of v, (resp. v, ) acting on the

left of column vectors.

5.1 The Burau representations are unitary

The ring Z[t,t~!] of Laurent polynomials has a natural involution a + @ given by ¢ +
t = ¢t~ In particular, one can discuss Hermitian forms over Z[t,t~!] with respect to
this involution. Squier [38] showed that the reduced Burau representation is unitary, i.e.

preserves a Hermitian form on Z[t,t~1]®".

In fact, the unreduced Burau representation
is unitary as well - Salter [35, Definition 2.3, Lemma 2.4] presented an explicit Hermitian
matrix whose Hermitian form is preserved by the unreduced Burau representation.

One can verify that the n x n matrices H,, over an Z[t,t!]-involution algebra R such
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that H = H,, and ¢, (0;)*Hpon(0) = H, for every o € B,, are exactly those given by

a if i = j

(Hn)ij = Q bti=1=1 if j >4,

bt if i > g

\

where a = l;%tlg. where b € R and a € R (recall Notation |4.1.4)). More visually,

a b bt bt?
b a b bt
H,=|ow!' b a b ) (5.1.1)

w2 bl b a

We will also write H,, 5, when we need to construct such a matrix with specific values a

and b.

Remark 5.1.1. Note that such matrices H,, are different, even after conjugation and/or
transpose, to the matrix J given in |35, Definition 2.3]. There is no immediate reason
for H,, and J to be conjugate and/or transpose to each other even though the unreduced
Burau representation presented in Definition is transpose to that in [35, Definition
2.1].

Let h : R®" x R®" — E be the Hermitian form given by

h(v,w) = ¢, Hpcy, (5.1.2)

where ¢,, ¢,, respectively denote the column vectors corresponding to v,w € R¥" (with
respect to the elementary basis vectors ey, . .., e, ), the operator -* denotes conjugate tran-
pose of vectors/matrices, and E is the subring of Z[t, ] fixed under the involution. Note

that the 1), with matrices acting on the left of (column vectors in) R®™ preserves h. In
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particular, v, preserves the norm

v € R¥" — h(v,v).

Now let H] be the (n — 1) x (n — 1) matrix

G2 _li1) o 0 0
—(t+1)  ED0 O _liq) o 0
2
o 0 (1) WS (L) 0
0 0 —(t+1) &L 0
0 0 0 0 L. )?

t

One can verify that ¢ (0;)*H} ¢y (0;) = H), foreveryi =1,...,n—1,i.e. H) induces a Her-
mitian form preserved by the reduced Burau representation ;. This matrix is essentially

derived from the description of the Hermitian form in [43, Section 1.1.3]. Furthermore,

det H = (%)n_l (t:__11> by [43, Lemma 13].

Remark 5.1.2. H] above is conjugate/transpose to the matrix in [43, Section 4.1] as the
sesquilinearity conditions in the definitions of Hermitian forms of Definition |4.0.3] and of

[43, Section 1.1.3] are opposite to each other.

Since all of the entries of H; has a factor of ¢ 4+ 1, the matrix becomes zero upon

evaluating at ¢ = —1. However, dividing all of the entries of H; by ¢ + 1 and then
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evaluating at t = —1 yields the (n — 1) x (n — 1) skew-symmetric matrix
0 1 0 0 0
-1 0 1 0 0
- 0 -1 0 1 0
0= (5.1.3)
0 0 -1 0 0
0 0 0 O 0

that the 9! (0;) preserve; note that the involution on Z[t, t~!]|;=_1 is trivial. In particular,
the Hermitian form arising from IZT,’; is a symplectic form. Thus, the image of 1);, evaluated
at t = —1 lies in a symplectic group and norms of any vector with respect to this Hermitian

form are all zero. Moreover,

i L =l o if2n
det [}, = —— ot = (5.1.4)
1=0 1 otherwise.

Assuming that R factorizes as R = [[; R;, where the R; are division or double division
rings with involution, let iz:b be the Hermitian form on 71 given (via Lemma 4.0.8|)
on Rl@(nfl) by H; if R; is a division ring where t # —1 and by flﬁ otherwise. In particular,

when R = A[(4]an factorizes as A[(a]¢c,2-1 x A[X]/(X +1), hy, is a e 41¢,),,-Hermitian form.

5.2 The reduced Burau representation at d-th roots of unity

is an arithmetic group

Venkataramana [43] showed that the images of ], evaluated at d-th roots (4 of unity is an
arithmetic group for all large enough n (with respect to d). The following is a restatement

of the main theorem of [43] fit to the above notations:

Theorem 5.2.1 ([43, Theorem 2]|). Let d > 3 be an integer, and let Z[Cq) = Z[Calprim.-

Equip Z[{d]@(”_l) with the 1-Hermitian form lNLZ In particular, ¥}, |i=¢, : Bn — GL,—1(Z[Cq])

prim
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maps into U(Z[C)®"V). Ifn > 2d+1, then the image of Y i=¢, is a finite index subgroup
of U(Z[Ca)*" V).

In fact, when d = 3,4,6, [43, Theorem 3] shows that ] |,—¢, is an arithmetic group
for all n. Furthermore, [43] combines a theorem of [1] and Theorem to obtain the

following:

Theorem 5.2.2 ([43, Theorem 2]). Let d > 2 be an integer, and write Z[Cq4] = Z[Cd]air-
Equip Z[Cq)®™Y) with the ezc,)-Hermitian form fL’,; In particular, ¥ |=c, : Bn —
GLn—1(Z[C4)) maps into U(Z[¢C)®™ V). Ifn > 2d + 1, then the image of Vl|i—¢, is a
finite index subgroup of U(Z[(4)®1).

Remark 5.2.3. Recall that &/ restricted to the factor Z[X]/(X + 1) of Z[C4lan is a
symplectic form — U(Z[X]/(X +1)®(~1) here thus is the symplectic group Sp(Z[X]/(X +
1)69(7171))'

5.3 Arithmetic groups have large adic images

Let L a field with an involution -. Let K = L be the fixed field of L under this involution.
Given a (+1)- Hermitian form h on L®" there is an algebraic group U, (L, f) over K
such that U,(L, f)(K) = U(L®™) (where LP" is equipped with h); if = is nontrivial,
then Uy, (L, h) is a subalgebraic group of GLg,(K). Similarly, there is an algebraic group
SU,(L, h) over K such that SU,(L,h)(K) = SU(L®"). In the case that L is a number
field, Un(L, h)(Ok) = U(OF™) and SU,(L, h)(Ok) = SU(OF™). See [29, Section 2.3.3]

and [43, Section 3] for relevant discussions about these algebraic groups.

Proposition 5.3.1. Let L be a number field with an involution =, let K = L, let h be
a nondegenerate (£1)-Hermitian form on L®", and let T C U(L®") be a finite index
subgroup. For a (finite) place v of K, let Or, = Ok, Qo Or, which has a v-adic
topology. Assume that the set of « € O such that o - @ =1 is finite. For all but finitely

many finite places v of K, the closure of the image of T in U(O?Zﬁ) contains SU(O?Z).
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Proof. If an an L-automorphism ¢ of L®" preserves h, then detp* - det = 1. Note
that I' N SU(OF™) is the kernel of the map I' — {a € Of : a-a@ = 1} sending ¢ to
det ¢, so I NSU(OF™) has finite index in I', which has finite index in U(L®™). Therefore,
I'":=T NSU(OF") has finite index in SU(OF").

The algebraic group SU,, (L, h) over K is geometrically connected |29, Proposition 2.15]
and hence connected, so it is the identity component of U, (L, h). By [29, Proposition 7.4],
SU, (L, h) has the weak approximation property (see [29, Section 7.1]). In particular, the
map [,crrrcx SUn(L, h)(Ok) — SUy (L, h)(Ok,y), which is identifiable with SU(OF™) —
[Toenr, SU(O%;L)), has dense image, where M denotes the set of inequivalent valuations on
K. Suppose that vy, ..., v, are finite places of K such that the image of I under the maps
SU(OF™) — SU(O%’Z) are not dense. Identifying the v; with their corresponding primes
of K, there exist integers ki, ...,k such that the image of I" under f; : SU(O%") —
SU((Or /vF)®") is not surjective. Note that f : SUOP") — [, SU((Or/vf")®") is
surjective and that f(I') is contained in []; fi(I'). Since [SU((OL/vfi)@”) : fi(T)] > 2,
we have [SU(OF™) : I"] > 2™, so m must be finite. Therefore, there are at most finitely
many places v of K such that the image of I'" under SU(OF") — SU(O%’Z) is not dense,

i.e. the closure of the image of I in U(O?Z) contains SU(O%Z). O

In the case of interest, L is a cyclotomic field. We show that the set of elements of

a € Of such that a - @ =1 is finite.

Lemma 5.3.2. 1. An algebraic integer a whose Galois conjugates all have absolute

value 1 is a root of unity.

2. Let L be a finite abelian field over Q. There are only finitely many o € Oy, such that

a-a=1.

Proof. 1. This is proved, for instance, in expository notes by Wang-Erickson [45, Claim

in Proposition 13].

2. Given an embedding L — C, let - be complex conjugation. For any o € Gal(L/Q),
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we have

ola)o(a) =o(a)o(@) = o(aa) =o(1) = 1.

Therefore, there are only finitely many such « by .
O

Corollary 5.3.3. Let d > 2 be an integer, and write Z[(4] = Z[Cqlan. Equip Z[C®—Y
with the ez¢,-Hermitian form fL’,; In particular, |, |i=¢, : Bn — GLp—1(Z[Cq]) maps into

U(Z[Cd]@("*l)). If n > 2d + 1, then the closure of the image of the composition

B, 2=, 1z 20V - U(ZefC P

contains SU(Zy[Cq)® 1) for all but finitely many prime numbers .

Proof. This follows by applying Lemma and Proposition to the involution ring

factors Z[Ce]prim for e | d.
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Chapter 6

Counting Rational Points on

Hurwitz schemes over IFq

6.1 Hurwitz schemes

Let Conf/,/SpecZ denote the configuration space of squarefree degree n-divisors on P!.
Letting P7; be the projective n-space P, with coordinates ag : a1 : --- : ay, which alter-
natively parameterize binary forms agX"™ + a1 X" 'W + --- + @, W™ up to scaling, one
more concretely constructs Conf/, as the open subscheme of P where the discriminant
(A a; X" "W?") does not vanish.

For finite groups G, Romagny and Wewers [32, Theorem 4.11] constructed a scheme
Ha,n of finite type over Z with an étale cover 7 : H, g7z — Conf! . For any algebraically
closed field k, there is an Aut(k)-equivariant bijection between Hq (k) and the set of
isomorphism classes of tame G-covers of P1 with n branch points. Moreover, If z € Hc (k)
corresponds to a G-cover f : C — P}, then w(z) € Conf) (k) is the point parameterizing
the branch locus of f in P!. [32, Corollary 4.12] further establishes that, when G is center
free, Ha n(k) is in natural bijection with the set of isomorphism classes of G-covers with
degree-n branch locus defined over k.

We discuss Hurwitz schemes introduced in [15, Section 7.3] and [13, Proof of Proposi-
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tion 2.1] to generalize point counts over finite fields on these Hurwitz schemes carried out
in these papers to the case that G = A X Z/dZ where A is a finite {-group; note that these
papers mainly discuss the case when d = 2.

[15, Section 7.3] constructs a Hurwitz scheme Hng , parameterizing tame G-covers of
P! whose branch divisor in A! is of degree n — the branched covers may be either ramified
at oo or not. To construct such a Hurwitz scheme, let Conf,, be the configuration space of
configuration space of squarefree degree n-divisors on A'. Concretely, one can construct
Conf,, as the closed subscheme of Conf; | cut out by ag = 0, i.e. as the configuration space
of squarefree degree (n+1)-divisors on P! that contain co. Alternatively, one can construct
Conf,, as the open subscheme of Conf,, where a¢ does not vanish, i.e. as the configuration
of squarefree degree n-divisors on P! that do not contain co. Given a finite group G, take
Hng,, to be the disjoint union of He pi1 X Conf’, , Confy, and Han X confr, Confp.

If ¢ is a rational conjugacy closed subset of G, then there is a closed and open subscheme
Hurg,, € Hng,, parameterizing tame G-covers with monodromy of type c. In fact, if ¢
is F-rational and ged(q, |G|) = 1, then Hurg,,, can be constructed over Fy, cf. |14, the
discussion between Defintion 8.3 and Proposition 8.4]. In either case, note that Hurg,
parameterizes tame G-covers of P! branched at n points away from co with monodromy of
type ¢ — whether these covers are branched at oo and the monodromy types these covers

have at oo are not specified.

Remark 6.1.1. [15, Proposition 7.8] is stated when c is a rational conjugacy class. This
proposition also holds when the phrase ”rational conjugacy class” is replaced with the
phrase ", -rational conjugacy class” — either rationality condition is only needed to

ensure that Hng, , can be defined over F,.

We further define Hurwitz schemes of interest. In the case of interest, d > 2 is an
integer, ¢ = 1 (mod d), ¢ is a prime that does not divide ¢, G = A x (Z/dZ) where A is
a nontrivial Z¢[Cq] = Z¢[Cq)¢,1 module of finite cardinality, where 1 € Z/dZ acts on A
by (4, and where ¢ is the conjugacy class of elements of the form (a,1) € G. Note that ¢

is indeed a conjugacy class by Lemma A tame G-cover f : C — P} over a field k
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factors as C' L C/A LN P} where g is a tame A-cover and h is a tame Z/dZ-cover. If f is
also branched at n points of A}c with monodromy type ¢, then Proposition shows that
the ramification indices of f and h above these branch points are the orders of (a,1) € G
and of 1 € Z/dZ respectively. These orders are d since (1 — ;) is invertible on A. Thus,
g must be unramified above A,{:.

Moreover, the monodromy type of oo is of the form (a,—n (mod d)) where a € A
by Proposition and Proposition [3.1.7] Proposition [3.1.8 shows that the ramification
indices of h o g and h over oo are the orders of (a,—n) € A X Z/dZ and of —n € Z/dZ
respectively. If ged(n,d) = 1, then these orders are both d. In this case, h is totally
ramified above co and ¢ is unramified the point in C'/A above co. Note that such a tame
G-cover f over F, exists only if ¢ = 1 (mod d) by Proposition If d | n instead, h
must be unramified above oo, but g might be ramified above oco. In this case, we restrict
our attention to a Hurwitz scheme parameterizing exactly the covers f such that g is

unramified above oo.

Definition 6.1.2. Let d > 2 be an integer, let ¢ be a prime number not dividing d, let
G = A x (Z/dZ) where A is a nontrivial Z¢[(4] = Z[C4]¢,#1 module of finite cardinality
and where 1 € Z/dZ acts on A by (4. Note that G is center-free by Lemma Let
c={(a,1) € G:a € A}, which is a conjugacy class by Lemma [2.0.4]

For integers n > 1 that are either divisible by d or relatively prime to d and a prime

power ¢ coprime to d¢ such that ¢ =1 (mod d), define the scheme X,,/F, as follows:
e If (n,d) =1, then let X,, = Hng; .

e If d | n, then let X,, be the intersection of H"E‘,n with the open and closed subscheme
Hen Xconf, Confy of Hng . In particular, X, is the disjoint union of connected

components of Hng, ,,.

In either case, X,, parameterizes the covers f for which g is unramified above co. We will
later apply class field theory and Kummer theory to such g as appropriate. The fact that

G is center free and [32, Theorem 2.1] imply that Hng ,, is a fine moduli space.
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Proposition below generalizes [15, Proposition 8.7]; the latter is a special case of
the former when d = 2 and ged(d,n) = 1, and the proof of the former that we present
below is very similar to the proof of the latter.

Let k be a field. Given a finite field extension L of k(t), write Cly, for the class group of
Oy, the integral closure of k[t] inside L. Assuming that k is algebraically closed in L and
assuming that L has a k-rational point, this class group is isomorphic to Jac(Cr)(k) where
C', is the smooth curve over k corresponding to L — see [33, Theorem C(ii)] for more
details. This happens, for instance, over the base field k = F, if L = F,(¢)[y]/(y? — f(t))
for a nonconstant dth-power free polynomial f(¢) with (deg f(¢),d) = 1 since L is a totally
imaginary extension of Fy(t) by Lemma[3.2.1} Suppose further that Cf, is a tame (Z/dZ)-
cover of P! over k. Identifying (;y with 1 € Z/dZ = Aut(Cp/P'), there are actions of (4

on Jac(Cpr) and Cly, in this case.

Proposition 6.1.3. Let d > 2 be an integer, let £ be a prime number not dividing d, and let
Zyg[Ca) = Zg[Calcy1- Fiz A to be a Zg[Cq]-module of finite cardinality. Let G = A x (Z/dZ)
where 1 € Z/dZ acts on A by (g and let ¢ be the conjugacy class in G of the elements of
the form (a,1). Let q be a power of a prime not dividing d¢ such that ¢ =1 (mod d). In
particular, Fy contains a primitive dth root of unity and X,, is defined over IF,.

For each integer n > 1 coprime to d, there is a bijection between X, (F,) and the set of
isomorphism classes of pairs (L, ), where L is a Z/dZ-extension of Fy(t) of discriminant
degree n of the form L =Fq(t)({/f(t)) for some squarefree f(t) € Fyt], and where a is a
surjective homomorphism

a:Clp, — A

equivariant for the (g-actions. Here, two pairs (L,«) and (L', ') are isomorphic if there

exists an Fy(t)-isomorphism f : L — L' with f*a’ = a.

Remark 6.1.4. The squarefree condition on f(t) ensures that the Z/dZ-cover Cy, of P!
has consistent monodromy type over all branch points in A'. Moreover, the base field is

geometrically closed inside L = k(t)({/f(t)) for such an f(¢) because the points of Cf,



71

above the branch points in Al are all totally (tamely) ramified by Proposition and

Proposition [3.1.§

Proof. For L a 7Z/dZ extension of K := Fy(t), let {4 be the automorphism of L over K that
corresponds to 1 under the identification Aut(L/K) = Z/dZ. Let J, be the Galois group
of the maximal abelian everywhere unramified extension E/L with pro-¢ Galois group. In
particular, E/K is Galois and Gal(E/K) has Jr, as a normal subgroup. We show that the
subgroup N := <Z?;01 i(x):x€ JL> is a normal subgroup of Gal(E/K).

There is a short exact sequence
— (Jr, = Gal(E/L)) — Gal(E/K) — (Gal(L/K) = (¢4)) — 1,

and Gal(E/K) is isomorphic to Jr, x Gal(L/K). For elements (y,(3) € Jr x Gal(L/K),

d—
(y,¢3) - ( Calx > (y, )" <y+43<z ¢ )—y,0>

calculate

,_.

Thus, N is normal in Gal(E/K) as desired.
Now let Fp, be the fixed field of E' by N. In particular, Fy /K is also a Galois extension

and there is a short exact sequence

1—J;, — Gal(FL/K) — Gal(L/K) — 1. (6.1.1)

where J} := Gal(F/L). There is also a short exact sequence

1 — Gal(E/FL) — Gal(F/L) — Gal(F/L) — 1
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of abelian groups. This short exact sequence is identifiable with
1= N—=J,—J,—1

and hence J; is the quotient of Gal(E/Fy) by N. Since Jz, is a pro ¢-group by definition,

J; is also a pro ¢-group. Furthermore, the sequence (6.1.1)) yields an isomorphism
Gal(FL/K) = Ji X <Td>. (612)

where 74 is any element of Gal(Fr,/K) that reduces to (4 in Gal(L/K).
Class field theory (see e.g. [41, Theorem 1.1.4] for a statement) yields a short exact
sequence:

(CIL)Z — JL - Zg (613)

where (Cly)y denotes the Sylow-¢ subgroup of Cl; and Zy is the pro-f part of 7 =
Gal(F,/F,). Moreover, the surjection J; —» Z; is identified with the homomorphism
(m$1(Cp))* — mSt(SpecF,) induced by the structure morphism C;, — F,. Note that ¢,
acts compatibly on all groups in the above short exact sequence.

Note that (; acts trivially on Zg, SO Zj:_ol Cfl acts as d on Zy and in particular acts as

an automorphism. Apply the snake lemma to

0—— (CIL)g > Jr, Zy 0
lzf:ol ¢ lz?_ol ¢ lzf;& ¢
0—— (CIL)g > Jr, Zg 0

to conclude that the cokernels of Z?;ol i acting on (Cl); and Jy, are isomorphic, i.e.
Jr/ (Z?:_ol é) Jr, = (Clp)e/ (Z?:_ol é) (Clz)e. The former of these groups is J;. More-
over, for any fractional ideal I on Or, the product H?:_()l C4(I) is an extension of a frac-

tional ideal from K and hence is principal, i.e. is trivial as an element of Cly. Therefore,
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(Clp)e/ (Z?:_OI é) (Clp)e = (Clg)g, so we have a (g-equivariant isomorphism
J; = (Clp)y. (6.1.4)

Thus, given a pair (L, o) where L is an imaginary Z/dZ-extension of () of discriminant
degree n, and « : Cl, — A is a (g-equivariant surjection, composing a with above
yields a (g-equivariant surjection f, : J; — A. This map f, extends to a surjection
Ji 0 (1q) — A % ((g) by sending (id,74) to any element of the form (a,(z). Such a
surjection is identifiable with a map g, : Gal(F/K) — G by . Moreover, since all
elements of A x ((4) of the form (a, ;) are conjugate under A by Lemma [2.0.4] the choice
of g, is unique up to A-conjguacy.

Now let F,, be the fixed field of ker(g,). It is a Galois extension of K with an isomor-
phism Gal(F,/K) = G defined up to A-conjugacy. Moreover, F, is algebraically closed
inside F,. In other words, given the pair (L, ), there is an associated geometrically
connected curve Y, whose function field is F,, together with a cover Y, — P! and an
isomorphism g,, : Aut(Y,/P!) — G.

Note that F,/L is everywhere unramified because F, is a subfield of E, which is by
definition everywhere unramified above L. Thus, the ramified places of F,,/ K are the same
as those of L/K and the ramification degrees of F,, /K are the same as those of L/K. In
fact, the condition that L is of the form F,(¢)({/f(t)) for some squarefree f(t) € F,[t] and
Proposition imply (with an appropriate choice of topological generator of Z(l)) that
the monodromy types above the branch points of C;, — P! in Al are all 1 € Z/dZ and
that the monodromy type above oo is —n € Z/dZ. By Proposition the monodromy
types above the branch points of Y, — P! in Al are all in ¢ and the monodromy type
above oo is of the form (a,—n) € G.

The isomorphism class of the G-cover of P! defined by (Y4, gs) does not depend on
conjugating g, by elements of A. To see this, let (Y., g.,) be another pair obtained via

such a conjugation, say by (z,0) € A x Z/dZ = G. In other words, starting from the
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surjection fo : J; — A, if g : Gal(F,/K) — G sends 7 to (y,1), then g/, sends 7 to

(2,0)(y, 1)(,0)~

where i — @; : Z/dZ — Aut(A) denotes the action of Z/dZ on A determining G. Letting
F, and F/, respectively be the fixed fields of ker(g,) and ker(g.,), we obtain isomorphisms
Gal(F,/K) ~ G and Gal(F!//K) ~ G. These isomorphisms are naturally identified with
isomorphisms g, : Aut(Y,/P') — G and ¢, : Aut(Y./P') — G where Y, and Y respec-
tively are the curves associated to F, and F},.

To summarize, given an isomorphism class of a pair (L, ), we have produced a tame
G-cover F,, — P! defined over [F, branched at n points in A above which the monodroy

types are c. In turn, such a cover corresponds to a point of X,,(F,), so we have a map

{(L, &)}/ (isomorphism) — X, (F,). (6.1.5)

Now we produce an inverse of this map. Given a point of X,,(F,), write X — P! for the
corresponding tame G-cover branched at n points of A! with monodromy of type c¢. By
the discussion leading up to Definition and by the construction of X,,, the quotient
map X — X/A is étale.

Let L be the function field of X/A. By Proposition L must be of the form
F,(t)[y]/(y? — f(t)) for some squarefree f(t) € Fy[t]. Applying class field theory to the
étale cover X — X/A yields a (4-equivariant homomorphism « : Cl; — A and this
construction yields the inverse map to as desired. Thus, there is indeed a bijection

as claimed. 0

Remark 6.1.5. When d is coprime to n, the points of X,, parameterize totally imaginary

7] dZ-extensions L of F(t).
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6.2 Big monodromy hypotheses

We begin this subsection by motivating big monodromy results which imply the conclusion
of Theorem when they hold. Fix a positive integer d and a fixed prime power g = 1
(mod d). Given a positive integer n, let &,, be the set of isomorphism classes of extensions
L of F(t) of the form Fy(t)[y]/(y? — f(t)) where f(t) € F,[t] is squarefree and of degree n.
Moreover, for an abelian ¢-group A with a ((4)-action and a Z/dZ = ({y)-extension L of
Fy(t), write ma(L) for | Surg,c,.,(Cl(OL), A)|. If A is in fact a Z¢[Cg]¢,1-module, then
note that ma(L) = |SurZe[Cd]gd¢1(Cl(OL)’A)|'

Theorem below, like its predecessor [15, Theorem 8.8], asymptotically counts F,-
rational points of X, to relate ) 7, . ma(L) and |&,[. The proof of the theorem achieves
this point count by using the Lefschetz trace formula and by considering the traces of Frob,
on Hﬁ(Xn XF, Fq,(@r) for the cases j < 2n and j = 2n separately. Ellenberg, Venkatesh,
and Westerland’s cohomological stability results for Hurwitz spaces and schemes ([15}
Theorem 6.1, Corollary 6.2, Proposition 7.8]) bound the terms given by j < 2n. On
the other hand, the trace of Frobenius for the j = 2n term is precisely identified by
showing that X,, xp, ﬁq has precisely one [F-rational connected component, assuming an
appropriate big monodromy result.

In general, one can discuss the mod-¢ or ¢-adic monodromy representations of abelian
schemes generalizing notions of Galois representations. See [2, Section 3.1] for a more
expansive discussion of such representations. Let X/S be an abelian scheme of relative
dimension g over an irreducible base S. For any rational prime ¢ invertible on S and
k > 1, the £*-torsion subgroup X [¢¥] is a finite étale cover of S and hence 7{t(S, s) acts on
X [¢*] for any geometric point s of S. In fact, this action respects the additive structure

on X[¢¥], so there is an induced monodromy representation
Px 8500z ¢ TS (S, 8) = Aut(X[(*]5) =2 GLyg(Z/(*Z). (6.2.1)

The isomorphism class of the image of px_, g ; o+ is independent of the choice of base point
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s. Taking the inverse limit over k yields a continuous representation of the ¢-adic Tate
module of X:

PXs5i5z0 TS, 8) = lim Aut(X[F],) = GLag (Zy).
k

Let My pz(X — S,s) and Mz,(X — S,s) respectively be the images of px_, g7 /e7
and px_,9,7, and call them the mod-#* and ¢-adic monodromy groups of X — S. If the
abelian scheme X over S is clear in context, then denote the monodromy representations
by pg.sz/002 and ps sz, and the monodromy groups by My 7 (S, s) and Mgz, (S, s) respec-
tively. Note that the isomorphism classes of the monodromy groups do not depend on the
base point s, and we sometimes omit s when notating these groups.

If more conditions are specified, then the image of the monodromy representations
may be contained in smaller linear groups. For example, if X is principally polarized,
then in fact the image of px_5sz, is contained in GSpy,(Z¢), the group of similitudes
of (T¢X)s,w), where w : TyX x TyX"V — py g is the f-adic Weil pairing. Moreover, if a
primitive th root of unity exists globally on S, then (S, s) acts trivially on p g, so the
image of px_,57, is contained in SpQQ(Zg).

Given a relative proper semi-stable curve ¢ : C' — S, the identity component Pic?(C) :=
Pic% /s of the relative Picard functor of ¢ is a semiabelian scheme [9, Proposition 4.3] (cf.
[4, Theorem 9.4.1]). For a geometric point s of S such that Pic?(Cy) is an abelian vari-
ety, there is a nonempty open neighborhood S* of s such that Pic’(C|g+) is an abelian
scheme over S*. By |4, Example 9.2.8], s is such a point whenever Cj is a tree of smooth
curves. Define the mod-¢¥ and Z, monodromy representations of C' (with respect to S*)
to be those of Pic’(C|g+) — S*, and define the monodromy groups My 7 (C — S, s) and
Mz,(C — S, s) to be the images of these representations. We omit C' in these notations
when the curve C' is clear in context. The monodromy groups do not depend on the choice
of S* by Lemma below — in general, if X < Y is an open dense embedding, then
the induced map of étale fundamental groups is a surjection by [Stacks, 0BNG].

One can generalize such notions of monodromy representations and monodromy groups

to families of abelian varieties over algebraic stacks & by generalizing the formalism of
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étale covers over to stacks; note that |28] studies fundamental groups of algebraic stacks
by establishing that the category of Galois étale covers of an algebraic stack is a Galois
category.

Informally speaking, a “big monodromy theorem” would state that the image of a mon-
odromy representation is “not much smaller” than the linear group that is the codomain
of the representation. Some big monodromy results in the literature include those in [43],
[48], [2], [18], [20].

In cases of interest, X will be the identity component Pic% /s of the relative Picard
group of a proper family of smooth curves over a base scheme S. Given n > 1, recall from
Section [6.1] the construction of Conf,, as the closed subscheme of Conf), ; with ag = 0 and
as the open subscheme of Conf], with ag # 0. Here, let Z[Cq] = Z[C4]prim- Let C,, be the

smooth proper curve over Conf,, Xz Z[1/d, (4] birational to the plane curve

Vo= a1 X"+ ao X" W+ -+ an1W"™ if d{n; embed Conf, into Conf’nH
Y= qoX"+ a1 X" W + -+ + a, W if d | n; embed Conf,, into Conf).
(6.2.2)
In either case, the branch locus of C, as a cover of IP’[lX:W} is of degree n away from
oo = [1 : 0]. Moreover, C,, has a Z/dZ-action where 1 € Z/dZ sends ([X : W],Y) to
([X : W],(3Y). For any prime ¢, any Z[1/(dl), (4]-algebra R, and any geometric point s

of Conf,, xz R, we have a monodromy representation
m{"(Confy Xz R, s) = lim Aut(Picg, /conf, x, r[(]s) C Gliag(Ze) (6.2.3)
k

where g is the genus of C,. In fact, the image of the above monodromy representation lies
in Spy, (Zy) and further lies in U (V') (see Section [4.2|for notation) where V' is the Zy[(4)¢,21-
module Ty PicO(C’n\ s) equipped with a Hermitian form induced by Proposition from
the Weil pairing w on V' and the Z/dZ-action on C,,.

We will compare monodromy groups with one another to deduce that the largeness

of one implies that of another. We do so by recognizing that monodromy representations
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factor one another or, in other words, that monodromy representations respect natural

maps of fundamental groups.

Lemma 6.2.1. Let T — S be a morphism of irreducible schemes. Let X/S be an abelian
scheme. For any geometric point t of T, let s be the induced geometric point of S. For

any rational prime £ invertible on S, the diagram

i (T, t) —— Aut((X x5 T)[¢*];)

| !

Wft(S, §) —» Aut(X[ék}s)

commutes, where the horizontal maps are the mod €% monodromy representations. More-

over, under the identification Aut((X xg T)[¢¥];) = Aut(X[¢*],),
1. The monodromy group of X/S contains the monodromy group of (X xgT)/T

2. If m{{(T,t) — w{(S,s) is surjective, then the monodromy group of X/S coincides

with the monodromy group of (X xsT)/T.

Proof. The action of 7$%(S,s) on the finite étale cover X[¢¥] of S naturally induces an
action of ' (T, t) on the finite étale cover X [¢¥] x¢ T = (X xgT)[€¥] of T, so the diagram

commutes. In particular, the image of the composed homomorphism
(T, t) — 78S, s) — Aut(X[¢*],)
is contained in the image of its factor
7S, s) — Aut(X[0*],).

If 78T, t) — m$*(S, s) is surjective, then the images in fact coincide. O

Corollary 6.2.2. Let S be a normal integral scheme and let X — S be an abelian scheme.
Let n be the generic point of S and let ) be the spectrum of an algebraically closed extension

of K := k(n). For any rational prime ¢ invertible on S, the monodromy group of the
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representation Py, x « on 7.2,/ Gal(K/K) = 7fl(n,n) — Aut(X[¢¥];) coincides with the

monodromy group of px_.s57/e7, (X, 1) — Aut(X[(*]5).

Proof. By Lemma it suffices to show that the homomorphism Gal(K /K) = 7$t(n, ) —

74X, n) is surjective, which is true by [Stacks, Tag 0BQM]. O

Now let R = F, for a prime power ¢ coprime to ¢d. Let n be the generic point of
Conf,, Xgpecz SpecFy, and write K,, for the function field of . The embedding n —

Conf,, Xspecz SpecFy induces from a monodromy representation
ﬂft(n, i) — Wft(Confn Xz Fq, 1) — %nAut(Pic%n/conanZFq [ék}ﬁ)
which we identify with the Galois representation
p: Gal(K, /Ky,) = 7t (n,7) — lim Aut(Picg, /., [*]7) (6.2.4)
k

via Lemma We will need big monodromy results for such Galois representations
in the proof of Theorem Corollary shows that the monodromy groups of the

representations (6.2.3) (after choosing s = 7) and ([6.2.4]) coincide, so big monodromy
results for (6.2.3)) are equivalent to those of (/6.2.4))

Write V;, for the codomain lim, Aut(Pic%n K [¢¥]7) of the above Galois representation.

Note that there is a short exact sequence
Gal(K, /F,K,) — Gal(K,/K,) — Gal(F,/F,).

The actions of Gal(K,,/F,K,) and Aut(Cy,/Pj ) = (¢4) on V,, both preserve the Weil
pairing w : V,, x V;, — Zy(1). In particular, the Weil pairing induces a Hermitian form
via Proposition on V,, that Gal(K,/F,K,) preserves. Recalling notation from Sec-

tion [4.2, we thus have

1 (Gal (B, /F,K,)) C U(V,).


https://stacks.math.columbia.edu/tag/0BQM
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Moreover, if F is an element of Gal(K,/K,) lying over Frobenius in Gal (Fq /Fq), then
w(F) lies in GUy(V;,). In particular, u(Gal(K,/K,)) C GU(V,). Due to Propositionm
and its consequences Corollary and Proposition big monodromy results that
state that the image p contains SU(V,,) will suffice for our purposes.

To obtain this desired big monodromy result in the above characteristic p setting, we
first use [43] to show that the complex analytic ¢-adic monodromy representation has large
image. The base change of the family C, defined in to C is an algebraic family
f:C,®C — Conf,, ®C of algebraic manifolds, which is a fibration. In general, given a fi-
bration f : X — Slet f~!(s) be a typical fiber of this family. The topological fundamental
group 71(S(C), s) acts on the cohomology group H™(f~'(s),Z), and this action is called
the monodromy representation on H™(f~1(s),Z). In the case that f: X — S is a family
of smooth projective complex algebraic curves and £ # p is a prime, the monodromy rep-
resentation on H'(f~!(s),Z) induces an action of H'(f~1(s),Z/¢*7) = H' (f~(s),Z) ®z
Z/t*Z compatible with the monodromy representation pp;.o XS,52/057, (S, 5) —
Aut(Pic® X,[*]) defined in under the identifications m¢*(S,s) = Wl(g(_@\), s) |16l
Exposé XII, Corollaire 5.2] and Pic® X;[¢%] = H} (X, Z/F7) = HY(X4(C), Z/ﬁkZ Note
that 71 (Conf,,(C), s) = B,.

Let PConfﬁl/Z and PCoanS1 /Z respectively be the ordered configuration schemes of
labeled n-tuples of distinct sections of A' and P'. We write PConf,, for PConfﬁl. More
concretely, these schemes can be constructed as open subschemes of (A!)" and (P')"
described by n-tuples (p1, ..., pn) where p; # p; for any i # j. Note that there is a Galois,
étale Sy-cover PCom‘ﬁ1 — Conf,, sending (p1,...,pn) to (X —p1)--- (X — pp). This
cover induces a normal injection 7¢*(PConf,,s) — 7$'(Conf,,s) with cokernel S,. The
topological fundamental group 71 (PConf,,(C), s) is the pure braid group P,. Hence, pulling
back the family f : C), ® C — Conf,, ® C of curves over to PConf,, ® C, the monodromy

representation of 7 (PConf,(C), s) = P, is the restriction of that of 71 (Conf,,(C),s) = B,

!To see the identification Pic® X[¢*] = HE (X, Z/¢"Z), note that HE (X, Gp) = Pic(Xs) |26, Theorem
13.7] and use the long exact sequence in étale cohomology for the Kummer exact sequence 0 — ¢ — G, —
Gm — 0. The identification HY (X, Z/¢"Z) = H*(X,(C),Z/¢"7) is by [10, Exposé XVI, Lemme 4.4], cf.
[26, Theorem 21.1]
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under the injection P, — B,,.

Note that PCom‘ﬁ1 is identifiable as the closed subscheme of PConfElﬂ in which the
last section is co. The induced embedding of complex points is the fiber of co € P!(C) of
the fibration PConfEil(C) — P1(C) sending (p1,- .., Pn+1) t0 pnt1. This fibration induces

an exact sequence 771(PCom‘§1 (C),s) — ﬂl(PConfﬁil(C), s) — w1 (PY(C)) = 1. Therefore,

Lemma 6.2.3. The embedding of PConfﬁ1 (C) into PConfElﬂ(C) induces a surjection
of fundamental groups. By the comparison of topological and étale fundamental groups
(16, Ezposé XII, Corollaire 5.2], the embedding of PCom‘ﬁ1 x C — PConfEll induces a

surjection of étale fundamental groups.

The following is due to [43, Theorem 1|, which follows from [43, Proposition 24] after

applying Poincaré duality.

Proposition 6.2.4. If n > 2d + 1, then the image of the monodromy representation of
71 (Conf,(C), s) & By, on HY(Cy,) is a subgroup of finite index in U(H*(C,,)).

Corollary 6.2.5. Foralld > 2, for alln > 2d+1, there exist finitely many prime numbers
¢ 1 d such that the closure of the image of m (Conf,(C),s) under the £-adic monodromy
representation on H'(C,,,Z;) contains SU(H(Cy,Z¢)). The same holds with PConfﬁ1

replacing Conf,,.
Proof. Combine Proposition Proposition [5.3.1, and Lemma [5.3.2 O

In the above statement, the prime numbers ¢ a priori depend on d and n. To prove
Theorem and Theorem we will need a stronger statement, in which ¢ does not

depend on n:

Theorem 6.2.6. Let d > 2 be an integer. For all but finitely many prime numbers
¢, and for all n > 2d + 1, the closure of the image of w1 (Conf,(C),s) under the (-
adic monodromy representation on H'(Cy|s,Z¢) contains SU(HY(Cy,Zy)). Equivalently,
Mz, (Conf,, x C,s) 2 SU(H(Cy|s,Zs¢)). The same holds with PCom‘ﬁ1 replacing Conf,,.
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2] studies (among other moduli) the moduli M, where G = Z/dZ for prime numbers
d, parameterizing labeled admissible stable G-curves (C/S,t,n). We are additionally
interested in the possibility that d > 2 is not necessarily a prime number. [2, Lemma 2.2]
establishes that Mg is a smooth, proper Deligne-Mumford stack over Spec Z[1/d, (4] and
the subspace MVOG parameterizing smooth curves is open and dense; the lemma in fact
holds for any d > 2. Given a class vector v : {1,...,r} — Z/dZ — {0} of length r, the
substack MVZ; of Mg for which (C/S,1p,m) has class vector - is an irreducible connected
component [2, Lemma 2.3]. In the case that d > 2 is not necessarily prime, the proof of
the lemma generalizes immediately by replacing /WZ;O with its open and dense subspace
of smooth curves C' whose r branch points have distinct images in C/1o(G).

Further write /K/lvg,r for the moduli of triples (C/S,=Z,n) where C'/S is a semi-stable
curve of genus g, = is a mark of degree r on C' such that (C/S,Z) is stably marked, and

n is a labeling of Z. There is a clutching map [23, Definition 3.§]

Mgl,ﬁ X M927T2 - M91+927T1+T’2—2

which glues curves C7 and C5 over S together at the last section of C7 and the first section
of Cy. The composition of MZ} X ./WZ? — ./\7%7«1 X ./WQMQ with the above clutching map
glues two labeled admissible stable G-curves (C;/S,to4,1;) to obtain a labeled G-curve
C/S with class vector v = (71(1),...,71(r1 — 1),72(2),...,72(r2)). By |11, Proposition
2.2], C'/S is equivariantly smoothable if and only if v;(r) = —72(1) (mod d), in which
case one says that (y1,72) deforms to -y or that v degenerates to (y1,72). Assuming that
v1(r) (and equivalently ~2(1)) is relatively prime to d, the covers C; — C/ip1(G) and
Cy — C/192(G) are totally ramified above the branch points corresponding to 71 (r;) and
~2(1) respectively. In particular, there is exactly one point above each of these branch

points, so the clutching map induces a well-defined map

K MY x ME — MY, (6.2.5)
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[2, Theorem 3.4, Theorem 3.8] use the above clutching map (6.2.5)) to prove big monodromy
statements for d = 2, 3 by inducting on the length of v. We use these same inductive ideas
to prove Theorem using the results [43] to establish base cases.

Before doing so, let 7, be the class vector

(1,...,1,—n (mod d)) ifn#0 (modd)

n times

(1,...,1) ifn=0 (mod d).
——

n times

Tn =

Write (MVZ;)O for MVZ, N Mvo, which is the open and dense subspace of ./K/lvé of smooth
curves, and write (Mg)max for the open and dense subspace of /T/l/g of curves whose
relative Picard scheme is a family of abelian varieties. By definition, M, /Ekz(ﬂg, s) is
M, /gkz((ﬂg)max, s). Note that (Mvg)max includes trees of smooth curves by [4, Example
9.2.8].

There is an embedding ¢, : PConf, — (/Wz;”)o sending (p1,...,pn) € (AD)" to the
projective curve given by the affine equation y? = (x—p1)--- (x—pp); such a curve indeed
has class vector -y, by Proposition Moreover, the tautological curve over (//\/lvg")o
pulls back to n under ¢,,.

Lemma shows that the embedding ¢, ® C induces a surjection on étale funda-
mental groups. Since the embedding (/K/lvg)o x C— (//\/lvz;)““"X x C is open and dense and
hence induces a surjection on étale fundamental groups as well, the composed embedding
PConf,, ® C — (Mg)max x C also induces a surjection on étale fundamental groups. By

Lemma , this in turn shows that My (PConf, x C,s) = MZ/WCZ(/\?% x C, s).

Lemma 6.2.7. Letd > 2, and n > 2 be integers. For any geometric point s € PConf,, x C,

the map v, induces a surjection on étale fundamental groups.

Proof. If n =0 (mod d), then ¢, is an open dense embedding, as the points of PConf,, and
correspond exactly with the points of (/WZ;")O parameterizing Z/dZ-covers of P! unramified

above co. Therefore, ¢, ® C induces a surjection on étale fundamental groups [Stacks,
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OBN6].

If n # 0 (mod d), then ¢, is identifiable with the closed embedding PConf, —
PConfgj_l mentioned before Lemma Note that PConfEil can be identified with
(./’\/TC’;")O by sending (p1,- .-, pn,Pns1) € (PH™ to the Z/dZ-cover of P! ramified at each p;

with monodromy type 7,(7); the affine equations for such a cover can again be obtained

via Proposition ]

Proof of Theorem[6.2.6. By Lemma [6.2.1] it suffices to prove the theorem for PConf,,.
For all but finitely many primes ¢ and for all 2d + 1 < n < 3d + 1, the closure of the

image of 1 (PConf,(C), s) under the ¢-adic monodromy representation on H'(C,,|s, Z¢) =

Pic?(Cy,|s)[¢] contains SU(H'(Cy|s,Z,)) by Corollary Let £ denote this set of all

but finitely many primes ¢. Equivalently, by Lemma [6.2.1{[2)) and Lemma
Mz, (MY x C,s) D SU(T; Pic®(Cy|s) (6.2.6)

forall2d+1<n<3d+1and/{c L.

Inductively suppose that the containment holds for all 2d +1 <n <m —1 for
some m > 3d+2. Given class vectors g, 7, deforming to v and points s; € .K/lvg’ (C) fori =
a, b, write s = K(sq, s) where £ is the clutching map (6.2.5)). [2, Lemma 3.1] (generalized to
the case where d is not necessarily prime) shows that (x® C)* Pic®(C")[¢] = Pic®(C™)[¢] x
Pic?(C2)[¢] and that Mz/gz(/i</{/lvz; X ./K/lvg’), s) is a subgroup of MZ/KZ(MVE, s).

We have a commuting diagram of clutching maps:

K

A A Yd+1 A A Yd+1 A A Ym—2d—2 R pAqYd+1 A g Ym—d—1
MET x MET x M, — Mg x Mg

[ |

A A V2d+2 A A Ym—2d—2 A Ym
MEH2 5 MY M,

Write (s1,82,83) € (MU x MU x ME2272)(C), write s € MZ" for the image
of (s1,89,53), and write Vi, Vs, V3,V be Pic?(C)[f] for the curves C' parameterized by
s1, 82, 83, s respectively. We then have the decomposition V =V, 1L Vo L V3 as Hermitian

spaces. By the inductive hypothesis, MZMZ(]\/IV%Q“Q) and MZ/EZ(MVg"_d_l) respectively
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contain the SU(V; L V3) and SU(V, L V3). By |2, Lemma 3.2(b)(ii)], MZ/EZ(MVg"‘) S5
SU(V). A subgroup of SU(Z) surjecting onto SU(Z/¢) is SU(Z,) itself (see the proofs of
[2, Corollary 3.5, Corollary 3.10]), so in fact Mz, (Mvém) D SU(T, Pic(Cyls))- O

Now we convert the big monodromy result of Theorem [6.2.6] into characteristic p by

appealing to the theory of tamely ramified fundamental groups.

Proposition 6.2.8. Let d > 2, and n > 2 be integers. Given a prime number £ td and a

prime number p { dl, we have My g7 (PConf,, x C) C My /7 (PConf;, X Fp).

Proof. A Kiinneth formula [36, Lemma 16.1.2] shows that 7$*(PConf,, xC, s) = n¢*(PConf,, x
Q, s) = 7t (PConf,, x @p, s), where s is a Q-point of PConf,,.

Moreover, [15, Lemma 7.6] constructs a smooth and proper compactification XWE| of
PConf,, over Z such that X,, \ PConf, is a relative normal crossings divisor. As per |16,
Exposé XIII, 2.1.0, 2.1.3], one defines from the open embeddding PConf,, — X, the
tamely ramified fundamental groups w{* of PConf,, over base schemes S. In particular,
m$*(PConf,, x Q,, s) = 7' (PConf, x Q,,s) as all ramifications are tame in characteristic
0.

Write Z,™ for the valuation ring of Q™. Given a specialization 51 — §3 of geometric

points of Z™, we have a specialization morphism [16, Exposé XIII, 2.10]
m(PConfys,, a1) — mi(PConf, x ZU ay) = i (PConf,, x ZU™, ag) & i (PConf,s,, as).

where a; is a geometric point of PConf, s, = PConf, x 5; for ¢ = 1,2. Letting 5; =
Spec@ = Spec @p and Sp = SpecF,, this specialization morphism is a morphism
i (PConf,, x @, a1) — m{(PConf, x Fp, a).

We show that the mod ¢*-monodromy representations of PConf,, (over a base scheme S
of characteristic not ¢ such that PConf,, x S is a normal integral scheme) factor through the
natural surjections 7¢*(PConf,, x S, s) — n{*(PConf, x S, 5), i.e. that these representations

are tamely ramified in X,. Since Pic’(C,,/PConf, x S) is an abelian scheme, J[{] :=

2Not to be confused with the Hurwitz scheme which we have been denoting as X,,.
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Pic’(C,,/PConf,, x S)[f] is finite étale over PConf, x S. For J[/] to be tamely ramified
along X, \ PConf, would mean the following [40, Definition 5.7.1.5]: for each divisor
D of X not in PConf, and for each connected component Y of J[¢], the closed points
of the normalization of Spec(Ox,, p) in the function field K(Y') has ramification indices
prime to the characteristic of k(D). Take T' — PConf,, x S to be the normalization of
the compositum extension of the function fields of the connected components of J[¢]. In
particular, J[¢] xg T = Z/{7Z?9 as abelian schemes over T where g is the genus of C,,.
Thus, the ramification index of Spec(Ox,, p) in K(T) must divide £29 and hence the same
must be true of any ramification index of Spec(Ox,, p) in any K(Y). Since S is assumed
to be of characteristic not ¢, J[¢] is tamely ramified alongX,, \ PConf,. We apply this to
S =Qp, Zy™, Fp.

To summarize, we have the following sequence of group homomorphisms all of which

have compatible mod ¢#*-monodromy representations:
75 (PConf,, x C,s) = m{t(PConf,, x Q,,s) — 7{"(PConf, x Q,,s) — mi*(PConf, x F,,s").

The image of Wft(PConfn x C, s) under its monodromy representation is thus contained in
the image of 7! (PConf,, xF,, ') under its monodromy representation. The former image is
Moz, /g7, (PConf,, xC). Since n{*(PConf,, xF, s') naturally surjects onto 7{"(PConf,, xF,, s'),

the latter image equals My g7 (PConf,, x F,). O

Corollary 6.2.9. Let d > 2. For all but finitely many primes £ 1 d, for all n > 2d + 1,

and for any prime power q coprime to £d, we have
w(Gal(K,/F,K,)) 2 SU(V,),

where K, and p are as in (6.2.4]).

Proof. By Corollary the image of 1 coincides with the monodromy group Mz, (Conf,, x
F,). By Theorem and Proposition Mz, (PConf,, x F,) contains SU(V;,). The

morphism PConf,, — Conf,,, which forgets the ordering of each configuration, induces a ho-
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momorphism 7t (PConf,, xFg, 5) — 754 (Conf,, xF;, §) and hence an inclusion Mz, (PConf,, x

F,) € Mg, (Conf,, x F,). Therefore, Mz, (Conf, x [F,) contains SU(V},).

6.3 Counting surjections from class groups

Recall some notation at the start of Section[6.2] We first state Theorem by including
a big monodromy condition as an assumption in the hypothesis. We then state Corol-
lary which applies Corollary to Theorem to remove the big monodromy
condition in the hypothesis at the cost of restrictions on d, ¢, and n. If future works
should strengthen the big monodromy results of Section by allowing for more general
combinations of d, £, and n, then Corollary can be strengthened as well.

Theorem 6.3.1. Let d > 3 be an integer, let £ be a prime number not dividing d, and let
Zg[Ca) = Zop[Cal¢ 1. Fiz A to be a Zy[(q)-module of finite cardinality. There are constants

By a, Cap.a, and Ngp 4 such that

L
> res, ma(L) 1 SCaz,zz,A

|Gl - Vi

for all n,q such that
e n is relatively prime to d,

g =1 (mod d) is a prime power,

V> 2Bgea, n> Ny a,

¢ does not divide 2dq(q — 1), and
e SU(V,) C u(Gal(K,,/F Ky,)).

In fact, it suffices for Ngga = 2r + 3 if A is a quotient of Zg[Cq)®".
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Corollary 6.3.2. Let d > 3 be an integer. For all but finitely many prime numbers £ 1 d,
for any module A of finite cardinality for the ring Zs[(q] = Z¢[Cdlc, 21, there are constants

Baya, Capa, and Ngg 4 such that

L
> res, ma(L) 1 <Cd,€,A

=N T Ve

for all n,q such that

e n is relatively prime to or divisible by d,
e ¢ =1 (mod d) is a prime power,
® \/q>2Bgsa, n> Ngga, and
e ( does not divide 2dq(q — 1).
In fact, it suffices for Ngp 4 = max(2d + 1, 2r + 3) if A is a quotient of Zg[Cq)®".

Remark 6.3.3. In the proof of Theorem below, note that the condition n > 2r 4+ 3
is used to apply Corollary

Remark 6.3.4. The below proof of Theorem is based on the that of [15, Theorem
8.8]. The main difference between the two proofs is that the former proof needs to account
for (4-actions in general whereas the latter proof only needs to do so for d = 2, i.e. when
(4 = —1. In particular, the latter proof counts surjections between Zs,-modules and the
former proof counts surjections between modules over Z[(4] = Z¢[C4)¢,-—1. Moreover, the
(-adic Weil pairing on Jac(C}p), where C7, is the Z/dZ-cover of P! corresponding to a imagi-
nary Z/dZ-extension L of Fy(t), is a symplectic pairing w : Ty Jac(Cp,) xTy Jac(Cr) — Z¢(1)
that is also preserved by the (; action, i.e. w((4v,(qw) = w(v,w). Such a symplec-
tic pairing gives rise to a Hermitian pairing by Proposition since Ty Jac(Cp) is a
Zy[Cq]-module by Lemma In contrast, the ¢-adic Weil pairing for the Jacobian of a

hyperelliptic curve is merely a symplectic pairing.

Proof of Theorem[6.3.1 Let H' denote ith étale cohomology group and let H: denote the

the ith compactly supported étale cohomology group.
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Note that if A is the trivial group, then the LHS of the desired inequality is 0. Now
assume that A is nontrivial.

Let G and ¢ be as in Proposition In particular, there is a bijection between
X, (F,) and the set of isomorphism classes of pairs (L, ) as stated in the proposition.
Each isomorphism class of (L, «) has d elements; the automorphisms of L/IF,(t) act simply

transitively on such an isomorphism class, so

> ma(L) = dX,(F,)|.

LeG,

We count &,,. To exhaust G,,, it is sufficient to let f range through a set of representatives
for squarefree polynomials of degree n up to the multiplication action of (]P‘Z)d. The number
of monic squarefree polynomials of degree n with coefficients in I, is equal to ¢" — gt
[5, 4, equation (vi)]. Since ¢ = 1 (mod d), the cubic elements form an index d subgroup
of F}. Therefore,

Sl = d(¢" —¢" )

and hence the LHS of the desired inequality equals

Xl
qn _ qn—l :
It thus suffices to show that
X, (F C
" n( q)‘ o 1’ S d7Z7A (631)
q" Va4

when n and ¢ are sufficiently large relative to A.

Let X, := X, x ]l_?q. Recall that G is center-free by Lemma Moreover, c
is a g-rational conjugacy class of G because ¢ = 1 (mod d), and it is non-splitting by
Lemma As per Remark an appropriate generalization of |15, Proposition 7.8]

applies to X,, and additionally applying Poincaré’s duality for the smooth n-dimensional
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variety X,,, there are constants K (A) and By 4 such that
dim H2" ™" (X;,, Q) = dim H' (X;;Qy) < K(A) - By 4 (6.3.2)

for all ¢ > 0 as long as A is a prime greater than max(|G|, g, n) — for example, it suffices
to take K(A), Bgsa = C(G,¢) in the notation of [15, Section 7.8.1].
Deligne [8] proved that the absolute value of every eigenvalue of the geometric Frobe-

nius Frob, on compactly supported H? of a smooth variety is bounded above by ¢7/2.

Consequently,
A 2n—1
g™ Y (—1) Tr(Froby |HI(Xn: Q)| < ¢ Y ¢/* dim HI(X,; Q)
7j<2n §=0
2n—1

<q"K(A)> BI 4"
=0

KABsea yhen Bria < 1 Let Cypa = 2K(A)Bay.a s

The last quantity is at most 2 i i

that

3 (=17 Te(Frob, | HI (K, Q)| < S04

j<2n \/a (633)

whenever /q > 2Bg 4.

We now show, assuming that n > 2r + 3, that
Tr(Froby |HZ™ (X5 Qa)) = ¢™.

By Poincaré duality, this is equivalent to the statement that there is exactly one IFy-

3Even though X,, is not the same as Hng ,, when d | n, the inequality still applies since X, is the union
of some connected components of Hng ,, in this case.
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rational connected component of X,,. This, together with the Lefschetz trace formula and
the bound will imply .

Let 1 be the generic point of Conf,, Xgpecz SpecFy and let K, be its function field. The
étale cover X,, — Conf,, xgpecz SpeclFy is determined by a geometric generic fiber 3 of n

together with the action of Gal(k,,/K,) on that fiber. Associated to the Galois group is

a short exact sequence
1 — Gal(K,/F,K,) — Gal(K,/K,) — Gal(F,/F,) — 1.

Thus, there is exactly one F,-rational connected component of X,, if and only if only one
Gal(K,/F,Ky)-orbit of ¥ is preserved by the action of Gal(F,/F,), which we prove by
expressing ¥ in a different way. Recall the construction of Conf, as the subscheme of
Conf}, . with ag = 0.

By abuse of notation, let C,, denote the base change of the curve notated as C,, in
Sectionover K,,. Choose k sufficiently large so that A = 0. Let Vi be the ¢*-torsion
points of the Jacobian Jac(Cy,) over K. Then V,, x ~ (Z/{*Z)?9 as a Z/¢*Z-module, where

g is the genus of C),. Note that g = (m_%ﬁ by the Riemann-Hurwitz formula where m
n+1 ifdtn

is the branch locus degree of C,, — P!, i.e. m = . Moreover, we have a
n ifd|n

mod-¢* monodromy representation

pigr 2 Gal(K,/K,) — Aut(V, 1)

which factors the Galois/monodromy representation g from . Letting L be the
function field of Gy, there is also an action of Aut(C,,/P!) 2 Gal(L/K,(t)) on V,,  induced
by the action on C),. Identify the automorphism/Galois group with ((;) = Z/dZ so that
Vi is a (Z/0F7Z)[¢q)-module (and in fact a Z,[(s]-module) by Lemma m

Now consider the set Surg,,)(Vak, A) of surjective homomorphisms from V,, to A

as Zy[Cq]-modules. This set carries a natural action of Gal(K,/K,) derived from .
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Since Conf,, is a moduli scheme for degree-n squarefree divisors on A!, there is a universal
such divisor on A!/Conf,,, which restricts to a canonical degree-n squarefree (i.e. reduced)
divisor D on A'/K,,. The set X,,(K,) of tame G-covers of A'/K,, branched at D (which is
to say %) is naturally identified with Surz,¢,1(Va x, A) by the argument of Proposition
equivariantly for the action of Gal(K,/K,) on both sides (The statement of class field
theory of Equation needs to be replaced with the fact that the abelian étale covers
of C,/K with Galois group A are classified by surjections Jac(C,,)[¢(*](K) — A, see e.g.
[22, (2.4)]).

To summarize, the geometric components of X, /F, are in bijection with the Gal (Fn /FqKn)—
orbits on Sur(V,, x, A). It thus suffices to show that exactly one Gal (K, /FqK,)-orbit on
Sur(V,, %, A) is preserved by the action of Gal (Fy/F,) (again, for n large enough). More-
over, an orbit O is defined over F, if and only if the stabilizer in GU(V,, ;) of some,
equivalently every, € O has nontrivial intersection with GUy(V}, 1).

By assumption, SU(V,x) C per(Gal(K,,/FK,,)). Moreover, since (A = 0, the pull-
back via V;, = V,, ;; identifies Sur(V}, , A) with Sur(V,,, A). It thus suffices to show that
there is a unique SU(V},)-orbit on Surg,c,1(Va, A) defined over F, when n is sufficiently
large. This follows from Corollary for n > 2r + 3. O

We also identify sufficient values for the constants B; 4 and Cgy 4 afforded by Corol-

lary While we do not use these values for Chapter|[7], we will need them for Chapter[9]

Proposition 6.3.5 (cf. [13, Proposition 2.7]). Corollary holds for the constants
Biga = (2d|A])¥H8 and Cypa = 2 - (2d|A])594F3L,

Proof. Recall that the proof of Theorem uses constants K (A) and Bgy 4 such that
the bound holds.

In turn, this bound comes from a stability theorem [15, Theorem 6.2] and an absolute
cohomological bound [15, Proposition 2.5]. The stability theorem implies that there exist

constants «, 3,0 dependent on d and £ such that

n

dim Hét(X,‘f X Ez; Q)) = dim Hét(XaM X Fq; Qx)
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whenever n > i + . Furthermore, the absolute bound (along with some comparison
results between the cohomologies of Hurwitz schemes over C and F, explained more in

detail in the proof of [15, Proposition 7.8]) tells us that
dim H3, (X2 % Fy; Qy) < (214 % Z/dZ])" = (24 A])".

These imply that
dim HZ (X2 x Fy; Q) < (2d]A])*HA+

for every n.

We now obtain more concrete values of «, 5, and § using the ideas presented in the
proof of [13, Proposition 2.7] and details which we prove in Section m The proof shows
that « = 34y, B = 24y + A9, and § = deg Up suffice with the following assignments and

lower bounds:
e Up is defined in ; D = 1 suffices by Lemma in which case degUp = d.
o A(R) = max(degker Up, deg coker Up), which is at most 2d + 1 by Lemma
e Ay =6A(R)+ degUp < 13d + 6.
e Ay = A(R) +degUp < 3d+ 1.

In particular, it suffices for «, 3, and § to be 39d + 18, 29d + 13, and d respectively.
Thus, Byea = (2d|A])* = (2d|A])?%H18 and K(A) = (2d|A])P+° = (2d|A|)304+13

suffice. Recall that we let Cyy 4 = 2K(A)Bg 4 in the proof of Theorem 50 Cypa =

2 - (2d| A])%99+31 suffices. O
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Chapter 7

Cohen-Lenstra distribution for

imaginary Z/dZ-extensions of ()

Using Theorem we can prove Theorem Just as how |15, Main Theorem,
Theorem 1.2] uses [15, Theorem 8.8] and Proposition |15, Proposition 8.3], we will require
Proposition which is a statement about probability measures similar to [15, Proposi-
tion 8.3]. The module-theoretic ideas used to prove |15, Proposition 8.3] readily generalize
to prove Proposition We nevertheless record the details for completeness. Compare
this relative ease of generalization against the difficulties towards proving Proposition [4.3.]]
and Corollary — where the theory of Hermitian forms was used to generalize the
ideas using the theory of symplectic forms in [15, Lemma 8.9] — cf. the discussion at the
start of Section

Throughout this section, write Z¢[(4] = Z¢[Ca]c,21 when d > 2 is an integer and £ d is
a prime number. Further write L£g, for the set of isomorphism classes of Z;[(4]-modules

with finite cardinality. In particular, such a module has an action of ((;) and its (4-

-1
invariant submodule is trivial by Corollary [2.0.3l Write Cy, = (Z[ Alec W) ,
215d

which converges (see |7, Théoreme 3.6] and cf. |44, Remark 3.4 and the discussion between
Definition 6.1 and Theorem 6.2]). The Cohen-Lenstra distribution pg, in the case of

interest is the probability distribution on £ such that the j4,-mass on the isomorphism
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class of A equals S/ ¥ —
[Autz, ¢, (A)]

As with Theorem we first state Theorem to include a big monodromy
condition in the hypothesis and then apply Corollary to state Corollary[7.0.2] Again,
if Corollary can be strengthened to include more combinations of d, £, and n, then
Corollary can be strengthened as well.

Theorem 7.0.1. Letd > 3 be an integer, and let £ be a prime number not dividing 2d. Fiz
[A] € Lap. Assuming that SU(Vy,) C u(Gal(K,/F,Ky,) for all sufficiently large n, write 5
and 6~ respectively for the following upper and lower densities of totally imaginary 7 /dZ
extensions L of Fy(t) for which the £-part of the class group is isomorphic to A under an

isomorphism equivariant for the ((q) = Gal(L/Fy(t)) actions on A and (Cly),:

ZLGGn (L)

5" (q) = lim sup oo
ged(n,d)=1 "

SU(Vn)g#(Gal(Fn /?q Kp)

ZLeen (L)

0 (¢q) = lim inf
ged(md)=1 Sl

SU(Va) Cu(Gal(Kr [Fq Ky

Here, «(L) is 1 if (Clg)e is isomorphic to A as a Z¢[(g)-module and is 0 otherwise.
Then, 67 (q) and 5~ (q) converge, as q — oo with £412dq(q —1) and g =1 (mod d), to

C
nae([A]) = trur, oy

Corollary 7.0.2. Let d > 3 be an integer. For all but finitely many primes £ not dividing

2d, for any [A] € Lag, write 6% and 6~ as in Theorem [7.0.1l Then 6*(q) and 6~ (q)

Cap

converge, as ¢ — oo with £12dq(q—1) and ¢ =1 (mod d), to puae([A]) = &ty o (A
e15d

Theorem asserts that g is characterized as the probability measure p on Lg, for
which the expected number of surjections from a p-random module onto a fixed module

Ap equals 1, cf. [15, Lemma 8.2] for a similar statement for finite abelian ¢-groups.

Theorem 7.0.3. Let d > 2 be an integer, let £ be a prime number, and let i be a probability
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distribution on Lqge. Then, u = pqe if and only if

E(| Surg, ¢, (4, Ao)|) = 1 (7.0.1)

for every [Ao] € Lgy where [A] is the random variable valued in Lg, with probability

distribution L.

Proof. [44, Theorem 6.2], applied to the case where A = Q[Cu]¢c 21, S = {{}, O = Z)[Cd]
(here, Zy) is the localization of Z at the prime ideal (£)), u = (0,...,0) according to the
notations in loc. cit. , establishes that holds when p = pg¢. Additionally letting
X, = [A] in [44] Theorem 6.11] shows that implies p1 = puqr. O

Lemma 7.0.4 (cf. |15, Lemma 8.4]). Let d > 2 be an integer and let £ be a prime number
not diwiding d. Given € > 0 and [A] € Ly, there exists a constant c¢(A) and a finite subset

M C L so that, whenever | X| > c¢(A)

Y arenm | Surz, [€al (X, AN

|SurZe[Cd](X,A)| §€ |M‘

Proof. Define a basic enlargement of A to be an A’ for [A'] € L, 4 that admits a Zy[(4)-
surjection A" — A with kernel isomorphic to the residue field x(B;) of a factor B; of
Zy¢[Cq] as in (4.1.9). We show for any [X] € L4, with a Z,[(4]-surjection onto A such that

| X| > |A| and for any quotient A’ of X that is a basic enlargement of A that

‘ SurZde] (X, A/N Z (ES — 1)‘ SurZZ[Cd] (X, A)’

|A]
1]

where (¢ = = |k(B;)|; in particular, s < d — 1. Given such an X and an A’, fix
surjections w: A’ - A and f: X — A’. We show that there are at least £* — 1 surjective

lifts f: X — A’ of f with respect to .

1. If A’ is not isomorphic to A x k(B;) for any factor B; of Z¢[(4] as in (4.1.9), then
any lift f : X — A’ is surjective, and the set of lifts is a principal homogeneous

space of Homg, ¢, (X, A'/A). The set of lifts is also nonempty by the choice of A’
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and A'/A ~ k(B;), so there are at least | Homg,(c,1(X, A'/A)| lifts and hence at least

|k(B;)| = £ lifts.

2. If A’ is isomorphic to A X x(B;) for some B;, then the B;-component of ker(f)
cannot be contained in \; X; where \; is a uniformizer of B; and where X is the B;-
component of X; otherwise f would induce a surjection X;/\;X; — A;/\;A; where
A; is the B;-component of A, but then the x(B;)-ranks of X; and A; would coincide,

so Surg, (X, A") would be empty, contradicting the choice of A’.

Thus, there exist homomorphisms ¢ : X — k(B;) that are nontrivial on ker(f) and
each such ¢ induces a surjection f= (f,p) : X — A’ that lifts f. There are at least

(¢ — 1) choices for ¢, there are at least £° — 1 surjective lifts fof f.

Now let an s-enlargement of A refer to any A" with [A'] € L4, that admits a Z,[(q)-
surjection A" — A with kernel of size £°. Given € > 0 and [A] € Ly, let ¢(A) = k(d — 1)
and let M C Ly 4 be the set of isomorphism classes of s-enlargements of A for k(d — 1) <

s < (k4 1)(d — 1) where k is chosen large enough so that

k+1)(d—1 _
S Y p(s + logg |A] + 0(1)7!
(0= 1)k

<€

where p(n) is the partition function and o(1) is dependent only on d and ¢ — obtaining
such a k is possible because d and A are fixed and p(n) ~ m exp <7T %”), which was
first obtained by Hardy and Ramanujan [19, Section 1.41] and independently obtained by
Uspensky [42] (see |3, Section 5.1.2] for yet another discussion on this asymptotic formula).

Note that the number of isomorphism classes of s-enlargements of A is bounded above
by the number of Z/[(;]-modules of cardinality ¢5T°(1) . |A|. In turn, this number of
isomorphism classes is bounded above by [[; #{B;-modules with cardinality £+°(1) . |A|}.
For each i, the number of B;-modules with cardinality £5+°(1) . |A| is bounded above by
p(log(£51°M - A])) = p(s + log, |A| + o(1)) because B;-modules of finite cardinality are of

the form @f;l B;/(¢%:3) and the isomorphism class of such a direct sum is determined by
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the multiset {d; ;};. Since there are at most (d — 1) many i’s, we have

(k+1)(d—1) (k+1)(d—1)
M| = Z #{s-enlargements of A} < E p(s + logg [A] + o(1))4!
s=k(d—1)+1 s=k(d—1)+1

so the choice of k yields
| M|
(6= 1)k

For any [X] € L4, such that |X| > ¢(A), one can iteratively obtain basic enlargements

to obtain some s-enlargement A’ of A with k(d —1) < s < (k+ 1)(d — 1) such that
| Surz, ¢,1(X, A)| = (£ = 1)°| Surg, ¢} (X, A)| > (€ — 1)*| Surg, ¢, 1 (X, A)].

Equivalently,
| Surz, ¢, (X, 4]

|Sutz, ¢ (X, 4)] <

(6= 1)*
In turn, the RHS above is bounded above by
> wem| Surg, (¢, (X, Al _ | M| ) 2aen | Surz, ¢, (X, A/)|.
(6= 1) (0= 1) | M|
<e€- ZA’EM | SurZz[Cd} (X’ A/)|
| M|

O]

Given [A] € Lg, and a probability measure v on A, write (Surg,(¢,/(—, 4)), for the
expected number of surjections from a v-random group to A.

Given Theorem and Lemma the proof of Proposition is virtually
identical to that of [15, Proposition 8.3].

Proposition 7.0.5 (cf [15, Proposition 8.3]). Let d > 2 and let £ be a prime number
not dividing d. Let g > 0 and L C Lgy be a finite subset. There exists 6 > 0 and
a finite subset L' C L4y such that, if v is any probability measure on Lgy for which

(Surz,(c,) (= A))y € [l = 0,14 6] for any A € L', then also |[v(A) — pge(A)| < e for any
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Ae L.

Proof. Let Lj, := {A € L4y : |A| < k}. Suppose for contradiction that the assertion is
false. In particular, for each integer k > 1, there is some measure v on L4, that “does

not work” for L' = Lj and 6 = %, ie.
L. [(Surz, e, (= A))y, — 1| < § for all A € L), and
2. |vg(A) — pae(A)| > €o for some A € L.

Passing to a weakly convergent subsequence, we obtain measures v such that

kli)ngo<surZZ[Cd](_7A)>Vk =1

for every fixed A € L4, and such that the v}, weakly converge to a measure v, which does
not equal fiq¢.
Fix an arbitrary € > 0, which is not related to eg. We show that (Surz,¢,)(—, 4))v., = 1.

On the one hand, this expected value is at most 1 by Fatou’s lemma. On the other hand,

with ¢ = ¢(A) and M C L4y as in Lemma [7.0.4

(Surz, ) (= Avae = D Voo(B)|Surg, (B, A)| + Y veo(B)|Surg, ¢, (B, A)]
|B|<c |B|>c

> > veo(B)|Surg, (B, A)|

= lim > w(B)|Surg, ¢, (B, A)l
[B|<c

=1-lim > vk(B)|Surz, ¢, (B, A)]. (7.0.2)

|B|>c

By Lemma [7.0.4]

> w(B)|Surg, e (B, A)| < elM|T1 Y w(B)|Surg, (B, A (7.0.3)
|B|>c |B|>c,A’eM
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Now, by assumption, for any A’ € M and any k > |A'|,

Z Vk(B)‘ SurZz[Cd](B7Al)‘ < <Sung[Cd}(_7A/)>Vk < 1+ ]‘/k
|B|>c

and using ([7.0.3) and passing to the limit, we get

lim sup Z vp(B)|Sur(B, A)| <e.
k
|B|>c
Thus by (7.0.2)) and the above inequality, we get (Surg,c,)(—, 4))u,, € [1 —¢€,1]. Since ¢

is arbitrary,

<SurZ[[Cd] (_7 A)>Voo =1

Applying this conclusion with A trivial, we see that v, is a probability measure. Theo-

rem [7.0.3] shows that veo = pa, which is a contradiction. O

Moreover, given Proposition the proof of Theorem [7.0.1] is virtually identical to
the proof of [15, Theorem 1.2] written between the statement and proof of [15, Theorem
8.8];

Proof of Theorem[7.0.1. Let [Ag] be any fixed element of £, 4 and let € > 0. Given n, let

LEG,:Cl(OL)2y 1 1A
vy, be the probability measure on Ly g with v,(A) = #iLe |é7j) zeleg A}

Apply Proposition to g = ¢, L = {Ap}, and v = v, to obtain a finite subset

L' C L4y and 6 > 0 such that

ZLGSn ma(L)

o _1' <dforall Ac L' = |vp(Ag) — pu(Ag)| < e.

Now let By 4, Cae 4, and Ngg 4 be as in Theorem and let @) be so that Q > 433,5,,4
and Cyra/v/Q < 0 for every A € L' where By 4 is as in Theorem If g > Q and

n > Nyg.a, then |Zresa A | < Cata o Coea 5 and hence vn(Ap) — pu(Ao)| < e

Thus, for any ¢ > @, 67(¢) and = (¢) are both bounded between p4.([Ag]) — € and

tae([Ao]) + €. The result follows because € is arbitrary. O
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Chapter 8

Counting Rational Points on

twists of Hurwitz schemes over IFq

Throughout this section, continue writing Z¢[(4] = Z¢[(4)¢,#1 when d > 2 is an integer
and {1 d is a prime number. Similarly write Z/0Z[(4] = Z/0Z[(4)c 21

In this section, we tweak the ideas from [13, Section 2] to once again accommodate
for the (4-action as in Chapter [6] and Chapter [7] to prove Corollary In turn, we use
Corollary to prove Theorem

Let d > 2 and let ¢ = 1 (mod d) be a prime power. Let @, denote the set of
squarefree polynomials over Fy of degree n. For each f € @4, let Cy be the (smooth
completion of the) curve given by y? = f(t). Note that C is a (tamely ramified) Z/dZ-
cover of IP’%Fq curve because F, has a primitive dth root of unity. Let J; be the Jacobian of
Cy. In particular, the action of (4 on Uy induces an action on Jy. Let Frob, denote the
geometric Frobenius map on C; as well as the induced action on .J. Note that the actions
of (4 and Jy on C'y commute and hence the induced actions on Jy commute as well. Given
a prime number ¢ such that ¢ { dq, and for a € Z/lZ and i € Z/dZ, the elements R of
J¢[€)(F,) which satisfy

Frob, -R = aliR (8.0.1)

form a finite rank Z/¢Z[(4]-module. Let m, ;(f) denote the number of nonzero elements of
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this module. Additionally, let Q%’fl denote the set of f € Q4 such that mq;(f) is greater
than 0.

For the rest of this section, we let A be a quotient ring, often one which is an involution
ring, of Z/lZ[(4], let G = A x ((4) (where ((;) is a way to multiplicatively write the cyclic
group Z/dZ), and let c be the set of elements of the form (a,(;). By Lemma [2.0.5] c is
a non-splitting conjugacy class of G. Given an integer n > 1 divisible by d or relatively
prime to d, we let X,, be as in Definition [6.1.2] with respect to G and c.

Let k be an extension field of F,. As discussed in Chapter @ k-points of X, correspond
to certain isomorphism classes of tame G-covers f : C — Pi. In turn, these isomorphism
classes correspond to isomorphism classes of triples (g, ¢, h), where g : C'— D is an étale
A-cover, h : D — Pi is a tame (Z/dZ)-cover, f = hog, and ¢ : A — Aut(g) is an
isomorphism. Given a € A*, let (a) denote the automorphism of X, sending (g, ¢, h)
to (g,a¢,h). Note that the (arithmetic) frobenius Frob, on X, /F, commutes with (a).
Thus, the homomorphism Gal(F,/F,) — Aut(X,/F,) sending Frob, to {(a) is a 1-cocycle
from Gal(F,/F,) to Aut(X,/F,) and hence determines a twist X2 of X,, defined over F,

(see, for example, [31, Theorem 4.5.2] for a statement).

Lemma 8.0.1 (cf. |13, Lemma 2.3]). With notation as above and for any iy € Z/dZ and
a€Z/lL”,

d—1
> maio() =7 0 S mai(f) = (a— DIXGE)
f€Qn.q f€Qn,q 1=0
Proof. A point of X%(F,) is a point x of X, (F,) such that Frob,-z = (a) - . Such
a point x correspond to a triple (g, $, h)/F, such that Frob,-(g,¢,h) is isomorphic to
a(g, ¢, h) = (g,a¢, h). In particular, the isomorphism class of h is fixed by Frobenius and
hence the branch locus of h is an F-rational divisor. Let F'(t) € F4[t] be the unique monic
squarefree polynomial whose vanishing locus is the branch locus of ¢. By Proposition |3.2.2
the source of h is isomorphic to C'r over Fq because the monodromy type of the G-cover
tog: X - Plisec

Fixing such an h : Cr — P! over F,, we count the number of points of X¢(F,) lying
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over h. Choices of (g,¢) such that (g,¢,h) € X(F,) = X,(F,) for the fixed h are in
bijection with the (s-equivariant surjections J(Cr)[¢](F;) — A up to isomorphism — two
such surjections s and s’ are isomorphic if and only if s = (s’ for some i. The action of
Frobenius on X on the set of surjections sends s to a~* Froby s, so s descends to a point
of X%(F,) if and only if Frob,-s = (%as for some i. Therefore, the number of points of
X2(F,) lying over h is 525;01 Ma,i(F).

Now say that € € F; and f € Qn 4. By abuse of notation, say that (4 acts on Cy (and
on Cer) by (z,y) — (x,(qy) for some fixed primitive dth root (4 in F,, which exists as
q¢ =1 (mod d). For any § € F, such that §¢ = ¢, say that j is such that (é = ‘%q. Note
that the curves Cy and C¢s are isomorphic over Fy via ¢ : Cy — Cep,  (z,y) — (2, 0y).
Moreover, Ci o ¢ o Frob, = Frobg op. Given R € J¢[¢](F,) such that holds, we have

Frob, ¢(R) = ngo Frob, R = ngpaCéR =a 2”(ng),

50 Mqi(f) = Ma,i+j(ef). In particular,

d—1 d—1
> mailf) = mailef), (8.0.2)
1=0 i=0

SO

d—1 d—1
% Z Zma,i(f) = Z Z (:lme(eF)> ,
J€Qn,q =0 FEQn,q €€F i=0

monic

where f is expressed as e’ for a monic F'. Since, for each monic F', the sum E?:_OI Maq,i(€F)

is independent of € by (8.0.2), the above equals

=
(¢—1) Z gzmaz(F)

FeQn,y 1=0

monic

Since the number of points of X4 (F,) lying over h : Cp — P! (over F,) equals % Z?;ol Ma,i(F),
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the above equals (¢ — 1)| X (F,)|. Thus,

Z Zmaz q_1)|Xa( )|

fEan’L 0

Now let § € F, be so that ¢; = 6971. Note that §¢ € F, because sla—bd — Cg = 1.

Therefore, for any ig € Z/dZ,

Z ma,io(f): Z mazo 5 )= Z mam+1

f€Qn,q J€Qnq f€Qnq
SO
d—1 1 d—1
Z Zma,i(f): a Z Zma,io(f) = Z ma,io(f)'
f€Qn,q 1=0 f€Qn,q 1=0 f€Qnq

O]

Proposition 8.0.2 (cf. [13, Proposition 2.1, Proposition 2.7]). Let d > 3 be an integer,
let €1 d be a prime number, and let A be an involution ring quotient of Z/CZ[Cq)¢,+1. The
constants Bgy 4, Cae.a, and Ngge a of Theorem satisfy

ZfGQn,q maviO (f) - Cd,f,A
|Qn.q] NG

for all a,n,q,i9 such that

o g c A%

n is relatively prime to or divisible by d,

g =1 (mod d) is a prime power,

V4> 2Bgga, n > Ngga,

¢ does not divide 2dq(q — 1),

SU(V,) C u(Gal(K,,/FyKy)),

10 € Z/dZ.
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Remark 8.0.3. Although the proof of [13, Proposition 2.1] uses many of the same ideas
from the proof of [15, Theorem 8.8], which requires ¢ t (¢ — 1), [13, Proposition 2.1]
ultimately does not require the condition ¢ t (¢ — 1). This condition is originally used
in [15, Theorem 8.8] to show that the Hurwitz scheme denoted by X, has exactly one
geometrically irreducible component defined over [F,. In contrast, [13] is concerned with
Hurwitz schemes arising in the case d = 2 and A = Z/{Z; it turns out that such Hurwitz
schemes are geometrically irreducible even without the condition ¢ t (¢ — 1) and hence
these Hurwitz schemes have exactly one geometrically irreducible component defined over
F,. However, this argument does not apply to the context of Proposition which is

concerned with the case where d > 3 and A is a quotient of Z/¢Z[(4).
Proof. By Lemma and since |Qnq| = (¢ — 1)(¢" — ¢" 1) by [5, 4, equation (vi)], it
suffices to show that there exist Bgy 4 and Ny 4 such that

‘ X (o)l

P 1’ < Bd,zz,Aq_l/2

for all n, g,y as specified in the statement of the theorem. This follows by the same ideas

as in the proof of Theorem [6.3.1}'| — by the Grothendieck-Lefschetz trace formula, we have
| X5 (Fg)| = Y (=1)! Tr(Frob, |HL(XS, x Fy, Qy))

for primes A not dividing ¢. Further taking A to be a prime greater than max (|G|, ¢,n) in
fact yields the dimension bound ([6.3.2)) applicable to X,, x F, 2 X% x F,. Recall that the
the inequality (6.3.3)) holds as long as /g > 2B4, 4. It now suffices to show that there

exists an Ngg 4 such that

Tr(Frob, |H2"(X% x Fy,Qy)) = ¢" (8.0.3)

LOne difference to note between Theorem and Proposition is that the latter allows n to be
divisible by d. The requirement in Theorem for n to not be divisible by d and instead for (d,n) =1
comes from Proposition [6.1.3]and the discussion above this proposition. There, the requirement guarantees
that fields L = F,(t)[y]/(y* — f()) in consideration are totally imaginary and hence that the corresponding
smooth projective curves Cp, possess Fq-rational points. In turn, this identifies Jac(Cpr)(F,) with Clg. For
Proposition @ however, no such identification is needed.
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holds for all n > Ngg 4 such that ged(d,n) = 1 or d | n and such that SU(V},) C
w(Gal(K,,/F,K,)). The equality (8.0.3)) is equivalent to the statement that there is ex-
actly one F-rational connected component of X2 xF, — the proof of Theorem shows

this to be the case. O

Given an integer d > 2, a prime £, a prime power ¢ such that £ { dg and ¢ =1 (mod d),
a € Zy[¢q), and i € Z/dZ,

Corollary 8.0.4 (cf. [13, Corollary 2.6]). Let d > 3 be an integer, let £ { d be a prime

number, and let A be an involution ring quotient of Z/UZ[(4)c,+1- The constants By a,

Caea, and Ngg o of Theorem satisfy

Qut 1 Cara
9 S —I_ "y
|Qngl — -1 (£-1)/q

for allm,q, £, a,i such that

e n is relatively prime to or divisible by d,

g =1 (mod d) is a prime power,

V4> 2Bgga, n > Ngga

¢ does not divide 2dq(q — 1),

e SU(V,) C u(Gal(K,/F,K,)),

a€Z/lL",

o icZ/d.

Proof. Let § denote the quantity igi’l‘;l to be bounded. Since mg;(f) is the number of

nonzero elements of a Z/¢Z-vector space, it is at least ¢ — 1 if it is greater than 0. In

particular,

ZfeQn,q ma,i(f)
|Qn.q]

@nal _ ()5

=E=0g =
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By Proposition [8.0.2, the LHS above is bounded above by 1 + C%A for all n,q,4,a,i

specified by the statement of the corollary. O
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Chapter 9

Vanishing of zeta functions and

L-functions for trielliptic curves

The ideas of this section generalize those in |13| Section 3] to prove Theorem which
in turn generalizes [13, Theorem 3.2, Theorem 1.2]. These theorems provide explicit upper
bounds on the proportion of superelliptic function fields whose zeta functions vanish at a
fixed complex number s.

Given a variety X/F,, there is a function Zx (T") defined as

Zx(T) = I1 (1 —TdegP>71
closed points PEX
and which converges for |T'| < ¢~ 4™ X, We then define the zeta function (x (s) := Zx(¢~*)
which converges for Re(s) > dim X. See [30, Chapter 3] or [34, Chapter 5], for instance,
for discussions on this zeta function and on the Weil conjectures.
In the case that C' is a nice curve, i.e. a smooth, projective, geometrically integral
variety of dimension 1, over F,, the Weil conjectures show that there is a polynomial

Po(T) € Z[T) such that
Po(T)

2 = Ty gty

In fact, the constant and leading coefficients of Po(T') are respectively 1 and g where g is
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the genus of C. Let Jac(C') denote the Jacobian of C' and let T; Jac(C') denote the ¢-adic
Tate module of this Jacobian. The polynomial Po(T) is then the reverse polynomial of
the characteristic polynomial of the geometric Frobenius map Frob, acting on 7, Jac(C')
for any prime ¢ not equal to charF,.

To prove Lemma [0.0.8] which establishes the vanishing of Artin L-functions as an
equivalent condition to the vanishing of Po(q~%) when C is a Z/dZ-cover of IP’Ilgq and
g =1 (mod d), we will need some facts relating the Artin L-functions and the Dirichlet

L-functions for C. In turn, we need the following definitions and notations.

Definition 9.0.1 (cf. |34, Chapter 3, the Definition before Proposition 3.1 and the

Definition before Proposition 3.4]). Let ¢ be a prime power and let d be a divisor of g — 1.

a

For an irreducible polynomial P € [F,[t] and a polynomial a € F,[t], define (ﬁ) , to be the

unique element of Iy such that
deg P _
o = (g> (mod P)
d

if P does not divide a and to be 0 otherwise.

f.
Given a, b € Fy[t] with b # 0, define (%)d to be szl (Lj)dj where b = 5@{1 Qf s

the prime decomposition of b.

Definition 9.0.2. Let d > 2 be an integer and let ¢ = 1 (mod d) be a prime power.

For a polynomial f(t) € Fy[t], let xs : Fy[t] = F4 denote the Dirichlet character given

by x¢(g9) = <i>d. In particular, xy can be well defined as a function on the set of finite

g
primes of ]P’Iqu — let xf(P) = (g%)d where gp € [F[t] is the monic irreducible polynomial

corresponding to P. Note that ch = xy; for any j € Z/dZ.

Given a fixed primitive dth root r of unity in I, we will also identify x s as a C-valued
character by sending r to 27/4,

We now define L-series of Dirichlet characters.

Definition 9.0.3 (cf. [34, Chapter 17, before Proposition 17.7] for a discussion in the
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case of d = 2). With notation as in Definition define the L-series L(s, x ) as follows:

1
L(s,xy) = Z >Scd(ez)g = H (1 - ;fd(:;l) :

g€F4[t] monic P finite prime of Fg(¢)
Given j € Z/dZ, also let L(s, x}) = L(s, xss)-

If f= fof{j, then note that

Lisiag) = L) TT (1 2450

Plf1
In particular, away from Res = 0, L(s, xr) vanishes if and only if L(s, xf,) vanishes.

Definition 9.0.4. Let d > 2 be an integer and let ¢ = 1 (mod d) be a prime power. Given
f(t) € Fyt] and a fixed primitive dth root r of unity in [, write x to be the complex-valued
character on G' = Gal(F,(t)[y]/(y? — f(t))/F4(t)) determined by x(o) = €™/ where o is

the element of G that sends y to ry.

Definition 9.0.5 (cf. [34, Chapter 5]). Let K be a global function field with constant
field (i.e. the algebraic closure of the prime field) F,. Let P be a prime of K, i.e. the
maximal ideal of a discrete valuation ring R whose quotient field is K. Let the degree
deg P of P be the dimension of the residue field R/P over the constant field F,. Moreover,

the norm N(P) is ¢%&”.

Definition 9.0.6 (cf. |34, Chapter 14, before Proposition 14.9]). Let L/K be an abelian
Galois extension of global function fields with galois group G and say that the constant
field of K is F;. Given a prime @) of L lying over and unramified above the prime P of
K, the Artin automorphism (P,L/K) is a generator of the decomposition group D(P)

characterized by the congruence
(P,L/K)w = w™N®)  (mod Q)

for any element w of L integral at (.
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Let x : G — C be a Dirichlet character. Given a prime P of K, let I(P) be the inertia
group of P and define x(P) by the following:
e if P is unramified in L, then x(P) = x((P, L/K))
e if P is ramified in L and x is ramified at P, i.e. x(I(P)) # 1, then x(P) = 0.

e if P is ramified in L and x is unramified at P, then x(P) = x((P, L'") /K)); this is
well defined because y factors as a character Gal(L!(P)/K) = G/I(P).

The Artin L-series of x is defined by

-1
T
P prime of K
Lemma W shows that the L-series of the Dirichlet character xy, regarded as a
complex valued character, roughly coincides with the Artin L-series of x. In fact, these
two characters coincide on finite primes of IP’Iqu, so their respective L-functions coincide
after making appropriate adjustments at co. See [34, Proposition 17.7] for a discussion in

the case of d = 2.

Lemma 9.0.7. Let d > 2 be an integer. Let q be a prime power such that ¢ =1 (mod d).
Let f be a monic polynomial in F[t] and fix a primitive dth root v of unity in F,. Identify
Xr as a C-valued character with respect to this choice of r as discussed in Definition .
Also let x be the complez-valued character on the Galois group G of L = Fy(t)[y]/(y¢— f(t))
over [Fy(t) as defined in Definition with respect to this choice of r.

1. x¢(P) = x(P) for all finite primes P of IP’Iqu.

2. L(s,x’) = LOO(S,X?c)L(S,X?c) for any j € Z/dZ where

Xj(oo)>_1'

Loo(s,xgc) = (1 T



112
Proof. 1. Recall that x(P) is defined as

X((P, L/Fq4(t)) if P is unramified in L

X(P) =140 if P is ramified and x(I(P)) # 1 -

x((P, L") JF,(t)) if P is ramified and x(I(P)) = 1

\
where (P, K/FF4(t)) denotes the Artin automorphism of the abelian extension K /F,(t).

Let P be a finite prime unramified in L. The Artin automorphism satisfies (P, L/Fy(t))w =

wid™ e’ (mod @) for any w € L integral at @) where @ is any prime lying over P.
Note that (P, L/F,(t)) is a generator of the decomposition group of G at P; in this

case, the decomposition group equals G itself. On the other hand, x;(P) is the

degP71
element rp of F, such that rp = fa (mod P). In particular, rp needs to be a
qdegP_1

dth root of unity in [F,. Note that f— ¢ = yqdegP*I. If rp =91

deg P*l

(mod P),

then rp = yqdegp_1 (mod @) as well, in which case rpy = yqdegp

(P, L/Fy(t))y = rpy.

(mod @). Thus,

Say that j € Z/dZ is so that rp = 77, in which case x((P,L/F,(t))) = e>™9/d,

Moreover,

where gp € Fy[t] is the monic irreducible polynomial corresponding to P. Therefore,
Xf(P) = €*™/4 as a complex number, so x(P) = x;(P).

If P is instead ramified, in fact P is totally ramified and the inertia group I(P) of P
is G itself. If x(I(P)) # 1, then x(P) = 0 by definition and if x(I(P)) = 1 instead,
then x(P) = x((P, L'") JF,(t)), but the Artin symbol (P, L!(") /F,(t)) is trivial, so
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x(P) = 0. Either way, x(P) = 1. Moreover, since P is a finite ramified prime, P
divides f(t), so xf(P) = 0. Therefore, x(P) = xs(P).

2. By part (I, the multiplicands for finite primes of F4(¢) in the Euler products for
L(s,x?) and L(s, ch) coincide. Moreover, Ly (s, X}) equals the multiplicand for oo

in the Euler product for L(s,x’), so L(s,x’) = Loo(s, X?)L(s, ch) as desired.
]

Lemma 9.0.8. Let d > 3 be an integer. Let q be a prime power such that ¢ =1 (mod d),
and let f be a monic polynomial in Fy[t]. Let Cy be the smooth completion of the curve
defined by y? = f(t) and let P; € Z[x] be the reverse characteristic polynomial of geometric
Frobenius acting on the Jacobian of Cf.

For any s # 0,1, the following are equivalent:
1. Pf(qf‘g) =0,
2. Zcf(q_s) =0,

3. the Artin L-function L(s,x) vanishes for some nontrivial complex-valued character

X on the Galois group G of Fy(t)({/ f(t)) over Fy(t),
4. L(S,X?c) vanishes for some j € Z/dZ \ {0}.

Proof. We have
Coy(s) = Gons) T Lisiv)

XFX0
where the product is over the nontrivial characters x of the Galois group G of Cy/P! [34,

Proposition 14.9]. Moreover,
1

Zp(T) = T gl

SO

Cpr(s) =

_ ql—s"
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Thus, (p1(s) has no zeroes and has no poles away from s = 1. Therefore, (¢, (s) vanishes
exactly when some L(s, x) vanishes. Additionally,

Py(T)
(1-T)(1—qT)

ZCf (T) =

and hence
Pr(q™?)
(1—=g5)(1—q'"%)

<C‘f(s) = ZCf (qis) =

Therefore, (¢, (s) vanishes exactly when Py(¢™%) vanishes, so (¢, (s) indeed vanishes ex-
actly when some L(s, x) vanishes. By Lemma these conditions are in turn equivalent

to the vanishing of some L(s, ch) O

We now prove the main result of this section. Unlike Theorem and Theorem
however, we state this theorem immediately in terms of what Corollary affords in-
stead of “black-boxing” a big monodromy condition as an assumption in the hypothesis.
Nevertheless, the exponent Cy in the theorem would be improved should the big mon-

odromy result of Corollary be generalized to more combinations of d, £, and n.

Theorem 9.0.9. Let d > 3. There exists a constant Cq > 0 only depending on d such
that, for any s # 0,1,

€ QnglZ ) =0
ey € QnalZe e =0} _ ¢,

gcd(d,;rll)zoloor dln |Qn7q|

or equivalently by Lemma[9.0.5

; {f € QualL(s,x}) =0 for some j € Z/dZ\{0}}| .
117I1H_>S£p |Qn.ql <q 7
ged(d,n)=1 or d|n n,q

where the asymptotic bound is with respect to the limit taken over powers q of a fixed prime

power qo = 1 (mod d). In fact, Cy = (138d+6—12)-(d—1) suffices.
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roof. By Lemma [9.0.8] the set €Qn s,X. = 0 for some j € equals
P By L 9.0.8, th Qn,q|L ?c 0 f Z/dZ \ {0 1

Q1 =17 € QualPsa™) =0}
where Pr(x) € Z[z] is the reverse characteristic polynomial of geometric Frobenius acting
on the Jacobian of Cy. Note that roots of Pr(x) are reciprocals of algebraic integers.

Let go =1 (mod d) be a fixed prime power and let g,s € Z[x] be the minimal polyno-
mial of gj. For all sufficiently large powers g of gg, Chebotarev’s density theorem yields
a prime { = £, = (ﬁ)ﬁ (%)m (14 0(1)) that is unramified in the splitting
field L of g4 of @4 over Q and such that Froby, is the (conjugacy class of the) identity
element of Gal(L/Q). In fact, ¢, can be chosen to not divide ¢ — 1. Whenever ¢ is large
enough, ¢, > [Of : Z[qj]] and hence ¢4 t [Of : Z[q]]. By the Dedekind-Kummer theo-
rem (see e.g. [27, Proposition 8.3] for a statement), 9gg splits completely modulo ly. Let
A = Z/lZ[Ca)prim = (Z/0,Z[X])/(P4(X)). Further note that, when ¢ is large enough,
{4 is large enough so that the big monodromy result condition of Corollary and its
consequences, including Proposition hold.

Let a € Z/t,Z* be so that ggs(a) = 0 (mod £;). If ¢ = qt, then define Py (z) as
the polynomial Py (x*). Given a polynomial h, let h*¥ denote its reverse polynomial. In

particular,

Pi(a) = Pj(q°) = (¢°) 8P Pr(q ™),

so if Pr(g™*) = 0, then ggs(x) divides P9 (z). Thus, P;%/(a) = 0 (mod ¢;) and hence

P(a™%) = 0 (mod ¢;). Equivalently, there is some nonzero R € J¢[l|(F,) such that
Froby R = a"R, so mgx o(f) > 0. Therefore,

Qg | _ 1Qn’
@ngl — [Qng
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By Corollary
lim sup Hfe Qn,q‘L(S,X?‘c) = 0 for some j € Z/dZ \ {0} }| 1 Cit A
ged(dm)=F or djn |@n.dl Sl -1 (U —1)yq

for all sufficiently large ¢. By Proposition this bound holds for Cyg, 4

— 9.
(2d|A[)894+31 < 2. (2d€g_1)69d+31. The asymptotic size of ¢, is chosen so that

Cd,eq,A

NG
O

is bounded above by a constant. Therefore, the desired asymptotic bound holds.
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Chapter 10

Orbits of the Burau representation

evaluated at roots of unity modulo

14

This section proves Lemma which is used in Proposition to obtain constants
Bagea and Cgyg 4, just as how [13, Proposition 2.7] obtains constants for d = 2. We
study the structure of the graded ring R of below, obtaining upper bounds for
the degrees of ker Up and coker Up where Up is a central element of R presented in
. In turn, the degree n component of R is a k-vector space with basis corresponding
to the orbits of a braiding action on tuples over G = A x Z/dZ of length n and, as
Theorem demonstrates, the orbits of this action are precisely deterined by three
invariants. Understanding these orbits is much easier for d = 2 as only two invariants

suffice. The d = 2 case is also much easier to work with because (o = —1.

Convention 10.0.1. Let d > 2 be an integer, let Z[(4] = Z[(4]an, let A be a Z[(4]-
module, let G = A x ((4), and let ¢ be the set {(a,{y) : a € A}. Given an n-tuple
((a1,¢q), - -, (an,Cq)) of elements of ¢, identify this list with the vector (ay,...,a,) € A®™.
We often write this vector as the column vector (al e an> ! with matrices acting on

the left.
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10.1 Braiding on the conjugacy class of A x Z/dZ and the

unreduced Burau representation

We identify the (Artin) braiding action of A x Z/dZ with the unreduced Burau represen-

tation evaluated at t = (y.

Definition 10.1.1. Let G be a group. The braiding action of By, on G" is given as follows

— the standard generator o; € B, acts by

o5 (91,5 9n) = (91,---, j—2,gj—1,gjgj+1gj_lagj7gj+2---7gn> .

Note that only the j-th and (j 4+ 1)-st entries are possibly modified.

For a finite group G, a conjugacy class ¢, and a field k of characteristic not dividing

|G|, [15, Section 3| defines the graded ring
R=> Hy(Hurg,, k) (10.1.1)

where Hurg, , is the complex Hurwitz space with of tamely ramified G-covers of P{. with
n branch points with monodromy of type c¢. If ¢ is nonsplitting as well, then, for each
p, dim H,(Hur, ,,, k) stabilizes with respect to n [15, Theorem 6.1, Corollary 6.2]. The
braiding action restricted to ¢” for a conjugacy closed subset ¢ of G induces the relations

on R. More explicitly, R is generated over k by degree 1 elements {rg}g . and has relations

TgTh = Tghg—1Tg-

Lemma 10.1.2. Let d > 2, let A be a Z[(q] = Z[C4]ay-module, and let G and c be
as in Convention [10.0.1.  Under Convention the braiding action of B, on c"
corresponds to the action induced by the unreduced Burau representation 1, evaluated
at t = (4. More precisely, the standard generators o1,...,0,_1 of B, act on A" as

elements of GLy,(Endgz¢,1(A)) and these elements can be represented by n X n matrices
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over Endgzjc, (A) acting on column vectors on the left. These matrices in fact are the

images of o1, ...,0, under the composition of group homomorphisms

By, %5 GL,(Z[t, 7)) =% GL,(Z[¢a)

base change

Proof. The o; act via the braiding action on ¢" by

(gla s ,gn) = (gl> v 7gj—27gj—lvgjgj+1gj‘_1>gjagj+27 s 79”) .

By Lemma [2.0.1]

(aj,¢a) - (a541Ca) - (a5, Ca) " = (a5 + Caajy1 — Caaj, Ca) = (1 = Ca)aj + Caajq1, Ca)-

The action of o; on corresponding column vectors is thus

ai

Gn

a

(1 —Ca)aj + Caajt
a;

aj4-2

an,

(10.1.2)

The image of o; under the unreduced Burau representation evaluated at ¢ = (3 is the
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block matrix
Iy 0 0 0

0 1-G G 0
0 1 0 0
0 0 0 Ih—j1
Regarding the entries of this matrix as endomorphisms of A as a Z[(4]-module, this matrix

acts on the column vectors in the same way as (10.1.2]) above. O

Convention 10.1.3. In view of Lemma [10.1.2} given a ring R, we will regard R[(4]an or
quotients thereof (such as R[(4]¢,21, see Notation [4.0.1)) as R[t,t~!]-algebras by evaluating

t= (g
We introduce invariants preserved under the braiding action.

Definition 10.1.4 (cf. |15, Section 2.4]). Let v = (g1,...,9n) be an n-tuple of elements
of a group G. The global monodromy Mg(v) of this n-tuple is the subgroup (gi,...,gn)

of G. The boundary monodromy Mpg(v) of this n-tuple is the element ¢ - - - g,, of G.

Proposition 10.1.5. Let G be a group. For any n-tuple of elements of G, the braiding

action of B, preserves the global and boundary monodromy of the n-tuple.

Proof. The global monodromy of (g1, ..., gn) is the subgroup of G generated by g1, ..., gj—2,

gj—lvgjgj+1g;l7gj,gj+2, ..., gn; note that the group generated by gjngg;l and g; is the
same as the group generated by g;, gj+1. Thus, the global monodromy of ¢;(g1,...,gn)
equals the subgroup of G generated by g¢1,...,g, and this subgroup is the global mon-
odromy of (g1,...,9n)-

The boundary monodromy of ¢;(g1,...,9n) is g1---gj—1 - (gjgjﬂgj_l “95)9j+2 " Ins

which equals g1---gj—1 - gj - gj+1 - gj+2 - Gn, Which is the boundary monodromy of

(g1y---59n)- O

For the rest of this section, A is either Z/¢Z[(4] or some D;/¢D; where D; is a factor
of Zy[(4] as in (4.1.10) with involution. We note that subgroups of a group A x ((4) are

determined by a submodule A" of A and an element of A/A’.
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Proposition 10.1.6. Let d > 2 be an integer, let Z[(q] = Z[Caau, let A be a Z[(q]-module,
let G = Ax((q), and let ¢ C G be the set of elements of the form (a,(y). Subgroups H

of G containing at least one element of ¢ bijectively correspond to pairs (A’,[ag]) where

A" C A is a Z|Cq]-submodule, and [ag] € AJA’. More precisely,

1. Given H < G, A’ is the image of HN(Ax (1)) under projection to the first coordinate

(i.e. A" x (1) = HN(Ax(1))) and ag is any element of A such that (ap,(y) € HNec.

2. Gwen (A, lag]), H is the subgroup of G generated by (ao,(q) and elements of the

form (a’,1) where o’ € A'.
We refer to H as the subset of G determined by A" and ag.

Proof. Note that the assignment described in (1) is well defined, i.e. the class [ag] € A/A’
is independent of the choice of ag — if (ag,(q), (bo,(y) € H Ne, then (ag,(q)(bo, ()~ =
(ap — by, 1) by Lemma and hence ag — by € A'.

We show that (1) and (2) describe inverse assignments. Starting with H < G, let A,
ap be as described in (1). Further let H' be described in (2) arising from (A’, [ag]). Clearly
H' C H. Moreover, for any (a,(¥) € H, note that (Z;:ol Chao, C8) = (a0, ¢4)* € H' C H.
Therefore, (a,C%) - (ag,Cs)™* = (a — Zf:_ol Ciap,1) € H and hence a — Zf:_ol Clag € A
Thus, (a — S F] Clap,1) € H' and since (k2 Clao, %) € H', the group H' has the
element

k—1 k—1
(- S cioot) (S o) = 0
=0 i=0
so H C H'.

Conversely, starting with (A’| [ag]), let H be as described in (2). Let (B, [bg]) be as

described in (1) arising from H. Clearly A’ C B’. Suppose for contradiction that there is

some a € B"\ A’. in particular, (a,1) € H. Choose a so that (a,1) can be written as a

product of the form

(ao, Cd)kl (a1,1) - (ap, Cd)k2 (ag, 1)
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of shortest possible length. This product must be of the form

(a0, )™ - (a1,1) - (ag, €)™ - (a2, 1) -+ (ao, Ca) "

and k1 = —k,, so

(a1,1) - (ao, Ca)*2 - (az, 1) -+ = (@, Ca) ™™ - (a,1) - (a0, Ca) ™™ = (¢; M a, 1).

Since the product is as short as possible, Cd_kla € A', but since A’ is a Z[(y]-module, this
means that a € A’, which is a contradiction. Hence, A’ = B’. Moreover, by could have

been chosen to be ag in the first place, so [ag] = [bo]. O

In view of Proposition [10.1.6] we describe how the global monodromy of

Ve = ((alv Cd)v LR (aTw Cd))

is determined.

Notation 10.1.7. Given an n-tuple (or an n-row or column vector) v = (ay,...,a,) € A
where A is a Z[t, t~!]-module, write M¢ 1 (v) for the Z[t, ¢~ ]-module generated by {a;—a;, :
i=1,...,n} for any ig € {1,...,n}. Note that Mg 1(v) does not depend on the choice
of ig. Equivalently, Mg 1(v) is generated by {a; —a; : i,j = 1,...,n}. Further note that,
under Convention , Mg 1(v) is defined when A is a Z[X]/(X¢ — 1)-module.

The following proposition establishes that the global monodromy of v, is determined

exactly by Mg 1(va) and the congruence class of a;, modulo Mg 1(v4) for any ig where

VA = (ala"'van)‘

Proposition 10.1.8. Let d > 2 be an integer, let Z[Cq] = Z[Ca)au, let A be a Z[(q]-module,
let G = Ax (), and let ¢ = {(a,(q) € G : a € A}. Given v. = (g1,...,9n) € ", write

gi = (a;,(q) and va = (a1, ...,ay). The following hold:

1. Mg(ve) e ={(aj, + a,(q) : @ € Mg 1(va)} for any ip € {1,...,n}.
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2. Mg(vc) N (A X <1>) = MG,l(”A) X (1) & MGJ(’UA).
3. Ma(ve) = (giy, Ma1(va) x (1)) for any ig € {1,...,n}.

In other words, the global monodromy Mg(ve) of ve € ¢ is determined (in the sense of
Proposition exactly by Mg 1(va) and the equivalence class of a;, modulo Mg 1(Va)

where v 4 is the element of A®™ corresponding to v. € c¢™. In particular, writing v, w. € c"

by

Ve = ((ab Cd)7 SRR (ana Cd))
We = ((bla Cd)a R (bn7 Cd))v

ve and we have the same global monodromy if and only if Mg1(va) and Mgi(wa) are

equal and a; and b; are equivalent modulo this submodule of A.

Proof. By Lemma (a;,¢q)-(a1,¢q)~t = (a;j—az1,1). In particular, Mg(v,.), which is by
definition generated by g1, . . ., gn, is also generated by g¢;,, (a1 —a4,, 1), (a2—a;y, 1) ..., (an—
a;,, 1) for any ig. Furthermore, the elements a € A such that (a,1) € Mg(v.) form a Z[(4)-
module — if (a,1) is in Mg(v.), then (a,Cq) - (a,1) - (@i, Ca)™' = (Cqa,1). Therefore,
Mc(ve)N(Ax (1)) contains Mg 1(va) x (1), and hence Mg (v.) Nc contains all the elements
of the form (a,1) - (aiy,Cq) = (ai, + a,(q) where @ € Mg 1(va). This containment is
strict because g;, for i = 2,...,n, is recovered by letting @ = a1 — a;,. In particular,
Mcg(ve) N (A x (1)) equals Mg 1(va) x (1) as well. We have thus shown (1), (2), and
(3). O

Corollary 10.1.9. Let d > 2 be an integer and let £ 1 d be a prime number. Let G =
A % (Cq) where A is a quotient of Z/0Z[(q] = Z/VZ[C4)au- Factorize Zy[Cq) as the product
[Lic; Bi of DVR’s similarly to (4.1.9). In particular, A factorizes as a product [];cp Bi/(£)
of fields, where I' is a subset of I. Let ¢ be the subset of G consisting of the elements of
the form (a,(q) for a € A. Let ve = (g1,...,9n) € ", write g; = (aj,(q), and write

va = (a1,...,an). Further write va; for the B;/({)-component (a14,...,an;) of vA.
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Then, Mq(v.) is determined exactly by the B;/(¢)-modules Mg 1(va ;) and the Mg 1(va;)-
equivalence class of aj, i, which does not depend on the choice of jo. More precisely,
Mgi(va) = [, Mgi(vas) and the Mg 1(va)-equivalence class of aj, (which corresponds
to the Mq 1(va,;)-equivalence classes of aj, ;) determine (in the sense of Proposition

M¢(ve). Furthermore,

B;/(¢) if at least two of a1 ,...,an,; are different
Mg 1(va;) =
0 otherwise.

Proof. By Proposition Mc¢(ve) is determined exactly by Mg 1(va), which is gen-
erated the A-module generated by az — ai,...,a, — a1, and the Mg 1(va)-equivalence
class of a;. The A-module Mg 1(va) corresponds to the tuple of its B;/(¢)-components,
which are generated by as; — ai,...,an,; — a1,; and hence are Mg 1(va,;). Moreover, the
Mg 1(va)-equivalence class of aj, corresponds to the tuple of the Mg 1(va ;)-equivalence
classes of aj, ;. Lastly, since B;/(¢) is a field, Mg 1(va;) is B;/(¢) itself if and only if any

of the as; — a1, ...,a,; — a1, is nonzero. ]

Proposition 10.1.10. Let d > 2 be an integer, let Z[Cq] = Z[Ca)au, let A be a Z[(q]-module,

let G = A x ((q), and let ¢ be the set {(a,(q) : a € A}. Given v = (ay,...,a,) € AP",

identify va with v. € ™ under Convention [10.0.1. The boundary monodromy Mp(v.)
i1

equals (37 1 ¢y "ai, (). Therefore, with n fized, the boundary monodromy of an element

of ¢ is determined exactly by the linear invariant Y .-, Cflai.

Proof. The boundary monodromy of ¢, is

(a1,€a) -+ - (an, Ca),

and calculating this as (31, ¢} a;, () is immediate. O

In view of Corollary [10.1.9] and Proposition [10.1.10}, we introduce the following termi-

nology to more easily discuss the boundary and global monodromy invariants when using
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Convention [T0.0.11

Definition 10.1.11. Let d > 2 be an integer, and let Z[(4] = Z[(4lan. Given a Z[(4)-
module A, and vg = (a1,...,a,) € A®", we define Mp(v) := > 1" a;(’, to be the boundary
monodromy of v4. In view of Proposition Mp(ve) = (¢ Mp(va), ) where v,
corresponds to v4 under Convention

By the global monodromy Mg(va) of v4, we mean the global monodromy Mg (v.) of
ve = ((a1,¢d),---,(an,Cq)) € c". Proposition shows that Mg(va) is determined
exactly by Mg 1(va) and the Mg 1(va)-equivalence class of ay, ..., a,. In the case that A
is a quotient of Z/¢Z[(4] with £ { d a prime number, Corollary in fact shows that
Mg (va) is determined exactly by whether ay;,...,a,,; € B; are the same and, if so, what

this value is across the 4’s indexing the factorization Z/¢Z[(4] = ], Bi-

10.2 A nice change of basis

Let C be the n x n matrix over Z[t,t!] given by

1 1 0 0 0 0
1 1
1 -1 19 0 0
1 0 -5 3 0 0
C=11 o 0o -4 0 0 (10.2.1)

We describe how the change of basis by C changes the presentations of the unreduced Burau
matrices ¥y (0;), the unitary matrix H,, and the boundary monodromy function — the
presentations are essentially given by the matrices and vectors computed in Lemma[10.2.1]
In particular, B, acts on the vectors under the change of basis by C by the reduced Burau

representation v, on all but the first coordinate.
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Let A be a Z[t,t™1,det(C)]-module. Given a vector v € A®", write vy, for the col-
umn vector of v with respect to the elementary basis elements eg,...,e, € A" and v¢
for the column vector of v with respect to the basis elements Z?:l €;,e1 — %62, %6’2 -
t%eg, e tn%en_l — tn%len. In particular, vy, = Cvc for every v. The action of o; € B,
via the unreduced Burau representation ¢, acting on A®" sends a column vector vy, to
¥n(0;)vy, . Correspondingly, the action of o; sends a column vector ve to (C 14, (0;)C)ve.
Moreover, letting h be the Hermitian form (5.1.2]) given by H,, we have h(v,w) =
vy, Hnwy, = ve(C*HpC)we, so h is given by the matrix C*H,C with respect to the

change of basis. Lastly, the boundary monodromy function is given by the row vector

(t 2 ... tﬂ) multiplied to the left of vy, (and evaluated at ¢t = (4), so the function
is given by the multiplication by (t 2 ... t") C~! to the left of ve.
Lemma|10.2.1{calculates the matrices C~14,,(0;)C, C*H,, —11C, and <t 2 ... t”) ch

recall the notation H, ,; introduced after (5.1.1)).

_1\n+1 n—1 44
Lemma 10.2.1. 1. det(C) = %

2. Over Z[t,t~1, det(C)],

C_l¢n(ai>c -

0| vn

foreveryi=1,...,n—1.

where

n—2 —1
S =— (Z(n—i—l)ti—k(n—Q)—i— > (n+i—1)ti>. (10.2.2)

i=1 i=—n+2

Note that S = S.

4. (gd (3 gg)C:(Z?:lgcil 0 --- 0).
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Proof. One can verify by applying elementary column operators to C to transform C

into an upper triangular matrix. One can also arithmetically verify , , and . 0

T
Therefore, writing ve = (al an) , the action of B, via ¥, fixes the first
coordinate «; and is given by 1] on the other coordinates, the boundary monodromy of

v is a multiple of a; by an invertible element, and the norm of v with respect to H,, is

T
a1 - a@p - S, where S is as in Lemma [10.2.1{(3]), plus the norm of (042 Om) with

respect to H .
We also prove Lemma, [10.2.2] and Lemma [10.2.3| to later establish the invertibility of

C and Hy 11 over Zy[Cq|¢,+1 in certain circumstances.

Lemma 10.2.2. Let d > 2 be an integer. Let j1q be a primitive dth root of unity in Q and

_d

sed(dn) 95 elements

suppose that d¥n. Then 1— g and Z?:_ol ufj respectively divide d and

of the ring Z[uq).

Proof. Given a primitive eth root of unity u, we have X1 +... +1 = Hf;ll(X — ub).
Evaluating at X = 1 yields e = Hf;ll(l — ). Letting e = d proves that 1 — g divides
d. Letting p = pf so that e = m yields e = Hf;ll(l — pb). Since (1 — u) =

1—pg) - 7l we thus have that 77 uf divides e. O
=0 Md =1 Md

Lemma 10.2.3. The expression S in (10.2.2) equals t((ll:f:f)) . 1_175::2.
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Proof. This holds because

n—2 -1
S—t71s = (Z(n—z’—l)ti—l—(n—2)+ > (n+i—1)ti>

=1 i=—n+2

n—3 -2
- (Z(n —i=2t (-2t + Y (n+ i)ti>

1=0 i=—n+1

n—3 )
— (t”_2+2(n—i—1)ti+(n—2)+(n—2)t_1—|— > (n+i—1)ti>

=1 i=—n+2

n—3 —2
— <Z(n—i—2)ti+(n—2)+(n—2)t1+ > (n+i)ti+t"+1>

i=1 i=—n+2
n—3 -2
=1 t=—n+2
n—2 2
=2 = >
=1 i=—n+1

n—3
_ (t o tfn+l) . Zti'
=0
]

Lemma [10.2.4] below translates Proposition [10.1.8]and Corollary [10.1.9|to describe the

global monodromy of a vector in Z/¢Z[(4]®™ with respect to the base change by C.

Lemma 10.2.4. Let D > 2 be an integer and let £ t d be a prime number. Let G = Ax((y)
where A is a quotient of Z/VZ[Cq] = Z/lZ[Ca)¢,21- Factorize Z¢[Cq) as the product ], B;
of DVR’s similarly to . Let n be an integer such that ged(d,n) = 1. In particular,
Z?:_(Jl ¢4 and C are invertible over Z/VZ[(4) by Lemma and Lemma (10.2.9. Given
VA = VA, = (al,... ,an)T € A®" written with respect to the standard basis of A", write
vac = (a},... ,a')T for its base change under C, i.e. VA, = Cvac. Write additional
subscripts of i on vectors over A or elements of A to indicate B;/({)-components; for
instance va; is the B;/(£)-component of va and a1 ; is the B;/({)-component of a;.

The following hold:

1. Mga(vaq) C Bi/(¢) is Bi/(£) if and only if at least one of ay;, ..., aj, ; is nonzero

n,t
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and is 0 otherwise.

2. Mg(va) is determined (as per Proposition by Mg 1(va) and
n ) -1
i=(36) amton
i=1

In particular, with d, ¢,n fized, Mg(va) is determined exactly by ay and by which among the

B;/(£)-components of (ab,. .., aL)T

»'n

are zero. In fact, Mg 1(va) is the A-module generated

/

!/
by aj, ..., a;,.

Proof. We show (1). By Corollary [10.1.9, Mg 1(va,y,,:) is 0 if and only if the B;/(¢)-
component of vy, has all of the same coordinates. Since v4,, = Cvac, this is turn
)T

happens exactly when (aj ;... ,a, is zero. Otherwise, Mq 1(vA ., i) is Bi/(£).

» Ui

We now show (2). By Corollary Mg (va) is determined by Mg 1(va) and aq,
which equals @} + ay. If (ay, ..., a;m-)T is nonzero, then Mg 1(va;) = B;i/(¢). Otherwise,
a1; = ay ;. In either case, a;; and a ; are in the same Mg 1(va;)-equivalence class, so a}
and a; are in the same Mg 1(va)-equivalence class. Therefore, Mg(va) is determined by
Mg 1(va) and af as desired. Also recall from Lemma and the discussion preceding

it that Mp(va) =Y 1 Cla). O

10.3 The Orbits of the unreduced Burau representation eval-
uated at ¢t = (; modulo ¢ are determined by three in-

variants

In Theorem we show that the orbits of the unreduced Burau representations eval-

uated at t = (4 modulo ¢ for sufficiently large n are determined by the three invariants —

the global monodromy, the boundary monodromy, and the norm — of their elements.
Via Lemma we first establish orbits of the action of SU to later use the fact

(Section [10.2]) that the unreduced Burau representation is essentially almost given by the
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reduced Burau representation and to use Venkataramana’s [43] results showing that the

reduced Burau representation is an arithmetic subgroup of the appropriate unitary group.

Lemma 10.3.1. Let d > 3 be an integer, let £ 1 d be a prime number, and let n > 4 be
an integer. Let A = Z/VZ[Cq] = Z/VZ[Cql¢c,#1 or an involution ring quotient thereof. In
particular, A factors in the form [, D;/(£) where the indices i here run over a subset of
the indices i appearing in the factorization Z[Cq) = [[; D; recorded in where the
D; are division or double division rings with involution. Equip A" with a nonsingular
ea-Hermitian form H (see Notation[{.0.1). Write H; for the D;/({)-component of H as
in Lemma [{.0.8; the H; are nonsingular. Whenever D; is a double division ring, write
D; = B; x Bl where B, = B, is an integral domain and the involution on D; is given by
(a,b) = (b,a). Let v1,v9 € A®™ and write vy 4,v2,; for the D;-component of vi and vs.
Then, v and vy are in the same orbit under the action of SU(A®™) if and only if the

exactly one of the following hold for each i:
1. v1; and ve; are both 0,
2. The norms H;(v1,v1,:) and H;(va;,v2,) are equal and invertible elements of D;.
3. Dj is an integral domain, vi; and va; are both nonzero, and have zero norm.

4. Dj is a double division ring, and vi; and va; either both have zero B;/({)-component

and nonzero Bl /({)-component, or vice versa.

5. D; is a double diwvision ring, vi; and ve; both have nonzero B;/({) and Bj/({)-

components, and vi; and va; both have zero norm.

Proof. Since SU(A) 2 [, SU(D;/(£)®™), it suffices to prove that the properties described
in (1)-(5) determine orbits of the action of SU(D;/(¢)®") on D;/(¢£)®™. Moreover, note
that the properties (of being 0, having a specific norm, having zero B;/(¢) and Bj({)
components) are all preserved under SU(D;/(£)®"), so the “only if” direction holds. We

now prove the “if” direction.
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First suppose that (; = —1 in D;, which can only occur when d is even. In this case,
only (1) or (3) can occur. Clearly, 0 forms its own orbit. If v1; and vy ; are both nonzero,
then they are in the same orbit under SU(D;/(£)®™) = Sp(D;/(£)®™).

Now suppose that {4 # —1 in D; instead. Again, 0 forms its own orbit. To establish
that (2) describes an orbit, suppose that the norms of vy,vy € D;/(£)®" are equal and
invertible as elements of D;/(¢) (in fact of D;/(f)’). By Lemma (D; /()™ H;) =
((v5), Hilwy) L (<'Uj>J_,Hi’(,Uj>L) for j = 1,2. In particular, (<’Uj>J_,HZ"<Uj>L> is nonsin-
gular, so it has an orthornomal basis by Proposition [£.1.7 Any automorphism ¢ on
D;/(£)®" sending v; and ve and an orthonormal basis of ({vy)™, H;|(,y1) to an orthonor-
mal basis of ({v2)*, H; (v)1) is an element of U(DP™). Scaling one of the basis ele-
ments of ({vg)t, H;|(ypy1) by ﬁ and replacing ¢ accordingly thus makes ¢ an element
of SU(D;/(£)®™) sending vy to vs.

To establish that (3) and (5) describe orbits, now suppose that the conditions specified
in (3) or (5) hold. Via Proposition identify an orthonormal basis of H; and write

al bl

ao bo
V1, = . y V24 =

an by,

with respect to the orthornormal basis. In the case that D; is a double division ring,
replace v1; and vy ; if necessary with some vectors in the same SU-orbit so that at least
one coordinate in each is in D;/ ({})X Without loss of generality, say that ai,b; € D;/(£)*.
Letting w = <—a1 0 --- 0) , note that w L (v + w) and that the norms of w and
v + w are nonzero and additive inverses of each other. By Lemma there is some

T
u € D;/(£)* such that u-u = —1. Letting y,, := <—a1 00 --- 0) and Yy1qp =

T
<0 way 0 --- 0) , note that y,, | yytw, that w and y,, have the same norms and
that v + w and 7,1, have the same norms. Using Lemma and Proposition

similarly as before, we can add orthonormal bases of (w,v + w)* and (Y, Yorw) " to the
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lists (w, v+w) and (Yu, Yv+w) TESPectively to obtain orthogonal bases of D;/(£)®", then let
¢ be the automorphism of D;/(£)®" sending the former orthogonal basis to the latter. By
replacing u with an appropriate scalar multiple (alternatively, by scaling one of the added
orthonormal basis vectors), ¢ in fact becomes an element of SU(D;/(¢)®™). Thus, v1; is in

T
the same orbit as yy4w — Y = <a1 wag 0 - 0> . Similarly, va; is in the same orbit

as (bl wby 0 - 0) for some v’ € D;/(¢)* assuming, without loss of generality, that

T
b1 # 0. In fact, just as argued before, <a1 wag 0 - ()) is in the same orbit as

<a1 wa; by u'by - ())T, which is also in the same orbit as <bl wby 0 - 0>.
Thus, v1; and ve; are in the same orbit as desired.

To establish that (4) describes an orbit, suppose that D; is a double division ring,
without loss of generality, that vq; and vs; both have nonzero B;/({)-component and zero
B!/(¢)-component. Note that SU(D;/(¢)®™) C SL(B;/(¢)®™) x SL(Bi/(¢)®") is the image
of SL(B;/(£)®") under the embedding 7 + 7 x (77)~L. In particular, there is some element
of SL(B;/(¢)®™) taking the B;/({)-component of v1; to that of vo; and hence there is an

element of SU(D;/(¢)®™) taking vi; to va,. O

We induct on n to prove that the orbits of the unreduced Burau representation on
ZJUZL[C4)®™ are determined by the three invariants. Proposition [10.3.2] serves as the base

case to this induction.

Proposition 10.3.2. Let d > 3 be an integer, let £ { d be a prime number, and let A be
an involution ring quotient of Z/CZ[(q] = Z/UZ[Cq)¢ 1. Suppose that n > 4 is an integer
such that ged(d,n(n —2)) =1 and the image of ], evaluated at {5 € A modulo ¢ contains
SU(AB(=D)) where AB(=1) s equipped with the Hermitian form R, (see Section .
The orbit of any element vqa € A®™ under the action of B, via v, evaluated at (4
modulo ¢ is determined precisely by the global monodromy Mg(va), the boundary mon-
odromy Mp(va) (Definition , and norm under h base changed to A as described

in Section[5.1], where h is given by the unitary matriz H, 1.

Remark 10.3.3. Suppose that A = Z/¢Z[X]/(X +1). For n > 4, the orbits of v4 € A®"
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under the action of B,, via v, evaluated at (4 modulo ¢ are determined precisely by the
global monodromy Mg (v4) and the boundary monodromy Mp(va), cf. |13, Proof of
Proposition 2.7]. Indeed, since (4 = —1 and since the involution on A is trivial, one can
compute

Vi Hp—1104 = —Mp(va)®.

so the boundary monodromy determines the norm of v4 under the Hermitian form given

by H, n,—1,1-

Proof. Factorize A =[], D;/(¢) as in Lemma[10.3.1] and write D; = B; if D; is an integral
domain and D; = B; x BZ{ if D; is a double division ring.

Proposition and Proposition show that any two elements in the same
orbit have the same global and boundary monodromies. The discussion in Section
describes that the action of B,, preserves the norm under h. Conversely, we show that any
two elements of A®™ with the same monodromies and norm are in the same orbit.

Since ¢ { d and since ged(d,n) = 1, I, ¢} is invertible in A by Lemma
In particular, the matrix C, evaluated at t = (4, specified in is invertible by
Lemma Writing vy,, and ve for the column vectors of v € A®" with respect to
the elementary bases eq,...,e, and Z?Zl ei,e1 — %62, %62 — t%eg, e tn%en,l — tn%len

respectively, recall from Section that the action of o; € B, on wv¢ is given by

, that the boundary monodromy function is given by the

multiplication by Cd Cd = Ez ) Cd 0 --- ()) to the left of ve, and

that C*H,, _1:C = «‘7 is the matrix of h under the base change by C. By
0| H)

Lemma [10.2.3] and Lemma[10.2.2] and since ged(d, n(n —2)) = 1, S is invertible in A. For
the rest of this proof, let H,, = H,, _11.

Writing ve = (061 an)T, further recall that the action of B, via v, fixes the
first coordinate a; and is given by ! on the other coordinates, the boundary monodromy

of v is a multiple of a1 by an invertible element, and the norm of v with respect to H,, is
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T
S - a1 - a1 plus the norm of (ag ... an> with respect to H.
Now say that v,w € A®" have the same monodromies and norm and write v¢ =
T T
<a1 an> ,we = (/31 ﬁn) . It suffices to show that ve and we are in the

same orbit under the action of the group of matrices of the form

with o € B,. Since vTand w have the same bour;dary monodromy, a; = 1. Moreover,
vy = <a2 an> and wp 1= <ﬁ2 5n> have the same norm given by H] since
ve and we have the same norm given by C*H,C. Equivalently, v/, and w(, have the same
EZ—norm because iLIL is given by H over factors D; where (4 # —1 and ?LZ is a symplectic

form over factors D; where (4 = —1 and H], evaluates to 0 at ¢t = (4 = —1.

By [43, Lemma 13|, det H, before evaluating ¢, is (%)R_l (t::ll). Thus, the Hermi-

tian form given by H] is nonsingular exactly when ¢+ 1 and t:_;f = Z?;ol t* evaluate to be
invertible values. The only D; on which ¢+1 is not invertible is D; = Z;[X]/(X +1), which
is a factor of Zy[(4] only when d is even. In this case, n must be odd since ged(d, n(n —2))
is assumed to be 1. In particular, det ]:I]; =1 by , SO 712 is nonsingular.

By Lemma when a vector v has fixed boundary monodromy, its global mon-

odromy is determined exactly by the sets

{B, : the B;/({)-component of v/ is nonzero}

{B}: D; = B; U B, and the B;/({)-component of v/ is nonzero}.

For each factor D;, write vé’i and w’cﬂ- for the Dj;-components of v and w. In particular,
ve; = 0 if and only if wg; = 0. Similarly, when D; = B; x Bj, the B;/({)-component
(resp. Bj/({)-component) of v ; is 0 if and only if the corresponding component of wp ; is
zero. Lemma hence shows that v, and w} are in the same orbit under the action

of SU(A®(—1)), O
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Lemma is the main idea driving the inductive step of the aforementioned induc-
tion. It establishes that each orbit of the unreduced Burau representation has a vector
with a specified, “nice” first coordinate and that truncating this first coordinate preserves
the global monodromy. If two vectors have the same monodromies, norm, and first coor-
dinate, then Lemma then shows that truncating the first coordinates from the two

vectors results in vectors with the same boundary monodromy and norm.

Lemma 10.3.4. Let d > 3 be an integer, let £ 1 d be a prime number, let A be an

involution ring quotient of Z/Z[Cq) = Z/Z[Cq)¢c 1, and let n > 6 be an integer such that

T
ged(d,n) = 1. Say that v = vy, = (al as - an> € A®" is a column vector. Write
D; and By, B; as in the proof of Proposition (10.53.2. Write Mg ; = Mg1(vy, ;) C D; for
each 1.
T
There is some column vector w = wy,, = (bl by - bn> € A®" such that, writing
T
w;ﬁ[:n = <52 by - bn> ;

o Mgp(vy,) = Mp(wy,),

e N(vy,) = N(wy,), where N is the norm with respect to Hy _1 1, and

bl,z’ 15

0 if Mg = D;

(0,8) if Di = B; x B} and Mg; = B;/() x 0
bi := (10.3.1)

(,3,0) if Di = Bi X B,Z and MGJ‘ =0x BZ//(E),

~y if Mg; =0

for every i; here, we let v € D; be any Mg ;-congruence class representative such
that Mg (vy,, i) is determined (in the sense of Proposition by Mg, and v and
we write v = (8, 8") if D; = B; x Bj.
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Remark 10.3.5. Like Proposition Lemma[10.3.4] requires d and n to be relatively
prime because both facts require the change of basis by C. However, unlike Proposi-
tion Lemma does not require d and n — 2 to be relatively prime — whereas
the former requires the expression S introduced in Lemma to be invertible, the

latter does not.

Proof. Let wy,, € A®™. Write vy, ; for the D;/(¢)-component of v = vy, . Write N (vy,, ;) =
”Zn,iHn,—lewn,i € D; norm of Uy ,i- Write Mp; € D; for (Z?:_ol gfi)_l - MpB(vy, i), which
is well defined by Lemma If vy, ; has all the same coordinates, then Mg(vy,, ;) N
(D;i/(€) » (1)) = 0 % (1) by Corollary [10.1.9} In this case, Mg (vy, i) = Ma(wy, ;) if and
only if vy, i = Wy, ;-

Now suppose that vy, ; has at least two distinct coordinates. If D; = B; x Bj and
Mg ; = B;/(£) x 0, then 3" in the definition equals the B./(¢)-components of all of
A1, - -+, n,. In this case, Mg(vy, ,) = Mg(wy, ;) if and only if the B;/(£)-components of

Uy, ; and wy,, ; coincide. By symmetry, analogous facts are true when Mg ; = 0 x B;j/(f).

Mg, N(vy, i) | Ma,; we,i Wepn i
Mg 0
' ‘ ~Mp,; (1—-¢ Mg,
Invertible Any D; 0 Mg, + OZCd_Q
a Mp; —aC; s
0 0
0 40 D; 0 agyt
Q —aCd_Q
0 0
0 ¢!
0 0 D; 1 ~(°
0 acy?
a —a¢;?

Table 10.1: Descriptions of the first several coordinates of w¢ ; such that the first coordinate
of wy,, ; is b; = 0 when D; is an integral domain. The unwritten trailing coordinates of
we,; are all 0. Since wy,, ; = Cwe,;, the unwritten trailing coordinates of wy,, ; must be all
Mp ;. Where appropriate, o € D; is chosen via Lemma to ensure that the norm of
we,; equals N (vy,, ).

Tables [10.1} [10.2] and [10.3| list (the first several coordinates of the) column vectors

we,; corresponding to desired wy,, ; under the base change by C, i.e. wy, ; has the same
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Mg, N (vy,.i) Mg, we,i Wy, i
Mp; 01
Invertible Any D; _]\gB’i (]1\4;5‘1 21 ]ZlBQ’i
[e% MB,i — O‘CJS
’ . v MB,i (07 /8/)
(B8, ") Invertible S-Mp; Mg, Bi/(f) x 0 ((—ﬂ, 0) <(ﬁ»5,) LGB, O)>
Invertible #S-Mp;-Mp; | Bi/({) x0 N/A N/A
0 0
0 # 0 (i.e. invertible) D, 0 a¢;!
@ —ozcd_z
0 #0 B;/(¢) x 0 N/A N/A
0 0
0 ¢t
0 0 D; 1 —¢;°
0 oeCd_?’
o —oz(d_4
0 0
0 0 B;/(£) x 0 0 (1,0)¢; "
(170) _(170)4(;2

Table 10.2: Descriptions of the first several coordinates of w¢ ; such that the first coordinate
of wy,, ; is by when D; = B; X B! is a double division ring and Mp ; is either invertible or
0. The unwritten trailing coordinates of w¢; are all 0. Since wy, ; = Cwe,;, the unwritten
trailing coordinates of wy,, ; must be all Mp;. Where appropriate, a € D; is chosen via
Lemma to ensure that the norm of we; equals N (vy,, ;).

monodromies and norm as vy, ; and we; = C'wy,, ;. Recall from Section that the

first coordinate of we ; is exactly Mp ;. Furthermore, the first coordinate of wy,, ; = Cwc; is

0 whenever the second coordinate in we; is —Mp ;. In the other cases, the first coordinate

of wy,, ; is b; as specified in Equation ((10.3.1]):

e In the second row of Table i.e. when Mp;
S-Mp;-Mp;, and Mq; = B;/(£) x0, we have wc ; = <MB,i (=6,0) 0

so the first coordinate of wy,, ; is (0, 3).

e In the fifth row of Table i.e. when Mp;

0 x Bj/(¢), we have wy,, ¢ = <MB,Z- 0 (0,1) 0

of ’wwmi is (ﬁ, 0)

(B,8') is invertible, N (vy,, ;)

T
)

(8,0), N(vp;) =0, and Mg,; =
T

0) , so the first coordinate

We describe why the choices of we; (can be made to) have norm N (v, ;). Note that
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Mp; | N(vy, ) Mg we,i W, i
Mp; 01
. _MB,z (1 - Cd_ )MBZ
(670) 7& 0 Dz ( 0 ) (MB,i +a<’;2 )
a Mg, — o¢;®
.00 | Z0 | BJi) x00r 0x BJ(f) | NJ/A N/A
Mp; 0
—Mp; (1+ CJI)Mg,i
0 Mp;+(;
(ﬁ,O) 0 D; 1 My — C;g
0 Mp; + Oégd
e} Mp; — OzCJ
Mp; 0
6.0 o0 Bi/(t) % 0 G,
Mg, (B,0)
(8,0) 0 0 x B;/(¢) 0 (8,0) + (0,1)¢; "
(0,1) (8,0) = (0,1)¢;>

Table 10.3: Descriptions of the first several coordinates of w¢ ; such that the first coordinate
of wy,, ; is b; when D; = B; X BZ’» is a double division ring and Mp; is neither invertible
nor 0; without loss of generality, say that Mp; is of the form (b,0) € B;/(¢) x B;/(¢).
The unwritten trailing coordinates of we; are all 0. Since wy,, ; = Cwe;, the unwritten
trailing coordinates of wy, ; must be all Mp;. Where appropriate, o € D; is chosen via
Lemma to ensure that the norm of we; equals N (vy,, ;).

S| 0

the norm of w¢; is wai (C*Hyp,—11C)we,; = wai we,i- It is also convenient to
0| Hr
recall that a vector over B;/(¢) x B!/(¢) with zero B;/({) or Bj/({)-component has zero

norm by Lemma Moreover, note the use of the symbols « in the choices of we; in
multiple cases listed in the tables — in each of these cases, « is meant to be an element
of D; such that the norm of we; is N(vy, ;). If D; = Z¢[X]/(X + 1), then H;, = 0, so the
norm is S - Mp; MiBZ In this case, the norm is determined by Mp;, which is the first
coordinate of w¢ ;; choose o = 0 for instance. Otherwise, o chosen either to be 0 or to be
an invertible element of D; via Lemma For example, we ; is set to be of the form

T
we,; = (MB,i ~Mp; 0« 0 0 --- 0) in the first row of each table. The norm
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of such a we,; is

,i wcﬂ — S . MB,’L . MB,’L + (_MB,’L) . (_MB,’L) . M + o Q- M'
0| H" Cd Cd

Since norms in this context are elements of D; and hence are either 0 or invertible, and
since ({g+ 1) is invertible by Lemma an o € D; making the above expression equal
to N(vp,;) exists.

The tables contain some rows that correspond to impossible combinations of Mp,
N(vy, i), and Mg;. We remark on why these combinations are impossible. The combi-
nation specified by the third row of Table cannot occur because if Mg ; is B;/(¢) x 0
(or 0 x B!/(£)), then the norm of we; must be S+ Mp- Mg +0=S5-Mg-Mp. Similarly,
combinations specified by the fifth row of Table and by the second row of Table
cannot similarly cannot occur because the norm of we; must be 0 in these cases.

Recall from Lemma that the global monodromy of w,,, is determined exactly
by Mea(wy,) and (30, ¢ *Mp(wy,) = (Mp,;);. The former is the D;/(f)-module
generated by the coordinates of wc; except for the first one. In each case as listed in the
tables, this D;-module is equal to Mg ;.

Finally, we describe why wg:n has the same global monodromy as wy, . By Corol-
lary Mg ; is the D;/(¢)-module generated by the differences between the coordi-
nates of wy,, ;. Similarly, MGl(wf;:r;) is the D;/(¢)-module generated by the differences
between the coordinates of w;“;:r; In each case as listed in the tables, Mg ; coincides with
MGl(wf;:I;) The following are justifications to this claim, divided amongst similar cases

described in the tables:

e In the first rows of each table,

T
Wep i = <0 (1-¢YMp; Mp;+al;? Mp;—al;® Mp; - MB,z’> :

Since n is assumed to be at least 6, w,y, ; has some trailing coordinates of Mp;.



140

In particular, the difference between the coordinates (1 — Cd_l)M B, and Mp; is the

invertible element —Cd_lM B, and hence Mg,l(wfz}rf;) =D;.

e In the second and third row of Table the fourth, sixth, and seventh rows
of Table [10.2, and the fifth row of Table [10.3, Mp; equals the first coordinate of
Wy, ; and since n > 6, wy,, ; has some trailing coordinates of Mp ;. In particular,
truncating the first coordinate does not change the set of values of D; that are

coordinates of wy,, ; and MG,l(wg:f; = Mg,

e In the second row of Table wy,, ; has some trailing coordinates of Mp; = (8, 5’).
The difference between the coordinates (8, 8') + ¢, (8,0) and (8, 3') is the element

¢;*(B,0), which generates Mg ;. Hence, MGJ(wf;SE = Mg,

e In the fourth row of Table one can argue Mg 1(wif"™ = Mg, as in the previous

case.
e In the third row of Table if @ = 0, then the difference between the coordinates
Mp; + Cd_2 and Mp; — Cd_3 is Cd_2 + Cd_?’. Since D; is assumed to be of the form

B, x B} in this case, (g is not a square root of —1 in B; and in B]. Thus, Cd_Q +Cd_3 =

C;g(l + (q) is invertible in D; and hence generates Mg ;.
O

We now relate the boundary monodromies and norms of vectors obtained by adding
coordinates to shorter vectors. Note that the Lemma [10.3.6] below appends coordinates
to the end of a vector, but analogous statements that append coordinates to the front of

a vector also hold.

Lemma 10.3.6. Let d > 2 be an integer, and let A be a Z[t,t~']-module. Write N,, for

the norm on A®™ given by H, 1.

T T
1. If VUp = <a1 a’TL) c A@n and ’U7L+1 — <a1 . an an+1> c A@(n+1)7



141

then

Nn-l—l(vn—‘rl) = Nn(vn) + MB(Un) St ap+1 + MB(vn) At Ap+1 — Ap4-10n+1-

T T

In particular, if w, = (bl bn> and w, = <bl by an+1> and if

MB(Un) = MB(wn); then Nn(vn) = Nn(wn) holds if and only if NnJrl('UnJrl) =

Nn+1(wn+1)-

T
2. Now suppose that A is a module over Z[(q] = Z[(4ql¢,#1- If vn = <a1 an> €
T
A% and vy 1 = <a1 e a, e a) e A®(td) ypep

Nn—i—d(vn—i—d) = Ny, (’Un)

Proof. 1. Calculate

*
Nogt1(Vns1) = vy 1 Hig1,-1,10n41

tn_l
Hn,fl,l Un
= ’U; an+1
1 an+1
t—ntl 11 =1
tnfl
Hypv, + anp+1
=\ vy | @t
1

at™" M+ a, — g

tn—l
= v Hyv, + v, : ani1 + Gngr(art™ ™ 4+ a, —ang)
1
= Np(vp) + (@t" '+ @)ans1 + (@t 4+ 4 @)@t + Qo1 Gogt

= Nn(vn) + MB(Un) AR an+1 + MB(”n) - Gp+1 — Ap4+10n+1-



= Np(vp) + Xa - @,
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n—1 n+d—2
G G i
. Writing M = : : , and noting that M (a a) = 0, we
1 a-1
similarly have
Nn+d(vn+d) = UZ+dHn+d,—1,1Un+d
U1
Hn,—l,l M Un
M* ‘ Hd7,171 «
o
Q
:7ﬁfﬂw4Jvn+-<a a>H¢L1
Q@

where Y is the sum of the entries of H; 1 1. The sum of the entries of Hy _; ; that

are strictly above the diagonal is

d—2 i d—2

POMEDD
d

i=0 j=0 i=0

1_<2+1
1—Gd

(d—1) -2 et

1—Ca

(d—1) - (-1)

T1-¢

1—2Ca
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Since Hy 1,1 = H);_, ; and since the diagonal entries of Hy 1 are all —1,

1-C 1-Cq

by d=0.

Therefore, Ny, +q(vnta) = Np(vy).

We now demonstrate the inductive step of the aforementioned induction argument.

Theorem 10.3.7. Let d > 3 be an integer, let £ 1d be a prime number, and let A be an
involution ring quotient of Z/lZ[Cq] = Z/Z[Cql¢c,#1- Suppose that n > max(6,d) is an
integer such that ged(d,n(n — 2)) = 1 and the image of 1, evaluated at {4 € A contains
SU(AEB(”_D) where A2 s equipped with the e s-Hermitian form iL’,; — for everyd > 3
and all but finitely many ¢ (depending on d), this holds for n = 2d+ 1 by Corollary .

For all m > n, orbits of the elements of A®™ under the action of B, via 1, evaluated
at g modulo ¢ are determined precisely by the global monodromy, boundary monodromy

(Definition [10.1.11]), and norm under h base changed to A as described in Section

where h is given by the unitary matriz Hp, 1 1.

Proof. Proposition [10.3.2] demonstrates the case m = n. Inductively suppose that the

T
claim holds for every m € {n,n+1,...,k— 1} and suppose that v = (al as - ak)

and w = <bl by - bk>T are two column vectors in A®* with the same global mon-
odromy, boundary monodromy, and norm. We show that v and w are in the same orbit.
Since the factorization Zy[(4] = []; B; has at most d — 1 factors and since Mg 1(va) =
I, Mg,1(va,), there are some (at most) d coordinates a;,, . .., a;, such that Mg i(aj1,...,a;q4) =
Mg 1(va). Moreover, the actions by 9y (0;)*! allow us to swap positions of any specified
coordinate of v with a neighboring coordinate at the cost of possible changing the swapped
coordinate. In this manner, move the coordinates a;,,...,a;, to be the first d coordinates
to obtain a vector v/ € A®* and similarly obtain a vector w’ € A% for w. Replace v and

w with v" and W’ respectively.
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It now suffices to show that the new v and w are in the same orbit. For an integer
r < k and a vector u € A®¥ let v, be the subvector of u of the first r-coordinates. Via
Lemma produce vectors u,, u, € AP™ that have the same monodromies and norms
as v, and wy, whose first coordinates are the elements of A whose D;/(¢)-components
are given by Equation , and such that removing these first coordinates preserves
the global monodromy. We show that these first coordinates are equal. Recall that v
was arranged so that M¢(vg) = Mg(v). In particular, Mg(vy) = Mg (v,) and similarly,
Ma(wg) = Mg(wy). Since Mg(v) = Mg(w), we have Mg(v,) = Mg(w,) and hence
Mg (vni) = Mg1(wp,;) for every i, so the first coordinates are indeed equal. By the base
case of the induction, i.e. Proposition v, and w, are in the same orbits (under
the action of B,, via 1) as vectors u, and u,, respectively, so v and w are respectively in
the same orbits as vectors v’ and w’ such that v}, = u, and w], = u,,. Let v, and wy,_,
respectively be the vectors obtained by removing the first coordinates of v' and w’. In
particular, Mp(v; ) = Mp(wy,,;). By Lemma their norms (given by Hy_1 _11)
are equal. Moreover, since removing the first coordinates of u, and wu,, preserves their
global monodromy, M¢g(v,,;) = Ma(w],,;). Thus, vf, and w} , are in the same orbit
(under the action of Bjy_1 via ¢,_1) by the inductive hypothesis and hence v" and w’ are

in the same orbit. O

10.4 The Ring of Connected Components of Hurwitz Schemes

Degree n-elements 7y, - - - 14, of the ring R of are determined exactly by the orbit
of vg = (g1,...,9n) under the braiding action. In the case of interest, by which we mean
the case A = Z/lZ[(d)c 1, G = A x ((a), and ¢ = {(a,(y) : a € A}, Theorem [10.3.7) shows
that this orbit is determined exactly by the global monodromy, boundary monodromy,
and norm of (the A-vector corresponding under Convention to) vg.

Moreover, R has central elements

Up=)Y rPl (10.4.1)
gec
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for integers D. If ¢ is non-splitting, then there is some integer D such that the kernel and
cokernel of multiplication by Up are both of finite degree [15, Lemma 3.5]. In the case of
interest, any integer D fulfills this property.

Before showing this, we identify the complete set of orbits of A®™ under 1),,. Lemma
establishes that there exist vectors v4 = (ay,..., an)T € A% of every possible combina-
tion of global monodromy, boundary monodromy, and norm, with some restrictions, for
every sufficiently large n.

For each division or double division ring quotient D; of Z¢[(4]¢,+1, let aj; be the D;/(£)-
component of a; and let va; = (ai;,.. .,an,i)T. Write D; = B; x B} if D; is a double
division ring and D; = B; otherwise. By Corollary Mg i(va) =[], Mg1(va,) and
each factor Mg 1(va,) is a quotient ring of D;/(¢). More specifically, Mg 1(va,;) = 0 if
and only if aj 4, ..., an,; are all equal, and M¢ 1(va,;) = B;/(£) x 0 (resp. 0x B/(¢)) if and
only if the Bj/(¢)-components (resp. B;/(¢)-components) of a1 ;,...,an; are all equal.

Since Mp(va;i) = >0, ajyig“g, the B;/({)-components (resp. B,/({)-components) of
the Mp(va,;) are determined by the B;/(¢)-components (resp. B}/(¢)-components) of
the Mp(va,;). Moreover, N(va;) = v} iHpn,—1,104, so if the D;/(£)-components of the
a1,...,0n,; are all equal, then N(va,;) is determined. If instead the B;/(¢)-components
or B]/(¢)-components of the ay;,...,an,; are all 0, then N(va;) = 0. Lemma shows

that these are the only restrictions for large enough n.

Lemma 10.4.1. Letd > 3 be an integer, let £ 1 d be a prime number, let A be an involution
ring quotient of Z/UZL[(q) = Z/VZ[(d)c, 21, and let G = A x ((q). Write D;, B;, and B] as
above. Given Mg < G, say that Mg is determined by A" and [ag] € A/A’ (in the sense of
Proposition , and write A for the D;/(¢)-component of A’. Suppose that n > 4 is
an integer such that ged(d,n(n —2)) = 1. For all m > n, every Mg < G, every Mp € A,
and every N € A’, there exists some va € A®™ such that Mg = Mg(va), Mp = Mp(va),

and N = N(vy) if and only if the following hold:

o If Al =0 then

— Mp(va;) = Mg((ag;, a0, - --,a0:)"), and
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— N(vai) = N((a0,i, a0, - - - a04)").
o If Al =B;/({) x0 (resp. 0 x B./(£)), then
— if the B} /({)-component (resp. B;/({)-component) of ag; is 0, then N(va,;) = 0.

Proof. The “only if” direction follows from the discussion above. For the “if” direction, it
suffices to show this in the case that A = D;/(¢) is a division ring or double division ring.
We proceed inductively, first demonstrating the case m = n.

Given a vector ve = (ai,...al,) € A" corresponding to a vector vqg € A®" un-

der base change by C, i.e. vgq = Cuc, recall as in the proof of Proposition [10.3.2] that
S| 0

Mp(va) = S0, Cal and that N(va) = v} - (C*Hp—1,1C)ve = v} ve. Fur-

0| H

thermore, Mg(v4) is determined (in the sense of Proposition exactly by a} and

10.1.6

by which among the B;/(f)-components (and B!/({)-components of (a},...,a})T"

,ay,)" are zero

by Lemma [10.2.4] Given Mg, Mp, and N, set the coordinates af,...,a, of ve in the
following manner so that Mg = Mg(va), Mp = Mp(va), and N = N(v4):

o Let af = (Z?:l {é)_l Mp; this ensures that Mp(va) = Mp.

o If A’ = D;/({), then let (a},...,al,)” be some nonzero vector (in both the B;/(¢)

S| 0

and B]/({)-components if applicable) such that N = v} ve — there is
0|H"

a way to do so in which af,...,a), are all 0 and (aj,aj,a}) is either of the form

(a,0,0) or of the form (dj,0,a),), depending on whether N — S - a}a] is invertible,

by applying Lemma similarly as in the proof of Lemma

o If A" = B;/({) x 0, then let the B/(¢) and B;/({)-components of (a},...,al)T be
0 and any nonzero vector respectively. Make similar choices when A" = 0 x B]/()

instead.

o If A’ =0, then let (a},...,a,)T =0.

n

For each of these choices, we have Mg(vq) = Mg and N(v4) = N, so this proves the

m = 1 case.
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Now suppose inductively that the m = k—1 case holds for some k—1 > n, and suppose
that we are given Mg, Mp, and N. If A’ = D;/(¢), then let va 1 = (a1,...,ax_1)T €
A®(H=1) be any vector such that Mg = Mg(wag-1),Mp = Mp(vag—1), and N =
N(vag-_1). Letting va = (a1,...,a,_1,0)T, we have that Mg = Mg(va), Mp = Mg(va),
and N = N(va). If A’ =0, then let v4 = (aq,...,a0)" € A%

If A = B;/({) x 0, then we identify some appropriate va,_1 = (a1,...,ax-1)" €
A®F=1) and ay, € A to construct vg = (ay,...,ax_1,a;)" . By Corollary the B;/(¢)-
components of ai,...,a; must all equal that of ag. In particular, the B;/(¢)-components

of Mp(vak—1) and aj are determined. The construction of v4 requires
—(k=1) T L k— _
N =N@a) = Nwap1)+Mpwar1)-¢ " -ar+Mploar1) 5 ap—apar (10.4.2)

by Lemma [10.3.6] Letting aj be any element of A with the same B} /(¢)-component as aq,
we need

MB(UA,k’fl) = MB - Cgak (1043)

Whether or not the B./(¢)-component of ag is 0, the inductive hypothesis produces some

VA k-1 € A®(E=1) guch that (10.4.3) and (10.4.2) hold. This concludes the proof of the

lemma. O

Lemma 10.4.2. Letd > 3 be an integer. For a prime number €1 d, let G = Z/CZ[(4)¢ 213
(Ca), and let c = {(a,Ca) : @ € Z/UZ[Cq¢c 1} For all but finitely many prime numbers £ d,
(15, Lemma 3.5] holds for D = 1, i.e. the kernel and cokernel of R U, R, rw— Upr

are of finite degree. More specifically, degker Up, deg coker Up < 2d + 1.

Proof. Note that ¢ is a non-splitting conjugacy class by Lemma [2.0.5l Given a subgroup
H of G, let S,,(H) denote the set of degree n elements ry, - - rg,, with g; € cNH such that
g1,---,9n generate H just as in [15, Lemma 3.5]. For any g € ¢ N H, note that |g| = d.

The proof of loc. cit. shows that the map Sp(H) — Spyg/(H), s+ r|gg|

s is bijective for
all H < G, all g € cn H, and all sufficiently large n. To show that [15, Lemma 3.5] holds

for D = 1, the proof of loc. cit. shows that it suffices to show that different choices of
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g € ¢cN H induce the same bijection.

Given rg, - --1g, € Sp(H) and gq, gy € cNH, let vg = (g1,...,9n), and let vg 4 and vg
respectively be the length (n + ¢)-tuples (g1, .-, 9n,Gas---,9a) and (g1, -, Gns Gy - - -, 9b)
respectively. Since g4, g9, € H and the global monodromy of vg is H, the global mon-
odromies of vg, and vgy are also H. Furthermore, (the A-vectors corresponding under
Convention to) vg,q and vgy have equal norm by Lemma It is also immedi-
ate to check that vg , and vgp have equal boundary monodromies. Thus, for n > 2d + 1,
Theorem [10.3.7) and Corollary [6.2.9] show that vg,, and vgy have the same braiding or-
bit, rga and rga indeed are the same bijection. Lemma also shows that there are
n-tuples of elements of ¢ of every possible combination of global monodromy, boundary
monodromy, and norm (satisfying certain restrictions) whenever n > 2d + 1. Therefore,

degker Up, deg coker Up < 2d + 1. O

Remark 10.4.3. In the case of d = 2, the analogous statement holds with degker Up,

deg coker Up = 4, cf. [13, The Proof of Proposition 2.7].
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