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Abstract 

The Helically Symmetric Experiment (HSX) is a quasisymmetric 

stellarator which has minimal parallel viscous damping in a helical 

direction. The parallel flow along the magnetic field is similarly weakly 

damped by viscosity.  The momentum balance equations are introduced 

and solved with the linear model of viscosity and neutral damping to 

demonstrate this.  Shaing’s model of nonlinear viscosity is introduced to 

calculate the ion resonant electric field.  We use the self-consistent 

steady-state parallel and poloidal momentum balance equations to show 

that a large parallel flow can increase the ion resonant electric field 

beyond the value calculated using the typical approximation that the 

parallel flow is zero.  By altering the damping of the parallel flow, either 

by breaking the quasisymmetry or by increasing the neutral density, the 

resonant ion Er can shift in a controllable fashion. It is shown explicitly 

there exists stable and unstable steady-state solutions in the two-

dimensional space of the parallel flow and radial electric field. A 

stability analysis of each solution has been performed by calculating the 

eigenvalues and corresponding eigenvectors of the Jacobian. It is shown 

that the unstable solution corresponds to a saddle point in which the 

eigenvalues have opposite signs. The stability analysis indicates that 

solutions occur when the derivative of the magnitude of the poloidal 

damping with respect to the magnitude of the radial electric field is 

negative. A hysteresis is observed when simulating the plasma transition 

between stable states in both the radial electric field and the parallel 

flow. 
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---1---   

Introduction 

 In the race to make nuclear fusion a viable energy source for mankind, several reactor 

concepts have been proposed and developed, each with their own advantages and disadvantages.  

Stellarators use three dimensional magnetic coils to create a confining field and can run at an 

intrinsically stable regime.  However, these coils are difficult to produce due to their complexity.  

In addition, classical stellarators have had very poor neoclassical particle confinement, where 

drift orbital losses would lead to the escape of the particles.  Modern stellarators have been able 

to improve confinement, however, due to innovations in design such as Quasi-Helical Symmetry 

(QHS).   

Tokamaks have good neoclassical confinement and have made improvements in transport 

due to turbulence. In addition to the tokamak’s improved confinement regimes, the two-

dimensional nature of tokamak coils makes them much easier to produce.  However, the two-

dimensional coils of tokamaks require an additional power input, such as a driven current  to 

produce a poloidal magnetic field, in the machine in order to confine the plasma, though it is still 

susceptible to instabilities.  This results in the Greenwald density limit [1] as well as limits to 

other parameters such as current [2].  Because there is a risk of disruptions in tokamaks while 

stellarators are able to exceed this density limit, this is a problem for tokamaks as fusion reaction 

rates scale with the square of the density while confinement scales with current, both of which 

are necessary to maintain fusion reactions. 

This thesis focuses on modeling the radial electric field and the plasma flow as well as its 

effects on the ion resonant electric field in the Helically Symmetric Stellarator (HSX) through 
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the momentum balance equations.  The importance of this topic is that it could lead to an 

improvement in transport, which could bring the world a step closer to a viable fusion reactor.  In 

tokamaks especially, a reduction in turbulent-driven transport has been observed when the 

tokamak is able to enter H-mode or super H-mode regimes [3].  Here, H-mode stands for “High 

Confinement Mode” and Super H-Mode stands for “Super High-Confinement Mode” which has 

higher pedestal pressure and confinement compared to standard H-mode [4].  These regimes 

have been observed in other non-tokamak toroidal devices [5, 6], but not all, such as HSX.  By 

better understanding the transition mechanisms from L-mode to H or super H-mode, we can 

improve the chances of these modes being seen more stellarators and thus further improving their 

historically lacking confinement. The mechanisms behind these improved confinement states can 

be seen by examining the radial force balance equation: 

𝑬𝒓 =
𝜵𝑃𝑖

𝑧𝑖𝑒𝑛𝑖
− 𝑽𝜽𝒊𝐵𝜁 +𝑽𝜻𝒊𝐵𝜃     (1.1) 

 

where Er is the radial electric field, ∇𝑃𝑖 is the ion pressure gradient, zi is the ion charge, ni is the 

ion density, θ and ζ are the poloidal and toroidal angles respectively, V is the ion flow, and B is 

the magnetic field.  Turbulence can be suppressed by shear in the ExB flow, generated from the 

cross product of the electric and magnetic fields, and the radial electric field can be driven by 

pressure gradients, poloidal flow, and toroidal flow [3].  In H mode, the field is driven by 

pressure gradient and poloidal flow, while in super H mode, the field is driven by toroidal flow, 

the direction of symmetry in a tokamak [3]. 
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Figure 1. 1  Plasma confinement (H98y2) does not scale with plasma pressure (a) but scales 

linearly as a function of toroidal rotation (b). [3]   

 

 As seen in Figure 1.1, the plasma confinement (H98y2) in super H-mode does not scale 

with pedestal pressure (a) but scales linearly as a function of toroidal rotation, including the ExB 

flow (b).  This result is seen for a number of plasma discharges in DIII-D’s super H-mode 

represented by different colored lines in Figure 1.1.  At least some experiments for both 

stellarators and tokamaks have shown the ability to achieve an H-mode state through a 

bifurcation in the radial electric field [7, 8] after which the ExB shear suppresses turbulent 

fluctuations.  However, despite some stellarators, such as W7-AS [5] being able to reach H-

mode, a stellarator’s current H-mode confinement properties are inferior to those of tokamak H-

modes. 
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While not all stellarators are able to reach H-mode, research into the phenomena of how 

plasma flows affect confinement is critical for the development of future quasisymmetric 

stellarators [8] that are able to improve plasma confinement by suppressing turbulence via ExB 

shear.  This would help to improve the viability of stellarators as future candidates for a fusion 

device as stellarators have traditionally had poor confinement properties compared to tokamaks.  

The confinement of a stellarator would be further improved if it were designed with a QHS 

configuration, where the magnetic field strength is a constant in a given helical direction, as was 

demonstrated by the Helically Symmetric Experiment (HSX) [9].  In addition to improving a 

stellarator’s transport properties by reducing the drift orbit losses, the QHS property lowers the 

viscosity in the direction parallel to the magnetic field and thus allows flow higher flows to exist 

in that direction.  The possibility of improved confinement as well as the inherent stability of 

stellarators would make them an attractive alternative to tokamaks which suffer from current-

driven instabilities in their confined plasma.   

 

1.1 Ion Resonance and Non-Linear Viscosity 

In the past, substantial work has been done to locate a resonance in plasma viscosity with 

respect to the electric field [10, 11, 6, 12].  The theory of this resonance will be covered in detail 

in Chapter 4 of this document.  One can physically interpret the resonance as the point at which 

the poloidal ExB drift cancels out the rotational transform in the plasma.  In certain experiments, 

the resonance has been seen as the point at which L-H transitions occur [13, 6]. 
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Figure 1. 2 (Top) Physical illustration of flow activity at the resonance.  ExB drift cancels out 
poloidal rotation in plasma resulting in pure toroidal flow. [14] (Bottom) The parallel mass flow 

is added to show that a larger ExB drift is needed to reach the large resonance for values of the 

parallel mass flow on the order of the parallel flow. 

 

 The top of Figure 1.2 gives a physical illustration of the cause of the resonance in the 

plasma.  In the figure, the ExB drift cancels out the poloidal rotation to create a purely toroidal 

flow [14].  However, when the parallel mass flow, V||, is on the order of the parallel particle 

flow, v||, a larger ExB drift is needed to cancel the additional poloidal rotation.  This will be 

discussed further in Chapter 5.  Figure 1.2 represents the flow activity in the resonance of a 
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tokamak where the direction of symmetry and the magnetic Fourier mode is toroidal.  The 

resonance, without taking the parallel mass flow into account, occurs approximately at a point 

defined by the poloidal Mach number (Mp) and the magnetic spectrum given by the relation: 

 

𝑀𝑝 ≅ − (
𝑚−𝑛𝑞

𝑚
)                        (1.3) 

 

where q=1/ι is the safety factor while m and n are the magnetic mode numbers.  The poloidal 

Mach number is defined as: 

 

𝑀𝑝 = −
𝑐𝐸𝑟

𝑣𝑡ℎ𝐵𝑝
     (1.4) 

  

where c is the speed of light, Er is the radial electric field, vth is the ion thermal velocity, and Bp 

is the poloidal magnetic field.  The derivation of Equation 1.3 is explained in Chapter 4 of this 

document.  Using Equation 1.3 for the QHS configuration of HSX, one of its three main 

magnetic configurations, one would expect that the resonance could be found around Mp = 3, 

since the dominant mode has m=1, n=4, and q~1.  For a tokamak which has magnetic mode 

numbers m =1 and n =0, one would see this resonance around Mp = 1. 

Experimentally, this resonance has been seen in other machines by inserting a bias 

electrode and driving a current which induces a radial electric field in the plasma.  These 
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machines include the Interchangeable Module Stellarator (IMS) [11], the Tohoku University 

Heliac [6], the CCT tokamak [12], and the TEXTOR tokamak [10].  Evidence of this resonance 

is seen as a peak in the bias electrode current as a function of bias voltage.  This effect can be 

explained with the poloidal momentum balance equation where once the viscosity peaks and 

begins to decrease, the external current similarly decreases despite the increasing voltage.  This 

will be covered in greater detail in Chapter 4 of this document.  

 

 

Figure 1. 3. Biasing current vs poloidal Mach number in IMS.  Lines represent different plasma 
discharges with varying neutral density. [11] At higher neutral densities, the neutral damping 

becomes the dominant damping mechanism to the point where a maximum in the viscosity 

cannot be seen. 

 

Figure 1.3 shows the presence of the resonance in the IMS.  The resonance is seen as a 

peak in electrode current as a function of poloidal Mach number in the solid line.  The resonant 

poloidal Mach number is high due to the magnetic geometry of IMS with m=3, n=7, and q=3 at 

about r/a=0.7.  The other, dashed lines were recorded from different plasma discharges with 

increased neutral density to show that the resonance can vanish by increasing the neutral 
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damping to the point where neutral damping is much higher than viscous damping and becomes 

the dominant damping mechanism.   

 

 

 

Figure 1. 4. Plasma driving force in the Tohoku Heliac as a function of poloidal Mach number.  
Experimental values of the driving force are shown as rectangles.  Neoclassical modeling results 

for viscous damping forces are shown as lines for different ion temperatures.  [6] 

 

 Figure 1.4 shows results from the Tohoku University Heliac where an electrode was 

inserted in the Heliac and the viscosity peak was found, similar to IMS in Figure 1.3.  The 

rectangular points are the normalized electrode current as a function of poloidal Mach number.  

The solid points indicate values of current measured between the transition of L and H-modes in 

the Heliac.  The peak in the driving force is located where predicted by the calculated viscosity 

peaks and indicates the resonance point. 
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Figure 1. 5: Radial electric field and poloidal Mach number vs current density due to the external 
bias electrode current in the TEXTOR tokamak.  The resonance is seen at a poloidal Mach 

number value of 1. [10] 

 

Figure 1.5 shows the resonance occurring in the TEXTOR tokamak in a similar manner 

to Figures 1.3 and 1.4 as a peak in current density as a function of the radial electric field or a 

modified poloidal Mach number denoted by X in Figure 1.6.  X differs slightly from Mp due to 

the subtraction of the normalized pressure gradient, Ero, from the electric field.  Here, the peak is 

seen to occur around X=1.   

Despite this resonance being documented in different machines of different classes, it has 

still not been seen in HSX, despite attempts to locate it.  This will be discussed more in Chapter 

2. 

1.2 Hysteresis Behavior 
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In certain biasing experiments, such as in the Tohoku University Heliac [13] and LHD 

[15], hysteresis like behavior was observed.  In these experiments, the bias electrode voltage was 

linearly ramped up to the point where H-mode was achieved, past the peak in the current, and 

then back down to L-mode.   

 

Figure 1.6: The hysteresis in the bias electrode current and voltage profile in LHD [15].  The 
peak in current corresponding to the L-H transition (blue) was seen to occur at a different point 

than the current peak corresponding to the H-L transition (red).  

As seen in Figure 1.6, I-V curve traced out differs depending on whether power to the 

bias electrode was increasing or decreasing.  As such, the peak in the current, and thus, the ion 

resonance is seen to differ depending on whether the voltage is ramped up or down.  Similar 

results were seen in the Tohoku University Heliac where other parameters such as the electron 

density and the electron stored energy were seen to display hysteresis behavior during the 

transitions as well [13].  The existence of a hysteresis has not been offered a sufficient 

explanation in the past, nor was it predicted in Shaing’s model of non-linear viscosity [7], which 

offers an explanation for the peak in the current as the voltage increases.  Shaing’s model of 
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viscosity that explains L-H transitions using the viscosity, and subsequent current, peaks will be 

discussed more in depth in Chapter 4.  This document will explore the behavior and discuss the 

physical mechanisms that may lead to hysteresis behavior in Chapter 5. 

 

1.3 Direction of Work 

This research will explore the role of the parallel flow in determining the ion resonance in 

a quasihelically symmetric stellarator as well as what an equivalent to an L-H transition may 

look like in HSX.  As explained in the next chapter, data from Bob Wilcox showed that the bias 

current increased monotonically with the voltage in HSX. Typically, as seen in both IMS and 

TEXTOR, the current will suddenly decrease with increasing radial electric field after the 

maximum in poloidal viscosity is reached.  Shaing’s model of nonlinear viscosity [7] has been 

used in the past to determine the resonant electric field while assuming that the parallel flow is 

zero. For most stellarators this is a good assumption since there is large flow damping in all 

directions.  However, for a quasihelical stellarator like HSX this assumption is no longer 

valid. This topic will be expanded on in Chapter 3. 

Solving the momentum balance equations, which will be introduced in Chapter 3, on a 

flux surface yields two characteristic damping times [16]. The slow damping time corresponds to 

the direction of quasi-symmetry, which, as Alexis Breismeister demonstrated, is the direction of 

the maximum flow [14]. It has been shown that at low flow speeds the time evolution of the 

parallel flow is strongly dependent on the slow damping time [17] while the time evolution of the 

radial electric field is strongly dependent on the fast damping time. Therefore, it would be 

expected that with a biased electrode adding momentum to the plasma, the driven parallel flow 
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might be substantial. However, the data from Stefan Gerhardt showed that in addition to 

damping due to parallel viscosity and neutrals there was at least one additional unknown 

damping mechanism in the direction of symmetry [18]. As part of this research we will simulate 

the parallel flow when a biased electrode is providing a torque on the plasma via an external 

current and investigate what effect the parallel flow has on the ion resonance.  HSX has the 

ability to vary the viscous damping of the parallel flow with the auxiliary coils, which in turn 

changes the equilibrium value of the parallel flow. This research will determine whether the 

difference in parallel flows for the Mirror and F14 configurations, which HSX achieves using 

auxiliary coils, yields a clear difference in the resonant electric field in those configurations from 

the resonant electric field in QHS. 

Extending the work at low flow speeds, the time dependence of the radial electric field 

and parallel flows will be solved with the inclusion of Shaing's nonlinear viscosity and the 

numerically calculated basis vectors of HSX.  By simulating the time dependence of the 

momentum balance equation, the stability of different solutions to the equations as well as the 

physical mechanisms that cause certain solutions to be unstable, and thus experimentally 

improbable to see, can be understood. The information obtained for this thesis will be helpful to 

explore the possibility of obtaining higher confinement regimes in stellarators due to the 

potentially high poloidal .  In addition, if the ion resonance is shown to depend on the parallel 

flow, then codes such as PENTA [19], which have been used for neoclassical calculations on 

HSX, may not provide accurate results for HSX.  This subject will be discussed in greater detail 

in Chapter 6 of this document. 

Chapter 2 focuses on HSX, its typical machine parameters, unique properties, and past 

research that has been performed on this machine.  As HSX will be the focus of the work done in 
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this document, the plasma parameters outlined in that chapter will be used throughout the rest of 

this document.  Chapter 3 introduces the momentum balance equations and the Hamada 

coordinate system in which they are solved.  Using linear viscosity, the equations are solved 

analytically to demonstrate how the parallel flow in the QHS configuration is very weakly 

damped by viscosity and provides motivation to include the parallel flow when calculating the 

ion resonant electric field.  Chapter 4 introduces Shaing’s viscosity model and how the 

maximum in viscosity is generated and the variables that affect it.  Computational simulations of 

this effect are described in Chapter 4 on how Shaing’s viscosity model applies to HSX.  These 

simulations show multiple solution states to the momentum balance equations, highlight the 

importance of plasma flows in HSX, and offer explanations as to why the resonance has not yet 

been observed in HSX.  Chapter 5 looks at the time evolution of the radial electric field and the 

parallel flow.  The stabilities of different solution states are examined and the equivalent of an L-

H transition in HSX is simulated.  Finally, Chapter 6 summarizes the work and its conclusions in 

addition to proposing future experimental and computational work to be performed. 
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---2--- 

The HSX Stellarator 

 

The Helically Symmetric Experiment is a unique in that it is the only stellarator that is 

quasihelically symmetric (QHS).  In addition to this configuration, it has a set of auxiliary coils 

that allow for the quasisymmetry to be broken. This allows the physics properties of the QHS 

configuration to be compared to that of a more traditional stellarator. In this thesis we are 

interested specifically in how the parallel viscosity differs between the various configurations.  

Section 2.1 of this chapter will describe the QHS configuration and the mechanisms by which 

HSX changes configurations.  Section 2.2 discusses the machine and plasma parameters of HSX.  

Finally, Section 2.3 will present a summary of previous work done on HSX that relates to the 

measurement of plasma flow and radial electric field.  

 

2.1 HSX Configurations 

In the QHS configuration, there is a constant magnetic field strength along the helical 

direction of quasisymmetry which is analogous to the toroidal direction of a tokamak. Except 

that in a tokamak it’s the vector B that is preserved along the toroidal direction, not just the field 

magnitude. 
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Figure 2. 1 The magnetic field strength of HSX as a function of the poloidal (ζ) and toroidal (α) 

angles.  The dashed lines indicate the direction of the magnetic field. [1] 

 

As seen in Figure 2. 1 the magnetic field strength remains constant in a helical direction 

that orbits poloidally 4 times, for every toroidal orbit [1]. HSX has shown that the QHS 

configuration reduces neoclassical transport of heat and particles compared to conventional 

stellarators [20].  This is achieved by having a single dominant mode in the magnetic field 

spectrum, compared to a conventional stellarator which has a multiplicity of modes. It is the 

combination of toroidal and helical spectral components that the endpoints of a banana particle 

orbits are not on the same flux surface.   It also allows for high plasma flows in the direction of 

symmetry [1].   

In general, for stellarators, magnetic field strength, B, can be written as  
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𝐵 = 𝐵𝑜(1 + ∑ 𝜀𝑚𝑛𝑐𝑜𝑠⁡(𝑚𝜃 − 𝑛𝜁)𝑚,𝑛 )  (2.1) 

 

where Bo is the total field strength, 𝜀𝑚𝑛 is the amplitude of a magnetic mode defined by mode 

numbers m and n, and ζ and θ are the toroidal and poloidal angles. A unique property of the QHS 

configuration, where the dominant magnetic mode is (n,m)=(4,1), is that it has a high effective 

transform 𝜄𝑒𝑓𝑓=𝑛−𝑚𝜄≈3 where ι is the nominal transform and varies from 1.04 at the magnetic 

axis to 1.12 at the edge.  A high effective transform leads to small drifts of passing particles from 

a flux surface, low neoclassical transport, and small plasma currents [3]. 

HSX can also be configured in other modes where the symmetry is broken with planar 

auxiliary magnetic coils. 

 

Figure 2.2 A diagram of the poloidal direction of auxiliary currents for the F14 configuration [4].   

Figure 2.2 shows how the planar auxiliary coils are activated in HSX in order to break the 

quasisymmetry of the QHS mode. Although there are 48 auxiliary coils, only six (one-half of a 

field period) are shown in the figure, because the remaining coils follow stellarator symmetry 

over four periods. In the figure, plus means the current is in the same direction as the main 
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modular coils, which are three dimensional, minus means the current is in the opposite direction.  

In the F14 configuration, they are turned on with current directions as shown in the figure.  In the 

Mirror   configuration, the directions of current are reversed for coils 1 and 4. That is, the 

configuration for the Mirror is [+ + + - - -].   This creates a magnetic configuration in which the 

transport resembles a conventional stellarator due to an increase in amplitude of other symmetry-

breaking modes in the magnetic spectrum The difference in both neoclassical transport and 

viscous damping for the Mirror and F14 configurations is due to the difference in strength of the 

different symmetry-breaking modes.   

 

 

Figure 2. 3 The leading five spectral components for each configuration of HSX as a function of 
r/a. F14 and Mirror configurations are obtained by using auxiliary coils to degrade the designed 

QHS symmetry.  [5] 

 

The mode spectrum shown in Figure 2. 3 is given in Hamada coordinates [6]. The reason 

for this choice of a coordinate system is explained in Chapter 3. As seen in the left most plot of 

Figure 2. 3, the (n,m) = (4,1) mode dominates in the QHS configuration.  In the Flip 1-4 (F14) 

and Mirror configurations where the quasisymmetry is broken, on the middle and right of Figure 

2. 3 respectively, other modes, specifically the (4,0) and the (8,0) modes in the F14 configuration 
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and especially the (4,0) mode in the Mirror configuration, become comparable to or even exceed 

that of the (4,1) mode close to the core.   

  

2.2 HSX Parameters 

  HSX has a 1.2m major radius, a 12cm minor radius, and a maximum field strength of 

1T.  It has 48 magnetic coils in 6 unique shapes that are distributed across 4 periods.  In addition 

to these, there are the auxiliary coils, discussed above, which enable the quasisymmetry to be 

altered.  The plasma in HSX is generated and heated with two 28GHz gyrotrons which provide a 

total heating power of 100kW of electron cyclotron resonant heating (ECRH).  The ECRH 

heating is directed into the plasma by a transmission line and set of mirrors in the vacuum vessel 

which launch the first harmonic ordinary electron cyclotron wave perpendicular to the magnetic 

flux surfaces. 
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Figure 2. 4 Plasma parameters in the QHS configuration.  Line averaged electron density (a), 
radial profiles of electron density (b) and electron temperature (c) measured at 0.82s into the 

discharge, and C+6 ion temperatures (d).  Vertical dashed lines on (a) represent start and end 

times of the diagnostic neutral beam. [7]   

 

 Figure 2. 4 shows typical HSX machine parameters in the QHS configuration with the 

magnetic field at 1T measured by a Thomson scattering system, an interferometer, and  Charge 

Exchange Recombination Spectroscopy (CHERS) diagnostics.  All three of these diagnostics are 

optical diagnostics.  The Thomson system scatters photons off the electrons in the plasma, with 

the change in frequency from the scattered photons being measured to calculate the electron 

temperature of the plasma [8].  The interferometer uses the plasma to create an interference 

pattern from a beam of light with known energy.  The interference pattern created by the known 

beam combined with light that had traveled through the plasma can be used to measure the 

plasma density [9].  The CHERS system injects neutral atoms into the plasma [10].  The neutrals 

donate electrons to ionized particles at an excited state.  As the electrons decay to less excited 
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states, they produce photons which can be measured to determine the impurity ion temperature 

and plasma flow. 

 

Figure 2. 5 The neutral density of hydrogen calculated by DEGAS in HSX plotted for the QHS 

(diamond) and Mirror (star) configurations for both atomic (black) and molecular (red) 

hydrogen. [11] 

 

Figure 2. 5 shows a neutral density profile of hydrogen calculated by DEGAS in HSX’s 

QHS and Mirror configurations [11].  This profile was constructed with data obtained using Hα 

detector array measurements in HSX.  Future experiments will search for the resonant electric 

field by placing diagnostic probes at a position of r/a=0.7, where r is the radial distance from the 

center of the machine and a is the minor radius.  For this reason, the values corresponding to 

r/a=0.7 from Figure 2. 4 and Figure 2. 5 will be used in the calculations shown in the following 

Chapters. It will also be assumed for the calculations presented later that the plasma parameters 

in the Mirror and F14 configurations are the same as in the QHS configuration. This is to enable 
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differences in the plasma flow and radial electric [12]field to be due solely to the magnetic field 

spectrum for each configuration and not to differences in plasma parameters.  

 

2.3 Previous Work on HSX 

Work has previously been performed by graduate students and scientists on HSX to study 

plasma flow and electric field in HSX. [1, 13, 11, 14].  Stefan Gerhardt measured the flow using 

a Mach probe, which measures the velocity of a plasma by measuring the potential difference 

between two Langmuir probes separated by a barrier, and determined the rate and direction of 

flow decay on different timescales [13].  These decay rates were compared to the Coronado and 

Talmadge (C&T) model of flow and electric field decay which established distinct “fast” and 

“slow” timescales over which both the radial electric field and parallel flow evolved  [15]. 

 

 

Figure 2. 6  On the left, fast flow decay rate as a function of r/a in the QHS configuration.  The 

experimental values measured on the High Field Side (diamonds) and the Low Field Side 
(squares) were compared to the C&T model (solid line).  On the right, slow flow decay rate as a 

function of r/a in the QHS (square) and mirror (triangle) configurations.  The experimental 

values are compared to the C&T model (solid lines) for each configuration [16, 13] 
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The left side of Figure 2. 6 compares the experimental results from measurements of the 

fast time scale of flow decay to the theoretical calculation of the fast time scale using the C&T 

model.  As can be seen, the model agrees very well with the experimental results measured on 

both the high and low field side of HSX.  The right side of Figure 2. 6 shows experimental 

measurements of the slow timescale compared to calculations from the C&T model for both the 

QHS and Mirror configurations.  It is clear that neither configuration shows good agreement 

between the theoretical and experimental results.  The flows in both configurations are damped 

much faster than the model predicts, with the QHS model off by about an order of magnitude.  

However, the difference between the experimentally measured slow decay rates in Mirror and 

QHS configurations is roughly in agreement with the difference between the decay rates 

calculated by the C&T model for the Mirror and QHS configurations.  This indicates the possible 

presence of other damping mechanisms present in HSX not included in the C&T model, such as 

turbulence.   

Alexis Briesemeister used a CHERS system to measure the plasma flow velocity and ion 

temperature in HSX [1].  CHERS is a spectroscopy system utilizing a neutral hydrogen beam to 

stimulate light emission in the plasma.  The system can measure temperature, density, and 

velocity, from which other quantities such as the radial electric field can be calculated using the 

radial force balance Equation 1.1.  She measured flows as high as 20 km/s towards the core, as 

seen in Figure 2. 7.  The flows were measured in the absence of an external bias and without an 

external momentum source in the QHS configuration. 
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Figure 2. 7 Plasma flows measured along the direction of symmetry (purple and green) and cross 

symmetry (red and blue) in QHS as a function of r/a.  X marks indicate 50 kW of heating power 

while O marks indicate 100 kW of heating power. [12] 

 

 Figure 2. 7 shows that flows are sustained in HSX’s direction of quasisymmetry due to 

the reduced parallel viscous damping, even close to the edge and that the flow increases with 

increased heating power [12].  Since the parallel direction is close to the direction of 

quasisymmetry, it benefits greatly from the reduced viscosity.  These flows occur naturally in the 

machine as a result of the energy input from the gyrotrons to heat the plasma.  This is opposed to 

the velocity in the cross-symmetry direction which is unable to sustain much plasma flow due to 

the increased viscosity that acts as a damping mechanism.   

Tom Dobbins studied flow discrepancies between experimental and neoclassical 

modeling results in HSX using the CHERS system.  He used Hα measurements with the DEGAS 

code to produce neutral density profiles for HSX, as seen in Figure 2. 5.  He determined that the 

neutral damping on plasma flows plays a greater role in the QHS configuration than other 

configurations in which the quasisymmetry is degraded due to the lower viscosity in the QHS 
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configuration’s direction of symmetry.  In particular, Dobbins modified the PENTA code to 

include damping due to neutrals, where charged particles lose energy as they collide with neutral 

particles in the machine, and compared it to experimental results.  Figure 2. 8 shows that 

including neutral damping in PENTA brings the calculated results to match the experimental 

measurements much better than calculations done without neutrals. 

 

 

Figure 2. 8 Parallel plasma flow as a function of r/a.  Experimental results (black line) are 

compared to PENTA calculations with and without neutrals (blue and red respectively) [11]. 

 

 The multiple solutions seen in Figure 2. 8 are due to the electron and ion root solutions to 

the ambipolarity condition.  Of these two roots, the electron root predicts larger values of parallel 

velocity and has not been seen in the HSX core as calculated.  While the inclusion of neutrals in 

the PENTA code improves the agreement between the experimental measurements and the 

modeling, neutrals do not fully account for the discrepancy in the slow decay rate seen in 

Gerhardt’s work. In that work only a neutral density approximately 10 times the experimental 
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value was there agreement between the measured slow rate and the model. This indicates the 

possibility that are other mechanisms that influence plasma flow for the QHS configuration. 

Santhosh Kumar showed that radial electric field and parallel flow could be obtained by 

measuring the total ion flow at two locations on a flux surface.  This work was done in order to 

investigate why a very large positive electron root of the ambipolarity constraint that was 

calculated using the PENTA code could not be found experimentally close to the plasma core.  

In this method, the CHERS neutral beam is injected through the center of the plasma profile.  By 

taking measurements along the inboard and the outboard sides of the neutral beam shown in 

Figure 2. 9, the contribution of the Pfirsch-Schlüter flow to the total ion flow could be measured.  

These measurements show counter-streaming Pfirsch-Schlüter flows, and from the difference of 

the flows, the radial electric field and mean flow may be calculated directly without using the 

radial force balance equation.   

 

 

Figure 2. 9 HSX plasma profile showing the path of neutral beam injection (cyan) and the 

location of inboard (red) and outboard (green) measurements. [7] 
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Bob Wilcox attempted to search for the resonance in HSX.  By inserting a bias electrode 

attached to a capacitor bank into the plasma and activating the electrode during a discharge, he 

was able to drive a current and induce a radial electric field.  By plotting the electrode current 

against the voltage, the resonance would be seen as a peak in the current, similar to the peaks 

seen in Figures 1.4, 1.5, and 1.6. 

 

 

Figure 2. 10 Current and voltage of bias electrode discharges in HSX.  Each point represents an 

individual discharge in hydrogen (left) and argon (right). [14] 

 

 Figure 2. 10 shows Wilcox’s attempts to locate the resonance in both hydrogen (left) and 

argon (right).  The experiments were performed in argon as ions are 40 times heavier than 

hydrogen which would lead to the resonant electric field being about a factor of 6 less in argon 

than in hydrogen.  The electrode was inserted to the plasma at a position of r/a=0.8.  At this 

point, based on calculations using Equation 1.3, the resonance should be seen in hydrogen at 

around 600V and in argon close to 100V.  However, both plots in Figure 2. 10 show a linear 

relation between voltage and current with no indication of the resonance. 
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The data from Bob Wilcox showed that the bias current increased monotonically with the 

voltage in HSX. Typically, as seen in both IMS and TEXTOR, the current will suddenly 

decrease with increasing radial electric field after the maximum in poloidal viscosity is 

reached.  Shaing’s model of nonlinear viscosity [17] has been used in the past to determine the 

resonant electric field while assuming that the parallel flow is zero. For most stellarators this is a 

good assumption since there is large flow damping in all directions.  However, for a quasihelical 

stellarator like HSX this assumption is no longer valid.  

Solving the momentum balance equations on a flux surface yields two characteristic 

damping times[18]. The slow damping time corresponds to damping in the direction of quasi-

symmetry, which, as Alexis Briesemeister demonstrated, is the direction of the maximum 

parallel flow [1]. It has been shown that at low flow speeds the time evolution of the parallel 

flow is strongly dependent on the slow damping time [5] while the time evolution of the radial 

electric field is dependent on the both the slow and fast damping time. This will be explained in 

the next chapter.  

It would be expected that with a biased electrode adding momentum to the plasma, the 

driven parallel flow might be substantial. However, the data from Stefan Gerhardt showed that in 

addition to damping due to parallel viscosity and neutrals there was an additional unknown 

damping mechanism in the direction of symmetry [13]. As part of this research, we will simulate 

the parallel flow when a biased electrode is providing a torque on the plasma and investigate 

what effect the parallel flow has on the ion resonance.  HSX has the ability to vary the viscous 

damping of the parallel flow with the auxiliary coils, which in turn changes the equilibrium value 

of the parallel flow. This research will demonstrate that the difference in parallel flows for the 
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Mirror and F14 configurations yields a clear difference in the resonant electric field in those 

configurations from the resonant electric field in QHS. 

Extending the work at low flow speeds, the time dependence of the radial electric field 

and parallel flows will be solved with the inclusion of Shaing's nonlinear viscosity and the 

numerically calculated basis vectors of HSX.  By simulating the time dependence of the 

momentum balance equation, the stability of different solutions to the equations as well as the 

physical mechanisms that cause instabilities can be understood. The information obtained for this 

thesis will be helpful to explore the possibility of obtaining higher confinement regimes in 

stellarators.  In addition, if the ion resonance is shown to depend on the parallel flow, then codes 

such as PENTA, which have been used for neoclassical calculations on HSX, may not provide 

accurate results for HSX.  This subject will be discussed in greater detail in Chapter 6 of this 

document. 
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---3--- 

Demonstrating the Importance of the Parallel Flow in HSX Using 

Linear Viscosity in the Momentum Balance Equations 

 

In this Chapter, we introduce the momentum balance equations that will be focal point of the rest 

of this work. Transforming the equations into Hamada coordinates and using linear viscosity 

(along with neutral damping) allows for the equations to be solved analytically.   The major 

result from this is to demonstrate clearly that the parallel flow is only very weakly damped by 

viscosity for the QHS configuration, similar to the damping in the direction of quasisymmetry.  

This information provides motivation for including the parallel flow in Shaing’s model of 

nonlinear viscosity in the following chapter, rather than setting it to zero as is commonly done 

[1].  Section 3.1 introduces the momentum balance equations and defines the model that will be 

used in the calculations shown in this document. Section 3.2 introduces the Hamada coordinate 

system and, except for the viscosity terms, expands the momentum balance equations in this 

coordinate system.  Section 3.3 then uses a linear viscosity model in Hamada coordinates, which 

allows the equations to be solved analytically. This section will show that the parallel flow is 

very weakly damped for the QHS configuration, but that the F14 and Mirror configuration have 

increasing levels of parallel flow damping. In Chapter 4, a nonlinear viscosity model in Hamada 

coordinates will be used along with the momentum balance equations to solve the effect of the 

parallel flow on the ion resonant electric field.  
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3.1 The Momentum Balance Equations 

 The evolution of the parallel mass flow and the radial electric field  in a plasma composed 

of only hydrogen and electrons is calculated using the poloidal momentum balance equation [2] 

 

𝑀𝑖𝑁𝑖
𝝏⟨𝑩𝒑 ∙ 𝑽𝒊⟩

𝝏𝒕
 = −⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ − 𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩𝒑 ∙ 𝑽𝒊⟩ − 

√𝑔𝐵
𝜃𝐵𝜁

𝑐
⟨𝑱𝒑𝒍𝒂𝒔𝒎𝒂 ∙ 𝜵𝛹⟩⁡⁡    (3.1) 

 

whose right-hand side terms correspond to poloidal viscosity, poloidal damping due to neutrals, 

and the radial plasma current.  Other damping mechanisms, such as turbulence, are not 

considered in the calculations done in this work.  Here, the subscript i denotes a given ion 

species, Mi is the ion mass, Ni is the number density, Bp is a vector in Hamada coordinates in the 

poloidal direction so that 𝑩𝒑 ≡ 𝐵𝜃𝒆𝜽,  V is the mass flow velocity, t is time, ⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ is the 

viscosity, 𝑣𝑖𝑛is the neutral particle collision frequency, √𝑔 is the Jacobian, c is the speed of light, 

Jplasma is the plasma current density, and Bθ and Bζ are the contravariant components of the 

magnetic field in the θ and ζ directions respectively and  𝑒𝜃 is the covariant basis vector in the θ 

direction.  This work will use Hamada coordinates [3] for HSX in evaluating the equations where 

the space is defined by the poloidal angle θ, the toroidal angle ζ, and the toroidal flux through a 

magnetic surface Ψ which acts as a radial coordinate.  The angle brackets denote the flux surface 

average of the enclosed quantity.  We use Hamada coordinates in this work in order to have a 

coordinate system in which the magnetic field and plasma flows  are straight, unlike other 
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coordinate systems where only the field lines are straight.  In Hamada coordinates , the Jacobian 

and contravariant components of both the plasma flows and magnetic fields are  constant on a 

flux surface, which allows us to solve the equations analytically in  Section 3.3.   

Similar to Equation 3.1, the parallel momentum balance equation 

 

𝑀𝑖𝑁𝑖
𝝏⟨𝑩∙𝑽𝒊⟩

𝝏𝒕
 = −⟨𝑩 ∙ 𝜵 ∙ 𝝅⟩ − 𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩 ∙ 𝑽𝒊⟩    (3.2) 

 

has terms on the right-hand side corresponding to parallel viscosity and parallel damping due to 

neutrals.  These equations neglect electron viscosity and are obtained by adding the momentum 

balance equations for ions and electrons, which cancels out the frictional force between the two 

[2].   

By setting the left-hand sides of both equations equal to zero, the steady state values of the 

parallel flow and the electric field can be found for a given radial current.  These calculations 

will be performed in Chapter 4 of this document.  The radial current density can be related to an 

externally biased current density by the radial component of Ampere’s law, 

 

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳
〈𝜵𝛹 ∙ 𝜵𝛹〉 = 4𝜋(〈𝑱𝒑𝒍𝒂𝒔𝒎𝒂 ∙ 𝜵𝛹〉 + 〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉)  (3.3) 
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Here Φ is the plasma potential, 
𝝏𝚽

𝝏𝜳
 is a flux surface constant, and Jext is an externally driven 

current.  It is clear that in steady state, the plasma current is equal to the external current, but as 

the plasma current rises to that value, an electric field is produced in the plasma.  Ampere’s law 

can be substituted into the poloidal momentum balance equation via the plasma current term: 

  

𝑀𝑖𝑁𝑖
𝝏⟨𝑩𝒑∙𝑽𝒊⟩

𝝏𝒕
 + √𝑔𝐵

𝜃𝐵𝜁

4𝜋𝑐

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳
〈𝜵𝛹 ∙ 𝜵𝛹〉 = −⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ −

𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩𝒑 ∙ 𝑽𝒊⟩ +
√𝑔𝐵

𝜃𝐵𝜁

𝑐
〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉   (3.4) 

By solving Equations 3.2 and 3.4 simultaneously, the radial electric field and parallel flow can be 

solved, with the external radial current used as an independent driving term. 

 

3.2.  Expansion of the momentum balance equations in Hamada 

coordinates 

 In a Hamada coordinate system we can write a vector A  in terms of the covariant and 

contravariant basis vectors respectively as 𝑨 = 𝐴𝜓𝒆𝝍 +𝐴
𝜃𝒆𝜽 + 𝐴

𝜁𝒆𝜻 = 𝐴
𝜓𝜵𝝍+ 𝐴𝜃𝜵𝜽+

𝐴𝜁𝜵𝜻, where 𝑒𝑖 ∙ ∇𝑢
𝑗 = 𝛿𝑗

𝑖  The specific Hamada coordinate system in this thesis uses the 

toroidal flux ψ as the radial coordinate, while the poloidal coordinate θ and the toroidal 

coordinate ζ vary between 0 and 2π, as in [4] and the Jacobian, denoted by √𝑔  is equal to 

(1 4𝜋2⁄ )𝑑𝑉 𝑑𝜓⁄ . In this coordinate system, the contravariant radial component of 𝐵Ψ ≡ 𝜝 ∙

𝜵𝚿 = 𝑉Ψ = 0 so that 𝑩 = 𝐵𝜃𝒆𝜽 + 𝐵
𝜁𝒆𝜻 and 𝑽 = 𝑉𝜃𝒆𝜽 + 𝑉

𝜁𝒆𝜻 .   



37 
 

Since the contravariant components of the magnetic field and parallel flow are flux surface 

constants, they can be removed from flux surface averages.  We can then write ⟨𝑩 ∙ 𝑽⟩ =

〈𝐵𝜽〉𝑉
𝜽+ 〈𝐵𝜻〉𝑉

𝜻.  In this work we assume that the plasma current is zero. In reference [4] it was 

shown that <𝐵𝜽 > is proportional to the current within a flux surface; therefore this term is zero.   

The flux surface average of the covariant component of the field in the toroidal direction is 

then⁡〈𝐵⁡𝜁 〉 = 〈𝑩 ∙ 𝒆𝜻〉 = 𝐵
𝜃〈𝒆𝜽 ∙ 𝒆𝜻〉+ 𝐵

𝜁 〈𝒆𝜻 ∙ 𝒆𝜻〉.Thus the term ⟨𝑩 ∙ 𝑽⟩  is given by 

 

⟨𝑩 ∙ 𝑽⟩ = 𝐵𝜃𝑉𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉+ 𝐵
𝜁𝑉𝜁〈𝒆𝜻 ∙ 𝒆𝜻〉  (3.5) 

 

Similarly,  ⟨𝑩𝒑 ∙ 𝑽⟩ = 〈𝑽𝜽〉𝑩
𝜽 and since〈𝑉𝜃〉 = ⁡ 𝑉

𝜃〈𝒆𝜽 ∙ 𝒆𝜻〉 + 𝑉
𝜁 〈𝒆𝜻 ∙ 𝒆𝜻〉 

⟨𝑩𝑷 ∙ 𝑽⟩ = 𝐵𝜃𝑉𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉 + 𝐵
𝜃𝑉𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉  (3.6) 

For this thesis, the numerically computed contravariant components of the magnetic field and the 

flux surface average of the basis vectors are  used as given in Reference [4].   

The contravariant components of the flow are given in Equations 23a and 23b of Reference [2] 

as 

𝑉𝜃 = 𝑐 (
𝑝′

𝑒𝑁
+

𝒅𝚽

𝒅𝜳
)(

1

𝐵𝜁√𝑔
) + 𝜆𝐵𝜃   (3.7) 

and  

𝑉𝜁 = 𝜆𝐵𝜁        (3.8) 
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Here, 𝑒 is the elementary charge, 𝑝′ is the ion pressure gradient, 𝑐 is the speed of light, λ is a flux 

surface constant such that the flux surface averaged parallel mass flow V || =λB.  In this 

document, all calculations for the two unknowns λ and 
𝒅𝚽

𝒅𝜳
 are performed in cgs units and then 

converted to V|| in km/s and Er in kV/m.  The following relationships are used for the 

conversions: V||=λB0(gauss)/105 and Er=−60
𝜕Φ

𝜕𝛹
√𝜋𝜓𝐵0 where the toroidal flux 𝜓 = 𝜋𝑟2𝐵0 and 

r is the minor radius.  For the remainder of this document, when discussing the calculation of Er 

or V|| using the momentum balance equations, we refer to the conversions from 
𝒅𝚽

𝒅𝜳
 or λ 

respectively.   

 The assumption is made that the terms 
𝒅𝚽

𝒅𝜳
 and λ evolve on a time-scale faster than that of the 

plasma density and pressure gradient.  Therefore,  

𝝏⟨𝑩∙𝑽⟩

𝝏𝒕
=

𝜕𝜆

𝜕𝑡
𝐵𝜁(𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜻〉 + 𝐵

𝜁〈𝒆𝜻 ∙ 𝒆𝜻〉)   (3.9) 

Since the term in parenthesis is equal to 〈𝐵𝜁〉 and 〈𝐵2〉 = ⁡ 〈𝑩 ∙𝑩〉 = 𝐵𝜃〈𝐵𝜃〉 + 𝐵
𝜁 〈𝐵𝜁〉 = ⁡𝐵

𝜁 〈𝐵𝜁〉 

(again, because 〈𝐵𝜃〉 = 0), this equation can be written more succinctly as  

𝝏⟨𝑩∙𝑽⟩

𝝏𝒕
=

𝜕𝜆

𝜕𝑡
〈𝐵2〉     (3.10) 

For the poloidal component of the momentum balance equation, the time derivative term can be 

written as  

𝜕〈𝑩𝑷∙𝑉𝑖〉

𝜕𝑡
= ⁡𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉

𝜕𝑉𝜃

𝜕𝑡
+ 𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜻〉

𝜕𝑉𝜁

𝜕𝑡
  (3.11) 

So that inserting Equations 3.7 and 3.8 it becomes, 
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𝝏⟨𝑩𝒑∙𝑽⟩

𝝏𝒕
=

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳

𝑐𝐵𝜃

𝐵𝜁√𝑔
〈𝒆𝜽 ∙ 𝒆𝜽〉 +

𝜕𝜆

𝜕𝑡
𝐵𝜃(𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉 + 𝐵

𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉) (3.12) 

We can further reduce Equation 3.12 by recognizing that 𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉 + 𝐵
𝜁 〈𝒆𝜻 ∙ 𝒆𝜽〉⁡= 〈𝐵𝜃〉 = 0 

so that the coefficient multiplying 
𝜕𝜆

𝜕𝑡
 is zero.  In this case,  

𝝏⟨𝑩𝒑∙𝑽𝒊⟩

𝝏𝒕
=

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳

𝑐𝐵𝜃

𝐵𝜁√𝑔
〈𝒆𝜽 ∙ 𝒆𝜽〉 =

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳

𝑐〈𝐵𝑝
2〉

𝐵𝜃𝐵𝜁√𝑔
    (3.13) 

where 〈𝐵𝑝
2〉 = ⁡ 〈𝑩𝒑⁡ ∙ 𝑩𝒑⁡〉 = ⁡ 𝐵𝜃𝐵𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉. 

Applying Equation 3.5 to the neutral damping in the parallel direction: 

𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩 ∙ 𝑽𝒊⟩ = 𝑀𝑖𝑁𝑖𝑣𝑖𝑛(𝐵
𝜃𝑉𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉 + 𝐵

𝜁𝑉𝜁〈𝒆𝜻 ∙ 𝒆𝜻〉) (3.14) 

Similarly for the poloidal neutral damping, we apply Equation 3.6: 

𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩𝑷 ∙ 𝑽𝒊⟩ = 𝑀𝑖𝑁𝑖𝑣𝑖𝑛(𝐵
𝜃𝑉𝜃〈𝒆𝜽 ∙ 𝒆𝜽〉 + 𝐵

𝜃𝑉𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉) (3.15) 

This model of neutral damping will be used in the calculations presented in the remainder of this 

document.  Substituting the equations from this section into Equation 3.2 the parallel momentum 

balance equation becomes: 
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𝑀𝑖𝑁𝑖
𝜕𝜆

𝜕𝑡
〈𝐵2〉 =      (3.16) 

−⟨𝑩 ∙ 𝜵 ∙ 𝝅⟩ − 𝑀𝑖𝑁𝑖𝑣𝑖𝑛(𝐵
𝜃𝜆𝐵𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉 + 𝐵

𝜁𝜆𝐵𝜁〈𝒆𝜻 ∙ 𝒆𝜻〉)  

While it appears that the parallel momentum balance equation is only dependent on λ, there is 

coupling between λ and 
𝑑Φ

𝑑𝜓
 within the viscosity term.  Similarly substituting into Equation 3.4 

the poloidal momentum balance equation becomes: 

𝝏

𝝏𝒕

𝝏𝚽

𝝏𝜳
(𝑀𝑖𝑁𝑖

𝑐〈𝐵𝑝
2〉

𝐵𝜃𝐵𝜁√𝑔
 + √𝑔𝐵

𝜃𝐵𝜁

4𝜋𝑐
〈𝜵𝛹 ∙ 𝜵𝛹〉)  (3.17) 

= −⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ +
√𝑔𝐵𝜃𝐵𝜁

𝑐
〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉

− 𝑀𝑖𝑁𝑖𝑣𝑖𝑛 (𝐵
𝜃 (𝑐 (

𝑝′

𝑒𝑁
+
𝝏𝚽

𝝏𝜳
)(

1

𝐵𝜁√𝑔
)+ 𝜆𝐵𝜃) 〈𝒆𝜽 ∙ 𝒆𝜽〉

+ 𝐵𝜃𝜆𝐵𝜁〈𝒆𝜽 ∙ 𝒆𝜻〉) 

Linear viscosity for these equations will be discussed in the next section, while nonlinear 

viscosity will be presented in Chapter 4. 

 

3.3 Application of Linear Viscosity  

In this section, we apply the analytic linear viscosity model for ions to in the plateau regime [5] 

where the parallel viscosity is: 
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⟨𝑩 ∙ 𝜵 ∙ 𝝅⟩ = 𝝁𝜽𝑽
𝜽 + 𝝁𝜻𝑽

𝜻    (3.18) 

Where 𝜇𝜃 = 𝜅(𝐵
𝜃𝛼𝑃 + 𝐵

𝜁𝛼𝐶), 𝜇𝜁 = 𝜅(𝐵
𝜃𝛼𝐶 + 𝐵

𝜁𝛼𝑇) , and Vθ
 and Vζ are the contravariant 

components of parallel mass flow velocities in the θ and ζ directions respectively.  In these 

expressions: 𝜅 = 𝜋1/2𝑃𝐵0/𝑉𝑡𝑎𝐵
𝜁 , 𝛼𝑇 =

Σ𝑛2𝜀𝑛,𝑚

|𝑛−𝑚𝜄|
, 𝛼𝑃 =

Σ𝑚2 𝜀𝑛,𝑚

|𝑛−𝑚𝜄|
, and 𝛼𝐶 =

Σ𝑛𝑚𝜀𝑛,𝑚

|𝑛−𝑚𝜄|
.  Where P is 

the pressure, B0 is the magnetic field strength, Vta is the ion thermal velocity, ι is the rotational 

transform, n and m are the magnetic mode numbers, and εn,m is the magnetic mode amplitude of 

mode (n,m).  

Similarly for the poloidal viscosity: 

⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ = 𝝁𝜽
𝑷𝑼𝜽 +𝝁𝜻

𝑷𝑼𝜻    (3.19) 

Where and 𝜇𝜃
𝑃 = 𝜅𝐵𝜃𝛼𝑃 and 𝜇𝜁

𝑃 = 𝜅𝐵𝜃𝛼𝐶 . 

 Using Equations 3.18 and 3.19 as the models for viscosity, they can be inserted into 

Equations 3.16 and 3.17 respectively.  The result is  two coupled ordinary differential equations 

in the matrix form: 

𝐴
𝑑𝑋

𝑑𝑡
+𝐵𝑋 = 𝐶      (3.20) 

where X = [
𝝏𝚽

𝝏𝜳
 ; λ].   

 Using the Hamada basis vectors calculated in [4] instead of making approximations to 

cylindrical coordinates or a large aspect ratio tokamak [6], the coefficients A and B in Equation 

3.20 are matrices that depend on flux surface constants independent of Er and V|| and thus are 

time independent.  However, the term C contains the external current which we vary with time.  
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In this section, we assume a square wave behavior where Jext=0 at t=t0 and is a constant at t>t0.  

Because we use a linear model of viscosity as well as Hamada coordinates, the differential 

equations can be solved analytically for 
𝝏𝚽

𝝏𝜳
 and λ.  With this framework, the solution to Equation 

3.20 for the parallel flow and radial electric field becomes the sum of two exponentials as given 

in Equations 67a and 67b in reference [2]: 

𝝏𝚽

𝝏𝜳
= 𝑘1(1 − 𝑒

𝛾𝑠(𝑡−𝑡0)) + 𝑘2(1 − 𝑒
𝛾𝑓(𝑡−𝑡0))+ 𝑘3  (3.21) 

𝜆 = 𝑘4(1 − 𝑒
𝛾𝑠(𝑡−𝑡0))+ 𝑘5(1 − 𝑒

𝛾𝑓(𝑡−𝑡0))   (3.22) 

Where γs and γf are the eigenvalues of Equation 3.20.  They are both negative and correspond to 

the slow and fast damping given in Equation 60 of reference [2], which themselves correspond to 

the direction of quasisymmetry for the slow damping time and the orthogonal direction for the 

fast damping time.  The constant k3 is the initial steady state value of 
𝝏𝚽

𝝏𝜳
 while the final steady 

state value is  
𝝏𝚽

𝝏𝜳𝑺𝑺
= 𝒌𝟏+ 𝒌𝟐 +𝒌𝟑 .  Similarly, the final steady state value for the parallel flow 

is 𝜆 = 𝑘4 +𝑘5  as the initial value of the parallel flow is assumed to be zero.   

 Equations 3.21 and 3.22 can be solved to determine the contributions of each timescale to 

the evolution of Er and V||. 
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Figure 3.1 the time evolution of the radial electric field (top) and the parallel flow (middle) due 

to the rise in the external current (bottom).  The individual contributions from the fast and slow 
time scales are shown by the dotted and dashed lines respectively with the total evolution shown 

by the solid line [7]. 

As seen in Figure 3.1, the simulated external bias electrode at the position of r/a=0.7 draws 

current at t0=1ms until the simulation ends at 10ms.  As can be seen clearly in the figure, V || is 

almost completely dominated by the slow timescale with the tiny contribution from the fast 

timescale actually being negative.  Meanwhile, the time evolution of Er is determined by a more 

balanced mix of the fast and slow timescales but ends up having the majority of its rise from the 

slow timescale. 
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Figure 3.2 The steady state fractional contributions of the fast and slow timescales to the 

evolutions of Er (top) and V|| (bottom) as a function of the normalized minor radius [7]. 

 

Figure 3.2 shows the fractional dominance of each timescale for the evolution of both Er and V|| 

as a function of the plasma radius.  As can be seen, the slow timescale dominates the time 

evolution of the parallel flow throughout the plasma.  However, the characteristics of the radial 

electric field’s evolution change depending on the location.  Close to the core, the contribution 

from the slow timescale is negligible while on the edge, it rises to roughly double that of the fast 

timescale’s contribution.   

 Having shown that Er and V|| rise in the presence of an external current and that V || is 

completely dominated by the slow timescale, it can now be shown that the magnitude of both Er 

and V|| can be altered by varying the damping mechanisms in the momentum balance equations.  

This is done either by changing the magnetic configuration of HSX, which alters the viscosity, or 
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changing the neutral density.  By changing the magnetic configuration of HSX, the magnetic 

mode numbers change, as seen in Figure 2.3.  The viscosity is then recalculated using Equations 

3.16 and 3.17 and the momentum balance equations are once again solved for the time evolution 

of Er and V||.   

 

Figure 3.3 The time evolutions of both Er (top) and V|| (middle) as a function of the external 
current (bottom).  The evolutions for HSX’s three configurations QHS (red), F14 (green) and 

Mirror (black) are shown. 

Figure 3.3 The time evolutions of both Er (top) and V|| (middle) as a function of the external 

current (bottom).  The evolutions for HSX’s three configurations QHS (red), F14 (green) and 

Mirror (black) are shown. shows the effects of the different configurations on the evolutions of 

Er and V||.  For V|| the slow damping mechanism dominates in all three cases, although the 

increased damping in F14 and Mirror configuration means that a lower steady state value is 

reached than QHS for the same external current.  This clearly shows that the QHS configuration 

leads to the parallel flow being weakly damped by viscosity and being able to increase to the 



46 
 

order of the ion thermal speed (~60km/s) with the drive of the external current.  The time 

evolution of Er, on the other hand, shows that the fast damping mechanism is not affected very 

much by the increased viscosity in different configurations.  The contribution of the fast 

timescale is seen to be very similar in all three cases, with the difference in the f inal value of Er 

determined by the slow timescale contribution.   

 

Figure 3.4 Comparison of the absolute values of the fast and slow damping rates in the QHS 
(black), F14 (green), and mirror (red) configurations of HSX, with (left) and without (right) 

neutral damping [7]. 

Figure 3.4 summarizes the relative values of the fast and slow damping rates for the three 

configurations of HSX.  Their values with and without neutral damping can be compared.  It can 

be clearly seen that the fast timescale remains relatively constant to changes in damping, be they 

due to changes in neutral density or viscosity. 

From Reference [2] the total fast and slow damping rates are the sum of the ion neutral damping 

rate and the slow or fast viscous damping rates.  For the QHS configuration, the neutral damping 

rate is 487s-1 and the slow damping rate is 78s-1 so the total rate is 565s-1 [2].  From these 

numbers, it is clear that the total slow damping rate is dominated by the neutral damping.  Thus, 
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the parallel flow for the QHS configuration is especially sensitive to changes in the neutral 

density, while the radial electric field may not be, depending on the location in the plasma.   

In the next chapter Shaing’s nonlinear model of viscosity is introduced and steady-state 

momentum balance equations for the parallel flow and the radial electric field  are solved 

numerically for varying values of 〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉.   
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---4--- 

Nonlinear Viscosity and Steady State Solutions to the Momentum 

Balance Equations 

The effect of the parallel flow on the resonant electric field, as discussed in this chapter is 

based on Shaing’s nonlinear viscosity model [1] as applied to HSX.  As Shaing’s model was 

originally constructed to explain L-H transitions, it will be applied to the momentum balance 

equations presented in Chapter 3, in place of the linear viscosity model used in that chapter.  A 

derivation of the poloidal and toroidal viscosities is presented in Section 4.1.  The general form 

of the resonant electric field that includes the parallel flow is given in Section 4.2.  This will be 

shown to reduce to the more widely known form of the poloidal Mach number given by Shaing 

when using a large aspect ratio tokamak approximation for the Hamada coordinates and 

assuming that the parallel flow is zero.  The nonlinear poloidal viscosity is calculated and plotted 

in Section 4.3 with varying parallel velocities to show that the inclusion of parallel velocity shifts 

the resonant electric field.  The steady-state momentum balance equations are solved in Section 

4.4 for the radial electric field and the parallel velocity as a function of an externally driven 

torque.  These steady-state values show that by varying the neutral or viscous damping the 

parallel flow can be altered, thereby modifying the resonant electric field value in a controlled 

manner.  Finally, Section 4.5 shows that the resonant electric field in a tokamak shifts less for a 

given parallel velocity than in a QHS configuration.   

4.1 Calculation of the Viscosity in the Shaing Model 
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The poloidal and toroidal viscosities are calculated with the linearized Drift Kinetic 

Equation (DKE) with plasma flows: 

[(𝑣∥ + 𝑉∥)𝒏̂ +⁡𝑽𝑬] ∙ 𝛁𝑓 − 𝐶(𝑓) =      (4.1) 

2 (
𝑣2

𝑣𝑡
2)(

1

2
−
3𝑣∥
2

2𝑣2
) 𝑓𝑀 [𝑽 ∙ 𝛁 ln(𝐵) − 𝐿1

3
2⁄ 2

5𝑝
(𝒒 ∙ 𝛁ln⁡(𝐵))]   

  

Here bold characters indicate vector quantities, 𝑣∥ is the particle velocity parallel to the magnetic 

field, 𝑉∥ is the mass flow velocity in that direction, 𝑽𝑬⁡is the ExB drift velocity, 𝑓 is the 

perturbed particle distribution function, 𝑓𝑀  is the Maxwellian particle distribution function, 𝐶 is 

the Coulomb collision operator, 𝑣 is the particle velocity, 𝑣𝑡 is the thermal velocity, 𝑽 is the mass 

flow velocity, 𝐵 is the magnetic field strength, 𝑝 is the plasma pressure, 𝒒 is the heat flux, and 

 

𝐿1
3
2⁄ = 2.5 −

𝑣2

𝑣𝑡
2     (4.2) 

To simplify the calculation, Shaing uses a Krook collision operator, C =−𝑓 ∗ 𝜈𝜅 , where 

𝜈𝜅  is defined as [2]  

𝜈𝜅 =
3√𝜋

4
∑

1

𝜏𝑎𝑏
[
Φ(

𝑥𝑎
𝑥𝑎𝑏

)−3𝐺(
𝑥𝑎
𝑥𝑎𝑏

)

𝑥𝑎
3 + 4

𝐺(
𝑥𝑎
𝑥𝑎𝑏

)

𝑥𝑎
(
𝑇𝑎

𝑇𝑏
+

1

𝑥𝑎𝑏
2 )]𝑎,𝑏  (4.3) 
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where a and b denote the particle species, T is the temperature and 

 

⁡⁡⁡⁡𝑥𝑎𝑏 =
𝑣𝑡𝑏

𝑣𝑡𝑎
, 𝑥𝑎 =

𝑣

𝑣𝑡𝑎
⁡⁡      (4.4) 

𝐺 (
𝑥𝑎

𝑥𝑎𝑏
) =

[Φ(
𝑥𝑎
𝑥𝑎𝑏

)−
𝑥𝑎
𝑥𝑎𝑏

Φ′]

2(
𝑥𝑎
𝑥𝑎𝑏

)
2     (4.5) 

 

Here Φ is the error function and  

 

Φ′ (
𝑥𝑎

𝑥𝑎𝑏
) = 2√

𝑥𝑎

𝜋𝑥𝑎𝑏
𝑒
−
𝑥𝑎
𝑥𝑎𝑏 ⁡    (4.6) 

 

In Equation 4.3, 𝜏𝑎𝑏 ⁡is the collision time between species a and b defined as:  

1

𝜏𝑎𝑏
=

16√𝜋

3

𝑁𝑏𝑒𝑎
2𝑒𝑏

2𝑙𝑛(𝛬)

𝑀𝑎
2𝑣𝑇𝑎
2      (4.7) 

where e denotes the charge of the species, M is the mass, N is the particle density, 𝑣𝑇is the 

thermal velocity, and ln(Λ) is the Coulomb Logarithm: 

ln(𝛬) = 23 − 𝑙𝑛 (𝑍√
2𝑁

𝑇3
)    (4.8) 
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where Z is the ion charge and T is the ion temperature.  The Hamada coordinates used by Shaing 

are the volume V, the poloidal angle θ, and the toroidal angle ζ. For this set of Hamada 

coordinates, the poloidal and toroidal angles vary between 0 and 1 so that the Jacobian is equal to 

one. When solving the momentum balance equations, the coordinate system discussed in Chapter 

3 will be used.   

Because the magnetic field spectrum is a summation of cosine terms corresponding to 

different magnetic mode numbers m and n as seen in Equation 2.1 we assume the perturbed 

distribution function will be of the form: 

    

𝑓 = ∑ 𝑓1𝑚𝑛sin(𝑚𝜃 − 𝑛𝜁)𝑚,𝑛 +∑ 𝑓2𝑚𝑛cos⁡(𝑚𝜃 − 𝑛𝜁)𝑚,𝑛  (4.9) 

  

With this assumption, Equation 4.1 can then be solved for the perturbed distribution function: 

 

𝑓 = 2 (
𝑣2

𝑣𝑡
2) (

1

2
−
3𝑣∥

2

2𝑣2
) 𝑓𝑀 ∙    (4.10) 

{
 
 

 
 (𝑽 ∙ 𝛁𝜃 − 𝐿

1

3
2⁄ 2𝒒

5𝑝
∙ 𝛁𝜃) ∙ [∑−𝑚 ∗ 𝜀𝑚𝑛(𝑅𝑚𝑛 sin(𝑚𝜃− 𝑛𝜁)+ 𝑆𝑚𝑛 cos(𝑚𝜃 − 𝑛𝜁))

𝑚,𝑛

] +

(𝑽 ∙ 𝛁𝜁 − 𝐿
1

3
2⁄ 2𝒒

5𝑝
∙ 𝛁𝜁) ∙ [∑𝑛 ∗ 𝜀𝑚𝑛(𝑅𝑚𝑛 sin(𝑚𝜃− 𝑛𝜁) + 𝑆𝑚𝑛 cos(𝑚𝜃 − 𝑛𝜁))

𝑚,𝑛

]
}
 
 

 
 

 

 

Here, 𝑓𝑀  is the Maxwellian distribution function, 𝜀𝑚𝑛  is the magnetic mode amplitude, and 
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𝑅𝑚𝑛 = [
𝜈𝜅

(𝑚𝜔𝜃−𝑛𝜔𝜁)
2
+𝜈𝜅

2
]    (4.11) 

𝑆𝑚𝑛 = [
(𝑚𝜔𝜃−𝑛𝜔𝜁)

(𝑚𝜔𝜃−𝑛𝜔𝜁)
2
+𝜈𝜅

2
]    (4.12) 

where  

 

𝜔𝜃 = (
𝑣∥+𝑉∥
|𝐵|

)𝑩 ∙ 𝛁𝜃 +⁡𝑽𝑬 ∙ 𝛁𝜃    (4.13) 

𝜔𝜁 = (
𝑣∥+𝑉∥
|𝐵|

)𝑩 ∙ 𝛁𝜁 + ⁡𝑽𝑬 ∙ 𝛁𝜁   (4.14) 

 

The poloidal and toroidal viscosities may be calculated using the perturbed distribution 

function.  The poloidal viscosity is defined as 

 

〈𝑩𝒑 ∙ 𝛁 ∙ 𝝅〉 = 〈∫𝑀 [
𝑣2

2
−

3𝑣∥
2

2
] ∙

𝑓𝑩𝒑∙𝛁𝐵

𝐵
𝑑3𝑣〉  (4.15) 

 

where M is the particle mass and 𝑩𝒑 is defined as: 
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𝑩𝒑 = 𝐵𝜃𝒆𝜽    (4.16) 

where 𝒆𝜽 is the covariant basis vector and 𝐵𝜃 is the contravariant component of the magnetic 

field, both in the θ direction.  The angled brackets in Equation 4.15 denote a flux surface 

average.  Similarly, the toroidal viscosity is defined as  

 

〈𝑩𝒕 ∙ 𝛁 ∙ 𝝅〉 = 〈∫𝑀 [
𝑣2

2
−

3𝑣∥
2

2
] ∙

𝑓𝑩𝒕∙𝛁𝐵

𝐵
𝑑3𝑣〉  (4.17) 

 

where 𝑩𝒕 is defined as: 

𝑩𝒕 = 𝐵𝜁𝒆𝜻     (4.18) 

The total vector form of the magnetic field can be written as: 

𝑩 = 𝐵𝜁𝒆𝜻 +𝐵
𝜃𝒆𝜽 + 𝐵

𝑉𝒆𝑽     (4.19) 

The 𝐵𝑉 term in Equation 4.19 is zero for any toroidal device.  This is because there is no 

component of the magnetic field that is perpendicular to magnetic flux surfaces.  Thus, the 

parallel viscosity can be calculated as:  

〈𝑩 ∙ 𝛁 ∙ 𝝅〉 = 〈𝑩𝒕 ∙ 𝛁 ∙ 𝝅〉 + 〈𝑩𝒑 ∙ 𝛁 ∙ 𝝅〉    (4.20) 

For Equations 4.15 and 4.17, the integral is performed over all velocity space using 

spherical coordinates: 
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∫𝑑3𝑣 = ∭𝑣2 sin(𝜇) 𝑑𝜇𝑑𝜑𝑑𝑣    (4.21) 

 

where 𝜑 and 𝜇 are the polar and azimuthal angles respectively in a spherical coordinate system.  

Figure 4.1 shows a spherical coordinate system where the angles (r,θ,φ) in the figure correspond 

to (v,μ,φ) in the integral. 

 

Figure 4.1  An illustration of spherical coordinates (r,θ,φ) corresponding to radial position, 

azimuthal angle, and polar angle respectively. [3] 

  

To solve this integral, we perform variable substitutions: 

 

𝑥 =
𝑣2

𝑣𝑡ℎ
2      (4.22) 
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and 

 

⁡⁡𝑦 =
𝑣∥

𝑣
= cos⁡(𝜇)    (4.23) 

 

This allows us to combine Equations 4.10 and 4.15 to solve for poloidal viscosity as the 

following expression: 

 

〈𝑩𝒑 ∙ 𝛁 ∙ 𝝅〉 =
𝑣𝑡ℎ𝑁𝑀𝐵

4𝜋
1
2⁄
∑ 𝑚𝜀𝑚𝑛

2∬𝑥2𝑒−𝑥(1 − 3𝑦2)2 ∙ 𝑅𝑚𝑛
𝐵𝜃

𝐵
{(𝑚𝑽 ∙𝑚,𝑛

𝛁𝜃 − 𝑛𝑽 ∙ 𝛁𝜁) + (𝑛 (
5

2
− 𝑥)

2𝒒

5𝑝
∙ 𝛁𝜁 − 𝑚 (

5

2
− 𝑥)

2𝒒

5𝑝
∙ 𝛁𝜃)}𝑣𝑑𝑥𝑑𝑦 

 (4.24) 

 

The expression for viscosity is not dependent on the Smn term.  When the Smn terms are 

multiplied by the 𝑩𝒑 ∙ 𝛁𝑩 term in Equation 4.17 the terms include a sine multiplied by a cosine, 

which disappear upon taking the flux surface average of the expression.  Similarly, Equations 

4.10 and 4.17 are combined to solve for the toroidal viscosity as  
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〈𝑩𝒕 ∙ 𝛁 ∙ 𝝅〉 =
𝑣𝑡ℎ𝑁𝑀𝐵

4𝜋
1
2⁄
∑ −𝑛𝜀𝑚𝑛

2∬ 𝑥2𝑒−𝑥(1 − 3𝑦2)2 ∙ 𝑅𝑚𝑛 {(𝑚𝑽 ∙𝑚,𝑛

𝛁𝜃 − 𝑛𝑽 ∙ 𝛁𝜁) + (𝑛 (
5

2
− 𝑥)

2𝒒

5𝑝
∙ ∇𝜁 − 𝑚(

5

2
− 𝑥)

2𝒒

5𝑝
∙ 𝛁𝜃)}𝑣𝑑𝑥𝑑𝑦

 (4.25) 

4.2  Determining the Resonant Electric Field 

In HSX, there is very low ion heat flux due to the small ion temperature gradient, so for 

the purpose of this work we stipulate, 𝒒 = 0.  Repeating Equations 3.7 and 3.8 that are based on 

Reference [4]: 

 

𝑽 ∙ 𝛁𝜃 = 𝑐 (
𝑝′

𝑒𝑁
+ 𝛷΄) (

1

𝐵𝜁√𝑔
) + 𝜆𝑎𝐵

𝜃      (4.26) 

 

and  

 

𝑽 ∙ 𝛁𝜁 = 𝜆𝑎𝐵
𝜁       (4.27) 

 

where 𝜆𝑎 is a flux surface constant defined so that 𝜆𝑎 ∗ 𝐵 is equal to the flux surface averaged 

parallel flow, √𝑔 is the coordinate Jacobian, 𝐵𝜁 and 𝐵𝜃 are the contravariant magnetic field 

components in the ζ and θ directions respectively, 𝑒 is the elementary charge, 𝑝′ is the ion 
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pressure gradient, 𝑐 is the speed of light, and 𝛷΄ is the derivative of the electric potential with 

respect to the volume defined as 

 

⁡⁡𝛷΄ =
𝜕𝛷

𝜕𝑉
     (4.28) 

The resonance occurs in the viscosity when the denominator in the 𝑅𝑚𝑛  term defined in Equation 

4.11 is minimized.  More specifically, the resonant electric field occurs when  

 

𝑚𝜔𝜃 = 𝑛𝜔𝜁     (4.29) 

 

Using the definitions of 𝜔𝜃 and 𝜔𝜁 found in Equations 4.13 and 4.14 respectively, the resonant 

electric field may be solved for by isolating the ExB terms, that is, those including 𝛷΄, in 

Equations 4.26 and 4.27 to get  

𝑽𝑬 ∙ 𝛁𝜃 = ⁡𝑐
𝛷΄

𝐵𝜁√𝑔
    (4.30) 

and 

𝑽𝑬 ∙ 𝛁𝜁 = 0     (4.31) 

Equation 4.29 can then be rearranged as: 
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𝑐𝛷΄ = −
𝑚−𝑛𝑞

𝑚

𝑞(𝐵𝜃)
2

𝐵
(𝑣∥ + 𝑉∥)√𝑔    (4.32) 

 

For the coordinate system used by Shaing, the angle coordinates θ and ζ are both defined 

to be between zero and one so that the Jacobian is equal to 1.  In addition, 𝑉∥ was assumed to be 

0 and 𝑣∥ was assumed to be on the order of the thermal velocity.  Shaing then uses a large aspect 

ratio tokamak approximation [5] to convert from Hamada coordinates to cylindrical coordinates.  

The contravariant component of B in the poloidal direction is a flux surface quantity and is 

calculated as: 

𝐵𝜃 =
𝐵0

2𝜋𝑅𝑞
       (4.33) 

where B0 is the magnetic field on the magnetic axis and R is the major radius of the toroidal 

system.  The definition of q is: 

𝑞 =
𝑟𝑩𝒕

𝑅𝑩𝒑
     (4.34) 

where r is the minor radius of the system.  Converting 𝛷΄ to the radial electric field, we also 

define 

𝐸𝑟 = −
𝜕𝛷

𝜕𝑟
= −

𝜕𝛷

𝜕𝑉
4𝜋2𝑅𝑟    (4.35) 

With these definitions and assumptions, Equation 4.32 can be rewritten as  

𝑐
𝜕𝛷

𝜕𝑉
=

𝑐

4𝜋2𝑟𝑅

𝜕𝛷

𝜕𝑟
= −

𝑚−𝑛𝑞

𝑚

𝑞

𝐵

𝐵𝑜
2𝑣∥

(2𝜋𝑞𝑅)2
  (4.36) 
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Equation 4.36 can then be further rearranged to give the equation relating the poloidal Mach 

number to each magnetic mode (m,n), shown in Chapter 1 of this document that has been used in 

past calculations: 

 

𝑀𝑝 = −
𝑐𝐸𝑟

𝑣𝑡𝐵𝑝
= − (

𝑚−𝑛𝑞

𝑚
)    (4.37) 

 

In this work, we no longer make the assumption that the parallel flow is zero as 𝑉∥ has 

been measured to be 20 km/s in HSX as shown in Figure 2.7 with the potential to grow to the 

order of the ion thermal speed when an external current is applied to the plasma, as seen in 

Figure 3.3.  From Equation 4.32 it is clear that by increasing the parallel velocity, the resonant 

electric field also increases and that any parallel velocity at least on the order of the thermal 

velocity will be significant in shifting the resonance point.  This work also does not use the large 

aspect ratio tokamak approximation that Shaing used to reach Equation 4.36, but rather a 

numerical calculation of the Hamada coordinates [6] where the toroidal flux is the radial 

coordinate.  In this coordinate system, the poloidal and toroidal angles vary between 0 and 2π 

instead of 0 and 1. This Jacobian is then given as: 

√𝑔 =
1

4𝜋2

𝑑𝑉

𝑑𝜓
      (4.38) 

where 𝜓 is the toroidal flux through a magnetic surface. The calculations presented in the next 

chapter also use the full magnetic field spectrum for HSX.  
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A comparison of the resonant electric field using the numerically calculated values in 

Equation 4.32 and the large aspect ratio tokamak approximation used by Shaing in Equation 4.37 

is shown in Figure 4. 2 as a function of r/a.  For this comparison the parallel velocity was set to 

zero.  It can be seen that the approximation used by Shaing largely agrees with the numerical 

calculations to within 20%. 

 

 

Figure 4. 2 The resonant electric field as a function of r/a using the numerically calculated HSX 

values (red) and the Shaing approximations (black). [7] 

 

4.3 Poloidal Viscosity in HSX 

 The poloidal viscous damping as defined in Equation 4.15 is plotted as a function of the 

radial electric field without parallel flow for the HSX parameters shown in Figures 2.4 and 2.5.   
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Figure 4. 3 Poloidal damping mechanisms in HSX’s QHS configuration plotted for comparison 
as functions of the radial electric field.  The poloidal viscous damping with no parallel flow 

(blue), the poloidal viscous damping with HSX’s intrinsic parallel flow (red), and neutral 

damping (orange) are all shown. 

 

Figure 4. 3 shows the poloidal viscosity with V∥ = 0 as well as with V∥ = 20km/s, the 

parallel flow that was measured in HSX in the absence of any external momentum sources, as 

shown in Figure 1.8.  Figure 4. 3 clearly shows that the viscous damping plot including parallel 

flow is a shifted version of the one where 𝑉∥ = 0.  This is consistent with the physical 

interpretation of the resonance presented by Figure 1.3.  It is also important to note that the 

neutral damping in HSX is much lower than the viscous damping in the vicinity of the resonant 

electric field.  This indicates that, unlike what was observed in IMS in Figure 1.4, the neutral 

damping is not strong enough to cause the resonance to vanish in HSX.  In the remainder of this 

work, the term “poloidal damping” will refer to the addition of the neutral damping and the 

poloidal viscous damping. 
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4.4 Solutions to the Steady-state Momentum Balance Equations 

Figure 3.1 clearly shows that the parallel flow is increased in the presence of an external 

bias and Figure 4. 3 shows that the parallel flow shifts the location of the resonant electric field. 

The question is then posed as to whether the shift in the resonant electric field due to the parallel 

flow will outpace the bias electrode’s increase of the radial electric f ield.  To answer this 

question, the momentum balance Equations 3.2 and 3.4 will be solved at steady-state with the 

external torque ⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩  as an independent variable to determine the equilibrium values of the 

parallel flow and the radial electric field at the resonance.  Due to the shape of the poloidal 

viscosity profile, it is expected that for a given external torque, which is independent  of the radial 

electric field, multiple steady-state solutions would be found for the momentum balance 

equations. 

 

 

Figure 4. 4 Regions of multiple solutions due to the non-linearity of viscosity.  The horizontal 
lines indicate the boundaries to regions where a different number of solutions to the momentum 

balance equations exist.   

 

2 Solutions 

1 Solution 

2 Solutions 

No Solution 
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Figure 4. 4 shows regions of multiple solutions to the steady-state poloidal and parallel 

momentum balance Equations 3.4 and 3.2 previously shown in Chapter 3: 

 

⟨𝑩𝒑 ∙ 𝜵 ∙ 𝝅⟩ + 𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩𝒑 ∙ 𝑽𝒊⟩ =
√𝑔𝐵

𝜃𝐵𝜁

𝑐
⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩    (4.39) 

and 

⟨𝑩 ∙ 𝜵 ∙ 𝝅⟩ + 𝑀𝑖𝑁𝑖𝑣𝑖𝑛 ⟨𝑩 ∙ 𝑽𝒊⟩ = 0     (4.40) 

 

respectively.  Because these equations are being solved in steady-state, the external current, 𝑱𝒆𝒙𝒕 , 

is equal to the negative plasma current, 𝑱𝒑𝒍𝒂𝒔𝒎𝒂 .  The existence of multiple solutions is because 

of the nonlinear nature of the viscosity.  The horizontal lines in Figure 4. 4 correspond to values 

of ⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩ which are equal to the total poloidal damping and separate the regions where a 

different number of solutions to the momentum balance equations exist.  Between the two red 

lines one solution to the momentum balance equations exists.  Between the red and black lines 

two solutions of interest exist.  Past the black lines, no solutions exist.  In the two-solutions 

region, this work defines the solution found between the peaks of the poloidal damping as 

“Solution 1” and the solution found past the peaks as the “Solution 2”. 

Matlab’s “fsolve” function was used to solve the system of two non-linear equations, 

Equations 4.39 and 4.40, for the radial electric field and the induced parallel flow for a given 
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⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩.  For the next iteration of ⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩, the solutions from the previous iterations were 

used as the initial starting points for the fsolve function. 

 

Figure 4. 5 The steady-state radial electric field as a function of the external current in the QHS 

configuration.  The resonant electric field values are at 45kV/m and -42kV/m. 

 

Figure 4. 5 shows how the steady-state electric field changes as a function of an external 

torque.  The points where Solution 1, in red, and Solution 2, in blue, meet correspond to the 

maximum in poloidal damping and, therefore, to the resonant electric field.  The resonant electric 

field calculated with this model for the QHS configuration, about 45kV/m, is over twice as large 

as the resonant electric field where 𝑉∥ = 0, about 18kV/m as seen in Figure 4.4.  
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Figure 4. 6 The steady-state parallel mass flow as a function of the external current in the QHS 

configuration.  Flows driven at the two resonance points are -168km/s and 150km/s. 

 

Figure 4. 6 shows the steady-state values for parallel mass flow as a function of 

externally driven torque.  The large parallel flow, approximately 168km/s, is what shifts the peak 

in viscosity to a radial electric field value larger than what was predicted in the 𝑉∥ = 0 

calculations.  These velocity values are much larger than the ion thermal velocity.  However, 

other damping mechanisms such as turbulence or perpendicular viscosity that are not included in 

the model may also damp the parallel flow.  This will be discussed further in Chapters 5 and 6. 

Because large parallel flow shifts the location of the resonant electric field, our attention 

is focused on controlling the parallel flow damping mechanisms, in order to make the resonant 

electric field more accessible on HSX.  Since neutral damping plays a major role in damping 

parallel flow, as shown by Dobbins [8], steady-state value calculations were performed for the 

QHS configuration with varying levels of neutral density while keeping all other parameters at 

the same values. 
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Figure 4. 7 The steady-state radial electric field as a function of the external current in the QHS 
configuration with ten times neutral density values.  The resonant electric field values are 

23kV/m and -23kV/m. 

 

 

Figure 4. 8 The steady-state parallel mass flow as a function of the external current in the QHS 
configuration with ten times neutral values.  The flows driven at resonance points are -34km/s 

and 30km/s. 

 

As seen by comparing Figure 4. 6 to Figure 4. 8, the increased neutral density damps the 

parallel flow.  The decreased parallel flow causes less of a shift in the viscosity, thus decreasing 

the resonant electric field by about 50% from the regular QHS case, as seen by comparing Figure 

4. 5 to Figure 4. 7. 
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Figure 4. 9 The steady-state radial electric field as a function of the external current in the QHS 
configuration with 0.4 times neutral values.  The resonant electric field values are 86kV/m and     

-80kV/m. 

 

 

Figure 4. 10 The steady-state parallel mass flow as a function of the external current in the QHS 
configuration with 0.4 times neutral values.  The flows driven at resonance points are -422km/s 

and 376km/s. 

 

Figure 4. 9 and Figure 4. 10 show the converse of what was seen in Figure 4. 7 and 

Figure 4. 8: the decreased neutral density allows for extremely high parallel flows to develop, 

which raises the resonant electric field by a factor of almost two from the regular QHS case.   
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Experimentally, it is difficult to simply raise and lower the neutral damping, especially 

without affecting the other plasma parameters.  This would make it an impractical method to find 

the resonant electric field in the laboratory.  One of the features of the QHS configuration, 

compared to the other configurations, is that the viscous damping is very low in the direction of 

symmetry.  Steady-state value calculations were performed in the Mirror and F14 configurations, 

which have larger viscous damping along the magnetic field, to see how the resonant electric 

field is affected. 

 

 

Figure 4. 11 The steady-state radial electric field as a function of the external current in the 

Mirror configuration.  The resonant electric field values are 26kV/m and -25kV/m. 

 



70 
 

 

Figure 4. 12 The steady-state values for parallel mass flow as a function of the external current in 

the Mirror configuration.  Flows driven at the resonance points are -76km/s and 71km/s. 

 

As seen in Figure 4. 11, the resonant electric field drops significantly from the QHS case 

to the Mirror case, down to about 55% of the resonant electric field from the regular QHS case.  

The increase in viscosity from the Mirror configuration heavily damps the parallel flow to less 

than half of what its value is at the resonant point in the regular QHS case.  This result is 

important for experimental work because, unlike the neutral density, the configuration of HSX 

can be changed relatively easily.  More steady-state value simulations were conducted in 

different configurations such as the Mirror with no neutrals and for the F14 configuration.  The 

resonant electric field and parallel velocity for these cases are also included in the figure below. 
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Figure 4. 13 Resonant electric field as a function of parallel velocity at resonance of several 

configurations in HSX.  Points denote the QHS configuration (black), the Mirror configuration 
(lime), and the Flip14 configuration (brown).  Also plotted are a linear regression of the HSX 

cases (blue dotted line) and the analytic approximation of the resonant electric field (red) given 

by Equation 4.32. 

 

Figure 4. 13 depicts the resonant electric fields and parallel flows at the resonance points 

for all the configurations simulated.  A linear regression for the calculated points as a dashed 

blue line is also shown.  The red line in this figure is the analytical approximation of the resonant 

electric field given by Equation 4.32.  There is a discontinuity in this line at V ||=0 because of the 

change in direction of V || being in phase with different directions of ExB drift.  There is a small 

difference between the linear regression and the general solution.  The reason for this is that 

Equation 4.32 does not account for the integration over the velocity, which is performed when 

the viscosity is calculated.  In Figure 4. 13, it is seen that the resonant electric field in QHS with 

the current model is over two times higher than that predicted by the older model under the 

assumption that V||=0.  The figure also shows that the electric field needed to find the resonance 
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in the Mirror configuration is almost half of the resonant electric field for the QHS configuration, 

making the Mirror configuration a very attractive option to search for the resonance in HSX.   

 

4.5 Comparison to Tokamaks 

While looking at the data of previous experiments, presented in Chapter 1 in Figures 1.4 

[9], 1.5 [10], and 1.6 [11], the question arises as to why the resonance was observed in other 

machines close to the value predicted if V ||=0, but not in HSX.  To explore this, the steady-state 

values for HSX were calculated in a fictional “Tokamak configuration”.  In these calculations, all 

the machine parameters remain the same as the QHS configuration, except for the magnetic 

spectrum.  The QHS (4,1) mode was set to be a (0,1) mode, while all other modes were ignored.  

  

 

Figure 4. 14 The steady-state radial electric field as a function of external current in the Tokamak 

configuration.  The resonant electric field values are 10kV/m and -10kV/m. 

 

Figure 4. 14 shows the radial electric field of the Tokamak configuration of HSX as a 

function of external current.  The resonant electric fields shown in this figure are about four 
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times lower than those of the QHS configuration.  While this difference in resonant electric field 

is partially explained by the magnetic mode numbers of the configuration, the velocity driven by 

the current shown in Figure 4.17 is also responsible.  

 

Figure 4. 15 The steady-state parallel mass flow as a function of external current in the Tokamak 

configuration.  The flows driven at the resonance points are 62km/s and -46km/s. 

 

While Figure 4. 15 clearly shows a lower parallel flow driven by the external current than 

the QHS configuration, it is important to examine how much the parallel flow shifts the resonant 

electric field from the V ||=0 prediction in this Tokamak configuration.  To observe this, the 

poloidal viscous damping of the Tokamak configuration was calculated for V ||=0 and 

V||=62km/s.   
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Figure 4. 16 The poloidal viscous damping as a function of the radial electric field for the 
Tokamak configuration with V ||=0 (blue) plotted against V ||=62km/s (red) where the resonant 

electric fields occur at 7kV/m and 10kV/m respectively. 

 

Figure 4. 16 shows the shift in the resonant electric field going from the V ||=0 

approximation to V||=62km/s that is calculated to be present at the resonance.  The 62km/s driven 

in the Tokamak configuration only shifts the resonant electric field by about 4kV/m compared to 

the V||=0 case.  To compare this shift with the shift in QHS configuration, the viscous damping 

was calculated in the QHS configuration for V ||=0 and V||=62km/s. 

 

Figure 4. 17 The poloidal viscous damping as a function of the radial electric field for the QHS 

configuration with V ||=0 (blue) plotted against V||=62km/s (red).  
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Figure 4. 17 shows a large shift in the resonant electric field in QHS configuration for 

V||=62km/s compared to the shift seen in Figure 4. 16.  In the QHS configuration, the resonant 

electric field is shifted by 10.8kV/m with V ||=62km/s, about 2.5 times the shift in the Tokamak 

configuration for the same velocity.  This is consistent with Equation 4.32, where the shift due to 

the parallel velocity is multiplied by a factor determined by the magnetic mode numbers: 
𝑚−𝑛𝑞

𝑚
.  

For a tokamak, this factor is equal to 1.  For QHS, it is equal to 3.  Thus, one would expect a 

factor of 3 difference in shift going from tokamak to QHS configurations.  These results further 

explain why the resonance was seen in other machines but not HSX.  The viscosity in QHS is 

more susceptible to shifts from parallel flows than in other configurations.  Unfortunately, due to 

the lack of available information of TEXTOR’s parameters, it has not been possible to accurately 

model TEXTOR at the time of writing. 
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---5--- 

An Analysis of the Stability of Solutions to the Momentum Balance 

Equations 

 In the previous Chapter, two steady-state solutions of the momentum balance equations 

were focused on as they relate to the ion resonant electric field and calculating its value.  In this 

Section 5.1, we show that there is a third solution in this model and discuss the physical criteria 

for the creation of further solutions.  In Section 5.2, a vector field is created to determine the 

stability of the three solutions.  In Section 5.3, the stability of the solutions is analyzed and the 

physical mechanism driving the instability of one of the solutions is discussed.  Finally, in 

Section 5.4 the hysteresis behavior of the plasma as it transitions between different  stable states 

is shown for both the parallel flow and radial electric field.  

5.1 Identifying additional steady-state solutions 

 In Chapter 4, the only two solutions discussed were those pertaining to the ion resonance.  

We defined Solution 1 as occurring when the viscosity is increasing with respect to the Er where 

and Solution 2 occurs when the viscosity is decreasing with respect to Er.  However, this was an 

incomplete definition as Solution 2 ceases to exist while the viscosity decreases with increasing 

Er.  We now modify the definition to say that Solution 2 exists when the viscosity is decreasing 

with respect to Er and the viscosity remains the dominant damping mechanism.  Where the 

neutral damping has increased to the point where it is the dominant damping mechanism and the 

total poloidal damping is once again increasing as a function of Er, we define as the beginning of 

Solution 3.   
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It was discussed earlier in Section 4.4 that it was unlikely that the velocities in HSX will 

reach as high as shown in Figure 4.6 due to damping mechanisms present in HSX that are not 

currently included in the model, such as turbulence.  In order to account for a variety of 

additional damping mechanisms, the neutral density was increased to ten times the  experimental  

value, similar to Gerhardt’s method of matching his model to his experimental results [1].  All 

calculations and plots will use this increased neutral density for the remainder of this document.  

Plotting the total poloidal damping with the new neutral density, similar to Figure 4.4, clearly 

shows the existence of more solutions than accounted for in Chapter 4. 

 

Figure 5. 1 Regions of multiple solutions due to the non-linearity of viscosity with ten times the 

experimental neutral density.   The horizontal lines indicate the boundaries of regions where a 

different number of solutions to the momentum balance equations exist. 

 

As seen in Figure 5. 1, a third solution is prominent in the region between the red and 

black lines.  This solution is due to the neutral damping becoming the dominant damping 

mechanism as it continues to rise linearly while the viscosity decreases.  While this solution is 

present, though barely visible, in Figure 4.4, the rate at which neutral damping increased was so 
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miniscule that the third solution was not considered relevant then.  Though it is not explicitly 

shown in Figure 5. 1, the third solution continues to extend linearly past the black lines. 

With this new third solution in mind, we then recalculate the steady state solutions of the 

momentum balance equations with the increased neutral damping. 

 

Figure 5. 2 The steady state radial electric field as a function of the external current in the QHS 

configuration with ten times the experimental neutral density.  In addition to a lower resonant 
electric field than seen in Figure 4.7, the third solution is prominently shown.  The black line 

indicates the external current value that will be used in later calculations. 

 

Figure 5. 2 is similar to Figure 4.7 in that it shows the steady state solutions for the radial 

electric field as a function of the external current.  Once again, Solution 1 and Solution 2 are 

plotted in red and blue respectively and where they meet corresponds to the location of a 

maximum in poloidal damping.  However, unlike Figure 4.7, Figure 5. 2 also has Solution 3 

plotted in green.  The point where Solutions 2 and 3 meet therefore corresponds to a minimum in 

the poloidal damping, seen in Figure 5.1. 
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Figure 5. 3 The steady state parallel mass flow as a function of the external current in the QHS 
configuration.  The flow driven at the resonance point is 15km/s and the third solution is shown 

to have extremely low parallel mass flow.  The black line indicates the external current value that 

will be used in later calculations. 

   

Figure 5. 3 is similar to Figure 4.8 in that it shows the steady state solutions for the 

parallel mass flow as a function of the external current.  However, due to the increased neutral 

density, the parallel mass flow does not increase nearly as much as it did for the experimental 

value of the neutral density.  At its peak, the parallel mass flow is barely more than what was 

measured by Briesemeister in the core of HSX without external momentum sources [2].  Because 

of the low parallel mass flow, the resonant electric field with ten times neutrals is much closer to 

the 𝑉∥ = 0 approximation.  Additionally, the parallel mass flow goes to zero in the third solution 

due to the parallel viscosity having decreased to the point to where there can no longer be flow in 

that direction. Drawing on the physical model discussed in Shaing and Crume [3], the radial 

electric field drives an 𝑬⁡ × 𝑩 flow that is perpendicular to the field line. Parallel viscosity then 

drives a parallel flow so that the net flow is in the direction of minimal gradient in |B|. For HSX, 
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this is in the direction of quasihelical symmetry. As the parallel viscosity becomes negligible at 

high values of Er, the parallel flow also becomes negligible.   The strong ExB drift from the high 

electric field forces the plasma flow almost entirely in the perpendicular direction. 

It is worth noting that in this model, there are only three solutions maximum to the 

momentum balance equations, depending on the external current.  However, there could be more 

if more non-linear damping terms are added.  In the event that there is another damping term that 

is also non-linear with respect to the radial electric field, and it becomes the dominant damping 

mechanism at some point, then two more steady-state solutions to the momentum balance 

equations would be created.  Thus, depending on the number of damping mechanisms and their 

relative magnitudes, one could imagine that many equilibrium solutions may exist in complex 

systems.  Conversely, if there is a single damping mechanism that dominates all the others, such 

as an extremely high neutral damping term, then there would only be a single equilibrium 

solution and the ion resonance would not even be seen. 

5.2 Determining the stability of the steady-state solutions 

With a third solution identified, we now turn our attention back to analyzing the stability 

of the different solutions to the momentum balance equations.  In order to analyze the stability, a 

vector field was created for the system under a given external current and applied to the 

momentum balance equations 2.39 and 2.40.   

  The current was chosen to be ⟨𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹⟩ = 8e10 as all three solutions exist with that 

current.    A qualitative assessment of the stability properties of the steady-state solutions (or 

fixed points) of the momentum balance equations can be provided by plotting the phase portrait 

consisting of the vector field of points that correspond to 
𝜕Φ′

𝜕𝑡
 and 

𝜕𝜆

𝜕𝑡
 from Equations 3.16  and 
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3.17 at each point given by Φ′ and λ on a two-dimensional grid and then converted to the Er, V|| 

plane. If the vectors surrounding a steady state value (Er0, V||0) are pointing toward that point, 

then the solution is stable.  If there are vectors pointing away, then the solution at (Er0, V||0) is 

unstable.  The resulting plot can then provide a clear overview of the stability of the three 

solutions and how the plasma evolves under different conditions. 

 

Figure 5. 4 A vector plot of Er and V|| space showing the stability of the three solutions for a 

given external current.  Solutions 1, 2, and 3 are marked by red, blue, and green dots 

respectively.  The magnitudes of the vectors are the time derivatives
𝜕𝛷′

𝜕𝑡
 and 

𝜕𝜆

𝜕𝑡
  of  𝛷′ and λ and 

then converted to Er and V||. 

 

As can be seen in Figure 5. 4, Solutions 1 and 3 can be called stable due to the vectors 

pointing to those solutions.  Conversely, the vectors point away from Solution 2, indicating that 

it is unstable.  This would imply that transitions seen in other machines past the resonance point 

jump from Solution 1 to Solution 3, bypassing Solution 2 entirely.   

5.3 Determining destabilizing mechanisms in the system 
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With the stability of the three solutions now determined, we turn our attention to 

identifying the mechanisms which cause the second solution to become unstable.  In order to do 

this, we apply the eigenvalue method.  Applying that method to this system, we analyze the time 

evolution of Φ′ and λ when small, linearized perturbations are introduced about the  steady state 

point (and then converted to Er and V|| as discussed previously). These take the form: 

𝜆(𝑡) = ⁡ 𝜆𝑆𝑆 + ∆𝜆⁡     (5.1) 

Φ′(𝑡) = ⁡Φ′𝑆𝑆 +∆Φ′    (5.2) 

Where Φ′SS and λSS are the steady state values for Φ′ and λ respectively and ΔΦ′ and Δλ are the 

perturbations in Φ′ and λ respectively.  The time dependence is then expanded in a Taylor series 

about the steady-state point so that, 

𝑑

𝑑𝑡
[
∆𝜆
∆Φ′

] = [

𝜕𝐽||

𝜕𝜆

𝜕𝐽||

𝜕Φ′
𝜕𝐽𝑃

𝜕𝜆

𝜕𝐽𝑃

𝜕Φ′

] [
∆𝜆
∆Φ′

]    (5.3) 

 

where the zeroth order term is zero at the steady state point and the higher order terms are 

ignored. The 2x2 matrix in Equation 5.3 is the Jacobian evaluated at the steady-state points, J|| is 

the parallel damping and JP is the poloidal damping and the drive term, corresponding to the 

right-hand sides of Equations 3.2 and 3.4  divided by the coefficients on the left hand side that 

multiply the 
∂Φ′

∂t
 and 

∂λ

∂t
 terms respectively with 〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉= 8e10.  By evaluating the equation 

det(A-γI)=0, where A is the Jacobian matrix, I is the identity matrix, and γ is the eigenvalue, the 

eigenvalues of the system at a given point are determined.  The eigenvectors, v, are determined 

by solving Av = γv for each eigenvalue γ.  This leads to general solutions of the form or 𝒙(𝑡) =

𝒄𝟏𝒗𝟏𝑒
𝛾1𝑡 + 𝑐2𝒗𝟐𝑒

𝛾2𝑡 where x contains both Φ′ and λ with initial condition 𝑥(𝑡 = 0) = 𝒄𝟏𝒗𝟏+
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𝑐2𝒗𝟐 [4].   A positive eigenvalue is an exponential growth away from the fixed point, indicating 

instability, while a negative eigenvalue is a decay back to the fixed point, indicating stability.    

The Jacobian is evaluated at the steady state points for the selected external current to 

determine the eigenvalues and eigenvectors of the system for each of the three solutions.   

 

 

TABLE 1: Eigenvalues for the momentum balance equations at each of the three steady state 

points when 〈𝑱𝒆𝒙𝒕 ∙ 𝜵𝛹〉= 8e10. 

 

As seen in Table 1, Solutions 1 and 3 have two negative eigenvalues implying that these 

solutions are inherently stable.  Meanwhile, Solution 2 has a negative and a positive eigenvalue 

implying that Solution 2 is an unstable saddle point.   

We can further visualize the behavior of the plasma by plotting the eigenvectors around 

the steady state points to visualize the paths that the plasma will converge to and grow or decay 

along.  The black solid lines are the solutions to the time-dependent equations given in Equations 

3.2 and 3.4 with initial conditions that correspond to points on the boundary. The arrows show 

the direction of the solution, toward or away from the fixed points. By overlaying the 

eigenvectors with time traces, we can see that the eigenvectors predict the behavior of the plasma 

around the steady state points.   

Solution 1 2 3 

γ1 -4,890 -4,889 -4,890 

γ2 -30,110 +9,942 -4,380 
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Figure 5. 5 The stable eigenvectors of Solution 1 (dashed green) and the time traces of the radial 

electric field and parallel mass flow (solid black). 

 

Note that from Table 1, solution 1 has two eigenvalues with |𝛾2 | > ⁡ |𝛾1 | . As seen in Figure 

5.6, the larger amplitude eigenvalue 𝛾2  corresponds to the eigenvector with positive slope while 

the smaller eigenvalue corresponds to the eigenvector with negative slope. Since the general 

solution is of the form 𝑒𝛾𝑡𝒗, for positive time t > 0 the larger negative eigenvalue dies off quickly 

and the trajectories approach the fixed point  parallel to the eigenvector with the smaller 

eigenvalue. Similarly for time t < 0 the trajectories move away from the fixed point parallel to the 

eigenvector with the larger eigenvalue.  
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Figure 5. 6 The stable eigenvectors of Solution 2 (dashed green), the unstable eigenvectors 

(dashed red), and the time traces of the radial electric field and parallel mass flow (solid black). 

 

Figure 5. 6 is similar to Figure 5. 5 in that it overlays the eigenvectors for Solution 2 with 

time traces of Er and V||. Figure 5.6 shows the eigenvectors and trajectories for solution 2, which 

is an unstable saddle point. The eigenvector corresponding to the positive eigenvalue is shown in 

red. For this case all the trajectories diverge away from the fixed point parallel to the unstable 

eigenvector for time t > 0. Similarly, for time t < 0, the trajectories become parallel to the stable 

eigenvector. Note that the eigenvectors agree with the vector plot of Figure 5.4; the trajectory is 

toward the fixed point roughly parallel to the V || axis and away from the fixed point roughly 

parallel to the Er axis. The physical mechanism that leads to this instability is related to the 

relationship between Er and the poloidal damping, which will be discussed later in this section.  

This leads to the saddle-point behavior seen in the figure. 
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Figure 5. 7 The stable eigenvectors of Solution 3 (dashed green) and time traces of the radial 

electric field and parallel mass flow (solid black). 

Finally, Figure 5. 7 shows the eigenvectors for Solution 3 with time traces showing the 

stability of the steady state point.  Unlike the other two solutions, the eigenvalues for Solution 3 

are almost equal. This is the case where the viscous damping is negligible and only damping due 

to neutrals exist. A linear combination of two eigenvectors, 𝑥(𝑡 = 0) = 𝒄𝟏𝒗𝟏+ 𝑐2𝒗𝟐 leads to 

𝑨𝒙 = 𝒄𝟏𝜸𝒗𝟏+ 𝑐2𝛾𝒗𝟐 = ⁡𝜸𝒙(𝒕 = 𝟎) so any linear combination of the two eigenvectors is also an 

eigenvector of the system. In this case all trajectories are straight lines and the steady-state 

solution is known as a star node [4]. For solution 3, the eigenvalues are not exactly equal and 

close to the fixed point it can be seen that the trajectories bend toward the eigenvector with the 

smaller eigenvalue (the green dashed line with positive slope).   

While these plots may not provide much information that cannot be gathered from Figure 

5. 4, the physical mechanism behind the instability of Solution 2 is seen when evaluating the 

elements of the Jacobian.  The element of the Jacobian that causes the 2nd eigenvalue to change 
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sign is the derivative of the poloidal damping with respect to Er.  With this in mind, we plot the 

poloidal damping as a function of Er. 

 

Figure 5. 8 The poloidal damping as a function of the radial electric field.  The approximate 

locations of Solutions 1, 2, and 3 seen in Figure 5. 2 are shown by red, blue, and green circles 

respectively for the given external current indicated by the black line. 

 

Figure 5. 8 shows the approximate locations of the three solutions on a plot of the 

magnitude of the poloidal damping for a given external current.  The locations are approximate 

because the damping is plotted as a function of Er for a fixed V || whereas the three solutions 

actually have slightly different values of V|| as seen in Figure 5.4.    

As seen in Figure 5. 8, Solutions 1 and 3 both lie on regions of the curve where the 

magnitude of the poloidal damping is increasing with increasing Er.  If one were to perturb the 

plasma by increasing Er at those two points, it would be met with increased damping and cause 

Er to settle back at its steady state point.  Similarly for perturbations involving a decrease in E r, 

the damping decreases and the plasma again settles at the equilibrium point.  However, Solution 
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2 lies on a region where the poloidal damping decreases with increasing Er.  Thus, any 

perturbative increase to Er leads to a decreased damping, thus further increasing Er and moving it 

away from the fixed point.  Furthermore, we can say that stable solutions to the momentum 

balance equations only occur when the derivative of the poloidal damping with respect to the 

radial electric field is positive. 

5.4 Transitioning between stable steady-state solutions 

With the stability of all three solutions determined and the destabilizing mechanism 

identified, our attention once again turns to what a transition above the viscosity peak would look 

like in HSX.  To simulate this, a time dependent external current is applied to the plasma.   

 

Figure 5. 9 The external current applied to the model to simulate transitions between Solution 1 

and Solution 3. 

 

Figure 5. 9 shows the triangular waveform of the current being simulated.  The shape of 

the current was chosen to have two properties to clearly simulate the transition between Solution 
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1 and Solution 3.  The first was that the peak current was selected such that only Solution 3 can 

exist at that point, thus ensuring a transition can occur.  The second is that the timescale over 

which the current is increased is long enough such that both Er and V|| are able to reach 

approximately 90% if their steady state values for the external current at a given time.  This is 

done so that the solution space of Er and V|| can be clearly determined by comparing their values 

with Figure 5. 2 and Figure 5. 3 respectively. 

 

Figure 5. 10 A time trace of the radial electric field due to the external current shown in Figure 
5.9 compared to the equilibrium solutions shown in Figure 5. 2.  The radial electric field closely 

follows Solutions 1 and 3, but never Solution 2. 
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Figure 5. 11 A time trace of the parallel mass flow due to the external current shown in Figure 
5.9 compared to the equilibrium solutions shown in Figure 5. 3.  The parallel mass flow closely 

follows Solutions 1 and 3, but never Solution 2. 

 

Figure 5. 10 and Figure 5. 11 show how the plasma evolves from a base state with no 

external current to a point with high external current and back to the base state.  As can be seen 

clearly in both figures, Er and V|| evolve very closely along Solution 1 until the end of that 

solution space is reached.  Then, both Er and V|| transition very rapidly to Solution 3 where the 

external current peaks.  Once the external current begins to decrease, Er and V|| continue along 

the space of Solution 3 until the end of that solution space where it transitions quickly back to 

Solution 1 and returns to its base state as the external current reaches zero.  As expected, the 

plasma never exists in the space of Solution 2 due to its unstable nature.   
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---6--- 

Conclusions and Future Work 

 

Having shown the computational results in the previous chapters regarding the effect of 

the parallel flow on the radial electric field, the stability of different solutions to the momentum 

balance equations, and time evolution of Er and V|| as calculated by the momentum balance 

equations, we now discuss certain implications of these results as well as possible directions for 

future work.  Section 6.1 summarized the major results of the preceding chapters.  Section 6.2 

discusses the implications of the parallel flow affecting the resonant electric field.  This includes 

explanations for previously anomalous experimental results in HSX as well as implications for 

codes that solve the momentum balance equations.  In Section 6.3, we discuss the behavior of the 

plasma as it transitions between different solutions.  We compare the simulations to the 

experimental results as well as discuss how the transitions may differ given an expansion of our 

model.  Finally, we conclude with thoughts on the future of this line of work in Section 6.4. 

6.1 Summary of Results  

In Chapter 2 of this document, an overview of the HSX machine was shown.  

Quasihelical symmetry was explained and HSX’s way of breaking said symmetry to operate in 

other magnetic configurations was shown.  The work that had been done on the machine in the 

past by scientists and graduate students that relate to the evolution of the parallel flow and radial 

electric field were discussed. 

Chapter 3 introduced the momentum balance equations that became the foundation for 

the calculations performed in the rest of this document.  The importance of using Hamada 
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coordinates in this work was covered and the terms included in the momentum balance equations 

were explained.  The linear viscosity model was then applied to the momentum balance 

equations to show how the parallel flow and radial electric field evolve in the presence of an 

external bias.  The importance of including the parallel flow due to its low damping in HSX was 

then discussed. 

Chapter 4 introduced Shaing’s model of non-linear viscosity.  This model was able to 

calculate the ion resonant electric field with an analytic expression and was applied to the 

momentum balance equations.  The equations were then solved in steady state to show the value 

of the ion resonant electric field while taking the parallel flow into account.  It was shown that 

the inclusion of the parallel flow in the calculations shifts the ion resonant electric field and that 

by controlling the damping of the parallel flow, the ion resonant electric field could be shifted in 

a predictable manner.    

Chapter 5 introduced the existence of a third solution to the momentum balance 

equations.  The stability of all three solutions was investigated by using vector fields and 

eigenvalues.  By examining Jacobian elements that were used to calculate the eigenvalues, the 

physical mechanisms behind the instability were found.  The momentum balance equations were 

then solved to simulate transitions between the stable solutions and hysteresis behavior was 

observed for the radial electric field and the parallel flow. 

The results in this work highlighted the role of the parallel flow in the calculation of the 

resonant electric field.  The prominence of the parallel flow is a result of the unique property of 

quasihelical symmetry that HSX has which leads to a low viscous damping in the direction of 

quasisymmetry combined with the (4,1) mode’s prominence in HSX allowing the resonance shift 

to be seen more easily.  By solving the time dependent momentum balance equations with linear 
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viscosity, fast and slow damping timescales were observed, with the slow timescale dominating 

the evolution of the parallel flow.  The radial electric field ‘s time evolution changed from being 

dominated by the fast timescale to the slow timescale as it gets further from the core.  While the 

QHS configuration has a low viscosity to the point where neutral damping dominates the 

contribution to the slow timescale, this is not the case in the Mirror and F14 configurations 

where the viscosity plays a much larger role in the slow timescale.   

When introducing Shaing’s model of nonlinear viscosity and looking at its resulting 

expression for the ion resonant electric field, it is seen that parallel flows on the order of or 

greater than the ion thermal velocity can significantly impact the resonant electric field.  While 

other machines have experimentally demonstrated that the resonant electric field is determined 

by the leading terms in the magnetic field spectrum, there have been no experimental attempts to 

determine the impact that the parallel flow has on the resonant electric field at the time of this 

writing.  When taking this into account, the parallel flows cause the resonant electric field to 

increase by a factor of 2.5 in QHS configuration compared to the its calculated value assuming 

there are no parallel flows.  In other configurations such as Mirror and F14 or when the neutral 

density is increased, the increased damping shifts the resonant electric field to a lower value.  

HSX would provide a unique environment in which to observe the resonant electric field change 

in different configurations that have different viscous damping, but the same dominant (4,1) 

magnetic mode. 

 

6.2 Implications of the Dependence of the Resonant Electric Field on 

the Parallel Flow 
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As mentioned in Chapter 2 of this document, the electron root has not been observed in 

HSX, despite neoclassical calculations predicting a large electron root in the core.  

 

Figure 6. 1 The radial electric field in HSX as a function of r/a.  The predictions of the electron 
root (blue squares) and ion root (green triangles) cases are shown in and compared to 

experimental measurements (black crosses)  [1] 

Figure 6. 1 shows that measurements of the radial electric field in the core of HSX point 

to the existence of an ion root. However, Jeremy Lore has performed calculations using 

neoclassical codes, such as DKES and PENTA, to predict which roots would be seen in the 

plasma and found that the ion root should not exist in the core. 
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Figure 6. 2 Neoclassical particle fluxes versus Er for three different radii: r/a=0.1, Te=2keV, 
Ti=70eV (a); r/a=0.3, Te=750eV, Ti=60eV (b); r/a=0.5, Te=300eV, Ti=55eV (c).  The ion particle 

flux ignoring the effect of the resonance is shown as a dashed line for reference. [2]   

 

 As seen in Figure 6. 2a, created with the PENTA code, the electron root should be visible 

in the core of HSX as the ion root does not exist.  The peak in ion flux in this figure corresponds 

to the resonant electric field discussed in this work.  Table 6.1 is a comparison of the resonant 

electric fields estimated from Figure 6. 2 for the three r/a locations to the approximation to the 

resonant Er obtained from Equation 4.32 as well as from the full calculation of the poloidal 

viscosity as given by Equation 4.24. For both the approximation and the full calculation, the 

parallel flow was set to zero. Similar to the result shown in Figure 4.2, the approximation of the 

resonant Er is about 60% of the full calculation. The PENTA value of the resonant Er agrees well 

with that obtained from the Shaing poloidal viscosity at r/a = 0.5 and not as well closer to the 

plasma core. The inference from this comparison is that PENTA does not take into account the 

parallel flow when calculating the resonant electric field. If for example there was a substantial 

parallel flow at the resonant Er it is conceivable that the ion flux (in blue) at r/a = 0.1 would be 

shifted so that the peak would intersect the electron flux. This would allow for an ion root at the 

plasma core that is more in agreement with the experimental measurements.   
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r/a Resonant electric 
field calculated by 
PENTA 

Approximate 
resonant electric 
field calculated 

with Equation 4.32 

Resonant electric 
field calculated 
with the poloidal 

viscosity given 
by Equation 4.24 

0.1 3kV/m 3.00kV/m 4.49kV/m 

0.3 8kV/m 7.69kV/m 12.7kV/m 

0.5 20kV/m 11.8kV/m 19.9kV/m 

Table 6.1 Resonant electric field calculated by DKES compared to Equation 4.32 and 4.20 for 

different r/a values assuming no parallel flow.  

 

 

 

Figure 6. 3 Parallel flows versus the radial electric field for ions with momentum correction (red) 
and without (black) using the Sugama Nishimura method and the Maassberg-Beidler-Turkin 

method (blue), including the effect of the resonance for r/a=0.2. [2] 

  

Figure 6. 3 is also from Lore’s thesis [2] and provides further evidence that PENTA does 

not include the parallel flow in calculating the resonant electric field.  As seen in the figure, there 

is a large parallel flow of 150km/s at the resonance, but the resonant electric field is only about 

7kV/m.  This electric field is close to the resonant electric field calculated in Table 6.1 for r/a = 
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0.3, but the calculations in Table 6.1 also assume no parallel flow.  Previous calculations with the 

PENTA code have shown that an increased radial electric field drives parallel flow up to the ion 

resonance.   As seen in Figure 6. 3, an increase in the radial electric field leads to an increase in 

the parallel flow which peaks around 8kV/m at r/a=0.2.  This peak corresponds to the resonant 

electric field. 

 

Figure 6. 4 (Left) Shaing model comparing the radial electric field to the parallel flow at r/a=0.7.  
(Right) PENTA calculation of the parallel velocity as a function of radial electric field.  The 

Maassberg-Beidler-Turkin (MBT, blue), Sugama-Nishimura (SN, green), and Drift Kinetic 

Equation Solver (DKES, red) methods of calculation were used [3]. 

 

Figure 6. 4 compares calculations made by PENTA against calculations made with the 

Shaing model for the parallel velocity and the radial electric field at r/a=0.7.  For a direct 

comparison, the left plot in Figure 6. 4 was calculated by only using the parallel momentum 

balance equation, 3.2.  As seen by comparing both sides, a large parallel velocity, about 

150km/s, should be present at the resonant electric field.  However, the resonant electric field 

predicted by each is much different, with the Shaing model predicting about 45kV/m, and 

PENTA predicting around 18kV/m.  The prediction made by PENTA agrees more with the 

calculated resonant electric field seen in Figure 4.3, where the parallel flow was set to 0.  
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PENTA may be updated to include the effect of the parallel flow on the ion resonant electric 

field to see if its results then agree with this model.    

As seen by comparing the left and right sides of Figure 6. 4, both PENTA and the Shaing 

model agree that at the resonant electric field, there should be a very large parallel flow.  It 

should be noted that the fact that the calculated flows are similar is coincidental as PENTA does 

not take neutral damping into account in the results shown, but a flow well above the ion thermal 

velocity is calculated none-the-less.  The main difference between the two models is the resonant 

electric field shifts with increasing parallel velocity in the Shaing model, while it does not in 

PENTA.   A shift in the ion flux in Figure 6. 4a due to parallel velocity could lead to the electron 

and ion flux intersecting in multiple locations, possibly explaining why an ion root has been 

experimentally observed in HSX’s core, but not the electron root. 

 

6.3 Discussion of the plasma parameters and the transitional plasma 

behavior   

In Section 5.1, we adopted an increased neutral density to approximate additional 

damping mechanisms not covered by the model presented in Chapter 3.  While this 

approximation allowed Solution 3 to become more prevalent which led to an ease of illustrating 

stability and transitional behavior between solutions, there are some assumptions that may not be 

valid.  For example, in Figure 4.6, very high parallel flows are sustained in the presence of 

external bias, on the order of 150 km/s, that surpass even the ion thermal velocity.  Thus, in 

addition to turbulence as an additional damping mechanism, it would not be beyond the realm of 

possibility that shock phenomena could also occur to keep the parallel mass flow from reaching 
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such extreme values.  In the work presented here the 𝑽 ∙ 𝛁𝑽 term has been neglected.   As neither 

of these phenomena increase linearly with respect to radial electric field (which could be true for 

other damping mechanisms not considered here), it is not entirely appropriate when considering 

an experiment that there only be three solutions to the momentum balance equations.  If other 

damping mechanisms are also non-linear with respect to or independent of the radial electric 

field and peak in different locations than the poloidal viscosity, then that would give rise to more 

stable (and subsequently unstable) solutions to the momentum balance equations.   

As seen in Section 5.4, the plasma undergoes a hysteresis-like behavior as it transitions 

between different states with increasing and decreasing external current.  There is evidence to 

suggest that this is not simply an artifact of the simulation due to unrealistic machine parameters 

but would be seen experimentally in HSX.  Hysteresis-like behavior has been observed 

experimentally in the Large Helical Device (LHD) [4]. 
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Figure 6. 5 Hysteresis behavior of a bias experiment in the Large Helical Device.  The bias 

current to voltage ratio changes depending on if the voltage is being increased or decreased  [4]. 

As seen in Figure 6. 5 from LHD, there is a hysteresis that occurs as plasma parameters 

change during a bias experiment.  In this experiment, an external bias voltage (and subsequently 

current) was ramped up to the point where the viscosity peak was surpassed and then brought 

back down to zero, similar to the simulation described in Section 5.4.  Different plasma 

parameters at distinct bias voltages depending on whether the voltage was increasing or 

decreasing at the time.  While not measured in the results shown in [4], this model predicts an 

additional hysteresis in the parallel flow that could be measured in future experiments.  Similar 

behavior due to ramping biasing was seen in the Tohoku University Heliac [5] with multiple 

parameters exhibiting hysteresis behavior, as discussed in Section 1.3.   

Finally, we address the speed at which the external current was ramped up in the 

simulation in Section 5.4.  The total time of the simulation was chosen to be 20ms to allow Er 

and V|| to evolve clearly along the steady state solution spaces.  However, HSX currently has a 
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discharge time of about 10ms, which includes the time it takes for the plasma to be formed and 

become stable.  While the HSX upgrade (HSXU) will have longer discharge times, it is not 

currently feasible to replicate the simulation of Section 5.5 experimentally.  Furthermore, should 

the external current ramp up faster such that Er and especially V|| are not allowed to equilibrate, it 

could change the entire dynamic of the transition.  As seen in Figure 4.5, the viscosity peak shifts 

as V|| increases.  So, if V || is not allowed time to increase very much, then it will not shift the 

resonance point as much.  As seen by the vectors in Figure 5.4 and the time traces in Figure 5.5, 

Er evolves faster in the space of Solution 1, so it is feasible that the transition from Solution 1 to 

Solution 3 would occur before the Er value indicated by the resonance points in the figures 

showing steady-state solutions.   

 

Figure 6. 6 Three external current ramping speeds applied to the simulation.  The green line is 
the same as Figure 5.10, the blue line rises twice as fast as the green, and the red line rises ten 

times as fast as the green. 

Figure 6. 6 shows three different external current profiles that were applied to the 

simulation.  The green line is identical to the one shown in Figure 5.10, the blue line increases 

twice as fast as the green, and the red line increases ten times as fast as the green.  In Chapter 5, 
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the rise speed of the green line was selected to be such that the parallel flow had time to evolve 

to 90% of its steady state value for a given value of external current.  Now, the other lines are 

introduced to show what happens to the transitional behavior when the parallel flow is not given 

time to evolve.   

 

Figure 6. 7 The time evolution of the radial electric field as a function of time.  The parameters 
between the three lines shown are the same, with the only difference being the rate at which the 
external current increases shown in Figure 6. 6.  The points of transition are marked for each 

line. 

Figure 6. 7 shows how the speed at which current ramps affects the point at which the 

plasma transitions from Solution 1 to Solution 3.  The parameters for all three lines are the same 

with the only difference being the rate at which the external current is increasing, which is shown 

in Figure 6. 6.  As such, not only does the red line transition faster, but it also does so at a lower 

value of the radial electric field.  The radial electric fields at the time of transition are -31.82, -

35.97, and -40.47kV/m for the red, blue, and green lines respectively.  This is because the 

parallel velocity has not had time to evolve and shift the resonance point.  If this holds true in 

experiments and the Er value at which the transition occurs is a function of the external current 
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ramping time, and other non-linear damping mechanisms that give rise to new steady state 

solutions exist, as discussed previously in this Section, then it would also be feasible that the 

observation of intermediate modes could be dependent on the speed at which the current ramps 

up.  This could lead to transitioning at a lower electric field and reaching to a theoretical stable 

solution that is located fully inside the hysteresis track. 

6.4 Suggested Future Work 

This work, while providing important insight into the behavior of the plasma in the 

presence of an external current leaves areas to expand in the future.  The immediately obvious 

next step to this work is an experimental validation of the model.  This can be done in a series of 

experiments. 

In the first set of experiments, a bias electrode would be inserted into the plasma of HSX 

and turned on to a voltage that is below what is expected to hit the ion resonance.  From there, 

the time evolution of both radial electric field and the parallel flow would be measured using 

both physical and optical diagnostics.  These quantities would then be compared to the model in 

order to gain insight into additional damping mechanisms present in the machine.   This can be 

done in all three configurations: QHS, Mirror, and F14 to see how the damping varies between 

each.  The additional damping can then be added to the model in order to improve the predictions 

of the simulations. 

With the model updated to include the experimental results, the next set of experiments 

would focus on reaching the ion resonance, beginning with the Mirror configuration as it has the 

lowest resonant electric field at its base parameters, as seen in Figure 4.13.  The bias capacitor 

bank was recently upgraded to be able to reach voltages that this model predicts will allow the 
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ion resonance to be reached in all three configurations.  Additionally, the capacitor bank outputs 

a square wave.  This means that if the simulation results shown in Figure 6. 7 hold true and the 

resonant electric field decreases with increasing ramping time, then the ion resonance and the 

subsequent transition would be seen at lower voltages than predicted.  Upon seeing the transition, 

the parallel flow and the radial electric field would be compared to the model.  If the transition is 

seen and bias power supply is upgraded to enable a steady voltage ramp, then the hysteresis 

behavior between steady state solutions described in Chapter 5 may be observed. 

During the biasing experiments, plasma parameters such as the temperature and density 

should be recorded in order to see how they change once an external bias has been applied.  

These changes, along with the addition of different damping mechanisms that are prevalent in 

HSX would allow for an expansion of the model, which could then be used to model other 

experiments with pre-existing bias experiments.  In addition to expanding it in this way, the 

model can also be updated to include the new parameters that will be present in the HSX 

upgrade, which is nearing completion at the time of this writing.   
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