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ABSTRACT

Reinforcement learning problem embraces many breakthroughs in stochastic discrete-
time and deterministic continuous-time systems. Stochastic continuous-time rein-
forcement learning is an important yet under studied area. In this dissertation, I
present a framework to adapt deterministic continuous time temporal difference
learning method to stochastic continuous time systems.

I first review the temporal difference methods of discrete time and deterministic
continuous time. Then I discuss a popular method that solves optimal control
problem and verify its accuracy with Merton’s problem. Motivated by the fact
that the stochastic system and corresponding deterministic system can be as close
as possible as the variance term decreases to zero, I introduce a new nonpara-
metric smoothing method that generalizes deterministic continuous time method
to stochastic problem by shrinking the variance term of the stochastic process. I
demonstrate that the smoothing method outperforms traditional deterministic con-
tinuous time temporal difference method in our numerical study of the stochastic
pendulum. In the end, I provide the proof of the convergence of the solution of the
proposed framework to a corresponding deterministic continuous time solution. If
the optimal value function and optimal policy can be obtained by traditional deter-
ministic algorithms, then applying kernel smoothing framework with continuous

TD guarantees convergence to the optimal value or policy for stochastic process.



1 INTRODUCTION

Reinforcement learning (RL) has recently drawn many attentions with its great
applications such as Alpha Go in Silver et al. (2017) and Deep Q-Network (DQN)
in Mnih et al. (2015). Most of RL methods are built on processes of discrete time.
However, there are many continuous-time RL problems such as stock price and
physical process that are not well studied. A common way of dealing with such
problems would be discretizing the processes to fit into the discrete-time framework.
However, it is stated in Tallec et al. (2019) that the state of the art algorithm such as
DQON and Deep Deterministic Policy Gradient from Lillicrap et al. (2015) collapse
with small time steps when discretizing continuous-time process.

The direct approaches based on the continuous-time framework is beneficial
because it eliminates the error caused by partitioning the state, action, and time
in discretization, and potentially accelerates algorithm convergence based on our
simulation results. This dissertation proposed a framework that deals with stochas-
tic continuous-time reinforcement learning problem. It utilizes the nonparametric
kernel smoothing method in Friedman et al. (2001) in learning the system and
establishes convergence result.

In this chapter, I will introduce the reinforcement learning (RL) problems in
discrete time and continuous-time, their mathematical foundation and Temporal
Difference (TD) learning. In Chapter 2, I will discuss continuous-time optimal
control and Markov Chain Approximation (MCA). I will introduce our proposed
method for stochastic continuous-time system in Chapter 3, and the simulation
results in Chapter 4. In chapter 5, I will give proofs of all theorems and lemmas

proposed in this research.



1.1 Reinforcement Learning Process

Reinforcement learning problem is important in many fields and has been stud-
ied by many communities. In engineer community, there is an ample body of
research in Markov Decision Process (MDP) and dynamic programming especially
for discrete-time process. In mathematical finance, people often times consider
continuous-time process and refer it to optimal control theories. There has been an
increasing interest to combine the findings in all those communities to prevent from
reinventing wheels, see reviews of Recht (2019) and Powell and Ma (2011). The goal
of reinforcement learning is to learn controlling a system in the way of maximizing
a numerical value function which describes a long-term objective, from Szepesvari
(2010). Discrete time reinforcement learning problems can usually be described as
a Markov Decision Process (MDP). A MDP is consist of two parts, a Markov system
and a controller. The controller interacts with the system by receiving signals of
states that the system generates, and sending an action accordingly back to the
system. The system generates the next state based on previous state and the action,
and rewards the controller based on the action (Figure 1.1). This cycle repeats until
the process is terminated. The controller is usually called policy, control or agent
in literature and I will use them interchangeably. It is a map that takes input of a

state from the system and output an action to feed into the system.

St iStn
Ry R

Figure 1.1: The controller-system interaction in a MDP.
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More specifically, consider a system with state space S, a control with action
space A and discrete sequence of time steps ¢t = 0,1,2,... . At time step ¢, the
control receives the signal of the system’s state, S, € S. Then the control calculates
an action A; = 7(S5;) € A, where 7(-) denotes the policy of the control. After one
time step, the control receives a new state S;;; from the system and a numerical
reward R, = (S, A;) as a consequence of the action, where 7 (-, -) is the reward
function. Sy, Ag, S1, R1, A1, Ss, . .. is called a trajectory or an episode. The interest
is to learn the optimal control which maximize the discounted cumulated total
rewards until the process is terminated, i.e. 3%, v'r(S:, A;). This objective function
to optimize in reinforcement learning is called the value function, and I will give the
rigorous definition in Section 1.3. The difference between reinforcement learning
and optimization problem is that reinforcement learning optimizes a long term
unknown objective while optimization problem usually considers a short term and
known objective.

Above discrete time set up can be generalized to continuous-time by using a
diffusion process to describe the MDP system. I will introduce diffusion process in
next section. In continuous-time, the value function is generalized to an integration

of discounted rewards.

1.2 Introduction to It6’s Integral

Let’s first review Itd’s integral which is fundamental to continuous-time reinforce-
ment learning. It is a notion of integration for stochastic process. In this section, I

will define Itd’s integral for 2|0, T'| that consist of all measurable adapted functions



f(w, t) that satisfy the integrability constraint

E [/Ot fQ(w,t)dt] < 0

Like Lebesgue-Stieltjes integral, let’s start with defining integration for step func-
tions. Let F}V be the filtration of standard Brownian motion W;. Denote H2[0, T as
the set of functions of the form f(w,t) = 37" a;(w)1(t; < t < t,;1) where a; € F,,,

Ea? <ocoand 0 =ty < t;--- < t, <= T, define

i
L

I(f)(w) = > ail(w)(Wi,, = W(t,)

s
Il
=)

Lemma 1.1. Given any f € H?[0,T), there is a sequence {f,} € H32[0,T] such that f,
converges to f in L*(dP x dt).

With Lemma 1.1, for each fixed ¢ > 0 and f € H?[0,T], let’s define I(f) as the
limit of {I (f,)}, in L*(P), where {f,} is an arbitrary sequence in #3[0, T'| which
converges to f in H?[0, T]. This defines a random variable I(f) € £?(dP) such that
W I(fn) = I(f)||z2(ap) — 0 @as n — oo. We can further generalize the random variable
to a random process. For each f € H?(0,T], we have f14 € H?[0,t], so we have

random variable I( f1jo).

Definition 1.2. For f € H?[0,T), Itd’s integral [; f.dW, is defined as the continuous
square-integrable martingale M (w.r.t. F}V) such that P (Mt =1I(f 1[0@)) = 1 for all
t 0,7

See Steele (2012) for details about It6’s integral and proof of Lemma 1.1 and
Theorem 1.3. Similar to fundamental theorem of Calculus, there is a "fundamental"”

theory in It6’s integral. It is called It6’s lemma or It6’s formula.



Theorem 1.3 (Itd’s lemma). If f has a continuous second derivative, we have

FO0V) = 10)+ [ rvgaw.+ 3 [ fovds
forallt > 0, a.s. It can be written in short as
df (Wy) = f'(Wy)dWy + ;f”(Wt)dt
We will use Itd’s lemma to prove HJB equation in Section 1.3. Now we can define

It6 diffusion that is critical to continuous-time reinforcement learning problem.

Definition 1.4. An It6 diffusion in n-dimensional Euclidean space R" is a process X :
[0, +00) x Q — R™ defined on a probability space (2,3, P) and satisfying a stochastic
differential equation of the form

dXt =b (Xt) dt +o (Xt) th

where W, is an m-dimensional Brownian motion and b : R® — R" and o : R" — R"*™

satisfy the usual Lipschitz continuity condition |b(x) — b(y)| + |o(z) — o(y)| < Clz — y|

b is known as the drift coefficient and o is known as the diffusion coefficient
or variance of X;. It6 diffusion is usually called in short as diffusion. In optimal
control and continuous-time reinforcement learning, it is often assumed that the

MDP system is a diffusion process.



1.3 Mathematical Foundations of Reinforcement
Learning

The theories behind reinforcement learning is Bellman equations in discrete-time
process and Hamilton-Jacobi-Bellman (HJB) equations in continuous-time process.
These two equations are usually hard to solve analytically, and we have to develop
algorithms to solve them numerically. There are many reinforcement learning
algorithms motivated by Bellman equation, such as dynamic programming which
directly applies the Bellman equation and Q-learning in Mnih et al. (2015) which
approximate the Bellman equation, etc. The HJB equation is vital to optimal control
theory and I will introduce Markov Chain Approximation (MCA) method which
solves the HJB equation numerically in Chapter 2. It also motivates the algorithm

that I propose in Chapter 3.

Bellman equation for discrete-time systems

Definition 1.5. Assume the system is Markovian with transition probability P(Syy1|St, At).
The value function for discrete-time process is defined as the expected cumulative reward

of one trajectory,

V(s) = E, [iw(st,/m

t=0

SO = S] (11)
where vy is the discount factor.

Let optimal value function V*(s) = max, V" (s). Look one step further in value

function definition, we have the Bellman equation,

VW(S> = ETF[RO + /}/VW(SI) | SO = 3] (12)



and Bellman optimality equation or dynamic programming equation,
Vi(s) = E[Ry + 7V (51) | So = 5] (1.3)

The Bellman equation describes the recursive relation of the value function of cur-
rent state and future state. It provides a way of finding the value function and
motivates the field of dynamic programing, starting with Bellman (1956). Howard
(1960) provides a summary of research progress in MDP with dynamic program-
ming. See Bertsekas et al. (1995) for detailed review of dynamic programming

algorithms in solving MDPs.

HJB equation for continuous-time systems

The HJB equation is a continuous generalization of Bellman equation. It takes the

form of stochastic PDE as the generalization of discrete-time recursion.
Definition 1.6. For a stochastic process system X,, the value function for continuous-time
is defined as the expected integrated reward of one trajectory,

V(2) = E [/OOO e (X, W(Xt))dt‘ X, = x} (1.4)

where (3 is the continuous discounted factor

Let optimal value function V*(s) = sup, V" (s). If the system X is a diffusion
process with d.X; = b(X;, 7(X;))dt + o(X¢, 7(X;))dW;, the value functions satisfies
HJB equation,

ovrT 1 O*VT

¢ /
ox + 2 r(oo 0x?

pVT(x) =10 )+ r(x,m(x)) (1.5)



and HJB optimality equation,

* 21/ *

/
+ §tr(aa 52

pV*(x) = sup {baﬁx

)+ r(z, W(l’))} (1.6)

The proof of (1.5) is in Section 5.1 and (1.6) can be proved by the verification
theorem, see Pham (2009).

The solution to HJB optimality equation is the optimal value function in which
we are interested. However, It is usually hard to find an analytical solution especially
when the equation is not linear. Numerical PDE solvers also don’t immediately
apply because of the supremum in the equation. The Merton’s problem of one of

the few examples when we can find the analytical solution which is included in

our numerical study in Section 2.3.

1.4 Introduction to Discrete-Time Reinforcement
Learning Algorithms

The key to RL is to approximate value function V7 (-). Then the optimal policy is
the one that maximize the value function. There are three main methods to learn

the value function, Monte-Carlo, dynamic programming, and TD learning (Sutton

et al. (1998)).

Monte-Carlo and dynamic programming

The goal of Monte-Carlo methods is to approximate V" (s) from n episodes of
experience sampled from policy 7, e.g., episode E; = (51, A1, Ry, 52, Ay ...) ~ .

Denote G; as the total rewards of F;. The main idea is to use Monte-Carlo method



Vo, = 23| G; to estimate the value function V7 (s) = E.(G; | So = s). There are

some algorithmic technique such as the incremental trick to improve efficiency.
Dynamic programming methods take advantage of the Bellman optimality

equation (1.3) to learn the value function which minimizes the Bellman error,

Er[Ro +~V(51) | So = s] = V(s).

(a) Monte Carlo (b) Dynamic Programing (c) TD

Figure 1.2: Learning diagram in Markov decision process. Each node is a state in
Markov chain. The roots are initial states of Markov process. Red nodes are the
terminated states. States used in one learning update are highlighted in blue.

TD(0)

The successful implementations of RL, for example DQN, are motivated by temporal
difference (TD) error proposed in Sutton et al. (1998), which is motivated by Bellman
equation (1.2). The TD error (also called TD(0) error) is defined as,

0t = Riy1 + 9V (Si1) — V (Sp)

where V(+) is the estimation of value function. It is the difference between value

function of current state and its one step ahead estimation using the value of next
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state. Now we can derive the simplest TD learning method:

V(St) <=V (S) + a[Res1 + 7V (Sev1) — V (Sy)] (1.7)

We can define TD(k) error by generalizing TD(0), the difference between the
value and its 1-step ahead estimation, to the value and its £ + 1 steps ahead estima-
tion, i.e. 0F = Rip1 +9V (Sep1) + - + 9"V (Spyrs1) — V (S;). Because an estimation
V(+) is involved in TD error, TD is also called a bootstrapping method, which update
estimates from other estimates. In contrast, Monte Carlo estimates values for each
state independently. TD methods are more efficient than Monte Carlo. Because
one has to wait till the end of an episode and get the final reward to learn the value
function in Monte Carlo methods. However, TD methods updates at every step,
and there is no need to wait for final outcome. There are mainly three types of
TD algorithms. First is gradient based method that optimizes the cost function by
stochastic gradient descent, such as Sutton et al. (2009a) and Sutton et al. (2009b),
Second is least squared based method that uses the closed form of least-square
solution, such as Bradtke and Barto (1996) and Boyan (2002). Third is probabilistic
based methods, such as Engel et al. (2003). Dann et al. (2014) gives a thorough

overview and performance comparison of all TD based leaning algorithms.

TD())

TD()) in Sutton et al. (1998) builds a bridge from TD to Monte Carlo methods. It
minimizes the weighted sum of TD(k) error with weights \*~1(1 —\), k =1,..., 00,
which is controlled by the parameter A € [0,1]. When A = 1, it is equivalent to
a Monte Carlo method and when A = 0, it is equivalent to the TD(0) method.

Intermediate )\ in between usually outperforms the either end point 0 or 1. The
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TD()) algorithm is stated as following. Define eligibility trace z; as
Z_1 = 0
Z¢ :’)/)\thl‘i‘vv (St,wt), 0 <t< T

to keep track of which components of the weight vector have contributed. And
update weights w as,

Wip1 = Wy + N0 2

1.5 Introduction to Deterministic Continuous-Time
Reinforcement Learning Algorithms

Let’s focus on deterministic continuous-time process in this section. The continuous
TD learning algorithms were first proposed in Doya (2000). I will introduce the
algorithm and theories for stochastic continuous-time process I propose in chapter

3.

Continuous TD(0)

I have discussed in last section that discrete TD error is derived from Bellman
equations. To generalize it to continuous-time cases, we should consider HJB
equation (1.5), which is the continuous-time generalization of Bellman equations.

Consider a deterministic continuous-time system,

dX, = b(X,, 7(X,))dt (1.8)
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with reward function r(X;, 7(X;)). Plug terms in (1.5) and move left hand side to

right hand side. We have the continuous TD error,

AV (Xy)
dx

0 = (X, (X)) + b( Xy, m(X3)) — BV (Xy) (1.9)

for an estimation V' (X;) of true value function. Notice that V' (X;) is the true value
function if and only if §; = 0 in deterministic systems. We can use gradient descent
algorithm to minimize the loss $47. Denote the approximator as V(X;,w) where w

is the parameter to learn, then w can be updated by,

Aw = —n5td—5t
dw

Connections between continuous and discrete TD(0) errors

We can approximate dV (X;)/dt in continuous TD error in (1.9) with backward Euler

method as V (X;) = W. Plug it back to the continuous TD(0) error, we

have

6 = (X, m(Xy)) + 469 _AVt(X’f“) — iV(Xt_At)
(X, W(Xt))it [(1 _ Af) V(X,) V(Xt_At)]

~ (X, m(Xy)) + Alt {G_TV(X,:) - V(Xt—At)}

The last expression is the same as discrete TD(0) with time step At if we allow a

scaling factor .
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Continuous TD()\)

The continuous TD()) is the continuous-time generalization of discrete TD(\). The

learning algorithms for V(Xt, w) is derived in Doya (2000) as

W1 = wy + noge(t)

N OV (Xy; wy)
éi(t) = mel(t) + Jw,
where e(t) = (ey(t), ..., ey(t)) is the continuous eligibility trace and 0 < x < 7 is the

time constant of the eligibility trace. Similar to discrete-time reinforcement learning
process, the continuous TD()) performs better than the vanilla continuous TD(0).

Both methods I introduced in this section for deterministic continuous-time
reinforcement learning problems perform poorly on stochastic continuous-time
problems. I will show this numerically in chapter 4. There is a numerical method
in optimal control community to solve stochastic continuous-time problems called
Markov chain approximation. I will discuss it in chapter 2. It requires some mathe-
matical derivation beforehand in order to apply the algorithm. This dissertation
proposes a nonparametric kernel based method to generalize deterministic method
to stochastic cases. It doesn’t require any mathematical derivation and learns
the optimal value function and control function through training. The method is

introduced in chapter 3.
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2 CONTINUOUS TIME OPTIMAL CONTROL AND MARKOV CHAIN

APPROXIMATION

2.1 Continuous Time Optimal Control

Optimal control studies the same the problem as continuous time reinforcement

learning. Given diffusion process
dX; = b(Xe, m(Xy))dt + o (X)dW, (2.1)

with value function (1.4), we want to find the optimal value function V(z) =
sup, V(x,m(x)), and the optimal control 7* by solving the HJB equation (1.6). Here
we only consider uncontrolled variance o in (2.1) for simplicity. Discussion about
controlled variance process can be found in Kushner et al. (1990). Conventional PDE
solvers doesn’t apply to H]B equation because of the supremum in the equation.
In optimal control, Markov Chain Approximation (MCA) is one of the popular

methods to solve it numerically.

2.2 Markov Chain Approximation

MCA is proposed in Kushner et al. (1990). The idea is to approximate the value
function by the discrete value function of a discrete Markov chain {¢,} that ap-
proximates X;. If the Markov chain satisfies local consistency condition, then its
value function converges to the value function of X; as the step size of Markov
chain goes to zero. It breaks down the problem of continuous time optimal control

into two sub-problem, find the Markov chain with local consistency and solve the
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optimal value function of the Markov chain. The control problem of Markov chain
corresponds to discrete time reinforcement learning problem. It can be solved by
methods introduced in section 1.4 such as dynamic programing, etc. In the rest of
this section, we will introduce finite difference method to approximate the diffusion

process X; with a Markov chain with local consistency.

Finite Difference Method

Finite difference method is used to obtain a local consistent Markov chain to ap-

proximate the diffusion process X, € R defined in (2.1). Denote 0 = (01, ...,04).
Assume,
o (x) = Y loi(x)o(x)] >0 (2.2)
jii

then the transition probability of the Markov chain can be found as below. Condition
(2.2) isnecessary so that the transition probabilities of the chain from finite difference

are non-negative. The finite difference method is consist of two steps.

Step 1. Approximate derivatives with finite difference method with step size h,



Step 2.

16

f(z +eh) — f(x)

fui () — ; if b(x) >0 (2.3a)
tm@y%ﬂ@_éf_@m if b(z) < 0 (2.3b)

foie; () = [2f (@) + f (v + eih + e;h) + f (v — eih — ¢;h)] /21

— [f(x +eh) + f(x—eh)+ f(z+eh)

+ f(x —e;h)]/2h*  if oy(x)oj(z) >0 (2.3d)
Jow; (@) = = [2f () + [ (¢ + eih — e;h) + [ (x — esh + e;h)] /21

+1f (@ +eih) + [ (z —eh) + f (z +¢h)

+ f(z —e;h)]/2h*  if oy(z)oj(z) < O (2.3e)

where e; is the standard basis vector of i-th dimension. Rewrite HJB equation

(1.5) by substituting derivatives with above finite difference approximations.

Rearrange terms in finite difference approximated HJB equation to match the

following expression,
Vil Zt Vily, m(x)) + dyr(z, 7(x))
Then we match the transition probability and interpolation intervals as:

Py | m(z)) =t,
At"(z,7(z)) = d,

In this way, we can identify the expression for transition matrix for the ap-
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proximated Markov chain, and the interpolation interval. Denote the positive
and negative parts of a real number as r* = max[0, 7] and r~ = — max][0, —r].

We have the transition probability of Markov chain ¢ € R? as,

(02(2)/2 = Ly loi(@) 0 (2)] /2 + b7 (2, 0)

p"(z,x £eh | w(x) =a) = QM z.a)

(2.4a)
p(z, 2 +e;h+ejh | w(z) = a) =p" (x,2 — e;h — e;h | 7(z) = a)

_ (oi(x)ay(x))"
= S (2.4b)

p"(z,2 —esh +ejh | 7(z) = a) = p" (x,2 + e;h — e;h | w(x) = a)

_ (@(@)oy(e)” ]
= 90, a) (2.4¢)

where

Q"x,a) =3 oj(z) = 3 loi(z)o;(2)]/2+h 3 |bi(z, )|

i,j:i#]

The interpolation interval is

(2.5)

h —
At'(z,a) = " (z.a)

Local consistency is the necessary condition for Vj(z,7(z)) — V(z,7(x)) as

h — 0. Now let’s give the formal definition of local consistency.

Definition 2.1. Given interpolation interval At"(z, o) and {&I}, let AEh = &t — ¢
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Then & is local consistent to X if it satisfies,

[

E [Agf; | &Pl i <n & =20l = a} = At"(z,a)b(z,a) + O (Ath(x, a))
Cov (Afﬁ | &l ul i <, =20 = a) = At"(z,a)o(x)o’ (z) + O (Ath(:c, a))

[

sup &h =& = O(h)

Local consistency means that, locally, the conditional mean and variance of the
change of Markov chain state £ is proportional to the local mean and variance
of the original process X;, from Kushner and Dupuis (1992). It is proven that
the approximated Markov chain from finite different method is local consistent
and its value function converge to the value function of the original process in
Kushner and Dupuis (1992) for uncontrolled variance process (i.e. o(z) is free of
control). The finite difference method is still valid for controlled variance process
and the convergence of approximated Markov chain is proven in Kushner et al.
(1990) Section 8. Detailed discussion can be found in Kushner (1999).

There is one simple and common way to to improve accuracy and computation
speed using "splitting the operator" if we know the signs of some parameters.

Details see section 2.3.

2.3 Use MCA to Solve Merton’s Problem

Merton’s problem is a well-known finance problem. It models an investment
problem as maximize the expected utility of a portfolio of stock and risk-free bond.
It is an optimal control problem and corresponding HJB equation can be solved
analytically. We will use the MCA method to solve Merton’s problem numerically

and compare with the true analytical solution. In this section, we first introduce
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the Merton’s problem and show the procedure to solve it with MCA method, and

then we show that MCA solution is closed to the true solution of HJB equation.

Merton’s problem

The Merton’s problem is described by the following diffusion process

dXt = (CL(,U — T) + TXt — C) dt + CLO'th
X() =X

with utility function u(z) = 2?/p, where a and c are control, (y, 7, p, o) are known

parameters. The value function is,

V*(z) = S;I() | E [/Ooo eﬁtu(c)dt|X0 = x]

The optimal HJB equation for value function is

V@)= swp {S2 V) @)+ (ant (- o = VY @) +ule)) @6)

a€R,c=20

And the HJB equation for value function is
1
BV*(z) = 5a*a* (V) (2) + (ap + (1 = a)r = ) (V) (&) + u(c) (2.7)

There exists analytical solution to (2.7). The optimal control function ¢* and c* are

. u—r

af=———z
o*(1—p)

* B_TP_ p(,u—r)
1—p 2(1—p)20?

2

C
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Optimal value function is

* o B_Tp p(b_T)Q v D
V(x)‘<1—p ‘2(1—p>202> !

Complete derivation see Pham (2009) section 3.6.2.

Standard MCA

Assume the time range of X, is (0,7), and the number of discretization step is
N. Let step size h = T//N. We can apply finite difference method in (2.3) and
split the operator and simplify the terms like (a(u — r) + rX; — ¢)* as following.
In Merton’s problem, we know that r, =, ¢ are non-negative, and p > r. Then
(a(p—r)E=a*(p—r),ct=c,c =0, (rz)" =rz, (re)” =0.

Plug terms into (2.4), X; can be approximated by the Markov chain §,, with

following transition probabilities,

(1/2)0%a® + h(rs + a(p — 1))

p(s, s+ hla,c) = 0 (5, 0.0)
(1/2)0%a* + h
p(57 S — h|a’7 C) = Qh?:s?aa’ C) ‘

p(s,yla,c) =0 fory ¢ {s—h,s+ h}
for s € {h,2h,...,(N — 1)h}, where,

Q"(s,a,¢) = 0*a® + h(rs + a(p — ) + ¢)
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and interpolation interval:

h2

h _
At"(s,a,c) = 0"(5.0.0)

Value function of the Markov chain S,, is

(Vh)*(s) =sup F [Z e Pty (ct, Sn) Ath(Sn, ay,, Ct,))

n=0

SOZS],

wheret,, = Y1) At"(S;, ay,, ¢1,). It can be obtained by solving the Bellman equation,

a,c

(VM)*(s) = sup {u(cs)Ath(s, a,c)+ e~ BAt" (s,a0) th(s, s'la, c)(Vh)*(s’)} (2.8)

(2.8) can be solved with dynamic programming type of methods. In our simulation,

we use policy iteration in below to solve (2.8).
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Algorithm 1: Policy Iteration
Result: Optimal control (a, c) and optimal value V.

Randomly initialize with control (a, c);

Initialize V as the largest number possible;

Initialize err as the largest number possible;

Initialize e_tol as the tolerant of convergence;

while err >e_tol do

Vouw =V;

Solve the system of equations

Vi(s) = u(es)Ath (s, a, ¢) + e P2 (500 S ph(s o |a, e)V(s)

and save its solution as a list V;

a, ¢ = maximizer of u(cs)At"(z, a, ¢) + e A" @) Sz, yla, c)V(y);

err = ||V —V|;

end

When policy iteration converge, the control (a, ¢) and value vector V' converge

to optimal control (a*, ¢*) and value function V*(z) as h — 0.

Simplified MCA

The maximization step in the while loop in policy iteration can be optimized ana-
lytically if we replace Q" with constant Q"*(x) = sup, . Q"(z, a, ¢). We know that
sup, . Q"(x, a, ¢) exists if we assume a and ¢ are bounded by M. It can be proved

that the chain with Q"*(x)is still local consistent. Then the transition probabilities
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of the approximated Markov chain becomes:

(1/2)c%a® + h(rz + a(p — 1))

B (2,7 + hla,c) =

Q" ()
N 1/2)c%a* + h
ph(x>x - h|&, C) = ( / C);};;(’;ﬁ) ‘
P"(z, z|a, c) =1—p"(z,z + hla,c) — p"(z,z — hla, c)
QM (x) —o%a® — h(re+a(p—r) +c)
B Q" (z)

And there exists an closed form solution in the maximize step of policy iteration in

step k as:
011 (ih) = min {_b - V(i + 1)h) — Vi(ih)]h
k+1 - o2 [th<(i + 1)h) — 2th<ih) + th((i — 1)h)]2’

Cg+1(ih) = min {(u’)1 (eﬁhQ/Qh*(ih) Vic'(ih) = ‘;l: (G = l)h)> ,M’ih} , i=1,2,...,N

Mz'h}, i=1,2...,N—1

CLk+1(Nh) =0
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Simulation Results of MCA

120 120

1004

80 q

60 1

404

201

-20

0 20 40 60 80 100 0 20 40 60 80 100
States States

(a) Standard MCA (b) Simplified MCA

Figure 2.1: Numerical results of merton’s problem with N = 1000 and 7" = 100.
In both figures. The dashed blue line is true a function, and the solid blue line is
MCA approximated a function. The dashed red line is true c function, and the solid
red line is MCA approximated c function. The dashed green line is the true value
function, and the solid green line is MCA approximated value function.

The performance of Standard and Simplified MCA are presented in Figure 2.1. We
can see the error increases as the state value getting closer to the artificial bound 100
in both Figure 2.1a and Figure 2.1b. That is because the original problem is defined
on infinite horizon, and we introduced the artificial bound only for feasibility of
computation. It is suggested that the artificial bound should be as large as possible
so that it does not influence the accuracy in Kushner and Dupuis (1992).

Standard MCA is easy to implement for finite difference, but Figure 2.1a shows
that the performance is worse than the simplified MCA, and it is not smooth. That
is caused by the maximization step and its performance depends on the accuracy
of optimization method used in the maximization step and is sensitive to different

initial point. Figure 2.1a shows that the results of simplified MCA is closer to
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the true optimal control and value function. It is also faster and more stable than
Standard MCA because it doesn’t rely on optimization. However, the tradeoff is
that the simplified MCA chain is not always local consistent for all optimal control
problem. And it requires extra caution to prove local consistency and calculation

for closed form solution in maximization step.
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3 CONTINUOUS TEMPORAL DIFFERENCE LEARNING FOR

STOCHASTIC CONTINUOUS-TIME SYSTEM

We introduced continuous TD learning from Doya (2000) in Section 1.5. However,
it is designed for deterministic continuous-time process and can’t handle stochastic
process. We know that there is almost always randomness in real world examples.
It is necessary to generalize continuous TD learning for stochastic continuous-time
reinforcement learning problem. In this chapter, we introduce the framework that

we proposed to learn stochastic continuous-time process.

3.1 Preliminaries

Consider two continuous-time process starting with X, = z,

t
Deterministic process: X; = +/ b(Xs, B(Xs))ds (3.1)
0

Stochastic process: X,(o) =z + "B(X (o), a(Xa(0)))ds + / " o(Xu(0))dW. (3.2)

where W, is a standard Brownian motion representing the stochastic term.
To properly define value function for discrete trajectories, we introduce step
functions as following. For a trajectory U,,, define its corresponding continuous-

time process as a step process

Uy = Up 1{t < to} + > U 1{ts_1 <t < ti},
k=1

where 1{-} is the indicator function.

Denote the set of Lipschitz continuous function with Lipschitz constant M by
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Lip,,;. Assume we only consider control functions © € Lip,,. We’d like to note that

for any function Lipschitz function A(, -) with Lipschitz constant /,
b, w(z)) = by, m(@)| <L llz — 9] + I7(z) — 7(0)]
<UM + 1|z —y|
We will have following assumptions for the theories in this chapter.
(Al) o(-) is bounded.

(A2) b(z, a)is Lipschitz continuous with Lipschitz constant L, i.e. |b(z, o) —b(y, 7)| <
L(lx —y| + | — 7]), 3L > 0.

(A3) Var ()N(t’;(a)) , Var (b ()N(t’i(o), W(Xi(J)))) are bounded, where 7 € Lip,,. (X} (o)
is defined later in (3.10))

(A4) Corr (X[ (0),b(Xyi(0), 7(X[:(0)))) = 0asi — oo, wherew € Lipy. (Xi, (o)
is defined later in (3.10))

(A5) The reward function r(z, 7(x)) is bounded by M, and Lipschitz continuous

with Lipschitz constant L,.

3.2 Nonparametric smoothing based Policy
evaluation and improvement methods

Theorem 3.1. Suppose that o = ¢, where ¢ could be a function of x. Under Assumptions

(A1) - (A2), we have

sup B [|Xi(e0) — X,(0)]* | Xi(e€) = o, X,(0) = x| < e2Mf

0<t<T,m€Lip)s
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where M = 2 (g¢(T, ) + 2(L(M + 1)*T [ ge(s, x) exp(2(L(M + 1))*T(T — s))ds),
and g¢(t,7) = E [ 3 (3(X.(C))ds | Xo(C) = .

Proof of Theorem 3.1 is in Section 5.2. It indicates that as the diffusion coefficient
goes to zero, the difference between diffusion process X;(c) and deterministic
process X;(0) converges in mean-square to zero. That is, X;(¢) and X;(0) have
negligible difference when o is small enough. This implies that for very small o,
the effect of random noise in SDE (3.2) is negligible, and stochastic process X (o)
generated from SDE (3.2) is close to deterministic X;(0) generated from ODE (3.1).
Thus, when ¢ is negligibly small, we may practically treat X;(c) as X;(0), and the
continuous policy evaluation and improvement developed for the deterministic
model (3.1) can be effectively applied to the stochastic model (3.2).

However, o in model (3.2) is often not negligibly small. Nonparametric smooth-
ing comes to our rescue. We first apply kernel smoothing (Friedman et al. (2001)) to
data observed from (3.2) and then apply the smoothed data to the continuous TD
developed for the deterministic model 3.1. The proposed procedure is motivated
from Theorem 3.1 and the fact that smoothing reduces the random effect and can
make the smoothed X, (o) close to X;(0).

To be specific, given current state X;, assume we produce an action «; and
use the same action to generate m states from (3.2) and denote them by X,,, where
t; € [t,t+h], hisabandwidth in the kernel smoothing, and m = #{¢t; : t <t; < t+h}.
Denote time step by A,. Let K (x) be a kernel function with support on [0, 1]. We
apply kernel smoothing to X, to obtain a kernel estimator, X", of X, as illustrated

in Figure 3.1. For each ¢, define

AXth::}ll > K(ti_t) (X, - x) (3.3)

t<t;<t+h h
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=h
X4, (o)
~h .
1, (0) Xt,m(0)
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~h g ]
X; (o) : Xt,m(0)
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E(-m:'l-)
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i< m= >
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o N ]
Xto (0-) Xt071 (U) Xthm (0.)
—@ ® @ @ o———————>
<m=1>

m=4 >
m=5

A\ 4

Figure 3.1: Window layout.

The new process X/ is obtained by the following procedure: given the estimator

f(th at current step, we compute next step estimator X{‘+ Ar by
Xth+At = Xf +AX] (3.4)

With the obtained smoothed process X/, we can carry out any deterministic
continuous-time reinforcement learning method to learn the optimal value function

and control.
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3.3 Implementation
First, let’s review 4th order Runge-Kutta method that simulates solution of process,
Xt = f(Xta a(Xt)7t)7 te [07 T] (35)

where f and « are appropriate functions and f can be either deterministic or

stochastic. The 4th order Runge-Kutta method is stated as,

T
Y =Yi, + oy (Y 2ri Tt st (=1, N, (36)

where Y}, is an initial value,

T = £ (Vi oY) te)

TE = f (Yo, + T2, a(¥0), ey + T/(2N))
T = f (Y, + 157 /2,0(Y), o1+ T/(21))
7 = f (Y, + X5 a(¥0), 10+ T/N)

N denotes the number of iterations, and ¢, = ¢1'/N with step size T'/N. Thus,
we can derive the 4th order Runge-Kutta method for deterministic and stochastic

processes, respectively, with the same N and ¢, as above.

1. Deterministic process with f,(z, a(z),t) = b(z, 7(x))

T
X0, (0) = Xi, (0) + o (7ot + 208yt + 20h + 1) (3.7)
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where

Tio' =/ (X0, (0),7(Xi, ,(0)),te )
= b(Xy,_,(0), 7(X;,,(0)))

Yo' = f (X, (0) + Y05 /2, 7(Xo,_, (0)), ter + T/(2N))
= b(Xy,, (0) + 15 /2, 7(Xy,,(0)))

Tho' = f (X, (0) + 55 /2, 7(Xy,, (0)), ter + T/(2N))
= (X, ,(0) + Yo' /2, 7(X,, ,(0)))

T = f (X, (0) + g w(Xe,, (0), tes + T/N)

= b(X;, ,(0) + Ti5", m(Xy,,(0)))

2. Stochastic process with f,(z,a(z),t) = b(z,7(z)) + cW(t), where W (t) is
white noise (i.e. the derivative of Brownian motion Wt in the generalized

function sense)

(e

T
Xi(0) = X0, (0) + o (Y1 42005, + 208 + 1) (3.8)
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where

T = fo (Xi 1 (0),a(Xy, ,(0)), ten)
= b(Xteq (0)7 G(th 1( ))) + O-W(tf—l)

15, = fo (Xo, (0) + T4 /2,a(Xy,_, (0)),to-1 + T/(2N))

= b(X,, (o) + /2 a(Xy, (0))) + oW (te_y + T/(2N)) 59
T = fo (Xi, (0) + Y5, /2,a(Xi,_,(0), te1 + T/(2N))

= b(Xy, (o) + Tg ; /2 a(Xy, (0))) + oWty +T/(2N))

T = fo (X0, (0) + 15 a(X,, (0)) tes + T/N)
= b(X;, (o) + 15, (ti [(0))) + oW (tr1 + T/N)

and W (-) in (3.9) are discrete white noises corresponding to W and indepen-

dent from X;, (o).

Applying kernel smoothing to X, (¢) and using (3.3) and (3.4), we obtain the
smoothed process X/*(c) at discrete points t, = kT/N, k = 1,..., N, that is itera-

tively defined as follows,

XZZ(O‘) = thz 1(0) + AX[Z (o)

— X' (o) ZK<tk 14j — ){th ilo) = X] 1(U)},
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where th Lilo),7=1,2,...,m, are assumed to be generated from the same action

oy, = (X} t._, (o)) by (3.8) and (3.9). Specifically, we have

¥ ; T
th71,1<0') :Xt}; 1( )+67N (T§;10+2T§U10+2T§010+Tk 10)

v - T _
Xp12(0) = X1 (0) + (TESH 2005 2t )
(3.11)
th 1:m(0) = th 1 m—l(U)
T
6]\7 (Tk 1,m—1 + 2Tl2c;1,m—1 + 2T§;1,m 1 + Ti Ulm 1)

where,

T =b (X a0 7 (X (o >))+0(th )7 (X, (@) Wi )
T35 =b (Ko, i0) + 01,1/2,7 (X3, (0)))
0 (Xinalo) + 11, “/2 (X (0))) Wi (tima + T/ (2N))
T3 =b (X i) + 15512, (X5 (0)))
t+0 (X, alo) + Téa“/2 ( s (
T =b (Xi1alo) + 157 (X0, (0)))

+0 (X, i(0) + Y5, 7 (X2 (0))) Wi (tgy + T/N)

7)) Wi (ts—1 + T/(2N))

(3.12)

fori =0,1,...,m —1and W(-) in (3.9) are discrete white noises corresponding to

W and independent from X{Z _, (o). In particular, if K is chosen to be a constant
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kernel function, we obtain,

Xti(") = Xt};,l(o-) + m {th—lym(o-) - X7 (tk—l)]
m— 3.13
_ Xh ( T ! Tk—l,i 2Tk—1,i 2Tk:—1,i Tk—l,i ( )
— e U) + 6m Z ( 1,0 + 2,0 + 3,0 + 4,0 )
=0

Notations

Denote the continuous-time process and corresponding optimal value function as

following,

1. Vi (x) as the value function for X;(0)
(e Vi(x) = f5° e‘ﬁtr(Xt(O),ﬂ(Xt(O)))dt’ Xo(0) =)

2. VI (x) as the value function for X;(o)

o

(ie. Vi(z) = E [ J5° e %r(X,(0), m(X;(0))dt| Xo(0) = 2])
3. V"M (x) as optimal value function among control 7 € Lip,, for X,(0)
4. VM (z) as optimal value function among control = € Lip,, for X,(o)
5. X;, (o) as the trajectory sampled from X, (o)

6. X,(c) and X/'(0) as continuous-time step process of X, (c) and X[L(a), re-
spectively.

7. Vi (x) = [3° e Plr (X’t(O), T ()?t(O))) dt | Xo(0) = z as the value function of
X, (0).

8. VIm(z) = FE [fooo e Py (f(th(a), 7r (Xth(a))) dt | Xh(o) = x} as the value func-
tion of X} (o).
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9. Vgh’*’M(x) = SUDreLip,, f/gh’”(x) and f/oo’*’M(x) = SUDreLip,, f/oo’ﬂ(x) as the opti-

mal value function with policy restricted in Lip,,

Deterministic | Stochastic
X4(0) Xi(o)
Continuous X,(0) X!o)
X7(0) X{ (o)
X, (0) Xy, (0)
Discrete X;,(0) X} (o)
X5,(0) X ()

Table 3.1: Processes notations

Denote the optimal control in Lip,, as following,

1. mp™(z) as optimal control function for X, i.e. 73 (x) = arg maxV{ (z)

w€Lipy,
2. M (z) as optimal control function for X,(o), i.e. 75" (x) = arg maxV ()
wELipy,
3. #*M(z) as optimal control function for X} (o), i.e. #2*M(z) = arg max V" (z)
TwELip,,
Deterministic Stochastic
Control | Optimal | Optimal | Control | Optimal | Optimal
T Value | Control 7r Value Control
in LZpM in LZpM in LZpM in LZpM
Continuous | Vi (z) | ViM(z) | mg™M(z) | VI(z) | VeM(z) | a2M(x)
Discrete Vo™ (x) Vi (z) | VEsM(g) | 7hoM (g)

Table 3.2: Value and control functions
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The value-gradient based policy algorithm

In simulation, we use the value-gradient based method from Doya (2000) to learn
the value function. Assume the system drift b(z, @) is linear with respect to the

action a = (aq,...,a4) € A, and the reward function can be written in the form as,

r(z,a) =R(x) — Zl Sj (ay)

where S = (51, ..., 5y) is the penalty function for actions. We use an approximation

function V' (z, w) to approximate the value function, where w is the parameter to

learn. Then for state z, with HJB optimality equation, the greedy action is taken as:
oV (z,w)

7(x) = arg max [r(x, a) + Tb(m, a)]

_ g1 ((%(x,a)T av(%w)T)

Oa ox

A small perturbation o,,n(t) is added into the greedy action to increase explo-
ration. Let the noise process n(t) = —n(t) + N(t), where N(t) denotes normal
gaussian noise. Let the scaling factor o,, = 0y min [1, max {0, W} } , Where
Vimin and Vi,ax are the minimal and maximal levels of the value function. Finally,

we have the policy taken as is:

(3.14)

et [Ob(z, )T OV (w, w) "
m(@) =5 ( da or 0"
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Algorithm 2: The value-gradient based policy algorithm

Result: Approximated value function V (z, w) with weight w to learn.
initialize state X, generate action a from (3.14) ;

Initialize weight w randomly ;

Initialize eligibility trace e = 0 ;

Initialize learning rate n and time constant  ;

Initialize e_tol as the tolerant of convergence;

Initialize err as the largest number possible;

Initialize At as the desired step size and k as the window step size;
while err > e_tol do

Wold = W,

Use action a to generate next m states Xa), ..., Ximaw) 5

Calculate X7, , as (3.4). Calculate reward R = (X[ A, a);
Calculate continuous TD error with (X, X! »,, R) as,

5= R4 YL gy (X, w);

Updated eligibility trace e = e + (—%e + (Wéﬁ ’“’)) At;

update weight w = w + nde;
err = ||w — wydl|;

— Yh .
X = Xt+At/

end

3.4 Asymptotic theory

In this section, we will prove the convergence of the optimal value function and
control function of the discrete processes of (3.1) and (3.2) simulated with the 4th

order Runge-Kutta method. We will also prove the convergence of the process from
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nonparametric smoothing based method assuming we use constant kernel function

in (3.13) and its value and control functions.
Theorem 3.2. Under assumptions (A1) - (A4), we have that as T/N — 0, h — 0 and

m=h/(T/N) — oo,

sup E[X]'(0) — X, (0)] = O (W(T/N) + o*(T/N)*/h)

1<k<N

See Section 5.3 for proof of Theorem 3.2. It indicates that the difference between

X{; (0) and X (t)) converges in mean square to 0.

Value Function Uniform Convergence

Theorem 3.3. Suppose that o = (. Under assumption (A1) - (A5),
V(@) = Vi'(x)

uniformly Vr € Lip,, as € — 0.
Proof see Section 5.4.
Corollary 3.4. Under assumption (A1) - (A5), VE*(’M (z) = Vg™ (z) as e — 0.

Proof. Given V7 (z) — V" (z) uniformly V& € Lip,, from Proposition 3.3, We have,

lim sup [Vi(x) - Vi (x)] =0

=0 reLipy,
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VM (@) = Ve (@) = sup VZ(2) = sup Vi(x)

m€Lipy, meLipa
< sw (Vi) -V @)
< 2, |00 -1 0)
— 0

and we have the same argument if V;ZM(x) < VeM(z).

Thus, we have

VM (@) = Vit (@) > 0ase — 0. O

Optimal Control Convergence

Lemma 3.5. Under assumption (A5), if W exists and Iu > 0, s.t.

oV x , ,
SUDpe[0,1,>0 % < 00, we have g‘;(x) — ng(x) uniformly Vr € Lip,y; as € — 0.

Proof see in Section 5.5.

*, M o s, M z
Lemma 3.6. Under assumption (A1) - (A5), av“aw( LN avoax( Vas ¢ — 0.

Proof is similar to Corollary 3.4.

Theorem 3.7. Assume the system drift b(x, o) is linear with respect to the action o, and
the reward function can be written in the form as r(r,a) = R(zx) — XIL, S; (). Denote
S = (S1,...Sm)T. Under assumption (A1) - (A5), suppose there exist the optimal controls

*

mo™ () and 7M (x) measurable, then w;&M(x) — myM(x) as e — 0.
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Proof. The optimal controls satisfy the following equation,

s, M
WS’M(x) = arg max {r(m, m(z)) + b(x, 7T<x))TM}
n€Llipy, or
_ g1 (b))
da ox

i) = g (o) + 6 w0 22 S (o0 P )
T‘WJ’M(@}

= arg max {7’(% m(x)) + b(z, 7(x)) Ox

weLipy,

5 (ab@,a)Tav:vM@) )

da ox

*, M
eo

With lemma 3.6, we have 75Y (z) — 73" (z) as € — 0. O

Window Method Value Function Convergence

Lemma 3.8. Under assumptions (A1) - (A5), we have that as T/N — 0, h — 0 and
V(@) = Vo™ ()] = 0,

uniformly for all m € Lip,,.

Proof see Section 5.6

Lemma 3.9. Under assumptions (A1) - (A5), we have that as T/N — 0, h — 0 and
m = h/(T'/N) — oo,
Vi (2) = Vo™ ()| = 0,

uniformly for all = € Lip,,.

Proof see Section 5.7
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Theorem 3.10. Under assumptions (A1) - (A5), we have that as T/N — 0, h — 0 and
m=h/(T/N)— oo,
[V () = Vi ()] = 0,

uniformly for all T € Lip,,.

Proof. The proof is immediate from Lemma 3.8 and Lemma 3.9.

O

Corollary 3.11. Under assumptions (A1) - (A5), we have that as T/N — 0, h — 0 and
h/(T/N) — oo,

Vo Mz = vy (a),

Proof is similar to Corollary 3.4.

Window Method Optimal Control Convergence

Lemma 3.12. Under assumptions (A1) - (A5), if % exists and 3y > 0, s.t.

SUDge0,11,6>0 990L8) 0, we have that as T/N — 0, h — 0 and h/(T/N) — oo,

ox
OVy"" () Vg (z)
ox

ox

— uniformly Vr € Lip,,.

Proof see Section 5.8

Lemma 3.13. Under assumptions (A1) - (A5), we have that as T/N — 0, h — 0 and

S hk, M

il x 8‘/*’]\/[ T
h/(T/N) — oo, X (@) _, Ny (@),

Proof is similar to Corollary 3.4.

Theorem 3.14. Under the same assumptions as Theorem 3.7, suppose there exist optimal

~0,%,M

controls 7 (z) and 72M (x) measurable. we have that as T/N — 0, h — 0 and

h/(T/N) — oo, #l*M(x) — WS’M(x)
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Proof. The result is immediate from Lemma 3.13. Proof is similar to Theorem

3.7. []
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4 NUMERICAL STUDIES

The performance of TD based window smoothing method is tested on the problem

of pendulum swing-up with limited torque Doya (2000).

39

Mg

Figure 4.1: Pendulum

41 Pendulum Problem

The state variable of pendulum can be considered as x = (¢, w) satisfying stochastic
PDE,

df = wdt
4.1)

dw = 55 (—pw + Mglsin 0 + o)dt + odW,
where M =1 =1, g = 9.8, a = 0.01. a denotes the control variable and a"** = 5.0.
The process is simulated by fourth-order Runge-Kutta method, In the simulation,
consider 7" = 20 and N = 10000.
We adopt the reward definition in Doya (2000): Each trial starts from initial state

xo = (6p,0), where 6, is randomly selected in [—=, |. A trial lasts for 20 seconds
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r N g m Method
1 continuous TD
2 .
20 10000 |5,7,9,11 3 nonpara.metrlc
1 smoothing based
5 continuous TD

Table 4.1: Experiments settings with 4th order Runge-Kutta method.

unless the pendulum was over-rotated (|f| > 57). If a trail fails because of over
rotation, the trial will be terminated with a reward r(¢) = —1 for 1 second. As a
measure of the swing-up performance, we defined the up position the pendulum
staying up with (|f| < 7/4), and let the time of the pendulum stays in the up

position as ¢,,,. The reward function is defined as,

(1) =R(x) - i:sj ()

)

2
= 05(f) — Ctmax(—)? log(cos( ”
s max

4.2 Simulation Results

We apply kernel smoothing framework with continuous TD()) algorithm on stochas-
tic pendulum processes with parameter set up in Table 4.1. In each testing exper-
iment, 100 trials of 20-second stochastic pendulum run were used to train. The
scale of noise process added in (3.14) is 0y = 0.5. The results are shown in Figure
4.2. We can see that as the variance ¢ increases, the performance of method with
small window size is becoming worse. When o = 5 (Figure 4.2a), all methods
including deterministic continuous TD()) (i.e. when m = 1) are stable and can
maintain the pendulum at up position. When o = 7 (Figure 4.2b), the deterministic

continuous TD()\) method cannot learn the optimal control function correctly and
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fails to maintain the pendulum in up position. When we further increase o to 9,
(Figure 4.2¢), the smoothing method with smallest window size (m = 2) also starts
to fail. And when o = 11, only smoothing method with largest window size in
our experiment (m = 5) is able to learning the optimal control and maintain the

pendulum at up position.
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5 PROOFS

5.1 Proof of (1.5) - H]B equation

Proof. By definition,

VT(z) = E /Om e P ( Xy, (X))t | 2o = x]
_E _/hoo (X, m(X0) dt+/ r(Xe, w(X3))dt | :ch:x]
_E |ethy(x +/ (X, (X))t | Xo = x]

Apply Ito’s formula on V™ (z(h)), we have

VT(Xn) = V7T (Xo)

4000 w0 (X0 4 o (X, (X))o (X m(X0) (X))

a 2
h VT
+ /O o(Xi, m(X0)) S (X)W,

Denote EW(VW) = b(Xt, W(Xt))avw (Xt> -+ t?"( (Xt7 W(Xt))o'/(Xt, (Xt))82VTr (Xt)
Plug V™ (x(h)) back into the first equation, we have,

v (2) :E{e_ﬁh <VW(X0)+/Oh E”(V”)dt—l—/oha(Xt,w(Xt))’ ‘;ﬂ (Xt)dWS>
+/ r(X, 7(X))dt | Xo = 4

= e VT (z) 4 E[ / e LTVt + e (X, m(X))dt | Xo = 4
0
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Move efﬁhV’r(x) to LHS and divide both side of equation by &, we have,

1 — e—Bh E{foh e PRLT(V™)dt + e Pir( Xy, m(Xy))dt | Xo = x]
. V™(z) = z

Let h — 0, we have

BV (z) = E[E“V’T(Xo)dt + (X, 7(X0)) | Xo = &

= L™V (z)dt + r(z,7(z))

5.2 Proof of Theorem 3.1

Lemma 5.1 (Gronwall’s lemma). Let «, 3 and u be real-valued functions defined on 1.
Assume that 3 and u are continuous and that the negative part of « is integrable on every
closed and bounded subinterval of I. If B is non-negative and if u satisfies the integral

inequality, u(t) < a(t) + [} B(s)u(s)ds, Vt € I, then
u(t) < aft) + /at a(s)B(s) exp (/:ﬁ(r)dr) ds, tel.

The proof of Gronwall’s lemma is omitted.
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Proof of Theorem 3.1
Proof. ¥ € Lipy,,

2

[/Ot b(X,(e€), m(X4(£C))) — b(X,(0), W(XS(O)))ds] < Uot L(M +1)

< (L(M +1))?

X,(€) — Xs<o>\dsf

X.(e¢) — X,(0)[ ds

The second inequality comes from Cauchy-Schwarz inequality. For simplicity,

denote E* [£(X,(0), Xi(0)] = E [ f(X,(0), X;(0)| Xo(0) = x, Xo(0) = ], for any func-
tion f.

E*|X:(e¢) — X(0)[

=" [ [ OG0 TX(0)) = X0 R X)) & [ X ()]

2

<o | [(ocx ) = U O s oas] + 2 ([ cxgenan) |
—omr || [Cox 20))) = bX, (0), (X, (0)))ds| |

+ 22" [ / (X gc ds]
< 9F® (L( =) — X, (0) ds} +2°F® U (X gg))ds]

— 2(L(M + 1)) t/ E*|X

(20 = X0 ds + 2B | [ (X (e))as]
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Denote g((t,z) := E* [ J3 ¢ X(eC ))ds}. Apply Gronwall’s lemma, we have,

E?| X (C) — X:(0)[?
<222, (t, ) + /Ot 262 (s, ) 2(L(M + 1))t exp (/st(L(M + 1))2th) ds

=262g¢(t, z) + 2622(L(M + 1))%/; gc(s, @) exp {2(L(M +1))*#(t — ) } ds

Since g((t, z) is non-negative non-decreasing in ¢, we have,

sup E®| X (eC) — Xt(0)|2 < 25294(T, )

0<t<T,wELipy,

+2e?2(L(M +1))*T /OT gc(s,z) exp {Q(L(M + 1))*T(T — s)} ds

5.3 Proof of Theorem 3.2

Proof.

Y, =Tt = 16X, a(0), w(XY,_ (0))) + oWitir) = b(X,, (0)), 7(X,, (0)))]

< LIXiy,a(0) = Xo, (0)] + LMK (0) = Xip, (0)] + 0| Wi(tiy)]

75,0 = T3 = [b(Xe,_,a(0) + 1,1 /2,m(X] (0)))
+ oWi(ty—r + T/N) = b(Xy, , (0) + Tho' /2, m(Xy,,(0)))]
< LIX, (o) + T2 — X, (0) = Yiot/2l + LM|X] (o) — Xy ,(0))]
+ o|Witi—1 + T/(2N))]
< L1%ey 14(0) = Xey (O + I TEM —THG 4 LMIKE_, () — X, (0)
+ o|Wi(tyy + T/(2N))]

< 2 (L’thfl,i(o-) — Xy, (0)|+ LM|X} (o) — th71(0)|) + o|Wi(te_r + T/(2N))|
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75,0 = 50t = 16(Xe,_,i(o) + Y5, /2, (XL (0)+
oWi(ty_y + T/N) — b(X,, 1(0) Thot/2, (X, ,(0)))]
< LIXy, (o) = Xy, (0)] + 5 IT’SU“ 5o+ LM|X) (o) — Xy, (0)]
+ 0| Wi(te—r + T/(2N))]|

7 . - 3 .
< (L% (o) = X0 (0] + LMIXE (o) = X, (0)]) + So|Wiltior + T/(2N))

Y50 = a5 = [6(Xe (o) + 15,0 (X (0))+
oWi(ti—1 + T/N) — b(Xy, , (0) + Thol, m(Xy ,(0)))]
< LIXy, (o) = Xy, (O)] + Y55 = YE + LMIX] (o) — Xy, , (0)]
+ o|Wi(tp—y + T/N)|

11
< =

1 (1% i(0) = X, (O)] 4 LMIKL (o) = Xe, ,O)]) + S0l Wit + T/(2N)
+ o|Wi(te—s + T/N)|
(5.1)

Cov (X[ (0), Y1) = Cov (X1 (0),b(Xy_,i(0), m(X]_ (0))) + oWi(ts 1))

= Cov (XL (0).b(Xs,_,al0). (XL (0))))

= [Var(X},_, (o)) Var(b(Xy,_, i(0), m(X]; 1(0))))]%'
Corr (X (0).b(Xs, , 4(0). 7(X(0))))

— 0, as1 — 00
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And
Cov (X! (0), 15,1
= Cov (thfhi(o-)? b(thfl,i(o-> + Tllc,;l’i/z 7T<th71(0)>> + O-Vv[/i(tk—l + T/<2N)))

= Cov (th717i(0')7 b<)zrtk,1,i(0'> + Tllc,;l’i/l 7T<th71 (0))))

— 0, as? — o
Similarly, Cov (XZL_I(U)a Tf;l’i) — 0, for j = 3,4,as i — oco. Thus,

Cov (X’thkl (o) — Xy, _,(0),

A= N - -
GmN ((Tlf’aly — TN +2(T5, " = 155 +2(T3, 1 = Thgh) + (Y, — Ti,ol))>
=0
T Mol : | | | |
= > Cov (X1 (o), M 2003, 2w 4 i)
i=0

=o(T/N)
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T S (T ) 2005 - Y 200 - )
. 2
-HTZ“—T%5ﬂ

= [X;;H (o) — Xy, _, (0)]2 + Cov (X[; (o) — X3, (0),

T m= 1 ) )
e oo (T =T + 200551 = it + 2(785 - T
i=0
(0 - 18))
\E T mz:l <<Tk Li_pkly g(pholi _pko1y gkl ke
6mN g 1,0 2,0 2,0 3,0 3,0
2

b - i)

. 2

<E[X] (o) = Xy, (0)] +o(T/N)

T2 m—1 B
+ E[Z ((Tk 1, Tllqol)+2(Tk 1, T§01)+2(Tk 1,8 Tl?i_()l)

1,0
=0

] 2
+HL“—ﬁ¢J

<E[X!_ (o)~ X, (0)] +o(T/N)

T2 i k—1,3 k—1,i k—1,i —
o] o (T4 = YE + 2T — T+ 205 - 1
1=0

2
_HTk 1,i TﬁiolD]



<E[XL,(0) = Xy, (0)] +o(T/N)

+ SJmEI 5 (4 (us(0) = o (0 LMIRE(0) — X, 0)

=0

~ 13 - .
+ o |Wi(te—1)| + ?U\Wi(tk—l +T/(2N))| + o[ Wi(tr—1 + h)’)

< (1 + %) E[X] (o) - th_l(O)r +o(T/N)

T2 m—1 11 2 72 )
36N2 QE LZ(:) ZL’th 1s Z( ) - thl(o)‘] + WO(U m)

where the second last inequality comes from (5.1).

i—1 1

2
2 k—1,5 klj klj kl]
<m’E 1<r;1%<1||§j h (Y5 42050 420t vl )@

+m’E [|X_ (o) ~ X, (0)]]

<sz2]E kz_:Q Tk 1]+2Tk 1]+2Tm 1]—|—Tk 1,5
~ 6N?2 iz

2

+m?E [|X]_ (o) = Xi,_, (0)]]

<0 (T ) + B 1%L o) - X O

2

54
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Thus,

E {th(") - th(o)}2

A1LMT? N
< (1 + ) E [Xh

72N?m h(0) = X ()] +o(T/N)

=0

A1LMT? 5
: (” m)E[XtM

T2 m—1 41 . 2 )
b {2E 5 D) - X 0] +000%m)

(0) = Xu, (0] + o(T/N)

+ 36]z;§m2 {O(TJQVTZ )+ O(mQ)E “Xti_l(a) - th_1(0)|]2 + O(UQm)}

— (1+0(T*/N*)E [}

te—1

(0) = X, (0)] + o(T/N)
+O((T/N)'m* + o*(T/N)?/m)

By induction, we have
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E[|X;,(0) — X, (0)]
<(1+0(T*/NY))E [|X]:_ (0) = X4y, (0)]
+o(T/N) + O((T/N)*m? + o*(T/N)?/m)

( +0O( T2/N2>{ 14O T2/N2) {I L (o )—th,2(0)|2}

+o(T/N) + O(T/N)*m?* + ¢*(T/N)? /m)} +o(T/N)

+ O((T/N)*m?* + o*(T/N)?/m)

s@+mﬂmﬁ”ﬂﬁm—&@ﬂ

+ Z (1+0( T?/N?)) [0(T/N) + O((T/N)*m? + o*(T/N)? /m)]
1-Q +O(T2/N2))k !
T 1—(1+O(T2/N?))

—O(TJ/NQ) ((1 +O(T? /N2))’H - 1) [o(T/N) +O((T/N)*m?* + o*(T/N)? /m)}

~ g (7T 1) [o(T/N) + OUT N+ 0* (T )
1

T O(1?/N?)
T/N)*m? + o2 T/N)/m)) Vi< N

=0((
~O (W(T/N)+ o*(T/N)?/h), k<N

o(T/N) + O((T/N)*m? + o*(T/N)? /m)]

O(T*/N*)k [o(T/N) + O((T/N)'m? + o*(T/N)?/m)]

where the last approximation is because h ~ mT/N. O
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5.4 Proof of Theorem 3.3

Proof. For simplicity, let 7(z) = r(x, 7(z)). We have,

7(x) = 7(y)| =lr(z, 7(x)) = r(y, 7(y))|
<Ly [z =yl + |7 (2) = 7 (y)]]

<Ly (M + 1)z —y|

We know that V¢ > 0, 3T, s.t. e 7 < 45%. We will prove Vi € Lip,,, 37 s.t.
vE € (0,7), Vi (z) — Vi(x) <&

Vo (z) = V' ()

—E | [T (o)) - f(Xt<0)>1dt\ Xo(o) = 0. Xy = 7

</ E[F — 7(X(0))] Xo(0) = x, Xo = x] dt + 2M,e
</ ~BUg [ — #(X,(0))| Xo(0) = 7, Xo = 7] ng

The second equation is from dominated convergence theorem and the third

equation is from Fubini’s theorem.



We know that from Theory 3.1, 3MF, 37, s.t. T2Mjf <

&-2
— 4[Lr(M+1)

2 and,

sup E [|Xi(7¢) — X:(0)P|Xo(¢) = @, Xo(0) = x| < 7° M5

0<t<T

Then with cauchy-Schwarz inequality, we have V¢ € [0, T,

E? [F(X(7C)) = 7(X:(0)) Xo(C) = , Xo(0) = 2] < 7°[L,(M + 1)]* M7 < -

Thus, Ve € (0,7),

52

Va(a) = Vi (2)
_/ e MR [7(Xi(e0)) = 7(Xi(0))] Xo(C) = @, Xo = ] dt+g
< /0 e [y (M + 1)) M%dt+§
<e[L,(M +1)]\/ Mz + g

<¢

5.5 Proof of Lemma 3.5

Proof. 1f W exists and is finite V¢t € [0, 77,

d T
dx\/ZgC(T, x)+ 4L2T/ gc(s,x) exp(2L2T (T — s))ds < oo
0

VE> 0,37, T,st. e PT < £ and

_4M/
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7 |L.(M + 1)di$ 29.(T, x) +4L*T /OT gc(s,x) exp(2L2T (T — s))ds|| < g
Ve € (0,7), Vr € Lip,,;, we have,
Vi) Vg _ 0{Vale) - Vi (@)}
or  Ox ox
o V@ - @) - e - V)
Yy—x T —y
~lim ! . {IE [ 7 0 — O] Xo(e0) = 7, X = 4
_E [/Ow e BF(X4(20)) — F(X)]dt| Xo(eC) = y, Xo = }}
. T —Bt ~ 5
<lm {/0 e E[F(Xi(e)) = F(X0)| Xo(eC) = 7, Xo = a] dt + 3
- /T e PR [7(X,(20)) — 7(X,)| Xo(eC) = y, Xo = y dt}
= [ e L BIRGe0) - 0] Xaled) = 0 Ko =
 BIF((0) OO Xale) = X =] b+ §

_/ B [F(Xy(eQ) — 7(X)| Xo(eQ) = 2, Ko = 2], €
dx 2
<[Ly(M +1)] /OT o—on dE L1 Xi(eC) = X |d§°<50 = Xo=a g

<[L,.(M + 1)]5;;\1 29.(T,x) +4L*T /OT gc(s,x) exp(2L2T(T — s))ds

<¢

59

T
/ e Ptdt + §
0 2

where the fourth equation is from dominant control theorem and the second last

inequality is from Theorem 3.1. So far, We proved V¢ > 0, 37, s.t. Ve € (0,7),
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Vm € Lipy,,
oVi(z)  OVi(x)
ox ox

<¢

5.6 Proof of Lemma 3.8

Proof. Similar to Section 5.5, 37" > 0,V¢ > 0, s.t.

V(@) = V(@) = B | [ [FR @) - FR(0))] dt| K (o) = 2. Xo(0) =

<E

/OT e [FH(XP(0) — F(X(0))] dt| Xl(o) =, X(0) = x] +

DO [y

T —Bt| vh Y ke _ o §
<LE / X o) = Xi(0)ldt| XE(0) =@, Ko = | + 2

0

- . T
< sup E ‘Xt};(a) — th(O)‘ LT/ e P dt + g
1<k<n 0
§

<0 <Lr\/h2(T/N) n <a2/h>(T/N)) 42

2
<¢

where the second last inequality is from Theorem 3.2. O
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5.7 Proof of Lemma 3.9

Proof. Similar to Section 5.5, 37" > 0,V¢ > 0, s.t.

Vi (@) = Vo™ ()

< [ e [rxon = 0] dt\ Xo(0) = 2, Xo(0) = ] 4
<L, /oT ot \Xt(O) - Xt(O)\ dt| Xo(0) = z, Xo(0) = x] + g
<L, g: /ttkl e [1X4(0) = X, (0)] + | X4, (0) = Xy, (0)] dt‘ Xo(0) = z, Xo(0) = x] + g

T
<L, sup | X:(0) — th(0)|/0 Pt

T 0<k<n, 0<t<T

+ L, LG:l/: e X, (0) — )?tk(O)ydt’ X0(0) = z, Xo(0) = :c] +

DO [y

<L, s X0 = X0 L |35 [ O | Xa(0) = . %a(0) = +

0<k<n, 0<t<T

<L, sup  b(X,(0))T/N +O((T/N)*) + 2

0<k<n, 0<s<T

where the second last inequality is from mean value theorem and because X;, is

generated from 4th order RK method. O

5.8 Proof of Lemma 3.12

Proof. V¢ > 0,3K, T,s.t. e T < 857,« and [L,.(M + 1)]O (%) < %, Yk > K.
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Vm € Lip,;, we have,

V(@) Vg O{VeT (@) — Vi ()]

8I~ ox i ox
o @ @) - {170 - V)]
y— r—y
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where the second inequality is because of Theorem 3.2 and RK being 4th order

Thus,

OV () 9Vy " (x)

ox ox
<[L.(M +1)] /OT e o <A7[;h dCiIE (X)X (o) = x]) dt + g
=[L.(M +1)]O <]\7;;h d‘ilﬁ: [ 2XXMo) = x]) /OT e Bt + g

§
< 2
<[L,(M + 1)]O <N2h> )
<¢
We proved V¢ > 0, 37, s.t. V€ € (0,7), YV € Lipy,,

o) V() _,
ox ox
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