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ABSTRACT

Energy networks are operated at multiple timescales (from hours to milliseconds) to en-
sure that supply and demands are matched in real time. Such coordination is achieved
through hierarchical (multiscale) market transactions operated by the Independent Sys-
tem Operators (ISOs). There is a great interest in designing automation architectures to
exploit the fast timescale electricity markets using energy storage systems. Energy storage
systems like batteries provide dynamic flexibility to modulate electrical loads at various
frequencies and aid the control of distribution and transmission networks. Generating
revenue in electricity markets, however, is challenging because there is significant uncer-
tainty on electricity prices and on revenue streams that can be generated from different
markets (day-ahead, real-time, regulation).

A major accomplishment of this research is the development of multiscale stochastic
model predictive control (MPC) framework that can be applied to systems such as energy
storage systems like batteries or central HVAC plants for a large campus participating in
the electricity markets and performing peak shaving applications. The stochastic MPC
framework seeks to determine optimal energy allocation portfolios and buy/sell policies
that maximize revenue from day-ahead and real-time electricity markets, and frequency
regulation markets under uncertainties. The stochastic MPC controller incorporates a two-
stage stochastic programming formulation that makes control decisions while taking into
account uncertainty in predictions. This computational framework integrates forecasting,
uncertainty quantification, and model predictive control (MPC) to benchmark the perfor-
mance of deterministic and stochastic MPC. Through exhaustive closed-loop simulations

in two case studies — a battery management case study and a central HVAC plant case
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study, with real data from ISOs and a typical university campus, we illustrate that off-
the-shelf deterministic MPC implementations suffer significant losses in performance and
constraint violations due to their inability to handle disturbances that cannot be adequately
represented by mean (most likely) forecasts.

We also developed a hierarchical model predictive control framework using stochastic
programming to handle long horizon (or infinite horizon) problems for periodic systems.
We show that if the state policy of an infinite-horizon problem is periodic, the problem
can be cast as a retroactive stochastic program (SP) that progressively accumulates histor-
ical data to deliver the optimal periodic states. The retroactive problem can be seen as a
high-level hierarchical layer that provides targets to guide a low-level MPC controller that
operates over a short period at high time resolution. We derive a retroactive scheme tai-
lored to linear systems by using cutting plane techniques and suggest strategies to handle
nonlinear systems and to analyze stability properties.

Finally, to provide a scalable approach to handle complex MPC applications with un-
certainties evolving over long time horizons and with fine time resolutions, we derived a
stochastic dual dynamic programming (SDDP) framework from the perspective of MPC.
Scalability is enabled by the use of a nested cutting-plane scheme, which uses forward and
backward sweeps along the time horizon to adaptively construct and refine cost- to-go
functions. We also leverage the nested decomposition scheme of SDDP to develop a dual

dynamic programming scheme for long-horizon mixed-integer MPC problems.
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INTRODUCTION

1.1 Motivation

Energy systems are becoming increasingly decentralized and exhibit new forms of cou-
pling. In 2012, the US federal government increased the combined heat and power (CHP)
capacity by 50%, from 80 GW to 120 GW, to promote industrial energy efficiency, which
could save manufacturers as much as $100 billion in energy costs over the next decade
(The White House, 2012). CHP and combined cooling, heat, and power (CCHP) systems
are multi-generation systems that are positioned close to the demand points to provide
multiple energy carriers (electricity, steam, hot/chilled water) to buildings and energy-
intensive processes (Chicco and Mancarella, 2009). University campuses, manufacturing
facilities, and urban utility networks are examples of facilities with such configurations
(illustrated in Figure 1.1). These configurations provide opportunities for a wide range
of applications of heat recovery and energy storage technologies. With heat recovery sys-
tems, energy efficiencies of up to 75% can be achieved in contrast to around 45% achieved
by power plants located at significant distances from the demand locations. Energy stor-
age systems in the form of electrochemical and thermal energy provide dynamic flexibility

to the coupled energy networks and can be used to modulate the electrical loads at var-



ious frequencies (Geidl and Andersson, 2007). Energy storage can also aid the control of
the distribution and transmission networks (Geidl and Andersson, 2007). This flexibility is
key to manage large amounts of intermittent and non-dispatchable renewable power and

ensure energy quality in the electric networks.
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Figure 1.1: Sketch of energy hub in a utility network (Geidl and Andersson, 2007).

To ensure the matching of energy supply and demands at all times, power grids coordi-
nate a diverse set of energy systems like generators, loads, storage devices, wind turbines,
etc. at multiple timescales (from hours to milliseconds). Such coordination is achieved
through hierarchical (multiscale) market transactions operated by the Independent Sys-
tem Operators (ISOs). Faster and more volatile energy markets provide many incentives
for electricity generation and consumption systems (e.g., manufacturing plant, building).
Large-scale battery systems and building systems are becoming key providers of dynamic
flexibility to the power grid (Hao et al., 2012; Fares et al., 2014). As the level of coupling
between gas, electric infrastructures, and renewable sources of power such as wind and so-
lar is increasing, introducing new forms of dynamic behavior in the networks, the system
operators realize that better infrastructure coordination is required to mitigate the effects
of extreme events and uncertainties (ISO New England, 2014). Common examples of ex-
treme events affecting the energy infrastructure include weather events such as the polar
vortex experienced during the winter in the midwestern U.S. For instance, the polar vor-
tex of 2014 in the midwest that resulted in economic losses of $175 million per hour for

the power plant operators in states like California, Massachusetts, and Texas due to gas



shortages (Helman, 2014; Kemp, 2014).

Therefore, there is a great interest in designing automation architectures that handle
uncertainties in the markets and demands, and exploit the fast timescale energy markets.
These coupled energy networks have a multiscale dynamics because of the presence of
systems operating at multiple different frequencies such as the long-term periodicity in
demands and real-time prices. The challenge associated with this, however, is that the
control algorithms for these systems would result in large-scale optimization problems
which can become intractable for the current optimization solvers. In this dissertation,
we propose control frameworks to handle uncertainties in markets and demands that can
be applied to various energy storage systems such as batteries, central HVAC plants for
large campuses, buildings, etc. We implement the control schemes in Julia programming
language (Bezanson et al., 2012, 2017) and leverage the algebraic modeling capabilities of

the package JuMP (Dunning et al., 2017).

1.2 Outline

The goal of this dissertation is to address the challenges discussed in Section 1.1 by devel-
oping a multiscale model predictive control architecture for energy systems that handles
interactions and uncertainties at multiple timescales.

The structure of this thesis is described below:

e In the next section of this chapter, we present a background on energy networks,
electricity market operations, the role of energy storage systems in electricity mar-
kets, and model predictive control. Then, we present a preliminary electricity mar-
ket case study for electrochemical storage systems using a deterministic optimization

modeling framework.

e In Chapter 2, we present a stochastic model predictive control (MPC) framework to

simultaneously determine the battery participation commitments in ISO energy and



frequency regulation markets and mitigate demand charges for an attached modu-

lated load by accounting for the uncertainties explicitly in the optimization models.

In Chapter 3, we present a computational framework that integrates forecasting, un-
certainty quantification, and model predictive control (MPC) to benchmark the per-

formance of deterministic and stochastic MPC.

In Chapter 4, we conduct detailed closed-loop simulations and systematic bench-
marks for stochastic MPC framework for a central heating, ventilation, and air con-
ditioning (HVAC) plant of a typical university campus using real data to forecast and
quantify the uncertainty of disturbances affecting the system over multiple timescales

(electrical loads, heating/cooling loads, and energy prices).

In Chapter 5, we develop a hierarchical model predictive control (MPC) framework
using stochastic programming to handle long horizon (or infinite horizon) problems
for periodic systems by solving a retroactive optimization problem that progressively

accumulates historical data to deliver the optimal periodic state targets.

In Chapter 6, we provide a scalable approach to handle complex MPC applications
with uncertainties evolving over long time horizons and with fine time resolutions
by deriving and interpreting stochastic dual dynamic programming (SDDP) from the

perspective of MPC.

In Chapter 7, we propose a dual dynamic programming based approach for solving
multiscale mixed-integer model predictive control (MPC) problems that can handle
real constraints of energy systems such as discrete actuators and minimum startup

loads.

In Chapter 8, we present a summary of the major accomplishments of this disserta-

tion. Some future directions arising from this dissertation are also discussed.



1.3 Background

1.3.1 Energy Networks

Energy network coupling introduces rich dynamic behavior. Electrical networks have very
fast dynamics, while gas, water, and steam pipelines have slow dynamics because of trans-
portation delays. Multiple timescales are introduced in the system because of these factors
and also from disturbances (e.g. gas/electricity demands) that drive different networks
(Baldea and Daoutidis, 2007; Jogwar et al., 2009; Zavala, 2014). The presence of multiple
timescales complicates the coordination of energy networks (Shahidehpour et al., 2005).
In Chiang and Zavala (2016), the authors highlight the benefits of coordinating gas and
electric transmission networks with a case study in Illinois. Under coordinated control,
gas targets of power plants could be tracked perfectly and 7% more gas was delivered to
the power plants which amounts to $1,070,000 of additional gas in a single day. The in-
creased gas delivered also resulted in increased revenue for the power plants by 27%. The
increased flexibility was the result of enabling power plants to be operated as controllable
gas demands.

The large-scale problems arising from these dynamical systems require reduced-order
representations to make them tractable for real-time control applications. Such reduced
representations can be developed by separation of timescales (Biyik and Arcak, 2008). In
Simon and Ando (1961), the authors established that there exist groups of strongly inter-
acting subsystems within a network and the interaction between subsystems in the same
group is much stronger than the interaction of subsystems from different groups. They also
found relationships between weak network connections and timescales. Dynamic behav-
ior of linear systems has also been analyzed over multiple timescales in a study (Coderch
etal., 1983), in which they also provide an aggregation method to produce simplified mod-
els that are valid at progressively slower timescales. Sparsity and density of network inter-

connections also influence the separations of timescale (Biyik and Arcak, 2008; Chow and



Kokotovic, 1985). The authors in Pappas et al. (2000) have created consistent aggregated
characterizations for dynamical systems in which the controllability of the aggregated sys-
tem is guaranteed if and only if the full system is controllable. The analysis tools resulting
from these works have been applied to economic systems, Markov chains, biology, and
power systems (Kokotovic, 1980; Delebecque et al., 1984; Chow and Kokotovic, 1985; Si-
mon and Ando, 1961; Biyik and Arcak, 2008).

1.3.2 Electricity Market Operations

Understanding the economic incentives provided by generation and load flexibility re-
quires careful consideration of the wholesale electricity market structures and diverse
products. The electricity markets are governed by ISOs (Independent System Operators)
such as California ISO (CAISO), Pennsylvania-New Jersey-Maryland (PJM) Interconnec-
tion, and Midcontinent ISO. Markets are structured at multiple time levels, namely day-
ahead (hourly market commitments) and real-time markets (commitments ranging from
minutes to seconds). In day-ahead markets (DAM) the electricity is traded in intervals of
1 hour, real-time markets (RTM), on the other hand, can have varying timescales depend-
ing on the ISO operating it. Real-time market is a spot market in which utilities can buy
power to meet the last few increments of demand not covered in their day-ahead sched-
ules. The due times for the bids also vary from one ISO to the other. For example, in
CAISO, the real-time markets are operated at two timescales, a 15-minute timescale which
is commonly called as quarter-hourly market (QHM) or fifteen-minute market (FFM), and
a 5-minute timescale which is called as real-time market (RTM), although both are catego-
rized under the real-time market operations by CAISO. In CAISO, the DAM bids are due
no later than 10 a.m. the day before while the QHM and RTM bids are due 75 minutes
for the start of each trading hour. The typical time-varying energy prices for day-ahead
and real-time markets in CAISO are shown in Figure 1.2. The RTM is more volatile, and

at times the prices can even go negative here. This provides an opportunity to the fast dy-



namic energy systems to capture the negative spikes in prices and maximize their revenue
potentials.

The power grid receives additional (contingency) flexibility via regulation and reserve
ancillary services from the electricity markets. Energy systems providing regulation capac-
ity permit the power Automatic Generator Control (AGC) layer run by the ISO or similar
grid entity to adjust their load set-point within a specified band of power (Jaleeli et al.,
1992) at a frequency of every 2 to 15 seconds. The regulation service provider is compen-
sated both for the amount of regulation capacity (a load flexible band is offered) and the
amount of mileage (performance of tracking the AGC signal). Spinning reserves provide
an additional safeguard against unplanned outages and increased loads. Spinning reserves
rarely need to be dispatched and resources providing reserves are compensated for provid-
ing flexibility /contingency. The requirements for ancillary services are expected to grow
because of the high-frequency variations in the power grid coming from the intermittent
and non-dispatchable wind and solar power (Walling et al., 2008). With the retirement of
coal-fired generators, reductions in the supply of ancillary services are expected, creating
additional opportunities for flexible load providers (Kirby et al., 2011). Figure 1.3 shows an
illustration of the electricity market operations with various kinds of energy technologies
participating in the electricity markets to provide various services to the power grid.

Market participation has been studied extensively for a variety of resources such as
combined heat and power (CHP) plants (Rong and Lahdelma, 2007; Al-Mansour and
Kozuh, 2007; De Paepe and Mertens, 2007; Christidis et al., 2012; Mitra et al., 2013), electro-
chemical manufacturing facilities (Babu and Ashok, 2008), HVAC systems for large build-
ings (Hao et al., 2012; Zhao et al., 2013, 2015; Baccino et al., 2014), and manufacturing
systems with thermal energy storage (Feng et al., 2015). Many studies have also analyzed
the economics of energy storage systems (ESS) such as flywheels (Walawalkar et al., 2007;
Bradbury et al., 2014), batteries (Oudalov et al., 2007a; Mercier et al., 2009; Ekman and
Jensen, 2010; Walawalkar et al., 2007; Sortomme and El-Sharkawi, 2012; Fares et al., 2014;
Khalilpour and Vassallo, 2016; Bradbury et al., 2014; Zakeri and Syri, 2014), and concen-
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Figure 1.2: Energy prices for a day in the markets in California. The day-ahead market
(DAM) prices vary at 1-hour timescale, the quarter-hourly market (QHM) prices are at
15-minute timescale, the real-time market (RTM) prices are at 5-minute resolution.
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Figure 1.3: Illustration of the electricity market interactions with various energy technolo-
gies.

trated solar power generators with thermal energy storage (Kost et al., 2013; Madaeni et al.,
2011; Lizarraga-Garcia et al., 2013; Usaola, 2012) interacting in wholesale electricity mar-
kets. Several studies focus on only energy transactions in day-ahead markets (Sioshansi
et al., 2009; Kost et al., 2013; Gonzaélez et al., 2014; Usaola, 2012; Brunetto and Tina, 2007;
Dicorato et al., 2012; Bradbury et al., 2014), while some other papers consider simultane-
ous sale of energy and ancillary services in the day-ahead market alone (Walawalkar et al.,
2007; Sortomme and El-Sharkawi, 2012; Ekman and Jensen, 2010; Madaeni et al., 2011; He
et al., 2015) or analyze only regulation revenues (Fares et al., 2014; Oudalov et al., 2007a).
The economics of participation in the real-time markets are considered in only a few stud-
ies (Sarker et al., 2015; Bradbury et al., 2014; Zakeri and Syri, 2014; Lizarraga-Garcia et al.,
2013; Chen and Garcia, 2016). In Sarker et al. (2015), the authors study bids for energy and
reserves from electric vehicle aggregators in day-ahead markets while real-time prices are
only considered to settle reserve dispatches. In Zakeri and Syri (2014), the authors com-

pare revenue opportunities for five energy storage technologies, and find 37-300% higher



revenues in the real-time markets.

1.3.3 Energy Storage in Electricity Markets

Battery energy storage systems (BESS) are increasingly becoming important for the appli-
cations such as providing frequency regulation to the electric grid and for peak shaving
applications (Rastler, 2010; Oudalov et al., 2006; Donadee and Ili¢, 2014). Compared with
traditional generators, the battery storage systems have much higher ramping capabilities
and they can respond faster with better performance (He et al., 2015). Economic benefits of
utilizing BESS for frequency regulation have been studied previously using heuristic unit
commitment algorithms (Alt et al., 1997) and using optimization methods (de Salis et al.,
2014; He et al., 2015; Sigrist et al., 2013; Lucas and Chondrogiannis, 2016). Several papers
have also studied the economic potential of the energy storage in the regulation markets by
using hybrid electric vehicles or vehicle-to-grid technologies (Foster and Caramanis, 2010;
Han et al., 2010; Lin et al., 2014; White and Zhang, 2011). Stochastic optimization methods,
that capture uncertainty in the market price and regulation signals, have also been used
to maximize the benefits of using energy storage systems for frequency regulation (Don-
adee and Ili¢, 2012; Donadee and 1li¢, 2014; Vagropoulos and Bakirtzis, 2013). Bulk energy
storage systems have also been identified for peak shaving among large industrial plants
and power utilities (Oudalov et al., 2007b). The electricity bill for any facility consists of
payment for energy and for the peak power demand. The payment for the peak power
demand, also known as the demand charge, corresponds to the highest power demand
during a specific time period (typically a month) and often contributes as much as half of
the plant’s electricity bill (Oudalov et al., 2007b). Thus, they would like to minimize their
peak demand over that period using on-site generation or storage. This is also known
as “peak shaving” (Oudalov et al., 2007b). A battery can utilize its storage capability to
effectively reduce the energy demand of a plant or a facility from the grid during peak

load durations (see Figure 1.4). This can help the plant to reduce the peak demand and
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thus reduce the electricity bill. From previous research and installations (Alt et al., 1997;
de Salis et al., 2014; Johnson et al., 2011; Leadbetter and Swan, 2012; Lucas and Chondro-
giannis, 2016; Oudalov et al., 2006, 2007b; Rahimi et al., 2013; Sebastidn, 2016), it is evident

that battery storage systems can be used for peak load shaving application effectively and

profitably.
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Figure 1.4: Peak shaving application of energy storage systems (Figure adapted from
Oudalov et al. (2007b)).

A few studies have addressed simultaneous frequency regulation and peak shaving ap-
plications of energy storage systems (Alt et al., 1997; Sigrist et al., 2013; White and Zhang,
2011; Lucas and Chondrogiannis, 2016). However, they consider a deterministic setting to
study the economic benefits of batteries in these applications which may not be appropri-
ate to plan a battery usage policy for future (e.g., bidding in markets). To address these
issues, we propose a stochastic model predictive control framework in Chapter 2 to study
the economic benefits of the battery by planning a usage policy under uncertainty in the

markets and building loads.



1.3.4 Model Predictive Control

Model predictive control (MPC) or receding horizon control, is an optimization-based con-
trol technology that relies on real-time solutions to optimal control problems. The optimal
control problem contains the dynamics and physical constraints of the system. In such
an optimization setting it is also possible to handle complex nonlinear dynamics and im-
position of explicit constraints on the system (Rawlings et al., 2017; Camacho and Alba,
2013). There are also predictive models in the controller formulation to enable anticipation
of future events like disturbances. The controller deals with the prediction errors from the
model and disturbance by recursively shifting the horizon of the controller at each time
step. The control action obtained at each time step is fed to the system and the state of the
system is updated before moving to the next time step, thus creating a feedback. MPC has
been implemented in a variety of complex industrial systems such as chemical manufac-
turing, aerospace, buildings, and power plants (Qin and Badgwell, 2003, 2000; Ma et al.,
2012b; Oldewurtel et al., 2012; Lopez-Negrete et al., 2013). The inherent system dimension-
ality controls the computational complexity of MPC. The presence of nonlinear dynamics,
and in many cases, the need to expand prediction horizons and capture fast and slow dy-
namics also leads to greater computational complexity (Baldea and Daoutidis, 2007). The
presence of multiple timescales is particularly relevant because this dictates the length of
the prediction horizon and the update frequency (Scattolini, 2009). Expanding the predic-
tion horizon is also necessary to manage short- and long-term storage in energy systems
(Zavala et al., 2009b,a; Lefort et al., 2013).

An extension of MPC to deal with uncertainty in the variables is known as stochastic
model predictive control (stochastic MPC) (Cannon et al., 2007; Kouvaritakis and Can-
non, 2013). The stochastic MPC takes explicit account of the probability distribution of the
stochastic model uncertainty in the optimization of predicted performance, and at each
time step of the MPC, a stochastic optimization problem needs to be solved. Stochastic

MPC has recently been implemented in several applications like for semi-autonomous ve-
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hicles with an uncertain driver model (Gray et al., 2013), microgrid management (Hoosh-

mand et al., 2012), building climate control (Oldewurtel et al., 2013).

1.4 An Electricity Market Case Study

In this section, we present a preliminary case study using optimization models for the
participation of battery energy storage systems (BESS) in the multiscale energy markets in
a deterministic setting. Using a multiscale optimization model, we develop a framework
for the economic analysis for various applications of BESS such as energy arbitrage and

frequency regulation.

1.4.1 Modeling and Economic Analysis of Participation in a multiscale Energy

Market in Deterministic Setting
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N PN

h

Pret; ;. = Pijx + Pjgx + P

(mije) (w5x) (k)

Battery

Figure 1.5: Illustration of transactions of energy between the power grid and battery sys-
tem. Quantities in parentheses denote the price for the corresponding transaction.

We formulate an optimization problem to maximize revenue for the battery system



participating in the California electricity markets in a deterministic setting, assuming no
uncertainty in any of the market and demand signals (Dowling et al., 2017). In this for-
mulation, the battery system participates at three timescales of the CAISO markets, the
day-ahead market (DAM), the fifteen-minute market or quarter-hourly market (FFM or
QHM), and the 5-minute real-time market (RTM).
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Figure 1.6: Illustration of the reserved energy storage for regulation capacity (given by
constraints (1.4.5) and (1.4.6)).

In the optimization model for the system, we define the sets of time indices Tp :=
{1,..,nq} corresponding to the hourly intervals of day-ahead market with (1, can be the
number of hours of planning period, say 24 for 1-day planning), 7o := {1,..,nq} corre-
sponding to the time intervals in quarter-hourly market within each day-ahead hour (so,
ng =4)and T := {1, .., n,} corresponding to the intervals in real-time market within each
QHM interval (so, n, = 3).

A time instance for variables in different timescales of the market is denoted as follows:
with a lone subscript index k € 7Tp for the DAM timescale corresponding to the 1-hour
interval between hours k — 1 and k; (j, k) € Tg x Tp for the QHM timescale corresponding
to the j* 15-minute interval between hours k — 1 and k; and (i, j, k) € Tr x Tg x Tp for the
RTM timescale corresponding to the i 5-minute interval within the j 15-minute interval
of the k" hour. For example, the state of charge (energy level) of the battery in real time will
be denoted by E; j, while the power sold by the battery to the day-ahead market will be

denoted by P;. The transactions of energy have been illustrated with a schematic diagram
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in Figure 1.5.

The physical and market operational constraints are described for the battery in Equa-
tions (1.4.1)-(1.4.8). In the model, 7 is the efficiency of the battery (0.95 for this case study)
and At is the duration of a real-time interval (i.e. 5 min). Net discharge (net power sold, P
in DAM, P in QHM and P, ;x in RTM) from the battery at any time has to be less than the
maximum discharge capacity of the battery, P (1 MW in this case), and is given in Equation
(1.4.1). The frequency regulation capacity F is sold in DAM and Fj is sold in QHM (regu-
lation market does not operate at the 5-minute scale in CAISO). The regulation capacities
will limit the net discharge capacity of the battery, given by constraint (1.4.2) and (1.4.3).
The dynamics of the state of charge (energy level) of the battery (E; ) is given by Equa-
tion (1.4.4), where Eg11 = E (the storage capacity which is also the initial storage level,
1 MWh in this study), Egjx = En,, ,, for (j k) € Tg\ {1} x Tr. The constraints (1.4.5)
and (1.4.6) are used to ensure sufficient storage capacity to accommodate regulation sales
(illustrated in Figure 1.6). We also put a bound on the ramping of discharge rate of the bat-
tery by constraints (1.4.7), but these bounds are set to large values to reflect fast dynamics
of battery. Bounds on the decision variables are given in Equations (1.4.8) and finally, the
objective of optimization, ® is given by the total revenue from the market participation

which we want to maximize (Equation (1.4.9)). All constraints (1.4.1)-(1.4.8) are written for

alli e Tg,j € Toand k € Tp.

—P < Puety, = Pe+ Pjg+ Pijx < P (1.4.1)
Pruet,; + Fx + Fijp < P (1.4.2)
Puet;; — Fe— Fix <P (1.4.3)
0<Eijk=Ei_1jx— ;Pnetwm <E (1.4.4)
Eijx+1(Fc+ Fx)At <E (1.4.5)
By ;(Fk + At >0 (14.6)

_ﬁ S P”€ti,/,k - P”eti—l,j,k S P (1.4.7)
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(1.4.9)

1.4.2 Results and Economic Analysis in California ISO (CAISO)

We performed a case study that considers the participation of a simple battery storage sys-
tem in CAISO markets. Table 1.1 presents the revenue estimates for the battery system
under different operating policy restrictions. Performing only energy arbitrage in all three
market layers yields 139.1 k$/year in net revenue. Adding ancillary services participation
increases net revenues to 199.6 k$/year (44% increase). Interestingly, restricting partic-
ipation to only the day-ahead market reduces net revenues substantially: 10.5 k$/year
(energy only) and 72.8 k$/year (energy and ancillary services). Thus with only DAM par-
ticipation, also providing ancillary services increases revenues by 600% relative to only
energy arbitrage. These results also highlight the importance of studying revenues avail-
able at multiple market layers, especially at fast timescales. In particular, most previous
studies for batteries only estimate revenues using day-ahead market prices (Fares et al.,
2014; Walawalkar et al., 2007; Sortomme and El-Sharkawi, 2012; Ekman and Jensen, 2010;

Dicorato et al., 2012; Sarker et al., 2015), and thus miss important economic opportunities.

Table 1.1: Revenues for different market participation schemes and operating mode com-
binations. Here, RTM includes both 15-minute and 5-minute timescales.

DAM + RTM | DAM only RTM only
Energy only 139.1 k$/year | 10.5 k$/year | 115.0 k$/year
100% 8 % 83%
Energy & Regulation | 199.6 k$/year | 72.8 k$/year | 141.8 k$/year
100% 36 % 71%

We also examined the total energy transactions (sales and purchases) under the six
market participation schemes. Interestingly, with participation in multiple timescales, the
dominant trend is to purchase energy in the RTM layer and resell it in the slower layers

(DAM and QHM), because typically, the average prices in markets at faster timescales are
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lower than slower timescale. Because battery systems have much faster dynamics than
conventional generators, they are capable of exploiting opportunities in the RTM (fastest
market layer). This study thus highlights revenue opportunities for electricity storage sys-
tems from markets at faster timescales. Table 1.1 also shows that the revenues from simul-
taneous ancillary services and energy participation are 43% higher than those obtained
with energy participation only (revenue increases from 139.1$/year to 199.6%/year). This,
again, illustrates how the proposed framework can be used to identify which market layers

and products offer the greatest economic potential.

1.4.3 Summary

We presented a case study of battery energy storage systems in the electricity markets
using a deterministic optimization modeling framework. Based on the case study, we con-
clude that the energy storage systems can bring significant revenues by participating in
the electricity markets and providing frequency regulation services to the power grid. It is
important to note, however, that this case study did not account for the significant uncer-
tainties in electricity prices and loads, that cause uncertainties to revenue streams that can
be generated from different markets. In Chapter 2, we will present a stochastic model pre-
dictive control framework that handles uncertainty explicitly in the optimization model
and determines the battery participation commitments in the ISO energy and frequency
regulation markets and simultaneously mitigate demand charges for an attached modu-

lated load.
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STOCHASTIC MODEL PREDICTIVE CONTROL FOR STATIONARY
BATTERY SYSTEMS

In this chapter, we propose a stochastic model predictive control (MPC) framework to
handle uncertainties in the electricity markets and demands. The proposed stochastic
MPC framework determines the battery participation commitments in ISO energy and
frequency regulation markets, and simultaneously mitigates demand charges for an at-
tached modulated load (Kumar et al., 2018a). The proposed framework solves a two-stage
stochastic program that maximizes the expected revenue over a receding horizon and that
factors in uncertainty of the load, energy and regulation prices, and regulation signals.
We propose to use a Ledoit-Wolf covariance estimator to generate load and price scenario
profiles from limited historical data. We benchmark the performance of stochastic MPC
against perfect information MPC and deterministic MPC for different prediction horizon
lengths and demand charge discounting strategies by using real load data for a typical

university campus and price and FR signal data from PJM.
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2.1 Introduction

Battery systems are flexible assets that can provide energy and frequency regulation (FR)
capacity for independent system operators (ISOs) and aid utility companies by provid-
ing demand-side management capabilities for energy-intensive facilities (e.g. buildings or
manufacturing) (Rastler, 2010; Oudalov et al., 2006). This flexibility is becoming increas-
ingly valuable as more intermittent renewable power is injected into the grid (Donadee
and Ili¢, 2012; Donadee and 1li¢, 2014). In particular, ISOs have reported an increased de-
mand for fast dispatchable resources and frequency regulation services to mitigate high-
frequency renewable fluctuations and stranded power (Kim et al., 2016). Battery systems
can also be strategically placed in the network to enhance system-wide performance (He
et al., 2015; Sioshansi et al., 2009).

The economic benefits of using stationary battery systems to provide FR have been
studied in Mercier et al. (2009); He et al. (2015); Mohsenian-Rad (2016); Kottick et al. (1993);
Singh et al. (2014). The focus of Mercier et al. (2009); He et al. (2015); Mohsenian-Rad
(2016) is on exploring the economic opportunities of using battery systems to provide FR
capacity in day-ahead markets. The studies in Kottick et al. (1993) and Singh et al. (2014)
propose real-time control strategies for providing FR services to the grid. The potential
of harnessing the flexibility of batteries from collections of electric vehicles has also been
studied in Foster and Caramanis (2010); Han et al. (2010); Lin et al. (2014); White and Zhang
(2011). These studies use optimization methods to obtain bidding strategies in day-ahead
regulation markets. The economic benefits of using battery systems to reduce demand
charges in buildings and microgrids (via peak shaving) have been studied in de Salis et al.
(2014); Johnson et al. (2011); Leadbetter and Swan (2012); Oudalov et al. (2007a); Rahimi
et al. (2013); Lu et al. (2014); Dong et al. (2011). Some of these studies also explore battery
sizing issues (Oudalov et al., 2007a; Leadbetter and Swan, 2012; Lu et al., 2014; Mercier
et al., 2009). A common limitation of these studies is that they assume that the battery

either provides FR or demand-side management capabilities.
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The use of batteries for simultaneous FR and demand charge mitigation has been studied
in Alt et al. (1997); Sigrist et al. (2013); White and Zhang (2011); Lucas and Chondrogiannis
(2016); Sebastian (2016); Oudalov et al. (2006). In such settings, the battery has the dual
goal of collecting revenue from FR markets while modulating the load of an attached load
to mitigate demand charges. In particular, the authors in Sigrist et al. (2013) and Oudalov
et al. (2006) provide comparative studies to show that the value of stationary batteries can be
improved significantly by providing both services. These studies use optimization models
that assume perfect knowledge of all the market and load parameters. Consequently, while
these approaches are valuable for design and planning tasks, they can be limited in real-
time operational settings where diverse uncertainties can hinder performance.

Stochastic optimization models have been recently proposed to maximize the eco-
nomic performance of batteries from electric vehicles while capturing uncertainty in mar-
ket prices and FR signals (Donadee and Ili¢, 2012; Donadee and Ili¢, 2014; Vagropoulos
and Bakirtzis, 2013; Moura et al., 2010; Foster and Caramanis, 2010; Wang et al., 2016).
Some of these studies use stochastic dynamic programming (stochastic DP) methods to
optimize charging and FR commitments (Foster and Caramanis, 2010; Donadee and Ili¢,
2012; Donadee and Ili¢, 2014; Moura et al., 2010). In Donadee and Ili¢ (2012) and Donadee
and Ili¢ (2014), the authors model uncertainties in prices and FR signals as Markov ran-
dom variables (this is needed to apply stochastic DP methods) and demonstrate that their
proposed method results in lower charging costs than a deterministic model predictive
control (MPC) strategy. In Vagropoulos and Bakirtzis (2013), optimal bidding strategies
for an electric vehicle aggregator participating in day-ahead energy and FR markets are
determined using stochastic optimization. Here, uncertainties are captured by deriving
realizations from past historical data. All of these studies consider only mobile battery
systems. Demand-side management in a commercial building using both mobile and sta-
tionary batteries has been studied in Wang et al. (2016). Here, the authors show that a
stochastic optimization approach results in higher cost savings than its deterministic coun-

terpart. This study is limited in that it conducts these studies in the context of day-ahead
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planning and for one day of operation. In a real setting, however, the peak demand is
charged by the utility company on a monthly basis and one must capture real-time behav-
ior.

In summary, to the best of our knowledge, stochastic optimization techniques have not
been used in stationary battery systems that simultaneously participate in real-time en-
ergy and FR markets and perform demand-side management. Moreover, existing studies
provide limited comparisons with deterministic approaches and have not explored impor-
tant factors affecting performance such as prediction horizon lengths and long-term peak
demand charges. Such information can be valuable to industrial control vendors, which
are seeking to reduce costs and complexity of battery control technologies. Moreover, as
in general stochastic optimization applications, uncertainty modeling, and scenario gen-
eration from historical and operational data remains a challenge. This is particularly im-
portant in batteries that provide dual functions because prices and loads tend to exhibit
multiscale correlations.

In this work, we propose a stochastic MPC framework to determine optimal participa-
tion strategies in energy and FR markets for stationary batteries while mitigating demand
charges of an attached load. We propose to use the Ledoit-Wolf covariance estimator to
generate realizations that capture multiscale correlations from historical data. We use the
framework to study the flexibility and economic benefits provided by a one-MW battery
system attached to an aggregated load from a collection of buildings. We use the proposed
framework to study the benefits of stochastic MPC policies over those obtained with stan-
dard deterministic MPC and perfect information strategies. We study the effect of the pre-
diction horizon length and demand charge discounting on the performance of the MPC
policies. Using real load data for a typical university campus, we find that stochastic MPC
can recover 83% of the ideal value of the battery (obtained under perfect information)

while deterministic MPC can only recover 73%.
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2.2 Problem Formulation

We begin by describing the decision-making setting under which the battery is operated.

We also describe a deterministic MPC model that will serve as a basis for comparison.

2.2.1 Decision-Making Setting

The goal is to determine the optimal participation strategies for the battery in energy and
FR markets operated by ISO (here we consider PJM) while simultaneously mitigating de-
mand charges from a utility company. We describe this setting on a real-time planning
level where the energy and regulation commitments are considered on hourly intervals.
The various cost and revenue components that are considered in the optimization formu-

lation are:

o Energy Transactions (hourly): The battery system purchases energy from the grid to
recharge and discharges to provide energy for the building load and for the regula-

tion signal. The energy transactions are charged at the real-time energy price.

o Frequency Regulation Capacity (hourly): The ISO compensates the battery system for
providing an operational band (compensated based on regulation capacity prices)
around a charge/discharge power level (charged at real-time energy prices). The ISO
can request the battery to dispatch a fraction of the committed regulation capacity
based on the grid requirements (e.g., at every 2 seconds in PJM). The real-time FR
dispatch signal from the ISO is a zero-mean signal with a bounded range of [-1,+1]. In
our planning setting, we consider an hourly average FR signal. The hourly-averaged
dispatch signal is also a zero-mean signal with a significantly smaller variance. In
particular, the variance of the FR signal is reduced due to averaging. A typical 2-
second dispatch signal from PJM along with its hourly average is shown in Figure

2.1.



o Demand Charges (monthly): The attached load is charged for the peak demand (at a

fixed demand charge price) incurred over a month by the utility company.

2-sec FR Dispatch Signal

Hourly Average FR Signal

0 100 200 300 400 500 600 700
Time (Hours)

Figure 2.1: FR signal (real-time and hourly average) from PJM.

According to the rules of the energy and FR markets set by the ISO, the decision of allo-
cating commitments for a trading hour can be changed 90 minutes before the start of that
trading hour (at the latest). Consequently, the battery has the opportunity to reschedule
commitments for the subsequent trading hours after the first hour over which we com-
mit. Because of this flexibility, we can solve an optimization problem every hour over a
receding horizon to maximize net revenue based on price and load conditions observed in
real-time. In the proposed receding horizon scheme, a battery charge/discharge policy is
obtained by solving an optimization problem after every hour, starting 90 minutes before
the start of the trading hour (i.e., the loads and prices need to be forecasted 90 minutes in
advance). For simplicity in the presentation, we assume that forecasts are obtained one hour
in advance, and thus systems conditions are uncertain over the next immediate hour and at

subsequent times.

2.2.2 Deterministic MPC Framework

The combined battery and modulated load system is illustrated in Figure 2.2. This schematic

illustrates the interaction between the system, the ISO, and the utility company. The de-
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Figure 2.2: Interactions between battery system, ISO, and utility.

terministic MPC scheme solves a discrete-time optimal control problem at real-time ¢ over
the prediction horizon N := {t+1,t +2,...,t + N} to maximize net revenue (minimize
cost). Here, N is the length of the prediction horizon and index t € Z, corresponds to
the time instant f - 1, where h = 1hour. The optimization problem at time t uses forecasts
for prices and loads over the prediction horizon N;. This scheme is run over a period that
covers a month M := {0, ..., M}, with M = 720.

We now proceed to describe the elements of the optimization problem solved in deter-
ministic MPC. We then extend this to a stochastic formulation that factors in uncertainty.

The following are the model parameters, data, and variables.

Model Parameters and Data

e L; € R,: Attached load [kW].
e [; € R, : Forecast for load [kW].
o 71y € IR: Electricity price [$/kWh].

e 77 € R: Forecast of electricity price [$/kWh].
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7'[{ € R;: FR capacity price [$/kW].
fr{ € R : Forecast for FR capacity price [$/kW].
P € R.: Demand charge [$/kW].

a¢ € [—1,1]: Hourly average fraction of FR capacity requested by ISO [-]. If a; > 0,

the ISO sends power to the battery while if a; < 0 the ISO withdraws power.

&; € [—1,1]: Forecast for the hourly average fraction of FR capacity requested by ISO
[-].

E € R : Battery capacity [kWh].

P € R.: Maximum discharging rate [kW].

P € R4: Maximum charging rate [kW].

p € Ry: Minimum fraction of battery capacity reserved as a buffer for a unit FR

capacity [kWh/kW].
AP € R,: Maximum ramping limit [kW /h].

D; e R4 : Peak load observed up to time t € M [kW].

Model Variables

P; € R: Net battery charge/discharge rate [kW]. If P; > 0, the battery is being dis-

charged and if P; < 0 the battery is being charged.
F; € Ry : FR capacity provided to ISO [kW].

E: € R, : Battery state of charge (SOC) [kWh].

d; € Ry : Load requested from utility [kW].

Dy = maxye v, di: Peak load over horizon NV; [kW]
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Figure 2.3: Sketch of FR capacity and FR dispatch signal.

In the proposed notation, all quantities with subindex t are held constant over the time
interval [(t — 1) - h, t - h]. The FR capacity F; represents a symmetric band around the middle
point P; (the net charge/discharge rate). This is illustrated in Figure 2.3. In other words,
the battery commits to a discharge level P; and an FR band of total length 2 - F;. The actual
power requested by the ISO for regulation (averaged over an hour) is a;F;. A value of
a; = 1 indicates that the ISO requests all the FR capacity by charging the battery while
a; = —1 indicates that the ISO requests all the capacity by discharging the battery. When
convenient, we use the compact notation 71y = (7, n{ ) and use 7y, to denote the price
trajectory over the horizon N;. We use a similar notation to denote trajectories for other
quantities such as the price forecasts 7%, loads Ly, load forecasts [y;, hourly average FR
dispatch fractions a;, and its forecasts & ;. Based on this notation we highlight that the
uncertain quantities (7ty,,, ntf 41 Lt+1, @141) can only be forecasted an hour in advance (i.e.,

at time t).
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Objective Function

In deterministic MPC we maximize the total forecasted net revenue (minimize the negative

total cost) of the system over the prediction horizon N;:

Y AR — Y Aldy - leaxdk, 2.2.1)
keN; keN; Ot keN

where dy = Ly — P, + &, Fy is the net residual demand. The first term is the revenue obtained
from the provision of FR capacity, the second term is the cost associated to purchasing
power from the ISO, and the third term is the cost associated to the demand charge. The
parameter oy is a discounting factor for the monthly demand charge price 7rp, which can be
used to adjust the demand charge when a prediction horizon of less than a month is used
(N < M). As we will see, when such a discounting factor is not used, the MPC scheme can
operate very conservatively because it will try to prevent the peak demand charge over

the next immediate horizon V.
We note that the terms ﬁ,iﬁk in the total net revenue (2.2.1) are constant quantities and
thus do not affect the solution of the optimization problem. Consequently, we find it con-

venient to simplify the objective function as:

D
. . A f T
Z ﬂi(Pk - ocka) + Z s F, — — maxdy. (2.2.2)
keN; keEN; Ot keN;
Constraints

The net charge/discharged battery power plus the FR capacity provided must be within

the maximum discharging and charging rates P and P:

P+ F < F, k e M (2.2.3a)

Po—F>-P, ke N; (2.2.3b)
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We note that these constraints make allowable battery charge/discharge limits a function
of the committed FR capacity. In other words, the larger the FR commitment, the less
capacity available to charge/discharge the battery.

The storage dynamics are given by the difference equation:

Ex =Ex_1— Py + aiF, k € M (2.2.4)

The following constraint is used to ensure that a certain amount of energy is reserved for

the committed FR capacity over the interval (k — 1, k):

pPk <E 1 < E- pPk, k e M (2.2.5a)

pF < Ex <E —pE, k€ N; (2.2.5b)

These constraints impose a safety margin (cushion) to account for the fact that we do not
capture the variability of the 2 second FR signal. Capturing variability at such high time
resolutions would significantly increase the computational complexity of the optimization
problem.

The battery ramp discharge rate is constrained as:

—AP <P, —P_1 <AP, ke N, (2.2.6)

where the allowable ramp AP is often tuned to prevent premature damage to the battery.

The residual demand d requested from the utility is:

dy = Ly — Pe + &4 E, k € N; (2.2.7)

We assume that the ISO does not allow the battery to sell back electricity. This is modeled
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by using the constraint:
Pe+F <Ly ke N; (2.2.8)

This constraint can also be written as Ly — P, — F > 0. Consequently, when the ISO fully
uses the FR capacity we have that ay = —1 and the constraint implies that dy > 0 because
dy = Ly — Py — aiEy. This guarantees that the battery does not sell excess power.

We use the following peak demand carryover constraint:

maxd; > D 2.2.9
keN; k==t ( )

Finally, we impose the following basic capacity bounds:

0<E <EkeN, (2.2.10a)
—P<DP <P keN, (2.2.10b)
0<F <P kel (2.2.10c)

We denote the optimization problem solved at time t as P (t Nir 8N TN, En, Py, ﬁt)
where the arguments are the input data needed to solve the problem. When convenient,
we drop the dependence on the forecast prices, loads, and FR signals and use the compact
form Py (Ey, Py, f)t)

We note that the deterministic formulation uses forecasts of uncertain prices, loads, and
FR dispatch signals. To represent uncertainty in these variables we model them as random
variables with realizations (realizations) denoted by ¢ € E (where E is the scenario set). In
particular, at time ¢, a realization of the uncertain load, prices, and FR signals are denoted
as Ly(&), () and a4 (&), respectively.

We can now summarize the receding horizon scheme run over the monthly planning

period M as follows:

e START att = 0 with Eg and 150 = 0 given. REPEAT for t € M:

29



e Solve P:(E;, P;, D;) by using the forecast prices 7y, loads Ly, and FR signals &
to obtain commitments Py, and F;.1. Implement these decisions over (¢, + 1) and

update the new battery SOC to E;i1 = E; — Pryq1 + a441(¢)Fr11 using the true FR

signal a;11(¢).

e Using the true load L;1(¢) and FR signal a;11(g), compute the true demand
di41(¢) = Lit1 — Pry1 + a441(8)F41.  Update the carryover peak as ﬁt+1(§) =

max{D;(¢), di1(&)}.

o Sett < t+1.1ft = M, STOP, otherwise RETURN to second step.

2.3 Stochastic MPC Framework

A limitation of deterministic MPC is that it only uses forecast information of the loads
and prices but neglects their uncertainty when making commitments. This can introduce
significant inefficiencies (e.g., if the realized true load is significantly different than the
forecasted one). We now derive a stochastic MPC framework that factors in uncertainties
on loads and prices explicitly by formulating a two-stage stochastic program that is solved
over a receding horizon.

We define the net power P;; and FR commitments F; 1 over the next immediate trad-
ing hour as first-stage decisions (here-and-now) that need to be made prior to observing
uncertainty (i.e., when the market is settled). The power and regulation capacity trajec-
tories D (&) and F(¢) for all k € N\ {t + 1} are modeled as second-stage or recourse
decisions that can be corrected once uncertainty reveals. We note that the residual and peak
demands are also recourse variables that we express as dy;, (§) and D;(¢) = maxkep; di(C).
We highlight that the SOC at time ¢ 4- 1 only depends on the previous storage level E; and
on the first-stage variable P; ;1. Consequently, E;;; is also a first-stage variable. The rest
of the trajectory Ei(¢) for k € N;\ {t + 1} are second-stage variables because Py (&) are

second-stage variables for k € N; \ {t + 1}.
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2.3.1 Objective Function

In the stochastic formulation we maximize the expected revenue over horizon N;:

D

E| Y 7@ (P(@) - a(@F(©) + Xl (§)F(€) — = maxdi(§) (2.3.11)

ke, keN; Ot keN;
2.3.2 Constraints

The constraints of the stochastic formulation are essentially the same as those of the deter-
ministic counterpart but are replicated for every realization ¢ € = where & C E. Here, we

state them explicitly for completeness. The limits on the net battery discharge are:

Pe(&)+E(E) <P, ke N,,E€E (2.3.12a)

P(&) —F(i) > —P ke Ni,i ek (2.3.12b)

The dynamics on the storage level are given by:

Ei(8) =Ex-1(8) — Pe(8) + a(O) Fe(8), k€ N1, L € E (2.3.13)

The cushion storage constraints are given by:

[z}

PF(8) < Ex—1(8) < E—pF(8), ke N, €

pF(8) < Ex()

IN

(2.3.14a)

[x1

E—pF($), ke N, G €

IN

(2.3.14b)

The ramping limits on the net power are given by:

—AP < Pi(§) — P 1(§) <AP, ke N, (€ B (2.3.15)
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The residual demand is given by:

de(§) = Li(§) — Pe(8) + ax(O)F(S), k€ N, T € E (2.3.16)

The no-sellback restriction to the ISO is given by:

Pe(§) + F(8) < Li(8), ke M, E € E (2.3.17)

The bounds on the variables are given by:

0<E(¢)<EkeN, ik (2.3.18a)
—P<P(f) <P keN,iel (2.3.18b)
0<F(¢) <P, ke N;,,Ec & (2.3.18¢)

The peak demand must satisfy:
maxdy(¢) > Dy, £ € B (2.3.19)

keN:

Finally, we enforce the fact that P, and F;; are first-stage variables by using the non-

anticipativity constraints:

[z}

Pii1(¢) = E[Pa(d)], ¢ €
Fi11(¢) = E[F11(S)], ¢ €

(2.3.20a)

[z

(2.3.20b)

Figure 2.4 sketches the implementation of the stochastic receding horizon scheme. At
each time step, we solve an N-hour horizon two-stage stochastic program and obtain a
single value for the commitments and of the state of charge (SOC) at the immediate next
hour (shown in bold black lines and dots) and multiple realizations for the state trajectory

for the remaining hours (shown in colored dashed lines and dots). The implementation is
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essentially the same as the deterministic counterpart but with the important observation
that the problem at time ¢ uses a forecast and realizations for the uncertain variables that
we denote as Ly, (¢), an;(C), n/f\/t (¢), and 7}, (¢). So, we can denote the problem that
is solved at time t as Pt(LM(C),ocM(é),nfvt(é),nfvt((j),Et, P, ﬁf). For convenience, we
simplify the notation to P;(E;, P;, ﬁt). From the solution to this problem we obtain the
commitments P;;1 and F; 1. The actual residual demand, however, depends on the actual
load realized and givenby d;1 = Li+1 — Pr41 — &1 Fr41 where L1 and a4 are the actual

(real) values of the load and dispatch signal.

SOC

0 1 2 3 N N+1 N+42
time (hr)

Figure 2.4: Sketch of stochastic MPC scheme.

We can now summarize the stochastic MPC scheme run over a month period M as

follows:

e START at t = 0 with Eg and Dy = 0 given. REPEAT for t € M:

e Solve P (Et, Py, ﬁt) by using the forecast realizations 7y, (), loads Ly, (&), and FR
signals a () to obtain commitments P, and F; . Implement these decisions over
(t,t+ 1) and update the battery SOC E;1 = E; — Pryq1 + a441F4+1 using the realized

FR signal a; 1.

e Using the actual realized load L;;; and FR signal a;;1 compute the actual net de-

mand d;y1 = Liy1 — Pry1 + a¢p1F41. Update peak carryover demand as ﬁt+1 =
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max{Dy,d;1}.
o Sett < t+1.1ft = M STOP, otherwise RETURN to second step.

We highlight that we impose a lower bound for the peak demand D; = maxyc; dk
given by D;, which is a result of carrying over the observed peak until time  in the receding
horizon scheme. The need for such a lower bound can be observed by noticing that the
peak demand over the entire month horizon M can be computed as a recursion of the
form Dy,q = max(Dy, di11),k € M with Dy = 0. Consequently, at a given time , the peak
demand Dy over the horizon N; must be at least as much as f)t, and thus D; > f)t. This
implies that maxcn, dx > D; must hold. This carryover constraint indicates that the peak
demand is, in fact, a state of the system, and thus must be propagated forward in time (as

in the case of the battery SOC).

2.4 Benchmarking Stochastic MPC

In this section, we compare the performance of the proposed stochastic MPC framework
against that of deterministic MPC and perfect information MPC. We also describe a method-

ology to generate realizations from historical data.

2.4.1 Performance Metrics

To quantify the impact of forecast errors on the performance of deterministic MPC, we use
the commitment trajectories Py and Fj collected over the month and different realizations
of the loads L, ({), prices maq(¢), and FR signals ax( (&), to compute the actual monthly
net revenue. Since the revenue is negative, we find it more convenient to use the total cost

(the negative net revenue). This is a random variable with realizations:

(@) = Y m(@)((OF —P)— ¥l (O)F + P maxdi(5), ¢€E (2421)

teM teM teM
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where d;(&) = Ly(&) — Pt — at () Fr.

From the commitment policies Py, Foq obtained under the stochastic MPC scheme and
the actual realizations of the loads, prices, and FR signals, we can compute the accumulated
revenue for every realization using (2.4.21) as well (i.e., we use the same realizations but
different commitment policies). The net revenue under the stochastic policy is denoted as
®s10(&). We note that the revenue of stochastic and deterministic MPC is computed for
every realization of the uncertain variables ¢ € E. This accounts for the fact that, in practice,
the stochastic MPC problem cannot be solved for every possible realization of uncertainty
(i.e., we often have that |E| < |Z|).

To evaluate the ideal performance of MPC (we call this perfect information MPC), we
compute commitment policies at every time ¢ for discharge/charge power and FR capacity
for every realization { € & of the loads, prices, and FR signals. The monthly total cost under

this scheme is given by:

@7l (@) = ¥ mi (@@ (@)~ P(e) — ¥ QR +7° maxdi(¢), ¢eE.

teM teM
(2.4.22)

Note that the decisions are a function of the realizations, which highlights the fact that we
compute policies by perfectly anticipating uncertainty. We also highlight that these perfect
information policies are not implementable in practice and therefore are only used as a
benchmark.

In stochastic programming studies, one is often interested in evaluating the expected
value of the stochastic solution (which is defined as [E[®*/" (#) — ®%!(#)] and denoted as
VSS). It is also often convenient to assess the value of having perfect information, which we
define as E[®! (&) — ®P"f(&)] and which is denoted as VPI (Birge and Louveaux, 2011).
The first metric evaluates the benefit of stochastic over deterministic MPC (which neglects
uncertainty at the moment of decision) while the second metric evaluates the impact of not

being able to predict market and load conditions perfectly. We highlight that our definition
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of VPI uses deterministic MPC as a basis, instead of stochastic MPC, as is usually done in
the literature. With this, we seek to express all our metrics relative to deterministic MPC,
which is the standard approach used in industrial applications.

Of particular interest in our context is a metric that we call the expected value of the bat-
tery. To compute this value, we evaluate the performance of the system under the assump-
tion that no battery has been installed (and thus FR revenue and peak shaving capabilities

are not available). The total cost thus reduces to the demand charge:

@bt (F) = 1P max Ly (&). (2.4.23)

teM

The ideal expected value of the battery (the ideal expected savings) is thus defined as
E[®"ob (&) — ®Pf(&)]. The value of the battery under stochastic MPC is E[®"00% (&) —
®stoch(#)] and under deterministic MPC is E[®"00 (&) — &9 (£)]. As we will see, these
metrics can be used to isolate the effect of the battery, which is usually significantly smaller
than the total cost. If the battery provides value, we have that these quantities are positive.
Another important quantity that can be derived directly from the value of the battery for
each policy is the payback period, which is simply the ratio of the investment cost and the
value of the battery (i.e., the expected savings).

We highlight that, as discussed in Section 2.3.1, the cost terms 775 (&) L¢({) are not con-
sidered in the evaluation of the net revenues of the different policies because this is a large
and constant term that is common across policies. We also note that the monthly revenues
do not use demand charge discounting (as done in MPC objective functions). This is be-
cause discounting is a heuristic strategy to deal with the fact that, in general, one cannot

solve MPC problems with extremely long horizons.

2.4.2 Scenario Generation from Limited Historical Data

One often is interested in using historical data to model the uncertainty of random vari-

ables and generate scenarios (realizations). In our context, we seek to generate scenarios
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by sampling an empirical multivariable Gaussian distribution that captures short-term and
long-term time correlations. Unfortunately, historical data is often insufficient to obtain a
sample covariance. For instance, if we seek to capture daily and weekly correlations, we
can only obtain 52 samples from a full year of data but the associated sample covariance
has a dimension of 24 x 7 = 168. Consequently, estimating a sample covariance matrix
from the historical profiles is not possible (the covariance matrix does not have full rank
and thus cannot be used for sampling). To address this issue, we use the Ledoit-Wolf co-
variance estimator for large dimensional vectors proposed in Ledoit and Wolf (2004). The
Ledoit-Wolf covariance estimator is both well-conditioned and converges to the sample
covariance matrix asymptotically. In practice, it has been observed that a handful of ob-
servations are sufficient to obtain a good covariance approximation. The estimator and its
convergence properties are described in detail in Ledoit and Wolf (2004), here we focus
only on its essential features.

In the following description, we consider the norm of a p X p matrix to be the a scaled
version of the Frobenius norm ||A||* = Tr(AAT)/p and the associated inner product to
be (A1, A2) = Tr(A1Al)/p. The advantage of dividing the trace by the dimension p
is that the norm of the identity matrix is one. Assume now that we have n indepen-
dent and identically distributed (i.i.d.) observations of a p-dimensional multivariate ran-
dom variable X with mean 0 and covariance X,, where p > n (in our case n = 52
and p = 168). Let X, denote a p x n matrix of the n realizations of the x vector. Our
goal is to find the linear combination X = p1l, 4+ p2S, of the identity matrix I, and
the sample covariance matrix S, = XnXZ /n. Here, p1,p2 > 0 and we define the ex-
pected quadratic loss E[||X} — X,||] where X, is the true (unobservable) covariance ma-
trix. We also define the following scalar quantities, which play a central role in the analy-
sis: iy = (T, In), 05 = |20 — VnInHZI,B% = E[[|Sx _Zn“z]r and &; = E[||Sn — .”nlnHz]- It
is not necessary to assume that the random variables follow a specific distribution, but we
need to assume that they have finite moments (so that 82 and 62 are finite). Using these

definitions, it can be shown that [E[S,] = X, and that a2 + 2 = 62 hold.
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We obtain the optimal combination X} = p11,, + p25, by solving the quadratic program:

min  E[||Zf — )] (2.4.24a)
01,02
s.t. ZZ = Plln + pzsn (2.4.24b)

The solution of this quadratic program is:
2 a2
p1 = %yn, P2 = 5—3. (2.4.25)
n n

The optimal covariance matrix X obtained by substituting (2.4.25) into (2.4.24b), however,
is not a bona fide estimator because it requires hindsight knowledge of the scalar functions
of the true (but unobservable) covariance matrix X, (j,, a2, B3, and 62). This problem is
addressed by obtaining an alternative consistent estimator for ;. To do this, we note that
computing > does not require knowledge of the whole matrix ¥, directly, but only of the
scalar functions p,, a2, B2, and 62. We thus define consistent estimators of u,,, a2, 2 and &2
that converge to the true ones for large n. We define m, = (S,, I,), d2 = ||S, — m,L,||*,
B = = Ty |3l = Sl
2

E[my,] = pn, and that m, — p,, m? — u2,d% — 52, Ei — B% and b2 — B2, a% — a2 all converge

2, b2 = min@i, d2),and a2 = d% — b2. It is possible to prove that

to 0 as n increases. The next step is to replace the unobservable scalars in (2.4.24b) with
consistent estimators. This yields the bona fide estimator:
2 2

Y, = ngnln + cTZS” (2.4.26)
n n

We use this covariance estimator X, to generate samples for uncertain variables in our

benchmark studies.
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2.4.3 Computational Experiments

We evaluate the performance of the stochastic MPC framework proposed by simulating a
utility-scale stationary battery that has a capacity 0.5 MWh with a rated power of 1 MW
for both charge and discharge. A ramping limit of 0.5 MW /hr was used in the simulations.
We generate realizations for energy prices and FR prices and signals using data from PJM.
Historical load data for a typical university campus is used to generate realizations for
the load. We consider cases with MPC prediction horizon lengths of N = 24 (1-day hori-
zon), N = 72 (3-day horizon), and N = 168 (7-day horizon) to study the effect of the
horizon length on economic performance. The horizon lengths that we consider are short
compared to the demand charge period (one month). Consequently, we also consider dif-
ferent strategies to estimate the discounting factor o;. In the first case we consider a constant

discounting factor of ¢; = 1, which means that no discounting of the long-term demand
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charge rate is used over the short horizon of length N. In the second case we use a dis-
counting 0; = M/N. Here, we recall that 77; is the demand charge price over a month and
thus the discounting factor oy = M/N scales down the price when the horizon is shorter
than a month. For instance, if the horizon is one day, we scale down the demand charge
by a factor of 0; = 30 x 24/24 = 30 and if the horizon is one week, we scale down the
demand charge by a factor of 0; = 30 x 24/7 x 24 = 30/7.

We perform receding-horizon simulations for a period of one month. Load realizations
for this period are generated from one year of historical data using the Ledoit-Wolf covari-
ance estimator. The one-year load profile of a typical large university campus is shown in
Figure 2.5. Figure 2.5b shows the weekly campus load profiles that were used to construct
the covariance estimator while the weekly load realizations generated with the Ledoit-
Wolf estimator are shown in Figure 2.5c. The prediction errors for the realizations and for

the mean profile (the most likely profile) are shown in Figure 2.5d. We highlight that the
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(c) Generated energy price realizations using Ledoit-Wolf estimator

Figure 2.6: Historical energy prices and realizations
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errors remain in the range of [—20%, 10%)] (relative to the true load) and emphasize that
the error of the mean profile is in the range of -15% to +5%. This indicates that the pro-
posed load scenario generation approach provides reasonable estimates and is mostly due
to the fact that the load exhibits strong periodicity. Moreover, we note that the estimator
preserves the time correlation structure of the load. For some load realizations, we see a
significant deviation from the trend, due to seasonal effects (on a year scale). This could
potentially be resolved by extending the load realizations to capture monthly correlations
but this will increase historical data needs and deteriorate the performance of the Ledoit-
Wolf estimator (i.e., for a one-year horizon, we only have 12 realizations while the random
variable has a dimension of 720). We will explore this more extreme case in future work.
The one-year energy price profile obtained from PJM is shown in Figure 2.6a. We ob-

serve that the profile also exhibits strong periodicity. We also use a Ledoit-Wolf covariance
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estimator to generate realizations. Figure 2.6b shows the weekly energy price profiles that
were used to construct the covariance estimator while the weekly energy price realizations
generated with the Ledoit-Wolf estimator are shown in Figure 2.6c.

The FR price data obtained from PJM is shown Figure 2.7a. We observe that, compared
to the energy price, the FR price profile exhibits significantly less periodicity and time
correlation. From Figures and 2.7c and 2.7b we observe that the FR price follows a log-
normal distribution but with high variance. We use this distribution to generate FR price
realizations, which are shown in Figure 2.7c. We note that that the significant conservatism

is expected with respect to this variable.



To generate realizations of the hourly average FR dispatch signal, we note from Figure
2.8a that the signal approximately follows a Gaussian distribution, which also indicates
that there is small temporal correlation. Figure 2.8b shows the realizations generated by
sampling from the empirical Gaussian.

For the simulation of deterministic MPC, we use the mean (most likely) profiles of
the random variables as forecasts. We evaluate the policy in |E| = 1000 realizations to
evaluate the distribution of the monthly cost. In the stochastic MPC scheme, we solve a two
stochastic stochastic program containing |X| = 50 realizations to compute the planning
policy and evaluate the policy in the same 1000 realizations used for the deterministic and
perfect information schemes. To simulate the perfect information MPC scheme, we treat
the realizations of uncertain parameters as the actual ones and optimize over each one
individually (this is equivalent to dropping the non-anticipativity constraints) (Birge and
Louveaux, 2011). All optimization problems in the MPC simulations were implemented in

Julia using the modeling package JuMP and solved using Gurobi 6.5.

Total Costs and Peak Demands

In Figure 2.9, we compare the distribution of the total costs (negative net revenues) for the
1000 realizations evaluated. As can be seen, the tail costs in the deterministic policy are
significantly more pronounced, indicating that a larger number of realizations experience
high costs. The stochastic MPC scheme mitigates these extreme costs and also has a mean
cost shifted towards the leftt. The cost distribution for perfect information MPC is clearly
superior but we emphasize that this approach is not implementable and is only presented
to illustrate ideal behavior.

From Figure 2.9 we can also observe that the distribution of the total costs for all MPC
schemes shift towards the left as we increase the prediction horizon. This indicates that
extending the horizon is beneficial. In particular, strong differences in the distributions
are observed for 1-day and 3-day horizons while the differences between the 3-day and

7-day policies are less pronounced. This indicates that the prediction horizon plays a key
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Figure 2.9: Distribution of total monthly costs (1000 realizations)

role, as is typically observed in MPC applications, but using a very long horizon does not
seem necessary. From Figure 2.9 we can also observe that, when the demand charge is
discounted as a factor of the horizon length, the cost distribution shifts towards the left.
This is particularly evident in the 1-day horizon cases. This shows that it is important to
properly discount the peak demand when we solve the optimization problem for shorter
horizons. This is because an undiscounted demand charge will force the MPC system to operate
more conservatively (i.e., by trying to mitigate the peak demand over the prediction MPC

horizon at every solution time t).
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Figure 2.10: Distribution of peak demands over a month (1000 realizations)

From Figure 2.10, we also observe that the peak demand is distributed towards lower
values for longer horizons. Again, this highlights the importance of choosing a sufficiently
long horizon. The stochastic MPC scheme is better able to mitigate the peaks compared to
deterministic MPC. This can also be seen from the random realization of the load profile
show in in Figure 2.11. Figure 2.10 also shows that, when the peak demand is discounted,
the peak demands are distributed towards lower values. These observations illustrate that

using incorrect discounting factors and insufficient horizon lengths can undermine the
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value of the stochastic solution.
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Figure 2.11: Peak shaving performance for stochastic, deterministic, and perfect informa-
tion MPC in a random load profile (7-day horizon, discounted demand)

FR Commitments and SOC Policies

In Figure 2.12, we compare the requlation commitment levels of the different schemes. We

observe that the FR participation levels are consistent in all policies, with most of them
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Figure 2.12: Distributions of FR commitments (7-day horizon, discounted demand)



clustering in the range of 700-800 kW. We also observe that the deterministic policy is
slightly more aggressive in allocating FR capacities than the stochastic policy (i.e., the mean
of the FR commitment is shifted towards the right). This comes at the expense of higher
peak demand (as seen in Figure 2.10). This highlights that the stochastic policy can better
manage stored energy to protect against high peak demands. Figure 2.13 compares the
dynamics of the SOC (for a random scenario) for the case study with a 7-day horizon and
with a discounted demand charge cost. Here, we can observe that the deterministic policy
exhibits abrupt changes in stored energy more frequently than the stochastic and perfect
information schemes. This reflects the fact that the deterministic policy overcommits in
FR capacity. The SOC profiles of stochastic and perfect information MPC are quite similar
and smoother. This indicates that stochastic MPC performance is close to that of perfect

information MPC.
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Figure 2.13: SOC policy in stochastic, deterministic and perfect information MPC (7-day
horizon, discounted demand charge)

Value of the Battery

Table 2.1 reports the total cost and its components for all the case studies. We observe

a general trend of higher expected total costs with shorter horizon lengths and without
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discounted factors for all the schemes. Moreover, we observe that stochastic MPC outper-
forms deterministic MPC. We also highlight that the stochastic MPC policy is computed
by using only 50 realizations, which seems sufficient to outperform deterministic MPC. In
Table 2.2, we compare the value of the stochastic solution (VSS) and the value of perfect
information (VPI). In our studies, we see that VSS can reach levels of $1,600 per month
while VPI can reach up to $4,700 per month. Both of these quantities are small compared
to the total cost (which reaches levels of $120,000 per month). This is because the load of
the university campus (and thus the demand charge) is significantly larger than the battery
capacity, which is usually the case in demand-side management applications. As a result,
the VSS and VPI metrics are not particularly informative on the added value of the battery
management strategy.

Table 2.3 summarizes the results for the value of the battery under different schemes for
a 7-day horizon and discounted demand charge. The expected savings obtained by in-
stalling the battery and operating it under perfect information (ideal value of the battery)
reach $16,430 per month (approximately $197,160 per year). This reveals that the battery is
indeed valuable. From Table 2.2 we observe that FR revenue reaches levels of $14,000 per
month (approximately $168,000 per year). From Table 2.3 we observe that stochastic MPC
can recover 83% of the ideal value of the battery while deterministic MPC can only recover
73%. Assuming an investment cost of 1.0 M$, the payback period of the battery operated
under perfect information MPC is 5.0 years, under stochastic MPC is 6.1 years, and under
deterministic MPC is 6.94 years. Stochastic MPC achieves a relative improvement in the
payback period achieved under deterministic MPC by 12.1%. By comparing the payback
period under perfect information and deterministic MPC, we can also conclude that per-
fect information achieves a relative improvement of 27.9%. It is rather remarkable to see
that, by improving the battery management strategy, one can significantly influence the
value of the battery and the associated payback period. From these results, we also see
that the value of the battery and payback period are more informative benchmark metrics

than the more generic VSS and VPI metrics.
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Table 2.1: Expected costs for MPC schemes.

FR=frequency regulation, and E=Energy.

TC= Total cost,

DC=Demand charge,

Horizon 7-day
o W [ 1 | ¥ o[ 1| %
Cost Item ($/month) | Perfect Information Stochastic Deterministic
TC 121,788.9 | 121,794.4 | 125,022.5 | 124,621.7 | 126,237.8 | 126,229.9
DC 137,077.0 | 137,090.5 | 138,572.9 | 139,153.3 | 140,865.7 | 140,920.5
FR -14,812.9 | -14,820.8 | -13,073.7 | -14,049.7 | -14,116.8 | -14,180.9
E -475.1 -475.2 -476.6 -481.9 -511.1 -509.7
Horizon 3-day
o CH S N W B S I W B
Cost Item ($/month) | Perfect Information Stochastic Deterministic
TC 121,756.5 | 121,763.2 | 125,374.0 | 124,988.3 | 126,475.0 | 126,178.7
DC 136,988.3 | 137,023.7 | 138,427.7 | 139,942.9 | 140,798.5 | 141,276.6
FR -14,758.5 | -14786.4 | -12,555.4 | -14,477.1 | -13,810.9 | -14,608.4
E -473 .4 -474.0 -498.2 -477.5 -512.6 -489.5
Horizon 1-day
B T [ ® [ 1 | % T 1 | %
Cost Item ($/month) | Perfect Information Stochastic Deterministic
TC 121,796.0 | 122,234.8 | 125,570.3 | 125,825.4 | 126,322.9 | 125,977.1
DC 136,983.3 | 137,537.5 | 138,427.6 | 141,113.9 | 140,611.2 | 141,220.2
FR -14,715.6 | -14,827.8 | -12,371.3 | -14,811.7 | -13,775.2 | -14,761.2
E -471.7 -474.9 -485.9 -476.8 -513.0 -481.8

Table 2.2: Value of stochastic solution (VSS) and value of perfect information (VPI).

7-day 3-day 1-day
ot 1 M 1 M 1 M
VSS ($/month) 1,2156.3 | 1,608.1 | 1,1009 | 1,190.5 752.6 151.7
(Approx. $/year) | 14,583.6 | 19,297.2 | 13,210.8 | 14,286.0 | 9,031.2 | 1,820.4
VPI ($/month) 44489 | 44355 | 47185 | 44155 | 45269 | 3,742.3
(Approx. $/year) | 53,386.8 | 53,226.0 | 56,622.0 | 52,986.0 | 54,322.8 | 44,907.6

Table 2.3: Value of the battery under different MPC schemes.

Without Battery

With Battery

Perfect Information MPC

Stochastic MPC

Deterministic MPC

Value of Stochastic MPC

Expected Total Cost
($/month)

138,224

121,794

124,622 126,230

1,608

Expected Savings
($/month)

16,430

13,602 11,994

1,608
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2.5 Conclusions

In this chapter, we presented a stochastic MPC framework for evaluating the performance
of stationary battery systems that provide frequency regulation capacity to the ISO while
simultaneously mitigating demand charges from a local utility. Our framework uses a
Ledoit-Wolf covariance estimation to generate load realizations from limited historical
data. We use real load data from a typical university campus and regulation data from
PJM to evaluate the performance of stochastic MPC against deterministic MPC and perfect
information MPC. Our simulations demonstrate that stochastic MPC can mitigate large de-
mand charges and better manage frequency regulation commitments. We observe that the
length of the prediction horizon and discounting of the demand charge significantly af-
fect economic performance. Notably, we find that stochastic MPC can recover 83% of the
value of the battery (which we define as the savings obtained by installing the battery and
operating it under perfect information) while deterministic MPC can only recover 73% of
such value. Our results also show that important reductions in the payback period of the

battery can be achieved by using stochastic MPC.
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BENCHMARKING STOCHASTIC AND DETERMINISTIC MPC: A
CASE STUDY IN STATIONARY BATTERY SYSTEMS

In this chapter, we present a computational framework that integrates forecasting, uncer-
tainty quantification, and model predictive control (MPC) to benchmark the performance
of deterministic and stochastic MPC. By means of a battery management case study, we il-
lustrate how off-the-shelf deterministic MPC implementations can suffer significant losses
in performance and constraint violations due to their inability to handle disturbances that
cannot be adequately represented by mean (most likely) forecasts (Kumar et al., 2019a).
We also show that adding constraint back-off terms can help ameliorate these issues but
this approach is ad-hoc and does not provide performance guarantees. Stochastic MPC
provides a more systematic framework to handle these issues by directly capturing uncer-

tainty descriptions of a wide range of disturbances.

3.1 Introduction

Model predictive control (MPC) revolutionized the field of control due (in large part) to
its ability to anticipate and counteract uncertain disturbances in order to maximize perfor-

mance and satisfy system constraints Qin and Badgwell (2003). In a standard MPC imple-
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mentation, a deterministic representation of uncertain disturbances (i.e., a forecast) is used
to compute control actions Oldewurtel et al. (2012); Zavala et al. (2009b); Appino et al.
(2018). In other words, the forecast acts as a summarizing statistic of the entire disturbance
uncertainty space. The forecast is typically the most likely realization of the disturbance
(usually the mean), and can be conveniently obtained using techniques such as autoregres-
sive models. Deviations of the actual disturbance realization from the forecast will intro-
duce a forecast error, which is counteracted by adjusting the control action at the next time
step. This feedback mechanism provides inherent robustness to the MPC controller and
seeks to maintain the system within constraints Magni and Scattolini (2007); Limon et al.
(2010). This inherent robustness property can be, however, insufficient to avoid constraint
violations. For instance, constraint violations might be encountered during the sampling
period (when the control action is fixed) as the system faces the actual disturbance realiza-
tion. Moreover, a large forecast error might put the MPC controller in a state at the next
time step in which no feasible control policy exists (i.e., recursive feasibility is lost).

An important observation that we make in this work is that certain types of disturbances
cannot be well-represented using summarizing statistics and this can trigger inconsistencies in
the computation of the MPC control action. This is the case, for instance, when distur-
bances have zero mean and are multiplicative and/or when they exhibit discrete values
(e.g., ON/OFF). To capture such disturbances, it is necessary to use an explicit charac-
terization of the uncertainty space in the MPC formulation. This can be done by using
stochastic MPC or robust MPC formulations Kerrigan (2001); Bernardini and Bemporad
(2009); Lucia et al. (2014); de la Penad et al. (2005). In this work, we focus our discussion on
stochastic MPC formulations because they can capture diverse types of uncertainty char-
acterizations (but many of the benefits discussed can also be obtained with robust MPC
such as decision-making for extreme scenarios, however, robust MPC does not cover the
probability of occurrences of more likely scenarios of uncertainty).

A wide range of stochastic MPC formulations have been explored in the literature and

these vary mostly in: i) the approach used to describe uncertainty, and ii) the mechanism
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used to enforce constraints. In terms of i), multi-stage stochastic MPC formulations rig-
orously handle uncertainty descriptions by capturing the fact that information about the
disturbances gets revealed progressively over time and uncertainty evolution is modeled
as a scenario tree. Lucia et al. (2013). This enables the computation of an entire control
policy but this approach is, in general, intractable due to an exponential explosion in com-
plexity as one discretizes the uncertainty representation (using sampling). An approxi-
mate and tractable policy can be obtained by using a so-called two-stage stochastic MPC
approach, in which one captures the uncertainty of the disturbances when computing the
next immediate control action, but it is assumed that no information is gained about the
disturbances in the future. Instead, this approach uses a receding horizon implementation
to factor in new information and update the uncertainty description Kumar et al. (2018a).
In terms of ii), constraints can be enforced in stochastic MPC by ensuring that they hold
under each realization of the disturbances. This approach is computationally flexible but
conservative because it is equivalent to enforcing the constraints with probability one. A
less conservative approach consists of enforcing the constraints with a lower probability,
by using so-called chance constraints Mesbah (2016). Unfortunately, chance-constrained
MPC formulations offer less computational flexibility in that they are only tractable in
certain specific settings. In this work, we opt for computational flexibility and consider
scenario-based, two-stage stochastic MPC formulations. We will see that this approach is
sufficient to start realizing significant benefits over deterministic MPC.

In this work, we present a computational framework that integrates disturbance fore-
casting, uncertainty quantification, and MPC to provide a critical assessment of determin-
istic and stochastic MPC. Our framework focuses on a case study that arises in the manage-
ment of stationary battery systems that provide simultaneous frequency regulation (FR)
services to the power grid while helping mitigate peak monthly demand charge costs of
a university campus. The study uses real disturbance data and a rigorous benchmark-
ing procedure to systematically compare the performance of deterministic and stochastic

MPC policies. Our study reveals that FR dispatch signals from the power grid cannot be
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properly captured by deterministic MPC formulations and this introduces ineffective con-
trol actions that lead to losses in performance and constraint violations (FR commitments
cannot be satisfied). This issue can be counteracted using a back-off term that allocates
battery reserve capacity but this approach is ad-hoc and prevents full utilization of the
battery asset (thus decreasing its value). This indicates that, contrary to common percep-
tion, feedback alone is insufficient to counteract certain types of disturbances. Stochastic
MPC provides a more systematic framework to account for diverse disturbances, satisfy
constraints, and maximize asset value. We derive a quasi-stochastic MPC formulation that
uses a coarse representation of the uncertainty space. We show that this simple approach
already avoids many of the limitations of deterministic MPC while decreasing the compu-

tational complexity of stochastic MPC.

3.2 Computational Framework

In this section, we describe the elements of our computational framework. We begin by
providing a description of the decision-making problem faced by the battery. We then
describe how data is used to create forecasts and uncertainty characterizations for the dis-
turbances affecting the battery. Then, we describe the MPC formulations under study as
well as metrics and procedures used to perform benchmarks. The nomenclature used in

this chapter is provided in Section A.1 of Appendix A.

3.2.1 Preliminaries

We consider the real-time management of a stationary battery system to determine optimal
participation strategies in energy and FR markets operated by an independent system op-
erator (ISO) while simultaneously providing demand-side management for a collection of
buildings and with this mitigate monthly demand charges from a utility company (Kumar
et al., 2018a). As more intermittent renewable power is injected into the grid, battery sys-

tems provide flexibility to the ISOs by providing energy and frequency regulation (FR) ca-
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pacity and to the utilities by providing demand-side management capabilities for energy-
intensive facilities (e.g. buildings or manufacturing units) (Rastler, 2010; Oudalov et al.,
2006). There has been an increased demand for fast dispatchable resources and frequency
regulation services by the ISOs in order to mitigate high-frequency renewable fluctuations
and stranded power (Kim et al., 2016). Stationary battery systems can also be strategically
placed in the network to enhance system-wide performance (He et al., 2015; Sioshansi
et al., 2009). The economic benefits provided by stationary battery systems (in the context
of FR) have been widely studied in the literature (Mercier et al., 2009; Mohsenian-Rad,
2016; Kottick et al., 1993; Singh et al., 2014). Simultaneous FR provision and demand charge
mitigation using battery systems has also been studied in Sigrist et al. (2013); White and
Zhang (2011); Lucas and Chondrogiannis (2016); Sebastidn (2016).

The various cost and revenue components faced by the battery are:

o Energy Transactions (hourly): The battery system purchases energy to recharge and
discharges to provide energy for the building and for the FR signal. The energy

transactions are charged at the time-varying market energy price.

o Frequency Regulation Capacity (hourly): The ISO compensates the battery for providing
an operational band (compensated based on time-varying market FR capacity prices)
around a charge/discharge level of the battery (net power of the battery, charged at
market energy prices). The ISO can request the battery to dispatch a fraction of the
committed capacity based on the grid requirements using a real-time FR signal which

is a zero-mean signal with a bounded range of [-1,+1].

o Demand Charges (monthly): The attached load is charged for the peak demand (at a

fixed demand charge price) incurred over a month by the utility company:.

The combined battery and load system is illustrated in Figure 3.1. This illustrates the in-
teraction between the system, the ISO, and the utility. Section A.1 of Appendix A provides
a detailed description of all the variables and quantities used in the battery management

framework.
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Figure 3.1: Combined battery and attached load system.

The proposed MPC implementations solve discrete-time optimal control problems at
every time t € Z., with a prediction horizon 7 := {t+1,t+2,...,t + N}. Here, N
is the length of the prediction horizon and index ¢ corresponds to the time instant ¢ - &,
where i = 1 hour. Quantities with subindex t are held constant over the time interval
[(t—1)-h,t-h]. The MPC schemes are run in a receding-horizon manner (updated every
hour) over a horizon denoted by M := {0,..., M} (assumed here to be one month).

The FR capacity F; represents a symmetric band around the middle point P, which is
the battery net charge/discharge rate. The notation P7 is used to denote the net rate over
the prediction horizon 7. A similar notation is used to denote all time trajectories. The
battery commits a net discharge level P; and an FR band of length 2F; to ISO over the
corresponding period. The actual power requested by the ISO is a;F;, where a; € [—1,1]
is an exogenous FR signal coming from the ISO. A value of a; = 1 indicates that the ISO
requests all the FR capacity by charging the battery while a; = —1 indicates that the ISO
requests all the capacity by discharging. The FR capacity F; provided by the battery is
remunerated at price 71{ (this flexibility is a valuable asset for the ISO). The net rate P; is

also used to shape the residual load r; = L; — P; 4 a¢F;, which is the load that is paid for to
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the utility company. Here, L; is the exogenous attached load coming from the buildings.
The residual load incurs an hourly cost at price 7r{ as well as a monthly peak cost, which
is charged based on the maximum residual load max;c 7+ at price 7P.

We thus see that a battery management system must strategically decide how to use the

battery storage capacity to allocate P; and F; in order to minimize energy costs and demand

charges, maximize FR revenue, and to maintain suitable levels for stored energy.

3.2.2 Forecasting and Uncertainty Quantification

The decision to allocate P; and F; is complicated by the fact that the energy and FR prices
= (7, n{ ), the attached load Ly, and the FR signal a; are all highly uncertain. These
disturbances are modeled as random variables with realizations denoted by index ¢. At
time t, a realization of the uncertain disturbances over a forecast horizon 7 is denoted
as L7 (&), mr(¢) and ay(§). The forecast trajectory is a specific realization (usually the
one with highest probability) and is denoted as L7, &7, and 7t7. To enable a compact
representation, we encapsulate all disturbances in the random vector dt := (77, a7, LT).
We denote a realization of the disturbance d vector as d7(¢) and we denote the entire set
of disturbance realizations using the notation d7(Z).

We assume that the load and energy prices are Gaussian (normal) variables of the form
Ly ~ N(Lr,£%) and 7% ~ N (7%, £%), respectively. Time correlations in these distur-
bances are implicitly captured in the covariance matrices. The FR signal a; is assumed
to be Gaussian and of the form a; ~ N (&;,02). The FR price n{ is assumed to be log-
normal with log(7t]) ~ N (log(#)), 2;). Note that this implicitly assumes that no time
correlations are present in the FR signal and FR prices. A justification for the choice of ran-
dom variables to represent the data is provided in recent work (Kumar et al., 2018a). The
mean and variances for the uncertainty descriptions are updated using a receding-horizon

scheme that uses historical and real-time data (as it becomes available). We denote the

observed (actual) disturbance history at time t as dy, where H := {t —H,t —H+1,...,t}.
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In this work, we assume that these random variables are independent. This drastically
simplifies forecasting and uncertainty quantification procedures. The use and impact of
different uncertainty characterizations is a non-trivial but interesting topic of future work.

The mean and covariance matrices for L and 715 are obtained using autoregressive

(AR) models. Specifically, we use time series models of the form:

H
Ly = Z 47]%Lt—k +cl+ etL (3.2.1a)
k=1
H
=Y e+ + €, (3.2.1b)
k=1

where H is the order of the model, ¢F, ¢/, ct and c° are coefficients that are learned (esti-
mated) from the historical data, and €} and €! are noise sequences. The mean (most likely)
forecasts L7, 75 are obtained by using the maximum likelihood estimates of the coeffi-
cients. Maximum likelihood procedures also provide the covariance matrices % and 24
Explicit techniques for doing this are provided in Box et al. (2015). In this work, we use
standard procedures provided in the R software package. The disturbance history dy is
also used to compute sample estimates for &, o, Af, and (Ti . With this information, we
generate a set of disturbance realizations E by sampling from the corresponding probabil-
ity density functions. This set of realizations used for the stochastic MPC formulation and

the mean forecast d = E[d7(Z)] is used for the deterministic MPC formulation.

3.2.3 Deterministic MPC

The deterministic MPC controller uses the mean forecast d to find the control policy
Pr, Fr that maximizes the total forecast net profit (minimize the total net cost) over the

prediction horizon 7. This is done by solving the optimization problem:

min Z Ty — Z ﬁ{Fk + 7t° maxry. (3.2.2a)
keT keT keT

st. B+ E <D, keT (3.2.2b)
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P.—F>-P keT (3.2.2¢)
Ex=Ei1—P+&F, keT (3.2.2d)
oF <Ex 1 <E—-pFK, keT (3.2.2e)
oF <Ex<E—-pF, keT (3.2.2f)
—AP <P —D1 <AP, keT (3.2.2g)
fe=Li— P+ &F, ke T (3.2.2h)
rl?e%;( e > Ry (3.2.2i)
D+ E <Ly keT (3.2.2))
0<E<E keT (3.2.2k)
—P<P. <P, kecT (3.2.21)
0<EKE<P keT (3.2.2m)

As in a standard receding-horizon scheme, only the first element of the control policy
(Pr+1, Fr41) is implemented in the system. The actual disturbance realized d;1 (&) will tend
to deviate from the forecast dAtH. As a result, the state at time t + 1 will differ from that
predicted by the MPC controller. In particular, the state of charge (SOC) of the battery
evolves as E; 1 = Et — Pryq + a41(&)Fry1 and the residual load as r411(¢) = Li+1(E) —
Pr i1+ a441(8) Fryq. To account for the error in the prediction, the horizon is shifted forward
to update the disturbance forecast using the new data history. In this work, we assume that
the disturbances can be measured exactly at each time step and that these in turn can be
used to exactly update the current state. Therefore, no state estimation procedure is needed
(only a history of disturbance data is required in order to develop prediction models for
the disturbance).

The parameter R; is the carryover peak demand (largest demand seen so far in the
month). This highlights that the peak residual demand acts as a state of the system. In par-

ticular, the carryover peak demand is given by R;+1 = max{R;, r14+1(¢) }. For simplicity, we
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define the control action generated from the solution of the problem as u;+1 = (P11, F41)
and the state as x;.1 = (E;11, Ry11).

Constraints (3.2.2b)-(3.2.2c) are net discharge/charge capacity limits for the battery.
Constraints (3.2.2e)-(3.2.2f) play a key role in this formulation as they impose a reserve
(buffer) for the battery storage to account for variations in the FR signal. The parame-
ter p € Ry determines the buffer size: when p = 0, the MPC formulation is a standard
formulation that aims to exploit the entire feasible region to minimize cost while a larger
value of p allocates more reserves and thus limits the utilization of the battery for cost min-
imization. Constraint (3.2.2g) imposes limits on subsequent net ramping rates to protect
the battery lifetime. Constraints (3.2.2h) and (3.2.2i) are used to compute the peak residual
demand. Constraint (3.2.2j) prevents the battery from selling back electricity to the grid
(the battery can only purchase). The rest of the constraints are capacity limits.

From the structure of the optimization formulation, we highlight that the mean FR sig-
nal always appears as a product with the actual FR capacity. As a result, when a mean
forecast of this signal is used (which is close to zero), the FR capacity F7 has a small influ-
ence on the constraints and thus the MPC controller tends to push this capacity to a large
value in order to maximize profit. We will see that this effect results in overcommitment
of FR capacity that the controller is unable to meet, resulting in FR shortfall and constraint
violations.

We denote the optimization problem solved in deterministic MPC at time f as
PdEt(th, x¢), where the arguments are the current state, control information, and distur-
bance forecast needed to solve the problem.

We summarize the receding-horizon scheme for the deterministic MPC run over a sim-

ulation horizon M:
1. START at t = 0 with Eg and Ry = 0 given. REPEAT for t € M:
2. Use disturbance history dy, to obtain forecast d7.

3. Solve P%!(x;,dr) to obtain commitments u;q = (P, Fri1).
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4. Implement the decisions, u;.1 over (¢, ¢+ 1).

5. Update the states using the actual realized disturbances d;.1({) as Exy1 = Ef — Py +

ar41(8) Fry1 and Ryyq = max{Ry, r41(8) } with r141(8) = L1 — Pry1 + ar41(8) Frar
6. Sett < t+ 1. If t = M STOP, otherwise RETURN to Step 2.

In this scheme, the actual realized disturbances are obtained from a set of validation
scenarios 5. These scenarios are generated from actual disturbance data (not from the
forecast). The performance of the MPC controller thus depends on the selection of the
realized disturbances and is thus random. We thus run the scheme for the entire set of

validation samples to obtain probability distributions for diverse performance metrics.

3.2.4 Stochastic MPC

In stochastic MPC, uncertainty representations for disturbances D7 are captured in the
optimization formulation by using multiple realizations d7 (&), ¢ € E. The net power P44
and FR commitments F;; are defined over the next immediate trading hour as here-and-
now decisions that need to be made prior to observing uncertainty. The battery power and
FR capacity trajectories Py ({) and Fi(¢) at subsequent times k € 7 \ {t + 1} are modeled
as recourse decisions that can be corrected according to the disturbance realization. The
residual and peak demands are also recourse decisions that are expressed as r7 (&) and
maxye7 1k(¢). The SOC at time ¢ 4 1 only depends on the previous storage E; and on Py 4.
Consequently, E; 1 is also a here-and-now variable. The rest of the trajectory Ei (&) for
k € T\ {t+ 1} is recourse variable because Py (¢) are recourse variables fork € 7 \ {t+1}.

We use P (dr(E), x;) to denote the optimization problem solved in stochastic MPC
at time t. The variables and constraints of the stochastic MPC formulation are the same as
those of the deterministic counterpart but are replicated for the set of realizations ¢ € Z.
We use the non-anticipativity constraints to enforce the fact that the control actions P;4

and F;q are here-and-now (commitment) decisions that need to be implemented in the
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system
min | Y 7(@&)r(@) — Y ] (E)Fe(@) + 7P max 7 (C) (3.2.3a)
keT keT

st. P(&) +FK(&) <P, keT, €& (3.2.3b)
P (&) —F(l)>—-P keT, ek (3.2.3¢)
Ex(8) = Ex-1(8) — Pu(8) +ax(§)F(), ke T, € E (3.2.3d)
PF(8) <Ex1(&) SE—pR(¢), ke T,E€ & (3.2.3¢)
PF(8) < Ex(§) SE—pR((), ke T,i€E (3.2.3f)
—AP < Pi(§) = Pea() <AP, ke T, €8 (3.2.3g)
() = Li(§) — Pe(6) + ax(6)F(C), k€ T, € E (3.2.3h)
P(8) +F(S) < Li(§), keT, g€ (3.2.31)
max (&) > Ry, § € 8 (3.2.3))
0<E(&)<E keT,EcE (3.2.3k)
—P<P(&) <P, keT, €& (3.2.31)
0<F(&) <P, keT,fcE (3.2.3m)
Pria(§) = Pra(d), ¢ #4800 €B (3.2.3n)
Fi1(8) = Fa(8), ¢ #4680 €8 (3.2.30)

In the above formulation, the expected value E[] is defined over the set of scenarios Z.
From the structure of the model, we see that we use multiple realizations of the FR signal
a7 (E). As a result, the stochastic MPC controller is expected to be better able to meet FR
commitments and constraints.

We can now summarize the stochastic MPC scheme run over the simulation horizon

M:

1. START at t = 0 with Eg and Ry = 0 given. REPEAT for t € M:
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2. Use disturbance history dy, to obtain forecast realizations d7(Z).
3. Solve P (x;,d7(E)) to obtain commitments u;1 = (Pyyq, Fr11).
4. Implement the decisions, u;,1 over (¢, +1).

5. Update the states using the actual realized disturbances d;1(¢) as Exy1 = Ef — Pry1 +

r41(8) Fry1 and Ryyq = max{Ry, r41(8) } with dp11(8) = L1 — Prya + ar1(8) Frya-
6. Sett < t+ 1. If t = M STOP, otherwise RETURN to Step 2.

In this scheme, the actual realized disturbances are also obtained from the set of vali-
dation samples Z. Importantly, these validation samples differ from the realizations used
in the MPC controller formulation Z. By running the stochastic MPC scheme for all val-
idation samples, we can compute probability distributions for performance metrics that
are compared with those from deterministic MPC. This systematic procedure ensures fair

comparisons between different MPC implementations.

3.2.5 Perfect Information MPC

To evaluate the ideal performance of MPC, we also consider a perfect information MPC im-
plementation. Under perfect information MPC, we compute commitment policies P; ()
and F({) at every time t for discharge/charge power and FR capacity, respectively for
every realization ¢ € Z of the loads, prices, and FR signals. These policies can be com-
puted by removing the nonanticipativity constraints (3.2.3n) and (3.2.30) from the stochas-
tic MPC formulation (3.2.3) and replacing the disturbance forecast model with the true dis-
turbance signals corresponding to each realization, and implementing the same scheme as

the stochastic MPC run over a month period 7.

3.2.6 Handling Constraint Violations

Poor forecasts can lead MPC controllers to violate the constraints during the transition

(t,t+1). To capture this issue, an auxiliary MPC controller that uses battery reserves to



make power corrections is used. At time ¢, this controller solves the feasibility restoration

problem:

rg%n |AP| (3.2.4a)

st. Py +F,1 +AP <P, (3.2.4b)

Py —Fy1 +AP > P, (3.2:40)

Eiy1 = Et — Pyt + a1 (8) Fr + AP (3.2.4d)

—AP < (P41 — AP) — P, < AP, (3.2.4e)

Piy1+ F1 + AP < Ly (8), (3.2.4)

0<E1 <E (3.2.4g)

This formulation uses the realized values of the FR signal and the load over the time in-
terval (t,t 4+ 1). The feasibility restoration problem seeks to find a net rate correction AP
that satisfies the constraints. If the auxiliary controller fails to remain feasible even after
solving the restoration problem, we assume that no action is taken (no power discharged
and no FR commitment is made). In other words, we set P;;1 = F;.1 = 0 and correct the
states E;11 and R;;1 accordingly. This leads to FR shortfall, because the controller fails to

deliver the committed capacity F; 1.

3.2.7 Benchmarking Procedure

To distinguish the policies obtained from the three MPC schemes, we denote the poli-
cies obtained from the deterministic MPC as P!, F and r4¢(¢), those from stochastic
MPC scheme as P5*, F5t0 and r$%°(#), and those from perfect information MPC as PP/ (7),
Ff erf (&) and r} erf (&) (corresponding to each realization ¢).

Each realization in the validation set = generates a monthly cost for the MPC con-

trollers. The monthly cost under stochastic MPC for a given realization ¢ € = and under a
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given closed-loop policy Fuy, Pag, 70 is given by:

O(E) = Y M) (w(@F — P — Y Al (OF + 7P maxrf(§).  (325)

teM teM teM

The monthly cost for deterministic MPC is denoted as ®%(¢) and is defined as in (3.2.5).
Similarly, the monthly cost for stochastic MPC is denoted as ®%°(¢) and defined in the
same way as (4.2.7) but with its corresponding closed-loop policy P, Ff*, and r{'(¢).

The monthly cost for perfect information MPC is:

@) = Y @ @F @) - P @) - L Al @©F @)

teM teM

+7P max rf”f(g). (3.2.6)

The costs for the different validation realizations are used to create empirical probability
distributions and cumulative probability distributions and to compute statistics such as
expected costs E[®%(Z)], E[®%"°(Z)], and E[®Ff (Z)].

Of particular interest in our context is a metric that we call the expected value of the bat-
tery. To compute this value, we evaluate the total cost under the assumption that no battery
has been installed (and thus FR profit and peak shaving capabilities are not available). The
cost for particular validation realization ¢ € Z is denoted as ®"°%*(&). The ideal expected
value of the battery (the ideal expected savings) is defined as VBP*'f (&) := @nobat(F) —
®ref(Z). The value of the battery under stochastic MPC is VB (&) := @bt (&) — psto (&)
and under deterministic MPC is VB (&) := ®"obat(F) — @et(F). As in the case of cost,
the realizations are used to obtain probability distributions and to compute statistics such
as E[VBY/(Z)], E[VB*(&)], and E[VB¥(Z)]. The value of the battery is a metric that
reflects loss/gains in asset value due to the use of better control policies. We also consider
the value of the stochastic MPC, which is defined as VSMPC(&) := VB™(&) — VB¥(¢),
and the expected value of stochastic MPC as E[VSMPC(Z)].

Figure 3.2 provides a sketch of the computational framework. The control decisions
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Figure 3.2: Sketch of computational framework.

made by the deterministic MPC at time t are denoted by uf* while those made by the

stochastic MPC at time t are denoted by u5". The state of the system is denoted by x;.

3.3 Assessment Results

We now present closed-loop simulation results for deterministic, stochastic, and perfect in-
formation MPC for an entire month of operation. The controllers use a prediction horizon
of 168 hours (seven days), which is chosen based on the observation that the data for the
load and electricity prices exhibit weekly periodicity (e.g., high load on weekdays and low
load on weekends). In other words, a horizon of seven days captures periodic effects (Ku-
mar et al., 2018a). The stochastic MPC problem contained 100 forecast realizations and a
total of 25,300 variables and 92,600 constraints. The realizations are obtained using Monte
Carlo sampling. Other sampling techniques such as sparse grids and Latin hypercube
sampling can also be accommodated in the proposed stochastic MPC framework to reduce

the number of samples but these approaches do not scale to high-dimensional uncertainty



spaces as those considered in time-dependent applications (Renteria et al., 2018). A total
of 200 closed-loop monthly runs were performed for each MPC implementation (using the
same validation scenarios). The number of forecast and validation scenarios are chosen
considering a trade-off between performance and computational cost. The simulations
were run on a 32-core machine with Ubuntu 14.04, Intel Xeon 2.30 GHz processors, and
188 GB RAM. The schemes are implemented in Julia and leverage the algebraic model-
ing capabilities of JuMP (Dunning et al., 2017), and the optimization problems are solved
in extensive form using Gurobi 8.0 (no decomposition schemes were implemented).
Each MPC instance takes about 1 second for deterministic MPC and about 3-4 seconds
for stochastic MPC to solve. The monthly closed-loop simulation required approximately
10 minutes for deterministic MPC and 35 minutes for stochastic MPC. The computational
times comprise forecasting, optimization solution, and feasibility checks. These times can
be made independent of the number of validation scenarios by using parallelization. Time-
series disturbance forecasts were obtained using autoregressive models of order 168. The

statistics software package R is used to obtain such forecasts.

3.3.1 Closed-Loop Behavior

We compare the closed-loop policies for both deterministic and stochastic MPC. In these
results, an FR buffer of p = 0 is used for stochastic MPC and a buffer of 10% (0 = 0.1) is
used for deterministic MPC. Figure 3.3 provides a snapshot for a given validation scenario
for deterministic MPC. Here, we note that the controller uses the buffer fairly frequently
to counteract the FR signal. This is because, as can be seen, the mean FR signal forecast is
not an appropriate representation of the actual realized signals. This is in sharp contrast
with the mean forecasts for the loads and electricity prices, which can be forecast quite
accurately. Figure 3.4 shows a snapshot for stochastic MPC under a given validation sce-
nario. Here, we note that the FR signal realizations capture the variability well and thus

the controller does not require an explicit FR buffer (which results in better utilization of
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the battery). An animation of the closed-loop performance of deterministic and stochastic

MPC can be found at https://goo.gl/QAHXpB.
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Figure 3.3: Closed loop profile for deterministic MPC with p = 0.1. Black lines represent
forecasts and model predictions. Blue lines represent actual realizations. For the control
policies, red lines represent the actual implemented policy. For the state of charge, red
lines represent the FR buffer. For the residual load, the green line represents the running
peak R;.

Figure 3.5 compares the cumulative FR shortfall that results from infeasibilities.
Clearly, even with a buffer, deterministic MPC incurs more shortfall. FR shortfall arises
in stochastic MPC because the controller uses only a finite number of realizations that do
not necessarily match the validation realizations. We can see, however, that the controller
is significantly more robust than deterministic MPC (the total shortfall is reduced by over

200%).
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3.3.2 Economic Performance

The probability and cumulative distributions of total costs, peak demands, and the value
of the battery for the 200 validation scenarios are shown in Figures 3.6-3.8. From the dis-
tributions of the demand charges, we see that deterministic and stochastic MPC achieve
very similar values. This indicates that the benefits of stochastic MPC do not result from
demand charge mitigation but from better utilization of the battery to collect FR revenue.
This can also be seen in Table 3.1, where we present the expected cost, battery value, and
FR shortfall comparisons. The expected cost of the system without using the battery is
136,435 $/month, which shows the large energy costs associated with this system. We also
see that the expected value of the battery of deterministic MPC is improved by 8% by us-
ing stochastic MPC. This represents half of the total possible improvement (obtained with

perfect information MPC).
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Table 3.1: Economic performance analysis for different MPC implementations.

With Battery
Without Battery Perfect Information St(;CEaStIC Det;ringnistlc Value of Stochastic MPC
Expected Total Cost 136,435 109,520 111,298 113,213 1,891
($/month)
Expected
Demand Charge - - 136,397 136,433 -
($/month)
Average FR Shortfall - 0 1,514 3,892 -
(kWh/month)
Value of Battery - 26,915 25,137 23,222 1,891
($/month)
Improvement in - 15.90% 8.24% Base -
Value of Battery

3.3.3 [FR Shortfall and Constraint Violations

We evaluated FR shortfall and constraint violations obtained with deterministic and
stochastic MPC. We recall that the MPC controllers take no action when the policy be-
comes infeasible. This results in failing to deliver committed FR capacity, which could
lead to penalties from the ISO. Figure 3.9 shows the probability and cumulative distribu-
tions for FR shortfall for the 200 validation scenarios and Figure 3.10 shows how often
infeasibility occurs over the month. The results highlight that stochastic MPC without an
FR buffer is more reliable at maintaining a feasible operation than deterministic MPC with
a 10% buffer.

Motivated by the inability of deterministic MPC to capture FR signals using mean fore-
casts, we explored alternative deterministic representations for the forecast FR signal. Ta-
ble 3.2 shows the results of using the minimum and maximum FR signals as forecasts. Both
formulations lead to almost identical performance but their performance is worse than that
achieved by the mean forecast (both in terms of cost and FR shortfall). We also created a
quasi-stochastic MPC formulation that uses only three scenarios of the FR signal (includ-
ing the mean value and minimum and maximum values) while mean forecasts were used
for the rest of the disturbances. This approach can be interpreted as a specialized sam-

pling technique that is targeted towards eliminating constraint violations. Notably, this
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simple formulation fully eliminates constraint violations and FR shortfall and achieves better
economic performance than formulations with only minimum or maximum forecast FR
signals. This highlights that constraint violations are indeed the result of using an inappro-
priate characterization of the FR signal. The quasi-stochastic approach, however, achieves
worse economic performance than deterministic MPC (the value of the battery decreases
by 13%). This indicates that the quasi-stochastic formulation is overly constrained (we use
a buffer of p = 0.1), which restricts the full utilization of the battery capacity. In fact, in
the results that we show next, we see that the use of a buffer in the quasi-stochastic MPC
formulation is not necessary (because the three scenarios already capture the variability of

the FR signal).

Table 3.2: Battery analysis using deterministic MPC with mean, minimum, and maximum
forecasts for FR signal (with buffer of p = 0.1).

Deterministic MPC | Deterministic MPC | Deterministic MPC | Quasi-Stochastic MPC
E[a] min(a) max(«) E[a], min(«), max(«)
Expected Total Cost 113,213 124,010 124,112 116,211
($/month)
FR Revenue 22,934 12,218 12,119 20,262
($/month)
Average FR Shortfall 3,892 84,384 88,505 0
(kWh/month)
Value of Battery 23,222 12,425 12,323 20,224
($/month)
Improvement in Base -46.50% -46.93% -12.91%
Value of Battery

3.3.4 [FR Buffer Tuning

We finally examine the effect of using different FR buffers on economic performance and
on the amount of FR shortfall. Table 3.3 compares buffers of 0%, 5%, and 10% for both
deterministic and stochastic MPC. The quasi-stochastic formulation is also studied with
a buffer of 0%. As can be seen, deterministic MPC performs poorly without any buffer.
The amount of FR shortfall is significant and this results in a higher total cost and lower
battery value (because less FR revenue is realized). The amount of FR shortfall is also

undesirable from the perspective of the ISO. Increasing the buffer leads to lower total cost
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and higher battery value for deterministic MPC because the controller is able to participate
more often by avoiding infeasibility issues. Increasing the buffer further eliminates the FR
shortfall completely but increases cost and decreases the value of the battery (because the
fraction of the battery capacity used for FR participation decreases). This inherent trade-off
is shown in Table 3.4 and Figures 3.11 and 3.12. Here, we present a sensitivity analysis for
deterministic MPC with different FR buffer values. Here, we can see that a buffer of 10%
achieves the best cost and battery value. We note, however, that even a perfectly tuned
deterministic MPC controller cannot achieve the performance of stochastic MPC (both in

terms of economics and FR shortfall).

Table 3.3: Expected costs for MPC schemes with varying FR buffers.

Horizon 7-day
Ttem Deterministic | Deterministic | Deterministic S t%:}?:;;ic Stochastic | Stochastic | Stochastic
(p=0) (p = 0.05) (p=01) _ (p=0) | (=005 | (p=01)
(p=0)
Total Cost 115,245 113,861 113,213 111,408 111,297 112,153 114,905
($/month)
FR Revenue 20,278 22,099 22,933 24,851 24,893 24,248 20,406
($/month)
FR Shortfall
(kWh/ month) 103,049 24,658 3,892 1,582 1,514 152 0
Value of Battery 21,190 22,574 23,202 25,027 25,137 24,282 21,530
($/month)
Improvement in -8.75% 2.79% Base 7.77% 8.25% 4.56% 7.29%
Value of Battery

Table 3.4: Expected costs and value of battery for deterministic MPC scheme with varying
FR buffers.

Horizon 7-day
Ttem Deterministic | Deterministic | Deterministic | Deterministic | Deterministic | Deterministic
(0=0) (0 = 0.05) (0=01) (0=013) | (p=015) (0=02)
Total Cost 115,245 113,861 113,213 113,398 113,778 116,757
($/month)
FR Revenue 20,278 22,099 22,933 22,851 22,545 19,709
($/month)
FR Shortfall
(kWh/month) 103,049 24,658 3,892 1,107 405 0
FR Shortfall Revenue
(/month) 4,581 1,092 172 51 17 0
Value of Battery 21,190 22,574 23,222 23,037 22,657 19,678
($/month)
Improvement in o o 200 5 420 ) o
Value of Battery -8.75% 2.79% Base 0.80% 2.43% 15.26%

From Table 3.3 we also observe that the performance of the quasi-stochastic formula-
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tion with 0% buffer is significantly better than that of the deterministic MPC formulations

(for any buffer values). Notably, the FR shortfall for quasi-stochastic with no buffer is
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Figure 3.11: Economic performance (total cost) of deterministic MPC with varying FR
buffers.
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Figure 3.12: Economic performance (value of battery) of deterministic MPC with varying
FR buffers.

similar to that achieved by stochastic MPC with no buffer (again reinforcing that the main
source of infeasibility is the FR signal). We also see that the best economic performance is

achieved with stochastic MPC using no buffer and that this achieves a smaller FR shortfall
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than deterministic and quasi-stochastic MPC. This is because the stochastic MPC policy is
successfully able to participate in the FR market and maintain battery feasibility. Increas-
ing the buffer in stochastic MPC fully eliminates FR shortfall but this comes at the expense
of a sharp decrease in economic performance (as the controller becomes more conserva-

tive).

3.4 Conclusions

In this chapter, we presented a computational framework that integrates forecasting, un-
certainty quantification, and model predictive control (MPC) capabilities to provide a crit-
ical assessment of the performance of deterministic and stochastic MPC. By means of a
battery management case study, we illustrate how off-the-shelf deterministic MPC imple-
mentations can suffer significant losses in performance and constraint violations due to
their inability to handle disturbances that cannot be adequately represented by determin-
istic forecasts. Stochastic MPC provides a more systematic framework to handle these

issues by directly capturing uncertainty descriptions of a wide range of disturbances.
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STOCHASTIC MODEL PREDICTIVE CONTROL FOR CENTRAL
HVAC PLANTS

In this chapter, we present a stochastic model predictive control (MPC) framework for
central heating, ventilation, and air conditioning (HVAC) plants. The framework uses real
data to forecast and quantify the uncertainty of disturbances affecting the system over mul-
tiple timescales (electrical loads, heating/cooling loads, and energy prices). We conduct
detailed closed-loop simulations and systematic benchmarks for the central HVAC plant of
a typical university campus. Results demonstrate that deterministic MPC fails to properly
capture disturbances and that this translates into economic penalties associated with peak
demand charges and constraint violations in thermal storage capacity (overflow and/or
depletion) (Kumar et al., 2020). Our results also demonstrate that stochastic MPC provides
a more systematic approach to mitigate uncertainties and that this ultimately leads to cost
savings of up to 7.5% and the mitigation of storage constraint violations. Benchmark re-
sults also indicate that these savings are close to ideal savings (9.6%) obtained under MPC

with perfect information.
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4.1 Introduction

Commercial buildings are responsible for over 20% of the total energy consumption in the
U.S. and annual expenditures of over $200 billion (Patel and Rawlings, 2019). In this con-
text, heating, ventilation, and air-conditioning (HVAC) systems are the largest sources of
energy use (nearly 50%) (DOE, 2011). Central HVAC plants are sophisticated systems that
connect multiple energy carriers (water, electricity, natural gas, cooling water, hot water,
steam) and equipment units (pumps, heat exchangers, cooling towers, chillers, and boil-
ers) to meet the cooling and heating loads of single buildings or collections of buildings
(e.g., university campuses and urban districts) (Rawlings et al., 2018). A central HVAC
plant is the equivalent of a utility plant in a manufacturing facility. Besides total energy
use, temporal profiles and peak use are also key factors that affect the efficiency and sus-
tainability energy infrastructures. In particular, temporal profiles and peaks might push
infrastructures to their design limits (e.g., capacity and ramping) and this might force oper-
ators to use inefficient back-up systems. Time-varying market prices and demand charges
are used by operators and utility companies to try to mitigate such impacts. These pric-
ing structures create an incentive for HVAC plants to incorporate thermal energy storage
(TES) in order to shift loads in time and manipulate peak demands (Henze et al., 2004,
2008; Ma et al., 2012a; Risbeck et al., 2016, 2017). Effective operation of HVAC plants re-
quires careful real-time management of the multiple components of the central plant; this
is a challenging task because of the tight interconnection of equipment units, the presence
of constraints, and the presence of multiple time-varying disturbances (e.g., energy loads
and prices). Specifically, disturbances cannot be perfectly anticipated and thus complicate
the planning process. All these factors are forcing commercial buildings to incorporate
more sophisticated automation systems.

Model predictive control (MPC) is becoming an established automation technology in
HVAC central plants (Avci et al., 2013; Deng et al., 2014; Oldewurtel et al., 2012; Mendoza-
Serrano and Chmielewski, 2012; Kwadzogah et al., 2013; Rawlings et al., 2018). MPC can

81



anticipate and counteract disturbances and accommodate complex models, constraints,
and cost functions (Rawlings et al., 2018; Kumar et al., 2019a; Qin and Badgwell, 2003).
However, existing MPC implementations for HVAC central plants use deterministic rep-
resentations of the disturbances. In particular, the most likely value (e.g., mean forecast
obtained from autoregressive models) is used to compute control actions. The uncertainty
associated with forecast errors is thus ignored during the computation of the control ac-
tion and, instead, errors are counteracted through feedback. This deterministic approach
is intuitive and works well in practice but might lead to cost degradation and failure to
satisfy constraints (Magni and Scattolini, 2007; Limon et al., 2010). These issues are often
overlooked in the MPC literature because benchmarking procedures often fail to system-
atically account for the effect of uncertainty (e.g., perfect forecasts are often assumed).

Uncertainty can be explicitly captured in the controller formulations such as stochas-
tic MPC and robust MPC formulations (Kerrigan, 2001; Bernardini and Bemporad, 2009;
Lucia et al., 2014; de la Penad et al., 2005; Mesbah, 2016). Robust MPC seeks to find op-
timal control actions to counteract extreme scenarios, whereas stochastic MPC seeks to
determine the optimal actions by taking into consideration the probability of all possible
occurrences. In a general multi-stage stochastic MPC, one assumes that uncertainty reveals
progressively over time (at every stage) and this effect is modeled in the form of a scenario
tree. This approach is intuitive as it captures how recourse would be implemented in an
ideal setting but the scenario tree grows exponentially with the length of the prediction
horizon (Lucia et al., 2014). The computational intractability of multi-stage MPC is often
handled by using a two-stage approximation. Here, it is assumed that all uncertainty re-
veals after the first time stage and thus recourse is simplified. Some other alternatives for
representing recourse include affine decision rules but these approaches tend to decrease
flexibility (Farina et al., 2016; Paulson et al., 2017). In this work, we focus on a scenario-
based two-stage stochastic MPC for HVAC central plants because we must consider long
planning horizons.

In the context of energy systems, it has been recently reported that stochastic MPC can
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systematically mitigate constraint violations and improve economic performance (Kumar
et al., 2019a, 2018c). The benefits of stochastic MPC have also been widely reported in the
context of building climate (airside) control (Oldewurtel et al., 2013; Zhang et al., 2013; Ma
and Borrelli, 2012; Drgona et al., 2013) and energy management (Nghiem and Jones, 2017;
Garifi et al., 2018; Ferrarini et al., 2014; Ma, 2012; Ma et al., 2014). We highlight that these
studies have focused on the building (airside); to the best of our knowledge, stochastic
MPC formulations for HVAC central plants have not been reported.

In this work, we present a computational framework for stochastic MPC for HVAC
central plants. Our framework addresses HVAC plants for university campuses and seeks
to assess the benefits of stochastic MPC over deterministic MPC. The framework uses real
disturbance data to conduct forecasting and uncertainty quantification of disturbances.
Our benchmarking procedure uses extensive closed-loop simulations under myriad real-
izations of disturbances in order to properly account for the effect of uncertainty in con-
troller performance. Results indicate that deterministic MPC leads to violations of stor-
age capacity constraints (overflow or drying up) of the hot and chilled water tanks and
that stochastic MPC mitigates this issue. We find that storage capacity violations can be
partially mitigated in deterministic MPC by adding buffer (back-off) terms but also that
stochastic MPC consistently outperforms deterministic MPC in terms of cost. Specifically,
we show that stochastic MPC achieves savings in the total cost of up to 7.52%. When these
savings are disaggregated, we find consistent reductions in electricity cost (of 6.89%), in
peak demand charges (of 29.8%), in natural gas cost (of 8.57%). We also find that stochastic
MPC achieves significant reductions in natural gas usage and thus provides an effective

approach to manipulate both electricity and natural gas demand profiles.

4.2 Computational Framework

In this section, we describe the computational framework used in our studies. We de-

scribe the decision-making setting, physical dynamic model, and disturbance forecast-
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ing, and uncertainty quantification procedures. The framework incorporates determin-
istic, stochastic, and perfect information MPC formulations. The nomenclature used in

this chapter is provided in Section A.2 of Appendix A.

4.2.1 Decision-Making Setting

The central HVAC plant for a typical university campus needs to produce chilled water
and hot water in order to meet the time-varying loads (demands) from all buildings. The
HVAC plant that we consider in this work consists of a chiller subplant that produces
chilled water and a heat recovery (HR) chiller subplant that produces both chilled water
and hot water, a hot water generator to produce hot water, cooling towers to reduce the
temperature of the water purchased from the market, a dump heat exchanger (dump HX)
for rejecting heat from the hot water, and storage tanks (one for chilled water and one for
hot water). The goal is to determine hourly operating strategies for all equipment units
so that the total cost of the external utilities that need to be purchased from the market
(electricity, water, and natural gas) is minimized. Water and natural gas are charged on a
total demand basis (at time-constant price) while total electricity is charged based on time-
varying prices and the monthly peak electrical load is charged based on demand charges.

The various cost components faced by the central plant are:

e Electricity transactions (hourly): The central plant purchases electricity required by
the equipment for their operation. The transactions are charged at the time-varying

market price, 7t{.

o Water transactions (hourly): The central plant needs to purchase water to make up for
evaporative losses of water in the cooling towers. Water is purchased from the utility

at a fixed price of 7r}’= $0.009/gal.

e Natural gas transactions (hourly): The central plant needs to purchase natural gas to
run the hot water generator to satisfy the campus heating load. Natural gas is avail-

able from the utility at a fixed price of 7;¥= $0.018/kWh.
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o Peak electrical demand charges (monthly): The total electrical load (i.e., the central plant

and attached campus load) is charged for the peak demand incurred over a month

by the utility company (at a fixed demand charge price of 77°= $4.5/kW).
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Figure 4.1: Schematic representation of central HVAC plant under study.

The HVAC central plant considered in this work is illustrated in Figure 4.1. This shows

the energy flows between all the units and interactions with campus loads and utilities.

The chiller subplant, HR chiller subplant, hot water generator, and cooling towers con-

sume electricity in their operation. The cooling towers also consume utility water to make

up for evaporative losses. The hot water generator is the only unit that consumes nat-
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ural gas. The electricity, water, and natural gas consumption of these units are tied to
their operating loads. The chiller subplant and HR chiller subplant consume «f; and aj_

kW of electricity per kW of chilled water produced, respectively; the hot water generator

8

wg KW of natural gas per kW hot water produced,

consumes aj, . kW of electricity and «;,
respectively; and the cooling towers consume «f;, kW of electricity and af; utility water per
kW of condenser water input, respectively.

The chilled water load (L{®) of the campus is met by the chilled water production from
chiller subplant (P ), the HR chiller subplant (Py,. ), and the discharge from chilled water
storage (Pcy,t). The hot water load of the campus is met by hot water production from the
HR chiller subplant ((erCPhrclt), the hot water generator (Pjyq;), and the discharge from
the hot water storage (Pyy,;). The dump heat exchanger (HX) recycles excess hot water
(Pny) in the system by cooling it and producing condenser water which, together with
the condenser water produced by the chiller subplant and HR chiller subplant, is cooled
further by the cooling towers (total Py ; condenser water is cooled by the towers). The
manipulated variables for the system are the operating loads of all units, which include
the chilled water production by the chiller and HR chiller subplants, hot water production
by the hot water generator, discharge rates from the two storage tanks, the cooling load of
the cooling towers and the heat exchange load of the dump HX.

The HVAC plant operations are driven by uncertain and time-varying disturbances,
which are given by the campus loads for electricity (Lf), chilled water (L{"), and hot water
(L), and by the electricity prices (7r¢). The goal of the control (management) system of the
plant is to determine operating loads for all units and storage levels to meet campus loads
and to minimize the overall plant cost. Section A.2 of Appendix A provides a detailed

description of all the variables and quantities involved.
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4.2.2 Forecasting and Uncertainty Quantification

The proposed MPC formulations solve discrete-time optimal control problems at every
time t € Z,. These problems use a forecast (prediction) horizon of length N and denoted
by theset 7 := {t,t+1,t+2,...,t+ N —1}. Here, index f corresponds to the time instant
t - h, where h is the sampling time (assumed to be one hour). We implement zero-order
hold for all quantities (these are held constant over the time interval [(t — 1) - i, t - h]). We
implement the MPC schemes under a receding-horizon framework (updated every sam-
pling instant) over a simulation horizon of one year (denoted by the set J := {0,...,Y}).
The control actions are the equipment operating loads while the states are the stor-
age levels and other carryover quantities (e.g., peak demand). The decision to determine
the operating loads is complicated by the fact that the time-varying electricity prices 7ty
and the campus electrical load, chilled water load, and hot water load exhibit uncertainty.
The loads are denoted as L; = (L¢, L%, LI""). These disturbances are modeled as random
variables with realizations indexed by ¢. At time ¢, a realization of the disturbances over
a forecast horizon 7 is denoted as L7(¢), m5-(&). The forecast trajectory used in deter-
ministic MPC is a specific realization (usually the one with the highest probability) and is
denoted as .7 and 7t&-. To enable compact representation, we encapsulate all disturbances
in the random vector d := (715, L7). We denote a realization of the disturbance d7 vector
as d7(¢) and we denote the entire set of disturbance realizations using the notation d(Z).
We assume that the campus electrical load, chilled water load, hot water load, and
electricity prices are Gaussian (normal) variables of the form Ly ~ N(L, xL), and
5 ~ N (75, X% ). Time correlations in these disturbances are captured by the covariance
matrices. Gaussian uncertainty descriptions are standard in autoregressive models and we
have found them to provide satisfactory results in our studies. The mean and covariance
matrices are updated using a receding-horizon scheme based on historical and real-time
data (as it becomes available). We denote the observed (actual) disturbance history of H

hours at time t as dy, where H := {t — H,t —H+1,...,t —1}.
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In our implementation, the mean and covariance matrices for L7 and 715 are obtained

using autoregressive (AR) models. Specifically, we use time series models of the form:

9
L = Z ¢FLy_j+cl + el (4.2.1a)
k=1
q
=) i+ + €, (4.2.1b)
k=1

where g is the order of the model; ¢F, ¢f, c and c¢ are coefficients that are learned (esti-
mated) from historical data; and €} and €¢ are white noise sequences. The mean forecasts
L+ and 7% (the most likely realizations for Gaussian variables) are obtained by using the
maximum likelihood estimates of the coefficients. Maximum likelihood procedures also
provide estimates of the covariance matrices 5 and ¥4 Explicit techniques for perform-
ing maximum likelihood estimation are provided in Box et al. (2015). In this work, we use
standard procedures provided in the R software package. We highlight that, in this work,
we only consider measured disturbances and states. Consequently, no state estimation

procedure is needed.

4.2.3 Deterministic MPC

The deterministic MPC controller uses the mean disturbance forecast d; to find the control
policy. This policy minimizes the total cost that is forecast over the prediction horizon 7.
This is done by solving an optimization problem at time t € V. If the prediction horizon
T at time t spans a month, the following optimization problem is solved (with the initial
conditions provided by the already known current state values at time ¢, E;;, ulj,0l;;,j €

{cw, hw} and Ry):

D
. g T
min Y Y A+ —Rua+ Y, Y. piluljx+ol). (4.2.2a)
k€T j={ewmng} ot keT je{cwhw}
st ¥ = Yy aPi+Li, ke T (4.2.2b)

je€{cs,hre,hwg,ct}
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k = oc] Pk, je{w,ngt,keT, iy = ct, iy = hwg (4.2.2¢)
Py =al™P i+ Py, k€T (4.2.2d)
Pesic + Pureje + Pewje + St — S0 = Li¥, ke T (4.2.2¢)
0 Puree + Phawg e — Phje + Phooge + St — Si e = L, k€ T (4.2.2f)
Eik41 =Ejx — Py, j € {cw, hw}, k€ T (4.2.2g)
uljjir = uljp — ka, m € {un,ov},j € {cw, hw}, ke T (4.2.2h)
oljxi1 = oljx — Sjy, m € {un,ov},j € {cw, hw}, k€ T (4.2.2i)
Rip1 > 7% (4.2.2))
Ris1 > Ry (4.2.2K)
Eiy <Ejx < Eix j € {cw hw}, ke T (4.2.21)
P < Py < P;, j € {cs, hrc,hwg, ct, hx,cw, hw}, k € T (4.2.2m)

ik =20, me {un,o0},j € {cw, hw}, k€T (4.2.2n)
ulipy >0, j € {cw, hw}, ke T (4.2.20)
olixy >0, j€ {cw, hw}, ke T (4.2.2p)

The constraints (4.2.2b)-(4.2.2c) compute the demands of electricity, water, and nat-
ural gas (r¢,7,7,%) that need to be purchased from the utility companies. Constraints
(4.2.2d)-(4.2.2f) impose the energy balance for the condenser water. Constraints (4.2.2¢)
and (4.2.2f) are used to ensure that the chilled and hot water loads are met. Slack variables
S]mk, m € {un,ov},j € {cw,hw} are added in order to maintain feasibility in case of un-
met (under-production) or overmet (over-production) of chilled water or hot water. The
amounts of under-production or over-production of chilled and hot water are carried over
using the state variables ul;x and ol;x, j € {cw,hw}. These amounts are computed using
constraints (4.2.2h) and (4.2.2i). The unmet and overmet load state variables are penalized

in the objective function by using the factors p;, j € {cw, hw}.

The constraints (4.2.2g) describe the dynamics of the state of charge (SOC) for chilled
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and hot water TES. Constraint (4.2.2j) ensures that R;,; is the peak residual electricity
demand over the horizon 7. The parameter R; is the carryover peak demand (the largest
demand seen so far in the month). The peak residual demand is also considered a state
of the system and is updated as R;11 = max{R,r4+1({)}. Constraints (4.2.21)-(4.2.2p)
provide bounds on the controls and states. The lower bounds for the operating loads of all
units are zero except for the chilled water and hot water storage units (i.e., P; = O for j €
{cs, hrc, hwg, ct, hx}). For the storage units, the lower bounds of discharge rates correspond
to the maximum charging rates, which are negative of the maximum discharging rates (i.e,
b= —Pj,j € {cw,hw}). The demand charge is weighted by a time-varying discounting
factor 03 := min{(t,, —t)/N, 1} (where t,, denotes the last hour of the month m). The
discounting factor o; is used to adjust the demand charge because the prediction horizon
N of the MPC formulation is shorter than a month (the period for which the peak electrical
demand is charged). Also, it is desired to avoid the occurrence of a peak demand closer
to the end of the month. Consequently, the time-varying factor o; = min{(t,, —t)/N,1}
is defined such that the demand charge is penalized higher when the current time reaches
closer to the end of the month than that at the beginning of the month.

An important consideration in benchmarking of the performance of deterministic MPC
is that the associated control policy might give rise to constraint violations in the storage
levels (when the policy faces actual realizations of loads are observed in the time period
(t,t +1)). This is because the control policy only satisfies constraints under the mean
forecast. To avoid such constraint violations, the bounds on the chilled and hot water TES
in constraints (4.2.21) are modified to include a buffer capacity (a back-off term). A buffer
value B € [0,1] forces the storage capacity of chilled and hot water to vary between a
fraction B and (1-f) of the maximum capacity (a value of B = 0 gives a standard MPC
formulation). Such back-off terms are used to tune constraint violations under uncertain
disturbances in applications of control and scheduling (Grosso et al., 2014; Koller et al.,
2018; Kumar et al., 2018c). The buffer is updated after every sampling time in order to

prevent the controller from being overly conservative. Specifically, when disturbances
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push the system outside of the standard constraints, the bounds are adjusted until the
optimizer restores feasibility (the following discussion provides more details).

Another important consideration when benchmarking performance is that the demand
charge is accounted for based on the peak demand carried over at the end of the month.
Consequently, the peak demand needs to be reset at the beginning of each month. To im-
plement this over the simulation horizon ), we introduce the set ) of ending time indices
for all months. Index t,, € Tpr denotes the last hour of the month m. If the prediction hori-
zon T at the current time t spans two months (i.e.,, t < t,, and t + N —1 > t, for some
tm € Tm), then the optimization problem at time ¢ will consider peak demand variables
Rit+1 and Ry 441 for the two months spanned. If at time ¢ in the simulation, ¢ < t,, and

t+ N —1 > t, for some t,, € Ty, we modify constraints (4.2.2j) and (4.2.2k) as follows:

Rl,t+1 > T’i, k=t+1,t+2,...,ty (4.2.3a)
Ropar =7, k=t + 1t +2,... t+N—1 (4.2.3b)
Riss1 > Ry, i =1,2. (4.2.30)

where Ry = 0 for t = t,,. The objective function (4.2.2a) is also modified to include the

demand charges as:

‘ .2 D

min Z 2 Tl'il’;( + Z —Rit1+ Z Z p]-(ulj,k + Olj/k). (4.2.4)
keT j={ewng} i1 Ut keT je{cwhw}

Whent > t,, +1and t < t, + 2, the optimization formulation (4.2.2a)-(4.2.2n) is solved

(with Ry = Ry, ) because the prediction horizon spans only a single month (m + 1).

We denote the optimization problem solved in deterministic MPC at time t as
Pd”(xt, dAT) Here, the input arguments are the current state, control information, and
disturbance forecast needed to solve the problem. We define the control action generated
from the solution of the problem as u; = (Pj,t/ j € {cs, hrc,hwg, ct, hx,cw,hw}) and the

predicted states as x¢11 = (Ejzi1,uljei1,0l41,Re1,j € {cw, hw}) (obtained assuming
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forecast d;1). The control action u; is implemented in the system but the actual distur-
bance realized d; 1 (&) will tend to deviate from the forecast dAtH. As a result, the state at
time t 4- 1 will differ from that predicted by the MPC controller. To account for the error in
the prediction, the horizon is shifted forward to update the disturbance forecast using the
new data history.

After obtaining the solution of Pd"t(xt,d}), during the zero-order hold step (inter-
optimization period), the current time decisions, u;, for all units are held constant between
(t,t +1). During this inter-optimization period, the loads in real time can be varying, and
the load balance constraints (4.2.2¢c) (production equal to consumption) will not hold. The
loads will be balanced by charging or discharging the storage tanks as required in real
time. Because the actual discharge does not exactly follow the discharge predicted by the
optimization, the states will be at a different level than that predicted by the model at the
end of zero-order hold. The amount of the difference is equal to the integrated difference
between the constant discharge rate assumed by the optimization model and the actual
time-varying discharge rate resulting from load following. We propose to model this inte-
grated difference between the predicted discharge rate and the actual discharge rate by a
normal random variable that is added to the predicted energy levels of the TES to simulate
an actual energy level in the TES prior to solving the optimization problem on the next
time step. The random variable is given by v;; = N (—0.5(L£ 1 L{),O.ZSUJZIWJ at sz,int),
j € {cw, hw}, where ‘7]'2,err,t is the variance of load prediction error for t 41 and ‘7]'2,int is
the variance of integrated load for one-hour periods (obtained from historical data). The
mean of the random variable v;; is negative if the load rises in real time during the zero-
order hold as the discharge from the TES will increase to make up for the higher load, and
similarly, the mean of v;; is positive if the load falls during the zero-order hold.

We summarize the receding-horizon scheme for deterministic MPC as:

1. START at t = 0 with the given E;, and, uljg = 0,0l;o = 0 for j € {cw, hw}, Ry = 0.
SetE;o = BEj, Ejo = (1 — B)Ej, j € {cw, hw}. REPEAT for t €
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2. Use disturbance history d to obtain forecast d.

3. Solve Pdet(xt, d}) to obtain decisions u; = (P, j € {cs, hrc, hwg, ct, hx, cw, hw}).
4. Implement controls u; over (t,t+1).

5. Update storage states to actual states as Ej; 1 = Ej; — Pj; +vj,j € {cw, hw}.

6. Obtain the actual realized storage states by subtracting any unmet load from storage

states obtained in the previous step: E;; 11 = Ej ;11— uljiy1,j € {cw, hw}.

7. Update the unmet and overmet load states to ulj;1,0li111,j € cw, hw from Eq.

(4.2.2h) and (4.2.2i).

8. Modify the bounds on E; for j € {cw, hw} in constraints (4.2.21) as follows:
If BE; < Ejy1 < (1 —B)Ej, setEj;yq = BEj, Ejry1 = (1 - B)E;.
If (1 - B)E; < Ejre1 < Ej, setEyyoy = BEj, Ejror = Ejesn.
If0 < Ejpp1 < BEj set Eyyyq = Ejpsr, Ejyr = (1— )E;.
IfEj;11 > Ejset Ej1 = Ej, Ejq= BEj, Ej;+1 = Ej, and update 0lj1 = oljj1 +
(Ejt+1— Ej).
If Ejjr1 < 0,set Ejpp1 = 0,Ej; 1y =0, Ejt+1 = (1 — B)Ej, and update uljjq =

ulixi1 — Ejpia-

9. If the current prediction horizon 7 spans a single month, update the carryover de-
mand charge R;y1 = max{R;,7{}, else update as R;;1 = (max{Ry,r{ ;},0) with
r{, 1 being the actual realized residual electrical demand calculated from Eq. (4.2.2b)

using actual realized electrical load L{ ().

10. Sett <t + 1. If t = M, STOP, otherwise RETURN to Step 2.
In this scheme, the actual realized disturbances are obtained from a set of validation

scenarios =. These scenarios are generated from actual disturbance data (not from the

forecast). The performance of the MPC controller thus depends on the selection of the re-



alized disturbances and is thus random. We run the scheme for the entire set of validation

samples to obtain probability distributions for diverse performance metrics such as cost.

4.2.4 Stochastic MPC

In stochastic MPC, uncertainty representations for disturbances are directly captured
in the optimization formulation by using multiple realizations (scenarios) d7(¢), ¢ €
E, where Z is a set of sample scenarios. The control decisions u; = (Pj;,j €
{cs, hrc, hwg, ct, hx, cw, hw}) for the next immediate hour (t+1) are here-and-now (com-
mitment) decisions that need to be made prior to observing uncertainty. The controls
ur(¢) = (Pix(%),j € {cs, hrc,hwg,ct, hx,cw, hw}) at subsequent times k € T \ {t} are
modeled as wait-and-see (recourse) variables that can be corrected when the actual dis-
turbance realization is observed. The stochastic MPC problem is thus formulated as a
two-stage problem.

The residual and peak demands are also recourse decisions that are expressed as r7(¢)
and maxye7 1¢(¢). The SOC of the chilled water and hot water TES at time t + 1 only
depend on the previous storage E;; and discharge rates P;;, j € {cw, hw}. Consequently,
Ejt11,] € {cw, hw} are also here-and-now variables. The rest of the trajectories E; (&), ] €
{cw, hw} fork € T \ {t,t + 1} are recourse variables because the corresponding P;x(¢), j €
{cw, hw} are recourse variables for k € T \ {t}.

We use P (x,d7(2)) to denote the optimization problem solved in stochastic MPC
at time t. The variables and constraints of the formulation are the same as those of the
deterministic counterpart but are replicated for the set of realizations ¢ € Z. We use non-
anticipativity constraints to enforce the fact that the control actions u; are here-and-now
(commitment) decisions that need to be implemented in the system.

In the proposed stochastic MPC formulation, we solve a stochastic program at time
t € Y to minimize the expected total forecast cost of the system and satisfy the constraints

under all scenarios over the prediction horizon 7. If the prediction horizon 7 at time ¢
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spans a single month, the following problem is solved with the initial conditions provided

by the already known current state values at time t, E;;, ul;,0l;4,j € {cw, hw} and Ry:

minE |y Y ﬁ£<a>r£<c>+7§fzzt+l<¢>+2 Y pi(ulik(§) + 0lix(€))

keT j={ewmng} keT je{cw,hw}

(4.2.5a)

st. (&) = Y wP(8) +Li(5), ke T, €& (4.2.5b)
je{cs,hre,hwg,ct}

r{;(é) = txijij/k(C), j € {w,ng}, k€ T,i c Ewhereiy = ct,ing = hwg  (4.2.50)

Pct,k(g) = ch(s)ndpcs,k(g) + Phx,k(g)/ ke 7-/(: S E (425d)
Pcs,k(‘:) + Phrc,k(g) + Pcw,k(g) + S?Z,k(g) - gfv,k(é) = tlc{w(éf)’ k€ TIC S
(4.2.5¢e)

“ZrcphrC,k(é) + Phwg,k(g) - Phx,k(g) + Phw,k((?) + S%Z},k(é) - Szgu,k(g) = tzw(é)/
keT, ek (4.2.5f)

Eix+1(8) = Ejx — Pi(8), j € {cw, hw}, ke T, € & (4.2.5g)

uljri1(8) = uljx — Sj3(¢), m € {un,00},j € {cw, hw}, k€ T,{ € & (4.2.5h)

olij1(8) = oljx — S?fk((;‘), m € {un,ov},j € {cw,hw}, ke T, €E (4.2.51)

Ri1(8) 2 14(8), C€E (4.2.5))
Rip1(€) >R, E€E (4.2.5K)
Eix <Eix(§) <Ejx, jE€{cw hw}, ke T,i €& (4.2.51)
P < Pii(§) < P;, j € {cs, hrc,hwg, ct, hx,cw, hw}, k€ T,5 € & (4.2.5m)

7(6) >0, m € {un,00},j € {cw, hw}, ke T, € & (4.2.5n)
ulj(¢) >0, j € {cw,hw}, ke T, €& (4.2.50)
olix(&) >0, j € {cw, hw}, ke T, €& (4.2.5p)
Py (&) = Piy(&'), j € {cs, hre, hwg, ct, hx,cw, hw}, ¢ # &', € & (4.2.5q)

The expected value [E[-] is defined over the set of scenarios Z. We implement the



same approach as described for deterministic MPC for resetting the peak electrical de-
mand charge at the beginning of each month, and for updating the bounds on the chilled
water and hot water TES in every step of the MPC simulation. For consistency, here we
present a stochastic MPC formulation that also accounts for a storage buffer B. In Section
4.3, we will see that stochastic MPC with no buffer (§ = 0) can outperform deterministic
MPC and significantly reduce constraint violations. This is because the controller naturally
backs-off from the constraints when multiple disturbance realizations are accounted for.

We summarize the stochastic MPC scheme as:

1. START at t = 0 with the given E;o, and, uljg = 0,0l;0 = 0 for j € {cw, hw}, Ry = 0.
SetE;o = BEj, Ejo = (1— B)Ej, j € {cw, hw}. REPEAT for t €

2. Use disturbance history dy, to obtain forecast d(Z).
3. Solve P (x;,d7(E)) to obtain decisions u; = (Pjt, ] € {cs, hre, hwg, ct, hx, cw, hw}).
4. Implement the decisions, u; over (t,t +1).

5. Update the storage states to the actual states as E;; 1 = Ej; — Pj; +vj4,j € {cw, hw},

where v; ; is the random variable as defined in Section 4.2.3.

6. Obtain the actual realized storage states by subtracting any unmet load from storage

states obtained in the previous step: Ej1 = Ejt11 —ulj1i1,] € {cw, hw}.

7. Update the unmet and overmet load states to ulj;,1,0lj¢1,j € {cw,hw} from Eq.

(4.2.5h) and (4.2.51).

8. Modify the bounds on E;  for j € {cw, hw} in constraints (4.2.5) as follows:
If ﬁfj <Ej1 < (1- ,B)Ej, setEj, .1 = ,BEj, Ej,tJrl =(1- ,B)Ej.
If (1—B)Ej < Ejss1 < Ej setEj g = BEj, Ejri1 = Ejipa-
f0<Ejn < ,BE]‘, setE; ;1 = Ejit1, Ej,t+1 = (1- ﬁ)E]"
IfEjsy1 > Ej, set Ejy.1 = Ej, E; 11 = BEj, Ej141 = Ej, and update olj; 1 = oljq +

£j
(Ejr41 — Ej).
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If Ej,t+1 S 0, set E]',t+1 = 0, Ej,t+1 = 0, E]"t+1 = (1 — ‘B)E], and update ulj/k_H =

ulixi1 — Ejpia-

9. If the current prediction horizon 7 spans a single month, update the carryover de-
mand charge R;11 = max{R;,7{}, else update as Ry;1 = (max{Ry,7{ ;},0) with
r{, 1 being the actual realized residual electrical demand calculated from Eq. (4.2.5b)

using actual realized electrical load L{ ().

10. Sett <t + 1. If t = M STOP, otherwise RETURN to Step 2.

In this scheme, the actual realized disturbances are obtained from the set of valida-
tion samples Z. Importantly, these validation samples differ from the realizations used
in the MPC controller formulation Z. By running the stochastic MPC scheme for all val-
idation samples, we can compute probability distributions for performance metrics that

are compared with those from deterministic MPC. This systematic procedure ensures fair

comparisons between different MPC implementations.

4.2.5 Perfect Information MPC

We also consider a perfect information MPC implementation to evaluate the ideal perfor-
mance of MPC. Under perfect information MPC, we compute commitment policies u;(¢)
at every time ¢t for every realization ¢ € E of the loads and prices. These policies can be
computed by removing the non-anticipativity constraints (4.2.5q) from the stochastic MPC
formulation (4.2.5) and replacing the disturbance forecast model with the true disturbance

signals corresponding to each realization d(¢), and implementing the same scheme as the

stochastic MPC run over a year period ) (Kumar et al., 2018c).

4.2.6 Handling Constraint Violations

The deterministic MPC controller can violate the constraints during the transition (¢, + 1)

if the forecasts are poor or if the scenarios used. The stochastic MPC formulation can also
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incur violations if the scenarios used do not capture the actual realizations. To capture
this issue in our closed-loop simulations, an auxiliary MPC controller is used to correct
the control actions and restore feasibility. At time ¢, this controller solves the feasibility

restoration problem:

rﬁ/n Z |AP;] (4.2.6a)
j€{es,hre,hwg,cthx,cwhw} J

s.t. Ej,t+1 =Ljt— P]',t +AP;, j € {cw, I’lZU} (4.2.6b)

Y (P +APy) =L (4.2.6¢)

je{eshrccw}

Z (Pj,t + Apj) =+ “Zrc (Phrc,t + APhrc) - Phx,t - Aphx = Lizw (4-2-6d)

je{hwg,hw}
0 <Ej1 < Ej j € {cw hw} (4.2.6e)
P < P+ AP < P;, j € {cs, hrc, hwg, ct, hx, cw, hw}. (4.2.6f)

This formulation uses the actual realizations for the chilled water and hot water
loads over the time interval (f,¢ + 1). The feasibility restoration problem seeks to find
a net rate correction APj, j € {cs, hre, hwg, ct, hx, cw, hw} that satisfies the storage con-
straints. If the auxiliary controller fails to remain feasible even after solving the restora-
tion problem, we assume that no action is taken. In other words, we set P;; = 0 for
j € {cs, hrc, hwg, ct, hx, cw, hw} and correct the states Ej ;1 for j € {cw, hw} and Ry, ac-
cordingly. This leads to loss of performance because there is a failure to meet the campus

loads during time (¢, + 1).

4.2.7 Benchmarking Procedure

We extend the benchmarking procedure given in Kumar et al. (2019a) for battery man-

agement systems. To distinguish the policies obtained from the three MPC schemes, we

denote the policies obtained from the deterministic MPC as u# and (&) = (r{’dd, j €

j.sto

{e,w,ng}), those from stochastic MPC scheme as u$" and (&) = (r/"",j € {e,w,ng}),

98



and those from perfect information MPC as uferf (&) and r} rf (¢) = (r{’p “f j € {e,w,ng})
(corresponding to each realization ¢).

Each realization in the validation set & generates an annual cost for the MPC con-
trollers. The annual cost under stochastic MPC for a given realization ¢ € Z and under

a given closed-loop policy uq, 7 A is given by:

. . 12
@)=Y Y @@+ Y AP max r7(E). (4.2.7)
tEyj:{elw,ng} m=1 te{l rrrrr tm}

The annual cost for deterministic MPC is denoted as ®“ (&) and is defined as in (4.2.7)
(but with its corresponding closed-loop policy 1% and r#(Z) = (/™ € {e,w,ng})).

The annual cost for perfect information MPC is:

orf(@) =Y Y A@r @)+ 122; 7P max P (g). (4.2.8)
IS i (bmng) = e Lt}
The costs for the different validation realizations are used to create empirical probability
distributions and cumulative probability distributions for diverse quantities of interest and
to compute statistics such as expected costs E[®%*(Z)], E[®**°(Z)], and E[®F*f (E)].

Of particular interest in our benchmark studies is a metric that we call the expected
cost of the HVAC central plant. To compute this value, we evaluate the total cost under
the assumption that there is no HVAC central plant serving the campus. For a particular
validation realization ¢ € E, this cost is denoted as ®"°°F(¢). The ideal expected cost of the
central plant is defined as CCPP*"f (¢) := ®P'f (&) — ®"P(&). The cost of the central plant
under stochastic MPC is CCP*"°(&) := ®%°(&) — ®"°°?(¢) and under deterministic MPC is
CCP (&) := @iet (&) — d"0P (). As in the case of cost, the realizations are used to obtain
probability distributions and to compute statistics such as E[CCPP*f(Z)], E[CCP*" (&)],
and [E[CCP%!(Z)]. The cost of the central plant is a metric that reflects losses/gains in
asset value due to the use of better control policies (it isolates the effect of the control from

that of the equipment). We also consider the value of the stochastic MPC, which is defined
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as VSMPC(&) := CCP¥ (&) — CCP**(&), and the expected value of stochastic MPC as
E[VSMPC(Z)].

4.3 Benchmark Results

We now present closed-loop simulation results for deterministic, stochastic, and perfect
information MPC for an entire year of operation. The controllers use a prediction horizon
of 168 hours (seven days), which is chosen based on the observation that the data for the
loads and electricity prices exhibit weekly periodicity (e.g., high load on weekdays and
low load on weekends). In other words, a horizon of seven days captures periodic effects
(Kumar et al., 2018c). The stochastic MPC problem contains 100 forecast scenarios and a to-
tal of 168,450 variables and 143,750 constraints (the realizations are obtained using Monte
Carlo sampling). A total of 200 closed-loop year-long runs were performed for each MPC
implementation (using the same validation scenarios). The number of forecast and valida-
tion scenarios are chosen considering a trade-off between performance and computational
cost. Specifically, using a few scenarios leads to fast computations but the full uncertainty
space is not well represented and this limits the benefits of stochastic MPC. Having a larger
number of scenarios increases the computational time but the controller performance im-
proves. Hence, we use a heuristic-based approach to chose a suitable number of forecast
and validation scenarios to benchmark stochastic MPC. The simulations were run on a
32-core machine with Ubuntu 14.04, Intel Xeon 2.30 GHz processors, and 188 GB RAM.
The schemes are implemented in Julia and leverage the algebraic modeling capabilities
of JuMP (Dunning et al., 2017). The optimization problems are solved in extensive form
using Gurobi 8.1.

We use time series forecasting procedures provided in the R software package. Specif-
ically, we use the ar function in R to estimate the coefficients of the AR model of order g
with the settings as aic=false, order=g, and method="o0ls" (ordinary least-squares).

The forecasts are obtained using the forecast function with a prediction horizon of N,
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and covariance matrices for the forecasts are obtained using var.pred function. With
this information, we generate a set of disturbance realizations = by sampling from the
corresponding estimated probability density functions. Forecasts and scenarios for the
electrical load, chilled water load, hot water load, and the electricity price are obtained
using a 4 =168 order AR model that predicts the loads over a horizon of N =168 hours.
The parameters of the AR models are estimated by using a data history of 184 days (i.e., 6
months) at every time step in the closed-loop of MPC. We highlight that an order g = 168
is important to preserve the strong weekly periodicity of the data in the AR prediction
model. If an AR model of order less than 168 is used, the 1-week long forecast from this
model is unable to properly capture the weekly periodicity (e.g. weekdays and weekends)
of the data and results in high prediction errors (e.g., such a model has high prediction
errors during weekends if order g = 96, equivalent to 4 days, is used).

Each MPC problem instance takes, on average, about one second to solve for deter-
ministic MPC and about 6-7 seconds to solve for stochastic MPC. Despite these fast solu-
tions, we note that year-long closed-loop simulations required approximately 2 hours for
deterministic MPC and 10 hours for stochastic MPC. These computational times comprise
forecasting, optimization solution, and feasibility checks. These computational times are
serial but can be partially parallelized (this is left as a topic of future work since the com-

putational workflows involved are complex).

4.3.1 Forecasting of Loads and Electricity Prices

Figures 4.2-4.4 show historical data for the campus electrical load, hot water load, and
chilled water load for the entire year. Figure 4.5 shows historical electricity prices for the
same period. The vertical red lines represent monthly periods.

A single instance for the 1-week forecasts for electrical load, cold water load, hot water
load, and electricity price is shown in Figures 4.6, 4.7, 4.8, and 4.9, respectively. The mean

forecasts are represented by the dark bold curves and the 99% confidence intervals are
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Figure 4.2: Historical electrical load of the campus. Red vertical lines denote end of each
month.
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Figure 4.3: Historical hot water load of the campus. Red vertical lines denote end of each
month.
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Figure 4.5: Historical electricity price data. Red vertical lines denote end of each month.
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shown in grey color. Sample scenarios are shown as light black curves. From these results,
we see that the AR models can capture the trends of the disturbances but that significant
uncertainty exists. In particular, we notice that the magnitude of the confidence interval

(the range) rises sharply within the first few hours. As we show next, this will be a major

factor that drives constraint violations.
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Figure 4.6: A single instance of electrical load forecast for 1-week with AR model. Vertical
red line denotes the current time. In the top panel, dark bold curve represents mean fore-
cast, the grey band denotes 99% confidence interval and the light black curves within the
band represent a few sample scenarios. The bottom panel shows the trajectory of the 99%

confidence range with prediction time.
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Figure 4.7: A single instance of chilled water load forecast for 1-week with AR model.
Vertical red line denotes the current time. In the top panel, dark bold curve represents
mean forecast, the grey band denotes 99% confidence interval and the light black curves
within the band represent a few sample scenarios. The bottom panel shows the trajectory

of the 99% confidence range with prediction time.
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Figure 4.8: A single instance of hot water load forecast for 1-week with AR model. Vertical
red line denotes the current time. In the top panel, dark bold curve represents mean fore-
cast, the grey band denotes 99% confidence interval and the light black curves within the
band represent a few sample scenarios. The bottom panel shows the trajectory of the 99%

confidence range with prediction time.
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Figure 4.9: A single instance of electricity price forecast for 1-week with AR model. Ver-
tical red line denotes the current time. In the top panel, dark bold curve represents mean
forecast, the grey band denotes 99% confidence interval and the light black curves within
the band represent a few sample scenarios. The bottom panel shows the trajectory of the
99% confidence range with prediction time.

4.3.2 Closed-Loop Performance

We compare the closed-loop policies for deterministic and stochastic MPC. In these re-
sults, a storage buffer of B = 0 is used for stochastic MPC and a buffer of 10% (8 = 0.1) is
used for deterministic MPC. Figure 4.10 provides a snapshot for a given validation sce-
nario for deterministic MPC. Here, we note that the controller uses the storage buffer
fairly frequently to counteract uncertainty in the disturbances. Figure 4.11 shows a snap-
shot for stochastic MPC under a given validation scenario. Here, we note that the con-
troller does not require an explicit buffer for storage, which results in better utilization of
the storage. An animation of the closed-loop performance of deterministic and stochas-
tic MPC can be found at https://github.com/zavalab/JuliaBox/tree/master/

HVAC_Plant (these help visualize the closed-loop dynamics).


https://github.com/zavalab/JuliaBox/tree/master/HVAC_Plant
https://github.com/zavalab/JuliaBox/tree/master/HVAC_Plant
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Figure 4.10: Closed-loop profile for deterministic MPC with g = 0.1. Black lines represent
forecasts and model predictions. Blue lines represent actual realizations. For the control
policies, red lines represent the actual implemented policy. For the state of charge, red
horizontal lines represent the storage buffer. For the residual electrical load, the green line
represents the running peak R;.
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Figure 4.11: Closed-loop profile for stochastic MPC with g = 0. The grey regions represent
uncertainty forecasts with black representing mean forecasts. Blue lines represent realized
observations or committed policies. For the control policies, red lines represent the actual
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4.3.3 Economic Performance and Constraint Violations

In Table 4.1 we compare utility usage of the campus together with the HVAC central plant
under the MPC implementations. We observe that the system would ideally (under per-
fect information) consume 264,800 MWh of electricity, 197,839 million gallons of water,
and 29,067 MWh of natural gas in the year. These numbers represent the best possible
performance under a finite horizon MPC and highlight the high resource use of these sys-
tems. The system under a deterministic MPC implementation has a higher consumption
for each of the utilities. This is expected because deterministic MPC faces forecast errors.

The stochastic MPC implementation reduces natural gas use of the deterministic counter-
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Table 4.1: Utility usage analysis for different MPC implementations.

E ted Utilit Campus With Central Plant
Xpe%e y Perfect Stochastic | Deterministic Savings by
Sage Information | B =0 B=01 | Stochastic MPC
Electricity 264,800 265,137 265,324 187
(MWh/year) (-0.2%) (-0.07%) (Base)
Water 197,839 199,593 201,520 1997

(MMgal/year) (-1.8%) (-0.96%) (Base) ¢
Natural Gas 29,067 30,315 33,155 » 840
(MWh/year) (-12.3%) (-8.57%) (Base) ’

part by a significant amount. Specifically, under stochastic MPC, we observe reductions
in natural gas use of 8.57% (2,840 MWh). These results highlight that stochastic MPC can
reduce the resource footprint by better handling of disturbances. Stochastic MPC achieves
modest reductions in electricity and water consumption of 0.07% (187 MWh) and 0.96%
(1,927 million gallons), respectively. We will see, however, that significant cost reductions

are achieved (due to the time-varying nature of electricity prices).

Table 4.2: Economic performance analysis for different MPC implementations (campus
with central plant).

Camopus Onl Campus With Central Plant
(N aCelr);:al Pla)r,1 H Perfect Stochastic | Deterministic Value of
© Information =0 g=01 Stochastic MPC
E"Pe“egilt“t““ty 9,764,251 11,370,066 | 11,422,586 | 11,545,022 122,436
($/year)
Expected Water Cost - 1,780,554 | 1,796,342 1,813,681 17,339
($/year)
Expected Natural Gas . 523,210 545,679 596,801 51,122
Cost
($/year)
Expected Demand 2,051,316 2273331 | 2,342,457 | 2,500,522 133,569
Charge
($/year)
E"P“CtﬁgtT"tal 11,815,567 16,047,162 | 16,107,064 | 16,456,027 348,963
($/year)
Cost of
Centeal Plant . 4,231,595 | 4,291,497 | 4,640,460 348,963
($/year)
Savings in - 9.66% 7.52% Base 7.52%
Central Plant Cost
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The economic performance of the MPC implementations is summarized in Table 4.2.
Here, we present the expected total cost and we disaggregate this cost in its different com-
ponents. The expected total cost of the campus (without the central plant) is 11,815,567
$/year and the expected total cost for the campus with the central plant (operated with
perfect information MPC) is 16,047,162 $/year. This indicates that the operation of the
HVAC central plant alone costs 4,231,595 $/year (this shows the large costs associated with
the plant). We factor out the cost of the central plant from the total cost because the MPC
controllers can only help reduce the central plant costs (the campus costs are exogenous).

From Table 4.2 we also see that the expected cost of the central plant is improved by
7.52% by using stochastic MPC (relative to deterministic MPC). The associated cost sav-
ings total 349,000 $/year. These savings represent 75% of the possible improvement over

deterministic MPC (obtained with perfect information MPC).

Table 4.3: Economic performance analysis for different MPC implementations (central
plant only).

Campus Onl Central Plant Only
(NoaCelr):tlral Pla}rllt) Perfect Stochastic | Deterministic Value of
Information =0 =01 Stochastic MPC
Expected Electricity 122,436
Cost 9,764,251 1,605,815 1,658,335 1,780,771 (6.88%)
($/year)
Expected Water Cost - 1,780,554 | 1,796,342 1,813,681 173 ‘?,9
($/year) (0.96%)
Expected Natural Gas 51,122
Cost - 523,210 545,679 596,801 (8.57%)
($/year)

Expected Demand 133,569
Charge 2,051,316 222,015 315,637 449,206 (29.8%)
($/year)

Cost of 348,963

Central Plant - 4,231,595 4,291,497 4,640,460 (7.52%)
($/year)

Savings in - 9.66% 7.52% Base 7.52%

Central Plant Cost

Table 4.3 disaggregates the costs of the central plant. Here, we observe that stochas-
tic MPC achieves an improvement of 29.8% in the demand charge cost over deterministic

MPC and achieves improvements in electricity cost of 6.88%, in natural gas cost of 8.57%,
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Figure 4.12: Probability and cumulative distributions for total cost of central plant.

and in water cost of 0.96%. We thus see that, even if reductions in electricity use are mod-
erate, reductions in cost are significant. We also note that reductions in natural gas use
and cost are both 8.57% (because the price of gas is not varying over time). The dramatic
reduction in demand charge costs indicates that disturbance uncertainty has a strong effect
on peak electricity load (we recall that disturbance uncertainty rises sharply over time).

The probability distribution and cumulative distribution for the costs of the HVAC
central plant and the peak demand charges are shown in Figures 4.12 and 4.13. From the
cumulative distributions, we observe that the probability of taking a smaller cost and a
smaller demand charge for the central plant is higher under stochastic MPC compared
to deterministic MPC. Similarly, the probability of obtaining a higher cost and a higher
demand charge for the central plant is much higher under deterministic MPC than under
stochastic MPC. This clearly illustrates that the performance of stochastic MPC consistently
dominates that of deterministic MPC.

We then evaluated constraint violations (in terms of storage overflow or drying up)
obtained with deterministic and stochastic MPC for all the validation scenarios. We recall

that the MPC controllers take no action when the control policy becomes infeasible. This
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Figure 4.13: Probability and cumulative distributions for demand charges.

can result in either overflow or drying up of the chilled water and hot water storage tanks,
and therefore can lead to loss of energy. Figure 4.14 shows how often infeasibility occurs
per 100 hours over the year for the 200 validation scenarios. The results highlight that
stochastic MPC without a storage buffer is more reliable at maintaining a feasible operation
than deterministic MPC with a 10% buffer.

In the above case study, we chose a buffer of 10% for deterministic MPC as this was
the best possible buffer value found. To see this, we examined the effect of using different
buffers on economic performance. Table 4.4 compares results for buffers of 0-20% for de-
terministic MPC. As can be seen, deterministic MPC performs poorly without any buffer
and results in a very high cost (compared to performance obtained with a buffer of 10%).
This is because a deterministic MPC implementation with 0% storage buffer tries to utilize
the full capacity of the TES in each optimization step but, after the actual realization of the
loads is observed, it has to adjust the control actions because of frequent constraint viola-
tions which in turn leads to higher demand charges. Increasing the buffer initially leads
to lower total cost for deterministic MPC because the controller is able to avoid infeasibil-

ity issues but eventually becomes detrimental because the fraction of the storage capacity
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Figure 4.14: Probability and cumulative distributions for constraint violations (per 100
hours).

available decreases (thus limiting flexibility). This inherent trade-off is shown in Table 4.4
and Figures 4.15. Here, it is clear that a buffer of 10% achieves the best cost. We note,
however, that even this best tuned cannot achieve the performance of stochastic MPC. In

other words, stochastic MPC consistently dominates deterministic MPC.

Table 4.4: Expected costs for deterministic MPC with varying buffers.

Item Deterministic | Deterministic | Deterministic | Deterministic | Deterministic | Deterministic | Deterministic
(=0 (=005 | (5=008) (B=01) (=013 | (p=015 (B=02
Tg;;;;‘:;t 17,583,658 17,050,005 16,558,117 16,456,027 16,604,521 17,212,421 17,950,255
Cost °f$(/:‘;‘;;‘31 Plant | 5 768,001 5,234,438 4,742,550 4,640,461 4,788,954 5,396,854 6,134,688
Improvement in o o o0 2910 ¢ 20 2590,
Cost of Central Plant -24.3% 12.8% 2.20% Base 3.21% 16.3% 32.2%
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Figure 4.15: Economic performance (cost of central plant) of deterministic MPC with vary-
ing buffers.

4.4 Conclusions

In this chapter, we presented a stochastic MPC framework for a central HVAC plant of
a typical university campus. We use the framework to rigorously assess the benefits of
stochastic MPC over deterministic MPC in terms of economic performance and constraint
violations. Our framework uses real historical data to conduct forecasting and uncertainty
quantification tasks. Our results show that stochastic MPC reduces overall energy con-
sumption and cost by better handling of storage and better integration of electricity, natu-
ral gas, and water. Specifically, we found that stochastic MPC can reduce the natural gas
cost by 8.57%, electricity cost by 6.89%, and peak demand charges by 29.8% (relative to de-
terministic MPC). We find that deterministic MPC leads to frequent constraint violations
in storage capacity (causing overflow or drying up) of the hot and chilled water tanks.
Stochastic MPC is able to avoid constraint violations because it anticipates the uncertainty

by explicitly incorporating it in the model.
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HIERARCHICAL MPC SCHEMES FOR PERIODIC SYSTEMS USING
STOCHASTIC PROGRAMMING

In this chapter, we design a hierarchical model predictive control (MPC) framework using
stochastic programming to handle long horizon (or infinite horizon) problems for periodic
systems. This is based on the observation that if the state policy of an infinite-horizon prob-
lem is periodic, the problem can be cast as a stochastic program (SP). We show that it is
possible to update periodic state targets by solving a retroactive optimization problem that
progressively accumulates historical data. Moreover, we show that the retroactive prob-
lem is a statistical approximation of the SP and thus delivers optimal targets in the long
run. Notably, the computation of the optimal targets can be achieved without data fore-
casts. The SP setting also reveals that the retroactive problem can be seen as a high-level
hierarchical layer that provides targets to guide a low-level MPC controller that operates
over a short period at high time resolution. We derive a retroactive scheme tailored to lin-
ear systems by using cutting plane techniques and suggest strategies to handle nonlinear

systems and analyze stability properties (Kumar et al., 2019b).

115



5.1 Introduction

A well-known challenge arising in model predictive control (MPC) is the computational
complexity associated with the length of the planning horizon and with the time resolu-
tion of the state and control policies (Rawlings et al., 2017). These issues are often encoun-
tered in energy system applications that exhibit phenomena and disturbances emanating
at multiple timescales. For instance, in energy systems, long horizons are often required
to respond to low-frequency (e.g., seasonal) supply/demand variations and peak elec-
tricity costs (e.g., demand charges) while fine time resolutions are needed to modulate
high-frequency variations (e.g., from wind/solar supply) and to participate in real-time
markets (Dowling et al., 2017; Braun, 1990). Computational complexity issues are often
handled using receding horizon (RH) approximations, which are practical but do not pro-
vide optimality guarantees (Risbeck et al., 2017).

Hierarchical MPC schemes (Scattolini and Colaneri, 2007; Picasso et al., 2010) have been
recently proposed to handle multiple scales (and associated computational complexity is-
sues). These schemes, however, do not provide optimality guarantees in the sense that
the computed policies match those of the long-horizon problem of interest. The hierarchi-
cal scheme proposed in Zavala (2016) uses adjoint information obtained from a long-term
but coarse controller to guide a short-term controller operating at fine time resolutions.
Computational experiments are provided to demonstrate that this approach can achieve
optimality but no guarantees are given. Moreover, such an approach requires smoothness
and continuity of the adjoint profiles, which is not guaranteed in general applications.

The hierarchical scheme proposed in this work relies on the observation that, if the
optimal policy of an infinite horizon problem is periodic (or can be approximated with a
periodic policy), the problem can be cast as a stochastic programming (SP) problem. Pe-
riodicity is a property that is commonly observed in systems driven by exogenous factors
with strong periodic components (e.g., energy demands and prices) (Huang et al., 2011;

Risbeck et al., 2015). Under the SP abstraction, the inter-period trajectory of the exogenous
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factors is interpreted as a realization of a random variable that triggers a periodic trajec-
tory of the system states (the states at the beginning and end of the period are the same).
Moreover, the periodic states are interpreted as design variables, and operational policies
over the periods are interpreted as recourse variables. We have recently observed that the
SP representation provides a mechanism to construct hierarchical MPC schemes in which
a long-term (supervisory) MPC controller provides periodic targets to guide a short-term
MPC controller (Kumar et al., 2018d,b) (see Appendix Band Appendix C). In Section B.4 of
Appendix B, we show that under nominal conditions with perfect forecasts, the hierarchical
scheme delivers an optimal policy for the infinite horizon problem. For the more relevant
case of imperfect forecasts, the hierarchical scheme needs to re-compute periodic targets.
While this can certainly be done using an RH scheme (e.g., computes targets by anticipat-
ing multiple future periods), such an approach would not provide optimality guarantees.
In fact, to the best of our knowledge, no RH scheme currently exists that can provide
optimal policies in the presence of imperfect forecast information. Specifically, standard
proactive RH schemes use historical data to compute forecasts and associated control ac-
tions. A fundamental issue with proactive approaches is that no optimality guarantees can
be provided unless the forecast is perfect.

The contribution of this work is the observation that, under a periodic setting, one can
derive retroactive hierarchical MPC schemes that accumulate real historical data to asymp-
totically deliver optimal targets. The retroactive design principle thus offers optimality guar-
antees and, notably, does not require data forecasts. The retroactive approach thus pro-
vides key advantages over proactive RH schemes. The targets obtained with the retroac-
tive scheme are used to guide a low-level controller operating at fine time resolutions
within the periods. In the case of linear systems, one can derive a specialized retroac-
tive scheme by using incremental cutting-plane (CP) techniques (Higle and Sen, 1991). The SP
setting also reveals strategies to construct retroactive schemes for nonlinear systems and
to obtain the desired stability properties. We demonstrate the concepts using a battery ap-

plication and compare the proposed retroactive hierarchical MPC scheme with a proactive
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MPC approach for periodic systems.

The chapter is structured as follows. In Section 5.2, we provide basic definitions and
describe the problem setting. In Section 5.3, we introduce the concept of retroactive op-
timization, derive an incremental CP scheme for linear systems, discuss implementation
details, and discuss extensions for nonlinear systems. Computational experiments are pre-

sented in Section 5.4.

5.2 Basic Definitions and Setting

In this work, we derive schemes to compute approximation solutions for the long-horizon

problem O,;:

1

min — Xey, iz g, de ) +
Ug,XgM,X0 m C,EZEJ;_ (Pl( é’t é/t ért) ;7

st @o(xgp ugs,dey) <y, C€E LT (5.2.1a)
Xeri1 = f(Xep gy, dey), C€B, 0T (5.2.1b)
Xgp10 = Xgn, § €E (5.2.1¢)
X1,0 = Xp (5.2.1d)
Xer € X ug € U. (5.2.1e)
Here, the horizon with p := (n+ 1) - m time steps is partitioned into a set of periods

E:= {1,...,m} with intra-period times 7 := {0,...,n}. For convenience, we define the
sets T := T \ {n} and & := E\ {m}. The controls, states, and data trajectories at period
¢ € E and intra-period time t € T are denoted as ug; € R"™, xz; € R"™, and dg; € R™,
respectively. We define the notation ug := {ug; b7, Xz 1= {xg1 }re7, and dg := {dg; }ieT to
denote the inner period trajectories. The problem data is interpreted as exogenous distur-

bances or factors driving the system (e.g., market prices, demands, weather, model errors).
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The mapping ¢; : R™ x R™ x R™ — R is a time-additive cost function and the
mapping ¢ : R™ x R*™ x R™ — R is a time-max (peak) cost function. We as-
sume both of these functions to be bounded in their domains. Minimizing the vari-
able 7 € R subject to the constraints (5.2.1a) is equivalent to minimize the peak cost
maXgez Maxie7 @2(xe s, g, de ). Consequently, since @y (-) is assumed to be bounded, we
have that 7 is bounded as well. The mapping f : R™ x R"™ x R"™ — R™ describes the
system dynamics and & and U are non-empty feasible sets for states and controls, re-
spectively. For reasons that will become apparent, the initial state xo € R"* in the above
formulation is treated as a decision variable.

The infinite-horizon problem O is obtained by setting lim,, ;. If the data d¢, { € E
is known, the solution of O, provides a policy with the best possible performance. Unfortu-
nately, problem O,, becomes computationally difficult to solve for large m (long horizons)
and/or for large n (fine time resolutions). An approximate solution for O, is often com-
puted by using a proactive RH scheme, which approximates the policy by moving forward
in time and by planning over short time horizons (e.g., that span a few periods). Our goal
is to derive an alternative strategy that uses hierarchical MPC schemes that approximate

the solution of O« by using a periodic policy. We define a periodic policy as follows:

Definition 5.2.1. A policy is said to be periodic if it satisfies the periodicity constraints xz o = xz
forall ¢ € E.

To obtain a periodic policy, we enforce periodicity constraints at every period (after
every n steps). These constraints, together with the continuity constraints (5.2.1c), can be
expressed as xg119 = xgo, & € E. This set of constraints, in turn, can be reformulated as

xz0 = X0, ¢ € E. These modifications give the periodic problem P,;:

1
g g d 5202
wetlo 1 é;t; @1 (Xge g, de) +77 (5.2.2a)
s.t. 902(x§/t’ Uzt dé/t) < n, g € E/t eT (522b)

Xgr1 = f(xgp ugp, des), C € Bt € T (5.2.2¢)
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Xzo = Xo, CeEL (5.2.2d)
Xgn = Xo, gex (5.2.2¢)
x(;‘,t c X, u(;’,t eUu. (522f)

Remark: The feasible region of P, is smaller than that of O,, (since the latter does not
enforce periodicity every n steps). Consequently, the performance of P, is expected to be
inferior to that of O,,. In some applications, however, the deterioration of performance
might not be significant. For instance, in Kumar et al. (2018d), it is shown that enforcing
state periodicity constraints for a battery system (obtained from P;,) results in a policy with
a cost that is 0.2% larger than the cost achieved without periodicity constraints (obtained
from Oy,).

The solution of P, provides a better approximation to the solution of O,, as we increase
n (increasing the size of the period). This is because periodicity constraints are enforced
less often. For a fixed value horizon p, we have that in the limit whenn = pand m = 1, we
obtain the best possible periodic policy (enforcing periodicity at the beginning and the end
of the horizon). On the other hand, in the limit when n = 1 and m = p, we have the worst
possible periodic policy (a steady-state policy). Setting n = p and m = 1 and eliminating
all the periodicity constraints make P,, and O, equivalent. From these observations, we
note that the length of the period #n can be used as a design parameter to find a periodic
policy of P,, that properly approximates the policy of Oy,.

The goal of P, is to find a periodic state x(, peak cost 7, as well as intra-period policies
ug, xz ¢ € E that minimize the time-additive and peak costs. We note that, by construction,
Xz41,0 = Xgo = Xo holds for all { € E at any solution of P,,. If we have perfect knowledge
of the data d¢, ¢ € &, the infinite-horizon problem P, identifies a periodic policy with the
best possible performance. We denote a solution of P, as w* = (xg,17*), and u, x7. Unfor-
tunately, problem P;, also becomes computationally difficult to solve for large m and/or
n. Here, one can address this issue by using a proactive RH scheme with periodicity con-

straints, as proposed in Huang et al. (2011). We will see, however, that periodicity results
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in a structure that enables the derivation of retroactive schemes that offer key advantages
over proactive schemes. In particular, we will see that retroactive schemes can deliver a
solution of O (While proactive schemes cannot).

By analyzing the structure of P,,, we can see that the only coupling between periods
arises from the variables x¢ and 77. Consequently, by fixing these variables, we can decom-

pose (5.2.2) into individual period subproblems of the form:

E?,ﬂ? t; @1(xzp g, de ) (5.2.3a)
st @o(xgp, g, dey) <y, teT (5.2.3b)
Xepv1 = f(xgptigr, dey), t €T (5.2.3c)

Xzo = Xo (5.2.3d)

Xen = Xo (5.2.3e)

Xep € X, ugy €U. (5.2.3f)

We define this problem as Sy and we define its optimal cost as h(w,dz), where w :=
(xo,7) € W = X x R. In the following discussion, we use the short-hand notation
hC = h(w, dé)

We now make the following key assumption regarding the nature of the data and of

the subproblem cost h(w, d¢).

Assumption 5.2.1. Assume that {dg}g’:l is a sequence of independent and identically distributed
(i.i.d.) realizations of a continuous random variable D with associated probability space (Q), F,IP)
with associated codomain (Y C R™ and o-algebra F'. Moreover, assume that the cost function

h: W x Q) — R is continuous and bounded in its domain.

Under the assumption of i.i.d. realizations and a bounded function %(-), we can estab-
lish that the sample average Y.¢—1 h(w, dz) converges pointwise with probability one to
E[h(w, D)] as m — oo. Here, E[-] is the expectation operator. This property is the strong

law of large numbers (LLN) and is key because it reveals that the infinite horizon problem
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P, can be interpreted as a stochastic programming (SP) problem of the form:

ur}ré% $(w) := g(w) + E [h(w,D)]. (5.2.4)

Under this representation, periods are realizations dz of D, w = (xo,7) are design (target)
variables, and x¢, u¢ are (recourse) policies associated with realization d¢. Here, g : W — R
is a cost function for the design variables. In the context of Po,, we have g(w) = 7, but this
function can be generalized to enforce a cost also on xg. Function g(-) is bounded because
¢2(+) (and thus 7) are assumed to be bounded. Since (5.2.4) is equivalent to P, it delivers
optimal targets w*. We define the solution set of (5.2.4)as S C W.

Remark: The i.i.d. requirement on {d¢} ensures that LLN holds. This requirement can
be enforced by defining a sufficiently long period duration n (to eliminate autocorrelation
between periods). This approach is commonly used in statistical extrapolation and time
series analysis (Box et al., 2015; Ragan and Manuel, 2008). The independence requirement
can also be relaxed by allowing for cost sequences that have bounded correlation (Hu et al.,

2008). To give an idea of why this is the case, we provide the following result.

Property 5.2.1. Assume that {hz}%., is a sequence of identically distributed random variables
with expected value y = E[h(x,D)]. Assume also that there exists 0 < ¢ < oo such that
Yoo E[(hg — p)(hg — )] < c holds for all {' = 1,...,0c0. Then, limy e %Zg;l he =
E[h(x, D)].

Proof: Define Sy, := Yi"; hg, i := Su/m, and p := E[h(x, D)]. The variance of Sy,
(denoted as V[S,]) is:

E[(Sm —mp)?]

I
NgE
NgE

E[(hg — p)(he — p)]

™
Il
_

]

VAN
™=
e

E[(hg — p) (he — )]

™
I
—_

'S
Il
|
3

IN
3
o

122



We thus have V[h,] < ¢/m and, from Chebyshev’s inequality (with parameter x > 0),

P (i — il > 1) < El(im — )]
= o El(Su— mp))]
mc Cc

IN

m2x2  mx2

We thus have lim; . h;, = p with probability one. [

Remark: We can guarantee that a solution for P,, exists if the period length 7 is long
enough such that one can find a control policy u; that delivers a feasible solution for S for
all fixedw € W and dg, { € E. Here, a feasible solution of S¢ is one that satisfies the control
and state constraints as well as the periodicity and peak constraints. This assumption is
compatible with that used in the standard MPC literature (a sufficiently long horizon is
assumed such that one can find a feasible control policy that satisfies the state and terminal
constraints) (Subramanian et al., 2014; Zanon et al., 2017). In the SP literature, such an
assumption is equivalent to assuming that Sz has relatively complete recourse (i.e., S¢ has a

feasible solution for any w € W and di € (Y).

5.3 Hierarchical MPC Schemes

The SP representation opens a number of interesting directions. In particular, it provides
a mechanism to derive hierarchical MPC schemes. For instance, one can use a statistical
approximation of (5.2.4) (equivalently of P) to provide targets xo,# that guide a short-
term MPC controller of the form (5.2.3). As we discuss next, approximations of P, can
be constructed and solved in a tractable manner by using well-established SP techniques

(Zavala et al., 2008; CargE and Schultz, 1999; Geoffrion, 1972).
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5.3.1 Retroactive Optimization

A key observation that arises from the SP representation is that one can derive retroactive
optimization schemes that accumulate data over time to refine targets. To explain how such
a scheme would work, assume that the system is currently at the beginning of period m +-1

and that the data history {d; }":”:1 is known. We use this information to solve the problem:

m

. . 1
min Pm(w) := g(w) + - ,;Zih(w’ de). (5.3.5)

This problem is equivalent to P,,, and because {dg}?:1 is ii.d., Py, is a statistical approxi-
mation of P. In the SP literature, problem (5.3.5) is known as a sample average approx-
imation (SAA). We define the solution set of P, as S, C W. A solution of P, is used
to update the targets for the next period wy+1 = (X110, fm+1)- A solution of P, also
implicitly contains optimal (retroactive) policies ug, xg, ¢ = 1,...,m associated with the
historical sequence {dg}é”zl. These retroactive policies are interpreted as policies that the
system would have taken given knowledge of the data.

Given that the system is at the current state target x,,0 (obtained from the solution
of P,,_1), we use the targets w,,;1 to guide a short-term MPC controller over period m +
1. At this point, however, the data d,,+1 is not known, so we use a forecast aimH to find
policies that optimize the system over the next period m + 1 while satisfying the targets
Wy 1. This can be interpreted as solving Sg for w1 given dAmH. The forecast cimH is
typically obtained by using forecasting techniques such as AR, ARMA, or ARIMA time
series models, or covariance estimators (Kumar et al., 2018a). At the beginning of the next
period m + 2, the actual data realization d,,,1 reveals itself and we use this to solve the
approximation P, to obtain new targets w,, .

The retroactive scheme is consistent because, from the law of large numbers, we know
that accumulating data over time will yield an asymptotically exact statistical approxima-

tion limy, o ¢Pm(w) = ¢(w) and thus the targets obtained with P, will provide a solution
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to Po, as m — oco. This asymptotic convergence result is formally stated in the following

theorem (see Theorem 5.3 in Shapiro et al. (2009)).

Theorem 5.3.1. Suppose that there exists a compact set C C IR such that: i) the solution set S
of Pe is nonempty and contained in C, ii) the function ¢p(w) is finite-valued and continuous on
C, iii) ¢ (w) converges to ¢(w) with probability one as m — co uniformly in w € C, and with
probability one for large enough m the solution set Sy, of P, is nonempty and contained in C. Then,
the Hausdorff distance between the solution sets ID(S,,, S) converges to zero with probability one

as m — o0,

The above result implies that the distance of any solution of P, to the solution set of Pe,
converges to zero as m — oo. Statistical approximation results for SPs also indicate that the
probability that a solution of P, is in the solution set of P, increases exponentially with m
(Theorem 5.16 in Shapiro et al. (2009)). In other words, the probability of finding better targets
than those obtained with Py, decays exponentially as information is accumulated over time.

These asymptotic optimality results provide a key advantage of the retroactive scheme
over traditional proactive RH schemes. This is based on a fundamental design difference:
the retroactive scheme uses past (but real) data while proactive RH schemes use future (but
approximate) data forecasts. Moreover, proactive schemes discard historical data when
computing new targets. The fact that historical data is discarded prevents RH schemes

from offering asymptotic optimality guarantees.

5.3.2 Incremental Cutting Plane Scheme

The structure of P,, can be exploited using decomposition strategies and this enables scal-
ability to large values of m. In this section, we provide a decomposition scheme for linear
systems, and we then discuss potential extensions to nonlinear systems.

The retroactive scheme for linear systems proposed is based on an incremental cutting
plane (CP) scheme. Our approach is an adaptation of the stochastic decomposition scheme

proposed in Higle and Sen (1991) to tackle linear SPs. To derive this linear setting, we
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assume that ¢(w) = cLw where ¢, € R™ is a cost vector, we assume that the set VW C R"»

is polyhedral, and we assume that Sz has the form:

h(w,dg) := min cgy st. Wy =rz— Tw. (5.3.6)
yerRY

Here, the data realization is given by dz = (cg, 7¢). We use y(w, d¢) to denote the primal so-
lution vector containing the intra-period trajectories (x¢, 1¢) and some additional dummy
variables. The intra-period dynamics are captured using W, T that are coefficient matrices.
The structure of the recourse problem is used to simplify algebraic manipulations and is
done without loss of generality (the results that we present hold provided that the recourse
problem is a linear program). The representation of Sz allows us to express its dual form

in the following compact form:
max 7' (rz — Tw) st. Wim<cg. (5.3.7)
7T

Here, m(w,ds) is a dual solution vector (dual variables of Sz) and we recall that
nt(w,dg)T (r; — Tw) = h(w,d;) holds for w € W (from strong duality). We assume that
the feasible set of the dual subproblem is a non-empty, compact, and convex polyhedral
set, and therefore the polyhedron represented by the set P := {7t | W 7t < ¢z} is a pointed
polyhedron for all (w,dz) € W x ). As aresult, S¢ has a finite number of dual vertices or
extreme points (Where a vertex of the polyhedron P is a vector 7= € P such that we cannot
find two distinct vectors 71, 1, € P and a scalar A € [0,1], such that 7 = Ay + (1 — A)mp
(see Chapter 2 of Bertsimas and Tsitsiklis (1997)). Moreover, because the support Q2 is fi-
nite, the set of dual vertices for all subproblems S¢ is finite (see Theorem 2.9 in Chapter 2
of Bertsimas and Tsitsiklis (1997)). We use V to denote the set of all these dual vertices.
Consequently, by definition, 7r(w,ds) € V for all (w,dz) € W x ().

In the linear setting, the cost function of P (given by ¢(w) = cLw + E[h(w, D)]) can
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be outer-approximated using CPs accumulated over § = 1,...,m as:

¢ (w):= max{ag + (co + ﬁ?)kaf =1,...,m}, (5.3.8)

Tm
where the coefficients a7', B7' are selected to match:

W+ ()T = ;:21 ()7 (1 — Tow). (53.9)
Here, né” € argmax{nT(rg — Twy)|m € Vy,} for & = 1,...,m, where V,, C V is the
collection of vertices accumulated up to period m and w,, = (X0, ). For convenience,
we define the function K, (w, dg) := max{n (r; — Tw)|7 € V,,} and note that 1, (w, dz) =
(ng)T(rg — Tw) holds. Moreover, we note that h(w,dz) = max{n’(r; — Tw)|m € V}
holds. Since V,, C V, we have that (ngl)T(rg — Tw) < h(w,dg).

The running cost is given by ¢ (w) = cLw + - Yi—1 h(w, dg). We will prove that Qm(w)
underestimates the running cost ¢, (w) for all m and converges to the infinite-horizon cost
¢$(w) as m — oco. Consequently, at period m, we update the targets by solving the master
problem M,,;:

z%% Qm(w) (5.3.10)

This problem is a tractable surrogate of mingeyy ¢n(w), because it captures the recourse
subproblems by using hyperplanes. This becomes particularly important as information
is accumulated over time. The solution of M, is used to update the targets w,, 1, which
in turn are used to solve the recourse subproblem Sg; and with this, obtain a new dual

vertex to be stored in V1. The CP scheme is summarized as:
1. Initialize m < 1, V,,, < @, and wy,.
2. At period time m + 1:

3. Observe d,, and solve Sy, to obtain 7t(w,, dy,).



4. Update V,, < V1 U{mt(wy, dn)}.

5. (a) Obtain 7" € argmax{7' (rz — Twy)|m € Vy} forall§ =1,...,m.
(b) Get aj; and B from (5.3.9).

(c) Update uc? — ’”T’locé”_l,ﬁgz — ’”7*1[3%"_1 forc=1,...,m—1.
6. Solve M,;, and obtain updated targets w,,; 1.

7. Shift period time m < m + 1 and return to Step 2.

We now prove that the CP scheme delivers a sequence of targets {w, }’_; that con-
verges to optimal targets w* of Po,. Our analysis follows along the lines of that presented

in Higle and Sen (1991).

Theorem 5.3.2. The CP & + (cyy + B)Twy, generated in period m provides a statistically valid

lower bound (statistically based estimate of a lower bound) for ¢(w) for all w € W.

Proof: Because V,,, C V we have that,
max{7t’ (rz — Twy)|m € Viu} < max{n’ (rz — Twy)|7 € V},

and (7)" (rg — Tww) = h(wm,dg), ¢ =1,...,m. We thus have

m

Y (22)T (1 — Teow) < % S h(wm, d).
=1 =

Furthermore, 71" (rz — Tw) < h(w, dg) for any 7w € V and:

1 & 1 &
cTw+ p” Z(ng)T(rg — Tw) < cXw+ p” Y h(w,de) = pm(w), w e W.
=1 =1

The result follows from (5.3.9) and by noticing that ¢, (w) is a statistical approximation of
p(w). O
As more observations d¢ are collected, it is important that all the collected CPs provide

a statistically valid lower bound for ¢(w). This is the goal of Step 5c in the CP scheme. In
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particular, at period m + p with p > 0:

m
; rg—Tw)§m+PZhwdg

m+p

Zhwd,;

| /\

m+p

Thus, in the (m + p)" period, the CP
w0+ oy L) (rg = Tw) = ™+ (B + o)

still provides a statistically valid lower bound for ¢(w).
We now explore the limiting behavior of 4, (-), which embeds all CP information accu-

mulated over time.
Lemma 1. The sequence {hy,(-)}o_, converges uniformly on W.

Proof: V,, C V11 C V implies that hy(w,ds) < hyy1(w,dg) < h(w,dg) for all
w € W and dg. Since {h; ()}, increases monotonically and is bounded by the finite
function £(-), it follows that {h,,(-)}>, converges point-wise to some function ¢(-) sat-
isfying ¢(w,dg) < h(w,dg) forallw € W, d: € (). Since V,;, C V,,,.1 C V, we have
V = lim;;—00 V;; € V. Since V is a finite set, so V is also a finite set, and we have that:

¢(w,dg) = lim hy,(w,de)

m—o00

= lim max{7’ (rz — Tw)|m € V,,}

m—oo

= max{n’ (rz — Tw) | € V},

and it follows that ¢(-) is a continuous function. As W x () is a compact space, and
{hm(-)}or_; is a monotonic sequence of continuous functions, it follows that it converges
uniformly to ¢(-) (see Theorem 7.13 in Rudin (1976)). O

We now show that the sequence of CPs generated provides support points for ¢(-) in
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the limit m — oo.

Theorem 5.3.3. Let {wy,, }ro, be an infinite subsequence of {w,,}5_,. If Wy, — @ then, with

probability one,

.1 m\T _ .
,}Lrgom;(ﬂg") (rg — Twy, ) = E[h(@, D)).

In addition, every limit of {ay, But + cw } 5>, defines a support of p(w) at w, with probability one.

Proof: By definition, we have that

hmk(wmk’dC) = (ngk)T(rC - Twmk)

S oy (@ ) = - 3 (7T (7 — Teom,).
Mk 3 Mk i3

By Lemma 1, there exists ¢(-) < h(-) such that {h,,}:_, converges uniformly to ¢(-). We

thus have:

klgl; nTk ; [hmk (wmk/dé) — ¢(w, dé)] =0,
and limy_,, mik Z?i 1h(w,dg) = E[h(w, D)] with probability one. It is now sufficient to
show that ¢(w,dz) = h(®, dz) with probability one. Let ds be a given realization and sup-
pose that, for every 6 > 0, we have P{|D — d¢| < 6}. Then, for every ¢ > 0, |d;, —dg| <

[ee]
m=1

infinitely often, with probability one. Because /(-) is a continuous function and {4, (-)
is uniformly convergent, for every € > 0 there exists a § > 0 and N < oo such that
|(w,dg) — (w,d)| < and with:

€

3

o, (0, dg) — B (0, d)| < g k> N.

(@, dz) — h(w,d)| <

Consequently, because limy_,, Wy, = @, we have P{|D — d¢| < 6} implies that for every



€ > 0 there exists a further subsequence {(w,,,d,) }3?; and K < co such that

_ _ €
(@, d) — hy (@, dyy )| < 3

_ €
’h(w/ dm{{) - h(wmifdm,’c” < g

P, (Wit oy ) — By (Wi, )| <

QW m

for all m; > K. By construction, hm;((wm;(,dm;) = h(wm;(,dm;f). Thus, for every € > 0, there

exists a subsequence {w,, };2; and K < oo such that
[h(@, dg) — hyy (W, de)| < €

for all m; > K. Consequently, it follows that ¢(@,dz) = h(w,ds). Finally, since () is
compact, we have that P{|D — d¢| < J} for some > 0 and for only finitely many values
of dg, with probability one. Thus, with probability one, ¢(@,dz) = h(w,d¢) for all but a

finite number of realizations. Hence, with probability one,
lim — Y (77%) " (rz — Twy,) = E[h(w, D).
Moreover, since h(w,ds) = max{n’ (r; — Tw)| € V} and V,, C V for all m, it follows

that

T

T 1 "k T ]. il m
c,w+— Y h(w,dz) > c,w-+ — 7. K (re — Tw
w my, 521 ( ¢ ) w my é;l 4 ( ¢ )
= apt + (Bt +cw)Tw.
We conclude that, with probability one, ¢(w) is at least as large as any limiting cut that is

associated with the subsequence of cuts defined by { (ay!, Bt + )} ;. Thus, any limiting

cut defines a support of ¢p(w) at @. [

Theorem 5.3.4. There exists a subsequence of {wum, }i2y, satisfying limy (¢ = (wm,) —
— Mk
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¢ (wmk)) =0.

—mk—l

Proof: See proof of Theorem 3 in Higle and Sen (1991).

We now establish the main convergence result.

Theorem 5.3.5. There exists a subsequence {wy, },, such that every accumulation point of

{wm, }321 is an optimal solution w* of Peo, with probability one.

Proof: Let w* be an optimal solution of Po,. From Theorem 5.3.4, there exists a sub-
sequence {wy, }¢-, such that hmk%oo(fmk(wmk) - fm](_l(wmk)) = 0. Let {wm, }rex be a

further subsequence such that limycx w,,, = @. Compactness of WV ensures that w € W,

and thus ¢(w*) < ¢(). We know that:

1 m
<clw+ = 3.
¢ (w) < cuw+ - ;h(w’ de), w e W, (5.3.11)
and thus,
limsup¢ (w*) < cw” +E[h(w*,D)] = ¢p(w") (5.3.12)
mem

with probability one for any index set M. Since w;, minimizes ¢  (-) on W, we have

¢

LTm—-1

(W) < mel(w*) for all m. From Theorem 5.3.3, limyeic P, (wm,) < ¢(@) with
probability one and, also by definition, limycx gmk (W, ) — kail (wWm,) = 0. Thus, we have

limgecd (W, ) = ¢(w), with probability one. Combining these results we obtain:
Fon—

p(w") < ¢(@)

= limsup L (W)
kel

<¢, (@) < p(w),

—mk—l

with probability one. We thus have that ¢ ()

p(w*). O
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5.3.3 Short-Term MPC Controller

The CP scheme is guaranteed to deliver optimal targets as data is accumulated over time.
Notably, because the scheme is inherently retroactive, it achieves optimal targets without
using any data forecasts. So the question is: How does the proposed scheme accommodate
forecast information? From an implementation stand-point, another important question is:

What metrics can one use to monitor the optimality of the targets?

: dm i dm+1
i i [ i S 7T (wm ) dm )
I ] 1 m
1 ' E wm, dm
Disturbance Evolution t i Cut Generator
Sy | Vm
State Evolution H | d
a op, B
E M., E=1,...m
E *' Wim+1
' MPC
Current N
Time Ym+1

Figure 5.1: Sketch of hierarchical scheme using cutting planes.

The proposed scheme offers a couple of mechanisms to embed forecast information.
First, initial guesses for the targets wy,, = (Xm0, #m) at period m = 1, can be obtained by
solving P, for some m’ > 1 that uses a data forecast {cfg}gil. Because the forecast is
expected to contain errors, the initial targets are expected to be suboptimal but these will
be refined as true data is obtained. Also, as discussed in Section 5.3.1, the proposed scheme
also enables the incorporation of forecasts at the beginning of each period to compute the
intra-period policies. In particular, given that the system is at x,,, the current guess for the
targets w,,+1, and a forecast tme over period m + 1, one can compute the internal control

and state policies 7,41 = (21, m+1) that satisfy the targets wy, ;1 using an intra-period



MPC controller. In the linear case, this can be done by solving:

min ¢4y st Wy = i1 — Twpir. (5.3.13)

yeRr?
Clearly, the policies 7,41 are suboptimal because the forecast d,; will deviate from
the true realization d,, 1 (this becomes known at the end of period ¢ + 1). Because the
cost function h(-,-) is continuous, one can use standard perturbation results to show
that the optimality error in the intra-period policy is bounded by the forecast error as
\n(wWps1, dps1) — B(Wps1, dms1)| < L i1 — dyyr|| for some Lipschitz constant L € R4
(see Theorem 4.156 in Bonnans and Shapiro (2013)). This implies that the quality of the
forecast does affect optimality with respect to the intra-period policies. Interestingly, how-
ever, the short-term MPC controller only needs to have a forecast over a period of length n
(as opposed to over the entire horizon p). Consequently, the hierarchical MPC controller is
less sensitive to forecast errors than standard proactive MPC approaches. In addition, we
emphasize that the forecast quality does not affect optimality of the targets.

The period length n introduces an interesting and important trade-off between long-
term and short-term performance. As discussed previously, increasing n ensures that the
resulting periodic policy better approximates the policy of problem O,,. On the other
hand, increasing n indicates that the short-term MPC controller needs to run over a longer
period; as a result, it is more computationally expensive and susceptible to forecast errors.
For instance, as we have noted, as 7 is increased the hierarchical MPC scheme resembles a
standard proactive MPC scheme (since the periodicity constraints are enforced less often).

The full hierarchical scheme is sketched in Figure 5.1 and is summarized as follows:
1. Initialize m + 1,V,, + @, and w,,.

2. Use forecast d,, and targets w,, to obtain intra-period policies 7, using MPC con-

troller.

3. Let system transition from m — m + 1.
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4. Observe d,, and solve Sy, to obtain 7(wy,, dy, ).

Q1

. Update V,,, <~ V,,, 1 U{m(wp,dm)}.

o)

. Obtain (X?, ,3’511, ¢ =1,...,m from cut generator.
7. Solve M,;, and obtain updated targets w;, 1.
8. Shift period time m < m + 1 and return to Step 2.

The SP interpretation allows us to derive metrics and techniques to monitor optimality.
We first note that the running cost ¢, (w,,) evaluated at the current target w,, can be eval-
uated by solving the sequence of subproblems S¢, ¢ =1, ..., m. The running cost is an up-
per bound of the optimal running cost (obtained by solving P,,). Moreover, the proposed
CP scheme offers the guarantee that the cost ¢, (wy) is a lower bound of the running cost
¢m(wy), which is an asymptotically exact statistical approximation of ¢(wy,). The differ-
ence between the running cost (upper bound) and the lower bound is known in the SP liter-
ature as the optimality gap and is formally defined as €, := (¢ (W) — ¢ (Wm))/ Pm(wWn).
Here, we refer to €,, as the current gap. The convergence of the CP scheme guarantees that
lim;; 00 €4 = 0. We note that this gap can be used to measure the quality of the CP ap-
proximation but should be used with care when interpreting optimality. In particular, the
gap can only be used as a measure of optimality in the limit m — oo (once the running
cost ¢ (wy,) is close to the actual cost Pe (wy,)). Consequently, one usually resorts to com-
puting confidence intervals for ¢, (w;,) by using inference (evaluate the cost at w,, but
using different combinations of realizations) (Linderoth et al., 2006). Motivated by this,
in benchmarking studies, we are also interested in monitoring the overall optimality gap

Em = (Poo (W) — Qm(wm)) / Poo(wWy, ), provided that ¢ (wy,) can be computed.
5.3.4 Extensions to Nonlinear Systems

In the case of linear systems, the CP scheme can approximate the running cost ¢, (w) using

a finite number of supporting hyperplanes, which keeps the master problem M, tractable.
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The SP representation opens the door to other schemes such as proximal point methods
for nonlinear (but convex) problems (Bertsekas, 2011). Here, the idea is to prevent the
accumulation of data over time by summarizing past information in terms of a proximal
term. In our context, for instance, the proximal point strategy will result in a problem of

the form at stage m:

1 m
- 2
min wllw — wp||” + g(w) + p— g;,h(w, dg). (5.3.14)

Here, ji||w — wy||? is a regularization term with parameter u > 0. This term summarizes
data before time m’ and resembles the arrival cost used in moving horizon estimation (Rao
et al., 2003). In the general case of nonconvex problems, one can use a statistical approxi-
mation ming,eyy ¢m(w) at every period m by using linear algebra decomposition schemes.
In particular, it is well-known that problems with the structure of P, give linear algebra
systems that enable parallel decomposition (Zavala et al., 2008). Given that the coupling is
only in the space of the periodic targets xo, this approach can scale to systems with thou-
sands of states and tens of thousands of periods (realizations). This approach, however,
exhibits a fundamental limitation in the number of periods that it can handle (because data
is accumulated unboundedly over time). This is, in fact, also a limitation of statistical ap-
proximation schemes for SP. To circumvent this issue, one can use clustering techniques
that seek to compress the realization space to maintain a tractable approximation (Cao
et al., 2016). Such techniques are based on the observation that data realizations tend to be
redundant and only a small subset actually impacts the cost. One can quantify the error

incurred in the scenario compression by using inference techniques (Linderoth et al., 2006).

5.3.5 Stability Considerations

The proposed hierarchical schemes provide important stability properties. A formal treat-
ment of such properties is beyond the scope of this work, but here we present some basic

arguments. We first consider the nominal case, in which the data realization in each period
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is the same (dz = dg for all §,¢’) and it is known. This is equivalent to assuming that the
dynamics are of the form xg.1 = f(xg4 tg;) (they are time-invariant). We also assume
that no peak cost ¢ (-) is used. This nominal setting is considered in the periodic MPC
formulations of Huang et al. (2011) andZanon et al. (2017). Both of these formulations use
a proactive RH strategy and enforce a periodicity constraint at the end of the horizon. In
Huang et al. (2011), it is shown that their MPC scheme delivers a periodic state that is a
steady-state (the closed-loop system is stable). In Zanon et al. (2017), it is shown that their
MPC scheme converges to a periodic state (not necessarily a steady-state), and is thus sta-
ble in this sense. Converse to a periodic state that is not a steady-state is desirable because
this provides flexibility. Both of these proactive schemes require dissipativity properties.
For this same nominal setting, we note that the solution of P also delivers a periodic state
(by construction). Since the proposed hierarchical scheme converges to the periodic state
of P, we thus have that our approach is stable in this sense. This result does not require
any dissipativity assumptions.

For the more general case in which the data changes in each period, we have that the
dynamics are time-variant. Moreover, we have that the data cannot be forecast perfectly.
Surprisingly, for this more challenging setting, we have that the retroactive scheme pro-
posed also delivers the optimal periodic state and thus is stable. This is a remarkable
result that no other known scheme reported in the literature provides.

The short-term MPC controller admits a standard state-feedback control representa-
tion. This is because the control policy inside the period is updated based on the current
state and the desired state target. The long-term controller (updating the targets), however,
does not admit such a representation because it is retroactive (and not proactive). In par-
ticular, it uses the entire history (and not just the current state) to compute the next targets.
In future work, we will formalize the stability analysis of the approach and the associated

state-feedback representation.
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5.4 Computational Experiments

The performance of the proposed scheme is demonstrated using an application in build-
ings with electricity storage. The goal of the controller is to determine optimal short-
term (hourly) participation strategies in frequency regulation (FR) and energy markets
that maximize revenue and simultaneously mitigate long-term demand charges. We con-
sider a utility-scale stationary battery with a capacity of 0.5 MWh, rated power of 1 MW,
and a ramping limit of 0.5 MW /hr. We use real data for energy and FR prices from PJM
Interconnection (shown in Figure 5.2). We also use real load data for a typical university
campus (shown also in Figure 5.2). The periodic components in the energy prices and the
load profile can be clearly observed, while the periodicity of FR prices is not as strong.
The MPC problem is formulated using daily periods of n = 24 hours and we consider
an horizon of m = 300 days (nearly a year). The model parameters include the battery
storage capacity (E kWh), maximum discharging and charging rates (power) (P, P in kW,
respectively), minimum fraction of battery capacity reserved for frequency regulation (p
in kWh/kW), and maximum ramping limit (AP in kW /h). The random data are the loads
(Lg+ kW), market prices for electricity and FR capacity (nglt $/kWh and ﬂé,t $/kW respec-
tively), demand charge (monthly) (77” in $/kW), and fraction of FR capacity requested by
ISO (ag). The decision variables are net battery discharge rate (power) (Pz; in kW), FR
capacity provided to ISO (Fz; in kW), state-of-charge (SOC) of the battery (Eg; in kWh),
load requested from utility (dz; in kW) and peak load (D in kW). The formulation mini-
mizes the total cost (negative total revenue), which is given by the demand charge (peak
cost) and the revenues collected from the market (time-additive cost). Detailed notation

and analysis of this formulation is presented in Appendix B and in Kumar et al. (2018d).

138



< <
— o
~ S
ot S

<
—
Ut
(@]

0.125

0.100

Electricity price ($/kWh

=
(e
=
ot

Figure 5.2: Energy price (top), FR price (middle), and load (bottom) data.
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The problem has the form:

mm— Y ) ( 75 (P — agiFe ) —ﬁgtht) + D
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We first solve the long-horizon MPC problem (5.2.1) for a horizon of 300 days assuming
perfect knowledge of the data to obtain the optimal policy. We compare this policy against
that of a long-horizon MPC formulation that enforces periodicity constraints (5.2.2). The
optimal and periodic policies over 30 days are presented in Figure 5.3. Here, we can see
that the policies match. The total cost of the the long-horizon MPC problem is $136,050
while the cost of the long-horizon problem with periodicity constraints is $136,068. We
can see that, in this application, state periodicity arises naturally because the battery needs

to maintain a minimum SOC level after each period. We then ran the proposed retroac-
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Figure 5.3: Optimal and optimal periodic policies.

tive CP scheme for 300 periods to progressively update the targets. The evolution of the
current gap €, and overall optimality gap &, is shown in Figure 5.4. We observe that the
overall gap eventually vanishes, demonstrating that the CP scheme delivers optimal tar-
gets. The overall gap closes to zero close to the end of the horizon, once the peak demand
is observed. We also see that the current gap closes to 0% in about 50 periods and stays

there for the rest of the horizon. This illustrates that the cutting planes approximate the

30
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Figure 5.4: Evolution of optimality gap.
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cost function well, but also that this metric can be misleading. We have also found that the
performance of the proposed hierarchical scheme is close to that obtained with the opti-
mal long-term periodic policy. In particular, the cost of the hierarchical MPC is $139,978 (a
difference of 2.89%). Accelerating the convergence of the CP scheme can help decrease this
gap. We also compared the performance of the hierarchical scheme with that of a standard
(non-periodic) MPC scheme that uses a prediction horizon one and fourteen days. The cor-

responding costs are $139,884 and $138,739. We can see that the cost decreases slowly with
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Figure 5.5: Evolution of periodic SOC (top) and peak (bottom) targets obtained with
cutting-plane scheme.
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the prediction horizon. We also observe that the cost for standard MPC with a one-day
prediction horizon is similar to that of the hierarchical scheme. The hierarchical scheme,
however, offers optimality guarantees (standard MPC does not).

Figure 5.5 shows the evolution of the periodic state and peak targets. We see that the
CP scheme adaptively updates the targets as data is accumulated over time. The SOC
target settles quickly to the optimal level of 59%. The peak target requires more periods
to settle and this behavior is attributed to the fact that the peak load is observed at period
264. After this period the peak settles at its optimal value of 32,935 kW. Figure 5.6 shows
the intra-period policies for the short-term MPC controller for the first 7 days (periods) of

operation. We see that the controller follows the target of the CP scheme.
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Figure 5.6: Evolution of periodic SOC targets and intra-period policies obtained with CP
scheme (first seven periods).

We also compared the retroactive hierarchical MPC scheme with the proactive MPC
approach for periodic systems of Huang et al. (2011). For this scheme, we consider a pre-
diction horizon of 7 days and a period of 1 day. For this comparison, we removed the
demand charge (peak cost) from the formulation and assumed that disturbances can be
forecast perfectly. In Figure 5.7, we present the evolution of the periodic SOC for both

approaches. We observe that, with the proactive approach, the periodic state does not
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Figure 5.7: Comparison of evolution of periodic SOC resulting from the retroactive ap-
proach and proactive MPC approach of Huang et al. (2011).

converge. This is because the dynamics are time-varying. A similar behavior would be ex-
pected from the proactive scheme of Zanon et al. (2017). On the other hand, the retroactive
approach converges to a periodic state. Moreover, we found that the cost of the proac-
tive scheme is 5% worse than that of the retroactive scheme. This is because the proactive
scheme does not capture the long-term trend of the disturbances. In other words, the

retroactive scheme delivers a policy that is close-to-optimal.

5.5 Conclusions

In this chapter, we showed that stochastic programming provides a framework to design
hierarchical MPC schemes for periodic systems. We have shown that, under periodicity, it
is possible to compute and refine periodic state targets by solving a retroactive optimiza-
tion problem that progressively accumulates historical data. The retroactive problem is a
statistical approximation of the stochastic program that delivers optimal targets in the long
run to guide a short-term MPC controller. The computation of the optimal targets can be
achieved without data forecasts. The SP setting opens the door to a number of potential

developments in hierarchical MPC scheme.
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A STOCHASTIC DUAL DYNAMIC PROGRAMMING FRAMEWORK
FOR MULTISCALE MPC

In this chapter, we provide a scalable approach to handle complex MPC applications with
uncertainties evolving over long time horizons and with fine time resolutions by deriv-
ing and interpreting stochastic dual dynamic programming (SDDP) from the perspective
of MPC. Scalability is enabled by the use of a nested cutting plane scheme, which uses
forward and backward sweeps along the time horizon to adaptively construct and refine
cost-to-go functions (Kumar et al., 2018c). SDDP can also select random paths on-the-fly,
thus avoiding the exponential complexity associated with the construction of scenario trees
and enabling the construction of statistical performance bounds. Our work seeks to estab-
lish connections between SDDP and MPC that allow us to obtain performance bounds for
deterministic and stochastic MPC and to propose new MPC schemes that can deal with
multiple timescales. We demonstrate the developments using a stationary battery system

that participates in multiscale energy markets.
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6.1 Introduction

Scalability bottlenecks of MPC due to long time horizons and fine time resolutions are well
known. These issues are drastically exacerbated in stochastic MPC formulations, which
need to deal with uncertainty characterizations that capture long horizons and fine res-
olutions. Specifically, uncertain disturbances and associated state/control policies often
need to be represented in the from scenario trees, which grow exponentially in size with
the number of time steps (Birge and Louveaux, 2011). Receding horizon implementations
of two-stage stochastic MPC formulations are often used to compute approximate policies
(Kumar et al., 2018a). Scalability can also be enabled by using robust formulations, which
embed specialized policies. It is well-known, however, that such formulations can only
handle certain types of uncertainty descriptions (Diehl and Bjornberg, 2004).

Several strategies have been devised in the stochastic programming community to deal
with large-scale multi-stage stochastic programs (SP) (Shapiro and Wardi, 1996). Of par-
ticular interest is a technique called stochastic dual dynamic programming (SDDP), which
is a decomposition approach originally devised to handle linear multi-stage SPs arising in
energy planning (Pereira, 1989). SDDP is a nested Benders decomposition scheme which
progressively approximates the recourse cost function by using cutting planes. When ana-
lyzed from a dynamic programming perspective, one can show that the recourse function
is the so-called cost-to-go. In SDDD, state policies and cutting plane information are col-
lected by using forward and backward sweeps to refine the cost-to-go functions. Notably,
SDDP enables on-the-fly sampling of scenario tree paths and thus avoids the need to form
the multi-stage SP explicitly (which is often impossible due to the exponential growth in
memory requirements). When the realizations are independent, one can use a compact
scenario tree in which the number of nodes scales linearly with the number of stages. This
compact tree representation encodes information on all possible paths for the random dis-
turbances. Figure 6.1 shows the actual scenario tree in which the number of nodes grows

exponentially with the number of stages and a compact representation of the scenario tree.
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This is a key benefit over other decomposition methods for multistage SP such as interior-
point and Lagrangian dual decomposition (Kouzoupis et al., 2018), which need to explic-
itly form and store the extensive form of the SP. SDDP is thus the only known paradigm
that can handle SPs with many stages and thus is suitable to handle problems with long
time horizons and fine time resolutions. On the other hand, finite convergence of SDDP

can only be established for linear systems (Shapiro, 2011).

/\,
—

Lo —>

— » »

N

t=0 t=1 t=2 t=3

Figure 6.1: Full (top) and compact (bottom) scenario tree representations for multi-stage
SP.

In this work, we present a formal derivation and interpretation of SDDP from the per-

spective of MPC. In particular, we derive SDDP for state-space representations with ad-
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ditive disturbances in a deterministic and a stochastic setting. This establishes interesting
and important connections that allow us to obtain bounds in performance for deterministic
and stochastic MPC and to propose MPC schemes that can deal with multiple timescales.
In particular, we show that a forward SDDP sweep can be interpreted as a receding hori-
zon MPC scheme applied over a long horizon and that a backward sweep collects adjoint
information to construct an approximation of the cost-to-go. This provides a mechanism
to construct terminal costs for short-term MPC controllers and thus enables the construc-
tion of hierarchical MPC architectures. A similar observation was recently made in the
context of block Gauss-Seidel (GS) decomposition schemes applied to MPC (which can
also be interpreted as a forward-backward scheme applied to the Euler-Lagrange condi-
tions) (Zavala, 2016; Shin and Zavala, 2018). As in the GS approach, SDDP solves a stage
subproblem to minimize the current stage cost and a terminal cost that uses adjoint infor-
mation (that captures the price of future information). Compared to GS, however, one can
show that SDDP is convergent and provides lower bounds of the optimal objective value
(because the cost-to-go is constructed from supporting hyperplanes). Moreover, one can
show that the running average of the cost (over all iterations) provides an upper bound.
These bounding properties can be used to establish cost bounds for receding horizon MPC
policies. We propose a modification to the standard SDDP scheme to handle more general
MPC formulations that include multiple time steps per stage and uncertainties that are
resolved at different timescales. Specifically, we outline how to properly construct cutting
planes in such formulations to ensure convergence.

The proposed developments are motivated by energy systems and inventory manage-
ment. In the context of energy systems, long planning horizons are often needed to capture
monthly peak electricity costs (demand charges) (Ma et al., 2012a; Oudalov et al., 2007a;
Kumar et al., 2018a), and to capture variations in demand, supply, and prices at various

timescales (Ma et al., 2012a; Oudalov et al., 2007a; Braun, 1990).
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6.2 Deterministic Multistage Formulation

We begin by considering the deterministic MPC problem:

min Ijz:a{xt + bl uy (6.2.1a)
s.t.xpy1 = Axy+Buy+Cd;, t=0,...,N—1 (6.2.1b)
u €U, t=0,...,N—1 (6.2.1¢)
xy€X, t=0,...,N (6.2.1d)

Note that we specifically consider a linear MPC problem in this work. Here, a; € R™
and b; € R™ are stage costs associated with the states x; € R™* and controls u; € R™,
respectively. The system disturbances are denoted as d; € R™ and the horizon length
is denoted as N. We denote trajectories for controls and states over the horizon N :=
{0,...,N}asup := (up, upy1, ..., tpen—1) and Xy := (X441, Xe42, - . ., X4 N ). The dynamics
of the linear system are described by the matrices A € R"*"x, B € R™*" and C € R"*"4,
The state x; is provided as initial condition. The states x; and controls u; are bounded by
the polyhedral sets X and U, respectively.

We assume that the disturbances are described by a stochastic process Dy :=
(Do, Dy, ...,Dn—1). We define the information (realizations) collected from process D
up to time t as I; := (do,dy,...,d;). We also denote a trajectory of realizations as
dy = (do,d1,...,dn—1). We thus see that the deterministic problem (6.2.1) uses a real-
ization of the process (obtained from a forecast).

We now consider a reformulation of a deterministic MPC problem as a dynamic pro-
gram (in multi-stage form). In this formulation, we use a realization of the process d

and the objective function includes the stage cost for the current time and the cost-to-go



function which summarizes the cost of future stages. The problem takes the form:

Qo(xo,do) = xrngg agxo + bguo + Q1(xq,dq)
1 ’
ugeU

s.t. x1 = Axg + Bug + Cdy
where the cost-to-go is:
Qi(x1,di) = min a7x; +bjus + Qa(x2,d2)
1/[2161/{,
s.t. x, = Axy + Buy + Cd;.

Following the recursion we obtain the cost-to-go:

: T T
On-1(xN—1,dN—1) = min ay_j;xXNn—1 + by_quNn—1
XNGX,
un_1€U

s.t. xy = Axy_1+ Buy_1+ Cdn_q

(6.2.2a)

(6.2.2b)

(6.2.3a)

(6.2.3b)

(6.2.4a)

(6.2.4b)

The cost-to-go functions Q;(-) are continuous, piece-wise linear, and convex (Pereira and

Pinto, 1991). This allows us to construct a dual dynamic programming (DDP) scheme

in which the cost-to-go functions are approximated using collection of hyperplanes (cut-

ting planes). In each iterationi = 0,1,..., the DDP algorithm computes a set of policies

w)y = (ug,uj, ..., uy_q) and x, := (x},x5,...,xy), and a set of cuts, one for each stage

t =0,1,...,N — 1. An iteration sequence of approximate linear programs (LPs) Q;() is

generated. Each of these LPs ta (+) provides a lower bounding function for the correspond-

ing cost-to-go Q;(+). The approximation gi() is given by the LP (6.2.5), which is solved

in a forward sweep to update the primal variables (states and controls) xi Ry ult', and in a
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backward sweep to update the dual variables (adjoints) 7:

gi(xi, di)= min  alxi+blu+ 60,1 (6.2.5a)
xtHeX,utEZ/{,
0r+1€R
s.t. x4 = Axi + Bu; + Cd;y  (11y) (6.2.5b)
Ori1 > Vg + ()T Axpi, 1=0,1,...,i — 1. (6.2.5¢)

The cutting plane coefficients Ui are computed from:
vl = Qi(xﬁ,dt) — ()T Ax, (6.2.6)

where Q;(xi, dy) is the objective value of the LP (6.2.5) solved in the backward sweep at
iteration i with fixed state x! (obtained from the forward sweep in the same iteration i).

LP duality provides basic properties that justify the choice of the cut coefficients vi. If
mt; is the dual solution corresponding to the state dynamics, the cost-to-go function can
also be represented in dual form as Q;(x;,d¢) = (1) Ax; + (71:)TCd;. A coefficient vy is
used to approximate (71;)TCdy, so that vy = Qy(x¢,d;) — (711)T Ax;. In each iteration i, the
objective ta (xi,d;) and the dual solution 7! obtained at stage t in the backward sweep are
used to define the cut for the problem corresponding to the previous stage t — 1, which
provides a lower bound for the cost-to-go Q;(xi, dy) that appears in the objective at stage
t — 1. From duality, one can also establish the key property that the cost-to-go functions
are supported by a finite number of dual vertices.

In a forward sweep, the stage subproblem minimizes the current stage cost (afxi +
bl'u;) and the cost-to-go from next stage (approximated by the cutting planes). The state
variable x; at time t encodes information of the history of the disturbances and control
actions implemented in the previous stages. In particular, the cost variable ;1 encodes
information of the future stages. The problem at the first stage provides a lower bound
for the objective value of the entire problem, as it includes a lower approximation of the

cost-to-go for all the stages. An upper bound can be obtained from the average over all
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iterations of the stage costs at the end of each forward sweep. One can guarantee that
this indeed provides an upper bound because the policy x!, ul obtained from the forward
sweep is feasible but not optimal. From this observation, we can also see that a forward
sweep can be interpreted as a receding horizon MPC scheme that computes an approxi-
mate policy of the long-horizon problem. In the backward sweep in each iteration, cutting
planes are collected and added to the approximate problems of each stage which incre-
mentally bring the objective function closer to the optimal. The duals used to construct the
cutting planes can be interpreted as adjoint variables, which propagate information back-
ward in time. The algorithm is stopped when the upper and lower bounds are within a
pre-defined tolerance e. Finite convergence is guaranteed because the cost-to-go functions
are supported by a finite number of vertices.

The DDP scheme can be summarized as below:

1. START with xg = X, U?H =0, n?ﬂ =0fort=0,1,...,N — 1, and set iteration counter

i+ 0.

Forward Pass:
2. Compute Qé(xf), do), and get xi, uf). Set the current lower bound, Ib = Qé(xf), dp).
3. Fort=1,2,...,N —1, solve Qi(xi, dy) and get the policy xi |, ul.

4. Set the current upper bound,

Backward Pass: Fort = N—-1,N—-2,...,1,
5. Compute Q;(xi, dr) and obtain associated dual 7t..

6. Compute the cut coefficient:
vp = Qi(x},di) — (1)) Ax}.

Add a cut to the problem Qi_l(xﬁfl,dtq): 0, > vl — ()T Axy.

152



7. UPDATE i <+ i+ 1. Ifub—1b > €, RETURN to Step 2, else STOP.

A key advantage of DDP is that it decomposes the time horizon into stages (in this case
each stage is a time step) and only solves single-stage optimization problems. This enables
the solution of problems with extremely long time horizons. In other words, the algorithm
marches sequentially in time and never needs to form the entire problem explicitly (and
thus does not need to store it in memory). All information is encoded (summarized) in the
form of cutting planes that are used to approximate the cost-to-go functions. Also, since
a standard MPC control policy is equivalent to a single sweep of the DDP scheme, we

conclude that the performance of standard MPC is suboptimal compared to that of DDP.

6.3 Stochastic Multistage Formulation

We now consider a stochastic MPC formulation that explicitly takes into account the full
uncertainty description of the random process Ds. The joint distribution of the process
is p(Dy) = p(Do, D1, ..., Dn—1) and the conditional distribution of D; given information
up to time t — 1 is p(D¢|I;_1). The conditional expectation of the cost-to-go Q(x;, D;) is de-
noted as [Ep, |, , [Q(xt, Dt)]. A key observation is that, since the state contains all necessary
information about the past disturbances, the disturbance realizations can be considered
independent, and the conditional expectation becomes an expectation with respect to the
next disturbance only. We use this notation to formulate a stochastic MPC problem as a

multistage SP of the form:

Qo(x0,do) = min ag xo + by uo + Ep,|;,[Q1(x1, D1)] (6.3.7a)
1 ’

ugeU

s.t. x1 = Axg + Bug + Cdj (6.3.7b)
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where,
Q1(x1,d1) = xrngg alxy +bTuy + Ep, 1, [Q2(x2, D2)] (6.3.8a)
MZ]EU/
s.t. xp = Ax1 + Buy + Cd;. (6.3.8b)

Following the recursion we obtain:

On-1(xn—1,dN-1) = meIQ aN_1XN—1+by_1Un_1 (6.3.9a)
u,\I;\I,leéf
s.t. xy = Axn_1+ Bun_1+ Cdn_1 (6.3.9b)

In this formulation, the cost-to-go function Q;(-) is a random variable and thus we use
the expected cost-to-go ]EDt| I, [Qt(x¢, Dy)] as measure. The conditional expectations are
often approximated by using a samples from the conditional distributions. This sample
average approximation (SAA) scheme generates a scenario tree with g scenarios per stage.
The total number of nodes in the tree grows exponentially as gV. As a result, the extensive
form of the SAA problem will have a number of state and control variables that grows
exponentially. This makes it impossible to form and solve extensive forms of practical
multistage SPs.

When the realizations are independent, one can use a compact scenario tree in which
the number of nodes scales linearly with N, as g - N, as shown in Figure 6.1. This compact
tree representation encodes information on all possible paths for the random disturbances.
In this representation, a node corresponding to scenarioj = 1,...,gatstaget =0,...,Nis
denoted by the index (j, ), and the disturbance realization at this node is denoted as dj,t.
The probability associated with the outcome in node j, t is p;;. We also note that the first
stage (t = 0) only has one scenario because the disturbance outcome is known (this node

is often known as the root node).
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6.3.1 Stochastic Dual Dynamic Programming

In the stochastic dual dynamic programming (SDDP) scheme, the expected cost-to-go
functions Ep,|;, ,[Q:(-)] are also lower-approximated using cutting planes. This is possible
because the expected cost-to-go is still piece-wise linear continuous. SDDP is implemented
in the same way as its deterministic counterpart. However, because the disturbance can
take multiple possible paths at each stage, a forward sweep is performed on a sample path.
A sample path can be represented by {(ji, t)|j: € {1,2,...,9}},t =0,1,...,N — 1. In each
iteration i, we obtain policies uj\/ = (uf),ua, .. .,ué\]_l) and Xj\/ = (xi,xé, .. .,xé\]) for the
sample path in the forward sweep. A set of cuts, one for each staget =0,1,...,N — 1 (all
scenario j = 1,2,...,q at stage t have the same cut) is obtained in the backward sweep.
Consequently, the stage problems in the sample path explored in the forward sweep re-
tain the information of all scenarios at all stages. A sequence of approximate LPs Q; t() is
generated for each stage as a result of the iterations. Each of these LPs provides a lower
bound for the corresponding cost-to-go Q;;(+). The approximate LP Q; ,(+) is given by the

following problem, which is solved to obtain the primal x! ey ui and dual variables ";,E

Q! t(xﬁ, di;) = min alxt 4+ bluy + 6,4 (6.3.10a)
—7 X1 €X U €U,
0i+1€R
s.t. xp41 = Ax}+ Buy + Cdjy (7)) (6.3.10Db)

q
Ori1 > Y (V)0 + (70]40) T Axei1), 1=0,1,...,i—1 (63.10c)
j=1

where the cut coefficients v§ ; are computed from
oh = Q0 (xh dj) — ()T Ax (6.3.11)

The problem at the first stage can be shown to also provide a lower bound of the optimal
objective value of the original stochastic MPC problem. This is because the supporting

hyperplanes explored along the sample paths are a subset of the entire set. A statistical
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(asymptotically accurate) upper bound for the problem is obtained from the average costs
over all iterations at the end of each forward sweep. A history of the a-confidence intervals
of the statistical upper bound can be computed by using information from multiple paths.

The SDDP scheme can be summarized as:

1. START with x§ = xo, 0, =0, 7}, ,, = 0forj=1,2,...,9,t=0,1,...,N 1, and

set iteration counter i < 0.
Forward Pass:
2. Randomly sample a path {(j, t)|j: € {1,2,...,9}},t=0,1,..., N —1.
3. Compute Qg(xé, do) and get policy xﬁ, ué. Set the current lower bound, I1b = Qf)(xé, do).

4. Fort=1,2,...,N — 1, compute Q;ht(xi, dj,+) and policies x\_,, ul.

5. Set the current upper bound
i N-1
ub = 1%1 Eo kgo alxl +blui. Compute the 95% confidence interval for the statistical

upper bound ub.

Backward Pass: Fort = N —1,N—2,..., land forallj =1,2,...,q,

6. Evaluate Q;,t(x§,tfdjlt) and dual solution n]Z:,t.

7. Compute the cut coefficient:

v;.,t =Q

7jlt(x;.,t, djs) — (70, ) T Axj. Add cut 6; > Y7, pjs1 (v, + (70} )T Axe) to (6.3.10).

8. UPDATE i <— i+ 1. Ifub—1b > €, RETURN to Step 2, else STOP.

The SDDP scheme can be shown to converge in a finite number of iterations with prob-

ability one (Shapiro, 2011; Philpott and Guan, 2008).



6.3.2 Extended MPC Formulations

The established connections between MPC and SDDP also reveal possibilities to design
MPC schemes that can handle multiple timescales. For instance, the SDDP scheme intro-
duced assumes a single time step per stage, and implicitly assumes that information of
the random process is collected after each timestep. When multiple timescales are present
in the problem, uncertainty might reveal at a slower timescale than the system dynamics.
For instance, in energy systems, market realizations might reveal after each hour while
the controller makes decisions at a time resolution of 5 minutes. Such cases lead to internal
time steps within the stages. Here, we present modifications needed to provide statistically
consistent dual information and guarantee convergence.

Consider the stochastic MPC problem in which the realizations of the disturbances are
observed at times t and t + 1, but the system dynamics evolve over inner stage times t = ty,
t1, ..., tu, tyy1 = t + 1. When the realization is observed at t, a trajectory of the disturbance
at the internal times d;; := (dj, d;+,,djt,,...,d;,) is also observed. We also denote the
state and control trajectories x; 1= (X, X4, Xt,, ..., Xt,) and u; == (1, Ug,, sy, ..., Us,). The

cost-to-go for stage t and scenario j is given by

Qj,t(xt/ dj,t) = xmler/IY uzxt + bzut + lEDt+1|It [Qt-i—l (xt+1, DH—l)] (6312a)
t;:eu p
s.t. xp1 = Axy, + Buy, +Cdjp,  (754,) (6.3.12b)

X4, = Axt+1p + Buth + Cdj,t—Hp (7Tj,t+1p)/ p= 0,1,...,n—1.

(6.3.12¢)

From duality, we have that the cost-to-go satisfies:

n—1 n—1
Qji(xt,djy) Z(TFj,tn)TAxt,, + Z(nt+1p)TAxt+1p + (Nj,tn)TCdtn + 2(nt+lp)TCdt+1p
p=0 p=0

(6.3.13)
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We propose to use the coefficient v;; (similar to that in (6.3.11)) to approximate the terms

not involving the states on the right-hand side of (6.3.13). With this, we have that

n—1
’(’)]‘,t = Qj,t(xt/ dj,t) — ((ﬂj,t,,)TAxt,, + Z(T(H-lp)TAxt—&-lp) . (6.3.14)
p=0

i i .
To compute v}, using x; we use:

) ) ) n—1
v},t = Q},t(xi,dj/t) — ((njltn)TAxtn + Z%)(me)TAxtn) . (6.3.15)
p:

In the case studies that follow, we demonstrate that this modification ensures convergence.
A rigorous convergence analysis will be established in future work.

SDDP can also be used to construct hierarchical MPC schemes. For instance, one can
envision a long-term MPC formulation that uses an approximate solution obtained with
SDDP to obtain cutting planes that guide a short-term MPC controller operating at high
time resolution. In particular, the cutting planes act as a terminal cost that restricts the

searchable state and control space of the short-term MPC controller.

6.4 Case Study

We illustrate the scalability of the proposed SDDP scheme using a case study for an elec-
trochemical energy storage system that modulates the load of a building and participates
in multiscale electricity markets. A diverse set of energy systems such as generators, bat-
teries, wind turbines, and flywheels can participate in electricity markets. The markets are
structured at multiple time levels, namely day-ahead (hourly market commitments) and
real-time markets (commitments ranging from minutes to seconds) (Dowling et al., 2017).
In day-ahead markets (DAM) the electricity is traded in intervals of 1 hour with the prices
being constant in each interval of 1 hour and varying with intervals. Real-time markets

(RTM), on the other hand, can have varying timescales depending on the ISO (Indepen-
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dent System Operators) operating it. For example, in California markets (CAISO) the real-
time markets are operated at two timescales, a 15-minute timescale which is commonly
called as the quarter-hourly market (QHM) and a 5-minute timescale which is called as
the real-time market (RTM), although both are categorized under the real-time market op-
erations by CAISO. The real-time market is a spot market in which utilities can buy power
to meet the last few increments of demand not covered in their day-ahead schedules. The
frequency of energy price variation is different for day-ahead and real-time markets (e.g.
highly volatile and varying with high frequency in the RTM, while less volatile and vary-
ing with low frequency in DAM). A challenge that arises in our context is that capturing
these revenue streams at multiple timescales requires the formulation of large MPC prob-
lems with long horizons and fine time resolutions.

Power Grid (ISO/Utility)

T~ T~ T

A Adjusted Demand
P+ P, L, — I
Iﬁl Iﬁl (7¢) (m tp>
Battery
E ——>(  Buildings
tp Pg;et Ltp P Ltp

Figure 6.2: Illustration of battery system

We consider a Li-ion battery with an attached building load that is inter-connected to
the power grid for providing different services. Batteries can provide power to or draw
power from the grid and get compensated at the time-varying prices. The goal is to deter-
mine the optimal charge-discharge profile to maximize the revenues generated by provid-
ing services to the grid and at the same time meeting the load demands from the building.

We consider battery and building as one system (building-battery system) as shown in

159



Figure 6.2, and any unmet load demand from the building is penalized with the corre-
sponding electricity price in the real-time market. We consider the participation of the
battery in the DAM (1-hour timescale) and RTM (5-minute timescale) for a planning hori-
zon of 7 days (168 hours). This problem has a total of 2,016 time steps of 5 minutes. We
consider that every stage contains one hour of operation (we have 12 time steps and 168
stages).

To generate an uncertainty characterization for the building loads, we partition real
historical data for the loads of a typical building for 1 year (available over 5-minute in-
tervals) into 52 subsets of weekly load profiles (i.e. 2016 intervals of 5-minute each). This
division of data helps capture the different load profiles over the weekdays and weekends.
We model the weekly load profile as a random process described by a multivariate normal
random variable. We obtain a covariance approximation from the historical data by using
a Ledoit-Wolf estimator (Kumar et al., 2018a). We generate 50 load scenarios for a week

(Figure 6.3) and we use these to generate sample paths.

—— Mean scenario
Scenarios

0 20 40 60 80 100 120 140 160
Time (hr)

Figure 6.3: Load scenarios for a week of operation.

For the problem for a planning horizon of 7 days, since there are 168 hours and 12

inner intervals in each hour, we have N = 168 and n = 12. We use 7; to denote the

160



161

electricity price in the DAM at hour ¢ and 71, to denote the electricity price in the RTM
at the p'" 5-minute interval in hour . The prices are adjusted based on the corresponding
timescale. We use E,;;;x = 0.5 to denote the energy storage capacity of the battery (in MWh),
Pyax = 0.5 to denote the maximum discharging or charging rate of the battery (in MW),
and Ey to denote the initial condition. The random loads of the buildings are denoted as
L;, denoting that loads affect the dynamics in real-time. We use P; to denote the power
committed in DAM at hour ¢ and P;, to denote power committed in RTM in p!" 5-minute
interval in hour . We use Li:p to denote the power supplied to the building by the battery
and the energy storage level of the battery is E;, at the p'" 5-minute interval in hour ¢.

The net discharge (power) from the battery is given by:
PtZEt = Pt"‘Ptp +Li:p’ t=01,...,N—1, p= 0,1,...,n. (6.4.16)
The energy storage is given by:

Ey1=E, — P!, t=0,1,...,N—1 (6.4.17)

Eiia,., = Erp1, — Pfjﬁp, t=0,1,...,.N—-1,p=0,1,...,n. (6.4.18)

The states and controls are bounded fort =0,1,..., N—1,p=0,1,...,nas:

0 < Et, < Epax (6.4.19a)
—Puax < P, < P (6.4.19b)
—Puax < Pt < Ppax (6.4.19¢)
~Pax < P < Ponax (6.4.19d)

0< Lij’” < Ly, (6.4.1%)



The objective is given by the total battery revenue:
N-1 n N-1 N-1 n su
-y Y P, = Y P+ Y Y (L, — L) (6.4.20)
t=0 p=0 t=0 t=0 p=0

Given the number of stages N = 168 and g = 50 outcomes per stage, the extensive form
of the associated multi-stage SP would involve an scenario tree with 501% = 2.67 x 102
nodes, which is clearly intractable. SDDP overcomes this scalability bottleneck by sam-
pling paths on-the-fly.

The SDDP algorithm is implemented in Julia programming language using JuMP
algebraic modeling package (Dunning et al., 2017). We solve all stage subproblems in
the SDDP scheme using Gurobi 7.0.1. For a typical run of the SDDP algorithm with

€ = 0.1, we obtain the following performance numbers:
e Number of SDDP iterations: 221
e Time to solution: 825.8 sec
e Final lower bound on cost: -554.88
e Final upper bound on cost: -554.79 with a confidence interval of [-554.57, -555.02]

A typical trajectory obtained for the lower and the upper bound of the cost is presented
in Figure 6.4. As the number of iterations increases the upper bound comes closer to the
lower bound and its confidence interval shrinks as more sample path information is ac-
cumulated. This convergence behavior shows that the proposed multiscale SDDP variant
performs satisfactorily.

The optimal revenue obtained from SDDP is about $554.84. To provide a comparison,
a two-stage relaxation of the multi-stage problem provides an optimal revenue of $711.08.
The policy obtained with this relaxation is not feasible but provides an idea of the value of

rigorously capturing uncertainty behavior.
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Figure 6.4: Evolution of lower and upper bounds in SDDP.

6.5 Conclusions

In this chapter, we demonstrated that stochastic dual dynamic programming (SDDP) pro-
vides a scalable framework to address complex MPC applications that need to capture
long horizons and fine time resolutions. By deriving and interpreting SDDP from an MPC
perspective, we showed that important insights can be gained on how to construct termi-
nal costs and performance bounds for MPC. In Chapter 7, we leverage the nested cutting
plane scheme with forward and backward sweeps along the time horizon in the SDDP al-
gorithm for mixed-integer MPC problems that include discrete or binary control decisions

and/or states.
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DUAL DYNAMIC PROGRAMMING FOR MULTISCALE
MIXED-INTEGER MPC

In this chapter, we extend the nested cutting plane scheme of SDDP, which uses forward
and backward sweeps along the time horizon to adaptively construct and refine the cost-
to-go functions to develop a dual dynamic programming approach for solving multiscale
mixed-integer model predictive control (MPC) problems that can handle real constraints

of energy systems such as discrete actuators and minimum startup loads.

7.1 Introduction

Model predictive control (MPC) is a well-known control technology for a wide range of
industrial processes due to its capability to handle any complex dynamic models with a
variety of control actuators and system constraints. However, integer or binary (discrete)
actuators that are common in many large-scale industrial applications and energy systems
have not been well studied in the literature of MPC. The major issue with discrete controls
is that they result in mixed-integer optimization problems which makes the problem com-
putationally expensive to solve (Garcia et al., 1989; Mayne et al., 2000; Rawlings et al., 2017;

Kirches, 2011). To handle the discrete controls in the industrial applications of MPC, they
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are dealt with separately outside the MPC control layer and those discrete decisions are de-
termined using heuristics or other logical rules in a different automation layer. However,
with advances in the optimization algorithms for mixed-integer linear programs (MILP),
recently MPC with mixed-integer models have been studied and the theory of MPC has
been extended to include discrete control actions (Rawlings and Risbeck, 2017). Various
results on stability of mixed-integer MPC have also appeared in the literature (Bempo-
rad and Morari, 1999; Di Cairano et al., 2014; Aguilera and Quevedo, 2013; Rawlings and
Risbeck, 2017).

Recent works have shown that it is very important to represent systems with both con-
tinuous and discrete controls using mixed-integer models (Bemporad and Morari, 1999;
Camacho et al., 2010; Kobayashi et al., 2014). Large-scale energy systems such as central
HVAC plants for campuses or districts have both continuous and discrete controls deci-
sions to make in real-time (Rawlings et al., 2018; Risbeck et al., 2015). In particular, for
real-time applications, it is very important to solve large-scale mixed-integer MPC prob-
lems arising in these systems efficiently and scalably. Long horizons and fine time dis-
cretizations are often required to properly account for long-term effects such as demand
charges and short-term disturbances at high frequencies such as energy loads and prices
(Kumar et al., 2018a, 2019a, 2020). Large-scale mixed-integer problems are also commonly
encountered in integrated production scheduling and control for industrial applications
(Daoutidis et al., 2018; Baldea et al., 2015; Beal et al., 2017, 2018). Recent work on on-
line schedule or rescheduling in chemical production applications also involves dealing
with large-scale mixed-integer models that are computationally challenging and need to
be solved faster (Subramanian et al., 2012; Gupta and Maravelias, 2017, 2016; Pattison et al.,
2017; Gupta et al., 2016).

Large-scale mixed-integer problems arising in these applications require efficient so-
lution algorithms for fast solutions. Many solution schemes based on temporal decom-
position have been developed for production scheduling problems (Bassett et al., 1996;

Harjunkoski and Grossmann, 2001; Jackson and Grossmann, 2003), unit commitment in
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power systems (Kim et al., 2018), and hydrothermal scheduling (Sifuentes and Vargas,
2007). We highlight that the decomposition schemes presented in these works are based
on Benders decomposition, and are limited by the size of the master problem, and are
often not scalable. In (Pereira, 1989) and (Pereira and Pinto, 1991), the authors present
a scalable algorithm, namely stochastic dual dynamic programming (SDDP), based on a
nested Benders decomposition scheme that solves small problems spanning a single time-
step in forward and backward sweeps along the time horizon while adding cutting planes
in each iteration. However, the SDDP algorithm can be applied to large-scale continuous
linear programs arising from multi-stage stochastic programming problems. Recently, the
SDDP scheme was derived and interpreted for long-horizon multiscale stochastic MPC
problems and it was implemented for electricity market participation of batteries (Kumar
et al., 2018c). Recent works also explore the use of nested Benders decomposition scheme
with forward and backward sweeps of SDDP framework for multi-stage stochastic pro-
grams with binary state variables (Zou et al., 2016, 2019), and the algorithm named as
stochastic dual dynamic integer programming (SDDIP). It is important to note that the
SDDIP schemes presented in (Zou et al., 2016, 2019) are limited to systems with continu-
ous control decisions. The authors in (Lara et al., 2018) and (Lara et al., 2019) have also
implemented the SDDIP algorithm for both deterministic and stochastic electric power in-
frastructure planning which allows continuous and integer state variables. The implemen-
tations of the SDDIP schemes, however, need to be derived in the context of mixed-integer
MPC applications where both controls and states can be continuous and integer variables.

In this work, we interpret and derive a dual dynamic integer programming (DDIP)
scheme for solving multiscale mixed-integer model predictive control (MPC) problems
that can handle real constraints of energy systems such as discrete controls and mini-
mum startup loads. We leverage the nested cutting plane scheme used in the stochas-
tic dual dynamic programming for multi-stage stochastic programming problems, which
uses forward and backward sweeps along the time horizon to adaptively construct and

refine the cost-to-go functions. We highlight that the DDIP scheme presented in this work
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can handle both continuous and discrete (or binary) control and state variables in the
mixed-integer MPC problems. This approach provides a scalable algorithm to solve the
large-scale mixed-integer programs arising in a wide range of applications such as MPC
with long horizons or fine discretizations, online scheduling, and integrated production
scheduling and control.

We demonstrate the performance of the proposed dual dynamic integer programming
scheme through computational experiments for a mixed-integer MPC problem for a cen-
tral HVAC plant for a typical university campus. We show that the proposed scheme is
able to obtain the optimal solution within an optimality gap of 0.1% for the LP relaxation
(continuous form) of the MPC problem for the central HVAC plant. Then, we present
the results for the implementation of the dual dynamic integer programming scheme to
the mixed-integer MPC problem for the central HVAC plant case with different horizon
lengths and discretizations to show that the DDIP scheme provides a scalable approach to

solve large-scale mixed-integer MPC problems.

7.2 Mixed-Integer MPC Formulation

We consider a mixed-integer MPC problem for a linear system of the following form:

N-1
xrf/“lf}v t;) fi(xe, up) (7.2.1a)
s.t. xp11 = Axy+Buy, t=0,...,N—1 (7.2.1b)
Xo =% (7.2.1¢)
u €U up € Z" xR™2, t+=0,..., N—1 (7.2.1d)
xt € X, xp €Z™ xR"™2, t+=0,...,N. (7.2.1e)

Here, the controls and states at time t are denoted as u; and x;, respectively. f;(x;, u;)
is the stage cost at time t associated with the states x; and controls ;. The trajectory of

control u; is defined over a horizon of N time stages from t = 0 to t = N — 1, while the
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trajectory of state x; is defined from t = 0 to t = N with the initial state provided as
xop = X. We note that the states x; and controls u; have n,, and n,, integer components,
and n,, and n,, continuous components, respectively. The states x; € Z"™1 x R™2 and
controls u; € Z"1 x R™2 (with ny = ny, + ny,, n, = ny, + ny,) are also bounded by the
polyhedral sets X and U, respectively. The dynamics of the linear system are described by
the matrices A € R"™ "™, B € R™*"_In this work, we assume that the stage costs f;(x;, ;)

are also linear functions of the controls and states.

7.2.1 Dynamic Programming Representation

We now consider a reformulation of the MPC problem (7.2.1) using a dynamic program-
ming representation in a multi-stage form (Bertsekas et al., 1995). In this formulation, the
objective function is expressed as the sum of the current stage cost and a cost-to-go func-
tion that summarizes the cost of future stages. The MPC problem takes the following form

as a dynamic program:

Qo(xo) = %uur()\ fo(xo, uo) + Q1(x1) (7.2.2a)
s.t. x1 = Axg + Buy (7.2.2b)

ug € U,ug € Z"1 x R'"= (7.2.2¢)

x1 € X,x1 € Z™ x R™2, (7.2.2d)

where the state xg is given as the initial state ¥, and the cost-to-go Q1 (x1) is defined as:

Qi(x1) = %llurll f1(xq,u1) + Q2(x2) (7.2.3a)
s.t. xo = Ax1 + Buy (7.2.3b)
Uy €U, u; € Z"1 x R (7.2.3¢)

X2 € X, xp € Z™1 x R, (7.2.3d)
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Following the recursion, the cost-to-go for stage t, Q;(x;) is obtained as:

Qi(x) = min fi(xy, ur) + Qpy1(x11)

Xty1,Ut

s.t. Xt+1 = Axt + But
ur €U, up € 7" x R

Xpp1 € X, xp1 € Z™1 x R™2,

The cost-to-go at the final stage of the horizon N — 1 is obtained as:

On-1(xn—1) = min fy_1(xN_1,UN-1)
XN/UN-1
s.t. xy = Axy_1+ Bun_1

un-1 €U, un_1 € Z"1 x R™

xy € X, xy € Z™ x R™2,

(7.2.4a)

(7.2.4b)
(7.2.4¢)

(7.2.4d)

(7.2.5a)

(7.2.5b)
(7.2.5¢)

(7.2.5d)

The dynamic programming representation of the mixed-integer MPC reveals an oppor-

tunity to construct iterative schemes that use approximations of the cost-to-go functions.

However, to facilitate the approximation of the cost-to-go function, we further introduce

an auxiliary variable z; € IR as a copy of x; in Problem (7.2.4). Note that z; is relaxed to

be a continuous variable within the same bounds as state x;.

Q(x¢) = min_ fi(x, ur) + Qpy1(xpr1)

Xty1,Ut,2¢

s.t. x;11 = Az; + Buy
z=x ()
uy €U, up € Z"1 x R™2
Xir1 € X, xp401 € ZM1 x R

Zr € R™,

(7.2.6a)

(7.2.6b)
(7.2.6¢)
(7.2.6d)
(7.2.6€)

(7.2.6f)
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We highlight that with the introduction of the auxiliary variable z;, it becomes the only
variable linking the cost-to-functions between stages and the constraint (7.2.6c) becomes
the only linking constraint between stages. We also note that the dual variable (adjoint)
for the linking constraint (7.2.6¢) in the corresponding linear programming (LP) relaxation
of Problem (7.2.6) is denoted by u;, which will be used to design of the dual dynamic
integer programming scheme that is described in Section 7.2.2. We will also see that the
introduction of the auxiliary variable z; facilitates the design of the DDIP scheme for a

multiscale mixed-integer MPC in Section 7.2.3.

7.2.2 Dual Dynamic Integer Programming

We use the dynamic programming formulation (7.2.6) to design a dual dynamic integer
programming (DDIP) scheme in which the cost-to-go functions are approximated using a
collection of cutting planes (hyperplanes) accumulated in each iteration. However, the cut-
ting planes can be constructed only if the cost-to-go functions are continuous and convex.
So, we obtain the cutting planes in the DDIP scheme from the linear programming (LP)
relaxations of the cost-to-go functions. In the DDIP algorithm, each iteration k = 0,1, ...
comprises a forward sweep and a backward sweep along the time horizon. A forward

sweep in iteration k computes a control trajectory (uf,u*,...,uk; |) and state trajectory

(xk, x5, ..., xK) with the given initial state by solving a sequence of approximate problems
¢F(+) (instead of Q;(-)) for t = 0,1,...,N — 1. The approximate cost-to-go ¢f(-) is given
by the Problem (7.2.7). In the backward sweep along the time horizon in iteration k, a set
of Benders cuts, one for each staget = N —1,N — 2,...,0 is generated by solving the LP
relaxation of the Problem (7.2.7). The solution to the LP relaxation of the Problem (7.2.7)
gives the objective value denoted by ¢} and the dual variable y} for the linking constraint,

both of which are used as the coefficients to construct the Benders cuts. The dual variables

uF and the LP relaxation objectives §f for the Benders cuts at all times are updated in each
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iteration k in the backward sweep.

¢f(xf) = min  fi(x}, u) +0a (7.2.7a)
Xpy1,Ut,2e, 0011

s.t. xpp1 = Az + Buy (727b)

Zp = x’lf (‘u]t() (7.2.7C)

Orp1 > Ppy + (i) (X1 = x140), [ =0,1,.., k= 1. (7.27d)

ur € U,uy € Z"1 x R"= (7.2.7¢)
X1 € X, xp41 € Z1 X R (7.2.76)
zy € R™. (7.2.7g)

Here, the constraints (7.2.7d) are the collection of Benders cuts for stage t accumulated
over all previous iterations. In each iteration k for each stage t, the variable 0; 1 is used
to approximate the cost-to-go for the next stage. We can justify the choice of the cut coef-
ficients in (7.2.7d) using LP duality properties. For the LP relaxation of Problem (7.2.7), if
the dual solution corresponding to the linking constraint (7.2.7c) is 45, the corresponding
cost-to-go can also be represented in dual form as ¢ (xf) = (u¥ )Tx’{ + vf, where of denotes
the cost component in dual form corresponding to the constraints defining the polyhedral
sets U and X. We can see that if uf and o are substituted using information from the
previous iteration by ¥~ and ¢F1 — (V]t(_l)Txlf_l, respectively, we obtain the Benders cut
for stage t — 1 for the current iteration k: 6; > (y’f’l)T(xlt‘ — x571) 4 ¢F~1. In each iteration
k, the objective ¢f(x¥) and the dual solution p obtained at stage t in the backward sweep
are used to define the Benders cut for the problem at the previous stage t — 1 for the next
iteration k + 1, which provides a lower bound for the cost-to-go ¢¥(x¥) that appears in the
objective at stage t — 1. We can also observe a key property arising from duality that the
cost-to-go functions are supported by a finite number of dual vertices.

In a forward sweep, the stage subproblem minimizes the current stage cost (f;(x;, 1))

and the cost-to-go from next stage (approximated by the cutting planes). The state vari-
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able x; at time t encodes information of the history of the control actions implemented in
the previous stages. In particular, the cost variable 6;,1 encodes information of the future
stages. We note that in iteration k, solving Problem (7.2.7) in the forward sweep gives a set
of trajectories for the controls and states {u’t‘, x’t‘ i },t=0,...,N —1, starting with the given
initial state xo = X. These control and state policies also satisfy the constraints of the MPC
Problem (7.2.1) and therefore, are feasible but not necessarily optimal. Thus, we compute
the value of YN ! fi(xf, u¥) that is guaranteed to be an upper bound for the MPC objec-
tive. We can also interpret a forward sweep of the DDIP scheme as a receding horizon
MPC scheme that computes an approximate policy of the long-horizon problem. In the
backward sweep in each iteration, cutting planes are collected and added to the approxi-
mate problems ¢f(+) of each stage which incrementally bring the objective function closer
to the optimal. The duals of the LP relaxation problem which are used to construct the cut-
ting planes can be interpreted as adjoint variables that propagate information backward in
time. We note that the objective value ¢f(xk) provides a lower bound for the MPC objec-
tive Qo(xo) because ¢f(xt) is obtained from the solution to the LP relaxation of Problem
(7.2.7) and also contains lower approximations of cost-to-go functions at all stages. The
algorithm is stopped when the upper and lower bounds are within a pre-defined tolerance
€.

The DDIP scheme can be summarized as below:

1. START with x) = %, ¢, =0, u? ; =0fort =0,1,...,N — 1, and set iteration counter
k + 0.

Forward Pass:

2. Compute ¢f(xK), and get x%, uk.
3. Fort =1,2,...,N — 1, solve ¢} (x}) and get the policy x¥_,, uf.

4. Set the current upper bound,

N-1 L
ub = Zo fi(xf, uf).
t=
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Backward Pass:

5. Fort =N —1,N—2,...,1, solve LP relaxation of the updated Problem (7.2.7), and obtain

PF(xF), xk, and associated dual yk.

6. For t = N—1,N —2,...,1, compute the corresponding Benders cuts: 6; > ¢f +

(uk )T(xt — xK); add the computed cuts to the problems ¢¥1(x¥1) for future iterations.

7. Set the current lower bound, Ib = @ (xk).
8. UPDATE k <— k+ 1. Ifub —Ib > €, RETURN to Step 2, else STOP.

A key advantage of DDIP scheme is that the time horizon is decomposed into stages
and it only needs to solve single time-step optimization problems as each stage comprises
a single time step here. This feature enables the solution of problems with extremely long
time horizons even in the mixed-integer MPC problems. In other words, the DDIP algo-
rithm moves sequentially in time and never needs to form the entire mixed-integer prob-
lem explicitly (and thus storing it in memory is also avoided). The cutting planes that
approximate the cost-to-go functions encode (summarize) all the accumulated informa-
tion. We also note that in each iteration, the backward sweep of the DDIP scheme solves
single-stage problems with fixed initial states provided from the forward sweep in the
same iteration, and therefore each stage subproblem is independent of other stage sub-
problems. Thus, all stage subproblems in the backward sweep can be solved in parallel

which can further accelerate the algorithm.

7.2.3 Multiscale Mixed-integer MPC Formulations

The established connections between mixed-integer MPC and DDIP also reveal possibil-
ities to design DDIP scheme for MPC that can handle multiple timescales. In the DDIP
scheme introduced for the mixed-integer MPC in Section 7.2.2 assumes a single time step

per stage, and implicitly assumes that information is collected after each time step. When
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multiple timescales are present in the problem, we can design a DDIP scheme by decom-
posing the time horizon into stages such that each stage also contains inner time steps.
This means that the DDIP scheme collects information at a slower timescale (stages) than
the system dynamics (that evolves over inner time steps). Such a multiscale design of
DDIP scheme solves is required when the MPC problem involves an extremely long time
horizon due to fine time resolutions. Here, we present modifications needed to update the
dual information for the multiscale MPC problem.

Consider the mixed-integer MPC problem in which the DDIP information (cutting
planes) are collected at stages t and t 4 1, but the system dynamics evolve over inner stage
times t = to,t1,...,th—1,tn, thy1 = t + 1. At stage t, given the state x; at the start of the
stage (time instant t(), the cost-to-go Q;(x;) is solved to obtain the state and control trajec-
tories x¢y1 = (X4, Xty, - -, Xp,, Xp41) and uy = (Ug, g, Uy,, . .., Uy, ). The cost-to-go Qs (x;)

for stage t is given by

Qr(xt) = Jin fr(xe, ue) + Qrea (xe41) (7.2.8a)
s.t. xy, = Az; + Buy (7.2.8b)

Xt = Axtp + Butp, p=1,...,n (7.2.8¢)

ze=2xr () (7.2.8d)

ur, €U, uy, € Z' xR", p=0,...,n. (7.2.8e)

xt, € X, xt, € 7' xR"™, p=1,...,n. (7.2.8f)

z € R™. (7.2.8g)

From duality, we have that the LP relaxation of the cost-to-go Q;(x;) satisfies Q;(x;) =
(1) Tx¢ + v; similar to that discussed in Section 7.2.2. It is easy to see that the DDIP scheme
can be designed for the multiscale mixed-integer MPC problem using a Benders cut ob-
tained for each stage t in the backward sweep in each iteration k. We use the computed

LP relaxation objective ¢F, state xlt‘l, and dual uf in iteration k to define the Benders cut for



stage t — 1 for future iterations: 6; > ¢f + (pf)" (x;, — xf,) (similar to that in (7.2.7d)).

We also observe that DDIP can also be used to construct hierarchical MPC schemes. For
instance, a long-term mixed-integer MPC formulation can be decomposed into hierarchies
of stages comprising coarse to fine time resolutions, and in each hierarchy, a DDIP scheme
can be used to obtain cutting planes that guide the MPC controller at the lower hierarchy
operating at higher time resolution. In particular, the cutting planes act as a terminal cost
that restricts the searchable state and control space of the lower level MPC controller. This
hierarchical scheme presents a scalable approach to solve long-term mixed-integer MPC

problems and will be an interesting area of future work.

7.3 Computational Experiments

In this section, we present some computational experiments to demonstrate the perfor-
mance of the proposed DDIP schemes. We describe the decision-making setting and the
physical dynamic model of a central HVAC plant for a typical university campus, and then
present the results of the implementations of the DDIP scheme. The nomenclature used in

this section for the HVAC central plant model is provided in Section A.3 of Appendix A.

7.3.1 Decision-Making Setting

The decision-making setting of the central HVAC plant for a typical university campus is
an extension to that described in Chapter 4. The HVAC plant that we consider in this work
consists of a chiller subplant comprising 4 chillers that produce chilled water and a heat
recovery (HR) chiller subplant comprising 3 HR chiller units that produce both chilled wa-
ter and hot water, 3 hot water generators to produce hot water, 9 cooling towers to reduce
the temperature of the water purchased from the market, a dump heat exchanger (dump
HX) for rejecting heat from the hot water, and storage tanks (one for chilled water and one
for hot water). The goal is to determine hourly operating strategies for each equipment

unit to minimize the total cost of the external utilities that need to be purchased from the
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market (electricity, water, and natural gas). Electricity is charged based on time-varying
prices, while water and natural gas usage are charged at respective constant prices. We do
not consider the monthly peak demand charges for electricity in this work. .5, .8, .5, .5, 0

Thus, the various cost components for the central plant are:

e Electricity transactions (hourly): Electricity is required for the equipment operation in
the central plant and needs to be purchased. The transactions are charged at the

time-varying market price, ;.

o Water transactions (hourly): Water is required to make up for evaporative losses of
water in the cooling towers. Water is purchased from the utility at a fixed price of

= $0.009/ gal.

o Natural gas transactions (hourly): Natural gas is needed to run the hot water generators
to satisfy the campus heating load. Natural gas is purchased from the utility at a fixed

price of 7;¥= $0.018/kWh.

Figure 7.1 shows the energy flows between all the units of the central HVAC plant and
interactions with campus loads and utilities. Electricity is consumed by the chiller sub-
plant, HR chiller subplant, hot water generators, and cooling towers, while utility water is
consumed by only the cooling towers to make up for the evaporative losses, and natural
gas is only consumed by the hot water generators. The electricity, water, and natural gas
consumption of these units are linked to their operating loads. For instance, all chiller units
and HR chiller units consume af; and &}, kW of electricity per kW of chilled water pro-
duced, respectively; each hot water generator consumes «; 2 kW of electricity and D(qu o kW
of natural gas per kW hot water produced, respectively; and each cooling tower consumes
aéy kW of electricity and af} utility water per kW of condenser water input, respectively.
Also, there are prescribed minimum operating loads for the chillers, HR chillers, hot water
generators, and cooling towers. For instance, each chiller can either be OFF or operate at
50% or more of its maximum cooling capacity when ON. Similarly, each HR chiller unit,

when ON, can only operate at minimum 80% of its maximum cooling capacity, each hot
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Figure 7.1: Schematic representation of central HVAC plant under study.

water generator and each cooling tower can operate at 50% or more of the respective max-
imum capacities, while the dump HX can operate at any load when ON. These restrictions
require enforcing logical constraints and making binary decisions for each of these units
whether to keep a unit ON or OFF, thus resulting in a mixed-integer formulation for the
central plant operations.

The central plant meets the chilled water load (L{") of the campus by producing chilled

water from the chiller subplant (P ), the HR chiller subplant (P, ), and the discharge



from chilled water storage (Prw,:), where, within the chiller subplant, nth unit produces
Pn,cst chilled water, and within the HR chiller subplant, nt" unit produces py, py+ chilled
water. The hot water production from the HR chiller subplant (“Zr Puret), the hot water
generators (Pyg ¢), and the discharge from the hot water storage (P, ;) meets the hot water
load (L’fw ) of the campus, where n'" HR chiller unit produces ochCpn,hrC,t hot water, and n!"
hot water generator unit produces p; jwq+ hot water. The excess hot water (P, ) in the
system is recycled by dump heat exchanger (HX) by cooling it and producing condenser
water which is cooled further by the cooling towers together with the condenser water
produced by the chiller and HR chiller subplants (total P, ; condenser water is cooled by
the towers, where p;, ¢+ is cooled by n'" tower). The binary control decisions for the system
include the ON/OFF decisions for each of the chiller units, HR chiller units, hot water
generators, and cooling towers. The continuous control decisions are the operating loads
of all units, which include the chilled water production by each chiller and HR chiller unit
(when ON), hot water production by each hot water generator (when ON), the cooling load
of each cooling tower (when ON), the heat exchange load of the dump HX, and discharge
rates from the two storage tanks.

The HVAC plant operations are driven by uncertain and time-varying disturbances,
which are given by the campus loads for electricity (L), chilled water (L{), and hot water
(L"), and by the electricity prices (7). In this work, we assume that the forecasts for each
of these disturbances are available for use in the deterministic MPC formulation. The goal
of the control (management) system of the plant is to determine operating loads for all
units and storage levels to meet campus loads and to minimize the overall plant cost for
the given forecasts. We use similar notation to that in Chapter 4 to describe the mixed-
integer MPC problem for the central plant. Section A.3 of Appendix A provides a detailed

description of all the variables and quantities involved in this formulation.

178



7.3.2 Mixed-Integer MPC Formulation for Central HVAC Plant

The mixed-integer MPC controller uses the disturbance forecasts for L¢, L5, LI, and 7t¢

to find the control policy that minimizes the total cost over an N-hour prediction horizon,

with the time sets 7 := {0,..., N} and 7 := T \ {N}, by solving the following optimiza-

tion problem:

min Z( ) n{r{—k Y. pjuj,t). (7.3.9a)

s.t.

teT \j={ewng} j€{cw,hw}
Yyjt € {0,1}, j € {cs, hre,hwg, ct,hx},n € {1,...,Nj},t € T (7.3.9b)

BipiYujt < Pujt < PYujt, J € {cs, hre, hwg, ct,hx},n € {1,...,N;},t € T

(7.3.90)
Nj
Piy =Y pujt j € {cs hre,hwg, ct,hx},t € T (7.3.9d)
n=1
6= ) WP+ Ly, teT (7.3.9¢)
jetes rcfug,ct}
r{ = D({:jpij,t’ j € {w,ng}, iw = ct,ing =hwg, t €T (7.3.91)
Petp = 00" Pegy + Phyy, t €T (7.3.9g)
Pes 4 Purey + Pewst + Ucwy = L{¥, t €T (7.3.9h)
o Py + Phavg,t — Pt + Pt + U, = Ly, teT (7.3.91)
Ejts1=Ejy — Py, j € {cw, hw}, t €T (7.3.9))
0<Ej<Ej je {cwhw},teT (7.3.9k)
P <Py < Pj, je{cw hw},t €T (7.3.91)
Ujy >0, j € {cw, hw},t € T (7.3.9m)

Here, the binary variables V), ;; in (7.3.9b) are used to introduce the logical ON/OFF de-

cisions for each of the chiller, HR chiller, hot water generator, cooling tower, and dump

HX units, and constraints (7.3.9c) provide the operating bounds of each of these units
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when ON. Constraints (7.3.9d) define the total operating loads of the chiller subplant,
HR chiller subplant, hot water generators, cooling towers, and dump HX, respectively.
The constraints (7.3.9e)-(7.3.9f) compute the demands of electricity, water, and natural gas
(r¢, 7, r/¢) that need to be purchased from the utility companies. Constraints (7.3.9g) im-
pose the energy balance for the condenser water. Constraints (7.3.9h) and (7.3.9i) ensure
that the chilled and hot water loads are met. Slack variables Uj, j € {cw, hw} for unmet
loads for chilled and hot water ensure that the problem isn’t infeasible in case of unmet
(under-production) chilled water or hot water. The slack variables for unmet loads are
penalized in the objective function by with the penalty p;, j € {cw,hw}. Dynamics of
the state of charge (SOC) for chilled and hot water storage tanks are given by constraints
(7.3.9j). Constraints (7.3.9k)-(7.3.9m) provide bounds on the states, discharge rates from
storage tanks, and slack variables for unmet loads. The lower bounds for the discharge
rates of chilled water and hot water storage units correspond to the maximum charging
rates, which are negative of the maximum discharging rates (i.e, Bj = _F]., j € {cw, hw}).
Figures 7.2-7.5 show the historical data for the campus electrical load, hot water load,
chilled water load, and the electricity prices for the entire year. The vertical red lines in
these figures represent monthly periods. In this work, we use these data as the available

forecasts of the disturbances in the MPC formulation.
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Figure 7.2: Historical electrical load of the campus. Red vertical lines denote end of each
month.
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Figure 7.3: Historical hot water load of the campus. Red vertical lines denote end of each
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Figure 7.4: Historical chilled water load of the campus. Red vertical lines denote end of
each month.
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Figure 7.5: Historical electricity price data. Red vertical lines denote end of each month.

7.3.3 Results

We now present the results of the computational experiments for the central HVAC plant
problem described in Section 7.3.2. First, we implement the dual dynamic programming

scheme for the LP relaxation (continuous form) of the MPC problem for the central HVAC



plant, and show that the DDP scheme is able to obtain the optimal solution within an op-
timality gap of 0.1%. Then, we present the results for the implementation of the DDIP
scheme to the mixed-integer MPC for the central HVAC plant with different horizon
lengths and discretizations to show that the DDIP scheme provides a scalable approach
to solve large-scale and multiscale mixed-integer MPC problems. The schemes are imple-
mented in Julia and leverage the algebraic modeling capabilities of JuMP (Dunning et al.,
2017). The stage-wise optimization problems in the forward and backward sweeps are
solved using Gurobi 9.0. The algorithms were run on a 32-core machine with Ubuntu
14.04, Intel Xeon 2.30 GHz processors, and 188 GB RAM. The stopping criteria for the
DDIP scheme is set to an optimality gap (gap between upper and lower bounds) of 0.5%.
For comparisons with the optimal solution for the state evolution, the full problems in the

extensive form are also solved.

Continuous (LP Relaxation) MPC Problem

We solve the continuous form or LP relaxation of the MPC problem (7.3.9) with a 168-hour
(1-week) horizon. The full problem consists of 9,412 variables and 9,243 linear constraints.
Figures 7.6-7.7 present the results for the continuous form (LP relaxation) of the mixed-
integer MPC problem for the central HVAC plant. The top and bottom figures in Figure
7.6 show that the DDIP scheme obtains the optimal solution (within an optimality gap of
0.06%) in less than 200 iterations. It takes CPU clock time of 21s to achieve the stopping
criteria. We note that the extensive form of the problem is computationally not expensive,

and can be solved quite easily.
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Figure 7.6: Top: Evolution of upper and lower bounds over iterations for 168-hour hori-
zon, continuous MPC; red curve represents the evolution of the upper bound and blue
curve represents the evolution of the lower bound. Bottom: Evolution of the percentage
optimality gap over iterations for 168-hour horizon, continuous MPC.
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Figure 7.7: Comparison of DDIP and optimal solution of the state of charge evolution
for chilled water tank (top) and hot water tank (bottom) over time for 168-hour horizon,
continuous MPC. Blue curve represents the solution from the DDIP scheme and red curve
represents the optimal solution.

Figure 7.7 provides a comparison of the optimal solution and the final solution from
the DDIP scheme for the state of charge evolution of the chilled water and hot water tanks
over time. It can be observed that the DDIP scheme obtains close to optimal evolution of
the states of charge with slight differences only at a few times which can be attributed to

the optimality gap of 0.06%.
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Short-Horizon Mixed-integer MPC Problem

We solve the mixed-integer MPC problem for the central HVAC plant with a 168-hour
horizon. The full problem consists of 9,412 variables including 3,360 binary variables, and

9,243 linear constraints. Figures 7.8-7.9 present the results for this short-horizon mixed-
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Figure 7.8: Top: Evolution of upper and lower bounds over iterations for 168-hour hori-
zon, mixed-integer MPC; red curve represents the evolution of the upper bound and blue
curve represents the evolution of the lower bound. Bottom: Evolution of the percentage
optimality gap over iterations for 168-hour horizon, mixed-integer MPC.

integer MPC problem for the central HVAC plant. The top and bottom figures in Figure
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7.8 show that the DDIP scheme obtains the optimal solution (within an optimality gap
of 0.25%) in approximately 170 iterations. It takes CPU clock time of 56s to achieve the

stopping criteria of less than 0.5% optimality gap.
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Figure 7.9: Comparison of DDIP and optimal solution of the state of charge evolution
for chilled water tank (top) and hot water tank (bottom) over time for 168-hour horizon,
mixed-integer MPC. Blue curve represents the solution from the DDIP scheme and red
curve represents the optimal solution.

Figure 7.9 provides a comparison of the optimal solution and the final solution from

the DDIP scheme for the state of charge evolution of the chilled water and hot water tanks



over time. It can be observed that the DDIP scheme obtains similar to optimal evolution of
the states of charge with some deviation from the optimal solution which can be attributed

to the optimality gap of 0.25%.

Long-Horizon Mixed-integer MPC

To show that the DDIP scheme is scalable to long-horizon problems, we solve the mixed-
integer MPC problem for the central HVAC plant with horizon of 1 month or 720 hours
which is more than four times longer horizon than the previous case. The full problem
contains 40,324 variables including 1,440 binary variables, and 39,603 linear constraints.
The top and bottom figures in Figure 7.10-7.11 present the results for the 720-hour horizon
mixed-integer MPC problem for the central HVAC plant. From the top and bottom figures
in Figure 7.10, we see that the DDIP scheme achieves an optimality gap of within the stop-
ping criteria (actually achieves a gap of 0.03%) at the end of approximately 710 iterations.
Thus, we see that the number of iterations scales approximately with the horizon length.
It takes CPU clock time of 256s to achieve the stopping criteria of less than 0.5% optimality
gap, which also scales with the horizon length. Since the DDIP scheme needs to solve only
single-stage problems in every iteration, the algorithm will easily scale to longer horizons.
Also, as noted earlier, a parallel implementation of the backward sweep can further accel-
erate the computational time for the algorithm for larger problems. Figure 7.11 compares
the optimal solution and the final solution from the DDIP scheme for the state of charge
evolution of the chilled water and hot water tanks over time. It can be observed that the
evolution of the states of charge obtained from DDIP scheme has some deviation from the
optimal evolution during some periods while closely following the optimal evolution at
other periods. This is due to the fact that the objective of the MPC problem was to mini-
mize the total energy cost and it is possible for different state evolutions to achieve close
to optimal objective value. Since the final optimality gap is 0.03%, the state evolution is
not the same as optimal, however, the goal of minimizing the energy costs over the time

horizon can be achieved. We also highlight that this solution is just the solution of the
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single MPC problem, and the states at the first time step obtained from DDIP algorithm
are the same as optimal within a reasonable tolerance. If this scheme is implemented in a
receding horizon framework, we can achieve close to optimal state evolution for the entire
horizon.

Thus, we conclude that the DDIP scheme is scalable and solves long-horizon large-
scale mixed-integer MPC problems to the desired optimality gap. The DDIP scheme is
also able to obtain close to optimal evolution of the states within a reasonable tolerance.
We highlight that upper bound achieves close to the optimal solution in the initial few
iterations because the forward sweeps obtain feasible trajectories of controls and states
which give near-optimal objective values, while the lower bound gradually moves close to
the optimal solution. This highlights the fact that the lower bound is limited by the quality
of the cutting planes obtained in each iteration. We highlight that this characteristic of the

lower bound is specific to the problem structure.

7.4 Conclusions and Future Work

We proposed a dual dynamic integer programming (DDIP) scheme for solving multiscale
mixed-integer model predictive control (MPC) problems that can handle real constraints
of energy systems such as discrete (ON/OFF) controls and minimum startup loads. TO
design the DDIP scheme, we leverage the nested cutting plane scheme used in the stochas-
tic dual dynamic programming for multi-stage stochastic programming problems, which
uses forward and backward sweeps along the time horizon to adaptively construct and
refine the cost-to-go functions. The cutting planes in the DDIP scheme are obtained as
the Benders cuts from the LP relaxations of the mixed-integer problems in the backward
sweeps. The framework is general and can also be implemented to other applications such
online scheduling and integrated production scheduling and control.

We performed computational experiments by implementing the DDIP scheme on a

mixed-integer MPC problem for a central HVAC plant for a typical university campus.
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We showed that for the continuous MPC problem, the DDIP scheme obtains the optimal
solution within an optimality gap of 0.1%, while the implementations of the DDIP scheme
to the mixed-integer MPC problem with different horizon lengths and discretizations show
that the DDIP scheme provides a scalable approach to solve such large-scale problems.
Future work will focus on implementation of the proposed scheme for stochas-
tic mixed-intger MPC applications with uncertainties evolving over long time horizons
and/or fine time resolutions. Parallel implementation of the DDIP scheme to accelerate
the algorithm for extremely long horizons or fine time resolutions, and specifically for

stochastic mixed-integer problems, is another area of future work.
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CONCLUSIONS AND FUTURE DIRECTIONS

The major goals of this research were to address the challenges associated with handling
uncertainties encountered in the electricity markets, energy demands for the electricity
market participation of energy systems. We addressed these challenges by developing a
multiscale stochastic model predictive control architecture for energy systems that handles
interactions and uncertainties at multiple timescales, and develop an extensive computa-
tional framework for the benchmarking of stochastic and deterministic MPC. We also ad-
dress the challenges of tractability of the large-scale problems arising from long horizons
and fine time resolutions by designing stochastic programming based hierarchical MPC
and stochastic dual dynamic programming for MPC problems. We also presented imple-
mentations of all the computational frameworks developed in this research to industrial
case studies. The major contributions of this thesis are summarized in Section 8.1 and some

future research directions are discussed in Section 8.2.
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8.1 Contributions

8.1.1 Stochastic MPC Framework for Electricity Market Participation and De-

mand Charge Mitigation

In Chapter 2, we proposed a stochastic model predictive control (MPC) framework to de-
termine the optimal battery participation commitments in the energy and frequency reg-
ulation markets operated by the ISO and simultaneously mitigate demand charges for an
attached modulated load such as buildings. Our stochastic MPC framework solves a two-
stage stochastic program that maximizes the expected revenue over a receding horizon
and that accounts for the uncertainty in the load, energy and regulation prices, and regula-
tion signals. Our framework also captures the periodicity in the data such as the load and
electricity prices by using a Ledoit-Wolf covariance estimator to generate load and price
scenario profiles from limited historical data. We benchmark the performance of stochas-
tic MPC against perfect information MPC and deterministic MPC for different prediction
horizon lengths and demand charge discounting strategies by using real load data for a

typical university campus and price and FR signal data from PJM.

8.1.2 Computational Framework for Benchmarking Stochastic and Determinis-

tic MPC

In Chapters Chapter 3 and Chapter 4, we presented an extensive computational frame-
work that integrates forecasting, uncertainty quantification, and model predictive control
(MPC) to benchmark the performance of deterministic and stochastic MPC. The computa-
tional framework for benchmarking of stochastic and deterministic MPC also implements
the detection, quantification, and mitigation of constraint violations that the deterministic
MPC can cause due to not accounting for the uncertainty in the data. By means of two case

studies, namely a battery management case study and a central HVAC plant for a typical
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university campus, we showed that the off-the-shelf deterministic MPC implementations
can suffer significant losses in performance and constraint violations due to their inabil-
ity to handle disturbances that cannot be adequately represented by mean (most likely)

forecasts.

8.1.3 A Retroactive Hierarchical MPC Scheme for Periodic Systems to Handle

Long Horizons

In Chapter 5, we designed a hierarchical model predictive control (MPC) framework using
stochastic programming to handle long horizon (or infinite horizon) problems for periodic
systems. We showed that an infinite-horizon problem for a periodic system can be cast as a
stochastic program (SP) solving a retroactive optimization problem that progressively ac-
cumulates historical data and delivers optimal state targets in the long run. The proposed
hierarchical MPC scheme consists of the retroactive problem at the high-level hierarchical
layer that provides targets to guide a low-level MPC controller that operates over a short
period at high time resolution. We also derived a retroactive scheme tailored to linear sys-
tems by using cutting plane techniques, analyze stability properties, and suggest strategies

to handle nonlinear systems.

8.1.4 Dual Dynamic Programming Based Schemes for Long-Horizon MPC

In Chapter 6, we derived and interpreted the stochastic dual dynamic programming
(SDDP) for MPC to provide a scalable approach to handle complex MPC applications
with uncertainties evolving over long time horizons and with fine time resolutions. The
nested cutting-plane scheme of SDDP, which uses forward and backward sweeps along
the time horizon to adaptively construct and refine the cost-to-go functions is also lever-
aged in Chapter 7 to develop a dual dynamic programming based approach for solving
multi-scale mixed-integer model predictive control (MPC) problems that can handle real

constraints of energy systems such as discrete actuators and minimum startup loads.
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8.2 Future research directions

This dissertation gives rise to many future directions in the areas of multiscale control un-
der uncertainty, modeling and control of energy systems, and hierarchical MPC schemes.
A direct extension of this research is the parallel implementations of the stochastic MPC
and hierarchical MPC schemes presented in this thesis. More future directions arising from

this research are discussed below:

8.2.1 Extensions of the Stochastic MPC Framework to More Complex Market

Conditions

The stochastic MPC framework for energy storage systems in electricity markets for fre-
quency regulation and demand charge mitigation presented in Chapter 2 can be extended
to include more complex market conditions. The incorporation of uncertainty models that
capture correlations between market prices and loads, and that capture longer timescales
is a possible extension of the work. In this case, larger amounts of historical data will be
needed to construct the probability distributions of the disturbances and generate realiza-
tions. Another direction is to extend the stochastic MPC framework to a multiscale setting
in which energy and frequency regulation transactions take place at higher frequencies
(minutes to seconds) (Dowling et al., 2017). Some results of stability analysis for receding
horizon stochastic MPC are presented in Paulson et al. (2015); Lorenzen et al. (2016). How-
ever, for a general stochastic MPC framework with peak costs in the objective function,
more analysis is required to provide asymptotic stability and optimality guarantees for an

infinite horizon problem.

8.2.2 Future Directions on Benchmarking Framework for Stochastic MPC

As part of future work for the computational framework for benchmarking stochastic and

deterministic MPC presented in Chapter 3 and Chapter 4, more detailed physics-based
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models for battery and units in the central HVAC plants that account for degradation ef-
fects explicitly can be explored. Moreover, FR signals at higher time resolutions (seconds)
(for the battery management case study) can be included for more detailed studies. Parallel
decomposition and simulations will be required in order to accelerate simulations for the
resulting large-scale and complex models. The performance obtained with quasi-stochastic
MPC also suggests that significant gains in performance can be obtained by using simple
uncertainty characterizations, and this approach can be explored in a more general set-
ting. Other important directions of future work involve systematic comparisons of more
formulations of model predictive control under uncertainty such as affine decision rules
(Domahidi et al., 2012; Guigues and Henrion, 2017), multi-stage and two-stage formula-
tions (Mesbah, 2016), chance-constrained formulations (Mesbah et al., 2014; Farina et al.,
2016; Paulson et al., 2017). Recent advances in techniques such as stochastic dual dynamic
programming enable the solution of multi-stage problems with many stages (Kumar et al.,
2018c). This can enable a systematic comparison of long horizons and number of scenarios
on the economic impacts. Another interesting area of research includes scenario reduction
and clustering techniques (Romisch, 2009; Kaut and Wallace, 2003; Dupacova et al., 2000;
Growe-Kuska et al., 2003) that can be used to enforce feasibility with a small number of

samples.

8.2.3 Extensions of Retroactive Hierarchical MPC Schemes

An interesting area of research arising from Chapter 5 will be to extend the retroactive
hierarchical MPC schemes for periodic systems based on stochastic programming for non-
linear systems and to provide optimality and stability results. In particular, the stochas-
tic programming representation makes it possible to use other schemes such as proximal
point methods for convex nonlinear problems Bertsekas (2011). Other future directions are
to investigate convergent schemes that have faster convergence than cutting planes, that

prevent the accumulation of large amounts of data over time, and that factor in forecast
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information in a more effective manner. Another future work in this area is the design
of retroactive hierarchical schemes for a more general setting with more than two hierar-
chical layers. This case will require the implementation of the cutting-plane scheme in a
nested fashion to update the state targets at multiple hierarchical layers. The optimality

and stability results will also need to be established for this case.

8.2.4 More Developments in Dual Dynamic Programming Schemes

Future work for the stochastic dual dynamic programming for multiscale MPC presented
in Chapter 6 includes establishing the convergence of the modified SDDP scheme for the
multiscale problems. A future investigation is also required to study how to obtain bounds
on constraint violations. Parallel implementation of SDDP schemes is also possible to ac-
celerate the convergence of this scheme. In particular, one can explore multiple paths at
once to obtain more cutting plane information and accelerate the convergence. The dual
dynamic programming for mixed-integer MPC presented in Chapter 7 can be extended
to develop schemes for stochastic mixed-integer MPC problems. Convergence analysis
for stochastic dual dynamic integer programming is provided in Zou et al. (2016, 2019)
for problems that have only binary states. However, convergence and optimality need to
be established for the stochastic dual dynamic integer programming scheme for mixed-
integer MPC where both control decisions and states can be continuous and integer or

binary. Parallel implementations of the DDIP scheme is also an area of future work.
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NOMENCLATURE

A.1 Nomenclature for Chapter 3

Sets and Indices:

: Set of scenarios in stochastic MPC formulation.

[ J
[z}

: Set of scenarios used for validation.

°
[

T :={t+1,t+2,...,t+ N}: Prediction horizon set, where N is the length.

M :={1,2,..., M}: Simulation horizon set, where M is the horizon length.

t: Time instant index.

e (: Realization index.
Parameters and Data:
e [;and L;(¢) € R.: Attached load and realization of the attached load [kW].

e [; € R,: Forecast load [kW].

H:={t—H,t—H+1,...,t}: Historical horizon set, with H being the length.
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e 7t and 7t¢(¢) € R: Electricity price and realization [$/kWh].
e 77 € R: Forecast electricity price [$/kWh].
. 7'[{ and 71{ (€) € Ry: FR capacity price and realization [$/kW].
. ﬁ{ € R4 : Forecast FR capacity price [$/kW].
e a; and a;(&) € [—1,1]: FR signal and realization [-].
e &; € [—1,1]: Forecast FR signal [-].
e 7P € R, : Demand charge rate [$/kW].
e E € R : Battery capacity [kWh].
e P € R.: Maximum discharging rate [kW].
e P € R;: Maximum charging rate [kW].
e p € R;: FR buffer [kWh/kW].
e AP € R,: Maximum ramping limit [kW /h].
e dy;: Disturbance history over horizon H.
MPC Variables:

e P; € R: Net battery charge/discharge rate [kW] .

F € R, FR capacity provided to ISO [kW].

¢+ € Ry: Net residual load requested from utility [kW].

E: € R, : Battery state of charge (SOC) [kWh].

Rt € R4: Peak residual load observed up to time t [kW].

o Dbt (&) = 710 maxc o Li(€): Total cost when battery is not attached [$].
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@10(Z): Total cost for stochastic MPC under the realization ¢ [$].

@9t (&): Total cost for deterministic MPC under the realization ¢ [$].

®rerf(£): Total cost for perfect information MPC under the realization & [$].

e VBP*f(&): Ideal value of battery under perfect information MPC under realization &

[$].
e VB®*?(¢): Value of battery under stochastic MPC and realization & [$].
e VB (&): Value of battery under deterministic MPC and realization ¢ [$].

e VSMPC(¢): Value of stochastic MPC under the realization & [$].

A.2 Nomenclature for Chapter 4

Sets and indices:

o 7 = {t,t+1,t+2,...,t + N — 1}: Prediction horizon time set, where N is the

prediction horizon length, t is the current time.

e V:={1,2,...,Y}: Planning horizon time set, where Y is the planning (or simulation)

horizon length.
e H:={t—H,t—H+1,...,t}: Historical horizon set, with H being the length.
o Ty = {t1,t,...,t12}: Set of ending time indices for all months.
e t: Time instant index.
e t,: Ending time index (hour) of month m.

: Set of scenarios in stochastic MPC formulation.

[ J
[z1

e =: Set of scenarios used for validation.
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e (: Realization index.
Model Parameters and Data:
e 71{ and 715 (¢) € Ry: Electricity price [$/kWh] over the time interval [t, (t +1)].
e 7% € Ry: Forecast electricity price [$/kWh].
e 7’ € R;: Price of water [$/gal] over the time interval [t, (t + 1)].
o 7, € Ry: Price of natural gas [$/kWh] over the time interval [t, (t + 1)].
e P € R, : Rate of demand charge [$/kW].

o i, € Ri: kW of electricity used by chiller subplant per kW chilled water produced
[-1.

e «; . € Ry: kW of electricity used by HR chiller subplant per kW chilled water pro-
duced [-].

® e € Ry kW of electricity used by hot water generator per kW hot water produced
-]

e oy, € R, : kW of electricity used by cooling towers per kW condenser water input
[-1.

o aYy € R4: Gallons of water used by cooling towers per kW condenser water input
[-].

o aZi g € R : kW of natural gas used by hot water generator per kW hot water pro-

duced [-].

e a9 € R,;: kW of condenser water produced by chiller subplant per kW chilled

[

water produced [-].

e a € R;: kW of hot water produced by HR chiller subplant per kW chilled water

produced [-].
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e p°“ € R, : Penalty for unmet chilled water load [$/kWh].
e 0" € R,: Penalty for unmet hot water load [$/kWh].

e 0y := min{(M — t)/N,1}: Discounting factor for the monthly demand charge price
[-].

e S € [0,1]: Storage buffer for the chilled water and hot water TES [-].

e [fand L{(&) € R4: Electrical load of campus [kW] over the time interval [t, (f +1)].
° ﬁ‘; € R,.: Forecast electrical load [kW].

e L% and L{"({) € R4: Chilled water load [kW] over the time interval [t, (f 4 1)].
. I:fw € IR, : Forecast chilled water load [kW].

e LI and LI"(&) € R, : Hot water load [kW] over the time interval [t, (t + 1)].

° ﬁfw € R: Forecast hot water load [kW].

e E.» € Ry: Energy storage capacity of chilled water energy storage [kKWh].

e E;, € R,: Energy storage capacity of hot water energy storage [kWh].

e P € R;: Maximum load of chiller subplant [kW].

e Py, € Ri: Maximum load of heat recovery (HR) chiller subplant [kW].

° Fhwg € Ry: Maximum load of hot water generator [kW].

e P, € R, : Maximum load of cooling towers [kW].

e P, € Ri: Maximum discharging rate of chilled water energy storage [kW].

e Py, € Ry: Maximum discharging rate of hot water energy storage [kW].

e R; € R, : Peak electrical load observed until time t € Ty, [kW].



Vcw,t: Random variable used to update chilled water storage from predicted value to

simulated actual value.

Unw: Random variable used to update hot water storage from predicted value to

simulated actual value.

o2 .

cwerrp+1: variance of chilled water load prediction error for £ + 1.

(Tﬁw, er i1 Variance of hot water load prediction error for £ + 1.

02, ..+ Variance of integrated chilled water load for 1-hour periods.

Uﬁw,mt: Variance of integrated hot water load for 1-hour periods.

Controls:

st € Ryt Amount of chilled water produced by chiller subplant [kW] over the time
interval [t, (t 4+ 1)].

Py € Ry: Amount of chilled water produced by heat recovery (HR) chiller sub-

plant [kKW] over the time interval [t, (t + 1)].

Phwgt € Ry: Amount of hot water produced by hot water generator [kW] over the

time interval [t, (t + 1)].

Py € Ri: Amount of condenser water input to the cooling towers [kW] over the

time interval [t, (t + 1)].

Pyt € R: Net charge/discharge rate [kW] of the chilled water energy storage over
the time interval [t, (f + 1)]. If Py > 0, the chilled water is being discharged and if

Pyt < 0 the chilled water is being charged.

Pywi € R: Net charge/discharge rate [kW] of the hot water energy storage over the
time interval [t, (£ 4+ 1)]. If Py, > 0, the hot water is being discharged and if Py,,; < 0

the hot water is being charged.
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e Py.; € Ri: Amount of hot water input to the dump heat exchanger (HX) [kW] over

the time interval [¢, (f 4+ 1)].
e ¢ € R: Residual electrical load [kW] over the time interval [t, (t +1)].
e 7’ € R: Residual water demand [gal/h] over the time interval [t, (¢t + 1)].
o 7;% € R: Residual natural gas demand [kW] over the time interval [t, (¢ + 1)].

e Sii: € R: Slack variable for unmet chilled water load [kW] over the time interval

[t (t+1)].

e 52,1 € R: Slack variable for overmet (over-produced) chilled water load [kW] over
the time interval [t, (t + 1)].

e S;7 € R: Slack variable for unmet hot water load [kW] over the time interval [t, (t +

1)].

0v
i Shw,t

time interval [t, (t + 1)].

€ IR: Slack variable for overmet (over-produced) hot water load [kKW] over the

States:
o E.wt € Ry: Energy level of the chilled water energy storage [kWh] at time ¢.
e Ei+ € Ry: Energy level of the hot water energy storage [kWh] at time .
e R;: Peak residual electrical load observed up to time ¢ [kW].

o ul.y: € R: State variable integrating the slack variable for unmet chilled water load

[kW] over the time interval [t, (£ +1)].

e 0l € R: State variable integrating the slack variable for overmet (over-produced)

chilled water load [kW] over the time interval [t, (t + 1)].

e uly,; € R: State variable integrating the slack variable for unmet hot water load

[kW] over the time interval [t, (t +1)].
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e olyy, € R: State variable integrating the slack variable for overmet (over-produced)

hot water load [kW] over the time interval [¢, (f 4 1)].
Economic metrics:

o ©"P(&) := 1P max;e pq Lt(E): Total cost when there is no HVAC central plant in

campus [$].
o ®%°(Z): Total cost for stochastic MPC under the realization ¢& [$].
o ®(£): Total cost for deterministic MPC under the realization & [$].
o Orf(&): Total cost for perfect information MPC under the realization & [$].

e CCPP"f(&): Ideal cost of central plant under perfect information MPC under realiza-

tion ¢ [$].
e CCP*°(£): Cost of central plant under stochastic MPC and realization & [$].
o CCP!(): Cost of central plant under deterministic MPC and realization ¢ [$].

e VSMPC({): Value of stochastic MPC under the realization ¢ [$].

A.3 Nomenclature for Chapter 7

Sets and indices:

e 7 :={0,1,...,N}: Prediction horizon time set for the state evolution, where N is

the prediction horizon length.

e 7 :=1{0,1,...,N — 1}: Prediction horizon time set for the control trajectory, where

N is the prediction horizon length.
e t: Time instant index.

Model Parameters and Data:



¢ € Ry: Electricity price [$/kWh] over the time interval [t, (t + 1)].
7 € Ry: Price of water [$/gal] over the time interval [t, (f + 1)].
;¢ € Ry: Price of natural gas [$/kWh] over the time interval [t, (t + 1)].

als € Ry kW of electricity used by each chiller unit per kW chilled water produced
[-1.

aj.. € Ry: kW of electricity used by each HR chiller unit per kW chilled water
produced [-].

"‘ng € Ri: kW of electricity used by each hot water generator per kW hot water

produced [-].

afy, € Ry: kW of electricity used by each cooling tower per kW condenser water

input [-].

a¥ € Ry: Gallons of water used by each cooling tower per kW condenser water

input [-].

w3 o € Ry kW of natural gas used by each hot water generator per kW hot water

produced [-].

22" € R.: kW of condenser water produced by each chiller unit per kW chilled

water produced [-].

af! € Ry: kW of hot water produced by each HR chiller unit per kW chilled water

produced [-].
Y € R : Penalty for unmet chilled water load [$/kWh].
o € R : Penalty for unmet hot water load [$/kWh].

Bes € [0,1] = 0.5: Minimum operating load (fraction of maximum capacity) of each

chiller unit when ON.
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® Burc € [0,1] = 0.8: Minimum operating load (fraction of maximum capacity) of each

HR chiller unit when ON.

* Biwg € [0,1] = 0.5: Minimum operating load (fraction of maximum capacity) of each

hot water generator when ON.

e Bt € [0,1] = 0.5: Minimum operating load (fraction of maximum capacity) of each

cooling tower when ON.

e Bes € [0,1] = 0: Minimum operating load (fraction of maximum capacity) of dump

heat exchanger when ON.

e ¢ € R;: Electrical load of campus [kW] over the time interval [t, (t + 1)].

e L € R, : Chilled water load [kW] over the time interval [t, (t + 1)].

e LI € R,: Hot water load [kW] over the time interval [t, (t + 1)].

e E.y € R.: Energy storage capacity of chilled water energy storage [kWh].

e E;, € R,: Energy storage capacity of hot water energy storage [kWh].

® 7., € R;: Maximum load of each chiller unit [kW].

® 7, € Ry: Maximum load of each heat recovery (HR) chiller unit [kW].

° ﬁhwg € Ry : Maximum load of each hot water generator [kW].

e 7., € R;: Maximum load of each cooling tower [kW].

e P, € Ri: Maximum discharging rate of chilled water energy storage [kW].

e Pj, € Ri: Maximum discharging rate of hot water energy storage [kW].
Controls:

e Y, € {0,1}: Binary variable for n' chiller unit: ON if 1, OFF if 0 over the time

interval [t, (t + 1)].



Youuret € {0,1}: Binary variable for n'" heat recovery (HR) chiller unit: ON if 1, OFF

if 0 over the time interval [t, (t + 1)].

Yo hwgt € {0,1}: Binary variable for n'" hot water generator: ON if 1, OFF if 0 over

the time interval [t, (f 4 1)].

Yyt € {0,1}: Binary variable for nth cooling tower: ON if 1, OFF if 0 over the time

interval [t, (t +1)].

Y, nxt € {0,1}: Binary variable for nth dump heat exchanger (HX) unit: ON if 1, OFF

if 0 over the time interval [t, (t + 1)].

Pncst € R4: Amount of chilled water produced by n'" chiller unit [kW] over the time

interval [t, (t +1)].

Puprct € Ry: Amount of chilled water produced by n'" heat recovery (HR) chiller

unit [KW] over the time interval [t, (t + 1)].

Pnjhwgt € Ri: Amount of hot water produced by n'" hot water generator [kKW] over

the time interval [t, (f 4 1)].

Puctt € Ri: Amount of condenser water input to the nth cooling tower [kW] over

the time interval [t, (t + 1)].

Puixt € Ry Amount of hot water input to the nth dump heat exchanger (HX) [kW]

over the time interval [t, (t + 1)].

Py € Ry: Total amount of chilled water produced by chiller subplant (4 chiller

units) [kW] over the time interval [¢, (t + 1)].

Pyt € R4: Total amount of chilled water produced by heat recovery (HR) chiller
subplant (3 HR chiller units) [kW] over the time interval [t, (f +1)].

Phwgt € Ry: Total amount of hot water produced by 3 hot water generators [kW]

over the time interval [t, (t +1)].
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e Dy, € R,: Total amount of hot water input to the dump heat exchanger (HX) [kW]

over the time interval [t, (t +1)].

e Py € R: Net charge/discharge rate [kW] of the chilled water energy storage over
the time interval [t, (t + 1)]. If Pe, > 0, the chilled water is being discharged and if

Pyt < 0 the chilled water is being charged.

e Py, € R: Net charge/discharge rate [kW] of the hot water energy storage over the
time interval [t, (t 4+ 1)]. If Py, > 0, the hot water is being discharged and if Py, ; < 0

the hot water is being charged.
e r{ € R: Residual electrical load [kW] over the time interval [¢, (t + 1)].
e ¥’ € R: Residual water demand [gal/h] over the time interval [¢, (f 4 1)].
o 1% € R: Residual natural gas demand [kW] over the time interval [t, (t + 1)].

e Uy € R: Slack variable for unmet chilled water load [kW] over the time interval

[t, (t+1)].
e Uy, € R: Slack variable for unmet hot water load [kW] over the time interval [t, (t +
1)].
States:

e Lyt € Ri: Energy level of the chilled water energy storage [kWh] at time t.

e Ej: € Ry: Energy level of the hot water energy storage [kWh] at time .



HANDLING LONG HORIZONS IN MPC: A STOCHASTIC
PROGRAMMING APPROACH

This appendix presents a formulation and preliminary case study of a building system
with stationary battery storage to show that the hierarchical MPC scheme proposed in
Chapter 5 is optimal under nominal (perfect forecast) conditions and can be extended to
handle imperfect forecasts by correcting the targets in real-time. We also provide a com-
parison of the performance of the proposed hierarchical MPC scheme with standard MPC

schemes.

B.1 Introduction

MPC provides a powerful planning framework for industrial applications but it is well-
known that its scope is hindered by the computational complexity associated with the
length of the planning horizon. This limitation is relevant in applications such as energy
systems, inventory management, and scheduling. In the context of energy systems, long
planning horizons are often needed to capture monthly peak electricity costs (demand
charges) (Ma et al., 2012a). Peak electricity demands remain a serious concern for utili-

ties because they pose capacity challenges to the power grid. This situation has created
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incentives for energy storage (de Salis et al., 2014; Joshi and Pindoriya, 2015). In this con-
text, MPC has been used in Braun (1990) to mitigate demand charges of a building HVAC
system. Due to the inability to handle long horizons, the authors penalize the peak elec-
tricity demand over the short-term receding horizon. Unfortunately, this approach results
in overly conservative MPC policies and deteriorating economic performance. Long-term
discounting cost factors are used in Patel et al. (2016) to reduce the conservatism of short-
term MPC, but this approach is ad-hoc and does not have optimality guarantees.

The work in Zavala (2016) proposes a hierarchical MPC scheme to handle long time
horizons. Here, adjoint information obtained from a long-term and coarse MPC controller
is used to guide the control policy of a short-term MPC controller. It is demonstrated that
this approach can achieve optimality. Unfortunately, such an approach requires continuity
of the adjoint profiles, which is not guaranteed in general formulations with peak costs
(such as those arising from demand charges) and integer decisions (as those arising in
scheduling formulations). Alternative hierarchical MPC schemes (Scattolini and Colaneri,
2007; Picasso et al., 2010) available in the literature provide feasibility but not optimality
guarantees.

In this work, we show that when periodicity constraints are enforced over short-term
stages, the long-horizon MPC problem can be cast as a stochastic programming (SP) prob-
lem. Under this setting, a short-term planning stage represents a scenario, the design vari-
ables are the initial /terminal periodic states, and the recourse decisions are the intra-stage
operational policies. The SP representation suggests a hierarchical MPC scheme in which
optimal design decisions are used as targets to guide a short-term MPC controller. We
show that, under nominal conditions with perfect forecasts, the hierarchical scheme yields
an optimal policy of the long-term MPC problem. The SP setting also reveals strategies
to correct targets and short-term policies when forecasts are imperfect. The proposed
approach can be easily generalized to handle peak costs, by incorporating an additional
design variable that imposes a demand budget to the short-term MPC controller. The ap-

proach can also handle general nonlinear models and integer decisions and can enable the
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use of parallel decomposition schemes.

We demonstrate the performance of the hierarchical MPC scheme using an application
in buildings with electricity storage. Here, the goal is to determine the optimal short-term
(hourly) participation strategies in frequency regulation (FR) and energy markets while
simultaneously mitigating long-term (monthly) demand charges from utilities. We com-
pare the solution of the hierarchical MPC scheme with that from a standard MPC scheme
that uses a discounting (weighting) factor to account for the inability of solving the long
horizon problem. We confirm that the proposed hierarchical MPC scheme achieves opti-
mal policies under perfect forecasts of the electrical load. Under imperfect forecasts, we
find that the cost from the hierarchical MPC scheme provides superior performance over
standard MPC because it can capture long-term variability. The proposed developments
can also be used in other applications that need to handle long horizons, such as inventory

management and scheduling formulations.

B.2 Hierarchical MPC Scheme

We consider an MPC planning problem of the form:

min Y @1(xt, up, de) + max @a(x¢, uy, dy) (B.2.1a)
U o teT

s.t.xpp = f(xt,ut, dt), teT (BZlb)

Xo=Xo, xt € X, us € U. (B.2.1¢)

Here, T := {0,..., N} is the set of time steps with N being the final time in the horizon
(with 7 = T\ {N}), ¢1(-) is a time-additive cost function, and @, () is a time-max (peak)
cost function. The controls, states, and true (realized) disturbances at time t are denoted as
ut, x, and d;, respectively. The forecasted disturbance at time ¢ is d; and initial state is Xo-
We consider a partition (in lexicographic order) of the time horizon set 7 (and of 7))

into M stages with shorter horizons. We denote each stage by ¢ € E with 7z := {0,..., N¢}
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being the inner stage time horizon and E := {0,..., M} being the set of all stages, satis-
fying T = UgezTz and Yeeg Ne = N. For convenience, we define the set & := &\ {M}.
Note that each stage E can have a different time horizon. We partition states, controls,
and disturbance policies into stages and denote the stage policies as ug;, xz, and dg for
¢ € Eandt € Tz. We use these partitions to reformulate the MPC problem in the following

equivalent form:

r{}éltn ; t;ﬁg @1(xz e Uz, deg) + r%neax %a? @2 (xzp Uz, der) (B.2.2a)
st xgpy1 = f(Xep uep, dey), € B, € Ts (B.2.2b)
Xz110 = Xg N, & € E (B.2.2¢)

Xo0 = Xo, Xgt € X, ug; € U. (B.2.2d)

Here, the constraint (B.2.2¢) enforces continuity between stages. We modify the MPC plan-

ning problem by assuming that periodicity is enforced at the end of every stage:

urgglgo g; t;f:g @1(xz e Uz e, dey) + rt?eaHx Itnax @2 (xzp g, der) (B.2.3a)
st Xgpi1 = f(xep, ugy,dey), E€E € Ts (B.2.3b)
Xz11,0 = XN G €E (B.2.3¢)

XeN; = Xg0,6 € 8 (B.2.3d)

xer € X, ugp €U. (B.2.3e)

In this formulation (that we call long-term MPC), x( is a free variable that we seek to opti-
mize. We also note that the periodicity constraint (B.2.3d) together with the stage continu-
ity constraints (B.2.3c) can be expressed as xz10 = Xz, ¢ € Z. These constraints, in turn,
can be reformulated as xz;o = xp, { € E by introducing an additional /ifting variable xo.
Consequently, the goal of the long-term MPC formulation (B.2.3) is to find the optimal pe-

riodic state xo and control policies ug, ¢ € &,t € T that minimize the time-additive and
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peak costs. The assumption on periodicity is reasonable in applications such as energy and
inventory management systems, in which disturbance profiles (e.g, demands and prices)
have a strong periodic component (Huang et al., 2011; Subramanian et al., 2014; Risbeck
etal., 2015).

We can reformulate the peak cost function to obtain the following equivalent form of

(B.2.3):
u?g}’? 562: t;r:é @1(xze uge des) +17 (B.2.4a)
st @o(xgp, gy, dey) <1, €8t € Ts (B.2.4b)
Xeri1 = f (Xep gy, dey), C €t €Tz (B.2.4¢)
Xz0 = X0,6 € & (B.2.4d)
XgN; = X0, € & (B.2.4e)
Xer € X, ugy € U. (B.2.4f)

*

We denote the solution of (B.2.4) as x;’?,t/ué,t/'?* and note that =

*

max max q)z(xgt, u;ﬁ/t,d@t) holds. Consequently, #* is the peak cost over the entire

€E teT;
}flannin; horizon. We also note that xz,,, = xz, = x;. From the structure of (B.2.4)
we note that the only coupling between stages arises from the variables xp and 7.
Consequently, (B.2.3) can be seen as a stochastic programming problem in which stages are
operational scenarios, xo and 1 are design variables, and xg;, 1z, are scenario (recourse)
policies. When no peak costs are present, the only design variable of the long-term MPC
formulation is the periodic state xo.

By fixing the design variables to their optimal values x; and #*, we can decompose

problem (B.2.4) into M stage subproblems of the form:

min ) ¢1(xzs, g dee) +17° (B.2.5a)
e teTz

s.t. (P2<x§,t1 Ugt, dér,t) < 77*, t e 7’5 (B.2.5b)
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Xepr1 = f(xXgptigr, des), t € Tg (B.2.5¢)
X0 = Xp (B.2.5d)
XgN; = Xp (B.2.5€)
Xep € X ugy € U. (B.2.5f)

The subproblem has the structure of a standard optimal control problem with period-
icity constraints. The SP formulation (B.2.3) thus suggests a hierarchical MPC scheme, in
which the long-term MPC problem (B.2.4) (equivalently (B.2.2)) guides a short-term MPC
controller (with formulation (B.2.5)). The communication between the hierarchical levels
arises in the form of targets for the periodic state xj and the peak cost *. Figure B.1 pro-
vides a sketch of the hierarchical MPC scheme. Because the targets x; ; and " are optimal,
the solution of the MPC stage problem yields an optimal stage trajectory uz, and x;, (or
a trajectory that achieves the same optimal stage cost). Consequently, the targets obtained
from the SP problem (B.2.2) are optimal when the disturbance forecasts are perfect (dg ; = d},t)
and the solution of the SP problem is equivalent to that of the long-horizon MPC problem
(B.2.3).

The SP setting also indicates that, when the forecasts are imperfect (i.e., dg; # dey),
the targets x;, 77" will not be optimal and the stage (recourse) problem (B.2.5) might not
have a feasible solution. This situation can be mitigated by penalizing deviations from the
target (which will find the closest feasible point) or by re-optimizing the design targets
using the actual realized disturbances when they become available in real-time. The SP
setting also reveals that by increasing the number of scenarios in the planning problem
(e.g., by using multiple possible realizations of the forecast), it is possible to find targets
that remain optimal and feasible for all stage realizations. Consequently, the proposed ap-
proach provides a framework to easily construct robust formulations. Another important
feature of the hierarchical MPC approach is that it avoids the need to weight or discount

the long-term costs in the short-horizon MPC subproblem. Moreover, one can solve the SP
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problem efficiently by using decomposition schemes based on parallel linear algebra and

Benders/Lagrangian decomposition (Zavala et al., 2008; Geoffrion, 1972).

Long-Term
MPC Planning
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State Targets
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Figure B.1: Hierarchical MPC scheme.

B.3 Stationary Battery Study

Batteries are flexible assets that can be used to provide energy and frequency regulation
(FR) capacity for independent system operators (ISOs) and that can aid utility companies
by providing demand-side management capabilities for buildings or manufacturing facili-
ties (Rastler, 2010). The use of batteries for simultaneous FR and demand charge mitigation
has been studied in Shi et al. (2017). In such settings, the objective function of the MPC
scheme takes the form of the formulation in (B.2.1), where the additive costs represent mar-
ket revenue and peak costs represent demand charges. The proposed battery framework
is based on recent work by the authors reported in Kumar et al. (2018c) and is sketched in

Figure B.2.
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B.3.1 Long-Term MPC Formulation

The elements of the long-term MPC formulation for the battery planning problem include

the following model parameters, data, and variables:

Model Parameters and Data
e Lz; € R: Buildings load [kW].
° ”S,t € R: Market price for electricity [$/kWh].
. né,t € R4: Market price for regulation capacity [$/kW].
e ¥ € R;: Demand charge (monthly) [$/kW].

e azy € [—1,1]: Fraction of FR capacity requested by ISO [-]. If a; > 0, the ISO sends a

power to the battery while if a; < 0 the ISO withdraws power.
e E € RR: Battery storage capacity [kWh].
e P € R: Maximum discharging rate (power) [kW].
e P € R: Maximum charging rate (power) [kW].

e p € R: Minimum fraction of battery capacity reserved for frequency regulation

[kWh/kW].

e AP € R: Maximum ramping limit [kW /h].

The forecasted disturbances in the battery problem are loads, prices, and regulation sig-
nals.
Model Variables

We define the following variables for the SP formulation, each replicated for all stages

¢ € &
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Figure B.2: Interactions battery, buildings, ISO, and utility.

Fzy € Ry: FR capacity provided to ISO

de; € Ry : Load requested from utility [

e D = maxmaxdg;: Peak load over horiz
CeE teTs z

Objective Function

Pz; € R: Net battery discharge rate (power) [kW].

[kW].

Ez; € R : State of charge (SOC) of the battery [kWh].

kW]

on T [kW]

We minimize total cost, which is given by the demand charge and the revenues collected

from power and regulation:

Z Z (— ﬂé/t(P@"t —wagiFep) — ”g,tF C,t)

leBteT;

+ 7°D.

(B.3.6)

Here, the revenues represent the time-additive cost and the demand charge is the time-max

cost.
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Constraints

The constraints of the SP are replicated for every realization { € &E. The net
charged/discharged battery power plus the FR capacity provided must be within the max-

imum discharging and charging rates P and P:

Pry+Fry <P, te€Tsl€B (B.3.7a)

Py —Fy>—P, te Tl €E (B.3.7b)

The storage dynamics are given by the difference equation:

E@,H—l :Etj,t — P@’,t + “C,tFC,f/ t e 7},6 SECH (B.3.8)

The following constraint is used to ensure that a certain amount of energy is reserved for

the committed FR capacity over the interval (¢, + 1):

pFsp < Egy <E—pFzy, t €Tz, € B (B.3.9a)

pFst < Egpi1 <E—pFey, t€ T, €B (B.3.9b)

The battery ramp discharge rate is constrained as:

—AP < Psyi1— Py <AP, t € Tz, € E (B.3.10)

The residual demand dy requested from the utility is:

d(:,t = L(:,t — p{f,t + Déglth/t, t e 7—{;‘,5 e x (B311)

The peak demand must satisfy dzy < D, t € Tz, ¢ € E. We assume that the ISO does not
allow the battery to sell back electricity. This is modeled by using the constraint Pz ; + Fz; <

Lgs, t € Tz, & € E. We enforce non-anticipativity constraint on the initial SOC Ezg = Ej.
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Finally, we enforce periodicity constraints on the SOC Eg y, = Eo, ¢ € E. The bounds on

the variables are:

0<E <EteT:;lck (B.3.12a)
~P< Py <P teT;Cck (B.3.12b)
0<Fy; <P tcT;Eck (B.3.12¢)

The SP is solved to obtain the targets for the periodic SOC Ej and for the peak demand D*.

These targets are then used to guide a short-term MPC controller that we describe next.

B.3.2 Short-Term MPC Formulation

For simplicity, we assume that the short-term MPC controller only updates its control
policies at the beginning of stage t = tz (where t = {Ng, { € E) over horizon Tz :=
{t,t+1,...,t + Ng}. The short-term problem at time #; uses forecasts for prices and loads
over the horizon 7¢ (in the perfect information case this matches the scenarios of the long-
term MPC formulation). The solution of the problem at time ¢ is implemented for a block
of Nz hours (i.e., Ng represents the update frequency in the MPC scheme). This approach
is different than the traditional MPC approach in which the control policies are updated at

every time step within the stage ¢. The short-term MPC formulation is:

pnin t;g (=718 1 (Pos — aguFes) — 7l Fey ) + D" (B.3.13a)
st. Pey+Fy <D teT; (B.3.13b)
Piy—Fy> P, t€T; (B.3.13¢)
Eepin1 = Egp — Pry+agiFey, t €72 (B.3.13d)
pFsy < Egy <E—pFsy, t € Tz (B.3.13e)

pFsp < Egpi1 < E—pFzy, t € T¢ (B.3.13f)
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—AP < Py —Pey <AP, te T; (B.3.13g)
dep = Ley — Pey+agiFey, t € Te (B.3.13h)
Pry+Frp < Lgy, t €Tz (B.3.13i)
E¢n = Ej (B.3.13j)
Ezo = Ej (B.3.13k)
dg; < D (B.3.131)
0<EH<E teT; (B.3.13m)
—P <Py <P, teT; (B.3.13n)
0<F;<P teT; (B.3.130)

Here, Ej and D* are fixed targets. In the perfect information case, the performance of
the short-term MPC controller is optimal (because the true disturbance profiles match the
forecasts used in the long-term MPC formulation). We now provide a strategy to update

the short-term stage policies for the case of imperfect forecasts.

B.3.3 Analysis for Imperfect Forecasts

Under imperfect forecast case, the disturbance profile observed in real time can be different
from the one that was used for long-term planning and determine the targets. Therefore,
the target will not be optimal for the short-term MPC problem and can also be infeasible.
To account for infeasibility, we add a penalty term to the cost function of the short-term
MPC controller (B.3.13a) of the form 7° S. Here, the slack variable S is penalized by the

S must satisfy 77° > 7P to guarantee that, if the peak target is feasible,

cost 715, where 7
then S = 0. In the case of an infeasible peak target, the MPC problem returns the smallest

value of S, and therefore, the closest feasible operating point.
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Figure B.3: Market price data used for the case studies.
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B.4 Results

We consider a utility-scale stationary battery that has a capacity 0.5 MWh, rated power of
1 MW for both charge and discharge, and we assume a ramping limit of 0.5 MW /hr and at
least 10% of battery capacity reserved for FR at every hour. We use historical data for one
month for energy prices and FR prices from PJM Interconnection, shown in Figures B.3a,
B.3b. Historical load data from a typical university campus for a month is used as the dis-
turbance profile and is shown in the bottom of Figure B.4. We consider a planning horizon
of one month (i.e.,, N = 720) and we use stages of 24 hours to create the SP formulation
(i.e., Nf = 24 and M = 30).

We assume perfect forecasts in the first case study considered. For these experiments,
we compare the cost of the hierarchical MPC scheme with the cost of a long-term MPC
formulation with and without periodicity constraints. This comparison seeks to evaluate the
impact of assuming an optimal periodic policy. In the second study, we evaluate the per-
formance of the hierarchical MPC scheme under imperfect forecasts. To do so, we compare
performance against a standard MPC scheme that performs hourly updates of the control
policy and that uses a prediction horizon of 24 hours. For the standard MPC approach, we
do not impose periodicity constraints. Instead, we use a discounting (weighting) factor of

1/30 for the demand charges (Kumar et al., 2018c).

Table B.1: Comparison of cost items under perfect forecasts.

Cost Item Long-Term MPC | Hierarhical Long-Term MPC
($/month) (with periodicity) MPC (without periodicity)

Total cost 114,079.81 114,079.81 114,077.99
Demand charge 129,424.86 129,424 .86 129,424 .86
FR -14,861.72 -14,861.72 -14,863.76

Energy -483.33 -483.33 -483.11
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Figure B.4: Comparison of battery SOC (top), battery power (middle) and demand (bot-

tom) policies.



B.4.1 Perfect Forecasts

Figure B.4 compares the policies obtained with the long-term MPC planning problem (la-
beled as Long-Term MPC) and the hierarchical MPC scheme (labeled as Hierarchical). The
grey vertical lines denote 24-hour stages (scenarios). We see that the policies are identi-
cal; the equivalence indicates that the solutions of the stage subproblems are unique (for
fixed targets D* and Ej). Figure B.5 shows the SOC policy obtained from the long-term
MPC problem with no periodicity constraints (B.2.1). It can be observed that the SOC is
close to periodic. The cost items obtained with the different formulations are summarized
in Table B.1. We see that the total cost obtained with no periodicity constraints is only
0.002% lower than that obtained with periodicity constraints (B.2.2). We thus conclude

that assuming periodicity does not limit performance.

B.4.2 Imperfect Forecasts

Figure B.6 shows the forecasted load and the true (realized) load used in the case with im-
perfect forecasts. It can be observed that the peak in the realized load (33,315 kW) is 1800
kW higher than the peak in the forecasted load (31,486 kW). The design peak demand (D*)
obtained for the hierarchical MPC scheme using the forecasted load profile is 31,186 kW.
This target value D* leads to infeasibility of the short-term MPC controller when using
the realized load profile. In Table B.2, we compare the cost items obtained with the dif-
ferent MPC schemes. We observe that the total cost obtained from the hierarchical MPC
is 0.9% higher than that obtained with the long-term MPC formulation that uses the real-
ized load to compute policies (perfect information). By comparing the demand charges of
these two schemes, we see that hierarchical MPC is able to identify the optimal demand
charge of long-term MPC. This is important because the demand charge is a significant
component of the total cost. The higher total cost of hierarchical MPC is thus attributed to
the suboptimal periodic SOC targets obtained from long-term MPC using the forecasted

load profiles. We also evaluate the performance of standard MPC schemes, one that uses
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Figure B.6: Forecasted and realized load profiles.

the realized load (perfect information) and another that uses the forecasted load (imperfect
information) to compute policies. By comparing long-term MPC and standard MPC with
realized loads (perfect forecasts), we note that standard MPC yields a suboptimal policy.
This highlights that the use of the discount factor only provides and ad-hoc approxima-
tion. Under imperfect forecasts, standard MPC results in a higher total cost compared to
hierarchical MPC. This result highlights that hierarchical MPC provides a more effective
approach to handle long-term demand charges because it systematically captures the load
variability observed throughout the month. We also present a case study based on this
work in Appendix C where we implement this hierarchical MPC scheme using stochastic
programming for a battery system specifically for only mitigating demand charges, and
show that this scheme is highly effective for applications where the major objective is the

long-term peak cost.
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Table B.2: Comparison of cost items under imperfect forecasts.

Cost Item Long-Term MPC | Long-Term MPC | Hierarchical MPC Standard MPC Standard MPC
($/month) (Forecasted Load) | (Realized Load) | (Imperfect Forecast) | (Perfect Forecast) | (Imperfect Forecast)
Total cost 114,079.81 122,317.12 123,449.17 123,816.49 126,230.41
Demand charge 129,424.86 137,635.12 137,635.12 138,472.22 141,579.55
FR -14,861.72 -14,850.11 -13,690.61 -14,178.68 -14,866.15
Energy -483.33 -467.88 -495.33 -477.04 -482.98

B.5 Conclusions

We proposed an approach to handle long horizons in MPC based on the observation that
if the periodicity constraints are enforced over short-term stages, the long horizon MPC
problem can be cast as a stochastic programming (SP) problem. The SP setting reveals
a mechanism to construct a hierarchical MPC scheme under which a high-level (long-
horizon) MPC controller provides state targets to guide a low-level (short-horizon) MPC
controller. We showed that this hierarchical MPC architecture is optimal under nominal
(perfect forecast) conditions and can be extended to handle imperfect forecasts by correct-
ing short-term policies. Another case study is presented in Appendix C based on this
work where we implement this hierarchical MPC scheme using stochastic programming
for a battery system only mitigating demand charges. Extensions to this work are pre-
sented in Chapter 5 that include updates (re-optimization) of the SP formulation to correct
the periodic initial / terminal states. The use of an SP setting also opens the door to the use
of scalable decomposition methods to tackle the long-term horizon problem. In particular,
cutting-plane algorithms can be used to progressively update the high-level MPC layer as

proposed in Chapter 5.
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A HIERARCHICAL MODEL PREDICTIVE CONTROL APPROACH
FOR HANDLING DEMAND CHARGES USING BATTERY SYSTEMS

In this appendix, we present another case study of the hierarchical MPC scheme designed
in Chapter 5. In this case study, we focus specifically on mitigating long-term demand
charge of a building system using stationary battery storage. We show that the hierarchical
MPC scheme provides superior performance over standard MPC schemes that use ad-hoc
approaches to handle the multiple timescales arising from long-term demand charges and

short-term energy prices and loads.

C.1 Introduction

Peak electricity demands or the demand charges remain a serious concern for utilities since
they pose capacity challenges to the power grid. This situation has provided opportuni-
ties to energy storage systems to create savings by reducing the peak electricity demands
of the buildings and campuses (de Salis et al., 2014; Johnson et al., 2011; Oudalov et al.,
2007a; Rahimi et al., 2013; Lu et al., 2014; Dong et al., 2011; Joshi and Pindoriya, 2015). In
this context, MPC is used in Braun (1990); Ma et al. (2012a) to mitigate demand charges of

a building HVAC system. Demand charges pose a challenging multiscale planning prob-
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lem that should make decisions at fine timescales while mitigating long-term costs. In
particular, handling MPC planning formulations over long horizons can be intractable.
To overcome this issue, the authors in Braun (1990); Ma et al. (2012a) penalize the peak
electricity demand over the short-term receding horizon. This approach is practical but
can yield overly conservative policies and deteriorate economic performance. Long-term
discounting cost factors are used in Risbeck et al. (2017); Patel et al. (2016) to reduce the
conservatism of short-term MPC formulations. This approach is intuitive but does not
provide optimality guarantees. The work in Zavala (2016) proposes a hierarchical MPC
scheme, with the adjoint (dual) information obtained from a long-term and coarse MPC
controller used to guide the control policy of a short-term MPC controller. It is demon-
strated that this approach can achieve optimality. Unfortunately, continuity of the adjoint
profiles is necessary for this approach, which is not guaranteed in general. Alternative hi-
erarchical MPC schemes (Scattolini and Colaneri, 2007; Picasso et al., 2010) available in the
literature provide feasibility but not optimality guarantees. Moreover, such approaches
cannot handle peak costs.

In this work, the demand charges for buildings are handled by battery systems by using
a recently developed approach for hierarchical model predictive control (MPC). Here, a
long-term planner MPC provides guiding targets to the short-term MPC controller. In
the proposed hierarchical MPC approach, the state of charge (SOC) policy is assumed to
be periodic, which is a reasonable assumption in the context of energy systems because
loads and price profiles have strong periodic components (Huang et al., 2011; Subramanian
et al., 2014; Risbeck et al., 2015). This assumption makes it possible to cast the long-term
planning problem as a tractable stochastic programming problem. Here, the period (e.g.,
a day or week) represents an operational scenario and we seek to determine targets for
the periodic SOC levels and the peak cost. The periodic SOC targets and peak cost are
communicated to a short-term MPC controller. The intra-period charge/discharge policies
(at high resolution) are determined by the short-term MPC controller while meeting the

targets obtained from the long-term planning.
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The performance of the hierarchical MPC scheme is demonstrated using an applica-
tion in buildings with electricity storage through simulation case studies. Here, the goal
is to determine the optimal short-term (hourly) charge-discharge policy while mitigating
long-term (monthly) demand charges from utilities. Using the simulation case studies, it
is shown that the proposed hierarchical MPC scheme yields optimal demand charge and
charge-discharge policy under nominal (perfect forecast) conditions. Comparative stud-
ies of the proposed hierarchical MPC scheme and standard MPC schemes that use ad-hoc
approaches to handle the multiple timescales are also presented. The solution of the hi-
erarchical MPC scheme is compared with that from a standard MPC scheme that uses
a discounting (weighting) factor to account for the inability of solving the long horizon
problem. Under imperfect forecasts, it is observed that the cost from the hierarchical MPC
scheme provides superior performance over standard MPC because it can capture long-

term variability in a more systematic manner.

C.2 Problem Formulation

We derive the problem forumulation based on the work in Appendix B. We begin by con-

sidering the following MPC problem:

N-1

min L al x; +bluy + ¢l dy + rtréeg(pfxt +qfup +ridy) (C.2.1a)
St Xp41 = Axi + Bug + Cdy, t =0,...,N—1 (C.2.1b)
uel, t=0,...,N—1 (C.2.10)
M EX, t=0,...,N (C.2.1d)

Here, a; € R™, by € R™ and ¢; € R" are time-additive stage costs associated with the
states x; € R, controls u; € R", and d; € R™, respectively. p; € R™, q; € R" and
r+ € R™ are the costs associated with the states x; € R, controls u; € R"™, and d; €

R"™, respectively, of which only the peak cost (time-max cost) is considered. The horizon
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length is denoted as N. Trajectories for control actions and states over the horizon are
denoted as up := (ug,u1,...,un—1), and xv := (x1,x2,...,xn). The dynamics of the
linear system are described by the matrices A € R, B € R"™*™ and C € R"™*"_ The
state xg is provided as the initial condition. The states x; and controls u; are bounded by
the polyhedral sets X and U, respectively.

The time set is represented by 7 := {0,1,..., N} and itis also considered that the set T
is partitioned (in lexicographic order) into a set of short time periods & := {0, ..., M} with
each period ¢ € Z comprising of equal number of time steps Nt satisfying M x Nt = N.
Further, each period is defined as 7 := {0,..., N7}. For convenience, the sets & := &\
{M} and T; := Tz \ {Nr} are also defined. We partition states, controls, and disturbance
policies into stages and denote the stage policies as u¢, xg s, and dg; for { € Eand t € 7.
For compactness in notation, ug n, = 0 and dg n, = 0 are defined for all periods ¢. These

partitions are used to reformulate the MPC problem in the following equivalent form:

min ) ) ﬂg,txg,t + bgT,tMg,t + cg,td@t + max max(pg/tx@t + qg,tuglt + Vg,tdg,t) (C.2.2a)

st. X1 = Axgy + Bugy +Cdey, € Bt €Tz (C.2.2b)
X110 = XeNg, G € (C.2.20)
X00 = %o (C.2.2d)
Xer € X ugy €U. (C.2.2¢)

Here, the constraint (C.2.2¢c) enforces continuity between stages.
By enforcing periodicity of the state at the end of every stage, the following modified

problem is obtained:
min ) ) ﬂg,txg,t + bgT,tMg,t + cg,td@t + max max(pg/tx@t + qg,tuglt + Vg,tdg,t) (C.2.3a)
st Xgri1 = Ax;t + Buglt + Cd(j,t/ ceklte 7_27 (C.2.3b)

XE41,0 = X§INT,€ €k (C.2.3¢0)
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XgNp = Xg0,G € B (C.2.3d)

Xzt S X, Uzt cU. (C23e)

The optimization formulation (C.2.3) represents the long-term MPC planning problem
with the enforced periodicity constraints. Here, the variable xg is a free variable that
is sought to be optimized. By combining the periodicity constraint (C.2.3d) and the stage
continuity constraints (C.2.3c), a reformulated stage continuity constraints can be obtained
in the form of xz119 = xgo, € E. A lifting variable x is further introduced to refor-
mulate xz110 = xg0, & € Eas xg9 = xo, & € E. Consequently, the goal of the long-
term MPC formulation (C.2.3) is to find the optimal periodic state xo and control policies
ugy, ¢ € &,t € Tz that minimize the time-additive and peak costs. We also reformulate the

peak cost function to obtain the following final equivalent form of (C.2.3):

r£1§1tn é; t;é ag/txg,t + bg/tu@t + Cg,tdg,t +17 (C.2.4a)
StpiXes+ e +1idey <1, EEBLET; (C.2.4b)
Xgri1 = Axgr+ Bugy +Cdey, € Bt €Tz (C.2.4¢)
Xgp1,0 = X0, € 2 (C.2.4d)

Xe Ny = X0,§ €E (C.2.4e)

Xer € X ugy €U. (C.2.4f)

The solution of the optimization problem (C.2.4) is denoted as x ;, uz ,, 17", where 7" is the
peak cost over the entire planning horizon. It is also noted that x; ., ; = x; ; = xg.

The structure of (C.2.4) reveals that the only coupling variables between stages are x
and 7. Therefore, (C.2.4) can be seen as a stochastic programming problem in which periods
are operational scenarios, xo and # are design variables or first-stage variables, and xg, ug

are recourse policies for scenarios. The problem (C.2.4) is decomposed into M subproblems
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by fixing the design variables to their optimal values x; and #*:

r{};tn ég t;—g ag,txg,t + bg/tugt + Cg,tdg,t + 7 (C.2.5a)
S-t-Pg,txg,t + qg,tuglt + Vg,tdc:,t <n*,febteT: (C.2.5b)
Xgr41 = Axgy+ Bugy +Cdey, € Bt € T; (C.2.5¢)
X0 = Xp, & € B (C.2.5d)
Xg Ny = X0,6 €Z (C.2.5e)

Xer € X ugy €U. (C.2.5f)

It is noted that the subproblem (C.2.5) has the structure of a standard MPC problem with
periodicity constraints. The SP formulation (C.2.4) provides an opportunity to implement
a hierarchical MPC scheme, in which the long-term MPC problem of the form (C.2.4) (equiv-
alently (C.2.3)) can guide a short-term MPC controller of the form (C.2.4), with the targets
for the design variables obtained from the long-term MPC. The targets for the periodic
state x; and the peak cost #* provide a form of communication between the hierarchical
levels. Figure C.1 provides a schematic representation of the hierarchical MPC scheme.
From the SP setting, it is also revealed that when the disturbance forecasts are perfect, the
solution of the short-term MPC controller will yield an optimal stage trajectory u; , and x7 ,
since the targets x; ; and 17" are optimal, and these targets also correspond to the minimum
cost for the entire horizon (as obtained from the long-term MPC problem). The SP setting
also indicates that, when the forecasts are imperfect, the targets x;, #* may not be opti-
mal and it may not be feasible for the subproblem (C.2.5) to achieve the provided design
targets by the long-term MPC planner. This situation can be mitigated by penalizing de-
viations from the target (which will find the closest feasible point) or by re-optimizing the
design targets using the actual realized disturbances when they become available in real-
time. The SP setting also reveals that it is possible to find targets that remain optimal and

feasible for all realizations (or many realizations) by considering a larger number of sce-
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narios of the disturbance in the planning problem. Consequently, the proposed approach
provides a framework to easily construct robust formulations. Another important feature
of the hierarchical MPC approach is that there is no need to weight or discount the long-
term costs in the short-horizon MPC subproblem because the long-term effects in the costs
are already accounted for by the long-term MPC. Moreover, there already exist advanced
techniques to solve the SP problem efficiently by using decomposition schemes based on
parallel linear algebra and Benders/Lagrangian decomposition (Zavala et al., 2008; CaroE

and Schultz, 1999; Geoffrion, 1972).
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Figure C.1: Hierarchical MPC scheme.

C.3 Stationary Battery Case Study

Batteries are flexible assets that can be used to provide energy and can aid utility compa-
nies by providing demand-side management capabilities for buildings or manufacturing
facilities (Rastler, 2010; Oudalov et al., 2006). The use of batteries for demand charge mit-
igation has been studied in Kumar et al. (2018a); Sigrist et al. (2013); White and Zhang
(2011); Lucas and Chondrogiannis (2016); Sebastian (2016); Oudalov et al. (2006); Shi et al.
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(2017). In such settings, the objective function of the MPC scheme takes the form of the
formulation in (C.2.1), where the additive costs represent the total time-of-use energy cost
and peak costs represent demand charges. The setting considered in this work is sketched

in Figure C.2.

Power Grid (ISO/Utility)

NPT

Adjusted Load & Peak
dt :Ltfpt (7'('?)
)

Dy = maxd; (w
teT:
T T

Battery P, v L,
B €
t

3| Buildings

Figure C.2: Interactions between battery, buildings, ISO, and utility.

C.3.1 Long-Term MPC Formulation

The elements of the long-term MPC formulation for the battery planning problem include

the model parameters, data, and variables, which are listed below.

Model Parameters and Data

e Lz; € R: Buildings load [kW].

e, € R: Market price for electricity [$/kWh].

7P € Ry: Demand charge (monthly) [$/kW].
e E € RR: Battery storage capacity [kWh].

e P € R: Maximum discharging rate (power) [kW].
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e P € R: Maximum charging rate (power) [kW].

e AP € R: Maximum ramping limit [kW /h].

Model Variables

e P;; € R: Net battery discharge rate (power) [kW]. If P;; > 0, the battery is being

discharged and if P;; < 0 the battery is being charged.
e Ez; € Ry State of charge (SOC) of the battery [kWh].
e dgz; € R, : Load requested from utility [kW].

e D = maxmaxdg;: Peak load over horizon 7 [kW]
¢el teTe

Objective Function

The objective is to minimize total cost, which is given by the demand charge and the rev-

enues collected from power and regulation:

Y. ) meu(Les — Pey) + 7D (C.3.6)
ceEteTe

Here, the energy cost 77 ,(Lg+ — Pg¢) represents the time-additive cost and the demand
charge is the time-max cost. The component 77z ,L¢; in the cost function is just a constant
with respect to the optimization, and therefore we can drop this component from the cost
function. The component —7z , Pz provides the cost saving by using the battery energy
instead of buying energy directly from the utility. Therefore, the following cost function is

considered for the further analysis:

Yo Y —nt P+ 7D (C3.7)
ZeBteT;



Constraints

The constraints on the system are the physical charging/discharging limits of the battery,
the battery state of charge (SOC) dynamics, and the peak demand computation. The con-
straints of the SP are replicated for every scenario (or period) ¢ € E. The storage dynamics

are given by the difference equation:

Eg,t+1 :ECJ - PC,t/ t e 7_-6’6 S = (C38)

The battery ramp discharge rate is constrained as:

—AP < P§’t+1 — P@,t < E, t € 7_,:7,5 SRCH (C.3.9)

The residual demand dy requested from the utility is:

dey = Ley — Pey, t €T, €E (C.3.10)

The peak demand must satisfy:

dey <D, teTsl € (C.3.11)

It is assumed that the ISO does not allow the battery to sell back electricity. This is modeled

by using the constraint:

ng,t < LC,t/ t e 7-5,6 SC (C.3.12)

The initial SOC is is a design variable which is enforced by using the following non-

anticipativity constraint:

Ezo=Eo, ¢ €Z (C.3.13)
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Finally, the periodicity constraints are enforced, i.e. the final state of charge in each scenario

is the same as the initial state:

Ezn, = Eo, E€E (C.3.14)

The bounds on the variables are given by:

0<Ey<EteT,icE (C.3.15a)

—P <Py <P teTplel (C.3.15b)

The SP is solved to obtain the targets for the periodic battery SOC Ej and for the peak
demand D*. These targets are then used to guide a short-term MPC controller that obtains

the battery operating policy at every stage.

Cc.3.2 Short-Term MPC Formulation

For simplicity in the presentation, it is assumed that the short-term MPC controller only
updates its control policies at the beginning of every stage t = tz (Where tz = (N7, ¢ € &)
over horizon 7z := {t,t +1,...,t + Nr}. The short-term problem at time ¢z uses forecasts
for prices and loads over the prediction horizon 7¢ (in the perfect information case this
matches the scenarios of the long-term MPC formulation). The solution of the problem
at time f; is implemented for a block of Nt hours. This approach is different from the
traditional approach in which the control policies are updated at every time step within

the stage ¢. The short-term MPC formulation in stage ¢ is given by:

min Y 7%, (Les — Pry) + P D (C.3.16a)
Pé,t,Fé/t t€7:: ’
s.t. E@',HL] = Eé,t - P@',f/ te 7_-5 (C316b)

— AP < P[;r’tJrl — PC,t < E, t e 7_—5 (C316C)
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dey = Loy — Py, t €T (C.3.16d)
Pry < Lgy, te Tz (C.3.16e)
Ezn = Ej (C.3.16f)
Ezo = Ej (C.3.169)
dgy < D* (C.3.16h)
0<Ey<E teT; (C.3.16i)
—P<Py<P teT; (C.3.16))

C.4 Results

In this section, the results from the simulation case studies based on the MPC formula-
tion described in Section C.3 are presented. For the simulation case studies, a utility-scale
stationary battery that has a capacity 0.5 MWh and rated power of 1 MW for both charge
and discharge is considered, and a ramping limit of 0.5 MW /hr is assumed. Historical
data for one month for energy prices from PJM Interconnection, shown in Figures C.3a are
used (PJM is a regional transmission organization (RTO) that coordinates the movement of
wholesale electricity in all or parts of 13 states and the District of Columbia in the United
States). Historical load data from a typical university campus for a month is used as the
disturbance profile shown in Figure C.3b. From Figures C.3, it can be clearly observed the
disturbance profiles have strong periodic components and therefore, the proposed hierar-
chical MPC scheme based on enforcing periodicity is an appropriate approach for planning
of such systems. A planning horizon of one month (i.e., N = 720) is considered and stages
of 24 hours are used to create the SP formulation (i.e., N7 = 24 and M = 30).

Perfect forecasts are assumed in the first case study considered. In these experiments,
the cost of the hierarchical MPC scheme is compared with the cost of a long-term MPC
formulation with and without periodicity constraints. This comparison seeks to evaluate the

impact of assuming an optimal periodic policy. In the second study, the performance of the
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Figure C.3: Market and load data used for the case studies.

hierarchical MPC scheme is evaluated under imperfect forecasts. To do so, its performance
is compared against a standard MPC scheme that performs hourly updates of the control
policy and that uses a prediction horizon of 24 hours. For the standard MPC approach,
periodicity constraints are not imposed. Instead, a discounting (weighting) factor is used
for the demand charges based on the length of horizon. In this case study, a discounting

factor of % is used.
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C.4.1 Perfect Forecasts

Figures C.4-C.5b compare the policies obtained with the long-term MPC planning prob-

lem and the hierarchical MPC scheme. The grey vertical lines denote 24-hour periods

(scenarios). It can be seen that the policies are identical; the equivalence indicates that the

solutions of the period subproblems are unique (for fixed targets D* and Ej).
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Figure C.4: Comparison of SOC policies.

700

243



244

Long-term MPC
—— Hierarchical MPC

600

S
(=)
()

[}
o
o

Battery Power (kW)
()

—200
—400
—600
0 100 200 300 400 500 600 700
Time (Hr)
(a) Battery discharge (power) policies.
32000
VT TR YIS TTIT R
= 28000
=
2
@ 26000
£
2 / |
24000 H \
Long-term MPC
~——— Hierarchical MPC
22000 —— Baseline Load
0 100 200 300 400 500 6(50 700

Time (Hr)

(b) Comparison of demand policies.

Figure C.5: Comparison of battery power and building demand policies.

Table C.1: Comparison of cost items under perfect forecasts.

Cost Item Long-Term MPC | Hierarhical Long-Term MPC
($/month) (with periodicity) MPC (without periodicity)

Total cost 126,690.05 126,690.05 126,637.27
Demand charge 128,594.86 128,594.86 128,594.86
Energy -1,904.81 -1,904.81 -1,957.59

Figure C.6 shows the SOC policy obtained from the long-term MPC problem (C.2.2)

without the periodicity constraints. It can be observed that the SOC is quasi-periodic. The



cost items obtained with the different formulations are summarized in Table C.1. It is also
found that the total cost obtained with no periodicity constraints is only 0.04% lower than
that obtained with periodicity constraints (C.2.3). It can thus be concluded that assuming

a periodic policy does not limit performance.
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Figure C.6: SOC policy without periodicity (left). Comparison of SOC policies with and
without periodicity (right).
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C.4.2 Imperfect Forecasts

Figure C.7 shows the forecasted load and the realized load used in the case studies with
imperfect forecasts. It can be observed that the peak in the realized load (33,315.55 kW) is
more than 1800 kW higher than the peak in the forecasted load (31,486.71 kW). The design
peak demand (D*) obtained for the hierarchical MPC scheme using the forecasted load
profile is 31,186.71 kW. This target value D* leads to infeasibility of the short-term MPC
controller when using the realized load profile because the size and power rating of the

battery is not able to achieve this provided target for peak demand.
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Figure C.7: Forecasted and realized load profiles.

In Table C.2, the cost items obtained with the different MPC schemes are compared. It
is observed that the total cost obtained from the hierarchical MPC is only 0.02% higher than
that obtained with the long-term MPC formulation that uses the advanced knowledge of
the realized load to compute policies (perfect information). It is found that hierarchical
MPC is able to identify the optimal demand charge of long-term MPC even under imper-
fect forecast. This is important because the demand charge is a significant component of
the total cost. The higher total cost of hierarchical MPC is thus attributed to the suboptimal

periodic SOC levels obtained from the long-term MPC with the forecasted load profiles.
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The performance of standard MPC schemes, one that uses the realized load (perfect
information) and another that uses the forecasted load (imperfect information) to compute
policies are also evaluated. By comparing long-term MPC and standard MPC with realized
loads (perfect forecasts), it can be immediately noted that standard MPC yields a subopti-
mal policy and a higher total cost. This highlights that the use of the discount factor only
provides an ad-hoc approximation. Under imperfect forecasts, standard MPC also results
in 2.24% higher total cost compared to hierarchical MPC. These results highlight the lack
of robustness of the standard MPC approach. This also highlights that even under the im-
perfect forecast case, the hierarchical MPC provides a more effective approach to handle
long-term demand charges because it systematically captures the load variability observed

throughout the month and handles the long-term cost effects.

Table C.2: Comparison of cost items under imperfect forecasts.

Long-Term | Long-Term | Hierarchical | Standard | Standard
Cost Item MPC MPC MPC MPC MPC
($/month) (Forecasted | (Realized (Imperfect (Perfect | (Imperfect
Load) Load) Forecast) Forecast) | Forecast)
Total cost 126,690.05 | 135,334.06 135,374.74 | 136,230.18 | 138,411.67
Demand charge | 128,594.86 137,220.12 137,220.12 138,057.22 | 140,330.69
Energy -1,904.81 -1,886.06 -1,845.38 -1,827.04 -1,919.01

c.5 Conclusions

An approach to handle long horizons in MPC was proposed in the context of energy sys-
tems arising due to the need to capture long-term peak costs. In this approach, if periodic-
ity constraints are enforced over short-term periods, the long horizon MPC problem can be
posed as a stochastic programming problem with each period representing a scenario, the
periodic state, and peak cost targets representing the design variables and the intra-stage
operational policies representing the recourse variables. The SP setting reveals a mech-
anism to construct a hierarchical MPC scheme under which a long-term MPC planner

provides state and peak cost targets to guide a short-term MPC controller. Through sim-
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ulation case studies of a typical university campus with stationary battery storage, where
the goal is to use the battery to decrease peak demand charges, it is shown that this hierar-
chical MPC scheme provides optimal operational policies under nominal (perfect forecast)
conditions and can be extended to handle imperfect forecasts by correcting the short-term
policies. It is also demonstrated through the simulation case study that the hierarchical
MPC scheme yields improved performance over standard MPC schemes that use short-
time horizons and long-term discounting factors. We have seen in Chapter 5 that the SP
setting enables the use of advanced decomposition schemes (Higle and Sen, 1991), which
can be used to progressively update the high-level MPC layer by adding cutting planes
and enable a retroactive hierarchical scheme which only uses historical data to compute

the optimal periodic states.
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