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ABSTRACT

Motivated by the potential for improvements in electric moveystem economics and relia-
bility, this dissertation investigates applications ofeensdefinite programming relaxation of the
power flow equations, which model the steady-state relahigmbetween power injections and
voltages in a power system. In contrast to other optimal pdle® solution techniques, semidefi-
nite program solvers can reliably find a global optimum inypoimial time when the semidefinite
relaxation is “tight” (i.e., the solution has zero relaxatigap). Semidefinite relaxations have been
applied to a variety of computationally difficult problenmsmany fields. The power systems litera-
ture details limited success in applying semidefinite piogning to the optimal power flow (OPF)
problem, which minimizes operating cost under engineaimjnetwork constraints. Semidefinite
programming holds significant promise for application toestpower systems problems.

This dissertation first investigates power system econsumsing a semidefinite relaxation of
the OPF problem. In contrast to claims in the literatures thésertation shows that the semidef-
inite relaxation may fail to give a physically meaningfulion (i.e., the solution has non-zero
relaxation gap) for some practical problems. This dissiertaalso provides computational and
modeling advances required for solving large-scale, sealOPF problems. Modeling advances
include allowing multiple generators at the same bus; fEitaansmission lines and transformers;
and an approximate method for modeling constant impedamorestant current, constant power
(ZIP) loads. Existing methods exploit system sparsity @espcomputation using matrix comple-
tion techniques that decompose the large positive semitdefimatrix constraint into constraints

on many smaller matrices. Computational advances inclustdifing the matrix decomposition
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techniques for further reductions in solver times, extegdhe applicability of an existing decom-
position, and a method for obtaining an optimal voltage pgdfom a solution to a decomposed
semidefinite program. This dissertation also provides fcserfit condition test for global optimal-
ity of a candidate OPF solution obtained by any method.

This dissertation next provides techniques for improviogver system reliability. The first
reliability-related research develops a sufficient candiunder which the power flow equations
have no solution. This sufficient condition is evaluatechgs feasible semidefinite optimization
problem. The objective employed in this optimization pesblyields a measure of distance (in a
parameter set) to the power flow solvability boundary. Tlssaohce is closely related to quantities
that previous authors have proposed as voltage stabilitgimga A typical margin is expressed
in terms of the parameters of system loading (injected psyéhis dissertation additionally in-
troduces a new margin in terms of the parameters of regulaiedvoltages. This dissertation
considers generators modeled as ideal voltage sourcesemadagors with reactive power lim-
its, which require either mixed-integer semidefinite pesgming or sum of squares programming
formulations.

Also related to power system reliability is the problem ofdfitg multiple solutions to the
power flow equations. Power systems typically operate agjla-toltage, stable power flow solu-
tion; however, other solutions are used for stability clttans. Existing literature claims that a
continuation-based algorithm can reliably find all powenfolutions. This claim is demonstrated
to be incorrect with a small counterexample system. Thuspngputationally tractable algorithms
exist for reliably finding all power flow solutions. Methods fcalculating multiple power flow so-
lutions therefore deserve further research. This dissentdescribes a method for finding multiple
power flow solutions using semidefinite programming. Ressiiggest the method’s promise for
identifying large numbers of power flow solutions.

Although the semidefinite relaxation of the power flow equadi is often “tight,” non-zero
relaxation gap solutions can occur. This dissertationgtigates examples of non-zero relaxation
gap solutions to semidefinite formulations for the optimaipr flow problem, for the power flow

insolvability condition, and for determining multiple sions to the power flow equations.



Chapter 1
Introduction

1.1 Motivation

The National Academy of Engineering has classified widesprdectrification as one of the
greatest engineering achievements ofabié century [1]. Electric power systems are closely con-
nected to most aspects of modern society so that electnsdnterruptions are extremely bur-
densome and expensive; a 2006 study esimated that thealaiorual cost of power interruptions
is $79 billion dollars [2]. Improving electric system rddidity is therefore a major research empha-
sis. Ensuring reliable electric service and preventinghwats requires grid operators to supply
consumers’ load demands while remaining within both prajsamd engineering constraints of
the network and connected facilities. As for many engimgpsystems, operating in a secure re-
gion far from potential failure points (i.e., operation gufficient stability margins) is desired for
maintaining reliability. This is particularly importamnt electric power systems due to the inherent
uncertainty resulting from, for instance, uncontrollablstomer load demands, uncertain system
parameters, and the potential for unexpected outages @ra®mn and transmission facilities.
Failure to maintain sufficient stability margins may resaltuncontrolled operation, potentially
leading to voltage collapse and wide-scale blackouts, asrced in the August 2003 blackout that
affected 50 million people in the Eastern United States attldstimated cost between $4 billion
and $10 billion [3, 4].

In addition to reliability, economic operation of electpower systems is a major concern of
power system engineers. With the large size of the poweesystdustry in the United States (as

one measure of industry size, electric industry revenuéisarUnited States were $369 billion in



2010 [5]), improvements in power system economics have thengial for significant impacts.
Many aspects of electric power systems are optimized toceedasts. This dissertation discusses
research into the “optimal power flow” problem of minimiziggneration cost while satisfying
physical network constraints and engineering limits.

The power flow equations are at the heart of many of the toad by power system engi-
neers to maintain reliable, economically operated powstesys. These equations model the non-
linear relationship between voltages and active and ngapibwer injections in a power system.
The power flow equations are typically solved using iteetiumerical techniques for systems of
non-linear equations, such as the Newton-Raphson and &Gaidsl methods. The power flow
equations inform important aspects of reliable and econguwer system operation, including
voltage stability margins, dynamic stability assessmeartd power transfer limitations.

There has recently been significant research emphasis anidedmite programming relax-
ation of the power flow equations [6, 7]. Semidefinite prograng is a convex optimization
technique that minimizes a linear objective function whanstraining a matrix to be positive
semidefinite (i.e., all eigenvalues are constrained to benegative). Solution techniques for
semidefinite programs guarantee global optimality in pohgral time, which cannot generally be
achieved with traditional algorithms used in power flow peohs. When the semidefinite relax-
ation is “tight” (i.e., zero relaxation gap exists betweetutions to the classical problem and the
semidefinite relaxation), an optimal solution can be recede Conversely, when the semidefi-
nite relaxation is not “tight” (i.e., the solution has noera relaxation gap), the solution from the
semidefinite program provides a lower bound on the optimgdative value but does not provide
a feasible solution to the original problem.

Using the semidefinite programming relaxation of the powewr fequations, this dissertation
details advances that help enable reliable and economraitiqe of electric power systems. Re-
garding reliability, this dissertation investigates bsthtic voltage stability margins through suffi-
cient conditions for which the power flow equations do not a@solution and the calculation of
multiple solutions to the power flow equations, which aredusedynamic stability assessments.

Regarding economic operation, the power flow equations ftbdehysical network constraints



inherent to the optimal power flow problem, which is used tmimize system operating costs.
This dissertation investigates a semidefinite programmataxation of the optimal power flow
problem and provides modeling and computational advaneesssary for application to large-
scale electric power systems. Before presenting theseilootdns in later chapters, this intro-
duction provides background on the power flow equationspgitanal power flow problem, and

semidefinite programming.
1.2 The Power Flow Equations

The power flow equations describe the sinusoidal steadg-stpilibrium of a power network,
and hence are formulated in terms of complex “phasor” regmtasion of circuit quantities (see,
for example, Chapter 9 of [8]). The underlying voltage-torent relationships of the network
are linear, but the nature of equipment in a power systemcis that injected/demanded complex
power at a bus is typically specified, rather than currente fiddation of interest is between the
active and reactive power injected at each bus and the camplieges at each bus, and hence the
associated equations are non-linear. Using polar repiegs@mfor complex voltages and rectan-
gular “active/reactive” representation of complex powiee power balance equations at buse

given by

P =V, ka ik €0 (8; — 0p) + By sin (8; — 6;)) (1.1a)
=V Z Vi (Gigsin (8; — 6;,) — Byg cos (6; — 0)) (1.1b)

whereP; andQ); are the active and reactive power injections, respectiatlyus;, V; andd; are the
voltage magnitude and phase angle, respectively, at,fis= G + jB is the network admittance
matrix (see [9] for details on the network admittance mati@xdnr is the number of buses in the
system. This dissertation considers a single synchrop@asinected power system; the analyses
described herein can be repeatedly applied to each conheateponent of power systems with

multiple islands.



To represent typical behavior of equipment in a power syséaoh bus is classified as PQ, PV,
or slack according to the constraints imposed at that busbud®@s, which typically correspond
to loads, treat’; and (@, as specified quantities, and enforce the active power (ardd)yeactive
power (1.1b) equations at that bus. PV buses, which typicalirespond to generators, specify
a known voltage magnitudg and active power injectio®’;, and enforce only the active power
equation (1.1a). The associated reactive poemay be computed as an “output quantity,” via
(1.1b). Finally, a single slack bus is selected, with spedif; andJ; (typically chosen to b@°).
The active powel; and reactive powap); at the slack bus are determined from (1.1a) and (1.1b);
network-wide conservation of complex power is therebys$iatl.

One generator model is an ideal voltage source capable oftanaing fixed bus voltage mag-
nitude regardless of the reactive power output. More detariodels consider generators’ reactive
power limits. If a generator’s reactive power output is betw the upper and lower limits, the
generator maintains a constant voltage magnitude at th@.byshe bus behaves like a PV bus). If
a generator’s reactive power output reaches its upper, lingtreactive power output is fixed at the
upper limit and the bus voltage magnitude is allowed to deszdi.e., the bus behaves like a PQ

bus with reactive power injection determined by the uppmit)i If the generator’s reactive power

Reactive Power versus Voltage Magnitude Characteristic

Qmax

Reactive Power
T

Qmin |

0 Vo
Voltage Magnitude

Figure 1.1 Reactive Power versus Voltage Magnitude Cheriatit



output reaches its lower limit, the reactive power outpdixed at the lower limit and the voltage
magnitude is allowed to increase (i.e., the bus behaveslk® bus with reactive power injection
determined by the lower limit). Figure 1.1 shows the re@cpewer versus voltage characteristic
for this generator model with a voltage setpointlof, lower reactive power limit of)™", and
upper reactive power limit ap™*.

The power flow equations can also be written in terms of regikam voltage components;
andV,. Formulation in rectangular voltage coordinates revéssbupled-quadratic form of these

equations. See [10] for a review of the power flow equatiomeatangular voltage coordinates.

Pr=Va Yy (GaVae = BatVir) + Vi > (BisVar + Gir Vi) (1.2a)
k=1 k=1
k=1 k=1

The rectangular voltage components must additionallgfatne voltage magnitude equation.

VE= ViV (1.20)

The non-linear power flow equations require iterative nucaéisolution techniques, such as
Gauss-Seidel or, most commonly, Newton-Raphson [9], whoseergence performances are de-
pendent on an initial guess of the solution voltage mage#ughd angles. These techniques are
only locally convergent; they do not generally converge fmagticular solution from an arbitrary
initial guess [11]. A initial guess consisting of a “flat gtaroltage profile with uniform voltage
magnitudes and zero phase angles can often be used to findtsdbr “typical’” parameters.
However, it is important to recognize that as parametersenoonside of routine operating ranges
the behavior of the power flow equations can be highly compksulting in convergence failure
for these solution techniques.

The properties of the Newton-Raphson iteration guaranteeq suitable differentiability as-
sumptions) convergence to a solution for an initial condielected in a sufficiently small neigh-

borhood around that solution [12]. However, when a seleut#igl condition (or some limited



set of multiple initial conditions) fails to yield convengee, the user of a Newton-Raphson-based
software package is left with an indeterminate outcomesdioe specified problem have no solu-
tion, or has the initial condition(s) simply failed to fallitivin the attractive set of a solution that
does exist? Since the existence of a power flow solution iesseey for power system stability,
conditions regarding power flow solution existence are paw&ols for power system reliability.

Conditions to guarantee existence of solutions to the pflaerequations have therefore been
an active topic of study. For example, [13] and [14] descsbfficient conditions for power flow
solution existence. However, as sufficient conditionsséhare often conservative: a solution may
exist for a much larger range of operating points than satief sufficient conditions. Other work
on sufficient conditions for power flow solvability includgs], which focuses on the decoupled
(active power-voltage angle, reactive power-voltage ntage) power flow model. Reference [16]
describes a modified Newton-Raphson iteration tailorechéotype of ill-conditioning that can
appear in power systems problems. While convergence taii@olmay be judged a constructive
sufficient condition to demonstrate solvability, such a@whes do not escape the fundamental
limitations of a locally convergent iteration. In more ratevork, [17] provides two necessary
conditions for saddle-node bifurcation based on lineshiegctheir static transfer stability limits;
however, this work does not yet provide a test for power flolvedality.

A measure of the distance to the solvability boundary (the@teperating points where a so-
lution exists, but small perturbations may result in inabiity of the power flow equations [18])
is desirable to ensure that power systems are operatedeweitinity margins. If a solution does not
exist for a specified set of power injections, a measure oflistance to the solvability boundary
indicates how close the power flow equations are to havinduwisn. If a power flow solution
exists, desired margins indicate distances to solutiorexastence at the solvability boundary.
Existing work in this area uses a Newton-Raphson optimaliplidr approach [19] to find the
voltage profile that yields the closest power injectionshiose specified [20, 21]. The method
described in [20, 21] forms a non-convex optimization peof| solved by an iterative algorithm
that may yield only a locally optimal solution, dependentaoninitial condition. In particular, the

method of [20, 21] is only guaranteed to find a locally optimaltage profile, yielding the power



injections closest (in a Euclidean norm) to those specifiddreover, the approach of [20, 21] as
presented does not seek to obtain security margins for ldeh&ets of power injections (though
one might postulate modifications of its algorithm that codb so). For solvable sets of power
injections, iterative techniques for finding load margimsnprised of the locally optimal mini-
mum distance to the power flow solvability boundary are distiain references [22] and [23]. An
algorithm that combines continuation and non-linear oation techniques to either solve the
power flow equations, when possible, or calculate a meadypeweer flow insolvability is pre-
sented in reference [24]. Reference [25] describes an ggatian problem that applies interior
point methods to minimize the load shedding necessary @robblvable power flow equations.
The minimum amount of load shedding is used as a measure @rdtoaw insolvability. Inves-
tigating the worst-case load shedding necessary for power gblvability is also discussed in
references [26] and [27]. Reference [28] summarizes andoaoes some of these power flow
insolvability measures.

Ideal voltage sources with no limits on reactive power otigften serve as simple generator
models. The work in Chapter 4 proposes a power flow insoliglaibndition and voltage stabil-
ity margins without consideration of reactive power linditgenerators. However, reactive power
limits are relevant to practical power flow solvability sengon-existence of power flow solutions
may result from limit-induced bifurcations [29—31]. In comon industry practice, static voltage
stability margins are determined using repeated power fidaeutations to find the “nose point” of
a power versus voltage (“P-V”) curve. Closely related mdthtrace this curve while monitoring
“reactive margins” on generators (i.e., the margin betweegenerator’s reactive power output at
a given operating point and its maximum reactive output)sddetions of relevant industry stan-
dards are found in such works as [32—-34]. Chapter 5 proposisant conditions for power flow
insolvability and voltage stability margins with consideon of reactive power limited generators.

In addition to the potential for solution non-existences ialso well recognized that the power
flow equations may have a very large number of solutions¥an®le, the work of [35] establishes
cases for which the number of solutions grows faster thagnoohial with respect to network

size. Although power systems are typically operated at -lagitage, stable solution, other power



flow solutions, particularly those exhibiting low-voltagegnitude, are important to power system
stability assessment and bifurcation analysis [36—40].

One very direct approach to finding multiple power flow s@uos simply initializes a Newton-
Raphson iteration over a range of carefully selected cateliditial conditions. Each solution has
a set of initial conditions that converges to that solutioa Newton-Raphson iteration. Character-
ization of Newton-Raphson regions of attraction was thgesuilof [41], which demonstrated cases
for which the boundaries of these attractive sets were #atunature. Thus, Newton-Raphson-
based techniques do not guarantee obtaining all power flavicas.

In another approach, Salam et al. [42] apply the homotophiodeof Chow et al. [43] to the
power flow problem. This method reliably finds all solutiobst has a computational complexity
that grows exponentially with system size. It is computadity intractable for large systems.

Ma and Thorp published a continuation-based algorithmttiet claimed would reliably find
all solutions to the power flow equations [44, 45]. Since tbenputational complexity of this
algorithm scales with the number of actual rather than péssolutions, it is computationally
tractable for large systems. A similar algorithm claims taifall Type-1 power flow solutions
in [46]. Type-1 solutions are those where the Jacobian optweer flow equations has a single
eigenvalue with positive real part. Type-1 solutions aosely related to voltage instability [47].

A recent critique of the Ma and Thorp continuation-baseduwtigm revealed a flaw in the asso-
ciated proof of completeness (i.e., the claim that the algorcan reliably find all solutions) [48].
In Chapter 6, this dissertation presents a counterexampleetclaim of completeness. Thus, one
may fairly characterize the state of the art as lacking a edatnally tractable algorithm to com-
pute all power flow solutions. Chapter 6 proposes a semitiefprogramming formulation for

finding multiple power flow solutions.

1.3 The Optimal Power Flow Problem

The power flow equations enable engineers to determine tli@geomagnitudes and angles
for a given dispatch (set of generator active power injéstiand voltage magnitudes and load

active and reactive power demands). This dispatch mustdigfigal as an input to the power flow



equations. Determining an appropriate dispatch requaotesisn of the optimal power flow (OPF)
problem. The OPF problem seeks decision variable valuégittld an optimal operating point for
an electric power system in terms of a specified objectivetfan, subject to both network equality
constraints (i.e., the power flow equations) and engingeanaquality constraints (e.g., limits on
voltage magnitudes, active and reactive power generatant flows on transmission lines and
transformers). Total generation cost is typically chosetha objective function, although other
objective functions, such as reducing network losses,lacegpmssible.

The OPF problem is non-convex due to the non-linear power #quations [49] and is, in
general, NP-hard [7]. Non-convexity of the OPF problem haslensolution techniques an ongo-
ing research topic since the problem was first introduced drpéhtier in 1962 [50]. Many OPF
solution techniques have been proposed, including sugeessadratic programs, Lagrangian re-
laxation, genetic algorithms, particle swarm optimizatiand interior point methods. See [51-55]
for relevant survey papers.

This section next provides a mathematical description ef@®F problem as it is classically
formulated. Consider an-bus power system, whef® = {1,2,...,n} represents the set of all
busesg represents the set of generator buses arepresents the set of all lines. Ly, + jQ px
represent the active and reactive load demand at each bu&’. LetV, = Vi, + jV, represent
the voltage phasors in rectangular coordinates at eacht bais\V. Let P + jQqr represent
the generation at generator buges G. Let .S, represent the apparent power flow on the line
(I,m) € L. Superscripts “max” and “min” denote specified upper andelolimits. LetY =
G + 7B denote the network admittance matrix.

Define an objective function associated with the active pawéput of each generatére G,

typically representing a dollar/hour variable operatiogtc

fr (Por) = cxa P2y + criPar + cro (1.3)
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The classical OPF problem is then

e Z fe (Per) subject to (1.4a)
P < Pay, < P& Vkeg (1.4b)
QB < Qar < QB Vk€G (1.4c)
(Vimin)® < VE 4+ V3 < (ve)? VkeN  (1.4d)
| S| < G V(l,m) €L (1.4e)

n

Per — Ppr, = Vag Z (GitVai — BiVyi) + Vi Z (BirVai + Gir Vi) Vk e N (1.41)
i=1 i=1

Qar — Qpr = Var Z (—BitVai — Gie Vi) + Ve Z (GinVai — BinVy) VkeN (1.49)

i=1 i=1
Note that this formulation limits the apparent power flow swad at each end of a given line,
recognizing that active and reactive line losses can cduesetquantities to differ.

This classical formulation is sufficient for modeling mostadl test systems; Chapter 3 contains
a more detailed formulation of the OPF problem suitable éalistic system models that include
parallel lines; the possibility of multiple generators la¢ tsame bus; piecewise-linear objective
functions, which are commonly used in electricity marketteats; and ZIP load models, which

have constant impedance, constant current, and constaet pomponents.

1.4 Semidefinite Programming

Semidefinite programming is a type of convex optimizatioat tminimizes a linear objective
function over the intersection of a cone of positive semidifimatrices (i.e., symmetric matrices
constrained to have all non-negative eigenvalues) andfere gflane. Semidefinite programming
has been successful in solving or approximating the salstmf many practical problems that
are otherwise computationally challenging, including he®e optimization problems. Semidef-
inite programming finds applications in such areas as Lyapwstability analysis, relaxations of

discrete design variables in combinatorial optimizatioolgpems, and maximum cut problems in
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graph theory [56]. Overviews of semidefinite programmingatty and practice are available in

references [56-58].

The primal form of a semidefinite program is

H‘lg;n trace (BW) subject to (1.5a)
trace (A,W) = ¢

W -0 (1.5b)

for specified vector, specified symmetric matrice&; and B, and symmetric matrix decision
variableW, wheretrace indicates the trace operator (i.e., the sum of the correipgmmatrix’s
diagonal entries) and the symbelindicates that the corresponding matrix is positive sefitide
nite [57]. Note that the trace of a matrix product is analaytua “matrix dot product” which

sums the product of the corresponding matrix entriesiFom matricesA andB, trace (AB) =
2D AuBi
i=1 k=1

The corresponding dual form is

max A subject to (1.6a)

B—E:AMJEO (1.6b)
=1

for decision variable vector of Lagrangian dual variablesith lengthn. Superscripfl” indicates
the transpose operator.

Semidefinite programs can be solved efficiently (i.e., irypomial time) for a globally optimal
solution with robust primal—dual interior point methodxaiple solution codes for semidefinite
programs are SeDuMi [59], CSDP [60], SDPA [61], and SDPT3J.[62

Chapter 5 uses extensions to semidefinite programming tel@ewsufficient conditions for
power flow insolvability and voltage stability margins tlainsider reactive power limited gen-

erators. Chapter 5 first uses mixed-integer semidefinitgrproming, which has both positive
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semidefinite matrix constraints and integer variable qairsls. Current mixed-integer semidef-
inite programming solvers are relatively immature, andkenhlgorithms for semidefinite pro-
grams, solvers are not assured to run in polynomial time. évew this is an active area of
research, and more capable algorithms will likely beconalable. Existing tools [63, 64] can
solve the proposed formulation for small power system nmgdaid Chapter 5 discusses potential
modifications that improve the computational tractabiitghe proposed formulation with respect
to solution algorithms in the literature [65, 66].

Chapter 5 also uses the concept of infeasibility certifeétem the field of real algebraic ge-
ometry [67]. Infeasibility certificates for polynomial egfions are calculated using sum-of-squares
decompositions that are themselves computed with semii@ediptimization programs. Specifi-
cally, infeasibility certificates use the Positivstellatistheorem, which states that there exists an
algebraic identity to certify the non-existence of realsioins to every infeasible system of polyno-
mial equalities and inequalities [67]. Overviews of bothxed-integer semidefinite programming

and sum-of-squares programming are provided in Chapter 5.

1.5 Semidefinite Relaxation of the Power Flow Equations

Recently, significant research attention has focused omalsénite programming relaxation
of the power flow equations and the optimal power flow problénY]. By appropriate selection
of A; matrices, the power flow equations in rectangular voltaggdioates can be written in the

form 27 A,z = ¢;, wherez is a vector of orthogonal voltage components.

T
r=Vis Ve .. Vau Va Vie .o Vil (L.7)

By defining the matrixW = xz!, the power flow equations (1.2) can then be rewritten as the
combination of the linear equationsice (A; W) = ¢; and the conditiomank (W) = 1. Consider,
for example, an expression fof?, the square of the voltage magnitude at bus 1, which is equal t

V2 + Vfl. The desired formulation for this expression is given i8)1.
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10 --- 0 --- 0 ‘/:121 Vi Vi -+ levql lean
o0 ---0 ---0 Vi Vs Vd22 Vd2Vq1 VdQan
Vf = trace o o ' . ' . . . . (1.8)
o0 ---1 --- 0 levql deVq1 Vq21 Vqﬂ/qn
00 ---0 ---0 Vd1an V@an Vq1an Vq2n
) W;;IT ’

Since the trace operator is a linear function, the non-catywan this formulation of the power
flow equations is entirely due to the rank condition. The skefimite relaxation of the power flow
equations does not enforce the rank condition; rather, dinstcaintW = 0 is used to define a
convex feasible space. When an objective function is seegifhe resulting semidefinite program
provides a lower bound on the optimal objective value of tiF=@roblem. If the solution to the
semidefinite program satisfies the rank condition, the sefinite relaxation is “tight” (i.e., the
lower bound provided by the semidefinite relaxation equadggiobally optimal objective value of
the OPF problem). See [7] and [58] for further details.

One of the first works applying semidefinite programming rodthto OPF problems [7] uses
the phrase “duality gap” to describe the gap between thenadigrank-constrained problem and
a convex relaxation. This isot the gap between primal and dual formulations of a single-opti
mization problem (i.e., it is not the gap between the prinmad dual forms of the semidefinite
relaxation). Rather, the gap of interest is between twaensfiit but closely related optimization
problems: the original, rank-constrained problem and amopation problem formed by a con-
vex relaxation of the original problem’s constraint set.efidfore, this dissertation deviates from
prior practice by using the phrase “relaxation gap” to réfethe gap between the original, rank-
constrained problem and its semidefinite relaxation (e *duality gap” as used in other power

systems literature, such as [7], on convex relaxations).
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For a zero relaxation gap solution to the semidefinite progeavoltage profile satisfying the
power flow equations can be obtained from an eigenvectoceged with a non-zero eigenvalue
of the solution’sW matrix [7]. The voltage profile obtained from a semidefinitegramming
relaxation of the OPF problem is guaranteed to be a globatymal solution if the rank con-
dition is satisfied. The ability to find a global solution isigrsficant advantage of semidefinite
programming over traditional solution techniques.

Existing literature [7] claims that the rank condition igisted for most practical power sys-
tem models, including the IEEE test systems [68]. Howeves, rank condition is not always
satisfied, which means that semidefinite relaxations do ivet ghysically meaningful solutions
for all realistic power system models. An example case tbasadot satisfy the rank condition is
presented in Chapter 2 of this dissertation. Recent reséas investigated the conditions under
which the rank condition is satisfied; to date, sufficientdibans for rank condition satisfaction
include requirements on power injection and voltage mageitimits and either radial networks
(typical of distribution system models) or appropriatecei@ent of controllable phase shifting
transformers [69—75]. There is limited existing researohttee reasons for non-zero relaxation
gap solutions; expanding on the limited existing literat[if6, 77], Chapter 7 of this dissertation
explores non-zero relaxation gap solutions.

In addition to theoretical concerns regarding satisfactibthe rank condition, practical com-
putational issues are also of interest. Semidefinite progriag relaxations of the OPF problem
constrain &n x 2n symmetric matrix to be positive semidefinite, wheres the number buses in
the system. The semidefinite program size thus grows as teeesqf the number of buses, which
makes solution of OPF problems by semidefinite programmargputationally challenging for
large systems. Recent work using matrix completion [78+88lices the computational burden
inherent in solving large systems by taking advantage ofsffase matrix structure created by
realistic power system models. Sojoudi and Lavaei [71], & Wei [81], and Jabr [82] present

formulations that decompose the single la2gex 2n positive semidefinite matrix constraint into
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positive semidefinite constraints on many smaller matritfdbe matrices from these decomposi-
tions satisfy a rank condition, thi& x 2n matrix also satisfies the rank condition and an optimal

solution can be obtained.

1.6 Organization

This dissertation is organized around two major themesechipomic operation of power sys-
tems using a semidefinite programming relaxation of thenagidtpower flow problem and 2.) tools
for improving power system reliability using semidefinitmgramming. Chapter 2 introduces the
semidefinite programming relaxation of the optimal powewffmroblem and discusses instances
where the relaxation fails to yield physically meaningfolgions (i.e., the solution exhibits non-
zero relaxation gap). Chapter 3 provides modeling and ctatipnal advances necessary for
solving semidefinite relaxations of the optimal power flowlgem for realistic, large-scale power
system models. Specific modeling advances regard paraks; Imultiple generators at the same
bus; and constant impedance, constant current, constaet (4lP) load models. Computational
advances include a preprocessing method that significesdlyces solver time using matrix com-
pletion decompositions, a technique for recovering amagitivoltage profile from the solutionto a
decomposed semidefinite program, and an improvement toistingxdecomposition that enables
application to more general power systems. This chaptermltsposes a sufficient condition test
for global optimality of a candidate OPF solution using trersh-Kuhn-Tucker (KKT) conditions
for optimality of the semidefinite relaxation of the OPF deoh.

The dissertation next details investigation into techagjtor improving power system relia-
bility. Chapter 4 presents a sufficient condition, calcediatising a semidefinite program, for the
insolvability of the power flow equations. As a byproducttuktsufficient condition, voltage sta-
bility margins are developed that give bounds on the diganthe power flow solvability bound-
ary. The sufficient condition for power flow insolvabilityggosed in Chapter 4 models generators
as ideal voltage sources that maintain fixed voltage magaitegardless of reactive power output.

Chapter 5 formulates sufficient conditions for power flownoirability considering reactive power
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limited generators. The first of these conditions uses mirezfjer semidefinite programming and
the second uses infeasibility certificates and sum-ofi&gyarogramming.

Next, Chapter 6 provides a counterexample to a claim in tigtieg literature about the ability
of a continuation-based algorithm to reliably find all powlew solutions. With this counterexam-
ple, current literature appears to offer no computatignatictable technique for reliably finding
all power flow solutions. Chapter 6 continues with a disaussif the use of the semidefinite
relaxation of the power flow equations to find multiple powewfisolutions.

By illustrating the feasible spaces for power system oation problems and their semidef-
inite relaxations, Chapter 7 studies semidefinite prograloti®ns with non-zero relaxation gaps.
Three applications of the semidefinite relaxation of the @oflow equations are considered: the
optimal power flow problem (i.e., work from Chapters 2 and&Bjpormulation used to determine
voltage stability margins (i.e., work from Chapters 4 andd&)d a formulation for calculating
multiple power flow solutions (i.e., work from Chapter 6).

The remainder of the dissertation summarizes these dewelois and discusses future work.
Proposed areas of future work include the extension of timededinite relaxation to more flexible
distribution system models (i.e., modeling unbalancediligamong phases) and integrating the
voltage stability margins developed in Chapters 4 and 5ant®PF problem to explore a potential
trade-off between stability and cost in determining a posystem operating point. Other fu-
ture work includes application of mixed-integer semideégiprogramming to other power systems
problems (e.g., the unit commitment problem). Results ftbensemidefinite relaxation of large
OPF problems in Chapters 3 and 7 suggest future directigriaviestigating non-zero relaxation
gap solutions. Specifically of interest are development etirods for identifying non-convexities
in OPF problems and creation of methods for perturbing an @®Bblem to obtain a zero relax-
ation gap solution (i.e., finding the closest OPF problemwbich the semidefinite relaxation is
tight).
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1.7 Contributions

The contributions of this dissertation can be organizednvo tajor areas: 1.) theoretical,
computational, and modeling advances in the semidefindgramming relaxation of the power
flow equations, and 2.) techniques for improving power systiability involving conditions for
power flow insolvability and the calculation of multiple stibns to the power flow equations.

A theoretical contribution is the publishing of counteneyaes to a claim in the literature that
the semidefinite programming relaxation gives physicalgamingful solutions (i.e., satisfies the
rank condition) for most practical optimal power flow prable (See Chapter 2.)

Other theoretical contributions include detailed anadysenon-zero relaxation gap solutions.
The three specific applications of the semidefinite relaxatif the power flow equations consid-
ered are the optimal power flow problem, a formulation usetetermine voltage stability margins,
and a formulation for determining multiple solutions to gever flow equations. (See Chapter 7.)

A modeling contribution is the incorporation of flow limitsi@arallel lines and transform-
ers, potentially including off-nominal voltage ratios amoh-zero phase shifts, in the semidefinite
programming relaxation of the power flow equations. An add#l modeling contribution is the
incorporation of multiple generators at the same bus. @Ggoecost functions may be either
guadratic or piecewise-linear. Another modeling contithuis an approximate representation of
ZIP loads in the semidefinite relaxation of the power flow ¢igus. (See Chapter 3.)

This dissertation contributes several computational ades in the semidefinite relaxation of
the power flow equations. The first computational advancegorted in this dissertation is a mod-
ification to existing matrix completion decomposition tetjues. These techniques exploit power
system sparsity to reduce computation time. The modifindbdhe existing techniques described
in this dissertation further reduces computation time bgcdr between two and three for typical
test cases. (See Chapter 3.)

The second computational advance is the extension of tHecapility of an existing matrix
completion decomposition. The matrix completion decontmosdescribed by Jabr [82] performs

a Cholesky factorization of the absolute value of the imagirpart of the bus admittance matrix.



18

However, lack of positive definiteness for some systemdydes the ability to perform a Cholesky
factorization. This dissertation presents a differentrixahbat is guaranteed to be positive definite
and whose Cholesky factorization can be substituted in @eixcompletion decomposition pro-
cedure. (See Chapter 3.)

The third computational advance is a method for recovermgg@imal voltage profile from
the decomposed problem. Existing literature discussesndpgsition algorithms, but does not
present specific steps for recovering an optimal voltagélerfoom a decomposed problem. (See
Chapter 3.)

The fourth computational advance is a sufficient conditest for global optimality of a can-
didate optimal power flow solution. This condition combirtlee global optimality advantage of
the semidefinite relaxation with the maturity and speed adtang optimal power flow algorithms.
(See Chapter 3.)

The dissertation next contributes to tools for improvingvpo system reliability. First, this
dissertation introduces a power flow insolvability cormtitbased on the semidefinite programming
relaxation of the power flow equations. The semidefinite mmogused to evaluate this condition
is shown to be feasible for practical power system modelsguaiproof of solution existence for
a modified form of the power flow equations. The insolvabitondition is valid regardless of
the rank characteristics of the semidefinite program swiutiNote that this condition does not
consider reactive power limited generators. (See Chapter 4

The optimization problem used to evaluate the insolvabddndition also yields margins to
the power flow solvability boundary (i.e., the set of opergtpoints where a solution exists, but
small perturbations may result in the insolvability of theagr flow equations). Specifically, a
controlled voltage margin measures the distance to thesiity boundary in terms of propor-
tional changes in all controlled voltages. A power injestioargin measures the distance to the
solvability boundary in terms of uniform, constant-povi@ctor changes in power injections at all
buses. These margins are obtained from a single semidgfioeam evaluation. (See Chapter 4.)

Sufficient conditions for power flow insolvability with coeration of reactive power limited

generators are another contribution of this dissertafiar@ such conditions are presented, the first



19

of which uses mixed-integer semidefinite programming aedstitond of which uses infeasibility
certificates and sum-of-squares programming. Voltagdlgyaimargins to the power flow solv-
ability boundary, with consideration of reactive poweritieal generators, are developed from both
insolvability conditions. (See Chapter 5.)

Further contributions regard finding multiple solutionghe power flow equations. A coun-
terexample is provided to a claim in the literature that aicomtion-based algorithm is capable of
finding all power flow solutions. With this counterexamplegite is currently no computationally
tractable method for reliably calculating all power flowwobns. (See Chapter 6.)

This dissertation also provides a method for calculatingipia power flow solutions using the
semidefinite programming relaxation of the power flow ecuregiwith an objective function spec-
ified in terms of squared voltage magnitudes. Voltage madeiproperties of desired solutions
are thus directly specified in this method. (See Chapter 6.)

Finally, open source MATLAB code implementing these cdnitions is under review for pub-
lic release as part of the MATPOWER [55] package. Publiclgilable code will speed research
progress by eliminating the need for researchers to indbpely implement these semidefinite

formulations and will quickly distribute the contributisof this dissertation.
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Chapter 2

Application of Semidefinite Programming to the OPF Problem

2.1 Introduction

The optimal power flow (OPF) problem seeks decision variahlees to yield an optimal oper-
ating point for an electric power system in terms of a spatifigective and subject to a wide range
of engineering limits on active and reactive power genenatbus voltage magnitudes, transmis-
sion line and transformer flows, and possibly network sitgtiibnstraints. Total generation cost is
the typical objective; other objectives, such as loss miation, may be considered.

The non-convexity of the OPF problem has made solution fgaes an ongoing research
topic since the problem was first introduced in 1962 by Caipe{b0]. Non-convexity in typical
OPF formulations enters largely through the non-lineargrdlow equations representing physical
constraints on the electric grid [49]. The long literatueélects a wide range of proposed solution
techniques including successive quadratic programs,doaggn relaxation, genetic algorithms,
particle swarm optimization, and interior point method&{55].

Recent research has pursued the application of semidghiraggamming to the OPF prob-
lem [6,7]. Semidefinite programming formulations createmex relaxation of the OPF problem;
a global solution of the relaxed problem can be found in poigral time. If the relaxed problem
has a zero relaxation gap solution (i.e., the semidefinlexa¢ion is “tight”), a global optimum
of the original OPF problem can be obtained. Traditionallads do not offer such a means to
guarantee a global optimum, and hence the semidefiniteatsdahas attracted significant interest.

While this approach is promising, the relaxation inherarthie semidefinite formulation may

yield solutions that are not physically meaningful (i.&e tsolutions exhibit non-zero relaxation
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gap, meaning that the semidefinite relaxation is not “tightiowever, with their success on a sig-
nificant number of standard IEEE test cases, Lavaei and Lawd¢hat the semidefinite relaxation
will satisfy a condition ensuring zero relaxation gap solug for most practical OPF problems [7].

This chapter explores a counterexample to this assertithrea-bus system with a constraint
on the magnitude of complex power flow (“apparent power”) draasmission line. This example
represents a power system with parameters in realistiesmgerated with a commonly imposed
constraint. (In AC power flow models, line flows are typicdlipited in terms of apparent power
flow (MVA) because both active and reactive components & flaws contribute to line losses
and associated line heating.) The semidefinite relaxatields a physically meaningful solution
when the line-flow limit is reasonably large, but fails (jleas a non-zero relaxation gap solution)
when a stricter line-flow limit is enforced.

Additionally, as part of a discussion on properties of zexlaxation gap solutions, Lavaei
and Low indicate that solutions with negative Lagrange ipligtrs associated with active power
balance constraints (i.e., negative locational marginakep (LMP) in an electricity market con-
text) are not expected to have zero relaxation gap solufigipghese solutions are considered
“abnormal.” This chapter uses publicly available pricesyra large wholesale electricity market
(MidwestISO) to demonstrate that such solutions are nobmbal and occur with regularity in
practical OPF problems.

This chapter is organized as follows. Section 2.2 presestsradefinite programming relax-
ation of the classical formulation of the OPF problem giver(l.4). Section 2.3 discusses cases
where the semidefinite relaxation of the OPF problem failprtavide physically meaningful re-
sults. This includes both a discussion of solutions withatieg Lagrange multipliers associated
with active power balance constraints and a three-bus eeasyptem for which the semidefinite

relaxation fails with a strict line-flow constraint. This vkas published as [83].
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2.2 Semidefinite Relaxation of the Optimal Power Flow Problm

This section presents a semidefinite programming relaxatiaghe OPF problem (1.4). This
relaxation is adopted from [7]. The formulation of the redi@n given in this section is suitable for
many small test systems; a more flexible formulation taddelarge-scale systems is presented
in Chapter 3.

Consider am-bus power system, wher® = {1,2,...,n} represents the set of all busés,
represents the subset of generator buse¥ jrand £ represents the set of all lines modeled as
[I-equivalent circuits. LePp, + jQpr represent the active and reactive load demand at each bus
ke N. LetV, = V. + 5V, represent the voltage phasors in rectangular coordinaezsch bus
k € N. Let P, + jQqr represent the generation at generator bétses;. Let S, represent the
apparent power flow on the liné m) € £. Superscripts “max” and “min” denote specified upper
and lower limits. LefY = G + jB denote the network admittance matrix.

Define a quadratic objective function associated with easteratork € G, typically repre-

senting a dollar/hour variable operating cost:

fr (Pox) = CkQPCQ;k + ¢ Par + cro (2.1)

Let ¢, denote thek'” standard basis vector iR”. Define the matrixy;, = ekefY, where
the superscripf’ indicates the transpose operation. Define the madrix= (ﬂ% + ylm) erel —
(yim) erel., whereby,, is the total shunt susceptance apgd is the series admittance of the line (see

Figure 2.1y, = (Rim +lem)_1). Each line is required to have a small minimum resistance

Ry, > 0.
le lem
— E—

Figure 2.1 Transmission Ling-Circuit Model
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Matrices employed in the semidefinite relaxation are given a

Re (Vi +Y7) Im (Y] -,
v, =L e (Vi +Yy) Im (¥ -%) (2.2a)
2 1 Im (Vi = ¥7) Re (Vi +Y{)
_ Im (Y +YT) Re (Vi — Y]
g, = L [ ) Re (-3 (2.2b)
2 Re (VT —V3) Tm (Vi + Y/
exer 0
0 epel
Re (Yim + Y,T) Im (Y — Yin
Ylmzé (i 4 ) It (¥ = i) (2.2d)

Im (Yo = Yy,) Re (Yim +Yip)
_ Im (Y + YZ) Re (Yim — Y2
Gy = L |1 oY) Re (Vo = Xi) (2.2¢)
Re (YL = Yip) Im (Y + Y1)

This section next details a semidefinite relaxation of thegrdlow equations using the same

notation as [7]. To write the semidefinite relaxation, firstide the vector of voltage coordinates

r=1Va Vo oo Van Vo Ve ... Vi (2.3)

Then define the rank one matrix

W =z’ (2.4)

Replacement of the rank one constraint (2.4) by the lessgemit constrainWv > 0, where
> indicates the corresponding matrix is positive semidedjnjitelds the semidefinite relaxation.
The semidefinite relaxation is “tight” (i.e., has zero retan gap) if theW matrix of a globally

optimal solution has rank one.
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The semidefinite relaxation of the OPF problem is

11‘1%711 % Qg subject to (2.5a)
PEI — Ppy < trace (Y, W) < P> — Ppy, Vk € N (2.5b)
or — Qpi < trace (YkW) < Qar — Qo vk e N (2.5¢)
(V)2 < trace (MyW) < (V) Vk € N (2.5d)
| (Sf,}fl’)Q —trace (Y, W) —trace (YlmW)
—trace (Y, W) 1 0 =0 V(l,m)e L (2.5e)
—trace (YlmW) 0 1

ag — g1 (trace (YxW) + Ppi) — cko  —+/Crz (trace (Yr W) + Ppy)
k= Cr ( (Y D) 0 —vCk2 S0 Wked (250

—/Crz (trace (YyW) + Ppy) 1

W >0 (2.50)

Active and reactive power and voltage magnitude limits afereed in (2.5b), (2.5c), and (2.5d),
respectively. Line-flow limits in (2.5e) and quadratic gexter costs in (2.5f) are implemented
using a Schur complement [58]. A solution to the semidefir@taxation (2.5) has zero relaxation

gap if it satisfies

rank (W) <2 (2.6)

A rank one matrix can be obtained from a matrix satisfying)By specifying the reference angle,
which then allows for obtaining a globally optimal voltag®fie [7].

This section next presents the dual form of the semidefieiexation. Define vectors of La-
grange multipliers associated with lower inequality baai(®i5b), (2.5c), and (2.5d) ag, ~,, and
w,.» and those associated with upper bounds,as;,, andji,, respectively. Defind x 3 symmetric
matrices to represent generalized Lagrange multipliershi® line-flow limits (2.5e):H;,,,, with
H* the(i, k) element oft;,,,. Define2 x 2 symmetric matrices to represent generalized Lagrange

multipliers for the quadratic cost functions (2.58;,, with R the (i, k) element ofR.
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Define aggregate multipliers,, v, andu,, for all k € N.

S\k _Ak + cr1 + 2+/Cra R}f ifkeg

A=1% (2.7a)
e — A otherwise

e =Yk — 7, (2.7b)

M = [k — (2.7¢)

Finally, define a scalar real-valued functib@nd matrix-valued functior.

h = Z{Akpénm— NP 4 A Pog + 7, Q™ = QP+ Qi + o, (V™) = g (Vi) }

keN
+) (e —RD) = D {(SpPHL + HEZ + HpS (2.8)
keg (I,m)eL
A=) WY+ Y+ weMi} +2 Y {H2 Y+ H Y} (2.9)
keN (I,m)eL

The dual semidefinite problem is then

~ max h subject to (2.10a)
AN, i R H

A>0 (2.10b)

H,, = 0 V(l,m) €L (2.10c)

R, >0, R'=1 Vke g (2.10d)

A >0, A >0,79, >0, 9% >0, g, >0, ji >0 VkeN (2.10e)

If the A matrix corresponding to the dual formulation’s optimalgan has two-dimensional
nullspace, Lavaei and Low demonstrate that a rank\dhean be obtained (i.e., the solution has
zero relaxation gap). (The additional degree of freedomhenriullspace ofA corresponds to
the lack of an angle reference specification in (2.10).) Aglty optimal voltage profile is then

extracted from the zero relaxation gap solution [7].
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2.3 Discussion on the Semidefinite Relaxation’s Ability to Pvide Physically
Meaningful Results

It is important to note that the semidefinite relaxation does enforce a two-dimensional
nullspace forA or the corresponding rank condition . If the solution to the semidefinite re-
laxation has a nullspace & with dimension greater than two, the relaxation gap is neno-and
W does not yield a solution to the OPF problem. Lavaei and Laueathat “practical systems
operating at normal conditions” will have zero relaxati@pgolutions based on their experience
with a number of IEEE test systems [7]. However, in genelad, demidefinite relaxation of the
OPF problem offers three possible outcomes: a zero retaxgtp solution, and hence a glob-
ally optimal solution to the OPF problem; a solution to thengefinite relaxation with a higher
rank W, and hence physically meaningless as a solution to thenatig@pPF problem; and the
semidefinite relaxation may not be feasible.

This section first discusses a class of solution that LavagLaw discount as being abnormal
and for which they argue one may not expect a zero relaxatgnsglution: that of negative

Lagrange multipliers associated with active power balaestraints [7].

2.3.1 Non-Zero Relaxation Gap in the Case of Negative LMPs

The Lagrange multipliers, for the active power constraints given in (1.4f) and (2.%a) &
the terminology of electric power markets, locational niaagprices (LMP). These are commonly
computed and updated many times daily in wholesale eldgtmearkets in the United States.
Simple intuition regarding unconstrained markets migatlene to believe an OPF solution with
negative)\;, (i.e., consumers at some locations are paid to consumdg beuconsidered “ab-
normal” and excluded from consideration. Lavaei and Low dpstating that the semidefinite
relaxation is not guaranteed to yield a solution with zetaxation gap under these conditions [7].

However, electricity markets often operate at conditioith wegative LMPs.
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Figure 2.2 Negative LMPs (Lagrange Multipliers) in the MiestiSO Market

Along with generation market participants willing to subhmegative price offers to sellpind-
ing line-flow constraints can cause negative LMPs. In systeith binding line-flow constraints,
it is possible that increasing the power delivered to cetbaises may relieve congestion elsewhere
in the system. Reducing transmission congestion allowgreater output from cheaper genera-
tors, thus decreasing overall system costs. Negative LMP®ecur at buses where increasing
power consumption leads to decreased overall system costs.

MidwestISO, which operates one the largest wholesale powakets in the United States,
displays a color-coded contour map of LMPs throughout istesy on its publicly accessible web-
site [84], updating the LMP values at five-minute intervalkis market regularly sees periods of
negative LMPs. A sample LMP contour from June 2011 is showFigire 2.2. In this example,
32 of the 190 commercial pricing nodes in the MidwestISO raadisplayed negative LMPs, with
the most negative being a price of $-112 per MWh at a node itdthesier Energy control area.
Inability to reliably compute OPF solutions for situatidhat yield negative LMPs appears to be a

practical limitation of the semidefinite relaxation.

'Such negative price offers are common when a generator hastasf-market revenue stream, such as wind
energy production credits.
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2.3.2 Non-Zero Relaxation Gap in the Case of Strict Line-Flar Constraints

This section next provides an example system to demonglratehe semidefinite relaxation
of the OPF problem may also fail to produce physically megfuihsolutions in the presence of
line-flow constraints. The semidefinite relaxation of theFQfPoblem was solved using YALMIP
version 3 [64] and SeDuMi version 1.3 [59] for a simple thbess-example system. For comparison
purposes, the classical formulation of the OPF problem wh&d using an interior point method

implemented in MATPOWER version 4.0 [55].

P +j -
o % pomw  FetiQa o

+j40. MVAR +40. MVAR

95 MW
+]50. MVAR

G3

0+jQ
Figure 2.3 Three-Bus Example System

The three-bus example power system is depicted in Figurevh&re the numeric values indi-
cate thePp, + jQpi load demands in MW and MVAR. This example uses a 100 MVA bake. T
active and reactive power outputs of the generators at Huaed 2 have large, non-binding limits.
The “generator” at bus 3 is a synchronous condenser (ijgrpduces only reactive power). The
reactive power limits for the generator at bus 3 are largeigho be non-binding. The quadratic
generator cost curves for the generators at buses 1 and RengrgTable 2.1 for power generation
in MWh, wherec; is the coefficient of the squared term,is the coefficient of the linear term, and
¢o Is a constant. There is no cost associated with generatarc® i produces no active power.

The network data using per unit representation are givealohel2.2. Line shunt susceptances are



29

specified for the entire line (see Figure 2.1 for fivenodel circuit representation). The voltage

magnitudes at all buses are constrained to the range 1.2 pe0unit.

Generator, Co cy Co
1 $0.11per (MWh)* | $5 per MWh | $0
2 $0.085per (MWh)* | $1.2 per MWh| $0

Table 2.1 Three-Bus System Generator Cost Data

From Bus| To Bus R X b

1 3 0.065| 0.620| 0.450
3 2 0.025| 0.750| 0.700
1 2 0.042| 0.900| 0.300

Table 2.2 Three-Bus System Network Data

First consider a line-flow limit of 60 MVA enforced on both enaff the line between bus 2 and
bus 3 (all other lines have no flow limits). The semidefinitaxation yields a physically mean-
ingful result, as evidenced by the two-dimensional nulktgpaf A, that matches the solution of the
classical formulation. The solution is shown in Tables 28 2.4, and aggregate Lagrange multi-
pliers (LMPs) for active and reactive power obtained fron7é2 and (2.7b) are given in Table 2.5.
The optimal objective values for both the semidefinite rateon and classical formulations are

$5707.07 per hour.

Busl | Bus2 | Bus3

|V| (per unit)| 1.069 | 1.028 | 1.001
0 (degrees) 0 9.916 | -13.561
P, (MW) | 131.09| 185.93| 0

@, (MVAR) | 17.02 | -3.50 0.06

Table 2.3 Solution to Three-Bus System with Line-Flow Liofit60 MVA (Classical and
Semidefinite Relaxation)
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From Bus| To Bus| From MVA | To MVA
1 3 43.90 47.47
3 2 60.00 60.00
1 2 22.72 28.69

Table 2.4 Line-Flow Data for Three-Bus System with Linevlamit of 60 MVA (Classical and
Semidefinite Relaxation)

Bus1l| Bus?2| Bus 3
A ($/MWh) 33.84| 32.81| 35.96
v (3/MVAR-hour) 0 0 0

Table 2.5 Aggregate Lagrange Multipliers for Three-Bust&yswith Line-Flow Limit of
60 MVA

Now reduce the line-flow limit to 50 MVA while leaving the othparameters unchanged.
The solution to the semidefinite relaxation hasfamatrix with four-dimensional nullspace. The
solution therefore has non-zero relaxation gap and is ngsipally meaningful. However, the
classical formulation solved via an interior point methadMATPOWER does vyield a (at least
locally optimal) solution as shown in Tables 2.6 and 2.7. ¥sggte Lagrange multipliers (prices)
for active and reactive power obtained using MATPOWER avemgin Table 2.8. The aggregate
Lagrange multipliers at the non-zero relaxation gap sofuid the semidefinite relaxation are given
in Table 2.9. Note that all aggregate Lagrange multipliarboth the classical and semidefinite
relaxation formulations are non-negative, and the actoveqy balance Lagrange multiplieksare
strictly positive. The relaxation gap/loss-of-physigatheaningful semidefinite relaxation solution
cannot, therefore, be attributed to negative Lagrangeiphielts. Also note that thdl andR
matrices at this solution are rank one; the relaxation gavigent solely from the dimension of

the nullspace of thA matrix.



Busl | Bus2 | Bus3
|V| (per unit)| 1.100 | 0.926 | 0.900
0 (degrees) 0 7.259 | -17.267
P, (MW) | 148.07| 170.01| 0
Q, (MVAR) | 54.70 | -8.79 | -4.84

Table 2.6 Solution to Three-Bus System with Line-Flow Limiit0 MVA (Classical

Formulation)

From Bus| To Bus| From MVA | To MVA
1 3 52.29 60.28
3 2 50.00 50.00
1 2 14.02 33.33

Table 2.7 Line-Flow Data for Three-Bus System with Linevflamit of 50 MVA (Classical
Formulation)

Bus1l| Bus2| Bus3
A ($/MWh) 37.57| 30.10| 45.54
v ($/MVAR-hour) | O 0 0

Table 2.8 Aggregate Lagrange Multipliers for Three-Bust&yswith Line-Flow Limit of
50 MVA (Classical Formulation)

Bus1l| Bus2| Bus3
A ($/MWh) 35.78| 31.62| 40.83
v ($/MVAR-hour) | O 0 0

Table 2.9 Aggregate Lagrange Multipliers for Three-Bust&yswith Line-Flow Limit of
50 MVA (Semidefinite Relaxation)
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The optimal objective value for the semidefinite relaxai®85789.87 per hour, whereas the
optimal objective value to the classical formulation is $8%0 per hour (a difference of 0.4%).
Thus, as expected, the objective function value of the goldb the semidefinite relaxation lower
bounds that of the classical formulation. Larger examp#tesys also showed these same proper-
ties in which the semidefinite relaxation yieldedAamatrix with nullspace dimension greater than
two, and hence failed to provide a physically meaningful GBRition. Again, the problematic
cases appeared as sufficiently strict line-flow limits wenpased.

In [71], Sojoudi and Lavaei consider a modified form of thestlrbus system in Figure 2.3
with line-flow limits based on active power flows rather thaparent power flows. They correctly
note that when the modified OPF problem is feasible, the ssfimite programming relaxation
yields a physically meaningful solution for all positiveti®e power flow limits on the line between
buses 2 and 3. However, this property does not hold for thrggradi three-bus system presented
in Figure 2.3; when an active power line-flow limit of 30 MW isyposed in this system, the
semidefinite program solution has non-zero relaxation daging active power line-flow limits
instead of apparent power line-flow limits is not a panaceafdaining physically meaningful
solutions.

There might remain useful information to be garnered from-nero relaxation gap solutions,
particularly in cases for whiclW is close to a rank one matrix. As a pragmatic heuristic, the
binding constraints for the non-zero relaxation gap sotuto the semidefinite relaxation might
be assumed to be the same as those for the actual optimabsolgbr ann-bus system witten
binding constraints, the values of all unknown variablesfaily determined, and, with a suffi-
ciently close initial guess, could be computed via stanthadton-Raphson algorithms. In cases
for which the binding constraints do not yield a fully detemed system, the dimension of the fea-
sible space is still significantly reduced, and, by usingigaredecomposition, the closest rank one
approximation towW could be employed to yield an initial guess to an alterna@¥a& algorithm.

It is important to note, however, that a solution to the sefiiite relaxation with non-zero
relaxation gap is not necessarily a good approximation @fttual OPF solution. For instance,

when applied to the three-bus example system in Figure aI8lime-flow limits of 50 MVA, the
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DC OPF, a common linear approximation to the OPF problem, [#8]ds more accurate active
power generation and active power Lagrange multipliers Pis)j as compared to the solution of
the classical formulation in Table 2.6, than the non-zefaxaion gap solution to the semidefi-
nite relaxation. Even when line-flow limits are based onvacgiower flows, rather than apparent
power flows, non-zero relaxation gap solutions to the sefimitke relaxation can be less accurate
approximations than solutions from a DC OPF (e.g., the threesystem in Figure 2.3 with an

active power line-flow limit of 30 MW on line between buses 21&).

2.4 Conclusion

This chapter has investigated application of a semidefpridgramming relaxation to the op-
timal power flow problem and presented practical systemitiong where the semidefinite relax-
ation may fail to give physically meaningful results. Thatfiwas already identified in the discus-
sion of [7], but was not recognized as a commonly occurrirggfical system condition: that of
negative bus LMPs. In a new result, this chapter has alsagedwa numerical OPF example to
demonstrate that a non-zero relaxation gap solution mag &om the semidefinite relaxation as
a line-flow inequality constraint is progressively “tighezl.” Under these conditions, the semidef-
inite relaxation fails to provide a physically meaningfolion to the original OPF problem of
interest. The examples examined in this chapter demoadtrat the semidefinite relaxation in
its present development is not capable of reliably solvimey ®PF problem in several practical

operating conditions of interest.
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Chapter 3

Applications of the Semidefinite Relaxation to Large-Scale OPF
Problems

3.1 Introduction

Although the semidefinite relaxation does not find zero @iax gap solutions to all OPF
problems, the ability to find global optima for many OPF psshs in polynomial time is a signif-
icant advantage of this solution technique. Solving lasgale OPF problems that reflect features
common in practical power system applications requiresamraing several modeling and com-
putational limitations inherent to the formulation pretsehin Chapter 2. The work detailed in this
chapter addresses these limitations.

In Section 3.2, this chapter first focuses on modeling aspéet must be addressed in order
to apply the semidefinite relaxation to OPF problems withegahpower system models. The
first issue addressed is that of allowing multiple genesatdrthe same bus. Whereas existing
formulations only allow a single generator to exist at a lhis,chapter uses analogy to the concept
of equal marginal generation cost to produce a formulatia allows for multiple generators at
the same bus, each with separate cost functions and gemdliatits. This chapter considers both
guadratic and piecewise-linear generator cost functions.

A method for incorporating flow limits on parallel lines iset presented. Existing formula-
tions limit the total flow between two buses, which cannoaiett for parallel lines with different
electrical properties and limits. In contrast, the forntiola in this chapter limits the flow on each
individual line. This formulation allows lines with off-moinal voltage ratios and/or non-zero

phase shifts.



35

The next contribution regards load models. Power systerysembenefit from flexible and
detailed representation of load behavior; specifying loadlels to best capture physical behvaior
is an active research topic [86, 87]. Static analyses ofen 4IP load models that consist of
constant impedance, constant current, and constant pawepanents [87, 88]. The ZIP load
model is used in such commercial power system software paskas Power System Simulation
for Engineering (PSS/E) [89], Positive Sequence Load FR®&L{F) [90], and PowerWorld [91].

Existing semidefinite relaxations of the OPF problem exjiyiconsider constant power load
models, in which complex power demand is independent odgelmagnitude. Constantimpedance
loads, for which demands are functions of the square ofgeltaagnitudes, are easily incorporated
in existing semidefinite formulations using shunt admites However, constant current loads are
linear functions of voltage magnitude, and hence are naltyeasorporated into semidefinite for-
mulations.

Section 3.2.4 presents an approximate method for incaiipgraonstant current loads, and
therefore ZIP models, into the semidefinite relaxation ef@PF problem. This formulation uses
a rank relaxation to approximate a linear function of vodtagagnitude.

Section 3.3 next advances research in the computatiorghiiéity of applying semidefinite
programming to large power system models. It should be nittatithe feature of providing a
provably polynomial time solution does not necessarilylingpactical computation time for large-
scale problems. Semidefinite programming relaxations ®QRF problem constrainZa x 2n
symmetric matrix to be positive semidefinite, wherés the number buses in the system. The
semidefinite program size thus grows as the square of the euohibuses, which makes solution
of the OPF problem by semidefinite programming computatipchallenging for large systems.
Recent work using matrix completion [78-80] reduces thematational burden inherent in solv-
ing large systems by taking advantage of the sparse mattigtste created by realistic power
system models. Sojoudi and Lavaei [71], Jabr [82], and BdMai [81] present formulations that
decompose the single larg@e x 2n positive semidefinite matrix constraint into positive sdafi
inite constraints on many smaller matrices. If the matrites these decompositions satisfy a

rank condition, then x 2n matrix also satisfies the rank condition and an optimal smutan be
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obtained. Sojoudi and Lavaei’'s decomposition [71] usescéedyasis of the network. The matrix
decomposition approach used by both Jabr [82] and Bai and&¥gis based on the maximal
cliques of a chordal extension of the network.

Computational contributions of this chapter involve sal@nhancements to the existing de-
compositions. Specifically, this chapter presents a hieuatyorithm for combining some of the
small matrices resulting from the decomposition. Sinckitfig constraints are required in order
to equate elements of the decomposed matrices that refee game element in ti x 2n ma-
trix, it is not always advantageous to create the smallessipte matrices. Combining matrices
eliminates some of these linking constraints, which canltas significant computational speed
increases. The claim that the proposed algorithm can sutirdta increase computational speed
is justified using both theoretical arguments and sevesatteses.

Exploitation of power system sparsity enables analysie@fé¢laxation gap properties for large
OPF problems. This analysis suggests that non-convexitiessall subsections of the network
may result in non-zero relaxation gap solutions.

Note that this chapter considers a centralized applicatidhese decompositions in the sense
of creating one semidefinite program that is solved on a singmputer as opposed to creating
many subproblems that are solved using decentralized itpgdsas in [92]. Centralized applica-
tion allows for solution with existing generic semidefinmegramming solvers.

A further enhancement presented in this chapter is a teghriar recovering an optimal volt-
age profile from the decomposed matrices. While the stepekatively straightforward, existing
literature does not detail a method for actually obtainingptimal voltage profile from a solution
to a decomposed formulation.

Although this chapter focuses on the maximal clique decaitipn proposed by both Jabr [82]
and Bai and Wei [81] due to the voluminous literature on matampletion with chordal exten-
sions (e.qg., [78-80]), both of these enhancements coulgfiesd to Sojoudi and Lavaei’'s decom-
position [71] as well.

This chapter also describes a modification to the maximguelidecomposition as formu-

lated by Jabr [82] that allows for application to general poaystems. This formulation creates
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a chordal extension of the network using a Cholesky faction of the absolute value of the
imaginary part of the bus admittance matrix. However, tharir may fail to be positive def-
inite (for instance, in networks with significant shunt ceifge compensation), thus preventing
calculation of a Cholesky factorization. This chapter @®gs an alternative matrix that is always
positive definite and gives an equivalent chordal extendioms broadening the applicability of
this decomposition to general networks.

Despite these computational advances, solution of thedefmite relaxation is still signif-
icantly slower than mature OPF algorithms, such as intggmnt methods [55]. It would be
beneficial to pair the solution speed of mature OPF solutigordhms with the global optimality
guarantee of the semidefinite relaxation. Section 3.4 neyigses a sufficient condition derived
from the Karush-Kuhn-Tucker (KKT) conditions for optimgliof the semidefinite relaxation of
the OPF problem [93]. A candidate solution obtained from &umeaOPF solution algorithm that
satisfies the KKT conditions of complementarity and fedisybis guaranteed to be globally opti-
mal. However, satisfaction of these conditions is not nemgsfor global optimality.

This chapter is organized as follows. Section 3.2 provid#h lthe classical formulation of
the OPF problem and a proposed semidefinite programminggateda that incorporates multiple
generators at the same bus and parallel lines, includieg lwnth off-nominal voltage ratios and/or
non-zero phase-shifts. An approximate representatiotidfaads is also described in this section.
Section 3.3 gives an overview of the maximal clique decontipmsand presents three advances
in decompositions for large-scale system models: an dlgorthat improves computation speed
by combining matrices, a modification to Jabr's maximal wdigdecomposition that extends its
applicability to general power system networks, and a teglenfor recovering an optimal voltage
profile from a solution to a decomposed formulation. Sec8dhinext discusses rank condition
satisfaction for large system models. Finally, Section@aposes a sufficient condition test for
global optimality of a candidate OPF solution.

The work in Sections 3.2 and 3.3 is accepted for publicatsof94]. The work in Section 3.2.4

is submitted for publication as [95]. The work in Section [3.4ccepted for publication as [96].
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3.2 The OPF Problem and Modeling Issues

This section first presents the OPF problem as it is clasgit@imulated. Specifically, this
formulation is in terms of rectangular voltage coordinategive and reactive power generation,
and apparent-power line-flow limits. Each bus may have ipleltyenerators with either convex
guadratic or convex piecewise-linear cost functions amdlfe lines are allowed. This classical
OPF formulation is generally non-convex. This section tiiescribes a semidefinite programming
relaxation of the OPF problem adopted from [7] that handhes rhodeling issues of multiple
generators at the same bus and parallel lines. This seati@tyfdescribes an approximate method

for integrating ZIP models into the semidefinite relaxatdmhe OPF problem.

3.2.1 Classical OPF Formulation

Consider am-bus power system, whet® = {1,2,...,n} represents the set of all buses.
DefineG as the set of all generators, wifh the set of generators at bisLet G? represent the
set of all generators with quadratic cost functions, Wifithose such generators at bug et G**
represent the set of generators with piecewise-linearfgnstions, withG”* those such generators
at busi. (Some of these sets may be empfy), + jQ¢, represents the active and reactive power
output of generatog € G. Pp; + jQp; represents the active and reactive load demand at each bus
i € N.V; =Vy+ jV, represents the voltage phasor in rectangular coordinaéesh busg € V.
Superscripts “max” and “min” denote specified upper and laweits. LetY = G + 5B denote
the network admittance matrix.

L represents the set of all lines, where lihes £ has terminals at busds andm,,, with
parallel lines allowed (i.e., more than one line betweerstimae terminal buses). L8}, represent
the apparent power flow on the lihec L.

Define a cost function associated with each generator,difpiepresenting a dollar/hour vari-
able operating cost. This chapter considers quadratic eaa\pise-linear cost functions in (3.1a)
and (3.1b), respectively. In (3.1a), the termys, c,1, andc, represent the convex quadratic cost

coefficients for generatay € G%. In (3.1b), generatoy € GP* has a convex piecewise-linear
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cost function composed of, line segments specified by slopes,, ..., m,., and breakpoints

(ag, bye), t =1,...,7, Whereay is the power generation coordinate dngis the cost coordi-

nate for the breakpoint.

Cl (Pay) = cg2 PG, + c1 Pag + o (3.1a)
( mg (Pag — ag1) + by, Poy < an

e (Pay) = mgs (Pay — ag2) +bg2, ag < P.Gg < ag (3.1b)
Mgr (Pag — agr) + byr, agr < Pgy

\

The classical OPF problem is then

PG,QIGI,HSI,IVd,Vq Z CI(Pay) + Z Ch" (Pgy) subject to (3.2a)
9€eGe geEGPY
pmin < P, < PR Vg €G (3.2b)
Qs < Qag < QE Vg €G (3.2c)
(Vi) < V2 4 V2 < (Vmex)? Vie N (3.2d)
|S5] < max Vk € L (3.2€)
> (Pag) = Poi =Vai 3 (GinVan — BinVin) + Vg > (BinVan + GanVi) Vi€ N (3.2f)
9€G; h=1 h=1
Z (Qayg) — Qpi = Vi Z (=BirVan — GinVin) + Vi Y (GinVan — BulVn) Vi e N (3.29)
9€G; h=1 h=1

Note that this formulation limits the apparent power flow sw@ad at each end of a given line,

recognizing that active and reactive line losses can cdesetquantities to differ.

3.2.2 Semidefinite Programming Relaxation of the OPF Probla

This section describes the semidefinite relaxation of thE @Bblem, including the capability
to incorporate parallel lines and multiple generators atstime bus. Let; denote the!” standard

basis vector iR". Define the matrix; = e;e! 'Y, where transpose is indicated by superscfipt
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Matrices employed in the bus power injection and voltagemtade constraints are

Re (Y, +Y7) 1m (7 - )

Y, = (3.3)

N | —

Im (V; - Y") Re(Y; +Y)
1 [Im (Y; +Y") Re(Y;—Y7)

? [Re (¥ %)) Im (¥, +Y/")

A “line” in this formulation includes both transmission &a and transformers, where trans-
formers may have both a phase shift and/or an off-nominghgelratio. That is, liné is modeled
as all circuit (with series admittance, + jb, and shunt capacitancé%i) in series with an
ideal transformer (with turns rativ : 7,¢’%) as in [55]. Note that a small minimum resistance
is enforced on all lines in accordance with [7]. Defifieas thei standard basis vector iR?".

Matrices employed in the line-flow constraints are

Ik
Zkl = ﬁ (flk flf + flk-l-nflj;;Jrn) —a (flkfnj;k + fmkfljlg + flk-l—nfnj;kJrn + fmk-l-nflj;;Jrn)
k

+ Si (flkf£k+n + fkarnle - flk+nf£k - fmkfl,f«fn) (36)

Zk’m = Gk (fmkfnj;k + fkarnfn,Z;kJrn) — Cm (flk njf;k + fﬂ’t}cfli1 + flk+nfn7;k+n + fmk+nfl€+n)
= 2by, + bs
Zkz - = (%) (flkflf + flk-l-nflj;;—f—n)
Tk

+ ¢ (flkfg;k+n + fmﬁnflf - flk+nf7r£k - fmkfl€+n)

+ s (flkfnj;k + fmkflj,; + flk+nfn7;k+n + fkarnfl],;Jrn) (38)
_ b

+ Cm (flk-l—nfn];k _'_ fmkfl€+n - flkfnj;kﬁ»n - fmk-l—nle)

+ Sm (flk nj;k + fm;C flj,; + flk+nfn7;k+n + fkarnfl],;Jrn) (39)
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where, for notational convenience,

= (gk cos (0y) + by cos <9k + g)) / (27%) (3.10)
(gk. cos (=) + by, cos (—ek n g) /(27) (3.11)
<g;€ sin (0) + by sin <9k + 2>> / (27%) (3.12)
<gk sin (—0) + by sin <—€k + g)) / (27%) (3.13)

To write the semidefinite relaxation, first define the vectoraltage coordinates

r=Va Ve o Vi Vi Vie oo Vil (3.14)

Then define the rank one matrix

W =z’ (3.15)

The active and reactive power injections at busre then given bytrace (Y;W) and
trace (Y, W), respectively, whererace indicates the matrix trace operator (i.e., sum of the di-
agonal elements). The square of the voltage magnitude atibgdven bytrace (IM; W).

Similarly, the active and reactive line flows for lile € £ at terminal bud are given by
trace (Zy, W) andtrace (Zle). Due to the asymmetry introduced by allowing transformetk w
off-nominal voltage ratios and non-zero phase shifts, is#¢panatrices are required to represent
active and reactive power flows from the other terminal oé linat busm: trace (Z;,, W) and
trace (kaW).

Replacing the rank one constraint (3.15) by the less stingenstrainfW > 0, where> in-
dicates positive semidefiniteness, yields the semidefieitxation. The semidefinite relaxation is
“tight” when the solution has zero relaxation gap. The ratapn gap for a solution to the semidef-
inite relaxation refers to the difference between an optiotgective value for the semidefinite
relaxation and the objective value for a global solutionhte tlassical formulation of the OPF
problem (3.2). A solution to the semidefinite relaxation haso relaxation gap if and only if the
rank conditionrank (W) < 2 is satisfied. For a solution with zero relaxation gap, a uaignk

one matrixW is recovered by enforcing the known voltage angle at theeat® bus [7].
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The semidefinite relaxation of the OPF problem is

wnin gezg: g + gg;w B,  subjectto (3.16a)

PEi* < Py < PR Vg € G (3.16b)
— Pp; + Z Pg, = trace (Y; W) Vie N (3.16¢)

9€9;

Q™" < trace (\?ZW) < QP Vie N (3.16d)
(V)2 < trace (M;W) < (V) Vie N (3.16e)
| (Spmax)? —trace (Zy, W) —trace (Z;, W)

—trace (Zy, W) 1 0 =0 Vk e L (3.16f)
—trace (Zy, W) 0 1
| (Symax)? —trace (Zy,, W) —trace (Z;, W)
—trace (Zg,, W) 1 0 =0 Vk € L (3.169)
—trace (kaW) 0 1
o = Pyt — Py = 0 ¥g € G (3.16h)
| —\/@ng 1
{By > mgt (Pag — agt) + byt Vi=1,...,174} Vg € G (3.16i)
W =0 (3.16))

where apparent-power line-flow limits and quadratic geteereost functions are implemented us-
ing Schur’'s complement formulain (3.16f)—(3.169) and §B)1 respectively; in (3.16i), piecewise-
linear generator cost functions are implemented using tbeastrained cost variable” method as
in [55]; and, for notational convenience, the maximum andimum reactive power injections at

each bus are defined as

Q™ = —Qp; + Y Q™ (3.17)
9€§;
QM = —Qpi+ Y _Qar (3.18)

9€G;
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The dual form of the semidefinite relaxation (i.e., the dua{316)) requires definition of
Lagrange multipliers corresponding to each constrair®ibg). Define vectors of Lagrange multi-
pliers associated with lower inequality bounds on activegroreactive power, and squared voltage
magnitude ag , 7., andy , and those associated with upper bounds,as;, andi;, respectively.
Define a scalar variablg as the aggregate Lagrange multiplier (i.e., the locatioreinal price
(LMP)) of active power at each bus Note that)\; is not constrained to be non-negative. Define
two 3 x 3 symmetric matrices per line for the line-flow limits measufeom each line terminal:
H,, andH,,,,, with H;? andHj? indicating the(c, d) element of the corresponding matrix. Define
2 x 2 symmetric matrices for each generator with a quadraticfaostion: R, with R;d the(c, d)
element ofR,. Define a Lagrange multipli€f, for each line segmerntof each generatar with a
piecewise-linear cost function.

Define a matrix-valued functioA..

A:Z{)\iYi_'_ (7%. —l) Y, + <ﬂi —EZ) Mz}

ieN

+2) {HPZy, + H? Zy, + HPZ,, + H? Z, } (3.19)
kel

Define a scalar real-valued functipn

p= Z XiPpi + 7, Q" = 7Q™ + p, (Vimin)2 — i (V;)*
ieN

+ Z (ggpén;n o &gpglgax + Cg0 — R5172> - Z Z (Cgt (mgtagt - bgt))
9€g! gegrY t=1
— Z {(Sp)? (A + H! ) + H? + H2 + H? + HP } (3.20)
kel
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The dual form of the semidefinite programming relaxatiorhef ©PF problem is then

_ max P subject to (3.21a)
AN,y GH R
A-0 (3.21b)
H, =0, H, =0 Vke £ (3.21c)
R,=0, R} =1 Vg € G (3.21d)
i Gt =1 Vg € GP (3.21e)
t=1
{)\,» = e+ 2EaRE + iy — ¥ Vg € gg} Vie N (3.21f)
{)‘i = i CotMigt Vg € Qf"”} Vie N (3.21g)
t=1

U, 20,0 >0,79,20,% >0, u, >0, fi; 20, (g >0 (3.21h)

The semidefinite relaxation has zero relaxation gap andyeephysically meaningful solution
if and only if the solution to (3.21) satisfies the rank coimitlim (null (A)) < 2. (The additional
degree of freedom in the nullspaceAfcorresponds to the lack of an angle reference specification
in (3.21).)

3.2.3 Semidefinite Programming Formulation Discussion

Several aspects of the semidefinite programming formulateserve special attention. This
discussion focuses on those aspects that differ from pusviermulations (e.g., [7]) due to the
proposed formulation’s allowing of multiple generatorshe same bus and parallel lines.

The semidefinite relaxation includes the possibility of imlé generators at the same bus.
As shown in (3.21f) and (3.21g), all generators at the sanse buwust have the same aggregate
active power Lagrange multipliev;. This is related to the principle of equal marginal costdim t
economic dispatch problem [9]. Since generator reactiweepanjections do not appear in the
cost function of (3.2), reactive power Lagrange multigdiare only needed for each generator bus
rather than for each generator. This is seenin (3.17) ad8)3wvhich determine the allowed range

of busi reactive power injection.
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The semidefinite relaxation also includes the possibilitparallel lines (i.e., multiple lines
with the same terminal buses) and the ability to represanstormers with off-nominal voltage
ratios and/or non-zero phase-shifts. Previous formulationited line flows by constraining the
total power flow between two buses, thus precluding thetgldi separately limit line flows on
parallel lines. This modeling flexibility comes at the prigeadditional complexity. Incorporat-
ing parallel lines removes the ability to form the line-flovatnces directly from the bus admit-
tance matrix, instead requiring the more complicated esgpoms in (3.6)—(3.9). Incorporating
off-nominal voltage ratios and non-zero phase shifts Iz ¢iaé symmetry of th&l model such that
different line-flow matrices are required for each line tavah(i.e., Zy, in (3.6) andZ,, in (3.8) for
active and reactive power flows measured from the sendingrat andZ,, . in (3.7) andZ;, in
(3.9) for the receiving terminal).

For large system models, numerical difficulties in the sefngke programming solver may
prevent convergence to acceptable precision. There aegadg@ragmatic techniques that reduce
numerical difficulties with large systems. First, ignoregeeering limits that will clearly not
be binding at the solution. Many power system data sets fyplacge values for limits that are
intended to be unconstrained, particularly for reactivegrogeneration and line-flow limits. Terms
corresponding to very large limits are not incorporatednifirly, some generators specified with
quadratic cost functions actually have linear cost fumstif.e.,c,» = 0). The correspondin®,
matrix is eliminated. These techniques do not affect thevadity of the resulting solution.

Numerical difficulties often occur when the system modelrey “tight” limits. For instance,
the active power generation of a synchronous condensensgtreaned to be zero. A second tech-
nique for reducing numerical difficulties is to use equationstraints rather than inequality con-
straints to model these limits. When the power output of a&ggor is constrained to a very small
range, fix the generator at the midpoint of this range anattifradd the associated generation cost
to the objective function. The degree of suboptimality &f tRsulting solution can be estimated
by multiplying the Lagrange multiplier corresponding te thquality constraint by the half of the

difference between the maximum and minimum limits.
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3.2.4 Approximate Representation of ZIP Loads in a Semidefite Relaxation
of the OPF Problem

Power system analyses benefit from flexible and detaile@septation of load behavior. Static
analyses often use ZIP load models which consist of constgggdance, constant current, and
constant power components. The ZIP load model is used incunmercial power system soft-
ware packages as Power System Simulation for EngineerBg/&) [89], Positive Sequence Load
Flow (PSLF) [90], and PowerWorld [91].

Existing semidefinite relaxations of the OPF problem exiificonsider constant power load
models which demand constant complex power for any voltaggnmtude. Constant impedance
loads, for which demands are functions of the square of geltaagnitudes, are easily incorpo-
rated in existing semidefinite relaxations using shunt &mees. As linear functions of voltage
magnitude, constant current loads are not easily incotpdiato semidefinite formulations.

This section next presents an approximate method for iategy constant current loads, and
therefore ZIP models, into a semidefinite relaxation of ti=@roblem. This method uses a rank

relaxation to obtain a linear function of voltage magnitude

3.2.4.1 Overview of the ZIP Load Model

The constant impedance, constant current, and constamrmmmnponents of a ZIP load are

represented by a second-order polynomial in bus voltageninateV; [87, 88].

Ppi (Vi) = a1,V + ag Vi + as; (3.22a)
Qpi (Vi) = buVi? + by V; + b (3.22b)

whereay;, as;, az; andby;, by;, bs; are scalar parameters for hiusctive and reactive power demand,
respectively. The constant impedance (“Z”), constantasur(“l”), and constant power (“P”) com-
ponents are specified usiag andb,;, as; andby;, andas; andbs;, respectively. This load model
comprises the load demand terifis; and() p; in the active and reactive power balance equations
of an OPF problem (i.e., (3.2f) and (3.29)).
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3.2.4.2 A Semidefinite Programming Formulation of the ZIP Lad Model

The ZIP load model is composed of constant, linear, and sguanctions of voltage magni-

tude. Consider a rank one matilix to represent these terms at bus

1 1V
ri=| |1 v|= (3.23)
Vi Vi VP
Let matrix superscripts denote the corresponding (rowsroal) element. With constraintg! = 1
andI'?? = V22, linear functions of voltage magnitude are obtained udiffg (Squared voltage
magnituded’;? are easily formulated in the semidefinite relaxation of tiF@roblem.)
To form a semidefinite-programming-suitable convex retiaxa the rank one condition ab;
is replaced by a positive semidefinite constrdit>= 0. This rank relaxation forms an upper
bound on a convex feasible space in T8 vs. T'}? plane on the curvE}? = /T?2. Rather than
necessarily lying on this curve, the variabl&s andT'?> must be within this feasible space, which

is shown in Figure 3.1. An exact solution (i.e., a solutiontbe curvel';> = /I'??, which is

indicated by the red line in Figure 3.1) is obtained whenk (T";) = 1.

Voltage Magnitude Representation: Filz VS. I'i22 (per unit)
11 T T T T T T T T

1.08F

1.06

1.04F

1.02f

1t

=2 (per unit)

0.98 -

rl12

0.96 -

Square Root Function
Il Feasible Space

® Exhaustive Search Solution
Semidefinite Programming Solution

0.94 -

0.92

0.9

085 09 095 1 105 11 115 12
Fi22 (per unit)

Figure 3.1 Feasible Space for Voltage Magnitude Representa
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To enforce voltage magnitudes betwdéti” andV;™**, constrain(V;min)? < T2 < (V;maz)?,
The line connecting the poin(s(vimm)Q, Vimm> and((l/im”)Q, V;mer) lower bounds the feasible
space, which is the convex hull of the square root functiaween the voltage magnitude limits.

To represent the ZIP load model in termdf define the constant matrices

as; @2

T,— | ? (3.24a)
|5 an

[

T, — (3.24b)
boy by,
| 2 ?

The proposed representation for ZIP loads is then

Pp; = trace (Tzrz) (3253)
Qp; = trace (T;T) (3.25b)

3.2.4.3 ZIP Model Example

Consider a two-bus system with a generator at bus 1 that hémite on active or reactive
power outputs and a ZIP load at bus 2. The line has impedane®®o# ;0.15 per unit and has
no flow limit. The ZIP load has per unit parameters = b, = 0.01, ass = bys = 0.02, and
aszs = bss = 0.50. Bus voltage magnitudes are in the ran@®€0, 1.10] per unit. Denote the bus

voltage phasor ag;; + jV,,;. Specific a 100 MVA base power.

Pet Qe

O

Figure 3.2 Two-Bus Test System with ZIP Load
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Define an OPF problem that minimizes the active power geioerdlly specifying that the
generator costs $1/MWh. Use bus 1 to provide the referengke &e.,V,; = 0 andV; = 1}).
For specified/;, the feasible space has two degrees of freedom {;eandV,;) constrained by
the active and reactive power balance equations at bus Zaustitie search of the feasible space
is conducted by varying; between 0.90 and 1.10 per unit while solving fgs and V,, with
the quadratic equation. This yields a globally optimal soluto the OPF problem with objective
value of $55.82 per houV; = 1.100, andV, = 0.992 per unit (/;» = 0.991 andV,, = —0.048 per
unit), which is marked by the circle in Figure 3.1. Minimumabcost is achieved by balancing
the trade-off between raising voltages to reduce line base higher demand from the ZIP load.

The solution to the semidefinite relaxation closely apprates this global solution obtained
through exhaustive search. The solution to the semidefigiéaation has optimal objective value
$55.81 per hour antl; = 1.100 per unit.T'3> = 0.984, which implies that’, = 0.992, while I'?
implies thatV, = 0.987 per unit (i.e., a voltage magnitude difference of 0.005 pet or 0.5%).
This solution, which is marked by the square in Figure 3.dicates that the semidefinite relaxation
selects a slightly larger value f@t? in order to minimize losses as compared to a smaller value
for T'}? to reduce the demand of the ZIP load. The maltihas eigenvalues of 0.005 and 1.979,
so this matrix is close to being rank one. The proposed mbdsl ¢losely approximates but does

not exactly match ZIP load behavior for this system.

3.2.4.4 ZIP Model Discussion

Reducing active power demand at ZIP loads often resultsaei@ost solutions to OPF prob-
lems. Active power demands of the constant current comper@rZIP loads with positive;
are reduced by minimizing voltage magnitudes. Thus, smhstto the semidefinite relaxation will
tend to have smaller values bf? relative to the value o implied by \/I“T22 which results in
rank twoI'; matrices. Although such solutions are not exact, they tlasmgproximate ZIP load

behavior. The maximum error in the voltage magnitude appration is given in (3.26).
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max min 2
max A/ T2 —T12) = (v — v, ) per unit (3.26)
(V'lrnzn)2 < I\ZZQ < (V'imaz)Q ¢ v 4 (‘/’Lmaﬁ + ‘/Zmnl)

This maximum occurs d22 = (Vymar  Vmin)? /4. The error is small for typical values &fm*
andV;™" (e.g., a maximum error of 0.005 per unit occurd'@t = 1.00 andI'}? = 0.995 per unit
for Vmer = 1.10 and V™" = (0.90).

Note that negative,; values in ZIP load models correspond to constant currenjpooents
that inject active power into the network. For these casessémidefinite relaxation will typically
yield an exact solution because it tends to maximize the imadgs of these negative injections.
For instance, specifying,, = —0.02 per unit gives the exact solution to the two-bus example

system (i.e.rank (I'y) = 1).
3.3 Advances in Matrix Completion Decompositions

This section describes several advances in the deconpos#ithniques used to reduce the
computational burden of semidefinite relaxations of largg=(roblems. First, this section re-
views the maximal clique decomposition as introduced by [B#Y]. Next, this section proposes a
matrix combination algorithm that significantly reduces tequired computation time of this de-
composition. This section then presents a modificationligsiéormulation of the maximal clique
decomposition that extends this decomposition to genetalarks rather than only networks with
admittance matrices that satisfy a positive definiteneggirement. This section then describes a

technique for obtaining an optimal voltage profile from teedmposed matrices.

3.3.1 Overview of Jabr's Maximal Cligue Decomposition

Jabr’s formulation of the maximal clique decompositionasenatrix completion theorem [78].
Several graph theoretic definitions aid understandingisfttieorem. A “clique” is a subset of the
graph vertices for which each vertex in the clique is coreettd all other vertices in the clique. A
“maximal clique” is a clique that is not a proper subset oftasoclique. A graph is “chordal” if

each cycle of length four or more nodes has a chord, which edge connecting two nodes that
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are not adjacent in the cycle. The maximal cliques of a cHay@goh can be determined in linear
time [97]. See [82] and [98] for more details on these debnibi

The matrix completion theorem can now be stated. Adie a symmetric matrix with partial
information (i.e., not all entries ok have known values) with an associated undirected graple Not
that the graph of interest has the power system buses asegdnd the branch susceptances as
edge weights. The matriX can be completed to a positive semidefinite matrix (i.e. utkenown
entries ofA can be chosen such that- 0) if and only if the submatrices associated with each of
the maximal cliques of the graph associated wAtlare all positive semidefinite.

The matrix completion theorem allows replacing the singtgé2n x 2n positive semidefinite
constraint (3.21b) with many smaller matrices that are eadistrained to be positive semidefinite.
This significantly reduces the problem size for large, spamver networks.

There are two important aspects of this decomposition tieatedevant to the advances in this
section. First, since the maximal cliques can have non-gmtersection (i.e., contain some of the
same buses), different matrices may contain elementsdfatto the same elementin the x 2n
matrix. Therefore, linking constraints are required tocoequality between elements that are
shared between maximal cliques. To specify these linkimgtraints, Jabr recommends forming
a “clique tree”: a maximum weight spanning tree of a grapthwibdes corresponding to the
maximal cliques and the edge weights between each nodepairlgy the number of shared buses
in each clique pair. A maximal weight spanning tree of thesady, which can be calculated using
Prim’s algorithm [99], is used to reduce the number of linkeconstraints: equality constraints
are only enforced between the appropriate elements in navdhgues that are adjacent in the
maximal weight spanning tree.

Second, graphs corresponding to realistic power netwaeksat chordal. A chordal extension
of the graph is thus required in order to use the matrix cotiggléheorem. A chordal extension
adds edges between non-physically connected nodes (igesén the chordal extension of the
graph may exist between buses that are not connected by &nlthe power system) to obtain
a chordal graph. Jabr recommends obtaining a chordal eatensing a Cholesky factorization

of the absolute value of the imaginary part of the networkimmdtance matrix. To reduce the
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total number of edges, a Cholesky factorization with mimmrfil-in is obtained from a minimum

degree ordering of the row/column indices [100].

3.3.2 Matrix Combination Algorithm

This section next describes a modification to the maximguelidecomposition that yields a
significant computational speed improvement. This modibcaaccounts for the trade-off be-
tween the size of maximal cliques and the number of linkingst@ints. Smaller maximal cliques
generally reduce the total size of the positive semidefrotestrained matrices. The overlap be-
tween maximal cliques, as determined by the clique treecaabr, establishes the number of link-
ing constraints.

The maximal clique decomposition uses a Cholesky factoozavith minimum fill-in to ob-
tain small maximal cliques as a heuristic for minimizing thember of variables in the positive
semidefinite matrix constraints. This approach does nabwadcfor the computational burden
of the linking constraints. The optimization literatureopides theoretical support for the con-
cept of reducing computational burden by combining masrisee [78] and Section 4 of [79]).
Specifically, this literature discusses the potentialgratf in solver time between the sizes of the
semidefinite-constrained matrices and the number of Isnkonstraints, which require solution of
a system of linear equations in the semidefinite progranritgn. Combining matrices eliminates
the need for linking constraints between the matrices atongputational price of a larger matrix.
A heuristic for combining matrices to gain the benefits of Bmmeatrices while reducing linking
constraints thus has the potential for computational spaptbvements.

Many common semidefinite program solvers, such as SeDuMi 488 SDPT3 [62], use
primal—-dual methods that solve both the primal and dual lprob simultaneously. Moreover,
since a primal constraint corresponds to a dual variabke,'slze” of the semidefinite program
can be estimated by adding the total number of scalar vasakuired to form the matrices with
the number of linking constraints. This approximation floe t'size” of a semidefinite program

forms the basis of the proposed matrix combination heari¢ti a greedy manner, this approach
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repeatedly combines the pair of matrices that most rediee’size” of the semidefinite program
as measured by the total number of variables plus the nunfliekimg constraints.

This section next details the matrix combination heuridtet L be a parameter specifying the
maximum number of matrices. Consider a semidefinite progormed from the chordal exten-
sion of a power system network, with maximal cligueontainingd; buses. Since the matrices
corresponding to the maximal cliques are symmetric andawoiioth real and imaginary voltage
components, matrix (corresponding to maximal cliqu@ hasd; (2d; + 1) variables. If maximal
cliquesi andk, adjacent in the clique tree, shafg buses, ther;; (2s;; + 1) linking constraints
are required between the corresponding matrices. For eacbffadjacent maximal cliques in the
clique tree, the change in the optimization problem “si2g; if the cliquesi andk were combined

is given by

Az’k = d,k (2d2k -+ 1) — dl (2dl -+ 1) — dk (Qdk -+ 1) — Sik (282‘]@ + 1) (327)

whered;,, = d; + d;, — s;;. IS the number of buses in the combined clique.

While the number of matrices is greater thAncombine a pair of adjacent maximal cliques
with smallestd;,.. Then recalculate the value &f;;, for all maximal cliques adjacent to the newly
combined clique. Repeat until the number of matrices is ktgub. Constrain the resulting set of
matrices to be positive semidefinite in the OPF formulation.

This heuristic is next tested using two large system modle¢éstEEE 300-bus system [68] and
a 3012-bus model of the Polish system for evening peak demamishiter 2007-2008 [55]. These
systems were chosen to examine how the heuristic scalesyatem size. Matrix decomposition
techniques do not result in a notable speed improvementriall systems; no matrix decomposi-
tion significantly reduced the computational time for th&E14, 30, and 57-bus systems [68].

The OPF formulation in (3.21) was implemented using YALMEtsion 3 [64], SeDuMi ver-
sion 1.3 [59], and MATLAB R2011a. One computer with an 64kbiel i7-2600 Quad Core CPU
at 3.40 GHz with 16 GB of RAM was used to run the formulation.uByng the matrix completion

decompositions to exploit the inherent sparsity, theseprdational resources were sufficient for
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Figure 3.3 Solver Time versus For the IEEE 300-bus system, the time with= 1 of 69.5
seconds is not shown on the plot. For the 3012-bus systertintbevith L = 2 of approximately
1 x 10° seconds is not shown on the plot and the system could not bedswith L = 1.

the 300 and 3012-bus system models. A tolerance>ofl0~° for SeDuMi’'seps was used in the
calculation of the results.

Figures 3.3a and 3.3b show variation in total solver timee (the time used by the semidefinite
programming solver SeDuMi), with the parameterThese figures do not include the setup time
required to initialize the formulation. The setup time ipitally 15% to 20% of the solver time.

The solver times for Jabr’s formulation of the maximal ckglecomposition are the rightmost
points (no matrix combinations) in Figures 3.3a and 3.3bLAgcreases from the rightmost point,
the solver times decrease by, at most, approximately arfa€t®.5 for the 300-bus system and a
factor of 3.6 for the 3012-bus system as compared to thestire without combining matrices.

The solution time graphs in Figures 3.3a and 3.3b appear tadisy,” which is attributable
to differences in the number of iterations needed to reaelspecified tolerance. That is, solver
times can vary among choicesbff the solver requires one additional iteration to reachoiesired
solution tolerance. Despite this noise, there is a cleadtr&he plots show that reducirgresults
in significant improvements in solver time as compared todéee without matrix combining.
However, ad. continues to decrease, the speed improvements from regbrking constraints

are overcome by the additional variables required for thrgelamatrices (in the extreme, returning
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to a single2n x 2n matrix for L = 1). Thus, the solver times exhibit a steep increase for small
(Solution times for very small, are not shown on Figures 3.3a and 3.3b. For the 300-bus system
the full 2n x 2n matrix constraint corresponding fo= 1 solved in 69.5 seconds. The 3012-bus
system could not be solved with = 1; the system required approximately x 10° seconds for
L=2)

Rather than combining matrices until below a specified patanvalue, an alternative ap-
proach combines matrices until no pair of adjacent maxirfiques had a negative value of;,
(i.e., stop combining matrices once the heuristic inditate further advantage to doing so). Nu-
merical experience indicates that this approach typicidlgs not identify a set of matrices that
minimizes solver times. The number of matrices for which emaining adjacent pairs of maxi-
mal cliques has negativ&;; is L = 150 for the 300-bus system and = 1376 for the 3012-bus
system. In both systems, faster solver times are obtaineshialler values of.. This reinforces
the fact that the measure of semidefinite program size (3s2&)heuristic approximation of the
computational burden.

Based on these empirical results, choosingqual to 10% of the initial number of matrices
appears to give near minimum solver times. (Expressirag a percentage of the original num-
ber of matrices allows for easy comparison between sysjeBxperience to date indicates that
minimum computational time consistently appears at apprately this value ofl. for the avail-
able power system models. However, limited diversity oflatéde large system models precludes
more general comments on this value. System models thatrargly interconnected (i.e., have
a relatively low amount of sparsity) will inherently haveda maximal cliques and will probably
not benefit from as many matrix combinations as compared tee mparsely connected system
models. A larger value of is expected to be appropriate for strongly interconnectedats.

Note that solution times are not greatly affected by the tamdiof parallel lines or multiple
generators at the same bus; models with these features baygaable computational burden
relative to other models with the same total numbers of larebgenerators.

Table 3.1 summarizes these results by providing the salwesstfor each system / decomposi-

tion pair along with a “speed up factor” for the improvemehttee matrix combination approach
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System 2n X 2n No Combining| Speed Up
Combining| (L = 10%) | Factor
IEEE 118-bus 6.63 4.84 2.06 2.349
IEEE 300-bus | 69.45 13.18 5.71 2.309
Polish 3012-bus - 3578.5 1197.4 2.989

Table 3.1 Solver Times (seconds) for Various Algorithms

with L = 10% of the original number of matrices as compared to not comigimatrices. Results
using the full2n x 2n matrix for the 3012-bus system could not be computed. Naegblver
times withL = 10% for other models of the Polish system that is representdueiB®12-bus sys-
tem model are available in Table 3.2. Also note that the psegdeuristic yields improvements
for the intermediate-sized IEEE 118-bus system.

Several alternatives to the proposed heuristic were atenThese included a variant of the
proposed algorithm that, at each step, randomly (weightel;p) selects a pair of maximal cliques
to combine; the heuristic proposed in [79]; and a “top-doapproach that groups maximal cliques
using a normalized cut algorithm on the clique tree. Thesgradtives sometimes had comparable

but not substantially faster solution times than the preddeeuristic.

3.3.3 Analysis of Relaxation Gap Properties of Solution to ®F Problems for
Large System Models

While solutions to many OPF problems satisfy the rank caoonliand thus have zero relax-
ation gaps [7], it is known that some small system modelsgdymen-zero relaxation gap solu-
tions [76, 83]. Until the recent exploitation of power syatgparsity, computational challenges
have precluded investigation of the rank properties of émidefinite relaxation for large system
models. Harnessing the computational methods describéusichapter allows for investigating
rank condition satisfaction for large system models. No#, tas in the previous section, the results
in this section are calculated with a minimum line resiséant1 x 10~* per unit in accordance

with [7] and with SeDuMi’s tolerance parametsss set tol x 1077,
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Figure 3.4 Eigenvalues for Select@dMatrices of the Solution to the 3012-Bus System

When using a matrix completion decomposition, solutiongh® dual formulation of the
semidefinite relaxation consist of a setAfmatrices. For a solution that satisfies the rank con-
dition, the nullspaces of alA matrices have dimension less than or equal to two. Howewer, f
numerical reasons, solvers do not yield a “hard zero” vatudlfe eigenvalues corresponding to
the nullspaces of these matrices. Therefore, it can be wliffic determine when aA matrix has
nullspace with dimension two. For illustration of this dealge, Figure 3.4 shows the eigenvalues,
sorted in order of ascending magnitude, for sele&adatrices from thd. = 10% decomposition
of the Polish 3012-bus system model. With two smallest eigleles that are four orders of mag-
nitude below the next smallest eigenvalues, Figure 3.4eslactypical matrix that has nullspace
with dimension two. Conversely, the smallest eigenvalagsigure 3.4b are only two orders of
magnitude below the next smallest eigenvalues; the nuésganension for this matrix is more
difficult to determine. Characterizing the overall satisitan of the rank condition for the Polish
3012-bus system is correspondingly difficult.

To evaluate the satisfaction of the rank condition, thisieagroposes the following metric to
measure closeness to a nullspace with dimension two. Thecngebased on the ratio between
the third and second smallest magnitude eigenvalues. Thienmin such ratio among all th&

matrices is termed the “minimum eigenvalue ratio.” If théuson did yield “hard zeros” for zero
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System Min Eigenvalue| Max Mismatch | Solver Time

Model Ratio (L = 10%)
IEEE 118-bus 2.86 x 10° 3.9 x 1075 MVAr 2.1sec
IEEE 300-bus 2.25 x 102 4.7 x 10° MVAr 5.7 sec
2383-bus (wp) 7.90 x 10? 2.9 x 102 MVAr 730 sec
2736-bus (sp) 3.07 x 10* 2.7 x 1072 MVAr 622 sec
2737-bus (sop)| 4.11 x 104 3.7 x 107! MVAr 607 sec
2746-bus (wp) | 8.65 x 10% 55x 1072MW | 752 sec
2746-bus (wop)  1.95 x 10* 1.4 x 10°! MW 738 sec
3012-bus (wp) 1.72 x 10? 4.1 x 10? MVAr 1197 sec
3120-bus (sp) 5.84 x 102 4.6 x 10 MVAr 1619 sec
3375-bus (wp) 1.64 x 10? 5.2 x 102 MVAr 1457 sec

Table 3.2 Measures of Rank Condition Satisfaction and $dlwvees for Various System Models

eigenvalues, the second smallest eigenvalue would be mdriha third smallest eigenvalue would
be non-zero, resulting in a minimum eigenvalue ratio of ibfinin practice, numerical issues re-
sult in minimum eigenvalue ratios that are large (typicaliga are greater thainx 107 for small
systems that are known to satisfy the rank condition). Fuytifithe solution does not satisfy the
rank condition, both the second and third smallest eigemgill have similar magnitudes near
zero, therefore yielding a small value for the minimum eigdue ratio. Thus, a large value for
the minimum eigenvalue ratio indicates a solution with zeslaxation gap while a small value
indicates a non-zero relaxation gap solution. Note thatensophisticated metrics than the pro-
posed minimum eigenvalue ratio are possible; the propossdanis intended to be a simple but
meaningful measure.

Table 3.2 shows the minimum eigenvalue ratios for sevesildgstems. The solution times
with L = 10% are also given. The systems with more than 300 buses aresespations of
the Polish grid with various levels of modeling detail anffedent loading scenarios (winter peak

(wp), winter off peak (wop), summer peak (sp), and summepedik (sop)). These results indicate
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Mismatch at PQ Buses (IEEE 300-Bus System) Power Mismatch at PQ Buses (Polish 3012-Bus System)
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Figure 3.5 Active and Reactive Power Mismatch at PQ Buses

that, according to the proposed metric, the large systenmefaath not satisfy the rank condition
as well as many smaller system models, which generally hawemam eigenvalue ratios greater
than1 x 107 when they satisfy the rank condition. Since, other than EfeH 118 and 300-bus

systems, the large system models all represent the sansh Bghtem, the lack of more diverse
system models limits the ability to make more general statégsmconcerning satisfaction of the
rank condition for large system models.

An alternative test for satisfaction of the rank conditisrbased on the mismatch between the
calculated and specified active and reactive power injestad PQ buses. Recovering a candidate
voltage profile is accomplished by forming the closest ran& matrix to the solution’®vV ma-
trix using the eigenvector associated with the largestreiglee of W. If the solution has zero
relaxation gap, th&V matrix is rank one and the resulting voltage profile will sBtithe power
injection equality constraints at the PQ buses. Converdedyclosest rank one matrix to a solution
with non-zero relaxation gap will typically not yield a vage profile that satisfies the power in-
jection equality constraints at PQ buses. Thus, the migmatveen the calculated and specified
power injections at PQ buses provides an alternative medsusatisfaction of the rank condition.

Figures 3.5a and 3.5b show the mismatch between the speaiigctalculated active and

reactive power injections at PQ buses for the 300 and 30%Xpstems, respectively, sorted in
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order of increasing active power mismatch. The voltage lgrgfelds small mismatches for the
majority of buses, but a few buses display large mismatcehbsth active and reactive power. The
large power mismatches indicate non-zero relaxation ghgigns. With small mismatch at the
majority of PQ buses, such non-zero relaxation gap solstioay provide good starting points
for a local search algorithm. Table 3.2 shows the maximummaish, considering both active
and reactive powers, for a variety of test systems. Solattonseveral of these system models
have relatively large power mismatches; for instance, ratshes for all test systems in Table 3.2
except for the IEEE 118-bus and Polish 2736 and 2746 (wp) psie®s are greater than the
default Newton solution tolerance of 0.1 MW/MVAr used by tbewer flow solution package
PSS/E [89]. Large power mismatches indicate that the qooreting solutions do not satisfy the
rank condition. Note the correlation between the minimugeevalue ratio and the maximum

power mismatch, which supports the validity of these messaf rank condition satisfaction.

3.3.4 Extending Jabr’s Formulation of the Maximal Clique Decomposition

The first step in Jabr’s formulation creates a chordal exbens the network using a Cholesky
factorization of the absolute value of the imaginary parttled bus admittance matrix (i.e.,
chol (|Im (Y)])). Only positive definite matrices have Cholesky factoitad. Since not all power
system networks have positive definjiex (Y)| matrices (e.g., networks with sufficiently large
shunt capacitances), Jabr’s formulation cannot be uraltgrapplied to such networks.

Jabr’s formulation only uses tieparsity patterr(i.e., location of the non-zero elements) of the
Cholesky factorization. Thus, an alternative, positiverdee matrix whose Cholesky factorization
exhibits the same sparsity pattern would extend Jabr'sdtation to general power systems. This
section next presents such an alternative matrix.

Let D represent the incidence matrix associated with the netfiek each row ofD cor-
responds to a line and has two non-zero elementsin the column corresponding to the line’s
“from” bus and—1 in the column corresponding to the line’s “to” bus). The makl in (3.28) has

a Cholesky factorization with the same sparsity patterthab(|Im (Y)]).
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E=D'D+1,,, (3.28)

wherel,, ., is then x n identity matrix.

SinceDTD has a Laplacian structure, it is positive semidefinite. Addan identity matrix
increases all eigenvalues by one, and uspositive definite. Note that the common modification
for making a Laplacian matrix positive definite via adding thatrix1 - 17, wherel is the vector of
all ones, is not appropriate due to the fact that this moditicanakes the Cholesky factorization
of E dense.

The bus admittance matriX has generalized Laplacian structure with weightings from t
line admittances plus diagonal terms corresponding totsmittances. Th& matrix’s similar
construction implies that its Cholesky factorization haes $ame sparsity pattern as the Cholesky
factorization of/Im (Y)|. Using the Cholesky factorization & therefore extends Jabr’s method

to general power networks.

3.3.5 Obtaining an Optimal Voltage Profile

The solution to the dual formulation (3.21) of a decomposemblem is a set of positive
semidefinite matrices. (A similar procedure is applicabled solution to the primal formulation
(3.16).) If all the matrices have nullspaces with apprdpr@imension, the key solution informa-
tion of practical use, an optimal voltage profile can be reced [7, 82]. (For formulations that
separate real and imaginary voltage components, like Y3tB& nullspace of all matrices must
have dimension less than or equal to two.) However, exidiieigature does not give specific steps
for recovering the optimal voltage profile. This section tn@gscribes a technique for obtaining
the optimal voltage profile.

An overview of this technique follows. First obtain vectarshe nullspaces (hereafter referred
to as nullvectors) of each positive semidefinite constchimatrix. Note that calculation of these
nullvectors can be carried out in parallel since the nuttspeomputation for each matrix can
be performed independently. These nullvectors, whenaeged such that they correspond to

complex “phasor” voltages, can each be multiplied by a tifié complex scalar and remain in their
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respective nullspaces. Since a bus can be in multiple maxiigaes, elements in different vectors
may correspond to the same bus voltage phasor. The complexsare chosen such that elements
of different vectors that correspond to the same bus voliagequal. A centrally computed linear
nullspace calculation of a specified matrix gives an appatgichoice of the scalar values. This
allows for specification of a vector that is a scalar multipi¢he optimal voltage profile. Using a
single binding constraint, the resulting vector is scatedlitain the optimal voltage profile.

This section next presents the details of this techniquas{der an optimal solution to (3.21)
consisting of positive semidefinite matrice§; with dim (null (A;)) <2, Vi € {1,...,d}. Let
u be a nullvector ofA,. Letr; be the number of buses in the maximal clique corresponding
to matrixi. Convert each vectar® to complex “phasor” formu® = u{) + jul’, ., , where
subscriptl : r; indicates the first througtf" elements of the corresponding vector.

Vectorsu® remain in their corresponding nullspace after multiplimaby complex scalars;.
This property is used to enforce consistency between elenoédifferent vectors that correspond
to the same bus voltage phasor. Obtaining the optimal wlpagfile requires determining values
of «; that create agreement between all elements represengisgitie voltage from the nullvectors
of different matrices. This can be visualized by forming laléawith rows corresponding to bus
indices and columns corresponding to maximal clique irglitiemaximal cliquej contains bus,
the (¢, j) entry of the table isy; multiplied by the element ofiY) corresponding to bus If
maximal clique;j does not contain bus the (i, j) entry of the table is empty.

Since each row of the table represents a voltage phasor abthesponding bus, values of
a; Vi = 1,...,d are chosen such that all entries in each row are equal. Apptealues oty;
are obtained using a nullvector of an appropriately spetifiatrix. Specifically, use the following
procedure to create a mati@x with d columns that enforces equality of all entries of each row of
the table. For each rowof the table, find the first non-empty entry and store the spwading
column indexj. (All rows of the table will have at least one non-empty erigcause each bus
is contained in at least one maximal clique.) While therestsxa non-empty entry in rowwith

column index greater thain(let the non-empty entry exist in colunif), add a row to the matri&C
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2 3

Figure 3.6 \oltage Profile Recovery Example Network

Clique Index
1 2 3

Bus

1 Oé&gl) 042@52)

2 0412(21)

3 Oé&gl) 042252) 043@53)

4 042@;(»,2) 043253)

3) ozwég)

Table 3.3 \oltage Profile Recovery Example Table

that enforces equality of the, j) and(i, k) entries. Sej = k and repeat until no other non-empty
entries exist in row with column indices greater thgn Then proceed to row+ 1.

Consider the illustrative example system network in Figgi@and corresponding Table 3.3.
This system has three maximal cliques composed of bses 3}, {1, 3, 4}, and{3, 4, 5}. The

corresponding equation for the example is

u —u® 0 0
aq
uél) —u(f) 0 0
Ca = | = (3.29)
0wy —u’ 0
as
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The nullspace calculation has a non-trivial solution if All matrices of the solution have
nullspaces with dimension less than or equal to two. (Folisa to the semidefinite relaxation
where some of thA& matrices have nullspace dimension greater than two, thepade calculation
may only have the trivial solution = 0, indicating that a consistent voltage profile cannot be
obtained.) A nullvector yields a table where all entries of each row have the samevélteate
a vectorn of lengthn wherer;, is equal to the value of an entry in tlié row of the table. The
vectorr is a scalar multiple of the optimal voltage vector.

Sincea has one degree of freedom in its length, the optimal voltagéle is a scalar multiple
x of . To determine the value gf, one additional piece of information is required from a loiag
constraint. Reference [7] suggests the use of a bindinggeltmagnitude constraint. However,
not all solutions have a binding voltage magnitude consti@.g., the three-bus system in [83]).
Optimal solutions to OPF problems have at least one bindmggtcaint, but not necessarily a
binding voltage magnitude constraint.

A binding constraint is identified by a non-zero value of tberesponding Lagrange multiplier.
Consider a solution with a binding voltage magnitude camstr LetV;, be the value of a binding
voltage magnitude constraint at btisThe value ofy is chosen using this voltage magnitude:

X = Ve (3.30)
|7 |

For solutions without a binding voltage magnitude constraise an alternative binding constraint
to determiney.
The optimal voltage profile is then constructed by scalngy x and rotating the resulting

vector to obtain zero reference angle.
VPt = ynpe IOres (3.31)

wheref, . is the angle of the element gfcorresponding to the reference bus.
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3.4 A Sufficient Condition for Global Optimality of Solution s to the Optimal
Power Flow Problem

The semidefinite relaxation of the OPF problem is computatiy limited by a positive semidef-
inite constraint on &n x 2n matrix, wheren is the number of buses in the system. Thus, despite
being provably polynomial time, the semidefinite relaxatie computationally challenging for
large systems. As shown in Section 3.3, matrix completicoa®gositions speed computation by
exploiting power system sparsity. These decompositioriersalution of the semidefinite relax-
ation feasible for large systems.

However, solution of the semidefinite relaxation is stigrgficantly slower than mature OPF
algorithms, such as interior point methods [55]. It woulddemeficial to pair the computational
speed of mature OPF solution algorithms with the globalmality guarantee of the semidefi-
nite relaxation. This section proposes a sufficient coaditierived from the Karush-Kuhn-Tucker
(KKT) conditions for optimality of the semidefinite relaxan of the OPF problem [93]. A can-
didate solution obtained from a mature OPF solution algorithat satisfies the KKT conditions
of complementarity and feasibility is guaranteed to be gligboptimal. However, satisfaction of

these conditions is not necessary for global optimality.

3.4.1 Development of a Sufficient Condition for Global Optinality

A solution to classical formulation of the OPF problem (3c@nsists of vectors of voltage
phasors/ = V; + jV,, power injections” + (), and Lagrange multipliers. Denote the Lagrange
multipliers associated with the voltage magnitude equat®2d) ast, those associated with the
apparent-power line-flow equation (3.2e) @sthose associated with the active power balance
equation (3.2f) ag, and those associated with the reactive power balanceieqyat2g) asy.

The sufficient condition for global optimality requires tN€ and A matrices of the primal
(3.16) and dual (3.21) forms of the semidefinite relaxatitthe OPF problem. As in Section 3.2.2,

T
define the rank one matr® = zz” wherez = |V, -+ Vg, Vi -+ Vi,
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The A matrix of the dual semidefinite problem requires Lagrangdipiiers in terms of the
square of voltage magnitudes (denoted:gsather than the voltage magnitudes themselves. Use
the chain rule of differentiation for the conversion

1
e = &k <2Vk0) (3.32)

whereV}, is the solution’s voltage magnitude at btisAdditionally, the solution to the classical
formulation of the OPF problem (3.2) gives line-flow limit §r@nge multipliers in terms of
apparent power (MVA), but the dual semidefinite problem nexguseparate multipliers in terms
of active and reactive power flows (denotedogsand 3., respectively, for all lineg € £ with

terminals at buselsandm). Using the relationship

Sk =/ P2 + Q5 (3.33)

whereP;, and(), are the active and reactive flows, respectively, on theHifrem bus! to busm,

the appropriate conversions are

Pe
Oék:l = Ckl <gi]:) = Ck’l <S§l> (3346.)
1 K
%=@(§2):@(%ﬁ (3.34b)
! K

whereP; and@;, are the solution’s flows on line from busl to busm.

The A matrix is then

A = Z {)\z’Yi + 7Y + Mz‘Mz‘} + Z {aklzkl + ag,, L, + B, Zkz + Bkmzkm} (3.35)
1EN keL

When feasible, the semidefinite relaxation has a globatisoluhat satisfies the KKT condi-
tions for optimality [93]. A candidate OPF solution may sétithese KKT conditions, in which
case the solution is globally optimal. UsiWg = zz” and A from (3.35), the first KKT condition

of complementarity is

trace (AW) =0 (3.36)
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The second regards feasibility of th and A matrices. These matrices are feasible in the
semidefinite relaxation if they are positive semidefinitee ThatrixW = zz” is positive semidef-

inite by construction. Thus, the relevant feasibility cibiaah is

A=0 (3.37)

3.4.2 Global Optimality Condition Discussion

Satisfaction of both (3.36) and (3.37) implies global ogtiity regardless of the rank charac-
teristics of theA matrix (i.e.,dim (null (A)) < 2 is not required). Non-zero branch resistances,
as necessary in [7], are not required. However, enforcingllsmnimum branch resistances may
result in satisfaction of (3.36) and (3.37) for problemg tlauld not otherwise satisfy these con-
ditions.

If either (3.36) or (3.37) is not satisfied, global optimalis indeterminate. Failure to sat-
isfy these conditions may result when the semidefinite e¢lar does not satisfy the rank condi-
tion [76, 83], in which case the solution may still be glogalbtimal but is not guaranteed to be
so. Alternatively, failure to satisfy (3.36) and (3.37) maglicate that a better solution exists.

When applied to the IEEE test systems [68] without minimusistances, global optimality of
solutions from MATPOWER's interior point algorithm [55] waerified for the 14, 30, and 57-bus
systems, but not for the 118 and 300-bus systems due to tisfastion of the feasibility condition
(3.37). With a minimum branch resistancelot 10~* per unit, the solution to the 118-bus system
(but not the 300-bus system) was verified to be globally opititdote that tight solution tolerances
are often needed to obtain satisfactory numerical results.

The most challenging aspect of implementing the proposedition for global optimality
regards evaluation of the feasibility condition (3.37).isTeondition holds if and only if the alge-
braically smallest eigenvalue & is non-negative. Calculating eigenvalues of large madrean
be computationally difficult, particularly for poorly conidned matrices. Since th& matrices for
solutions to some large OPF problems are poorly conditi¢egd, theA matrix for a global solu-
tion to the Polish 2736-bus system has a smallest eigeneglua to zero and a largest eigenvalue

equal tol.57 x 10®), an alternative to calculating the smallest eigenvalleiseficial.
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Rather than calculate the smallest eigenvaluA pattempt to form a Cholesky decomposition
of the matrixA + I for some small positive scalar A matrix has a Cholesky decomposition if
and only if the matrix is positive definite. Addind increases all eigenvalues bythus ensuring
that a Cholesky decomposition existsAfis positive semidefinite. If a Cholesky decomposition
exists forA + €I, the A matrix is positive semidefinite to within a tolerance cof Performing
a Cholesky decomposition is computationally efficient faatnitces permuted with a minimum
degree ordering [100].

As an example of the computational benefits of the globalnmgity condition, solving the
Polish 2736-bus system with minimum branch resistancés>ofl0~* using MATPOWER [55]
to a tolerance oft x 107! took 3.4 seconds and verifying global optimality using a IEbky
decomposition took 6.8 seconds. Thus, the total time to finebv&rify a globally optimal solution

to this OPF problem is only 1.6% of the 622 seconds requirbae sbe semidefinite relaxation.

3.5 Conclusion

This chapter has addressed two categories of practicadssssociated with implementing a
large-scale optimal power flow solver based on semidefimdgramming: modeling issues asso-
ciated with realistic power systems and methods for impr@wiomputational efficiency. Specific
modeling issues addressed include multiple generatoreaame bus, limiting flows on parallel
lines, and incorporating ZIP loads in the semidefinite ratex of the OPF problem. Multiple gen-
erators at the same bus are incorporated in the proposedildran by analogy with the “equal
marginal cost” criterion of the economic dispatch probleBoth convex quadratic and convex
piecewise-linear generator cost functions are considdPadallel lines, including lines with off-
nominal voltage ratios and non-zero phase shifts, are jjorated in the model using a “line-by-
line” approach rather than existing “point-to-point” appches such that the flows on each line can
be individually limited. An approximate representatiorZdiP loads in the semidefinite relaxation

is introduced and analyzed for worst case error.
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This chapter next provided three computational advanaesxaloiting power system sparsity
using matrix completion decompositions. First, a propaosatrix combination algorithm consid-
ers the impact of “linking constraints” between elementsdritain decomposed matrices that refer
to the same element in the original x 2n matrix. Since combining matrices eliminates link-
ing constraints, matrix combination can reduce computdtioe. Calculations using test systems
demonstrate the efficacy of the matrix combination approdied IEEE 300-bus system shows
a factor of approximately 2.3 decrease in solver time and X2 3fus model of the Polish sys-
tem shows a factor of 3.0 decrease in solver time comparedttoambining matrices. The rank
characteristics of solutions to OPF problems for largeesysnodels were also examined.

Next, Jabr's formulation of the maximal clique decompasit[82] was extended to general
power system networks. This formulation uses a Choleskioffaation of the absolute value
of the imaginary part of the bus admittance matrix. Since al€3ky factorization requires a
positive definite matrix, this approach cannot be used foresnetworks (e.g., networks with large
shunt capacitive compensation). Jabr’s formulation oslgsithe sparsity pattern of the Cholesky
factorization. This chapter proposes an alternative pesttefinite matrix with the same sparsity
pattern to extend Jabr’s formulation to general power systetworks.

Another computational advance is a method for construamgptimal voltage profile from
a solution consisting of decomposed matrices. Althougbteng literature discusses the use of
matrix decompositions [71, 81, 82], it does not give a dethiinethod for obtaining an optimal
voltage profile.

Finally, using the KKT conditions of a semidefinite relaxatiof the OPF problem, this chapter
has proposed a sufficient condition test for global optitpalf a candidate OPF solution. This

pairs an advantage of the semidefinite relaxation with teegpf mature OPF solvers.
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Chapter 4

A Sufficient Condition for Power Flow Insolvability with Appli-
cations to Voltage Stability Margins

4.1 Introduction

The previous chapter focused on solving the optimal power flmblem to find the least-cost
operating point for a power system. This chapter considergtoblem of assessing power system
operation in terms of security margins. To this end, thisptéiaagain examines the power flow
equations but now solutions are measured using the distanady insolvable conditions.

The non-linear power flow equations may not have any solat{tiee power flow equations
are said to be insolvable). That is, it is possible to choosetaf power injections for which no
valid corresponding voltage profile exists. Practical sgbat may fail to have a solution include
long-range planning studies in which the studied system nwybe able to support projected
loads and contingency studies for which the loss of one orencomponents may yield a net-
work configuration that is similarly inoperable for the sifed injections. This chapter presents
a practically computable sufficient condition, that, whatisied, rigorously classifies a specified
case as insolvable. This method also provides controllédg®and power injection margins that
characterize a distance to the power flow solvability bomnda

In engineering practice, large-scale non-linear power #gwations are typically solved using
iterative numerical technigques, most commonly NewtonHgap or its variants [9]. These rely
on an initial guess of the solution voltage magnitudes amglesrand are only locally convergent.
They generally do not converge to a particular solution flamarbitrary initial guess [11], and

may show very high sensitivity and highly complex behaviothwespect to initial conditions
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for certain study cases. It is well recognized that the pdiesy equations may generally have
a very large number of solutions; for example, the work of] [@&tablishes cases for which the
number of solutions grows faster than polynomial with respe network size. For cases having
multiple solutions, each solution has a set of initial ctiodis that converges to that solution in
Newton-Raphson iteration. Characterization of Newtopiigan regions of attraction was the
subject of [41], which demonstrated cases for which the Haties of these attractive sets were
factual in nature. So despite the fact that very large-spadblems (10’s or 100’s of thousands
of unknowns) are solved in power engineering practice, @t@abior of these equations can be
highly complex as parameters move outside of routine opgradnges. Convergence failure for
a Newton-Raphson-based commercial software package feofara reliable indication that no
solution exists.

The properties of the Newton-Raphson iteration guarantedd suitable differentiability as-
sumptions) that the iteration must converge to the soldtioan initial condition selected in a suffi-
ciently small neighborhood about that solution [12]. Hoaewhen a selected initial condition (or
some set of multiple initial conditions) fails to yield cargence, the user of a Newton-Raphson-
based software package is left with an indeterminate outcalmes the specified problem have no
solution, or has the initial condition(s) simply failed t@llfwithin the attractive set of a solution
that does exist?

Development of conditions that guarantee existence otisolsito the power flow equations
has been an active topic of study. See Section 1.2 for a redieelevant literature on conditions
for power flow solution existence. Note that existing colais often rely on methods that are
only locally convergent, are overly conservative (i.e.plugon may exist for a much larger range
of operating points than satisfy the sufficient conditioes)use approximations of the power flow
equations (e.g., the decoupled active power-voltage aregetive power-voltage magnitude power
flow model).

Another active research topic is developing measures afiftence to the solvability boundary
(the set of operating points where a solution exists, butlgagurbations may resultin power flow

insolvability [18]). Such measures are desirable in ord@risure that power systems are operated



72

with security margins. If a solution does not exist for a sfped set of power injections, a measure
of the distance to the solvability boundary indicates howselthe power flow equations are to
having a solution. If a power flow solution exists, desiredgires indicate distances to solution
non-existence at the solvability boundary. See Sectiorfdr.2 review of existing work in this
area. Note that existing work has the limitation of exclegmelying on methods that are only
guaranteed to find locally optimal measures of the distamtest power flow solvability boundary.

This chapter presents a sufficient condition under whichpthveer flow equations are guaran-
teed to be insolvable. By-products of the computation argrotied voltage and power injection
margins to the power flow solvability boundary. In contrastekisting techniques that are al-
most universally Newton-based, local solution methods,stemidefinite program in the method
proposed here yields a global solution to the optimizatiabf@m that is formulated from the orig-
inally specified power flow. This global optimum enables tharmgntee of solution non-existence
upon satisfaction of a sufficient condition. No such guarardan be made with existing Newton-
based methods whose conditions for convergence are irthetecal in nature. Furthermore,
rather than requiring repeated power flow calculationsptioposed method uses a single evalua-
tion of a semidefinite optimization problem.

The sufficient condition for power flow insolvability is baken an optimization problem that
includes a relaxation of certain equality constraints ie gower flow equations. Specifically,
in this optimization problem, the voltages at slack and P¥dsuare not fixed, but instead have
a one-dimensional degree of freedom (i.e., they are allawethange in constant proportion).
Section 4.2 provides a proof showing that the extra degréeeflom guarantees that the modified
power flow equations have at least one solution. In an idedliassless case, one may interpret
this as follows: a sufficiently high voltage profile allowsthystem to meet any specified power
injections. By continuity from the lossless case, this priyp may be expected to continue to
hold for modest losses, as is typical of models for bulk tnaission. With the relaxed problem
feasible for some (sufficiently high) voltage profile, thagile set of the optimization problem is

non-empty.
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With a non-empty feasible set established, the optimingpimblem then seeks to minimize
the slack bus voltage magnitude (using the one-degreezefldém in the voltage profile), subject
to the active and reactive power injection constraints efgbwer flow equations. Importantly, a
relaxed version of this optimization problem is a convexiskfimite programming problem, and
hence has a practically computable global minimum. If thabgl minimum slack bus voltage
obtained from this optimization problem is greater thandhginally specified slack bus voltage,
there can be no solution to the originally specified power femuations. However, due to the
nature of the relaxation, one may not draw a firm conclusiomfthe converse: if the minimum
slack bus voltage is less than or equal to the specified slaskditage, the power flow equations
may or may not be solvable.

The ratio of the specified slack bus voltage to the minimurckdbas voltage gives a “controlled
voltage margin” to the power flow solvability boundary. Fgravably insolvable case, this margin
is the multiplicative factor by which the controlled volegmust be increased to allow for the
possibility of power flow solution existence.

The power flow equations are quadratic in the complex voltegéor when these voltages are
expressed in rectangular form. Exploiting this fact, an@gaus power injection margin can also
be calculated; here the new, one degree of freedom introdeeesents a constant power factor
scaling in injections at each bus in proportion to the spattifnjections. When the power flow
equations do not have a solution, the power injection mgvginides the scaling factor by which
the power injections must be decreased to admit the paggitfilpower flow solution existence.

These margins are non-conservative bounds. Thus, for atvaide set of specified values, a
change in voltage bgt leastthe amount indicated by the voltage margin (or a change inepow
injections by at least the amount indicated by the powectiga margin) is required for the power
flow equations to bpotentiallysolvable. More precisely, the margin identifies the shodissance
(as measured in voltage setpoint changes for the contrati#dge margin and power injection
changes for the power injection margin) to a point at whighgtfficient condition for power flow
insolvability fails to be satisfied; equivalently, this leetsmallest distance to a point at which the

associated necessary condition for power flow solvab#ityrst satisfied.
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A relaxation of the optimization problem used in the sufirtieondition is written as a semidef-
inite program. In contrast to the original non-convex oppt@tion problem [49], the feasible space
of the semidefinite program is convex. The optimal objectaieie obtained from the semidefinite
program is a lower bound on the objective function value. sThiuthe sufficient condition holds
based on the lower bound from the semidefinite program, onédeassured that the originally
formulated power flow equations admit no solution.

Note that generator reactive power limits are not consdi@nethis chapter; generators are
modeled as ideal voltage sources with no limits on reactox@gp output. Generator limits are
relevant to power flow solvability since non-existence o#vpo flow solutions may result from
limit-induced bifurcations [30, 31]. Development of metisdhat consider reactive power limits is
discussed in Chapter 5.

The organization of this chapter is as follows. Section 4@les the existence proof that
shows the feasibility of the optimization problem used kg pinoposed condition. Section 4.3 de-
scribes the sufficient condition for power flow insolvalyiind defines voltage and power injection
margins. Numeric examples are then provided in SectionRe4earch detailed in this chapter is

published as [101] with extended version available in [102]

4.2 Solution Existence Proof

The sufficient condition for power flow insolvability regas the evaluation of an optimization
problem in which the feasible set is defined by a modified fofitihe power flow equations. The
modification introduces one new degree of freedom, allownltage magnitudes at the slack and
PV buses to vary; this variation is restricted to a one-degfefreedom “ray,” with all voltage
magnitudes changing in constant proportion to their base-walues. This section proves that the
feasible space is non-empty for any lossless power system &l line conductances are zero)
without generator reactive power limits. Using standasiits of basic circuit theory and conti-
nuity, the problem must retain a non-empty feasible set vgegturbed with sufficiently small line
conductances. Note that modest line conductance valuégmacal in bulk transmission (i.e., low

active power losses in high-voltage transmission lines).
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The proof of solution existence may be outlined as followse proof first establish that a
solution must exist for any lossless system with zero poweictions without generator reactive
power limits. The implicit function theorem is then used stedblish that solutions continue to exist
for injections within small ball around zero. Hence, withims ball must exist a ray that aligns
with the originally specified vector of non-zero power irjens. Exploiting the quadratic nature
of the power flow equations allows for “scaling up” voltagegnaudes along the one degree of
freedom, observing that the power injections must likewis®/e along the previously identified
ray. It follows that there exists a scaling of voltages suelt the specified power injections are

realized, yielding a solution to the modified power flow equrad.

4.2.1 Existence of a Zero Power Injection Solution

Consider a generic lossless power system with all activereactive power injections at PQ
buses set to zero and all active power injections at PV betés zero. As the goal is accomplished
upon establishing existence of one solution, restrichéitia to candidate solutions in which all
buses have the same voltage angle of zero.

First, since zero power injection at a PQ bus implies zerahodrrent injection, such buses
have only branch admittances incident (i.e., from a cirpeitspective, these are nodes with no
independent source connected). They can be eliminatedtfremetwork, and the network admit-
tance matrix algebraically reduced via standard resultseér circuit theory. The proof generi-
cally assumes that the reduced network does not result izenayimpedance lines. (Such a zero
impedance line outcome can be eliminated by an arbitraniglperturbation to the underlying
line parameter data.)

Next, the substitution theorem [8] guarantees that at anpi®\that has an associated non-zero
reactive power injection, there must exist a shunt adnutaf appropriate value such that, when
substituted in place of the reactive injection, an idehtszdution for bus voltages is preserved.
The injections replaced are purely reactive, ensuringttteassociated admittances will be purely

imaginary; i.e., susceptances only.
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With PQ buses eliminated and reactive injections at PV bregaced by equivalent suscep-
tances, the resulting network has the property that actidereactive power injections at all non-
slack buses are identically zero. The remaining networlstamts of interest can be written as

linear voltage/current relationships:

Islack ]bl ]bQ ‘/slack

(4.1)

0 JOF | 7Bs + jding (Ad) | | Ve

whereAd is a vector of shunt element susceptandesg (Ad) denotes the diagonal matrix with

by | b

elements ofAd on the diagonalB = is the bus susceptance matrix, and superscript
bl | Bs

T indicates the transpose operatdf,,.. and /.. are the voltage and current injection at the

slack bus, respectively, ang is the vector of PV bus voltages. Note that the lossless gsisom
implies that the network admittance matrix is purely imagyn
Solving (4.1) forAd yields

Ad = (diag (Vev)) " (=b2Viaek — BsVey) (4.2)

Because the desired voltage profile solution has the samageolngle at all buses and a
non-zero voltage magnitude at the slack bus, it follows thatvoltage at every bus must be non-
zero anddiag (Vpy) is invertible. Hence, for a lossless system under the assomspspecified,
(4.2) yields a unique solution for the shunt susceptanagegalvhose existence follows from the

substitution theorem.

‘/slack
Thus, the vector

provides a zero power injection solution to the reduced askw
Vpv
that resulted from elimination of PQ buses; voltages at P&ebwan be trivially reconstructed.

Thus, any lossless system is guaranteed to have a zero pgetran solution.
To illustrate that this need not be the case for systems wartfelconductive elements in their
bus admittance matrix (i.e., high transmission losses)sicler the two-bus system with a slack

bus and a PV bus shown in Figure 4.1. The transmission linetthoe isg + ;jb; note that in this
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Vijack Z 0deg Vpy / Bdeg

<

PV

Figure 4.1 Two-Bus System

admittance representation, the conductive teramd the susceptance teritr appear as parallel
branch elements between the two buses. The voltage at thelsla is denoted by;,..., and the
voltage at the PV bus is representedilyy, with angleé.

The power injection at the PV bus is

Ppy = gViy — Ve Vitaer (g cos (8) + bsin (0)) (4.3)

The two-bus system has a zero power injection solution favengset of parameteis b, Vpy,
and V.. if a value off, exists such thaPpy (6y) = 0. The existence of such a value @f
depends on the ratio dfpy to V. and the ratio ob to g. A zero power injection solution to
this system exists when line resistances are small relatiee reactances and voltage magnitude

differences are small; specifically, for the system in Fegdirl

2 2
( Vey ) <1+ (9) (4.4)
‘/slack g

Since voltage magnitudes differences and line resistaneattance ratios are small in realistic

power systems, typical systems are expected to have zererpojection solutions. Consistent
with this observation, all the IEEE power flow test cases [&8}e zero power injection solutions.
However, (4.4) confirms that the two-bus example will faihtve a zero injection solution when

the conductance values relative to the susceptances &oesuily large.
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4.2.2 Implicit Function Theorem

The implicit function theorem [103] is next applied at a zeawer injection solution, which
requires a non-singular power flow Jacobian. This proofatoee investigates the Jacobian evalu-
ated at a zero power injection solution.

The power flow Jacobian obtained using polar voltage coatdsat a zero power injection

solution of a lossless system is

J= (4.5a)
0 Jox
where
oP ) ) )
Ji = i —diag (V) (B diag (V) — diag (BV)) (4.5b)
Jop = g_g = —diag (V) B — diag (BV) (4.5c)

Since active and reactive power injections at the slack mgraconstrained, the rows and columns
corresponding to the slack bus are removed from BethandJy,. Similarly, since the reactive
power injections at PV buses are unconstrained, the rowsa@ndns corresponding to PV buses
are removed frond,,. Note that bothg—"j and%—? equal zero for the voltage profile with the same
voltage angle at all buses corresponding to a zero powaestiafesolution of a lossless system.

The implicit function theorem can be applied at a zero powgzciion solution so long as
the power flow Jacobian at this solution is non-singular.hie lbssless case, this requires that
in (4.5) is non-singular. This proof next shows that the b#mo for a lossless power system is
non-singular at a zero power injection solution, provideal t@all lines are inductive and that the
network is connected (i.e., no islands).

The matrixJ in (4.5) is non-singular if botll;; andJ,, are non-singular. The matrikag (BV)
in Jo is equivalent tadiag (1), where! is the vector of current injections. Since all rows and
columns inJ,, correspond to PQ buses with zero current injections, thia te zero. The ma-

trix diag (V') is non-singular since all voltages are non-zero for theag@tprofile with the same
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voltage angle at all buses. With the slack bus row and colwemoved,B is non-singular for a
connected power system with inductive lines. Thlyg,is non-singular.

Sincediag (V) is non-singularJ,; is non-singular if

B12‘/2 + ...+ Blnvn e _Blnvn
(Bdiag (V') — diag (BV)) =
-B..1Vi o BuVi+ . 4+ Boy—) V-1

(4.6)

is non-singular. Note that the diagonal elements in (4.6)the negative of the sum of the off-
diagonal elements in the corresponding row. Under the gssomof inductive lines, all off-
diagonal elements are negative, and this matrix has weglo# dominance. With the slack bus
row and column removed, the remaining matrix has at least@maevhere the diagonal element is
strictly greater than the sum of the off-diagonal elemeings, (strict diagonal dominance exists for
this row). Since the power system network is connected (eislands), the digraph associated
with the matrix in (4.6) is strongly connected. This impliésit the matrix is irreducible [104].
Since the matrix is irreducible, weakly diagonally domijaand has at least one row with strict
diagonal dominance, the matrix is irreducibly diagonaliyrdnant. The Levy—Desplanques the-
orem then establishes thi{; is non-singular [104]. Thus, the Jacobian for a connectessléss
system at a zero power injection solution is invertible,emtie assumption of inductive lines.

Although the assumptions of lossless systems and indulaties are required for the above
proof, non-singularity of the Jacobian at a zero power tigecsolution generically holds for
more general systems (e.g., lossless systems with someitbapdines and lossy systems). A
singular Jacobian would imply marginal stability at theapower injection solution with multiple
solutions coalescing at a bifurcation point. There is neoedo expect this to occur at a zero power
injection solution. Computational experience shows tHdE&E power flow test cases [68] have
non-singular Jacobians at their zero power injection smytoints.

If the Jacobian of the power flow equations is non-singulénatzero power injection solution,

the implicit function theorem indicates that a solution mpesrsist for all power injections in a
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small ball around the zero power injection. Thus, therete)@deme voltage magnitude and angle

perturbatiolAV ZA4 such that
f(V+AVZLAS) = AP + jAQ 4.7)

for any smallAP and AQ, whereV is the voltage profile for the zero power injection solution,
AP andA(Q are small perturbations to the active and reactive powectrmgns, andf represents

the power flow equations relating the voltages and poweciiges.

4.2.3 Scaling Up Voltages

The solution existence proof is completed by expanding whalldall around the zero power
injection solution to obtain a voltage profile that yielde tbriginally specified power injections.
Since the power flow equations are quadratic in voltage ntad@s!”, scaling all voltage magni-

tudes also scales the power injections. That is, scalingdhage magnitudes in (4.7) by the scalar

5 gives
f(B(V4+AVLAS)) = % (AP + jAQ) (4.8)

Choose aAP + jAQ that is in the direction of the specified power injections abthin a
corresponding voltage profilé + AV ZA4. Then increasé until the power injections given by
f(B8(V+ AV £As)) match the specified power injections. The voltage profi(@ + AV ZA0)

then yields the specified power injections.

4.3 Sufficient Condition for Power Flow Insolvability

The proof in Section 4.2 shows that there exists a voltag@@satisfying the power injection
equations. Next, this section develops a sufficient comditor power flow insolvability by deter-
mining whether any such voltage profile could match the $ieecslack bus and PV bus voltages.
No solution exists if it is impossible to obtain a voltage fileothat yields the specified power
injections while also matching the specified voltage maglas at slack and PV buses. After de-
veloping this insolvability condition, this section fuethdescribes two margins to the power flow

solvability boundary in terms of controlled voltages anevpoinjections.
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4.3.1 Condition Description

This section first describes a sufficient condition for pofl@w insolvability. This condition
determines whether any voltage profile that satisfies thepmjection equations could also match
the specified controlled voltage magnitudes. One way toraéte if such a valid voltage profile
exists is to find the voltage profile with the lowest possibiéels bus voltage. If the minimum
possible slack bus voltage is greater than the specifiedt blag voltage, no voltage profile will
satisfy the power flow equations and thus the power flow eqastare insolvable. This condition
indicates that no power flow solution exists when the mininslack bus voltage obtainable while
satisfying the power injection equations (with PV bus vg#anagnitudes scaled proportionally)
is greater than the specified slack bus voltage magnitude@pfimization problem with objective
function minimizing the slack bus voltage and constraimgower injections and PV bus voltage

magnitudes, as shown in (4.9), is used to evaluate this tondi

n‘}igl Vitack subject to (4.9a)

Vi Z Vi (G cos (8, — 6;) + Bugsin (6, — 6;)) = Py Vke {PQ PV}  (4.9b)

Vi Zv aesin (0 — 0;) — Byg cos (6, — &) = Q» VkePQ (4.9¢)
Vk = ak‘/slack Vk e Py (49d)

wherePQ is the set of PQ buse®)V is the set of PV buses, afid,,., is the slack bus voltage
magnitude.«y, represents the specified ratio of the PV lduand slack bus voltage magnitudes.
The minimum achievable slack bus voltage (i.e., the optobg@ctive value of (4.9)) is denoted as
Vil

The optimization problem (4.9) is in general non-conveX [49d hence solution for a global
optimum is not assured. A global minimum is required in ortteensure the validity of the
sufficient condition for power flow solution non-existenc&.semidefinite relaxation is used to

provide a lower bound on the global minimum of (4.9). Solntagorithms assure finding a
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global solution to the semidefinite formulation. The prirf@in of the semidefinite relaxation of

(4.9) is

rr\lRi]n trace (Mgack W) subject to (4.10a)
trace (Y, W) = B Vke{PQ, PV} (4.10b)
trace (YkW) = Qs VkePQ (4.10c)
trace (M;W) = a2 trace (Mg W) VkePY (4.10d)
W =0 (4.10e)

The symbol> indicates that the corresponding matrix is constrainecetpdsitive semidefinite.
Matrices employed in (4.10) are defined in Chapter 2. As atian of a feasible optimization
problem, the primal formulation of (4.10) is also feasible.

The dual form of the semidefinite relaxation is

max > (AP + > (w@Qi)  subject to (4.11a)
ke{PQ, PV} kePQ

ANy, 1) = | Mgaa — Z (A Ye+ 7 Ye) — Z (MY + e (M — 0iMgae)) | = 0
kePQ kePY

(4.11b)

where free variablea,, v, andu, are the Lagrange multipliers for active power (4.9b), neact
power (4.9c), and PV bus voltage magnitude ratio (4.9d) lggu@onstraints, respectively, asso-
ciated with bust. The dual formulation (4.11) is always feasible since thmfpd; = 0, 7; = 0,
w; = 0 for all i impliesA = Mg, = 0.

The semidefinite relaxation provides a lower bound on themmim slack bus voltage in (4.9).
The maximum lower bound on the minimum achievable slack bltage (i.e., the square root of

the optimal objective values of (4.10) and (4.11)) is dedetg/ """, .
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No solution to the power flow equations exists if the lowermdérom the semidefinite relax-

ation is greater than the specified slack bus voltage. That is

v sV, (4.12)

~—slack

whereVj is the specified slack bus voltage, is a sufficient but not $eang condition for insolv-
ability of the power flow equations. Note that this formubatidoes not enforce any requirements
on the rank of th&V or A matrices in (4.10) and (4.11); the solution to the semidefirglaxation
is only used as a lower bound on (4.9).

The converse condition does not necessarily hold: the parequations may not have a

solution even if

yming <y (4.13)

~slack =

Thus, (4.13) is a necessary, but not sufficient, conditianpfmwver flow solvability. However,
satisfaction of (4.13) is expected to often predict thetexise of a power flow solution.

If the W matrix in (4.10) has rank less than two or the correspondingatrix in (4.11) has
a nullspace with dimension less than or equal to two, a smutiith slack bus voltage equal to
ymin (and PV bus voltage magnitudes scaled proportionally) @aldtained (see Section 3.3.5
for further details). If a solution with slack bus voltageuafito V;, does not exist, the solution with
lower slack bus voltage must disappear as the controllddges increase. The disappearance of a
solution due to increasing controlled voltages does natafty occur. Thus, satisfaction of (4.13)
by a solution to (4.10) withank (W) < 2 or a solution to (4.11) witkdim (null (A)) < 2 strongly
suggests solution existence.

Note that the insolvability condition as formulated aboweesinot consider systems with gen-
erator reactive power limits; generators are modeled ad M#@tage sources with no limits on
reactive power output. However, more detailed generataiaisooften include reactive power
limits. When a generator reaches its upper reactive powast, lihe voltage magnitude at the cor-

responding bus may decrease. (Upper limits on generatctivegower injections are the typical

mechanisms of limit-induced bifurcations.) A modified foohthe optimization problem (4.9)
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bounds the effect of upper limits on generator reactive pawections. Specifically, change con-

straint (4.9d) from an equality to an inequality by enforrin

Vi < o Vitack Vke PV (4.14)

instead of (4.9d). This modification accommodates the poggiof reduced voltages, thus con-
sidering upper generator reactive power limits in the imgbility condition. The accompanying

semidefinite relaxation of this modified problem is formedcbynging the constraint (4.10d) to

trace (M, W) < a; trace (Mg.q W) Vk e PV (4.15a)

The corresponding change to the dual form (4.11) is to adddhstraint

pux <0 Yk e Py (4.15b)

Satisfaction of the condition (4.12) using the minimum klaas voltage obtained from this
modified optimization problem is sufficient to guarantee poflow insolvability with upper limits
on generator reactive power injections. Note that thesefraddptimization problems may be

more conservative than for cases without considering geéoiereactive power limits.

4.3.2 Controlled Voltage Margin

The sufficient condition (4.12) is binary: the specified pofi@v equations either cannot have
a solution or may have a solution. The sufficient conditiama&lao be interpreted to give a measure
of the degreeof solvability. This section develops a measure of the distato the power flow
solvability boundary, which is defined as the set of solvadaieer injections where all solutions
may vanish under small perturbations. Since operating aepsystem far from the power flow
solvability boundary is desirable to ensure stability, eamee of the distance to the solvability
boundary is useful. A measure of the distance to the soltsabibundary also indicates how close

insolvable power flow equations are to solvability.
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This section introduces a controlled voltage margin measuor the distance to the power
flow solvability boundary. The controlled voltage margimefined as the ratio between the speci-

fied slack bus voltage and the lower bound on the minimum $lask/oltage/”"", obtained from

slack

the semidefinite relaxation.

W

~—slack

The margins is an upper (non-conservative) bound of the distance todghepflow solvability

(4.16)

g

boundary. For solvable power flow equations, a decreaseeisfhcified slack bus voltage by a
factor greater tham is guaranteed to result in power flow insolvability. For ilvetle power
flow equations, increasing the slack bus voltage magnitwite proportional increases in PV bus
voltage magnitudes) by at least a factor%o(without changing the power injections) is required
for solvability.

The sufficient condition can be written in terms of the votagargin:o < 1 is a sufficient

condition for power flow insolvability.

4.3.3 Power Injection Margin

The power injection margin developed in this section is asusaof how large of a change in
the power injections in a certain profile is required for tlogvpr injections to be on the solvability
boundary. This margin considers the profile where powectigas are uniformly changed at each
bus in order to take advantage of the quadratic nature of ptienzation problem (4.9) in the

sufficient condition. The quadratic property is

h(n(P+ Q) =n (Vi) (4.17)

where P and () are vectors of the active and reactive power injection ah éas, 5 is the func-
tion representing optimization problem (4.9) relating mhi@imum slack bus voltage to the power

injections, and is a scalar.
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Equation (4.17) describes the linear relationship betwkersquared voltage magnitudes and
the power injections. This relationship is evident fron®@).and (4.9c): scaling all voltages by
/71 scales the active and reactive power injectiong by

To develop the power injection margin, uniformly scale tbevpr injections until the sufficient

condition (4.12) indicates that the power injections atdgast) on the solvability boundary.

n (Voim)” = (Vo) (4.18)

The power injection margii corresponding to the condition in (4.18) gives an upper,-non
conservative bound of the distance to the solvability bamdn the direction of uniformly in-
creasing power injections. For a solvable set of power tigas, the largest proportional increase
in power injections at each bus while potentially maintagngolvability is a factor of). For an
insolvable set of power injections, a proportional chanfjallopower injections by at leasi is
required for a solution to be possible.

Note that the power injection margin can be rewritten in eohthe voltage margin.

n= (o)’ (4.19)

The sufficient condition for power flow insolvability can bewritten in terms of the power

injection marginm < 1 is a sufficient condition for power flow insolvability.

4.3.4 Alternate Formulation for the Insolvability Conditi on Calculation

The optimization problem (4.9) used to evaluate the powaey iitsolvability condition intro-
duces a degree of freedom in the controlled voltage magestuthis formulation naturally yields
a voltage stability margin in terms of controlled voltagesl @ power injection margin is derived
using the quadratic nature of the power flow equations. Nexalternate formulation is developed
that introduces a degree of freedom in the power injectidiss alternate formulation naturally

yields a power injection margin.
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max 17 subject to (4.20a)
V,d0,n

Vi Z Vi (Gipcos (0 — 6;) + Byesin (6, — 8)) = Pop -~ Vk e {PQ, PV}  (4.20b)

Vi Z Vi (Gip sin (0 — 6;) — By cos (6, — 6;)) = Qin VkePQ  (4.20c)
Vi = Vo Vke PV  (4.20d)
Vslackz = Vo VkeS (4206)

wheresS indicates the slack bus. In this formulation, all voltagegmigudes are fixed sinck, is

a specified value. The variableintroduced in the power injection equations (4.20b) ané(d)

provides a single degree of freedom along the uniform, emgiower-factor injection profile.
The non-convexity of (4.20) makes it difficult to calculatglabal optimum. The semidefinite

relaxation of (4.20) is therefore used to calculate an uppend on the power injection margin.

The primal form of the semidefinite relaxation of (4.20) is

rvnva%( n subject to (4.21a)
trace (Yy W) = Fyn Vke{PQ, PV} (4.21b)
trace (YkW) = QN VkePQ (4.21c)
trace (M, W) = a; V; VkePV (4.21d)
trace (M W) = V VkeS (4.21e)
W -0 (4.211)

The dual form of the semidefinite relaxation of (4.20) is

max Z (V,f,uk) subject to (4.22a)
MR e iPY,s)
L+ > (B + Y Qi) =0 (4.22b)
ke{PQ, PV} kEPQ
A = Z (Y + Yiw) + Z (Mypr)| =0 (4.22c)

ke{PQ, PV} ke{PV,S}
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where free variables,, ., andu, are the Lagrange multipliers associated with equality con-
straints (4.20b), (4.20c), and (4.20d)—(4.20e). The ogitsolutions to (4.21) and (4.22) are equiv-
alent to the power injection margindeveloped in Section 4.3.3.

In contrast to the power injection margin defined in Sectidh3} which is specific to a uni-
form, constant-power-factor injection profile, this aftative formulation suggests a method for
considering the impact of non-uniform power injection desfi Specifically, a semidefinite re-
laxation can be written for any choice of the right hand sifi¢he power injection constraints
(4.20b) and (4.20c) that is a linear expression of activeraadtive power injections;, andQ);,
the square of voltage magnitudgé?, and the degree-of-freedom For instance, with nominal

power injectionsP,, and(Qyo, choosing the expressions

Pro+n (4.23a)

Qro + tan (¢p) (4.23b)

for the right hand sides of the active power constraint () 20d reactive power constraint (4.20c),
respectively, yields the power injection margin for theettjon profile with specified power factor
anglesyy.

Note, however, that alternate choices for the right handssaf the constraints in (4.20) may
not always yield feasible optimization problems. For ins& consider the choice of right hand
sides where all buses except one are fixed at large valuds twatone remaining bus allowing
constant-power-factor changes in active and reactive pdie possible that no admissible value
of power injections at that bus yields a feasible optim@agroblem, and thus the optimization
problem (4.20) cannot be evaluated. This is not a concerth®uniform, constant-power-factor
power injection profile, which yields a feasible optimizatiproblem as demonstrated by the proof
in Section 4.2. Further, although alternate right-hamid®xpressions allow for calculating the
power injection margin for non-uniform injection profiléle insolvability conditiom < 1 is not
applicable for all injection profiles (e.g., a right handesgpecifying an injection profile with a

non-uniform power factor anglg; as in (4.23)).
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4.4 Numeric Examples

The sufficient condition for power flow insolvability is nesgpplied to the IEEE 14 and 118-bus
systems [68] using optimization codes YALMIP [64] and SeDy58]. The power injections are
uniformly increased at each bus at constant power factdrthatsufficient condition indicates that
no solutions exist. The sufficient condition results are parad to power flow solution attempts

using a Newton-Raphson algorithm.

4.4.1 |EEE 14-Bus System Results

Results from applying the sufficient condition to the IEEEHLS system are given in Table 4.1.
The specified slack bus voltagelis = 1.0600 per unit.

To generate a sequence of study cases for which solvabilitylve examined, the originally
specified active and reactive power injections are inciebasdormly at each bus. The first column
of Table 4.1 lists the multiple by which the injections arergased. No power flow solutions exist
after a sufficiently large increase (approximately 4.060this example). Note that the injection
multiplier given in the first column does not change at a camstate but rather focuses on the
region near power flow solution non-existence.

The second column indicates whether a Newton-Raphsonrsmveerged to a solution at the
corresponding loading. In order to increase the likelihobdonvergence, the Newton-Raphson
solver was initialized at each injection multiplier withetlsolution from the previous injection
multiplier and a large number of Newton-Raphson iteratwase allowed.

The third column provides the lower bound on the minimumlslags voltage in per unit
obtained from (4.11). In order to evaluate the sufficientdibon for power flow insolvability at
each injection multiplier, the value in this column is comgzhto the specified slack bus voltage
of 1.06 per unit. If the value in the third column is greateariil.06, the sufficient condition
indicates that no power flow solutions exist. These resuitavsagreement between Newton-
Raphson convergence and the sufficient condition; a poweisibdution was found for all injection

multipliers where the sufficient condition indicated thatodution was possible (observe that both
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Injection Multiplier | NR Converged | V7',
1.000 Yes 0.5261
4.000 Yes 1.0522
4.020 Yes 1.0548
4.040 Yes 1.0575
4.050 Yes 1.0588
4.055 Yes 1.0594
4.056 Yes 1.0595
4.057 Yes 1.0597
4.058 Yes 1.0598
4.059 Yes 1.0599
4.060 No 1.0601
4.061 No 1.0602
4.062 No 1.0603
5.000 No 1.1764

Table 4.1 Insolvability Condition Results For IEEE 14-Byst&m

man
~slack

is just greater than 1.06 and no solution is found by the NeviReaphson solver at an
injection multiplier of 4.060).

The existence of a solution for all power injections thats$ai(4.13) is expected since the
matrix in (4.11b) has a nullspace with dimension two. Thissloot occur for all sets of power
flow equations. In Section 4.4.2, the IEEE 118-bus systerh aliit (null (A)) = 4 displays no
solution for some power injections even though (4.13) wasfsd.

The insolvability condition considering the specified uppeactive power limits is next ap-
plied to the IEEE 14-bus system at a power injection mubiptif 4.061. Imposing upper limits
on generator reactive power power outputs, the optimingiroblem modified using (4.14) yields

ymin - — 1.0601 (i.e., the same value as in Table 4.1). Since this valuefigatithe insolvability

~—slack
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IEEE 14-Bus Voltage Margin o vs. Injection Multiplier
6 ‘ ‘ ‘ ‘

Injection Multiplier

Figure 4.2 IEEE 14-Bus Voltage Margin

condition (4.12), the power flow equations with upper getwgrageactive power limits are insolv-
able. This is not surprising as optimization problem (4.9imizes the slack bus voltage with
proportional scaling of the PV bus voltage magnitudes;hierrtdecreasing the PV bus voltage
magnitudes is not likely to enable reduction of the slack \misage. In other words, imposing
reactive power limits is not expected to improve power flolwability.

The IEEE 14-bus system is next used to demonstrate the eddtiag) power injection margins.
In Figure 4.2, the voltage marginis plotted versus the injection multiplier. The voltage giar
decreases as power injections increase. The voltage mamggees one at an injection multiplier
of 4.0595, indicating that no power flow solution can existlrger power injections. Beyond
this point, the voltage margin provides the minimum incesiashe slack bus voltage (with corre-
sponding proportional voltage increases at all PV busegiired in order for a power flow solution
to possibly exist.

Figure 4.3 shows the power versus voltage (P-V) curves ohithh-voltage, stable solution to
the IEEE 14-bus system. These curves, which were plottet)wsintinuation techniques [105],
illustrate how a solution voltage magnitude changes witipprtional increases in power injections

at all buses. The plots show the voltage at the arbitrarigcsed PQ bus five. (Plotting the voltage
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Figure 4.3 IEEE 14-Bus System P-V Curves

at a PQ bus is required since voltage magnitudes at slack\rdiges are fixed.) The P-V curve

using the nominal slack and PV bus voltages is shown in black.

Evaluating the optimization problem (4.11) at an injectioaltiplier of one gives &7 =

~_slack

0.5261. The voltage margin is = 253 = 2.0148 per unit. Thus, no solution can exist if the

slack bus voltage is reduced by more than a factor of 2.014# @il PV bus voltages reduced
proportionally). The gray P-V curve in Figure 4.3a is ob&ginvhen the voltages are thus reduced.
This curve shows that with these reduced voltages, the poyeetions with an injection multiplier
equal to one yield a solution on the power flow solvability bdary; no solutions exist after
any further increase in the injection multiplier. Thus, tleétage margin accurately indicates the
distance to power flow insolvability.

The solution to the optimization problem (4.11) also engabletermination of the power injec-

tion margingn. Solving (4.18) yields; = (éggg?)Q = 4.0595. Thus, the power injections can be
increased uniformly by a factor of 4.0595 until the sufficieondition indicates that no power flow
solutions are possible. The black P-V curve associated thémominal voltages in Figure 4.3a
corroborates this assertion: a power flow solution existaligpower injection multipliers less than

4.0595, but no solution exists beyond this power injectiattiplier.
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The voltage and power injection margins can also be usedvesiigate insolvable power
injections. Consider desired operation at a power injeatmltiplier equal to five. Evaluating the
optimization problem (4.11) at a power injection multipla five givesV "}, = 1.1764. Note
that (4.18) implies that knowledge &f*", at a power injection multiplier of one allows the direct

slack

calculationV/™"", at a power injection multiplier of five:

~slack

Ve tiataies = VI Yotk ey = 1-1764 (4.24)

The voltage margin at a power injection multiplier of fivedis= =% = 0.9011. ¢ < 1
indicates that there is no solution at a power injection iplidtr of five. To potentially achieve a
power flow solution, the slack bus voltage mustincrease Baat a factor ogﬁ = 1.1098 (with
corresponding proportional increases in all PV bus vokag&he gray P-V curve in Figure 4.3b
has the voltages thus increased. Observe that increagingltages allows a solution on the power
flow solvability boundary for an injection multiplier of five

The power injection margim can also be calculated at a power injection multiplier of five

using (4.18).

2
Vo 1.0600Y 2

—slack ’Inj Mult=5
n < 1 implies that no solution exists at a power injection muigpbf five. The power injec-
tion margin also indicates that no solution can exist for @omjection multipliers greater than
0.8119 - 5 = 4.0595. This corresponds to the “nose” point of the black (nomif&l curve in
Figure 4.3b.

4.4.2 |EEE 118-Bus System Results

Results from applying the sufficient condition to the IEEBB4dus system are given in Ta-
ble 4.2. The data are arranged in the same manner as in TablEh& specified slack bus voltage

is Vo = 1.0350 per unit.
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Injection Multiplier | NR Converged | V7',
1.00 Yes 0.5724
1.50 Yes 0.7010
2.00 Yes 0.8095
2.50 Yes 0.9050
3.00 Yes 0.9914
3.15 Yes 1.0159
3.16 Yes 1.0175
3.17 Yes 1.0191
3.18 Yes 1.0207
3.19 No 1.0223
3.20 No 1.0239
3.21 No 1.0255
3.22 No 1.0271
3.23 No 1.0287
3.24 No 1.0303
3.25 No 1.0319
3.26 No 1.0335
3.27 No 1.0351
3.28 No 1.0366
3.29 No 1.0382
4.00 No 1.1448

Table 4.2 Insolvability Condition Results for IEEE 118-Bbigstem

The results can be categorized intro three regions: smalepmjections where the sufficient
condition indicates that a solution is possible and a smtuis indeed found using a Newton-

Raphson solver, larger power injections where the suffic@endition indicates that a solution is
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possible but no solutions are found, and yet larger powectigns where the sufficient condition
indicates that no solutions are possible and no solutianfoaind.

The dimension of the nullspace of the matrix in (4.11b) for the IEEE 118-bus system is
four. Therefore, the expectation that satisfaction of $uill result in power flow solvability may
not hold. Correspondingly, these results emphasize theHat(4.12) is asufficientcondition for
power flow insolvability. Specifically, a power flow solutienot found for injection multipliers
greater than 3.18, even thoudlt§)", is less than the specified slack bus voltage until an injactio
multiplier of 3.27. A continuation power flow indicates thhé high-voltage solution bifurcates at
a power injection multiplier of 3.185, so it is likely that solutions exist after this point. No solu-
tions are found at injection multipliers larger than 3.2 7andnthe sufficient condition indicates that
no solutions are possible. Chapter 7 analyzes non-zerxeateda gap solutions to the optimization
problem (4.20) which result in failure to satisfy the insablity condition for cases that appear to
be insolvable.

The IEEE 118-bus system example is next used to demondimw®ltage and power injection
margins. In Figure 4.4, the voltage margins plotted versus the injection multiplier. Similar to

Figure 4.2, the voltage margin decreases as power injecithanease. The voltage margin crosses

IEEE 118-Bus Voltage Margin o vs. Injection Multiplier

Injection Multiplier

Figure 4.4 |IEEE 118-Bus \oltage Margin
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one at an injection multiplier 0f.2695, indicating that no power flow solution can exist for larger
power injections. For larger power injections, the voltaggrgin provides the minimum increase
in the slack bus voltage (with corresponding proportiomdiage increases at all PV buses) that is
required in order for a power flow solution to possibly exist.

Figure 4.5 shows the P-V curves for the high-voltage, stablation to the IEEE 118-bus
system. The plots provide the voltage at the arbitrarileseld PQ bus 44 (plotting the voltage at
a PQ bus is required since the voltages at slack and PV buséged). The P-V curve using the
nominal slack and PV bus voltages is shown in black.

Evaluating the optimization problem (4.11) associatediliie sufficient condition at an in-

jection multiplier of one gives &%, = 0.5724. The voltage margin is = 12339 — 1.8082.
Thus, no solution can exist if the slack bus voltage is redune more than a factor of 1.8082
(with all PV bus voltages reduced proportionally). The gPay curve in Figure 4.5a is obtained
when the voltages are thus reduced. Although no solutioissfex the gray P-V curve at injection
multipliers larger than one, there are also injection rplitrs slightly less than one for which no
solutions are found with continuation techniques. Thisfigces the fact that the voltage margin

is anupper boundn the distance to the solvability boundary.
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The solution to the optimization problem (4.11) also engbletermination of the power injec-

tion marginyn. Solving (4.18) yields; = ((1)(5)?7’32)2 = 3.2695. Thus, the power injections can be

increased uniformly by a factor of 3.2695 until the sufficieondition indicates that no power flow
solutions are possible. This is also an upper bound on thantis to the solvability boundary: as
indicated by the sufficient condition, the black P-V curveasated with the nominal voltages in
Figure 4.5a has no solutions for power injection multigil&rger than 3.2695, but also appears
to have no solutions for some values of power injection mlidtrs below 3.2695. (It is possible,
but unlikely, that a P-V curve associated with a differeitiBon may exist at injection multipliers
between the “nose” of the P-V curve associated with the kigtage solution at 3.1840 and the
value of 3.2695 from the sufficient condition.)

The voltage and power injection margins can also be usedvesiigate insolvable power
injections. Consider desired operation at a power injeatailtiplier equal to four. Evaluating the
optimization problem (4.11) at a power injection multiplaf four givesy 7" 1.1448. Note

Y slack —

that (4.18) implies that knowledge &f'", at a power injection multiplier of one allows the direct

~slack

calculationV/”"", at a power injection multiplier of four:

~slack

Ve g anaecs = VI Voo g ey = 0-5724 - V4 = 1.1448 per unit

~—slack

The voltage margin at a power injection multiplier of fourdis= 19353 = 0.9041. ¢ < 1
indicates that there is no solution at a power injection plid¢ir of four. To potentially achieve a
power flow solution, the slack bus voltage mustincrease gaat a factor o{)ﬁ = 1.1061 (with
corresponding proportional increases in all PV bus vokxg&he gray P-V curve in Figure 4.5b
has the voltages thus increased. Since no solutions arerévidm the P-V curve at an injection
multiplier of four, it appears that this is not a large enowgltage increase to obtain solvability.
This is a result of the fact thatsfficientcondition for power flow insolvability is used to calculate
the voltage margin; failing to satisfy the sufficient comatitfor power flow insolvability does not

ensure the existence of a solution.
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The power injection margim can also be calculated at a power injection multiplier ofrfou

using (4.18).
Vi ’ 1.0350Y 2
77=< e ) =<1'1—448) = 0.8174
Kslack ‘Inj Mult=4 ’

n < 1 implies that no solution exists at a power injection muiépbf four. The power in-

jection margin also indicates that no solution can exispfmwer injection multipliers greater than
0.8174 - 4 = 3.2695. The “nose” point of the black (nominal) P-V curve in Figur8iis slightly

lower than this upper limit on power flow solvability.

45 Conclusion

This chapter has presented a sufficient condition for ifi@ng power flow insolvability. This

condition requires evaluation of an optimization problérhis optimization problem is proven to

be feasible for lossless power systems; practical powdesysare also expected to yield a feasi
ble optimization problem. To quantify the degree of solliahithis chapter developed controlled
voltage and power injection margins from the sufficient gbod that provide upper bounds on the
distance to the power flow solvability boundary. Finallyg gufficient condition, voltage margin,
and power injection margin are applied to the IEEE 14 andlis8systems. Although this chapter
provides a sufficient condition for power flowsolvability, the majority of evaluated power sys-
tems yielded results similar to the IEEE 14-bus system wa@@wer flow solution was found with
a Newton-Raphson algorithm up to the point identified by tfégent condition as insolvable.

Note that the work in this chapter models generators as mdtdge sources capable of in-
jecting any amount of reactive power; the sufficient coodithas only limited incorporation of
reactive power limited generators. Extension of this rede&o consider reactive power limited
generators is presented in Chapter 5.

Also note that although the methods proposed in this chapgesuitable for off-line planning
studies with contingencies, computational challengeséonidefinite program solvers may pre-
clude the on-line calculation of voltage stability marginyery large-scale systems. Specifically,

the positive semidefinite constraint on a matrix with izex 2n, wheren is the number of buses in
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the system, controls the solution time of (4.11). For lamadiwith known voltage stability issues,
a small, more localized system model could be used to applptbposed methods in an on-line
environment. Further, exploiting power system sparsiiggithe matrix decomposition techniques
detailed in Chapter 3 enables significantly faster soluticihe semidefinite optimization problem
for larger systems.

Finally note that Chapter 7 analyzes the IEEE 14 and 1184xudts to investigate the causes
of non-zero relaxation gap solutions (i.e., solutions wditin (null (A)) > 2) and the subsequent

failure to satisfy the insolvability condition for some eaghat do not appear to have a solution.
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Chapter 5

A Sufficient Condition for Power Flow Insolvability Considering
Reactive Power Limited Generators with Applications to Voltage
Stability Margins

5.1 Introduction

As shown in the previous chapter, it is possible to specigtatpower injections for which no
valid corresponding voltage profile exists. This resulisgolvability of the power flow equations.
It is also possible that no power flow solutions have reagiweer injections that can be supported
by the generators. That is, enforcing reactive power limigy result in power flow insolvability
within the generators’ capabilities [29—-31].

This chapter presents two sufficient conditions that, wiaisfsed, rigorously classify a spec-
ified case as insolvable within the generators’ reactivegramapabilities. The first condition uses
mixed-integer semidefinite programming and yields a va@tsggbility margin that characterizes
a distance to the power flow solvability boundary [18]. Theos®l condition uses real algebraic
geometry and sum-of-squares programming [67] to genemégasibility certificates which prove
power flow insolvability.

See Section 1.2 and Chapter 4 and for an introduction arrdtlite review concerning power
flow insolvability conditions and voltage stability margin(Relevant references include [20-26,
28].) Note that much of the existing literature models gat@s as ideal voltage sources with
no limits on reactive power output. However, reactive polireits are relevant to power flow
solvability since non-existence of power flow solutions nmagult from limit-induced bifurca-

tions [29-31]. Power flow equations identified as solvabl@eurthe conditions proposed in many
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of the references in Section 1.2 and Chapter 4 may not haveduiions within the generators’
reactive power capabilities.

Recognizing the importance of reactive power limits, comnradustry practice determines
static voltage stability margins using repeated power flalgwdations to find the “nose point” of
a power versus voltage (“P-V") curve while monitoring “réae margins” on generators (i.e., the
margin between the generator’s reactive power output atengiperating point and its maximum
reactive output). Descriptions of relevant industry stadd can be found in such works as [32—-34].

Chapter 4 presents a sufficient condition for power flow ivability that yields voltage sta-
bility margins. A semidefinite program is used to evaluate sfficient condition. In contrast to
existing Newton-based methods whose conditions for cgevere are inherently local in nature,
the semidefinite program in Chapter 4 provides a global solub the optimization problem that
is formulated from the originally specified power flow eqoas. However, the method proposed
in Chapter 4 has only a rudimentary incorporation of limitsgenerator reactive power outputs.

This chapter presents two sufficient conditions under wttietpower flow equations are guar-
anteed to be insolvable within the generators’ reactivegravwmits. The first condition is an
extension of the work in Chapter 4 that uses mixed-integeidefinite programming (i.e., opti-
mization problems with both integer and semidefinite matarstraints) to model reactive power
limited generators. The ability to achieve a global optimenables the guarantee of solution
non-existence upon satisfaction of a sufficient condition.

The computation for the first condition provides a powerctiggn margin to the power flow
solvability boundary. This margin is a non-conservativeifeh Thus, for an insolvable set of
specified values, a change in power injectionsabjeastthe amount indicated by the power in-
jection margin is required for the power flow equations tg@beentiallysolvable. More precisely,
the margin identifies the shortest distance (as measureldebghiange in power injections in the
direction of a specified injection profile) to a point at whtble sufficient condition for power flow
insolvability fails to be satisfied.

Current mixed-integer semidefinite programming solveesratatively immature, and unlike

algorithms for semidefinite programs, solvers are not &sktarrun in polynomial time. However,
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this is an active area of research, and future availabifitpore capable algorithms is anticipated.
Existing tools [63, 64] can solve the proposed formulationdmall power system models, and
Section 5.3.3 discusses potential modifications that ingthe computational tractability of the
proposed formulation with respect to solution algorithmghie literature [65, 66].

The second sufficient condition for power flow insolvabilityes the concept of infeasibility
certificates from the field of real algebraic geometry [6Afehsibility certificates for polynomial
equations are calculated using sum-of-squares decongssihat are themselves computed with
semidefinite optimization programs. Specifically, infb#gy certificates use the Positivstellen-
satz theorem, which states that there exists an algebraititg to certify the non-existence of
real solutions to every infeasible system of polynomialadijes and inequalities [67]. This the-
orem does not require any assumptions about the system yriguolals. Since the power flow
equations can be expressed as a system of polynomial eggialitfeasibility certificates can be
directly applied to power flow problems. Further, this clespormulates limits on generator reac-
tive power outputs as a system of polynomial equalities aadualities and thus provides a means
for extending the theory of infeasibility certificates tongr flow problems with these limits.

The organization of this chapter is as follows. Section &daws the power flow equations
with an emphasis on their polynomial representation and#tevior of reactive power limited
generators. Section 5.3 then describes the first sufficenditon for power flow insolvability and
defines a power injection margin. Section 5.4 first provides\eerview of infeasibility certificates
and sum-of-squares programming and then describes thads@roposed sufficient condition.
Numeric examples using standard test systems are providgeltion 5.5. The work described in

this chapter is published as [106].

5.2 The Power Flow Equations Considering Reactive Power Liited Genera-
tors

With a rectangular representation for complex voltagés= V,; + jV,;) and rectangular “ac-
tive/reactive” representation of complex poweét; + j@;), the power flow equations are formu-

lated as polynomial equalities. The power flow equationsiat lare
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P, = fpi (Vg, V) =Vy Z (GitVar — Birn Vi) + Vi Z (BirVar + Gir Vi) (5.1a)
k=1 k=1

Qi = foi Va, Vo) =V Y (—BitVar — GixVige) + Ve > (GiVar = BiVi)  (5.1b)
k=1 k=1

whereY = G + jB is the network admittance matrix ands the number of buses in the system.
The rectangular voltage components must additionallgfsatne voltage magnitude equation,

which is also a polynomial equality.

V2= fui (Vi Vi) = Vi + V2 (5.1c)

Using the voltage at the slack bUS,.x = Vi siack + 7V siack @S an angle reference, gqq. = 0.

To represent typical behavior of equipment in the poweresyseach bus is classified as PQ,
PV, or slack according to the constraints imposed. PQ bugash typically correspond to loads
and are denoted by the seD, treatP; and(); as specified quantities and enforce the active power
(5.1a) and reactive power (5.1b) equations at that bus. PBéduwhich typically correspond
to generators and are denoted by the78¥t specify a voltage magnitudé and active power
injection P, and enforce the active power and voltage magnitude equaftoha) and (5.1c). The
associated reactive pow@t may be computed as an “output quantity” via (5.1b). Finallgingle
slack bus is selected with specifiégi andV, (typically chosen such that the reference angle is
0°). The setS denotes the slack bus. The active poweand reactive powel); at the slack bus
are determined from (5.1a) and (5.1b); network-wide corsgem of complex power is thereby
satisfied.

Additionally, generator reactive power outputs must bdimispecified limits. If a generator’s
reactive power output is between the upper and lower lirthies,generator maintains a constant
voltage magnitude at the bus (i.e., the bus behaves like auBY H a generator’s reactive power
output reaches its upper limit, the reactive power outpdixesd at the upper limit and the bus
voltage magnitude is allowed to decrease (i.e., the busveshike a PQ bus with reactive power

injection determined by the upper limit). If the generadagactive power output reaches its lower
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limit, the reactive power output is fixed at the lower limitdathe voltage magnitude is allowed
to increase (i.e., the bus behaves like a PQ bus with regotivesr injection determined by the
lower limit). Figure 5.1 shows the reactive power versusage magnitude characteristic for this
generator model with a voltage setpoint6f, lower reactive power limit of)™™", and upper

reactive power limit of)™*,

Reactive Power versus Voltage Magnitude Characteristic

Qmax

Reactive Power
T

Qmin |

0 vE
Voltage Magnitude

Figure 5.1 Reactive Power versus Voltage Magnitude Cheniatit (Reproduction of Figure 1.1)

5.3 A Sufficient Condition for Power Flow Insolvability Using Mixed-Integer
Semidefinite Programming

This section first presents a voltage stability margin fa& plower flow equations using the
model of reactive power limited generators described imptiegious section. Reactive power limits
are formulated as a mixed-integer semidefinite program.ré&helting voltage stability margin is
then used to provide the first sufficient condition for powewfinsolvability with consideration
of reactive power limited generators. This section als@ulises computational considerations

associated with the mixed-integer semidefinite programgrformulation.
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5.3.1 Mixed-Integer Semidefinite Programming Formulationfor a Voltage Sta-
bility Margin
This section first formulates a mixed-integer semidefinitgypam to calculate a voltage stabil-

ity margin that incorporates generator reactive powertsmro write the semidefinite relaxation,

first define the vector of voltage coordinates

T=1Va Vao oo Van Vo Ve ... Vi (5.2)

Then define the rank one matrix

W =2z’ (5.3)

The matricesY,, Y, andM, employed in the formulation are defined in Chapter 2. The
active and reactive power injections at buare given bytrace (Y;W) andtrace (Y;W). The
square of the voltage magnitude at bus given bytrace (M;W).

Replacement of the non-convex rank constraint (5.3) byehs $tringent constraiww > 0,
where> 0 indicates the corresponding matrix is positive semidedjnjitelds the convex semidef-
inite relaxation. This relaxation gives a lower bound fag tllobally optimal solution of the rank
constrained problem. Further, a solution to the semidefi@laxation has zero relaxation gap if

and only if the rank condition (5.4) is satisfied (i.e., thiaxation is “tight”).

rank (W) <2 (5.4)

For a zero relaxation gap solution, a unique rank one ma¥igan be recovered by enforcing the
known voltage angle at the slack bus [7].

The work described in Chapter 4 uses the semidefinite retax& define margins to the
power flow solvability boundary. The additional flexibiliprovided by mixed-integer program-
ming is used to extend this work to model reactive power kohigenerators. The mixed-integer

semidefinite programming formulation is given in (5.5).
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bject t 5.5a
W, 1 b o 59
trace (YyW) = P.n Vk € {PQ, PV} (5.5b)

(YxW) = Qpin Vk € PQ (5.5¢)
trace (Y W) > Qreyy + Q7™ (1 — Yy
Vk € {PV, S} (5.5d)
(YiW) < Qpimpry + Qor (1 —1ry.)

trace (M, W) > (V) (1 — ) vk e {PV, S} (5.5€)

trace (M, W) < (V) (1 — ¥rp) + dibre

Yok + Yok <1 Vk e {PV, S} (5.5f)
Z (Yrr + Vo) <ng —1 (5.50)
ke{PV, S}
W 0 (5.5h)
Yy € {0, 1} Y € {0, 1} Vk e {PV, S} (5.50)

whered is a large scalar such that the upper limit of (5.5e) is naming wheny;, = 1, and
the scalam, is the number of generators (i.e., the number of slack andu®¢d). Let)** be a
globally optimal solution to (5.5).

Generator reactive power and voltage magnitude limitsiafi@eed by equations (5.5d), (5.5e),
(5.5f), and (5.5g). When the binary variahle, is equal to one, the upper reactive power limit of
the generator at busis binding. Accordingly, (5.5d) fixes the reactive powerpuitat the upper
limit and (5.5e) sets the lower voltage magnitude limit toozéWhen the binary variable;, is
equal to one, the lower reactive power limit of the generatobusk is binding. Accordingly,
(5.5d) fixes the generator reactive power output at the |dwet and (5.5e) removes the upper
voltage magnitude limit. When both,,, = 0 andyr, = 0, (5.5d) constrains the reactive power
output within the upper and lower limits and (5.5e) fixes tloétage magnitude to the specified

valueV;*. Consistency in the reactive power limits is enforced bf(5.a generator’s reactive
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power output cannot simultaneously be at both the upperamerllimits. Finally, reactive power
balance is enforced by (5.59).

Note that the formulation (5.5) gives a power injection niraig the specific direction of a
uniform, constant-power-factor injection profile; howevbe formulation can be extended to con-
sider the impact of non-uniform power injection profilese8ifically, a semidefinite relaxation can
be written for any choice of the right hand side of the powggation constraints (5.5b) and (5.5c¢)
that is a linear expression of active and reactive poweciiges P, and(@);., the square of voltage
magnitude(vk*)Q, and the degree-of-freedom For instance, with nominal power injectioii%,

andQo, choosing the expressions

Pro+n (5.6a)
Qro + tan (¢p) n (5.6b)

for the right hand sides of the active power constraint (babtul reactive power constraint (5.5c),
respectively, yields an additive power injection margintfee injection profile with specified power
factor angles);.

Although alternate right-hand-side expressions allowcdculating the power injection mar-
gin for non-uniform injection profiles, the insolvabilitpndition that is described next is not ap-
plicable for all injection profiles (e.g., a right hand sidegesifying an injection profile with a

non-uniform power factor anglg; as in (5.6)).

5.3.2 Optimality Considerations and a Sufficient Conditionfor Power Flow
Insolvability

The solution to (5.5)y™*, is a voltage stability margin to the power flow solvabilipundary
with consideration of generator reactive power limits. ¢micast to traditional iterative methods
that may only obtain a locally optimal solution, the formtida (5.5) yields a globally optimal
voltage stability margin.

Itis important to note thaf™** is, in general, a non-conservative bound. Thus, for anvaddé

set of specified valueg,"** indicates thdeastfactor by which the power injections must change
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in the specified profile for the power flow equations topa¢entiallysolvable. For a solvable set
of specified valuesy™** indicates thegreatestfactor by which the power injections can change
while the power flow equations remgpotentiallysolvable.

The non-conservativeness of the bound givemB$ is a result of the possibility that a solu-
tion to (5.5) does not satisfy the rank condition of the segfirdte programming relaxation (5.4)
(i.e., the solution to (5.5) exhibits non-zero relaxati@p) If a solution to (5.5) satisfies the rank
condition and thus exhibits zero relaxation gap, a power #owtion can be obtained [7]. This
power flow solution is the furthest possible point (i.e.,‘these point”) of a P-V curve constructed
with consideration of generator reactive power limits.cgi5.5) can be solved to global optimal-
ity, a solution satisfying the rank condition is guaranté@dbcate the furthest possible point on
the P-V curve. (This is an advantage over traditional iteeaipproaches which are not guaranteed
to locate the furthest possible point.) For solutions §atig the rank condition (5.4), the voltage
stability marginn™®* provides the exact distance to the power flow solvabilityrimtary rather
than a non-conservative bound.

A globally optimaln™* provides a sufficient but not necessary insolvability ctodifor the
power flow equations with generator reactive power limitge&fically, since;™** is a measure

of the distance to the power flow solvability boundary,

pmer < 1 (5.7)

is a sufficient but not necessary condition indicating thatdpecified set of power flow equations

has no solution. Conversely,

pmeT > 1 (5.8)

is a necessary but not sufficient condition for power flow ability. The conditions (5.7) and (5.8)
hold regardless of the rank properties of the solution t6)(6.e., the semidefinite relaxation need
not be “tight”).

Note that unlike previous work in Chapter 4 which developg@oinjection margins using a

provably feasible optimization problem, the formulations.5) does not have a feasibility proof.



109

That is, it may be possible to specify a set of power flow eguatifor which the optimization
problem (5.5) has an empty feasibility set; the formula{er®) can fail when an injection profile
is specified that does not have a value stich that the power injections have a valid corresponding

voltage profile (i.e., the power flow equations are insoledbt any choice of; in (5.5)).

5.3.3 Computational Considerations

Computational challenges exist in solving mixed-integegnslefinite programs. Without con-
sidering the integer constraints, the computational requénts of a semidefinite relaxation of the
power flow equations scales with square of the number of buas computational advances
described in Chapter 3 that exploit power system sparsisgmidefinite program relaxations can
be applied to ameliorate this challenge. Thus, each semiggfirogram evaluation internal to the
mixed-integer semidefinite program solver can be perforsiguificantly more quickly.

The integer constraints introduce added difficulty, andediinteger semidefinite program-
ming algorithms are not as mature as, for instance, mixestyar linear programming algorithms.
The existing mixed-integer semidefinite programming SABARON [63] and YALMIP [64] are
suited for small problems. For instance, YALMIP’s branciddound solver is capable of cal-
culating the voltage stability margin using (5.5) for IEEESH systems [68] with sizes up to 57
buses.

The algorithms described in [65] and [66] claim to be capalblsolving large mixed-integer
semidefinite programs. The algorithm proposed in [65] idtkoh by the need to symbolically
invert certain submatrices of the positive semidefinitest@ined matrix, which is computation-
ally intractable for large matrices. However, this limitet may be overcome for power systems
applications by exploiting the sparsity inherent to powgstem models. Specifically, the ma-
trix completion techniques described in Chapter 3 creatlekkdiagonal positive-semidefinite-
constrained matrix; since each block can be separatelytetjethe algorithm described in [65]
may be computationally tractable for large power systems.

An additional technique for improving the computationalctability of the proposed method

employs a semidefinite relaxation of the integer constsq®bi). This relaxation uses the fact that
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the binary constraint € {0, 1} is equivalent to the quadratic constraifit — ¢» = 0. Define the

constant matriXN as

N = (5.9)

If the 2 x 2 symmetric matrixR is rank one and®R!! = 1, thenR? = (R!2), where superscript
cd indicates théc, d) entry of the corresponding matrix. Then the equatiore (NR) = R* —
R!2 = ( implements the quadratic constraifi@!2)® — R!2 = 0. For reactive power limited
generator bug, semidefinite relaxations of the quadratic equations ¢eplacing the requirement
rank (R) = 1 with the less stringerR >~ 0) are then implemented with the constraints given in

(5.10), which replace the binary-constraints (5.5i).

trace (NRy;) =0 trace (NRz;) =0 (5.10a)
Ry, =1 R} =1 (5.10b)
Ry, = Yui R} = ¢ (5.10c)
Ry, = 0 Ry; = 0 (5.10d)

The positive semidefinite constraint (5.10d) relaxes tid ane requirement on thHe;;; andR ;
matrices. See reference [107] for further discussion araxation technique.

Semidefinite relaxation of the integer constraints usingQpyields an upper bound, denoted
asi™**, on the distance to the power flow solvability boundary cdesing reactive power limited
generators. Accordingly, the sufficient condition for poWew insolvability (5.7) holds with this
relaxation (i.e.7** < 1 is a sufficient condition for power flow insolvability). If éhsolution to
the relaxed problem has rank oRg,; andR;;; matrices for all reactive power limited generator
buses, the semidefinite relaxation of the integer conggrasritight.” With additional satisfaction
of the rank condition foW (5.4), the proposed formulation gives the exact distan¢begower

flow solvability boundary.
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Unlike the semidefinite relaxation of the power flow equadiathis relaxation of the integer
constraints is typically not “tight” and, as will be shown $ection 5.5, may substantially over-
estimate the distance to the power flow solvability boundatyis section therefore proposes the
following method for obtaining a lower bound on the distatawthe power flow solvability bound-
ary. First, calculatg™** with relaxed integer constraints from (5.10). Then, ushegolution to
the relaxed problem, set all valuesf; and+;; that are over a specified threshold to one with
the remainder set to zero. Solve the semidefinite prograb) @bth the specified values faf;
andv ;. If the resulting solution has non-zero relaxation gap,(thee solution satisfies (5.4)), the
solution provides a lower bound, denotedigs®, on the distance to the power flow solvability
boundary considering reactive power limited generatditsel rank condition (5.4) is not satisfied,

the solution does not provide a bound on the distance to tepibow solvability boundary.

5.4 A Sufficient Condition for Power Flow Insolvability Using Infeasibility
Certificates

The second sufficient condition for power flow insolvabilityes real algebraic geometry and
sum-of-squares programming to develop infeasibilityiieates. After providing an overview of
infeasibility certificate theory, this section formulateactive power limits as a system of polyno-
mial inequalities and equalities. This enables applicatibthe Positivstellensatz theorem, which
states that there exists an algebraic identity to certiéyrtbn-existence of real solutions to every

infeasible system of polynomial equalities and inequesi{f67].

5.4.1 Overview of Infeasibility Certificate Theory

This section first introduces the theory used in constrgditifeasibility certificates, specifi-
cally the Positivstellensatz theorem and the relationbbipreen sum-of-squares and semidefinite
programming. See [67] for a more detailed overview of thisamal.

Notation and several definitions are required for undedstathe infeasibility certificate the-

ory. This theory applies to a ring of multivariate polynomiavith real coefficients, which is
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denoted a® [z] for the variableq 1, . .., z,}. Some polynomials have a sum-of-squares decom-

position. These polynomials can be written as

p(x)=) a(@), aeR[] (5.11)
Note that this decomposition is not necessarily uniqueyriwhials with sum-of-squares decom-
positions have the important property that they are noratngfor all values of:.
Polynomials with sum-of-squares decompositions can avaywritten in the form of a semidef-
inite program [67]. Define the vectarusing monomials of.

T
z2=\1 @ o ... T, T3 ... ;T T3 ... (5.12)

Then any polynomial with a sum-of-squares decompositiono@awritten as

p(z) =27Qz (5.13)
whereQ > 0. Thus, sum-of-squares decompositions can be calculated ssmidefinite opti-
mization techniques.

Two definitions necessary for creating infeasibility deséites are next introduced. First, the

ideal of a set of multivariate polynomialsfi, . . ., f,,} is defined as
=1
Note that every polynomial indeal (f1,..., f.) IS zero at the zeros of the polynomials

fi,-- oy fm. Thatis,fi (xg) =0,..., fi (zo) = 0 implies that any polynomialitdeal (f1,. .., fn)
is zero when evaluated af.

Next define theoneof the set of multivariate polynomialgyy, ..., g.} as

cone (g1, .., g:) =S gl g=s0+ Y sigi+ > $i5gigi+ > Sijkgigigh + - (5.15)
i {i3) ik}

where the terms, s;;, sk, ... are sum-of-squares polynomials. Note that every polynbimia

cone (g1, . . ., gr) IS non-negative ify, (z) > 0 Vk.
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The Positivstellensatz theorem can then be written asislid he set of polynomial equations

fi(x)=0 i=1,....,m (5.16a)
ge(x) >0  k=1,...,7 (5.16b)

is infeasible inR” (i.e., the equations admit no real solution) if and only grexist polynomials

F(z) €ideal (f1,..., fm)

G (x) € cone (g1, - - -, gr)

such thatt' (z) + G () = —1 for all .

Since Fis inideal (f1,..., fm), F (o) = 0 for any solutionz, to the equationd; (z¢) =
0, i«=1,...,m. SinceG is in cone(gy,...,q:), G(yo) > 0 for any pointy, in the feasible
set ofgy (o) > 0, k= 1,...,r. Thus,F (z) + G (zo) must be non-negative for any that
satisfies (5.16). However, existence of suchrgoontradicts the fact thaf (z) + G () = —1 for

all z. Thus, no validr, exists and the set of equations (5.16) is infeasible.

5.4.2 Infeasibility Certificates for the Power Flow Equatians

This section next applies infeasibility certificate thetoythe power flow equations. In or-
der to apply infeasibility certificate theory to power flowuadjons with reactive power limited
generators, the reactive power versus voltage magnituglacteristic shown in Figure 5.1 is for-
mulated as a system of polynomial equalities and ineqgealitinfeasibility certificates are then
generated for both this polynomial system and the power flguagons without reactive power

limited generators.

5.4.2.1 Polynomial Formulation of the Power Flow Equations

In order to generate infeasibility certificates, the powawnfequations with reactive power lim-

ited generators are represented as a system of polynoraguatities and equalities. The power
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flow equations without consideration of reactive power tedigenerators are polynomial equal-
ities in terms of the voltage componerifs andV, as shown in (5.1). The reactive power limit
characteristic shown in Figure 5.1 is next formulated ag afggolynomial equalities and inequal-

ities in the form of (5.16). Reactive power limits at the gexter busi are written as

fri= (V) = Vi + Vit (5.17a)
Q" — foi =i (5.17b)
Viwi =0 (5.17c)
Vi (Qre = QP — 1) = 0 (5.17d)
Q= Q" — ;>0 (5.17¢)
V>0, V720, >0 (5.17f)

where the polynomial functiongy, (Vy, V;) and fv,; (Vy, V,) are defined in (5.1b) and (5.1c),
respectively.

The variabler; represents the distance to the upper reactive power limihogenerator bus
(i.e., z; is a “slack variable” for this limit). Withz; constrained to be non-negative in (5.17f), the
reactive power generation at biis maintained within its upper limit. Similarly, the distato the
lower reactive power limit i€)** — Q™" — x;, which is constrained to be non-negative in (5.17€).
Reactive power generation is thus greater than or equattioer limit. With equality constraints
(5.17a) and (5.17c), the non-negative varidhieallows the voltage magnitude at bit® decrease
when the reactive power generation is at its upper limit.i&iry, with equality constraints (5.17a)
and (5.17d), the non-negative variabblg allows the voltage magnitude at bu increase when
the reactive power generation is at its lower limit. Thug #et of equations (5.17) models the

reactive power versus voltage magnitude characteristiwslhin Figure 5.1.
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5.4.2.2 Infeasibility Certificates for the Power Flow Equatons Without Con-
sidering Reactive Power Limits

With a polynomial formulation, infeasibility can be vertfi@ising the Positivstellensatz theo-
rem. This section first considers the case without reactiveep limits on generators (i.e., genera-
tors are modeled as ideal voltage sources with fixed voltéiger any reactive power output). For
this case, the power flow equations are entirely in the forpobfnomial equalities. An infeasibil-
ity certificate is found if a polynomial’ (V;, V,) in the ideal formed by the power flow equations
(5.1) satisfies

F(Vy,V,) = -1 (5.18)

A polynomial in the ideal of the power flow equations has theto

F(VaVy) = Vostack + Y M(fri—P)+ Y ilfoi— Q)+ Y wi(fvi—V7?) (5.19)

ic{PV,PQ} i€PQ ie{S,PV}

whereV, .. IS theg-component of the slack bus voltage and, -, andyu are polynomials (which
are not necessarily sum of squares) associated with thke slecangle, active power injection,
reactive power injection, and squared voltage magnitudatans, respectively.

Using the Positivstellensatz theorem, the power flow equoatare insolvable if there exist
polynomialsr, A, v, andyu such thatF (V,, V,) = —1. This condition is evaluated by attempting
to find a sum-of-squares decomposition for the polynomial (V;,V,) — 1 using semidefinite
programming. If such a decomposition exists, the power flguagions are proven insolvable.

This can be understood using the fact that the polynomifalV;;, V,) — 1 is negative for any
values ofl; andV, that are solutions to the power flow equations (5.1); comlgre sum-of-
squares decomposition is non-negative for all valueg;andV,. Thus,—F (V;,V,) — 1 being a
sum of squares provides a sufficient condition for the povesv #quations to be insolvable.

Note that the theory used to develop this result does noigea@ny information on the neces-
sary degree of the unknown polynomials\, v, andu. A need for high-degree polynomials may

make this method computationally intractable, and thezeeaamples of polynomial equations for
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which high degrees are necessary to prove infeasibilitg][1Bortunately, numerical experience
suggests that low-degree choices for\, v, andp often suffice for proving insolvability of the
power flow equations. For instance, infeasibility certifsawere generated using constant (degree

zero) polynomials for the numeric examples shown in thei&e&.5.

5.4.2.3 Infeasibility Certificates for the Power Flow Equaions Considering
Reactive Power Limits

To find infeasibility certificates for the power flow equatsonith reactive power limited gen-

erators (5.1a), (5.1b), and (5.17), form the following paynial.

H Ve, Voo, VI V) = ™Voaer + > Ni(fri = P)+ Y i (fai — @)
1€{PV,PQO} i€EPQ

+ Z {wu ) =V + Vit — fw) + o (QF"™ — foi — i) + Y3V x;

1€{S,PV}
+ Yy (szm - Q" — xz) Vit + sy (szm — QU — JUZ) + o, Vit + s Vi + S4z‘l"z}
(5.20)

whereyy;, 1o;, 13;, andyy; are polynomials ané;, s»;, s3;, andsy; are sum-of-squares polynomi-
als. If the polynomials-, )\, +, and and sum-of-squares polynomial€an be chosen such that
—H (Vg, Vg, x,V*T,V~) — 1is a sum of squares, the power flow equations with considerat
reactive power limits on generators are insolvable.

As shown in (5.20) H is a quadratic function of the variables V", andV~ used to model
the reactive power limits as well as the voltage compongptndV,. For ann-bus system with
n, reactive power limited generators and constant (degreg petynomials chosen fat, A, v, v,
ands, the number of monomials used in a sum-of-squares decotigosf H (i.e., the number
of entries inz for the form (5.13)) is equal t@n + 3n, + 1. Since the number of entries in the
positive semidefinite matriQ in (5.13) scales as the square of the number of monomiais in

a naive implementation for creating infeasibility cecifies becomes computationally intractable
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for moderate size systems. However, pre-processing theo$isguares program with the New-
ton Polytope method [109] decreases the number of monomaglgred in the decomposition,
thus reducing the computational burden of the sum-of-sguprogram. While this method im-
proves computational tractability, further computatioadvances may be necessary for practical
application to large-scale systems.

Experience with the IEEE test systems demonstrates thessiffility certificates are not found
with either degree zero or degree one polynomials when hmplkrand lower limits on generator
reactive power outputs limits are modeled. Since the nurob@enonomials required increases
combinatorially with the degree chosen for the polynomieti®ices of higher degree polynomials
are not computationally tractable. However, infeasiypitirtificates are found by neglecting lower
reactive power limits on generator outputs. If lower linots reactive power outputs are not con-
sidered, (5.17) is simplified by eliminating equations {&ljland (5.17¢) as well d§" in (5.17a)
and (5.17f), with corresponding changes to (5.20). Sinegfdimits on reactive power outputs
are rarely responsible for power flow insolvability throughit-induced bifurcations, neglecting

the lower limits is an acceptable approximation for the éamgpjority of cases.

5.5 Examples

This section next applies the mixed-integer semidefinitgamming and the infeasibility
certificate formulations to test systems using optimizatiodes YALMIP [64] and SeDuMi [59].
Consider a power injection profile where the active and reaatjections at both PQ and PV buses
are uniformly increased at constant power factor as in (5.5)

This section first considers application to the IEEE 14-lysdesn [68]. The power injection
margin calculated from (5.5) ig™** = 1.3522. Since the solution obtained from (5.5) satisfies the
conditionrank (W) < 2, the condition (5.8) indicates that a power flow solutiorsexior power
injection changes in the direction of the specified profileapn injection multiplier of 1.3522.
The insolvability condition (5.7) indicates that no sotutts exist for power injection multipliers

greater than 1.3522.
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Although the IEEE 14-bus system is small enough to find a glopamum to (5.5) with
branch-and-bound techniques, this test case can alstralleishe use of the relaxations proposed
in Section 5.3.3. With alR;; matrices being rank two, the relaxation of the integer aansts
is not “tight.” The resulting upper boung™** of 5.3589 is well above the actual maximum value
of 1.3522. In an attempt to obtain a lower bouyitt®, set to one all integer variables;; and
1, that are above a threshold of 0.5, with the remainder setrtm 4&or this case, alby; = 1
andy;; = 0 except for the variables corresponding to the slack buse)stiution to the resulting
semidefinite optimization satisfies the rank condition &#4d therefore provides a lower bound
n™** of 1.3522. Thus, the lower boung™* for this case is equal to the actual value;of.

Considering only upper reactive power limits for compuwaél tractability, an infeasibility
certificate is found using (5.20) with constant (degree gpatynomials for an injection multi-
plier of 1.36. This infeasibility certificate proves powesvll insolvability for this power injection
profile. Note that the infeasibility certificates do not ditg provide a measure of the distance to
the power flow solvability boundary. However, a measure aadiculated using binary search
over loading cases in the direction of the specified powectipn profile (uniform power injection
changes for these examples).

In Figure 5.2, these results are verified by tracing the P-Wewvhile enforcing generator
reactive power limits for the IEEE 14-bus system. When a gdoereaches a reactive power
limit, the bus is converted to a PQ bus with reactive powesatipn determined by the binding
reactive power limit. The “nose point” of the P-V curve fordlsystem occurs when all generators,
including the generator at the slack bus, reach upper veggtiwer limits. Without the ability to
enforce reactive power balance, the power flow solutionpgisars in a limit-induced bifurcation
at a power injection multiplier of 1.3522, thus verifyingthaf the proposed sufficient conditions
for power flow insolvability.

Table 5.5 shows the results of the proposed sufficient comdifor several of the IEEE test
systems considering reactive power limited generatoree ddlumns of Table 5.5 show 1.) the

system name, 2.) the nose point identified by tracing the RHWecof the high-voltage, stable
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14-Bus System Power vs. Voltage
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Figure 5.2 IEEE 14-Bus Power Injection Margin with Generd&eactive Power Limits

System| Trace nmer 7T n™e® | Infeasibility
Nose Point Certificate
14-bus| 1.3522 | 1.3522| 5.3589| 1.3522 1.36
30-bus| 2.8609 | 2.8609| 3.3218| N/A 2.86
57-bus| 1.6486 | 1.6486| 4.4261| 1.6486 1.65

Table 5.1 Stability Margins For IEEE Test Systems ConsidgReactive Power Limited
Generators

power flow solution, 3.) the value of** for a global solution to (5.5) calculated using branch-
and-bound techniques, 4.) an upper bogfitf resulting from relaxing the integer constraints with
(5.10), 5.) a lower boung™** resulting from the technique described in Section 5.3.8,Gahthe
smallest power injection multiplier for which an infeadityi certificate is found using constant
(degree zero) polynomials and only upper limits on reagtio@er generation. A case for which
no lower bound;™** could be estimated (i.e., the solution did not satisfy tmk @ondition (5.4))
is denoted with “N/A" in the fifth column of Table 5.5.

Note that the only method with a guarantee of the actual miigtéo the power flow solvability

boundary is a global solution to the mixed-integer semidefiprogramming formulation (5.5)
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that satisfies the rank condition (5.4). (The rank condit®ratisfied by solutions to the IEEE
14, 30, and 57-bus systems.) The remaining methods proyderwbounds#{™**, n™* with

a solution that does not satisfy the rank condition (5.4) eufeasibility certificates) and lower
bounds (tracing the P-V curve and** with a solution that satisfies the rank condition (5.4)) on
the actual distance to the power flow solvability boundary.

The results in Table 5.5 verify the proposed sufficient cobons for power flow insolvability.
The voltage margin™** from (5.5) matches the nose points of the P-V curves. Althdabg upper
bound;™** does not give a result close to the nose point, the lower bqUfiti when calculable,
matches the actual valg&**. Finally, infeasibility certificates identify the nose pofor each test
case.

Infeasibility certificates can also be found without coesidg reactive power limits on gener-
ators. As shown in Chapter 4 for the IEEE 118-bus systemethey be loadings for which no
power flow solution is found but the sufficient conditions pawer flow insolvability are not satis-
fied. Using (5.19), the smallest injection multiplier cetll infeasible with constant (degree zero)
polynomials is equal to the power injection margin calaegaising the semidefinite-programming-
based sufficient condition for power flow insolvability dabed in Chapter 4. (Specifically, while
the nose point resulting from a continuation trace of théhigltage, stable solution is at an injec-
tion multiplier of 3.18, both the sufficient condition forsalvability from Chapter 4 and a degree-
zero infeasibility certificate are first satisfied at an itige multiplier of 3.27.) This suggests the
possibility of a deeper connection between the infeagjbdertificates with degree-zero polyno-
mials and the semidefinite-programming-based sufficientliton for power flow insolvability,
at least for cases without reactive power limited genesat@ote that computational limitations

preclude use of higher-order polynomials, which may moosely identify the nose point.)
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5.6 Conclusion

This chapter has presented two sufficient conditions forgediew insolvability considering
reactive power limited generators. The first condition folates a mixed-integer semidefinite
program to determine a global voltage stability margin.sThargin gives a bound on the distance
to the power flow solvability boundary and can be applied tthlsolvable and insolvable sets of
power injections. For solutions that satisfy a rank cooditithe proposed formulation gives the
exact distance to the solvability boundary (i.e., a guaaiaf the “nose point” of the P-V curve).
The margin gives a sufficient condition for power flow insdiivdly with consideration of reactive
power limited generators.

The second sufficient condition creates infeasibilityiiedtes to prove power flow insolvabil-
ity. Writing the power flow equations, including reactiveng limits on generators, as a system
of polynomial equalities and inequalities allows for apption of the Positivstellensatz theorem
from the field of real algebraic geometry. If a specified polymal can be written in sum-of-
squares form, which is determined using semidefinite pragreng, the power flow equations are
proven insolvable.

Both sufficient conditions, along with several approxiraas to improve computational tractabil-
ity, are applied to IEEE test systems. The results show teasutfficient conditions are capable
of identifying the distance to the power flow solvability mmlary with consideration of reactive

power limited generators.
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Chapter 6
Multiple Solutions to the Power Flow Equations

6.1 Introduction

The previous two chapters considered conditions for nostexce of solutions to the power
flow equations. Next, this chapter investigates questieladad to multiple solutions to the power
flow equations. These solutions correspond to the equihibpoints of the underlying differen-
tial equations that govern power system dynamic behavicwell known that large numbers of
such solutions can exist [110]. Power systems are typicgrated at the high-voltage, stable
solution, for which numerous solution techniques have reloped (e.g., Newton-Raphson,
Gauss-Seidel, etc.). However, other solutions are alsotefast. For instance, multiple solu-
tions, particularly those exhibiting low-voltage maguiéy are important to power system stability
assessment and bifurcation analysis [36—40].

A direct approach to finding multiple power flow solutions pigninitializes Newton-Raphson
iterations [9] over a range of carefully selected candidatal conditions. However, this approach
does not guarantee obtaining all power flow solutions. Irtte@raapproach, Salam et al. [42] apply
the homotophy method of Chow et al. [43] to the power flow peatnl This method can reliably
find all solutions, but has a computational complexity thaigs exponentially with system size.
It is not computationally tractable for large systems.

Ma and Thorp published a continuation-based algorithmttiet claimed would reliably find
all solutions to the power flow equations [44, 45]. Since tbenputational complexity of this
algorithm scales with the number of actual rather than péssolutions, it is computationally

tractable for large systems. A similar algorithm is usedrd &ll type-1 power flow solutions [46].
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Type-1 solutions are those where the Jacobian of the poweeflpations has a single eigenvalue
with positive real part. Type-1 solutions are closely rethtio voltage instability phenomena [47].

The completeness proof of Ma and Thorp’s continuation-thadgorithm (i.e., the claim that
the algorithm will find all power flow solutions for all systeiis shown to be flawed in the
appendix of the thesis of reference [48]. That thesis, hewealoes not provide a counterexample
to the completeness claim. In Section 6.2, this chapteriges\a five-bus system counterexample
to the completeness claim; the continuation-based alguoriails to find all solutions to the power
flow equations for this system. Since this system contaigpe&1 solution, the continuation-based
algorithm also fails to obtain every type-1 solution. Thigriwis published as [111].

Since other methods for finding all solutions to the power feguations are not computa-
tionally tractable for large systems, current literatuifers no method for reliably computing all
solutions to the power flow equations for practically sizggtems. Other methods for calculat-
ing multiple power flow solutions are therefore worthy ofeasch. In Section 6.3, this chapter
next describes a method for calculating multiple solutiosiag the semidefinite relaxation of the
power flow equations. This method modifies the constraindstla@ objective function of the OPF
problem to find a solution with desired voltage magnitudeatizristics. Specifically, the objec-
tive function is chosen to be a linear function of squaredagd magnitudes. In the two test cases
examined, this method was successful in finding all of thegydlow solutions. Although not all
choices of objective functions yielded physically meafuhgolutions, objective functions capable

of finding all solutions for the two test systems were ideedifiThis work is published as [83].

6.2 Counterexample to a Continuation-Based Algorithm for knding All Power
Flow Solutions

This section presents a five-bus system counterexample tiahm that the continuation-based
algorithm will reliably find all solutions to the power flow egtions. All ten solutions to the five-

bus system were calculated using a homotopy method [42].
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Results obtained from applying the continuation-basedrélgn to the five-bus system show
that there are three groups of solutions that, while comuday continuation traces to all other solu-
tions within the group, are not connected to solutions detsi the group. Thus, the continuation-
based algorithm fails to find all solutions. Further, sindg@e-1 solution exists for this system,
the five-bus system also provides an example where the catitom-based algorithm fails to find
every type-1 solution. Finally, in the specific context oé tfive-bus system, this section illus-
trates a flaw (originally identified in [48]) in the proof foompleteness of the continuation-based
algorithm [45].

6.2.1 Overview of the Continuation-Based Algorithm

The continuation-based algorithm [44,45] modifies the pdieer equations by adding a scalar
parametery to the active or reactive power equation of a single bus. mtadification eliminates
the Jacobian singularity typically encountered at the &iasf the power versus voltage (P-V)
curve of the unmodified power flow equations. The algorithantstfrom a single power flow so-
lution obtained using traditional methods (e.g., Newt@apRson). A continuation trace is created
by incrementally solving the modified power flow equatiorteiafaking a small step in a direction
dictated by the Jacobian of the modified power flow equati@d2]. Solutions to the power flow
equations are obtained when= 0. The continuation trace terminates when the trace retarns t
its starting point. Existing literature claims that all smbns are connected by these continuation
traces [44,45]. Thus, if continuation traces are starteohfeach solution for each parameter (i.e.,
each solution/parameter pair) all solutions will be ob¢ginat mosts* continuation traces are

required to find all solutions, whereis the number of buses ards the number of solutions.

6.2.2 Five-Bus System Counterexample

The five-bus system given in Figure 6.1 provides a countenpi@ to the claim that the
continuation-based algorithm finds all solutions to the poWlow equations for all power sys-
tems. Line values are given in per unit impedance and powections are given in MW. The

system uses a 100 MVA base.
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25 MW 55 MW
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V| =1.00 V| =1.00

Figure 6.1 Five-Bus System Counterexample

It is expected that the algorithm may fail to find all solusofor systems with non-radial,
weakly connected regions that have strong voltage suppothis example, bus three is weakly
connected (i.e., connected via high impedance lines) toe$teof the network. Since they consist
of PV buses, both bus three and the rest of the network (ingutthe slack bus at bus one) have
strong voltage support.

The ten solutions to the power flow equations for the five-lyssesn are given in Table 6.1.
Since the system contains only slack and PV buses, the eattagnitude is specified at each bus
(all voltage magnitudes are000 per unit).d; is the voltage angle at busn degrees.

The continuation traces for this system using active povaeameters and starting from solu-
tion one are shown in Figure 6.2. These continuation trangsamntain solutions one and two.
The continuation traces started from solution two are idahto those in Figure 6.2 and also only

contain solutions one and two. These continuation tracesotldind solutions three though ten.
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Thus, solutions one and two are disconnected from the ethkt solutions. Similarly, continua-
tion traces started from solutions three and four only fildtgms three and four, and continuation
traces started from any of the remaining solutions five thhoeen only find solutions five through
ten. The continuation-based algorithm therefore failsrd &ll solutions.

The eigenvalues of the power flow Jacobian were evaluateddt golution. With a single
eigenvalue that has positive real part, solution two is thlg type-1 solution. This solution cannot
be reached from continuation traces that start from solattbree through ten. Thus, the five-bus
system also provides a counterexample to the claim in neter@l6] that the continuation-based

algorithm can reliably find every type-1 solution.

Solution | §; 09 03 04 05

1 0 1.286 22.061 2.194 0.372

2 0 0.166 | 171.198| 0.028 -0.710

3 0 | -169.906| -148.192| -167.129| -168.909
4 0 | -168.702| 3.182 | -167.131| -167.912
5 0 2.187 45.923 | 46.616 | -143.973
6 0 | -168.657| -172.863| 44.012 | -145.341
7 0 | -171.391| -99.227 | 50.716 | -141.807
8 0 | -0.897 | -168.405| 44.388 | -145.144
9 0 | -169.370| -10.988 | 165.903| -25.378
10 0 | -169.282| -160.897| 166.147| -22.898

Table 6.1 All Solutions to the Five-Bus System




127

Continuation Traces for Solution 1
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Figure 6.2 Continuation Traces for Solution 1

6.2.3 Completeness Proof Flaw

Reference [45] contains a completeness proof that claireBdw that this continuation-based
method will find all power flow solutions. This section combds by illustrating a flaw in this
proof. The proof assigns binary labélsf length equal to: — 1 to each solution, where is the

number of buses in the syster).represents thé”" bit of b corresponding to bus This section
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focuses on the binary labels for PV buses since the five-bampbe system does not have PQ
buses; a description of binary labels for PQ buses is cogdlaimSection 3 of [45].
To calculate the value @f corresponding to PV bus first consider the active power injection

equation
V2Re (Yii) + Vi Y (Vi [Yir| cos (6 — 6 — O3)) — Py = 0 (6.1)

whereY ; is the(i, k) element of the bus admittance matmy, is the angle ofY;, andF, is the
active power injection at bus V; andd; are the voltage magnitude and angle, respectively, at bus

Combine the cosine terms to rewrite (6.1) as

VZiRe (Yy) + ViAjcos (6; — Aj) — P =0 (6.2)

Then assigm; = 0 if ¢; is to the left ofA; (equivalentlysin (6; — A;) > 0). Otherwise assign
b; = 1.

Reference [45] asserts that each solution produces a ubigaey label. The completeness
proof in reference [45] requires unique binary labels ineoritd form a reversible map from each
solution to a binary cube (each solution point is the solaupaat of one of the corners of the
binary cube). However, as shown in Table 6.2, solutionsstktan and solutions seven and nine
for the five-bus example system have identical binary lablste that non-unique binary labels
are also possible for systems with PQ buses. (See [48] fokam@e three-bus system.) Since
each solution does not necessary produces a unique biraaly the assertion in reference [45]
that “every solution point is connected to exactly anottwdutson point from every dimension of
the binary cube” is not true for all systems, and the compk=te proof fails.

Theorem 4 in reference [45] claims tht ! is an upper bound to the number of power flow
solutions for am-bus system. This theorem relies on the binary label unigseand is therefore
potentially flawed. Indeed, Baillieul and Brynes [35] idéed six solutions to a three-bus system,

which is greater than the claimed upper bound®f = 4 solutions.
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Solution| Bus 2| Bus 3| Bus 4| Bus 5
1 1 1 1 1

O | oI N |~ WIDN

o|lo|r|o|lo|r|o|O|r
Rrlo|lo|lo|r|r|Oo|r|O
olo|lo|lo|o|o|r|r|F
o|lo|lo|o|o|o|o|o|r

[
o

Table 6.2 Binary Labels for Solutions to the Five-Bus System

6.3 Calculating Multiple Power Flow Solutions Using Semidénite Program-
ming

The counterexample in the previous section indicates tiva¢it literature offers no computa-
tionally tractable method for reliably computing all satuts to the power flow equations. Other
methods for calculating multiple power flow solutions tHere deserve additional research. This
section investigates application of semidefinite programgnto the problem of finding multiple
power flow solutions. Five and seven-bus example systemsavhmdest dimension allow for
identification of all solutions using a homotopy method [48 used as test cases. A semidefinite
relaxation of the power flow equations is used to replicagsétsolutions. (See Section 1.2 for an
overview of the power flow equations and Section 1.5 for a migson of the semidefinite relax-
ation of the power flow equations.) Two variants of the seffimite programming relaxation were
attempted: one modifying constraints, the other modifytimg objective function. The constraint
modification proved wholly unsuccessful. Objective modifion had varying success as will be

described in more detail.
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6.3.1 Example Systems

The five and seven-bus systems shown in Figures 6.3 and 6isadeto demonstrate both
approaches. Load demand, generation injections, andgeotteagnitudes in Figures 6.3 and 6.4
are given in per unit. Network values in Figures 6.3 and 6edgaven as per unit impedances. All
power flow solutions for these systems have been calculaiegd a homotopy method [42], and

are summarized in Tables 6.3 and 6.4.

<:::> 0.45+j0.15 0.4+j0.05
V=1.06
0 deg | 5

0.08 +0.24

0.01+0.03

0.02 +j0.06 0.08 +j 0.24

0.06+j0.18

0.04+j0.12

e

NV \I/
0.2+j0.1 0.6 +j0.1

P=04
V|=1.0

Figure 6.3 Five-Bus Example System



Solution
1 2 3 4 5
i 1.0000 1.0000 1.0000 1.0000 1.0000
V5 || 0.9805 0.5012 0.3770 0.7933 0.0626
V3| 0.9771 0.5879 0.4108 0.7403 0.2160
V, || 0.9662 | 0.8317 0.0666 | 0.0580 | 0.6982
Vs || 1.0600 1.0600 1.0600 1.0600 1.0600
01 || -2.0675 | -138.9679| -128.5864| -12.1469| -126.6253
5y || -4.5358 | -129.8511| -116.8370| -12.6793| -159.5293
03 || -4.8535 | -134.8640| -124.1731| -13.8795| -144.7963
04 || -5.6925 | -141.6605| -185.7340| -71.5017| -133.4401
ds || 0.0000 | 0.0000 0.0000 | 0.0000 | 0.0000
Solution
6 7 8 9 10
V1 || 1.0000 | 1.0000 1.0000 | 1.0000 | 1.0000
Vo || 0.1972 | 0.0563 0.0342 | 0.1968 | 0.0884
V3| 0.0301 0.0496 0.1846 0.0369 0.1658
Vi | 0.6289 0.6327 0.6865 0.0814 0.0756
Vs || 1.0600 | 1.0600 1.0600 | 1.0600 | 1.0600
41 || -16.5040| -18.0976 | -16.9090 | -22.5210| -119.8826
do || -26.0422| -61.1266 | -69.0465 | -30.6818| -141.8399
93 || -81.8652| -80.6706 | -37.7869 | -85.9455| -144.7567
04 || -23.4519| -25.4435| -23.8729 | -79.4189| -178.4992
5 0.0000 0.0000 0.0000 0.0000 0.0000

Table 6.3 The Ten Solutions for the Five-Bus System
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Figure 6.4 Seven-Bus Example System

Solution
1 2 3 4
V1]l 1.0758 | 0.7312 | 0.2880 | 0.3435
Vo || 0.9635| 0.5876 | 0.5415 | 0.4332
V3 || 0.9041| 0.1745 | 0.5430 | 0.2497
Vy || 0.9278| 0.4122 | 0.6458 0.4359
Vs || 0.9638| 0.7229 | 0.7750 | 0.6879
Vs || 0.9675| 0.6638 | 0.6402 0.5496
V7 || 1.0000| 1.0000 1.0000 1.0000
01 || 5.2859 | 14.9576| 101.8188| 88.3361
09 || -2.9342| -5.2212 | -6.2931 | -6.8346
03 || -8.4439| -52.6775| -19.8095| -44.2797
64 || -5.7500]| -14.2056| -11.2462| -16.1362
d5 || -2.4463| -3.2056 | -3.8617 | -3.9193
d¢ || -2.5918| -4.3031 | -5.0158 | -5.3138
47 || 0.0000| 0.0000 | 0.0000 | 0.0000

Table 6.4 The Four Solutions for the Seven-Bus System
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6.3.2 Modifying the Constraints

The first approach to finding multiple solutions seeks toedéhtiate among possible solutions
by imposing an inequality constraint on slack bus active gromhile minimizing slack bus active

power injection:

n%)éfn trace (Y sigex W) subject to (6.3a)
trace (Ysack W) > & (6.3b)
trace (YyW) = Py Vke{PQ, PV} (6.3c)
trace(Y, W) = Qy, VkePQ (6.3d)
trace (M, W) = V;2 Vke{S, PV} (6.3e)
W =0 (6.3f)

where( is a specified scalar parameter.

The power flow solution having least power generated by thekdbus corresponds to the so-
lution with lowest losses. This base solution (i.e., thausoh to (6.3) with = —o0) is found
with no inequality constraint. Imposing a minimum slack lpasver constraint greater than the
slack bus power in the base solution, such that (6.3b) is@irgrconstraint, forces the optimiza-
tion problem to another solution with higher losses. Howgeiwreall such cases examined, the
solution to the semidefinite relaxation has a non-zero etia® gap and fails to yield a physically
meaningful solution to the power flow equations.

An alternate formulation examined selects slack bus aptiveer generation as an objective to
be maximized. The solution with highest losses for the fiue-gystem, solution three in Table 6.3,
is obtained via semidefinite programming in this way. Otheameples, including the seven-bus
system, identifies only non-zero relaxation gap solutioitls this objective function.

Constraining the voltage magnitudes at PQ buses to be bélevibdse solution also fails;

imposing such voltage constraints yields only non-zeraxation gap solutions.
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6.3.3 Modifying the Objective Function

Next considered is an objective function based on bus veltaggnitudes:

II\l}\ifIl Zz:; ¢; trace (M;W) subject to (6.4a)
trace (YyW) = Py Vk e {PQ, PV} (6.4b)
trace(Y, W) = Qy, VEkePQ (6.4¢)
trace (M, W) = V}2 Vke{S, PV} (6.4d)
W -0 (6.4e)

wherec is a specified vector of weights; that is, the objective figrcin (6.4a) is a weighted sum
of squared voltage magnitudes. Appropriate choices of #ights inc favored different solutions
based on their voltage magnitude characteristics.

This method identified all of the ten solutions in the five-lsystem, as summarized in Ta-
ble 6.5, and all of the four solutions in the seven-bus sysésrsummarized in Table 6.6. Solutions
above the line in Tables 6.5 and 6.6 were found using hecaitidetermined weights. Similar
heuristically determined weights were identified that wesggected to find the remaining solutions
(solutions three, five, and ten for the five-bus system anatisol four in the seven-bus system);
however, the semidefinite relaxation for these heuridyicdtermined weights had non-zero re-
laxation gap solutions. Alternatively, testing a variefyandomly generated weights yielded the
combinations below the lines in Tables 6.5 and 6.6 that fabedemaining solutions.

Non-zero relaxation gap solutions can be used to estimgxaimate, candidate solutions.
As a heuristic, the closest rank one matrices to these nanrekaxation gap solutions were used
as initial conditions for a Newton-Raphson power flow salwafith this approach, some but not
all of the non-zero relaxation gap solutions resulted inveogence to power flow solutions for the

five and seven-bus systems.
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Solution|| ¢; | ¢ C3 Cy4 Cs
1 0| -1 -1 -1 |0
2 0| 1 -1 0 0
4 0| O 0 1 0
6 0| O 1 0 0
7 0| 1 1 0 0
8 0| 1 0 0 0
9 0| O 1 1 0
3 0|0.65|-0.70] 090 | O
5 0|0.70|-0.10| -0.15| O
10 0 |0.45]|-0.25| 050 | O

Table 6.5 Combinations of Weightsand Corresponding Solutions for Five-Bus System

Solution|| ¢ Co C3 Ca Cs c | cr
1 -1 -1 -1 -1 -1 -1 10
2 0 0 1 0 0 0 |0
3 1 0 0 0 0 0 |0
4 0.30| -0.20| 0.35| 0.45| -0.40| 0.05| O

Table 6.6 Combinations of Weightsand Corresponding Solutions for Seven-Bus System

6.4 Conclusion

This chapter has first presented a five-bus system countepdedo the claim in existing lit-
erature that a continuation-based algorithm is capablendfrfg all solutions to the power flow
equations for all systems. Since other methods for findihgpdlitions to the power flow equations
are not computationally tractable for large systems, cuifrierature offers no method for reliably
computing all solutions to the power flow equations for pradly sized systems.

A flaw in the proof used to justify this claim has been dematstt using the five-bus system.

Furthermore, the five-bus system was used to show that thtenaation-based algorithm is not
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capable of reliably finding every type-1 solution (i.e., &uson where the power flow Jacobian
has a single eigenvalue with positive real part). The five-bystem has a non-radial, weakly
connected region that has strong voltage support. There@tton-based algorithm may fail for
other systems with similar structure.

This counterexample indicates the need for further reke@rdinding multiple solutions to
the power flow equations. For this purpose, this chapterditates families of semidefinite relax-
ations of the power flow equations by modifying the constsa@md objective function. In the test
cases examined, the modified objective approach was stigicesBnding all of the power flow
solutions. Although not all objective functions yieldedygltally meaningful solutions, objective
functions capable of finding all solutions were identifiedowéver, the proposed method is not
guaranteed to find all power flow solutions. Further rese&catecessary for both the proposed
method (e.g., determining a systematic approach for ify@mgi objective functions that result in
physically meaningful solutions) and other methods foiat®y calculating all power flow solu-

tions.
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Chapter 7

Investigation of Non-Zero Relaxation Gap Solutions

7.1 Introduction

This dissertation has investigated applications of a sefimite relaxation of the power flow
equations. When this relaxation is “tight” (i.e., satisfesank condition for obtaining a zero
relaxation gap solution), a globally optimal solution i€oeerable. However, this relaxation is
not tight for all practical problems of interest, resultinghon-zero relaxation gap solutions. This
chapter investigates non-zero relaxation gap solutiomgulree applications of the semidefinite
relaxation of the power flow equations: the optimal power flmablem (i.e., work from Chapters 2
and 3), a formulation used to determine voltage stabilitygimes (i.e., work from Chapters 4 and 5),
and a formulation for determining multiple solutions to g@ver flow equations (i.e., work from
Chapter 6).

The first application of the semidefinite relaxation is todp&imal power flow (OPF) problem.
This problem seeks decision variable values to yield anmgdtoperating point for an electric
power system in terms of a specified objective and subjechid@range of engineering inequality
constraints (e.g., active and reactive power generatios ybltage magnitudes, transmission line
and transformer flows, etc.) and network equality constsafine., the power flow equations).
Total generation cost is the typical objective; other otiyes, such as loss minimization, may be
considered. See Chapters 1 and 3 for a more detailed oveo¥itwe OPF problem.

Although the semidefinite relaxation yields zero relaxagiap solutions (i.e., the relaxation is

“tight”) for many OPF problems, there are practical OPF jois which have non-zero relaxation



138

gap solutions. (See Chapter 2 and references [76, 77].) Slakions to the semidefinite relax-
ation provide lower bounds on the optimal objective valuedmnot give physically meaningful
solutions to the original engineering quantities of inser@ the OPF problem. Existing litera-
ture studies cases for which the semidefinite relaxatiom®QPF problem is tight by providing
sufficient conditions for zero relaxation gap solutions.e3& conditions include highly limiting
requirements on power injection and voltage magnitudetdirand either radial networks (typi-
cal only of distribution system models) or unrealisticadignse placement of controllable phase
shifting transformers [69—72]. Research explaining whg siemidefinite relaxation of the OPF
problem may yield solutions with non-zero relaxation galmnmsted to [76, 77], which present test
OPF problems with locally optimal solutions in the feasiface.

The second application of the semidefinite relaxation ve®kevaluation of a sufficient condi-
tion for power flow insolvability, which yields voltage stéity margins to the power flow solvabil-
ity boundary. (See Chapters 4 and 5.) Since the sufficierdiion for power flow insolvability
uses the semidefinite relaxation to provide a lower bouncherobjective value, zero relaxation
gap solutions are not required. However, for cases with zeop-relaxation gap solutions, the
sufficient condition for power flow insolvability may not batsfied even if the power flow equa-
tions are indeed insolvable. That is, the sufficient condits not also a necessary condition for
insolvability. For non-zero relaxation gap solutions, tledtage stability margins resulting from
this sufficient condition overestimate the actual distandde power flow solvability boundary.

The third application of the semidefinite relaxation is anfatation for finding multiple solu-
tions to the power flow equations. (See Chapter 6.) This egptin requires that the solution to
the semidefinite relaxation has zero relaxation gap; soigtwith non-zero relaxation gap are not
physically meaningful, although they may yield good idiiaesses for a traditional power flow
solution method (e.g., Newton-Raphson iteration).

All three of these applications of the semidefinite relaxatf the power flow equations would
benefit from understanding the causes of non-zero relaxgtp solutions. One cause of non-zero

relaxation gap solutions is a disconnected feasible spébecamponents near a global optimum.



139

This cause of non-zero relaxation gap solutions can be deresl using the geometry of the fea-
sible space of the semidefinite relaxation. The semidefielxation forms a convex space that
contains the entire feasible space defined by the power float@ms. Nearby disconnected com-
ponents may result in the semidefinite relaxation finding latsm “between” the disconnected
components of the feasible space defined by the power flowtiegeavhich is nonetheless in fea-
sible space of the semidefinite program. This chapter expanthe two-bus test system from [76]
and provides an additional three-bus example system wsttodnected feasible space that yields
a non-zero relaxation gap solution. Existing work in thiseaalso includes an archive of test cases
with local optima [77]. For these systems, the semidefirtaxation of the OPF problem has lim-
ited success in obtaining zero relaxation gap solutionases with local optima; eight of the ten
test cases with local optima yield non-zero relaxation gdpt®ns for some choice of parameters.

Non-zero relaxation gap solutions may also result from otigpes of non-convexity. For
instance, the semidefinite relaxation of the OPF probleradgia non-zero relaxation gap solution
to a five-bus example from [49], which has connected but remvex feasible space.

Using insights from these small systems, this chapter nexliess larger systems that yield
non-zero relaxation gap solutions. Using the rank one matasest to the non-zero relaxation
gap solution, this chapter evaluates the active and reaptwer “mismatches” to the injections
specified at load (PQ) buses. For the cases studied, thigsésxahows that small subsets of the
network have large mismatches while the mismatches at therityaof the buses are insignifi-
cant. For some systems with non-zero relaxation gap sokitiminor perturbations in specified
system data result in zero relaxation gap solutions. Inrotleeds, small problematic subsets of
the network may cause non-zero relaxation gap solutiongtuations to these subsets of the
network resulted in zero relaxation gap solutions. Howeverse perturbations were determined
heuristically by examining the power injection mismatched could only be determined for some
systems; no robust method of identifying all such modifaadihas yet been identified.

Further analysis shows that radially connecting a smaliesyswith non-zero relaxation gap

solution to a larger system with zero relaxation gap sofutesults in the solution to the merged
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system having non-zero relaxation gap. This also suggestsibn-zero relaxation gap solutions
to large system models may be due to non-convexity in a smiadlet of the system.

In addition to OPF problems, this chapter also investigateszero relaxation gap solutions
associated with the sufficient condition for power flow ingdiility presented in Chapter 4. When
the solution to the semidefinite program used to evaluagedbindition has non-zero relaxation
gap, the condition may not indicate insolvability for sonases that nonetheless do not appear
to have a solution, and voltage stability margins calcaldtem this condition overestimate the
apparent distance to the power flow solvability boundaryn{gero relaxation gap solutions occur
when there exist many power flow solutions near the power flolwability boundary (i.e., the
“nose point” of the power versus voltage (P-V) curve); casedy, solutions with zero relaxation
gap occur when only two solutions bifurcate near the poweay 8olvability boundary. This is
illustrated with examples from the IEEE 14 and 118-bus syste

The semidefinite formulation used in Chapter 6 to find mudtipbwer flow solutions provides
another viewpoint on non-zero relaxation gap solutionsis Tdrmulation specifies an objective
function in terms of squared voltage magnitudes. Non-zelaxation gap solutions result when
an objective function is chosen such that multiple power femlutions have similar objective
function values (i.e., nearby disconnected componentseofdasible space defined by the power
flow equations). This is illustrated with the five-bus exaengystem used in Chapter 6.

This chapter is organized as follows. Section 7.2 discussaszero relaxation gap solutions
to the semidefinite relaxation of the OPF problem. Secti@8meéxt provides examples of non-zero
relaxation gap solutions to the semidefinite programmimgnidation used to evaluate a sufficient
condition for power flow insolvability. Section 7.4 then dabes non-zero relaxation gap solutions
to the semidefinite programming formulation used to find pldtsolutions to the power flow
equations. Section 7.5 gives concluding comments. The @RKysis in Section 7.2 is submitted

for publication as [113].
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7.2 Non-Zero Relaxation Gap Solutions to OPF Problems

As shown in Chapters 2 and 3, the semidefinite relaxationeptwer flow equations yields
non-zero relaxation gap solutions for some OPF problemss. Séttion first explores non-zero re-
laxation gap solutions to small example systems for whietfélasible spaces can be conveniently

visualized. This section then analyzes non-zero relanajap solutions to large OPF problems.

7.2.1 Feasible Space Exploration

The semidefinite relaxation does not yield zero relaxatiapm golutions for all practical OPF
problems. (See Chapters 1 and 3 for overviews of the OPF gmolith both classical and
semidefinite relaxation formulations.) A non-zero reléxagap solution provides a lower bound
on the optimal objective value of the OPF problem, but dodsyredd a physically meaningful
solution (i.e., a non-zero relaxation gap solution doepnotide a voltage profile that satisfies the
power flow equations). One explanation for non-zero relarajap solutions is non-convexity due
to a disconnected feasible space. This source of non-ciypvesfirst explored using the two-bus

example system from [76], which is reproduced as Figure 7.1.

Vi R4 jx = 0.04+j020 V2

O I P +jQ,
=3.525-j3.580

Figure 7.1 Two-Bus System from [76]

The line in this system has impedange- ;. X = 0.04 + 50.20 per unit, with no line-flow limit.
The load demand at bus 24%; + jQp2 = 3.525 — 53.580 per unit using a 100 MVA base. There
are no limits on active and reactive power injections at hu$He voltage magnitude at bus 1 is
constrained to the rande.95, 1.05] per unit. The voltage magnitude at bus 2 has a lower bound of
0.95 per unit and an upper boundigf**. The objective function minimizes the cost of a $1/MWh

active power generation at bus 1.
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Feasible Space for Two-Bus System Objective Value
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Figure 7.2 Feasible Space for Two-Bus System

Using bus 1 as the angle referentg, = 0. First consider the case where the upper voltage
magnitude limit at bus 2V;"**, is 1.05 per unit. In Figure 7.2, the entire feasible spacdhe
non-relaxed problem (i.e., the squares of the three nomamstage components;;;, Vi3, V.3) is
plotted as the red line. The semidefinite relaxation hasesxeks of freedom corresponding to the
entries in the upper triangle of th& matrix. The conic shape in Figure 7.2 results from projegtin
this six-dimensional feasible space into three dimensidhs colors of the conic shape represent
the objective value for each point in the space of the senmitiefielaxation.

Figure 7.2 shows that both the semidefinite relaxation amadtm-relaxed feasible spaces share
a global minimum, which is marked with a square in the figurengzquentially, the semidefinite
relaxation has a zero relaxation gap solution. (The optobgctive value is $444.08 per hour.)

Next consider the case whevg"** = 1.02 per unit. This limit is illustrated by the gray plane
cutting through Figure 7.2. This tighter limit reduces teadible space to the region that is to
the right of this plane. The global minimum in the space of skenidefinite relaxation (circle

with objective value $449.82 per hour) does not match thermim of the non-relaxed problem
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(triangle with objective value $456.55 per hour). Accoglin the solution to the semidefinite
relaxation has non-zero relaxation gap.

This example illustrates how non-zero relaxation gap smistresult when the non-relaxed
space has components that are nearby but disconnectedhfeotormponent of the feasible space
containing the global optimum. The semidefinite relaxatbthe OPF problem finds a solution
that is not in the feasible space of the non-relaxed problamsin the feasible space of the
semidefinite program. That is, the semidefinite relaxatias &n optimal solution “between” the
disconnected components of the feasible space defined Ipptinr flow equations.

A three-bus system adopted from the system used in Chaptrewitips another example of a

case where the semidefinite relaxation has a non-zero telaxgap solution due to a disconnected

P, +J Qg P,+iQq,

J
0.95+0.50

0+jQG3

Figure 7.3 Three-Bus System

From Bus| To Bus | Resistance Reactance Shunt Susceptance

1 3 0.065 0.62 0.45
2 3 0.025 0.75 0.70
1 2 0.042 0.90 0.30

Table 7.1 Line Parameters for Three-Bus System (per unit)
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feasible space. Figure 7.3 shows the diagram for this sy®es1 has an active power load of 1.0
per unit using a 100 MVA base. The generators at buses 1 arel@astrained to inject positive
active power, but have no other limits on active or reactive/gr generation. The generator at
bus 3 is a synchronous condenser which outputs zero activerpand has no limit on reactive
power output. The line parameters are given in Table 7.1.liflkeconnecting buses 2 and 3 has
an apparent-power line-flow limit of 1.0 per unit. This exdewpses cost functions of $3/MWh for
active power generation at bus 1 and $1/MWh for active poweegation at bus 2.

Voltage magnitudes at each bus are fixed to 1.0 per unit. W#d frvoltage magnitudes and
bus 1 providing an angle reference, this system has two degfdreedom in the voltage angles at
buses 2 and 3¢ andJs), which are related to the rectangular voltage componestisna), = %
andtan ds = % In Figure 7.4, the feasible space for the non-relaxed prabk visualized in
a two-dimensional space of the voltage angleandd;. The optimal solution to the non-relaxed
problem, which is obtained using exhaustive search of thsiliée space, has objective value of
$235.19 per hour and is marked with a square in Figure 7.4.sphee of voltage angles used for

Figure 7.4 does not allow for easily representing the féasipace of the semidefinite relaxation.

Feasible Space for Three—Bus System
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Figure 7.4 Feasible Space for Three-Bus System
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With an apparent-power line-flow limit of 1.0 per unit for thiee between buses 2 and 3, the
semidefinite relaxation yields a solution with objectivéuneaof $234.62 per hour, which is 0.24%
smaller than the result obtained using exhaustive searclonAzero relaxation gap solution results
from the non-convexity associated with the disconnectadibde space evident in Figure 7.4.

OPF problems with disconnected feasible spaces may st hero relaxation gap solutions
(i.e., a disconnected feasible space is not sufficient fetainimg a non-zero relaxation gap solu-
tion). For instance, a less stringent but still binding app&power line-flow limit of 1.05 per unit
between buses 2 and 3 yields a disconnected feasible spiica rero relaxation gap solution.

In addition to a disconnected feasible space, other soofegmn-convexity may result in non-
zero relaxation gap solutions. This is next illustratedhvatfive-bus example system from [49]
(reproduced as Figure 7.5), which has a connected but noregdeasible space. All buses in this
system are constrained to have 1.0 per unit voltage magnitad line flows are unconstrained,
and the line reactances are specified in Figure 7.5. (Themyistlossless since all line resistances
are set to zero.) The generators at buses 1 and 2 have notivaeegdive power generation, and
the generators at buses 3, 4, and 5 are synchronous corsleiezero active power generation.
There are no limits on reactive power injection for any gater The load demand at bus 3 is
allowed to be any non-negative valiig; > 0. Equations describing the feasible space for the
corresponding OPF problem in terms of the voltage anglegiaea in [49]. Since the network is

lossless, system-wide active power balance imposes thadigqu

Pps = Pg1+ FPaa (7.1)
0+jQGS 5 4 O+jQ64 3 0+jQGB
j0.1 I j0.1
jo.1 ) jo.1
. PD3+J0 .
PGW+JQGW PGZ+JQGZ
O j0.4 O
1 2

Figure 7.5 Five-Bus System from [49]
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Feasible Space for Five-Bus System
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Figure 7.6 Feasible Space for Five-Bus System

Figure 7.6 shows the feasible space of active power injestio thePg, vs. Ps; plane. This
feasible space is connected but non-convex. Projectingaimdefinite relaxation into this space
yields the region enclosed by the solid black line in Figu@ The semidefinite relaxation is tight
when viewed in this space for the boundary points on the sgig of the feasible space.

To illustrate a case where the non-convexity results in azesn relaxation gap solution, con-
sider a load deman#p; = 17.17 per unit. All combinations ofP;; and P, that satisfy the
equality (7.1) resulting from this load demand are on thed@shed line in Figure 7.6. Consider
the case where the generator at bus 1 is more expensive thgernlerator at bus 2 such that the
optimal solution occurs wheRg; is minimized.

The globally optimal solution to the OPF problem is locatéthe red square in Figure 7.6,
while the solution to the semidefinite relaxation is locas#dhe red dot. Thus, the semidefinite
relaxation yields a non-zero relaxation gap solution fasthvalues of’p3 and generator costs.
Even though the feasible space with specifiggd, which consists of the one-dimensional inter-
section between the red dashed line from (7.1) and the ggagrrén Figure 7.6, is connected and

convex, the non-convexity of the gray region in Figure 7iB gsults in a non-zero relaxation
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gap solution. Note that non-zero relaxation gap solutidiisoecur when the lines have small

resistances (e.gl,x 102 per unit).

7.2.2 Non-Zero Relaxation Gap Solutions to Large OPF Problas

With increased understanding of how non-convexity afféleéstightness of the semidefinite
relaxation for small OPF problems, this chapter next stidin-zero relaxation gap solutions to
larger OPF problems. Solving the semidefinite relaxatioridaye-scale OPF problems requires
exploitation of power system sparsity as presented in @n&pt

First proposed in Chapter 3, one metric for the relaxatiomigebased on the mismatch be-
tween the calculated and specified active and reactive poyestions at PQ buses. To recover a
candidate voltage profile, form the closest rank one matrithé solution’sW matrix using the
eigenvector associated with the largest eigenvalu&oflf the solution has zero relaxation gap,
the matrixW is rank one and the resulting voltage profile will satisfy fosver injection equality
constraints at the PQ buses. Conversely, the closest ramknatrix to a solution with non-zero
relaxation gap will typically not yield a voltage profile thsatisfies the power injection equality
constraints at PQ buses. Thus, the mismatch between théatelt and specified power injections

at PQ buses provides a measure for satisfaction of the rarditam

rank (W) <2 (7.2)

This section specifically considers non-zero relaxatigng@utions to the IEEE 300-bus [68]
and Polish 3012-bus [55] systems. Figures 7.7a and 7.7o¢eaptions of Figures 3.5a and 3.5b)
show the mismatch between the specified and calculatecatvreactive power injections at PQ
buses for the IEEE 300-bus and Polish 3012-bus systemgatasgly, sorted in order of increasing
active power mismatch. (Note that minimum resistance$ af 10~ per unit are enforced in
accordance with [7].) The large power mismatches indicatezero relaxation gap solutions for
these systems.

The voltage profile obtained from the closest rank one mabri¥ yields small mismatches

for the majority of buses, but a few buses display large mish&s in both active and reactive
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Mismatch at PQ Buses (IEEE 300-Bus System) Power Mismatch at PQ Buses (Polish 3012-Bus System)

5 ] 450F
o P mismatch (MW) o o P mismatch (MW) o
z ©  Q mismatch (MVAr) 40001 Q mismatch (MVAr) ©
S 4t — 350
= z g
z Z 3001
= - o
. 2 250¢
g © £ 200/
2, E o
2 £ 150} g
3 s
o o
g 1+ 1001 5
50t 5
. (o]
0 50 100 150 200 250 0 500 1000 1500 2000 2500 3000
PQ Bus Index PQ Bus Index
(a) Power Mismatch for IEEE 300-Bus System (b) Power Mismatch for Polish 3012-Bus System

Figure 7.7 Active and Reactive Power Mismatch at PQ Busepr(ieiction of Figure 3.5)

power injections. These results suggest that there ard sotadections of the network that are
responsible for the non-zero relaxation gap solutionsesdlsystems.

To further investigate this phenomenon, this section eseaéw systems by radially connect-
ing the two and three-bus systems shown in Figures 7.1 antb 7TEEE test systems [68]. The
OPF problems for the IEEE test systems have zero relaxatprsglutions, while, as shown in
Section 7.2.1, non-convexities in the two and three-butesys result in non-zero relaxation gap
solutions. The semidefinite relaxations of the connecteB @®blems have non-zero relaxation
gap solutions. That is, non-convexities introduced in alssubset of an OPF problem may re-
sult in a non-zero relaxation gap solution to a problem forclwhhe semidefinite relaxation is
otherwise tight.

For example, consider a 15-bus system resulting from radiahection of bus 2 from the two-
bus system in Figure 7.1 to bus 1 of the IEEE 14-bus systemy&i@p the same line impedance
as in the two-bus system. If no reactive power limits are e for the generator at bus 1,
the resulting 15-bus system has non-convexity due to a wisaxed feasible space in the same
manner as shown in Figure 7.2. Accordingly, the semidefneiixation has a non-zero relaxation
gap solution. Connections of the two-bus system to otheemgeor buses in the IEEE 14 and

30-bus systems also result in non-zero relaxation gapisokit Similar test cases resulting from
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radial connection of the three-bus system in Figure 7.3 ¢olBEE 14 and 30-bus systems also
exhibit non-zero relaxation gap solutions.

These results support the conjecture that non-convex#gcated with small subsets of the
IEEE 300-bus and Polish 3012-bus systems are responsitiiemezero relaxation gap solutions.
Since large systems have many opportunities to have suchorvex subsections, the semidefinite
relaxations of large problems are likely to have non-zelaxaion gap solutions. (Limited access
to large-scale system models precludes empirical evaluafi this conjecture. See Section 3.3.3
for relaxation gap analysis using the few publicly avakalarge models.)

However, non-zero relaxation gap solutions with non-caities that are limited to small re-
gions of the network may provide close initial points fordbsearch algorithms. Further, small
perturbations to OPF problems may yield zero relaxationsgdytions. This section next provides
such perturbations for the test systems used in Sectioh.7.2.

For the two-bus system in Figure 7.1, changing the line ezeet from 0.20 per unit to 0.215
per unit (a 7.5% increase) results in non-zero relaxatiop galutions for any value of
Ve > yomin = (.95 per unit. The feasible space for the two-bus system with e feac-

tance of 0.215 per unit and,"** = 1.05 per unit is shown in Figure 7.8. Since the power flow
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Figure 7.8 Feasible Space for Two-Bus System with = 0.215 per unit
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equations for this problem form a connected feasible s@ageyalid choice of/;** will result in
the semidefinite relaxation finding a zero relaxation gaptswh to this problem.

As mentioned previously for the three-bus system in Figuse réplacing the apparent-power
line-flow limit of 1.0 per unit with a less stringent but stilinding limit of 1.05 per unit (a 5%
increase) yields a zero relaxation gap solution.

For the five-bus system in Figure 7.5, changing the load ddm®gpfrom 17.17 per unit to any
value greater than 18.67 per unit (an 8.7% increase) rasutzero relaxation gap solution. (The
OPF problem is infeasible for values Bf,; greater than 20 per unit. The semidefinite relaxation
yields non-zero relaxation gap solutions for any positiakig of Pp3 smaller than 18.67 per unit,
which is shown using the blue dashed line in Figure 7.5.)

Similar perturbations may be capable of yielding tight s#sfinite relaxations for large OPF
problems with non-zero relaxation gap solutions that tdsoin non-convexities that are isolated
to small subsections of the network. Perturbations thatl wero relaxation gap solutions for the
IEEE 300-bus system include increasing the upper boundsitexpe magnitudes at buses 23 and
7023 from 1.06 to 1.08 per unit (a 1.9% increase) and eithangimg the reactance of the line
between buses 9533 and 9053 from 0.75 to 0.1875 per unit (adés¥#ease) or reducing the linear
cost term for the generator at bus 9053 from $40/MWh to $38M(#/5% decrease). (Note that,
in accordance with [7], minimum resistanceslof 10~ per unit are enforced on all lines.) The
solutions to these perturbed systems have maximum activeeattive power mismatches less
than 0.1 MW/MVAr at all PQ buses, which is the default Newtotuson tolerance used by the
commercial power flow solution package PSS/E [89].

These perturbations were obtained heuristically by itezbt changing constraint and cost pa-
rameters near buses with large mismatches (i.e., the bosesponding to large values in Fig-
ures 7.7a and 7.7b). There is no guarantee that this appioaahd for all systems. For instance,
no perturbations that yield a zero relaxation gap solutmntfie Polish 3012-bus system were
obtained.

Future work includes developing a method for identifyingpsections of the network whose

non-convexity results in non-zero relaxation gap solgidvioving beyond the heuristic approach
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used in this chapter, additional future work includes depilg a systematic method for obtaining
the smallest perturbations to OPF problems necessaryltbzgeo relaxation gap solutions. Such
a method would allow power system engineers to identify aajlg optimal solution to a “nearby”
OPF problem for systems with non-zero relaxation gap smhsti There is always some uncertainty
associated with power system parameters (e.g., foregass @n load demands and measurement
inexactness for line parameters). Global solution to alme@PF problem within the limits of

these uncertainties would be particularly valuable.

7.3 Non-Zero Relaxation Gap Solutions When Evaluating a Poar Flow In-
solvability Condition

This chapter next explores non-zero relaxation gap saistio the semidefinite programming
formulation used in Chapter 4 to prove insolvability of theyer flow equations. Byproducts of
this formulation are voltage stability margins describihg distance to the power flow solvability
boundary. The power flow insolvability condition is validgeedless of whether the solution to
the semidefinite program has a zero relaxation gap solutiowever, solutions with non-zero
relaxation gap may not indicate power flow insolvability ewghen no solution exists. \Voltage
stability margins corresponding to these cases may ower&st the distance to the power flow
solvability boundary.

This section first reviews the formulation used to evaluagegower flow insolvability condi-
tion and then shows how non-convexity associated with aodisected feasible space (i.e., multi-
ple power flow solutions bifurcating near the power flow sbility boundary) result in non-zero

relaxation gap solutions.

7.3.1 A Semidefinite Formulation for a Power Flow Insolvabiity Condition

A semidefinite programming formulation used to evaluateffacsent condition for power flow
insolvability is next reviewed. Satisfaction of this cotioin guarantees that no power flow solu-

tions exist. This formulation determines the distance pgbwer flow solvability boundary (i.e.,
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the “nose point” of a power versus voltage (P-V) curve). Shagier 4 for further discussion on
this formulation.

To write this formulation, define a feasible space that is dbmidefinite relaxation of the
power flow equations with one additional degree of freedotmévariable;. The optimal value
of n indicates the distance to the power flow solvability bougidarthe direction of a uniformly

changing, constant-power-factor injection profile.

rvr%[azc n subject to (7.3a)
trace (YyW) = Pn Vke{PQ, PV} (7.3b)
trace(Y, W) = Qi1 VkePQ (7.3c)
trace (M, W) = V2 Vke{S, PV} (7.3d)
W =0 (7.3e)

A solution to (7.3) has zero relaxation gapi satisfies the rank condition (7.2).
Let n** be the globally optimal solution to (7.3). Singe= 1 corresponds to the specified

injectionsP, and@);, the condition

pmeT > 1 (7.4)

is a necessary for power flow solvability. Conversely,

e < 1 (7.5)

is a sufficient condition for power flow insolvability sindeet specified injection$), andQ; cor-
responding ta; = 1 cannot be achieved. Thug}*** indicates the factor by which the power
injections may be uniformly increased at constant poweofaghile maintaining the possibility

of power flow solvability.
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7.3.2 Non-Zero Relaxation Gap Solutions to the Power Flow Isolvability Con-
dition Formulation

The semidefinite formulation (7.3) identifies the distarccthe nose point of the P-V curve as-
sociated with a constant-power-factor, uniform changeowvgr injections. When multiple power
flow solutions bifurcate at or near the nose point, non-crity@ssociated with the disconnected
feasible space of the power flow equations results in noo{iadaxation gap solutions to (7.3).

This observation is illustrated with the IEEE 14 and 1184$ystems. The IEEE 14-bus system
has only a single pair of solutions bifurcating near the rmsat and therefore (7.3) yields a zero
relaxation gap solution. Conversely, the IEEE 118-busesydtas many solutions bifurcating near
the nose point and therefore (7.3) yields a non-zero rataxgiap solution.

Figure 7.9a shows the P-V curve for the high-voltage satutiothe IEEE 14-bus system. The
horizontal axis shows the factor by which the active andtrea@ower injections are uniformly
changed. The vertical axis shows the voltage magnitude attamarily selected PQ bus.

With the solution to (7.3) having™** = 4.059, no power flow solutions exist after this injec-
tion multiplier (marked with a red line in Figure 7.9a). Senthe solution has zero relaxation gap,
this value ofy™** matches the nose point of the P-V curve. That)i%* does not overestimate

the distance to the power flow solvability boundary.

IEEE 14-Bus Continuation Trace: Bus 5
IEEE 118-Bus Continuation Trace: Bus 44
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As determined using a continuation method [44], the numibaotutions for various ranges
of the injection multiplier are labeled. (As shown in Chagethe continuation method [44] does
not find all power flow solutions to all systems. However, ihisomputationally tractable method
that is typically able to find many power flow solutions.) Thentnuation method finds only
two solutions for injection multipliers near the nose poiNib other solutions are found until an
injection multiplier of 3.255. This suggests that there @ a source of non-convexity near the
nose point (i.e., no nearby disconnected components oktiglfle space due to multiple power
flow solutions).

Next consider the IEEE 118-bus system. The P-V curve adsadorth the high-voltage solu-
tion for this system is shown in Figure 7.9b. Solving (7.3lgsn™** = 3.270, which guarantees
that no power flow solutions exist after an injection mulgpbf 3.270. Since the solution has non-
zero relaxation gap, there may be a region for which no swistexist but the sufficient condition
for power flow insolvability (7.5) is not satisfied. That ig7** may overestimate the distance to
the power flow solvability boundary. Such a region appeaidesx in Figure 7.9b between the red
line at an injection multiplier 08.270 and the nose point of the P-V curve at an injection multiplier
of 3.184.

At the blue line in Figure 7.9b, which is located near the rmat at an injection multiplier of
3.156, a continuation method [44] finds 814 power flow sohgioThe non-convexity associated
with these solutions bifurcating near the nose point resala non-zero relaxation gap solution to

(7.3) and the apparent overestimate of the distance to therdtow solvability boundary.

7.4 Non-Zero Relaxation Gap When Finding Multiple Power Flav Solutions

The previous section focuses on non-zero relaxation gapisos to a formulation for deter-
mining when the power flow equations are insolvable. Nexs,dbction considers the question of
determining multiple power flow solutions. Solutions to fi@ver flow equations correspond to
the equilibrium points of the underlying differential eqioas that govern power system dynamic
behavior; it is well known that large numbers of such sohsican exist [110]. Locating multi-

ple solutions to the power flow equations, particularly theghibiting low-voltage magnitude, is
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important to power system stability assessment [37—40}th \Wie counterexample presented in
Chapter 6, current literature offers no computationatgtable method for reliably calculating all
power flow solutions.

This section investigates non-zero relaxation gap solstio the semidefinite programming
formulation used in Chapter 6 that attempts to calculateipialpower flow solutions. This for-
mulation minimizes an objective function of squared vodtagagnitudes over a semidefinite re-
laxation of the power flow equations. A power flow solutiondentified when the semidefinite
formulation has a zero relaxation gap solution. This sediist reviews this formulation and then

illustrates examples of non-zero relaxation gap solutions

7.4.1 A Semidefinite Formulation for Calculating Multiple Power Flow Solu-
tions

The formulation for finding multiple power flow solutions defs a feasible space using the
semidefinite relaxation of the power flow equations (seei@edt5). This feasible space convexly
connects the disconnected power flow solutions. Multiplatgmns are obtained by varying de-
sired voltage magnitude properties specified using thecttagefunction. Specifically, a weighting

vectorc is defined for squared voltage magnitudes. The semidefmriteuflation is

min i citrace (M;W)  subject to (7.6a)
trace (Y, W) = P Vk e {PQ, PV} (7.6b)
trace(Y, W) = Qy, VkePQ (7.6¢)
trace (MyW) = V2 vk e {S, PV} (7.6d)
W >0 (7.6e)

A solution to (7.6) has zero relaxation gapW satisfies the rank condition (7.2). See Section 6.3

for further discussion on this formulation.
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7.4.2 Non-Zero Relaxation Gap Solutions to the Multiple Powr Flow Solution
Formulation

Many values ofc result in zero relaxation gap solutions to (7.6) and thesefoeld power
flow solutions. For instance, values okxist for obtaining all power flow solutions to five and
seven-bus test cases in Chapter 6. However, some valuegeslilt in non-zero relaxation gap
solutions and therefore do not solve the power flow equatidhe power flow equations have the
non-convexity of a disconnected feasible space (i.e.tisoisi to the power flow equations consist
of a set of disconnected points). Non-zero relaxation gagisas to the semidefinite formulation
(7.6) are attributable to the non-convexity of the discanee feasible space.

Non-zero relaxation gap solutions to (7.6) occur when mldtpower flow solutions have
similar objective value. Consider, for instance, the fivs-Bystem in Figure 6.3 which is used as
an example system in Chapter 6. All ten solutions to thisesysdre calculated using a homotopy

method in [42].

Two values of ¢ for which (7.6) yields different zero relaxation gap sobus are
T

T
c=10 —1 04 04 0] , Which yields solution 4 in Table 6.3, arid= [0 -1 00 0] ,

which yields solution one in Table 6.3. Figure 7.10 showsdhjective values of each of the ten
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solutions as the objective function is linearly varied betwc and¢ using the scalar parameter

a € [0, 1].

c=ca+(l—-a) (7.7)

Many values ofc yield zero relaxation gap solutions; however, values obrresponding to the
range0.592 < o < 0.659 result in non-zero relaxation gap solutions. For theseesbic, there
are two power flow solutions with similar objective valuesheTnon-convexity associated with
these disconnected feasible spaces results in non-zes@ten gap solutions to (7.6).

The five-bus system in Figure 6.3 contains two buses with fixdthge magnitudes (the slack
bus and a single PV bus). Linear functions of the squares ltdg® magnitudes thus have three
degrees of freedom: one for each of the three PQ bus voltbgseg 2, 3, and 4). These coefficients
can be visualized as a vector= [CQ s 04]T in R.

Multiplying ¢ by a positive scalar changes the optimal objective valuelbas not affect the
optimal value of W (i.e., the power flow solution wheW satisfies the rank condition (7.2)).
Since only the power flow solutions (but not the objectivection values) are of interest to finding
multiple solutions, the vectarcan be normalized to unit length without loss of generality.

To investigate how choices ofaffect which power flow solution, if any, is obtained by (7.6)
Figure 7.11 shows the solutions for many vect@reormalized to unit length, as a sphereRin
Each solution is assigned a separate color, with all pomtheé plot (corresponding to values
of ¢) that find the same solution colored the same. Choicestiat do not result in physically
meaningful solutions (i.e., the relaxation (7.6) yielddugon with non-zero relaxation gap) are
colored white to differentiate these points from power fl@lugons.

Figure 7.11 corroborates the results of Figure 7.10 in tbgions for which choices af that
yield the same zero relaxation gap solution are separateediyns with non-zero relaxation gap
solutions. That is, the non-convexity associated with aahsected feasible space results in non-
zero relaxation gap solutions whenever components of swdnected feasible space have similar

objective values.
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Figure 7.11 Power Flow Solutions Obtained for Varying Valoéc

7.5 Conclusion

Although the semidefinite relaxation of the power flow equdiis often “tight” for many
applications, practical problems may have non-zero réilaxa@gap solutions. This chapter inves-
tigates non-convexities associated with non-zero relexa@ap solutions for a variety of example
problems. Specifically, this chapter considers a semidefprogramming relaxation for the opti-
mal power flow (OPF) problem, a semidefinite formulation useslaluating a sufficient condition
for power flow insolvability and in determining voltage siéip margins, and a semidefinite for-
mulation for finding multiple power flow solutions.

Non-convexity associated with a disconnected feasibleespey result in non-zero relaxation
gap solutions for each of these semidefinite formulatidhssttative examples are provided along
with visualizations of the relevant feasible spaces. ORIBblems for two and three-bus systems
with disconnected feasible spaces exhibit non-zero raétaxgap solutions. A semidefinite formu-

lation used to evaluate a sufficient condition for power floaalvability has non-zero relaxation
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gap solutions when many power flow solutions bifurcate atearrthe power flow solvability
boundary (i.e, the “nose point” of the power versus voltag®e). Multiple power flow solutions
with similar objective values result in non-zero relaxatgap solutions to a semidefinite formula-
tion for finding multiple power flow solutions.

This chapter also presents a five-bus system with conneatetbh-convex feasible space. An
OPF problem associated with this system has non-zero t&axgap, which demonstrates that a
disconnected feasible space is not necessary for non-gepation gap solutions.

Non-zero relaxation gap solutions for large OPF probleresatso studied. Specifically, the
IEEE 300-bus and Polish 3012-bus systems are found to éxiaibizero relaxation gap solutions
as evidenced by matrices that have rank greater than twocldkest rank one matrices to these
non-zero relaxation gap solutions satisfy the power impactquations at the majority of PQ buses;
mismatch at a small number of PQ buses suggests that theamyexgties causing the non-zero
relaxation gaps are isolated to a few small subsectionseof@twork. This is supported by non-
zero relaxation gap solutions to example cases createddmllyaconnecting small test systems
with non-zero relaxation gap solutions to IEEE test casesvfoch the semidefinite relaxation is
tight. Non-convexity introduced in a small subsection of tietwork is sufficient to cause non-
zero relaxation gap solutions. Further, for many caseseuinersemidefinite relaxation is not tight,
heuristically determined perturbations to small subsastof the network often result in problems

with zero relaxation gap solutions.
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Chapter 8

Conclusion and Future Work

This chapter summarizes the contributions of this dissertand outlines plans for future work
in applying semidefinite programming and other techniquesiun this dissertation to problems

in power systems engineering.

8.1 Conclusion

Motivated by the need to improve both power system econoamdgelibility, this dissertation
has detailed applications of a semidefinite programmingxeglon of the power flow equations
to power systems problems. As discussed in the introductiemidefinite program solvers can
reliably find a globally optimal solution in polynomial timand semidefinite relaxations have been
successfully applied to a variety of computationally difftproblems in many fields. The literature
to date details limited success in applying the semidefreiexation of the power flow equations
to the optimal power flow problem. There are many opportasito further apply semidefinite
programming to problems in electric power systems enginger

This dissertation first investigates application of the iskfimite relaxation of the power flow
equations to the OPF problem. Chapter 2 describes practasals where the relaxation fails to
be tight (i.e., the solution to the semidefinite program hasrmzero relaxation gap and therefore
is not physically meaningful). Chapter 2 first discussegsadgth negative Lagrange multipliers
for active power constraints (i.e., locational marginates (LMPs)). Existing literature classi-
fies cases with negative Lagrange multipliers for active grosonstraints as abnormal and indi-

cates that the semidefinite relaxation may fail to providgspdally meaningful solutions for such
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cases [7]. Chapter 2 discusses and provides a practicalpdxarnan OPF problem whose solu-
tion exhibits negative Lagrange multipliers. Failure telglizero relaxation gap solutions for cases
with negative Lagrange multipliers for active power coasits is thus an important limitation of
the semidefinite relaxation of the power flow equations. N&ftapter 2 provides a three-bus
example system with apparent power (“MVA") line-flow corasiits that fails to yield a zero relax-
ation gap solution even though all Lagrange multipliersdotive power constraints are positive
and all Lagrange multipliers for reactive power constisare non-negative. These examples show
that the semidefinite programming relaxation does not pphysically meaningful solutions for
all practical OPF problems.

Chapter 3 provides modeling and computational contrilmgtior solving semidefinite relax-
ations of large-scale OPF problems. While existing semmdefrelaxations, such as the formu-
lation presented in Chapter 2, suffice for many small tedesys, practical power systems often
require additional modeling considerations. The first niadeconsideration in Chapter 3 involves
limiting line flows on parallel lines and transformers (il&ranch elements that share both terminal
buses) while incorporating the possibilities of non-zdnage shifts and off-nominal voltage ratios.
A second modeling contribution of the proposed formulat®the possibility of multiple gener-
ators at the same bus. Multiple generators at the same busaaleled by analogy to the “equal
marginal cost” criterion of the economic dispatch probldine formulation presented in Chapter 3
considers generators with both quadratic and piecewnsadicost functions. Another contribution
is an approximate representation of ZIP loads, which hanstemt impedance, constant current,
and constant power components, in the semidefinite retaxati the power flow equations. An
analysis of this method details the worst case error in tipecqimation.

Chapter 3 continues by discussing computational improwesna solving the semidefinite re-
laxation of the OPF problem. The semidefinite relaxatiorommputationally limited by n x 2n
positive semidefinite matrix constraint, wherds the number of buses in the system. EXxisting

literature discusses matrix decomposition preprocessirige semidefinite relaxation using the
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sparsity inherent in practical large-scale power systerdeiso[7, 81, 82]. Solver speed is signifi-
cantly increased by decomposing the constraint on the farge2n matrix into positive semidefi-
nite constraints on many smaller matrices. Equality camsts enforce consistency between terms
in different matrices that represent the same term ir2the 2n matrix.

Both the size of the matrices and the number of equality caimés affect the solver time;
smaller matrices and fewer equality constraints speed atatipn. Existing OPF literature does
not recognize the potential trade-off between the size @intlatrices and the number of equality
constraints in a semidefinite relaxation of the OPF problérmay be computationally advanta-
geous to combine some matrices in order to trade-off largerioes for a reduction in the number
of equality constraints. Chapter 3 proposes a heuristibausfior combining matrices that reduces
solver times by factors of 2.3 and 3.0 for the IEEE 300-bus Ralish 3012-bus test systems,
respectively, as compared to existing matrix decompasstio the OPF literature.

These computational advances in exploiting power systearsgp allow for analysis of the
relaxation gap properties for solutions to large OPF proileUsing two proposed measures of
rank condition satisfaction, Chapter 3 details an analgkison-zero relaxation gap solutions to
the IEEE 300-bus and the Polish 3012-bus systems. This@salyows a small number of buses
with large active and reactive power mismatch, while theamisj of buses have small mismatch.
These results suggest that non-convexities in small stibes®f the network are responsible for
non-zero relaxation gap solutions.

An additional computational contribution in Chapter 3 is athwod for recovering an optimal
voltage profile from the solution to a decomposed semidefigtaxation. This method relies on
linear calculations that enforce consistency betweendéhat refer to the same voltage along with
a reference angle constraint and a single binding constraihe OPF problem.

Chapter 3 also proposes a modification to an existing magcoohposition [82] that enables
application to general power system models. The decomgpogiescribed in [82] requires that
the absolute value of the imaginary part of the admittanciixnia positive definite. This condi-

tion is not satisfied by all practical power system modelstigaarly those with large capacitive
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shunt elements. Since only the sparsity pattern of thisixiatrequired for the matrix decomposi-
tion, construction of a different, positive definite matwith the same sparsity pattern extends the
applicability of the matrix decomposition method to gehe@ver systems.

Finally, Chapter 3 describes a sufficient condition tesgfobal optimality of a candidate OPF
solution using the Karush-Kuhn-Tucker (KKT) conditions &ptimality of the semidefinite relax-
ation of the OPF problem. A candidate solution obtained feomature OPF solution algorithm
that satisfies the KKT conditions of complementarity andsilgidity is guaranteed to be globally
optimal. However, satisfaction of these conditions is netassary for global optimality. This
approach pairs the speed advantage of existing solversthatglobal solution advantage of the
semidefinite relaxation.

This dissertation next investigates techniques for impmgpower system reliability. Chapter 4
discusses a sufficient condition, calculated using a sdmitteprogram, for the insolvability of
the power flow equations. A proof of the feasibility of thisradefinite program ensures that the
sufficient condition can be calculated for lossless powstesys; the proof further argues that the
semidefinite program is also feasible for practical powetews (i.e., systems with small active
power losses).

As a byproduct of this sufficient condition, two voltage sligomargins are developed that
give measures of the distance to the power flow solvabilityniolary. The two voltage stability
margins are 1.) a controlled voltage margin, which gives gmeu bound on the factor by which
the controllable voltages must be uniformly changed suel tte solution is at the power flow
solvability boundary, and 2.) a power injection margin, ehgives an upper bound on the factor
by which all power injections must be uniformly changed atstant power factor in order for the
solution to be at the power flow solvability boundary. Theoinability condition and both voltage
stability margins are demonstrated using the IEEE 14 aneblis8est systems.

The sufficient condition and voltage stability margins dgsd in Chapter 4 model generators

as ideal voltage sources with no limits on reactive powepoist More detailed generator models
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consider reactive power limits, which may result in voltagapse through limit-induced bifurca-
tions. Chapter 5 provides two formulations that extend thekwn Chapter 4 to consider reactive
power limited generators.

The first of these formulations uses mixed-integer semidefprogramming (i.e., an opti-
mization problem with both positive semidefinite matrix straints and integer constraints) to
model reactive power limited generators. Although curremnted-integer semidefinite program-
ming solvers are relatively immature and not assured tomyolynomial time, this is an active
area of research and more capable algorithms will likelpbezavailable. Existing tools are suffi-
cient for small power system models and Chapter 5 discusgestml modifications that improve
the computational tractability of the proposed formulatwith respect to solution algorithms in
the literature.

The second formulation in Chapter 5 uses the concept of silfgigy certificates from the
field of real algebraic geometry. Using the Positivstellgngheorem, infeasibility certificates
for polynomial equations are calculated with sum-of-sgaatecompositions that are themselves
computed with semidefinite optimization programs. Formntathe power flow equations with
reactive power limited generators as a system of polyn@maiédws for the application of infeasi-
bility certificate theory.

Questions regarding multiple power flow solutions are thedrassed in Chapter 6. This chap-
ter first presents a five-bus system counterexample to a ahdine literature about the ability of a
continuation-based method to find all solutions to any pasystem model. Since other methods
for finding all solutions to the power flow equations are nanpatationally tractable for large
systems, there is presently no method for reliably comgudlhsolutions to the power flow equa-
tions for practically sized systems. Other methods forudating multiple power flow solutions
therefore deserve further research attention.

Chapter 6 then proposes a method for finding multiple power $lolutions using the semidef-
inite relaxation of the power flow equations. With the choadean objective function based on
squared voltage magnitudes and appropriately selectestraonts, the semidefinite relaxation of

the power flow equations can be used to find power flow solutitisdesired voltage magnitude
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characteristics. It is important to note that this methodsdnot yield physically meaningful so-
lutions (i.e., the semidefinite relaxation is not tight) &t objective function choices; however,
all solutions to the two test cases investigated in Chapieer® obtainable with some objective
function choice.

Finally, by illustrating the feasible spaces for power systoptimization problems and their
semidefinite relaxations, Chapter 7 investigates examyfle®n-zero relaxation gap solutions.
Three specific applications of the semidefinite relaxatibthe power flow equations are consid-
ered: the optimal power flow problem, a formulation used teeine voltage stability margins,
and a formulation for determining multiple solutions to ff@ver flow equations. Visualizing the
feasible spaces of both the original, rank-constraine8lpros and of the semidefinite relaxation
illustrates examples of non-convexities that result in-mero relaxation gap solutions. Studied
non-convexities include both disconnected and conneatéddn-convex feasible spaces. This
analysis includes a discussion of non-zero relaxation gapisns to large OPF problems.

Open source MATLAB code implementing these contributianander review for public re-
lease as part of MATPOWER [55]. Publicly available code wglked research progress by elim-
inating the need for researchers to independently impléthese semidefinite formulations and
will quickly distribute the contributions of this dissetitan. This code includesdp_opf, which
implements the semidefinite relaxation of the OPF probleth thie modeling and computational
advances described in Chaptett8stGlobalOpt, which is a computationally efficient implemen-
tation of the sufficient condition test for global optimglitescribed in Section 3.4hsolvablepf,
which evaluates the sufficient condition for power flow ingdlility and calculates the voltage
stability margins described in Chapter 4 while exploitingimer system sparsity for computa-
tional efficiency;pfcondition limitQ, which implements the mixed-integer semidefinite pro-
gramming formulation that evaluates a sufficient condifienpower flow insolvability and cal-
culates a voltage stability margin with consideration aiatere power limited generators; and
insolvablepfsos_1limitQ andinsolvablepfsos, which prove power flow insolvability using
sum-of-squares programming to generate infeasibilityif@ates with and without considering

reactive power limited generators, respectively.
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8.2 Publications

Several publications have resulted from the researchléétaithis dissertation. Work from Chap-

ter 2 and Section 6.3 is published as

B. C. LesieutreD. K. Molzahn, A. R. Borden, and C. L. DeMarco, “Examining the
Limits of the Application of Semidefinite Programming to Rawlow Problems,”
in 49" Annual Allerton Conference on Communication, Control, &uinputing,
2011, September 28-30 2011.

[83]

Work from Sections 3.2 and 3.3 is accepted for publication as

D. K. Molzahn, J. T. Holzer, B. C. Lesieutre, and C. L. DeMarco, “Implenagian
[94] of a Large-Scale Optimal Power Flow Solver Based on Semitkefitogramming,”
To appear INEEE Transactions on Power Systems

Work from Section 3.2.4 is submitted for publication as

D. K. Molzahn, B. C. Lesieutre, and C. L. DeMarco, “Approximate Repreagoin
[95] of ZIP Loads in a Semidefinite Relaxation of the OPF Problé&apmitted tdEEE
Transactions on Power Systems (Letters)

Work from Section 3.4 is accepted for publication as

D. K. Molzahn, B. C. Lesieutre, and C. L. DeMarco, “A Sufficient Conditicor f
[96] Global Optimality of Solutions to the Optimal Power Flow Blem,” To appear in
IEEE Transactions on Power Systems (Letters)

Work from Chapter 4 is published, with an extended versianlalile as a technical report, as

D. K. Molzahn, B. C. Lesieutre, and C. L. DeMarco, “A Sufficient Conditiaor f
[101] Power Flow Insolvability with Applications to Voltage Siaty Margins,” IEEE
Transactions on Power Systemsl. 28, no. 3, pp. 2592-2601, August 2013.
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D. K. Molzahn, B. C. Lesieutre, and C. L. DeMarco, “A Sufficient Conditiaor f
Power Flow Insolvability with Applications to Voltage Stlty Margins,” Univer-

[102] sity of Wisconsin-Madison Department of Electrical and Quiter Engineering,
Tech. Rep. ECE-12-01, 2012, [Online]. Availablettp://arxiv.org/abs/
1204 .6285.

Work from Chapter 5 is accepted for publication as

D. K. Molzahn, V. Dawar, B. C. Lesieutre, and C. L. DeMarco, “Sufficient @én
tions for Power Flow Insolvability Considering ReactiveArw Limited Generators

[106] with Applications to Voltage Stability Margins,” To appeiar Bulk Power System
Dynamics and Control - IX. Optimization, Security and Cohtf the Emerging
Power Grid, 2013 IREP SymposiuAugust 25-30 2013.

Work from Section 6.2 is published as

D. K. Molzahn, B. C. Lesieutre, and H. Chen, “Counterexample to a Contiona
[111] Based Algorithm for Finding All Power Flow SolutionslEEE Transactions on
Power Systems (Lettersjol. 28, no. 1, pp. 564-564, February 2013.

Work from Chapter 7 is submitted for publication as

D. K. Molzahn, B. C. Lesieutre, and C. L. DeMarco, “Investigation of Noar@

[113] Duality Gap Solutions to a Semidefinite Relaxation of the &oklow Equations,”
Submitted to47" Hawaii International Conference on System Sciences (HICSS
2014 6-9 January 2014.
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8.3 Future Work

This work opens several avenues for further investigatidre first involves extension of the
modeling capabilities of the semidefinite relaxation. #igant research attention in developing
and analyzing semidefinite relaxations has focused onlalisitvn networks. The radial topology
common to distribution networks has interesting propsrireconvex relaxations of the power
flow equations. For instance, several sufficient conditifmnszero relaxation gap solutions to
convex relaxations of the OPF problem require radial ndtwapologies [69—75] along with other
restrictions. In addition, increasing prevalence of disited generators and other active control
devices connected to distribution systems makes develojppph®PF techniques for these systems
necessary for efficient operation of future power systertid].1

Most existing semidefinite formulations assume balancédorés where phenomena are iden-
tical in each phase after accounting for the angle offset,(goltage magnitudes for each phase
of a three-phase system are identical with the voltage arajfset by120°). While this is a real-
istic assumption for typical steady-state transmissi@tesy operation, it is often not an accurate
representation of distribution systems, which can havstsmtial imbalance between phases. Dis-
tribution networks also typically have much higher resisgto reactanceR to X) ratios than
transmission networks. These differences require speethblgorithms for distribution network
analysis. See, e.g., [114-119] for power flow and optimalgrditlow algorithms specialized for
distribution networks.

Extending the semidefinite relaxation of the power flow eiguatto networks with phase im-
balances is necessary for realistic analysis of many digtan systems. Existing work in this
area includes [120], which proposes a semidefinite relem&or the three-phase OPF problem,
and [121], which focuses on microgrid applications of tlem&lefinite relaxation with the possi-
bility of distributed computations. One important open sfian is determining whether the find-

ings of existing literature regarding semidefinite reléo@s of balanced radial networks apply to
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imbalanced radial networks with high to X ratios. That is, ascertaining if semidefinite relax-
ations of distribution networks with phase imbalance hdaes dimilar properties as distribution
networks with balanced phases.

Extension of the semidefinite relaxation to imbalanced pets/would also enable leveraging
the techniques for voltage stability analysis developddismdissertation. Power flow insolvability
and voltage stability margins for imbalanced systems wddlp engineers ensure distribution
system reliability and exploit the capabilities of distribd generation resources. This work would
supplement continuation-based methods for voltage #tahialysis of imbalanced distribution
networks [122].

Further, distribution networks may be operated with défeérgoals than transmission networks;
for instance, improving power quality by minimizing harmormlistortions [119] and/or phase
imbalances. Another question of interest is whether theidefinite relaxation can be used to
achieve these alternative operating goals.

Other avenues for future research involve further appbaatof the theories used in Chapter 5.
This chapter uses the Positivstellensatz theorem from ¢kek dif real algebraic geometry to gen-
erate infeasibility certificates for the power flow equasiamth consideration of reactive power
limited generators. This work exploits the fact that the poflow equations are polynomial in the
rectangular voltage componentgandV;.

With the wealth of tools for analyzing polynomial equaliti@nd inequalities, real algebraic ge-
ometry has significant potential for further applicatiorthe power flow equations. For instance,
future advances in calculating only the real solutions dypomial equations may enable devel-
opment of a computationally tractable method for reliabigiing all power flow solutions to large
systems.

Chapter 5 also applies mixed-integer semidefinite prograngito calculate a voltage stabil-
ity margin with consideration of reactive power limited geators. Mixed-integer semidefinite
programming can be directly applied to power systems proslinat currently use mixed-integer
programming (e.g., the unit commitment problem where a paystem dispatch is optimized

over time with the ability to commit and decommit genera{@3] and the optimal transmission
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switching problem where a generation dispatch and trarssoms$opology is determined to meet a
given load [124]). Existing work in this area includes thelkgation of mixed-integer semidefinite
programming to the transmission expansion problem [125].

To be computationally feasible for realistic system modeigire work also includes investi-
gating the application of large-scale mixed-integer sefimite program algorithms, such as [65]
and [66], to power system problems. (See Section 5.3.3.)

Future research also seeks to combine the optimal power fidwaltage stability margins into
one optimization problem in order to investigate the po&titade-off between low cost and stable
power system operation. The power injection margins d@ezlan Chapters 4 and 5 are calculated
using an optimization problem, which enables integratiao &an optimal power flow problem.
Voltage stability margins in the directions of prespecifiegbction profiles could be considered
as part of a multiobjective optimization problem. A mulgettive formulation would explore
the pareto front of the optimization problem to study thelé&-aff between minimizing operating
cost and improving the voltage stability margin. Operatoognt perturbations that significantly
improve voltage stability margins with small increases @mgration costs would be particularly
valuable.

Future work can also build on Chapter 7’s investigation af-zero relaxation gap solutions.

For several large systems with non-zero relaxation gagisaky this chapter showed that the clos
est rank one matrix satisfies the power injection equatiotiseamajority of load buses; mismatch
at a small number of load buses suggests that the non-ctynaxising the non-zero relaxation
gap solution is isolated to a few small subsections of thevoit This is supported by non-zero
relaxation gap solutions to example cases created by kad@hnecting small test systems with
non-zero relaxation gap solutions to IEEE test cases foclhwthie semidefinite relaxation is tight.
Non-convexity introduced in a small subsection of the nekws sufficient to cause a non-zero
relaxation gap solution. Further, for many cases where d¢neidefinite relaxation is not tight,

heuristically-determined perturbations to small subsastof the network often result in problems

with zero relaxation gap solutions.
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Non-convexities that are isolated to small subsectionhefrietwork and the ability to ob-
tain zero relaxation gap solutions to some perturbed OPBlgmts suggest directions for future
research. One potential direction is development of a rfofmethod for identifying non-convex
subsections of the network before solving an OPF problemogsible approach is to categorize
common network structures that lead to non-convexity.

Another potential research direction is development of stesyatic method for determin-
ing perturbations that result in zero relaxation gap sohdi Ideally, such a method would find
the smallest perturbations necessary in order to obtaifictbeest” OPF problem for which the
semidefinite relaxation is tight. Perturbations within timeertainty associated with power system
data would be particularly useful in practice. Researchhis topic may draw on such works
as [71, 73, 74], which claim that zero relaxation gap sohdialways result for OPF problems
modified with a sufficient number of appropriately placedtoolfable phase shifting transformers
along with allowing for load oversatisfaction (i.e., no @ppounds on load demands). These mod-
ifications may be viewed as method for perturbing the origfF problem to a nearby problem
that has zero relaxation gap solution. The substitutionrdra [8] may allow for a more nat-
ural representation of the controllable phase shiftingsfarmers as perturbations to bus power
injections.

As an alternative to perturbing an OPF problem, it may beiptesto add constraints that are
redundant to the classical OPF problem but change the feagibce of the semidefinite relaxation
in order to obtain a zero relaxation gap solution. Develg@nproof-of-principle example and
determining a systematic approach for determining appatgpconstraints are questions for future

research.
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