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Chromatin immunoprecipitation followed by sequencing (ChIP-seq) is a common genomics tool

for studying regulation of transcription. Analyses of ChIP-seq data typically concern: i) bind-

ing state inference, which aims at detecting the DNA loci occupied by the transcription factor of

interest; and ii) allele-specific binding/histone modification analysis, which incorporates the het-

erozygous Single Nucleotide Polymorphisms (SNPs) information in diploid organisms. Current

approaches for both problems target at individual datasets independently.

Chapter 2 introduces a MAP-based Asymptotic Derivations from Bayes (MAD-Bayes) ([11])

method based on strong assumptions in MBASIC ([60]) framework. This results in a K-means-like

optimization algorithm which converges rapidlyThe fast-converging nature enables exploring mul-

tiple initialization schemes and flexibility in tuning. Computational experiments and application

shows that MAD-Bayes MBASIC improves computational efficiency without sacrificing accuracy

in estimation performance.

In Chapter 3, I extends the MAD-Bayes MBASIC to the allele-specific analysis setting, via

a variance-stabilizing transformation, enabling the method to apply discrete distributions in both

binding state and allele-specific binding problems. Application to the allele-specific analysis of

transcription factor binding displays higher power and accuracy of the joint approach compared

to individual dataset level approach. The first systematic analysis of allelic imbalance of his-

tone modifications reveals properties unique in allele-specific histone modification. By connecting

allele-specific histone modification results to allele-specific expression data, we detected SNP loci

as the potential candidate for further studies in the regulatory mechanisms.
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ABSTRACT

Chromatin immunoprecipitation followed by sequencing (ChIP-seq) is a common genomics

tool for studying regulation of transcription. Analyses of ChIP-seq data typically concern: i)

binding state inference, which aims at detecting the DNA loci occupied by the transcription factor

of interest; and ii) allele-specific binding/histone modification analysis, which incorporates the

heterozygous Single Nucleotide Polymorphisms (SNPs) information in diploid organisms. Current

approaches for both problems target at individual datasets independently.

Chapter 2 introduces a MAP-based Asymptotic Derivations from Bayes (MAD-Bayes) ([11])

method based on strong assumptions in MBASIC ([60]) framework. This results in a K-means-like

optimization algorithm which converges rapidlyThe fast-converging nature enables exploring mul-

tiple initialization schemes and flexibility in tuning. Computational experiments and application

shows that MAD-Bayes MBASIC improves computational efficiency without sacrificing accuracy

in estimation performance.

In Chapter 3, I extends the MAD-Bayes MBASIC to the allele-specific analysis setting, via

a variance-stabilizing transformation, enabling the method to apply discrete distributions in both

binding state and allele-specific binding problems. Application to the allele-specific analysis of

transcription factor binding displays higher power and accuracy of the joint approach compared

to individual dataset level approach. The first systematic analysis of allelic imbalance of his-

tone modifications reveals properties unique in allele-specific histone modification. By connecting

allele-specific histone modification results to allele-specific expression data, we detected SNP loci

as the potential candidate for further studies in the regulatory mechanisms.
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Chapter 1

Introduction

1.1 Background

The state-of-art technology, Chromatin immunoprecipitation followed by sequencing (ChIP-

seq) has revolutionized the detection of biological signals including protein-DNA interaction of

transcription factors (TFs) and histone modifications with significantly accelerated data generation

speed with affordable expenses. ChIP-seq helps to identify how chromatin-associated proteins

influence phenotype-affecting mechanisms. Determining how proteins interact with DNA in DNA

regulation is essential for fully understanding many biological processes and disease states.

Large consortia (e.g., ENCODE ([49]), REMC ([40])) as well as investigator-initiated projects

generated large collections of ChIP-seq data profiling multiple transcription factors and histone

modifications across a wide variety of systems. Most current approaches for analyzing data from

multiple cell types perform initial analyses such as peak calling in ChIP-seq independently in each

cell/tissue/condition type. This approach ignores the fact that functional elements are frequently

shared between related cell types, and leads to an overestimation of the extent of functional di-

vergence between the conditions. Although the uniform processing pipelines developed by data-

generating consortia and the resulting analysis of consortia data enable easy access to these data,

joint analysis approaches that take advantage of the inherent relationships between datasets and

cell types are required. Joint inference for ChIP-seq datasets can be formulated as inferring for

each locus whether or not it exhibits ChIP-seq signal in a given condition and also grouping loci

based on their profile similarity across multiple samples.
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Moreover, availability of large collections of ChIP-seq datasets enables integrative analysis of

datasets under different biological conditions, i.e., TFs/histone modifications/treatments/tissues/cells.

For example, [20] and [54] each studied human regulatory network by analyzing over 100 TF

datasets. [57] identified clustered TF binding patterns in cancer cells by investigating 565 different

TF datasets. A common feature of these studies is that genomic loci that exhibit signals (bound

loci) are identified from individual datasets, and loci with the same combinatorial patterns across

the experiments are clustered. Overall, two general problems emerge from the joint analysis of

ChIP-seq datasets:

Binding State Inference. A variety of problems such as TF regulatory network and chromatin

state annotation analysis fall into this category. For example, about 2,000 transcription factors in

human genome collaborate in a diversity of ways to perform the complex functioning of regulation

of 20,000 genes dynamically in different tissues ([51]). Such a combinatorial scheme makes it crit-

ical to elucidate the association patterns among different transcription factors. While the number

of possible patterns grows exponentially with number of conditions, studies in epigenetic marks

([45]) show that actual combination patterns of epigenetic marks in real human data scales only

as a polynomial with degree around 1 or 2, suggesting that a small handful of protein binding

co-association patterns can actually account for the majority of human genome.

Allele-specific Binding/Histone modification Inference. Allele-specific Histone Modifica-

tion (ASHM) and Allele-specific Binding (ASB) inference incorporate genetic variation due to

SNPs in analysis of ChIP-seq datasets in diploid organisms and complement the standard analysis

of peak calling ([36]). The key inference is to detect SNP loci that can perturb histone modifica-

tions or transcription factor (TF) binding and generate allelic imbalance between the two parental

strands, and assign preferred parental alleles to each loci.

Allele-specific analysis of ChIP-seq data involves two key steps. The first is quantification of

read counts for each allele ([53, 42, 27]). The second step concerns inferring the level of allelic

imbalance from the allele specific counts. Binomial and Beta-Binomial tests are two common

methods for count data in allele-specific event such as allele-specific expression or allele-specific
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binding analysis for individual datasets ([42, 13, 38, 15]). iASeq ([56]) uses a Bayesian hierar-

chical model to learn correlation patterns of allele-specificity across conditions by focusing on

co-occurrence of allelic-specificity across datasets.

Despite the vast availability of ChIP-seq datasets and the growing demand for more compre-

hensive and fast joint analysis method, only a few joint methods have emerged and most of the

methods do not scale up to 100s or 1000s. Matrix Based Analysis for State-space Inference and

Clustering (MBASIC) is a versatile framework both estimates the underlying state-space (e.g.,

bound vs. unbound) and also studies association between genomic loci by grouping loci with sim-

ilar state patterns together, while its Expectation-Maximization based estimation structure hinders

its applicability with large numbers of loci and samples. In this thesis, I present a fast method

MAD-Bayes MBASIC for large scale datasets, which handles the two problems in a unified way.

1.2 Overview of the Chapters

Chapter 2 adopts a small variance asymptotics framework for MBASIC and derives a K-means-

like MAD-Bayes algorithm under strong assumptions for binding state inference problem. The

fast-converging nature enables exploring multiple initialization schemes and flexibility in tuning.

Computational experiments and application shows that MAD-Bayes MBASIC improves computa-

tional efficiency without sacrificing accuracy in estimation performance.

In Chapter 3, I extends the MAD-Bayes MBASIC to the allele-specific analysis setting, by

employing a variance-stabilizing transformation to maintain small variances. Application to the

allele-specific analysis of transcription factor binding displays higher power and accuracy of the

joint approach compared to individual dataset level approach. I also provides the first systematic

analysis of allelic imbalance of histone modifications. Associating allele-specific histone modifi-

cation results to allele-specific expression data, and we detected SNP loci as the potential candidate

for further studies in the regulatory mechanisms.
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Chapter 2

A MAD-Bayes Algorithm for State-Space Inference and Cluster-
ing with Application to Querying Large Collections of ChIP-Seq
Data Sets 1

2.1 Introduction

Many large consortia (e.g., ENCODE ([49]), REMC ([40])) as well as investigator-initiated

projects generated large collections of ChIP-seq data profiling multiple proteins and histone mod-

ifications across a wide variety of systems. Most current approaches for analyzing data from

multiple cell types perform initial analyses such as peak calling in ChIP-seq independently in each

cell/tissue/condition type. This approach ignores the fact that functional elements are frequently

shared between related cell types, and leads to an overestimation of the extent of functional di-

vergence between the conditions. Although the uniform processing pipelines developed by data-

generating consortia and the resulting analysis of consortia data enable easy access to these data,

joint analysis approaches that take advantage of the inherent relationships between datasets and

cell types are required. Joint inference for ChIP-seq datasets can be formulated as inferring for

each locus whether or not it exhibits ChIP-seq signal in a given condition and also grouping loci

based on their profile similarity across multiple samples.

It is now widely accepted that joint analysis of these types of data can uncover signals that are

otherwise too small to detect from a single experiment ([9, 7]). Among the available joint analysis

methods, jMOSAiCS ([58]) builds on ChIP-seq peak-caller MOSAiCS ([28]) and incorporates a

1The manuscript for this chapter is published in [61]. Method in this chapter is implemented in the R package
MBASIC available at http://github.com/KaileiChen/mbasic.

http://github.com/KaileiChen/mbasic
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multi-layer hidden states model that governs the relationship of enrichment among different sam-

ples. [8] utilizes a one-dimensional Markov random field (MRF) model to account for spatial

dependencies along the genome while modeling individual components by mixtures of Zero In-

flated Poisson or Negative Binomial models. dCaP ([14]) uses a three-step log-likelihood ratio

test to jointly identify binding events in multiple experimental conditions. ChromHMM ([17]) and

Segway ([22]) are two commonly adopted approaches for segmenting the genome into chromatin

states based on histone ChIP-seq and rely on hidden Markov models and Bayesian Networks, re-

spectively. Recently, Spectacle ([45]) provided a transformative improvement of ChromHMM by

utilizing spectral learning for parameter estimation in HMMs. hiHMM ([44]) uses a Bayesian

non-parametric formulation of the HMMs while taking into account species-specific biases.

Overall, available strategies for considering multiple ChIP-seq datasets simultaneously can

be broadly classified based on (i) whether or not they can deal only TF ([30, 32]), only histone

([17, 22, 45, 46, 19]), or both ([7, 58]) types of ChIP-seq data (large amounts of both are awaiting

in the public databases!), (ii) whether or not they rely on a priori analysis of individual datasets

([17, 45, 30, 32, 19]), (iii) whether or not they focus on differential occupancy and can handle

very few numbers of conditions ([30, 48, 23]), (iv) whether or not they can scale up to 100s to

1000s of datasets. These approaches, with the potential exception of ([45]), do not scale up to

100s to 1000s of datasets since they, to a large extent, utilize variants of hidden Markov models

and/or implement variants of the Expectation-Maximization (EM) algorithm ([16]) for parameter

estimation. Furthermore, none of these approaches accommodate querying of multiple datasets for

selected loci. Their analysis results can only be used to ”annotate” user-specified loci without any

notion of uncertainty.

We recently introduced MBASIC ([60]) as a probabilistic method for querying multiple ChIP-

seq datasets jointly for user-specified loci. When multiple ChIP-seq datasets (multiple TFs profiled

in different cell/tissue types under a variety of conditions) are available, the key inference encom-

passes both identifying peaks in individual datasets (state-space mapping) as well as identifying

groups of loci that cluster across different experiments (state-space clustering). At the core of
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MBASIC are biologically validated and commonly adapted models for measurements from indi-

vidual experiments (e.g., read data models from [28, 59] for state-space mapping) and a mixture

model for clustering of the loci with similar state-space mapping. Parameter estimation in this

versatile model is based on the EM algorithm and hence does not scale up with large numbers of

user-specified loci and ChIP-seq datasets. In this paper, we adopt a small-variance asymptotics

framework for MBASIC and derive a K-means-like MAD-Bayes algorithm ([11]). Specifically,

we consider a mixture of Log-normal distributions for the state-specific observations with a Chi-

nese Restaurant Process (CRP) ([10, 2]) as the clustering prior. Small-variance asymptotics for

maximizing the posterior distribution leads to a K-means like objective function with a key penalty

term for the number of clusters. Extensive comparisons with MBASIC indicate that this approach

can significantly speed up model estimation without significant impact on the estimation perfor-

mance. Although methods like ChromHMM and Spectacle inherently have a different purpose

than MAD-Bayes MBASIC, we compared the three on histone ChIP-seq data from GM12878

cells. This comparison indicated that MAD-Bayes MBASIC can capture the overall patterns that

these segmentation methods identify.

2.2 Method

We begin our exposition with an overall description of the Bayesian MBASIC model (Fig.2.1)

and then derive the MAD-Bayes algorithm. Some key aspects of our approach are model initial-

ization and tuning parameter selection. Although these aspects arise in all of the above mentioned

joint analysis methods, they are typically not well studied because of the computational costs.

2.2.1 The MBASIC Model

We consider I genomic loci of interest, indexed from i = 1, · · · , I , from the reference genome

with observations from K different experimental conditions. We use the notion of loci loosely in

the sense that these loci could correspond to promoter regions of genes (all or members of spe-

cific pathways), locations of genome with a specific transcription factor (TF) binding motif, or

peaks from a specific ChIP-seq experiment. The K conditions denote different TFs and cell/tissue
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Figure 2.1: Overview of the MBASIC modeling framework. Curves within each panel depict

different replicates under the experimental conditions C1, C2, and C3. Loci A and D are in the

same cluster.
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types. Then, the key inference concerns analyzing I loci based on these K experiments. To further

motivate the circumstances this inference problem arises, we consider an example from GATA-

factor biology. In [21], we were interested in an overall analysis of all the E-box-GATA compos-

ite elements based on all the ENCODE ChIP-seq data to identify sites similar to the functional

E-box-GATA composite element at the +9.5 loci which is causal for MonoMAC disease (a rare ge-

netic disorder associated with myelodysplasia, cytogenetic abnormalities, and myeloid leukemias

([24])). The E-box-GATA composite elements are represented by CANNTGN{6-14}AGATAA

oligonucleotides, where N denotes any nucleotide and N{6-14} denotes any nucleotide sequence

of length 6 to 14 bps and are found abundantly in the genome, e.g., hg19 harbors ∼ 102K of them.

Joint analysis of these loci over, for example, all the available ENCODE TF ChIP-seq datasets (∼

880 based on https://www.encodeproject.org) to identify groups of loci that are similar to the

+9.5 element represents one potential application. In the MBASIC framework, the binding states

are governed by a clustering structure, which groups genomic loci with similar overall binding

states across experiments together. For the E-box-GATA composite elements example, in addition

to the binding states for each candidate loci across experiments, MBASIC also reports a clustering

of loci based on the binding states. The cluster with the +9.5 loci harbors candidate E-box-GATA

elements to follow up [21].

Let nk denote the number of experimental replicates for the k-th condition. We denote the

observation for the i-th locus under condition k for the l-th replicate by Yikl, for 1 ≤ i ≤ I ,

1 ≤ k ≤ K, and 1 ≤ l ≤ nk. We assume that a latent state is associated with the i-th locus and

the k-th condition. θiks is the indicator for the state to be s, where s takes values in a discrete state-

space {1, · · · , S}. In a ChIP-seq experiment, we typically have S = {1, 2}, where θik1 = 1 or

θik2 = 1 indicates that the i-th locus is unenriched (unbound) or enriched (bound) under condition

k, respectively. Our model consists of two key components. The first component, state-space

mapping, assumes the following distribution of Yikl conditional on θik:

(Yikl|θiks = 1)
i.i.d.∼ fs(·|µkls, σkls, γikls),

where fs is a density function with parameters µkls, σkls, and γikls denotes covariates encoding

known information for locus i. Note that γikls carries information related to how the counts for

https://www.encodeproject.org
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unenriched loci arise (when θik = 0), i.e., data from control Input experiments, GC content, and

mappability ([59]). In this paper, we take fs to be Log-normal distribution to represent ChIP-seq

read counts after potential normalization for mappability and GC content:

(log(Yikl + 1)|θiks = 1)
i.i.d.∼ N(µklsγikls, σ

2
kls), (2.1)

where we utilize conjugate priors µkls ∼ N(ξ, τ 2) and σ2
kls ∼ Gamma(ω, ν).

The second part of the Bayesian MBASIC model is state-space clustering. We assume that the

loci can be clustered into J groups denoted by C1, · · · , CJ , i.e., {1, 2, · · · , I} = C1 ∪ · · · ∪ CJ .

Let zij = 1 if the i-th locus belongs to cluster j and 0 otherwise. The states for the loci within the

same cluster follow a product multinomial distribution:

(θiks)
S
s=1|zij = 1

i.i.d.∼ Multinomial (1, (wjks)1≤s≤S) ,
S∑
s=1

wjks = 1, (2.2)

with non-informative prior (wjks)1≤s≤S ∼ Dir(1, 1, · · · , 1). We further assume a Chinese Restau-

rant Process (CRP, [2]) as a prior for the number of clusters J . Let α be a hyper-parameter of the

model. The first locus forms C1 at the start and each locus gets assigned to a cluster recursively.

Suppose we have assigned loci 1, · · · , i − 1 to J ′ clusters. The i-th locus is then assigned to

Cj′ , j
′ ≤ J ′ with probability proportional to the size of Cj′ . It can also form a new cluster Cj′+1

with probability proportional to α. Then, the prior density for a partition with J clusters is

f(zij, i = 1, · · · , I, j = 1, · · · , J) = αJ−1
Γ(α + 1)

Γ(α + I)

J∏
j=1

(
I∑
i=1

zij − 1

)
!. (2.3)

With these specifications, we can derive the posterior density (2.4) of the model for parameter

estimation.

P(θ, z, µ, σ, w, J |Y ) ∝
I∏
i=1

J∏
j=1

K∏
k=1

S∏
s=1

w
θikszij
jks × α(J − 1)

J∏
j=1

(
I∑
i=1

zij − 1)!

×
K∏
k=1

nk∏
l=1

S∏
s=1

1

τ
e−

(µkls−ξ)
2

2τ2
1

σ
2(ω+1)
kls

e
− 1

σ2
kls

×
I∏
i=1

K∏
k=1

S∏
s=1

[
nk∏
l=1

1

σkls
e
− (log(yikl+1)−µklsγikls)

2

2σ2
kls

]θiks
(2.4)
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Although the resulting posterior density leads to a Gibbs sampling algorithm, such a Gibbs

sampling scheme requires excessive computational time for mixing (data not shown). Therefore,

we derive MAD-Bayes algorithm by utilizing small-variance asymptotics.

2.2.2 MAD-Bayes MBASIC

We further make the following small-variance assumptions for the MBASIC model:

1. All variances in the Log-normal distributions are small and similar in scale. Let σ2 =

maxk,l,s σ
2
kls, then σ2 → 0, and

σ2

minσ2
kls

= O(1).

2. There is a dominant hidden state for each fixed cluster and condition, i.e. wjks ∈ {1− (S −

1)e−λw/σ
2
, e−λw/σ

2} for λw > 0.

3. Associating the degree of dominance in each cluster and condition to the CRP clustering

prior, then reparameterize the concentration parameter as λ = −2σ2 log(α) and λ = λwλr,

then α = e−λwλr/2σ
2 σ2→0−→ 0 for λw, λr > 0.

Proposition 2.1. Under assumptions (1)-(3), as σ2 → 0, the posterior density reduces to

− 2σ2 logP(θ, z, µ, σ, w, J |Y )

=
I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2
σ2

σ2
kls

+λw

I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λwλr(J − 1) + Constant + o(1).

(2.5)

Proof. The log posterior density Eqn. (2.4) can be written as:
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logP (θ, z, µ, σ, w, J |y) = − 1

2σ2

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikls + 1)− µklsγikls]2
σ2

σ2
kls

+
I∑
i=1

J∑
j=1

K∑
k=1

S∑
s=1

θikszij logwjks + logα(J − 1)− NS

νσ2

σ2

σ2
kls

− [(ω + 1)NS +NI/2] log σ2 − (ω + 1)
K∑
k=1

nk∑
l=1

S∑
s=1

log

(
σ2
kls

σ2

)

− 1

2

I∑
i=1

K∑
k=1

S∑
s=1

θiks

nk∑
l=1

log

(
σ2
kls

σ2

)
+O(1),

(2.6)

where N =
∑K

k=1 nk is the total number of replicates, and all terms unrelated to σ2 ends in

O(1). Therefore, as σ2 → 0,

−2σ2 logP (θ, z, µ, σ, w, J |y) =
I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikls + 1)− µklsγikls]2
σ2

σ2
kls

−2σ2

I∑
i=1

J∑
j=1

K∑
k=1

S∑
s=1

θikszij logwjks − 2σ2 logα(J − 1)

+(ω + 1)
K∑
k=1

nk∑
l=1

S∑
s=1

σ2 log
σ2
kls

σ2
+

I∑
i=1

K∑
k=1

S∑
s=1

θiks

nk∑
l=1

σ2 log

(
σ2
kls

σ2

)

+
NSσ2

ν

K∑
k=1

nk∑
l=1

S∑
s=1

σ2

σ2
kls

+ o(1)

(2.7)

According to assumption 1, the last three terms end up as o(1).

For the term including wjks, note that by assumption 2, for each j, k, wjks = e−
λw
σ2 except for

one s. Thus, when θiks′ = 1 for s′ = arg maxswjks, either

−2σ2
∑
s

θiks logwjks = −2σ2 log[1− (S − 1)e−
λw
σ2 ] = o(1),

∑
s

(θiks − wjks)2 = S(S − 1)e−
2λw
σ2 = o(1);

or,
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−2σ2
∑
s

θiks logwjks = 2λw,

∑
s

(θiks − wjks)2 = S(S − 1)e−
2λw
σ2 − 2Se

λw
σ2 + 2 = 2 + o(1).

In both cases, we have

− 2σ2
∑
s

θiks logwjks = λw
∑
s

(θiks − wjks)2 + o(1). (2.8)

Note that −2σ2 log(α) = λwλr, we prove Eqn. (2.5).

This proposition implies that the MAP estimate of the MBASIC framework with CRP and Log-

normal mixture model is asymptotically equivalent to the solution of the following optimization

problem:

min
µ,z,θ,w,J

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2
σ2

σ2
kls

+λw

I∑
i=1

J∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λwλr(J − 1),

(2.9)

where the objective function can be viewed as a weighted loss function that integrates the state

inference error from Log-normal density as the first term, the clustering error as the second term,

and the cost for creating new clusters as the third term. Here, λw > 0 and λr > 0 are tuning

parameters that ensure that the cluster assignments are non-trivial. The equal variance assumption

is inherently quite strong for ChIP-seq data; however, it was recently shown to work well as a first

approximation in a differential ChIP-seq analysis context ([23]). We next derive the MAD-Bayes

algorithm to generate a local solution for this minimization problem (Algorithm. 2.1).

We note that each step of this algorithm does not increase the objective function in Eqn. (2.9),

and the updates for wjks’s and µkls’s minimize the objective function for a fixed configuration of

θiks’s and zij’s. Moreover, there are finite number of combinations for θiks’s and zij’s such that no
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Algorithm 2.1 The MAD-Bayes algorithm for MBASIC model.
repeat

Step 1. Update the cluster labels zij’s. For each i = 1, · · · , I , compute the distance between

locus i and each existing cluster j = 1, · · · , J as:

tj =
K∑
k=1

S∑
s=1

(θiks − wjks)2

and find the minimal j0 = arg min tj . If tj0 < λr, assign zij0 = 1. Otherwise,generate a new

cluster J + 1 with a single locus i.

Step 2. Assign the states θiks’s. For i = 1, · · · , I , k = 1, · · · , K, and s = 1, · · · , S, let

s0 ← arg min
s

nk∑
l=1

[log(yikl + 1)− µklsγikls]2
σ2

σ2
kls

+ λw

J∑
j=1

zij

[
(1− wjks)2 +

∑
s′ 6=s

w2
jks′

]

and let θiks0 = 1, θiks = 0 for s 6= s0.

Step 3. Update the Log-normal mean parameters µkls’s. For k = 1, · · · , K, l = 1, · · · , nk,

and s = 1, · · · , S,

µkls ←
∑I

i=1 θiks log(yikl + 1)γikls∑I
i=1 θiksγikls

.

Step 4. Update the Multinomial parameters wjks’s. For j = 1, · · · , J , k = 1, · · · , K, and

s = 1, · · · , S,

wjks ←
∑I

i=1 zijθiks∑I
i=1 zij

.

Step 5. Update the Log-normal variance parameters σkls’s. For k = 1, · · · , K, l = 1, · · · , nk,

and s = 1, · · · , S,

σ2
kls =

∑I
i=1 θiks[log(yikl + 1)− µklsγikls]2∑I

i=1 θiks
,

and σ2 = maxk,l,s σ
2
kls.

until Convergence.
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cluster is empty and all clusters are distinct from one another. With such observations, we conclude

the convergence of this algorithm.

Proposition 2.2. Algorithm 2.1 converges after a finite number of iterations to a local minimum

of the objective function in Eqn. (2.9).

2.2.3 Model Initialization

Similar to the EM algorithm variants for HMMs, the MAD-Bayes algorithm for MBASIC also

converges to a local solution and hence can be sensitive to initial starting values. We present a

guided two-stage initialization strategy for the states and clusters to attenuate the impact of initial-

ization. We start from initialization of the states by minimizing the state inference error (the first

term in Eqn. (2.9)), which has a degenerate form if λw = 0:

min
µ,θ

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2
σ2

σ2
kls

. (2.10)

Therefore, we repeat Step. 2, Step. 3 and Step 5 in Algorithm 2.1 by setting λw = 0 to initialize

θiks’s and µkls’s.

We utilize these initial values of θiks’s and consider three options for the cluster initialization

(i.e., zij’s andwiks’s): K-means, K-means++, and Adaptive K-means++, where the first two require

a pre-determined number of clusters J which we discuss in Section 2.2.4. The K-means option

runs hard K-means algorithm on the θiks’s; while the K-means++ option assigns a cluster label

to each unit i with probability inversely proportional to its distance to the current clusters di =∑J
j=1 zij

∑K
k=1

∑S
s=1(θiks − wjks)2. The adaptive K-means initialization uses a K-means++ style,

but increases the number of clusters from J = 1, until the value of the function in Eqn. (2.11) does

not decrease.

2.2.4 Selecting the Tuning Parameters

We note that the CRP prior for the number of clusters and the small-variance asymptotics as-

sumptions introduce tuning parameters for the the MAD-Bayes algorithm (Algorithm 2.1). Even
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for the models with one tuning parameter, [11] acknowledged the difficulty in choosing their appro-

priate values in practice. Hence, we propose an empirically-motivated method for tuning parameter

selection. In practice, we don’t expect our small-variance assumption e−λw/σ2 → 0 as σ2 → 0 to

hold rigidly for real data; however, we expect e−λw/σ2 to be small since it represents the prior prob-

ability of not having a particular state. To maintain the relative small value of e−λw/σ2 , we set λw

as 2σ̂2, where σ̂2 is obtained by letting σ2
kls = σ2 and optimizing the first term in Eqn. (2.9):

σ̂2 = min
µ,θ

I∑
i=1

K∑
k=1

nk∑
l=1

S∑
s=1

θiks[log(yikl + 1)− µklsγikls]2.

Our computational experiments indicate that varying λw in the order of σ̂2 does not impact model

estimation. The λr parameter mediates between the clustering error and the cost of the number of

clusters for fixed λw. We choose a set of candidate λr values by considering the conjugacy between

λr and J . Suppose J is a global minimum of the objective function in Eqn. (2.9), then fixing the

θiks’s, λw, λr, J minimizes

I∑
i=1

J ′∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]

+ λr(J − 1). (2.11)

Therefore, we let

L(J ′) = min
z,w

{
I∑
i=1

J ′∑
j=1

zij

[
K∑
k=1

S∑
s=1

(θiks − wjks)2
]}

,

with L(J) − L(J + 1) ≤ λr ≤ L(J − 1) − L(J) (Fig. A.1). Algorithm 2.2 applies this idea to

choose a list of candidate λr values up to the square root of total number of instances.

Algorithm 2.2 Algorithm for choosing m candidate λr values.

Step 1. Compute the surrogate values of L(J ′) for 1 ≤ J ′ ≤ b
√
Ic := Jmax,

Step 2. Let λ′j = (L(j − 1)− L(j + 1))/2 for 2 ≤ j ≤ Jmax − 1

Step 3. Choose 1
m+2

-th, 1
m+2

-th, · · · , m
m+2

-th quantile in the {λ′r} as candidate values.

Step 4. Given a selected λr, choose the initial number of clusters as J ← arg minj |λ′j − λr|.

Finally, we use the Silhouette score ([41]), which has been successfully used for evaluating

goodness of fit in clustering, across these values of the tuning parameters.
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2.3 Computational Experiments

We designed computational experiments to evaluate MAD-Bayes MBASIC in settings where

the underlying truth is known. In our experiments, we considered I user-specified loci (e.g., pro-

moters from I genes, binding sites of a transcription factor, or peaks from a ChIP-seq experiment).

Given multiple simulated ChIP-seq datasets, there are different ”baseline” methods for performing

these loci-focused analysis. Therefore, in addition to MBASIC, we considered such alternative

approaches that practitioners might adopt.

1. Prob-HC: A two-stage method with first modeling on individual datasets, then passing the

estimated Probabilities of the states θ̃iks = P (θiks = 1|Y ) into Hierarchical Clustering to

combine the results.

2. State-MC: A two-stage method with first modeling on individual datasets, then passing the

estimated States θ∗iks0 = 1, where

s0 = arg maxs P (θiks = 1|Y ) into Mixture Clustering to combine the results.

3. Param-SIMC: A two stage method with first modeling on individual datasets, then passing

the estimated Parameters in the state-specific observations distributions (e.g., distributions

of the read counts) into simultaneous State Inference and Mixture Clustering to combine the

results. (Similar to MBASIC, except that state-specific densities are fixed and not updated at

every iteration. )

4. MBASIC: The EM algorithm on the MBASIC model. The full model is robust, allowing

singletons, i.e., unclusterable loci.

The alternatives to MBASIC use two-stage procedures for model estimation, decoupling either

the estimation of the state-space variables or the distributional parameters from the mixture mod-

eling of state-space clustering. For example, Prob-HC corresponds overlapping user-loci with the

peak sets from the ENCODE project and generating and clustering the binary overlap profiles of
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the loci. In contrast, Param-SIMC is analogous to estimating the distributional parameters of state-

space for each individual experiment separately and then clustering with these fixed distributions

as in [58, 56]. These benchmark algorithms are in spirit analogous to procedures in many applied

genomic data analyses where the association between observational units are estimated separately

from the estimation of individual data set specific parameters ([56, 20, 55]).

For the MAD-Bayes algorithm, we evaluated all the three clustering initializations: Adaptive

K means, K means, and Kmeans++. The MAD-Bayes algorithm automatically selects the number

of clusters. We used the Silhouette score for Prob-HC to accommodate hierarchical clustering and

used Bayesian Information Criterion for the other methods.

The experiments utilized I = 4, 000 genomic loci, J = 10 clusters, and K = 20 experimental

conditions. For each condition, the number of replicates, nk, were drawn from 1 to 3 with probabil-

ities (0.3, 0.5, 0.2). The clustering concentration parameter was simulated from non-informative

prior α ∼ Dir(0.1, · · · , 0.1). The state probabilities, wjkss, were simulated from Dir(1, · · · , 1).

The Log-normal parameters were set as follows: the mean was simulated from N(2 ∗ s, 0.052),

where s represented the state label; and the standard error was set to 0.5. We considered four

scenarios by varying the number of states S between 2 and 4, and the proportion of singleton loci

as ζ = 0, 0.4. Here, singletons represented loci with overall ChIP-seq enrichment profile different

than the clusters, i.e., unclusterable locus, and introduced noise to the model. Results for each

setting were summarized over 10 simulated datasets. We compared the algorithms in terms of run-

time, state-space inference (identifying whether or not each locus is bound), and also the clustering

structure via the adjusted Rand index ([39]).

Fig. 2.2(a) displays run-time comparisons of the methods and indicates that all three imple-

mentations of the MAD-Bayes algorithm are about 100 times faster than the EM on full MBASIC

and the Param-SIMC algorithm, and about 10 times faster than the two-step Prob-HC and State-

MC algorithms. This speed improvement is significant and makes it possible for the MBASIC

framework to scale up. For example, MAD-Bayes can process I = 100, 000 and K = 2000 (e.g.,

100, 000 DNase accessible regions in the genome across all the available ENCODE ChIP-seq data)

in about 6 hours while the EM algorithm on full MBASIC requires more than a week.
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Figure 2.2: S: Number of potential states. ζ: Proportion of loci do not belong to any true cluster.

(a) Run-time comparisons on a 64 bit machine with Intel Xeon 3.0GHz processor and 64GB of

RAM and 8 cores. (b) State-space prediction error. (c) Clustering accuracy based on the adjusted

Rand index. (d) Clustering assignments of unclusterable loci when 10% (ζ = 0.1) and 40%

(ζ = 0.4) of the loci do not belong to a cluster.
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We also observe that speed up in run time does not come at a significant loss in accuracy.

Fig. 2.2(b) compares state-space prediction errors of the algorithms and indicates that while MAD-

Bayes MBASIC does not perform as accurately as the EM algorithm on full MBASIC and Param-

SIMC, it performs significantly better than Prob-HC and State-MC algorithms, both of which

would be the baseline choices for many practitioners. Existence of singleton genomic loci deteri-

orate performance of all the algorithms. When there are no singletons, MAD-Bayes with varying

cluster initializations perform the best (Fig. 2.2(c) and Fig. 2.2(a)). When ζ = 0.4 indicating that

40% genomic loci do not belong to any cluster, the MAD-Bayes algorithm tends generate extra,

i.e., spurious, clusters for such loci (Fig. A.2(b)) instead of forcing them into other clusters. As a

result, the true clusters are largely preserved and less polluted by singletons (Fig. 2.2 (d)) compared

to other methods which do not handle singletons (Param-SIMC, Prob-HC, State-MC).

2.4 Application to Histone ChIP-seq Data from GM12878 Cells

The key inference question for the MBASIC framework is identifying the enrichment patterns

for a given set of user-specified loci across large sets of ChIP-seq datasets and grouping these

loci to elucidate similarities and differences. From this point of view, the MBASIC framework is

more loci-focused and not directly comparable with any of the available joint analysis methods

that can handle large datasets. However, to get a general sense of how MBASIC would compare

with ChromHMM ([17]) and its computationally efficient version Spectacle ([45]), we analyzed

ChIP-seq data of 8 histone marks (H3k4me1, H3k4me2, H3k4me3, H3k9ac, H3k27ac, H3k27me3,

H3k36me3, and H4k20me1 from GM12878 cells) from the ENCODE project. Raw data and

peak calls for these marks are available at https://www.encodeproject.org/. We used the

9038 peaks on chr 18 from the ENCODE uniform processing pipeline as the input loci to MAD-

Bayes MBASIC and fixed the number of clusters as 20 since Spectacle identified robust number

of chromatin states across multiple chromatin modification datasets as 20. As a result, we also set

the number of emission states in chromHMM as 20.

We then performed pairwise comparisons of all the three approaches by matching their clus-

ters/states via maximizing the sum of Jaccard index ([47]). We reordered the cluster/state labels of

https://www.encodeproject.org/


20

MAD-Bayes and Spectacle according to their agreement with ChromHMM. For example, MAD-

Bayes cluster “C1” and Spectacle emission state “E1” are both matched to ChromHMM emission

state “E1”; however, this does not necessarily indicate that these two are the best matches between

MAD-Bayes and Spectacle.

Fig. 2.3(a) displays that the overall agreement between MAD-Bayes vs. Spectacle and MAD-

Bayes vs. ChromHMM follow the same trend with the degree of agreement between Spectacle

vs. ChromHMM, which we think of as the baseline agreement since they are both HMM based.

In particular, for the emission states with agreement between Spectacle vs. ChromHMM, the

corresponding MAD-Bayes clusters also have higher agreement with these. When there is large

discrepancy between Spectacle vs. ChromHMM, the MAD-Bayes clusters tend to agree with re-

sults from one of the methods. For example, MAD-Bayes “C2” agrees better with Spectacle, and

MAD-Bayes “C18” overlaps better with ChromHMM. Figs. 2.3(b) and (c) display comparisons

of MAD-Bayes MBASIC to ChromHMM and Spectacle, respectively. We observe that some of

MAD-Bayes clusters are distributed over multiple clusters of ChromHMM and Spectacle, e.g.,

MAD-Bayes cluster “C5” overlaps with the “E12”, “E13”, “E14” of both ChromHMM and Spec-

tacle. This overall agreement indicates that the clustering task of MAD-Bayes on the histone marks

is reasonable even though it is using selected loci and is not accounting for local dependencies in-

herent among genomic loci with broad histone marks.

2.5 Conclusions and Discussion

We derived a MAD-Bayes algorithm by developing a Bayesian version of the MBASIC model.

Our evaluations indicated that MAD-Bayes MBASIC significantly improves the computational

time without sacrificing accuracy. We also observed that even though MAD-Bayes MBASIC does

not have a built-in mechanism for singletons (unclusterable loci), it groups singletons as additional

clusters and minimizes their effect on other more coherent clusters.

We developed MAD-Bayes MBASIC as a fast method for querying large sets (1000s) of ChIP-

seq data with user-specified large sets of loci. This represents the first application of the MAD-

Bayes framework in a large scale genome regulation context. From a practical point of view, we
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Figure 2.3: (a) Comparison of clusters and state labels between MAD-Bayes, Spectacle, and

ChromHMM. (b) Jaccard index between MAD-Bayes clusters and ChromHMM states. (c)

Jaccard index between MAD-Bayes clusters and Spectacle states. The diagonal blocks indicate

agreement between clusters and states; MAD-Bayes clusters and Spectacle states are ordered

according to their overlap with the ChromHMM states.
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showed that this approach is both more efficient and powerful than using individual analysis of

each datasets and clustering them with an off-the-shelf method such as hierarchical clustering or

finite mixture models. From an algorithmic point of view, we developed an empirical method for

selecting tuning parameters. This improves the current state-of-the-art for MAD-Bayes implemen-

tations since they lack principled methods for tuning parameter selection.

The MBASIC framework offers flexibility in a number of aspects of experimental design, such

as different numbers of replicates under individual experimental conditions. This is a relatively

important point because many peak callers will operate separately on individual peaks sets or

handle two jointly ([29]) leaving the reconciliation of peaks over multiple replicates to the user.

Our current derivation of the MAD-Bayes relied on Log-normal distribution; however, it can be

extended to larger class of exponential family distributions via the Bregman divergence ([6]). Such

extensions are likely to foster its use with other genomic data types such as RNA-seq, DNAse-seq,

and Methyl-seq, where both state-space estimation and clustering of similar loci pose significant

challenges.
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Chapter 3

Allele-Specific ChIP-seq Analysis with MAD-Bayes MBASIC1

3.1 Introduction

Approaches such as the quantitative trait loci (QTL)-mapping have helped researchers to iden-

tify a large number of genetic loci with potential roles in gene regulation [31, 35]. However, we

still have a limited understanding of regulatory mechanisms because the mere mapping of loci

associated with quantitative traits or gene expression cannot provide inference at that level. Eluci-

dating the causal variants and the regulatory elements that they impact is a critical challenge [18].

A reasonable strategy is to focus on some particular mediators, detect genetic variants capable of

perturbing these mediators, and carry out studies to connect changes in mediators to variations in

quantitative traits/expression (Fig 3.1).

Histone modifications constitute one of the widely studied class of mediators ([34]). Some

functions of modifications include enabling or disrupting chromatin contacts, recruiting or pro-

hibiting binding of transcription factors, and utilizing enzymatic activities to affect biological

processes such as repair, replication, and recombination. At least 8 distinct classes of modifi-

cations have been detected on the four core histones, at over 60 different residues ([26]). The ever-

growing list of histone modifications create a vast number of potential functional responses. The

fact that histone modifications function in a combinatorial way brings in an extra level of complex-

ity; hence, analysis of histone modifications often involves the joint analysis of multiple datasets

([58, 17, 22, 45, 44]). The emergence of Chromatin immunoprecipitation followed by sequencing

(ChIP-seq) has revolutionized the study of transcription factors and histone modifications globally

1The manuscript for this chapter is to be submitted.
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(a) (b)

Figure 3.1: (a) Genetic variants impact gene expression through multiple mediators. (b) Pictorial

illustration of how an enhancer or promoter SNP can disrupt transcription factor gene interaction.

SNPs in enhancer or promoter regions may disrupt required histone modifications and/or

transcription factor binding, leading to loss of enhancer-promoter interaction in the paternal

strand.
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with significantly accelerated data generation speed and affordable expenses. We now have access

to thousands of histone modification datasets from large consortium such as ENCODE ([50]) and

REMC ([40]).

Allele-specific Histone Modification (ASHM) and Allele-specific Binding (ASB) inference

incorporate genetic variation due to SNPs in analysis of ChIP-seq datasets in diploid organisms

and complement the standard analysis of peak calling ([36]). The key inference is to detect SNP

loci that can perturb histone modifications or transcription factor (TF) binding and generate allelic

imbalance between the two parental strands, and assign preferred parental alleles to each loci.

Allele-specific analysis of ChIP-seq data involves two key steps. The first is quantification of

read counts for each allele ([53, 42, 27]). The second step concerns inferring the level of allelic

imbalance from the allele specific counts. Binomial and Beta-Binomial tests are two common

methods for count data in allele-specific event such as allele-specific expression or allele-specific

binding analysis for individual datasets ([42, 13, 38, 15]). iASeq ([56]) uses a Bayesian hierar-

chical model to learn correlation patterns of allele-specificity across conditions by focusing on

co-occurrence of allelic-specificity across datasets.

[60] recently introduced MBASIC as a hierarchical framework for querying multiple ChIP-seq

datasets jointly for user-specified loci. The joint inference is formulated by both identifying hid-

den states (e.g. maternal allele-specific, maternal allele-specific or neutral) in individual datasets

(state-space mapping) as well as identifying groups of loci that cluster across different experi-

ments (state-space clustering) based on their profile similarity (Fig. 3.2). To enable application

to large number of datasets, [61] developed a small-variance asymptotics framework for MBASIC

and derived a K-means-like MAD-Bayes algorithm ([11]) for Log-Normal distribution. By uti-

lizing variance-stabilizing transformation, we adopted this algorithm to discrete distributions such

as Binomial, Poisson and enabled joint allele-specific binding or histone modification inference

to accommodate multiple datasets. Our computational experiments illustrates that MAD-Bayes

MBASIC is computationally efficient at the expense of a small loss in inference and clustering

accuracy. Comparing to iASeq, MAD-Bayes MBASIC performs better in terms of clustering ac-

curacy when number of clusters increases.
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We applied MAD-Bayes MBASIC to the allele-specific analysis of transcription factor datasets

of ETV6, IRF3, and TRIM22 and histone datasets of H3K4me1, H3K4me3 and H3K27ac. Valida-

tion of ChIP-seq datasets analysis with in silico impact data of SNPs on transcription factor bind-

ing revealed higher power and accuracy of the joint approach compared to individual dataset level

analysis. For histone modification data, we connected ASHM results to Allele-specific Expression

(ASE) data and detected SNP loci as the potential candidate for further studies in the causal order

of regulatory mechanisms. Furthermore, our study provides the first systematic analysis of allelic

imbalance of histone modifications, and their integration with the allele-specific expression.

3.2 Method

We start with a brief overview of the MBASIC framework for allele-specific histone modifi-

cation or transcription factor binding (Fig. 3.2), and then discuss the small variances asymptotics

method of MAD-Bayes MBASIC and its limitations in the allele-specific analysis. We extend the

MAD-Bayes MBASIC algorithm to accommodate model of violations via a variance-stabilizing

transformation.

3.2.1 The MBASIC Model for allele-specific analysis

Taking SNP loci as observational unit of interest, indexed from i = 1, · · · , I , and different

histones, TFs, treatments and cell/tissue types as experimental conditions, indexed from k =

1, · · · , K, we assume allelic-specificity as a latent state associated with the i-th locus and the

k-th condition. Let θiks be the indicator for the state to be s, where s takes values in a discrete

state-space {1, · · · , S}. The state-space {1, 2, 3} represents whether the binding event or histone

modification is maternal-specific, neutral (no difference between two strands), or paternal-specific.

Let nk denote the number of experimental replicates for the k-th condition. We denote the ob-

served maternal strand counts for the i-th locus under condition k for the l-th replicate by Yikl, and

total counts by Xikl, for 1 ≤ i ≤ I , 1 ≤ k ≤ K, and 1 ≤ l ≤ nk.
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Unobserved Association (Clustering Structure)  

Cluster  1  2 3 4

Locus A

Locus D

Locus B

Locus C

Unobserved Clustering

C1 C2 C3

Locus A Paternal Maternal Neutral

Locus B Neutral Neutral paternal

Locus C Neutral Paternal Paternal

Locus D Paternal Maternal Neutral

Paternal Strand
Maternal Strand

 CTTAGC G CAT
 CTTAGC A CAT

ATGT   T CGCA
ATGT   C CGCA

 ATCG A GTTC
 ATCG T GTTC

CCTA G CCT
CCTA C CCT

Unobserved States

Total =
Paternal

           

Observed Read Counts for Paternal and Maternal Alleles   

Maternal

. . .

C1

C2

C3

Figure 3.2: Overview of the MBASIC modeling framework for allele-specific histone

modification or transcription factor binding. Each panel depicts different datasets under the

experimental conditions C1, C2, and C3. Input to MBASIC are loci-level read counts for the

maternal and paternal alleles.



28

For state-space mapping, we assume the following mixture distribution of Yikl conditional on

θik:

(Yikl|θiks = 1, Xikl)
i.i.d.∼ fs(·|µkls, σkls),

where fs is a density function with parameters µkls and σkls, denotes covariates encoding known

information for locus i.

For state-space clustering, we keep using the CRP process as prior.

Before adapting the MAD-Bayes MBASIC to allele-specific analysis setting, we introduce

another step for the discrete distributions.

3.2.2 Variance-stabilizing Transformation

While the distribution of normalized read counts from ChIP-seq experiments can be modeled

by Log-Normal distribution relatively well ([5, 43]), in the allele-specific binding/histone modifi-

cation analysis, the count on one strand (paternal or maternal) out of total count (paternal strand

count + maternal strand count) is usually assumed to be Binomially distributed. Furthermore,

many binding state inference methods model read counts with a Poisson or Zero-Inflated Poisson

distribution ([28, 8]). Since assumption 1 about small variances is violated in these models, we ex-

tend MBASIC MAD-Bayes to accommodate the two discrete distribution by a variance-stabilizing

transformation (VST). Specifically, we utilized the square root transformation of [12] for Poisson

read counts. For Y ∼ Poisson(m), Ỹ =
√
Y + 0.25 reduces the variance to

Var(Ỹ ) =
1

4
− 1

32
m−1 +

3

64
m−2 +O(m−3). (3.1)

For Binomial read counts, we utilized the inverse Sine transformation of [3]. For Y ′ ∼

Binomial(n, p), Ỹ ′ =
√
n+ 0.5sin−1

(√
Y+0.375
n+0.75

)
reduces the variance to

Var(Ỹ ′) =
1

4
+O(n−2). (3.2)

According to Eqn. 3.1 and Eqn. 3.2, the small variances can be maintained for large mean

parameter for Poisson and large size parameter for Binomial distributions. We observed that under
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the criteria m ≥ 2 for Poisson distribution and n ≥ 8 (Fig. ) when number of loci in each

state is large enough (≥ 30), transformed data is approximately normal with small variances by

Central Limit Theorem. After the transformation, the MAD-Bayes algorithm is applied with the

transformed read counts.

3.3 Computational Experiments

Similar to the Log-Normal model for binding dtate inference, we compared MAD-Bayes MBA-

SIC to the following methods in the application to simulated data where true model is known.

1. Prob-HC: A two-stage method with first modeling on individual datasets, then passing the

estimated Probabilities of the states θ̃iks = P (θiks = 1|Y ) into Hierarchical Clustering to

combine the results.

2. State-MC: A two-stage method with first modeling on individual datasets, then passing the

estimated States θ∗iks0 = 1, where

s0 = arg maxs P (θiks = 1|Y ) into Mixture Clustering to combine the results.

3. Param-SIMC: A two stage method with first modeling on individual datasets, then passing

the estimated Parameters in the state-specific observations distributions (e.g., distributions

of the read counts) into simultaneous State Inference and Mixture Clustering to combine the

results. (Similar to MBASIC, except that state-specific densities are fixed and not updated at

every iteration. )

4. MBASIC: The EM algorithm on the MBASIC model. The full model is robust, allowing

singletons, i.e., unclusterable loci.

The three two-stage methods can still mimic procedures where the association between experi-

mental units are estimated separately from the estimation of individual dataset specific parameters

([56, 20, 55]). For example, Prob-HC is similar to taking p-values from Beta-Binomial tests in

ASB analyses and clustering; while Param-SIMC is analogous to estimating the Beta-Binomial
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parameters of state-space for each individual experiment separately, and then clustering with these

fixed distributions as in [56]. We used the Silhouette score for MAD-Bayes MBASIC and Prob-

HC, and Bayesian Information Criterion for the other methods to select the number of clusters,

Generalizing the problem settings, we considered I user-specified loci (e.g., SNP loci or po-

tential binding sites) and nine settings by varying the number of states S between 2, 3 and 4,

(S = 3 mirrors the real ASB/ASHM problem; we tried different number of states for generaliza-

tion.) and the proportion of unclusterable loci as ζ = 0, 0.1(10%), 0.4(40%). Here, unclusterable

loci represented outlier SNP loci with overall ASB/ASHM patterns different than the clusters and

introduced additional noise to the model. We compared the methods in terms of run-time, state-

space inference (allele-specific inference), and also the clustering structure via the adjusted Rand

index ([39]) with 10 simulated datasets (Fig. 3.3). Let I = 4, 000 genomic loci, J = 10 clus-

ters, and K = 20 experimental conditions. For each condition, the number of replicates, nk, were

randomized from 1 to 3 with probabilities (0.3, 0.5, 0.2). The clustering concentration parameter

followed a non-informative prior α ∼ Dir(0.1, · · · , 0.1). The state assignment probabilities of

each cluster, wjks’s, were simulated from Dir(1, · · · , 1).

The Binomial distribution size parameters (equivalent to total counts in ASB/ASHM when

S = 3) are drown from a Poisson distribution with mean 10, the probabilities (of maternal-specific)

was simulated from Beta(3(2s− 1), 3(2(S − s) + 1)), where s represented the state label.

MAD-Bayes MBASIC is about 100 times faster than the EM on full MBASIC and the Param-

SIMC method, and about 10 times faster than the two-step Prob-HC and State-MC procedures

(Fig. 3.3(a)). The significant speeding-up enables the MBASIC framework to simultaneously

handle 100s or 1000s of datasets. We tested MAD-Bayes MBASIC on the extreme setting of

I = 100, 000 and K = 2, 000 (e.g., 100, 000 SNP loci for 2, 000 TFs or histone modifications in

different experiments) in about 6 hours while the EM algorithm could not fit MBASIC model in a

week.

We also observe that speed up in run time does not come at a significant loss in accuracy.

In terms of state inference, while MAD-Bayes MBASIC does not perform as accurately as the
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Figure 3.3: Computational experiments with Binomial distribution. S: Number of potential

states. (S = 3 represents the ASHM/ASB inference setting.) ζ: Proportion of loci do not belong

to any true cluster. (a) Run-time comparisons on a 64 bit machine with Intel Xeon 3.0GHz

processor and 64GB of RAM and 8 cores. (b) State-space prediction error. (c) Clustering

accuracy based on the adjusted Rand index. (d) Clustering assignments of unclusterable loci

when 10% (ζ = 0.1) and 40% (ζ = 0.4) of the loci do not belong to a cluster.
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EM algorithm on full MBASIC and Param-SIMC, it performs significantly better than Prob-

HC and State-MC methods, both of which would be the baseline choices for many practitioners

(Fig. 3.3(b)). When there are no unclusterable loci (ζ = 0), MAD-Bayes MBASIC performs the

best in clustering (Fig. 3.3(c)). Existence of unclusterable loci impacts performances of all the

methods. When ζ = 0.1 and ζ = 0.4, indicating that 10% or 40% genomic loci do not belong

to any cluster, while MAD-Bayes MBASIC was not designed to handle unclusterable loci, it tend

to generate extra, i.e., spurious, clusters for such loci (Fig. 3.3(d)) instead of forcing them into

other clusters. As a result, the true clusters are largely characterized by true member loci and less

polluted by model noise, compared to Prob-HC, State-MC and Param-SIMC which do not handle

singletons ().

We also tried the MAD-Bayes MBASIC in Poisson models (binding site inference). Given

unbound state, from realistic sense of ChIP-seq data, we use a Zero-One-Inflated Poisson with

three components to avoid small Poisson means so that the small variance assumption hold for

transformed data.

Yikl1|θik1 = 1 ∼ p0klI{Y = 0}+ p1klI{Y = 1}+ p∗klPoisson(µkl1).

The inflated probabilities were simulated from p0 ∼ Γ(2.27, 0.08), p1 ∼ Γ(1.768, 0.058)

and p∗ = 1 − p0 − p1 (parameters were the average of the fitted zero-one Inflated models of

244 ChIP-seq datasets from ENCODE); mean parameters µkl1 ∈ 2, 3, · · · , 7 with probabilities

(0.280, 0.284, 0.320, 0.108, 0.004, 0.004) , and µkls = µkl1 + 12(s − 1) + 3Uniform[−1, 1], for

s ≥ 2. We achieved similar results to the ones from Binomial model (Fig. B.1).

3.4 Application to ChIP-seq datasets of GM12878 cells

We analyzed ChIP-seq data of transcription factors, ETV6, IRF3, and TRIM22 of GM12878

cells from ENCODE ([50]) and ChIP-seq data of histone modifications, H3K4me1, H3K4me3 and

H3K27ac also of GM12878 cells from [25]. Maternal and paternal genomes were attained from

the 1000 Genomes Project ([1]). We followed the AlleleSeq pipeline ([42]) to obtain maternal and

paternal strand read counts at all the SNP loci. Since transcription factor datasets had relative low
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sequencing depths, we pooled the replicates for each transcription factor but kept the replicates of

the histone datasets as separate.

3.4.1 Allele-specific Transcription Factor Binding Analysis

We preprocessed the SNP loci by overlapping them with the union of peaks sets identified by

ENCODE from the ChIP-seq experiments. We further filtered SNPs with total counts less than 8

to avoid the small size in the Binomial distribution (Eqn. 3.2), and obtained 3,416 SNPs loci as

input to MAD-Bayes MBASIC.

The state-space was set as {“M”:Maternal-specific, “N”:Neutral, “P”:Paternal-specific}. Using

Silhouette score as a criteria, MAD-Bayes MBASIC clustered the 3,416 loci into 27 clusters where

each cluster coincided with one of the patterns in {“M”, “N”, “P”}3. We compared the inference

results to Binomial ([42]) and Beta-Binomial tests ([13]) followed by FDR control at level 0.1 (de-

noted as Binomial and Beta-Binomial, respectively). Overall, the MAD-Bayes method recovered

almost all the significant allele-specific SNP loci identified by Binomial and Beta-Binomial tests

(Table 3.1). According to the three TF datasets, the Beta-Binomial test performed most conserva-

tively while MAD-Bayes MBASIC identified the largest number of allele-specific binding sites. A

direct comparison of the states inferred from MAD-Bayes MBASIC and the Binomial and Beta-

Binomial test indicated higher sensitivity of MAD-Bayes to identify events with smaller effect size

as shown by the ratio of maternal read count to total read count (Fig. 3.4, Fig. B.2, Fig. B.3). Next

we focused on the comparison between Binomial test and MAD-Bayes MBASIC since the Beta-

Binomial test performed very conservatively by detecting only few number of significant SNP loci

for IRF3.

We validated the results of our analysis by a mutational motif analysis tool atSNP ([62]), which

utilizes the degree of match between a local sequence and motif position weight matrices (PWMs)

to evaluate the allelic-specificity of a binding event in silico. Fig. 3.5 (a) displays a SNP (A/G)

locus at Chr 1:149,899,885, which resides within an IRF3 peak. atSNP detected allelic-specificity

there in favor of maternal strand sequence, which was also detected by MAD-Bayes method, but

not by the Binomial or the Beta-Binomial test.
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Table 3.1: Comparison of significant allele-specific binding events detected by MAD-Bayes

MBASIC, Binomial and Beta-Binomial tests with FDR < 0.1. Each cell represents number of

SNP loci with specific pattern for: (a) ETV6, (b) IRF3, and (c) TRIM22.

(a) IRF3

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 68 0 0 68 “M” 5 0 0 5

”N” 748 1,710 862 3,320 “N” 811 1,710 887 3,408

”P” 0 0 28 28 “P” 0 0 3 3

Total 816 1,710 890 3,416 Total 816 1,710 890 3,416

(b) ETV6

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 266 0 0 266 “M” 46 0 0 46

“N” 631 1,694 571 2,896 “N” 851 1,694 786 3,331

“P” 0 0 254 254 “P” 0 0 39 39

Total 897 1,694 825 3,416 Total 897 1,694 825 3,416

(c) TRIM22

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 88 1 0 89 “M” 11 0 0 11

“N” 659 1,685 926 3,270 “N” 736 1,686 967 3,396

“P” 0 0 57 57 “P” 0 0 16 16

Total 747 16,86 983 3,416 Total 747 16,86 983 3,416
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Figure 3.4: (a) and (b): Comparison between the results of Binomial test and MAD-Bayes for

ETV6. (c) and (d): Comparison between the results of Beta-Binomial test and MAD-Bayes for

ETV6.
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Figure 3.5: (a) Composite logo plot for IRF3 PWM (IRF3 2 from ENCODE) and SNP at

chr1:149,899,885. This locus had maternal count proportion of with a total count of It is inferred

as exhibiting maternal-specific IRF3 binding by MAD-Bayes MBASIC, as supported by the

better match to the PWM with the maternal allele A compared to paternal allele G. In contrast,

Binomial and Beta-Binomial inferred this locus as neutral. (b) Accuracy (log2

(
TP+1
FP+1

)
) for fixed

proportion of SNPs in peaks after filtering: IRF3. (c) Accuracy (log2

(
TP+1
FP+1

)
) for fixed proportion

of SNPs in peaks after filtering: ETV6.
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We validated the allele-specific SNPs impacting ETV6 and IRF3 binding with atSNP by match-

ing target SNP loci to corresponding position weight matrices of the two TFs at FDR level of 0.1

(No PWMs available for TRIM22 in JASPAR ([33]) or ENCODE ([50]).). A winning strand in

{“M”:Maternal strand; “P”:Paternal strand} was defined as the strand with a better match for each

SNP-motif pair . We then filtered: i) SNPs where the two motifs displayed opposite signal, i.e.,

both motifs labeled a SNP as significant but with different winning strands; and ii) SNPs where the

read count data exhibited opposite signal of the atSNP winning strand, i.e., if the maternal count

> 75% of total count, while motif match was in favor of paternal strand, and vice versa. In the

first case, allele-specificity was ambiguous in terms of motif matching; while in the latter case,

given the threshold of 25% and 75% on the proportions, methods based on read count proportions

did not support allele-specific binding on the opposite strand. This process result in a set of SNPs,

with allelic-specificity as a gold standard. We next compared the inferred states of MAD-Bayes

and Binomial test to winning strands (Table 3.2). For SNPs within the peaks of the evaluated TF,

we found that MAD-Bayes led to equal or more correct allele-specific inferences, and eliminated

false positives.

Next we extended the definition of winning strand from SNPs inferred significant allele-specific

by atSNP to all target SNPs within corresponding peaks and ranked them by their significance from

atSNP. The SNPs underwent similar filtering for opposite motif signals and inconsistency between

motif signals and read count proportions, resulting in 242 SNPs for IRF3 and 162 SNPs for ETV6.

We labeled a SNP as a potential True Positive (TP) if the winning strand based on motif matching

was the same as inferred state; a potential False Positive (FP) otherwise. Fig. 3.5(b) and (c) display

as well or better accuracy of MAD-Bayes for both transcription factors. Both MAD-Bayes and

Binomial test inferred most of SNPs as neutral in terms of transcription factor binding. Potential

reasons include: a higher degree of matching between motif and DNA sequences not necessarily

implying a higher probability of binding event due to in silico nature of atSNP and the relatively

low total read counts at SNP loci introducing noise and attenuating signal strength.
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Table 3.2: Comparison between atSNP winning strands and inferred states of MAD-Bayes

MBASIC and Binomial test of FDR < 0.1, for SNP loci predicted to lead to allele-specific for

corresponding TFs by atSNP (FDR < 0.1). Each cell represents number of SNPs loci with

specific allelic pattern for (a) IRF3, and (b) ETV6.

(a):IRF3 Within Peaks Not in Peaks

atSNP atSNP

“M” “P” Total “M” “P” Total

MAD-Bayes

“M” 4 0 4 15 12 27

“N” 13 8 21 42 37 79

“P” 0 3 3 16 26 42

Total 17 11 28 73 75 148

Binomial

“M” 1 0 1 2 0 2

“N” 16 11 27 71 75 146

“P” 0 0 0 0 0 0

Total 17 11 28 73 75 148

(b):ETV6 Within Peaks Not in Peaks

atSNP atSNP

“M” “P” Total “M” “P” Total

MAD-Bayes

“M” 5 0 5 57 1 58

“N” 1 3 4 115 9 205

“P” 0 3 3 7 44 51

Total 6 6 12 179 135 314

Binomial

“M” 5 0 5 46 1 47

“N” 1 3 4 132 113 245

“P” 0 3 3 1 21 22

Total 6 6 12 179 135 314



39

3.4.2 Allele-specific Histone Modification Analysis

We processed the SNP set by (1) keeping SNP loci that resided in the union of peak set of

the three marks; (2) subsetting loci where at least one of the 6 datasets (2 replicate×3 histone

marks) had enough read depth (total read count of maternal and paternal strand ≥ 8); and (3)

removing loci where the maternal count proportion of the two replicates from same modification

show inconsistent allelic preference. (In defining this inconsistency, we considered loci with read

depth ≥ 20 and used the 80% quantile of absolute difference of maternal proportion between 2

replicates as our threshold to filter all SNP loci.) this resulted in 23,836 SNP loci as our input set

of MAD-Bayes MBASIC.

MAD-Bayes MBASIC assigned the allele-specificity at each loci to the state-space: {“M”:Maternal-

specific, “N”: Neutral, “P”: Paternal-specific, “-”: not within peak. }. For the H3K4me1 modifica-

tion, 21.9% SNP loci were inferred as significant, i.e. “M” state or “P” state; 21.5% for H3K4me3,

and 21.4% for H3K27ac. Proportion of strand specific reads at all of the significant loci were

consistent with the inferred states. (Fig. 3.6(a)) In Binomial setting, significant contrast did not

necessarily rule out modification events on the minor strand, i.e. the strand with fewer reads for

the locus. However, allele-specific SNP loci generally exhibited relatively low count on the mi-

nor strand, indicating that histone modifications probably happened only on one of the strands.

(Fig. 3.6(b))

We compared the inference result with the Binomial and Beta-Binomial test at FDR= 0.1

(Fig. 3.7, Fig. 3.8, Fig. B.4, Fig. B.5, Fig. 3.7, and Fig. ??). Con MAD-Bayes MBASIC performed

far more sensitive than the Beta Binomial test: almost all the significant detections from Beta-

Binomial test could be recovered. Moreover, inference by MAD-Bayes MBASIC were not only

based on the dataset itself, but also on information borrowed from all of the datasets. For example,

SNP loci inferred as ”M” for H3K4me3 only by MAD-Bayes were very likely the ones with high

maternal proportions for the other two histone marks (The left panel on second row in Fig. 3.7

and Fig. 3.8). MAD-Bayes MBASIC actually labeled several times the number of significant SNP

loci as maternal-specific or paternal-specific (Table 3.3). The extra detections from MAD-Bayes
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were supported by the imbalance between maternal and paternal strand read count proportions and

ranked relatively high in terms of p-values from Beta-Binomial test.

While K histone modifications could generate 4K configurations: {“M”,“N”,“P”, “-”}K in

theory, for the three active marks involved, it is reasonable to expect that allele specificity of

different modifications would agree with each other. This expectation was supported by the data

as most of the SNP loci had configurations where parental allele preference of different histone

modifications did not contradict with each other. Only for 0.64% of the loci, an “M” state and a

“P” state were assigned to the same locus for different modifications. (e.g. “PMM” combination

at SNP locus Chr7:1,979,741, where H3K4me1 was inferred to be specific to paternal allele, while

H3K4me3 and H3K27ac monotonously displayed preference for maternal allele.)

MAD-Bayes MBASIC tends to aggregate combinations together during clustering. It clustered

the 23,836 loci into into 4 groups each dominated by a few combinations around 80% of each clus-

ter. In Table 3.4, the first cluster (named as Cluster N) was dominated by the combinations of states

related to neutral modifications on the two strands; the majority of SNP loci in the second cluster

(Cluster P) were inferred as paternal-specific sites for the three histone marks; the third cluster

(Cluster M1) contained SNP loci where modifications were in favor of maternal strand; the last

cluster (Cluster M2) seemed quite interesting, with combinations of maternal specific H3K4me1

and neutral or non-peak for H3K4me3 and H3K27ac. Since H3K4me3 and H3K27ac were both

predominantly promoter marks and H3K4me1 is an enhancer mark, the separation of Clusters M1

and M2 might be a result of functional difference between the two subgroups.

We next examined the allele-specific states of SNPs for each histone modification in the span

of a peak. Peak widths of the three histone modifications range from several hundred to a few

thousand. Some of the SNP loci were filtered by our criteria previously to maintain high quality

at each locus; therefore 27.0%(3,778) of H3K4me1 peaks, 32.2%(2,847) of H3K4me3 peaks and

32.3%(3,453) of H3K27ac peaks had multiple SNP loci with qualified data counts. In general,

allelic-specificities of SNP loci within the same peak were consistent, exceptions to which were due

to allele-specific loci having a neutral neighbor, where difference between paternal and maternal

strand read counts were not large enough to lead to significance, or the degree of allele-specificity
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Table 3.3: Comparison of significant allele-specific histone modifications detected by

MAD-Bayes MBASIC, Binomial and Beta-Binomial tests of FDR < 0.1. Each cell represents

number of SNP loci with specific allelic patterns for (a) H3K4me1, (b) H3K4me3, and (c)

H3K27ac.

(a) H3K4me1

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 1,319 260 0 1,579 “M” 1,136 0 0 1,136

“N” 2,289 16,669 732 19,690 “N” 2,472 17,166 903 20,541

“P” 0 237 482 873 “P” 0 0 311 311

Total 3,608 17,166 1,214 21,988 Total 3,608 17,166 1,214 21,988

(b) H3K4me3

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 728 420 0 1,148 “M” 698 11 0 709

”N” 989 10,833 886 12,708 “N” 1,019 11,524 1,054 13,597

”P” 0 282 558 840 “P” 0 0 390 390

Total 1,717 11,535 1,444 14696 Total 1,717 11,535 1,444 14696

(c) H3K27ac

MAD-Bayes MAD-Bayes

Binomial “M” “N” “P” Total Beta-Binomial “M” “N” “P” Total

“M” 1,233 873 0 2,106 “M” 1,089 3 0 1,092

“N” 1,235 13,014 663 14,912 “N” 1,379 14,646 964 16,989

“P” 0 761 872 1,633 “P” 0 0 570 570

Total 2,468 14,649 1,534 18,651 Total 2,468 14,649 1,534 18,651
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might be gradually changing along genome (Fig. 3.9). We also observed a few interesting examples

where loci within the same peak showed different ASHM. In some cases, the change of strand

preference coincided a shift of the peak summit in the maternal and paternal coverage plot of the

peaks. (Fig. B.8)

Evaluation with allele-specific expression

We next explored the association between allele-specific histone modification and allele spe-

cific expression under two settings: 1) for SNP loci in exons: ASE and ASHM at the same imme-

diate SNP locus and 2) for SNP loci in regulatory regions: ASE at gene-level and ASHM at SNP

loci in corresponding promoter or enhancer regions (to be defined in the following). We used the

ASE data from AlleleDB ([13]), with the similar inferred state space of {“M”:Expression specific

to Maternal allele. “N”: Expression Neutral to both alleles, “P”: Expression specific to Paternal

allele. } at FDR 0.1.

In the first setting, the distribution of ASE states of loci in four MAD-Bayes clusters agreed

with the dominant combinations in MAD-Bayes clusters. In Fig. 3.10 (a), similar to the overall

trend, SNP loci with ASHM states in Cluster N showed low representation of “M” and “P” in

the ASE states. Cluster P exhibited an enrichment in the ”P” state, agreeing with the several

dominant combinations of paternal-specific histone modification states. In Cluster M1, enrichment

in the “M” state was supported by the largely maternal-specific states. Interestingly, Cluster M2

included a large number of SNP loci inferred as maternal-specific for H3K4me1, (with “M–” or

“MNN” patterns), and behaved similarly to the Cluster N in terms of ASE states distribution.

Since H3K4me1 is a histone mark enriched in enhancers and other distal regulatory elements, it

was reasonable to expect that the mere allele-specificity of H3K4me1 taking place at SNP loci in

genebody actually take effect not on the expression of that gene.

To understand the association between ASHM and ASE at distal locations, we first focused on

the ASHM of SNP loci in promoters, defined as the upstream 2,000 bps of the transcription starting

site (TS). We selected 5,821 genes with at least one allele-specific expressed SNP, aggregated their
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Figure 3.7: Comparison between the results of Binomial test and MAD-Bayes for H3K4me3.

(a): Binomial test p-values versus maternal strand count proportions. (b): Maternal strand count

proportions versus total counts. (c): Maternal strand counts of H3K4me1 and H3K27ac under

different inferred states of H3K4me3.
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Figure 3.8: Comparison between the results of Beta-Binomial test and MAD-Bayes for

H3K4me3. (a): Binomial test p-values versus maternal strand count proportions. (b): Maternal

strand count proportions versus total counts. (c): Maternal strand counts of H3K4me1 and

H3K27ac under different inferred states of H3K4me3.
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Table 3.4: MAD-Bayes MBASIC clustered SNP loci by grouping similar combinations. A few

dominant combinations covered the majority of each cluster.

Cluster No. Loci Dominant Combinations Coverage

N 17,313 “NNN” (8,492) “N- -” (2,922) “N-N” (2,611) “-NN”(1,029) 86.95%

P 1,803 “PPP” (494) “NPP” (452) “NPN” (334) “P-P” (129) 78.15%

M1 2,467 “MMM” (833) “M-M” (588) “M- -” (328) “NMM” (249) 80.99%

M2 2,253 “M- -” (839) “-NN” (460) “M-N” (347) “MNN” (479) 94.14%
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Figure 3.9: H3K4me3 displayed a consistent preference for mar maternal strand in the peak

Chr7:24,757,161-24,759,248, with a string of allele specific states as: “M, M, M, M”. While for

both H3K4me1 and H3K27ac, the difference between maternal and paternal strand counts of SNP

loci at downstream were not sharp enough, and they we inferred as neutral, the peak in general

were consistently in favor of maternal strand.
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Figure 3.10: (a) Association between ASE and ASHM at the same SNP locus. (b) Association

between aggregated gene-level ASE and ASHM of SNP loci in corresponding promoter regions.

(c) Association between aggregated gene-level ASE and ASHM of SNP loci in corresponding

enhancer regions.
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gene-level ASE results as “M”, “P”, and “Mixed” (genes with both maternal-specific and paternal-

specific expressed SNPs) to study each SNP-gene pair as long as SNP loci resided in the corre-

sponding promoter. Overlapping the promoter regions with our candidate SNP loci, we built 2,097

SNP-gene pairs by connecting 2,006 SNP loci and 1,303 genes. We observed far more genes with

both maternal-specific expression and paternal-specific SNP loci than genes where expression was

consistently in favor of one strand. This observation can be expressed by the complication of ASE

with alternative splicing, i.e., some of the transcripts were expressed maternally while expression

of other transcripts were in favor of the paternal allele. For example, MGST3 was a “Mixed” gene,

whose transcript ENST00000367889.3 was maternally expressed while paternal-specific expressed

SNPs indicated some paternal-specific transcripts(Fig 3.11). (While it is more preferrably to in-

fer transcript-level ASE to further interpret these results, the existing computational approaches

toward transcript-level expression largely emphasize on the assignment of RNA-seq reads to dif-

ferent transcripts ([52, 37]), which creates another layer of uncertainty to the maternal and paternal

strand counts; hence we sticked to the AlleleDB, which focuses on SNP-level ASE.)

In Fig. 3.10(b), association of gene-level ASE results and MAD-Bayes clusters of SNP in

corresponding promoters supported the MAD-Bayes results, i.e., Cluster N as neutral, Cluster P

as paternal-specific, and Cluster M1 as maternal-specific, where the preferred parental strand of

ASHM in promoter SNP loci actually saw an enrichment in the genes demonstrating specificity

for the same strand, and a clear depletion in genes expressed specific to the minor strand. Clus-

ter M2 followed the neutral behavior of the overall trend of Cluster N, while including slightly

more maternal-specific ASE genes than the paternal-specific ones. Association between ASE and

ASHM of SNP loci in promoter region displayed the potential mediation role of histone modifica-

tions in regulatory regions.

Furthermore, we picked out 1,596 enhancer regions with the definition: (1) regions referred

to as “enhancer” ([50]); and (2) regions which HiC ([4]) inferred as to encompass a significant

long range interaction with the promoter regions we defined for GM12878 cell line. Similarly, we

further restricted to genes whose enhancer regions contain SNP loci with ASHM information, and

got down to 487 SNP-gene pairs with 412 SNP loci and 282 genes. While ASE trend of SNP loci
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Figure 3.11: An example of a “Mixed” gene, MGST3, with both maternal-specifically and

paternal-specifically expressed SNPs. (a) Log counts of the two strands and inferred ASE states

of SNP loci indexed by coordinate. (b) Coverage of transcripts on SNP loci. Only

ENST00000367889.3, with two maternal-specific SNP loci could be inferred as maternal-specific.
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in Cluster N, Cluster P and Cluster M1 seemed similar to the ones of SNP-gene association from

promoter region, expression of genes with SNP loci assigned to Cluster M2 was significantly in

favor of the maternal strand (Fig. 3.10(c)). It implied that SNP loci in distal regulatory regions

could also impact gene expression through histone modifications.

3.5 Conclusions and Discussion

In this chapter, we tried to bridge the gap between genomic variants and gene regulation

through mediators such as histone modifications or transcription factor binding. By applying the

extended MAD-Bayes MBASIC with variance-stabilizing transformation to the Binomial models

of allele-specific inference of ChIP-seq data, we located SNP loci leading to allelic imbalance in

ChIP-seq data as potential sites, whose regulatory path take histone modification or transcription

factor binding events as an important chain.

MAD-Bayes MBASIC is a fast method for querying large sets (1000s) of ChIP-seq data with

user-specified loci of interest. This represents a fast realization of the MBASIC framework on

various models. We extended it to allele-specific analysis for transcription factor binding and

histone modification problem settings via a variance-stabilizing transformation. Our evaluations

indicated that such transformation preserved the time-efficiency and relatively high accuracy and

low inference error of MAD-Bayes MBASIC.

We carried out ASB applications to transcription factor datasets from the GM12878 cell line.

Comparison with Binomial and Beta-Binomial tests displayed the high power of MAD-Bayes

MBASIC, and validation by atSNP, a method based on sequence-specificity, showed MAD-Bayes

MBASIC was not making more mistakes than Binomial test. We also conducted the first ASHM

application, revealed the consistency of SNP loci within a peak and the consistency between active

histone marks, and a few interesting exceptions. By associating ASE results of genes and ASHM

results in corresponding promoter and enhancer regions, we detected candidate genetic variants for

further analysis, whose potential regulatory mechanism uses histone modifications as mediator in

one of the chains.
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Chapter 4

Conclusions

In this thesis, we developed MAD-Bayes MBASIC as a fast method for querying large sets

(1000s) of ChIP-seq data with user-specified large sets of loci. This represents the first application

of the MAD-Bayes framework in a large scale genome regulation context. From a practical point

of view, we showed that this approach is both more efficient and powerful than using individual

analysis of each datasets and clustering them with an off-the-shelf method such as hierarchical

clustering or finite mixture models. From an algorithmic point of view, we developed an empirical

method for selecting tuning parameters. This improves the current state-of-the-art for MAD-Bayes

implementations since they lack principled methods for tuning parameter selection.

The MBASIC framework offers flexibility in a number of aspects of experimental design, such

as different numbers of replicates under individual experimental conditions. This is a relatively

important point because many peak callers will operate separately on individual peaks sets or

handle two jointly ([29]) leaving the reconciliation of peaks over multiple replicates to the user.

We carried out ASB applications to transcription factor datasets from the GM12878 cell line.

Comparison with Binomial and Beta-Binomial tests displayed the high power of MAD-Bayes

MBASIC, and validation by atSNP, a method based on sequence-specificity, showed MAD-Bayes

MBASIC was not making more mistakes than Binomial test. We also conducted the first ASHM

application, revealed the consistency of SNP loci within a peak and the consistency between active

histone marks, and a few interesting exceptions. By associating ASE results of genes and ASHM

results in corresponding promoter and enhancer regions, we detected candidate genetic variants for

further analysis, whose potential regulatory mechanism uses histone modifications as mediator in

one of the chains.
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In Chapter 2, I introduces the MAD-Bayes MBASIC for simultaneous binding state inference

under strong assumptions. Employing a small variance asymptotics, the MAD-Bayes MBASIC im-

proved significantly in computational time without impacting accuracy. The problem of selecting

number of clusters is turned into the problem of selecting tuning parameters, which is addressed by

a heuristic tuning method. Initialization is divided into two stage: state initialization and clustering

initialization.

In Chapter 3, I extended the MAD-Bayes MBASIC to the allele-specifc analysis setting, via

a variance stabilizing transformation. Computational experiments and applications to the allele-

specific analysis of transcription factor binding and histone modification displays the power and

accuracy of the this method compared to individual dataset level approach. It also provides the

first systematic analysis of allele-specific histone modifications. Associating allele-specific histone

modification results to allele-specific expression data, a small handful of SNP loci is picked out as

the potential candidate for further studies in the causal regulatory mechanisms.

The R package MBASIC is available at http://github.com/KaileiChen/mbasic in latest version,

and will be submitted to bioconductor soon.
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Figure A.1: A graphical interpretation of the conjugacy between λr and J . We use the K-means

initialization to compute surrogate values for L(J) for a large collection of J ≥ 1. The λr value

that can yield J clusters in the global solution must satisfy:

supJ ′>J
L(J)−L(J ′)

J−J ′ ≤ λr ≤ infJ ′>J
L(J ′)−L(J)

J ′−J . When λr satisfies this condition, a line with slope

−λr passing through (J, L(J)) on the graph should be tangent to the trace of all L(J) values.

Although using the surrogate L(J) values can lead to the curve connecting the L(J) values to be

con-convex, making the solution for λr not hold for some J , we can use a convex approximation

to the trace of L(J) so that so that a λr exists for each J . A simpler approach is to order the L(J)

from largest to smallest and require the following condition for λr.

L(J)− L(J + 1) ≤ λr ≤ L(J − 1)− L(J). Algorithm 2.2 essentially applies this idea to select

the λr values. Each J corresponds to a λr of value [L(J − 1)− L(J + 1)]/2 that satisfies the

conjugacy inequality. The algorithm essentially tries to identify the range of λr that leads up to
√
I number of clusters.
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Figure A.2: S: Number of potential states. (S = 2 represents the usual binding state inference

setting, while we may use more states to tell apart binding sites with different degree of signal

strength.) ζ: Proportion of loci do not belong to any true cluster. (a) Clustering accuracy based on

the adjusted Rand index after excluding unclusterable loci. (d) Number of clusters in fitted model.
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Figure B.1: Computational experiments with Zero-One-Inflated Poisson mixture distribution for

inferring histone modification/TF binding sites. S: Number of potential states. ζ: Proportion of

loci do not belong to any true cluster. (a) Run-time comparisons on a 64 bit machine with Intel

Xeon 3.0GHz processor and 64GB of RAM and 8 cores. (b) State-space prediction error. (c)

Clustering accuracy based on the adjusted Rand index. (d) Clustering assignments of

unclusterable loci when 10% (ζ = 0.1) and 40% (ζ = 0.4) of the loci do not belong to a cluster.
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Figure B.2: (a) and (b): Comparison between the results of Binomial test and MAD-Bayes for

IRF3. (c) and (d): Comparison between the results of Beta-Binomial test and MAD-Bayes for

IRF3.
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Figure B.3: (a) and (b): Comparison between the results of Binomial test and MAD-Bayes for

TRIM22. (c) and (d): Comparison between the results of Beta-Binomial test and MAD-Bayes for

TRIM22.
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Figure B.4: Comparison between the results of Binomial test and MAD-Bayes for H3K4me1.

(a): Binomial test p-values versus maternal strand count proportions. (b): Maternal strand count

proportions versus total counts. (c): Maternal strand counts of H3K4me3 and H3K27ac under

different inferred states of H3K4me1.
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Figure B.5: Comparison between the results of Beta-Binomial test and MAD-Bayes for

H3K4me1. (a): Binomial test p-values versus maternal strand count proportions. (b): Maternal

strand count proportions versus total counts. (c): Maternal strand counts of H3K4me3 and

H3K27ac under different inferred states of H3K4me1.
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Figure B.6: Comparison between the results of Binomial test and MAD-Bayes for H3K27ac. (a):

Binomial test p-values versus maternal strand count proportions. (b): Maternal strand count

proportions versus total counts. (c): Maternal strand counts of H3K4me1 and H3K4me3 under

different inferred states of H3K27ac.
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Figure B.7: Comparison between the results of Beta-Binomial test and MAD-Bayes for

H3K27ac. (a): Binomial test p-values versus maternal strand count proportions. (b): Maternal

strand count proportions versus total counts. (c): Maternal strand counts of H3K4me1 and

H3K4me3 under different inferred states of H3K27ac.



73

Scale
chr6:

Sequences

Common SNPs(150)

SNPs

H3K4me1

H3K4me3

H3K27ac

2 kb hg19
31,237,000 31,238,000 31,239,000 31,240,000 31,241,000 31,242,000

Publications: Sequences in Scientific Articles

UCSC Genes (RefSeq, GenBank, CCDS, Rfam, tRNAs & Comparative Genomics)

Gene Expression in 53 tissues from GTEx RNA-seq of 8555 samples (570 donors)

Simple Nucleotide Polymorphisms (dbSNP 150) Found in >= 1% of Samples

Publications: Sequences in Scientific Articles

H3K4me1 Allele-Specific Histone Modification States

H3K4me3 Allele-Specific Histone Modification States

H3K27ac Allele-Specific Histone Modification States

H3K4me1 Replicate 1 Maternal Strand

H3K4me1 Replicate 1 Paternal Strand

H3K4me1 Replicate 1

H3K4me1 Replicate 2 Maternal Strand

H3K4me1 Replicate 2 Paternal Strand

H3K4me1 Replicate 2

H3K4me3 Replicate 1 Maternal Strand

H3K4me3 Replicate 1 Paternal Strand

H3K4me3 Replicate 1

H3K4me3 Replicate 2 Maternal Strand

H3K4me3 Replicate 2 Paternal Strand

H3K4me3 Replicate 2

H3K27ac Replicate 1 Maternal Strand

H3K27ac Replicate 1 Paternal Strand

H3K27ac Replicate 1

H3K27ac Replicate 2 Maternal Strand

H3K27ac Replicate 2 Paternal Strand

H3K27ac Replicate 2

HLA-C
HLA-C
HLA-C
HLA-C
HLA-B
HLA-B
HLA-C

HLA-C

H3K4me1_Rep1_Maternal

101 _

1 _

H3K4me1_Rep1_Paternal

101 _

1 _

H3K4me1_Rep1

101 _

1 _

H3K4me1_Rep2_Maternal

39 _

1 _

H3K4me1_Rep2_Paternal

39 _

1 _

H3K4me1_Rep2

39 _

1 _

H3K4me3_Rep1_Maternal

455 _

1 _

H3K4me3_Rep1_Paternal

455 _

1 _

H3K4me3_Rep1

455 _

1 _

H3K4me3_Rep2_Maternal

385 _

1 _

H3K4me3_Rep2_Paternal

385 _

1 _

H3K4me3_Rep2

385 _

1 _

H3K27ac_Rep1_Maternal

431 _

1 _

H3K27ac_Rep1_Paternal

431 _

1 _

H3K27ac_Rep1

431 _

1 _

H3K27ac_Rep2_Maternal

274 _

1 _

H3K27ac_Rep2_Paternal

274 _

1 _

H3K27ac_Rep2

274 _

1 _

Figure B.8: H3K4me3 displayed preference for paternal strand in the upstream part of the peak

chr6:31,235,668-31,242,931, but for maternal strand in the downstream part, with a string of

allele specific states as: “N, N, N, N, P, P, P, P, P, P, N, M, M, M”.
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