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Abstract

A chemical reaction is a process that leads to the chemical transformation of one set of chem-
ical substances to another. Reaction networks are the mathematical models used on dictating
the behaviour of the chemical systems. Reaction—diffusion systems are mathematical models
which mostly correspond to the change of the concentration of chemical substances: Local
Chemical Reactions and Diffusion which causes the substances to spread out over a surface
in space. Kinetic theory of gases is a model of the thermodynamic behaviour of gases. The
model describes a gas as a large number of identical submicroscopic particles, all of which are

in constant, rapid, random motion.

In this thesis, firstly, we are interested in the properties on mass-action systems that are
dynamically equivalent to complex-balanced ones and single target networks. Then, we prove
the uniqueness of the weakly reversible and deficiency zero realization. Next, we show the local
and global stability on the complex balanced equilibrium for some chemical reaction-diffusion
systems with boundary equilibria. We also consider the instability on the corresponding bound-
ary equilibria. Finally, we study a simple collisionless model in kinetic theory under a mixing

effect of stochastic boundary damping the moments of fluctuation.
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Notation and Symbols

R: the real numbers
R~o / Ry: set of positive real numbers
R™: set of vectors indexed by n

RZ: set of vectors with components in R
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(x, y): the standard scalar product of z,y € R"
X° X CR"is contained in some affine subspace of R"

0X: boundary of the set X



vi

Contents

[Abstractl i
[Acknowledgements| ii
[List of Figures| iv
[Notation and Symbols| v
(1__Introductionl 1
T O K7 s v 4
[.2 Reaction networksl . . . . . . . . . . . 5
[1.3  Reaction-diffusion system| . . . . . . . . . . ... ... ... 12
1.4 Kinetic Theory| . . . . . . . . 16
2__Reaction networks| 19
2.1 An ethicient characterization of complex-balanced,detailed-balanced, and weakly |

| reversible systems|. . . . . .. L Lo 19
2.1.1 Fluxes on Reaction Networks . . . . .. .. .. ... ... .. ...... 19

[2.1.2  Complex balancing without additional vertices| . . . . . ... ... ... 25

2.1.3  Numerical methoddl. . . . . . . . . ... .. o oL 38

2.1.4 Conclusionl . . . . . . . . . e 43

2.2 Single-Target Networks] . . . . . . . . . . . ... . . ... oL 44
[2.2.1 Target vertex and Detailed-balancingl. . . . . . .. ... .. ... .... 44

[2.2.2  Single-target networks| . . . . . . ... Lo L 46

[2.2.3  Networks with two targets|. . . . . . . . ... ... ... .. 57

224 Conclusionsl . . . . . . . . . e 65

[3 Reaction-diffusion systems| 67




vii

[3.1  Convergence to the complex balanced equilibrium for some chemical reaction-

| diffusion systems| . . . . . . .. 67
13.1.1  Two reversible reaction-diffusion systems| . . . .. ... ... ... ... 67
[3.1.2  Asymptotic decay for the three-species system| . . . ... ... ... .. 70
13.1.3  Asymptotic decay for the two-species system| . . . . .. ... ... ... 90
13.1.4  Remarks on generalized model| . . . .. ... ... ... ... ... 99

[3.2  Instability of boundary equilibrium for a complex-balanced Reaction-Diftusion

| system| . . .. oL e e 100
[3.2.1 Introduction and some results . . . . . . ... ... ... . 0. 101

[3.2.2  Instability of boundary equilibrial . . . . . . ... ... 0oL 109

[3.2.3  Local stability tor a1 A1 +... + o, An =01 A1+ ...+ 64 . - - . . o .. 127

[4 Kinetic Theory| 144
4.1  Damping of kinetic transport equation with diffuse boundary condition| . . . . 144
411  Introduction and the main resultl . . . . . .. ... .. ... ... ... 144

[4.1.2 Preliminaries] . . . . . . . . . e 150

[4.1.3 Weighted L'-Estimates| . . . . . . ... .. .. ... ... ........ 152




Chapter 1

Introduction

Many mathematical models in biology, chemistry, physics, and engineering are obtained from
nonlinear interactions between several species or populations, such as (bio)chemical reactions
in a cell or a chemical reactor, population dynamics in an ecosystem, or kinetic interactions in
a gas or solution [8,22}27]29,30/37-40,/49,/56,,95,/98]. Very often, these models are generated
by a graph of interactions according to specific kinetic rules; mass-action kinetics for reaction

network models is one such example |110].

In order to describe various properties of reaction networks, it is useful to visualize them
in Euclidean space as Fuclidean embedded graphs [21]. Each vertex of the network is naturally
associated to a vector in R", via its stoichiometric coefficients; hence, every directed edge in
the network (i.e., reaction) can be visualized as a vector between vertices of the network in
R™. The resulting directed graph in R" is called the Euclidean embedded graph of the reaction
network, and its Newton polytope is the convex hull of its source vertices. A strongly endotactic
network is essentially an “inward pointing” one: any edge originating on the boundary of the
Newton polytope must point inside the polytope or along its boundary (i.e., cannot point
outside the polytope), and on any face of the polytope there exists an edge that starts on that

face and points away from it.

If the graph underlying the mass-action system in a given reaction network has some
special properties, then the associated dynamical system is known (or conjectured) to have cer-
tain dynamical properties. There has been a great amount of work on establishing connections

between the qualitative dynamics of these systems and their underlying network structures



[8,/3811404|43L49. 55,56, 110]. For example, if the underlying network is reversible (i.e., for every
edge, there is an edge in the reverse direction), then the mass-action system admits a positive
steady state for any choice of positive rate constants [17]. In addition, if the rate constants
satisfy some algebraic constraints such as the Wegscheider conditions [108], the mass-action
system is in a state of thermodynamic equilibrium, where the rate of any forward reaction is
balanced by the rate of the reverse reaction. Such a system, said to be detailed-balanced, enjoys
remarkable dynamical properties, like the existence of a globally defined Lyapunov function,
and uniqueness of a positive steady state within every invariant polytope detemined by mass

conservation laws.

Similarly, if the underlying network is weakly reversible (i.e., every edge is part of an
oriented cycle), again the mass-action system admits a positive steady state for any choice of
positive rate constants |17]. If the rate constants satisfy some algebraic constraints, the mass-
action system is complez-balanced|38,55,56], a generalization of detailed-balanced. Again, the
system admits a globally defined Lyapunov function, has a unique positive steady state within
every invariant polytope, and is conjectured to be globally stable. This is the Global Attractor
Conjecture, which has been proved in several cases: when the network has only one connected
component [6,18]; when the system has dimension three or less [27,85], or when the network
is strongly endotactic [7,48]. In particular, some networks are always complex-balanced under
mass-action kinetics, regardless of the values of rate constants: these are the weakly reversible
network with deficiency zero [38,55]. One interpretation of the deficiency zero property is that

the reaction vectors span the maximal dimensional subspace possible [43].

It turns out that the same dynamical system can be generated by a multitude of reaction
networks [28,53,|61,102,[103|. Therefore, if a system is generated by a network that does not
enjoy a specific graphical property (e.g., not weakly reversible), we can ask whether the same
system may be generated by a weakly reversible network. Others have asked this question
before and formulated algorithms for a given number of complexes [61,93/102,/103] and applied
the results to designing control systems [98,104]. In order to determine whether a given system

is generated by a weakly reversible or complex-balanced system, one would have to determine



if it can be done using n number of complexes for all n > 1.

Compared with the ODE systems, much less is known about the corresponding reaction-
diffusion models, although a number of recent papers have focused on extending the results
above in the PDE setting. A promising venue for relating the PDE and ODE models is by
way of space discretization (the method of lines). As proof of concept, the network A +
B = C was considered in [78] where it was shown that solutions of the discretized system
converge to the solution of the PDE system as the space discretization grows finer. Solutions
of the reaction-diffusion system A + B = C' have been shown to approach a positive spatially
homogeneous distribution [91] via semigroup theory. Newer work uses entropy techniques to
prove global asymptotic stability for other systems, including dimerization networks 24 = B
[32] and monomolecular networks [67]. Recent results by Desvillettes, Fellner and collaborators
[33,:34,/62] removed the requirement of equal diffusion constants, and showed that in the absence
of boundary equilibria, the positive equilibrium of a general complex balanced reaction-diffusion
system attracts all solutions with positive initial data. These papers also considered special
cases of networks with boundary equilibria, where a detailed analysis showed that positive
solutions remain globally asymptotically stable. However, the general case of systems with

boundary equilibria remains open, and the analysis of such systems is on a case-by-case basis.

A recent paper by Pierre et al [87] studies the general case of a reversible reaction; the
authors prove that for nonnegative initial data in L' N Llog L, the solution will converge to
some equilibrium. If the equilibrium happens to be the unique complex-balanced equilibrium
in the given stoichiometric class (as opposed to a boundary equilibrium), then it is shown that
the convergence is exponential. Furthermore, if the solution is globally (in time) essentially
bounded, [87] also shows that the solution converges exponentially to the complex-balanced
equilibrium. In another recent paper [31], authors prove that as long as the closeness to

equilibrium is measured in L norm, the convergence holds for arbitrary dimension.

Besides reaction networks and reaction-diffusion systems, kinetic theory of gases is also



a widely used mathematical model. One important and active research direction in the math-
ematical kinetic theory is on the asymptotic behavior of its solutions as ¢ — oo for both the

collisional models (e.g. [2,36,/64,/69,80,100]) and the collisionless models (e.g. [1,12,73,[81]).

Due to its conceptual importance and applications, the mixing effect of the stochastic
boundary has been studied in various aspects of the Boltzmann equation. In [2], Guo estab-
lishes a novel L2-L* framework to control an LZ°-norm of the Boltzmann equation for all
basic boundary conditions (e.g. diffuse reflection, specular reflection, inflow, and bounce-back
conditions). In this framework of [2], an L3°-norm can be controlled directly along the general-
ized characteristics corresponding to the boundary condition, the bouncing billiard trajectories
with stochastic boundary in the case of , without any differentiability assumption. In [3],
Kim constructs initial data of the Boltzmann equation inducing the formation of singularity at
the boundary and proves the propagation of such singularity along with the generalized char-
acteristics. In [90], Esposito-Guo-Kim-Marra construct the stationary solutions of the Boltz-
mann equation when the boundary temperature can be non-constant. In fact, these solutions
are non-equilibrium stationary states since they are not local Maxwellians. They also prove
exponentially-fast asymptotical stability of such stationary states under small perturbations
in L° (]90]). In [3688], Kim et al. construct strong solutions of Vlasov-Poisson-Boltzmann
systems in convex domains with the diffuse reflection boundary and prove exponentially-fast

asymptotical stability.

1.1 Overview

This introductory chapter defines all notations in reaction networks, reaction-diffusion systems
and kinetic theory that are relevant to this thesis. In particular, Section [I.2| reviews what
is mass-action systems and complex-balanced systems. Section shows what is complex-
balanced steady states and corresponding entropy in reaction-diffusion. Section focuses on

the diffusive boundary condition and the characteristic lines in kinetic equations.

In Chapter [2, we are interested in dynamical equivalence between reaction models and



the relation between reaction rates, graph structures with complex-balanced realization. In
Section [2.1], we develop a theory of dynamical equivalence between mass-action systems and
weakly reversible and complex-balanced systems. In Section we concern the class of single-
target networks and prove that under mass-action kinetics, a single-target network either has a
globally stable positive steady state for any choice of rate constants, or has no positive steady

state for any choice of rate constants.

In Chapter [3|, we work on asymptotic analysis for reaction-diffusion systems and the
stability or instability on equilibria. In Section [B.I] we study the rate of convergence to
the complex-balanced equilibrium for some chemical reaction-diffusion systems with boundary
equilibria. In Section I show the local instability on the boundary equilibria to a three-
species system and prove the convergence to the positive equilibria as long as the initial data

is closed enough to the the positive equilibrium.

Finally, in Chapter [d we look at the convergence for the kinetic equations. In Section
[4.Tlwe prove that exponential moments of a fluctuation of the pure transport equation decay
pointwisely when the domain is any general strictly convex subset of R3 with the smooth

boundary of the diffuse boundary condition.

1.2 Reaction networks

Chemical reaction networks appear at the intersection of biology, biochemistry, chemistry,
engineering, and mathematics. Different notations are used in the literature; here we explain
the notations used throughout this paper. Introductions to chemical reaction network theory

can be found in [39}49}/110].

Definition 1.2.1. A reaction network (or simply a network) is a directed graph G =
(Va, E¢) embedded in Euclidean space, with no self-loops, i.e., Vg € R™ and Eg C Vi x Vg

and (y,y) € Eg for any y € Viz. When there is no ambiguity, we simply write G = (V| E).

Remark 1.2.2. Vertices are points in R”, so an edge e € E can be regarded as a bona fide



vector in R"™. We denote an edge e = (y,y’) as y — ¥', which is associated to a reaction

vector y' —y € R". We also write y — ¢y’ € G instead of y — vy’ € E.

The dimension n of the ambient Euclidean space is the number of chemical species
involved in the reaction network G. An edge in the set F is called a reaction. A vertex in V
is also known as a reaction complex. The source vertex of a reaction y — vy’ is the vertex
y, while 4 is the product vertex. Let V, C V denote the set of source vertices, i.e., the

set of vertices that is the source of some reaction.

The vector space spanned by the reaction vectors is the stoichiometric subspace
S = spang{y’ —y: y — vy’ € G}. For any positive vector g € RZ, the affine polytope
(ko + 5)> = (o + 5) N R is known as the stoichiometric compatibility class of x.
A reaction network G is reversible if y — y € G whenever y — ¢y’ € G; for simplicity,
we denote such a pair of reactions by y = y'. It is weakly reversible if every connected
component of G is strongly connected, i.e., every reaction y — y’ € G is part of an oriented

cycle.

Example 1.2.3. Figure shows a reaction network G in R? with 6 vertices and 3 reactions.

The reactions are

Y, — 21 = — ) Yy — 22 = — ) Y3 — 23 = —

The stoichiometric subspace, which is the linear span of the reaction vectors, is R2.
In particular, any stoichiometric compatibility class is all of R2>0' The reaction network G is

neither reversible nor weakly reversible.

Example 1.2.4. Three more examples of reaction networks are presented in Figure The
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Figure 1.1: A reaction network G in R? consisting of 3 reactions and 6 vertices.
Under mass-action kinetics, this network gives rise to the classical Lotka—Volterra

model for population dynamics.

reaction networks (a) G, (b) G’, and (c¢) G* share the vertices

3
Y = y Yo = y Yz = ) and Yy =
0 2 2

The reaction networks G, G* have two additional vertices

1 2
Y5 = and yg =
1 1

The set of four reactions of G is Eq = {y; — Y5, Y2 = Ys, Y3 — Yg, Ya — Y} Lhe set

of reactions of G’ is Eqr = {y1 = Yo, Yo = Y3, Y3 = Y4, Y4 = Y1, Y1 = Y3, Yo = Ys}. The

set of reactions of G* is Eg+ = {y; = Y5 = Y2, Y3 = Y6 = Y4, Y5 = Y, Y5 — Y3, Y5 — Y4}

The networks G’ and G* are weakly reversible, and G’ is also reversible. The stoichiometric

subspace is S = R? for all three networks.

A reaction network G is associated to a dynamical system, by assuming that each

reaction y — 4y’ proceeds according to a rate function vy_,,/(x), where € RZ is the vector

of concentrations of the chemical species in the system. One of the most extensively studied

kinetic systems is mass-action kinetics, where vy_,,/(x) is a monomial whose exponent vector

is y.



(b) v

Figure 1.2: Examples of reaction networks (a) G, (b) G’, and (¢) G*, with labels
of vertices shown in (a). The dynamical systems generated by the network (a) can
also be generated by (b) or (c¢) for well-chosen rate constants. Note that (b) and
(c) are weakly reversible, and (b) is also reversible.

Definition 1.2.5. Let G = (V, E) be a reaction network, and let k = (ky_y/)y—yec € RY,
be a vector of rate constants. We call the weighted directed graph G a mass-action system,

whose associated dynamical system is the system on RZ,

dx

/
- Z ky—yx? (Y — ), (1.1)
y—y' €eG
where ¥ = z¥'24? - - - }". By convention, ° = 1 and it is convenient to refer to ky_,, even

when y — vy’ € G, in which case we mean k,_,, = 0. We adopt the convention that the empty

sum is 0, i.e., Zy—m’e@ ky—y (Y —y) = 0.

Example 1.2.6. We revisit Example under the assumption of mass-action kinetics. The
dynamical system associated to this reaction network G = (V| E) for an arbitrary vector of

rate constants k = (kj)yjHZjGG € Rgo is

d 1 —1 0 klx — kgﬂ?y
d—w =kix + koxy + k3y =
t 0 1 -1 koxy — ksy

This is the Lotka—Volterra population dynamics model.

Given a mass-action system Gp, (|1.1)) uniquely defines its associated dynamical system;

however, many different reaction networks can give rise to the same dynamical system under



mass-action kinetics. It has been known for a long time that if a reaction network has some
special properties (e.g., reversible, weakly reversible, deficiency zero), then the mass-action
system is known to have certain dynamical properties (e.g., existence of positive steady state,
local and global stability). Therefore, given a mass-action system, we are interested in networks
with richer structural properties that give rise to same dynamical systems. If two mass-action
systems give rise to the same associated dynamical systems, we say they are dynamically

equivalent [28,61,(102,|103].

Definition 1.2.7. Two mass-action systems G and G;c, are dynamically equivalent if

Z ky,—y, 271 (Y2 —y1) = Z Ky Sy, TV (Y — Y1) (1.2)
y1—>y26G yll_)y/2€G/

for all x € RY,. We say that G;c, is another realization of Gy.

Remark 1.2.8. From ({1.2)), a necessary and sufficient condition for dynamical equivalence is

Z kyy—y(y —yo) = Z ';Joﬁy’ (¥ — o) (1.3)

Yo—yeG Yyo—y' G’

for all yy € Vg U V.

Note that in the associated dynamical system of a mass-action system, % belongs to
the stoichiometric subspace S. Moreover, RZ is forward invariant under mass-action kinetics,
ie., if £(0) € RZ;, then x(t) € R, for all £ > 0 [39]. Consequently, the trajectory x(t) is

confined to the stoichiometric compatibility class (2(0) + S)~ for all ¢ > 0.

Remark 1.2.9. The stoichiometric subspaces for dynamically equivalent systems can in prin-
ciple be different. However, the kinetic subspaces for the two systems must be the same.For
example, the system in Figure (a), made of the reaction 2X —— X + Y, is dynamically
equivalent to the system in Figure (b), consisting of the reactions 2 X Fax + Y and

0« v £, oy, By definition, the two systems have different stoichiometric subspaces.



10
However, in these systems, the trajectory starting at &g € R is confined to the affine space
xo + R(—1,1)T because their kinetic subspace is R(—1,1)7.

(a) v (b) v

A

[ ]
N N
X A X

Figure 1.3: Two dynamically equivalent systems with different stoichiometric sub-
spaces. Trajectories are confined to the same affine invariant spaces because their
kinetic subspaces are the same.

Example 1.2.10. For the networks in Figure let ki; > 0 be the rate constant on the
reaction y;, — y; € G; let k‘;j be the rate constant on the reaction y; = y; € G'. Suppose ki;

and k,, satisfy the following equations:

1 (o) o, (3\ (s
k15 = k1o + ki3 + kg )
1 2 2 0
1 (o L (3) (3
kas = kg + kg + Koy )
-1 —2 0 -2
“1\ o, (=3 ., (-3\ ., (o
k3e = k3 + k3o + kg ;
-1 —2 0 -2
“1\ o, (=3 ., (-3 (o
kae = kg + ko + ki3
1 0 2 2

Then Gy and G;c, are dynamically equivalent. The linear constraints on the rate con-
stants arise from vector decomposition of the reaction vectors starting at the source vertices of
G and G'. In fact, if k, k', and k*, where k* is a vector of rate constants for G*, satisfy some

linear relations, the three mass-action systems Gy, G;c, and G}, are dynamically equivalent.
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Mass-action systems give rise to very diverse dynamics. For example, weakly reversible
deficiency zero mass-action systems have exactly one locally asymptotically stable steady state
(within the same stoichiometric compatibility class). Yet there are other mass-action systems
that have periodic orbits or limit cycles [104/76,89] and others that admit multiple steady states
(within the same stoichiometric compatibility class) [11,123,124], and even chaotic dynamics
[99.,[110]. We refer the reader to [8,39,/49,/110] for an introduction to mass-action systems. In

this paper, we focus on several kinds of steady states of mass-action systems.

Definition 1.2.11. Let G be a mass-action system with the associated dynamical system

dx
- = D k'Y ).
y—y' €G

A state g € R, is a positive steady state if

dx
o = > Fyyaly' —y) =0 (1.4)
y—y' €G

A positive steady state g € RZ is detailed-balanced if for every y = y' € G, we have

/

kyﬁy/mg = k‘ylﬁymoy . (1.5)
A positive steady state g € RZ is complex-balanced if for every vertex y, € Vg, we have

Y kyoyxl® = D kyy,@l. (1.6)

Yo—y' €G Y—Yo€G

Intuitively, detailed balancing is when fluxes across every pair of reversible reactions are
balanced; this is intimately related to the notion of microreversibility or dynamical equilibrium
in physical chemistry [15,/16]. Complex balancing is when fluxes through every vertex (i.e.,

reaction complex) is balanced.
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1.3 Reaction-diffusion system

In this section, we set up terminology and notation in reaction-diffusion systems. We also

discuss some of the techniques used in this thesis and in previous work.

Now we consider 0 < T' < oo and the semilinear parabolic system
¢t — DAc = R(c) in Q x (0,7T) (1.7)

with initial data

c(-,0) =cp in Q,

where ¢ : Q x [0,7) — R™ is the vector of concentrations at spatial position z € Q (an open
subset of R?) and time ¢ € [0, 00), D is a positive definite, diagonal n x n matrix, and R : R® —
R™ is a vector field whose components are polynomials (determined by the chemical reactions
under consideration). We exclusively consider Neumann boundary conditions throughout this
work:

Vei-v=00n 092 x (0,7), i=1,...,n,

where v is the outer normal vector to the boundary. This system can be linear and “trivial”

(at least in the sense that “enough” of its equations decouple), such as

a — dgAa = —ka,
by — dpAb = ka in Q x (0,7,

(which corresponds to the reaction A — B with reaction rate k£ > 0), linear and nontrivial

(weakly coupled) such as

ay — doAa = —kia + kb,
bt — dbAb = kla — ka in © x (0,T),

(which corresponds to A = B), or (as soon as a reaction includes two or more reactants)
k2
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nonlinear in the zero order terms (semilinear). For example, the single reaction A + B 5
yields

ar — dgAa = —kab,

by — dpAb = —kab,

¢t — dcAc=kabin Q x (0,7T).

We use this last system to illustrate, rather informally, some terminology and notation. Here
A, B, and C are the three species of the network, and A + B and C are its complexes. The
concentrations of A, B, C are non-negative functions of time and space and are collected in
the concentration vector ¢ = (a,b,c). The reaction rate of a reaction is given by mass-action,
and is proportional to the concentration of each reactant species. The aggregate contribution
of all reaction rates are collected in the vector R(c) = (—kab, —kab, kab). In general, this is
given by

R(c):= Y kyyc’(y' — ),
y—=y’

where ky,_,, is the rate constant of y — ' and the summation is over all reactions y — ¥’ in
the network. Finally, D = diag{d,, dp, d.} € M3x3(R) denotes the diagonal matrix of diffusion

constants.

In the previous example the first two equations have the benefit of being decoupled, but
k
that feature is lost as soon as we allow for reversibility; indeed, corresponding to A + B =C

ko
we have

ay — doAa = —kiab + kac,
by — dpAb = —kqrab + kaoc, (1.8)
¢t — deAc = kiab — kac in Q x (0,T).

When it comes to basic questions on the existence, uniqueness, smoothness and non-
negativity of solutions (if the initial data components are nonnegative), for linear systems the
answers are provided in the (by now, classical) literature (see, e.g., [74]). However, complexity

adds quickly as nonlinear reactions and more reactants enter the system.

In general, we say that an equilibrium point ¢y of a reaction system (i.e. an equilibrium
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of the ODE system c¢; = R(c); diffusion is removed) is a complex balanced equilibrium if for all

complexes § we have

_ = Y
Z kg—yCo = Z ky—gco-

y—y y—y

In other words, the total chemical flux that exits the complex g equals the total chemical
flux that enters the complex y (for any choice of y). A reaction system is called complex
balanced if it admits a positive complex balanced equilibrium. We call a reaction-diffusion
system complex balanced if its corresponding reaction system is complex balanced. It was
shown that all steady states of a complex balanced reaction-diffusion system are constant
functions (do not depend on space), whose values equal the steady states of the corresponding
complex balanced reaction system [77]. We can therefore identify the steady states (equilibria)

of complex balanced reaction-diffusion systems with those of corresponding reaction systems.

Reaction systems often admit linear first integrals, called conservation laws; for example,
the single reaction A + B — C has conservation laws a + ¢ = const and b+ ¢ = const. In
this paper, an accessible boundary equilibrium of a reaction network is an equilibrium on the
boundary of the positive orthant which gives the same values of the conservation laws as some
phase point with strictly positive coordinates. These are the only equilibria that might be
reachable from positive initial conditions, and the only ones relevant for positive solutions
of the mass-action system. We note that not all equilibria on the boundary are accessible
boundary equilibria. For example, A + B — A has one conservation law a = const. The
positive a-axis {(a,0)|a > 0} consists of accessible boundary equilibria. On the other hand,
all points {(0,b)|b > 0} on the non-negative b-axis are boundary equilibria which are not
accessible (the conservation law a = 0 is not compatible with points in the positive orthant).
The distinction between accessible boundary equilibria and inaccessible ones was relevant in
previous work [34], although it was not made explicit. The reaction-diffusion systems we

consider in this thesis are complex-balanced with accessible boundary equilibria.
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All systems arising from complex balanced reaction-diffusion systems admit a “canoni-
cal” Lyapunov functional of the relative Boltzmann entropy type. Its general form (again, see,

e.g., [34]), this logarithmic free relative energy functional reads

n
i t
E(t) := Z/ [ci(x, t) log al@t) _ ci(x,t) + ¢ioo | dz,
i—1 70 Ci 0o
where Coo = (C1,00,-.-sCn,00) is the constant vector denoting the positive complex balanced

equilibrium. The entropy dissipation functional is computed by differentiating F along trajec-
tories; that is, once all the time derivatives of concentrations are replaced by their equation
specific expressions and the Neumann BC are used to integrate by parts wherever the Laplacian

appears, one gets

n P ,
|Vei(z,t)|? / (cy’“ cyr>
D(t) .= d’/ ——dx + kpcdr | @ —; — |dz,
0= L e TR g
where p is the number of reactions and ®(z,y) := zlog(z/y) —  + y. Of course, one gets

exponential decay to zero for E if one can prove that there exists a positive constant a such
that
D(t) > aE(t) for all t > 0. (1.9)

Naturally, E(t) should not only be identically zero when c(¢) = c~, but it should also be
bounded below by some increasing function of the distance (from some norm) between c(t)

and Cso.

For complex balanced systems, in the spatially isotropic case (D = 0, so the PDE’s
are reduced to ODE’s) recent work by Craciun |20] answers in the affirmative a long standing
conjecture on the convergence to the positive equilibrium in each stoichiometric class. In the
PDE case, the most general result concerns the case where there are no boundary equilibria.
Very recently, Desvillettes, Fellner and Tang [34] showed that, contingent on the existence of
suitable solutions (essentially, solutions that may not be classical but they are renormalized and

do satisfy a weak entropy entropy-dissipation law), one obtains exponentially fast convergence
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to the equilibrium which lies in the same stoichiometric class as the initial data, which is
merely assumed nonnegative and integrable over some bounded, C? domain in R?. This is also
a remarkably general result in the sense that the initial concentrations are only assumed to
lie in L(€2). This improvement (over the previous works, where L>-bounds were imposed on
the initial data) is achieved via the use of the Log-Sobolev inequality (see, e.g., [34]) in order
to establish the entropy-entropy dissipation inequality (EEDI) . In all the previous works,
the EEDI follows from the standard zero-average Poincaré inequality applied to the square
roots of the concentration functions, combined with their uniform L®-bounds (in space-time).
We note that is one of the two systems studied in [32], and the authors use the uniform
L*>-bound as available in the literature (for this particular system). In 78] the authors carry
out the proof in some detail (adapted from a proof in [109]), and show that the properties of

the Neumann Heat Kernel involved in it hold for the discrete Neumann Heat Kernel as well.

1.4 Kinetic Theory

In this section, we are interested in a mixing effect of stochastic boundary damping the moments
of fluctuation for a simple collisionless model. More precisely, we consider a free transport

equation in a bounded domain  C R3, with an initial condition F(t,z,v)|;=0 = Fo(z,v),
WF +v-V,F=0, for (t,z,v) € Ry x Q x R3, (1.10)

Throughout this thesis, we assume the domain is smooth and strictly convezr: there exists a
smooth function ¢ : R?* — R such that Q = {x € R?: £(z) < 0} and > 0:0;8(2) GG 2 |¢|?
for all ¢ € R? ([66]). The phase boundary 7 := {(z,v) € 9Q x R3} is decomposed into the
outgoing boundary and incoming boundary v4 := {(z,v) € 9Q x R3,n(x) - v = 0} with the

outward normal n(z) at x € 99Q.

We consider an isothermal diffusive reflection boundary condition which is the simplest

model among the family of stochastic boundary conditions (see [88,/90] for the general boundary
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conditions)

F(t,z,v) = cu,u(v)/ F(t,z,v1){n(z) - vi}dvy, for (t,x,v) € Ry x ~_. (1.11)
n(z)-v1>0

Here, for ¢, = V2w, ¢, pu(v) = CMW exp{—|v|?/2} stands for the wall Maxwellian distri-
bution of the unit wall temperature. At the molecule level, the boundary condition ([1.11])
corresponds to the Markov process at the boundary ([57]). We set the total mass of the initial

datum to be 9t x ||, for some 9 > 0:

// Fo(z,v)dzdv :/ My (v)dedo. (1.12)
QxR3 QxR3

The choice of ¢, = /27 formally guarantees a null flux condition at the boundary and the
conservation of mass. We are interested in a long time behavior of the fluctuation of F' around
the equilibrium My (v):

1 [v[?

f(t,z,v) = F(t,z,v) — Mu(v), where p(v)= We*T. (1.13)

Damping induced solely by the mixing effect of the stochastic boundary is a primary
subject in this thesis. It is a different mechanism of the phase mixing without the Boltzmann
collision effect. Perhaps, the most famous result of the phase mixing is the Landau damping,
which generally refers to the decay of the moments of the fluctuation or electrostatic force field
for the Vlasov-Poisson system without the boundary ([1,/73]). Mathematical justification of the
nonlinear Landau damping has been a longstanding open question, which is recently settled
in the affirmative by Mouhot-Villani in [81] for the real analytic fluctuation around spatially
homogeneous equilibriums (also see [12] for the fluctuation in some Gevrey space). On the
other hand, the nonlinear Landau damping around spatially inhomogeneous equilibriums is a
challenging open problem. We refer to [51] for the existence of spatially inhomogeneous steady

states which are linearly stable.

Perhaps, the first quantitative study on the asymptotic behavior of the fluctuation can
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be found in [94], in which Yu proves a decay rate of moments of the fluctuation in L when
the boundary is a 1D slab using a probabilistic approach (of Markov chains of i.i.d. random
variables). This approach has been successfully generalized to the multi-D cases of symmetric
domains (a disk in 2D and a ball in 3D) in [68], in which they obtain an optimal decay rate t—2.
The symmetric assumption of the domains is essential in their proof. Under this condition,
the bouncing characteristics can be formed by the independent and identically distributed
(i.i.d.) random variables. Moreover, the derivatives of outgoing flux can be bounded with the
symmetric condition. In general, such derivatives could blow up in general convex domains
([65./66]) and non-convex domains ([3]). We also refer to [63,[79] for the studies on the decay
of the fluctuation in L;ﬂ, when the domains have some symmetry. Recently, there is a very
interesting development of the subject toward removing the symmetric assumption (we refer
to [4,/13] for a more complete list of references). In [13], Bernou develops a method based on
Harris’ Theorem which is particularly well-suited for problems arising in L'-type of spaces.
The work of [13] inspires our work. In [4|72], Lods and Mokhtar-Kharroubi develop a different
spectral approach using the Tauberian argument. All works [4,|13]72] address an asymptotic

behavior of the fluctuation itself in some L}m—type spaces.
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Chapter 2

Reaction networks

In this chapter, we first introduce the notion of flux equivalence, then we show how to determine
a system can be dynamically equivalent to a complex-balanced one. In Section we describe
a computationally efficient characterization of polynomial or power-law dynamical systems
that can be obtained as complex-balanced, detailed-balanced, weakly reversible, and reversible
mass-action systems. In Section we focus on single-target networks under mass-action

kinetics and conclude some nice properties even these networks may have high deficiencies.

2.1 An efficient characterization of complex-balanced,detailed-

balanced, and weakly reversible systems

2.1.1 Fluxes on Reaction Networks

Most dynamical systems associated to reaction networks are nonlinear [26,56,95]. While non-
linear dynamical systems are generally difficult to study, the analysis of reaction networks is
sometimes facilitated by the linear constraints arising from the network structure and stoi-

chiometry.

To illustrate what we mean, consider mass-action kinetics. The (generally nonlinear)

dynamical system under mass-action kinetics has the form

dx
- = 2 ney@ W - ),
y—y' eG

where vy, () = ky_yrx¥. Once the nonlinearity is hidden inside the reaction rate function
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Vy—sy (), the linear structure remaining becomes apparent.

E

Enumerate the set of reactions, £ = {y; — ¥ }j 1, and let v(x) = (I/yj_>y;_ (:16))‘]-:'1
be a vector consisting of the reaction rate functions. Define the stoichiometric matriz
N e R™¥IEl a5 the matrix whose jth column is the jth reaction vector y; —y;. Then the

dynamical system above can be written succinctly as ¢ = Nv(x).

In order to deal with the underlying linear structure, we do not keep track of the
concentrations that give rise to v(x) but leave it as a vector of unknowns. For this reason, we

denote the value v(x) simply as J and call it a fluz vector.

Definition 2.1.1. A flux vector J = (Jy_,y )y—yca € Rgo on a reaction network G = (V| E)
is a vector of positive numbers. The number J,_,, is called the fluz of the reaction y — ¥/,

and the pair (G, J) is called a flux system.

As with the rate constants, it may be convenient to refer to Jy_,,/ even when y — ¢’ ¢

G, in which case Jy_,, = 0.

This idea of fluxes on a reaction network may be familiar to anyone who has worked with
stoichiometric network analysis or flux balance analysis. One form of the analysis is to solve the
linear equation NJ = 0, where the unknown vector J has nonnegative coordinates [83}/106].
Since we are interested in relating network structure with dynamics, if y — y’ € G, we impose
that Jy_,, > 0. Also if y = ' is a reversible reaction in G, then Jy_,,s and Jy_,, are two
positive components of the vector J. A solution J > 0 of the equation NJ = 0 corresponds
to a positive steady state if J = v(xg) for some xg € RZ,. We define the flux analogues of

positive steady state, detailed-balanced steady state, and complex-balanced steady state.

Definition 2.1.2. A steady state flux on a network G = (V, E) is a flux vector J € R

satisfying

Y Jysy(y —y)=0. (2.1)

y—y' €G
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A flux J € REO is said to be detailed-balanced if for every y — y' € G, we have
Jy_>y/ — Jy/_>y- (22)

Aflux J € REO is said to be complex-balanced if for every y, € V, we have

S Tygsy = D Jyoy, (2.3)

Yo—Y' €G Y=Y G

A steady state flux is a positive vector J in ker IV, where the stoichiometric matrix N
has the reaction vectors as its columns. As a shorthand, we refer to the flux system (G, J) as
detailed-balanced if J is a detailed-balanced flux on GG. Similarly defined is a complex-balanced
flux system on G. It will be clear from context whether a complex-balanced system refers to

a mass-action system or a flux system.

Example 2.1.3. An example of a flux system (G, J) is shown in Figure The positive

number labelled on each edge y — ¥’ is the flux J,_,, of that reaction.

Note that this flux system could have risen from a mass-action system. For example,
suppose the numbers labelled on the edges are taken to be rate constants k, and the state of
the system is @ = 1. Then (G, J) would be the flux system based off of the mass-action system
Gg.

There is no unique mass-action system that gives rise to a fixed flux system. For
example, on the reaction network shown in Figure [2.1] suppose that the rate constants are
taken to be

/ _ / _ / _
Kooy =3 by xyv =1 Fxoyoo= 1
1 5
/ _ / _ / _
ky_L0=5 Fxiyoex =50 Faxoxey =5
and that the state of the system is &g = (1,2)”; then it can be shown that (G, J) is the flux

system of the mass-action system G} at the state xg.
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This flux system (G, J) is complex-balanced. For example, at the vertex (0,1) corre-
sponding to Y, there is one reaction going into it with flux value 3, and there are two reactions

leaving this vertex, with sum of fluxes being 2 + 1 = 3.

v

Figure 2.1: An example of a flux system. The positive numbers on any edge y — v’
is the flux Jy_,, of that reaction. Note that this flux system is complex-balanced.

Whenever a flux vector arises from mass-action kinetics, i.e., Jy_, = ky_y Y, classical
results for mass-action systems carry over to flux systems, as summarized in the following two

lemmas.

Lemma 2.1.4. Let Gy, be a mass-action system, and fix x € RZ,. For each edge y — y' € G,

define Jy_yyr = ky_syx¥, so that J = (Jy_y )y—yca is a flux vector on the network G. The

following hold:

1. The flux vector J is a steady state flur on G if and only if © is a positive steady state of
Gg.

2. The flux vector J is detailed-balanced if and only if « is a detailed-balanced steady state
for Gi.

3. The fluz vector J is complex-balanced if and only if x is a complex-balanced steady state

for G.

Lemma 2.1.5. If G admits a detailed-balanced flux, then G 1is reversible; if G admits a
complex-balanced flux, then G is weakly reversible. If a flux is detailed-balanced on G, then it

is also complex-balanced; if a flux is complez-balanced, then it is also a steady state flux.
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Proof. Let J be a flux vector on a network G — either detailed-balanced or complex-balanced
or merely a steady state flux. On G, define a mass-action system (G} with rate constants
ky—sy = Jyy for each y — y' € G. Then zo = (1,---,1)7 is a (detailed-balanced or
complex-balanced or positive) steady state. Lemma follows from classical results on
mass-action systems [38-40,49,54.|55]. O

As we have seen in the previous section, some mass-action systems are dynamically
equivalent; similarly there are flux equivalent systems. We define an equivalence relation for

flux systems in R".

Definition 2.1.6. Two flux systems (G, J) and (G’, J') are flux equivalent if for every vertex

Yo € Vg U Vi, we have

Yo Ty —v0) = Y. Ty (W — ). (24)

Yo—yeG Yoy eG’

We denote equivalent flux systems by (G, J) ~ (G',J’) and say that (G, J’) is a realization
of (G,J).

Lemma 2.1.7. Flux equivalence is an equivalence relation.

Proof. That flux equivalence is symmetric and reflexive is clear. Suppose (G,J) ~ (G',J)

and (G',J') ~ (G*, J*). Transitivity follows from

S TyssW—wo) = D Ty @ —vo) = > Ty .y —yo)

Yo—yeG Yyo—oyed’ Yo—yeG*

for any y, € Vg U Vgr U Vg=. Note that if y, & Vi, then the sums above are all 0. O

Suppose a flux vector arises from a mass-action system; one expects the notion of

dynamical equivalence to line up with that of flux equivalence.

Proposition 2.1.8. Let Gy, ;c, be mass-action systems, and fiv * € RY,. For each edge
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y =y € G, let Jyy = kyyx¥, so that J(x) = (Jy_y)yoyea s a fluz vector on G.

Similarly, define the flur vector J'(x) = (J,_,)y—syecr on G', where J, ., =k, .aY.

Then the following are equivalent:
1. The mass-action systems Gy, and G;c, are dynamically equivalent.
2. The fluz systems (G, J(x)), (G',J'(x)) are fluz equivalent for all © € RZ,

3. The flur systems (G, J(x)), (G',J'(x)) are fluz equivalent for some x € RZ

Proof. 1t is clear that statements 1 and 2 are equivalent, and that statement 2 implies statement
3. Showing the implication of statement 1 from statement 3 will complete the proof. Let
xo € R%, be a vector such that (G,J(xzo)) ~ (G',J'(z¢)). For any y, € Vg U Ve and

arbitrary & € RZ,, we have

Z Jyoﬁy y - yO) - Z Jllloﬁy ( )(y/ - yO)

Yo—YEG Yo—y'€G’
Z kyoﬁ\y$y0 (y - yO) - Z kgjoay’wyo (y, - yo)
Yo—YEG Yoy €G
xYo
Y Z kyo%ymgo (Y —yo) — Z k;0—>y’w0 (¥ — o)
0 \yo—yel Yoy €G’
xYo ,
- ﬁ Z JyO‘)y Lo (y yO - Z Jyoﬁy ( 0)(y - yO)
0 \yo—yed Yoy €G
=0.

Remark 2.1.9. The proof above holds for kinetics other than mass-action type. For each
(source) vertex y € Vg U Vi, define a rate function vy : R%; — Rso. Then the above proposi-

tion holds when the flux vectors are defined to be Jy_,y = ky_yvy(x) for each y — ' € G,
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and Jy . =k, . vy(z) for each y -y € G".

In the following proposition, we reduce a nonlinear problem about mass-action systems
to a linear problem about flux systems. Instead of showing that a mass-action system is
dynamically equivalent to a complex-balanced (or detailed-balanced) system, it suffices to
show that an appropriately defined flux system is flux equivalent to a complex-balanced (or

detailed-balanced) system.

Proposition 2.1.10. Let Gy be a mass-action system, and let £y € RY,. For each edge

y =y € G, define Jy_yy = ky_yxy, so that J = (Jy_y)ysyec s a flur vector on the

network G. Suppose (G,J) is flux equivalent to (G',J"), where J' is complex-balanced; then
/

Gy is dynamically equivalent to a mass-action system G ,, where xo is a complez-balanced

steady state for G',. Similarly, if (G,J) is flur equivalent to a detailed-balanced fluz system

!/

' where xq is a detailed-

(G',J"), then Gy, is dynamically equivalent to a mass-action system G

balanced steady state for G',.

Proof. For each edge y — y’' € G, define its rate constant to be

!

/ y—y’
;7 = > 0
Y-y wg )

so that G, is a mass-action system. By Proposition the mass-action systems G} and
G;C, are dynamically equivalent, and by Lemma x( is a complex-balanced steady state
if J' is a complex-balanced flux on G’, and if J’ is detailed-balanced on G’, then g is a

detailed-balanced steady state. O

2.1.2 Complex balancing without additional vertices

The identification of possible network structures associated to a biochemical system, say, from
experimental data, is closely related to identifying key players in the system (e.g., enzymes in
metabolic networks, genes in genetic networks). While the general nonuniqueness implies that

network identification may often be impossible, it may still be desirable to compute equivalent
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systems — whether that be dynamical equivalence or flux equivalence — in order to conclude
that the system has better properties than first suspected, e.g., weak reversibility or complex

balance. This problem is not new [28,102].

In recent years, the engineering community has utilized properties of mass-action sys-
tems in novel ways to designing and analyzing control systems [8,71,/98,/104]. For example,
the controllers can be added in such a way that the resulting system is a complex-balanced
mass-action system; from this, one can conclude that the control system has a unique positive
steady state and local stability |71,/104]. Moreover, very general results have been obtained on

the stability of complex-balanced systems with delay [70].

Thus, there is strong incentive for developing effective computational methods to find
structurally better dynamically equivalent systems. One approach uses linear programming,
but an objective function must be chosen. To reduce the search space, one can decide to search
for a realization with the maximal and minimal number of edges [61,[103]. Nonetheless, the

set of vertices to be included in the reaction network must be chosen ahead of time.

In the examples of Figure [I.3] the mass-action systems systems are dynamically equiv-
alent, but one uses an additional source vertex, whose weighted vectors sum to zero. Intuition
may say that additional vertices can only improve the chance to find a network with desirable
properties, as additional parameters provide extra degrees of freedom. Even if that is the case,
the question of computability arises. Even if by adding new vertices to the network, one can
produce an equivalent complex-balanced system, there is no a priori bound on the number of

new vertices needed. One cannot realistically add new vertices ad infinitum.

Fortunately, we prove that no additional vertices are needed in order to check if a
given system admits complex-balanced realizations. Thus, to check whether or not a network
can admit a complex-balanced realization becomes a finite calculation, one that can be done
by searching through the admissible domain as done in linear programming. Although the
motivation came from mass-action systems, we prove our results in the more general setting

of flux systems.
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Our approach is to show that any such additional vertices in the network can be removed
without changing the properties desired, namely, complex-balanced or weak reversibility. Such

additional vertices will be called virtual sources.

Definition 2.1.11. A vertex y, € V; is a virtual source of the flux system (G, J) if

Z Jyo—>y’(y/ —Yo) =0, (2.5)

Yyo—yY' €G

where the sum is over all edges with y, as its source.

If the flux system (G, J) arises from a mass-action system, then y, € Vs is a virtual
source if and only if the monomial ¥ does not appear on the right-hand side of the associated
dynamical system ([1.1]). For example, if we consider fluxes that arise from mass-action kinetics

in the network in Figure b), the vertex Y is a virtual source.

In this section, we prove that if a flux vector on a weakly reversible reaction network is
complex-balanced and has a virtual source y*, then there is an equivalent complex-balanced
flux system that does not involve y* at all. In short, virtual sources y* are not needed for

complex balancing.

Just as an arbitrary concentration vector * € RY; may not be a complex-balanced
steady state for a weakly reversible mass-action system, so we may want to speak of fluxes
that are not complex-balanced. To keep track of how far a flux vector is from being complex-
balanced, we define the potential at a vertex to be the difference between incoming and outgoing

fluxes.

Definition 2.1.12. Let G = (V, E) be a reaction network, and let J € R be a flux vector

on G. The potential at a vertex y* € V is the scalar quantity

P(G,J)(y*) = Z Jy—ys — Z Jyr =y (2.6)

y—y*eG y*—=y' €G
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Remark 2.1.13. The flux vector J is complex-balanced on G if and only if P y(y) = 0 for
all y € Vi. By an abuse of notation, if y* ¢ G, we still refer to the potential Fg (y*) by
setting it to be P g)(y*) = 0.

In showing that virtual sources are not needed for complex balancing, the idea is to
redirect the fluxes flowing into a virtual source y* to other vertices while maintaining flux
equivalence. If we are doing nothing more than redirecting flow of fluxes, the potential at
every vertex does not change; therefore, we preserve complex balancing for the resulting flux
system. This type of construction appeared first in |71] to show that new monomials were not

necessary in feedback design.

We have to simultaneously keep track of the potential at each vertex and flux equiva-

lence. We illustrate the key idea of Lemma [2.1.14] in Figure

(a) Yy (b) Yy

y* °K ./

Yy o

Yo Yo

Figure 2.2: Illustrating the idea behind Lemma [2.1.14]in R3. (a) Assume that y*
is a virtual source in the flux system (G, J). In (b) is an equivalent flux system
(G, J"), obtained by redirecting fluxes from z — y* — y; as fluxes from z — y;.

Lemma 2.1.14. Consider a reaction network G consisting of the reactions z — y* and y* —
y; forj=1,2,..., M. Suppose y* is a virtual source for a flux system (G, J) and its potential
is P,y (y*) = 0. Then there exists a flur equivalent system (G', J') such that y* & Vg, and
the potential at each vertex is preserved, i.e., Pq y(y;) = P gy(y;) for 1 < j < M and
Pc,g)(2) = P gy(2). The flur system (G',J') can be obtained constructively: remove the

edges z = y* and y* — y;, and add the edges z — y; with fluzes J;—>yj = Jy—y, -
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Proof. Forj =1,2,...,M,let wj = y;—y" and wy = z—y" denote the reaction vectors. First,
remove the edges y* — y; coming out of y*. Because y* is a virtual source, Z]J‘/il Jy*%yj wj =
0, so the resulting flux system is still equivalent to the original. Note that in this new flux

system, only z is a source vertex.

Next, we redirect the reaction z — y*. Instead of the reaction z — y* with flux J, 4+,
we have M reactions z — y; with fluxes J;Hyj = Jy sy, Let (G, J’") denote this newest flux

system.

Recall that flux equivalence means (2.4)) holds at each vertex of G and G’. Here we only
need to look at the vertex z to show that (G’,J') ~ (G, J). Note that y; — z = w; — wo.
From P 5)(y*) = 0, we also have Zj]\il Jy*—y; = Jz—y+. Thus, the weighted sum of vectors

coming out of z is

M M M M
/ _ L _ . —

E :Jz—>yj (v —2) = § :Jy*ﬁyj (wj —wo) = E :Jy**)ijj Wo E :Jy*%yj = —Jzy wo,

Jj=1 J=1 Jj=1 Jj=1

=0

and (G, J') ~ (G, J).
Finally, we prove that the potentials are unchanged. Trivially, we have
Pa,.n(y") = P gy(y*) =0.

Also Pg.g)(Y;) = Jy >y, = /. = P gn(y;) for j =1,2,..., M. Last but not least,

zZ=yY;

M M
—P(G/,J’)(Z) = Z J;—mj = Z Jy*ﬁyj = Jzoy* = _P(G,J)(Z)'
j=1 j=1

We have shown that the resulting flux system (G’,J’) is flux equivalent to the original flux

system (G, J), and the potential at each vertex is preserved. O
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Remark 2.1.15. In Lemma [2.1.14] the source vertex z may not be distinct from y;.

We now arrive at our main technical theorem (Theorem [2.1.16)), a generalization of
Lemma [2.1.14] Here, the virtual source y* may have multiple reactions coming into it and
coming out of it. The proof will be an induction on the number of edges flowing into y*. At

each step, we redirect a fraction of the fluxes flowing through y* from one incoming edge.

Theorem 2.1.16. Let (G,J) be a complex-balanced flux system on reaction network G =
(V,E). Suppose that y* € V is a virtual source. Then there exists an equivalent complex-

balanced flux system (G', J') with Vg =V \ {y*}. Moreover,

in—>’.'l*

J?//L—Wk = in_ﬁ'lk + Jy*—>yk Z (27)

y;—y*ed Jyj%y*
for any y, such that y, = y* € G and any y,, such that y* — y, € G, and J;—m/ = Jy_y for
all other edges y — y'.

Proof. Let N be the number of reactions with y* as target, i.e., N = |[{z — y* € G}|.
Enumerate the sources as z1, zo, ..., zx. Let M be the number of reactions with y* as sources,
ie., M = {y* — y € G}|. Enumerate the targets as y;,ys,...,¥y. Since y* is a virtual
source, it is in the relative interior of the convex hull of the targets y;. From complex balancing,

we have Pq n(y*) =0, or

M N
E :Jy*—mj = E :Jz@-—m*‘
j=1 i=1

Joi ) .
Let 0 = S “—*— be the fraction of flux to be redirected from z; — y*. We apply the
i Yz, —y*

construction described in Lemma [2.1.14]to the incoming edge z1 — y*, and the outgoing edges
y* =y forj=1,2,...,M. Let (G',J') denote the flux system after the diversion. More
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precisely, J., oy =0,

/ —
Jz1—>y leﬁyj — GJy*Hy]-a

/ -
Sy =y, —Jyoy, = _9Jy*%yj>

and the fluxes on all other edges unchanged from J.

Checking for flux equivalence at z; before and after the diversion, we see that

(Final flow from z;) — (Initial flow from z;)

= Z leﬁyj = 21) = Jzioy (Y — 21)
j=1
M M
Z Yy, —y")+0 Z Jyr—y; (Y" —21) = Sy (Y — 21)
j=1 j=1
‘,—/
=0 Z z iy
=0.

At all other vertices, the net flux is unchanged.

In terms of potentials, at z1, we have

N

P gy (z1) = P (z1) Z iy, T Jmoy = =0 ey + ey = 0.
=1

At each y;:
Py ;) = P () = (Torony, + Ty, ) = (Terosy, + Ty, ) = 0.

At y*:

M
P gy (y") = P,y (") = —Jzyye + 0> Jyr sy, = 0.
j=1
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The new flux system (G’,J’) after diverting the flux from z; — y* is still complex-
balanced, as the potential is unchanged from those of (G, J). Moreover, (G',J’) and (G, J)

are flux equivalent. In addition, at y*, we have

Z Ja//*—m(y —y)=(1+90) Z Jy—y(y —y*) =0,

y*—yed’ y*—oyed’
i.e, y* is a virtual source for (G', J').

Thus we have recovered all the hypotheses stated in the theorem. The only difference
between (G, J) and (G',J’) is that G’ contains N — 1 = |{z — y* € G’} | reactions with y*
as target vertex. By induction on the number |{z — y* € G'}|, there exists a flux system
(G*, J*) that is flux equivalent to (G, J), and for which J* is a complex-balanced flux on G*.
Finally, because PG+ j+)(y*) = 0, but there are no incoming reactions to y*, it follows that

there are no outgoing reactions from y*, i.e., y* & Vg~. O

When does a flux system (or a reaction network) admit a complex-balanced realization?
Theorem [2.1.16| implies that virtual sources do not need to be considered. Theorem
below is the basis behind several relevant numerical methods in Section for determining

if a flux system (or a reaction network) is equivalent to complex-balanced.

Theorem 2.1.17. Let (G, J) be a flux system, and Vg s its set of source vertices. Then (G, J)
is flur equivalent to some complex-balanced fluz system if and only if (G,J) is flux equivalent

to some complez-balanced fluz system (G',J') where Vg C Vi s.

Proof. One direction is trivial. To prove the other direction, suppose (G, J) is a flux system

that is flux equivalent to some complex-balanced flux system (G, J). If y* € Vz\ Vg s, the set

{y* — y € G} is empty; flux equivalent demands that

0= Jyyly—9).
y*ﬁ\yeé
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Theorem [2.1.16| implies we can maintain flux equivalence and complex balance even after
dropping the vertex y* from V. Repeating this process for all vertices not in Vg s ultimately
implies that there is a complex-balanced flux system (G’,J’) such that (G, J’) ~ (G, J) and

in addition Vg C Vg s. ]

Theorem 2.1.18. Let G' be a reaction network, and Vg s its set of source vertices. Then the

following are equivalent:

(i) There exists a flur vector J such that (G, J) is flux equivalent to some complez-balanced

fluz system.

(i1) There exists a flux vector J such that (G, J) is flux equivalent to some complex-balanced

fluz system (G, J"), where Vgr C Vi .
Proof. The proof follows immediately from Theorem [2.1.17] O

Theorem 2.1.19. A mass-action system G is dynamically equivalent to some complex-
balanced system if and only if it is dynamically equivalent to a complex-balanced system G;c,

that only uses the source vertices, i.e., Vor C Vg s.

Proof. This theorem follows from Proposition and Theorem Suppose G is dy-
namically equivalent to some complex-balanced mass-action system CNJE Define the appropri-
ate fluxes J on G and J on é; by Proposition m the two flux systems are flux equivalent.
Theorem holds if and only if (G, J) is flux equivalent to some complex-balanced flux
system (G', J') where Vir C Vo 5. Define the appropriate mass-action system G’, (see Propo-

sition [2.1.10)); we have one direction of this theorem. The other direction is trivially true. [

All of our theorems thus far have been concerned with flux systems; in the case of mass-
action systems, implicit in everything is the existence of a complex-balanced steady state.

However, the idea of redirecting fluxes can be adapted to show the surprising result that weak
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reversibility can be accomplished (if at all) with no extra vertices.

Theorem 2.1.20. A mass-action system Gy is dynamically equivalent to some weakly re-
versible mass-action system if and only if it is dynamically equivalent to a weakly reversible

mass-action system G;c, that only uses its source vertices, i.e., Vgr C Vg s.

Proof. Without loss of generality, we may suppose that G}, is a weakly reversible mass-action
system for which there exists a virtual source y*. As in Theorem [2.1.16], we remove the vertex
y* by redirecting the reactions flowing through it. Since G is weakly reversible, there exists
some vertex z such that z — y* € G. As before, we will try to replace pairs of reactions

z —y* and y* — y with z — y.

Enumerate the set {y* — y € G} as {y* — y,}}2,, and enumerate the set {z — y* € G}
as {z; — y*};\le. For simplicity, let o = kz, sy, and let B; = ky+_,y,. Informally speaking,

in place of the reactions z; — y* and y* — y;, we shall have the reaction z; — y, with rate

constant k..
K2

= q;j Z/BZBS More precisely, let G’ be the graph after deleting the vertex y*
and its adjacent edges from G, and (if needed) the edges z; — y,; added for alli =1,2,..., M

and j =1,2,...,N. On G, take the rate constants to be k:;j_w* = k;*_)yi =0 and
/ ﬁz
2oy, = kzjoy, + %33,

and all other rate constants same as in Gy.

The assumption that y* is a virtual source can be written as

M M
> Byi=Y By
=1 =1

Now to check for dynamical equivalence at z1, we consider the differences due to the reactions
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Z(k,/zl—)y kz1—>yl Zalzﬂs - Zl)

M
alﬁ (Z Biy* — Zﬁim)
5 \i=1 i=1

= (Y’ — z1),

which is the contribution from the reaction z; — y*. Since other reactions were untouched,
we have dynamical equivalence at z{. There is nothing special about j = 1; the same holds

for all source vertices zs, z3,...,2N.

Finally, given any cycle vi — va — -+ — vy — v in G, whenever an edge z; — y;
appears in the cycle, replace it with two edges z; — y* — y,;, and obtain a cycle in G.

Therefore, G’ is still weakly reversible. O

We extend the above results (Theorems|2.1.16H2.1.20)) to detailed-balanced fluxes and/or

reversible networks. We summarize these results in the following theorems.

Theorem 2.1.21. Let (G,J) be a detailed-balanced flux system on a reaction network G =
(V,E). Suppose that y* € V is a virtual source. Then there exists an equivalent detailed-
balanced flux system (G',J') with Vgr =V \ {y*}. Moreover,

inﬁ’y*

Ty, = Ty T Ty, = (2.8)

y,—y*eG J’.'Jj—>y*
for any y,;,y;. connected to y* in (G,J). Let other fluxes remain unchanged from (G,J). In
particular, (G, J) is flur equivalent to some detailed-balanced flux system if and only if (G,J)

is fluz equivalent to some detailed-balanced fluz system (G',J') where Vi C Vi .

Proof. As in Theorem [2.1.16] we divert fluxes away from y*. We only need to check detail

balancing. Consider any two vertices y, # y; where y; = y*,y, = y* € G. Using the fact
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that the flux system was originally detailed-balanced, i.e., Jy_, = Jy/—sy, We obtain

in -y

/ _
in—>yk - in%yk + Jy*‘)yk Z 7 .
y; =y €G Y~y

Jyk—m*

= Jyk—mi + Jy*—mi Z 7
Yy, —y*€G YY;Y"

=7

EYi"

For any other pairs of reversible reaction, detail balancing is inherited from (G, J). In other

words, (G', J') is detailed-balanced. O

Theorem 2.1.22. A mass-action system Gy is dynamically equivalent to some reversible sys-
tem if and only if it is dynamically equivalent to a reversible system G;c, that only uses its

source vertices, i.e., Vgr C Vg s.

Proof. We assume that Gy, is reversible and has a virtual source y* € V. We will replace the
reactions {y* = y, € G} by modifying/adding the reactions {y, = y;.: vy, = y*,y, = y* €
G}. For any y;, y; such that y;, = y*, y, = y* € G, let k, .. =ky._,, =0 and

By sy
k?/h—wj = kyi—y; +Ey, -y <m> :

Similar to Theorem [2.1.20 it can be shown that G and G}, are dynamically equivalent.

Moreover, by symmetry of construction, G’ is reversible. O

Note that related results have been obtained recently for the problem of kinetic feedback
design involving complex-balanced and weakly reversible systems [71]. Here, for the problem of
dynamical equivalence, we show that a given system admits a dynamically equivalent system
that is complex-balanced (or weakly reversible, or detailed-balanced, or reversible) if and only

if such a system exists using only the complexes that are already present in the original system.
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2.1.2.1 Connection to deficiency theory

Within the reaction network theory literature, deficiency is a well-known quantity defined for
a network GG. Equipped with mass-action kinetics, networks with low deficiency are known to
enjoy special dynamical properties under mass-action kinetics. For example, the famous defi-
ciency zero theorem says that a weakly reversible deficiency zero network is complex-balanced
for any choices of rate constants [40,/56]. As we have introduced, complex-balanced systems
enjoy properties such as uniqueness and stability of steady states, existence of a Lyapunov
function, and the steady states admit a monomial parametrization [39,42,49,56.110]. Despite

the strong implications, deficiency has a relatively simple definition.

Definition 2.1.23. Let G = (Vz, Eg) be a reaction network with {5 connected components.
Suppose the dimension of the stoichiometric subspace S is s = dim .S; then the deficiency of

the network G is the nonnegative integer

oc = Vel —la — s. (2.9)

It can be shown that 0 = dim(ker Y Nim Ig), where Y is the stoichiometric matrix,
with the vertices as its columns, and I the incidence matrix of G [60]. It follows that d¢ is a
nonnegative integer. When the network is weakly reversible, we also have dg = dim(ker Y N

im Ag), where —AZL is the Laplacian of the weighted graph Gy, [39,49].

Deficiency continues to play an important role in the analysis of reaction networks
and mass-action systems. In our procedure for removing virtual vertices, deficiency always
decreases. This is similar to a result obtained in [71], where the removal of additional monomials

that function as controls in a feedback system also leads to a decrease in deficiency.

Theorem 2.1.24. Let Gy, be a weakly reversible mass-action system with deficiency dg. Sup-
pose it has a virtual source y*. Let G',, be the weakly reversible mass-action system as produced
in Theorem (2.1.20, dynamically equivalent to Gy, with Vgr = Vo \ {y*}. Then the deficiency
OfG;(:/ 18 6G’ = 56' — 1.
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Proof. In the proof of Theorem [2.1.20] we replaced the reactions z — y* and y* — y with
the reaction z — y by choosing appropriate rate constants. It is clear that |V | = |Vg| — 1,
and the number of linkage classes stays the same. We claim that the stoichiometric subspace
S remains unchanged. Thus, the drop in deficiency is due to the removal of the vertex y*, and

oy = 6 — 1.

First enumerate the reactions coming out of y* as y* — y;, and enumerate the reactions
going into y* as z; — y*. Let Sy be the span of the reaction vectors “untouched” by our

procedure, more precisely,

So =spang{y =y € G:y #y  ory #y"}.
Let S be the stoichiometric subspace of G, in particular,
Se = spang{So, y; —y", " — zi}ij,
and S be the stoichiometric subspace of G’, where
Sgr = spang{So, Y; — Zi}ij-

Clearly, Sgr C Sg, since y; — z; = (y; — y*) + (y* — 2;) € Sg. Moreover, because G is weakly
reversible, the edge y* — y, is a part of a cycle; therefore, Sg = spang{So, y* — zi};. Finally,
we note that y* is in the convex hull of the vertices y,;, and thus y* — z; € spanR{yj — zi}j,

which implies Sg C Sgr. In other words, Sg = Sg and §¢r = dg — 1. O

2.1.3 Numerical methods

In this section, we characterize when a flux system or a mass-action system is equivalent to a
complex-balanced system. We also describe a method to determine when a mass-action system

is dynamically equivalent to a complex-balanced or weakly reversible system.



39

2.1.3.1 Flux equivalence to complex-balancing

Is a steady state flux system (G, J) flux equivalent to a complex-balanced one? The answer
lies in the following linear feasibility problem for an unknown vector J’. Enumerate the set of

source vertices in G as {yy,¥s,...,Yn}. Search for J' = (J! )ij € RN*~N satisfying

Yi—Y;
Y gy, W=y = > Jywy—y)  fori=1,2,... N, (2.10)
J#i Yy, —yeG
Y gy, =D gy, fori=1,2,... N, (18a)
i i
J' >0. (2.12)

If such a flux vector J' exists, then (G, J) is flux equivalent to a complex-balanced system. If

no such flux vector J' exists, then (G, J) is not flux equivalent to a complex-balanced system.

Equation (2.10) is the flux equivalence condition, while (18a)) ensures that the new flux
system is complex-balanced. Equation (2.10) alone checks for flux equivalence between any
two given systems (G, J) and (G, J").

Example 2.1.25. We return to the network G in Figure (a) and Example [1.2.10L The
network has 6 vertices, 4 of which are sources, and 4 reactions. At the moment, we consider a

flux system on the graph G and ask, for what flux J is the flux system (G, J) equivalent to a
complex-balanced one? One can show that (2.10])-(2.12]) hold if and only if

N, (2.13)

J=Js, Jo=J;, and <t
Ja

1
5

A chosen flux J that satisfies (2.13) is flux equivalent to a complex-balanced system, whose
network is a subgraph of G’ of Figure [1.2[(b). The details of this characterization will be in an
upcoming paper [47].

Remark 2.1.26. The setup for the detailed-balanced case is defined analogously. We keep
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(2.10) and (2.12)) and include the equation

Ty, = Ty, -, for 1 <i#j<N. (18b)

2.1.3.2 Dynamical equivalence to complex balancing

We considered above a set of equalities and inequalities necessary and sufficient for a flux
system to be equivalent to a complex-balanced one. If the flux system arises from mass-action
kinetics, we can write down an analogous system of equalities and inequalities necessary and

sufficient for dynamical equivalence to a complex-balanced system.

Consider a mass-action system (Gj, whose vertices are points in R™, and enumerate the

set of source vertices in G as {y;,¥ysy,...,yx}. We set up a nonlinear feasibility problem for
unknowns k' and x. Search for vectors k' = (k:;Z Hyj)i;gj e RV*~N and & € R™ satisfying
Do Kyy, Wi —y) = Y kyoyly—y)  fori=1,2,....N, (2.14)
J#i Y, —yeG
> K oy, T = > Ky, sy, &% fori=1,2,...,N, (2.15)
J#i J#i
K >0, (2.16)
z > 0. (2.17)

If such k' and x exist, then G, is dynamically equivalent to a complex-balanced system with
x a complex-balanced steady state. If no such rate constants and steady state exist, then Gy

is not dynamically equivalent to a complex-balanced system.

Equation ([2.14)) enforces dynamical equivalence. Equations (2.15)) and (2.17]) imply that

x is a positive complex-balanced steady state for an equivalent mass-action system; hence x
is a positive steady state of Gx. Note that in the inequality 1) some k;h Ly, Can be zero,

which implies that y; — y; is not a reaction in the equivalent network.
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Equations — generally form a nonlinear problem. Despite that, for net-
works with additional structure, one may be able to extract more information about the rate
constants. One such example is the network G in Figure [[.2a). For this network we can
completely characterize the parameter values for which the associated mass-action system has

a complex-balanced realization.

Example 2.1.27. Consider a mass-action system on the network G of Figure a) and
Example [1.2.10, with rate constants

ky1—>y5 = kl? ky2—>y5 = k27 ky3—>y6 = k3’ and ky4_>y6 = k4’

By a calculation, (2.14)-(2.17)) hold if and only if

=< 2 <95 (2.18)

Again, a complex-balanced realization is a subgraph of G’ in Figure b). More
precisely, it is the reversible square with one pair of reversible diagonal (either y; = y5 or
Y, = y,); which diagonal is needed depends on the magnitudes of kik3 and koks. The details

of this characterization can be found in an upcoming paper [47].

The complex-balanced realization described (the subgraph of G’ in Figure [1.2{b)) has
deficiency dgr = 1. It is known that if its eight rate constants lie in a toric ideal of codimension
dcr = 1, then the mass-action system is complex-balanced [22]. While these eight rate constants
are related to ki, ko, k3, and k4 by several linear equations, we found one explicit condition
for when the mass-action system Gy of Figure [1.2(a) is dynamically equivalent to a

complex-balanced system.

Finally, note that the network of Example gives rise to systems that are equivalent
to complex-balanced for certain choices of rate constants, but not for other choices of rate

constants. In a follow-up paper we will show that an entire class of networks give rise to systems
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that are equivalent to complex-balanced for all choice of rate constants. More precisely, we
will prove that systems generated by single-target networks that have their (unique) target
vertex in the strict relative interior of the convex hull of its source vertices are dynamically

equivalent to detailed-balanced mass-action systems for any choice of rate constants [47].

2.1.3.3 Existence of a weakly reversible realization for a mass-action system

While complex-balanced mass-action systems are weakly reversible, not all weakly reversible
mass-action systems are complex-balanced. There has been much work on determining when
a weakly reversible mass-action system is complex-balanced or not. Nonetheless, weakly re-
versible mass-action systems always have at least one positive steady state within each stoichio-

metric compatibility class [17] and are conjectured to be persistent, and even permanent [27].

We present a simple nonlinear feasibility problem to determine when a mass-action
system is dynamically equivalent to a weakly reversible one. Recall that a mass-action system
is weakly reversible if and only if it is complex-balanced for some choice of rate constants. We
introduce a scaling factor Qy,—y,; D order to decouple the dynamical equivalence condition

from the complex-balanced condition.

Consider a mass-action system Gy, whose vertices are points in R", and enumerate the
set of source vertices in G as {y1,Ysy,...,Yy}. We set up a nonlinear feasibility problem for
unknown rate constants k' and a scaling factor a. Search for vectors k' = (kyiﬁyj)#j and

o= (ay, sy, )itj € RN*~N satisfying.

> Kooy, (¥j — Yi) = > kyyy—u) fori=1,2,...,N, (2.19)
J#i y,—yeG
Zayi_)yjk;iﬁyj = Zayj_)yik;jﬁyi fori=1,2,...,N, (2.20)
J#i J#i
K >0, (2.21)
a > 0. (2.22)

If such k' and a exist, then Gy is dynamically equivalent to a weakly reversible mass-action
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system. If no solution exists, then Gy is not dynamically equivalent to a weakly reversible

system.

Equation (2.19) enforces dynamical equivalence. Equation (2.20) can be regarded as a

complex balancing condition that uses a different set of rate constants Oy, sy, k Since

/
Yi—Y;°
/

vy, 7 0, we preserve the graph structure of G,. It is
iY;

vy, sy Ky Sy, # 0 if and only if &
well-known that a reaction network is weakly reversible if and only if it is complex-balanced
for some choice of rate constants [22]. The scaling factor a frees the rate constants from the

dynamical equivalence constraint.

Note that while )—2.22) are simple to describe, more sophisticated, computa-
tionally efficient methods have been developed [93103]. Weak reversibility is a condition of
the underlying directed graph. Ultimately one is imposing conditions on the incidence matrix
or the Kirchhoff matrix of the network. Algorithms to find weakly reversible realization for a
fixed vertex set have been proposed initially using mixed-integer linear programming [61,103]
and later by a polynomial time algorithm based on linear programming [93]. However, as with
previous work on complex-balanced realizations, one must fix the set of vertices to be used in
the computation. According to Theorem it suffices to find an equivalent network us-
ing the existing source vertices. Therefore, the mixed-integer linear programming algorithms
proposed in [61,103] and the polynomial time algorithm in [93] can be used in conjunction
with Theorem to completely characterize whether or not a mass-action system Gy is

dynamically equivalent to a weakly reversible one.

2.1.4 Conclusion

If we are looking for a complex-balanced realization of a given polynomial (or power-law)
dynamical system, there exists no a priori limit on the number of vertices in the objective
network. Moreover, there are no a priori choices for the locations of the vertices. Here we
prove that a solution exists if and only if the objective network can be constructed by using
only the vertices that are already present in the original system (i.e., the exponents of the

monomial terms present in the original system). We also prove that the same is true for
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detailed-balanced, reversible and weakly reversible systems.

2.2 Single-Target Networks

2.2.1 Target vertex and Detailed-balancing

In this section, we concerns the class of single-target networks. Let me recall some concepts

and notation at first. Here, for any x, y € R", define the vector operations

x¥ =a¥'2% - 2% whenever z € RY,
log(z) = (logx1,log xa, ..., logz,)’  whenever & € RZ,
— (pT1 T2 Tn) T
exp(x) = (e"t,e*2,...,e™) ",
— T
T o y - (x1y17x2y27 e 7$nyn) 9

and let (x, y) denote the standard scalar product of R™. If a set X C R" is contained in some
affine subspace of R™, we denote by X° the relative interior of X with respect to the usual

topology of R™. A vertex y’ € V is a target vertex if y — y' € E for some y € V.

We will construct a dynamical system using the graph G and the data stored in the
vertices. The coordinates of a source vertex are exponents of a monomial. In algebra, the
Newton polytope of a polynomial is the convex hull of the exponents of the monomials. Here,
we define the Newton polytope using all the monomials appearing in the right-hand side of the

dynamical system. In [48], the Newton polytope of a reaction network is also called a reactant

polytope.

Definition 2.2.1. The Newton polytope of a reaction network G = (V| F) is the convex hull

of the source vertices, i.e.,

Newt(G) = Z ayy : oy > 0 and Z ay =1
yeVs yeVs
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The more important object is the relative interior of the Newton polytope

Newt(G)° = Z Qayy : 0y >0 and Z ay =1
yeVs yeVs

Note that in Newt(G)?, all the coefficients in the sum must be positive.
Now we revisit the mass-action system to understand the stoichiometric matrix,

Definition 2.2.2. Let G = (V, E) be a reaction network in R” with edge set £ = {y, — v/} ,.
Let k = (k;)E | be the vector of rate constants. Its associated dynamical system is the

system of differential equations on RZ given by

R

dx

E = Z "Qixyi (y; - yi)' (2'23)
=1

The system of differential equations (2.23) can be written as

K1 wyl

dzx KoxY2

dt ’
KRTYR

where the stoichiometric matriz T' has as its ith column the reaction vector y,—y;. Since fl—“t’
lies in the stoichiometric subspace S = ImT, the solution to the system ([2.23)), with initial
value zo € RY, lies in the affine space xo + S. The positive stoichiometric compatibility

class is the set (xg+ S)> = (xo + 5) NRY,.

In general, a weakly reversible mass-action system may not have a complex-balanced
steady state — similarly for reversible systems and detailed-balanced steady states — unless

the rate constants satisfy additional algebraic constraints [22,35,41.82,/96.|/108].

Detailed-balancing, being more restrictive than complex-balancing, requires that the
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rate constants satisfy the algebraic conditions for complex-balancing, in addition to the circuit
conditions: for every cycle in the reversible network, the product of rate constants in one
direction equals that of the other direction [35]. In other words, suppose in one orientation
of a cycle, the rate constants are kiy, koy,..., k.4, and in the other orientation, the rate

constants are kj_, ka—, ..., k,—; then the circuit condition along this cycle is
T T
[T%+ =11k (2.24)
i=1 i=1

For a reversible system, the algebraic conditions for detailed-balance are also not difficult
to state [35]. Choose a forward direction for each reversible pair and let k;; be its rate constant;
let k;_ be the rate constant of the backward direction. Suppose the network has p reversible
pairs of edges. Let IV € R"*P be the matrix whose columns are the reaction vectors of the

forward directions.

Theorem 2.2.3. The reversible mass-action system Gy, is detailed-balanced if and only if every

J € ker IV C RP satisfies the Wegscheider condition:

2.2.2 Single-target networks

In this part, we classify all single-target networks under mass-action kinetics: those that have
a globally attracting positive steady state for all choices of positive rate constants, and those
that have no positive steady state for any choice of rate constants. The former occurs if and
only if the target is in the relative interior of the Newton polytope, the convex hull of the

source vertices.

It is not difficult to show that if every reaction vector points to the relative interior of the

Newton polytope (i.e., “inward pointing”), then the mass-action system is always dynamically
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equivalent to a weakly reversible system. It follows immediately that the system has a positive
steady state [17] and is conjectured to be permanent [27]. In the case of a single-target network
with “inward pointing” reaction vectors (to be made precise below), we show that the dynamics

is essentially that of a detailed-balanced system.

Definition 2.2.4. A reaction network G = (V, E) is a single-target network if there exists
a vertex y* such that V'\ {y*} is the set of source vertices, and E = {y —» y* : y € V\ {y*}}.

We call y* the target vertex, while the remaining vertices are source vertices.

. o~
° ° /// - °
7 \\\\ L ‘\. [ ] L x\\\\\
e S Ny L
o—)o‘// ° ) | . ° ° ,
\\ \ o // \\ o // . / \\\ . o //
\\\ // \\\ // ® =---- [ ] \\ ’ //
®--—--- ° ®----- ° ®----- °
(a) (b) (c) (d)

Figure 2.3: (a) A single-target network that is globally stable under mass-action
kinetics. (b)—(c) Single-target networks with no positive steady states. (d) Not a
single-target network.

Example 2.2.5. The reaction networks (a)—(c) in[Figure 2.3|are single-target networks, while
(d) is not a single-target network. The target vertex of (a) is in the relative interior of its
Newton polytope. We will show that network (a) is typical of single-target networks that have
exactly one globally stable steady state within each stoichiometric compatibility class, while
the networks (b) and (c) have no positive steady state, regardless of the choice of kinetics. The
deficiencies of the networks (a)—(c) are § = 6 —dim S, while that of (d) is § = 7 —dim S, where

S is the stoichiometric subspace.

The geometry of a single-target network, i.e., whether the target is in the relative interior
of the Newton polytope, determines whether the network admits a steady state flux, which is
necessary for the existence a positive steady state under reasonable kinetics. In particular, the

geometry can rule out the existence of positive steady states.
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Lemma 2.2.6. Let G be a single-target network. There exists a steady state flux on G if and

only if the target vertex is in the relative interior of its Newton polytope.

Proof. Let y* be the target vertex of GG, and enumerate the source vertices as Y1, Ya, ..., Yp,-

The vector J = (J;)y, sy cE € RE is a steady state flux if and only if

Rearranging, we see that y* = ), Ji;yi, where Jr = ). J;, and each J; > 0. By definition,
y* € Newt(G)°. O

Remark 2.2.7. At first glance, is a result about fluxes, with no reference to any
underlying kinetics. However, suppose the flux vector arises from any reasonable kinetics, such
as mass-action or Michaelis—Menten kinetics — indeed the argument holds if each reaction
rate function is differentiable (or Lipschitz) function mapping a state in RZ, to a positive
number. Then for a single-target network whose target vertex is outside the relative interior
of the Newton polytope, we can show that the trajectory, starting from any positive initial
condition, will simply converge to the boundary of the positive orthant or to infinity. Indeed,
there exists a Lyapunov function for such a dynamical system. When the target vertex is not
in the relative interior of the convex hull of the sources, i.e., y* & Newt(G)°, geometrically
there is a hyperplane H (within the stoichiometric subspace) such that all the reaction vectors

{y* — y} lie in a halfspace defined by H. (See [Figures 2.3(b)| and [2.3(c)| for examples of such

networks.) Let w be orthogonal to H such that (w, y* —y) < 0 for all reactions y — y*.
Then V(x) = (x, w) defines a linear Lyapunov function for the single-target system, and all

trajectories must converge to the boundary of the positive orthant or to infinity.

Even with the target vertex in Newt(G)°, to deduce a positive steady state from a steady
state flux J involves finding a positive solution  to the non-linear equations Jy_,, = ky_,,yx¥

for every reaction y — y’. We will prove the existence of steady state for such single-target

mass-action systems in[Theorem 2.2.11] The result also applies to systems that are dynamically
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equivalent to a single-target network; for example see [Examples 2.2.15| and [2.2.16] Our proof

of the existence and global stability of a positive state will make use of the following theorems.

Theorem 2.2.8 ([14,/56,84]). Let S C R™ be a vector subspace, and let xo, x* € RZ, be two
arbitrary positive vectors. The intersection (xg + S) N (x* o exp S*) consists of exactly one

point, where * o exp S+ = {x* o exp(s): s € S*}.

Theorem 2.2.9 ([6,/18]). Let Gy, be a complez-balanced system with one connected component.

Any positive steady state is a global attractor within its stoichiometric compatibility class.

We now give a necessary and sufficient condition for a single-target network to be
dynamically equivalent to a detailed-balanced system under mass-action kinetics. This result
is related to the theory of star-like networks [43], which have been shown to have a unique
asymptotically stable steady state within each stoichiometric compatibility class. In what

follows, Rgo denote the set of vectors of rate constants, indexed by E.

Theorem 2.2.10. Let G = (V, E) be a single-target network whose target vertex is in the
relative interior of the Newton polytope. Then for any vector of rate constants k € ]REO, the
mass-action system Gy, is dynamically equivalent to a detailed-balanced system that has a single

connected component.

Proof. Let y* denote the target vertex, and enumerate the source vertices y,,ys, ..., ¥Y,,. Let
I’ € R™™ be the stoichiometric matrix, whose jth column is the reaction vector y* —y,. Let
; > 0 be an arbitrary rate constant for the edge y; — y*, and let kK = (/ﬁlj);»nzl. Recall that

the relative interior of the Newton polytope is

m m
Newt(G)° = Zajyj ta; >0 and Zaj =1
j=1 j=1

We want to prove that G is dynamically equivalent to a detailed-balanced system with

vertex set Vor = Vi and edge set Egr = Eg U{y" — y;}7;. Moreover, for the original
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edges y; — y*, we keep the same rate constants x;. Let m;- denote the rate constant of the
reversible edge y* — y;, whose value is to be determined. Consider the following conditions

with unknowns Ii;- >0 and x € R

m

> Ky, —y*) =0, (2.25)
j=1
kjx¥i = &;my* forall 1 <j<m. (2.26)

The condition (2.25)) ensures that the resulting system is dynamically equivalent to the original
since the only difference between the two networks are the edges with source y*. The condition
(2.26)) ensures that resulting system is a detailed-balanced system with positive steady state x.
Condition ([2.25) can be replaced with &’ = (x})JL; € kerT. Isolating &’ in condition (2.26),

we obtain

— * . —_ *
Ky = rja¥i TV = Hje<yj y*,logx)

So (2.26) is equivalent to &’ € k o exp(ImT'"). Therefore, that G}, is dynamically equivalent
to a detailed-balanced system follows from the existence of k' in the intersection kerI' N (k o

exp(ImI'")) CR7.
By there exists a steady state flux J on G, i.e., J € ker I' N RZ. Hence,

kerT'N (koexp(ImT ")) = (J + kerI') N (k o exp(ker I'M)),

which is guaranteed to be non-empty for any positive J, k by [Theorem 2.2.8 [14,/56]. Let

k' = (r})7; be in the intersection. Therefore, there exist positive solutions * € RZ; and
k; > 0 satisfying conditions f. The graph G’ consists of the original edges Yy > y"
with the original rate constants x; > 0 and the edges y* — y; with rate constants H; > 0.
In other words, G is dynamically equivalent to a detailed-balanced system G%, where G’ is

strongly connected and k € Rgb has coordinates given by x and /' O
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Theorem 2.2.11. Let G = (V, E) be a single-target network. For any vector of rate con-
stants K € REO: let Gy, denote the corresponding mass-action system. Then exactly one of the

following is true.

1. For any k, the mass-action system G, has no positive steady states and all trajectories

must converge to the boundary of the positive orthant or to infinity.

2. For any k, the mass-action system G, has exactly one positive steady state within each
of its stoichiometric compatibility class. Furthermore, this steady state is globally stable

within its class.

The latter occurs if and only if the target vertex of G is in the relative interior of the Newton

polytope.

Proof. If y* & Newt(G)®, by [Lemma 2.2.6|and [Remark 2.2.7| the network G admits no positive

flux vector, i.e., ker I‘QREO = ; therefore, any mass-action system generated by G cannot have

a positive steady state and all trajectories must converge to the boundary of the positive orthant

or to infinity. However, if y* € Newt(G)°, then by [Theorem 2.2.10| the mass-action system is

dynamically equivalent to a detailed-balanced system with one connected component regardless
of the choice of rate constants. Since detailed-balanced systems are complex-balanced, this

system, with one connected component, has within each of its stoichiometric compatibility class

exactly one positive steady state, which is globally stable, as stated in|Theorem 2.2.9|[6,18]. [

Example 2.2.12. Consider the single-target networks in [Figures 1(a)—(c)l Mass-action sys-

tems generated by networks (b) and (c¢) can never have positive steady states, while systems
generated by the network (a) have exactly one positive steady state within every stoichiometric

compatibility class and it is globally stable.



52

Y "
R ) #'ﬁ
Yo
)

N\
N\ o
Ys3 /Y | ‘. |
(a) i ”% -

Figure 2.4: Consider (a) under mass-action kinetics, whose associated dynamics is
given by . If the coeflicient of x¥1 in & is positive and the coefficient of x¥3
in & is negative, then the system can be realized by a single-target network,
determined by the sign of ¥2 in &. If the net directions are as shown in (b), then
(2.27) can be realized by the single-target network in (c). Similarly, if the net
directions appear as in (d), then can be realized by the network in (e).

Example 2.2.13. Consider the complete graph on the vertices

as shown in In [19], this network under mass-action kinetics, was shown to be
dynamically equivalent to a complex-balanced system for any vector of positive rate constants.
We claim that under mass-action kinetics, any subnetwork for which y; = (0,2)" and y; =
(2,0)" are sources, can be realized by a single-target network, and is dynamically equivalent

to a detailed-balanced system.

Let #;; > 0 be the rate constant (if non-zero) of the edge y; — y;. The associated

dynamical system

dx

— =y (k12 + 2k13) + 2y(—k21 + K23) + 2% (K32 — 2k31)

dt

: (2.27)
di; = —y2(/€12 + 2K13) — Y (—F21 + K23) — $2(—/€32 — 2K31)

is a homogeneous degree two polynomial system, where we assume k12+k13 > 0 and K3z +r31 >
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0. The sign of —k12 + ko3 determines the structure of the single-target network that the mass-
action system is dynamically equivalent to. Consider the net direction from each vertex, given
by the weighted sum of reaction vectors originating from that vertex with weights given by the
rate constants. If —k19 + ko3 > 0, the net direction from each vertex is shown in
(with possibly nothing from y,). Then the system can be realized by the single-target network
in Denote by r/ the rate constant from y, to the target (1.5,0.5)7; the rate

constants for the system on [Figure 2.4(c)| are

2
Ky = g(/ﬂQ +2k13), K =2(—kK12+ Ka3), ks = 2(k32+ 2k31).

A similar argument shows that if —k19 + k23 < 0, the net direction from each vertex is shown

in [Figure 2.4(d). The system can be realized by the single-target network in [Figure 2.4(e)|

with rate constants

2
K] = 2(k12 + 2K13), Ky = 2(K12 — K23), Ky = g(%sz + 2K31).
This follows by considering linear equations coming from each of the three source vertices. For

example, at y;, dynamical equivalence dictates that

1 2 , 3/2
K12 + K13 =K )
-1 -2 —3/2
from which one can easily solve for x}. Similar considerations at the other source vertices

provide the remaining rate constants.

This example can be extended to homogeneous polynomials of two variables. Order
the terms of such a polynomial p(z,y) by ascending degree of x. If the coefficient of the first
term is positive, coefficient for the last term is negative, and there is exactly one sign change
between consecutive terms, then for any positive initial condition, the system

dx dy

i p(z,y) and e —p(x,y)



54

has exactly one positive steady state, which is globally stable. Indeed, the system can be real-

ized by a single-target network, and is dynamically equivalent to a detailed-balanced system.

Example 2.2.14. In this example, we consider non-linear dynamical systems on RZ of the

form
dx i .
= = Z —kixYiy,;, (2.28)
i=1

where x; > 0 and y; € R" such that the origin is a positive convex combination of {y,: i =

1,2,...,m}. For example,
T 1 0 2 -1 —4
d 1 - _3 _ _ _o 3
pr y | =K1z 1y 2 2| + Koy 3,71 3| +R3x 2y322 -3 +n4xy2z —2 +K5m4y 2,2 2
z 0 1 —2 -1 -3/2

belongs to this class. At first sight of the differential equations, there may be very little reason
to believe that this system has a unique positive steady state, which is globally stable, within

the affine space parallel to span{y,: i = 1,2,...,m}. However, with the tools developed in this

paper, uniqueness of steady states and global stability immediately follow from|[T’heorem 2.2.10}

The reaction network that generates (2.28) under mass-action kinetics consists of the reactions

y; — 0 with rate constant x; > 0. By definition, the unique target 0 is in the relative interior

of {y,: i =1,2,...,m}. Therefore by [Theorem 2.2.11] for any positive initial condition, there

is exactly one positive steady state which is globally attracting.

Xo + XX1 + X5

Xo 4+ X3 Xo + Xy

Xq + Xy X3+ X4

X1+ X3 X1+ Xy
(a)

Figure 2.5: Reversible systems in (a) [Example 2.2.15|and (b) [Example 2.2.16that
are dynamically equivalent to detailed-balanced systems. FEach undirected edge
represents a pair of reversible edges.
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.
X3+ Xy

Xo + X3

Figure 2.6: Geometric argument for dynamically equivalence to single-target net-
work in [Example 2.2.15] Shown are the edges with X; 4+ X5 as their source. The
centre ( %, %, %, %)T of the tetrahedron is marked in blue. With rate constants given
in the example, the weighted sum of reaction vectors points from the source to the

centre.

Example 2.2.15. Consider the reaction network shown in |[Figure 2.5(a)l where each edge
represents a reversible pair of reactions. Then in the language of the standard basis {€;: i =
1,...4} of R, the six vertices are {y,; = & +€;: 1 < i < j < 4}. Edges take the form

Yij = Yp, Where (4,7) # (p,q), with the network G being a complete graph.

A given vertex y;; is source to two kinds of edges: an edge whose target has disjoint
support from the source (i.e., Yij — Ypg Where i, j, p, g are distinct integers), and those whose
targets share an index with the source (i.e., Yij = Yig OF Yjj — ypj). The latter represents a

chemical reaction with the common species acting as a catalyst.

Rate constant of an edge is assigned based on the source vertex and which type of edge
it is. For example, consider the source vertex y,;o = €; + €3. The edge y,9 — Y3, is assigned

an arbitrary rate constant k19, > 0, while the catalytic reactions

Y12 =7 Y13, Y12 =7 Y14, Y12 = Y23, Y12 — Y24

are assigned rate constants k19, > 0. The rate constant for y,3 — yq, is K13, > 0, while other

edges originating from y,5 have rate constants k13, > 0. The remaining edges are assigned
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rate constants in a similar manner.

The mass-action system Gy, is not detailed-balanced in general since the circuit condition
(2.24) is generically violated along some cycles, e.g., the cycle with vertices Y9, Yoq and ysy

is associated to the condition

R120K24aR34a = K12aK34bK24b-

Moreover, this reversible network has deficiency § = 2; therefore, the mass-action system is

not complex-balanced in general as well.

Nonetheless, the system can be realized by a single-target network and is dynamically
equivalent to a detailed-balanced system. The weighted sum of reaction vectors coming out of

the vertex y, is

K12a (Y34 — Y12) + K126 (Y13 — Y12) + K126 (Y14 — Y12) + K126 (Y23 — Y12) + F12s (You — Y12)

1 2 1/2 -1
-1 2 1/2 -1
= K12a + K12p = 2 (K12q + 2K12) ;
1 2 1/2
1 2 1/2

L 111
2027202

2 (K124 + 2K12p). See[Figure 2.6|for the geometry of this calculation. By symmetry, the weighted

which is also the weighted reaction vector of y,5 — ( )T with rate constant given by

. . T
sum of reaction vectors out of any vertex of G can be written as an edge to (%, %, %, %) .

Therefore, the mass-action system generated by the network in [Figure 2.5(a)| is dynamically

equivalent to a single-target network with target vertex (1 )T, which is in the relative

111
2027202

interior of the Newton polytope. By [Theorem 2.2.11] the mass-action system is dynamically

equivalent to a globally stable detailed-balanced system.

Example 2.2.16. Consider the reversible reaction network in [Figure 2.5(b)| in R®. This

network is similar to that of [Example 2.2.15| except it has no catalytic reaction. The ten




o7

vertices are X; 4+ X; with 1 <14 < j < 5. Edges take the form X; +X; = X, + X, where 1, j, p,
q are all distinct. Further assume the rate constants depend only on the source vertices, i.e.,

all reactions originating from the vertex X; 4+ X, have the same rate constant.

This reversible network has deficiency 6 = 5. This system is in general neither complex-
balanced nor detailed-balanced. For example, the Wegscheider’s condition involves the equa-
tion Kiszkoakss = Kigk3s4 among many others. Nonetheless, the system can be realized by a
single-target network, whose target vertex %Xl + %Xz + %Xg + %X4 + %X5 lies in the relative
interior of the Newton polytope. Therefore, the mass-action system is dynamically equivalent

to a globally stable detailed-balanced system.

2.2.3 Networks with two targets

In the previous section, we have characterized the dynamics of all single-target networks under
mass-action kinetics. In particular, we have seen that if the target vertex is in the relative
interior of the Newton polytope, then any mass-action system generated by that network is
dynamically equivalent to a detailed-balanced system, which has a globally attracting positive

steady state within each stoichiometric compatibility class.

One may wonder if a similar result holds for networks with multiple targets, each in the
relative interior of the Newton polytope. Networks with such “inward pointing” reaction vec-
tors, or endotatic networks 27|, are conjectured to be persistent, i.e., trajectories are bounded
away from the boundary, and even permanent, i.e., admit a globally attracting compact set
within each stoichiometric compatibility class. These conjectures have been proved for certain
classes of networks: weakly reversible networks with one connected component [6}18], strongly

endotactic networks [48], and two-dimensional networks [27,[85].

Even with just two target vertices, there exist strongly endotactic networks with multiple
positive steady states (within the same stoichiometric compatibility class), and thus cannot
be globally stable. In the following examples, we relax the requirement, instead searching

for a dynamically equivalent complez-balanced system. Because vertices that do not appear
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explicitly as monomials in the differential equations are not necessary when searching for a
dynamically equivalent complex-balanced system [25], we restrict our attention to subnetworks

on the complete graph defined by the source vertices.

Example 2.2.17. For example, consider the mass-action system

K1 K9 K3 KR4
Y1

where the source vertices are y; = 0, y, = 2, y3 = 3 and y, = 5, and the target vertices are

ys = 1 and yg = 4. The associated dynamical system

dx
dt

=K1 — Ii2$2 + KJ3$3 — IQ4SU5

has multiple positive steady states for some choice of k; > 0 by Descartes’ rule of signs. In
particular, for these choices of x; > 0, it cannot be dynamically equivalent to a detailed-

balanced (or complex-balanced) system, which necessarily has a unique positive steady state.

We claim that this system Gy is dynamically equivalent to a complex-balanced system
if and only if k1k4 > Koks. Let G’ be the complete graph on the source vertices and let m;j >0

be the label on y; — y,. The objective is a subgraph of G’

Since there are four sources in G, which are also sources in G’, there are four non-trivial
linear relations on the edge labels of G and those of G’, and two trivial equations (0 = 0)

coming from the vertices y; and yg. For example, the dynamical equivalence relation at y, is
—kg = —2Ko1 + Koz + 3Ka4.

Note that the dynamical equivalence relation can be transformed to that of the fluxes, by
multiplying both sides of the linear equation by the source vertex’s monomial. Fix a state
x > 0, the value yet to be determined. Let J; = ;2% be the flux across the edge originating

from y;. Similarly, on G’ let Q;; = xj;z% be the flux across the edge y;, — y;. Then the



99

dynamical equivalence relation at y, can be written as

—Jo2 = —2Q21 + Q23 + 3Q24.

The switch from rate constants to fluxes is convenient when considering dynamical
equivalence and complex-balancing simultaneously. For example, in the objective system G/,

the state x is complex-balanced if and only if
(Khy + Khg + Khy)aY2 = Kiom¥1 + Khya¥3 + Kjpa¥e.
In the language of flux, this reads Q21 + Q23 + Q24 = Q12 + Q32 + Q42.

Hence, the four dynamical equivalence relations, in terms of fluxes, are

J1 = 20Q12 +3Q13 + 5Q14,
— Jo = —2Q21 + Q23 + 3Q24,
J3 = —=3Q31 — Q32 + 2Q34,

—Jy = =5Qu41 — 3Q42 — 2Q43,

while the complex-balanced conditions on G’ are

Q12 + Q13 + Qua = Q21 + @31 + Qun, (2.29)
Q21 + Q23 + Q21 = Q12 + Q32 + Quz,
@31+ @32 + Q34 = Q13 + Q23 + Qus,
Qa1+ Qa2 + Qu3 = Qua + Q24 + Q34

It is not difficult to see from (2.29)) that the left-hand side of the complex-balanced
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condition at y; can be rewritten as

1 3 5 1
Q2+ Q13+ Quu = <2J1 - §Q13 - 2@14) + Q13+ Qua < §J17
while the right-hand side is
1 1 3 1
Q21+ Q31 +Qu = (2J2 + 5@23 + 2@24) + Q31+ Qa1 > §J2-

In other words, J; > Jo. Similarly, from the last complex-balanced condition, we obtain
Js > J3. Therefore, Gj being dynamically equivalent to a complex-balanced system implies

J1J4 > JoJs; equivalently, k1k4 > Koks.

Conversely, suppose ki1k4 > koks or JiJy > JoJs. Clearly the system of differential

equations admits at least one positive steady state z > 0. At z, the fluxes are balanced, i.e.,

5

Ji + J3 = Jo + Jy. Substituting the inequality into k1 + k323 = kex? + k4z°, we see that

J1 > Jo and Jy > J3. The choice

J: J J — J Jyg— J
Q12=Q21=§2, Q34=Q43:337 Qu="+—22 and Qu =22

5 )

satisfies the dynamical equivalence and complex-balanced conditions. Choose rate constants

on the new network to be

~ K2 ~ HgCES ~ I€2£C2 ~ Iigl‘g

R12 = 9 K34 = 9 K12 = 5 R43 = 9
- 1 Kox? - 1 Kax 2
K14 = = K1 — 5 and K41 = = K4 — 5 .

Note that k14 = 1—10(2J1 —Jo) > 0, and Ky; = 101?(274 — J3) > 0. With this choice of rate
constants K, the mass-action system is dynamically equivalent to a complex-balanced system

with steady state x, which is the unique positive steady state of the system.

Example 2.2.18. Consider the network under mass-action kinetics in [Figure 2.7(a)| with four

source vertices and two target vertices in R%. The source vertices correspond to the monomials
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1, 23, 23y? and 2. We will show that this system is dynamically equivalent to a complex-

balanced system if and only if

1 K1K3

25 T Koky

Being dynamically equivalent to a complex-balanced system, if it can be done at all, can be

achieved using only the source vertices [25]; thus we look for a subnetwork of the complete

graph shown in [Figure 2.7(b)

u
y4 k’4 ]{:3/ I3 y4
Y1 ky ky Yo Yo —0m—

(a) (b)

Figure 2.7: (a) The mass-action system with two target vertices from
ple 2.2.18, which is dynamically equivalent to a complex-balanced system using
a subnetwork of (b) if and only if 5= < £15 < 25,

Kokg —

Suppose & > 0 is a steady state for which the system in [Figure 2.7(a)| is dynamically

equivalent to a complex-balanced system. Note that x is a positive steady state for the system.
Let J; = k;x&Y: > 0 define a flux on the network. The steady state flux J thus satisfies J; = J3

and Jo = Jy. Let @, where Q;; > 0 is to be determined, denote the flux across the edge

y; — y; in[Figure 2.7(b)l Dynamical equivalence is obtained if and only if

1 3Q12 + 3Q13 -1 —3Q31 — 3Q34
Jl - ) J3 =
1 2Q14 + 2Q13 -1 —2Q31 — 2Q32
-1 —3Q21 — 3Q24 1 3Q42 + 3Q43
Ja = , J4 =
1 2Q23 + 2Q24 -1 —2Qu42 — 2Qn

Meanwhile, complex-balancing is obtained on a subnetwork of that in [Figure 2.7(b)|if and only
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if

Q2 + Q13 + Qua = Q21 + @31 + Qun, (2.30)
Q21 + Q23 + Q21 = Q12 + Q32 + Quz, (2.31)
@31+ @32 + Q34 = Q13 + Q23 + Qus,
Qa1+ Qa2 + Qu3 = Qua + Q24 + Q4.

Consider (2.30). The left-hand side satisfies the inequality

1

Q2+ Q3+ Qus = (Qi2+ Q13) + (Qua + Q13) — Qi3 = 3

1 5
— — < —J.
J1+2J1 Q13 < 6J1

By substituting the dynamical equivalence equation J; = 2Q42 + 2Q041, we see that the right-

hand side is
1 1 1 1 1
Q21 + Q31 + Q41 > Qu1 = §J4 — Qa2 = 6J4 + §J4 — Qa2 = 6J4 + Qa3 > EJQ-

Hence for the system in [Figure 2.7(a)| to be dynamically equivalent to a complex-balanced
one, we have Jo < 5J;. Similarly, from (2.31)), it can be shown that J; < 5J3. Therefore,

complex-balancing on a subnetwork of [Figure 2.7(b)| implies % < % < 5. Since J; = J3 and

Jy = Jy at steady state, i.e., k1 = r323y? and ka3 = k4y? by definition, so
y Y Yy~ by

1 J1J3 (/11)(&33633/2)
— < = < 25. 2.32
25 7 JoJdy (H2$3)(H4y2) - ( 3 )

It follows that

1 R1K3

25 KokK4

is a necessary condition for dynamical equivalence to complex-balancing.
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Next we show that the inequality % < A 25 s sufficient for the system in

R2k4

ure 2.7(a)| to be dynamically equivalent to a complex-balanced system on a subnetwork of
Figure 2.7(b)l We first deduce from (2.32)) that a positive steady state exists, i.e., that there

exist 3 and y? > 0 such that x; = k323y? and ko = kyy?. It is not difficult to see that

K1K4 R1RK2
23 = and y? =
K2k3 R3kK4

is a solution. Defining the fluxes to be J; = k1, J3 = r3x3y?, Jo = koa® and Jy = kyy?, we

obtain the inequality % < % < 5. Moreover, J; = J3 and Jo = Jy.

When J; = 5J5, a solution @ > 0 to the dynamical equivalence and complex-balanced

conditions above is

Ji o a
5 Q13—Q31—3,

J: J:
Qu=0Qu="5, Qu=Qu=7,

Q14 = Q32 =

and the remaining Q;; = 0. When 5J; = J3, a solution @ > 0 to the dynamical equivalence

and complex-balanced conditions above is

J o h
67 Q24_Q42_37

J J
Q14=Q32=§17 Q12=Q34=§1,

Q41 = Q23 =

and the remaining @;; = 0. Whenever % < % < 5, the system is a convex combination of

the two extremal cases, with a solution given by the appropriate convex combination of the

two systems in |[Figure 2.8, Therefore, when % < “% < 5, there exists Q > 0 satisfying the

dynamical equivalence and complex-balanced conditions.

The vector Q, which depends on Ji, Jo and hence a function of «, can be used to
generate rate constants for the new network. We first illustrate the process using the case

J1 = bJs, i.e., when korg = 25kK1k3, before we comment on the general case. Let /@;j > 0, the
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value to be determined, denote the rate constant of the reaction y; — y,;. Consider Qo1 = %
and Qo3 = %. By definition Jy = koz® and Q25 = /<;’2jx3. Looking at the equation
JQ /€233‘3
Ko x® = === )
21 Qo = 3 3

K2

it is clear we should choose kf; = 2. A similar argument forces Khg = 2. Noting that J3 = J;

and Jy = Jo, we conclude r3, = %, k5 = 5, ) = 5, and k3 = 5. The mass-action system

is shown in |[Figure 2.8(a)]

In the general case % < % < 25, as noted earlier a solution @ > 0 exists satisfying
the dynamical equivalence and complex-balancing conditions. Such @ is a convex combination
of the extremal cases; as a result, for any j, it is always the case that Q1; and Q3; are fractions
of J1 = J3, and (Q2; and Qy4; are fractions of J = J4. Since @;; and J; are both scalar multiples
of ¥, the monomial gets cancelled from the equation and one can solve for H;j as a fraction

of Rij.

kg

; }
Yy
J

Yy I >

3 Yy

m‘f

ko || &
6

ol
> 2
ol /u
/.
<) ko

kg ko
2 y i 2 ko NN 6
3 3
Y1 / - Yo Y1 - \ L)
3 3

Figure 2.8: The system in [Figure 2.7(a)|is dynamically equivalent to a complex-

balanced system if and only if % < :;Zi < 25. The system is equivalent to (a)
1

when kgky = 25k1k3 and (b) when 25kgk4 = K1k3. For gz < 2;2 < 25, the

dynamically equivalent system is an appropriate convex combination of (a) and

(b).

Remark 2.2.19. [Example 2.2.18 has (1,1)" and (2,1) " as target vertices, with a distance of

d = 1 between them. If we consider the two-target network with targets (a;, 1) distance d > 0

apart and has midpoint (1.5, 1)T, a similar analysis gives a necessary and sufficient condition
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for dynamical equivalence to complex-balancing:

6—d 2 K1K3 d 2
> > .
d T Kokg  \6-—d

As d — 0, we recover a stable single-target system. As d — 3, the condition becomes koky =

k1k3, which is necessary and sufficient for the system y; = vy, yo = y3 to be detailed-

balanced [41].

Much work has been done to derive algebraic conditions on the rate constants that are

necessary and sufficient for complex-balancing [19,2235,|41]. In [Examples 2.2.17| and [2.2.18|

above, we are able to derive semi-algebraic conditions on the rate constants that are necessary
and sufficient for dynamical equivalence to complex-balancing — at least for networks with
special structure. To learn about stability properties of a mass-action system, dynamical

equivalence to complex-balancing is extremely informative [110].

2.2.4 Conclusions

In this section, we introduced single-target networks, and classified the mass-action systems
generated by them as either (i) globally stable (and actually dynamically equivalent to detailed
balanced systems with a single connected component) or (ii) having no positive steady states
(and moreover having all trajectories converge to the boundary of the positive orthant or to
infinity). We showed that these two cases can be differentiated by a very simple geometric
criterion: a single-target mass-action system is globally stable if and only if the target vertex

is in the relative interior of the network’s Newton polytope.

In general, the single-target condition is quite restrictive, and few networks of interest
will satisfy it at the outset. On the other hand, it is a very simple geometric condition,
which makes is easy to characterize the set in parameter space where networks that fail to be
single-target give rise to systems that can be realized by single-target networks via dynamical
equivalence. Using this idea, we have exhibited several examples where our results can be

useful for analyzing networks that exhibit a high degree of symmetry or geometric structure,
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even if they are not single-target networks.

Finally, recognizing that single-target networks are related to (strongly) endotactic net-
works, we explored some networks with similar geometry but having multiple targets. For these
examples we showed that the corresponding mass-action systems are dynamically equivalent
to complex-balanced systems if and only if the rate constants satisfy some semi-algebraic con-
ditions. While our examples have relatively simple structures that allow us to derive explicit
inequalities on the rate constants, a natural question and future research direction is whether
such semi-algebraic conditions on the rate constants can be obtained for more general classes

of reaction networks.
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Chapter 3

Reaction-diffusion systems

In this chapter, we study the long time behaviour for some chemical reaction-diffusion sys-
tems. In Section we first analyze a three-species system with boundary equilibria in some
stoichiometric classes, and whose right hand side is bounded above by a quadratic nonlinear-
ity in the positive orthant. We prove similar results on a fairly general two-species reversible
reaction-diffusion network as well. In Section we work on on the similar systems but focus

on local instability on the boundary equilibria.

3.1 Convergence to the complex balanced equilibrium for some

chemical reaction-diffusion systems

3.1.1 Two reversible reaction-diffusion systems
3.1.1.1 The three-species system.

A case not covered so far in the literature is A +2B=0D + C this has accessible boundary
equilibria in some (not all) stoichiometric classes, translates to a 3 x 3 system (2 x 2 being,
in general, easier to treat via the standard maximum principle for the heat equation), and the

right hand side is not bounded above (in the positive orthant) by a linear term. More precisely,
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the PDE system we are looking at is

ar — dgAa = —k1ab® + kobe

by — dpAb = —kjab® + kobe in Q x (0,00)
¢ — deAc = kiab® — kybe (3.1)
Va-v=Vb-v=Vec-v=0 on 09 x (0, 00)

a(-,0) = ag, b(-,0) = by, ¢(-,0) =¢p in Q,

where v is the (outward) normal vector to 9Q2. We can, without loss of generality, assume
that k; = ko = 1. Indeed, note that upon changing to a(z,t) = aa(z,7t), b(z,t) = ab(z, Tt),
c(z,t) = ac(z,1t) for a = k:lk;l and T = k1k2_2 we end up with satisfied by a, g, c
with k1 = ko = 1, dg = 7dq, df = 7dp, dz = 7d. and initial conditions aag, aby, acg. After
an affine spatial transformation we can (and do) also assume the volume of © to be 1. The
only important restriction we impose is the choice of spatial dimension d = 1; let us also fix
Q2 := (0,1) (could be any bounded interval). The restriction d = 1 is sufficient to obtain the
uniform L* bound on the solution, which is crucial to our analysis. We can (for the time being)
only justify this uniform bound in the d = 1 case; note that only the estimates in subsection
are predicated on this restriction. The conserved (in time) quantities here are a+ ¢ and
b+ ¢, where f denotes the average of the function f over Q. If by, > 0 we obviously can only
have a boundary equilibrium at (0, s, 0) (i.e. aoo = coo = 0). The conservation of a + ¢ forces
a = ¢ = 0, the second equation of the system decouples into b; — dpby = 0, and b = bg. This
steady state cannot be approached from any initial state for which ag+ ¢y > 0, so (0, b, 0) is
not an accessible boundary equilibrium. The other nontrivial type of steady states is given by
boo = 0 and aeo + Coo = a@g + ¢ > 0. If coo = 0, we get b = ¢ = 0 (from the conservation of
b+ ¢); this is not an accessible boundary equilibrium either, and no initial data in the positive
orthant will yield solutions which asymptotically converge to it. If, on the other hand, the
initial data is on the b-axis (i.e. ap = ¢p = 0), then it is easy to see that (a, b, c) will converge

exponentially to (0, bs,0), where by = by.
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We are left with the accessible boundary equilibrium (@, 0, ¢oo) for asocoo > 0. We do
not know how to prove that agbgcy > 0 prevents convergence to such a steady state, but in

this paper we will prove a slightly weaker statement, namely:

Theorem 3.1.1. If ag, by,co € L>°(0,1) are a.e. positive and such that by > § a.e. in (0,1)
for some § > 0, then the (unique) global classical solution to (3.1) converges asymptotically
exponentially fast (at an explicit rate) to the unique positive equilibrium in its stoichiometric

class.

The above theorem will be proved in Section [3.1.2

3.1.1.2 The two-species system

Finally, in Section [3.1.3] we prove similar results on the convergence to the positive equilibrium

for a two-species reversible reaction-diffusion network with accessible boundary equilibria:
miA + niB=moA + naB.

Assume m1, me, ni, ng are nonnegative integers and let m := mj; — ma, 7 := no — ny1. The

2 x 2 reaction-diffusion system is

)
a; — dgAa = m(kea™2b™ — k1a™ ™)  in Q x (0, 00)

by — dpAb = (k@™ b — kea™2b"2)  in Q x (0, 00) 652
3.2

Va-v=Vb-v=20 on 99 x (0, 00)

a(-,0) = ap, b(-,0) = by in Q.

If 7, 7 we can, as in the three species system, change to a(z,t) = Aa(z, 7t), b(z, t) = \b(z, Tt)
for A = (ki/k2)"/(™=™) and 7 = kg A™*™m—1 We end up with satisfied by @, b with
k1 = ko = 1 (dy and d, get multiplied by positive constants). If m = 7 = 0 no rescaling is
necessary, while for m = 7 # 0 we only rescale a(z,t) = \a(z,t) with A = (k;/k2)"/™ to get
the system with k1 = ko = 1, but where m and n are multiplied by two positive constants.
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Thus, it is enough to study the more general (than mass-action) system

(
ar — dgAa = Agm(a™2b™ — a™1p™ ) in Q x (0, 00)

by — dpAb = \pn(a™b™ — a™2h"2) in Q x (0,00)

Va-v=Vb-v=0 on 09 x (0, 00)

CL(',O) = ao, b(,O) =bo in €2,
where A\,, A are positive constants.

Theorem 3.1.2. Let Q be a bounded domain of R® with a smooth boundary, for some integer
d>1. Ifmn >0 and 0 < a < ap(z),bp(z) < B < +0o0 for a.e. x in ), then the (unique)
global classical solution to (3.3)) converges asymptotically exponentially (at an explicit rate) to

the unique positive equilibrium in its stoichiometric class.

Remarks: (1) The reason for the restriction mn > 0 is technical, as the estimates that follow

after the conservation law (3.39)) in subsection 3.2 only hold under this restriction.

(2) If initial data is on the b-axis (or, respectively, the a-axis), then the solution (a,b)
will converge exponentially to (0,bs) (or, respectively, to (as,0)). These are the only two
types of boundary equilibria in this case, and are both accessible. Theorem shows that if
the initial condition is bounded away from zero and infinity componentwise, then the solution

will not decay to any such boundary equilibrium.

3.1.2 Asymptotic decay for the three-species system

We consider the entropy functional E(a, b, ¢) and the corresponding entropy dissipation (when

computed along solutions) D(a,b,c) = —%E(a, b, ¢) associated to the system:

E(a,b,c) = /01 a(lna — 1)dx + /01 b(lnb — 1)dx + /01 ¢(lnc—1)dx (3.4)
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and

1 1 1
D(a,b,c)—4da/ \8I\/&|2dx+4db/ \6$\/l;\2da:+4dc/ |0:v/c|*dx
0 0 0

. b (3.5)
b* — be) In(—)dx.
+ [ = oyt
We would also like to record (for later use) the following conservation laws
1 1 1 1
/ a(z,t)dx —{—/ c(z,t)dx = / ap(z)dx + / co(x)dx =: My,

/01 b(w, t)dz + /01 c(x,t)dr = /01 bo(z)dz + /01 co(2)dz =: My,

for all ¢ > 0. Note that these are simply obtained by adding equations 1 and 3 (respectively,
2 and 3) and integrating in space over [0, 1] by taking into account the boundary conditions.
Note also that M; and My are finite as long as ag, b, co € L*(0,1).

3.1.2.1 Local L? estimate (a priori estimate)

Proposition 3.1.3. Let (a,b,c) be a solution for (3.1) with initial condition (ag,bo,co) such
that ag > 0, by > 0, co > 0 a.e. in [0,1] and aglnag,bgInbg,colncy € LY(0,1). Then there

exists a real constant C such that

lall2oayxrr+10) 100 2001x 417> el z2 o0 x 1)) < €

for any T > 0.

Proof. We start with the obvious inequality (which holds for all z € [0,1], ¢ > 0)

Vate.d - [ VGt < [ o/t 0a
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then use Holder’s inequality to get

1 1 2
a(z,t) < (/0 \/a(y,t)dy—i-/o ‘(%Va(y,t)‘dy)
2 1 2
< 2</01 \/a(y,t)dy> +2</0 |8y\/a(y,t)‘dy> (3.7)
< 2/01 a(y,t)dy + 2/01 ‘6y\/a(y,t)}2dy.

Obviously, the above inequalities also hold for b and ¢. Next we integrate the entropy dissipation

in time to obtain

E(a(t),b(t),c(t)) —|—/0 D(a(s),b(s),c(s))ds = E(agp, bo, o),

where we have only displayed the dependence on time of the components of the solution vector.

Since the last integrand in right hand side of (3.5 is nonnegative, we conclude

t 1 t 1
Ea(t), b(#), c(t)) + dda / / 10, v/a2dwdt + Ady / / 10,V/B[2dadt+
0 JO 0 JO

t 1 (3.8)
4dc/ / |0,v/c|2dzdt < E(ag, by, co).
0 JO

Since z(Inz — 1) > —1 for all x > 0 (at = 0 this holds in the limiting sense), we get

t 1 t 1 t 1
4da// |8x\/&]2dxdt+4db// |8x\/l;|2dmdt—|—4dc// |0p\/c|?daxdt
0 Jo 0 Jo 0 JO

< E(a07 bOv CO) + 37
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which implies

102v/all 72 0.1 x0.)) + 192 VB 72 0 11x10.17) F 102v/CllZ 210,11 0.1

E(ao, bo,C()) +3
< =C
>~ Ad 1

for any t > 0, where d := min{d,,dp,d.}. Finally, we take into account (3.6 and (3.7) to

estimate
T+1 1 T+1 1
/ ‘/a%mﬁﬁ/ HMM@WM</a@¢MOﬁ
T 0 T 0
T+1 1 1
< 2M1/ </ a(x,t)d:r—l—/ lﬁzx/a(x,t)|2d:1:> dt
T 0 0
T+1 1
< 2M1/ <M1 +/ ‘&L«\/ a($,t)’2dl‘> dt < 2M12 +2MCq =: C
T 0
Similar inequalities hold for b and ¢, therefore we have finished the proof. O

3.1.2.2 Uniform L*° estimate

In this section we shall prove that a classical solution to is bounded uniformly in time
(and therefore, it also exists for all time). To achieve this, our goal is to place ourselves in the
setting of Theorem 4.1 [45]. We shall refrain from transcribing the assumptions (H1)-(H3) from
[45] here, as they are universally satisfied by CRDN systems with nonnegative and essentially
bounded initial conditions. On the other hand, assumption (H4’) is both specific to our case
and nontrivial to verify. We state it below, as it refers to a general semilinear parabolic m x m
system

Uit — KiAu; = fi(l'atyu)a t=1,...,m, (39)

where x € Q, t > 0, u = (U1, ..., U, ). It reads:

d 2p
There exist Ky, Ko >0, 1<p<oo, 1<r<1l+|l1——— such that
b P [ md+m]d+2

for each 1 < j < m there exist a1, 1 < j <k with «;; = 1 such that (3.10)
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j
Zaj’kfj(a:,t,v) < Kj|v|" + Ky for all v in the positive orthant of R™.
k=1

The following result is a version of Theorem 4.1 [45] (see a sketch of proof in Appendix).

Theorem 3.1.4. Suppose the initial data u;o € L*°(2), j =1,...,m, the generic assumptions

H1)-(H3) from [45] hold. Further assume (3.10) holds for some 1 < p < oo and
(
lull Lo (x (r,r+1)Rm) < M < o0 for all 7 > 0. (3.11)

Then
u € L2(Q x [0,00); R™). (3.12)

If we go back to (3.1)) and denote by
u:= (a,b,c), f:=(—ab®+ bc,—ab®+ be, ab® — be)

we see that is satisfied with a1 1 = 1,01 = =1, aw2 =1, a31 =0, az2 = —1, az3 =1,
r =2, K1 = ky/2, Ko = 0. Thus, if we can find 1 < p < oo such that and the first
inequality in (3.10) (the one bounding r in terms of p) are satisfied, we can apply Theorem
3.1.4]in order to obtain the uniform L° bound. But Proposition [3.1.3| shows that p = 2 does
the job.

The same reference [45], Theorem 3.1 (checked, along with the preceding Lemma 3.1, to
apply to bounded domains and Neumann BC) guarantees that the solution is classical, unique

and nonnegative. Therefore, we have proved:

Theorem 3.1.5. Let ag, by, co € L>°(0,1) such that ag > 0, by > 0, ¢g > 0 a.e. in (0,1) and
aoInag,boInbg, colncy € L1(0,1). Then a unique classical solution to the system (3.1]) exists
for all time. Furthermore, the solution is uniformly (with respect to time) bounded in L*°(0, 1),

with bounds depending in a bounded way on the L*° norms of the initial data.
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Remark 3.1.6. If we approximate the initial data in L2(0,1) by BC compatible initial
aom, bon, €on which are uniformly bounded in L>(0, 1) by, say, 1 := 2[||ao||leo+[|bol|co+ |0l sc],

then we can easily get the bound

lan(-,t) = al, O3 + 1ba (-, 1) = (O3 + llen () — e, 1)lI3

< e“[llao,n — aoll3 + o1 = boll3 + llcon — coll3]

for all t > 0, where C' = C(n) > 0 is a finite constant. It follows that for any t > 0, a,(t, )
converges in L%(0,1) to a(t,-) (and likewise for b and ¢). Furthermore, note that if by is
bounded below by 26 > 0, then the approximations by, above may also be chosen to satisfy
the extra condition by, > d for all n. Via L' renormalization the approximations may also be
chosen such that the approximating problem has the same complex-balanced equilibrium as

the original one.

In the next subsection we use the Log-Sobolev and the Csizar-Kullback-Pinsker inequali-
ties to first prove an entropy-entropy dissipation inequality which guarantees that the solution
to (3.1) decays asymptotically to the complex balanced equilibrium at an explicit algebraic

rate.

3.1.2.3 L' convergence

In view of Remarkwe may assume ag, by, ¢ to be smooth, positive on [0, 1] and to satisfy
the compatibility conditions (i.e. they have zero derivatives at the boundary). Indeed, if we
replace the initial data with approximations as in Remark then all the decay constants
appearing below may be chosen independent of n. Further assume 3 = H%H L0, < 00
because the classical solution is continuous on the cylinder [0,00) x [0, 1], there exists t; > 0
such that Hﬁ“ Leofo,1] < 103 for all ¢ € [0,#1]. We next divide the second equation in (i3.1)
by —b? and use the uniform (in time) L> boundedness of a to get

2 2
at<1> dbA<1> LA AL

b b b2 b2 b3
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Using the maximum principle for the heat equation, we have that, for all ¢ € [0, 1],

1
— + kt = 8+ kt.
bo L>°[0,1]

I

Lo°[0,1]

We can iterate this inequality in time to get

b(t) := inf bz, t) > (B4 kt)™* (3.13)
z€[0,1]

for all ¢t > 0. Therefore, we now have an estimate on how fast b can decay to zero.

There exists a unique equilibrium with all positive components for and by
and we see that it is given by veo 1= (doo, oo, Coo), Where its components are uniquely
determined by

(ooboo = Cooy Qoo + Coo = M7, bog 4 Coo = M. (3.14)

Now we introduce the relative entropy

b
E(a,b, c|acc, boo, Coo) = / <alnaa—a+aoo>dac+/<blnb—b—i—boo)dac

[0,1] [0,1]

(3.15)
+/<clnc—c+coo>dx
Coo
[0,1]
and its corresponding entropy dissipation
2 bl2 Vel?
D(a,b,c\aoo,boo,coo):da/ [Val dx+db/ |Vb| dx+dc/| o s
a c
0,1 0,1 0,1
ab? [bc] o be a[bQ} (3:16)
2
00 v j—— |d booCoo v ; dx,
e b"o/ (aoobgo boocoo> Dot / <boocoo aoobio> !
[0,1] [0,1]

where

U(zy) = zln (g) S (3.17)
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At this point we introduce the notation

f= / f(z)dx for all essentially non-negative f € L'(0,1).
[0,1]

On the basis of the following identity
/ <alnaa — a—l—aoo)dx = / (alnz — a+a>dw+ / <alnaa —a—I—aoo)dx,
[0,1] - [0,1] [0,1] -

we get

E(a,b, c|aso, boo, Coo) = E(a,b, c|a,b,¢) + E(@,b,¢|dso, boos Coo)- (3.18)

The Logarithmic Sobolev Inequality

2
/]fo| da:ZCLSI/flnﬁdx, (3.19)

[0,1] [0,1]

(where Cgr only depends on the domain [0, 1]) yields

2 b2 2 3
da/ [Val da:+db/ ‘Vb d:c+dc/ Vel 42 > ¢y B(a, b, cfa,b,7) (3.20)
a C
0.1 0,1 0.1]

for an explicit constant Co = min{d,, dp, d.} - Crsr. Next, we define two integrand functions:

Si(a,b,c) = (alna—a—i—aoo) + (blnl)l)—b—i—boo) + (clnc—c+coo>,

CLOO o0 COO

ab c c ab
SQ(a,b, C) = qj(aooboo’ COO) + \Il<coo, aooboo>
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and set S(a,b,c) := S1(a,b,c) + Sa(a,b,c). From (3.16)), (3.18), (3.20) and (3.13)) we get

where

D(a, b, c|aoo, boo, Coo) > C2E(a, b, cla, b, c)

b2 be be ab?
e ‘”/ <aoobgo’boocoo> T Dot / (boocoo’aoobgo> v

[0,1] [0,1]

> (s [E((l, b, C|a007 b007 Coo) - E(a7 Eaaaom bOOa Coo)]

~ ab c ~ c ab
00bocb(t v :— |d 5o b(t vl —; d
e ( ) / (aooboo Coo) re ( ) / (Coo aooboo> ’

>0 [ s ot —c [ si@beodw (3.21)
[0,1] [0,1]
-1 ab & c ab
+(B+ k)" acchoo [ ® Vet [ W[ dr
Gooboo Coo Coo Gooboo
[0,1] [0,1]

> Cg(t){ / [S1(a, b, c) + Sa(a, b, ¢)|dx — S1(a, b, c)}
[0,1]

> C5(t)[S(a,b,¢) — Si(a,b,0)],

C3(t) == (B + kt) " min{ BC%, dooboo, Coo }

and S is the convezification of S, i.e. the supremum of all affine functions below S. The last

inequality above holds due to Jensen’s inequality and the unit volume of the spatial domain.

We next define the compatible class:

Cumy My = {vz(m,y,z)ERéo:w—i—z:Ml, y+z= My,

E($7y7 Z|a007 bOOa Coo) < E(CL[), b07CO|a00a bOOa Coo)}

In this class, the first two conditions are related to the conservation laws (3.6)) while the last

one follows from the decreasing relative entropy. Since we know S = Sﬂ—\Sg > S’I + SE, Sy is
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convex and Ss is non-negative, we have

~

(S —S1)(v) = (81 + 52 — S1)(v) > Sa(v) > 0. (3.22)

Furthermore, it is not hard to verify that

v € Cuyy v, & Sa(v) =0if and only if v = (a0, boo, Co)- (3.23)
It follows
3’;(1)) = 0 if and only if v = (@0, oo, Coo)-
Let

Crm o 55O

veCy My E(V]aoo, boos Coo)

By (3.22)) and (3.23) we get C4 can only be zero if there exists a sequence {v,}n C Cuy s,

such that v, — (@so, boos Coo) as n — co. This means

lim inf (§ —5)(v)

VEC M My 000 (V]G0 booy Coo)

> 0 implies Cy > 0.

In order to show that the above limit inferior is positive we use the following lemma

[75]:

Lemma 3.1.7. There exists 6 > 0 such that for all v € B(vs,0) (ball centered at voo and of

radius delta) S(v) is locally convex in this ball.

In particular, we get that S = S in the ball centered at (oo, boo, Coo) With radius 6. Let

us now define

b? b b b?
Dy(v) = aoobio\ll<a C)—i—boocoo\I/( <. )

Ao0b?, booCoo DooCoo GoobZs
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and consider the Taylor expansion of

Ds(v)
E(v]aco, boo, Coo)

around the unique positive equilibrium (aoo, boos Coo)-

Since aooboo = Coo, We have Da(aoo; boo, Coo) = VD2(loo, boo, Coo) = 0 and quadratic

term in the expansion is

—(v1 — o) —(v2 — beo) (v3 — Cx0)
D =2
2(v) oo boo Coo
Thus,
—(z—a00) | —(Y=boo) | (2—cx0)7]2
D 2 + +
cominf B 2(;} - ot [<x—aa°° S <z—i°°>2}
ve M171M27U4)'Uoo (’U‘aoo, OO;COO) ve M7, Mg e + e + Coooo

Since v € Cy M, (which means & + 2 = oo + Coo, ¥ + 2 = boo + Cx0), We get

(T = ao) = =(Y = boo) = 2 = oo

Then , )
2 e )] Lo
inf e —253 —=—=2(—+—+—] >0
vEChy ary  (2=8e0)? y (yzbeo)? | (zCoo) oo boo | Coo

Also notice (by direct computation and using that co = aooboo) the identity Da(v) = beosoSa(v),

which implies (in view of the above inequality)

lim inf 52(v)

> 0.
UEC]Ml,MQ ,U—Voo _E(’U|(loo7 bOO7 COO)
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Combining the above two steps, we have

lim inf (5= 5)(v)
’UeCMl,Afzﬂj_)’UOO E(U‘aom b007 COO)
- lim inf 52(v) > 0.

VECH, My v —V00 E(V|Goo, boo, Coo)

Therefore, in light of (3.21)), we obtain
D(a,b, claso, boo, Coo) = C3(t)CaE(a, b, ¢lans, boo, Coo)

S0,

D(a,b, c|aco; boo, Coo) = C5(8 + kt) " E(a, b, ¢|aos, boo, Coo),
where C5 = min{1, C4} x min{BCs, anob’,, booCoo }- Then Gronwall’s lemma yields

E(a,b,claoo, boo, Coo) < E(ag, by, coltoo, boos Coo) (B + kt) F

for all t > 0.
Now we need the following lemma [9]:

Lemma 3.1.8. For all non-negative and measurable functions a,b,c : [0,1] - R and fol (a +
c) = M, fol(b + ¢) = My. Then there exists a constant Cx > 0 depending boundedly only on
My, My such that:

E(a,b, clase, bss, cx0) > Crc(lla — asoll + [1b = bl + e = cool7)

Therefore, we get

la(-+£) = aocll3 + 5+ 2) = booF + lle(-,£) — soll} < Co(B + kt) & for all £ > 0,
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E(aO ,b0,¢0 |aoo ,boo :Coo)
Ck :

where Cg =

The above inequality shows that the solution stays away from the boundary equilibrium;
in fact, its converges to the unique positive equilibrium in the L' norm. In order to show that

the convergence rate is, in fact, exponential, we use the above inequality to conclude that there

1 9 2/€/C5 6
T. := 1, = _=
£ maX{ 7k;<min{aoo,boo,coo}> k:}

exists a time

such that
la(t) |1, [|J6()]1, |lc(t) |1 > g2 = min{ oo, boo, €0 /2 > 0 for all t > T. (3.24)

We pause here briefly to comment on the fact that T, can also be taken independent of n if the
initial data is as in Theorem [3.1.5] and is approximated as indicated in Remark [3.1.6] Thus,
in view of Remark we drop here the extra assumptions we made on the initial data in

the beginning of this subsection.

3.1.2.4 Entropy entropy-dissipation estimate

In what follows we use the lower bound on the total mass of each species for ¢ > T, to improve
the algebraic rate to an explicit exponential decay rate. The Poincaré inequality for the square
roots of the densities minus their averages, along with a few important algebraic inequalities
proved in the Appendix and help us obtain an EEDI of the type D(t) > cE(t), where ¢
is a positive real number (independent of time). Most of the algebraic intricacies involved are

due to the special algebraic coupling of the equations of the system.
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By computation, we obtain

2 2 9
D(CL, ba C|aooaboo,Coo) = da / |va| dx + d / |Vb| dx + dc / |VC| dx
C

b
[0,1] [0,1] [0,1]

2 ab? ) be be . ab?

+ aoobs, / \If(aoobgo,boocoo>da:+boocoo / \Il(boocoo aoon dx
[0,1] [0,1]
> 4d, |V V/all3 + 4dy||VVBI[3 + 4d. |V Vel 3 (325)
b2
sob? @ Do o

ool oobgo booCoo 2 + ¢ 00 Coo aooboo 2

z@QNﬁ@Hwﬁ@HWﬁ@+

oob3s

boocoo 2

where C7 := min(4d,, 4dy, 4d., asob?, + booCoo ). Due to (3.6), we have M := max(M7, M5) such

that a(t),b(t),c(t) < M for all t > 0. In what follows we drop the dependence on t from the
notation; each time we write @ or the likes we mean the spatial average of a(t) = a(-,t). Thus,

we see that
W (M,y)

m(ﬁ— \/Q)Q for all x < M.

U(z,y) <

Since 0 < aoo, boo, Coo < M, we have

a’OO (e 9]

_ a S S
E(@, b, ¢laso, boo, Coo) = <alna —a—l—aoo) + <blnb _ b+boo>

- c - \IJ(M Uoo) -
cln — —C+coo Va — Jas)?

' ( o > (VM = Vaoo)” VAT - it : Ve (3.26)

Wb (f e WOhe) (e o
=y PV Jﬂ(f )
< Cs[(Va - vae)® + (VB = Vboo)? + (Ve — Vex)?],
where
Cs = max{ V(M a) (M, boo) U(M, o) }

' (VM — \/a5)? (VM — \/bso)? (VM — Je)? )
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Next we claim that there exists a real constant Cg such that

IV Vall3 + IV VBIIZ + IV v/el +

aoob?,

booCoo || o

- —2 T (2
> Co|||VVal3 + VVOI[3 + (| VVe|3 + (\\//3\/52 B \f\f ) ]

In order to get the above estimate, we introduce the deviations from the mean, i.e.

6q = v/a—/a, 0, = Vb — %, 8. = \/c — \/c. Now we make the decomposition
[0,1) = D U DY,

where Dy, = {x € [0,1] : |dal, ||, |0c] < L} for a fixed constant L. We expand

Val? = (Va+82) (Vb + 8,)° = Vavh + [6a(Vb+)* + Va(2vbo, + )]

and

Ve = (Vb +8) (Ve +6e) = Vove+ [pv/c + 6.(Vo+ 6)]
to see that on the set Dy, one has

5a(%+ (51))2 +ﬁ(2ﬁ5b + 52)
< (|8a] + 1851 [ (v/Ma + L) + /My (2y/My + L) = (|8] + 8] Ry

and

51,\% + ¢ (% + 5b)
< (|85] + 10e]) [W/Mz + (/M3 + L)] = (8] + |8¢]) Rz,



where Ry := (yM; + L)* + /M 2/ + L) and Ry := /My + (/M; + L). Thus,

M =l |- 2

8a (Vb + 8)2 + Va(2vVhs, + )] [B/e + 5o + )]

L2(Dr) ’

VaoobZ VbsoCoo 12(Dy)
> 2<£0§2 Vf“) D11 = 208l + 8, -
ol 18l
> (F ;[b - IV - RO M 1) [

||5bHL2(DL) + H‘Sc”zL?(DL)]?

where R(M;, Ms, L) := aﬁg + A

boocoo ’

On the set D%a by using Poincaré’s inequality, we get

IVv/all3 + IV VB3 + [V Vel

> CP(II%HiQ(Dc + 110117 pg) T 19 172 pt))

> CpL?|DE).
Since ., e
<\/5\/5_\/5ﬁ>2<<\/ 1V M. \/ 2v/ M. )
Vasobd  VbooCoo) \/aOOT VbsoCoo
we infer . o
~( Vavb by/c \?
IIV\/&H%JrHV\/B\%Jr\VﬁI%ZR(\/&\[ - ”E) DY),
\/aoobgo \/boocoo
where

s CpL?
= 5.
(m\/ﬁf n JEM)

\/aoo bgo \/boo Coo

85

(3.28)

(3.29)
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Pick K > % and combine (3.28]) and (3.29) to conclude

K (|[Vvall + IV VI3 + [V Vel3) +

a
oobZ,

OOCOO

>K(Hwa||§+||Vx/6||%+||v\ﬁ||%)+min{KR }<\\//;\[b2 \/\bf\[>

+(KCp = R)([16all22(py) + 19ll72, ) + 1072, )

——2 =2
> Clcn|I9all + 19 VBl + 19 el + (Y25 - S )]

where Cx r = min {K KR, 27KOP — R} = min{Kﬁ, %} (because K — R > 1). Therefore,
is proved with Cy = CI;( R

It remains to show that there exists a constant Cg such that

Il + 19Vl + el + (Y25 - /e )

> Cio[(Va — vax)” + (VB — Vo) + (Ve — vew) .

(3.30)

To this end, we introduce fiq, [y, fte tO parameterize v/a, \/3, Ve with V@ = /aso (14 ua),\/g =

Voo (14 1)V = /oo (1 + pie), where —1 < piq, gy, pre < g, for pu; = mm{\/@%,@} - 1.
Since 8, = v/a — v/a, we have

16113 = @ - (Va)* = (Va - Va)(vVa + va)

jﬁ:_fna+||;&+f Va —T(a)|éal3.

where T'(a) = this inequality follows from @ = ||alj; > & > 0. Similarly,

f+f—€’

—VE—-T®)|6]13 & Ve=Ve—T(e)|5]3,
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where T'(b) = ﬁ,T
+

€2 < [Iblly < [Vblloo|VBll1 < VE[VE[L = Vb > 7

due to this lower bound on %, we can factor out (—X2)2 and reduce (3.1) to the system
Vhoo Y

associated with the reversible reaction A + B=C' (which does not have accessible boundary

equilibria). More precisely, we have

(ﬁﬁ ) \/B\/E>2:(\/B)2<\/6\/B ﬁ)Q

\/aoon \/boocoo beo Aooboo \/Q
S { (V@ —T(a)||8alI3) (VD= T(®)[I5]3) \/E—T(C)Wc\@}g (3.31)
= book Vambe N>
e T(a)||dall3 T(b)]|dl3 T(c) )53,
L L L ]

T(a)||da|I37(b) (|53 . T(c)]1d13
NG NG

_ﬂ%ua(lw) <b¢>gu%(l+ a>}2
N bik {;[(HW( ) — (L] {T(ana@ﬁgbmm% +T<;>g||%
> bi {;[(1+ua)(1+m)) — (14 pe))” —4[T(G)H5a\u/igb)”5b”%r

Since [0, = @ — (Va)®, we get |6,]3 < k; similarly, ||6]|2,]16c]2 < k. Combined with
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T(a), T(b), T(c) < % and 0 < 14 pg, 14+ pp, 1+ pe < 1+ pg, (3.31) gives

2

( Jalo b

_ 22 ¢! 1[(1+Ma)(1+ﬂb)_(1+,uc)]
\/aoob2 \/boocoo book

4 k(1+ﬂk) k(1 + pux)?
||5 15— H5 15— . 1613 — T 185113
4
2
> o [+ pa) (L4 ) = (14 )| = Cua (1013 + 106113 + 11c]13)

where

4k% + 4(1 2 401 2 401 2
i ::max{ A+ ) A+ p)” AL+ ) }

M M
Gooboo b2, DooCoo

Poincaré’s inequality reveals

Il + 19Vl + 9 vel} + (Y - S )

> Cra[(1+ pta) (1 + ) — (1 + )],

for Ci9 := %. On the other hand,

(\f — aoo f - \/ — Coo) aoo,ug + boo,u'l% + Cooﬂgy

so we would like to compare [(1+ pq)(1+ up) — (14 pe)]? and p2 + p? + p2. The conservation
laws (3.6)) (applied to @, b, € and Guo, boo, Coo) yield

b c
7:(1_'_”&)7 7:(1—’_/%)7 07:(1_‘_#0)7

[025%) boo 00

T+ C= oo + Coo = M1, b+T = bog + Coo = Mo,

and S0, Goofla + Coofle = boofiy + Coopte = 0. Thus, unless g, iy, pie are all zero (trivial case!),

we get pgpte < 0 and pppe < 0. If pg, pp > 0 and 0 > p,, then

(1 + pa) (14 o) = (1 + pe)]® = (abts + ta + po — pic)’

> (patty + fta + )2 + (pe)? > p2 + p2 + 12,
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Otherwise, if 4, p < 0 and 0 < p., then

(1 + pa) (14 ) = (1 + pe)]” = (tatty + ta + i — pic)?

> (pa + o — pe)® + (Hap)® > pa + pi + p2-

Therefore, in both cases we have

(14 pa) (L4 pmp) — (1 + pe))® > p2 + pp + pl.

(Notice that when p, = pp = pe = 0, both sides of the inequality are equal to zero.) Set

Ci2

max (oo, boo, Coo)

Cho =

to conclude the proof of (3.30).

Proof of Theorem [3.1.1k

Proof. Finally, by (3.25), (.26), (3.27) and (3.30), we obtain

D(a, b, C|a007 boo, Coo)

> CrCyCh0[(Va — vas) + (Vb Vo) + (VE— V)]
> 0709010E
Cs

(E, Baaaom bom Coo)-
In view of the above inequality and (3.20)), we discover
D(a,b,claso, boo, Coo) = C13E(a, b, ¢lano, oo, Co0),

where

013 = min <Cm), CQ)
Cy

In conclusion, we have proved that the solution decays exponentially to the positive
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equilibrium (with explicit rate). O

3.1.3 Asymptotic decay for the two-species system

In this section we prove Theorem |3.1.2

3.1.3.1 Uniform boundedness and global existence for the two-species system

To show the uniform boundedness for classical solutions to (3.3) we employ an invariant region
approach. Note that here we do not need the assumptions from Theorem [3.1.2] on the signs of

m and 7.

Theorem 3.1.9. Let f denote the two-dimensional mass-action vector field generated by the
k

single reversible reaction miA+n1B kz‘l moA+noB, where m = m1 —mso and . = ng —nq are
2

nonzero. Then, for any compact set K C R2>0 there exists a rectangle R = [a1, an] X [B1, 2] C

R2>0 such that K C R and such that f points into the interior of R on OR.

Proof. With the notation we have already introduced, a, b denote the concentrations of A and

B, and m = m; — ma, 7 = ny —ny1. The corresponding ODE system reads

a — Ao

| = (k1a™ "™ — kaa™20™?) ,

b AT
so positive trajectories are confined to stoichiometric classes (p+span(—Aam, A\pii)!) NR2 ) (see
Figure [3.1)). The positive steady state manifold is the curve a=™b" = ky/ko, and it is easily
checked that it intersects each stoichiometric class intersects at precisely one point. It is also
easy to see that the unique steady state in each stoichiometric class is globally asymptotically
stable on that class. It follows that a rectangular region R C R2>0 is invariant if and only if it

contains the steady state on each stoichiometric class that intersects R. If mn # 0 this can be

achieved by choosing opposite vertices of R on the steady state curve (Figure , b.). O

Now we use a less general (tailored to our needs) version of Corollary 14.8 from [97].
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a. > b. / g

Figure 3.1: Construction of a rectangular invariant region for the reversible reaction
mi1A +n1B = maA + n9 B for the cases a. m = m1 — mo, 7. = Ng — N1 NONZETO
and of the same sign; b. m,n nonzero and of different signs.

Theorem 3.1.10. Suppose that D is a k X k nonnegative definite diagonal matriz. Then any

region of the form (invariant rectangle)
k
E:ﬂ{u:aiguigbi}
i=1

is invariant for the k x k reaction-diffusion system
vy = Dvugy + f(v,1)

provided that f points strictly into X on 0X.

(1) By using the above two theorems we immediately conclude that if mn # 0, then
the reaction-diffusion system shares the same invariant regions with the corresponding
reaction system. Thus, under the restrictions on ag and by from the statement of Theorem
we get a uniform upper bound 0 < w < oo for a and b; this also implies the existence of

a unique global classical solution.

(2) If m = n = 0, then we are dealing with two decoupled homogeneous Neumann heat
problems on the same domain. It is known that the lower and upper bounds on ag, by are

preserved for all time. Both densities converge exponentially to the averages of the initial data.

(3) If only one of m, 7 is zero, say m = 0, then the equation for a decouples and,
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as above, we have that a stays bounded globally in time between inf ag and sup ag, and it

converges exponentially to the average of ag. The equation for b becomes
by — dpAb = \p|A|a™ bP (1 — b7,

where p := min{nj,ns}. The positive equilibrium is bo, = 1. Now we use Theorem [3.1.10| with
k=1 and f(b,t) := N\p|f2|a™bP(1 — b\ﬁ\); since a is bounded uniformly away from zero and
infinity, we conclude that at the boundary of any interval [d, M], (where 0 < 6 < 1 < M < o)

f does, indeed, point strictly inside said interval.

In conclusion, if ag, by are bounded away from zero by « and from infinity by 8 (as in
the statement of Theorem [3.1.2) we get explicit (depending only on « and ) global bounds

(and global existence and uniqueness) on a, b in all cases.Let these bounds be €2, w, so that

0 < €2 < min{a(z,t),b(z,t)} < max{a(z,t),b(z,t)} <w < oo for all (z,t) € Q x [0,00).

(3.32)

3.1.3.2 Convergence for the two-species system

We use the same entropy entropy dissipation method to obtain an explicit exponential conver-
gence rate for the two species system in any dimension. Once again, the Log-Sobolev inequality,
the Poincaré inequality for the square roots of the densities minus their averages, along with
a few important algebraic inequalities proved in the Appendix help us obtain an EEDI of
the type D(t) > cE(t), where ¢ is a positive real number (independent of time). Again we

introduce the relative entropy

E(a,b|aoo,boo):/ (alna—a+aoo>d:n+/ <blnb—b+boo>dx
Q Qoo Q boo
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and its corresponding entropy dissipation

2 2
D(a, blase, boo) :da/ [Val dx+db/ VO 4,
Q a o b

a™pm gmepn2 a™ b2 gmMpm
+ag™Mpm [ W : dr +a™p™ [ : dzx.
o0 o Y\ e o0 o\ v o

Due to the following identity

E(a,b|aso, bos) = E(a,bl@,b) + E(a@, blaso, boo)

and the Logarithmic Sobolev Inequality (3.19) we have

2 b2 _
da/ [Val dx+db/ VO 1 > Dy E(a, bla, D), (3.33)
Q a o b

where Dy = min(dg, dp) - CLsy.
From computation, we get the following estimate

2 b2
D(a,blaso, bso) :da/ de-i-db/ mdm
o a Q b

a™pnt gmzpn2 am™2pnz gmipni
4+ g1 pt v : dr + a2 | v : dz
% Jo o \acd i asRbrd 0 Jo o \ad2brd’ adetbsd

> 4d,|[VVal3 + 4dy||V V5 + 4de[|V Vel 3 (3.34)
a™1ipni a™m2pn2 2 am2pnz a™m1pni
albi  aZPbR af?biz  \ allbid

e
amlbnl amgb’ﬂQ 2
> DoVl + I9VBIE + I9vels + |\ 2 — | )
2

2

min1
+ oo boo

2

2
mi1i1ni m2ypn2
oo bos oo bod

where Dy = min(4d,, 4dy, 4d., a1 b2 + a2b12).

Cr Yoo

The global L> bounds on a and b ensure that there exists N such that @,b < N. Thus,

we get
(N, y)

U(z,y) < N - Vi)

(Vr — /y)? for all 2 < N.



94

Since 0 < oo, boo < N,

_ a _ b -
E(a,blaco, b)) = <alna —a—i—aOO) + <blnb — b—i—bOO)

YN, aco) _OO ) Vo (3.35)
(\F Vioo)? Vi) + (\F \ﬁ Vi)

< Ds[(Va - V) + (Vb Vb)),

<

where

Dy max{( (N, as) U(N, boo) }

VN = Vax)? (VN = Vbs)?

Now we claim there exists a constant D4 > 0 such that

amzpnz ||

2 2 amibm
19al} + 19015 + |\ S ) g

o 112

TN ——ma 2
b b

> DIV Valg + 19Vl + (L - 0 )
Ao bod a2 bh2

(3.36)

Now we again introduce the deviations §, = /a — %, o = Vb — % and make the
decomposition

Q=D,uUDt,

where Dy, :={z € Q : |d,],|0s] < L} with a fixed constant L. On the set Dy, we get

Vam = (Va+ 8,)™ (Vb o+ 5)"
<" VB 4 (16a] + 18 Ba(16al, 165, vV, vVB),

Vama bz = (Va+ 5,) (Vb + 6,)™
<Va" Vb (18] + |8 Ra(16], 150], Va, V),



where R; and Ry are finite due to the boundedness of |8,|, |63, v/, V/b. Then we get

\/aml pni \/amz pn2
H stV aBEbE oy
> (L NN

R2
= 201(18al + 8DIIZ (0, ) g2z
—mi1~ ——=ma~ =2

Vo A"V =7

<§W Ve ) 1P = RUSL 1l Va VBl o

||5b||L2(DL)]7

2

R2
) 101215 + D) s

where R(|0a, 6], v/a, \[) mlbnl + ﬁfbw is finite (depends on the choice of L and N).

On the set DE, by using Poincaré’s inequality, we get
L by g

IV Va3 + IV VBl > Cr (I8l e + 103 > CpL?|DY].

L2(D%) )

Since N —
Wl\/g 1 %’n’m\/g 2 § \/N'm1+n1 . \/ngJrng
we infer S i~z g
b b
I9vall3 + [V VI3 > R f R U
where

\/Nmrl—m \/Nmﬁ-m > -2

R=CplL?
g (Wzyb@:s LT

95
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We combine the above two parts, pick K > ﬁ and have the following

2

am™ipm am2pn2
(19 vals + VB + S -/

miypni ma21n2
oo bos Ao’ bod 2

VitV Ja Ve N2,
D%

> K(||[Vval|3 + [|[VVDb|3 +Kfi< -
(N

2
2\ Vo N ) D] = R[10all22(p,,) + H(SbH%Q(DL)]}
+ KCP(”(SaHQL?(DL) + ”55”%2(DL))
N W"’\/B"z)?}

Valt by Val2 b2

> cK,R[nwaH% LIV + (

where Cg r := min{K R, %} We can fix L > 0 and get the corresponding R, then pick
sufficiently large K (e.g. K > R+ 1) such that we obtain (3.36|) with Dy = C;I;’(R.

It remains to show that there exists a constant Ds such that

—=miT M —=my M2 g
19l + [Vl + (L - o)
> Ds[(Va - vaw)® + (Vb= Vb)?).

(3.37)

We again introduce fiq, it to parameterize /@, Vb with

Va = a1+ ), Vb= b1+ ). (3.38)

where, in view of (3.32), we have p. < pig, p < o, with pe = W —1and p, =

Ve _ 7= _ %3 —_ 2 _ 1
s /o] 1. We have v/a = it ++Va = va— T(a)||6]]3 , where T'(a) T
Similarly, vb = \/E—T(b)||5b||% , where T'(b) = —-! Both T'(a), T'(b) have uniform (in time)

N

upper and lower bounds. Given the symmetry of (3.3)), it suffices to discuss the case m, n > 0,

. . NN
so we make this assumption in what follows; thus, we can factor out <\/£m2\/@n1> from
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the squared term in the left hand side of (3.37]) to see that

m n
Vall by Val2 b2 asl bl

£2mz+ny) T(a))|62\™ T(b)/I53\"
S ey _ 41a)f|%l]la B . \T/NToN2 =: A.
= A KHH“ Voo > <1+Mb H !

(S TG (S b >

Va2
Vs " Vboo 2

and the proof would continue otherwise unchanged. We

2
Of course, if m, 7 < 0 we would factor out ( > instead, which would replace

g2(my+ng)

amlbo2

the constant Ejgj;él) by
evaluate
62(77’L2—&—n1) . A
A= W{[(l + o)™ + [|6all251 (ta; [10all2, T'(a))] — [(1 + pp)
oo oo

+ 11001252 (s 185 12, T(6))] )

62(m2+n1) { 1

Z g 5[(1 + 11a)™ = (1 + p)"]* = 2[[|6all251 — H5b||252]2}

g2tmatm) 11 in 12 2 2
> S {30+ i)™ = (0 ) — 401815 + 1615

where S = max (|S1],|S2|).

We have [|6,]|3 = @ — (va)? < w, similarly [|6[|3 < w and T'(a),T(b) < L, pra, o < pres

so S is uniformly bounded and

(T Y
Vasdbss  Vaseb

g2lmatm) n 12 2 2
> o (L )™ = (1 )12 = Dol6al3 + 10,13,

2(mg+ny)

where Dg = 45z || |- Poincaré’s inequality yields

%mlﬁnl - 7a771275n2>2
Val b Vall2 b2
> Dr[(1+ pa)™ = (1 + )",

IV vall + | VVBI3 + (
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52(m2+n1)

where D7 = WDﬁ_l. On the other hand,

(Va = vam)? + (VB = v/boo)? = Gooti + oot

so we need to compare [(1+ p1q)™ — (1 + up)"]? with p2 + p2. First assume mn > 0, i.e. both

m, i are positive integers. The conservation law for (3.3) reads
Mna@(t) + Aamb(t) = Moo + AaTMbso for all ¢ > 0, (3.39)

so (3.38) together with the nonnegativity of A\,, Ay, m, n implies that either p, = pp = 0

(trivial case) or pgup < 0. Recall that pu, > —1, up > —1 for all time. If g, > 0 > pyp, then
(14 pa)™ = (L4 )™ > [(1+ p1a) = (1 + )]? > g + o
Otherwise, if pup > 0 > g,
(14 pa)™ = (L )™ = (1 1) = (1 + 1a) ™1 > pig + i,
so in all three cases we have that for all time ¢t > 0
(14 pa)™ = (14 )" = g + i

Now, if m = n = 0, we get the decoupled heat equations case where u, = up = 0 for all time
t, so the inequality above is trivially satisfied. If m = 0 and n > 0, we get pu, = 0 for all time
and it is easy to see that the inequality still holds because we can use 1 — (1 + pp)"™ > —pp if

pp < 0 and (14 pup)™ — 1 > Ay > pp if pp > 0.

Proof of Theorem [3.1.2k

Proof. Set D5 = —P7_— to see that ([3.37) holds, and then combine (3.34)), (3.37), (3.36)

max(aoo,boo)
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and (3.37) to reveal
DoDyDs

D(a‘7 b|a007b00) Z D3

E(@, blaco, boo).

In view of (3.33)), we get
D(a,blaso, boo) > DsE(a,blaco, bso)

Do Dy
D3

for Dg = min( Ds D), which finally proves that the solution decays exponentially to the

positive equilibrium at an explicit rate. O

3.1.4 Remarks on generalized model

Here we indicate how to adapt the above analysis to get convergence to the complex-balanced

equilibrium for the following model
A+(r+1)B=rB+C,

where r > 0. By the Gagliardo-Nirenberg interpolation inequality |105] (in spatial dimension
1), we know that

lullfe < ColIVulZe - [lullf2 + Callullze,

where u = y/a, Vb, \/c. The above inequality implies the following
lallze < VallZs - llall7: + llall7: S ValZe + llal7:;

the last inequality holds since [|a|7, has a uniform upper bound (due to the conservation law

a(t) + c(t) = dg + ¢p). Therefore, we have
T T
/ lall et < / IVal2adt + lla2s - T < Hy + a2 - T,
0 0

since [y || Val|3.dt = Hy < oo (similarly as (3.8))). Thus, we get that fOT l|la|| L dt has at most
linear growth, and this estimate holds for b, ¢ as well.

Now let us also make the assumption 8 = ||%|| L=[0,1] < 00; because the classical solution is
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continuous, there exists t; > 0 such that HT]'t)HLoo[OJ} < 10 for all t € [0,t1]. We have the
following equation for b:

b — dpAb = b"c — ab" Y.

We next divide the above equation by —b("*+1) and get the following:

1 1 ab ) bre |Vb|?
8t<br> dbA(br) b(T+1) b(T’+1) deT(7’+2)b(r+2) < a

Using the maximum principle for the heat equation, we have that, for all ¢ € [0, 1],

I

‘1
<\l
bO

T
4 / lallzedt < B+ llall2: -,
L[0,1] L~[,1] o

where 8 = ||%HL00[071] + Hi. We can iterate this inequality in time to get

b(t) = n[lofubr(x,t)z(ﬁ+||a||§1t)—1 (3.40)
xe|0,

for all ¢ > 0. We conclude that " decays to zero at most linearly, and use the following

inequality
ab™ ) pre b\" ab c b(t) ab ¢
v : = (=)ol ) > My L
(a b(r+1) 7 bgocoo> (boo> (aooboo, boocoo> o bgo (aooboo7 boocoo)
ooYoo

to get the L' convergence to the positive equilibrium by the same method as in the previous

sections.

3.2 Instability of boundary equilibrium for a complex-balanced
Reaction-Diffusion system
In this section, we study the network A + 2B = B + C but in three dimensional space

by using the elliptic and energy estimate to show that the unique boundary equilibria is

locally instable (Theorem [3.2.1)). Then for the general case of one reversible pair of reaction
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a1 Ay + ...+ anAn = 1AL + ... 4+ Br A, we use the same technique but are able to show the
locally stability of the unique positive equilibria (Theorem . It is worth mentioning that
the local stability around positive equilibrium in L norm for this system can be achieved by
[31] and [87]. This paper provides a different method to show the local stability in H? norm.
Moreover we use this method using elliptic and energy estimate to show local instability around

boundary equilibrium.

3.2.1 Introduction and some results

Here we consider 0 < T' < oo and a semi-linear parabolic system
u; — DAu= R(u) in Q x (0,7,
with an initial data
u(-,0) = up in £,

where u :  x [0,T) — R™ is a vector of concentrations at spatial position z € {2 (an open and
bounded subset of R3) and time ¢ € [0,00), D is a positive definite, diagonal n x n matrix and

we consider Neumann boundary conditions throughout this work:

8ui
on

:=Vu; - n=00n 90 x (0,7), i =1,...,n,

where n is the outer normal vector at the boundary and R : R® — R is a vector field whose

components are polynomials and it is determined by the chemical reactions under consideration.

3.2.1.1 Instability

The system we consider in this section is A + 2B = B 4+ C. The choice of spatial dimension
d = 3 and we assume ) is connected and bounded domain in R3. In this paper, our method to
prove both stability and instability seems confined to three-D or lower, as it uses the Sobolev
embedding inequality where the H? norm of the solutions leads to the boundness of the L™

norm. Notice that by rescaling time ¢, space z and the concentrations (a, b, c), from [46] we
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can always assume that reaction rates and domain volume are 1.

The corresponding 3 x 3 reaction-diffusion system is

G — dyAG = —ab® + be zeQt>0,

by — dyAb = —ab® + be x €N t>0,

& — d. AT = ab® — be z e t>0, (3.41)
g3 _ b _ 02 _ z €Nt >0,

a(z,0) = ag(x), b(x,0) = bo(z),&(x,0) = o(x) = €,

where u = (@, b, ¢) stands for the concentration of (A, B, C). In this case D = diag{dy, dp, dc} €

M3, 3(R) denotes the diagonal matrix of diffusion constants.

Considering the reaction system, we have the following conservation laws;

/in(t,m) dx+/ﬂ'5(t,x) dx:/gao(x) dfr+/9'50<$) de = M,
/Qz(t,.@ d:c+/ﬂ'5(t,x) dx:/ng(ﬁf) dw+/950(x> du = My.

From [46], in the case A+2B = B+ C as long as M; > M> there are two types of equilibrium

(3.42)

(Gooy booy Coo) and (aeo, 0, ¢o) following (3.42)), and we name (@0, boo, Coo) @s unique positive
equilibrium and (ae, 0, ¢so) as unique accessible boundary equilibrium. We exclude the case
when fQ bodx = 0, since in this situation the system degenerates to the heat equation and the

solution converges to (ano, 0, ¢so) because of b being zero.

To show the instability of boundary equilibria, we define y7 = (uT,]) with u = (a —
(oo, b, C — Coo)T and get the equation for y such that y, = Ly + N(y) where L is the linear

operator. Also we introduce two norms

1yll = llulle + [lullz and [l ylll = l[ullg> + [[ull2,
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where || - ||2 represents the L2 norm and || - || g2 represents the H? norm. Our method to prove
local instability for A 4+ 2B = B + C, as it first shows that the eigenvalues for operator L is
non-positive |[101] and then uses the energy estimate, elliptic estimate [5], and the rest is based
on the argument of [52][50]. It is an important result that we can deal with local stability and

local instability in this quadratic case in higher dimension.

In this section, we will prove the instability statement for accessible boundary equilibria,

namely:

Theorem 3.2.1. Consider a family of initial data y°(0) = Syo with ||yl = 1, Jo bodz # 0
(bo > 0) and |||yoll| < oo and let 6y be a fized sufficiently small number. Then there exists a
constant Cp and X\ > 0 such that

HeLtyOH > Cpe)\tv

where L is a linear operator such that yy = Ly + N(y) and if 0 <t < T = %log %0, then at
the escape time

ly(T*)]| = 70 > 0,

where 19 depends explicitly on yg and is independent of §.

Remark 3.2.2. In the following section, we define T* = sup,{|||y||| < o} where o is bounded
and defined in Lemma [3.2.10| and in the proof of this theorem we show that 7% > T°. Under
the Sobolev embedding inequality, this guarantees the existence of solution up to the escape

time T9.

We can use the same technique to adapt A1+...4+4;+2B = B+C1+...+C, which is more
generalized and we define y7 = (uT,u]) and u = (@1 —a1,00, -, Al— Q005 s C1—C1 005 -+, Er—Cr.00) T,

we can prove the similar instability statement for accessible boundary equilibria, namely:

Theorem 3.2.3. Consider a family of initial data y°(0) = Syo with ||yl = 1, Jo bodz # 0

(bo > 0) and |||yoll| < oo and let 6y be a fized sufficiently small number. Then there exists a



104

constant Cp and XA > 0 such that

le"yoll > Cpe,

where L is a linear operator such that y, = Ly + N(y) and if 0 < t < T = §log %0, then at
the escape time

ly(T*)]| = 70 >0,

where 19 depends explicitly on yo and is independent of 0.

The above theorems will be proved in next section.

3.2.1.2 Stability

Initially we consider proving the local stability at positive equilibria for simple case A+ 2B =
B+C by defining the small perturbation a = @ —auo, b = g—boo, ¢ = C— Coo Where (oo, boo, Coo)

is the unique positive equilibrium with a..bse = ¢ and compatible with the conservation law.

Therefore we get the following equation for perturbation

a; — dgAa = —(b+ boo)(ab — (¢ — boga — axh)),
by — dpyAb = —(b+ boo)(ab — (¢ — booa — axh)), (3.43)

¢t —deAc = (b+ bxo)(ab — (¢ — booa — aseh)).

By multiplying bsoa, ascb, ¢ on (3.43)) respectively and integrating over € by parts, we

get the first part of the energy estimate.

1d
2t
= /Q(b + boo)(ab — (¢ — oot — aoob)) (¢ — booa — acob)dx.

boollall3 + aso[lbll3 + [lcl3) + (dabool|Vall3 + dpace | V13 + de||Vell3)
(3.44)
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Next step is the most crucial. We try to absorb the right hand side by the energy-
dissipation term d,bso||Va||3 + dpaco || V0|3 + de||Ve||3. However we can’t apply Poincaré in-
equality to compare ||[Vallz and |lal|z directly since [, a dz, [, b dz, [, c dz is unknown. Mo-
tivated from the conservation law , we introduce two new variables d = a+c,e =b+ ¢

where fQ ddr = fQ e dr = 0. Now we can apply Poincaré inequality on d and e to get
ldllz < [[Vdll2, llellz < [[Vell2

In this paper, the notation X <Y means that X < CY for some constant C' > 0.

Then we analyse the sign status for d and e and use the structure of non linearity along

with Poincaré inequality, here we let f = ¢ — booa — aoob to simplify the notation.

If f>0,ab<0or f<0,ab> 0, the integrand on the right hand side is non-positive,
thus
/ (b + boo)(ab — (¢ — boo@ — acob)) (¢ — booa — accb)dz < 0.
Q

If f <0,ab < 0 which implies a and b have different signs, thus
/ (b + boo)(ab — (¢ — booa — acob)) (¢ — booa — anob)dx
Q
< / (b+ boo ) (ab)*dx = / b (ab)?dx + / boo (ab)?dz.
Q Q Q
If b < 0, since |ab| < (a —b)% = (d —e)?,

b (ab)?dz + | boo(ab)®dx < [ (d* + e)da.
/ J I

Q
If b > 0 which implies a < 0, we have b<b—a=e —d < e? +d? + 1,

/b-(ab)2da:+/ boo(ab)2da:§/(e2+d2+1)(d4+e4)daz.
Q Q Q
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If f > 0,ab> 0 and if f > ab, the integrand on the right hand side is non-positive, thus

/ (b + boo)(ab — (¢ — boo@ — aoob)) (€ — booa — acob)dz < 0.
Q

If0< f <aband if a > 0,b > 0, then we can get ¢ > booa + axob > 0 which implies

d>aande>band ab < |d-e| < d?+ €2, then we have

/Q(b + boo)(ab — (¢ — beoa — aseh)) (¢ — booa — acob)dx:
2 = a 2 X a 2 X
5/9(b+boo)(ab) dx—/gb( b)2d +/Qboo( b)2d

2 4 4
Sj/ﬂ(e +1)(d* + e*)dx.

fO0< f<abandifa < 0,b <0,c <0, then we can get d < a < 0 and e < b < 0 and

ab < |d-e| < d? + €2, then we have

/Q(b + boo)(ab — (¢ — boott — aoob)) (¢ — booat — acob)dx

< /Q (b+ boo)(ab)de < /Q (@ + ¢V,

IfOo< f<abandifa <0,b<0,c> 0, then we have
ab + (booa + asob) > ¢ > 0,
but ab + (boo@ + asb) = b (a + aoo) + abss < 0, this is the impossible case.
After considering all above cases, we can get the following

1d
5 g7 (becllall3 + asc[[bl3 + llell3) + (daboolVall3 + dbacc||VBI5 + del| Vel3)
(3.45)

< g(lla, b, clloo) (VI3 + [ Vel3),
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where g(||a, b, c||oo) = ||(€? + d?)(e? + d? 4+ 1)||oc and provided that ||a, b, c|| 1 is small enough
such that g < min(dybso, dpaoo, de), we have

2 (boollall3 + asolBll3 + llellz) + (dabool[Vall3 + dyaco|| VBII3 + de]| Vel 3) < 0. (3.46)

Then we apply 9; on (3.43) and multiply them by bocat, Goobt, ¢t respectively, then
integrating over € by parts and sum up all three terms, we get
1d
5 g7 (boollacls + accllbell3 + lleel3) + (daboo|[Varll3 + dyaoo [ VO[3 + de[[Ver3)

/ (boot + aooby — ¢)bi(c — aoob — booa — ab)dx + /
Q Q

(booat + aoobt — Ct)Z(Ct — atg — thi)d:c

(3.47)

Similarly we analyse the sign status for the following variables d; = a; + ¢¢, ¢ = by + ¢

which is also motivated from the conservation law and we also get

/ d; dv = / e¢ dz = 0, | dill2 < |Vell, lleellz < | Veella.
Q (9]

Considering all possible cases, we are able to show that if ||a,b, c|[z~ is small enough,
we have the following

dt(booHatH% + aoo[bell3 + [let13) + (daboo [V ar||3 + dbaco ||V [13 + del|Ver|3) S 0. (3.48)

Combing energy estimate (3.46))(3.48)) with the elliptic estimate (from Theorem in Section
2)

3 3
oillz, S llbe — ab® — 2abbos — baccllz + Y 19:(wi)ll2 + Y lfville,
i=1 =1

where v = (a, b, c). Then we have the local stability for a,b,c in H? sense.
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In the section 3.2.3, we consider the generalized case for one reversible pair
a1 A1+ ...+ apAn, = B1AL+ ..+ BRA,.
The corresponding n x n reaction-diffusion system is

o — di AT = (B — ;) (U —uP) z€Q,t >0,
Vu;-n=20 xr e 0, t>0, (3.49)

ﬂi(:(}, O) = ﬂ@o(ﬂ?) T € Q,

where o = (v, ...,ap) and f = (B, ..., By) and oy, B; are non-negative integers. In this case

D = diag{d;} € Mpxn(R) denotes the diagonal matrix of diffusion constants.

From [46], as long as [, @;o(z) dz > 0 there must exist the unique positive equilibria
and we name it as uso = (u1,,, U2, ..., Un., ). Therefore we have the unique positive equilibrium
Uso With ug, = u3, under the conservation law Vi € L := {i € {1,...,n}a; > B;} ,Vj € R :=

{j S {1, ...,TL}’CM]' < ,8]}

(a; — B;) /Q ui(t,z) do + (Bi — ;) /Q ui(t, ) dv = (; — Bi)uiy, + (85 — aj)uj, == M ;.

(3.50)

We exclude the case when [, @;(t,z) dx = 0, since in this situation the system degenerates to

the heat equation and the solution converges to the boundary.

The method to prove local stability for ay A1+ ... + ap A, = B1A1+ ...+ B A, is similar
as in A+ 2B = B+ C case. We show the energy which consists of L? norm of v and L? norm
of u; is non-increasing by energy estimate and analysing the sign status for every u;. Then the

elliptic estimate can show the local stability for u; in H? sense.

In this section, we prove the local stability for the unique positive equilibrium wus, =

(U1, U2y -y Un,, ), Nnamely:
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Theorem 3.2.4. For system (3.49)), there exists small constant 6 such that if the initial per-

turbation u(x,0) satisfying

n

> Ui, 0) 12 + [fui(z, 0)||) < 6,

i=1

then we have

n
D luile, )l S e
i=1
where | depends explicitly on o, 3 and 6.

The above theorem will be proved in the Section 3.2.3.

3.2.2 Instability of boundary equilibria
3.2.2.1 Instability for A+2B =B+ C

Since we want to show the instability at the boundary equilibrium (@, 0, ¢s ), We introduce

three new variables as perturbation around the boundary equilibria.
4=10— Gx,b=b,c=¢— cx,u = (a,b,c)T. (3.51)
Thus we have the conservation law for (a, b, c),
/ a(t,z) dz —l—/ c(t,x) do = 0,/ b(t,x) dz + / c(t,z) de =0. (3.52)
Q Q Q Q
Note that

—ab? + b = —(a + a00)0? + b(c + o) = bloo + (be — (a + aoo)b?).
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Therefore we get the equations for w,

ar — doAa = b + (be — (a + aso)b?) x €N t>0,

by — dpAb = beos + (be — (a + aso)b?) x e Qt>0,

ct — deAc = —bcoo — (be — (a + a0 )b?) e Qt>0, (3.53)
go — 96— Ge — z€0Q,t>0,

a(z,0) = ap(z),b(x,0) = bo(z), c(x,0) = co(x) x € Q.

It is convenient to express (3.53) as

ur = Liu + Ni(u), (3.54)
d, A Coo 0 be — (a + aso)b?
where L1 = 0 dA+cx O and Ni(u) = | be— (a+ ax)b?
0 —Coo d.A —be + (a + as)b?

We cite Theorem 1.1 and Theorem 1.2 in Section 11.3 in [101]. For open and bounded
the domain 2 with sufficient smooth boundary and the Neumann boundary condition, we

denote the eigenvalues by \; and the eigenfunctions by v;(x). Thus

—Avj(z) = A\jvj(z) xe€Q,

(%5'71(11):0 x € 0.

Then we can number them in ascending order,
0:)\1</\2§/\3§...

The first eigenfunction vy (z) is a constant and the eigenfunctions forming a basis are complete

in the Lo sense.

Therefore the largest eigenvalue for Laplace operator is zero with the corresponding
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eigen-function is the constant function.

Lemma 3.2.5. For the linear partial differential equations

uy=Lu x€Qt>0,

=0 2€00t>0,

we have the following estimate
le 1 ugll2 < 3" ug]|2-
Proof. To get the eigenvalues A for (dpA + ¢ )b such that
(dpA + co0)b = A0 = dpAb = (A — coo)b.

Since the largest eigenvalue for Laplace operator is zero, we have A < c¢. And because the
eigenfunctions forming a basis are complete in the Lo sense, we can write initial data by € L?

as bp(z) = >_bjv;j(x) in the Ly sense and we get
J
b(t,z) = etliby = Zb Nty (@

also in the Lo sense, therefore

[b(t, z)[l2 = || Zb ei'v; ()2 = Z 1% bj0;(x) 2
< Z le®*bjvj(z)ll2 = €c°°t|| Zb v;(@)ll2 = e [boll2-
i

Then for a; = dyAa 4 cob, ¢ = d:.Ac — coob, we multiply a and ¢, integrate over domain §2
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respectively and we get

1d,
Qﬁuauz—/ﬂdaAaadx—i-/Qcooba dx

_ —/ da]Va|2dx+/ e dz < ool ||Bll2,
Q Q

1
d”CH%:/dCACCdCL‘/COObC dz

= —/ d|Ve|*dax — / Cocbe dx < cool|c||2]|b]]2-
Q Q

which implies

d
Fllall2 < csollbll2 < Cooe™"[[bo]l2; g llell2 < eoollbll2 < Cooe™"[[bol2-

Therefore we have

la(t, 2)ll2 < llaoll2 + e="[[boll2, lle(t, 2)ll2 < lleollz + €“*[[boll2- (3.55)

In order to use the elliptic estimate, we also need the following variables
ay = Gy, by = by, ¢ = ¢, up = (ag, by, )T

Taking the time derivative on (3.54)), we get

uy = Loug + No(u,uy), (3.56)

where No(u,u;) = 0¢[N1(u)] and Ly = L.
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Now we define yT = (uT,u]) and get the equation for y,

y+ = Ly + N(y), (3.57)
L1 0 N1 (’LL)
where L = and N(y) =
0 Lo No(u,uy)

Considering Lemma and L is block diagonal matrix, we can get

leEyll = lle ™ ull2 + fle w2

< 3efullz + 3e“!|Juela = 3e“||y]|.

Therefore we have

tLH = g HetLyH

< 3elel, (3.58)
i<t vl

le

In order to get the elliptic estimate, we cite the Theorem 10.5 in [5].

Supplementary Condition on L. L(P,Z) is of even degree 2m (with respect to =).
For every pair linearly independent real vectors =, =’ the polynomial L(P,Z + 7Z’) in the

complex variable 7 has exactly m roots with positive imaginary part.

In this condition, P represents the points on the boundary 92 and Z represents the

tangent vector and Z’ represents the normal vector at P.

Complementing Boundary Condition. For any P € 0f) and any real, non-zero

vector = tangent to 9Q at P, let us regard M (P, E,7) = [[ (r — 7/ (P,E)) where 7,/ (P, E)

with h = 1,2,3 are the m roots (in 7) with positive imaginary part of the characteristic

equation L(P, =+ 77) = 0. And the elements of the matrix

N
> B} (P,E+ ril)L*(P,Z + 7ii),
j=1
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as polynomials in the indeterminate 7 where L*(P, =+ 77) is the matrix adjoint to (1h;(P,E+
7ii)). The definition of I;; will be shown in the following Theorem. The rows of the latter

—_
—

matrix are required to be linearly independent modulo M ™ (P, Z, 1), i.e.,

m N
ZChZB;Lijk =0 (mod M™),
h=1  j=1

only if the constants C}, are all zero.

Theorem 3.2.6. For the elliptic systems of partial differential equations

N
> (P, 0)u;(P) = Fy(P), i=1,..,N,

j=1
where the 1;;(P,0), linear differential operators, are polynomials in 0 = {0y, ..., 0, } with
coefficients depending on P over some domain  in x1,...,xn41-Space. The orders of these
operators are assumed to depend on two systems of integer weights, s1,...,sy and t1,...,tn,
attached to the equations and to the unknowns, respectively, s; corresponding to the i-th equation
and t; to the j-th dependent variable u;. The manner of the dependence is expressed by the
inequality

deglij(P, E) <si+tj, 1,]= 1,.... N,

“deg” referring of course to the degree in =.

If L = det(l};(P)) where li;(P) consists of the terms in l;;(P) which are just of the order
si +tj (the leading part with the highest order) satisfies the supplementary condition and the

boundary conditions are complementing

N
ZBhJ’(R 0)u;(P) = pp(P) on 02, h=1,...,m,
j=1

in terms of given polynomials in =, By;(P,Z), with complex coefficients depending on P with

m = %deg(L(P)) > 0. The orders of the boundary operators depend on two systems of integer
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weights, in this case the system ty,...,tn, already attached to the dependent variables and a new
system 1y, ..., "m of which ry, pertains to the h-th boundary condition. The exact dependence is

that expressed by the inequality
degth(P,E) <rp+tj, h=1,...m,5=1,..., N,

A constant K exists such that, if |u;||;, 1+, is finite for j=1,...,N, then for a given integerl > Iy,

|wjllive; is also finite, and
gl < KQ O NF s, + Y lenllir—17p + > luslo).
i h J

where || - ||; = || - ||z, and K is dependent on the domain and the modulus of continuity of the

leading coefficients in the l;;.
From the above Theorem we get the following lemma.

Lemma 3.2.7. For the system u; = Liu+ Ni(u) in (3.54) with Neumann boundary condition

%|8Q = 0, we have the following elliptic estimate
il S NN ()2 + [ull2 + [Juell2-

Proof. We first need to check whether the system satisfies the conditions in Theorem [3.2.6
Now we rewrite the system (3.54)) by putting u; to the right side.

We set s; = 0,t; = 2 with 1 < 4,5 < 3. Therefore we get

=

!

m
I

det(Ij;(P,Z)) = dadyde (&1 + & + &3)°,

where Z = (£1,£2,&3). It’s obvious to see L # 0 for real Z # 0 which implies it is the elliptic

—_

system. Next we check the supplement condition on operator L. L(P,Z) is of the even degree
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2m with m = 3. Then for every pair of linearly independent real vectors Z,Z’, we have

L(P, 2+ 1) = dadpd (&1 + 7€) + (&2 + 7E5) + (&5 + 7E5)°)°.

The above polynomial has exactly m = 3 roots with positive imaginary roots since any real
number can’t be the root because of the linear independence and symmetric of the polynomial.

We can also pick sufficient large A such that
ATHEP™ < |L(PE)| < AEP™,

to show the system is uniform elliptic.

Next we need to check whether Neumann boundary condition is complementing . Since

we have Neumann boundary condition which means
(n1-01 +mng-0a+ng-03)v; =0, for i =1,2,3.

Then we set r, = —1 with h = 1,2, 3.

Here we set = be any tangent to 92 and P € 0). Therefore B;w. (P,Z) =n1-& +no -
E+mns3- & if h = j. Since we know L(P, = + 77) = 0 has three roots with positive imaginary
part 7,7 (P,E) with h = 1,2,3. We set

M*(P,E,T)= (t— 7,7 (P,E)).

And let (L7%(P,Z+7)) denote the matrix ad-joint to (li;(P,Z+71)). Then we have (L7k (P, =+
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7)) = diag{dpde, dade, dadp} - (€3 + €3 + €3)? which is also a diagonal matrix. Thus we get

m=3 N=3 '
> CwY_ B L*(PE+ i)
h=1 j=1

= Cr(n1 - (&1+7m1) +ng - (€ +7n2) + n3 - (& + 7ny))

x ((€1+7m)% + (&2 +7n2)* + (& + ™n3)%)* =0 (mod M),

for k = 1,2,3 only if 7@ || (§&1 + 711,82 + Tn2,&3 + T™n3) or {Ck} are all zero. It’s obvious to
see that Neumann boundary conditions satisfy the complementing boundary condition. Then
Theorem shows that with I; = max(0,7, + 1) = 0, if ||u;|| 7, are all finite, pick [ = Iy,

then for i = 1,2, 3, we have

3 3
luill r, < K(IN1(w)ll2 + D [10usll2 + Y [Jwillo), (3.59)
i=1 i=1
where K is a constant depends on origin equation and bounded domain. ]

Now we we start proving our main theorem, Theorem First we show the existence

of yg and the corresponding constant Cp.

Lemma 3.2.8. If ||yo|| = 1, [ bodx # 0 (bg > 0) and [||yol|| < oo, there exists Cp, > 0 such
that , there exists Cp, > 0 such that

HetLyOH 2 Cpec‘x’t.

Proof. In our case, the conservation law and [, bodz # 0 imply

4%@@:A%wwz—AWWM>Q (3.60)



Taking the integration over the domain 2 on first linear part u; = Liu, we get

d/ b(t,x)d:v:coo/ b(t, z)dx,
which implies

/Q b(t, 2)dx = e /Q bo () da.

Similarly from u; = Liu, we get equations for a and ¢

d d
/a(t,x)dx:coo/b(t,:c)dx, / c(t,x)da;:—coo/b(t,x)d:c.

From (3.60) and (3.63)), we have

/a(t,x)dm:ec‘x’t/ bo(z)dz, /c(t,x)dac: —ec‘”t/ bo(z)dz,
Q Q Q Q

which implies

et Frug|lo > 3boec=t,

where by := fQ bodx. Again by the conservation law, the second part uy = Louy shows

/bt(t,x)d:n: d/ b(t,x)dm:cooe"wt/bo(m)dm.
Q dt Jo Q

Also by the conservation law (3.52]) and (3.63]), we have

/at(t,x)dfc: d/a(t,x)dm:cooeth/bo(:v)dx,
Q dt Jo Q
/Ct(t,lL‘)dZL‘: d/ c(t,x)dx = —cooec"ot/ bo(z)dz,
Q dt Jo Q

which again imply

HetLgutHg > 3caoboett.
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(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)

(3.67)

(3.68)
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From (3.65)) and (3.68)), we can have the following

letLyo|| > Cpec=t,

where Cp = 3(coo + 1)bo. O

Then we do the estimate on the non-linear part N(y) in the norm of || - ||.

Lemma 3.2.9.

INIS My 11+ 11 -
Proof.

IN@)I = [N ()2 + [ Na(u, ur) 2

= 3||bc — (a 4 a0 )b?||2 + 3||(be — (a + aso)b?)¢|2-

(3.69)

By using Sobolev embedding inequality ||y|lcoc < Csr - ||y||m,, We can control the right hand

side by norm ||| - [||. For the Nj(u) part,

Ibe — (@ + as)t?[[2 < [lbe]lz + [lab? |2 + [[axcb? |2
< [Iblloo(llell2 + [[acodll2 + [[bllollall2)

< Cs1(1+ace) 1y I +C3r w11

For the Na(u,u;) part,

1(be = (a + ase)b*)ell2 < | (be)ill2 + [[(ab?)ell2 + [|(@ocb®):l2
< (Ibllocllcellz + NlelloollBell2) + (IBl3 Nacllz + 2llallsol1Blloc 1Bt l2) + 2o 1]l oo|[bel2

< 20s1(1+ aso) [l y II* +3C5; lly I -



120

Combining the above two parts, we get the following

IN@WI < Cn(lly 117+ 11l 51, (3.70)

for all y and ||y/|| < co and constant Cx = max {9Cs;(1 + ac), 12C3;}.

Next we do the estimate on w and u; in the norm of ||| - |||.

Lemma 3.2.10. Suppose |||y||| < o and o is sufficiently small with ||a, b, ¢||cc < Csr-0 such that
1Bl 0 (1+[lall oo +aoo) < min(coo, 1) and [[blloo+[b]1Z +|lelloo +2(l|alloc+aco)[|bllco < min(cso, 1),

we have the following estimate

t
llyll 5/0 Iyl* ds + llyol*.

Proof. Given |||y||| < o is sufficiently small, we have the smallness of ||a,b, c||cc < Css -0 by
Sobolev embedding inequality. Recall the equations (3.53|), we multiply a, b, ¢ respectively and

do the integral over the domain 2 and get

Ld

2dt

:/(a+b—c)b500+(a+b—c)(bc— (a4 aso)b?) dz
Q

(lall3 + [16]13 + llel13) + (dall Vall3 + ds||VOI3 + de[| Vel)

(3.71)
< coollbll2(llall2 + [[0ll2 + [lell2) + /Q(a +b—¢)(be — (a + as)b?) da

< cool[ull3 + [bllo (1 + llalloo + aco)llull3 < llull3.

Next on the equations (3.56]), we multiply ay, by, ¢; respectively and do the integral over the
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domain {2 again and get

1d
5%(”‘%”%4_”thg"i_”ct”%)+(da”vatH%+db||Vbt||%+dc||vctH%)

= / (at + bt — ct)btcoo + (at + bt — ct)(bc — (a + (Ioo)bQ)t dx
Q

= / (at + bt — Ct)btcoo + (at + bt — Ct)(th + th — atbQ — 2(& + aoo)bbt) dx
Q

< coollbell2([latlle + [1bell2 + [leello) + (llaclla + 16ell2 + lletll2)

% (|Ibell2llelloo + lleell2lblloo + llacll2l1bl3 + 2(/lalloo + aco)1blloollbell2)
< Cu(laellz + [1bell2 + lletl2)?,

where constant Cy, = 3[coo + [|b]loo + [|B]|% + |Iclloo + 2(]|a]loo + @oo)]|b]l0o0]-

Then we get
d 2 2 2 2
o Ulaell2 +110el2 + lleellz) < 2Cu, (lacllz + Nlbell2 + fleell2)” (3.72)

Recall the elliptic estimate (3.59))

luillzz, S Ibe = (a + ace)b?[l2 + l|ullz + Jue]l2 with u = (a,b,¢)T.

Combining this with (3.71)), (3.72]), we get the Hs estimate for u which is the first part of ||| - |||

norm

luillZ, < lbe = (a + aco)b? |3 + lull3 + [luell3

<12 (1 + llalloo + ace)*[[ull + 3 + luell3 < llull3 + [luel3

t
5/0 Ioll2(llall2 + [[bll2 + llell2) ds + llaoll3 + Ilbol13 + [lcol3 (3.73)

t
+/0 (lacllz + l1bellz + lleell2)* ds + llac ()13 + [[be(0)]I3 + lle(0)3

t
< /0 lyl? ds+ 1o,
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where the above inequalities hold because |||y||| < 0. Again from (3.72), we get the Ly estimate

for u; which is the second part of ||| - ||| norm

luell3 < Naell3 + 11013 + lleell3

t
< /0 (lallz + 1bell2 + lleell2)? ds + llae(0)13 + e (0)II3 + llce (0113 (3.74)

t
< /0 Iyl ds + lgoll*

Finally, we proof Theorem with all above lemma. The proof is based on the

argument of [52].

Proof. Now we denote

1 6o
T° = —log —
Coo 0875

T = sgp{H\yIH <o},

7+ = sup{ly| < 256" o]}

For t < min{T‘;, T*,T**}, we can get from (3.73) and (3.74]), and consider a family of initial

data y°(0) = dyo with [[yo|| =1 and lyo|| < oo,

t
liyll* < /O Ilyl* ds + 6*[lyoll* < llyoll* (62" + 62),

which implies

9l < lyoll (96 +8) < dec=". (3.75)
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Then there exists the constant C; such that
llylll < Croec<t.
Applying the Duhamel principle to y; = Ly + N(y), we have

Io(t) = 5e sl = | | 4PN G(r)

< [ =N dr

< [ 1+ 1) ar (3.76)
S’/Ot 6 (1) (3227 . 33T 1

2 oot | £3 3Coot
< g%t 4 §Pe 0t

where the first inequality holds by (3.58]), the second inequality holds by by Lemma and
the third inequality holds by (3.75)).

Then there exists the constant Cy such that
ly(t) — deFlyg|| < O(6%e2t 4 5363ty
In order to find the escape time, it suffices to show that
min {T5,T*,T**} 79
by fixing 6y small enough. Set
0o = min{cil, 2é2, %, \/?}
On the one hand, if T* < T? is the smallest, then for 0 < ¢t < T*,

lly(T*)]| < C16e="" < C1ée=T" = C16y < o,
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which is a contradiction to the definition of 7*. On the other hand, if 7** < T is the smallest,

then we have

ly(T)]| < Gee=T |lyol| + Co(8%eT + 63T
< 8T 4 Cy(5e=T"" 6 + de=T"67)

< 25e°t
which is a contradiction to the definition of T™*.
Moreover, if there exists a constant C), such that
leyol| = Cpe=,
then at the escape time ¢ = T°, we have the following estimate
156X yo|| > Cpoec="" = Cyb,
where the non-linear term is
§2e20eT? | §3e30T’ 03 + 6,

then
1
ly(T?)]| > 70 = =Cpblo > 0,
2

which depends explicitly on o, Cp, ¢, yo and is independent of 4.

Therefore we conclude the local instability for dyo as long as [|yo|| = 1, [, bodx # 0 and

llyoll| < oo and sufficient small 4.

Remark 3.2.11. If the initial data fQ bodz = 0, this means b = 0,Vx € Q,t > 0 and
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R(u) = 0,Vz € Q,t > 0 which implies the equations for a and c¢ coincide with the heat

equation. Therefore, in this case the system will converge to the accessible boundary equilibria
(CLOO, Oa COO) .
3.2.2.2 Instability in generalized case

Here we indicate how to adapt the above analysis to get instability result for the following
generalized case

A4+ ..+ A +2B=B+C+...+C,.

The corresponding reaction-diffusion system is

Os — diAG; = —b? [T a; + 0[] G i=1,.,LxeNt>0,

Ob — dyAb = —b2 [ a; + b1 & zeN,t>0,

0¢; — djAG = 2 [Ta; — b1 & j=1,.mzet>0  (3.77)
Vai-n=Vb-n=Ve¢-n=0 x € 9Nt >0,

i, 0) = @i 0(), b(w, 0) = bo(x), & (,0) = Eo(x) =€ Q.

For this reaction system, we have the following conservation laws;

/ai dx+/c~j dl':/ai,o(l') da:+/5j,o(fﬂ) dx := M,
Q Q Q Q

) ) (3.78)
/bi daz+/ ¢ dr = / bio(r) dr + / Gio(x) da = My .
Q Q Q Q

Again we are interested in the accessible boundary equilibrium of a reaction network,
as long as My ;; > Mo;; 1 = 1,...,1,5 = 1,...,r there are two types of equilibria following the
conservation laws and we name (a;0,0,¢j ) as unique accessible boundary equilibria which

follows (3.78)),

Qiyoo T Cjoo = Mij, ico + Cjoo = Maij.
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Similarly we introduce new variables as perturbation around the boundary equilibrium
Qi = a3 — Qi 00,0 =b,¢; = Cj — Cj oo, = (a3, b,¢5)T.

Then we can get the equation for a;, b and ¢; with i =1,....1, j =1,...,7r

Ora; — diAa; = b]] ¢j0 + N(ai, b, c;)) reN,t>0,

O0tb — dpyAb = b]] ¢joc + N(as, b, c;) x € N,t>0,

Oecj — diAc; = —b] ¢joo — N(ai, b, c;) z €Ot >0, (3.79)
da _ 8 _ 0 z €Nt >0,

a;(z,0) = ajo(x),b(x,0) = bo(zcj(x,0) = ¢jo(x) x €8,

where N(a;,b,cj) = —b*T](a; + Gioo) + b[1(¢j + ¢joo) — b] ¢ oo

Again we can express (3.79)) as

ug = Liu + Ny (u),

d; A HCj700 0 N(a;, b, Cj)
where L1 = | 0 dyA+]][c¢je O and Ni(u) = | N(a;,b,c;)
0 _HCJ',OO d]A —N(ai,b, Cj)

Similarly we can get the largest eigenvalue for L; is [] ¢j0c > 0, then we can get

e Eruglly < elle=t|lug 2,

which implies

ety < el
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In order to use the elliptic estimate, we also need the following variables
a; = a, by = by, cp = Cp, up = (at, by, c)T.
Taking the time derivative on , we get
uy = Loug + No(u,uy), (3.80)

where Na(u,u;) == 8;[N1(u)] and Ly = Ly. Recall y7 = (uT,u]) and get the equation for y,

ye =Ly + N(y), (3.81)
Ly 0 Ny (u) . o .
where L = and N(y) = . Again considering Lemma |3.2.5| and L is
0 L2 N2 (U, ’LLt)

block diagonal matrix, we can get

||€tLH < eHCj,oot‘

Since the linear term Ly dominates N(y) term (or the right hand side) because of the
smallness of [||y[|| and the assumption of [lyo|| = 1, [,bodx # 0 (bo > 0) and |[|yof| < oo
and the conservation law also implies the existence of the constant C}, > 0 such that
letLyo|| > Cpe®=t, we can use the similar analysis as above to get the local instability of the

accessible boundary equilibria.

3.2.3 Local stability for a;A; + ... + a, A, = 1A + ... + B, A,

To show the stability at the unique positive equilibria u.,, we again introduce the small per-

turbation w; = u; — u;, around the boundary equilibria. Then we get the following equation
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for perturbation.

i — didui = (B; — i) (] [ (wi + win )™ = [ [ (i + win)™)
. = = (3.82)
H wi + ui ) ( H(u” o )N — H(u’ 4w )BT,
=1 =1 =1

where v = (71, ..., vn) with v; = min{a;, 8;}. We also donate

L:={ie{l,...,n}to; > Bi},R:={j €{1,....,n}|a; < B;},

Ly := {ZO € {17--'7n}|ai0 7& 0}7R0 = {]0 S {17 "'7n}|ﬁjo 7é O}

and we assume L # @, R # @, LUR = {1,2,...,n} and Ly N Ry # @. The last assumption
means we don’t consider the case where the system only has positive equilibrium since [34] has

already shown the global convergence without boundary equilibrium.

Now we we start proving the main theorem, Theorem [3.2.4] in this section. First we do

the energy estimate on the system.

W.l.o.g we assume there exists m such that 0 < m < n and L = {1,...,m}, R =

{m+1,...,n}. Then we write the perturbation in the following way

3tui - dzA’U,Z
= (B — ag) [ TCwi + wice) ([ T w0 )7 = [ (s + i )% 77)
i=1 i=1 i=1
n a—'y
= (B — i) [ J(wi + wine) " {[us “’+Z + Ni(u, uoo)]
i=1 Wioo
u&ﬁ (3.83)
Y =+ Na(u, uso)]}
j=m+1 Ujoo
n ' m ugo—fy n ulgo—'y
= (Bz az) H(Uz + Uiy, )% [Z(az - f}/z)uz W - Z (/Bj - ")/])’U,] W
=1 =1 Loo j=m-+1 Joo
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where
n m a—y

Ny (u, o) = [ [0 + w77 = ul” = (e — i)us o

i=1 i=1

n n B—y
.y _ u
No(u,to0) = [ J(wi +ui )77 = uls7 = > (B = v)uy uoo
i=1 j=m+1 Jeo

Both Ny and N, are non-linear term w.r.t. u; and for simplicity we define N := N1 — No.

) B
Multiplying gg’ Vo) oo g (Bi =) uag u; on (3.83) respectively, then integrating over

—Bi) Uie ) (Bi—0ay) Ujoo

Q by parts, we get the following

1d o (i =) uss” (B ) uks
5 Q= luill3 + o lu3)
2dt ; (a=Bi) w77 %:H (Bj — @) wjue
(@ =) use — ) ubs”
PO oy g 3 g B
i=1 1 Teo j=m+1 @
n m n om 5 (3.84)
. Uoco Uoco
= [ T+ (3o =0 = 3 (85 =)+ V()
Q =1 =1 Loo j:m+1 Joo
m uls n u
x (= Z(az — i) u; + Z (Bj — v5)uj W )dz.
i=1 too j=m+1 Joo
Now we do the estimate on the right hand side of (3.84)).
Lemma 3.2.12. IfVt >0, Y |lui(z,t)||c < 0, we have
i=1
- use | = ul
[ T+ w03 == = D7 (85 = s+ N )]
i=1 foo j=mtl Joo
m ulSY n ugo—v
X (=) (i — %)T wit Y (B =) )de (3.85)
i=1 oo j:m+1 Joo

)Ugo_7 112
Z d]( _aj) Ui HVUJHQ

j=m+1
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Proof. Now we consider the sign situation for {u;},7 = 1,...,n in following two cases.
1. The first case is when the sign for {u;};er, is different from {u;};er,
(a) Vie Lu; <0,Vj € Ruj >0.
(b) Vie Lu; >0,VjeRuj <O.

2. The rest situations belong to the second case and we divide this case into three following

parts,
(a) {u;}jer has positive and negative members.
(b) Vj € Ru; <0, 3i € L such that u; <O0.
(c) Vi€ Ru; >0, 3i € L such that u; > 0.

We first deal with 2(a) when {u,},cr has positive and negative members. For each
[ € L with u; < 0, we further assume that uy < 0 for N € {m + 1,...,0} and up > 0 for
P e {o+1,...,n}. Recall (3.50]), we have the following conservation laws, VI € L, Vk € R,

1
ar — 3

/Qul(t,x) dx + /Quk(t,m) dxr = 0. (3.86)

Br — ag,

Here we define 6, = aziﬂz uy + Bkiak ug. From (3.86)), we get fQ 01 x(t,z) do = 0.

For N € {m + 1, ..., 0}, since u;, uny < 0, we have

a; — B

lui| = |(ou — B1)01,n — un| < (aq — B)l0iN]s
BN — an

BN —an

—y| < —an)|0n|-
po—"s 1| < (By —an)|0iN|

lun| = |(Bn — an)bi N —
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For P € {o+1,...,n}, since up > 0,u, < 0, we have

1 1

g
Bp —ap

O.p — 01,0 =

which implies

Bp —ap
—U

0<up=(fp—ap)(O,p—"0i)+F—

0o < (Bp —ap)(O,p —01,)-
Combining the above two parts, we have for each r € R, [ € L with u; <0,

(Br —ar)|Orr], TEe{m+1,.., 0},
uy < (3.87)

(/Br_ar)(el,'r_el,o), re {0+1,...,7’L},

lw| < (g — Bi)|0k, s

where k; € R and uy,, w; have the same sign.

For each [ € L with u; > 0, recall that {u, },cr has positive and negative members and

uy <0for Ne{m+1,..,0} andup >0 for P € {o+1,..,n} and ;) = aziﬁlul + /Bkiakuk
with fﬂ Hl,k(t,a:) dx =0, Vk € R.

For P € {o+1,...,n}, since u;,up > 0, we have

a; — B3

0<w=(a;—B)bp— Bp —ap

up < (oq — 51)0,p,

Bp —

0<up=(Bp—ap)ip- ;Dul < (Bp — ap)yp.

For N € {m + 1, ..., 0}, since uy < 0,u, > 0, we have

1 1

ON—01p=———un —
BN —an
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which implies

BN — an

lun| = [(Bn — an)(O,n — b1n) + o——

up| < (BN — an) |0,y — O1nl-
Combining the above two parts, we have for each r € R, [ € L with u; > 0,

(Br — )01 — O], T€{m+1,.. 0},
(3.88)

Uy

(Br — )by, 1TE{0+1,...,n},

lwg| < (g — B1)]01 |

where k; € R and uy,, u; have the same sign.

In 2(b) when Vj € R u; <0, 3i € L such that u; < 0. Then we can assume that uy <0

for N € {1,...,q} and up > 0 for P € {¢+1,...,m}. Again we define 6, = aziﬁz u; + Bki%uk,
Vi e L, Vk € R with [, 0;x(t,z) dz =0 and we do the similar estimate as (3.87).

For N € {1,...,q}, since uy <0, Vj € R u; <0, we have

.
x| = Il = By = 5= 5| < (a = )l
J J
/8‘ — o
uj| = 1(8; — a;)0n,; — ﬁuﬂ < (Bj — ;)|0n 5.

For P € {¢+1,...,m}, since up > 0,u, < 0, we have

1 1

—— up >0
ap — Bp

Op; — bq; = e g laz0
q q

which implies

ap — Bp

0<up=(ap— Op; —045)+
p = (ap —Bp)(0p,; ¢.4) ag — B

ug < (ap — Bp)(Opj — bOq,5)-
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Thus we have for each j € R, [ € L,

(Oél - /Bl)wl,j’a le {17 "'7Q}a

(Oél - /Bl)(el7j - 9%.7)7 le {q + 17 "'7m}7

(3.89)

luj| < (B85 — )10k, 1,

where kj € L and ug;, u; have the same sign.

In 2(c) when Vj € R u; > 0, 3i € L such that u; > 0. Then we can assume that uy > 0

for N e {1,...,q} and up <0 for P € {¢+1,...,m}. Again we define 0;;, = aliﬁlul + 5kiakuk7
Vi e L, Vk € R with [, 0, (t,z) dz =0 and we do the similar estimate as (3.88).

For N € {1, ...,q}, since uy > 0, Vj € R u; > 0, we have

an — By

Bj —

lun| = [(an — BN)ON,; — ujl < (an — Bn)10N 41,

/8‘ —
—L—Lu;| < (85 — a;)|0n,l.

wil = )N —
| J‘ ’(5] J) N.j an — By

For P € {¢+1,...,m}, since up < 0,uy, > 0, we have

1 1
Op:—0, = —— up— <0
Py “ = ap— Bp up g — B, Ug = U,

which implies

ap —f3
lup| = [(ap — Bp)(Op; — 045) + ——="ug| < (ap — Bp)|0p; — Oqyl-
ag — By
Thus we have for each j € R, [ € L,
(Oél - Bl)ml,j ) le {17 "'7q}7

(3.90)

(Ozl — ,31)’9[7]' — Qq,j , le {q + 1, ...,m},
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ujl < (85 — ;)|Ok; 5

where kj € L and ug;, u; have the same sign.

Recall the right hand side of (3.84]) and the following inequality,

m a—y n B—

u u
D (i —yi)ui - > (B =)y uoo + N(u; uoo)]
i=1 o j=ml Joe
= use | = Wl 1 9
X (=D (o ===+ Y (B = p)uy =) < (N (u,us0))?,
i=1 to j=m41 J
which implies that
" m ulsY n ul
/QH(UZ + Ui, )" [Z(Oli — Vi) ui v Z (Bj — '}/‘j)ujiu' + N(u, uoo)]
i=1 =1 o Jj=m+1 Joo
m uaify n uﬁf'y
o0 o
X (=) (i = yi)us =+ > (B —i)uy ) da (3.91)
i=1 boo j=m+1 Joe
1 n
< 4/9H(ui—i—uioo)"“(N(u,uoo))zda:

Since N(u,uc) is the non-linear part for ]I, (u; + wi )% — [[, (u; + u;, )%, each
component contains as least two of {u;},i =1,...,n. So every non-linear component should
be in the form of f(u,us)uju; where f(u,us) is the polynomial for (u,u~) and we have the

following estimate,

(f (uy oo )uzu )P < IS - will - u?

(3.92)
leL,reR
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From (3.91)), (3.92)) and using Poincaré inequality motivated from fQ 0, k(t,x) de = 0, we get

NG

n
/ H w; + wi ) (f (uy uoo )uiuy ) 2da
Q=1

Z /HZde

n
< T lealioo + i )" fluill%
i=1 leL,reR

Slwmllz D /Vﬁlrdm

leL,reR

(3.93)

Slluilie Y- (Vw3 + [ Var3).

leL,reR

We can do the similar estimate on all non-linear components of N(u,us) as above. Therefore
n

as long as Y ||luilleo < @ are sufficiently small such that Vi € L, Vj € R,
i=1

Tl | 2 2 (i = i) uSe” | (B =) ube |
1 Ll 001500 07 < min{d 5 2 dy =02,

H> \

we can get

- (i — i) use ! (ﬂj ) Uoo
E di——= Vu; E d; Vu
(05_61) || Ug ”2 +J ~ (Bj ) e H .7||2

n

1
n m 40— UEO—W
> /QH(Uz + i) [Z(Oéi — Yi)ui OO — Z (B — Wj)ujT + N(u, uoo)]

(3.94)
_ — Uioo . Joo
=1 =1 J=m+1
m et n uP
00 9]
x (= Z(Oéz — Yi)ui ” + (Bj — 7w " )dzx
i=1 too j=m+1 J

s n ugo—v
Z(Oﬁ — Vi) u; w Z (Bj — 1) " <0.

Recall N(u, us) is the non-linear part and each component contains as least two of {u; }i=1
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as long as ||u;||« are sufficiently small, we can get

m uls n uf{”
> (o = yi)ui - > - V)uj——— + N(u, uco) < 0.

w
i=1 too j=m41 Jeo

Also recall the right hand side of (3.84)), we get

usy ! " u
/ H(Uz + ui, )7 Z( Vi) Wi o (Bj — vj)uj i + N (u, Uoo)]

1 oo j=m+1 Joo

m ua_»y n uﬁ_,y (395)
o oo
x (= Z(az — Yi)ui u + (Bj — vj)uj ” Ydx <0,
=1 o j=m+1 o0
the above estimate also works for 1(b) when Vi € L,u; > 0 and Vj € R, u; <0.

O

Combining (3.94)) (3.95]) and the equation (3.84]), we get the first part of energy estimate

n
Lemma 3.2.13. IfVt >0, > ||ui(z,t)|c0 < 6, then we have

d zmj ENMTI Ik D S (3.96)
@' moo TR By T

n
this implies Y ||lui(z,t)||2 decay w.r.t time.
i=1

In order to use the elliptic estimate in Theorem m we need to do the energy es-

timate on [Osus]]2. By taking time partial derivative on (3.83), multiplying (i) uae " g gy

(@i=Pi) Uise
((gj :Z])) u‘;" &guj respectively and integrating over 2, we get the following
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1d = (s =) uss 0 (Bi—w) el P
57 (=5 [0puillz + Y 10cu;]l3)
2dt ; (a—fi) uig ? jg,;ﬂ B —ag) w7
Iy (i ) u (8; — ) ubs ! (3.97)
+ di——— Vo5 + dj 7% Vou
Yoy o IOl §mj+ 5oy Vo 1)
=141,
where
n m ugo—fy n 5
I =/ [T+ ws ) 1D (i =) Ohui — > — )2 Byuy + 0N (u, use)]
Q =1 =1 Too j—m+1 ]oo
m B—v
Z 71 ] at“z"" Z W atu])dl'
=1 Wioo j=m+1 Joo
and
n . m Uoo —y n ugo—fy
11 = [ [ J(us + i HY s = s = 37 (8= )y + N )
& = i=1 I oo
m B—v
—Z(ai — : 8tuz+ Z uj Oyuj)de.
=1 j=m+1 i
The idea for the proof in the following Lemma is similar to the estimate in Lemma
0.2, 12

Lemma 3.2.14. IfVt >0, > ||lui(z,t)||c < 0, we have

i=1

IV 0w (3.98)

ﬂ
Vol Y e

Joo

N (g — ) uSs
I+H§;dz(a_mu

too j=m+1

Proof. Again we consider the sign situation for {du;},i = 1,...,n in two cases.
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1. The first case is when the sign for {Oyu; }icy, is different from {Jyu;}jcr,
(a) Vie L Oyu; <0, V5 € R Ou; > 0.

(b) ViELatuiZO,VjERatUjSO.

2. The rest situations belong to the second case and we divide this case into three following

parts,
(a) {u;}jer has positive and negative members.
(b) Vj € R, Oyu; <0, 3i € L such that dyu; < 0.
(c) Vj € R, Owuj >0, 3i € L such that dyu; > 0.

We first deal with the second case, for each | € L with 0yu; < 0. The assumption implies
either {Osu,}rcr have different signs or Vj € R, dyu; < 0. W.lo.g. we assume dyuy < 0 for

N e {m+1,..,0} and dwup > 0 for P € {0+ 1,...,n}. Recall (3.86]), we have the similar

conservation laws for dyu;, Vk € R

1 1
Owuy dx + /8u dz = 0. 3.99
al—ﬁz/sztl Br—ag Jo Ok (3.99)

Here we define 6], = ﬁ@tul + mat’ltk and [, 0], dx=0.

For N € {m +1,...,0}, we have

|0pw| < (a0 = B0 vls 10run] < (By — an)|0] xl-

For P € {o+1,...,n}, we have

1
ot ,—0 = —— Qup —
LP ho BP —ap ' ﬁo — O

atuov
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which implies

0<dwup < (Bp—ap)Op—~0,).

Combining the above two parts, we have for each r € R,

(Br = a)l0],], 7e{m+1,..,0},
By < (3.100)

(Br — ozr)(ﬁzr - 9;,0)7 refo+1,..,n}.

Then for each | € L with dyu; > 0, the assumption again implies either {d;u, }rcr have

different signs or Vj € R, dyu; < 0. We can get the similar estimate, for each | € L,

|0pw| < (aq = B0} 1,

where k; € R and Oyuy,, O;u; have the same sign.

Recall (3.92)), we can do the similar estimate on the right hand side of (3.97)), since

n . m ugzo—w n ugo—’y
I= /QH(% + Uiy )" [Z(O‘i — %) Ui Orui — Z (Bj =) i Dyu;
=1 =1 Jj=m+1
m uls n ugo—“/
+ 0N (U, uso )] (— ;(Oﬁ — %) s O +j_2m:+1(ﬁj - ) 0 Opuj)dz

1 n
<3 / [T (i + iV (BN (1, une)) el
Q=1
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and
n m we n u
IT = / O [ T (wi + win 3D (i = vi)ui—— = Y (B = y)uj—— + N(u, too)]
& = i=1 Yico ;21 oo
m ulsY n ugo—v
x (_ Z(az %) ‘ Opu; + Z (Bj 7]) 8tu])d37
i=1 foo j=m+1 Joo
m uey n Wt
< (o = yi)us o > (8- ’Yj)ujT + N (u, tioo) [ oo
i=1 (2s%9) ]:m+1 Joo
n m uﬁ v
Y (TR SYEEALL TR SR TR e
i=1 i=1 j=m+1 Wjoo
where

Ot{H u +u; )} = Zyzfatuz + N7 (u, Qg oo )

=1
with N7 is the non-linear part for O{T]}"; (u; + ui )7 }.
By using Poincaré inequality motivated from VI € L, Vk € R, [,0],(t,z) dv = 0 and the

smallness of ||u;||oo, We can get

m ulY ,6’

Zdimu IV 0|3 + Zd

i=1 too j=m+1 ) Joo

V|3 > I +1I1. (3.101)

In the first case, we first consider when Vi € L,0;u; < 0 and Vj € R,0pu; > 0. This

implies
m W n uﬁ*’Y
oo
Z(al - %) ” Oyu; — | Z (B — ’yj)Tj Oru; < 0.
=1 i j=m+1 >
Then we can write
B—

m a—y n
I+ 1] = / IIT- (— Z(az — %)1;00 8tui + Z (5] — ’Yj)ljjo Btu]) (3102)
Q (2%

=1 j=m+1 Joo



141

where
n . m ugo—fy n 5
II7 = JJ (s i )0 (i = )= =B = S (B ) Oy 0N ()
i=1 i=1 ad j=m+1 ad
n = ulsY n Ugo Y
O [ + wi D (i — ) ——ui — > (B — Vi)t + N (1, uso)].
i=1 i=1 Wing j=m+1 Ujoo

And because of the smallness of ||u;||« the value (sign) of I11 is controlled by

m ugo_’y n uﬁ_’y
U&[Z(ai = %) ” Opu; — Z (Bj —vi)—— “ dyuj] < 0.
=1 o0 ]:m—|—1 oo

Therefore (3.102) and the above inequality implies that in the first case

I+ 1I<0. (3.103)

Combining (3.101)) (3.103) and the equation (3.97), we get the second part of energy

estimate

n
Lemma 3.2.15. IfVt >0, > ||ui(x,t)|cc < 6, then we have

=1

m =y n . ﬁf
GBI o+ > I o) < (3.104)

i=1 Too j=m+1 (/8]_ ])

this implies Z |0vui(z,t)||2 decay w.r.t time.

=1

Finally, we proof Theorem by Lemma [3.2.13] and Lemma [3.2.15

Proof. We first do the elliptic estimate for the system (3.49). It’s not hard to check that the
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system satisfies the Supplementary Condition and the Neumann boundary condition satisfies

the Complementing Boundary Condition. By using Theorem [3.2.6] we have for ¢ =1, ..., n,

m it n ul
il < B (1 o) = 2 )30 = ) = D7 (85 = )y
i= too j=m Joo
! . o (3.105)
+N(u,uoo)+UZON(u,uc>o)]ll2+Z\\8tUiII2+Z\\Ui\I2))7
i=1 i=1

where K is a constant depends on origin equation and bounded domain. By using Sobolev

Embedding Inequality, we can have

n n
vill e S Muilla + > 10wuilla-
=1 =1

The above holds because ||u;]| is sufficiently small which guarantees (u + us)? — udo and

N(u,us) < 1.

The continuity argument implies L*° will be always small to follow Lemma [3.2.13| and
Lemma [3.2.15] As long as the initial L? on {0;u;} and L> on {u;} are sufficiently small, L™
can keep being small along with the time ¢ while L? is non-increasing from the estimate which

implies the existence of weak solution around the positive equilibrium.

The Remark 3.1 in [87] shows that for a reversible reaction with nonnegative initial data
in L' N Llog L if the solution is globally (in time) essentially bounded, the solution converges
exponentially to the complex-balanced equilibrium in L' norm. By using the interpolation
with L! and boundness of L, we can get the exponential convergence in LP(1 < p < o0)

sense.

Now we return to the origin equation on {u;}i=1, . n,

Opu; — diAu; = (B; — o) (T — ).
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Because of the Poincaré inequality, we have
10¢u — yull 2 < [VOul| 2,

which implies

10vuill 2 < [V Bhul 2 + | / Dyusda).
Q

Since we know Y (||Opui(z,0)||2 + ||ui(z,0)|lec) < 8 < 1, we have
i=1

) — |d: . e B
\/Gtuldﬂ |d2/ Auzd:BjL/Q(ﬂz a;)(u® — u”)dx|
oy n u
< ul ||Z = D B (3.106)

Wiso j=m+1 Joo

5 e—lt

9

where exponential decaying rate [ is determined from the interpolation. Recall the estimate in
Lemma [3.2.15] where we get

1d & (ot — 73) uoe ! 12 - (Bji =) ugo_7 112
2dt(;( (Oé - /Bz) u;, ”atu”LH2 + ‘_%1 (/Bj - Oé]) uj.. Hatu]HZ)
. : - . (3.107)
Qg — ;) Uoco
+(Z dim " IV Oruil|5 + Z d ”Vﬁt%H ) <
i=1 ¢

Too j=m+1 .7) Joo

Then we can have the following
22 Z |Orell3) + Z oruill3) < z [ el 5 e

n
The Gronwall’s inequality implies that > ||0yu;]|3 decays exponentially. Then the elliptic

estimate (3.105]) implies exponential convergence to positive equilibrium in H? sense.
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Chapter 4

Kinetic Theory

In this chapter, we study the long time behaviour for some chemical reaction-diffusion systems.

In Section [4.1] we first analyze a three-species system with boundary equilibria in some
stoichiometric classes, and whose right hand side is bounded above by a quadratic nonlinearity
in the positive orthant. We prove similar results on a fairly general two-species reversible

reaction-diffusion network as well.

4.1 Damping of kinetic transport equation with diffuse bound-

ary condition

4.1.1 Introduction and the main result

Motivated by the recent progress in the Landau damping ([12,51,81]), we are mainly interested

in the quantitative asymptotic behavior of the exponential moments of the fluctuation
/ 69‘”|2\ f(t,z,v)|dv in some strong space in x without any differentiability assumption.

We emphasize that the strong-in-z control of moments is a key step toward nonlinear problems
such as the Vlasov-Poisson systems. The low regularity framework has a significant benefit in
the nonlinear boundary problems. We refer to [36,[88] for the method of control the force field
of the Vlasov-Poisson-Boltzmann systems interacting with the diffuse reflection boundary. In
this paper, we contribute toward establishing a decay of exponential moments of the fluctuation

in LY° with an almost optimal rate t?’% when the domain is a general strictly convex domain
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in 3D.

Theorem 4.1.1. Let Q be smooth and strictly convezr. Assume (1.12)) for any 9 > 0. Assume
Heel‘”‘QfoHLg?U <00 for 0 < 0" <1/2, and |[pa(te) foll11 , < o0, with 4(te) defined in Definition

4.1.16, There exists a unique solution F(t,z,v) = Mu(v)+ f(t,z,v) >0 to (1.10) and (1.11)),

such that sup;> ||69l‘”|2f(t)||Loo < C'H69/|”|2f0||Lg?ﬂ, and

T, v —

// f(t,x,v)dedv = // fo(z,v)dzdv =0, for all t > 0. (4.1)
QxR3 QxR3

Moreover, for any 6 € [0,0"), there exists Cyp > 0 such that

sup /R ) 1P £(t, 2, v)|dv < Colt) 3 (In(t))2, for all t > 0. (4.2)
el

Here, we have used a notation (-) :=e+|-|.
Remark 4.1.2. In contrast to [68], we do not need any symmetric condition on the domain.

Remark 4.1.3. Without loss of generality, we set 91 = 1 in the rest of the paper, for the sake
of simplicity. Following the same proof of this paper, it is straightforward to prove the result

to a D-dimension for any D € N with different decay rates.

We record the equation, initial datum, and the boundary condition for the fluctuation

f in (CI3):

Of +v-Vuf =0, for (t,x,v) €Ry x QxR (4.3)

ft,z,v)i=0 = fo(z,v) := Fy(z,v) — Mu(v), for (z,v) € Q x R, (4.4)
flt,x,v) = cu,u(v)/ f(t,z,v){n(x)-vi}dv, for (t,z,v) € Ry x~_. (4.5)
n(z)-v1>0

Notations. We shall clarify some notations: A Sp B if A < CB for a constant C' = C(0) > 0
which depends on # but is independent on A,B; A ~ Bif A< Band B < A; A< O(B) if
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|A] < B; || |l for the norm of L'(Q x R3); || - s, or || - [|oo for the norm of L>®(Q x R3);
glpy = g(z,v)||n(z) - v|dSzdv; in the time integration, the differential term is omitted,

1 e dS;dv; in the ti int ti the diff tial ¢ i itted
e.g. welet [ || fllz1 . stand for [ || f]  ds.

4.1.1.1 Novel L'-L* framework via Stochastic Cycles

In a broad sense, our argument of the L!-L> framework to prove Theorem bears some
resemblance to the framework developed in the study of the Boltzmann equation [236,90]. A
foundational idea of our novel L'-L>® framework over the whole paper is to transfer a velocity
mazing from the diffusive reflection to a spatial mixing through the transport operator.

This idea is realized via the stochastic cycles:

Definition 4.1.4. Define the backward exit time ¢, and the forward exit time t¢

th(z,v) :=sup{s >0:z—71v € Q, VT €[0,5)}, zp(z,v) ==z — tp(z,v)v, (46)
4.6

(te, z¢)(z,v) := (tp, xp) (T, —V).

We define the stochastic cycles: t1(t, z,v) =t — tp(x,v), x1(2,v) = 2p(2,0) := 2 — tp(z,v)v,

tr(t,z,v,01, ..., V1) = tp—1 — tp(Th—1,Vk—1),
(4.7)

xk(ta TyV, U1y eeny Uk‘—l) = Tk-1 — tb(ﬂfk_l, ’Uk—l)vk—la
where a free variable v; € V; := {v; € R3 : n(x;) - v; > 0}.

Lemma 4.1.5. Suppose f solve ({.3), and t, < t. For g(t,z,v) = o(t)w(v)f(t,z,v)

with given o(t), w(v),

g(t,x,v) = 1y <t, g(ts, . — (t — ti)v,v) (4.8)
t
/ o (s)w(w)f(s,z — (t — s)v,v)ds (4.9)
max(t«,t1)
k— 1
+ cpwp(v / Z Lo <to<t; 9(ts, i — (8 — t*)v@,vz)}dEk (4.10)

J =1
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k—1 "
, Z {lt*gti / w(v;) o' (s) f (s, 2 — (t; — 8)vy, Ui)ds}de

max(t«,ti+1)

+c“wu(v)/k
j=1V.

Ji=1

(4.11)

+Cu“’”(”)/k 1y, >0, 9(t, 2p, v )dSR, (4.12)
Hj:lvj

where de = doy - -dojyq do; ( )dai,l - -doy, with doj = cup(vi){n(z;) - v;}dv; on V;

cppt(vi)w(vs

which is the probability measure.

4.1.1.2 Weighted L'-estimates

As the first part of our L'-L> framework, we prove an L'-decay of the fluctuation f as ¢ — oo
in Proposition following the idea of aperiodic Ergodic theorem (e.g. [13,92]). We prove a

key lower bound with a unreachable defect, crucially using the stochastic formulation in Lemma

(see the precise statement in Lemma [4.1.14)): for fo >0, ¢t —t, > 1,

ft,z,v) >m(@, ){|[f )l — Lz pi—e [ ()l b for some non-negative function m.
(4.13)
This unreachable defect, which stems from small velocity particles in the outgoing flux of the

diffuse reflection (1.11)), is intrinsic unless the wall Maxwellian c,(v) vanishes around |v| = 0.

Next we control the unreachable defect using the weighted L'-estimates. Due to the
invariance of xp and z¢ under v - V,, which has been crucially used in construction of the
distance function invariant under Vlasov operator in [36], a weight ¢(t¢) provide an effective
dissipation v - Vyp(te) = —¢'(tg) for ¢ > 0, as long as a byproduct term on y_ can be

controlled. Inspired by the proof of an L!-trace theorem of [66], we derive that

Lemma 4.1.6. Suppose p(7) >0, ¢' >0, and

/OO 720 (T)dT < o0. (4.14)
1
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Suppose [ solve and . Then there exists C > 0 such that for all 0 < t, <,

t 1 t
(i) F(D)lsy, + / I e s, + [ e, = 5 [ 1, -
< ot F(t) s, + CI7E) s,

It is worth informing beforehand that the exponent —5 in (4.14]) will basically restrict the
decay rate of Theorem Some postulation on the wall Maxwellian such as pu(v)/(v)" < oo
for some r > 0 in (1.11) or a similar assumption on the inflow boundary condition would

provide faster decay.

Employing a function ¢ with ¢’ — 0o as 7 — oo (see ¢ in (#.49))), an L!-term majorizes
the unreachable defect of the lower bound (4.13]) with a large factor ¢( 3TO) Adding (4.13) and

(4.15)) with the proper ratio, suggested by the large factor, we establish the uniform estimates

of the following energies (see ¢;’s in (4.49)), with ||m[|z1 ~ o1, (see (4.44)),

40m 1,

45mT
— g~ lpi-1(te) flly, 3
pi1(3)

+—— g lei(te) fllry ,, for i=1,4. (4.16)
Topi—1(2)

WA = 1Az, +

i—1

Finally we interpolate ||y (te) fllz1, by llwo(te) fllz:  and [l@a(te) fl|z1 , and using the

boundedness of || f|[,, we prove the L!-decay result (see also the similar result in [13]):

Proposition 4.1.7. Given the same assumptions of Theorem

1F@)llzy,, S )6 {e” ™ follge, + lipalte) foll s, }- (4.17)

4.1.1.3 An L*°-estimate of Moments

We bootstrap the L!-decay secured in Proposition to the pointwise bound of the moments.

Again, the crucial tool is the stochastic cycle representation in Lemma for t, = 0. In

light of (4.17), we have a natural choice of g so that o'(t) < (In{t))~2(t)* (see ([#.79)). We first
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establish the control of the time integration terms of (4.11)) (we control (4.9) similarly, after

applying the stochastic cycles twice):

Lemma 4.1.8. Fori=2,--- k-1, w(v) = eI for 8 > 0, and a differentiable o(t), we have

t; t
[ o [ wlo)d @)= (t-s)un)dsdSt] S [ 10(6)£6) iz ds. (415)
RV 0 0 '

Jj=1

Using the change of variables v;—1 +— (zp(2i—1,vi—1),tp(xi—1,v;—1)) is the key idea of
the proof, which has been crucially used in evaluating the boundary singularity in [36]. By
this change of variables we are able to convert the velocity integral of do;_; into an integration
of the spatial variable z; — (t; — s)v; = zp(xi—1,vi—1) — (ti=1 — tp(®i—1,vi—1) — S)v;, while
the singularity occurs from its Jacobian when ty(x;—1,v;—1) = 0 (see Lemma . We
remedy such singularity by applying the change of variables twice for j =¢—1 and j =17 — 2:
among the free variables {xp(z;—1,vi—1), tb(Ti—1,Vi—1), Tb(Ti—2,Vi—2), tb(T;—2, vi—2) } We utilize
Tp(Ti—1,vi—1) and tp(zi_2,v;—2) for the spatial variables z; — (t; — s)v; = xp(zi—1,vi—1) —
(tio — tu(xi—2,vi—2) — tp(wi—1,vi—1) — S)v;, while we are able to appease singularity from the

two change of variables using the integration of zy,(x;—2,v;—2) and ty(x;—1,v—1).

Next we control (4.12) by establishing the following estimate:

Lemma 4.1.9. There ezists € = €(2) > 0 (see (4.78) for the precise choice) such that

if k> €t then  sup (/ 14, (tav01, o) >0d01 - dok_1> <e . (4.19)
(2,0)EQXR3 H?:ll V;j B

Similar results have been used in [2,36,90] but in this paper, we improve the result
(the choice of k, in particular) using a sharper bound for the summation of combination from

Stirling’s formula.



4.1.2 Preliminaries

In this section we state basic preliminaries mainly collected from [2,36.(654/66}90].
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Lemma 4.1.10 (Lemma 9 in [36]). Suppose Q is an open bounded subset of R® and 0) is

smooth.

e For x € 0L, consider a map

ve{veR:n(x) v>0}— (p,tp) == (zp(z,0), tp(x,v)) € O x R (4.20)
Then the map is bijective and has the change of variable formula as
dv = |tp| n(xp) - (¢ — zp)|dtpd Sy, - (4.21)
o Similarly we have a bijective map

ve{veR: n(x) v<0} = (xf,tf) = (z¢(x,0), te(z,v)) € 0Q x Ry, (4.22)

dv = |tf’74‘n(ﬂ?f) . (l‘ - xf)\dtdexf.

Lemma 4.1.11 (Lemma 3, Lemma 4 in [36]). For any g,
tE(z,v)

/ / g(x F sv,v)|n(x) - v|dsdvdS, = // 9(y, v)dydv, (4.23)

7+ /0 QxR3
/ g(zx(z,v),v)n(x) - v|dvdS :/ 9(y,v)|n(y) - v|dvdsS,,. (4.24)

RES TF

Here, for the sake of simplicity, we have abused the motations temporarily: t_ = tp,x_ = xp

and ty =tg,xy = x¥.
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Lemma 4.1.12. Suppose f solve and . For 0 <t, <t,

IF @Oy, <IfEzy (4.25)

t t
1@y, <1y, +06) [ 1), (4.26)

Proof. The bound (4.25) is from || f()[l1, + fi. [f,, 1= Jiu [, 1 = 1f(t)lle ,» and, due

to the choice of ¢, in , we have
L= [ Ln= [ L L A= L[] n=o

Next we work on (4.26)) inspired by the proof of the L!-trace theorem in [65]. Choose
5 € (0,t —ty). For (z,v) € 74,

‘f(S,.T,U” < 10§sf(t75)<tb(x,v)‘f(t —6,r— (S - (t - 5))”7”)’
20,

(4.27)
+ 1sf(t75)2tb(z,v)‘f(s - tb(xa U)7 1’b(513, U)a U)’ :

20,

From (4.23)) and (4.25)), we have ! 4.27)1 < ||f(t=9)||zx < ||f(te)||z2 - Now we consider
te Jy4+ z,v x,v

[4.27),. For y = zp(z,v), we have 1, (1 5)>1 (2,0) = Ls—(t-8)>te(yw) < Loste(yw) fOr s € [t t].
From the above inequality, further using the Fubini’s theorem, (4.24]), and (4.5) successively,

we derive that

/tt /v+ 4.27)2 = L+ /tt |f(s —tp(z,v), zp(z,v),v)|ds{n(z) - v}dS,dv

—0+tp (CE,U)

t
g/ / 1§>tf(y,v)/ |f(s,y,v)|ds|n(y) - v|dS,dv
o0 Jn(y)v<0 t—48

t
<[ ([ tvgoan@inw) dd) [ [ el oldidsds,
0N n(y)-v<0 t—8 Jn(y)vi>0
"

(4.28)
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From [n(y) - v|/[v]* < te(y,v), we note that Li,e).oi<sioz = Loste( For ¢ being the angle

y,v)*

between v and n(y),

/ (o) (n(y) - v}dv < | u()bludv, by setting r = [u,
n(y)-v|<Slv|? n(y)-v|<d|v|?
[n(y)-v| <6l In(y)-v|<6lv]
o0 7‘2
< C/ 6r2627‘2dr/ sin ¥dv (4.29)
0 cos 9<or

o 7‘2
< C/ dr2e” T r26rdr < C6°.
0

Then, from ([4.28]) and ( , we conclude j; f -2 - < (52j; f ) O

Lemma 4.1.13. For a strictly convexr domain with a smooth boundary,
max{[n(y) - (y — 2)|,[n(2) - (y = 2)[} Sy — 2I? for all y, z € HQ. (4.30)
If we further assume that the domain is strictly convex then there exists Cq > 0 such that

min (n(y) - (y — 2)|, [n(2) - (y — 2)|) > Caly — 2| for all y, z € ON. (4.31)

4.1.3 Weighted L!'-Estimates

The main purpose of this section to prove Proposition which happens at the end of this
section. We shall start it by settling one of the key cornerstones, Lemma the lower

bound with the unreachable defect.

Lemma 4.1.14. Suppose f solve (w with ' Assume fo(x,v) > 0 (no need of (4.1 (-))
For any To > 1 and N € N there exists m(x,v) > 0, which only depends on 2 and Ty (see

for the precise form), such that

f(NTy, z,v) > m(z,v) // — )Ty, z,v)dvdx — // Lo, 0> 200 FUN = 1Ty, z, v)dvdx}
QxR3 QOxR3
(4.32)
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Proof. Step 1. It is standard to derive f(¢,z,v) > 0 from the assumption fo(z,v) > 0. For the

proof we refer to the standard sequence argument in the proof of Theorem 1 in [2]. Together

with (4.8)-(4.12) for ¢t = NTp, t. = (N — 1)1y, k = 3, we can derive that

f(NTy,z,v) > 1 <To Cupt(V) Lio>(v—1m f (3, 23, v3){n(z3) - v3}dvzdoado.
to(@)< 5 Vi Vo SV

(4.33)

Now applying Lemma [4.1.10| for v; € V; and vy € Vs with (4.20) and (4.21]), we derive

t—tp (z,0) |n(z9) - (x1 — z2)| [n(x1) - (21 — 22)| |z1 — 22|
1)
t—tn(z,0)—tb,1 In(x3) - (x2 — x3)| [n(x2) - (x2 — x3)| |29 — 3]
» ] Cupt Liy>v-1m
0 0 1% tbo fo.2

)

(4.34)2

X / f(tg, xs, 1)3){”(333) . Ug}d’l)gdsmdtb,gdsmdtb,l,
(x3)~v3>0

(4.34)
where t3 = NT() — tb(x, U) — tb,l — tb,g.

Step 2. To have a positive pointwise lower bound of the integrands of the first two
lines of (4.34) we will further restrict integration regimes. Note that z; = zp(x,v) is given,

and xo, x3 are free variables. Now we restrict the range of x5 as, for § > 0,
X = {xy € N : |x1 — 29| > & and |zy — x3| > 0}, (4.35)

where we pick § such that 0 < § < [09Q| < oo, we can derive that |9Q|/2 < |&9| < |09

For two free variables 1, 1 and tp 2 we use, only inside the proof of Lemma two
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free variables

ty =tp1 +tp2 €10, — tu(z,v)], (4.36)

t_ = tb71 — tb72 S [—(TQ — tb(l‘, ’U)),TQ — tb(SU, ’U)]

Note that the ranges come from t3 > (N — 1)Ty. Now we restrict the integral regimes of the

new variables as

T
‘Zz‘) ::{t+ € [0,00) : Ty — tp(x,v) — min (tb(xg,vg), ZO> <ty <Tp— tb(az,v)},
: (4.37)
gTo ::{t, eR:|t_| <To—tp(z,v) — min (tb(l‘g,vg), ZO) }

As a consequence of 1) we will derive d4.38[) and 44.39[). Firstly, from tp(z,v) < % in
(@39 and (136)

t i ty —t_ 1 Ty T 1
min(tbl,tbg):min<++ , + )zf{TO—tb(x,v)——o——O}_—O,

t t— T4 —1_ '
max (tb,l7tb,2) = max( +;— s + 9 ) < Tg.

Therefore, from we exclude the case when x1,z9,z3 are too close and from (4.37)) we
exclude the case when either ¢y, 1 or 1, 2 is too small or too large.

Secondly, we prove . Note that if ¢4 € ‘IIO then (N — 1)1y < t3 = NTp —tp(z,v) —t4 <
(N — 1)Tp + min{ty (23, v3), 222 }. This implies that,

gl

it te(y,v3) = ts — (N — DTy = To — tp(a,0) — t, € [o, ;

(4.39)
then y = X((N — 1)Ty; ts, x3,v3),

where we have use an observation t¢(y, v3) < tp(x3, v3) since xs = z¢(y, v3).

Step 3. For (4.34), we adopt the new variables (4.36)), and apply the restriction of
integral regimes in (4.35) and (4.37). Recall (4.31)) from the convexity of the domain. From



155

(4.38]) and (4.31)), we derive that

2 : 2
Colr: — 212 Colr: — xinq |2 1 _lziz@iqal 254 _32diam(@)”
> alei — il” Colei — ini] —e 2AT/®? > L o, fori=1,2.

4.34); ~Q9_
‘ Ty Ty 2m —2nTy

Here diam(€2) = sup, ,cq |z — y| < oo. Finally we get

0658 _ 64diam(Q)2

4.34) > 1 2 73 /dS / d : / dt
= “ty(an) <P (27)27 00 o cunlv) 00 Jn(as)vs>0 vsin(zs) -vs} 70 !

x/ dSm/ dt_ f(NTy — tp(z,v) — t4, x3,03)
X8 g0

Cé&g _ 64diam(Q)2

2

>1 Py =T R X2\, de(/ d :
= Mweo< R 2m200¢ Cut(v)| Xz | 0/89 ) vs{n(zs) - vs}

TO*tb(xrv)
X / ) dt_|_f(NTO — tb($, ’U) — t+, xs, 1)3).

. T
To—tp (z,v)—min (tb (w3,03), 3

(4.40)

Now we focus on the integrand of (4.40)). Note that (NTp —tp(z,v) —t4) — (N —1)T =
To — tp(z,v) —t4 € [0, min (tb(:ng, v3), %)] Therefore

To—tb(it,’l})
4.40) = / f((N — I)T(),.%'g — (TO - tb(x, ’U) — t+)?}3,1}3)dt+. (441)

. T
To—tp(z,v)—min{ty (z3,v3), TO}

Note that, from 1) te(xs — (To — tp(x,v) — t4)vs,v3) € [0, %] Now applying 1' we

conclude that

C468 _ Gadiam(2)?

p s
4.34) > 1tb(m,u)§% We o eup(v)| Xy | Ty //§sz3 1t;(y,v)€[0,$]f((N — 1)To,y,v)dvdy.

We conclude (4.32) by setting
L —2 4 8 —9 : 2m—2 s
m(z,v) = 1tb(xyv)§%(27r) C0°Ty " exp(—64diam(Q)T, )| X5 |cpp(v). (4.42)

Recall that X and § is defined in (4.35)). O
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An immediate consequence of Lemma |4.1.14} as in , follows.

Proposition 4.1.15. Suppose f solve (4.3)) and , and satisfy . Then for all Ty > 1,
0<do<1l,and N eN

IF(NTo)llzy, < (A= llmllzg VN =DTo)ll g, +2lmles 1L, 5 a0 N =1)T0)llzy - (4-43)
Here, with X3 in ({£.35),
[mlly, = dmm ~ (27)CAHST S exp(—64diam(Q)°T, *)| X3 ][00 (4.44)

Proof. Decompose

J(N = 1)Ty,z,v) = fN71,+($7U) - fN71,7(fE,U)

= 1p((N-1)Tp,,0) >0 f (N = 1)To, 2,0)[ = 1p((N-1)Ty,2,0) <0 F (N — 1)Th, z, v)|.

Let f+(s,x,v) solve (4.3) for s € [(N —1)Ty, NTp] with the initial data fx_1 4 and fy_1,— at s = (N —

1)Ty, respectively. Now we apply Lemma [4.1.14{to each fi(¢,z,v) and conclude (4.32) for both f = fy
and f = f_ respectively. We also note that [[,  ps f(N—1)To,z,v)dzdv = [[,, ps fn—1,4(z,v)dzdv—

[Jowps fn—1,—(z,v)dzdv = 0 implies [[ s fn—1,4 (2, v)dedv = 1 [[,, zs |[F(N — 1)Tp, 2, v)|dzdv.

Then we derive that

f+(NTy,z,v) > m(x,v)/ fy-1+(z,v)dzdv — m(z,v) //Q . 1tf(x7v)>@fN—1,i($,’U)dCUdU
xR -
m(x,v
210 =G [ @ - vm =) [ 1 A - DT (@9
X X
Then we deduce that

|f(NTy, z,v)| = |f+(NTo, z,v) — l(z,v) — f_(NTp, z,v) + [(z,v)]
< |f+(NTo, z,v) — (z,0)| + [ f-(NTo, z,v) — (z,v)]

S f—‘r(NTOa‘Tav) + f—(NT07I7U) - 2[(1’,’0)

Note that f(NTo,z,v)+ f—(NTp,z,v) solves ([4.3)) with the initial datum fx_1 4+ + fy—1.— = [f((N —
)Ty, z,v)| at (N — 1)Tp. Then using (4.1)) and taking an integration to (4.45) over Q x R?, we derive
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(4.43)).
For 1} it suffices to bound Hltb(x vKECuu(v)HL; . From 1) and tp(x—sv,v) = tp(z,v)—
V)> z,v
87
tp(z,v)
”]'tb(z v)<ECu#(U)HL; . = / / / cup(v){n(z) - vidsdvdS,
o ' oQ Jn(x)v>0 max{O,tb(x,v)f%}

tp(z,v) to(z,v)
- /aQ /n(:c)'u>0 (1tb<x7v>s% /0 ds+ 1, o)>2 ds) cut(v){n(z) - v}dvdS, ~ To|o%.

T
to(z,0)— 32

Combining the above bound with (4.42)), we conclude (4.44). O

Next, we prove an important result, Lemma which will be used frequently in this

paper.

Proof of Lemma [{.1.6 Note that in the sense of distribution [9;+v-V](p(te)|f]) = ¢/ (te)v-
Vate| fl = —¢'(te)|f]. From this equation and (4.5)), we derive that

t t
o) f Oy, + [ 16 as, + [ [ el auas, < ot ),
- « vy

¢
+ /t* /é?Q /n(z)-v<0 o(te)cup(v)n(x) - vl /n(m)-v1>0 |f(s,z,v1)[{n(z) - v1}dvydvdS,ds.  (4.46)

We only need to consider (4.46|) with the corresponding ¢(t¢). We prove the following claim:

If 1) holds then sup,cgn fn(x)-v<0 o(te)(z,v)epp(v)|n(z) - v|dv < 1. From the claim 1)
we conclude (4.15)), through, for C' > 1,

t
< C'/ / |f(s,2,v1){n(x) - v1 }dv1dS,ds
te Jyg

1 NTy
<CIAWN =0T, 45 [ 17Oy
' (N-1)To

For 0 < 6 < 1, we split fn(z)~v<0 o(te)(x,v)cup(v)n(x) - v|dv into two parts: integration
over the regimes of t¢ < ¢ and t¢ > 0 respectively. When t¢ < 6, from (4.30), we derive that
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In(x) -v|/|v]* < t¢ < 6. Then we bound
/ Lig<ssp(te) (2, v)cup(v)|n(z) - vldv S 590(5)/ o] u(v)do < 1. (4.47)
n(z)-v<0 R3

Now we focus on the integration over the regimes of t¢ > 0. From (4.22)) we derive that

Jrweo ©(te)cup(v)|n - v]dv equals

e T— n(z) - (x — x¢)]?
Cu/ / So(tf),u(’ f‘)' (@) ( = dl dtedS,,. (4.48)
o0 Js t |te|
. Jz—ap)?
From (4.30) and (4.14), we derive that (4.48)) < 500 —Tt(f‘g) faﬂ\x — z¢lte 2P dSzdty S

500 Tt(ft|f5) dty < 1. Together with above bound and (4.47)) we prove our claim.

We will use the following ¢’s inspired from [13].

Definition 4.1.16. For § > 0,

©o(7) == (In(e + 1)) tn(e + In(e + 7)), ©1(7) := (eln(e + 1)) (e 4+ 7) In(e + In(e + 7)),

(1+9) (1+9)

p3(7) == 6_3(7' + 6)3 ( In(7 + e))_ o4(7) == 6_4(7' + 6)4(ln(7' + e))_ .

(4.49)
First, we check ; satisfies (4.14)) for i = 0,1,2,3,4: for example, for 6 > 0

o 7-_56_4(7'+e)4(ln(7'+e))_(1+6)d7- < 1+f1%0(7'+6)_1(ln(T+6))_(1+6)dT N ﬁds

, with s = In(7 + e).

Second, we notice that

0;i(0)=1 fori=0,1,3,4. (4.50)
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Finally, we check

o1 (1) = (eln(e + 1)) HIn(e +In(e + 7)) + (e +In(e + 7))} > (eln(e + 1)) Lo(T), ¢o(T) >0,

! 1 +’§ — — 5 ’
i(r) = (4— m)e Hr+e)?(In(r +e)) (1+5) > p3(1), ¢4(1) >0.
(4.51)
Proposition 4.1.17. Choose Ty > 10 such that
3T\ -1 1
40(2 + To)To_l(gai(To)> <3 for i=0.3, (4.52)
For all N € N and i € {1,4},
VT lss ,+ =20 L FN Tl + o st (VT sy 4 [ 151, }
v g (20 =v T wv 2T S iN—nyT,
Aomr, (3 1
< @, x (N~ DTy, + —omTo 3o () (N~ DT0) 1y, + o ) PN — DTy}
e 2T »
(4.53)

with (4.53), := (1 — 0m,1, {1 — %}) where Om, 1, 1s defined in (4.44]).
4

Towi—1

Proof. As key steps we will repeatedly apply Lemma with ¢;’s in (4.49). Applying Lemma

to f(t,z,v), solving (4.3) and (4.5)), with ¢; for i = 0,1,4 in (4.49), and using (4.50)), we
derive that, for i = 1,4 and (N — 1)Ty < t,. < NTy,

3

NTy
et VT s, + / oy, < lleiatf@)le, + ClF @, (454)

NTy 3
et fVTley, + [ (el e, + 511, )
’ (N=1)To ’ +

< lgilte) fF(N = D)To) |y, + CIlF((N =1)To)l L1, - (4.55)

From (4.25)), (4.51) and (4.54)), we derive that, for i = 1,4,

NTp NTop
[ eI, = [ et el dt.

(N-1)Tp (N=1)To

> Tolli-1(te) f(NTO)| 1, — CTollf (N = D)To)l| s , -
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From the above bound and (4.55)), we conclude that, for i = 1,4,

3 [NTy
li(te) f(NTO)| L1, + Tollpi—1(te) fF(NTO) 22, + / |flzs,

1S wv-nm (4.56)
< lleilte) fFIN = 1)To) 2, + CA+ To)lF (N = 1)To)l| s -
Now we combine (4.43) with (4.54)-(4.56)). From (4.43]) and
370\ -1
1@% < (901‘71(7)) pi-1(te),
with dm 7, in (4.44)),
3T0 -1
ATz, < (1= ma) IF(Y = DTo)lny , +2mr (051(52) it () F(N = DTo)ly .

(4.57)

For ¢« = 1,4, from {4.57) + T;m"‘i’(TQTO){ 4.54) 1= N1, + (4.56 }, and Ty > 0 in (4.52)), we deduce
opi—1(—7—

#53). O

Now we are well equipped to prove Proposition

Proof of Proposition [{.1.7. Fix Ty in (4.52) and recall norms of ||-[||; and |||, in (4.16].
From (4.53)), for i = 1,4,

IF NIl < AN = DTo)l; < --- < [[£O)[l;; for all N € N. (4.58)

Step 1. Since ¢1(7)/p4(7) is a decreasing function of 7 > 1, for M > 1 (M will be cho-

sen large enough to satisfy (4.61]) and [4.66))) , we have @1 (t¢) = 1> mp1(te) + Lig<nripr(te) =
li>m gig%g wa(ts) + Ly« e Mpo(te). From the above bound and (4.58) for i = 4, for M > 1,
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N e N,

1 o1(M) Tops(3P)
MSD (M) 4(Sm, To

%H«m(tf)f((N —DTo)llzy, £ O)ls + lleo(te) FIN = 1)To)l| s -

(4.59)

From (4.53]) and (4.5

Ne)

s with (L00), += max {(1— dnr {1~ 72250, (F + 7). (1 -
4

g
~—
—

IFNT)Il, < @8, < (N —1>To>\|!1+]\14§1%¢ ETi
4

L7 Ol (4.60)

Step 2. Tentatively we make an assumption, which will be justified later behind (4.66)),

(1 gp) = { (1 san {1 - EEDY). (iwlo)» (-3} e

For ¢t > 0, choose N, € N such that t € [N, Ty, (N + 1)Tp]. From and -, we derive,
foral 0 < N <N, +1,

1 1 (M) ps(352)

1\ -1
NT, < (14— N — DT, ith R = — .
VT < (14 37) IFN = DTl + %, with = 2 2 SOl
(4.62)
From (4.15)) and N, Ty < t, then there exists C' > 0 such that,
lo(te) f()lzy, < llete) f(NTO)| 1, + ClIfF(NGTo)ll s, - (4.63)

Now applying (4.63)) first and using (4.62]) successively, we conclude that

IF@ S W < (14 17) AN, = DTl + R
< (14 3) A 2Tl + (14 1) <

< (1+57) " WAl + (14 AR (4.64)
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— N, _ ES Ny M 3T
From (1+ ;) =((1+7)™M)™ <e o <e ~mmom , (I+ MR < 22%]\43 :zg@; £ C0)ll4,

we have

£y < (464) < max {e 207 oy (M) /oa(M) H IO, + 17O} (4.65)

ot
Following an optimization trick (making |e 270M — o1 (M)/@4(M)| < 1 as much as possible),

choosing
M = 2Ty In(10 + £)%] ), so that max {700 oy (M) /p4(M)} < (In(t)*~3 ()3, (4.66)

Clearly such a choice assures our precondition (4.61) for ¢ > 1. On the other hand it is

straightforward to check [|f(0)[l, + ll¢s(te) follrr , < ||69/‘”|2f0||Loo from and (4.21)),
while [[p4(te) fol 1, < oo has been taken for grated from the postulation of Theorem m

Setting ¢ = ¢1,t, = t/2 and from (4.51]), we have
S17) M%N/H%ﬁ 9y, ds
Applying (4.15)) and ( -7 we get

[ etz a5 5|1 (3)

From and (| -, we derive

!HfG)

_9 _ /o2
< ((e)> 2 () "M follnes, + leealte) foll e, }-
1
Therefore, we finally prove (4.17)). O

4.1.4 L*-Estimates of Moments

We give proofs for Lemma [£.1.8] and Lemma [£.1.9]
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Proof of Lemma [4.1.8 For (4.18) it suffices to prove this upper bound for

t;
/ e / / / 1y, <0<t 0 (8)| f (s, 25 — (ti — 8)vi, vi) |[{n(a;) -vs ydvidsdoi_y - - - doy. (4.67)
Vi Vi—1J0 i

Step 1. Applying Lemma [4.1.10} (4.20), (4.21)) with z = z; and v = v;, we derive the

change of variables, for j =¢ — 1,7 — 2,
vj € Vj = (Tj11,tb,5) = (wp(),05), tp (35, 05)) € 02 x [0, 4],

with dv; = |ty j|"Yn(2j+1) - (¥; — zj11)|dtp jdS4,. Applying above change of variables twice,

we derive that (4.67) equals

/ dO’l'--/ d0'i73
Vi Vi_3

ti—2 e e . A o — . A o —
X/ dtb,”/ dei_lcuuU%_Z xz_1|>!n(w¢—1) (Ti—2 — mi—1)|[n(zi-2) - (Ti—2 — @i—1)
0 o0

|th,i—2] |th,i—2|®
ti—2—tb,i—2 e . R, . . R,
></ dtb,i—l/ deic#ucxz—l xJ)‘n(:ﬂZ) (zi—1 xz)””(x;—l) (w51 — x7)
0 00 |tp,i—1l [th,i—1]

ti—1—tb,i—1
< ( /0 /v L ot onany <00 (8) £ (5.5 — (6 — s)ugsvn) {n(zs) - m}dwds>,

(4.68)

with ¢;_9, x;_9 defined in (4.7), and t;_1 = t;_2 — tp;—2. Using (4.31), we bound the above

integration as

ti—2 ti—o—tb,i—1
/ d01"'/ d0¢3/ dtb,¢—1/ dtb,i—Q/ dS,
V1 Vi_s 0 0 o0

K3

|zi—o — 21|\ |Ti—2 — Tia|* |zio1 — 2|\ |wic1 — @i
X c ,u( ) c ,u( ) dSz, , )(4.68).
</69 : |thi—2] lthi—al® " thi—1] thi—1]? v

(14.69)) «

(4.69)
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Step 2. We claim that

" S ]‘tb,iflgtb,i72 <tb,i—2>_5 + ]‘tb,iflztb,i—2 <tb,i—1>_5' (4'70)

We split the cases: Case 1: tp ;-1 <tp;—2. Using |z;—2 —zi—1| So 1, we bound

|Ti—o — $i71|> |Ti—9 — $i71|4 1 1
¢ < Sy, o<t + 1oy, o>170—, 4.71
. |tb,i—2| |tb,i—2|? P i T b2l 1)
w1 — @]\ |wio1 — @* 1 |zio1 — 2 1 1
¢ :“( ) S w2 (7> 1y, <im—— + 1y, 17— ¢
a thi—1] thi—1]° th,i—1] DA by R
(4.72)

We employ a change of variables, for z; € 0 and tp;—1 > 0, ;-1 € 02 — 2 =
ﬁ(xi_l —x;) € Gy 4y, 4, where the image &, 1, , of the map is a two dimensional

smooth hypersurface. Using the local chart of 992 we have dS;, , < ]tbvi_1|2dSz. From this
change of variables and (4.71]), (4.72), we conclude that

1tb,i—1 <tb,i—2 " *

1 1
S 1tb,i71§tb,i72 4.71 / w2 (2){1tb,¢71S1‘tb,i*1| + 1tb,i—121 E }dSZ
6zi’tb,i—l ‘ bﬂ*l’

1 1 1
< 1tb,i—1§tb,i—2{ltb,i72§1m + 1tb;iizzlm}{1tb7i,1§1‘tb,i—1| + 1tb,i,121m}

31— 30— 0
< tb,i—l 1 < 1
~ 1tb,i—1§tb,i—2 ltb,i—leﬁ + 1tb,z‘—221m ~ 1tb,i—2§1 + 1tb,¢—221m'

Ji— Ji— Ji—

(4.73)

Case 2: ty;—1 > tpi—2. We change the role of 7 —1 and ¢ — 2 and follow the argument

of the previous case. Using |x;—1 — x;| <o 1, we bound

|$i—1 — $l’> |ﬂ£‘7;_1 — l‘i|4 1 1
<1y <1— ) _
. ( th,i—1] tpi1]® S ey T i P

|zi—9 — i1 |\ |wi—2 — 2i-1]? 1/ |@ice — x| 1 1
e ) L
a |th.i—2] |th,i—2|? a |th,i—2] (T as thia| 2 \tb,i—2|5}
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We employ a change of variables, for x;_1 € 0Q and tp ;o > 0, x;_o € 00 — 2 := (Ti—o—

Ti-1) € Supty,_yy With dSy,_, < [tpi—2|*dS.. Then we can conclude that 1y, , >4, 5 (4.69)« S

14, <1+ 1tb,i,121|tb,i—1’_5- Clearly this bound and 1) imply lb

th,i—2

Step 3. Now we use (4.70]) to (4.69). Then we have

[@.67)
ti—o min{t;_o—tpi—1,tbi—1}
5/ d0'1"'/ dO’Z‘_g/ dtb,i1<tb,i1>5/ dtb,i2/ del 4.68
V1 Vi—3 0 0 o0
(4.74)
ti_o max{t; 2—1lp,i—2,tb,i—2}
+/ dO’l"'/ dJi_3/ dtb’i2<tb¢2>_5/ dtbﬂ'l/ dS;r, 4.68|).
V1 Vi—3 0 0 o0
(4.75)

We first consider (4.74). We employ the following change of variables (x;,tp i—2) = y =
x; — (tica —thi—2 — tb,i—1 — $)v; € Q, with |n(x;) - v;|dSy,dtp ;—2 = dy. Applying this change

of variables we derive that

tio t
(4.74) < dUl"‘/ dUiS/ dtb,i—1<tb,i—1>_5/ // 0'(8)|f(s,y,v;)|dvsdyds
V1 Vi_3 0 0 QOxR3
t
< [ 167, s

A bound of (4.75)) can be derived exactly as the one for (4.74)), using the change of variables
(l'i;tb,i—l) =Y =x; — (ti_g — tbﬂ'_g — tb,i—l — S)Uz‘ € ) with |n(xz) . Ui|d5’$idtb7i_1 = dy. ]

Proof of Lemma[{.1.9. Step 1. Define V! := {v; € Vi : |n(x;) - v|/|vi|> < &}. From
4.29), we have [,;do; < C62. On the other hand, from (£.31), we have ty(zj,v;) >
J

Caln(z;) - vi| /|vi|>. Therefore if v; € V\V?, we have ty,(z;,v;) > Cqd.

If tg(t,x,v,v1, -+ ,vp_1) > 0, we conclude such v; € VZ-\V{S can exist at most [ﬁ] +1
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M

times. Denote the combination = M(M];(lj)\};(lj\)/['leH) = N,(A]‘fiN), for M,N € N and
N . .
M > N. For 0 < 6 < 1, we have
e g,
k—
/k L 1151@(7575’3,11,1)17“',vk—1)20d0k*1"'dal < Z (/ dai) "
Hj;l J m=0 m Vf
[o551+1 (4.76)
2yh—[gks] &
< (052 teas
m=0 m
(&76)

; 1 \a—1 k k! a a_f k a2
this bound and (1+ ;=7)* " < e, we have, for a > 2 i G E)iE < (%) "aa Ty =
a
1 a k 2 k 2

ﬁ (aa (%) °1> 7 < ik(ea)ﬁ . Hence,
N A AN
> <= < —1/~(ea)a. (4.77)
= \i a % 2V a

Step 3. Now we estimate (4.76]),. For fix 0 < § < 1 which is independent of ¢, choose

A t
a € N such that (6*%ea)%? < e 2, and set k := a([m] + 1). (4.78)
Q

. . Forvika’ —t )41
Using (4.77)), we derive (4.76)), < [ﬁ] + 1(e[i]+1> Ca < /[CLQ(S] + 1(ea)[cm] and
_t
hence (4.76)) is bounded by (52“ea)[095]+1 [ﬁ]

_l’_

1 < e~t. This completes the proof. ]

~

Equipped with Proposition [£.1.7] and Lemma [{.1.8{4.1.9] we present a proof of the main

theorem:
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Proof of Theorem [J.1.1] Let w(v) := €' w/(v) := ? 1" for 0 < § < ¢’ < 1/2. It is stan-
dard ([2]) to construct a unique solution of f to (4.3)-(4.5)) and prove its bound [[w’f(t)|[ 1z, S
[w f(0)]| e, - To utilize the L'-decay of (4.17), we set

ot) = (In()) ~*(t)°. (4.79)
Clearly we have ¢'(t) < (In(t))=2(t)* for t > 1.

From Lemma we derive the form of [p; w(v)|f|dv (ie. o = 1). First we split
t1 < 3t/4 case and get (4.80)). Next, for t; > 3t/4 case, we follow along the stochastic cycles

twice with k£ = 2 and ¢, = ¢/2 and get (4.81), (4.82).

[ ol ido < [ 1) £G4 - ¢ 3t/a0,0)jdo (4.80)
R3 R3
+/]R3 14,530 /4cuw(v) (V)

< /  Lyepen (Dl (/2.0 — (0 — /20, 0)|dT . (481)

j=1Yj
+/R 14, >3¢/ac,w( ‘/2 1t2>t/2w(v2)f(t27$2>02)d22 dv.
j=1 .7
(4.82)
where d¥? = dUgm and d¥3 = Wdal, with the probability measure do; =

cup(vi){n(z;) - vj}dvj on V; for j =1,2.

For (4.80), considering the change of variables v — y = x — (¢t — 3t/4)v € Q where we
use t —tp(z,v) = t; < 3t/4, thus we have dv < t~3dy. Then, from the L>°-boundedness, t > 1,

1] <1and 0 <w < w', we deduce that

([.80) < / IfBt/4,y,0)[(t) P dy < (O |wf0)llz, < O/ fO)llzgs,-  (4.83)
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For ([4.81)), since [ps w(v)u(v)dv < 1 and doy is the probability measure in d¥7, we have
(@-81) < / Liy<tjoct |f(E/2, 21 — (t1 — t/2)v1, vi) {n(21) - v1}dug (4.84)

Vi

Note that t; > 3t/4 implies t/4 < t; — t/2 < t. Considering the change of variables v; — y =
—(t1 —t/2)v1 € Q where we use t; —ty(z1,v1) = to < t/2, clearly we get dv; < t73dy. Again,

from the L*>-boundedness, t > 1, || <1 and 0 < n(x1) - v1 S w(v1) < w'(v1), we derive

@D < [ wlenlf/2 .00l S 0 el Oz, < OO, (455

Now we only need to bound (4.82)). Since [p3 w(v)u(v)dv < 1 and doy is the probability

measure in d¥32, it suffices to prove the decay of

sup

/ 1yy>¢/2f (t2, T2, v2){n(72) - va}dua|. (4.86)
vER3 1€V ' J Vo

Now we define g := p(t2)w(ve) f (t2, x2,v2), and note that

1 / [n(z2) - va
g tg,wg,vg d’l)2 = f tg,xg,vg n\xro) - vy dUQ.
i Lty et ma s = [t 22,0 (n(02) 02}
Therefore, it suffices to show the decay of ‘ fv2 1t2>t/2| 1(1;(21;) j |g(t2, To, Ug)dvg}.

Applying Lemma with w(v) = eI, p(t) in [@79), and choosing t, = 0, k >
¢t with k ~ ¢ as in Lemma we obtain the corresponding expansion of g(ta,x2,v2) =

p(t2)w(va) f(ta, w2, v2) as (A.87)-(.91)): for 3 <i <k,

g(ta, x2,v2) = l45<0 9(0, 22 — tava, v2) (4.87)
to
+ / o' (s)w(va) f (5,29 — (ta — s)v2,v2)ds (4.88)
max(0,t3)
k—1 N
+ cuwp(vz) / X Z {1ti+1<0§ti9(0, x; — tivg, vi)}dEf (4.89)

j=3Vi i=3
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+ cpwp(ve / Z lo<, / | w(v;) o' (8) f(s,m; — (t; — s)vi,vi)ds}dif

max(0,t;41)

J 1=3
(4.90)
+ cuw,u(vg)/ . 1tk20 g(tk,xk,vk)dE,’z, (4.91)
Hj=3 Vj
where dif = dog - -doi mdai_l ---dos. Here, we regard to, xs,v9 as free parame-
ters.

We will estimate the contribution of (4.87)-(4.91) i in fv2 an 21])2;}2 g(t2, 2, vy)dvy term

by term.

For the contribution of (4.87)), we note ¢ > to > t/2 and consider the change of variables
v = Yy = X9 — tove € ) where we use t3 < 0, clearly we have dvy < t=3dy. From the

L*>-boundedness, to > /2> 1, |Q] <1 and 0 < n(z2) - v2 S w(ve) < w'(v2), we deduce that

; ”2| v2 w(v v -3
P(tz)/ |[@.87)|d o) /QQ(O) (v2)|£(0,y,v0)|(t)>dy "
1 L _
S @< ) 0(0)[Jw f(0)||Le, S ﬁ@) 3! £0) | e,

Now we bound the contribution of (4.88]). Recall Lemma and Proposition
with o'(t) < (In{t))~2(t)*, we have

1 02’
p(tz)/ |E88)dva / 16'(s) ()l s, ds
__ nls —2 S 4 s L s 4.93
3 <t)/0 | 0n(s))2(s)*F(3) 1, 0 (293

t

<
~ p(t)

< ' f(O0)llzge, + lpalte) fO)rs, }-

Next, we bound the contribution of (4.89). From the L*-boundedness and 0 < n(z2) -
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vy Sw(ve) < w'(ve) < p=t(v2), we derive

p(Z)/ M'-’d” S ><S“p/n n

</n(zj).vj>o dej> [wf(0)[Lge, (4.94)

[ f(0)]| £ee, -

1ti+1<ogtidif) 2(0)[0 £ (0) 2,

A
‘w

p

—~

t)

\ -

t)

)
—~

Again recall Lemma and Proposition we bound the contribution of (4.90)).
From 0 < n(z2) - vo < p~H(v2) and o' (t) < (In(t))~2(t)*, we have

1 / In(x 112|
dUQ
p(t2) Jps @)

i su < . w(v;)o' (s S, T; — (U — 8)V;, v; sdS¥

S 5 * s /H st /m RO CE R CRR TR .
o[t

<= | W@, as / nds))~2(s)4 £ ()l ds

S o1 X AN F Oz, + > O)lz2.}

Lastly we bound the contribution of (4.91). From Lemma and 0 < n(xa) - vo
w(vy) < w'(vg), we get

N

1 [n(z2) - vol
i Lo ey N ETD

1

< —  su (/ 1 (tzwvn o v doy ---do )Su wf(t o, .
~ ( )(m,v)E(IZ)XR3 Hkilw b o) 2070 o tk>p ” f( k)HL (4 96)

)
~

1
S oy el Ollzs, S eIl Oz,

B

Collecting estimates from (4.92)-(4.96) and using k ~ ¢, we derive

1 n(xg) - v 1 _ _ )2
| / 1t22t/2M9(t279”2a02>dv2} < max{p—(t) ¢ e} S Q (4.97)
Vs

pt2) w(v2)
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For (4.82)), using o(t) = (In(t))~2(¢)°, 0 < w(v) < p~*(v) and ([@.97), we conclude

@82) < (1) 73(In(t))?. (4.98)

The above bound, together with (4.83) and (4.85)), proves (4.2)). O
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