
DISCRETE NON-ABELIAN SYMMETRIES BEYOND THE STANDARD MODEL

by

Ariel Rock

A dissertation submitted in partial fulfillment of
the requirements for the degree of

Doctor of Philosophy

(Physics)

at the

UNIVERSITY OF WISCONSIN–MADISON

2021

Date of final oral examination: June 03, 2021
The dissertation is approved by the following members of the Final Oral Committee:

Lisa Everett, Professor, Physics
Vernon Barger, Vilas Professor and Van Vleck Professor, Physics
Yang Bai, Associate Professor, Physics
Ellen Zweibel, William L Kraushaar Professor, Astronomy



© Copyright by Ariel Rock 2021
All Rights Reserved



i

For my parents
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It was a hard thing to undo this knot.
The rainbow shines, but only in the thought
Of him that looks. Yet not in that alone,
For who makes rainbows by invention?
And many standing round a waterfall
See one bow each, yet not the same to all,
But each a hand’s breadth further than the next.
The sun on falling waters writes the text
Which yet is in the eye or in the thought.
It was a hard thing to undo this knot.

— Gerard Manley Hopkins,
“It was a hard thing to undo this knot”
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Abstract

The use of symmetry has been fundamental in the development of the Standard Model,
and we continue to be guided by symmetric considerations in building BSM theories of
supersymmetry breaking and flavor. In this thesis, we analyze a minimal flavored gauge
mediation model of supersymmetry breaking in which the electroweak Higgs and mes-
senger doublets mix as multiplets of a discrete non-Abelian symmetry given by the group
S3.

We show that in a specific limit, sizable stop mixing and flavor diagonal soft super-
symmetry breaking parameters are achieved. In most of the parameter space, the masses
of the colored superpartners are at most in the 5–6 TeV range. We show that couplings at
the renormalizable level do not lead to viable quark mixing parameters, requiring the in-
clusion of higher-dimensional operators. As a concrete exploration of this idea, we show
that the Cabibbo angle can be generated within this framework via such couplings and
explore the scenario’s phenomenological implications.

In a separate direction, we also explore the effects of correlations among observable
parameters of neutrino mixing on predictions for the leptonic Dirac CP-violating phase.
Focusing on a standard class of theoretical models of neutrino mixing governed by discrete
non-Abelian symmetries corrected by a single charged lepton rotation, we show that we
can guarantee a physically meaningful prediction for the most likely value of the leptonic
Dirac CP-violating phase.
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Part 1: Introduction and Theoretical

Overview
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Thesis Outline

This dissertation is structured into three parts. In Part 1 we summarize the history
and development of the Standard Model. We then summarize the mathematical structure
of the Standard Model, after which we introduce the particle content and notation of the
Standard Model. We then cover electroweak symmetry breaking and the generation of
fermion masses and their mixings. This brings us to a discussion of the free parameters of
the Standard Model which is the first of three issues with the Standard Model that will be
addressed: the aesthetics of the Standard Model, naturalness in the Standard Model, and
the contextualization of the Standard Model within cosmology.

Part 2 begins with a background section on supersymmetry and the minimal super-
symmetric Standard Model, especially emphasizing the topic of supersymmetry break-
ing. The remainder of Part 2 is devoted to the development and phenomenological conse-
quences of a new model of non-Abelian flavored gauge-mediated supersymmetry break-
ing. We first build a model in which a phenomenologically acceptable Standard Model
Higgs mass is achieved with relatively light superpartners. We then extend this model
with a nonrenormalizable operator that allows us to obtain Cabibbo-sized quark mixing
in the first two generations.

Part 3 starts with the standard beyond-the-Standard Model framework needed to ac-
count for neutrino masses, specifically the Maki–Nakagawa–Sakata-Pontecorvo neutrino
mixing matrix and the type-I seesaw mechanism of neutrino mass generation. As an ex-
ample of a prototypical procedure of the use of discrete non-Abelian symmetries in neu-
trino model building, we explain obtaining tribimaximal mixing via tetrahedral symmetry.
We then detail a new self-consistent method of predicting the leptonic Dirac CP-violating
phase based on the correlations among observable parameters of neutrino mixing in a
specific class of models based on discrete non-Abelian symmetries.
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Chapter 1

The Standard Model
1.1 The Historical Development of the Standard Model Since the Twen-

tieth Century

The Standard Model [1–3] is the quantum field theory that for the past forty years
has successfully described the strong, weak and electromagnetic interactions of funda-
mental particles to an extremely high level of accuracy; as of now, the Standard Model is
the most experimentally-corroborated theory of physics ever formulated. Its current suc-
cess and elegance, however, belie the inordinate efforts of thousands of particle theorists
and experimentalists over the past near-century. Furthermore, we must recognize the of-
tentimes decades-long gaps between theory and observation in the history of Standard
Model. With this cognizance, and in order to properly contextualize this thesis’ work be-
yond the Standard Model, we now provide a brief (and necessarily simplistic) history of
the development and verification of the Standard Model.

Dirac’s construction of relativistic quantum mechanics in 1928 [4] in many ways marks
the beginning of accelerated development of modern particle physics through the twenti-
eth century. Only five years later, Anderson discovered the positron [5], substantiating the
prediction of antimatter from the Dirac equation. Almost simultaneously, Chadwick ob-
served the neutron[6] – the precursor the the mid-century flurry of baryon (and meson)
discoveries. This discovery led Heisenberg [7] and Wigner [8] to introduce the concept
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of isotopic spin (isospin), a symmetry that was proven invaluable in accommodating the
”particle zoo” of mesons soon to be discovered.

Fermi then introduced his eponymous theory of the weak force [9], which introduced
to the world the neutrino, a particle initially theorized by Pauli to rescue conservation
of energy in beta decays[10]. While Fermi’s theory was initially rejected by Nature for
containing “speculations too remote from reality to be of interest to the reader,” it was
finally validated twenty-two years later with Cowan and Reines’ discovery of the electron
neutrino in 1956[11].

Shortly after the introduction of Fermi theory and nuclear isospin, Yukawa posited that
the residual nuclear strong force is mediated by a neutral scalar [12]. A particle with mass
aligning with Yukawa’s prediction was discovered in 1937 [13, 14] – the muon. The muon
was not Yukawa’s required particle, which was the pion, (discovered in 1947 [15]), but
the muon’s existence further expanded the elementary particle inventory by establishing
a new generation. It was around this time that Tomonaga[16] and Feynman[17] intro-
duced the first quantum field theory, quantum electrodynamics, which would eventually
be incorporated entirely into the Standard Model.

It was in the 1950s and 1960s that our current formulation of the Standard Model be-
gan to take shape. Our understanding of the weak force was further refined in 1957 with
the observation of parity-violation in weak processes [18, 19], and the chiral formulation
of the weak force and its unification with quantum electrodynamics proceeded in a se-
ries of papers by Glashow [1], Salam[3, 20] and Weinberg [2]. It was only twenty years
later when this electroweak theory was confirmed with the observation of theW± and Z0

bosons at the UA1 [21, 22] and UA2 [23] experiments at CERN.
At the same time, the proliferation of observed mesons and baryons led Gell-Mann [24]

and Ne’eman [25] to independently introduce the eightfold way in 1961, taxonomizing
baryons and mesons via an extension of isospin symmetry that includes strangeness. This
was extended in 1964 by Gell-Mann[26] (and by Zweig[27]) in the quark (aces) model.
The theory of quarks was promoted from being a purely placeholding construction to a
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dynamical theory with the introduction of SU(3) color charge by Greenberg, Han and
Nambu [28, 29] in 1964 and culminating in the formulation of quantum chromodynamics
as a Yang-Mills gauge theory in 1973 by Fritzsch, Gell-Mann and Leutwyler[30].

The quark model also played a role in the completing our understanding of the weak
sector, as in 1970 Glashow, Iliopoulos, and Maiani extended the work of Cabibbo [31],
proposing the GIM mechanism to explain the suppression of flavor-changing neutral cur-
rents in the Standard Model[32]. The GIM mechanism required the existence of a fourth
at-that-time unobserved quark, the charm – which was confirmed by the discovery of the
J/Ψ particle in 1974 by concurrent teams at SLAC[33] and Brookhaven [34]. Meanwhile,
in 1973, Kobayashi and Maskawa [35] extended the GIM mechanism to accommodate the
existence of CP-violation in the weak sector (seen by Christenson in 1964[36]). They did
so by postulating the existence of two additional quarks, the b and the t. The bottom quark
was found in 1977 at Fermilab [37], and the top eighteen years later again at Fermilab, by
the CDF [38] and D0 [39] collaborations.

By 1995, the Standard Model was almost complete, and all that remained was the ver-
ification of the Higgs mechanism. The Higgs mechanism was introduced in a 1964 series
of four papers on symmetry breaking in PRL by Higgs, Englert, Brout, Guralnik, Hagen
and Kibble [40–43]. Without it, the theory of electroweak interactions as developed by
Glashow, Weinberg and Salam would not be gauge-invariant, nor would quarks and lep-
tons be able to acquire mass. Nevertheless, it was only in 2012 that the ATLAS [44] and
CMS [45] experiments at the LHC finally corroborated the Higgs mechanism via the ob-
servation of a 125 GeV scalar particle consistent with the Higgs Boson. See Figure 1.1 for
the results for Higgs mass searches over different channels for ATLAS as of March 2021.

Now, with the confirmation of the Higgs boson, almost all collider data agree with
the Standard Model. For instance, as can be seen in Figure 1.2, there is robust agreement
between Standard Model predicted production cross sections for various particles and
observations.
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Figure 1.1: A summary of the Higgs boson mass searches done at the ATLAS experiment.
Image from [46].
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Figure 1.2: A comparison between total production cross sections for Standard Model
particles with their theoretical predictions. From [47]
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Nevertheless, the Standard Model is not yet complete as a framework for all of particle
physics. There are multiple issues with it as a theory; among others, some of these prob-
lems are: the proliferation of free parameters and the flavor problem, the unnaturalness
of the weak scale, and the absence of a source of neutrino masses and mixing. In this
thesis, we will build phenomenological models beyond the Standard Model to address
these issues, with a focus on the flavor problem. Specifically, we will embed the Standard
Model fields into representations of non-Abelian discrete groups and use their rich struc-
ture to build models of flavor. It is this author’s hope that the scenarios present in this
thesis are one day able to be confirmed by experiment, mirroring the history that lead to
the development of the Standard Model.

1.2 The Mathematical Framework of the Standard Model

We now move on from the history of the Standard Model in order to detail its mathe-
matical structure.

1.2.1 Spacetime, Particles and Symmetry

We state that a particle is an irreducible representation of the algebra of spacetime
transformations[48]. The transformations of spacetime are translations, rotations and
boosts, and together form a Lie group, called the Poincaré group[49]. If translations are
excluded, this is the Lorentz Group.

The algebra of the Poincaré group is generated by the operators Pµ and Mµν , with

[P µ, P ν ] = 0 (1.1)

[Mµν , P σ] = i (gσνP µ − gσµP ν) (1.2)

[Mµν ,Mρσ] = i (gµρMνσ − gνρMµσ − gµσMµρ + gνσMµρ) . (1.3)

Spacetime translations are generated by the momentum operator Pµ, rotations by op-
erators Ji = 1/2εijkM

ij and boosts by operators Ki = M i0.
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Defining the Pauli-Lubański vector Wµ = 1
2
εµνρσM

νρP σ, a particle can be defined as an
object that is an eigenstate of both P µPµ andW µWµ, as these two operators commute with
every element of the Poincaré algebra. A massive particle will have eigenvalues under
these operators −m2 and m2s(s + 1), respectively, and therefore one can label massive
particles as states with definite mass m and definite spin s. We identify massless particles
as a massless states with fixed helicity1.

One should note that this is a classification with respect to the symmetries of four-
dimensional spacetime, and therefore cannot account for other distinguishing character-
istics of particles, namely their charges.

1.2.2 Charges, Internal Symmetries and the Standard Model

As per Noether’s theorem [51], any continuous symmetry of a classical Lagrangian
results in a conserved current. This correspondence between continuous symmetry and
conservation carries over to quantum theories. In a relativistic, quantum theory, the con-
served charges associated with a force must be due to a local, continuous gauge symmetry.

The standard formulation of theories with gauge symmetries, or gauge theories, uti-
lizes the framework of Yang and Mills[52]. The symmetry group for a Yang-Mills theory
is SU(N) for N ≥ 2. An element of the gauge group is given by U(x) = exp(iαa(x)T a),

where T a are the generators of the group algebra. These generators are normalized in such
a way that 2 Tr(T aT b) = δab, and we may express the Lie algebra as

[T a, T b] = ifabcT c, (1.4)

where fabc are the structure constants of the algebra. The gauge fields, Aaµ, occupy the
adjoint representation of the Lie algebra, they transform as

AaµT
a → U(x)AaµT

aU †(x) +
i

g
U(x)∂µU

†(x), (1.5)

under an action of the gauge group. g is the coupling strength for the theory.
1For a much more detailed explanation of this process using the mathematical structure of the group

generated by Wµ, Wigner’s little group, see Section 2.5 in [50].
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Matter that is charged under the gauge symmetry exists in the fundamental represen-
tation of the group, and transform as

ψ → U(x)ψ. (1.6)

In order to maintain gauge invariance, in a gauge theory all derivatives ∂µ must be
promoted to covariant derivatives

Dµ = ∂µ − igAaµT a. (1.7)

It is through this derivative that charged matter will couple to the gauge vectors.
Defining the field strength tensor F c

µν by

F c
µν = ∂µA

c
ν − ∂νAcµ + gfabcAaµA

b
ν , (1.8)

the kinetic Lagrangian for the gauge fields is then given by

Lgauge = −1

4
F cµνFcµν , (1.9)

whereas the kinetic operators for charged matter is given by

Lkinetic = iψγµDµψ. (1.10)

We briefly note that in the Standard Model, left and right-handed fermions exist in
different representations of the gauge group, so further refinement of the above is needed.
This will also require the introduction of a Higgs mechanism to generate fermionic matter.
As for the Standard Model itself, it is a chiral Yang-Mills theory, with gauge group GSM =

SU(3)c×SU(2)L×U(1)Y . In addition to its gauge structure, the Standard Model contains
three generations of matter and a scalar sector comprised of a single Higgs doublet that
spontaneously breaks electroweak symmetry.
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1.3 The Physical Structure of the Standard Model

1.3.1 Particle Content of the Standard Model

We now introduce the particle (field) content of the Standard Model. A table indicating
the fields’ representations, spins and notations is given in Table 1.1. There are four broad
categories of field: the quarks, the leptons, the gauge bosons, and the Higgs field.

The quarks and leptons comprise the matter content of the Standard Model and are
spin 1/2 fermions. There are three generations of these fermions. The combined numbers
of leptons and fermions in each generation is fixed by their individual U(1) charges to be
such that all gauge anomalies vanish. Generations are often referred to as families, and
within individual types of particle, flavors.

The Flavor Problem

The underlying reason as to why there are (at least) three families is an open question
in particle physics. Each of the three generations exists in the exact same representation
of GSM , and if they were massless, each would be completely identical. This is not the
case, as can be seen in Table 1.2. Each successive generation is more massive than the last
and, as we will see, families can mix. In the massless limit, the Standard Model gains an
SU(3)5 × U(1)5 global flavor symmetry.

The Yukawa sector breaks this symmetry. The exact way in which this symmetry is
broken, or why the Yukawa couplings assume their observed values, remains an open
problem in particle physics.

Gauge Structure

Each quark comes in three colors, which are the charges for SU(3)c. Leptons are un-
charged under SU(3)c. The left-handed fermions all carry SU(2)L charge, which is weak
isospin, whereas the right-handed fermions do not. Lastly, all fermions carry U(1)Y hy-
percharge.
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The Standard Model

Field
Representation

(SU(3)c, SU(2)L)U(1)Y

Spin 1/2

Qi ≡ (uL, dL)i =
{

(uL, dL), (cL, sL), (tL, bL)
}

(3,2)1/6

Quarks (uR)i = {uR, cR, tR} (3,1)2/3

(dR)i = {dR, sR, bR} (3,1)−1/3

Leptons
Li ≡ (νL, eL)i =

{
(νe, eL), (νµ, µL), (ντ , τL)

}
(1,2)−1/2

(eR)i = {eR, µR, τR} (1,1)−1

Spin 1

Gauge Bosons
Wµ ≡ (W+

µ ,W
0
µ ,W

−
µ ) (1,3)0

B0
µ (1,1)0

gµ (8,1)0

Spin 0

Higgs H = (φ+, φ0) (1,2)1/2

Table 1.1: The fields of the Standard Model and their representations. The subscript
i = {1, 2, 3} indicates the generation. Parentheses indicate SU(2)L representations, and
brackets display the generations explicitly. Note that the SU(3)c color indices are sup-
pressed on the quark and gluon fields.
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The gauge bosons are spin 1 vector fields. They are the “force carriers” of the Standard
Model. The gluons, g, correspond to the SU(3)c gauge subgroup ofGSM . This is the group
that governs the strong force. There are eight gluons, which can carry three types ofSU(3)c

color charge.
The fieldsW andB correspond to the SU(2)L×U(1)Y subgroup ofGSM, which together

comprise the electroweak force. They carry weak isospin and hypercharge respectively.
One of the defining features of the Standard Model is that right-handed fermions do

not carry any weak isospin charge and therefore do not interact with the SU(2)L bosons.
Right-handed fermions exist in the trivial, or singlet, representation of SU(2)L. Addition-
ally, right and left handed fermions carry different U(1)Y charges, It is for this reason that
uL and uR, for example, are listed as different fields.

Additionally, the massive nature of the W± and Z0 bosons and the existence of Dirac
masses necessitate a Higgs mechanism and electroweak symmetry breaking (EWSB), which
we now discuss.

Electroweak Symmetry Breaking

In addition to the Lgauge and Lkinetic Lagrangians in Eqs. 1.9 and 1.10, the Standard
Model also contains a Higgs sector Lagrangian and a Yukawa sector Lagrangian. The
Higgs Lagrangian is

LHiggs = (DµH)†(DµH)− V (H) (1.11)

V (H) = µ2H†H + λ(H†H)2. (1.12)

If µ2 < 0, the Higgs field will acquire a VEV, which we can take to be real and neutral by
an SU(2)L × U(1)Y gauge transformation. Its VEV is then

v = 〈H〉 =

√
−µ2

λ
. (1.13)

This VEV is not invariant under the group SU(2)L × U(1)Y , so the electroweak gauge
symmetry is broken into a U(1)EM symmetry, where U(1)EM is the gauge group of elec-
tromagnetism. The real degree of freedom of the φ0 component ofH acquires a mass, and
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this particle is the Higgs boson h0, with massm2
h0 = −µ2 This process is called electroweak

symmetry breaking (EWSB).
Of the three T i generators of SU(2)L and the Y generator of U(1)Y , the only remaining

generator that keeps the vacuum invariant is the linear combination Q = T 3 + Y, which is
the electromagnetic charge operator that generates U(1)EM .

Through the (DµH)†(DµH) interaction of the Higgs Lagrangian, the electroweak gauge
fields W±

µ gain masses, along with a linear combination of B0
µ and W 0

µ . This linear combi-
nation is the weak Z0

µ boson. There is a massless, orthogonal linear combination as well,
which is the photon, Aµ. After electroweak symmetry breaking, the (DµH)†(DµH) opera-
tor creates a term (

vg

2

)2

W+
µ W

µ−, (1.14)

indicating the W± have acquired a mass

MW =
1

2
vg. (1.15)

Additionally, the neutral bosons B0
µ and W 0

µ mix, with their mixing governed by the
matrix

MWB =
v2

8

 g2 −gg′

−gg′ g′2

 . (1.16)

The eigenvectors of this matrix are the Aµ and Z0
µ gauge bosons, which can be expressed

as the linear combinationsZ0
µ

Aµ

 =

cos θW − sin θW

sin θW cos θW


W 0

µ

B0
µ

 , (1.17)

where θW is the Weinberg angle, defined as

g tan θW = g′. (1.18)

The eigenvalue corresponding to the Aµ eigenvector is zero, indicating the photon stays
massless, whereas the Z0

µ acquires a mass

MZ = sec θWMW . (1.19)
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1.3.2 Fermion Masses and Mixings

Along with LHiggs, there is also a LYukawa that couples fermions to the Higgs field to
generate their masses2 . It is given by (suppressing gauge indices for clarity)

− LYukawa = Y d
ijQLidRjH + Y L

ij LLieRjH + Y u
ijQLiuRjH̃ + h.c, (1.20)

where H̃ = iσ2H
∗. After EWSB, the Higgs field becomes

H → 1√
2

 0

v + h0

 . (1.21)

This generates mass terms for the fermions, with

−LYukawa ⊃ −Lmass =
vY d

ij√
2
dLidRj +

vY L
ij√
2
eLieRj +

vY u
ij√
2
uLiuRj + h.c (1.22)

≡ md
ijdLidRj +mL

ijeLieRj +mu
ijuLiuRj + h.c. (1.23)

Fermions that acquire mass via a term of the form mψ̄ψ are referred to as Dirac fermions.
Note that these mij are not necessarily diagonal, and therefore each must be diagonal-

ized biunitarily in the following way:

mdiag = ULmU
†
R. (1.24)

The entries on the diagonal of mdiag are the mass eigenvalues of the quarks and charged
leptons. These values are not the invariant masses of the particles; they are only La-
grangian parameters that are related to the physical masses via renormalization group
flow. For experimentally determined physical masses of particles in the Standard Model,
see Table 1.2. The range of quark and charged lepton masses spans many orders of mag-
nitude. The addition confirmation of sub-eV massive neutrino widens this range. It is the
construction of these mass hierarchies that will inform our model building in this disser-
tation.

2N.B. While neutrinos are fermions with mass, their mass generation is wholly outside the Standard
Model. We will come back to this topic in Part 3.
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The diagonalization process given in Eq. 1.24 can also be thought of as a rotation on
the fermion fields, with UL acting on the left-handed fields and UR on the right-handed.
This rotation brings the fields into the mass basis3.

Particle Masses
Fermions

Generation 1 2 3
Up-Type Quarks mu = 2.16+0.49

−0.26 MeV mc = 1.27± 0.02 GeV mt = 172.76± 0.30 GeV
Down-Type Quarks md = 4.67+0.48

−0.16 MeV ms = 93+11
−5 MeV mb = 4.18+0.03

−0.02 GeV
Charged Leptons me = 0.51109± 3.1× 10−9 MeV mµ = 105.66± 2.4× 10−6 MeV mµ = 1776.9± 0.12 MeV

Combined Neutrino Masses ∑
νmν < 0.15 eV

Gauge Bosons
Photon Gluon W Bosons Z Boson
mγ = 0 mg = 0 mW = 80.379± 0.012 GeV mZ = 91.188± 0.0021 GeV

Higgs Boson
mh = 125.1± .14 GeV

Table 1.2: Experimentally determined particle masses as listed in [53]. The masses for the
u, d and s quarks are quoted with their current masses using MS at µ = 2 GeV. The c and b
quarks are quoted as their running masses in the MS scheme, and the top quark is quoted
at its directly-measured value.

This has deep ramifications on the phenomenology of the Standard Model. After
EWSB, the charged-current interactions mediated by W±

µ couple to quarks via terms of
the form

Lcc ∼ W+
µ ūLiγ

µdLi + h.c. (1.25)

Note that this is diagonal, since by definition uL and dL form a single doublet represen-
tation of SU(2)L. However, this is not the mass basis, and by rotating the quarks into the
mass basis we introducing mixing. To wit:

Lcc ; W+
µ ūLi

(
UuLU

†
dL

)
ij
γµdLj + h.c, (1.26)

where the quarks are in the mass basis.
3Unless there is ambiguity, we will denote the mass basis with the same notation as the interaction basis.
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We see that there is now a matrix UuLU †dL that mixes generations. This matrix is known
as the Cabibbo-Kobayashi-Maskawa matrix, orVCKM[31, 35]4. An example charged-current
interaction that would mix an up and strange quark is given in Figure 1.3. The entries of
VCKM appear in these diagrams and affect their amplitudes.

W+

s

u

Vus

Figure 1.3: A typical weak vertex that mixes up and strange quarks. Note the appearance
of an entry of VCKM.

VCKM is a general unitary 3× 3 matrix, meaning it has nine free parameters: three real
mixing angles and six complex phases. Five of the complex phases may be absorbed by
redefinitions of the quark fields, leaving VCKM to be parameterized by three angles θ12, θ23

and θ13, and one CP-violating phase δ.Denoting sin θij = sij and cos θij = cij, the canonical
parameterization for VCKM is given by the PDG as [53]:

VCKM =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13




c12 s12 0

−s12 c12 0

0 0 0

 . (1.27)

The current global fits for these parameters as given by the PDG are listen in Table 1.3,
Canonically, the angle θ12 is known as the Cabibbo angle. It controls mixing between

the first and second generations and is the largest mixing angle. The relative magnitudes
of the entries in VCKM is given diagrammatically on the left of Figure 1.4. Note that VCKM is
highly structured, with the diagonal elements being the largest and the off diagonals being

4Note that it is often convention to define the up quark interaction in 1.20 as initially diagonal and then
define the weak eigenbasis for the down quarks in terms of the mass states via dweak

i = VCKMdmass
i .
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CKM Parameter Value

s12 0.22650± .000048

s23 0.04053+0.00083
−0.00061

s13 0.00361+0.00011
−0.00009

δ 1.196+0.045
−0.043

Table 1.3: The current global fit values of the CKM mixing and phase angles, as reported
in the PDG [53].

supressed. Furthermore, note that |Vub| < |Vcb| < |Vus|, indicating that mixing between
distant generations is suppressed.

We should contrast the highly-structured, mostly-diagonal nature of VCKM with mixing
in the neutrino sector, which will be discussed further in Chapter 5. It is now known that
neutrinos have mass, and therefore weak eigenstates mix [54–60]. Analogously to VCKM,

there exists the Maki-Nakagawa-Sakata-Pontecorvo mixing matrix, UMNSP, such that
νe

νµ

ντ

 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


︸ ︷︷ ︸

UMNSP


ν1

ν2

ν3

 . (1.28)

The fields νe,µ,τ are neutrinos in the weak interaction basis, and ν1,2,3 are the mass eigen-
states. However, the qualitative behavior of UMNSP is significantly different than that of
VCKM.As can be seen on the right of Figure 1.4, UMNSP has large off-diagonal entries, which
is markedly different from the off-diagonal suppression in VCKM.

This parametric behavior has significant ramifications for model-building. The struc-
ture of VCKM makes it clear that one may describe it as a diagonal matrix with off-diagonal
perturbations. Using the standard notation where s12 = λ, one may roughly consider VCKM

via the following expansion

VCKM ∼ 13×3 + λV1−2 mixing + λ2V2−3 mixing + λ3V1−3 mixing +O(λ4). (1.29)
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|VCKM| =


� � �

� � �

� � �

 |UMNSP| =


� � �

� � �
� � �



Figure 1.4: Relative magnitudes of the entries of VCKM, (left), and UMNSP, (right). Larger
boxes indicate larger magnitudes. Note that the boxes are not to scale between VCKM and
UMNSP.

This expansion is the Wolfenstein parameterization [61]:

VCKM =


1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4), (1.30)

where λ = s13, Aλ
2 = s23 and Aλ3(ρ+ iη) = s13e

iδ.

The model-building implication of the ability to perturbatively expand VCKM in small
λ is that the use of a U(1) Froggatt-Nielsen mechanism is appropriate[62]. While nothing
actively precludes constructing UMNSP in such a way, the existence of large mixing angles
indicates that the use of finite, non-Abelian discrete symmetries is warranted. We will see
an explicit construction of such a model in Chapter 5.

In the absence of such models, however, the parameters of VCKM and UMNSP are com-
pletely free, with no reason to assume the values that they take. This is only one aspect
of lack of a priori principles for the values of the parameters in the theory, which hints a
much broader question about the writ large incompleteness of the Standard Model.
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1.4 Issues with the SM

1.4.1 Aesthetics

We would like a fundamental theory to take as few inputs as possible, both numerically
and structurally. This is not the case in the Standard Model. Among the aspects of the
Standard Model that require explicit choices in its construction are: the numerical values
of the 19 free parameters in the theory, the existence of three identical generations of matter
and their representations, and the choice of the gauge group GSM .

Let us first briefly list the 19 parameters of the Standard Model in Table 1.4. The gauge
sector of the Standard Model has three free gauge couplings: g, theSU(2)L gauge coupling,
g′, theU(1)Y gauge coupling, gs, the SU(3)c gauge coupling. Note that it is often preferable
to work with the quantities αi = g2

i /(4π). Also in the gauge sector is θQCD, the strong CP-
violating angle 5. There are two parameters from the scalar Higgs sector, m2

h and v.

Parameters of the Standard Model
Sector Parameters Number

Gauge
g, g′, gs 3
θQCD 1

Higgs m2
h, v 2

Quarks
mu, md, mc, ms, mt, mb 6

θ12, θ23, θ13, δ 4
Leptons mu, md, mc 3

Total 19

Table 1.4: Parameters of the Standard Model

The Yukawa sector has 13 parameters, more than double the number of parameters in
the gauge and Higgs sectors combined. As we have seen, there is an observed hierarchy in

5The question of the existence and value of θQCD is known as the strong CP problem. Experimentally,
|θQCD| < 10−11, and the mechanism that keeps it so small is not yet fully known [53].
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the Yukawa sector; quarks and leptons display a mass hierarchy and VCKM is structured
as a diagonal matrix with systematic perturbations off the diagonal. These parameters
comprise what is known as the flavor sector of the Standard Model. The question of a full
understanding of sector is known as the flavor problem.

The absence of an underlying reason for the values of the gauge couplings is a fortiori

a question of the origin of the entire gauge structure of the Standard Model. Formally, a
single generation of Standard Model fermions is defined as the completely reducible

(3,2)1/6 ⊕ (3,1)2/3 ⊕ (3,1)−1/3 ⊕ (1,2)−1/2 ⊕ (1,1)−1 (1.31)

representation of the gauge groupGSM = SU(3)c×SU(2)L×U(1)Y . It would be preferable
to have a formulation of the Standard Model that is less reducible. These formulations
are known as grand unified theories (GUTs), wherein GSM is a subgroup of a simple
group at a high scale,GGUT . In these theories, a generation of fermions may exist as a less-
reducible representation ofGGUT , such as the 10⊕5 of SU(5), or the 16 of SO(10)[63, 64].
There are also GUTs that attempt to combine all three generations of fermions into one
representation, such as in models of SO(18) comprehensive unification[65].

Furthermore, the running of the gauge couplings in the Standard Model display slightly
convergent behavior at a high scale µGUT ∼ 1016 GeV, but do not actually converge, as
shown in Figure 1.5 in the case of SU(5) unification. Note that in Figure 1.5 α2 ≡ α,

α3 ≡ αs and α′ is normalized such that α1 ≡ (5/3)α′, as is required for SU(5) GUTs.
This lack of convergence indicates that additional physics must be added between MZ

and µGUT. As we shall see, supersymmetry can provide the necessary modifications to the
renormalization group equations needed to achieve quantitative gauge coupling unifica-
tion.

1.4.2 Naturalness

Another question about the parameters of the Standard Model is the reason as to why
all physical parameters are at or below the weak scale6. The naturalness problem shows

6Much of this analysis follows argumentation in [66, 67].



22

 0

 10

 20

 30

 40

 50

 60

 0  5  10  15

α i-1
(Q

)

log10(Q/GeV)

SM

SOFTSUSY 3.6.2

α1
α2
α3

Figure 1.5: The two-loop RG-evolution of the Standard Model gauge couplings, displaying
the lack of marked convergence at µGUT ∼ 1016 GeV. From [53].

that the Standard Model – which is an effective field theory – can be substantially affected
by physics at a much higher scale. More specifically, there is no mechanism for maintain-
ing the separation of the weak scale of the Standard Model and higher scales. This can be
seen in the Higgs sector in the following way.

Consider the diagram in Figure 1.6. This contributes to the self-energy correction to
the Higgs mass, giving

δµ2 = −3|yt|2
8π2

Λ2
UV − 3m2

t ln

(
Λ2
UV +m2

t

m2
t

)
+ . . .

 , (1.32)

where yt is the top quark Yukawa coupling. The form of Eq. 1.32 is interesting and prob-
lematic for two reasons. The first is that δm2

h is quadratic in ΛUV . The quadratic divergence
is often taken to be a statement of the hierarchy problem: the Higgs mass has a tendency
to be corrected to the UV scale.

As the Standard Model is an effective field theory, one may interpret ΛUV as the scale
at which the Standard Model is no longer valid. If there is no new physics between the
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h0

t

t

h0

Figure 1.6: The top-quark contribution to the Higgs’ self-energy.

weak scale of the Standard Model and the ΛUV scale of its ascended theory, then the Higgs
mass will get pushed up to ΛUV . This demonstrates one aspect of the hierarchy problem;
the Higgs mass is unprotected within the EFT of the Standard Model.

An additional aspect of the hierarchy problem is apparent from the logarithmically
divergent term in Eq. 1.32. Specifically, we see that δµ2 is dependent on m2

t , indicating
that the Higgs is sensitive to the masses of particles it couples to.

Assume, for example, the existence of a colorless scalar φ of mass mt < mφ � ΛUV ,
and that it couples to the Higgs via −λφ|H|2|φ|2. It will therefore introduce a correction
similar to Eq. 1.32,

δφµ
2 =

λφ
16π2

Λ2
UV −m2

φ ln

(
Λ2
UV +m2

φ

m2
φ

)
+ . . .

 . (1.33)

If λφ were generic, this new physics would not cancel the quadratic divergence in m2
h. If,

however, we were to have λφ = 6|yt|2, we see that the quadratic divergences in Eq. 1.32
and in Eq. 1.33 cancel, i.e

δµ2 + δφµ
2 = −3|yt|2

8π2

m2
φ ln

(
Λ2
UV +m2

φ

m2
φ

)
− 3m2

t ln

(
Λ2
UV +m2

t

m2
t

)
+ . . .

 . (1.34)

The hierarchy problem is still present, however. The scale of the new physics we have
introduced is mφ. The role of mφ is to cancel the large corrections due to physics at ΛUV .
However, since mt < mφ, the overall correction to δµ2 will still go as m2

φ, and the Higgs
will once again be driven towards a high scale

Therefore with the introduction of new physics, the weak scale will generically ap-
proach the next highest scale in the theory. In Part 2, we will see how supersymmetry
keeps these scales separated without the need to fine-tune.
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1.4.3 Cosmology

While the Standard Model is predictive at the micro-scale, it does not answer many
of the outstanding questions in astrophysics and cosmology. It is well known that there
is a significant imbalance of matter and antimatter[68–71]. While it is theoretically pos-
sible to explain baryon asymmetry using Standard Model processes [72], the magnitude
of the observed asymmetry is much too large to be feasibly generated. If one extends the
Standard Model to contain heavy right-handed sterile neutrinos, this asymmetry may gen-
erated dynamically via the process of leptogenesis[73]. Baryogenesis may also come from
sphalerons during the electroweak phase transition, although this still requires extending
the Standard Model [74].

It is also well-established that the universe is expanding [75] at a rate that indicates
the presence of dark energy [76, 77]. Again, the Standard Model provides lacks a mech-
anism for explanation. There are many BSM theories that are amenable to models of
dark energy7; as one example, in theories where supersymmetry breaks softly via me-
diation, the cosmological constant can receive a contribution of order ∼ M4

X arising from
the hidden sector supersymmetry breaking scale,MX [80–82] – a specific implementation
of quintessence theories[83].

Another contribution to the energy density of the universe is dark matter[70, 71, 84,
85, 85], which massively outnumbers baryonic matter. The Standard Model does not con-
tain any particles that could feasibly be dark matter candidates. However, if R-parity is
conserved in supersymmetry, it may be that the lightest supersymmetric partner is a can-
didate for dark matter [86]. Another interesting supersymmetric dark matter source could
be the messengers in theories of gauge-mediated supersymmetry breaking[87]. Neverthe-
less, supersymmetry is only one of the myriad dark matter models under considering, for
a review see [88].

7See the reviews [78, 79] for overviews of the vast range of dark energy models.
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1.5 The Next Steps

The Standard Model, while an historic achievement in its scope, accuracy and predic-
tivity, is not a complete theory of particle physics. This is where beyond the Standard
Model (BSM) physics begins. Moving forward, Part 2 of this thesis will focus on address-
ing the problems of naturalness and flavor using the framework of supersymmetry and
discrete non-Abelian family symmetries. This is in no way the unique path forward, nor –
as we have seen– are those the only open problems, but we have chosen to do so for con-
crete reasons. Namely, the LHC and other experiments continue to provide interesting
data on flavor effects, and supersymmetry continues to be the most well-tested and robust
BSM theory in use. Much of its parameter space has been, and continues to be probed by
experiment. As an example, see Figure 1.7 for a summary plot of ATLAS supersymmetry
searches and their current bounds. As searches for supersymmetry are still ongoing, and
supersymmetry has not yet been ruled it, now is a good to time build supersymmetric
models that may be testable in the near future.

More specifically, we will build a model of supersymmetry breaking in which a finite
non-Abelian discrete symmetry plays a paramount role. This model of supersymmetry
breaking will allow us approach the flavor problem in a nonstandard way – through su-
persymmetry breaking itself. As both flavor and supersymmetry are broken at the collider
scale, we will detail a model wherein the origin of both descend from a single symmetry.

Looking forward to Part 3, we will discuss the issue of neutrino masses and mixings.
Again, we will use the paradigm of discrete non-Abelian symmetries to analyze models of
neutrino flavor and the associated predictions for CP-violating parameters in that sector.
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Figure 1.7: Current mass reach for supersymmetry searches by ATLAS. From [89]



27

Part 2: Family and Supersymmetry

Breaking
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Chapter 2

Supersymmetry
We have established that the Standard Model – while an enormous success – is incom-

plete. Furthermore, the hierarchy problem indicates that the Standard model is quadrat-
ically sensitive to any additional physics at higher scales. The pessimist may take these
statements together to mean that there is no chance of incorporating new physics beyond
the Standard Model without making it unnatural, but the pragmatist concludes the fol-
lowing: a viable BSM theory should keep the Standard Model down at the weak scale.
One theory that extends that Standard Model while enforcing the stability of electroweak
scale is supersymmetry.

In this chapter, we summarize the machinery of supersymmetry in order to introduce
supersymmetry breaking. We then discuss previous work done in a specific iteration of
supersymmetry breaking – called flavored gauge mediation – as background for the au-
thor’s work as detailed in Chapters 3 and 4.

2.1 Intro to Supersymmetry

Supersymmetry is an additional symmetry imposed on the Standard Model wherein
there is a supersymmetry transformation that maps every particle in the Standard Model
to a superpartner with spin that differs by 1/2. This transformation, generated by Q,
schematically operates as

Q |Boson〉 → |Fermion〉 , Q |Fermion〉 → |Boson〉 . (2.1)
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For this operation to make mathematical sense, we see that Q must be spinorial, so it
should carry a spinor index, α.Additionally, sinceQα is a spinor, its Dirac adjoint must also
be an operator, denoted by Qα̇. The exact form and algebraic properties of this operator1

Qα are strongly constrained by various theorems [90, 91]. Specifically, the supersymmetry

algebra must satisfy

{Qα, Qα̇} = 2σµαα̇Pµ, (2.2)

{Qα, Qα} = {Qα̇, Qα̇} = 0 (2.3)

[Qα, P
µ] = [Qα̇, P

µ] = 0. (2.4)

What we can see from the supersymmetry algebra is that the Poincaré algebra which
generates spacetime is contained within the supersymmetry algebra. As we have seen,
particles are defined as irreducible representations of the Poincaré algebra; the analogous
statement for supersymmetry is that the irreducible representations of the supersymmetry
algebra are supermultiplets. Supermultiplets contain both bosonic and fermionic degrees
of freedom, which are connected via transformations generated by Q, making Eq. 2.1 a
more rigorous statement. It can also be shown that Q commutes with internal symmetry
generators, indicating that supermultiplets can be well-defined representations of gauge
groups.

For a theory with N = 1 supersymmetry generators in D = 4 spacetime dimensions,
there two categories of supermultiplets: chiral and vector supermultiplets. A chiral su-
permultiplet contains the physical fields φ (a complex scalar) and φ (a two-component
Weyl fermion). Analogously, the vector supermultiplet contains the physical fields Amu
(a spin-1 gauge boson) and λ (a spin 1/2 spinor called the gaugino2). However, one can
show that supersymmetry algebra only closes if the physical fields remain on-shell, which
would preclude its quantization. The solution is to introduce non-propagating degrees of

1We have been eliding the fact that there can be N ≤ 8 pairs of supersymmetry generators, but in this
work we will only consider situations where N = 1.

2See Table 2.1 for superpartner naming conventions.
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freedom into the supermultiplets–a complex scalar F in the chiral supermultiplet, and a
real scalar D in the vector supermultiplet.

Since the supersymmetry algebra is an extension of the Poincaré algebra, we can think
of supersymmetry as extending the geometry of spacetime. Rigorously, the four spacetime
coordinates xµ that label a field φ(xµ) are extended to include additional non-commuting
fermionic coordinates, xν → (xµ, θα, θ

α̇
). In superspace, the supermultiplets operate as

unified superfields, and supersymmetry transformations become infinitesimal translations
and rotations in superspace. We will denote the superfield corresponding to a chiral su-
permultiplet as Φ, that of a vector supermultiplet by V and drop the distinction between
superfield and supermultiplet.

The Lagrangian in a supersymmetric theory can be constructed from three functions
of the superfields (along with specifying particle and gauge content). The first is the su-
perpotential, a holomorphic function of the superfields. In the case of renormalizable
supersymmetric theories, it is of the form

W = LiΦi +M ijΦiΦj + Y ijkΦiΦjΦk. (2.5)

The L term is forbidden if there are no gauge-singlet superfields in the theory, which is
true in the cases we shall consider.

The second is the Kähler potential, a real-valued function of the superfields which in
renormalizable theories is just K = ΦiΦ∗i at tree level. The last is the gauge kinetic func-
tion f, which in theories with less than two U(1) gauge groups is just a complex number.
Additionally, the scalar potential is a function of the F and D terms of the theory, which
in globally supersymmetric theories is given by

V =
∑
i

|Fi|2 +
1

2
D2
a. (2.6)

We are now at a point where we can make precise the statement that supersymmetry
solves the hierarchy problem.
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2.1.1 Supersymmetry and the Hierarchy Problem

All non-gauge interactions in a supersymmetric theory descend from the superpoten-
tial W via

L =

∫
d2θW +

∫
d2θ̄ W ∗. (2.7)

Since the same parameter in Y applies to every member of a supermultiplet, supersymme-
try enforces very strict relationships between different operators. Let us consider specif-
ically all vertices between Higgs and top supermultiplets. In Figure 2.1, the Standard
Model top Yukawa interaction on the left requires the existence of the supersymmetrized
vertex on the right. Since FtL is non-propagating, it must be intergrated out, leading to the
four-point vertex in Figure 2.2.

h0

tR

tL−iyt
FtL

h0

t̃R
iyt

Figure 2.1: The top Yukawa term and its supersymmetrization.

Note that this is exactly the vertex detailed above Eq. 1.33. Note that there is an equiv-
alent diagram coupling t̃L and h0, with the same vertex. Additionally, t̃L,R come in three
colors, so there is a total contribution from vertices of this form with value g|yt|2.Note that
this is precisely the relationship we desired in Section 1.4.2. There are additional three-
point diagrams between t̃L,R, and h0, which will exactly cancel the m2

t ln
(

Λ2
UV +m2

t

m2
t

)
term

in Eq. 1.32.
It can be shown that this cancellation persists at all order for all corrections to the Higgs’

self-energy. In fact, the holomorphicity of the superpotential guarantees that all pertur-
bative corrections to any of its parameters vanish[92–97]. This is not the case for broken
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h0

t̃∗R

h0

t̃R

−i|yt|2

Figure 2.2: The effect four-point Higgs-stop vertex.

supersymmetry, but if supersymmetry is broken “softly,” the divergences are at most log-
arithmic [98].

2.1.2 The Soft Lagrangian

If 〈V 〉 6= 0, the vacuum state will not be supersymmetrically invariant, and supersym-
metry will be spontaneously broken. Therefore if either a D or F term acquires a VEV,
then supersymmetry will break.

Phenomenologically, supersymmetry must indeed be broken. As seen in Eq. 2.2, Q
commutes with P , so all fields in the same supermultiplet have the same mass – which
is obviously ruled out by current collider data. The exact mechanism of supersymmetry
breaking can take myriad forms (see Section 2.3), but our ignorance can by parameter-
ized by the following effective soft3 Lagrangian. The following set of couplings have been
shown to be the complete set of possible terms that are always soft[98–101]:

Lsoft = −


gaugino masses︷ ︸︸ ︷
Maλaλa +

1

2
bijφiφj︸ ︷︷ ︸

bilinear operators

+

trilinear operators︷ ︸︸ ︷
1

6
aijkφiφjφk

+ h.c.−
scalar mass2︷ ︸︸ ︷
m̃2
ijφ
∗
iφj . (2.8)

In coming sections, we will see how various models of supersymmetry breaking will gen-
erate these terms.

3Soft in that it breaks supersymmetry but does not lead to the usual scalar-induced quadratic divergences.
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With these objects, (W , Lsoft, K, and f), we are now ready to build the supersym-
metrized version of the Standard Model.

2.2 The Minimal Supersymmetric Standard Model

We now turn to the task of supersymmetrizing the Standard Model. We will keep the
gauge structure the same, and so our first step is to determine the field content of this
theory. To this end, we will embed every Standard Model field into a supermultiplet in
a straightforward manner. We also extend the Higgs sector of the Standard Model. One
reason for doing so is that the Yukawa sector descends from the superpotential, which is
holomorphic. Therefore, any appearance of the usual 2 field H̃ = iσ2H is inadmissible at
the level of the superpotential. Furthermore, two Higgs fields are required for anomaly
cancellation. We therefore introduce the fieldHd, which is responsible for the down-quark
and lepton Yukawa terms. The field field content and their representions are given in Table
2.1.

The superpotential of this theory is given by

WMSSM = yuQuHu + ydQdHd + yeLeHd+ µHuHd. (2.9)

For clarity, gauge and flavor indices are supressed and contracted in the usual way. Of
course, this superpotential is not inclusive of all possible couplings without the imposition
of further symmetries. We additionally impose a global conservation of R-parity. R-parity
is a Z2 symmetry, were the R-parity of a field is defined as

PR = (−1)3(B−L)+2s (2.10)

, where B is the baryon number, L is the lepton number and s the spin of the particle.
Practically, R-parity assigns a value of +1 to all Standard Model particles, and −1 to all
superpartners. R-parity has significant phenomenological consequences, as it forbids in-
teractions with an odd number of superpartners with the result that:

• Rapid proton decay via superpartner exchange is forbidden and
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The Minimal Supersymmetric Standard Model
Superfield Spin 1/2 Spin 0 Representation

(S)Quarks
Qi (uLi, dLi) (ũLi, d̃Li) ≡ Q̃i (3,2)1/6

ui
(
ucL
)
i

ũ∗Ri (3,1)−2/3

di
(
dcL
)
i

d̃∗Ri (3,1)1/3

(S)Leptons
Li (νLi, eLi) (ν̃Li, ẽLi) ≡ L̃i (1,2)−1/2

ei
(
ecL
)
i

ẽ∗Ri (1,1)1

Higgs(inos)
Hu (H̃+

u , H̃
0
u) ≡ H̃u (H+

u , H
0
u) ≡ Hu (1,2)1/2

Hd (H̃0
d , H̃

−
d ) ≡ H̃d (H0

d , H
−
d ) ≡ Hd (1,2)−1/2

Spin 1 Spin 1/2

Gauge(inos)
W±,0 W±,0 W̃±,0 (1,3)0

B0 B0 B̃0 (1,1)0

g g g̃ (8,1)0

Table 2.1: The field content of the MSSM field and their representations. Note that it is
convention to define the SU(2)-singlet fields in terms of the conjugate of a left-handed
Weyl fermion. Within a supermultiplet, the un-tilded field corresponds to the usual SM
field, and the tilded labels its superpartner. The naming convention for the tilded fields
are to append an ”s” to the beginning of the name for a scalar partner, and add ”ino” to
the end of a fermionic superpartner.
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• The lightest supersymmetric partner (LSP) is stable.

This superpotential (and the imposition of R-parity) defines what we will call the Minimal
Supersymmetric Standard Model (MSSM).

One feature of the MSSM worth commenting on is that the gauge couplings unify at
a high scale to a much stronger degree than in the Standard Model alone, as can seen by
comparing the two plots in Figure 2.3. Maintaining this behavior will be an important
requirement for building models of supersymmetry breaking.

As we have seen, the Standard Model has – excluding neutrino masses – 19 parameters.
The superpotential in Eq. 2.9 has only introduced one additional complex parameter, µ, so
one might believe that the MSSM is indeed a minimal theory. Unfortunately, we know that
supersymmetry must be broken, and as such we must include Lsoft as part of the MSSM
Lagrangian. With the field content specified in Table 2.1,

Lsoft =− 1

2

(
M3g̃g̃ +M2W̃W̃ +M1B̃B̃ + h.c.

)
− εαβ

(
ũ∗RiAuij Q̃

α
jH

β
u − d̃∗RiAdij Q̃α

jH
β
d − ẽ∗RiAeij L̃αjHβ

d + h.c.
)

−
(
Q̃∗i m

2
Qij Q̃j + L̃∗i m

2
Lij L̃j + ũ∗Rim

2
ũij ũRj + d̃∗Rim

2
d̃ij
d̃Rj + ẽ∗Rim

2
ẽij ẽRj

)
−
{
m2
Hu|Hu|2 +m2

Hd
|Hd|2 +

(
bεαβH

α
uH

β
d + h.c.

)}
. (2.11)

With this inclusion, the MSSM contains a massive 124 free parameters[102]. Of course,
an overwhelming number of these parameters are already excluded by existing data on
FCNCs and CP violation. In order to get a better understanding of the behavior and im-
portance of the parameters contained within Lsoft,we now explore electroweak symmetry
breaking in the context of the MSSM.
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Figure 2.3: The two loop running of gauge couplings in the Standard Model (left) and
MSSM (right) in the instance of SU(5) unification. The supersymmetry threshold is taken
to be 2 TeV. Note the lack of convergence of the running gauge couplings in the Standard
Model, as compared with the much closer convergence of the running couplings in the
MSSM. Image from [53].
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2.2.1 Electroweak Symmetry Breaking

The Higgs sector potential has contributions from F andDa fields, as in Eq. 2.6, as well
as contributions coming from Lsoft. Explicitly, we have

VHiggs =
(
|µ|2 +m2

Hu

) (∣∣H+
u

∣∣2 +
∣∣H0

u

∣∣2)+
(
|µ|2 +m2

Hud

) (∣∣H0
d

∣∣2 +
∣∣H−d ∣∣2)

+
(
εαβbH

α
uH

β
d + c.c

)
+

1

8

(
g2 + g′2

) (∣∣H+
u

∣∣2 +
∣∣H0

u

∣∣2 − ∣∣H0
d

∣∣2 − ∣∣H−d ∣∣2)2

+
1

2

∣∣H+
u H

0∗
d +H0

uH
−∗
d

∣∣2 . (2.12)

In order to find the minimum of this potential, we use the allowed SU(2)L gauge freedom
to rotate awayH+

u andH−d at the minimum. Additionally, bmay be made real and positive
by a redefinition of the phases of Hu,d. Therefore, the potential around the minimum
becomes

VHiggs =
(
|µ|2 +m2

Hu

) ∣∣H0
u

∣∣2 +
(
|µ|2 +m2

Hud

) ∣∣H0
d

∣∣2
−
(
bH0

uH
0
d + c.c)+

1

8

(
g2 + g′2

) (∣∣H0
u

∣∣2 − ∣∣H0
d

∣∣2)2

. (2.13)

In order for this potential to caused electroweak symmetry breaking, it must be that: 1) the
point 〈H0

u

〉
=
〈
H0
d

〉
= 0 is not a stable minimum; and 2) that the potential is bounded from

below – a possibility if H0
u = H0

d . These two conditions put constraints on the parameter
space, with

b2 >
(
|µ|2 +m2

Hu

) (
|µ|2 +m2

Hd

) (2.14)

2b < |µ|2 +m2
Hu +m2

Hud. (2.15)

Now, denoting 〈H0
u

〉
= vu and 〈H0

d

〉
= vd, electroweak symmetry breaking can continue

mutatis mutandis, where

m2
Z =

1

2

(
g2 + g′2

) (
v2
u + v2

d

) (2.16)

m2
W =

1

2
g2
(
v2
u + v2

d

)
. (2.17)
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With foresight, define (v2
u + v2

d

)
= v2 and tan β = vu/vd. Thus, the potential in Eq. 2.13

subject to the constraints Eqs. 2.14 and 2.15, we find that the potential is minimized when

|µ|2 +m2
Hu = b tan β +

1

2
m2
Z cos 2β (2.18)

|µ|2 +m2
Hd = b cot β − 1

2
m2
Z cos 2β. (2.19)

It is worth pausing to consider the implications of relations Eqs. 2.14–2.18. Most ob-
viously, they begin to demonstrate the promised winnowing down of parameters in the
MSSM. We do, however, have the first hint of a rather important issue in model build-
ing within the MSSM. Note that the parameters m2

Hu, m2
Hd and b come directly from Lsoft,

which mean that they should be of the weak scale, and m2
Z is obviously of the weak scale.

This indicates that, barring large cancellations, |µ|2 should also be weak scale. This should
make us uncomfortable in that µ is a supersymmetry-preserving parameter in the superpo-
tential, which should live at the high scale were supersymmetry is unbroken. This tension
is referred to as the µ-problem[103]; we will see this show up quite often.

With the confirmation of the existence of a Higgs-like scalar particle at 125 GeV [44,
45], should make sure that this Higgs potential also produces a Standard Model-like light
Higgs boson at mh = 125 GeV. Before electroweak symmetry breaking, there are four
complex scalar fields with eight total degrees of freedom in the Higgs sector, viz.: H+

u ,
H0
u, H0

d , and H−d . Of course, three degrees of freedom are absorbed by the longitudinal
modes of the Z and W± bosons, so there remain five degrees of freedom running around
after electroweak symmetry breaking. The potential in Eq. 2.12 can be diagonalized after
symmetry breaking to give five real scalar eigenstates: the neutral, CP even h0 and H0;
the neutral, CP odd A0; and the charged H±. The lightest CP even field h0 is our Standard
Model Higgs.

This causes an immediate issue. It is well known that the tree-level upper bound for
m2
h0 is far too low, and large loop corrections are needed to get to a phenomenologically
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accepted value[99–101, 104]. As the parameters determining the dominant radiative cor-
rection will come up later, we write the one loop correction explicitly

m2
h0 ≤ m2

Z +
3g2m4

t

8π2m2
W

ln

(
M2

s

m2
t

)
+
X2
t

M2
s

(
1− X2

t

12M2
s

) , (2.20)

where mt is the top quark mass, M2
s = (m2

t̃1
+ m2

t̃1
)/2 is the average mass-squared of the

top squarks, and Xt = At − µ cot β is the stop mixing parameter4. This correction can
bring up the m2

h0 bound by either taking M2
s larger or |Xt|/Ms near

√
6 [105–108]. The

former is relatively unpalatable, as very high scale for stop masses does not make for a
testable theory, whereas mechanisms for the latter sometimes (not always!) run the risk
of introducing unacceptable FCNCs. We will take these issues into account as we build a
model of supersymmetry breaking.

2.3 Supersymmetry Breaking

Supersymmetry is a restrictive theory, and as such one must be careful in breaking
it. For instance, in non-anomalous, renormalizable theories with tree-level spontaneous
supersymmetry breaking, the following identity must hold

STr(m2) ≡
∑
J

(−1)(2J)(2J + 1)m2
J = 0, (2.21)

where the sum runs over the spins of fields in the same supermultiplet[109]. This is un-
tenable, as this identity would require that superpartners for already observed Standard
Model particles be much too light [110]. We therefore must move away from tree-level
renormalizable supersymmetry breaking. The paradigmatic solution is to break super-
symmetry in a sector that only couples to the observable sector via higher order media-
tion [111–114]. A cartoon of this scenario is given in Figure 2.4. There are myriad specific
implementations of this procedure5, but we shall focus on a family of models called gauge

mediation.
4At = Au33 where (Au)ij is the trilinear operator from Lsoft that couples Hu, Q̃ and ũ∗R.
5See [115] for a broad overview of the different possibilities.
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Figure 2.4: The general outline of mediated supersymmetry breaking. Note that mediation

refers to mechanism whose couplings are parametrically suppressed.

2.3.1 Gauge Mediation

In gauge mediation (GMSB) [110, 116–125], the mediation mechanism is expanded
to include an intermediate sector of messengers. These messengers interact directly with
supersymmetry breaking sector via non-gauged couplings, but coupling to the observable
sector with Standard Model gauge interactions. This is shown diagrammatically in Figure
2.5. The messengers communicate the supersymmetry breaking to the observable sector
via loop-interactions, which when integrated generate Lsoft. To be much more explicit, we
detail the minimal implementation of GMSB (mGMSB) and its consequences following
the reviews of [125, 126].

Denote the field that breaks supersymmetry in the hidden sector by X. Through a
dynamic mechanism about which we are agnostic, it acquires a VEV 〈X〉 = M+θ2F.Note
that the appearance of VEV for its F -term break supersymmetry. This field couples to the
messengers,N pairs of chiral fields Φi and Φi. It is often the case that these messenger pairs
exist as vector-like representations of the full GUT group in which the Standard Model
gauge group is embedded – most often 5 and 5 of SU(5). The superpotential governing
this coupling, after choosing an appropriate diagonal basis, is

WXΦ =
N∑
i

λiXΦiΦi. (2.22)
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Figure 2.5: The general outline of gauge mediated supersymmetry breaking

Once X acquires a VEV, the messenger fields acquire a mass, which after being inte-
grated out lead to the following effective Lsoft terms at the scale M

Ma =
g2
a

16π2
Λ

N∑
i

2Ta(ri)g(xi) (2.23)

m2
f̃

= 2Λ2
∑
a

(
g2
a

16π2

)2

Ca(r)
N∑
i

2Ta(ri)f(xi) (2.24)

Aijk = 0 +O
(

g2
a

16π2

)2

, (2.25)

where Λ = |λiF/M |, xi = Λ/(M), Ta(ri) is the Dynkin index of the ith messenger pair,
Ca(rf̃ ) is the quadratic Casimir invariant for the field f̃ , and the a runs over the gauge
groups. Note that g(xi) and f(xi) are loop functions that are approximately equal to unity
for xi � 1. Additionally, for our choice of the messenger pairs existing as 5, 5 representa-
tions of SU(5), Ta(ri) = 1/2. Example diagrams contributing to the terms in Eq. 2.23 and
Eq. 2.24 is given in Figure 2.6. In a theory of gauge mediated supersymmetry breaking,
there are a total of five parameters. They are: N , the number of messenger pairs; Mmess,

the messenger masses; Λ, the messenger scale; tan β; and the sign of µ.
There are several illuminating consequences of the structure of these terms. Firstly, it

is clear that scalar and gaugino masses are of the same magnitude, as m2
f̃
∼ (g2

a/16π2)2Λ2

andMa ∼ g2
a/16π2Λ. Secondly, mGMSB introduces minimal flavor violation, since theAijk
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λ̃ λ̃

〈M〉

〈F 〉

f̃ f̃

Mλ̃

〈F 〉

Figure 2.6: Left: a one-loop diagram contributing toMλ̃. Right: a diagram contributing to
m2
f̃
. The insertion of Mλ̃ (the diagram on the left) makes this diagram two-loop.

are essentially zero at input scale, and only materialize after RG flow. However, as pre-
viously discussed, vanishing trilinears are detrimental for a viable Higgs phenomenol-
ogy, as seen in Eq. 2.20 and its discussion. Furthermore, the µ problem is still looming
(and possibly worse than before); mGBSB does not generate µ as the messengers engage
with the MSSM exclusively through gauge interactions, and therefore cannot generate the
PQ-violating µHuHd term6. Another problematic Higgs-sector quantity, b, does not arise
until at least order (g2/16π2)3, whereas consistency with the other terms in Lsoft would
require it to be at order (g2/16π2)2. This brings us to a major difficulty in implementa-
tions of mGMSB: the µ/Bµ problem. To wit: Defining b ≡ Bµµ, we should have that
Bµ ∼ µ ∼ g2/16π2Λ. This is generically not the case, and this poses specific problems in
models of gauge mediation[127–129].

2.4 Extended GMSB and Flavored Gauge Mediation

Allowing for direct matter-messenger avoids the disaster with the bounds on m2
h0

7.
There are numerous ways to do so, but following the taxonomy of [130], we can categorize
them. The authors divide such models into two types. Type I are models wherein the
superpotential has MSSM-messenger-messenger couplings. Type II contain couplings of
the form MSSM-MSSM-messenger. What we shall do is construct a type II theory, where

6If supersymmetry and the PQ symmetry are broken at the same scale, this is not a problem, see [103]
7The Bµ/µ problem unfortunately still remains.
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the MSSM-MSSM-messenger terms are Yukawa-like. There are numerous explorations of
such constructions, for instance [124, 125, 131–147].

More concretely, we may notice that the messengers – which operate as 5 and 5 ofSU(5)

– can be reduced to 3⊕2 and 3⊕2 of SU(3)c×SU(2)L. Furthermore, the 2 components of
the messengers have the same quantum numbers as the MSSM Higgses, so it is possible to
couple them to the MSSM in the same way. If one has a flavor symmetry used to construct
the MSSM Yukawas and extends this symmetry to cover the messenger-MSSM couplings,
such a paradigm is called flavored gauge mediation (FGM)[130, 132, 139–150].

This framework is promising in that it raises the possibility that the mechanism un-
derlying the Standard Model Yukawas might also determine the structure by which the
messengers communicate supersymmetry breaking to the MSSM. Conversely, one might
try to go the other direction: use the mechanism of supersymmetry breaking to build the
Standard Model Yukawas.

The one of the first implementations of FGM was done in [132], and expanded in
[139, 142, 144]. In those works, the Froggatt-Nielsen [62] U(1) symmetry that leads to
the Standard Model Yukawa structures is also applied to the messenger-matter couplings.
One might think that models in which the messengers directly couple to Standard Model
fields would have disastrous flavor consequences, but FGM theories in fact lead to heavily
suppressed FCNC and CP-violating effects that are phenomenologically acceptable [146].

Q1 Q2 Q3 u1 u2 u3 d1 d2 d3

U(1) 5 4 2 1 −1 −2 1 0 0

Table 2.2: The U(1) charge assignments in the model given in [147]

It is illustrative to consider a benchmark analysis. Consider the model given in Eq. 2.1 of
[147]. In this scenario, they impose a U(1) flavor symmetry as described by their Eq. 3.1.
The charges of the fields under this symmetry are given in Table 2.2. The Higgses and
messengers are neutral under this symmetry. Note that at the level of the superpotential,
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Figure 2.7: A benchmark spectrum of a MFV Abelian FGM model. (yu)33(1015GeV) = 2.9

at input, and the scales are M = 9 × 105 GeV and F/M = 2.7 × 105 GeV. In this scenario,
it is found that −(Au)33 = 1920 GeV, and as a consequence the colored superpartners are
very light. Taken from Figure 3 in [147].
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this model contains a global symmetry to only allow for Hu to mix with one messenger,
and to forbid all other Higgs-messenger couplings. This is a minimally flavor-violating
(MFV) model, as the Yukawa matrices for the Higgs and messenger are aligned.

It is notable that this scenario allows for the generation of non-trivial A terms, while
keeping the squark masses relatively light. This is demonstrated in the spectrum in Figure
2.7. It is found that a large negative value of (Au)33 = −1920 GeV is achieved, which
allows for a correct Higgs mass while keeping the colored superpartners light. This is to
be contrasted with mGMSB, where the stops must be very heavy to overcome vanishing
A terms. The flavor violation of this model is minimal, as even with O(1) phases in the
(12)LL/RR entries of the up squark mixing matrix lead to flavor-violating effects within
experimental bounds (c.f Table 1 and Table 5 in [147]).

Nevertheless, the U(1) implementation of FGM has a few shortcomings, namely the
existence of an unknown flavon sector driving the U(1) symmetry breaking, where the
assignment of U(1) charges to the fields are put in by hand. Moreover, the arbitrariness
of such assignments indicates the while the mechanism of supersymmetry breaking re-
quires relatively few parameters, the top down source of flavor is unknown. Of course, the
usual folklore is that “ never the twain shall supersymmetry and flavor-symmetry break-
ing meet;” U(1) FGM adheres to this, but we will see that there are folklore-contravening
– and viable – FGM models. Specifically, we will investigate scenarios in which the mes-
sengers and Higgs mix under a non-Abelian family symmetry.

2.4.1 Non-Abelian Flavored Gauge Mediation Using S3
The first implementation of this scenario was detailed by Pérez, Ramond and Zhang

(PRZ) in [140]. In their two-generation toy model, the messenger and Higgs fields mix
under a family symmetry given by the symmetric group on three elements, S3

8. We now
repeat the details of this model, as it is central in understanding the remainder of Part 2
of this dissertation.

8See Appendix A for an overview of the properties and representations of S3
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Pérez, Ramond and Zhang

Consider a scenario of gauge mediation with N = 1 messenger pairs, a canonical
Kähler potential and a mimimal gauge kinetic function. Denote the SU(2)-doublet com-
ponents of those messengers as Mu,d

9. These messengers mix with the MSSM Higgs su-
perfields as a 2 of S3, viz.

Hu =

 Hu1

Hu2

 = Ru

 Hu

Mu

 , Hd =

 Hd1

Hd2

 = Rd

 Hd

Md

 , (2.26)

whereRu,d rotate the mixed Higgs-messenger fields into their mass basis after supersym-
metry breaking. In this two-family model, all matter exists in doublet representations of
S3 and couples to the messenger-Higgs fields in an S3 invariant fashion. These Higgs-
messenger fields couple to a supersymmetry breaking field XH , which is also an S3 dou-
blet. Their coupling is given by (c.f Eq. 2.22)

WH = (λXHHuHd) +mHuHd, (2.27)

where parenthesis indicate contraction under S3. XH acquires a VEV, parameterized as

〈XH〉 = M

 sinφ

cosφ

+ θ2F

 sin ξ

cos ξ

 , (2.28)

and in doing so breaks supersymmetry. Thereafter, the superpotential in Eq. 2.27 becomes

WH = HT
u

M sinφ m

m M cosφ

Hd + θ2HT
u

F sin ξ 0

0 F cos ξ

Hd

≡ HT
u (M + θ2F)Hu. (2.29)

As shown in [140], M and F must commute, otherwise Lsoft is pathological; its terms
would be dominated by one-loop corrections and sfermion mass-squareds may be nega-
tive, initiating tree-level EWSB breaking, which results in mass spectra incompatible with

9The SU(3)-triplet components are Tu,d, which are S3 singlets that communicate supersymmetry break-
ing caused by XT , which itself has no other couplings.
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the Standard Model. Additionally, the effective theory obtained after integretating out the
heavy messengers would not be soft and UV-divergences would remain.

With the assertion that [M,F] = 0, this model’s phenomenology is promising, predict-
ing a see-sawed µ, a hierarchical Yukawa matrix for the Standard Model Higgs interac-
tions, and an inverted, hierarchical Yukawa matrix for the messenger interactions. Never-
theless, this model generically has a significant µ/Bµ problem, as Bµ is much too large; it
is the case that the µ/Bµ problem is even more severe than it would be in minimal gauge
mediation. Furthermore, it is known that the coupling λXHHuHd – which is required by
the S3 symmetry of the theory – automatically leads to µ/Bµ problem [125]. For this rea-
son, as well for the lack of a third family in the model, that the PRZ paradigm must be
expanded.

One such possibility that allows for an alleviation of this significant µ/Bµ problem is
to expand the messenger-Higgs sector by including an additional S3 singlet messenger-
Higgs field. This expansion, first done in [149], and continued in the author’s papers [151,
152], still contains the compulsory and problematic λXHHuHd term, but allows for enough
parametric freedom in the messenger-Higgs sector to mitigate its effects. Furthermore it
allows for the natural introduction of a third family of MSSM fields. It must be remarked
upon, however, that the introduction of this third messenger-Higgs field increases the
number of messenger pairs to N = 2, which necessitates a heavier low-energy spectrum
than seen in U(1) flavored gauge mediation.

PRZ Extended to Three Families

In [149, 151, 152], the Higgs-messenger sector is expanded by introducing an S3 singlet
Higgs-messenger field to both the down-type and up-type sectors. These singlet fields are
denoted byH(1)

u,d, and the doublet fields defined in Eq. 2.26 are re-notated asH(2)
u,d.Combin-

ing all up(down)-type fields in one reducible representation, the Higgs-messenger fields
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are Hu,d = (H(2)
u,d,H

(1)
u,d) = (Hu,d1,Hu,d2,Hu,d3). In terms of the physical Higgs and messen-

ger eigenstates, we have

Hu =


Hu1

Hu2

Hu3

 = Ru


Hu

Mu1

Mu2

 , Hd =


Hd1

Hd2

Hd3

 = Rd


Hd

Md1

Md2

 . (2.30)

In [149], it was shown that this extended Higgs-messenger sector provides sufficient
freedom to achieve the required hierarchy between Bµ and µ by tuning the φ and ξ pa-
rameters in 〈XH〉 (c.f. Eq. 2.28). With this extended, the next question that arose is how
the MSSM fields may be charged under S3. One requirement in model-building is that the
top Yukawa operator must be renormalizable. If the top quark is neutral under S3, it must
therefore couple to the singlet fieldH(1)

u . The authors refer to this scenario as case A.
If, instead, the top quark and other generation three fermions are doublets under S3,

the authors arrive at what they call case B. The rest of the MSSM fields are also charged
under S3, detailed in Table 2.3.

H(2)
u H(1)

u H(2)
d H(1)

d Q2 Q1 ū2 ū1 d̄2 d̄1 L2 L1 ē2 ē1 XH

S3 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

Table 2.3: Charges for an S3 model of the Higgs-messenger fields and the MSSM matter
fields as given in scenario B of [149].

In this case, a general superpotential can be constructed, namely

W (u) = yu
[
Q2ū2H(2)

u + β1Q2ū2H(1)
u + β2Q2ū1H(2)

u + β3Q1ū2H(2)
u + β4Q1ū1H(1)

u

]
. (2.31)

The values for βi are not known, and as such are free parameters. Nevertheless, they must
be constrained in such a way that the top acquires a large mass as compared to the other
generations.

The authors of [149] analyzed a point of enhanced symmetry in the βi parameter space,
namely the democratic limit of every βi = 1. With this choice, a nontrivial hierarchy in the
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Standard Model Yukawas was attained, at the expense of the inversion of the correspond-
ing messenger Yukawa couplings. The consequence of this is that the trilinear A terms
vanish, requiring very large masses for the SU(3)-charged superpartners, a consequence
noted at the end of Subsection 2.2.1.

There are, of course, many sets of βi such that a Yukawa hierarchy is achieved. For
instance, the point β1 = −1, β4 = 0 and β2 = β3 achieves a hierarchy. This can be thought of
as a doublet-dominated regime, as the operator comprised entirely of S3 singlets vanishes.

What we will do in this thesis is to consider the opposite, wherein the superpotential is
singlet-dominated. Specifically, we will take β1 = 1, β3 = β2, β4 = β2β3, and β2,3 � 1. This
point of enhanced symmetry may be possible if we consider the S3 symmetry group as
being descended from a larger, broken symmetry. It would therefore be natural to consider
the operators independent of this symmetry breaking to dominate.

In the next two Chapters, we will develop this scenario, and find that it achieves sizable
stop mixing, and as such we find that the SU(3)-charged superpartners are much lighter;
this is detailed in Chapter 3). This scenario is then further refined in such a way that a
reasonable value for the Cabibbo angle of the quark sector is achieved, as discussed in
Chapter 4.
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Chapter 3

Obtaining Sizable Stop Mixing in Non-
Abelian Flavored Gauge Mediation1

3.1 Introduction

The 2012 discovery of the 125 GeV Higgs particle [44, 45] and subsequent detailed
measurements of its properties at the Large Hadron Collider (LHC) has provided sig-
nificant limits on the allowed possibilities for extensions of the Standard Model (SM). In
the context of theories with softly broken supersymmetry at the TeV scale (for reviews,
see e.g. [115, 153]), the Higgs mass is known to be within the theoretically allowed range
for perturbative theories, but its relatively high value either requires large radiative cor-
rections in the minimal supersymmetric standard model (MSSM), or an enlarged Higgs
sector to boost the tree-level contributions. As such, it has long been known in the MSSM
that large stop mixing or very heavy stops are needed (see e.g. [104]). This can place strin-
gent constraints on specific models of the soft supersymmetry breaking terms, and also
has important implications for the potential observability of superpartners at the LHC.

The model-building constraints imposed by the Higgs measurements are particularly
striking in the context of gauge mediation. In its minimal implementation, gauge-mediated
supersymmetry breaking [110, 116–125] predicts highly suppressed scalar trilinear cou-
plings (A terms) at the messenger scale, leading to small stop mixing. As a result, consis-
tency with the Higgs data [107, 108, 154] generally requires very heavy SU(3)-charged

1Chapter adapted from [151].
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superpartner masses and/or high values of the messenger scale. This conclusion can be
circumvented if the messenger fields can couple directly to the MSSM fields, as explored
in [124, 125, 130–147] Of particular interest are the “flavored gauge mediation” models
[130, 132, 139–150], for which there is nontrivial mixing of the SU(2) messenger doublets
and the MSSM Higgs fields. These models allow for the generation of one-loop A terms
at the messenger scale, alleviating the Higgs mass problem of minimal gauge mediation
in the MSSM.

In building models of flavored gauge mediation, an underlying Higgs-messenger sym-
metry is typically employed to control the mixing of these fields. A logical and now-
standard choice is to use a U(1) symmetry as the Higgs-messenger symmetry, and many
interesting examples of this type have been proposed in the literature (see e.g. [147] for
a recent analysis and set of LHC benchmark points). In this case, the U(1) charges are
chosen judiciously to control the couplings of the Higgs and messenger fields so as to ob-
tain nontrivial third generation A terms and to avoid generating dangerous interactions
between the MSSM Higgs fields and the supersymmetry breaking sector.

An alternative is to choose a discrete non-Abelian symmetry as the Higgs-messenger
symmetry, as proposed in [140]. This idea was studied using the specific choice of S3, the
permutation group on three objects, for the case of two families in [140], and extended
to three families in [149]. In these analyses, it was shown that if the SM quarks and lep-
tons transform nontrivially with respect to the S3 symmetry (as required for at least a
subset of the SM matter particles), obtaining nontrivial SM Yukawa coupling entries in
the diagonal fermion mass basis led to vanishing entries in the corresponding messenger
Yukawa couplings, as a direct consequence of the non-Abelian symmetry. As a result,
generating the needed large top quark Yukawa couplings thus led to vanishing top quark
messenger Yukawa couplings, unless the relevant fields are all taken to be S3 singlets. The
phenomenological implications of this correlation are that the resulting stop mixing is
generically very small, such the superpartner masses must be quite heavy to be consistent
with the Higgs data.
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In this work, we analyze a three-family flavored gauge mediation model based on theS3

Higgs-messenger symmetry in which sizable third generation Yukawa couplings to both
the Higgs and the messengers can be simultaneously generated. We show that a fermion
mass hierarchy and flavor-diagonal messenger Yukawa coupling structure can emerge in
a specific limit of the renormalizable superpotential interactions of these fields that can
result from additional symmetries placed on the system. The resulting model of the soft
supersymmetry breaking parameters is a minimal scenario with two pairs of vectorlike
messenger fields. As this yields larger stop mixing than was possible in previously studied
examples of this type with renormalizable couplings of the MSSM fields and the Higgs-
messenger fields only [140, 149], the superpartner masses can be significantly lighter, with
the heaviest superpartners at or below 5-6 TeV.

The structure of the chapter is as follows. In the next section, we present a brief overview
of the general model framework as well as the detailed model inputs of this specific sce-
nario based on the choice of S3 as the Higgs-messenger symmetry. We then present the
resulting soft supersymmetry parameters and carry out a numerical analysis of the super-
partner spectra. Finally, we summarize and discuss prospects for future model-building
directions along these lines.

3.2 Model

In this section, we provide a self-contained review of the model framework and present
the details of the specific scenario that is the focus of this chapter.

As a prelude, we note several salient features of the group theory of S3, as can be found
in many references (see e.g. [140] or Appendix A). The irreducible representations of S3

are the singlet 1, a one-dimensional representation 1′, and a doublet, 2, with tensor prod-
ucts

1⊗ 2 = 2, 1′ ⊗ 2 = 2, 2⊗ 2 = 1⊕ 1′ ⊕ 2. (3.1)
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As in [140] and [149], all fields will be taken to be either singlet or doublet representations.
We use the basis in which the singlets obtained from the tensor products of two or three
doublets are

(2⊗ 2)1 =


 a1

a2

⊗
 b1

b2




1

= a1b2 + a2b1. (3.2)

(2⊗ 2⊗ 2)1 =


 a1

a2

⊗
 b1

b2

⊗
 c1

c2




1

= a1b1c1 + a2b2c2. (3.3)

In this model framework, the minimal viable Higgs-messenger sector consists of one
S3 doublet H(2)

u,d and one S3 singlet H(1)
u,d for the up-type and down-type Higgs-messenger

fields. This is to stave off an otherwise severe µ/Bµ problem (see [127–129] for a discus-
sion of this issue within gauge mediation models), as discussed shortly. Taking Hu =

(H(2)
u ,H(1)

u ) = (Hu1,Hu2,Hu3) (and analogously for u→ d), we have

Hu =


Hu1

Hu2

Hu3

 = Ru


Hu

Mu1

Mu2

 , Hd =


Hd1

Hd2

Hd3

 = Rd


Hd

Md1

Md2

 , (3.4)

in which the electroweak Higgs fields are denoted as usual by Hu,d, the SU(2) doublet
messengers are Mui,di (i = 1, 2), and Ru/d are unitary matrices that result from the diag-
onalization of the Higgs-messenger mass matrices (more on this shortly). We also have
SU(3) triplet messengers Tui,di (i = 1, 2) that are S3 singlets. The Tui,di and the messenger
doublets Mui,di together form two pairs of 5, 5 representations of SU(5) (i.e., the number
of messenger pairs N5 = 2).

The model also includes two supersymmetry breaking fields: the S3 doubletXH and a
S3 singlet chiral superfield XT , where XH couples only to the Higgs-messenger doublets
and XT couples only to the triplet messengers. We assume that XT couples only to the
triplet messengers andXH couples only to the messenger doublets or the MSSM fields, as
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needed to avoid the possibility of rapid proton decay (this requires additional symmetries,
which is not difficult to implement in a concrete scenario) 2. This field content and the
relevant S3 charges are given in Table 3.1.

H(2)
u H(1)

u H(2)
d H(1)

d Tui Tdi XH XT

S3 2 1 2 1 1 1 2 1

Table 3.1: The S3 charges for the extended Higgs-messenger model described in this sec-
tion.

The superpotential couplings of XH to the Higgs-messenger sector are given by

WH = λXHH(2)
u H(2)

d + λ′XHH(1)
u H(2)

d + λ′′XHH(2)
u H(1)

d + κMH(2)
u H(2)

d + κ′MH(1)
u H(1)

d .(3.5)

Here we will assume all couplings are real, and take λ′ = λ′′ = λ for simplicity. The
supersymmetry-breaking field XH is then parametrized as follows:

〈XH〉 = M

 sinφ

cosφ

+ θ2F

 sin ξ

cos ξ

 , (3.6)

where φ and ξ characterize the vev directions of the scalar andF components, respectively,
and we take F � M2. After symmetry breaking, the effective superpotential takes the
following form:

WH = MHT
u


sinφ κ cosφ

κ cosφ sinφ

cosφ sinφ κ′

Hd + θ2FHT
u


sin ξ 0 cos ξ

0 cos ξ sin ξ

cos ξ sin ξ 0

Hd

≡ HT
uMHd + θ2HT

uFHd. (3.7)

As outlined in [140], we require [M,F] = 0, such thatM andF are diagonalized by the same
unitary transformation. It is also necessary to have hierarchy of eigenvalues for both M

2We also note for that the different treatment of the doublet and triplet sectors undoubtedly poses chal-
lenges for any serious attempt to embed this scenario within grand unification; a thorough treatment of this
question is beyond the scope of the present work.
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and F, to distinguish the MSSM Higgs fields from the messenger fields. Simultaneously
incorporating both constraints is the underlying reason why we need to include the S3

singletH(1)
u,d in the Higgs-messenger sector within this framework, as these two conditions

are incompatible if onlyH(2)
u,d is included.

As shown in [149] for the case of Eq. (3.7), upon imposing [M,F] = 0, which requires
κ′ = κ = sin(φ− ξ)/(cos ξ − sin ξ) (for ξ 6= π/4), a viable solution with a distinct hierarchy
of eigenvalues for both M and F can be obtained. This distinct hierarchy is needed for
the possibility of separate fine-tunings of the µ and b = Bµµ parameters, otherwise the
scenario suffers from a severe µ/Bµ problem. The solution occurs for ξ → −π/4 and φ 6= ξ,
with a small detuning between φ and ξ that controls the size of the µ term. In this limit,
theRu,d are given to leading order by

Ru,d =


1√
3
∓1

2

(
1 + 1√

3

)
1
2

(
1− 1√

3

)
1√
3
±1

2

(
1− 1√

3

)
−1

2

(
1 + 1√

3

)
1√
3

± 1√
3

1√
3

 . (3.8)

Note that the trimaximal column is associated with the light eigenstate, which is precisely
the state that corresponds to the electroweak doublets Hu,d. More precisely, the eigenval-
ues corresponding to this light eigenstate are µ�M for the case of M, and b� F for the
case of F. The heavy states in this limit have equal masses Mmess, that are of order M . The
larger eigenvalues of F are F2,3 ∼ F (the detailed relations can be found in [149]).

The next step is to consider the couplings of the Higgs-messenger fields to the MSSM
matter fields. Of the variety of possibilities (see [149] for a classification), let us focus here
on renormalizable interactions of all three generations. This results from the specific S3

charge assignments summarized in Table 3.2. The renormalizable superpotential Yukawa
couplings, for example in the up quark sector, are given as follows:

W (u) = yu
[
Q2ū2H(2)

u + β1Q2ū2H(1)
u + β2Q2ū1H(2)

u + β3Q1ū2H(2)
u + β4Q1ū1H(1)

u

]
, (3.9)

in which the βi are arbitrary coefficients in the absence of further model structure, and
the overall scaling yu is also a free parameter. In the basis given by Q = (Q2, Q1)T and
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H(2)
u H(1)

u H(2)
d H(1)

d Q2 Q1 ū2 ū1 d̄2 d̄1 L2 L1 ē2 ē1 XH

S3 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

Table 3.2: Charges for an S3 model of the Higgs-messenger fields and the MSSM matter
fields. Here the SU(3) triplet messengers and the associatedXT field are not displayed for
simplicity.

u = (u2, u1)T , these couplings can be expressed in matrix form as

W (u) = yuQ
T


H(2)
u1 β1H(1)

u β2H(2)
u2

β1H(1)
u H(2)

u2 β2H(2)
u1

β3H(2)
u2 β3H(2)

u1 β4H(1)
u

 ū. (3.10)

Analogous coupling matrices would hold in the down quark and charged lepton sectors,
with the replacements βi → βdi, βei

3. Here we will focus on the up quark sector only,
and later assume that the other charged fermions follow similar patterns. (Let us also
comment that Eq. (3.9) and its generalizations to other charged SM fermions correct a
typo in the corresponding expressions for the superpotential in [149], for which there
was an incorrect interchange of β1 and β2.)

From Eq. (3.10) and the definition of the Higgs-messenger diagonalization matrices
Ru,d as given in Eq. (3.4) and Eq. (3.8), it is straightforward to see that the SM Yukawa
matrix takes the form

Yu =
yu√

3


1 β1 β2

β1 1 β2

β3 β3 β4

 , (3.11)

while the messenger Yukawas are given by

Y ′u1 = yu


−1

2
− 1

2
√

3

β1√
3

β2
2
− β2

2
√

3

β1√
3

1
2
− 1

2
√

3
−β2

2
− β2

2
√

3

β3
2
− β3

2
√

3
−β3

2
− β3

2
√

3

β4√
3

 (3.12)

3We neglect issues of neutrino mass generation for simplicity.
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Y ′u2 = yu


1
2
− 1

2
√

3

β1√
3

−β2
2
− β2

2
√

3

β1√
3

−1
2
− 1

2
√

3

β2
2
− β2

2
√

3

−β3
2
− β3

2
√

3

β3
2
− β3

2
√

3

β4√
3

 . (3.13)

There are a variety of ways in which a hierarchy of fermion masses can be achieved. For
example, in [149], the βi were all taken to be equal and set to unity, which led to two
massless quark mass eigenvalues and one heavy (third generation) state. Rather than
classifying all possibilities, here we consider a specific example in which the βi parameters
obey the following constraint:

β1 = 1, β4 = β2β3. (3.14)

Diagonalizing Eq. (3.11) subject to the constraint of Eq. (3.14) results in two massless
eigenvalues, and one nonzero eigenvalue,

yt = yu

(√
2 + β2

2

√
2 + β2

3

)
/
√

3. (3.15)

Furthermore, as yu and β2,3 are all arbitrary parameters, we will further consider the limit
in which β2,3 are taken to be very large, while yu is simultaneously taken to be very small,
such that yt as given above remains fixed. We see from Eq. (3.11) that in this limit, we have

Yu =
yt√

2 + β2
2

√
2 + β2

3


1 1 β2

1 1 β2

β3 β3 β2β3

 βi�1−→ Diag(0, 0, yt). (3.16)

Again imposing Eq. (3.14), it is easy to see from Eqs. (3.12) and (3.13) that in the limit
of large β2,3 and fixed yt, the messenger Yukawa couplings Y ′u1 and Y ′u2 also reduce to this
form:

Y ′u1

βi�1−→ Diag(0, 0, yt), Y ′u2

βi�1−→ Diag(0, 0, yt). (3.17)

The feature that the messenger Yukawas and the SM Yukawas are flavor-diagonal and
have nonzero 33 entries only in this limit is a consequence of the fact that the S3 singlet
contributions have been taken to dominate over the S3 doublet contributions. Indeed,
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an inspection of Eq. (3.9) shows that in the regime in which Eq. (3.14) is satisfied, and
β2,3 → ∞ with yu → 0 such that yt is fixed, the only term that remains is Q1ū1H(1)

u . This
clearly requires an additional symmetry that allows for the β4 term to dominate while
maintaining consistency with Eq. (3.5) (this is an additional model-building complication,
but not an insurmountable one 4).

To reiterate, we have seen that we can simultaneously obtain sizable third generation
SM and messenger Yukawa couplings, and messenger Yukawa couplings that are flavor-
diagonal in the limit that the S3 singlet terms dominate over the interactions involving
S3 doublets. Hence, to leading order in this parameter regime, this case is equivalent
to one in which there are only third generation superpotential Yukawa couplings at the
renormalizable level, and all other interactions result from higher-dimensional operators
[149]. However, despite the equivalency of the two cases at leading order, they can be
very different at subleading order. More precisely, the path to this limiting case is highly
dependent not only on the S3 charges of the SM fields, but also the breaking of the ad-
ditional symmetries that are required to reach this parameter regime. For example, with
the S3 assignment in Table 3.2 and restricting to renormalizable couplings, it is straight-
forward to see that depending on how the massless eigenvalues are lifted by perturbing
about Eq. (3.14), the subleading contributions to the messenger Yukawa interactions in
this limit arise in either the 23 or 13 sectors. In contrast, if Eq. (3.14) is maintained, and
the first and second generations acquire masses through nonrenormalizable operators, the
structure of the subleading corrections to the messenger Yukawa couplings are highly de-
pendent on the model-building details. Both situations have important implications not
only for the masses of the superpartners, but also for questions of flavor violation, which is
a critically important issue for flavored gauge mediation models. A detailed discussion of

4For example, one possibility is to impose a Z7 symmetry, with charges QQ2 = 1, Qū2 = 1, QQ1 = 2,
Qū1 = 2, QH(1)

u
= 3, QH(2)

u
= 3, QXH

= 1, and to introduce a flavon field φ which has Qφ = 1. This
suppresses the terms in the upper 2× 2 block of Yu such that they require two insertions of the flavon field,
while the other off-diagonal terms are generated with one flavon insertion. Please note, however, that the
condition that β1=1 requires additional symmetries to avoid fine-tuning.
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these possibilities and their phenomenological implications is the subject of future work
– see [152] for the beginnings thereof.

With the simple forms of the SM Yukawa couplings and the messenger Yukawa cou-
plings, as given in Eqs. (3.16) and (3.17), respectively (as well as their analogues in the
down quark and charged lepton sectors), the corrections to the soft supersymmetry break-
ing terms due to the messenger interactions are easily calculated by standard procedures.
These procedures have been given in previous literature (see e.g. [130, 139, 148]), and
summarized for this set of scenarios in [149].

With the assumption that the doublet and triplet messengers both result in the same
quantity Λ = F2,3/Mmess ∼ F/M , which we will always assume to be the case in this
chapter, the leading order nonvanishing corrections to the soft supersymmetry breaking
parameters are given by
(
δm2

ũ

)
33

=
Λ2y2

t

(4π)4

(
−52

15
g2

1 − 12g2
2 −

64

3
g2

3 + 8y2
b + 72y2

t

)
, (3.18)(

δm2
d̃

)
33

=
Λ2y2

b

(4π)4

(
−28

15
g2

1 − 12g2
2 −

64

3
g2

3 + 72y2
b + 8y2

t + 16y2
τ

)
, (3.19)

(
δm2

ẽ

)
33

=
Λ2y2

τ

(4π)4

(
−36

5
g2

1 − 12g2
2 + 48y2

b + 40y2
τ

)
, (3.20)(

δm2
Q̃

)
33

=
1

2
(δm2

ũ,33 + δm2
d̃,33

), (3.21)(
δm2

L̃

)
33

=
1

2
δm2

3̃,33
, (3.22)

δm2
H̃u

= − Λ2

(4π)4

(
18y4

b + 6y2
by

2
t

)
, δm2

H̃d
= − Λ2

(4π)4

(
18y4

b + 6y2
by

2
t + 12y4

τ

)
, (3.23)(

Ãu

)
33

= − 2ytΛ

(4π)2
(y2
b + 3y2

t ) ≡ Ãt,
(
Ãd

)
33

= − 2ybΛ

(4π)2
(y2
t + 3y2

b ),
(
Ãe

)
33

= − 6y3
τΛ

(4π)2
.

(3.24)

All nontrivial corrections in the squark and slepton sectors thus involve only third gener-
ation fields 5.

5Here we note that the Ã notation denotes the fact that the trilinear scalar couplings in the Lagrangian
are of the form Aijkφiφjφk, for scalar fields φi,j,k (these are not family indices, but general field labels).
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3.3 Results

In this section, we present a detailed numerical exploration of this scenario, as encoded
by the soft supersymmetry breaking terms of Eqs. (3.18)–(3.24). The model parameters
are Mmess, Λ, tan β, and the sign of µ (sgn(µ)), where we have followed standard proce-
dures and replaced µ and b by tan β, sgn(µ), and theZ boson mass. Here we will always set
sgn(µ) = 1. Note that in comparison to the case of minimal gauge mediation and flavored
gauge mediation models based on Abelian symmetries, the number of vectorlike messen-
ger pairs in this scenario is always fixed to be N5 = 2, which is the smallest number that
allows for separate fine-tuning of the µ and b parameters. As a result, the model studied
here has one fewer discrete parameter than these other scenarios. The renormalization
group equations are evaluated using SoftSUSY 4.1.4 [155].

In [149], a preliminary analysis of this scenario was carried out in the context of taking
the third generation MSSM matter fields to be inert to the S3 symmetry, with the primary
goal of comparing this case to the case of minimal (flavor-independent) gauge mediation
for a fixed value of tan β (of tan β = 10). Our main purpose here is to provide a systematic
analysis of the superpartner mass spectra, highlighting the dependence on tan β subject
to the Higgs mass constraint.

For concreteness, and to connect with the results of our previous work, we begin with
the example shown in the top panel of Figure 3.1, for which the messenger scale isMmess =

1012 GeV and tan β = 10; once these two parameters are fixed, the value of Λ is thus set
by the requirement that mh ' 125 GeV. This example shows a characteristic pattern also
seen in the intermediate scale examples of [149], for which the heavy Higgs particles are
between 5− 6 TeV, the gluino is approximately 5 TeV, and the squarks fall into two group-
ings, a lighter set that is close in mass to the gluino, and a heavier set that is similar in
mass to the heavy charginos and neutralinos. The sleptons are close in mass to the lightest
chargino and the second-lightest neutralino, which are nearly mass degenerate, and the
next-to-lightest superpartner (NLSP) is the lightest neutralino. The needed values of µ
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Figure 3.1: The mass spectrum for MMess = 1× 1012 GeV (top panel) and MMess = 1× 1016

GeV (bottom panel), both with tan β = 10. In each case, Λ is fixed by the Higgs mass
constraint.
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and b/µ are in the 5 − 6 TeV range. With an intermediate messenger scale, the gluino is
lighter than the masses of the sparticles controlled by µ. In the bottom panel of Figure 3.1,
we show an example with Mmess = 1016 GeV and tan β = 10. Due to increased renor-
malization group running effects, the µ and b/µ terms are lighter than in the previous
case, which leads to lighter masses for the heavy Higgs states. The gluino is now heavier
than the heavy charginos and neutralinos, which have masses controlled by µ. There are
also larger stop mixing effects, with the lighter stop mass just below 4 TeV, and a heavier
gravitino due to the high messenger scale.

For smaller values of the messenger scale, the spectra are generally heavier for a fixed
tan β, as the stop mixing is smaller, requiring an increase in the value of Λ to obtain the
same value of the light Higgs mass. This is seen in Figure 3.2, which shows points with
Mmess = 106 GeV (top panel) and Mmess = 1010 GeV (bottom panel), both with tan β = 10.
We note the lighter sleptons, lighter gluino mass, and greater squark mass splitting for
low messenger scales.

Let us now consider smaller values of tan β. In Figure 3.3, we show a low messenger
scale example with Mmess = 106 GeV (top panel) and a high messenger scale example
withMmess = 1012 GeV (bottom panel), both now with tan β = 5. The sparticle masses are
expected to be heavier for smaller tan β, since the tree-level contribution to the light Higgs
mass has decreased, requiring even larger radiative corrections to boost the light Higgs
mass to its experimentally measured value. As a result, the mass spectra in these cases
are highly split, and even the lighter sparticles have masses at and above 2 TeV. For higher
values of the messenger scale, this splitting is amplified, as a larger value of Λ is needed
to compensate for smaller A terms at low energies. These features are clearly exhibited
in Figure 3.3, where we note that in each case, the heavy Higgs bosons and many of the
squark masses are in the 10 TeV range, and thus out of the range shown in the figure.

We now consider the limit of large tan β, for which the effects of the bottom and tau
Yukawa couplings are more significant than in the lower tan β regime. In Figure 3.4, we
show spectra with Mmess = 1012 GeV (top panel) and Mmess = 1016 GeV (bottom panel),
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Figure 3.2: The mass spectrum for MMess = 1× 106 GeV (top panel) and MMess = 1× 1010

GeV (bottom panel), both with tan β = 10. In each case, Λ is fixed by the Higgs mass
constraint.
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Figure 3.3: The mass spectrum for MMess = 1× 106 GeV (top panel) and MMess = 1× 1012

GeV (bottom panel), both with tan β = 5. In each case, Λ is fixed by the Higgs mass
constraint.
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both with tan β = 40. In comparison to the analogous tan β = 10 cases as shown in Fig-
ure 3.1, the higher tan β spectra are compressed, with the heaviest superpartner masses
in the 5 TeV range. The two cases again differ in their values of µ and b/µ, with the high
messenger scale example again displaying smaller values for these quantities, such that
the gluino is heavier than the heavy charginos and neutralinos, and the heavy Higgs par-
ticles are lighter than their counterparts in the intermediate scale case. We also see a
greater splitting of the squark masses in the high messenger scale case. These similari-
ties continue in Figure 3.5, which is the analogous set of mass spectra to Figure 3.2, with
Mmess = 106 GeV (top panel) andMmess = 1010 GeV, but now with tan β = 40. As expected,
the superpartner mass spectrum is again compressed compared to lighter values of tan β,
though slightly less so than what occurs for higher messenger scale values. For the low
messenger scale example, there is a relatively light gluino and light bottom squark, with
masses in the 3 TeV range. The NLSP remains the lightest neutralino, though the lighter
stau mass continues to approach the NLSP mass as the messenger scale increases, due to
the larger value of the tau Yukawa coupling in the large tan β regime.

These representative examples of the superpartner mass spectra demonstrate that as
tan β is varied, there is a range of cases in the low tan β regime that have very heavy spar-
ticle masses, but otherwise we have a range of superpartner masses that tend to be at most
in the 5−6 TeV range. This behavior in fact is quite robust. In Figure 3.6, the range of gluino
masses in the log(Mmess)− tan β plane is shown, with the NLSP (lightest neutralino) mass
given by the dotted contours. There is a tiny sliver of parameter space, corresponding to
the lowest allowed values of tan β, for which the gluino mass (and Λ) increases substan-
tially, and increases as the messenger scale increases. Otherwise, the parameter regime is
dominated by gluino masses within the 4−5 TeV range, as seen repeatedly in the example
spectra shown here.

It is also illuminating to explore the Higgs mass prediction and its correlation with
the gluino mass within the parameter space of this model. In Figure 3.7, we show the
log10(Λ) − tan β plane for two fixed values of the messenger scale: Mmess = 106 GeV (top
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Figure 3.4: The mass spectrum for MMess = 1× 1012 GeV (top panel) and MMess = 1× 1016

GeV (bottom panel), both with tan β = 40. In each case, Λ is fixed by the Higgs mass
constraint.
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Figure 3.5: The mass spectrum for MMess = 1× 106 GeV (top panel) and MMess = 1× 1010

GeV (bottom panel), both with tan β = 40. In each case, Λ is fixed by the Higgs mass
constraint.
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Figure 3.7: The Higgs mass (solid contours) and gluino masses (color shading) in this
scenario, as displayed in the log10 Λ − tan β plane for Mmess = 106 GeV (top panel) and
Mmess = 1010 GeV (bottom panel). The dotted contours show the lightest neutralino mass.
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panel) andMmess = 1010 GeV (bottom panel). The Higgs mass contours are given by solid
lines, the gluino mass is labeled by color shading, and the dotted contours represent the
lightest neutralino (NLSP) mass. Here we see the correlation in this model between the
needed values of the gluino mass and the Higgs mass constraint, with gluino masses in the
range of 4 TeV or greater for the experimentally preferred range of the lightest Higgs mass.
The NLSP mass in the allowed parameter region is correspondingly lighter for lower mes-
senger scale values than for higher values. The general features of the Mmess = 1010 GeV
case persist for higher values of the messenger scale (not displayed here for simplicity).

In Figure 3.8, the Higgs and gluino mass predictions are displayed in the log10Mmess−
log10 Λ plane for tan β = 5 (top panel) and tan β = 20 (bottom panel). The contour labeling
is identical to Figure 3.7, with the Higgs mass given by solid contours, the NLSP mass by
dotted contours, and the gluino mass as color shading; note the different scale of the color
shading compared to the previous figure. Here we see the differences in the gluino mass
predictions between the low tan β regime and the intermediate to high tan β regimes, with
significantly heavier gluino masses needed for very low tan β, and the < 5 TeV range for
intermediate to high tan β. Note that as seen in Figure 3.6, the crossover between the low
tan β range and this intermediate to high tan β range occurs at quite modest values of
tan β (∼ 10 and above); hence, the results shown here for tan β = 20 are quite similar to
those at higher values of tan β (hence these higher values are not displayed separately).
In addition, the NLSP mass scales trivially with Λ, and thus as we’ve seen, the preferred
Higgs mass region is associated with heavier neutralinos (and other superpartner masses)
for low tan β.

It is illustrative to examine the stop mixing parameter Xt = Ãt − µ cot β. In Figure 3.9,
we plot |Xt/mS| as a function of the messenger scale and tan β, where the mass scalemS is
given by the geometric mean of the stop masses (mS =

√
mt̃1mt̃2). We see that we obtain

sizable stop mixing throughout the parameter space in this scenario, with higher values
in the case of high messenger scales, and lower values for low messenger scales, consistent
with the mass spectra shown earlier.
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Figure 3.8: The Higgs mass (solid contours) and gluino masses (color shading) in this
scenario, as displayed in the log10 Λ − log10Mmess plane for tan β = 5 (top panel) and
tan β = 20 (bottom panel). The dotted contours show the lightest neutralino mass.
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We close this section by commenting that the superpartner mass range in this sce-
nario is generally heavier than what is possible in flavored gauge mediation models based
on U(1) symmetries. This can be seen for example for some of the benchmark points of
[147], for which all superpartner masses can be at the 2 TeV range or less. In such models,
the U(1) charges can be chosen such that problematic couplings between the electroweak
Higgs fields and the supersymmetry breaking field can be forbidden, whereas for non-
Abelian Higgs-messenger symmetries, these couplings cannot be avoided. Therefore, in
the non-Abelian case, we need to augment the field degrees of freedom to ameliorate the
effects of these couplings and arrive at a phenomenologically acceptable model. As stated
previously, this is the reason why we have N5 ≥ 2 in the non-Abelian case. For Abelian
models, N5 is a parameter that can be chosen, and thus one can obtain light spectra with
N5 = 1.
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3.4 Conclusions

In this chapter, we have explored a specific flavored gauge mediation model of the
MSSM soft supersymmetry breaking parameters that can result from postulating that the
electroweak Higgs fields and the SU(2) messenger doublets are related by a discrete non-
Abelian gauge symmetry. This Higgs-messenger symmetry is taken to be S3, as first stud-
ied in this context for two families in [140], and later extended to three families in [149].
The model predicts two pairs of messenger fields, which transform as 5, 5̄ representa-
tions of SU(5); as discussed in [149], this arises from the need to have an enlarged Higgs-
messenger field content that includes S3 doublet and singlet representation to mitigate
an otherwise severe µ/Bµ problem. The extended Higgs-messenger sector allows for a
rich variety of possible renormalizeble superpotential couplings of the Higgs-messenger
fields to the SM matter fields, depending on the assumed S3 charges of the quark and
lepton superfields. In a specific limit in which these couplings are dominated by the inter-
actions among the S3 singlet representations, the resulting SM and messenger Yukawas
both involve only third generation fields.

As a result, a minimal flavored gauge mediation model is obtained in which the sfermion
masses are flavor diagonal, and there is sizable stop mixing due to the one-loop third gen-
eration A terms that arise from the messenger-matter interactions. The model has three
continuous parameters: the messenger scale Mmess, the scale Λ, which sets the scale of the
soft supersymmetry breaking terms (together with loop factors), and tan β, and one dis-
crete parameter (the sign of the µ parameter), which yields a highly predictive scenario.
We showed in this chapter that in much of the parameter space, the superpartner masses
are at most 5 − 6 TeV, with the gluino typically in the 4 − 5 TeV range. The exceptions to
this general pattern occur at small values of tan β, for which the need for large radiative
corrections to bolster the light Higgs mass requires much heavier squark masses. This
highly predictive model of the MSSM soft parameters is thus one to keep in mind as the
LHC continues to probe the paradigm of TeV-scale supersymmetry.
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While the S3 singlet-dominated regime can arise trivially by requiring that the MSSM
matter fields are inert to the Higgs-messenger symmetry, we have shown in this chapter
that it can also result in a specific limit in the case that the quark and lepton superfields
have nontrivial S3 charges. Hence, it is possible in this limit to sidestep the previously
established correlation between the SM and messenger Yukawa couplings in this class of
models [140, 149], which had disallowed sizable third generation couplings for both the
SM and messenger couplings, and consequently required heavier superpartner masses to
obtain the experimentally determined value of the light Higgs mass.

It is important to note that in the intriguing case that the quark and lepton superfields
transform nontrivially with respect to the Higgs-messenger symmetry, reaching this limit
requires additional symmetries that are also directly connected to the origin of the SM
fermion masses and mixing parameters. Indeed, given that in the scenario studied here,
the first and second matter fermion generations are massless, extending this simple model
to a fully realistic theory requires a detailed examination of subleading corrections as this
limit is relaxed. These corrections will yield flavor-changing interactions that are a hall-
mark of this class of flavored gauge mediation models. Though it is known that these
effects can often be more strongly suppressed in flavored gauge mediation models than
what naive estimates might suggest [146, 147], the question remains open as to whether a
viable, fully-fledged three-family model can be constructed in which the Higgs-messenger
symmetry is also a nontrivial part of the full family symmetry. In the next chapter, we de-
tail the first step in such explorations along these lines.
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Chapter 4

Cabbibo Mixing in Non-Abelian Flavored
Gauge Mediation1

4.1 Introduction

In this chapter, as a next step in our exploration of this class of flavored gauge mediation
models, we build upon the model in the previous chapter to investigate the generation of
the quark and charged lepton masses and the quark mixing angles. Our focus in this work
is to elucidate the conditions for achieving a mass hierarchy for the lighter generations of
SM charged mattter fields and obtaining a reasonable value for the Cabibbo mixing angle
of the quark sector (here we will ignore the issue of neutrino mass generation, and return
to this question in future work). While S3 has been considered as a family symmetry in
prior work (see e.g. [156–158], among others, for works in which S3 symmetry is used
to predict the Cabibbo angle), our approach differs from previous literature that it is an
investigation of this question within the context of the MSSM with flavored gauge me-
diated supersymmetry breaking. More precisely, in this scenario, the electroweak Higgs
doubletsHu,d emerge after S3 breaking as specific linear combinations of Higgs-messenger
fields in singlet and doublet representations of S3, while the orthogonal combinations of
the Higgs-messenger fields are two sets of heavy messenger states that are decoupled at
the messenger scale of gauge mediation. As a result, within this setting there are specific

1Chapter adapted from [152]
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relations among the SM and messenger Yukawa couplings, and constraints on each sec-
tor that must be jointly satisfied. We find that while specific perturbations of the Yukawa
couplings associated with the renormalizable superpotential interactions do not in gen-
eral lead to the appropriate mixing of the first and second generations, the Cabibbo angle
can be generated via higher-dimensional superpotential operators, with corresponding
implications for the mass spectrum of the theory.

The structure of this chapter is as follows. We begin with an restatement of the discrete
non-Abelian Higgs-messenger symmetry and the resulting model structure, which again
assumes case of the discrete group S3, as in [140, 149, 151]. We present the model and
discuss the generation of masses and mixing angles among the first and second quark
families. The phenomenological implications are then discussed. Finally, we present our
summary and conclusions.

4.2 Fermion Masses: Renormalizable Couplings2

As studied in [151], a key assumption of this scenario is that the three generations of
SM quarks and leptons are embedded into doublet and singlet represenations of S3. The
charge assignments for the fields in the theory is summarized in Table 4.1.

H(2)
u H(1)

u H(2)
d H(1)

d Q2 Q1 ū2 ū1 d̄2 d̄1 L2 L1 ē2 ē1 XH

S3 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2

Table 4.1: Charges for an S3 model of the Higgs-messenger fields and the MSSM matter
fields. Here the SU(3) triplet messengers and the associatedXT field are not displayed for
simplicity.

The renormalizable superpotential Yukawa couplings of the MSSM matter fields and
the Higgs-messenger fields, for example for the up quarks, are given by

W (u) = yu
[
Q2ū2H(2)

u + β1Q2ū2H(1)
u + β2Q2ū1H(2)

u + β3Q1ū2H(2)
u + β4Q1ū1H(1)

u

]
, (4.1)

2Note that this subsection up until Eq. 4.9 is a restatement of Section 3.2, and is retained for narrative
continuity.
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in which the βi are arbitrary coefficients in the absence of further model structure. We note
that here we will take them to be real, for simplicity 3. In the basis given byQ = (Q2, Q1)T

and u = (u2, u1)T , these couplings can be expressed in matrix form as 4:

W (u) = yuQ
T


H(2)
u1 β1H(1)

u β2H(2)
u2

β1H(1)
u H(2)

u2 β2H(2)
u1

β3H(2)
u2 β3H(2)

u1 β4H(1)
u

 ū. (4.2)

Analogous coupling matrices would hold in the down quark and charged lepton sectors,
with the replacements βi → βdi, βei.

A key feature of this scenario compared to previous work using S3 as a family sym-
metry (see e.g.[156–158]) is that there is a specific decomposition of the Higgs-messenger
fields into the electroweak Higgs pair, Hu,d, and two heavy pairs of doublet messengers
that acquire masses of the order of Mmess and thus decouple at scales much higher than
the TeV scale, as summarized in the previous section. This decomposition of the Higgs-
messenger fields, which is obtained using using Eqs. (3.4) and (3.8), are given for the
up-type Higgs and messenger fields as follows:

H(1)
u =

1√
3

(Hu +Mu1 +Mu2)

(H(2)
u )1 =

1√
3
Hu −

1

2

(
1 +

1√
3

)
Mu1 +

1

2

(
1− 1√

3

)
Mu1

(H(2)
u )2 =

1√
3
Hu +

1

2

(
1− 1√

3

)
Mu1 −

1

2

(
1− 1√

3

)
Mu1. (4.3)

(Analogous results hold for the down-type Higgs and messenger fields, from Eqs. (3.4)
and (3.8).)

3The assumption of real βi clearly has an effect on options for generating the CKM quark mixing phase
angle δCKM. We defer the detailed discussion of generating a viable δCKM for a future study.

4Eq. (4.2) and its generalizations to other charged SM fermions correct a typo in the corresponding ex-
pressions for the renormalizable superpotential in [149], for which there was an incorrect interchange of β1

and β2; these expressions are correct in [151].
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Using the results of Eq. (4.3) in Eq. (4.2), it is straightforward to see that the SM up
quark sector Yukawa couplings are given by

Yu =
yu√

3


1 β1 β2

β1 1 β2

β3 β3 β4

 , (4.4)

and the messenger Yukawa couplings Y ′u1 and Y ′u2 take the form

Y ′u1 = yu


−1

2
− 1

2
√

3

β1√
3

β2
2
− β2

2
√

3

β1√
3

1
2
− 1

2
√

3
−β2

2
− β2

2
√

3

β3
2
− β3

2
√

3
−β3

2
− β3

2
√

3

β4√
3

 (4.5)

Y ′2 = yu2


1
2
− 1

2
√

3

β1√
3

−β2
2
− β2

2
√

3

β1√
3

−1
2
− 1

2
√

3

β2
2
− β2

2
√

3

−β3
2
− β3

2
√

3

β3
2
− β3

2
√

3

β4√
3

 . (4.6)

In this section, we will focus on the diagonalization of the SM Yukawa couplings as given
in Eq. (4.4), and save the discussion of the messenger Yukawa couplings for later in this
chapter.

It is straightforward to diagonalize Eq. (4.4) for arbitrary (real) βi via a standard biu-
nitary transformation, in which

U †uLYuUuR = Y diag
u , (4.7)

with
U †uLYuY

†
uUuL, U †uRY

†
uYuUuR. (4.8)

It is clear from the structure of Eq. (4.4) that the eigenvalues are not hierarchical for ar-
bitary values of the βi. Hence, specific relations among the βi are required for this sce-
nario to be phenomenologically viable of this scenario. Any such relations correspond
to additional symmetry structures, together with the S3 Higgs-messenger symmetry. As
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discussed in [151], one possible solution that guarantees two zero mass eigenvalues and
one nonzero mass eigenvalue is to require that

β1 = 1, β2β3 = β4. (4.9)

The nonzero eigenvalue is then to be identified with the top quark Yukawa coupling, yt. As
discussed in [151], this requires the specific identification that yu = yt/(

√
2 + β2

2

√
2 + β2

3).
Furthermore, from Eq. (4.4) and Eq. (4.9), we see that one of the zero mass eigen-

values arises from the upper 2 × 2 block of Yu and is controlled by β1 → 1, while the
other arises from the symmetry of the third column and row of Yu and is controlled by
β2β3 → β4. Note that Eq. (4.9) includes the possibility that all βi = 1, for which there is
the enhanced symmetryS3L×S3R. This is the flavor “democratic” limit, which was studied
in this context in [149], and which has a long and extensive literature (see e.g. [159–175]).
However, Eq. (4.9) also encompasses other possibilities. This includes the option that
β4 � β2,3 � β1, in which the term involving S3 singlet representations only in Eq. (4.1) is
dominant, which was explored in [151].

Given that there is a degenerate subspace corresponding to the two zero mass eigen-
values, the diagonalization matrices UuL and UuR should generally involve linear combi-
nations of the associated eigenvectors, with the linear combinations parametrized by a
continuous parameter. More precisely, the (unnormalized) eigenvector corresponding to
the zero eigenvalue controlled by β1 → 1 is given by (1,−1, 0), while the (unnormalized)
eigenvector corresponding to the other zero eigenvalue is given by (−β3,2,−β3,2, 1), with
β3,2 corresponding to the eigenvectors for YuY †u and Y †uYu, respectively. With this in mind,
the diagonalization matrices UuL and UuR are given by

UuL =


cos θ̃√

2
− β3 sin θ̃√

2
√

2+β2
3

− β3 cos θ̃√
2
√

2+β2
3

− sin θ̃√
2

1√
2+β2

3

− cos θ̃√
2
− β3 sin θ̃√

2
√

2+β2
3

− β3 cos θ̃√
2
√

2+β2
3

+ sin θ̃√
2

1√
2+β2

3√
2 sin θ̃√
2+β2

3

√
2 cos θ̃√
2+β2

3

β3√
2+β2

3

 (4.10)
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UuR =


cos θ̃√

2
− β2 sin θ̃√

2
√

2+β2
2

− β2 cos θ̃√
2
√

2+β2
2

− sin θ̃√
2

1√
2+β2

2

− cos θ̃√
2
− β2 sin θ̃√

2
√

2+β2
2

− β2 cos θ̃√
2
√

2+β2
2

+ sin θ̃√
2

1√
2+β2

2√
2 sin θ̃√
2+β2

2

√
2 cos θ̃√
2+β2

2

β2√
2+β2

2

 , (4.11)

in which we have written the linear combinations of degenerate eigenvectors in terms of
the parameter θ̃, with 0 ≤ θ̃ ≤ π/2. In the case that θ̃ = 0, the mass ordering is such that
the eigenvalue controlled by β1 would correspond to the first generation, and UuL, UuR
then reduce to the forms given in [151]. In contrast, for θ̃ = π/2, it is the other eigenvalue
that is to be identified with the first generation, and the corresponding UuL, UuR have
their first two columns interchanged compared to the forms given in [151]. Here it is
important to recall that θ̃ is an unphysical parameter in the degenerate (massless) limit,
as studied in [151], and hence it has no observable consequences in this limit. However,
when perturbations to this leading order structure are incorporated such that there are
three distinct hierarchical mass eigenvalues, a specific value of θ̃ is determined. Once this
is done for both the up and down quark sector, the CKM matrix can be explicitly predicted.
Indeed, a primary goal of this work is to explore such perturbations to see if viable quark
masses and mixing can be obtained in this scenario.

To this end, we note that if identical structures are assumed within the down quark
sector, such that the UdL, UdR that satisfy U †dLYdUdR = Y diag

d are given by Eqs. (4.10)–(4.11)
with β3,2 → β3d,2d and θ̃ → θ̃d, the Cabibbo-Kobayashi-Maskawa matrix UCKM = U †uLUdL

takes the general form

UCKM =


cos θ̃ cos θ̃d + (2+β3β3d) sin θ̃ sin θ̃d√

2+β2
3

√
2+β2

3d

(2+β3β3d) cos θ̃d sin θ̃√
2+β2

3

√
2+β2

3d

− cos θ̃ sin θ̃d −
√

2(β3−β3d) sin θ̃√
2+β2

3

√
2+β2

3d

− cos θ̃d sin θ̃ + (2+β3β3d) cos θ̃ sin θ̃d√
2+β2

3

√
2+β2

3d

(2+β3β3d) cos θ̃ cos θ̃d√
2+β2

3

√
2+β2

3d

+ sin θ̃ sin θ̃d −
√

2(β3−β3d) cos θ̃√
2+β2

3

√
2+β2

3d√
2(β3−β3d) sin θ̃d√

2+β2
3

√
2+β2

3d

√
2(β3−β3d) cos θ̃d√

2+β2
3

√
2+β2

3d

2+β3β3d√
2+β2

3

√
2+β2

3d

 .

(4.12)
There are several illuminating features of Eq. (4.12). First, Eq.(4.12) shows that the 2 −
3 and 1 − 3 mixing angles of UCKM both depend linearly on the quantity β3 − β3d. In
contrast, the Cabibbo (1 − 2) mixing angle λ is largely independent of this factor, and
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instead depends primarily on the difference between θ̃ and θ̃d. In the case that θ̃ takes
intermediate values such that sin θ̃ ∼ cos θ̃, it is necessary to take β3d → β3 +O(λ3). This a
very delicate balance that is needed between the up and down quark sectors, and ensuring
that this condition is satisfied certainly requires additional model-building input. In this
case, further corrections are required to fill in the needed value of the 2− 3 CKM mixing
angle. Second, it is possible to envision a scenario in which θ̃ → O(λ), such that we can
take the still-stringent but slightly milder condition that β3d → β3 + O(λ2). Indeed, in the
limit that β3d → β3, Eq. (4.12) simplifies to the following form:

UCKM =


cos(θ̃ − θ̃d) sin(θ̃ − θ̃d) 0

− sin(θ̃ − θ̃d) cos(θ̃ − θ̃d) 0

0 0 1

 . (4.13)

In this case, we must further require that θ̃d → O(λ) and θ̃− θ̃d ∼ O(λ), which is also a del-
icate balance between the up and down quark sectors. Further model-building structure
must be incorporated to generate such relations dynamically rather than forcing them to
occur via fine-tuning.

While it might at first seem plausible that perturbations to Eq. (4.9) could yield a
phenomenologically acceptable CKM matrix, we can see right away that this is impos-
sible with only the renormalizable (tree-level) superpotential couplings of Eq. (4.1). The
reason is that Eq. (4.4) is exactly diagonalizable for arbitrary βi, and the eigenvectors of
the Hermitian combinations YuY †u and Y †uYu in the general case include the (unnormal-
ized) eigenvector (1,−1, 0), with the associated eigenvalue controlled by the parameter
β1. Hence, once the βi no longer satisfy Eq. (4.9), the hierarchy of the eigenvalues is im-
mediately fixed (up to the possible but uninteresting case of masses that are nonzero, but
still degenerate) such that either θ̃ = 0 or θ̃ = π/2. (Analogous results hold for θ̃d.) As a
result, the Cabibbo angle is predicted to be either vanishingly small if θ̃ = θ̃d, or O(1) if
θ̃ − θ̃d ∼ π/2, neither of which are phenomenologically viable.
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4.3 Fermion Masses: Nonrenormalizable Operators

As discussed in the previous section, the Yukawa couplings at the renormalizable
level do not give rise to a phenomenologically acceptable CKM matrix. Hence, we now
explore the possibility that the renormalizable couplings listed in Eq. (4.2) are supple-
mented by couplings of the Higgs-messenger fields to the matter fields that arise from
higher-dimensional (nonrenormalizable) operators in the superpotential. Such operators
arise from new physics associated with the cutoff scale of the operator. In the canon-
ical Froggatt-Nielsen approach [62] based on family symmetries, such operators origi-
nate from renormalizable Yukawa couplings of the SM fields to new heavy fields (known
as Froggatt-Nielsen fields) and flavon fields that receive vacuum expectation values and
thus participate in the breaking of the family symmetry. Upon family symmetry breaking,
therefore, these operators contribute to fermion masses; in supersymmetric models they
result in effective operator contributions to the superpotential.

Here we are interested in effective operators that preserve the S3 symmetry at high
scales (at or close to the messenger scale). Given the quantum numbers of the matter and
Higgs fields as given in Table 4.1, this clearly requires augmenting the theory to include
a flavon sector that consists of chiral superfields that have vacuum expectation values in
their scalar components (but no associated F terms). Furthermore, the flavon sector must
include fields with nontrivial S3 quantum numbers, which then can easily resemble the
correspondingH(2)

u,d fields. Quite generally, with the introduction of such flavon fields, ad-
ditional model-building constraints are required to ensure, for example, that such flavons
do not couple directly to theXH,T fields of the theory, for example. Our purpose here is to
not to provide a comprehensive analysis of all operators and the associated detailed dy-
namics of the flavon sector, but rather to provide an explicit working example of a higher-
dimensional operator that can satisfy the requirements of the previous section for gener-
ating a viable Cabibbo mixing angle.
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The working example we construct is as follows. Let us consider the following contri-
bution to the superpotential:

W
(u)
NR =

ε

Λ′

(
Q2φ2

)(
H(2)
u ū2

)
, (4.14)

in which φ2 is a flavon in the 2 representation of S3. Here ε is a dimensionless param-
eter, and Λ′ is the scale of the new physics that is responsible for generating this opera-
tor. Through some dynamics (that as stated we will leave unspecified in this work), φ2

acquires a vacuum expectation value in its scalar component, but as previously just dis-
cussed, not its F -component, so it does not participate in the mediation of supersymmetry
breaking. We parametrize this field’s vacuum expectation value as

〈φ2〉 = v

 cos θ

sin θ

 , (4.15)

in which v is a dimensionful parameter, and the dimensionless parameter θ has been intro-
duced (and we will shortly see its identification with the parameter θ as given in the pre-
vious section). After this flavon acquires a vev, the strength of the operator of Eq. (4.14)
is given by βε ≡ vε/Λ′. We then obtain an additional contribution to the SM up quark
Yukawa matrix:

Y NR
u =

βε√
3


sin θ sin θ 0

cos θ cos θ 0

0 0 0

 , (4.16)

as well as contributions to the messenger Yukawa couplings, as follows:

Y ′NRu1 =
βε
2


(

1− 1√
3

)
sin θ −

(
1 + 1√

3

)
sin θ 0(

1− 1√
3

)
cos θ −

(
1 + 1√

3

)
cos θ 0

0 0 0



Y ′NRu2 =
βε
2


−
(

1 + 1√
3

)
sin θ

(
1− 1√

3

)
sin θ 0

−
(

1 + 1√
3

)
cos θ

(
1− 1√

3

)
cos θ 0

0 0 0

 , (4.17)
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and we assume there are analogous relations for the down quark and charged lepton sec-
tors. The task at hand is once again to diagonalize the SM Yukawa couplings, which now
take the form Yu → Yu + Y NR

u . Again, in this section we will focus on the SM fermion
masses, and defer the discussion of the associated messenger Yukawa couplings to the
next section.

Here we will focus our attention on the case in which we retain the relations of Eq. (4.9)
for the renormalizable couplings, such that β1 = 1 and β2β3 = β4. The SM up quark
Yukawa matrix then takes the form

Yu →
1√
3


yu + βε sin θ yu + βε sin θ yuβ2

yu + βε cos θ yu + βε cos θ yuβ2

yuβ3 yuβ3 yuβ2β3

 . (4.18)

Diagonalizing this matrix in the usual manner, the eigenvalues are easily shown to be
nondegenerate. As we will see, one eigenvalue remains massless, the second has mass of
order βε � 1, and the third is to be identified with the top quark Yukawa coupling yt.

While it is straightforward to obtain the diagonalization matrices for arbitrary values
of the parameters β2,3 and βε, here we focus on leading order effects in βε. We also focus on
the limit studied in [151], wherein β2,3 are taken to be very large while yu is set such that
yt remains constant. This is done not only for simplicity, but also because deviations from
that limit generically result in flavor off-diagonal couplings in the messenger sector, which
require more detailed analysis 5. In this paradigm, the SM up quark Yukawa becomes

Yu =


βε sin θ√

3

βε sin θ√
3

0

βε cos θ√
3

βε cos θ√
3

0

0 0 yt

 , (4.19)

5A notable exception is the “democratic” limit in which the βi couplings of the renormalizable sector are
all equal to 1; we defer a detailed discussion of this case to a future study.
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while the messenger Yukawas take the form

Y ′u1 =


βε

(
1
2
− 1

2
√

3

)
sin θ −βε

(
1
2

+ 1
2
√

3

)
sin θ 0

βε

(
1
2
− 1

2
√

3

)
cos θ −βε

(
1
2

+ 1
2
√

3

)
cos θ 0

0 0 yt



Y ′u2 =


−βε

(
1
2

+ 1
2
√

3

)
sin θ βε

(
1
2
− 1

2
√

3

)
sin θ 0

−βε
(

1
2

+ 1
2
√

3

)
cos θ βε

(
1
2
− 1

2
√

3

)
cos θ 0

0 0 yt

 . (4.20)

Upon first inspection, it appears that the Yukawa matrices are dependent on the direction
of the flavon vacuum expectation value, and as such one might expect the eigenvalues of
Yu to also carry this dependence. However, this is not the case, as we will soon see.

Following the standard procedure of rotating the SM up quark Yukawa in Eq. (4.19)
into the diagonal quark mass basis using a biunitary transformation, the diagonalization
matrices UuL and UuR are found to take the simple forms

UuL =


− cos θ sin θ 0

sin θ cos θ 0

0 0 1

 UuR =


− 1√

2
1√
2

0

1√
2

1√
2

0

0 0 1

 . (4.21)

In this basis, the SM up quark Yukawa matrix is

Yu = Diag

(
0,

√
2

3
βε, yt

)
. (4.22)

We now see that the dependence on the direction of the vacuum expectation value of the
flavon field drops out in the Yukawa matrices, but is now carried by the unitary matrices
Uu: and UuR. It is immediately clear, however, that θ enters into the flavor structure of
this model. Explicitly, assuming a corresponding structure in the down quarks, (θ → θd,
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yu → yd, and βi → βdi), we obtain a CKM matrix of the form

UCKM = U †uLUdL =


cos(θ − θd) sin(θ − θd) 0

− sin(θ − θd) cos(θ − θd) 0

0 0 1

 . (4.23)

We note that the structure of the CKM as given in Eq. (4.23) is unambiguous, as the quark
masses are non-degenerate (as seen in Eq. (4.22)), and it describes mixing between the
first and second generations. This form explicitly allows for the generation of appropri-
ately Cabibbo-sized mixing between the first and second families if sin(θ − θd) ' λ, as
anticipated from the general discussion of the last section. Indeed, upon a comparison
of Eq. (4.23) with the renormalizable level structure of Eq. (4.12), we see that we have
obtained a viable CKM matrix to leading order in the Cabibbo angle λ, and that the pa-
rameters θ̃ and θ̃d of the previous section can be identified with the quantities θ and θd of
this section, which parametrize the vacuum expectation values of the flavon fields in the
up and down quark sectors (compare Eq. (4.13) and Eq. (4.23)). Furthermore, we note
that as we have explicitly taken the limit that β2,3 � 1 and β2d,3d � 1, at this order no
1 − 3 or 2 − 3 CKM mixing is generated. To summarize, this operator has indeed led to
a working example of lifting the mass degeneracy of the couplings of the renormalizable
sector in the case that β1 = 1, β4 = β2β3 (and analogously for the down quark sector), in
such a way that a Cabibbo mixing angle of the appropriate size can be generated within
this framework.

4.4 Messenger Yukawa Couplings and Superpartner Mass Spectra

In this section, we turn our attention to the messenger Yukawa couplings and result-
ing mass spectra of the MSSM superpartners. Here we will confine our attention to the
large β2,3 regime, for which the structure of the resulting soft terms is particularly simple,
and is flavor diagonal. We defer a more comprehensive analysis of general β2,3 that satisfy
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Eq. (4.9) for a future study.

Messenger Yukawa couplings and soft supersymmetry breaking terms. We begin by
writing the messenger Yukawa couplings in the diagonal SM fermion mass basis. For
the up quark sector, it is straightforward to determine that starting from Eq. (4.17), the
messenger Yukawas in the diagonal quark mass basis, in the limit that β2,3 � 1, are given
by

Y ′u1 =


0 0 0

− βε√
2
− βε√

6
0

0 0 yt

 Y ′u2 =


0 0 0

βε√
2
− βε√

6
0

0 0 yt

 . (4.24)

With these simple forms of the up quark and messenger Yukawa matrices as given in Eqs.
(4.22) and (4.24), the corrections to the soft supersymmetry breaking terms are easily
calculated. The methods for doing so are standard in the literature, (see e.g. [139], [130],
[148]), and are summarized for these classes of models in [149].

As before, we assume that the doublet and triplet messengers are determined by the
same value of Λ = F2,3/MMess ≈ F/M, and that the down quark and charged lepton sectors
are analogous to the up quark sector. As a first step in exploring the phenomenology of
this scenario, and to examine in detail the effects of Eq. (4.14), for simplicity we assume
a single βε parameter for each of the sectors, and allow it to vary (while keeping βε � 1).
The soft terms include the usual gauge-mediated contributions (not shown for simplicity),
as well as corrections due to the messenger Yukawa couplings.
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The nonvanishing corrections to the soft terms from the messenger Yukawas are pre-
sented below (here the relevant factors of Λ/(4π)2 are suppressed for notational conve-
nience):(
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We see that there is no introduction of off-diagonal flavor-violating couplings at leading
order in this limiting case in which for the up, down, and charged lepton sectors, Eq. (4.9)
is satisfied and the relevant β2,3 are taken to be very large while keeping the third gener-
ation SM fermion masses fixed. Furthermore, the corrections to the first two generations
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arise at order β2
ε .

Superpartner mass spectra. We now explore the phenomenology of the soft terms as
given in Eqs. (4.25). As is de rigueur, our model parameters are MMess, Λ, tan β, and the
sign of µ, where we have replaced µ and b by tan β, sgn(µ) and the Z boson mass. We set
sgn(µ) = 1. The renormalization group equations are run using SoftSUSY 4.1.4 [155].

In previous work [151], we explored the behavior of the superpartner mass spectra for
the renormalizable sector Yukawa couplings in the large βi limit, focusing on the depen-
dence of the spectra on tan β and the messenger scale. For continuity, as well as a check
on the phenomenological consistency of the higher-dimensional operator correction in-
troduced in Eq. (4.14), we begin with the example spectra as shown in Figure 4.1. The
top of Figure 4.1 shows results for the model studied in [151]. The messenger scale is
MMess = 1 × 1012 GeV and tan β = 10. The value of Λ is set such that mh ' 125 GeV. The
bottom of Figure 4.1 displays the Higgs and superpartner mass spectra that arise from the
soft supersymmetry breaking terms as given in Eq. (4.25), but with βε = 0. The spectra
are in agreement, as expected.

In the βε → 0 limit, the heavy Higgs particles are between 5 − 6 TeV, along with the
gluino at around 5 TeV. The squark masses fall into two general categories, one signif-
icantly heavier than the other. The heavier squarks are the left-handed sdown, sup and
scharm squarks, as well as the both scharms and the heavier of the two stops. Their masses
are close to the heavier charginos and neutralinos. The lower group is comprised of the
right-handed sdown, sup and scharm squarks, as well as both sbottoms, and the lighter
stop, whose masses are closer to the gluino. The next-to-lightest supersymmetric particle
(NSLP) in this scenario is a bino-like neutralino.

Let us now include the effects of Eq. (4.14), such that βε is now nonzero. Here we
note that as βε is connected with the masses of the charged SM fermions of the second
generation, this quantity is expected to take small values. As explicit examples, the result-
ing spectra for small values of the coupling strengths βε are given in Figure 4.2. The top
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ũR
d̃R

˜̀R

Figure 4.1: The mass spectra for MMess = 1 × 1012 GeV and tan β = 10 for the scenario
explored in [151] (top) and for the case explored here with βε = 0 (bottom). In each case,
Λ is fixed by the Higgs mass constraint. As expected, the two cases are in agreement.
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of Figure 4.2 has taken βε = 0.01, and the bottom has βε = 0.05. The spectra follow the
same general pattern as seen in Figure 4.1, but with minor changes to the splitting of the
superpartner masses. We see that the masses of the right-handed down and up squarks
are pushed down, as well as the lightest left-handed charged slepton and sneutrino. The
masses of the heavy Higgses are almost entirely unaffected, as are the masses of the gaug-
inos.

It is illustrative to consider what occurs for larger values of βε, for comparative pur-
poses (note that significant values of βε are inconsistent with SM charged fermion mass
predictions). We find that the pattern described above continues for such larger values of
βε, as shown in Figure 4.3. On the top, for βε = 0.1, we see that the first two families of
charged sleptons and sneutrinos are now lighter than one of the staus, with the other stau
being the lightest slepton. Additionally, we see that the tight groupings of the squarks
into two bands, as seen in Figure 4.1 are splitting with the right-handed sup becoming
the lightest colored superpartner. On the bottom, which has βε = 0.2, the lightest right-
handed charged slepton is now lighter than all third generation sleptons. Furthermore,
the squarks continue to display larger mass splittings, with the mass splittings within the
original two groupings that appeared for smaller βε clearly demonstrated.

In Figures 4.4 and 4.5, we consider a smaller messenger mass of MMess = 1 × 106 GeV.
Displayed on the top of Figure 4.4 is the superpartner mass spectrum for this messenger
mass, with βε = 0.01. As seen previously in [151], a lower messenger scale leads to a
large mass spectrum for fixed value of tan β, due to the smaller size of the stop mixing.
Since we choose Λ such that mh ' 125 GeV, a low messenger mass necessitates a larger
value of Λ, and therefore leads to a heavier spectrum. The squark masses are no longer
demarcated into two distinct groupings, but rather split between 4 and 6.4 TeV. The lightest
squark is a sbottom, while the heaviest is a stop. There are four major squark groups. In
decreasing mass order they are: the heaviest stop, the lighter stop and heavier sbottom,
the left-handed squarks in generations one and two, and lastly the right-handed first and
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Figure 4.2: Mass spectra for MMess = 1 × 1012 GeV (both), tan β = 10 and βε = 0.01 (top)
and βε = 0.05 (bottom). In each case, Λ is fixed by the Higgs mass constraint.
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Figure 4.3: Mass spectra for MMess = 1 × 1012 GeV (both), tan β = 10 and βε = 0.1 (top)
and βε = 0.2 (top). In each case, Λ is fixed by the Higgs mass constraint.
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Figure 4.4: Mass spectra for MMess = 1 × 106 GeV (both), tan β = 10 and βε = 0.01 (top)
and βε = 0.05 (bottom). In each case, Λ is fixed by the Higgs mass constraint.
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Figure 4.5: Mass spectra for MMess = 1 × 106 GeV (both), tan β = 10 and βε = 0.1 (top)
and βε = 0.2 (bottom). In each case, Λ is fixed by the Higgs mass constraint.
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second generation squarks along with the other sbottom. The NSLP in this scenario is a
bino-like neutralino.

The bottom of Figure 4.4 shows the spectrum for βε = 0.05. Much like Figure 4.2, the
increase in βε pushes the masses of the right-handed sdown and sup down, as well as the
lightest left-handed charged slepton and sneutrino. The lightest squark continues to be a
sbottom, but one can see the splitting amongst the masses of the lighter squarks begin to
take shape. If now turn to the top of Figure 4.5, where βε = 0.1,we see that the the general
behavior as seen in the previous three spectra for MMess = 1 × 106 GeV continues. What
is new, however, is that the lightest squark is now a right-handed sup, much like was the
case for the messenger scale MMess = 1 × 1012 GeV. We see that the lighter squark masses
continue to split. Lastly, the bottom of Figure 4.5 exhibits new behavior as compared to
the spectra for a higher messenger mass. For example, the NSLP is left-handed slepton,
as opposed to a neutralino.

It is instructive to investigate the behavior of this model over a wider range of Λ and
messenger mass. In Figures 4.6 and 4.7, we plot the predicted Higgs mass (solid contours),
lightest slepton mass (dotted contours) and right-handed sup mass as Λ andMMess are var-
ied. We do this for four different values of βε.We see that for a phenemonologically viable
point of parameter space (i.e mH = 125 GeV), the mass of the lightest slepton decreases.
Eventually, there are points in (Λ,MMess) parameter space that both provide a viable Higgs
mass, and predict a slepton NLSP of less than 1 TeV.
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Figure 4.6: The Higgs mass (solid contours), right-handed sup mass (color shading) and
right-handed selectron masses (dotted contours) in this scenario with βε = 0 (top) and
βε = 0.05 (bottom).
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Figure 4.7: The Higgs mass (solid contours), right-handed sup mass (color shading) and
right-handed selectron masses (dotted contours) in this scenario with βε = 0.1 (top) and
βε = 0.2 (bottom).
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4.5 Conclusions

In this chapter, as the next step in a broader program of exploring the phenomeno-
logical implications of a specific flavored gauge mediation framework in which discrete
non-Abelian symmetries govern the Higgs-messenger mixing, we have investigated the
generation of fermion masses and quark mixing angles within a three-family scenario.
The discrete non-Abelian symmetry group is chosen to be S3, and one hypothesis of this
line of exploration is that this symmetry group also provides a framework for a partial
family symmetry. This scenario requires the introduction of two messenger doublets that
mix with the electroweak Higgs doublets via the S3 symmetry, rendering it an effective
N = 2 gauge mediation model with messenger Yukawa corrections. The phenemenol-
ogy of this scenario in the case that only MSSM Yukawa couplings at the renormalizable
level were included, and only the third generation SM fermions had nonzero masses, was
investigated in [149] and [151].

We build on those previous analyses with the introduction of a higher-dimensional
operator perturbation of the superpotential couplings, which generates a hierarchically
smaller mass for the second generation SM fermions, and leaves the first generation mass-
less. In this chapter, we showed that with a judicious choice of this operator, mixing among
the first and second generation can result, and a Cabibbo angle of an appropriate size was
able to be generated. While the scenario generically results in the possibility of flavor-
violating couplings, we show that in a specific limiting case of the model parameters, the
resulting messenger Yukawas in the diagonal quark mass basis yield flavor-diagonal cor-
rections to the soft supersymmetry parameters, resulting in a scenario with few input
parameters. We see in this context that the superparticle spectra are at most 4 − 6 TeV,
with the distribution of sparticle masses within this range being affected by the strength
of the higher-dimensional operator.
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Part 2 Conclusion

In Part 2, we introduced one of the most robust and well-explored BSM theories: su-
persymmetry. We focused on constructing a specific implementation of flavored gauge
mediated supersymmetry breaking wherein the Higgs-messenger mixing is governed by
the discrete non-Abelian group S3. In this model, we also embeded the Standard Model
matter fields in representations of the same non-Abelian discrete group as a first step in
combining supersymmetry and flavor symmetry breaking.

We first explored the phenemenology of this scenario in the case that only MSSM
Yukawa couplings at the renormalizable level were included, and that only the third gen-
eration SM fermions had nonzero masses. This occurred at the enhanced symmetry point
where the singlet β4 term dominated. As one may think of our S3 symmetry group as
being the remnant of a larger symmetry, it is reasonable to posit that terms related to this
symmetry breaking are suppressed. However, the subleading S3 structure is important,
as we saw with the introduction of a non-renormalizable operator.

We found that sizable stop mixing is achieved due to the one-loop trilinear terms aris-
ing from the messenger-matter interactions. This arose without introducing significant
off-diagonal flavor mixing. In much of the parameter space, we found that the superpart-
ner masses are at most 5− 6 TeV, with gluinos around 4− 5 TeV.

We then extended this theory with the introduction of a non-renormalizable perturba-
tion of the superpotential which allowed us to generate smaller second generation fermion
masses. We were also able to show that the introduction of this operator allowed for the
generation of appropriately sized Cabbibo mixing.

As before, we obtained superparticle spectra that are at most 4 − 6 TeV, with the dis-
tribution of sparticle masses within this range being determined by the strength of the
higher-dimensional operator. Importantly, this model was generically open to further fla-
vor structure.
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Part 3: Neutrinos, Discrete Symmetries

and Sum Rules
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Chapter 5

Neutrino Masses and Mixings
5.1 Evidence of Neutrino Masses and Mixings

In the original formulation of the Standard Model, neutrinos are massless. This is
because the Standard Model only contains left-handed neutrinos, and without a right-
handed partner neutrinos cannot acquire mass via renormalizable operators. For years,
experimental observations – while still in tension with Standard Model predictions – had
not definitively shown that neutrinos were massive. Nevertheless, even before the Stan-
dard Model was formulated, there was experimental evidence that neutrinos behaved in
ways that may be inconsistent with the behavior of massless particles.

Beginning with the Homestake experiment of Davis and Bahcall [54], the past 60 years
have brought an accumulation of more and more precise experimental evidence that neu-
trinos oscillate and have mass[55–60]. These experimental observations corroborated ear-
lier theorists who predicted and parameterized neutrino oscillations [176, 177].

Within the Standard Model, neutrinos are defined as theSU(2)L partners of left-handed
charged leptons and are therefore weak interaction eigenstates. For general fermions, this
weak eigenbasis is not the same basis as the fermions’ free Hamiltonian. In the cases of
neutrinos, the Standard Model predicts them to be massless and therefore degenerate.
This degeneracy allows the freedom to define the free Hamiltonian eigenstates (i.e. the
mass basis) to be the same as the weak interaction basis, and so massless neutrinos would
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not oscillate. As neutrino oscillations have been experimentally confirmed, it must be that
the neutrino mass eigenstates are non-degenerate.

The neutrinos in the weak basis are related the mass states via a the Maki–Nakagawa–Sakata-
Pontecorvo mixing matrix, UMNSP, such that


νe

νµ

ντ

 =


Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3


︸ ︷︷ ︸

UMNSP


ν1

ν2

ν3

 , (5.1)

where the left-hand side is the weak interaction basis, and the right is the mass basis. It is
usually given the parameterization

UMNSP =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e
−iδ

0 1 0

−s13e
iδ 0 c13




c12 s12 0

−s12 c12 0

0 0 0




1 0 0

0 eiη1/2 0

0 0 0eiη2/2

 ,

(5.2)
where sij = sin(θij), cij = cos(θij), and the phase matrix at the right is only present if
neutrinos are Majorana particles.

The current status of the parameters of UMNSP are given in Table 5.1. Note that the
absolute masses of the neutrinos are not yet certain, but mass-squared differences ∆m2

ij =

m2
i − m2

j have been measured. The exact ordering of the neutrino masses is not known
between two possibilities. The first is what is called “normal ordering,” in which m2

3 �
m2
s & m2

1, and the other is referred to as “inverted ordering,” where m2
2 & m2

1 � m2
3. At

this point, it appears normal ordering is slightly preferred by the data at 2.7σ [179].
It is crucial to note that the behavior of UMNSP and VCKM differ greatly. As we have seen,

VCKM is close to diagonal, with cross-generation transitions suppressed. This is not the
case for UMNSP, as two mixing angles θ12 and θ23 are close to maximal and θ13 is small but
definitively nonzero. We therefore must approach neutrino mass models in a completely
different way than for quarks.
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Neutrino Mixing Parameter Normal Ordering Inverted Ordering

s2
12 0.304+0.013

−0.012 0.304+0.013
−0.012

s2
23 0.570+0.018

−0.024 0.575+0.017
−0.021

s2
13 0.02221+0.00068

−0.00062 0.02240+0.00062
−0.00062

δ(◦) 195+51
−25 286+27

−32

∆m2
21 7.42+0.21

−0.20 × 10−5 eV2 7.42+0.21
−0.20 × 10−5 eV2

∆m2
31 2.517+0.026

−0.028 × 10−3 eV2 –
∆m2

32 – −2.498+0.028
−0.028 × 10−3 eV2

Table 5.1: The current global fits for oscillation parameters from experimental data as re-
ported in the July 2020 global fit of the NuFit collaboration [178, 179]. Note that these fits
are more recent than those used in Chapter 6, which were current at the time of publica-
tion.

5.2 Mass Generation Mechanisms

Firstly, the exact mechanism by which neutrinos acquire mass is unknown. There is
nothing precluding the introduction of right-handed neutrinos to form Yukawa terms to
generate masses, i.e

LνYukuwa = −Y ν
ijLiνRjH̃. (5.3)

However, as the mass of a Dirac fermion is proportional to the Higgs VEV, v = 246 GeV,
the Yukawa coupling Y ν

ij in Eq. 5.3 would have to be highly suppressed to accommodate
the observed sub-eV masses of neutrinos. This parametric suppression is obtainable, but
it may be desirable to have that neutrinos acquire masses in a more natural way.

One may instead assume that a neutrino is a Majorana fermion. It is known that a
neutral spin-1/2 fermion may be described as a completely real field, indicating that it can
be its own anti-particle [180]. Note that a general spin-1/2 field ψ may be represented
as ψ = ψL + ψR, where ψL is the left-handed component and ψR is the right-handed.
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This can be seen from the fact that a spin 1/2 Dirac field exists as a (1/2, 0)L ⊕ (0, 1/2)R

representation of the Lorentz group.
If the neutrino were a Majorana particle, its wave function would be expressable as ν =

νL+νcL,where νcL is the charge conjugation of νL : νcL = Cν̄LT explicitly. It can be shown that
νcL exists in the (0, 1/2)R of the Lorentz group, and as such ν = νL+νcL transforms as a spin
1/2 Dirac field. This field is its own charge-conjugate, νc = ν and has half the degrees of
freedom as a Dirac field. This loss of two degrees of freedom has a significant consequence
on UMNSP. Much like VCKM, UMNSP is a three-by-three unitary matrix, and therefore can be
parameterized by three mixing angles and six phases. While the quark fields admitted
arbitrary rephasings whereby five of the phases in VCKM could be absorbed, only three
phases can be can absorbed in UMNSP in the case of Majorana neutrinos, hence the last
matrix to the right in Eq. 5.2

Looking at one generation for now, one may then build a Majorana mass term,

− LmMajorana =
m

2

(
ν̄LCν̄TL − νTLC†νL

)
, (5.4)

but it should be noted that this term cannot be produced via a standard Yukawa coupling,
or any renormalizable operator containing existing Standard Model fields, and is in itself
not valid before electroweak symmetry breaking.

Therefore, the minimal operator consistent with the Standard Model leading to Eq. 5.4
is the five dimensional Weinberg operator [181]. Schematically, this operator is

− LWeinberg =
y

Λ

(
LH̃
)(

LcH̃
)
, (5.5)

After electroweak symmetry, the operator in Eq. 5.5 becomes the operator in Eq. 5.4, with

− LmMajorana =
yv2

2Λ

(
ν̄LCν̄TL − νTLC†νL

)
, (5.6)

giving νL a mass of yv2/Λ. Note that this construction leads a naturally small neutrino
masses. Of course this is an effective operator, and as such it must descend from a higher-
energy process.
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If we introduce three additional Majorana neutrinos, but instead make them right-
handed, the operator

− LMMajorana =
Mij

2

(
ν̄RiCν̄TRj − νTRiC†νRj

)
, (5.7)

is no longer forbidden. We let us now reconsider the Yukawa term

LνYukuwa = −Y ν
ijLiνRjH̃ + h.c, (5.8)

where we allow Y ν to be the same relative order as the other fermions. Both of these mass
terms are allowable in the Standard Model, even above the weak scale. These interactions
allow for the tree-level diagram in Figure 5.1. If one takes the right-handed fields very

νLi

H̃

(νL)cl

νRj

(νR)ck

H

Y ν
ij

Mjk

(Y νT )kl

Figure 5.1: A tree-level implementation of a type-I seesaw mechanism.

heavy, they may be integrated out of the diagram to give an effective operator

LEffective = −Y νTM−1Y ν(L̄H̃)(LcH̃). (5.9)

After electroweak symmetry breaking, this generates Eq. 5.4 for νL, with mass matrix
(−Y νTM−1Y ν)ijv

2. The eigenvalues of this matrix will be very small, as M is large. This
mechanism by which heavy neutrinos leads to light Standard Model neutrinos is called the
“seesaw mechanism” [182, 183]. The process in Figure 5.1 is known as a type-I seesaw, but
other seesaw expansions of the Weinberg operator are known [184]. Of course, the seesaw
mechanism isn’t the only method of mass generation, and models using supersymmetry,
extra dimensions, string theory or modular forms are also actively considered [185, 186].
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5.3 Flavor Symmetries

Nevertheless, even with a mechanism of mass generation, the introduction of neutrino
masses adds an additional six unconstrained parameters onto the existing 19 of the Stan-
dard Model. As the form of UMNSP is qualitatively different than that of VCKM, a different
paradigm of flavor symmetry is needed.

SinceUMNSP has two large mixing angles and a single small one, the sorts of symmetries
behooving neutrino flavors models may be discrete1. UMNSP being so far from a diagonal
form indicates that neutrino flavor symmetries must be “sharp,”” i.e not a smooth defor-
mation away from diagonal.

The paradigm we shall use is to assume that the neutrino and charged lepton mass
matrices have discrete non-Abelian flavor symmetries that are broken differently, lead-
ing to a nontrivial UMNSP. There are numerous models, such as: tribimaximal (TBM)
mixing[187–191], where s2

12 = 1/3, s2
23 = 1/2 s13 = 0, predicted by embedding fields

into representations of the tetrahedral group; bimaximal (BM) mixing[192–196], where
sin2(2θ12) sin2(2θ23) = 1; the two golden ratio mixing schemes, GR1 [197–200] and GR2
[201, 202], where the mixing angles relate to the golden ratio φ = 1/2(1 +

√
5) and are

governed by an icosahedral symmetry; or hexagonal (HEX) [203] mixing, governed by
D12, the symmetry group of the hexagon. For a review on the use of discrete non-Abelian
symmetries in model-building theories of neutrino masses and mixings, see [204].

5.3.1 A4 Tribimaximal Mixing

As a concrete example, let us briefly describe one possible construction of a tribimax-
imal mixing scenario with tetrahedral symmetry following the work in [205]. It is im-
portant to note that tribimaximal mixing is an ansatz, and therefore the construction that
follows is only one specific implementation of arriving at tribimaximal mixing.

1Despite Part 2 detailing a model of quark flavor built on a discrete symmetry, the usual paradigm for
the quarks is to perturbatively introduce off-diagonal elements using a continuous symmetry.



109

Consider the discrete groupA4, the alternating group on four elements, or equivalently
the group of isometries of the tetrahedron. It admits four irreducible representations, 1,

1′, 1′′, and 3. Much like we did for the MSSM fields in Part 2, we will charge the lepton
sector under the assignments listed in Table 5.2.

Li ecL1 ecL2 ecL3 Φi ξ1 ξ2 ξ3 ξi=4,5,6

A4 3 1 1′ 1′′ 3 1 1′ 1′′ 3

Table 5.2: The A4 charges for the leptonic and extended Higgs sector.

Li are the three usual lepton doublets, ecLi are the left-handed conjugates of the charged
lepton singlets, Φi are three Higgs doublets and χi are six Higgs triplets. We will not
write down the resulting Lagrangian or scalar potential and dynamics, which are detailed
in [206, 207]. After electroweak symmetry breaking, the resulting charged lepton mass
matrix is

Ml = v


h1 h2 h3

h1 h2ω h3ω
2

h1 h2ω
2 h3ω

 , (5.10)

where ω = e2πi/3 and v =
〈
Φ0

1

〉
=
〈
Φ0

2

〉
=
〈
Φ0

3

〉.
The neutrino mass matrix is generated by the small VEVs of the heavy Higgs triplets,

producing the mass matrix

Mν =


a+ b+ c 0 0

0 a+ ωb+ ω2c d

0 d a+ ω2b+ ωc

 , (5.11)

where a, b, c, and d are the VEVs of the neutral components of ξi=1,2,3,4 respectively, and〈
ξ0

5

〉
=
〈
ξ0

6

〉. The lepton mass matrix Ml may be diagonalized by

UL =
1√
3


1 1 1

1 ω ω2

1 ω2 ω

 , (5.12)
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and therefore, in the charged lepton basis, the mass matrix for the neutrinos becomes

ML
ν = UT

LMνU
∗
L =


a+ 2d

3
b− d

3
c− d

3

b− d
3

c+ 2d
3

a− d
3

c− d
3

a− d
3

b+ 2d
3

 . (5.13)

It is this matrix ML
ν that is diagonalized by UMNSP. If one considers a scenario in which

b = c, such as a model with a Z2 νµ − ντ symmetry, one finds that the resulting UMNSP is
the tribimaximal mixing matrix,

U
(TBM)
MNSP =


√

2
3

1√
3

0

− 1√
6

1√
3
− 1√

2

− 1√
6

1√
3

1√
2

 (5.14)

i.e. where s2
12 = 1/3, s2

23 = 1/2 and s13 = 0.

5.3.2 Sum Rules

Of course, the tribimaximal and other mixing scenarios mentioned are ruled out by
current experimental data, and as such the paradigm is to allow for charged lepton correc-
tions to UMNSP. The procedure is to then enforce relations between these charged lepton
corrections, the experimentally fit mixing angles and phase, and the predictions for the
neutrino mass matrix given a particular symmetry. These relations are called sum rules,
and they can be split into two types, atmospheric sum rules[204, 208–216] and solar sum
rules [217–220]. The sum rules paradigm has a long history, beginning with [221–225]
and continuing until today [226–249].

Sum rules enforce relations between the observed global fits and the internal model
parameters describing the neutrino family symmetry and charged lepton corrections. In
the next chapter, we will take the observed global fits as inputs and use sum rules to predict
the most likely value for the CP-violating Dirac phase in UMNSP.
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Chapter 6

Predictions for the Leptonic
Dirac CP-Violating Phase1

6.1 Introduction

The confirmation of a non-zero and sizable reactor mixing angle[58–60] has opened the
window to detecting CP violation in the lepton sector through the direct measurement of
the Dirac CP-violating phase δ of the Maki-Nakagawa-Sakata-Pontecorvo (MNSP) lepton
mixing matrix, UMNSP[176, 177]; see also the PDG review [53]. There are already exper-
imental hints that its value may exist around δ ∼ ±π/2 from the T2K [251] and NOνA
[252] collaborations. Additionally, input from recent global fits favor δ ∼ −π/2 at 3σ[253–
256]. In either case, the impending confirmation of the value of this CP-violating phase
forces physicists to revisit theories of its possible origin which can explain its measured
value, as well as all of the other measured values of the lepton mixing angles contained
in UMNSP. The arguably most popular approach to address the origin the lepton mixing
parameters of UMNSP is with the implementation of a discrete flavor symmetry. In this
framework, a given mixing pattern is related to residual symmetries of the leptonic mass
matrices which may arise from the spontaneous breaking of the flavor symmetry group.
Such models that utilize a spontaneously broken discrete flavor symmetry usually predict
a zero leading order reactor mixing angle and a maximal atmospheric mixing angle due to

1Chapter adapted from [250]
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their popularity before the aforementioned measurement of a nonzero reactor mixing an-
gle. Furthermore, they are usually constructed in a basis where the charged lepton mass
matrix is diagonal. Due to these assumptions, these flavor models generally produce a
leading order neutrino mixing matrix Uν described by tribimaximal (TBM) mixing[187–
191], bimaximal (BM) mixing[192–196], the two golden ratio mixing schemes (GR1 [197–
200] and GR2 [201, 202]), or hexagonal (HEX) [203] mixing. Perhaps the simplest way
to accommodate a nonzero reactor mixing angle while still using these popular starting
points is to introduce a nontrivial lepton mixing matrix which can rotate UMNSP = U †eUν

away from its “problematic” leading order predictions.
The emergence of a third nonzero mixing angle in UMNSP gives rise to the appearance

of the Dirac CP-violating phase originating in the charged lepton mixing matrix Ue (when
assuming a particular form for Uν as described above). Together with the initial fixed
starting point dictated by Uν , e.g., tribimaximal or GR1 mixing, and an assumed form
of Ue, it is possible to explore the predictions for the Dirac CP-violating phase δ which
have mixing angles consistent with the measured experimental data. The simplest of such
assumed forms for Ue is just a single rotation in the 1− 2 or 1− 3 planes.2 The corrections
to the reactor mixing angle as well as the other parameters lead to relations (called sum
rules) between model parameters contained in Ue, the leading order angle predictions
in Uν , and the experimentally measured angles in UMNSP. One way to characterize the
mixing angle predictions resulting from these sum rules has been to classify them into
two types: atmospheric sum rules[204, 208–216] and solar sum rules [217–220]. While
atmospheric sum rules arise from a variety of scenarios, e.g., semi-direct models, solar
sum rules are characteristic of models in which the leading order Uν matrix is corrected
by charged lepton contributions. The idea of correcting the leading order neutrino sector
mixing angles by such charged lepton effects has been developed in [221–225]. Recent
literature on such sum rules also includes [226–238], as well as the related work of [239–
249].

2A single rotation in the 2− 3 plane will not generate a correction to the (zero) reactor mixing angle.



113

For example, for a set of such models that involve a 1−2 charged lepton rotation, there
is a well-known sum rule for cos δ [226] (see also [222–225, 229, 230, 244]):

cos δ =
t23s

2
12 + s2

13c
2
12/t23 − (sν12)2(t23 + s2

13/t23)

s′12s13

, (6.1)

in which cij = cos θij , sij = sin θij , tij = tan θij , and we have used primed letters to repre-
sent the corresponding trigonometric functions of twice the argument, e.g., s′ij = sin(2θij).

As has been discussed extensively in the literature, the form of this sum rule (and the
analogous sum rule for models with a 1−3 charged lepton rotation) is quite striking in that
it depends on just one model parameter, (sν12)2, and functions of the three observable mix-
ing angles. This in turn has led to numerous studies of the posterior probability density
function of cos δ for a given (sν12)2, using the results of global fit data for the distributions
of the lepton mixing angles as inputs. These results can provide guidance as to the pre-
cision needed in the determination of δ at current and forthcoming neutrino experiments
to provide some degree of discriminating power in the theory space of possible models of
lepton mixing.

In this chapter, we examine the predicted probability distribution for cos δ in models
that satisfy Eq. (6.1), using a different (complementary) approach. Here we focus for
simplicity on models that involve a single 1− 2 charged lepton rotation; the models under
consideration have three continuously varying, bounded input parameters, including a
single source of CP violation. We assume no non-standard interactions, such that the
effects of additional field content such as flavons and other exotics are encoded by the
given model parameters. This allows for a phenomenological analysis of a specific class
of models that satisfy the sum rule for cos δ given in Eq. (6.1). The predicted ranges of
the observable mixing angles within this class of models are restricted since there is a
small number of model parameters, and the model parameters are theoretically bounded.
Hence, not all observable mixing angles in these theories are independent. The theoretical
model class-induced relationship among these parameters encode the needed constraints
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from the unitarity of the lepton mixing matrix to ensure that cos δ is appropriately bounded
(i.e., that δ is indeed a physical CP-violating parameter), in all cases.3

Our goal is to explore the implications of these theoretical constraints among the ob-
servables within this class of models, and their implications for the distribution of theoret-
ically allowed values of cos δ, depending on assumptions regarding the distributions of the
input parameters. With the important assumption that these models can provide a correct
description of the observable lepton mixing parameters, we investigate the implications of
two specific assumptions regarding the probability distributions of the model parameters,
and their resulting implications for the distributions of the physical observables. After first
exploring the situation in which all model parameters are assumed to have independent
distributions, we then consider conditional probability distributions involving the input
parameters that best reproduce the results for s2

13, s2
23, and s2

12 from global fit data in this
class of models. In both situations, we examine the resulting prediction for the probability
distribution of cos δ that can be obtained within this class of models.

In our analysis, we use the results from neutrino oscillation experiments as reported in
the July 2019 global fit of the NuFit collaboration [253, 254] and summarized in Table 6.14.
Indeed, we will see that the great precision that has been achieved in the measurement of
s2

13 greatly simplifies the analysis and provides nontrivial constraints on the feasibility of
this set of models in predicting distributions for the remaining mixing parameters that are
in reasonably good agreement with the data.

This chapter is structured as follows. In Section 6.2, we provide an overview of the
class of models under consideration. In Section 6.3.1, we consider the implications of the
assumption that the model parameters have independent distributions, and describe the
resulting predictions for the probability distributions of the observable mixing parame-
ters. Next, we instead assume that the probability distributions of the model parameters

3This includes for example the case of bimaximal mixing scenarios, which are known to be particularly
constrained in terms of their ability to reproduce the preferred values of the lepton mixing angles as deduced
from global fit data.

4These fits were updated again in July 2020 after this work was completed.
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3σ range NO 3σ range IO

s2
12 0.275 − 0.350 0.275 − 0.350
s2

23 0.427 − 0.609 0.430 − 0.612
s2

13 0.02046 − 0.02440 0.02066 − 0.02461

Table 6.1: The lepton mixing angles for the case of normal ordering (NO) and inverted
ordering (IO) used in this chapter, as taken from the July 2019 global fit of [253, 254].

are conditional probability distributions, in Section 6.3.2, as this allows for a greater opti-
mization of the match of the model predictions to the experimental observables.

6.2 Background

We consider a class of theoretical models in which the starting point is the assumption
that the matrix that diagonalizes the neutrino mass matrix is of the formUν = R23(θν23)R12(θν12),
where the Rij matrices are given by

Rν
23 =


1 0 0

0 cν23 sν23

0 −sν23 cν23

 , Rν
12 =


cν12 sν12 0

−sν12 cν12 0

0 0 1

 , (6.2)

and it is assumed that to leading order, the charged lepton mass matrix is diagonal in
family space. As a result, at leading order s2

23 and s2
12 are nonzero, while s2

13 is zero. The
required shift to the reactor angle arises from corrections to the charged lepton sector,
which here are encoded by a diagonalization matrix of the left-handed charged leptons in
the 1− 2 plane.
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More precisely, the charged lepton diagonalization matrix is assumed to be of the form
Ue = U e

12, in which the U e
ij are defined as

U e
23 =


1 0 0

0 ce23 se23e
−iδe23

0 −se23e
iδe23 ce23

 , U e
12 =


ce12 se12e

−iδe12 0

−se12e
iδe12 ce12 0

0 0 1

 ,

U e
13 =


ce13 0 se13e

−iδe13

0 1 0

−se13e
iδe13 0 ce13

 ,

(6.3)

in which seij = sin θeij and ceij = cos θeij .5 Therefore, in models considered here, we have

UMNSP ≡ U = U †eUν = U e†
12R

ν
23R

ν
12. (6.4)

From this form of the lepton mixing matrix, the observable mixing angles take the form

s2
13 = (se12)2(sν23)2, s2

23 =
(sν23)2 − (se12)2(sν23)2

1− (se12)2(sν23)2
,

s2
12 =

(cν12)2(cν23)2(se12)2 + (ce12)2(sν12)2 − 2ce12c
ν
12c

ν
23s

e
12s

ν
12 cos δe12

1− (se12)2(sν23)2
,

(6.5)

and the value of cos δ is given by Eq. (6.1), subject to the constraints of Eqs. (6.5).
Let us now briefly comment on the model parameters, which we can take to be the

following set: (se12)2, (sν23)2, (sν12)2, and cos δe12. Within such models, the “bare” atmospheric
neutrino mixing angle θν23 is often taken (or predicted) to be maximal, i.e., that (sν23)2 = 1/2.
In this work, we will not fix this parameter to its maximal value, but rather let it float.
This class of models can then be taken to be equivalent to the class of models with two
rotations in the charged lepton sector, of the form Ue = U e

23(θe23, δ
e
23)U e

12(θe12, δ
e
12), with the

phase δe23 = 0.
One of the defining features of the class of models considered here is that there is a

single CP-violating phase, δe12, that sources the Dirac phase δ. As we will see, this feature
5Note that there is an an intrinsic degeneracy in these definitions as δ′eij → δeij − π and θ′eij → θeij − π/2

yield the same rotation matrix. This will be taken into account in our analysis.



117

yields a tight connection between the allowed values of s2
12 and cos δ, which would clearly

relax in situations with multiple CP-violating phases. We defer the analysis of scenarios
with multiple phases to future work.

While the parameters (se12)2, (sν23)2, and cos δe12 are continuous parameters, here we will
follow the usual protocol in the literature and consider only particular discrete values of
(sν12)2. The values taken all correspond to values that can be achieved in specific models
based on non-Abelian discrete family symmetries. As previously mentioned, these values
correspond to the cases of bimaximal mixing (BM), tribimaximal mixing (TBM), hexag-
onal mixing (HEX), and two scenarios based on golden ratio mixing (GR1), (GR2). The
models considered here thus have three continuous model parameters, and are broadly
categorized by their specific value of (sν12)2, as given in Table 6.2.

BM TBM HEX GR1 GR2
(sν12)2 1/2 1/3 1/4 (5−

√
5)/10 (5−

√
5)/8

Table 6.2: The values of (sν12)2 for the theoretical scenarios under consideration.

It is useful to simplify the notation. We begin with a relabeling of the model parame-
ters, for the sake of brevity:

a ≡ (se12)2 , b ≡ (sν23)2 , c ≡ cos δe12. (6.6)

We also relabel the observable mixing angles s2
13, s2

23, and s2
12 as x, y, and z, respectively.

Finally, we define z0 ≡ (sν12)2, as this quantity is the “bare” value of s2
12 ≡ z. In terms of

the model parameters, we can rewrite the observable mixing angles as

x ≡ s2
13 = ab

y ≡ s2
23 =

(1− a)b

1− ab

z ≡ s2
12 = z0 −

2c
√
a(1− a)(1− b)z0(1− z0)

1− ab +
a(1− b)(1− 2z0)

1− ab . (6.7)
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We save the discussion of the sum rules for cos δ in terms of these parameters for later, as
it is a straightforward but rather cumbersome expression that follows from Eq. (6.1) and
Eq. (6.7).

From this starting point, we now consider the possibilities for the probability distribu-
tions for the model parameters a, b, and c, with the goal of predicting distributions for the
observables x, y, and z in alignment with the global fit data of [253, 254], and determining
the resulting probability distribution for cos δ. An immediate simplification results from
the fact that the reactor angle has been measured with great precision. As such, we can
assume to leading order that the distribution for x ≡ s2

13 can be effectively modeled as a
delta function, fixed about its central value of (s2

13)0 ≡ x0 = 0.02241 [253, 254]6, as follows:

Px(x) = δ(x− x0). (6.8)

As we will see, this assumption significantly simplifies the analysis of the next sections.

6.3 Predicting P (cos δ)

6.3.1 Independent Probability Distribution

Within a top-down model, it is plausible to imagine that the continuous model param-
eters a, b, and c are independent. That is to say that the probability distribution for each
continuous model parameter should depend exclusively on that parameter; for example,
Pa = Pa(a). With this simple assumption, we can then determine the theoretical prob-
ability distributions for each model parameter, as guided by attempting to optimize the
agreement with the theoretically predicted distributions of the observable mixing param-
eters with their experimental distributions, and with the assumption that such a theory
can reproduce experimentally allowed results. Once the distributions for the model pa-
rameters have been determined based on the experimental inputs for the leptonic mixing
angles, it is then possible to characterize the predicted distribution for the cosine of the
Dirac CP-violating phase, cos δ.

6Here we take the central value of s2
13 for the case of normal ordering, for concreteness.
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This assumption, as opposed to the assumption of conditional probabilities among
the parameters (which will be discussed in the next section), will quite generally lead to
stringent restrictions on the theory, and furthermore can result in the possibility that it
is impossible to reproduce the experimental distribution for one or more of the observed
mixing parameters. Indeed, we will see in this section that in the set of scenarios consid-
ered here, and with this assumption, it is generally not possible to obtain the characteristic
Gaussian distribution for y ≡ s2

23 with the full experimentally allowed range. Instead, we
will see that what results is a much sharper distribution (that becomes a delta function
distribution in the limit that the distribution for x ≡ s2

13 is taken to be a delta function).
This reflects the fact that in this scenario, the same two model parameters predict two
observables, one of which (s2

13) is very precisely determined by experimental data, and
hence, either the choice of these parameters will lead to physically reasonable results or
the model will explicitly fail.

To see this more precisely, we begin with the quantity x, which depends on the con-
tinuous model parameters a and b. We assume that each of these model parameters is
distributed with an unknown univariate probability density function. It then follows that
the probability of measuring a specific value of x should be determined by the total prob-
ability of attaining values of a and b such that x = ab. Concretely, for Px(x), one has

Px(x) =

∫
da db δ(ab− x)Pa(a)Pb(b). (6.9)

Analogously, we can write

Py(y) =

∫
da db δ(h(a, b)− y)Pa(a)Pb(b), (6.10)

with h(a, b) = (1− a)b/(1− ab). Pz(z) takes the form

Pz(z) =

∫
da db dc δ(f(x(a, b), b, c)− z)Pa(a)Pb(b)Pc(c), (6.11)

in which (see the third sum rule in Eq. (6.7)):

f(a, b, c) = z0 −
2c
√
a(1− a)(1− b)z0(1− z0)

1− ab +
a(1− b)(1− 2z0)

1− ab . (6.12)
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Px, Py, and Pz are each normalized to unity, as Pa, Pb and Pc are each normalized to unity.
To parameterize Pa(a), Pb(b), and Pc(c), we take the simplifying assumption that Px(x)

is well approximated by a delta function. Therefore, to first approximation, Pa(a) andPb(b)
should be delta functions as well, otherwise a smooth distribution for Px(x) is obtained.
Explicitly, we parameterize the two independent distributions Pa(a) and Pb(b) as follows:

Pa(a) = A(a)δ(a− a1), Pb(b) = B(b)δ(b− b1), (6.13)

where A(a) and B(b) are smooth functions that satisfy A(a1) = B(b1) = 1. Carrying out
Eq. (6.9) explicitly, it is straightforward to obtain the expected identification that x0 = a1b1.
Similarly, evaluating Eq. (6.10) leads to the identification that

Py(y) = δ(y − y0), (6.14)

in which
y0 =

b1(1− a1)

1− a1b1

=
b1 − x0

1− x0

. (6.15)

As discussed, with independent distributions for the model parameters a and b, the re-
quirement that the distribution for x = s2

13 is a delta function to a good approximation re-
sults in a similarly sharp predicted distribution for y = s2

23, in contrast to what is currently
allowed from the global fits. This is not surprising given that for fixed x ≡ s2

13, y ≡ s2
23 is

also fixed. Once the parameters a and b are allowed to have conditional probability distri-
butions, the distribution for s2

23 can better match the currently allowed distribution from
global fit data, as we will see explicitly in the next section.

Let us turn now to the expression forPz(z), as in Eq. (6.11). After doing the integrations
in a and b,

Pz(z) =

(
1− a1b1

2
√
a1(1− a1)(1− b1)z0(1− z0)

)
Pc

(
−(z − z0)(1− a1b1) + a1(1− b1)(1− 2z0)

2
√
a1(1− a1)(1− b1)(1− z0)z0

)
.

(6.16)
where z0 is defined in Eq. (6.12).
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Let us now return to the sum rules for cos δ, recalling that we can rewrite Eq. (6.1) as

cos δ =

√
a(1− a)(1− b)(1− 2z0)− c(1− 2a+ ab)

√
z0(1− z0)√

a(1− a)(1− b) + (1− 2a+ ab)2z0(1− z0)− 2cγab(1− 2a+ ab)(1− 2z0)− 4c2γ2
ab

,

(6.17)
where γab =

√
a(1− a)(1− b)z0(1− z0). Thus, Pcos δ can be written as

Pcos δ =

∫
da db dc δ(g(a, b, c)− cos δ)Pa(a)Pb(b)Pc(c). (6.18)

Simplifying this expression requires a proper treatment of the roots of the delta function.
Upon doing so, it is straightforward to see that Pcos δ(cos δ) takes the form

Pcos δ(cos δ) =

(∣∣∣∣dgdc
∣∣∣∣
c+

)−1

Pc(c+)Θ(cos δ) +

(∣∣∣∣dgdc
∣∣∣∣
c−

)−1

Pc(c−)Θ(− cos δ), (6.19)

in which

c± =
1

D

[
(x0y0 − x0 + y0)

(
1− c2

δ

)
(n− 2)

√
x0

(
y0 − y2

0

)
± |cδ| (x0y0 − x0 − y0)

√
(n− 1) (x0 + y0 − x0y0)2 +

(
c2
δ − 1

)
(1− y0)n2x0y0

]
,

(6.20)

with
D =

√
n− 1

[
x2

0 (y0 − 1)2 − 2x0y0

(
1− 2c2

δ

)
(1− y0) + y2

0,
]

(6.21)

and n ≡ 1/z0 and cδ ≡ cos δ have been defined for convenience.
To obtain an ansatz for Pc(c), we express Eq. (6.7) in terms of x0, y0 and n = 1/z0:

z = z0 − 2c

√
x0y0z0(1− y0)(1− z0)

y0(1− x0) + x0

+
x0(1− y0)(1− 2z0)

y0(1− x0) + x0

=
1

n
− 2c

√
n− 1

n

(√
x0y0(1− y0)

y0(1− x0) + x0

)
+
n− 2

n

(
x0(1− y0)

y0(1− x0) + x0

)
. (6.22)

Due to the trivial requirement that |c| ≤ 1, the allowed bounds for z do not lie at 0 and 1,
but within a subset of that interval, which is determined by the specific values of x0, y0,

and n. The bounds for z with x0 and y0 at their central values are given in Table 6.3. From
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BM TBM HEX GR1 GR2
z ∈ [0.375, 0.625] [0.221, 0.457] [0.231, 0.469] [0.149, 0.367] [0.173, 0.397]

Table 6.3: Theoretically allowed ranges for z for various mixing scenarios, with x0 and y0

and their central best-fit values.

Table 6.1, the 3σ NO range for z is [0.275, 0.350]. The allowed ranges for z in tribimaximal,
hexagonal, GR1 and GR2 mixing cover this 3σ bound completely, but the allowed range
for bimaximal mixing lies outside of this range, as is well known in the literature. Hence,
as seen in Eq. (6.22), the value of c needed to to push z as close as possible to the best-fit
range is c = 1.

These bounds inform our choice for Pz(z), inasmuch as Pz(z) should vanish for values
of z outside of the above theoretical bounds. Thus, we assume the following form of Pz(z)

for each mixing pattern:

Pz:pat = KP (exp)
z (z)|z ∈ [zmin, zmax], (6.23)

where P (exp)
z (z) is a Gaussian centered around the best-fit value of z, and where K is an

appropriate normalization factor.7 We note that Pc(c) can be neatly expressed as

Pc(c) =
1

APz(z(c)), (6.24)

where
A =

n

2
√
n− 1

√
y0

x0(1− y0)

(
1 +

x0(1− y0)

y0

)
.

A plot of Pc(c) for each mixing pattern is given in Figure 6.1. We also plot Eq. (6.19), as
shown in Figure 6.2. As expected, all mixing patterns other than bimaximal peak well
away from unphysical values of cos δ. The bimaximal mixing pattern has cos δ peaked at
cos δ = −1, which is expected, as one expects c = 1 to be the most likely value in this
mixing pattern. This reflects the well-known result the bimaximal mixing pattern in this

7We can make alternative choices for this distribution, as discussed in the Appendix. Here we will restrict
ourselves to the standard normal distribution for simplicity, whereas in the next section where the goal is to
optimize the overlap with the experimental results, we will consider more refined alternatives.
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Figure 6.1: A comparison of Pc(c) for various mixing patterns, in the situation that Pz(z)

can be represented by a simple Gaussian with parameters given by the empirical best-fit
values. As expected, the peak of Pc(c) for bimaximal mixing occurs at c = 1, as the value
of z must be pushed down significantly to fit into the 3σ best fit bounds.

set of models quite generally is highly constrained. Note that by construction, the full
range of possible physical values for cos δ is covered, with no possibility that the posterior
probability distribution Pcos δ(cos δ) has nontrivial values for values of cos δ outside of the
physical range.

6.3.2 Conditional Probability Distributions

We now assume that the probability distributions for the model parameters are condi-
tional probability distributions. Indeed, there may be top-down theories in which this is
the case (for example, if the parameter values must dynamically satisfy a given constraint,
or if there are fixed points). As stated, we remain agnostic in this work as to the details of
the theoretical model that gives rise to the lepton mixing matrix of the form of Eq. (6.4).

As before we assume here that the distribution of x is of the form given in Eq. (6.8),
such that

x = ab = x0 ⇒ a =
x0

b
or b =

x0

a
. (6.25)
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Figure 6.2: Pcos δ as a function of cos δ for various mixing patterns. Here we have assumed
that Pz(z) is a Gaussian centered at the experimental best-fit value of z, with width of 1σ.

Clearly, a and b are correlated through x0. Define

Pa|b(a) = δ

(
a− x0

b

)
and Pb|a(b) = δ

(
b− x0

a

)
, (6.26)

where Px|y(x) is the conditional probability of x given y.
It then follows from Eq. (6.7) that

Py(y) =

∫
da db δ

(
b− ab
1− ab − y

)
Pa|b(a)Pb(b) = (1− x0)Pb(y + x0(1− y)), (6.27)

which leads to

Pb(b) =
1

1− x0

Py

(
b− x0

1− x0

)
. (6.28)

and analogously

Pa(a) =
x0

a2(1− x0)
Py

(
x0(1− a)

a(1− x0)

)
. (6.29)

This differs significantly from the previous approach, wherein Py(y), Pa(a) and Pb(b) are
necessarily delta functions (c.f. Eq. (6.13) and Eq. (6.14)).
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6.3.2.1 Estimating Pz(z)

As the integral for Pz(z) depends on the distributions of all three model parameters a,
b and c, it must be that two of the parameter distributions are conditioned on the third.
For now, let us assume that b is independent of c and Pb|c(b) = Pb(b) as given in Eq. (6.28).

Therefore, the expression for Pz(z) is

Pz(z) =

∫
da db dc δ(f − z)Pa|b(a)Pb(b)Pc(c), (6.30)

where f is given in Eq. (6.12). Integrating over a, we find that

Pz(z) =

∫
db

b(1− x0)

2
√

(1− b)(b− x0)(1− z0)x0z0

Pb(b)Pc(c0(b, z)), (6.31)

where

c0(b, z) =
b(x0 − 1)(z − z0) + x0(1− b)(1− 2z0)

2
√
x0z0(1− b)(b− x0)(−z0 + 1)

. (6.32)

As before, we do not know the form of Pc(c), and as such must consider various ansatzes

for its functional behavior.
What we shall do is to assume that Pc(c) takes the form of either a normal or modi-

fied Gaussian distribution. These various distributions are introduced and discussed in
Appendix B. Specifically, we consider Pc(c) as either a normal, skew normal, or Gram-
Charlier distribution. Since these distributions have respectively two, three or four free
parameters, we must determine a way to fix them.

This will be done as follows: for each type of distribution in Appendix B, we shall eval-
uate the integral in Eq. (6.31) for the central value of z, the±1σ values, the±3σ values and
the points halfway between ±1σ and ±3σ. Then we optimize the distribution parameters
by minimizing the difference between the actual and estimated Pz(z), weighted by global
fit values of Pz.

The optimized parameters for each neutrino mixing pattern for each density function
given in Eqs. (B.1)-(B.3) are listed in Table 6.4.
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PGauss Pskew PCG

(µ, σ) (µ, σ, s) (µ, σ, s, k)

TBM (0.233, 0.0981) (0.233, 0.0982, 0.0106) (0.228, 0.0974, −0.0894, −0.0885)

GR1 (−0.213, 0.101) (−0.214, 0.101, 0.0142) (−0.214, 0.10, −0.0235, −0.0792)

GR2 (0.324, 0.0966) (0.323, 0.0966, 0.0102) (0.317, 0.0956, −0.106, −0.121)

HEX (−0.440, 0.10) (−0.441, 0.10, 0.0145) (−0.439, 0.0982, 0.0290, −0.199)

Table 6.4: Best parameter values for each probability density function to work as
Pc(c0(b, z)) in the integral of Eq. (6.31) by neutrino mixing pattern.

We find that using a skew normal distribution is redundant in estimating Pz(z) since
s ≈ 10−2, and as such its use offers minimal improvement over the use of a Gaussian.
Conversely, the Gram-Charlier distribution requires nontrivial values for the skewness, s,
for tribimaximal and GR2, and for the kurtosis, k, in GR2 and hexagonal mixing scenarios.
Once the distribution parameters are determined, we compare the calculated Pz(z) for
each mixing pattern and distribution type to the globally fit Pz(z).

We find that the Gram-Charlier distribution is most accurate, and as such will use it to
calculate Pc(c) for non-bimaximal mixing in the next subsection.

6.3.3 Estimating Pcos δ(cos δ)

With this ansatz for Pc(c), we now calculate Pcos δ(cos δ) :

Pcos δ(cos δ) =

∫
da db dc δ(g̃ − cos δ)Pa|b(a)Pb(b)Pc(c), (6.33)

where similarly to Pz(z), it was assumed that Pb|c(b) = Pb(b), Pb(b) is given by Eq. (6.28)
and g̃ is

g̃ =
(b− x0)z + x0(1− z)(1− b)− z0b(1− x0)

2
√
zx0(1− z)(1− b)(b− x0)

, (6.34)

where it is important to recall that z is still a function of b and c.
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Figure 6.3: Probability densities for cos δ from the integral in Eq. (6.35) are shown in color.
The dashed black lines were obtained from the integral in Eq. (6.42).

Upon performing the integrations over a and b using Eq. (6.26), we obtain

Pcos δ(cos δ) =

∫
C
dc

(
∂g̃

∂b

)−1

Pb(b)Pc(c). (6.35)

Note that this is an integral over the level curve C given by C = {(b, c) : g̃(b, c) = cos δ}.
That is to say we evaluate the integral in Eq. (6.35) in such a way that b along the curve C
assumes values such that g̃ is constant and equal to cos δ.

The probability density functions for cos δ obtained via this integration procedure are
given by the colored lines in Figure 6.3.

6.3.4 Extending to Bimaximal Mixing

Up until now, we have omitted the application of this procedure to bimaximal mix-
ing. The reason for this is that, as bimaximal mixing is highly disfavored by experiment.
Nevertheless, we generalize our procedure in such a way that bimaximal mixing can be
accommodated demonstrate that this procedure is valid for even edge cases.

As demonstrated on the left of Figure 6.4, it is impossible to consistently set y and z to
their experimental central values simultaneously within the range of valid model param-
eters.
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Figure 6.4: Left: Lines for the central (solid), −3σ (dashed) and +3σ (dotted) values of
z are shown in color for different patterns and in black for y. Right: In color, probability
distributions obtained from marginalizing c out of Pb,c(b, c) for all the patterns. The dotted
black line is the distribution Pb(b) of Eq. (6.28).

What we see, however, is that values of b along a z contour are not independent of c.
Previously, we had assumed that Pb|c(b) = Pb(b), but let us now relax that constraint con-
sider the two-dimensional joint probability Pb,c(b, c), which can be obtained from the two
dimensional χ2 projection for s2

12 and s2
23 as given in the July 2019 NuFIT global fits[253,

254]. A probability density may be obtained from this χ2 by normalizing the likelihood
function e−χ2(y,z)/2.

This Py,z(y, z) distribution may be related to Pb,c(b, c):

Py,z(y, z) =

∫
db dc δ

(
y(b)− y

)
δ
(
z(b, c)− z

)
P̄b,c(b, c)

=
(1− x0)3/2 [1 + x0 + y(1− x0)

]
2
√
x0yz0(1− z0)

[
1− x0 − y(1− x0)

] P̄b,c(x0 + y(1− x0),
d2 + z0 − z

d1

)
,

(6.36)
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factor (N )
TBM 1.0 +O(10−10)

GR1 1.0 +O(10−9)

GR2 1.0 +O(10−10)

HEX 1.0 + 9.67× 10−6

BM 1271.95

Table 6.5: Normalization factors for P̄b,c(b, c), as defined in Eq. (6.40).

where y(b) and z(b, c) are are explicitly written functions of the model parameters. This
can be rearranged to give an explicit form for P̄b,c(b, c),

P̄b,c(b, c) =
2
√
x0z0(1− b)(b− x0)(1− z0)

b (1− x0)2 Py,z(y(b), z(b, c)), (6.37)

where

d1 = 2

√
(1− b)(b− ab)(1− z0)abz0

b(1− ab) (6.38)

d2 =
ab(1− b)(1− 2z0)

b(1− ab) . (6.39)

have been defined for notational convenience.
However, we must be cognizant of the fact that P̄b,c(b, c) cannot be considered a full

probability distribution, since vast swathes of the (b, c) parameter space is unobtainable
in the case of bimaximal mixing, as shown in Figure 6.4. It is for this reason that we have
explicitly written the object in Eq. (6.37) with a bar, as it will not, generally, integrate to
unity.

We therefore must normalize this object, which will clearly depend on the specific mix-
ing pattern assumed. As we see in Figure 6.4, it is possible in non-bimaximal mixing pat-
ters for the parameters b and c to take on any value in the domain, albeit independently,
so we might expect the quantity P̄b,c(b, c) to integrate to 1 in those scenarios. In contradis-
tinction, that will obviously not be possible for bimaximal mixing.
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This normalization can be interpreted as a measure of how feasibly certain mixing
patterns can match the global fit values of y and z. Denoting the required normalization
factor by N [pattern] which is defined by the requirement that the object Pb,c(b, c),

Pb,c(b, c) = N [pattern]× P̄b,c(b, c), (6.40)

integrates to unity over the (b, c) domain of validity for each mixing pattern. These factors
are shown in Table 6.5. Note that for the bimaximal pattern, this factor is larger than 103 –
indicating that, as expected, bimaximal mixing is largely precluded by the global fits.

The formula for Pz(z) then carries over mutatis mutandis from Eq. (6.30) with the re-
placement Pb|c(b)Pc(c)→ Pb,c(b, c) as defined above. Upon doing so, we find

Pz(z) =

∫
db

b(1− x0)

2
√

(1− b)(b− x0)(1− z0)x0z0

Pb,c(b, c0(b, z)), (6.41)

where c0(b, z) is given by Eq. (6.32). Similarly, the integration for cos δ can be rederived
(c.f. Eq (6.35))

Pcos δ(cos δ) =

∫
C
dc

(
∂g̃

∂b

)−1

Pb,c(b, c), (6.42)

where, as before, the level curve C is C = {(b, c) : g̃(b, c) = cos δ}. The resulting Pcos δ(cos δ)

for each mixing patterns is shown in Figure 6.3 using dashed lines.
In Figure 6.3, if we compare the two forms of Pcos δ as calculated in Eq. (6.35) and

Eq. (6.42), we see that the distributions do not change noticeably for the cases of tribimax-
imal and GR2 mixing, whereas the hexagonal pattern shows a larger spread when using
Eq. (6.42).

On the left of Figure 6.5, we note the discrepancy between the estimation of Pc(c) as
completed in Section 6.3.2.1 (solid colored lines) and the estimation of Pc(c) obtained by
marginalizing b out of Pb,c(b, c) (dashed black lines). Recall that in Section 6.3.2.1, we
made the assumption that Pb|c(b) = Pb(b), so it is not surprising that the inaccuracy of this
assumption should affect the resulting estimation of Pc(c).
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Figure 6.5: Left: colored solid lines for Pc(c) as estimated in Section 6.3.2.1, while dashed
black lines are for the distribution obtained by marginalizing c from Pb,c(b, c). Right: Pz(z)

as obtained from Pc(c). The dotted black line is Pz(z) based on the global fit.

We now reiterate why this procedure was necessary. As is well known, the viable pa-
rameter space for bimaximal mixing is significantly smaller than it is for the other mixing
patterns considered here, as bimaximal mixing generically predicts values for the solar
mixing angle that are quite large, falling on the end of the experimentally allowed region.
For instance, inside the domain of allowed values of b and c, the allowed combinations of
y and z are far more limited in the bimaximal pattern than for the other patterns, disal-
lowing large swathes of parameter space. This lack of parameter space freedom results in
the fact that the step of approximating Pb|c(b) by Pb(b), as given by Eq. (6.28), is far more
inaccurate for bimaximal mixing than for the other mixing scenarios. Similarly, we see
that Pb(b) for bimaximal mixing does not correspond to Eq. (6.28) as well as it does for
the other patterns, as can be seen on the right side of Figure 6.4. Lastly, we see that the
scenario of bimaximal mixing is completely unable to reproduce the global fit of Pz(z),
(Figure 6.5, right side) which indicates the unsuitability of using the process detailed in
Section 6.3.2.1, in which Pc(c) is determined by optimizing Pz(z) to match the global fit.
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Figure 6.6: The distribution Pcos δ(cos δ) as given in Figure 6.2, overlaid with Pcos δ as ob-
tained from treating the experimental distributions as uncorrelated (depicted with dashed
lines). Note that the difference between the two approaches is slight for mixing patterns
other than bimaximal, for which the peak shifts drastically in the two approaches, and
resides in an unphysical regime for the case in which the restrictions of the model are not
taken into account.
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Figure 6.7: The distribution for Pcos δ(cos δ) as given in Figure 6.3, overlaid with Pcos δ as ob-
tained from treating the experimental distributions as uncorrelated (depicted with dashed
lines). This result is to be compared with the analogous result for the independent model
parameter approach, as given in Figure 6.6.
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Furthermore, we can also see this when comparing the approaches used in this chapter
for determing Pcos δ as compared to approaches taken in previous literature. As previously
stated, an assumption that is often made in the literature is that the model can always
accommodate all values of the experimentally measured parameters. However, we have
seen that in this particular (quite simple) model scenario, the range of z is limited, as is the
range of y in the approach of the previous section. As a result, it is instructive to compare
these methods for the two approaches discussed in this work.

To this end, in Figure 6.6, we show a comparison of Pcos δ as calculated in Section 6.3.1,
where the model parameters are taken to have independent distributions, to the Pcos δ as
calculated using Eq. (6.1), where each experimental distribution is assumed to be uncorre-
lated with the others. For purposes of comparison, in both cases the parameter y = (sν23)2

is taken to be 1/2, i.e., |θν23| = π/4. Clearly, the bimaximal case shows the significant differ-
ence in these methods. The shift of the peak to unphysical regions for the case in which the
experimental observables are taken to be uncorrelated reflects the well-known fact that the
bimaximal pattern has difficulty reproducing the best fit values of the experimental data.
Here we also note that the remaining patterns show a very slight shift in the peaks in the
distributions forPcos δ as well. This is as expected, since the theoretically allowed values for
the observable parameters are also restricted, albeit not as drastically as in the bimaximal
pattern.

In Figure 6.7, we show an identical comparison to that of Figure 6.6, but using the
method of this subsection in which the model parameters are taken to have conditional
probability distributions. As expected, we see slight improvements in the agreement be-
tween this approach and that of previous literature. For example, here again we see similar
features for the bimaximal distribution in our two methods, but with a slightly broader dis-
tribution for the conditional probability distribution approach. We also see that a slightly
better overlap between the solid and dashed lines for the tribimaximal, hexagonal, GR1,
and GR2 patterns than what was obtained in the approach in which the model param-
eters are assumed to have independent distributions. This reflects the expectation that
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conditional probability distributions for the model parameters allows for us to optimize,
within the theoretical constraints that are intrinsic to these models, the predictions for the
observable mixing parameters so as to best reproduce the global fit data.
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Part 3 Conclusion

In Part 3, we introduced neutrino mixing and the Maki-Nakagawa-Sakata-Pontecorvo
mixing matrix, UMNSP. We addressed the generation of neutrino masses and their mixings
by considering an extension of the Standard Model with a type-I seesaw mechanism. As a
way of understanding the parameters of the neutrino sector, we discussed the application
of finite non-Abelian discrete symmetries to neutrino mixing.

As a further step, we investigated the predictions based on the sum rule of Eq. (6.1) for
the leptonic Dirac CP-violating phase within a set of theoretical models that only include a
leading order 1−2 charged lepton correction that provides a single source of CP-violation.
This correction acted on the neutrino mixing matrix for tribimaximal, bimaximal, GR1,
GR2, or hexagonal mixing patterns.

Here we made the nontrivial assumption that such models can provide a correct de-
scription of lepton mixing, with no non-standard interactions or additional exotic fields
as might be expected in a more complete theoretical description of lepton mass matri-
ces. We then considered specific assumptions regarding the probability distributions of
the three continuous, bounded model parameters of this set of theories, focusing on two
cases: (i) independent distributions, such that the probability distribution for each contin-
uous model parameter depended only on that parameter, and (ii) conditional probability
distributions among the model parameters. We further assumed that the reactor mixing
angle distribution could be approximated as a delta-function distribution, due to its pre-
cise measurement at reactor experiments.

As such, we then explored the predicted distributions for the observable mixing pa-
rameters in these theories, focusing on the distribution for cos δ, where δ is the Dirac lepton
mixing phase. In both cases – paramerers correlated and conditional – a careful considera-
tion of the theoretical constraints on the observable distributions due to the set of bounded
model parameters was detailed, guaranteeing an appropriately bounded, phenomenolog-
ically viable value for cos δ, indicating that this analysis reflects the unitarity of UMNSP.
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Final Conclusions

In this thesis, we have investigated two beyond the Standard Model scenarios, each
involving discrete non-Abelian symmetries.

In the first scenario, explored in Part 2, we detailed the construction of a model of
flavored gauge mediated supersymmetry breaking wherein the Higgs-messenger mixing
is governed by the discrete non-Abelian group S3. In this model, we also embeded the
Standard Model matter fields in representations of the same non-Abelian discrete group
as a first step in combining supersymmetry and flavor symmetry breaking. For a spe-
cific implementation of the superpotential couplings, achievable at a point of enhanced
symmetry, we found that sizable stop mixing is achieved, ensuring that for much of the
parameter space, the superpartner masses are at most 5− 6 TeV. By introducing a higher-
dimensional operator perturbation of the superpotential, we were then able to generate
smaller second generation fermion masses, and were also able to obtain appropriately
sized Cabbibo mixing.

In the second scenario, investigated in Part 3, we explored the ramifications of using
discrete non-Abelian symmetries in the development of models of neutrino masses and
mixings. In particular, we focused on classes of models in which the neutrino mass matrix
has an underlying non-Abelian symmetry which is then corrected by a 1−2 charged lepton
rotation with a single source of CP-violation.

Our specific aim was to develop a self-consistent framework of predicting the leptonic
Dirac CP-violating phase in these models using sum rules. In contrast with existing analy-
sis, we showed that it is possible to predict the most likely value of the CP-violating phase
even in mixing scenarios at the far edge of parametric likelihood. We showed this two
ways, one in which the model parameters are a priori uncorrelated and one in which the
probability distributions of their values are conditioned on each other. In both cases we
found that a careful analysis guaranteed the unitarity of UMNSP, and that cos δ is always
bounded between 1 and −1.
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The models and analyses in this thesis demonstrate the primacy of symmetry in BSM
model building. More specifically, we have shown the feasibility of using finite non-
Abelian discrete symmetries to develop a simultaneous implementation of supersymme-
try and family symmetry breaking, as well as their uses in models of neutrino masses and
mixings. Symmetry has been a fundamental tool in the historical development of high-
energy physics, and it will continue to play an outsize role in the future of particle theory.
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Appendix A:
Summary of S3

The group S3 is the group of permutations of three elements, called the symmetric group

on three elements. It is isomorphic to the dihedral group D6, the isometries of an equilat-
eral triangle. The standard presentation of the group D2n is (for our case of n = 3)

〈a, b : a3 = b2 = abab = 1〉. (A.1)

This group has three irreducible representations. They are (up to a change in basis):

1 : a = b = 1 (A.2)

1′ : a = 1, b = −1 (A.3)

2 : a =

 ω 0

0 ω2

 , b =

 0 1

1 0

 , (A.4)

where ω = ei2π/3. The nontrivial tensor products are

1′ ⊗ 1′ = 1 (A.5)

1′ ⊗ 2 = 2 (A.6)

2⊗ 2 = 1⊕ 1′ ⊕ 2. (A.7)
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In the bases defined by the representations above, the explicit tensor product expressions
are

(1′ ⊗ 2)2 =

a⊗
 b1

b2




2

=

 −ab1

ab2

 (A.8)

(2⊗ 2)1 =


 a1

a2

⊗
 b1

b2




1

= a1b2 + a2b1 (A.9)

(2⊗ 2)1′ =


 a1

a2

⊗
 b1

b2




1′

= a1b2 − a2b1 (A.10)

(2⊗ 2)2 =


 a1

a2

⊗
 b1

b2




2

=

 a2b2

a1b1

 . (A.11)
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Appendix B:
Gaussian Density Functions1

We define the Gaussian distributions used in Chapter 6. As is standard, we denote the
standard Gaussian distribution as

PGauss(α;µ, σ) =
1√
2πσ

exp

[
−1

2

(
α− µ
σ

)2

,

]
(B.1)

where µ represents the mean and σ the standard deviation.
We also use two distributions obtained by modifying Eq. (B.1) by imposing applying

a multiplicative modifier with additional parameters. Two well-known examples of such
distributions are the skew normal and Gram-Charlier distribution, given by

Pskew(α;µ, σ, s) = PGauss(α;µ, σ)

[
1 + erf

(
s√
2
· α− µ

σ

)]
, (B.2)

PGC(α;µ, σ, s, k) = PGauss(α;µ, σ)

[
1 +

s

6
√

2
H3

(
α− µ√

2σ

)
+

k

96
H4

(
α− µ√

2σ

)]
, (B.3)

where erf(β) is the error function, and H3,4(β) are (physicists’) Hermite polynomials, i.e,
H3(β) = 8β3 − 12β and H4(β) = 16β4 − 48β2 + 12. Note that the additional parameters
introduced are the skewness, s, and kurtosis, k, of the distributions.

1Appendix adapted from [250].



142

References

[1] S. L. Glashow, Nucl. Phys. 22, 579 (1961).

[2] S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967).

[3] A. Salam, Conf. Proc. C 680519, 367 (1968).

[4] P. A. M. Dirac, Proc. Roy. Soc. Lond. A 117, 610 (1928).

[5] C. D. Anderson, Phys. Rev. 43, 491 (1933).

[6] J. Chadwick, Nature 129, 312 (1932).

[7] W. Heisenberg, Z. Phys. 77, 1 (1932).

[8] E. Wigner, Phys. Rev. 51, 106 (1937).

[9] E. Fermi, Z. Phys. 88, 161 (1934).

[10] L. M. Brown, Physics Today 31, 23 (1978).

[11] C. L. Cowan, F. Reines, F. B. Harrison, H. W. Kruse, and A. D. McGuire, Science
124, 103 (1956).

[12] H. Yukawa, Proc. Phys. Math. Soc. Jap. 17, 48 (1935).

[13] S. H. Neddermeyer and C. D. Anderson, Phys. Rev. 51, 884 (1937).

[14] J. C. Street and E. C. Stevenson, Phys. Rev. 52, 1003 (1937).

http://dx.doi.org/10.1016/0029-5582(61)90469-2
http://dx.doi.org/10.1103/PhysRevLett.19.1264
http://dx.doi.org/10.1142/9789812795915_0034
http://dx.doi.org/10.1098/rspa.1928.0023
http://dx.doi.org/10.1103/PhysRev.43.491
http://dx.doi.org/10.1038/129312a0
http://dx.doi.org/10.1007/BF01342433
http://dx.doi.org/10.1103/PhysRev.51.106
http://dx.doi.org/10.1007/BF01351864
http://dx.doi.org/ 10.1126/science.124.3212.103
http://dx.doi.org/ 10.1126/science.124.3212.103
http://dx.doi.org/10.1143/PTPS.1.1
http://dx.doi.org/10.1103/PhysRev.51.884
http://dx.doi.org/10.1103/PhysRev.52.1003


143

[15] C. M. G. Lattes, H. Muirhead, G. P. S. Occhialini, and C. F. Powell, Nature 159, 694
(1947).

[16] S. Tomonaga, Prog. Theor. Phys. 1, 27 (1946).

[17] R. P. Feynman, Rev. Mod. Phys. 20, 367 (1948).

[18] T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956).

[19] C. S. Wu, E. Ambler, R. W. Hayward, D. D. Hoppes, and R. P. Hudson, Phys. Rev.
105, 1413 (1957).

[20] A. Salam and J. C. Ward, Phys. Lett. 13, 168 (1964).

[21] G. Arnison et al. (UA1), Phys. Lett. B 126, 398 (1983).

[22] G. Arnison et al. (UA1), Phys. Lett. B 122, 103 (1983).

[23] P. Bagnaia et al. (UA2), Phys. Lett. B 129, 130 (1983).

[24] M. Gell-Mann, (1961), 10.2172/4008239.

[25] Y. Ne’eman, Nucl. Phys. 26, 222 (1961).

[26] M. Gell-Mann, Phys. Lett. 8, 214 (1964).

[27] G. Zweig, (1964).

[28] O. W. Greenberg, Phys. Rev. Lett. 13, 598 (1964).

[29] M. Y. Han and Y. Nambu, Phys. Rev. 139, B1006 (1965).

[30] H. Fritzsch, M. Gell-Mann, and H. Leutwyler, Phys. Lett. B 47, 365 (1973).

[31] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963).

[32] S. L. Glashow, J. Iliopoulos, and L. Maiani, Phys. Rev. D 2, 1285 (1970).

http://dx.doi.org/10.1038/159694a0
http://dx.doi.org/10.1038/159694a0
http://dx.doi.org/10.1143/PTP.1.27
http://dx.doi.org/10.1103/RevModPhys.20.367
http://dx.doi.org/10.1103/PhysRev.104.254
http://dx.doi.org/ 10.1103/PhysRev.105.1413
http://dx.doi.org/ 10.1103/PhysRev.105.1413
http://dx.doi.org/10.1016/0031-9163(64)90711-5
http://dx.doi.org/ 10.1016/0370-2693(83)90188-0
http://dx.doi.org/ 10.1016/0370-2693(83)91177-2
http://dx.doi.org/ 10.1016/0370-2693(83)90744-X
http://dx.doi.org/10.2172/4008239
http://dx.doi.org/10.1016/0029-5582(61)90134-1
http://dx.doi.org/10.1016/S0031-9163(64)92001-3
http://dx.doi.org/10.1103/PhysRevLett.13.598
http://dx.doi.org/10.1103/PhysRev.139.B1006
http://dx.doi.org/10.1016/0370-2693(73)90625-4
http://dx.doi.org/10.1103/PhysRevLett.10.531
http://dx.doi.org/10.1103/PhysRevD.2.1285


144

[33] J. E. Augustin et al. (SLAC-SP-017), Phys. Rev. Lett. 33, 1406 (1974).

[34] J. J. Aubert et al. (E598), Phys. Rev. Lett. 33, 1404 (1974).

[35] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652 (1973).

[36] J. H. Christenson, J. W. Cronin, V. L. Fitch, and R. Turlay, Phys. Rev. Lett. 13, 138
(1964).

[37] S. W. Herb et al., Phys. Rev. Lett. 39, 252 (1977).

[38] F. Abe et al. (CDF), Phys. Rev. Lett. 74, 2626 (1995), arXiv:hep-ex/9503002 .

[39] S. Abachi et al. (D0), Phys. Rev. Lett. 74, 2632 (1995), arXiv:hep-ex/9503003 .

[40] F. Englert and R. Brout, Phys. Rev. Lett. 13, 321 (1964).

[41] P. W. Higgs, Phys. Lett. 12, 132 (1964).

[42] P. W. Higgs, Phys. Rev. Lett. 13, 508 (1964).

[43] G. S. Guralnik, C. R. Hagen, and T. W. B. Kibble, Phys. Rev. Lett. 13, 585 (1964).

[44] G. Aad et al. (ATLAS), Phys. Lett. B 716, 1 (2012), arXiv:1207.7214 [hep-ex] .

[45] S. Chatrchyan et al. (CMS), Phys. Lett. B 716, 30 (2012), arXiv:1207.7235 [hep-ex] .

[46] M. Aaboud et al. (ATLAS), Phys. Lett. B 784, 345 (2018), arXiv:1806.00242 [hep-ex]
.

[47] Standard Model Summary Plots March 2021, Tech. Rep. (CERN,
Geneva, 2021) all figures including auxiliary figures are available at
https://atlas.web.cern.ch/Atlas/GROUPS/PHYSICS/PUBNOTES/ATL-PHYS-
PUB-2021-005.

[48] V. Bargmann and E. P. Wigner, Proceedings of the National Academy of Sciences 34,
211 (1948).

http://dx.doi.org/10.1103/PhysRevLett.33.1406
http://dx.doi.org/ 10.1103/PhysRevLett.33.1404
http://dx.doi.org/10.1143/PTP.49.652
http://dx.doi.org/10.1103/PhysRevLett.13.138
http://dx.doi.org/10.1103/PhysRevLett.13.138
http://dx.doi.org/10.1103/PhysRevLett.39.252
http://dx.doi.org/ 10.1103/PhysRevLett.74.2626
http://arxiv.org/abs/hep-ex/9503002
http://dx.doi.org/ 10.1103/PhysRevLett.74.2632
http://arxiv.org/abs/hep-ex/9503003
http://dx.doi.org/10.1103/PhysRevLett.13.321
http://dx.doi.org/10.1016/0031-9163(64)91136-9
http://dx.doi.org/10.1103/PhysRevLett.13.508
http://dx.doi.org/10.1103/PhysRevLett.13.585
http://dx.doi.org/ 10.1016/j.physletb.2012.08.020
http://arxiv.org/abs/1207.7214
http://dx.doi.org/10.1016/j.physletb.2012.08.021
http://arxiv.org/abs/1207.7235
http://dx.doi.org/10.1016/j.physletb.2018.07.050
http://arxiv.org/abs/1806.00242
http://cds.cern.ch/record/2758261
http://dx.doi.org/10.1073/pnas.34.5.211
http://dx.doi.org/10.1073/pnas.34.5.211


145
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[249] M. J. Pérez, M. H. Rahat, P. Ramond, A. J. Stuart, and B. Xu, Phys. Rev. D 101, 075018
(2020), arXiv:2001.04019 [hep-ph] .

[250] L. L. Everett, R. Ramos, A. B. Rock, and A. J. Stuart, (2019), arXiv:1912.10139 [hep-
ph] .

[251] K. Abe et al. (T2K), Phys. Rev. Lett. 112, 061802 (2014), arXiv:1311.4750 [hep-ex] .

[252] P. Adamson et al. (NOvA), Phys. Rev. Lett. 118, 231801 (2017), arXiv:1703.03328
[hep-ex] .

[253] I. Esteban, M. C. Gonzalez-Garcia, A. Hernandez-Cabezudo, M. Maltoni, and
T. Schwetz, JHEP 01, 106 (2019), arXiv:1811.05487 [hep-ph] .

[254] N. Collaboration, “Nufit 4.1,” (2019).

[255] P. F. de Salas, D. V. Forero, C. A. Ternes, M. Tortola, and J. W. F. Valle, Phys. Lett. B
782, 633 (2018), arXiv:1708.01186 [hep-ph] .

[256] F. Capozzi, E. Lisi, A. Marrone, and A. Palazzo, Prog. Part. Nucl. Phys. 102, 48
(2018), arXiv:1804.09678 [hep-ph] .

http://dx.doi.org/10.1103/PhysRevD.97.115045
http://arxiv.org/abs/1804.00182
http://arxiv.org/abs/1804.00182
http://arxiv.org/abs/1806.08239
http://dx.doi.org/10.1103/PhysRevD.98.055030
http://arxiv.org/abs/1805.10684
http://arxiv.org/abs/1805.10684
http://dx.doi.org/ 10.1103/PhysRevD.100.075008
http://dx.doi.org/ 10.1103/PhysRevD.100.075008
http://arxiv.org/abs/1907.10698
http://dx.doi.org/ 10.1103/PhysRevD.101.075018
http://dx.doi.org/ 10.1103/PhysRevD.101.075018
http://arxiv.org/abs/2001.04019
http://arxiv.org/abs/1912.10139
http://arxiv.org/abs/1912.10139
http://dx.doi.org/ 10.1103/PhysRevLett.112.061802
http://arxiv.org/abs/1311.4750
http://dx.doi.org/10.1103/PhysRevLett.118.231801
http://arxiv.org/abs/1703.03328
http://arxiv.org/abs/1703.03328
http://dx.doi.org/10.1007/JHEP01(2019)106
http://arxiv.org/abs/1811.05487
http://www.nu-fit.org
http://dx.doi.org/10.1016/j.physletb.2018.06.019
http://dx.doi.org/10.1016/j.physletb.2018.06.019
http://arxiv.org/abs/1708.01186
http://dx.doi.org/10.1016/j.ppnp.2018.05.005
http://dx.doi.org/10.1016/j.ppnp.2018.05.005
http://arxiv.org/abs/1804.09678

	Titlepage
	Dedication
	Abstract
	Acknowledgements
	Table of contents
	List of tables
	List of figures
	Part 1: Introduction and Theoretical Overview
	Thesis Outline
	 The Standard Model

	Part 2: Family and Supersymmetry Breaking
	 Supersymmetry
	 Obtaining Sizable Stop Mixing in Non-Abelian Flavored Gauge Mediation
	 Obtaining Cabbibo Mixing in Non-Abelian Flavored Gauge Mediation
	Part 2 Conclusion

	Part 3: Neutrinos, Discrete Symmetries and Sum Rules
	 Neutrino Masses and Mixings
	 Predictions for the Leptonic Dirac CP-Violating Phase
	Part 3 Conclusion

	Final Conclusions
	 Summary of S3
	 Gaussian Density Functions
	References


