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ABSTRACT

This thesis focuses on studying the eigenvalues of the Frobenius action on the `-adic Tate

modules of Jacobians of curves over finite fields. Some of the results have applications to

answering questions in analytic number theory over function fields.

The study of zeros of L-functions associated to Dirichlet characters has been a topic of

interest in analytic number theory. Questions and conjectures arising there could also be

studied in the function field setting. With the field of rational numbers replaced by the field

of rational functions over a finite field, those questions are closely related to the study of the

Frobenius action on the `-adic Tate modules of Jacobians of curves over finite fields.

Chowla conjectured that the L-function of any quadratic Dirichlet character does not

vanish at the central point s = 1/2. Soundararajan showed that Chowla’s conjecture holds

for a positive proportion of quadratic characters ordered by conductor.

Over the function field Fq(t), the analogous statement can be phrased but the situation

can be very different. Quadratic characters correspond to hyperelliptic curves over Fq and

their L-functions are closely related to the Hasse-Weil zeta functions of the curves. To

construct quadratic characters whose L-functions vanish at the central point s = 1/2 is

equivalent to constructing hyperelliptic curves whose Jacobians admit
√
q as an eigenvalue

of the Frobenius action on its `-adic Tate module.

Over any given finite field Fq, I use the Honda-Tate theory and other previous results to

show the existence of such hyperelliptic curves which then give quadratic characters over the

function field Fq(t) whose L-functions vanish at the central point s = 1/2. This is in contrast

with the situation over the rational numbers. Moreover, using a counting result of Poonen

on the number of squarefree values of squarefree polynomials over the function field, I give
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a lower bound on the number of such characters which grows to infinity when the conductor

is allowed to be arbitrarily large.

Although the analogous statement of Chowla’s conjecture does not hold over the function

field, it is still believed that 100% of the quadratic characters satisfy the condition that

their L-functions do not vanish at the central point s = 1/2. So in order to approach this

conjecture, joint with J. Ellenberg and M. Shusterman, we use the idea of reduction to give

an upper bound on the number of quadratic characters whose L-functions vanish at a given

point of the critical line. This upper bound gets better when the size of the constant field is

large and the density of such characters goes to 0 when the size of the constant field grows

to infinity.

Geometrically, we realize the number of hyperelliptic curves whose Jacobians admit some

fixed α ∈ F∗l as an eigenvalue of the Frobenius action on its `-torsion subgroup can be counted

by the number of rational points of a twisted Hurwitz scheme over finite fields. Using an

earlier result of Ellenberg–Venkatesh–Westerland on the homological stability for Hurwitz

spaces, we give an upper bound on the number of rational points of the twisted Hurwitz

scheme to get the result.

The previous work are all related to studying Weil integers realized as Frobenius eigenval-

ues for curves over finite fields. From Honda-Tate theory, it is known that every Weil integer

appears as a Frobenius eigenvalue for some abelian variety over finite fields. To show the

same holds for Jacobian varieties, it suffices to show that every abelian variety over the finite

field is covered by a Jacobian variety. This result can be deduced from Poonen’s work on the

Bertini theorem over finite fields. But there was not an effective bound on the dimension

of the Jacobian variety with respect to the degree and dimension of the abelian variety and

this is the topic of the last part of my thesis.

Given an abelian variety in a projective space over a finite field, joint with J. Bruce, we

show the existence of a smooth curve whose Jacobian admits a dominant map to the given

abelian variety with an explicit upper bound on its genus. Applying this to simple abelian

varieties combined with the theory of Honda-Tate, one can deduce the existence of smooth
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curves whose Jacobians admit some fixed Weil integer as an eigenvalue with an upper bound

on its genus.
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Chapter 1

Introduction

In [Cho65], Chowla conjectured that L-functions of quadratic Dirichlet characters never

vanish at the central point s = 1/2. In [Sou00], Soundararajan showed that Chowla’s

conjecture holds for a positive proportion of quadratic characters ordered by conductor. The

analogous question was studied over the rational function field whose constant field is finite

by [BF] and they showed that a positive proportion of quadratic characters over the function

field satisfy the condition where the corresponding L-functions do not vanish at s = 1/2.

In the first part of this thesis, we use the geometric interpretation to construct quadratic

characters whose L-functions do vanish at the central point s = 1/2. Then we use a counting

argument to give a lower bound on the number of such characters which increases with respect

to the conductor. Thus, we prove there are infinitely many quadratic characters over the

rational functions over finite fields which don’t satisfy the analogous statement of Chowla’s

conjecture. The theorem is stated below.

Theorem 1.1 ([Li18]). Let q = pe where p is an odd prime and define sets:

P (N) = {D ∈ Fq[t] : D monic, squarefree, |D| < N}

g(N) = {D ∈ P (N) : L(1/2, χD) = 0},

where χD denotes the quadratic character with conductor D. For any ε > 0, there exist

nonzero constants Bε and Nε, such that

1. when e is even, |g(N)| ≥ Bε ·N1/2−ε for N > Nε.

2. when e is odd and q 6= 3, |g(N)| ≥ Bε ·N1/3−ε for N > Nε.
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3. when q = 3, |g(N)| ≥ Bε ·N1/5−ε for N > Nε.

In particular, as N →∞, |g(N)| approaches infinity.

The proof of this theorem is based on the realization that quadratic characters over

Fq(t) whose L-functions vanish at s = 1/2 correspond to hyperelliptic curves over Fq whose

Jacobians admit q1/2 as a Frobenius eigenvalue. Using Honda–Tate theory and other previous

results, such hyperelliptic curves exist for any finite field of odd characteristic. Since any

hyperelliptic curve which admits a dominant map to one that having q1/2 as a Frobenius

eigenvalue will also admit the same property, to construct infinitely many such curves, it

suffices to give a lower bound on the number of hyperelliptic curves which admit a dominant

map to a fixed one. Thus, we have the following main proposition.

Proposition 1.2 ([Li18]). Let C0 be a hyperelliptic curve of genus g defined over Fq where q

is odd. Assume the existence of a defining equation of C0 as y2 = f(x) where deg f = 2g+ 2

and f is reducible or deg f = 2g+1 and f need not to be reducible. Then for any ε > 0, there

exist positive constants Bε and Nε such that the number of polynomials D ∈ Fq[t] satisfying

• |D| < N

• Curve C : s2 = D(t) admits a dominant map to C0

is at least Bε ·N
1

g+1
−ε for N > Nε.

As maps between hyperelliptic curves over finite fields induce rational points on the base

change of the target curve to the function field of the source, this proposition can be used to

relate our result to ranks of constant elliptic curves in quadratic twist families. In particular,

we obtain the following corollaries.

Corollary 1.3 ([Li18]). Let E = E0×Fq(t) be a constant elliptic curve over Fq(t). For any

D ∈ Fq[t], let ED denote the quadratic twist of E by D. Let P (N) be the set {D ∈ Fq[t] :

monic, squarefree, |D| < N}. Let Rm(N) be the set {D ∈ P (N) : rankED ≥ m}.
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Then for any ε > 0, there exist nonzero constants Bε and Nε such that

|R2(N)| ≥ BεN
1/2−ε

for any N > Nε.

Moreover, if the rank of EndFq(E0) is 4, then we can replace R2(N) with R4(N) and the

conclusion still holds.

Corollary 1.4 ([Li18]). For q a square, let E be an elliptic curve over Fq where

L(s, E) = 1− 2q1/2−s + q1−2s.

Let

P ′(g) = {D ∈ Fq[t] : monic, squarefree, of odd degree, degD ≤ 2g + 1}.

R′(g) = {D ∈ P ′(g) : ED has rank 0}.

Then

lim
g→∞

|R′(g)|
|P ′(g)|

≥ 0.9427 · · ·+ o(1).

The last corollary gives strong evidence for the minimalist conjecture for this isogeny class

of constant elliptic curves. Moreover, the minimalist conjecture for this class of elliptic curves

is equivalent to the statement that almost all quadratic characters over function fields where

the constant field is of square size satisfy the condition that the corresponding L-functions

do not vanish at s = 1/2. The second part of this thesis is working towards this conjecture.

It is widely believed that not only for s = 1/2 but for any fixed s = 1
2

+ it, almost all

hyperelliptic curves do not have s as a zero of their zeta function. For example, it follows

from the work of Chavdarov [Cha97] and Kowalski [Kow06] that for any fixed large g, the

proportion of genus g hyperelliptic zeta functions vanishing at s tends to 0 as q →∞.

But we want to study the limit of this proportion as g grows to infinity. Joint with

J.Ellenberg and M. Shusterman, in [ELS], fixing t ∈ R and a finite field Fq of odd charac-

teristic, we give an upper bound on the proportion of genus g hyperelliptic curves over Fq
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whose zeta function vanishes at 1
2

+ it and this upper bound is independent of g and tends

to 0 as q grows.

The main idea to prove this result is the study of L-functions modulo `. The value of

an L-function over Fq(x) at a complex number s can be expressed as a polynomial P (T ) ∈

Z[T ], where T = q−s. So if we want to prove that P (T ) is nonvanishing, it suffices to

prove that P (T ) is nonvanishing modulo ` for some prime `. We show that, for suitably

chosen `, the vanishing mod ` of the L-function is related to the dimension of a certain

Frobenius eigenspace in the `-torsion of a hyperelliptic Jacobian over Fq; the average size

of this eigenspace can then be controlled by a modest generalization of the arguments in

[EVW16].

While working towards this result, we observe that under some conditions on Weierstrass

points, the L-function of χf is nonvanishing mod 2 at s = 1/2. Thus, we get the following

theorem.

Theorem 1.5 ([ELS]). Let C be a hyperelliptic curve of genus at least 2 over Fq and S be the

set of Weierstrass points of C. The Frobenius acts on S by permuting the 2g+2 Weierstrass

points via some permutation π. Suppose that either

• g is even and π is a (2g + 2)-cycle; or

• π is the product of two disjoint cycles of odd length.

Then:

1. The point s = 1
2

is not a zero of ZC.

2. All zeros of ZC are of multiplicity at most 2. Moreover, if π is the product of two

disjoint cycles of coprime odd length, all zeros of ZC are simple.

By giving an upper bound on the multiplicity of the zeros of ZC , we obtain further

information on nonvanishing at s = 1
2
. In the language of Dirichlet characters, this implies

in particular the nonvanishing (at the central point) in the case of prime conductor of degree
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not divisible by 4. (When the degree of the conductor is odd, one Weierstrass point is at ∞

and π consists of a fixed point and a cycle of length 2g + 1.) Thus there is an explicit set

of size on order X/ logX of Dirichlet characters of size at most X which have L-functions

nonvanishing at the critical point; this improves on [AK13, Corollary 2.6] of Andrade and

Keating and on [ABJ16, Corollary 2.8] of Andrade, Bae, and Jung, which give a proportion

on order (logX)−2, and goes beyond the methods of [AB18].

The previous results are deduced from the study of Frobenius eigenvalues for hyperelliptic

curves over finite finite fields. So in the third part of the thesis, we further move on to study

the existence of smooth curves over finite fields whose Jacobians admit some certain Weil

integer as a Frobenius eigenvalue. Joint with J. Bruce, in [BL18], we show that any abelian

variety over a finite field is covered by a Jacobian whose dimension is bounded by an explicit

constant. We do this by first proving an effective and explicit version of Poonen’s Bertini

theorem over finite fields, which allows us to show the existence of smooth curves arising as

hypersurface sections of bounded degree and genus. Additionally, for simple abelian varieties

we prove a better bound. The precise statement is the following.

Theorem 1.6 ([BL18]). Fix r, n ∈ N with n ≥ 2, and let Fq be a finite field of characteristic

p. There exists an explicit constant1 Cr,q such that if A ⊂ PrFq
is a non-degenerate abelian

variety of dimension n, then for any d ∈ N satisfying

Cr,qζA
(
n+ 1

2

)
deg(A) ≤ q

d
max{n+1,p} (d+ 1)

dn+1 + dn + q
d

max{n+1,p}
,

there exists a smooth geometrically connected curve over Fq whose Jacobian J maps domi-

nantly onto A, where

dim J ≤
⌊

deg(A)dn−1 − 1

r − 1

⌋deg(A)dn−1 −

⌊
deg(A)dn−1−1

r−1

⌋
+ 1

2
(r − 1)− 1

 .

Moreover, if A ⊂ PrFq
is simple, then for any d ∈ N satisfying

deg(A) ≤ (d− 1)q
1
2

(d+1)(d+2)

dn−1 − 1
,

1See Proposition 4.13 for a more precise statement where the constant is explicitly stated.
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there exists a smooth geometrically connected curve over Fq whose Jacobian J maps domi-

nantly onto A, where

dim J ≤ deg(A)dn−1
(
deg(A)dn−1 + 1

)
.
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Chapter 2

Vanishing of hyperelliptic L-functions at the central point

1

2.1 Introduction

S. Chowla conjectured in [Cho65] that, for any real non-principal Dirichlet character

χ, L(s, χ) 6= 0 for all s ∈ (0, 1). In particular, his conjecture asserts that L-functions of

quadratic characters never vanish at the central point s = 1/2.

Although this conjecture is still open, much progress has been made. K. Soundarara-

jan [Sou00] proved that at least 87.5% of odd squarefree positive integers d have the property

L(1/2, χ8d) 6= 0 where χ8d denotes the quadratic character with conductor 8d.

In this paper, we consider the analogue of Chowla’s conjecture obtained by replacing the

field of rational numbers with the field of rational functions over a finite field.

Let q = pe be a power of an odd prime p and Fq the finite field with q elements. Let

k = Fq(t) denote the field of rational functions over Fq. The primes of k are represented by

monic irreducible polynomials in Fq[t] except the one prime at infinity.

A quadratic character of k corresponds to a squarefree polynomial in Fq[t]. Explicitly,

take D ∈ Fq[t] to be a squarefree polynomial and K = k(
√
D) the quadratic extension of k

by joining
√
D. Then we can define a quadratic character χD as follows:

1 This chapter is based on the contents of [Li18]
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For P a prime of k,

χD(P ) =


1 P splits in K

−1 P is inert in K

0 P ramifies in K

We define the L-function associated to χD as

L(s, χD) =
∏
P

(1− χD(P )|P |−s)−1

where the product is taken over the primes represented by polynomials P and |P | = qdegP .

Definition 2.1. Define sets:

P (N) = {D ∈ Fq[t] : D monic, squarefree, |D| < N}

g(N) = {D ∈ P (N) : L(1/2, χD) = 0}.

Remark 2.2. Note that in the definition above, we have restricted ourselves to characters

corresponding to monic squarefree polynomials which is half of all quadratic characters. But

since we only study the density in this paper, such restriction won’t affect our results.

Under this definition, the analogue of Chowla’s conjecture states that g(N) is empty for

any N . There are some results towards this statement.

Bui and Florea [BF] showed for a fixed finite field Fq with odd characteristic, as N →∞,

|g(N)| � 0.057N + o(1)

where N = q2n+1 for some n > 0.

The purpose of this paper is to show that the analogue of Chowla’s conjecture over Fq(t)

is not correct and to give a lower bound on the number of counterexamples with bounded

height.

Theorem 2.3. Let q = pe and let g(N) be the set defined in Definition 2.1. For any ε > 0,

there exist nonzero constants Bε and Nε, such that
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1. when e is even, |g(N)| ≥ Bε ·N1/2−ε for N > Nε.

2. when e is odd and q 6= 3, |g(N)| ≥ Bε ·N1/3−ε for N > Nε.

3. when q = 3, |g(N)| ≥ Bε ·N1/5−ε for N > Nε.

In particular, as N →∞, |g(N)| approaches infinity.

Remark 2.4. Although Chowla’s conjecture is not strictly true over Fq(t), it may hold for

almost all quadratic characters, i.e. it may be the case that |g(N)|/N → 0 as N →∞.

Outline of the Chapter. In section 2, we give a geometric interpretation for the

vanishing of a quadratic L-function at the central point. In section 3, we show a lower

bound on the number of hyperelliptic curves which admit a dominant map to some fixed

curve. In section 4, we describe an application of our main theorem to give a lower bound

on the number of elliptic curves with elevated ranks in certain quadratic twist families. In

section 5, we provide the proof of Theorem 2.3. In section 6, we present some of the data

we collected using Magma on this problem.

2.2 Geometric Interpretation of Vanishing at the Central Point

Let D be a monic squarefree polynomial over Fq. Then y2 = D is a hyperelliptic curve

defined over Fq which we denote by C from now on. The field K = k(
√
D) as defined before

is the function field of C.

Let P (x) ∈ Z[x] be the characteristic polynomial of geometric Frobenius acting on the

Jacobian J(C).

Then we get

P (q−s) = (1− q−s)λDL(s, χD)

where

λD =

1 degD even

0 degD odd
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By the Riemann Hypothesis for curves over finite fields, we have a factorization

P (x) =

2g∏
j=1

(1− xπj)

where g is the genus of C and πj an algebraic integer with |πj| = q1/2 under every complex

embedding.

The following lemma is now immediate.

Lemma 2.5. Let D be a monic squarefree polynomial in Fq[t] and χD be the quadratic

character associated to D. Let C be the hyperelliptic curve defined by y2 = D, P ∈ Z[x] the

characteristic polynomial of geometric Frobenius acting on the Jacobian of C and π1, . . . , π2g

the eigenvalues of this action. Then the following statements are equivalent:

• L(1/2, χD) = 0.

• P (q−1/2) = 0.

• πj = q1/2 for some j.

Algebraic integers with all Archimedean absolute values equal to q1/2 are called Weil

integers. The theorem of Honda–Tate states every Weil integer is an eigenvalue of the

geometric Frobenius acting on some simple abelian variety over Fq.

Theorem 2.6 (Honda–Tate [Eis], [Hon68]). Let A be an abelian variety defined over Fq and

πA an eigenvalue of the geometric Frobenius endomorphism of A. The map A 7→ πA defines

a bijection between the Fq-isogeny classes of abelian varieties defined and simple over Fq and

Galois conjugacy classes of Weil integers.

In particular, Honda–Tate guarantees the existence and uniqueness of an isogeny class of

simple abelian varieties over Fq with q1/2 being an eigenvalue of the Frobenius. We denote

a representative of this class by Aq.

Now we want to find hyperelliptic curves whose Jacobians have q1/2 as a Frobenius

eigenvalue. Any curve C with a nonconstant map to Aq has Aq as an isogeny quotient of
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J(C), which implies C has q1/2 as a Frobenius eigenvalue. A theorem of Tate guarantees the

converse also holds.

Theorem 2.7 (Tate [Eis] , [Mum08]). Let A and B be abelian varieties defined over Fq and

let fA, fB ∈ Z[T ] be characteristic polynomials of geometric Frobenius on A and B. Then

the following are equivalent:

1) B is Fq-isogenous to a sub-abelian variety of A;

2) fB | fA in Q[T ].

Proposition 2.8. Let C be a hyperelliptic curve defined over Fq, then q1/2 is an eigenvalue

for geometric Frobenius acting on J(C) if and only if Aq is Fq-isogenous to a sub-abelian

variety of J(C).

Proof. By the theorem of Honda–Tate, there is a unique isogeny class of simple abelian

varieties over Fq having q1/2 as a Frobenius eigenvalue, i.e. the class containing Aq. Since

J(C) can be decomposed up to isogeny uniquely as products of simple abelian varieties over

Fq, by the theorem of Tate, q1/2 being a Frobenius eigenvalue for J(C) is equivalent to J(C)

having a simple factor isogenous to Aq.

Proposition 2.9. L(1/2, χD) = 0 if and only if the hyperelliptic curve C : y2 = D admits a

nontrivial map to Aq.

Proof. By Lemma 2.5 and Proposition 2.8, L(1/2, χD) = 0 if and only if Aq is Fq-isogenous

to a sub-abelian variety of J(C).

Thus, equivalently there is a dominant map J(C)→ Aq over Fq.

And as long as we have a map C → J(C) over Fq such that the image doesn’t lie in any

coset of the kernel of the projection to Aq, the composition gives a nonconstant morphism

from C to Aq.

To construct such a map, we just need to take the canonical class ωC and define

C → J(C)

P 7→ (2g − 2)P − ωC
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Then the image of C
(
Fq
)

under this map generates J(C) as a group. Thus it is not

contained in the kernel of J(C)→ Aq and intersect the kernel non-trivially. This shows the

existence of a nontrivial map from C to Aq.

Conversely, if there exists a nontrivial map from C to Aq, it factors through the Albanese

variety of C which is the dual abelian variety of J(C). Since Jacobian varieties are self-dual,

this induces a nontrivial map from J(C) to Aq. Since Aq is Fq-simple, this map is surjective.

This implies that the map from C to Aq is surjective as desired.

Proposition 2.9 supplies a geometric condition equivalent to our algebraic statement

L(1/2, χD) = 0. All we need is to use this geometric condition to construct desired polyno-

mials D.

2.3 Maps Between Hyperelliptic Curves

In this section, we prove the following result which provides a lower bound for the number

of hyperelliptic curves of bounded genus covering a fixed hyperelliptic curve over a finite field

of odd characteristic.

Proposition 2.10. Let C0 be a hyperelliptic curve of genus g defined over Fq where q is odd.

Assume the existence of a defining equation of C0 as y2 = f(x) where deg f = 2g + 2 and

f is reducible or deg f = 2g + 1 and f need not to be reducible. Then for any ε > 0, there

exist positive constants Bε and Nε such that the number of polynomials D ∈ Fq[t] satisfying

• |D| < N

• Curve C : s2 = D(t) admits a dominant map to C0

is at least Bε ·N
1

g+1
−ε for N > Nε.

The restriction on the form of the defining equation of C0 is only used for the proof of

Proposition 2.10. Lemma 2.11 and 2.12 hold for general hyperelliptic curves.

The proposition is based on two lemmas relating maps between hyperelliptic curves to

maps from P1 to P1. The treatment is slightly different when the base curve is an elliptic
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curve and when the base curve has higher genus, we treat the two cases separately, in Lemma

2.11 and Lemma 2.12 respectively.

Lemma 2.11. Let φ : C → E be a dominant map from a hyperelliptic curve to an elliptic

curve over a field k where char k 6= 2. Let C/ιC be the degree 2 map from C to P1 induced

by the hyperelliptic involution and E/[−1] be the degree 2 map from E to P1 induced by

the elliptic involution. Then there exists a dominant map ψ : C → E together with a map

h(x) : P1 → P1 and a point R ∈ E(k) such that the following diagram commutes.

C P1

E

E P1

C/ιC

2φ

ψ h

+R

E/[−1]

Proof. Take any point P on C and denote P = ιC(P ); then P + P is linearly equivalent to

P ′ + P ′ for any point P ′ on C.

We have

φ(P ) + φ(P ) = φ(P ′) + φ(P ′) = R

where R is a k-point of E.

Define ψ by the rule ψ(P ) = 2φ(P )−R.

Thus

ψ(P ) + ψ(P ) = 2φ(P )−R + 2φ(P )−R = O

which means it is equivariant for the two involutions as desired.

Lemma 2.12. Let C1 and C2 be hyperelliptic curves with genus greater than 1 over a field

k where char k 6= 2. Let ψ : C1 → C2 be a dominant map from C1 to C2. Then there exists

a rational function h over k such that the following diagram commutes:
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C1 P1

C2 P1

C1/ι1

ψ h

C2/ι2

where ι1 and ι2 are the hyperelliptic involutions on C1 and C2.

Proof. Let C be a hyperelliptic curve of genus greater than 1 and let W be a Weierstrass

point of C.Then the fiber over 2W in Pic2(C) of the natural map Sym2(C) → Pic2(C) is

given by divisors of form P + P where P denotes the image of P under the hyperelliptic

involution.

Note that for an elliptic curve, every point is Weierstrass and thus 2W doesn’t specify a

unique divisor class in Pic2(C).

Thus considering ψ induces a map from Pic2(C2) to Pic2(C1), a pair of conjugate points

on C1 get mapped to a pair of conjugate points on C2.

Proposition 2.13. There exists a dominant map from a hyperelliptic curve C : s2 = D(t)

where D(t) ∈ Fq[t] to a hyperelliptic curve C0 : y2 = f(x) where f(x) ∈ Fq[x] if and only if

the quadratic twist Dy2 = f(x) has a nontrivial rational point (x0, y0) over Fq(t).

Proof. By the previous two lemmas 2.11 and 2.12, if a dominant map exists, C has a defining

equation of the form s2 = f(h(t)) for some rational function h(t) in Fq(t). Thus, there exists

p(t) ∈ Fq(t) such that

D(p(t))2 = f(h(t))

which is saying

(x0, y0) = (h(t), p(t))

satisfies

Dy2
0 = f(x0).

On the other hand, if there exists a point (x0, y0) on the curve defined by Dy2 = f(x),

then we have a dominant map (t, s) 7→ (x0, y0s) from C to C0.
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From Proposition 2.13, our question about squarefree polynomials D ∈ Fq[t] with curve

defined by s2 = D(t) admitting a dominant map to a hyperelliptic curve of genus g defined by

y2 = f(x) is exactly the same as asking for nontrivial solutions of the equation Dy2 = f(x)

over the function field Fq(t).

Let

h(t) = u(t)/v(t) ∈ Fq(t),

where u(t), v(t) ∈ Fq[t] and p(t) ∈ Fq(t).

If we have Dp2 = f(h), then we get

Dp2v2g+2 = v2g+2f(u/v) ∈ Fq(t)[u, v]

which is a degree 2g+2 homogeneous polynomial in u, v and is denoted by F (u, v) from now

on.

Thus D is the squarefree part of F (u, v) in Fq[t]∗/(Fq[t]∗)2 for some u, v ∈ Fq[t] and we

can give a bound on the number of D by estimating the number of squarefree values taken

by F (u, v).

The main tool in our lower bound is a theorem of Poonen showing that squarefree poly-

nomials over a localization of a polynomial ring take many squarefree values.

Proposition 2.14. (Poonen [Poo03])

Let P be a finite set of primes in Fq[t], A be the localization of Fq[t] by inverting the primes

in P , K = Fq(t), f ∈ A[x1, . . . , xm] be a polynomial that is squarefree as an element of

K[x1, . . . , xm] and for a choice of x ∈ Fq[t]m, we say that f(x) is squarefree in A if (f(x))

is a product of distinct primes in A. For a ∈ A, define |a| = |A/a| and for a ∈ An, define

|a| = max |ai|. Let

Sf := {x ∈ Fq[t]m : f(x) is squarefree in A}

and

µSf
:= lim

N→∞

|{a ∈ Sf : |a| < N}|
Nm

For each nonzero prime p of A, let cp be the number of x ∈ (A/p2)m that satisfy f(x) = 0 in

A/p2.
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Then the limit µSf
exists and is equal to

∏
p(1− cp/|p|2m).

Proof. This proposition follows Theorem 8.1 of [Poo03] by setting the ”box” to be {u, v ∈

Fq[t] : |u|, |v| < N}.

Remark 2.15. Proposition 2.14 only helps us if µSf
> 0. In order to ensure this, it suffices

to check that none of the factors (1− cp/|p|2m) is zero where we take m = 2 for our case.

If for some prime π in Fq(t), 1− cπ/|π|4 = 0, then this means F (u, v) mod π2 vanishes

for all (u, v) ∈ (Fq[t])2. Thus F (u, v) mod π vanishes for all (u, v) ∈ (Fq[t]/π)2. Since the

coefficients of F are units in Fq[t], F mod π is not the zero polynomial. This implies it can

at most have degF |Fq[t]/π| solutions over Fq[t]/π. So

degF |Fq[t]/π| ≥ |Fq[t]/π|2

which is equivalent to degF ≥ |π|.

Thus, we choose Pf be the set of primes P of Fq(t) such that |P | < n. Let A be the

localization of Fq[t] by inverting primes in Pf . This implies 1− cp/|p|4 6= 0 for any prime p

in A. So is their product.

We now have all the tools we need for the proof of Proposition 2.10.

Proof of Proposition 2.10. Let y2 = f(x) be the defining equation for C0 stated in the Propo-

sition. Fix a factorization of f(x) as follows:

If deg f = 2g+ 2, then by the condition of the proposition, f is squarefree and reducible.

Fix a nontrivial factorization f = f1f2 where gcd(f1, f2) = 1.

If deg f = 2g + 1, let the the factorization f = f1f2 be the trivial one where f1 = f and

f2 = 1.

Let n = 2g+2. Given u, v ∈ Fq[t], define F (u, v) = vnf(u/v) which is a squarefree homo-

geneous polynomial in Fq[t][u, v]. Then the factorization of f induces a natural factorization

F = F1F2 where

F1(u, v) = vdeg f1f1(u/v)



17

F2(u, v) = vn−deg f1f2(u/v).

Recall Definition 2.1

P (N) = {D ∈ Fq[t] : D monic, squarefree, |D| < N}

Define set

G(N) = {D ∈ P (N) : curve y2 = D admits a dominant map to C0}

Let the set A be defined as in Remark 2.15. Suppose u and v are elements of Fq[t] such

that F (u, v) is squarefree in A, take D ∈ Fq[t] to be the squarefree part of F (u, v) in Fq[t];

then the curve Dy2 = f(x) has a point (u/v, a/vn/2) over K = Fq(t) where a is a unit in A.

By Proposition 2.13, this implies curve y2 = D admits a dominant map to C0.

For pairs (u, v) with |u|, |v| < N1/n, we get |F (u, v)| < N .

Thus, we can define a subset of G(N) as:

G′(N) = {D ∈ P (N) : ∃u, v ∈ Fq[t], |u|, |v| < N1/n and F (u, v) = a2D}

where a is a unit in A.

Define set W (N) as follows:

W (N) = {(u, v) ∈ Fq[t] : F (u, v) squarefree in A, |u|, |v| < N1/n}.

We have an explicit surjective map from W (N) to G′(N).

φ : (u, v) 7→ D

where D is the squarefree part of F (u, v) in Fq[t].

By Proposition 2.14,

lim
N→∞

|W (N)|
N2/n

� µSf
> 0

Now to give a lower bound on the size of G′(N), we need to give an upper bound on the

size of each fiber of φ.
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For each fixed D ∈ G′(N), want to count pairs (u, v) with F (u, v) = a2D for some unit

a. Since F = F1F2, for each a, there exist decompositions D1D2 = a2D such that

F1(u, v) = D1

F2(u, v) = D2

By construction, we have that F1 and F2 are coprime. So there are fewer than n2 solutions for

each pair of equations by Bezout’s theorem and there are at most d(a2D) such decompositions

for each a where d(a2D) denotes the number of factors of a2D in Fq[t].

For each (u, v) ∈ W (N), |F (u, v)| ≤ N . Thus, we can give an upper bound for d(a2D)

by letting c(N) = max{d(X) : X ∈ Fq[t], |X| < N}.

For each fixed D ∈ G′(N), the size of φ−1(D) is bounded above by n2c(N).

Then for any N ,

|G′(N)| ≥ |W (N)|
n2c(N)

Since d(X) < |X|ε for any ε > 0 and X ∈ Fq[t] when |X| is sufficiently large, we get

|G(N)| ≥ |G′(N)| ≥ |W (N)|
n2c(N)

�
µSf

cε
N2/n−ε

where cε is a constant depending on ε.

2.4 A View Toward Ranks of Elliptic Curves

We start by recalling some standard definitions.

Definition 2.16. An elliptic curve E defined over Fq(t) is constant if it can be defined by a

Weierstrass form with coefficients in Fq.

An elliptic curve E defined over Fq(t) is isotrivial if there is a finite extension L of Fq(t)

such that E becomes constant over L. Equivalently, E is isotrivial if and only if j(E) ∈ Fq.

Proposition 2.17 (Proposition 6.1 of [Ulm11]). Let E0 be an elliptic curve over k = Fq.

Let K be the function field k(C) of a curve C over k. Let EK = E0 ×k K.
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There is a canonical isomorphism

EK(K) ∼= Mork(C,E0)

where Mork denotes morphisms of k-schemes. Under this isomorphism, EK(K)tor corre-

sponds to the subgroup of constant morphisms.

Corollary 2.18 (Corollary 6.2 of [Ulm11]). Let J(C) be the Jacobian of C. Then we have

canonical isomorphisms of abelian groups

EK(K)/(EK(K))tor ∼= Homk−av(J(C), E0) ∼= Homk−av(E0, J(C))

where Homk−av denotes morphisms of abelian varieties over k.

Proposition 2.19. Let E = E0 × Fq(t) be a constant elliptic curve over Fq(t). For any

D ∈ Fq[t], let ED denote the quadratic twist of E by D. Let P (N) be the set {D ∈ Fq[t] :

monic, squarefree, |D| < N} as in Definition 2.1. Let Rm(N) be the set {D ∈ P (N) :

rankED ≥ m}.

Then for any ε > 0, there exist nonzero constants Bε and Nε such that

|R2(N)| ≥ BεN
1/2−ε

for any N > Nε.

Moreover, if the rank of EndFq(E0) is 4, then we can replace R2(N) with R4(N) and the

conclusion still holds.

Proof. By Proposition 2.10, for any ε > 0, there exists a nonzero constant Bε such that at

least BεN
1/2−ε hyperelliptic curves y2 = D with |D| < N admit a dominant map to E0 when

N is large.

By Proposition 2.17, Corollary 2.18 and Poincaré complete reducibility [Ulm11], for such

D, rank ED ≥ rank End(E0).

Since our ground field is of positive characteristic, the endomorphism ring of E0 has rank

2 or 4.
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Proposition 2.20. Let E = E0 × Fq(t) be a constant elliptic curve over Fq(t) where

E0[2](Fq) 6= O. When p 6= 2, q 6= 3, 9 and a2 − 4q /∈ {−3,−4,−7} where a is the trace

of geometric Frobenius acting on the Tate module, we have the following.

Let P (N) = {D ∈ Fq[t] : monic, squarefree, |D| < N}.

Let Rm(N) be the set {D ∈ P (N) : rank ED ≥ m}.

Then for any ε > 0, there exist nonzero constants Bε and Nε such that

|R4(N)| ≥ BεN
1/3−ε

for any N > Nε.

Moreover, if the rank of EndFq(E0) is 4, then we can replace R4 with R8 and the conclusion

holds.

Proof. By [HNR09], we know when the conditions on p, q, a2 − 4q in the statement of the

proposition are satisfied, there exists a Jacobian variety isogenous to E0 ×E0 over Fq. This

Jacobian variety corresponds to a genus 2 curve C. We now show that C has a defining

equation that satisfies the condition for Proposition 2.10.

Let y2 = f(x) be a defining equation for C and assume deg f = 6.

Denote the roots of f by x1, . . . , x6. Then the 2-torsion group of J(C) is generated

by divisors (x1, 0) − (xi, 0) where i = 2, 3, 4, 5. Thus, using this basis, from the action on

x1, . . . , x6, we get the matrix representation of the Frobenius action on J(C)[2] ' (F2)4. If

Frobenius acts on the roots transitively, then the characteristic polynomial of the action on

the F2 vector space is x4 + x2 + 1.

Since we know the characteristic polynomial of Frobenius acting on the Tate module of

J(C) is (1 − ax + qx2)2, we see that the action of Frobenius on J(C0)[2] has characteristic

polynomial x4 + 1 when a is even. And a is even if and only if condition E0[2](Fq) 6= O

holds. Thus Frobenius doesn’t act transitively on the Weierstrass points of curve C.

Since Frobenius doesn’t act transitively on the Weierstrass points of C, it has a defining

equation of the form y2 = f(x) where f is not irreducible.
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By Proposition 2.10, for any ε > 0, at least BεN
1/3−ε hyperelliptic curves y2 = D with

|D| < N admit a dominant map to this fixed genus 2 curve when N is sufficiently large.

For these D, rank ED ≥ 2 rank End(E0).

Since our ground field is of positive characteristic, End(E0) has rank 2 or 4 which gives

rank 4 and 8 for quadratic twists ED.

From the geometric interpretation of L-functions, we know L(1/2, χD) = 0 if and only

if there exists a dominant map from the hyperelliptic curve defined by C : y2 = D to E0.

Using the statements above, this condition is equivalent to the quadratic twist of the constant

elliptic curve E0 × Fq(t) by D having positive rank.

More precisely, we have the following proposition.

Proposition 2.21. For q a square, let E0 be an elliptic curve which admits
√
q as a Frobenius

eigenvalue.

Denote by E the base change of E0 to the function field Fq(t).

Denote by ED be the quadratic twist of E by D where D is a squarefree polynomial in

Fq[t].

Recall the definitions

P (N) = {D ∈ Fq[t] : D monic, squarefree, |D| < N}

g(N) = {D ∈ P (N) : L(1/2, χD) = 0}

Let Rm(N) be the set {D ∈ P (N) : rank ED ≥ m}.

Then g(N) = R2(N).

Proof. Let D be a monic, squarefree polynomial in Fq[t] and C the hyperelliptic curve defined

by y2 = D. Let K be the function field k(C) of C and EK = E0 ×k K.

Let J(C) be the Jacobian of C. Assume that J(C) is isogenous to Em
0 ×A over k where

A is an Abelian variety admitting no nonzero morphisms to E0.

Then by Corollary 2.18, EK(K)/EK(K)tor ' (End(E0))m. Since E0 is defined over Fq,

rank End(E0) is at least 2; we conclude that rank EK ≥ 2m.
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We have rank EK(K) = rank ED(Fq(t)) + rank E(Fq(t)). But rank E(Fq(t)) is always 0

since Fq(t) is the function field of P1 and there is no nonconstant map from P1 to an elliptic

curve.

Thus rank ED = rank EK ≥ 2m .

As was studied before, L(1/2, χD) = 0 if and only if C admits a dominant map to E0.

This is equivalent to m > 0 and rank ED ≥ 2.

Thus, by Proposition 2.21, results on quadratic characters can be used to give lower

bounds on the number of elliptic curves with rank ≥ 2 in quadratic twist families of constant

elliptic curves.

There are lots of heuristics and results on the study of ranks of elliptic curves in a

quadratic twist family over number fields ([PPVMW], [BMSW07]). For example, with a

fixed E/Q, let d range over fundamental discriminants in Z. Define set

N(X) = {d < X : rank(Ed) ≥ 2 and is even }

Then it is conjectured by Sarnak that

|N(X)| = X3/4+o(1)

Following Katz-Sarnak philosophy, Conrey, Keating, Rubinstein, and Snaith [CKRS02]

made the previous conjecture more precise. They conjectured that there exist constants cE,

eE such that

|N(X)| = (cE + o(1))X3/4(ln(X))eE

Gouvêa and Mazur [GM91] proved under the parity conjecture, for any ε > 0, there exists a

constant Xε such that for all X ≥ Xε,

|N(X)| > X1/2−ε

In the same spirit, Karl Rubin and Alice Silverberg [RS01] showed unconditionally that if

either
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• E[2] has a non-trivial Galois equivariant automorphism and EndC(E) 6= Z[i], or

• E has a rational subgroup of odd prime order p and Z[
√
−p] * EndC(E).

one has, for X � 1,

|{d < X : rank(Ed) ≥ 2}| � X1/3

They also showed the existence of a family of elliptic curves E over Q such that

|{d < X : rank(Ed) ≥ 3}| � X1/6

Goldfeld[Gol79] conjectures that the average rank of quadratic twists of an elliptic curve is

1/2 , to be more precise,

lim
X→∞

∑
|d|<X rank(Ed)

|{d : |d| < X, squarefree}|
=

1

2

What underlies this conjecture is a widely held belief that 50% of the elliptic curves have rank

0 and 50% have rank 1. This is a combination of parity principle and minimalist philosophy.

In our case, the parity principle does not apply, since all the quadratic twists in our

family have even rank.

Thus, we don’t expect the average rank of this family to approach 1/2. But still, we

would expect minimalist philosophy which means 0% of elliptic curves in this family have

rank ≥ 2.

And this expectation is supported by Bui and Florea’s result mentioned in the first section

for the odd degree case.

Corollary 2.22. For q a square, let E be an elliptic curve over Fq where

L(s, E) = 1− 2q1/2−s + q1−2s.

Let

P ′(g) = {D ∈ Fq[t] : monic, squarefree, of odd degree, degD ≤ 2g + 1}.

R′(g) = {D ∈ P ′(g) : ED has rank 0}.
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Then

lim
g→∞

|R′(g)|
|P ′(g)|

≥ 0.9427 · · ·+ o(1).

Proof. This follows from Prop 2.21 and Corollary 2.1 of [BF].

2.5 Proof of the Main Theorem

In this section, we will use Proposition 2.10 as our main tool to prove the three statements

of Theorem 2.3.

Proof of 2.3 (1). Following the theorem of Honda–Tate, when q is a square, the simple

Abelian varieties defined over Fq with q1/2 being a Frobenius eigenvalue are elliptic curves.

We will pick one such curve and call it E with a Weierstrass form.

When q is a square, C : y2 = D admits a dominant map to E if and only if L(1/2, χD) = 0.

By Proposition 2.10, since E has genus 1 with an odd defining equation, for any ε > 0,

there are at least BεN
1/2−ε polynomials with |D| < N satisfying the condition where Bε is a

nonzero constant.

So we get for polynomials D ∈ Fq[t] with |D| < N , for any ε > 0, there are at least

BεN
1/2−ε which have the property that L(1/2, χD) = 0 for N large.

Proof of Theorem 2.3 (2). When q is not a square, the simple Fq Abelian varieties with q1/2

as a Frobenius eigenvalue form an isogeny class of Abelian surfaces. They are exactly the

Weil restriction of scalars of the class of elliptic curves defined over Fq2 which have q as a

Frobenius eigenvalue.

By results of Howe, Nart and Ritzenthaler [HNR09], for all q > 3, there is an abelian

variety Aq having
√
q as a Frobenius eigenvalue which is the Jacobian of a smooth genus-2

curve. It will play the same role in this section as the elliptic curve E for the case when q is

a square.

Now in this case, we still have that for a polynomial D ∈ Fq[x] to have L(1/2, χD) = 0,

Aq is isogenous over Fq to a subabelian variety of the Jacobian of curve C given by y2 = D.



25

Unlike the previous case, a map J(C)→ Aq won’t induce a map from C to C0.

However, the existence of a map C → C0 would guarantee J(C0) = Aq to be isogenous

to a subabelian variety of J(C).

In order to use Proposition 2.10, we need C0 to have a defining equation of the form

y2 = f(x) where deg f = 6 and f is reducible.

We will show that C0 has such an equation for all q; that is, for each q and each C0 whose

Jacobian is isogenous to Aq, the q-th Frobenius doesn’t act transitively on the Weierstrass

points of C0.

Denote the roots of f by x1, . . . , x6. Then the 2-torsion group of J(C0) is generated

by divisors (x1, 0) − (xi, 0) where i = 2, 3, 4, 5. Thus, using this basis, from the action on

x1, . . . , x6, we get the matrix representation of the Frobenius action on J(C0)[2] ' (F2)4. If

Frobenius acts on the roots transitively, then the characteristic polynomial of the action on

the F2 vector space is x4 + x2 + 1.

Since we know the characteristic polynomial of Frobenius acting on the Tate module of

J(C0) is x4 − 2qx2 + q4, we see that the action of Frobenius on J(C0)[2] has characteristic

polynomial x4 + 1. Thus Frobenius doesn’t act transitively on the Weierstrass points.

Since Frobenius doesn’t act transitively on the Weierstrass points of C0, it has a defining

equation of the form y2 = f(x) where f is not irreducible. By applying Proposition 2.10, for

any ε > 0, there are at least BεN
1/3−ε polynomials with |D| < N with the curve defined by

y2 = D admitting a dominant map to C0 where Bε is a nonzero constant.

We thus conclude that g(N) is at least BεN
1/3−ε for N large.

Proof of Theorem 2.3 (3). We used Magma to go through all hyperelliptic curves defined by

monic squarefree polynomial over F3 and found that the curve C defined by y2 = x(x8 − 1)

admits
√

3 as a Frobenius eigenvalue. Since C has an odd defining equation and is of genus

4, by applying Proposition 2.10, we conclude for any ε > 0, at least BεN
1/5−ε hyperelliptic

curves admit a dominant map to C where Bε is a nonzero constant and N is large.
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2.6 Data and Remarks

To get a direct view of our main problem, we used Magma to list all monic squarefree

polynomials up to a certain degree over some finite fields and evaluate the L-functions cor-

responding to the hyperelliptic curves defined by these polynomials at the central point to

get a count on the ones with value 0. We have listed the data over fields F5 and F9 in the

following tables. For field F3, there was only one curve of genus 4 given by a degree 9 defining

equation found during the enumeration for polynomials of degree up to 12.

In the following tables, the first column is the degree d of polynomials. Second column is

the number of polynomials of degree d whose corresponding L-function vanishes at s = 1/2.

The set of such polynomials is denoted as g′(qd). Note that the set g(qd) studied in the

paper is the union of g′(qk) for all k ≤ d. The third column lists the total number of degree

d monic squarefree polynomials. The last column is the value log(g′(qd))/log(qd − qd−1). By

our main theorem, it has a lim inf of at least 1/3 for F5 and 1/2 for F9 as d→∞.

F5

Degree d |g′(5d)| 5d − 5d−1 log(|g′(5d)|)
log(5d−5d−1)

3 0 100

4 0 500

5 1 2500 0

6 0 12500

7 10 62500 0.2085

8 5 312500 0.1272

For degree 9 and 10, due to the large number of monic squarefree polynomials, we ran-

domly sampled 5000000 data points for each and got the following data. The sample set

is denoted by S. If we estimate the density |g′(5d)|/(5d − 5d−1) to be equal to the same

density |S ∩ g′(5d)|/|S|, then we get an approximation for log(|g′(5d)|)
log(5d−5d−1)

which was put in the

last column.
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F5

Degree d |S ∩ g′(5d)| |S| log(|g′(5d)|)
log(5d−5d−1)

9 317 5000000 0.3222

10 89 5000000 0.3109

Over F5, we see there exists a genus 2 curve defined by a degree 5 polynomial with

Frobenius eigenvalue
√

5. This polynomial is x(x4 − 1). Unlike hyperelliptic curves defined

over larger fields, this curve doesn’t have an even degree model. That explains why there is

no quadratic character with conductor 56 whose L-function vanishes at s = 1/2.

F9

Degree d |g′(9d)| 9d − 9d−1 log(|g′(9d)|)
log(9d−9d−1)

3 6 648 0.2768

4 18 5832 0.3333

5 216 52488 0.4946

6 180 472392 0.3975

7 8658 4251528 0.5940

Similarly,for degree 8, 9 and 10, 5000000 data points for each were randomly sampled

and we got the following data. The last column is the approximation gotten the same way

as the case of field F5 listed above.

F9

Degree d |S ∩ g′(9d)| |S| log(|g′(9d)|)
log(9d−9d−1)

8 2660 5000000 0.5682

9 3262 5000000 0.6269

10 532 5000000 0.5814

From this table, we can see over F9, characters defined by odd degree polynomials are

more likely to have their L-function vanish at s = 1/2. Thus, what this data tells us is that

hyperelliptic curves defined over Fp2 with a Frobenius eigenvalue p is more likely to have a

rational Weierstrass point.
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One explanation for this phenomenon is the observation that elliptic curves defined over

Fp2 with Frobenius eigenvalues p and p have full 2 torsion group over Fp2 . This is because

the pth Frobenius acts on Tate module Tl by multiplication by p; thus, if p ≡ 1 mod l then

the action is trivial on E[l]. And this is equivalent to l-torsion points being defined over the

ground field.

Thus the elliptic curve E we used in the proof of Theorem 2.3 part 1 is defined by y2 =

x(x− 1)(x− λ) where λ ∈ Fq. And the hyperelliptic curves C which admit a dominant map

to E have defining equations of the form y2 = F (x) = u(x)(u(x)− v(x))(u(x)− λv(x))v(x).

For C to have a rational Weierstrass point is equivalent to F (x) having a rational root.

As we can see, instead of being a random polynomial over Fq, F (x) admits a factorization

into four factors; this should increase the likelihood of its having an Fq rational root.
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Chapter 3

Nonvanishing of hyperelliptic zeta functions over finite

fields

1

3.1 Introduction

Let p be an odd prime, set q = pk for some positive integer k, and denote by Fq the finite

field with q elements. To (the smooth completion of) any hyperelliptic curve C over Fq one

associates a zeta function ZC(s). Weil has shown that ZC(s) = 0 implies that s = 1
2

+ it for

some t ∈ R.

It is widely believed that for any fixed s = 1
2

+ it, the ‘vast majority’ of (hyperelliptic)

curves do not have s as a zero of their zeta function. For example, it follows from the work

[Cha97] of Chavdarov (and its improvement by Kowalski [Kow06]) that for any fixed (large

enough) g, the proportion of genus g hyperelliptic zeta functions vanishing at s tends to 0

as q →∞.

Here we are concerned with the growing g regime. Namely, for fixed q (and s), we give

an upper bound on

hq,s := sup
g

∣∣{C ∈ Hg(Fq) : ZC(s) = 0}
∣∣∣∣Hg(Fq)

∣∣ (3.1)

where Hg(Fq) is the family of genus g hyperelliptic curves over Fq. Our bound is better

once q is large, as given by our main result.

1 This chapter is based on the contents of [ELS]
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Theorem 3.1 (Theorem 3.9). For any t ∈ R and s = 1
2

+ it, we have

lim
k→∞

hpk,s = 0. (3.2)

Restricting q to powers of a fixed prime p is not strictly necessary. In case s 6= 1
2
, one

can show (using transcendental number theory) that there are only a few p for which p−s is

algebraic, so hq,s = 0 for any q not divisible by these p. For s = 1
2
, a modification of our

arguments is needed (in order to obtain our theorem with possibly varying characteristic).

Additional motivation for Theorem 3.1 comes from the ability to write ZC(s) as a rational

function in q−s, with the numerator being (essentially) a quadratic Dirichlet L-function.

Interpreted in this language of Dirichlet characters, Theorem 3.1 improves (for all sufficiently

large q) upon [BF, Corollary 2.1] of Bui and Florea (they give a nonzero nonvanishing

proportion at s = 1
2
). Regarding the analogous vanishing problem for quadratic Dirichlet

L-functions over Z, we refer to the work [Sou00] of Soundararajan and references therein2 .

As we explain in the last section, our theorem can be rephrased as an upper bound for

the number of quadratic twists of a constant abelian variety which have positive rank.

Corollary 3.2 (Corollary 3.10). Let A be a constant abelian variety defined over Fq(x). For

each f ∈ Fqm [x] where qm is the m-th power of q, denote by Af the quadratic twist of A ⊗

Fqm(x) by f . Let Rn,m be the set {f ∈ Fqm [x], squarefree, of deg n : Af has positive rank}.

Then,

lim
m→∞

lim sup
n→∞

|Rn,m|
qm(n+1)

= 0.

Motivated by [BF, Corollary 2.2] and the analogous results over Z of Conrey, Ghosh

and Gonek from [CGG98], we bound the multiplicity of the zeros of ZC , and obtain further

information on nonvanishing at s = 1
2
.

Theorem 3.3. Let C be a hyperelliptic curve of genus at least 2 over Fq and S be the set

of Weierstrass points of C. The Frobenius acts on S by permuting the 2g + 2 Weierstrass

points via some permutation π. Suppose that either

2Results in [BF] and [Sou00] were stated at point s = 1/2 but the methods can be extended to prove the
statement for any point on the critical line.
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• g is even and π is a (2g + 2)-cycle; or

• π is the product of two disjoint cycles of odd length.

Then:

1. The point s = 1
2

is not a zero of ZC.

2. All zeros of ZC are of multiplicity at most 2. Moreover, if π is the product of two

disjoint cycles of coprime odd length, all zeros of ZC are simple.

In the language of Dirichlet characters, this implies in particular the nonvanishing (at the

central point) in the case of prime conductor of degree not divisible by 4. (When the degree

of the conductor is odd, one Weierstrass point is at ∞ and π consists of a fixed point and a

cycle of length 2g + 1.) Thus there is an explicit set of size on order X/ logX of Dirichlet

characters of size at most X which have L-functions nonvanishing at the critical point; this

improves on [AK13, Corollary 2.6] of Andrade and Keating and on [ABJ16, Corollary 2.8] of

Andrade, Bae, and Jung, which give a proportion on order (logX)−2, and goes beyond the

methods of [AB18]. For the analogous problem over Z, we refer to the recent work [BP18]

of Baluyot and Pratt.

In fact, there is nothing special about hyperelliptic curves in Theorem 3.3. A similar

“genus-theory” argument allows us to handle the case of cyclic p-covers of P1 for odd p.

Theorem 3.4. Let ` be an odd prime and let C be a (Z/`Z)-cover of P1/Fq branched at a

set S ⊂ P1(Fq). Let π be the permutation induced by Frobenius on S, and suppose that π is

the union of disjoint cycles of order k1, k2, . . . , kr, all prime to `.

1. Suppose the ki are mutually coprime, and either r = 2 or q is not congruent to 1

modulo `. Then every zero of ZC is simple.

2. Define κi to be ki if ki is odd and ki/2 if ki is even. Suppose that either

• q is congruent to 1 modulo ` and r = 2; or

• There is no i such that qκi is congruent to 1 modulo `.
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Then the point s = 1
2

is not a zero of ZC.

We remark that this theorem, like Theorem 3.3 above, provides a set of size on order

X/ log(X)a of order-` Dirichlet characters of conductor at most X whose zeta functions are

non-vanishing at s = 1/2, for some power a ∈ (0, 1]. This lower bound improves upon

Corollary 1.3 of [DFL] for the case ` = 3.

The main idea that connects all the theorems in this paper is the study of L-functions

modulo `. The value of an L-function over Fq(x) at a complex number s can be expressed as

a polynomial P (T ) ∈ Z[T ], where T = q−s. So if we want to prove that P (T ) is nonvanishing,

it suffices to prove that P (T ) is nonvanishing modulo ` for some prime `. For Theorem 3.1,

we will show that, for suitably chosen `, the vanishing mod ` of the L-function is related to

the dimension of a certain Frobenius eigenspace in the `-torsion of a hyperelliptic Jacobian

over Fq; the average size of this eigenspace can then be controlled by a modest generalization

of the arguments in [EVW16]. For Theorem 3.3, on the other hand, we argue that under the

given condition on Weierstrass points the L-function of χf is nonvanishing mod 2 at s = 1/2.

For the similar Theorem 3.4, the ` is again the order of the Dirichlet character in question.

3.2 Main Theorem and Proof

3.2.1 Setup and Notations

Throughout the paper, Fq is a finite field of odd characteristic p. Let Qn,q be the set of

squarefree polynomials over Fq of degree n. For each f ∈ Qn,q, write Jf for the Jacobian of

the hyperelliptic curve

y2 = f(x)

and Pf (x) ∈ Z[x] for the characteristic polynomial of Frobenius acting on the `-adic Tate

module of Jf . Let ` be a prime not equal to the characteristic of Fq and let a be an element

of (Z/`Z)∗. The elements R of Jf [`](Fq) which satisfy

Frobq ·R = aR.
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form a finite-dimensional vector space over Z/`Z and we denote by ma(f) the number of

nonzero elements of this vector space. Note that m1(f) is just the number of Fq-rational

nontrivial `-torsion points of Jf . Let Qa,`
n,q be the set of squarefree polynomials over Fq of

degree n such that ma(f) is greater than 0.

Let α be an algebraic integer with minimal polynomial gα(x) ∈ Z[x] and absolute value
√
q under all complex embeddings. Let Qα

n,q be the subset of Qn,q defined by {f ∈ Qn,q |

Pf (α
−1) = 0}. With notation introduced as above, if gα(a) = 0 mod `, then |Qα

n,q| ≤ |Qa,`
n,q|.

3.2.2 Rational points on twisted Hurwitz spaces over finite fields

Our main tool will be the following result about the average size of the subspace of

Jac(C)[`](Fq) on which Frobenius acts by some specified scalar a, as C ranges over hyperel-

liptic curves over Fq. More precisely, we study the variation as we range over y2 = f(x) with

f ranging over squarefree polynomials in Fq[x]; this amounts to the same, since each iso-

morphism class of hyperelliptic curves is represented in this form the same number of times

(assuming, of course, that the isomorphism classes are weighted inversely to the number of

automorphisms they possess.)

Proposition 3.5. With notation as Section 3.2.1, there exists a constant C` only depending

on ` such that ∣∣∣∣∣
∑

f∈Qn,q
ma(f)

|Qn,q|
− 1

∣∣∣∣∣ ≤ C`q
−1/2

for all n, q sufficiently large.

When a = 1 and n is odd, this is essentially Theorem 8.8 of [EVW16], and indeed the

proof of Proposition 3.5 is a modification of the proof of that theorem.

The reader may note that [EVW16, Thm 8.8] requires not only that q is not a multiple

of ` but that q is not congruent to 1 modulo `. We face no such restriction here. That’s

because [EVW16, Thm 8.8] computes arbitrary moments of the Cohen-Lenstra distribution,

whereas we are only studying the analogue of the average size of the `-part of the class group.

In the language of [EVW16, Thm 8.8], we are only considering the case A = Z/`Z. The
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difference is as follows. In the proof, we will end up estimating the number of Fq-points on a

moduli space over Fp, and the result will depend on that space having just one geometrically

irreducible component defined over Fq. In the more general setting treated in [EVW16, Thm

8.8], that space has many geometric components, all but one of which have fields of definition

containing µ`; so when q is congruent to 1 mod ` there are multiple Fq-rational components.

In the case treated here, the moduli space in question is geometrically irreducible, so this

issue does not arise.

Proof. We begin by observing that
∑

f∈Qn,q
ma(f) can be interpreted as the number of Fq-

rational points of a certain moduli space.

To this end we briefly recall the setup of [EVW16, Section 7].

Let k be a field, let G be a finite group with trivial center, and let c be a conjugacy-closed

subset of G\e. By a tame G-cover of P1 with monodromy type c we mean a triple (X, f, φ)

where

• X is a smooth proper geometrically connected curve X/k;

• f : X → P1 is a tamely ramified finite cover;

• The image of tame inertia at each branch point of f excepting ∞ lies in c;

• f is Galois with group G; that is, Aut(f) acts transitively on the geometric fibers of f

and φ is an automorphism from G to Aut(f).

Then, as in [EVW16, Section 7] (more or less immediate from a theorem of Romagny

and Wewers [RW06]), there is a scheme HncG,n over Z[1/|G|] whose k-points (as long as k has

characteristic prime to |G|) are in bijection with the isomorphism classes of tame G-covers of

P1 which have n branch points on A1 with monodromy type c. (We do not specify whether

or how the cover is branched at ∞.)3 In fact ([RW06, Theorem 2.1]) the set HncG,n(S)

corresponds to isomorphism classes of tame G-covers over S, suitably defined; we will not

3The somewhat artificial special treatment of ∞ in this definition, as in [EVW16], stems from the need
to compare with topology, where branched covers of the disc are technically easier to handle than branched
covers of the sphere.
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need to spell out that definition here. We emphasize that by an isomorphism between two

covers f : X → P1 and f ′ : X ′ → P1 we mean a morphism ψ : X → X
′

with f ′ ◦ ψ = f , not

a pair (ψ, ι) with ι a nontrivial automorphism of P1 and f ′ ◦ ψ = ι ◦ f . In other words, our

P1 is “labeled”.

From now on, we suppose that k is Fq, that G is the dihedral group (Z/`Z)oZ/2Z, and

that c is the conjugacy class of an involution in G. We will now explain the relationship

between the space of G-covers and the `-torsion in the Jacobian of hyperelliptic curves. The

key point is that, for any algebraic curve C, the set of surjections Jac(C)[`] → (Z/`Z)k is

naturally identified with the set of étale (Z/`Z)k covers of C. For details, see Section 3.9 of

[Mil08].

If f : X → P1 is a G-cover, the product structure of G allows us to factor f as

X
g→ C

h→ P1

where h is a hyperelliptic cover and g is a Galois cover with group (Z/`Z); that is, g is en-

dowed with an isomorphism φ : Z/`Z→ Aut(g). What’s more, the fact that the monodromy

in f is of type c implies that g is an etale cover, at least away from the points of C over

∞ ∈ P1.

What happens over ∞ is slightly more delicate. The double cover h is branched at n

points on A1, but the total number of branch points of h must be even. Thus, if n is odd,

h is branched at ∞. The monodromy around ∞ in the cover X → P1 is thus an element

of G projecting to the nontrivial element of Z/2Z. Such an element must be an involution,

and it follows that g is unramified at ∞. If n is even, on the other hand, it is possible for

g to be ramified. We thus wish to restrict our attention to those G-covers X → C which

are unramified over ∞. These are parametrized by a closed and open subscheme of HncG,n

(indeed, it is the second term in the disjoint union in the paragraph following (7.3.1) of

[EVW16]). Let Xn be this subscheme of HncG,n when n is even, and HncG,n when n is odd. We

have explained how every point of Xn(k) gives rise to a triple (g, φ, h)/k up to isomorphism,

and in fact it is not hard to check that the converse holds as well. (This is essentially the

last paragraph of the proof of [EVW16, Proposition 8.7].)
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If a is an element of (Z/`Z)∗, we denote by 〈a〉 the automorphism of Xn which sends

(g, φ, h) to (g, aφ, h). We then write Xa
n for the twist of Xn by the homomorphism

Gal(Fq/Fq)→ Aut(Xn)

which sends Frobq to a. (Reference: [Poo17, §4.5].)

Lemma 3.6. With notation as in Section 3.2.1,∑
f∈Qn,q

ma(f) = (q − 1)|Xa
n(Fq)|

Proof. A point of Xa
n(Fq) is a point of Xn(Fq) such that Frobq ·x = 〈a〉 · x. In other words,

it is a triple (g, φ, h)/Fq such that Frobq ·(g, φ, h) is isomorphic to (g, aφ, h). The fact that

the isomorphism class of h is fixed by Frobenius implies that C is isomorphic (over Fq) to

y2 = f(x) for a unique monic squarefree polynomial f of degree n (namely, the one which

vanishes precisely at the branch locus of h, which is an Fq-rational divisor.)

Fixing such an h, and thus such a C, we now consider the set of points of Xa
n(Fq) lying

over this h. First of all, the choices of (g, φ) ∈ Xa
n(Fq) = Xn(Fq) for a specified h are in

bijection with the `2g(C)− 1 surjections from J(C)[`](Fq) to Z/`Z. Two such surjections s, s′

are isomorphic (that is, are parametrized by the same point of Xa
n(Fq)) if and only if s = ±s′.

The action of Frobenius on the set of surjections sends s to a−1 Frobq s; so s descends to a

point of Xa
n(Fq) if and only if Frobq ·s = ±as. We conclude that the number of points of

Xa
n(Fq) lying over h is (1/2)(ma(f) +m−a(f)).

Now if f in Qn,q is not monic then f = εF for some ε ∈ F∗q and some monic F . The curve

Cf is isomorphic to CF if ε is a quadratic residue and to the nontrivial quadratic twist of

CF otherwise. In the former case, ma(f) = ma(F ), and in the latter, ma(f) = m−a(F ). In

particular, the quantity (1/2)(ma(f) + m−a(f)) is the same for all q − 1 nonzero multiples

of F . We conclude that

∑
f∈Qn,q

(1/2)(ma(f) +m−a(f)) = (q − 1)|Xa
n(Fq)|
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Moreover, taking ε to be a non-residue in F∗q,∑
f∈Qn,q

ma(f) =
∑
f∈Qn,q

ma(εf) =
∑
f∈Qn,q

m−a(f)

from which we obtain ∑
f∈Qn,q

ma(f) = (q − 1)|Xa
n(Fq)|

as desired.

We now argue exactly as in the proof of [EVW16, Theorem 8.8].

Since |Qn,q| = (q − 1)(qn − qn−1), it suffices to prove that

|q−n|Xa
n(Fq)| − 1| ≤ C`q

−1/2

for some C` depending only on ` and for all n, q sufficiently large. Via the Grothendieck-

Lefschetz trace formula, we have

|Xa
n(Fq)| =

∑
i

(−1)iTr(Frobq |H i
c,ét((X

a
n)Fq

;Qλ). (3.3)

where λ is a prime greater than max{2`, q, n}.

Note that the étale cohomology is that of the base change of Xa
n to Fq, where it becomes

isomorphic to the untwisted space Xn; so at this point the choice of a becomes completely

irrelevant! The moduli space Xn is a closed and open subscheme of HncG,n, so its Betti

numbers are bounded by those of HncG,n; by [EVW16, (7.8.1)] we have

dimH2n−i
ét ((Xa

n)Fq
;Qλ) ≤ (C ′)2n−i

where C ′ is a constant depending only on ` and n, q are both sufficiently large. The eigenvalue

of Frobenius on H i
c,ét((X

a
n)Fq

;Qλ) is bounded in absolute value by qi/2; so the contribution

of all i < 2n to (3.3) is bounded above by C`q
n−1/2 for some C` only depending on ` and all

sufficiently large n, q. See [EVW16, Section 1.8].

It remains to show that

Tr(Frobq |H2n
c,ét((X

a
n)Fq

;Qλ) = qn.
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But this is equivalent to (Xa
n)Fq

∼= (Xn)Fq
being irreducible. When n is odd, this is shown

in the proof of [EVW16, Theorem 8.8] as a consequence of a big monodromy theorem of

J.K. Yu. When n is even, we argue as follows. The map from Xn to the configuration space

ConfnA1 sending a G-cover to its branch locus is a finite cover, and irreducibility of Xn is

equivalent to the monodromy group of this cover acting transitively on the fiber. It suffices

to check that this holds on a closed subvariety of the base. So write Z for the subvariety of

ConfnA1 consisting of those configurations containing some specified point p0 ∈ P1(Fq), and

let Y be the preimage of Z in Xn. An automorphism of P1 taking p0 to ∞ now identifies Y

with HncG,n−1, which we know to be irreducible since n − 1 is odd. This implies that Xn is

irreducible, completing the proof.

Proposition 3.5 allows us to bound the proportion of hyperelliptic curves whose étale

homology has a Frobenius eigenvalue congruent to a mod `. Recall from Section 3.2.1 that

Qa,`
n,q is the set of squarefree polynomials over Fq of degree n such that ma(f) is greater than

0.

Corollary 3.7. There is a constant C ′` such that

|Qa,`
n,q|

|Qn,q|
≤ 1

`− 1
+ C ′`q

−1/2

for all n, q sufficiently large.

Proof. Write δ for the quantity |Qn,q|−1|Qa,`
n,q| to be bounded.

Since ma(f) is the number of nonzero elements of a vector space over Z/`Z, it is at least

`− 1 if it is greater than 0. In particular,

|Qn,q|−1
∑
f∈Qn,q

ma(f) ≥ |Qn,q|−1(`− 1)|Qa,`
n,q| = (l − 1)δ

By Proposition 3.5, we now have

(`− 1)δ < 1 + C`q
−1/2

for all sufficiently large n, q, which yields the desired result by taking C ′` = C`/(`− 1).
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3.3 Application to nonvanishing of L-functions

We can use the above reasoning to bound the number of quadratic L-functions over

function fields which vanish at a specified point on the critical line. For the rest of this

section we fix an odd prime p and consider only fields of characteristic p. We note that, if

χf is a quadratic character of Fq(x), then L(s, χf ) can vanish only at a point s such that

qs is an algebraic integer whose complex absolute values all have magnitude
√
q. We first

recall the following lemma relating the vanishing of the L-function of a quadratic character

in terms of the Frobenius eigenvalues of a hyperelliptic curve;

Lemma 3.8. Let f be a monic squarefree polynomial in Fq[x] and χf be the quadratic

character with conductor f . Let C be the hyperelliptic curve defined by y2 = f(x) and let

P ∈ Z[x] be the characteristic polynomial of geometric Frobenius acting on the Jacobian of

C. Then for any s 6= 0, L(s, χf ) = 0 if and only if P (qs) = 0.

This is immediate from the description of P as the numerator of the L-function L(s, χf ).

Theorem 3.9. For any squarefree polynomial f ∈ Qn,q, let L(s, χf ) be the Dirichlet L-

function associated to the quadratic character χf as was defined in Section 3.2.1. Then for

any s 6= 0,

lim
q→∞

lim sup
n→∞

|{f ∈ Qn,q | L(s, χf ) = 0}|
|Qn,q|

= 0.

Proof. By Lemma 3.8, L(s, χf ) = 0 is equivalent to P (q−s) = 0 where P (x) ∈ Z[x] is

the characteristic polynomial of Frobenius acting on the Jacobian of the hyperelliptic curve

defined by y2 = f(x). Thus, the set {f ∈ Qn,q | L(s, χf ) = 0} is the same as Qqs

n,q.

Let l 6= p be any prime where gps(x), the minimal polynomial of ps, splits completely. By

Chebotarev density theorem, there are infinitely many such primes. Let a ∈ Z/lZ such that

gps(a) = 0 mod l. If q = pm, then any f with L(χf , s) = 0 has mam(f) > 0. So

|Qqs

n,q|
|Qn,q|

≤
|Qam,`

n,q |
|Qn,q|
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and now we can apply Corollary 3.7 to conclude that, for all sufficiently large m, we have

lim sup
n→∞

|Qqs

n,q|
|Qn,q|

≤ 1

`− 1
+ C ′`q

−1/2

The theorem now follows, since we can choose ` to be as large as we like.

Results on the vanishing of quadratic L-functions over function fields can be used to

study the rank distribution of quadratic twist families of constant abelian varieties. In the

following corollary, we show as the constant field grows to infinity, the probability for a

quadratic twist of a constant abelian variety to have positive rank goes to 0 as q grows.

In the elliptic curve case, this agrees with the general “Minimalist Conjecture” philosophy,

which holds that positive ranks should be a density-0 phenomenon except when forced by

parity considerations from the functional equation (in this setting the functional equation

never forces positive rank, and the rank is always even.)

Corollary 3.10. Let A be an abelian variety defined over a finite field Fq. For each f ∈ Qn,qm

where qm is the m-th power of q, denote by Af the quadratic twist of A×Fq Fqm(x) by f . Let

Rn,m be the set {f ∈ Qn,qm : Af has positive rank}. Then

lim
m→∞

lim sup
n→∞

|Rn,m|
|Qn,qm|

= 0.

Proof. Let P (x) be the characteristic polynomial of Frobenius acting on the Tate module

of A and let q−s be one of its roots. Then rankAf > 0 is equivalent to L(s, χf ) = 0. (See

[Li18, Proposition 4.6] for a similar statement with the same proof.) Thus, the statement is

a direct application of Theorem 3.9.

We now prove Theorem 3.3, which makes use of the mod 2 Galois representations on

J(C) rather than the representations modulo odd primes.

Proof of Theorem 3.3. Let x1, ..., x2g+2 be the set of Weierstrass points of C. The 2-torsion

subgroup J(C)[2] is spanned by the degree-0 2-torsion divisors xi − xj. That is, the group

of divisors of the form
∑
aixi with

∑
ai = 0 surjects onto J(C)[2]. Note also that x1 +

. . . + x2g+2 − (2g + 2)x1 is a principle divisor and thus x1 + . . . + x2g+2 is 0 in J(C)[2]. See
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[Gro12, Secion 4] for detailed discussion. This identifies J(C)[2] with an explicit subquotient

of F2g+2
2 ; namely, J(C)[2] is the quotient of the subspace (a1, . . . , a2g+2) :

∑
ai = 0 by the

1-dimensional subspace spanned by (1, . . . , 1).

This identification is equivariant for the Frobenius action on both sides, so it allows us

to describe the mod 2 Galois representation afforded by J(C) in terms of the permutation π

which Frobenius induces on x1, . . . , x2g+2. To be precise, the action of S2g+2 on J(C)[2] is a

representation ρ : S2g+2 → Sp2g(Z/2Z), and the action of Frobenius on J(C)[2] is given by

ρ(π).

The conditions on π given in Theorem 3.3 are equivalent to the condition that π2 is a

product of two disjoint odd cycles. Thus, the action of π2 in its permutation representation

F2g+2
2 has eigenvalues given by µk and µ2g+2−k; passing to the subquotient J(C)[2] removes

two eigenspaces of ρ(π2) with the eigenvalue 1. So the eigenvalues of Frob2 on J(C)[2] are

the multiset µ′k ∪ µ′2g+2−k, where µ′n denotes the nontrivial n’th roots of unity. We see in

particular that ρ(π2) does not have 1 as an eigenvalue. But if the zeta function ZC had a

zero at 1/2, then
√
q would be a Frobenius eigenvalue on C, which would mean that q was

an eigenvalue of Frob2; we have shown that Frob2 has no eigenvalue congruent to 1 mod 2,

which rules this out. This proves (1).

What’s more, the multiset µ′k ∪ µ′2g+2−k contains any eigenvalue at most twice, and if

(k, 2g + 2 − k) = 1, no eigenvalue appears more than once. This proves (2) (or rather, it

proves (2) for the zeta function of C/Fq2 , from which (2) is immediate.)

The proof of Theorem 3.4 is very similar, but we treat it separately in order to make the

hyperelliptic case above more readable.

Proof of Theorem 3.4. Let x1, . . . , xm be the ramification points of the (Z/`Z)-cover of P1

in S, where m = k1 + k2. The Jacobian J(C) of C carries an action of Z[(Z/`Z)]; write

λ ∈ Z[(Z/`Z)] for ζ− 1, where ζ is a generator of (Z/`Z). A Riemann-Hurwitz computation
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shows that the genus of C is (m − 2)(` − 1)/2, so the Tate module T`J(C) is a free Z`[ζ`]-

module of rank m− 2, and J(C)[λ] has dimension m− 2.

The λ-torsion subgroup of J(C) is spanned by the degree-0 λ-torsion divisors xi − xj.

That is, the group of divisors of the form
∑
aixi with

∑
ai = 0 surjects onto J(C)[λ]. This

surjection is not an isomorphism; there is a 1-dimensional kernel, which we can describe as

follows. Over Fq, the curve C has an affine model of the form y` = f(x) with f a rational

function with no zeroes or poles at ∞. Then the principal divisor associated to y is
∑
aixi

where ai = ordxif . We have now expressed J(C)[λ] as an explicit subquotient of Fm` .

This identification is equivariant for the Frobenius action on both sides, so it allows us

to describe the mod ` Galois representation afforded by J(C) in terms of the permutation π

which Frobenius induces on x1, . . . , xm.

The action of π splits x1, . . . , xm into cycles of length k1, . . . , kr, which by hypothesis are

prime to `. So the eigenvalues of π in its action on Fm` are the union (as multisets)
⋃r
j=1 µkj .

Now the composition factors of Fm` as a representation of the cyclic group 〈π〉 are J(C)[λ],

F`div(y), and the F` to which Fm` maps by summing coordinates. But π acts trivially on the

latter two factors. We conclude that the eigenvalues of π in its action on J(C)[λ] are the

multiset
⋃s
j=1 µ

′
kj

together with r− 2 copies of 1, where µ′n denotes the nontrivial n’th roots

of unity.4

If the zeta function ZC had a zero at 1/2, then
√
q would be a Frobenius eigenvalue of C,

which would mean that
√
q modulo ` was an eigenvalue of the action of π on J(C)[λ]. If q is

congruent to 1 modulo ` and r = 2, this is ruled out by the fact that r− 2 = 0 and
⋃r
j=1 µ

′
kj

contains no copy of 1. If q is not congruent to 1 mod `, then
√
q cannot be contained in⋃r

j=1 µ
′
kj

because of our hypothesis on qκi . Thus we have proved that s = 1/2 is not a root

of ZC .

4What if r = 1? This isn’t possible. If π is an m-cycle, then the coefficients of the Fq-rational divisor D
must all be equal to the same constant a, which means am is congruent to 0 mod `, which means m is a
multiple of `; but by hypothesis no cycle has length a multiple of `.
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If k1, . . . , kr are mutually coprime, then
⋃r
j=1 µ

′
kj

has no repeated values. So the only

possible multiple eigenvalue of Frobenius on J(C)[`] is 1, and this eigenvalue appears multiple

times only if r ≥ 3. This completes the proof.
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Chapter 4

Effective Bounds on the Dimensions of Jacobians Cov-

ering Abelian Varieties

1

Over an infinite field, every abelian variety is covered by the Jacobian variety of a smooth

connected curve. In fact, given an embedding of the abelian variety, one can even provide

an effective upper bound on the dimension of the Jacobian variety using the dimension and

degree of the abelian variety (see [Mil08, Section III]). We show that an analogous effective

statement holds over a finite field.

Theorem 4.1. Fix r, n ∈ N with n ≥ 2, and let Fq be a finite field of characteristic p. There

exists an explicit constant2 Cr,q such that if A ⊂ PrFq
is a non-degenerate abelian variety of

dimension n, then for any d ∈ N satisfying

Cr,qζA
(
n+ 1

2

)
deg(A) ≤ q

d
max{n+1,p} (d+ 1)

dn+1 + dn + q
d

max{n+1,p}
,

there exists a smooth geometrically connected curve over Fq whose Jacobian J maps domi-

nantly onto A, where

dim J ≤
⌊

deg(A)dn−1 − 1

r − 1

⌋deg(A)dn−1 −

⌊
deg(A)dn−1−1

r−1

⌋
+ 1

2
(r − 1)− 1

 .

Moreover, if A ⊂ PrFq
is simple, then for any d ∈ N satisfying

deg(A) ≤ (d− 1)q
1
2

(d+1)(d+2)

dn−1 − 1
,

1 This chapter is based on the contents of [BL18]
2See Proposition 4.13 for a more precise statement where the constant is explicitly stated.
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there exists a smooth geometrically connected curve over Fq whose Jacobian J maps domi-

nantly onto A, where

dim J ≤ deg(A)dn−1
(
deg(A)dn−1 + 1

)
.

Over an infinite field the fact that every abelian variety is covered by the Jacobian variety

of a smooth connected curve is long known. The key idea, which we review (and slightly

extend) in Proposition 4.4, is this: if A ⊂ Prk is an embedded n-dimensional abelian variety,

and C is a smooth curve which arises as the intersection of A with a linear subspace L ⊂ Prk
of codimension n− 1, then Jac(C) will cover A. It is thus sufficient to find a linear subspace

of codimension n − 1 which intersects A in a smooth curve. Over an infinite field, such a

linear space exists by Bertini’s Theorem.

When the base field k is a finite field, the situation is substantially more subtle. For

instance, it need no longer be the case that there exists even a single hyperplane in Prk that

has a smooth intersection with A. Poonen’s Bertini Theorem shows that while one cannot

necessarily find smooth hyperplane sections, smooth hypersurface sections always exist if

the degree of the hypersurface is allowed to be arbitrarily high [Poo04, Theorem 1.1]. By

induction, there exist homogeneous polynomials f1, . . . , fn−1 of high enough degree such that

A ∩ V(f1, . . . , fn−1) is a smooth connected curve. This implies the existence of a Jacobian

variety mapping dominantly onto A when k is a finite field.

While Poonen’s result is enough to show existence, it is not enough to provide the explicit

bounds appearing in Theorem A. For example, one does not necessarily know what the

degrees of f1, . . . , fn−1 may be. In fact, since the construction of the fk is inductive, it may

be the case that the choice of f1, . . . , fk−1 affects the degree of fk. Existence was also proved

over finite fields independently by Gabber using different methods [Gab01, Corollary 2.5];

however, this also does not provide explicit bounds.

We prove Theorem A by first proving an effective version of Poonen’s result with explicit

bounds.
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Theorem 4.2. Fix r, n ∈ N with n ≥ 2, and let Fq be a finite field of characteristic p. For

any 1 ≤ k ≤ n− 1 there exists an explicit constant3 Cr,q such that if X ⊂ PrFq
is a smooth

quasi-projective subscheme of dimension n, then for any d ∈ N satisfying

Cr,q deg(X)ζX
(
n+ 1

2

)
<

q
d

max{n+1,p}

(
d

2k−1
n + 1

)
dn + dn+ 2k−1

n + q
d

max{n+1,p}
,

there exist homogeneous polynomials f1, . . . , fk ∈ Fq[x0, . . . , xr] of degree d such that X ∩

V(f1, . . . , fk) is smooth of dimension n − k. Moreover, if X is projective and geometrically

connected then X ∩ V(f1, . . . , fk) is also geometrically connected.

Our proof of this theorem builds upon work of Bucur and Kedlaya [BK12], which in part

allows us to choose all of the hypersurfaces at once instead of going through an inductive

argument. We prove non-trivial bounds on the error terms and the Euler product appearing

in [BK12, Theorem 1.2], which allow us to deduce the explicit bound appearing in Theorem B.

From this effective Bertini theorem over finite fields applied to abelian varieties, we

deduce Theorem A as follows: first we use Theorem B to produce a smooth connected

curve C on A whose degree is explicitly bounded and which arises as an intersection C =

A∩ V (f1, . . . , fn−1). Then we use Proposition 4.4 to show that Jac(C) covers A, and finally

we use a classical theorem of Castelnuovo to bound the genus of C.

In the case when the abelian variety A is simple, the condition of A ∩ V(f1, . . . , fn−1)

being smooth can be dropped, and this allows us to lower the degree and genus bounds. To

construct an explicit smooth curve whose Jacobian dominates A, we just need a curve (not

necessarily smooth or even reduced) given by the intersection of A with hypersurfaces. Us-

ing recent work of the first author and Erman, characterizing the probability that randomly

choosing homogeneous polynomials f1, . . . , fn−1 of degree d that intersect A in a (not neces-

sarily smooth) curve [BE16, Theorem B, Proposition 5.1], we show that when A is simple,

hypersurfaces of smaller degree suffice. This results in the better bound seen in Theorem A.

Since we work with non-smooth curves in the case where A is simple, we cannot use

Castelnuovo’s bound for the genus. We thus prove a more general degree-genus bound

3See Proposition 4.10 for a more precise statement where the constant is explicitly stated.
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that holds for any connected, reduced curve. The key idea of this proof is to combine

a Hilbert function argument with the Gruson-Lazarsfeld-Peskine bound on Castelnuovo-

Mumford regularity of any such curve [GLP83,Gia06].

As an application of Theorem A, we show the existence of a smooth connected curve

with bounded genus whose Jacobian has an arbitrary number of copies of an elliptic curve

as isogeny factors.

Corollary 4.3. Let Fq be a finite field and for any n ∈ N, there exists an explicit constant

Bn,q such that for any E, an elliptic curve over Fq, there exists a smooth geometrically

connected curve C of genus g ≤ Bn,q defined over Fq such that Jac(C) admits En as an

isogeny factor.

This chapter is organized as follows. §4.2 gathers background results about abelian

varieties. In §4.3 we prove Theorem B. In §4.4 we use Theorem B to prove the general

statement in Theorem A. §4.5 concludes the proof of Theorem A by handling the case of

simple abelian varieties. §4.6 presents the proof of Corollary 4.3.

Conventions

We let N = {1, 2, 3, . . .} be the natural numbers and Z be the integers. Throughout the

paper, k will denote a field, and Fq will be a finite field of characteristic p for some prime

p > 0. By a curve over a field k, we refer to a complete separated equidimensional scheme of

finite type over k of dimension one. By equidimensional we mean that all of the irreducible

components have the same dimension and that there are no embedded components. We will

say a scheme X over a field k is smooth if its structure morphism is smooth. We discuss the

Jacobian variety associated to a smooth connected curve C as defined in [Mil08, Section III.1,

pg. 86] and we denote the Jacobian variety of such a curve C by Jac(C). By abelian variety

over a field k, we mean a geometrically reduced, separated, group scheme of finite type over

k that is both complete and geometrically connected [Mil08, Section I.1, pg. 8]. When
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discussing a polynomial ring k[x0, . . . , xr] over a field k, we will always assume it has the

standard N-grading where deg(xi) = 1 for all i.

4.2 Background on Abelian Varieties

Here we collect some classical results regarding abelian varieties, each adapted from

[Mil08, Section III].

Let A be an abelian variety and C be a smooth connected curve together with a map

C → A. By the universal property of Jacobians, one has the following diagram:

C Jac(C)

A

ι

π

where ι : C → Jac(C) is an Abel-Jacobi map for C. In general, the map π need not be

surjective. However, if the curve C arises as a complete intersection on A – i.e. if there exist

homogeneous polynomials f1, . . . , fn−1 on Prk such that C = A ∩ V(f1, . . . , fn−1) – then the

map π is surjective. This is the content of the following proposition.

Proposition 4.4. Let A ⊂ Prk be an abelian variety of dimension n over a field k. If

f1, . . . , fn−1 ∈ k[x0, . . . , xr] are homogeneous polynomials such that C := A∩V(f1, . . . , fn−1)

is a smooth geometrically connected curve, then the induced map π : Jac(C) → A is surjec-

tive.

The case where the fi’s are linear forms is Theorem 10.1 in [Mil08, Section III], and

the key adaptation here is allowing hypersurfaces of higher degree. To do this, we need the

following lemma, which is adapted from Lemma 10.3 in [Mil08, Section III].

Lemma 4.5. Let X ⊂ Prk be a projective subscheme of dimension ≥ 2 defined over a field

k, and X ′ = X ∩ H be a hypersurface section of X. Let Y be a geometrically normal,

geometrically integral, projective scheme. If ψ : Y → X is a finite map then ψ−1(X ′) is

geometrically connected.
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Proof. Since the hypotheses are stable under base change, it is enough to assume that k

is algebraically closed and show that ψ−1(X ′) is connected. Since X ′ is the restriction of

an ample divisor on Prk to X, it remains ample. Since ψ is a finite morphism, it is quasi-

affine. Thus ψ−1(X ′) is the support of an ample divisor [TS18, Lemma 0892]. Finally,

since k is algebraically closed and Y is integral and normal we may apply Corollary 7.9 of

[Har77, Section III], which implies the desired claim.

Proof of Proposition 4.4. Consider the image of π, which we denote by A1. Compositing

with a translation on A wouldn’t affect surjectivity of the map. Without loss of generality,

we assume π is a group homomorphism. Thus, A1 is an abelian subvariety of A. Towards

a contradiction, suppose that A1 6= A. If this was the case, then there exists an abelian

subvariety A2 ⊂ A such that the map φ : A1 × A2 → A given by (a1, a2) 7→ a1 + a2 is an

isogeny [Mil08, Proposition I.10.1].

Now let m ∈ N be relatively prime to the characteristic of k, and consider the map ψ:

A1 × A2 A1 × A2 A

ψ

1×m φ

given by the composition of two isogenies. Let proj : A1 × A2 → A2 be the projection

map. We wish to show that proj(ψ−1(C)) is equal to proj(ψ−1(O)) where O is the identity

element of A. The key point is that since C ⊂ A1 ⊂ A if φ(a1, a2) ∈ C then a1 + a2 ∈ A1

implying that a2 = (a1 + a2) − a1 is contained in A1. Phrased differently φ−1(C) is equal

to {(a1 − a2, a2) | a1 ∈ C, a2 ∈ A1 ∩ A2}. The equality now follows from the fact that the

kernel of φ is {(a,−a) | a ∈ A1 ∩ A2}.

Since φ is an isogeny the kernel of φ, which is {(a,−a) | a ∈ A1 ∩ A2}, is finite. Thus,

A1 ∩ A2 is a finite set, and moreover, A1 ∩ A2 is non-empty since the identity element of

A is contained in A1 ∩ A2. As m is relatively prime to the characteristic of our ground

field, multiplication by m is a finite map of degree m2n where n is the dimension of A2.

Thus, proj(ψ−1(C)) is a finite set of size m2n|A1 ∩ A2| > 1, which implies that ψ−1(C) is

not geometrically connected. However, applying Lemma 4.5 repeatedly shows that ψ−1(C)

https://stacks.math.columbia.edu/tag/0892


50

is geometrically connected, providing a contradiction. So, we conclude A1 = A and π is

surjective.

4.3 Effective Bertini Theorem over Finite Fields

In this section we establish an effective Bertini Theorem over finite fields, proving Theo-

rem B. This section also contains a technical version of Theorem B, Proposition 4.10, where

all constants are explicitly stated.

A key ingredient in the proof of these results is recent work of Bucur and Kedlaya [BK12]

which characterizes the probability that the intersection of an n-dimensional quasi-projective

subscheme X with k randomly chosen hypersurfaces of given degrees is smooth of dimension

n − k. While Bucur and Kedlaya’s result is not itself effective, it does contain an explicit

error term. We carefully analyze this error term to produce an effective Bertini Theorem.

Before stating their result and using it to prove Theorem B, we fix a bit of notation.

Let S = Fq[x0, . . . , xr] be the homogeneous coordinate ring of PrFq
. Given a tuple d =

(d1, . . . , dk) ∈ Nk we set

Sd = Sd1 ⊕ Sd2 ⊕ · · · ⊕ Sdk ,

where Sdi is the Fq-vector space of homogeneous polynomials of degree di in S. Further,

given an element fF ′/F = (f1, . . . , fk) ∈ Sd we write V(fF ′/F ) for V(f1, . . . , fk) ⊂ PrFq
. The

probability that k uniformly chosen vectors in Fn
q are linearly independent is denoted as

follows

L(q, n, k) =
k−1∏
j=0

(
1− q−(n−j)) .

With this notation in hand we now state Bucur and Kedlaya’s result.

Theorem 4.6. [BK12, Theorem 1.2] Let X ⊂ PrFq
be a smooth quasi-projective subscheme of

dimension n ≥ 0 over a finite field Fq of characteristic p. Choose an integer k ∈ {1, . . . , n−

1}, a degree sequence d = (d1 ≤ d2 ≤ · · · ≤ dk), and set

Pd =

fF ′/F ∈ Sd

∣∣∣∣ X ∩ V(fF ′/F ) has dimension n− k

and is smooth

 .
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Then ∣∣∣∣∣#Pd

#Sd

−
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))∣∣∣∣∣ (4.1)

≤ 2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnkq
−d1

max{n+1,p} ,

where

δ = (2k − 1)

(
1 +

⌊
1

n
logq

d1 + 1

(n+ 1)2n+1

⌋)
.

To prove Theorem B, we need to control the Euler product appearing in the above

theorem. In general this is difficult. For example, [BK12, pg. 544] presents numerical

evidence suggesting it cannot be interpreted as a zeta function. But we are able to provide

a lower bound for it in terms of a zeta function value.

Proposition 4.7. Let X ⊂ PrFq
be a smooth quasi-projective subscheme of dimension n ≥ 0

defined over a finite field Fq. Fix 1 ≤ k ≤ n− 1. If q ≥ 3 then

ζX
(
n+ 1

2

)−1 ≤
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
,

and if q = 2 then

2−#X(F2)ζX
(
n+ 1

2

)−1 ≤
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
.

To prove this proposition, we need two lemmas.

Lemma 4.8. If {ai}ti=1 is a sequence of real numbers such that 0 < ai < 1 then

1−
t∑
i=1

ai ≤
t∏
i=1

(1− ai) < 1.

Proof. The upper bound is immediate from the fact that 0 < 1 − ai < 1 for all i. For the

lower bound we proceed by induction on t with the case when t = 1 being clear. In the

general case by induction we assume

1−
t−1∑
i=1

ai ≤
t−1∏
i=1

(1− ai) ,
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and multiplying both sides by (1− at) gives

1−
t∑
i=1

ai ≤ 1−
t∑
i=1

ai + at

(
t−1∑
i=1

ai

)
=

(
1−

t−1∑
i=1

ai

)
(1− at) ≤

t∏
i=1

(1− ai) ,

which completes the inductive step.

Lemma 4.9. Fix 1 ≤ k ≤ n− 1. If either q ≥ 3 and t ≥ 1 or if q = 2 and t > 1 then

1− q−
(
n−k+

1
2

)
t ≤ L

(
qt, n, k

)
.

Moreover, if q = 2 and t = 1 we have

1
2

(
1− 2

−
(
n−k+

1
2

))
≤ L (2, n, k) .

Proof. Combining the definition of L (qt, n, k) with Lemma 4.8 we know that

1−
k−1∑
i=0

q−(n−i)t ≤
k−1∏
i=0

(
1− q−(n−i)t) = L

(
qt, n, k

)
.

Since the left-hand side is a geometric sum we may rewrite this inequality as

1− q−(n−k+1)t − q−(n+1)t

1− q−t
= 1−

k−1∑
i=0

q−(n−i)t ≤ L
(
qt, n, k

)
,

which we may further simplify to

1− q−(n−k+1)t

1− q−t
≤ 1− q−(n−k+1)t − q−(n+1)t

1− q−t
≤ L

(
qt, n, k

)
.

Now we shift to showing that in the cases when q ≥ 3 and t ≥ 1 or q = 2 and t > 1

1− q−
(
n−k+

1
2

)
t ≤ 1− q−(n−k+1)t

1− q−t
.

Rearranging the terms, one sees the above inequality is equivalent to

q−
t
2

1− q−t
=
q−(n−k+1)q

(
n−k+

1
2

)
t

1− q−t
≤ 1. (4.2)

Notice the above inequality is equivalent to qt − q
t
2 − 1 ≥ 0 Since x2 − x − 1 ≥ 0 for all

x ≥ 1
2
(1 +

√
5) it is thus enough for q

t
2 ≥ 1

2
(1 +

√
5), however, is true since q ≥ 3 and t ≥ 1

and so q
t
2 ≥
√

3 > 1
2
(1 +

√
5).
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Finally we focus on the remaining case, when q = 2 and t = 1. From our work above we

know

1− q−(n−k+1)t

1− q−t
≤ 1− q−(n−k+1)t − q−(n+1)t

1− q−t
≤ L

(
qt, n, k

)
,

and so it is enough to show that

1
2

(
1− 2

−
(
n−k+

1
2

))
≤ 1− 2−(n−k) = 1− 2−(n−k+1)

1− 2−1
.

Rearranging the terms, this inequality is equivalent to

1 ≤ 2n−1−k + 2−
3
2 .

The right-hand side is minimized when k = n− 1, in which case it is equal to 1 + 2−
3
2 , and

so the desired inequality holds for all 1 ≤ k ≤ n− 1.

Proof of Proposition 4.7. By Lemma 4.9, if q ≥ 3 then

ζX
(
n+ 1

2

)−1

=
∏
x∈X

(
1− q−

(
n+

1
2

)
deg(x)

)
=
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)

(
1− q−

(
n−k+

1
2

)
deg(x)

))
≤
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
.

Similarly in the q = 2 case for points x ∈ X of degree not one Lemma 4.9 tells us that∏
x∈X

deg(x) 6=1

(
1− q−

(
n+

1
2

)
deg(x)

)
≤

∏
x∈X

deg(x) 6=1

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
. (4.3)
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On the other hand for points x ∈ X of degree one Lemma 4.9 implies that∏
x∈X

deg(x)=1

1
2

(
1− q−

(
n+

1
2

))
=

∏
x∈X

deg(x)=1

(
1
2
− 1

2
q−k deg(x) + 1

2
q−k deg(x)

(
1− q−

(
n−k+

1
2

)
deg(x)

))

(4.4)

≤
∏
x∈X

deg(x)=1

(
1− q−k deg(x) + 1

2
q−k deg(x)

(
1− q−

(
n−k+

1
2

)
deg(x)

))

(4.5)

≤
∏
x∈X

deg(x)=1

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
. (4.6)

Multiplying Inequality (4.3) and Inequality (4.4) gives the result in the case when q = 2.

We now prove the following proposition, which is a more precise version of Theorem B.

Proposition 4.10. Let X ⊂ PrFq
be a smooth quasi-projective subscheme of dimension n ≥ 2

defined over a finite field Fq of characteristic p. Fix 1 ≤ k ≤ n − 1. Under either of the

following circumstances

1. q ≥ 3, and d ∈ N satisfies the inequality

k2n+2k+1+ 2k−1
n (n+ 1)1+ 2k−1

n (r + 1)rn degXζX
(
n+ 1

2

)
<

q
d

max{n+1,p}

(
d

2k−1
n + 1

)
dn + dn+ 2k−1

n + q
d

max{n+1,p}
,

(4.7)

2. or q = 2, and d ∈ N satisfies the inequality

k2n+2k+1+ 2k−1
n

+#X(F2)(n+ 1)1+ 2k−1
n (r + 1)rn degXζX

(
n+ 1

2

)
<

q
d

max{n+1,p}

(
d

2k−1
n + 1

)
dn + dn+ 2k−1

n + q
d

max{n+1,p}
,

there exist homogeneous polynomials f1, . . . , fk ∈ Fq[x0, . . . , xr] of degree d such that X ∩

V (f1, . . . , fk) is smooth of dimension n− k. Moreover, if X is projective and geometrically

connected then X ∩ V(f1, . . . , fk) is also geometrically connected.
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Proof. Setting d = d1 = d2 · · · = dk we wish to show that #Pd

#Sd
> 0, which since #Pd

#Sd
≥ 0 is

equivalent to showing that #Pd

#Sd
6= 0. By Theorem 4.6:∣∣∣∣∣#Pd

#Sd

−
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))∣∣∣∣∣ (4.8)

≤ 2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnkq
−d1

max{n+1,p} , (4.9)

and so to show that #Pd

#Sd
6= 0 it is enough to show that

2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnq
−d

max{n+1,p} (4.10)

<
∏
x∈X

(
1− q−k deg(x) + q−k deg(x)L

(
qdeg(x), n, k

))
. (4.11)

Using Proposition 4.7 to bound the right-hand side of the above inequality it is enough to

show that:

2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnq
−d

max{n+1,p}

< ζX
(
n+ 1

2

)−1
(q 6= 2)

2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnq
−d

max{n+1,p}

< 2−#X(F2)ζX
(
n+ 1

2

)−1
(q = 2).

(4.12)

We now proceed by bounding the left-hand side of Inequality (4.12). Since r, k, and n are

positive constants and r ≥ 1, the left-hand side of Inequality (4.12) satisfies the following:

2n+2 deg(X)kq−δ + (r + 1)krn deg(X)(n+ 1)dnq
−d

max{n+1,p} (4.13)

≤ k2n+2(n+ 1)(r + 1)rn degX
[
q−δ + dnq

−d
max{n+1,p}

]
. (4.14)

With δ as in Theorem 4.6 we may bound δ as follows:

2k − 1

n
logq

d+ 1

(n+ 1)2n+1
(4.15)

= (2k − 1)

(
1 +

1

n
logq

d+ 1

(n+ 1)2n+1
− 1

)
(4.16)

≤ (2k − 1)

(
1 +

⌊
1

n
logq

d+ 1

(n+ 1)2n+1

⌋)
(4.17)

= δ. (4.18)
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This allows us to bound q−δ from above, giving an upper bound for the right-hand side of

Inequality (4.13):

k2n+2(n+ 1)(r + 1)rn degX
[
q−δ + dnq

−d
max{n+1,p}

]
(4.19)

≤ k2n+2(n+ 1)(r + 1)rn degX

[(
(n+1)2n+1

d+1

) 2k−1
n

+ dnq
−d

max{n+1,p}

]
. (4.20)

Since n is a positive constant, we may give an upper bound to the right-hand side of Inequal-

ity (4.19) by “pulling out” ((n+ 1)2n+1)
2k−1

n . Further since d ≥ 1 we may bound (d+ 1)
2k−1

n

below by d
2k−1

n + 1. This allows us to bound the right-hand side of Inequality (4.19) from

above by the following:

k2n+2k+1+ 2k−1
n (n+ 1)1+ 2k−1

n (r + 1)rn degX

dn + dn+ 2k−1
n + q

d
max{n+1,p}

q
d

max{n+1,p}

(
d

2k−1
n + 1

)
 . (4.21)

Combining Inequalities (4.13), (4.19), and (4.21) we get our final upper bound for the left-

hand side of Inequality (4.12):

2n+2 degXkq−δ + (r + 1)krn degX(n+ 1)dnq
−d

max{n+1,p} (4.22)

≤ k2n+2k+1+ 2k−1
n (n+ 1)1+ 2k−1

n (r + 1)rn degX

dn + dn+ 2k−1
n + q

d
max{n+1,p}

q
d

max{n+1,p}

(
d

2k−1
n + 1

)
 . (4.23)

So by Inequalities (4.12) and (4.22) if d ∈ N satisfies:

k2n+2k+1+ 2k−1
n (n+ 1)1+ 2k−1

n (r + 1)rn degX

dn + dn+ 2k−1
n + q

d
max{n+1,p}

q
d

max{n+1,p}

(
d

2k−1
n + 1

)


< ζX
(
n+ 1

2

)−1
(q 6= 2)

k2n+2k+1+ 2k−1
n (n+ 1)1+ 2k−1

n (r + 1)rn degX

dn + dn+ 2k−1
n + q

d
max{n+1,p}

q
d

max{n+1,p}

(
d

2k−1
n + 1

)


< 2−#X(F2)ζX
(
n+ 1

2

)−1
(q = 2).

then such d also satisfies Inequality (4.10) meaning that #Pd

#Sd
> 0.
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Finally, since X is smooth it is geometrically reduced [TS18, Lemma 056T]. In particular,

if X is geometrically connected then it is geometrically integral. Thus, if X is also projective,

then since n ≥ 2 and n− k ≥ 1 we may inductively apply [Har77, Section III, Corollary 7.9]

to deduce that X ∩ V (f1, . . . , fk) is geometrically connected.

Remark 4.11. The inequalities appearing in Proposition 4.10 are eventually true for d

sufficiently large since the right-hand sides tend to infinity as d→∞ while the left-hand side

is independent of d.

Proof of Theorem B. Since #X (F2) ≤ #Pr (F2) = 2r+1−1, we can bound #X (F2) in terms

of just r. Thus, by Proposition 4.10 if we let

Cr,q =

23r−1(r + 1)5rr if q 6= 2

23r+2r+1−1(r + 1)5rr if q = 2

there exists homogeneous polynomials f1, . . . , fk ∈ Fq[x0, . . . , xr] of degree d such that X ∩

V (f1, . . . , fk) is smooth of dimension n−k, which is geometrically connected if X is projective

and geometrically connected.

Remark 4.12. Regarding Theorem B, Poonen has pointed out to us, in personal commu-

nication, that by using a noetherian induction argument, one can show the existence of a

bound dependent solely on r and the degree of X. While such a bound would be ineffective,

it would be independent of q and n.

4.4 Smooth Curves of Bounded Genus and Degree

We now bound the degree and genus of the smooth curves C ⊂ X we constructed in the

previous section.

Proposition 4.13. Let X ⊂ PrFq
be a smooth projective subscheme of dimension n ≥ 2

defined over a finite field Fq of characteristic p. Under either of the following circumstances

https://stacks.math.columbia.edu/tag/056T
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1. q ≥ 3, and d ∈ N satisfies the inequality

23n+3 deg(X)n4rn+1ζX
(
n+ 1

2

)
≤

q
d

max{n+1,p}

(
d

1
2 + 1

)
dn+2 + dn + q

d
max{n+1,p}

,

2. or q = 2, and d ∈ N satisfies the inequality

23n+#X(F2)+3 deg(X)n4rn+1ζX
(
n+ 1

2

)
≤

q
d

max{n+1,p}

(
d

1
2 + 1

)
dn+2 + dn + q

d
max{n+1,p}

,

there exist homogeneous polynomials f1, . . . , fn−1 ∈ Fq[x0, . . . , xr] of degree d such that X ∩

V (f1, . . . , fn−1) is a smooth curve and deg(C) = deg(X)dn−1. Moreover, if X is projective

and geometrically connected then X ∩ V(f1, . . . , fn−1) is also geometrically connected.

Proof. As n, r ≥ 1 note that (n− 1)(n+ 1)3− 3
n (r + 1)rn ≤ 4n4rn+1, and so

23n− 3
n

+1 deg(X)(n− 1)(n+ 1)3− 3
n (r + 1)rnζX

(
n+

1

2

)
≤23n+3 deg(X)n4rn+1ζX

(
n+ 1

2

)
23n− 3

n
+#X(F2)+1 deg(X)(n− 1)(n+ 1)3− 3

n (r + 1)rnζX
(
n+ 1

2

)
≤23n+#X(F2)+3 deg(X)n4rn+1ζX

(
n+ 1

2

)
.

Moreover, we see that

q
d

max{n+1,p}

(
d

1
2 + 1

)
dn+2 + dn + q

d
max{n+1,p}

≤
q

d
max{n+1,p}

(
d2− 3

n + 1
)

dn + dn+2− 3
n + q

d
max{n+1,p}

.

Thus, given d ∈ N as in the statement of this proposition then applying Proposition 4.10

in the case when k = n− 1 there exist the desired homogeneous polynomials f1, . . . , fn−1 ∈

Fq[x0, . . . , xr] of degree d such that X∩V (f1, . . . , fn−1) is a smooth curve. Further, Bezout’s

Theorem [Ful98, Proposition 8.4] implies

deg(C) = deg(X)
n−1∏
i=1

deg(fi) = deg(X)dn−1.

Finally, as stated in Proposition 4.10 if X is projective and geometrically connected then

X ∩ V (f1, . . . , fn−1) is geometrically connected.
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To show the existence of smooth connected curves with bounded genus, we use a classical

theorem of Castelnuovo which gives an upper bound on the genus of an irreducible, smooth,

non-degenerate curve X ⊂ Pr in terms of degX and r. (Recall a scheme X ⊂ Pr is non-

degenerate if it is not contained in any hyperplane.)

Proposition 4.14. Let X ⊂ PrFq
be a smooth non-degenerate projective geometrically con-

nected subscheme of dimension n ≥ 2 defined over a finite field Fq of characteristic p. If

d ≥ 2 is a natural number satisfying the condition in Proposition 4.13, then there exists a

smooth geometrically connected non-degenerate curve C ⊂ X such that

g(C) ≤
⌊

deg(X)dn−1 − 1

r − 1

⌋deg(X)dn−1 −

⌊
deg(X)dn−1−1

r−1

⌋
+ 1

2
(r − 1)− 1

 .

Proof. By Proposition 4.13, for such d ≥ 2 there exists a smooth geometrically connected

curve C ⊂ X with deg(C) = deg(X)dn−1. To show that C is non-degenerate it is enough,

by induction, to show that X ∩V(f1) is non-degenerate. If X ∩V(f1) were degenerate, and

so contained in a linear subspace L ⊂ PrFq
, then X ∩ V(f1) ⊂ X ∩ L, and since X itself is

non-degenerate both X ∩ V(f1) and X ∩ L have dimension n − 1. However, by Bezout’s

Theorem [Ful98, Proposition 8.4] the degree of X ∩ V(f1) is equal to deg(X)d, which since

d ≥ 2 is strictly larger than deg(X ∩ L) = deg(X), giving a contradiction. Finally, applying

Castelnuovo’s genus bound [Har81, pg. 40] to C gives the stated result.

We conclude this section with the proof of the statement in Theorem A for general abelian

varieties.

Proof of Theorem A (General Case). Since n ≤ r by Propositions 4.4 and 4.14, it is enough

to show that if q = 2 then #A (F2) is bounded by a constant depending only on n and r.

This follows immediately from the Weil bounds [AH16, pg. 3], which states that #A (F2) is

bounded above by (3 + 2
√

2)n. Thus, the result follows with Cr,q defined as:

Cr,q =

23r+3rr+5 if q 6= 2

23r+3+(3+2
√

2)rrr+5 if q = 2

.
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Remark 4.15. Notice the dependence of Cr,q on q is really only dependence on whether or

not q = 2. Thus, one can easily make Cr,q independent of q by adding in the appropriate

factors of 2.

4.5 The Case when A is Simple

When A is a simple abelian variety, our general bound can be simplified as was stated in

the second part of Theorem A. This is possible because when A is simple, almost any curve

on A, even if it is reducible, non-reduced, or non-smooth, gives rise to a covering of A by a

Jacobian.

In particular, suppose that C ⊂ A is any curve on A. By taking an irreducible component

of C considered with the reduced subscheme structure without loss of generality we may

assume that C is irreducible and reduced. Now taking the normalization of this irreducible

reduced curve C results in a smooth irreducible curve C̃, which maps non-trivially to A.

The universal property of Jacobian varieties in turn gives a nonconstant map Jac(C̃)→ A,

and as A is simple this map must be surjective.

Thus, in the simple case, constructing curves whose Jacobians dominate A is easier.

One only needs the existence of a (possibly non-smooth, non-reduced, or reducible) curve

C contained in A. So it is sufficient to find homogeneous polynomials f1, . . . , fn−1, which

cut out any curve on A. This allows us to choose the f1, . . . , fn−1 to be of smaller degree,

improving bound.

Proposition 4.16. Let X ⊂ PrFq
be a smooth projective subscheme of dimension n defined

over a finite field Fq. If d ∈ N satisfies the following inequality

deg(X) ≤ (d− 1)q
1
2

(d+1)(d+2)

dn−1 − 1
,

then there exist homogeneous polynomials f1, . . . , fn−1 ∈ Fq[x0, ..., xr] of degree d such that

C = X ∩ V (f1, ..., fn−1) is a curve and deg(C) = deg(X)dn−1.
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Proof. By combining the given inequality on d with Proposition 5.1 of [BE16] in the case

when k = n − 2 we can find homogeneous polynomials f1, ..., fn−1 of degree d where

X ∩ V (f1, ..., fn−1) has dimension 1. Bezout’s Theorem [Ful98, Proposition 8.4] then gives

deg(C) = deg(X)
∏n−1

i=1 deg(fi) = deg(X)dn−1.

To finish the proof of Theorem A, we must be able to bound the genus of the normalization

C̃ in terms of the degree of C. As the genus of C̃ is bounded above by the arithmetic genus

of C [Har77, Exercise IV.1.8] it is enough to bound the arithmetic genus of C. (We write

pa(C) for the arithmetic genus of a curve C.)

As before, the idea is to use a degree-genus bound. However, since the curves arising

in Proposition 4.16 need not be smooth we cannot use Castelnuovo’s genus bound. Instead

we prove a less sharp, but more general bound by combining a lower bound on the Hilbert

function/polynomial with a bound on the Castelnuovo-Mumford regularity.

Lemma 4.17. If C ⊂ Prk is a curve with homogeneous coordinate ring R, then dimRd ≥ d+1

for any d ∈ N.

Proof. Since base change does not affect the Hilbert function, without loss of generality, we

may suppose that k is algebraically closed. Since k is infinite, there exists a linear form

` ∈ R, which gives rise to the short exact sequence

0 R(−1) R R/〈`〉 0.·`

Using the additivity of the Hilbert function, we see that dimRd =
∑d

k=0 dim (R/〈`〉)k for

any d ∈ N, and since R/〈`〉 is one-dimensional, the result now follows by noting that

dim(R/〈`〉)k ≥ 1 for all k ≥ 0.

With this lemma in hand, we prove a more general genus-degree bound that applies to

all geometrically connected reduced equidimensional curves.

Lemma 4.18. If C ⊂ Prk is a geometrically connected reduced curve, then

pa(C) ≤ deg(C)(deg(C) + 1)− 2.
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Proof. Since the hypotheses are stable under base change, without loss of generality, we may

suppose that k is algebraically closed and that C is connected. Let R be the homogeneous

coordinate ring of the curve C. The Hilbert polynomial PC(t) of the curve C is equal to

deg(C)t+ 1− pa(C). For any t ≥ reg(C), the Hilbert function and Hilbert polynomial agree

[Eis05, Theorem 4.2]. Thus, if t ≥ reg(C) then by Lemma 4.17:

t+ 1 ≤ dimRt = PC(t) = deg(C)t+ 1− pa(C).

Results of Giaimo imply that reg(C) ≤ deg(C) + 2 [Gia06]. Plugging t = deg(C) + 2 into

the above inequality yields:

deg(C) + 3 ≤ dimRdeg(C)+2 = deg(C) (deg(C) + 2) + 1− pa(C).

The result now follows from rearranging the above inequality.

Remark 4.19. Not only does the bound from Lemma 4.18 apply to non-smooth curves,

it also applies to degenerate curves, i.e. curves lying in a hyperplane in Prk. In fact, such

curves attain the maximal values, as any degree d planar curve will have the maximal possible

arithmetic genus.

Finally, we conclude the proof of Theorem A.

Proof of Theorem A (Simple Case). By Proposition 4.16, there exist homogeneous polyno-

mials f1, . . . , fn−1 ∈ Fq[x0, x1, . . . , xr] of degree d such that C = A ∩ V (f1, f2, . . . , fn−1) is a

curve with deg(C) = deg(A)dn−1. Let C ′red ⊂ C be an irreducible component of C considered

with the reduced subscheme structure. As noted in the beginning of this section, if C̃ ′red is

the normalization of C ′red, then since A is simple the map Jac(C̃ ′red) → A coming from the

universal property of Jacobians is surjective. Hence it is enough to bound the genus of C̃ ′red.

Towards this, note that deg(C ′red) ≤ deg(C), and so deg(C ′red) ≤ deg(A)dn−1. Applying

Lemma 4.18 and Exercise IV.1.8 in [Har77] to C ′red, we see that

pa

(
C̃ ′red

)
≤ pa (C ′red) ≤ deg(A)2d2n−2 + deg(A)dn−1 − 2.
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Since C̃ ′red is an irreducible smooth curve, its geometric genus is equal to its arithmetic genus,

and so

g
(
C̃ ′red

)
= pa

(
C̃ ′red

)
≤ deg(A)2d2n−2 + deg(A)dn−1 − 2.

4.6 Application

As an application of Theorem A, we show the existence of abelian varieties of the form

En × A for arbitrary n ∈ N, where E is an elliptic curve, in the Torelli locus. Recall the

Torelli locus Tg is the image of the Torelli map

Mg Ag

C Jac(C)

between the moduli space of (geometrically irreducible, complete, smooth) curves of genus

g and the moduli space of principally polarized abelian varieties of dimension g.

Since the dimension of Mg is 3g − 3 and the dimension of Ag is g(g + 1)/2, the Torelli

locus is a proper subscheme of Ag for g ≥ 4. In general describing this locus is hard,

and relatively little is known. For example, given a principally polarized abelian variety of

dimension greater than or equal to 4 over a finite field, it is difficult to determine whether it

can be realized as the Jacobian variety of a smooth curve.

Further, since the codimension of Tg grows with g, for any given stratification of Ag, we

expect the Torelli locus to only intersect the relatively generic strata. For example, if we

fix an elliptic curve E over Fq then we may stratify Ag by the number of copies of E each

abelian variety has as isogeny factors. That is to say each stratum has the form {En}×Ag−n
for 0 ≤ n ≤ g. Then we expect the intersection Tg ∩ {En} × Ag−n to often be empty for

larger n. In particular, we expect the Jacobian of some smooth genus g curve over Fq to

have En as an isogeny factor only if n is small relative to g. This is supported by the results

in [EHR14].
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Proposition 4.20. [EHR14, Corollary 1.3] Let E be an elliptic curve over a finite field Fq

of characteristic p and n ∈ N. Let C be a smooth curve of genus g defined over Fq. If En is

an isogeny factor of Jac(C) then

g −

√
log log g

6 log q
≥ n.

Proof. By Corollary 1.3 in [EHR14], Jac(C) has a simple factor A with dimension at least√
log log g
6 log q

. Thus, the dimension of the isogeny factor which decomposes as copies of E is at

most g − dimA.

The previous proposition can be viewed as a lower bound for the genus of curves with a

prescribed isogeny factor for their Jacobians. Phrased differently, it says that for g less than

the explicit bound in the proposition, the intersection of {En} × Ag−n and Tg is empty.

On the other hand, our Theorem A can be used to construct curves with a prescribed

isogeny factor with bounded genus. In particular, Corollary 4.3 implies that while unlikely,

there does exist g ≤ Bn,q such that {En} × Ag−n intersects Tg.

Proof of Corollary 4.3. Let E be an elliptic curve defined over Fq. Apply Theorem A in the

case when A = En, with the polarization induced by divisor En−1 × {O} + En−2 × {O} ×

E + . . .+ {O} ×En−1. There exists a smooth geometrically connected curve C defined over

Fq whose genus satisfies the bound appearing in Theorem A, and Jac(C) maps dominantly

onto En. This means Jac(C) admits a factor isogenous to En. Since there are finitely many

elliptic curves defined over Fq we may let Bn,q be the maximum of all such constants.

Remark 4.21. Recall the a number of an abelian variety A over a field k of characteristic

p > 0 is defined as dimk̄ Hom(αp, A[p]) where αp = Spec k[x]/〈xp〉. The previous corollary

allows one to show the existence of Jacobian varieties over Fq of bounded dimension with an

a number at least n.

In particular, if in Corollary 4.3 we take E to be a supersingular elliptic curve, then

with C as in the corollary the a number of Jac(C) is at least n. Previous results in this
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direction, see [Pri], mainly come from constructing special families of curves over Fp, thus

only providing existence over algebraically closed fields.
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