SPACE-FILLING DESIGNS FOR NUMERICAL INTEGRATION AND
STOCHASTIC PROGRAMMING

by

Jiajie Chen

A dissertation submitted in partial fulfillment of

the requirements for the degree of

Doctor of Philosophy

(Statistics)

at the

UNIVERSITY OF WISCONSIN-MADISON

2014

Date of final oral examination: 06/16/2014

The dissertation is approved by the following members of the Final Oral Committee:
Zhiguang Qian, Professor, Statistics
Jeffrey T. Linderoth, Professor, Industrial and Systems Engineering
Qing Liu, Assistant Professor, Marketing
Kam-Wah Tsui, Professor, Statistics
Stephen J. Wright, Professor, Computer Sciences



(© Copyright by Jiajie Chen 2014
All Rights Reserved



To my famaly



ii

Acknowledgments

I cannot believe my graduate study is about to end so quickly. As expected and
unexpected, I have experienced challenges, frustration, disappointment, happiness
and success during the past five years. I would like to acknowledge the importance
of several people I could not have imagined how my life would be without their kind
help and encouragement.

I would like to express the deepest appreciation to my thesis advisor, Professor
Peter Qian, for his invaluable guidance and persistent help in my study. 1 feel
very fortunate to be a PhD student of Peter, only under whom I could receive that
many opportunities to work with experts from interdisciplinary fields to broaden my
knowledge. Peter is also a good advisor beyond research as he convincingly delivers
a spirit of adventure for being a successful man.

[ want to thank Professor Kam-Wah Tsui, Professor Qing Liu, Professor Jeff
Linderoth and Professor Steve Wright for kindly serving as my committee members.
I would like to thank Professor Kam-Wah Tsui especially for encouraging me and
sharing his stories with me during the stressful job hunting period. I wish to express

my gratitude to Professor Qing Liu who continuously forwarded her expertise in



il

marketing science to me without reservation. Also, a big thank you to Professor Jeff
Linderoth and Professor Steve Wright who provided me with insightful comments
and suggestions which lead to Chapter 4 of my dissertation.

I place on record, my sincere thanks to Professor Jin Xu of East China Normal
University and Cong Han Lim from the Department of Computer Sciences at the
University of Wisconsin-Madison. I cannot finish Chapters 2 and 4 without their
hard work and precious inputs. I would like to thank Youngdeok Hwang, Xu Xu,
Qiong Zhang and Yan Chen, for being my great research colleagues. I also thank my
4-year roommate Xiao Guo who helped me a lot outside university. I appreciate all
of other students at UW-Madison who have made my life and study much easier.

Last but definitely not the least, I owe so much to my parents and Mengfan
who have been supporting me all the way to pull through difficulties. This thesis is

dedicated to them.



Contents

Contents iv
List of Tables vii
List of Figures ix
Abstract xii

1 Introduction 1
1.1 Latin Hypercube Designs for Numerical Integration, Computer Fxper-
iments and Uncertainty Quantification 1
1.2 Functional ANOVA Decomposition 5
1.8 Orthogonal Array-based Latin Hypercube Designs 6

1.4 Correlation-controlled Latin Hypercube Designs 11

2 Sequentially Refined Latin Hypercube Designs 16
2.1 Background 16

2.2 Construction and Sampling Properties 17

v



2.3 Controlling correlations in sequentially refined Latin hypercube de-
signs 28
2.4 Numerical illustration 30

2.5 Discussion 32

Latin Hypercube Designs with Controlled Correlations and Multi-dimensional
Stratification 36

3.1 Construction of U Designs with Controlled Correlations 36

3.2 Sampling Properties 39

3.8 Numerical Illustration 45

Validating Sample Average Approximation Solutions with Negatively De-
pendent Batches 51

4.1 Background 51

4.2 Preliminaries 54

4.8 Sliced Latin Hypercube Sampling 60

4.4 Theoretical Results under SLH 62

4.5 Sliced Orthogonal Array Based Latin Hypercube Sampling 72

4.6 Experimental Setup 77

4.7 Computational Results 81

4.8 Conclusions and Future Work 87

Controlling Correlations in Sliced Latin Hypercube Designs 90
5.1 Background 90
5.2 Modified RGS algorithm 91



5.8 Algorithm for correlation-controlled sliced Latin hypercube designs
5.4  Performance 96

5.5 Numerical Illustration 100

A Proofs in Chapter 2 103

B Proofs in Chapter 3 116

C Proofs in Chapter 4 124

References 134

93

vi



vil

List of Tables

1.1
1.2

2.1

2.2

3.1
3.2
3.3

3.4

4.1
4.2

Methods of constructing orthogonal arrays with strength two . . . . . . . 8
Two Orthogonal Arrays . . . . . . . . .. ... . ... ... ..... 9
Comparison of the RMSEs of fiy, ..., fi4 for functions M1~MS8 by eight

methods over 10,000 replications, where n; = 16, ny = 32, ng = 64,

Comparison of the RMSEs of iy, ..., iy for functions M1~MS8 by eight

methods over 10,000 replications, where ny = 10, ny = 20, ng = 40, ny = 80. 34

Arrays A, C, Band D in Example 3.3 . . . . . . ... ... ... .... 40
A scheme for grouping entries in row j given row i of the design F in (3.1) 42

Results of the simulation studies. Sample standard deviations of [ are

displayed from 100000 replicates per setting . . . . . .. . .. ... ... 47
Arrays A, C, Band D in Example 3.14 . . . . . . .. ... ... ... .. 48
Means and standard errors (in parentheses) with 1000 replicates . . . . . 68

Properties of our stochastic programming test problems . . . . . . . . .. 80



4.3

4.4

4.5

5.1

5.2

5.3

Wall clock times (in seconds) for solving one sample approximation prob-
lem with varying numbers of scenarios . . . . . . .. .. ... ... ...
Mean and variance of estimates of the lower bound with 16 batches, over
100 replicates. . . . . . . ..
Mean and standard error of estimates of the lower bound with 32 or 64

batches (over 100 replicates) . . . . . . . .. ... L

Average of root mean square correlation for the first, second and last
slice under CSLH(0), CSLH(¢ — 1) and CSLH(+/t — 1) based on 100 repli-
cates. The numbers in parentheses are the corresponding standard error.
Numerical values are the actual values multiplied by 100 . . . . . . . ..
Average of root mean square correlation for the first, second and last slice
under CSLH(0), CSLH (¢ —1) and CSLH(v/t — 1) based on 100 replicates.
The numbers in parentheses are the corresponding standard error. The
average number of modified RGS iterations and average cpu time (second)
for each replicate are given . . . . . . .. ... oL
Comparison of the RMSEs of [, ji; and fi,q for function M1 under
CSLH(0), CSLH(t — 1) and CSLH(y/t — 1) based on 1000 replicates. . . .

viil

102



List of Figures

1.1
1.2

2.1

2.2

2.3

Bivariate projections of an ordinary Latin hypercube design. . . . . . . .

Bivariate projections of a U design. . . . . . ... . ... ... ... ...

The ‘@’s denote an ordinary Latin hypercube design E; of five runs; aug-
menting five points of Fy (‘A’) to E; gives a Latin hypercube design of
10 runs; and augmenting Fs of ten points (‘0") to £y U Ey yields a Latin
hypercube design of 20 runs. . . . . . . ... L oL
Combining four points (‘X’) in the four equally spaced intervals (0, 1/4],
(1/4,2/4], (2/4,3/4], (3/4,1] of (0,1] with four new points (‘0’) to fill all
eight equally spaced intervals (0,1/8],...,(7/8,1]. . .. ... ... ...
Bivariate projections of three sequentially refined Latin hypercube designs
D, C Dy C Dj3 in three factors for Example 2.2 with n; = 2, ny = 4 and
n3 = 8. Here, D is an ordinary Latin hypercube design of two runs (‘e’).
Augmenting two runs (’A’) to D; gives a Latin hypercube design Dy of
four runs. Augmenting four runs (‘0’") to Dy produces a Latin hypercube

design Dj of eight runs. . . . . . . ... ...

X

4



3.1
3.2

4.1

4.2

4.3

5.1

0.2

Bivariate projections of E in Example 3.3. . . . . . ... ... ... ...
Sample variance of i versus sample size n on a log-log scale for correlation-
controlled Latin hypercube designs (dashed), U designs (dotted) and
correlation-controlled U designs (solid) in (a) Example 3.11; (b) Example
3.12; (¢) Example 3.13. . . . ..o

Bivariate projections of three independent 3 x 3 ordinary Latin hypercube
designs. . . . ..
Bivariate projections of a sliced Latin hypercube design that consists of

three 3 x 3 ordinary Latin hypercube designs, each denoted by a different

Bivariate projections of a sliced orthogonal array based Latin hypercube

design D with batches D; (circles), Dy (triangles), and Dj (stars). . . . .

Modified root mean square correlation ~; (1) versus sample size n for p = 9
dimensional sliced Latin hypercube design with ¢ = 5 slices. Dots denote
71(1) for the modified RGS algorithm. The solid reference line is the least
squares regression line of log(y;(1)) versus log(n). . . . . .. .. ... ..
The prms(D) (left), the prms (D7) (middle) and the average of the p.,s(D;)
(right) versus ¢ for n = 10 (top) and n = 100 (bottom) on a log-log scale.
Means based on different schemes are calculated based on 100 replicates
for CLH (x), CSLH(0) (O), CSLH(v/t — 1) (A) and CSLH(t—1) (+). The
solid reference lines are the least squares regression lines of the pyms(D)

(left), the prms(D;) (middle) and the p,,,.s(D,) versus log(t), respectively.

41

5

94

98



pal

5.3 The prms(D) (left), the prms(D1) (middle) and the average of the pp,s(D;)
(right) versus n for t = 3 (top) and ¢t = 20 (bottom) on a log-log scale.
Means based on different schemes are calculated based on 100 replicates
for CLH (x), CSLH(0) (OJ), CSLH(v/t — 1) (A) and CSLH(t—1) (+). The
solid reference lines are the least squares regression lines of the p,n,s(D)

(left), the prms(Dq) (middle) and the ppp,s(Dyna) versus log(n), respectively. 99



xil

Abstract

This dissertation focuses on developing several space-filling designs for evaluating
ensembles of computer experiments in one shot, sequentially or in a parallel manner,
and validating sample average approximation solutions.

Chapter 1 reviews several existing space-filling designs for numerical integra-
tion. Chapter 2 introduces iteratively enlarged Latin hypercube designs for running
computer experiments sequentially and provides a theoretical framework to put this
approach on a firm footing. Chapter 3 illustrates a method to construct Latin hyper-
cube designs with both controlled correlations and multi-dimensional stratification
which not only filter out lower-dimensional variance components but also bilinear
terms effectively. Chapter 4 describes sampling methods to produce negatively de-
pendent batches for reducing the variance of sample-averaged lower bound estimators
in stochastic programming. Chapter 5 presents an algorithm to construct sliced Latin
hypercube designs with controlled column-wise correlations for both the entire design

and each slice.



Chapter 1

Introduction

1.1 Latin Hypercube Designs for Numerical
Integration, Computer Experiments and
Uncertainty Quantification

Numerical integration appears frequently in statistics and other fields. For example,
one may be interested in estimating the expected output of a computer code (McKay
et al., 1979; Tang, 1993). Computer models like finite-element analysis codes and
computational fluid dynamics codes are widely applied now in diverse fields (Koehler
and Owen, 1996; Santner et al., 2003; Fang et al., 2005).

Numerical integration is also important for uncertainty quantification, a rapidly
increasing field in applied mathematics and statistics. Estimating the expected out-

put is frequently applied in stochastic computation in the context of understanding



the impact of uncertainty on simulation results. The field of stochastic computation
is rather new, but grows rapidly due to the increasing need to conduct verifications
and validations and uncertainty quantification for practical systems (Xiu, 2010). One
numerical approach in stochastic computation is the collocation method, where one
executes established deterministic code on prescribed samples of the random inputs.
The solution mean can be accessed from the solution ensembles after completing the

simulations. Consider an ordinary differential equation (Xiu, 2010):

du
_(t7x17x2) = —I1U, u<0,$1,$2) = T2,

dt

where the rate constant x; and the initial condition z5 are random variables. The
solution is u(t, z1,x) = xexp{—z1t}, which is random. It is then of great interest
to know the expected value at time t.

We focus on the estimation of u = E{f(X)} for a deterministic function f(X) €
R with inputs X = (X!,..., X™). Without loss of generality, assume that X is
uniformly distributed on the unit cube (0,1]™ (Loh, 1996). For k = 1,...,m, let
F; denote the uniform distribution for X*, and let F' = [[,_, Fj. The issue is to

generate n runs Xy, ..., X, from F and to estimate u by

=Y S0, (L1)

This issue motivated McKay et al. (1979) to propose Latin hypercube designs,
referred to as ordinary Latin hypercube designs hereinafter, to improve upon the sim-

ple Monte Carlo method. Throughout, a uniform permutation of a set of n elements



means a random permutation of the set with all n! possibilities equal probable, and
define

Z, ={1,...,n}, for an integer n > 1. (1.2)

An nxgq ordinary Latin hypercube design D = (z;;) with n runs on (0, 1)? is generated
through
XF="2 % i=1,....nk=1,...,q. (1.3)

Here, z;, is the level of factor k on the ith run «;; A = (a;;) is a random Latin
hypercube in which each column is an independent uniform permutation on Z,; the
w;r are independent U (0, 1] random variables; and the a;; and the u;; are mutually
independent. The design in (1.3) achieves maximum uniformity in univariate mar-
gins: when projected onto any dimension, precisely one point falls within each of the
n equally spaced intervals of (0,1] given by (0/n,1/n],...,((n —1)/n,1]. Figure 1.1
provides an illustration for a 5 x 3 ordinary Latin hypercube design.

Sampling properties of ordinary Latin hypercube designs were studied in McKay
et al. (1979), Stein (1987), Owen (1992) and Loh (1996). Here are some useful
statistical properties of the design D in (1.3). First, the joint probability mass

function for a;,; and a;, is

1

m, ?:1 7&?:2, b%CE Zn (14)

P(ajx =b,a,r =) =

Second, the runs of D are exchangeable.
Different classes of Latin hypercube designs can be constructed by replacing the

uniform permutations by other permutations on Z, in (1.2). Possibilities include
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Figure 1.1: Bivariate projections of an ordinary Latin hypercube design.

controlling column correlations (Owen, 1994b; Tang, 1998; Ye, 1998; Butler, 2001;
Steinberg and Lin, 2006; Bingham et al., 2009; Pang et al., 2009; Sun et al., 2009;
Lin et al., 2009, 2010), maximizing distance (Morris and Mitchell, 1995b), achiev-
ing higher dimensional stratification (Tang, 1993; Owen, 1992, 1995), and combining
distance and correlation criteria (Joseph and Hung, 2008), among others. To dis-
tinguish the ordinary Latin hypercube design and its extensions thus mentioned, we

introduce the following definition.



Definition 1.1. An n x m array A is a Latin hypercube if each column of A is a
uniform permutation on Z,. Moreover, A is an ordinary Latin hypercube if all its
columns are generated independently. A Latin hypercube design D is ordinary if it is

constructed based on an ordinary Latin hypercube.

1.2 Functional ANOVA Decomposition

In order to understand the asymptotic properties of the integral estimator in (1.1)
based on a Latin hypercube design, it is necessary to review the functional ANOVA
(analysis of variance decomposition (Owen, 1994b). Let D = {1,...,m} represent
the axes of (0,1]™ associated with an input vector X = (X',... X™). For u C D,

let X denote a vector consisting of X* for k € u. Define

£ = [ 100 = X X dFo-,

vCu

where dFp_, = Hk¢ dF}, integrates out all components except those included in w,
and v C u contains only proper subsets v # u. Hence f3(X?) = [ f(X)dF is the
mean of f(X), fu(X*) = [{f(X f@(X@)}dFD_{k} is the main effect function for
factor k and fy, ;3 (X", X!) = f{ F(X) = fuy (XF) = fayp (XD — fo(XP)}dFp_g1. 5y is the
bivariate interaction function between factors k and .

Using the main effect functions and bivariate interaction functions, write

=1+ fu (X)) fen (X5 X + (X)), (1.5)
k=1

k<l



where r(X) is the residual function. Express /i in (1.1) as

n

p=ptn YN (XD YD fun(XE XD 40ty (X)), (16)

k=1 =1 k<l i=1 =1

We use the subscripts IID and LH to denote Monte Carlo sampling and sampling

with respect to ordinary Latin hypercube designs, respectively. Note that
varyp (i) = n_IZ/f{k}(Xk)2dF+n_lz/f{k,z}(Xk,Xl)zdFJrn_l/T(X)zdF,
k=1 k<l

which consists of the variance components from the main effects, the bivariate inter-
actions and the residual (X) in (1.5).

Stein (1987) showed that

varpa (i) = n_lZ/f{k,l}(Xk,Xl)ZdF%—n_l/T(X)2dF+0(n_1), (1.7)

k<l

where the variance components due to the main effect functions are filtered out.
In the following sections, I will briefly review two types of techniques which also

generate Latin hypercube designs with better in variance reduction.

1.3 Orthogonal Array-based Latin Hypercube
Designs

The first technique is to generate Latin hypercube designs based on orthogonal arrays

which originate from the pioneering work of Rao (1946, 1947, 1949). Patterson (1954)



introduced lattice sampling based on randomized orthogonal arrays, which is found
to be suitable for computer experiments and other related fields (Owen, 1992). Tang
(1993) and Owen (1994b) independently studied the Monte Carlo variance of means
over orthogonal-array-based Latin hypercube designs and randomized orthogonal
arrays, respectively.

We introduce some properties and notation for orthogonal arrays that pertain to
Latin hypercube designs. To be consistent with the notation for a Latin hypercube
A in § 1.1, we denote the levels by Z; = {1,2,...,s}. The following definition of

orthogonal arrays is due to Hedayat et al. (1999).

Definition 1.2. An n x m array A = (a;y) with entries from Zs is said to be
an orthogonal array with s levels, strength T and index \ (for some tau satisfying
0 <7 <m)if every n X T subarray of A contains each T—tuple based on Zs exactly

A times as a row.

Let OA(n,m,s, ) denote an orthogonal array, where n, m, s, 7, and A are all
integers, with n = As™. An ordinary Latin hypercube is an orthogonal array with
T=1.

There exist many methods for constructing orthogonal arrays with 7 = 2 using
Galois fields and finite geometry and other techniques. We summarize some popular
constructions and their restrictions for n, m, s, and A in Table 1.1.

Table 1.2 presents two strength-two orthogonal arrays. Both have sixteen scenar-
ios and five columns, the left one having four levels while the right one has just two
levels. Intuitively, the left one seems preferable, as it includes all 16 possible level

combinations in any two columns. Owen (1994b) defines the concept of coincidence



Table 1.1: Methods of constructing orthogonal arrays with strength two

Method Orthogonal Restrictions
Array
Bush (1952) OA(s*,m,s,2) m < s+ 1 where
s is a prime power
Bose and Bush (1952) OA()\s?, m,s,2) m < As + 1 where
s and A\ are powers of the same prime
Addelman and 9
<

Kempthorne (1961) OA(2s%,m,s,2) m < 2s + 1 where

s is an odd prime power
Addelman and OA(2s3,m, s,2) m < 25?4+ 2s + 1 where

Kempthorne (1961)

s is an odd prime power, 2 or 4

defect, which can be used to more formally justify the superiority of the left array

which has more levels. An orthogonal array A with strength 7 has coincidence defect

if there exist two rows of A that agree in 7 + 1 columns. The left array in Table 1.2

does not have coincidence defect because no two rows of A agree in more than a

single column. The right one contains coincidence defects; for example, the second

and the third rows agree in columns 2, 3, and 4.

We give further specifics. As in Owen (1994b), we define w;;(u) for each u C

D:={1,2,...,m} as follows: w;;(u) := {k € ula;, = a;}. Define

foru CDandr=0,1,..

M(u,r) = Z Z L ) =r» (1.8)

i=1 j=1

- Ju|. M(u,r) is the number of pairs of ith and jth rows in

an orthogonal array C' (i can be the same as j) such that ¢; and ¢; agree on exactly

r of the axes in u. For an OA(n,m,s,2) without coincidence defect, M(u,3) = n



Table 1.2: Two Orthogonal Arrays

An OA(16,5,4,1) An OA(16,5,2,1)
Scenarios# a' a* a® a* a® Senarios# a' a® @ a*
1 1 1 1 1 1 1 1 1 1 1 1
2 1 2 2 2 2 2 1 2 2 2 1
3 1 3 3 3 3 3 2 2 2 2 2
4 1 4 4 4 4 4 2 1 1 1 2
5 2 1 2 3 4 5 2 1 1 2 2
6 2 2 1 4 3 6 2 2 2 1 2
7 2 3 4 1 2 7 1 2 2 1 1
8 2 4 3 2 1 8 1 1 1 2 1
9 3 1 3 4 2 9 1 1 2 1 2
10 3 2 4 3 1 10 2 2 1 1 1
11 3 3 1 2 4 11 2 2 1 2 1
12 3 4 2 1 3 12 1 1 2 2 2
13 4 1 4 2 3 13 2 1 2 2 1
14 4 2 3 1 4 14 1 2 1 2 2
15 4 3 2 4 1 15 1 2 1 1 2
16 4 4 1 3 2 16 2 1 2 1 1

for any u C D. For the array on the right in Table 1.2, M (u, 3) may be much larger
than 16 — for example, M ({1,2,3},3) = 3n. In general, we would like to select the
orthogonal array C' with no coincidence defect such that there are no duplicates in
any three columns of C'. If we are forced to use orthogonal arrays with coincidence
defect, we should pick the one with the smallest value of M (u,r). Discussion on the
existence of coincidence defects for orthogonal arrays constructed using the methods
of Table 1.1 can be found in Owen (1994b).

We focus on a specific type of orthogonal array-based Latin hypercube designs
proposed by (Tang, 1993), referred to as U designs hereinafter. As described in

Algorithm 1.1, an n x m U design F is constructed in three steps (Tang, 1993).
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Algorithm 1.1 Generating a U Design

Step 1. Randomize the rows, columns and symbols of an OA(n,m, s, t) to get
an array A = (aig)nxm With columns ay, ..., ap,.

Step 2. Construct an array B = (by)nxm = A with columns bq,. .., by,.
Replace all the e’s in b, by a uniform permutation on Z, fore=1,...,s.

Step 3. Construct an array D = (dik)nxm with columns dy, ..., d,,, where
dir = q(a;x — 1) + b. Obtain the (i, k)th entry of E as
dix — 1
Xk = Sak — ik (1.9)
n
where the 7, are U[0, 1) random variables that are mutually independent of
the dzk

Figure 1.2 depicts bivariate projections of a U design constructed by Algorithm
1.1 based on an OA(16,4,3,2). Each of the 16 equally spaced intervals of (0, 1] contains
exactly one point. Additionally, each of the 4 x 4 squares in the dashed lines has
exactly one points. Compared with ordinary Latin hypercube designs in (1.3), U
designs achieve additional two-dimensional stratification. For U sampling based on

a strength two orthogonal array, Tang (1993) showed that
vary(ft) =nt /T(X)2dF +o(nt), (1.10)

which outperforms (1.7), as the main effects and bivariate interactions are filtered

out.
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Figure 1.2: Bivariate projections of a U design.
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1.4 Correlation-controlled Latin Hypercube

Designs

Another way to improve (1.7) is to control column-wise correlations (Iman and

Conover, 1982; Owen, 1994a; Tang, 1998). Decompose the bivariate interactions
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>oner oy (XF, X1 of fin (1.5) to

Z%z F-1/2)(X" - 1/2) + (X)), (1.11)

k<l

where Y7, v (X* — 1/2)(X" — 1/2) denotes the bilinear parts with bilinear coeffi-
cients

_ S S (X XNXE - 1/2)(XT - 1/2)dF

T (X 12

(1.12)

and r'(X) in (1.11) is the bivariate residual from the bilinear parts. The 7 are chosen
such that /(X) is orthogonal to all (X* — 1/2)(X" — 1/2) in that E{r'(X)(X* —
1/2)(X'—1/2)} = 0 for any k # [ (Owen, 1994a). Clearly, the m(m —1)/2+1 terms
n (1.11), the m main effects functions and the residual r(X) in (1.5) are pairwise
orthogonal in that the product of any two terms has expectation zero.

Define
P =1~ Z E_1/2) (X! —1/2), (1.13)

which differs from the sample covariance between X* and X! as the sample mean of
X*is1/2 4 0,(n=%?) when X¥, ..., X are sampled in (1.3).

Substituting (1.11) into (1.6) gives

[L:/Hrn*lZZf{k} +Z%zpkz+n Z ZT(Xz')- (1.14)

k=1 i=1 k<l i=1

If all the py; are controlled to be o,(n~'/2), the means of 7/(X;) and r(X;) in (1.14)
will dominate and the bilinear parts are filtered out.

Owen (1994a) introduced the RGS algorithm which can successfully generate a
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correlation controlled Latin hypercube design. For simplicity, all the 7; in (1.3)
are taken to be .5 instead of independent U|0, 1) variables unless stated otherwise.
Following the notation in Owen (1994a), let takeout(y, z) denote the residual of a
linear regression with an intercept, y as the values of the predictor and z as the
values of the response. Let rank(y) denote the vector of ranks of y. Starting with
an n x p ordinary Latin hypercube design D, let 27 denote the jth column in D, the

RGS algorithm proceeds by alternating a forward and backward steps as follows.

Algorithm 1.2 RGS Algorithm

Forward:
for k=2...p
for (=1,...k—1
z* < takeout(z¥, x%) (1.15)
for k=1,...,p
2k « (rank(z*) — .5)/n,
Backward:

for k=p—1,...,1
for {=p,...k+1
2’ + takeout (¥, 2%) (1.16)
for k=1,...,p
o¥ « (rank(z*) — .5)/n.

Note the residual takeout(z*,z*) has zero correlation with z* for any k # /.
The rank function is necessary to force a Latin hypercube structure of being a
permutation of 1,...,n. And as a result, rank[takeout(z*, z*)] and x¢ will have a
small correlation but not exactly zero for most cases.

Owen (1994a) concluded that when p is much smaller than n the number of

complete alternations between forward and backward steps required for converges is
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no more than five complete alternations and seems not to grow with n. To check
the performance of the RGS algorithm, the root mean squared correlation among

columns of X was proposed by Owen (1994a) as

2
Zlgkdgp Phe

prms<D) - Wa

(1.17)

where py is, from now on, the sample correlation between x* and x* which should has
the same order as the sample covariance in (1.13). Owen’s numerical study revealed
that prms(X) = O,(n~') when p is fixed, which means X becomes a correlation-
controlled Latin hypercube design.

Now we summarize the reason given by Owen (1994a) to explain the performance

of the RGS algorithm. Each update in a single takeout step is equivalent to

x! — x' — (x* — .5)preor /o, (1.18)

where py, is calculated before the update, o, and o, are the standard deviations
of the two columns vectors. The amount of change for each component in x’ is
O,(pre). Changing x means a change in rank(x*), which requires modifying some
components in x‘ by O(n~1). Assume p independent updates in (1.18) are made
for x* before re-rank that column, the RGS algorithm will stop updating when py, is
small compared to n~'p~1/2 for every k # ¢. This explains why p,m,s = O,(n~!) when
pis fixed. Clearly, one can get prms = O,(n~*/?) when p = n—1. Owen suggested use

the RGS algorithm to get an n x n — 1 Latin hypercube design first, then randomly

pick p columns among n — 1 columns. In this work, we begin with an ordinary Latin
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hypercube design of p columns . We choose fixed p over p = n — 1 for two reasons.
First, pyms = Op(n™") with fixed p already guarantees a correlation-controlled Latin
hypercube design. More importantly, the number operations need with fixed p is
O(nlog(n)) while it is O(n?®) with p =n — 1 (Tang, 1998).

Tang (1998) extended the RGS algorithm to further control quadratic polynomial
canonical correlations. It was claimed that Owen’s algorithm generally did better
than Tang’s algorithm in reducing the column-wise correlations due to the latter
achieves additional quadratic correlations (Tang, 1998). However, we found the
major reason could be that Tang re-ranked x’ after every single update. We make
sure that the RGS algorithm in this work can replicate numerical results in Owen

(1994a).



16

Chapter 2

Sequentially Refined Latin

Hypercube Designs

2.1 Background

A sequential approach for numerical integration, referred to as sequentially refined
Latin hypercube designs (SLHD) hereinafter, is used in computer experiments (Tong,
2006; Sallaberry et al., 2008; Qian, 2009), and implemented in software like Sandia
National Labs stochastic toolkit DAKOTA (Adams et al., 2014). It runs a computer
code with an ordinary Latin hypercube design in one shot. When more computa-
tional resources become available, the code is evaluated in another shot with runs
chosen elaborately so that the augmented design of the two shots forms a larger Latin
hypercube design. This augmenting process can be replicated multiple stages so that

the points in all previous stages are reused and the augmented design in any stage
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is a Latin hypercube design. This approach can be used for sequential uncertainty
quantification in a non-intrusive manner (Xiu, 2010). Consider Figure 2.1 for illus-
tration. In this figure, F; is an ordinary Latin hypercube design of five runs (‘e’);
by augmenting FEs of five runs (‘a’) to Ej, the combined design, denoted by E; U Es,
forms a Latin hypercube design of ten runs; by augmenting E3 of ten points (‘0)
to Fy U FEy, By U Ey U E3 forms a Latin hypercube design of 20 runs. Methods for
constructing Fs and Fj3 are given in Section 2.2. Both E; U Es and E; U Ey U Es
achieve maximum marginal uniformity: when the runs of the former are projected
onto any dimension, precisely one point falls within each of the ten equally spaced
intervals of (0, 1] given by (0,1/10],...,(9/10,1], and when the points of the latter
are projected onto any dimension, precisely one point falls within each of the 20

equally spaced intervals on (0, 1] given by (0,1/20],...,(19/20, 1].

2.2 Construction and Sampling Properties

This section provides some useful definitions and notation. For sets A and B, A/B
denotes the subset of A lying outside B. Consider design construction for ¢ contin-
uous factors x = (z1,...,2,) in (0,1]7. For 0 < 21,25 < 1 and an integer p > 0,

define

0p(21, 22) = I([pz1] = [p22]), (2.1)

where I(-) is the indicator function.
The key in sequential refinement of a Latin hypercube design is to adaptively add

points to retain maximum one-dimensional stratification as the mesh size decreases.
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Figure 2.1: The ‘®’s denote an ordinary Latin hypercube design F; of five runs;
augmenting five points of Ey (‘A’) to Ej gives a Latin hypercube design of 10 runs;
and augmenting Fs of ten points (‘0’) to E1 U Fy yields a Latin hypercube design of
20 runs.

Consider Figure 2.2 for illustration. In stage 1, the four ‘X’s are sampled from the
four equally spaced intervals (0,1/4], (1/4,2/4], (2/4,3/4], (3/4,1] of (0, 1], respec-
tively. When these four intervals are divided into the eight equally spaced intervals

(0,1/8],..., (7/8,1] of finer size, the four ‘X’s occupy (1/8,1/4], (3/8,1/2], (1/2,5/8],
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Figure 2.2: Combining four points (‘X’) in the four equally spaced intervals (0, 1/4],
(1/4,2/4], (2/4,3/4], (3/4,1] of (0, 1] with four new points (‘0’) to fill all eight equally
spaced intervals (0,1/8],...,(7/8,1].

(7/8,1]. So in stage 2, four new points (‘0’) are added to fill the four unoccupied
intervals (0,1/8], (1/4,3/8], (5/8,6/8], (3/4,7/8].

Specifically, sequential construction of Latin hypercube designs of ¢ factors in
u stages is as follows. In stage 1, obtain F; = (e;) as an n; X ¢ ordinary Latin

hypercube design from (1.3). Let ny = 0 and

nj =T H S; (22)

for j = 2,...,u and integers so,...,s, > 2. Note that s;’s in (2.2) represent the
‘multiplicative factors’, which are fixed numbers determined by external constrains

(resources, etc.) in each stage. For j =1,... u, let

1—1 1
P, = — | :e=1,...,n; 2.
J {( nj ’nj:| ? ) 7n]} ( 3)

denote the n; equally spaced intervals of (0,1]. For j =2,...,uand k =1,...,¢, let

Cjip = {[njen] i=1,....n;1} (2.4)
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and

Lok = Zu, /i (2.5)

where Z,,; is defined in (1.2). Essentially, C; consists of the n;_, integers of Z,,
corresponding to the intervals in P; in which ey, ..., €y, ,  are located and I';y
consists of the n; —n;_; intervals in P; containing no point in stages 1 to j — 1. In
stage j, generate an (nj; —n;_1) X q array E; = (e;;) through

bir — Wi,

Cik = ———, izla"'7nj_nj—17kzl?"'aQa (26)

1

where by g, ..., bp;—n,;_, x form a uniform permutation on I';z, the u;, are independent

U10,1) random variables, and the by, and the u;, are mutually independent.

Using Fy, ..., E, in (2.6), a computer model can be run in u stages. For j =
1,...,u, the accumulated design set of stages 1 to j is
D; =U_ E, (2.7)

Proposition 2.1. Consider D1, ..., D, constructed above. We have that (i) Dy C

-+ C Dy, and (%) for j =1,...,u, D; is a Latin hypercube design of n; runs.

When projected onto any dimension, precisely one point in D; falls into one of

the n; equally spaced intervals on (0, 1] given by (0,1/n,],..., ((n; —1)/n;,1].

Example 2.2. Figure 2.3 depicts three sequentially refined Latin hypercube designs
Dy C Dy C D3 in three factors constructed from (2.7) with ny = 2 and sy = s3 = 2

which implies no = 4 and nz = 8. In any one-dimensional projection, the two runs
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of Dy in stage 1 (‘o’) fall into the two equally spaced intervals of length 1/2, respec-
tiely. Stage 2 augments FEy of two runs (‘a’) to Dy to give a Latin hypercube Dy of
four points, where precisely one point of Dy falls into one of the four equally spaced
intervals given by (0,1/4],...,(3/4,1] in any one-dimensional projection. Stage 3
augments Ey of four runs (0°) to Dy to form Ds, where precisely each point of Ds
falls into one of the eight equally spaced intervals given by (0,1/8],...,(7/8,1] in any

one-dimensional projection.

We now connect the sequentially refined Latin hypercube designs constructed
in (2.7) to those obtained by using nested permutations introduced in Section 5 of
(Qian, 2009).

Define

tj = Hsi for 7=1,...,u—1 and t,=1, (2.8)
i=j+1

where the s; are defined in (2.2). A nested permutation m, = {n(1),...,m(n,)} with
u layers is a special permutation on Z,,, in (1.2), where, concerning the collection of
the first n; elements, {[7(1)/t;],..., [w(n;)/t;]} is a permutation on Z,,. Such a

permutation can be generated by the following algorithm:

Step 1: Draw a uniform permutation

¢ ={¢G),...,¢n; —nj1)} (2.9)

on Zy,,/Cj, where C| is the empty set, ng = 0 and for j > 2,

Ci =A{Im(W)/t;1, ..., [m(nj1)/t;1}- (2.10)
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Figure 2.3: Bivariate projections of three sequentially refined Latin hypercube de-
runs ('A’) to Dy gives a Latin hypercube design D of four runs. Augmenting four

Here, D; is an ordinary Latin hypercube design of two runs (‘e’). Augmenting two
runs (‘0’) to Dy produces a Latin hypercube design D3 of eight runs.

signs Dy C Dy C Djy in three factors for Example 2.2 with n;
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Step 2: Fori=n;_1+1,...,n;, sample m(i) from a discrete uniform distri-
bution with support on ¢; consecutive integers from {¢;(i —n;_1) —

1}tj + 1 to CJ(’L - nj_l)tj.

Let A = (a;;) be an n,, x q nested Latin hypercube in which each column is a nested

permutation with u layers produced by the foregoing algorithm, and all columns are

generated independently. Then an n, x ¢ design D, = (XF) is generated through
Qi — Uk

sz—n—, 221,,77,1“]{:1,,(], (211)

where Xf is the level of the kth factor on the i¢th run, the u;, are independent
U0,1) random variables, and the a;, and the u; are mutually independent. For

Jj=1,...,u—1,let D; be the subarray of D, consisting of the first n; runs.

Proposition 2.3. Consider D+, ..., D, constructed above using nested permutations
7, with u layers. We have that (i) Dy C --- C D,, and (it) for j =1,...,u, D; is a

Latin hypercube design of n; levels.

Proposition 2.4 shows that the designs from Propositions 2.1 and those from

Propositions 2.3 are statistically equivalent.

Proposition 2.4. For the same ny,...,n, in (2.2), Dy C --- C D, obtained by
(2.11) has ezxactly the same distribution as its counterpart from the sequential con-

struction in (2.7).

Next, we derive some joint probability mass functions of nested permutations

with an arbitrary number of layers. Because of the lack of exchangeability among all
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elements of m,, these functions are much more complicated than those of uniform

permutations for ordinary Latin hypercube designs in (1.4).

Proposition 2.5. Let w, be a nested permutation with u layers, with the n; and the
t; defined in (2.2) and (2.8), respectively. Forj=1,...,u, i=1,...,nj —n;_q, let
7;; be the (nj_1 +1)th element of 7,. For a,b € Z,, , we have that

(i) forj=1,...;uandi=1,...,n; —nj_1, the probability mass function for 7;;
18

P(Tj’i = CL) = nil'

u

(it) for j = 1,...,u and i1,i2 = 1,...,n; — nj_1, the joint probability mass

function for 7;;, and Tj,, 1S

e G [/l = (641, [a/t] # [b/45],

P(7ji, = a,Tji, = b)

)

nu{nu,:j(_,lljiigl)}trl ’ I_a/tj—l—l 7é (b/tj—l—lv [a/tj—l 7é (b/tj—|7

| 0, [a/t;] = [b/t;];

(1) for g 0 =1,...,uwithj <l andiy =1,...,n;—nj_1, %2 =1,...,ny —np_1,
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the joint probability mass function for 7;; and 7, is

- [a/ti1] = [b/te1], [a/te] # [b/te],

Ny (nu—tene_1)’

P(7ji, = a, 705, = b) = ey, [a/tea] 7 [b/tea], Ta/te] # [b/te],

K 0, la/t] = [b/t].

Let ng = 0 and £y = oo in (ii) and (iii) of Proposition 2.5. Proposition 2.5 reduces
to (1.3) for ordinary Latin hypercube designs when u = 1 and to Proposition 1 of
(Qian, 2009) for two nested Latin hypercube designs when u = 2. The proof is
deferred in Appendix.

The nested permutations are closely related to Owen’s random permutation for
scrambled nets (Owen, 1997).

Take D; C --- C D, from (2.11). By Proposition 2.5, the joint density function
of two different runs x;, and x;, of D, is
( q
<#) HZ:l{Cj,O - ijlénjfl(xil,kw xiz,k) - Cj,25nj<xi1,kza ZBiQ,k)},
i1, =nj—1 +1,...,n;,

q
( L ) szl{%o - 6@,15n2_1($i1,k7$i2,k) - €€,25ng (fEil,k, xiz,k)},

neg—ng—1

(2.12)

z'lznj_1+1,...,nj, to=mny_1+1,...,ny, j<£

Here, § is defined in (2.1); c190 =1, ¢10 =0, and ¢12 = 1; for j,0 > 2, ¢jo =1 — S;l,

-1

T8y — DY and ¢jp = (5, —2)(s; — 1) Y epo = 1 — 5,1, eg1 = —s; ', and

Cj71 =S

er2 = 1. By the second part of (2.12), x;, and x;, from two different sets £; and E;
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with j < ¢ are conditionally independent if 6,, | (%;, g, zi, k) =0 for k=1,...,q.
The theorem of (McKay et al., 1979) states that two different entries of the same
column of an ordinary Latin hypercube design are negatively quadrant dependent. A
pair of random variables (X,Y) is negatively quadrant dependent if P(X < z,YV <
y) < P(X < x)P(Y < y) for all x and y (Lehmann, 1966). For ordinary Latin
hypercube designs, negative quadrant dependence is critical to achieving variance
reduction. Proposition 2.6 gives an analogous result for sequentially refined Latin

hypercube designs.

Proposition 2.6. Let Dy C --- C D, be the sequentially refined Latin hypercube
designs constructed by (2.11). Let ®;, = (Tiy 1., Tiyq) and Tiy = (Tig1y- .., Tiyg)
be two different runs of D,. Then, for k = 1,...,q, x;y, and x;, are negatively

quadrant dependent. That is, for 0 < vy, vy < 1,

P(xiy g < v, 24,0 < v2) < Plag, ) < 1) Pz, < v2). (2.13)

Proposition 2.6 shows that when the uniform permutations are replaced by the
nested permutations in constructing Latin hypercube designs, negatively quadrant
dependence still holds.

Now consider the problem of estimating the expected output g in (1.1) of a
computer code f in u stages. For j = 1,...,u, let D; be the set of input values for
stage j in (2.7) and let E; = D;/D;_; be the jth augmenting set where Dy is the

empty set. Definition 2.7 describes four different schemes to generate Dy, ..., D,.

Definition 2.7. Forny,...,n, defined in (2.2) and j =1,..., u,
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(1) let 1ID denote a scheme that takes E; to be an independent and identically
distributed sample of nj —n;_1 runs;

(i1) let LH denote a scheme that takes D; to be independent ordinary Latin hy-
percube design of nj runs;

(iit) let IL denote a scheme that takes E; to be an independent ordinary Latin
hypercube design of nj —n;_1 runs;

() let SL denote a scheme that takes Dy C --- C D; to be the sequentially refined

Latin hypercube designs constructed by (2.11).

The LH scheme needs nq +- - - +n,_1 more runs than the SL scheme. The scheme
in (iv) is referred to as sequential Latin hypercube sampling. For each scheme, p is

estimated by
ﬂ]:n—Zf(:cz), for 7=1,...,u, (2.14)

where x; is the ith run of D;. We use the subscripts IID, LH, IL and SL to denote
these four schemes, respectively.

We now derive variance formulas for sequential Latin hypercube sampling. The-
orem 2.8 presents a result under some monotonicity assumption on f, providing an

analogy to the theorem in (McKay et al., 1979) for ordinary Latin hypercube designs.

Theorem 2.8. If f(x) is monotonic in each of its arguments, then varsg(fi;) <

varp(fy) forj=1,...,u.

Theorem 2.9 further shows that sequentially refined Latin hypercube designs

always outperform the scheme that takes independent ordinary Latin hypercube
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designs in a finite sample sense when the computer code f is either monotonic or

additive.

Theorem 2.9. Assume s; = 2 fori=2,...,u. We have varsg(fi;) < varr,(ii;) <
varrp(f;) forj=1,...,uif (i) f(x) is monotonic in each of its arguments; or (ii)

E{f(x)} is finite and f(x) = p+ > 0_, fu(zr).

2.3 Controlling correlations in sequentially
refined Latin hypercube designs

Similar as (1.17), for a sequentially refined Latin hypercube design D; in (2.7), we
use the root mean square of correlation among columns of D; defined in (Owen,
1994b) as the overall correlation criterion,

2 2 Zl§k<€§q P?,u
pI’HlS(Dj) =
q(g—1)

(2.15)

where p; i is defined as the sample correlation between the kth and ¢th columns
of D;. Our algorithm adjusts the augmenting design F; in (2.6) according to the
column-wise correlations of D;_; such that p2 . (D;) is controlled after combining
Dj_y and Ej. Let x be the vector of the kth column in Ej;. Let takeout(y, z)
denote the residual of a linear regression model, which has an intercept and the
values of the independent variable are given in vector y and the values of responses
in vector z. Let rank(x) denote the vector of ranks of the corresponding elements

in . The algorithm has the following steps.
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Algorithm 2.1 Generating a Correlation-controlled Sequentially Refined Latin Hy-
percube Design

Step 1: Obtain I';;, defined in (2.5) and generate E; through (2.6). Let D; =
D, 1 UE;. Compute p2 (D;) in (2.15), and p;_q1 40 of D;_1 for 1 <k < <q.

Step 2:
Forward:
for k=2,....q
for (=1,...,k—1
x!  takeout(z¥, xf) — (s; — 1) pj_1 pec? (2.16)
for k=1,..,q
o (Ujp{rank(z})} — ui)/n;,
Backward:

for k=q—1,...,1
for (=gq,...k+1
x’  takeout(z¥, xf) — (s; — 1) pj_1 pec? (2.17)
for k=1,..,q
xh (0 p{rank(zf)} — ui)/n;,

where ‘- denotes assignment, the vector I'; . {rank(z)} is a permutation
on I'j;, such that rank[l;{rank(x")}] = rank(z?), u; is a vector of
independent U(0, 1] variables of the same length as sc;“

Step 3: Update E;, D; and p? (D).

Step 4: Stop the algorithm if p2 (D;) converges or the number of iterations
reaches a pre-specified value; go to step 2, otherwise.
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Unlike Owen’s algorithm, the proposed algorithm includes an extra term in (2.16)
and (2.17) to guarantee the correlation between zcj? and zcg of E; is approximately
—(sj — 1)"'pj_14e. As a result, the sample correlation between the kth and ¢th
columns of D; = D;_; U E; will be close to zero since pjpe = nj_1pj—14e + (nj —
nj-){=(s; = 1)~ pjine} = 0.

For ny,...,n, in (2.2) and 7 = 1,...,u, let SL-CC denote a scheme that takes
D, C --- C D; to be the sequentially refined Latin hypercube designs with correla-

tions controlled by the above algorithm.

2.4 Numerical illustration

In this section, we provide numerical examples to corroborate the theoretical results
in Sections 2.2. We compare the performances of the estimator fi; in (2.14) for
each stage under the four schemes in Definition 2.7 of Section 2.2 and the SL-CC
scheme defined in Section 2.3. We include the schemes that apply correlation control
algorithm to each F; in IL and each D; in LH and denote them by IL-CC and LH-CC,
respectively. The maximum number of iterations of Step 2 in the algorithm is 10.
We also consider a method based on scrambled Sobol sequences (Niederreiter, 1992;
Owen, 1995) denoted by Sobol in the comparison generated by using the functions
sobol and scramble with the option MatousekAffineOwen in MATLAB. A Sobol
sequence has infinitely many runs and we only the first n; runs as D;. In addition,
the n; are chosen as powers of two such that each D; is a (t,m, s)-net in base 2

(Owen, 1995).
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Define
MI1: f(x (z1 + T2 + 23 + 24)?,
M2: f(x) = log(z; "/ + 2, '),

M4: f(x

(x) =
(®) =

M3: f(z) = log(z12237475),
(@) = (30 + 2y sina; ) (4 + e73),
() =

M5: f(x (o 2x1 + :L‘l 6)2 +10(1 — )cos(xl) +10, -5 <uz; <10,
0 <2y <15,

M6: f(x) = 0.26(x? + 23) — 0.48x179, —10 < 2y, 25 < 10,

MT7: f(x) = sin®(ry1) + (y1 — 1)2(1+ 10 sin® (7)) + (y2 — 1)3(1 + 10 sin®(27ys)),
yi=1+22 —10 < 29,2, < 10,

MS: the borehole function in Section 2,
where M1 and M4 are from Mease and Bingham (2006) and M2 and M3 are from
Drew and Homem-de Mello (2005). M5, M6, M7 are the Branin, Matyas, Levy func-
tions, respectively. The random factors in these functions are independent, and each
is rescaled to have the uniform measure on (0, 1]. For each f in M1-MS8, consider an
experiment to estimate its expected output p in four stages with so = s3 = 54 = 2.
For all eight methods, fi,...,ty are computed 10,000 times and the same D, is
used for the IL, LH and SL schemes. Tables 2.2 and 2.1 report root mean squared
errors (RMSE) of i, ..., 4 for functions M1~M8 with n; = 10 and n; = 16, re-
spectively. We have the following findings. (i) The seven methods with stratification
yield significantly smaller RMSEs than the IID method. (ii) The RMSEs of the LH
and SL methods are similar to each other as both achieve maximum one-dimensional

stratification. The (one-stage) LH method requires 10, 30, 70 more runs than the
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SL method in stages 2, 3, 4, respectively. (iii) The SL method has further reduction
from the IL method for functions M2, M3, M4 and M7 which are either monotonic
or dominated by main effects as supported by Theorem 2.9. The advantages of SL
over IL are highlighted in Tables 2.1 and 2.2. (iv) The correlation control algorithm
improves the variance reduction significantly for both ordinary Latin hypercube de-
sign (in IL or LH) or sequentially refined Latin hypercube design (in SL) as seen in
columns with ‘-CC’. The improvement from SL to SL-CC is more significant than
that from IL to IL-CC, which is intuitively true as the SL-CC method uses the cor-
relation information from the design in the previous stage. (v) The Sobol sequences
perform well when the number of runs gets large, but are sometimes inferior to the
SL-CC method. Compared with sequentially refined Latin hypercubes, the Sobol
method cannot be constructed by sequential argumentation and need to be gener-
ated by using sophisticated algebraic methods.Besides, the Sobol method requires
the n; to be powers of two in each stage to assure a good performance, otherwise the

performance may heavily degrade as shown in Table 2.2.

2.5 Discussion

We have derived a general theory for sequentially refined Latin hypercube designs.
When used for sequential experiments with computer models, such designs not only
achieve attractive maximum stratification in one dimension but also can be gener-
ated in multiple stages. This property is particularly useful for large-scale computer

experiments. Sampling properties in Sections 2.2 are derived for the purpose of
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Table 2.1: Comparison of the RMSEs of jiy, ..., ji; for functions M1~MS8 by eight
methods over 10,000 replications, where n; = 16, no = 32, n3 = 64, ny = 128.
flx) i 1D IL IL-CC LH LH-CC SL SL-CC Sobol
M1 1 0594 0.111 0.039 0.111  0.039 0.111  0.039 0.053
2 0413 0.079 0.027 0.075 0.014 0.076 0.015 0.021
3 0291 0.064 0.016 0.062 0.005 0.0563 0.006 0.010
4 0.206 0.037 0.008 0.036 0.002 0.037 0.002 0.003
M2 1 0.109 0.040 0.039 0.040 0.039 0.040 0.039 0.039
2 0.077 0.028 0.027 0.022 0.020 0.022 0.021 0.020
3 0.055 0.018 0.017 0.012 0.011 0.012 0.011 0.010
4 0.039 0.011 0.010 0.007 0.006 0.007 0.006 0.005
M3 1 0554 0.146 0.143 0.146 0.143 0.146 0.143 0.146
2 0393 0.104 0.100 0.073 0.072 0.073 0.073 0.074
3 0279 0.064 0.062 003 0.036 0.036 0.036 0.037
4 0.197 0.037 0.036 0.018 0.018 0.018 0.018 0.018
M4 1 1.563 0.095 0.096 0.095 0.096 0.095 0.096 0.096
2 1.089 0.067 0.068 0.035 0.034 0.035 0.034 0.033
3 0774 0038 0.038 0.014 0.012 0.014 0.012 0.012
4 0.547 0.020 0.020 0.006 0.004 0.006 0.004 0.004
M5 1 12785 10.386 5.111 10.386  5.111  10.386 5.111  3.914
2 9.022 7291 3.608 7.211 3.362  7.287  3.473 1.540
3 6363 5.154 2482 5021 2350 5.128 2.372 0.601
4 4563 3.603 1.706 3.554  1.650 3.583  1.668 0.232
M6 1 4.849 4.099 0.779 4.099 0779  4.099 0.779 1.222
2 3403 2931 0543 2868 0.304 2909 0.400 0.493
3 2431 2037 0312 1981 0.130 2.043 0.196 0.186
4 1.725 1424 0.169 1441 0.056  1.430 0.097 0.071
M7 1 5664 3.164 3.176 3.164 3.176  3.164 3.176  3.225
2 3998 2253 2265 1.664 1671 1.688 1.667 1.720
3 2843 1403 1415 0981 0979 0990 0.983 0.826
4 1997 0861 0.862 0.651 0.650 0.645 0.649 0.361
M8 1 11416 2437 0877 2437 0877 2437 0877 4.171
2 7977 1718 0.613 1.650  0.389  1.689  0.405 0.704
3 5638 1.192 0365 1.136 0.214 1.176  0.222 0.277
4 4010 0829 0.212 0.798 0.143 0.810 0.144 0.225
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Table 2.2: Comparison of the RMSEs of fiq, ..., i for functions M1~MS8 by eight
methods over 10,000 replications, where n; = 10, ny = 20, ng = 40, ny = 80.

flx) 1D IL IL-CC LH LH-CC SL SL-CC Sobol
M1 1 0741 0.155 0080 0.155 0080 0.155 0.080 0.210
2 0520 0110 0.056 0.097 0.028 0.099 0.030 0.083
30369 0073 0031 0066 0010 0067 0011 0.039
4 0262 0050 0017 0.046 0.004 0.047 0.004 0.012
M2 1 0137 0.063 0058 0.063 0058 0.063 0.058 0.071
2 0.098 0044 0.042 0034 0031 0034 0032 0.039
30069 0027 0027 0018 0017 0019 0017 0.021
4 0049 0016 0.016 0.010 0.009 0.010 0.009 0.011
M3 1 0711 0232 0233 0232 0233 0232 0233 0305
2 0505 0.165 0.165 0.116 0116 0.115 0.117 0.154
30355 0102 0100 0.058 0.058 0.058 0.057 0.078
40249 0058 0.058 0.029 0.029 0.029 0.029 0.038
M4 1 1981 0194 0191 0194 0191 0194 0.191 0.466
2 1403 0.136 0.136 0.070 0.067 0.069 0.068 0.163
30979 0076 0077 0.026 0.024 0.025 0.024 0.058
40689 0040 0.040 0.010 0.009 0.010 0.009 0.020
M5 1 16101 13.735 7.188 13.735 7.188 13.735 7.188 9.946
2 11493 9.651 5.000 9.277 4362 9549  4.620 4.962
3 8097 6.725 3371 6374 2993 6669 3.070 2.133
4 5744 4614 2234 4475 2067 4580 2123 0.870
M6 1 6199 5321 1493 5321 1493 5321 1493 3.832
2 4356 3.783 1.062 3.693 0.569 3.738 0.683 1.680
33104 2652 0603 2551 0232 2585 0314 0.690
4 2145 1.830 0324 1.797 0.098 1.822 0.157 0.274
M7 1 7207 4337 4374 4337 4374 4337 4374 4918
2 5094 3.070 3.095 2981 3.006 2957 2995 2.821
33578 2117 2129 1.369 1.385  1.391 1.386 1.540
4 2534 1253 1.266 0.850 0.845 0.862 0.853 0.836
M8 1 14.668 3.354 1.656 3.354 1656 3.354 1.656 5.612
2 10252 2375 1.181 2140 0.662 2176 0.685 2.862
3 7207 1.586 0.674 1446 0316 1494 0.332 1.079
4 5091 1.085 0373 1019 0.186 1.043 0.194 0.867
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numerical integration. The sample size gets doubled at each stage in sequentially
refining Latin hypercube designs. For more restrictive sample size, one can enlarge
an ordinary Latin hypercube design into an orthogonal array based Latin hypercube
design (Tang, 1993; He and Qian, 2011).

Sequentially refined Latin hypercube designs have also been used for the purpose
of prediction (Wang, 2003; Donnelly, 2010), while alternative sequential designs pro-
posed by Jones et al. (1998); Wang (2003); Rennen et al. (2010); Donnelly (2010);
Leoppky et al. (2010); Loeppky et al. (2011) are available. For a better perfor-
mance in prediction, one may optimize sequentially refined Latin hypercube designs
according to the maximin criterion (Morris and Mitchell, 1995a). This problem,
however, poses significant challenges because it involves multi-objective optimiza-
tion and needs to possess the Latin hypercube structure after each augmentation.
Some progress in this direction is made in Rennen et al. (2010) for problems in low

dimensions.
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Chapter 3

Latin Hypercube Designs with
Controlled Correlations and

Multi-dimensional Stratification

3.1 Construction of U Designs with Controlled
Correlations

Various methods have been proposed to construct Latin hypercube designs with small
correlations, while orthogonal arrays have been used to construct Latin hypercube
designs with multi-dimensional stratification (see § 1.3 and § 1.4). To integrate these
two ideas, we propose a method to construct a new type of orthogonal array-based
Latin hypercube design with controlled column-wise correlations, called correlation-

controlled U designs. This work has now been published in Biometrika (Chen and
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Qian, 2014). An n x m correlation-controlled U design F is generated as follows.

Algorithm 3.1 Generating a Correlation-controlled U Design

Step 1. Randomize the rows, columns and symbols of an OA(n,m + 1, s,t)

with n = As to get an array A = (@) nx(m+1) With columns ay, ..., 1.
Step 2. Construct an auxiliary array B = (bi)nxm With columns by, . .., b, by
setting by, = mMp{@im41)}, where the m, = {m(1),...,m(s)} are independent

uniform permutations on Z;.

Step 3. Fore =1, ..., s, select the rows in A with a;, = e, replace all h of b, in
the selected rows by independent random permutations on Zyg—2@®(h — 1)Ast 2
forh=1,...,s.

Step 4. Construct an array D = (dik)nxm with columns dy,...,d,,, where
dir = q(a;x — 1) + by. Obtain the (i, k)th entry of E as

XP = (dix — nix) /n, (3.1)

where the 7;; are U[0, 1) random variables mutually independent of d;.

Proposition 3.1. The design E thus constructed achieves uniformity up to t dimen-

S10NS.

For an n x m design E constructed as a correlation-controlled U design in (3.1),
generate an array C' = (Cig)nxm With columns cy,. .. ¢, where ¢ = [bys/q]. Note
that C' is identical to the array B constructed in step 2 and the ¢ are selected based
on a symbol permutation of a,,,1. The orthogonality of two columns in an orthogonal
array will remain unchanged after symbol permutations on either column (Hedayat
et al., 1999). Thus, for k,l = 1,...,m, ¢ is orthogonal to a; in the construction of a
correlation-controlled U design. For an nxm U design E in (1.9), we can generate C'

in the same way, where ¢; is not guaranteed to be orthogonal to ay, for k,l =1,...,m.
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The orthogonality between a; and ¢; can reduce column-wise correlations. De-

compose XF in (1.9) and (3.1) as

XF—1/2 ={(ay, —1/2)/s —1/2} + s {(cir. — 1/2) /s — 1/2}

— s {(qc/s — b +1/2)/(a/s) —1/2} —n" (e — 1/2),  (3.2)

where (a;x — 1/2)/s —1/2, (ci — 1/2) /s — 1/2, (qcix/s — by + 1/2)/(q/s) — 1/2 and
nik — 1/2 are all O,(1).

Define a;x = (a; —1/2)/s—1/2 and ¢y, = (e, —1/2)/s—1/2fori=1,...,n, k=
1,...,m. The order of var(pg) mainly depends on var (3., i), var (3, GiCi),
var (3 5, GkCq), where if E is a correlation-controlled U design, the first two terms
are zero while if E is a U design, only the first term is zero. Proposition 3.2 makes

this more rigorous.

Proposition 3.2. Consider constructions of U and correlation-controlled U designs.

Then

(i) for E constructed in (1.9) based on an OA(As',m, s,t), ar and a; are orthogonal

fork,l=1,....m, k#1, and var (3., ayay) = 0;

(ii) for E constructed in (3.1) based on an OA(As',m + 1,s,t), ar and a;, a
and ¢, are orthogonal for k,l = 1,...,m, k # 1, and var (3.} | Gpay) =

var (3 r_, @ixcy) = 0.

Proposition 3.2 indicates that correlation-controlled U designs can result in smaller

column-wise correlations. The exact orders of the var(py) for U and correlation-
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controlled U designs are studied in §3.2.

Example 3.3. Letn =8, m =5, s =2, t =2 and A = 2. In Table 3.1, A is a
randomized OA(8,5,2,2), C is equivalent to B in step 2, B and D are constructed in
step 3 and 4, respectively. Here, C' is constructed based on four independent uniform
permutations on Zy gives as mp = {2, 1}, m = {2, 1}, m3 = {1, 2}, my = {1,2}. Figure
3.1 displays the bivariate projections of the final design E. In any one dimension,
each of the eight equally-spaced intervals of (0, 1] contains exactly one point and in
any two dimensions, each of the four 4 x 4 square bins contains precisely two points
by construction, as X\ = 2. In the concatenation of ap and ¢; for k,l =1,...,4, each

level combination occurs exactly twice.

3.2 Sampling Properties

We derive sampling properties of correlation-controlled U designs constructed in §3.1
based on an OA(s*, m + 1,s,2) and provide some new results for U designs based
on an OA(s? m,s,2) where m < s. The orthogonal arrays involved have the most
economical run size with s levels (Tang, 1993) and guarantee that the array C' is
identical to the array B from step 3 in the construction of correlation-controlled U
designs. The message of our results should be carried over to more general cases, but

higher strengths or index A > 2 will make the proof significantly more complicated.
Proposition 3.4. Let E be a correlation-controlled U design in (3.1), where dy, =
{nXﬂ Assume y,z € Z,. Then for k=1,...,m, we have that

(i) the probability mass function for dg,, i = 1,...,n, is pr(dy, = y) = n~';
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Table 3.1: Arrays A, C', B and D in Example 3.3

ay Qo a3 Qa4 QA5 Ci Cy C3 (4
12 2 1 2 11 2 2
11 1 1 1 2 2 1 1
2 1 2 2 1 2 2 1 1
11 2 2 2 11 2 2
2 2 2 1 1 2 2 1 1
2 2 1 2 2 11 2 2
2 1 1 1 2 11 2 2
12 1 2 1 2 2 1 1

by by b3 by dy dy ds dy
1 2 3 4 1 6 7 4
3 4 1 2 3 4 1 2
4 3 2 2 8 3 6 6
2 1 4 3 2 1 8 7
3 4 1 1 7 8 5 1
1 1 3 4 5 o5 3 8
2 2 4 3 6 2 4 3
4 3 2 1 4 7 2 5

ii) the joint probability mass function for dy. and d;y., i, =1,...,n,1 % 7, is
J

{n(n— D}, y+#2,
0, Y=z

pr(dp =y,dji = 2) =

Partition (0, 1]™ into n™ equally-spaced cubes of size n="". Because d;x = s(aix —
1) + by, Table 3.2 divides these cubes into four groups according to different condi-
tional probabilities for the jth run X, given the ith run X; for 7,5 = 1,...,n and

i # j, where the number of cubes for each group is given in the last column. The
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x1

x4

Figure 3.1: Bivariate projections of F in Example 3.3.

table will be used to establish Proposition 3.5.

Proposition 3.5. Let H denote the complementary set of Hy in Table 3.2. Let w
be the uniform measure with total mass 1 on HY, and let g(z; | dig,k = 1,...,m)

be the probability density function of X; conditional on [nxy| = di, k=1,...,m,



42

Table 3.2: A scheme for grouping entries in row j given row i of the design £ in (3.1)

Group Definition Size
H, Exists some k € D, a;i = a, bji # bik, m(s —1)>m1
and for any [ # k, aj # ai, bji # by
H, For any k € D, a;i, # a;, and bj, = by, (s—1)™
H, For any k € D, aj # aix and bj # big (s — 1)
H, Otherwise 2 — (s —1)™{(s —1)™

+m(s — 1)1+ 1}

with respect to w. Then we have

(8—1)m+m(8—1)7rL71+1 L.

(s+1)(s—1)m—1 ) (Zaj) € Hl,
(s—1)™+m(s—1)m 141 .

S ? 7’7] e H 9

ot [ k=1 om) =3 +)1 (=)™ 141} e
s—m){(s=1)"+m(s—1)™ 141 .

(s+D)(s—1)™ , (i,7) € Hs,

0, (Z7j) € Hy.

Theorem 3.6 follows from Propositions 3.4 and 3.5.

Theorem 3.6. Suppose [i in (1.1) is based on a correlation-controlled U design in

(3.1). Then
(i) f is an unbiased estimator for y;

(ii) if f is Lipschitz continuous on (0,1]™, then as n — oo,

var(ft) =n"tvar{f(X)} —n* Z var { fuy(X*)} —n! Z var { fren (XF, XN}
k=1 k<l

+o(nh).

Compared with the variance formula (1.10) for a U design, Theorem 3.6 indicates
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that a correlation-controlled U design achieves a similar degree of variance reduction
from one- and two-dimensional stratification and additional permutations on by’s do
no harm in this regard. Numerical results are provided in the next section to support

this observation.

Proposition 3.7. Let E be a U design in (1.9), where a;, = {sXﬂ, bi, = {nXﬂ —
s(ag —1). Assume y,z € Zs. Then fori,j=1,....n,1# jand k =1,...,m, we

have that

(i) for any specific l = 1,...,m and l # k, the joint conditional probability mass

function for a;, and aj, given ay # aj is pr(ax =y, a, = 2 | ag # aj) = n-t

(i) for any specific l = 1,...,m and l # k, the joint conditional probability mass

function for a;, and aj; given a; = aj s

{s(s =1}, y#2,
0, Y=z

pT(Gz’k =Y,Q5p =2 | Ay = Cljz) =

(iii) the joint conditional probability mass function for by, and bj, given a;, # ajy is

pribix =y, bjx = 2z | aw # aji) =n"

iv) the joint conditional probability mass function for by, and by, given a;, = aji 18
J J

{s(s =D} y#=
0, Yy =2z.

Pr(bik = yabjk =z \ Qi = ajk) =

Lemma 3.8 follows from Proposition 3.7.
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Lemma 3.8. Let E be a U design in (1.9), where ay, = [sXF|, and by, = [nX}F] —

s(aijx — 1). Then for columns k # 1, we have that
(1) var (X0, aubi) = s (s + 1)(n — 1)/144;
(i) var(30, bixba) =n~'(n —1)?/144,
where Gy, = (ai — 1/2)/s —1/2 and by, = (b, — 1/2)/s — 1/2.

Lemma 3.8(i) shows var(3 ., @xby) in var(py) is not zero for a U design while
it is zero for a correlation-controlled U design by Proposition 3.2(ii). This difference
leads to Theorem 3.9, which shows that correlation-controlled U designs can reduce

var(fi) for the bilinear parts to a lower order compared with U designs.

Theorem 3.9. Suppose that f(X) is a function of bilinear parts in (1.11) so that
FOX) =0 v (XF —1/2) (X" —1/2) with the vy in (1.12). Then for ji in (1.1), as

n — oo,
(i) var(p) =n"23 0, 74/ 72 + O(n~%?) if fu is based on a U design in (1.9);

(i) var(f) = n=523 00, 72/144 + O(n=3) if fu is based on a correlation-controlled
U design in (3.1).

Corollary 3.10 indicates the correlation-controlled U design results in smaller

column-wise correlations.
Corollary 3.10. For py defined in (1.13), as n — oo,

(1) var(pw) =n"2/72 4+ O(n=5/2) if p, is based on a U design in (1.9);
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(ii) var(pw) = n°/%/144 + O(n=3) if pu is based on a correlation-controlled U

design in (3.1).

3.3 Numerical Illustration

We use examples to compare three types of designs, correlation-controlled Latin
hypercube designs by the ranked Gram-Schmidt algorithm (Owen, 1994a), U designs
from (1.9) and correlation-controlled U designs from (3.1), for numerical integration.
Unless otherwise stated, both U and correlation-controlled U designs are based on
the same OA(s*, m + 1,s,2), but the former only uses the first m columns of the
orthogonal array. For each example, each of the three methods is replicated 100000

times to obtain a table of sample standard deviations of ji.

Example 3.11. Consider f(x) = 1000(x; — 1/2)(xze — 1/2), which only contains
purely bilinear bivariate interactions. The difference between U and correlation-
controlled U designs is significant as shown in Table 3.53. In Figure 3.11, the slopes for
U and correlation-controlled U designs are —2 and —5/2, respectively, which agrees
with Theorem 3.9. Moreover, the variance reduction of the correlation-controlled U

design is comparable to that of the correlation-controlled Latin hypercube design.

Example 3.12. Consider f(z) = 1000(z; —1/2)?(x—1/2)%. This function contains
bivariate interactions but no bilinear parts. As shown in Table 3.3 and Figure 3.11,
the U and correlation-controlled U designs perform similarly;, and both outperform

the correlation-controlled Latin hypercube design, which supports Theorem 3.6.
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Figure 3.2: Sample variance of i versus sample size n on a log-log scale for correlation-
controlled Latin hypercube designs (dashed), U designs (dotted) and correlation-
controlled U designs (solid) in (a) Example 3.11; (b) Example 3.12; (¢) Example 3.13.

Example 3.13. Consider a function proportional to the borehole function (Morris

et al., 1993),

B 207 T, (H, — Hy)
- log(r/ry) [L+2LT, /{log(r/ru)r3 Ko} + Tu/Ti)

f(X) (3.3)

where the eight input variables, after appropriate scaling, lie in (0,1]%. This function
has significant main effects and bivariate interactions. The sample standard devia-
tions of i for correlation-controlled U designs in Table 3.3 are consistently smaller
than those of U designs, and the difference shrinks when n becomes large as shown

in Figure 3.11.

The construction method for correlation-controlled U designs in §3.1 works for any
strength ¢ > 3, but it is complicated to extend Theorems 3.6 and 3.9 to more general
orthogonal arrays. Correlation-controlled U designs based on orthogonal arrays with

strength ¢ > 3 are expected to filter out multivariate interactions up to order ¢ and
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Table 3.3: Results of the simulation studies. Sample standard deviations of i are
displayed from 100000 replicates per setting

Example Type of design Sample standard deviation of f
n =9 n =16 n =25 n =49 n =64 n =81 n=121
3.11 CLHD 6.85 3.12 1.78 0.80 0.59 0.45 0.29
UD 15.14 8.26 5.19 2.57 1.96 1.53 1.02
CUD 7.27 3.37 1.85 0.76 0.54 0.39 0.23
n =9 n =16 n =25 n =49 n =64 n =81 n=121
3.12 CLHD 2.03 1.46 1.15 0.80 0.70 0.62 0.51
UD 1.97 1.15 0.74 0.38 0.29 0.23 0.15
CUD 2.24 1.28 0.82 0.41 0.31 0.24 0.16
n =64 n==81 n =121 n =169 n =256 n =289 n =381
3.13 CLHD 2.16 1.86 1.45 1.21 0.97 0.91 0.82
UD 2.69 2.17 1.51 1.15 0.83 0.76 0.65
CUD 1.79 1.46 1.07 0.85 0.66 0.62 0.54
n=27 mn=125 n=343 n=1331 n=2197
3.15 CLHD 46.85 21.57 13.02 6.58 5.10
UD 26.57 7.46 3.21 1.04 0.68
CUD 9.18 1.65 0.52 0.11 0.06
n=1331 n=2197 n=4913 n = 6859
3.16 CLHD 0.42 0.33 0.22 0.19
UD 0.33 0.22 0.11 0.08
CUD 0.24 0.15 0.08 0.06

can reduce the variance of the multi-linear terms pg,,...x,

_ / kj
=n 12?:1 H;:1(Xij -

1/2) with ¢ < t. Below we provide numerical results to illustrate this possibility.

Example 3.14. Take an OA(27,4,3,3) withn = 27, m = 3, s = 3, t = 3 and
A = 1. Randomize it to obtain A in step 1 from §3.1. In step 2, the auxiliary array
B is constructed using three independent uniform permutations on Zs, m = {1,2, 3},

mo = {3,1,2}, m3 = {2,3,1}. Then B is modified in step 3 and D is constructed in

step 4. All relevant arrays are given in Table 3.4.

Example 3.15. Consider a trilinear function f(z) = 10000(x; —1/2)(zo—1/2)(x3—

1/2). Both U and correlation-controlled U designs are based on the same OA(s®,4, s,3)



48

Table 3.4: Arrays A, C, B and D in Example 3.14

dy ds
11 27 4

dy

by b3
9 4

by
2

Co
3

C1
1

Qay
1

19

25 14

3
12
26

23
21
19 26 24

23 21

16
2
15

25 24

20

14 20 26
22 11 25

18

13
16

23 19

7
27 13 12

17 22 10

10 17 13

15

1217
18 22

4
1

11

18 14 20

27
8

10
16

15
21

24

a2
3

ai
2




49

but the former only uses the first three columns of the orthogonal array. Notice that
E{f(X)} is estimated by 10000py23. Table 3.3 indicates that the variance of the

trilinear term is substantially reduced by correlation-controlled U designs.

Example 3.16. Consider the function in (3.3). Both U and correlation-controlled
U designs are based on the same OA(s3,9,s,3) but the former only uses the first
eight columns of the orthogonal array. Table 3.3 shows that correlation-controlled U
designs reduce the variances of fi due to bivariate and trivariate interactions as U
designs, but also improve the accuracy by controlling the variance components of the

bilinear and trilinear terms.

We conclude that correlation-controlled U designs do no harm relative to U de-
signs for estimating the mean output with respect to a uniform distribution, but can
do significantly better for outputs with substantial variance explained by bilinear, tri-
linear, etc. terms. When orthogonal arrays are not available for desired run sizes, one
can use nearly-orthogonal arrays (Wang and Wu, 1992; Nguyen, 1996) to construct
correlation-controlled U designs by slightly modifying the procedure in §3.1. Instead
of using the last column of array A to generate array B in step 2, we randomly select
a column that is orthogonal to all other columns as a,,;1. The constructed design
will achieve one-dimensional stratification and Proposition 3.2(ii) holds for columns
that are orthogonal to each other in the underlying nearly orthogonal array.

We also compared the proposed designs with scrambled Sobol sequences (Nieder-
reiter, 1992; Owen, 1995) and sparse grids (Gerstner and Griebel, 1998) to esti-
mate the expected output p of the function in (3.3). These scrambled Sobol se-

quences are generated by MATLAB functions sobolset and scramble with the op-
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tion MatousekAffineOwen and sparse grids are generated by the MATLAB function
nwspgr from http://wuw.sparse-grids.de with the option GQU. For the scrambled
Sobol sequences with n = 256 runs, the estimated standard error of ji is 1.27, which
is larger than 0.66 under the proposed method with the same run size. The error
under sparse grids with n = 145 runs is only 0.03, which is lower than 0.85, the
estimated standard error under correlation-controlled U designs with n = 169 runs.
Sparse grids are based on sophisticated polynomial function approximations and the
function in this example may be well approximated by a combination of polynomi-
als. But they can perform poorly for functions of higher dimensions. Consider the

function

f(w) = 10000 exp{— Y _ hi(z; —1/2)°},

k=1

where hy = 10/227%. When dimension m = 15, the error under sparse grids with
n = 481 runs is 5.43 while the estimated standard error under controlled correlation
U designs with n = 381 runs is only 0.39.

A sliced Latin hypercube designs is recently developed for collective evaluations of
computer models and ensembles of multiple computer models. Such a special Latin
hypercube design can be partitioned into slices of smaller Latin hypercube designs.
In this article, we propose an algorithm to select a sliced Latin hypercube design such
that the column-wise correlations are controlled for the entire design and each slice

of smaller design simultaneously. The performance of the algorithm is investigated.
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Chapter 4

Validating Sample Average
Approximation Solutions with

Negatively Dependent Batches

4.1 Background

Stochastic programming provides a means for formulating and solving optimiza-
tion problems that contain uncertainty in the model. When the number of possible
scenarios for the uncertainty is extremely large or infinite, sample-average approxi-
mation (SAA) provides a means for finding approximate solutions for a reasonable
expenditure of computational effort. In SAA, a finite number of scenarios is sampled
randomly from the full set of possible scenarios, and an approximation to the full

problem of reasonable size is formulated from the sampled scenarios and solved us-
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ing standard algorithms for deterministic optimization (such as linear programming
solvers). Solutions obtained from SAA procedures are typically suboptimal. Sub-
stantial research has been done in assessing the quality of an obtained solution (or
a set of candidate solutions), and in understanding how different sampling methods
affect the quality of the approximate solution.

Important information about a stochastic optimization problem is provided by
the optimality gap (Mak et al., 1999; Bayraksan and Morton, 2006), which provides
a bound on the difference between the objective value for the computed SAA solu-
tion and the true optimal objective value. An estimate of the optimality gap can be
computed using upper and lower bounds on the true optimal objective value. Mak
et al. (1999) proves that the expected objective value of an SAA problem is a lower
bound of the objective of the true solution, and that this expected value approaches
the true optimal objective value as the number of scenarios increases. We can esti-
mate this lower bound (together with confidence intervals) by solving multiple SAA
problems, a task that can be implemented in parallel in an obvious way. An upper
bound can be computed by taking a candidate solution x and evaluating the objec-
tive by sampling from the scenario set, typically taking a larger number of samples
than were used to set up the SAA optimization problem for computing .

Much work has been done to understand the quality of SAA solutions obtained
from Monte Carlo (MC) sampling, Latin hypercube (LH) sampling (McKay et al.,
1979), and other methods. MC generates independent identically distributed scenar-
ios where the value of each variable is picked independently from its corresponding

distribution. The simplicity of this method has made it an important practical tool;
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it has been the subject of much theoretical and empirical research. Many results
about the asymptotic behavior of optimal solutions and values of MC have been ob-
tained; see (Shapiro et al., 2009, Chapter 5) for a review. By contrast with MC, LH
stratifies each dimension of the sample space in such a way that each strata has the
same probability, then samples the scenarios so that each strata is represented in the
scenario sample set. This procedure introduces a dependence between the different
scenarios of an individual SAA problem. The sample space is in some sense “uni-
formly” covered on a per-variable basis, thus ensuring that there are no large unsam-
pled regions and leading to improved performance. Linderoth et al. (2006) provides
empirical results showing that the bias and variance of a lower bound obtained by
solving multiple SAA problems constructed with LH sampling is considerably smaller
than the statistics obtained from an MC-based procedure. Theoretical results about
the asymptotic behavior of these estimates were provided later by Homem-de Mello
(2008). Other results on the performance of LH have been obtained, including re-
sults on large deviations (Drew and Homem-de Mello, 2005), rate of convergence
to optimal values (Homem-de Mello, 2008), and bias reduction of approximate op-
timal values (Freimer et al., 2012), all of which demonstrate the superiority of LH
over MC. This favorable empirical and theoretical evidence makes LH the current
state-of-the-art method for obtaining high-quality lower bounds and optimality gaps
via SAA. In this paper, we build on the ideas behind the LH method to obtain LH
variants with even better variance properties.

In the past, when solving a set of SAA problems to obtain a lower-bound esti-

mate of the true optimal objective value, each batch of scenarios determining each



o4

SAA was chosen independently of the other batches. In this paper, we introduce
two approaches to sampling — sliced Latin hypercube (SLH) sampling and sliced
orthogonal-array Latin hypercube (SOLH) sampling — that yield better estimates
of the lower bound by imposing negative dependencies between the batches in the
different SAA approximations. These approaches not only stratify within each batch
(as in LH) but also between all batches. The SLH approach is easy to implement,
while the SOLH approach provides better variance reduction. With these methods,
we can significantly reduce the variance of the lower bound estimator even if the
size of each SAA problem or the number of SAA problems were kept the same,
which can be especially useful when solving each SAA problem is time consuming or
when computing resources are limited. We will provide theoretical results analyzing
the variance reduction properties of both approaches, and present empirical results
demonstrating their efficacy across a variety of stochastic programs studied in the

literature.

4.2 Preliminaries

We consider a stochastic program of the form

min g(z) := E[G(z, )], (4.1)

zeX

where X C RP? is a compact feasible set, z € X is a vector of decision variables,
£ = (€4,€2,...,6m) is a vector of random variables, and G : R? x R™ — R is a

real-valued measurable function. Unless stated otherwise, we assume that £ is a
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random vector with uniform distribution on (0, 1]™ and that E is the expectation
with respect to the distribution of &. If £ has a different distribution on R™, we
can transform it into a uniform random vector on (0,1]™ as long as &', &2,...,&™
are either (i) independent discrete or continuous random variables or (ii) dependent
random variables which are absolutely continuous (Rosenblatt, 1953).

Problem (4.1) may be extremely challenging to solve directly, since the evalua-

tion of g(x) involves a high-dimensional integration. We can replace (4.1) with the

following approximation:

n

1
in g,(x) = — G(x,&), 4.2
min gn () n; (z,&) (4.2)
where &1,&,...,&, are scenarios sampled from the uniform distribution on (0, 1]™.

The function g, is called a sample-average approzimation (SAA) to the objective
g in (4.1). In this paper we will frequently use the term SAA problem to refer to
equation (4.2). We use z* and v* to denote a solution and the optimal value of the
true problem (4.1), respectively, while z¥ and v} denote the solution and optimal
value of the SAA problem (4.2), respectively.

We introduce here some items of terminology that are used throughout the re-
mainder of the paper. Let D denote an n x m matrix with £/ in (4.2) as its ith row.
Hence, D represents a batch of scenarios that define an SAA problem. We will refer
& to as the ith scenario in D. We use D(:, k) to denote the kth column of D, and
&ix to denote the (7, k) entry of D, that is, the kth entry in the ith scenario in D.

We can express the dependence of v} in (4.2) on D explicitly by writing this
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quantity as v,(D), where v, : (0,1]”™ — R. Given a distribution over the D
matrices where &1, &, . . ., &, are each drawn from the uniform (0, 1] distribution but
not necessarily independently, it is well known and easy to show that the expectation
with respect to the D matrices E[v,(D)] < v* giving us a lower bound of the true
optimal value (Norkin et al., 1998; Mak et al., 1999). E[v,(D)] can be estimated
as follows. Generate ¢ independent batches Dy, D,, ..., D; and compute the optimal
value min v, (D,) by solving subproblem (4.2) for each D,., r = 1,2,...,t. From Mak

et al. (1999), a lower bound estimate of v* is

Ly, = 2P +”2(D22+'”+“"(Dt). (4.3)

Latin hypercube sampling, which stratifies sample points along each dimension
(McKay et al., 1979), has been used in numerical integration for many years. It has
been shown that the variance of the mean output of a computer experiment under
Latin hypercube sampling can be much lower than for experiments based on Monte
Carlo methods (McKay et al., 1979; Stein, 1987; Loh, 1996). Let v}¢(D) and v (D)
denote the approximate optimal value when the & in D are generated using Monte
Carlo and Latin hypercube sampling, respectively. Homem-de Mello (2008) showed
that the asymptotic variance of vZ(D) is smaller than the variance of vM¢(D)
under some fairly general conditions. Extensive numerical simulations have provided
empirical demonstrations of the superiority of Latin hypercube sampling (Homem-de
Mello, 2008; Linderoth et al., 2006).

Following (1.3) with different notation, an nxm matrix D with scenarios &1, &, . ..

’fn
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that defines an SAA problem is obtained as follows (McKay et al., 1979):

Cp= Sk Tk 19 k=1,2,....m, (4.4)
n

where all 7y, are U[0, 1) random variables, A = (@it )nxm 1S an ordinary Latin hy-
percube, and the quantities a;; and the v are mutually independent. We refer the
matrix D thus constructed as an ordinary Latin hypercube design defined in Defini-
tion 1.1.

We now introduce a different way of looking at design matrices D € (0, 1]"*™
that will be useful when we discuss extensions to sliced Latin hypercube designs in

later sections. We can write a design matrix D as
D= (B-0)/n, (4.5)
where

B = (bi)nxm, with b, = [n&y],

© = (0ik)nxm, With 0, = by — .

When D is an ordinary Latin hypercube design, B is an ordinary Latin hypercube
and 0, corresponds to vz in (4.4) for all i = 1,2,....,n and k = 1,2,...,m. By
the properties of an ordinary Latin hypercube design, the entries in © are mutually
independent, and © and B are independent. We refer B to as the underlying array
of D.
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The lower bound on v* can be estimated from (4.3) by taking t independently
generated ordinary Latin hypercube designs Dy, Dy, ..., D, (Linderoth et al., 2006).
We denote this sampling scheme by ILH and denote the estimator obtained from
(4.3) by L{LLtH

To illustrate the limitations of the ILH scheme, Figure 4.1 displays three indepen-
dent 3 x 3 ordinary Latin hypercube designs generated under ILH withn =t =m =
3. Scenarios from each three-dimensional design are denoted by the same symbol,
and are projected onto each of the three bivariate planes. The dashed lines stratify
each dimension into three partitions. For any design, each of the these three intervals
will contain exactly one scenario in each dimension. This scheme covers the space
more “uniformly” than three scenarios that are picked identically and independently
from the uniform distribution, as happens in Monte Carlo schemes. However, the
combination of points from all three designs does not cover the space particularly
well, which gives some cause for concern, since all designs are being used in the lower
bound estimation. Specifically, when we combine the three designs together (to give
nine scenarios in total), it is usually not the case that each of the nine equally spaced
intervals of (0,1] contains exactly one scenario in any dimension. This shortcoming
provides the intuition behind the sliced Latin hypercube (SLH) design, which we will
describe in the subsequent sections.

When the stochastic program (4.1) has a unique solution z* and some proper

conditions are satisfied, one has

vME(D) —v*

n

d
— Normal(0, 1),
On,pmc (%) 0.1)
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Figure 4.1: Bivariate projections of three independent 3 x 3 ordinary Latin hypercube

designs.
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where oy = n”lwar[G(2*,€)] (Shapiro, 1991). With additional assumptions,
Homem-de Mello (2008) shows that

vEH (D) — v*

n

Onrm(T")

4 Normal(0, 1), (4.6)

where 07 | ;= n"tvar[G(a*, )]—nt Y01 var[Gy (2, €8)]+o(n ') and Gy (2%, €)

is the main effect function of G(x*,¢) as defined in (1.5).

4.3 Sliced Latin Hypercube Sampling

Instead of generating Dy, Ds,..., D, independently for each SAA subproblem, we
propose a new scheme called sliced Latin hypercube (SLH) sampling that generates
a family of correlated designs. An SLH design (Qian, 2012) is a nt x m matrix
that can be partitioned into ¢ separate LH designs, represented by the matrices D,.,
r =1,2,...,t, each having the same properties as ILH, with respect to SAA. SLH
was originally introduced to aid in the collective evaluation of computer models, but
here we demonstrate its utility in creating multiple SAA problems to solve.

Let L% denote the lower bound estimator of v* under SLH. Because the indi-
vidual designs D,, r = 1,2,...,t are LH designs, we have that E(L{}") = E(L]5").
Consider two distinct batches of scenarios D, and D, for any r,s = 1,2,...,t and
r # s. We will show that when v, (D) fulfills a certain monotonicity condition, v, (D,)
and v, (D;) are negatively dependent under SLH. Compared with ILH, SLH intro-
duces between-batch negative dependence while keeping the within-batch structure

intact. As a result, we expect a lower-variance estimator: var(L557) < var(LILH).
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Algorithm 4.1 describes the construction of the matrices D,, r = 1,2,...,t for
the SLH design. We use notation D, (:, k) for the kth column of D, &, ; for the ith
scenario of D,, and &, for the kth entry in &, ;, fori =1,2,...,n, k=1,2,...,m,

andr=1,2,...,t.

Algorithm 4.1 Generating a Sliced Latin Hypercube Design

Step 1. Randomly generate ¢ independent ordinary Latin hypercubes A, =
(@rik)nxm, 7 = 1,2,...,t. Denote the kth column of A, by A,(:, k), for k =
1,...,m.

Step 2. For k£ =1,2,...,m, do the following independently: Replace all the
lsin Ai(:, k), As(: k), ..., Ai(5, k) by a random permutation on Z; @ t(¢ — 1),
for 0 =1,2,...,n.

Step 3. For r =1,2,...,t, obtain the (i, k)th entry of D, as follows:

o Qr ik — Vrjik
gr,ik -

— bk (4.7)

where the 7, are U[0, 1) random variables that are mutually independent of
the A k-

By vertically stacking the matrices Dy, Ds, ..., D,, we obtain the nt X m matrix
representing the SLH design, as defined in Qian (2012).

As in (4.5), we can express each D, as

DT’ = (BT - @T)/nv (48)

where B, = (by.ix)nxm With b, = [n& i ] and ©, = (6;ik)nxm- We have the following
proposition regarding properties of the SLH design, including dependence of the

batches. (This result is closely related to (Qian, 2012, Lemma 2).)
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Proposition 4.1. Consider the SLH design with D,, r = 1,2,...,t constructed
according to Algorithm 4.1, with B, and ©,, r = 1,2,...,t defined as in (4.8). The

following are true.
(i) B., r=1,2,...,t are independent ordinary Latin hypercubes.
(i) B, and ©, are independent, for each r =1,2,... t.

(111) Within each ©,, r =1,2,...,t, the 0, ;& are mutually independent U0, 1) ran-

dom variables.

(tv) Forr,s=1,2,...,t withr # s, 0, is dependent on O if and only if B, =
Bs,ik;

(v) The D,, r =1,2,...,t are ordinary Latin hypercube designs, but they are not

independent.

Figure 4.2 displays the bivariate projection of the three 3 x 3 ordinary Latin
hypercube designs, each denoted by a different symbol, which are generated under
an SLH scheme. For each design, each of the three equally spaced intervals of (0, 1]
contains exactly one scenario in each dimension. In contrast to Figure 4.1, when we
combine the three designs together, each of the nine equally spaced intervals of (0, 1]

contains exactly one scenario in any one dimension.

4.4 Theoretical Results under SLH

We derive theoretical results to show var(Ly%") < var(LI5") under a monotonicity

condition that will be defined shortly.
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Figure 4.2: Bivariate projections of a sliced Latin hypercube design that consists of
three 3 x 3 ordinary Latin hypercube designs, each denoted by a different symbol.

Definition 4.2. We say that two random variables Y and Z are negatively quadrant

dependent if

PY <y, Z<z2)<PY <yP(Z<z), foraly,z.

Definition 4.3. Let B = (by,) denote the underlying ordinary Latin hypercube of D
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in (4.5) such that D = (B — ©)/n. Let v,(D) = H(A; B) given B, where H(A; B) :
(0,1]™™ — R and A = (0¢), with dg, = Oy, such that by, = £ for { = 1,2,...,n
and k =1,2,...,m. The function v,(D) is said to be monotonic if the following two
conditions hold: (a) for all B, H(A; B) is monotonic in each arqument of A, and
(b) the direction of the monotonicity in each argument of A is consistent across all

B.

Example 4.4. Consider D = (&i)sx2. Let v,(D) = S0 7% (€ — 1/3)2. When

we have 611 = 031, 691 = 021, 031 = 011, 012 = O12, 022 = 032, and 3o = O and
1
H(A;B) = g (07 4 (1= 021)* 4 (2 = 51)* + 63, + (1 — 022)* + (2 — 032)*] |

Thus, H(A; B) is increasing in 011 and 015 while it is decreasing in the other ds,
for d;x € (0,1]. This is true for any underlying ordinary Latin hypercube B, since
011 and 61 are always associated with values in D which are between (0,1/3] in this

example. By Definition 4.3, v,(D) is monotonic.

The monotonicity condition can be checked by directly studying the function
v, (D), but it can also be shown to be satisfied if the stochastic program has certain

nice properties. Later we will prove some sufficient conditions for two-stage stochastic
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linear programs and give a simple argument to show how some problems from the
literature have the monotonicity property.

Qian (2012) proves that the function values of any two scenarios in a sliced Latin
hypercube design are negatively quadrant dependent. The next lemma extends this
result, showing the function values of any two batches in a sliced Latin hypercube
design are also negatively quadrant dependent, under the monotonicity assumption

on v, (D) described in Definition 4.3.

Lemma 4.5. Consider Dy, Dy, ..., D, generated by Algorithm 4.1. If v, (D) is mono-

tonic, then we have
Ev,(Dy)vn(Dy)] < Elv,(Dy)|E[v,(Ds)],

foranyr,s =1,2,... t with r # s.

The next result is an immediate consequence of Lemma 4.5. It indicates that the
variance of the lower-bound estimator could be reduced by using SLH, when v,,(D)

1S monotonic.

Theorem 4.6. Consider two lower bound estimators LflLtH and LS%H in (4.3) obtaind
under ILH and SLH, respectively. Suppose v, (D) in monotonic, then for any n and
t, we have that

var(LYET) < wvar(LIET).

Even if the monotonicity condition does not hold, we can prove similar statements

about the asymptotic behavior of the variance of ILH and SLH.
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Theorem 4.7 gives an asymptotic result that shows the same conclusion can be

drawn as in Theorem 4.6 even if the monotonicity condition does not hold.

Theorem 4.7. Let D denote an n X m Latin hypercube design based on a Latin
hypercube B such that D = (B —0)/n. Let H(A; B) = v,(D). Suppose E{[v,(D)]*}

is well defined. Ast — oo with n fized, the following are true.
(i) var(LI5T) =t~ var(v,(D)].

(i1) var(Li%H) =t warv, (D))=t >0 S, J{E[Hmy (0ek; B)] 2 dde, +o(t™1),
where Hgy (0er; B) is the main effect function of H(A; B) with respect to 6.

(i) If v, (D) = > 3t vn ey (D(:, k) is additive, where v, gy = (0,1]" — R, then

var(L35H) = o(t™).

We now discuss the theoretical properties of SLH for two-stage stochastic linear

programs. Consider problems of the form

min ¢’ + E[Q(x, €)], (4.9)

where X is a polyhedron and
Qz,&) =inf {¢"y : Wy < h—Tz, y >0}, (4.10)
and £ := (h,q,T). The problem has fized recourse since the recourse matrix W

does not depend on the random variable . Defining G(z,£) to be the function

e+ Q(x,€), we see that (4.9) is a special case of (4.1). Let x = (2!, 22,...,2P)
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and T = (Tj;). By (4.10), Q(z, &) is a decreasing function of any entry in h, for any
x € X. Furthermore, Q(z,€) is a decreasing function of any entry Ty, in T if 27 is
nonpositive, and an increasing function of any entry Ty, in T if 27 is nonnegative.

By LP duality, we have
Qz,&) =sup {u"(h—Tz) : Wu<gq, u<0},

and hence Q(x,¢) is an increasing function of any entry in ¢ for any = € X. We
conclude that G(-,€) is monotonic in each component of ¢ if the recourse matrix W

is fixed.

Lemma 4.8. Let v,(D) in (4.2) denote the approximated optimal value of the two-
stage stochastic program in (4.9) with fized recourse. Then v,(D) is monotonic
by Definition 4.3 if (i) T is fized or (ii) for every j = 1,2,...,p, @7 is always

nonnegative or nonpositive, given any D.

Example 4.9. Consider the newsvendor problem from Freimer et al. (2012), which
can be expressed as a two-stage stochastic program. In the first stage, choose an order
quantity x. After demand £ has been realized, we decide how much of the available
stock y to sell. Assume that demand is uniformly distributed on the interval (0,1],
and there is a shortage cost o € (0,1) and an overage cost 1 — .. The second stage

problem s

P: Q@& =mn[l-a)z-y+all—yly<z y<g.

Y
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Since the first-stage cost is zero, the two-stage stochastic program is

MP : minE{min[(l—a)(m—y)+a(§—y)|y§m,ygf]}.

z Y

The optimal value is v* = a(1 — «) /2 with solution x* = «.

Based on a sample of n demands &1, &, ..., &,, the approximated optimal value is
given by
1 n
n(D) = min — 1- - &))" i— )"
va(D) = min — 3" [(1 = a)(z — £)* +a(& —2)*],

i=1
where D = (&1,&,...,&,)T. The optimal solution 7, is the [an|th order statistic of

{617627 R 7571}

Table 4.1: Means and standard errors (in parentheses) with 1000 replicates

n  Scheme t=5 t=10 t=20
9 ILH 0.1003 (1.83E—2) 0.1002 (1.31E—2) 0.1000 (9.23E—3)
SLH  0.0999 (3.71E-3) 0.1000 (1.31E-3) 0.1000 (4.49E-4)
oo ILH 01201 (6.99E-4) 0.1200 (5.01E-4) 0.1200 (3.70E-4)
SLH  0.1200 (1.43E-4) 0.1200 (4.87E-5) 0.1200 (1.72E-5)
9200 ILH 0.1200 (2.18E-5) 0.1200 (1.60E-5) 0.1200 (1.14E-5)
SLH  0.1200 (4.40E-6) 0.1200 (1.59E-6) 0.1200 (5.60E-7)

Let o = .4, for which v* = 0.12. Table 4.1 gives means and standard errors for
the estimators of Ly, ; = E[v,(D)] for several values of n and t. This table shows that
SLH reduces the variance of Ly significantly when compared with ILH. Analytically,

we have

r*—1 n

va(D) =H(A;B)=nY (1-a)(r* —i+6-—8)+n> Y ali—1"+6—0),

=1 i=r*+1
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where r* = [an| and B is an arbitrary underlying Latin hypercube for D. We notice
that for any B, H(A; B) is decreasing in d1, ..., 0p+_1, increasing in i1, ..., 0, and
monotonic in 6.~ (the direction depends on «). Thus, v,(D) is monotonic, which can
alternatively be checked by applying Lemma 4.8. By Theorem 4.6, we should have
var(Ly5) < war(LIEH).

We notice that var(LEET) = O(t7Y) while var(Ly5") = o(t™), a fact that can be
explained by Theorem 4.7 (iii), since the newsvendor problem only has one random

variable and v, (D) is additive.

Theorems 4.6 and 4.7 confirm the effectiveness of sliced Latin hypercube designs
in reducing the variance of lower-bound estimates in SAA. However, the assumptions
in those theorems limit their applicability to fairly specialized problems. Theorem 4.6
does not apply to two-stage problem in (4.9) with random recourse. Theorem 4.7
does not apply when n — oo, which is a more practical assumption than ¢ — oc.
In this section, we consider the case in which &',&€2,...,6™ are discrete random
variables, as discussed by Homem-de Mello (2008). In fact, we assume &4, €2, ... &m
to be independent discrete random variables. We plan to show that estimating the
lower bound of v* is almost equivalent to a numerical integration problem. Several

existing results regarding numerical integration provide us with tools for studying

effects of different sampling schemes for lower bound estimation more generally.

Assumption 1. For each x € X, gn(x) — g(z) with probability one (denoted “w.p.

1 77).
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Assumption 2. The feasible set X is compact and polyhedral; the function G(-,§)
is convex piecewise linear for every value of &; and the distribution of & has finite

Support.

Assumption 1 holds under Latin hypercube sampling if E {[G(z,&)]*} < oo for
every x € X, by (Loh, 1996, Theorem 3). Assumption 2 holds in practice for stochas-
tic linear programs in which the random vector is discretized. Let S* denote the set
of optimal solutions of (4.1). Based on both assumptions, Homem-de Mello (2008)

shows the consistency of the approximated optimal solution in (4.2).

Proposition 4.10. (Homem-de Mello, 2008, Proposition 2.5). Suppose that As-

sumptions 1 and 2 hold. Then z}, € S* w.p. 1, for n sufficiently large.

Now let F}, denote the cumulative distribution function of ¥ for k = 1,2,...,m.
Define the inverse of Fy as F, '(2) := inf{y € S : Fi(y) > z}, where 5, is
the support of Fj, and z € 0,1]. We can express & = (£1,&%,...,&™) as () =
(F7HEY), FY(E2), ..., F 1 (€™))), where € is a random vector uniformly distributed

n (0,1]™. Define G(x,€) on (0,1]™ so that G(z,-) = G(z, ¥(-)). Results obtained
in previous sections would still apply with respect to G and &.

The following proposition connects two-stage stochastic linear program in (4.9)

and numerical integration.

Proposition 4.11. Consider problem (4.9), and suppose that ]E{[é(:c,é)?} < 00
for every x € X, and that S* = {x*} is a singleton. Then for n sufficiently large, we

have

L= ( ZZG fm w.p.1,

r=1 i=1
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where gw 18 the ith scenario in D,.

Proposition 4.11 indicates that L, ; becomes an integral estimator of G(z*, )
and that L, is directly estimating the true optimal value v* of (4.1), for n large

enough. Results about the variance formula for LTILLtH and LS%H are given in the next

result.

Theorem 4.12. Consider problem (4.9). With the same conditions in Proposi-

tion 4.11, we have that the following results hold as n,t — oo:
(i) var(LEEH) = (nt) tvar |G(a*,€)| = (nt) " SO, var |Gy (a7, €) | +o(n 1)
(it) var(LYET) = (nt) 'var [é(m*,f)} —(nt)~t 30 var [é{k}(:v*, ék)] +o(n~ttt);

(it) IfG(x*, &) = S, é’{k}(x*,f’“) is additive, then var(L5") < var(LLEH). Fur-

thermore, we have

var(LIE")y = O(n™2t™") and var(LL5™) = O(n™2t72).

Let v, denote the number of all possible distinct values for £¥ in Z;, and denote by
Pk the probability of £ taking its sth smallest possible value. To sample § kwe will
first take €1, €2,...,&™ in n equally spaced subintervals in (0, 1], respectively. If any
¢* taken from the same subinterval always leads to the same value for & = F L),
then v, (D) will entirely depend on the underlying ordinary Latin hypercube B. The
following proposition gives sufficient conditions for equal performance between ILH

and SLH.
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Proposition 4.13. If npu) is an integer for allt =1,2,... ;v and k =1,2,...,m,

then var(L5") = var(LIET).

Theorem 4.12 (i) and (ii) indicate that ILH and SLH are equally effective, in
general, for estimating v* when n,t — oco. Proposition 4.13 gives a specific case
in which SLH is exactly the same as ILH. Another type of sliced Latin hypercube
design is introduced in § 4.5, which possesses similar (if not the same) within-batch
structure as ILH and SLH, but much stronger between-batch negative dependence

than SLH to further reduce the variance var(L,,) of the lower-bound estimator.

4.5 Sliced Orthogonal Array Based Latin
Hypercube Sampling

Section 4.4 indicates that SLH may yield significant improvement in estimating L, ;
when the monotonicity condition in Definition 4.3 is satisfied or when G/(z*, £¥) is
an additive function in &*, under Assumptions 1 and 2. Both the monotonicity and
additivity conditions emphasize individual random variables. As a consequence, the
results in Theorems 4.6 and 4.12 are intuitive, because combining all batches under
SLH (rather than ILH) gives a design with better stratification in each dimension;
see Figures 4.1 and 4.2. On the other hand, the combined design under SLH does
not possess better stratification when we consider groups of variables. Theorem 4.12
(i) and (ii) suggest that we would need a better sampling scheme than SLH if neither

the monotonicity nor additivity conditions are satisfied.
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We now introduce another sampling scheme with the following properties. First,
the design for each SAA subproblem in this scheme is an ordinary Latin hypercube,
as for ILH and SLH. Fixing this property between our different sampling schemes
allows us to better study and understand the benefits of improving the between-batch
stratification. Second, when we choose the number of batches t sufficiently large, the
increased size of the combined design matrix achieves better stratification not just for
each variable but also for every pair of variables. With the additional stratification,
the var(L,;) can be further reduced, under the assumptions in Proposition 4.11.

As illustrated in § 1.3, such multi-dimensional stratification can be achieved by
utilizing orthogonal arrays in Definition 1.2. Let SOLH denote the scheme that
generates batches Dy, Do, ..., D; as slices of a Latin hypercube design based on an
orthogonal array. The original purpose of SOLH was to share strength across all
batches for numerical integration with higher accuracy. Given an OA(N, m + 1,t,2)
with N = nt, n = M, and s = t symbols, batches D, Ds,..., D; each with n
scenarios can be constructed under SOLH using Algorithm 4.2 (Hwang et al., 2013).

We obtain a sliced orthogonal array based Latin hypercube design by vertically
stacking Dy, Do, ..., D;. The construction above exploits the fact that taking the
scenarios in an OA(N, m + 1, s, 7) that have the same level in the first column, and
deleting that first column, gives an OA(N/s,m, s, 7) (Hedayat et al., 1999).

Figure 4.3 presents bivariate projections of a Latin hypercube design based on
sliced orthogonal arrays, with batches Dy, Do, D3 based on an OA(18,4,3,2). For
any D,., each of the six equally spaced intervals of (0, 1] contains exactly one scenario

in each dimension. When combined, each of the 18 equally spaced intervals of (0, 1]



74

Algorithm 4.2 Generating a Sliced Orthogonal Array-Based Latin Hypercube De-

sign

Step 1. Randomize the rows, columns and symbols of an OA(N, m + 1,t¢,2)
to obtain an array C' = (k) nx(m+1)- Let C(:,1),C(:,2),...,C(;,m+1) denote
m + 1 columns of C.

Step 2. Rearrange the rows of C' so that ¢;g41y) = £ if [i/n] = ¢ for { =
1,2,...,t. Forr=1,2,...,t, let A, = (ayik)nxm denote a Latin hypercube
design such that a,;x = cjp—1)ntik-

Step 3. Forr=1,2,...,tand k = 1,2,...,m, do the following independently:
replace all the fs in A,.(:, k) by a uniform permutation on Z, & (I — 1)t for
0=1,2,...,t

Step 4. Use A, thus obtained to construct D, following steps 2 and 3 for SLH
in Algorithm 4.1.

contains exactly one scenario. Additionally, each of the 3 x 3 squares in the dashed

lines has exactly two scenarios, because A = 2.

We provide a general variance formula of L, ; under SOLH introduced in the last

section. The result is a direct consequence of (Hwang et al., 2013, Theorem 1).

Theorem 4.14. Consider problem (4.9), and suppose that the conditions in Propo-

sition 4.11 hold. Based on an OA(N,m + 1,t,2) with N =nt, n = X, and s =t

symbols, we have as s — oo that

var(Li?LH N~ Z M (u, |u])var| é (x* é ) +o(N7h,

|u|>3

where u is a subset of D, and £ contains & for k € u.

Theorem 4.14 shows that the variance of L, ; can be reduced under SOLH after
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Figure 4.3: Bivariate projections of a sliced orthogonal array based Latin hypercube
design D with batches D (circles), Dy (triangles), and D3 (stars).

filtering out the bivariate interactions in G(z*,€). This fact remains true for SOLH
based on any strength-two orthogonal array even if coincidence defects are present,
provided that s — oo. According to the functional ANOVA decomposition and
Theorem 4.12 (i), we have var(L35") = N7' 32, o, var[Gu(z*, €4)] + o(N~1), where
coefficients of variances due to interactions with more than two variables are all of

order N~!. As a result, SOLH based on an orthogonal array with M (u, |u|) > N, for
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some u C D and |u| > 3, can inflate the variance due to higher-order interactions.
This side effect is less significant if the bivariate interactions dominate higher order
interactions, which is true in most problems.

In addition, we need to emphasize that each batch under SOLH is based on
an OA(n,m,t, 1), which is a Latin hypercube design instead of an ordinary Latin
hypercube. We conjecture that Assumption 1 still holds in this case, and the bivariate
variance reduction is due to the between-batch negative dependence rather than the
within-batch non-ordinary Latin hypercube structure. This conjecture is consistent
with our computational observations, as shown below.

Using the SOLH method is not just a matter of picking the desired n, m values of
the dimensions of the design matrices and the number of batches ¢, like it was in the
SLH case. Picking the appropriate orthogonal array requires some understanding of
the tradeoffs between the different choices.

Consider an OA(n?* m + 1,n,2). The benefits of using these arrays include (i)
each batch is based on an ordinary Latin hypercube, and (ii) there is no coincidence
defect. However, we have to solve n batches of n scenarios each. We want n to be
large enough to ensure that the quantity z* converges and that the bias v* —E[v, (D)]
is small, but solving n batches could be computationally infeasible.

One way around this computational hurdle is to relax the restriction that we
use all the batches that are generated by the SOLH method. We can use just the
first ¢ batches, and we will call this the sliced partial orthogonal-aray-based Latin
hypercube method (SPOLH). Let v denote the fraction of the number of batches

generated by SOLH. SPOLH can perform better than SLH since v of the variance
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due to bivariate interactions can be removed. However, when v is small (10%, say),
it does not guarantee substantial variance reduction from SLH to SPOLH.

We can alternatively use orthogonal arrays with a higher index value (i.e. A > 1)
allowing us to have a t that is much smaller than n. In this case, there is coincidence
defect and picking and generating the right orthogonal arrays with desirable n,m,t

values with low M (u,r) can be difficult.

4.6 Experimental Setup

To illustrate the effectiveness of negatively dependent designs for estimation of the
lower bound on the objective value in stochastic programs, we perform computational
experiments using data sets from the literature. This section provides some details
on our implementations and test problems.

We estimate a single lower bound by choosing a design family, obtaining a set
of sampled approximations using this design family, and finally solving these ap-
proximations. The performance of a sampling scheme is assessed by repeating this
process to obtain a number of lower bound estimates. We then calculate the mean
and variance of these estimates.

We augmented the SUTIL library (Czyzyk et al., 2000), a C and C++ based
library for manipulating stochastic programming instances with a design-based sam-
pling framework. This augmented SUTIL library can take an orthogonal array as
input and generate an orthogonal-array-based design family as output. The library

can generate other design families from scratch. We used a C library due to Owen
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(available at http://1ib.stat.cmu.edu/) to generate the orthogonal arrays. The
SUTIL software produces the extensive form (or deterministic equivalent) linear pro-
gram of each sampled instance and outputs the linear program as an MPS file. These
files are fed into the commercial linear programming solver Cplex v12.5 and solved
using the barrier method. All the timed experiments were run on an Intel Xeon
X5650 (24 cores @ 2.66Ghz) server with 128GB of RAM, and 16 of the 24 cores
available on the machine were used. Other experiments were run on the HTCon-
dor grid (Thain et al., 2005) of the Computer Sciences department at University of
Wisconsin-Madison. They required more than a week of wall-clock time to complete.

Our five test problems were drawn from the stochastic programming literature. In
fact, they are the same problems that were studied in Linderoth et al. (2006). These
problems are specified in SMPS file format (a stochastic-programming extension of

MPS), and have finite discrete distributions for their random variables.

20term, first described in Mak et al. (1999), is a model of a motor freight
carrier’s operations. The first stage variables represent positions of a fleet of
vehicles at the beginning of a day. The second-stage variables determine the
movements of the fleet through a network to satisfy point-to-point demands for
shipments (with penalties for unsatisfied demands), and to end the day with

the fleet back in their initial positions.

ghd is derived from an aircraft allocation problem originally described in the
textbook of Dantzig (1963, Chapter 28). Four different types of aircraft are to

be allocated to routes to maximize the profit under uncertain demand for each
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route. There are costs associated with using each aircraft type, and when the

capacity does not meet demand.

LandS is a modification by Linderoth et al. (2006) of a simple problem in
electrical investment planning described by Louveaux and Smeers (1988). The
first-stage variables represent capacities of different new technologies, and the
second-stage variables represent production of each of the different modes of

electricity from each of the technologies.

ssn (Sen et al., 1994) is a problem from telecommunications network design.
The owner of a network sells private-line services between pairs of nodes in
the network. During the first stage of the problem, the owner has a budget
for adding bandwidth (capacity) to the edges in the network. In the second
stage, to satisfy uncertain demands for service between each pair of nodes, short
routes between two nodes with sufficient total bandwidth must be identified.
Unmet demands incur costs, and the goal of the problem is to minimize the

expected costs.

storm is a cargo flight scheduling problem described by Mulvey and Ruszczynski
(1993). The goal is to schedule cargo-carrying flights over a set of routes in a
network, where the amount of cargo delivered to each node is uncertain. In
the first stage, the number of planes of each type on each route is decided.
In the second stage, the random variables are the demands on the amounts of
cargo to be delivered between nodes. The goal is to minimize (1) the costs that

comes from assigning the planes and balancing payloads, and (2) the penalties
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associated with unmet demands.

All of these problems fit our monotonicity assumption (Definition 4.3 of § 4.4).
The intuition for this property is straightforward — the objective in each problem
is to minimize costs and penalties that come from unmet demands. Hence, as the
demand increases, the objective value always increases.

We outline some facts about the random variables and optimal solution for each
problem in Table 4.2. The random variables for all the problems are independent
from each other. For the distribution column, we use ‘uniform’ to refer to a uniform
distribution over all possible values, and ‘irregular’ for any other distribution. Ad-
ditionally, we note that the distribution of each of the random variables of LandS
approximate a linear function as it has a uniform distribution over evenly spaced
points. The upper- and lower-bound estimates (with 95% confidence intervals) are
obtained from (Linderoth et al., 2006, Table 4) with n = 5000. We will refer to the

quantities in this table in our discussion of the computational results.

Table 4.2: Properties of our stochastic programming test problems

Random Variables Bounds (95% confidence interval)
Number Possible Values Distribution Lower Upper
20term 40 2 Uniform 254298.57 £+ 38.74 254311.55 £+ 5.56
ghd 5 13-17 Irregular 1655.62 + 0.00 1655.628 £ 0.00
LandS 3 100 Uniform 225.62 £ 0.02 225.624 £+ 0.005
ssn 86 4-7 Irregular 984 £+ 0.10 9.913 + 0.022
storm 117 5 Uniform 15498657.8 £+ 73.9  15498739.41 £+ 19.11
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4.7 Computational Results

In this section we will summarize the computational results and observations. For
each combination of sampling scheme, number of scenarios, and number of batches,
we perform the lower bound estimation process 100 times, and compute the mean
and standard error of the 100 lower bounds obtained.

Before we proceed with our observations, we should emphasize that while we
use the same problems as in Linderoth et al. (2006), our results are not directly
comparable. In particular, Linderoth et al. (2006) focus on results based on analysis
of the objective values across 10 uncorrelated subproblems of a single replicate (or
similarly, across 10 replicates of one subproblem each). We focus on the analysis of
the mean SAA objective values between many (potentially correlated) subproblems
across 100 replicates. Hence, the results in Linderoth et al. (2006) yield a measure of
the quality of a single lower-bound estimate, while our results compare the quality
of several different lower bound estimates.

All data used in this analysis — specifically, the objective values obtained by
solving each LP corresponding to each batch — can be obtained at the web site for
this paper at http://pages.cs.wisc.edu/~conghan/slhd/.

Table 4.3 shows the wall-clock time required to solve a single sampled approxi-
mation for the five test problems using our timing setup as described in § 4.6. Even
though the time to generate a batch of scenarios increases as the sampling method
increases in complexity, this time is insignificant compared to the rest of the pro-
cess and hence was not included in this table. The timings were obtained for each

problem and number of scenarios by averaging across 16 subproblems constructed
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from all design methods we considered. The timing increases with the number of
scenarios at a superlinear rate. Hence, when the underlying problem is difficult and
the number of scenarios is sufficiently high, solving many batches could be extremely
time consuming even with multiple machines.

Table 4.3: Wall clock times (in seconds) for solving one sample approximation prob-
lem with varying numbers of scenarios

no. of scenarios
256 512 1024
20term 4.83 11.12 30.09

ghd 0.03 010 0.17
LandS | 0.07 0.12 0.25
ssn 10.36 23.80 61.63

storm 16.40 37.85 84.22

In our first set of experiments, we computed the means and standard errors of
the lower bound estimates of the objective value over 100 replicates of each sam-
pling method and each number of scenarios. We fixed the number of subprob-
lems at t = 16, while varying the number of scenarios per batch according to
n € {128,256,512,1024}. We tested four different sampling methods: Monte Carlo
(MC), independent ordinary Latin hypercube (ILH), Sliced Latin hypercube (SLH)
and Sliced Partial Orthogonal Array Based Latin hypercube based on Bush orthogo-
nal arrays (BUSH), which are OA(n? m + 1,n,2). Since we are only using 16 out of
n possible batches, we are discarding much of the orthogonal array, and therefore not
achieving much two-dimensional stratification in our negatively dependent designs.
Computational results are summarized in Table 4.4.

We begin with some general observations about the mean of the lower bound

estimates. As observed in other experiments (Linderoth et al., 2006; Freimer et al.,
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Table 4.4: Mean and variance of estimates of the lower bound with 16 batches, over

100 replicates.

128 scenarios

256 scenarios

512 scenarios

1024 scenarios

Mean SE Mean SE Mean SE Mean SE

MC 254253.1 244.1 254292.1 160.2 254297.4 95.1 254311.3 69.3

90term ILH 254296.7 58.2 254311.1 39.8 254306.4 25.6 254311.0 19.9
SLH 254285.9 53.3 254303.0 45.0 254307.6 31.5 254310.0 23.8

BUSH  254296.0 54.8 254299.2 38.3 254307.5 30.2 254312.8 22.1

MC 1653.207 14.292  1654.061  10.540 1655.124 6.881 1656.837 5.585

obd ILH 1655.637 1.094 1655.760 0.670 1655.606 0.260 1655.616 0.157
SLH 1655.640 0.281 1655.622 0.171 1655.615 0.066 1655.635 0.044

BUSH  1655.602 0.275 1655.609 0.167 1655.645 0.080 1655.632 0.043

MC 225.3951  1.2923  225.7044 0.9876  225.5539  0.6106  225.6881  0.4622

LandS ILH 225.6314  0.0549  225.6233 0.0332  225.6249  0.0278  225.6301  0.0158
SLH 225.6135  0.0471  225.6248 0.0370  225.6259  0.0255  225.6295  0.0177

BUSH  225.6159  0.0522 225.6191 0.0319 225.6274 0.0266 225.6295 0.0185

MC 7.426 0.387 8.403 0.287 9.028 0.188 9.411 0.142

< ILH 8.945 0.267 9.378 0.186 9.635 0.150 9.770 0.103
SLH 8.877 0.225 9.321 0.203 9.609 0.137 9.775 0.087

BUSH 8.929 0.258 9.374 0.181 9.656 0.134 9.785 0.091

MC 15498662.4 7441.1 15498518.5 5517.1 15498532.9 3648.5 15498473.7 2838.3

storm ILH 15498741.0 454.9 15498678.8 257.0 15498698.9 151.2 15498716.6  98.2
SLH 15498690.0 245.2 15498683.9 159.0 15498695.4 104.6 15498721.5 79.3

BUSH 15498699.6 238.7 15498731.9 149.6 15498688.7 115.6 15498709.3 85.4

2012), the Monte Carlo method is significantly worse than Latin Hypercube-based

methods in terms of the bias. As expected, the Latin Hypercube-based methods

produce statistically-indistinguishable lower bounds.

By comparing with the results of Table 4.2, for all problems except ssn, ILH

attains a mean extremely close to the true mean when the number of scenarios is

1024, and is already very close with a smaller number of scenarios. ssn is known

to be a challenging problem, requiring at least 512 scenarios to attain a reasonable

estimate of the optimum even for the three Latin hypercube schemes. Increasing

the number of scenarios beyond 1024 would continue to improve the quality of the

estimates. Linderoth et al. (2006) provide a more detailed description of the behavior
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of SAA for the ssn problem.

We now turn to the standard error. By this measure, for every problem except
ssn, we see that MC performs much worse than the other methods. It is only
slightly worse for ssn. This table shows situations in which the negatively dependent
designs of SLH and BUSH begin to distinguish themselves from ILH. For gbd and
storm, we can see large improvements from ILH to SLH/BUSH. The improvement
from ILH to SLH/BUSH is much less pronounced in ssn, being in general smaller
than the improvement from MC to ILH, and in one case performing slightly worse
than ILH. However, we should note that in all the problems, BUSH and SLH have
roughly similar performance. This observation suggests that when we use too few
subproblems, the effect of partial orthogonality on performance is not significant.

For 20term and LandS, the Latin hypercube schemes ILH, SLH, and BUSH per-
form similarly. In the case of 20term, this similarity is unsurprising. The benefits
of SLH over ILH come from the increased stratification that comes from the sliced
structure, but since each variable can only take on two values, each with probability
0.5, any stratification that divides the probability space into a multiple of two would
perform equally well. In the case of LandS, we suspect that the similarity of perfor-
mance is due to the smoothness of the distribution of the random variables. In fact,
the cumulative distribution function is essentially linear. We have found that when
we modify the distribution to be more irregular or to to be a uniform distribution
over a much smaller set, it tends to drive up the standard error and to cause SLH to
have a significantly smaller standard error than ILH.

We now consider a greater number of subproblems for each n and new alterna-
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tives for the underlying orthogonal arrays. In addition to the four different sampling
methods considered earlier, we show two additional variants: Sliced Orthogonal Ar-
ray Based Latin hypercube based on Bose-Bush orthogonal arrays (BB), and inde-
pendent batches taken over several BB (INDBB). Bose-Bush orthogonal arrays have
an OA(As?,m + 1,s,2) structure. We pick s to be equal to the number of sub-
problems, and define A\ = n/s. With these choices, the sliced designs achieve full
two-dimensional stratification, making BB an example of SOLH sampling.

We include INDBB in our experiments to help isolate the factors that lead to the
stronger performance of BB. If each slice of the BB design has some special structure
that leads to improved performance, then INDBB designs should perform better
than ILH, and the performance of INDBB should be close to that of BB. However,
if the performance gains of BB are primarily due to the better two-dimensional
stratification, then we would expect INDBB to perform no better than ILH. The
numerical results support the second claim.

Results are shown in Table 4.5. Many of the observations about MC/ILH /SL-
H/BUSH from Table 4.4 carry over. Also, comparing the standard error of MC/IL-
H/SLH/BUSH between the two tables, we notice a factor of v/2 or 2 difference in
standard error, depending on whether the number of subproblems was doubled or
quadrupled. This factor is consistent with Theorem 4.7. The lower bound estimates
are roughly the same in both tables, demonstrating that changing the number of
subproblems does not affect the bias.

Table 4.5 shows a considerable advantage for BB over ILH. In fact, BB is bet-

ter than all other methods tested, except on gbhd, where it performs similarly to
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Table 4.5: Mean and standard error of estimates of the lower bound with 32 or 64
batches (over 100 replicates)

(scenarios, batches) (128,32) (256,32) (512,64) (1024,64)
Mean SE Mean SE Mean SE Mean SE
MC 254295.4 164.5 254305.0 116.3 254301.1 54.4 254313.4 36.9
ILH 254305.7 43.4 254296.4 29.2 254307.0 16.8 254309.1 9.9
90term SLH 254294.2 45.8 254306.3 28.5 254306.2 14.3 254308.5 11.3
BUSH 254293.7 36.5 254305.3 27.8 254306.7 13.6 254309.4 10.1
BB 254296.1 20.9 254305.3 18.9 254307.3 7.6 254310.3 4.9
INDBB 2542944 39.3 254301.1 29.9 254308.3 15.2 254309.1 11.1
MC 1653.130  9.485  1654.699  7.091 1655488  3.389  1655.655  2.986
ILH 1655.550  0.849  1655.658  0.390  1655.633  0.164  1655.628  0.094
obd SLH 1655.649 0.169 1655.620 0.066 1655.628 0.017 1655.628 0.011
BUSH 1655.628  0.163  1655.628  0.066  1655.629  0.017  1655.628  0.011
BB 1655.614  0.170  1655.626  0.072  1655.629  0.018  1655.627  0.011
INDBB 1655.618  0.799  1655.582  0.483  1655.618  0.140  1655.641  0.096
MC 225.6448  0.9108  225.6300 0.6092  225.6431 0.2844  225.5845  0.2202
ILH 225.6151  0.0344  225.6190 0.0248  225.6255 0.0131  225.6298  0.0088
LandS SLH 225.6172  0.0351  225.6260 0.0263  225.6253 0.0124  225.6287  0.0087
BUSH 225.6155  0.0332  225.6247  0.0225 225.6260 0.0116  225.6269  0.0081
BB 225.6178  0.0068  225.6247  0.0047  225.6270 0.0015 225.6282  0.0010
INDBB 225.6202  0.0370  225.6220 0.0252  225.6258 0.0123  225.6281  0.0085
MC 7.426 0.275 8.412 0.197 9.011 0.094 9.389 0.071
ILH 8.908 0.184 9.378 0.127 9.628 0.073 9.767 0.045
ssn SLH 8.911 0.198 9.386 0.131 9.614 0.064 9.771 0.054
BUSH 8.905 0.175 9.390 0.123 9.634 0.064 9.770 0.051
BB 8.925 0.105 9.408 0.083 9.627 0.029 9.767 0.022
INDBB 8.938 0.185 9.381 0.134 9.620 0.078 9.763 0.049
MC 15499036.3 5185.4 15498564.6 3653.0 15498659.9 2039.3 15498513.0 1263.0
ILH 15498674.5 377.4 15498717.2 179.3 15498690.9 68.6  15498715.7  43.3
storm SLH 15498658.3  149.0 15498712.7 99.8  15498699.4 53.4  15498718.1  37.0
BUSH 15498687.3 133.0 15498707.0 104.1 15498701.9 47.0  15498721.9 38.4
BB 15498686.1  76.1  15498710.4 42.5  15498693.4 22.0  15498720.7 12.6
INDBB 15498674.6  297.4  15498712.5 201.2 15498695.8 67.9  15498720.7 43.1

SLH/BUSH. On LandS, BB performs about 5-10x better than the other sliced sam-

pling methods. A possible explanation for this huge improvement is that the total

number of random variables is just three, so having two-dimensional stratification

would cover a large portion of the possible interactions between variables. In the

case of ssn, the improvement from ILH to BB is comparable to the improvement

from MC to ILH, a bigger factor than is observed for any other problem.
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Finally, we turn our attention to running times. The standard error of the es-
timates between the results for 512 scenarios and 16 slices in Table 4.4 and 256
scenarios and 32 slices in Table 4.5 are similar. Since the timing scales superlin-
early in the number of scenarios, the amount of time it takes to solve ct sampled
approximations of n scenarios sequentially can be substantially less than solving ¢
sampled approximations of cn. Each batch could also be solved independently and
in parallel. This suggests that if computing resources on each machine is limited and
using SLH/SPOLH with cn scenarios and t batches is computationally infeasible,
using SOLH with with n scenarios and ct batches can be an effective way of reducing
the standard error.

We conclude that for a fairly small number of subproblems, the sliced sampling
methods perform at least as well as Latin hypercube sampling, and in fact show
significant improvement in some cases. Once we increase the number of subproblems
and exploit the full “orthogonality” property of the orthogonal arrays, we see a
substantial improvement in all cases. Thus, if the computational budget will only
allow a small number of batches for the given value of n for which a lower bound
v, is being estimated, there is significant computational benefit to using the more

sophisticated sampling methods introduced in this work.

4.8 Conclusions and Future Work

In this paper, we propose the use of two types of negatively dependent designs to

improve the lower bound of the objective value. Sliced Latin hypercube sampling
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is easy to implement since SLH does not impose any restriction on the number of
batches t and the number of scenarios in each batch. We introduce the concept of
monotonicity for two-stage stochastic linear programs, and provide a non-asymptotic
result showing that SLH can be better than ILH for problems with this monotonicity
property. On the other hand, we show that SLH is asymptotically equivalent to ILH
if the distribution of the random vector has finite support and the approximate
solutions converge. Our computational results supports the theory, showing that
SLH performs no worse than ILH and in some cases performs significantly better
than ILH.

To improve upon SLH, we consider sliced orthogonal array-based Latin hypercube
sampling schemes, which achieve stronger negative dependence between batches. The
choice of the underlying orthogonal array can make a huge difference in variance
reduction. We provide empirical results showing that when we are able to exploit
the full orthogonality of the underlying orthogonal array, using Bose-Bush orthogonal
arrays (Bose and Bush, 1952), the performance is significantly better than when we
use only part of an orthogonal array.

Our work treats Latin hypercube sampling as the baseline method, in part be-
cause it was investigated in earlier work (Linderoth et al., 2006). Other sampling
methods, such as U sampling (Tang, 1993; Tang and Qian, 2010) and randomized
quasi-Monte Carlo (Niederreiter, 1992; Owen, 1995; Homem-de Mello, 2008) could
have been used instead for constructing a single SAA problem. We can carry over
the idea of negatively dependent designs to these advanced within-batch sampling

techniques. For U sampling, a strength-two orthogonal array-based Latin hypercube
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design could be generated for each SAA problem. The t underlying strength-two
orthogonal arrays can be obtained by slicing a larger strength-three orthogonal ar-
ray. For randomized quasi-Monte Carlo, we can sample different batches based on
the same low-discrepancy sequence such that batches are negatively dependent spon-
taneously. Comparing with Latin hypercube sampling, both U sampling and ran-
domized quasi-Monte Carlo are extremely complicated to implement as they require
more constrains on the selection of batch size n and the number of batches ¢t. A
potential research direction in the future for us is to study the theoretical and empir-
ical performance of negatively dependent batches based on these advanced sampling

methods.
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Chapter 5

Controlling Correlations in Sliced

Latin Hypercube Designs

5.1 Background

Qian (2012) proposed sliced Latin hypercube designs for collective evaluations of
computer models and ensembles of multiple computer models. An N x m sliced
Latin hypercube designs is a Latin hypercube design that can be partitioned into ¢
smaller ordinary Latin hypercube designs with n runs each where n = N/t. A sliced
Latin hypercube design can be used to evaluate a computer model in batches where
each batch takes input values from one slice of the design, such that the expected
output = E{f(X)} in Section 1.1 can be estimated accurately based on combined
batches or separated batches. It is desirable to control correlations for each slice and

the entire design simultaneously. Yang et al. (2013) proposed methods to construct
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a sliced orthogonal Latin hypercube design where the whole design is orthogonal and
can be divided into slices of smaller orthogonal Latin hypercube designs. This section
propose an algorithm to construct a sliced Latin hypercube designs with correlation
controlled for the entire design and for every single slice of smaller Latin hypercube
designs, which is ready for the applications in Qian (2012). Our construction method
is based on a modified version of the RGS algorithm in Section 1.4 and is flexible in
run size.

Let SLH denote a scheme that produce an N x p sliced Latin hypercube design
D with t slices Dy, ..., D,;, where each slice is a smaller Latin hypercube design of
n runs. Let d,;, d.(:, k) and d,;x denote the ith run, kth column and kth entry in
the ith run of D, respectively for + = 1,...,n, k = 1,...,m and r = 1,...,t. The
desired Dy, ..., D; can be constructed by Algorithm 4.1. We obtain a sliced Latin
hypercube design D by stacking Dy, ..., D; row by row together. We refer the design

thus constructed as an ordinary sliced Latin hypercube design.

5.2 Modified RGS algorithm

Inspired by the benefit of controlling correlations in ordinary Latin hypercube de-
signs, we propose to control correlations for each slice and the entire sliced Latin
hypercube design simultaneously. Let D_, denote the design obtained by removing
D, from D. Let p, e and p_, xs denote the sample correlation between the kth and
(th columns of D, and that of D_,, respectively for k, [ =1,...,mandr=1,...,m.

Conditional on the correlation of D_, for every r, we propose a modified RGS



92

algorithm to control the correlation of D, around zero such that p,, is closer to
—(t — 1)p_rre and as a result, |prs = prre + (6 — 1)p_s x| can be reduced. A similar
idea has been discussed earlier in § 2.3 for controlling correlations in a sequentially
refined Latin hypercube design. In practice, we consider setting p, s = —cp_; e With
constant ¢ between 0 and ¢t — 1. The choice of ¢ will be discussed in details in § 5.4.

Given D_,., our proposed algorithm works as follows.

Algorithm 5.1

Forward:
for k=2,....m
for (=1,...k—1
d <+ takeout(d, d’) — cp, ped® (5.1)
for k=1,...m
d¥ < {a*[rank(d¥)] — .5} /nt,
Backward:
for k=m-—1,...,1
for {=m,...,k+1
d! + takeout(d*, d’) — cp " d" (5.2)
for k=1,...m
d¥ < {a¥[rank(d*] — .5} /nt.
where the vector a® = [ntd], aF[rank(d¥)] is a permutation of a* such that

rank{a*[rank(d")|} = rank(a¥).

Compared with Owen’s algorithm (Algorithm 1.2), this new algorithm includes
an extra term in (5.1) and (5.2). To exam if Algorithm 5.1 can indeed move p; ks

closer to —cp_, i effectively, define modified root mean square correlation. as

. Zl§k<ggq(pr,k€ - Cp—r,ké)Q
(e) = \/ 12 . (5.3)
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Note that v,(0) = prms(D;).

As pointed out by Owen (1994a) and Tang (1998), the convergence behavior
of RGS type algorithms is difficult or unrealistic to prove. We will provide some
empirical results instead. For relatively small m, the algorithm usually converges
within eight complete passes, which means after alternating the modified forward
and backward algorithm eight times, either (i) D, stops changing or (ii) D, switches
between two designs. This is the same phenomenon observed for the original RGS
algorithm Owen (1994a). To study the asymptotic behavior of v.(c), our algorithm
is applied for n = 10, 20, 50, 100, 200, 500. Each value of n has 100 replications. We
fix t=>5,r=1and ¢ =1 for illustration. Figure 5.1 presents a series of boxplots of

71 (1) versus n on a log-log scales. Ordinary least squares regression results in
log(y1(1)) = —1.13log(n) — 0.29,

which has a similar slope as pm,s in Owen (1994a). The regression line is plotted as

a solid reference line.

5.3 Algorithm for correlation-controlled sliced
Latin hypercube designs

We propose an algorithm to construct a correlation-controlled sliced Latin hypercube
design With pms(D) = 0,(N7Y2) and pyms(D,) = 0,(n"Y%) for r = 1,...,r. The

algorithm begins with an ordinary sliced Latin hypercube design, and then update
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Figure 5.1: Modified root mean square correlation v;(1) versus sample size n for
p = 9 dimensional sliced Latin hypercube design with ¢ = 5 slices. Dots denote
71(1) for the modified RGS algorithm. The solid reference line is the least squares
regression line of log(7(1)) versus log(n).

each slice independently based on the measure v, (0) which does not depend on p_,
from other slices. As the slices in an ordinary sliced Latin hypercube design are
dependent dimension by dimension, it is reasonable to assume pj g, ..., prre are
mutually independent. The initial step guarantees pp,s(D,) = o,(n~'/?) for r =
1,...,t, hence pyms(D_,) = 0,(N7Y2) as ppms(D_,) ~ (t — 1) Zi# Prms(D;). The
algorithm then updates each slice based on its modified root mean square correlation

based on column-wise correlations of other slices as given in (5.3). The complete
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procedure is summarized in Algorithm 5.2.

Algorithm 5.2 Controlling correlations for a sliced Latin hypercube design
1: given positive integers n,t,p, q1, ¢2, a constant ¢ € R
2: generate a nt X p sliced Latin hypercube designs D with slices Dy, ..., D; by
Algorithm 4.1.
3: forr=1,...,tdo

4:  update D, by Algorithm 5.1 until +,.(0) converges or the number of complete
backward and forward steps reaches q;.

5: end for

6: b+ 0

7: while b <t — 1 or the number of iterations reaches ¢, do

& forr=1,...,tdo

9: compute p_, i for any k # fand r=1,...,m

10: calculate a new D, by the modified RGS algorithm until +,(c) converges or

the number of complete backward and forward steps reaches ¢ .

11: if prms(D) decreases based on the new D, then

12: update the D, as the new D,

13: b0

14: else

15: b<b+1

16: end if

17:  end for
18: end while
19: return Dy,..., D,

The new RGS algorithm is deterministic given the constant ¢ since the modified
RGS always leads to the same new D, based on the same set of Dy, ..., D;. Thus, no
change can be made on line 10 in Algorithm 5.2 if there are no updates on previous
t — 1 slices.

We use ¢; = ¢» = 10 in Algorithm 5.2 unless stated otherwise. These two
numbers specify the maximum number of complete passes in new RGS algorithm

and the maximum number of while loop starting at line 7.
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5.4 Performance

We address the issue of choosing appropriate constant ¢ in Algorithm 5.2. Several

candidates of ¢ will be considered and their performance will be compared.

Definition 5.1. Let CSLH(c) denote a scheme that uses Algorithm 5.2 with constant
c to try to produce an N x m correlation-controlled sliced Latin hypercube design with

t slices, where each slice is an n x m correlation-controlled Latin hypercube design.

The first candidate we would consider is ¢ = 0. In this case, Algorithm 5.2 stops
at line 5 and results in p,s(D,) = O,(n™1) and prms(D) = O,(t~/?n~1) according to
the performance of the ordinary RGS algorithm in Section 1.4. Although CSLH(0)
can produce a correlation-controlled sliced Latin hypercube design defined in Section
5.3, it only guarantees prms(D) = O,(t7?n=1) while pns(D) = O,(N~1) in CLH if
we give up the sliced structure.

The performance of CSLH(0) for the entire design D is compromised because
we did not update each slice using the information from other slices. As ppy =~
t= S prwe and ppge A (E— 1) > isr Pries it is desirable to use ¢ = (¢t — 1) such
that pr, ~ 0 after the modified RGS algorithm in (5.1) and (5.2).

However, CSLH(¢ — 1) has its drawback. According to line 8 in Algorithm 5.2,
the expected py g is —(t—1)p_1pe = — Zizg prie = O,(t?n~1) in the first iteration.
Hence, CSLH(t—1) can cause an inflation in p,,,s(D1) and maybe p,,s(Ds), . ... The
third candidate is then ¢ = \/f — 1 such that the expected p; e is O,(t'/?n™1) the
same as under CSLH(0). Meanwhile, CSLH(y/ — 1) is still able to reduce py,s(D)

in CSLH(0) as the expected p, s has the opposite sign of p_, .
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We now exam the performance of CSLH(0), CSLH(¢ — 1) and CSLH(v/t — 1)
with different n,t and fixed m = 9. Results are presented in Tables 5.1 and 5.2.
Table 5.1 reports the averages of prms(D1), prms(D2) and prms(Dy) based on 100
replicates. According to Table 5.1, CSLH(0) generate slices with similar root mean
square correlation because slices are independently optimized. CSLH(¢ — 1) fails to
control correlations in the first several slices especially for relatively small n and large
t. On the other hand, CSLH(+/t — 1) performs almost as well as CSLH(0). When n
is large, we observe that the result in CSLH(0) and CSLH(y/t — 1) are equivalent
while CSLH(¢ — 1) is still unable to control the p,ms(D1).

Table 5.2 presents some evidence showing that CSLH(t — 1) is most effective
in controlling p,,s(D) followed by CLSH(y/t —1). The difference in py,,,s(D) be-
tween three schemes becomes more significant as ¢ grows. Meanwhile comparing
with CLSH(0), the computation time required for CSLH(¢ — 1) and CLSH(y/t — 1)
is within a reasonable range.

Let D,nq denote a randomly selected slice in D. Figure 5.2 plots the p.ns(D),
the prms(D1) and the pr,s(Dypg) in different columns on a log-log scale, respec-
tively. When n = 10, CSLH(y/t — 1) outperforms CSLH(0) in all three comparisons.
CSLH(t — 1) is the best scheme in controlling the p,.,s(D) while it is the worst in
controlling the average of the pyys(Dymq) due to the poor performance in p.,s(D1).
The same results are observed when n = 100. Figure 5.3 plots the same comparisons
except that comparisons are made with fixed ¢. Results with ¢t = 3 and ¢t = 20 are
similar. We found CSLH(y/t — 1) may fall behind other two schemes when ¢ is large

and n is even much larger than t.
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Figure 5.2: The p,,s(D) (left), the pms(D1) (middle) and the average of the py.,s(D;)
(right) versus ¢ for n = 10 (top) and n = 100 (bottom) on a log-log scale. Means
based on different schemes are calculated based on 100 replicates for CLH (Xx),
CSLH(0) (O), CSLH(vt — 1) (A) and CSLH(t — 1) (+). The solid reference lines
are the least squares regression lines of the p,.,s(D) (left), the p,s(D1) (middle) and
the prms(D,) versus log(t), respectively.
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Figure 5.3: The p,,s(D) (left), the p.ms(D1) (middle) and the average of the p.,s(D;)
(right) versus n for t = 3 (top) and ¢t = 20 (bottom) on a log-log scale. Means based
on different schemes are calculated based on 100 replicates for CLH (x), CSLH(0)
(0), CSLH(v/t — 1) (A) and CSLH(t — 1) (+). The solid reference lines are the
least squares regression lines of the p.m,s(D) (left), the pms(D;1) (middle) and the
Prms(Dyrna) versus log(n), respectively.
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Table 5.1: Average of root mean square correlation for the first, second and last
slice under CSLH(0), CSLH(¢ — 1) and CSLH(y/t — 1) based on 100 replicates. The
numbers in parentheses are the corresponding standard error. Numerical values are
the actual values multiplied by 100

t  Schemes n =10 n =100
prms(Dl) prms(D2> prms(Dt) prms(Dl) prms(DQ) prms(Dt)
3 CSLH(0) 5.333 5.247 5.396 0.382 0.384 0.380

(0.782)  (0.817)  (0.730)  (0.027)  (0.026)  (0.026)
CSLH(t — 1) 8.540 6.968 6.513 0.401 0.389 0.389

(1.225)  (1.109)  (0.883)  (0.039)  (0.028)  (0.027)
CSLH(VE—1)  6.661 5.811 5.740 0.347 0.362 0.372

(0.832)  (0.692)  (0.825)  (0.033)  (0.031)  (0.031)

6 CSLH(0) 5.235 5.260 5.260 0.380 0.385 0.383
(0.856)  (0.734)  (0.766)  (0.034)  (0.031)  (0.031)

CSLH(t — 1) 12.600  7.374 5.884 0.600 0.400 0.384
(0.856)  (0.734)  (0.766)  (0.034)  (0.031)  (0.031)

CSLH(vZI—1)  6.417 5.818 5.440 0.357 0.357 0.371
(0.856)  (0.734)  (0.766)  (0.034)  (0.031)  (0.031)

20 CSLH(0) 5.253 5.407 5.459 0.387 0.388 0.385
(0.770)  (0.786)  (0.727)  (0.026)  (0.031)  (0.027)

CSLH(t—1)  21.337 8481 5.409 1.420 0.412 0.381
(2.398)  (1.328)  (0.626)  (0.211)  (0.035)  (0.028)

CSLH(VE—1)  6.592 6.060 5.323 0.357 0.350 0.377
(0.863)  (0.761)  (0.706)  (0.036)  (0.030)  (0.034)

5.5 Numerical Illustration

In this section, we compare the performance of the estimator /i in (1.1) based on an
entire sliced Latin hypercube design D and an single slice under the three schemes
studied in § 5.4. We use i, f1; and fi,,,q to denote the estimator based on D, D; and
D,.q. We also include the variance reduction performance of i under LH-CC in § 2.4
as a benchmark. The maximum number of iterations ¢; and ¢, in Algorithm 5.2 are

both 10. For the borehole function M8 in § 2.4, consider an experiment to estimate its
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Table 5.2: Average of root mean square correlation for the first, second and last
slice under CSLH(0), CSLH(¢ — 1) and CSLH(y/t — 1) based on 100 replicates. The
numbers in parentheses are the corresponding standard error. The average number
of modified RGS iterations and average cpu time (second) for each replicate are given

t  Schemes n =10 n = 100
100p,ms(D) g5 cpu  1000pms(D) g5  cpu
CSLH(0) 3.042 (0.381 0 0.36 2.202 (0.255 0 0.26
3  CSLH(t-1) 1.047 (0.136) 3.1 0.82 0.993 (0.069) 2.5 0.65

t—1) 1.398 (0.180) 2.7 0.73 1.333 (0.082) 2.3 0.58

( ) )

( (0.136) (0.069)

( (0.180) (0.082)
CSLH(0) 2.119 (0.272) 0 0.66 1.546 (0.198) 0 0.53
6 CSLH(t—1) 0.377 (0.052) 3.6 1.69 0.377 (0.027) 3.0 1.39
(VE—1) 0.779 (0.110) 3.1 1.56 0.841 (0.052) 2.8 1.35
CSLH(0) 1.214 (0.164) 0 2.33 0.879 (0.101) 0 1.64
( (0.010) (0.004)
( (0.032) (0.018)

20 CSLH(t—1) 0.065 (0.010) 4.1 5.97 0.066 (0.004) 3.3 4.87
t—1) 0.258 (0.032) 3.9 6.05 0.339 (0.018) 3.1 4.74

mean output by ¢ machines in parallel, where each machine evaluates the function at
n sites. For all methods, i, {11 and fi,,q are computed 1000 times. Table 5.5 reports
root mean squared errors (RMSE) of [, iy and i g with different n and ¢. We find
CSLH(t — 1) and CSLH(+/t — 1) are more effective than CSLH(0) in reducing the
RMSE of p while CSLH(¢t — 1) and CSLH(y/t — 1) are almost identical. The first
slice in CSLH(¢ — 1) always performs the worst especially when ¢ gets large, but the
performance of a randomly selected slice under CSLH(t — 1) and CSLH(\/t — 1) are
comparable to that under CSLH(0). We also observe that the difference diminishes

when n is much larger than ¢.
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Table 5.3: Comparison of the RMSEs of fi, fi; and fi,,q for function M1 under CSLH(0), CSLH(¢ — 1) and
CSLH(+/t — 1) based on 1000 replicates.

n =10 n =20 n = 50 n = 100
t=2 t=8 t=32 t= t=8 t=32 t=2 t=8 t=32 t= t=8 t=232
CSLH(0) 0.484 0.246 0.117 0.291 0.140 0.071 0.160 0.083 0.041 0.111 0.055 0.027
i CSLH(t — 1) 0.400 0.191 0.095 0.256 0.127 0.061 0.163 0.076 0.038 0.111 0.054 0.027
CSLH(yv/t—1) 0.405 0.191 0.094 0.257 0.127 0.065 0.154 0.078 0.038 0.111 0.054 0.029
LH-CC 0.38 0.179 0.086 0.265 0.121 0.062 0.159 0.074 0.040 0.113 0.054 0.028

CSLH(0) 1.406 1.579 1.588 0.585 0.659 0.692 0.252 0.267 0.270 0.156 0.164 0.161
f1 CSLH(t—1) 1.551 1.864 2.689 0.609 0.760 1.1813 0.258 0.286 0.413 0.168 0.164 0.221
CSLH(vt—1) 1.479 1.587 1.594 0.600 0.660 0.663 0.247 0.259 0.265 0.166 0.167 0.167

(t—

(

. CSLH(¢t V 1.527 1.615 1.690 0.612 0.672 0.686 0.263 0.262 0.283 0.163 0.166 0.160
Hrmd —csLH Vt—1) 1.457 1.623 1.591 0.594 0.649 0.687 0.250 0.253 0.268 0.165 0.165 0.163
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Appendix A

Proofs in Chapter 2

Proof of Proposition 2.4

Proof. Take D, C --- C D, from (2.11). Let D; C --- C D, denote its counter-
part obtained in (2.7). Let z; and Z; denote the (i, k)th entries of D; and Dy,
respectively.

For j =1, D; and D; are both ordinary Latin hypercube designs of n; runs and
hence have the same distribution.

For j = 2,...,u, note that for either D, or D,, all columns are independent and
generated by the same mechanism. Hence, it suffices to show the result holds for
the first column. Let 7, be a nest permutation in (2.11) used to generate the first

column of D,. Fori=1,...,n;_4, by (2.11)

which, because (n;z1, n;z1+t;  u; 1] contains no integer, equals [n;x;1]. Thus, C; in
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(2.10) has the same distribution as C;; in (2.4) obtained from {Z;; :i=1,...,n;1}
and Z,,/C; has the same distribution as I';; in (2.5). Therefore, ¢; in (2.9) as a
uniform permutation of Z,,, /C; has the same distribution as {byx, ..., b, 1} in (2.6)
being a uniform permutation of I'; ;.
Second, for i =mn;_1 +1,...,n;, by (2.11) and (2.10), express x;; as
(i) — uyn _ {G(t —njq) — 1}t +€ej —un

Ny Ny ’
Gli—mnj—1)  tj—ej+ua

- , (A.1)

n; m

where the u;; are UJ0, 1) random variables, the e; are discrete uniform random vari-
ables with support on Z;;, and the u;; and the e; are mutually independent. Because
tj_l(tj —e; +uy) is a U0, 1) random variable and is independent of (;(i — n;_1),
{za :i=mn;_1+1,...,n;} from (A1) and {Z;; : ¢ = n;_1 +1,...,n,} from (2.6)

have the same distribution. The proof is now completed. O
Proof of Proposition 2.5

Proof. Assume a,b € Z,,. Let w, = {n(1),...,7(n,)} be a nested permutation with
u layers defined in Section 2.2, where the n; and the t; are defined in (2.2) and (2.8),
respectively. Note that the jth layer consisting of the first n; elements of m, forms
a permutation on Z,..

(i) For j =1,...,u and i = 1,...,n; — n;_y, by symmetry, P{r;;, = a} is the

same for any a € Z,,, and hence equals n*.
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(ii) For integers b > 0 and t > 0, let

Noy = {c € Zn, : [c/t] = [b/t]}

be a block of t consecutive integers. Note that Ny, = Zy, /Nyt has n, — t elements,
where the superscript “c” denotes the set complement.

For j =1,...,u, we have that
P<Tj,i1 = a, Tjﬂ'Q = b) = P(Tjﬂé = b‘Tj,il = &)P<Tj,i1 = &), fOI" a, b € Znu- (A2)

Since both 7;; and 7;;, of the jth layer belong to the first n; elements of m,, by
definition, [7;;, /t;] # [7j:,/t;1. Thus, if 75, = a, then 7;,;, € Ng, .

For j =1, both 71, and 7, are in the first layer of m,. The condition 7, =
a implies 7 ,, cannot take any value in N, . There is no further restriction for
T1,i, from previous layers. By the exchangeability of the elements in N, for 7y,
P(114, = blT14, = a) = (n, — t1)"" for a,b € Z,,. Now by (i) and (A.2), (ii) holds
by letting ng = 0 and (tg — 2t1)/(to — t1) = 1 with t, = oc.

For j = 2,...,u, given 7;;, = a, the elements of N;Q are not equally likely to be
taken by 7;,;, because of the restriction imposed by 7;;, = a in the (j — 1)th layer of
7. More specifically, 7;;, is less likely to be a number close to the block N, ., of

the (j — 1)th layer where a resides, as shown below. Partition g, into

91 = Nog; 1 /Nag, ={b € Zn, : [a/tya] = [/t ], [a/t; ] # [0/;1), (A3)
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which contains ¢;_; — ¢, elements, and

9o =Ny, ={b€ Zy, : [a/tj] # [b/tj—1], [a/t;] # [b/t;]}, (A.4)

which contains n, — t;_; elements. Given 7;;, = a € Z,,, 7;;, must be in either g;

or go. Thus,

Z P(Tj’iQ = b|Tj7Z’1 = CL) + Z P(Tjﬂ'z = blTj,il = CL) = 1. (A5)

begr bega

By the exchangeability of the elements in g; and that of the elements in go, for any
a € Z,,, the conditional probability P(7;,, = b|7j;, = a) is the same for all b € gy,
denoted by oy. Similarly, the conditional probability P(7;;, = b|7j;, = a) is the

same for all b € g, denoted by f;. Plugging the values of o; and /3y in (A.5) gives
(tj—1 —tj)on + (ny — 1) B = 1. (A.6)

Now compute «;. Given 7;,, = a € Z,,, g1 in (A.3) can be partitioned into
s; — 1 disjoint blocks, denoted by Ny, ¢, for i =1,...,s; — 1, where wy, ..., w,, 1 are
s; — 1 elements of the (j — 1)th layer of m,. By the construction of r,, precisely one
element of wy, ..., w,; 1, denoted as w,, belongs to Naﬂfj_l(D Na,tj).

Given 7, = a € Z,,, for any b € ¢g; in (A.3),

{Tj:i2 = b|7—j,i1 - CL} - T1 N TQ n T37
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where T denotes the event that Ny; equals Ny, for some i = 1,...,5; — 1 ex-
cept e, Ty = {754, € Ny, } and Ty = {7;;, = b}. Clearly, P(T1) = 1 — (s; —
1)~ Because given Ty, 7j;, is equally likely to be contained in any Ny, for

i € {715 Timy—n,_, }/{a}, P(To|Th) = (n; — nj—y —1)~'. By the exchangeability

of the elements of Ny, P(T3|T1, 1) = tj’l. A conditioning argument shows that

tj—l — 2tj
{nu — (njo1 + Dt 3t —t5)]

] = P(Tg’Tl,TQ)P(T2|T1)P(T1) =

which combined with (A.6) yields

tj—l — tj

i {nu = (nj1 + Dt

Note that oy < f;. Plugging in the values of «; and /1 in (A.2) proves (ii).

(iii) For 5, =1,...,u with j < £ and a,b € Z,,,, we have that

P(Tj,il = a, Ttins = b) = P(Tgﬂé = b‘Tj,il = a)P(TMl = a). (A7)

Because both 7;;, (of the jth layer of m,) and 7,,, (of the ¢th layer of m,) are
among the first n, elements of m,, [7;:, /t¢] # [704y/te]. Thus, if 7;, = a, then

. L ¢ -
Tjin € Ng,,- Partition Ny, into

9= Nty /Nagy = (b Ta/tir] = [b/tir], [aft] # [b/t],b € Z,,},
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which contains t,_; — t, elements, and

91 =Nay,_, ={b: Ta/tea] # [0/tea], [a/te] # [b/te],b € Zn,},

which contains n, — t,_; elements. Given 7;; = a € Z,,, 71, must be in either g;

or g4. Thus,

Z P(Tj’iQ = b|Tj7Z’1 = CL) + Z P(Tjﬂ'z = blTj,il = CL) = 1. (A8)

begs begs

By the exchangeability of the elements in g3 and that of the elements in g4, for any
a € Z,,, the conditional probability P(7,, = b|7;;, = a) is the same for all b € gs,
denoted by ay. Similarly, the conditional probability P(7y;, = b|7j;, = a) is the

same for all b € g4, denoted by (5. Plugging oy and [, into (A.8) gives
(to—1 — to)ag + (ny — tg—1) Py = 1. (A.9)
Express ay as
P(14, = |70, € Noty Tjiy = @) P (704, € Noy,|Tj0, = ). (A.10)

Since j < ¢, 7;;, belongs to the (¢ — 1)th layer of 7r,, which implies that N,;, must

equal N, , for some ¢ € Z,,,_,,, ,. By the exchangeability of 71,..., T n,—n,_,,

P(T1i, € Nog|Tjis = a) = (ne — 1) ™" (A.11)
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Similarly, by the exchangeability of the elements of N;,,,
_ N 1
P(Tg,i2 = b|7’g7i2 - Nb,tgaTj,il = CL) = té ,

which together with (A.11) and (A.10) yields ay = (n, — tyny_1)~'. Plugging the
value of ay into (A.9) gives B2 = n;'. By (A.7) and the result in (i), the conclusion

in (iii) follows. O
Proof of Proposition 2.6

Proof. (i) Consider the case with 41,7, =n,;_1+1,...,njand j = 1,...,u. By (2.12),

express P(x;, < v1,Ti,, < U2) a8

1

V1 Vo
{Cj,ovlvz—cj,l/ / Oy (Tir s Ty o) ATy kAT i 1
0 0
U1 V2
—%2/ / 5nj(xi17k’xi27k)d$i1,kdxi2,k}7 (A.12)
0 0

n;g —nj—1 — 1

where ¢, ¢;1, and ¢; 2 are defined in (2.12). By the theorem in McKay et al. (1979),

U1 V2 U1/02
—/ / On, (T1k, Top)dy pdrg ) < — ;
o Jo U
which implies that (A.12) is no greater than
n; V1V V1V2 .
—— < | G,oV1V2 — Cj1—— — Cjo2—— | = U1Vg,
nj — nj,1 -1 nj,1 nj

which proves (2.13).
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(ii) Consider the case with i1 =n,;_1+1,...,nj and io =n,ey +1,...,n4, j < L.
Without loss of generality, assume vy < ve. By (2.12), express P(x;, x < 01, iy <

v9) as

'U1U2__ez / / ey (Tiy ks Tig o) ATy kAT, o — —/ / ne (Tiy ks Tig o) dTi, AT, g
0

(A.13)
Let A = [ng_qv1], where |-| is the floor function. Let vy = v — n[_ll)\ and vy =
Vg — n[jl)\, where 0 < vy < n[}l.

For i = ¢ — 1 or ¢, first observe that

U1 Vg
/ / 67% (xil,/wxi2,k)dxi1,kdxi27k
0 0
A

A
ol v
= / / 5774 (xil,ka l‘i%k)dl’il’kdl‘i%k + /)\ /}\ 577,1 (xil,ka xiz,k)dxil,kdxiz,k' (A14)
0 0 = =

g

Second, observe that

A A

6@ 1 ng_1 ne—1
e / / 571[ 1 (le,ka mzz k)diC“ kdxzz,k
2,0
€¢,2 "e 1
= / / Ty s Tig ) AT, (T4, k. (A.15)
2,0

Applying (A.14) and (A.15) to (A.13) gives

v1v2+—/ / {te e (Tiy o, Tig ) — 5ng(xi1,kaxi2,k)}dxil,kdxig,k- (A.16)
1

€0,0

Similar to the proof of Theorem 1 of Qian (2009) for a pair of nested Latin hypercube



111

designs based on nested permutations, we now show that the integral in (A.16) is
nonpositive case by case.

Case 1: v9g >

— ng_a

The integral equals
7] 1 1

—v30—— — vio— = 0.
te—1  ne— Ny

Case 2: 0 < vy < %, [Mevoo| # [nevio]
The integral equals
ty 1 ty 1

—— V19U — V19— = ——V10(V20 — ) <0.
to—1 ng  teq Ny—1

Case 3: 0 < vy < ﬁ, [nevoo| = [nevio]

Let p = |nyvao| = |nevi0], ™1 = nevio — p, and ro = nyvyg — p. Observe that

v10 V20 r _|_ p r + p
/ / Ongy (Tiy o Tig 1) ATy 1 dTiy 1 = V10V20 = (1 >g z ),
0

ny
that
/ / ng le k?xZQ, )dxll kdeQ, - w?
_p(l—r)(d =) 0
(p+ni  — 7
which completes the proof. O

Proof of Theorem 2.8



112

Proof. (i) Take Dy C --- C D, from (2.7) with the ith run of D, denoted by

x; = (xi1,..., 7). By using an exchangeability argument, express varsy(fi;) as

n; Ywar{f(x,) Fny Qan n, — )covsp{ f(2n, 1 +1), f(®n, 142)}

+ nj—Q Z 2(ny — np—1)(ne — 1) covsp{ f(®n, 111), f(Tn,_ 1)}

1<r<t<j

It now suffices to show that all the covariances above are nonpositive. By Proposi-
tion 2.6, for k = 1,...,¢q, both (. |11k Tn, +2%) a0d (T, 41k Tny,+1,k) AT€ NEG-
atively quadrant dependent pairs. This result together with Theorem 1 of Lehmann

(1966) and the monotonicity assumption on f imply the desired result. O
Proof of Theorem 2.9

Proof. (i) When Dq,..., D, are taken under the IL scheme, E, and FE, are two
independent ordinary Latin hypercube designs for » < ¢. Based on the same ex-

changeability argument as in the proof of Theorem 2.8, express var(fi;)

n; Yvar{f(x,) F+ng QZTLT n. — covrp{ f(@n, 1 +1), f(@n, 142)}

+ nj_2 Z 2(ny — ny—1)(ng — ng—1)covrp{ f (T, _ 1 41), f(®n,_ 1)}

1<r<(<j

As covsi{f(n, 1), [(n,_12)} < covsi{f(@n, i 11), f(n,_ 12)} = 0 for r < LDy

the fact that E, and E, are independent, it suffices to show that E, under the SL
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scheme is an ordinary Latin hypercube design, such that

covsp L f(®n, 14+1), [(@n, 12)} = covr{f(Tn, 1), f(@Tn,_,12)}

for every r = 1,...,u. When sy = ... = s, = 2, F; is an ordinary Latin hypercube
design and E, is an n,_; X ¢ matrix for r = 2,... u. Consider 7r,, defined in Section

2.2 and E, = (e;) in (2.6), the kth element in the ith row of E, is

Tpg — Uryg

Cik = T Z:L--wnr‘fl?k:l)"'acb
trflnrfl

where the u,; are independent U0, 1) random variables, and the 7, ; and the u,; are
mutually independent. With some abuse of nation, we use the notation 7, for each
k while they are different independent permutations for different k.

Let d,.; denote [, ;/t,_1]. By the definition of nested permutation 7,

{IrW/trals s [r () /a1

is a permutation on Z, , and {[7(1)/t,_1],...,[7(n.)/t,.—1]|} is a permutation

r—1

on {Z,,_,,Zn,_ - As aresult, {d.1,...,d,,,_,} is a permutation on Z, ,. Let
Nri = ty_1dy; — 7;, then ey = d’“’i_("’"f_“l’“’i)/t“l. By Proposition 2.5(i), n,; is a
discrete uniform random variable on {0,1,...,t,_; — 1} and the 7,; and the d,; are

mutually independent. It is straightforward to show that the (n,; + u,;)/t,—1 are
independent U[0, 1) random variables, and the (1, ; + u,;)/t,—1 and the d,; are mu-

tually independent. By (1.3), E, is an ordinary Latin hypercube design with n,_;
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runs, which completes the proof.

(ii) Notice that the expected value of fi(x)) is estimated only based on the
kth column of the design. Hence, it is sufficient to show the result holds when
f is a function with input z € (0,1]. Clearly, IL and SL are equivalent in each
dimension. We will use the same technique as in Theorem 3 of Stein (1987). Define

I(i,n) = ((« — 1)/n,i/n]. It can be shown that

1
varsy(fi;) = varpu(fi {/ f(x) dz — ”j/ f(x1) f(22)6n, (21, 5E2)d$1d$2}
0

= ni /0 f(@)?d ; ( /1 . f(:v)d:v>2- (A17)

As s; =2 for v =2,...,u, the design at the j stage under the IL scheme consists
of j ordinary Latin hypercube designs with size n;/2/~1 n; /277 n; /2772 ... n;/2,

respectively. Based on (A.17), we have

j n_/2j7£+1 2
var Vdx — n; =2 i—tr1y2 / x)dx
(i) / il >t/ S @

i=1
(A.18)
Notice that

. i— 325 —€+1
I(i,n;/2 ) = Uz (i—1)29- ALY
forany £ =1,...,5,i=1,...,n;/277""1. By Jensen’s inequality, we have
i29 4+l

? 2
d 9—(—t+1) d '
(/](i,nj/zj—eH) /() I) = ‘ Z (/I(k’nj) f(z) a:)

k=(i—1)2—t+141
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Substituting the above inequality into (A.18) completes the proof. ]
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Appendix B

Proofs in Chapter 3

Proof of Proposition 3.5
Proof. In the proof of Lemma 4 in Tang (1993) the conditional probabilities in Hy and
Hj; are the same. Here Hy and Hj have different conditional probabilities because the
columns of B are linked to a,,.1 in the proposed method. As b; are obtained based
on a symbol permutation of a1, bjr # by, is equivalent to ajim41) = @igm+1) While
bjr = bir is equivalent to a(my1) 7 @im+1) for any 7 # j. As Aisan OA(s%, m+1,s,2),
among the remaining n—1 rows given the first row, m(s—1) rows are in H; where s—1
rows with a;; = ayy for each £ € D. Similarly there are s — 1 other entries in a,,41
taking the same value as @y(,41), thus s — 1 rows are in H,. Finally, the remaining
(s —m)(s+1) rows are in Hs. As aresult, pr{(i,j) € Hy | djx,k =1,..m} =m/(s+
1), pr{(i,7) € Hy | dj, k =1,..m} = 1/(s + 1), pr{(i,j) € Hs | djr, k =1,..m} =
(s —m)/(s+1). The result now follows by applying Table 3 and the definition of

conditional probability. ]
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Proof of Theorem 3.6

Proof. (i) Note that a;1, ..., @Gim, i, - - -, by and 01, . .., Nim used in the generation of
X; are mutually independent. According to the construction of correlation-controlled
U designs, a;, and b;;, both are discrete uniform random variables on Zg while n;, is
uniformly distributed on [0, 1) such that X; is uniformly distributed on (0, 1]™ for
i=1,...,n. Asaresult, E(i) = p=E{f(X)}.

(il) Without loss of generality, assume p = 0. Note that

n

var(ii) = n7 | S var{f(X)} + 3 cov{ f(X), £(X)))

i=1 i#j

=n"lvar{f(X)} + (1 —n")ecov{f(X1), f(X2)}, (B.1)

which holds as the runs X; are exchangeable. Let u denote a subset of axes in D,

according to the functional analysis of variance decomposition defined in §1.2,

cov{f(X1), F(X2)} =D > E{fulX}) fu(X5)}, (B.2)

t=1 |u|=t

where X" denotes a vector consisting of XF for k € u. More details can be found
in Theorem 1 of Owen (1994b). For any |u| = 1, Proposition 3.4(ii), (1.3) and the

continuity of f together imply that

E{fu(XY) fu(X3)} = {=57" + o(s %) Jvar{ fu(X")}. (B.3)
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For any |u| > 2, we have

cov{ fu(X7), fu(X3)} = E[E{fu(X{) | dix, k € u}E{fu(X3) | dix, k € u}].  (B.4)

By Proposition 3.5,

(s — DM 4 Jul(s — D=t 41

E{fu(Xg) | dlk:, k€ U’} = (8 + 1)(8 _ 1)|u|71 i fu(l'u)dw
R \:581— D+l y Fu(z")duw
(s = [u){(s = )™ + Jul(s = )M 41} "
+ (s+1)(s— 1) _— fula®)dw.

As s — 00, the set H{ becomes the unit cube (0, 1]"%/. Thus, w has density 1+ o(1)

with respect to the Lebesgue measure on HY. Since [ f,(z")dF, =0 for any v € u,

E{fu(X5) | dk € u} == s Y " B{fu(X]) | au} + ofs7%)

lEuk<l
+ {7+ o(sTIE{fu(X3) | di, aze # ak, ba = b, k € u}.
(B.5)

The last term in (B.5) does not appear in the proof of Theorem 1 of U designs in
Tang (1993). This term is due to the special permutations for the auxiliary array
B in step 2 of the construction of correlation-controlled U designs. To complete

the proof, it suffices to show that E[E{f,(X}) | dix,k € u}E{f.(XY) | dik, aox #
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aik, bar, = big, k € u}] = o(s™1). Conditioning gives

EIE{fu(X)") | dir, k € u} E{fu(X3) | dik, agkx # aug, bar, = bix, k € u}]
=E[fu(XT)E{fu(X3) | dik, agr # ai, box = bip, k € u}]

=F (E[fu(X?)E{fu(X;) | blka a2k 7& a1k, bgk = blka ke u} | a1k, ke u]) . (BG)
Given ay, for k € u, simplify the inner conditional expectation in (B.6) as

Elfu(XT?)E{fu(X3) | bik, ask # a1x, bog = b1k, k € u} | arg, k € u]

:S_WI Z E{fu(X?) ’ alkabllwk € u}E{fu(Xg) ‘ A1k, blk’GQk 7& Cllk,ka = blk7k < U}

ST (B | aresk € ub+ OGO ELu(X3) | aups s # ave, b € u)
b1k E€EZs,kEU
+0(s7)]
=FE{f.(X?) | aw, k € u} E{fu(X¥) | arp, ao # arp, k € u} +o(s™) (B.7)
=o(s D[E{fu(X]) | arr, k € u}]* +o(s™") (B.8)
=o(s1), (B.9)

where the Lipschitz continuity of f establishes (B.7), and (B.8) holds since

E{fu(X3) | au, aze # awe, k € u} = {~(s = )} " BE{fu(X}) | aw, k € u},

using the fact that [ f,(z*)dFy = 0 for any k € u.
Substituting (B.5), (B.6) and (B.9) into (B.4), we have that for any v C D with
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ul > 2,

E[E{fu(XT) | dir, k € u} E{fu(X3) | dir, k € u}]

=—s" 3" varlB{fu(X}) | aw, au}] + o(s7?). (B.10)

k,leu,k<l

Substituting (B.3) and (B.10) into (B.2),

covl f(X2), f(Xa)}
==Y vl (X =52 Y0 YD varl LAY | awsand] +ofs™)

|u|=2 k,leu,k<l

=572 war{fuy(X")} =572 ) _war[B{f(X1) | au, au} — B{f(X1) | a}

k<l

— BE{f(X1) [ au}] +o(s™%)

== 572 var{fu(X*)} — 572 " var{fuy (X5, XN} + o(s72). (B.11)

k<l

Here, (B.11) holds due to the continuity of f. By substituting (B.11) in (B.1),

Theorem 3.6 follows as n = s2. O]
Proof of Proposition 3.7

Proof. (i) As aj and q; are orthogonal, a;; and aj; are independent and both have
s choices on Z; with equal probabilities given a; # aj for some [ = 1,...,m and
[ # k.

(ii) As ax and a; are orthogonal, a;, and a;;, must be different given a; # a; for

some [ =1,...,m and [ # k. There are s(s — 1) possible level combinations for a;
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and a;;, which are equally likely.

(iii) By step 2 in the construction of U designs, the b;, and b, are chosen such that
bir, # bji if @i = a;,. Hence, by and ay, are orthogonal. The result follows (i) by
changing a;, a;i, ay and aj into by, bk, a;x and aji, respectively.

(iv) Using the same argument in (iii), the result follows (ii). O
Proof of Lemma 3.8

Proof. (i) For any k # [,

UCLT(Z dik&‘l) = Z E(dikdjkgill_)jl) + Z E(dfk(;?l)v (B12)
i=1

i#£] i=1

where @, = (ag — 1/2)/s — 1/2 and by, = (bip — 1/2) /s — 1/2.

By Proposition 5(i)-(iv), for any i # j, we have

E(aikajkgili)jl) =FE(aia;i, | ay = ajZ)E(Bille | aig = aj)pr(ag = aj)
+ B(Giagn | aiq # aj) E(bibj | aiq # aj)pr(aqg # a;)

=n"*(s+1)/144, (B.13)

where pr(a; # aj) = 1/(s + 1).
As a;, and by are two independent discrete random variables uniformly distributed
on Z,

E(agby) = {E(ag)}* =n"*(n — 1)%/144. (B.14)

Substituting (B.13) and (B.14) to (B.12) completes the proof.
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(ii) Similarly, for any k # [,
var(Y bubu) =Y Ebabjbuby) + Y E(03b), (B.15)
i=1 i#j i=1

By Proposition 5(iii) and (iv), for any i # j

E(bixbjxbubsi) =E(bibsx | air # ajr) E(bubj | aiy # az)pr(am # ajr, aq # aj)
+ E(Bikgjk | A = ajk)E(Bille \ ay 7 ajl)pr(aik = Qjk, Ay # @jz)
+ E(Bikgjk | air # ajk)E(Bille | aii = a;)pr(ax # aji, ag = aj)

=0. (B.16)

As b;, and b;; are two independent discrete random variables uniformly distributed
on Zg,

Eb3.b) =n~*(n—1)%/144. (B.17)
Substituting (B.16) and (B.17) to (B.15) completes the proof. O
Proof of Theorem 3.9

Proof. 1t suffices to show that var(py) = n~2/72 + O(n=°/?) in part (i) and var =

n~5/2/144 + O(n~?) in part (ii) for any 1 < k <1 < m.
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(i) By (1.13), (3.2) and Proposition 3.2(i),

var(pr) =var [n_l Z {d,-k + 5 g —n 7t (i — 1/2)} {dil + 5y —nt (ny — 1/2)}]

i=1

=2n"3var (Z dikl_7ﬂ> + n"Yvar (Z l_)ikl_)il> + 2n" tvar {Z ag (N — 1/2)}

i=1 =1 i=1

+ 2n"%var {Z@k(ml - 1/2)} + n Svar {Z ik — 1/2) (my — 1/2)} .

i=1 =1

(B.18)

The last three variance components in (B.18) are all O(n). The result now follows
by Lemma 3.8.
(ii) By (1.13), (3.2) and Proposition 3.2(ii),

var(pr) = n"2var (n‘l Z l_)z-kl_)z-l> + 2n " Yvar {Z ag (N — 1/2)}

i=1 i=1

+ 277,_511@7“ {Zblk’(nll — 1/2)} + n_GUafr’ {Z (77116 — 1/2) (’171[ — 1/2)} .

=1 =1

(B.19)

Since all the b, are selected based on a permutation of a,,,; in correlation-
controlled U designs, the concatenation of b, and b; in correlation-controlled U de-
signs consists of s copies of a Latin hypercube with s levels. As a result, the first
variance in (B.19) equals n™%(s + 1)(n — 1)/144 by Theorem 1 of Owen (1994b),

which completes the proof.
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Appendix C

Proofs in Chapter 4

Proof.

Proof of Proposition 4.1
(i) According to (4.8) and Step 2 in the above construction, B, is the same

as A, in Step 1 prior to the replacement step, and the result follows.

(ii) Note that b, ;x = [%W = (CLTT’“W where the a,;; are values in A, after the

replacement in Step 2 of the construction above. By (4.7) and (4.8), we have

Arj (X QAr
Orit = brir — tk + % = <t { tlﬂ - ar,ikz) [t + Y/t (C.1)

According to Step 2 of the construction, for each r=1,2,...,t,i=1,2,...,n

and k = 1,2, ..., m, the quantity ¢[*=*] — a, ; is randomly selected among Z,

and is independent of B,. Since the v, ;; are independent of the a, ;x, the claim

is proved.

(iii) Foreachr =1,...,tand k = 1,...,m, the quantities {t [“=%]| —qa, 1., t [222] -

t
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Qr ok, .-t ’—G’T’”ﬂ — @y i} are independently and randomly selected among n
different Z,’s, respectively. Thus, the 6, ;, are mutually independent within
O,. In other words, the t[arT’ﬂ — ik, 0 =1,2,...,n are mutually independent

discrete uniform random variables on Z;, such that the 6, ;; are U[0, 1) random

variables, by (C.1).

(iv) Tt suffices to show that ¢ [GTT”“] — a1 and ¢ P’T"’ﬂ — a5 i are dependent if and
only if B, = B, . That is true because t [“22] — a1, and ¢ [“222] — ag up

are selected from the same Z;, when B, ;; = Bs .

(v) The result follows directly from (i), (ii), (iv), and the definition of the ordinary

Latin hypercube design.

Proof of Lemma 4.5

Proof. Given two ordinary Latin hypercubes B, and By in (4.8), let D, = (B,—06,)/n
and D; = (Bs — ©;)/n denote two slices generated by (4.7). Since the underlying
Latin hypercubes are fixed for D, and Dy, the only random parts in the definition
are O, and O,. Define H(A,; B,) = v,(D,) = v,(B,/n — 0, /n) and H(Ay; Bs) =
Un(Ds) = v,(Bs/n—0BO4/n) as in Definition 4.3, where A, and A are n X m matrices
with the (k,¢)th entry defined as d, g = 6, and 054 = 654 such that B, =
Bgiy =Cfor ¢ =1,2,...,nand k = 1,2,...,m. By Proposition 4.1 (iii) and (iv),
we can find nm independent pairs of random variables: (4,,0,) for £ = 1,2,... n,

k=1,2,...,m. By (Lehmann, 1966, Theorem 2), the monotonicity assumption of
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v, (D), and the proof of (Qian, 2012, Theorem 1), we have
E[H(Ay; By)H(Ag; By)] < E[H(A; B,)] E[H(A; By)]
which is equivalent to
E [0n(Dy)vn(Ds)| By, Bs] < E [v(Dr)|B,] E [v(Dy)| B] -
Taking expectations of both sides gives
E [vn(Dr)on(Ds)] < EAE [0n(Dy)| B, ]} EAE [04(Ds)|Bs]} = E [va(Dy)] E [0n(Ds)] -
The last equality holds because B, and B are independent, by Proposition 4.1
(). O

Proof of Theorem 4.7

Proof. (i) When Dy, Ds, ..., D; are independent under ILH, cov|v,(D,),v,(Ds)] =0
for any r # s. Thus, we have var(L}5") =t~ 'war{v,(D)].

(ii) When Dy, Do, ..., D, are sampled under SLH, we have

t

var(LfﬁH) =var [t‘l Z U (D)

=1

t

=t2 Z var (v, (D;)] + 72 Z cov [V, (D, ) vy (Dy)]

=1 1<r<s<t

=var (L) 4+ (1= t7")cov [v,(D1)vn (D2)] (C.2)
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where the last equality in (C.2) holds because batches are exchangeable. Let H(Aq; By) =
v (D1) and H(Ag; By) = v,(D2). Without loss of generality, assume E[v,(D)] = 0.
We have

cov[vy(D1)vn(D2)] =E [v,(D1)v,(D2)]
=E {E [v,(D1)v,(Ds)| By, Ba]}

=E{E [H(A; B)H(As; Bo)]}

=E Z Z —t! /H{fk}(5£k§ B1)Hny (gr; Bo)dbex | + o(t™1)
=1 k=1
=ty > / {E [Hioy (0 B)] } dogi + o(t™Y), (C.3)
=1 k=1

where the second-last equality is from (Qian, 2009, Lemma 1). The result follows
by substituting (C.3) into (C.2). The functional ANOVA decomposition is properly

defined because the quantities dy; are independent, according to Proposition 4.1 (iii).
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(iii) Assuming again that E[v,(D)] = 0, we have

var[v,(D)] =E{var [v,(D)|B]} + var {E [v,(D)|B]}

—E{ZZ / Hy (O B daek}
_ZZ/ H{Ek} 5%73)}2}615%

(=1 k=1

—ZZ/UGT Hiony (0u; B)] + {E [Hyony (6r; B }} dogr,

_ZZ/{E Huny (Ou; B)] }* do. (C.4)

=1 k=1

3
3

The second equality holds because E[v,(D)|B] is the same regardless of the under-
lying ordinary Latin hypercube B when v, (D) is additive. The third equation holds
due to the functional ANOVA decomposition on H(A; B). We complete the proof

by combining (C.4) with the result in (ii). O
Proof of Lemma 4.8

Proof. For any ordinary Latin hypercube design D, let x,, be the arg min of the

approximation problem, that is,
Un _gél}(l EZGxgz - Zl (Inagi)7
1=

where &; is the i¢th scenario of D. Without loss of generality, increase only &1 to

obtain a new design D* with scenarios &5, &o,...,&,. Let ) be the arg min of the
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approximation problem with design D*, that is,

n

1=2

1
U, (D*) = min —
zeX n

G@®+me4=%

1=2

If either (i) or (ii) is satisfied, the value of x does not affect whether G(-,&;) is

increasing or decreasing in &y;. Supposing that G(-, ;) is increasing in &1, we have

n

m%m+2mm§h%2m%mzwm
=2

i=1

N 1
Un(D):ﬁ

which implies that v, (D) is increasing in &y;. Similarly, if f(-,&;) is decreasing in

§1k, then

v (D*) <

SRS

[G@ngr) + ZG<xn7§z)] < %ZG(l’n,&) - Un(D)7

=2 i=1
which implies v, (D) is decreasing in &yy. ]
Proof of Proposition 4.11

Proof. Let x}(D,) denote an optimal solution to the SAA problem with scenarios

given by D, for r =1,2,...,t, we have

t t n

Loe =t va(Dy) = (nt)™ > Y G(23(D,), &)

r=1 r=1 i=1

Because z}(D,) = z* w.p.1 for n sufficiently large by Proposition 4.10 and é(,f)
is continuous, the result follows according to the Continuous Convergence Theorem

(Mann and Wald, 1943). O
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Proof of Theorem 4.12

Proof. (i) Since Dy, Dy, ..., D; are independent ordinary Latin hypercube designs
sampled under ILH, we immediately have that var(LL") = t~'var [v,(D1)], by

exchangeability of batches. By (Stein, 1987, Corollary 1), we have

var [v,(Dy)] = n tvar [é 3 ] ! i var [G{k} ék)} +o(n™1),

k=1

and the result follows.

(ii) The result holds as a consequence of (Qian, 2012, Theorem 2).

(iii) Since any batch sampled under SLH is statistically equivalent to an ordinary
Latin hypercube design, by Proposition 4.1 (v), the variances var [v,(D;)] are the
same as those under ILH. Due to exchangeability of batches and scenarios within the
same batch, it suffices to show that under SLH, we have cov [ (z*,&1.1), G(x*, &)

0, where ém denote the ith scenario in D,.. For 0 < 21,z < 1 and an integer p, define

(21, 72) — L, [pz] = [pz]

0, o.w.

y (Qian, 2012, Lemma 1 (iii)), the joint probability density function of 51,1 and 5271
is
"2 . -
(m) H [1 =t At o (s k) — Oént(fl,lk,ié,lk)] : (C.5)
Let I(i,n) denote the interval ((i — 1)/n,i/n]. Without loss of generality, assume
that E[G(z* €)] = 0, where G(z*,€) = 27" G (z* ,€F). Following the proof of
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(Stein, 1987, Theorem 1), we can express cov [ (z*,&11), G(x*, E2)

cov [ J(z*,64), (a7, 52,1)}
t—1 ;( /é{k}(x*;él,m)é{k}(x*aéz,m)an(él,lk?éllk)délvlkdé?vlk

=1

/é{k}(x*7gl,lk:)é{k}(x*?gQ,lk:)ant(gl,lkag2,1k)dgl,lkdg2,lk)

2
[ G{k}(m*fk)dgk)

( /] - Gz ék)dé’f)zl (C.6)

Notice that I(i,n) = U

':'Mi EMS

I(j,nt) for any i = 1,2,...,n. By Jensen’s inequal-

=(i—1)t+1
ity, for each k =1,2,...,mand ¢ =1,2,...,n, we have
1 . N2 it . N2
S ( / G{k}<x*,5k>dsk) < > ( / G{k}u*,é’“)dsk) :
1(i,n) o 1(j,nt)

j=(GE—-1)t+1

The proof of the first claim is completed by substituting this inequality into (C.6).

To prove the second claim, we define
G =G &) = [ Gugler €t
I(i,n

Again, by following the proof of (Stein, 1987, Theorem 1), we have

m n

varv,(Dy)] iZZ[C” fk}

k=1 i=1
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Because each Zy, is finite, the number of non-zero values of ¢*(£¥) is also finite. Hence,
var(LIP) = t~'warfv,(Dy)] = O(n™*t™"). Under SLH, using the same arguments

as (C.6), we have

[%WWML%ZWWT

cov [é(x*,gm), é($*vg271>} - % Z

m
k=1

~

and

var(LgﬁH) =t var [v,(Dy)] + cov [é(x*,&,l), é(:v*,{:m)}

IS Y e @]
1 = nt( ¢k

—E;;@@D

— (n72t72)

Proof of Proposition 4.13

Proof. Divide (0, 1] into the n equal subintervals as (0,1/n], (2/n,3/n],...,((n —
1)/n,1], and let I(i,n) = ((i — 1)/n,i/n], as before. Assume pgy, = 0. For any
k=1,2,...,m, when np.) is an integer, we have = Fk_l(ék) equals the smallest
possible value in =, provided that & is drawn from I(1,n),1(2,n),..., I1(npayk,n).
Similarly, when npg); is an integer, we have that ¥ = F L(€%) equals the sec-
ond smallest value in =y, provided that £ is taken from I(npay + 1,n), I(npay, +

2,n),...,I(np@y,n), and so on. As a result, &,&s, ..., &, is determined only by B.
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That is, given by, &y is taken from I(bjg,n) and &y = Fk_l(ék) is the ¢th smallest
value in Zj, where £ is an integer and np—1); + 1 < by < ner. Under SLH, v,,(D,)
and v, (D) would be independent for any r # s, because they depend on B, and B,

which are independent according to Proposition 4.1 (i). O
Proof of Theorem 4.14

Proof. (Hwang et al., 2013, Theorem 1) proves this result for continuous G(z*,).
We extend it to cases in which G/(z*,-) is a step function (since & has finite support)

by applying (Loh, 1996, Lemma 3). O
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