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Abstract

Autonomous systems are increasingly deployed across a wide range of applications, includ-

ing robotics, autonomous vehicles, and intelligent manufacturing, where they are required

to operate reliably in complex, dynamic, and often unpredictable environments. As these

systems interact more closely with humans and the physical surroundings, safety has be-

come a fundamental design requirement rather than a secondary performance objective.

Failures in autonomous system control can result in severe and irreversible consequences,

making it essential to rigorously ensure safe operation under all admissible conditions.

However, the safety guarantees are often compromised by uncertainties inherent in real-

world control systems, including modeling errors, external disturbances, and imperfect

measurements. These challenges highlight the need for systematic safe control methodolo-

gies capable of enforcing safety in the presence of uncertainties. This dissertation addresses

this need by developing systematic and theoretically grounded safe control techniques that

ensure rigorous safety guarantees under a wide range of uncertainties.

The first part of this dissertation aims to ensure safety for systems with unstructured

uncertainties using disturbance observers (DOBs). A new immersion-and-invariance-based

DOB is developed to estimate the unstructured uncertainties for generic nonlinear control-

affine systems, avoiding restrictive assumptions commonly required by existing DOB de-

signs. By integrating the proposed DOB with control barrier functions (CBFs), a DOB-

CBF-based safe control method is developed, enabling real-time safety enforcement while

explicitly estimating and compensating for uncertainties. Rigorous sufficient conditions

are provided to guarantee safety, and numerical simulations demonstrate that the pro-
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posed approach can substantially reduce conservatism compared with worst-case robust

CBF methods.

The second part of this dissertation studies the adaptive safe control problem for

control-affine systems with structured (parametric) uncertainties in both drift terms and

control-input matrices. An adaptive CBF-based control method is proposed, in which

online parameter adaptation is integrated with CBF constraints to ensure safety. By

formulating the resulting control synthesis problem as a nonlinear program with an explicit

closed-form solution, the proposed method ensures non-emptiness of the admissible control

set and avoids singularities commonly encountered in adaptive CBF design. A data-driven

technique is developed to tighten parameter bounds using data, thereby improving control

performance while rigorously preserving safety guarantees.

The third part of this dissertation investigates safe control problems for systems with

limited model information. A new proxy CBF framework is introduced for strict-feedback

systems with unknown dynamics, combining barrier-based and Lyapunov-based safe con-

trol methods. The proposed approach employs a modular design procedure, decomposing

the original system into a proxy subsystem and a virtual tracking subsystem that are con-

trolled by the CBF-based and Lyapunov-based controllers, respectively. By integrating

these separately designed controllers, the overall system’s safety is ensured.

The final part of this dissertation develops a hierarchical control strategy for occlusion-

free visual servoing of robotic manipulators in the presence of measurement uncertainties.

The proposed architecture consists of two control layers operating at different update

rates. The high-level control layer employs a model predictive controller with explicit

uncertainty compensation to perform long-horizon planning at a lower update frequency,

while the low-level control layer adopts a robust CBF-based controller that operates at a

higher update frequency to reject measurement uncertainties and strictly enforce occlusion-

avoidance constraints in continuous time. Extensive experiments on a Franka Research 3

manipulator demonstrate the effectiveness, robustness, and real-time implementability of

the proposed method.
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Chapter 1

Introduction

1.1 Motivation

Autonomous systems are intelligent machines that can perform tasks and make decisions

without direct human oversight by perceiving their environment, processing data, and

executing actions to achieve specific objectives. These systems integrate sensors, compu-

tation, and control algorithms to function independently in dynamic and often uncertain

environments. Examples include drones, self-driving cars, medical robots, and automated

manufacturing systems. In this context, safety refers to the system’s ability to operate

without causing harm to humans, the environment, or itself. It encompasses the pre-

vention of hazardous behaviors, adherence to operational constraints, and the system’s

capacity to handle unforeseen situations gracefully. Ensuring safety in autonomous sys-

tems is especially critical, as they frequently interact with humans and other systems in

complex, real-world scenarios where errors can lead to severe consequences.

The importance of safe control in autonomous systems cannot be overstated. Unlike

conventional control systems, where performance degradation may simply reduce efficiency

or accuracy, failures in autonomous systems can lead to irreversible harm, such as physical

injury, environmental damage, or even loss of life. For instance, a minor misjudgment in

the control logic of a self-driving car could result in serious traffic accidents [1], and a small

error in robotic surgical systems could compromise patients’ safety [2]. These high-stakes
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environments demand that safety should be treated as a foundational aspect of the control

design process. It is no longer sufficient to optimize for performance alone; instead, safety

must be integrated into the control architecture.

Furthermore, autonomous systems are often deployed in environments that are un-

predictable and continuously evolving, such as urban traffic, human-populated spaces, or

remote medical settings. In these contexts, traditional considerations about stability and

robustness may not adequately account for rare but critical events. This necessitates the

development of formal methods and control techniques that can provide provable guar-

antees of safety. Embedding such mechanisms directly into the control loop ensures that

safety constraints are never violated, even in the presence of incomplete information. Ul-

timately, as autonomous systems become more deeply integrated into society, prioritizing

safe control is not only a technical challenge but also a moral responsibility to ensure that

these technologies remain reliable, accountable, and aligned with human well-being.

Over the past decades, a large number of safe control strategies have been proposed in

the literature, such as Model Predictive Control (MPC) [3], Barrier Lyapunov Functions

(BLFs) [4], Prescribed Performance Control (PPC) [5] , Control barrier functions (CBFs)

[6], and Reference Governors (RGs) [7]. Among these methods, CBFs, which ensure con-

straint satisfaction through set invariance for control-affine systems, have drawn increasing

attention recently. By including the CBF condition in a convex quadratic program (QP),

a CBF-QP-based controller is generated in real time and acts as a safety filter that modi-

fies potentially unsafe control inputs in a minimally invasive fashion. This safety-filtering

mechanism enables CBF-QP-based controllers to intervene only when safety is at risk,

while otherwise preserving the behavior of the nominal controller. Compared with other

safe control strategies, CBF methods offer several fundamental advantages, which con-

tribute to the widespread adoption of CBFs in a variety of safety-critical applications,

including robotic manipulation [8], autonomous driving [9], and UAV systems [10]:

• CBFmethods do not impose strict structural requirements on the constraints adopted

by Lyapunov-based safe control, such as BLFs and PPC, and do not require the ref-
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erence trajectory to stay inside the constraints.

• For nonlinear control-affine systems, CBF-QP is more computationally efficient than

MPC, which requires solving a nonlinear program online.

• CBF approaches decouple performance and safety: the control objective can be

specified via a nominal controller or reference trajectory, while safety requirements

are independently encoded through CBF constraints.

Despite the success of CBFs in practical applications, their safety guarantees may be

compromised in the presence of uncertainties that are unavoidable in real-world systems.

These challenges are further amplified when safe controllers are designed and validated in

high-fidelity simulation environments before deployment to real-world systems. Advanced

physics-based simulators, such as MuJoCo [11] and Project Chrono [12], are capable of

capturing complex multibody dynamics, contact interactions, and actuation effects with

high accuracy, and have become indispensable tools for system analysis, algorithm vali-

dation, and data generation. In particular, learning-based control methods, such as rein-

forcement learning algorithms, rely heavily on large-scale data collection and are typically

trained and evaluated in simulation environments before being transferred to physical sys-

tems. However, in real-world scenarios, sensing and perception processes are inevitably

subject to uncertainties arising from noise, delays, limited resolution, and imperfect state

estimation. Moreover, discrepancies between simulated models and real-world systems,

commonly referred to as the sim-to-real gap, introduce additional sources of uncertainty

that can significantly degrade the reliability of safety guarantees when controllers are

transferred from simulation to hardware.

As a result, safe control methods that rely on idealized dynamics or noise-free state

information may exhibit satisfactory performance in simulations while failing to rigorously

enforce safety constraints in real-world deployments. These observations highlight the

critical need for safe control frameworks that explicitly account for sensing uncertainties

and sim-to-real discrepancies, and that remain robust when safety-critical controllers are

implemented beyond idealized simulation settings.
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Technically, when safe controllers are designed based on nominal models and accurate

state measurements, even mild model mismatches or state estimation error may lead to

violations of safe constraints, thereby undermining the validity of the safety guarantees.

In autonomous systems, uncertainties arise from multiple sources and affect safety in

fundamentally different ways:

• Unstructured uncertainties: Unmodeled dynamics and possibly time-varying

exogenous inputs with unknown structure that directly perturb system trajectories,

potentially driving the system outside the safe set.

• Structured uncertainties: Uncertainties with known structure but unknown or

time-varying parameters that can compromise safety guarantees.

• Measurement uncertainties: Errors in state measurements or state estimation

arising from noisy or delayed sensors, which compromise the reliability of feedback

signals used for safety enforcement and may result in safety violation.

• Unknown dynamics: The system dynamics is partially or entirely unavailable,

which can invalidate model-based control methods, including CBFs.

These heterogeneous uncertainty sources pose distinct challenges to safe control design.

Therefore, developing systematic safe control techniques that explicitly account for and

mitigate the effects of diverse uncertainties is essential for ensuring safety in autonomous

systems. To address these challenges, this dissertation develops robust and adaptive CBF-

based safe control techniques for uncertain systems, providing systematic methods to

ensure constraint satisfaction despite imperfect model knowledge and state estimation.

1.2 Related Work

1.2.1 Constrained Control For Safety Assurance

Over the past decades, numerous constrained control strategies have been proposed to en-

force safety constraints for control systems, such as MPC [3], [13], BLFs [4], [14], PPC [5],
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[15], and RGs [7]. MPC uses the dynamic model to predict future behavior and optimizes

control actions over a receding time horizon while satisfying constraints. Although MPC

enables optimal decision-making and constraint satisfaction simultaneously, it is computa-

tionally expensive for nonlinear systems, especially when multiple nonconvex constraints

are taken into account. BLF/PPC employs a Lyapunov-like function or defines a trans-

formed error signal whose values tend to infinity at the boundary of the safe set, and a

control law is designed to ensure the boundedness of the Lyapunov function. These meth-

ods can ensure stability and constraint satisfaction simultaneously, while they impose strict

structural requirements on the constraints (i.e., the constraints are usually functions of

time rather than states) and require the reference trajectory to stay inside the constraints.

RG modifies the reference command of a well-designed closed-loop system to guarantee

constraint satisfaction. The main advantage of RG is that it can avoid compromising the

system performance because it only modifies the command when necessary. Nevertheless,

RG mainly works for discrete systems and results in a non-convex optimization program

for nonlinear systems. Moreover, RG needs to compute the maximum output admissible

set, which could be challenging in practice.

1.2.2 Robust CBF Approaches & Disturbance Observers

To ensure safety under disturbances and uncertainties, a large number of robust CBF

approaches have been proposed in the literature [16], [17], [18], [19], [20], [21], [22], [23],

[24], [25]. In general, existing robust CBF approaches can be categorized into two classes.

The first class adopts a worst-case perspective [16], [17], [18], [19], in which safety is

enforced against all admissible disturbances and uncertainties within prescribed bounds.

While these methods provide strong robustness properties, they can lead to overly conser-

vative control behavior and degraded performance [26]. The second class aims to reduce

conservatism by explicitly estimating and attenuating the effects of disturbances and un-

certainties using state feedback [20], [21], [22], [23], [24], [25]. Instead of considering the

worst-cases, these approaches incorporate online disturbance/uncertainty estimation into
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the CBF condition, thereby enabling less conservative control performance.

Disturbance Observers (DOBs) [27], which is one of the most popular disturbance

estimation approaches, aim to estimate the external disturbances by using identified dy-

namics and measurable states of plants and have been widely employed in applications

such as robotics, automotive, and power electronics [27], [28], [29]. Compared with other

robust control schemes, DOB-based control has two main advantages: (i) the DOB can

be designed independently and added to a baseline controller to improve its robustness

and disturbance attenuation capability; (ii) in the presence of disturbances/uncertainties,

the nominal performance of the baseline controller can be recovered by the DOB-based

controller [27], [29], [30]. Recently, several studies have integrated DOBs into CBF frame-

works to improve control performance while preserving safety guarantees [20], [21], [22],

[23]. The simulation and experimental studies show the superiority of the DOB-CBF-based

methods over worst-case-based robust CBF approaches.

However, the design of DOBs is non-trivial and highly problem-specific. Specifically,

designing a DOB requires the existence of two functions that can ensure the asymptotic

stability of the error dynamics and the satisfaction of a PDE simultaneously [27]. Fulfill-

ing these two requirements is challenging, and existing methods rely on relatively strong

assumptions, e.g., the disturbance relative degree is uniformly well-defined [31], [32]. A

systematic and computationally feasible method for constructing DOBs for generic non-

linear control-affine systems is still lacking.

1.2.3 Adaptive CBF-QP-based Approaches

Adaptive control aims to achieve stabilization or desired tracking performance for uncer-

tain dynamic systems through an adaptive law, and has been extensively studied in the

past decades [33], [34], [35], [36], [37]. Most adaptive control strategies are based on un-

certainty parameterization and the certainty equivalence principle, which means that the

estimated parameters are used as if they are the true parameters in the feedback control

design. For uncertain nonlinear systems in some canonical forms, many adaptive control



7

design techniques have been developed using feedback linearization [38], [39], backstepping

[35], [40], or averaging [41], [42]. A summary of the fundamental theoretical concepts and

technical issues involved in multivariable adaptive control is documented in [43], and a

historical overview of adaptive control and its intersection with learning is provided in

[44].

Inspired by the idea of adaptive control Lyapunov functions (aCLFs) [45], the adap-

tive CBF (aCBF) approach, which estimates the unknown parameters online to guarantee

the safety of control affine systems with parametric uncertainties via a QP-based safe

controller, is first proposed in [46]. In contrast to the aCLF-based stabilizing controller

design, the aCBF-based safe control design is more challenging partially because the for-

ward invariance of a predefined safe set must be ensured for all time and aCBFs do not

have the positive definiteness property possessed by aCLFs. Following the pioneering work

of [46], various aCBF-based control methods are developed in the literature [47], [48], [49],

[50], [51], [52], [53], [54] and applied to several practical scenarios, such as adaptive cruise

control [46], aircraft control [47], control of wing rock motion [52], and control of unicycle

vehicles [54].

However, most of these works only take into account parametric uncertainties in the

drift terms, not the control-input matrix. In practice, uncertainties in the control-input

matrix is pretty common, such as robotic systems that have error in their mass and inertia

parameters [55]. This issue has received relatively limited attention in the robust CBF

literature until only very recently. In [53], a filtering-based concurrent learning algorithm

in the CBF framework is proposed to design safe controllers for single-input-single-output

systems with unknown control coefficients; the estimated parameter converges to the true

value exponentially, but system safety is not guaranteed before the convergence of the pa-

rameter adaptations. In [54], a zeroing CBF-based adaptive control algorithm is proposed

to solve the funnel control problem for systems with parametrically uncertain control-

input matrices, which can achieve tracking of a reference trajectory within a pre-defined

funnel; however, this method may fail in singular configurations. Despite these early con-
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tributions, the aCBF-based control design for systems with parametric uncertainties in

the control-input matrix terms is still an open field and merits further investigation.

1.2.4 Safe Control Under Measurement Uncertainties

Most existing results using CBFs rely on accurate state information, which is hard to

obtain in practice. For example, in the absence of velocity sensors, the angular velocities

of robot manipulators cannot be obtained exactly; even when the manipulator is equipped

with velocity sensors, the velocity signals are usually contaminated by noise. Recently,

various methods have been proposed to address this issue [18], [56], [57], [58], [59], [60]. [18]

employs robust CBF and fixed-time control Lyapunov functions to guaranty the stability

and safety of the system in the presence of additive disturbance and state estimation

error. In [56], a function mapping from outputs to states is learned via supervised learning

techniques, and the controller is designed under the assumption that for any given output

value, all possible state estimation error is bounded by a known constant. [57] proposes

a controller synthesis approach involving feedback from pixels, which does not require

feature extraction, object detection, or state estimation. [58] develops a method that

trains classifiers for sensor-based control problems, bypassing the state estimation step.

[59] proposes a QP-based controller with an unscented Kalman filter which is capable

of attenuating the effects of state disturbances and measurement noises. [60] develops

an observer-based safe control approach that integrates the estimation error quantified

observer and adaptive CBFs.

1.2.5 Multi-rate Safe Control

Nowadays, control of complex cyber-physical systems is commonly structured in a hier-

archical framework [61], [62], [63], [64], [65], [66], [67], [68], [69], where the control design

and decision making are divided into different control layers with varying fidelity and com-

plexity. Multi-rate control [67], [68], [69], a prominent example of hierarchical control, is

a control strategy in which different layers of a system operate at distinct sampling or up-
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date rates. This approach is especially valuable in modern autonomous and cyber-physical

systems, where sensing, planning, and actuation inherently occur on different time scales.

For instance, low-level control tasks such as motor actuation and sensor feedback pro-

cessing often demand millisecond-level updates to ensure responsiveness and stability. In

contrast, high-level decision-making processes, such as trajectory planning, optimization-

based control (e.g., MPC), or learning algorithms, are computationally expensive and

therefore operate at slower update rates. By decoupling these rates, multi-rate control

allows the system to maintain real-time responsiveness at the low level while accommo-

dating complex computation at the high level. This decoupling leads to improved overall

system performance, better utilization of computational resources, and greater scalability

and modularity in system design.

Recently, there are several works that employ multi-rate control framework for ensur-

ing safety [66], [67], [69], [70]. In [70], a multi-rate control architecture is proposed for

safety-critical systems that combines a low-frequency MPC planner with a high-frequency

CBF-based safety controller and provides sufficient conditions for constraint satisfaction

under time-scale separation. By modeling the system as a hybrid piecewise nonlinear sys-

tem, the approach enables convex optimization-based control and demonstrates improved

safety and performance through simulation. [67] develops a hierarchical multi-rate con-

trol architecture for autonomous systems operating in partially observable environments,

combining high-level decision-making based on temporal logic specifications with low-level

safety enforcement. A high-level policy updates the constraints and cost of an MPC plan-

ner, whose reference trajectory is tracked by a high-frequency CBF-based controller, to

ensure constraint satisfaction. In [66], a multi-rate control scheme is designed for a non-

linear system using a linearized model by integrating MPC and CLFs. Bézier curves are

utilized to ensure constraint satisfaction by constructing continuous trajectories from se-

quences of discrete points that satisfy the given constraints. A comprehensive survey of

multi-rate control is presented in [69].
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1.3 Summary of Contributions

This dissertation is organized to present four major research contributions and is struc-

tured as follows (see Figure 1.1).

Figure 1.1: Illustration of the structure of this dissertation.

Chapter 2 presents a novel immersion-and-invariance (I&I)-based DOB design ap-

proach and corresponding DOB-CBF-QP-based safe control design method for systems

with unstructured uncertainties. Inspired by the I&I technique [71], we propose a sys-

tematic approach for designing DOB for general nonlinear control-affine systems without

imposing the strong assumptions adopted by existing DOB design methods, such as the

solvability of a partial differential equation (PDE). Furthermore, a filter-based DOB-CBF-

QP safe control design approach is developed for control-affine systems with disturbances,

where a filter is designed to obtain an alternative disturbance estimation signal with a

known derivative, and sufficient conditions are provided to ensure the safety of the dis-

turbed system.

Chapter 3 focuses on safe control design for systems with structured (parametric) un-

certainties in both drift terms and control-input matrices. A new adaptive CBF approach,

which combines CBFs and adaptive laws, is developed to generate a safe controller through
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a nonlinear program with an explicitly given closed-form solution. The proposed approach

verifies the non-emptiness of the admissible control set independently of online parameter

estimations, which can ensure that the safe controller is singularity-free. A data-driven

algorithm is also developed to improve the performance of the proposed controller by

tightening the bounds of the unknown parameters.

Chapter 4 investigates the CBF-based safe control design problem for strict-feedback

systems with limited model information (unknown dynamics). We develop a novel proxy

CBF scheme that integrates barrier-based and Lyapunov-based safe control strategies.

The proposed method employs a modular design procedure, decomposing the original

system into a proxy subsystem and a virtual tracking subsystem that are controlled by the

CBF-based and Lyapunov-based controllers, respectively. By integrating these separately

designed controllers, the overall system’s safety is ensured in the presence of limited model

information.

Chapter 5 develops an occlusion-free multi-rate visual servoing control framework for

robotic manipulators in the presence of measurement uncertainties. This framework inte-

grates a high-level MPC with a low-level CBF-based controller, where occlusion-avoidance

constraints are reformulated into differentiable convex constraints. In this architecture,

the high-level MPC incorporates state estimation techniques to mitigate the impact of

measurement uncertainties during long-horizon planning, while the low-level controller

employs robust CBF methods to strictly enforce occlusion avoidance in continuous time.

Hardware experiments on a Franka Research 3 manipulator validate the real-time imple-

mentability and strict occlusion avoidance of the proposed approach.

Finally, Chapter 6 summarizes the main contributions and key findings of this disser-

tation. The chapter concludes with a discussion of potential directions for future research

and highlights open problems that motivate further development of CBF-based safe control

approaches.
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1.4 Notations

For a positive integer n, denote [n] = {1, 2, · · · , n} and [0, n] = {0, 1, 2, · · · , n}. For a

column vector x ∈ Rn or a row vector x ∈ R1×n, let xi denote its i-th entry and ∥x∥ its

2-norm, ∥x∥Q =
√
x⊤Qx where Q is a positive definite matrix, and x ≥ 0 implies xi ≥ 0

for any i ∈ [n]. Define R≥0 = {x ∈ R : x ≥ 0}. Denote by In the n×n identity matrix and

by 1n the n-dimensional column vector with all entries equal to 1. For a matrix A ∈ Rn×m,

let Aij denote its (i, j)-th entry, ∥A∥ its Frobenius norm, and λmax(A) and λmin(A) denote

the maximal and minimal eigenvalues of A, respectively, if A is a square matrix. Denote

diag(a1, a2, · · · , an) ∈ Rn×n as the diagonal matrix with entries a1, a2, · · · , an ∈ R, and

blkdiag(A1, A2, · · · , An) as the block-diagonal matrix with diagonal blocks A1, A2, · · · , An,

which need not be square. For a scalar function h : Rn → R with respect to x ∈ Rn, the

gradient ∂h
∂x ∈ Rn×1 is considered a row vector. For a vector-valued function f : Rn → Rm

with respect to x ∈ Rn, f (i) represented its i-th derivative, and ∂f
∂x denotes its Jacobian

matrix, whose (i, j)-th entry is ∂fi
∂xj

. Given n points p1, p2, · · · , pn ∈ Rm, their convex hull

is defined as

conv(p1, · · · , pn) =

{
n∑
i=1

λipi : λi ≥ 0,
n∑
i=1

λi = 1

}
.

Denote the set of intervals on R by IR, the set of n-dimensional interval vectors by

IRn, and the set of n × m-dimensional interval matrices by IRn×m. The definition of

interval operations, e.g., addition, substraction, multiplication, etc., follows those in [72].

Given two vectors x, y ∈ Rn and x ≤ y, [x, y] = [[x1, y1] · · · [xn, yn]]
⊤ ∈ IRn represents

an interval vector.
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Chapter 2

DOB-CBF-based Safe Control for

Systems With Unstructured

Uncertainties

2.1 Introduction

This chapter focuses on developing robust safe controllers for generic systems with un-

structured uncertainties. Recently, various robust CBF approaches have been proposed

for systems with model uncertainties and external disturbances [16], [17], [18], [19]; how-

ever, most of these robust CBF methods consider the worst-case of uncertainties, resulting

in overly conservative control behaviors. To improve control performance while rigorously

ensuring safety, several works integrate DOBs, which can estimate disturbances and uncer-

tainties by using model information and state measurements, into the CBF-QP framework

[20], [23], [26], [73]. Compared with worst-case-based robust CBF methods, DOB-CBF-

QP-based control has two main advantages: (i) DOBs can be designed independently and

added to a nominal CBF-QP-based controller to improve its robustness and disturbance

attenuation capability; (ii) in the presence of disturbances/uncertainties, the nominal per-

formance of the CBF-QP-based controller can be recovered by using DOBs [27], [29],
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[30].

Nevertheless, the design of DOBs is non-trivial and highly problem-specific. Specifi-

cally, designing a DOB requires the existence of two functions that can ensure the asymp-

totic stability of the error dynamics and the satisfaction of a PDE simultaneously (more

details will be given in the Section 2.2.2) [27]. Fulfilling these two requirements is chal-

lenging, and existing methods rely on relatively strong assumptions, e.g., the solvability

of a PDE or the disturbance relative degree is uniformly well-defined [31], [32]. A system-

atic and computationally tractable method for constructing DOBs for generic nonlinear

control-affine systems is still lacking.

To address the aforementioned DOB design challenge, we develop a systematic DOB

design method and incorporate it into the CBF-QP framework. The main contributions

of this chapter are summarized as follows.

• Inspired by the I&I technique [37], [71], [74], we propose a systematic approach for

designing I&I-based Disturbance Observer (IIDOB) for general nonlinear control-

affine systems without imposing the strong assumptions adopted by existing DOB

design methods. By approximately solving the PDE and compensating for the ap-

proximation error, the proposed IIDOB ensures that the disturbance estimation error

is globally Uniformly Ultimately Bounded (UUB).

• Based on the proposed IIDOB, we develop a filter-based IIDOB-CBF-QP safe control

design approach for control-affine systems with disturbances. We design a filter to

obtain an alternative disturbance estimation signal with a known derivative and

provide sufficient conditions that ensure the safety of the disturbed system.

An illustration of the proposed IIDOB-CBF-QP method is presented in Figure 2.1.

This chapter is adapted from previously published work in [26], [75].
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Figure 2.1: Configuration of the proposed IIDOB-CBF-QP method.

2.2 Preliminaries and Problem Formulation

2.2.1 Control Barrier Functions

Consider the following control-affine system:

ẋ = f(x) + g(x)u, (2.1)

where x ∈ Rn is the state, u ∈ U ⊂ Rm is the control input, l : Rn → Rk is the output

measurement, f : Rn → Rn and g : Rn → Rn×m are locally Lipchitz continuous functions.

A set S is called forward controlled invariant with respect to system (2.1) if for every

x0 ∈ S, there exists a control signal u(t) such that x(t; t0, x0) ∈ S for all t ≥ t0, where

x(t; t0, x0) denotes the solution of (2.1) at time t with initial condition x0 ∈ Rn at time t0.

Consider system (2.1) and a set C ⊂ Rn defined by

C = {x ∈ Rn : h(x) ≥ 0} (2.2)

for a continuously differentiable function h : Rn → R. The function h is called a (zeroing)

CBF if there exists a constant γ > 0 such that

sup
u∈U

[Lfh(x) + Lgh(x)u+ γh(x)] ≥ 0 (2.3)

where Lfh(x) = ∂h
∂xf(x) and Lgh(x) = ∂h

∂xg(x) are Lie derivatives [76]. Given a CBF h,
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the set of all control values that satisfy (2.3) for all x ∈ Rn is defined as

Kzcbf(x) = {u ∈ U : Lfh(x) + Lgh(x)u+ γh(x) ≥ 0}. (2.4)

It was proven in [76] that any Lipschitz continuous controller u(x) ∈ Kzcbf(x) for every

x ∈ Rn will guarantee the forward invariance of C. The provably safe control law is

obtained by solving the following convex QP online:

u(x) = argmin
u

∥u− ud(x)∥2 (2.5)

s.t. Lfh(x) + Lgh(x)u ≥ −γh(x),

where ud(x) is the desired control law which is potentially unsafe. Note that the CBF

condition (i.e., the constraint of the CBF-QP (2.5)) is affine on u for any nonlinear control-

affine system, which makes the CBF-QP convex.

2.2.2 Disturbance Observers

Consider the following control-affine system with disturbances:

ẋ = f(x) + g(x)u+ p(x)w(t) (2.6)

where x ∈ Rn is the state, u ∈ Rm is the control input, w : R≥0 → Rl is the disturbance,

and f : Rn → Rn, g : Rn → Rn×m, and p : Rn → Rn×l are known functions. The DOB

design aims to estimate w(t) using the state measurement x(t). A standard assumption

for DOB is given first.

Assumption 2.1 The disturbance w(t) and its derivative ẇ(t) are bounded by known posi-

tive constants, i.e., ∥w(t)∥ ≤ ω0 and ∥ẇ(t)∥ ≤ ω1, ∀t > 0 where ω0 > 0 and ω1 > 0.

As shown in [27], [32], the DOB for system (2.6) has the following structure:

ŵ = z + q(x), (2.7a)
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ż = −l(x)p(x)z − l(x)[f(x) + g(x)u+ p(x)q(x)], (2.7b)

where ŵ is the disturbance estimation, z ∈ Rl is the internal state of the DOB. The

function l(x), known as the DOB gain, and the function q(x) should be designed such that

[27]

∂q(x)

∂x
= l(x), (2.8)

and the error dynamics is globally asymptotically stable for any x ∈ Rn:

ėw + l(x)p(x)ew = 0, (2.9)

where ew = w − ŵ is the disturbance estimation error. It can be proved [27] that the

disturbance estimation error of DOB (2.7) is globally UUB.

Nevertheless, designing l and q is a challenging and highly case-specific task in general

[27]. Several methods have been proposed based on relatively strong assumptions. If p

has full column rank for any x ∈ Rn, then one can select q by solving the PDE ∂q
∂x = p†,

where p† denotes the left inverse of p [28]; however, when n > 1, this PDE is generally

unsolvable and even when solvable, its closed-form solution is hard to obtain. If the

disturbance relative degree is uniformly well-defined with respect to an output function

s(x), an approach for designing q is proposed in [31], [32]; however selecting such a function

s is challenging and its existence is not guaranteed (e.g., there may exist x∗ ∈ Rn such that

p(x∗) = 0). A practically useful approach involves treating pw as the total disturbance and

assuming that d
dt(pw) is bounded [77], [78]; however, this assumption is rather restrictive

because d
dt(pw) explicitly relies on u and x.

2.2.3 Problem Formulation

Consider system (2.6) and the safe set defined in (2.2), where h is a sufficiently smooth

function. Recall that gj denotes the j-th column of g for j ∈ [m], and pi denotes the

i-th column of p for i ∈ [l]. System (2.6) is said to have a vector Input Relative Degree
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(IRD) I = (σ1, σ2, · · · , σm) at a given point x0 ∈ Rn if LgjL
k
fh(x) = 0 for any k ∈ [σj−2],

j ∈ [m], and for all x in a neighborhood of x0, and LgjL
σj−1
f h(x0) ̸= 0 holds for any j ∈ [m]

[79, Remark 5.1.1]. Similarly, system (2.6) is said to have a vector Disturbance Relative

Degree (DRD) D = (ν1, ν2, · · · , νl) at a given point x0 ∈ Rn if LpjL
k
fh(x) = 0 for any

k ∈ [νj−2], j ∈ [l], and for all x in a neighborhood of x0, and LpjL
νj−1
f h(x0) ̸= 0 holds for

any j ∈ [l] [80]. Note that because system (2.6) is multiple-input-single-output with h as

the output, the definitions of vector IRD and vector DRD above are slight modifications

of those given in [79], [80].

In this dissertation, with a slight abuse of notation, we will call rI = min I and

rD = minD as the minimum IRD and the minimum DRD of system (2.6) with respect to

function h at a given point x0 ∈ Rn, respectively; that is, rI (or rD) denotes the number

of times h has to be differentiated to have at least one component of u (or w) explicitly

appearing.

The first problem investigated in this chapter is to design a disturbance estimation law

to estimate the total disturbance

d(x, t) = p(x)w(t). (2.10)

Problem 2.1 Consider system (2.6) with f, g ∈ C1 and p ∈ C2 and suppose Assumption

2.1 holds. Design a DOB-based estimation law to estimate the total disturbance d online.

Using the DOB-based estimation of the total disturbance, the second problem investi-

gated in this chapter is to design a feedback control law such that system (2.6) is safe.

Problem 2.2 Consider system (2.6) with f, g ∈ C1 and p ∈ C2 and the safe set C defined

in (2.2). Suppose that Assumption 2.1 holds and rI = rD for system (2.6) with respect to

h. Given the DOB developed via solving Problem 2.1, design a feedback control law such

that system (2.6) is safe, i.e., h(x(t)) ≥ 0 for any t > 0 provided h(x(0)) > 0.

In this dissertation, we aim to estimate the total disturbance d rather than the dis-

turbance w for two main reasons: first, since no assumption is imposed on p except for
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p ∈ C2, the disturbance w may not be uniquely determined in general; second, Problem 2

can be solved by using the information of d only.

2.3 Immersion-and-invariance-based Disturbance Observer

Inspired by the I&I technique [37], [71], [74], we propose an IIDOB design approach to

solve Problem 2.1 in this section.

First, we augment system (2.6) with an additional integrator:

ẋ = f(x) + g(x)u+ p(x)w(t), (2.11a)

u̇ = v, (2.11b)

where v denotes the auxiliary control input to be designed, and u is considered as a state

variable of the augmented system. As will be shown in this section and next section, the

auxiliary control input v will be used in the design of IIDOB, and it will be generated

from solving the IIDOB-CBF-QP. The control input u for the original system (2.6) will

be obtained through integrating v.

Define a time-varying set

M(t) = {(x, x̂, u) ∈ Rn × Rn × Rm : ξ(t) + β(x̂, x, u)− p(x)w(t) = 0}, (2.12)

where x̂ denotes the state estimation and ξ, β are known functions that will be all specified

later. Define

d̂ = ξ + β (2.13)

as the estimated total disturbance, and the disturbance estimation error as

ed = d̂− d. (2.14)

It is clearly that if the system trajectories are restricted to M(t), the disturbance estima-
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tion is accurate. We also define

z =
ξ + β − d

r
, (2.15)

where r is the scaling factor governed by an adaptive law yet to be designed. It is clear

that ed = rz. Our IIDOB design will render ed globally UUB [81, Definition 4.6] by

guaranteeing that z is globally UUB and r remains bounded. Note that ż, the time

derivative of z, can be expressed as

ż=− ṙ
r
z +

1

r

(
ξ̇ +

∂β

∂x
(f+gu+pw) +

∂β

∂u
v +

∂β

∂x̂
˙̂x− pẇ −

l∑
i=1

∂pi
∂x

(f+gu+pw)wi

)
,(2.16)

where pi denotes the i-th column of p, i ∈ [l]. Define

ψ(x, u) =
η

2

[
∥p∥2 +

l∑
i=1

(∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥2 + ∥∥∥∥∂pi∂x
p

∥∥∥∥2
)]

+ γ, (2.17)

where γ, η > 0 are tuning parameters and γ denotes the observer gain.

If δ(x, u) ∈ Rn is a solution to the following PDE:

∂δ

∂x
= ψIn, (2.18)

then the DOB design becomes straightforward by following [71]. Specifically, one can

design the total disturbance estimation as d̂ = ξ + δ, where ξ is governed by

ξ̇ = −∂δ
∂x

(f + gu+ ξ + δ)− ∂δ

∂u
v. (2.19)

Invoking (2.11) and (2.14), one can see

ėd = −ψed − pẇ −
l∑

i=1

∂pi
∂x

(f + gu+ pw)wi. (2.20)



21

By selecting a candidate Lyapunov function V = 1
2e

⊤
d ed, one can easily verify that

V̇ = e⊤d

(
−ψed − pẇ −

l∑
i=1

∂pi
∂x

(f + gu+ pw)wi

)

≤ −ψ∥ed∥2 + ω1∥p∥∥ed∥+
l∑

i=1

ω0

∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥ ∥ed∥+ l∑
i=1

ω2
0

∥∥∥∥∂pi∂x
p

∥∥∥∥ ∥ed∥
≤ −γ∥ed∥2 +

1

2η
(ω2

1 + lω2
0 + lω4

0), (2.21)

which indicates that ed is globally UUB. However, when n > 1, solving (2.18) is extremely

challenging in principle, and even a solution to (2.18) may not exist [74]. To tackle this

issue, we will follow [74] to first “approximately solve” (2.18) and then use ṙ to compensate

for the approximation error.

Recall that f, g ∈ C1 and p ∈ C2. Then, ψ ∈ C1, and it is easy to verify that there

exist continuous functions δij : Rn × Rn × Rm → R, i, j ∈ [n], such that [82], [83]:

ψ(x̂1, · · · , x̂i−1, xi, x̂i+1, · · · , x̂n, u)− ψ(x, u) = −
n∑
j=1

δij(x, x̂, u)ej , (2.22)

where

e = x̂− x (2.23)

and ej denotes the j-th entry of e. The following theorem shows that our IIDOB design

ensures the disturbance estimation error ed is globally UUB.

Theorem 2.1 Consider system (2.11) where f, g ∈ C1 and p ∈ C2, and suppose Assump-

tion 2.1 holds. If the disturbance estimation law d̂ is designed as:

d̂ = ξ + β, (2.24a)

Λ = (k1 + k2r
2)In +

cr2

2
diag[∥∆1∥2, · · · , ∥∆n∥2], (2.24b)
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β =



∫ x1
0 ψ(τ, x̂2, x̂3, · · · , x̂n, u)dτ∫ x2
0 ψ(x̂1, τ, x̂3, · · · , x̂n, u)dτ

...∫ xn
0 ψ(x̂1, x̂2, · · · , x̂n−1, τ, u)dτ


, (2.24c)

˙̂x = f + gu+ d̂− Λe, (2.24d)

ξ̇ = −∂β
∂x

(f + gu+ d̂)− ∂β

∂u
v − ∂β

∂x̂
˙̂x, (2.24e)

ṙ = −θ(r − 1) +
cr

2

n∑
j=1

e2j∥∆j∥2, r(0) > 1, (2.24f)

where ψ is defined in (2.17), e is defined in (2.23), γ, c, θ > 0 are positive constants

satisfying γ > n
2c + θ, ∆j = diag[δ1j , δ2j , · · · , δnj ] ∈ Rn×n with δij defined in (2.22) for

i, j ∈ [n], and k1, k2 > 0 are positive constants satisfying k2 >
1

4γ−2n/c−4θ , then ed is

globally UUB.

Proof Recall that ed = rz. To prove that ed is globally UUB, we will first show z is

globally UUB, and then r is bounded.

Substituting (2.24e) into (2.16) yields

ż = − ṙ
r
z − ∂β

∂x
z − 1

r

(
pẇ +

l∑
i=1

∂pi
∂x

(f+gu+pw)wi

)
. (2.25)

Recall that ψ ∈ C1. According to the fundamental theorem of calculus, one can see that

∂β

∂x
= diag[ψ(x1,x̂2,· · · ,x̂n,u), ψ(x̂1,x2,x̂3,· · · ,x̂n,u), · · · , ψ(x̂1,x̂2,· · · ,x̂n−1,xn,u)]. (2.26)

Define eψ =
∥∥∥ψ(x, u)In − ∂β

∂x

∥∥∥ as the “approximation error” induced by approximately

solving (2.18) using β designed in (2.24c). Intuitively, from (2.26) one can see that if x̂

is very close to x, eψ would be negligible. Note that the influence of eψ will be eliminated

by ṙ as shown in the following analysis.
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Then, substituting (2.22) into (2.26) yields

∂β

∂x
= ψ(x, u)In −

n∑
j=1

∆jej , (2.27)

and substituting (2.17) and (2.27) into (2.25) yields

ż = − ṙ
r
z − γz − η

2

[
l∑

i=1

(∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥2 + ∥∥∥∥∂pi∂x
p

∥∥∥∥2
)

+ ∥p∥2
]
z +

n∑
j=1

∆jejz

+
1

r

(
−pẇ −

l∑
i=1

∂pi
∂x

(f + gu+ pw)wi

)
. (2.28)

From (2.24f) one can easily verify that r ≥ 1 for any t > 0 because the set {r : r ≥ 1} is

invariant. Substituting (2.24f) into (2.28) gives

ż = − c
2

n∑
j=1

e2j∥∆j∥2z −

η
2

l∑
i=1

(∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥2 + ∥∥∥∥∂pi∂x
p

∥∥∥∥2
)

+
η

2
∥p∥2 −

n∑
j=1

∆jej

 z
+
1

r

(
−pẇ −

l∑
i=1

∂pi
∂x

(f + gu)wi −
l∑

i=1

∂pi
∂x

pwwi

)
− γz + θ

r − 1

r
z. (2.29)

Meanwhile, subtracting (2.11) from (2.24d) yields

ė = d̂− d− Λe = rz − Λe. (2.30)

Next, we prove that z is globally UUB. Define a candidate Lyapunov function as

V =
1

2
z⊤z, (2.31)

whose time derivative is

V̇
(2.29)
= −γ∥z∥2 + z⊤

n∑
j=1

∆jejz −
η

2

[
l∑

i=1

(∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥2 + ∥∥∥∥∂pi∂x
p

∥∥∥∥2
)

+ ∥p∥2
]
∥z∥2

+θ
r − 1

r
∥z∥2 − c

2

n∑
j=1

e2j∥∆j∥2∥z∥2 +
z⊤

r

(
−pẇ −

l∑
i=1

∂pi
∂x

(f + gu+ pw)wi

)
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≤ θ
r−1

r
∥z∥2+

n∑
j=1

∥∆j∥|ej |∥z∥2−
η

2

[
l∑

i=1

(∥∥∥∥∂pi∂x
(f+gu)

∥∥∥∥2+∥∥∥∥∂pi∂x
p

∥∥∥∥2
)
+∥p∥2

]
∥z∥2

+
∥z∥
r

(
∥p∥ω1 +

l∑
i=1

∥∥∥∥∂pi∂x
(f + gu)

∥∥∥∥ω0 +
l∑

i=1

∥∥∥∥∂pi∂x
p

∥∥∥∥ω2
0

)
− c

2

n∑
j=1

e2j∥∆j∥2∥z∥2

−γ∥z∥2

≤ −
(
γ − θ − n

2c

)
∥z∥2 + 1

2ηr2
(ω2

1 + lω2
0 + lω4

0)

≤ −κ∥z∥2 + ω, (2.32)

where

κ = γ − n

2c
− θ > 0, (2.33a)

ω =
1

2η
(ω2

1 + lω2
0 + lω4

0) > 0, (2.33b)

the first and second inequality arise from Cauchy-Schwarz inequality, and the last inequality

comes from the fact that r ≥ 1. Therefore, one can see that

∥z∥ ≤
√
∥z(0)∥2e−2κt +

ω

κ
= ϱz(t), (2.34)

which indicates that z is UUB. Note that selecting a larger κ will result in a smaller final

bound of ∥z∥. However, the convergence of ∥z∥ does not imply the convergence of ed

unless r is bounded. To show the boundedness of r, we construct an augmented candidate

Lyapunov function W as

W = V +
1

2
e⊤e+

1

2
r2, (2.35)

whose time derivative satisfies

Ẇ
(2.30)

≤ −κ∥z∥2 + ω − e⊤Λe+ e⊤rz − θr(r − 1) +
cr2

2

n∑
j=1

e2j∥∆j∥2

(2.24b)
= −κ∥z∥2 + ω − k1∥e∥2 − k2r

2∥e∥2 − θr(r − 1) + e⊤rz
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≤ −κ∥z∥2 + ω − k1∥e∥2 − k2r
2∥e∥2 + k2r

2∥e∥2 + 1

4k2
∥z∥2 − θ

2
r2 +

θ

2

= −
(
κ− 1

4k2

)
∥z∥2 − k1∥e∥2 −

θ

2
r2 +

(
θ

2
+ ω

)
≤ −χW +

(
θ

2
+ ω

)
, (2.36)

where χ = min
{
2κ− 1

2k2
, 2k1, θ

}
. From (2.36) we have

r ≤

√
2W (0)e−χt +

θ + 2ω

χ
= ϱr(t). (2.37)

Recall that ed = rz. From (2.34) and (2.37), it is easy to conclude that ed is globally UUB.

This completes the proof. □

Remark 2.1 From (2.34) and (2.37), one can see that limt→∞ ∥ed(t)∥ ≤
√

ω(θ+2ω)
κχ , im-

plying that the ultimate bound of ed can be made arbitrarily small by appropriately choosing

the tuning parameters γ, θ, c, k1, k2 in the IIDOB design. In practice, the selection of these

parameters should reflect a trade-off between reducing the ultimate disturbance estimation

error and achieving a desired transient performance.

Remark 2.2 From (2.24c) one can see that β is obtained via calculating an (indefinite)

integral, whose explicit form is hard to obtain in general. In practice, a numerical inte-

gration can be adopted to compute β. Moreover, since ψ ∈ C1, ∂β
∂x̂ can be computed using

the Leibniz integral rule [84] as
(
∂β
∂x̂

)
ij
=
∫ xi
0

∂
∂x̂j

ψ(x̂1, · · · , x̂i−1, τ, x̂i+1, · · · , x̂n)dτ , where(
∂β
∂x̂

)
ij

denotes the ij-th entry of ∂β
∂x̂ .

Before the end of this section, we show the design of an IIDOB-based tracking con-

troller, which could be used as a nominal controller in the IIDOB-CBF-QP in Section 2.4.

Note that
˙̂
d can be expressed as

˙̂
d = ξ̇ +

∂β

∂x
ẋ+

∂β

∂x̂
˙̂x+

∂β

∂u
v

(2.24)
= −r∂β

∂x
z. (2.38)

The following proposition presents an IIDOB-based tracking control law provided the right



26

inverse of g exists.

Proposition 2.1 Consider system (2.11) and suppose that all conditions of Theorem 2.1

hold such that the IIDOB shown in (2.24) exists. Suppose that κ defined in (2.33a) is

greater than 1, and the right inverse of g exists for any x ∈ Rn. Given a reference

trajectory xd(t) where xd(t) and ẋd(t) are bounded, ∀t ≥ 0, if the control law is designed

as

ud = −g†
(
f +

(
α1 +

1

2
r2
)
ex + d̂− ẋd

)
, (2.39a)

v = −α2eu + G1 − g⊤ex −
∥G2∥2

2
eu, (2.39b)

where ex = x−xd, eu = u−ud, g† is the right inverse of g, G1 =
∂ud
∂t +

∂ud
∂x (f+gu+d̂)+

∂ud
∂r ṙ,

α1, α2 > 0 are positive constants, and G2 = r
(
∂ud
∂d̂

∂β
∂x + ∂ud

∂x

)
, then the tracking error ex is

globally UUB.

Proof Define

V1 =
1

2
e⊤x ex +

1

2
z⊤z (2.40)

as a candidate Lyapunov function where z is defined in (2.15). Note that

V̇1
(2.32)

≤ e⊤x (f + gu+ pw − ẋd)− κ∥z∥2 + ω

(2.39a)

≤ −
(
α1 +

1

2
r2
)
∥ex∥2 − re⊤x z + e⊤x geu − κ∥z∥2 + ω

≤ −α1∥ex∥2 −
(
κ− 1

2

)
∥z∥2 + e⊤x geu + ω (2.41)

where ω is defined in (2.33b). Since ud is a function of x, r, d̂ and t, its derivative is

u̇d =
∂ud
∂t

+
∂ud
∂x

(f + gu+ d̂) +
∂ud
∂r

ṙ − r

(
∂ud

∂d̂

∂β

∂x
+
∂ud
∂x

)
z = G1 − G2z. (2.42)
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Then, we define

V2 = V1 +
1

2
e⊤u eu (2.43)

as an augmented Lyapunov function candidate, whose derivative satisfies

V̇2
(2.38)

≤ V̇1 + e⊤u (v − G1 + G2z)

≤ −α1∥ex∥2 − (κ− 1) ∥z∥2 + e⊤u g
⊤ex + e⊤u (v − G1) +

∥eu∥2∥G2∥2

2
+ ω

(2.39b)

≤ −α1∥ex∥2 − (κ− 1)∥z∥2 − α2∥eu∥2 + ω, (2.44)

which implies

V̇2 ≤ −ϑV2 + ω (2.45)

with ϑ = min{2α1, 2κ − 2, 2α2}. Hence, one can see that ∥ex∥ ≤
√
2V2(0)e−ϑt +

2ω
ϑ ,

indicating ex is globally UUB. This completes the proof. □

When g has no full row rank, an IIDOB-based tracking controller similar to Proposition

2.1 can still be designed by following the backstepping technique [35], provided some

control Lyapunov function conditions hold.

Remark 2.3 The dynamic surface control [85] or command filter [86] technique can be

adopted to bypass the tedious calculation of partial derivatives of ud. For example, the

idea of the dynamic surface control is to let ud defined in (2.39a) pass a low-pass filter

ϵu̇fd = −ufd + ud, where u
f
d is the filtered signal and ϵ is a small time constant. Then, one

can replace ud with ufd and use u̇fd directly in the design of v, instead of computing partial

derivatives of ud.
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2.4 Disturbance Observer-based Control Barrier Functions

In this section, we will present an IIDOB-CBF-QP-based safe control design method to

solve Problem 2.2. We will design a safe controller v based on the augmented system

shown in (2.11) that is used for the IIDOB design in the preceding section. Two issues

need to be addressed in this design: (i) The time derivative of d̂ is indispensable in control

design and it depends on z, which is unknown since z relies on w, as shown in (2.38);

however, considering the worst-case of
˙̂
d may lead to unnecessary conservatism. (ii) The

minimum DRD of system (2.11) is lower than its minimum IRD (i.e., d appears prior to

v when one differentiates h), which makes the direct decoupling of the disturbance from

the system difficult even if the disturbance is precisely estimated [87].

We address the first challenge by designing a filter to obtain an alternative disturbance

estimation signal whose derivative is known. Specifically, given an IIDOB shown in (2.24),

we design the following filter:

˙̂
df = −

(
T1 + T2r

2

∥∥∥∥∂β∂x
∥∥∥∥2
)
(d̂f − d̂), (2.46)

where d̂f denotes the filtered disturbance estimation with d̂f (0) = d̂(0), r is governed by

(2.24f), β is given in (2.24c), and T1, T2 > 0 are tuning parameters. The filter shown

in (2.46) is a modified low-pass filter by adding an additional term −T2r2
∥∥∥∂β∂x∥∥∥2 (d̂f − d̂)

whose usefulness will be clear from the proof of Lemma 1. From (2.46) one can see that

the derivative of d̂f is completely known. Define the filtering error ef as

ef = d̂f − d̂. (2.47)

The following result shows that d̂f is close to d̂ in the sense that ef is bounded by a

known time-varying function whose ultimate bound can be arbitrarily small by choosing

appropriate parameters.

Lemma 2.1 Consider the augmented system (2.11), the IIDOB as shown in (2.24), and
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the filter given in (2.46). If Assumption 2.1 holds and T2 >
1
4κ , where κ is defined in

(2.33a), then the filtering error ef satisfies

∥ef (t)∥ ≤

√(
∥z(0)∥2 − 2ω

ζ

)
e−ζt +

2ω

ζ
= ϱf (t) (2.48)

for any t ≥ 0, where ζ = min{2T1, 2κ− 1
2T2

} and ω is defined in (2.33b).

Proof Substituting (2.38) into (2.46) gives

ėf = −T1ef − T2r
2

∥∥∥∥∂β∂x
∥∥∥∥2 ef + r

∂β

∂x
z. (2.49)

Construct a candidate Lyapunov function Vf as

Vf =
1

2
e⊤f ef +

1

2
z⊤z, (2.50)

whose derivative satisfies

V̇f
(2.32)

≤ −T1∥ef∥2 − T2r
2

∥∥∥∥∂β∂x
∥∥∥∥2 ∥ef∥2 + re⊤f

∂β

∂x
z − κ∥z∥2 + ω

≤ −T1∥ef∥2 − T2r
2

∥∥∥∥∂β∂x
∥∥∥∥2 ∥ef∥2 + r

∥∥∥∥∂β∂x
∥∥∥∥∥ef∥∥z∥ − κ∥z∥2 + ω

≤ −T1∥ef∥2 −
(
κ− 1

4T2

)
∥z∥2 + ω

≤ −ζVf + ω, (2.51)

where the second inequality comes from Cauchy-Schwarz inequality. Note that Vf (0) =

1
2∥z(0)∥

2 because d̂f (0) = d̂(0). It is standard to obtain (2.48) from (2.51). □

Next, we will present the safe controller design. Consider system (2.6) and the safe

set C defined in (2.2). Suppose that rI = rD = ι ≥ 1 for system (2.6) with respect to

h; clearly, because of (2.11b), rD < rI for the augmented system (2.11). To address the
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second issue above, we define a set of functions h0, h1, . . . , hι as

h0(x) = h, (2.52a)

hi(x) =

(
d

dt
+ λi−1

)
◦ hi−1, i ∈ [ι− 1], (2.52b)

hι(x, u, r, d̂f ) =
∂hι−1

∂x
(f + gu+ d̂f )−

(1 + r2)
∥∥∥∂hι−1

∂x

∥∥∥2
2ρ̃(ζ − λι−1)

− ρ̃ω + λι−1hι−1, (2.52c)

where ρ̃ > 0, λi > 0 (i = 0, 1, · · · , ι− 1) are tuning parameters, and ω > 0 is the constant

defined in (2.33b). Based on the IIDOB shown in (2.24), the filter given in (2.46), and the

notations above, the following result provides a safe controller v that ensures the forward

invariance of C for system (2.6).

Theorem 2.2 Consider system (2.6) and the safe set C defined in (2.2). Suppose that all

conditions of Theorem 2.1 hold such that the IIDOB shown in (2.24) exists. Suppose that

rI = rD = ι ≥ 1 for system (2.6) with respect to h, and there exist positive constants ρ,

ρ̃, and λi(i = 0, 1, · · · , ι) such that λι < 2κ, λι−1 < ζ, hi(x(0)) > 0 for i = 0, · · · , ι − 2,

hι−1(x(0))− ρ̃Vf (ef (0), z(0)) > 0, and hι(x(0), u(0), r(0), d̂f (0))− ρ
2∥z(0)∥

2 > 0, where κ,

ζ, and Vf are defined in (2.33a), (2.48), and (2.50), respectively. If supv∈Rm [ψ0+ψ1v] ≥ 0

holds for any u ∈ Rm, r ∈ [1, ϱr], ∥d̂∥ ≤ ∥p∥ω0 + ϱd, ∥d̂f∥ ≤ ∥p∥ω0 + ϱd + ϱf , ∥ef∥ ≤ ϱf ,

x ∈ C, and t ≥ 0, where ϱd = ϱzϱr with ϱz and ϱr defined in (2.34) and (2.37), respectively,

ϱf is defined in (2.48), and

ψ0 =
∂hι
∂x

(f + gu+ d̂) +
∂hι
∂r

ṙ +
∂hι

∂d̂f

˙̂
df −

r2
∥∥∂hι
∂x

∥∥2
ρ(4κ− 2λι)

− ρω + λιhι, (2.53a)

ψ1 =
∂hι
∂u

, (2.53b)

with ṙ,
˙̂
df , and hι defined in (2.24f), (2.46), and (2.52c), respectively, then any Lipschitz

controller v ∈ KBF = {v ∈ Rm : ψ0 + ψ1v ≥ 0} will ensure h ≥ 0 for all t ≥ 0.
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Proof Define H1(x, u, r, d̂f , z) = hι − ρ
2z

⊤z, where hι is given in (2.52c). Since

Ḣ1

(2.32)

≥ ∂hι
∂x

(f + gu+ pw) +
∂hι
∂u

v +
∂hι
∂r

ṙ +
∂hι

∂d̂f

˙̂
df + ρκ∥z∥2 − ρω

=
∂hι
∂x

(f+gu+d̂)+
∂hι
∂u

v+
∂hι
∂r

ṙ +
1

2
ρλι∥z∥2 − ρω+

∂hι

∂d̂f

˙̂
df − r

∂hι
∂x

z+ρ

(
κ− λι

2

)
∥z∥2

≥ ∂hι
∂x

(f + gu+ d̂) +
∂hι
∂r

ṙ +
∂hι

∂d̂f

˙̂
df −

r2
∥∥∂hι
∂x

∥∥2
ρ(4κ− 2λι)

+
1

2
ρλι∥z∥2 +

∂hι
∂u

v − ρω

= ψ0 + ψ1v − λιH1, (2.54)

any v ∈ KBF will result in Ḣ1 ≥ −λιH̄1. Noting that hι(x(0), u(0), r(0), d̂f (0))−ρ
2∥z(0)∥

2 >

0 =⇒ H1(x(0), u(0), r(0), d̂f (0), z(0)) > 0, we can conclude that H1 ≥ 0, which implies

that hι ≥ 0, for any t ≥ 0.

Define another function as H2(x, z, ef ) = hι−1− ρ̃Vf where Vf is given in (2.50). Note

that

Ḣ2 + λι−1H2

(2.51)

≥ ∂hι−1

∂x
(f + gu+ d̂f )− r

∂hι−1

∂x
z − ∂hι−1

∂x
ef +

(ζ − λι−1)ρ̃

2
(∥z∥2 + ∥ef∥2)

−ρ̃ω + λι−1hι−1

≥ ∂hι−1

∂x
(f + gu+ d̂f )−

(1 + r2)
∥∥∥∂hι−1

∂x

∥∥∥2
2ρ̃(ζ − λι−1)

− ρ̃ω + λι−1hι−1

= hι ≥ 0. (2.55)

Since hι−1(x(0)) − ρ̃Vf (ef (0), z(0)) > 0 =⇒ H2(x(0), z(0), ef (0)) > 0, we have H2 ≥ 0,

which implies that hι−1 ≥ 0 for all t ≥ 0. According to (2.52b), one can conclude that

hi ≥ 0 =⇒ hi−1 ≥ 0 for any i ∈ [ι − 1] because hi(x(0)) > 0, i = 0, 1, · · · , ι − 2 [88].

Therefore, one can see h ≥ 0 for all t ≥ 0. This completes the proof. □

The safe controller v proposed in Theorem 2.2 can be obtained by solving the following

convex IIDOB-CBF-QP:

min
v

∥v − vd∥2 (2.56)

s.t. ψ0 + ψ1v ≥ 0,
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where ψ0, ψ1 are given in (2.53) and vd is any given nominal control law that is potentially

unsafe (e.g., the IIDOB-based tracking controller given in Proposition 2.1).

2.5 Numerical Simulations

In this section, two simulation examples are presented to demonstrate the effectiveness of

the proposed IIDOB and IIDOB-CBF-QP-based controller.

Example 2.1 Consider the following system:

ẋ1
ẋ2

 =

 x2

x1x2


︸ ︷︷ ︸
f(x)

+

1 0

0 1 + sin2(x1)


︸ ︷︷ ︸

g(x)

u1
u2

+

x1
x2


︸ ︷︷ ︸
p(x)

w(t), (2.57)

where x = [x1 x2]
⊤ is the state, u = [u1 u2]

⊤ is the control input, and w is the disturbance.

It is easy to verify that f, g, p are smooth functions. In the simulation, we choose the

disturbance as w = 5 sin(t)+2 cos(2t)+4 sin(3t)+3 cos(4t), which implies that Assumption

2.1 holds with ω0 = 8, ω1 = 26. We select the initial condition as x1(0) = x2(0) = −0.5,

and the reference trajectory of x is xd(t) = [x1d(t) x2d(t)]
⊤, where x1d(t) = 2 sin(t) and

x2d(t) = 2 cos(t).

We choose parameters γ = 100, k1 = k2 = 10, θ = 10, c = 0.5, and α1 = α2 = 50 in

Theorem 2.1 and Proposition 2.1. It is easy to verify that all conditions of Theorem 2.1

hold so that the IIDOB is designed as shown in (2.24). We design a tracking controller for

(2.57) using the dynamic surface technique in [85] with the filter parameter ϵ = 0.001 (see

Remark 2.3). As shown in Figure 2.2, the disturbance estimation of the proposed IIDOB

is accurate and the tracking performance is satisfactory.

Next, we consider two safety sets C1 = {x ∈ R2 : x1 + 1 ≥ 0} and C2 = {x ∈ R2 :

1− x2 ≥ 0}, which aim to keep x1 ≥ −1 and x2 ≤ 1. Define h1 = x1 +1 and h2 = 1− x2.

One can easily verify that the minimum IRD and the minimum DRD of system (2.57)

with respect to h1, h2 are both 1, i.e., rI = rD = 1. We choose parameters ρ = ρ̃ = 1,

λ0 = λ1 = 50, T1 = 50, T2 = 1 in Theorem 2.2, and let other parameters the same as above.
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Figure 2.2: Simulation results of the proposed IIDOB and IIDOB-based tracking controller
for system (2.57).

We also choose the nominal controller as the tracking controller designed above. One can

verify that all conditions of Theorem 2.2 are satisfied, so that the IIDOB-CBF-QP-based

controller (2.56) can ensure h1 ≥ 0 and h2 ≥ 0 for all t ≥ 0. Indeed, as shown in Figure

2.3, trajectories of x1 (or x2) always remain within the safety set C1 (or C2).

We also compare the tracking performance of the proposed controller (2.56) with the

robust CBF approach proposed in [16]. As shown in Figure 2.3, although the robust CBF

controller can always ensure safety, its tracking performance of the reference trajectories

inside the safe region is not as good as our proposed controller (2.56).



34

Figure 2.3: Simulation results of the IIDOB-CBF-QP-based controller (2.56) and the
robust CBF-based controller proposed in [16].

Example 2.2 Consider a two-linked planar robot manipulator:

M(q)q̈ + C(q, q̇)q̇ +G(q) = τ + J⊤(q)Fd(t), (2.58)

where q = [q1 q2]
⊤ is the joint angle, q̇ = [q̇1 q̇2]

⊤ is the joint angular velocity, τ ∈ R2

is the control input, Fd is the external disturbance satisfying Assumption 2.1, and M ∈

R2×2, C ∈ R2×2, G ∈ R2, and J ∈ R2×2 denote the inertia matrix, the Coriolis/centripetal

matrix, the gravity term, and the Jacobian, respectively.

It can be seen (2.58) can be expressed in the form of (2.6) with x = [q1 q2 q̇1 q̇2]
⊤,

f = [q̇⊤ − (C + G)⊤M−⊤]⊤, g = [02×2 M
−⊤]⊤, and p = [02×2 JM

−⊤]⊤. It is obvious

that f, g, p are smooth functions. The expression of M,C,G and physical parameters are

chosen the same as those in [89]. Note that the Jacobian J is singular when q2 = 0 such

that it is impossible to uniquely recover Fd even if q̈ is available. The reference trajectory

of q is qd = [q1d(t) q2d(t)]
⊤, where q1d(t) = q2d(t) = 2 sin(t); the nominal controller is

designed by following Proposition 2.1; the disturbance is selected as Fd = [d1 d2]
⊤ with

d1 = d2 = 5 sin(t) + 2 cos(2t) + 4 sin(3t) + 3 cos(4t) such that Assumption 2.1 holds with

ω0 = 11, ω1 = 37; four CBFs are selected as h1 = q1+1, h2 = −q1+1.5, h3 = q2+1.2, and

h4 = −q2 + 1, which aim to ensure −1 ≤ q1 ≤ 1.5 and −1.2 ≤ q2 ≤ 1. It can be verified
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Figure 2.4: Simulation results of the proposed IIDOB-CBF-QP-based safe control for the
two-linked planer robot (2.58).

that the minimum IRD and the minimum DRD of system (2.58) with respect to hi, i ∈ [4],

are 2, i.e., rI = rD = 2. We select the control parameters as γ = 250, c = 5, θ = 50, k1 =

k2 = 20, α1 = α2 = 50, ρ = ρ̃ = 1, λ0 = 25, λ1 = 30, λ2 = 50, T1 = 250, T2 = 1 in Theorem

2.1 and 2.2.

The simulation results are presented in Figure 2.4. One can observe that the distur-

bance is precisely estimated by the proposed IIDOB (2.24), and the IIDOB-CBF-QP-based

controller (2.56) can ensure the safety because the trajectories of q1, q2 remain within the

safety sets.
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2.6 Chapter Summary and Future Directions

This chapter introduces a systematic approach for designing DOBs for general nonlin-

ear control-affine systems without imposing restrictive assumptions employed by existing

DOB design strategies. Based on that, a filter-based IIDOB-CBF-QP safe control design

method is proposed. The numerical simulation results demonstrate the estimation accu-

racy achieved by the IIDOB and the superior performance of the proposed safe controller

compared to the worst-case-based robust CBF methods.

The IIDOB design relies on the calculation of the integrands in (2.24c), which can

be computationally expensive, especially for high-dimensional systems. This computa-

tional burden may limit the scalability and practical applicability of the proposed IIDOB.

Therefore, it would be highly desirable to develop alternative DOB design approaches

that avoid explicit computation of these integrands, thereby significantly reducing online

computational complexity while preserving the disturbance estimation performance and

theoretical guarantees. One possible way is to extend or adapt the constructive method

proposed in [90].

Another limitation of the proposed IIDOB-CBF-QP framework is that, for system

(2.6), the IRD is required to be equal to the DRD. While this assumption holds for cer-

tain classes of systems, many practical systems exhibit disturbances with a lower DRD.

Consequently, the current IIDOB-CBF-QP formulation cannot be directly applied to such

systems. An important direction for future research is extending the IIDOB-CBF-QP

framework to accommodate systems with lower DRD, by developing new disturbance es-

timation and compensation mechanisms that remain compatible with the CBF-QP frame-

work.
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Chapter 3

Adaptive CBF-based Control for

Systems With Structured

Uncertainties

3.1 Introduction

In Chapter 2, an IIDOB-CBF-QP-based safe control approach is developed for systems

with unstructured disturbances/uncertainties. Although this method can ensure safety

and result in non-conservative control performance, the design of IIDOB and corresponding

safe controller relies on the bounds of the uncertainty’s derivatives, making it difficult to

handle structured (parametric) uncertainties whose derivatives are generally unbounded.

Inspired by the idea of adaptive control Lyapunov functions [45], various adaptive CBF

(aCBF) approaches are developed in the literature [47], [48], [49], [50], [51], [52], [53], [54],

[60], [91] to ensure safety under parametric uncertainties using the online estimation of

the unknown parameters. However, most of these works only take into account parametric

uncertainties in the drift terms, not the control-input matrix, while uncertainties in the

control-input matrix is pretty common in practice, such as robotic systems that have error

in their mass and inertia parameters [55].
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Consider a control-affine system ẋ = f(x)+g(x)u where f , g include parametric uncer-

tainties (e.g., f and g are identified by universal approximators such as neural networks).

The main challenge of stabilizing such a system using adaptive controllers arises from the

so-called “loss of controllability” problem; that is, although the system is controllable, the

identification model may lose its controllability at some points in time, owing to parame-

ter adaptations [5], [36]. The same issue could happen in the aCBF-based control design,

which will result in the emptiness of the admissible safe control set and therefore, the infea-

sibility of the QP. The singularity-free aCBF-based safe control is not sufficiently explored

in the literature, though relevant stabilizing adaptive control schemes have been proposed

in [5], [35], [36], [92]. To bridge this gap, in this chapter, we propose a new aCBF-based

control design method. The main contributions of this chapter are summarized as follows.

• A singularity-free aCBF-based controller is developed for systems with parametric

uncertainties in both f and g. The safety constraint (i.e., the CBF condition) of the

proposed method only relies on the nominal values of the unknown parameters and

thus, the non-emptiness of the admissible safe control set can be verified independent

of the online parameter estimation process. The safe control is obtained by solving

a nonlinear program (NLP), which has a closed-form solution.

• A data-driven approach is proposed to reduce the potential conservatism of the

proposed controller by tightening the parameter bounds.

The effectiveness of the proposed control strategy is demonstrated by numerical simula-

tions. Main results of this chapter are shown in Figure 3.1.

This chapter is adapted from previously published work in [93].



39

Figure 3.1: Main results of Chapter 3.

3.2 Problem Formulation

Consider the following control-affine system:ẋ1
ẋ2

 = f(x)+fu(x) +

 0m

fθ(x)

+

 0m×n

g(x) + gλ(x)

u, (3.1)

where x = [x⊤1 x⊤2 ]
⊤ is the state with x1 ∈ Rm and x2 ∈ Rn, u ∈ Rn is the control input,

f : Rm+n → Rm+n and g : Rm+n → Rn×n are known Lipschitz functions, fu : Rm+n →

Rm+n is an unknown Lipschitz function, and fθ : Rm+n → Rn and gλ : Rm+n → Rn×n are

parametric uncertainties. We assume that fθ, g, and gλ have the following forms:

fθ(x) =

[
θ⊤1 φ1(x), θ⊤2 φ2(x), · · · , θ⊤n φn(x)

]⊤
, (3.2a)

g(x) = diag(g1(x), g2(x), · · · , gn(x)), (3.2b)

gλ(x) = diag(λ⊤1 ψ1(x), λ
⊤
2 ψ2(x), · · · , λ⊤nψn(x)), (3.2c)

where gi : Rm+n → R is a known function, θi ∈ Rpi and λi ∈ Rqi are unknown parameters,

and φi : Rm+n → Rpi and ψi : Rm+n → Rqi are known functions (regressors) with pi, qi
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appropriate positive integers and i ∈ [n]. Define a safe set C ⊂ Rm+n as

C = {x : h(x) ≥ 0}, (3.3)

where h : Rm+n → R is a continuously differentiable function. We also make the follow-

ing two assumptions on the boundedness of the unknown function fu and the unknown

parameters θi, λi.

Assumption 3.1 There exist known functions f
u
(x), fu(x) : Rm+n → Rm+n such that

f
u
(x) ≤ fu(x) ≤ fu(x).

Assumption 3.2 For every i ∈ [n], there exist known vectors θi, θi ∈ Rpi and λi, λi ∈ Rqi

such that θi ≤ θi ≤ θi and λi ≤ λi ≤ λi.

Remark 3.1 In the adaptive stabilizing control design problem, bounds for the unknown

parameters as given in Assumption 3.2 are not necessarily required to be known since the

asymptotic stability of the closed-loop system can be proven using Barbalat’s lemma when

the derivative of the Lyapunov function is negative semi-definite [81]. Because CBFs do

not have the favourable positive definiteness property as Lyapunov functions, the CBF-

based safe control design is more challenging. Although an aCBF-based control approach

is proposed in [46] without assuming boundedness of the unknown parameters, its perfor-

mance is conservative as the system only operates in a subset of the original safety set.

In [47], a robust aCBF-based controller is developed under the assumption that is similar

to Assumption 3.2, i.e., the unknown parameters and the parameter estimation error both

belong to known closed convex sets; however, the system model considered there does not

include the parametric uncertainty gλ in the control-input matrix.

The main problem that will be investigated in this paper is stated as follows.

Problem 3.1 Consider the system (3.1) with fθ, g, and gλ given in (3.2) and the safe

set defined in (3.3) where h has a relative degree 1. Suppose that Assumptions 3.1 and 3.2

hold. Design a feedback controller u such that the closed-loop system is always safe, i.e.,

h(x(t)) ≥ 0 for all t ≥ 0.



41

We will propose an aCBF-NLP-based method for solving Problem 3.1 in Section 3.3.

Moreover, although we only consider the CBF h with a relative degree 1 in this work, our

results can be easily extended to the higher relative degree cases by using techniques in

[88], [94], [95].

3.3 Adaptive Control Barrier Function-based Safe Control

3.3.1 aCBF-NLP-based Control Design

In this subsection, an aCBF-NLP-based control design method is proposed to solve Prob-

lem 3.1. Recall that fθ, g, gλ have the forms given in (3.2) where θi ∈ Rpi and λi ∈ Rqi

are unknown parameters. We choose arbitrary values θ0i ∈ Rpi and λ0i ∈ Rqi satisfy-

ing θi ≤ θ0i ≤ θi and λi ≤ λ0i ≤ λi as the nominal values for θi and λi, respectively.

Furthermore, we define

µi ≜ ∥θi − θ0i ∥, νi ≜ ∥λi − λ0i ∥, ∀i ∈ [n]. (3.4)

According to Assumption 3.2 and the definition of 2-norm, it can be seen

µi ≤ µ̄i ≜

√√√√ pi∑
j=1

max{((θi)j − (θ0i )j)
2, ((θi)j − (θ0i )j)

2}, (3.5a)

νi ≤ ν̄i ≜

√√√√ qi∑
j=1

max{((λi)j − (λ0i )j)
2, ((λi)j − (λ0i )j)

2}, (3.5b)

where (θi)j , (θi)j , (λi)j , (λi)j denote the j-th entry of θi, θi, λi, λi, respectively. Note

that in this subsection the adaptive laws are used to estimate parameters µi and νi, which

are scalars, rather than parameters θi and λi, which are vectors.

In the adaptive stabilizing control design problem considered in [92], assumptions are

imposed to ensure that the system is uniformly strongly controllable, such that the loss

of controllability problem can be avoided. Analogous to [92, Assumption 1], the following

assumption assumes that each diagonal entry of g(x) + gλ(x) is away from zero.
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Assumption 3.3 For any i ∈ [n] and any x ∈ C, there exists a positive constant bi > 0

such that gi(x) + λ⊤i ψi(x), i.e., the i-th diagonal entry of g(x) + gλ(x), satisfies |gi(x) +

λ⊤i ψi(x)| ≥ bi and its sign is known. Without loss of generality, we assume that gi(x) +

λ⊤i ψi(x) > 0 for any i ∈ [n].

The following theorem shows an aCBF-based controller that ensures the safety of

system (2.11b).

Theorem 3.1 Consider the system (3.1) with fθ, g, gλ specified in (3.2) and the safe set

C defined in (3.3). Suppose that

(i) Assumptions 3.1, 3.2 and 3.3 hold;

(ii) There exist positive constants γ, ϵ1, ϵ2, γ
θ
i , γ

λ
i > 0 where i ∈ [n], such that the following

set is non-empty:

KBF (x) ≜ {u ∈ Rn | Ψ0(x) + Ψ1(x)u ≥ 0} , ∀x ∈ C, (3.6)

where

Ψ0(x) = M+
n∑
i=1

hx2,iθ
0⊤
i φi − n(ϵ1 + ϵ2) + γ

[
h−

n∑
i=1

(
µ̄2i
2γθi

+
ν̄2i
2γλi

)]
, (3.7a)

Ψ1(x) = [h2x2,1(g1 + λ0⊤1 ψ1), h
2
x2,2(g2 + λ0⊤2 ψ2), · · · , h2x2,n(gn + λ0⊤n ψn)], (3.7b)

M = hxf +
∑m+n

j=1 min{hx,jfu,j , hx,jfu,j}, hx = ∂h
∂x , hx2 = ∂h

∂x2
, and hx,i, hx2,i, fu,i, fu,i

denotes the i-th entry of hx, hx2, fu, fu, i ∈ [n], respectively;

(iii) For any i ∈ [n], µ̂i and ν̂i are estimated parameters governed by the following adaptive

laws:

˙̂µi = −γµ̂i + γθi |hx2,i|∥φi∥, (3.8a)

˙̂νi = −γν̂i + γλi h
2
x2,i|u0,i|∥ψi∥, (3.8b)

where µ̂i(0) > 0, ν̂i(0) > 0 and u0 = [u0,1, · · · , u0,n]⊤ is a Lipschitz function satisfying

u0 ∈ KBF (x);
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(iv) The following inequality holds:

h(x(0)) ≥
n∑
i=1

(
µ̂i(0)

2 + µ̄2i
2γθi

+
ν̂i(0)

2 + ν̄2i
2γλi

)
. (3.9)

Then, the control input u = h⊤x2 ⊙ s(u0) ∈ Rn, where ⊙ represents the Hadamard prod-

uct (element-wise product) [96], will make h(x(t)) ≥ 0 for any t > 0, where s(u0) ≜

[s1(u0,1), s2(u0,2), · · · , sn(u0,n)]⊤ and

si(u0,i) ≜ u0,i +
κ1,i
bi

+
κ22,iu

2
0,i

bi(κ2,i|hx2,i||u0,i|+ ϵ2)
, (3.10)

with κ1,i =
µ̂2i ∥φi∥2

µ̂i∥φi∥|hx2,i|+ϵ1
, κ2,i = ν̂i∥ψi∥|hx2,i|, i ∈ [n].

Proof From (3.8), ˙̂µi ≥ −γµ̂i, ˙̂νi ≥ −γν̂i hold. Since µ̂i(0) > 0, ν̂i(0) > 0, it is easy to see

that µ̂i(t) ≥ 0 and ν̂i(t) ≥ 0 for any t > 0 by the Comparison Lemma [81, Lemma 2.5].

Define a new candidate CBF h̄ as

h̄(x, t) = h(x)−
n∑
i=1

(
µ̃2i
2γθi

+
ν̃2i
2γλi

)
, (3.11)

where µ̃i = µi − µ̂i and ν̃i = νi − ν̂i. It can be seen that

h̄(x(0), 0) = h(x(0))−
n∑
i=1

(
(µi − µ̂i(0))

2

2γθi
+

(νi − ν̂i(0))
2

2γλi

)
≥ h(x(0))−

n∑
i=1

(
µ2i + µ̂2i (0)

2γθi
+
ν2i + ν̂2i (0)

2γλi

)
≥ h(x(0))−

n∑
i=1

(
µ̄2i + µ̂2i (0)

2γθi
+
ν̄2i + ν̂2i (0)

2γλi

)
≥ 0, (3.12)

where the first inequality comes from the fact that µi, νi, µ̂i(0), ν̂i(0) ≥ 0, the second one

arises from the definitions of µ̄i, ν̄i, and the last one holds because of condition (iv).

We claim that ˙̄h ≥ −γh̄ where ˙̄h is the time derivative of h̄. Indeed, one can see

˙̄h = hx(f + fu) +

n∑
i=1

(
hx2,i(θ

⊤
i φi + (gi + λ⊤i ψi)ui) +

µ̃i ˙̂µi

γθi
+
ν̃i ˙̂νi

γλi

)
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≥ M+
n∑
i=1

(
hx2,i(θ

⊤
i φi + (gi + λ⊤i ψi)ui) +

µ̃i ˙̂µi

γθi
+
ν̃i ˙̂νi

γλi

)
. (3.13)

Substituting (3.10) into the inequality above and recalling Assumption 3.3, we have

˙̄h ≥ M+

n∑
i=1

(
hx2,iθ

⊤
i φi+

µ̃i ˙̂µi

γθi
+
ν̃i ˙̂νi

γλi

)
+

n∑
i=1

h2x2,i

(
(gi+λ

⊤
i ψi)u0,i+κ1,i+

κ22,iu
2
0,i

κ2,i|hx2,i||u0,i|+ϵ2

)
≥

n∑
i=1

(hx2,iθ
0⊤
i φi + h2x2,i(gi + λ0⊤i ψi)u0,i)+

n∑
i=1

(hx2,i(θi − θ0i )
⊤φi + h2x2,i(λi − λ0i )

⊤ψiu0,i)

+M+
n∑
i=1

(
µ̃i ˙̂µi

γθi
+
ν̃i ˙̂νi

γλi
+h2x2,i

(
κ1,i +

κ22,iu
2
0,i

κ2,i|hx2,i||u0,i|+ ϵ2

))

≥ Ψ0 +Ψ1u0 + n(ϵ1 + ϵ2)− γ

[
h−

n∑
i=1

(
µ̄2i
2γθi

+
ν̄2i
2γλi

)]
+

n∑
i=1

(
µ̃i ˙̂µi

γθi
+
ν̃i ˙̂νi

γλi

)

+
n∑
i=1

(
−µi∥φi∥|hx2,i|+ κ1,ih

2
x2,i − νi∥ψi∥|u0,i|h2x2,i +

κ22,iu
2
0,ih

2
x2,i

κ2,i|hx2,i||u0,i|+ ϵ2

)
, (3.14)

where the third inequality arises from Cauchy–Schwarz inequality. It is easy to check that

−µ̂i∥φi∥|hx2,i|+κ1,ih2x2,i = − µ̂i∥φi∥|hx2,i|ϵ1
µ̂i∥φi∥|hx2,i|+ϵ1

≥ −ϵ1 and −ν̂i∥ψi∥|u0,i|h2x2,i+
κ22,iu

2
0,ih

2
x2,i

κ2,i|hx2,i||u0,i|+ϵ2
=

− κ2,i|hx2,i||u0,i|ϵ2
κ2,i|hx2,i||u0,i|+ϵ2

≥ −ϵ2; furthermore, Ψ0 +Ψ1u0 ≥ 0 because u0 ∈ KBF . Based on these

two facts and recalling that µi = µ̃i + µ̂, νi = ν̃i + ν̂i, one can see that (3.14) can be

expressed as

˙̄h ≥
n∑
i=1

(
µ̃i

(
1

γθi

˙̂µi−∥φi∥|hx2,i|
)
+ν̃i

(
1

γλi

˙̂νi−∥ψi∥|u0,i|h2x2,i
))

−γ

[
h−

n∑
i=1

(
µ̄2i
2γθi

+
ν̄2i
2γλi

)]
.

(3.15)

Substituting (3.8) into the inequality above yields

˙̄h ≥ −γ
n∑
i=1

(
µ̃iµ̂i

γθi
+
ν̃iν̂i

γλi

)
− γ

[
h−

n∑
i=1

(
µ̄2i
2γθi

+
ν̄2i
2γλi

)]
. (3.16)

Since µ̂iµ̃i = (µi − µ̃i)µ̃i ≤
µ2i−µ̃2i

2 ≤ µ̄2i−µ̃2i
2 and ν̂iν̃i = (νi − ν̃i)ν̃i ≤

ν2i −ν̃2i
2 ≤ ν̄2i −ν̃2i

2 , we

have ˙̄h ≥ −γ
[
h−

∑n
i=1

(
µ̃2i
2γθi

+
ν̃2i
2γλi

)]
= −γh̄, which shows the correctness of the claim.

Because h̄(x(0), 0) ≥ 0, it is easy to see that h̄(t) ≥ 0 for t > 0. Since h̄ ≤ h by

definition, we have h(t) ≥ 0 for t > 0, which completes the proof. □
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Remark 3.2 It should be noticed that the CBF condition Ψ0(x) + Ψ1(x)u ≥ 0 shown

in (3.6) is imposed on the intermediate variable, u0, instead of the real control input, u.

Furthermore, the CBF condition (3.6) only relies on the nominal values of the unknown

parameters, which implies that the CBF condition (i.e., the non-emptiness of the set KBF )

can be verified conveniently by selecting the variables in Condition (ii) appropriately.

In [45], the problem of adaptive stabilization of a nonlinear system is converted to the

nonadaptive stabilization of a modified system by utilizing an aCLF. While the idea of

[45] may be extended to develop an aCBF-based safe control law for (2.11b), the resulting

CBF condition would need to be verified for any θi and λi satisfying θi ≤ θi ≤ θi and

λi ≤ λ ≤ λi, which is much more restrictive than the CBF condition given in Theorem 3.1

above. On the other hand, the CBF condition given in [54] relies on estimated parameters

(i.e., Ψ0 and Ψ1 are functions of the estimated parameters in the adaptive laws), which

renders the singular configuration (i.e., the set KBF is empty) difficult to verify; see the

discussion in Remark 1 of [54].

Remark 3.3 The number of ODEs for parameter estimation in Theorem 3.1 is much less

than that in other aCBF-based approaches such as [46], [47], [54]. As can be seen from

the adaptive laws shown in (3.8), our method only requires solving 2n ODEs that estimate

scalars µi ∈ R and νi ∈ R for i ∈ [n] (cf. (3.4)); in contrast, other aCBF methods have to

estimate the original unknown parameters θi ∈ Rpi and λi ∈ Rqi for i ∈ [n], which results

in a total of 2n
∑n

j=1(pj + qj) ODEs. This reduction of number of ODEs is particularly

useful when pi and qi are large, e.g., when θi and λi are weights of deep neural networks.

The safe control law u(x) ≜ [u1, . . . , un]
⊤ in Theorem 3.1 can be obtained pointwise

for any x ∈ C. Specifically, each ui, i ∈ [n], can be obtained by solving the following

optimization problem:

min
ui∈R

(ui − ud,i)
2 (aCBF-NLP)

s.t. Φi0(x) + Φi1(x)u0,i ≥ 0,

ui = hx2,isi(u0,i),
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where si(·) is the function defined in (3.10), ud,i is the i-th entry of the nominal controller,

Φi0 =


ρih

2
x2,i

|gi+λ0⊤i ψi|∑n
j=1 ρjh

2
x2,j

|gj+λ0⊤j ψj |
Ψ0, if Ψ1 ̸= 0,

Ψ0/n, otherwise,

(3.17a)

Φi1 = h2x2,i(gi + λ0⊤i ψi), (3.17b)

with Ψ0, Ψ1 defined in Theorem 3.1, and ρi > 0, i ∈ [n], are tuning parameters. Note

that (3.17a) is well-defined as
∑n

j=1 ρjh
2
x,j |gj + λ0⊤j ψj | ̸= 0 if Ψ1 ̸= 0 and

∑n
i=1Φ

i
0 = Ψ0,∑n

i=1Φ
i
1u0,i = Ψ1u0.

Different from the traditional CBF-QP formulation [6], [76], the optimization (aCBF-NLP)

is an NLP because of the nonlinear function si(·). Solving an NLP is computationally chal-

lenging in general; however, optimization (aCBF-NLP) has a closed-form solution, which

will be discussed in the next subsection.

Remark 3.4 An alternative optimization to obtain the safe control law u(x) can be for-

mulated as:

min
u∈Rn

∥u− ud∥2 (3.18)

s.t. Ψ0 +Ψ1u0 ≥ 0,

u = h⊤x2 ⊙ s(u0),

where Ψ0,Ψ1, s(·) are defined in Theorem 3.1 and ud is the nominal controller. The

admissible set of u0 in (3.18) is larger than that of (aCBF-NLP), but the existence of a

closed-form solution to (3.18) is still unclear to us.

Remark 3.5 The main idea behind the formulation of (aCBF-NLP) is to split the set

KBF into n independent set Ki
BF ≜ {u ∈ R : Φi0 + Φi1u ≥ 0}, such that ui ∈ Ki

BF , ∀i ∈

[n] =⇒ u ∈ KBF . It is easy to see that if KBF ̸= ∅, then Ki
BF ̸= ∅ for any i ∈ [n] and

any x ∈ C: if Ψ1 ̸= 0, then Φi1 = 0 =⇒ Φi0 = 0 =⇒ Φi0(x) + Φi1(x)u0,i ≥ 0 always

holds; if Ψ1 = 0 and KBF ̸= ∅ =⇒ Φi1(x) = 0 and Ψ0 ≥ 0 =⇒ Φi0 = Ψ0
n ≥ 0 =⇒
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Φi0(x) + Φi1(x)u0,i ≥ 0 always holds.

3.3.2 Closed-form Solution to The NLP

In this subsection, we will discuss the closed-form solution to (aCBF-NLP). We will focus

on the case n = 1 because the n > 1 case can be easily solved by considering the n NLPs

in (aCBF-NLP) independently.

When n = 1, the subscript i for all relevant variables defined in Theorem 3.1 will be

discarded for the sake of simplicity. It is also easy to see that Φ0 = Ψ1, Φ1 = Ψ1, and

hx2 = 0 =⇒ u = 0 according to Theorem 3.1. Thus, without loss of generality, we

assume that hx2 ̸= 0 in the analysis of this subsection. By substituting u = hx2s(u0) into

the objective function of (aCBF-NLP), it is easy to see that (aCBF-NLP) is equivalent to

the following optimization when n = 1:

min
u0∈R

(s(u0)− ūd)
2 (3.19)

s.t. Ψ0 +Ψ1u0 ≥ 0,

where ūd = ud/hx2 and Ψ0,Ψ1, s(·) are defined in Theorem 3.1. We first introduce the

following lemma.

Lemma 3.1 Define a function s(·) as

s(y) = y +
κ1
b

+
κ22y

2

b(κ2|hx2 ||y|+ ϵ2)
, (3.20)

where κ1, κ2 ≥ 0 and b, ϵ2, |hx2 | > 0 are considered as constants. The function s(·) has the

following properties:

(i) When b̄− κ2 ≥ 0, where b̄ = b|hx2 |, s(y) is monotonically increasing with respect to y,

and limy→−∞ s(y) = −∞, limy→+∞ s(y) = +∞;

(ii) When b̄ − κ2 < 0, s(y) has a global minimum y∗ =
ϵ̄2[(κ2−b̄)−

√
κ2(κ2−b̄)]

κ2(κ2−b̄)
, where ϵ̄2 =

ϵ2/|hx2 |, and limy→−∞ s(y) = limy→+∞ s(y) = +∞.
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Proof Note that the derivative of s(y) with respect to y can be expressed as

ds

dy
=


1 +

κ22y(κ2y+2ϵ̄2)

b̄(κ2y+ϵ̄2)2
, if y ≥ 0,

(b̄−κ2)κ22y2−2κ2ϵ̄2(b̄−κ2)y+b̄ϵ̄22
b̄(−κ2y+ϵ̄2)2

, if y < 0.

(3.21)

(i) If κ2 = 0, then s(y) = κ1
b + y, from which one can see that the statement is

true. We assume κ2 ̸= 0 in the following analysis. It can be seen that if b̄ − κ2 ≥

0, ds
dy > 0 for any y ∈ R, such that s(y) is monotonically increasing. Meanwhile, one

can see limy→+∞ s(y) = +∞ and limy→−∞ s(y) = limy→−∞
yb̄(−κ2y+ϵ̄2)+κ22y2

b̄(−κ2y+ϵ̄2)
+ κ1

b

z=−y
=====

limz→+∞
−b̄(κ2z2+ϵ̄2z)+κ22z2

b̄(κ2z+ϵ̄2)
+ κ1

b . Define α(z) = −b̄(κ2z2+ ϵ̄2z)+κ22z2, β(z) = b̄(κ2z+ ϵ̄2),

and I = (0,+∞), from which one can see limy→−∞ s(y) = κ1
b + limz→+∞

α(z)
β(z) . Since α, β

are differentiable with respect to z and β′(z) ̸= 0 for any z ∈ I, applying L’Hôpital’s rule

gives limy→−∞ s(y) = limz→+∞
−2(b̄−κ2)κ2z−b̄ϵ̄2

b̄κ2
+ κ1

b = −∞.

(ii) If b̄ − κ2 < 0, ds
dy > 0 still holds when y ≥ 0. When y < 0, asking ds

dy = 0 gives

a stationary point y∗. It can be verified d2s
dy2

∣∣∣∣
y=y∗

= 2(κ2(κ2−b̄))
3
2

κ2b̄ϵ̄2
> 0, such that y∗ is a

global minimum. Similarly, one can prove limy→+∞ s(y) = ∞ and limy→−∞ s(y)
z=−y
=====

limz→+∞
κ2(κ2−b̄)z2−b̄ϵ̄2z

b̄(ϵ̄2+κ2z)
+ κ1

b = limz→+∞
2κ2(κ2−b̄)z−b̄ϵ̄2

b̄κ2
+ κ1

b = +∞, where the second

equality arises from L’Hôpital’s rule (the conditions of L’Hôpital’s rule can be verified

using the similar procedure in (i)). □

Based on the properties of the function s(·) presented in Lemma 3.1, the optimal

solution to (3.19) can be obtained, from which the closed-form solution to (aCBF-NLP)

can be obtained, as shown in the following proposition.
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Proposition 3.1 The closed-form solution to (aCBF-NLP) can be represented as

u =



hx2 max
(
s
(
−Ψ0

Ψ1

)
, ūd

)
, if A1 holds,

hx2 min
(
s
(
−Ψ0

Ψ1

)
, ūd

)
, if A2 holds,

hx2 max(s(y∗), ūd), if A3 holds,

ud, if Ψ1 = 0 ∧ b̄− κ2 ≥ 0,

0, if hx2 = 0,

(3.22)

where κ2,Ψ0,Ψ1 are given in Theorem 3.1, b̄ = b|hx2 |, ϵ̄2 = ϵ2/|hx2 |, y∗ =
ϵ̄2[(κ2−b̄)−

√
κ2(κ2−b̄)]

κ2(κ2−b̄)
,

A1 : hx2 ̸= 0∧((b̄−κ2 ≥ 0∧Ψ1 > 0)∨(b̄−κ2 < 0∧Ψ0+Ψ1y
∗ < 0)), A2 : hx2 ̸= 0∧ b̄−κ2 ≥

0 ∧Ψ1 < 0, and A3 : hx2 ̸= 0 ∧ b̄− κ2 < 0 ∧Ψ0 +Ψ1y
∗ ≥ 0.

Proof Note that similar to the aCBF-QPs presented in [46], [47], the optimization prob-

lem (aCBF-NLP) is solved pointwise for a given (x, µ̂, ν̂), such that κ1, κ2 defined in

(3.10) and hx2 should be considered as constants when solving (3.19). If b̄− κ2 ≥ 0, s(y)

is monotonically increasing, according to Lemma 3.1. When Ψ1 > 0, one can see that

KBF = {u : u ≥ −Ψ0
Ψ1

} and s(u0) ∈
[
s
(
−Ψ0

Ψ1

)
,+∞

]
for any u0 ∈ KBF . It is easy to ver-

ify that s(u∗0) = ūd if ūd ≥ s
(
−Ψ0

Ψ1

)
and s(u∗0) = s

(
−Ψ0

Ψ1

)
when ūd < s

(
−Ψ0

Ψ1

)
, where u∗0

denotes the solution to (3.19). Hence, in conclusion, one has s(u∗0) = max
{
s
(
−Ψ0

Ψ1

)
, ūd

}
,

such that the closed-form solution to (aCBF-NLP) is u = hx2 max
{
s
(
−Ψ0

Ψ1

)
, ūd

}
. Per-

forming the similar analysis one can see that the closed-form solution to (aCBF-NLP) is

u = hx2 min
{
s
(
−Ψ0

Ψ1

)
, ūd

}
when Ψ1 < 0. If Ψ1 = 0, KBF = R and s(u0) ∈ R for any

u0 ∈ KBF , such that u = ud.

On the other hand, if b̄ − κ2 < 0, one knows that s(y) has a global minimal y∗,

according to Lemma 3.1. Note that Ψ0 +Ψ1y
∗ < 0 indicates y∗ /∈ KBF , such that s(u0) ∈[

s
(
−Ψ0

Ψ1

)
,+∞

]
for any u0 ∈ KBF (note that the non-emptiness of KBF indicates Ψ0 ≥ 0

if Ψ1 = 0). Then, one can see that s(u∗0) = s
(
−Ψ0

Ψ1

)
if ūd ≤ s

(
−Ψ0

Ψ1

)
and s(u∗0) = ūd

when ūd > s
(
−Ψ0

Ψ1

)
, such that s(u∗0) = max

{
s
(
−Ψ0

Ψ1

)
, ūd

}
and the closed-form solution

to (3.19) is u = hx2 max
{
s
(
−Ψ0

Ψ1

)
, ūd

}
. Furthermore, Ψ0+Ψ1y

∗ ≥ 0 implies y∗ ∈ KBF ,
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such that s(u0) ∈ [s(y∗),+∞] for any u0 ∈ KBF . Using the similar procedure shown above,

one can conclude that the closed-form solution to (3.19) is u = hx2 max {s(x∗), ūd}. □

3.3.3 Extension to More General Systems

In this subsection, we will generalize the aCBF-based control design method proposed in

Section 3.3 to more general systems. Specifically, we will design a safe controller u for the

system (3.1) with the same fθ, θi, φi, i ∈ [n], as those defined in (3.2) and non-diagonal

g and gλ whose (i, j)-th entries can be expressed as

(g)ij = gij(x), (gλ)ij = λ⊤ijψij(x), (3.23)

where gij : Rm+n → R, ψij : Rm+n → Rqij are known functions and λij ∈ Rqij are vectors

of unknown parameters, i ∈ [n], j ∈ [n].

Similar to Assumption 3.2, we assume that θi and λij are upper and lower bounded

by known vectors.

Assumption 3.4 For every i, j ∈ [n], there exist known vectors θi, θi ∈ Rpi and λij , λij ∈

Rqij , such that θi ≤ θi ≤ θi and λij ≤ λij ≤ λij.

Similar to [92, Assumption 1], we assume that g̃ ≜ g+ gλ is away from the singularity

point by letting the smallest singular value of g̃(x)+g̃⊤(x)
2 lower bounded by some known

positive constant.

Assumption 3.5 The matrix g̃(x)+g̃⊤(x)
2 is either uniformly positive definite or uniformly

negative definite for all x ∈ X , where C ⊆ X , g̃ = g + gλ and X ∈ Rm+n is a compact set,

i.e., there exists a positive constant b∗ > 0 such that σ
(
g̃(x)+g̃⊤(x)

2

)
≥ b∗, ∀x ∈ X , where

σ(·) represents the smallest singular value of a matrix.

Without loss of generality, we assume that g̃(x)+g̃⊤(x)
2 is positive definite for any x ∈ C

in this subsection. We select arbitrary values θ0i ∈ Rpi , λ0ij ∈ Rqij satisfying θi ≤ θ0i ≤ θi,
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λij ≤ λ0ij ≤ λij , i, j ∈ [n], as the nominal values of θi and λij , respectively. We define

Θ =

[
θ⊤1 θ⊤2 · · · θ⊤n

]⊤
, Θ0 =

[
θ0⊤1 θ0⊤2 · · · θ0⊤n

]⊤
, (3.24a)

Λ =

[
λ⊤11 λ⊤12 · · · λ⊤nn

]⊤
, Λ0 =

[
λ0⊤11 λ0⊤12 · · · λ0⊤nn

]⊤
, (3.24b)

Ωφ =

[
φ⊤
1 φ⊤

2 · · · φ⊤
n

]⊤
, Ωψ =

[
ψ⊤
11 ψ⊤

12 · · · ψ⊤
nn

]⊤
, (3.24c)

f0θ =



θ01φ1

θ02φ2

...

θ0nφn


, g0λ =



λ0⊤11 ψ11 λ0⊤12 ψ12 · · · λ0⊤1nψ1n

λ0⊤21 ψ21 λ0⊤22 ψ22 · · · λ0⊤2nψ2n

· · · · · · · · · · · ·

λ0⊤n1ψn1 λ0⊤n2ψn2 · · · λ0⊤nnψnn


. (3.24d)

and

µ = ∥Θ−Θ0∥, ν = ∥Λ− Λ0∥. (3.25)

According to Assumption 3.4, one can see that

µ ≤ µ̄ ≜

√√√√ M∑
j=1

max{(Θj −Θ0
j )

2, (Θj −Θ0
j )

2},

ν ≤ ν̄ ≜

√√√√ N∑
j=1

max{(Λj − Λ0
j )

2, (Λj − Λ0
j )

2},

where M =
∑n

i=1 pi and N =
∑n

j=1

∑n
i=1 qij . We introduce the following lemma.

Lemma 3.2 For any a ∈ Rn, b ∈ Rn, c ∈ R, the following inequalities hold:

a⊤(fθ − f0θ ) ≥ −µ∥a∥∥Ωφ∥, (3.26a)

b⊤(gλ − g0λ)bc ≥ −ν∥Ωψ∥∥b∥2|c|, (3.26b)

where fθ is defined in (3.2), gλ is defined in (3.23), f0θ , g
0
λ, Ωφ, Ωψ are defined in (3.24),

and µ, ν are defined in (3.25).

Proof One can verify that a⊤(fθ−f0θ ) ≥ −∥a∥∥fθ−f0θ ∥ = −∥a∥
√∑n

i=1((θi − θ0i )
⊤φi)2 ≥
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−∥a∥
√∑n

i=1 ∥θi − θ0i ∥2∥φi∥2 ≥ −∥a∥
√∑n

i=1 ∥θi − θ0i ∥2
√∑n

i=1 ∥φi∥2 = −∥a∥∥Θ−Θ0∥ ×

∥Ωφ∥ = −µ∥a∥∥Ωφ∥, where the first and second inequality are derived from Cauchy-

Schwarz inequality and the third inequality comes from the fact
∑n

k=1 x
2
ky

2
k ≤

(∑n
k=1 x

2
k

)
×(∑n

k=1 y
2
k

)
, ∀xk, yk ∈ R. Therefore, (3.26a) holds.

Similarly, using Cauchy-Schwarz inequality, one can get b⊤(gλ − g0λ)bc ≥ −|b⊤(gλ −

g0λ)b||c| ≥ − ∥gλ − g0λ∥∥b∥2|c|. Invoking the definition of the Frobenius norm, ∥gλ − g0λ∥

satisfies ∥gλ−g0λ∥ =
√∑n

i=1

∑n
j=1((λij − λ0ij)

⊤ψij)2 ≤
√∑n

i=1

∑n
j=1 ∥λij − λ0ij∥2∥ψij∥2 ≤√∑n

i=1

∑n
j=1 ∥ψij∥2

√∑n
i=1

∑n
j=1 ∥λij − λ0ij∥2 = ∥Λ − Λ0∥∥Ωψ∥ = ν∥Ωψ∥. Therefore,

(3.26b) holds. □

Analogous to Theorem 3.1, the following theorem provides an aCBF-based controller

that ensures the safety of system (2.11b) with g and gλ defined in (3.23).

Theorem 3.2 Consider the system (3.1) with fθ defined in (3.2) and g, gλ defined in

(3.23), as well as the safe set C defined in (3.3). Suppose that

(i) Assumptions 3.1, 3.4 and 3.5 hold;

(ii) There exist positive constants γ, ϵ1, ϵ2, γθ, γλ > 0, such that the following set is non-

empty:

Kg
BF ≜ {u ∈ R | Ψ0 +Ψ1u ≥ 0}, ∀x ∈ C, (3.27)

where Ψ0 = M+ hx2f
0
θ − (ϵ1 + ϵ2) + γ

(
h− µ̄2

2γθ
− ν̄2

2γλ

)
, Ψ1 = hx2(g + g0λ)h

⊤
x2, hx2 = ∂h

∂x2
,

and M is the same as that defined in Theorem 3.1;

(iii) µ̂ and ν̂ are parameter estimations governed by the following adaptive laws:

˙̂µ = −γµ̂+ γθ∥hx2∥∥Ωφ∥, (3.28a)

˙̂ν = −γν̂ + γλ∥hx2∥2|u0|∥Ωψ∥, (3.28b)

where µ̂(0), ν̂(0) > 0 and u0 ∈ R is a Lipschitz function satisfying u0 ∈ Kg
BF (x);

(iv) The following inequality holds: h(x(0)) ≥ µ̂(0)2+µ̄2

2γθ
+ ν̂(0)2+ν̄2

2γλ
.
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Then, the control input u = sg(u0)h
⊤
x2 ∈ Rn will make h(x(t)) ≥ 0 for any t > 0, where

sg(u0) ≜ u0 +
κ1,g
b∗

+
κ22,gu

2
0

b∗(κ2,g∥hx2∥|u0|+ ϵ2)
, (3.29)

with κ1,g =
µ̂2∥Ωφ∥2

µ̂∥Ωφ∥∥hx2∥+ϵ1
and κ2,g = ν̂∥Ωψ∥∥hx2∥.

Proof Assumption 3.5 indicates that, for any v ∈ Rn, v⊤(g+gλ)v ≥ b∗∥v∥2 [92]. Similar

to the proof of Theorem 3.1, one can see that µ̂(t) ≥ 0, ν̂(t) ≥ 0, ∀t > 0. Define a candidate

CBF h̄ as

h̄ = h− 1

2γθ
µ̃2 − 1

2γλ
ν̃2, (3.30)

where µ̃ = µ− µ̂ and ν̃ = ν − ν̂.

We claim that ˙̄h ≥ −γh̄ where ˙̄h is the time derivative of h̄. Indeed, it is easy to see

that

˙̄h ≥ M+ hx2(fθ + (g + gλ)u) +
1

γθ
µ̃ ˙̂µ+

1

γλ
ν̃ ˙̂ν. (3.31)

Substituting (3.29) into the inequality above yields

˙̄h ≥ 1

γθ
µ̃ ˙̂µ+

1

γλ
ν̃ ˙̂ν + hx2(g + gλ)h

⊤
x2

(
µ̂2∥Ωφ∥2

b∗(µ̂∥Ωφ∥∥hx2∥+ ϵ1)
+

ν̂2∥Ωψ∥2∥∥hx2∥2u20
b∗(ν̂|u0|∥Ωψ∥∥∥hx2∥2 + ϵ2)

)
+M+ hx2fθ + hx2(g + gλ)h

⊤
x2u0

≥ M+ hx2f
0
θ + hx2(g + g0λ)h

⊤
x2u0 +

1

γθ
µ̃ ˙̂µ+

1

γλ
ν̃ ˙̂ν + hx2(fθ − f0θ ) + hx2(gλ − g0λ)h

⊤
x2u0

+
µ̂2∥hx2∥2∥Ωφ∥2

µ̂∥Ωφ∥∥hx2∥+ ϵ1
+

ν̂2∥Ωψ∥2∥∥hx2∥4u20
ν̂|u0|∥Ωψ∥∥∥hx2∥2 + ϵ2

≥ Ψ0 +Ψ1u0 + ϵ1 + ϵ2 − γ

(
h− 1

2γθ
µ̄2 − 1

2γλ
ν̄2
)
+

1

γθ
µ̃ ˙̂µ+

1

γλ
ν̃ ˙̂ν − µ∥hx2∥∥Ωφ∥

−ν∥hx2∥2∥Ωψ∥|u0|+
µ̂2∥hx2∥2∥Ωφ∥2

µ̂∥Ωφ∥∥hx2∥+ ϵ1
+

ν̂2∥Ωψ∥2∥hx2∥4u20
ν̂|u0|∥Ωψ∥∥hx2∥2 + ϵ2

(3.32)

where the second inequality is from Assumption 3.5 and the third inequality comes from

Lemma 3.2 shown in Appendix. Selecting u0 ∈ Kg
BF we have

˙̄h ≥ −γ
(
h− 1

2γθ
µ̄2 − 1

2γλ
ν̄2
)
+

1

γθ
µ̃
(
˙̂µ− γθ∥hx2∥∥Ωφ∥

)
+

1

γλ
ν̃
(
˙̂ν − γλ∥hx2∥2∥Ωψ∥|u0|

)
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−µ̂∥hx2∥∥Ωφ∥+
µ̂2∥hx2∥2∥Ωφ∥2

µ̂∥Ωφ∥∥hx2∥+ϵ1
− ν̂∥hx2∥2∥Ωψ∥|u0|+

ν̂2∥Ωψ∥2∥hx2∥4u20
ν̂|u0|∥Ωψ∥∥hx2∥2+ϵ2

+ϵ1+ϵ2

≥ −γ
(
h− 1

2γθ
µ̄2 − 1

2γλ
ν̄2
)
+

1

γθ
µ̃( ˙̂µ− γθ∥hx2∥∥Ωφ∥) +

1

γλ
ν̃( ˙̂ν − γλ∥hx2∥2∥Ωψ∥|u0|).

Substituting (3.28) into the inequality above, we have ˙̄h ≥ −γ
(
h− 1

2γθ
µ̄2 − 1

2γλ
ν̄2
)
−

γ
γθ
µ̃µ̂ − γ

γλ
ν̃ν̂. Similar to the proof of Theorem 3.1, one can see µ̂µ̃ ≤ µ̄2

2 − µ̃2

2 and ν̂ν̃ ≤
ν̄2

2 − ν̃2

2 , which implies that ˙̄h ≥ −γh̄. Our claim is thus proven. Note that h̄(x(0), 0) ≥ 0

because of condition (iv). Hence, one can conclude that h̄(t) ≥ 0,∀t > 0, and thus,

h(x(t)) ≥ 0, ∀t > 0. □

Remark 3.6 Compared with Theorem 3.1, Theorem 3.2 provides a safety guarantee for

a more general class of systems but the resulting safe controller tends to have more con-

servative performance. This is because the control u ∈ Rn is designed to have a particular

structure u = sg(u0)h
⊤
x2, which requires u always proportional to h⊤x2, to deal with the non-

diagonal structures of g and gλ. How to improve the design to generate a less conservative

safe controller will be our future work.

The safe controller u(x) in Theorem 3.2 can be obtained pointwise for any x ∈ C via

solving the following optimization problem:

min
u∈Rn

∥u− ud∥2 (3.33)

s.t. Ψ0 +Ψ1u0 ≥ 0,

u = sg(u0)h
⊤
x2 ,

where Ψ0 and Ψ1 are defined in Theorem 3.2. The closed-form solution of (3.33) can be

obtained by using Proposition 3.1.

3.3.4 Data-driven Approach For Tightening Parameter Bounds

The controller design proposed in Section 3.3.1 relies on the bounds of unknown parameters

as shown in Assumptions 3.2 and 3.4. If the prior knowledge of the parameter bounds
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is poor, the control performance will tend to be conservative (see simulation examples in

Section 3.4). In this section, we present a data-driven approach to get tighter bounds and

more accurate nominal values for the unknown parameters. Combining the aCBF-based

control design and the data-driven parameter tightening approach provides a mechanism

to achieve safety with less conservatism.

Our data-driven method is inspired by the differential inclusion technique proposed in

[97]. To better illustrate the main idea, we consider the system (3.1) with m = 0 and

n = 1 shown as follows:

ẋ = f(x) + fu(x) + θ⊤φ(x) + (g(x) + λ⊤ψ(x))u, (3.34)

where x ∈ R is the state, u ∈ R is the control input, f : R → R and g : R → R are known

Lipschitz functions, fu : R → R is an unknown Lipschitz function satisfying Assumption

3.1, φ : R → Rp, ψ : R → Rq are known functions, and θ ∈ Rp, λ ∈ Rq are unknown

parameters. The proposed method can be readily extended to systems with multiple

inputs by considering each control channel separately.

Recall that xi denotes the i-th entry of x where x is either a column or a row vector.

Given a dataset E = {xi, ẋi, ui}Ni=1, the bounds of θ, λ, and fu can be tightened as shown

by the following theorem.

Theorem 3.3 Consider the system given in (3.34). Suppose that (i) Assumptions 3.1

and 3.2 hold; (ii) fu has a known Lipschitz constants L for x ∈ C; (iii) a dataset E =

{xi, ẋi, ui}Ni=1 is given. Define intervals P0 = [θ, θ]⊤ ∈ IR1×p and Q0 = [λ, λ]⊤ ∈ IR1×q.

Let x0 be an arbitrary state in C and define F0 = [f
u
(x0), fu(x

0)]. For i ∈ [N ], r ∈ [p],

s ∈ [q], define

F i =

i−1⋂
j=0

{F j + L∥xi − xj∥[−1, 1]}

⋂[f
u
(xi), fu(x

i)]
⋂

(yi − P0φi −Q0ψiui),(3.35a)

vi0 = (yi −F i −Q0ψiui) ∩ (P i−1φi), (3.35b)

vir = (vir−1 − P i−1
r φir) ∩

(
p∑

l=r+1

P i−1
l φil

)
, (3.35c)
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P i
r =


((vir−1 −

∑p
l=r+1 P

i−1
l φil) ∩ (P i−1

r φir)))
1
φi
r
, if φir ̸= 0,

P i−1
r , otherwise,

(3.35d)

and

wi0 = (yi −F i − PNφi) ∩ (Qi−1ψiui), (3.36a)

wis = (wis−1 −Qi
sψ

i
su
i) ∩

(
q∑

l=s+1

Qi−1
l ψilu

i

)
, (3.36b)

Qi
s =


((wis−1 −

∑q
l=s+1Q

i−1
l ψilu

i) ∩ (Qi−1
s ψisu

i)) 1
ψi
su

i , if ψisu
i ̸= 0,

Qi−1
s , otherwise,

(3.36c)

where φi = φ(xi), ψi = ψ(xi), and yi = ẋi − f(xi)− g(xi)ui. Then, θ⊤ ∈ PN , λ⊤ ∈ QN ,

and fu(x) ∈ F(x) ≜
⋂N
j=0{F j + L∥x− xj∥[−1, 1]}, for any x ∈ C.

Proof Note that fu(x
i) ∈ [f

u
(xi), fu(x

i)] from Assumption 3.1 and fu(x
i) ∈ yi −P0φi −

Q0ψiui from fu(x
i) = yi − θ⊤φi − λ⊤ψiui, θ⊤ ∈ P0, and λ⊤ ∈ Q0. Because of the

Lipschitzness of fu, it is obvious that for any i ∈ [N ] [97]

fu(x
i) ∈

i−1⋂
j=0

{fu(xj) + L∥xi − xj∥[−1, 1]}

⋂[f
u
(xi), fu(x

i)]
⋂

(yi − P0φi −Q0ψiui),

which indicates fu(x
i) ∈ F i provided fu(x

k) ∈ Fk for any 0 ≤ k < i. Since fu(x
0) ∈ F0,

using mathematical induction one can conclude that fu(x
i) ∈ F i, ∀i ∈ [N ]; thus, for any

x ∈ C, fu(x) ∈
⋂N
j=0{fu(xj) + L∥x− xj∥[−1, 1]} ⊂ F(x).

Next, we will prove that if θ⊤ ∈ P i−1, then θ⊤φi −
∑r

l=1 θlφ
i
l ∈ vir holds for any

0 ≤ r ≤ p. When r = 0, one can see that θ⊤φi ∈ vi0 since θ⊤φi = yi − fu(x
i)− λ⊤ψiui ∈

yi − F i −Q0ψiui and θ⊤φi ∈ P i−1φi. Then, we assume θ⊤φi −
∑r−1

l=1 θlφ
i
l ∈ vir−1 holds.

It can be seen that

θ⊤φi −
r∑
l=1

θlφ
i
l = θ⊤φi −

r−1∑
l=1

θlφ
i
l − θrφ

i
r ∈ vir−1 − θrφ

i
r ∈ vir−1 − P i−1

r φir. (3.37)
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On the other hand, one can see

θ⊤φi −
r∑
l=1

θlφ
i
l =

p∑
l=r+1

θlφ
i
l ∈

p∑
l=r+1

P i−1
l φil. (3.38)

Summarizing the discussion above, one can conclude that θ⊤φi −
∑r

l=1 θlφ
i
l ∈ (vir−1 −

P i−1
r φir) ∩ (

∑p
l=r+1 P

i−1
l φil) = vir.

Finally, we will prove θ⊤ ∈ P i for any 0 ≤ i ≤ N using mathematical induction.

For i = 0, θ⊤ ∈ P0 because of Assumption 3.2. Then we assume θ⊤ ∈ P i−1. Note that

θ⊤φi = yi − fu(x
i) − λ⊤ψiui ∈ yi − F i −Q0ψiui and θ⊤φi ∈ P i−1φi, which implies that

θ⊤φi ∈ vi0. It can be seen that for any r ∈ [p] one has

θrφ
i
r = θ⊤φi −

r−1∑
l=1

θlφ
i
l −

p∑
l=r+1

θlφ
i
l ∈ vir−1 −

p∑
l=r+1

P i−1
l φil. (3.39)

Moreover, noticing that θrφ
i
r ∈ P i−1

r φir, we have θr ∈ P i
r for any r ∈ [p], which indicates

θ⊤ ∈ P i. Following the similar procedure above, one can prove that λ⊤ ∈ Qi. □

Remark 3.7 With tighter bounds on θ, λ and fu provided by Theorem 3.3, a larger ad-

missible set KBF (x) as defined in (3.6) can be obtained. As a result, the data-driven-

augmented, aCBF-NLP controller tends to have a better control performance while always

ensuring safety. It is expected that the system’s performance will be improved if the dataset

E is large enough and the data in E are sufficiently “diverse” (i.e., the whole state space

is sufficient explored), but a formal proof is still under our investigation. The Lipschitz

constant L is needed in Theorem 3.3 to induce the bounds of fu from a finite number of

data. A lot of existing work can be leveraged to estimating the Lipschitz constant of an

unknown function, such as [98], [99]. Moreover, the data-driven approach can be also

combined with the aCBF-based controller shown in (3.33) to reduce its conservatism.
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3.4 Numerical Simulations

In this section, three examples are provided to demonstrate the effectiveness of the pro-

posed control methods.

Example 3.1 Consider the following single-input system:

ẋ = fu + θ1 sin(x) + θ2x
2 + (λ1 + λ2x

2)u, (3.40)

where x ∈ R is the state and u ∈ R is the control input. The function fu = cos(x) is

unknown in the controller design; we choose the bounds of fu as fu ∈ [−2, 2] such that

Assumption 3.1 holds. The true values of the parameters θ1 = θ2 = 2, λ1 = 1, λ2 =

2 are unknown in the controller design; we choose the bounds of these parameters as

θ1, θ2, λ1, λ2 ∈ [−10, 10] such that Assumption 3.2 holds. Note that loose bounds of the

unknown parameters and the function are chosen deliberately. It is easy to verify that

Assumption 3.3 is satisfied with b = 0.5. We choose the safe set as C = {x : h(x) ≥ 0}

where h(x) = x− 1, that is, we aim to make x(t) ≥ 1 for all t ≥ 0. The initial condition

of (3.1) is chosen as x(0) = 2, the reference trajectory is selected as xd = 3 sin(t) and the

nominal control ud is designed via feedback linearization.

First, we demonstrate the performance of the safe controller obtained from (aCBF-NLP).

We choose the nominal values of the unknown parameters θ01 = θ02 = λ02 = 0, λ01 = 0.5,

which result in µ̄ = ν̄ = 15, and positive constants ϵ1 = ϵ2 = 0.001, γθ = 550, γλ =

300, γ = 800 and µ̂(0) = ν̂(0) = 0.1. One can verify that Condition (iv) of Theorem 3.1

holds with the given initial condition, and Condition (ii) of Theorem 3.1 holds because

Ψ1 = λ01 + λ02x
2 = 0.5 > 0 for any x ∈ C, which implies that KBF ̸= ∅. Therefore,

all conditions of Theorem 3.1 are satisfied. Applying the safe controller obtained from

(aCBF-NLP), the state evolution of the closed-loop system is shown as the blue line in

Figure 3.2(a). One can observe that safety is always guaranteed (i.e., the state does not

cross the safety boundary represented by the dashed red line) in the presence of parameter

uncertainties and the reference trajectory is well-tracked within the safe set. The evolution
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of the control input is shown as the blue line in Figure 3.2(b).

Next, we consider the aCBF-NLP-based safe controller combined with the data-driven

approach. We assume that fu has a Lipschitz constant L = 1 and a dataset of 10

points are given. By using Theorem 3.3, bounds of the unknown parameters are tight-

ened as θ1 ∈ [−0.5042, 4.8060], θ2 ∈ [1.8848, 2.0618], λ1 ∈ [0.9050, 1.1550], and λ2 ∈

[0.8471, 3.6036]. With these new bounds, we choose the nominal parameters as θ01 =

2.1509, θ02 = 1.9733, λ01 = 1.03, λ02 = 2.2254, which result in µ̄ = 2.6566, ν̄ = 1.3839.

We select γθ = 60, γλ = 30 in Theorem 3.1 with parameters ϵ1, ϵ2, γ
θ, γλ, γ, µ̂(0), ν̂(0)

chosen the same as above. Applying the data-driven augmented, aCBF-NLP-based safe

controller, the state evolution of the closed-loop system is shown as the pink line in Figure

3.2(a). One can observe that this controller can also ensure safety and has a better track-

ing performance than the aCBF-NLP-based controller without parameter update, since it

can better track the reference trajectory inside the safe region and it can be closer to the

boundary of the safe set when the reference trajectory is outside the safe region. The

evolution of the control input is shown as the pink line in Figure 3.2(b).

(a) Evolution of the state variable x

0 5 10 15 20

-4

-3

-2

-1

0

(b) Evolution of the control input u

Figure 3.2: Simulation results of Example 3.1.

Example 3.2 Consider the following adaptive cruise control system [76]:

d

dt


D

vl

vf

 =


vl − vf

a

− 1
m(f0 + f1vf + f2v

2
f )

+


0

0

1
m

u, (3.41)
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where vl and vf are the velocities of the lead car and the following car, respectively, D

is the distance between the two vehicles, u is the control input, Fr ≜ f0 + f1vf + f2v
2
f is

the aerodynamic drag term with constants f0, f1, f2, and m is the mass of the following

car. The true values of the parameters f0 = 0.1N, f1 = 5N · s/m, f2 = 0.25N · s2/m,m =

1650 kg are unknown in the controller design. We assume that f0 ∈ [0, 10], f1 ∈ [0, 50],

f2 ∈ [0, 20], m ∈ [100, 3000], and let θ = 1
m [−f0 − f1 − f2]⊤ , φ(vf ) = [1 vf v

2
f ]

⊤, λ = 1
m ;

one can easily see that Assumption 3.2 is satisfied with θ1 ∈ [−0.1, 0], θ2 ∈ [−0.5, 0],

θ3 ∈ [−0.2, 0], λ ∈ [0.00033, 0.01]. Note that in (3.41) fu = 0, such that we selected

f
u
= fu = 0, from which one can see Assumption 3.1 is satisfied. Meanwhile, from (3.41)

one can easily verify that Assumption 3.3 holds with b = 1/3000. The safety constraint of

the following car is to keep a safe distance from the lead car, which can be expressed as

D/vf ≥ 1.8 where 1.8 is the desired time headway in seconds. Therefore, the safe set is

C = {x : h(x) ≥ 0} where h = D − 1.8vf . The nominal controller ud is designed to keep

the following car at a desired speed vf,des = 22 m/s.

Applying the safe controller obtained from (aCBF-NLP), the state and CBF evolu-

tion are shown as the blue lines in Figure 3.3. Next, we consider the aCBF-NLP-based

controller augmented with a dataset of 5 datapoints. The state and CBF evolution of

the closed-loop system with the data-driven-augmented aCBF-NLP controller are shown

as the brown lines in Figure 3.3. One can see that both controllers can ensure safety in

the presence of parameter uncertainties since h(t) ≥ 0 for any t > 0; moreover, when the

data-driven approach is employed, the aCBF-NLP controller has a better performance.

(a) Evolution of vf (b) Evolution of h

Figure 3.3: Simulation results of Example 3.2.
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Example 3.3 Consider the mass-spring system as follows:

d

dt



x1

x2

ẋ1

ẋ2


=



0 0 1 0

0 0 0 1

−k1+k2
m1

k2
m1

0 0

k2
m2

− k2
m2

0 0





x1

x2

ẋ1

ẋ2


+



0 0

0 0

1
m1

0

0 1
m2


u1
u2

 , (3.42)

where x1, x2 ∈ R denote the position of two mass points, u1, u2 ∈ R are control in-

puts, m1 = m2 = 0.2 represent the mass, and k1 = k2 = 1 denote the stiffness of two

springs. We assume that all functions in (3.42) are known, that is, fu = 0. Define

θ1 = [−k1+k2
m1

k2
m1

]⊤ = [−10 5]⊤, θ2 = [ k2m2
− k2

m2
]⊤ = [5 − 5]⊤, λ1 = 1

m1
= 5, and

λ2 = 1
m2

= 5, which are unknown parameters in control design. One can easily ver-

ify that Assumption 3.2 is fulfilled with m1,m2 ∈ [0.1, 0.5] and k1, k2 ∈ [0, 5], such that

[−100 0]⊤ ≤ θ1 ≤ [0 50]⊤, [0 − 50]⊤ ≤ θ1 ≤ [50 0]⊤, λ1 ∈ [2, 10], and λ2 ∈ [2, 10]. It

is obvious that Assumption 3.3 is fulfilled with b1 = b2 = 1. The desired trajectories are

selected as x1d = 0, x2d = 1 + sin(t), with a nominal PD controller ud designed to track

x1d, x2d, The safe set is defined as C = {x : h(x) ≥ 0} with h = x2 − x1 − 0.5, which aims

to keep the distance between two masses. Note that the relative degree of h is equal to 2.

We first consider the aCBF-NLP-based controller proposed in Theorem 3.1. Applying

the safe controller obtained from (aCBF-NLP), the state and CBF evolution are shown

as the blue lines in Figure 3.4. Then, the aCBF-NLP-based controller is augmented with

a dataset of 4 datapoints. The state and CBF evolution are represented by the brown

lines in Figure 3.4. It can be seen that both controllers can guarantee the safety since

h(x(t)) ≥ 0 for any t > 0, while the performance of the aCBF-NLP controller is improved

if the data-driven approach is adopted.

Finally, we show how the results of Theorem 3.2 can be applied to (3.42). From now

on we do not assume g and gλ are diagonal matrices. It is easy to verify that Assumptions

3.1, 3.4, 3.5 hold true with b∗ = 1, λ11, λ22 ∈ [−1, 1], λ12, λ21 ∈ [2, 10], [−100 0]⊤ ≤

θ1 ≤ [0 50]⊤, and [0 − 50]⊤ ≤ θ1 ≤ [50 0]⊤. Applying the safe control law obtained from
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(3.33), the state and CBF evolution are shown in Figure 3.5, from which one can see that

the safety is ensured since h(x(t)) ≥ 0 for any t > 0. However, from Figure 3.5(a) and

3.5(b), it can be seen that the control performance is conservative, i.e., the desired control

performance is not well preserved inside the safe region. This phenomenon verifies what

we discussed in Remark 3.6, i.e., u might not be close to ud since it is always proportional

to the partial derivative of h.

(a) Evolution of x1 (b) Evolution of x2

(c) Evolution of h

Figure 3.4: Simulation results of Example 3.3 using (aCBF-NLP).

3.5 Chapter Summary and Future Directions

In this chapter, we propose a singularity-free aCBF-NLP-based control strategy for systems

with parametric uncertainties in both drift terms and control-input matrices, where the

solution to the aCBF-NLP has a closed form. Furthermore, a data-driven approach is

developed to tighten the bounds of the unknown parameters and functions such that

the performance of the proposed controller can be improved. Simulation results are also

presented to validate the proposed approach.

The aCBF-NLP-based controller developed in this chapter can only be applied to a
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(a) Evolution of x1 (b) Evolution of x2

(c) Evolution of h

Figure 3.5: Simulation results of Example 3.3 using (3.33).

special class of systems with diagonal control-input matrices, which limits the applicability

of this method to physical systems. Furthermore, the strong controllability assumption

presented in Assumption 3.3 is hard to satisfy for many systems. Future work includes

extending the proposed method to more general systems and relaxing the assumptions.

In addition, the convergence of the data-driven approach proposed in Section 3.3.4 is

not investigated. Intuitively, the system’s performance will be improved if the dataset is

large enough and the data are sufficiently “diverse” (i.e., the whole state space is sufficient

explored), but a formal proof is still lacking. Moreover, the Lipschitz constant L is needed

in Theorem 3.3 to induce the bounds of fu from a finite number of data, while obtaining

Lipschitz constants is challenging in many cases. A promising direction for future work is

to derive the convergence condition of the proposed data-driven method and estimate the

Lipschitz constant using data.
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Chapter 4

CBF-based Control for

Strict-feedback Systems With

Limited Model Information

4.1 Introduction

In Chapters 2 and 3, robust and adaptive CBF-based safe control approaches are de-

veloped for systems with unstructured and structured uncertainties, respectively. While

these methods provide rigorous safety guarantees, they rely on the availability of certain

model information. Specifically, the IIDOB-CBF-QP framework assumes the existence

of a nominal system model, and the adaptive CBF-QP approach requires knowledge of

the uncertainty structure. In some practical applications, however, such assumptions are

difficult to satisfy. For instance, obtaining accurate expressions of the inertia matrix, Cori-

olis and centripetal terms, and gravity vector of a robotic manipulator can be challenging

due to modeling complexity. These limitations motivate the development of CBF-based

control strategies for systems with limited model information.

CBF-based safe control for systems with limited model information is not well inves-

tigated in the literature, while in contrast, several Lyapunov-based safe control methods,
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such as BLFs [4] and PPC [15], have been developed to ensure safety for systems with

unknown dynamics. Despite their effectiveness, Lyapunov-based approaches suffer from

several inherent limitations when compared with the CBF framework. In particular, they

impose more structural restrictions on constraints and require a coupled design of the

control objective and safety specification, thereby reducing flexibility in controller design.

Consequently, it is highly desirable to integrate the complementary strengths of Lyapunov-

based and CBF-based approaches, enabling the synthesis of safe controllers for systems

with limited model information while retaining the advantages of CBF-based control.

This chapter introduces a Proxy Control Barrier Function (PCBF) control strategy

that follows a modular design scheme to integrate CBF-based and Lyapunov-based meth-

ods for strict-feedback systems with limited model information. Specifically, the original

system is decomposed into a proxy subsystem and a virtual tracking subsystem; the proxy

subsystem generates a safe (virtual) reference trajectory and is controlled by a CBF-based

controller, while the virtual tracking subsystem is controlled by a Lyapunov-based output-

constrained controller to ensure the boundedness of the tracking error (see Figure 4.1).

The modularity of the proposed PCBF method offers superior flexibility in control de-

sign and combines the advantages of both CBF-based and Lyapunov-based approaches.

By leveraging Lyapunov-based tools, the PCBF method can be employed to design safe

controllers for systems with unknown dynamics that existing CBF-based methods cannot

handle. Moreover, the CBF design process in the PCBF method is significantly simpli-

fied because the validity of the CBF does not rely on the full dynamics, allowing distinct

systems with the same proxy subsystem to share an identical CBF design.

The main contributions of this chapter are summarized as follows.

• A PCBF control design scheme that integrates CBF-based and Lyapunov-based

methods is proposed for strict-feedback systems with limited model information.

• A PCBF-based control approach is developed for strict-feedback systems with mis-

matched disturbances using a new filter-based DOB.

Parts of this chapter are adapted from previously published work in [100], [101]
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Figure 4.1: Illustration of the proposed PCBF control scheme.

4.2 Motivation and Problem Formulation

4.2.1 Motivation Example

Partly because CBFs lack favorable structural properties of Lyapunov functions (e.g.,

positive definiteness), there are certain systems that CBFs cannot handle but have been

extensively studied by Lyapunov-based methods in the context of stabilizing control design.

Consider the following Norrbin model for ship steering [102]:

ẋ1 = x2, (4.1a)

ẋ2 = bu+ θ⊤φ(x2), (4.1b)

where x1 = ψ ∈ R is the yaw angle, x2 = ψ̇ ∈ R is the yaw rate, u ∈ R is the rudder angle

as the control input, θ = [− 1
T − α

T ]
⊤, φ(x2) = [x2 x

3
2]
⊤, b = K

T , K > 0 is the gain constant,

T is the time constant, and α is the Norrbin coefficient determined via a spiral test. Here,

θ and b are considered as unknown parameters, and b is either positive or negative and its

sign is unknown; see [102] and [103, Section 5.5] for more explanations.

Suppose that the goal is to design a safe controller for system (4.1) with respect to

a given safe set C = {x1 : h(x1) ≥ 0} with h a continuously differentiable function. To

the best of our knowledge, CBF-based control strategies are not yet developed for systems

with unknown control coefficients; if robust CBF methods (e.g., [17]) are applied, the

resulting QP could be infeasible since the sign of b is unknown. On the other hand, the

Nussbaum-gain-based adaptive control methods have been developed to stabilize systems
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with unknown control coefficients [104]. Then, one natural question is: can we combine

CBF-based safe control methods and Lyapunov-based stabilizing control methods, such

that we can bring the best from both worlds to design a safe controller?

Observing the structure of system (4.1), one may consider the system as two subsystems

with x2 as the input in (4.1a). To design a safe controller, one potential idea is to design

a CBF-based control law for (4.1a) to generate a safe reference trajectory for x2 that

ensures the (robust) forward invariance of C, and a Lyapunov-based output-constrained

controller for (4.1b) to ensure the boundedness of the tracking error. In this chapter, we

will systematize this idea and propose a modular safe control design method for strict-

feedback systems with theoretical guarantees.

4.2.2 Problem Formulation

Consider a strict-feedback system described as follows:

ẋ = f0(x) + g0(x)z1, (4.2a)

ż1 = f1(x, z1) + g1(x, z1)z2, (4.2b)

...

żn−1 = fn−1(x, z1, . . . , zn−1) + gn−1(x, z1, . . . , zn−1)zn, (4.2c)

żn = fn(x, z1, . . . , zn) + gn(x, z1, . . . , zn)u, (4.2d)

where x ∈ Rp, zi ∈ Rpi , i ∈ [n], are state variables, u ∈ Rq is the control input, f0 and

g0 are sufficiently smooth and known functions, and fi, gi, i ∈ [n], are sufficiently smooth

functions that are possibly unknown. Define a safe set C as follows:

C = {x ∈ R : h(x) ≥ 0} (4.3)

where h : Rp → R is a sufficiently smooth function.

The problem investigated in this paper is stated as follows.
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Problem 4.1 Given the system shown in (4.2) and the safe set C defined in (4.3), design

a controller u such that the closed-loop system is safe with respect to C, i.e., h(x(t)) ≥

0, ∀t ≥ 0.

The main challenge in solving Problem 2.1 lies in the presence of unknown functions

fi and gi, i ∈ [n]. To the best of our knowledge, no safe control design method exists for

system (4.2) if fi and gi are completely unknown. Moreover, it is reasonable to assume an

exact knowledge of f0 and g0 for many practical systems such as Euler-Lagrange systems.

4.3 Proxy CBF-based Control Design

The PCBF method follows a modular design scheme and consists of three parts: (i) de-

compose system (4.2) into a proxy subsystem and a virtual tracking subsystem, (ii) design

a CBF-based controller for the proxy subsystem to generate a (virtual) safe trajectory,

and (iii) design a Lyapunov-based tracking controller for the virtual tracking subsystem

to ensure the boundedness of the tracking error. Because the CBF-based and Lyapunov-

based control design are decoupled, the PCBF method offers flexibility for safe control

design as will be shown below.

4.3.1 System Decomposition Scheme

We decompose the strict-feedback system shown in (4.2) into the proxy subsystem:

ẋ = f0(x) + g0(x)µ1 + g0(x)e, (4.4a)

µ̇1 = µ2, (4.4b)

...

µ̇m−1 = µm, (4.4c)

µ̇m = ν, (4.4d)

and the virtual tracking subsystem:
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ė = f1(x, e+ µ1) + g1(x, e+ µ1)z2 − µ2, (4.5a)

z2 = f2(x, e+ µ1, z2) + g2(x, e+ µ1, z2)z3, (4.5b)

...

żn−1 = fn−1(x, e+ µ1, z2, . . . , zn−1) + gn−1(x, e+ µ1, z2, . . . , zn−1)zn, (4.5c)

żn = fn(x, e+ µ1, z2, . . . , zn) + gn(x, e+ µ1, z2, . . . , zn)u, (4.5d)

where e = z1 − µ1 is the virtual tracking error, ν ∈ Rp1 is the virtual control input

to be designed, and µ1, µ2, · · · , µm ∈ Rp1 are virtual states with the number m ≤ n a

positive integer to be determined. The initial conditions of the virtual states are selected

as µ1(0) = z1(0) and µi(0) = 0 for i = 2, · · · ,m.

The proxy subsystem (4.4) consists of dynamics of x and a chain of integrators, which

mainly serve to provide the explicit forms of the derivatives of µ1 as will be explained

later; the virtual tracking subsystem (4.5) consists of error dynamics of e, which is derived

from (4.2b) and (4.4b), and equations of z3, z4, . . . , zn.

Given the system decomposition shown in (4.4)-(4.5), the safe control design problem

for system (4.2) will be solved by accomplishing the following two tasks:

• Design a CBF-based control law ν for the subsystem (4.4) to ensure h(x(t)) ≥ 0,∀t ≥

0, under the assumption

∥e(t)∥ ≤ ρ(t), ∀t ≥ 0, (4.6)

where ρ : R≥0 → R>0 is a predefined smooth bounded function whose derivatives up

to n-th order are bounded.

• Design a Lyapunov-based control law u for the subsystem (4.5) to ensure (4.6) holds.

As will be explained in the next three subsections, these two tasks can be accomplished

separately, and the controllers constructed for the two subsystems together provide a

solution to Problem 4.1.
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4.3.2 Proxy Subsystem Control Design

The main difficulty of designing a CBF-based controller for the proxy subsystem (4.4)

lies in the existence of e, which is considered as a mismatched disturbance to be rejected

and has a relative degree lower than that of the virtual input ν, implying it is difficult to

completely decouple e [80]. To address this issue, we define a set of functions bi, i ∈ [m]

as follows:

bi(µ̄i, ȳi, y0, x, t)=Mi(f0+g0µ1)−
∥Mig0∥2

2βi
−βi

2
ρ2+λibi−1+

∂bi−1

∂t
+
i−1∑
j=1

∂bi−1

∂µj
µj+1, (4.7)

where

Mi =
1

ξ

i−1∑
j=0

∂bi−1

∂yj

∂h

∂x
yj+1 +

∂bi−1

∂x
, i ∈ [m+ 1], (4.8)

ξ, βi, λi for i ∈ [m] are positive constants, y0 = χ(h/ξ), yi = χ(i)(h/ξ) for i ∈ [m], and

b0 = y0. Here, χ : R → R is a (m+ 1)-th order differentiable function satisfying χ(0) = 0,

χ(τ) = 1 for τ ≥ 1, and dχ
dτ > 0 for τ < 1 [95].

With these notations, the following theorem presents a CBF-based control design

method for proxy subsystem (4.4) to ensure h(x(t)) ≥ 0,∀t ≥ 0, under assumption (4.6).

Theorem 4.1 Consider the proxy subsystem (4.4) and the safe set C defined in (4.3).

Suppose that condition (4.6) holds, and there exist ξ > 0, λi > 0, i ∈ [m+1], and βi > 0,

i∈ [m], such that

(i) for any x ∈ C, Lg0h = 0 ⇒ h ≥ ξ holds;

(ii) for any t ≥ 0,
∑m+1

j=2
βj−1

2

(
d
dt + λj

)
◦ · · · ◦

(
d
dt + λm+1

)
◦ ρ(t)2 ≤ Πm+1

j=1 λj holds;

(iii) y0(0) > 0 and bi(µ̄i(0), ȳi(0), y0(0), x(0), 0) > 0 for i ∈ [m] where bi is defined in

(2.22).

Then, for any x ∈ C and µ1, · · · , µm ∈ Rp1, the set

KBF = {v ∈ R : ψ0 + ψ1v ≥ 0} (4.9)
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is non-empty, where

ψ0 =
∂bm
∂t

+
m−1∑
j=1

∂bm
∂µj

µj+1 +Mm+1(f0 + g0µ1) + λm+1bm − ∥Mm+1g0∥ρ, (4.10a)

ψ1 =
∂bm
∂µm

, (4.10b)

with Mm+1 defined in (4.8). Moreover, any Lipschitz continuous controller ν ∈ KBF

ensures h(x(t)) ≥ 0, ∀t ≥ 0.

Proof The proof consists of four steps. We will first show bi in (4.7) can be expressed

as the sum of three functions, and then the non-emptiness of KBF . After that we will

show bm ≥ 0, and bi ≥ 0 =⇒ bi−1 ≥ 0 holds for i ∈ [m]. Finally, we will prove

b0 ≥ 0 =⇒ h ≥ 0,∀t ≥ 0.

(i) Expression of bi. We claim that bi in (2.22) can be expressed as the sum of three

functions.

Claim. The function bi defined in (2.22) can be expressed in the following form for any

i ∈ [m]:

bi = si(x, µ̄i, ȳi) + li(y0) + Ti(t) (4.11)

where si =
∑ni

k=1 φ
k
i (x, µ̄i)ȳ

αk
i

i is a polynomial function of ȳi for fixed x, µ̄i, li =
∏i
j=1 λjy0

is a linear function of y0, and

Ti = −βi
2
ρ2 −

i∑
j=2

βj−1

2

(
d

dt
+ λj

)
◦ · · · ◦

(
d

dt
+ λi

)
◦ ρ(t)2 (4.12)

is a time-varying function. In the expression of si, ni is a non-negative integer, φki is

a function whose form can be uniquely determined, ȳ
αk
i

i = y
αk
i1

1 y
αk
i2

2 . . . y
αk
ii

i where ȳi =

[y1 y2 · · · yi]⊤ and αki = [αki1 α
k
i2 . . . αkii]

⊤ is a vector of non-negative integers satisfying

∥αki ∥1 ≥ 1, which implies that φki (x, µ̄i)ȳ
αk
i

i can not be a constant for fixed x and µ̄i.

We will prove the claim using mathematical induction. For i = 1, from (2.22) we can
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rewrite b1 in the following form:

b1 =
1

ξ

∂h

∂x
(f0 + g0µ1)y1 −

∥∥∂h
∂xg0

∥∥2
2β1ξ2

y21︸ ︷︷ ︸
s1

+λ1y0︸︷︷︸
l1

−β1
2
ρ2︸ ︷︷ ︸

T1

(4.13)

which implies that (4.11) holds when i = 1.

Now assume that (4.11) holds for i = d ≥ 1. We only have to prove that (4.11) holds

for i = d+ 1. From (4.8), we have

Md+1 =

1

ξ

∂h

∂x

d∏
j=1

λj

 y1 +
1

ξ

∂h

∂x

d∑
j=1

nd∑
k=1

φkd
∂(ȳ

αk
d

d )

∂yj
yj+1 +

nd∑
k=1

∂φkd
∂x

ȳ
αk
d

d . (4.14)

It is clear that every term in any entry of Md+1 (note that Md+1 is a vector) can be

expressed in the form of φkd+1(x, µ̄d+1)ȳ
αk
d+1

d+1 and it can not be a constant for fixed x, µ̄d+1.

It is also easy to verify that each term in
∑d

j=1
∂bd
∂µj

µj+1 can be expressed in the form of

φkd+1(x, µ̄d+1)ȳ
αk
d+1

d+1 because ∂bd
∂µj

µj+1 =
∑nd

k=1

(
∂φk

d
∂µj

µj+1

)
ȳ
αk
d

d . Hence, Md+1(f0 + g0µ1) −
∥Md+1g0∥2

2βd+1
+
∑d

j=1
∂bd
∂µj

µj+1, which is included as part of bd+1, can be expressed in the form

of sd+1.

In addition, since ∂bd
∂t + λd+1bd − βd+1

2 ρ2, which are the rest terms in bd+1, are equal

to
∑nd

k=1(λd+1φ
d
k)ȳ

αk
d

d +
∏d+1
j=1 λjy0 −

βd+1

2 ρ2 −
∑d+1

j=2
βj−1

2

(
d
dt + λj

)
◦ · · · ◦

(
d
dt + λd+1

)
◦ ρ2,

one can express the first summation term in the form of sd+1, consider the second term∏d+1
j=1 λjy0 as ld+1 and the sum of the rest two terms as Td+1. Hence, bd+1 can be expressed

as (4.11) for i = d+ 1, which completes the proof of the claim.

(ii) Non-emptiness of KBF . We will show the non-emptiness of KBF by proving that

ψ1 = 0 =⇒ ψ0 ≥ 0 holds for any x ∈ C and µ1, · · · , µm ∈ Rp1. First we claim that

∂bi
∂µi

= y1
ξ Lg0h for i ∈ [m]. For i = 1, this claim is clear from b1 given in (4.13). Assume

that the claim is true for i = d where d ≥ 1, then, because the only term in bd+1 including

µd+1 is ∂bd
∂µd

µd+1, implying that
∂bd+1

∂µd+1
= ∂bd

∂µd
= y1

ξ Lg0h and thus the claim is true for

i = d+ 1. Hence, the claim is proved.

Next, invoking (4.10b), one can see ψ1 = y1
ξ Lg0h. Now we assume ψ1 = 0, which
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implies y1 = 0 or Lg0h = 0. If y1 = 0, one can see that h ≥ ξ from the definition of

χ. Meanwhile, from Condition (i) one can see that Lg0h = 0 indicates h ≥ ξ for any

x ∈ C. Note that h ≥ ξ implies y0 = 1 and y1 = y2 = · · · = ym+1 = 0, according to their

definitions shown below (2.22). Hence, from (4.11) one can conclude

bm =

m∏
j=1

λj −
βm
2
ρ2 −

m∑
j=2

βj−1

2

(
d

dt
+ λj

)
◦ · · · ◦

(
d

dt
+ λm

)
◦ ρ2 (4.15)

because sm is a polynomial of ȳm for fixed x and µ̄m (with no constant terms), meaning

that it equals 0 as yi = 0, i ∈ [m]. Moreover, invoking (4.11), one can readily verify that

∂bm
∂x = ∂pm

∂x = 0 and
∑m

j=0
∂bm
∂yj

∂h
∂x

yj+1

ξ = 0, implying that Mm+1 = 0. Similarly, it can be

shown
∑m−1

j=1
∂bm
∂µj

µj+1 = 0. Thus, according to (4.10a) and (4.11), one can see

ψ0 =
∂bm
∂t

+λm+1bm =
∂Tm
∂t

+λm+1bm =
m+1∏
j=1

λj−
m+1∑
j=2

βj−1

2

(
d

dt
+ λj

)
◦· · ·◦

(
d

dt
+ λm+1

)
◦ρ2.

From Condition (ii), ψ0 ≥ 0, meaning that KBF is non-empty.

(iii) ν ∈ KBF =⇒ bm ≥ 0. One can see that

ḃm + λm+1bm =
∂bm
∂x

ẋ+

m−1∑
j=1

∂bm
∂µj

µj+1 +
∂bm
∂t

+
∂bm
∂µm

ν +

m∑
j=0

∂bm
∂yj

yj+1

ξ

∂h

∂x
ẋ+ λm+1bm

≥ Mm+1(f0 + g0µ1) +

m−1∑
j=1

∂bm
∂µj

µj+1 +
∂bm
∂t

+
∂bm
∂µm

ν + λm+1bm − ∥Mm+1g0∥ρ

= ψ0 + ψ1ν. (4.16)

Hence, selecting ν ∈ KBF implies ḃm+λm+1bm ≥ 0, and thus bm ≥ 0 because bm(µ̄m(0), ȳm(0),

y0(0), x(0), 0) > 0, as shown in Condition (iii).

(iv) bi ≥ 0 ⇒ bi−1 ≥ 0 for any i ∈ [m]. Note that

ḃi−1 + λibi−1 =
∂bi−1

∂x
ẋ+

i−1∑
j=1

∂bi−1

∂µj
µj+1 +

∂bi−1

∂t
+ λibi−1 +

i−1∑
j=0

∂bi−1

∂yj

yj+1

ξ

∂h

∂x
ẋ

≥ Mi(f0 + g0µ1) +

i−1∑
j=1

∂bi−1

∂µj
µj+1 + λibi−1 +

∂bi−1

∂t
− ∥Mig0∥2

2βi
− βi

2
ρ2
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= bi. (4.17)

Thus, bi ≥ 0 indicates ḃi−1+λibi−1 ≥ 0, which implies bi−1 ≥ 0 as bi−1(µ̄i−1(0), ȳi−1(0), y0(0),

x(0), 0) > 0. Hence, b0 ≥ 0, which indicates that h(x(t)) ≥ 0,∀t ≥ 0. This completes the

proof. □

Remark 4.1 If the term βi
2 ρ

2 in (4.7) is dropped for i ∈ [m], the input-to-state safety

[105] of the proxy subsystem (4.4) can be proven without Condition (ii) in Theorem 4.1.

On the other hand, if Lg0h ̸= 0 for any x ∈ C, the conclusion of Theorem 4.1 still holds

by dropping Condition (i) and (ii) and replacing functions y0 and yi in (4.7) with h and

0, respectively.

The safe control law ν in Theorem 4.1 is obtained by solving the following convex

CBF-QP:

min
ν

∥ν − νd∥2 (4.18)

s.t. ψ0 + ψ1ν ≥ 0

where ψ0, ψ1 are given in (4.10), νd is any nominal control law that is possibly unsafe.

Note that this QP is always feasible by the non-emptiness of the set KBF . Since νd cannot

be given directly as it is the input to the proxy subsystem, the following result provides a

method for designing it.

Corollary 4.1 Consider the proxy subsystem (4.4) and the safe set C defined in (2.2).

Suppose that the right inverse of g0 exists for any x ∈ C, condition (4.6) holds, and xd(t)

is a reference trajectory that is (m + 1)-th order differentiable. Then the control law ν

given as ν = αm+1 will ensure the tracking error x − xd is globally UUB, where αm+1 is

defined recursively according to

α1 = −g†0(k0ϵ0 + f0 − ẋd)−
g⊤0 ϵ0
2c0

, (4.19a)

α2 =
∂α1

∂t
+
∂α1

∂x
(f0 + g0µ1)−

ϵ1
2c1

∥∥∂α1

∂x
g0
∥∥2 − g⊤0 ϵ0 − k1ϵ1, (4.19b)
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αi =
∂αi−1

∂t
+
∂αi−1

∂x
(f0 + g0µ1) +

i−2∑
j=1

∂αi−1

∂µj
µj+1 −

ϵi−1

2ci−1

∥∥∂αi−1

∂x
g0
∥∥2

−ϵi−2 − ki−1ϵi−1, i = 3, · · · ,m+ 1, (4.19c)

where ϵ0 = x − xd, ϵi = µi − αi for i ∈ [m], and positive constants ki, ci > 0 for i =

0, 1, · · · ,m.

Proof Define V0 =
1
2ϵ

2
0 and

Vi = V0 +
1

2

i∑
j=1

ϵ⊤j ϵj , i ∈ [m]. (4.20)

Clearly,

V̇0 = ϵ⊤0 (f0 + g0(α1 + ϵ1 + e)− ẋd)

= −k0∥ϵ0∥2 + ϵ⊤0 g0ϵ1 + ϵ⊤0 g0e−
∥g⊤0 ϵ0∥2

2c0

≤ −k0∥ϵ0∥2 + ϵ⊤0 g0ϵ1 + ∥ϵ⊤0 g0∥ρ−
∥ϵ⊤0 g0∥2

2c0

≤ −k0∥ϵ0∥2 + ϵ⊤0 g0ϵ1 +
c0
2
ρ̄2, (4.21)

where ρ̄ = supt≥0 ρ(t). We claim the following inequality holds for any i ∈ [m− 1]:

V̇i ≤ −
i∑

j=0

kj∥ϵj∥2 + ϵ⊤i ϵi+1 +
ρ̄2

2

i∑
j=0

cj . (4.22)

Indeed, (4.22) holds for i = 1 as

V̇1 = V̇0 + ϵ⊤1

(
ϵ2 − g⊤0 ϵ0 − k1ϵ1 −

ϵ1
2c1

∥∥∂α1

∂x
g0
∥∥2 − ∂α1

∂x
g0e

)
≤ −k0∥ϵ0∥2 − k1∥ϵ1∥2 + ϵ⊤1 ϵ2 +

c0 + c1
2

ρ̄2. (4.23)

Now assume that (4.22) holds for i = k − 1 where k ≥ 2. Since

V̇k = V̇k−1 + ϵ⊤k

(
ϵk+1 − ϵk−1 −

ϵk
2ck

∥∥∥∥∂αk∂x
g0

∥∥∥∥2 − kkϵk −
∂αk
∂x

g0e

)
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≤ −
k∑
j=0

kj∥ϵj∥2 + ϵ⊤k ϵk+1 +
ρ̄2

2

k∑
j=0

cj , (4.24)

(4.22) holds for i = k. Hence, by mathematical induction, (4.22) holds for all i ∈ [m− 1].

Note that

V̇m = V̇m−1 + ϵ⊤mϵ̇m

(4.22)

≤ −
m−1∑
j=0

kj∥ϵj∥2 + ϵ⊤m−1ϵm +
ρ̄2

2

m−1∑
j=0

cj + ϵm(νd − α̇m)

≤ −
m∑
j=0

kj∥ϵj∥2 +
ρ̄2

2

m∑
j=0

cj

≤ −χVm +
ρ̄2

2

m∑
j=0

cj , (4.25)

where χ = 2min{k0, k1, · · · , km}. Using the standard Lyapunov argument, one can con-

clude that ϵ0 is globally UUB. □

4.3.3 Virtual Tracking Subsystem Control Design

Control design for the virtual tracking subsystem (4.5) can be accomplished by any

Lyapunov-based method that ensures (4.6) holds, such as BLFs [4], [104], [106] and PPC

[5], [15]. This flexibility demonstrates modularity of our proposed approach.

In particular, by leveraging the approximation-free PPC technique shown in [15, The-

orem 2], a “model-free” control law without the information of fi and gi can be designed,

as presented in the following result whose proof is similar to [15, Theorem 2] and thus

omitted.

Proposition 4.1 Consider the virtual tracking subsystem (4.5) with q = 1 and pi = 1,

i ∈ [n]. Suppose that (i) the sign of gi is known and |gi| ≥ bi, i ∈ [n], where bi > 0

is an unknown constant, and (ii) when m > 1, µ1 and µ2 (or µ1 and ν when m = 1)

are bounded with possibly unknown bounds. Then, the control law designed as u = ηn

will ensure |e(t)| ≤ ρ(t) where ηn is defined recursively according to ηi = −ki log
(
1+ξi
1−ξi

)
,

i ∈ [n], with ki a positive constant, ξ1 = z1−µ1
ρ , ξi = zi−ηi−1(z̄i−1,µ1,t)

ρi
(i = 2, · · · , n),
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and ρi (i = 2, · · · , n) smooth positive functions satisfying limt→∞ ρi(t) > 0 and ρi(0) >

|zi(0)− ηi−1(z̄i−1(0), µ1(0), 0)|.

The control law in Proposition 4.1 is robust since it does not rely on the information

of fi and gi, i ∈ [n]. Furthermore, because the reference signal in PPC is only required

to be continuously differentiable [15, Assumption 4], one may select m = 1 for the proxy

subsystem, which will result in a simple control design in Section 4.3.1. However, in

this case, the PPC controller tends to yield large and oscillating control input; see the

simulation results in Example 4.2. In addition, although we assume pi = 1 and q = 1,

the approximation-free PPC can be readily extended to multi-input multi-output systems

(i.e., pi, q > 1), as discussed in [15, Remark 2].

4.3.4 Safety Guarantee of the Overall System

The safety of system (4.2) can be ensured by combining the controllers separately designed

for the proxy subsystem and the virtual tracking subsystem in the preceding subsections,

as shown in the following result.

Corollary 4.2 Consider system (4.2), the safe set defined in (4.3), and the decomposition

shown in (4.4)-(4.5). Suppose that all conditions of Theorem 4.1 are satisfied, such that

a Lipschitz continuous controller ν ∈ KBF is given by the CBF-QP (4.18). Then, any

Lipschitz continuous control law u that ensures ∥e(t)∥ ≤ ρ(t) for the virtual tracking

subsystem (4.5) will guarantee h(x(t)) ≥ 0, ∀t ≥ 0, for system (4.2).

The modular safe control design method offers several advantages: i) By leveraging

both CBF-based and Lyapunov-based tools, the proposed method can design safe con-

trollers for a general class of systems shown in (4.2) that cannot be tackled by either tool

separately; ii) Because the proxy subsystem (4.4) is more structured than the original

system (4.2), validity of the CBF h can be verified by a simple condition (i.e., Condition

(i) of Theorem 4.1), which significantly simplifies the CBF construction and guarantees

feasibility of the CBF-QP shown in (4.18) as KBF is non-empty; iii) Different systems
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(e.g., Euler-Lagrange systems) with the same proxy subsystem share an identical CBF

design, which simplifies the whole safe control design process.

Remark 4.2 Including a chain of integrators in the proxy subsystem is essential. Suppose

that the proxy subsystem is selected as ẋ = f0+g0ν+g0e without integrators where ν is the

virtual control and e = z1 − ν. Then, in the CBF design, the constraint ρ(0) > ∥e(0)∥ =

∥z1(0)− ν(x(0), 0)∥ has to be imposed on ν, which makes the design process complicated.

Moreover, the differentiability of ν, which is required by most Lyapunov-based methods in

the control design of the virtual tracking subsystem, is difficult to be guaranteed as ν is the

solution of a QP. Although this issue may be addressed by using smoothing techniques as

part of the ROM-based method, such controllers tend to be more conservative than their

QP counterparts and are hard to obtain when additional constraints exist (e.g., multiple

safe constraints) [107], [108]. In contrast, the proposed proxy subsystem form (4.4) can

avoid these issues.

Remark 4.3 In contrast to the modular PCBF design method, the ROM-based meth-

ods involve coupled ROM safe control design and tracking control design [109], [110]. In

these methods, the tracking controller must satisfy specific Lyapunov conditions (refer to

[109, Section 6.1]), which can be challenging to achieve; for instance, the Lyapunov con-

dition shown in [109, eqn. (71)] is not satisfiable by either the approximation-free PPC in

Proposition 4.1 or the Nussbaum-based adaptive controller in Example 4.1. Furthermore,

although the proxy subsystem includes additional integrators, verifying the validity of h

(i.e., Condition (i) in Theorem 4.2) is simpler compared to ROM-based methods (such as

the equation above [109, eqn. (38)]) because f0 is not involved.

Remark 4.4 Although input constraints are not explicitly addressed in this work, tech-

niques from CBFs [111] or BLFs [112] can be leveraged to incorporate input constraints

into the design process. In particular, for proxy subsystems with polynomial dynamics,

sum-of-squares optimization may be used to design CBFs that account for input constraints

[113].
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4.4 DOB-PCBF-based Control Design

In this section, we introduce a novel filter-based DOB and integrate it into the PCBF

framework, enabling a DOB-PCBF-based safe control design scheme that addresses limita-

tions of existing DOB-CBF methods in handling strict-feedback systems with mismatched

disturbances. The system under consideration is described as

ẋ = f0(x) + g0(x)z1, (4.26a)

ż1 = f1(x, z1) + g1(x, z1)z2 + d1, (4.26b)

z2 = f2(x, z1, z2) + g2(x, z1, z2)z3 + d2, (4.26c)

...

żn = fn(x, z1, . . . , zn) + gn(x, z1, . . . , zn)u+ dn, (4.26d)

where x ∈ Rp, z1 ∈ Rp1 , . . . , zn ∈ Rpn are state variables, f0, f1, . . . , fn and g0, g1, . . . , gn

are all known sufficiently smooth functions, d1, . . . , dn represent lumped unknown distur-

bances/uncertainties, and u ∈ Rq is the control input. We aim to design a controller u for

system (4.26) such that the closed-loop system is safe with respect to the set C defined

in (4.3), i.e., h(x(t)) ≥ 0,∀t ≥ 0. Note that fi and gi, i ∈ [n] in system (4.26) can be

considered as the known part of the model with di as the unknown part - this is different

from the “model-free” problem setting in Proposition 4.1 where functions fi and gi, i ∈ [n],

in system (4.2) are assumed to be unknown.

Robust CBF methods that consider the worst-case of disturbances have been devel-

oped for disturbed systems, but their performance tends to be conservative [16], [17]. To

mitigate their unnecessary conservativeness, several DOB-CBF-based control schemes that

precisely estimate and compensate for disturbances are proposed [26], [75], [114], including

our IIDOB-CBF-QP-based method developed in Chapter 2. However, for systems whose

disturbance relative degree is lower than the input relative degree (e.g., system (4.26)),

results on DOB-CBF-based control are still limited. In particular, the method presented

in Chapter 2 cannot be directly applied to system (4.26), and the approach in [114] is not
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applicable to systems whose input and disturbance relative degrees differ more than one.

To design a safe controller for (4.26), we will propose a new filter-based DOB and

the corresponding DOB-PCBF-based safe control strategy. The following assumption is

standard.

Assumption 4.1 The derivatives of disturbances di, i ∈ [n], are bounded, i.e., ∥ḋi∥ ≤ ωi,

where ωi is an unknown constant.

The DOB we use has the following form [27]:

d̂i = si + αizi, (4.27a)

ṡi =


−αi(fi + gizi+1 + d̂i), if i ∈ [n− 1],

−αn(fn + gnu+ d̂n), if i = n,

(4.27b)

where d̂i is the estimation of di, αi is a positive constant, and si is the internal state of

the DOB, for i ∈ [n]. With a Lyapunov function V d
i = 1

2e
⊤
d,ied,i, where ed,i = d̂i − di, one

can verify that V̇ d
i ≤ −2κiV

d
i +ωdi where κi = αi− νi

2 , νi < 2αi is a positive constant, and

ωdi =
ω2
i

2νi
. Thus, ed,i is globally UUB.

Following the system decomposition scheme developed in Section 4.3.1, system (4.26)

can be decomposed into the proxy subsystem shown in (4.4) with m = n and the following

virtual tracking subsystem:

ė = f1 + g1z2 + d1 − µ2, (4.28a)

ż2 = f2 + g2z3 + d2, (4.28b)

...

żn = fn + gnu+ dn, (4.28c)

where e = z1 − µ1 and µi, i ∈ [m], are defined in (4.4). The CBF-based control design for

the proxy subsystem follows Theorem 4.1 under condition (4.6). We will propose a new

DOB-based control approach for the subsystem (4.28) to ensure (4.6) holds.
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The high-order derivatives of d̂i, i ∈ [n−1], are indispensable for control design because

di is a mismatched disturbance. However,
˙̂
di is unknown because

˙̂
di = −αied,i and ed,i rely

on di. To address this issue, we propose a filter-based DOB, which can generate alternative

disturbance estimation signals that are close to di and have known derivatives, as follows:

˙̂
dfi,j = −Ti,j(d̂fi,j − d̂fi,j−1) (4.29)

where j ∈ [n − i], i ∈ [n − 1], d̂fi,0 = d̂i, d̂
f
i,j is the filtered disturbance estimation, and

Ti,j > 0 is a positive constant. The following lemma shows the convergence of the filter.

Lemma 4.1 Consider the DOB given in (4.27) and the filter presented in (4.29). Suppose

that Assumption 4.1 holds. Then the filtered disturbance estimation error δi = d̂fi,n−i− di,

i ∈ [n− 1], is globally UUB.

Proof Define Efi = [ef⊤i,1 ef⊤i,2 · · · ef⊤i,n−i e⊤d,i]⊤ where ed,i is defined after (2.24) and efi,j =

d̂fi,j − d̂fi,j−1 for j ∈ [n− i] and i ∈ [n− 1]. We will demonstrate that δi is globally UUB by

establishing the boundedness of Efi .

From (4.29) we have

Ėfi = AiE
f
i +Biḋi (4.30)

where Bi = [0 · · · 0 − Ipi ]
⊤ and

A =



−Ti,1Ipi 0 · · · 0 αiIpi

Ti,1Ipi −Ti,2Ipi · · · 0 0

...
...

. . .
...

...

0 0 Ti,n−i−1Ipi −Ti,n−iIpi 0

0 · · · 0 0 −αiIpi


.

It is easy to check that all eigenvalues of Ai are negative, so for any γi > 0, there exists

a positive definite matrix Pi satisfying A
⊤
i Pi + PiAi = −γiIpi(n−i+1). Define a candidate

Lyapunov function as

V f
i = Ef⊤i PiE

f
i (4.31)
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whose derivative satisfies

V̇ f
i = Ef⊤i (A⊤

i Pi + PiAi)E
f
i + ḋ⊤i B

⊤
i PiE

f
i + Ef⊤i PiBiḋi

≤ −γi∥Efi ∥
2 + 2

√
piωi∥Pi∥∥Efi ∥

≤ −γfi ∥E
f
i ∥

2 + ωfi (4.32)

where 0 < θi < γi, γ
f
i = γi − θi > 0, and ωfi =

piω
2
i ∥Pi∥2
θi

. From (4.32) one can conclude

that Efi is globally UUB, which indicates that δi is also globally UUB since

∥δi∥ ≤ ∥ed,i∥+
n−i∑
j=1

∥efi,j∥ ≤
√
n− i+ 1∥Efi ∥, (4.33)

which completes the proof. □

From Lemma 4.1 one can see that d̂fi,n−i, whose derivatives up to the (n− i)-th order

are explicitly given, is close to di in the sense that ∥δi∥ is bounded by a known decaying

function, implying that one can replace d̂i with d̂
f
i,j in DOB design. Note that the ultimate

bound of δi can be made arbitrarily small by selecting appropriate parameters.

The following theorem provides a filtered-DOB-based controller for the virtual tracking

subsystem (4.28) to ensure ∥e∥ ≤ ρ. The control design follows backstepping [35], and the

filtered disturbance estimation error δi is compensated by virtual control signals.

Theorem 4.2 Consider system (4.26), the safe set defined in (4.3), and the decomposition

given by (4.4) and (4.28) with m = n. Suppose that all conditions of Theorem 4.1 are

satisfied, such that a Lipschitz continuous controller ν is given by the CBF-QP (4.18).

Suppose that Assumption 4.1 holds, the right inverse of gi exists for any x ∈ C and

z1 ∈ Rp1 , · · · , zi ∈ Rpi (i ∈ [n]), the DOB is given in (4.27), and the filter is given in

(4.29). If

u = g†n

( n−1∑
j=1

∂τn−1

∂zj
d̂fj,n−j −

n−1∑
j=1

(n− j + 1)ϵn

4γfj

∥∥∥∥∂τn−1

∂zj

∥∥∥∥2 − d̂n − fn −
ϵn

4(κn − σn)

−knϵn − g⊤n−1ln +Nn

)
, (4.34)
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where

τ1 = g†1

(
ρ̇

ρ
e− k1e− d̂f1,n−1 −

ne

4(γf1 − σ1)(ρ2 − ∥e∥2)
− f1 + µ2

)
, (4.35a)

τi = g†i

( i−1∑
j=1

∂τi−1

∂zj
d̂fj,n−j −

i−1∑
j=1

(n− j + 1)ϵi

4γfj

∥∥∥∥∂τi−1

∂zj

∥∥∥∥2 − d̂fi,n−i − fi

−(n− i+ 1)ϵi

4(γfi − σi)
− kiϵi − g⊤i−1li +Ni

)
, i = 2, · · · , n− 1, (4.35b)

are virtual control signals designed by following backstepping, κn is defined after (2.24),

ki > 0 (i ∈ [n]), γfi > 0 (i ∈ [n− 1]), 0 < σi < γfi (i ∈ [n− 1]), 0 < σn < κn, ϵ1 = e, ϵi =

zi−τi−1 (i = 2, · · · , n), l2 = e
ρ2−∥e∥2 , li = ϵi−1 (i = 3, · · · , n), Ni =

∂τi−1

∂t +
∑i−1

j=1
∂τi−1

∂zj
(fj+

gjzj+1)+
∑i

j=1
∂τi−1

∂µj
µj+1−

∑i−1
j=1

∑i−1
m=j

∂τi−1

∂d̂fj,n−m

Tj,n−m(d̂
f
j,n−m−d̂fj,n−m−1)+

∂τi−1

∂x (f0+g0z1)

for i = 2, · · · , n, and µn+1 = ν, then (4.6) holds.

Proof Note that for i ∈ [n− 1], τi is a function of x,z̄i,µ̄i+1,t,d̂
f
j,n−j,. . . , d̂

f
j,n−i (j ∈ [i]).

Define candidate BLFs Vi (i = 2, · · · , n) as

Vi(e, ϵ̄i, Ē
f
i ) = Vi−1(e, ϵ̄i−1, Ē

f
i−1) +

1

2
∥ϵi∥2 +

i∑
j=1

V f
j , (4.36)

where V1(e, E
f
1 ) =

1
2 log

(
ρ2

ρ2−∥e∥2

)
+ V f

1 , V f
i (i ∈ [n− 1]) are defined in (4.31), V f

n = V d
n ,

and V d
n is defined after (4.27). The control design follows the BLF backstepping technique

[4], and the disturbances are compensated by their estimates presented in (4.27) and (4.29).

Clearly V̇1 in the open set Z(t) = {e ∈ R : ∥e∥ < ρ} satisfies

V̇1
(4.32)

≤ e⊤

ρ2 − ∥e∥2
(
f1 + g1τ1 + g1ϵ2 + d1 − µ2 −

ρ̇

ρ
e
)
− γf1 ∥E

f
1 ∥

2 + ωf1

(4.35a)
=

e⊤

ρ2 − ∥e∥2
(−k1e+ g1ϵ2 − δ1)− σ1∥Ef1 ∥

2 − n∥e∥2

4(γf1 − σ1)(ρ2 − ∥e∥2)2

−(γf1 − σ1)∥Ef1 ∥
2 + ωf1

(4.33)

≤ − k1∥e∥2

ρ2 − ∥e∥2
+

e⊤g1ϵ2
ρ2 − ∥e∥2

+

√
n∥e∥∥Ef1 ∥
ρ2 − ∥e∥2

−σ1∥Ef1 ∥
2+ωf1−

n∥e∥2

4(γf1 − σ1)(ρ2 − ∥e∥2)2

−(γf1 − σ1)∥Ef1 ∥
2
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≤ − k1e
2

ρ2 − ∥e∥2
− σ1∥Ef1 ∥

2 +
e⊤g1ϵ2
ρ2 − ∥e∥2

+ ωf1 . (4.37)

Then, we will show for any i = 2, · · · , n− 1,

V̇i ≤
−k1∥e∥2

ρ2 − ∥e∥2
−

i∑
j=2

kj∥ϵj∥2 −
i∑

j=1

σj∥Efj ∥
2 +

i∑
j=1

(i− j + 1)ωfj + ϵ⊤i giϵi+1. (4.38)

One can verify that

V̇2 = V̇1 + ϵ⊤2 (ż2 − τ̇1) + V̇ f
1 + V̇ f

2

= ϵ⊤2

(
f2 + g2τ2 + g2ϵ3 + d2 −

∂τ1
∂x

ẋ− ∂τ1
∂z1

ż1 −
2∑
j=1

∂τ1
∂µj

µj+1 −
∂τ1

∂d̂f1,n−1

˙̂
df1,n−1 −

∂τ1
∂t

)
+V̇1 + V̇ f

1 + V̇ f
2

(4.35b)

≤ − k1∥e∥2

ρ2 − ∥e∥2
− k2∥ϵ2∥2 − σ1∥Ef1 ∥

2 − σ2∥Ef2 ∥
2 + 2ωf1 + ωf2 − (γf2 − σ2)∥Ef2 ∥

2

−(n− 1)∥ϵ2∥2

4(γf2 − σ2)
+ ∥ϵ2∥

∥∥∂τ1
∂z1

∥∥√n∥Ef2 ∥ − nϵ22

4γf1

∥∥∂τ1
∂z1

∥∥2 + ϵ⊤2 g2ϵ3

+∥ϵ2∥
√
n− 1∥Ef2 ∥ − γf1 ∥E

f
1 ∥

≤ − k1∥e∥2

ρ2 − ∥e∥2
− k2∥ϵ2∥2 − σ1∥Ef1 ∥

2 − σ2∥Ef2 ∥
2 + 2ωf1 + ωf2 + ϵ⊤2 g2ϵ3, (4.39)

so (4.38) holds for i = 2. Assume (4.38) holds for i = k − 1. Since

V̇k = V̇k−1 +

k∑
j=1

V̇ f
j + ϵ⊤k (żk − τ̇k−1)

(4.32)

≤ − k1∥e∥2

ρ2 − ∥e∥2
−

k−1∑
j=2

kj∥ej∥2 −
k−1∑
j=1

σj∥Efj ∥
2 +

k∑
j=1

(k − j + 1)ωfj + ϵ⊤k−1gk−1ϵk

−
k∑
j=1

γfj ∥E
f
j ∥

2 + ϵ⊤k (fk + gkτk + gkϵk+1 + dk − τ̇k−1)

(4.35b)

≤ − k1∥e∥2

ρ2 − ∥e∥2
−

k∑
j=2

kj∥ej∥2 −
k∑
j=1

σj∥Efj ∥
2 +

k∑
j=1

(k − j + 1)ωfj −
k−1∑
j=1

γfj ∥E
f
j ∥

2

−(γfk − σk)∥Efk ∥
2 + ϵ⊤k

(
gkϵk+1 − δk +

k−1∑
j=1

∂τk−1

∂zj
δj −

k−1∑
j=1

(n− j + 1)ϵk

4γfj

∥∥∥∥∂τk−1

∂zj

∥∥∥∥2
−(n− k + 1)ϵk

4(γfk − σk)

)
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(4.33)

≤ − k1∥e∥2

ρ2 − ∥e∥2
−

k∑
j=2

kj∥ej∥2 −
k∑
j=1

σj∥Efj ∥
2 +

k∑
j=1

(k − j + 1)ωfj −
k−1∑
j=1

γfj ∥E
f
j ∥

2

−(γfk − σk)∥Efk ∥
2 + ϵ⊤k gkϵk+1 + ∥ϵk∥

√
n− k + 1∥Efk ∥ −

(n− k + 1)∥ϵk∥2

4(γfk − σk)

+

k−1∑
j=1

∥∥∂τk−1

∂zj

∥∥∥ϵk∥√n− j + 1∥Efj ∥ −
k−1∑
j=1

(n− j + 1)∥ϵk∥2

4γfj

∥∥∂τk−1

∂zj

∥∥2
≤ − k1∥e∥2

ρ2 − ∥e∥2
−

k∑
j=2

kj∥ϵj∥2 −
k∑
j=1

σj∥Efj ∥
2 +

k∑
j=1

(k − j + 1)ωfj + ϵ⊤k gkϵk+1, (4.40)

(4.38) holds for i = k. By induction, (4.38) holds for i = 2, · · · , n − 1. From (4.36) one

can see

Vn =
1

2
log

(
ρ2

ρ2 − ∥e∥2

)
+

1

2

n∑
j=2

∥ϵj∥2 +
n∑
j=1

(n− j + 1)V f
j . (4.41)

Meanwhile, it is easy to verify

V̇n ≤ −k1∥e∥2

ρ2 − ∥e∥2
−

n∑
j=2

kj∥ϵj∥2 −
n∑
j=1

σj∥Efj ∥
2 −

n∑
j=1

(n− j + 1)ωfj

≤−k1 log
(

ρ2

ρ2 − ∥e∥2

)
−

n∑
j=2

kj∥ϵj∥2 −
n∑
j=1

σj∥Efj ∥
2 +

n∑
j=1

(n− j + 1)ωfj , (4.42)

where ωfn = ωdn, E
f
n = ed,n, ω

d
n and ed,n are defined after (2.24), the first inequality

follows a similar procedure above, and the second inequality is derived from log
( ρ2

ρ2−∥e∥2
)
≤

∥e∥2
ρ2−∥e∥2 , which holds in Z(t) [4]. Hence, V̇n ≤ −ζVn +

∑i
j=n(i − j + 1)ωfj , where ζ =

min
{
2k1, · · · , 2kn,minj∈[n−1]

{ σj
(n−j+1)λmin(Pj)

}
, 2σn

}
. Thus, Vn is bounded, implying ∥e∥ ≤

ρ for any t ≥ 0, according to [4, Lemma 1]. □

From Corollary 4.2, one can see that the safety of the closed-loop system (4.26) with

the controller u is ensured because of the modularity of the proposed method.

4.5 Numerical Simulations

In this section, two examples are provided to demonstrate the effectiveness of the proposed

methods.
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Example 4.1 Consider system (4.1) with parameters T = 31,K = 0.5, α = 0.4 as in

[102]. Recall that θ and b are both unknown parameters, which makes the problem un-

solvable by existing CBF methods. The safe set is given as C = {ψ : π
2

81 − ψ2 ≥ 0} that

aims to keep |ψ| ≤ 20◦; the reference trajectory is xd = 30 sin(0.02t) in degrees. We se-

lect ρ(t) = 0.02 and decompose the system into (4.4)-(4.5) where the proxy subsystem is

ẋ = µ1+ e, µ̇1 = ν, and the virtual tracking subsystem is ė = bu+ θ⊤φ− ν. With parame-

ters λ1 = 6, λ2 = 1, β1 = 20, ξ = π2

81 , one can verify that all conditions of Theorem 4.1 are

satisfied, so that ν is obtained by solving CBF-QP (4.18). We design a Nussbaum-based

adaptive controller u = N(ζ)α [104], where

α = ke− ν + θ̂⊤φ, (4.43)

N(·) is a Nussbaum-type function, ζ and θ̂ are governed by adaptive laws

ζ̇ =
eα

ρ2 − e2
, (4.44a)

˙̂
θ =

γ−1
1 eφ

ρ2 − e2
− γ2θ̂, (4.44b)

and γ1 = 10, γ2 = 2, k = 2. By Corollary 4.2, the safety of the closed-loop system is

satisfied. From the simulation result shown in Figure 4.2, one can see that the trajectory

of ψ indeed stays within the safe region, while the desired tracking performance is well

preserved inside C.

Example 4.2 Consider the following electromechanical system with mismatched distur-

bances adapted from [115]:

ẋ = z1, (4.45a)

ż1 = f1(x, z1) + g1z2 + d1, (4.45b)

ż2 = f2(x, z1, z2) + g2u+ d2, (4.45c)

where f1 = −(Bz1 +N0 sin(x))/M0, g1 = 1/M0, f2 = −(Kbz1 + Rmz2)/Lm, g2 = 1/Lm,
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Figure 4.2: Simulation results of Example 4.1.
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d1, d2 are external disturbances, and M0, B,N0, Lm, Rm,Kb are physical parameters whose

values are the same as those in [115]. The safe set is C = {x ∈ Rn : −0.5 ≤ x ≤ 0.3}, so

we select two CBFs h1 = x+0.5 and h2 = −x+0.3. For comparison, we implement three

methods in simulation: (i) the DOB-PCBF method by utilizing Corollary 4.1, Corollary

4.2, and Theorem 4.2; (ii) the model-free PCBF-based control law by using Corollary

4.1, Corollary 4.2, and Proposition 4.1; and (iii) the DOB-CBF-QP proposed in [26].

The disturbances are selected as d1 = d2 = sin(t) + 0.2 sin(2t) − 0.5 cos(5t) + cos(3t),

from which one can verify that Assumption 4.1 holds with ω1 = ω2 = 6; the reference

trajectory is xd = sin(t); and the control parameters for the DOB-PCBF method are

β1 = β2 = 0.05, ρ(t) = 0.8e−10t + 0.05, λ1 = λ2 = 10, λ3 = 15, α1 = α2 = 30, γ1 = 50, θ1 =

10, T1,1 = 100, k1 = k2 = 10, σ1 = σ2 = 15, ν1 = ν2 = 1. The Symbolic Math Toolbox

in MATLAB is used to compute ψ0, ψ1 in (4.10), as well as u in (4.34) and (4.35). The

simulation results are presented in Figure 4.3, which demonstrates that all three methods

can ensure safety but their tracking performance and control input profiles are different:

the DOB-PCBF method has perfect tracking performance with the smoothest control input

profile; the model-free PCBF approach generates almost identical tracking performance as

the DOB-PCBF method but its control input profile is more oscillatory; the DOB-CBF-QP

approach has a poor tracking performance compared with other two methods.

4.6 Chapter Summary and Future Directions

This chapter proposes a PCBF safe control design scheme that integrates Lyapunov-based

and CBF-based control approaches for strict-feedback systems with limited model informa-

tion. Moreover, a DOB-PCBF-based controller is presented for systems with mismatched

disturbances. Simulation results demonstrate the effectiveness of the proposed methods.

The PCBF control framework proposed in this chapter still relies on exact knowledge

of f0 and g0, which can be restrictive for certain physical systems. This assumption may

be further relaxed by developing alternative system decomposition schemes that reduce

dependence on model information. Meanwhile, the PCBF framework is only applicable to
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Figure 4.3: Simulation results of Example 4.2.
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strict-feedback systems, which limits the applicability of the method to general systems.

Future work includes extending the results to more generic systems.

Another limitation of the PCBF framework is that input constraints, which are ubiq-

uitous and arise from physical limitations of actuators, are not explicitly considered in

control design. Techniques from CBFs [111] or BLFs [112] can be leveraged to incorporate

input constraints into the design process. In particular, for proxy subsystems with poly-

nomial dynamics, sum-of-squares optimization may be used to design CBFs that account

for input constraints [113].
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Chapter 5

MPC-CBF-based Hierarchical

Control for Visual Servoing Under

Measurement Uncertainties

5.1 Introduction

Vision-based control has emerged as a powerful paradigm for robotic systems, enabling

interaction with dynamic environments through direct use of visual feedback. Various

approaches have been developed and implemented across diverse applications [116], [117],

[118], [119], [120], [121]. However, most existing approaches lack rigorous safety guarantees

in the presence of measurement (perception) uncertainties, which can result in performance

degradation or even catastrophic failure in safety-critical applications. Although several

recent works have focused on developing vision-based controllers with formal safety guar-

antees [122], [123], [124], these methods rely on restrictive assumptions or result in small

safe regions, thereby limiting their applicability in complex, real-world systems.

Among vision-based control strategies, visual servoing, which uses image features as

feedback signals for control, is a well-established and widely adopted framework with a

rich history [125], [126], [127]. Its structured formulation facilitates the systematic devel-
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opment of rigorous guarantees. Visual servoing is typically divided into Position-Based

Visual Servoing (PBVS), which reconstructs 3D pose information, and Image-Based Visual

Servoing (IBVS), which regulates image features directly without explicit 3D reconstruc-

tion. Compared to PBVS, IBVS avoids solving nonlinear pose estimation problems online,

offering greater computational efficiency and reduced sensitivity to calibration errors [125].

These advantages make IBVS particularly well-suited for applications demanding real-time

performance or where precise calibration is challenging.

Despite significant progress, most IBVS algorithms are not designed for complex envi-

ronments where targets may be occluded and assume accurate vision feedback. In safety-

critical applications such as surgical robotics [128], even brief visual occlusion is unaccept-

able. To address this challenge, several occlusion-free IBVS methods have been proposed

using optimization-based control approaches [129], [130], [131], [132], [133], [134]. More

recently, CBF-based methods have gained attention for occlusion avoidance because they

provide strict safety guarantees and integrate seamlessly into convex QPs. While CBF-

based methods ensure real-time constraint satisfaction, they are inherently myopic and

lack long-term optimality. In contrast, MPC-based approaches utilize predictive models

to achieve better long-term performance but impose heavy online computational burdens

and cannot guarantee continuous-time occlusion avoidance, since constraints are enforced

only at discrete time steps.

In this chapter, we present a hierarchical optimization-based visual servoing frame-

work for robotic manipulators that ensures occlusion-free operation in the presence of

perception uncertainties. The framework integrates two main components: a high-level

MPC with uncertainty compensation and a low-level robust CBF-based controller (see

Figure 5.1). The high-level MPC regulates target feature points and generates a nominal

reference input, while the low-level controller strictly enforces occlusion-avoidance con-

straints. This hierarchical design inherits the advantages of both MPC and CBFs. The

main contributions of this chapter are summarized as follows.

• We reformulate the occlusion-avoidance constraints as differentiable convex con-
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Figure 5.1: Architecture of the proposed hierarchical optimization-based visual servoing
framework for robotic manipulators designed to ensure occlusion-free operation.

straints by leveraging a vertex-based image representation and a duality-based opti-

mization approach. This reformulation enables the design of an MPC problem that

regulates target feature points while ensuring occlusion avoidance in discrete time.

• We design a robust CBF-QP-based controller that strictly enforces occlusion-avoidance

constraints in continuous time while tracking the MPC reference input. The CBFs

are constructed from the relaxed minimum distance between polytopes, with distance

derivatives computed using the KKT conditions of the corresponding optimization

problem, and their validity established via nonsmooth analysis.

• We experimentally validate the proposed hierarchical framework on a Franka Re-

search 3 manipulator, demonstrating occlusion-free visual servoing and real-time

implementability. Extensive comparisons highlight the effectiveness and advantages

of the approach.
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5.2 Preliminaries and Problem Formulation

5.2.1 Camera Model

Consider a point P = [x, y, z]⊤ ∈ R3 in the camera coordinate frame, and let η =

[ux uy]
⊤ ∈ R2 denote the image coordinates of its projection. By the perspective pro-

jection model [125], the image coordinates are given by

η =
f

z

x
y

 ∈ R2, (5.1)

where f is the camera focal length. By augmenting η with z, we define the augmented

state as

η̄ =


ux

uy

z

 ∈ R3. (5.2)

Its dynamics are given by [135]

˙̄η = J(η̄)

v
ω

− S(η̄)w, (5.3)

where v ∈ R3 and ω ∈ R3 denote the translational and angular velocities of the camera in

the camera frame, respectively, w ∈ R3 is the feature point velocity in the camera frame,

and

S(η̄) =


−f
z 0 ux

z

0 −f
z

uy
z

0 0 −1

 , (5.4a)

J(η̄) =


−f
z 0 ux

z
uxuy
f −f2+u2x

f uy

0 −f
z

uy
z

f2+u2y
f −uxuy

f −ux

0 0 −1 −uyz
f

uxz
f 0

 . (5.4b)
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For notational convenience, we denote

V =

v
ω

 ∈ R6 (5.5)

as the concatenation of the translational and angular velocity vectors, and rewrite (5.3)

equivalently as

˙̄η = J(η̄)V − S(η̄)w. (5.6)

5.2.2 Vertex-Based Representation of Object Images

In computer vision, an image feature refers to any structural attribute extracted from an

image, and a good feature point is one that can be located unambiguously across different

views [125]. In this work, the images of the target and occluding objects are assumed to

be over-approximated by the convex hulls of their respective feature points.

Let ηi0 ∈ R2 denote the image coordinates of the i-th feature point on the target object,

where i ∈ [N0] with N0 ∈ Z>0; let η
i
j denote the image coordinates of the i-th feature

point on the j-th occluding object, where i ∈ [Nj ], j ∈ [M ] with Nj ,M ∈ Z>0. Denote by

T the image of the target object and by Oj the image of the j-th occluding object. Then,

T ⊆ conv(η10, · · · , η
N0
0 ) ≜ T̄, (5.7a)

Oj ⊆ conv(η1j , · · · , η
Nj

j ) ≜ Ōj , j ∈ [M ], (5.7b)

where conv(·) denotes the convex hull operator defined in Section 1.4 (see Figure 5.2).

Note that N0 and Nj may vary depending on the specific image processing algorithm used

to extract the feature point coordinates. Nevertheless, the control framework presented

in the subsequent sections remains valid as long as (5.7) holds.

In contrast to existing approaches that rely on the half-space representation (H-rep) of

convex polytopes [132], [136], we adopt the vertex representation (V-rep) [137] in our con-
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Figure 5.2: Illustration of the vertex-based representation of image objects.

trol framework. This choice offers several advantages: it aligns directly with image data,

enhances numerical robustness, and enables a differentiable formulation. More detailed

discussions are provided in Section 5.3.

5.2.3 Problem Formulation

Consider the robotic manipulator described as [138]

D(q)q̈ + C(q, q̇)q̇ +G(q) = τ, (5.8)

where q ∈ Rn is the joint angle, q̇ ∈ Rn is the angular velocity, τ ∈ Rn is the control input,

D : Rn → Rn×n is the inertia matrix, C : Rn × Rn → Rn×n is the Coriolis/centripetal

matrix, and G : Rn → Rn is the gravity term.

The problem addressed in this paper is formally stated as follows:

Problem 5.1 Consider a robotic manipulator equipped with a camera on its end-effector,

where the robot dynamics are given by (5.8) and the visual dynamics by (5.6). The goal is

to design a control law for the robot that achieves the following two tasks simultaneously:

1. Target feature points regulation: The image coordinates of all feature points on the
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target object, ηi0 ∈ R2, are regulated to their desired values, ηi0,d, i.e.,

ηi0(t) → ηi0,d(t) as t→ ∞, ∀i ∈ [N0]. (5.9)

2. Occlusion avoidance: Visual occlusion with any of the M occluding objects is avoided

during the execution, i.e.,

O(t) ∩ Tj(t) = ∅, ∀t ≥ 0, ∀j ∈ [M ]. (5.10)

We propose a hierarchical, optimization-based, and occlusion-free visual servoing frame-

work to solve Problem 5.1. As illustrated in Figure 5.1, the control scheme comprises two

main components: a high-level MPC (Section 5.3) and a low-level CBF-based controller

(Section 5.4). The high-level MPC ensures target regulation and provides a desired input

to the CBF-based controller, while the low-level controller strictly enforces occlusion-

avoidance constraints. The reference velocity generated by the CBF-based controller is

then tracked by a standard Cartesian velocity controller to yield the final control input τ

for the robot.

5.3 High-level MPC via Duality-Based Optimization

In this section, we present an MPC as the high-level control scheme of the hierarchical

framework, which generates the desired Cartesian velocity in discrete time, enabling the

robot to regulate target feature points (Task 1 of Problem 5.1) and avoid visual occlusion.

By leveraging a vertex-based representation of object images and duality theory in opti-

mization, the nonsmooth distance constraints are reformulated as smooth functions that

can be seamlessly incorporated into the MPC.

The discrete-time MPC model of the visual dynamics is obtained by applying explicit

Euler discretization to (5.6). For the i-th feature point on the j-th object, the dynamic
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model is

η̄ij(k + 1) = η̄ij(k) + TJ(η̄ij(k))V (k)− TS(η̄ij(k))w
i
j(k), (5.11)

where k is the discrete time step, T is the sampling period, and η̄ij and wij are the aug-

mented state and velocity of the i-th feature point on the j-th object, respectively. Recall

that j = 0 in ηij corresponds to the target object, while j ∈ [M ] indexes the occluding

objects. The feature point velocity wij must be estimated over the prediction horizon (see

Remark 5.1).

We use the distance between two sets to formulate the occlusion-avoidance constraints

O(t) ∩ Tj(t) = ∅ shown in (5.10). The distance between the target object and the j-th

occluding object is defined as

d(T,Oj) = min
x,y

{∥x− y∥ : x ∈ T, y ∈ Oj}. (5.12)

It is obvious that d(T,Oj) > 0 implies O(t) ∩ Tj(t) = ∅. With the vertex representations

of the convex hulls defined in (5.7), the distance d(T̄, Ōj) can be obtained by solving the

following optimization problem

d(T̄, Ōj) = min
α,β,θ

∥θ∥ (5.13a)

s.t. α ≥ 0, β ≥ 0, (5.13b)

1⊤N0
α = 1,1⊤Nj

β = 1, (5.13c)

Γα− Λjβ = θ, (5.13d)

where α ∈ RN0 , β ∈ RNj , and θ ∈ R2 are decision variables,

Γ = [η10, η
2
0, · · · , η

N0
0 ], (5.14)

Λj = [η1j , η
2
j , · · · , η

Nj

j ], j ∈ [M ]. (5.15)

Since d(T,Oj) ≥ d(T̄, Ōj), the occlusion-avoidance constraints O(t)∩Tj(t) = ∅ shown
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in (5.10) can be relaxed to d(T̄, Ōj) > 0. We add a safety margin so that the relaxed

occlusion-avoidance constraints are given as

d(T̄, Ōj) ≥ dmin, (5.16)

for any j ∈ [M ], where dmin > 0 denotes the safety margin. However, condition (5.16)

cannot be directly incorporated in an MPC since d(T̄, Ōj) involves solving the optimization

problem (5.13) and its Jacobian and Hessian are hard to obtain. To address this issue,

inspired by [139], we formulate a set of differentiable constraints to enforce the occlusion-

avoidance constraints (5.16), as shown in the following theorem.

Theorem 5.1 The occlusion-avoidance constraint (5.16) is satisfied if there exist λj ∈

RN0, µj ∈ RNj , ξj , ζj ∈ R, and νj ∈ R2 such that the following conditions hold true

−ξj − ζj ≥ dmin, (5.17a)

λj ≥ 0, µj ≥ 0, (5.17b)

ν⊤j νj ≤ 1, (5.17c)

Γ⊤νj − λj + ξj1N0 = 0, (5.17d)

−Λ⊤
j νj − µj + ζj1Nj = 0. (5.17e)

Proof The Lagrangian of optimization problem (5.13) is

L(λj , µj , ξj , νj , ζj , α, β, θ) = ∥θ∥ − λ⊤j α− µ⊤j β + ξj(1
⊤
N0
α− 1)

+ζj(1
⊤
Nj
β − 1) + ν⊤j (Γα− Λjβ − θ). (5.18)

Therefore, the Lagrange dual function is

g(λj , µj , ξj , νj , ζj) = inf
α,β,θ

L(λj , µj , ξj , νj , ζj , α, β, θ)

=− ξj − ζj + inf
θ

(
∥θ∥ − ν⊤j θ

)
+ inf

α
(ν⊤j Γ− λ⊤j + ξj1

⊤
N0

)α
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+ inf
β
(−ν⊤j Λj − µ⊤j + ζj1

⊤
Nj

)β. (5.19)

Note that infθ

(
∥θ∥ − ν⊤j θ

)
= −f∗(ν) where f(θ) = ∥θ∥ and f∗ is the convex conjugate.

Since the conjugate of the norm is the indicator function of the unit ball of the dual norm,

we have f∗(ν) = 0 if ∥νj∥ ≤ 1 and +∞ if ∥νj∥ > 1, which implies infθ

(
∥θ∥ − ν⊤j θ

)
= 0

if ∥νj∥ ≤ 1 and −∞ if ∥νj∥ > 1. It is clear that infα(ν
⊤
j Γ − λ⊤j + ξj1

⊤
N0

)α = 0 if

ν⊤j Γ− λ⊤j + ξj1
⊤
N0

= 0, and −∞ otherwise; similarly, infβ(−ν⊤j Λj − µ⊤j + ζj1
⊤
Nj

)β = 0 if

−ν⊤j Λj − µ⊤j + ζj1
⊤
Nj

= 0, and −∞ otherwise. Therefore, the dual problem of (5.13) is

d̃j = max
λj ,µj ,ξj ,ζj ,νj

−ξj − ζj (5.20)

s.t. λj ≥ 0, µj ≥ 0,

∥νj∥ ≤ 1,

ν⊤j Γ− λ⊤j + ξj1
⊤
N0

= 0,

−ν⊤j Λj − µ⊤j + ζj1
⊤
Nj

= 0.

Thus, the conditions in (5.17) implies d̃j ≥ dmin. By the weak duality, d(T̄, Ōj) ≥ d̃j ≥

dmin. This completes the proof. □

In contrast to existing works [132], [139], which employ the H-rep of polytopes for

occlusion constraints, Theorem 3.1 establishes equivalent conditions using the vertex rep-

resentation. The V-rep offers several important advantages over the H-rep for handling

the image-based occlusion avoidance.

• Direct compatibility with image data: Image processing algorithms typically provide

only the pixel coordinates of feature points, which usually correspond to boundary

points. Using V-rep eliminates the need of computing half-space conversion, which

can be computationally expensive.

• Numerical robustness: H-rep can suffer from numerical issues when some feature

points lie inside the polytope, potentially leading to redundant or ill-conditioned
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constraints. In contrast, V-rep is less sensitive to such degeneracies.

• Differentiability and analytical convenience: If the H-rep of the target object’s image

is expressed as {η ∈ R2 | A(η10, . . . , η
N0
0 )η ≤ b(η10, . . . , η

N0
0 )}, then the gradients of A

and b are difficult or impossible to compute, posing a significant challenge for CBF-

based control design. V-rep avoids this issue by maintaining a smooth and direct

dependence on the coordinates of feature points.

The MPC problem (5.21) is solved in a receding horizon manner at each discrete time

step. At time k, the end-effector velocity V (0|k) obtained from (5.21) is provided to the

low-level CBF as the nominal input Vmpc. Although the occlusion constraint (5.16) is

enforced only at discrete time instants in (5.21), its continuous satisfaction is ensured by

the low-level CBF condition, which will be described in the next section.

By incorporating the dual-form safety constraints (5.17) in discrete time, we formulate

the MPC shown in (5.21) to regulate the target feature points to their desired values. In

(5.21a), the positive definite matrices Q,R,QN penalize the stage states, control inputs,

and terminal states, respectively; [η̄i0(n|k)]1:2, which is equal to ηi0(n|k), represent the im-

age coordinates of the i-th feature point on the target; and ηi0,d is the desired image coordi-

nates of the target. Condition (5.21b) specifies the initial condition of η̄ij ; condition (5.21c)

is the system dynamics constraint from (5.11); conditions (5.21d)-(5.21g) impose the

occlusion-avoidance constraints from (5.17); condition (5.21h) bounds the control inputs,

where Vmin, Vmax ∈ R6 denote the minimum and maximum end-effector velocities; and

condition (5.21i) imposes the field-of-view constraints, where ηmin, ηmax ∈ R2 denote the

bounds on the pixel coordinates of target feature points. The term Γn in (5.21f) and Λjn in

(5.21g) are defined according to (5.14) and (5.15): Γn = [η10(n|k), η20(n|k), · · · , η
N0
0 (n|k)],

Λjn = [η1j (n|k), η2j (n|k), · · · , η
Nj

j (n|k)], and the term ŵij in (5.21c) denotes the estimated

velocity of the i-th feature point of object j.

Remark 5.1 In practice, we assume that the estimated velocity ŵij in (5.21c) remains

constant over the prediction horizon and determine its value from the measurement of η̄ij.



102

min
{η̄ij(n|k),V (n|k),

ξjn,ζjn,νjn,λjn,µjn},
j∈[0,M ],i∈[Ni],n∈[0,N ]

N−1∑
n=0

N0∑
i=1

(∥[η̄i0(n|k)]1:2 − ηi0,d∥2Q + ∥V (n|k)∥2R) +
N0∑
i=1

∥[η̄i0(N |k)]1:2 − ηi0,d∥2QN
(5.21a)

s.t. η̄ij(0|k) = η̄ij(k), j ∈ [0,M ], i ∈ [Ni], (5.21b)

η̄ij(n+ 1|k) = η̄ij(n|k) + TJ(η̄ij(n|k))V (n|k)
−TS(η̄ij(n|k))ŵij(k), j ∈ [0,M ], i ∈ [Ni], n ∈ [0, N ], (5.21c)

−ξjn − ζjn ≥ dmin, j ∈ [M ], n ∈ [N ], (5.21d)

λjn ≥ 0, µjn ≥ 0, ∥νjn∥ ≤ 1, j ∈ [M ], n ∈ [N ], (5.21e)

Γ⊤
n νjn − λjn + ξjn1N0 = 0, j ∈ [M ], n ∈ [N ], (5.21f)

−Λ⊤
jnνjn − µjn + ζjn1Nj = 0, j ∈ [M ], n ∈ [N ], (5.21g)

Vmin ≤ V (n|k) ≤ Vmax, n ∈ [0, N ], (5.21h)

ηmin ≤ ηi0(n|k) ≤ ηmax, n ∈ [0, N ], i ∈ [N0]. (5.21i)

Below, we present two methods for estimating w using the state measurement η̄ based on

the visual dynamics (5.6).

Extended Kalman Filter (EKF): Note that the visual dynamics (5.6) can be discretized

and reformulated as η̄(k + 1)

w(k + 1)

 =

η̄(k) + TJ(η̄(k))V (k)− TS(η̄(k))w(k)

w(k) + Tẇ(k)

 , (5.22a)

y(k) = η̄(k), (5.22b)

where T is the sampling time, w(k) is the state variable to be estimated, y(k) is the output

measurement, and ẇ(k) is treated as process noise. An EKF can then be deployed to

simultaneously estimate η̄ and w.

Disturbance Observer: Suppose that the acceleration of the feature point satisfies ∥ẇ∥ ≤

W , where W > 0 is a constant, and that z(t) ̸= 0 for any t ≥ 0. These assumptions are

mild and readily satisfied in practice. Under these conditions, the DOB from [27] can be

employed to obtain ŵ as the estimate of w

ŵ = m+ αp,
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ṁ = −αLd (J(η̄)V − S(η̄)ŵ) ,

where α > 1
2 is a constant, and

p = [−uxz
f
,−uyz

f
,−z]⊤, Ld =


− z
f 0 −ux

f

0 − z
f −uy

f

0 0 −1

 .

We define the estimation error as w̃ = ŵ−w and consider the candidate Lyapunov function

V = 1
2 w̃

⊤w̃. It follows that V̇ = −αw̃⊤w̃ − w̃⊤ẇ ≤ −w̃⊤ẇ + ∥w̃∥W ≤ −
(
α− 1

2

)
∥w̃∥2 +

W 2

2 = −(2α− 1)V + W 2

2 , which implies that w̃ is uniformly ultimately bounded [26].

The two methods above each have their advantages and limitations. With a sufficiently

high measurement update frequency, the DOB can estimate w accurately, and its estimation

error bound is known and can be incorporated into the control design. However, in our

experiments, the camera update rate is limited to 30 Hz, resulting in insufficient estimation

accuracy. By contrast, the EKF performs well empirically, but its estimation error cannot

be explicitly quantified.

Remark 5.2 In practice, the optimization problem (5.21) can become infeasible, partic-

ularly when the distance between the target and occluding objects approaches dmin. To

address this issue, we introduce slack variables δj(n|k), which satisfies 0 ≤ δj(n|k) ≤ dmin,

into constraint (5.21d), reformulating it as

−ξj(n|k)− ζj(n|k) ≥ dmin − δj(n|k). (5.23)

A quadratic penalty term pδj(n|k)2, with p > 0, is then added to the objective function

(5.21a). While this relaxation may allow occlusion when MPC is applied alone, occlusion

avoidance is still guaranteed under the proposed hierarchical control framework, as the

low-level CBFs strictly enforce the occlusion-avoidance constraints.

Furthermore, in J given in (5.6), the variable z appears in the denominators, mak-
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ing the system highly nonlinear and potentially causing failures in solving (5.21), as the

optimization algorithm may drive z close to zero. In practice, however, z varies slowly

over time, suggesting it can be treated as fixed in (5.21). Specifically, upon receiving state

feedback and initiating the MPC computation, the control sequence V from the previous it-

eration is used to forward propagate a sequence of z via the visual dynamics (5.6). Then, in

(5.21), the values z(n|k), n ∈ [N ], are set to this sequence and treated as known constants

rather than decision variables.

5.4 Low-Level CBF-QP-based Safe Control

In this section, we present a robust CBF-QP-based controller as the low-level scheme of the

hierarchical framework, which strictly enforces the occlusion-avoidance constraint (5.16)

for all t ≥ 0 in continuous time, thereby achieving Task 2 of Problem 5.1.

We consider the image coordinate dynamics of the i-th feature point on object j from

(5.6)

η̇ij = J̄(η̄ij)V − S̄(η̄ij)w
i
j , (5.24)

where ηij ∈ R2 denotes the image coordinates defined in (5.1), and J̄(η̄ji ) and S̄(η̄
j
i ) consist

of the first two rows of J(η̄ji ) and S(η̄ji ), respectively, from (5.4). Compared with the

model (5.6) used for the MPC design, the model (5.24) excludes the dynamics of z since

they are not required in the CBF design.

To compactly express d(T̄, Ōj), the distance between T̄ and Ōj , we define the vector

obtained by concatenating all feature points of T̄ and Ōj

ηj = [η1⊤0 , · · · , ηN0⊤
0 , η1⊤j , · · · , ηNj⊤

j ]⊤ ∈ R2(N0+Nj). (5.25)

From (5.24), the dynamics of ηj can be expressed as

η̇j = Jj(η̄j)V − Sj(η̄j)wj , (5.26)
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where η̄j = [η̄1⊤0 , · · · , η̄N0⊤
0 , η̄1⊤j , · · · , η̄Nj⊤

j ]⊤ ∈ R3(N0+Nj), Jj = [J̄(η̄10)
⊤, · · · , J̄(η̄N0

0 )⊤,

J̄(η̄1j )
⊤, · · · , J̄(η̄Nj

j )⊤]⊤, Sj(η̄j) = blkdiag(S̄(η̄1
0), · · · , S̄(η̄

N0
0 ), S̄(η̄1

j ), · · · , S̄(η̄
Nj

j )), and

wj = [w1⊤
0 , · · · , wN0⊤

0 , w1⊤
j , · · · , wNj⊤

j ]⊤, j ∈ [M ].

We aim to design CBFs that ensure the occlusion-avoidance constraints (5.16) for

all t ≥ 0 and j ∈ [M ]. However, d(T̄, Ōj) is computed by solving the optimization

problem (5.13), whose objective function is not strictly convex. This leads to a non-unique

minimizer and a non-Lipschitz continuous distance function, which poses challenges in

computing the gradient of d(T̄, Ōj). To address this issue, we define the following function

h̃j(ηj) for any j ∈ [M ]

h̃j(ηj) = min
α,β,θ

θ⊤θ + δ1α
⊤α+ δ2β

⊤β (5.27)

s.t. (5.13b)− (5.13d),

where δ1, δ2 > 0 are positive constants representing the penalty weights. It is clear that

h̃j ≥ d(T̄, Ōj)
2. Furthermore, although h̃j can be shown to be Lipschitz continuous with

respect to ηj , it may be nondifferentiable at points where the strict complementarity

condition fails for the optimization problem (5.27) [140]. To address this issue, we employ

nonsmooth CBF techniques [141], [142].

For a set A, define P̄(A) = P(A)\A, where P(A) denotes the power set of A. Given

two sets Iα ∈ P̄([N0]), Iβ ∈ P̄([Nj ]), and any j ∈ [M ], we define a function Fj(ηj ; Iα, Iβ)

as

Fj(ηj ; Iα, Iβ) = min
α,β,θ

θ⊤θ + δ1α
⊤α+ δ2β

⊤β (5.28a)

s.t. α ≥ 0, β ≥ 0, (5.28b)

αk = 0, ∀k ∈ Iα, (5.28c)

βl = 0, ∀l ∈ Iβ, (5.28d)

1⊤N0
α = 1,1⊤Nj

β = 1, (5.28e)

Γα− Λjβ = θ. (5.28f)
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The following result characterizes the differentiability of Fj and its relation to h̃j .

Theorem 5.2 Consider the functions h̃j defined in (5.27) and Fj defined in (5.28). The

following statements hold true:

1. The function Fj is well-defined and differentiable for any ηj, Iα ∈ P̄([N0]), and

Iβ ∈ P̄([Nj ]).

2. For any ηj, there exists Iα ∈ P̄([N0]) and Iβ ∈ P̄([Nj ]) such that Fj(ηj ; Iα, Iβ) =

h̃j(ηj).

Proof Given Iα ∈ P̄([N0]) and Iβ ∈ P̄([Nj ]), we define a matrix

M(Iα, Iβ) =



−[IN0 ]Iα 0 0

0 −[INj ]Iβ 0

1⊤
N0

0 0

0 1⊤
Nj

0

Γ −Λj −I2


, (5.29)

where [IN0 ]Iα and [INj ]Iβ denote the matrix formed by selecting the rows of IN0 and INj

indexed by the sets Iα and Iβ, respectively. We will first show that the linear independence

constraint qualification (LICQ) is satisfied for the optimization problems (5.27) and (5.28).

Suppose the solution to (5.27) is (α∗, β∗, θ∗) and the corresponding active sets are I∗
α =

{i ∈ [N0] : α
∗
i = 0} and I∗

β = {i ∈ [Nj ] : β
∗
i = 0}. Note that LICQ holds if the matrix

M(I∗
α, I∗

β) has full row rank. It is straightforward to verify that α∗
i = 0 cannot hold for all

i ∈ [N0] (i.e., I∗
α ̸= [N0]); otherwise the equality constraints 1⊤

N0
α = 1 cannot be satisfied.

A similar argument applies to the constraints β ≥ 0. Hence, the matrix defined in (5.29)

has full row rank, indicating that LICQ is satisfied. It can be shown that LICQ holds for

(5.28) by similar reasoning.

1) Since the QP (5.28) is strictly convex, the value of Fj is uniquely determined for a

given ηj, implying that Fj is well defined. Moreover, because the LICQ condition holds for

(5.28), the optimal multiplier is also unique [143, Section 12.2], and the KKT conditions
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can be written as 
Qz∗ +A⊤(ηj)λ

∗
A +G⊤λ∗G

Gz∗

A(ηj)z
∗ − b


︸ ︷︷ ︸

≜R(z∗,λ∗G,λ
∗
A,ηj)

= 0. (5.30)

where z∗ = [θ∗⊤, α∗⊤, β∗⊤]⊤, λ∗A, λ
∗
G denote the multipliers, Q = blkdiag(2I2, 2δ1IN0 , 2δ2INj ),

b = [0, 0, 1, 1]⊤, and

G =

−[IN0 ]Iα 0N0×Nj 0N0×2

0Nj×N0 −[INj ]Iβ 0Nj×2

 , (5.31a)

A(ηj) =


Γ −Λj −I2

1⊤
N0

0Nj×1 01×2

0N0×1 1⊤
Nj

01×2

 . (5.31b)

Let x∗ = [z∗⊤, λ∗⊤A , λ∗⊤G ]⊤. Then,

∂R

∂x∗
=


Q A⊤ G⊤

G 0 0

A 0 0

 . (5.32)

Since Q is positive definite and [G⊤, A⊤]⊤ has full row rank following the argument after

(5.29), it is easy to show that ∂R
∂x∗ is nonsingular for any ηj ∈ R2(N0+Nj) [143, Lemma

16.1]. According to the implicit function theorem, one can see that Fj, which corresponds

to the solution to (5.28), is differentiable.

2) The second statement follows from the fact that Fj(ηj ; I∗
α, I∗

β) = h̃j(ηj), where I∗
α

and I∗
β are active sets of the problem (5.27). □

From Theorem 5.2, the gradient of Fj(ηj ; Iα, Iβ) with respect to ηj can be computed,

which is required for the implementation of the CBF controller. Specifically, denote the

i-th entry of ηj by ηji, i ∈ [2N0+2Nj ], and take the partial derivative with respect to ηji
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on both sides of (5.30)


Q A⊤(ηj) G⊤

G 0 0

A(ηj) 0 0



∂z∗

∂ηji

∂λ∗A
∂ηji

∂λ∗G
∂ηji

 =


−∂A⊤(ηj)

∂ηji
λ∗A

0

−∂A⊤(ηj)
∂ηji

z∗

 . (5.33)

Since Q is positive definite and [G⊤, A⊤]⊤ has full row rank, the linear system (5.33)

admits a unique solution. Collecting the solutions for all entries of ηj , we define ∂z∗

∂ηj
=[

∂z∗

∂ηj1

∂z∗

∂ηj2
· · · ∂z∗

∂ηj(2N0+2Nj)

]
. Since F = 1

2z
∗⊤Qz∗, the gradient ∂F

∂ηj
can be computed as

∂F

∂ηj
= z∗⊤Q

∂z∗

∂ηj
. (5.34)

From Theorem 5.2, we can also see that h̃j is piecewise differentiable [141, Definition

II.9]. By [141, Proposition III.3], for any ηj ∈ R2(N0+Nj), there exists a locally encapsulat-

ing index set Ihj (ηj) ⊆ {(Iα, Iβ) : Iα ∈ P̄([N0]), Iβ ∈ P̄([Nj ])} such that the generalized

gradient of h̃j with respect to ηj satisfies

∂h̃j ⊂ conv

{
∂F (ηj ; Iα, Iβ)

∂ηj
: (Iα, Iβ) ∈ Ihj (ηj)

}
. (5.35)

A straightforward way to compute Ihj (ηj) is to check the KKT conditions (5.30) for all

Iα ∈ P̄([N0]) and Iβ ∈ P̄([Nj ]).

Based on the results above, we define the following candidate CBF for any j ∈ [M ]

hj(ηj) = h̃j(ηj)− (d2min + δ21 + δ22), (5.36)

where δ1, δ2 > 0 are small positive constants. Note that this CBF is implicitly constructed

from the solution h̃j of optimization (5.27), which represents a relaxed minimum distance

between polytopes [142].

The following result ensures that the occlusion-avoidance constraints (5.16) are strictly

enforced by the CBF-based controller for all t ≥ 0.
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Theorem 5.3 Consider the system in (5.26) and the CBF defined in (5.36). Suppose the

feature point velocities are bounded, i.e., ∥wij∥ ≤W , for some constant W > 0, ∀j ∈ [0,M ]

and ∀i ∈ [Nj ]. If hj(ηj(0)) > 0,∀j ∈ [0,M ], then any Lipschitz controller V (ηj) ∈

KBF (ηj) ≜ {V ∈ R6 : ψ0,j(ηj ; Iα, Iβ)+ψ1,j(ηj ; Iα, Iβ)V ≥ 0,∀(Iα, Iβ) ∈ Ihj (ηj)} ensures

that the occlusion-avoidance constraints (5.16) are strictly enforced for all t ≥ 0, where

γ > 0 is a constant and

ψ0,j = γhj −W
√
N0 +Nj

∥∥∥∥∂F (ηj ; Iα, Iβ)∂ηj
Sj(η̄j)

∥∥∥∥ , (5.37a)

ψ1,j =
∂F (ηj ; Iα, Iβ)

∂ηj
Jj(η̄j). (5.37b)

Proof First, we prove that

hj ≥ 0 =⇒ d(T̄, Ōj) ≥ dmin. (5.38)

Let (α∗, β∗, θ∗) and (α∗
h, β

∗
h, θ

∗
h) be the solutions to the optimization problems (5.13) and

(5.27), respectively. Clearly, ∥θ∗∥2 = d(T̄, Ōj)
2, h̃j = ∥θ∗h∥2 + δ1∥α∗

h∥2 + δ2∥β∗h∥2, and

∥θ∗∥2 + δ1∥α∗∥2 + δ2∥β∗∥2 ≥ ∥θ∗h∥2 + δ1∥α∗
h∥2 + δ2∥β∗h∥2.

By the definition of hj, hj ≥ 0 =⇒ ∥θ∗h∥2 + δ1∥α∗
h∥2 + δ2∥β∗h∥2 ≥ d2min + δ21 + δ22.

Therefore,

hj≥0 ⇒ ∥θ∗∥2+δ1∥α∗∥2+δ2∥β∗∥2≥d2min+δ
2
1+δ

2
2 . (5.39)

Since α∗ ≥ 0 and 1⊤
N0
α∗ = 1, it follows that 0 ≤ α∗

i ≤ 1 for i ∈ [N0], which implies

0 ≤ α∗2
i ≤ α∗

i ≤ 1, and thus ∥α∗∥ ≤ 1. Following the similar argument, ∥β∗∥ ≤ 1.

Therefore, from (5.39) we have

hj ≥ 0 =⇒ ∥θ∗∥2 ≥ d2min,

which implies that (5.38) holds since ∥θ∗∥2 = d(T̄, Ōj)
2.
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Next, one can easily see that selecting V ∈ KBF yields

∂F (ηj ; Iα, Iβ)
∂ηj

(JjV − Sjwj) ≥
∂F (ηj ; Iα, Iβ)

∂ηj
JjV −

∥∥∥∥∂F (ηj ; Iα, Iβ)∂ηj
Sj

∥∥∥∥ ∥wj∥

≥ −γhj + ψ0,j + ψ1,jV

≥ −γhj (5.40)

for any (Iα, Iβ) ∈ Ihj (ηj). Then, from [141, Theorem III.5],

min
v∈∂hj

v⊤(JjV − Sjwj) ≥ −γhj , (5.41)

where ∂hj denotes the generalized gradient of hj with respect to ηj. According to [141,

Theorem II.7], one can conclude that (5.41) implies hj ≥ 0, which completes the proof. □

By Theorem 5.3, the filtered end-effector velocity Vcbf can be obtained by solving the

following CBF-QP

Vcbf =argmin
V

∥V − Vmpc∥2 (5.42)

s.t. ψ0,j(ηj ; Iα, Iβ) + ψ1,j(ηj ; Iα, Iβ)V ≥ 0,

∀j ∈ [M ], ∀(Iα, Iβ) ∈ Ihj (ηj),

where Vmpc is obtained from solving the optimization problem (5.21) and ψ0,j , ψ1,j are

defined in (5.37). The velocity bound W in Theorem 5.3 can be chosen using the prior

knowledge of the scene or data-driven methods.

Finally, the control input τ in (5.8) can be designed using standard methods to enable

the robot’s end-effector velocity to track the safe reference velocity Vcbf . For example,

defining the velocity tracking error defined as e = V − Vcbf with dynamics ė = J̇q̇ +

JD−1(τ − Cq̇ − G) − V̇cbf , where J is the Jacobian, the control input τ can be chosen

as τ = Cq̇ + G + DJ†(−Ke − J̇q̇ + V̇cbf) where J† denotes the pseudo-inverse of J and

K ∈ R6×6 is a positive definite gain matrix.
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Remark 5.3 If the strict complementarity condition ([143, Definition 12.2]) holds for

(5.27), then h̃j is differentiable at the corresponding point [140, Theorem 1], and the

encapsulating index set coincides with the active sets of (5.27). Consequently, the gradient

of hj can be obtained by solving the linear system (5.33) with Iα = I∗
α and Iβ = I∗

β, where

I∗
α and I∗

β denote the active sets of (5.27).

Remark 5.4 In practice, the CBF-QP (2.56) cannot be solved in continuous time; in-

stead, V is updated in a sampled-data fashion. To compensate for potential safety vio-

lations introduced by sampling, a correction term can be added into the CBF condition,

modifying the constraint of (2.56) to

ψ0,j(ηj ; Iα, Iβ) + ψ1,j(ηj ; Iα, Iβ)V ≥ ∆j

where ∆j > 0 is a constant that compensates for the sampling effect [144], [145], [146].

Remark 5.5 In the high-level MPC, the velocity wij is estimated, whereas the low-level

CBF-QP accounts for its worst-case value. This distinction reflects a trade-off between per-

formance and guaranteed occlusion avoidance. MPC prioritizes performance and operates

at discrete time instances; it cannot ensure strict occlusion avoidance, so using velocity

estimates - despite potential inaccuracies - is acceptable. When sufficiently accurate, these

estimates can improve control performance compared with using the worst-case value. In

contrast, the CBF-QP prioritizes strict occlusion avoidance, requiring the worst-case ve-

locity to guarantee safety.

5.5 Experimental Results

In this section, we present experimental results that validate the proposed hierarchical

control framework for occlusion-free visual servoing. All experiments are conducted on a

Franka Research 3 manipulator equipped with an Intel RealSense D435i camera mounted

on its end-effector, as illustrated in Figure 5.3. The camera streams RGB images at 30

Hz with a resolution of 1280 × 720 pixels. An AprilTag is attached on the end-effector
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of a UFactory xArm 7 manipulator to serve as the target object. The control framework

is implemented on an workstation (Intel Core i5-13500 @ 2.5 GHz, 16 GB RAM) for

MPC and CBF computations, and an NVIDIA Jetson AGX Orin (2048 CUDA cores, 64

Tensor Cores) for image processing. The two devices communicate via a direct Ethernet

connection using the UDP protocol with 72-byte datagrams.

Figure 5.3: Experimental setup for validating the proposed hierarchical control framework
for occlusion-free visual servoing.

5.5.1 Experimental Setup

Object Representation

AprilTag markers from the Tag36h11 family are used to represent both the target and

occluding objects. The target is an AprilTag (ID: 0) mounted on the end-effector of

the xArm 7 manipulator. Up to three additional AprilTags (IDs: 1–3) are mounted on

adjustable support stands and serve as occluding objects.

Image Processing

We employ a GPU-accelerated AprilTag detection pipeline implemented in NVIDIA Isaac

ROS, fed by an Intel RealSense D435i connected via USB 3.0. RGB images are processed

to detect tag corners, rectify tag regions, and decode tag IDs. For each verified tag, a
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Perspective-n-Point problem is solved to estimate its 6-DOF pose
(
cpj ,

cqj
)
, including

position and unit-quaternion orientation in the camera frame. From this, the depth of

each corner is also obtained. The detection output, Dj :=
(
j, {cij}4i=1,

cpj ,
cqj
)
, provides

the ID, image corners, and 3D pose, which are then used by the visual servoing controller.

MPC Setup

The high-level MPC is implemented using CasADi [147] with automatic C code generation

and solved using IPOPT at 10 Hz. At each time step k, the image coordinates η̄ of the

AprilTag feature points are extracted, and their velocities ŵij(k) are estimated using the

EKF described in Remark 5.1, yielding the filtered states η̄ij(k). Using these, the point

set matrices Γn and Λjn are computed and the optimization problem (5.21) is solved.

CBF-QP Setup

The low-level CBF controller employs OSQP [148] to solve the QP (2.56), using the CBFs

hj from (5.36) and the nominal input Vmpc = V (0|k) provided by the high-level MPC. Its

solution, Vcbf , is sent to the Franka Control Interface to command the robot. The CBF-

QP-based controller runs at 30 Hz, synchronized with the camera’s RGB image stream.

5.5.2 Experimental Results

We consider scenarios with one, two, and three static occluding objects, as well as a

scenario with one dynamic occluding objects. These scenarios are constructed with pro-

gressively increasing occlusion complexity. The proposed hierarchical control framework

is evaluated against the high-level MPC (5.21) alone, i.e., without the low-level CBF-QP

controller. For all experiments, the safety margin in (5.16) is set to dmin = 20 (pixels),

with δ1, δ2 selected as δ1 = δ2 = 0.1. Here dmin is a tuning parameter which can be

adjusted based on specific requirements of the task. In (5.21), the prediction horizon is

N = 7, and the weight matrices are selected as Q = I8 ∈ R8×8, QN = 5I8 ∈ R8×8 and

R = 106 × diag(1.5, 1.5, 1.5, 1, 1, 1) ∈ R6×6.
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Figure 5.5 shows snapshots of experiments with static and dynamic occluding objects,

while Figure 5.6 illustrates the evolution of the distances between the target and the

obstacles.

Static Scenarios

In the static scenarios, the occluding objects remain stationary along the moving target’s

path, while the target follows a trajectory toward the Franka manipulator. The velocity

bound W in Theorem 5.3 is set to W = 0.015.

Figure 5.5 (a)-(c) shows camera snapshots for experiments with one, two, and three

static occluding objects. AprilTag centers are annotated with their IDs, and tag corners are

numbered clockwise from 0 to 3. Occlusion zones are highlighted by yellow squares with

a 20-pixel safety margin, meaning the occlusion-avoidance constraint (5.16) is satisfied

whenever the target’s feature points remain outside the overlaid yellow squares. The

target (AprilTag 0) is enclosed in a green box when persistently visible; the absence of the

box indicates loss of recognition due to occlusion. In each scenario, the top row depicts

the proposed hierarchical controller (high-level MPC with low-level CBF-QP), while the

bottom row shows the high-level MPC alone, where V (0|k) is sent directly as the reference

input to the Cartesian velocity tracking controller. Each row presents the initial (left),

intermediate (middle), and terminal (right) phases from both the camera and a third-

person view.

Figure 5.6 (a)-(c) shows the distance profiles between the target and the occluding

objects for the three static scenarios. The results indicate that the high-level MPC alone

fails to consistently enforce the occlusion-avoidance constraint (5.16): in the one-occluding-

object case, the minimum distance drops to dmin = 12.87 pixels at t ≈ 4.4 s; in the two-

occluding-object case, the minimum distances are dmin = 7.43 pixels at t ≈ 9.3 s with

Object 1 and dmin = 11.25 pixels at t ≈ 10 s with Object 2; and in the three-occluding-

object case, the distance between the target and Object 3 reduces to zero at t ≈ 12 s.

By contrast, the hierarchical controller strictly enforces the distances near or above the
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20-pixel safety margin in all three scenarios (with only minor single-pixel deviations due

to measurement noise or hardware disturbances).

Figure 5.4: Superimposed camera frames illustrating the dynamic occluding object sce-
nario.

Dynamic Scenario

To further demonstrate the real-time reactive capability of the hierarchical control frame-

work, we consider a dynamic scenario in which both the target and an occluding object

are moving. Figure 5.4 shows superimposed camera frames, with three occluding objects

(AprilTag ID: 1-3): objects 2 and 3 remain stationary, while object 1 moves toward the

target, creating a dynamic occlusion threat. The velocity of objective 1 is estimated us-

ing the EKF. The obstacles are manually displaced by dragging the base linkage of the

support structure, thereby simulating occluding objects with unpredictable velocities, as

often encountered in real-world environments. The velocity bound W in Theorem 2.2 is

set to W = 0.075.

Figure 5.5 (d) shows camera snapshots for the dynamic scenario. As shown in Figure

5.6 (d), d(T̄, Ō1) decreases to 20 at t ≈ 6.6 s and drops to zero at t ≈ 11.5 s, resulting in

persistent occlusion and target recognition failure. In contrast, the hierarchical controller

successfully navigates around the moving obstacle with a considerable margin, strictly en-

forcing the occlusion-avoidance constraint (5.16) throughout the entire operation. Objects

2 and 3 exit the camera’s field of view at t ≈ 11 s for both controllers.
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Results from the static and dynamic experiments above demonstrate the effectiveness

of the hierarchical control framework, where the high-level MPC ensures performance and

target regulation, while the low-level CBF-QP controller enforces strict safety by filtering

the MPC inputs in real time.

Table 5.1 summarizes the computation times, which are computed over 1000 iterations,

for both the MPC and CBF-QP controllers across all scenarios. The results confirm that

the MPC problem (10 Hz) and the CBF-QP (30 Hz) can each be solved within their

respective sampling periods. Moreover, it is shown that the computational time of MPC

grows almost linearly with the number of occluding objects, while the computational time

of CBF-QP is negligible.

Table 5.1: Computation Times for Different Scenarios

Controller
Computation Time (ms)

Mean Min. Max. Std.

Static Scenarios

1 occluding object
MPC 23.721 16.450 33.102 3.145

CBF-QP 0.116 0.085 0.152 0.012

2 occluding objects
MPC 35.311 31.220 40.895 1.988

CBF-QP 0.205 0.160 0.265 0.021

3 occluding objects
MPC 41.338 29.550 58.112 4.875

CBF-QP 0.303 0.255 0.380 0.019

Dynamic Scenario

3 occluding objects
MPC 42.515 35.101 51.440 3.220

CBF-QP 0.331 0.275 0.410 0.025

5.6 Chapter Summary and Future Directions

This chapter presents a hierarchical, optimization-based visual servoing control scheme for

robotic manipulators that guarantees occlusion-free operation by integrating a high-level

MPC with a low-level CBF-QP controller. By leveraging the vertex-based representation

of object images and a duality-based optimization approach, we reformulate occlusion

avoidance into differentiable constraints that can be seamlessly incorporated into both the

MPC and CBF design. The resulting framework achieves simultaneous regulation of target
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(a) Scenario 1 with one static occluding object: hierarchical controller (top row) versus MPC
alone (bottom row).

(b) Scenario 2 with two static occluding objects: hierarchical controller (top row) versus MPC
alone (bottom row)

(c) Scenario 3 with three static occluding objects: hierarchical controller (top row) versus MPC
alone (bottom row)

(d) Scenario 4 with one dynamic occluding objects: hierarchical controller (top row) versus MPC
alone (bottom row)

Figure 5.5: Snapshots of experiments for static and dynamic occluding objects.
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(a) Scenario 1 with one static occluding object.
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(b) Scenario 2 with two static occluding objects.
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(c) Scenario 3 with three static occluding ob-
jects.
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(d) Scenario 4 with one dynamic occluding ob-
ject.

Figure 5.6: Evolution of the distance between the target and the occluding objects across
four experimental scenarios.
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feature points and strict continuous-time occlusion avoidance. Hardware experiments on

the Franka Research 3 manipulator validate the effectiveness of the proposed approach.

Although V-rep offers several advantages over H-rep, as highlighted in Section 5.3, it

inevitably introduces more decision variables, thereby increasing the computational bur-

den of (5.21). One future direction is investigating computational methods to mitigate

the computational burden of solving (5.21), such as the culling techniques to reduce the

decision variables and the parallel computation techniques via structure exploitation. In

particular, the alternating direction method of multipliers, which has been employed in

several studies to reduce the computation time of MPC [149], provides a promising frame-

work for accelerating the solving process of the MPC problem in (5.21).

The CBF-QP formulation in (5.42) incorporates multiple safety constraints arising

from the presence of different occluding objects. The simultaneous enforcement of these

constraints may render the CBF-QP infeasible, particularly in the presence of input con-

straints. Therefore, another important direction for future research is investigating the

compatibility of multiple CBFs for robotic manipulators to address feasibility issues in the

CBF-QP with multiple constraints, exploring both formal characterization of compatibility

conditions and the synthesis of a single CBF from multiple occlusion constraints.
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Chapter 6

Conclusion and Future Directions

6.1 Conclusions and Contributions

This dissertation has developed a systematic and rigorous safe control framework for un-

certain systems. Motivated by the increasing deployment of safety-critical control in au-

tonomous systems, this work addresses the fundamental safety challenges posed by uncer-

tainties and disturbances when embedded in closed-loop dynamical systems. The main

contributions of this dissertation are summarized as follows.

DOB-CBF-based Control for Systems With Unstructured Uncertainties

Chapter 2 develops a novel IIDOB design approach for generic nonlinear control-affine

systems subject to unstructured uncertainties. In contrast to conventional DOB design

methods that rely on restrictive assumptions, such as the solvability of PDEs, the proposed

IIDOB framework provides a systematic and broadly applicable DOB design approach

without imposing such strong assumptions. Based on the proposed IIDOB, a filter-based

IIDOB-CBF-QP safe control design approach is developed to strictly enforce safety con-

straints. By introducing an auxiliary filter, the disturbance estimation signal admits a

known and well-defined derivative, enabling tractable incorporation into the CBF-QP

while preserving formal safety guarantees. These methods significantly broaden the class

of systems to which DOB-CBF-QP methods can be applied.
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Adaptive CBFs for Systems With Structured Uncertainties

Chapter 3 proposes an adaptive CBF-based safe control approach for systems with struc-

tured (parametric) uncertainties that appear in both drift terms and control-input matri-

ces. A new adaptive CBF approach is developed to generate a safe controller via solving

an NLP that admits an explicit closed-form solution. A key advantage of the proposed

approach is that the non-emptiness of the admissible safe control set can be verified

independently of online parameter estimation, thereby avoiding singularity and loss-of-

controllability issues. In addition, a data-driven bound-tightening algorithm is introduced

to reduce conservatism and improve control performance.

PCBF for Systems With Limited Model Information

Chapter 4 proposes a CBF-based safe control design method for strict-feedback systems

with limited model information. A novel PCBF framework is developed by integrating

barrier-based and Lyapunov-based control techniques. The proposed method adopts a

modular design by decomposing the original strict-feedback system into a proxy sub-

system (handled by CBF-based methods) and a virtual tracking subsystem (handled by

Lyapunov-based approaches). By systematically coupling the controllers designed for dif-

ferent subsystems, the safety of the overall closed-loop system can be ensured under limited

modeling information.

MPC-CBF-based Hierarchical Control for Visual Servoing With Measurement

Uncertainties

Chapter 5 develops an occlusion-free, multi-rate visual servoing framework for robotic ma-

nipulators under measurement uncertainty. The proposed framework integrates a high-

level MPC planner with a low-level CBF-based controller. Occlusion avoidance is for-

mulated into differentiable constraints, enabling incorporation into both MPC and CBF

layers. Disturbance estimation is incorporated into the MPC to mitigate the effects of

perception uncertainties, while robust CBF methods enforce strict continuous-time occlu-
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sion avoidance. Hardware experiments on a Franka Research 3 manipulator validate the

effectiveness of the proposed approach.

Overall Impact

Collectively, the contributions of this dissertation establish a comprehensive and unified

framework for safety-critical control of uncertain systems. By combining robust control,

adaptive control, and data-driven methods, this work advances the state of the art in

providing provable safety guarantees for autonomous systems. The developed methods

strike a balance between rigor and scalability, laying a solid foundation for safety-critical

control.

6.2 Future Directions

6.2.1 Compatibility and Synthesis of Multiple CBFs

The deployment of CBF-QP-based controllers in realistic, constraint-rich environments

introduces additional complications. In practice, a system must simultaneously satisfy

dozens or even hundreds of safety constraints. For example, the safe operation of a robotic

manipulator in an unstructured environment may involve numerous constraints related

to joint limits, velocity bounds, torque constraints, and dynamic obstacle avoidance, as

reported in the recent work [150]. When multiple constraints are encoded as individual

CBFs, their compatibility becomes a central concern: if the CBF constraints conflict or the

resulting QP becomes infeasible, the controller may fail to generate a safe control action.

Verifying compatibility among multiple CBFs, especially in the context of nonlinear or

partially known dynamics, remains a technically difficult and often intractable problem,

necessitating novel analytical tools and scalable verification procedures.

A promising direction to address these challenges lies in the use of simplified models for

CBF construction and compatibility verification, while the Lyapunov-based methods are

used to address the full dynamics, similar to the PCBF framework developed in Chapter
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5. However, selecting appropriate simplified models is not well studied in the literature

and warrants further investigation.

6.2.2 Towards Real-World and Hardware Implementation

Although this dissertation demonstrates the effectiveness of the proposed control methods

through numerical simulations and simple experiments, their deployment on real-world

hardware platforms remains an important open challenge. Hardware implementation in-

troduces additional constraints, including limited computational resources, actuator lim-

itations, and more complex environments. Addressing these challenges will require the

development of more robust and computationally efficient algorithms that can operate

under such constraints.

Future research may focus on further validating the robustness and improving the

computational efficiency of the methods developed in this dissertation under complex

and practical scenarios. In particular, high-fidelity simulators such as Project Chrono

[12] provide powerful platforms for systematically evaluating the performance, robustness,

and scalability of the proposed safe controllers under realistic dynamics and contact-rich

interactions. Progress in this direction is essential for enabling the practical deployment

of CBF-based controllers in safety-critical applications such as autonomous systems and

robotics.

6.2.3 Learning-Enabled Safe Control with Formal Guarantees

In many applications, model information is unavailable, and learning-based components

(e.g., learned dynamics, learned perception, or learned controllers) are increasingly used.

A promising direction is to integrate machine learning techniques with CBF-based safety

filters, which includes: (i) learning uncertainty bounds or disturbance models that are ex-

plicitly compatible with robust/adaptive CBF conditions; (ii) synthesizing CBFs directly

from data while preserving forward invariance guarantees; and (iii) combining statistical

learning tools with set-based methods to obtain less conservative yet formally justified
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safety constraints.

6.2.4 Computational Scalability and Real-Time Optimization

The V-rep-based occlusion avoidance formulation developed in Chapter 5 can introduce

additional decision variables, increasing the computational burden of the MPC. A promis-

ing direction for future research is to investigate computational strategies that alleviate

this burden, including culling techniques for reducing unnecessary decision variables and

parallel computation methods that exploit problem structure. In particular, the alternat-

ing direction method of multipliers, which has been adopted in recent studies to accelerate

MPC computation [149], provides a promising framework for improving the efficiency of

solving the MPC problem in Chapter 5.
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[114] E. Daş and J. W. Burdick, “Robust control barrier functions using uncertainty
estimation with application to mobile robots,” IEEE Transactions on Automatic
Control, vol. 70, no. 7, pp. 4766–4773, 2025.

[115] J. Yu, P. Shi, and L. Zhao, “Finite-time command filtered backstepping control for
a class of nonlinear systems,” Automatica, vol. 92, pp. 173–180, 2018.

[116] K. Hashimoto, “A review on vision-based control of robot manipulators,” Advanced
Robotics, vol. 17, no. 10, 2003.

[117] Y. Zhao, L. Gong, Y. Huang, and C. Liu, “A review of key techniques of vision-based
control for harvesting robot,” Computers and Electronics in Agriculture, vol. 127,
pp. 311–323, 2016.

[118] A. Beyeler, J.-C. Zufferey, and D. Floreano, “Vision-based control of near-obstacle
flight,” Autonomous Robots, vol. 27, no. 3, pp. 201–219, 2009.
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