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Abstract

We find the precise range of Lebesgue space inequalities satisfied by convolution with
surface measure on compact subsets of certain prototypical polynomial hypersurfaces in
three dimensions. We derive these results using non-oscillatory, geometric methods, for
a model class of polynomials bearing a strong connection to the general real-analytic

case.
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Chapter 1

Preliminaries

1.1 Introduction

Curvature plays a dominant role in many questions in harmonic analysis, from maximal
operators to restriction and averaging operators. When manifolds have nonvanishing
“curvature”, much more is known, and theorems tend to be more concise, with simpler
proofs (though even those “simpler” proofs can be very challenging). Vanishing curva-
ture often makes these operators worse, and must be carefully accounted for in proofs
of results that can vary greatly from one manifold to another.

Two primary ways of accounting for the curvature information are as follows: First,
the measure supported on the manifold can be chosen in such a way to incorporate the
effects of curvature. Such a measure is often referred to as the affine surface measure.
One advantage with the affine surface measure is that results tend to have a high level
of uniformity over large classes of manifolds. A disadvantage is that such measures are
distinctly non-Euclidean, so recovering results for measures comparable to the Euclidean
surface measure is nontrivial.

Second, one can attain results with the Euclidean surface measure, or a compara-
ble measure, using precise curvature information of the surfaces, and possibly making

use of known affine measure results. As a downside, such Euclidean results often lack



uniformity and a conciseness in the statement of results.
One such longstanding question has been the effects of curvature on the behavior of

general averaging operators

Tia) = [ = (te)u).

for various measures p on R”, and with x € R", n > d, and with B a ball containing
the origin. The two simplest cases have been averages on hypersurfaces and curves.
Cases where n = 1 (averages along curves) are largely understood due in part to Tao
and Wright [14]. For the cases of hypersurfaces (n = d — 1), much is now known
when du(t) is equipped with the Affine surface measure du(t) = |det(ng(t))|%+1dt,
with H being the Hessian, due especially to the work of Oberlin [12] and Gressman
[7]. For the Euclidean surface measure or equivalently the unweighted push-forward
measure (du(t) = dt), on the other hand, only partial results exist for any d > 2. In
the case of a hypersurface with the Euclidean surface measure, Ferreyra, Godoy, and
Urciuolo completed the homogeneous polynomial case for n = 3 [6][15], and the additive
case p(t) = > |t

Seeger [10] include results for convex hypersurfaces, based partially on multi-type. More

% for every n [5]. In addition, for n = 3, losevich, Sawyer, and

recently, Dendrinos and Zimmerman [4] investigated this question in the case that ¢ is a
polynomial of mixed-homogeneous type, that is, for ¢ satisfying p(c"t1, 0"2ty) = op(t)
for all ¢ > 0 and some fixed k;,k2 € (0,00). Such polynomials form a natural model
class, because their members contain all anisotropic scaling limits of polynomials of two
variables, and because mixed-homogeneous polynomials are related to the faces of the
Newton diagram of all real-analytic functions. Thus, techniques for these polynomials

should give insight on how to proceed in a more general case. In many cases, the



results in [4] were nearly optimal, missing only the boundary, while in other cases, like
o(t) = t1 + 3ty + %t%, there remained an additional region between the conjecture and
the theorem.

In this article we complete the mixed-homogeneous picture, establish the sharp range

of restricted weak type (p, q) inequalities for averaging operators of the form

Tf(x):= /[_1 . fx' —t x5 — p(t))dt, r=: (2 23) € R?,

with ¢ a mixed homogeneous polynomial. We use an alternate approach to [4], which al-
lows us to obtain the full range of restricted weak type estimates for all such polynomials
and which provides some clarification of the relationship between the Euclidean versions
of these results and the affine versions. More precisely, we completely avoid using os-
cillatory methods, instead using methods such as Christ’s method of refinements in [1],
often complimented by additional techniques such as orthogonality arguments as in [3].
In several places, we modify the method of refinements to find the influence of lower-
dimensional curvature information (in the simpler cases, this is instead accomplished
with Minkowski’s inequality). Finally, for the cases where regions remain between the
Dendrinos-Zimmermann [4] results and conjecture, we alter the method of refinement to
exploit the geometric information of the surface.

In Sections 1.1 and 1.2, we present two versions of our main theorem, the former
written fully in terms of the Newton polytope, and the latter written more in terms of
the factorization of ¢, with notation similar to the results in [4]. Then Section 1.3 and
1.4 will give further detail into our techniques, along with an outline of our proof. One
additional key purpose of the techniques here will be to clarify the complex relationship

between the affine measure results of Oberlin [12] and Gressman [7], restated in Theorem



1.2.1, and the Euclidean or push-forward measure results proven here.

One hope is that the relationship between mixed-homogeneous polynomials and gen-
eral real analytic functions will allow for these methods to be greatly generalized. Addi-
tionally, some of the concepts demonstrated here can be applied to analyzing the effects
of curvature in a much broader class of problems. For example, in [13], which is a joint
work of the author and Stovall, these concepts are applied to analyzing the effects of

curvature in Fourier restriction.

In this article, we consider the averaging operator

Tf(z) = / f(a' —t, x5 —p(t))dt  where z = (2, 13) € R
[—1,1]2
where ¢ are polynomials satisfying the following definition:

Definition 1.1.1. A polynomial ¢ : R? — R is mixed homogeneous if there exists

K1, k2 € (0,00) such that p(c"ty,0"2ty) = op(t) for all o > 0.
To state our main theorem, we need some additional definitions.

Definition 1.1.2. : Let ¢(z1,2) = Zi{,agzo Cayan?1 257 be a mixed homogeneous
polynomial mapping of R? into R. We will denote the Taylor support of ¢ at (0,0), the

Newton polyhedron of ¢, and the Newton distance, respectively, to be
S(p) = {(a1,a2) € Nj : cay 0 # 0}
N(p) := Conv({(a,a2) + RY : (a1, a2) € S()});

d(p) :==inf{c: (c,c) € N(p)};

where Conv denotes the closed convex hull, and where (d(p),d(y)) is the intersection of

the bisetrix x1 = x5 with the Newton polyhedron N ().



Next, define pr; = ¢ — {all terms for which a; = 0}, and denote the z;-reduced

Taylor support of ¢ as

S(em) = {1, a2) € S(p) - en # 0},

which removes all z;-axis terms from the Taylor support of ¢. Under this definition,
the Newton polytope N (pr1) of pr1 is a simple translate of the Newton polytope of
0.,¢p. Let S(pgr2) be defined similarly, and denote the reduced Newton distance as
d(pr) = max(d(¢r1),d(pr2)), with pr defined accordingly. If d(vgr1) = d(¢r2), then

set (pr to be ppg;.

A mixed-homogeneous function ¢ will be said to be linearly adapted if every factor of
the form (zo — Az1), some A € R/{0}, has multiplicity less that or equal to d(y). By this
definition, if ¢ is mixed homogeneous but not homogeneous, then ¢ is already linearly
adapted. This ends up being equivalent to the definition given in [9]. For brevity the

proof of this equivalence is omitted.

Finally, let o(¢) denote the maximal multiplicity of any real irreducible (over C|zy, 25])

factor of ¢, and denote the height of ¢ by h(p) = max(d(y), o(p)).

Theorem 1.1.3. Let p(z1,2) : R? — R be a mized homogeneous polynomial, with
©(0) =0, Vp(0) = 0. If ¢ is homogeneous, we additionally assume that ¢ is linearly
adapted and that ©(z1, 29) # C(\i2z1 + Aazo)”, for any C € R, \; € C, J € N. Then T
is bounded from LP(R3) to LI(R3) in the restricted-weak sense iff p,q satisfy each of the

following conditions:

1 1
i< (1.1.1)
25 > 0= (1.1.2)



¢ 25 T (1.1.3)
P2 Sy~ W T crru i (1.1.4)
B oo F 2 R0 e (1.1.5)
et (1.1.6)

Remark 1.1.4. Since non-degenerate linear transformations preserve LP — L7 norms, up
to a constant, the assumptions that ¢ is linearly adapted and that ¢(0) =0, Vi (0) = 0

do not weaken the generality of the theorem.

Remark 1.1.5. Equations (1.1.4), (1.1.5), and (1.1.6) only become relevant if d(pgr) >

2d(p), h(p) > d(¢) + 3, or h(¢) > d() + 1, respectively.

Remark 1.1.6. The two cases not covered by our theorem are when, after a linear trans-
formation, ¢ = 0 or ¢ = 2/, J > 2. In the former case, it is well known that 7T is
bounded if and only if p = ¢. In the latter case, it was proved in [6] that 7 maps L?

boundedly into L9 precisely when p, ¢ satisfy all of the following:

1

—1 J+1°

< >2L > >
< > 5 > >

Q=

=
= =
=
Q=
SR
D=

This can also be shown with a proof similar to that in Subsection 4.2.1, namely, by
interpolating L3 — L3 and L™ — L™ bounds after a dyadic decomposition. For brevity

this proof is omitted.

Acknowledgements: The author would like to immensely thank his advisor Betsy
Stovall for proposing this problem and for her advice, help, and insight throughout this
project. The author would also like to thank S. Dendrinos for sending me an early

preprint of [4], and D. Miiller for his suggestion to rewrite the results in terms of the



Newton polytope. This work was supported in part by NSF DMS-1600458, NSF DMS-

1653264, and NSF DMS-1147523.

1.2 Reformulation

In this section, we will state (Theorem 1.2.4) an alternate formulation of Theorem 1.1.3,
and prove in Proposition 1.2.5 that these theorems are equivalent. By way of background,
we restate a result of Gressman, Theorem 3 of [7]. For ¢ : R~ — R, and x € R?, define
the affine averaging operator A as
Af(@):= [ f(@ = t,wa = p(t)| det(D?p) |7k,
Ra-1

where D?¢p is the Hessian.

Theorem 1.2.1 ([7]). Let ¢ : R — R be a polynomial. Then A extends as a bounded
linear operator from L& (RY) to LY (RY), with operator norm bounded by a constant

depending only on the dimension d and the degree of the polynomial ¢.

In fact, the restricted strong type version of this theorem, due to Oberlin ([12]),
suffices for most of our applications. We will use this result extensively in proving

Theorem 1.1.3.

Definition 1.2.2. Let k = (1, k2) € (0,00)?, and let ¢ : R? — R. We say 1 is k-mized

homogeneous if, for every o > 0, ¥(c"'- 0"2-) = g (-, ).

If ¢ is mixed-homogeneous, there exists a k = (K1, k2) € (0,00)? such that ¢ is

r-mixed homogeneous. If ¢ is a not a monomial, this & is unique, while for monomials,



uniqueness holds under the additional assumption k; = ko. We denote this unique K as

K. We define homogeneous distance as

dy, = dp(p) = —

K1+K2

Finally, there exist unique r, s, m satisfying ged{r, s} = 1 such that k, = (=, =).

m’m

The mixed-homogeneous polynomial ¢ may be expanded as ¢ = Zﬁf: 0 ] T

Y

for some J, K, ¢;. We observe that

di(p) = 25T

By the Fundamental Theorem of Algebra, we can factor ¢ as
m2
(21, 25) = C2t 2 H(z§ — X\2))%, with A real iff j < my < 1y, (1.2.1)
j=3

For brevity, we refer to the irreducible factors 21, 29, 25 — A;27, simply as factors. The

homogeneous distance dj; can be rewritten as

dn — sU1+rin4rs Y N
h = r+s :

Consider w := det(D?p). As we will show in Lemma 2.1.5 and (2.1.2), if d, # 1, w

is %—mixed homogeneous, so w is mixed homogeneous with the same r, s, and its
1

mixed homogeneity satisfies
dw = dh(W) = th — 2.

If d, =1, w is constant (see (2.1.1)), and we can say d, = 0. Thus, in either case, we

can factor w as

ma2
w(z1, 22) = Cz{* 257 H(z§ — X\jz1)", with A; real iff j < my < mo. (1.2.2)
=3

We will use the following proposition from [8], which follows from simple algebra:



Proposition 1.2.3 ([8]). Let ¥ be a mized homogeneous polynomial as in (1.2.1) or

(1.2.2), and denote d as the homogeneous distance of 1.

1. If min{r, s} > 1 then any irreducible factor of ¢ the form (z5 — A\z]), X # 0 has

multiplicity strictly less than d.

2. If ¥ has a factor of multiplicity greater than dy, then every other factor of 1 has

multiplicity less than dy.

Let T denote the maximum multiplicity of any real factor of w, i.e. T = max{vy, 5 }U
{n; : 5 < my}. As we will see in Proposition 2.1.6, our assumptions imply that w # 0,
so T is well-defined.

Suppose T' > d,. By Proposition 1.2.3, there exists a unique factor of w, denoted
fr, having multiplicity T". If fr is linear, let v denote its multiplicity in ¢, and if fr is
nonlinear, let N denote its multiplicity in ¢. If fr is linear and v = 0, interchanging

indices allows for the assumption fr(z) # 21, so we may expand
0(2) = 2] + 27" fif + O(fit5), some | > 1,

and in any such case where T' > d,,, fr is linear, and v = 0, we set A := [s.
If we are in any case such that v is not defined in the preceding (likewise A, N) we

set it to be 0. We use the convention that % = 00.

Theorem 1.2.4. Let ¢(21, 22) be a mized homogeneous polynomial, with vanishing gra-
dient at the origin, and not of the form (Mz1 + Xoz2)’, \; € C, J € N. Then for

1 <p,q<o0, T is of restricted-weak type (p,q) iff the following hold:

< >

Q=

1
2 35

Q=
B w

—2 (1.2.3)

Q=
SR
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! (1.2.4)
é > zla _ VLH (1.2.5)
LAl o P | (1.2.6)
R R I RS T 127)
l>1_1 (1.2.8)

Proposition 1.2.5. Theorems 1.1.3 and 1.2.4 are equivalent.

Proposition 1.2.5 will be proved in Proposition 2.1.11.

1.3 Overview

Our strategy will be as follows: we will use the mixed homogeneity of ¢ (and by im-
plication that of the Gaussian curvature, which is comparable to w := det(D?%p)) to
decompose [—1,1]% into dyadic level-set “strips” on which |w| &~ 277, and further de-
compose those strips into dyadic rectangles (after a possible coordinate change). On
any such strip or rectangle, we will have three useful restricted weak type LP — L9
estimates: For p = ¢, Young’s inequality implies L — L? bounds with constant equal
to the measure of the strip or rectangle. Since w is nearly constant on each strip or
rectangle, Theorem 1.2.1 gives us L3 — L* bounds on each dyadic strip. And finally,
at (p,q) = (2,3), we will use bounds for averages on curves in R? ([11] and later [7]),
and Minkowski’s Inequality with Young’s Inequality or a variant of Christ’s method of

refinements to achieve either strong-type or restricted-weak-type versions of L — L3

bounds. In some cases, by summing over the dyadic regions, summing the minimum of
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the L5 — L* the L> — L, and the L2 — L?® bounds, we can achieve restricted-weak-
type bounds for 7 in the optimal range. We sometimes also utilize the scaling symmetry
of mixed-homogeneous polynomials in this argument, as in Prop 2.3.4. However, these
methods are not always sufficient. Two types of obstructions can arise.

One issue is that degeneracies sometimes lead to a logarithmic factor in the LP — LP
bounds on the relevant strips. To remove the logarithmic factor, we use an orthogonality
argument incorporated into Christ’s method of refinements, found in [3].

A more delicate issue arises when w = det(D?y) possesses a factor fr of high multi-
plicity T > d,,, but all components of Vy lack fr as a factor. This causes the portion
of the surface over our dyadic “rectangles” to have a structure more closely resembling
a helix than a parabola or hyperbola. As a consequence, the image of any such dyadic
“rectangle” under V¢ is highly non-convex. We can beat the above mentioned interpo-
lation argument by quantifying this non-convexity. We use a variant of Christ’s method
of refinements [1], to show that non-convexity makes it impossible for L>* — L quasi-
extremals to also be Ls — L* quasi-extremals, and we interpolate after quantifying this

trade-off. Further detail will be provided in the next section.

1.4 Outline

We first divide into the cases T' < d,, and T' > d,,, and we further break the case T' > d,,

into the following cases:

Case(v): fr linear and v > 1

Case(A):  fp linear and v =0, A > 2 | ¢ Rectangular Cases

Case(N):  fr nonlinear and N > 2
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Case(i):  frlinearand v =0, A =1

Case(iia):  fr nonlinear and N =0 Twisted Cases

Case(iib):  fr nonlinear and N =1

/

When T' > d, and fr is linear with v = 0, A cannot be 0, so this decomposition
covers all cases where 7' > d,,. As we will see in Corollary 2.1.4, in cases (v), (A4), and
(N), T satisfies T =2v —2, T = A—2, and T = 2N — 3, respectively. In these cases,
on a local scale, the graph of ¢ will resemble a rectangular piece of a paraboloid or a
saddle. We classify these three cases as Rectangular Cases. In cases (i), (iia), and (iib),
on the other hand, 7" has no such restrictions, and on a local scale the graph of ¢ has a
helix-like structure. These cases will be denoted as Twisted Cases.

In Section 2.1, we perform prove algebraic lemmas relating ¢ and its derivatives, show
that the hypotheses of Theorem 1.2.4 imply that w # 0, show that if ¢ is homogeneous
and T' > d,,, it can only belong to case(v), and prove that the two versions of our main
theorem, Theorems 1.1.3 and 1.2.4, are equivalent. Section 2.2 is dedicated to proving
that every condition stated in Theorem 1.2.4 is necessary. In Section 8 we exploit the
mixed-homogeneous scaling symmetry of ¢ to shorten the interpolation arguments in
numerous later sections.

In Section 2.4, we make a finite decomposition of the region [—1,1] into neighbor-
hoods of each irreducible subvariety of {w := detD?*p = 0}. This induces a finite
decomposition of the operator. The most troublesome of these neighborhoods, which we
denote by Ry, is the neighborhood of the subvariety {fr = 0}. When T' < d,,, we set
Ry = 0.

We begin Section 3.1 by showing in Lemmas 3.1.2 and 3.1.3 that to prove Theorem
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1.2.4, it suffices to prove that T is of rwt (py,,q, ), for a specific (py,, g, ) satisfying
¢v, = 3Pw,, and in cases (N) and (A), to additionally prove that T is of 1wt (pu,, ¢v, ), for
a specific (pu,, qv,) satisfying p;, < gy, < 3py,.

Under these decompositions, our proof of Theorem 1.2.4 reduces to proving each of

the following;:
(I) Ti—11)2\&y is of restricted-weak-type <2th+27 2dy, + 2).

(I) In the Rectangular Cases, Tg, is of restricted-weak-type (52, T + 4).

(III) In the Twisted Cases, Tg, is of restricted-weak-type (Qd’§+2, 2d, + 2).

(IV) In Cases (N) and (A), Tg, is of restricted-weak-type (py,, v, )-

In Section 3.1, we prove (II) and, when T # d,,, we prove (I). In Sections 3.2 and
3.3 we finish the proof of (I) when T" = d,, by incorporating an orthogonality argument
into Christ’s method of refinements, as in [3]. We then prove (III) in Section 3.4, by
analyzing the “twisting” of the graph of ¢ by quantifying the nonconvexity of the image
of local regions under V¢, and using those calculations with a variant of the method of
refinements.

Finally, in Section 4.1, we turn our attention to proving (IV). We first begin by
decomposing cases (A) and (N) into subcases, based on the location of (Zt, i)

In Section 4.2, we complete the proof of (IV), by going through each subcase and
proving that Tg, is of restricted-weak-type (pu,,¢y,). In each subcase, our argument
begins by computing restricted-weak-type (%, 3) bounds over small regions. In several

of the subcases of Case (N), this computation also involves a variant of the method of

refinements.
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We then proceed to interpolate the restricted-weak-type (3,3) bound with one or
both of the restricted-weak-type (0,0) and restricted-weak-type (3, 4) bounds to achieve
our result. However, one of the subcases, denoted (N;i‘glp), relies on a more complex
argument that involves incorporating an orthogonality argument into the method of

refinements, similar to the argument in Section 3.2.

1.5 Notation

For the operator T, most of our results will be bounds of restricted-weak-type. 7T is of

rwt (p, ¢), with bound C, . iff for all measurable sets E' of finite measure,
1
ITxElLow < CpqullXellr = CpaulEl7,

or, equivalently, if for all F, F finite,

1 _1
(Txe,xr) < Cpgullxellolxell e = Cpqul EI71F|" 5.

We will sometimes use the notation 7 (E, F') := (T xg, Xr)-

We define m; and 7, to be the projection onto the first and second coordinate in R2,
respectively, so that (21, 22) = 21. And for G € R? we denote (G) to be the span of
G, which would be a line, whenever G # 0.

The notation Conv(S) will denote the closed convex hull of S, while 1(Conv(S)) will
refer to the Lebesgue measure of the convex hull.

To represent mixed Lebesgue norm spaces, we will use the notation

1E (s t)llzg, 2, Leceesy) = N (s Ol zeges) | o s er2) o aemy

up,u3
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We will sometimes need to decompose the operator 7. If R C R? is a measurable

set, we define
Trf(z) = /Rf(:v’ —t,x3 — p(t))dt.

Also, unless otherwise stated, we will use A < B to imply that there exists a constant
C, uniform except for a possible ¢ dependence, such that A < CB, and similarly for
2. If we are incorporating extra dependence, for instance e-dependence, we will use <..
Finally, A ~ B is equivalent to A < B and A 2 B. By (A,B) = (D, E), we mean
A~ D and B~ E. Also, C will be a constant that can change from line to line, which

will depend only on ¢ unless otherwise stated.
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Chapter 2

Setup

2.1 Algebraic Lemmas

Our first few lemmas will connect the form that ¢ and w take.

Lemma 2.1.1. If ¢ = z{ (2, — 2))V + O((22 — 2)N' 1Y), some J >0, N' > 2, andr > 2,

then w = C22T772(zy — 212V =3 1 O((2 — 27)?N'72), some C # 0.

Lemma 2.1.2. If o = z{ +c2{ 725 + O™, some ¢ # 0 and 1 > 1, with Is > 2 and

J > 1, then w = C22 72572 1 O(271), some C # 0.

Lemma 2.1.3. If o = 2725 +O(z' ), some J,v > 1, thenw = C22/ 722224 O (2271,

some C # 0.

Corollary 2.1.4. : In Case(N), T =2N — 3, in Case(A), T = A —2, and in Case(v),

T=2v—2.
Next, we will prove each of these lemmas.

Proof of Lemma 2.1.1. Making a change of variables, we set © = z; and y = 25 — 27.
Then 92 = 07 + 22> 20, — 2ra" 'Oy — r(r — 1)2" 29, 07, = 0., and 0., =

—1492
Ory — 12" 0, 80

w = 020020 — (Onyp)?] — r(r — 1)’ 20,002¢.
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If o = 27y™ + O(yN*!), with N’ > 2, then the terms 92092 and (Oyy¢)* are both

O(y*N'=2), while the final term
JZT_QaySOa;(,O _ N/2<N/ o 1)x2J+r—2y2N’—3 + O(y2N’—2)'

Thus,

w = Cg?/Hr=22N' =3 O(y2N/_2), some C' # 0. O
Proof of Lemma 2.1.2. For ¢ = z{ + cz{ " 2bs + O(51),
w = 02,00%,¢ = (0:125)".
The term (0,,.,0)? is O(2272), while
02 902 0 = cJ(J —1)ls(ls — 1)27" 722872 + O (5.
Since ls > 2, and since V(0) = 0 implies that J > 2,
= C2/ 72272 4 0251, some C # 0. O
Proof of Lemma 2.1.3. For ¢ = 2]z + O(25'*Y), with J,/ > 1,
w = 02,90,0 — (0ey20)".
Looking at each term separately,

(Oazap)® = [V 12 1P+ O,

02,020 = [J(J = D)2V (V' = 121251+ O(=5"7).
Thus,

w=[1—v —JJV2 222 L 02

— C2277227 2 L O(22”71), some C # 0.0
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Proof of Corollary 2.1.4. In Case(N), min{r,s} = 1 by Prop 1.2.3, so after rescaling
© can be written as in Lemma 2.1.1 with N = N’ > 2, implying that T = 2N — 3.
In Case(A), after rescaling ¢ can be written as in Lemma 2.1.2, with A = [s > 2.
Additionally, if J were less that 2, then the hypothesis Vip(0) = 0 of Theorem 1.2.4
wouldn’t be satisfied. Thus, by Lemma 2.1.2, T' = A — 2. In Case(v), after rescaling,
¢ can be written as in Lemma 2.1.3 with v = v/ > 1. Additionally, if J = 0, then
¢ = 2¥, violating the hypothesis V(0) = 0 of Theorem 1.2.4. Thus, by Lemma 2.1.3,

T =2v—-2. U

Next, we look at the relationship between the homogeneous distances for ¢ and its

derivatives.

Lemma 2.1.5. The homogeneous distances of ¢ and its derivatives obey the following

relations: d, = 2d, — 2, dp(0,,0) = dy, and dp(0.,p0) = d n

_ S _
r+s’ h r+s°

Proof. There exists some m such that o@(zy, 25) = p(om 2y, 0m z). Taking derivatives,

+ - —_ = —_
0202 (21, 22)0% p(21, 22) = 0% 02 (o 21, 0m 29) 02 p(0m 21, T 23)

st =R .
0—2(8212290(Z17 22))2 = 02 m (8212250(0—mzla sz?))z‘

Putting these together, and using dj, = ;7%
2 S T
o?w(z1, 29) = ctmw(omz, om2). (2.1.1)

2
When d;, # 1, we can change variables using v = o> to get

yw(z1, 29) = w(y’”@é/dh) 21,y PC=2A) Z9). (2.1.2)

Thus, d, = % =dp(2 - %) = 2d;, — 2. And when d;, = 1, w is invariant under

scaling, implying that w is constant and d,, = 0. [
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Next, by symmetry, it suffices to show the claim for d(0.,¢) = d, — . Taking a

derivative, we get

0-82190(217 22) - U%azlgp(U%Zl, 0'%22),

s m—s
m = J m

1—

which becomes, under the change of variables v = o

7021 90(217 22) = 82190(’7ﬁ217 VmZQ)

Thus, dn(9:,) =

=d — and therefore by symmetry, d,(0.,¢) = dp, — ——. O

S—H" + ’ s-‘,—r

Next, we want to show that if w = 0, then ¢ does not satisfy the assumptions of

Theorem 1.2.4.

Proposition 2.1.6. If ¢ is a mized homogeneous polynomial with V¢(0) = 0 and
= 0, then @ is a constant multiple of z{, zj, or (z1 + Az2)?, with A € R and J € N.

Consequently, in Theorem 1.2.4, w s never identically 0.

Proof. Exclude the aforementioned cases. Then after possibly swapping z; and z, and
rescaling ¢, either

(1) o = 2/ 25 + O(z5 ™), some J,/ > 1, or

(2) @ = 2/ + ezl als + O+

= Ozl 4 ezl 2k 4 O (), for some k, I, with C,¢,é # 0, and J, K > 2.
In case 1, by Lemma 2.1.3,
w = CZQJ 2 21/ 2 + O(Z%V_l) _—,,—é 0

In case 2, if max{ls, kr} > 1, then we can use Lemma 2.1.2. By symmetry, we need only

consider [s > 1. Then for some C' # 0,

LU—CZ2J Ir—2 ls 2—|—O( ls— 1)5_&0
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Lastly, if max{ls, kr} = 1, then ¢ is homogeneous and case 2 simplifies to

J—-1

cp—zl—l—clzl 29+ ...+ cCy_ 1z1z2 +ch2,W1thcl7£O

We want to show that if w = 0, then ¢ = (21 — A\23)7, for some \.

For later convenience, we will prove an even stronger statement here:

Lemma 2.1.7. Suppose that p = z{ + clz1 % 1z122 1y cyzy, with ¢; # 0,
and suppose that w = O(z) ). Then ¢ = (21 — A\z)’, with A\ = <, and consequently

w = 0.
Proof. Replacing ¢; with J\, we can write ¢ as
Y= zi] + J)\z L +02zi] 2z§ + ...+ 1z122 +ch2, with A # 0.

Since ¢ = (21 + A29)” produces such a ¢, with cy,...,c; fixed in terms of X\ and J, and

since detD?® = 0, it suffices to show that:

If w= O(zy "), then cy,...,c; are uniquely determined by A and .J.
Expanding, there exist functions fi x and fo x, for 2 < K < J, such that

J
(0200%,0) = Y [JK(J = 1)(K = D)e + foxc(J, N €2, ooy 1)) 2752252+ 0(2 )
K=2

and
J
(az1z2§0)2: Zfl,K(J,)\,CQ,.. Cr_ 1),2%‘] K-2 K 2_|_O( )
K=

so there exist functions f3 x, 2 < K < J, such that

J
Z J—1)( _1)CK_f3,K(J,)\,02,...,cK_l)]zf‘] K-2 K 2+(9( )

K=2
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Therefore, w = O(z) ') implies that, for K = 2,3, ..., J,

P f3,kx (S, A\, Cx 1)
K = TJKU-1)(K-1) °

and therefore inductively each cg is uniquely determined by J and A, and the Lemma

proof is complete. O
Then due to Lemma 2.1.7, the proof of Proposition 2.1.6 is complete. O

Corollary 2.1.8. Theorem 1.2.4 holds in the case d, = 1, and in the case dj, < 1,

Theorem 1.2.4 holds vacuously.

Proof. 1f d;, = 1, then w is constant by Lemma 2.1.5. If that constant is nonzero,
then Theorem 1.2.1 applies, while if w = 0, then Theorem 1.2.4 holds vacuously by
Proposition 2.1.6. If d, < 1, then d, < 0 by Lemma 2.1.5, implying w = 0, so again

Theorem 1.2.4 holds vacuously. O

Next, we show that homogeneous ¢ can only belong to to a couple cases of Theorem

1.2.4.

Proposition 2.1.9. If ¢ is homogeneous, and ¢ satisfies the hypotheses of Theorem
1.2.4, then either T < d,, or ¢ belongs to case(v). Consequently, in case(A) and twisted

case(i), we have max{r, s} > 2.

Proof. If ¢ is homogeneous, then every factor of w is linear. Thus, when T' > d,,, ¢ can
only belong to case(v), case(A), or twisted case(i).
If ¢ belongs to case(A), then after a linear change of coordinates and rescaling,

0 = 2] 4+ 272 + O, A > 2,¢ # 0, and by Lemma 2.1.2 or Corollary 2.1.4,
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T =A-—2. Also, dw:2dh—2:2%—2:J—2. But since ¢ # 0 implies that A < J,
then T" > d,, is impossible, resulting in a contradiction.

If ¢ belongs to case(i), then after a linear change of coordinates and rescaling, ¢ =
2zl 4zl + O(22), ¢ £ 0, and w = CzM2l + O(2 ™), some M,C # 0. Then
T>d,=2d,—2=24—-2=J-2,50T>J—1. Thus, w= O(z5 '), and by Lemma

217, w=0and p = (2 + %Zz)J, so  violates the hypotheses of Theorem 1.2.4. O

Remark 2.1.10. The argument for case(A) in Proposition 2.1.9 also implies that if ¢ =
2] ez - O, with Is > 2, and 2, has multiplicity 7' = d,, in w, then J = Is

and p = 27 + czy, some ¢ # 0.

We will now complete the proof of Proposition 1.2.5.
Proposition 2.1.11. Theorems 1.1.3 and 1.2.4 are equivalent.
We begin with three technical lemmas.
Lemma 2.1.12. The Newton distance, d(y), equals max{v, dy}.

Proof of Lemma 2.1.12. First, the Newton diagram of a mixed homogeneous polynomial
will have at most 3 edges: a horizontal edge y = 7, corresponding to the multiplicity
of z5 in ¢, a vertical edge x = 1y corresponding to the multiplicity of z; in ¢, and an
edge corresponding to the mixed homogeneity of ¢, which if extended into an infinite
line, would intersect the bisectrix at (d,ds). (One can check that ¢(zq, z) 4+ 2% 29 is
still mixed homogeneous to verify this.) Thus, since the bisectrix intersects the Newton
diagram at (d(¢), d(¢)), then d(¢) = max{i, s, dp}.

If 71 > dj,, then by Lemmas 2.1.3 and 2.1.5, z; has multiplicity greater than d,, in w,

so by our definitions, v = ;. Similarly for 7,. Likewise, if v > dj,, then after linearly
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adapting ¢ as is assumed by Theorem 1.1.3, v will be the multiplicity of either z; or 29

in ¢, so v =10, or v="1y Thus, d(y) =max{, in,d,} = max{v,d,}. O
Lemma 2.1.13. If max{A, d(¢r)} > 2d(p), then A = d(pg).

Proof of Lemma 2.1.13. Suppose d(¢r) > 2d(p). Then, since d(pg) > d(¢), and there-
fore by Lemma 2.1.12 d(¢g) > dp,, the bisectrix must intersect the Newton diagram of
R on a vertical or horizontal edge, and so we have that ¢ = c127 +cp 2K 258 4 o(2JPR)),
some J > 1, K >0, ¢1,cy # 0, up to a swapping of z; and z,. Then, by Lemma 2.1.2 and
Lemma 2.1.5, since d(pgr) > 2dp,, z2 will have multiplicity greater than d,, as a factor of
w, so by the definition of A, d(pgr) = A.

Similarly, suppose A > 2d(¢). Then by Lemma 2.1.12, A > 2d, so by Lemma
2.1.5, A—2 > d,. Since A # 0, then after a possible swap of z; and z, and rescaling,
0(2) = 2{ + 2K f + o(f#), some J > 1,K > 0,¢ # 0 by the definition of A, where
fr # 23 is linear. Then, after a linear transformation, we can use Lemma 2.1.2 to find
that fr has multiplicity greater than d,, in w. Then ¢ belongs to Case(A), so by Lemma
2.1.9, o cannot be homogeneous, so fr = 2, up to a constant. Then, prs = 2K 24 +0(23}),
so since A > dj, the bisectrix will intersect the Newton diagram of ¢rs on a vertical or

horizontal edge, at (A, A), implying that d(pgrs) = A. Thus, d(pr) > A > 2d(p), so by

the first part of the proof, d(pr) = A. ]
Lemma 2.1.14. If max{N,h(p)} > d(p) + 3, then N = d(y).

Proof of Lemma 2.1.14. Suppose h(p) > d(p) + 3. Since h(p) = max{d(¢),o(¢)}, this
implies that h(p) = o(p), the maximal multiplicity of the real irreducible factors of (.
Since all the linear factors of ¢ have multiplicity not exceeding v, and therefore not

exceeding d(¢) by Lemma 2.1.12, any factor associated with o(yp) must be nonlinear.
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Since d(p) > dj, by Lemma 2.1.12, then by Lemma 2.1.5, k() > %3 Since Vip(0) = 0
and ¢(0) = 0 imply that d(¢) > 1, then o(p) = h(p) > 1. Additionally, since d(¢) > dj,
then o(y) > dp, so by Proposition 1.2.3, min(r, s) = 1. Therefore, Lemma 2.1.1 can be
applied to ¢ with h(p) = N’, implying that the factor associated with h(y) will have
multiplicity greater than d,, in w, so by the definition of N, h(p) = o(p) = N.
Similarly, suppose N > d(¢)+3. Since N > dj, by Lemma 2.1.12, then by Proposition

1.2.3, N is the highest multiplicity of any real irreducible factor of ¢, so N = o(p) =

h(y). O

Now we turn to the proof of Proposition 2.1.11 by proving Proposition 1.2.5:

Proof of Proposition 1.2.5. Inequality (1.2.3) is equivalent to the validity of (1.1.1) and
(1.1.2). By Lemma 2.1.12, the validity of (1.2.4) and (1.2.5) is equivalent to (1.1.3).

If max{A,d(¢r)} < 2d(¢), then by Lemma 2.1.12, (1.2.6) follows from (1.2.3),
(1.2.4), and (1.2.5), while (1.1.4) follows from (1.1.1), (1.1.2), and (1.1.3). If max{ A, d(¢gr)} >
2d(y), then by Lemma 2.1.13, A = d(pg), in which case (1.2.6) is equivalent to (1.1.4).

If max{N,h(p)} < d(p) + i, then inequalities (1.2.3), (1.2.4), and (1.2.5) imply
(1.2.7) and (1.2.8), while (1.1.1), (1.1.2), and (1.1.3) imply (1.1.5) and (1.1.6). By
Lemma 2.1.14, if max{N, h(¢)} > d(¢) + 3, (1.2.7) is equivalent to (1.1.5) and (1.2.8)
is equivalent to (1.1.6).

This completes the proof of Proposition 2.1.11, and likewise Proposition 1.2.5. [
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2.2 Necessary Conditions

The necessity of each bound in Theorems 1.2.4 and 1.1.3 was proven in [4] for the strictly
mixed homogeneous cases, with proofs that can also be applied in the homogeneous cases,
and by [5] in the homogeneous cases. For completeness, we will include similar proofs

here.
Necessity of ¢ > p: Let E = [-3K,3K]? and F = [-K, K]3, where K >> 1. Then
|E| ~ |F| ~ K3, and on xr, Txg ~ 1. Then T being of rwt (p, q) requires that

1_1

~avgrT xe S |E|%|F|7% ~ K26 d),

implying 1 < K*570). Since K can be taken to be arbitrarily large, this implies that
0< zl) - é, which simplifies to

q=p.

Necessity of ¢ < 3p: (Note: By duality this will also prove optimality of the line

Let E = [—1,1]? X [p — Ce, o + Ce] and F = [—¢,€]®, where € << 1. Then |E| ~ ¢,
|F| ~ €3, and since |V¢| is bounded on [—1,1]?, there exists a C' large enough, indepen-
dent of €, so that on xr, Txg =~ 1. Then T being of rwt (p, ¢) requires that

1 1_3

1~ ave, Tas S B[P |F| 7~ eva,

implying 1 < ev~a. Since e can be taken to be arbitrarily small, this implies that

0> % — %, which after simplifying becomes

q < 3p.
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Necessity of the Scaling line % > = — FIH: Let S be a hypersurface in R3, and Sy be

1
P
the portion of the hypersurface over region R € R% Denote Tx as the averaging with
hypersurface Sg. By the structure of T, if R O R, then Trxrg > TrXE, S0 the (strong
or restricted-weak-type) bound of 7 cannot increase as R increases.

Denote ol as [—0", "] x [—0"?,0"2]. Then by the upcoming Lemma 2.3.3 (letting

|7 1lp.q denote either the strong or restricted-weak-type bound at (3, 1)),

1,1 1 1
pa =0 o R ],

1751

dy +1
Then, since ol D [—1,1]? for o > 1, we need o &

11 1
(5—;‘*‘@)

> 1 for ¢ > 1, implying

that boundedness at (%, %) requires

1_
D dp+1°

Necessity of% > % — in Case(v): In this case, it suffices to consider ¢ =

— v+1
z{ 25 + O(25). Then, choose E = [—3,3] x [—3¢,3¢] x [-3¢”,3¢"] and F = [-1,1] x
[—€, €] X [—€”, €], where € << 1. Then |E| =~ |F| ~ ¢"*! and on xr, Txg ~ €. Then T

being bounded for ( %, %) requires that

(r+)(E-1)

e~ avgrT xe S |E]%]F]_é ~e€ ,

(r+1)(2 -1

implying € < € »~a). Since € can be taken to be arbitrarily small, this implies that

1>w+ 1)(% — %), or after simplifying,

1
Z - v+1°

Q=
SR

Necessity of

1
q
and write p = 27 (20 — A27)N + O((22 — Az])V 1), Then, choose E = [—3, 3] x [-3), 3)] x
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[=3eV,3eN] and F = [—1,1] x [-\, A] x [—€V, €V], where € << 1. Then |E| ~ |F| ~ €V,

and on g, Txg ~ €. Then T being bounded for (%, %) requires that
exavgpT xe S |E| |F|~ i eN(%_%),

implying e < eNG=3). Since ¢ can be taken to be arbitrarily small, this implies that

1>N ( ) or after simplifying,

>

Q=

1
-

SR

>N_l
— N+1p +1

Necessity ofé > %—i;% — N—+2 in Case(N): (By duality the necessity of

1
q
follows.) In this case, by Prop 1.2.3, we can assume s = 1 and write ¢ = 27 (29 —
AZD)N + O((z2 — A2))NT1). Then, choose E = [3,1] x [Az] — 3¢, Az] + 3¢] x [—3eV, 3¢V]

and F = [—¢,€]? x [—€V, V], where ¢ << 1. Then |E| ~ V! |F| ~ V72 and on yr,

Txe =~ €. Then T being bounded for (i, %) requires that

e~ avgpTxe < || |F| 1 a2 V05~ (V42)5

(N+1)%7(N+2 )L

implying € < € a. Since € can be taken to be arbitrarily small, this implies

that 1 > (N + 1)217 — (N—i—2)$, or

1< N+11 1
¢ 2 Ni2p T e
Necessity of L> 2AA_J-111113_W in Case(A): (By duality the necessity of L > A:fl 1

follows.) In this case, it suffices to consider ¢ = 2/ + 2/ "z + O(z AH), A > 2.
Then, choose E = [3,1] x [=3€,3¢] x [2{ + 2] 728" — 3eA,2{ + {7724 + 3¢4] and
F = [—ed el x [—¢, €] x [—€4, €], where € << 1. Then |E| ~ AL |F| =~ 24+ and on

Xr, Txe =~ €. Then T being bounded for (l l) requires that

e~ avgpTxe S |E|%|F|‘% ~ fATDE-@ATD
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(A+1)%—(2A+1)%

implying € < € . Since € can be taken to be arbitrarily small, this implies

that 1 > (A+ 1) — (2A+ 1), or

2.3 Scaling Symmetries

When a vertex of the polygon arising in Theorem 1.2.4 occurs on the scaling line % =

% — d_+1’ the mixed-homogeneity of ¢ and scale-invariance of 7 can be exploited as

follows.

Let RCR? f:R® = R, k =Ky, and 0 > 0. We will use notation
Ry o = {(0"21,0"29)|(21, 22) € R}, foleyeye) = f(a"™- 0™ o). (2.3.1)

Definition 2.3.1. Let k = (k1, k2) € (0,00)?, and let ¢ : R? — R. We say ¢ is k-mized

homogeneous if, for every o > 0, ¥(c"'-, 0"2-) = g (-, ).
Definition 2.3.2. R C R? is k-scale invariant if R = Ry for all o > 0.

Lemma 2.3.3. Let R C R?, let k = Ky, and let 0 > 0. Let |||, refer to either the

strong-type bound ||-||Lo—ra or the restricted-weak-type bound ||-|| o1 race. If | Trlpq <

0o, then |[Ta,llpg = o a5 3 T,
Proof.
Trfs == Tr[f(0"" -, 0", 0)]
/f o” .T — Hlt ) O'HZ‘TQ — (O'Hztz),(fﬂfgg — gO(O'mtl,O'IQtQ))dtldtQ

= g (Fm1th2) / (o™ 21— uy, 0™y — up, 013 — p(ur, ug))durduy
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= a_(mj%ﬂ(ﬂ%m,af)(lf“lxh "1y, 003) = U_(Hﬁm)(ﬁ%n,of)ff'

Then, by scaling,

itk (K 1+l€2+) K1+kK
o ( 1+ 2)0— ||7§%K,of||Lq(R3 = ( ot 2)||<TRK,,O'f)U||Lq(R3)

= [|Tr(fo) || Lagrs)

< N Trllr—rall foll ooy

(“1“'724')
=0 | Trll Lozl f]l v (R3)>

and by looking at f that are near-extremal, we get, for ||Tg||Lr—re < 00,

(mrro)1+ L - L1+ [2 - 1]

| TRy llLr 0 = 0 P || Trr—La

=3

= o TR o Lo

lel 1, 1
— 5 4 p+dh+1)H7§szan-

This proves Lemma 2.3.3 for strong-type bounds. Replacing |7 || Lo(rs) with || 7 f|| 1o, s,

and f with xg, we get an identical result for restricted-weak-type bounds. O

Proposition 2.3.4. Let kK = Ky,. Let R be k-scale invariant, and let v be -mived

11 _
homogeneous, some D > 0. Suppose that - = - — d_+1 and that (p—,q—) = (1-

9)(70L qi) + 9(;1 o), for some § € (0,1), for some (po,qo) and (pr,qr) where qio #

pio — dh1+1 and qil + pil — dh1+1' If TROgwlx1y 5 of rwt (po, qo) and (pr, qr), then Tr is of

rwt (s, gs)-

Proof. 1t suffices to consider qio < pio Py + and - L o> p—I—d—H Let T; := Tr A{ju|-1(j2i0 26+ Y)} -
Then 7; = 77]30{‘1/)|—1([1’2D))}m2j, by the scale-invariance of R and the mixed-homogeneity

of ¢. Thus, by Lemma 2.3.3,

TH(E, F) S min{2/ 6 G om0 | B[ | P50, 0 Gror m| g | ),
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Then, interpolating,

Ta(B, F) £ 3 min2! 0 oot )| B Y1 o0 3 ) ppar | ) ).
J

<P1 l)dhlJrl+p01q[ ﬁ 1_(% 1)dh1+1+q11po ﬁ
~ |E| (g7 —p7) (a5~ g) |F| (ar—57) (a5 55)
Thus, T is of rwt (pg, gs) for
. (Al tp—a (Al i+l L
— (2ro dp+1  poar doPr 190 4r’dpt+l  aypo  doPr
(p57 qs> - ( (E,pi) 77%) ) (E,L) (f,%) )7 (232)
the point on the scaling line %1 ]lj — d— directly between ( ' L) and (pil qi]) O
There are three cases where we will use this result:
11y _ (31 1 1Y aaticfies L — 3
Case 1: (5, o) = (1, 7), and (pz o) satisfies - = =.
In this case, the point (L qis) is the intersection of the lines % = g and scaling
N N | 1 1y _ (_3 1y _ (_3 1 -
line ; = & — 777, namely (ps <) = Gi13 32.53) = (53> o.51), using the fact that
d, = 2dj, — 2.
11y _ (21 11 _ 2
Case 2: (-, =) = (5,3), and (-, .-) satlsﬁes o = o

In this case, the point (LS é) is the intersection of the lines ]lj = % and scaling line

11 1 L) = (2 :
111 namely (ps qs) = (dh+1’ dh+1)'

Case 3: (l q%) = (2,1), and (i qi) sat1sﬁes -2

Here, by simplifying (2.3.2), (L qi) simplifies to

2 2\ 3—%+$(dh+1) 1—%+é(dh+1)
(p_s’q_s) = (I=2)dn+1) (1= 2)(dn+1) )
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Additionally, using identity d, = 2d;, — 2, we can rewrite pis as

1 3=t - (dotd)

a1
- 2
Ps (1= 2)(det4)

(2.3.3)

2.4 Decomposition

Our goal in this section will be to decompose [—1,1]%, and hence our operator T[_q jz,
around the factors of the determinant Hessian w. Since w is mixed homogeneous, with

homogeneous distance d,, = 2d, — 2,

M3
w(z1,29) = Czy* 257 H(ZS — Aj21)", with A; real iff 7 < My, some M; < M.
=3

Let € > 0 be sufficiently small. We use the following covering of [—1, 1]*:

Rj = [-1, 12N {|z5 — \j27| < €|z1]"}, 7 = 3, ..., My (each real \;);
Ry :=[-1,1]2 N {|22|® < €|z1|"} if 1o # 0, and Ry := () otherwise;
Ry :=[—1,12 N {]21|" < €|z2|*} if 11 # 0, and R; := () otherwise;

Ro = [-1,1"\{UIZ" R}

Sometimes, especially when we have a vertex on the scaling line % = é — ﬁ, it will

be more useful to have this decomposition extended to all of R?:
RS = {]z5 — N\;j27| < €|lz1]"}, 7 =3, ..., My (each real \;);

RS = {|2|® < €|z1|"} if vy # 0, and RS := () otherwise;

RS = {]z1|" < €|z2]*} if 1y # 0, and R := () otherwise.

These R are k,-scale invariant, which will allow us to apply Proposition 2.3.4. By

Proposition 1.2.3, when T' > d,, there exists a unique index jo such that either jo € {1,2}



and v, > d,, or jo > 3 and nj, > d,. We set

Ry = Rj, and R :=Rj.

when T' > d,. When T < d,,, we set Ry := () and RS := 0.

32
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Chapter 3

First Relevant Vertex

3.1 First relevant vertex, Initial observations

Definition 3.1.1. A relevant vertez is a vertex (]l?, %) of the polygon described in The-

orem 1.2.4 that satisfies ¢ < p < q.

To prove Theorem 1.2.4, by Young’s Inequality, duality, and real interpolation, it
suffices to prove that T (F, F) < |E]% |F |% for all relevant vertices.

We recall from Section 1.4 that we can divide our problem into three broad cases:
the case T < d,,, the rectangular cases, and the twisted cases, and further decompose

the rectangular cases into Cases (v), (A), and (N).

Lemma 3.1.2. The polygon described in Theorem 1.2.4 has exactly one relevant vertez,

denoted (=, ), that lies on the line ¢ = 3p. If we are in the twisted cases, case (V),
Poy ' 4
v1 v1

orif T' < d,,, this is the only relevant vertex. In Cases (N) and (A), there exists exactly

and this additional vertex satisfies (=—, =) €

one additional relevant vertex ( ,
Pug * qug

m{(ov O>’ (%’ i)a (%7 %)}

€ L)
) )
Pug * Qug

This lemma follows by simple algebra with the boundaries in Theorem 1.2.4. For the

rest of Sections 3.1-3.4, we will focus on the first relevant vertex.
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Lemma 3.1.3. For the polygon described in Theorem 1.2.4, (pL L) = (2, )
Chl w w

7 quy

the twisted cases and case T < d,,. In the rectangular cases, (-, 1)

Poy’ o T+4> T+4/

Proof. In the case T' < d,, and the twisted cases, (p,,, G, ) lies on the intersection of the

curves ¢ = 3p and i = ]l? — ﬁ, and since d, = 2d, — 2,

1 1\ _ 3 1 _ /.3 1
(1717 a) - (2dh+2’ 2dh+2) - (dw+4’ dw+4)’

and

In Case(v), (pu,, G, ) lies on the intersection of the curves ¢ = 3p and % = #17

1
p
since T' = 2v — 2,

1 1 _ 3 1 o 3 1
G o) = @ wm) = (7 7))

In Case(A), (pu,, G, ) lies on the intersection of the curves ¢ = 3p and % = 2’?4%11% — ﬁ,

and since T'= A — 2,

1 1 _ 3 1 _ 3 1
(p'Ul ) E) - (A_—|—2’ A_—&-2> - (T_+47 T_+4)’

N+11 1

In Case(N), (pu,, v, ) lies on the intersection of the curves ¢ = 3p and % = Nizp — Ne3

and since T' = 2N — 3,

(E’ E) o <2N+1> 2N+1> - <T_+47 +4)- O

This lemma leads to the following proposition, whose proof will occupy the next 3

sections:

Proposition 3.1.4. The operator Tg, is of rwt (d“;A‘,dw +4) when j = 0 or when n;
(likewise v;) is less than or equal to d,,. When n; (likewise v;) is greater than d,,, Tg,

is of rwt (%,T—I—ZL).

Together, Proposition 3.1.4 and Lemma 3.1.3 imply the following corollary:
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Corollary 3.1.5. The operator Ti_112\g, is of rwt (p,q) for (}—17, %) lying in the polygon

of Theorem 1.2.4. Additionally, in the rectangular cases, Try is of Twt (Py,, Qv )-

We will spend the remainder of this section proving Proposition 3.1.4 in all cases
except when n; or v; equals d,,. The remaining cases will be handled in Sections 3.2 and
3.3.

The following lemma will allow us to use Holder’s Inequality to compute L> — L*™

bounds, which will be useful in interpolation.

Lemma 3.1.6. Let p be the standard Lebesque measure on R%. The regions in the dyadic

decomposition of w satisfy the following inequalities:
o u(Bo {Jw| ~27m)) S 27
o u(Rin{lw|~27"}) <¢ 9 mdn) for i = 1,2, whenever v; # d,,.
o u(RiN{lw|=2"}) <¢ 9 mwtnids) for 3 < i < My, whenever n; £d,,.

Proof. On Ry, |z — N\jz]| ~ |z2]® ~ |z1]" ~ |z1]" + |22]® for all j, so |w(z1,22)] 2

(r+s)dw

(|z1]" + |22]°) = . Therefore,

p(Bo N {|w] = 27™})

Se n([FLAP N (a1 + [2f') < 27875 )) S 27

Next, on Ry, we have |z|® < €|z1]", so for € sufficiently small, |25 — \;2]| ~ |z |" for

Qs+vor

o = dy. Therefore, after a few

all i. Thus, |w| = |21]9]2|"2, for some Q satisfying

elementary calculus calculations,

(R N {lw| = 27™) Se p(Re N {]21]?zo] < 2773)
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) _Q
Se n{]z2] < min(2 7% 2| Dlml <13)

m(s+r) - m
Sg max (2 V2 2 Q5+V27“) :2 max (vg,dw)

as long as v # d,,. The case for R; follows similarly.
Finally, on R;, for j > 3, we have |25 — \;2]| < €|z|", so for € sufficiently small,

|25 — N2t | ~ |25| ~ |27] for all i # j. Thus, |w| = |21]9|z5 — \;27|™, for some Q satisfying

Qs+n;rs

12— = dy. Therefore, after a few elementary calculus calculations,

p(Ry N {Jw| = 27™}) Se p(Ry N {]z1|9)25 — Njzi ™ < 27™))
_m _Q
Se u({l23 = Ajeil S min(2 "9 [z 9 Elzm|), (o] < 1))

m(s+r) _ m
< max (2 n7 2 Qs+n; rs>:2 max(n]-,dw)

as long as n; # d,,. m

Proposition 3.1.7. For € sufficiently small, the operator Tg, is of rwt (p, q) when (l é)

equals:

o (i o) fori =0

° (max( 3 1 ) for j=1,2, and v £d,.

vj,dw)+47 max(v;,dy)+4

° (max(nidw)ﬂ, max(nj,dw)+4) for 3 < j <M, and n; # d,.

Proof. Define Tj,, := T, A{jwl~2-m}, and denote h; := max(v;,d,,) for j € {1,2}, h; :=

max(n;,d,) for j > 3, and hg := d,,. We assume that n; (likewise v;) is not equal to d,,.

m

By Holder’s Inequality and Lemma 3.1.6, || T;m|lcosoe S 2 ™. In addition, by Theorem

~Y

m

1.2.1, ||Tm||4_>4 < 271. Combining these,

_m m 3 1
To,(E,F) <Y min(2 % |F|, 2% |B[5|F|1) < |B|55|F| 55
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Thus, Tg, is of rwt (%, #) O

Proposition 3.1.7 implies Proposition 3.1.4 in all cases except when n; or v; equals d,,.
However, if we extend Lemma 3.1.6 to the remaining cases, the measures and thereby
the L™ — L* bounds will contain logarithmic terms, which are undesirable for the
interpolation performed in Proposition 3.1.7. To avoid this, we will show in Sections
3.2 and 3.3 that for ¢ arbitrarily large, the rwt (£, ¢) bounds lack the extra logarithmic

term, by proving the following lemma:

Lemma 3.1.8. If n; or v, equals d,, then 7};0{@‘%1} is of rwt (1, q) for all q satisfying

4 <q < o0.

By Proposition 2.3.4 (we are in Case 1, as defined after the proof of that proposition),

this lemma implies the following corollary:

Corollary 3.1.9. If n; or v; equals d,, then 7}%5 is of rwt (d”;‘l, d,+4).

Together, Proposition 3.1.7 and Corollary 3.1.9 imply Proposition 3.1.4. In Sections
3.2 and 3.3, we will complete our argument by proving Lemma 3.1.8, with an argument

that will have further applications in later sections.

3.2 Application of Method of Refinements

We begin our argument by looking at a general subset S of R?, which is then subdivided
into smaller subsets 7,,. In light of Section 3.1, for now consider S to be the set RN {|w| ~
1}, where n; (likewise v;) equals d,,, and consider the sets 7,, to be some sort of dyadic

decomposition of S.
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Notation 3.2.1. Let 7, be subsets of R?, let S := UneN Tn, and denote T, := T, . For
any E,F C R3, to capture the primary contributors to 7,(E, F), we will define the

following refinements:

Fy
E,

i
~
S
Mm
o
-3

>0
3
£
\V
N
BN
EE
3
I
Ny
&
09
&y
=3
>
3
n
Q
&
3
it

E,={ueF,: T,xg,(u)> %%(?L]F") = tavgp ToXE, = OF, };

Tu(ExNE,,F, . .
Fr :={u € Fy : Tixgng (u) > }1—’“( TFk\l k) — zllangkEXEkmEl =: Br, };
L . o 1 Tw(Ew, FunE) 1 o

With these refinements,

T(E.F) = [

Fn

7:7,XE+/ Toxe < 7:7,(E7Fn)+/ %17%??[}7)
F\F, F\F,
< TW(E,F,) + 1To(E, F),

and consequently T,(E, F,) > %7;(E, F). Likewise, T,(E,, F,) > %ﬁ(E,Fn) and

To(Ey, F,) > 3T,(E,, F,), so
Tu(En, F,) = To(E, F). (3.2.1)

Therefore, E,, and F, capture the primary contributions of E and F pertaining to
T.. Additionally, let b € {2,3} be fixed, and define n(¢) := {n € N : T, (E,F) ~
e]E|b+L1|F]Wbl}, for e € 22. (Note that 1 depends implicitly on b, E, F.) Pertaining to
Section 3.1, we will use b = 3, but in a later section, we will reuse these arguments with
b=2.

When b = 3 and when S = R;N{|w| = 1}, the following lemma implies Lemma 3.1.8

if all the hypotheses can be shown to be satisfied.
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Lemma 3.2.2. Let ||T, || oo S Ay S, some Ay depending only on o, and let

+1 S Lo+

17| < 1 wniformly inn. If

D) D B Ss 1Bl and (2) Y |Ful S5 °|F]
nen(e) nen(e)
for all 6 > 0, uniformly over E, F\¢, then ||Ts]| L ptree < OO for all 0 € (0,1].

S LB

Proof. In what follows, we will introduce an a € [0, 1] to be chosen near the end. In the

first line, we use || 7,]| . 1 < 1toimply € < 1; the second line is due to (3.2.1); the defi-

12641

nition of n(e), Young’s Inequality using |7,| < 1, and the hypothesis that ||7,]| Lot S <1
give the third line; the fourth line is simple rearrangement; in the fifth line a is chosen

so that 1 —a = m, and Holder is applied; for the final line, conditions (1) and

(2) give the first inequality, and a geometric sum with ¢ sufficiently small completes the

argument:
(Toxe,xr) = Y > (TaXe xr)

ee2—N nen(e)

%Z Z (Toxe, xe)* (Toxe, xp) ™ Taxe. xp )"
eS1 nen(e

S>IDP <e|E|ﬁ”l|F|b%>a"|F|a<1—9><|En|%|Fn|1*b%>1—a
eS1 nen(e)

= SB[ S (B Fy| 4 r) 00
e<1 nen(e)

< S (BEF AN [B)E (Y B ]
e<1 nen(e) nen(e)

< YR Bl e S | Bl

eS1

[]

To use Lemma 3.2.2, we will need to show that hypotheses (1) and (2) are satisfied.

In Lemma 3.2.4, we will prove that the following condition will suffice:
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Condition 3.2.3. There ezist M, B > 0, ¢ € {—1,1} independent of E,F such that,
for all k,l € N satisfying max{k,l, |k — I|} > M, with sgn(k — 1) = £, we have
|F|P~t 2 2Bl B and |EyP 2 2WUBGh, By, with implicit constants indepen-

dent of Ik, E, F.

Lemma 3.2.4. Let all conditions of Lemma 3.2.2 be satisfied save for (1) and (2). If

Condition 3.2.3 is satisfied, then (1) and (2) are also satisfied.

Proof. (Previously done in [3].) Since ||7:l||L 1 <A, <1 uniformly, then by

oo
LRSI =

(3.2.1),
|E,|55T | F|57 > To(En, F) & To(E, F) ~ €| B|57| F|51,

so |E,| > € |E| uniformly. By a similar argument, |F,| > € |F|.

Suppose condition (1) fails. Then, for M > M arbitrarily large, there exist E, F, e <

Ay such that 37 o700y [Enl > 10Mlog(10A,¢!)|E|. By the pigeonhole princi-

pal, there exists a finite, M log(10A ¢~ ")-separated set 1’ C n(e) N (M, 00) such that
> ney | En| > 10[E]. Then by Hélder’s inequality,

> B =/ > xm, < |E|§(/E(ZXEH)2);

E

nen’ nen’ nen’
= [EZ(Y [Eal+ Y 21BN Enl)2.
nen’ n#men’

Since Y, 1Bnl = 3 smey [Bn N Em| would imply 3./ |E,| < 3z E\%(Znen, |E,|)2
and contradict 3, | En| > 10[E], then > [En| <32, e [En 0 B, and therefore

1 1 1
S e |Enl < 33EE (S, imer | En N Enl)?.

Then, choosing ni,k,l € 1/, k # [ so that |E,,| = min,e,y |E,| and |E; N E| =
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MaX,Lmeny | En N En|, we have (#1)|E,, | < 3%|E\%(#n’)2%|Ek N El|%, implying

| En,|?
>

PR

P =t I (3.2.2)

b+1
b

|Ex N Ey| >

Since |k — 1| > 10M log(10A,e™*) > M, then by Condition 3.2.3,
|Fl|b_1 Z (10A@€_1)MB&%ZBFM'
To simplify this, by the definitions of T(-,-) and Ej, (3.2.1), and (3.2.2),

T(EeN B, F) =/

E,NE,

Tz [ HED)

Bng E]

|Ek N El| S 22

~ T F) St 2 ST F),

Tu(ExNELFy) > 252 Ti(EF)

1 _ LT(EF)  T(EF)
50 Bry = 1716y X and ap, = .

1 ~
4 |E| ]
Putting these together,

MB—2b42 E(Eu F)’];(E7 F)b

MB—Lﬁ—b—l‘E|b|F‘b
|E1P| F|

> (10A€e™) L

F|7 > (10A ¢ :
| l| N( o€ ) |E‘b‘Fk‘

Consequently, |F}|*™F,| = (10A,e 1 )MB=32 =1 F|b which for sufficiently large
M implies a contradiction, since 10A e~ > 10 and F,, C F for all n.
And if (2) were false, by replacing each F,, with E,, F, with F,, Fyy with Ej, and

swapping F and F', the proof plays out identically. O

Now, we can finally move on to the main proposition.
Proposition 3.2.5. The operator E;m{|w|€[1’2}} is of rwt (£,q) for all ¢ € [4,00) if the
following hold:

0) We can decompose R; N {|w| € [1,2]} into a finite number of subsets S € S such

that for each S, S is either bounded or the following hold:
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1) S can be broken into regions T,, where n belongs to some subset of N, and where
|| S 1 for each n.

2) On each 7, |0., ¢| = 2"7, and |0., | = 2", for some fired D, K € R\{0},

K > D, that may depend on S, where {iy,i2} is some permutation of {1,2}.

Proof. 1f S is bounded, then Young’s Inequality, Theorem 1.2.1 (since |w| ~ 1), and
interpolation give us the result directly. For S not bounded, we will use the notation of
Notation 3.2.1, with b = 3. By our hypothesis, |7,,| < 1, and since |w| ~ 1 on S, then

by Theorem 1.2.1, |||, 4 < 1 uniformly in n. Thus, by Lemma 3.2.2 and Lemma

3 L4 Y

3.2.4, it suffices to prove the following version of Condition 3.2.3:

Lemma 3.2.6. Let k,l € N, and let k, I, and |k — 1| be sufficiently large, independent
of E and F. Furthermore, let sgn(k — 1) = sgn(D). Then hypotheses (1) and (2) of
Proposition 3.2.5 imply that |F[* 2 2*Plad Bi and |E* 2 2 1Plad By, with

implicit constants independent of Ik, E, F.

Proof. By symmetry, it will suffice to prove the F; inequality. Fix ug € F};. Define
O ={tem:u —(tet) =w(t) € ExNE}.
Then || = Texe.ng (vo) > Br,. For t € Q, define
Q(t) :={sem:w(t)+ (s, ¢(s)) € Fi}.
Then |Q(t)| = T xF (w(t)) > ag,. Finally, we define Q C R® and ¥ : Q — RS:
Q= {(t,51,5) €ERC: t € Qy, 5, € Qa(t),i = 1,2};

U(t, s1,89) :=ug— (t, (1)) + (si,0(s4)) 17 =1, 2.
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Since ¥ is a polynomial mapping 2 C R® into R® with det D¥ # 0, this map is O(1)-to-
one off a set of measure zero. Since W(Q2) C F;x Fy, then |F)|* 2 [, | det DW(ty, 51, S2)|dt1dsdss.

Defining G(t, s;) := V(t) — V(s;), we can expand the Jacobian as follows:

| det DY (t; 51, 82)| = | det(G(t,s1), G(t, s2))|

~ |G(t, s1)| dist(G(t, s2), (G(t, s1))),

which implies that |F|? 2 [, |G(t, s1)|dist(G(t, s2), (G(t, 51)))dtds dss.

By hypothesis (2) of Proposition 3.2.5, after a possible reordering we can assume
that that |0, | ~ 2™ and |0,,¢| ~ 2™P on 7,,, for each m. Additionally, by hypothesis
sgn(k — 1) = sgn(D), so 2P > 2P and (k — 1)D = |k — l||D|.

Since K # 0 and K > D, and since k, [, |k — [| are all sufficiently large, |G (¢, s1)| ~

1T (G(t, 51))| ~ max(2FK, 2'K). Here we recall that t € 7, and s; € 7; for i = 1, 2.

Fix t, s1, and denote 51,@51 := G (t, 51), which will be fixed, and Ga(s3) 1= Ga(t, s9).
Then the map sy — Gay(s2) has a 1% derivative comparable to |w| =~ 1, so that

[Co(Q(t))] 2 g, and

G2,t(Q2(t))

/ dlSt(G(f, 52), <G(t, 81)>)d$2 ~ / dist(@lt, <@17t,sl>)d§27t.
Qg(t)

Since 7T2(’§1,t,51 — 627t|) = 7T2(’V§0(82) — V@(Sl)‘) 5 QZD, then EQ(Q(t)) C R x [Gl —

2kD

C2'P Gy + O2'P] for some C sufficiently large. However, slope({(G;)) =~ (K TR

which also implies that slope({G1)) < 1, so if we define v := aEl%, then
_ max kK 9lK . -

N ((GL) NR x [Gy — C2P, Gy + C2WP)| S 4222 )9lD — o . Since [Ga(Q(t))] 2

a,, then for some sufficiently small ¢, |G2(Q(¢))\Ney ((G1))| > 1[G2(Q(t))|. Therefore,

L _ a2, 2lk=ID]
/ dist((Gh), Ga)dGa 2 7[Ga(t))| 2 mkrrgrre-
G (@ (1)) ’
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o2, 2lk=1ID]|

Thus, |F1l|2 Z le fQQ(t) m&X{2kK, 2”{}md81dt z 2|k_lHD|O(%l6FM.
A near-identical argument gives |Fj|? > 2|k*l‘|D|a3FlﬁEk, by swapping E, and F},, and
using W(t,s1,52) = yo + (t, (1)) — (si,0(s:)) : @ = 1,2, with yo € Ej;. This completes

the proof of Lemma 3.2.6. O

Hence, by Lemmas 3.2.2 and 3.2.4, with b = 3, the proof of Prop 3.2.5 is complete. [

3.3 Conclusion of case T'=d,
Proposition 3.3.1. If v; (likewise n;) equals d,,, then ¢ satisfies the hypotheses of
Proposition 3.2.5.

Proof. First, consider the case j > 3. If n; > d,,, part (a) of Proposition 1.2.3 implies
that min(r, s) = 1. By symmetry, we may then choose s = 1 and perform the following

change of variables over Rf: x = z; and y = 25 — A;j27. Then
0,, = 0y — A]-mr*lay and 0., =0, (3.3.1)
Then 02, = 02, 0,2, = Ouy — Njra’ 'O,
and 831 =02 + )\?r%zr_z@g —2\jra" Oy — Mr(r — 1)a" 20,
And finally the determinant Hessian w = det D¢ satisfies
w = (07005 — (0uy)’] = Nyr(r — 1)a"0,0,p. (3.3.2)

The relation d, = T, with y being a factor of w of multiplicity 7', requires that w =
Ca"y" + O(y"*"), so in the region RSN {|w| ~ 1}, [z| ~ |y|~". Similarly, when j = 1,2,
d, = T implies w = Cz' 2] + O(z3™") after possibly swapping z; and z, so with the

choice x = z1, y = 25, the last sentence also holds for j =1, 2.
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By symmetry, it suffices to consider cases with A\; > 0 and regions with z;, 2, > 0.
Additionally, we will focus on y > 0, as the proof in the region y < 0 is essentially
identical.

Next, we decompose R$ N {|w| & 1} N {z1, 22,22 — A\jz1 > 0} into 7, = {x = 2",y =
27"}, with n = 0,1, 2, ... By hypothesis (0) of Proposition 3.2.5, it suffices to consider
only 7, where n is sufficiently large, which will allow us to make the asymptotics in
the next paragraph work. Each 7, satisfies |,| &~ 1, satisfying the first condition of
Proposition 3.2.5.

The partial derivative 0., ¢ satisfies 0., = Ca'y" + O(y**!) ~ 2/=D" for some
J,L € Ny. Thus 0,,¢ satisfies the second condition of Proposition 3.2.5 as long as
J # L. Suppose J = L. Then d,(0., ) = L2 = J, and since T = d,,, then by Lemma

s+r

2.1.5, dp(0.,) = dy, — = = % -5 = % — +%. Combining these equations,

2= =T +2—2J €N, so for some m € N, 25 = m(r + s), so (2 —m)s = mr. This can
only be satisfied if m = 1 and s = r. A similar argument leads to an identical result for
0,,. Hence, except for the homogeneous case where s = r = 1, we have J # L, and the
final condition of the Proposition 3.2.5 is satisfied.

Next, consider the homogeneous case. All factors are linear, so up to a linear trans-

formation, 2z is a factor of w. We can decompose our options for ¢ in the following

way:
1. o= 2M0 + O, with 7 > 2;

2. ¢ = 21"z +O(25);

@

o= 2!+ O(:)

W

=M el + O(22).
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By Lemma 2.1.3, option 2 would imply 7" = 0, so this case is trivial.

In option 1, w = CzfM223"t2 4+ 0(237+%) by Lemma 2.1.3, and since d,, = T, it follows
that 2M + 2 = 2v + 2 = T, implying that M = v. Then, Vo =~ (27 120, 20207") =~
(27™,2") on T,, so the lemma conditions are satisfied.

In option 3, by Remark 2.1.10 following Proposition 2.1.9, ¢ = zM + ¢z some
¢ # 0. Therefore, w = C2¥722)"72. Then, Vo ~ (M1, 271 = (2 -1n 9=(M=1)n)

and since V(0,0) = 0 and 7' > 0 each require M # 1, we are done.

Finally, in option 4, Vo ~ (M~ 2M~1) and since Vp(0,0) = 0 requires M # 1, we
are done.
Thus, in each case where d,, = T, the conditions of Proposition 3.2.5 hold. O

Hence, by Proposition 3.2.5, the proof of Lemma 3.1.8 and thereby Proposition 3.1.4

is complete. O

3.4 Twisted Cases

In this section, we will prove that in the twisted cases, the high order vanishing of w is

has no effect on the L” bounds, by proving the following:
Proposition 3.4.1. In the twisted cases (i), (iia), and (iib), Try is of Twt (Py,, Qv )-
A few concrete examples of functions ¢ falling into the twisted cases are:
=2+ 22 + 123, o =2+ 25+ 5217 (Case(1));
_ 42 2 NS
Y =2z + 222 + 2 (Case(iia));

o = (2 — 21)(z — 227 (Case(iib)).
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First, we will discuss the idea of the proof. As before, we will decompose Ry C
[—1,1]? into suitable dyadic rectangles 7. In rectangular cases, the dominant factor
fr of w is also a factor of one or both components of Vi, which causes V(7; ) to be
essentially convex. In the twisted cases, on the other hand, the dominant factor fr of w
arises from a “fortuitous” cancellation, and not in an obvious way from the structure of
¢ and V. This leads to V¢ “twisting” near the associated curve fr = 0. Because of
this, V(1) C R? is highly non-convex, and similar to the neighborhood of a parabola.

In the method of refinements, the Jacobian determinant, which is used to find L*/? —
L* bounds, relies primarily on the convex hull of Vi(7;), while the L> — L* bounds
are connected to the measure of V(7;). Hence, Vi(7;) being highly non-convex
causes the classes of L® — L*® and L*? — L* near-extremizers to be disjoint, and
quantifying that tradeoff leads to a much better bounds, implying that Tg, is of rwt
(Poy» oy )5 With (py,, ) lying on the scaling line.

We start our arguments with two lemmas that will be necessary to show that V(7 )

is always highly non-convex in the twisted cases.

Lemma 3.4.2. Set y := 2o — 27, where r > 2. If y is a factor of w with multiplicity

T >d,, and y is not a factor of ¢, then y is not a factor of 0,,p.

Proof. We express ¢ as a polynomial in = := z; and y := 2 — 2]. By the hypotheses
of Theorem 1.2.4 and the lemma, ¢ # 2 and y does not divide . Thus, by the mixed

homogeneity, after rescaling,
o= iL'J + ClQTJ_lTyl + O(yl+1),
for some J # 0, ¢; # 0. Suppose [ > 2. From (3.3.2),

w=J(J = Dgll — Da’r2y!=2 + O(y'™1).
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Thus, y is a factor of w with multiplicity 7" = [ — 2. However, since we require 1" > d,,,,
and we know d, = 2d;, — 2 = 7,2+—Jl — 2, then 2J < l(r + 1). From the ¢; term of ¢, we
know that J > Ir > [, contradicting 2J < I(r + 1). Thus, [ = 1, in which case y is not a

factor of 0, = 0.,¢. O

Lemma 3.4.3. If y := 2o — 2], v > 2, is a factor of 0,9, and a factor of w with

multiplicity T > d,,, but not a factor of ¢, then 0., = 0.

Proof. Assume 0., # 0 and let M # 0 denote the multiplicity of y in 0,,¢. Defining

x := z1, by Lemma 3.4.2 we can write ¢ as follows, for some ¢; # 0, after rescaling:
o =2 + ez’ "y + O(y?).

Claim: Let M be the multiplicity of y in 0,,, and suppose that M # 0 and 9,,¢ # 0.
Then y has multiplicity M — 1 in w.
Proof: First, we rewrite w in a way that preserves its relationship with 0., ¢, while still

taking advantage of the coordinates x and y:

W= ax(amSO)anyO - ay(aZ1 90)0061/@

Since M # 0, y is a factor of 0,(0.,¢) of multiplicity M — 1, and since ¢; # 0 (and
J > ),y is not a factor of 0,,p. Additionally, y is a factor of 0,(0,,¢) with multiplicity
at least M. Thus, y is factor of w of multiplicity M — 1. [ |

Since d(0,,¢) = % for some r, and by Lemma 2.1.5, Lemma 2.1.5, the assumption

d, < T, and our above claim,

24 < 2d(0.,0) = 2dp — 7 = dy + 2 — =

<T+2- L =M+1-2.
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This simplifies to (M — 1)(r — 1) < 0, which is impossible by assumptions M > 1 and

r > 1. Hence 0,,¢ = 0. O

Next, to shorten the remainder of the argument, we will unify the twisted cases. In
Case(i), we can assume that fr = 25, so that zo has multiplicity 7" in w and multiplicity

0 in . Thus, after rescaling, because of mixed homogeneity ¢ can take the following

form:
(1) =2 +c1zl Tnl+ (’)(z—?)) =2’ + e’ y(1 + O(%)),
for some J € N, where we used the change of coordinates = := 21, y = 2 for (i).

Similarly, in Cases(iia) and (iib), we can assume after rescaling that fr = zo — 2], so
that zo — 2] has multiplicity 7" in w and multiplicity 0 or 1 respectively in . Thus, after

rescaling, because of mixed homogeneity, ¢ can take the following form:

(iia) ¢ =={(1+O(2

z

)) =27 (1+0(%));

)) =a"y(1+O0(%),

z

(iib) =z (20 — 2))(1 + O

for some J, where we used the change of coordinates x := 2y, y := 2o — 2] for (iia-b).

Also, we can assume that r > 2 by Lemma 2.1.9. Observe that in each case,

dy = 725 (3.4.1)
The following lemma will unify the form of ¢:
Lemma 3.4.4. In each twisted case, for some ag,by # 0, Vi can be written as

Vi = (0.,9,0.,0) = (27 Hag + O(L£)), 277" (b + O(L)).

Proof. In case(i), z = z; and y = 25, and

V= (Jzi]_1 + O(22),c1(J — r)zi]_r + O(22))
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where by our definition of case(i), ¢; # 0. Thus ay = J and by = ¢;(J — r) are both
nonzero, since if J = r, ¢ would violate the assumption V(0) = 0.

For cases (iia) and (iib), we will need to rewrite 0,, and 0,, in terms of 9, and 0,.
Doing so, we have

0., = 0y — rxr_léy 0z = 0y.
In case (iia), ¢ = 27 + c;2/ "y + O(y?), and so
Vo = (0up — ra" 0y, 0yp) = (J —rer))z’ ' + O(y), e’ + O(y)).

By Lemma 2.1.6, w # 0, so by Lemmas 3.4.3 and 3.4.2, respectively, ag, by # 0.

In this case (iib), ¢ = 277"y + O(y?), and so
Vi = (Oup — 12" 0y, 0yp) = (—r2” ™ + O(y), 27" + O(y)),
resulting in ag = —r and by = 1 being both nonzero. ]
Additionally, we want to consider w itself. There exists some () such that

WA nyT + O(yT+1) _ Q;QJFTT(i)T + O(yT+1>,

"

where d, = erle =2d, — 2= % by (3.4.1). Thus, Qr +T =2J — 2r — 2, so

w = xQ—&-Tr(%)T + O(yT-i-l) _ $2J—2r—2(i)T + O(yTﬂ). (3‘4‘2)

x’

Next, we decompose Ry = {|%| < ¢,0 < 2 < 1}. Rescaling, it suffices to only
consider x < ¢, for some small constant ¢ independent of z and y. For simplicity, we
give details when y > 0, the case y < 0 being similar.

We first define , in cases (iia-b), function z(t1,ts) := (t1,t2 + t7), and in case (i),

we define z(t) to be the identity. Thus, in each case, z(x,y) = (21,22). Dyadically



ol

decomposing Ry, we define m := (my,my) € N2 g, 1= 27™ ¥m .— 9=m2 and define

Y T
Tm

curved rectangles 7y, == Z([Tm, 2m] X [Ym, 2Um]), along with extended rectangles 7¢ =

Z([%xma 3xm] X [ym, 2ym]) Denote Ty, := 7T,

Tm *

To begin, we want to refine F ~ Ey, and F ~ Fy, so that T, (E, F) & Ty (Em, Fim)-

Define

El, ={w € En : Tixe,(w) > i—Tm(‘EE:"fm) =: fm}

Then Tm(Em, Fm) = Tm(E, F), by an argument similar to the argument leading to
(3.2.1).
To proceed, we will create a map, and use the size of the Jacobian to acquire the

desired bound. Fix ey € E},, and define:
Q= {t € R*: 2(t) € 71 and g + (¢, 0(2(t))) =: e1(t) € F}.
Then || = TiXFa(€0) > Pm. Next, define, for t € Q,
Qo(t) :={s € R?*: 2(s) € T and e1(t) — (5, 0(2(5))) € Em}.
Then |Q3(t)| = TmX ey, (€2(t)) > am. Define the following:
Q= {(t;sW, sP) e RC: t € Oy, 59 € Qy(t),i = 1,2}

Wits s, 52) = (eo + (1 p(2(1)) — (6, (7)) 1 = 1,2

Since U is a polynomial mapping © C RS into RS, with det DU 2 0, it is O(1)-to-one off a

set of measure zero. Since U(Q2) C E2,, we have |Ew|* 2 [, | det DU (¢; s, s3)|dtdsVds?.
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Expanding,

| det DW(t; s, s@)| = | det(Vip(2(sV)) = Vip(2(1)), Vip(2(s?)) = Vip(2(1)))|

~ 1u(Conv{V(z(sM)), Vipo(2(s®)), Voo (2(1))}),

where 1(Conv(S)), S C R?, is the area of the convex hull of S, implying that

IEm|2Z/Q/w(m{vw(ds(”)),W)(Z(s@))),V@(Z(t))})dtds(”ds(”‘ (3-4.3)

To proceed, we will consider two regimes: oy < CZ2rnyy and CL22 2 ym < am S
TmYm, for some sufficiently large constant C' to be decided later. For small ay,, we will
directly calculate the L3 — L* bound using Theorem 1.2.1 and interpolate. For the

larger oy, we will instead quantify how far the set V(2(£22(¢))) violates convexity and

use (3.4.3) as follows:

Lemma 3.4.5. For aym > C&2rmym,

u(Conv{Vp(=(t)), Ve (2(s™M)), Veo(2(sP)}) 2 a” > (Gmay)?

TmYm M

on some subset Q' C Q, of size || > 15[

We will use Lemma 3.4.6, together with Lemmas 3.4.7-3.4.14, to prove Lemma 3.4.5.
Lemma 3.4.6. Let v be a C? curve in R?, with curvature k ~ O, and such that the set

of all unit tangent vectors of v belongs to the same half quadrant, or its mirror image.

Let p1, p2, p3 € R? lie in a 6*© neighborhood of v, and satisfy ||p; — p;|| > a for all i # j.

If a > 40 max{020, 6(-2-)z}, then u(Conv{p:, ps, ps}) = Od®.

inf K

Proof. There exist points py, pe, p3 on ~y closest to p1, pa, p3, respectively, and since a >

406%0©, the points p; have separation at least 5. Since y cannot be a closed curve by our
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hypothesis on tangent lines, we can reorder indices such that p, lies between p; and ps
on 7.

We translate and rotate R? so that p, = 0 and the tangent line of v at 0 becomes
horizontal. We then reflect R? if needed so that v lies in the upper half plain and so that
p1 lies in the left plain, and ps in the right. We can then write 7 as the graph (z, g(x)) of

some function g, where g(0) = ¢'(0) = 0, |¢'| < 1, and ¢” € (3 inf x,4sup ). Therefore,

We recall that m; projects points in R? onto their i-th coordinate. The separation of

the p; must be at least ¢, and since |¢'| < 1, then |71 (p1)], |m1(p3)] > 505 Lherefore,

[\

|ma2(P1)|, |72 (P3)| > 5 (inf K)a.

Therefore, pi,po,ps form a triangle of triangle with base and height greater than
\% and %G(inf k)a?, respectively. Since p; is within §°0 of p; for each i, and since
a > 40 max{4°0, 5(%)5}, then pi, pe, p3 form a triangle with base and height greater

than ﬁi and 3—12(inf k)a?, respectively. Hence, the triangle formed by p1, ps, ps has area

> Oa®. O

Using Lemma 3.4.6 to prove Lemma 3.4.5 will require us to identify a curve, bound
its curvature, restrict the possible unit tangent vectors, establish a minimal separation of
points, and show points remain in a neighborhood of the curve. A suitable curve ~,, or v,
will be defined in Lemmas 3.4.8-3.4.10. The curvature will be bounded in Lemma 3.4.8.
Lemma 3.4.11 will restrict the possible unit tangent vectors. The minimal separation
comes from Lemma 3.4.7 and our lower bound on a,,. And finally, the neighborhood
size H will be bounded in Lemmas 3.4.11-3.4.15.

Our goal will be to look at the structure of Vy(z(z,y)), and then use Lemma 3.4.6
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on the points Vip(2(s1)), Vo(z(s2)), and Vp(z(t)). To proceed, we will consider (z,y) €

27 (Tm), and analyze V(7). Define
® = (01, P2) = (sgn(a0)(9:, ) © 2,580(bo) (0:,0) © 2),
where by Lemma 3.4.4, ag, by # 0 and
Dz, ) = (27 laol + e + O((&))] 2/ [l + B + O(AP)])  (3.44)

where d := sgn(ag)ay, and by := sgn(by)b; may be zero. Because ® and Vo z are equal

up to coordinate sign changes, we can work purely with ®, since

pu(Conv{®(t), ®(sV), D(s)}) = p(Conv{Vip(=(t)), Vip(2(s1)), Vi (2(s))}).
(3.4.5)

First, we will show that x and §& = ®o(x,y) are strongly related.

Lemma 3.4.7. Let (x,y), (x + Az,y + Ay) € 271(15), and define §, = ™™ and

m

J—7r Ym
m x"r‘n

Ay) — Po(z,y)| > Cdo, or |Ax| > Co,, for a sufficiently large C, then

0p == as the x, ®o uncertainty scales, respectively. Then if either |Pqo(z+ Az, y+

sgn(Az) (Po(z + Az, y + Ay) — Po(z,y)) =~z Azl
Proof. By (3.4.4), recalling that by # 0, we have

Op @y = 27" H|bo|(J — 1) + O(L)] m !

m

10, @2] = |27 by + OGO S 2 ™"

m

Therefore, since |Ay| < ym in 271(75), a change in y will only change ®, by at most

m

J—2r

Lm

Ym = 0p. Next, consider x5 > x;. Since 9,9y ~ z/""! then ®y(x,y1) —

Py (x1,91) = (wo—a1)xl=""1. Thus, by the triangle inequality, if |®o (22, y2) —Pa (21, y1)| >
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Cdg, or if |xg — x| > C6,, for some large C' > 0, then Py(xs,ys) — Po(z1,91) =~

(3 — 1)zl 71, This concludes the proof of Lemma 3.4.7. O

The next lemmas define and analyze the curves that will be used with Lemma 3.4.6.

Lemma 3.4.8. For y € [Ym,2Ym], 1y : © — P(x,y) has curvature k, ~ o i Py o'

Proof of Lemma 3.4.8. By direct computation using (3.4.4),

_ 2] lagbo|(J — 1)(J —7)(r — 1) + O(%)
[w?=2ag + b + O(%))2

Ky ()
Then, since 0 < x < 1 and ag, by # 0,
() a2 g g )

concluding the proof of Lemma 3.4.8. n

Lemma 3.4.9. Let § € [Ym, 2Ym]. Then there exists a function 7} : ®(27' (Tm)) — R

such that

Yy([3%m, 3Tm]) N{R X P2(27 (1))} = {(€1,62) : &1 = 7,(&2), &2 € P22 (7)) }-

This lemma is equivalent to the following lemma:

Lemma 3.4.10. Let y € [yYm,2ym|.- Then, for each & € ®o(27 (1m)), there exists a

unique & such that (£1,&) € Yy([32m, 3Tm)).

Proof of Lemma 3.4.10. .

1. Existence: If & € ®y(27 (1)), there exists (Z,7) € 27! (7m) such that ®o(z,7) =
&. Now consider points in z~'(7) with minimal and maximal z—values: (&)

and (3rm,y). Since & <7 — = < ¥ —cf, and 3T > T + T, > T + 6, then

¢2<$Tmay) < 52 < @2(3[L‘m,y)
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by Lemma 3.4.7. Then, by continuity of 7, (z) and the Intermediate Value Theo-

rem, there exists € [$2m, 3%m| such that ®,(z,y) = M (yy(2)) = &.

2. Uniqueness: By (3.4.4), 711(Lv,(z)) = 0,1 (z,y) = 272 (Jao|(J — 1) + O(£)) > 0

for each (z,y) € z7Y(7¢

m

), so for fixed ¥ € [Ym,2ym], the map = — 71 (y,(z)) =
®q(x,y) is one-to-one. Hence, for fixed y, & is mapped to by at most a single

unique 7, and hence a unique & = ®5(7, y).
This concludes the proof of Lemma 3.4.10. m
Lemma 3.4.11. For everyy € [Ym, 2Ym), |%7§(§2)| < 1 and |;£—2§7;(§2)| ~am T =
O for all & € Oo(T).

Proof. Since |0,®1| ~ x/72, and |0,®y| ~ 27771, then |%7§(§2)| ~ al b < 15, so the

curvature of & +— (7, (£2),&2) is comparable to |%7§(§2)|. Finally, by Lemma 3.4.8,
2

the curve & — (7;(&2), &2) has curvature ~ g 2 concluding the proof of Lemma
3.4.11. O
Next, define
O(27 (1)) = @(27 (7)) MR x @2(27 (7))},
and observe that ®(z7!(7,))¢ satisfies

D(2 (1)) C (27 H(1m)) C (27H(1)). (3.4.6)

The expanded image ® (27! (7,))© essentially rectangularizes our image ® (271 (7,)), mak-

ing it more practical for proving results.

Lemma 3.4.12. The set ®(271(1m))¢ satisfies

(27 (7)) = Ugyedn(c—1 (rm) min(7;, . (&2), 75y, (€2)), max(v; (£2), 73, (62))] x {&2}-
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Proof. Since |Jac®| = |w| > 0 on 75, ® is an open map by the inverse function theo-

rem, so 71 (Bdry®(z71(7%))) C Bdryz~!(75). By Lemma 3.4.7, for all y € [ym, 2Ym],

Dy (22m,Y), Po(32m,y) & P2(2 (7)), so the boundary of ®(z7!(7y))¢ is a union of

two horizontal line segments and subsets of the curves (v, (-),-) and (73, (:),-) over

©(27 (7m)))-

O

Lemma 3.4.13. For & € ®o(27 (7)), 1 the Lebesque measure on R, u({& : (&1,&) €

(27 (Tm))}) = diam{& : (&1,&2) € P(27 (Tm))} = 173y, (&2) — %, (&)1
Proof. Follows directly from Lemma 3.4.12.

To proceed, we will use the following definitions:

= i : Ozt € :
W[Sé”,sé”} 5§2)gél)l/gge[ggl),gf)]dlam{gl (€1,82) € (27 (Tm)) Fdy;

H = max ) diam{¢; : (&,&) € (27 Hmm)) }-

N &2€P2(2~H(tm

Lemma 3.4.14. If &V P € ®y(27 (1)), and &2 — & > Co, then

~ =1 ym \T+1
W[ él), éQ)} ~ T (E) .

(3.4.7)

(3.4.8)

Proof. By Lemma 3.4.7, ®([z1, o] X [Ym,2Um]) C ®(z71(1m))¢ N (R x [gél),é?)]) C

([}, 2] X [Ym, 2Um]), some ), 1y, x1, 29 € [32m, 3Tm], Where zy — 21 ~

2

()77 H(&" = &) Then

Tm

[2(z1,22] X [ym 2ym])| ~ |Jac®|ym (z2—21)

W[§é1>7§§2>] R DD N T D
~ xfr{_2T_2<i/T:)TymF1r—1 ~ xIJ;l—l(i/T:)T—&-l
since |Jac®| ~ |w| ~ 22/ 72 =2(L)T By (3.4.2).

T
a:m

Lemma 3.4.15. The following inequality holds: H < (:)5%.

/
_IIN
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Proof. We can consider two cases: H >> Wa,(:-1(rm)) OF H S Wao(z-1(rm))-

It H S Wq,Q(Z—l(.,.m)), then

H S $J—1(y_m)T+1 < x;;—l(y_m)Q _ x—[J_2T+1]($J_Ty_m)2 _ (:)5(%

T T T
m T T m m T

by Lemma 3.4.14, T > 1, simple reordering, and the definitions of © and ds.

If H >> Wa,(2-1(rm)), then by Lemma 3.4.13, there exist ¢y, & such that ¢; € [§5,&5 +
3C0s) C Po(27 (7)) and
V2yn (€1) = Yy (1) 2 H-

Additionally, by Lemma 3.4.14,

aV8les &1+ 050] | Voym — V| B Waa(a=1 (rm)) R 8VE[e) 120,65 430581 Vg — V|

and so, by the Intermediate Value Theorem, there exist ¢y € [&), &, + Cdg| and ¢3 €

&, &L + Cdg) such that

Y2y (€2) = Vyn (€2)]; V2, (€3) = 75, (€8)] S Wary (21 (7m)
Then, since |c; — c3] = s, |c1 — c3] S 0o, and H >> Wey(-1(r,)), by the Mean Value
Theorem there exist ¢4, ¢5 € [£), 5 + 3Cs] such that
*! *! Wa,(x—1 m *! *!
Yoy (€4) = Yy (ca)| S =252 and |y, (c5) — 7. (c5)| 2 2

Since H >> Wa,(:-1(r)) and |4 — ¢5| S 09, by the Mean Value Theorem there exists

6 € (&), &L + 3C0g) such that

"

‘”Y;ym(cﬁ) - ’YZm(Cﬁ)| 2 52

S

Since Lemma 3.4.11 implies that |7§;m(06) - 7;:;(06)| < O, then H < 652, O
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Now, we will proceed with the proof of Proposition 3.4.5:

Lemma 3.4.5 proof. There exists some ' C , where || > WIO|Q|7 and tl,sgl), and

§) are separated by at least }12‘—: > CgTZJEm = (C0, on . Then, by Lemma 3.4.7,
®(t), ®(sM), and ®(s?) have mutual & — separation of at least C'dgp, where we can
make C' arbitrarily large my making the C' on the lower bound of oy, sufficiently large.
Furthermore, by Lemmas 3.4.15, these points lie in an H ~ (:)(5% neighborhood of a curve,
and by Lemmas 3.4.8 and 3.4.11, respectively, that curve has curvature ~ 0= x,;[‘lfwﬂ},
and derivative bounded by %, which bounds the possible unit tangent vectors.

Thus, by choosing the constant on the lower bound of a4, to be large enough, we
can separate p; = ®(t),p2 = ®(sV), and p; = ®(s?) by a = Cdp = Calymi=, for
a sufficiently large C'. By choosing © and & so that © = © and 062 = H ~ @5(%,
the neighborhood ©4§2 will equal H so that § ~ dp. Since z,,, i’T'; < 1, then a = Cdg

will satisfy a > 40 max{4*0, 5(%)%} if C' is sufficiently large (note that infrx ~ O),

completing the proof of Lemma 3.4.6, and implying that on €/,

p(Conv{Vp(2(t)), Vio(2(s'), Vip(2(s@))}) 2 apl 2 (omay 7). -

TmYm
Next, recall our decomposition of Ry into 7y,. This induces a decomposition 7 =
ng Zml Tm. Define 7, m2 : Zml Tml ,mz)-

Proposition 3.4.16. There exists o(T, J,r) > 0 such that
Tra(E, F) $ 2777 | E| @7 | F| %,

Proof. By Young’s Inequality, since |Tm| = Tm¥m, then oy < Tmym. First, consider

C—xmym By Lemmas 3.4.3 and 3.4.5,

|Em|2 2 / [J 2T+1]<Imy _T)gdtd81d82
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m T xmy
) e o

We recall that £, = % m|E|’ and oy, = }LT“‘(@T’F) R T“’fﬁ’F), so that

r— Qm r— m \— QXm T (E.F)1
BP 2 |Bwl® Z afd 77 (2e) 7 G P 2 ™Y ()7 (Gl P

TmYm T

Then

Tl B, F) S (520) ba ()3 B3| P, (3.4.9)

Also, by the definition of ay,, we can write the following L> — L* bound:

Tl B, F) S am|F| = mym (;22-) |F| = 2 (42) (;22-) | F). (3.4.10)
Since ZZ =27 S ame v < 1, with oy, := 2™, define
n(ms) = {m: tm— 2778},

which induces a function ms = mg(my, ma). Define Ty, 0 = Zml:ms(mhmkmrc T

and Tpny 1 5= 3,1 (mi,ma)>ma—c T, for asuitable C' > 0. Then, combining (3.4.9) and

(3.4.10),

mo—C oo

F)SZ Zm1n{22 27 1~

m3=0 m1=0

B || 2y )

mo—C

_ 2J—r—1 J—2r—2 3 _r+1 1 +1
< E o m2larr g —msl NE 75| F|t 2 7
[l
m3=0
m[ n(2J—r—1,4J—5r—>5 ] 3 1— 1
<2 2 2(J+r+1) |E|dw+4’F| ¥

where we used d;, = % from (3.4.1) and d,, = 2d;, — 2 from Lemma 2.1.5 in the last

; ; — T T+1 — QFTr 2 2
line. Next, since w = Cz%y” + O(y™*1), then d, 2t > I5 > 27 > 2 and the
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relationship d,, = 2d; — 2 implies that % = dy, > 5. Thus, min(yg(zlr’ﬁ; 5r=5) > 0, so

Tmsy 2 satisfies Proposition 3.4.16.

~

Finally, consider the case 2= < Z‘T“. By the definition of ay,,
Tm(E, F) S wpy ' (52)°|F), (3.4.11)
and by equation (3.4.2) and Theorem 1.2.1,
TnlE, F) < 22" V()% B3| R, (3.4.12)
Then, combining (3.4.11) and (3.4.12),

Tost (B, F) < Z min{2-(+Umig=2me| p| 9% I-r=19™E" g p| 1Y
m1=0

iy AT AT
S, 2 2[J+r+1] |E’ p) J+r+1 ‘F| 2 J+r+1

—mg 2Q+T(r—1) 3 o1

=9 2[J+r+1] |E| dw+4 |F| do+14
where we used the relation 2(J —r — 1) = @ + T'r shown in (3.4.2), as well as dj, = r%l
from (3.4.1) and d,, = 2d;, — 2 from Lemma 2.1.5 in the last line. Thus, 7,1 satisfies

Proposition 3.4.16, so the proof of Proposition 3.4.16 is complete. O

Then, since mo > 0 on Ry, we can sum over all my to get

o0

Trn(E, F) Z (B, F) < |B|@m|F|" @,

Thus, Tg, is of rwt (d“; 4 d, + 4), concluding the proof of Proposition 3.4.1. m
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Chapter 4

Second Relevant Vertex

4.1 Second Relevant Vertex: Case breakdown

In Lemma 3.1.2, we found that the polygon arising in Theorem 1.2.4 has at most two
relevant vertices. With Theorem 1.2.4 now proven for 7j_y jj2\r,, and proven at the first
relevant vertex for 7g,, we now turn our attention to proving Theorem 1.2.4 for T,
11 .

oy @)’ exists only

in cases (N) and (A), and belongs in the set Conv{(0,0), (3. 1) (2 1 either in the
( ) ) g 'Y \gr3/)\35 3/

at the second relevant vertex. We recall that the second vertex, (

interior or on the boundary. Based on the location of (pi, qi), we further decompose
v2 v2

cases (N) and (A).

Definition 4.1.1. Define D := Conv{(0,0), (2,1),(3,3)}. Depending on the location

of (=, 1), we break Cases (V) and (A) into the following cases:

Duy ’ Guy

(Nlnt)7 (Alnt): ( 1 L) € [nt(D),

Pug’ Qg
(Nq:p/)’(Aq:p'): Qu, :p{uw(zt’i) 7é (%a%),
: L1y (2 L.
(Nz,1): G o) = (3,3);
<N;g§lp): Qo, = 2Pv, 7 3, i - pig - dh1+1;
al
<N;is26p ) Qv, = 2Pvy 7 3, i 7 1%2 - dh1+1.

We will show in the following lemma that the above subcases completely cover cases

(N) and (A), and we will furthermore identify qualities of the functions ¢ that belong
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to each subcase.

Lemma 4.1.2. Every ¢ belonging to Cases (N) or (A) belongs to one of the subcases

of Definition 4.1.1. Additionally, for each subcase, the following hold, where we refer to

11 1 S
the line T T a1 s the scaling line:
. S 2T+5)—(dj, +1
(Apnt): (1%2, q;) lies on the scaling line, when 1%2 = %.
Nin): (2=, ) lies on the scaling line, when -— = Y= Additionally, in this case
Doy’ 4 P dp+1
vg Vg v2
N <dp+1

q=2p/) *

N seal ) (pi 7%) — (%7 %)) with N = d, + 1, and N > 3.

N#scal) ( 1

g—op ) p@,i):(%,%), with N > dp + 1, and N > 3

(
(
N LAy = (2 L) and up to a rescaling and a reordering of z and zy, ¢ =
373
(
No—p) : L lies where the scaling line intersects the line ¢ = p’, and up to a
ST g q=p p
1)2 U
rescaling and a reordering of z; and zy, @ = (2 — 2%)2.
Ay (= lies where the scaling line intersects the line ¢ = p', and up to a
q=p Doy’ Gug g
’U2 ’U2

rescaling and a reordering of z1 and zy, ¢ = 22 & 25, for some S > 3.

Proof. In case (A), by Corollary 2.1.4, T = A — 2. Thus, lines % = ;}4%11% — 5T =

T+31 _ _1 1_1_ _1
5715 2T+5 an d p T +1 intersect when

(L, L) = ((2T+5)—(dh+1) (T+3)—(dh+1))
N (@t )(TH2) 7 (datD)(T+2) /7

Pugy ’ quy
which proves the statement for subcase (Ay,). Since dp, > 0 and T > d,, = 2d;, — 2,

2 < Iq% < 3 is always satisfied. Additionally, the inequality pL + qi < 1 is equivalent
v2 v2 v2

to

2(T+2
dy > 22 (4.1.1)
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which always holds when d;, > 2. To find when it fails, since ¢ is not homogeneous in
Case (A) by Proposition 2.1.9, then by the definition of A, up to a rescaling and an

interchanging of z; and zs,
_J ls J—Ir s
=20 +c1252] " +o0(z), some J Il >1 ¢ #O0,

where A = [s > 2, and by Corollary 2.1.4, T = [s — 2. Then, (4.1.1) is equivalent to

2ls
Is+2°

Also, from the structure of ¢, d; = ﬁ and J > min(lr,2) (J cannot be 1

dy, >

since V(0,0) = 0). When Ir = 1, we have [ =r = 1, and

_ Js 2s 2s __ 2s
dh T s4r > s+1 > s+2 7 1s+27

2
When Ir > 2, then == > =5, and

_ Js lsr 2ls
dp = s+r 2 s+r Is+2

When Ir =2 and J > 2, then ﬁ%:ﬁa SO

dr = Js lsr __ 2ls
h s+r s+r Is+2°

Thus, ¢, is always greater than p; when either Ir # 2 or when Ir = 2 and J # 2.

However, if J = lr = 2, then d; = slj% = lng, implying that ¢,, = p;,. And since

J = lr = 2, after rescaling, ¢ can be written as
Y= 212 + 25

for some S > 3, as was claimed for subcase (A,—,). This completes the proof for the

subcases of Case(A).

o1l N+11 1 11 1
For case (N), when N < dj + 1, lines . = Ni2p — v and o = o — g5 intersect

when

(L, L) = (AE2=dptD) (N+1)=(dpt1))
Pugy ’ Qug o dp+1 ) dp+1 )
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as stated for subcase (Nyp;). Then

Qvy _ (N+2)—(dp+1)
Doy (N+1)—(dp+1)

satisfies 22 < 3 since T' > 2d), — 2, and f% > 2 is satisfied since N < dj, + 1.
2 )

Pv Vo

Furthermore, since -t + L = (2]”12;%, then the inequality - + = < 1 is
v2 v2 v2 v2
equivalent to
dh > %N .

First, if N > 2, then N < dj, +1 implies that d, > 2N. Now, for some k& > 0 in NU{0},

depending on ¢, dj; = % When r > 2 or k£ > 0, then

_ rN+k 2
dp = Tl 3N'

Therefore, when N < dj, + 1, then if N # 2, or k # 0, or 7 # 2, then q,, > p|,.

However, when » = 2, k =0, and N = 2, then N < d;, 4+ 1 and d;, = %N, implying

that g, = p;, and that up to rescaling and a swapping of z; and 2o,
p = (22— 2})%

as was claimed for subcase (Ny—p).

Finally, for case (N), with N > d, + 1, the lines | = FH > — g5 and | =

L
N

SRl

intersect when (1%2, qu> = (%, %), as stated for subcases (N:%4) and (Nf:szczl). Thus,

when N > dj, + 1, ;1% = 2 is always satisfied.
v

If N > 3, then pi + L < 1. Now, for some k& > 0 in NU {0}, depending on ¢,
™

Quy

dh:%. Thus, when either N > dj, + 1, or when N =d, +1and [ # 0 or r # 2, N

must be larger than 3 implying that pL + qi < 1.
v2 v2



Alternatively, when N =dj, + 1, r = 2,1 =0, and N = 3, then (pL q%) = (%, %),

’U2 )
and up to a rescaling and a swapping of z; and z,,
213
),

0= (22—2

as was claimed for subcase (N(%’%)). This completes the proof for the subcases of

Case(N). O

4.2 Therwt (2,3) bound and the second relevant ver-

tex.

In this section, we will go through each subcase from Definition 4.1.1, proving that Tg,.

is of rwt (pu,, qv,) and completing the proof of Theorem 1.2.4.

4.2.1 Case (A,—p)

By Lemma 4.1.2, after rescaling, we may assume
o =1+15,

where S > 3. By symmetry, it suffices to consider T over the set {t1,to > 0}. We
decompose (R )? into strips S; = {t2 &~ 277}. This induces a decomposition 7 =3 T;.

using Minkowski’s Inequality, Theorem 1.2.1 on R?, and

We now bound HTjHL%_”;s

Young’s Inequality as follows:

||73f||L3(R3) = |If(z — (¢, @(t)))HLng({tesj})

1
S = (& eNIOR 1o s, nr rs 1 toesy)

r1z3
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< ,To — to, 3
S (s =t yg)||L§2L112L§1y3({t2~27j})

= |I([1f (w1, "y3)”L% * X{-z2—j})|lL3

Y193

iy
Since w := detD?p =~ t5 2 a2 27572 on S;, Theorem 1.2.1 implies

(8=2)j
1T flleresy) S 277111 4 oy (4.2.2)

Combining (4.2.1) and (4.2.2),

Toop(BF) S S min@ PIERIFR 257 BRI ~ B8 P 3,
j=—o00
Thus, Tpz s of rwt (s, as) for (55 55) = (G55 7o7m)- As o=+ = =1 and (ps, gs)
lies on the scaling line of 7, then (ps, ¢s) = (Pv,, ¢v,) by Lemma 4.1.2. ]

4.2.2 Case (Ny—p)

By Lemma 4.1.2; after rescaling, we may assume
p=(ta—t])%.

~ 277}, which induces a decomposition

We decompose R? into strips S; = {|t — 3
T = >_T;. By the change of coordinates u; := t1, ug := to — t, (setting @(uq, ug) :=
uy +u?), Minkowski’s Inequality, Theorem 1.2.1 (on R?), the change of variables v = u3,

and Young’s Inequality,

H7;f”L3(R3) = Hf@ - (taSD(t))HLng({tesj})

~ ~ L
~ | f (@ — (w1, @(u), u3))|05 815 || 12 11 (usi~a-i3)
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< | f(w = (ur, @(w), u)|Dy, @15 l1ng, 11 ({lus|~2-3})

T3 TTU2 zle ul

< Ty — Ul
~ Hf<y17y27 3 2)HLg3Lu2Ly1y2({‘“2|N2 i)

I~ Qij(ylay%xS - U)HLS Il L ({v~2-2})
9192

z3 v

= 2||1f (1, . Mg * Xqme-2ylles
2

Y1y

: 4 i
Since |w| := |det(D%p)| & |ty — t3| = 277 on S}, Theorem 1.2.1 implies

J
175 llpasy S 221 FI1 4 sy (4.2.4)

Combining 4.2.3 and 4.2.4,

Tee(E,F) S Y min(2 39| B3 |F|3, 21| B|1|F|1) ~ | B|?|F|7.

j=-—00
Thus, Tz is of rwt (£,1). As 24+ 2 =1, and as (£, %) lies on the scaling line of T, then

(E, %) = (Puy, Guy) by Theorem 4.1.2.

4.2.3 Case (Np 1))

By Lemma 4.1.2, after rescaling, we may assume

W=

2
3

@ = (ts — 17)°.

By the change of variable u; := ty, ug := to—13 (setting @(uy1, us) := us+u?), Minkowski’s
inequality, Theorem 1.2.1 (on R?), the change of variables v = u3, and Young’s Inequal-

ity,

1T f sy = [1f (2 = (& ()] 222y
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~ ~ 1
~ [ — (@), u)[02 81 sy
~ ~ 1
< I1£ (e = (ur, @), )12 @1 oz, o, 25,1

z]xg HUuy

S Hf(ylay%IS_ug)” 3

3 1
‘Lz3‘Lu2‘LylyQ

_2
~ o731 f (v w3 = o)l g g o
Y192

_2 _2
= Mg Mg O H e < 0O, 11,3 gy = 10,3

Y192

3

Thus, Tg2 has a strong type bound at (p, ¢) = (3, 3), which equals (p,,, ¢,) by Lemma

4.1.2. [l

4.2.4 Case (Apy)

In Case(A), we can assume that fr = to, so that ¢t has multiplicity 7" in w and mul-
tiplicity 0 in . Thus, after rescaling, because of mixed homogeneity, ¢ will take the

following form:
o=t £kt + O(%)) where Is>2,r>1,J>1,

for some [, J. We recall from the definition of case(A) that A = [s > 2. Then, by Lemma

2.1.2, w will take the form

%

w= Ot 2521 + O(%

), C 0.

=3

Thus, T = Is — 2 = A — 2, and we define Q := 2J — Ir — 2, so that |w| ~ [t;|9ts|"
on RS, where [to|° < €t1]". By symmetry, it will suffice to consider only the region
where t1,t; > 0. We define S := RS N {|w| = 1} N {t1,t2 > 0}, which decomposes into

regions 7; := {t; ~ 2%, ty ~ 2_%} and induces the decomposition 7g = Zj T;. Then, by
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Minkowski’s Inequality, Theorem 1.2.1 (on R?), and Young’s Inequality,
1T f lesmey = (1 (@ = (& o)l s i (grer)

_Lli(g 1
~ 2732 f (2 — (8, 0 (O)IOF @15 | g i qreny )

_1J(g5_ 1
< 2D £ — (oI 0l g, 14, 15,1t cem

P1as
SR LR R T
= 25 )l g g e
< 9 542 Xy iy 12 11 sy = 27 150~ D=5 1| 4 -
_ 2—%[%+%1\|f|\L%(R3). (4.2.5)
Additionally, since |7;| ~ 2(g 1) , we have
[T 0so0 < 2@ TV, (4.2.6)
Combining (4.2.5) and (4.2.6),
T:(E, F) < min(2@ 79 |p|, 2~ 5597+ 7| |3 | P ).
Noting that T'— @) > 0 since T' > d,, jSsTr we interpolate as follows:
Ty F) S 3 min2b P3| 249G Bl )
j=—o0

2(T-Q) 1-_T-Q
= |E| J+D)T-Q |F| T+D7T-Q |

Thus, Tre{jwj~y 18 of twt (4, qr) for <q_1 qu> = ((ng)_TQ_)Q’ (Jﬂ;;?_Q). Using equalities

Qs+ Tr=d,(r+s),d, = r‘fs, and d, = 2d;, — 2, and some messy arithmetic, we can

rewrite + as
qr

1 2(T—du)
ar  AT—dw) (T 42)de” (4.2.7)
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Since Tren{w~1y 18 of stong type (%,4) by Theorem 1.2.1, and of rwt (pr,qr), where
qr = 2py, and since R% is k,-scale invariant, then by Case 3 of Proposition 2.3.4, Tge, is

of rwt (ps, qs), when (pgs, gs) lies on the scaling line of T and

2qr

8 11
| 3=+t A (dutd)
- 2
ps (1-2)(dw+4)

Since (pg,qs) lies on the scaling line, then by Lemma 4.1.2 it suffices to verify that

Ps = Du,- Using (4.2.7) and the identity d,, = 2d;, — 2, after some messy arithmetic, we

find that
1 2T+4-d,
ps  (T+2)(dn+1)"
Thus, by Lemma 4.1.2, p,, = ps, and so Tge, is of 1wt (pu,, Gu, ). ]

4.2.5 Cases (Npy), (N;iggcgl), (N;iazlp)

In Cases(N), we can assume after rescaling that fr = zo — 2], so that z; — 2] has
multiplicity 7" in w and multiplicity N in ¢. Thus, after rescaling, because of mixed

homogeneity, ¢ can take the following form:

@:Z{(ZQ—ZI)N(1+O(%))7 with d;, = %,

for some J. Then, by Lemma 2.1.1,
w= Ot 2 (2 — 2PV (1 4+ O(2E)), € #0. (4.2.8)

Thus, T = 2N — 3. We define Q := 2J +r — 2, so that |w| = |21|9z2 — 2|7 on
RS = {|za— 27| < €|z1]"}. To simplify the argument, we will demonstrate the proof when
21,22 — 27 > 0. All other regions follow similarly. We decompose RS N {z1, 29 — 2] > 0}

into sets 7 := {z1 & 279 :=x;, |20 — 2]| & 277 := y; }, which induces a decomposition
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TRe{z1,20-Aep >0} = Zj,k T, . For ease, we perform the change of variables z = 2,y =
29 — 27. To find the rwt (%, 3) bound in these cases, our previous methods will not work,

so we instead use a variant of the method of refinements.

Lemma 4.2.1. The operator T; . satisfies the following rwt (g, 3) bound:

2

Tiw(E, F) S 2804295 0N=3) g5 | F|5 = (xJ*=2yN=3) 75| B3 |F5

_ 2%[(r+1)(1+dh)—(rN+3)]+§(N—3)|E|§ |F|§

Proof. First, we will refine £/ ~~ F,;, and F' ~» F} . as follows. Define

Tin(E,
Fip={ueF:Txe(u) > i J,klg F)}

Ej i={w € E: TjXxr,, (w) > %M =:a}
]{,k = {u € Fjx: Tinxe;,(u) > i—Tj’k(?_’k’Fj’k) =: B}
Then T, x(Ejk, Fjx) = T;x(E, F) by the short argument leading to (3.2.1). To proceed,

we will construct a map, and use the size of the Jacobian to prove the lemma. First, we

define ¢(z) := z" and z(t) := (1, 2+ (t1)). Then, the surface equation has the following
equivalent forms: (21, 22, (21, 22)) = (z,y + ¥(x), (z,y + ¢Y(2)) = (2(x,y), ¢(2(z, y)).
Fix ug € Fj; and define

Oy = {t € R?: 2(t) € 74 and ug — (tr, 12 + P(t1), p(2(1))) = w(t) € Ejx}-

Then || = T kX, (u0) > B. To achieve a lower-dimensional result with the method

of refinements, we fix one variable. Rewriting |2/,

Q
|2_1k‘ :][ / X0 (tl, tg)dtldtg.
tors2—Fk Jtr2-7

Therefore, by Holder’s inequality, there exists a fixed ¢, ~ 2% such that

Q4| = {1 it €N} = / X (t1,t)dty > 2 = £

t1~=27J Tk
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For t; € €1 4,, define
Do, (t) = {s €R?: s € 754 and w(t) + (1, 82 + ¥(s1),0(8)) € Fjx}.

Then |QQ,t2 (t1)| = T;kXFj,k (y(t)) > a.

Define Q, := {(t1, 1,52) € R® : t; € Q14,5 = (51, 82) € Qay,(t1)}, and

Wiy (ty, 82, 82) i= 2o — (L, ta + ¢ (t), p(2(1))) + (81,82 + P(s1), p(2(5)))-

Since ¥y, is a polynomial mapping € C R? into R3, it is O(1)-to-one off a set of mea-
sure zero. Since Wy, (Q,) C Fjg, we have |Fjil 2 [ [det Dy, (t, 51, 50)|dtids1ds.
2

Expanding,
| det DWy, (11, 51, 52)| = [[¥(t1) — ¢ (51)]0s,0(2(5)) — [0 p(t) — 05, 0(2(5))]
= ["(2)05,0(2(5))(t1 = $1) = (Ouy, 00,) 00, 0(2(v)) - (£ = 5)]
= [["(%)0s,0(2(5)) = Duruyp(2(0))](t1 = 1) = oy p(2()) (B2 = $2)),
for some T between t; and s;, and some v lying on the line between ¢ and s, by the Mean
Value Theorem.
Comparing each term, and recalling definition x; := 277, y; := 27"
[0"(2),0(2(s))] = x 7 2xcfyy ™ = xS
|10 0(2(0))| & x5 7y 5
|02 0(2(0))| = x5y
Since yj, < ex} on Ry, we have [¢"(7)0s,0(2(s))| >> [0y0,0(v)], s0 we can disregard

the Oy, ¢(2(v)) term. Comparing the remaining terms, as long as

|81 — t1|X§_1 >> |82 — t2| (429)
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the ¢ (2)0s,0(2(s))(t1 — s1) term dominates, and we get
| det DWWy, (t1, 51, S2)| =~ |s1 — t1|x‘]+r 2yl (4.2.10)

Let t; be fixed. Since |Q2a4,(t1)] > a and since s € Qy4,(¢1) implies sy ~ yg, then on

over half of Qy4,(¢1), we have |s; — t1] 2 i. Also, since sq,ty ~ 27% = y., we get

|52 — t2| S ¥
Thus, based on (4.2.9), we have two cases: yikx’"-_l >> |s9 — to| and yﬂkxg_l < Vi

J

For the first case, if yikx;’l >> vy, then (4.2.9) holds on over half of €54,(¢;), and

| det DW,, (t1, 51, 82)| =~ |s1 — t1 |x‘]+” 2yh-1 > ;; j+r 29 N-1

on over half of €2y4,(¢1), implying that

| Fj k| >/ay xSy T b ds dsy 2 ax] TPy QIItliIl(‘Qg(tl)‘HQLtQ’
Q

J+7" 2 N-2,,8 J+r—2 N—3 2
2 ax Vi 0 =X Vi Cof.

(TjexEXFy) - T;6(E,F)
~ [E|

By definition, § = LTpkXEXF) and o =

1
R i ] , and so

J 2, N=3,2 J 2_N-3T;x(EF
IF| > |Ful 2 5772y 2 ]2y NS TED

Then, using dj, = J;:ffv, with x; := 277 and yj := 27%, we conclude

Tie(B F) S (7 2y =) S B |FS

_ 2%[(r+1)(1+dh) (rN+3)+£(N-3) \E\ 3 ‘F|§

— 9~ ]2 k2 [(r+1)(dp+1)— r‘N]2 2 ‘E‘ ‘Fl

concluding the first case where %xr’l >> |sg — tof.

J
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For the second case, we combine %x?‘l Svyiand T;1(E, F) < a|E| to get the L' — L!
bound

Tiwn(E. F) S vix; " VB (4.2.11)

Since 7; has measure x;yy, Young’s Inequality gives an L*> — L° bound of
Tiw(E, F) S xjyi|F. (4.2.12)

Interpolating (4.2.11) and (4.2.12), we get the L? — L? bound

3 ;r
Tik(E, F) S yix; 2" 2| B3| F2, (4.2.13)

Next, by (4.2.8), we know that on 7;, C R%,

‘w‘ NX?JJrr ZyzN 3’

so by Theorem 1.2.1, we have the L3 — L4 bound

Tin( B F) S (3 2yiN=3) 73| B|3 | F |3, (4.2.14)

J

Finally, interpolating (4.2.13) and (4.2.14),

J

2
3

3 —Lkr-2) — 1,3, .3
TilB,F) S (v 20 2 B FI) (27252~ 4 B ) )

(XJ—H“ 2yN 3) |E| |F|

J

as in the first case. Thus, the proof of Lemma 4.2.1 is complete. O

Case (Nyy)

We start by defining S := RS N {|w| &= 1} N {21, 2 — Az] > 0}, which we can decompose

into regions 7 ={n =z~ 2%, Zg— 2] =1y~ 2_%}, recalling that 7= 2N — 3 and

—J J
QT
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Q) =2J +r—2from (4.2.8). This induces the decomposition 75 = > 7;. From Lemma

4.2.1, replacing j Wlth J and k with £

7;(E, F) S_, 27%[(T+1)(1+dh) (rN+3)]+ T(N 3)|E| |F|

= 9-3lg "7 g3 | F|3, (4.2.15)

Sl

where B = (r + 1)[1 + dp,| — (rN + 3). Since |7;| = 205~ 17 we also have
(4.2.16)

T;(E, F) < 2@ 19| F).

Combining (4.2.15) and (4.2.16),

TH(E, F) S min(2@~#7|F| 27865 B3| ]5).

Noting that 7' — ) > 0 since T' > d,, %J;Tl’", we interpolate as follows:

T(E,F) £ min(2'e 79[|, 2 8@ | B3| F|f)
J
1— e

B+B)T-NQ |

2(T-Q)
~ |E‘ BGFB)T—-NQ ‘F‘

2T -
Thus, Trenfjwj~1y is of rwt (4, gr) for (q—I qil) = ((3+](3)T?3VQ, (3+§)TQ_NQ).

Since Tre (i~} is of strong type (3,4) by Theorem 1.2.1, and of rwt (%, ¢;), and

since RY is k,-scale invariant, then by Case 3 of Proposition 2.3.4, Tge is of rwt (ps, gs)

where (pg, gs) lies on the scaling line of 7 and

_ 841 4,1
qI"FqI(dh"rl) 1 qI+qI(dh+l))

2 2\ _
(E’E) _( (17%)(dh+1) ’ (1—%)(dh+1)

Since (pg,qs) lies on the scaling line, then by Lemma 4.1.2 it suffices to verify that

(r+ 1)1+ dy] — (rN + 3),

Ps = Pu,- Using the identities Q = 2J +r — 2, B =



7

T =2N -3, d, = T{V , and our equation for q%’ after some messy arithmetic we find
that

1 _ N+l—dy

ps  dp+l
Thus, by Lemma 4.1.2, p,, = ps, and so Tge, is of rwt (pu,, Gu,)- H

Case (Nf;;l)

In this case, (1% L) =

'3 (2, L) lies off the scaling line, so we will be using Ry instead
2 v2

N'N
of RS. We decompose Rr N {z1,25 — 2] > 0} into regions 7, = {z = 21 ~ 277,
Yy =2z — 27 ~ 278N [-1,1]? where —0o < k < 0o and 0 < j < co. This induces the
decomposition Tr,n{z,2— >0} = > ik 7T;k- Combining the result of Lemma 4.2.1 with

the implications of |7; | < 27727,
Tir(E, F) < min{27927%| F|, 2792 *25 0+ D@D —rNo55 15| |3},
Defining 7; := )", T;x, and interpolating over £,
T(E,F) < Zmin{2*j2*le|, 999 hoslr () —rNIo5E | B3| F |3}
~ 9 H D12 |E\N |F‘1,7
Since N > dj, + 1,

1

Trroier,za—sy501 (B, F) §ZQ*# (D=5 p| R | F|'-~ < |E|V|F|w
7=0

s0 Ty is of rwt (&, N), which is (py,, ¢s,) by Lemma 4.1.2. O

Case (N4 )

q=2p

By Lemma 4.1.2, it suffices to prove the following proposition:
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Proposition 4.2.2. In Case (N34 ), Tre (E,F) S |E|~|F|'-~.

q=2p
Proof. Our result will quickly follow from the following lemma:

Lemma 4.2.3. In Case (N;), | Trengieylenyll 41, 40 < 00 for all g € [3,00).

Proof. Recall the change of coordinates x = 21,y = 2 — 2]. It suffices to consider

the region with =,y > 0. We decompose RS N {|zy| ~ 1} N {z,y > 0} into regions

Tonn i =4{21 = 2" 20 — 2] = 27"} for n € N, and denote 7, := T, By Lemma 4.2.1,

—n,n "

using N = d, + 1,
To(E, F) S 2 3 DN-ONSI 9| BIS|FIs = |BJ3|Fs.

We will use the notation of Notation 3.2.1, with b = 2, to refine £ and F. Since
|T_nn| S 1, and since 7,(E, F) < |E|3|F|3, by Lemma 3.2.2 and Lemma 3.2.4, it suffices

to prove the following version of Condition 3.2.3:

Lemma 4.2.4. Let k,l € N, and let k, [, and k — | be sufficiently large, independent of
E and F. Then |F)| 2, 2"“*”7"04%1/817“ and |Ey| 2 2"“*”"@%5@” with implicit constants

independent of I, k, E, F.
Proof. By symmetry, it will suffice to prove the F; inequality. Fix ug € F};. Define
Q= {t €R?*: 2(t) € T_pp and ug — (t1,t2 + 1], 0(2(1))) = w(t) € By N E}},

recalling that z(t) := (t1,t2 +t}). Then || = Tixp.nE () > Br,. To achieve a

lower-dimensional result, we fix one variable. Rewriting €],

Q
—|2_1k| = ][ / X (1, t2)dtydts,
tore2—k Jt 2k
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Therefore, by Holder’s inequality, there exists a fixed ¢, =~ 27% such that

Q0| = [{t1 2 (t1,t2) € Qi }| = / xo, (t1, t2)dt; > ﬂ—fk

t1%2k 2 K
For t; € 4,, define
Qo (t1) = {s €R?: 2(s) € 7_y; and w(t) + (51,52 + 57, 0(2(s))) € [}
Then [Qa4,(t1)| = T} x5 (y(t)) > ap,. Finally, define the following:

Qtz = {(tl,Sl,Sg) € Rg . tl € Q17t2,8 = (Sl,SQ) € QQ(tl)},

Uy, (t1, 82, 82) := @0 — (t1, 2 + 11, 0(t)) + (51,52 + 7, ¢(s4)).

Since U, is a polynomial mapping Q;, C R® — R?, it is O(1)-to-one off a set of measure

zero. Since Wy, (€y,) C Fy, then |F| > thQ | det DWy, (1, 51, S2)|dt dsidsy. Then
| det Dy, (1, 51, 80)| = 7[s77" = #17]0s00(2(5)) — [0s,(2(5)) — By, (2(1))]-
Then, for k, [, k — [ sufficiently large, t; ~ 2¥ >> 2! ~ 5, >> 1.
Claim: : [t7710,,0(2(5))| >> [s77'900(2(s))] >> |06,0(2(5))] Z |0 p(2(#))] holds for

k,l, k — [ sufficiently large, independent of F, F.

Proof:

[t710,,0(2(5))| >> |87 0,,0(2(5))|: Since ¢, >> s, this is clear.

Next, recall that p(z(x,y)) = 27y +o(y"™). If J = 0, then ds,(2(s)) = Iy, (2(t)) =
0, and |s77'0,,¢0(2(s))| > 0, so the rest of the claim holds. Thus, it suffices to consider

J>1.



80

1877104, 0(5)| >> |05, 0(s)|: First, s; >> 1. Also, ¢(z(s)) = s{s) + O(sy ™), with

J > 1, 50 |0s,0(2(5))| = s|sa|V7" >> 577 sV &~ [0s,0(2(5))], since s; >> 1 and

|sa] << 1.

105, 0(2(8))] 2 |0:,0(2(1))]: Since ¢(z(x,y)) =~ x’y™, with N = dj, + 1, we have the

relation N — 1 = d;, = %, implying J = N —r — 1. Since [s182] = |tits] ~ 1
and |so] >> [tof, then |95, 0(2(s))] & s Msa|V = 577775V & |50 72 > [t 72 &
7 N = |0y, 0 (2(1))] n
Therefore  |det DW,, (L1, 51, 52)| ~ |t] 05, 0(2(5))| ~ t] 57| sV
=t sy sl VT A T s

~ 2k(r—1)2—l7’ _ 2‘k—l|r2—k‘

Then, since 1 > ap, since 1 = || > [Qa(t1)| > g,

Bl 2 / 2=ty Kty dsyds, 2 2427 min(|Qp (1))
Q

t2

k—lro—k XE k—lr 2
Z 2| ‘TQ 2_712/8}7‘}‘,[ Z 2‘ IraEl/BFk'

A near-identical argument gives |E;| 2 2"“4“(1% BE,, by swapping £, and F),, and
using Wy, (t1, S2, 52) = wo + (t1, t2 + 17, 0(2(1))) — (s1, S2+ 57, p(2(s))), for wy € Ey,. This

completes the proof of Lemma 4.2.4. O

Hence, by Lemmas 3.2.2 and 3.2.4, with b = 2, the proof of Lemma 4.2.3 is complete.
O

Finally, since |zy| is “2-mixed homogeneous for some D > 0, and since RS is K-

scale-invariant, then by Case 2 of Proposition 2.3.4, we conclude (using dj, + 1 = N)

Tre (B, F) < |E|¥ |FI© 7,



80 Tre, is of rwt (¥, N), which is (p,, gv,) by Lemma 4.1.2
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