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ABSTRACT

Layered composite structures are not only mechanically superior to conventional structures,
but they also provide material customizability and ability to manufacture assembly-free unitized
structures. However, structural analysis of composite structures still remains challenging. Currently,
the analysis is done using finite element method on a simplified mixed-dimensional analysis model
for composite structures. The simplification is done using behavior models, such as 2D plate and 1D
beam models, which is necessary as meshing hundreds of material layers individually is extremely
expensive. There are two major challenges to this approach- (i) lack of a systematic method for
identification and documentation of the different behavior models in a composite structure and
the exact regions in the structure where the behavior models are applicable and (ii) FEA using
mixed dimensional analysis models require dimension reduction, different types of finite elements,
and compatibility between different elements. These FEA pre-processing steps are time-consuming,
require manual intervention and are often error-prone.

I propose a new framework for an automatic and efficient analysis of laminated composite
structures. The framework is based on two novel contributions- i) a formal Function-Behavior-
Structure(FBS) framework for structural engineering and ii) the wirtual material method. The
popular, but informal, FBS framework provides a general language and tools for design activities.
I provide a formalism to the FBS framework in the context of engineering structures and use it to
represent and record the functional components and the corresponding behaviors in a composite
structure. This allows for the systematic identification and organization of behaviors and their
regions in a structure. The formalism is based on physical solid modeling, an extension of the
traditional solid modeling to include physics and behavior. In the virtual material method, I replace
an original layup of materials in a composite structure, that can have hundreds of plies, by an
equivalent but much simpler layup, called virtual material. The two layups are equivalent for a
given behavior model. In essence, instead of using behavior models to obtain a simplified mixed
dimensional analysis model, I propose to use them to obtain a new type of analysis model which is
three-dimensional but has considerably simple material layups as compared to the original composite
structure. Virtual material method, therefore, makes 3D FEA of composite structures practical and,
as a result, eliminates the heuristic and expensive pre-processing steps.

To demonstrate the effectiveness of the proposed framework, I implemented the FBS framework
and the virtual material method in a 3D meshfree finite element system. The system allows a
structured documentation of function and behavior information for composite structures and auto-
matically computes virtual materials wherever applicable. The 3D meshfree nature of the system not
only eliminates the pre-processing steps but also the errors encountered in 3D conforming meshing.
I validated the accuracy of the virtual material method by analyzing several benchmark problems
found in the literature. Finally, I also analyzed some complex composite structures, including an
airplane fuselage section, to demonstrate how practical composite structures can be analyzed using
my system.
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Chapter 1

Introduction

1.1 Motivation

Laminated composite structures are widely used in a variety of industries, including aerospace, auto-
mobile, medical, and sports [IH3]. Laminated composites are lightweight and stiff with customizable
material properties, resulting in structures which can be superior to those made of homogeneous
materials [2H4]. High stiffness-to-weight ratio is achieved using fiber-reinforced plies, which are fused
together under high temperature and pressure to form complex, monolithic laminate parts. The
fiber reinforcements, laid using techniques ranging from manual to fully automatic, are generally
parallel and unidirectional, therefore, resulting in plies with anisotropic material properties. Global
stiffness properties of laminated parts are customizable by varying the fiber angle within each ply,
controlling the number of plies, and adding extra materials between plies, such as honeycomb cores.

Laminated composite artifact{-], as a result, have a complex manufacturing structure; that is,
they consist of a large number of manufacturing elements such as plies, cores, and fillers, which
are systematically placed during manufacturing. The complexity of the manufacturing structure
is demonstrated with the help of an example composite artifact in Figure (i) Laml is a
flat laminate with an embedded core, three dropped plies, and a cutout, (ii) Lam2 is a curved
laminate, and (iii) Laminates in S1, S2, and S3 form a Hat-stiffener, T-stiffener, and Flat-stiffener

respectively. Laminates Laml and Lam2 are joined using lap joint LJ1. Finally, ply drop-off PD1

'From now on, I will refer to engineering structures, which include composite structures, as artifacts to avoid
confusion with structure as used in function-behavior-structure.



e Lam1- Flat Laminate with Core and
Ply Drop-offs

Lam2- Curved Laminate

= \=

S1- Hat Stiffener
S§2- T-Stiffener

e
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LJ1- Lap Joint

PD1- Ply Drop-off X

Figure 1.1: Figure shows a composite artifact with multiple laminates

leads to a tapered region in the composite artifact. Due to the layered nature of laminated composite
artifacts, features such as ply drop-offs, embedded cores, and T-stiffeners with fillers are unique to
them. Moreover, artifacts which were traditionally manufactured as assemblies of several structural
components using fasteners can be manufactured as laminated composite artifacts that are free of
assembly [2, 5]. Such composite artifacts are sometimes also referred to as unitized or integrated
artifacts to indicate their assembly-free nature. Figure shows a unitized airplane door [6].
Unitized artifacts have the advantage of having lower weight (no fasteners required) and lower
manufacturing cost (surface finish and precision for mating of parts are not an issue) in comparison
to assembled artifacts.

Increased complexity of manufacturing structures provide more freedom to customize mechanical
properties of composite artifacts, but the cost of their structural analysis also increases tremendously—
finite element analysis by meshing hundreds of thin plies independently is practically infeasible.
From a design perspective, however, these artifacts usually have a simple functional structure.
They are designed as a combination of functional elements (generally referred to as structural ele-
ments in structural engineering) such as plates, beams, shells, and so on [7H9], which are chosen by
designers for their known mechanical behaviors. The knowledge of functional elements can speed
up the structural analysis of composite artifacts, as simplifying assumptions can be made about

behaviors of 1D (beams, bars, shafts, etc.) and 2D (plates, shells, membranes, etc.) functional



unitizea Sructures Utllization

(a) Trend of Unitized Structure Utilization [5].

Figure 1.2: Unitized Composite Artifacts: trends and examples

elements, which greatly reduce the number of degrees of freedom required during finite element
analysis [I0HI2]. Different theories, or behavior models, such as Classical Lamination Plate Theory
(CLPT), First-order Shear Deformation Theory (FSDT), etc. [4, [13], 14] are available to model the
beam and plate behaviors.

Even though using simplified behavior models reduces the cost of structural analysis of composite
artifacts, there are several challenges which forbid efficient and automatic analysis of practical

composite artifacts. The following subsections present the challenges with the help of examples.

1.1.1 Lack of Function and Behavior Representation

As discussed above, knowledge of the function elements and associated behaviors in composite
artifacts is necessary for their design and analysis. The functional structures of composite artifacts,
however, are not usually provided with their CAD models. Currently, CAD models are based on the
manufacturing structure and are limited to information such as tooling surfaces, plies, ply stack-up
order, and other ply-related information [I5] [16]. Designers and analysts, therefore, manually and
heuristically identify the functional elements in the composite artifact. The process, as a result, is

not only subjective, but also challenging for the following reasons:
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Figure 1.3: Cross-section of a unitized composite artifact to illustrate the lack of correspondence

between elements of (A) manufacturing structure and (B) functional structure.

Lack of Correspondence between Functional and Manufacturing Structures As mentioned
earlier, composite artifacts are increasingly being manufactured as unitized artifacts, wherein
multiple functional elements are realized as one monolithic part. One functional element
smoothly transitions into another in a part, with no 1:1 correspondence between elements
of functional and manufacturing structures, which makes it difficult to isolate the functional
elements. For illustration, the composite artifact in Figure [1.3| consists of five functional
elements— three plates (panels), one thick plate (sandwich panel), and a beam (stiffener)—
with no explicit boundary between the Sandwich Panel and Panels 2 and 3, nor between
Stiffener 1 and Panel 3 (Figure [[.3B). An explicit boundary is absent because plies, which
are manufacturing elements, are shared between multiple functional elements. For example,
plies of laminate Lam; are shared between four functional elements— Panels 2 and 3, Sandwich

Panel 1, and Stiffener 1.

Emergent Behaviors Emergent behaviors are behaviors that appear in a functional element after
it is composed/joined to other functional elements. Emergent behaviors are usually found in
regions around a joint between 1D and 2D functional elements. The simplifying assumptions
for behaviors of 1D and 2D functional elements are not applicable in such regions due to St.
Venant’s Principle [I7,[I8]. As a result, the actual behaviors in an artifact are usually different
from the ezpected behaviors, as illustrated in Figure [I.4] Therefore, just the knowledge of

functional elements in an artifact is not enough to predict regions of simplified behaviors.
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Figure 1.4: Emergent behaviors in artifacts.

Lack of a method to track function and behavior information Even when the complexity
of a functional structure is orders of magnitude lower than that of the manufacturing struc-
ture, there could still be a considerable amount of function and behavior information to
track during the design and analysis of composite artifacts. The information includes the
functional elements, how the elements are connected, the behavior of functional elements as
intended /expected, emergent behaviors after the elements are assembled, and so on. A general
and mathematical framework is needed to document this information, as well as to support the
transformations that the information undergoes during the design and analysis of composite

artifacts.

1.1.2 Challenges in Finite Element Analysis of Composite Artifacts

The second set of challenges is faced during the pre-processing step of the finite element analysis
(FEA) of composite artifacts. For carrying out the FEA of a composite artifact, a mixed-dimensional
simplified analysis model for the composite artifact is required: regions in the artifact with 1D
behavior are modeled as curves, regions with 2D behavior as surfaces, and regions with 3D behavior
are left as they are. Obtaining surface and line models requires a dimension reduction of the 3D
model of the composite artifact. Once the mixed-dimensional model of a composite artifact is
obtained, the model is discretized using elements of appropriate dimension. The different behavior
models are incorporated in the basis functions of the elements [13]. Therefore, the basis functions of a
2D element modeled using FSDT has additional degrees of freedom for transverse shear deformation
in comparison to the ones modeled using CLPT.

There are several problems with the above approach. Firstly, dimension reduction of a 3D

model into a surface or a curve is a heuristic step and sometimes requires manual simplification of
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Figure 1.5: Pre-processing steps and challenges in multi-dimensional FEA.

the geometry of the 3D model [19]. For example, dimension reduction sometimes lead to loss of
connectivity, as illustrated in Figure[I.5C. But, more importantly, this approach necessitates several
different types of finite elements- one for each behavior model used in the artifact. For example,
for the artifact in Figure [[.5A, we need 3D finite elements, thick beam elements, and thin beam
elements. Different element types have different degrees of freedom, causing compatibility issues
among other problems, as illustrated in Figure [[.5B. Compatibility is ensured either by constraining
the degrees of freedom of elements at the interface or by using a transition element for the interface
region [I9H21]. The above pre-processing steps during FEA of composite artifacts bog down the
analysis process and more often require manual intervention, preventing automation of the structural

analysis of composite artifacts.

1.2 Overview of The Proposed Approach

The primary objective is to have an automated and efficient way to analyze practical composite
artifacts. I propose a new framework to address the problems preventing the realization of this

objective. In the framework, I

1. represent the functional knowledge behind the engineering artifacts using a well known function-
behavior-structure framework for design. My implementation distinguishes the manufacturing
and functional structures of the artifact and supports notions of expected and emergent be-
haviors. The functions and behaviors for a structure are obtained from the designer and stored

in the CAD model, which is based on the manufacturing structure.



2. use the concept of behavior equivalence to obtain a wirtual material model for the composite
artifacts. Layups in the virtual material models are much simpler than the original layups,

but the two layups are equivalent with respect to a behavior.

3. carry out the finite element analysis using a ‘new type’ of simplified analysis model that is
obtained using the virtual material method. This new analysis model is three-dimensional
and requires only 3D finite elements, eliminating the need for dimension reduction, multiple

types for elements, and compatibility maintenance between elements.

The proposed framework hinges on two key contributions— a formalized function-behavior-
structure model for design of engineering artifacts and the virtual material method, which are briefly

discussed below.

1.2.1 Formal FBS Framework to Track Design Knowledge

The proposed framework to track design knowledge is based on the well-known function-behavior-
structure (FBS) [22H25] framework for design, which is a general, but informal, framework to support
the engineering design process. I make the FBS framework concrete for structural engineering by
giving mathematical definitions to structure, behavior, and function. The definitions are based on
the proposed extension of solid modeling to physical solid modeling, wherein physical solids have
(1) states based on some physics and (2) physical behaviors as mappings between boundary value
problems. In the thesis, I only consider linear elasticity physics, for which the physical solid is
an elastic solid. The formal FBS framework leads to a systematic formulation of computational
problems in structural design and analysis, including that for composite artifacts, which is the

primary focus. Briefly, within the framework (summarized in Figure ,

S]V[

1. Manufacturing structure captures the organization of manufacturing elements in an arti-

fact.

2. Functional structure ST stores the functional /structural elements in the artifact and how they

are joined to each other.

3. Expected behavior B¢ is the behavior of the artifact as intended by the designer. B¢ is obtained

from the known behavior of the functional elements, such as plate and beam behaviors.
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Figure 1.6: Summary of the proposed framework.

4. Actual behavior B® of the artifact is obtained from the expected behavior after it is modified

to include the emergent behaviors that arise when functional elements are joined.

5. Function F is a set of design requirements for the artifact, such as maximum stress or dis-

placement at a point, to ensure that the artifact will perform without failing.

6. Numerical analysis of the artifact is carried out using the actual behavior B® to obtain the
state of the artifact (stress, strain, and displacement fields). The states are compared to F to

ensure that the design requirements are satisfied.

I implement the above framework for composite artifacts with the most commonly used func-
tional elements and joining methods. The framework, however, can be easily extended to include
other types of elements and joints. The main assumption is that the artifact was designed as
an assembly of functional elements, wherein a pair of elements is either perfectly bonded through

adhesive joints or the elements are manufactured as one unitized /monolithic part.

1.2.2 Analysis Model for Composite Artifacts Based on Virtual Material Method

Finite element analysis of composite artifacts can be automated using general 3D finite elements,
which are valid everywhere in the artifact and, therefore, eliminate the inefficient and manual pre-
processing steps. However, as mentioned earlier, using 3D elements is prohibitively expensive due to
the presence of numerous thin layers of plies in composite artifacts. To reduce the cost of 3D FEA
of composite artifacts, I propose the concept of virtual material as a replacement for the original

layup in a composite artifact. The concept of virtual material is summarized in Figure [1.7
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Figure 1.7: Virtual Material for a given layup and behavior.

Instead of using simplified behaviors of functional elements to obtain a mixed-dimensional anal-
ysis model for a composite artifact, I propose to use them to simplify the original layup of the
composite artifact. The new layup will be equivalent to the original layup for a given behavior
and, at the same time, will be simple enough to make the 3D FEA of composite artifacts efficient
and practical. Virtual materials are simple due to the fact that the macro behavior of a typical
composite artifact is much simpler than its material complexity. The behaviors used to compute the
virtual materials will be obtained from the FBS information behind the composite artifact, resulting
in a structured and non-heuristic method for efficient finite element analysis of composite artifacts.
The numerical computational cost of 3D FEA is still higher than that of lower dimensional FEA,
but, if the cost of all heuristic and manual pre-processing steps are included, 3D FEA of composite

artifacts using virtual material is considerably more attractive.

1.3 Contributions Summary

I propose a new framework for the efficient and automatic analysis of laminated composite artifacts,

which has resulted in the following major research contributions:

1. T proposed physical solid modeling as an extension of traditional solid modeling to include
physics. Using the notion of elastic solid and behavior, I was then able formalize the widely
used, but informal, function-behavior-structure framework for design and analysis of engineer-

ing artifacts.

2. I applied the formal FBS framework to composite artifacts and showed how the manufac-
turing data and intent (function and behavior) behind the artifacts can be documented and
tracked. A deterministic approach to finding the emergent behaviors for the most commonly

used composite artifacts is also proposed. This can be extended to other new types of ar-
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tifacts (including those which are 3D printed) that have considerably higher manufacturing

complexity than their functional complexity.

3. T also proposed a new type of simplified analysis model for the efficient FEA of composite
artifacts using, what I refer to as, the “virtual material method”. This method is based on
the notion of behavior equivalence, as defined in the FBS framework. Virtual-material-based

analysis models eliminate several pre-processing steps and save considerable manual effort.

4. Finally, I implemented a prototype system to show how practical composite artifacts can be
analyzed using the FBS and the virtual material method in a 3D meshfree finite element
system, thereby utilizing all the advantages that meshfree systems offer over mesh-based FEA

systems.

1.4 Outline

The thesis has been divided into following chapters:

1. Background and past work related to the contributions are presented in Chapter 2. The
chapter consists of three sections, which are as follow. In the first section, a background of
composites and artifacts made of composites is presented. I review the terminologies, the
common manufacturing and functional features, and the different representation methods for
composite artifacts. In the next section, I survey the past work for analyzing composite
artifacts. Firstly, I review behaviors of different functional features in composite artifacts
and how they are modeled. Finally, I discuss how behavior models are used during analysis
of practical composite artifacts that have several of these functional features. In the final
section, I present the existing work related to modeling intent in design. Primarily, I discuss
the informal definitions of function, behavior, and structure using the example of a chair

artifact. I also touch upon other models for intent in engineering.

2. In Chapter 3, I present the formal definitions for the function-behavior-structure terminologies
in the context of structural engineering. I use physical solid modeling as the basis for the FBS

definitions, which I define for linear elasticity.
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3. In Chapter 4, I present applications of the FBS framework from Chapter 3 for composite arti-
facts. Specifically, I discuss how the structures of an artifact from different views can be used
to organize manufacturing and functional information, as well as how behavior equivalence

can be used for efficient 3D analysis of composite artifacts.

4. Chapter 5 dives into the details of the virtual material method based on the behavior equiv-
alence concept. I derive virtual materials for laminated composite panels with thin and thick
plate behaviors. I also demonstrate how composite beams can be analyzed using virtual ma-
terials. Several benchmark problems are analyzed to establish the effectiveness of the virtual

material method.

5. T describe the meshfree-based finite element system to analyze practical composite artifacts in
Chapter 6. The system uses the proposed analysis model using the virtual material method.
I demonstrate the working of the system by analyzing a section of a fuselage that consists of

several panel and stiffener functional elements.

6. I conclude the thesis by discussing the overall limitations, possible extensions, and open issues

in Chapter 7.
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Chapter 2

Background and Related Work

This chapter is divided into three sections. The first section gives a quick background of terminolo-
gies and features of composite artifacts. The survey of methods to analyze composite artifacts in
the second section. Finally, I briefly discuss the informal function-behavior-structure framework for

design.

2.1 Composite Artifact Background

I first discuss the concepts and terminologies related to composite materials and composite artifacts.
Several terminologies have been formulated in order to systematically document artifacts made of
composites. Many of the manufacturing-related terminologies discussed here are from the ASME
Standard on Composite Part Drawing [26]. T also go over methods currently used to represent and

analyze composite artifacts on computers.

2.1.1 Common Manufacturing Terminologies

Composite material, informally, is a combination of two or more constituent materials and has
properties superior to the properties of the constituent materials. In the current work, I consider
advanced composites, which are made of continuous and parallel fibers embedded in resin. Advanced
composites are particularly popular in engineering applications because of their high stiffness and
load carrying capacity in comparison to traditional materials such as steel and aluminum. Compos-

ites with aligned fibers are strong in the fiber, or the reinforcement, direction, but they are weaker
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in directions perpendicular to the fiber direction. Usually, therefore, multiple layers of composite
materials with different fiber direction in each layer are combined to form, so-called, Laminates [27].
Fibers can also be weaved, stitched, or braided together to provide lateral strength to the composite
material.

In general, manufacturing elements in composite artifacts have hierarchical organizational struc-
ture [15, 28] as illustrated using the UML diagram in Figure The starting items are plies,
cores, and embedding. Plies consist of resin reinforced by parallel fibers and are an extremely thin
plate/shell-like solids, usually with uniform thickness. In comparison to plies, cores are relatively
thicker and have internal structures such as honeycomb and foam. Embedding such as fillers, sen-
sors, cooling pipes, etc., can also be placed between plies [29]. T only consider unavoidable fillers
(resin pockets) in the current work, which are found in regions that cannot be reached by plies.
Although these starting materials usually have internal structures, they are considered to have ho-
mogeneous material properties for the purpose of design and analysis. Several of the starting items
are stacked on a tooling surface to form a laminate. One or more laminates are cured together to
result in one monolithic part called laminated composite component. A component that contains a
core item is usually referred to as a sandwich structure. Finally, a composite artifact is obtained
by joining multiple laminated components using bonded or mechanical joints. In summary, prac-
tical composite artifacts can consist of hundreds of these starting items organized in the hierarchy

discussed above.

2.1.2 Common Functional Elements

In this section, I discuss common functional elements in composite artifacts, which are important

from both design and analysis points of view.

Laminated Panels Laminated panels are thin-walled structural elements in composite artifacts.
Panels act as plates or shells, and are the most common functional elements in composite

artifacts, to which other elements are attached. An example of a panel is component Lams in

Figure [L.1]

Sandwich panels A sandwich panel consists of a low-density flexible core bonded to high-density

stiff facings (Figure [2.2]A). Facings are generally made of fiber-reinforced plies and carry most
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homogenization.



15

<) /
Cut and Add
Approach

Stringer

Panel

(A) Ortho-grid (B) Iso-grid

Figure 2.3: Two types of grids A) Ortho-grid and B) Iso-grid. Inset shows how intersection is

restricted from having a build-up using the cut and add approach .

of the in-plane load in the panel. Core, on the other hand, carries transverse loads, as well
as increases the bending stiffness of the panel by increasing the distance between the facings.
Sandwich panels, because of the significant transverse stresses, are usually modeled as thick

plates and shells.

Stiffened panels A stiffened panel consists of a flat or curved laminated panel reinforced by stiff-
eners [30]. For example, stringers and ribs are stiffeners for the panel in Figure 2.3]A. Adding
stiffeners to a panel increases the panel’s stiffness for bending and controls local buckling,
while keeping the artifact light. Stiffened panels are extensively used in civil, aerospace, and

marine artifacts [31].

Stiffeners, depending on the type of artifact they are used for and their axial direction, are
referred to by different names such as ribs, stringers, longerons, frames, and rings. Figure
2:3A illustrates a grid of stiffeners in which the longitudinal stiffeners are called stringers,
while the transverse ones are ribs. Stiffeners form a grid when placed in a uniform pattern,

such as ortho-grid and iso-grid as shown in Figures 2:3]A and B respectively.

Flange Core
; Filler

(A) Flat (B) Hat (C) Blade (D) Hat with Core

Figure 2.4: Examples of different types of stiffeners based on their cross-sections.
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Stiffeners may have different cross-sections, each cross-section having its own advantages and
disadvantages. Some example stiffener cross-sections are shown in Figure Flanges are
the horizontal elements of the stiffener, while webs are the vertical elements. Also, the hat
stiffener is a closed-configuration stiffener due to the gap between the stiffener and the panel.
The flat and blade stiffeners are open-configuration stiffeners. Closed-configuration stiffeners
show higher stiffness to torsion, but are harder to manufacture as they need internal support.

Cores can also be inserted in stiffeners, as shown in Figure [2.4D, for even higher bending

stiffness.
Adherent
‘ Adhesive Core
| C
Single Lap Joint
g P Sandwich Structure
/ ‘
Scarf Joint
Strap
—

1

Butt-strap Joint

Stiffener T-joint

Different Adhesive Joints

Figure 2.5: Different types of bonded joints in composites using adhesives.

Bonded Joints Theoretically, a composite artifact can be created as one monolithic artifact free
from any assembling. However, due to manufacturability and serviceability constraints, com-
posite artifacts might still be manufactured as separate components. Joints are used to as-

semble and transfer loads between the components [7].

Joining using mechanical fasteners is generally avoided in composite artifacts, as drilling holes
and cutouts breaks the fibers and makes the artifact weaker. Adhesive joints, which allow
for a gradual transfer of load between two components over a region, are more popular [32].
Adhesive joints are easier to fabricate, and also provide design flexibility, as several joint

configurations are available (Figure .

Ply drop-offs Regions in composite artifacts under high load can be stiffen by adding extra plies.

These extra plies are dropped gradually when not needed as a cost-saving measure. This leads
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Figure 2.6: A-B) Cross-sections of two composites with ply drop-offs. C) Drop-off configuration

and naming conventions. D) Top view of the drop-off region.

to a tapered region in composite artifacts as illustrated by the two examples in Figure [2.0]A
and B. An example cross-section for taper regions (the red boxes) is shown in Figure

[33]. As illustrated, resin pockets are formed next to the dropped plies in the taper regions.

2.1.3 Representations for Composite Artifacts

In theory, composite artifacts can be represented by representing starting items as solids that are
assembled together using mating constraints. In practice, however, this method is not preferred
because representing hundreds of items as individual solids as well as the mating constraints between
the solids is computationally expensive. Therefore, special representation methods are used that
take advantage of the thin and layered nature of these artifacts. I briefly discuss these representation

methods below and also indicate their advantages and disadvantages.

Wireframe and Surface-based Representations

In composite artifacts, items are always laid on top of each other and are supported by a base/tooling
surface. Therefore, a base-surface based representation of composite artifacts is common in practice
(Figure . Briefly, a laminate is represented by a base surface and a ply table, where the ply table
stores the details of the starting items laid on the base surface to form the laminate. In the table,
each item is assigned a row and a ply-level. Ply level is the position of an item relative to other
items on the base surface. In general, multiple hierarchical ply tables are needed to record complex
composite artifacts, where the hierarchy is based on the hierarchy of the manufacturing structure

discussed earlier.
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Figure 2.7: A composite part with a filler and three laminates.
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Figure 2.8: A composite artifact represented using different representation methods.

Furthermore, there are various methods to represent the base surface as well. In wireframe rep-
resentation, the boundaries of the base surface are represented as wireframes [16], 26]. As illustrated
in Figure [2.8]A, the tooling surface (labeled as 100) and the locations of items (102- Ply, 103- Core)
on the tooling surface are recorded using their boundary edges. Items, their materials, and their
orientations are listed in ply tables. Cross-section drawings are needed to visualize the thickness
information of the items. Wireframe representations are straightforward for simple artifacts, but
such representations can easily become ambiguous for even a slightly complex artifact. The inside
and outside of items are indistinguishable, and cutouts and holes can be confused with other items
in the absence of definitive inside and outside information. Also, new cross-section views are needed
every time plies are dropped or added or when the thickness of plies changes.

In surface-based representation, composite artifacts can be represented in two ways [16]: i) by
representing tooling surfaces in the computer as surfaces, items using ply-table, and location of the
items as edges on the surfaces (as shown in Figure[2.8B), or ii) by representing each item as a surface
with material and other information as attributes of the surface. Surface-based representations are
better than wireframe for visualization, but they cannot show thickness changes due to ply drop-offs,

addition of cores, and so on.
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Representation as Solids

Another option is to represent items in composite artifacts as solids whose spatial locations are
locked, instead of specifying mating constraints to assemble [I6]. The thickness of items is no
longer implicit, and material and other information about items are included as attributes of the
items. An example of a solid representation of a composite artifact is shown in Figure 2.8(C. Some
of the disadvantages of using solid representation for complex composite artifacts remains. It is
computationally expensive to represent 100s of items, even if mating constraints between the items
are not included. Also, every time an item is added or dropped, the shape and location of existing
items may have to be updated, which isn’t needed for representations where items are represented
implicitly. Finally, in all the representation methods above, interfaces between items/laminates are
not available, which are regions of interest during structural analysis.

In the next section, I will review the methods used to analyze composite artifacts.

2.2 Analysis of Composite Artifacts

Analysis of a composite artifact is usually carried out using finite element analysis of a simplified
analysis model of the artifact, as discussed earlier. I first discuss the behavior models that are used
for simplification and then discuss the details of the pre-processing steps needed to carry out FEA

of composite artifacts.

2.2.1 Behavior of Functional Elements

In this section, I discuss the mechanical behavior models of common functional elements present in

composite artifacts.

Laminated Panels

Composite panels are thin-walled artifacts and show behavior similar to plate and shell artifacts.
In-plane and transverse behaviors of laminated panels are modeled independently, and the behavior
models differ in the way transverse, or through-the-thickness, behavior is modeled [14, 34H36].
Transverse direction is particularly important in laminated composites, since they are substantially

weaker in that direction. The different models for such behavior are as follows.
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Figure 2.9: Through-thickness deformation for different ESL theories.

A. Global Behavior Models (Equivalent Single Layer Theories) In Equivalent Single Layer

(ESL) theories, approximation functions are used to approximate displacement in a panel’s trans-

verse direction. This allows the laminated panel to be replaced by an equivalent single layer [35].

The number of degrees of freedom to capture deformation in the panel is independent of the number

of plies in the panel. So, ESL theories are suitable to model behavior of practical composite panels

which usually have hundreds of layers. A few of the popular ESL theories are discussed below and

shown in Figure 2.9

Al

A2

CLPT, or Classical Lamination Plate Theory, assumes that the panel shows only in-plane
stretching and pure bending. In-plane strains, therefore, can vary linearly along the thickness
while transverse shear is absent. Application of CLPT results in the popularly known ABD
stiffness matrices for the panel, where A is the extensional stiffness matrix, B is the bending
stiffness matrix, and D is coupling between extension and bending (details in Chapter [5).

CLPT is limited in applicability since it completely ignores transverse shear.

FSDT, or First-order Shear Deformation Theory, is based on the Reissner-Mindlin hypothesis
and allows for constant transverse shear strains in panels, in addition to the linear variation of
in-plane strains in the transverse direction [35] (Figure [2.9). A correction factor is needed to
compensate for any deviation of the predicted transverse shear strains from the actual shear

strains.

FSDT provides better results in comparison to CLPT. However, obtaining a correction factor is

not straightforward, and there are different schemes to compute it. Also, the correction factor
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is different for different laminates, as it depends on the laminate’s ply sequence, material, and

thickness [35].

A.3 HOT, or Higher Order Theories, are refinements of FSDT and assume non-linear distributions
for transverse shear stress in the panel. Parabolic and cubic approximation (Figure of
transverse shear displacements are examples of HOTs [14] B5]. Higher order theories give

superior results for laminated panels in comparison to CLPT and FSDT.

Higher order theories, as well as CLPT and FSDT, use C! continuous functions for approxi-
mating displacements in the panel’s transverse direction. This results in continuous transverse
strains and, therefore, discontinuous stresses at the interfaces of plies made of different mate-
rials. However, due to compatibility and equilibrium conditions, transverse stresses must be

CY continuous at the interface.

A.4 Zig-Zag theories are in a class of ESL theories that captures C° continuity of transverse shear
stresses in laminated panels. In Zig-Zag theories, the behavior models of laminated panels
are enhanced by adding a warping function [34]. These functions are capable of representing
the deformed profile with a different slope in each layer(Figure 2.9). These warping functions
are either provided or constructed using inter-layer shear continuity and zero shear traction

boundary conditions.

ESL theories are adequate to model global behavior of laminated panels, but are insufficient
if local behavior is also required [12]. Next, I briefly discuss behavior models to capture the local

behavior of laminated panels.

B. Local Behavior Models for Panels Local behavior models model behavior of the individual

layers in a laminated panel. Some of the local behavior models are as following.

B.1 Layerwise, or discrete-layer, theories are two-dimensional theories, but they model the be-
havior of each layer in the laminated panel independently [14, B4]. The number of degrees
of freedom for deformation, therefore, depends on the number of layers in the panel. There
are again different layerwise theories depending on the approximation function chosen to ap-
proximate the through-thickness behavior of each layer. Layerwise theories are accurate, but

expensive, for practical composite artifacts.
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B.2 The full three-dimensional behavior model (3D linear elasticity theory) can be used to model
each layer in laminated panels, but the cost of 3D models is extremely high and, therefore,

they are considered impractical for composite artifacts.

However, local behavior can be recovered from global behavior using the 3D elasticity theory.
Three-dimensional equilibrium equations and constitutive relations can be used to compute approx-
imate local transverse stresses from the stresses and strains obtained using global behavior models

[14, 34, 135].

Sandwich Panel

Modeling behavior of sandwich cores using the 3D behavior model is not practical due to the
complex internal structure of cores. Therefore, a sandwich core is usually homogenized as an
effective material (Figure [2.2/C), whose properties are obtained either experimentally, analytically,
or numerically [37]. The properties of the effective material have to be accurate, since the response
of sandwich panels is very sensitive to transverse shear stiffness of the core [38]. Once the core is
replaced by an effective material, the behavior of the sandwich panel is modeled using one of the
behavior models for laminated panels.

Modeling core as an effective material, however, is invalid when interaction between the internal
structure of the core and the facings introduces new physical phenomena. For such composite
artifacts, facings and cores are homogenized together as a continuum. For example, corrugated
sandwich panels derive much of their stiffness from the interaction of the corrugated core and the
face sheets [39], so the behavior of the core and the sheets cannot be modeled independently.

For modeling behavior of tapered sandwich panels(Figure [2.10/A), the natural inclination is
to homogenize the core and vary the effective properties as the core’s thickness changes [40], 41].
While this approach is valid for tapered beams and plates, it is invalid for tapered sandwich panels.
Tapered sandwich panels have two new coupling behaviors— (i) coupling between transverse shear
and bending and (ii) coupling between transverse shear and extension —in addition to the commonly
occurring couplings in multi-layered artifacts [37]. The reason for transverse shear and stretching
coupling is explained with the help of an example tapered sandwich panel under in-plane loading IV,

(Figures[2.10B and C). Since cores are softer in the in-plane direction, most of the load is carried by
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Figure 2.10: A) Tapering of core in sandwich panels B) Zoom-in of the left taper. C) Facings and

the core with corresponding loadings due to IV, .

the facings (Fiop and Fyostom). If the top and bottom taper angles (o and ) are unequal, Fi,, and
Fyottom will also be unequal, with a net component ), in the y direction. @), leads to transverse
shear in the core, leading to coupling between in-plane load and transverse shear. Due to the new

coupling effects, additional coupling terms appear in the ABD matrix [40].

Stiffened Panels

The behavior models for stiffened panels can be categorized as ‘smeared models’ or ‘discrete models’,
which are discussed below and illustrated in Figure The panels and stiffeners are assumed to
be bonded perfectly and, therefore, adhesive bonding between panel and stiffeners, if present, can

be ignored.

1. In smeared behavior models, a panel and its stiffeners are idealized as a new panel by super-
imposing, or ‘smearing’, the effect of stiffeners on the behavior of the panel (Figure [2.11[B).
There are various smearing methods [31], 42], [43], which based on equating final deformation
energy, forces-moments, etc. of the original artifact and its smeared model. For a stiffened
panel with a regular grid of stiffeners, smearing can be done for a unit repeating cell in the
stiffened panel, and the results can be applied to the entire artifact. This is considerably

economical in comparison to smearing each stiffener in the grid one by one [31], 44].

Using smeared behavior models for analysis of stiffened panels is efficient, but are only justified

when stiffeners are closely and uniformly spaced and boundary conditions are simple [31]
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Figure 2.11: A) A stiffened panel. B) Smearing techniques. C) Discrete approaches.

44). Also, smeared models capture only global behavior and completely miss local behaviors

including bending in regions between two stiffeners.

2. In discrete behavior models EL behaviors of the stiffeners and the panel are modeled separately
and are coupled through interface boundary conditions [43]. Discrete models capture behavior
in localized regions, in addition to the global behavior. While, behavior of panel is modeled
using Equivalent Single Layer Theories, there are different ways to model the behavior of the

stiffener (Figure [2.11[C).

C1) Beams Stiffeners can be modeled as 1D beams with extension, bending, and torsional
stiffnesses [47]. This model requires symmetry of the stiffener about the panel’s mid-
surface [44] (Figure [2.12/A). When stiffeners are modeled as beams, they essentially lie
on the panel’s mid surface. As a result, coupling effects due to geometric eccentricity
in a stiffened panel which is asymmetric about its mid-plane (Figure 2.12B) is lost.
In addition, 1D model for composite beams become extremely complicated if coupling
between extension, bending in two directions perpendicular to the axis, and St. Venant’s
and Vlasov’s torsions are included [48H50]. Cross-sectional warping (Vlasov’s torsion

theory) during torsion is significant for thin-walled composite beams.

C2) Panels Stiffeners can also be modeled as panels [44] [47] and Equivalent Single Layer

'Some authors [44H46] use two different categories (i) discrete models- stiffener modeled as beams (ii) branched
plate and shell models- stiffener modeled as plates/shells.
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Figure 2.12: Two configurations of stiffeners.

Theories can be used to model the stiffeners’ behavior. Coupling effects are always

captured, irrespective of the configuration of the stiffeners (Figure [2.12)).

C3) Solids Li et al. [5I] used the three-dimensional behavior model for stiffeners.

When using discrete models for analysis of stiffened panels, care must be taken to ensure
displacement compatibility and traction equilibrium at the stiffener-panel interfaces. This
requires the use of compatible mesh or constraint methods during finite element analysis of

the stiffened panel.

Neither smeared nor beam model is ideal for arbitrary arrangement of stiffeners. The panel
model, on the other hand, requires careful abstraction of the stiffener as an assembly of plates and

shells.

Bonded Joints

Bonded joints using adhesives are used to transfer loads between components. Load transfer leads
to normal and/or shear stress in the adhesives. Adhesives are usually thin layers and show complex
3D stress-strain fields and stress concentration near the edges. Simplifying assumptions, therefore,
are made in the behavior models for the bonded joints [I7, 62]. The assumptions are generally

regarding the following—
1. the presence of transverse shear and normal (also called peel) stresses in the adhesive.
2. approximation functions to approximate strains or stresses in the adhesive thickness direction.

3. satisfying the zero-stress condition near the adhesive’s free edges.

4. the material model, i.e. whether the adhesive material is modeled simply as elastic or inelastic

body.

5. whether or not spew fillets near the adhesive edge are being accounted for or not.
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Figure 2.13: Different ways to model lap joints for Finite Element Analysis.

Lap joints are the most studied joints in literature. Examples of different behavior models for

the lap joints (Labeled A to D) are shown in Figure

A Behavior of adherents (joined components) is modeled using 1D beams, while the adhesive’s
behavior is modeled using the 2D behavior model. However, this 2D behavior model is not
the same as the panel behavior as discussed above. Assuming adherents and adhesive are flat,
the approximation function approximates displacement in one of the in-plane directions (y)

and not the thickness direction(z).

B Behavior of adherents and adhesive is modeled as 2D behavior, but as before, approximation

function is used for one of the in-plane directions.
C Adherents’ behavior is modeled as panels and of the adhesive’s using full 3D behavior model.

D Behavior of adherents, as well as adhesives, is modeled using 3D behavior models.

The behavior models in Figures and B model only a cross-section of the adhesive and are
not valid when lap joint is not flat. Moreover, lap joints show 3D deformation such as bending due
to eccentric loading, anticlastic bending, 3D stresses, and stress concentration [17) 18], which cannot
be captured by modeling joints using 1D or 2D behavior. Modeling the behavior of adhesives as
solids (Figures 2.13C and D) is accurate but expensive.

Capturing high stresses due to stress concentrations in lap joints requires large number of degrees
of freedom in the stress concentration regions. Moreover, Bogdanovich et al. [I8] point out that
extra effort to capture high stresses may not be worthwhile after all. The idealized behavior model

ignores the effect of spew fillet at the adhesive edges, residual thermal stresses, and inelastic behavior
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of adhesives, which are present in lap joints in practice. These effects play an important role by
substantially reducing the actual stresses near the edges. Also, linear elasticity results in singular
stresses (infinite stresses) in stress concentration regions, which is not physically possible. Therefore,
it is sufficient to capture regions of stress concentrations and use other methods for failure analysis.
I have shown in [53] that regions of high stresses are accurately captured by homogenizing the 3D
behavior of adherents and joints through the use of layered finite element (Appendix during
analysis, which requires considerably fewer number of degrees of freedom in comparison to using

3D behavior for adherents and adhesives separately.

Ply drop-off Regions

In ply drop-off regions(Figure )7 tapering and the presence of soft resin pockets cause local
bending [54] 55]. Also, material discontinuity due to resin pockets causes high stresses and strains
and interlaminar stresses. Therefore, full 3D or quasi-3D behavior models are ideal for ply drop-off
regions [54H57]. However, full 3D model is expensive as it requires modeling of every layer in the
drop-off region. “Homogenizing" the 3D behavior of plies and resin pockets during analysis (done
by using layered finite elements) captures the local bending and high stresses [55] without excessive
computation cost. Moreover, Varughese et al. [57] have shown that local behavior can be ignored

altogether if only global displacements are desired.

Cutout and Boundary Regions in Composite Panels

Regions around holes and free-edges in composite panels are regions where interlaminalﬂ stresses
and stress concentrations may exist. Interlaminar stresses arise when the in-plane stresses vary
along the in-plane directions [58]. Internal cutouts cause a gradient in in-plane stresses by changing
the load path around the cutouts, while free edges cause even sharper gradient by forcing in-plane
stresses to zero at the boundary. The size of the region where interlaminar stresses are significant
vary for the two cases. Interlinear stress due to the free edge occurs within the ‘panel-thickness’
distance from the free edge (from Saint Venant’s Principle [58]), while interlaminar stress around
a cutout extends to a distance that is proportional to the length scale of the cutout. Therefore,

interlaminar stresses due to cutouts exist in a wider region in comparison to the region of free-edge

2At the interface between the layers.
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interlaminar stresses.

Global behavior models can predict the in-plane stresses accurately, but they completely miss
interlaminar stresses. Full three-dimensional behavior models for each layer in the panel have to be
used in order to obtain interlaminar stresses and high stresses due to stress concentration. There
are, however, posteriori methods to estimate interlaminar stresses from in-plane stresses obtained
using global behavior models [58]. They provide sufficiently accurate stresses and strains, except
they fail to accurately capture high stresses in stress concentration zones. Moreover, extra effort to

compute such high stresses may not be worthwhile, as discussed earlier.

2.2.2 Finite Element Analysis of Composite Artifacts

Structural analysis of general composite artifacts is carried out using finite element method. Using
different behavior models in different regions of the composite artifact results in sufficiently accurate,
yet efficient analysis of composite artifacts. Noor et al. [12] have identified following pre-processing

steps before finite element analysis of composite artifacts can be carried out:

1. Rational selection of a set of mathematical models and proper identification of the
regions in the artifact covered by these models Using the terminologies, this step translates
to selecting the simplification behavior models and identifying regions where they are applicable
in the composite artifact. In practice, this step is usually carried out by the analyst based on
his/her ‘intuitive judgment’ [I2]. A more systematic way, as suggested by Noor et al [12], is to use
hierarchical adaptivity. The idea is to start analysis with a coarser behavior model for the entire
artifact and adaptively refine the models using sensitivity analysis. Adaptive refinement of behavior
models is attractive but requires a complex computational system. Moreover, multiple refinements
have to be carried out iteratively, and there are also chances of numerical instabilities. On the other
hand, the behaviors of different functional features (structural elements, joints, and transitions)
are well studied and known beforehand. So, instead of hierarchical adaptivity, the knowledge of
the functional features in an artifact, when FBS structure is provided, can be used to find the
appropriate behavior models. Moreover, all of these methods require knowledge and representation

for behavior regions, which is one of the contributions of the thesis.
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(A) (B)

Figure 2.14: A) Artifact B) Mixed dimensional analysis model[4]

2. Proper treatment of interfaces between the regions with different behaviors, as well
as of the coupling between different behavior models. Behavior models for two adjacent
regions in an artifact are usually not compatible at the interface. Methods such as multi-point
constraining methods or a new behavior model for the interface region that is compatible with the

models of the adjacent regions must be used.

3. Selection of effective discretization techniques for use with each of the simplifica-
tion models Regions with different behaviors in the analysis model are discretized independently
using appropriate finite elements, which depend on the region’s dimension and behavior. A brief
description of different types of finite elements used for layered composites can be found in Ap-
pendix [A] In practice, the application of behavior models usually leads to a mixed-dimensional
analysis model [19], which is then discretized for FEA. To obtain the mixed-dimensional model,
regions in the original artifact with 2D behavior are dimensionally reduced to a surface, and those
with 1D behavior to an axis. An example of a mixed-dimensional analysis model is shown in Figure
Sometimes, a region is further subdivided into sub-regions, so that each sub-region can be
discretized with different mesh densities. The high mesh density provides extra degrees of freedom
to capture high fluctuations in stress-strain fields, if any.

In summary, multiple ‘pre-processing’ tasks have to be carried out before finite element analysis
of a composite artifact can be done. There are tools to carry out the pre-processing tasks [19], but
many of them are based on heuristics [59] and are error-prone. This makes pre-processing highly
manual and time consuming. In fact, it has been estimated that pre-processing tasks can take up
to 45% of an analyst’s total time [60]. This will be even higher for composite artifacts because of

their additional manufacturing complexity.
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Attempts have been made, at least for conventional artifacts, to have a more systematic method
to generate an analysis model from the original model by establishing a ‘link’ between the two
models. Linking the analysis model to the original model inadvertently requires some kind of
intermediate model or structuring method. Nolan, Armstrong el al. [19] link them by capturing
‘simulation intent’, or the high-level modeling and idealization decisions, through the use of Cellular
Modeling, Equivalencing, and Virtual Topology concepts. Additional methods to breakdown and
systematize the pre-processing steps are also suggested in [61H63]. However, they, unlike Armstrong’s
method, are either not generic, do not accommodate all the pre-processing steps, or do not establish a
clear bi-directional link between the two models [19]. Moreover, the process of obtaining the analysis
model from the original model in all of the above methods is not automatic. In Armstrong’s method,
the link between the two models is based on the simulation decisions made by the analyst.

Moreover, since several of the pre-processing challenges are faced due of the requirement of the
dimension reduction, some ‘implicit’ reduction methods also have been proposed by researchers
that do not require modification of geometry and material properties. These reduction methods

incorporates the same dimension reduction assumptions, but in indirect and creative ways.

1. Solid-shell elements are 3D elements that use Assumed Natural Strain method and Enhanced
Strain method to deform like plates and shells[10, 64H66]. Their three-dimensional nature
is well suited for interfacing with other solid elements in assemblies. These elements, how-
ever, requires plate/shell direction and, therefore, need the mid /reference surface information.
Moreover, the higher the number of assumed and enhanced parameters, the better is the

element’s performance but at the expense of generality [65] [67].

2. Jorabchi et. al. have proposed an implicit reduction method that is achieved through an
algebraic process[68, [69]. The process involves two key steps- 1) modify stiffness matrix of the
chosen 3D element to only include relevant kinematics (for example, bending strains/stresses
for a beam) and ii) project the modified stiffness matrix onto a lower dimensional manifold
to result into a lower dimensional stiffness matrix. The lower dimensional stiffness matrix is
used during FEA and the results are projected back to the original 3D element to obtain the
nodal displacements. This method is computationally efficient, equivalent to the geometric

reduction, and implementable in off-the-shelf finite element packages. In addition, several of
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the pre-processing steps are eliminated as 3D mesh is used everywhere. Explicit coupling,
however, is required when artifacts contain both slender (region with 1D or 2D behavior) and
solid regions. The lower dimensional stiffnesses for slender regions obtained after projection
(step ii) and the 3D stiffnesses for the solid regions are coupled through Lagrange multipliers
in the global stiffness matrix. Finally, the virtual material method can be seen as an extension
of the algebraic reduction method, from reduction of geometry to reduction of material. T use
the lower dimensional theories to algebraically obtain a simplified virtual material for the

purpose of analysis.

For laminates, 3D elements based on the above methods can be used as conforming layered ele-
ments (Figure in Appendix. Since these methods mainly consider homogeneous materials,
they do not address the material complexity faced in laminates. Also, although mixed-dimensional
interfacing issues are eliminated, coupling is still needed as adjacent elements can still have mis-
matched ‘effective’ degrees of freedom when they belong to different functional regions. In the next

sections, I review different models for intent in structural design.

2.3 Intent in Design

2.3.1 FBS Framework for Design

I briefly discuss the informal concepts of Function, Behavior, and structure with the help of a simple
chair example (Figure [2.15). Function and behavior, specifically, are subjective notions and can be
expressed in various ways. I touch upon their fundamental attributes, and the detailed discussion

can be found in the literature [T0H72).

Structure The structure of an artifact usually refers to its decomposition into a collection of
interacting physical elements, typically represented by a graph. In Figure 2.I5] the structure of
the chair consists of six elements, represented as nodes S; — Sg that interact through interfaces
represented as edges r1 — r5. Elements in the structure are perceived through their states when
they are operational [23], and the states themselves are expressed using state variables. If we are
concerned with the structural (e.g., elastic) properties of the chair, the state variables are quantities

measuring deformation and internal forces in the chair’s elements. The same artifact may be viewed
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Figure 2.15: Function, behavior, and structure variables and causal relationship between them for

a chair design.

in terms of different structures. For example, a calculator is a combination of logical units in one
view and a combination of electronic components, such as resistors and capacitors, in another.
Many computational design and manufacturing activities are centered around transformations and

mappings between different structures and views [70, [73] [74].

Behavior Behavior, informally, is what a structure does, usually represented by its response to
external stimuli [23]. The legs of the chair are the column elements that are characterized by uniform
compression under compressive loads, while the seat and the back are plate elements that bend
under flexural loads. These behaviors are denoted using labels By — Bg in Figure Behavior is
formalized in multiple ways in the literature, but most definitions agree that behavior is expressed
through the states of a structure |71, [75]. For example, in one of the definitions, behavior is a
device’s causal models that are captured through relationships between dependent and independent
state variables. The relationships are either the result of internal constraints due to the interactions
between elements in the structure or the result of physical principles and laws such as Ohm’s law,
Hooke’s law, etc. Designers usually postulate the structure’s intended behavior, which may or
may not correspond to its actual behavior. One of the goals of the designing process is to devise
a structure whose actual behavior meets expectations, which is ensured through analysis of the

structure [22].
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Function Function captures the teleological knowledge behind an artifact, which captures the
artifact’s goals, purposes, requirements, etc. For example, the chair’s function may be (1) to support
a person’s back and weight (F} and Fy, respectively) and (2) to support the seat at an elevated height
(F3). Due to its subjective nature, many definitions of function have been proposed in literature
[70, [7T), [76]. One of the reasons for differences is the so-called device-centric and environment-
centric view of the function. In the former view, for example, the function of a buzzer is to make
a sound when a switch is pressed, while the function in the latter view is to inform the residents
of a house of a visitor outside [70]. The two views have their respective importance in design and
diagnosis [70, [76]. While designing, the environment-view function is transformed to device-centric
function and then the device-centric function is decomposed hierarchically into sub-functions until

sub-functions can be associated to some physical phenomena and/or components.

Together, the concepts of function, behavior and structure are commonly referred to as the FBS
framework, which is used to formulate the workflow in support of design, analysis, and manufac-
turing activities [22]. For example, a typical workflow may consist of the following steps: (1) a
function is achieved by mapping it to a set of expected behaviors (requirements); (2) a synthesized
artifact should possess a structure which should have an expected behavior (synthesis); (3) analy-
sis/simulation are deployed to predict the actual behavior of the structure; and (4) validation that

the actual behavior matches the expected behavior and ultimately achieves the desired function.

2.3.2 Other Models of Intent

While the above and other FBS frameworks are popular in design, they are not directly related to
or supported by solid and geometric modeling systems that ultimately must represent all designed
and simulated artifacts. Instead, computer-aided design and engineering activities are often cast in
terms of user “intent,” an ill-defined concept that is implied by heuristic geometric constructions that
reflect common application-specific practices. For example, parameteric feature-based modeling is
widely accepted as a particularly effective method of capturing design and/or manufacturing intent
in a variety of applications [73]. Methods to capture intended physical behavior and/or function of
artifacts through geometric constructions and transformations have also been proposed [111 [77H80],

focusing mainly on creation, parametrization, idealization, simplification, and preprocessing of solid
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models for simulation and analysis. Most of these constructions appear to be based on empirical
knowledge and heuristics [12], 9] 60]. As such, these purely geometric techniques cannot be easily
extended to support FBS tasks in the design and manufacturing of complex material structures,
e.g. those arising in 3D printing or composite manufacturing.

One of the main motivations for developing a formal extension of solid modeling that includes
the physics of behavior and function is to support the formal notion and modeling of intent, as well
as other tasks within the FBS framework. It is reasonable that the starting point for such extension
should be the classical notion of a well-posed boundary value problem [81]. More general notions
of physical solids as fiber bundles were proposed in the context of computational analysis in [82]
and heterogeneous material modeling in [83]; a combinatorial physical model in terms of (co)chain
complexes was advocated in [84] and [85]. None of these proposals dealt with formal notions of
behavior and its use within FBS framework. The proposed approach and concepts are general, but
for concreteness, T will focus on behaviors and functions governed by elastostatics, arguably the

most common model of physical analysis.
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Chapter 3

FBS For Engineering Artifacts

I present the formal definitions of Function-Behavior-Structure terminologies in this chapter. The
definitions are based on the extension of solid modeling to include physics, which is discussed in the
first section. I present two applications of the definitions of function, behavior, and structure— a
precise formulation of design and analysis problems in Section and a concrete FBS framework
for structural engineering in Section I focus on linear elasticity physics in the definitions below,

but they can be easily extended to include other types of physics.

3.1 Physical Solid Modeling

Informally, a physical solid is the classical solid model with a physical state, which in turn supports
the systematic definition of a physical solid’s structure, behavior, and function. In this section, I

make these notions precise, focusing specifically on elastic solids.

3.1.1 Elastic Solid and Its Structure
Solid, R

Several mathematical models for solids have been proposed in the literature[83, 86] to model the
geometry and topology of physical objects. I adopt the classical notion of an n-dimensional ‘manifold
solid’[87H89]. To be precise, a solid R is a compact n-dimensional manifold with a boundary,
where the boundary is a compact, oriented, (n — 1)-dimensional manifold, and n = 1,2 or 3. A

decomposition of n-solid R is a collection R = {71, rg,...,7x } of n-solids such that
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1. R=\J;ri, and

2. for (i # j), riNr; = 0 or Fjj, where F;; is a (n — 1)-dimensional manifold with boundary,

called an interface between the solids r; and r;.

Individual solids 1 and 72 can be composed into R = r1 U ro whenever they share a valid interface

r1 Nry = Fig.

State of a solid, T

In physical systems, solids are perceived through their states. Temperature field, displacement field,
and stress field defined over the domain of the solid are examples of physical states. Formally, state
T of a solid R for some physics is an ordered set of admissible fields defined over the solid[90, 9T].
Admissibility conditions for the fields are conditions such as continuity or differentiability and
depend on the laws of the particular physics. Some popular physics are thermodynamics, elasticity,
and electrostatics.

In general elasticity, the state of a 3D solid consists of displacement, strain, and stress fields
defined over the solid and is referred to as the elastic state[90]. Based on the theory of elasticity and
some additional assumptions, the state can be generalized to lower dimensional solids as well[92H94].

The generalized elastic state T of an n-dimensional solid is given as

T=[ut Xl (3.1)

where (1) w is the displacement vector field, (2) X is the resultant stress vector field consisting of
forces and moments which are statically equivalent to some stress distribution, (3) £ is the resultant
strain vector field and has quantities which measure changes in lengths, angles, curvatures, etc. at

a point. Also, the vectors ¥ and £ are linearly related by a constitutive relationship—

E(p)=C(p)-&(p), pER (3-2)

where C' is the elasticity, or the material stiffness, field.
In general elasticity, the resultant stress, strain, and constitutive relationship correspond to

the classical concepts of stress, strain, and material stiffness tensor[90)]. In one-dimensional pure
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bending theory, the resultant stress, strain, and constitutive relationship are bending moments,

radius of curvature of the neutral axis, and bending stiffness, respectively. They are related by

[Moment| = C - | (3.3)

Radius of Curvature ]

C = (Young’s Modulus) - (Moment of Inertia)

Physical Solid, S, and its Structure

A physical solid S is an n-solid R with a state T for some physics. However, the state is determined
by a solution to some well-posed boundary (and possibly, initial) value problem that is defined
by the constraints and boundary conditions L and internal material’s constitutive relation C' for
the relevant physics. Thus, we can choose to define the physical solid directly in terms of its
geometry, constitutive material properties, and constraints/boundary conditions. In the case of

linear elasticity, we can define an elastic solid to be a triple
S =I[R,C, L], (3.4)

where

1. R is the solid domain of the boundary value problem (BVP).
2. C'is the constitutive relation and implies that ¥ and £ are defined (from Equation [3.2)).
3. Loading L specifying constraints on state variables ¥ and/or u of the boundary points (Dirich-

let and Neumann) and of the interior points (body forces).

Similarly to the decomposition of solids, a physical solid can always be decomposed into smaller
boundary value problems, as illustrated in Figure 3.1} I define a physical decomposition of an
n-dimensional elastic solid S = [R,C,L] as S = { s1, S2, ..., Sk } where s; = [r;, ¢;, ;] is an elastic

sub-solid such that:
1. R={r1,ro,...,m } is a decomposition of R.

2. ¢ = C‘r_ is the restriction of C' to r;.
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Figure 3.1: Illustration of a physical solid and composition and decomposition operations.

3. [; is the set of loading applied to r; plus the interface loads for all r;’s interfaces with other

regions.

Based on the equilibrium and compatibility conditions in linear elasticity, interface loads are the
conditions that, at each point in the interface, the two solids meet at the interface have equal but
opposite tractions and identical displacements.

It should be noted that a physical decomposition of an elastic solid preserves the original state
of the elastic solid. If T is the state of a elastic solid S, the state ¢; of s;, an element in the

decomposition § = {s1, S, ..., S }, is simply the restriction of T' to r;, i.e.,, t; = T In other

T

words, a physical decomposition of elastic solids represents its physical structure.
We can also define a composition ©® of two elastic solids s1 =< rq,¢1,l1 > and sg =< 19, 9,13 >

into a larger elastic solid as
S=8108 = <riUry, C,l1+1y> (3.5)

where C' is such that C‘n = ¢;, l1 + Iz is the superimposition of loads, and solids r; and r9 share
an interface. In contrast to decomposition, composition of elastic solids clearly does not preserve
their state, as an interface is created that leads to new interface loads. The composition and
decomposition operations are compared in Figure B.I] In general, the elastic state of s = 51 ® s

will have to be reevaluated.
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3.1.2 Behavior of a Physical Solid
Behavior as a mapping

The simplest model of th behavior of a physical solid is its physical state. This model, however, is
not very useful in design, as the physical state is usually not known a priori and also cannot be used
to describe intended behavior and function of an artifact. In contrast, bending, compression, and
twisting behaviors are frequently used terminologies in structural engineering. The terms referring
to simplified states are used to specify the variation of the displacement field in some ‘cross-section’
located along a lower dimensional solid. Note that these terms implicitly describe the properties of
simplified elastic state fields including the assumed loadings (constraints and boundary conditions.)

s a (simpler)

Hence, I propose to define behavior of a physical solid s as amap b : s — 5%, where s
physical solid with a physical state that reasonably approximates the state of s in some metric. Map

b induces following mappings for elastic solid:

fAR) =R, f9(C) =Y, fH(L) =L, (3.6)

where R?, C¢, and L¢ are the simplified solid, constitutive relation, and load, respectively.

Using this definition, the solid in Figure behaves as a beam, if the 3D region R is mapped
into a 1D axis R?, the constitutive relationship C' is mapped into a bending stiffness C¢, and the
distributed force on the end-face is mapped into a bending moment F'¢. This statement, however,
does not imply that the mapping is somehow “correct;” the model of the behavior is only as good
as the mapping b. When the model s cannot be simplified, map b is an identity map (denoted as
b") such that b!(s) = s, signifying that the simplest behavior of s is its general 3D elastic state.

The notion of behavior extends naturally to the decomposition S = { s1, s2, .., 5, } of S. In this

case, behavior of the structure & becomes a collection of behaviors

B(S) = {bi(s1),b2(52),...s bn(Sn) } (3.7)

_ (s, s0) (3.8)

In other words, B is a piecewise map {b; } which associates a set of simplified physical solids { s¢ }

with different parts of S. An example of such more complex behavior map is illustrated in Figure
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Figure 3.3: Tllustration that behavior is not unique.

[B:2b} the three arms have beam behavior with a 3D behavior map for the junction portion of the
structure.

Behavior is not unique for a physical solid. For example, Figure [3.3] shows three possible be-
haviors of solid S. S can be treated as a simple beam, a beam with end-regions (St. Venant’s
Principle), or as the identical 3D solid. The level of fidelity is different for the three behaviors with

the first being the least accurate and the last the most accurate.

Types of a Behavior

The above definition of behavior requires a fully evaluated instance of the simplified physical solid.
In practice, to say that solid s behaves as B implies that there exists a simplified physical solid
of type B. The simple beam behavior illustrated above is a type of behavior, and there are other
common behavior types in structural engineering such as thick beam, shafts, plates, and shells. We
will say that a behavior b(s) is of a certain type when the domain R, loading L¢, and constitutive

relation C¢ of the simplified physical solid {sf} satisfies a set of properties common to that type.
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For example, we can say that a behavior b(s) is of type beam if following conditions are satisfied:
1. 5% =[r,c,1] is a 1D physical solid.

2. ris a line segment.

3. cis a bending stiffness.

4. 1 can only consists of a) fixed displacement, b) moments out of the normal plane at the

end-points, and (c) uniformly distributed force transverse to the line segment.

Any behavior b(s) satisfying these constraints is then an instance of the beam behavior. Two
instances of the beam behavior are illustrated in Figure [3.4] Other types of elastic behaviors can
be defined similarly. Behavior types also could have a hierarchy where a behavior type has sub-
types. For example, 1D behavior is a more general behavior type than the beam, column, and shaft

behaviors, which are the sub-types of the 1D behavior.

3.1.3 Function of a Physical Solid

Informal definition of function for elastic solids, such as to “support/brace", “strengthen /stiffen",

and “transfer load" have different meanings in different contexts. I posit that such informal concepts
may be replaced with formal constraints on physical behaviors. For example, when a designer decides
to “resist some load only through compression", he/she may want to use a physical solid with the
column behavior. To be more precise, I propose that a physical function F of a artifact S should
be identified with a set of design requirements that are expressed as constraints on the behavior
B(S) of S. Since B(S) evaluates to a simplified solid s, the constraints may be stated in terms
of the geometry, material, or physical state of s¢, including constraints on the maximum allowed

deflection, required extension stiffness, maximum allowed stress, etc. For example, for the leg of the



42

chair, which is designed to have the column (compression) behavior, the function could include the
requirement that the maximum allowable compression is 1inch; when this constraint is violated, the
chair will not satisfy its design requirements and will lose its ability to provide the intended function.
When the decomposition of S is a collection {s; } with behaviors { B; }, the design requirements
may be stated in terms on the conditions on each s; in the decomposition. Thus, the function of
the chair reduces to specific constraints on the chair’s seat, back, and four legs, as shown in Figure
3.9

Design requirements are effective means for specifying intended functions of physical solids.
For example, an office chair and a theater chair may possess very similar models of structure and
behavior, but can be distinguished through their design requirements: the office chair may be
required to constrain maximum deflection at the mid-point of the chair’s back to ensure sufficient
stiffness for the back support, while the theater chair may be constrained by maximum deflection
at the top of the chair’s back to maintain a certain leg-space between seating rows while providing
the back support.

In the next sections, I discuss two applications of the above definitions in the context of design

and analysis of engineering artifacts.

3.2 Application 1: Formal Expressions For Design and Analysis

Problems

The proposed definitions of physical structure, behavior, and function allow precise formulation of
fundamental problems in design (synthesis) and analysis of physical artifacts. I briefly discuss some
of these problems below. The top seven problems are related to behavior and the last problem is

related to function.

1. Behavior instance test Does a physical solid or structure S exhibit the specified behavior
instance B(S) = {s¢}? If the map B is given, the problem becomes a relatively straightforward
fidelity test that involves comparing the states of S with the corresponding states of simplified solids
{s?} to see if they are within an acceptable margin of error. For example, for the beam behavior

illustrated in Figure the map B is the dimensional reduction that assigns the state at a point
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Figure 3.5: Evaluating if a physical solid behaves like a given beam.

on the center axis to the state of a cross-section of the 3D physical solid. If the behavior map B
is not given explicitly, the problem becomes more challenging, requiring generating (non-unique)

candidate maps and testing each of them for fidelity.

2. Behavior type test Does a physical solid S possess a given behavior type B? And if so,
can the behavior be determined? In fact, constructing an instance of an acceptable behavior map
B(S) immediately solves this problem. For example, the widely practiced dimensional reduction
techniques provide many examples of such constructions [11,[95]. More generally, the task of deciding
if there exists a behavior of type B is non-trivial. For example, to test if S has behavior of type
beam, we will have to find at least one beam whose state approximates the state of S. There can
also be indirect ways to ascertain if a physical solid S = [R,C, L] has a behavior type B. For
example, in Figure [3.6] we know that the physical solid A has beam behavior since we know that
there exist some mapping B(S) of type beam if the geometry of R is obtain by sweeping a cross-
section along an axis, has field C that is constant along the axis, and L has forces on the end-faces
whose resultants are only moments. Deciding whether the solid B in Figure behaves as a beam
requires a very different argument. And such tests break down completely in presence of additional
local features (holes, ribs, fillets, etc.) and may require a complete physical analysis to validate any

hypothetical type of behavior.

3. Behavior of decomposition We earlier saw that the operation of decomposition does not
change the physical state of a solid. However, the behavior of a solid is very much affected by its
structure, and different decompositions S = { s1, $2,...s, } of physical solid S will usually result

in very different behavior models. This observation underlies apparent challenge in manufactur-
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Figure 3.6: Two physical solids tested if they have beam behavior.

ing: intended/actual behaviors of the manufacturing structure are usually quite different from
intended /actual behaviors of the functional structure of an artifact. Generally speaking, determina-
tion of behavior for a particular decomposition is an ill-posed problem without additional constraints

on the behaviors or behavior types.

4. Behavior of composition On the other hand, given two physical solid S; and Sy with
behaviors B; and By respectively, a common design problem is to determine the behavior and
behavior type of their composition S1 ® So, assuming the original solids can be composed. This
situation arises, for example, whenever structural elements with known behaviors are joined together
in order to achieve a particular intended structural function. We shall see in Section that

behaviors of a composition play a key role in the design and analysis of composite artifacts.

5. Optimal structures and behaviors For a given physical solid S, we may want to find a
decomposition S = { s1, 82, ..., S, } and behavior B;(s;) such that S exhibit the most intuitive or
simplest behaviors, appropriately defined. These and other criteria may be formulated in terms of
minimizing the total number of components in the structure, or simplicity /dimension of individual
components, or restricting to components of particular types. The fidelity of behavior must also be

taken into account.

6. Behavior comparison Two behavior types can be compared for simplicity based on the
relative computational effort required to solve simplified boundary value problems. It is widely
accepted (though does not need to be true) that (n — 1)-dimensional behaviord!| are simpler than

n-dimensional behaviors. So, a 1D rod behavior is usually simpler that a 2D membrane behavior.

'Dimension of behavior B(S) = { 5%} is the highest geometric dimension of the simplified physical solid s¢
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Figure 3.7: The chair artifacts are physically different but behaviorally equivalent.

Behavior types are of the same dimension can be further compared in terms of total degrees of
freedom in the physical solid’s model and so on. Thus, one may judge a 1D rod behavior to be
simpler than a 1D thick beam behavior, as the former has one degree of freedom (axial strain) while

the latter has two (curvature and shear strain).

7. Behavior equivalence When can we say that two physical solids exhibit equivalent behaviors?
By definition, physical solids S and S’ are behaviorally equivalent if there exists B and B’ such that
B'(S") = B(S), or, in other words, S and S’ can be mapped to the same simplified physical solid. For
example, the two chairs in Figure[3.7]are behaviorally equivalent even though they are geometrically
different: the legs have different cross-sections, but they can be mapped to the identical simplified
solid. Equivalence can be also defined with respect to behavior types and/or fidelity. We shall see in
Section that equivalent behaviors hold a key to dramatic improvements in efficiency of analysis

and simulation of composite artifacts.

8. Function Equivalence Similarly to behavior equivalence, we can also define the notion of
function equivalence. Two artifacts are functionally equivalent if they are behaviorally equivalent
and have identical design requirements on their respective simplified models. So, even if two chairs
are behaviorally and/or structurally equivalent, they may not be functionally equivalent. For ex-
ample, two chairs which are structurally and behaviorally equivalent can be functionally different

in the following scenario, which was also discussed earlier.

1. In a home/office setting, the design requirement may constrain maximum deflection at the
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Figure 3.8: Structures of an example chair.

mid-point of the chair’s back, which is to ensure sufficient stiffness for back support.

2. In a theater setting, the design requirement may constrain maximum deflection at the top of
the chair’s back to maintain a certain leg-space between seating rows while providing back

support.

3.3 Application 2: Formal FBS Framework

Formalized notions of structure, behavior, and function allow systematic application of FBS frame-
work in design and manufacturing applications, where workflows are abstracted as FBS paths[24].

I defined the structure of a physical artifact S as a particular decomposition S = {s; } of S.
A structure is typically represented by a graph [24], whose nodes represent the components in the
decomposition and edges represent the relationship between them. When S is a physical solid, the
nodes represent the sub-solids in § and the edges represent the interfaces between the sub-solids.
Graph representation of the chair structure is illustrated in Figure The graph can be seen as
the dual of the decomposition S = {s; }, where the nodes are the dual of sub-solids s;’s and the
edges are the dual of the interfaces between the sub-solids.

However, note that a structure of a physical artifact is not unique, but it is usually implied by
an application view of the artifact: different views imply different structures [74]. My focus is the
design view and the manufacturing view, where the former leads to the functional structure and the

latter leads to the manufacturing structure of a physical artifact, as discussed in detail below.
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Functional Structure Functional structure S’ = {s{ } is the structure of a physical artifact

from the design perspective. Components szf in the structure are physical elements that were chosen
by the designer for their known behavior B;. We will call the pair [s{, B;] as a functional element.
For the chair example in Figure [3.8a] the legs, seat, and back are functional elements. Note that

the functional structure of an artifact S does not depend on how S is manufactured.

Manufacturing Structure Manufacturing structure SM = { s} is the structure of an engi-
neering solid from the manufacturing perspective. In traditional manufacturing, components s}
are individually manufactured parts that are assembled together to get a physical artifact. Multiple
functional elements are sometimes manufactured as one part to reduce the assembling cost. For
example, the chair in Figure has only five components in its manufacturing structure. The
component s7* consist of the seat, back, and portions of the legs.

In general, the components si* depend on the type of manufacturing method. In manufacturing
using 3D printing, SM will consist of roads and layers and, in composite manufacturing, SM will
consist of plies that are laid on each other to form laminates. Physical solid s!* can be assumed
to have the default 3D behavior type B! (or other simplified behaviors). For our case, the pair

[si", B!} will be referred to as a manufacturing element.

Intended /Expected Behavior In FBS framework, systems have two types of behaviors (1)
intended and (2) actual. This distinction is needed because behavior as expected by the designer
are not preserved after composition due to the emergent behaviors. Behaviors of functional elements
such as beam, plate, and shell behaviors is what the designer expects to be present in the solid.

If an artifact was designed to include functional elements [sf Bi], the ezpected behavior B¢ of an

7

engineering solid can be defined to be

B(S) =|JB.. (3.9)

Actual Behavior Behavior types in actual behavior B® of S are often unknown. By default,
B® can be assumed to be a 3D behavior, that is, B%(S) = {b/(S)}. However, this approach is
intrinsically inefficient because it does not take advantage of the artifact’s structure and simpler

behaviors exhibited by the individual elements of that structure. For example, some of the sub-
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Figure 3.9: Function, behavior, and structures for the chair

solids in S could exhibit lower-dimensional simpler behaviors that could lead to faster structural
analysis of S.

As we saw in the last section, finding the simplified behaviors for a general structure is non-trivial
(Problem 5), and predicting the actual behavior B* when S is a composition of simpler elements
requires identification of all the emerging behaviors (Problem 4). The latter may be possible for

some restricted well-understood composition operations, but not in general.

Function of an Engineering Solid As defined earlier, function F of an engineering solid that

consists of functional elements FE; = [3{ , Bi] is the set of design requirements f; for F;, that is,

F={/} (3.10)

FBS Paths for Representing Design Knowledge FBS paths [24] are used to define and
record the flow of information by establishing causal relationships between function, behavior, and
structure for modeling activities. My definitions allow to transform such FBS paths into formally
defined and computable objects. For example, FBS relationships for the chair are shown in Figure
3.9 For the functional structure S¥ of the chair, there are several possibilities for its manufacturing
structure (e.g., Figure . A correspondence between the two structures is established to record
how each functional element was physically realized. Also, the expected behavior of the chair is
given by the designer, but the actual behavior B® of the artifact has to be determined, or can be

assumed to be the general 3D behavior.



I apply this formal FBS framework to composite artifacts in the next chapter.
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Chapter 4

Design and Analysis of Laminate

Composites Using FBS

In this chapter, I use the formal FBS framework from the last chapter to address several difficulties
faced in the design and analysis of composite artifacts, with some potential design applications.
The first section discusses the management of manufacturing and functional structures of composite
artifacts. The second section discusses the application of the behavior equivalence concept for a new
type of analysis method, called the Virtual Material method. An artifact may have a new functional
structure due to emergent behaviors after the functional elements are composed, which I discuss in
the third section. In the fourth section, I demonstrate how the complete design knowledge, including
function and manufacturing structure correspondence and emergent behaviors, can be documented
for composite artifacts using FBS diagrams. The fifth section shows that a new type of simplified
analysis model can be used for efficient FEA of composite artifacts using the virtual material method
and FBS knowledge. Finally, in the sixth section, I show how the FBS framework can be used to
generate new designs for artifacts to be manufactured using composite manufacturing as a possible

design application.

4.1 Manufacturing versus Functional Structure

f

Functional structure of a laminate composite is straightforward: S¥ = { s{ } where s; are the solids

representing all the functional elements in the laminate composite. Organization of manufacturing



51

SA‘IJ

A
composition (B) S composition

(€54
Figure 4.1: (A) A laminate S* (B) A Laminated component S* (C) A Composite Assembly S4

™m

82 m

m m Sy m
51 3/
1
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elements in composite artifacts, however, is hierarchical in nature, as discussed earlier using the
UML diagram in Figure There are three sub-structures in the hierarchy, which are defined

below using the proposed definition for physical solids and structures.

Hierarchical Manufacturing Structure The components in the structural hierarchy can be

defined using the proposed definitions of solid and structure as follows.

e The starting items (plies, cores, and embedding) are 3D solids s;’s with uniform material
constitutive relationships. Any internal material structure in the starting item is assumed to

be homogenized.

e Laminate structure is a structure denoted with the subscript A, that is, S* = {'s; }, where s;’s
are the starting items in the laminate. Figure[d.TJA illustrates a simple laminate structure. We

will refer to the composition of all the components in a laminate structure S* as a laminate

A

solid and denote it as sV’s.

A

e A laminated component also has a structure S® = { s} }, where s}'s are the laminate solids.

A structure of a laminated component is illustrated in Figure d.1B. The laminated component

A

is denoted as s’s.

e Finally, a composite assembly is a structure S4 = {sf\ }, where sf\’s are the laminated compo-
nents. Figure illustrates a composite assembly. The composition of all the components

in S4 results in a composite artifact.
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Figure 4.3: Mapping between manufacturing structure and functional structure.

Laminate-based definition for Computer Representation A hierarchical definition of the
manufacturing structure is mainly needed for the manufacturing process and planning. However,
all the material, geometry, and loading information for a composite artifact can be documented on
a computer by representing any one of the levels in the hierarchy. I, therefore, propose a laminate-
centric definition for manufacturing structure, wherein the manufacturing structure is simply a
collection of all the laminate solids s (denoted as s for consistency) in the composite artifact.
That is,

§M = (s, (4.1)

where i = 1,2, ..,n, and n is the total number of laminates in the artifact. Note that S above only
consists of laminate solids which are present in a laminated component, while S™ is the collection of
all the laminate solids in the artifact. Based on the current definition, the manufacturing structure
SM of the composite artifact in Figure is illustrated in Figure The proposed definition is
logical because CAD models represent composite artifacts by representing the constituent laminates
as tooling surfaces and a ply-table, as discussed in Section [2.1.3] Moreover, this definition is also
convenient for establishing a correspondence between SM and S of a composite artifact, as a
laminate solid can be implicitly decomposed by decomposing its tooling surface, the details of

which I discuss next.
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Correspondence between Functional and Manufacturing Structure In unitized composite
artifacts, as discussed in the Introduction (Figure , plies are shared between multiple structural
elements. From the definitions of S¥" and S (S = {s{} and SM = {s™}), this translates
into some of the laminate solids si"’s being shared between multiple structural elements slf 5. A
correspondence can be established by decomposing every shared laminate solid s}* into sub-solids
such that each sub-solid’s domain is contained entirely in the domain of only one functional element.
For example, in Figure £.3]A, laminate solid s7* is shared between two structural elements s and 3.
So, s7" is decomposed into s7"; and si’y. Now, s7"; corresponds to s{ , and s7’y and s3" corresponds
to sg . The decomposition of the shared laminate solids essentially results in a new, refined structure
SM’ . Figure shows how the S and SM correspondence is established for the unitized laminate
artifact in Figure which consisted of a stiffener, a sandwich panel, three thin panels, and two

smooth transitions. By introducing transition solids (TS; and TSs) as structural elements, the

smooth transitions can be accounted by designers as transition-solids.

4.2 Efficient Analysis Through Behavior Equivalence

In theory, application of 3D finite element analysis to multi-ply artifacts is straightforward: we can
simply mesh each ply, making sure that the finite element mesh is fine enough to resolve (usually
a few elements across) each ply’s thickness. Given that ply’s thickness is often a fraction of a
millimeter and the composite artifact could span meters, the approach is clearly impractical. A
common method for predicting the performance of such artifacts is to (manually) represent them
by simpler artifacts, usually 2D artifacts such as plates or shells, which approximate the intended
behavior of the 3D layered artifact using classical lamination theories[96]. In other words, this is
a clear example where a simple intended elastic behavior is implemented in terms of a complex
layered artifact.

Instead of analyzing this complex manufactured structure, we can find another manufacturing
structure for the same composite solid with equivalent elastic behavior. It turns out that a con-
siderable simple manufacturing structure can be obtained that could be used as a replacement of
the original structure during analysis. We will refer to the method of finding the new simpler man-

ufacturing structure as the virtual material method, which is discussed in full detail in the next
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Figure 4.4: Replacement solid that is behaviorally equivalent to the original composite solid.
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Chapter. Conceptually, as illustrated in Figure the original composite laminate S; (made of
100s of plies) with, say, thin plate behavior B1(S;) = { s?} can be replaced by another 3D laminate
Sy made of a small number of plies (3 plies in this case), but has the behavior Ba(S) = {s%}. The
geometry and boundary conditions of the replacement physical solid are identical to the original
solid. The procedure of obtaining the replacement solid involves solving a inverse problem which is
based on the behavior model (lamination theory). The finite elements analysis on this solid gives

identical results (by construction) at a fraction of computational cost.

4.3 Functional Structure under Composition

To reduce the cost of assembly, as discussed earlier, realistic composite artifacts are increasingly
being manufactured as unitized artifacts 2] 5], wherein multiple functional elements are realized as
one monolithic part. In order to be able to use the virtual material method for such an artifact, one
needs to establish and maintain the explicit relationship between (portions of) the layered artifact
and its intended mechanical behavior. This is challenging because joining of individual components
with known behaviors not only changes the behavior of these components, but in fact changes the
behavior types in the final structure. Typically, this happens for several reasons: (1) composition
of two composite solids S1 ® Ss creates new interfaces invalidating the behavior types of S and So;

(2) new emergent behaviors may appear in the decomposition of the structure; and (3) 3D behavior
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in the fransition regiomﬂ An example of a unitized composite artifact with two panels (functional
elements) connected through a smooth transition is shown in Figure . The emergent behavior
is three-dimensional and is found in a region around the interface as shown in Figure (details
in Appendix .

In general, automatic determination of the behavior after composition is an open and challenging
problem. However, the behavior types are known a priori for many common functional elements and
emergent behaviors can be predicted based on the type of joining operations. Below, I discuss the
1) common functional elements and their behavior types and 2) common joints and the associated
emergent behavior for composite artifacts. This approach can be easily extended to other types of

functional elements and joints to deterministically predict the emergent behaviors.

Common Functional Elements in Composite Solids Composite solids are thin-walled ar-
tifacts which mainly consist of one-dimensional and two-dimensional functional elements. The

common functional elements and their behavior types are as follows.

1. Laminated panels and sandwich panels are the primary functional elements in composite
solids, as discussed earlier. They have thin-walled construction with arbitrary loading on the
end-faces and pressure loads in the interior faces (illustrated in Figure . They have a
general 2D behavior of either thin or thick plates and shells. General 2D behavior includes
extension, bending, and extension-bending coupling, and it is discussed in more detail in the

Sections and Additional details, including sub-classes of 2D elements, are discussed
in Appendix

! Transition regions are typically established using St. Venant’s principle[I7, [I8] near the interfaces in the composite
solid and requires either specialized behavior or a full 3D analysis.
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2. Stiffener elements are used to stiffen laminated panels. Geometry of stiffener is obtained by
sweeping a cross-section along an axis. A stiffener has interface loads due to its connection to
a panel and may have loading on its end cross-sections that is consistent to the loading on the
adjacent panel. Behavior of a stiffener depends on the stiffener type, where the types are based
on the cross-section geometry (illustrated in Figure [£.5b): (1) solid cross-section stiffeners have
1D thin or thick beam behavior with extension-bending-twisting coupling and (2) thin-walled
cross-section stiffeners have 1D behavior or a set of 2D plate and 3D behaviors (Stiffeners

in Figure [4.5b). More details, including the sub-classes of 1D elements, are presented in
Appendix [B.]

3. Finally, there are transition solids, which are regions of ply drop-off, core taper, and junctions

(Figure [£.6). These solids have 3D behavior and cannot be dimensionally reduced.

The behaviors of 1D and 2D elements can be lost due to emergent behaviors after the elements
are composed to form an engineering solid. However, we can predict the new behavior types in
the engineering solid if the functional elements are joined using the standard joining methods. The

common standard joining methods and the associated emergent behaviors are as follows.

Common Joining Methods and Associated Emergent Behaviors Two popular methods
to join functional elements in composite solids are using [7, 97](1) bonded joints and (2) transition
regions, which we will refer to as transition-joints. In bonded joints, the functional elements are
manufactured separately and then bonded together using adhesives, while, in transition-joints, they
are manufactured as one monolithic part and one functional element transitions into the another.
[ model the transition using transition solid(Figure . Examples of bonded joints are illustrated
in Figure [4.8al and the same ’joint configurations’ can be achieved using transition solids as shown
in Figure 4.9

Designers usually join the 1D and 2D functional elements in composite solids in a way that the
original behaviors (behavior type in our case) are somewhat preserved. Emergent behaviors, if any,
are localized in regions around the joint interface. Using my formalizations, this can be expressed
as following. Given solids S and So whose behavior are By and Ba, the original behaviors By and

By are destroyed after composition S5 = S1 ® S3. Their behavior types B; and Bso, however, are
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still preserved for some sub-solids in S3 depending on the type of joint. I discuss this in detail for

the common joint types below.

Transition joint between panels and sandwich It is easy in composite solids to use thick plate

elements for regions with higher load by adding extra plies or a sandwich core. The joining

between thick and thin plate elements is achieved through a transition solid whose domain is

the region of a ply drop-off in case of the laminated panel and a tapered core in the sandwich

panel, as illustrated in Figure

In such joints, the emergent behavior is present in a small region around the joint interface

(Figure [£.7), which is in the form of local bending and 3D stresses (Section [2.2.1). Such

regions have 3D behavior and, according to the St. Venant’s principle, they are the size of

the characteristic thickness hY, which is of the order of the thickness of the panel. The region

can be evaluated using the Minkowski sum operation (Appendix [B.3)) of a ball of size h¥ and

the joint interface. The behavior type is preserved at the rest of the points in each region.
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Figure 4.8: Bonded joint and emergent behavior in T-joint.
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Figure 4.9: ’Corner and T-joint’ configuration using transition joints.

Corner and T-joints These joint-configurations are used to join panels and beams that are at
some ‘angle’ to each other. Bonded corner and T-joint in sandwich panels is shown in Figure
A transition solid can be used as an angle or T “bracket” for joining laminated panels,
ag illustrated in Figure Again, the emergent 3D behavior is localized in a region near
the interface and its exact region can be obtained as described above and shown in Figure
The original behavior type is present at the rest of the points in each region. Figure
illustrates solid with the emergent joint behavior in a sandwich panel that is joined to another

sandwich panel in T-joint.

Joint between a panel and a stiffener Joint between a stiffener and a panel can be either a
bonded or a transition joint. Behaviors of the stiffener and the panel are preserved[d4, 47].
Note that stiffener is a sub-type of 1D solid because, in stiffeners, the loadings has more

restrictions.

Based on the emergent behaviors for the above joint types, we can find the final behavior types
in the chair example that I discussed in the previous chapter (Figure . The legs and the back

elements are joined to the seat through corner joints and, therefore, will have emergent 3D behavior
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Figure 4.10: Behavior and structures in a stiffened plate.

in the vicinity of the interfaces. Rest of the regions will preserve their behavior types. The behavior

types in the chair after composition are shown in Figure [4.13JA.

4.4 Design Knowledge Through FBS Diagrams

We earlier saw the formal FBS knowledge diagram for a simple chair example in Figure The
diagram did not include 1) correspondence between the chair’s manufacturing and functional struc-
tures and 2) the behavior types in the artifact’s actual behavior. In this section, I include these

details in the diagram and demonstrate for two example composite artifacts.

Example I— Beam and Panel Assembly

The beam-panel assembly and the loading are shown in Figure 4.10, The artifact is manufactured
using four laminates denoted as s (i=1 to 4). Functionally, the artifact consist of only two func-
tional elements, s{ (a panel), and sg (a beam), which are composed using a T-Joint. Laminates
m

S

™ (i—=2 and 3) are shared between the two functional elements and are decomposed into smaller

laminates such that each new laminate lies within either the beam or the plate. The expected
behaviors are supplied as labels (beam and plate in this case) and the details of the behaviors
(the simplified models) can also be included as described in Appendix . A designer also specifies
the design requirements such as maximum deflection or desired resultant stiffness as the function.
Based on the proposed approach to predict emergent behaviors, the actual behavior will consist of

an emergent behavior at the interface of the beam and the plate because of the T-joint between
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transition joint)

Figure 4.11: Manufacturing and functional Structure of the toy composite artifact.

them. The joint-region is obtained using the method in Appendix [B.3] Once the behavior types
are known for the functional structure after composition, the artifact can be analyzed using one of

the simplified analysis models, which will be discussed in detail in the next section (Section .

Example II— A Complex Unitized Structure

The composite artifact shown in Figure [4.11]is a complex unitized artifact consisting of composite
features such as ply drop-offs, sandwich structure, and sandwich core. The complexity was discussed
in detail in the Introduction Section (Figure [1.1)). The artifact was manufactured as a combination
of seven laminates s]" (i=1 to 7) as shown in the figure. Functionally, however, the artifact consist
of nine functional elements s; (i=1 to 9) where s{, s?’:, and 5; are panels; sg, sg, sg and sg are
stiffeners; sf; is the sandwich panel; and sg is the transition element.

So the laminate solid s7* contains the four functional elements 8{ (i=1 to 4), while the laminates
sg* and sg' together form the functional element sé . Thereis a 1:1 correspondence between the rest of
the sub-solids: s7* = sg, syt = s;, syt = sg, and s5' = sg. The expected behaviors are again supplied
as labels, and the details of the behaviors (the simplified models) can also be included as described

in Appendix [B] To obtain the actual behavior, all the emergent joint-solids are computed, which are
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Figure 4.12: Loss of contact between the panel and stiffener elements after dimension reduction.

due to the lap-joints and the transition-joints in this example. The emergent joint-behaviors again
can be obtained using the method in Appendix Finally, once the behavior types are known for
the functional structure after composition, the artifact can be analyzed using one of the simplified

analysis models, as discussed next.

4.5 Behavior-based Analysis of Composite Solids

Explicit representation of the correspondence between the functional and manufacturing structure of
composites supports fully automated analysis of complex manufactured structures, and the accuracy
and efficiency of the analysis are determined by the complexity of the functional structure. After
predicting the regions of the emergent behaviors from the functional structure, efficient analysis of
composite artifacts can be carried out using either (1) a mixed dimensional analysis model or (2)
the virtual material method. Mixed dimensional analysis will require preprocessing for the function
elements with 1D behavior to 1D physical solids and those with the 2D behavior to 2D physical
solids. Additional processing may be required as dimension reduction usually breaks contacts. For
example, in the panel stiffener assembly in Figure if the stiffener is reduced to a 1D solid
whose geometry is the centroidal axis and the panel is reduced to a 2D solid whose geometry is the
mid-plane, there is no contact between the axis and the plane (see gap length in Figure . The
1D geometry will either have to be translated to lie on the plane or some other way to constrain
the degrees of freedom of the two lower dimensional elements will have to be used. Analysis using
the virtual material based analysis model does not induce any changes to the geometry, so the
above issues are absent. The analysis models for the chair artifact with behavior types in Figure
obtained using Method 1 (dimension reduction) is shown in Figure 4.13B and using Method
2 (virtual material method) is shown in Figure [£.13[C.
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Figure 4.13: Analysis models for chair based on its predicted behavior

4.6 Design for Composite Manufacturing through Functional Equiv-

alence

As the manufacturing technology progresses, an existing functionality can be realized using new
manufacturing methods. The manufacturing method could be cheaper or may have some other
advantages. For example, the functionality of the traditional plate-stiffener assembly can be realized
as a ‘unitized structure’ using composite materials (Figure ) Such an artifact doesn’t require
assembling and are also stronger because of the reduced stress concentration at the joint. An
another example from [5] in Figure demonstrates that the intersection of fuel floor, skin, and
bulkhead, traditionally separate parts in an airplane, can now be manufactured using composites
as a unitized artifact. This synthesis method uses the notion of behavior equivalence, as shown in
Figure For an existing Function F' and expected behavior B¢, the designer can synthesize a
new artifact with manufacturing and functional structure S¥ and SM | respectively.

In this chapter, we saw how formal FBS framework can allow us to systematically analyze
composite artifacts. T also discussed some application of the FBS framework in design of composite
artifacts. The FBS framework has potential in design of not only composite artifacts, but also
other artifacts that have complex manufacturing structures, including 3D printed structures. Such

discussion, however, is out of the scope of the current thesis.
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Figure 4.14: Synthesizing new artifacts that are functionally equivalent to an existing artifact.
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Chapter 5

Virtual Material Method

In this chapter, I derive virtual materials for different behavior types using the notion of behavioral
equivalence, as introduced in the previous chapter. But, first I summarize the elastic material model

for orthotropic plies that will be used for obtaining the virtual materials.

5.1 Constitutive Relations for Orthotropic Plies

The general constitutive relation for an arbitrary homogeneous anisotropic material is given as
o =0Cij € i,j=1,2,..,6, (5.1)

where

1. o; is the stress vector and ¢; is the strain vector. Both have the dimension 6 x 1.
2. C = {Cj;} is the 6 x 6 material stiffness matrix.

3. 1,7 =1,2, and 3 are x,y, and z coordinate axes, while ¢,7 = 4,5, and 6 are yz, zx, and zy

planes respectively.

The fiber-reinforced plies and sandwich core are modeled as orthotropic materials, for which, C
requires 9 independent elastic constants: Young’s Modulus E;, E», and FEs; Poisson’s Ratio vy,
v, and vg; and Shear Modulus G12, Goz, and G13. Unlike for isotropic materials, C is direction

dependent for orthotropic materials and needs to be transformed if the coordinate system of the
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Figure 5.1: Different material models for orthotropic plies.

material does not align with the xyz coordinate system. Full matrix form of Equation and the
procedure for transformation of C from its principal to an arbitrary coordinate system is given in
Appendix

In laminated composite artifacts, orthotropic plies are extremely thin in one of the directions,
called the thickness or out-of-plane direction, in comparison to the other two directions, called the
in-plane directions. So, the stresses in the thickness direction can be assumed to be negligible
(plane-stress assumption), in which case, the material stiffness C reduces to a 3 x 3 matrix Q, given
as [4]:

ag; :Qij'ej i,j = 1,2,3, (52)

where ¢, 7 = 1 and 2 stand for  and y axes respectively, while 3 stand for the xy plane. Full matrix
form of the equation is in [C.1.2]

In thick-walled laminated artifacts, however, out-of-plane shear strains €,. and €., can be sig-
nificant; therefore, out-of-plane shear stiffness, in addition to the in-plane stiffnesses, are needed to
characterize the material. In an arbitrary coordinate system, shear stresses 0. and o, are related

to shear strains €,, and €, as [13]:

o4 Qus Qus €4

o5 Qis @s5 €5

where indices 4 and 5 stand for planes yz and zz respectively.

Let us now assume that, in a laminate, z direction is the thickness direction for both the laminate
and its plies, which is also the third principal direction of the orthotropic ply materials. Recall that
the plate theories assumes that the thickness of a plate in stretching and bending remains constant,

or in other words, Poisson’s ratios v,, and v, are zero [I]. These assumptions reduce the general
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stress-strain relation in Equation to

o1 Qu Q12 Qi3 0 0 0 €1
o2 Q12 Q22 Q13 0 0 0 €2
o3 | _ Q3 Q23 Q33 0 0 0 | s | (5.4)
o4 0 0 0 Qu Qs O €4
o 0 0 0 Qi Q55 0 €5
o6 0O 0 0 0 0 Fs €

where

[01,02,03,04,05,06] = [Uasﬂy,Txy,Tyz,sz,Uz] and [e1, €2, €3, €4, €5, €6] = [%&yﬁxyﬁyzﬁzzﬁz]- Qij
for indices ¢, j = 1,2, 3 are the in-plane normal and shear stiffness terms for the ply from plane-stress
assumption, while @Q);; for indices 7,j = 4,5 are the out-of-plane shear stiffness terms. (g¢ is the
out-of-plane normal stiffness, which is the Young’s Modulus E3 in the z-direction. Qgg is ignored in

2D analysis, but we need it for the 3D formulation.

5.2 Virtual Material for Panels

5.2.1 Thin and Moderately Thick Panels
1. First-order Lamination Theory

The First-order Shear Deformation Theory (FSDT) is obtained by adding transverse shear terms to
the Classical Lamination Plate Theory. CLPT, as mentioned earlier, assumes that laminated panels
undergo stretching and pure bending, for which strain ¢; field is given as a linear combination of

mid-plane strain € and curvature x; [4]:

€ =€ 42K i=1,2, and 3, (5.5)

where z is the distance of the point from the mid-plane.
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The stress resultants for CLPT are the mid-plane forces N; and moments M; given as

Ni:/Q o;dz and Mi:/2 o; 2dz, (5.6)

t t
2 2
where t is the total thickness of the panel.

Combining this equation with plane-stress constitutive relationship from Equation and strain

field from Equation leads to the so-called ABD matriz model, the global constitutive relation

for CLPT, for laminates:

N A B €
= . . (5.7)
M B D K
The individual coefficients of A, B and D matrices for indices ¢ = 1,2, and 3 are given as:
t t t
2 2 2
—32 —3 —3

where @;; is the material stiffness of the laminate. The details of the derivation can be found
in Appendix Intuitively, A and D are extensional and bending components of the stiffness
respectively, while B couples stiffness between bending and stretching that occurs in a laminate if
its material properties are asymmetrical about its mid-plane. If B is a non-zero matrix, a normal
pull in = or y direction can lead to bending and vice versa.

FSDT is obtained by introducing out-of-plane shear strains and stresses to CLPT. The stress
resultants for out-of-plane shear stresses are the mid-plane shear forces I'y and I's and has the same
form as the mid-plane forces N; in Equations 5.6 The global constitutive equation for FSDT has

the following additional terms in comparison to that for CLPT (Equation .

Iy Ags Ass €4
K- - . (5.9)

I's Ags Ass €5
Here, strains €4 and €5 are assumed constant in the z direction, and any deviation from the actual

field is corrected using a correction factor K [13]. The extensional shear stiffness coefficients Auq,

Ays, and Ass are defined as A;; in Equation
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2. Virtual Material Derivation

Based on the concept of behavior equivalence introduced in Section [4.2] a new layup is behaviorally
equivalent to the original layup based on the First-order Shear Deformation Theory when it satisfies

the following equivalence relationship:

A° = f,%i Q°(z) dz f @ dz,
2
B° = f : ) zdz f + Q%(2)z dz, (5.10)
2 2
D° = f% )22dz f V22dz,

where the original layup Q° defines the matrices A°, B° and D°, and Q* is the virtual layup.

Since the above integral equations are a system of three equations for each entry of ABD matrices,
they can be completely determined by a layup @* in which the material variation is fully specified
by 3 or more independent coefficients. There are infinitely many such layups, and any two of them
are interchangeable based on the behavior model FSDT. In other words, during structural analysis
of a composite artifact using a behavior model, any arbitrarily complex layup with numerous items
can be replaced by a much simpler layup, yet yielding identical results. Furthermore, since the new
layup is virtual, it is not subjected to manufacturing constraints and doesn’t necessarily have to be
ply-based.

For demonstration, I choose two such layups: a 3-ply layup and a quadratically graded material
as the virtual materials for the behavior model FSDT. In the next two paragraphs, the in-plane
material properties of the two virtual layups are derived, followed by the derivation of out-of-plane

material properties that are common for both the layups.

In-plane stiffness coefficients for the 3-Ply layup model: In the equivalence class of layups
for a given ABD matrix, a 3-ply material model is the simplest ply-based layup. Figure shows
a 3-ply layup with Qf]k as the material of the k™" ply, and for simplicity, each ply is assumed to be

of identical thickness. With these assumptions, Equation can be solved for material properties
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Figure 5.2: A) A 3-ply ABD-equivalent virtual layup. B) A quadratically graded ABD-equivalent

virtual layup.

ek

77+ and in terms of ABD matrices of the original laminate, are given as:

el_

36Dg; — 18tBy; — tQA;’j . 13t2A§’j — 36D 3 36D7; 4+ 18tBY; — t2Agj
i 81 T 413 L 81

. (5.11)

where ¢ is the laminate’s total thickness and indices ¢, j = 1,2, and 3. Clearly, there always exists a
unique 3-ply laminate that is ABD-equivalent to the original laminate. Note that only the top and
bottom plies depend on the B matrix and capture any material asymmetry about the mid-plane.
If the original laminate is symmetrical, the B matrix is zero, and the two plies Qf]l and Qf]?’ are

identical.

In-plane stiffness coefficients for the quadratically graded layup model: Instead of a
ply-based layup, we can also replace the original layup by a layup with a continuously varying,
or graded, material. Since there are 3 equations to be satisfied, a quadratic variation with 3
independent coefficients Hfj with k = 1,2, 3is sufficient. A layup with quadratically varying material,

or quadratically graded layup, is shown in Figure [5.2B, and the material for the layup is given as:

* _ 22 1 0

ij can be found from the equivalence relations in Equation and are given as

o _ 160207 —tAG) -, 12Bh -, 3(3tAY — 20D5) (5.13)

g 5 ’ 5] 3 7 %) 4¢3

Interestingly, coefficients ij take different roles in the material model: together, the quadratic
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coeflicient 9% and the constant coefficient 9% capture the bending and in-plane stiffness, while the
linear coefficient Qilj captures the coupling stiffness of the given laminate. Again, there is a unique

quadratically varying graded material for the given ABD matrices.

Out-of-plane stiffness coeflicients: In addition to the in-plane, we also require out-of-plane
material properties to completely characterize the ABD-equivalent models. These out-of-plane, or
transverse, material properties can be derived using approaches similar to above, and are common
for both the ply-based and graded virtual materials.

From Equations and the transverse shear properties of a laminated panel are given by
the extensional stiffness matrix A;; for 4, j = 4 and 5. Since we are only interested in the equivalent
material behavior, transverse shear stiffness Qf]k can be assumed constant along the laminate’s
thickness. When substituted in Equation ;; are obtained as the average values of A?; over

the laminate’s thickness ¢:

Qy =25 forij=4,5. (5.14)

Transverse normal stiffness of laminates, which is not required for 2D FEA | is needed for 3D FEA
using virtual materials. From Equation transverse normal stiffness for plate elements reduces
to Young’s Modulus Ej3. It is well known that for thin layered artifacts, the resultant out-of-plane
Young’s Modulus Ef can be approximated as the harmonic average of the Young’s Modulus Eg’k
of the individual plies of the original laminate [4, [98]. Again, since I am only interested in the
equivalent material behavior of the ABD-equivalent virtual materials, their Young’s Modulus E3
can be assumed constant throughout the laminate thickness. This assumption makes E3 identical

to E3:
11 ’“Z‘”hk
E5 B =BV

(5.15)

where h* is the thickness of the k*" ply and n is the total number of plies in the original laminate.

To summarize, we can efficiently construct various virtual materials that are ABD-equivalent
to the original layup. Any one of these virtual materials can be used during analysis; however,
some materials could be easier to implement than others in a particular system. For example, the

3-ply layup is straightforward to implement in systems which already support ply-based definition
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of composite artifacts. On the other hand, the graded material model can be used to analyze

laminated panels in systems that are meant for graded materials, but do not support laminates.

5.2.2 Thick Panels

The first-order deformation theory models thin and moderately thick panels accurately, but falls
sort for thick panels like sandwich panels, as discussed in Section In order to model thick
panels, higher-order lamination theories must be used. In this section, I propose virtual material for
higher-order theories to accurately analyze thick panels using the proposed virtual material based
3D FEA. There are several higher order theories as discussed in Chapter 2. T use higher-order
theories based on Touratier’s and Schmidt’s kinematic assumption to derive the virtual material
for thick panels. Touratier proposed a unified presentation for a class of lamination theories, which
includes theories based on his assumption of sinusoidal variation and Schmidt’s assumption of cubic

variation for the out-of-plane displacement.

1. Touratier Unified Presentation for Lamination Theories

According to Touratier el al [99], the displacement fields in x,y and z directions, that is, ui,u; and

ug, for different shear-deformation theories can be given using a general expression, that is,

ui(z1, 22, w3) = ui —zw; + f(2)7(2,y)
(1=1,2)
ug(x1,x2,2) = w(xy,z2) (5.16)

where 21 = z,29 = y, and z3 = z axes, w; = %, f(z) is the shear function, and 79(i = 1,2) are

the transverse shear strains at the mid-plane of the panel. %Q can be further expanded as:

7 (@, y) = wilz,y) +wilz,y) (5.17)

where w; are the rotations of the mid-plane normal about the x; axes. I have included the in-
plane extension uj of the mid-plane in the Touratier’s expressions for shear-bending kinematics, as

we will also be considering the coupling of in-plane extension with bending and transverse shear
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deformation. Finally, different expressions for f(z) result in different lamination theories as following

99).

(1— %), or Schmidt kinematic assumptions also used by Reddy for linear laminates.

. fe)=
. f2)=

I X

sin?, or Touratier kinematic assumption.

In fact, f(z) = z results in the first-order deformation theory, which we saw in the earlier section.
Now, for the Touratier’s unified kinematic assumption in Equation [5.16] the equilibrium equa-

tions are given as [99):

N +h/2
N3t = [ e f @z (= 1.2.3)
—h/2
i +h/2
rk:/ GG g (k=45 (5.18)
—h/2 dz

where NN; are the resultant in-plane forces, M; are classical moments, M; are refined moments, and

' are resultant transverse shear forces.
Substituting expression for o; from Equation [5.4] the above equilibrium equations result in the

following constitutive relationship [99]:

N A B A €°
M|=|B D B K
M A B D i
and [ =AS.4° (5.19)

where, using the displacement expression in Equation the resultant strain terms are given as

€ = [u 1, u8 5, ud 5 +ug,]T are the in-plane strains,
K= —[w711, w22, 2w,12]T are curvatures of the mid-plane,
= [71,789,75 +79]7 are change in transverse shear strains 72, and

~° = [7§,79], as given in Equation [5.17| are transverse shear strains,
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while the resultant stiffness matrices are given as

_ ~ ~ +h/2
[Az'jaBz‘ijz‘ijmBz‘ijz‘j]Z/W Qij(2)[1,2,2%, f(2), 2f (2), (£ (2))*]dz (5.20)
(i, =1,2,3),
_ +h/2 2
and, AZZ:/_h/Q (d“ii(;)) Qri(2)dz (k,l=4,5). (5.21)

Depending on the type of theory, appropriate expression of f(z) can be substituted in the above
equation to obtain the exact resultant stiffness matrices for a given layup Q;;. Next, we will obtain

virtual material for refined theories using the above expression of resultant stiffness matrices.

2. Virtual Material Derivation

In the above resultant stiffness matrix for Touratier’s unified formulation, any arbitrary layup @;;
is reduced to six in-plane ((Equation [5.20))) and one out-of-plane stiffness matrices (Equation [5.21)).
Using the notion of behavior equivalence from Section [£.2] we can obtain a virtual material model
for a given layup and lamination theory as following. Let the original material model be Q7; for

and D?

which the six resultant in-plane stiffness matrices are A%, B%, D°,, A% B? i

o B, DYy AL B respectively,
and the out-of-plane stiffness matrix is fli‘; The virtual material Q7 is equivalent to the original

material Q;’j when both of them result in identical resultant stiffness matrices, that is

N - 5 +h/2
A%, B%. DS, A% BY, DY) = / QO ). (e (622)
(1,7 =1,2,3),
. +h/2 2
and Ay, —/ (df(z:)) Qrdz (k,1=4,5). (5.23)
,h/2 dZ

In the next two subsections, I discuss how to obtain the in-plane and out-of-plane stiffness coefficients

for the virtual material Q7.

In-plane Stiffness Coefficients: Unified Graded Layup Model The in-plane coefficients

*

5i(2)(i, 5 = 1,2,3) of the virtual material must satisfy the six equations in Equation There is

a class of materials, in principle, that satisfies these equations, among which the simplest ones will
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be a function of at least six unknown coefficients. The inverse problem of finding simplest ij(z)’s
for higher-order theories, however, is not as intuitive as it was for FSDT. For example, based on the
intuition behind the 3-ply and 2"?-order graded virtual material for FSDT, a 6-ply or a 5'"-order
graded material seem a suitable choice for virtual material ij(z). It can be, however, easily shown
that both the models do not satisfy the six equations simultaneously for all laminate configurations.
Consider a symmetric layup ij(z), for which we essentially have 3 unknown coeflicients to satisfy
4 stiffness equations (B;’J = flg’j = 0 is automatically satisfied). Depending on the configuration of
the original laminate, one can carefully derive a virtual material from the class of materials that
satisfy the six stiffness equations in Equation

I propose a simple graded virtual material which is valid for any ply configuration and is given

as

Qii(2) = 05 { ()} + 05 {2 f(2)} + 05{f(2)} + 05,{="} + 05;{=} + 03 (5.24)

where 90], (9”,. ,05’] are the unknown coefficients to be found for a given set of resultant matrices.
Virtual material of this form satisfies the six stiffness equations for any of the expressions for f(z)
in the Touratier’s unified kinematic model. This makes the virtual material independent of the type
(sinusoidal or polynomial) of the shear function f(z) for a particular lamination theory.

I, now, show that Q;*j(z) satisfies the six stiffness equations for arbitrary laminate configuration
when f(z) is Schmidt’s or Touratier’s kinematic assumption. First, substitute the expression for

W (Equation D into the equivalence expression (Equation ) to obtain a system of six linear

equations. Let the matrix form of the linear system be

where o is a 6 x 6 matrix, 8;; = [6;,0};,67;,67;,0%, 671", and Bij = [AY;, By, U,Afj, Z],DO]

Using the fact that (1) the shear functions f(z) are odd functiond!] (2) product of an even and
an odd function is an odd function, and (3) integration of an odd function from some limit (—t) to

(t) is zero, a in the above linear system simplifies to the following matrix.

!Except when f(z) = 0, for which the following statements are automatically true.
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g 0 a1 0 ay ag where, [ag, a1, 2, 3] = fit[l,zz,zf, f?ldz;
aq 0 a O 0
as 0 a5 ag [, a5, ) = fit[z‘l,z?’f, 22 f?|dz
as 0 0
sym. ag o7 (a7, ag] = [1[2£3, f)dz.
L ag

(assuming t = £)

So, a matrix is a function of the shear function f(z) and automatically adapts based on the lam-
ination theory being considered. Moreover, after substituting the expression for f(z) for Schmidt’s
and Touratier’s kinematic assumptions, it can be shown that the determinant of a is non-zero:
approximately 3.376 x 10718122 when f(z) = 2(1 — %) and 5.423 x 107 18h?2 when f(z) = LsinZZ,
respectively. A solution to the above linear system, therefore, exists for any arbitrary laminate Q7

and thickness h, and the values of the unknown coefficients €;; in the virtual material Q;; are given

as
02']' = 0(71 : BU (526)

By substituting 6;; from above to Equation [5.24] we obtain the in-plane coefficients of the virtual
material Q7. Next, I discuss how to obtain the out-of-plane stiffness coefficients of the virtual

material.

Out-of-plane Stiffness coefficients The out-of-plane shear stiffness coefficients Q;*j(z',j =4,5)
of the virtual materials have to satisfy only one equation, that is, Equation [5.23] So, for the simplest

virtual material, transverse shear stiffness ij(i,j = 4,5) can be chosen to be

As¢ +h/2 2
QF = Ozj , where o= / <df(z)> dzand (i,j = 4,5) (5.27)

“ —h)2 dz
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This is true for any of the expressions for f(z) presented above. However, Reddy et al [I00] in their
work formulated transverse shear stiffness as a combination of three stiffness terms (A, k=1,2,3),

each associated to different orders of z, as shown below.

for f(2) = 2(1 — %),

Y
Al = /h/ (1= 55 + 55)Q7dz = A + Al + A2,
—h/2

0 1 2 +h/2 822 1624
where [AL, AL, AZ] :/W 1, (—52), (16:%)]Q,d

Since I will be using results from Reddy [100] for comparison, I ensure that the virtual material
fj has not only the total shear stiffness flz(;, but also components A’s, identical to the original
material Q7;. This can be achieved using the following form for the transverse shear coeflicients of

the virtual material @)j;:
Q5 =05 (2f(2)) + o;(2°) + ¢y; (4,5 =4,5) (5.28)

where qﬁ%, le, ?j are the unknown coefficients. Following steps similar to steps in the previous

sub-section, the unknown coefficients can be obtained as a solution to the following linear system.

BO /Bl 52 ?] A?j
Bs Ba | |0l | T | Ay B - ¢ij = A, (5.29)
sym. Bs 5 A

t
Where7 assumingt = %7 [607517627 637547 65] = / [17 227 va 247 Z3f7 22f2]d27

—t

The determinant of the B matrix is non-zero (2.24 x 10°h!!) and, therefore, a solution to the above

linear system exists for arbitrary laminate configuration and thickness. The unknown coefficients

¢;j are given as

. (5.30)
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and, by substituting ¢;; in Equation we obtain the transverse shear stiffness of the virtual
material Q;*j.

Finally, as pointed out earlier, transverse normal stiffness Qgq is needed for virtual material
models that can be obtained using Equation since the assumptions made earlier are applicable
now as well. In summary, the proposed virtual material Q;; for higher-order lamination theories is
a graded material whose in-plane stiffness coefficients are given by Equation [5.24] transverse shear
stiffness coefficients by Equation or and transverse normal coefficients by Other
ply-based or graded virtual materials are also possible, but the proposed graded virtual material
is special, as the variables (terms that are function of z) in the above expressions for the virtual
material (Equation , and D correspond to the coefficients of original laminate Q% in

the expressions for resultant stiffness matrices.

5.2.3 Implementation and Numerical results

Virtual materials are implemented by (1) replacing the original laminate by a virtual material
obtained using the suitable lamination theory and (2) using new virtual material for stiffness matrix
formulation during 3D FEA. For demonstration, I implement virtual materials in a meshfree system
called Scan and Solve(SnS) [I01], the details of which are presented in the next chapter. Some

important points relevant to the discussion in this chapter are:

1. T use second order multi-variate B-spline basis function , and, due to the fact that B-spline
basis is hierarchical in nature, potential problems of locking and ill-conditioning of stiffness

matrix when using 3D elements for thin-walled structures are eliminated [L02] 103].

2. Volume integration during stiffness matrix computation is approximated by integration over
surfaces. Each laminate is replaced by a set of integration surfaces parallel to the base surface
of a laminate (Figure[6.5]), where locations and thicknesses (weights) of the integration surfaces

are obtained using Lobatto quadrature rules [104].

3. The material stiffness coefficients for each integration surface is assigned based on the distance
of the surface from the mid-plane of the laminate, that is, the z value in Equations [5.24]
and [£.28
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Graded virtual materials are also more efficient compared to ply-based virtual materials. In
fact, using graded material can be almost twice as efficient as using ply-based virtual material: for
a symmetric laminate, virtual material for Schmidt/Reddy theory is a sixth-order graded material
using the proposed scheme and will be at least a 7-ply laminate if using a ply-based virtual material.
So, the total number of integration surfaces required based on Lobatto quadrature ruleﬂ will be 21
for the 7-ply virtual material (3 surfaces for each ply) and 13 for the graded virtual material.

Next, I compare results of linear static analysis of laminate panels using my proposed method
to results from the literature, as well as commercial software ANSYS [105] and SolidWorks [106]
for few cases. I use the virtual material models based on (1) first-order deformation theory (2)
Schmidt’s higher-order theory and (3) Touratier’s higher-order theory. For brevity, we will refer to
the virtual material obtained form them as FSDT-virtual, HEX-virtual, and SINE-virtual materials,
respectively. For comparison, I consider five different benchmark problems. The problems with their

objectives are listed as following.

e Demonstrate that both ply-based and graded material can be used as a virtual material

through Problem 1— a clamped rectangular plate under out-of-plane distributed loading.

e Demonstrate that virtual material method can model stretching-bending coupling in plates
through Problem 2— a clamped rectangular plate with in-plane loading. Also, I discuss the

degree of increase in efficiency for 3D FEA when using virtual materials.

e Compare accuracy of all three types of virtual materials for plates of different aspect ratio
through Problem 3— a simply supported, symmetric rectangular plate under a doubly sinu-

soidal transverse load.

e Show that virtual material can be used for panels made of large number of plies through Prob-
lem 4— a simply supported, multi-layered laminated square plate under a doubly sinusoidal

transverse load.

e Show that virtual material method gives accurate results for laminated curved panels, or shells,
through Problem 5— a singly-curved cylindrical shell under its own weight and Problem 6 —

a simply supported, doubly-curved spherical shell under a uniformly distributed transverse

load.

2N integration points accurately integrate polynomials of order up to 2N — 1.



79

Benchmark problems 3-6 have been used in the literature [13, 107HI10] to establish accuracy of
different lamination theories. For all the problems, plies in each laminate are assumed to be of the
identical thickness and made of the same material. I only consider one material for orthotropic plies

whose engineering constants are as following.

FE1 =25 x 10° psi, By = E3 = 25 x 10° psi,
V19 = 025, V93 — V13 — 00,

G2 = G13 = 0.5 x 10° psi, Ga3 = 0.2 x 10° psi, (5.31)

where E, v, G are the Young’s modulus, Poisson’s ratio and Shear modulus respectively, and indices
1, 2 and 3 indicate the three principal material directions. This material is identical to the material
used in literature except that I set 103 and v13 to zero, as explained in Equation The elements

used in different FEA systems are as following.

e ANSYS: I use Shell181 elements for 2D analysis, which are four node elements with six degrees

of freedom at each node— 3 translation and 3 rotation degrees of freedom.
e SolidWorks: T use two-dimensional parabolic triangular shell elements.

e 5n3: Scan and Solve uses second-order tri-variate B-spline functions on a uniform Cartesian
non-conforming grid for analysis. The Lobatto quadrature rule implies that 5 integration
surfaces for the FSDT equivalent model, and 6 integration surfaces for the HEX and SINE

equivalent models are sufficient for full integration.

Problem 1: Clamped Rectangular Plate with Out-of-plane Loading

Our first benchmark problem is a plate clamped on all four sides and a normal pressure on the top
surface (Figure ) A plate under these boundary conditions shows pure bending, with maximum
displacement at the center of the plate. The plate consists of 10 plies in cross-ply and angle-ply
configurations. Table compares the maximum displacements using ANSYS, SolidWorks (SW),
and proposed method (SuS) for different laminates. Tests were done for three different aspect ratios:
thin (a/h = 1000), moderately thick (a/h = 100), and thick (a/h = 10).

For both cross-ply and angle-ply laminates with moderate thickness, SnS accurately predicts the
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Table 5.1: Maximum displacement value in inches for plate problem in Figure ‘ for different

cases.
Laminate Thickness a/h  ANSYS SW SnS— 3-Ply SnS— Graded
(Number of elements) 10k 1k 1k 3k 1k 3k
1 10 4.748¢3  4.058¢73 3.855e73 3.762e3 4.567¢~3 3.755e
[0/90]5 0.1 100 1.543¢™0 1.550e™0  1.532¢T0  1.543¢T0  1.532¢T0  1.543¢ 10
0.01 1000 1.510et3  1.552¢t3  1.145et3  1.661e™ 1.145e¢™3  1.662¢*3
1 10 5.094e73  4.360e™3 4.057e > 4.152e™> 4.880e™% 4.050e 3
[—45/45]5 0.1 100 1.629¢T0  1.620e*0 1.597e*0  1.611et® 1.598¢T0 1.611e*°
0.01 1000 1.581e*3 1.578¢t3 1.163et? 1.684e™ 1.163e™3 1.685¢™3

Table 5.2: Von Mises stress at the mid-point (x=0, y=0) of the top face of the plate in Figure

A

Laminate Thickness a/h  ANSYS SW SnS— 3-Ply SnS— Graded

(Number of elements) 10k 1k 1k 3k 1k 3k
1 10 2.42¢  243e® 2.50e3 2.40e* 3.20e® 2.35¢€3

[0/90]5 0.1 100 2.54e>  2.55¢5 2.04e® 2.06e° 2.05¢5 2.06e”
0.01 1000 2.50e”  2.60e” 1.60e” 1.94e” 1.60e” 1.93¢”

1 10 2.70e  2.66e> 2.67e3 2.60e® 3.20e® 2.60e3

[—45/45]5 0.1 100 2.25¢°  2.26e° 1.80e® 1.82¢5 1.80¢° 1.82¢°
0.01 1000 2.25¢7  2.22¢7 1.52¢7 1.70e” 1.52¢7 1.69¢”

maximum displacement values, and the results from all the systems are in close agreement. There
are more noticeable differences in the displacements computed by the three systems for thin and
thick laminates, e.g., SnS and SW tend to differ by 5%. Importantly, SnS is not under-predicting
displacements for thin plates, suggesting that locking is is not an issue.

I also compare, in Table , the Von Mises stresses at the mid-point (z = 0,y = 0) of the top
face for different plates. For both cross-ply and angle-ply laminates, stresses from different methods
are in agreement for the thick plate with aspect ratio 10, but there is some deviation for other
aspect ratios, which increases with plate aspect ratio. A comparison of the entire stress field for
the moderate thickness plate (aspect ratio 100) is shown in Figure for cross-ply and angle ply
laminates. The stress patterns match for the two laminates, and the highest stress due to stress

concentration are also within 15% of each other. Solid elements generally better capture the stresses
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(A1) (A2)

(B1) (B2)

Figure 5.3: Comparison of Von Mises stress for top face of the plate in Figure With aspect ratio
100 for A1) [0,90]5 analyzed in ANSYS (Max stress- 5.83¢°) 2.[0,90]5 analyzed using the proposed
method (Max stress- 4.91e). B) [—45,45]5 analyzed in ANSYS (Max stress- 4.08¢%) 2. [—45,45];

analyzed using the proposed method (Max stress- 3.44€°.)



82

a a
— —
Nl L Ll Ll q \ g
\ A K WA ‘l”h \ y —=* |:\|Lh

‘|‘ —— b
a : X : z a ,L)X — < T
J N T T J 5 F 5. X
~ N X N
N N N —
NN N N N NN
(A) (8)

Figure 5.4: A) Plate with geometry parameters a = 10in and h = 1,0.1,0.01in, clamped from all
four sides with a surface pressure, ¢ = 100psi. B) Plate with a = 10in and h = 0.1in, fixed on one

end with a force, F' = 1.0e*lbf on the opposite end.
near edges as they explicitly model the finite thickness of plates.

Problem 2: Clamped Rectangular Plate with In-plane Loading

Next, I test the same rectangular plate, but with different boundary conditions: plate is under
in-plane load of 1.0e* Ibf on one end and clamped at the opposite end (Figure 5.4B). The plate is

made of 50 random plies whose angles are given as:

—45,45,0, —45,90, 45, —50, —75, 60, —45, 90, —45, —45, 45, —45, =75, =5,
80, 30, —45, —45, 60,90, —75, —45, 25, —45, —45,45, —75, 60, 60, —45, 90,

—45, —45, —75, —50, 45, —45, 60, —45, 50, —75, —45, —75, 10, —45, 60, and 90. (5.32)

This particular problem was chosen to validate the claim that virtual material method success-
fully captures coupling behavior in asymmetrical laminates. Due to stretching-bending coupling
in asymmetrical laminates, the in-plane load F' results into bending and produces out-of-plane de-
formation. The proposed method did capture this coupling phenomena accurately as shown in
Figure [5.5] which compares the z displacement fields from SnS and and ANSYS. The maximum 2z
displacement are in agreement with 0.3730in in ANSYS and 0.3734in in SnS.

I also carried out a time analysis in order to estimate the net efficiency achieved using pro-
posed method when using 3D FEA. Complete analysis of the 50-ply laminate plate using the
ABD-equivalent 3-ply model took 14.9 seconds, out of which 12.8 seconds were spent integrat-

ing 9 integration surfaces (3 surfaces per ply). Therefore, an average of 1.42 seconds were spent
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Figure 5.5: The deformed plate and color map of out-of-plane displacement obtained using A)

ANSYS B) Scané&Solve with ABD-equivalent 3-ply material model, for a laminate plate made of 50

plies. As expected, the in-plane load leads to out-of-plane bending.

integrating each surface. This implies that integrating over 150 surfaces in the original 50-ply model
would require roughly 215 seconds for the same analysis. The gain in efficiency is even higher when
using graded material model, as it needs only 4 integration surfaces in comparison to 9 for the 3-ply
laminate. The total time taken for analysis was only 6.8 seconds, decreasing the total computation
cost of analysis by more than 30 times. Similar speedup should be expected in any 3D FEA of

laminated structures relying on layered elements.

Problem 3: Symmetric Rectangular plate

Current benchmark problem is a simply supported [0/90/0] rectangular plate used by Pagano [107].
I choose this problem to test if the proposed method yields accurate bending in plates of different
aspect ratios. The plate geometry and boundary conditions are illustrated in Figure[5.6] A doubly
sinusoidal transverse load ¢ is applied on the top face of the plate as shown in the figure.

For this benchmark problem, the normalized center plane deflections from different methods
and for different aspect ratios are plotted in Figure The aspect ratios for which the computed
results are a/h = 4, 10, 20, 50, and 100. The plot confirms that the FSDT-virtual material is
accurate for higher aspect ratios but underestimates deflection at lower aspect ratios. SINE-virtual
and HEX-virtual materials, however, yield results consistent with the elasticity solution for all the

aspect ratios. The maximum deviation when using HEX-virtual and SINE-virtual materials is for
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Simply supported

Load on the top face
X on all edges

q = qosin(ZE)sin(TY)

’ Atz=0,a: or=us=ug=0
TZE bA A Aty=0,b: o9=u;=u3=0
z

Figure 5.6: Rectangular plate with geometry parameters b = 3a and height h, simply supported

on all four edges and subjected to a doubly sinusoidal load on the top surface.
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Figure 5.7: W as a function of number of elements for # =10 and 100.

the lowest aspect ratio (a/h = 4), which is 1.2% and 1.6%, respectively.

Results from my method converge rapidly when the number of finite elements is increased, as
shown by the plot in Figure The plot illustrates the variation of normalized central plane
deflection for aspect ratios 10 and 100. For comparison, results from 3D elasticity solutions, as well
as solutions using higher-order theories by Reddy [100] and Touratier [99] (available for a/h=10),
are also included in the plot. For both aspect ratios, all solutions stabilize after 3000 elements.
Furthermore, converged solutions from HEX-virtual and SINE-virtual materials are in closer agree-
ment to the elasticity solution than the higher-order solutions by Reddy and Touratier. Error in

results is higher for a/h=10 in comparison to a/h=100, but it is within 5% of the displacements
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Table 5.3: Comparison of normalized stress values. For each a/h, first row has the reference
stress values from [Touratier and Pagano| while the second row has values computed using the

SINE-virtual material.

4 1.10et? —2.81e7? 3.30e 2 3.87¢!
9.65e 1 —2.75e72 3.25¢7%2 3.53e¢!
20 6.50e! —9.30e3 1.20e 2 4.34e7!
6.42¢71  —9.30e™3 1.12¢72 5.21le !
100 6.24e! —8.30e2 1.08¢ 2 4.39¢!
6.23¢71  —8.35e 3 1.52¢72 4.43e!

using general elasticity.
I also compare the maximum stress values from Pagano [107] for three different aspect ratios,

as shown in Table [5.3] Stress values are normalized as following.

G; = JihQ/(qoaQ) (i =1,3), and &; = o;h/(goa) (i =4,5) (5.33)

I do not compare the maximum normal stress in the y-direction, that is o2, since maximum o2 occurs
at the interface of 0 and 90 plies [I07] and I not modeling interfacial stresses in the current work. I
only use SINE-virtual material (values are in the second row for each aspect ratio) for comparison

and the stress values are consistent with the stress values from exact elasticity solutions.

Problem 4: Multi-layered square plate

Next, to demonstrate the accuracy of the method for different types of laminates with a large
number of plies, I consider a square plate made of the following laminate configurations:

Case 1 4-ply [(0,90)2] asymmetric laminate,

Case 2 8-ply [(0,90)4] asymmetric laminate,

Case 3 5-ply [0,90,0]s symmetric laminate,

Case 4 9-ply [(0,90)2,0]s symmetric laminate,

Case 5 50-ply asymmetric laminate (Ply orientation in Figure [5.32)).
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Figure 5.8: Normalized central plane deflection for different laminate configurations when a/h =

100

The plate is simply supported with a doubly sinusoidal load as the previous rectangular plate
(Figure with a = b) with an aspect ratio of 100. I compare the normalized center deflection for
the different cases in Figure The exact elasticity solutions for Cases 1 and 2 are provided by
Zenkour [109], while Pagano [108] provides exact solutions for Cases 3 and 4. There are no exact
solutions present in literature for extremely large number of plies, so I use results from ANSYS as
the benchmark for comparison in Case 5. The results are normalized by the benchmark solutions.
Clearly, both higher-order equivalent material models accurately predict displacements for all cases.
For the 9-layer symmetric laminate, deflections using HEX and SINE models differ from the elasticity
solution by only 1%. For the 50-ply laminate, results from my method has 1.25% error in comparison

to the ANSYS solution.

Problem 5: Singly-curved shell

We now move to laminated shells and show that the proposed method can also be extended to
shells of different aspect ratios and curvatures. First, consider a laminated singly-curved cylindrical
shell fixed at its curved ends, also known as the Barrel Vault problem. The detailed loading and
boundary conditions are shown in Figure [5.9A.

The maximum vertical displacements of the shell computed using different methods are given in
Table[5.4l The superscript 'v’ denotes virtual material. The comparison is done for various cross-ply
and angle-ply laminates and the 50-ply laminate with three different aspect ratios— 20, 50, and

100. Reddy [I3] uses Q81 elements, which are eighth order elements (p-level = 8). There is some



Cross-section AA

Simply supported

on all edges
_ona ,/

T -

|
|
Iy
Il A
|

|
)

Cross-section AA

87

Figure 5.9: (A) Barrel vault with vertical pressure ¢ = 0.625psi. The curved ends are fixed and

B = 80° R = 300 in, a = 600 in, h = 3,6,15 in (B) Top and side views of the doubly-curved

spherical shell. The inner radius is R, thickness is h, arc length is a, and g = 1psi.

Table 5.4: Maximum vertical deflection (inches) of Barrel vault for different cross-ply and angle-ply

laminates.
Laminate R/h Reddy [I3] ANSYS SolidWorks FSDTY  HEXY SINEVY
100 2.339¢TY  2.407et0  2.460et0  2.416et0 2.402eT0  2.402¢T0
[0, 90] 50  5.0827!  5291le”!  5.659¢”!  5.503¢”! 5.765¢”! 5.765¢
20 7.292e72  7.449e72  7.560e 2  7.016e 2 7.998¢72 8.262¢ 2
100 3.597¢tY  3.871e™®  3.866eT0  3.699et0 3.636eTV 3.637¢t0
[-45,45] 50  6.760e™!  7.652¢7'  7.170e”!  7.780e”! 7.083¢~! 7.080e!
20 1.205e~t  1.397e~!  1.130e~'  1.386e~! 1.094e~! 1.095¢!
100 1.415eT9  1.434e™0  1.564e™0  1.593et0 1.523eT0 1.523¢t0
[(0,90)5] 50 2.940e™!  2.979¢7!  3.270e”!  3.412e7! 3.424e7! 3.423¢7!
20  5234e72  5.246e2  5.370e72  5.399¢72 5.407e7% 5.406e 2
100 1.818¢TY  1.836e™0  1.955¢0  1.912et0 1.867¢T0 1.867¢t
[(-45,45)5] 50  4.096e~!  4.082¢7!  4.089¢™!  3.940e7! 3.951e”! 3.951¢”!
20 1.004e~t  9.727e72  8.959¢72  8.088¢7? 8.122¢72 8.120e?
50-ply 100 1.411eT0  1.478¢T0  1.445¢t0 1.432¢T0 1.430e10
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Figure 5.10: Normalized maximum vertical deflection for various cross-ply and angle-ply laminates

variability in reference results from Reddy, ANSYS, and SolidWorks, and my results compare best
against the results from SolidWorks. To illustrate this, I plot the displacements from my methods
normalized by displacements from SolidWorks(SW) in Figure . There is a close agreement
between results from both higher-order virtual materials with the results from SolidWorks(SW).
Errors in deflection are within 5% for all but three cases, and the error is highest for thick laminates
(aspect ratio 20). For the random 50-ply laminate, HEX-virtual and SINE-virtual materials show

a 3.1% and 3.2% difference from the SolidWorks results, respectively.

Problem 6: Doubly-curved shell

Next, I consider a doubly-curved spherical shell that is simply supported and under a uniform load.
The dimensions and boundary conditions of the shell are shown in Figure [5.9B. Let us consider two

laminates:

Case 1 asymmetric [0,90] laminate
Case 2 symmetric [0, 90, 0] laminate,
each with aspect ratios 10 and 100. I will be using results provided by Reddy [110] as the benchmark.

Variation of normalized center deflection with five values of R/h is plotted for Cases 1 and 2 in

Figures [5.11a] and [5.11D] respectively. Both figures also show variation for the two aspect ratios.
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Figure 5.11: Plot of Non-dimensionalized center deflection, W = —W(3, §, O)% as a func-

tion of curvature ratio.

Again, there is a close agreement between the higher-order virtual models and Reddy’s HSDT
solution [I10] for all cases. As expected, results converge to the plate solution with increasing R/h.
For the symmetric laminate, errors in deflection between both my models and Reddy’s solution are

within 5% for all cases.

5.3 Virtual Material for Generalized Beams

Stiffener functional elements are modeled as beams. There are two broad types of beams based on
their cross-sections: 1) beams with solid cross-sections and 2) beams with thin-walled cross-sections.
The latter is common in composite and is distinguished from the former by their thin walls compared
to the overall dimension of the cross-section, as illustrated in Figure The kinematics of the
two types of beams consist of the generalized beam deformations, which are extensions in normal
(X) and shear(XY and YZ) directions, bending in the two transverse (Y and Z) directions, twisting
(St. Venant’s torsion), and cross-section warping (Vlasov’s torsion).

One-dimensional behavior model for composite beams with arbitrary cross-section and loading

is extremely complex, as (1) they exhibit several types of deformation, (2) the different deformation
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Figure 5.12: Tllustration a solid cross-section and a thin-walled cross-section.

types are coupled to each other (normal force can produce twist), and (3) shape of the cross-
sectional warping depends on the shape of cross-section (I-section and T-section warps differently).
As a result, the number of independent stiffness coefficients for beam models are extremely high.
For instance, there are 45 stiffness coefficient for I-beam [48]. This further results into a large
number of equations that the virtual material for beam models have to satisfy. Even in practice,
designers usually have specialized models for different cross-section types (I, box, etc.) and layup
types (symmetric, balanced, etc.).

Modeling beams as collection of plates, on the other hand, is straightforward. Since plate model
abstracts the stiffener into a set of surfaces and not an axis, all the ‘1D deformations’ do not have to
be modeled explicitly: 1D torsion and warping are automatically captured due to 2D shear strains
and curvatures (€, and kgy) in plates. Modeling of beams as a collection of plates was discussed
in Section and illustrated in Figure [2.11]

I propose to use the plate behavior models to obtain virtual materials for the composite beams.
Therefore, beams with solid cross-sections can simply be modeled as a plate, while thin-walled
beams like I-section, T-section, hat-section, etc. are modeled as a collection of plates, one for each
web and flange. In the next section, I analyze example beams to show that virtual material for thin

plates can be used for the FEA of stiffeners.

5.3.1 Numerical Results

We studied the accuracy of the virtual material for first-order plate behavior using benchmark
problems in Section [5.2] In this section, I use virtual material for FSDT plate to analyze two types

of beams 1) a solid square cross-section beam and 2) a thin-walled I-beam. My main objective is
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Table 5.5: Mid-span displacement for square cross-section beams with layup [0,90,0].

Boundary Condition Aspect-Ratio  CBT HOBT SnS

Clamped-Free 10 2.20e=* 3.46e~* 4.00e~*
50 1.37e7! 1.4le”! 1.42¢7!
Clamped-Clamped 10 1.29¢™> 5.32e7° 7.48¢~°
50 8.06e2 9.19¢73 9.65e73

to demonstrate that deformations found in beams but not modeled by plates, that is, torsion and
warping, can be accurately captured using plate models. Finally, I use Solid186 [105] elements in
ANSYS to analyze multi-laminate artifacts. ANSYS also used Contal74, Targel70, and Surf154 to

model contacts between laminates, as well as other surface effects.

Problem 1: Square Cross-section Beam
I first analyze a solid square (1in x lin) cross-section beams under three different loading conditions.

1. Clamped-Clamped (c-¢): The beam is clamped at both ends with a distributed pressure of

1 psi on the top surface.

2. Clamped-Free (c¢-f): The beam is clamped at one end with a distributed load of 1 psi on the

top surface.

3. Clamped-Loaded (c-1): The beam is clamped at one end with an axial load (compressive

pressure) of 1 psi on the other end.

For c-¢ and c-f beams, the laminate configuration is [0,90,0]. I compare the mid-span displacement
for c-c and c-f beams using FSDT virtual material with results from literature in Table[5.5] Results
from literature are for Classical Beam Theory (CBT) and Higher-order Beam Theory (HOBT)
[I11]. The higher order beam theory was more accurate from lower aspect ratio beams. Results
using FSDT virtual material are within 5% for beams with aspect ratio 50. For aspect ratio 10, the
virtual material is somewhat over-predicting the result as it did for plates.

To show that we can capture torsion as well as torsion-extension coupling using virtual material
for plate theory, I analyze a clamped-loaded beam with aspect ratio of 50. The beam is made of [-

45,45] plies which shows torsion under axial load. The deformation is illustrated in Figure from
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Figure 5.13: Twisting of beam made of [—45, 45] laminate in axial loading due to extension-twisting

coupling.

my method and ANSYS. Virtual material for plate theory is able to capture the torsion accurately
due to the coupling effect. The maximum value of the deformation using my method is within 5%

of the value using ANSYS.

Problem 2: I-beam

The final beam example is a thin-walled beam with I-section and . The cross-section is as shown
in Figure p.12B with w = h = lin, wall-thickness ¢ = .04in, and axial length of | = 36in. The
web and two flanges are made of [0,90] plies. The beam is clamped on one end and axially loaded
on the other end with a load of 1lb. First, such a beam will show extension-bending coupling
due to asymmetric ply configuration of the web. In addition, the unclamped end will also show
cross-sectional warping due to asymmetric ply configuration in the two flanges and the web. This is
confirmed through analysis in ANSYS, as shown in Figure[5.I4)A. Analysis using the virtual material
method successfully captures the warping, as shown in Figure [5.14B. The maximum displacement
value has around 7% difference between the two methods.

In the next section, I analyze composite artifacts with functional features other than just a panel

or a beam.
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Figure 5.14: Cross-sectional warping in I-beam made of [0,90] laminate in axial loading.

5.4 Virtual Material Based Analysis of Composite Artifacts with

Different Functional Features

Let us now consider simple composite artifacts that also have 3D behavior due to some common
functional features. Specifically, I look at four problems

1. Two panels in a lap joint.

2. Composite artifact with a transition region through ply drop-off.

3. Sandwich composite artifact with tapered honeycomb core.

4. Three panels in a T-joint.
The second and fourth problems also involve filler/resin pockets. There are two objectives behind
these tests: (1) demonstrate how composite artifacts which does not have 1:1 correspondence be-
tween functional and manufacturing structures are analyzed and (2) show that we can capture the
complex 3D deformations while using virtual material method. The composite material of the plies

are as given in Equation [5.31] The resin pockets and fillers are isotropic materials with following

Young’s Modulus and Poisson’s Ratio.

E1 =5 x 10° psi,v = 0.36 (5.34)
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The sandwich core is a honeycomb core with transversely isotropic material properties.

Ey = Fy = 4 x 10* psi, B35 = 5 x 10° psi,
V19 = 025, V93 — V13 — 00,

G1a = 1.6 x 10* psi, G13 = Ga3 = 6.0 x 10* psi, (5.35)

Directions 1 and 2 are in-plane direction and 3 is the core thickness direction. Finally, for all

the simulations, I used 1500 second-order elements in SnS.

5.4.1 Panels in a Lap Joint

Laminate 1
/ Laminate 2
\

Figure 5.15: A lap joint made of two laminates that are identical in geometry. Dimensions:

a = 10in, b = 2in, ¢ = 2.5¢n and h = 0.1in. The left end is fully fixed, and the right end is allowed

to slide in the x direction. A force F = 10e*lb is also applied on the right end.

As discussed earlier, direct application of 2D methods do not capture 3D phenomena in lap joints,
and special theories are needed if conducting simplified analysis. By contrast, I have shown in my
earlier work [53] that 3D FEA using non-conforming mesh can be used to simulate lap joints made
of homogeneous materials. T now demonstrate that this approach extends to laminate structures
using virtual materials as well.

The geometry and boundary conditions of the lap joint analyzed are shown in Figure [5.15
The two laminates are made of the composite material in Equation [5.3T], and I have ignored the
adhesive layer for simplicity. I compare the results computed using virtual material method to

those computed in ANSYS using a 20-node layered solid element (since 2D shell elements are not
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Table 5.6: Maximum displacement value in inches for the lap joint in Figure|5.15] The second row

shows the number of elements used.

Laminate ANSYS  SnS-3-Ply  SnS- Graded
760 1k 3k 1k 3k

[0,90]5 1.251 1.147 1.212 1.147 1.212

[-45,45]5  7.975  6.540 7.641 6.540 7.641

50 Plies  3.304 2937 3.194 2.938 3.195

Figure 5.16: Deformed plate and colormap of out-of-plane displacement obtained using A) ANSYS

B) Present method, for a laminate plate made of 50 plies. Due to non-zero coupling matrix B, in-

plane loads leads to out-of-plane bending.

appropriate). Table 4 shows that the maximum displacement values are in close agreement. Figure
[5.16] shows displacement colormap as well as the deformed lap joint for the 50-ply laminate.

For the final test, I show that my method also accurately captures coupling phenomena in
multi-laminate structure. We will study the same lap joint, but it is now made of laminates with
substantial stretching-bending coupling properties. In laminate [0/90], there is a strong coupling
between in-plane stretching and out-of-plane cylindrical bending, while in laminate [—45/45], there
is a strong coupling between in-plane stretching and out-of-plane twisting. For both the laminates,
I compare deformation in the lap joint in two cases: (1) for laminate [0/90], when 0° plies are
bonded together (Figure [5.17A) and when 90° plies are bonded together (Figure [5.17B); (2) for
laminate [—45/45], when 45° plies are bonded together (Figure [5.18A) and when —45° plies are
bonded together (Figure ) As predicted, the deformation in the lap joints obtained using my
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method and ANSYS agree.

Figure 5.17: Deformation in lap joint made of laminate [0,90] in 1) SnS, and 2) ANSYS when 0°
plies of the two laminates are bonded. Figure B shows deformation in the lap joint when 90 plies

of the two laminates are bonded.

Observe that the lap joints in Figures[5.17)and [5.18| exhibit significant different deformation pat-
terns, even though the geometry and the boundary conditions are identical. A plausible explanation
is as follows. When stretching-bending coupling is not strong, bending due to eccentric forces in the
lap joint dominates, and the deformed lap joint looks like Figure [5.16] However, for the lap joint
made of [0/90] laminate in Figure [5.17A, stretching-bending coupling is strong and, in Laminate 2,
the resultant moment is in the direction opposite to the direction of the moment due to eccentric
forces. This causes Laminate 2 to bend in the opposite direction when compared to Figure[5.16] On
the other hand, for Laminate 2 of the lap joint in Figures[5.17B, bending due to stretching-bending
coupling is in the same direction as bending due to the eccentric forces. Therefore, the out-of-plane
deformation pattern is similar, but higher in value when compared to the deformation in Figure
5.16] For the lap joint made of [—45,45] laminate in Figure twisting moment is generated due

to coupling in addition to the bending moment due to eccentric forces; therefore, the out-of-plane
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Figure 5.18: A) Deformation in lap joint made of laminate [—45,45] in 1) SnS, and 2) ANSYS

when 45° plies of the two laminates are bonded. B) Deformation in the lap joint when —45° plies

of the two laminates are bonded.

deformation is not uniform in the width, or y, direction. The direction of the twist reverses when

the —45° plies are bonded together instead of the 45° plies.

5.4.2 Artifact with Ply Drop-off

Next, I will analyze an artifact with a ply drop-off region that consists of resin pockets. Functionally,
the drop-off region serves the purpose of a transition element between a thick panel and a thin panel.
The manufacturing and functional structure of the artifact is illustrated in Figures [5.19A and B,
respectively. The actual behavior consist of emergent 3D behavior around the transition solid, as
shown in Figure. The artifact is clamped on two opposite ends and the loaded side (transverse
pressure of 1 psi) is the thick panel region.

For my method, different virtual materials for different behavior regions were used: HSDT
virtual material for thick plate while FSDT virtual material for thin plate behavior. Original

material was used in the region with 3D behavior. The results from my method are compared to
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Figure 5.19: Structure and behavior of a composite artifact with a simple ply drop-off.
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Figure 5.20: Comparison of displacement distribution.

results from ANSYS which used 3D layered element for each laminate and tetrahedral elements
for the resin pockets. The displacement fields and Von Mises strain fields are compared in Figure
[(-20] and [5-21], respectively. The maximum deformation and strain value are slightly over-predicted
using my method in comparison to ANSYS, 6.4E~* vs. 7.6E~* and 3.1E7° vs. 4.7E7°. However,
the deformation and strain distribution are very similar with my method accurately capturing 3D

strains in the transition region.
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Figure 5.21: Comparison of strain distribution (Von Mises) in drop-off region.
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Figure 5.22: Manufacturing structure, functional structure, and behavior of a composite artifact

that consists of a tapered core.

5.4.3 Sandwich Composite Artifact with Tapering

As discussed, sandwich structures have thick plate behavior with substantial transverse shear in the
core. Moreover, tapered cores have local bending behaviors which result into 3D strains and stresses
in the tapering region. To demonstrate that we can capture these effects using my proposed method,
I analyze a simple honeycomb sandwich artifact which is illustrated in Figure[5.22] The artifact is
made of two laminates with plies [0, 90]5 and honeycomb core that is thicker in the middle and tapers
near the ends, as shown in the manufacturing structure in Figure [5.22]A. Functionally, the artifact
consist of three panels and two transition solids. The thicker panel has a thick plate behavior, while
the two thin panel in the ends have thin plate behavior. Moreover, emergent behaviors are present
in the region around transition regions, as shown in Figure [5.22

For my method, HSDT virtual material for thick plate region while FSDT virtual material
for thin plate behavior was used. Original material was used in the region with 3D behavior in
the transition and emergent regions. The results from my method are compared to results from
ANSYS which used 3D layered element for each laminate and the core except for the tapering
regions, for which tetrahedral elements were used. The displacement fields and Von Mises strain
fields are compared in Figure [5.23] and [5.24] respectively. This time, the maximum deformation
is off by 7% (SnS: 9.1e=* and ANSYS: 9.8¢™%), while the maximum Von Mises strain is slightly
under-predicted (SnS: 1.71e=* and ANSYS: 1.1e~*) using my method in comparison to ANSYS.
However, the deformation and strain distribution are again very similar, and my method accurately

capturing 3D strains in the transition region.
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Figure 5.25: Manufacturing structure, functional structure, and behavior of a composite artifact

that consists of a T-joint.
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Figure 5.26: Normal strain in the z-direction.

5.4.4 Panels in T-joint with Filler

Finally, I analyze a composite artifact that I was unable to analyze in ANSYS as meshing using
layered elements failed due to the sharp curvature in the laminate geometry. The composite artifact
is shown in Figure : it consist of three laminates with each made of [0, 90]5 plies and a filler in
the joint region which could not be reached using plies. One end of the structure is fixed while the
other is loaded by a transverse and distributed load of 1 psi. Functionally, the artifact is made of
three panels with a transition solid connecting them in a ‘T’ configuration. The three panels have
thin plate behavior except in a small region around the transition joint, as shown in Figure 5.25C.
Since I don’t have results from ANSYS for comparison, I just demonstrate that we can capture 3D
strain in the transition region. Figure[5.26]shows the distribution of normal strain in the z-direction.
The complex 3D distribution of the stress is evident in the transition region, hence showing that
the proposed method can capture 3D deformation while taking advantage of the lower dimensional
behavior information.

In the next section, I will describe in detail the implementation of the system that is based on
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the proposed virtual material method and used non-conforming finite element analysis.
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Chapter 6

System to Analyze Composite Artifacts

In this chapter, I describe the relevant details of the system I implemented based on the FBS
framework and the virtual material method. The details are divided into four sections: 1) the
first section describes the representation for the structure (manufacturing and functional) and the
behaviors in composite artifacts, 2) in the second section, I describe the implementation of the
virtual material in a meshfree 3D FEA system, 3) next, I give a quick overview of the system
work-flow from the point of view of an analyst, and 4) the final section presents few more complex

simulation examples to demonstrate the working of the system.

6.1 Representation for Composite Artifacts

First T describe the representation for the manufacturing structure and then for the functional

structure.

6.1.1 Manufacturing Structure

In the definition of manufacturing structure SM = {si"} for composite artifacts, components s
were laminate solids obtained from the composition of the starting elements in the laminates. First,

I present the representation for these laminate solids.
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Representation for Laminate

For implementation purposes, I assume that there are three types of laminate solids— ply group,

honeycomb core, and filler, for which the representations are as follow:

1. For the ply group type, s™ is a composition of parallel plies, where the plies have identical
thickness and material properties (fiber orientations can vary). Such laminate solids, therefore,
have a thin-walled shape with uniform thickness everywhere. We can represent a laminate

solid s!" = [R, C, L] of this type as follows(Figure ):

(a) Solid domain R is represented using a boundary-representation.

(b) Material constitutive relation C'is represented using a base surface, a guide curve, and the
ply layup information. Base surface and the guide curve are used to specify a curvilinear
coordinate system whose 1) x-axis is parallel to the guide curve and is the 0 fiber direction
and 2) z-axis is normal to the base surface and is the layup direction. For our case, one of
the two lateral| faces in the boundary representation of the laminate is chosen to be the
base surface, and the layup information is the material distribution along the normal of
the base surface. Also, based on the assumption of uniform ply thicknesses, the layup is
identical everywhere on the base surface. Base surfaces are smooth with normal defined

everywhere, which is a manufacturing constraint as corners cannot be reached by plies.

(¢) Loading L is specified as Dirichlet and Neumann conditions, as typically done in FEA.

layup

C: base surface + layup

R (a 3D solid)

L (load Base surface

. . e
A) Representation for a Laminate S7 =[R,CL] (B) Representation of Manufacturing Structure 5"

Figure 6.1: Representation for an individual laminate and a manufacturing structure

2. For the second type, s is a honeycomb core with a thick wall geometry and optional tapering

around the wall edges. The representation for such laminate solids is the same as above except

Ltop and bottom faces for thin-walled solids
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there is a restriction to the constitutive relation C: out of the two lateral (top and bottom)

faces, only the non-tapering face can be chosen to be the base surface.

3. Finally, filler is the last type of laminate solids. Filler has isotropic material properties and
can have arbitrary geometry. Again, R and L of a filler solid s]* = [R, C, L] is represented as

above. Since C is homogeneous and isotropic, no base surface and guide curve is needed.

Representation For Manufacturing Structure

Representation of manufacturing structure SM = {s7} is straightforward: it is an assembly of
laminate solids, where laminate solids are represented as discussed above. Essentially, the manufac-
turing structure representation consist of a collection of b-reps (3D solids), base surfaces and layups

attached to the b-reps when applicable, and loading, as illustrated in Figure [6.1B.

6.1.2 Functional Structure
Representation For Functional Elements

We saw earlier that given a manufacturing structure for a composite artifact, the functional elements
can be specified indirectly by providing (1) a decomposition of the laminate solids (manufacturing
elements) into sub-laminate solids and then (2) re-compositions of specific sub-laminate solids to
get the functional elements (Figure . Therefore, given a manufacturing structure as a collection
of boundary representations, base surfaces, layups, and loads, the functional structure can be rep-
resented procedurally by representing the decomposition and composition operations. I represent

the above decompositions and compositions in the system as follows.

1. I represent the decomposition of a laminate solid indirectly through the decomposition of the
associated base surfacdd into sub-surfaces. The domain of a laminate solid that consists of
parallel plies or a sandwich core has a thin/thick wall geometry, which can be obtained by
offsetting the base surface. So, a decomposition of the base surface induces a decomposition
of the associated laminate solid, as illustrated in Figure The loads and material can be
decomposed automatically if the solid domain decomposition is known (by the definition of

decomposition).

2decomposition of filler is not required.
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35 (Transition Solid)

S{ (Plate)

(A) Functional elements specified by partitioning the (B) Base-surface based representation of Functional
manufacturing structure Elements
Figure 6.2: Illustration of how decomposition and re-composition of laminate solids can be indi-

rectly specified through base surfaces.

2. To represent the re-composition, I simply need to identify which sub-laminate solids are to be
re-composed. For us, this simply translates into specifying the sub-surfaces of the respective

sub-laminate solids, as illustrated in Figure [6.2]B.

The details of specifying a panel and a stiffener functional element are illustrated through the

examples below.

Laminated and Sandwich Panels To specify a panel, the sub-surfaces whose associated sub-
laminate solids form a panel are identified in an arbitrary order. Since we know the layup
associated with each sub-surface, we can compute the resulting layup of the panel. One of
the sub-surfaces is chosen to be the base-surface of the panel, as illustrated in Figure [6.3
Whether the panel has a thin or thick plate behavior is also specified using a label. This is
all the information needed for virtual-material based simplification (a simplified plate model

is not needed).

[0,90] [45,-45]  [30,60] [0,90, -45,45, 60,30]

Three laminates with 3 sub-surfaces

. - - Resultant layup is constructed for the panel
identified as a ‘panel’ functional element

Figure 6.3: Recomposition of the sub-laminate solids that form a panel functional element.

Stiffener To input a stiffener element, first all the sub-surfaces whose sub-laminate solids form the

stiffener are specified. Next, the type of the stiffener (I, T, etc.) is specified as a label. Then,
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out of the selected sub-surfaces, we further have to specify which sub-surfaces form the web
and flange portions of the stiffeners, depending on the stiffer type. Figure illustrates this

procedure for a T-stiffener.

| FIange)r 1
"""""" [-45,45,90,0]
Laminate; \Laminatez % Web
[0,90] [0,90] [0,90,50,0]
A) Sub-laminates that B) Sub-laminates that C) Resultant layup of web
form a Tee-stiffener form web and flange and flange

Figure 6.4: Recomposition of the sub-laminate solids that form a T-section beam functional

element.

For 3D elements, we have one to one correspondence between the functional and manufacturing
elements. Therefore, after identifying the sub-laminate as a 3D element, no further processing is

required.

Representation for Joints

Joints are assigned by specifying the two functional elements that share the interface and a label for
the type of joint. The exact joint interface is obtained using standard geometric operations including
the boolean intersection. The label of the joint could be, for instance, lap, corner, transition, or

butt joint.

6.2 Implementation in a Meshfree 3D FEA System

6.2.1 Virtual Material Computation

Once all the functional elements and joints are specified and labeled, virtual material is computed

in the following manner (Illustrated in Figure [6.5)).

1. For our case, as discussed earlier, all functional elements are essentially a set of plates with a

new layup computed as shown in Figures [6.3] and
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2. So, ultimately, T use two types of virtual materials: virtual material for thin and for thick
plate behaviors. For the thin plate behavior, I use virtual material based on the first-order
lamination theory and, for the thick plate behavior, I use the higher-order theory based on

Touratier’s assumption.

3. Virtual material based on the thick plate behavior is used only for ‘thick panels’, which are
generally the regions that consist of sandwich core. Thin plate behavior is used for all other

1D and 2D functional elements. The original material is used for all 3D functional elements.

4. Moreover, I use graded virtual material for both thin and thick plate behaviors, since they are

more efficient to analyze when compared to ply-based virtual material.

5. Each graded virtual material is obtained analytically and saved as a set of matrices (A, B,
D, etc. matrices). There are as many matrices as the number of coefficients in the virtual

material expressions, one matrix for every coefficient.
6. Geometry and loading of the solids require no simplification in virtual material based analysis.

The virtual material information is needed for FEA only during stiffness matrix computation
using volume integration. I propose to approximate the volume integration by integrating over a

set of surfaces, which I discuss in detail next.

6.2.2 Meshfree Approach
Implementation In Scan And Solve

We implemented the virtual material method in a meshfree FEA system called Scan and Solve (SnS)
[L0T]. In SnS, displacements and stresses are approximated using multi-variate B-spline functions
that are constructed over a uniform Cartesian grid. This choice of the basis function addresses the
concerns of shear locking as well as numerical ill-conditioning of the stiffness matrix for a wide range
of laminate thicknesses. More details about Scan and Solve can be found in the reference [I01].
During finite element analysis, the material come into picture while computing the element
stiffness matrices given in Equation [A.] If the mesh is conforming and the element’s z axis is

aligned to the laminate’s thickness direction (Figure ), computing volume integration for the
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Figure 6.5: Integration surfaces to approximate volume integration.

ply-based virtual material is straightforward. This is because, in a conforming mesh, an individual
ply’s exact location can be completely determined by its position in the z direction. However
volume integration is more involved for the non-conforming mesh. Plies can intersect a grid element
at arbitrary angles (Figure and Figure ), and in artifacts made of multiple laminates, more
than one laminate can intersect an element. As a result, computing the intersection of each ply with
an element can be both complicated as well as expensive. Therefore, for ease of implementation,
I approximate volume integration by integration over surfaces: each laminate is replaced by a set
of surfaces parallel to the base surface (Figure . These surfaces, which we will call integration
surfaces, can be eagily generated as the tooling surface’s offsets, a standard geometric operation in
a CAD software. The location of these integration surfaces in the laminate’s thickness direction can
be obtained using one of the quadrature rules, and in the current implementation, I use the Lobatto
quadrature rules [104]. In addition to simplifying volume integration, this integration scheme also
makes implementation of the quadratically graded layup much easier: since an integration surface
is an offset at a constant distance from the laminate’s mid-plane, coefficients 0;; of the graded layup
(Equations and are also constant within that integration surface and, therefore, need only
be computed once. Integration over each surface is done by first triangulating the surface, and then
integrating the obtained triangles using Gauss quadrature rules. The triangles are constrained to
conform to the Cartesian grid, or in other words, each triangle lies completely within an element of
the Cartesian grid.

While integrating over the triangles, we also need to transform the material matrix Q° from its
principal coordinate system to the element coordinate system. As explained in Figure for every
triangle, 1 transform Q€ once for the triangle’s centroid, and use the transformed properties Qe/

for all the quadrature points of that triangle. The transformation relation is explained in detail in
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Figure 6.6: A) A xy cross-section of the Cartesian grid and an arbitrary fiber in that cross-section.
B) Figure zooms in one of the grid elements and shows a triangle that is being integrated. From
the fiber orientation, the material principal directions 1 and 2 are found, which are not aligned to

element directions x and y in general.

and in matrix form is given as:
Q° =G”-Q°-G, (6.1)

where G is the transformation matrix. I skip the rest of the implementation details as they are not

directly relevant to the contributions in the current work.

6.3 System Workflow

In this section, I briefly describe the workflow of the prototype system from a users perspective.
The different steps in the work flow are illustrated with the help of the T-joint assembly (Figure
5.25]).

Step 1 User inputs the manufacturing elements of the composite artifact one at a time. For each
element, the user first selects the solid domain (b-rep) and then specifies the base surface
and the 0 fiber direction (a curve), as illustrated in Figure [6.7] After that, the user has to
specify the type of the manufacturing element, the laminate configuration, and the number of
plies. The manufacturing element type is either a laminate, a sandwich core, or a filler. This

additional information is asked through a command line interface, as illustrated in Figure

Once all of the information about a laminate is obtained from the user, the layup information
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Figure 6.7: User inputting the domain and material information (base surface and 0 curve) of a

laminate manufacturing element.
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Figure 6.8: User inputting the ply information for a laminate manufacturing element.
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Figure 6.9: User inputting the functional elements in the composite artifact.

is generated automatically. The layup is essentially a list of plies with fiber orientation,
thickness, and material. The thickness and material are identical for all of the plies in a

laminate.

Step 2 After specifying all of the manufacturing elements, the user must specify the functional
elements in the composite artifact. To input a functional element, the sub-surfaces are selected
by the user to identify the portions of the manufacturing elements that form the functional
element. The interface to add functional elements (also joints) is shown in Figure . The
selection of the sub-surfaces for a panel functional element is shown in Figure [6.9B. Again,
the details of the functional elements are specified using a command line interface. If the
functional element has 2D behavior (panel), the user must specify if it is a thin or a thick
panel behavior. If the functional element has 1D behavior, the user specifies the cross-section
type, as well as which sub-surfaces form the web and the flange portion of the beam. No

additional information is needed if the element has 3D behavior.

Once all of the functional elements have been specified, the resulting layups are generated as

discussed earlier and illustrated in Figures [6.3] and [6.4]

Step 3 After specifying all the functional elements, user specifies the joint types that produce

emergent regions. I have implemented lap-joint, transition, and corner-joint.

Step 4 User, finally, specifies the displacement and force boundary conditions, sets the resolution,



113

and runs the simulation. There are no ‘pre-processing’ steps.

Next, I use this prototype system to analyze some complex composite artifacts.

6.4 Numerical Analysis of Complex Composite Artifacts

To demonstrate the system in use, I analyze three example composite artifacts, which are (in
increasing order of complexity): 1) a composite chair 2) a panel reinforced with three types of
stiffening methods, and 3) a fuselage section. The material properties are the same as earlier:
the orthotropic ply material from Equation the resin material from Equation [5.34] and the

honeycomb core material from Equation [5.35]

6.4.1 Chair Made of Composites

Our first example is a chair that is made of composites. There is a 1:1 correspondence between
the functional and manufacturing elements of the chair: each functional element in the chair solid
is made of one laminate, as illustrated in the Figure [6.10]A. Each laminate consists of 10 plies
with configuration [0/90]5. Such a configuration exhibits bending-extension coupling. I use the
virtual material method and obtain a quadratically graded material for regions with panel and
beam behavior based on the thin plate behavior. The plate behavior is not applicable in the region
around joint interfaces due to emergent behavior, as shown in Figure [6.10B. The analysis model for
the chair based on the virtual material method and embedded in meshfree finite elements is shown
in Figure [6.10

The total deformation field of the chair after solving the boundary value problem is shown in
Figure and the Von Mises strain field is shown in Figure [6.1IB. The deflection pattern is as
expected: the back of the chair is in bending with maximum deflection at the top tip of the back.
The seat and the legs deform very little in comparison. The Von Mises strain has complex 3D
distribution in the joint regions. High strains can also be found near the top end of the front legs.
The legs have uniform strain away from the ends, signifying they have 1D behavior. This shows the
importance of using 3D behavior for joint regions, as the 3D strain distribution would have been

completely missed if the leg was assumed to have a lower dimensional behavior everywhere. On
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Figure 6.10: Structure, behavior, and analysis model for the chair example.
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Figure 6.12: A composite solid consisting stiffener-panel joints and ply drop-offs.

the other hand, if the simplified behaviors were not used, each ply would have to be meshed (or

integrated) independently, increasing the cost of 3D FEA by several folds.

6.4.2 Panel Stiffened using Different Stiffening Methods

The second example artifact is a complex composite solid with ply drop-offs and integrated stiffeners.
The composite artifact (Figure ) is made of six laminates, with ply configuration [0,90]5 for
each laminate. Functionally, the artifact consist of three panels, two stiffeners, and two transition
solids, as shown in Figure . Stiffener; is an T-section stiffener integrated to the Panely ( two
laminates are shared between them) and the Stiffeners is a hat stiffener made of only one laminate.
Both the stiffeners have plate behaviors. Instead of using stiffeners, another way to increase stiffness
is by thickening the panel, as done for the Panely by adding Laminateg. Panels has the behavior
of the thick plate. After composing the functional elements, there are emergent behaviors due to

transition joints, as shown in Figure
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Figure 6.13: Deformation and Von Mises strain of the composite solid in Figure |6.12

The total deformation field of the stiffened panel after solving the boundary value problem
is shown in Figure [6.I3]A and the Von Mises strain field is shown in Figure [6.13B. The T-section
stiffener provides the maximum stiffness, while the maximum deformation is seen in the un-stiffened

region at the far end. Similar observation can be made for the Von Mises strain.

6.4.3 Fuselage Section

Our final example is a real world application of composites(Figure : an airplane fuselage
section. The manufacturing and functional structure of the fuselage section is illustrated in the
Figure [6.15] The fuselage section, in total, consists of 35 laminates. Each laminate is made of 10
plies that are laid in [0, 90]5 configurations, resulting in a total of 350 individual plies. Functionally,
the fuselage is constructed to be an assembly of panels, both flat and curved, and stiffeners [6.15B.
The functional structure effectively consists of 2 curved panels, 1 flat panel, 11 T-section stiffeners,
and 9 blade-section stiffeners. Through smooth transitions, the panels and stiffeners are integrated
together, eliminating the need for fasteners. Due to this integration, several of the laminates are
shared between the panels and the stiffeners, as shown in the Figure [6.15B. Both the panels and
stiffeners are assumed to have plate behavior. After composing the functional elements, there are
emergent behaviors due to the transition joint between the panels.

The results after analyzing the fuselage section are shown in Figure [6.16] The maximum defor-
mation (Figure ) is seen for the flat panel as it has high pressure that mimics the passenger
load. The next higher deflection is in the lower portion of the cylindrical shell which has a higher
pressure compared to the rest of the shell to mimic the additional cargo load. The upper portion

of the shell has the least pressure and shows the least amount of deflection. The Von Mises strain
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field is shown in Figure [6.16]B. Overall, higher strains can be seen in the junction region between
the flat panel and the cylindrical shell.

The above examples demonstrate the working of the system. The computed displacement and
stress fields appear reasonable. With these examples, I conclude the demonstration of the system

and continue in the final chapter with the conclusion and discussion of the thesis.
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Chapter 7

Conclusion and Open Issues

I proposed and implemented a new framework for design and analysis of composite artifacts. The
framework hinges on two key contributions: (1) a formal function-behavior-structure framework for
engineering artifacts and (2) the virtual material method to obtain simplified analysis models for
the FEA of composite artifacts. The framework resulted into a fully automated yet efficient analysis
method for composite artifacts, which I demonstrated with several examples. There are, however,
some limitations and open issues to the approach. I discuss them, together with possible extensions,

for the two contributions next.

Formal FBS framework for engineering artifacts

The proposed formalization for the FBS framework was based on the extension of the traditional
solid modeling to include physics. In physical solid modeling, I defined a physical solid as a boundary
value problem whose solution is the state of the solid and the behavior is a mapping between two
boundary value problems. Using these definitions, the terminologies of FBS such as manufacturing
and functional structures, intended and actual behaviors, and requirements and functions were given
a concrete definition for engineering artifacts. The formal FBS framework had at least three major

applications for composite artifacts:

1. A way to distinguishing the manufacturing structure from functional structure and showing

that the latter should be used for analysis, as they are usually much simpler.

2. A method to predict emergent behaviors from expected behavior for a class of composite
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artifacts. The method can be use to systematically store the regions in the artifact with
simplified behavior types, which can be used to robustly generate analysis model depending

on the type of finite element method being used.

3. A new type of analysis model for efficient 3D FEA of composite artifacts using, so-called, the
virtual material method. The method is based on the notion of behavior equivalence, which

was obtained for different types of behaviors.

One of the main takeaway messages is that the cost of analyzing an artifact is proportional
to the complexity of their functional structure, rather that its manufacturing structure. This has
important implications for the analysis of modern engineering artifacts, which are increasingly being
manufactured by adding materials in voxels, roads, or layers, and therefore resulting in a complex
material structure in the artifact. While laminate composites are essentially manufactured by adding
materials in layers, 3D printing methods such as fused deposition modeling, selective laser sintering,
and stereolithography adds material in voxels and roads, leading to an even higher complexity of
the manufacturing structure. Storing both manufacturing and functional structures, former for
manufacturing process and planning and the latter for design and analysis, in the CAD models of
such engineering artifacts will also eliminate the pre-processing issues which analysts face because
of the current CAD models, which are only based on the manufacturing structure.

One of the open challenges is to define function’s purpose-view for engineering artifact which
not only formalizes, but also unifies, the informal ‘purpose’ terminologies used by designers such as
‘support’, ‘transfer’, ‘brace’, and so on. This is needed for high-level conceptual design, from which
the design requirements are abstracted. Also, the high-level conceptual definition of the function is
usually hierarchical in nature[I12], wherein a high-level function is hierarchically decomposed into
simpler functions. In the framework, this hierarchy will translate into the hierarchy of the functional
structure, which can be defined in the way the hierarchy in the manufacturing structure was defined.
For example, the function of an airplane can be decomposed into functions of the fuselage, wings,
stabilizers, and so on. Each of these sub-functions can be further hierarchically decomposed, and,
at the lowest level, there are functions of panels, stiffeners, etc., in the airplane.

Finally, the proposed method for deterministically obtaining the emergent behavior of an ar-

tifact is based on the assumption that the artifact was made of standard functional elements and
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joining methods. Although I considered only a limited number of standard functional elements and
joints, including additional ones is only a matter of defining the expected behavior for the former
and the emergent behaviors for the latter. In case an artifact was not designed by assembling stan-
dard elements, the formal FBS framework can still be used as a tool to systematically document
the behavior, as obtained using heuristics, geometric analysis, or any other method. The current
framework also only covered linear elastic behavior, but it can be extended for dynamics, vibrations,

and other types of behaviors of engineering artifacts.

Virtual Material Method

In the thesis, I also proposed a new type of simplified analysis model for efficient 3D analysis of
composite artifacts. The essence of the approach is to replace the actual n-ply laminate with a
virtual equivalent material model that behaves identically under the assumption of the lamination
theory but is much simpler to analyze. This makes 3D FEA of laminated artifacts not only practical
but also appealing, as 3D FEA has several advantages over 2D FEA including no requirement of
pre-processing steps such as dimensional reduction. Moreover, the complexity of virtual material
for a given behavior remains constant and is independent of the complexity of the actual physical
laminate. This implies that the computational efficiency gain grows linearly for 3D FEA: for an
n-ply laminate structure with FSDT behavior model, one can expect O(n/3) efficiency gain with
the 3-ply model and O(3n/4) for the quadratic graded model using Lobatto quadrature rules for
integration. The graded virtual material, as we saw, can be easily implemented in existing FEA
systems. Other types of virtual materials, which are more suitable for a particular FEA system,
can also be easily derived and implemented. I demonstrated the accuracy of the virtual materials
through rigorous numerical testing for benchmark problems in the literature. Virtual materials,
however, are based on equivalent single layer theories and cannot be used to predict interlayer
stresses between plies. The interlayer stresses, however, can be recovered as a post-processing step
using the 3D elasticity theory[14] [34, [35].

We also provided a general scheme to obtain virtual materials for theories based on the unified
presentation by Touratier[99]. The scheme elegantly generates a graded virtual material based
on the kinematic assumptions made in a particular lamination theory. I showed that the virtual

material for plate lamination theories can be used for efficient 3D FEA of one-dimensional functional
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elements, instead of using the extremely complex generalized beam theories for composite beams.
The virtual material for thin plates captured all the deformation types and coupling in composite
beams successfully, which I demonstrated for square and thin-walled I-section beams. Finally, I
demonstrated how artifacts consisting of functional features such as bonded-joints, tapered cores,
and ply drop-offs can be analyzed using a mix of virtual materials, where applicable, and the original
materials for the remaining.

Ultimately, I implemented a system that demonstrated how a complex multi-laminate artifact,
which consists of several 1D and 2D functional elements, can be efficiently analyzed using virtual
materials and 3D FEA, with minimum pre-processing and manual intervention. I showed that, by
using non-conforming 3D finite elements in conjunction with virtual materials, the requirement of
mixed-dimensional meshing and multiple types of finite elements including contact and coupling

elements can be completely eliminated for the analysis composite artifacts.
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Appendix A

Finite Element Methods Summary

Composite laminates can be analyzed using displacement based structural, solid elements, and so-
called solid-shell elements. Irrespective of the method used, stiffness matrix for each element must
be computed during finite element analysis. Stiffness of each element K., in general form, is given

as [113]:

K.= [ BT.Q-B a9, (A1)
Qe

where B is the strain-displacement matrix, Q is the material constitutive relation matrix, and €2,
is the element’s domain over which integration is done. Different finite element methods differ in
how the stiffness matrix is computed. More specifically, they differ in the nature of the element’s
domain (1D, 2D, or 3D), strain-displacement matrix, and constitutive relation used. The details

are discussed in the following subsections.

A.1 Solid Finite Element Methods

Solid elements are general three-dimensional elements which, in theory, can be used to analyze any
type of structure. Examples of solid elements are 8 node brick elements and 4 node tetrahedral
elements. Each node has 3 displacement degrees of freedom- in x, y, and z directions respectively.

Ideally, when analyzing laminated structures, each layer should be meshed independently using solid
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elements, with common nodes at the interface. This would accurately capture different materials
in the composite, as well as stress-strain field within the layers and at the interface. However, for
practical composite artifacts, FEA using solid elements, or 3D FEA, will require a prohibitively
large number of elements.

A much smaller number of elements is required if the so-called layered-solid elements[65] [66, [114]
are used. Layered elements model multiple layers of material at the same time, as shown in Figure
[Adp, c and d. If a layered element is oriented to be aligned to the layers, it is called a conforming
layered element (Figure [A.Ip), otherwise are simply non-conforming layered elements (Figure
and d).

However, although using layered element method reduces the number of solid elements required,
it is, nonetheless, computationally expensive for practical composite artifacts. Integration for stiff-
ness matrix computation (Equation has to be carried out over large number of plies (tens or
even hundreds). Integration is performed using quadrature rules that depend on the geometry of
the element as well as the degree of the integrand, and amounts to sampling the integrand at a
number of quadrature points [I13]. To get an idea of the high cost of integration for laminates,
let us consider the layered element used in reference [65] to analyze a laminate made of 100 plies.
The element used is an eight-node brick element with tri-linear basis functions, which, for a homo-
geneous material, is fully integrated using 2 integration points in each direction, or 8 integration

points in total [65]. However, in a laminate, 8 integration points are needed for each ply, which
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results in a 100 fold increase for the 100-ply laminate. Since integration cost represents a significant
portion of the overall solution procedure, analysis of composite laminates using layered elements is
an expensive proposition.

Solid elements, moreover, can exhibit numerical problems like locking, as well as ill-conditioning
of stiffness matrix when used for thin structures such as laminated composites|I13], 115]. These
problems, however, can be alleviated or eliminated by using higher order hierarchical[ﬂ basis functions
[102] 103].

Finally, in non-conforming elements (Figurec and d), plies can intersect elements at arbitrary
angles and require computation of intersections between individual plies and elements, which is both
non-trivial and computationally expensive. Therefore, 3D FEA of laminates using non-conforming

mesh becomes less attractive, despite its advantages over using conforming mesh [101].

A.2 Lower Dimensional Finite Element Methods

Structural elements, such as beams, plates, and shells, are lower dimensional elements (1D or 2D)
designed to capture particular responses such as bending and membrane-stretching in structures.
These elements have degrees of freedom such as rotation in addition to displacement. Since macro-
scale behavior is inbuilt in the basis functions of the element itself, considerably small number of
elements are required for accurate results, reducing the computation cost.

However, the same fact that structural elements are build to capture a particular type of re-
sponse becomes unfavorable for them. In practical structures, which can show different responses
in different regions of the structure, multiple different types of structural elements are required.
Moreover, responses in some regions of a structure, such as edges, cut-outs and near joints (Figure
, cannot be idealized, rendering structural elements unsuitable. Structural elements, like solid
elements, can also be sensitive to aspect ratio of a structure’s dimensions. An element for thick
beam (or plate/shell) can show ill-conditioning and numerical locking when used for thin beam (or
plate/shell), thus giving inaccurate results[117]. In addition, structural elements, being 1D or 2D,
also require error-prone step of dimension reduction of the 3D structure to be analyzed[95]. Even

if the structure is successfully reduced, modeling an assembly of multiple plates and shells can be

LA basis function is called hierarchical when a higher order basis function contains all the lower order basis
functions; for example, B-splines are hierarchical basis functions.
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Figure A.2: A) A lap joint bending under in-plane loading, which leads to high stress concentration
near the joint [53) 116] B) When analyzed as a 2D structure, bending in lap joint is not captured

at all.

problematic [10]. In addition, due to dimensional reduction, 2D FEA can sometimes completely
miss a 3D phenomenon. For example, in the lap joint problem shown in Figure 2D FEA misses
the moments due to eccentric forces when the lap joint is reduced to a surface.

Problems of different methods for plates, cylindrical shells, doubly curved shells, etc.

A.3 Hybrid Finite Element Methods

Due to limitations of both solid elements and structural elements, several hybrid methods that
incorporate structural responses in solid elements have been proposed. For example, Solid-shell
elements are solid elements that use Assumed Natural Strain method to deform like plates and
shells[10, [64]. Their three-dimensional nature is well suited for interfacing with other solid elements
in assemblies. These elements, however, still require mid-surface extraction and also cannot simulate
behaviors other than plate and shell.

Continuum solid-shell elements, unlike solid-shell elements, are standard displacement based
elements, but use advanced finite element techniques like Assumed Strain Method and Enhanced
Strain Method to improve their performance for thin structures [65, [66]. The higher the number of
assumed and enhanced parameters, the better is the element’s performance, but is at the expense of
the generality of the element [65,67]. Although these elements do not require mid-surfaces explicitly,
they must conform to the geometry of the laminate, with their z direction aligned to the transversal

direction of structure’s offset thickness, because the in-plane and out-of-plane behaviors are assumed
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or enhanced differently. These elements fall in the category of conforming layered elements (Figure

A.1p), and, like solid layer elements, are still very expensive for laminated structures.
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Appendix B

Definition for 1D and 2D Elements and

Their Behaviors

B.1 1D Elements

A one-dimension (1D) element is illustrated with the help of Figure Region R is a slender
solid (a generalized cylinder, to be formal) obtained by sweeping a 2D cross-section along an axis.
The axis passes through the cross-sections’ centroids and is assumed to be aligned to a generalized
z coordinate. The cross-section is allowed to change gradually but they always lie in the xy-plane.
The end cross-sections are called end-faces of the 1D element. Load L consists of fixed displacement

or distributed stress loads on the end-faces, denoted as T and 72, and uniform or slowly varying

Web

= L \JL

(A) Flat ) (B)Hat (C) Blade
h? g A h?
(ks — Core
NV o N2
N : {g
S=[R,C,L] A (D) T’ with core (E) (F)

(a) Nomenclature of 1D Element. (b) Example configurations of cross-section
AA.

Figure B.1: A general 1D element and typical cross-sections.
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Figure B.2: (A) Sub-solids in 1D element in Figure B.1al (B) Simplified solids of the sub-solids

distributed stress load ¢ on the lateral face(s). Finally, constitutive relation C' can be arbitrary
within a cross-section, but it is either constant or varies slowly from cross-section to cross-section.
Some example cross-sections made of composite plies and cores are shown in Figure 9]

Behavior of a 1D element S is illustrated in Figure where {s; } is the structure of S into
two end-solids s; and s3 and interior-solid so. The regions of the end-solids extend hY distance
from the end-faces, where h" is the characteristic decay length[118]. Behavior map by maps sy to
a simplified 1D solid s3, while by and b3 are identity maps because end-solids cannot be simplified.
For composites, h¥ depends on h°, the charactersitic thickness of 1D element, as well as ply layup
in the cross-section|[I18]. If performing only global analysis, hY can be assumed to be zero.

Beam, bar, and shaft elements are subclasses of 1D elements with additional properties. For
example, in bar elements, the axis is a line segment, forces on the end-faces have resultants along
the z direction, and lateral force ¢ = 0. As a result, the simplified solid 8(21 has additional properties
as well: resultant force IV is normal point load in the z direction, constitutive matrix C includes
only stretching stiffness, and resultant strain F is an axial normal strain. The different subclasses

of 1D elements are given in Table

B.2 2D Elements

A 2D element is illustrated with the help of Figure [B.3JA. Region R of a 2D element is an offset
solid obtained by offsetting a smooth mid-surface ¥ equally on both sides. The top and bottom
faces of R which are offsets of W are the base-faces, while rest of faces are called the end-faces. Load
L consists of fixed displacements or distributed stress loads (77 and T5) on portions of the end-
faces and uniform or slowly varying distributed load ¢(x,y) on the base faces. Finally, constitutive

relation C' is restricted to be uniform or vary slowly along any direction parallel to the mid-surface.
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Table B.1: Subclasses of 1D elements.

Subclass  Axis geometry Restrictions on Resultant Forces Resultant
Applied loads Constitutive
Bar Line Resultant of 77 and Normal axial force Stretching
T5 is normal force stiffness
along z axis. ¢ =0
Shaft Line Resultant of Ty Torque along z Twisting
and T, is torque stiffness
along z axis
Beam Line Resultant of 77 and Bending moments Bending
T5 is not a force and transverse and Shear
or torque along z shears stiffness
Beam-bar  Smooth curve Resultant of Ty Bending moments, Bending,
and 75 has no axial force, and stretching and
torque along z axis Transverse shears shear stiffness
General ~ Smooth curve - Bending moments, Bending, stretching,
axial force, torque, twisting, and
and Transverse shears shear stiffness

Resultant of interface

loads along z
T: s l bi(s1)
S L/

Interface loads q{xy)

(A) Nomenclature of 2D elements (B) Sub-solids in 2D Element  (C) Sub-solid s, after simplification

Figure B.3: Nomenclature of 2D element and its simplified solids.

Behavior of a 2D element S whose region has no holes is illustrated in Figures and C) where
{'si } is decomposition of S into end-solid sy and interior-solid s;. Region of end-solid sy extend
from the end-faces to hY, the characteristic decay length, distance away the end-faces. Behavior
map by maps s1 to a simplified 2D solid sil, while by is an identity behavior map.

Plates, shells, and membranes are subclasses of 2D elements with additional properties. For
example, in membrane elements, the mid-surface is planar, forces on the end-faces have resultants
which are parallel to mid-surface, and lateral force ¢ = 0. The simplified solid mj has additional
properties too: resultant force vector N consists of normal and shear forces per unit length whose

line-of-actions are in the plane of the mid-surface, constitutive matrix C' is a 3 x 3 matrix which
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Table B.2: Subclasses of 1D elements.

Subclass Mid-surface Restrictions on Resultant Forces Resultant
applied loads Constitutive
Membrane Plane Resultant of T} is Normal axial force Stretching stiffness

and T5 forces
along x and y axis. ¢ =0

Plate Plane Resultant of Ty Torque along z Stretching,
and T3 is no torque bending, and
along z axis shear stiffness

Shell Smooth Surface Resultant of 77 and Bending moments Stretching,
T5 is no torque and transverse bending, and
or torque along z shears shear stiffness

RS

s, ﬂ‘ (Joint Region) O (Interface)
+

S; @ Rz -*R;

(Region of S, where
behavior type is preserved)

(A) (B)

Figure B.4: A) Composition between a plate element (S7) and a beam element (S2) B) Joint-region

for such composition.

includes normal and shear stretching stiffnesses in x and y directions, and resultant strain FE is

normal and shear strain vector in x and y directions. Details of the subclasses are discussed in

Table B.2

B.3 Obtaining Emergent Behavior in a Functional Element

Based on St. Venant’s principle, the region of the emergent behavior is found A" distance away from
the interface of the joint, where hY is the characteristic decay length. For solids with 3D behavior,
emergent behavior is not an issue. The region of the emergent 3D behavior, is present, can be
formally obtained as follows. Consider the plate and beam assembly in Figure . The region of
emergent behavior in each functional element is obtained independently. I show how to obtain the

region for the plate element (S3).
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e Let § denote the interface.

e Region of emergent behavior is given as R) = (ball(h) @ &) N R, where ball(hV) is a solid

sphere with radius radius ¥ and & denotes Minkowski sum operation.

e The region of Se where the original behavior type is preserved is given as Ry —* Rg, where —*

is regularized Boolean subtraction.
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Appendix C

Supplementary Material for Virtual
Material Method

C.1 Constitutive Relationships

C.1.1 Full Constitutive Relationships for Orthotropic Plies

For an orthotropic material, constitutive relationship relating stresses and strains in material prin-

cipal direction is given as:

| o ] i Cii Ci2 Ci3 O 0 0 1 €x ]
oy Cia Cy Csy3 0 0 0 €y
o | | Cis Cas Cz 0 0 0 €2
1o o o0 cu 0 o0 Ve
Trz 0 0 0 0 GCs5 0 Yez
Tay 0 0 0 0 0 Ce Yoy

In a coordinate system different from material coordinate system, the constitutive matrix has
to be transformed and is given as:

c=G".c G,

where GG is the transformation matrix. G in terms of direction cosines of material directions



134

l,r,t with respect to general coordinate directions x,y, z is given as:

12 2 12 Lyl lols Luly
7'925 TZ T’g TyTZ TxT TxTy
t2 t2 t? tyts tot, taoty

2r, .ty 2ryty 2r,t, ryty + 12ty Taty + ety Taty +ryts

Uyt, 2yt 2.tz lyto+ Lty Lty +lots Lty + Lyt

2pry 2lyry 2Lr, lyr. vy e +lers lery + 1y

C.1.2 Plane-stress Constitutive Relationship for Orthotropic Materials

For thin structures, stresses in z direction are negligible, and plane-stress assumptions result in a

2D constitutive model, which in arbitrary coordinate system is given as:

Oy Qll QIQ Q13 €x
oy | = | Q2 Q22 Q23 |- €y
Tay Q13 Q23 (@33 Vay

C.2 Classical Lamination Plate Theory

When a structure is in stretching and pure bending, strains €; are assumed to vary linearly in the
laminate’s thickness direction. In terms of strains €] and curvatures s; at the mid-plane, ¢; are
given as:

€ =€ + 2K i=1,23.

The stresses in the thickness direction of the structure can be integrated and reduced to forces and

moments respectively [4]. Stresses summed along the thickness result in forces per unit length N;

[4]:

N+

Ni= [*

t
coidz= |2, Qij-€jdz
2 2

i
= f_r‘% Qij(eg—kz-/{j)dz.
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Since €° and x are constant across thickness, above equation can be further reduced:

3 3
N; = ( Qij dz) . 6? + ( Qij zdz) ©Kj,

t t
2 2

which can be rewritten in matrix forms as:
N=A €+B: k.

Using the fact that a laminate is made of plies and material properties fj of the k" ply is

constant within that ply, matrices A and B can be further simplified:

t
b n h
A= 2 Qudz=30, [;), Qdz

_ Sor_y QF (hy, — hi—1),
% n hi k
By [} @yt = S, 0f
_ Yooy QY (h2 — b)),

where k" ply lies between heights hjy_; and hy.

Similarly, resultant moments per unit length M; can also be obtained:

t t
M; = f_2i o; zdz = f_zi Qij - € zdz
2 2

= f_%% Qij (€7 + 2 - Ky) zdz.
Again, since €° and k are constant across the thickness, moments M; reduce to
t ¢
M; = (ff% Qij 2dz) - € + (ff% Qij 22dz) - K;
which, in matrix form, is given as:

M=B ¢+D:x.
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Matrices B is same as above, while D is given as:

D;; —f2 Qij 2°dz = Y 1fhk 1ijZQdZ
= k- 1Qk (hi = hi_))-

C.3 Derivation of ABD-equivalent Models

C.3.1 3-Ply Model

The three plies have material properties Q;‘f for k = 1,2,3. Also assume the first ply lies between

ho and hi, the second between hq and hg, and the third between hs and hs.

*k

Since the 3-ply model must result in ABD matrices identical to the given ABD matrices, Q7;

will satisfy the following equations:

Zk lfhk 1 @ *kdz

= Q:Hh1 — ho) + Q2 (ha — h1) + QP (hs — hy)

Zk lfhk 1 dz
Q{Q*l(hz h2)+Q*2(h2 h2)+Q*3(h2 h3)}

= 5{Q;} (h] — 1) + Q7 (h3 — h3)}

h #
=Y fh: 1 Qi ;2
= 3{Q;} (h} - h3)+ ;7 (h3 = h) + Qi (hi — h3)}.

Assuming that the three plies are of equal thickness, and the total laminate thickness is ¢, above

equations can be solved for Q;‘f and is given in Equation
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C.3.2 Graded Material Model

The quadratically graded material Q}; = 22 A?j + z Al-lj + AZQ]- also must result in ABD matrices

identical to the given ABD matrices. Therefore, Q;‘j must satisfy the following equations:

t t
A?j = ff% ij dz = f_2

(22 A?j + z Ailj + A?j) dz

t
2

_ |22 A2 2 Al 0
_[%Aij—l—%Aij—l—zAij}i

Nl Nle

_ A2 0
t t
By, = ff% QF; zdz = f—zé (22 A?j +z Azlj + A?j) zdz

— |z A2 3 AL 2 AD
_[%Aij-}_%Aij—i_%Aij}_

Nl Nl

_ 2 Al
=nlj
i &
Dy, = ff% Qy; 7°dz = ff%(z2 AZ 4 2 Al + AY)) 2%dz

. 5 2 4 1 3 0
=[F Mg gayraay]

[SIESR A

_ 1 A2 3 A0
=5 Aij + 12 Ay

Above equations can be solved for Afj for £ =1,2,3 and is given in Equation .
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