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abstract

As climate change unfolds, the path to a more sustainable future necessitates the devel-
opment and effective integration of renewable energy sources, such as wind and solar
generation, into existing power grids. However, the inherent intermittency, variability,
and unpredictability of renewable generation pose critical challenges to the reliability
of power systems operation. This dissertation addresses the technical considerations of
explicitly incorporating these uncertainties into power systems operational planning via
the development of chance-constrained optimal power flow (OPF) methods.

Chance-constrained models guarantee system security by limiting the violation proba-
bility of uncertain constraints. Existing methods often face a trade off between solution
quality, feasibility, and computational tractability. This thesis addresses this trade off
by proposing a data-driven tuning-based algorithm that obtains desirable solutions to
chance-constrained problems by using feedback from sample-based evaluations to itera-
tively adapt simple, approximate optimization models. We further develop a theoretical
framework for obtaining probabilistic feasibility guarantees for general tuning-based
stochastic optimization methods by proposing a two-step tuning methodology that adds
an a posteriori solution verification step. Not only does our method retain compu-
tational tractability by decoupling the solving of the optimization problem from the
consideration of the uncertainty, but it also provides guarantees on solution feasibility
without introducing excess conservatism or relying on assumptions on the uncertainty
distribution.

Our tuning method is applied to two variants of the OPF problem. We identify
approximate models, solution evaluation procedures, and tuning schemes suitable for
the structure and properties of each problem setting. We first consider a DC linearized
formulation of OPF for dispatching generation in transmission grids under renewable
generation and load forecast uncertainty. Here, existing analytical chance constraint
reformulations are leveraged and a bisection search is used to iteratively tune an identified
single-dimensional safety parameter. In a case study, we observe the method achieves
non-conservative solutions that meet desired violation probabilities for not only the
single chance-constrained case, but also the significantly more challenging joint chance-
constrained case.

We then shift focus to the distribution grid setting, where uncertainty arises from
distributed energy resources (DERs) and load variability. In this setting, the three-phase
unbalanced AC OPF problem is used to find optimal reactive power set points for solar PV
inverters while minimizing voltage unbalance. For the single-chance constrained problem,
we adapt the aforementioned approximate model and bisection search heuristic to this
more complicated setting, where the uncertainty enters the constraints non-linearly and



v

implicitly. The case studies use realistic solar PV and load data to demonstrate that while
the algorithm is able to enforce single chance constraints, the use of a single-dimensional
tuning parameter is insufficiently flexible for the joint chance-constrained case. We
subsequently propose a risk allocation-based scheme that enables multi-dimensional
tuning. Empirical results demonstrate that the method successfully limits the joint
violation probability as well as achieves probabilistic feasibility guarantees when used as
a component of the two-step tuning methodology.
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Êjoint(x,Ξ) Joint violation probability evaluated on samples Ξ

ω ∈ Ω Uncertainty (Chapters 6, 7)

Ωξ ∈ R Total power mismatch (sum of all uncertainty in system)

ξ ∈ Rm Uncertainty

Ej(x) Violation probability of solution x w.r.t. j ∈ C

p
ϕ
G,i,ω,PG,i,ω Uncertain active power generation of solar PV

p
ϕ
L,i,ω,PL,i,ω Uncertain active power load demand



xvi

p
ϕ
i,ω,Pi,ω Uncertain active power injection

q
ϕ
L,i,ω,QL,i,ω Uncertain reactive power load demand

q
ϕ
i,ω,Qi,ω Uncertain reactive power injection

Yj(x, ξ) ∈ {0, 1} Indicator variable of violation of constraint j ∈ C

Z(x∗, ξ(i), ξ(j))) Random variable indicating that both uncertainty realizations ξ(i), ξ(j)

lead to the same outcome (constraint violation or not)

Constants and parameters

α ∈ [0, 1]n Vector of generator participation factors

β ∈ R+ Confidence level for un-equal margin case

δSA ∈ R+ Scenario approach confidence level

δtune ∈ R+ Tuning step confidence level

δt ∈ R+ Verification step confidence level

ϵ ∈ [0, 1] Desired chance constraint violation probability for a single chance
constraint or a joint chance constraint

ϵj ∈ [0, 1] Desired chance constraint violation probability of the chance con-
straint on constraint j ∈ C

η > 1 Relaxation multiplier for risk allocation algorithm

η ∈ R+ Bisection search convergence threshold

µξ ∈ Rm Expectation or mean of random variable ξ

λ
ϕ
q,i,Λq Upper reactive power constraint tightening

λ
ϕ
v,i,Λv Upper voltage constraint tightening

p
ϕ
G,i,PG,i Average active power generation of solar PV

p
ϕ
L,i,PL,i Average active power load demand

p
ϕ
i,ω,Pi,ω Average active power injection

q
ϕ
G,i,q

ϕ
G,i Upper and lower PV inverter limits w.r.t. average generation

q
ϕ
L,i,QL,i Average reactive power load demand



xvii

q
ϕ
i,ω,Qi,ω Average reactive power injection

Σξ ∈ Rm × Rm Covariance matrix of random variable ξ

σ
ϕ
q,i Estimated standard deviation of reactive power

σ
ϕ
v,i Estimated standard deviation of voltage magnitude

τ ⩾ 01 Step size multiplier for risk allocation algorithm

ϵ
ϕ
q,i, ϵ

ϕ
q,i Risk allocations for the upper and lower reactive power constraint

ϵ
ϕ
v,i, ϵ

ϕ
v,i Risk allocations for the upper and lower voltage magnitude constraint

λ
ϕ
q,i,Λq Lower reactive power constraint tightening

λ
ϕ
v,i,Λv Lower voltage constraint tightening

v, v Voltage magnitude limits

c ∈ [0, 1] Constant for relating sample set size and conservativeness for tuning

d ∈ Rn
+ Vector of loads

G,B Nodal conductance and susceptance matrices of nodal admittance
matrix Y

k ∈ R+ Additional margin for tuning (e.g., ttune = t+ k

M ∈ Rl×n Matrix of power transfer distribution factors (PTDFs)

pmin
g ,pmax

g ∈ Rn
+ Vectors of upper and lower generation limits

pmax
l ∈ Rl

+ Vectors line limits

s ∈ R+ Tuning parameter

smin, smax ∈ R+ Upper and lower limits on the tuning parameter

t ∈ R+ Verification margin

ttune ∈ R+ Tuning margin

γ
ϕ
L,i, ΓL,i Power ratio of load demand

Functions and probability distributions

F̂
ϕ
q,i(·) Empirical distribution of reactive power limit

F̂
ϕ
v,i(·) Empirical distribution of voltage magnitude



xviii

λj : R+ × Rn × Rm → R Constraint tightening function for constraint j ∈ C

Φ−1(·) Inverse cumulative distribution of a Gaussian random variable

C(·), S(·) Cosine and sine components of branch angle matrix

c : Rn → R Cost function for generation

f(·) AC power flow equations (short-hand)

f : Rn → R Objective function of the general chance-constrained problem

Fξ(·) Cumulative distribution function of the random variable ξ

g : Rn × Rm → R Inner constraint of the (single) chance constraint

gj : Rn × Rm → R Inner constraint of multiple single chance constraint or joint chance
constraint

Abbreviations

AC Alternating current

CC OPF Chance-constrained OPF

CCP Chance-constrained problem

CDF Cumulative distribution function

DC Direct current

DER Distributed energy resource

JCC Joint chance constraint

OPF Optimal power flow

PV Photovoltaic

SCC Single chance constraint

VUF Voltage unbalance factor



xix

list of publications

[GHR22] Kshitij Girigoudar, Ashley M. Hou, and Line A. Roald. “Chance-Constrained
AC Optimal Power Flow for Unbalanced Distribution Grids”.
In: 11th Bulk Power Systems Dynamics and Control Symposium (IREP 2022).
IEEE. 2022.

[HR20] Ashley M. Hou and Line A. Roald.
“Chance Constraint Tuning for Optimal Power Flow”. In: 2020 International
Conference on Probabilistic Methods Applied to Power Systems (PMAPS).
IEEE. 2020, pp. 1–6.

[HR22a] Ashley M. Hou and Line A. Roald. “Data-Driven Tuning for Chance
Constrained Optimization: Analysis and Extensions”. In: TOP (2022).
issn: 1134-5764, 1863-8279. doi: 10.1007/s11750-022-00639-z.

[HR22b] Ashley M. Hou and Line A. Roald.
“Data-Driven Tuning for Chance-Constrained Optimization: Two Steps
Towards Probabilistic Performance Guarantees”.
In: IEEE Control Systems Letters 6 (2022), pp. 1400–1405.
doi: 10.1109/LCSYS.2021.3096826.

https://doi.org/10.1007/s11750-022-00639-z
https://doi.org/10.1109/LCSYS.2021.3096826


1

1 introduction

The integration of renewable energy is a necessary step towards building more sustainable

energy systems. However, renewable energy sources such as wind turbines or solar

photovoltaics (PVs) are often intermittent in nature and likely to deviate from their

forecasted generation, posing reliability and security challenges under current operational

paradigms. Thus, as renewable generation continues to increase, it becomes imperative

to account for uncertainty in power systems operation. This thesis focuses on addressing

uncertainty in the optimal power flow (OPF) problem, which is an optimization problem

fundamental to power systems operations and planning.

1.1 motivation

The optimal power flow (OPF) problem is widely used by power systems operators and

researchers to make decisions about power systems operations. While there exists a variety

of formulations with different decision variables, objective functions, and constraints, the

OPF problem generally involves determining the generation dispatch that minimizes

the total cost of generation subject to physical constraints on power flow and other

operational limits such as generator or line flow capacity. Some variation of OPF is solved

for several applications, such as day-ahead market clearing and real-time operation. This

thesis concentrates on the power system operation and operational planning time scale,

which encompasses decisions made between a few days to a few minutes ahead of real

time power delivery.
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In practice, OPF is formulated as a deterministic problem, assuming forecasts of uncer-

tain variables and ignoring forecast errors. However, as the electric grid is facing higher

levels of uncertainty resulting from the increased penetration of renewable energy gener-

ation and increased load variability, it is becoming more critical to incorporate uncertainty

modeling in power systems decision making. If uncertainty is ignored or mis-characterized,

the system runs the risk of violating operational constraints. Unfortunately, attempting to

secure the system against all possible uncertainty realizations may come with increased

operational costs. There exists a vast breadth of literature incorporating uncertainty in

OPF models, primarily differing in terms of how the uncertainty is represented, which

impacts the trade-off between system security and operational cost. Common methods

include (but not limited to) two- and multi-stage stochastic formulations [Zha+17; KLR20;

LS18; JKK15], robust [LDB16; Soa+18; CWZ18] and distributionally robust [ZSM17; MD18;

XA18] methods, and chance-constrained techniques [ZL11; Vra+13a; Roa+13; Cao+13;

BCH14; Sum+14; MGL14; Roa+15b; RA17; Roa+17; WRM18; Ven+18; Müh+19; LVM19].

In this work, we consider chance-constrained formulations of OPF. Chance constraints

are an intuitive way to account for uncertainties as they require that constraints hold

probabilistically, with a user-chosen acceptable violation probability parameter. Via this

parameter, the aforementioned trade-off between cost (i.e., the cost of the generation

dispatch) and security (i.e., the allowed level of constraint violations) can be explicitly

specified. Chance-constrained models have also been observed to align with industry

practices, such as for probabilistic reserve dimensioning [AZ15]. Unfortunately, chance-

constrained problems are generally intractable as formulated and require reformulation

of the probabilistic constraint to be solved. While certain problem classes and uncertainty

distributions allow for tight (i.e., exact) reformulations, these methods generally introduce

some level of sub-optimality or conservativeness to the resulting solution or rely on

limiting distributional assumptions that may not be realistic in practical settings (e.g.,

Gaussian uncertainty) [Roa+13; BCH14].
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This thesis aims to tackle the trade off between solution quality, feasibility, and computa-

tional tractability for chance-constrained problems via the use of data-driven tuning-based

algorithms. In particular, we focus on methods that use feedback from uncertainty data

to automatically adapt a tractable reformulation of the chance-constrained problem. Since

the uncertainty resulting from renewable generation and load variability may not neces-

sarily follow known or parameterizable distributions, we focus on the setting where no

distributional assumptions are made on the uncertainty. Uncertainty information is instead

incorporated solely via available data. Unlike many existing data-driven methods, our

proposed tuning-based approach decouples the consideration of the uncertainty from the

solving of the optimization problem, rather than incorporating the uncertainty samples

directly within the problem formulation. As a result, our method enables the ability to

learn from uncertainty data without risking computational tractability.

We further highlight that our tuning framework is highly flexible and can be applied to

a wide range of problem formulations, including problems with complicated, non-convex

structures that many existing chance-constrained methods cannot tackle. With respect

to power systems applications, this is particularly important in settings where the full,

non-linear, non-convex AC power flow equations must be used, such as when working

with distribution grids.

1.2 contributions

The overall objective of this thesis is to address challenges associated with incorporating

uncertainty in OPF problems for operational planning in transmission and distribution

grids. The main contributions are threefold:

(i) Proposal of the tuning algorithm for solving chance-constrained optimization

problems: This work proposes an iterative, tuning-based methodology for chance-
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constrained optimization problems. The approach combines the use of approximate

optimization models with feedback from uncertainty data to automatically refine

model parameters, resulting in more desirable solutions. A particular advantage of

the tuning-based method is that each algorithm component (i.e., approximate model,

evaluation method, and tuning strategy) can be adapted to suit various problems

structures or applications. As a result, this method is suitable for general non-convex,

large-scale problems as well as problems with unknown or non-parametrizable

uncertainty distributions, which are often computationally challenging to solve.

(ii) Development of theoretical guarantees for tuning-based algorithms: While tuning-

based algorithms for stochastic optimization have empirically performed well and

often have clear computational advantages, many approaches lack theoretical guar-

antees for the resulting solutions. In particular, methods typically do not take into

consideration issues that may arise from the iterative re-use of samples, which may

lead to overfitting to the input samples. To address this gap, this thesis develops a

theoretical framework for obtaining probabilistic feasibility guarantees for general

tuning-based stochastic optimization methods. We propose a two-step methodology,

where the tuning-based algorithm generates a solution and an a posteriori solution

evaluation is performed to provide feasibility results on the solution. Subsequently,

we analyze how parameters used in the two-step methodology can be chosen a

priori such that feasible solutions are likely to be obtained.

(iii) Application of tuning-based methods to OPF case studies: We propose practical

implementations of the tuning method that can be used to find solutions for two

variants of the OPF problem: the DC OPF problem for generation dispatch in

transmission grids under uncertainty from renewable generation and load variability

and the three-phase unbalanced AC OPF problem for determining solar PV reactive

power set points that minimize voltage unbalance in distribution grids subject
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to uncertainty from solar PV active generation and load variability. We identify

appropriate approximation models, evaluation methodologies, and tuning schemes

tailored to each problem setting and application.

The approximate models used for all OPF problems in this thesis reformulate

constraints into a deterministic version that consists of the nominal constraint (i.e.,

the constraint without uncertainty) and a tightening term that functions as a security

margin against the uncertainty. The calculation of the constraint tightenings and

iterative tuning vary based on the problem structure and application. For the single

and joint chance-constrained DC OPF and the single chance-constrained three-

phase unbalanced AC OPF problems, the constraint tightenings are parameterized

by a single tuning parameter and updated via a bisection search. For the joint

chance-constrained three-phase unbalanced AC OPF problem, a more sophisticated

approach involving adjusting a multi-dimensional parameter using the idea of risk

allocation is taken.

For all applications, we provide numerical case study results and analyze the

quality of the resulting solutions in terms of operational cost, system security, and

theoretical feasibility results as well as assess computational aspects of the algorithm

performance, such as scalability and data requirements.

1.3 thesis organization

The following is an overview of the content of each chapter of this thesis:

Chapter 2 presents an overview of foundational topics that this thesis is built upon. We

review requisite background information on the OPF problem and chance-constrained

optimization. We present an overview of existing chance-constrained optimization litera-
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ture, focusing specifically on applications to power systems operation.

Chapter 3 develops a data-driven tuning framework for chance-constrained optimization.

The method combines the use of an approximation optimization problem with a posteriori

sample-based evaluations to obtain non-conservative solutions to both single and joint

chance-constrained problems. We propose a bisection-search based tuning algorithm,

which is applied to the single and joint chance-constrained DC OPF problems for trans-

mission networks in the case study.

Chapter 4 proposes a two-step tuning algorithm that combines a solution generation step,

which uses the tuning algorithm to obtain a solution to the chance-constrained problem,

with an a posteriori solution verification step, which allows us to obtain an a posteriori

probabilistic guarantee on solution feasibility. We develop theory towards obtaining an

a priori probabilistic guarantee. The chapter concludes with case study applying the

method to joint chance-constrained DC OPF.

Chapter 5 analyzes the two-step tuning algorithm from Chapter 4 to characterize set-

tings in which the algorithm can be best applied. We empirically assess the validity of

the assumptions that underpin the theoretical developments in Chapter 4. The chapter

additionally derives sample complexity requirements for the algorithm and provides

extended numerical simulation results for joint chance-constrained DC OPF that explore

the scalability of the algorithm.

Chapter 6 adapts the tuning algorithm for application to distribution networks. We

formulate a three-phase unbalanced single chance-constrained AC OPF model that mini-

mizes voltage unbalance and propose an adaption of the bisection search-based tuning

algorithm to suit this problem setting. Detailed numerical results using real solar PV and



7

load data are presented that demonstrate the algorithm’s ability to meet desired violation

probabilities and investigate how properties of the uncertainty data can influence resulting

solutions.

Chapter 7 highlights the limitations of solving joint chance-constrained problems using

the original bisection-search based tuning method. A multi-dimensional tuning scheme

based on the idea of risk allocation is proposed and implemented for a joint chance-

constrained version of the three-phase AC OPF problem. In the case study, numerical

results demonstrate the ability of this multi-dimensional tuning scheme in obtaining

feasible solutions for joint chance-constrained AC OPF.

Chapter 8 summarizes the contributions of this thesis and provide an outlook on future

research directions that build upon the ideas presented in this thesis.
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2 background

In this chapter, we first present notation used throughout this thesis. We then provide a

brief review of relevant background from power systems and stochastic optimization as

well as a literature review of existing related methods.

2.1 notation

Let R be the set of real numbers, C be the set of complex numbers, and Z be the set of

integers. Let [a,b] be the set of real numbers on the interval from a to b. Let [n], where

n ∈ Z+ denote the set {1, . . . ,n}. Other sets are generally denoted with upper case letters

in calligraphic font (e.g., N), with a couple exceptions. Notably, Ξ is used to denote the

set of uncertainty samples. For vectors, lower case subscripts xi generally refer to the i-th

element of the vector x. Single lower case subscripts (e.g., xi) are typically used as indices

for decision variables, generators, buses, etc. Double lower case subscripts (e.g., xij) are

typically used as indices for for transmission lines, denoting a connection from bus i to j.

Bold font is used to denote optimization decision variables. All other notation will be

introduced as it appears throughout the thesis.
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2.2 chance-constrained optimization

Chance-constrained optimization offers a powerful tool for modeling decision making

problems in the face of uncertainty. Chance constraints were first introduced by [CCS58]

as a method to solve optimization problems under uncertainty. Subsequently, [MW65]

proposed a joint chance-constrained formulation and [Pré70] proposed a non-linear

formulation. Since its conception, chance-constrained optimization has been widely

adopted to tackle stochastic problems in numerous domains, including finance [KPU02;

GOO03; PAS09a], transportation [BOW11; DFL18], network design [SL13; NMK22], and

healthcare [Duq+20] to name a few.

Chance constraints intuitively model the trade-off between solution optimality and

system reliability by specifying an acceptable probability of violation, often denoted

using parameter ϵ ∈ [0, 1]. This parameter is chosen by the decision maker before the

optimization problem is solved and generally set to low value (i.e., ϵ = 0.05 or ϵ = 0.01).

A smaller ϵ indicates a lower tolerance to constraint violations (typically at the cost of

obtaining a higher resulting objective value), while a higher ϵ indicates a willingness to

accept higher risk.

In general, chance-constrained optimization problems (CCP) are formulated as

min
x∈X

f(x) (2.1a)

s.t. Pξ (g(x, ξ) ⩽ 0) ⩾ 1− ϵ. (2.1b)

The optimization decision variable is denoted by vector x ∈ X, where X ⊆ Rn is the

deterministic feasible region. The uncertainty is denoted by random vector ξ ∈ Rm and

has a cumulative distribution function of Fξ(·). The function f : Rn → R represents

the objective function to be minimized. The function g : Rn × Rm → R represents an
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uncertain constraint that is required to hold with probability at least 1− ϵ. The overall

constraint (2.1b) is known as a chance constraint or probabilistic constraint.

2.2.1 Single and joint chance constraints

There exist two varieties of chance constraints: single or individual chance constraints

(SCCs) and joint chance constraints (JCCs).

Single chance constraints secure constraints individually, with separate acceptable

violation parameters for each probabilistic constraint. Thus, they have the advantage of

allowing the decision maker to specify different violation probabilities for constraints that

may have varying levels of restrictiveness. Optimization problems can have one single

chance constraint, as in the above formulation (2.1), or multiple single chance constraints.

Let C denote the set of constraints in the optimization problem, i.e., C = {g1(x, ξ) ⩽

0, . . . ,gK(x, ξ) ⩽ 0}. The single chance-constrained problem (SCCP) with multiple single

chance constraints can be written

min
x∈X

f(x) (2.2a)

s.t. Pξ

(
gj(x, ξ) ⩽ 0

)
⩾ 1− ϵj, ∀j ∈ C, (2.2b)

where gj : Rn × Rm → R are the individual constraints required to each hold with

desired violation probability ϵj ∈ [0, 1]. In this thesis, without loss of generality, we

limit consideration to the case where all single chance constraints have the same desired

violation probability ϵ.

In contrast, joint chance constraints require that all inner constraints are simultaneously

enforced with a single acceptable violation probability ϵ. Examples include simultaneously

enforcing constraints over several time steps (e.g., limiting violations across an entire

multi-time period or rolling horizon), enforcing constraints across all buses in a network,
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or simply enforcing a two-sided constraint across a single bus (e.g., jointly enforcing the

upper and lower voltage magnitude constraints).

The joint chance-constrained problem (JCCP) can be written

min
x∈X

f(x) (2.3a)

s.t. Pξ

(
gj(x, ξ) ⩽ 0, ∀j ∈ C

)
⩾ 1− ϵ. (2.3b)

For notational convenience, by defining

g(x, ξ) := max
j∈C

gj(x, ξ), (2.4)

the formulation (2.3) can be represented using the same notation as (2.1).

The primary difference between the single and joint chance-constrained formulations

is the placement of the qualifier ∀j ∈ C in (2.2) and (2.3). To illustrate the difference,

consider a line flow constraint with an upper and lower limit. The probability that the

lower limit alone is satisfied may include uncertainty realizations for which the the upper

limit is not satisfied (and vice versa). In the single chance-constrained formulation, we

want both constraint to have violation probabilities below their respective ϵj thresholds.

In this case, even when both single chance constraints hold probabilistically, individual

realizations of the uncertainty may satisfy one constraint and fail to satisfy the other. In

some cases, we may not want to allow such scenarios, but rather desire that both the

upper and lower limits are satisfied under a given individual uncertainty realization. This

is what the joint formulation allows us to do.

Joint formulations are desirable in many applications as they provide stronger guar-

antees on overall system security, e.g., a system is deemed secure if and only if all

constraints are simultaneously met. However, they are significantly more challenging to

solve, primarily owning to the interdependence between system constraints, which can

result in many approaches achieving highly conservative solutions.
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We note that we do not make any structural assumptions on the constraint function(s)

g(x, ξ) (i.e., how variables x and ξ enter into the function). As stated, this problem

formulation captures a very broad range of optimization problems. Any assumptions

required for the methods presented in this thesis will be stated in their corresponding

chapters.

2.2.2 Uncertainty assumptions

The tractability of chance-constrained problems customarily depends on the amount of

information available about the distribution of the uncertain variable. In general, such

knowledge falls under three categories:

(i) Complete distribution knowledge: The exact distribution of the uncertainty is known.

(ii) Partial distributional knowledge: Partial information about the uncertainty distribution

is know. For example, the moments (e.g., mean and variance) are known or certain

characteristics of the distribution are know (e.g., unimodality).

(iii) No distributional knowledge: No information about the uncertainty distribution is

known. In this case, samples of the uncertainty are typically available (also known

as uncertainty scenarios). These samples can be obtained from, e.g., historical data

and may not necessarily be parameterized by a known probability distribution.

The work presented in this thesis falls under the last case, where we do not assume any

distributional knowledge and only assume the availability or ability to draw a set of i.i.d.

samples of the uncertainty ξ. We denote this sample set by Ξ := {ξ(1), . . . , ξ(N)}.

Recall that the main sources of uncertainty considered in this thesis are due to

renewable generation fluctuations and load variability, which are both values that can

vary in a continuous, unbounded range. We can either define the uncertainty ξ as (i) the
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deviations from the forecasted values or (ii) the renewable generation and load values

themselves. Both interpretations are used in this thesis.

2.3 chance-constrained optimal power flow

This thesis focuses on the optimal power flow (OPF) problem, which is an optimization

problem that minimizes an objective (e.g., the total cost of conventional electricity genera-

tion) while enforcing physical limits (e.g., power balance limits and transmission capacity)

and engineering constraints (e.g., conventional generation limits). Many variations of the

OPF problem exist, with formulations differing depending on the usage and application

of the problem.

For transmission grid operations, the objective of OPF is often to minimize the total

cost of conventional, dispatchable active power generation. DC linearized approximations

and single-phase equivalents are typically sufficient to represent the power flow, which

allow for more computational tractability. On the other hand, at the distribution grid

level, a greater emphasis is placed on power quality issues. Often alternative objectives

such as minimizing power losses or voltage unbalance are considered [ABL17]. Since

distribution feeders are inherently unbalanced and exhibit high R/X ratios, it becomes

imperative to consider the full, three-phase unbalanced, non-linear, non-convex AC power

flow equations. The resulting optimization problem is non-convex, often of a much

larger size, and significantly more challenging to solve. In fact, OPF, in general, has been

shown to be NP-hard [LL11]. The formulations of OPF considered in this thesis will be

described in detail in the chapters corresponding to their usage. The DC OPF problem

for transmission grid operation is presented in Chapter 3 and the three-phase unbalanced

AC OPF problem for distribution grid operation is presented in Chapter 6.
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Traditionally, OPF is cast as a deterministic problem, using point forecasts of uncertain

variables such as renewable generation or load. Such an approach can fail dramatically

if forecast errors are large, resulting in situations where, for example, there is an excess

amount of generation that causes line flows to significantly exceed line ratings. Chance

constraints have been proposed as an effective means to endogenously account for these

uncertainty sources and prevent such situations by imposing an upper bound on the

violation probability for constraints. Not only are they an intuitive means to ensure system

security, they align well with industry practices and have been adopted for applications

such as probabilistic reserve dimensioning [AZ15].

Much of the existing literature on chance-constrained OPF has focused on modeling

and solving problems formulated with the DC power flow equations, using both single

chance constraints [ZL11; Roa+13; Old+13] as well as joint chance constraints [BT17;

BB18; Pen+20]. However, there is an increasing need for methods that incorporate the

full AC power flow equations, which is critical in applications such as voltage control

or distribution grid optimization. The main challenge here is that uncertainty now

enters the problem both non-linearly as well as implicitly. Methods for solving AC OPF

have primarily focused on formulations using single-chance constraints [ZL11; Vra+13b;

Roa+17], with only a limited amount of work considering the joint chance-constrained

AC OPF problem [BB18; BB19]. We further note that the majority of methods for AC OPF

rely on linearizations or approximations of the AC power flow equations as well as often

use single-phase equivalents of the three-phase unbalanced equations. As a result, these

methods may not be applicable to distribution grid applications.

To interpret chance constraint violations in power systems applications, we note

a distinction between ”soft” and ”hard” constraints. ”Soft” constraints are when the

decision maker wants the constraint to hold generally but is willing to allow a non-trivial

chance of violation. This can be beneficial in scenarios where allowing a constraint to be

violated would sufficiently increase the optimality of the resulting solution. An example
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of ”soft” constraints are line limits, which can typically endure short periods of being

overloaded but prolonged periods of overloading can cause problems such as line damage

or fires. On the other hand, ”hard” constraints are constraints that cannot be violated,

for example, due to violating the physics of the system. An example of a hard constraint

is the apparent power limits of PV inverters, which typically include control systems

that protect the device from overloading (as this would damage the inverter). For such

constraints, a violation can be interpreted as a situation where the notion of a ”violation

probability” corresponds to a situation in which the system model no longer accurately

reflect system operations (i.e., if the inverter no longer provide the expected amount of

power, this might impact line flows and other quantities in ways that our model does not

capture).

2.4 overview of existing methods

Chance-constrained problems are difficult to solve due to two fundamental issues. First,

merely evaluating the probabilistic constraint (2.1b) involves multi-dimensional inte-

gration (and may not be possible when the underlying probabilistic distribution is

unknown or partially unknown, as in our setting). Second, the feasible region of the

chance-constrained problem is generally non-convex, even in cases where the underlying

deterministic problem itself is convex. It has been shown that chance-constrained prob-

lems, in general, are NP-hard to solve [LAN10]. Moreover, it is also NP-hard to simply

check the feasibility of a solution [AS08].

Much of the existing literature on CCPs focuses on developing tractable reformulations

or approximations of chance-constrained problems that can achieve high quality (as

measured by optimality), feasible solutions and can be tractably and efficiently solved. In

this section, we review several common approaches for CCPs, focusing particularly on
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methods applied to power systems operation and those relevant to the work presented

in this thesis. We refer the reader to [GX19; Roa+23] for a more complete overview of

stochastic methods in power systems.

2.4.1 Analytical reformulation approaches

A common technique is the formulation of deterministic analytical reformulations of

chance constraints [Roa+13; BCH14; Wu+14; Roa+15b; LM15]. When the determinis-

tic reformulation is solved, the resulting solution is guaranteed to be feasible to the

original chance constraint. Under certain assumptions (e.g., when the distribution of

the uncertainty is known), these reformulations can be tight. However, such reformula-

tions typically come at the expense of strong distributional assumptions, which may not

necessarily hold in many applications [DH17].

Moment-based analytical reformulation

In the following, we review a commonly used analytical reformulation applicable in

the special case where the uncertainty follows a Gaussian distribution and the chance

constraint is linear in ξ, i.e., the inner constraint be written as

g(x, ξ) := a(x) + b(x)⊤ξ− c, (2.5)

where a(x) ∈ R, b(x) ∈ Rm, and c ∈ R are parameters. Let the uncertainty follow

ξ ∼ N(µξ,Σξ), where N(µξ,Σξ) denotes the multivariate Gaussian distribution with mean

µξ ∈ Rm and covariance Σξ ∈ Rm×m. The chance constraint on (2.5) can be tightly

reformulated as the deterministic constraint

a(x) + b(x)⊤µξ +Φ−1(1− ϵ)||b(x)⊤Σ1/2
ξ ||2 ⩽ c, (2.6)
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where Φ−1(1−ϵ) is the inverse cumulative distribution (CDF) of the Gaussian distribution.

In other words, if we solve the optimization problem with the above deterministic

constraint in place of the chance constraint, the resulting solution x∗ satisfies the chance

constraint with exactly 1− ϵ probability. The term Φ−1(1− ϵ) is commonly known as

the ”safety parameter”. If b(x) is a constant and not a function of x or linear in x, the

resulting constraints are linear or second-order cone constraints, respectively, and can be

efficiently solved by commercial solvers.

In this case, since the distribution of ξ is presumed to be known, the safety parameter

s can be directly calculated. Suitable safety parameter values have been proposed for

a variety of distributions [Roa+13; Roa+15b; LVM19]. However, when the uncertainty

distribution is only partially known, the safety parameters typically only admit reformu-

lations that are not tight. When no distributional knowledge is known, it unclear how to

determine a suitable s parameter.

2.4.2 Sample-based approaches

In contrast to analytical reformulations, sample-based approaches do not require strong

distributional or structural assumptions. Furthermore, they are applicable to both single

and joint chance constraints. The most common sample-based approach is the scenario

approach [CC06; CGR15], which solves the chance-constrained problem by replacing

instances of the random variable with samples. Theoretical guarantees and sample

complexity bounds for scenario approaches have been well studied [CC05; CG08; CGP09;

Cal10]. Unfortunately, they often suffer from tractability issues resulting from the large

sample size requirements needed to achieve desired feasibility guarantees [CGP09; ATL10;

VLM19]. In particular, the required number of samples often scales with the number

of decision variables, rendering high-dimensional problems intractable due the the

prohibitively large sample requirements [CGP09]. Furthermore, the aforementioned
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results focus on convex problems, with few recent works providing theoretical results for

non-convex problems [CGR18; GVH20; GXM22].

In general, scenario approaches result in very conservative solutions, i.e., solutions

with lower violation probability and higher cost than required, because each constraint

must be enforced for every uncertainty realization. Furthermore, solutions can vary

dramatically with different sample sets and performance cannot be improved with more

samples. Both these issues have been often observed in applications to OPF [Vra+13a;

RA17; LVM19]. Methods that allow for discarding of some sampled constraints been

developed to reduce conservativeness and improve optimality [CG11; Min+17].

Other sample-based approaches for chance-constrained problems include the sample

average approximation (SAA) approach [LA08; PAS09b]. The SAA method replaces the

uncertain variable with samples, but does not require all sampled constraints to be

satisfied. Instead, an optimal solution is found by identifying a subset of samples where

violations are allowed. Several works have established probabilistic feasibility results

[LA08]. While these methods can be less conservative than scenario approaches, they are

typically recast as mixed-integer problems with limited numerical tractability [Rus02;

ZSM15; KJ21]. Recent work [Pen+19] has investigated the use of smooth non-linear

continuous approximations, but does not offer optimality guarantees.

2.4.3 Conservative approximation approaches

Chance-constrained problems can also be solved via the use of convex inner approxi-

mations of the non-convex chance constraint. The most well known method involves

replacing the chance constraint with the conditional value-at-risk (CVaR) approxima-

tion [NS07; Sum+15], which typically yields a sub-optimal solution. Alternative convex

approximations include ALSO-X [Ahm+17], which has been demonstrated to always
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out-perform the CVaR approximation and is able to return optimal solutions to the

chance-constrained problem under certain conditions [JX22].

2.4.4 Robust optimization approaches

Chance-constrained problems are also closely related to robust optimization problems,

which requires finding a solution such that all constraints are satisfied for all uncertainty

realizations within a set [BEN09], i.e.,

min
x∈X

f(x) (2.7a)

s.t. g(x, ξ) ⩽ 0, ∀ξ ∈ Uξ, (2.7b)

where Uξ is a pre-specified uncertainty set. These formulations are desirable when security

against all uncertainty realizations in a set is necessary, e.g., if we know the uncertainty

varies within an interval and want to ensure the solution is robust to all realizations in

this interval (rather than nearly all, in the chance-constrained case). Distributionally robust

methods extend this to settings where constraints must hold for all distributions in an

ambiguity set [LDB16; ZSM17; XA17; CKW22].

Compared to chance-constrained models, robust models are generally more com-

putationally tractable, provided that the underlying uncertainty sets Uξ satisfy mild

convexity and computability assumptions [BEN09]. Several works have reformulated

robust and distributionally robust models into tractable convex problems [CE06; ZKR13;

XA17; XA18]. However, robust methods often result in overly conservative solutions

due to the requirement that constraints must satisfy even the worst-case scenario in an

uncertainty set [ZG13; Pan+15].

Chance-constrained problems can be interpreted via a robust optimization lens. In

particular, consider the constraint (2.5) from Section 2.4.1. This derived deterministic
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reformulation (2.6) is equivalent to using a solving the robust problem (2.7) with an

ellipsodal uncertainty set, i.e.,

Uξ :=
{
ξ : ||ξ||2 ⩽ Φ−1(1− ϵ)

}
. (2.8)

The challenge of using such methods is identifying a suitable uncertainty set that ensures

feasibility of the chance constraint and admits a tractable problem [BBC11]. Data-driven

methods have been proposed to model uncertainty sets [LS15; Dua+18] as well as methods

to adjust the uncertainty set [Jab13].

2.4.5 Methods for joint chance-constrained problems

In many applications, enforcing joint chance constraints can be more desirable than only

enforcing single chance constraints as they allow for guarantees on the overall system

security. Unfortunately, joint constraints are notoriously difficult to handle. The sample-

based approaches discussed in Section 2.4.2 offer a way to solve joint chance-constrained

problems directly. In particular, the SAA can be used to solve JCCPs [LA08] and has been

applied to the joint chance-constrained OPF problem in [Por+22].

Several other methods for single chance-constrained problems, such as the analytical

reformulations previously discussed in Section 2.4.1, do not easily apply to joint chance-

constrained problems. Instead, a common technique used is to decompose the joint chance

constraint into single chance constraints and using the union bound (also known as Boole’s

inequality [Boo54] or the Bonferroni inequalities) to create a conservative upper bound.

Methods have attempted to decrease conservatism by optimizing the risk allocations

[OW08]. Several works have proposed alternative approaches that can achieve tighter

bounds [BT17], including via the use statistical learning [BB19]. However, these methods

still remain fairly conservative. Heuristic iterative methods have also been proposed
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[JHS20; VT11], but lack theoretical guarantees for joint chance constraint satisfaction.

Alternative methods for joint chance-constrained problem, such as distributionally robust

methods [CKW22], etc., have also been proposed.

Scenario approaches can also be directly used to solve joint chance-constrained prob-

lems. However, in power systems applications, the optimization problems of interested

are often non-convex (e.g., unit commitment of AC OPF formulations) and the existing

a priori feasibility guarantees of the scenario approach often do not rigorously hold.

While analogous a priori bounds have been derived for certain non-convex problem

classes such as mixed-integer programs [ESL14] or problems with non-convex objectives

[Gra+15], the results are often conservative. Furthermore, there are no a priori results

applicable to general non-convex problems [CGR18]. Instead, recent literature has sought

to establish a posteriori bounds for general non-convex problems [CGR18] as well as for

unit commitment [GXM22], and AC OPF problems [MVH16].
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3 tuning-based algorithm for chance-
constrained optimization

In this chapter, we propose a data-driven parameter tuning method that utilizes results

from sample-based tests to achieve a desired violation probability for both single and

joint chance-constrained optimization problems. The motivating example for the tuning

method is the optimal power flow problem. We present a proof-of-concept case study,

where we apply our method to solving the chance-constrained DC optimal power flow

problem in the transmission grid setting.

The material presented in this chapter is based on the publication [HR20].

3.1 motivation and related work

Traditional solution methods for chance-constrained problems typically require uncer-

tainty information to be directly incorporated in a detailed problem formulation, which

can significantly increase the problem size and resulting computational complexity. Typ-

ically, there is a trade-off between the computational tractability (which is reduced as

more information is taken into account) and the quality of the resulting solution (which

is improved with more information). An alternative is to consider a tuning-based ap-

proach, which utilize a posteriori sample-based evaluations to iteratively used to refine

optimization model formulations. Tuning-based approaches enables us to learn from the

uncertainty data without directly incorporating it within the problem formulation, thus
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providing a truly data-driven approach to stochastic optimization. These two contrasting

methods are illustrated in Figure 3.1

Detailed CC-OPFSystem 
data

Out-of-
sample 

evaluation

Approximate 
CC-OPF

System 
data

Uncertainty data

Out-of-
sample 

evaluation
Evaluation

Candidate 
solution

Update

Traditional CC-OPF

Tuning-based CC-OPF

Uncertainty data

Figure 3.1: Traditional solution methods for CC OPF (top) include uncertainty information directly
in a detailed problem formulation. The tuning method (bottom) uses a simple, approximate
problem formulation which is iteratively updated using uncertainty data.

Several existing works [Old+15; RA17; Pen+19; LQ19; MMD20; GVH20] have used

parameter tuning to adapt chance-constrained or stochastic formulations on the go. In

particular, [Old+13; Old+15] perform online updates to a conservative chance-constrained

formulation based on observed empirical violation levels. [LQ19] addresses the theory of

tuning safety parameters for a generic chance-constrained problem while still maintaining

probabilistic guarantees in a limited data regime. In [PLW19], an iterative tuning process

was proposed to more accurately determine the value of a safety parameter in joint

chance-constrained OPF. The tuning process in [PLW19] can be characterized as fine-

tuning, where smaller adjustments are made to an accurate model. Methods have also

directly tightened constraints [RA17; MR18] or varied the targeted violation probability

in analytical reformulations [OW08; JHS20].

In this chapter, we propose an tuning method tuning method that iterates between

solving an approximate optimization problem to obtain a candidate solution, evaluating

this candidate solution using available samples of the uncertainty, and updating the
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approximate problem based on the results of the evaluation. The decoupling the solving

of the optimization problem from the consideration of the uncertainty samples can

can help preserve computational tractability of the method (e.g., in contrast to the

scenario approach, which includes samples in the problem formulation and can become

computationally challenging to solve if the number of samples is large).

We emphasize that this method can be generally applicable to many chance-constrained

problems, so long as there exists a suitable approximate problem that is computationally

efficient to solve and can be parameterized by a tunable parameter. Therefore, although

the optimization problem must be solved at each iteration of the tuning process, our

method may be less computationally intense, yet more accurate, than alternative methods.

Furthermore, our proposed method is applicable to both the single and joint chance-

constrained problem. We note that we do not assume any distribution assumptions on

the uncertainty, only that we have available a set of samples Ξ = {ξ(1), . . . , ξ(N)}. Moreover,

we do not impose any structural assumptions on the chance constraints or the objective

function.

3.2 tuning-based algorithm

In this section, we detail the three main components of the tuning algorithm: (i) the

formulation of the approximate optimization model, (ii) the sample-based evaluation

step, and (iii) the tuning step. In each of these descriptions, we present examples of

each component that are used in the case study in this chapter as well as generally

throughout this thesis. We note that these components can be formulated in a myriad of

ways, depending on the optimization problem and application.
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3.2.1 Approximate optimization problem

In the first step, we obtain a candidate solution by solving an approximate optimization

model. In general, the model capture salient features of the problem setting, incorporate

a suitable uncertainty representation, and contain parameters that are practical for tuning.

Adjusting the tuning parameters should ideally result in solutions of varying cost and/or

degrees of conservativenss. Finally, because this approximate problem will be solved

several times during the iterative process, it must be computationally inexpensive and

easily solved with commercial solvers.

There are several options available for approximate optimization models. We propose

an approximation where the chance constraints are replaced with deterministic constraints

consisting of the nominal estimated version of the inner constraint of the chance constraint

(i.e., gj) and a tightening term. The tightening term is parameterized by a tuning parameter

s, which is iteratively adjusted based on a posteriori sample-based evaluations, and

can be determined based on the set of available samples Ξ. Here, we choose to use a

single dimensional tuning parameter s ∈ R+. While using separate safety parameters for

each constraint would give us additional degrees of freedom and possibly more optimal

solutions, it is a non-trivial extension due to the large number of constraints and resulting

high-dimensional tuning challenge. This idea of multi-dimensional tuning is explored

in Chapter 7. We further note that this approximate problem can be used for finding

feasible solutions to both single and joint chance-constrained cases, even when we do not

explicitly decompose the desired joint violation probability ϵ into single joint violation

probabilities (i.e., via the Bonferroni bound as discussed in Section 2.4.5).
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The most general formulation of the approximate model is as follows:

min
x∈X

f(x) (3.1a)

s.t. gj(x, µ̂ξ) + λj(x, s,Ξ) ⩽ 0, ∀j ∈ C. (3.1b)

where µ̂ξ is an estimate of the mean of the uncertainty, calculated using samples Ξ, i.e.,

µ̂ξ := 1
N

∑N
i=1 ξ

(i). The nominal constraint gj : Rn × Rm → R is the inner constraint of the

chance constraint, with the estimated mean µ̂ξ used in place of the uncertainty term ξ. The

constraint tightening, denoted using λj : R+×Rn×RN×n → R, is a function of the tuning

parameter s ∈ R+, the decision variable x, and the set of uncertainty samples Ξ. Our goal

is to tune the safety parameter such that our resulting solution is feasible to the original

problem (2.1) but avoids being overly conservative. We note that this deterministic

approximation does not explicitly take into account uncertainty information outside

the sampled data (i.e., it does not rely on any distributional knowledge stemming from

distributional assumptions). Furthermore, the approximation secures against uncertainties

solely via the tightening term. A higher tightening results in a constraint that is more

robust to uncertainties, but also leads to a more costly solution.

We note that while there are several options for defining λj, there are a few considera-

tions to take:

(i) We need to determine what (and how much) information from the sample set to

use in formulation the tightening. In this chapter, we propose that the tightening is

a function of the empirical mean µ̂ξ and empirical covariance Σ̂ξ, estimated from

the sample set. We propose that the tuning of s will account for possible estimation

error.

(ii) We need to consider the structure of λj, which will impact the ease of solving the

approximate optimization problem. Recall that the resulting approximate problem

needs to be able to be quickly solved by a commercial solver. Thus, it would be
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desirable for the reformulated constraints to be, e.g., linear or second order cone

constraints.

(iii) There exists a clear relationship between the tuning parameter s and the conserva-

tiveness of the corresponding solution. Ideally, as the tuning parameter s increase,

the constraints should tighten, resulting in a lower violation probability of the

constraint and higher objective value.

As an example, we propose a formulation of a simple approximate problem based on

the moment-based analytical reformulation presented in Section 2.4.1. Let us consider a

single chance constraint, where the inner constraint gj is linearly separable in the decision

variable x and uncertainty ξ and the uncertainty only occurs in the left-hand-side of the

constraint, i.e.,

Pξ

(
aj(x) + b⊤j ξ− cj ⩽ 0

)
⩾ 1− ϵ. (3.2)

The moment-based analytical reformulation is the following linear constraint

aj(x) + b⊤j µ̂ξ − cj + s||b⊤j Σ̂
1/2
ξ ||2 ⩽ 0, (3.3)

where s is the safety parameter, which we take as the tuning parameter. We can see that

the nominal constraint corresponds to gj(x, µ̂ξ) = aj(x) + b⊤j µ̂ξ − cj and the constraint

tightening is λj(s,Ξ) := s||b⊤j Σ
1/2
ξ ||2. Notice that ||b⊤j Σ̂ξ

1/2
||2 is an estimate of the standard

deviation of the nominal constraint. Thus, this formulation essentially corresponds to the

moment-based analytical reformulation (2.6), where the safety parameter is the tuning

parameter.

Furthermore, we highlight that in this case where the chance constraints are bi-

linear, the standard deviation estimate term ||b⊤j Σ̂ξ
1/2

||2 is not dependent on the decision

variables. Thus, the tightening λj(s,Ξ) is monotonic in s. Since the reformulation admits a



28

linear program, the feasible space of the deterministic problem would decrease as the

constraints are tightened, resulting in a higher objective value.

Robust optimization perspective

We can consider the above analytical reformulation in a more general viewpoint by using

connections to robust optimization. Recall the robust formulation 2.7 from Section 2.4.4.

The above constraint reformulation (3.1) can be interpreted as a robust constraint with an

ellipsoidal uncertainty set, i.e., the constraint is equivalent to the set

g(x, ξ) ⩽ 0, ∀ξ ∈ Uξ := {ξ : ||ξ||2 ⩽ s} , (3.4)

where the tuning parameter s controls the size of the uncertainty set [BEN09]. Intuitively,

by choosing s such that the uncertainty set Uξ contains sufficient probability mass, a

solution satisfying the set of constraints (3.4) will satisfy the original chance constraint

with probability at least 1− ϵ.

3.2.2 Sample-based evaluation

We solve the approximate problem (3.1) to obtain a candidate solution x. We then

use sample-based evaluations to assess the feasibility of the solution with respect to a

constraint g(x, ξ) ⩽ 0. We define the random variable Y(x, ξ) to be an indicator of whether

the constraint is violated, i.e.,

Y(x, ξ) :=


0 if g(x, ξ) ⩽ 0

1 otherwise.
(3.5)
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Thus, we can write the violation probability of solution x with respect to constraint g(x, ξ) ⩽

0 as

E(x) := Eξ[Y(x, ξ)] = Pr(g(x, ξ) > 0). (3.6)

However, since we do not make any distributional assumptions on ξ (and, in many

applications, the distribution is unknown), we cannot directly evaluate E(x). Therefore,

we approximate it by using a set of i.i.d. samples Ξ. We evaluate the indicator random

variable Y(x, ξ(i)) for each sample ξ(i) ∈ Ξ. For a solution x and i.i.d. sample ξ(i), the

realizations of Y(x, ξ(i)) are i.i.d. as well. The empirical violation probability of solution x

with respect to constraint g(x, ξ) ⩽ 0 is then defined as

Ê(x,Ξ) :=
1

N

N∑
i=1

Yj(x, ξ(i)). (3.7)

For single chance-constrained problems with multiple single chance constraints, each

constraint j ∈ C has an associated empirical violation probability that is evaluated. We use

subscripts j to denote the indicator random variables, violation probability, and empirical

violation probability of constraint j ∈ C, i.e., Yj(x, ξ), Ej(x), and Êj(x,Ξ). We note that

for the tuning process, since we need to ensure that all the single chance constraints

have a violation probability of below ϵ, we need to calculate the maximum or worst case

violation probability amongst all constraints, i.e.,

Êmax(x,Ξ) := max
j∈C

Êj(x,Ξ) ⩽ ϵ. (3.8)

For the joint chance-constrained problem, we calculate the empirical violation probability

of the joint constraint g(x, ξ) = maxj∈C gj(x, ξ), which, for clarity purposes, we denote

using Êjoint(x,Ξ).



30

The solution x is feasible for chance-constrained problem (2.1) if its violation probability

is less than or equal to the desired acceptable violation probability ϵ, i.e.,

E(x) ⩽ ϵ. (3.9)

For single chance-constrained problems with multiple chance constraints, we require the

worst case violation probability Emax(x) must be less than ϵ. For joint chance constrained

problems, we require the joint violation probability Ejoint(x) must be less than ϵ.

Since we are unable to obtain the true violation probabilities of the constraints, we

then instead check what we call the empirical feasibility criterion,

Ê(x,Ξ) ⩽ ϵ. (3.10)

Again, the empirical worst case violation probability Êmax(x,Ξ) or empirical joint violation

probability Êjoint(x,Ξ) is used for the SCCP with multiple chance constraints or JCCP,

respectively. If this criteria satisfied, we declare x to be empirically feasible.

3.2.3 Tuning

In the tuning step, we adjust the tightenings by adjusting the tuning parameter s based

on the result of the evaluation step. If we observe that the solution does not satisfy the

empirical feasibility criterion, we tighten the reformulated constraint to promote more

conservative solutions in future iterations. Conversely, if the solution does satisfy the

criterion, we relax the reformulated constraint, leading to lower cost and less conservative

solutions in future iterations.

There are several ways to perform this tightening scheme. We propose a simple

heuristic method based on a bisection search to determine the least conservative value
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of s that provides a feasible solution to the chance-constrained problem. We denote this

value by s∗, and the corresponding solution by x∗. The algorithm is as follows:

(i) Initialization: Initialize the tuning algorithm by setting the iteration count to k = 0

and determining suitable upper and lower bounds for the tuning parameter s to

ensure that smin ⩽ s∗ ⩽ smax:

For the lower bound, we use s0min = 0, which corresponds to the case where no

uncertainty is considered in the generation and line flow constraints. Because s has

in inverse monotonic correlation with the observed empirical violation probability

ÊG(x̃,Ξ), we expect that the solution to the approximate problem (3.1) corresponding

to s = 0 will have the highest possible empirical violation probability for any s ⩾ 0.

For the upper bound, we use the Cantelli inequality [Roa+15b] since we assume

availability of the first and second moments µξ and Σξ. We set s0max =
√

(1− ϵ)/ϵ.

Define tuning parameter to be the midpoint of the two bounds, s0 = (smax − smin)/2.

(ii) Solve approximate problem: Solve the approximate problem (3.1) with sk to obtain a

candidate solution xk.

(iii) Check feasibility: Determine whether the candidate solution xk satisfies the empirical

feasibility criterion (3.10).

(iv) Update approximation: If xk does not satisfy the feasibility criterion, tighten the

constraint by setting the lower bound smin = sk, which will increase the value of s

in future iterations and thus promote more conservative solutions with higher cost.

Conversely, if xk is feasible, relax the reformulation by setting the upper bound

smax = sk. This will decrease the value of s in future iterations, thus leading to lower

cost, less conservative solutions.
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(v) Check convergence: If |smax − smin| ⩽ η, where η is a pre-specified tolerance level,

stop the iterations and return the lowest cost solution x∗ satisfying the empirical

feasibility criterion.

Otherwise, update the iteration count k = k + 1, update the tuning parameter

sk = (smax − smin)/2 and go to Step 2.

Convergence of the bisection search is guaranteed to occur in ⌊log2

(
(s0max − s0min)/η

)
⌋

iterations.

3.3 case study : application to cc dc opf

We apply the tuning algorithm to a chance-constrained formulation of the optimal power

flow (OPF) problem to handle uncertainties resulting renewable generation and load

variability. We first present the formulation of the chance-constrained DC optimal power

flow (CC DC OPF) with both single and joint chance constraints, which is based on

[BCH14; Vra+13a; Roa+15b]. Then, we describe the details of the application of the tuning

algorithm, including a detailed formulation of the approximate optimization problem, and

present numerical simulation results for the IEEE RTS96 24-bus system to demonstrate

that our method is computationally efficient and enforces chance constraints without

over-conservatism.

3.3.1 Power systems modeling

We represent a power system using an undirected graph G = (N,L), where N is the set

of buses with n = |N| and L is the set of lines with l = |L|. Without loss of generality,

we assume that each bus has one generator, g ∈ G ⊆ Rn, one load d ∈ D ⊆ Rn, and one

uncertainty source denoted by random variable ξ ∈ Ξ ⊆ Rn. Multiple (or zero) generators,
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loads, or uncertainty sources are handled by summation (or setting the respective elements

to zero).

The optimization problem aims to minimize total power generation costs while

enforcing physical system constraints on power flow balance and generator and line

limits. The decision variable is controllable (i.e., dispatchable) generation, represented

using the variable pg ∈ Rn. We consider the DC linearized approximation of the power

flow equations, where we assume voltages are constant at magnitude 1 per unit, angle

differences are small, and the system is lossless.

Uncertainty modeling

We consider the uncertainty, denoted ξ ∈ Rn, in this problem to be fluctuation from

the forecasted values of renewable generation and load uncertainty. Let the covariance

of the fluctuations be denoted by Σξ = Cov[ξ] ∈ Rn×n. We do not assume that the

uncertainty sources are independent, allowing the off-diagonals of the covariance matrix

to be non-zero. We denote the total power mismatch resulting from uncertainty sources

across all buses using

Ωξ =
∑
i∈N

ξi. (3.11)

Power balance and generation control

Power systems operations requires power production and consumption to be balanced.

The total power mismatch Ωξ must be balanced by adjustments in controllable generation.

We model these adjustments using an affine control policy based on actions of the

automatic generation control (ACG), where Ωξ is divided amongst generators according
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to participation factors α ∈ [0, 1]n [Vra+13a]. We assume each generator contributes

according to its maximum nominal output, i.e.,

αi =
pmax
g,i∑

j∈G p
max
g,j

, ∀i ∈ G, (3.12)

where pmax
g,i is the maximum generation limit of generator i ∈ G. Thus, for each generator

i ∈ G, the actual generation (including the adjustment) is pg,i − αiΩξ. The total power

balance can be enforced with the following constraint

∑
i∈N

pg,i −αiΩξ − di + ξi = 0. (3.13)

Because
∑

i∈G αi = 1 guarantees that any forecast deviation ξ is automatically balanced

out with an equal adjustment in generation, it is sufficient to guarantee power balance for

ξ = 0, i.e.,

∑
i∈N

pg,i − di = 0. (3.14)

Power flows

We use a linear DC approximation to represent the power flow on lines ij ∈ L connecting

buses i, j ∈ N. We define M ∈ Rl×n to be the matrix of power transfer distributions factors

(PTDFs) [CWW00], which relates the changes in active power flow to power injections at

buses. Power flow on line ij ∈ L can be expressed as

pij = M(ij,·)(pg −αΩξ + ξ− d), (3.15)

where M(ij,·) is the row of M corresponding to line ij.



35

3.3.2 Problem formulation

We formulate the single and joint chance-constrained OPF problems using the power

systems model described above. The problems are formulated as a single period problem,

where the time-step corresponding to the period can be, e.g., 15 minutes.

Objective function

Our objective in this problem is to minimize the total generation cost of the scheduled

generation pg. Generation costs are modeled using a quadratic cost function,

c(pg) =
∑
i∈G

(
c2,ip2

g,i + c1,ipg,i + c0,i
)
, (3.16)

where c2,i, c1,i and ci,0 are the quadratic, linear and constant cost coefficients correspond-

ing to generator i ∈ G.

Single chance-constrained OPF problem

The OPF problem with single chance constraints (SCC OPF) require each constraint to

be satisfied individually with separate acceptable violation probabilities. In this case, we
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assume that all chance constraints are required to hold with the same violation probability

ϵ ∈ [0, 1]. We formulate the problems as follows

min
pg

c(pg) (3.17a)

s.t.
∑
i∈N

pg,i − di = 0 (3.17b)

Pξ

(
pg,i −αiΩξ ⩽ pmax

g,i
)
⩾ 1− ϵ, ∀i ∈ G, (3.17c)

Pξ

(
pg,i −αiΩξ ⩾ pmin

g,i
)
⩾ 1− ϵ, ∀i ∈ G, (3.17d)

Pξ

(
M(ij,·)(pg −αΩξ + ξ− d) ⩽ pmax

l,ij
)
⩾ 1− ϵ, ∀ij ∈ L, (3.17e)

Pξ

(
M(ij,·)(pg −αΩξ + ξ− d) ⩾ −pmax

l,ij
)
⩾ 1− ϵ, ∀ij ∈ L. (3.17f)

Constraint (3.17b) is the power balance constraint. The generation limits are enforced by

(3.17c) and (3.17d), where pmax
g ,pmin

g ∈ Rn
+ are the upper and lower generation limits. The

line flows are enforced by (3.17e) and (3.17f), where pmax
l,ij ∈ Rl

+ denotes the maximum

line flow.

We note that the generator chance constraints (3.17c), (3.17d) depend only on the total

power mismatch Ωξ, which is a scalar random variable. As a result, all generators will

adjust their generation output up or down in perfect correlation.

Here, an important note is that equality constraints are used to represent power

balance (i.e., the condition that the generated power must equal the consumed power at

all times). Power balance constraints must be satisfied at all times in order to adhere to

standard laws of physics. However, in the context of chance-constrained problems, this is

only possible if the values of the decision variables adapt as the random variables change.

In this problem, these changes are represented using an affine control policy.
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Joint chance-constrained OPF problem

The formulation with a joint chance constraint requires all constraints to be simultaneously

enforced with a single acceptable violation probability, ϵ. The joint chance-constrained

OPF problem (JCC OPF) can be formulated as

min
pg

c(pg) (3.18a)

s.t.
∑
i∈N

pG,i − di = 0 (3.18b)

Pξ



pg,i −αiΩξ ⩽ pmax
g,i , ∀i ∈ G,

pg,i −αiΩξ ⩾ pmin
g,i , ∀i ∈ G,

M(ij,·)(pg −αΩξ + ξ− d) ⩽ pmax
l,ij , ∀ij ∈ L,

M(ij,·)(pg −αΩξ + ξ− d) ⩾ pmax
l,ij , ∀ij ∈ L.


⩾ 1− ϵ. (3.18c)
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3.3.3 Application of tuning method

Approximate problem formulation

Because the constraints in the CC OPF problem are linearly separable in the decision

variables pg and the uncertainty ξ, we can use the reformulation detailed by (3.3) applied

to the single chance constraints. The resulting approximate problem is as follows

min
pg

c(pg) (3.19a)

s.t.
∑
i∈N

pg,i − di = 0 (3.19b)

pg,i ⩽ pmax
g,i − s||αi11,nΣ

1/2
ξ ||2 ∀i ∈ G (3.19c)

pg,i ⩾ pmin
g,i + s||αi11,nΣ

1/2
ξ ||2 ∀i ∈ G (3.19d)

M(ij,·)(pg − d) ⩽ pmax
l,ij − s||M(ij,·)(I−α11,m)Σ

1/2
ξ ||2 ∀ij ∈ L (3.19e)

M(ij,·)(pg − d) ⩾ −pmax
l,ij + s||M(ij,·)(I−α11,m)Σ

1/2
ξ ||2 ∀ij ∈ L. (3.19f)

As previously discussed, we propose that by accurately tuning the safety parameter s,

this approximate reformulation can be carried over to solve the joint chance-constrained

version of the problem as well.

Evaluation

After solving the approximate optimization problem (3.19) and obtaining a candidate

solution pg, we evaluate the solution as detailed in Section 3.2.2. For SCC OPF, we evaluate

the violation probabilities of all single chance constraints and take the maximum (i.e.,

worst case) violation probability amongst all constraints (3.8), denoted Êmax(pg,Ξ), to use

in the tuning process. For JCC OPF, we evaluate the empirical joint violation probability,

denoted Êjoint(pg,Ξ), according to (3.10) to use in the tuning process.
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Tuning

We follow the same bisection tuning steps described in Section 3.2.3.

3.3.4 Test system

Figure 3.2: Modified IEEE RTS96 24-bus system with uncertainty fluctuations at bus 8 and bus 15.

We evaluate our method on the IEEE RTS96 24-bus system [Gri+99], illustrated in

Figure 3.2. We make the following modifications to the existing system parameters: (i)

All line capacities are reduced by 70%, (ii) the minimum output is set to zero on all

dispatchable generators, and (iii) the maximum output is doubled on all generators.
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Tuning input In-sample results Out-of-sample

Problem Uncertainty ϵ Iterations Cost s strue Êmax Êjoint Êmax Êjoint

SCC OPF Gaussian 0.1 10.7 42201.6 1.3012 1.2816 0.1000 0.0976 0.2960 0.2947

0.05 9.4 42376.1 1.6676 1.6449 0.0501 0.0483 0.1585 0.1577

0.01 9.6 42709.0 2.3624 2.3263 0.0100 0.0095 0.0338 0.0338

Non-Gaussian 0.1 10.4 42799.6 1.3376 - 0.1001 0.1007 0.3031 0.3044

0.05 9.6 43105.4 1.6677 - 0.0501 0.0495 0.1597 0.1609

0.01 8.9 43680.4 2.2844 - 0.0100 0.0095 0.0274 0.0275

JCC OPF Gaussian 0.1 15.6 42485.6 1.8971 - 0.0307 0.0296 0.1001 0.1001

0.05 14.5 42632.9 2.2054 - 0.0149 0.0141 0.0501 0.0500

0.01 12.1 42918.5 2.8014 - 0.0032 0.0027 0.0100 0.0100

Non-Gaussian 0.1 14.4 43284.4 1.8585 - 0.0316 0.0307 0.1001 0.1000

0.05 14.6 43507.0 2.1008 - 0.0167 0.0161 0.0500 0.0501

0.01 13.3 43924.0 2.5538 - 0.0042 0.0038 0.0100 0.0101

Table 3.1: Results for the bisection tuning method for SCC OPF and JCC OPF using Gaussian and non-Gaussian uncertainty data. Each
value in the table is averaged over 20 replications.



41

We add uncertainty sources to represent load variability on buses 8 and 15 and

synthetically generate samples that follow Gaussian and non-Gaussian distributions. For

Gaussian data, samples are generated from a multivariate Gaussian distribution with zero

mean, standard deviations of 9.4 MW (bus 8) and 13.1 MW (bus 15), and a correlation

coefficient of ρ = 0.2. For non-Gaussian data, samples are generated by mixing the

following distributions: (i) a zero-mean multivariate Gaussian with standard deviations

of 7 MW and 14 MW and a correlation coefficient of 0.5, (ii) a zero-mean multivariate

Gaussian with standard deviations of both 6 MW and a correlation coefficient of 0.1, and

(iii) a uniform distribution on the interval [−30, 30].

3.3.5 Numerical results

We consider four different cases: SCC OPF with Gaussian data, SCC OPF with non-

Gaussian data, JCC OPF with Gaussian data, and JCC OPF with non-Gaussian data.

For all experiments, we use desired violation probabilities ϵ = {0.1, 0.05, 0.01}. We run

20 replications with tolerance η = 10−4. We use |Ξ| = 10, 000 samples of the uncertainty

ξ during the tuning process. We perform an additional out-of-sample single and joint

violation probability evaluation using |Ξoos| = 100, 000 samples of the uncertainty. All

simulations are implemented in Julia with JuMP [DHL17] and PowerModels [Cof+18],

solved using Gurobi [Gur21], and run on a standard laptop computer.

We present all results in Table 3.1, which shows the number of iterations, cost of

generation of the resulting set point, safety parameter values s, and the in- and out-

of-sample maximum (i.e., worst case) violation probability across all single chance

constraints, Êmax(pg,Ξ) and Êmax(pg,Ξoos), and the joint chance constraint violation

probability, Êjoint(pg,Ξ) and Êjoint(pg,Ξoos). All numbers in the table represent average

values across the 20 replications. For the case where the SCC OPF problem with Gaussian

uncertainty data, the ”true” s value is also reported by evaluating strue = Φ−1(1− ϵ).
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Proof-of-concept: SCC OPF with Gaussian data

To demonstrate the accuracy and efficiency of our method, we perform a proof of concept

study by evaluating the performance of tuning on SCC OPF using Gaussian uncertainty

data. Note that because we use a single tuning parameter for all constraints, the violation

probability of each of the constraints may vary. We choose to tune according to the

worst case violation probability. However, because the uncertainty here is Gaussian, the

violation should theoretically be the same across all constraints if the same s is used.

In this case, we can directly calculate the true safety parameter value by evaluating

strue = Φ−1(1− ϵ). We test whether our method identifies a parameter s ≈ strue.The

desired epsilon values ϵ = {0.1, 0.05, 0.01} correspond to true safety parameter values

strue = {1.2816, 1.6449, 2.3263}.

The numerical results are shown in the top section of Table 3.1. We observe our

algorithm terminates when the worst case empirical violation probability Êmax(pg,Ξ) very

close to ϵ. Furthermore, using 10, 000 samples to evaluate the violation probability in the

tuning step is sufficient to achieve out-of-sample violation probabilities that are very close

to the desired values. Finally, we conclude that the final tuning parameter s value is close

to the true parameter value strue, verifying the accuracy of our method.

An interesting but subtle observation is that, for every ϵ, the tuning parameter values

obtained with the algorithm are typically always slightly greater (i.e., more conservative)

than strue. This is true not only for the average s presented in Table 3.1, but for each

of the 20 algorithm replications. To explain this behavior, we look at the results of a

single run for the desired violation probability ϵ = 0.1 in more detail, as shown in

Figure 3.3 (right). This figure plots the empirical violation probability for all the active

constraints in the problem, which includes several generator maximum and minimum

limits (aggregated into one bar because they are perfectly correlated and hence have the

same violation probability), as well as three line limits. The light blue line shows the

desired violation probability ϵ = 0.1, while the blue and grey bars represent the empirical
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violation probability of each constraints, as observed in the tuning and out-of-sample

evaluation, respectively.

We see that the tuning algorithm chooses the value of the tuning parameter s to ensure

that the worst case single violation probability Êmax(pg,Ξ) ⩽ 0.1, leading to a conservative

result. In fact, because we are using Gaussian data, we can calculate the true violation

probability corresponding to the tuned value of s, ϵs = 1−Φ(s) ≈ 0.095. We observe that

the out-of-sample violation probabilities of each constraint, illustrated with the grey bars,

are all close to this true violations probability.

SCC-OPF with non-Gaussian data

We next study how the tuning method performs for SCC-OPF using non-Gaussian data.

We observe that the number of iterations is not impacted by the type of uncertainty data,

and that the algorithm also terminates with Êmax(pg,Ξ) ≈ ϵ for the non-Gaussian data.

We again observe that 10, 000 samples in the tuning algorithm is sufficient to obtain an

Êmax(pg,Ξoos) that is very close to the desired values.

Figure 3.3 (right) shows the result for a single run in more detail. We observe larger

variations in the in- and out-of-sample violation probabilities amongst the constraints

compared to using Gaussian data. Because we do not have the Gaussian distribution

assumption, it is no longer true that the same safety parameter will lead to the same

true violation probability for all constraints. Therefore, the bars representing the in- and

out-of-sample violation probabilities have greater variability that in the Gaussian case.

JCC-OPF with Gaussian and non-Gaussian data

We investigate the behavior of the algorithm for JCC-OPF. We use the same case study

set up and the same Gaussian and non-Gaussian distributions as above, but tune the

parameter s to achieve a desired joint violation probability of ϵ = {0.05, 0.1, 0.15}. The

results are shown in the bottom half of Table 3.1.
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Figure 3.3: Empirical violation probability for the active constraints in the SCC OPF problem, with
Gaussian (left) and non-Gaussian (right) data. The active constraints includes several generator
maximum and minimum limits (represented by one bar because they are perfectly correlated
and hence have the same violation probability), as well as three line limits. The blue and grey
bars show the empirical violation probability of each constraint, as observed in the tuning and
out-of-sample evaluation respectively. The light blue line shows ϵ, while the dark blue line is
ϵs = 1−Φ(s).

We observe that the number of iterations remains similar, but is slightly higher

compared to the number of iterations for the single chance-constrained case. We see that

the algorithm manages to determine an s value that meets the joint violation probability

Êjoint(pg,Ξ) exactly.

To gain some more insight into the solutions for the JCC OPF, Figure 3.4 plots the

individual and joint constraint violation levels for JCC OPF with Gaussian and non-

Gaussian data. We again observe that the violation probability of individual constraints

are distributed more evenly in the case of Gaussian data, while the non-Gaussian data

lead to larger variations despite all constraints sharing the same s. For both data types, the
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sum of the violation probabilities of the individual chance constraints exceeds the joint

violation probability, i.e.,
∑

j∈C Êj(pg,Ξ) ⩾ Êjoint(pg,Ξ). This indicates that our algorithm

is able to account for some of the correlation between different constraints, which is

not done with methods using, e.g., Boole’s inequality, to decompose joint constraints

into individual chance constraints. As a result, we are able to obtain a less conservative

solution.

Figure 3.4: Empirical violation probability for individual active constraints in the JCC OPF problem,
as well as the joint violation probability. We show results for both Gaussian data (left) and non-
Gaussian data (right). The grey and blue bars represent the empirical violation probability of each
constraints, as observed in the tuning and out-of-sample evaluation, respectively.
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3.4 conclusion

In this chapter, we proposed a data-driven tuning method for solving single and joint

chance-constrained problems that iterates between solving an approximate optimization

model and using a posteriori sample-based evaluations to adjust the model formula-

tion. The key idea is to formulate a numerically tractable approximation of the chance-

constrained problem and identify suitable tuning parameters which can be tightened to

obtain a more secure (but more costly) solution or relaxed to obtain a less secure (but

less costly) solution. Out method does not make any distributional assumptions on the

uncertainty, but assumes access to a set of representative samples of the uncertainty.

In general, the tuning methods of interest consist of three major components: (i)

a computationally lightweight approximate optimization model parameterized by a

tunable parameter, (ii) an evaluation step, which evaluates candidate solutions using

available uncertainty samples, and (iii) a tuning step. There are many ways of defining the

approximated problem and tuning parameters as well as many possible strategies to adapt

the parameters in each iteration. We discuss considerations for how to determine suitable

versions of each component and an example algorithm, which uses an approximate

model derived from existing analytical chance-constrained reformulations and a bisection

search tuning scheme. This algorithm formulation allows us to utilize information from

samples without directly including them in the optimization problem itself, preserving

the computational tractability of the method.

In the case study, we formulate a single and joint chance-constrained version of the

DC OPF problem and evaluate our proposed bisection search-based tuning algorithm on

a modified version of the IEEE RTS 96 24-bus system. Our results indicate that the tuning

algorithm is able to obtain solutions that meet the desired violation probability exactly

for both the single and joint chance-constrained formulations, when either Gaussian or

non-Gaussian uncertainty data is considered.
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4 tuning with probablistic guarantees

In this chapter, we propose a method to obtain feasibility guarantees for tuning-based

algorithms, such as the one proposed in Chapter 3, by using a two-step approach. This

approach involves a solution generation step, where we generate a solution by tuning the

problem parameters, and a solution verification step, where we use a posteriori evaluations

to obtain probabilistic guarantees on the resulting solution. Our main contribution is

to analyze the relationships between the empirical feasibility criterion applied in the

tuning step and the rigorous feasibility criterion applied in the verification step, and

discuss how to design the tuning step such that the algorithm is likely to return a feasible

solution. Our results are not tailored to a specific tuning method, but can be used with

any tuning-based solution generation method.

The material presented in this chapter is based on the publication [HR22].

4.1 motivation and challenges

While tuning-based algorithms for chance-constrained optimization have been empirically

observed to perform well [Old+15; RA17; PLW19; MMD20; GVH20; HR20], they often

do not provide feasibility guarantees for the final solution. A particular shortcoming of

existing tuning methods, including the algorithm proposed in Chapter 3, is that often

they do not consider how re-solving a problem multiple times using the same data may

compromise the probabilistic guarantees on the resulting solution. This is primarily due

to two inaccuracies associated with empirically approximating the violation probability in
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an iterative manner. We note that these challenges are not unique to our tuning approach,

but also affect other methods that rely on tuning to obtain solutions to chance constrained

problems.

We propose a two-step tuning algorithm that can be used to provide probabilistic

feasibility guarantees on solutions attained from a wide range of problem formulations

and tuning strategy variations. The advantages include:

(i) Few limitations on problem structure: The use of simple approximate models that do

not provide feasibility guarantees allows us to handle problems with undesirable or

complicated structure (e.g., non-convex optimization problems).

(ii) Computational tractability: While simpler approximate formulations may be less ac-

curate, as they does not capture as granular system detail, they are much more

computationally tractable and allow us to take advantage of the efficiency and scalabil-

ity of commercial, off-the-shelf solvers. The possible model inaccuracy or mis-match

can be compensated for by leveraging large amounts of data for tuning.

(iii) Decoupling uncertainty evaluation and optimization: Unlike other methods, we do not

incorporate the uncertainty data within the problem itself but rather perform an

evaluation of the uncertainty after obtaining a candidate solution. This allows us to

leverage large amounts of data without increasing the computational complexity of

the optimization problem being solved. Our method is constructed such that the

more data we have access to, the less conservative the solutions we can obtain.

In order to obtain feasibility guarantees for tuning-based algorithms for chance-

constrained problems, we must address the two following main sources of inaccuracy

associated with empirically approximating the violation probability in an iterative manner.
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4.1.1 Challenge 1: Finite number of samples

The first challenge arises because we use a finite number of samples, and the empirical

violation probability Ê(x,Ξ) may differ from the true violation probability E(x). Therefore,

even if a solution satisfies Ê(x,Ξ) ⩽ ϵ, we cannot conclude E(x) ⩽ ϵ. To combat this

challenge, we can use Hoeffding’s inequality to characterize the relationship between the

true and empirical violation probability of a solution.

Theorem 4.1. (Hoeffding’s inequality [Hoe63]) For bounded i.i.d. random variables Y1, . . . , YN ∈

[0, 1] and t ⩾ 0,

P

(
E[Y] <

1

N

N∑
i=1

Yi + t

)
> 1− exp(−2Nt2). (4.1)

Let δ denote the desired confidence level. By choosing

t ⩾

√
1

2N
ln

1

δ
, (4.2)

we guarantee with confidence 1− δ that the expectation is upper bounded by the sample

mean plus margin t.

We can apply this to candidate solutions x obtained from . For a solution x and set

of i.i.d. samples Ξ, let Yi = Y(x, ξ(i)) and E[Y] = Eξ[Y(x, ξ)]. Note that Y(x, ξ(i)) ∈ [0, 1]

and Eξ[Y(x, ξ)] = E(x). Thus, given a desired confidence level 1− δ and margin t chosen

according to (4.2), we evaluate the empirical feasibility Ê(x,Ξ) and check if

Ê(x,Ξ) + t ⩽ ϵ (4.3)

holds. If satisfied, by Hoeffding’s inequality, x is declared to be empirically feasible to the

chance-constrained problem with confidence 1− δ.
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4.1.2 Challenge 2: Non-i.i.d. realizations of Y(x, ξ(i))

The second less obvious, but more complex challenge is related to the fact that we evaluate

Ê(x,Ξ) multiple times on the same set of samples, Ξ. After obtaining the first candidate

solution x1, the evaluated indicator random variables Y(x1, ξ(i)) are i.i.d. because the

uncertainty samples ξ(i) are i.i.d. uncertainty samples. However, in each subsequent

iteration j > 1, because s is adjusted based on the empirical violation probability of the

previous solution, xj is a function of the previous solution xj−1 as well as the samples.

Consequently, the random variables Y(xj, ξ(i)) are no longer i.i.d. for all subsequent

iterations j > 1. Therefore, the empirical violation probability estimated in these iterations

Ê(x1,Ξ) is not an unbiased estimator of E(x). Consequently, in iterations j > 1, we cannot

apply Hoeffding’s inequality to assess feasibility.

Note that this i.i.d. issue could be resolved by drawing a new sample set in every

iteration. However, this would require much more data and may pose convergence issues

for the algorithm. We therefore limit our analysis to algorithms where the same sample

set is used throughout for tuning.

4.2 two-step tuning approach

These aforementioned challenges associated with tuning chance-constrained formulations

are not unique to our tuning approach proposed in Chapter 3, but also affect other

methods that rely on tuning to obtain solutions to chance constrained problems. In the

following, we propose a method to address these drawbacks.

To address the issue of non-i.i.d. sample data in the tuning process, we propose a

two-step method to recover feasibility guarantees for tuning-based methods. This two-step

method uses two i.i.d. drawn sample sets Ξ1 = {ξ(1), . . . , ξ(N1)} and Ξ2 = {ξ(1), . . . , ξ(N2)},
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where N1 +N2 = N, where N is the total number of available samples. The algorithm

consists of: (i) a solution generation step that utilizes a tuning method to obtain a solution to

the chance-constrained problem (2.1) using the first sample set Ξ1, and (ii) an a posteriori

solution verification step to guarantee solution feasibility using the second sample set Ξ2.

4.2.1 Solution generation step

In the solution generation step, we run a tuning algorithm, but instead of using the empirical

feasibility criterion (3.10), we define a new empirical feasibility criterion that modifies

our original criterion (3.10) by including a tuning margin ttune ∈ (0, ϵ]

Ê(x,Ξ1) + ttune ⩽ ϵ. (4.4)

We run the tuning algorithm to termination using this criterion and return the lowest cost

solution that satisfies (4.4), denoted using x∗. Note that even if we chose ttune according to

(4.2), this solution will not have the probabilistic feasibility guarantee given by Hoeffding’s

inequality (Theorem 4.1). This is a result of Challenge 2 (4.1.2), i.e., that the indicator

random variables Y(x∗, ξ(i)) evaluated on the resulting solution x∗ are not i.i.d. and

therefore do not satisfy the assumptions required for Hoeffding’s inequality.

4.2.2 Solution verification step

In the solution verification step, we use the other sample set Ξ2 to perform an a posteriori

verification of the feasibility criterion for the solution x∗. We choose a desired confidence

level δt ∈ [0, 1] and verification margin t ∈ R+ according to Hoeffding’s inequality (4.2),
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based on the sample size N2 = |Ξ2|. We then check whether the solution x∗ satisfies the

following criterion

Ê(x∗,Ξ2) + t ⩽ ϵ. (4.5)

If the criterion is not satisfied, we discard the solution and declare that the algorithm

did not find a solution. Otherwise, if satisfied, we can declare the solution as feasible to

the original chance constraint (2.1) with probability at least 1− δt. This gives rise to the

following a posteriori probabilistic guarantee.

Claim 4.2. (A posteriori feasibility guarantee, [HR22].) Let x∗ be a solution obtained from the

two-step tuning algorithm. If x∗ satisfies the a posteriori solution verification criterion (4.5)

Ê(x∗,Ξ2) + t ⩽ ϵ,

where t ⩾
√

1
2N ln 1

δt
, then the solution x∗ is feasible to the original chance constraint (2.1) with

probability at least 1− δt, i.e.,

Pξ

(
E(x∗) ⩽ ϵ | Ê(x∗,Ξ2) + t ⩽ ϵ

)
⩾ 1− δt. (4.6)

Proof. The proof follows directly from Hoeffding’s inequality [Hoe63].

We note that this a posteriori feasibility result applies to any solution x∗, regardless of

the method used to obtain it. However, an issue that arises is that in the event that the

verification feasibility criterion (4.5) is not satisfied by the solution x∗, we cannot “go back”

and choose a different ttune. As a result, x∗ would not have any feasibility guarantees

with respect to the original chance constraint (2.1b). Thus, the main remaining challenge

is how to choose the tuning margin ttune before we begin the solution generation step such

that the solution will likely satisfy (4.5). By relating these two margins, we are able to

take a step towards a priori feasibility guarantees for the tuning-based algorithms. This is

analyzed in the subsequent section.
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4.3 choosing the tuning margin

To support our subsequent analysis, we first provide a few basic claims and assumptions.

First, consider the probability that a solution x∗ obtained from the tuning process,

which will satisfies the tuning feasibility criterion (4.4) by design, will satisfy the a

posteriori verification feasibility criterion (4.5).

Claim 4.3. Let Ξ1 and Ξ2 be the tuning and verification sample sets, respectively. A solution x∗

obtained from the solution generation step satisfies the following inequality

Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣Ê(x∗,Ξ1) + ttune ⩽ ϵ
)
⩾ Pξ

(
Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune

)
. (4.7)

Proof. The left hand side denotes the probability in which the verification criterion

Ê(x,Ξ2) + t ⩽ ϵ holds for a solution x∗ given that the tuning criterion holds Ê(x,Ξ2) +

ttune ⩽ ϵ. We can partition this into the situation in which: (i) Ê(x,Ξ2) + t ⩽ Ê(x,Ξ2) +

ttune ⩽ ϵ or (ii) Ê(x,Ξ2) + ttune ⩽ Ê(x,Ξ2) + ttune ⩽ ϵ. Therefore, we obtain the following

upper bound

Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

= Pξ

(
Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune ⩽ ϵ

)
+ Pξ

(
Ê(x∗,Ξ1) + ttune ⩽ Ê(x∗,Ξ2) + t ⩽ ϵ

)
⩾ Pξ

(
Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune

)
,

where the third line results from the non-negativity of probabilities.

The results detailed in the remainder of the section rely on the following assumption:

Assumption 1. (Approximately unbiased estimator.) We assume that it is a good approxima-

tion to treat Ê(x∗,Ξ1) as an unbiased estimator of the violation probability ϵ of x∗.
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In other words, we assume that x∗ is not dependent on Ξ1, which implies that Ê(x∗,Ξ1)

is an unbiased estimator of the violation probability ϵ of x∗. We recognize that this

assumption contradict the issue we highlighted with ”Challenge 2” in Section 4.1.2 and

therefore the following results do not rigorously provide a priori feasibility guarantees

for the two-step tuning algorithm. However, we emphasize that the a posteriori feasibility

guarantee (Claim 4.2) holds regardless of whether this Assumption 1 is satisfied.

Furthermore, we conjecture (and later empirically verify) that the bias of Ê(x∗,Ξ1) is

typically small and use Assumption 1 in our analysis. The subsequent results provide

guidance on how to a priori choose the tuning and verification margins such that the a

posteriori feasibility guarantee will be likely to hold in practice and takes a step towards

providing an a priori guarantee on solution feasibility for this two-step tuning algorithm.

In the following, we analyze three choices of tuning and verification margins, ttune

and t, and how they impact the probability of passing the a posteriori verification test

(4.5). In the first two cases, we assume the samples are split equally between the two

steps, i.e., N1 = N2 = N/2, where N is the total number of samples available. In the third

case, we let N1 ̸= N2, which results in margins that are parameterized the number of

samples, i.e., ttune(N1) and t(N2).

4.3.1 Equal margins

In the first scenario, we use an equal number of samples and equal margins in each step,

i.e., ttune = t.

Claim 4.4. (Equal margins.) Let the margins be ttune = t and the desired violation probability be

ϵ. Under Assumption 1, the probability that a solution x∗ satisfying the tuning feasibility criterion

(4.4) will satisfy the a posteriori feasibility criterion (4.5) is at least 0.5, i.e.,

Pξ

(
Ê(x∗,Ξ2) + t > ϵ

∣∣Ê(x∗,Ξ1) + ttune > ϵ
)
⩾ 0.5. (4.8)
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Proof.

Pξ

(
Ê(x∗,Ξ2) + t > ϵ

∣∣Ê(x∗,Ξ1) + ttune > ϵ
)

(4.9)

⩾ Pξ

(
Ê(x∗,Ξ2) + t > Ê(x∗,Ξ1) + ttune

)
(4.10)

= Pξ

(
Ê(x∗,Ξ2) > Ê(x∗,Ξ1)

)
(4.11)

= 0.5. (4.12)

The first inequality results from Claim 4.3. The first equality holds due to t = ttune and

the second equality holds from Assumption 1.

Note that if Assumption 1 is inaccurate, the second equality will not hold. The result

will depend on which direction that tuning biases the evaluated empirical violation

probability.

4.3.2 Unequal margin

In many cases, we want a higher probability that 0.5 of passing the verification feasibility

criterion (4.5). Recognize that it does not make sense for the tuning margin to be less than

the verification margin, ttune < t, since we would end up with a lower probability than

0.5. Instead, we define ttune = t+ k, where k ∈ R+ can be thought of as an additional

margin that increases the probability of passing the a posteriori feasibility check.

Claim 4.5. (Unequal margins.) Under Assumption 1, if we choose ttune ⩾ t+ k with

k ⩾

√
1

N1
ln

1

β
, (4.13)
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where β ∈ [0, 1], a solution x∗ from the tuning step will satisfy the a posteriori feasibility criterion

with 1−β confidence, i.e.,

Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣Ê(x∗ Ξ1) + ttune ⩽ ϵ
)
⩾ 1−β. (4.14)

Proof. First, we define the random variable

Z(x∗, ξ(i), ξ(j))) := Y(x∗, ξ(i)) − Y(x∗, ξ(j)) (4.15)

to represent whether two i.i.d. samples ξ(i) and ξ(j) both lead to violations or satisfaction

of the constraint g(x∗, ξ) ⩽ 0, i.e., Z(x∗, ξ(i), ξ(j))) = 0 if both samples lead to the same

outcome and Z(x∗, ξ(i), ξ(j))) = 1 otherwise. If ξ(i) and ξ(j) are i.i.d. samples drawn form

the same distribution and x∗ is not dependent on either sample, then by Assumption 1,

Eξ

[
Z(x∗, ξ(i), ξ(j)))

]
= Eξ

[
Y(x∗, ξ(i))

]
− Eξ

[
Y(x∗, ξ(j))

]
= 0. (4.16)

Note that when Assumption 1 is not satisfied, then Eξ[Z(x∗, ξ(i), ξ(j)))] ̸= 0 and can be

interpreted as the expected bias of Ê(x∗,Ξ1) as an estimator of E(x∗).
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Next, we can bound the left hand side of 4.14 as follows

Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

⩾ Pξ

(
Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune

)
⩾ Pξ

(
Ê(x,Ξ2) − Ê(x,Ξ1) ⩽ k

)
= Pξ

 1

N1

N1∑
i=1

Y(x∗, ξ(i)) −
1

N1

N1∑
j=1

Y(x∗, ξ(j)) ⩽ k


= Pξ

 1

N1

N1∑
i=1,j=1

Z(x∗, ξ(i), ξ(j)) ⩽ k


= Pξ

 1

N1

N1∑
i=1,j=1

Z(x∗, ξ(i), ξ(j)) − E[Z(x∗, ξ(i), ξ(j))] ⩽ k


⩾ 1− exp(N1k

2).

The first inequality follows from Claim 4.3 and the second inequality follows from the

definition of ttune = t+ k. The next equalities result from (3.7), (4.15), and (4.16). The final

inequality results from Hoeffding’s inequality [Hoe63], since k > 0 and random variables

Z(x∗, ξ(i), ξ(j))) are i.i.d. and bounded on [−1, 1]. By choosing k according to (4.13), we

obtain the 1−β confidence level.

Therefore, from Claim 4.5, by choosing k =
√

(1/N1) ln(1/β), a solution x∗ generated

from the tuning step will satisfy the a posteriori feasibility criterion with 1−β confidence.

Remark 4.6. With k = 0, we obtain β = 1, which indicates that we have no confidence that our

solution x∗ will satisfy the a posteriori feasibility check. However, Claim 4.4 shows that k = 0

actually provides a feasible solution with probability 0.5. This shows that the bound in Claim 4.5

is very conservative.



58

4.3.3 Unequal sample split

We can also split the available samples unequally between the two steps, i.e., N1 ̸= N2.

Because N1 ̸= N2, the bound in Claim 4.5 is not applicable due to the use of random

variable Z(x∗, ξ(i), ξ(j)) in the derivation.

In this case, when defining the margins according to (4.2), the margins will be param-

eterized by the sample sizes, i.e.,

ttune(N1) =

√
1

2N1
ln

1

δ
(4.17)

t(N2) =

√
1

2N2
ln

1

δ
. (4.18)

When N2 > N1, we expect less variance in the verification step evaluation of E(x∗,Ξ2)

than in the evaluation of E(x∗,Ξ1). This is reflected in having a smaller margin in the

verification step than in the tuning step, with t(N2) < ttune(N1). As a result, using more

samples in the verification step has a similar effect as the use of the additional margin k

in Section 4.3.2 and should increase the confidence that a solution from tuning will satisfy

the verification feasibility criterion. On the other hand, when N2 < N1, the margins follow

t(N2) > ttune(N1). Thus, similarly to the previous results, we expect a low probability

that a solution would satisfy the a posteriori feasibility criterion.

This difference has a similar effect as the margin k in the previous section and will

increase the confidence that the solution will satisfy the a posteriori feasibility criterion.

However, we expect this effect to be even more pronounced because E(x∗,Ξ2) will follow

a distribution which is more concentrated and has less variability than E(x∗,Ξ1) due to

the higher number of samples.
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4.4 a priori feasibility guarantee

Under Assumption 1, we provide a heuristic guarantee that the solution x∗ obtained with

our two-step method will be feasible both in the verification step and to the original

chance-constrained problem (2.1).

Claim 4.7. Under Assumption 1 and for margins ttune = t + k, t ⩾
√

1
2N1

ln 1
δt

, and k ⩾√
1
N1

ln 1
β , the probability that a solution x∗ obtained from the two-step tuning process is feasible

to the original chance-constrained problem (2.1) is at least (1− δt)(1−β), i.e.,

Pξ

(
E(x∗) ⩽ ϵ|Ê(x∗,Ξ1) + ttune ⩽ ϵ

)
⩾ (1− δt)(1−β).

Proof. First, we note that the conditional event Ê(x∗,Ξ1) + ttune ⩽ ϵ (i.e., the event in

which the solution x∗ satisfies the tuning criterion (4.4)) can be partitioned into the events

where (i) x∗ satisfies the tuning criterion and the verification criterion or (ii) x∗ satisfies

the tuning criterion but not the verification criterion. Using this, we apply the law of total

probability to obtain (4.19b).

Pξ

(
E(x∗) ⩽ ϵ

∣∣ Ê(x∗,Ξ1

)
+ ttune ⩽ ϵ) (4.19a)

= Pξ

(
E(x∗) ⩽ ϵ

∣∣ ((Ê(x∗,Ξ1) + ttune ⩽ ϵ
)
∩
(
Ê(x∗,Ξ2) + t ⩽ ϵ

)))
· Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣ Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

(4.19b)

+ Pξ

(
E(x∗) ⩽ ϵ

∣∣ ((Ê(x∗,Ξ1) + ttune ⩽ ϵ
)
∩
(
Ê(x∗,Ξ2) + t ⩾ ϵ

)))
· Pξ

(
Ê(x∗,Ξ2) + t ⩾ ϵ

∣∣ Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

⩾ Pξ

(
E(x∗) ⩽ ϵ

∣∣ ((Ê(x∗,Ξ1) + ttune ⩽ ϵ
)
∩
(
Ê(x∗,Ξ2) + t ⩽ ϵ

)))
(4.19c)

· Pξ

(
Ê(x∗,Ξ2) + t ⩽ ϵ

∣∣ Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

.
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The inequality in (4.19c) is obtained by dropping the second part of (4.19b).

The first term in (4.19c) can be bounded as follows

Pξ

(
E(x∗) ⩽ ϵ

∣∣ ((Ê(x∗,Ξ1) + ttune ⩽ ϵ
)
∩
(
Ê(x∗,Ξ2) + t ⩽ ϵ

)))
(4.20a)

= Pξ

(
E(x∗) ⩽ ϵ

∣∣ Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

(4.20b)

+ Pξ

(
E(x∗) ⩽ ϵ

∣∣ Ê(x∗,Ξ1) + ttune ⩽ Ê(x∗,Ξ2) + t ⩽ ϵ
)

⩾ Pξ

(
E(x∗) ⩽ ϵ

∣∣ Ê(x∗,Ξ2) + t ⩽ Ê(x∗,Ξ1) + ttune ⩽ ϵ
)

(4.20c)

⩾ Pξ

(
E(x∗) ⩽ Ê(x∗,Ξ2) + t

)
(4.20d)

⩾ 1− δt. (4.20e)

Here, the equality holds because the event where both the tuning and verification

criterion hold happens when either Ê(x∗,Ξ1) + ttune ⩽ Ê(x∗,Ξ2) + t ⩽ ϵ or Ê(x∗,Ξ2) + t ⩽

Ê(x∗,Ξ1) + ttune ⩽ ϵ. The second inequality holds since the event in (4.20d) is a subset of

the event in (4.20c).

Remark 4.8. The above proof relies on Claim 4.5, which uses Assumption 1. However, making

this assumption allows us to apply Hoeffding’s inequality to Ê(x∗,Ξ1) and obtain a bound on the

probability that x∗ is feasible to the chance-constrained problem

Pξ(E(x∗) ⩽ ϵ) (4.21a)

= Pξ(E(x∗) ⩽ ϵ|Ê(x∗,Ξ1) + ttune ⩽ ϵ)Pξ(Ê(x∗,Ξ1) + ttune ⩽ ϵ) (4.21b)

⩾ (1− δt)(1−β)(1− δtune). (4.21c)

While this above bound does not rigorously hold due to the use of Assumption 1, the

resulting confidence level can be used to guide our choice of margin parameters.
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Parameters Feasible solutions Cost

1−β ttune t k Algorithm Out-of-sample Avg Avg (feas) Min Max

Equal margins - 0.0215 0.0215 - 497/1000 1000/1000 42,740 42,698 42,790

Unequal margins 0.05 0.0247 0.0215 0.0032 340/400 400/400 42,763 42,766 42,726 42,810

0.25 0.0291 0.0215 0.0076 398/400 400/400 42,798 42,796 42,737 42,849

0.5 0.0332 0.0215 0.0118 400/400 400/400 42,835 42,835 42,775 42,894

0.9 0.0429 0.0215 0.0213 400/400 400/400 42,972 42,973 42,890 43,053

0.95 0.0459 0.0215 0.0245 400/400 400/400 43,057 43,056 42,955 43,184

Table 4.1: Results using an even sample split N1 = N2 = 5, 000, with equal tuning margins ttune = t and unequal tuning margins
ttune = t+ k.

Sample split Parameters Feasible solutions Cost

N1 N2 ttune t Algorithm Out-of-sample Avg St dev Min Max Avg feas

7, 000 3, 000 0.0181 0.0277 1/100 100/100 42, 720 11.9 42, 698 42, 785 42, 153
4, 000 6, 000 0.024 0.0196 93/100 100/100 42, 755 18.3 42, 710 42, 802 42, 758
1, 000 9, 000 0.048 0.016 100/100 100/100 43, 160 97.9 42, 900 43, 447 42, 739

Table 4.2: Solutions obtained with an uneven sample split N1 ̸= N2 and margins ttune(N1) and t(N2).
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4.5 case study i : tuning margins

The following case study assesses how the choice of margins used in the solution genera-

tion and verification steps affects algorithm performance in terms of solution feasibility.

We look at the cases where the margins are equal ttune = t, the margins are defined by

ttune = t+ k, and the margins are defined by an un-even sample split. All simulations

in this section are performed on the IEEE RTS96 24-bus system [Gri+99], with the same

modifications and non-Gaussian synthetic uncertainty data as described in Section 3.3.4.

For the solution generation step, the same approximate optimization model, solution

evaluation process, and bisection tuning scheme as presented in Section 3.2 is used.

4.5.1 Equal margins

We first examine the case with equal tuning and verification margins ttune = t = 0.0215.

We use a desired ϵ = 0.05, a confidence level δ = 0.01, and assume availability of

N1 = N2 = 5, 000 samples. We run 1,000 replications of the algorithm (assuming a new

set of N1 +N2 = 10, 000 samples in each replication) and present the results in the top

section of Table 4.1.

Our algorithm results in solutions that satisfy the a posteriori verification criterion

for 497/1000 replications. This is consistent with our theoretical result (4.8), indicating

that the bias of ÊG(x
∗,Ξ1) is small. In the out-of-sample evaluation, we observe that

1000/1000 replications result in solutions that satisfy Ê(x∗,Ξoos) ⩽ ϵ, which highlights the

conservatism of Hoeffding’s bound.
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4.5.2 Unequal margins

We next investigate how using an extra tuning margin increases the probability of

obtaining solutions that satisfy the test criterion (4.5) in the verification step. Here, we

again define the verification margin t = 0.0215 according to (4.2) but choose the tuning

margin to be ttune = t+ k with k =
√

(1/N1) ln 1/β, where 1−β is the confidence level

that a solution generated from tuning satisfies the a posteriori check. We use confidence

values 1−β = {0.05, 0.25, 0.5, 0.9, 0.95} and perform 400 replications of the algorithm. The

results are reported in the bottom section of Table 4.1. We also perform an out-of-sample

evaluation of the solution x∗ to approximate the true violation probability of x∗, denoted

by Ê(x∗,Ξoos). We compare the result with the desired ϵ to estimate whether x∗ is feasible

to original JCC-OPF problem (reported in the “out-sample” row).

In Table 4.1, for 1−β ⩾ 0.5, all replications result in solutions that satisfy the a poste-

riori check. For confidence values 1−β = {0.05, 0.25}, the actual proportion of solutions

passing the a posteriori check is 0.85 and 0.995, respectively. Our main observation is that

the portion of replications satisfying the a posteriori criterion (4.5) is thus significantly

higher than 1− β, indicating that our bound is conservative. In particular, we see that

for 1−β ⩾ 0.5, all replications result in solutions that satisfy the a posteriori check. For

confidence values 1− β = {0.05, 0.25}, the actual proportion of solutions passing the a

posteriori check is 0.85 and 0.995, respectively.

In terms of the cost of solutions resulting from the different confidence guarantees,

we observe that the cost does varies, but only slightly with different levels of confidence,

with a maximum difference of less than 1%. This indicates that we can obtain solutions

with higher confidence guarantees but little increase in total cost.

Finally, in the out-of-sample evaluation, for all confidence values and all runs, the

algorithm results in solutions satisfying Ê(x∗,Ξoos) ⩽ ϵ, indicating that our method does

result in conservative solutions.
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4.5.3 Un-even sample split

We look at the case where N1 ̸= N2, which results in different tuning and verification

margins, as given by (4.17). Table 4.2 shows the choices of N1 and N2, the margins, and

algorithm outcomes. We first observe that when N1 > N2, and subsequently ttune(N1) <

t(N2), only 1/100 replications attain a final solution that passes the a posteriori check. In

contrast, when N1 < N2 and ttune(N1) > t(N2), a very high fraction of the solutions pass

the a posteriori feasibility check (93/100 and 100/100, respectively). This demonstrates

the benefits of using more samples in the verification step and validates our expectations.

Comparing the cost of the solutions obtained with different sample splits, we observe

that using a higher number of samples in the tuning step leads to a lower average cost

and lower variance. This is as expected, because (i) the tuning margin ttune(N1) is smaller

and (ii) using more samples result in less variance in the empirical violation evaluation.

However, as discussed above, these lower cost solutions also have a lower probability of

passing the feasibility check in the verification stage because t(N2) is larger.

We next compare the solutions obtained with the different sample splits in Table 4.2

with solutions obtained with the different margins k in Table 4.1. We observe that solutions

obtained with sample split N1 = 4000,N2 = 6000 provides both lower average cost and

higher feasibility, as compared with solutions obtained with confidence 1−β = 0.05. On

the other hand, a sample split N1 = 1000,N2 = 9000 provide solutions with higher average

cost than any of the solutions with similar levels of feasibility 1−β = {0.05, 0.9, 0.95}. This

indicates that if we choose the sample split carefully, we can obtain better solutions than

by introducing margin k.
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4.6 case study ii : performance comparison

Next, we compare the performance of our two-step tuning algorithm against the scenario

approach on various test systems. We investigate the performance and scalability of the

two-step tuning algorithm by comparing its performance against the scenario approach

applied to the IEEE RTS96 24-bus network and using uncertainty data as described in

Section 3.3.4.

The scenario approach replaces the original problem with a reformulation that enforces

feasibility of all constraints for NSA i.i.d. uncertainty samples. The scenario approach

problem formulation used is presented in Appendix A.1. Given n decision variables, we

use

NSA ⩾
1

ϵ

(
n+ ln

(
1

δSA

)
+

√
2n ln

1

δSA

)
(4.22)

samples for the scenario approach, which provides an a priori guarantee that the solution

satisfies the joint chance constraint with confidence at least 1− δSA [ATL10].

We use parameters ϵ = 0.05, δtune = δt = β = 0.001, and δs = 0.003. In order to ensure

a fair comparison between the methods, for the scenario approach, we use a confidence

level of

1− δSA = (1− δt)(1−β)(1− δtune) = 0.002. (4.23)

With n = 33 decision variables in the IEEE RTS96 test case, the scenario approach requires

NSA = 1, 168 samples to achieve confidence 1− δs. For the two-step tuning approach, we

use N1 = N2 = 25, 000, resulting in parameters ttune = 0.0201, t = 0.0083, and k = 0.0118.

In Table 4.3, we compare the average and standard deviation of the solution costs

across 100 replications, as well as the empirical violation evaluated on an out-of-sample set
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Cost Violation probability

Average St dev Average St dev

Tuning method 42,731 5.2 0.0297 0.0012

Scenario approach 43,144 103.5 0.0039 0.0020

Table 4.3: Comparison of tuning algorithm with the scenario approach. The average and standard
deviations of the cost (objective) and out-of-sample violation probability for 100 algorithm replica-
tions are reported.

with 100, 000 samples for each replication. With these parameters, all solutions generated

by the two-step tuning method satisfy the a posteriori feasibility test (4.5), and are thus

feasible with probability 1− δ = 0.999.

We observe that the two-step tuning algorithm achieves about a 1% lower average cost

than the scenario approach and a much smaller standard deviation in solution costs across

replications. The average out-of-sample violation probabilities are 0.0297 and 0.0039 for

solutions obtained from the two-step tuning method and scenario approach, respectively,

and again our tuning method results in lower variance than the scenario approach. From

this, we see that solutions obtained from tuning are significantly less conservative, with

lower cost and higher out-of-sample empirical violation. The two-step tuning approach

also provides more consistent solutions, as indicated by the lower standard deviations,

as a consequence of its ability to leverage the information available in the larger set

of samples. Moreover, the lower standard deviations can also indicate that the tuning

method may provide solutions that are less dependent on the sample set, as a result of

not using the uncertainty samples within the optimizaiton problem itself.

Although the solutions of the two-step tuning method are more desireable, the

method suffers from the drawback that it requires significantly higher number of samples

compared to the scenario approach (in this case, 50, 000 samples compared to 1, 190) to

ensure the tuning and verification margins are small enough compared to ϵ. On the other

hand, while the samples required for the tuning method is independent of the size of the
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optimization problem, the number of samples needed for the scenario approach scales

with the number of decision variables, which may be problematic for problems with large

amounts of decision variables, e.g., AC OPF. Furthermore, the scenario approach generally

cannot use additional samples even when available, as a large number of samples can

make the resulting optimization problem intractable and/or the resulting solution overly

conservative.

4.7 conclusion

In this chapter, we first highlight two significant challenges associated with obtaining

feasibility guarantees for tuning-based algorithms of chance-constrained problems, such

as the algorithm proposed in Chapter 3. To combat these challenges, a two-step tuning

framework is proposed, where a tuning-based solution generation step is followed

by a solution verification step that uses an out-of-sample uncertainty set to provide

probabilistic feasibility guarantees on the resulting solution. The solution verification

step allows us to obtain an a posteriori feasibility guarantee on solutions identified using

tuning algorithms, including the bisection search-based tuning algorithm from Chapter 3.

We then provide theoretical results that give guidance on how to adapt the feasibility

criteria used in the solution generation and verification steps to increase the probability

that the resulting solutions be feasible in the verification step. While these results rely

on a limiting assumption which, the analysis takes us a step towards providing a priori

probabilistic feasibility guarantees for tuning based methods.

Finally, we apply our two-step tuning method to the joint chance-constrained DC OPF

problem, obtaining numerical results supporting our theoretical conclusions. We further

demonstrate that tuning is able to obtain less conservative solutions compared to the

scenario approach.
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5 tuning with probablistic guarantees :
extensions and analysis

This chapter extends the results of the two-step tuning algorithm presented in the previous

chapter. We use theoretical analyses and numerical examples to analyze the strengths and

limitations of the two-step tuning algorithm in order to characterize settings where our

tuning algorithm can be best applied.

This chapter aims to address the following open challenges:

(i) In Chapter 4, we obtained a heuristic a priori feasibility result for solutions obtained

via tuning. Due to the reliance on the assumption that the empirical violation

probability in the solution generation step is an approximately unbiased estimator

(Assumption 1), we were unable to derive a rigorous a priori feasibility guarantee.

In this chapter, we provide a methodology to empirically test the validity of this

assumption in practice. We subsequently demonstrate that for the joint chance-

constrained OPF problem, using the bisection search tuning procedure and moment-

based reformulation proposed in Chapter 3, the assumption is mostly mild.

(ii) We next examine the relationship between sample set size and the expected solution

conservativeness for the tuning algorithm. The a priori feasibility result (Claim

4.7) of Chapter 4 implied that with access to more data, we would be able to

obtain higher quality, less conservative solutions by using lower margins. This is

in contrast to alternative sample-based methods for solving chance-constrained

problems discussed in Section 2.4.2, where increasing sample sizes may lead to over-

conservativeness or computational intractability. We first derive the required sample
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complexity of the two-step tuning method and characterize the relationship between

the number of samples used in the algorithm and the expected conservativeness of

the resulting solution. We demonstrate that for large scale optimization problems

with large amounts of decision variables, our tuning method is more sample efficient

than a comparable method, the scenario approach.

(iii) Finally, we extend the numerical performance results presented in Section 4.6 by

applying the tuning algorithm to solve chance-constrained DC OPF for larger test

systems, namely the IEEE 118 bus system [CWW00] and Polish Winter Peak test case

with 2,383 buses [ZMT11]. We demonstrate the scalability of the tuning algorithm

by benchmarking the algorithm run time and solution optimality and feasibility

against the scenario approach and CVaR inner approximation [NS07] solved using

the sample average approximation method.

5.1 analysis of approximately un-biased assump-

tion

In this section, we propose two methods that can be used to assess whether the approxi-

mately unbiased estimator assumption (Assumption 1) is appropriate to make in practical

use cases.

5.1.1 Empirical distribution assessment

Let x∗ be a solution obtained from a single run of the tuning algorithm. Let Y(x∗,Ξ1) and

Y(x∗,Ξ2) denote the sets of indicator random variables obtained from evaluating solution
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x∗ on the tuning sample set Ξ1 and the verification sample set Ξ2, respectively. Let N1 and

N2 be the number of samples in each corresponding sample set.

We expand on the result from previous work [HR22], which assessed the bias of

estimator Ê(x∗,Ξ1) by plotting and analyzing the distribution of

Z(x∗,Ξ1,Ξ2) := Ê(x∗,Ξ1) − Ê(x∗,Ξ2). (5.1)

Claim 5.1. In the case where Assumption 1 holds, we claim that

E[Z(x∗,Ξ1,Ξ2)] = 0. (5.2)

Proof. Assumption 1 implies that the indicator random variables in sets Y(x∗,Ξ1) and

Y(x∗,Ξ2) follow the same Bernoulli distribution, i.e., the Bernoulli parameter and expected

value of the indicator random variables are the same. It follows that

E[Z(x∗,Ξ1,Ξ2)] = E[Ê(x∗,Ξ1) − Ê(x∗,Ξ2)] (5.3)

= E

[
1

N

N∑
i=1

Y(x∗, ξ(i)1 ) −
1

N

N∑
i=1

Y(x∗, ξ(i)2 )

]
(5.4)

=
1

N

N∑
i=1

(
E[Y(x∗, ξ(i)1 )] − E[Y(x∗, ξ(i)2 )]

)
(5.5)

= 0. (5.6)

Claim 5.2. In the case where where Assumption 1 holds, we claim that Z(x∗,Ξ1,Ξ2) follows a

normal distribution with zero mean.

Proof. By Assumption 1, Ê(x∗,Ξ1) and Ê(x∗,Ξ2) are sample means both estimating the

true violation probability E(x∗), i.e., they are calculated as the sum of random variables

drawn from the same distribution. As a consequence of the central limit theorem, with a
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sufficiently large number of samples, the sample means are normally distributed. Thus,

Z(x∗,Ξ1,Ξ2) is normally distributed since the subtraction of two normal distributions also

follows a normal distribution.

Since we only have access to the samples Y(x∗,Ξ1) and Y(x∗,Ξ2), we are limited to

empirically assessing whether the distribution of Z(x∗,Ξ1,Ξ2) is a normally distributed

with zero mean. To do so, we can run a large number of replications of the two-step

tuning algorithm to obtain an empirical distribution of Z(x∗,Ξ1,Ξ2) and inspect whether

it is normally distributed with zero mean. In the case that Ê(x∗,Ξ1) is biased, we would

expect to see a non-zero mean and/or a non-normal distribution (e.g., a non-symmetric

distribution). The case study presented at the end of the section provides a methodology

for performing this assessment.

5.1.2 Hypothesis testing

We propose a more rigorous alternative to assessing the bias of Ê(x∗,Ξ1) via the use

of statistical hypothesis testing. Let use p1 and p2 to denote the Bernoulli random

variable parameters for sets Y(x∗,Ξ1) and Y(x∗,Ξ2). We can perform a Wald test [Wal45] to

determine whether there is statistically significant evidence that the two sets of samples

are drawn from different Bernoulli distribution (i.e., p1 ̸= p2). We define our null hypothesis

H0 : p1 = p2

as the case where the Bernoulli parameters are equal. This corresponds to the interpreta-

tion that the sample sets Y(x∗,Ξ1) and Y(x∗,Ξ2) follow the same distribution, implying
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that Ê(x∗,Ξ1) and Ê(x∗,Ξ2) are both unbiased estimators of the violation probability of

solution x∗. Our alternative hypothesis

H1 : p1 ̸= p2

corresponds to the case that the Bernoulli parameters are not equal. In this case, there is

statistically significant evidence that the sample sets Y(x∗,Ξ1) and Y(x∗,Ξ2) do not follow

the same distribution. Because we know that Ê(x∗,Ξ2) is an unbiased estimator of the

violation probability, this result would imply that Ê(x∗,Ξ1) is not an unbiased estimator

of the violation probability of x∗.

To perform this hypothesis test, we first calculate Wald statistic using the sample sets

Y(x∗,Ξ1) and Y(x∗,Ξ2) as follows

W :=
p̂1 − p̂2√

p̂1(1−p̂1)+p̂2(1−p̂2)
N

, (5.7)

where p̂1 := Ê(x∗,Ξ1) and p̂2 := Ê(x∗,Ξ2) are the evaluated empirical means of the

respective sample sets. Then, for a specified significance level 0 < α < 1, we reject the

null hypothesis H0 in favor of the alternative hypothesis H1 if

|W| > zα/2, (5.8)

where zα/2 = Φ−1(1 − α/2) is the inverse cumulative standard normal distribution

evaluated at 1−α/2. The significance level α denotes the probability we reject the null

hypothesis given the null hypothesis is true. If (5.8) is not satisfied, then we fail to reject

H0. In the case that Ê(x∗,Ξ1) is an unbiased estimator of the violation probability, we

would expect to fail to reject H0, indicating that there is no statistical significance that the

two sample sets come from different underlying Bernoulli distributions.
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5.1.3 Case study: Application to CC DC OPF

We use the methodology presented in Section 5.1 to assess whether the approximate unbi-

ased estimator assumption (Assumption 1) is valid for our implementation of the tuning

algorithm for the chance-constrained DC OPF problem with a joint chance constraint

(3.18). We use the same approximate optimization model, solution evaluation process,

and bisection tuning scheme as presented in Section 3.2 for the solution generation step

and the a posteriori verification step as detailed in Section 4.2.2.

Test system

We use the IEEE 118 bus system [CWW00] with the following modifications from [Roa+17]:

(i) the maximum generation capacity and load are scaled by a factor of 1.25, (ii) the

minimum generation capacity is set to zero, (iii) all loads fluctuate around their forecasted

consumption with a standard deviation of 10% of their forecasted consumption.

We set the desired violation probability of the chance constraint to ϵ = 0.05, which

is a value commonly used in power systems applications. To ensure a high likelihood

that the resulting solution is feasible to the original chance constraint, we use confidence

parameters δtune = δt = β = 0.001. Using Claim 4.7, we calculate the corresponding

margin values ttune and t.

Empirical distribution assessment

We investigate the cases where we use samples sizes N = 2500, N = 5000, and N = 7500

in each step of the tuning process. We perform 250 independent replications of the

algorithm, each using new draws of the sample sets Ξ1 and Ξ2.

We compute the empirical distributions of Z(x∗,Ξ1,Ξ2) based on data from all of the

250 runs of the algorithm for each of the above cases. The resulting histograms are shown

in Figure 5.1. In Table 5.1, we report the mean, median, and 10% and 90% quantiles
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of each distribution. We can observe that for all sample sizes, the mean is negative

with a very small magnitude and the median is zero, demonstrating there exist a very

slight skew to the left. This indicates that the bisection search-based tuning imposes a

slightly conservative bias on the empirical violation probability Ê(x∗,Ξ1). However, we

note that this bias is rather trivial given that the magnitude of the mean of Z(x∗,Ξ1,Ξ2)

(representing the mean difference in the estimated empirical violation probabilities) is

less than 0.01% compared to the the magnitude of the empirical violation probabilities.

Further, the median value of Z(x∗,Ξ1,Ξ2) is zero, indicating that Ê(x∗,Ξ1) is larger than

Ê(x∗,Ξ2) half of the time (as we would expect if they came from the same distribution. As

we increase the sample size, while we observe a decrease in the standard deviation, we

see than the mean and median remain relatively constant.
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Figure 5.1: Plotted is the distribution of Z(x∗,Ξ1,Ξ2) = Ê(x∗,Ξ1) − Ê(x∗,Ξ2) obtained over 250

algorithm replications. Shown are the cases where sample sizes of N = {2500, 5000, 7500} are used
for the tuning and verification sets. A slight leftward skew in the distribution can be observed,
demonstrating a slight negative bias in Z(x∗,Ξ1,Ξ2) for all cases.

Hypothesis testing

Next, we perform the hypothesis test methodology detailed in Section 5.1.2. This hypoth-

esis testing can be done for each individual run, leaving us with 250 different instances

where the hypothesis was either rejected or not rejected. We report the results in Table
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N = 2500 N = 5000 N = 7500

Mean -0.0002 -0.0001 -0.0002

St. dev. 0.0034 0.0031 0.0026

Median 0.0000 0.0000 0.0000

10% quantile -0.0044 -0.0038 -0.0040

90% quantile 0.0044 0.0036 0.0029

Table 5.1: Summary statistics for the values of random variable Z(x∗,Ξ1,Ξ2) = Ê(x∗,Ξ1)− Ê(x∗,Ξ2)
obtained over 250 algorithm replications for the cases where N = {2500, 5000, 7500} samples are
used for the tuning and verification sets.

N = 2500 N = 5000 N = 7500

Fail to reject H0 235/250 237/250 237/250

Reject H0 15/250 13/250 13/250

Table 5.2: Results from performing a hypothesis test to assess whether the sets of indicator random
variables Y(x∗,Ξ1) and Y(x∗,Ξ2) obtained in the solution generation and verification steps come
from the same underlying Bernoulli distribution. Shown are whether the 250 algorithm replications
result in failing to reject the null hypothesis H0 (same distribution) or rejecting the null hypothesis
H0 (different distribution) for the cases when sample sets of size N = {2500, 5000, 7500} are used.

5.2. We observe that for all sample sizes, the majority of replications fail to reject the

null hypothesis. This indicates that for the majority (but not all) of algorithm runs, there

is no statistical significance that the two sample sets come from different underlying

distributions, meaning that for those runs we cannot conclude Ê(x∗,Ξ1) is biased. How-

ever, in about 5% of the instances, the hypothesis is rejected. This implies that in some

cases, depending on the uncertainty samples drawn, the bisection search my result in

overfitting to the tuning samples and subsequently biasing Ê(x∗,Ξ1). We also observe that

as the sample size increases, there is a slight increase in the number of replications that

fail to reject the null hypothesis, indicating that incorporating more data may limit the

possibility of overfitting to the tuning samples.
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5.2 sample complexity and scalability analysis

In this section, we explore the sample complexity required for the tuning method under

various choices of parameters (such as the desired violation probability ϵ and confidence

levels δtune, δt, and β) and number of decision variables. We discuss these results for

general problems, as well as provide specific results for the chance-constrained DC OPF

problem.

5.2.1 Minimum number of samples

We first provide a bound on the sample complexity of the two-step tuning algorithm.

Claim 5.3. The minimum number of samples N required for each step of the two-step tuning

algorithm is

N ⩾ max

{
1

2ϵ2
ln

1

δtune
,
1

ϵ2

(
1

2
ln

1

δt
+ ln

1

β
+

√
2 ln

1

δt
ln

1

β

)}
. (5.9)

Proof. First, in the solution generation step, our goal is to adjust the tuning parameter

such that the resulting solution satisfies the empirical violation criterion (4.4). We also

note that, by definition, the lowest empirical violation probability we can achieve is zero,

i.e., Ê(x∗,Ξ1) ⩾ 0 and Ê(x∗,Ξ2) ⩾ 0, which implies the following upper bounds on the

margins

ϵ ⩾ ttune, (5.10)

ϵ ⩾ t. (5.11)
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The algorithm construction and a priori feasibility guarantee (Claim 4.7) provides a lower

bound on the tuning margin ttune, implying

ϵ ⩾ ttune ⩾

√
1

2N
ln

1

δtune
. (5.12)

Claim 4.7 also requires that ttune ⩾ t+ k and provides lower bounds on the verification

margin t and parameter k, implying

ϵ ⩾ ttune ⩾

√
1

2N
ln

1

δt
+

√
1

N
ln

1

β
. (5.13)

We can then solve equations (5.13) and (5.12) to obtain the required number of samples

N in terms of parameters ϵ, δtune, δt, and β. From equation (5.13), we obtain

N ⩾
1

ϵ2

(
1

2
ln

1

δt
+ ln

1

β
+

√
2 ln

1

δt
ln

1

β

)
. (5.14)

From equation (5.12), we obtain

N ⩾
1

2ϵ2
ln

1

δtune
. (5.15)

Combining these two expressions, we obtain the bound (5.9) on the minimum number of

samples required for each of the two steps of the tuning algorithm.

We observe that the number of samples required has an inverse quadratic dependence

on the desired violation probability ϵ, which may be prohibitive if ϵ is required to be

extremely small.
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5.2.2 Relationship between sample size and solution conservativeness

The above result corresponds to the case where ttune = ϵ, meaning the maximum tuning

margin is used and the tuning algorithm will aim to find a solution with empirical

violation probability close to zero, i.e., Ê(x∗,Ξ1) ⩽ ϵ− ttune = 0. Clearly, this will result in

overly conservative solutions. To obtain less conservative solutions, we would like to use

a smaller tuning margin, which consequently requires a larger number of samples.

Let us define a constant c ∈ [0, 1]. We can define the tuning margin as a function of c

and the desired violation probability ϵ using

ttune := cϵ. (5.16)

By choosing an appropriate constant c, we are effectively able to control the violation

probability of the solution resulting from tuning. In particular, the choice of ttune would

result in tuning a solution to have an empirical violation probability of

Ê(x∗,Ξ1) ⩽ ϵ− ttune = ϵ(1− c). (5.17)

Using (5.16), we can obtain the following sample complexity bound, analogous to

Claim 5.3:

Claim 5.4. Using a tuning margin satisfying ttune = cϵ, where c ∈ [0, 1] is a constant, results in

the following sample complexity bound:

N ⩾ max

{
1

2c2ϵ2
ln

1

δtune
,

1

c2ϵ2

(
1

2
ln

1

δt
+ ln

1

β
+

√
2 ln

1

δt
ln

1

β

)}
. (5.18)

Proof. The proof follows similarly to that of Claim 5.3.
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We note that this sample complexity bound has an inverse quadratic relationship with

the choice of c. We also observe there exists an inverse relationship between the expected

conservativeness of the resulting solution and the number of required samples. E.g., with

a small c, we would expect to obtain a solution with a violation probability closer to

ϵ, meaning a less conservative solution, but a larger sample size requirement (and vice

versa). The benefit of this relationship is that it allows us to obtain improved solutions

with increased access to data. Furthermore, unlike methods that directly incorporate

samples in the problem formulation itself (e.g., the scenario approach), including more

samples in our algorithm is not computationally prohibitive because the data is only used

for an a posteriori evaluation of the generated solutions.

5.2.3 Comparison to the scenario approach

We compare the number of samples required for our method to the number of samples

required for the scenario approach. For the solution of the scenario approach to satisfy

the chance constraint (2.1b) with confidence level (1− δs) ∈ [0, 1], we require at least

NSA ⩾
1

ϵ

(
n+ ln

1

δs
+

√
2n ln

1

δs

)
, (5.19)

samples, where n represents the number of decision variables [ATL10]. In order to

compare this sample complexity against that of the tuning approach, we use a confidence

level of δs := 1− (1− δt)(1−β)(1− δtune).

We can immediately observe that the number of samples required for the scenario

approach scales with only 1/ϵ, compared to 1/ϵ2 required for the tuning approach. Thus,

in the case where the desired violation ϵ is very close to zero, we expect that the scenario

approach will require significantly less samples than the tuning approach. On the other

hand, while the sample complexity of the scenario approach scales linearly with the
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number of decision variables n, the sample complexity of our method does not have such

a dependence. This is particularly advantageous for large scale optimization problems

that have a very high number of decision variables. Finally, unlike our result for the tuning

method (5.18), the sample complexity result for the scenario approach does not have an

explicit relation to conservativeness. However, we observe that the scenario approach

typically results in more conservative solutions as the number of samples used increases.

This is because the scenario approach is formulated such that the resulting solution

must be secure against all uncertainty samples drawn, including potential “worst-case

samples”.

5.2.4 Numerical comparison of sample complexity

We perform a numerical comparison of the number of required samples for the tuning

method to that required for the scenario approach, with the formulation presented in

Appendix A.1. We examine sample complexity as a function of desired violation ϵ and

as a function of the number of decision variables n in the problem. We use confidence

parameters δtune = δt = β = 0.001 for the tuning method. For the scenario approach, we

choose δs = 1− (1− δt)(1−β)(1− δtune) = 0.003.

Sample complexity as a function of ϵ

In Figure 5.2, we plot the sample complexity of the tuning approach for values c = 1,

c = 2/3, and c = 1/2 and the scenario approach against desired violation probabilities

ranging across 0 ⩽ ϵ ⩽ 0.10. We plot cases for the number of decision variables n =

{10, 100, 1000, 10000, 100000}.

For problems with less decision variables, such as n = 10 and n = 100 (plotted in

the yellow and green lines, respectively), the scenario approach requires significantly

less samples than the tuning approach (dark blue line) across all values of c, particularly
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Figure 5.2: We compare the sample complexity of the tuning approach to the scenario approach
for desired violation probability values 0 ⩽ ϵ ⩽ 0.10 and tuning approach constants c = 1, 2/3, 1/2.
We look at cases where the numbers of decision variables are n = 10, 100, 10000, and 10000.
Observe that the tuning approach (dark blue line) always requires less samples that the scenario
approach when there is a large number of decision variables (i.e., n = 10, 000, plotted in light blue).
With less decision variables, the tuning approach will be comparable to the scenario approach in
number of samples when ϵ is high.

for small values of ϵ. However, as ϵ grows, we see that the number of samples required

for the tuning process begins to approach that of the scenario approach. For increased

problem sizes, we see that in certain cases, the tuning approach is more sample efficient

that the scenario approach. For example, for n = 10, 000 decision variables, for all c values

and plotted values of ϵ, the tuning method requires significantly less samples than the

scenario approach.
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Furthermore, we also see that as c decreases, the sample complexity of the tuning

approach increases relative the that of the scenario approach (as evidence by the dark

blue curve moving leftward). For example, if we look at a problem with n = 1000 decision

variables, for the c = 1 case, for values ϵ > 0.0357, the scenario approach requires more

samples. As c decreases, the minimum violation probability ϵ in which the scenario

approach begins to require more samples than tuning increases. For c = 2/3 and c = 1/2,

we see that the violation probability must be ϵ > 0.0405 and ϵ > 0.0722, respectively.
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Figure 5.3: The sample complexity plotted against the number of decision variables for the scenario
approach and tuning approaches with c = {1, 1.5, 2, 3}. The parameters ϵ = 0.05, δtune = δt = β =
0.001, and δs = 0.003 are used.

Sample complexity as a function of c

Next, we assess the size at which an optimization problem may be solved with less

samples using the tuning method in comparison to the scenario approach. In Figure 5.3,

we plot the sample complexity against the number of decision variables while keeping

the desired violation fixed at ϵ = 0.05. We use the sample confidence values as above

(δtune = δt = β = 0.001 and δs = 0.003). We calculate the margin values ttune and t using

Claim 4.7. For the tuning approach, we plot the sample complexity for c = {1, 2/3, 1/2, 1/3}.

We see that using the tuning method with c = 1, the number of samples required will

be less than that required for the scenario approach when n > 706. For c = 2/3, c = 1/2,

and c = 1/3, this becomes true at n > 1, 667, n > 3, 028, and n > 6, 957, respectively.
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We can conclude that when the optimization has a large number of decision variables,

the two-step tuning method will be more sample efficient in comparison to the scenario

approach, even if a lower c value is chosen.

5.2.5 Case study: Sample complexity and scalability for CC DC OPF

This case study assesses the sample complexity necessary for applying the two-step

tuning algorithm to chance-constrained DC OPF with joint chance constraints (3.18) and

compares against a baseline given by the scenario approach. For the tuning approach,

we use the same parameters as in Section 5.2.4, i.e., δtune = δt = β = 0.001 for the tuning

method and δs = 1− (1− δt)(1−β)(1− δtune) = 0.003 for the scenario approach.

For chance-constrained DC OPF, the number of decision variables n is simply the

number of conventional dispatchable generators in the system. As evidenced in Section

5.2, unless the system being analyzed is very large, with the number of generators at

least on the order of thousands, the number of decision variables may not reach the point

where the tuning method becomes more sample efficient than the scenario approach. For

example, the IEEE 118 bus system and Polish test system only have 19 and 327 generators,

respectively. Using the scenario approach to solve chance-constrained DC OPF for these

cases would require less samples than using the tuning approach for any desired level of

conservativeness c ∈ [0, 1].

Looking at other problem variations of optimal power flow, the number of decision

variables can rapidly increase. For example, consider the AC formulation of CC OPF (AC

CC-OPF) presented in [RA17], which has several additional decision variables, including

the voltage magnitude and voltage angle variables for each bus and the active and reactive

generation variables for each generation. The resulting number of decision variables

becomes n = 2|N| + 2|G|, where N and G represent the sets of buses and generators,
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DC formulation AC formulation

Buses n NSA n NSA

IEEE 118 bus 118 19 794 274 6,724

Polish test case 2,383 327 7,889 5420 113,534

C2FEN03411 Industry 3,411 969 21,619 8,760 181,697

C2FEN04601 Synthetic 4,601 408 9,654 10,018 207300

C2FEN10480 Synthetic 10,480 777 17,556 22,514 460,626

C2FEN16955 Industry 16,955 1,868 40,423 37,646 766,264

C2FEN22700 Industry 22,723 4,062 85,701 53,570 1.09× 106

C2FEN31777 Synthetic 31,777 4,663 98,032 72,880 1.47× 106

Table 5.3: For the various synthetic and industry test cases found in [ARP] and [ZMT11], for
the DC and AC formulations of CC OPF, we calculate the number of decision variables n

and minimum number of samples required for the scenario approach NSA. We use parameters
ϵ = 0.05 and δs = 0.003. In comparison, we note that for constant c = 1/2 and parameters
δt = δtune = β = 0.001, the number of samples required for each step of the tuning approach is
32, 209 (equal to 64,418 samples total). Thus, we see that for the AC formulations of all test cases
except the IEEE 118 bus case, using the tuning method would require less samples.

respectively. As a result, solving AC CC OPF using the scenario approach may require

substantially more decision variables than the tuning method.

In Table 5.3, for various synthetic and industry test cases found in [ARP] and [ZMT11],

for both the DC and AC problem formulations, we calculate the number of decision

variables n and minimum number of samples required for the scenario approach NSA.

We see that in all cases, compared to the DC formulation, the AC formulation results in a

much greater number of decision variables (at least one, if not two, orders of magnitude

greater). Furthermore, we can compare this against the tuning approach with constant

c = 1/2, which would require 64, 418 total samples (N = 32, 209 samples for each step).

We observe that for several test cases, using the scenario approach to solve the DC

formulations may require less samples than using the tuning method. However, when

the AC formulations are considered, the tuning approach generally requires significantly

lower numbers of samples than the scenario approach.
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In Figure 5.4, we plot the sample requirements for the AC OPF formulation of the

test cases listed in Table 5.3. For the tuning approach, we plot the number of samples

required for c = 1, 2/3, 1/2, 1/3 using the dark blue, orange, green, and pink horizontal

lines, respectively. The blue diagonal line shows the required number of samples for

the scenario approach. The number of decision variables for each test case is indicated

using the vertical dotted lines. We can see that for all test cases, all versions of the tuning

algorithm require less samples than the scenario approach. We can also observe that

for the two largest test cases (the 22, 700 and 31, 777 bus cases), the number of samples

required for the scenario approach is an order of magnitude greater than the number

required for the tuning algorithm even for small c values. We consequently argue that for

solving an AC OPF problem, where the number of decision variables can be very large,

our tuning algorithm has a competitive edge against the scenario approach.

Figure 5.4: The sample complexity plotted against the number of decision variables for the
scenario approach and tuning approaches with constants c = {1, 2/3, 1/2, 1/3} for selected CC
OPF test cases using the AC formulation (plotted using the vertical dotted lines). We see that for
formulations of OPF with a very large number of decision variables, such as the test cases plotted,
the tuning algorithm requires significantly less samples than the scenario approach.
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5.3 case study : performance assessment for cc dc

opf

In this section, we investigate the scalability and performance of the tuning approach,

extending the numerical results from the previous chapter 4.6 to larger scale networks,

namely the IEEE 118 bus test case [CWW00] and the Polish Winter Peak test case [ZMT11].

We compare the optimality, conservativeness, and run times of our method against those

obtained with the scenario approach and the CVaR inner approximation [NS07], detailed

in Appendix A.2.

For the tuning method and scenario approach, we use the confidence parameters

ϵ = 0.05, δtune = δt = β = 0.001, and δs = 0.003. For the scenario approach, we calculate

the number of samples required based on these parameters using (5.19).

We note that, in general, the CVaR reformulation is a convex approximation and

known to be a safe (inner) approximation of the chance-constrained problem. However,

since CVaR-constrained problems are computationally intractable as-is due to the expected

value term in the constraint, we use a sample average approximation with the sample

set ΞCVaR = {ξ(1), . . . , ξ(N)} to obtain a tractable formulation [WA08]. This sample-based

method can introduce approximation error or inaccuracy and may not necessarily yield a

solution that is guaranteed to be feasible to the underlying chance-constrained problem.

As a result, we note the results obtained with the CVaR reformulation do not have

theoretical guarantees in the same way as our tuning method and scenario approach. For

simplicity, for the sample average approximation of the CVaR approximation, we use

the same number of samples as used in the scenario approach. The exact formulation

of the CVaR method we implement is presented in Appendix A.2. For simplicity, for

the sample average approximation, we use the same number of samples as used in the

scenario approach.
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5.3.1 IEEE 118 bus test case

We use the same modified IEEE 118 bus system [CWW00] as detailed in Section 5.1.3.

The maximum generation capacity and load are scaled by a factor of 1.25. The minimum

generation capacity is set to zero. We assume that all loads fluctuate around their

forecasted consumption with a standard deviation of 10% of their forecasted consumption.

In Table 5.4, we report the following results: the number of samples used, the solution

cost, the solution’s in-sample a posteriori evaluated violation probability, the solution’s

out-of-sample violation probability evaluated on 100, 000 i.i.d. samples, and the run times

for the tuning approach using c = {1, 2/3, 1/2} and the scenario approach. For the tuning

approach, we also report the tuning parameter s of the solution and the run time for each

algorithm component.

We see that for all choices of c, the scenario approach does require significantly less

samples than the tuning approach. When c = 1, we see that the tuning approach results

in slightly more costly and conservative solutions than both the scenario approach and

CVaR approximation. However, as we decrease c and increase the number of samples

used, the tuning algorithm is able to achieve lower cost, less conservative solutions than

both methods. We also note a corresponding decrease in the tuning parameter s (i.e., a

relaxing of the constraint tightenings), which allows for these less conservative results.

For the tuning method, we see that the run time increases roughly linearly with the

number of samples required. In particular, the increase in run time is driven by the

increased computation time of the sample-based evaluations, while the computation time

for solving the reformulated problem remains rather constant. We additionally note that

because the tuning approach requires solving the reformulation several times in order to

perform the binary search on the tuning parameter, its run time is slower than that of

the other compared methods, which only require solving a (larger) optimization problem

once. However, we note that the run times of the tuning approach are not prohibitively
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Tuning S.A. CVaR

c = 1 c = 2/3 c = 1/2

Samples 16,106 36,236 64,420 1,698 1,698

Cost 116,424 116,405 116,403 116,416 116,413

Tuning parameter, s 3.502 2.452 2.244 - -
Violation (in-sample) 0.0000 0.0156 0.0241 0.0000 0.0002

Violation (out-sample) 0.0001 0.0160 0.0245 0.0010 0.0016

Total run time 16.2 s 34.4 s 60.9 s 5.1 s 5.1 s
Solution generation 13.6 s 32.1 s 58.0 s - -

Solving reformulation 1.3 s 1.2 s 1.3 s - -
Sample-based evaluation 1.5 s 3.8 s 6.0 s - -
Iterations 10 10 10 - -

Solution verification 1.6 s 3.5 s 6.0 s - -

Table 5.4: Results of the two-step tuning algorithm (Tuning) with c = {1, 2/3, 1/2}, the scenario
approach (S.A.), and the CVaR approximation (CVaR) for the IEEE 118 bus system.

long, despite the use of significantly more samples. Furthermore, properly adjusting the

tolerance parameter of the binary search may yield comparable performance results with

a lower number of iterations, resulting in a lower overall run time.

5.3.2 Polish Winter Peak test case with 2,383 buses

We perform the same analysis for the Polish Winter Peak test case with 2,383 buses,

provided with Matpower 5.1 [ZMT11]. We modify the test case according to [Roa+17] as

follows: The maximum generation capacity is scaled by a factor of 2.0 and the minimum

generation capacity is set to zero. The line limits are scaled by a factor of 2.5. All loads

above 25 MW are assumed to have Gaussian uncertainty with a standard deviation of

20% of the forecasted consumption with zero correlation. In Table 5.5, we report the same

results as in the previous section for the Polish test case.

In this case, while the number of samples used for the scenario approach (and, thus,

the CVaR method) is larger in comparison to that used for the previously assessed IEEE
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Tuning S.A. CVaR

c = 1 c = 2/3 c = 1/2

Samples 16,106 36,236 64,420 7,889 7,889

Cost 701,019 700,894 700,880 701,030 701,006

Tuning parameter, s 3.986 2.388 2.242 - -
Violation (in-sample) 0.0000 0.0168 0.0245 0.0000 0.0001

Violation (out-sample) 0.0003 0.0159 0.0251 0.00004 0.00027

Total run time 1 h 17 m 1 hr 23 m 1 h 43 m 15 m 16 m
Solution generation 1 h 16 m 1 h 21 m 1 hr 39 m - -

Solving reformulation 6 m 6 m 6 m - -
Sample-based evaluation 1 m 2 m 4 m - -
Iterations 10 10 10 - -

Solution verification 1 m 2 m 4 m - -

Table 5.5: Results of the two-step tuning algorithm with c = {1, 2/3, 1/2}, the scenario approach,
and the CVaR approximation for the Polish test system.

118 bus case, we still see that the scenario approach uses less samples than the tuning

approach. However, we observe that for all values of c, the tuning approach results in

lower costs as well as higher out-of-sample violation probabilities compared to either the

scenario approach or CVaR methods. We similarly see that as we increase the amount of

data we use in the tuning algorithm (i.e., by decreasing c), we can obtain solutions that

are more optimal and less conservative.

We note that in both the Polish test case and in the IEEE 118 bus system, the difference

in the cost of solutions amongst all algorithm runs investigated is marginal despite

a notable difference in the observed violation probabilities. This may be attributed to

the fact that in both test cases, the uncertainty fluctuations of the load are relatively

small in comparison to the forecasted consumption. Moreover, the number of active line

constraints in the reformulations is very small in comparison to the total number of

constraints in the system. Therefore, using test cases with greater amounts of uncertainty

or reduced the line limits will likely result in greater cost reductions as the violation

probability increases.



90

In the Polish test case, we additionally see that the computation time of the two step

tuning method is significantly longer than the scenario approach and CVaR method. As

discussed in the previous section, this can mainly be attributed to the iterative re-solving

of the approximate problem. Looking at the run time breakdown for the tuning approach,

as we increase the number of samples used (i.e., decrease c), we see that the increase in

run time is primarily driven by the increase in time required to perform the sample-based

evaluations in the solution generation step and the solution verification step. However,

the computation time needed to solve the reformulated problem at each step remains

constant regardless of the number of samples used, and is about 3 times lower than

the time needed to solve the scenario approach or CVaR optimization problems. As

mentioned in the previous section, we can decrease the run time of the tuning method by

adjusting the tolerance parameter of the binary search, reducing the required number

of iterations. Furthermore, the run time of the sample-based evaluation and verification

steps can be decrease via parallelization.

5.4 conclusion

In this chapter, we extended theoretical and numerical results of the two-step tuning

method for joint chance-constrained optimization problems, presented in the previous

chapter.

We proposed a methodology using statistical hypothesis testing to assess the valid-

ity of the approximately unbiased estimator assumption (Assumption 1) in practical

applications. We demonstrated that for the chance-constrained DC OPF problem, this

assumption is mostly mild, indicating that the previously established a priori feasibility

guarantee will likely hold for this setting. However, the validity of the assumption may

vary for applications which have different underlying problem structures, use different
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approximate problem reformulations, or implement different tuning schemes. In particu-

lar, the choice of method used in the solution generation step may play a large role in

the level of bias observed due to the possibility of overfitting to the tuning samples. This

means that the assessment of Assumption 1 has to be repeated for different application.

We also note that, regardless of the validity of the assumption, any solution which passes

the a posteriori verification step still achieves the a posteriori feasibility guarantee.

We then derived sample complexity results for the two-step tuning method, which

determine the amount of data needed to run the method and highlight a relation be-

tween the number of samples required for the tuning process and the approximate

conservativeness of the resulting solution. We observe that the tuning algorithm is more

sample efficient than the scenario approach in applications where the number of decision

variables is very large (e.g., on the order of thousands). Consequently, for power systems

applications, the tuning method may be particularly attractive for problems that consider

the AC formulation of the power flow equations or in situations where there is a large

number of generators (e.g., when distributed energy resources are considered). We also

emphasize that beyond requiring more samples, the standard scenario approach does

not provide a priori guarantees for non-convex problems such as AC OPF, whereas our

method can still be applied.

Finally, our numerical results for the chance-constrained DC OPF problem indicate our

method is able to accommodate the usage of large sample sizes without compromising

numerical tractability. For the IEEE 118 bus system and Polish test case, not only are we

are able to obtain less conservative and lower cost solutions than the scenario approach

and CVaR approximation by leveraging larger sample sizes, we are able to do so without

a substantial increase in run time. As a result, we postulate that in data-rich environments,

the tuning approach is a preferable to the scenario approach.
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6 tuning for distribution networks

In this section, we shift our focus from transmission grids to distribution grids. The

high penetration of distributed energy resources (DERs) can result in increased power

injection variability and uncertainty in distribution grids. As a result, developing methods

that ensure security against uncertainty arising from uncontrollable device behaviors

(e.g., rooftop solar PV systems and electric vehicles) is critical. Unfortunately, a direct

application of the tuning method is not possible because of the unique challenges that

distribution grids pose, primarily the necessity of using the full, non-linear, non-convex

AC power flow equations.

The methods presented in this chapter was done in collaboration with Kshitij Girigoudar,

and was published in [GHR22]. In particular, the three-phase AC OPF model formulation

was contributed by Kshitij and based on [GR21]. The main contribution of the chapter is

the adaption of the tuning algorithm to the three-phase AC OPF model and the corre-

sponding numerical results. The numerical results presented in this chapterare different

from and extend extend the results published in [GHR22].

We note that the notation in this chapter (along with the Chapter 7) is self-contained,

unless an equation from Chapters 2 through 5 is explicitly referenced.

6.1 motivation, challenges , related works

Approaches for stochastic OPF with uncertain renewable energy generation and load have

been well studied in the context of transmission systems [ZL11; Roa+13; Sum+15; Sum+14;



93

Lia+13]. However, methods developed for transmission systems often leverage DC power

flow representations and single-phase equivalents to represent the system, which are

not applicable to distributions grids, who are inherently unbalanced and exhibit high

R/X ratios. Furthermore, while transmission operations focus primarily on congestion

management and system balancing, distribution utilities focus on managing voltage

magnitudes, voltage unbalance, and other power quality issues for end customers.

As a result, there is a range of stochastic OPF models that have been developed specif-

ically for distribution grids. This includes robust and distributionally robust methods

[CWZ18; Soa+18; MD18], stochastic approximation techniques [Kek+15], and chance-

constrained formulations [Kar+]. These models focus primarily on managing or reducing

voltage magnitude violations [CWZ18; MD18] while minimizing objectives such as cost

of energy [Soa+18; Kar+; MD18], deviation from a desired power withdrawal at the

substation [MD18], or losses [Kek+15; CWZ18; Kar+]. They often leverage power flow

formulations that rely on a radial network topology [San+16; Ber+18; Jab06; Gan+14;

Ker06], include approximate representations of unbalance [Arn+16; DZG13; LL11; ZDL17],

and sometimes take advantage of iterative solution algorithms such as forward-backward

sweep [KAH18; FZA16; KAH19]. Many of these formulations are linear approximations

[San+16; Arn+16; DBS17] or convex relaxations [Jab06; Gan+14; DZG13; LL11; ZDL17],

which may converge to solutions that are not actually AC feasible. Methods that do con-

sider the full, non-linear, non-convex AC power flow formulation [Soa+18] or guarantee

convergence to a solution that satisfies those equations [Kar+] typically only consider

balanced, single-phase systems.

A particular challenge for stochastic and data-driven methods in distribution grids is

the characterization of the uncertainty. Assumptions that may be true when considering

large numbers of customers (e.g., the law of large numbers) no longer apply to the

small number of consumers in distribution feeders, where both load and DER power

injections are hard to accurately forecast and exhibit large variability over time. The most
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flexible way of modeling these distributions is using scenarios. However, the quality

of the solution may be sensitive to the choice of scenarios, and therefore choosing an

appropriate set of samples (e.g., based on historical data) is a challenging yet important

aspect that often is overlooked. To remedy this, we investigate how the number of data

points and choice of scenario sets impact the solution quality. Using realistic load and

solar PV data from Pecan Street [Pec], we assess how the solution changes as we use

either entire days of data or randomly sampled data points across multiple days.

6.2 three-phase unbalanced cc ac opf

In this section, we formulate a chance-constrained version of the three-phase unbalance

AC optimal power flow (AC OPF) for distribution grids. The distribution grid model

and the deterministic OPF model is based on [GR21], but was extended to account for

uncertainty in collaboration with Kshitij Girigoudar.

6.2.1 Notation

We represent complex phasors using the following notation:

v = |v|∠θ︸ ︷︷ ︸
polar form

= vd + jvq,︸ ︷︷ ︸
rectangular form

(6.1)

where |v| and θ represent the magnitude and angle components of the polar form, vd and

vq represent the real and imaginary components of the rectangular form, and j =
√
−1.

The complex conjugate of v is denoted by v∗. We represent the element-wise product of

two vectors using ⊙.
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All scalar values are denoted using small letters, while all vector counterparts and

matrices are denoted using capital letters. Distribution grid parameters such as voltage

magnitude, power, and admittance are expressed using per-unit quantities.

We consider a three-phase distribution grid with one slack bus and a set of remaining

three-phase buses, denoted N, with n = |N|. Let Φ = {a,b, c} represent the set of phases.

The superscripts a, b, and c, denote that the value corresponds with the respective phase.

The distribution substation is chosen as the slack node (i.e., reference node for the voltage

angle measurement) with index i = 0.
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Figure 6.1: One-minute resolution Pecan Street data for 15 houses for two different days. The top
shows the PV active power generation and the bottom shows the load active power demand. Day
1 (top) is be observed to have high levels of solar PV active power generation and likely represents
a ”sunny” day, while Day 2 (bottom) is observed to have much lower levels of solar PV generation
and likely represents a ”cloudy” day.
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6.2.2 Uncertainty modeling

Due to the small number of households served by different parts of a distribution feeder,

we do not observe the same smoothing effect as in transmission grids [Ker06]. Figure

6.1 shows residential solar PV and load measurements of a single house for a single day

obtained from Pecan Street’s data set. We can see that both profiles are highly variable

and may not necessarily fit standard probability distributions. Moreover, both load and

solar PV are very challenging to accurately forecast [Swe+20].

We instead represent the PV generation and load consumption of individual houses

using random variables and directly leverage historical data (which may, in many cases,

can be obtained with a delay by utilities using smart meters [Ali+15]. We let Ω :=

{ω(1), . . . ,ω(N)} denote the full uncertainty data set, where each ω(i) represents a grouping

of a single realization of PV generation and load consumption at all houses in the network,

i.e., ω(i) ∈ Rnx3 × Rnx3 × Rnx3. We use a subscript ω to indicate dependency on a given

uncertainty realization ω (i.e., any variable with the subscript is a random variable).

Modeling of active power generation from solar PV

We assume that the utility does not perform active power curtailment and therefore

consider the active power generation of the solar PV inverters as uncontrollable ran-

dom variables. We denote the three-phase active power generation at bus i ∈ N under

uncertainty realization ω using

PG,i,ω =


paG,i,ω

pbG,i,ω

pcG,i,ω

 ∈ R3 (6.2)
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We denote the average active PV generation across all realizations in the sample set Ω

using

P̄G,i =


p̄aG,i

p̄bG,i

p̄bG,i

 ∈ R3, (6.3)

where each entry of the vectors is calculated by taking the sample average across all

ω ∈ Ω, i.e.,

p̄
ϕ
G,i =

1

|Ω|

∑
ω∈Ω

p
ϕ
G,i,ω, ∀ϕ ∈ Φ, i ∈ N. (6.4a)

We can similarly can decompose the uncertain active PV generation into the sum of

an average term and fluctuating deviation term, which can be calculated using

δPG,i,ω := PG,i,ω − P̄G,i ∈ R3. (6.5a)

Modeling of loads

For each bus i ∈ N, we denote the three-phase active and reactive power consumption

under the uncertainty realization ω using

PL,i,ω :=


paL,i,ω

pbL,i,ω

pcL,i,ω

 ∈ R3, QL,i,ω :=


qa
L,i,ω

qb
L,i,ω

qc
L,i,ω

 ∈ R3, (6.6)
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If reactive power measurements are not available, we assume the loads operate with

a constant power factor pf
ϕ
i ∈ R,∀ ϕ ∈ Φ, resulting in the following reactive power

consumption

QL,i,ω = ΓL,i ⊙ PL,i,ω =


γa
L,i

γb
L,i

γc
L,i

⊙ PL,i,ω, ∀i ∈ N,ω ∈ Ω. (6.7)

where the entries of the constant factor ΓL,i ∈ R3 are computed using

γ
ϕ
L,i =

√√√√√1− pf
ϕ
i

2

pf
ϕ
i

2
, ∀ϕ ∈ Φ, i ∈ N. (6.8)

We define the average and fluctuating deviation terms of the active and reactive load

similarly to the active generation using

P̄L,i =


p̄aL,i

p̄bL,i

p̄bL,i

 ∈ R3, Q̄L,i =


q̄a
L,i

q̄b
L,i

q̄c
L,i

 ∈ R3, (6.9)

and

δPL,i,ω := PL,i,ω − P̄L,i ∈ R3 (6.10a)

δQL,i,ω := QL,i,ω − Q̄L,i ∈ R3. (6.10b)

6.2.3 Reactive power control

We assume that all solar PV inverters are equipped with smart inverters and provide

opportunities for reactive power control as outlined in the IEEE Standard 1547-2018 [PS18].
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In this chapter, we assume that the inverter is operating in the constant reactive power

mode, where each inverter provides reactive power according to a given set-point,

QG,i =


qa

G,i

qb
G,i

qc
G,i

 ∈ R3. (6.11)

This set-point is provided by the utility (without accounting for, e.g., local voltage

measurements) and serves as a decision variable in our problem. Our goal is to identify

a suitable set-point QG,i that will remain safe for all uncertainty realizations ω and

contributes to minimizing voltage unbalance while ensuring voltage magnitudes remain

within their limits and PV inverter active and reactive power remains within apparent

power limits. Because the active power generation p
ϕ
G,i,ω is uncertain, we enforce the

apparent power limits using chance constraints, which require that the constraint holds

with high probability. For a single-phase PV inverter connected to ϕ ∈ Φ at bus i ∈ N with

apparent power rating |s
ϕ
G,i| ∈ R, the nominal inverter reactive power qϕ

G,i is constrained

by the two sided limit

(qϕ
G,i)

2 + (pϕG,i,ω)
2 ⩽ |s

ϕ
G,i|. (6.12)

This is equivalent to the following one sided constraints

qϕ
G,i ⩽

√
|s
ϕ
G,i|− (pϕG,i,ω)

2 (6.13a)

qϕ
G,i ⩾ −

√
|s
ϕ
G,i|− (pϕG,i,ω)

2 (6.13b)

(6.13c)
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Adding the chance constraints, we obtain

Pω

(
qϕ

G,i ⩽
√

|s
ϕ
G,i|− (pϕG,i,ω)

2

)
⩾ 1− ϵ (6.14a)

Pω

(
qϕ

G,i ⩾ −
√

|s
ϕ
G,i|− (pϕG,i,ω)

2

)
⩾ 1− ϵ (6.14b)

where ϵ ∈ [0, 1] is the acceptable violation probability. Here, we use individual chance

constraints for each single-phase connection and choose to use the same ϵ parameter

across all inverter constraints.

We assume the chance constraints enforcing the apparent power limit of the PV

inverter is hard constraints. If the reactive power exceeds these limits, the PV inverter

becomes overloaded and would not operate as expected. In this case, the inverter would

not provide the reactive power according to the set point, but rather trigger protections

that can, e.g., disconnect the inverter or cap the reactive power generation at the limit

dictated by the apparent rating of the inverter and the active power generation. Thus,

a violation of these constraints (6.14) should be interpreted as the probability that an

inverter is not able to provide the desired reactive power to the grid.

6.2.4 Distribution grid model

We briefly give an overview of the distribution grid model used, and refer the read to

[GR21] for a detailed formulation.

The active and reactive power generation variables at the substation, which is chosen

as the slack node with index i = 0, are denoted

PG,0 =


paG,0

pbG,0

pcG,0

 ∈ R3, QG,0 =


qa
G,0

qb
G,0

qc
G,0

 ∈ R3. (6.15)
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Without loss of generality, we assume all buses have three phases. For single and two-

phase nodes, we set the entries corresponding to the missing nodes to zero. The resulting

total number of single-phase connections in the distribution grid is 3(n+ 1). We assume

that there is one solar PV inverter and one load at each single-phase connection of

every node i ∈ N. If any node connected to a phase has no source or load, we set

the corresponding entries to zero. We further note that our model does not make any

assumptions on radiality, and therefore can be applied to distribution grids that are

operated in non-radial configurations.

Grid parameters

Following [GR20], the critical distribution grid components are modeled using an overall

nodal admittance matrix

Y = G+ jB ∈ C3(n+1)×3(n+1), (6.16)

where G,B ∈ R3(n+1)×3(n+1) denote the nodal conductance and susceptance matrices,

respectively.

Nodal power injections

The active power injection Pi,ω ∈ R3 at each node i ∈ N depend on the uncertainty

realization ω and is defined as the difference between the active power generation and

the active load consumption,

Pi,ω := PG,i,ω − PL,i,ω = (P̄G,i + δPG,i,ω) − (P̄L,iδPL,i,ω). (6.17)
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Similarly, the reactive power injection Qi,ω ∈ R3 at node i ∈ N is defined as the

difference between the controllable reactive power generation of solar PV inverters QG,i

and the reactive power load QL,i,ω,

Qi,ω := QG,i −QL,i,ω = QG,i − (Q̄L,i − δQL,i,ω) (6.18)

The average active and reactive power injections at each node i ∈ N can be expressed by

P̄i = P̄G,i − P̄L,i (6.19)

Q̄i = QG,i − Q̄L,i. (6.20)

The only controllable active power generator in the network is the substation and

therefore it maintains the active power balance by supplying the difference between

the active power generation and load for all uncertainty realizations as well as any

additional power needed to cover power losses. Since the substation has no load, the

active power injection is equal to the active power injection. The active power generation

at the substation PG,0,ω ∈ R3 is taken as a decision variable in the optimization problem.

Similarly, the substation also guarantees reactive power balance, covering the differ-

ence between production, consumption, and losses. The reactive power injection at the

substation is also taken as a decision variable QG,0,ω ∈ R3.

Voltage representation

The three-phase OPF is implemented in the polar coordinate frame using the phase-

to-neutral voltage magnitude and angle variables at every node i ∈ N. The voltage
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magnitudes and angles corresponding to the average power injections P̄i, Q̄i are denoted

by

|Vi| =


|va

i |

|vb
i |

|vc
i |

 ∈ R3, Θi =


θa
i

θb
i

θc
i

 ∈ R3, (6.21)

respectively. As the active and reactive power injections change, the voltages change as

well. The voltage magnitude and angle under an uncertainty realization ω is denoted by

|Vi,ω| =


|va

i,ω|

|vb
i,ω|

|vc
i,ω|

 ∈ R3, Θi =


θa
i,ω

θb
i,ω

θc
i,ω

 ∈ R3, (6.22)

The distribution substation is considered as the reference for voltage angle measurements.

We assume the voltage is independent of ω and fixed at the substation, i.e.,

|V0|∠Θ0 =


1∠0◦

1∠− 120◦

1∠120◦

 . (6.23)

Since voltage magnitudes at all buses i ∈ N (i.e., not the substation) have a dependence

on the uncertainty, we enforce the voltage magnitude limits using the following single

chance constraints

Pω

(
|vϕ

i,ω| ⩽ v
)
⩾ 1− ϵ, ∀i ∈ N,ϕ ∈ Φ, (6.24)

Pω

(
|vϕ

i,ω| ⩾ v
)
⩾ 1− ϵ, ∀i ∈ N,ϕ ∈ Φ, (6.25)

where v and v ∈ R are the lower and upper voltage magnitude bounds and ϵ ∈ [0, 1] is the

acceptable violation probability. These voltage magnitude constraints can be considered
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as soft constraints, where a constraint violation indicates an under- or over-voltage. The

violations of soft constraints is acceptable if the duration and magnitude are small.

Moreover, the acceptable violation probabilities can vary for each constraint, but we

choose to use the same probability ϵ for all chance constraints on voltage magnitude

constraints in this chapter.

Power flow

We use the following shorthand to represent the AC power flow equations at all nodes

i ∈ {0,N} for all uncertainty realizations ω ∈ Ω,

f(|Vi,ω|,Θi,ω,Pi,ω,Qi,ω) = 0, ∀i ∈ {0,N}, ω ∈ Ω. (6.26)

The equations are functions of the voltage magnitude |Vi,ω| and voltage angle Θi,ω as

well as the active power Pi,ω and nodal reactive power Qi,ω.

This shorthand represents the following power balance equations

Pi,ω = |Vi,ω|⊙
∑

k∈{0,N}

[Gik ⊙ C (Θik,ω+)+Bik ⊙ S (Θik,ω)] |Vk,ω| (6.27a)

Qi,ω = |Vi,ω|⊙
∑

k∈{0,N}

[Gik ⊙ C (Θik,ω+)−Bik ⊙ S (Θik,ω)] |Vk,ω| (6.27b)

where Gik,Bik ∈ R3×3 represent the real and imaginary sub-matrices of the nodal ad-

mittance matrix Y for a three-phase branch ik and C(Θik,ω) and S(Θik,ω) represent the

cosine and sine components of the branch angle matrix Θik,ω ∈ R3×3. For a detailed

treatment of the power flow equations, we refer the reader to [GR20].
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6.2.5 Objective function

In this chapter, we choose to minimize voltage unbalance as our OPF objective. We

utilize the IEC standard 61000-2-2 [02] commonly referred to as Voltage Unbalance Factor

(VUF) to define voltage unbalance. For a three-phase node l, the square of VUF for the

uncertainty realization ω is defined by

VUF2
l,ω =

|v−l,ω|
2

|v+l,ω|

2

=
(v−

dl,ω)
2
+ (v−

ql,ω)
2

(v+
dl,ω)

2
+ (v+

ql,ω)
2

, (6.28)

where v−
dl,ω, v−

ql,ω and v+
dl,ω, v+

ql,ω are the rectangular form representation of negative

sequence voltage v−l,ω and positive sequence voltage v+l,ω, respectively. The terms are

non-linear functions of the voltage variables Vl,ω, Θl,ω and defined using

v−
dl,ω = ℜ{v−l,ω}, v−

ql,ω = ℑ{v−l,ω}, (6.29a)

v+
dl,ω = ℜ(v+l,ω), v+

ql,ω = ℑ(v+l,ω), (6.29b)

where

v−l,ω = |va
l,ω|∠θ

a
l,ω + |vb

l,ω|∠(θ
b
l,ω − 120◦) + |vc

l,ω|∠(θ
c
l,ω + 120◦), (6.29c)

v+l,ω = |val,ω|∠θ
a
l,ω + |vbl,ω|∠(θ

b
l,ω + 120◦) + |vcl,ω|∠(θ

c
l,ω − 120◦). (6.29d)

We refer the reader to [GR20] and [GHR22] for full details on the formulation.

6.2.6 Problem formulation

The optimization problem minimizes the squared VUF (6.28) subject to the power balance

constraints (6.26) and constraints on the voltage magnitude (6.24) and inverter limits (6.14).
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The optimization decision variables are the voltage magnitudes at all nodes |V| ∈ R3(n+1),

voltage angles at all nodes Θ ∈ R3(n+1), active power generation at the substation

PG,0 ∈ R3, and reactive power generation at all nodes QG ∈ R3(n+1).

As with the DC OPF case, either single or joint chance constraints can be used. In this

chapter, we focus on the single chance-constrained case, which is formulated as follows:

min
PG,0,QG,|V|,Θ

∑
ω∈Ω

∑
l∈N

VUF2
l,ω (6.30a)

s.t. f (|Vi,ω|,Θi,ω,Pi,ω,Qi,ω) = 0, ∀ i ∈ {0,N}, ω ∈ Ω, (6.30b)

Pω

(
|vϕ

i,ω| ⩽ v
)
⩾ 1− ϵ, ∀ ϕ ∈ Φ, i ∈ N, (6.30c)

Pω

(
|vϕ

i,ω| ⩾ v
)
⩾ 1− ϵ, ∀ ϕ ∈ Φ, i ∈ N, (6.30d)

Pω

(
qϕ

G,i ⩽
√

|s
ϕ
G,i|− (pϕG,i,ω)

2

)
⩾ 1− ϵ, ∀ ϕ ∈ Φ, i ∈ N, (6.30e)

Pω

(
qϕ

G,i ⩾ −
√

|s
ϕ
G,i|− (pϕG,i,ω)

2

)
⩾ 1− ϵ, ∀ ϕ ∈ Φ, i ∈ N, (6.30f)

|V0|∠Θ0 =

[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
, (6.30g)

In general, the chance constraints are interpreted as the likelihood that the distribution

grid operation will need to take extra control actions in real time to protect the system

(e.g., from inverter overloading or over- and under-voltages). By choosing high acceptable

violation probabilities ϵ the system is at a higher risk of insecure operation as it may

necessitate frequent deployment of real-time controls, which are not always available.

However, choosing low violation probabilities is expensive, but makes system operation

safer and less stressful for the operator [RA17].

We emphasize that both the objective function and the constraints are highly non-linear

in the decision variables. Moreover, there is no explicit way in which we can represent

how the uncertainty propagates throughout the system and thus no straightforward

analytical reformulation can be applied (as done in the DC OPF case presented in Chapter
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3). In the following, we detail how we formulate an approximate model suitable for this

problem that can allow for the application of the tuning method proposed in Chapter 3.

6.3 application of tuning method

In this section, we apply the tuning method detailed in Section 3.2.3 to the three-phase

CC AC OPF problem. This problem is significantly more challenging than the CC DC

OPF problem considered in Chapters 4 and 5 because the inner constraints of the chance

constraints are non-linear in the optimization decision variables as well as the uncertainty.

Moreover, the uncertainty also enters the problem constraints implicitly (e.g., via power

losses). As a result, we cannot use the tuning approach exactly as detailed in Section 3.2.3,

but need to make some modifications to adapt the method to this problem.

We note that this non-linear, non-convex problem settings highlights the usefulness

of the tuning method. We are able to use the full non-linear, non-convex AC power flow

equations, without needing to perform any explicit linearizations or approximations.

Because we deliberately choose to use an approximate reformulation that is simple to

solve, the resulting algorithm can also take advantage of the computational efficiency of

commercial solvers. Furthermore, the tuning method allows us to decouple the solving

of the three-phase AC OPF problem from the consideration of the uncertainty, which

is completely captured via the tightening terms. However, the main challenge of using

this style of deterministic reformulation is accurately determining and updating the

values of the uncertainty margins. Unlike in the DC OPF case, there is not an explicit

analogous relationship to analytical reformulations of the problem or robust optimization

interpretation, which we can use to formulate the tightening. The remainder of this

section details the main components of the iterative approach.
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6.3.1 Approximate model formulation

As the approximate problem formulation, we choose to use a generalized reformulation

based on [RA17].

Power flow

Rather than enforcing the power flow equations in (6.27) for all uncertainty realizations,

which may be computationally prohibitive to do, we enforce a single set of power flow

equations at each node using the average power injections P̄i, Q̄i and corresponding

voltage variables |Vi|, Θi. The shorthand representation of the power balance constraint

becomes

f(|Vi|,Θi,Pi,Qi) = 0, ∀i ∈ {0,N}. (6.31)

Inverter limits

We replace the inverter limits (6.14) with deterministic box constraints, consisting of

a nominal limit with a tightening term. The upper and lower limits for a PV inverter

connected to phase ϕ ∈ Φ at node i ∈ N are calculated using (6.13), with the average

generation p
ϕ
G,i in place of the random PV active generation pG,i,ω, i.e.,

q
ϕ
G,i :=

√
|s
ϕ
G,i|

2 − (pϕG,i)
2, ∀ϕ ∈ Φ, i ∈ N, (6.32a)

qϕ
G,i := −

√
|s
ϕ
G,i|

2 − (pϕG,i)
2, ∀ϕ ∈ Φ, i ∈ N. (6.32b)
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We denote the tightenings for the upper and lower limits of a single-phase connection

using λ
ϕ
q,i and λ

ϕ
q,i ∈ R+. For notational convenience, the following vectors are used

express the tightenings for all buses and phases:

Λq =

[[
λ
ϕ
q,i

]⊤
ϕ∈Φ

]⊤
i∈N

, Λq =

[[
λ
ϕ
q,i

]⊤
ϕ∈Φ

]⊤
i∈N

.

These tightenings can be pre-calculated since the inverter reactive power limits depend

only on the uncertainty samples, which are known a priori.

For example, for the upper inverter limit, we evaluate the limit qϕ
G,i,ω for each un-

certainty sample ω ∈ Ω using Eq. (6.32a) with the sampled value pG,i,ω in place of the

average value p
ϕ
G,i. By calculating this limit under all uncertainty realizations, we obtain

an empirical distribution for the upper reactive power generation limit, which we denote

as F̂
ϕ
q,i(·). The empirical distribution for the lower reactive power generation limit would

simply be the negative, i.e., −F̂
ϕ
q,i(·). We then find the desired quantile of the empirical

distribution and use them to directly calculate the constraint tightenings. For the chance

constraint on the upper reactive power limit to hold, we require the upper limit to be set

to F̂
ϕ
q,i(ϵ), which is the ϵ quantile of the empirical distribution of the upper reactive power

limit. We can observe that the appropriate constraint tightening to ensure the chance

constraint holds corresponds to the difference between the nominal inverter lower limit

q
ϕ
G,i and F̂

ϕ
q,i(ϵ).

Thus, the upper and lower constraint tightenings for reactive power limits are calcu-

lated as follows:

λ
ϕ
q,i = q

ϕ
G,i − F̂

ϕ
q,i(ϵ), ∀ϕ ∈ Φ, i ∈ N, (6.33)

λ
ϕ
q,i = −F̂

ϕ
q,i(1− ϵ) − qϕ

G,i, ∀ϕ ∈ Φ, i ∈ N. (6.34)

This process is also illustrated in Figure 6.2. We note that these tightenings are

independent of our decision variables, and as a result they can be calculated before we



110

start solving the optimization problem. Thus, once these tightening values are calculated,

they remain fixed throughout the entirety of the iterative algorithm and are not iteratively

tuned.
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Figure 6.2: The histogram represents the empirical distribution of an example inverter reactive
power upper limit, F̂ϕq,i(·). The constraint tightening λ

ϕ
q,i, illustrated with the orange line, is given

by the distance between the nominal limit qϕ
G,i (brown line) and the ϵ quantile of the empirical

distribution of the upper reactive power limit F̂ϕq,i(ϵ) (yellow line).

Voltage limits

We similarly replace the chance constraints on the upper and lower voltage magnitude

constraints (6.24) with the corresponding nominal limits and tightenings, denoted by

λ
ϕ
v,i, λ

ϕ
v,i ∈ R+, respectively. The vector representations are

λV =

[[
λ
ϕ
V ,i

]
ϕ∈Φ

]⊤
i∈N

, λV =

[[
λ
ϕ∈Φ
V ,i

]
ϕ∈Φ

]⊤
i∈N

.

In contrast to the inverter limits, the voltage constraint tightenings need to be iteratively

calculated and updated within the tuning algorithm since they require obtaining a solution

from the approximate problem in order to be determined.
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Objective function

We calculate the deterministic VUF by replacing the voltage variables Vl,ω,Θl,ω with

their counterparts |Vl|,Θl that correspond to the average power injections in (6.28) and

(6.29).

Reformulated problem

The resulting approximate optimization problem obtained from using the reformulation

described above is deterministic and takes the following form:

min
PG,0,QG,|V|,Θ

∑
l∈N

VUF2
l (6.35a)

s.t. f(|Vi|,Θi, P̄i, Q̄i) = 0, ∀i ∈ {0,N} (6.35b)

|vϕ
i | ⩽ v− λ

ϕ
v,i, ∀ϕ ∈ Φ, i ∈ N, (6.35c)

|vϕ
i | ⩾ v+ λ

ϕ
v,i, ∀ϕ ∈ Φ, i ∈ N, (6.35d)

qϕ
G,i ⩽ q

ϕ
G,i − λ

ϕ
q,i, ∀ϕ ∈ Φ, i ∈ N, (6.35e)

qϕ
G,i ⩾ qϕ

G,i + λ
ϕ
q,i, ∀ϕ ∈ Φ, i ∈ N, (6.35f)

V0∠Θ0 =

[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
. (6.35g)

Let X := (PG,0, QG, |V|,Θ) denote a solution to the reformulated problem (6.35).

6.3.2 Solution evaluation

After we solve the approximate problem (6.35) and obtain a candidate solution X, we

use the available uncertainty samples to evaluate the conservativeness of the voltage

constraint tightenings by estimating the empirical violation probability of the solution,

using the same methodology as in Section 3.2.2.
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As an example, let us take the upper voltage magnitude constraint for node i ∈ N

connected to phase ϕ ∈ Φ and samples p
ϕ
G,i,ω and p

ϕ
L,i,ω. We define the indicator random

variable

Y
ϕ
v,i(X,pϕG,i,ω,pϕL,i,ω) :=


0 if |vϕ

i,ω| ⩽ v,

1 otherwise,
(6.36)

which evaluates to 0 if the upper voltage constraint holds and 1 otherwise. Then, the

empirical violation probability for this constraint is calculated by averaging over all the

indicator random variables calculating for each sample ω ∈ Ω, i.e.,

Ê
ϕ
v,i(X) :=

1

|Ω|

∑
ω∈Ω

Y
ϕ
v,i(X,pϕG,i,ω,pϕL,i,ω). (6.37)

We similarly evaluate the empirical violation probabilities for the voltage lower limits

Ê
ϕ
v,i(X), inverter upper limits Ê

ϕ
q,i(X), and inverter lower limits Ê

ϕ
q,i(X).

For a candidate solution X, the worst case empirical violation probability across a single

constraint type is defined as the maximum empirical violation probability observed across

all constraints of that type. For example, the worst case empirical violation probability for

the voltage upper limits is defined as follows

Êmax
v (X) = max

i∈N,ϕ∈Φ

{
Ê
ϕ
v,i(X)

}
. (6.38)

Furthermore, the worst case empirical violation probability across all voltage constraints

(both the upper and lower limits) is defined as

Êmax
v (X) = max

{
Êmax
v (X), Êmax

v (X)
}

. (6.39)
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Since in this chapter we are only considering the single chance-constrained problem,

we perform tuning based on the worst case empirical violation probability amongst all

voltage constraints.

6.3.3 Tuning algorithm

This solution algorithm employs a tuning-based approached adapted from Chapter 3.

There are several new challenges associated with the reformulated problem that arise

from the use of the AC representation.

First, it is not possible to exactly define an explicit reformulation for the voltage

constraint tightenings as the uncertainty implicitly enters in the voltage constraints.

Instead, we take a similar approach to what is done in Chapter 3 and define a constraint

tightenings parameterized by an adjustable parameter. However, unlike in Chapter 3, we

cannot explicitly define the standard deviation of the nominal constraint and have to

estimate it using samples.

Second, the use of the bisection search for this problem may be problematic due to

the lack of monotonicity. In the reformulation of the DC OPF model 3.19 in Chapter 3,

the constraint tightenings consisted of the tuning parameter s multiplied by a constant

standard deviation term (i.e., the tightening did not dependent on any decision variables).

As a result, the tightening would increase monotonically with s. Since the reformulation

was a linear program, the feasible space of the reformulated optimization problem would

decrease as the constraints were tightened, resulting in a higher objective value. Moreover,

the empirical violation probability would monotonically decrease as s increased since

the constraints were linear in the uncertainty. Here, these relationships no longer hold

because the reformulation is a non-linear optimization problem and the uncertainty enters

the constraints non-linearly and implicitly. While the monotonicity principle no longer
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holds, we still propose that the bisection search can still be a useful heuristic for tuning s

to find high quality solutions.

To perform tuning for the three-phase AC OPF problem, we similarly define the

tightenings as parameterized by a single-dimensional tuning parameter, denoted s ∈ R+,

and use a bisection search to adjust s based on the evaluated worst case empirical violation

probability amongst the all voltage constraints Êmax
v (X).

The voltage magnitude constraint tightenings are defined as the product of the tuning

parameter s and an estimation of the standard deviation of the nominal constraint,

resulting in symmetric tightenings for the upper and lower voltage magnitude constraints.

The tightenings take the following form:

λ
ϕ
v,i = λ

ϕ
v,i := s · σϕ

v,i, ∀ϕ ∈ Φ, i ∈ N, (6.40)

where σ
ϕ
v,i ∈ R+ represents the estimated standard deviation of the voltage magnitude at

node i ∈ N connected to phase ϕ ∈ Φ. We determine this estimate before the commence-

ment of the algorithm and keep it constant throughout the tuning. To obtain this estimate,

we first solve the deterministic reformulation (6.35) using voltage constraint tightenings

set to zero Λv = Λv = 0 and inverter limit tightenings Λq,Λq initialized according to

Section 6.3.1. After obtaining an operating point X(0), we run power flows using the

samples ω ∈ Ω to obtain an empirical distribution of the voltage f
ϕ,(0)
v,i (·), similarly to

what is done in Section 6.3.1. The standard deviation of the voltage empirical distribution

is taken as the estimated standard deviation σ
ϕ
v,i.

The operating point X(0) is also used to initialize the upper bound s
(0)
max and lower

bound s
(0)
min of the tuning parameter. We aim to initialize these bounds such that the

mid-point of the bounds (which will be the initial tuning parameter value s(0) since we
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are performing a bisection search) will approximate taking the ϵ quantile. The initial

bounds are as follows:

s
(0)
min = 0, (6.41a)

s
(0)
max =

2

σ
ϕ
v,i

·
(

max
i∈N,ϕ∈Φ

{
|vϕ,(0)

i |− f
ϕ,(0)
v,i (ϵv)

})
. (6.41b)

The lower bound corresponds to the case where all tightenings are zero. The upper bound

calculates the maximum difference between the voltage magnitude operating point and

ϵv quantile across all single phase connections. The resulting value is divided by the

standard deviation estimate and doubled.

The tuning method comprises of the following steps:

(i) Initialize: Set the iteration count to k = 0 and calculate the inverter limit tighten-

ings Λq,Λq as described in Section 6.3.1. Initialize the tuning parameter bounds

s
(0)
min, s(0)max according to (6.41) and calculate the initial value of the tuning parameter

by taking the mid-point of the bounds

s(0) = (s
(0)
max − s

(0)
min)/2+ s

(0)
min. (6.42)

Calculate Λ
(0)
v ,Λ(0)

v according to (6.40).

(ii) Solve approximate problem: Solve (6.35) using tightenings Λ
(k)
v ,Λ(k)

v ,Λq,Λq to obtain

candidate operating point X(k+1).

(iii) Solution evaluation: Perform the empirical violation probability evaluation described

in Section 6.3.2 to calculate the worst case empirical violation probability Êmax
v (X) as

defined in (6.39).

(iv) Update tightenings:
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If Êmax
v (X(k+1)) ⩽ ϵv, decrease s by setting s

(k+1)
max = s(k) to obtain a less conservative

solution.

If Êmax
v (X(k+1)) > ϵv, increase s by setting s

(k+1)
min = s(k) to obtain a more conservative

solution.

Obtain a new tuning parameter s(k+1) = (s
(k+1)
max − s

(k+1)
min )/2+ s

(k+1)
min and update the

tightenings according to (6.40).

(v) Check convergence: Terminate if the worst case violation probability is within a

tolerance level η ∈ R+ of the desired ϵv, i.e, |Êmax
v (X(k+1)) − ϵv| ⩽ η, or if the upper

and lower bounds have converged within tolerance ηs ∈ R+, i.e. |s(k)max − s
(k)
min| ⩽ ηs.

Return the solution with the lowest objective that is empirically feasible to the chance

constraint, i.e.,

Êmax
v (X(k+1)) ⩽ ϵv. (6.43)

Otherwise, increase iteration count k = k+ 1, and go back to step (ii).

The bisection search is guaranteed to converge within ⌊log2(s
(0)
max − s

(0)
min)/ηs⌋ itera-

tions.

6.4 case study overview

In the case studies, we perform simulations on the IEEE 13-node radial distribution

feeder [Sch+17] using realistic uncertainty data for solar PV generation and load demand

to assess the performance of the tuning algorithm. Our goal is to find reactive power

set-points for the inverters that are valid for the whole day, i.e., we assume that the

distribution of possible load and solar PV values is representative for power injection
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profiles across the whole day. In this section, we describe the test system and the data

sets used to obtain the results in the subsequent sections.

The optimization problem and algorithms are implemented in Julia [Bez+17] using

JuMP [DHL17] with the solver Ipopt [WB06].

6.4.1 Test system

As the test system, we use the modified IEEE 13-bus feeder [Sch+17], which consists of

15 houses represented as single-phase connections at seven nodes as shown in Figure 6.3.

We assume each house has a single-phase rooftop solar PV system. The inverter ratings of

the houses are set to the maximum observed solar PV value of the corresponding house.

Figure 6.3: The IEEE 13-bus radial distribution test feeder, modified to include 15 residential
houses.
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6.4.2 Uncertainty data

We use data from Pecan Street’s Dataport [Pec], which contains 6 months (184 days) of

data collected from residential homes in New York between May 2019 and October 2019.

The data comprises of 1-minute resolution measurements of rooftop solar PV generation

and profiles for 30 unique loads, including, e.g., electric vehicle charging, HVAC, and

appliance use.

The data set consists of 25 houses total, with 14 houses with non-zero solar PV

measurements. We assign the solar PV and load profiles of these 14 houses along with an

additional house with no solar PV measurements (but with load measurements) to the

houses in our test system. In order for our data to match the existing loads in test feeder

used, we scale both the solar PV and load by a factor of 20. We take the maximum solar

PV output for each house as the maximum inverter rating.

We randomly split the available 184 days into two sets, each with 92 days, one set used

for the tuning algorithm (i.e., as in-sample data) and one set used for an out-of-sample

evaluation (if the simple tuning algorithm detailed in Chapter 3 is used) or for the a

posteriori verification step (if the two-step algorithm detailed in Chapter 4 is used). We

denote these two full sets of samples using Ξfull
tune and Ξfull

eval.

In-sample data

To obtain the data sets used in-sample for the tuning algorithm, we sample from Ξfull
tune,

which contains 92 full days of data (corresponding to 132, 480 total samples) using two

types of sampling methods:

(i) Random samples: We randomly draw N samples from the entire pool of 132, 480 total

samples. This data set assumes that the data from the full data set represents the

probability distribution of the data and draws i.i.d. samples from this set. This does
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not guarantee that all time steps in the day are represented, but is likely to represent

a wider variety of operating conditions as it includes data from more days.

(ii) Full day samples: We randomly choose Ndays days from the full set of 92 days, which

corresponds to N = Ndays · 1440 samples. This data set corresponds to the common

practice of using data from a set of “representative days”. In this case, there may

be strong correlations among subsequent time steps, but all time steps will be

represented in the data used in the algorithms.

Out-of-sample data

We form data sets for out-of-sample evaluations using the other 92 day set, Ξfull
eval. For the

out-of-sample evaluation of the simple tuning algorithm, we similarly draw sets using

random sample or full day samples. For the a posteriori verification step of the two-step

algorithm, we create the data set using random sampling since the set must consist of

i.i.d. samples.

6.4.3 Investigations

To examine the performance of the tuning method applied to the distribution grid setting,

we perform a variety of case studies, summarized as follows:

(i) We investigate how different data sampling procedures can impact the performance of

the tuning method. We analyze the performance of the tuning algorithm with the

full day and random samples across several different algorithm replications, and

aim to assess which sampling procedure is most suitable.

(ii) We provide a detailed results for one algorithm replication, looking at the resulting

constraint tightenings, inverter and voltage set points, and constraint violations

evaluated on in- and out-of-sample data.
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(iii) We investigate the algorithm performance when only partial day samples are used.

Since solar PV generation is highly temporally dependent, rather than finding a

single inverter set-point for the entire day, it may be advantageous to determine

set-points for smaller periods of the day.



1
2
1

Voltage magnitude Reactive power

Total VUF Max upper Max lower Joint Max upper Max lower Joint Total joint

Random, N = 2880 In-sample 6.432 0.049 0.032 0.132 0.05 0.05 0.121 0.195

Out-of-sample 6.355 0.056 0.04 0.154 0.072 0.056 0.134 0.217

Random, N = 5760 In-sample 6.470 0.05 0.032 0.131 0.05 0.05 0.123 0.195

Out-of-sample 6.401 0.054 0.038 0.15 0.07 0.055 0.134 0.213

Random, N = 11520 In-sample 6.452 0.05 0.031 0.13 0.05 0.05 0.123 0.193

Out-of-sample 6.386 0.054 0.039 0.15 0.07 0.055 0.134 0.214

Full day, Nday = 2 In-sample 6.562 0.044 0.032 0.105 0.05 0.05 0.104 0.162

Out-of-sample 6.552 0.054 0.036 0.135 0.084 0.048 0.134 0.208

Full day, Nday = 4 In-sample 6.327 0.05 0.035 0.127 0.05 0.05 0.124 0.198

Out-of-sample 6.250 0.061 0.043 0.159 0.088 0.056 0.145 0.230

Full day, Nday = 8 In-sample 6.242 0.048 0.034 0.129 0.05 0.05 0.125 0.195

Out-of-sample 6.243 0.059 0.045 0.169 0.084 0.072 0.150 0.237

Table 6.1: The in- and out-of-sample results from applying the tuning method to the three-phase single chance-constrained AC OPF
problem. The table reports the total VUF calculated on the samples and the worst-case, the maximum (i.e., worst case) and joint
violation probabilities across the voltage magnitude constraints, the maximum and joint violation probabilities across the reactive
power constraints, and the overall joint violation probability. Highlighted in blue are the constraints in which the worst-case violation
probabilities meets the desired ϵ = 0.05 exactly. Highlighted in red are the out-of-sample violation probabilities that exceed the desired
ϵ = 0.05.
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6.5 case study : data sampling

We perform numerical experiments to assess the performance of the tuning method using

random samples and full day samples. For both sampling methods, we choose data set

sizes of N = {2880, 5760, 11520}, corresponding to Nday = {2, 4, 8} days. We perform 10

algorithm replications, each using an independent sample draw from the overall full data

set. We set the individual chance constraint violation probability to be ϵ = 0.05 for all

constraints. The resulting solutions are evaluated using the same out-of-sample data set

consisting of Ndays = 45 full days.

Table 6.1 presents the worst case (maximum) in- and out-of-sample violation prob-

abilities for each constraint type (i.e., voltage magnitude upper and lower constraints

and reactive power upper and lower constraints), the joint violation probabilities across

the voltage constraints, the reactive power constraints, and all constraints, and total VUF

for solutions obtained using tuning on the six sample sets. We report the VUF value

calculated using the actual uncertainty samples, not the VUF calculated in the objective

function of the reformulated problem (see Section 6.3.1). The values in the table are the

average across the 10 replications. We highlight in blue the cases where the worst-case

in-sample violation probability of the constraint exactly meets the desired ϵ = 0.05. We

highlight in red the cases where there worst case out-of-sample violation probability of

the constraint exceeds the desired the desired ϵ = 0.05.

We can see that for all six sample sets, the tuning algorithm is able to ensure that all

individual chance constraints have an in-sample empirical violation probability of less

than or equal to ϵ = 0.05. However, the out-of-sample evaluated violation probabilities

often exceed the desired ϵ = 0.05. In particular, the some of the upper reactive power

limits and lower voltage magnitude limits exceed violation probabilities of ϵ = 0.05.

Tuning using full day data tend to give higher out-of-sample violation probabilities. To
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ensure that the out-of-sample values are below the desired ϵ threshold, we can apply the

two-step tuning method. This is explored in Chapter 7.

An interesting observation is that the total VUF of solutions obtained from using

randomly sampled data is relatively consistent amongst the three sample sizes. However,

the total VUF of solutions obtained from using full days of samples decreases as the

number of days (and samples) increase. Moreover, when at least Nday = 4 days of samples

are used, the total VUF of the solutions is lower than that of solutions obtained from

randomly sampled data.

A final observation is that the sum of the individual violation probabilities is sub-

stantially larger than joint violation probability, indicating that there are correlations

between the individual constraints. In Chapter 7, we also delve into solving the joint

chance-constrained version of this problem.

6.6 case study : single replication results

The subsequent sections discuss results of a single replication of the tuning algorithm,

using a sample set consisting of N = 2880 random samples.

6.6.1 Constraint tightenings

Figure 6.4 illustrates the voltage magnitude set-points and constraints tightenings across

all single-phase buses (left) and PV inverter reactive power set-points and constraint

tightenings across all inverters (right). The nominal constraints are plotted with a dashed

red line, the tightened constraints are plotted with blue lines, and the set points are

plotted with yellow dots. The tightening is the difference between the red dashed and the

blue lines.
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Figure 6.4: Voltage magnitude and reactive power nominal constraints (red dashed line), tightened
constraints (blue solid line), and set points (yellow dots).

We first observe that the tightenings for the upper and lower voltage constraints are

symmetric. This is as expected, because the voltage tightening of the tuning-based method

is given by the product between the standard deviation of the voltage magnitude at each

node (which is the same for the upper and lower bound) and the tuning parameter s

(which is shared among all voltage constraints) and is thus the same for both the upper

and lower bound. We further recognize that most constraints are not active (i.e., not

binding). In particular, only 4 voltage constraints are active. With the inverter constraints,

we see that a much larger fraction of the constraints are active, with many set points

either at the maximum or minimum allowable reactive power injections.

6.6.2 Constraint violations by node and inverter

We next compare the performance of the methods in terms of constraint violations

for the same replication discussed above. To assess the differences in performance, we

compute the voltage magnitude and inverter apparent power for each in-sample and

out-of-sample realization. Figures 6.5 show the box and whisker plots of the in sample
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(a) Distribution calculated on in-sample data.
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(b) Distribution calculated on an out-of-sample set consisting of Nday = 2 full days.

Figure 6.5: Box and whisker plots of the distributions of the voltage magnitude (left) and inverter
apparent power (right) calculated by running power flow simulations on in-sample (top) and
out-of-sample (bottom) data sets using the reactive power set point obtained from tuning. The
green dashed lines represent the lower and upper voltage magnitude limits and the maximum
inverter apparent power limits.

(Figure 6.5a) and out-of-sample (Figure 6.5b) voltage magnitude (left) and reactive power

(right) distributions. The out-of-sample evaluation was performed on a data set consisting

of Nday = 2 randomly drawn full days.

We see that both the in- and out-of-sample distributions look relatively comparable,

indicating that the in-sample distribution includes a representative set of samples. The

figures also display that there are more under-voltages than over-voltages. Moreover,
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we can observe that compared to the in-sample voltage distribution, the out-of-sample

distribution has outlier points that violate the lower voltage limit with greater magnitude.

6.6.3 Constraint violations by time of day

We analyze how the constraint violations vary across a single day. Figure 6.6 shows the

number of single-phase buses with voltage magnitude constraint violations (top) and PV

inverters with reactive power constraint violations (bottom) per time step evaluated on an

out-of-sample day using a set point obtained from tuning on N = 2880 random samples.

We see that most violations for both types of constraints occur around noon, which is

when PV active generation is the highest (as illustrated at the beginning of the chapter in

Figure 6.1). However, there are a few violations of the lower voltage constraints in the

early morning and evening.

Figure 6.7 plots the maximum violation magnitude across all buses and inverters for

each time step. The violation magnitude is shown as a percentage of the constraint. For

the reactive power constraints, we note that these percentages appear very large. This is

not necessarily because the violation magnitudes are excessively high, but because some

reactive power constraints at certain parts of the day (particularly around noon) are very

small (i.e., at or close to zero) due to the high amount of active power generation from

the PV inverters. We see that, similarly to in Figure 6.6, violations mainly occur around

noon, when solar PV generation is the highest. For the voltage magnitude constraints,

we see that the lower limit violations are of a considerably smaller magnitude than those

of the upper limits. For the reactive power constraints we see that, in general, the upper

limits have higher violation magnitudes, with the exception of the lower limit violation

around 10am.
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Figure 6.6: The number of single-phase buses with voltage magnitude constraint violations (top)
and PV inverters with reactive power constraint violations (bottom) that occur in a single out-of-
sample evaluation day.

6.7 conclusion

In this chapter, we solve the single chance-constrained three-phase unbalanced AC OPF

problem to determine solar PV inverter reactive power set points that minimize volt-

age unbalance. We adapt the bisection-based tuning algorithm from Chapter 3 to this

distribution grid setting. A notable challenge in formulating an suitable approximate op-

timization model for the AC OPF setting is that the uncertainty enters into the constraints

non-linearly and implicitly. We use a similar reformulation of the chance constraints

as in Chapter 3, where the deterministic constraints consist of the nominal constraints

tightened with uncertainty margins that are defined as the product of a tuning parameter

and an estimate of the standard deviation of the nominal constraint. Unlike in the DC OPF

case, there is not an explicit representation of the standard deviation, so it is estimated by

running power flow simulations using the uncertainty samples. Similarly, the evaluation
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Figure 6.7: The maximum violation magnitude (as a percentage of the constraint limit) across all
buses and inverters for each time step.

step of the tuning algorithm also uses power flow simulations to determine worst case

empirical violation probability across constraints to use for the bisection search tuning.

Numerical simulations were performed on the IEEE 13-bus test feeding using real

residential load and PV data. We first compared the performance of the algorithm using

different methods for creating the in-sample data set used as input to the tuning algorithm

(i.e., randomly sampled data points and randomly chosen full days of data) as well as

different data set sizes. We see that the bisection search-based tuning method is able

to obtain the desired violation probability ϵ in the in-sample evaluation. However, the

empirical violation probabilities in the out-of-sample evaluation often slightly exceed the

desired ϵ.
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7 risk allocation methods

In previous chapters, we have performed tuning by iteratively adjusting a tuning param-

eter via a bisection search. However, this single dimensional tuning approach fixes the

tuning parameter to be uniform across all chance constraints, which may be insufficiently

flexible in certain problem formulations, particularly when joint chance constraints are

considered. In this chapter, we instead explore multi-dimensional tuning methods that

separately adjust several tuning parameter. Our motivating example is the joint chance-

constrained version of the three-phase unbalanced AC OPF problem for distribution grid

control presented in Chapter 6.

We begin by reviewing a commonly used method to solve joint chance-constrained

problems that decomposes the joint chance constraint into single chance constraints.

The joint violation probability is ”shared” equally among the single constraints, giving

rise to uniform individual violation probabilities or risk levels. We subsequently discuss

how this uniform risk allocation is typically insufficient for the OPF problems we deal

with, as the lack of consideration of correlations between the constraints can result in

overly conservative or infeasible solutions. We review existing literature on methods for

determining non-uniform risk level allocations for joint chance-constrained problems

and discuss their limitations. Finally, we propose a risk allocation-based tuning algo-

rithm, inspired by [OW08] and [JHS20], that iteratively tunes a multi-dimensional vector

representing the risk levels assigned to each individual constraint in order to find a

solution that satisfies the desired joint violation probability. We conclude by presenting

numerical results applying this method to the joint chance-constrained three-phase AC

OPF problem.
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The notation in this chapter (along with the Chapter 6) is self-contained, unless an

equation from Chapters 2 through 5 is explicitly referenced.

7.1 background, motivation, and challenges

Several solution techniques for single chance-constrained problems do not easily extend to

joint constrained problems. As a result, a common solution method involves decomposing

the joint chance constraint into single chance constraints and invoking conservative upper

bounds on the single chance constraints to ensure that the joint violation probability does

not exceed the desired limit. Consider the following joint chance constraint

Pξ

(
gj(x, ξ) ⩽ 0, ∀j ∈ C) ⩾ 1− ϵ, (7.1)

where the constraint is required to hold with at least 1− ϵ probability. The joint constraint

can be decomposed into the following single chance constraints,

Pr(gj(x, ξ) ⩽ 0) ⩾ 1− ϵj, ∀j ∈ C, (7.2)

where each ϵj represents the acceptable violation probability of the corresponding single

chance constraints. Let K = |C| be the number of single chance constraints from the

decomposition of a joint chance constraint. We refer to a chosen assignment of violation

probabilities for single chance constraints ϵ1, . . . ϵK as a risk allocation and denote it using

ϵRA (to distinguish it from the desired joint violation probability ϵ).

A popular method to determine a suitable risk allocation is to invoke the union

bound (also known as Boole’s inequality [Boo54] or the Bonferroni inequalities [Car36]).

The intuition behind this method is as follows. The joint chance constraint (7.1) can
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equivalently be written as ensuring the violation probability is less than the desired

violation ϵ, i.e.,

Pξ

(
gj(x, ξ) > 0, j ∈ C

)
< ϵ. (7.3)

Applying the inclusion-exclusion principle, the left hand side of (7.3), which represents

the joint violation probability, can be written

Pξ

⋃
j∈C

{gj(x, ξ) > 0}

 =
∑
j∈C

Pξ

(
gj(x, ξ) > 0

)
(7.4a)

−
∑
j<l

Pξ

(
{gj(x, ξ) > 0}∩ {gl(x, ξ) > 0}

)
(7.4b)

+ ... + (−1)K−1Pξ

⋂
j∈C

{gj(x, ξ) > 0}

 (7.4c)

The first term denotes the sum of the violation probabilities across individual constraints,

while the subsequent terms account for the cases where multiple individual constraints

are jointly violated. Let Poverlap ∈ [0, 1] denote the overall aggregate of these probabilities,

Poverlap :=
∑
j∈C

Pξ

(
gj(x, ξ) > 0

)
− Pξ

⋃
j∈C

{gj(x, ξ) > 0}

 . (7.5)

Rather than considering the entire expression (7.4), the union bound truncates (7.4) to

obtain the following inequality

Pξ

⋃
j∈C

{gj(x, ξ) > 0}

 ⩽
∑
j∈C

Pξ

(
gj(x, ξ) > 0

)
. (7.6)

By choosing a risk allocation ϵRA that satisfies

ϵ1 + · · ·+ ϵK ⩽ ϵ, (7.7)
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and solving the corresponding single chance-constrained problem (7.2), the joint chance

constraint (7.1) is guaranteed to hold with probability at least 1− ϵ. We can see that the

union bound removes the Poverlap term, which can make the application of the bound

conservative. In particular, it has been shown that even by using an optimally chosen risk

allocation (i.e., where the individual violation probabilities are assigned to constraints in

the most optimal way), the union bound still leads to conservative solutions [Che+10]. In

essence, Poverlap can be interpreted as a metric for the conservativeness of using a method

that obtains solutions via performing an upper bound such as (7.6).

Often, the risk allocation ϵRA is not optimized but rather the violation probabilities

for the single chance constraints are chosen uniformly [Bla06], i.e.,

ϵj = ϵ/K, ∀j ∈ C. (7.8)

However, this uniform risk allocation results in further conservativeness because it does

not account for potential correlations between the individual constraints. It was shown in

[XAJ19] that, in general, optimizing the Bonferroni approximation is NP-hard, but there

are sufficient conditions leading to tractability. Several other works have also attempted

to optimize the risk allocation using techniques such as ellipsoidal relaxations [Van04]

and particle control [Bla06], but have nevertheless yielded conservative results.

In the power systems applications studied in this thesis, it is particularly important

to account for these correlations, as some constraints are highly correlated and only a

small subset of constraints tend to be close to their limit. Thus, the number of constraints

experiencing any violations is typically small. For example, in the DC OPF problem (3.3.2)

studied in Chapters 3 and 4, we noted that the generator outputs were correlated (i.e.,

all generators adjust their output together). In the AC OPF problem (6.30) studied in

the previous chapter, we take the solar PV generation at residential houses as a source

of uncertainty. In this setting, we expect there to be some degree of spatial correlation
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between the solar PV generation at each house if they are geographically located close

together. As a result, if, for example, there is a lot of active power generation from the

solar PV system at one house causing the upper voltage magnitude limit to be violated,

then we expect the same to happen at nearby houses. In the time series plots from the

previous chapter (Figure 6.6), we can see that constraints, particularly reactive power

constraints, are often jointly violated. Consequently, for our applications, it is critical

to seek alternative risk allocation methods that take into account correlations between

constraints and constraint violations.

We can draw a link between using uniform risk allocations to our tuning method

using a single tuning parameter. If we consider, e.g., the approximate problem model

formulated based on the moment-based analytical reformulation (3.3), we see that the the

tuning parameter s takes the place of a safety parameter defined by F−1(1− ϵ), where

ϵ is the acceptable violation probability of the single chance constraint and the inverse

cumulative distribution of the uncertainty F−1(·). Using the same tuning parameter s

across all individual constraints of a problem can be essentially thought of as choosing

a uniform risk allocation across constraints. In other words, the process of choosing a

non-uniform risk allocation can be thought of as a form of multi-dimensional tuning. In

general, multi-dimensional tuning is challenging due to the large number of constraints

present in OPF problems (particularly in the three-phase unbalance AC formulation

considered for distribution grids). The tuning problem must attempt to search for an

optimal risk allocation in high dimensional space.

In this chapter, we propose an multi-dimensional tuning scheme based on the idea of

risk allocation for the joint chance-constrained version of the three-phase unbalanced AC

OPF problem considered in Chapter 6. In the case study, we compare the risk allocation-

based tuning method to the bisection search-based algorithm.
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7.2 literature review

There are numerous works in the literature that focus on reducing conservativeness

when solving joint chance-constrained problems via decomposition into single chance

constraints. The problem of risk allocation was first introduced in [OW08], which proposed

a two-stage optimization problem where the upper stage problem finds an optimal

risk allocation and the lower stage problem uses the risk allocation to solve the JCCP

reformulated as individial constraints. To solve the upper stage problem, the paper

proposed the iterative risk allocation (IRA) algorithm, where individual risk levels are

allocated based on tightening inactive constraints (which are less likely to be violated)

and relaxing active constraints (which are more likely to be violated). While this method

is often less conservative than using a uniform risk allocation, it still maintains satisfaction

of Boole’s inequality, which guarantees satisfaction of the joint chance constraint but can

lead to conservatism.

Several works have adapted the two-stage risk allocation framework. Notably, [VT11]

uses a bisection search is used to scale a uniform risk allocation ϵ/K such that the resulting

optimization problem admits a solution with an empirical joint violation probability close

to the desired violation ϵ. While the risk allocation no longer needs to satisfy Boole’s

inequality, the use of a uniform risk across all individual constraints may lead to a

conservative solution by not taking into account that certain constraints are more or less

likely to be violated or that allowing higher violation probabilities for some constraints

can reduce cost.

Another line of work has attempted to derive tighter versions of Boole’s inequality

[BT17] or use machine learning methods to improve upon Boole’s inequality [BB18;

BB19]. The latter two methods use sample-based simulations to estimate the violation

probability of different combinations of individual constraints, and incorporates these

probabilities into the bound (7.6) to achieve a tighter bound. A similar approach is
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taken in [JHS20], but instead allows for non-uniform risk allocations, allowing it to

achieve less conservative solutions than uniform allocations. Here, the proposed adaptive

risk allocation strategy assigns risk levels to individual constraint proportional to their

empirical violation probability.

The scenario approach can also be used to directly solve non-convex joint chance-

constrained problems. While there exists an extensive body of work on theoretical guar-

antees and sample complexity bounds for convex problems, there do not exist analogous

results broadly applicable to general non-convex problems [CGR18]. In particular, to our

knowledge, there does not exist any a priori theoretical results for the scenario approach

applicable for the three-phase unbalanced AC OPF problem considered in this chapter.

7.3 risk allocation tuning algorithm

Inspired by [OW08] and [JHS20], we propose an algorithm for risk allocation for the

joint chance-constrained version of the three-phase AC OPF problem from Chapter 6.

We use the a similar deterministic reformation of the single chance-constrained problem

as presented in Section 6.35, but with slightly different constraint tightening definitions.

Here, the tuning parameter becomes the vector of risk allocations. The resulting candidate

solution is evaluated, then the constraints are updated using a new tuning scheme based

on risk allocation.

In the following, we present the joint chance-constrained problem formulation and pro-

vide details on the three components: (i) the formulation of the approximate optimization

model, (ii) the sample-based solution evaluation step, and (iii) the tuning scheme.
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7.3.1 Problem formulation

We use the same uncertainty modeling, reactive power control, and distribution grid

model as in Chapter 6. The three-phase AC joint chance-constrained OPF problem is

formulated as follows

min
PG,0,QG,|V|,Θ

∑
ω∈Ω

∑
l∈N

VUF2
l,ω (7.9a)

s.t. f (|Vi,ω|,Θi,ω,Pi,ω,Qi,ω) = 0, ∀i ∈ {0,N}, ω ∈ Ω, (7.9b)

Pω



|vϕ
i,ω| ⩽ v, ∀ϕ ∈ Φ, i ∈ N

|vϕ
i,ω| ⩾ v, ∀ϕ ∈ Φ, i ∈ N

qϕ
G,i ⩽

√
|s
ϕ
G,i|− (pϕG,i,ω)

2, ∀ϕ ∈ Φ, i ∈ N

qϕ
G,i ⩾ −

√
|s
ϕ
G,i|− (pϕG,i,ω)

2, ∀ϕ ∈ Φ, i ∈ N


⩾ 1− ϵ, (7.9c)

|V0|∠Θ0 =

[
1∠0◦ 1∠− 120◦ 1∠120◦

]⊤
, (7.9d)

where X = (PG,0, QG, |V|,Θ) denotes the decision variables.

7.3.2 Approximate problem

We use the same approximate problem as formulated in (6.35), where the power flow

equations are enforced for the average power injections and the chance constraints are

reformulated as their deterministic counterparts, tightened by a tuneable parameter.

However, unlike in Chapter 6, we do not pre-calculate the inverter tightenings and do not

define the voltage magnitude tightenings as the product of parameter s and the estimated

standard deviation. Instead, the tightenings for both types of constraints will be iteratively

determined via the risk allocation throughout the tuning process.
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Constraint tightening calculation

Let ϵϕq,i, ϵ
ϕ
q,i, ϵ

ϕ
v,i, and ϵ

ϕ
v,i denote the risk allocations for the lower reactive power, upper

reactive power, lower voltage magnitude, and upper voltage magnitude constraints at

bus i, connected to phase ϕ. For notational convenience, we use ϵRA = (ϵϕq,i, ϵ
ϕ
q,i, ϵ

ϕ
v,i, ϵ

ϕ
v,i)

to denote all the risk allocations for the problem.

For the inverter constraints, given a risk allocation ϵRA, we determine the correspond-

ing constraint tightening using the same process as in Section 6.3.1, summarized here

for ease of the reader. We use the uncertainty samples ω ∈ Ω to obtain the empirical

distributions for the upper and lower reactive power limits, denoted F̂
ϕ
q,i(·) and −F̂

ϕ
q,i(·).

Then, given a risk allocation ϵRA, we take the corresponding quantile of the empirical

distribution of the constraint and calculate the constraint tightening to be the difference

between the nominal limit and the evaluated quantile, i.e.,

λ
ϕ
q,i = q

ϕ
G,i − F̂

ϕ
q,i(ϵ

ϕ
q,i), ∀ϕ ∈ Φ, i ∈ N, (7.10a)

λ
ϕ
q,i = −F̂

ϕ
q,i(1− ϵ

ϕ
q,i) − qϕ

G,i, ∀ϕ ∈ Φ, i ∈ N. (7.10b)

For the voltage magnitude constraints, a similar process is performed. The main

difference is that to calculate the empirical distributions, we need to obtain a set point

from the optimization problem. We use the inverter set point QG from the previous

iteration of the optimization problem and uncertainty samples ω ∈ Ω to run power

flow simulations to obtain an empirical distribution for the voltage magnitude at every

single-phase bus, denoted F̂
ϕ
v,i(·). We then calculate the tightenings as

λ
ϕ
v,i = |vϕ

i |− F̂
ϕ
v,i(ϵ

ϕ
v,i), ∀ϕ ∈ Φ, i ∈ N, (7.11a)

λ
ϕ
v,i = F̂

ϕ
v,i(1− ϵ

ϕ
v,i) − |vϕ

i |, ∀ϕ ∈ Φ, i ∈ N. (7.11b)
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7.3.3 Solution evaluation

We use the same sample-based evaluation as in Section 6.3.2, but instead evaluate the

joint violation probability of the candidate solution Êjoint(X). In particular, we define the

indicator random variable Y(X,PG,ω,PL,ω) to evaluate to 0 if all inner constraints of the

joint constraint (7.9c) holds and 1 otherwise. The joint empirical violation probability is

defined as

Êjoint(X) :=
1

Ω

∑
ω∈Ω

Y(X,PG,ω,PL,ω). (7.12)

7.3.4 Tuning scheme

The most significant difference between this risk allocation tuning algorithm and the

previously proposed algorithm in Section 6.3 lies in the tuning scheme. Instead of tuning

a parameter s, we directly update the risk allocations ϵRA = (ϵϕq,i, ϵ
ϕ
q,i, ϵ

ϕ
v,i, ϵ

ϕ
v,i) in each

iteration, inspired by the iterative risk allocation algorithm [OW08].

We incorporate two main ideas to guide the algorithm tuning heuristics: (i) We use

the observations from the case studies in Chapter 6 that only a fraction of constraints are

active and/or violated and only modify these constraints. (ii) We use the general idea

from [JHS20] of allocating the allowable risk (or violation probability) for each constraint

according to where it is needed the most in order to reduce the overall cost of the problem.

In particular, we incorporate violation probability information as well as information from

the dual variables from each constraint to determine which constraints have the most

impact in minimizing the objective. We detail the tuning process and intuition behind

each step in the following.
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Relaxing constraints

When the candidate solution is evaluated to be too conservative (i.e., Ê(X)joint ⩽ ϵ, we seek

to relax the constraints by increasing the risk allocation which corresponds to decreasing

the constraint tightenings. In general, we note that the goal here is more to decrease the

objective value (i.e., total VUF) to obtain a more optimal solution rather simply reaching

the targeted violation probability ϵ. As long as the violation probability is below the ϵ

threshold, the primary goal is obtaining as low of an objective as possible.

To this end, we observe that increasing the risk allocation ϵRA (and thus relaxing

the constraint) on active constraints with non-zero dual variables is likely to reduce the

objective, while keeping keeping the joint violation probability within bounds. This is

because the dual variables associated with each constraint serve as an indicator as to

which constraints have the most impact on the objective value.

Let νϕ
q,i, ν

ϕ
q,i, ν

ϕ
v,i, and ν

ϕ
v,i denote the dual variables associated with the lower reactive

power, upper reactive power, lower voltage magnitude, and upper voltage magnitude

constraints at bus i, connected to phase ϕ, respectively. Let A ⊆ C denote the set of active

constraints.

We let total amount of risk chosen to be allocated amongst all constraints be the

difference between the desired and empirical joint violation probabilities, i.e., ϵ− Êjoint(X),

which would be positive in this case. The update rule for active constraint j ∈ A is as

follows

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j +

(
ϵ− Êjoint(X(k+1))

)
·

ν
(k+1)
j∑

l∈A ν
(k+1)
l

· τ, (7.13)

where τ ⩾ 0 is a constant parameter. To increase the step size (and rate of convergence),

we can use a larger τ value.
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Tightening constraints

On the other hand, when the candidate solution is not conservative enough and has too

high of a violation probability (i.e., Êjoint(X) ⩾ ϵ), we seek to tighten the constraints by

decreasing the risk allocation and subsequently increasing the constraint tightenings. We

similarly allocate ϵ− Êjoint(X), which is negative in this case, amongst all the constraints.

Since we observe that there are violated constraints that are in-active, we instead choose

to tighten the violated constraints proportionally to the size of their violation.Let V ⊆ C

denote the set of violated constraints.

The update rule for violated constraint j ∈ C is as follows

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j +

(
ϵ− Êjoint(X(k+1))

)
·

Êj(X(k+1))∑
l∈V Êl(X(k+1))

· τ. (7.14)

Infeasiblility

Finally, in the case that a risk allocation causes the optimization problem to become

infeasible, we first determine which constraints are infeasible by running a power flow

using the resulting reactive power set point from the solver. Then, we relax the infeasible

constraints by increasing their corresponding risk allocation by a multiple of ζ > 1, i.e.,

for infeasible constraint j ∈ C, the update rule is

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j · ζ. (7.15)

Initialization

We initialize the risk allocation ϵ
(0)
RA to a uniform risk allocation that admits a feasible

solution to the optimization problem. One choice could be to use the uniform allocation

that satisfies the Bonferroni inequality, i.e. (7.8). However, in our problem setting, due to

the large number of constraints, the risk allocated to each constraint becomes very small
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and the resulting optimization problem is feasible. Instead, we choose a larger uniform

risk allocation. We also note it is fine to set the initial risk allocations of each constraint to

the desired joint violation ϵ, but the algorithm may require more iterations to converge to

the desired risk allocation.

Convergence

The algorithm converges when the empirical joint violation probability is within a

tolerance level η ∈ R+ of the desired joint violation probability ϵ, i.e.,

Êjoint(X) ⩽ ϵ. (7.16)

We note that it is possible for solutions that have similar empirical joint violation prob-

abilities to have different risk allocations and different costs. Therefore, we choose to

return the solution with the lowest objective value that has an empirical joint violation

probability less than the desired ϵ. We note that due to the non-linearity in the system,

the solution with the lowest empirical violation probability may not be the one with the

lowest objective value. If the tuning algorithm is unable to find a solution that has a

low enough empirical joint violation probability, we return the solution with the lowest

empirical joint violation.

7.3.5 Algorithm

The algorithm proceeds as follows:

(i) Initialize: Set the iteration count to k = 0 and initialize a uniform risk allocation,

ϵ
(0)
RA = (ϵϕq,i, ϵ

ϕ
q,i, ϵ

ϕ
v,i, ϵ

ϕ
v,i).

Calculate the initial reactive power constraint tightenings Λ
(0)
q ,Λ(0)

q according to

(7.10) using the initial risk allocation. The approximate problem (6.35) is solved
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using Λ
(0)
q ,Λ(0)

q and voltage magnitude tightenings all set to zero to obtain an

initial operating point X(0), which is used to calculate the initial voltage magnitude

tightening Λ
(0)
v ,Λ(0)

v according to (7.11).

(ii) Solve approximate problem: Solve the approximate problem (6.35) using the tightenings

Λ
(k)
q ,Λ(k)

q ,Λ(k)
v ,Λ(k)

v to obtain a candidate operating point X(k+1) and dual variables

associated with each constraint νϕ
q,i, ν

ϕ
q,i, ν

ϕ
v,i, ν

ϕ
v,i.

If the approximate problem is infeasible, relax the infeasible constraints by setting

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j · ζ. (7.17)

(iii) Solution evaluation: Calculate the joint violation probability of the candidate solution

Êjoint(X(k+1)) as described in Section 7.3.3.

(iv) Update risk allocation:

If Êjoint(X(k+1)) < ϵ: Relax active constraints j ∈ A proportional to their dual

variables

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j +

(
ϵ− Êjoint(X(k+1))

)
·

ν
(k+1)
j∑

l∈A ν
(k+1)
l

· τ, (7.18)

If Êjoint(X(k+1)) > ϵ: Tighten violated constraints j ∈ V proportional to their violation

ϵ
(k+1)
RA,j = ϵ

(k)
RA,j +

(
ϵ− Êjoint(X(k+1))

)
·

Êj(X(k+1))∑
l∈V Êl(X(k+1))

· τ. (7.19)

(v) Update tightenings: Calculate the new constraint tightening Λ
(k+1)
q ,Λ(k+1)

q ,Λ(k+1)
v ,Λ(k+1)

v

using the updated risk allocation ϵ
(k+1)
RA

(vi) Check convergence: Terminate if the empirical joint violation probability is within a

tolerance level η ∈ R+ of the desired ϵ, i.e, |Êjoint(X(k+1)) − ϵ| ⩽ η.
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Return the solution with the lowest objective that is empirically feasible to the chance

constraint, i.e.,

Êjoint(X(k+1)) ⩽ ϵ. (7.20)

Otherwise, increase iteration count k = k+ 1, and go back to step (ii).

7.4 case study overview

In the case studies, we perform simulations on the IEEE 13-node radial distribution feeder

[Sch+17] using uncertainty data for solar PV generation and load demand from Pecan

Street [Pec], similar to the case used in Chapter 6.

The investigations performed are summarized as follows:

(i) We first apply the bisection search tuning method from Chapter 6 to the joint chance-

constrained problem. The results demonstrate that tuning a single parameter does

not allow us to achieve a low enough joint violation probability and motivates the

necessity of multi-dimensional tuning.

(ii) We provide results using the risk allocation tuning method and demonstrate that is

able to attain the desired joint violation probability.

(iii) We use the risk allocation algorithm in conjunction with the two-step tuning frame-

work described in Chapter 4 to obtain theoretical guarantees.

We note that, in this thesis, we do not provide benchmark numerical results with

alternative methods for solving joint chance constrained problems. This is primarily due

to the fact that many existing methods do not easily extend to non-convex problems,

particularly problems of the size and complexity of the three-phase unbalanced AC
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OPF problem considered in this chapter. For example, for the test system we use in our

case studies, when applying the uniform decomposition based on Boole’s inequality the

risk allocation results in an infeasible optimization problem due to the large number of

problem constraints. Alternatively, if we consider using the scenario approach, it is unclear

how many samples are required for our optimization problem to achieve the desired

probabilistic feasibility guarantee. Thus, to ensure a reliable solution, a large number

of scenarios may need to be included, which may be computationally prohibitively due

to our large problem size. We leave further numerical results, including benchmarking

against alternative joint chance-constrained methods, for future work.

7.5 case study : single-dimensional tuning

We first assess the performance of applying bisection-search tuning method described

in Section 6.3.3 to the joint chance-constrained problem and demonstrate that it is

insufficiently flexible to attain low enough joint violation probabilities.

7.5.1 Reactive power constraint tightening

To apply the bisection-search based tuning algorithm, we need to make a few modifica-

tions to existing method. We use the same reformulated problem as described in (6.35).

Previously, the reactive power constraint tightening were pre-calculated to the desired

quantile, which cannot be done in the joint chance-constrained case because we need to

adjust the violation probability for individual constraints as part of the tuning process.

Instead, we iteratively tune both the voltage magnitude and reactive power constraints

which are defined as the product of the tuning parameter s and the estimated standard
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deviations of the empirical distribution σ
ϕ
q,i,σv,i ∈ R+ for the reactive power and voltage

magnitude constraints. This gives us the following expressions

λ
ϕ
q,i = λ

ϕ
q,i = s · σϕ

q,i, ∀ϕ ∈ Φ, i ∈ N, (7.21)

λ
ϕ
v,i = λ

ϕ
v,i = s · σϕ

v,i, ∀ϕ ∈ Φ, i ∈ N. (7.22)

We use a single tuning parameter s across all constraints. As previously mentioned, this

can be interpreted as using a uniform risk allocation across all constraints.

7.5.2 Numerical results

We perform the bisection-based algorithm for desired joint violation probabilities of

ϵ = {0.05, 0.10, 0.15}. For the in-sample tuning data, we use N = 2880 random samples,

as done in Section 6.5. We perform the out-of-sample evaluation using the same data

set consisting of Ndays = 45 full days as used in Section 6.5. We perform 10 algorithm

replications.

Table 7.1 shows the in- and out-of-sample VUF, joint violation probabilities (across

all constraints, across all voltage magnitude constraints, and across all reactive power

constraints), and worst-case violation probabilities for each constraint type (voltage

magnitude upper and lower constraints and reactive power upper and lower constraints).

All values are the averaged values on the 10 algorithm replications.

We can see that the algorithm is completely unable to obtain solutions with in- or

out-of-sample joint violation probabilities close to ϵ = {0.05, 0.10}. The algorithm comes

close in the ϵ = 0.15 case. We see that the empirical violation probabilities of the reactive

power constraints are significantly higher than those of the voltage magnitude constraints

in all cases, indicating that a single tuning parameter does not allow enough flexibility for
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In/out
sample

Overall Voltage magnitude Reactive power

VUF Joint Upper Lower Joint Upper Lower Joint

ϵ = 0.05 In 7.9757 0.1739 0.0070 0.0119 0.0382 0.0786 0.0782 0.1502

Out 7.8941 0.1810 0.0066 0.0107 0.0336 0.0914 0.0838 0.1595

ϵ = 0.10 In 7.8294 0.1779 0.0089 0.0126 0.0428 0.0791 0.0801 0.1530

Out 7.7484 0.1854 0.0091 0.0115 0.0406 0.0929 0.0856 0.1621

ϵ = 0.15 In 7.8076 0.1649 0.0079 0.0089 0.0361 0.0788 0.0805 0.1462

Out 7.7261 0.1742 0.0077 0.0072 0.0343 0.0923 0.0854 0.1570

Table 7.1: Results from applying the bisection search tuning method to three-phase joint chance-
constrained AC OPF problem using a tuning data set consisting of N = 2880 random samples.
The results are the averaged values from 10 algorithm replications. The out-of-sample evaluation
was performed on Ndays = 45 full days of data.

both of the different constraint types. We likely need a tighter parameter for the reactive

power constraints than for the voltage magnitude constraints.

7.5.3 Parameter sweeping

We investigate this further by sweeping over tuning parameter values and plotting the

empirical violation and VUF values of the resulting solutions from the reformulation.

Figure 7.1 shows the empirical joint violation probabilities across the voltage magnitude

constraints (blue), across the reactive power constraints (yellow), and across all constraints

(green) on the left and the total VUF on the right.

Figure 7.1(a) sweeps across parameter values s = [1, 2.6], where both the voltage

magnitude and reactive power constraint tightenings are adjusted according to the s value.

We note that when s > 2.6, the optimization problem becomes infeasible. We observe the

overall joint violation probability (green) only reaches a minimum of Êjoint(X) = 0.1611

(occurring when s = 2.4). This high joint violation probability is primarily driven by the

high reactive power constraint violation probabilities (yellow). The joint reactive power

violation probability never decreases past Êq,joint(X) = 0.1326 (occurring when s = 2.6),
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while the joint voltage magnitude violation probability (blue) reaches a minimum of

Êv,joint(X) = 0.0316 when s = 2.4. Consequently, for the AC OPF problem we study, when

only using a single dimensional tuning parameter, the lowest possible joint violation

probability we can obtain is Êjoint(X) = 0.1611.

To give an example of how multi-dimensional tuning can help improve the solution,

we use separate tuning parameters for the voltage magnitude constraints and reactive

power constraints. Let the respective parameters be denoted sVm and sQg. Figure 7.1(b)

fixes sVm = 2.4 (since it is the tuning parameter value that minimized the joint violation

above) and sweep across sQg = [3, 4.6]. The minimum joint violation probability is now

Êjoint(X) = 0.1257, occurring when sQg = 3.6. However, we see that the reactive power joint

violation (yellow) monotonically decreases as sQg increases (until sQg = 4.6, after which,

the problem becomes infeasible). However, the voltage magnitude joint violation increases

as sQg increases, resulting in an overall joint violation probability that is nearly constant

around 0.145. Subsequently, in Figure 7.1(c), we see if we can obtain a lower joint violation

probability by fixing sQg = 4.6 and sweeping the voltage constraint tuning parameter

across sVm = [1, 2.4]. At sVm = 2.1, the joint violation probability is Êjoint(X) = 0.1094.

Overall, we see that the tightenings for the two types of constraints (i.e., the voltage

magnitude constraints and the reactive power constraints) behave differently enough that

we cannot use the same tuning parameter across them. However, when we extend our

tuning even to a simple two-dimensional case (where we tune each type of constraint

separately) we can obtain much better results.
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(a) Jointly adjusting Vm and Qg constraints
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(b) Fixing Vm constraints using s_Vm = 2.4, adjusting Qg constraints
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(c) Fixing Qg constraints using s_Qg = 4.6, adjusting Vm constraints

Voltage magnitude joint violation Reactive power joint violation Overall joint violation Total VUF

Figure 7.1: Plots showing the empirical joint violation probability and total VUF for various tuning
parameter values s.
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7.6 case study : application of risk allocation

tuning

We apply the risk allocation tuning method described in Section 7.3. We assess the

algorithm performance for desired violation probability values ϵ = {0.05, 0.10, 0.15}. For

the in-sample data, we use the random sampling method with N = 2880 samples to

obtain an uncertainty data set as done in Section 6.4.2. The out-of-sample evaluation is

performed using the out-of-sample data set consisting of Ndays = 45 full days. We perform

10 replications of the algorithm. We use algorithm parameters τ = 2 (to increase the

algorithm step size) and ζ = 1.2 (the factor by which infeasible constraints are relaxed). To

initialize the risk allocation, we choose a uniform risk allocation that results in a feasible

solution. In this case, we set the initial risk allocation to be 0.0125 for all constraints. We

note that this is much higher than what we would choose if we tried use the Bonferroni

bound (which resulted in an infeasible solution).

Table 7.2 presents the in- and out-of-sample VUF, joint empirical violation probabilities

(across all constraints, voltage magnitude constraints, and reactive power constraints),

and worst-case violation probabilities for each constraint type (voltage magnitude upper

and lower constraints, reactive power upper and lower constraints), and Poverlap, averaged

over 10 algorithm replications.

7.6.1 Performance evaluation

From Table 7.2, we can see the risk allocation tuning algorithm is unable to obtain a

solution empirically feasible to the joint chance constraint with the desired in-sample

joint violation probability in the case where ϵ = 0.05. However, when ϵ = {0.1, 0.15},

the risk allocation tuning algorithm is able to obtain in-sample empirical joint violation
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ϵ
In/out
sample

Overall Voltage magnitude Reactive power

VUF Joint Poverlap Upper Lower Joint Upper Lower Joint

0.05 In 8.1083 0.0870 0.0861 0.0114 0.0084 0.0491 0.0125 0.0041 0.0509

Out 8.0354 0.0994 0.1194 0.0159 0.0097 0.0539 0.0246 0.0048 0.0634

0.1 In 7.4354 0.1000 0.1111 0.0112 0.0119 0.0628 0.0125 0.0112 0.0536

Out 7.361 0.1132 0.1634 0.0164 0.0149 0.0693 0.0252 0.0163 0.0673

0.15 In 6.4571 0.1488 0.1945 0.0185 0.0557 0.1083 0.0126 0.0114 0.0535

Out 6.3774 0.1660 0.25854 0.0218 0.0580 0.1190 0.0244 0.0170 0.0658

Table 7.2: Results from applying the risk allocation tuning method to three-phase joint chance-
constrained AC OPF problem using a tuning data set consisting of N = 2880 random samples.
The results are the averaged values from 10 algorithm replications. The out-of-sample evaluation
was performed on Ndays = 45 full days of data.

probabilities exactly equal to ϵ. The out-of-sample violation probabilities are slightly

larger than the in-sample values. In comparison, from the bisection search-based tuning

algorithm results presented in Table 7.1, the algorithm was unable to obtain the desired ϵ

for any of the values. Thus, the results highlight that the risk allocation tuning algorithm

indeed is able to obtain lower joint violation probabilities.

When looking at the VUF values from the risk allocation method, we see that the VUF

increases as the desired violation probability ϵ increases, indicating that we obtain higher

VUF solutions as we tighten the constraints more, as expected. Interestingly, we see that

the out-of-sample VUF values on average lower than the in-sample values (despite the

out-of-sample joint violation probability being larger on average).

7.6.2 Algorithm convergence

Figure 7.2 plots the total VUF (blue), joint violation probability (green), and violation

probability overlap Poverlap (pink) for each iteration of a single replication of the risk

allocation tuning algorithm using a tuning sample set of N = 2880 random samples,

targeting a desired ϵ = 0.15. We can see that the VUF starts off high, as the initial
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iterations result in solutions with lower than desired empirical joint violation (i.e., too

conservative solutions). In iterations 1 to 6, the constraints are relaxed and the VUF drops.

Then, the algorithm iterates between relaxing and tightening constraints until it converges

to the desired ϵ = 0.15.
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Figure 7.2: The total VUF (blue), in-sample empirical joint violation probability (green), and the
aggregation of joint violating probabilities Poverlap (pink) across all iterations of a single replication
of the risk allocation algorithm, using N = 2880 and ϵ = 0.15.

7.6.3 Constraint tightenings

We next compare the constraint tightenings and OPF set points obtained with the two

different tuning methods using N = 2440 tuning samples and ϵ = 0.15. Shown in Figure

7.3 are the voltage magnitude set points and constraint tightenings across all single-phase

buses (left) and reactive power set points and constraint tightenings across all PV inverters

(right) for single algorithm replications. The nominal constraints are plotted with the red

dashed line, the tightened constraints are plotted in blue (bisection search) and green
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Figure 7.3: Comparison of the constraint tightenings and OPF solutions resulting from the risk
allocation tuning method and the bisection-search tuning method for single algorithm replications
using N = 2440 samples and ϵ = 0.15.

(risk allocation), and the OPF set points are plotted with yellow (bisection search) and

pink (risk allocation).

As expected, we can see that the risk allocation algorithm tightenings (green) are not

symmetric, unlike the tightenings for the bisection search algorithm (blue). However, we

do see that the constraint tightenings for both the voltage magnitude and reactive power

constraints are relatively similar for several buses and inverters and generally follow the

same pattern.

Another observation for the risk allocation algorithm is that most constraints are not

active (i.e., not binding). In particular, only a small fraction of upper voltage magnitude

constraints are active, while a larger fraction of the lower voltage magnitude constraints

are active. We see that over half of the upper reactive power constraints are active, while

only two of the lower reactive power constraints are active.
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7.6.4 Risk allocation results

In Figure 7.4, we plot the resulting risk allocation from same algorithm replication in

the previous results, where a tuning set of N = 2880 samples and desired ϵ = 0.15 is

used. Immediately, we can see that the risk allocation is non-uniform. In this case, the

initial risk allocation of 0.0125 resulted in a solution that was too conservative (i.e., had

an empirical violation probability less than ϵ = 0.15), so the algorithm mostly had to

relax constraints by increasing the risk allocations of active constraints.

We can see that most constraints have risk allocations that remain at the initial 0.0125.

This is as expected since, as seen in Figure 7.3, most constraints are not active. Furthermore,

in Figure 7.4, we observe not only constraint relaxations, but tightenings as well. The

voltage constraints are mostly relaxed, with some constraints (e.g., the upper constraint

at buses 44, 46, and 47 and the lower constraint at bus 31) being allocated very high

risk allocations relative to the initial 0.0125. On the other hand, for the reactive power

constraints, while the upper constraint at inverter 15 is given a higher risk allocation,

indicating that it is being relaxed, several upper and lower constraints end up with a

very small risk allocation (meaning they have been tightened). This is also consistent with

results shown in Figure 7.2, where we see that initially the problem is too conservative

and is relaxed, but then iterates between tightening and relaxing to obtain the desired

ϵ = 0.15 joint violation.

Figure 7.5 plots the empirical violation probabilities of each constraint. We can see that

most constraints do not have violations. The constraints that do have violations correlate

with the constraints that are relaxed (i.e., with lower risk allocations) in Figure 7.4.
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Figure 7.4: The final risk allocation for all constraints of a single replication of the risk allocation
algorithm using N = 2880 samples and ϵ = 0.15.

7.6.5 Correlations between individual constraints

Next, we assess the importance of accounting for the difference between the sum of

the individual violation probabilities and the joint violation probabilities, which was

quantified by Poverlap in equation (7.5).

We highlight that the Poverlap values shown in Table 7.2 are large, relative to the

desired joint violation probability for all ϵ values considered. This indicates that the sum

of the individual violation probabilities is much larger than the joint violation probability,

which implies that individual constraints are frequently jointly violated and that the

risk allocation algorithm is able to account for these correlations between individual

constraints. Furthermore, the large Poverlap values underscore the conservativeness of the

union bound for the AC OPF problem we consider. In fact, if we apply the union bound
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Figure 7.5: The final violation probabilities of each constraint of a single replication of the risk
allocation algorithm using N = 2880 samples and ϵ = 0.15.

and allocate the overall risk ϵ uniformly for this problem, the resulting optimization

problem becomes infeasible.

Looking at the joint violation across the voltage magnitude constraints and across

the reactive power constraints, we can see that the sum of these values is only slightly

larger than the joint violation across all constraints. This indicates that the occurrence of

joint violations are typically within the constraint types themselves. This can be observed

in Figure 7.6, which plots the number of violated constraints at each time step during

an out-of-sample day, with a set point obtained from the risk allocation tuning algorithm

run on a sample set of N = 2880 tuning samples and ϵ = 0.15. The top figure shows

number of single-phase buses with voltage magnitude lower constraint violations (blue)

and upper constraint violations (yellow) at each time step. The bottom figure shows the

number of PV inverters with reactive power lower constraint violations (green) and upper

constraint violations (pink) at each time step. We see that several joint violations (with

violations in both voltage magnitude and reactive power constraints) occur around noon.
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However, in general, voltage magnitude constraint violations are more spread throughout

the day, while reactive power constraints only occur around noon during this day.

In Figure 7.7, we plot the magnitude of the maximum constraint violations (across all

single-phase buses or inverters) for each time step in an out-of-sample day using the same

set point as in the above. Similarly to the set point obtained from the bisection search

shown in Figure 6.7, we see that the magnitude of the voltage magnitude violations are

very small (less that 1% of the limit). For the reactive power constraints, we note that

these percentages appear very large because some reactive power constraints at certain

parts of the day (particularly around noon) are at or close to zero due to the high amount

of active power generation from the PV inverters.
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Figure 7.6: Plot of the number of constraint violations that occur across a single out-of-sample
evaluation day using a set point from the risk allocation tuning algorithm run with N = 2880

tuning samples and ϵ = 0.15.
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Figure 7.7: Plot of the maximum constraint violation across each constraint type as a percentage
of the nominal constraint occurring at each time step using a set point from the risk allocation
tuning algorithm run with N = 2880 tuning samples and ϵ = 0.15.

7.7 case study : application of two-step tuning

In this section, we combine the risk allocation tuning algorithm with the two-step

methodology proposed in Chapter 4 to obtain theoretical guarantees on the joint chance-

constrained three-phase AC OPF problem.

We use the same test system as detailed in Section 6.4.1 and target a desired ϵ = 0.15.

We use confidence parameters δtune = δt = β = 0.001. We choose c = 1/3, which gives

Voltage magnitude Reactive power

Total VUF Total joint Upper Lower Joint Upper Lower Joint

Generation 7.5269 0.0999 0.0114 0.0114 0.0622 0.0125 0.0114 0.0546

Verification 7.5185 0.1063 0.0141 0.0112 0.0646 0.0211 0.0133 0.0633

Table 7.3: Two-step tuning results for the AC OPF problem, using ϵ = 0.15, c = 1/3, and N = 72471.
The results are the averaged values from 10 algorithm replications.
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a tuning margin ttune = ϵ/3 = 0.05. As a result, the tuning algorithm targets a joint

violation of ϵ− ttune = 0.15− 0.5 = 0.1.

Following the sample complexity bound (5.9) evaluated for δtune = 0.001 and ϵ = 0.1,

we use N = 72471 randomly drawn uncertainty samples in each step. This results in

requiring t >
√

1
2N ln 1

δt
≈ 0.00690 and k >

√
1
N ln 1

β ≈ 0.00976. Therefore, we choose the

verification margin to be t = 0.007. We note that the tuning margin ttune = 0.05 satisfies

the requirement of ttune ⩾ t+ k and therefore Claim 4.5 applies.

Recall that in the solution generation step (i.e., application of the tuning algorithm),

we required the final solution X∗ to pass the following empirical feasibility criterion

Êjoint(X∗) + ttune ⩽ ϵ ⇔ Êjoint(X∗) ⩽ 0.1. (7.23)

In the solution verification step, the a posteriori feasibility guarantee (Claim 4.2) states

that a solution X∗ is feasible to the original chance constraint (7.9c) with probability at

least 1− δt if X∗ satisfies the a posteriori solution verification criterion. The criterion

requires the empirical violation probability of X∗ plus the verification margin t be less

than the desired violation ϵ, i.e.,

Ê(X∗,Ξ2) + t ⩽ ϵ ⇔ Ê(X∗,Ξ2) ⩽ 0.143. (7.24a)

Table 7.3 shows the VUF and violation probabilities of both the solution generation

step (in-sample) and the a posteriori verification step (out-of-sample), averaged across

10 algorithm replications. The table reports the worst case (i.e., maximum across the

constraint type) violation probabilities of the upper and lower voltage magnitude and

reactive power constraints, the joint voltage magnitude and joint reactive power violation

probabilities, and overall joint violation probability.

The risk allocation tuning algorithm is able to obtain an average in-sample joint

violation probability of ϵ− ttune ⩽ 0.1 in the solution generation step. However, when
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looking at the replication results, we see that only 4/10 replications have a joint violation

probability of equal to or less than 0.1. The remaining 6/10 replications all achieve an

empirical in-sample joint violation of 0.1001. Although this violation probability is slightly

too high, it is within the desired tolerance level of the algorithms. Thus, all solutions are

declared feasible for the solution generation step and verified using the verification step.

Furthermore, we note that regardless if (7.23) holds, if the verification feasibility criterion

(7.24) is satisfied, the a posteriori feasibility guarantee (Claim 4.2) is still applicable.

In the solution verification step, we see that not only does the average a posteriori

evaluated joint violation probability shown in Table 7.3 satisfy the verification criterion

(7.24), but all algorithm replications do as well. In fact, the highest a posteriori evaluated

empirical violation probability is 0.1076. Thus, solutions from all replications can be

declared to be feasible to the joint chance-constrained problem with confidence level

1− δt = 0.999 via Claim 4.2.

The a priori feasibility result (Claim 4.7) provides that we should have a confidence

level of

(1− δt)(1−β) = (1− 0.001)(1− 0.001) = 0.998 (7.25)

that a solution obtained from the two-step tuning process (i.e., a solution that satisfies

the tuning criterion) is feasible to the original chance-constrained problem. Given that

all algorithm replications that satisfied the tuning criterion also satisfied the verification

criteria, our empirical results align with this a priori claim.

7.8 conclusion

This chapter proposes a multi-dimensional tuning method for joint chance-constrained

optimization based on the idea of risk allocation. The method is used to find solar PV
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inverter reactive power set points via the joint chance constrained three-phase unbalanced

AC OPF problem formulated in Chapter 6.

In the case study, we first demonstrate that the single-dimensional bisection search-

based tuning algorithm is unable to obtain OPF solutions with the desired joint violation

probability. Then, in contrast, the risk allocation-based tuning method is shown to be able

to achieve solutions with the desired joint violation probability. Finally, we combine the

risk allocation algorithm with the two-step tuning methodology and establish that we are

able to get probabilistic feasibility guarantees on the solution.
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8 conclusion

This dissertation introduced a flexible data-driven tuning framework for solving chance-

constrained optimization problems that balances optimality, feasibility, and computational

tractability. Variations of the tuning approach were designed to solve OPF problems

adapted for transmission and distribution grid operations and operational planning, in

settings where the distribution of uncertainty is unknown. The following summarizes

the content of each chapter, highlights some of the main takeaways of the thesis, and

identifies directions for future work.

8.1 summary

Chapter 3 proposed a generalized tuning methodology for chance-constrained problems

that combines a simple, computationally lightweight approximate optimization model

with feedback from sample-based evaluations to iteratively adapt model parameters. An

example algorithm employing an approximate model (inspired by the moment-based

analytical chance constraint reformulation) and a bisection search on a single-dimensional

safety parameter is presented. It is used in the case study to determine low cost genera-

tion schedules under uncertainty due to renewable generation and load variability for

transmission grid operation via solving the single and joint chance-constrained DC OPF

problems.

Chapter 4 devised a two-step framework that allows tuning methods, such as the

algorithm proposed in Chapter 3, to achieve rigorous a posteriori probabilistic feasibility
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guarantees. The relationship between the tuning and verification steps is analyzed to

provide a theoretical basis for an algorithm design that a priori asserts a feasible solution

will be returned with high probability. The validity of the assumptions used in deriving

the a priori results of the two-step tuning method is further examined in Chapter 5, along

with the algorithm’s sample complexity and scalability to larger network sizes. Case

studies in Chapters 4 and 5 apply the two-step method to joint chance-constrained DC

OPF for transmission grids and provide numerical results that validate the theoretical

developments.

Shifting focus to the distribution grid setting, Chapter 6 adapted the bisection search-

based tuning algorithm to solve a single chance-constrained formulation of the three-phase

unbalanced AC OPF problem used to find reactive power set points for PV inverters that

minimize the total voltage unbalance. Case studies explore how to effectively sample

realistic solar PV and load data in the tuning process and demonstrate that the algorithm

is able to achieve solutions with the desired violation probability.

To more effectively solve joint chance-constrained problems, an alternative tuning

heuristic that allows for multi-dimensional tuning is proposed in Chapter 7. The risk

allocation-based algorithm decomposes the joint chance constraint into single chance con-

straints and iteratively adjusts the risk levels (i.e., acceptable violation probabilities) of the

individual constraints using sample-based evaluations as well as solution characteristics.

Simulation results demonstrate this multi-dimensional method performs favorably to

alternative methods, such as the bisection-search algorithm and the usage of the Bonfer-

roni bound. The risk allocation tuning algorithm is further combined with the two-step

methodology and is shown to be able to find solutions that are feasible to the joint chance

constraint with high probability.
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8.2 conclusions

We highlight some of the overarching findings and conclusions of this thesis below.

(i) Balancing solution optimality, feasibility, and computational tractability: In the case studies

throughout the thesis, we see that, given a fixed number of samples, to ensure a

greater probability of feasibility, we need to use higher margin terms, which results

in less optimal solutions. On the other hand, we can decrease the margin (and

increase optimality) without impacting the feasibility guarantees by incorporating

more samples into the tuning process. However, the increase in the required number

of samples may limit computational tractability.

(ii) Decoupling of the optimization problem from the uncertainty evaluation: Unlike other

methods, we do not incorporate the uncertainty data within the problem itself

but rather perform an evaluation of the uncertainty after obtaining a candidate

solution. This allows us to leverage large amounts of data without increasing the

computational complexity of the optimization problem being solved.

(iii) Use of approximate optimization models: The use of approximate models that do not

have to provide probabilistic guarantees allows us to handle problems with undesirable

or complicated structure (e.g., non-convex optimization problems). While a simpler

approximate formulation may be less accurate, these models are much more compu-

tationally tractable and allow us to take advantage of the efficiency and scalability of

commercial, off-the-shelf solvers. We make up for the possible model inaccuracy by

leveraging large amounts of data for tuning.

(iv) Correlations between constraints need to be considered: For joint chance-constrained

problems, particularly in power systems applications, we have observed that there

are significant correlations between constraints as observed by the large overlap term
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values in Chapter 7. As a result, we need to consider methods that take into account

these correlations in order to obtain solutions that are not overly conservative.

8.3 future work

This dissertation proposed data-driven tuning algorithms for the OPF problem under

uncertainty, with the ability to obtain probabilistic feasibility guarantees. Building on the

proposed framework, we present a few directions for future work.

8.3.1 Identifying new approximate problem formulations

The advantage of using tuning-based algorithms is that it relies on the use of a simple,

computationally lightweight optimization problem that is iteratively updated. A key

challenge addressed in this thesis is the formulation of approximate models best suited

for the optimization problems being solved. As mentioned before, the approximate model

should capture salient features of the problem setting (e.g., transmission or distribution

grid model), incorporate an suitable uncertainty representation, and contain parameters

that are amenable to tuning.

There are several avenues for formulating alternative approximate problem models:

(i) In this thesis, we use an approximate model with constraint tightenings defined as

the tuning parameter multiplied by an estimate of the standard deviation of the

nominal constraint or defined as a quantile of the empirical distribution. In Section

3.2.1, we see that the former choice of tightening is analogous to tuning the size of

an ellipsoidal uncertainty set. In future work, we can investigate the use of different

uncertainty sets, such as polyhedral uncertainty sets [BEN09], which may provide a

more accurate representation of the uncertainty distribution.



165

(ii) We can explore the use of alternative risk measures, which give rise to different

probabilistic constraint formulations. For example, in the case studies in Sections

6.6.3 and 7.6.5, we see that the magnitude of violation of the constraints varies

amongst the constraint type and uncertainty realization. We can use alternative

risk measures that account for the violation magnitude as well as the violation

probability. Examples may include the use of CVaR constraints [NS07] or weighted

chance constraints [Roa+15a]. Certain risk measures can also be linked to different

uncertainty sets, as certain classes of risk measures have been shown to be equivalent

to some uncertainty sets used in robust optimization [BB09].

(iii) We can also study the impact of the grid model on solution performance. In Chapters

6 and 7, for distribution grid tuning, we use the full non-linear, non-convex three-

phase power flow formulation, which may be challenging to solve for large scale,

realistic distribution grids. Most existing techniques used to reduce computational

complexity for distribution grid optimization are based on linear approximations and

convex relaxations of the power balance equations [GR21]. We can consider using

different approximate power flow models for solving the optimization problem,

while still using the full three-phase, non-convex distribution grid model in the

evaluation step.

8.3.2 Alternative tuning schemes

This thesis proposes two different tuning schemes: a simple single-dimensional bisec-

tion search-based tuning algorithm and a more sophisticated multi-dimensional risk

allocation-based tuning algorithm. We can also investigate alternative updating rules,

such as using a gradient-descent style scheme for tuning. Furthermore, we can look to

incorporate different sources of information, such as information on the correlations
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between constraints, into the tuning scheme. In general, the most suitable tuning scheme

to use will depend on the choice of approximate model formulation.
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A comparison methods for chance-constrained

dc opf

A.1 scenario approach reformulation

The scenario approach [CGP09; CC06] is a common approach used to solve chance-

constrained problems. While it requires no assumptions on the underlying distribution

of the uncertainty ξ, it relies on the availability of uncertainty samples or scenarios

ΞSA = {ξ(1), . . . , ξ(NSA)} to transform probabilistic constraints into deterministic constraints.

The chance-constrained problem is reformulated by enforcing that all constraints must

hold for all scenarios, i.e.,

min
x

∑
i∈N

c2,ix2i + c1,ixi + c0,i (A.1a)

s.t.
∑
i∈N

xi − di = 0, (A.1b)

Ω
(k)
ξ :=

∑
i∈N

ξ
(k)
i ∀k ∈ [NSA] (A.1c)

xi −αiΩ
(k)
ξ ⩽ pmax

G,i , ∀i ∈ N, k ∈ ΞSA (A.1d)

xi −αiΩ
(k)
ξ ⩾ pmin

G,i , ∀i ∈ N, k ∈ ΞSA (A.1e)

M(ij,·)(x −αΩ
(k)
ξ + ξ(k) − d) ⩽ pmax

ij , ∀ij ∈ L, k ∈ ΞSA (A.1f)

M(ij,·)(x −αΩ
(k)
ξ + ξ(k) − d) ⩾ pmin

ij , ∀ij ∈ L, k ∈ ΞSA (A.1g)

Here, the objective function and nodal balance constraint remain the same as in the

deterministic problem. Constraint (A.1c) defines Ω
(k)
ξ as the total uncertainty summed
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across all nodes N for sample draw k ∈ [NSA]. Constraints (A.1d) - (A.1g) enforce the

generator and line constraints for each uncertainty realization.

A.2 cvar reformulation

The CVaR reformulation [NS07] is a conservative (inner) convex approximation of the

joint chance-constrained problem. To solve the CVaR reformulation, we use the sample

average approximation approach [WA08] with a sample set ΞCVaR = {ξ(1), . . . , ξ(N)}, which

results in the following deterministic approximate problem:

min
x,β⩽0,s

∑
i∈N

c2,ix2i + c1,ixi + c0,i (A.2a)

s.t.
∑
i∈N

xi − di = 0 (A.2b)

Ω
(k)
ξ =

∑
i∈N

ξ
(k)
i , ∀k ∈ [N] (A.2c)

xi −αiΩ
(k)
ξ − pmax

G,i ⩽ sk, ∀i ∈ N, ∀k ∈ [N] (A.2d)

pmin
G,i − xi +αiΩ

(k)
ξ ⩽ sk, ∀i ∈ N, ∀k ∈ [N] (A.2e)

M(ij,·)(x −αΩ
(k)
ξ + ξ(k) − d) − pmax

ij ⩽ sk, ∀ij ∈ L, ∀k ∈ [N] (A.2f)

pmin
ij −M(ij,·)(x −αΩ

(k)
ξ + ξ(k) − d) ⩽ sk, ∀ij ∈ L, ∀k ∈ [N] (A.2g)

1

N

N∑
k=1

sk − (1− ϵ)β ⩽ 0 (A.2h)

sk ⩾ β ∀k ∈ [N]. (A.2i)

The objective function, nodal balance constraint, and definition of Ω(k)
k remain the same

as for the scenario approach. Here, we introduce non-negative auxiliary variables sk for

each uncertainty realization k = 1, . . . ,N to denote violations in the generator and line
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flow constraints (A.2d)-(A.2g). Auxiliary variable β ⩽ 0 and constraints (A.2h) and (A.2i)

result directly from the definition of a CVaR constraint [NS07].
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[Por+22] Álvaro Porras et al. “Tight and Compact Sample Average Approximation for
Joint Chance Constrained Optimal Power Flow”.
In: arXiv preprint arXiv:2205.03370 (2022).
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