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Abstract

Assume (Q, &) is a contact manifold with a contact one-form A\. We assign an almost
complex structure J compatible with (@, \) and call (Q, A, J) a contact triad.
In this thesis, we define a contact instanton as a map from a Riemannan surface into a

contact manifold, satisfying the following generalized Cauchy-Riemann typed equations
0w =0, dw\oj)=0.

We derive a tensorial way for the analysis of contact instantons. The thesis mainly
contains the following three contents.

First, we define the so called contact triad connection for each triad (@, A, J) and
prove the existence and uniqueness of such connection. This connection shows several
advantages in the study the pseudo-holomorphic curves (contact instantons) in contact
manifolds.

Second, we use the contact triad connection to study the analytic properties of con-
tact instantons. In particular, we derive the energy density equality in a coordinate free
form. Some new exploration of the tensorial calculations for the vector space valued
forms are given for this context. Then we apply the Weitzenbock formula to the den-
sity equality, and derive coercive estimates for contact instantons from closed Riemann
surfaces.

For a punctured Riemann surface, we study the asymptotical behavior of contact
instantons defined on it. The subsequence convergence theorem is proven. We also apply

the energy density equality under cylindrical coordinates and derive the exponential
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decay of the charge zero contact instantons to a limiting Reeb orbit under nondegenerate
situation. An alternating boot-strapping method is presented in particular.

Third, we study the exponentially asymptotical behavior of contact instantons near
a clean submanifold foliated by Reeb orbits which is of Morse-Bott setting (under some
technical assumption for the clean submanifold). We give a normal form theorem to
describe the tubular neighborhood of such clean submanifold. We give the splitting of
contact instanton equations into vertical and horizontal parts with respect to the normal
form. We prove the exponential decay of a contact instanton with vanishing charge to

some Reeb orbit living in the clean submanifold.
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Chapter 1

Introduction

1.1 Motivation and main results

A contact manifold (Q,&) is a 2n + 1 dimensional manifold equipped with a com-
pletely non-integrable distribution of rank 2n, called a contact structure. Complete

non-integrability of £ can be expressed by the non-vanishing property
AN (@A) #0

for a one-form A which defines the distribution, i.e., ker A = £&. Such a one-form A is
called a contact form associated to . Associated to the given contact form A, we have

the unique vector field X determined by
X)J)\El, X)\Jd)\EO

In relation to the study of pseudo-holomorphic curves, people consider an endomorphism
J : & — & with J? = —id and regard (¢, J) as a complex vector bundle. In the presence
of the contact form A, one usually considers the set of J that is compatible to d\ in the
sense that the bilinear form ge = dA(+, J-) defines a Hermitian vector bundle (&, J, g¢) on
Q. We call the triple (@, X\, J) a contact triad.

Motivated Gromov’s pseudo-holomorphic curves in symplectic manifolds, Hofer [H1]

started the study of pseudo-holomorphic curves in the symplectization (R x M, d(e'a))



of contact manifolds (M, «) and successfully used it to prove the Weinstein conjecture
in some cases.

However, since there exists already a natural symplectic structure for every contact
manifold (@, &) which is the contact distribution ¢ with symplectic form dA|¢, we find
it is more natural to look at the pseudo-holomorphic curves directly lives in the contact
manifold without involving symplectization. This is the main object studied in this
thesis. We would like to mention that such generalization (not exactly the same) was
firstly considered by Hofer his survey paper [H2], and then studied by Abbas in [Ab] and
further by Abbas-Cieliebak-Hofer in [ACH]. From the progress so far, it seems to the
author that one can expect that the study of such contact instantons possible to lead to
a better understanding of the Weinstein conjecture, which we would like to choose as a
further study.

Now we start with the map w satisfying just 5?,@0 = 0, which is a nonlinear elliptic

equation.

Definition 1.1.1 (Contact Cauchy-Riemann map). Let (@, A, J) be a contact triad and
let (3, 7) be a Riemann surface. We call any map w : ¥ — @ a contact Cauchy-Riemann

map if it satisfies gjw = 0.

We first introduce a canonical connection, called the contact triad connection, on

each contact triad (@, A, J) (see [OW1]).

Theorem 1.1.2 (Contact triad connection [OW1]). Let (Q,\, J) be any contact triad

of the contact manifold (Q,&). Denote by

ge+AR@A=:g



the natural Riemannian metric on @ induced by (X, J), which we call a contact triad

metric. Then there exists a unique affine connection V that has the following properties:
1. V s a Riemannian connection of the triad metric.
2. The torsion tensor of V satisfies T(X,Y) =0 for all Y € TQ.
3. Vx, Xp=0and Vy X, €, forY €.

4. V™ := nV|¢ defines a Hermitian connection of the vector bundle & — @Q with

Hermitian structure (d\|e, J).

5. The & projection of the torsion T, denoted by T™ = wT satisfies the following

properties:
T7(JY,Y)=0
for all' Y tangent to &.
6. ForY €¢,
1
oy X, = 5(VYXA — JV v X,) = 0.

We call V the contact triad connection.

We denote by V the contact triad connection on @ and V™ the contact Hermitian
connection on the Hermitian vector bundle (&,d\|¢, J). Various symmetry properties
carried by the connections V and V™ enable us to derive the following precise formulae
concerning the second covariant differential of w and the Laplacian of the m-harmonic

energy density function for any contact Cauchy-Riemann map w.



Theorem 1.1.3 (Fundamental equation [OW2]). Let w be a contact Cauchy-Riemann

map. Then
AV (d™w) = dV (0"w)
— —whojA <%(£XAJ) 8”w) .
We define the é-component of the standard harmonic energy density function by
e" = |d"w|* = |rdw|?.
Definition 1.1.4. For any smooth map w : ¥ — @,
™ - 1 w12
Bn(w.d) =5 [ 1w
and call it the m-harmonic energy of a smooth map.

Theorem 1.1.5 (w-harmonic energy identity [OW2]). Let w be a contact Cauchy-

Riemann map. Then

%Ae” — VRO W) — 26 (+d” O w, %07 w) + 2|67 O w]?

—(K™(dw, dw)0™w, 0"w) — R|0™w|?

where R is the Gaussian curvature of the given Kdhler metric h on (X, 7) and K™ is the

curvature tensor of the contact Hermitian connection V7.

It turns out that to establish the geometric analysis necessary for the study of asso-

ciated moduli space, one needs to augment the equation gjr,w =0 by
d(w*Xoj) =0,

which is a natural elliptic twisting of the contact Cauchy-Riemann map equation.



Definition 1.1.6 (Contact instanton). Let ¥ be as above. We call a pair (j,w) of j a

complex structure on Y and a map w : ¥ — @ a contact instanton if they satisfy
05w =0, dwXoj)=0. (1.1)

The very fact that the twisting (1.1) is a natural one is evidenced by the a priori
elliptic estimates and certain asymptotical convergence results (up to this thesis, we

are able to get exponential convergence for the case of vanishing charge, see Hypothesis
5.3.1).

Then we first establish the following a priori W?22-estimates for such a map.

Theorem 1.1.7 ([OW2]). Let (3,7]) be a closed Riemann surface. Suppose w satisfies
(1.1) on X. Then there exist uniform constants Cy, Cy depending only on || K™||co, || R||co

and ||Lx, J||co but independent of w such that
ldwl[fyr2 < Cilldwl7a + Colldw]|Z-.

We also need to have the following local version of the main estimates which will be

an important ingredient for the local regularity and the bubbling-off analysis.

Theorem 1.1.8 ([OW2]). Let D = D*(1) be the unit disc and let D' C D C D be
another smaller disc. Then there exists € > 0 such that if w: D — Q) is a smooth map

satisfying (1.1), and E\ 5 (w) <€,
ldw]f} 5. < Cslldwllz.p + Calldwllzp
for some constants Cs, Cy which depend only on || K™||co, ||R|lco and ||Lx,J||co-

For the punctured Riemann surface 3, one needs to put suitable asymptotic condi-

tions in terms of the cylindrical metric and its associated isothermal coordinates denoted



by (7,t). For this purpose, we need to impose asymptotic convergence behavior of the

following L*-integral function

1

f(r)= 3 /51 |d™w|*(7,t) dt

and the one-form w*\ = a; d7 + ay dt, besides requiring |d™w| € L* N L*.

Theorem 1.1.9 ([OW2]). Let (X, ) be a closed Riemann surface with a finite number
of marked points {ry,--- ,ry}. Denote by Y the associated punctured Riemann surface
with a Kdhler metric h on (X, j) which is cylindrical near the punctures. Let f, be the
function defined as above associated to the {-th puncture ry. Suppose w satisfies (1.1)

on' Y and |d™w| € L* N L* and |w*A||co < 0o on ¥

lim a1 = a, lim ay =T
T—00 T—00
. . : / _
lim_f(r) =0, lim_ f(7) =0 (1.2)

foralll=1,--- k. Then
[dwl[fyr2 < Culldw]|za + Cs||dw]|Z..

We remark that the asymptotic boundary conditions (1.2) imposed in this theorem
will be also established in Chapter 5 under the Hypothesis 4.1.2 together with Morse-Bott
assumption. In particular, they are obtained from subsequence convergence theorem,
Theorem 4.1.3.

Once this W?%2-estimate is proved, further differentiations of Vdw and inductive
alternating bootstrapping give rise to the all the higher regularity estimates too. We

just state the more nontrivial punctured case here.



Theorem 1.1.10 ([OW2)). Let (%, ) and w be as above Then if w satisfies (1.1) on 3
and |d™w| € L2 N L* and |w*A||co < 0o on ¥, and (1.2), then

/ZI(V)’““(dw)Pg/ZJ,g(d“w,w*A),

Here J,., a polynomial function of the norms of the covariant derivatives of d™w, w*A

up to 0, ...,k with degree at most 2k + 4 whose coefficients depend on
[ Rl [[K™ (ors [£x3 T llors [l Allco.
In particular,
[dw|[wisr2 < Cr(lldwl| 2, |dwl|+)
for a similar polynomial function Cy = Cy(s,t).
The local version of the estimate also holds.

Theorem 1.1.11 ([OW2]). Let D = D?*(1) be the unit disc. There exist Csy,, Cop. > 0
depending only on D' C D' C D and on ||K™| o, |Lx,J||cx and || R||cr.p but indepen-

dent of w such that for any smooth map w : D — Q satisfying (1.1), then

|dw||k11,2:00 < Cryp,pr (||dwl|2;p, [|dw]|4;p)

for a polynomial function Cy.p p(s,t) of s,t up to 0, ...,k of degree at most 2k + 4
depending also on D', D. In particular, any weak solution of (1.1) in W14 automatically

becomes a classical solution of (3.2).

We refer to Theorem 4.3.4 and 3.2.6 and discussions around them for further ex-
pounding of these estimates.
Next, we state the results of the behavior of contact instantons near each puncture

of a punctured Riemann surface. In this regard, it is crucial to prove some asymptotic



convergence result to a closed Reeb orbit under a suitable finite energy hypothesis.
We prove the following convergence result and refer Theorem 4.1.3 for more precise

statements.

Theorem 1.1.12. Let w be any contact instanton on [0,00) x ST with finite w-harmonic

energy and gradient bound

1

E(w) = _/ d"w? < 00, ||dwlloogomst < co. (1.3)
2 J10,00)x 51

Then for any sequence 1, — 00, there exists a subsequence, still denoted by 1, and a

massless instanton wo(7,t) = y(aT + T't) (i.e., E™(ws) = 0) on the cylinder R x S?

along a closed Reeb orbit v with period T such that
lim w(r, + 7,1) = woo (T, 1)
k—o00

uniformly on [—K, K| x S' for any given K > 0, where v is a T-periodic orbit of X,.

Here T and a are determined by

T = / \d“w\Q—l—/ w(0, )"\
[0,00) x S st

0 = —/Slw(O,-)*)\oj:/Sl)\(g—:l_}(o,t)) dt.

We call a the charge. In particular, when a = 0, the limiting instanton ws, 1S translation
invariant and so ws(7,t) = v(T't), and the convergence is uniform and exponentially

fast.

In the context of symplectization at ends, which roughly corresponds to the vanish-
ing charge a = 0, this subsequence convergence theorem can be derived from Hofer’s

subsequence convergence result proved in [H1].



When (v, T) is a nondegenerate Reeb orbit, the limit z does not depend on the choice
of subsequence and the convergence is exponentially fast, whose proof we give in this
thesis is essentially different from that of [HWZ1, HWZ2|, even for the exact context.
Our tensor calculations also clarify the geometry behind Hofer-Wysocki-Zehnder’s coor-
dinate calculations involved in their study of exponential decay estimates for the pseu-
doholomorphic curves on the symplectization of contact manifolds (or on the symplectic
manifolds with cylindrical ends). We would like to recall that this on-shell exponential
decay estimate is one of the crucial analytical ingredients in setting up the off-shell func-
tional analytic framework for the study of moduli space of contact instantons on the

punctured Riemann surfaces residing in the contact manifold Q).

The nondegeneracy condition of Reeb orbits enables us to look at the globally de-
fined Cauchy-Riemann equation directly and apply the third-order method to derive the
exponential decay estimate, which is different from the second-order method we apply
for the Morse-Bott case. To be specific, the estimate for nondegenerate case relies on

the study of the second derivative of the canonical integral
|d™w|? dt
Sl

through the invariant tensorial calculation using the special connections. We are able to
to make our C*-exponential estimates (for & > 1) use only C* !-exponential estimates
and the standard bootstrapping argument. For this purpose, we need to derive a precise
geometric formula of the Laplacian of the energy density function and the second covari-
ant differential of w. We also perform several times of integration by parts to remove
all the second order derivative terms of the map w after integrating over t € S'.

While for the Morse-Bott case, it is still unclear to the author that if we can expect
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the C*-exponential estimates (for & > 1) use only C*~l-exponential estimates and give
a similar alternating bootstrapping as for the nondegenerate case. The main difficulty
causes this seems to be that the Morse-Bott condition is a condition involving subman-
ifold itself which contains some information that will lose if we only identify tangent
spaces. Hence we have to derive some normal form theorem to keep the information
based on submanifold.

For the Morse-Bott case, we look at a special type of Morse-Bott clean submanifold
which can be considered as the symplectic normal bundle of some prequantization man-
ifold. We remark that this is only a technical requirement which can be removed (see
[OW3]). We assign a normal form (Ug, A\g) to it and relate the given contact manifold

(Ug, A) with the normal form by the following normal form theorem.

Theorem 1.1.13 (Normal form [OW3]). There exists a diffeomorphism ¢ from Ug to

itself and a function f > 0 defined on Ug, such that

dN=fAp.

Moreover,
d¢’N - id|TM|N7 f|oE = 1’ df|0E =0

and

¢*dN|rm,, = (dA5)TE,,

Then we study the contact instanton under such normal form and give the split-
ting of the Cauchy-Riemann equations under the vertical and horizontal decomposition,

by which we prove the exponential decay to a Reeb orbit under Morse-Bott settings

([OW4]).
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We would like to summarize that since we do not take symplectization of the contact
triad (@, A, J) but directly work on the contact manifold (), it enables us to get ready
to construct the compactification of the smooth moduli space of contact instantons with
either closed or punctured Riemann surfaces as their domains and contact manifolds
(@ as their targets, and so to define a genuinely contact topological invariant without
taking the symplectization of (). Indeed the question if two contact manifolds having
symplectomorphic symplectization are contactomorphic or not was addressed in the
book by Cieliebak and Eliashberg. (See p. 239 [CE].) In this regard, S. Courte [Co]
recently provided a construction of two contact manifolds that have symplectomorphic
symplectization which are not contactomorphic (actually, even not diffeomorphic). It
would be interesting to see in the future whether our study leads to a construction
of genuinely contact topological quantum invariants of the Gromov-Witten or Floer
theoretic type that can be used to investigate the following kind of question. (See [Co]
where a similar question was explicitly stated.)

Another point we would like to mention is that the equation (1.1) was first mentioned

by Hofer in p.698 of [H2] in a little different setting,

0w=20

w*Aoj=da+~
for a given smooth harmonic one-form v defined on the closed Riemann surface X
smoothly extending across the punctures. (See also [ACH]). In the language of this

thesis, the second part of the equation forces any w arising from a finite w-energy solu-

tion thereof will have vanishing ‘charge’ at the puncture where the charge is given by

/ w(Tv ')*/\ 0yJ
Sl
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in the notation of the thesis: any solution to their equation hence does not have spiral
along the limiting Reeb orbit. The same form of the equation was also used by Abbas [ADb]
to prove some existence result in relation to the open book decomposition in 3 dimension.
It seems to be a useful restriction for the purpose of exponential convergence result near
the punctures. At least in this thesis, we are not able to prove general exponential decay
result for nonvanishing charge case and it is a very interesting problem to find some

appropriate way to study it in the future.

1.2 Organization of the thesis

This thesis is organized as follows.

In Chapter 2, we study the differential geometry of contact triads. It consists of
three parts. First, we introduce the contact triad connection for each contact triad and
prove its uniqueness and existence. Second, we give a characterization of the linearized
operator along Reeb orbits and interpret the Morse-Bott condition by using this operator.
Third, we study the local geometric structure near a clean Morse-Bott submanifold of
a special type - the contact thickening of prequantization and prove the normal form
theorem.

In Chapter 3, we study the contact instantons without finite m-harmonic energy
assumption. We derive the energy identity and use it to get the coercive estimates for
contact instantons defined on closed domains.

In Chapter 4, we consider finite m-harmonic energy contact instantons and study the
asymptotic properties without the assumption on the types of contact one-forms. We also

derive coercive estimates for the punctured case under some asymptotic assumptions.
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In Chapter 5, we continue to consider the asymptotic properties of finite energy
contact instantons for nondegenerate contact one-forms. C* exponential convergence
and CY convergence are derived using by the contact triad connection. The alternating
bootstrapping argument is also presented there.

In Chapter 6, we consider the asymptotic properties of finite energy contact instan-

tons for Morse-Bott type contact one-forms by using the normal form theorem.
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Chapter 2

The geometry of contact triads

Assume @ is a contact manifold, £ is the contact distribution. We choose a globally
defined contact one-form A such that ker \ = £, and an almost complex structure J
compatible with A. We call the triad (@, A, J) the contact triad. In this Chapter, we
study the differential geometry of the contact triad.

This chapter consists of three parts. In the first part, we introduce the contact triad
connection for each contact triad, which is the analogue of the canonical connection on
almost Hermitian manifold. We give the proof of its uniqueness and existence. In the
second part, we look at the dynamics of the Reeb vector field, and study the Morse-
Bott condition on contact one-forms. In particular, we give a characterization of the
linearized operator along Reeb orbits and interpret the Morse-Bott condition by using
this operator. In the third part, we study the local geometric structure near a clean orbit

submanifold of a special Morse-Bott type - the contact thickening of prequantization.

2.1 The canonical connection on contact triad

2.1.1 The definition of contact triad

A contact manifold (@Q,¢) is a 2n + 1 dimensional C'*° manifold ) equipped with a

completely non-integrable distribution & of rank 2n, called a contact structure. The
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Complete non-integrability of £ can be expressed by the non-vanishing property
AN (@A) #0

for a one-form A which defines the distribution locally, i.e., ker A = £. Such a one-form
A is called a contact form associated to £. We assume the contact distribution ¢ is
co-oriented throughout the thesis, which indicates the contact one-form A is globally
defined. Associated to the given contact form A, we have the unique vector field X,

called the Reeb vector field determined by

Lemma 2.1.1.

Lx A =0=Lx d\

Theorem 2.1.2 (Darboux’s theorem). Every contact structure (Q,&) is locally diffeo-

morphic to the standard contact structure on R* ™! where dim Q = 2n + 1.

Theorem 2.1.3 (Gray’s stability theorem). For a family of contact forms Ay on a closed
manifold () there exists a family of diffeomorphisms ¢, and a family of functions f; > 0,

such that

¢:)\t = ft)\O-

The proofs of both theorems can be given by Moser’s trick which we are going to
give, but to a more general form, in Section 2.3.4. More preliminaries of contact forms

will be given in Section 2.3.1.

In the study of pseudoholomorphic curves, one considers an endomorphism J : & — £

with J? = —id|¢ and regards (£, J) as a complex vector bundle over Q. In the presence
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of the contact form A, one usually considers the set of J that are compatible with d\ in
the sense that the bilinear form g¢ = dA(+, J-) defines a Hermitian vector bundle (¢, J, g)
on . We call the triple (Q, A, J) a contact triad.

For each given contact triad, we equip ) with the triad metric

g=d\,J) +A@ .

2.1.2 Review of the canonical connection of almost Kahler man-

ifold

Before we introduce the contact triad connection for the contact triad (Q,\,J), we
first recall the construction of the canonical connection for the case of almost Kéhler
manifolds (M, w, J).

Recall that an almost Hermitian manifold is a triple (M, J, g) of an almost complex

structure J and a metric that satisfies

g(J~7 J) = g('v )

An affine connection V is called J-linear if VJ = 0. There always exists a J-linear

connection for a given almost complex manifold. We denote by T' the torsion tensor of

V.

Definition 2.1.4. Let (M, J, g) be an almost Hermitian manifold. A J-linear connection

is called a canonical connection (or the Chern connection) if it satisfies
T(JY,Y) =0, (2.2)

for any vector field Y on M.
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Recall that any J-linear connection extended to the complexification TcM = T'M ®g

C complex linearly preserves the splitting
TeM =T M @ TOD M.

Similarly we can extend the torsion tensor 7' complex linearly which we denote by Tt.

For the later purpose, we will need to derive general properties of the torsion tensor.
See [Kol, [Oh1, Section 7.1] for some basic properties of the canonical connection. A nice
exhaustive discussion on the general almost Hermitian connection is given by Gauduchon
in [Gal.

Following the notation of [Ko], we denote
O =1I"T¢

which is a 700 M-valued two-form on M. Here Tz = T ® C is the complex linear

(1,0

extension of 7" and II’ is the projection to T»% M. We have the decomposition

We can define the canonical connection in terms of the induced connection on the com-
plex vector bundle 709 M — M. The following lemma is easy to check by definition.

Lemma 2.1.5. An affine connection V on M is a canonical connection if and only if
the complex torsion form © = II"I¢ of the induced connection V on the complex vector

bundle TYOM satisfies O = 0.
We particularly quote two theorems from Gauduchon [Ga], Kobayashi [Ko].

Theorem 2.1.6. On any almost Hermitian manifold (M, J,g), there exists a unique
Hermitian connection ¥V on TM leading to the canonical connection on THOM. We

call this connection the canonical Hermitian connection of (M, J, g).
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We recall that (M, J,g) almost-Kéhler if the fundamental two-form & = ¢(J-,-) is

closed [KN].

Theorem 2.1.7. Let (M, J,g) be almost Kihler and ¥V be the canonical connection of

TOOM. Then O = 0 in addition, and hence © is of type (0,2).

The following properties can be derived from this latter theorem easily. (See [Gal,

[Ko] for details.)

Proposition 2.1. Let (M, J, g) be an almost Kéhler manifold and V be the canonical

connection. Denote by 71" its torsion tensor. Then
T(JY,Z)=T(Y,JZ) (2.3)

and

JT(JY,Z)=T(Y,Z) (2.4)

for all vector fields Y, Z on M.

Now we describe one way of constructing the canonical connection on an almost
complex manifold described in [KN, Theorem 3.4] which will be useful for our purpose
of constructing the contact analogue thereof later. This connection has its torsion which

satisfies

N =4T

where N is the Nijenhuis tensor of the almost complex structure J defined as
NX,)Y)=[JX,JY] - [X,Y]| - J[X,JY] - JJX,Y].

In particular, the complexification © = II'T¢ is of (0, 2)-type.
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We now describe the construction of this canonical connection by following [KN].
Let VLY be the Levi-Civita connection (in fact, we can do it for any torsion free affine
connection) of an almost Hermitian manifold (M, g, J) and consider the tensor field @
defined by

4Q(X,Y) = (VEENX + J(VEC ) X) 4+ 2J((VEE DY) (2.5)
for vector fields X, Y on M. It turns out that when (M, g, J) is almost Kéhler, i.e., the

two-form ¢(.J-,-) is closed, the sum of the first two terms vanish.
Lemma 2.1.8 ((2.2.10)[Gal). Assume (M, g, J) is almost Kdhler. Then
VIS T+ J(VECT) =0 (2.6)

and so Q(X,Y) = LJ(VECT)Y.

1
2
We now consider the standard averaged connection V® of multiplication J : TM —

™

VEY + JIVEC(TY)
2

= V¥Y - %J(V@CJ)Y

= V&Y - Q(X,Y).

VYY =

We then have the following Proposition stating that this connection becomes the canon-
ical connection. Its proof can be found in [KN, Theorem 3.4] or from section 2 [Ga] with

a little more strengthened argument by using (2.6) for the metric property.

Proposition 2.2. Assume that (M, g, J) is almost Kéhler, i.e, the two-form w = g(J-, ")
is closed. Then the average connection V* defines the canonical connection of (M, g, J),

i.e., the connection is J-linear, preserves the metric and its complexified torsion is of

(0, 2)-type.
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In later sections, we will need a contact analogue to this proposition.

2.1.3 Definition of the contact triad connection and its conse-

quences

Let (Q,&) be a contact manifold and a contact form A be given. On @, the Reeb vector
field X, associated to the contact form A is the unique vector field satisfying (2.1).

Therefore the tangent bundle T'Q) has the splitting 7Q = R{X,} & £. We denote by
m:TQ — &

the corresponding projection. J is a complex structure on &, and we extend it to T'Q) by
defining J(X,) = 0. We will use such J : TQ — T'Q throughout the thesis. If there is

no danger of confusion, we do not distinguish J and J|,.

Definition 2.1.9 (Contact triad metric). Let (Q, A, J) be a contact triad. We call the

metric defined by
g(h, k) = g (h k) = AR)A(k) + dA(wh, Jrk). (2.7)
for any h, k € T'Q the contact triad metric associated to the triad (Q, A, J).

In this section, we associate a particular type of affine connection on @) to the given
triad (Q, A, J) which we call the contact triad connection of the triple.

To construct this contact analogue to the canonical connection of the case of almost
Ké&hler manifolds, we note that the space of Reeb foliations of (), A) becomes naturally a
(non-Hausdorff) almost Kéhler manifold (Q, dx, jg), which characterize this connection

in the contact distribution £. At the same time, we expect this connection behaves in
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the Reeb vector field direction as the Levi-Civita connection, i.e., it is torsion free and
metric. This intuition motivates the following definition of canonical connection of the
contact triads (@, A, J).

We recall

TR =R{X\} &¢&,

and we denote by 7 : TQ) — £ the projection. Denote II : T'Q) — T'Q) the corresponding
endomorphism of 7, with II> = II. Under this splitting, we may regard a section Y of
& — @ as a vector field Y @ 0. We will just denote the latter by Y with slight abuse of
notation.

For an affine connection V, define V™ the connection of the bundle £ — @ by
VY =1VY.
If there is no danger of confusion, we also use V™ = IIV by abuse of notation.

Definition 2.1.10 (Contact triad connection). We call an affine connection V on @
a contact triad connection of the contact triad (@, A, J), if it satisfies the following

properties:

1. V7™ is a Hermitian connection of the Hermitian bundle & over the contact manifold

@ with the Hermitian structure (dA, J).

2. The & projection, denoted by T™ := «n'T', of the torsion T satisfies the following
properties:

T™(JY,Y) =0 (2.8)

for all Y tangent to €.
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3. T(X),Y)=0foral Y € TQ.
4. Vx, Xy =0and Vy X, €, forY €.

5. For Y € ¢,

Vi X+ JVy X, =0.
6. For any Y, Z € £,

(Vy Xy, Z) + (X, Vy Z) = 0.

It follows from the definition that the contact triad connection is a Riemannian
connection of the triad metric.

Note that Axioms (1) and (2) in the direction of ¢ are nothing but the properties
of canonical connection on the tangent bundle of the (non-Hausdorff) almost Kéahler
manifold (@, EX, jg) lifted to €. In addition to them, Axiom (1) also requires the property
that Vx, preserve the Hermitian structure (dA,.J). On the other hand, Axioms (3), (4),
(6) indicate that this connection behaves like the Levi-Civita connection when the Reeb
direction X gets involved. Axiom (5) is an extra requirement to connect the information
in ¢ part and X, part, which is used to dramatically simplify our calculations of contact
Cauchy-Riemann maps in later sections. It turns out that this condition has the following
elegant interpretation in terms of C'R-geometry.

By the second part of Axiom (4), the covariant derivative VX restricted to £ can

be decomposed into

VX, =YX, +0° X,

where 9V X (respectively, a'X ) is J-linear (respectively, J-anti-linear part). Axiom
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(6) then is nothing but the requirement that OV Xy = 0, i.e., X} is anti J-holomorphic

in the C'R-sense.
One can also consider similar decompositions of one-form A. For this, we need some

digression. Define Ja for a k-form « by the formula
Ja(Yr,---,Y) = a(JYy, -, JY).

Definition 2.1.11. Let (Q,\,J) be a contact triad. We call a k-form « is CR-

holomorphic if it satisfies
Vx,a = 0, (2.9)
Vya+ JV;ya = 0 for Y €. (2.10)

Proposition 2.3. In the C' R-sense in the presence of other defining properties of contact

triad connection, Axiom (5) is equivalent to the statement that A is holomorphic .

Proof. We first prove V x, A = 0 by evaluating it against vector fields on (). For X}, the

first half of Axiom (4) gives rise to
Vi, A(X)) = =-A(Vx, X)) =0.
For the vector field Y € £, we compute
Vi AY) = =A(Vy,Y)
= —AMVy Xy + [X\, Y]+ T(X),Y))
= —AVy X)) = MX\Y]) = AMT(X),Y)).

Here the third term vanishes by Axiom (3), the first term by the second part of Axiom

(4) and the second term vanishes since

(X0 Y]) = MLx,Y) = XaA(Y)] = L, A(Y) = 0—0 =0,
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Here the first term vanishes since Y € ¢ and the second because Lx, A = 0 by the

definition of the Reeb vector field. This proves
Vx,A=0. (2.11)
We next compute JVy A for Y € . For a vector field Z € &,
(JVyAN(Z) = (VyA)(JZ)=Vy(ANJZ)) = NVy(JZ)) = =NVy(JZ))

since \(JZ) = 0 for the last equality. Then by the definitions of the Reeb vector field

and the triad metric and the skew-symmetry of .J, we derive
—AVy(J2)) = —(Vy(JZ), X)) = (JZ,Vy X)) = —(Z,JVy X)).
Finally, applying (6), we obtain
—(Z, IVy X)) =(Z, Vv X)) = (Vi Z, X)) = =XV Z) = (ViyA(2).
Combining the above, we have derived
J(VyA(Z) =V AZ)
for all Z € £&. On the other hand, for X, we evaluate
J(VyA) (X)) = VyA(JX,) = VyA(0) = 0.

We also compute

Vi A(Xy) = Ly (A(X))) = A(ViyX))).

The first term vanishes since A\(X,) = 1 and the second vanishes since V ;v X, € £ by

the second part of Axiom (4). Therefore we have derived

J(VyA) = VA (2.12)
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which is equivalent to (2.10). Combining (2.11) and (2.12), we have proved that Axiom
(6) implies A is holomorphic in the C'R-sense. The converse can be proved by reading

the above proof backwards. O

One very interesting consequence of this uniqueness is the following naturality result

of the contact-triad connection.

Theorem 2.1.12 (Naturality). Let V be the contact triad connection of the triad
(Q, A\, J) associated to any given constant ¢ € R. Consider any strict contact diffeo-
morphism ¢ : Q — @, i.e., a diffeomorphism ¢ satisfying ¢*\ = X. Then the pull-back
connection ¢*V is the contact triad connection associated to the triad (Q,\,¢*J). In

particular, this applies to any diffeomorphism arising from the Reeb flow ¢' of & = X\ ().

Proof. A straightforward computation shows that the pull-back connection ¢*V satisfies

all Axioms (1) — (6). Therefore by the uniqueness, ¢*V is the canonical connection. [

Remark 2.1.13. Axiom (1) includes the property
Vx,dA\=0

as a part of Hermitian property of the connection V™ on the Hermitian bundle (&, dX, J)
over (). However this is not a part of algebraic properties lifted from those of the
canonical connection on (@,ZZX, J ) because the lifted properties do not say anything
about the X,-direction. Because of this, it is not obvious whether the vanishing V x, dA
is consistent with other part of axioms. An examination of the uniqueness proof given
in the section 2.1.4, though, shows that we never used the condition Vx,d\ = 0 and so
we can drop this requirement from Axiom (1) just by requiring VydA = 0 for Y € &.

Furthermore the vanishing Vx, d\ = 0 will automatically follow from Axioms (3) and
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(5;¢) (which is a generalization of Axiom (5), see (2.14) in next section) and does not lead
to any contradiction with other axioms: the existence proof given in section 2.1.6 will
ensure that the connection satisfying all these axioms of the contract triad connection
exist. Therefore Axiom (1) in the presence of other axioms is equivalent to the latter.
We prefer to state Axiom (1) as above because the statement is simpler and more natural
to state.

The fact that the automatic vanishing of Vx,dA derived from other parts of the
axioms reflects the nice interplay between the geometric structures of contact form A
and of the endomorphism J : £ — £ via the compatibility requirement gl = dA(-, J-).
The vanishing is a consequence of the symmetry of the operator Lx,J : £ — & as
stated in Lemma 2.1.16 in section 2.1.5, whose proof in turn follows from the invariance

property Ly, d\ = 0 of d\ under the Reeb flow.

2.1.4 Proof of the uniqueness of the contact triad connection

In this section, we give the uniqueness proof by analyzing the first structure equation
and showing how every axiom determines the connection one-forms. In the next two
sections, we explicitly construct a connection by carefully examining properties of the
Levi-Civita connection and modifying the constructions in Section 2.1.2 as [KNJ, [Ko]
for the canonical connection, and then show it satisfies all the requirements and thus
the unique contact triad connection.

We are going to prove the existence and uniqueness for a more general family of

connections. First, we generalize the Axiom (5) to the following Axiom: For Y € ¢,

VivXy+JVyXy€eR Y, (2.13)
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and we denote Axiom by (5; ¢)
(5; ¢) For a given ¢ € R,
VX + JVyXy=cY, Y et (2.14)
In particular, Axiom (5) corresponds to Axiom (5; 0).

Theorem 2.1.14. For any ¢ € R, there exists a unique connection satisfying Aziom

(1)-(4), (6) and (5; ¢).

In particular, there exists a unique contact triad connection NV for the triad (Q, A, J).

Proof. (Uniqueness)

Choose a moving frame of TQ) = R{X,} & £ given by
X)\aEla"' 7En7°]E17"' 7JEn

and denote its dual co-frame by

We use the Einstein summation convention to denote the sum of upper indices and
lower indices in this paper.
Assume the connection matrix is (Q;), 1,7 =0,1,...,2n, and we write the first struc-

ture equations as follows.

A\ = —QEAN—QLAQ" — Q) ABF+ T
do? = —QAN=QL NP — Q) A BE 4T
dgl = QI AN=QE Aok — QA BR + T
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Denote

n+i n+i n+i k n+i1 k
Qn+j = Fo,n+j)‘ + Fk,n—i—ja + Fn+k,n+jﬁ

n+i n-+i n+i  k n-+i k
Qj = FO,j )\+Fk’j « +Fn+k’jﬁ

inrj = Ff),n—‘rj)‘ + Fi:,n—i—ja/k + sz-{—k,n-i-jﬁk (2.15)

Throughout the section, if not stated otherwise, we let 7, 7 and k take values from 1
to n.

We will analyze each axiom in Definition 2.1.10 and show how they set down the
matrix of connection one-forms.

We first state that Axioms (1) and (2) uniquely determine (€|¢); j—1.... 2n. This is
exactly the same as Kobayashi’s proof for the uniqueness of Hermitian connection given
in [Ko]. To be more specific, we can restrict the first structure equation to £ and get the

following equations for o and f since ¢ is the kernel of .

do/ = —Qffe Aok = QI e ABF+ T
dF = - Nk — Qe A BF 4+ T,

We can see ()i j—1,.. 2n 18 skew-Hermitian from Axiom (1). We also notice that
from the proof of Proposition 2.1 that Axiom (2) is equivalent to say that OV = 0,
where © = I[I"T:. Then one can strictly follow Kobayashi’s proof of Theorem 2.1.6 in
[Ko] and get (Qé‘g)i7]’:17...72n are uniquely determined. For this part, we refer the proofs
of [Ko, Theorem 1.1 and 2.1] for details.

In the rest of the proof, we will clarify how the Axioms (3), (4), (5;c), (6) uniquely
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determine Q°, Qg and (Q5(X)))ij=1,.. 2n. Compute the first equality in Axiom (4) and
we get

Vi, Xn =T00X5 + I o Ex + T3 T By = 0.

Hence

Iog = 0 (2.16)
Ity = 0 (2.17)
rosk = o. (2.18)

The second claim in Axiom (4) is equal to say
VEkXA Ef, VJEkX)\ 65. (219)
Similar calculation shows that

Iy = 0 (2.20)

Yo = 0. (2.21)
Now (2.16), (2.20) and (2.21) uniquely settle down
Q= F8,0>‘ + Fg,oak + F?z+k,oﬁk = 0.

The vanishing of (2.17) and (2.18) will be used to determine € in the later part. From

Axiom (3), we can get

=16, = (B X)), Ex) = —(Lx,Ej, Ex) (2.22)

Ihio—Thny, = (VE;, X)), Ex) = —(Lx,(JE)), Ey) (2.23)
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and

P;.fgk — rg;’f = ([E;, X)), JEy) = —(Lx, Ej, JE}) (2.24)

Lok =Ttk = (B, Xal, JEy) = —(Lx, (JE;), JEy). (2.25)

From Axiom (5; ¢), we have

Iho+ Ik, = 0 (2.26)
P =Tk 0 = —COjn (2.27)
Now we show how to determine Qg) for j =1,...,2n. For this purpose, we calculate

I'*,. First, by using (2.26), we write

1 1
k k n+k
].—‘j’o 2FJ7O 2Fn j,o-

Furthermore, using (2.22) and (2.25) , we have

1 1

F?,o = §F§,o - §FH§,0
= LT, (Lx, By, B) — S(Thik, — (L, (TE), TEY)
= (T = THE) — S ((Lx By ) — (L, (TE), TEy)
= (T~ THh)) = S (Ex By + JLx, (JE,), Ei)
= (T~ k) — S U (L), Bl
= (T = THh) + S (Lx, )Ty, Bl

Notice the first term vanishes by Axiom (2). In particular, that is from Vx,J = 0.

Hence we get

1
Ty = S{(Ex, ) TE;, B, (2.28)
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Following the same idea, we use (2.27) and calculate

rogh = —%C(Sjk + %F%k + %Fﬁ+j,0
- _%C&'k + %(F@k — (Lx, Ej, JER)) + %(Flgmﬂ' — (£x,(JE)), Ei))
= —%Céjk + %(ngk + Fg,nﬂ') - %(<£X>\Ej’ JEp) + (Lx,(JE;), Ex))
_ _%C(sjk _ %wXAEj v JLx, (JE;), JEx)
_ _%cajk - %(J(ﬁXAJ)Ej, JE)

1 1
= —§C5jk + §<(£XAJ)JE]', JEk>

Here the forth equality is due to Vx,JJ = 0 as before. Then substituting this into (2.26)

and (2.27), we get

1 1
Lhtio 560k + SU(Lxy J)TEj, JEy)
1 1
= 5C0m §<(£XAJ)Ej,Ek>-
and
n 1
Fni?,ﬁ = —§<(£XAJ)JEJ-,E;€>

1
= §<(£XA‘])EJ7‘]E’€>'

Together with (2.16), (2.17) and (2.18), €2y is uniquely determined by this way.
Furthermore (2.22),(2.23),(2.24) and (2.25), uniquely determine Q}(X,) for 7,j =
1,...,2n.

Notice that for any Y € &, we derive
VXAY € 5

from Axiom (3). This is because the axiom implies Vx, Y = Vy X, + Lx,Y and the

latter is contained in &: the second part of Axiom (4) implies Vy X, € £ and the Lie
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derivative along the Reeb vector field preserves the contact structure £. It then follows

that Fg}l =0forl=1,...,2n. At the same time, Axiom (6) implies
I, =-T%,.

for j, k=1,...,2n. Hence together with (2.20) and (2.21), Q° is uniquely determined.
We are done with the proof of uniqueness.

O

We end this section by giving a summary of the procedure we took in the proof
of uniqueness which actually indicates a way how to construct this connection in later
sections.

First, we used the Hermitian connection property, i.e., Axiom (1) and the torsion
property Axiom (2), i.e., T™|¢ has vanishing (1,1) part, to uniquely fix the connection
on ¢ projection of V when taking values on &.

Then we used the metric property
(X5, Vv Z) +(Vy X, Z) =0,

for any Y, Z € £, to determine the X, component of V when taking values in &.
To do this, we needed information about VyX,. As mentioned before the second

part of Axiom (4) enabled us to decompose
VXy =YX\ +0 Xy

using

VX)\_JVJ(.)X)\ . v _VX)\—FJVJ(.)X)\

VX, = X
a A 2 5 a A 2
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The axiom Vi, J = 0 embedded into the Hermitian property of (£, g, J) is nothing but
Vx,(JY)—-JVx,Y =0
Axiom (3), the torsion property T(X,,Y) = 0, then became
ViyXy—JVyXy=—(Lx,J)Y
which is also equivalent to saying

_ | _ 1
JOy Xy = SLx )Y or 3y X, = S (Lx, J)TY. (2.29)

It turned out that we can vary Axiom (5) by replacing it to (5;c)

Viy Xy + JVy X, =cY, orequivalently 8¥XY = gY (2.30)

for any given real number c¢. This way gives a one-parameter family of affine connections

parameterized by R each of which satisfies Axioms (1) - (4) and (6) with (5) replaced
by (5;¢).

When c is fixed, i.e., under Axiom (5; ¢), we can uniquely determine Vy X, to be
1 1
VYX/\ - —§CJY + §(£X)\J)JY

Therefore, Vy, Y € £ is uniquely determined in this process by getting the formula
for Vy X, and the torsion property. Then the remaining property Vx, X, = 0 now

completely determines the connection.

2.1.5 Properties of the Levi-Civita connection on contact man-

ifolds

From the discussion in previous sections, the only thing left to do for the existence of

the contact triad connection is to globally define a connection such that it can patch the
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¢ part of V|¢ and the X, part of it. In particular, we seek a connection that satisfies the

following properties:

1. it satisfies all the algebraic properties of the canonical connection of an almost

Kéhler manifold [Ko] when restricted to &.
2. it satisfies the metric property and has vanishing torsion in X, direction.

We construct such a connection by examining the properties of the Levi-Civita con-
nection of the triad metric associated to the contact triad (@, A,J). Our interest in
the special connection of contact triad is motivated by our attempt in later chapters to
optimally organize the complicated tensorial expressions in the tensor calculations that
appear in the analytical study of the maps of pseudoholomorphic curves in a contact
manifold (or in its symplectization). We will give more details of this part in Chapter
3. Without this guidance, it would not have been possible for us to pinpoint the geo-
metric properties laid out in our definition of the canonical connection in the way that
the uniqueness and existence can be established. The presence of such a construction
is a manifestation of delicate interplay between the geometric structures &, A, and J in
the geometry of contact triads (@, A, J). In this regard, the closedness of d\ and the
definition of Reeb vector field X play important roles. In particular d\ plays the role
similar to that of the fundamental two-form @& in the case of almost Kahler manifold
[KN] (in a non-strict sense) in that it is closed.

This interplay turns out to be reflected already in several basic properties of the
Levi-Civita connection of the contact triad metric exposed in this section. We would
like to mention that similar results had been previously derived in Blair’s book [BI,

Section 6.1, 6.2] in a much more general context of contact metric manifolds. However,
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our sign convention of the compatible metric is different from the one in [Bl] and also our
derivation may be simpler for this particular case. To make our exposition self-contained,

we include full derivation of these properties in this section.

Before we study the Levi-Civita connection, we would like to remind that we extended
J to T'Q by defining J(X,) = 0. We denote by IT : T'Q) — T'Q the idempotent associated

to the projection 7 : T'Q) — &, i.e., the endomorphism satisfying
=1, ImI=¢ kerll =R{X,}.
We have now J? = —II. Moreover, for any connection V on @,
(VJ)J =—=(VII) — J(VJ). (2.31)
Notice for Y € £, we have

M(VIY = 0 (2.32)

(VIDX, = -IIVX,. (2.33)
We denote the triad metric g = g\ ) as
(X,Y) = d\IIX, JIIY) + A(X)A(Y)

for any X,Y € T'Q) for our computations hereafter.

We state the following obvious properties of (g =: (-,-), A, J).

Lemma 2.1.15.

(X,Y) = d\X,JY) + MX)AY)

INX)Y) = dNJX,JY).
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Therefore,
(JX,JY) = d\X,JY)

(X,JY) = —d\X,Y)

(JX,Y) = —(X,JY).

However, we remark

(JX,JY) # (X,Y)

in general now.
The following preparation lemma says that the linear operator Lx,J is symmetric

with respect to the metric g = (-, ).

Lemma 2.1.16 (Lemma 6.2 [Bl]). ForY,Z € ¢,

(Lx, )Y, Z) = (Y, (Lx,])Z).
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Proof.
(Lx, )Y, Z)
= (Lx,(JY), Z2) = (JLx,Y, Z)
= d\NLx,(JY),JZ)—d\NJLx,Y,JZ)
= d\NLx,(JY),JZ)—d\Lx,Y, Z)
= X\(d\(JY,JZ)) — (Lx,d\)(JY,JZ) —d\JY,Lx,(JZ))
—d\(Lx,Y, Z)
= X\(d\N(JY,JZ)) —d\(JY,Lx,(JZ)) —d\Lx,Y, Z)
= X\(dX(JY,JZ)) —d\(JY,(Lx,J)Z) —dNJY, JLx, Z) —d\(Lx, Y, Z)
= Xn\(d\Y,Z)) —d\(JY, (Lx,J)Z) —d\Y, Lx, Z) — d\(Lx,Y, Z)
= (Xn(d\Y,Z)) —d\Y,Lx,Z) —d\NLx,Y,Z)) —d\JY, (Lx,J)Z)
= (Lx, dN(Y,Z) + (Y, (Lx,J)Z)
= (Y, (Lx,J)2).
Here we use Ly, d\ = 0 for the fifth and the last equalities. O

The following properties of the Levi-Civita connection on contact manifolds can be
also found in [D, Lemma 3] as well as in [Bl]. One amusing consequence of this lemma
is that the Reeb foliation is a geodesic foliation for the Levi-Civita connection (and so

for the contact triad connection) of the contact triad metric.

Lemma 2.1.17. For any vector field Z on Q,

VIeX, e, (2.34)
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and
VX, =0. (2.35)
Proof. We first note
1
(VX X)) = 5 Z(X0 X5) =0 (2.36)
for all vector fields Z. This already finishes the proof of V¢ X, € ¢, since £ = ker \ and
(VEC X, X)) = M(VLE X)) by definition of the triad metric (2.7).
Next we compute
(VX Y) = = (X, VEY)
= - <X)\7 vécx)\ + [X)\u Y]>
= 0+ A[X,\Y]) =AMLy, Y)

= (LxA)Y) = XA Y)).
The second term vanishes since A(Y') = 0 and the first vanishes by Cartan’s formula
(Lx,A) = d(X2JA) + XaJdA =0

and the definition of Reeb vector field X,. Together with (2.34), this implies (2.35).

This finishes the proof. O

Next we derive the following lemma which is the contact analogue to the Prop 4.2
in [KN] for the almost Hermitian case. This lemma can be also extracted from [BI,

Corollary 6.1].
Lemma 2.1.18.

A(VXEIY,Z) = (N(Y,Z),JX)

—(JX, IYINZ) + (JX, JZ)AY)
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for X, Y, Z €TQ, where N is the Nijenhuis tensor defined as
NX,)Y)=[JX,JY] - [X,Y] - J[X,JY] - JJX,Y].
Proof. The left hand side
(VXON)Y,Z) = (VX(JY),Z) = (JVKY, Z)
= (VECWIY),2) + (VY J2Z)
Since V¢ is the Levi-Civita connection with respect to the Riemannian manifold
(Q,g9 = (")), we have the following formula
2AVEY,Z) = XY, Z)+Y(X,Z) - Z(X,Y)
+(X,Y],Z2) +([Z,X],Y)+ (X, [Z,Y]).
Using Lemma 2.1.15, we derive
2(VEDNY,Z) = 2VECIY), Z) +2(VEEY, JZ)
= R(X,Y,Z)+S(X,Y,2),
From it, where
R(X,)Y,Z) = (JY)dNX,JZ)—=Yd\NX,Z)+ Zd\X,Y) — (JZ)d\(X,JY)
+d\([X, JY ), JZ) —d\([X,Y], Z)
—d\N[Z,X],Y)+dN([JZ,X],JY)
+d\([Z,JY], JX) +d\([JZ,Y], JX), (2.37)
and
S(X.Y,Z) = (JY) (MX)A(2)) = (JZ2) (MX)A(Y))
+A[X,IYDAMZ) + M([JZ, X])A(Y)

+AN([Z, JYDANX) + M[JZ, YA (X).
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The way to deal with R(X,Y,Z) is exactly the same as in the proof of [KN, Propo-

sition 4.2] if we replace d\ by the fundamental two-form ® therein.

Lemma 2.1.19.

R(X.Y,Z) = (N(Y, 2),JX).

Proof. The proof follows by a straightforward calculation using d(d\) = 0 and organizing

R(X,Y,Z) into

R(X,Y, Z) = (d(dN)(X, JY, JZ) — (d(d\)(X,Y., Z) + (N(Y, Z), JX).

Indeed, we can rewrite (2.37) into

R(X)Y,Z) = —(JY)ANJZ,X)— (JZ)dN(X,JY) — Xd\(JY, JZ)
+AN([X, JY), JZ) + dN([JZ, X], JY) + dA([JY, ] Z], X)
FX(dN(Y, Z)) + YdN(Z, X) + ZdA(X,Y)
—dM\([X,Y], Z) — d\([Z,X],Y) — dX([Y, Z], X)
+dN([Z, JY), JX) + dN([JZ,Y], JX)

—d\([JY, JZ],X) + dA(Y, Z], X).

The difference between this formula for R and (2.37) is as follows: Here beside rearrang-
ing the terms, we subtracted XdA(JY, JZ) in the first line and add back X (d\(Y, Z)) =
XdMN(JY, JZ) to the third line, and add dA([JY, JZ], X) to the second line and subtract
it back in the fifth line.

Then the first two lines of this formula become —(d(d\))(X, JY, JZ) and the second
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two lines become (d(d\))(X,Y, Z) and final two lines can be re-written into

AN([Z, JY ], JX) + dN([JZ,Y], JX) — d\([JY, ] Z], X) + dX([Y, Z], X)
= —(JJY, Z],JX) = (J]Y,JZ],JX) — (Y, Z],JX) + ([JY, ] Z], JX)

= (N(Y,2),JX).
This finishes the proof. n
For S(X,Y, Z), we use the formula
IA(X,Y) = X(A(Y) = Y(A(X)) = A(IX, Y]),
to simplify it and get

S(X,Y,Z) = —d\X,JY)AZ) +d\X, JZ)A(Y)

= —(JX, IYI)NZ)+ (JX,JZ)\Y).
Combining all these, we have derived the formula

A(VXENY,Z) = (N(Y,Z),JX)

—(JX, JVINZ) + (JX, JZ)A(Y).

In particular, we obtain the following corollary.
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Corollary 2.1.20. ForY,Z €,

2(VECN X, Z) = (N(Xy, 2),JY)+ (Y, Z)
= —((£x, /)2, Y) + (Y, Z)

2(VECNZ X)) = (N(Z,X)),JY) (Y, Z)
= (£Lx,))2,Y) = (Y, Z)

2(VENY, Z) = (N, Z),JX).

Proof. This is a direct corollary from Lemma 2.1.18 except that we also use

N(X\ 2Z) = —J(Lx,J)Z (2.38)
N(Z,X,) = J(Lx,J)Z. (2.39)
for the first two conclusions. O]

Next we prove the following lemma.

Lemma 2.1.21. ForY, Z € ¢,

JN(Y,JZ)—TIN(Y,Z) = 0

IN(Y,JZ) +1IN(Z,JY) = 0.
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Proof. We compute for Y, Z € €,
JN(Y,JZ) ~TIN(Y, Z)
— J(JY,JJZ] =Y, Z] = JIY,JJZ] - J[JY, ] Z))
—IL([JY,JZ) — Y, Z) = JIY, JZ] — J[JY, Z))
— J(=[JY,Z) =Y, JZ) + JIY, Z] — J[JY, ] Z))
—IL([JY,JZ) —[Y, 2] = JIY, ] Z] — J[JY, Z])
= —JJY. 2] - JIY,JZ] - 1Y, Z] + [ JY, ] Z]
—MI[JY, JZ) + [Y, Z) + J[Y, JZ] + J[JY, Z]
— 0.
For the second one, similarly, we compute
[IN(Y, JZ) + 1IN (Z, JY)
= ([JY,JJZ]— Y, Z] - JIY,JJZ] — J[JY, ] Z])
HI([JZ,JJY] = [2,0Y] — J[Z,JJY] — J[JZ,JY])
— —M[JY, Z]| =Y, JZ] + JY, Z] — J[JY, ] Z]
—N[JZ,Y| =12, JY]+ J|Z,Y] = J[JZ,JY]
— 0.
0

Together with the last equality in Corollary 2.1.20 and Lemma 2.1.21, we obtain the

following lemma, which is the contact analogue to Lemma 2.1.8.

Lemma 2.1.22.

(VIS NX + J(VECT)X = 0. (2.40)
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Proof. We look at for any Z € ¢,
(VIS NX + J(ViC D)X, Z)
= (V¥ )X.Z) = (V¥ D)X, ] Z)
(N(X,Z),JJY) — %(N(X, JZ),JY)

1
2
1
S(IN(X,12) ~TIN(X. Z).Y) =0,

and then (2.40) follows. O

The following result stated in [Bl, Corollary 6.1] is an immediate but important

consequence of Corollary 2.1.20 and the property Vx, X\ = 0 of X,.

Proposition 2.4 (Corollary 6.1 [Bl]).
VT =0.

Proof. We will prove (V5{J)Z = 0 for all vector field Z on Q.

For (V4 J)X), we have
(VXX = VE(IXy) = JVE XA =0-0=0.

Notice that

(VDY =VE(JY) — JVEY €¢

since Vg(g(J Y) € € for any vector field Y. Therefore we have
(VE )Y, X)) = 0.
From Corollary 2.1.20, we also derive

(VY. Z)=0
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for any Z € £. Altogether, we have proved
(VY =0
for any Y € T'Q) and this completes the proof of the proposition. n

The following is equivalent to the second part of Lemma 6.2 [Bl] after taking into

consideration of different sign convention of the definition of compatibility of J and dA.
Lemma 2.1.23 (Lemma 6.2 [Bl]). For any Y € £, we have

vw&_ﬂw+(@gw
Proof. Since the Levi-Civita connection is Riemannian, for any Y, Z € £, we have

(VECX,,Z) = —(X,, VO 7).
Next we write
—(X\V¥9Z) = (X0 (V39 D)(I2)),
and then further by using the second equality in the Corollary 2.1.20, we have
(V7Xx Z) = —(X,Vy©2)
= (X\, (Vi“I)(12))

(Lx, IZ),Y) ~ L (V.. 7)

<w&ﬂxjm—%wym

= _%gua&Jan>+%¢H€Z>

= (G + 5 (Lx, )Y, 2)

1
2
1
2

for any Z € £. Here we use Lemma 2.1.16 for the forth equality. Since VICX, € ¢ for

Y € £, we are done with the proof. n
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2.1.6 Existence of the contact triad connection

In this section, we establish the existence theorem of the contact triad connection in two
stages. Recall that the space of affine connections on a given smooth manifold M is an

affine space and so for any given affine connection V the sum V? := V + B defines a

new affine connection for any given tensor B of type () by the formula
2

V3. Zo =N 7,2+ B(Zy, Z5).

Now consider the endomorphism B(Z;) of TM defined by

(B(Z1)(Z2), Z3) := (B(Z1, Z2), Z3).

When V is Riemannian with respect to the given metric, the connection V? remains
Riemannian if B is skew-symmetric with respect to the associated inner product, i.e., it

satisfies

(B(Z2,)Zs, Z3) = —(B(Z,)Zs, Zs). (2.41)

First, we examine the relationship between the connections of two different ¢’s. De-
note by VA the unique connection associated to the constant c. The following proposi-
tion shows that V¢ and V¢ for two different nonzero constants with the same parity

are essentially the same in that it arises from the scale change of the contact form.

Proposition 2.5. Let (@, \, J) be a contact triad and consider the triad (Q, aX, J) for
a constant a > 0. Then

Va)\;l — V)\;a

Proof. By definition, V! is characterized by Axioms (1) - (4), (6) and (5;—1) for the

triad (@, aA,J). Since Axioms (1) - (4) and (6) are obviously scale-invariant of the
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contact form A\, this connection satisfies all axioms for the triad (@, \,J). The only
thing left to check is Axiom (5;a). But this immediately follows from the relationship of

the Reeb vector fields under the multiplication by a positive constant, which is

1
Xax = =X
a

Therefore V! satisfies

Vil Xox + IV X = YV

which is equivalent to

VA Xy 4+ JVI X, = aY.

By the defining Axiom (5;a) for V*¢, and the uniqueness thereof, we have proved V! =

V2@, This finishes the proof. O

In regard to this proposition, one could say that for each given contact structure
(Q,€), there are essentially two inequivalent V° V! (respectively three, V° V! and
V1, if one fixes the orientation) choice of triad connections for each given projective
equivalence class of the contact triad (Q,\,J). In this regard, the connection VY is
essentially different from others in that this argument of scaling procedure of contact
form A does not apply to the case a = 0 since it would lead to the zero form 0 - A. This
proposition also reduces the construction essentially two connections of V*? and V!
(or VA7),

In the rest of this section, we will explicitly construct VA~1 and VA in two stages, by
modifying the Levi-Civita connection by adding suitable tensors B as described above.

In the first stage, partially motivated by the construction of the Hermitian connection

on almost Kéhler manifold and exploiting the properties of the Levi-Civita connection
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Land cal-

we extracted in the previous section, we construct a connection named V"
culate its metric and torsion properties. This part itself provides a contact analogue
of Kobayashi’s construction of the Hermitian connection and the resulting connection
Vimpil satisfies Axioms (1)-(4), (5;—1), (6).

In the second stage, we modify V! to the final connection V™2 mainly to de-
forming the property (5;—1) thereof to (5;c) leaving other properties of V™! intact
for given constant c. This V™2 then satisfies all the axioms in Definition 2.1.10. The
construction of V™2 exhibits a way of combining the Levi-Civita connection and the
canonical connection, so that the resulting connection behaves like the canonical con-

nection on ¢ and like the Levi-Civita connection on X). Indeed this is the original idea

behind the choice of the axioms laid out in Definition 2.1.10.

Remark 2.1.24. We find that it is rather mysterious to see that the second stage of
modification does not differentiate the case of ¢ = 0 from that of ¢ # 0, although the
above mentioned scaling procedure of contact form clearly single out this case from
others. It seems to say that even though the contact form degenerates as ¢ — 0, the
associated contact triad connection itself converges to a smooth well-defined connection

in the space of affine connections.

Modification 1; Vi"»il

We begin the first stage of constructing our first connection V! motivated by the
construction of canonical connection on almost Kahler manifold. This is the contact

analogue to this construction.
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Define an affine connection V! by the formula
NG 2y = Vi Zy — IP(11Z,,112,)
where the bilinear map P : ['(TQ) x I'(T'Q) — ['(T'Q) over C*°(Q) is defined by
4P(X,Y) = (VEENX + J(VEC ) X) 4+ 2J((VEC DY) (2.42)

for vector fields X, Y in (. (To avoid confusion with our notation @) for the contact
manifold and to highlight that P is not the same tensor field as () but is the contact

analogue thereof, we use P instead for its notation.) From (2.40), we have now
IP(11Z,,117,) = J(VHZ1 NILZ,.
According to the remark made in the beginning of the section, we choose B to be
Bi(Zy, Zy) = —1IP(11Zy,11Z,) = —%J(Vﬁ% NI1Z,. (2.43)

First we consider the induced vector bundle connection on the Hermitian bundle

¢ — @, which we denote by VP17 it is defined by
VP = gy (2.44)

for a vector field Y tangent to £, i.e., a section of & for arbitrary vector field X on Q.

We now prove the J linearity of Vimpibm,

Lemma 2.1.25. Let m: T(Q) — £ be the projection. Then
VLT gY) = gVt Ty

forY € £ and oll X € TQ.
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Proof. For X € &,

VX IY)
= V(JY)-TP(X,JY)
= (JVEY + (VDY) - 2J((V§(CJ)JY)
= JV§0Y+(V§(CJ)Y—; (VDY )+%J((V§(CH)Y) (2.45)

1
= JVEY + (VY - §H((V§(CJ)Y)

where we use (2.31) to get the last two terms in the third equality and use (2.32) to see

that the last term in (2.45) vanishes. Hence,

VP (JY) VP JIY)

1
= JVEY + §w((v§fj)y).
On the other hand, we compute

JaVIPy = J(V Y——J((v J)Y))

= JVLY + W((VLCJ) ).

Hence we have now

TV (JY) = JaVirty

for X, Y €¢.

We notice that Vt)?ip ly = Vng. By using Proposition 2.4, the equality
VPN IY) = JrVyPlY

also holds for X = X, and we are done with the proof. O
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Next we study the metric property of V%! by computing (V¢*'Y, Z)+(Y, V"' Z)
for arbitrary X, Y, Z € TQ.

Using the metric property of the Levi-Civita connection, we derive

(VR Z) + (Y, V™ Z) — X(Y, Z)
= (VEY, Z2) + (Y, Vi 7Z) — X(Y, Z) — (IP(IIX,11Y), Z) — (Y, IP(I1.X,11Z))
= —(IP(IIX,IIY), Z) — (Y, IIP(IIX,T12)), (2.46)

The following lemma shows that when XY, 7 € ¢ this last line vanishes. This is the
contact analogue to Proposition 2.2 whose proof is also similar thereto this time based

on Lemma 2.1.21.

Lemma 2.1.26. For X,Y,Z €&,
(P(X,Y),Z)+(Y,P(X,Z)) = 0.
Therefore,
(VIPYY, Z) + (Y, VP Z) = X(Y, Z).
Proof. We compute for X,Y, 7 € &,

(P(X,Y),Z)+(Y,P(X,2))

-~ %u((vng)Y), Z) + %<Y, J((VX1)Z))

= _%<(V§(CJ)Y, JZ) — %<JY, (VX T)Z)
— —i(N(Y, JZ), JX) — %(N(Z, JY), JX) (2.47)
- _}lmN(Y, JZ)+1IN(Z,JY), JX) =0, (2.48)

where we use the third equality of Corollary 2.1.20 for (2.47) and use the second equality

of Lemma 2.1.21 for the vanishing of (2.48). O
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Now, we are ready to state the following proposition.

Proposition 2.6. The vector bundle connection VPl .= 7Vl is an Hermitian

connection of the Hermitian bundle & — Q.
Proof. What is now left to show is that for any Y, Z € &,
(VY Z) + (Y, VP Z) = X\(Y, Z),
which immediately follows from our construction of V™! since
verty = vy

virlz = vz

O
Next, we look at the metric property when the Reeb direction gets involved.
Lemma 2.1.27. ForY, Z €&,
(VPP X, Z) 4 (X, VI Z) = 0.
Proof. We compute for Y, Z € &,
(VIPPLX, Z) + (X, VP Z)
= (VECX,,Z) + (X,,VECZ) — (X,,IP(Y, Z)) = 0.
This finishes the proof. O]

Now we study the torsion property of V™!, Denote the torsion of V™l by Ttmpil,
We complexify the contact structure £ and denote it by {c = £ ® C. Then &¢ has the

decomposition

b = €49 @ €OV,
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Denote I’ the projection to €19 and TZ™! is the complexification of 7!, Define
tmp;l,
o = [T,

The proof of the following lemma follows essentially the same strategy as that of the
proof of [KN, Theorem 3.4]. But we would like to highlight two conventions we are using

which are different therefrom:
1. We use the definition
NY,Z)=[JY,JZ]) =Y, Z] = JY,JZ] — J|JY, Z]
without the factor of 2 differently from [KN].

2. Our definition of the wedge product is the one from [S] but not the one from [KN].

More specifically, in our convention, we have
dA(X,Y) = X]A(Y)] = Y[AX)] = A([X,Y])
while the one from [KN] gives rise to

2dA(X,Y) = X[ANY)] = YIAX)] = M[X, Y]

Besides these differences of the convention, since the current case deals with the contact

case, whose statements are significantly different from the almost Hermitian case.

Lemma 2.1.28. ForY €€,

TP1(X,,Y) = 0.

If we decompose

T = T AT ) X
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and denote T"™PLT | .= gTmPLT | then

Tnimp;1,7r|5 — ZNW|£

NT™ ) = 0.

In particular, O ¢ is of (0,2) form or equivalently JT"™ P (JY, Z) = T"™ XY, Z) for all

Y, Z €&.
Proof. Since VPl = VEC —TIP(I1,I1) and VL is torsion free, we derive for Y, Z € ¢,

TN Y, Z) = TYO(Y,Z) —TP(Y,Z) +1IP(Z,Y)

1 1
= QJVXLVCJZ — 5ngcjy.

from the general torsion formula.

Next we calculate —IIP(I1Y,11Z) + IIP(I1Z, I1Y") using the formula

1 1 1
§JV§PJZ - §JV§CJY = Zﬁ([JY, JZ) — 7Y, Z) — J[JY, Z] — J[Y, J Z))

1
= -aN(Y,2).
4
This follows from the general formula
1
—P(Y,Z)+ P(Z,Y) = Z([JY’ JZ|-1Y,Z] - J[JY, Z] — J|Y, JZ]), (2.49)

whose derivation we postpone till Appendix A.
On the other hand, since the added terms to V*¢ only involves &-directions, the

X -component of the torsion does not change and so
AT e) = AT e) = 0.

This finishes the proof. O]
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From the definition of V! we have the following lemma from the properties of

the Levi-Civita connection in Proposition 2.1.17.
Lemma 2.1.29. VZZP;IXA =0 and V"' X, € € for any Y € €.
We also get the following property by using Lemma 2.1.23 for Levi-Civita connection.

Lemma 2.1.30. For any Y € &, we have
tmp;1 1 1
Vy X)\:§JY—|—§(£XAJ)JY.

We end the construction of V! by summarizing that V7! satisfies Axioms (1)-

(4),(6) and (5;—1).

Modification 2; V2

Now we introduce another modification V"2 starting from V! to make it satisfy
Axiom (5;c) and preserve other axioms for any given constant ¢ € R. Recall that YV
is our definition of the contact triad connection and that V™! satisfies (5;—1) and so
vimpl — A1

We define

. . 1 1
VR Z, = VylZ, - 5(1 +¢)(Zy, X)) T Zy — 5(1 +¢)(Z1, X)) JZ,

1
+§(1 + C) <JZ1, ZQ) X)\.

In other words, we define Vi™P:2 = Vil 1 B, for the tensor B, defined by

Bo(Zy, Zs) = %(1 O (= (Zo, X\) T2y — (20, X0) T 2y + (J 20, Z5) Xy) . (2.50)
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From its expression, it follows

Bo(X2, X)) = O (2.51)
B(YiYo) = (1400 ¥a)X,, (2.52)
Bo(Y. X)) — —%(1+0)JY:BQ(XA,Y), (2.53)

for any Y7, Y5, Y € €.

Now let’s check all the properties required for V™:2,

Proposition 2.7. The connection V™2 gatisfies all the properties of the canonical
connection with constant c¢. In particular V := V2 with ¢ = 0 is the contact triad

connection.
Proof. For Y, Z € €, (2.52) gives Vi7" 7 = V"7 7 Hence we have

VPR (JZ) = JVETZ

(VEP2Y, Z) + (Y, V{2 Z) = X (Y, Z)

for X, Y, Z € £ from the properties of V™l
For Z € & VP*T(JZ) = JVEP*"Z follows from (2.53) and V{7 (JZ) =
IV 7.

The metric property,
(VRPYLYa) + (1, VR2Y) =0

for Y7, Y5 € ¢ immediately follows from that of V™! and (2.53). Hence we have checked
that Axiom (1) is satisfied.
We also have TPP27 (Y, Yy) = TPL™ (Y], Ys) again by (2.52) and (2.53). Therefore,

Axiom (2) is satisfied.
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For Axiom (3), we calculate for Y € ¢,
TU2(X,,Y) = VErPY — VPP X, — [X,,Y]
. 1 . 1
= Virly - 5 (1+)JY = VP X+ 5 (1+0) JY = [X,,Y]
= TP (X,,Y)=0.

Axiom (4) immediately follows from the definition.

For Axiom (5;¢), we compute
VP2 Xy 4 IV X,
: 1 : 1
= VX, — 5 (L+0) JJY + JVIPLX, — J5 (1 +e)JY
= Y+ (1+cY =cY.
Then we can uniquely get the following property
tmp;2 1 1
VY X/\:—§CJY+§(£X)\J)JY
as explained at the end of Section 2.1.3, and Axiom (6) is preserved by V™72 after a
short calculation by recalling Lemma 2.1.30 together with V™2 X, = Vimpil X, O
This proposition finally completes our construction of the contact triad connection,
which is VY.
We now summarize the modifications that we have performed in the previous section.

Our connection V7! is nothing but

VAT =V 4 B

1

with the tensor By of the type () given by By(Z, Zy) = —11P(11Z,,11Z;), and V = VV:°
2

is

V=V%'141B=V4+B +B, (2.54)
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where

Bo(Z4,Z5) = = (—(Z9, X)) JZ1 — (Z1, X)) J Zo + (J Z1, Zs) X)) . (2.55)

N —

Before ending this section, we restate the following properties which will be useful

for calculations involving contact Cauchy-Riemann maps performed in Sections 3, 4, 5.

Proposition 2.8. Let V be the connection satisfying Axiom (1)-(4),(6) and (5; ¢), then
1 1
VyX)\ = —§CJY + §<£XAJ)JY
In particular, for the contact triad connection,
1
Vy Xy = i(EXAJ)JY.
Proof. We already gave its proof in the last part of Section 2.1.3. [

Proposition 2.9. Decompose the torsion of V into T' = #T + A(T) X,. The triad

connection V has its torsion given by T7'(X,, Z) = 0 for all Z € T'Q, and

1
"T(Y,Z) = JwN(Y,Z) =

NT(Y,Z)) = d\Y,Z)

(Loyd)Z + (LyJ) I Z)

o |

forall Y, Z € €.

Proof. We have seen

. . 1
7I'Ttmp’2‘§ — WTtmp’1’€ — ZLNW‘&

On the other hand, a simple computation shows

NW<Y, Z) = (EJYJ)Z — J(ﬁyJ)Z = (EJYJ)Z + (ﬁyJ)JZ
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This proves the first equality.

For the second, a straightforward computation shows

NT™(Y,Z)) = NT"™(Y,Z))+ (1+ ) (JY, Z)

= (1+0)dA\(Y, 2)

for general c. Substituting ¢ = 0, we obtain the second equality. This finishes the

proof. O]

2.2 Morse-Bott contact form and the linearization

of Reeb orbits

Let (@, &) be a contact manifold and A be a contact form of £. Recall A defines the Reeb
vector field X, by (2.1)

XAJ)\EL X)\Jd)\EO

The existence of closed integral orbits of X is phrased as the famous Weinstein con-
jecture which is partially proved for some cases, especially for dimension three, but still
unknown for the general case. Assume there exists a closed Reeb orbit «y of period T > 0.
That is to say, v : R — @ is a solution of ¥ = X, () satisfying v(7") = v(0). We would
like to study the linearization of the equation & = X, (z) along the closed Reeb orbit .

By definition, we can write y(t) = ¢'(7(0)) for the Reeb flow ¢' := ¢% of the
Reeb vector field X. In particular p = v(0) is a fixed point of the diffeomorphism ¢
when v is a closed Reeb orbit of period T. We will call the pair (7, z) a Reeb orbit
of period T instead for such closed orbit 7 of period T by writing z(t) = ~(Tt) for a

loop parameterized over the unit interval S = [0,1]/ ~. It is obvious that z = TX,(z).



60

Since Lx, A = 0, the contact diffeomorphism ¢* canonically induces the isomorphism on

£,

v, = d(bT(p)‘&p & = &p

which is the linearized Poincaré return map ¢” restricted to &, via the splitting
T,M =R-{X\(p)} ® &.

Definition 2.2.1. We say a T-closed Reeb orbit (7, z) is nondegenerate if the linearized

return map W,(p) : &, — &, with p = 7(0) has no eigenvalue 1.

It is well known that there exists a generic family of contact one-forms with respect
to a contact manifold (@, ¢), such that every closed Reeb orbit (of any period) is non-
degenerate (e.g., the appendix in [ABW] provides a proof which is closest to the setting
of this thesis).

Denote Cont(Q), £) the set of contact one-forms with respect to the contact structure
¢ and L(Q) = C>®(S', M) the space of loops z : S = R/Z — M. Let L(Q) be
the W2 completion of £(Q). We would like to consider some Banach bundle £ over
the Banach manifold (0,00) x £?(Q) x Cont(Q,£) whose fiber at (T, z, \) is given by

L'2(2*TQ). We consider the assignment
T (T2, \) s 2 — T X»(2)

which is a section. Then (T, z,A) € T71(0) := Reeb(Q, &) if and only if there exists
some Reeb orbit v : R — @ with period 7', such that z(-) = v(T").

From the formula of a T-periodic orbit (7', 7),

- [
g

it follows that the period varies smoothly on ~.
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Definition 2.2.2. We say that the contact form A is of Morse-Bott type if every con-
nected component of Reeb(Q, &) is a smooth submanifold of (0,00) x £?(Q) with its

tangent space at every Reeb orbit (7 z) therein coincides with ker d(r Y.

Lemma 2.2.3. Suppose X is of Morse-Bott type, then on each connected component of

MReeb(Q, ), the period remains constant.

Proof. Let 7y, 71 be two elements in the same connected component. We connect them
by a smooth one-parameter family 5 for 0 < s < 1 and denote by T" = T(s) the

corresponding period function. It is enough to prove

d d
— A= — *A=0. 2.56
ds /., ds Ja s (2.56)
We compute
d * *
2572 = (A A) + i) d).
Therefore we obtain
d / /
— [ A= veldh = dA(v%, Xy)dt =0
dS Vs S1 S1
where we use the equation 45 = X, (7). This finishes the proof. O

This lemma enables us to have the following finitely dimensional characterization of

Morse-Bott type.

Proposition 2.10. The contact form A is Morse-Bott if and only if the subset Nr C @)
formed by the closed Reeb trajectories of period T is a smooth closed submanifold of

M, such that the rank of dA|y, is locally constant and T, Ny = ker(V.(p) — id|e, ).
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To prove this proposition, we would like to study the linearization operator carefully.
Recall

Y (T,2,7) — 5 — T Xy(2)

which is a section of £. Then (T, z,A) € T7}(0) if and only if there exists some Reeb
orbit v : R — @ with period T, such that z(-) = vy(7").

We also denote DX, : Q°(§) — Q°(€) the covariant derivative of Xy induced from
the contact triad connection V to highlight its aspect as a linear operator, whenever we
feel convenient. The following derivation of the linearization of T is a routine exercise.

(See [ABW, Appendix]| for a formula that is close to the current form.)

Lemma 2.2.4. For any torsion free connection,

d(T, zZ, )\)T(a, Y, B) = % — TDX,\(Z)(Y) — (J,X)\ — Té,\X,\(B),

where a € R, Y € T,LY(Q) = WY2(2*TQ), B € T\Cont(Q, &) and the last term 5, Xy

18 some linear operator.

We remark that the contact triad connection we use here is not torsion-free. However,
when (T, z,\) € T7(0), i.e., 2(-) = (T-) for some v which is a Reeb orbit with period T'
with respect to contact one-form A, the torsion Axiom (3) in Definition 2.1.10 is already
enough to derive Lemma 2.2.4. From now on, we use the contact triad connection
through out this section, but we remark the linearization at (T, z,\) € T71(0) actually
doesn’t depend of the choice of connections.

In our study here, we only need to look at the linearization restricted to subspace

Wh2(2*¢) for fixed (T, \). Denote the corresponding operator by

Try=T(T,-,\).
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The rest of the section will be occupied by the proof of Proposition 2.10.

From Lemma 2.2.4 and Proposition 2.8, we compute

D¢

CTralwrae(Q) = 7> =T 7DX)(2)(C)
D¢ T

Since from Axiom (3) of Definition 2.1.10, the image of d. Y7 x|w1.2(.+¢) automatically in

.

Lemma 2.2.5. Let DX,\(2) = V3 X, : 2*TQ — 2*TQ be the covariant derivative of X
with respect to the pull-back connection z*V of the contact triad connection. Consider a

Reeb orbit (T, z) i.e., a map z : S* — Q satisfying 2 = TX,(z) with z(1) = 2(0). Then
DXA(Y) = 5(Lx, I Y
for any section Y € Q(2*TQ).
Proof. By definition, we have
DX, (2)(Y) =VyX,
and then apply Proposition 2.8, which proves the equality. O

Recall by Lemma 2.1.16, both (Lx,J)J and Lx,J are pointwise symmetric with
respect to the triad metric of (@, A, J).

Combining the above discussion, we have derived

Proposition 2.11. The linear operator

JdTry = Jn (% _ DX,\(Z)> _ J% - g(ﬁ)ﬁ J): L2(2%) - L2(2%€)
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is a self-adjoint operator. In particular, we obtain
Indexd Y7 = Index Jd; Y1 = 0. (2.57)

By Proposition 2.11, the surjectivity of d7 Y\ is equivalent to the injectivity of
the operator. In fact, we prove the following characterization of kernel elements of the

linearization map dZ Y in terms of the eigenvectors of the linear map ¥, : §, — &,

where U, = d¢™ (p)|¢,-

Proposition 2.12. Let p = 2(0) be a fixed point of ¢* : Q — @ lying in the given Reeb

orbit (7', z). Then there exists a one-one correspondence
veE & ) =de (v), tel0,1]

between the set of eigenvectors v of ¥, = d¢” | ¢, - & — & with eigenvalue 1 and the set

of solutions 7 to £2 — Z(Lx, J)n = 0.

Proof. Recall that any closed Reeb orbit of period T has the form z(t) = ¢'T(p) for a
fixed point p of ¢'T.
Suppose 7 is a solution to 0 = dZYra(n) = 52 — L(Ly, J)Jn. We consider the

one-parameter family
v(t) = (do"") ™ (n(t))

of tangent vectors at p € M, and so n(t) = d¢'™ (v(t)). We compute V;n(t) by considering

the map I'(s,t) = ¢ (a(s,t)) such that (0,t) = p and 2

a(s,t) = v(t) . Then we

s=0

compute

or o [ O or B o [ O
A (8—) - P at) = TX(T(s.0)) + de (Ew)
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and so
vy = DO _Dor
dt 0s ls=0  ds Ot ls=o0
- T%(X)\(F(Sazf»s +dg™ <83 o= oat )
_ T%(X)\(F(Svt» _,Hae” (gtgjs 0" )
_ T%(XA(F(SJ)) o T ).

Here the second and the fourth equalities follow from the torsion property of the triad

or
(%

The first term of the farthest right becomes

connection

5o ) = T X0 ) =

s=0" 08 |s=

D
T2 (X (I(s,1)

T
= E(‘EXA ‘]) ‘]77-

s=0

Therefore we have derived

o) = (dg'T) (v:n - %www) 0.

by the hypothesis that n satisfies the equatlon =1 — %(ﬁ x,J)Jn = 0. Therefore we have

v(1) = v(0),i.e., (do") " (n(1)) = n(0).

Since n(0) = n(1), it implies that Jn(0) is an eigenvector of eigenvalue 1 if n(0) # 0.
Conversely suppose that v is an eigenvector of ¢ : &, — &,. Then the above
computation of v’ applied to constant function v(¢) = v proves that the vector field

t— d¢'™ (v) satisfies Vin — £(Lx, J)Jn = 0. This finishes the proof. O

This proposition in particular characterizes the nondegeneracy of Reeb orbits, i.e.,

A7 5 |wiz¢) is surjective if and only if U, = d¢”|¢ has an eigenvalue 1.
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Proposition 2.13. A closed Reeb orbit v with period T" is nondegenerate if and only

if the £ projection of the linearization restricted to W12(2*¢), i.e.,
dzTT,)\|W112(z*§) = WdzTT,)\|W1,2(z*§) : WI’Z(Z*f) — L2<Z*§)

is surjective, where z(+) := v(T") : S' — Q.

2.3 The geometry of prequantization and its contact

thickening

2.3.1 Some preliminaries of contact forms
Let (@, &) be a contact manifold. We start with stating the following lemma.

Lemma 2.3.1. Let A be a contact form of the contact manifold (Q,&). Then for any

given one-form «, there exists a unique Y € £ such that
a=Y|d\+ a(X))A.
We write such uniquely determined Y as Y.},
Proof. From the pointwise decomposition of T,Q = R - {X,(z)} & &, we have
T;Q = span{Xy(z)}* @ &
where the annihilators are given by
span{Xy(2)}" = {v]d\(z) [ v € &} & =span{\.},

where the former comes from the nondegeneracy of d\. The conclusion follows immedi-

ately. O]
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This lemma gives a characterization of contact forms. A contact form A\ provides a
frame to Q(Q), with coordinates (YA, X, |-) € € x Q°(Q). In particular, any contact
one-form of (@, €) lives in {0} x Q°(Q)TU{0} xQ°(Q)~, which is the following well-known

fact.

Corollary 2.3.2. Assume « is another contact one-form of (Q,§), then o = f\ for

some nowhere vanishing function f : Q) — R.

We remark that such family of contact one-forms fA has the same conformal class
of symplectic forms d\ on ¢. Hence when we impose the extra structure of compatible
almost complex structures to &, such complex structure is independent of the choice of
contact one-forms.

Next, we look at the relation between the Reeb vector fields of Xy and X, where

f is a nowhere vanishing function. We assume f is positive from now on.

Proposition 2.14. Assume Xy, and X, are the Reeb vector fields of fA and X respec-

tively. Denote by 7y and m their projections to the contact distribution. Then we

have
X = %(Kﬁgﬁr)ﬁ) (2.58)
i) = m() =AYy (2.59)

where ch);gf = Y;f‘logf as given in Lemma 2.3.1.

Proof. Tt turns out to be easier to consider f Xy and so we consider the decomposition
fXp=c-Xy+n

with respect to the splitting TM = R{X,} @& &,. We evaluate

c=AMfXp) = (X)) =1



Notice that
d(fA) = fd\+df AN,
SO

ndh = (fXg)]dA
= XpJd(fA) = Xpl(df AN
= —Xnld AN
= — XA+ AMXpa)df

_ —%(XA E) A %A(XA T n)df
1 1 1
= DA = A+

Take value of Xg for both sides, we get

and hence

nldy = —%Xk(f)/\ " %df
_ —%XﬂﬁA+dbgﬁ
This gives the proof of (2.58).
To see (2.59), we compute for any vector field Z,
TiNZ) = Z— fANZ) X

= Z=MN2)(fXp)

= Z—=MZ)Xx+ (M2)Xx = M2)(fX1r))
= mMZ+MNZ)(Xn— fX5n)

= mZ— )\(Z)Ylg\gf.
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This finishes the proof. O

2.3.2 Prequantization and its contact thickening

We recall the definition of Morse-Bott condition and the symplectomorphism W,(q) :
& — &, ¢ € Np as given in Section 2.2. Without the danger of confusion, we omit 7'
and use N to denote the clean submanifold from now on. The proof of this following

lemma can be found in [Kl, Proposition 3.2.1].

Lemma 2.3.3. Assume ¥ : V — V is a symplectomorphism from the symplectic space

V' to itself. Then the generalized eigenspace of eigenvalue 1 is a symplectic subspace of

V.

In this thesis, we restrict ourselves to a special case that T is the minimal period and
the generalized eigenspace of eigenvalue 1 of W, is the eigenspace. Thus from the above
lemma, the contact structure restricted to the Morse-Bott clean submanifold |7y forms
a symplectic subspace with respect to the symplectic form dX at every point ¢ € N. By
the Morse-Bott condition, we require also the dimension of this space is constant for
q € N and is the same as the multiplicity of the eigenvalue 1, which is always even.

Next, we give the prequantization picture of such clean Morse-Bott submanifold N

and also its contact thickening.

Proposition 2.15. The submanifold N C @) required as above is a contact submanifold.
The restriction of A to N defines a contact form for (N, &|ry) such that the followings

hold:

1. We have the splitting

TQ=TN @ (TN)*™,
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where (TN)™ := {e € TQ|dA(é,e) = 0, for any é € TN} is the symplectic normal

bundle of N in () with respect to dA.

2. The two-form d\ restricts to a nondegenerate skew-symmetric two-form on the

symplectic normal bundle (T N)®.

3. The quotient P := N/ ~, the set of closed Reeb orbits, is a smooth manifold and
it carries a canonical symplectic form wp so that the circle bundle with connection

form 6 := A|y has its curvature become 7*w.

Proof. We have shown statement (1) and (2). For the proof of (3), we note that d\
defines a presymplectic form on N such that kerd\|ry = R - {X,}. By the general

symplectic reduction theorem, the statement follows. O

Denote by E := (T'N)% the symplectic normal bundle over N, which has the sym-
plectic vector bundle structure with each fiber over ¢ € N a symplectic vector space
(Ey, Q2= dArnyar (q))-

Proposition 2.16. The S'-action on N canonically induces the S!-equivariant vector

bundle structure on E such that the form € is equivariant under the S'-action on E.

Proof. The action of S' on N by t - q = ¢'(¢q) canonically induces a S action on TyQ

by t - v = (d¢")(v), for v € TyQ. Hence it follows the following identity since the Reeb
flow preserves A,

t*d\ = d\. (2.60)

We first show it is well-defined on E — N, i.e., if v € (T,N)%, then t-v € (T;.,N)®.

In fact, by using (2.60), for w € T};.,N,

A\t -v,w) = ((gbt)*d)\) (U, (dqbt)_l(w)) = d\ (v, (dgbt)_l(w)) )
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This vanishes, since N consists of Reeb orbits and thus d¢' preserves T'N.
Secondly, the same identity (2.60) further indicates that this S* action preserves §2

on fibers, i.e., t*() = (2, and we are done with the proof of this Proposition. m

Remark 2.3.4. By this proposition, it follows that £ — @ further induces a symplectic

vector bundle ¥ — P with Q as symplectic form on each fiber.

Motivated by this, we will examine a natural contact structure on a neighborhood
of the zero section of the S'-equivariant symplectic vector bundle (E, ) on the base N
equipped with the prequantization circle bundle, and prove a normal form theorem.

Firstly, we recall the definition of prequantization circle bundle. Let (P,w) be an
integral compact symplectic manifold, i.e., w be an integral symplectic form. The pre-

quantization circle bundle 7 : N — P of (P,w) is one whose connection form 6 satisfies
df = m*w. (2.61)

Then 6 defines a contact form whose associated contact structure kerf C T'N is given
by the horizontal distribution of the Ehresman connection assiciated to the connection
form 6. Its associated Reeb vector field is given by Xy = % which is nothing but the
generator of the circle action on N which is a fiberwise rotation of the constant period.
We note that 6 defines a canonical contact form that is invariant under the S!-action.
Next, we consider an S'-invariant symplectic vector bundle (E, ). We denote by R

the radial vector field which generates the family of radial multiplication
(c,e) — ce.

This vector field is invariant under the given S'-action on F, and vanishes on the zero
section. By its definition, dﬂ'(é) =0, i.e., R is in the vertical distribution, denoted by

VTE, of TE.
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Denote the canonical isomorphism V.T'E = Er(c) by Iex(). It obviously intertwines

the scalar multiplication, i.e.,

Ie;ﬂ'(e) (,u 5) = ,u[e;ﬂ(e) (5)

for a scalar u. It also satisfies the following identity (2.62) with respect to the derivative

of the fiberwise scalar multiplication map R.: E — FE.

Lemma 2.3.5. Let £ € V.T'E. Then

Ice;fr(ce)<dRC(§)) = Clein(e) €3] (2.62)

on Ercey = Ere) for any constant c.

Proof. We compute

| cle+ sg))

Ic e;m(ce) (Rc<£>> =cC Ie;w(e) (6)

d
Ice;n(ce)(dRc(g)) = ]cenr(ce) (d_

which finishes the proof. O

We then define the fiberwise two-form Q¥ on VI'E — E by

Q: (51, 52) = Qm«;(@) (Ie;W(E) (fl) ) Ienr(e) (52))

for &,& € V.TE, and one-form R|QY respectively.
Now we introduce an S'-invariant symplectic (vector bundle) connection on (F, )
and denote by

TE=HTE®VITE
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the associated splitting. FExistence of such an invariant connection follows, e.g., by
averaging over the compact group S!. Using the splitting, we extend the fiberwise two-
form Q" on VT'E — FE to a genuine differential two-form on E by setting QV|grp = 0.

We denote this two form by Q). We define a one-form on E by
* 1=~
Ag =m0 + §RJQ (2.63)

Remark 2.3.6. Suppose d\g(-, Jg-) = gg,s, defines a Hermitian vector bundle (&g, 95 s, JE).

Then we can write the radial vector field considered in the previous section as
~ 0
R=r—
or

where 7°(p,v) = g(v,v) = |v]2. Let (E,Q, Jp) be a Hermitian vector bundle. Motivated

by the terminology used in [BT], we call the one-form

10
— -2
r or

Y =g (2.64)

the global angular form for the Hermitian vector bundle (E, €, Jg). Note that 1 is

defined only on E \ op although € is globally defined.
Lemma 2.3.7. Let Q = d\|(ryyax be as in the previous section. Then,
1. R|dQ = 0.

2. For any non-zero constant ¢ > 0, we have

RIQ = c* Q.

Proof. Notice that Q is compatible with 2 in the sense of symplectic fiberation and the

symplectic vector bundle connection is nothing but the Ehresmann connection induced



74

by ), which is a symplectic connection now. Since R is vertical, the statement (1)
immediately follows from the fact that the symplectic connection is vertical closed.
It remains to prove statement (2). Let e € E and &, & € T.E. By definition, we

derive

(RE)e(€1,6) = Qec(dRe(&1),dRe(&))
= Q. (dR.(&),dR.(&)))
= Qe Teem(o (AR, Lot [AR(6)))
= Qo) (€ Lin(e) (£1), € Lin(e) (&2))
0 Lere)(€): o (&2)) = QL€ )

- 0266(517 52)

where we use the equality (2.62) and mg(ce) = w(e) for the fourth equality.

This proves R:Q = Q. O
It follows from this lemma that £ Eﬁ =20 By Cartan’s formula, we get
d(R|Q) = 20.

Therefore we have derived

d\p = 75,(d6) + €. (2.65)

Proposition 2.17. There exists some § > 0 such that the one-form A\g is a contact

form on the disc bundle D°(E), where

D*(E) ={(q,v) € E| |lv]| < 6}

Proof. This immediately from (2.63) and (2.65) and the compactness of V. O
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Definition 2.3.8. We define the contact width of (N, ) in (E,Q) to be the supremum
of the &’s that satisfies the property stated in Lemma 2.17. Denote the contact width
by d(nv(E) and by Ug := D*(E) for § = §(y . (E) the (mazimal) contact thickening of

the contact embedding N — E.

2.3.3 The contact manifold (Ug, A\g)

Now we look at the contact structure {g and the Reeb vector field X, of Ug given by
the contact one-form \g.
We first note that the two-form d\g is a pre-symplectic form with one dimensional

kernel such that

d)\E|VTE = Q" |VTE0

Denote by X := (drg.) ' (X) the horizontal lifting of the vector field X on N, where
d7TE;H = dﬂ'E’H cHTE — TN

is the bijection of the horizontal distribution and T'N.
Recall Xy is the Reeb vector field of (N, 0), then we have the following proposition

state that the Reeb vector field of (F, A\g) is nothing but the horizontal lifting of Xj.

Proposition 2.18 (Recb vector field). The vector field Xy is the Reeb vector field of

Ag, e, Xg= )?9. In particular, X is horizontal.
Proof. Recall X is characterized by
Xp| e =1, Xg|d\g=0. (2.66)

It is enough to show that X, satisfies (2.66).
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For the first, we evaluate

Ai(Xo) = 0(dmr(Xo)) + (B)2)(Xg) = 6(Xg) +0 = 1,
where (B|Q)(Xy) = Q(R, Xy) = 0 since Xy is horizontal.
We then compute

Xoldhg = Xp|(mhdd + Q) = Xg|mhdd + X, |Q
= df(drp(Xy), drg(-)) + 0 = df( Xy, drg(-)) = 0.
This finishes the proof. O

Next, we look at the contact structure of (Ug, Ag). Recall the contact form Ag gives
the decomposition of TE by

TE=R-{Xp} & .

At the same time, we have the horizontal and vertical decomposition given by the sym-
plectic connection

TE=HTE® VTE,
and moreover, Xg is horizontal. Hence for any ( € g, we can assume
C=¢h ¢
with respect to this decomposition, and further ¢* =b- )/{9 + 77, where 1 € &. Then we

calculate
0=25(¢) = Ap(b-Xg+7+C)
—~ 1 5 —~
= W*Ee(b-X9+n+C”)+§RJQ(b-X9+n+C’“)
1 -
= (b Xo 1) + 5O (R, ")

1 -
= b+ éﬂv(R, ¢Y),
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and enlightened by this, we denote a subspace in T'E by
]_ —
W= {—§QU(R,U) -Xp+v|veVTE},
then we have the following characterization of the contact distribution.

Proposition 2.19 (Contact distribution). The associated contact distribution of \g is

given by the direct sum

s = (drp.n) " (&) @ W. (2.67)
Proof. By the calculation above, we already see that
&p = (drga) ™ (&) + W,

we just need to show the right hand side is a direct sum, which immediately follows from

the fact that Xg is horizontal. In fact, if we can write
0=C+b- Xg+n,
where ( € &, n € VT'E and b € R, then after applying dng to both sides,
0=C+b- Xy
Hence ( = 0, b = 0 and further it indicates n = 0, and we are done with the proof. [

We remark that on the zero section og we have b = 0 since I%]oE = 0. Therefore the

contact distribution on the zero section coincides with the direct sum

(drp.ar) " (Eolo,) @ Vo, B,

and so the vertical subbundle V,,, E is completely decoupled from Xgl,, = di(Xy), where

t: N — E is the embedding ¢ — o, as the zero section.
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We summarize the decompositions of T'E by

TE = (drpg) '(R-{Xe})® (drp.m) (&) @ W
R-{Xp} = (drpn) '(R-{Xs})

135 (drgm) " (&) & W,

and note that W is vertical only at the zero section.

2.3.4 Canonical neighborhoods of the clean manifold of Reeb

orbits

Now let N be the clean submanifold of () that is foliated by the closed Reeb orbits of
A with constant period T. We regard (N,0 := A|y) as the prequantization bundle of
the integral symplectic manifold (P,w) consisting of Reeb orbits. In Section 2.3.2, we
introduce a local model (Ug, Ag) and study the contact data in Section 2.3.3.

On the other hand, we can identify a tubular neighborhood of N in @ with Ug with
N identified with the zero section og, e.g., by considering a contact triad (@, A, J) and
require that J preserves T'N and using exponential map induced from the triad metric
(that is the structure we are going to use for the study of contact instantons in Chapter
6 for Morse-Bott case). Ug then posses another contact one-form induced from (Q, \)
and we still use A to denote it by abusing of notation.

In this section, we give the normal form theorem which relate the two structures
(Ug, A\) and (Ug, \g).

We first give the following general submanifold version of Gray’s theorem, by which

we can get the Darboux theorem 2.1.2 and the Gray’s stability theorem 2.1.3, and also
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the normal form theorem we use to study the asymptotic behavior of contact intantons

in the Morse-Bott case in Chapter 6.

Theorem 2.3.9. (M, &) is a contact manifold, and \g and Ay are two contact one-forms

on it. Let N be a closed manifold in M and

Mo(q) = Mi(q),  for any q € N.

Then there exists a diffeomorphism ¢ from a neighborhood U of N to a neighborhood V

such that
¢|n = id|n, (2.68)
and a function f >0 such that
¢" AL = [+ Ao,
and
fiv =1, dflrny =0. (2.69)

Proof. Since Ay and \; coincide on N, there exists a small tubular neighborhood of N
in M, denote by U, such that the isotopy Ay = (1 — t)\g + tA1, ¢ € [0, 1], are contact

forms in U. Moreover, we have
Ai(q) = Mo(q)(= Mi(q)), forany ge N, te]l0,1].

Next we apply the Moser’s trick. We are looking for a family of diffeomorphisms onto

its image ¢; : U’ — U for some smaller open subset U’ C U C U such that

Gely = id|y,  doilray = id|ray
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for all t € [0,1], together with a family of functions f; > 0 defined on ¢,(f') such that

¢:)\t = fi-X on ¢t(U/)

for 0 <t < 1. We will further require f; =1 on N and df;|rny = 0.
Since N is a closed manifold, it is enough to look for the vector fields Y; generated
by ¢; via
%qﬁt =Y,0¢;, ¢ =1d, (2.70)
satisfying
07 (M + Lvide) = foi N
Yily = 0.

By Cartan’s formula, the first equation gives rise to

d(Y;gJ )\t) + }/;J d)\t = 'CYt)\t = (% O ¢t_1>)\t — Org, (271)
t
where
d\;
= — =) — X\
o7 dt 1 0

Now, we need to show that there exists Y; such that %)\t + Ly, \; is proportional to A;.
Actually, we can make our choice of Y; unique if we restrict ourselves to those tangent
to & by Lemma 2.3.1.

We require Y; € & and then (2.71) becomes

ay = =Y |d\ + (%/ o g M. (2.72)

This in turn determines ¢, by integration. Since we have ay|y = %)\JN = (M—=Xo)|y =0,

hence Y;|y = 0. Therefore by compactness of [0, 1] x N, the domain of existence of the
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ODE & = Yi(z) includes an open neighborhood of [0,1] x N C R x M which we may
assume is of the form (—e, 1+ ¢) x V.
Now going back to (2.72), it (fc—f o ¢; ') is uniquely determined. We evaluate A\; — Ag

against the vector fields X; = (¢;).Xo, and get

d f!

—log f; = £ = (M(Xy) — Mo(Xy)) 0 ¢y, (2.73)
dt fi
which determines f; by integration with the initial condition f, = 1. [

Corollary 2.3.10. Under the assumption of Theorem 2.5.9 and assume for any q € N,
Xi(q) = Xo(q) € T,N where X; is the Reeb vector field of \;, i = 0,1. Then we have

df|ramiy = 0. As a consequence, we have dg* i (q) = dAo(q) for any g € N.

Proof. In Theorem 2.3.9, we have derived
¢* A= [ Ao, (2.74)
Take differential to both sides and we get
@ d 1 = df N Xo+ fd)o.
Now take the interior product with Xy,
Xo(¢"dM — fdXo) = XoJ(df A No).
The LHS
Xo(¢"dM — fdXo) = Xo]¢"dA,

Since Xy € TN, we have dp(Xy) = Xo on N which is also the Reeb vector field of A\; by

assumption, hence the LHS vanishes.



82

The RHS,

Xol(df A Xo) = df(Xo)Ao — df Ao(Xo)

— df(Xo)ho — df.

The first term vanishes since Xy € T'N.

Hence df |7, = 0. O

We remark that actually for the isotopy of contact one-forms A; we constructed in

the proof of Theorem 2.3.9, we have dfi|ra, = 0 with little modification of the proof.

Applying this theorem to A and A\g on E with N as the zero section og, and notice
that A = A\g, d\ = d\g on the zero section, we immediately get the following corollary

which proves the normal form near the clean submanifold of Reeb orbits.

Corollary 2.3.11. There exists a diffeomorphism ¢ from Ug to itself and a function

f >0 defined on Ug, such that
6N = fAp.
Moreover,
doln =idlray,  flog =1, dfloy =0

and

¢+dN|rm|,, = (dAE)TE,,

From now on, we fix the target that we would like to study as (Ug,op, A = fAg),
where (Ug,§) is the contact manifold with two contact one-forms A and Agp with the

relation A = fAg. op as the zero section is foliated by Reeb orbits of A (and also of
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Ag). flog =1, df|TE|,)E = 0. Denote by Xz the Reeb vector field of Ag. Recall formulae

(2.58) and (2.59), we rewrite them as

Xo=Xpp = %(Kg\gEf + Xg) (2.75)
() =Tpe() = M) = As()Yior, (2.76)

Now we give the explicit vertical and horizontal decomposition of Yl(’)\gEf by using the
definition of Ag. To simplify notation, we just use Y := Yic’)\gf if there is no danger of
confusion.

Decompose Y = Y + Y?, where we denote by Y the vertical part of Y, and by
Y" the horizontal part thereof. Denote g := log f. Such function ¢ gives a hamiltonian

vector field X, € £ with respect to dA\g by
Xy ld g = dg.

Since d\g = m5df + ﬁ, the vertical and horizontal decomposition of X, = X+ X 5
and

dg=d’g+dg
where d’g = dg|yrr and d"g = dg|yrE have the relations
X = dg
XMrpdo = d'g.
Proposition 2.20.

1 .
Y = —5Xelg)B+ X,

1 _
h h v v
Yh o= Xy - SR, X)X



84

Proof. Recalling

Y]d\p = —Xg(9) e +dg, g:=logf.
and
* 1= =
Ag = 7wl + ERJQ
d\p = mhdf+ <,
we can immediately get
v O 1 D v v 1 D v v v
VIO p = —idg(XE)RJQ +d’g = —§dg(XE)RJQ +X;]0
Y rgdd| ., = —dg(Xp)mpt + d'g = —dg(Xp)my0 + X]' | 7},db.
By the nondegeneracy of Q¥ in VT'E, we get from the first identity that
v 1 D v
Y? = —§dg(XE)R + X7

By the nondegeneracy of df on the contact distribution of the submanifold (og, &), we
get

To(drp(Y")) = drp(X)).

Recall that Y € &g, by (2.67), we have

1 v D v
Vi = X = SO (R, X)) X

2.3.5 Linearization of Reeb orbits on the normal form

In this section, we derive the linearization of Reeb orbits in the clean submanifold og in

the normal form picture (E, o0, A = fAg). This formula will be used in Chapter 6 for
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the study of the asymptotic behavior of contact instantons under Morse-Bott situation.
Since we only look at the neighborhood along a Reeb orbit, we simplify the notation Ug
to E in this section.

Denote by z : S' — @ a Reeb orbit with period T which lives in the zero section og.

We are going to derive the linearization of the operator
Tirpg) o2 2 =T Xpny(2)

along a Reeb orbit. We look at the curve w,(t) := (2(t),ee(t)) € E, where e(t) € E. ),

and calculate

T D .
A (1 pp).2(€) = T | (=T Xy, (w))

by introducing an affine connection D on the contact manifold E from the symplectic
connection V of £ — N and some connection on N (for example, we can impose an
almost complex structure Jy on N and choose the triad connection V" of the triad
(N, 0, Jx)).

Assume r(t) is a curve in E and ((¢) is a vector field along r(t). Define covariant

derivative of ( along r as

E = VtCU + (ngcan)fch.

Since the linearization along a Reeb orbit is independent of the choice of connections,

we are going to derive the formula by using this connection.

Proposition 2.21. Assume Jg is a complex structure compatible with Q¥ in VTE.

Then we can express d. Y (7,x,),-(e) as
d.Y(rap)-(€) = Vie+T JpHess(g)(2)(e),

for z as a Reeb orbit living in og.
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dzT(T,AE),z (6)

86

D .

T lemo (@0 = T Xpap(w))

D . T

de 'e=0 <w "7 Y + XE))

d 4 T,

Tl Vilee) - %L:O(?Y ) (2.77)
d v

Vte — T& E:OY

For the calculation of the last term in (2.77), we use dg = 0 on zero section and the

expression of Y in Proposition 2.20.

We then compute % —o
have
d
de e=0

Y". By the expression of Y" given in Proposition 2.20, we

d
de
4
de'e=0

(VeX"9)(2)

1 .
Ezo(_éXE(g)R + X"g)

v

X'g

—JpHess(g)(2)(e). (2.78)

where V here denote the Hermitian connection in the linear space (VT E,QV, Jg).

We are done with the proof.

Corollary 2.3.12. There exists some 6 > 0 such that

|Vie + T JpHess(g)(2)(e)||72 > 6% |lell7,.

for any Reeb orbit z on the zero section og.

Proof. This follows from the definition of Morse-Bott condition and Proposition 2.12.

To get the uniform constant § for any Reeb orbit z on the zero section og, we also use

the compactness of the clean submanifold . n
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2.3.6 Adapted CR-almost complex structures

Let (P,w), (N,0) and (F — N,\ = f Ag) be as in previous sections, we assign some
almost complex structure in this section which satisfies some adapted conditions.

We start with the discussion of contact triad connection on the prequantization
(N,0). We equip an almost Kéahler structure (P, w, Jp) with (P,w) and denote by J,,(P)
the set of compatible almost complex structure thereon. Since the contact distribution
& = ker C TN of (N,0) is horizontal, each such Jp naturally induces a C'R-almost

complex structure j; on & by

—

Jpv = Jpu,

where v € T'P. We extend j; to T'N by defining j;Xg = (, then we get a contact triad
(N, 0, j;) The contact distribution & is S'-equivariant, which induces the invariant
splitting

TN =L®E

where £ is the trivial line bundle £ = R{X,}.

In particular, it carries the canonical affine connection formed by the direct sum
vﬁ D Ty can

where V" is the canonical connection (or Ehresman-Limbermann connection) on the
almost Kihler manifold (P,w,JJp) and V* is the trivial connection on the trivial line
bundle L.

Denote by Jp : ker) — kerf the associated C'R-almost complex structure on N.
The following immediately follows from the definition of the contact triad connection,

see Definition 2.1.10.
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Proposition 2.22. The contact triad connection for the triad (IV, 6, J, p) is given by
vﬁ D Yy ean

We now look at the contact manifold (Q, &) and A is a special type of Morse-Bott
contact one-form as given in Section 2.3.2. N is a clean submanifold foliated by Reeb

orbits as before. In particular, (N, #) is the prequantization of (P,w).

Definition 2.3.13. Let (Q, N, \) be given as above. Suppose J defines a contact triad
(Q, A, J). We say a C'R-almost complex structure J is adapted to the prequantization

N if Jy = J|ry = :fvp, where (P,w, Jp) is an almost Kéhler manifold.
The following automatically holds from this definition.

Lemma 2.3.14. Suppose J is adapted to N. Then

J('N) ¢ TN
J(TN™) c TN%,
In fact, by this lemma, we would like to generalize the definition adaptedness to the

following one, which turns to be enough for the asymptotic study of Morse-Bott case in

Chapter 6.
Definition 2.3.15. Say J is adapted to N if J(T'N) C T'N.
As a consequence, we have J(TN%®) Cc TN too.

Remark 2.3.16. The nondegenerate case automatically satisfies Definition 2.3.15, but
not Definition 2.3.13, while the latter additionally requires that Lx, J vanishes on Reeb

orbits.
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Now we briefly summarize how this adapted almost CR-structure enters into the
normal form. First we identify the tubular neighborhood of N in ) with the symplectic
normal bundle (F, 2), by using the exponential map induced from the contact triad met-
ric. Each fiber over ¢ € N, (E,, Q) := (E,,d)\,) is a symplectic space with a compatible
almost complex structure Jg := J|g, .

Second, we construct Ag by choosing a symplectic connection. We can of course
take the Hermitian connection of the Hermitian bundle (E — N, Q, Jg) at this moment.
Such connection gives a vertical and horizontal splitting of T'F.

As a consequence, regard this splitting, there is a natural adapted almost complex
structure J, defined as

Jo = JIn © Jp.

where j]?v is the horizontal lifting of Jy given by
:]7\777::];;7, for n € T'N.

By following the definition, it is easy to check that Jy is compatible to A\g. We have add
CR-structure to the normal form now and get the triad (E, Ag, Jy).

Recall Corollary 2.3.11, there exists a diffeomorphism ¢ such that ¢*A = f Ag, and
in particular, such ¢ preserves the structure of Jy, i.e., (¢*J)n = Jy. Moreover, we use
¢*J to constructed (¢*.J)y as above, and then the last identity in Corollary 2.3.11 leads
to the fact that (E, A\g, (¢*J)o) is still a contact triad.

However, we remark that it seems there is no way to make (¢*J)g = Jg, which
causes a problem that we have to give up the Hermitian property of the symplectic
connection we have chosen before for later use, but it won’t cause big trouble in the

study of exponential decay of contact instantons (see Chapter 6 for details).
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With the discussion above, now it is convenient to omit the diffeomorphism ¢, and
focus ourselves on two contact triads (Ug, A\ = f Ag,J) and (Ug, Ag, Jo). This is the

setting we are going to look at in Chapter 6.
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Chapter 3

Contact instantons

In this chapter, we conduct geometric analysis to contact instantons by using the contact
triad connection introduced in section 2.1. This chapter consists of two parts.

In the first part, we derive the energy density equality which will be used to get the
coercive estimates and the asymptotic properties of contact instantons in later sections.

In the second part, we focus on the coercive estimates after bubbling, i.e., with the
assumption of bounded gradient of w. Without assuming finite 7-harmonic energy, the
coercive estimates here are for any contact instanton from closed domains. We will study
the case of punctured domain in the next chapter, since there we need to require contact

instantons have finite w-harmonic energy.

3.1 Tensorial calculations for geometric energy den-
sity function

Let (@, A, J) be a contact triad which is the target manifold and is fixed. In the chapter,
we don’t impose any requirement to the contact form A, i.e., we don’t require it to be

nondegenerate or of Morse-Bott type.

Definition 3.1.1 (Contact Cauchy-Riemann map). Let (@, A, J) be a contact triad and

let (3, 7) be a Riemann surface. We call any map w : ¥ — @ a contact Cauchy-Riemann
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map if it satisfies 9w = 0.

It turns out that to establish the geometric analysis necessary for the study of asso-

ciated moduli space, one needs to augment the equation gj;w =0 by
d(w*Xoj)=0. (3.1)

Definition 3.1.2 (Contact instanton). Let ¥ be as above. We call a pair (j,w) of j a

complex structure on ¥ and a map w : ¥ — Q a contact instanton if they satisty
05w =0, dwXoj)=0. (3.2)

We would like to point out that the system (3.2) (for a fixed j) forms an elliptic
system, which is a natural elliptic twisting of the Cauchy-Riemann equation gzw = 0.
In hindsight, the more common twisting of & w = 0 initiated by Hofer [H1] has been

the twisting to the pseudoholomorphic curve system

m (32) + T (%) = 0 -

w*A o j = da.
of the pair (a,w) through the symplectization, when w*\oj is assumed to be exact, where
a : Y — R is an auxiliary potential function satisfying w*A o 7 = da. In this regard,
the twisting (3.2) may be more natural in some respect in that it does not introduce

additional auxiliary variable a.

From this section, we will use the contact Hermitian connection V™ for the hermitian
bundle & over () and the triad connection V on () introduced in 2.1 to do the calculation.
First, we combine the pull-back connection on w*§, again denoted by V™, and the
Hermitian connection of the Riemann surface (X, j, h). We get a connection on T*X®@w*{

which is still denoted by V7.
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Fix a Kéhler metric h on (X, 7). The norm |dw| of the map
dw : (T2, h) = (TQ, g)
with respect to the metric g is defined by
2
dwlg = |dw(e)[3,
i=1

where {e1, e} is an orthonormal frame of 7Y with respect to h.

The following off-shell formulae are immediate conseuences of the compatibility of J

to dA on &.

Proposition 3.1. Denote g; = dA(-, J-)|¢ and the associated norm by | -| = |- |;. Fix

a Hermitian metric h of (3, j), and consider a smooth map u : ¥ — M. Then we have
(1) |d™w|* = 07w} + |0 w?,
(2) 2w*d\ = (—|0"w|? + |0™w|?) dA where dA is the area form of the metric h on .
(3) wAAwNoj=—|w\*dA
(4) |[Vw*A? = [dw*A]? + |dw* A2
In particular, if 8" w = 0, then
T, 2 T, ]2 * 1 T, 2
|d"w|* = [0"w|*, w*d\ = §]d w|*dA (3.4)
Proof. The proofs of (1), (2) are exactly the same as the case of pseudoholomorphic
maps in symplectic manifolds with replacement of dw by d"w and the symplectic form
by dX and so omitted. (See e.g., Proposition 7.19 [Ohl] for the statements and their
proofs in the symplectic case corresponding the statements (1), (2) here.) Statement (3)

follows from the identity w*Aoj = —xw*\ and by definition of the Hodge star operator,

and then (4) is nothing but the Gérding’s equality. O
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We denote by dV" the skew-symmetrization of covariant derivative V™ given by

¥ (0)(€1, &) = (VEa)(&) = (VEa) (&)

where &, & € TY.

It defines an operator

™

AV QY (wrE) = Q2 (w*E).
We denote by
AT — 6V’TdV’T + dV’T(SV’T
the Hodge Laplacian acting on one-forms, where 6V is the formal adjoint of d¥". Then

we have the following Weitzenbock formula
ATB = (V")'V™5 + Rdw + K™ (dw, dw) (3.5)

in general where R is the Gaussian curvature of the surface (3, j) and K™ is the curvature
of the connection V™ on the vector bundle £ — Q.

On the flat cylinder, we have R = 0, and so the equation further simplifies to
ATB = (VT)'V"B 4+ K™ (dw, dw)p.

In the remaining section, considering 8 = 0™w := mOw as a one-form in Q'(w*TQ),

we will compute A™(9™w) for a contact Cauchy-Riemann map, i.e., a map satisfying

=T

0 w=0.
We start with the following lemma. Recall we denote by II : T'QQ — T'() the idempo-

tent associated to the projection 7 : T'QQ — &, i.e., the endomorphism satisfying

=1, ImI=¢ kerll =R{X,}.
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Lemma 3.1.3. Let w: ¥ — Q be any smooth map. Denote d™w = wdw € Q' (w*€). As

a two-form with value in w*€, dV" (d™w) has the expression
. 1
dV" (d™w) = T™(Tldw, Mdw) + w*\ A <§(£X>\ J) Jd“w) (3.6)
where T is the torsion tensor of V.

Proof. For given &, & € I'(TY), we evaluate

47 ()&, &) = &7 (ndw)(1,€2)
= (V5 (rdw))(&) — (VE,(rduw))(&)
— (VL (mdw(&)) - ndu(Ve,&) — (VE, (rdw(€)) - dw (Ve,))
= 7 (Ve (dw(€)) = Ve (Ndw(©)) X)) = (Ve (dw(€1)) = Ve (Mdw(€)) X))
—dw (V& = Ve, &) )
= 7 (Ve (dw(&) = Ve, (dw(§)) = [dw(&). dw(&))
~Ve, (A(dw(&)) X») + Ve (Mdw(€)) X))
= T(T(dw (&), dw(&)) = Mdw(&)) Ve, Xn — GA(dw(€))] X
FA(dw(6) Ve, Xo + €M (duw(€))] X))
= (T (dw(€), dw(&))) = Aldw(€)) Ve Xa + Mduw(&)) Ve, X
= T ([ldw(€), Tldw(&))
M) (L, T)mdw () — SA(dw(€0)) T (Lx, (&)
— T ([ldw(€), TTdw(&))

— g MA(@)) (Lx, ) Trdu () + GA(dw (€))L, ) Trdu(€)
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Here for the last second equality, we use Proposition 2.8 and Axiom (3) for this connec-

tion. We rewrite the above result as
- 1
avy (d™w) = T™(Ildw, [ldw) + w*A A <§(£XXJ) Jd’rw)
for any w. We have finished the proof. m

Now let w be a solution to

Ul

0w =0. (3.7)
Then we have
dw = 0"w
JO™w = 0"woj. (3.8)

As an immediate corollary of the previous lemma applied to the solution w, we derive
the following theorem of the fundamental equation. This is the contact analogue to [Ohl,

Proposition 7.27].

Theorem 3.1.4 (Fundamental equation). Let w be a contact Cauchy-Riemann map,

i.e., a solution of (3.7). Then

AV (d™w) = d¥ (0™w)

1
= —w'AojA (§<£XAJ> (9”w> : (3.9)
Proof. The first equality follows since d"w = 0"w for the solution w. Also, it follows

T™ (dw, ldw) = T™(0"w, "w) = 0
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since the torsion T7|¢ is of (0,2)-type, in particular, has vanishing (1, 1)-component.

Further we write (3.6) as
\ 4P * 1 T
dV (d"w) = w'AA E(EXAJ) JO™w
= wAA §(£XAJ)8 w ) o]
* . 1 i
= —w'AojA §<‘CX)\J>8 w ),
where we use the identity JO™w = 0w o j. This finishes the proof. O
Now we compute
A™(0"w) = 6V dY (0™w)+dV 6V (0"w).
Recall the Hodge dual formula for dimension 2 spaces
OV = —xdV" .

We have the following lemma which can greatly simplify our calculation of deriving the
energy density formulae. This lemma is an interpretation of the metric property of the

connection for forms. We postpone its proof till the appendix, Section B.

Lemma 3.1.5. Assume « is a zero-form in Q°(w*€) and B is a one-form in QY (w*¢).

(+,+) is the inner production on w*& introduced from the metric of Q. Then we have
<dVﬂa7B> - <OZ75VW5> = —5<O[,ﬂ>

The following lemma is another useful formula whose proof is a straightforward

calculation and will be given in the appendix.
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Lemma 3.1.6. For any connection V and vector-valued one-form o,
Vol = [dVal* + |6V al]* — *(Va A V;a).
In the cylindrical coordinates, it has the expression
Val* = |dVal* +]6Val* +2(V.9, V() — 2(Vin, V().

We would like to point out that the last term *(Va A V;(ya) vanishes for real valued
(or any line bundle valued) forms but does not for general higher rank vector bundle
valued forms.

Before we use these formulae to compute (A™0™w, 0™w) , we first state the following
lemma which is due to (3.8) and J-compatibility of the metric. We also remark that

this lemma holds only for the connection V™ which is J-linear.

Lemma 3.1.7. For any smooth map w, we have
(d¥" 6V 0™ w, 0"w) = (6¥"dY" 0w, 0" w).
As a consequence,

(A" w, 9 w) = 2(6V" d¥" 9w, O w). (3.10)
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Proof.
VAV O"w, 0" w) = —(xdV xd¥ O"w, 0" w)

= —{dV" % dV" 0" w, *0™w)
= —{dV" *dV 0w, —0"w o j) (3.11)
= (dV" xdV 0"w, JO"w)
= —(JdV" xdV O"w, 0" w)
= —{dV" *dV" JO™w, 0" w) (3.12)
= —(dV" *d¥ 0w o j,0"w) (3.13)
= (dV" % dY" x 0"w, 0™w) (3.14)
= {(dV" 6V 0"w, 0" w).

Here for (3.11) and (3.14), we use xa = —a o j for any one-form «a. For (3.12), we use

the connection is J-linear. [l

Now we are ready to state the following lemma.

Lemma 3.1.8.

(ATO™w, 0™w) = —26(xd"" 0™ w, *0™w) + 2|6V 0" w|?.
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Proof. Using (3.10) and Lemma 3.1.5 we compute
(AT w,0™w) = 2(6V d¥ 0w, 0" w)
= 2{—xd"" *xdV O"w, 0"w)
= 2(x(—xdV" xdV " O™w), x0"w)
= 2(dV" xdV O"w, x0"w)
= —20(xd"" 0"w, x0"w) + 2(xd" 0w, ¥ * O"w)
= —20(xdV" O"w, x0™w) — 2(xd>" 0" w, (xd* " *) * O"w)
= —20(xdV" O"w, x0™w) + 2(xd> " O"w, *d" O™ w)
= —25(xdV" O"w, x0™w) + 2|dV" 0" w|*
= —25(xdY O"w, x0™w) + 2|6¥ 0" w|?.
For the last equality we use
|dY" 0" w| = |6V 0™ w| (3.15)

which comes from the fact that

SV'OTw = —xdY x0"w = xdY O"w 0j

= xdV JO"w = Jx*xd" 0" w.
O

Now we consider the energy density function for a contact Cauchy-Riemann map w
defined as

¢ = |d"w]* = (jwdw(er)|” + rdw(es) )

for a local orthonormal frame {e;, e5} of TS, This becomes |0™w|? for a contact Cauchy-

. . -7
Riemann map w since d"w = 0"w + 0 w.
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We now compute the Hodge Laplacian of e,
%Ae” _ %A|8”w|2
= —|[VI (@™ w)* — (tx(V")*0"w, 0"w)
= V(@ w)[* + {(V")'V 9 w, 0"w).
Using the Weitzenbock formula (3.5), we have derived the following general formula
SACT = ATl = — [V w) 4+ (V)Y@ 07
= —|V™(0™w)|]* + (A"0™w, 0™ w) — (K™ (dw, dw)d™w, d"w) — R{dw, d™w)
= —|V™(0™w)|* + (AT0™w, 0" w) — (K™ (dw, dw)0™w, 0™ w) — R|0™w|?
where the last equality holds since 9™w and & w are orthogonal to each other. Finally,

applying Lemma 3.1.8, we have derived the following important formula for the Hodge

Laplacian Ae™
Theorem 3.1.9. Let w be a contact Cauchy-Riemann map. Then
%Ae“ _ %mamﬁ — V(0 w)|? + (V7)Y (0Tw), 07 w)
= —|V™(0™w)* + (A"0™w, 0™ w) — (K™ (dw, dw)0™w, 0™w) — R{dw, 0™ w)
= —|VT(0™w) > + 2|6V 0" w|? — 25(xd"" 0" w, x0"w)

—(K™(dw, dw)0™w, 0™w) — R|0™wl|?. (3.16)

3.2 The coercive estimates: closed domain case and
local case

In this section, we first derive the W?2?-coercive estimates for the equation (3.2) on the

closed Riemann surface ¥, following the spirit of [Oh1, Chapter 7], which is the contact
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analogue to [Oh1, Proposition 7.33]. Then by further taking higher derivatives, we derive

general W52 estimates.

3.2.1 W?2? estimates

Using the formula of Ae™, we derive the following W22 a priori estimates of the map w

satisfying (3.2).

Theorem 3.2.1. Assume X is a closed Riemann surface with finite number of marked

points. Let w: 3 — Q be any smooth solution to (3.2). Then
2 L RV P *Y121 97, (2
Vdw|* < =(C;+1)- | [0"w|* + =C5 | |[w*A]7|0"w|

> 2 > 2 2

—QminR-/ 0™ w|?
supp R

—1—21r18LX|K7T|/E(|w*)\|2|3”w|2 + |07 w|")
where C is the constant given by
Cr = 1£x, lco-
Proof. We start with (3.16)

]. v v
§Ae” = —|V™(0"w)|]* = 26(xdV" 0™ w, *0™w) + 2|6V 0" w|?

—(K™(dw, dw)0™w, 0™ w) — R|0™wl|?.
computed before in Theorem 3.1.9. We re-write this into

VT (0"™w)|? = —%Ae“ — 20(xd"" O™ w, x0™w) + 2|6 0" w|*

—(K™(dw, dw)0™w, 0™w) — R|0™w|?.

(3.17)

(3.18)

(3.19)
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On the other hand, using Gérding’s identity (3.4), we obtain
1
VW AP = |dw*\|? + [0w*\|* = |dw*A]* = Z|8”w|4 (3.20)

for which we use d(w*\ o j) = 0 for the second equality and Proposition 3.1 (2) for the
last.

By adding up the two, we obtain

V(0" w)[* + [V (W)
= —%Ae“ —20(xd"" O™ w, x0™w) + 2|6 0" w|*

1
—(K™(dw, dw)0™w, 0™ w) — R|0™w|* + Z]@”w[‘l. (3.21)
Substituting the formula in Theorem 3.1.4, we derive
VT ar * . ]‘ us
d¥ 0w = —(w*Aoj) A §(£XAJ)8 w | .
Finally using (3.15), we obtain

6V w2 = |dV 9 w|?

2 02
< Zl|w*)\|2|8”w]2 (3.22)

1
w*Aoj A (§(£XAJ)87TU))

where

Cl - H‘CXAJHC'O-
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We then note that

Vdw|* = |V(0™w) + V(w*\X,)[?

IN

2|V (0™w)|? + 2|V (w*\ X,)[?

= 2|V (0™w)|* 4+ 2|V (w*\) Xx|* + 2/w* \? |V grw X |*

IN

2|V (0™ w)|* 4 2|V (w* ) |2 + 2{w*\*| VX [2|d™w|?

IN

1
2|V (0™w)|? + 2|V (w*\)|? + §C’f|w*)\|2|d”w|2

1
= 2(|V(0™w)|* + [V (w*\)[}) + 5012|w*Ay2|a”w|2 (3.23)

where we use dw = d™w 4+ w*A Xy, d™w = 0™w+ 0 w and & w = 0 for the first equality,

Vx, X\ =0 and (X,, VX)) = 0 for the second equality and
1
dewX)\ = i(ﬁxA J)Jdﬂ’w (324)
for the third inequality. And we have the decomposition

VO™ w)* = [V™(0"w) + (Xx, V(0"w)) Xy|*
= |V7(0"w)* + [{Xy, V(0™w))|*
= VO™ + [(Varu Xy, 0" w) |

1
< VT (O"w)|? + Zcf|aﬂw|4 (3.25)

where we use (V™ (0™w), X)) = 0 for the second equality. Substituting this into (3.23),
we obtain
1 1
Vdw*> < 2|V™(0™w)]* + éofya“wﬁ + 2|V (w*N)|? + 5(Jl2|w*A|2|am|2

= 2 (]V (O™w)|* + |V (w )\)|2) + §C’12|8 w|* + 5012|w A [0mwl|?.
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Now substituting (3.21) and (3.22) into this, we derive

Vdw|? < —Ae™ —46(xdY 0™w, 0™ w)

—2(K™(dw, dw)0™w, 0"w) — 2R|0™w|?

1
(€ DIl + 2012|w*)\\2|8’rw|2. (3.26)
Integrating (3.26) over X, we have finished the proof of Theorem 3.2.1. O

An immediate corollary of this theorem, when combined with the standard Holder’s
inequality and interpolation inequality between LP-norms, is the following W?2-coercive

estimates

Corollary 3.2.2. Let ¥ and w be as above. Suppose w satisfies (3.2) on X. Then there
exist uniform constants Cs, Cy depending only on ||[K™||co, ||R||co and ||Lx,J|co but

independent of w such that
ldwl[fy2 < Cslldw]|zs + Calldwl|7.

The last statement follows from the standard bootstrapping argument by differenti-
ating the equation (3.2).
We also need to have the following local version of the main estimates which is an

important ingredient for the local regularity and the bubbling-off analysis.

Theorem 3.2.3. Let D = D?*(1) be the unit disc. There exists Cs, Cg > 0 depending
only on D' € D' C D and on ||[K™|co, |Lx,J||co and ||R||co.p but independent of w
such that

ldwllf o pr < Cslldwlls p + Cslldwll3 p
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for any smooth map w : D — Q satisfying
0"w=0, dw\oj)=0.

Proof. The proof is a standard practice in geometric analysis by multiplying a cut-off
function p to dw such that p = 1 on D" while p = 0 outside D C . We refer to [SU]

for details in the context of harmonic maps and omit the details. n

3.2.2 W"? estimates for k > 3

Starting from the above W22-estimate, we proceed the higher W*2-estimate inductively.

For this purpose, consider the decomposition
dw =d"w+ w' A X,

and estimate |V*'d™w| and |V*(w*AX))| inductively by alternatively bootstrapping
staring from k = 0 as for the case of [Vdw| in the previous subsection.

We start with estimating
1 * ™ s U s
SV dTw]? = —[V7(V) dmw)* + (V7) VT (V) dw), VH(d"w))

similarly as for $Ae™ = 2A|d™w|*. Rewriting this and then combining the Weitzenbock

formula applied to (V™)¥d™w, we obtain
1
VIV )P = =S AV Tl + (AT((V7) dTw), (V7)) dTw)
—(K™(dw, dw) (V™) d™w, (V™) d™w)

—(R (V™) d™w, (V™) Ed™w). (3.27)
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Therefore we have derived
/2 V() = / (AT(VT)dmw), (97 dw)
_ /E (K (dw, dw) (V) dmw, (V™ )Ed™w)
— / (R(V™rd™w, (V™) d™w).

Obviously the last two terms are bounded by the norm ||dw/|; ,. It remains to examine

the integral
[ @@, (7).
Recalling A™ = dV"6V" + 6V dV", we rewrite
[ (@ ), (0 ) = [ (T )R+ [ 67 )l
On the other hand, we compute
AV (VM Ed™w)). (3.28)

For this purpose, we quote the following lemma
Lemma 3.2.4. For any &-valued one-form «,

dV (V™) = V™ (d¥ a) + w K™ a (3.29)

or equivalently

[, V"] a=w"K"«a (3.30)
for the commutator [-,-].
Applying this to V" ((V™)*d™w)) iteratively, we derive

(@Y ((VT)Edmw))[ < (V)Y d™w)]* + Gi(|d™w], [wA]) (3.31)
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where Gy, is a polynomial function of |d"w|, |w*A| and their covariant derivatives up to
order k. And applying the fundamental equation (3.9) to dV" d™w, the term itself has
the bound

(VT)H (" d™w)|* < Hy(|dw], [w*Al)
for a polynomial function Hj, of the form Gy.

Similarly, we obtain
|6V (V) d™w))? < Tx(ld™w], [w*A])

for similar polynomial function Iy since [0V ((V™)*d™w))|? = |dV" (V™) d™w))|?.

We now summarize the above computations into

Proposition 3.2. Let w : ¥ — @) satisfy 9w =0, d(w*Aoj) =0, on X. Then

/2 (V) (d™w)]? < /E Je(|07w], |w*A|) (3.32)

for a polynomial function J of |d"w|, |[w*\| its covariant derivatives up to 0, ...,k of

degree at most 2k + 4.

Next we compute

S k+1
vk—i-l(w*)\X)\) _ vk—i-l(w*)\) X\ + Z Vl (w*)\) Vk+1_lX)\
=1 [
Here we recall the formula VX, in (3.24). Therefore it follows that

k+1
> VI NVFXG | < Li(|dTw], [w*A])

=1

for a polynomial function L, similar to J,. We write

[V w NP = [V(VH )

_ —%A|V’“(w*>\))|2 + (VY ((VH (), VE(wA)).
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Applying the Weitzenbock formula, we obtain
VV((VE(w* ) = =A(VF(w* ) — RVF(w*)).
Therefore we have obtained
[ 9 ), 9w )
/ AV )2 + [5(TF (™)) / RIVF(w )

By applying similar arguments considering the commutators [d, V¥], [4, V*] and the

equations dw*\ = %|d’rw|2 dA from Proposition 3.1 and dw*A = 0, we have derived
Proposition 3.3. Let w: ¥ — Q satisfy 9 w = 0, d(w*Aoj)=0. Then
L1971 < Lagomul, )
>

for a polynomial function Ly of |d™w|, |w* | its covariant derivatives up to 0, ...,k of

degree at most 2k + 3.
Now combining Propositions 3.2, 3.3, we derive

Theorem 3.2.5. Let (X,7) be a closed Riemann surface. Let w : X — @Q satisfy

0"w=0, dwXoj)=0,onX. Then

/E (V)F (dw)? < / JL((0%w], Jw X)) (3.33)

Here J;, | a polynomial function of covariant derivatives of |d™w|, [w*Al up to 0, ...,k

with degree at most 2k + 4 whose coefficients are bounded by

1Bl cisupp s [ s 123l
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In particular,

ldw|[ks12 < Cr(l|dwl[ L2, [|dw][L+) (3.34)

for a similar polynomial function Cy = Ck(s,1t).

Proof. Tt remains to check the second statement, which itself follows expressing the
bound of ||dwl|} , inductively staring from k = 1, i.e., Corollary 3.2.2. This finishes the

proof. O
Similar inductive computation also leads to the following local higher regularity.

Theorem 3.2.6. Let D = D?*(1) be the unit disc. There exists Csy,, Cor. > 0 depending
only on D' C D C D and on || K™||cx, | Lx,J||cx and ||R||cr.p but independent of w

such that for any smooth map w : D — Q) satisfying
9w =0, d(w*Aoj) =0,

ldwlles1,2:0 < Csp,pr([dw||;p, [|dwl]4;p)
for a similar polynomial function Cy.p p/(s,t) of s, t as Cy above depending also on

D', D.

In particular, any weak solution of (3.2) in W'* automatically lies in W3%? and

becomes the classical solution to (3.2) and so becomes smooth.
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Chapter 4

Finite energy contact instantons I

In this chapter, we study the behavior of contact instantons with finite w-harmonic en-
ergy at the punctures (Definition 4.1.1). To be specific, we study the limiting behavior of
contact instantons and derive the coercive estimates for punctured domain case. How-
ever, we don’t need any condition on contact one-forms, i.e., we don’t require it is of
nondegenerate or Morse-Bott type in the chapter.

This chapter consists of three sections. In the first section, we study the limiting
behavior of finite energy contact instantons and get the subsequence convergence to
limiting Reeb orbits.

In the second section, we derive the fundamental equation under cylindrical coordi-
nates.

In the third section, we study the coercive estimates for punctured case.

4.1 Asymptotic convergence to Reeb orbits at punc-
ture

We introduce the relevant energy in the asymptotic study of contact instanton map near
the punctures of 3.

Let (X, 7) be a compact Riemann surface and let {ry,--- , 7} C X be given marked
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points (including & = 0). Denote by ¥ the associated punctured Riemann surface
equipped with a Kéhler metric h that is cylindrical on disjoint punctured discs D; \ {0}
near each punctures ;. We fix an associated isothermal coordinates z; = e~ 27"+ on
each D; \ {0} = [0,00) x S*.

The following is the relevant off-shell energy that controls the asymptotic behavior

of the map near the punctures.

Definition 4.1.1. Let w : ¥ — () be any smooth map and let r be a given puncture

with isothermal coordinates z centered at r. We define

™ 1 T
Efy 7oy (W) = 5/ |d"wl?. (4.1)
[0,00) x St

We put the following hypotheses in our asymptotic study of the finite energy contact

instanton maps w:

Hypothesis 4.1.2. Let r € {ry,--- ,r} be one of the given marked points and consider

the map w restricted to the associated punctured disc D\ {r}.
1. Assume w : [0, +00) x ST — @Q is a contact instanton map, i.e., satisfies (3.2).
2. Epg,p\(op)(w) < o0,
3. [Vuw| < C.
4. %f[(],oo)xsl [d™w]* 4 [ w(0,-)*X # 0.

The following asymptotic convergence result of the finite energy contact instanton
maps will be the fundamental ingredient for the applications thereof to the contact

topology. The result essentially relies on our (local) W2 a priori estimates which was
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already established in Theorem 3.2.6, and the finiteness of the above introduced end
energy. This is an analogue to Theorem 31 [H1] and its proof somewhat resembles that
of [H1], [HWZ1, HWZ2] with the usage of bounded harmonic functions therein replaced
by that of bounded harmonic one-forms. However, we would like to emphasize that our
proof does not involve symplectization.

We denote

ow ow
AN=a1d dt =\ — =il —).
w ai at + as dat, lL.e., ap <87> a9 (at)

Then
w'Aoj = asdr — ay dt.
The equation

d(w*Aoj)=0

from (3.2) implies that the divergence

0@1 8a2

ga | 902 _
ar o

V-w'i==§(w*Aoj) =

Let w be as in Hypothesis 4.1.2. Then we can associate two natural asymptotic invariants

of w defined by

T = / |d”w|2+/ w(0,)*A#0 (4.2)
[0,00)x ST St

0 = —/Slw(O,-)*)\oj:/Sl)\(g—l:(o,t)) dt. (4.3)

Due to the closedness of w(0,-)*A o j the integral

[ wtryres=—a
Sl

for all 7 > 0. We call T' the asymptotic contact action and a the asymptotic contact

charge of the instanton w.
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Theorem 4.1.3 (Subsequence convergence). Let w be as in Hypothesis 4.1.2. Then for
any sequence T, — 00, there exists a subsequence, still denote by 11, and a Reeb orbit

with period, the action T', and with charge a such that

lim w(r, + 7,t) = vy(aT+ Tt)

k—o0

uniformly on compact set [—K, K] x St for any given K > 0.

Proof. For any sequence 7, — 00, we can always choose a subsequence, still denoted by

T for k=1,2,--- so that

lim |d™w]* = 0
k—o0 [%Tk,oo)XSl

by Hypothesis (2). We define a sequence of translated maps
wi(T,t) = w(T + T3y t) 1 [—T, 00) X ST = Q
which gives rise to

lim |d”wk|2 =0
k=00 J1_ 17 o0)x St

We also have |Vwy| < C from Hypothesis (3) because the translations preserves the
norm on the cylindrical metric near the puncture, and each wy, satisfies Hypothesis (1).

Let K > 0 be any given number and consider [— K, K| x S and note that eventually
[—K,K] C [—%Tk,oo). Then the bound [Jwg|lws2 -k Kk)xs1) < Ck follows from com-
pactness of () and Theorem 3.2.6 for £ = 1. Using the compactness of the embedding
W32 — C! on [—K, K] x S, we get a subsequence wy, and wao.ic : [—K, K] x S' = Q
such that wy — we.x in C* topology.

By letting K — oo and taking the diagonal sequence argument, we obtain a map

Weo : R x ST — @ such that w, — ws in compact C! topology on R x St — Q. We
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have
|[Wool|c1 (= i, K] x 51) < sup |w ]| cr -k, K]x51)
which is uniformly bounded in the meaning that the upper bound is independent of K.

In particular, we get ||Vws||comxsty < C.

Furthermore C' convergence gives that wa i : [— K, K| — @ satisfies
/ w2 = lim |y
[—K,K]xS! k=00 JI_ K K]x St
< lim |d”wk]2
k—o0 [—7k,00)x ST
=0 (4.4)
Hence d"w., = 0. Also since wy also satisfies Hypothesis (1), we have wl d\ =
$|d™wao|* dA, which in turn implies
wi dA = 0. (4.5)

The equation (4.5) indicates that w’ A is closed, i.e., d(w A\) = 0. Hence together with
Swi A = *d(w Ao j) =0,

we derive

Awi A =0,
i.e. wi A is a harmonic one-form on R x S! (with respect to the standard flat metric).
It is also bounded by Hypothesis (2) on R x S. Therefore it follows that

Wi A0 = 200 AT — Q1 00 dl

for some constants a; « d2. By the connectedness of [0,00) x S', the image of w is
contained in a single leaf of the Reeb foliation. Let v : R — ) be a parameterization of

the leaf so that 4 = X,(y). This parameterization is unique modulo a time-shift.
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These imply that

Woo (T, 1) = Y(A1,00T + A2,00t + €)

for a Reeb orbit v as a map a priori defined on the universal covering space R x R of
R x S* on the right hand side, where ¢ can be chosen arbitrarily. But from w(0,¢+1) =
w(0,t+ 1), we also obtain v(b(t + 1)) = ~(bt) and hence v is a closed period of period b.

By the C'-convergence of w(7,t) — ws(0,1) it follows

/ Weo(0, )N = lm [ w(mg, )"\ (4.6)

Sl k—o00 S1

/ Weo(0,)*Aoj = lim w(T, )" Ao j = —a. (4.7)
Sl k—oo Sl

From (4.7), we have shown a; o = a. For (4.6), the identity 3|d"w|*dA = d(w*)) and

Stokes’ formula provides

1
/ w(Tka‘)*)‘:/ w(O,-)*H/ d(w*)) :/ w(o,.)*A+—/ |d™wl?.
=5 St [0,7%]x ST St 2 [0,75] X S

Then using finiteness hypothesis of the integral f[o st [d"w]? < 0o and Fatou’s lemma,

700)

we derive

200 = /woo(0>')*)‘
g1

= lim w(Tg, )" A
k—o0 Sl

1
= lim (/ w(O,-)*)\+—/ \d“w|2)
k—oo \J g1 2 Jjo,m) x5

1
= / w(O,-)*)\+—/ |d™w|* = T.
st 2 J0,00)x 51

Therefore w4 (0, -) is a Reeb orbit of period T" # 0 with its charge a. O

By specializing to the case a = 0, we have derived the following
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Corollary 4.1.4. Let w be as in Hypothesis 4.1.2 and assume a = 0. Then for any
sequence T — 00, there exists a subsequence, still denote by 7, and a Reeb orbit v with

period, the action T such that

lim w(m, + 7,) = Y(t)

k—o00

uniformly on compact set [—K, K] x S for any given K > 0.

In section 5.3, we will improve this subsequence convergence result to the full expo-
nential convergence result for the vanishing charge case, i.e., a = 0. We hope to come

back to the corresponding convergence result for a # 0 elsewhere.

Remark 4.1.5. This corollary includes Hofer’s subsequence convergence result in the
standard case of symplectization of contact manifold in [H1]. It also covers the case of

Hofer’s generalized equation

=T

o,w=0
! (4.8)

w*Aoj =da+~
introduced in [H2] in which v is a smooth harmonic one-form on the closed Riemann
surface ¥ pulled back to 3 via the natural inclusion map ¥ < X: This is because by

definition, the charge vanishes, i.e., we have

/w*)\oj—/da—i—v—o

for any local loop a around the given puncture.

4.2 Fundamental equation in cylindrical coordinates

Consider the punctured Riemann surface (Z, j) and fix a puncture. Equip a punctured

neighborhood thereof with a cylindrical metric and let (7,¢) be the associated isothermal
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dw =d"w + w' A X,
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associated the splitting 7Q) = R{ X, } ®¢ and the vector bundle connection V™ of £ — @

is defined by

Z =n(VxZ)
for any vector fields Z tangent to £ and X on (). Denote

c=nd® =2
o T

w'Aoj = aydr — ay dt,

then we have

d™w = 0"w = (dr + ndt,

and
8&2 6@1
‘WA= — 4+ — =0.
VWA=t s
from (3.2).
We apply (3.9) to the pair (6%, %). Then the left hand side becomes

JVIC =V,

while the right hand side becomes

1. (0w 1. [ow
- (G) @xc- 3 (G ) @i

1 1
= —5611(5)@1])( - §a2(£XAJ)JC,

(4.9)

(4.10)

(4.11)
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where we use (4.10) to get the second line. This immediately gives rise to the follow-

ing form of fundamental equation in cylindrical coordinates, which is nothing but the

linearization of d;w = 0 in the direction of ¢ = W%.

Proposition 4.1 (Fundamental equation in cylindrical coordinates). Let { = Wg—f as a

section of & — ). Then

1 1
V:C—%JV?C—§ag(EXAJ)C+§a1(£XAJ)JC:O (412)
Now we define an R-family of operators
At (i) = C%(we)
with w, being the loop defined by w,(t) := w(r,t) defined by
1 1

for Y € C*°(wr€). This family of operators will enter in the study of perturbation results

of the eigenvalues of the asymptotic operators at z which is the linearization operator

Y : (7€) = C¥(=€); Y s % LT DX\(2)(Y)

of the map T (7, derived in Section 2.2 along the limit orbit z. Here z is determined by

z(t) = lim w(r,1).

T—00

By identifying C*°(z*¢) with C°°(S*, w*€) by suitable parallel transport for sufficiently
large 7, it follows that the operator A, converges to d¥(y 1) as 7 — oo. We refer readers

to next chapter for the precise meaning of this convergence.
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When A is nondegenerate and w*\ o j is exact, we will see that a; — 0 uniformly.

However when w*\ o j # 0, a; will converge to the constant determined by

[ o yae;

which does not depend on 7 by the closedness condition d(w* o j) = 0.

4.3 WP"2-coercive estimates: the punctured case

In this section, we derive the W2 estimates on punctured Riemann surfaces 3 equipped
with cylindrical metric near the punctures.

We recall

Vdw|? < —Ae™ —46(xd¥ 0™w, 0™ w)
—2(K™(dw, dw)0™w, 0™ w) — 2R|0™w|?

1
+5(CF+ Dl + gcﬂww?yaﬂwy?

from (3.26). Unlike the close case, the first two terms of the right hand side will give
rise to some ‘asymptotic boundary terms’ after integration by parts. Therefore we need
to impose some asymptotic boundary condition at the punctures.

For this purpose, we re-write the two terms as

—Ae"dA = d(xde") (4.14)

—6(xdV" 0w, *0"w) dA = d{xd¥ 0w, 0" w). (4.15)

We denote by X(p) the Riemann surface obtained by excising the discs |z| < p around

the punctures for the given analytic coordinates z = e~ 27"+ centered at the punctures
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where (7,t) is the corresponding cylindrical coordinates. Then we have its boundary

0%(p) = [J a:2(p) (4.16)

where 0,3(p) is the component of (p) associated to the ¢-th puncture r, equipped
with the boundary orientation of ¥(p). In terms of the cylindrical coordinates (7, 1), a%
corresponds to the outward normal vector of 0%(p).

By Stokes’ formula, we obtain

/ —Ae"dA = / *de™ =
(p) 9% (p)

k

:Z/ aidt
(o) OT

(=1

k
= }:-Ql/ e (r,t) dt
=1 or 9 %(p)

k
A P2 dt. (4.17)
Z;aT 9 (p)

For the term —d(xdV " 0™w, *0™w) dA, we need some digression. In cylindrical coordinates

k

S [ saer
02 (p)

(=1

(7,t) (or in any isothermal coordinates on X), we recall 0"w = ( d7 + ndt. where
¢ ow ow
=7 \| — =T | = .
ar ) ot
A straightforward calculation leads to the following general formulae.
Lemma 4.3.1. Let w be any smooth map. Then
V0w = —(VIC+ Vi)
xd¥V O"w = V- V(.

_T

In particular when w satisfies 0 ;w = 0, we have n = J¢ and so

O w=Cdr+JCdt, *0™w=—JCdr+ (dt. (4.18)
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Then
o 0

vTar, ., _ gV am ==
xd’ 0"w =d 0w(87,at

) _ J(VIC 4 JVIC) = JDC.,

where we define

DC = V7™ + JVIC.

Then we obtain

/ —6(xd¥" O™ w, 0" w) dA = / d* (xd¥" 0™ w, *0™w)
2(p) (p)
k
— Z/ s (xd"" 0" w, *0™w) dt
9¢X(p)

k

_ Z /m( | «(JDC, (—JC dr — Cdt))

—Z/a (D¢ d

Using the fundamental equation in the cylindrical coordinate derived in Proposition 4.1,

we obtain
_ 1 1
DC = §CL2(£X>\J)C - 5@1(£X>\J)J< (419)

and hence

/a o, (D6¢) di= /a -, <%a1(£XAJ>Jc — Sl )G c> dt.  (420)
0 24(p P

Motivated by these explicit formulae, we introduce the following function

() = %/S & (r,1) dt:/S1 20, 1) dt (4.21)

which will be also important for the later study of exponential convergence in part 5.
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We then obtain

k
/ —Ae"dA = ) fi(7)
%(p) /=1

k
D d C 0 0 24
/M(p)u GOl < Culllarle +Ha2||c);/6 C2 dt

2 2(p)

k
< 20 [[w N eo Y fol7) (4.22)

=1
from (4.17) and (4.20) respectively, where C = ||Lx, J||co, and f; is the L*-integral

function f above defined on the puncture disc around r,.
The following is the W22 a priori estimates on the punctured case which is the
counterpart of Theorem 3.2.1 of the closed case. The proof is the same as that of

Theorem 3.2.1 incorporating the asymptotic boundary condition.

Theorem 4.3.2. Let (X, 7) be a closed Riemann surface with a finite number of marked
points {ry,- -+ ,ri}. Denote by Y the associated punctured Riemann surface with a Kahler
metric h on (3, 7) which is cylindrical near the puncture. Let f, be the function defined
as above associated to the (-th puncture r,. Suppose w satisfies (3.2) on X and |d"™w| €

L2N LY and ||w*\||co < 00 on ¥

lim a; = a, lim a; =T

T—00 T—00
lim f,(7) =0, lim f;(7) =0 (4.23)
T—00 T—00

forallt=1,--- k. Then
2 1 2 T 4 : T 2 3 2 * 2 s 2
. Vdw|” < 5(01 + D[|0"wl| L+ — 2min R[|0 w||L2;suppR + §Cl||w Algol|07w]| 74
+2max |[K7| ([lwAl[go |07 w][72 + [|[07w|74) -
Here K™ is the curvature of V™, R the Gaussian curvature of the metric h on % and

Cr = [[£x,[lco-
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We would like to remark that the asymptotic boundary conditions imposed in this
theorem will be automatically satisfied under the Hypothesis 4.1.2 together with nonde-
generacy of the asymptotic Reeb orbits obtained from subsequence convergence theorem,
Theorem 4.1.3. These will be established in Chapter 5.

An immediate corollary of this theorem, when combined with the standard Holder’s

inequality, is the following W?22-coercive estimates.

Corollary 4.3.3. Let Y and w be as above. Suppose w satisfies (3.2) on > and |d™w| €
L2NL* and ||w*M|co < 0o on Y and assume (4.23). Then there exists uniform constants

L, C} depending only on
K™ [[co, [[Rllco, [[£x,/ llco [[wAllco
but independent of w such that
ldwl[fyr2 < C3ll0™w]| e + Cillo7w| 7.

Once we establish the above W?2-estimate, the alternating inductive bootstrapping

arguments will establish the following higher W*2-estimate.

Theorem 4.3.4. Let (X,7) be a closed Riemann surface. Let w : ¥ — @ satisfy
0w =0, dw\oj)=0,onY and (4.23). Then if |d"w| € L*NL* and ||w*\||co < 0o
ony,
[ 1@ @) < [ gl o). (4.21)
) )
Here Jy. ., a polynomial function of covariant derivatives of |d™w|, |[w*A| up to 0, ... k

with degree at most 2k + 4 whose coefficients are bounded by

||R||C'k;suppR7 ||K7r||0k7 ||£XA‘]||Ck



125

In particular,

ldw|[ks12 < Cr(l|dwl[ L2, [|dw][L+) (4.25)

for a similar polynomial function Cy = Ck(s,1t).

Remark 4.3.5. We would like to note that starting from the asymptotic decay con-
dition (4.23) of the functions fy, i.e., the L*integral of €™ at the punctures r,, we also
need to inductively establish the asymptotic exponential decay for the k-th derivatives
of f, themselves as a part of the alternating bootstrapping process. In summary, on
the punctured Riemann surface ¥, the proofs of the above W*2-estimates and of the
exponential estimates should be performed together simultaneously in the alternating

bootstrapping process performed in here and in Chapter 5.
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Chapter 5

Finite energy contact instantons II -

nondegenerate case

5.1 Overview and hypothesis

In this part, we continue to use the contact triad connection V on () and on the Her-

mitian vector bundle £ — () in tensorial calculations of the sections of £ in cylindrical

coordinates near the given puncture. More specifically we use this connection to dif-
ow

ferentiate ( = =« (E) and prove the exponential convergence property of the contact

Cauchy-Riemann map w satisfying
wy; =0, dwXoj)=0

to a Reeb orbit z as 7 — oo when z is nondegenerate and a = 0. The convergence is

uniform when the uniform gradient bound
IVw| < C

is assumed, which will be always achieved after bubbling-off analysis which is by now
standard. Of course, this derivation covers the exact case, i.e, the case of pseudoholo-

morphic maps (a,w) : ¥ — R x Q, for which w*\ o j = da.
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To give an overview, in this chapter, we directly study the derivative dw as a vector
valued one-form on R x S! by exploiting the presence of splitting 7Q = R{X,} ® £ and
SO

dw = 0"w + w*A X,.
In cylindrical coordinates, we have

O"w = (dr+ J(dt, w'Aoj=asdr —aydt

where we denote

ow ow ow ow
WE:C77T§:J€’ ale(E)7a2:)\(§).

As sections on the circle S', we have

ow ow
E = WE + aq X)\ (w)
ow ow
E = WE “+ ag X)\ (w)
We first perform the tensorial calculation of ( = Wg—f as a section of w(7,-)*¢ in terms of

the contact Hermitian connection V™ (and the canonical contact connection V on Q).
As a consequence, after this step, we obtain a stronger W 2?-exponential estimate for ,
rather than just L?.

Our proof of C*° exponential convergence is based on the purely inductive bootstrap-
ping arguments, i.e., the C'-exponential estimate and its proof does not depend on the
estimates of the second (or higher) derivatives of the contact Cauchy-Riemann map w (or
the function a associated to the pseudoholomorphic map (a,w) in the symplectization.)
It turns out that this task involves highly non-trivial combinatorics of tensor calculations

and depends on our choice of special connections and precise tensorial computations.
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In this part, we add the following additional nondegeneracy hypothesis of the relevant

Reeb orbits.

Hypothesis 5.1.1 (Nondegeneracy). Assume that the T-periodic orbit in Hypothesis
4.1.2 is nondegenerate: If z = «(7") for a nondegenerate T-periodic Reeb orbit v on @,

we denote the S'-family of rotations of the loop z : S' — Q by

7 ={2z € CY(S",Q) | z(t) := 2(t — 0), 0 € S'}.

5.2 Asymptotic perturbation results of eigenvalues

We recall from Section 2.2 that the linearization operator of the Reeb orbit z
A, W2 (2%¢) — L*(2%€),
has the form

A = JA(Tr).(n) = T2 T IDX(n)
1

dt
Dn

Nondegeneracy hypothesis of z implies ker A, = {0} and then since the Fredholm index
of A, is zero its cokernel is also trivial. We note that the operator A, : L? — L? is a
self-adjoint unbounded operator and so has real eigenvalues. It follows from the open

mapping theorem that there exists 6 = §(z) > 0 such that

A2 > 6lnl| 2

for all n € W12(S? 2*¢). Since the rotation Ry : 2 — 2z induces an isometry between
the relevant Sobolev spaces of W12, L? associated to z and zy, we have derived the

following lemma.
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Lemma 5.2.1. There exists A\; > 0 such that for any z € Z,

[Aznllz2 = Al (5.2)
for alln € WhH2(2*€).

We will also need the following technical lemma. (We need only the version with
W12 replaced by C! in this lemma but would like to give this stronger version since the

proofs will not make much difference.)

Lemma 5.2.2. Consider the exponential map
exp, : WH(2*'TQ) — WH(S', Q)

defined by exp,(v)(t) = exp,(v(t)) for v € W'(2*TQ) and define the parameterized
map

é—)?ﬁz : U WLQ(Z*TQ) N Wl’Q(Sl, Q)

z2€Z

by expy,(z,v) = exp,(v). For any given € > 0, consider the image

N.(2) = | esp. (W' (z,€) € WH(S", Q)

zeZ

where

WH(z,6) = {v e WH(2'TQ) | [[v|li2 < e}

Then the image is compact in C°-topology with 0 < § < %

Proof. This is an immediate consequence of compactness of Z and the compactness of

the embedding WH2(St, Q) — C?(S1, Q). O

Using this lemma and Theorem 4.1.3 and Hypothesis 4.1.2 (4), we now prove
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Proposition 5.1. Assume the contact charge vanishes, i.e., a = 0. Let A\; > 0 be the

constant given in Lemma 5.2.1. Consider the completion of the operator (4.13)
Ay W (w(T,)*€) = L*(w(T,)*€).
Then there exists some 77 € R such that for all 7 > 7,

3
1A ()22 = Al 22 (5-3)
for all n € W12 (w(r,-)*¢).

Proof. First of all, Hypothesis 4.1.2 and Theorem 4.1.3 imply that for any given € > 0,

there exists some 7 > 0 such that
w(T,-) € N(Z) (5.4)

for all 7 > 7.

Again by Hypothesis 4.1.2 and Theorem 4.1.3, it follows that the union
{w<7—7 ')}7—27—1 Uz

is a (fiberwise) closed bounded subset of N.(Z) € W12(S!, Q). Therefore it is compact
in C*-topology. Now for each given 7, we consider z, € Z that is the shortest distance

point of Z from w(r,-), i.e.,

dee(w(r,+), z) = dee(w(T, ), Z) = min dee (w(T, -), 2).

z€Z

Such z, exists by the compactness of the subset Z C C°. There could be more than one

such z; but any one choice will do our purpose. We denote by II = H;UT(T") the parallel



131

transport map of the vector bundle £ with respect to V™ from z, to w(r,-) along the

short geodesic between 2, (t) and w(7,t) at each ¢ € S'. Then we consider the operator
ITPATL: Wh2(256) — WhH2(25€)

The following lemma is the key ingredient in our optimal exponential decay estimate
under the main hypothesis put in this beginning of the section, but without assuming any
assumption on the higher derivatives of w. (The latter will be an automatic consequence

by our bootstrap arguments.)

Lemma 5.2.3. There exists some 1o such that for all T > 1
1 1
(AL = A )i < ]
for any n € C*(z:8).

Proof. We recall

A, =JVI +B

where B is the zero-order operator on w(r,-)*¢ by
1 1

B?’]Z —5&2(£X/\J)77+§CL1(£X/\J)J77 (55)

for n € w(r,-)*¢. Then using the J-linearity of the Hermitian connection V7, we compute

(A )y = T7Y(JV] + B)(TIy)

= JHO'Vi(Iln) + 0 ' BI(n). (5.6)
Now for given 7, we consider the map

D(s,t) = exp,, (1 (sE(2 (1), w(T,1)))
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where we recall the definition F(z,y) = exp,'y. Then by definition of the parallel

transport, we have

which defines the parallel transport of 7(¢) along the geodesic

s [(s,t) == exp, ) (sE(z- (1), w(7,1))).

Now we write

d

Vi () = Vi = [ (1 (V7)) ds (5.7

where I, is the parallel transport from 2. to exp, (sE(z;,w(7,-))). Then we compute

% (Vi () = TV (L))

o . [8r ér
I (VIVI(ILy) + I K ( )(Hsm

557 0
.. {0 ar
K (a—a) (L),

But we note

O = e, (B (e u(r, ) (Bl u(r, )
% - Dl eszT(SE(ZT7w<T7 ))) (%Z) + d2 eXpZT(SE(ZT,’w(T7 ))) (SaE(ZTg:(ﬂ ))> .

The constants C, C’ appearing in the computations below may vary place by place

but always depend only on the triad (Q, A, J) and the W1?-bound of w.
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Using the equality |E(z,y)| = d(z,y) when d(z,y) is less than injective radius, it

follows that

|dz exp, (sE(z7, w(r,-))(E(zr, w(r, )] < ClE(z, w(7, )| < Clld(zr, w(T, ")) co

0z, 0z,
‘DleXpZT(sE(znw(T,-)))(azt)’ < C 8Zt

< CT||X) oo = CT.

On the other hand,

]Dmn%@E@ﬁMao»(fE@g?ﬂ”ﬁ':

Diesp. (5B (erswtr s Di(Blers i) 52 + B ) e ).

It follows from the standard Jacobi field estimate [Kal

oz, 9 9z,
‘DI(E(ZT,w(T,~));t —I—dg(E(zT,w(T,-))a—z: < ( - ' >
< CT
where the second inequality comes since 2= = TX,(z,) and |2%| — T|X,| = T uni-
formly as 7 — oo. In summary, we have derived
2| <l wtrnlen, |5| <0

Therefore we have established

o or
0s’ Ot

e )(mm\soaTW@ﬁw@»mmML

We also recall ||d(z.,w(T,"))||co < C'||d(zr, w(T,-))||wr2. Substituting these into (5.7),

there exists some 7 such that for all 7 > 71, we obtain

— s s 1
I-'Vi(Iln) — VIng| < 3l
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Substituting this into (5.6), we have obtained

|<H_1ATH77) - A27n| S |H_1V?(H77) - V;?ﬂ + |H_1BH(T/> - DXA(ZT)U|
< gl + glnl = 70
Here we use the convergence |IT7'BII(n) — DX (z,;)n| = o(7)|n| from the expression of

B (5.5) and the convergence

ap— 0, a—T
where the first convergence to zero follows from the assumption a = 0.
This finishes the proof of the lemma. ]
To prove
4l > Shilalle (53)
it is enough to prove
(A0, el > A ) o

for all n € W12 (w(r,-)*¢). We write

[{(Ar(n),n) | = [(IT7TATIIT (), 117 M) e
> (A, (T n), TT ) o] — [((TT P AT — A, (TT 1), 117 1) e

_ 1 _ 3 _ 3
> AT )7 — ;1/\1”H "nll7. = 1/\1HH "nll7. = 1/\1||77||%2

where we use the fact that II is an isometry. This now finishes the proof the proposition.

]

Remark 5.2.4. The subtlety of the above proof of the lemma (and hence that of Propo-

sition 9.5) lies in the fact that we would like to prove the uniform lower bound of the
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eigenvalues of the family A, for 7 > 7 for all 75. Because we only assume w(r,-) is
Wh2_close to 2z, (even under the C'-closeness hypothesis), it is a nontrivial task for the
a priori noncompact family of the operators A, whose domain and target, which are
Wh2(w(r,-)*€) and L*(w(T,-)*¢), have uniform bound below away from zero. Here en-
ters the compactness of the embedding W12 < C° and our careful usage of exponential

map.

5.3 L? exponential convergence of ¢-component of

dw

Under the hypothesis, Hypothesis 5.1.1, in addition to Hypothesis 4.1.2, we prove the

following stronger convergence result in this section.

Proposition 5.2. Under the Hypothesis 4.1.2 and 5.1.1, the T-periodic orbit given in

Theorem 4.1.3 satisfies the following additional properties:

ow

dim |75 = 0 (5.9)
, ow

TETOO o = 0, (5.10)
lim ag(r,t) = lm A <8_w> =T (5.11)

T—+00 T—+00 t

lim ai(7,t) = lim A <8_w> =a (5.12)

T—+00 T—+00 or

uniformly in ¢, where a is determined by

a:—/SI(w(O,-)*)\oj:/Sl)\(z—z:(O,t)) dt.
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Proof. By the closedness of w*\ o j, it follows

/ w(r, ) Ao = / w(0, Ao j
S1 St

for all 7 > 0. In addition, by recalling from (4.7), we have derived

A
Wi A (E) =a.

By the C'-convergence of w(7y, ) — ws(0, ), it follows

/woo(O,-)*)\Oj—adT:—/ adt = —a
st st

We also have

wiAoj=Tdr —adt, w\=Tdt+ adr. (5.13)

Next, we derive the derivative convergence. From the subsequence convergence
proved above, it follows that for any sequence 7, — 400, there exists a subsequence, still
denoted by 7y, such that limy_, ;o w(73, ) = 2¢(+) in C* topology on S! under Hypothesis
(4) (The argument is exactly the same [HWZ1, HWZ2, Proposition 2.1], so we omit the
details), where zg € Z is some rotation of z whose associated rotation constant ¢ may

depend on the choice of subsequence. Hence
w(T k> ) — 29,

in C1(S'), where zy € Z. Then we get

. ow
im A (22) =7 (5.15)
kﬁlgloo 8t - ’

Notice here, the period T" does not depend on the choice of subsequence but determined

by w.
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Now if there exists some sequence such that ‘71'%—1:’ doesn’t converge to zero, we can
assume it has a subsequence converging to some non-zero constant. That is because we
assume finite gradient bound in Hypothesis (2). Then, we can pick a subsequence again
to make it converge to a Reeb orbit and the contradiction appears. Similarly, we can do
the same argument to A(%2)(7,¢), and thus (5.11) follows.

From the Hypothesis (1), both

. w .
lim 7— =0, lim ay =T
T—r400 67' T—+00

immediately follow. We only need to show

lim a; = a. (5.16)

T—+00

Assume this fails to hold, i.e., there exists some ¢ > 0 and a sequence (7,tx) with
T — 00, such that

lay(1x, ") —a| > €.

Then we look at the translated sequence
wi(7, ) = w(T + 73, 1)
again, and we get wy, in the same way. From (5.13), It follows that

(9 | (O
0= ‘woo/\ (E) —a| = kll_g)lo‘wk/\ (E) —a

which gives contradiction and we are done with the proof. O]

= lim |ai (7%, ) — a|] > €,
k—ro0

Now let (7,t) be the coordinates of the given cylindrical metric near a given (positive)
puncture of the Riemann surface (3, 7). From now on in the rest of the paper, we will

restrict ourselves to the case of vanishing charge, i.e., we put the following hypothesis
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Hypothesis 5.3.1 (Charge vanishing). We assume the asymptotic charges of w at all
ends vanish, i.e.,
—a = lim w(1,0)*A0j =0 (5.17)

2T

forall {=1,---  k where p=e~

We recall the definition of the function

1

£ =3 [ e @) = ol = o7l = 2o

Notice here, we have

7 >—d—2/ i =5 [ Aty
T _d7'2 g1 o 2 g1 € T’ '

We remark that in this formula Ae™ is the Hodge Laplacian

8267r 82677
Ae™ = —
‘ ( orz " ore ) ’

the negative of the classical Laplacian. With this being said, the following is the main

result in this section.

Theorem 5.3.2. Assume Hypotheses 4.1.2, 5.1.1 and 5.3.1. Then there exist some

constant C' > 0, Ay > 0 and 19 > 0 such that

/ IC(T, )2 dt < Ce27
Sl

for all T > 1. Here the constant C' depends only on the triad (Q, \, J) and the C*-norm

of w provided in Hypothesis 4.1.2.

The rest of the section will be occupied by the proof of this theorem by estimating

1
—/ Ae™ dt.
2 Ja

of the integral
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For this purpose, we need to analyze the integrands Ae™ in Theorem 3.1.9 of the integral
f and give explicit estimate of each term.

We recall from Theorem 3.1.9 that for any solution w
%Ae” = —|V™(0"w)|]* = 26(xdY 0" w, 0™ w) + 2|6V 0" w|?
—(K™(dw, dw)0™w, 0™ w) — R|0™wl|?. (5.18)
Here the last term drops out on the punctured neighborhood where the flat cylindrical
metric is equipped.

Next, we use Theorem 3.1.9 to show the exponential decay in cylinder coordinates.

We recall the operator D and Lemma 4.3.1:
D¢ =V7¢+ JVC.
Then we have
SV O"w = —DC
xdV O"w = JDC. (5.19)

From the fundamental equation in the cylinder coordinate in Proposition 4.1, we have

the following crucial ‘on-shell’ formula

_ 1 1

DC = EGQ(LX)\J)g — 5&1(£X)\J)JC (520)
From this expression, we obtain

Lemma 5.3.3.

|D¢| < ]

for some constant C' which is independent of ( but depends only on the geometry of

(Q, N\, J).



140

Under the cylindrical coordinates (7, ), we use the following formula for |Va|, where
o = (dt + ndt is a vector valued one-form. This is a vector-valued analog to the well-

known Garding’s equality

IVal* = |dal® + [6al?

for ordinary real valued one-forms. We extend the wedge product A to the E-valued
one-forms by taking the inner product in the fiber direction of Q!(E) and the wedge
product on the base X for vector bundle £ — ..

Applying lemma 3.1.6 to our case V™ (9™w) and using n = J( for a contact Cauchy-

Riemann map, we compute the first two terms in Theorem 3.1.9 as follows.

— |V (0" w) | + 2|6V 0" w]?
= —|dV O w]? — 6V 0 w]? + 4V, IVTC) 4206V 0w
= 4(VI(, JViQ) (5.21)
— 4(VI(, D¢ - V)

= —A|VI¢]* + 4V, DG). (5.22)

Now, we compute the third term in Theorem 3.1.9, i.e., §(d¥ 0w, d™w). We recall that

for any vector valued one-form «,

For s 2 ((2)) -2 (L)) e

To apply this to dV", §V" and a = (xdV" 0™w, *0™w), we compute

0 o - 0
Q (E) = <>|<dV 0" w, *0 w> (E)

— <*deﬁﬂw, (x0™w) (%)> = (xd"" 0"w, —J(),
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and

a _ V7™ ar T 6
a <§) = (xd" 0w, *0"w) (§>

= <*dvﬂ8”w, (x0™w) (%)> = (xd"" 0™w, C).
Using (5.23), we get

§(xd>" 0™ w, 0™ w) = aﬁ<*dw8“w, JC) — %(*dwﬁ’rw,o.
T

The second term will vanish after we take integral over S! for t parameter, so we only
need to take care of the first term. By using metric property of V™ and (5.19), it can be

written as

O "o, 1) = S(DCQ) = (VIDO), ) + (DG, VI,

T

Hence together with (5.21), Theorem 3.1.9 can be written as the following expression

under cylindrical coordinates.

SACT = —4|VICP +2 (V3¢ DE) — (VI(DO), )
—l-Q%(*dvWa”w, () — (K™ (dw, dw)0™w, 0" w). (5.24)

We calculate the second term by looking at (V7(, D¢) — (V™ (D(), ¢).
Using (5.20), we compute
- - 1 1
(VI¢,D¢) = <VTC, —§G1(£XAJ)JC + §a2(£X>\J)C>

- _%al (V¢ (Lx, J)JC) + %az (V¢ (Lx, 1)Q))
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and

200,60 = (2 (Gulx ) - jultx ) )

(V3@ Lx, 1) G )+ 5 (VL 1) €0

N — DN —

1
a1 ((Lx, J)VZC, JQ) + Saz {(Lx, J)VEC O
Subtracting these two terms and noting that Ly, J is symmetric, we get

(V3 Lx, 1) G ) = 5 (T (a2L, 1) €0 (5.25)

(
1
2

Now we estimate the two terms in (5.25).

For the first term in (5.25), we look at

@ag

(Vi(alx, J))C,C) = 52 ((Lx, )6, €) + ax((VE(Lx, J))E, €)- (5.26)

The second term of (5.26) is of o(1)|¢|? since the operator norm

du| _ o(1), (5.27)

IV (L DI < IVILx, T lleo | 5

where we denote by o(1) some function approaches zero in as 7 — oo and ||V(Lx, J)||co
the gradient bound of the vector field Lx,J on ) which is independent of w but given

by the geometry of (Q, \, J).

We note
8@2 aal - % N 1 T2 2
5 " m xd(w*\) = §|8 w|® = [(]* = o(1). (5.28)
The first term of (5.26),
Oa
- (Lx,)6.€)
8&1

= (dw ) (L, J)C, Q) + - (L, T)C €)

, 0 )
= o(ICF + 5 (a1 (£x,])6, 6)) = ar gy {(Lx, T)C, €) (5.29)
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Here for the last term (5.29), we have the following lemma.

Lemma 5.3.4.

0
5

Here O(1) denotes some bounded functions.

Lx,J)¢ ¢ = OM)IC* + OV

Proof. We compute

0

875 <(£X)\ )Ca <> = <V175T((£X)\J)<)7 <> + <(£XAJ)<-7 v?C)

= ((Vi(£x, 1) G, C) + {(Lx, IVIC Q) + (£x, )¢ V)

= (VI(£x,]))C, Q) +2((£x,T)VIC, Q)

= ((VI(Lx, )¢ Q) +2(J(Lx, J)C, D) = 2(J(Lx, J)C, VI()
= (VI (Lx, )¢, )+ O)(I¢* + [VEC).

While the first term

[((VE(Lx, )G, C>|

< IV(£x )l o

S 1¢ = 0tier

and we are done with the proof. O
Thus we have established that (5.29) is of the form

o(DICI* + o(L)|VIC* + 3(@1<(EXA J)¢,6))-

t
For the second term of (5.25), we look at —((VI(a1Lx, J))J(, (). Similarly, we have

(=VI(a1Lx, J))JC, C)
_ 88“1 (L, J)IC,C) — ar (VE (L, I))TC,C)
002 (L, T)IC,C) — an (VL ) IELC)

ar
0 1 (L, J)IC.C) + o(D)ICP? (5.30)

5
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by the same reason as (5.27).

Remark 5.3.5. We would like to remark that this, or more specifically the second

equality, is another place where we use the closedness of w*\ o j, i.e., the ‘divergence

free’ condition of w*\

8@1 8a2

o T =0

in an essential way to perform the integration by parts.

The first term (5.30) is dealt with similarly as (5.29).

0a2
B2 (£, )G Q)

) 0
= 5 (@{(Lx,)JC Q) = arg (Lx,) ¢, Q)

0 0 0
- %t<a2<<£XA NJICQ) =T 85 (L, )T, €) = (a2 = T) 5 A(Lx, 1) ICC)

= 5 (@ (L, 1)IC0) = T (£x, )G ) + oG + o) VEC,

The reason for the last equality is exactly the same as the way we deal with (5.29) using

Lemma 5.3.4, so we omit the details.

Above all, we now get the following estimate of energy density e™ under cylinder

coordinates which is important to get L? exponential decay of (.

Theorem 5.3.6. Let w be a contact instanton map. Then

SO = —(4—o(1)VICP + (DI
0 - a
25, (7 0w,C) = 5 (a1 (£, 1), 0))
(£, )G, Q) + T (£, )T, (5.31)

Notice the last two lines vanish after taking integral over S* for t.
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Now let (7,t) be the coordinates on the given cylindrical end and recall the function

f is defined as

flr) = 1/ em(r,t)dt, e"(r,t) = |0"w|* = 2|¢(T, )|
Sl

Then we have
1 0%e” 1
"T)== | Z=(r,t)dt== [ —Ae"(r,t)dt.
/') 2/51 grz (71) 2/51 (1)
Then the above calculation together with Proposition 5.1 leads to the following propo-
sition.

Proposition 5.3. There exist some constant > 0 and 7y large such that for any 7 > 79,

f@)" = 6f(7)
Proof. We note
V(= TV, + B(O) = A:(Q)

from the fundamental equation where B is the operator given in (5.5). On the other

hand, integrating (5.31) over S*, we have

P17 = = o(1)) [ IV.CP+o(1) [ 1cP

Applying the eigenvalue estimate in Proposition 5.1, we derive

o zs [ ek o [ iz (337 +om) [ ek

From here we immediately derive that there exists some 75 some 6 > 0 depending only
on the first eigenvalue of the linearization operator A, of the asymptotic orbit (or on

the constant \; given in Proposition 5.1 such that

fi(r) = 6 f(r)

for all 7 > 7). This finishes the proof. O
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A well-known standard maximum principle argument and the vanishing f(7) — 0 as
T — oo concludes that f(7) exponentially decays to zero. Hence we have finished the

proof of Theorem 5.3.2.

5.4 Alternating bootstrapping and C*> exponential
convergence of dw

Recall the Hermitian connection V™ on the Hermitian bundle £ — @) gives a Cauchy-

Riemann operator D defined by

Ly Vi4JVT()o)
2 2

which we will apply (.
We have the elliptic estimate for the Cauchy-Riemann operator & on any closed

regions [lo + 1,1; — 1] x ST C [lg, 1] x S*

<l we2 (g1, —17xs)

1.
< Chioh (H§DC||W’“—172([lo7l1]><S1) + ”C”W‘“—lv?([lo,ll]xsl)) (5.32)

where ¢, ;, is some constant depending on k, [y and ;, and k =1,2,---.

We write the fundamental equation (4.12) into the form of
1-

where

D¢

L(wrc 4+ Vi)

N | —
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is a Cauchy-Riemann operator, and

S¢ = (%al(ﬁxkj)br - %@(.CXAJ)) .

Then the (5.32) gives
€I we2 (o410 -1 51)
< oty (1SClwr—12(p10,1x81) + [I€Iwr-12(10,1]x51 ) - (5.33)
Now we proceed with several steps.

Step 1; £ =1 and for (: For k = 1, we estimate the right hand side on the region

0,7] x S by

15¢] 210,51y < IS0 €122 (j0,7x51)- (5.34)

where

15]lco

IN

1
1ULxTlleo + [ lleoll £, Tlleo) [ Vel co

1
= UL Jlleo|[Vlleo < co.
We plug (5.34) into (5.33) and take k = 1. Then we get

[CIlwr2quexsty < ero7(L+ [1Sllco) €] 220,77 xs1)-

Considering the translated sequence ( o 7, we get

HC||W172([T+1,T+6]><51) S C1,0,7<]- + ||S||CO)||CHL2([T,T+7]><SI)7

for any 7 € R. Therefore, by considering 7 > 7y in Theorem 5.3.2, we get

||g||W1’2([T+1,T+6]X51) < 0’6—5'7'7
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where &' = 26 and C’ is a constant given by the W*'? bound of Vw and some other
constants from the geometry of (Q,\,J). They are both independent of 7 but only
depend on ||[Vw||co and the contact triad (@, A, J). To simplify the notation, we will
always use C' and § for such kind of constants in this section. Then we get the following

proposition.

Proposition 5.4. There exist some constants C' > 0 and 75 > 0 such that for any

T > To,

”C”Wlaz([—r,-i-oo)xsl) < 06757—.

Step 2; for k = 1 and for a;, as: Next, we use Proposition 5.4 to get the L? exponential
decay of X part of dw by using the relation *dw*\ = |(|*.

We define a complex-valued function
O(1,t) = (ay — T) — vV—1a;
and notice that 6 satisfies the equation
90—y, u:%(*dw*)\)jt\/—_l-():%\dz—k\/—_l-o, (5.35)

where 0 = % (a% — \/—_1%) the standard Cauchy-Riemann operator for the standard
complex structure Vv-1.

Notice that from Proposition 5.4 we have already established the W12 exponential
decay of p. This gives rise to the L? exponential decay of @ as stated in the following

proposition.
Proposition 5.5. There exists some constants C' > 0 and § > 0, such that

0)2dt < Ce™7,
Sl
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where |0|> = (ag — T)? + a3.

The remaining section will be occupied by the proof of this proposition.

We start with the following general lemma which will be used several times for
bootstrapping in this section. Proposition 5.5 immediately follows by considering # = V'
and p = W. The proof is standard and is a much easier version of the argument used

in the previous sections and so omitted.

Lemma 5.4.1. Suppose that complez-valued functions 6 and p satisfy
00 = p
and

ey < Ce™™,

lim & = 0,

T—+00

then ||0||L2(Sl) S 06767—.

Remark 5.4.2. By applying the alternating bootstrapping arguments between w*\ and
d™w for the higher derivatives used in section 4.3, we can inductively obtain the bound
for |[VFdw| in terms of |(V™)'d"w| and |V'w*A| for | < k — 1. Hence in section 5.5,
we directly get the exponential decay of |V¥dw| once we get the exponential decay of

(V™) d™w| and |Viw*A|.
We now apply the standard elliptic bootstrapping and get

H0||W1v2([1,6]><51) < Cl,O,?(HMHL?([O,ﬂxSl) + ||9||L2([0,7]x51)) < 06_6T~
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Hence by using 7 translation as above and we get W12 exponential decay of 6.
Also, together with W12 exponential decay of ¢ and by using Remark 5.4.2 (2), we

have now

lim ||[Vwl||co = 0 (5.36)
T—+00

lim [[Vas|co =0, lim |[Va]lco =0 (5.37)
T—r400 T—r400

Step 3; For k£ = 2 and for (: We go back to the elliptic estimate for { on the regions

2,5] x ST C [1,6] x S for k =2, and get

[¢Ilw22(2axst) < e216 (IS¢ Iwrzgxst) + 1<Iwrequexsy) -

Notice ||SC|[w1.2(,6xs1) has the following estimate

1SCllwrzquexsty < 3lISllerllClwrzexsty,

where ||S||c1 is bounded by the C!' norm of Vw and ay, as together with C' norm of
VJ and Lx, J on contact manifold Q). (5.36) and (5.37) guarantee it is bounded.

Hence similar elliptic bootstrapping argument as for W2, we get for W22 norm

ICw22(rrorts)xsty < Ce ™7,

and further

[Cllw22 (7 400)xs1) < Ce "

when 7 > 79, for some constants C' and 6 > 0 which are independent of 7.
Step 4; for k = 2 and for (, ai, ay: From the identity *dw*\ = |(|?, Lemma 5.4.1

already implies that p has W22 exponential decay.
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Now we differentiate equation (5.35), and get
00, = iy (5.38)
Since p, has W12 exponential decay and from (5.37) we get

lim 6, =0,

T—+00
we can apply Lemma 5.4.1 and get L? exponential decay of §,. Then using elliptic
bootstrapping to (5.38), we get W% exponential decay of 6,.

W12 exponential decay of 6, follows because
0, = v—1(0, — 2u)

from (5.35).
In summary, we now have 2?2 exponential decay of both § and ¢. By using Remark

5.4.2 (2) again, it indicates

lim |[Viw|jco = 0
T—+00
Tl—lgrl—loo HV2CL2||00 = 0, TEI}_’IOO ||V2CL1H00 = 0.

Step 5: Alternating elliptic bootstrap: Now the C® bound of Vw and the C? bound
of V2a, and V2a, guarantee us to do the above procedure again. For ¢, we will get
ICllwse(risriaxsy < Ce ™,

where C' and 0 > 0 don’t depend on 7.
By Sobolev embedding, W3%([r + 3,7 4+ 4] x S') can be compactly embedded to

CY[r + 3,7 + 4] x S1) , thus, we obtain the C! estimate

[Cllor(prasrraxsty < Ce ™.



Hence, further we get

||<||Cl([T,+OO)><Sl) < 06_5T

for 7 > 79 when 7 is a large number.

Similarly, for 6, we get

HGHCI([T,Jroo)XSI) < Ce 7.
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By induction of the above bootstrapping method, we get the following theorem for this

section.

Theorem 5.4.3. Under the same hypotheses as in Theorem 5.3.2, there exist some

constants C' > 0, 6 > 0 and 19 large such that for any T > 19,

ow
“or
ow
ot

Coo(ST)

oo (S1)

laz = T[] g g1y

Hachoo(SI)

5.5 C' exponential convergence of w

<

IN

IA

IN

06757'

06—57'

Ceféfr

Cefé‘r

(5.39)

(5.40)
(5.41)

(5.42)

By recalling the C* exponential decay of dw from last section, we have the following

weaker statement of the L? (over S') exponential decay of dw for any order k& > 0 as

T — OQ.

Proposition 5.6. There exist some constants § > 0 such that for each k > 0, whenever
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T > 70,
ow\ |?
/Slv<87) gt < Ce (5.43)
ow 2
/ A (——TXA(w)) dt < Ce™. (5.44)
st ot

and for some universal constant C' = Cj, > 0 depending on k.

We would like to note that up to now, we have not obtained much about the C°
asymptotic convergence of w(7, ) yet other than the subsequence asymptotic convergence
in general given in Theorem 4.1.3 whose limit may depend on the choice of subsequence.
Even in the current nondegenerate case, the rotation angle 6 of the limit zy may depend
on the choice of subsequences.

In this section, we finally proceed with the C° exponential convergence of w(r,-) to
a Reeb orbit z(-) and also, under further assumption that w*\ o j is an exact form, i.e.,
there exists some function a such that w*Aoj = da, a(t,-) — TT+ C for some constant
C', provided we have subsequence convergence. (We emphasize that the a here is different
from the charge in previous sections and one should not get confused here.) For this,
we will see that the L? exponential decay of dw itself, i.e., for k£ = 0 in Proposition 5.6,
is enough to give the full C° convergence of w(r,-) as 7 — oo. To be more specific,
(5.43) for k = 0 is enough to give the CY convergence of w to the nondegenerate Reeb
orbit z(-) which is the main proposition in the first subsection. The inequality (5.44) for
k = 0 is enough to give the C° convergence of a to a linear function which is the main

proposition in the second subsection.

5.5.1 (" exponential convergence of the map w

The following is the main proposition we prove here.
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Proposition 5.7. Under Hypothesis 4.1.2, 5.1.1 and 5.3.1, there exists a unique Reeb

orbit z with period 7" > 0 such that

Hd(w(T, ')7 Z('))HC’O(Sl) — 0,
as 7T — +00.

Proof. We start with claiming that for each t € S, w(-, ) is a Cauchy sequence.
If this claim is not true, then there exist some ¢, € S' and some constant € > 0,

sequences {74}, {px} such that

A(W( Tty t0), w(Tk, b)) = €.
Then from the continuity of w in ¢, there exists some [ > 0 small such that

d<w(7—k+Pk>t)7 w(Tk>t)) > ) ’t - Z€0| < L.

NN e

Hence

d Tk—i—pka ) w<7—k7 t)) dt

1

= [ dwr o) e [ (0, w(m ) d
[t— t0\<l

[t—to|>1

—

v

/ A0(Tspy, £), w(Te, 1)) dE > €l.
li—to|<l
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On the other hand, we compute
/1 A(W(Thgp, , 1), w(Tk, ) dt
5

/ /Tk-‘rpk
St Jr,

/Tk+Pk /

Tk S

ow

g(s,t)‘ dt ds
/T’”Pk / ow
Tk St

2 3
a—(s,t) dt) ds
Tk+pj
/ Ce % ds
Tk

s
(1 — e~ (Term=m)) e < ge_T’“.

VAN

g—f(s,t)’ ds dt

IA

IA

Hence we can take 7 large and get contradiction.
Now by using the subsequence convergence from Theorem 4.1.3, we can pick an

arbitrary subsequence {7} and z € Z such that
w(t,t) = 2(t), k— o0

uniformly in ¢. Then immediately from the fact that w(-,¢) is a Cauchy sequence for

any t, we get for any t € S*,
w(r,t) = z(t), T — 0.

What left to show is just this convergence is uniform in ¢, i.e., it is in C°(S!) sense.
Assume this is not true. Then there exist some € > 0 and some sequence (7, t;) such
that

d(w(m, tk), Z(tk)) 2 2€.

Since t;, € S!, we can further take subsequence, still denote by t;,, such that ¢, — tq € S*.

We can take k large such that d(z(tx), 2(t0)) < ie.
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We also look at

ow

E(T, s)| ds < (t — to)||Vwl|co,

d(w(r, 1), w(r 1)) < / ‘

to

and so we can make it less than %e by taking k large.

On the other hand, we have

d(w(Th; to), 2(to)) = d(w(mh, 1), 2(tk)) — d(w(Th; tr), w(7h, o))

which gives contradiction to the pointwise convergence.

This finishes the proof.

5.5.2 (Y exponential convergence in the symplectization case

Finally we relate our general study of contact Cauchy-Riemann map to the special exact
case, i.e. the case of maps (a,w) into the symplectization R x @. In this case w = w.
(Here we follow the notation used by Hofer in [H1] to denote the R component by a,
although we have used a to denote the contact charge in the previous sections, which
should not confuse the readers.)

In other words, we prove the C° convergence of a, assuming that
w*Aoj = da.

In this case, we have
oa da

G2ZE, alz—a



and the pair (a,w) satisfies the standard pseudoholomorphic curve equation
Jd,w=0, w'Aoj=da.
Proposition 5.8. There exists some constant Cj, such that
la(7,") =TT — Collcogsry — 0,
as 7 — +00.

Proof. Define b(7,t) = a(7,t) — T'r. Then we have

0b

=a—-1T — 0,
or @

0b

— = — — 0
ot~ M ’

as T — +oo in C°(S1) topology.

Define a(7) = [, b(7,t)dt and b(r) = b(r,t) — a(7). Then

lo'(7)] =

b
a—dt’ lag — T|dt < Ce™",
0 s
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which indicates that a(7) is a Cauchy sequence. Then there exists some constant Cj

such that a(r) — Cy as 7 — +oc.

On the other hand, notice here [, b(r,t)dt = 0 and then for any 7, there exists some

point to € S such that b(r,ty) = 0. Then for any T,

; - - b
b(r,t)| = |b(1,t) — b(T,t0)| < |t —to| || =
B 0] = b t) — Bl < -l |2 < Hat
co(s1) o
and thus
It Moy < || = lanllesry 0
co(sth)

Co(st)
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as 7 — +00. Hence
la(r,-) = T7 = Collcogsry < [Ib(7, ) leosy) + la(r) = Col = 0,
as 7 — +00. We are done with the proof. O

Now the C° exponential decay immediately follows from Theorem 5.4.3 and the C°

convergence, Proposition 5.7 and Proposition 5.8.

Theorem 5.5.1. There exist some constants C > 0, 6 > 0 and 7y large such that for
any T > To,
1 (w(r,-), 2(-)) [leogsny < Ce™"

||a(7', ) — TT — CDHCO(SI) § 06_6T
Proof. For any 7 < 7, similarly as in previous proof,

ds < ge"”.

d(w(r,t),w(ry,t)) < /T 5

ow
G

Take 7, — +oo and using the C° convergence of w part, i.e., Proposition 5.7, we get
C 6T

d(w(r,t),2(t)) < ge_

This proves the first inequality.

Similarly, we have
T+ C
|(a(14,t) = T7_Cy) — (a(,t) =TT — Cp)| < / las(s,t) — T|ds < ge"%,

where the last inequality comes from the C° exponential decay of |ay(s, ) — T in 5.8.

By taking 7. — 400, we are done with the proof of the second inequality. O]
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Chapter 6

Finite energy contact instantons II1I

- Morse-Bott case

In this chapter, we prove the exponential decay of contact instantons with the assumption
of Morse-Bott submanifold given in Section 2.3.2. We also assume that the charge a
vanishes.

As stated in Section 2.3.6 and the asymptotic behavior of contact instantons studied
in Section 4.1, we work in the local picture (Ug, f Ag, J) with normal form together with
adapted CR-structure (Ug, Ag, Jo). By abusing of notations, we write Ug just by F in
this whole chapter.

This Chapter consists of three sections. In the first section, we give the decomposition
of the contact instanton equations by the normal form.

In the second section, we study the vertical part and prove the exponential decay.

In the third section, we study the horizontal part and wrap up the exponential decay

proof.
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6.1 Contact instanton equations under normal form

Assume w = (u,e) : ¥ — E. We first derive the following decomposition lemma for
the almost complex structure Jy. Here V is the fixed symplectic connection of the
symplectic vector bundle compatible with A\g. We refer Section 2.3.3 and Section 2.3.6

for the construction.

Lemma 6.1.1.

(my dw)t = %;Zzz_%@(é,vdue)XE
(Tagdw)® = Ve

(Jomapdw)" = J;;ﬁu

(Jomr,dw)® = JgVae

1~
w'Ap = u*9—|—§Q(R,Vdue).

Proof. By using the decomposition
~ 1~
e = & {(_59(

TE = R-Xgp®¢k,

R,n")Xp,n")|n" € VTE}

we calculate

Tagdw = T, (dw)" + my, (dw)”

= Mg (du) + Ty (Vage)

—_~—

1~ - 1~

= T, (medu + u*0Xy) + 7T,\E(—§Q(R, Vaue)XEg + Vae + §Q(R, Vau€)XE)
- 1 ~ g 1 ~ —

= Tig (ﬂ-@du + U*QXE) + 71—>\E(_§§2(‘R7 vdue)XE + vdue + §Q(R7 vdue)‘XvE)

— 1~
= mpdu — §Q(R, Vaue)Xg + Vae.
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Hence,

— 1~ =
(Tagdw)" = modu — 5Q(R, Vaue) X

(magdw)” = Vge.
Also, we have now

— 1~ =
J(]ﬂ')\Edw = J()(?ngu — §Q(R, Vdu€>XE + Vdue)

—  Jymedu + TV gue

= JQ7r9du + JEVdue.

Hence,

(Jpmpdw)" = Jordu

(JET('Ed’LU)U = JEVdue.
At last, we calculate

= Ap((dw)" + (dw)")

= )\E(%) + )\E<Vdue)

= Ap(medu + u*0Xy) + )\E(—§Q(R, Vaue€)Xg + Vaue + §Q(R, Vae)XE)
1~ =

1~ —
= u'f+ §Q(R, Vau€).
[

Recall the contact instanton is a map w from the punctured Riemann surface (E, 7)
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to the contact triad (E, fAg, J) which satisfies the equations
7w = 0 (6.1)
d(w*(fAg)oyj) = 0. (6.2)

We are going to decompose them into the vertical and horizontal components given by
the normal form (E, Ag).

By using (2.58) and (2.59), after a straightforward calculation, we rewrite (6.1) and

(6.2) into
— ow ow ow
0 w = AE(E)Y—F)\E(E)JY— (‘]_‘]O)W)\EE (6.3)
d(wAgoj) = —dgA (w'Agoj), (6.4)

where Y is short for Y,}# and g := log f.
Then we apply Lemma 6.1.1 to the left hand sides of (6.3) and (6.4) and get the

following lemma by straightforward calculations which we omit here.

Lemma 6.1.2.
Vet JpVie = AE(Z—Z:)Y” v AE(%—T)JEYU
+)\E(aa—t;)7rv(<] —Jo)Y —my(J — JO)WAE%—Q: (6.5)
ﬂg% + JNT('Q% = %ﬁ(ﬁ, V.e)Xy
+7y (AE((;—Z})Y + )\E(%—t})JY —(J - JO)WAE%—?> (6.6)
du*foj) = —dgN(u'foj)— %dg A Q(R, V guoje)
SO, Vo), (6.7)

where my : TE — VTE denotes the projection to vertical part, and 7y : TE — HTE

denotes the projection to horizontal part.
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6.2 Exponential decay of the vertical part ¢

6.2.1 Derivative convergence

From Lemma 6.1.1, by recalling Proposition 5.2 and Theorem 4.3.4 we have the following

corollary under the setting of normal form.

Corollary 6.2.1. Let w = (u,e) be as in the above proposition. Then

lim d™eu = 0 (6.8)
T—00
lim v = adr+Tdt (6.9)
T—00
lim Vge = 0, (6.10)
T—00
and
lim |VFd™eu| = 0 (6.11)
T—00
lim |V*u*0] = 0 (6.12)
T—00
lim VEe = 0 (6.13)
T—00
forall k> 1.

In particular, we obtain

lim du = (adr + T dt) X,.

T—00
in C'*° topology.
Remark 6.2.2. We expect to prove the exponential decay under the normal form setting

for Morse-Bott case in an alternating bootstrapping way as in Section 5.4. However, it

turns out that the L? exponential decay estimate we conduct as follows does need higher
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order decay, even for nondegenerate case. It is an interesting and delicate issue to see
whether we can find a better way to combine the advantage of the two methods in the

future.

In the rest of this section, we prove the exponential decay of w to some Reeb orbit

for the case of vanishing charge, i.e., a = 0.

6.2.2 The proof of exponential decay of e

We first study the exponential decay of |e| in L*(S!) sense.

Recall the metric on the fibers is defined by (-, -) = Q(-, Jg-), and we calculate 86722|e|2.

82

w‘g = 2‘v76’2+2<v7-v7-€,€>

+3Q(v767 (VTJE)G) + Q(ev (VT‘]E)VTG) + Q(G, (VTVTJE)e)
Notice the second line

13UV ,e, (Vidg)e) + Qe, (V. Jg)Vre) + Qe, (V.V,Jg)e)]

= o(1)|V,el* + o(1)[e|?

by using Corollary 6.2.1 under the assumption a = 0, so we just need to look at the first

line, in particular, the second term 2(V.V. e, e).
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For this term, we denote the right hand side of (6.5) by S, and have

(V,V,e, e)
= (V. (=JeVie+9),¢)
= —((V.Jg)Vie,e) + (V.Vie, Jge) + (V.S e)
= —((V.Jg)Jg(=JgVie+S),e) + (V. Jr)JeS,e) + (V.Vie, Jre) + (V.S, e)
= —((V+Jp)JeVse e) + (V:Jp)JeS, €) + (V Ve, Jpe) + (V. S, e).
For the same reason as before, by using Corollary 6.2.1 under the assumption a = 0,

the first term

| — {(V+Jg)JeV.e,e)| = o(1)|V.el* + o(1)|e|.
The second term is of o(1)|e|* because |S| = O(1)]e|.
Hence further, we only need to look at (V.Ve, Jge) + (V. S, e), and have

(V. Ve, Jge) + (V.S e)

0u ou,
ot’ or
= (ViV,e, Jge) + (V.S e) + o(1)]e|

= (ViV.e, Jre) + (K( e, Jg) + (V.S e)

= %(VTe, Jge) + dA\g(Vye, Vie) + (V.S e) + o(1)]e]?

0
= —(V,e, JgVie) + (V.S e) + §<V76, Jge) +o(1)le|?
= (V,e,V,e—8)+ (V.S e) + %<V76, Jpe) +o(1)|e)?

0
= |VT€|2 —(V.e,8) + (V.S e) + §<VT6’ Jge) + o(1)]e|?,

where K is the curvature of the symplectic connection V.

Thus up to now, we have obtained

2

0
Wg = (4+0(1))|Vre|* —2(V,e,8) +2(V.S,e) + 2§<V76, Jge) +o(1)]e)?,



and we need to look at the two terms —2(V e, S) + 2(V,S, e).

For it, we need to analyze the right hand side of (6.5), i.e.,

ow. ., ow v

S = /\E(E)Y + AE(E)JEY
ow ow
+)\E(E)7Tv(<] — JO)Y — 7Tv(J — JO)TD\EE

Since from this lemma and (2.78), we have

Y¥(e) = YY(0)+ V.Y (0)+ R(e) -e

= —JpHess(g)(q)(e) + R(e) - e,
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where V is the Hermitian connection of the linear space (E,, (2, Jg) as in (2.78), and

|R(e)|| < Cle| for some constant C'. Together with Corollary 6.2.1 and the assumption

that a = 0, we can write

S =T Hess(g)(u)(e) + B,
where

ow ow

B = —Ap(5-)JpHess(g)(u)(e) + (As(5;) — T)Hess(g)(u)(e)
ow ow

+)\E(E)Hv(zj — Jo)?] — Hv<J — JU)’/T)\EE.
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We calculate
—2(V,e,S) +2(V,S,e)
= —2T(V.e,Hess(g)(u)(e)) — 2(Vre, B) + 2(V (T'Hess(g)(u)(e) + B), €)
= —2T(V,e, Hess(g)(u)(e)) + 2T (V- (Hess(g)(u)(e)),e) +2(V.B,e) + o(1)[ef
= —2T(V.e, Hess(g)(u)(e)) + 2T(Hess(g)(w)(e)Vre, e) + 2(V, B, e) + o(1)]e|?
= —2T(V,e, Hess(g)(u)(e)) + 2T(V,e, Hess(g)(w)(e)) + 2(V, B, e) + o(1)|e|?
= 2(V;B.e) +o(1)le|”

where the first two terms give sum zero because Hess(g)(u) is a symmetric operator on
e.

Now our last task is to analyze (V,.B,e) and show it is of the order o(1)|e|? +
0(1)|V,el®. The first five terms in the expression of B can be dealt with similarly as
(5.26), (5.30) (actually, if we apply higher order convergence as in Corollary 6.2.1, we
can make the estimates easier here), and we omit the details.

For the last term, we look at

ow

VT(H\/(J — JO)W)\EE)

ow ow ow
= (anv)(J — JO)W)\EE + Hv(vT(J - JD))W)\EE + Hv(J — JO)VT(W)\EE)'

The first term and the third term are of o(1)|e|. For the second term, we write J — Jy =
By -e by Taylor theorem similarly as before where || B;|| < C for some constant C'. Then

we have
VA(J—=Jo) =V, (By-e)=(V,By) e+ B;V,e,

which indicates that inner product of the second term above with e is of o(1)]e|? +

o(1)|V el
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Above all, we summarize the estimates into the result that

Proposition 6.1.

B = 4t o)V + 2 () oD (6.14)

0 ot

where (---) denotes some function of ¢ and 7.

Recall from (6.5) and the estimates we give before, we have now
\V.e| = |JeVie — T Hess(g)(u)(e)| + o(1)]e].

To further relate it to the linearized operator in Corollary 2.3.12, we need the fol-

lowing lemma.

Lemma 6.2.3. Denote by ¢y the flow map of Reeb vector field Xy on N. w = (u,e)
the contact instanton as in this section. Denote by z(t) := ¢} (u(r,0)), which is a Reeb

orbit in N. Then the distance

d (u(7,t), z(t)) = o(1),
uniformly in t € St.
Proof. Since we have

d(u(r,t), 2, () <Cd (qbe_tu(T, t), u(r, O))
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for some constant C, it is enough to look at d (¢, u(r,t), u(r,0)).

d (g5 u(r,t),u(r,0)) < /|a u(r,t)| dt

- /|d¢‘t 8“ — T Xo(¢g u(r,t))| dt

u ou _
_ / gy (mo ) + (05 - )Xg(%tu(T,t))\dt
< / oy ( m’at \dt+/ [(6(5;) — T dt
by Corollary 6.2.1, and we are done with the proof. m

By using this lemma and similar proof as for Proposition 5.1, we have the following

estimate that for 7 is large enough,
3
1/eVie =T Hess(g)(u)(e)llz2 = Jollell.z,

for the § > 0 is given in Corollary 2.3.12. Further, (6.14) gives rise to that there exists

some constant dy > 0 such that for 7 large enough,

f/,250f7

where f(7) == [ g(T = |le]|3.. With the same argument in Section 5.3, we are
done with the exponential decay of the vertical part e in L? sense. By the standard

elliptic bootstrapping to the equation (6.5), we get the exponential decay in the sense
of C*°.

Proposition 6.2. For any £k =0, 1,-- -, there exists some constant C > 0 and d > 0

|Vke] < Ckefsz‘r'
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6.3 Exponential decay of the horizontal part

From the expression of (6.6) and (6.7), we get the following immediate corollary of

Proposition 6.2.

Corollary 6.3.1.

Ju ou i _r
o + JNW@E = L(r,t), |V'L|<Ce (6.15)
diu*0oj) = B, |VFB<Ce™,, (6.16)

Furthermore, by recalling the prequantization N — P and denote u = («, v := dn(u)),
where

v:]0,00) x S* — P,

if we assume J is adapted to the prequantization in the sense of Definition 2.5.13, then
v satisfies
v v

TN S
ar TP

L"(1,t) ;== dnL(t,t), |V*L" <Ce™. (6.17)
We have the following exponential decay result of the horizontal component whose
proof is not going to be presented in this thesis, but we refer the papers [OW3] and [OW4]

in preparation currently for this part as well as more general study of the Morse-Bott

case.

Proposition 6.3. There exist some constants C' > 0, § > 0 and 7y large such that for



any 7 > Ty,

&
|

du

ou
TQE
ou
7'('95

) =T

00"

Co=(ST)

oo (S1)

Coo(S1)

oo (S1)

IN

IA

IN

<

06—57'

Cefdf

06—57

06767
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(6.18)
(6.19)
(6.20)

(6.21)

After we get the exponential decay for both vertical and horizontal part, the C°

convergence follows from the same argument as in Section 5.5.
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Appendix A

Proof of (2.49)

In this appendix, we give the proof of (2.49).

By the definition of P,

—P(Y,Z)+ P(Z,Y)

= }1 (VESDY + J(VEDY) +2J((VEC ) Z))
+i (VENZ+ (VDN Z) +2J(VEEIY))

= }1 (v IVIGY + IVEIY) = JIVEY +2JV9(JZ) — 20 IV Z)
+% \% INECZ + IVIC(JZ) — JIVICZ +2JVEE(JY) = 2] IVEYY)

= %1 (v§§ JY) — JVESY + IV (JY) + IVEY +2JViC(JZ) + 21IVi© Z)
+i (VIS (JZ) = IV Z + V(I Z) + IV Z +2JV5C (JY) + 2IIVEEY)

- i(%?(JZ) VISUY)) — [IUVICZ ~ VEEY) — LIV Z - V)
(Vi) - Vi)

= LIY,JZ) Y. 2]~ JIJY, )~ JIY. JZ)

This finishes the proof.
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Appendix B

Wedge product of vector-valued

forms

In this section, we briefly recall the definition of wedge product of vector bundle-valued
forms and give the proof of two lemmas whose proofs are postponed.
We first recall the F-valued differential k-form o for a vector bundle E — M in

general.

Definition B.0.2. Let E — M be a vector bundle. A E-valued k-form is a section of

the bundle A*(M) ® E. We denote by QF(E) the set of E-valued k-forms.

We will need to consider only the cases of zero, one and two forms and so restrict
our discussion to those cases from now on.
Now suppose that E carries an inner product. Let o and S be E-valued 0-from and

1-form respectively. Then we define the inner product operation
(@, B) = (o, B) € Q1(M)
to be the one characterized by the equation
(o, B)(X) = (o, B(X)) (B.1)

for any vector field X on M. Here we note that both o and (X)) are sections of E and

so the inner product is well-defined.
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We now specialize to the case of M = ¥ with (3, j) being a Riemann surface and let
h be an associated Kihler metric thereof. We denote by V¢ its Levi-Civita connection.
We also assume that F carries a connection V preserving the inner product on E. We
define the wedge product, denoted by w; Aws, of two E-valued one-forms w; and wy. This

is characterized by the equation
wi Awz(X,Y) = (w1 (X), wa(Y)) — (w2 (X), w1 (Y)) (B.2)
for any two vector fields X, Y on M.
We restate Lemma 3.1.5 here.

Lemma B.0.3. Assume « is a zero form in Q°(w*€) and B is a one-form in Q' (w*§).

(+,+) 1is the inner production on w*& introduced from the metric of Q. Then we have
(d"a, B) = (, 8" B) = —d(a, B).
Proof. We compute
—5{a, B) = *d¥ * (o, ) = xd" {a, *B)

= *#(dV a A*B) + #{a,dV (x3))

= #{dV o, B) dvol +{a, *d"" (xf3))

= (d7"a, ) — {67 B).
In the third line, we also use the fact that our connection is a Riemannian connection
and here one should extend the operation A to the vector-forms in the way that the

product is taking the inner product in the fiber direction and take the wedge product

on the base. O

We now restate Lemma 3.1.6 here.
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Lemma B.0.4. For any connection V and vector-valued one-form «,
Val> = |d¥al> + [6Val* — «(Va A Voa).

Proof. Note that the equality is a pointwise equality. Let z € ¥ be a given point. We

choose an orthonormal local frame {e;,es} of TS so that es(2) = j,eq1(z)
(Vey)(z) =0 = (Vea)(2).

If we denote its dual frame by {6', 6%}, then we have
(VO')(2) = 0 = (VE?)(2).

We express
a=C0" +nb?

for some (locally defined) sections of £ near z. Then we have

(Va)(z) = (VO)(2) 0'(2) + (Vn)(2) (07)(2).

Similarly we obtain

First we compute
da = (Ve — Ve, NG
Na = Ve, ¢+ Ve,n.
Therefore we obtain
[d¥al* +[0¥al* = [Venl® + [Ve]* + Ve (]* + [Venl?
+2({(Ve, 6, Veut) = (Vey 11, Ver ()

= |va|2 + 2<<v61<7 V€277> - <v6177’ v62C>)'
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It remains to prove
«(VaAVja) =2((Ve,(, Veyn) = (Veyn, Ve 0)). (B.3)
Taking the wedge product, we get the equality
Va AVjoa = (V(,Viomb' A 6> — (V¢ Vo' A6

at z. Therefore

«(Va A Vja) = (V( Vg = (V;od V)
at z. But we evaluate
(VG Vion = (Ve (, Ve,n) = (Ve,(, Ve n)
at z. Similarly we obtain the equality
(Vin6, V) = (Ver(, Vern) = (Ve §, Veun)
at z. Subtracting the latter from the first, we obtain
*(Va AVjoa) =2(Ve,(,Ve,n) — 2(Ve,(, Ve n)

at z. Since the right hand side does not depend on

Since z is arbitrary, we have finished the proof of (B.3). This finishes the proof. [
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