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ABSTRACT

Personalized healthcare strives to offer customized prevention, diagnosis, and treat-
ment plans for each individual, in contrast to the one-size-fits-all method, which
offers standardized solutions for broad populations. By adapting treatments to
individual variations such as disease progression and lifestyle factors, personalized
healthcare aims to enhance efficient and effective patient-centered care. Addition-
ally, it aids in reducing potential adverse effects and optimizing treatment efficacy
and resource allocation. In this thesis, we focus on developing methodologies to
anticipate the progression of diseases and forecast treatment outcomes for individ-
uals. Furthermore, we study how to customize treatment strategies tailored to the

unique responses from each individual.



1 INTRODUCTION

Personalized health planning is the cornerstone of personalized healthcare, focusing
the unique health needs of each individual. Such a personalized plan holds the
potential to enhance an individual’s health trajectory while mitigating long-term
adverse effects. This thesis aims to develop frameworks that facilitate the delivery of
effective and tailored care, empowering individuals to adopt behaviors that manage
disease progression and promote healthier lifestyles.

First, We introduce a novel way to construct optimal aggregate explainer models,
aiding clinicians in comprehending predictions generated by machine learning and
Al'models. Our framework includes a local explainer aggregation method which
uses non-convex optimization to select local explainers and an integer optimization
framework for crafting a nearly global aggregate explainer. We assess the efficacy
of our framework using the Parkinson’s Progression Marker Initiative dataset and a
geriatric mobility dataset, demonstrating that our approach outperforms five state-
of-the-art explainer methods in terms of fidelity. Next, we propose a behavioral
framework aimed at tackling the obstacle of distributing financial incentives to
align with individual motivations and stimulate the highest participation in weight
loss efforts. Our proposed framework consists of a behavioral model to capture the
dynamics of one’s motivational and physical states, a surrogate likelihood approach
for estimating these unknown state parameters, and an algorithm to optimize the
allocation of incentives to each individual. We provide both theoretical guarantees
and experimental findings to demonstrate the cost-efficiency and efficacy of our
personalized approach for weight loss interventions. Finally, we study the problem
of identifying adherence patterns in a behavioral weight management interven-
tion featuring financial incentives.We provide a general framework for designing
incentive interventions through identifying and predicting adherence subtypes.
We implement this framework in an ongoing randomized weight loss controlled
trial. The results validate the framework’s utility in identifying adherence subtypes
within the intervention’s scope, assisting researchers in effectively detecting key

treatments and determining appropriate treatment levels for each participant.



2 OPTIMAL LOCAL EXPLAINER AGGREGATION FOR

INTERPRETABLE PREDICTION

2.1 Introduction

When applying machine learning and Al models in high risk and sensitive settings,
one of the biggest challenges for decision makers is to rationalize the insights pro-
vided by the model. In applications such as precision medicine, both prediction
accuracy (e.g., anticipated efficacy of treatment) and transparency of how predic-
tions are made are key for obtaining informed consent. However, the models that
typically achieve the highest levels of accuracy also tend to be extremely complex,
and even machine learning experts describe them as “black boxes” because it is
difficult to explain why certain predictions are made (Breiman 2001b). One pop-
ular approach to resolve this trade off between explainability and accuracy is to
extract simple explainer models from complex black box models. These models are
intended to provide a simplified facsimile of the true model that is more useful for
human interpretation of the generated predictions.

Two important widely-used metrics for evaluating explainer models are fidelity
and coverage. Fidelity measures how well the explainer’s predictions match the
predictions of the original black box model, and coverage measure the fraction of
the data universe that is reasonably explained by the explainer model. Explainer
methods are generally classified as either global or local, based on how they trade off
between these two quantities. Global explainers attempt to explain the full black
box model across the entirety of the data. These models have a hard constraint to
provide 100% coverage, often at the expense of fidelity. Local explainers, on the
other hand, sacrifice coverage to potentially provide higher fidelity explanations in
a smaller region of the data, usually centered around one single prediction.

Recent proposals suggest finding a middle ground between these two extremes
by forming global (or near-global) explainers by aggregating local explainer models
Ribeiro et al. (2016). This approach would allow the decision-maker to trade off



among coverage, fidelity, and explainability: including more local explainers in
the aggregate model would improve coverage and fidelity, at the cost of a more
complex—and hence less interpretable—aggregate model. However, the problem
of computing the best subset of local explainers to explain a given black box model
is combinatorial in nature, and hence computationally challenging to solve. All
existing methods for building aggregate explainers use only heuristic approaches,
and thus do not provide theoretical performance guarantees.

In this work, we present a novel way of constructing provably optimal aggregate
explainer models from local explainers. We use an integer programming (IP)
optimization framework that trades off between coverage of the aggregate model
and fidelity of the local explainers that comprise the aggregate model. We also
propose a local explainer methodology that uses an information filter for feature
selection, and is designed for use in aggregation. We empirically validate the
performance of this framework in two healthcare applications: Parkinson’s Disease
progression and geriatric mobility. These experimental results show that our model
provides higher fidelity than existing methods. In this application, a clinician
would use a black box model for their initial diagnosis of a patient, and then use
that patient’s data in the particular local explainer selected by our algorithm to

understand why the black box model made its prediction.

Related Work

Our paper builds on previous work in the broader field of interpretable machine
learning. The two primary types of interpretable learning include models that
are interpretable by design (Aswani et al. 2019), and black box models that can
be explained using global explainer (Wang and Rudin 2015, Lakkaraju et al. 2016,
Ustun and Rudin 2016, Bastani et al. 2018) or local explainer (Ribeiro et al. 2016,
2018) methods.

Models that are interpretable by design are perhaps the gold standard for inter-
pretable ML. However, these models often require significant domain knowledge to
formulate and train, and are not suited for exploratory tasks such as the precision



healthcare applications we study in Section 2.4.

Global explainer methodology attempts to train an explainable model (e.g.,
a decision tree with minimal branching) to match the predictions of a black box
model across the entirety of its feature space. While these models provide some
understanding on the general behavior of the black box model, if the relationship
between features and black-box predictions is too complex, then the global explainer
may remove subtleties that are vital for explanation.

Local explainer methods attempt to train simpler models centered around the
prediction for a single data point. The most commonly used local explainer methods
are Local Interpretable Model-Agnostic Explanations (LIME) (Ribeiro et al. 2016)
and anchors (Ribeiro et al. 2018). While local methods cannot validate the full
black box model, they are useful for understanding the subtleties and justification
for particular predictions. In recent literature several other local explainer methods
have been proposed that draw inspiration from this stream (Rajapaksha et al. 2019,
Sokol and Flach 2020, Plumb et al. 2018).

A third option which has been explored in recent literature, is that of aggre-
gating several local explainer models to form a near-global explainer, as a method
for improving the tradeoff between fidelity and coverage. Generally speaking,
these methods have a budget for the maximum number of local explainers that can
be incorporated into the aggregation and attempt to maximize possible coverage
and fidelity within this budget. One method proposed to form such aggregate
explainers is the submodular pick method (Ribeiro et al. 2016), which computes
feature importance scores and greedily selects the features with highest importance.
van der Linden et al. (2019) argue the Submodular Pick Algorithm has its limi-
tations on predicting global behaviors from local explainers, and that the choice
of aggregation function for local explainers is important for performance. They
introduce the Global Aggregations of Local Explanations (GALE) method, which
can be used to analyze how well the aggregation explains the model’s global behav-
ior. They compared the performance of global LIME aggregation with other global
aggregation methods for binary and multi-class classification tasks, and found
that different aggregation approaches performed best in binary and multi-class



settings. A recently proposed aggregation method (called GLocalX) hierarchi-
cally combines local explainers to from global explainers (GLocalX) Setzu et al.
(2021). This methodology could be incorporated in to our optimization approach
as pre-processing.

The methodology we propose in this paper builds on top of these existing ex-
plainer aggregation methods. In contrast to existing approaches which are heuristic
in nature, we formulate the problem of choosing local explainers for the aggregate
as an optimization problem. By doing so, our methods can produce explainer
aggregates that provide both higher fidelity and higher coverage than existing ap-
proaches. In addition, our formulation includes parameters that allows for a direct
tradeoff between coverage, fidelity, and interpretability. We believe this approach
is especially appropriate for problems in explainable precision healthcare, where
the relationship between diagnostic screening measures and the diagnosis is quite
complex, and the model should incorporate the richness of this relationship in its
predictions.

We propose a local explainer approach in Section 2.3 that includes a feature
selection subroutine to improve explainability. Prior work on feature selection in-
cludes instance-wise feature selection (Chen et al. 2018) and Instance-wise Variable
Selection using Neural Networks (INVASE) (Yoon et al. 2018). These approaches
select the important features for each sample point using networks for classification
with and without the features. Shapley values have also been used for complex
model predictions, such as Shapley Sampling Values (Strumbelj and Kononenko
2014, Aas et al. 2019) and Shapley Additive Explanations (SHAP) (Lundberg and
Lee 2017, Lundberg et al. 2020), which computes Shapley values and presents the
explanation as an additive feature attribution method. In contrast to these methods,
our feature selection approach relies on a mutual information filter (Brown et al.
2012) to identify important features. While mutual information has been used
in the past for feature selection, we introduce a computationally efficient way to

compute this mutual information for the use of training local explainer models.



Our Contributions

In this paper, we formulate the problem of aggregating local explainers into an
aggregate explainer algorithm as a non-convex optimization problem. In particular,
we show that this aggregation problem can be written as an integer program (IP),
that can be solved effectively using commercial solvers. This formulation is also
helpful as it allows us to directly tradeoff coverage and fidelity of the resulting
aggregation through parameters of the optimization problem. This approach
provides flexibility to the practitioner to adapt the algorithm to the specific needs
of her use case. Our approach easily handles multi-class prediction problems that
arise in complex application domains such as precision healthcare, as well as the
traditionally-studied binary classification.

Additionally, we design a new methodology for training local explainers for
effective use in aggregation. Our local explainer algorithm directly computes locally
significant features using an information filter, and we are the first to use infor-
mation filters in local explainers. We introduce a novel computationally efficient
algorithm for this filtering step, and our approach results in simpler (i.e., more
interpretable) local explainers compared to prior work that used regularization for
feature selection.

To validate our results, we compare our optimization based methodology against
four other state of the art methods on two real world data sets. Both data sets come
from the applications in the healthcare space. The first uses the Parkinson’s Progres-
sion Marker Initiative PPMI (2019), where we create explainer methods for a model
tasked with screening patients for Parkinson’s Disease. The second uses a dataset
of Geriatric activity, where we explain the predictions of a model that classifies the
physical activity of geriatric patients to prevent falling. Our experiments show that
our optimization method outperforms many of the existing explainer methods in
terms of fidelity and coverage. In particular, when we examine cases of explaining
multi-class model predictions, our explainer method can achieves 90% fidelity at
40-50% coverage, while existing global methods only achieved 70% fidelity, albeit
at 100% coverage. Our results show that our approach on the Pareto frontier of the



fidelity and coverage tradeoff. Our IP framework outperforms existing aggregation
methods in terms of both coverage and fidelity across all potential aggregation
budgets (i.e., numbers of local explainers in the aggregate model).

2.2 Explainer Aggregation Methodology

Explainer models which can generalize to a large portion of the feature space are
critical transparency. However, an explainer that is constrained to explain the entire
feature space is likely have low fidelity since, by design, the explainer model is less
complex than the black box model it is purported to explain. However, simpler
models can achieve higher fidelity by attempting to explain the local behavior of
the black box model at the cost of lower coverage.

One way to address the tradeoff between coverage and fidelity is to create a
near-global aggregate explainer model by combining several local explainer models.
Existing approaches have used this idea (Ribeiro et al. 2016) by formulating the
construction of an aggregate explainer as an optimization problem: maximize cov-
erage of the explainer subject to a constraint on the total number of local explainers
included in the aggregate. Solving this optimization problem is conjectured to be
computationally intractable (Ribeiro et al. 2016), and prior work has only attempted
to solve it using heuristics.

In this section, we formulate the problem of constructing the aggregate explainer
from an arbitrary black-box model, explicitly as an integer linear program that can
be solved efficiently using commercial solvers, and allows us to directly trade off
coverage and fidelity.

Mathematical Programming Formulation of Aggregation Problem

To formulate the optimization problem of constructing the aggregate explainer, we
must first formally define the concepts of coverage and fidelity.

Let X C R™ be the feature space that is modeled with a black box function, and
let f : X — Z. be the black box function of interest. Let £ C Z_ be the label space



in the image of f. We consider our explanation task over a dataset D containing n
ordered pairs (x;,yi) for i € [n], where x; € X are the feature values and y; € £ is
the class label which has been generated by f. That is, yi = f(x;).

Let gir : X — £ denote a local explainer model that explains the local behavior
of the black box function f on inputs within a ball of radius r € R, centered around
the point x; € X. We use X;, := {x € X : |[x — xi|]| < 7} to denote the region
explained by gi .

Define an aggregate explainer y to be a set of local explainers centered around a
subset of points in D, where the local explainer for point x; € D has radius r;.! We
will refer to a generic local explainer g € y and corresponding region of explanation
Xg.

Using these quantities we define the coverage of aggregate explainer y on data set
D as the total number of points in the data set that are covered by the explanation
radius of at least one explainer contained in y. We denote this as:

Cov(y,D) = max 1[x € X;,]. (2.1)

ie{i:gir€
xeD { gir Y}

Next we note that the fidelity of a single local explainer is defined as the accuracy
of that explainer with respect to the predicted labels of the black box model. We
emphasize that fidelity captures the explainer’s ability to replicate the predictions
of the black-box model, and rather than ground truth predictive accuracy.

We define the fidelity of aggregate explainer y on data set D as the minimum of
the fidelity obtained by each individual local explainer in y. We first need to define
Dy as the number of points in the data set contained in the explanation region of g,
ie, Dy ={x € D:x € Xy}. We denote this as:

1

Fid(y, D) = min ;5 ZD Llg(x) = f(x)]. (2.2)

IMore generally, any local explainers can be aggregated into y. However, we assume the the
explainer algorithm only has access to points in D, so we restrict ourselves to only considering
these points. It is assumed that the radii r; are parameters of the problem and hence known to
decision-maker.



While one could instead define the fidelity of y as the average of the fidelities of
its component explainers, our choice to use the minimum fidelity gives a stricter
measure of how well the aggregate explainer captures the behavior of the black box
model. This stricter measure is more appropriate for the healthcare applications we
consider in Section 2.4, where a minimum standard of care is required. Note also
that while we may be interested in the coverage and fidelity of vy across the entirety
of X, computing these quantities may be intractable or impossible in practice when
X is not known a priori. Thus we consider these quantities only across an r-ball
covering of our dataset.

Let K denote the budget of the maximum number of local explainers that can
be contained in vy, and let ¢ be the minimum fidelity required for the aggregate
explainer. Then the problem of computing an aggregate explainer can be formulated

as the following optimization problem:

max, {Cov(y,D):Fid(y,D) > o, [yl < K}, (2.3)

Reformulation as Integer Program (IP)

As written, optimization problem (2.3) is not trivial to solve, and could require
enumerating all possible subsets y of local explainers. To address this challenge,
we propose reformulating problem (2.3) as an Integer Program (IP) that can be
solved using commercial software. We first define three sets of binary variables
Wi, Vj, zij. Let w; be a binary variable that is equal to 1 if explainer g; », € y. Thatis,
wi = 1[gi,r, € v]. Lety; be a binary variable that is equal to 1 if point j is covered
by the aggregate explainer y. Thatis y; = 1[x; € Uge,X,l. Finally, let zi; be a
binary variable that is equal to 1 if explainer g;,, € y covers point x;. That is,
zij = 1[x; € Xy, ). We now define the coverage and fidelity of aggregate explainer
v as IPs written in terms of these three sets of variables.

Proposition 1. Cov(y, D), the coverage of aggregate explainer 'y on dataset D, can be



10

expressed with the following set of integer variables and constraints:

Cov(y,D) = 33" 1 5,
st zyy <wy, 1,jen]
Yyj = zy, LjeMl, (2.4)
Yy < )iz, jeh],

Ixi —xllzi5 <71, 1,5 € .

Proof. Recall the definition of Cov(y, D) as given in Equation (2.1). We will directly
reconstruct this definition using the binary variables defined above. First note that
through a simple direct substitution we obtain Cov(y, D) = } | . MaXie(i:g,, ey} Zij-
Since taking the maximum of binary variables is equivalent to the Boolean OR op-
erator, we see that y; = maxic(i.q;, ey} zij, Which provides us with the first equality.
The next two inequalities directly capture that a local explainer g ., can only explain
point x; if gir, is included in vy, which is a standard way of modeling conditional
logic in IP (Wolsey and Nemhauser 1999). The next two constraints come from mod-
eling the Boolean OR operator using integer constraints (Wolsey and Nemhauser
1999). The final constraint ensures that a point x; can only be covered by an ex-

plainer gi ., if x; € X, thus preserving the local region of the local explainer. [
Next we consider the minimum fidelity constraint.

Proposition 2. The constraint Fid('y, D) > ¢ can be modeled using the following set of
integer linear constraints:

Hxi - Xj Hzij g Ti, l/] S [Tl],
Zij g Wy, l/J S [Tl], (25)
251 (L) =gir, (x) — ®)zi5 =2 0, 1€ nl.

While the full proof of Proposition 2 is deferred to Appendix A.2, we note

that the first two constraints ensure proper local behavior of the local explainer
as in Proposition 1. The third constraint is derived by analysis of the definition of
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Fid(y, D) in Equation (2.2), dis-aggregating the lower bound constraint across all
i € [n], and re-writing the new lower-bound constraint to remove the min using
properties of z;.

We can then use these expressions to for coverage and fidelity to re-write our op-
timization problem as an integer program that can then be solved using commercial

solvers.

Proposition 3. The optimization problem in (2.3),
max, {Cov(y, D) : Fid(y,D) > ¢, vl <K},

can be written as the following integer program:

mn
maXijl Yj,
s.t. Zij < Wi, Yj, i,j € nl,
Yy < X iexzy, J €M,

Ixi —x5llzi; < 71i, 1) € nl, (2.6)
21 (Lrig)=gor 3y — @215 2 0, i€ [,
2iex Wi <K

yj, Wi, zi; €{0,1} 1i,j € [n].

Proof. The objective function and first four constraints come directly from Propo-
sitions 1 and 2. The next constraint comes using the definition of w; and direct
substitution to obtain that |y| = Z?e:l wj, which is then used to rewrite the budget
constraint from (2.3). The final constraint ensures that our new variables are binary
integers. O

2.3 Aggregate-Designed Efficient Local Explainer

While our main contribution in this paper is the local explainer aggregation method-

ology, we have additionally designed a new methodology for training local explain-
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ers for effective use in aggregation. The key to our methodology is ensuring that
local explainers only focus on the most relevant features in the particular region
they are designed to explain. In contrast to previous methods that proposed the
use of regularization to achieve this goal, we propose directly computing locally
significant features using an information filter. Computing such filters are generally
computationally expensive and requires the use of numerical integration; however,
we introduce an efficient algorithm for filtering out less significant features. This
methodology allows us to train local explainers that are significantly less complex
than those that use regularization, with better fidelity for their specified region. In
this section we present an overview of our methodology and highlight key results.
Further details on the technical specifics of this methodology are deferred to the
appendix.

Local Explainer Overview and Training Procedure

Our local explainer training methodology is formally presented in Algorithm 1.
We give a brief overview of its operations here, and defer full details to Appendix
A.4. The algorithm takes in hyper-parameters including number of points N to
be sampled for training the explainer, a distance metric d, and a radius r around
the point X being explained. First the algorithm samples N points uniformly from
within a r radius of X; we call this set of points T(X). Depending on the distance
metric being used this can often be done quite efficiently, especially if the features are
binary valued or an (P metric is used (Barthe et al. 2005). Then using the sampled
points, the algorithm uses the Fast Forward Feature Selection (FFFS) algorithm as
a subroutine (discussed and formally presented in Appendices A.7), which uses a
mutual-information-based information filter to remove unnecessary features and
reduce the complexity of the explainer model. The FFFS algorithm uses an estimate
of the joint empirical distribution of (T(x),f(T(x)) to select the most important
features for explaining the model’s predictions in the given neighborhood using
tree traversal. We denote this set of features @. Then, using these features and the
selected points, the local explainer model g is trained by minimizing an appropriate
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loss function that attempts to match its predictions to those of the black box model.
In principle, a regularization term can be added to the training loss of explainer g.
However, in our empirical experiments (presented in Appendix A.5), we found
that FFFS typically selected at most five features, so even the unregularized models

where not overly complex.

Algorithm 1 Local Explainer Training Algorithm

Require: sampling radius r, number of sample points N, black box model f, data
point to be explained X, and loss function L for the explainer model (X, {)
Initialize T(X) =
forj={1,...,N}do
Sample x ~ U(B(%, 1, d))
T(x) «+ T(x)Ux
end for
Obtain ®(x) = FFFS(T(x), ®, f) A
Train g =geg {ZXET()_() L(f(x) — g(x[®@]))}
return g

2.4 Experimental Results

In this section we compare the performance of our IP method against five state-of-
the-art explainer methods. We consider two local explainer aggregation methods—
Submodular Pick and Anchor Points (Ribeiro et al. 2016, 2018)—and three global
explainer methodologies—interpretable decision sets (Lakkaraju et al. 2016), active
learning decision trees (Bastani et al. 2018), and naive decision tree global explainers
(Friedman et al. 2001).

We compare these methods in both coverage and fidelity across two different
datasets. These datasets are the Parkinson’s Progression Marker Initiative (PPMI)
data set, where we generate explainers for a black box model aimed at predicting
Parkinson’s Disease (PD) progression subtypes, and a Geriatric activity data set
(Torres et al. 2013) where we generate explainers for a model that classifies the

movement activities of geriatric patients based on wearable sensor data. We split
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each dataset, using 80% for training and 20% as a holdout test set, and we apply
10-fold cross validation. One important feature of both these datasets is that they
enable multi-class classification. Our experimental results show that our proposed
optimization framework is better suited to these multi-class settings than existing
state-of-the-art methods.

In addition to measuring the performance of our local aggregation methodology
on different data sets and classification tasks, we also compare the performance
of our information-filter-based decision-tree local explainer and LIME (Ribeiro
et al. 2016) in the aggregation framework. We also measure performance for each
of the aggregation-based methods under varying budgets of component local
explainers. This budget is an informal measure of simplicity and interpretability,
where aggregating fewer local explainers leads to a more interpretable aggregate
explainer, but may sacrifice fidelity and/or coverage. Our results show that our
methodology outperforms existing techniques in terms of fidelity and coverage,
especially in the multi-class case.

PD Progression Cluster Classification

For our first set of experiments we used the PPMI data set to classify the disease
progression of different patients into several subtypes based on screening measures.
The PPMI study was a long run observational clinical study designed to verify
progression markers for PD. To achieve this aim, the study collected data from
multiple sites and includes lab test data, imaging data, and genetic data, among
other potentially relevant features for tracking PD progression. The study includes
measurements of all these features for the participants across 8 years at regularly
scheduled follow up appointments. The complete data set contains information
on 779 patients, and included 548 patients diagnosed with PD or some other kind
of Parkinsonism and 231 healthy individuals as a control group. For our analysis
we will focus on the first seven visits of this study which correspond to a span of
approximately 21 study months, since these visits were conducted relatively close
together temporally.
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The classification task considered was the disease progression of the patients,
and we performed a cluster analysis to generate labels, detailed in Appendix A.3.
Our analysis identified four different subtypes of disease progression, correspond-
ing to different trajectories of the diagnostic measurements’ evolution over time.
We also included one additional subtype corresponding to patients who did not
have PD. Appendix A.3 presents a full description of these subtypes and their
identification in the data.

As our black box model, we trained a random forest model to predict the pro-
gression subtype of a patient based on measurements taken during the baseline
appointment and follow ups. We considered two different prediction tasks: (1) a
binary prediction task to predict whether or not an individual has PD; (2) a multi-
class prediction task to predict one of the five identified PD progression subtypes.
Further details on the construction of the black box model and its performance on
these tasks are given Appendix A.5.

We used each of the explainer methods presented above to explain the predic-
tions made by these random forest models, and measured coverage and fidelity of
these explainers. Coverage and fidelity for the binary prediction task are shown in
Figure 2.1, and similar plots for the multi-class prediction task are shown in Figure
2.2.

Figures 2.1 and 2.2 show that for both prediction tasks, our optimization-based
aggregation algorithm obtains a higher level of coverage than both Anchor points
(Ribeiro et al. 2018) and Submodular Pick methods (Ribeiro et al. 2016) across
all possible local explainer budgets. Note that when comparing coverage, global
explainers are constrained to always achieve 100% coverage.

In terms of fidelity, Figure 2.1 shows that across fidelity lower bounds of 0.7
and 0.5, our methodology performs comparably with the other aggregate explainer
methods and with the explainable decision set method. When increasing our
fidelity lower bound to 0.9, our method significantly outperforms these methods.
This shows that the fidelity lower bound parameter ¢ in our framework allows for
higher fidelity explainers given proper tuning.

In the binary case our methodology does not outperform active learning and



16

Coverage (%)

g
02l o — 0= Submodular Pick
= == IP(0.5)
1P(0.7)
01l —— IP(0.9)
Global Explainers
==={}¥+=+ Anchor Point
0 I I I I I L |
0 10 20 30 40 50 60 70

Budget

o > - 1
ool W
______ ot
0.8 %5 o
ya
= e
g o JE 4
> .;gr ~ SN - —__O
> s P SO - o
PR 2 . T il - “n L P
To7 & A S Gt g “
[ STt
o
06 = Q= Submodular Pick
= == IP(0.5)
IP(0.7)
—%— IP(0.9)
Decision tree
«=«{)+++ Active Learning
05 F Interpretable decision set
«++f}+++ Anchor point
I I L L . y ‘
0 10 20 30 40 o0 & 70

Budget

Figure 2.1: 2-class fidelity (bottom) and coverage (top) plots for various global explainers for
a random forest model trained on the PPMI data set. The x-axis corresponds to the number
of constituent local explainers that are used by the aggregation methods.

naive decision tree in terms of fidelity or coverage; however, when considering the
multi-class setting of Figure 2.2, we see that our framework allows for significantly
higher fidelity explanations. In particular, while active learning and naive decision
trees achieve a fidelity of approximately 0.7 our optimization based global classifier
with @ = 0.9 can achieve a fidelity of 0.9 in this case. While this is a significant
increase, it does come with a cost for the coverage, as the explainer with this high
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Figure 2.2: 5-class fidelity (bottom) and coverage (top) plots for various global explainers for
a random forest model trained on the PPMI data set. The x-axis corresponds to the number

of constituent local explainers that are used by the aggregation methods.

fidelity only covers 40-50% of the data, as compared to the global explainer methods

of active learning and naive decision tree which cover 100% of the data.

Our methodology allows for greater flexibility in terms of trading off explainer
coverage and fidelity, especially in this multi-class case. In contrast, the pure global
explainer methods do not allow for this trade-off by ensuring a hard constraint of
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100% coverage, which results in low fidelity explainers. Since our methodology
outperforms existing aggregation methods, this indicates that using IP allows us to
navigate the fidelity and coverage tradeoff more efficiently.

Empirical evaluation of our local explainer’s performance compared with other
local explainer methods, when used in the aggregate explainer are given in Ap-
pendix A.6. We find that our local explainer methodology outperforms LIME in
both fidelity and coverage.

Figure 2.3 shows the Pareto frontier of the tradeoff between coverage and fi-
delity for the binary class prediction task. One advantage of our approach is that
we allow a tunable tradeoff between the coverage and fidelity—corresponding
to the three curves in the figure—while the other methods do not provide this
option—corresponding to only a single point for the other methods. We see that
our approach yields higher fidelity and higher coverage than most of the other
local explainers, although there is less of a clear advantage of our proposed method
compared to the global explainers. Figure 2.3 shows the tradeoff between the cov-
erage and fidelity for the multi-class setting. In this setting we again see that our
proposed local explainer provides better coverage and higher fidelity than other
local explainers. In addition, our method also provides significantly higher fidelity

than the global explainers at the expense of coverage.

Geriatric Activity Classification

For the second set of experiments we used a data set of Geriatric Activity based
on the study conducted by (Torres et al. 2013). The main goal of this study was to
provide ways of potentially reducing the likelihood of falls for geriatric individuals
by classifying their activities when transferring beds. Generally, the highest risk
for geriatric patients to fall is when getting out of bed so various sensors were
deployed to detect whether an individual was attempting to leave their bed and
detect other potentially risky activity. For this particular study, the authors used a
novel wearable and environmental sensor which they validated with 14 individuals

aged 66-86. The goal was to use this sensor data to classify between three different
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Figure 2.3: Pareto frontier for the tradeoff between fidelity and coverage on PPMI for binary
(top) and multiclass (bottom, 5 class) classification task. The x-axis corresponds to fidelity
and the y-axis corresponds to coverage.

activities, namely laying in bed, sitting in the bed, and getting out of the bed. To
generate the data set, each of the participants was asked to perform a random set
of five activities which ranged between the three potential activity classes.

Much like in the case of the PPMI data set, we trained a random forest model to

classify between the various activity classes that we used to extract global explainers.
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However, unlike the PPMI experiments, since there was no straight forward way
to convert the multiclass classification task of detecting the different activities into
a binary classification task we only performed the experiments for the multiclass
case. The results for all explainer methods can be seen in Figure 2.5. Much like
in the case for the PPMI data set, we note our methodology outperforms other
aggregation based global explainers with respect to coverage across all budgets and
fidelity lower bounds; however, it is still not obtaining 100% coverage like the pure
global explainer methodologies. In terms of fidelity, much like in the multiclass
case of the PPMI data, our methodology outperforms all other global explainers,
with active learning being close to on par with our performance. This further
suggests that using this form of optimization based local explainer aggregation
is well suited to explaining multiclass predictions regardless of the underlying
data set. Figure 2.4 shows the Pareto frontier of the tradeoff between coverage
and fidelity across different explainers. Our methodology outperforms all local
explainers in both metrics and all global explainers in terms of fidelity at the cost
of decreased coverage.
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Dataset. The x-axis corresponds to fidelity and the y-axis corresponds to coverage.
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3 AN ADAPTIVE OPTIMIZATION APPROACH TO PERSONALIZED
FINANCIAL INCENTIVES IN MOBILE BEHAVIORAL WEIGHT LOSS

INTERVENTIONS

3.1 Introduction

The obesity epidemic is one of the most critical health issues facing the United
States. According to the adult obesity data in 2017-2020 from the Center for Dis-
eases and Prevention (CDC), the prevalence of obesity is 41.9% (Stierman et al.
2021). Obesity increases the risk of metabolic diseases such as type 2 diabetes
and heart disease (Golay and Ybarra 2005) and has led to related medical costs of
$173 billion in the United States in 2019 (Ward et al. 2021). If an individual with
obesity is able to achieve a moderate reduction in weight (by 5%), they can mitigate
many of these adverse effects (Wing et al. 1987, Krentz et al. 2016). Currently,
the lowest risk treatments that have been found to be effective for treating obesity
involve clinically monitored behavioral interventions (Grilo et al. 2011, Jakicic et al.
2016). Given advances in technology, recent generations of these interventions
include a mobile application as a component in which individuals are asked to
record their daily weight, exercise, and or daily calories consumed (Fukuoka et al.
2018). These applications can be used to provide participants with feedback and
rewards to encourage behavioral change and weight loss. One key challenge in
these interventions is that participant adherence decreases over time (Acharya et al.
2009, Lemstra et al. 2016).

Several studies have shown that financial incentives for weight loss could im-
prove adherence and lead to clinically significant weight loss of at least 5% of
baseline weight (John et al. 2011, Volpp et al. 2008). The primary objective of
the intervention in these studies is to maximize the number of participants who
achieve clinically significant weight loss at the end of the study (Wing et al. 1987).
To achieve this goal, the interventionist can dispense financial incentives to each

participant to encourage weight loss and calorie recording. Previous studies have
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compared different reinforcement schedules, amounts, and targets in an attempt to
determine the optimal structure on average of a financial incentives intervention.
In these previous studies, incentives have followed a predetermined treatment
schedule that does not adapt to participant data collected over the course of the
intervention (Tsai and Liao 2020). In other words, all participants can receive the
same amount of money for achieving the same criteria (e.g., weight loss, calorie
recording). One key challenge for the interventionist in this setting is that each
individual participant will have different levels of motivation stemming from fi-
nancial incentives and internal desire to lose weight, leading to heterogeneity of
response to financial incentives. Moreover, these individual motivations are un-
known to the interventionist a priori, and must be inferred from participant data. A
second challenge is that, to ensure the total intervention costs are manageable, the
interventionist can only disburse incentives from some maximum total intervention
budget. Typically, this budget is distributed evenly across all participants, such
that each participant can earn a maximum amount. Accordingly, when scaling up
the intervention to more participants, the cost increases linearly. A key operational
challenge that must be addressed is how to design a modeling and optimization
framework that can allow the interventionists to disburse costly incentives to match
individual motivations and encourage the largest number of participants to lose
weight.

In this paper, we propose a novel optimization framework that addresses these
key challenges. While existing work in the operations literature has modeled
how individuals respond to indirect motivational goals such as exercise goals
and messaging (Aswani et al. 2019, Mintz et al. 2020), in this paper we focus
on modeling how participants respond to direct monetary incentives for weight
loss. Our proposed framework involves first providing a behavioral model for
participants in the context of weekly financial incentives. This model is meant to
capture the dynamics of how participant motivational states (i.e., intrinsic and
extrinsic motivations) change over time and how they impact their choices with
regards to calorie consumption and recording their physical state (i.e., their weight).
We then propose a surrogate likelihood approach for estimating these unknown
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participant state parameters and provide an approach to use these estimates to
predict future participant response to potential interventions. The last step of
our framework involves using this predictive model to optimize the incentives
awarded to each participant. We provide an adaptive algorithm that can calculate an
asymptotically optimal incentive policy while staying with in the financial resource
constraints of the intervention. Our adaptive approach can be calculated weekly
over the course of a weight loss intervention to improve its estimation using data
obtained from participants currently participating in the trial, and compute new

incentives that adapt to changing study conditions or participant response.

Clinical setting: the Log2Lose study

We developed our modeling and optimization methods using the data and structure
from a study that investigated the impact of different financial incentive structures
on weight loss called Log2Lose (Voils et al. 2018). The 24-week Log2Lose pilot trial
was designed to evaluate the feasibility of delivering incentives in near real-time
using data collected from cellular-connected scales and a mobile food and activity
tracking. The goal of Log2Lose is to compare the efficacy of incentives for two
different outcomes, either individually or combined: weekly calorie recording or
weekly weight loss. Accordingly, participants were randomized to one of four arms:
incentives for both calorie recording and weight loss (Arm A); incentives for calorie
recording (Arm B); incentives for weight loss (Arm C); or no incentives (Arm D).
The incentive schedule was based on psychological learning theory and involved
the following principles: 1) It was fixed at $10 for the first four weeks to encourage
learning of new behaviors, and 2) It varied between $0 and $30 per week thereafter.
Thus, even if participants had the desired outcome, they did not receive a reward
some weeks. The predetermined incentive scheduled applied to all participants. It
was not known by participants a priori and thus appeared random.

All participants were invited to a biweekly group counseling session led by a
registered dietitian that involved dietary education and behavioral skills such as
regular self-weighing and calorie recording. Participants were encouraged to record
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a minimum amount of calories (1,000 KCal for females and 1,200 KCal for males)
in a mobile application for at least five days a week, with at least one of the days
being a weekend day. Daily calories recorded were transmitted to the research team
through an open application programming interface. If participants in Arm B met
this goal, they were awarded a monetary payment between $0-$30. Additionally,
all participants were given a cellular scale that transmitted their weight measures
to the investigators whenever they weighed themselves. They were encouraged
to weigh themselves at least two times each week. The difference between the
first and last weight of the week was taken. Participants in Arm C received a
payment between $0-$30 each week that the last weight was lower than the first
weight. Arm A combined both weight loss and caloric recording incentives but
reduced the reward range to $0-$15 for each to ensure the maximum amount that
a participant could earn was $30 a week. The control arm did not receive any
financial incentives. Recorded calories and weight were compiled and analyzed in
a software application, and notice of incentives was provided using text messaging.
For analysis in this paper, we used the cellular weight data, app data on calorie
recording, the record of awarded incentives, as well as participant demographics for
the purposes of validating our models and conducting our numerical studies. For
the full demographic data and trial protocols please see (Voils et al. 2021, 2018). We
note that, while our model is based on the structure of this particular intervention,
we believe the approaches and techniques we develop will be widely applicable
to other behavioral interventions developed in the future that may have direct

financial incentive components.

Related literature

While our modeling is based in the clinical setting of behavioral interventions,
through our modeling and optimization analysis we contribute to three streams of
literature within the operations field. These include sequential decision making
methods3.1, healthcare operations research 3.1, and predictive modeling for clinical
weight loss 3.1.
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Sequential decision making methods

Our setting of computing weekly individual level financial incentives for partici-
pants fits generally into the stream of sequential decision making methods with
partial information. In particular we can think of our setting as that of a decision
maker (the interventionist) taking sequential control actions (weekly incentives)
with respect to a system state for which they have imperfect information (par-
ticipant motivations and weight). Two of the main approaches for addressing
the problem of making sequential decisions with imperfect information include
partially observable Markov decision process (POMDP) (Yu and Bertsekas 2008,
Ayer et al. 2012) and reinforcement learning (RL) (Sutton and Barto 2018). The
key difference between these families of approaches is that, in the POMDP set-
ting, the decision maker is assumed to have partial information of the system state
while having information of the system dynamics; in contrast, in RL the decision
maker is assumed to have full information of the system state while having partial
information of the system dynamics.

The classical solution technique used for POMDP models involves reformulat-
ing the POMDP as what is known as a belief Markov Decision Process (MDP),
by considering what is known as a belief state, a state that encodes the decision
maker’s belief they are in any of the POMDP states (Bertsekas 2012). In general, the
belief state can be thought of as a distribution over the state space of the POMDP
that reflects likelihood of a particular state being the true state of the system at
any given point in time. However, solving the belief MDP in practice is quite chal-
lenging since even if the state space is finite, the belief state could be uncountably
infinite. Therefore, in the POMDP literature different techniques such as approx-
imate dynamic programming (ADP) (Yu and Bertsekas 2012, Dai and Shi 2019)
and policy gradient (Zhang et al. 2021) have been used for approximating the
optimal solutions. Our setting can be thought of as a particular instantiation of a
POMDP, with specific model structure. Using our model structure, we develop an
approximate solution method that is asymptotically optimal under a set of mild

conditions.
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Methods in the RL literature can be categorized into two broad families namely
model-based RL (Zhou et al. 2018, Osband and Van Roy 2014), which use specific
functional form (or parametric estimates) of the transition dynamics and value
function, and model-free methods (Strehl et al. 2006, Akrour et al. 2016), which use
stochastic approximations of the problem value functions and transition probabili-
ties without explicit functional forms. In this paper, our proposed approach can be
thought of as a form of model-based RL as we explicitly model system dynamics
(e.g., dynamics of participant weight and motivations). Our modeling framework
is related to existing model-based methods developed for behavioral weight loss
interventions (Mintz et al. 2017, Zhou et al. 2018).

Healthcare operations research

Our setting is related to the large stream of existing work on applications of opera-
tions research to healthcare applications. In particular there has been a vast amount
of work examining applications of sequential decision making in managing the
operations of providing care (Ekici et al. 2014, Erdogan and Denton 2013, Childers
et al. 2009), providing personalized treatment (Ayer et al. 2019, Bastani and Bayati
2020, Schell et al. 2016, Mintz et al. 2020, He and Mintz 2023), and intervention
management (Deo et al. 2013, Lee et al. 2019). Our problem setting and methods
contribute to these streams of literature, in particular to the work focused on per-
sonalized treatment and intervention management. Much like these settings, we
consider a resource constrained problem, where decision makers must make costly
decisions under uncertainty. One of the contributions of our work is in developing
a framework that extends the existing work in these settings to behavioral inter-
ventions where a decision maker must disburse financial incentives to participants
with imperfect information. In contrast to existing work that considers resource
constraints on manpower or facilities, our work examines a constraint on the direct
budget of the intervention and how it can be best disbursed amongst participants
to motivate them to achieve weight loss.
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Predictive models for weight loss

Our work is also related to a stream of literature that focuses on predicting an indi-
vidual’s weight loss success in the context of a clinically supervised intervention.
Existing predictive models for this setting include differential equations (Thomas
et al. 2011), Markov models (Bromberger et al. 2014), data mining methods (Batter-
ham et al. 2017), and machine learning methods (Lee et al. 2020). In general, these
methods were developed to perform a binary prediction task (i.e. whether or not a
participant achieves clinically significant weight loss), making them challenging
to use for optimization. In contrast, the behavioral framework we develop in this
paper is capable of providing predictions for the full weight trajectory of study
participants given a particular sequence of financial incentives. Our framework
is also able to compute the likelihood of such a trajectory occurring and can thus
also be used for binary prediction in addition to this regression task in a similar
manner to (Aswani et al. 2019). However, our work differs from the predictive
approach in (Aswani et al. 2019) in two key ways. First, we focus on a weight
loss intervention with financial incentives instead of motivational goals, which are
evaluated by participants in a slightly different manner and thus alter the model
structure. In particular, the nature of the weekly financial incentives means par-
ticipants value their actions over the course of several days (during the incentive
evaluation period), unlike daily step goals that only impact participant behavior
during a single day of the study. Second, our model incorporates both continuous
and discrete measurements, making it challenging to use maximum likelihood
estimation directly. We propose to solve this challenge using surrogate likelihood

estimation, a more challenging method to analyze.

Contributions

In this paper, we develop a framework to design personalized financial incentives
that encourage weight loss, while ensuring that intervention costs remain within
a fixed budget. Through the development of this framework we make three key
contributions:
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1. We extend participant behavioral models in weight loss interventions to cap-
ture the effect of financial incentives on participant behavioral change. Our
novel modeling additions include both medium and long term impacts of
financial incentives, and capture how repeated use of financial incentives
may not lead to meaningful long-run behavioral change. In particular, we
are able to capture both short-term (in-week) participant decisions as well
as long-term (between-weeks) participant behavioral change. Our model
incorporates insights from self-determination theory (SDT), namely that it
includes parameters both intrinsic and extrinsic motivation for weight loss.
According to SDT, motivation ranges on a continuum from completely nonself-
determined (lacking motivation) to self-determined (intrinsically motivated);
in between are several levels of extrinsic motivation in which one’s behavior
can be completely or partially driven by external sources such as rewards and
punishment (Deci and Ryan 2013).

2. We develop a novel inverse optimization approach for estimating unknown
participant parameters and states that is statistically consistent. In contrast
to existing literature which looked at inverse optimization for purely myopic
participants (Mintz et al. 2017), our approach assumes participant’s plan for
the medium-term using dynamic programming, and uses the structure of
the resulting optimal policy to construct a set of constraints for inverse opti-
mization. We then use these constraints in a surrogate likelihood estimation
model, which can be solved using commercial mixed integer programming
solver. We further show the resulting estimates are statistically consistent,
which, to our knowledge, is one of the first consistency guarantees shown for
surrogate likelihood models trained with non-convex optimization. Further-
more we show how these estimated parameters can be used in an adaptive
optimization framework to allocate incentives for weight loss given a budget
that we call the Design of Incentives Algorithm (DIA). Through theoretical
analysis, we show that the incentive policy output by DIA is asymptotically

optimal.
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3. We conduct a comprehensive set of numerical validation studies using real-
world-data from the Log2Lose trial, which deployed financial incentives to
help participants achieve clinically significant weight loss. Our experiments
demonstrate that our proposed behavioral model is descriptive of participant
behavior, and moreover is capable of better predictive performance than ex-
isting state-of-the-art machine learning approaches. Furthermore, through a
simulation study we are able to show that our dynamic optimization frame-
work is able to achieve improved clinical outcomes for less budget when
compared to existing one-size-fits-all approaches, indicating that using our

methods such interventions could be scaled to larger participant populations.

3.2 Participant behavioral model

Here, we present our model for participant behavior during a weight loss interven-
tion. We use a utility maximization framework where participants are assumed
to make weight loss-related decisions (namely how many calories to consume
each day and whether or not to record their calories) based on individual utility
functions that depend on their perceived health benefits, their responsiveness to
financial incentives, and preferred level of caloric consumption. Our model consists
of three key classes of variables we call physical system states, which are state
variables that capture the physical aspects of weight loss (namely the participant’s
weight), motivational states that capture a participant’s cognitive state and how
much importance they place on different actions and health outcomes (i.e., intrinsic
and extrinsic motivation for weight loss gained from financial incentives), and
decision variables that represent a participant’s actions that affect weight loss (i.e.,
daily caloric intake). A key feature of our model is that all physical and motiva-
tional states are modeled as individual specific, and thus will be different for each
participant. Because of this, we focus our modeling discussion on modeling the
behavior of a single participant.

To capture how participant behavior changes over time as a consequence of the
intervention, we also define a set of dynamics that describe how the motivational



31

and physical states change over the course of the program as a consequence of
the intervention treatment and individual participant decisions. Since financial
incentives are administered to the participant based on their weight loss and calorie
recording at the end of a study week our framework models the participant’s
decision-making process in two components: 1) A component that models the
participant’s daily actions over the course of a single week of a trial given their
expectation for financial reward, we call this component the in-week decision
model. 2) A component that models long term behavioral change by tracking how
participant motivational states change as a consequence of the previous week’s
actions and financial incentives; we call this component the between-week decision
model. Both of these time frames are fully integrated into a single participant model,
which, as previously noted, is individual-specific and captures the unique way each
participant will interact with the intervention. A key assumption to these models is
that participants make decisions in a myopic utility-maximizing manner, that is,
they only make decisions on calorie consumption during the course of a study week
that will impact their financial incentive earned for that week and will not consider
future incentives or long term health benefits. This behavior has been observed
in the social science literature, and can be framed as participants making rational
decisions with respect to high future discounting of health and monetary gain
(Cawley 2004). Prior work has shown that models that incorporate this assumption
still provide strong predictive and descriptive performance (Aswani et al. 2019,
Mintz et al. 2017, Adams et al. 2023). We note that while existing myopic models
consider participants that only consider single daily decisions, due to the structure
of the financial incentives in our setting, the myopic assumption implies participants

consider their decisions at the start of a week.

Participant in-week decision model

The first step of our framework is to describe the participant’s daily decision making
process during a single study week. Let t be the week index and d € {0, ...6} be the
day index where each week starts on Monday (d = 0) and ends on Sunday (d = 6).
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Let the physical system states wy q, f,a € W X JF be the participant’s weight and
caloric consumption on day d of week t, where W,J C R, are closed intervals.
Let the motivational states of the participant be given by a;, ay, for € A? x F
that represent the participant’s internal motivation, that is a participant’s personal
motivation for weight loss, external motivation for weight loss, or how influential
financial incentives are on the participant’s motivation to lose weight, and the
participant’s preferred caloric consumption level on week t respectively. Here
A C R, is assumed to be a closed interval. The participant’s decisions in this
model are denoted by c¢4 € J that represent the participant’s planned caloric
intake on day d of week t. Note that unlike existing models that consider caloric
consumption directly as a participant decision (Aswani et al. 2019, Mintz et al.
2017), a key feature of our model will be that, while participants are capable
of planning to a particular value of caloric consumption, this may not equal the
amount of calories they truly consume. This is a challenge in many calorie-recording
based behavioral interventions since, even when trying to the best of their abilities,
participants often cannot accurately estimate the amount of calories they consume
with each meal (McKenzie et al. 2021). Furthermore, social desirability concerns
may encourage under-reporting of caloric consumption. The final component of
the in-week decision model is a motivational state that captures the participant’s
expectation for financial incentives at the end of the week. We denote the amount
of financial incentive allocated by the interventionists for weight loss at the end of
week t by 1} € R, where R C R™ is a closed interval. However, since this amount
is generated at the end of the week based on the participant’s performance and the
intervention is structured so that financial incentives seem randomly generated to
the participant conditioned on meeting the goal, individuals cannot use the true
value of the incentive for their decisions during week t. Instead participants form a
belief on the financial reward they will potentially receive at the end of the week
should they meet their weight loss goal based on their previous rewards received
and knowledge of the intervention policies. We let #}* € R be a random variable
that represents the participant’s estimate of their potential financial reward for
weight loss in week t that influences their decisions based on these beliefs.
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Using these variables, we model the participant’s in-week decision process for
week t of the intervention as the following utility maximization problem,

6 6

max E[ —apy Z Wi a + APV I{we g — Wi > 0 — Z(ft'd — fb,t)Z] (3.1a)
{er,alio i1 d=0

subject to: wy g1 = bwy g +cfia1 +k, de{0,---,5}, (3.1b)

fta=Cra+ &, defl,---,6}, (3.1¢)

Wea, fra,cea €EWxTF%,  delo,..,6). (3.1d)

The interpretation of this model is that the participant’s planned caloric intake at
each day d of week t is given by the argmax of the above optimization problem
where the objective given by (3.1a) represents the participant’s utility function and
(3.1b)-(3.1c) represent the dynamics of the participant’s weight and caloric intake
preferences. Note that (3.1a) contains three main components that impact the
participant’s decisions. The first term —a; ¢ 22:1 Wy q indicates that the participant
wants to reduce their future weight for each day of the week, and this is weighted
by their motivation for weight loss a; . The next term a, ¥}’ 1{w¢g — wye > 0}
indicates participants would like to reduce their weight over the course of the
week so that they can be eligible for the financial reward, and this is weighted by
ay¢ that expresses how motivated they are by financial rewards. The final term
— Zgzo(f‘c,d — fp,)? indicates that participants want to choose foods with calories
each day that are close to a certain caloric preference level fy ;. This last component
signifies that, without intervention, there exists some theoretical preferred amount
participants would desire to eat that is not so little that they would feel hungry
or so much that it would be physically impractical. Constraint (3.1b) represents
the dynamics of weight loss using the Mifflin St. Jeor equation (Mifflin et al. 1990)
where b, c are known constants and k is a constant computed from the participant’s
age, gender, and height. Constraint (3.1c) models that despite planning to consume
Ct,q participants may over or under eat since they cannot get an accurate estimate of
their calories. This uncertainty is captured by i.i.d. disturbance variables &, 4, that
we assume are bounded such that f; € F with probability of one and E& 4 = 0.
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Specifically we assume & 4 ~ U(—A, A), in other words that the deviation from the
calorie plan is uniformly distributed within A calories. While other distributions
could be used to model this uncertainty, we chose the uniform distribution for
computational reasons to enable us to estimate the unknown model parameters
using commercial mixed integer programming (MIP) solvers, this reformulation is

described in detail in Section 3.3.

Participant between-week model

Next, we describe the model for how participant behavior evolves from week to
week. While over the course of a single week participants do not respond directly to
the financial incentives (since they are awarded at the end of the week) this model
captures how weekly incentives change participant motivation over the course of
the intervention. Therefore, unlike the in-week model, all components of this model
describe the evolution of motivational states and not physical states or decisions.
Using the previous notation let a; ¢, a,+ describe the participant’s internal mo-
tivation for weight loss and external motivation for weight loss from financial
incentives on week t, and let fy, ; represent the participant’s preferred caloric intake
on week t. Let g be an indicator variable that equals 1 when the participant suc-
cessfully meets their calorie recording goal on week t. We model g; as a Bernoulli
random variable since different exogenous influences (such as participants not
having time during the week or getting distracted) can influence whether or not
they record calories (Raber et al. 2021). Let p, € P C (0, 1) represent the probability
a participant will meet their calorie recording goal on week t (thatis py = Egy).
We define the following set of dynamics that describes the transitions of moti-

vational states a; ¢, az+, pt, for, T1
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a1 =Yilae —aip) + app + ki {(wog —wg) > 0} +1{1{p —B >0}, te{0,---,23},

(3.2)

Azi11 = Y2(azt — Azp) + azp + kot I{(wo — wg) > 0}, te{0,---,23},
(3.3)

pt+1:Vp(pt_pb)+Pb+kp9t; t€{0//23}/
(3.4)

1 6
fb,t—l—l - Yffb,t + (1 - Yf); Z ft,d/ te {01 T /23}1
d=0

(3.5)

t aw 1 w .
— Y+ =T if wg—we <0
AW t+1't t+1't ’
g = t €{0,...,23}.
71V,  otherwise,

(3.6)

The interpretation of these dynamics is that all motivational states have some
baseline values that changed as participants interact with the intervention, but that,
as time progresses, the impact of the intervention decays exponentially and the
states tend to their baseline. Here, a; v, a, v, pt,p represent the baseline value of each
motivational state, which can be interpreted as the motivational states of the partici-
pant without any interaction with the behavioral intervention, and y1,v2, v, € (0,1)
are the decay rates at which the states return to baseline. ki, k; € X represent the
increase in motivational states when participants meet their weight loss goal and
receive financial incentive respectively, where X C R" is a closed interval. aj,41
increases by k; if the participant satisfies the weight loss requirements in previous
week. This models that participants will be more motivated internally to meet the
weight loss goal as they succeed initially in losing weight. Likewise a, 1 increases
by kqr}"” if the participant satisfies the weight loss requirements in week t and re-

ceives financial incentive 1}". This would indicate that if a constant positive reward
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is given to the participant their motivation from financial incentives will increase
rapidly. But in cases where 11" = 0 and the participant still manages to lose weight,
only a; will increase while a, will return to baseline. This interaction in the
dynamics ensures that, in order to impact long-term behavioral change and reduce
dependence on incentives, effective policies should at some points provide zero
reward even if a participant is likely to lose weight. This notion is well known in the
behavioral literature and can be thought of as encoding the principle of intermittent
reinforcement (Ferster and Skinner 1957). B € P can be interpreted as the baseline
probability of a participant satisfying the calorie recording requirements, and a1
only increases when p¢ > B, that is if the participant is motivated enough to record
their calories that this would also reflect on their motivation to lose weight. k,, can
be thought of as a parameter encoding the intrinsic motivation of the participant
from calorie recording since p¢,1 increases by k, if the participant satisfies the
calorie recording requirements in week t. Moreover r{ represents the amount of
financial incentive awarded for meeting the calorie recording goal, and its inclusion
in (3.2) signifies that if participants are rewarded for calorie recording this will
increase their motivation for weight loss in the coming week.

There are two exceptions to these dynamics descriptions. The first is (3.5),
which describes the long-term behavioral change of baseline caloric preference.
Essentially, this equations states that future caloric consumption preference can
be thought of as a geometric average of the previous caloric preference and the
average caloric consumption in the previous week. Thus as participants modify
their behavior and have lower weekly consumption this will result in a slow but long
term change in the baseline caloric consumption preference of the participant. The
second is (3.6), which indicates that participants estimate their expected reward as
an arithmetic average of past rewards received so long as they’ve met the weight
loss goal. In other words, if they did not meet the goal (and thus expected to
receive zero reward) this belief does not update; however, if they do meet the goal
but receive zero reward their reward belief decreases. This means that although
providing a reward of zero would be beneficial for long run behavioral change, it

could lead to a decrease in weight loss motivation in the short term presenting an
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important trade-off to the decision maker.

3.3 Estimation and Prediction of Unknown Parameters

While the model described in Section 3.2 is able to capture mathematically the
decision making process of participants and their interaction with the intervention,
in practice most of the parameters in this model are not known a priori to the
interventionist. In order to provide effective incentives to individuals so that they
can lose weight, the interventionists must be able to estimate these individual level
participant parameters using data collected through the intervention. This data
comes in two main forms, observations of whether or not participants managed to
meet their calorie recording goals on week t (g in the notation from Section 3.2)
and noisy observations of weight at each day of the intervention that we call Wy 4.
This estimation problem poses two main challenges, namely that the data is noisy,
and there could be a significant amount of missing data. This second challenge is
of particular interest to the Log2Lose case since in this intervention all weight is
self generated through participants using a cellular scale. Depending on various
factors (such as how busy their day was or if they are traveling) they may not weigh
themselves every day throughout the intervention.

To address these challenges, we use a joint parameter estimation approach that
formulates the estimation problem as a mixed integer program (MIP). Specifically,
we consider an approach similar to (Aswani et al. 2019) by using a joint maximum
likelihood estimation (MLE) approach. We assume that Wy 4 = wy 4 + €4, where
€y,q are i.i.d. noise terms such that Ee; ¢ = 0 and Ee, = 0. For our specific
formulation we assume that €, 4 ~ Laplace(0, o), but note that our analysis could
apply to all noise distributions that can be represented using a set of mixed integer
linear constraints such as piece-wise linear distributions or the shifted exponential

distribution.This is formalized by the following proposition.

Proposition 4. The MLE problem can be formulated as the following constrained opti-
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mization problem:

max > logP(Wyawia) + Y logP(gilps),
{wi,a,Pt.B,are, a2, o, fr,a.Ct,d, 1 MeeT deqo,..6) teT deD, teT
(3.7a)
subject to: (3.1b), (3.1¢c),(3.2) —(3.6), te€T,de{0,---,6},
(3.7b)
{Ct,d}%:() S e(al,t/ aZ,tIWt,O/ fb,t/ 1\‘?)/ te TI
(3.7¢)
wia €W, fra,ca€dF, teT,deA0,..6}
(3.7d)
Pe,.BeP a,apr €A, frr € F, 7 €eR, teT.
(3.7e)

Full details of the formulation can be found in the appendix. Here T is the index
set of all weeks in the study and D, is the set of days during week t € T that have
weight observations. Note that C(aj, az, Wi, for, 7{") is the argmax set of (3.1),
(i.e. is the set of decisions taken by the participant in the in-week maximization
model). (3.1b) and (3.1c) are first introduced in the formulation of the participant
in-week decision problem and they describe the daily transitions of variables like
weight (wy q) and caloric intake variables (fy 4, fv,t). (3.2)- (3.5) correspond to the
dynamics of states aj ¢, az¢, pt, and fy+ between consecutive weeks.

Note that this formulation is non-linear and cannot be readily implemented
using commercial solvers. This is due to non-linearity not only in the constraints
but also in the objective function. While by assumption log P(W;,q/w¢,q) can be
expressed using linear constraints for any t, d, this is clearly not the case for
log P(g¢lpt). Note that since g¢ ~ Bernoulli(p,) we can express the p.d.f. of g;
as P(g¢lpe) = pf*(1 — pi)' 9. So taking the log yields log P(g:lp:) = g: logp: +
(1 —g¢)log(1 —p), which is clearly non-linear and not readily expressible with

mixed integer linear constraints. One approach for resolving this challenge is to use
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a full descritization of the objective or use a piece-wise linear approximation of the
natural log function (Wolsey and Nemhauser 1999). However, such approximations
could be quite loose and have unfavorable statistical proprieties. Instead, we pro-
pose using a surrogate likelihood function (Bartlett et al. 2006, Nguyen et al. 2009,
Goh and Rudin 2018, Awasthi et al. 2022), that is a function that can be more easily
deployed in commercial solvers that will produce estimators with strong statistical
properties such as consistency. In particular, we choose absolute error as our surro-
gate for this component of the likelihood function that is log P(g¢[p+) =~ Ipt — gul -
We will refer to the new minimization problem that only differs from (3.7) with
the substitution of log P(g¢|p+) by the surrogate function as Hgyvg. Further we
will refer to a specific problem instance with observations {Wy 4, gt}te7,aec», and
administered incentives {r}", r{ }tcg as Homee({(Wi a, 9t, TV, T HeT dem, )-

While using the surrogate function allows us to linearize the objective there are
still two key formulation challenges in the constraints that need to be addressed so
that Hgwvi g can be solved with commercial optimization software. First, Hgvig is a
bi-level optimization problem (Colson et al. 2007, Keshavarz et al. 2011, Bertsimas
et al. 2015, Aswani et al. 2018), that is one of its constraints requires that variables
be in the argmax set of a different optimization problem (usually referred to as the
lower level problem). In this case, this lower level problem is a sequential decision
making problem which means we will need to characterize the argmax set of an
optimal policy. Second, we have nonlinear dynamics with bi-linear terms that need

to be reformulated into a proper linearized form.

Characterizing participant decisions from the in-week model

To reformulate the bi-linear constraints, we will take a direct approach by showing
that C(ay,¢, aze, Wip, fo,e, T') can be characterized using a set of linear equations.
To do this we will obtain a closed form solution of c 4 from the in-week decision
model using dynamic programming. This solution is expressed in the following
proposition.
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Proposition 5. The optimal solution {c} ;};_, of the in-week decision problem is c}; =

6—j i AW 1, 6—]
fop — 18T @nTEebT] g g1l 5 € {0, ...6),

The complete proof can be found in Appendix B.1 here we provide a sketch.
First, notice that once we take the expected value of (3.1a), then (3.1) consists of
a quadratic objective function and a set of linear constraints, meaning that this
problem should have a similar optimal policy structure to a linear quadratic reg-
ulator (LQR) (Bertsekas 2012). This implies the value function is quadratic, and
there exists a unique optimal solution for c 4 that can be found using backward
induction, and that this solution should be a linear function of the system states.
Intuitively, this optimal solution of c{ 4 matches our expectations of how financial
incentives and internal motivations impact participant weight loss. To interpret

these, we can consider the solution in two parts: the internal motivation component

6— 1. R s
ajec) )bt a#cb®I
2

o, — A
vation component implies caloric intake will decrease if the internal motivation a; ¢

and external motivation component — . The internal moti-
increases, but will otherwise be close to the participant’s preferred baseline if their
internal motivation is low. The external motivation component shows that, so long
as participants motivation from external compensation a,; increases, so will their
motivation for weight loss. Furthermore, as their expectation for future monetary
incentives for weight loss increases, so too will they prefer to decrease their calories
since they expect to receive a higher payoff. Interestingly, this component also
shows that if participants have more uncertainty about their caloric consumption,
that is A increases, the effects of the financial incentives decrease. This makes
intuitive sense since the more uncertainty there is in true caloric consumption, the
less control participants will be able to exert on their own behavior and so receiving

the reward at the end of the week becomes less certain and less motivating.

Reformulation of bi-linear constraints

Next, we reformulate the bi-linear terms in (3.2)-(3.4) using a set of mixed integer
linear constraints and variables. First, we define two sets of binary variables 1; ¢, 1o+

and three sets of continuous variables z1, 25, z3+. Let 11+ € B be equal to 1 if the
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participant loses weight in week t, and let |, 1 € B be equal to 1 if the probability of
the participant satisfying calorie recording requirements is greater than B. Let z; 1
be equal to r{1{py — B > 0}, 2o+ be equal to k,1{(wgq —wg) > 0, and z3 be equal to
k1 L{{(wo —wye) > 0} . Using these quantities we will first consider the dynamics
of a; from (3.2).

Proposition 6. (3.2) can be expressed with the following set of integer variables and

constraints:
Wio— W < My(1—1y,¢), te{0,---,23}, (3.8)
Pt — B < Myilyy, te{0,---,23}, (3.9)
211 < Mala, te{0,---,23}, (3.10)
Z10 ST, te{0,---,23}, (3.11)
210 2 10 — Mz (1 —Toy), te{0,---,23}, (3.12)
z31 < Myslyg, te{0,---,23}, (3.13)
231 < Ky, te{0,---,23}, (3.14)
231 = ki — Mz3(1— 1), te{0,---,23}, (3.15)
Z14, 231 2 0, te{0,---,23}, (3.16)
ari11 = Yi(aye — ap) + a1 + 21,0 + 234, te{0,---,23} (3.17)

This reformulation can be done using big-M techniques for products of binary
and continuous variables, as well as disjunctive constraints(Wolsey and Nemhauser
1999), the full details can be found in the appendix. Next we show that a similar
approach can be used to reformulate the constraints that govern the dynamics of

as .

Proposition 7. (3.3) can be expressed with the following set of integer variables and
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constraints:
Wi —Wie < Myt(1—134), te{0,---,23}, (3.18)
2ot < Maali, te{0,---,23}, (3.19)
Z0 < ko, te{o,---,23}, (3.20)
2o > K2 — Mup(1—Li4), te{0,---,23), (3.21)
2,0 >0, te{o,---,23), (3.22)
A1 = Ya(Qze — Aop) + Aop + 1204, te{0,---,23} (3.23)

The full MILP model that incorporates these constraints and the proper surro-
gate objective function can be found in the appendix.

Prediction and statistical consistency of surrogate likelihood

estimation

While the surrogate likelihood estimation model can be thought of as descriptive,
in practice clinicians are interested in predicting future participant behavior. Since
we have a well defined likelihood model, we can use a Bayesian framework, similar
to the one proposed in (Aswani et al. 2019), in order to predict future participant
behavior using this model.
To simplify the notation for this conversion, let 0; = {a1+, azt, P+, B, fv,¢, 71", k1, K2, kp }

be a shorthand for the full motivational state of the participant at week t, and let
© = A%? x P* x F x R such that 8; € ©. To convert the surrogate estimation
problem into a Bayesian prediction problem we need to consider the posterior
probability over the model parameters given observations {Wy 4, gi}teT,ae(o,..6),

.....

can write the posterior distribution in terms of the joint likelihood as follows:
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(3.24)

Here, Z is a normalization constant that ensures the posterior is a valid probabil-
that reflects the clinician’s initial beliefs over the values of {0, Wy, 4, Ct,a}teT,ae0,...6)-
Note that from the structure of the model, the participant’s physical and behavioral
state trajectory can be fully determined if the decision maker has knowledge of the
initial values of the physical and motivational states (or equivalently their current
value). Thus instead of considering joint posterior and prior distributions over all
possible trajectories, we will focus our formulation on distributions for the initial
participant physical and motivational states {6y, wo}. Note we do not need an
explicit posterior or prior on {cg 4} _, since by Proposition 5 these values are fully
determined by {6y, wg}. However, to obtain the posterior probability for some
value of {8y, Wy} would still require us to integrate the joint posterior distribution
over all possible trajectories with those initial conditions that could result in the
do. Instead, we will consider an approach similar to (Aswani et al. 2019) and use
profile likelihood estimation to estimate the posterior distribution. For our analysis
we make the following assumption on the prior distribution of {6y, wgo}: For all
woo € W, 00 € O, P(wgy,0p) > 0. Moreover, log P(w, 6y) can be expressed as a
set of mixed integer linear constraints and objective terms. The first part of the
assumption is key for consistency and ensures that we consider every possible value
of wyy, By in our estimation. The second part is a relatively mild assumption that
will allow us to pose the problem of obtaining our predictive estimates as a MILP.
It is also satisfied by a variety of distributions such as the Laplace distribution and

piece-wise linear distributions (such as those derived from histograms of previous
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data), of note it is also satisfied by the uniform distribution. With this in mind,

consider the following optimization problem:

n (WO,OI é0/ {Tr)l T'E[: }tE‘J') -

min Z —log P(Wry,alwy,a) + Z lge — ptl —log P(wyy, B0,) +log Z,
{w,a,01,¢t,a}teT,defo,..61 teT deD, teT
(3.25a)
subject to: (3.1b), (3.1c), (3.2) —(3.6), teT,de{0,---,6},
(3.25b)
{calso € Clayy, ap, wep, fo, 7)), teT, (3.25¢)
Wo,0 = Woy, 800 = 0o, (3.25d)
Wwiqa €W, fra,cra€d, teT,de{0,..,6} (3.25e)

Pt,BeP aj, a0t €A for € F 7 €R, teT. (3.25f)

Note that (3.25) is essentially the same formulation as Hgmig with the addition
of the log prior and normalization terms to the objective and Constraint (3.25d)
that sets the initial conditions. Problem (3.25) is in fact a feasibility problem, that
when solved evaluates a functionn : W x © x R¥7! — R, which is very similar to
the log posterior distribution, but uses the surrogate likelihood instead of the true
joint likelihood. By removing (3.25d) and the term log Z from the objective, we can
transform (3.25) into a problem that calculates the surrogate maximum a posteriori
estimate (MAP) for wy, 6y, we will call these estimates W', BMAP. One challenge
with (3.25) is that the value of Z is not generally known and must be estimated by
solving (3.25) at several initial conditions and then using numerical integration.
Alternatively, we can estimate a surrogate posterior using the MAP estimates at a

particular value of Wy, 0, as follows:

eXP(_T](V_VO,O, éOI{T?/TE}tET)) (3 26)

exp (—ﬂ (Wl(\)/,[(l)AP/ egAAP/ {T}LN/ rf}teir) )

Using this posterior distribution we can characterize the uncertainty around the
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initial conditions and form predictions and scenarios for future participant behavior.

Consistency proof

We now proceed to prove that the estimates computed by Hsyi g and the predictive
model are statistically consistent, that is, as more data is collected from the partici-
pant these estimates become closer to their ground truth value (or a value that is
closest to the true distribution given the model definition). This condition is key
for ensuring that any adaptive framework that is using a stream of participant data
can provide effective incentives that are properly personalized to each participant.
Moreover, this is a necessary condition to ensure such an adaptive policy is asymp-
totically optimal. In general, proving surrogate likelihood functions yield consistent
estimates requires that the estimation problem have Lipschitz continuous objective
function and constraints (and by extension a Lipschitz continuous value function)
that allows using known asymptotic and finite time bounds (Bartlett et al. 2006,
Nguyen et al. 2009). Since our estimation problem is a MILP, we do not necessarily
satisfy this continuity condition. On the other hand, analysis of consistency of MILP
based parameter estimates relies on an exact optimal solution of the optimization
problem with respect to the true joint likelihood function of the problem (Mintz
et al. 2017). Clearly, in the case of surrogate likelihood estimation this condition
is not satisfied and so a different analysis is required. Our approach will extend
the results for consistency of MILP estimates to the case of surrogate estimation,
when the surrogate loss is within a multiplicative constant of the true likelihood.
While we focus our analysis on the participant model in the context of weight loss
interventions, the technique presented here can be generalized to any surrogate
estimation using MIPs with a bounded likelihood function.

Let {Wo, B} € Hovmie ({(We,a, 9, T3, T hteT aen, ) be the estimates calculated in
the surrogate likelihood estimation problem, and let wg,, 6 be the true value of
these parameters for a particular participant. To show that Wy, 8 > W0, 05
we will first show that the surrogate posterior probability function defined in

(3.26) is consistent in the Bayesian sense, which would then imply that Wi, O)1AP
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are consistent estimators for any prior distribution that satisfies Assumption 3.3.
Because the uniform distribution satisfies this assumption, and because under
a uniform prior Wi\, OMAP — Wy, 8, this would mean that the Hgyy g estimates
are also consistent. To formally conduct our analysis we will need the following

definition for Bayesian consistency of a posterior distribution:

Definition 3.1. For all (wg,,05) € W x © and constants v,5 > 0, we say the estimate of

,,,,,

.....

the probability law where (W, 05) are the true initial conditions of the system, and where
S(8) :={(woo, 00) & B((wp,05),08)}, where B((wg,, 05),8) is an open ball with radius
& centered around (wg, 05).

The implication of Definition 3.1 is that if our posterior estimate is consistent,
then as more data is collected it turns into a degenerate distribution at the true
parameter values. While this is a stronger condition then parameter consistency
we will show our estimate possesses this property and that this implies the point
estimates are consistent as well. To proceed with the analysis we make the following
technical assumption.

There exists € > 0 such that the set P := [¢,1 — €]. In other words, forall t € T,
e<pt<l—e

This assumption ensures that P is a compact set making it easily deployable
with commercial optimization solvers. It also ensures that the value of p; and
by extension P(g:|p:) is bounded, which will be key in showing that surrogate
posterior estimates are consistent. In practice this is a reasonable assumption since
it guarantees that on any week in the trial a participant will have some positive
probability of successfully completing their calorie recording goal or failing it. This
is reflected in real-world interventions where no participant truly has an almost
sure probability of failing to record or recording their calories. We will also require
the following assumption on the history of the observations.

Let (wg, 65) be the true initial conditions, the incentives {r}", r{}c are such that
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for any & > 0,

max lim Y —log a0t PlWea[We.a) +Z—1 Plodpd) __ o (327)

S(8) ITlmo0 e P(Wyalwea) & P(glp:)

where W, 4, P are the states and decisions under initial conditions (wg, po) € S(d),
and wy q,p: are the states and decisions under true initial conditions (wyg,, pg).
This assumption is known as a sufficient excitation condition and is a common
assumption in the literature (Craig et al. 1987, Astrém and Wittenmark 2013).
Essentially, this assumption states that there is sufficient variance from the incentives
administered so that it is possible for the clinician to identify the true states of the
participants. In practice this assumption can be satisfied if there is sufficient process
noise or by adding random perturbations to the incentives administered. Using this
assumption, we can now proceed to prove the consistency of the posterior estimate.

First, we prove a proposition on the structure of the surrogate likelihood function.
Proposition 8. Given Assumptions 3.3— 3.3, |g« — p+| can be bounded as:

—log(1l—e€)

—log(e
9 — il <~ log(Blglpe)) < B g, —pl (328)

1 —

The complete proof can be found in the appendix, and here we present a brief
sketch. Using Assumption 3.3, we consider two cases (one when g, = 0 and one
when g = 1) and use a calculus argument to show that the desired bounds hold.
From (3.28), we see that so long as p is bounded then log(P(g¢[p+)) = O(Igc — p+l),
this will be key in showing convergence since it implies these expressions have
similar asymptotic behavior. We note that the keys to this proposition are that the
probability measure is log concave and bounded. Without these conditions, there
could be edge-case observations that would make it difficult to distinguish between
underlying values of p¢. With this structure we can now prove the main result on

the posterior estimate.

Proposition 9. Given Assumptions 3.3— 3.3, the surrogate posterior estimate

P(wo,0, 00l{Wi,a, ge, ¢, TS eeT aeo,...6)) 1S consistent.
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The complete proof of this proposition can be found in the appendix here we
present a sketch. The main arguments are first to use Proposition 8 to create a point-
wise upper bound for the surrogate posterior function in terms of the true posterior
function specified by the model. Then by Assumption 3.3 we show that this bound
implies that for any initial conditions (wgg, 09) # (W, 0;) the posterior assigns
zero probability in the limit. To complete the proof we use a volume bound to show
that this condition holds uniformly over W x ©. This proposition shows that our
posterior estimates satisfy Definition 3.1, and implies the following corrollary.

Corollary 3.2. Given Assumptions 3.3 3.3, (WY4'Y, 64P) B (wp , 07).

The complete proof of the corollary can be found in the appendix. Note that
since Corollary 3.2 holds for surrogate maximum a posteriori estimates calculated
with any prior distribution that satisfies Assumption 3.3, including the uniform
distribution. However, if we use the uniform prior, then our predictive problem is
exactly Hsyi g meaning that the estimators calculated from this problem are also
consistent.

3.4 Financial Incentive Optimization

In this section, we show how the model and prediction techniques from Section 3.3
can be used to optimize personalized financial incentives for a cohort of participants
in a weight loss trial. Recall that the goal of the interventionist is to administer
financial incentives to each participant to maximize the number of participants that
achieve clinically significant weight loss by the end of the trial while remaining
within the intervention budget. Furthermore the incentive administered should
seem random to the participant. To formally define our problem, let U be the set of
participants. For this section, we will augment the notation from Sections 3.3 and
3.2 by including an additional index of u € U to indicate parameters specific to a
trial participant u. So, for instance, the weight and motivational states of participant
u at week t and day d will be given by wy, ¢4, 01,,¢ respectively. Let L : W — Rbe a

loss function that captures if a participant is unable to lose a clinically significant
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amount of weight. We leave this loss function in a general form since there are
several ways of designing this incentive optimization problem depending on the
interventionist’s secondary outcomes, we present some illustrative examples of loss
functions in Section 3.5. In week t, the clinician calculates a distribution 7, + € Ax2
for each participant u € U, where Ag: is the set of distribution with support over R?,
and administers incentive {1}/, 17, ;} ~ 7ty «. Let G be the total intervention budget,
that is, the clinician requires that with probability one 3 | . o TV + 15 < G.
The ultimate goal of the clinician is to find a sequence of distributions for all
participants {7, }ucu,teg such that E ) | o\, L(Wy246({70 t}teg)) is minimized and
the budget constraint is not violated, where the expectation is taken over not only
the uncertainty in the participant parameter values but also over the stochasticity
of the incentive distribution.

As stated in this general form, this problem is challenging to solve due to the
presence of a hard constraint, partially observed parameters, and randomized pol-
icy. Moreover, using standard techniques such as scenario generation (Kaut and
Stein 2003) may not be tractable since different scenarios need to be created not
only for each potential value of the unobserved states but also for each realization
of the reward distribution and each participant. Instead we will consider a different
approach that leverages the statistical properties of our posterior estimates from
Section 3.3 and certainty equivalence to approximate a solution to the intervention-
ist’s problem. Specifically, we propose an adaptive approximation approach, where
at each time t the interventionist will estimate the unknown participant parameters
using Hsyi e for each participant and then calculate an incentive design based on
these estimates. For our approximation approach, we restrict our policies to be
only the set of deterministic policies over R, equivalently distribution 7, + where
for each u € U they assign a probability mass of 1 to a single element of R. This
restriction will simplify our formulation since we will not need to consider different
realizations of the incentive distribution and can concentrate our efforts on the
uncertainty in the unobserved participant parameters. Moreover, it will ensure that
we can easily meet the budget constraint with probability one. In practice, financial

incentives are rarely truly random in weight loss interventions but are in fact pre-
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determined by interventionists to be perceived as random by participants (Leahey
et al. 2015, Almeida et al. 2015). Since our adaptive approximation approach will
be recomputing incentives at each time period, despite using a deterministic policy,
since these rewards will be frequently changing, they should still be perceived as
random by study participants making this approach suitable for our setting. In
the remainder of this section, we will first present the details of our approximation
algorithm and then provide guarantees that our method is asymptotically optimal
over the class of deterministic policies. This guarantee ensures that under proper
technical conditions the policy calculated by our method will converge to the best
deterministic policy as more data is collected form the participants over the course

of the intervention.

Approximation algorithm for personalized incentive design

To form our adaptive approach, we will consider a framework where interventionists
minimize their loss with respect to their posterior information at each time step.
To formalize this, suppose that it is currently the start of week T (where1 < T <
24) of the intervention, then let I = {Wy, 4, Gu,t, Tt/ To tue U, tefo,.., T),dep, - Our

approach will solve the following deterministic policy problem formulation.

min  {E[Y  L(wupe)lFrl: Y +715, <GL (3.29)

w c 24 2
rioriizre® 20 uel,teT

i’/ u,i

From the modeling assumptions in Section 3.3 we note that knowledge of
(W00, Ow0) for each participant are sufficient to determine the trajectory of all other
parameters for participant u given a sequence of incentives. Thus by the smoothing
theorem (Bickel and Doksum 2015), there exists some function ¢ : W x @ x R — R
such that (3.29) can be reformulated as:

min ~ {E[)  $d(Wuoo Ouo, Mo T8 Jren)|Frl s ) 1 415, < G

w_c 124 fRZ
ol dizre uelu ueu,teT

w,i/ u,i

(3.30)
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In general the closed form of ¢ is difficult to obtain since it relies on the com-
position of the loss function and model dynamics; however, this reformulation
illustrates that in order to approximate the expectation in the objective we would
only need to consider an estimate of the posterior distribution for (wy, g, 61.0), such
as the posterior estimate in (3.26). Thus one approach for solving (3.30) is using
scenario generation and discretizing W x © into a grid of m scenarios. This would

result in the following optimization problem:

min Y bW, 050 (T T8 her) BOWE 4, 05 0lFT),  (331a)
M mier yeuk=(0,..,m
subject to: Z Tot TTue <G, (3.31b)
uelu,teT
rmtlri,t € R (3.31c)

Solving this optimization problem is challenging first because the set © is high
dimensional meaning that a large number of grid points may need to be selected in
order to obtain a sufficiently close approximation to the distribution. Furthermore,
recall that to compute I@’(wﬁl(w, GE/OI{Wu,t,d, Gu,ts Tt TitfteT,defo,..6)) Tequires solv-
ing a MIP for each k € {0,..m}. Thus to form the objective would require solving
|U|m MIPs, which can be computationally expensive and would be challenging
to scale to large weight loss interventions. Instead of using a full posterior ap-
proach, we instead propose to use the either the surrogate MAP or MLE estimates
of Wy 0,0, 0,0 with data up to time T, that we will denote as WI.,O,O/ élTL,o/ as single

point estimates and optimizing future incentives with respect to these estimates.



We formalize this problem as follows:

Y1 (Wi 00, 080 (Fre T8 Hoohuet) =min Y £(Wyou6),

uelu

subject to: Z Z Tt T Tue <G,

uel tew
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(3.32a)

(3.32b)

Constraints (3.7b)-(3.7c), Yu e U,Vt €{0,..

(3.32¢)
W00 =W 00,07y =040, Vuel, (3.32d)

10,07 Yu,
rfl,t = ffm vue U, vt ={0,.., T},
(3.32€)

Wyutad € W, 0, €0, Vuel,tel{0,.. 24}
(3.32f)

w ,T.W

Tu,t = u,ts

Here the values 1Y},, 7¢ , are the previously administered financial rewards from

the beginning of the intervention up to the current time period T. Therefore

should be interpreted as the minimum possible value of the loss function if the

true initial conditions of each participant u are the estimates {W/ ,,, él,o} and the

rewards that they have received up to the current time period are fixed to their

historical values.

Algorithm 2 Design of Incentives Algorithm (DIA)

Require: (W t,a, 9w t, Tyt Ti i JteT,den,, forallu € U,

Compute ({(W, 50,00 ohueu) € Home (W, t,a, Guts T TS JteT deDy, )
Compute {12V ,, ¢ Jeerr,.2apueu € (WT{W! o0, 08 0 Tl TS Hohuew) e, v

Apply iV, 75 r back tou € U.

24

Using this formulation we define our adaptive incentive calculation approach
that we call the Design of Incentives Algorithm (DIA). The pseudocode of DIA is
presented in Algorithm 2, and consists of three main steps. First, all data up to the

current time step T is used to estimate model parameter for each participant using
the SMLE model (Hgmie) established in Section 3.3. Then, using the parameter

, 24},

u,t t:T)}/
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estimates of all participants and previously dispensed incentives as inputs, we solve
(3.32) to compute a sequence of incentives from period T to 24. We then apply the
incentive values for period T, {r}/¢, 7{ 1} to each participant u € U and collect new
observations. These three steps are repeated for each week until we reach the end
of the intervention. As new data is collected the parameter estimators are updated

and new incentives are computed.

Asymptotic optimality

Here we show that the incentives output by DIA are asymptotically optimal with
respect to the class of deterministic policies. This property ensures that as more
data is collected from each participant over the course of the intervention, DIA
produces incentives that approach the optimal incentives with respect to a full
information problem, with policies restricted to the set of deterministic policies.
In this section, we present sketches of proofs of each proposition and the detailed
proofs can be found in the appendix.

Our proof approach will be similar to that proposed by (Mintz et al. 2017)
with modification to our setting. In general, asymptotic optimality is not trivial to
guarantee since it requires that the optima of an approximation problem converge
in probability to the optima of the goal problem being approximated. Point-wise
convergence of the value functions is usually insufficient to prove this property, and
often it requires uniform convergence of the value function of the approximation
problems to the objective of the goal problem. However, since our approxima-
tions are based on MIP formulations proving uniform convergence maybe difficult
to guarantee. Thus, we will use a weaker condition known as epi-convergence
(Lachout et al. 2005) that is sufficient to prove this result. This condition ensures
that the epigraph of the value functions of the approximation problems converges
stochastically to the epigraph of the target problem, and thus ensures convergence
of the lower-level sets and minima.

For our analysis we will need to define the following value function:
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Y ({Wi0,0, 00, Tl To it hueu) =min Z L(Wuoae), (3.33a)
uelu
subject to: Z Z Tt tTut < G, (3.33b)
uel tew
Constraints (3.7b)-(3.7c), Yu e U,Vt €{0,..., 24},
(3.33¢)

Wi 00 = Wa00, 010 = 0upo, Yuel, (3.33d)

o= EY LTS =T, Yue U, Ve =10,..,24)},

u,t w,ts 'u, u,ts
(3.33e)
Wuta € W, 0,1 €0, vVuel,tel0,.. 24}
(3.33f)

Note that \ ({Wy,00, 010, {Flty, 75 12 o fueu) is the value function of a problem quite
similar to (3.32). However, unlike (3.32), (3.33) is a feasibility problem where
the incentive sequence is predefined for the entirety of the intervention and not
only up to time T. Thus P ({Wu,00, 010, T2, 7 S22 o hueu) can be interpreted as the
minimum loss that would be expected by offering the predetermined sequence
(T, 75 )it to each participant if their individual parameter values where truly
equal to {W, 0, 0.0}

To begin our analysis, we will show that {({W., g, 0.0, (T o T8 i ghueu) has
structural properties that insure that given our estimation is consistent will result

in asymptotically optimal incentives.

Proposition 10. If Assumptions 3.3-3.3 hold, then the value function \({w.,0,0, Ow,0, {17, Tﬁ,t}zion}ueu)
is lower semi-continuous in each argument {wy, oo}ueu, {0w0tueu, and

{res Tﬁ,t}jvg%ﬂ}ueu-

To prove this proposition we first show the problem can be reformulated as
a parametric MILP with each of the parameter arguments as affine terms in the
constraints, and then apply the results from (Hassanzadeh and Ralphs 2014). This
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proposition ensures that the value function V({w. 0,0, 01,0, {T})¢, rfl,t}tT;rg‘}ueu) has
a closed epigraph and closed lower level sets, a key property for showing the
convergence of minima.

For the remainder of the analysis, let w} ,,, 07, , be the true initial parameter
values for each participant u € U and as before let {W] EA)IL,O} be the estimates
provided by Hgy g estimates of these parameters at time T. Using the structure from
Proposition 10 we analyze the manner by which {({W/ ,,, él,m T LT St ohueu)
converges to P ({W} o, 05 o (Tl 1, T4 fimohueu ). In particular we show the following
convergence property.

Proposition 11. If Assumptions 3.3-3.3 hold, then \ (W, o, 01 o (T, 7 12 hueu) 1;120)1)

VWi 00 050 (Tl e TS St o hueu ), which means the function \p({W o, 08 o, (Tl o, TS Simoueu)
is a lower semi-continuous approximation to the function \p({w?, oo, 0% o, {F1v 1, 78 Jimohueu)

(Lachout et al. 2005).

To prove this proposition we apply Proposition 9 and Proposition 10 in conjunc-
tion with results from (Lachout et al. 2005). This property ensures that any lower
level set centered around some incentive sequence {{T\} , T, 24 hueu for the value
function evaluated at the estimates, will converge in probability to the lower level
set of the corresponding problem with the initial parameters equal to their true
values. Note that this is a stronger structural property then simple point-wise con-
vergence since this condition must hold for any lower level set of 1 on the incentive
space R¥UI. This property also essentially ensures that the value functions of the
sequence of approximation problems that use the Hgy g estimates will converge to
the epigraphs of the value function of the problem with the true parameter values.
This property leads us to the final result that shows the solution provided by DIA
is asymptotically optimal for the participant’s true initial conditions.

Theorem 3.3. Denote the set of optimal deterministic financial incentives under the true
initial conditions {(wW} o, 07 ) tuecu as

R* ({ (WZ,O,OI e;o ) }ueu ) = {11) ({Wi,o,or 9;,0’ {T—‘nv’t’ T”ﬁ,t}%io}ueu ) Hﬁ{:t/ ?fx,t }%4:0}11611}}-
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If Assumptions 3.3-3.3 hold and dist(x,Y) = infycv [[x —yl|, then

diSt<{T“LNL,'PIA/ T'E[I?-IA}ueu; R* ({(Wi,o,oz ez,o)}ueu)}) 50 (3.34)

for any {rP, v$ MY ey returned by Algorithm DIA as T — oo.

We prove the final results by combining the results of Proposition 9, 10, and
11. This result implies that as additional data is collected by the clinician on the
participants, the recommended incentives calculated by DIA will approach the
optimal deterministic incentives that should be allocated to each participant. The
two keys to this result are that estimates computed from Hgyr are consistent
and that our problem structure results in lower semi-continuous value functions.
Note that while this result shows asymptotic optimality with respect to the class of
deterministic policies, it does not provide guarantees on how DIA would fair against
the best stochastic policies, an analysis that is more complex to conduct analytically.
In Section 3.5, we provide an empirical examination of several stochastic policies

and compare their performance to DIA.

3.5 Numerical Studies

We conducted three sets of numerical studies using data from the Log2Lose trial
(Voils et al. 2018). The first study analyzed the performance of our methodology
for capturing a participant’s true weight trajectory. For this study we fit the SMLE
model to the weight records of participants with different weight trajectories for the
entire 24 weeks of the trial and show how well our predicted trajectory fits this data.
The second study examined the accuracy of our predictive method in predicting a
participant’s weight trajectory using weight and incentive data from a short time
span. We compared the predictive performance of our behavioral model against
three machine learning methods (logistic regression, linear support vector machine
(S§VM), and random forest).The third study examine how our DIA method performs
in designing financial incentives to maximize clinical weight loss successes. For this

study we compare the efficacy of different financial incentive policies (deterministic,
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randomized, one-size-fits-all in Log2Lose) under different budget options using
DIA in terms of number of participants able to achieve clinically significant weight
loss and percentage of weight lost by the five participants who lost the least weight.

Our results show our approach is well-suited for capturing different weight
trajectories and predicting the future trajectory. In terms of the financial incentives
design, our results show that the deterministic and randomized policies, where the
incentives are generated by DIA, are more effective for encouraging weight loss
than the one-size-fits-all policy implemented in the original Log2Lose study. In
addition, the results show the randomized policy is potentially better suited for
weight loss intervention than the deterministic policy. We ran all the experiments
in Python (Van Rossum and Drake 2009) and compute the optimization problems
using Gurobi v9.1.1 (Gurobi Optimization, LLC 2022).

Describing different weight loss trajectories

In this study, we examine how well a behavioral model trained with Hgy g is able
to capture different weight loss trajectories using the entire 24 weeks of data from
the Log2Lose trial. We found the weight loss trajectories fit three common patterns:
1) participants who lose weight initially but then later become resistant to the
intervention, 2) participants who lose weight consistently over the course of the
intervention, and 3) participants who are resistant to the intervention and do not
lose much weight. We name these groups initial achievers, constant achievers, and
intervention-resistant, respectively. and note that out of 67 participants they make
up 10%, 73%, and 5% of study participants, respectively. The remaining 12% of
study participants had too few weight and calorie records for this analysis and were
thus excluded.

The results in Figure 3.1 show that using our behavioral model, the estimated
trajectory is a good fit to the observed trajectory regardless of the missing weight
records or weight loss pattern. Figure 3.1a shows how our model fits an early
achiever, Figure 3.1b shows the fit to a constant achiever, and Figure 3.1c shows the
fit to a trajectory of an intervention resistant participant. Figure 3.1d shows the pre-
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Figure 3.1: 4 examples of comparisons of true weight trajectory (orange) and the estimated fitting weight
trajectory (blue) for week 0-24.

dicted weight trajectory remains accurate even when a participant’s weight records
have multiple missing consecutive measurements and anomalous measurements.
These anomalous weight measurements could be caused by another household
member of the study participant (or a pet) stepping onto the cellular scale. This
result indicates that our proposed method is insensitive to these measures and can
extract the underlying weight loss trajectory of the study participant.

Comparison of predictive performance

In this numerical study, we examined the performance of our behavioral model
to predict whether or not a participant achieves clinically significant weight loss,
defined as at least 5% weight loss, at the end the study (week 24). We compare
our model against three common machine learning methods: linear SVM, logistic
regression, and random forest (Breiman 2001a, Hastie et al. 2009). For this pre-
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diction task we generated the labels by selecting either the weight at the end of
the program or the last available weight record of week 24 (if the final weight is
missing) as the true final weight of the participant and setting it to 1 if the final
weight was no more than 95% of the initial weight and zero otherwise. For this
study we included data from a total of 67 study participants who had at least 1
weight record in week 24.

Since our behavioral model performs a regression task, we used our posterior
estimate from Section 3.3 to compute the probability the final weight would be
below the clinically significant level using numerical integration (in a manner
similar to (Aswani et al. 2019)). Then we varied a prediction threshold such that
if this probability was larger than threshold our model would predict a label of 1.
Our behavioral model only used daily weight and calorie measures and weekly
incentive amounts as data for prediction.

All three machine learning methods were implemented using scikit-learn (Pe-
dregosa et al. 2011a). For these models we used age, gender, height, body mass
index, weekly average weight, two types of financial incentives, and weekly average
caloric intake as training features. Since our data contained missing daily records,
we could not directly use the data records. As an alternative option, we used weekly
averages of caloric intake and weight since most weeks contained at least some
measures of these features. We evaluated the predictive performance of these
methods using five-fold cross validation, where in each fold 80% of the participants
were used as a training set and 20% were used for validation. Within each fold we
used another round of five-fold cross validation to optimize the hyperparameters
of each of these ML methods.

To see how well each model is capable of using limited data and avoid over fitting
we fit each model with feature sets that captured the first 4, 8, 12, 16, and 20 weeks.
Note that, for each setting the models were tasked with predicting weight loss by
week 24, meaning models trained on 4 weeks of data were predicting a measure 20
weeks in the future, models with 8 weeks of training data were predicting weight
loss 16 weeks in the future, and so forth. We computed the false and true positive
rates of each model and plotted them as ROC curves to analyze their predictive
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performance. Figure 3.2 show the raw ROC curves for each time span. The figure
shows that the performance of logistic regression and linear SVM does not improve
as data from additional weeks is incorporated. Using random forest, we observe
moderate improvement until the number of training weeks reaches 20. In contrast,
our behavioral model improves consistently in its predictive capability as additional
data is incorporated from the study participants. This suggests our proposed
method is better suited for weight loss prediction even in the early weeks of a
weight loss intervention. Our results also validate the consistency of the parameter
estimates computed using Hsyie. The results show our proposed behavioral model
performs significantly better than the ML methods for longer training weeks and
outperforms the ML methods for shorter training weeks with low false positive rate
(FPR < 0.4). For instance, using the first 16 weeks of data as the training set, with a
false positive rate at 0.43, the highest true positive rate achieved by the machine
learning methods is 0.74 (random forest) while the true positive rate of our model
is 0.92. We also note that with 20 weeks of data, the only competitive method to our
behavioral model is the random forest predictor; however, the highest true positive
it can achieve is 0.74 with a false positive between 0.21 and 0.78, and it is never able
to achieve the 0.92 true positive rate which our model is able to achieve with a false
positive of 0.17. This indicates that the random forest model is likely over fitting to
data and may not be appropriate for incentive optimization in this setting, while
our method is capable of leveraging the participant data effectively for prediction
and optimization.

Simulation study of optimal incentive design

In the third study, we examine how well our adaptive methods perform in a simu-
lated weight loss trial, and how deterministic policies compare to stochastic ones.
We examine seven different incentive policies and examine their performance in
terms of the number of participants able to achieve clinically significant weight loss,
and the amount of weigh lost by the five participants who lost the least amount
of weight. The policies we examined included six optimization based incentive
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Figure 3.2: Raw ROC curves for various number of training weeks: (top: 4 weeks(left), 8 weeks(right); below:
16 weeks (left), 20 weeks(right).

policies that varied in whether they considered stochastic or deterministic incen-
tives and what loss function they were optimizing. We also evaluated the incentive
schedule implemented by the study investigators of Log2Lose. The determinis-
tic optimization policies where based off of our proposed DIA method using a
parameter estimate computed with Hgyig, and distributed exactly the incentive
amount computed by this method to each participant. To test stochastic policies that
are still able to satisfy the budget constraint with probability one, we considered
policies that at each week T would either provide a participant with their incentive
amount as computed by DIA for some loss function or zero incentive with some
non-zero probability q € {0.25,0.75}. For these optimization policies we considered
two different loss functions: the indicator loss (min } o {wy 236 < 0.95Wy,0})
and the hinge loss (min ), . ((Wy236 —0.95W,,00)"). The indicator loss minimizes
the number of participants who lose less than 5% of weight, and the hinge loss
minimizes the gap between the final weight and the 5 % percent weight loss goal
for participants who did not meet the weight goal.

We only included those study participants who had sufficient data and partici-
pated in the three treatment arms (A,B,C) of Log2Lose and were thus eligible for
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financial incentives. This resulted in the data of 47 participants being included in
this study.

For each participant, we fit our behavioral model on their full study data (much
like in Section 3.5) using Hsmig, and used these fitted dynamics to simulate their
behavior over the course of the trial. In each simulated week the particular incentive
computation method would use available weight and recording goal measurements
to compute a set of incentives for all 47 participants. Then the participants would
receive this incentive and their dynamics would advance with the same functional
and noise structure as detailed in Section 3.2. To simulate the noise over the trial
we generate each new measurement of g.,, from a Bernoulli distribution with a
mean equal to their respective py,,, set the value of A = 500 to reflect uncertainty in
caloric intake of being within 500 calories, and set the variance of the Laplace noise
of w, + with a variance of 8 (parameter b = 2) derived from the empirical variance
of weight measures observed in our data. Each simulated trial was run with 5
replicates. To ensure our estimation methods had sufficient observations to provide
parameter estimates, we initialized each simulated trial with a two week run-in
period where incentives were allocated at the same values they were disbursed in
the Log2Lose trial. Thus from the second incentive given to each participant on-
wards, our optimization based methods began to differ from the incentives given by
Log2Lose. To test how effective each method is with respect to intervention budget
we ran simulated trials with 10 budget options in the range of $520-$5,857. The
reason our range starts at $520 is because this is the amount of money distributed
to the group of participants in week 1 of the trial by Log2Lose (and thus during
our simulated run-in period). We then constructed our range by increasing the
budget by $100 increments until we reached $920. Since $920 is approximately
15% of the total amount of incentives disbursed during Log2Lose, the remaining
budgets we examined were at 20%, 40%, 60%, 80%, and 100% of the total amount
spent which was $5,857. When the budget was set to $520, participants received
no financial incentives after the first week regardless of the policy choice. We note
that, because each participant received the same incentive as in the Log2Lose study
the performance of the Log2Lose policy could not be evaluated at different budget
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levels other then what was observed in the data.

Figure 3.3a shows a comparison of the number of participants who achieved
at least 5% weight loss with incentives provided by each of the different policies
at different budget levels. Each optimization based approach is labeled as either
indicator or hinge depending on the loss function used in its optimization; the
percentage corresponds to the probability of the participant receiving the DIA
incentive (with 100% corresponding to the DIA method). From this figure, we can
see that our methods are able to achieve comparable performance to the Log2Lose
policy with 20-60% of the budget spent during the Log2Lose trial. Moreover, from
our simulation results, all optimization policies are able to assist nearly the whole
participant cohort in achieving clinically significant weight loss when using 100% of
the budget used by Log2Lose. This indicates that through our optimization-based
approach, and predictive modeling, we are able to allocate incentives to partici-
pants when they are most likely to assist them in weight loss. Furthermore, since
our approaches are personalized and not one-size-fits all, they are able to provide
participants who are more externally motivated with greater incentives amounts
to promote weight loss. This is in contrast to the one-size-fits-all approach, that
is restricted in providing the same incentive schedule to all participants and thus
spends some part of the budget on participants who may not need the added in-
centive to promote weight loss. Interestingly, the policy that is capable of achieving
performance comparable to Log2Lose with the least amount of budget is a policy
that only provides the DIA incentive with 75% probability and uses the hinge loss
and not the deterministic DIA policy with the indicator loss. This indicates that
by making the incentives intermittent-an approach consistent with psychological
learning theory- weight loss behaviour can be promoted effectively and potentially
more efficiently.

Figure 3.3b shows the average percentage of weight loss achieved by the five
participants who lost the least percentage of weight over the 24 weeks. The results
show both deterministic and randomized policies outperform the Log2Lose pol-
icy for a wide range of budgets, again reaffirming that, through personalization,

resources can be spent on participants who are more likely to respond to finan-
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Figure 3.3: Number of participant achieving clinical weight loss success ( > 5% weight loss) (3.3a) and average
percentage of weight loss across the bottom 5 participants who lose the least weight (3.3b) by the end of week
24 using 6 incentive policies and the randomized policy implemented in the Log2lose trial.
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Figure 3.4: Implementing the hinge loss function and deterministic incentive policy, Figure 3.4a shows the
cumulative incentives distributed with 100% and 20% budget and Figure 3.4b shows the incentives distributed
per week with 100% and 20% budget.

cial incentives and thus promote overall weight loss. Although the deterministic
DIA policy guarantees each participant receives incentives and should prioritize
weight loss by all participants with the hinge loss objective the randomized policies
outperform the deterministic policies. Again, this reaffirms the effectiveness of
intermittent incentives, and suggests that, in practice, a form of randomized policy
could be effective in implementation.

Managerial insights

Our work provides several key insights to both the operators of Log2Lose and

healthcare providers who would implement financial incentive-based interventions
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Figure 3.5: Figure 3.5a shows the cumulative incentives distributed using DIA with 100% budget and the
cumulative incentives distributed in the original Log2lose study. Figure 3.5b shows the incentives distributed
per week using DIA and the incentives distributed in the original Log2lose study.

for weight loss.

1. Spending more of the budget on incentives early in the intervention improves out-
comes. The goal of providing financial incentives is to increase and maintain
a participant’s internal and external motivation for weight loss, and thus
increase adherence to the intervention. Using our behavioral framework,
we find that distributing larger incentives at the beginning helps increases
a participant’s external motivation, which increases a participant’s weight
loss for a moderate amount of time. Although such external motivation fades
quickly, consistent weight loss success at the early stages can help increase the
internal motivation, which has a long-lasting effect on increasing participant’s
adherence to the program. As a result, Figure 3.4a and 3.4b show that partici-
pants need significantly less incentives in the later weeks, and the surplus can
be distributed to those who need extra incentive to increase their adherence
to the program.

Our findings are consistent with predictions from human behavioral literature,
which suggests that larger incentives are more effective for individuals who
are only starting to modify their behavior to induce behavioral changes and
less effective for people who successfully incorporate the new behaviors into
their lifestyle (Gneezy et al. 2011, Springer and Taylor 2016). The Log2Lose
study attempted to provide greater rewards by providing participants with
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$10 during each of the first four weeks, if they met incentive criteria (i.e.,
logged enough calories and/or lost weight, depending on randomization
assignment). Our approach expands the Log2Lose approach by allowing
greater amounts initially so as to increase extrinsic motivation, and thus

weight loss.

2. Moderate reward yielded large behavioral impact. Once a significant amount of
budget is distributed in the first weeks of the program, we find less incen-
tives are required to keep participants losing weight. This eventually leads
to moderate incentive reward on average across the entire intervention. The
results in Figure 3.5a and 3.5b show $3-$4 on average per week per partici-
pant is sufficient for helping the entire group of participants to achieve 5%
weight loss. Moderate rewards may be sufficient after initial weight loss as
participants’ motivation becomes more intrinsic as they succeed with weight
loss. The greater intrinsic motivation may be sufficient to sustain their weight

loss efforts throughout the trial.

3. Intermittent rewards provide longer term benefit (i.e. implement a stochastic incentive
policy over a deterministic one).

Our findings are consistent with research on reinforcement schedules and
match the insights from the behavioral literature in that a random incentive
scheme can induce more human efforts (Ederer et al. 2013). In our simulation
study, random incentives lead to increasing numbers of participants achieving
clinically significant weight loss success. The results in Figure 3.3a and Figure
3.3b show a randomized policy has the potential to outperform a deterministic
policy. In particular, by implementing a randomized policy participants lose
higher percentage of their initial weight.

3.6 Conclusion

In this paper, we develop a behavioral framework to design efficient and effective

personalized financial incentives to help a large number of participants achieving
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clinical weight loss success. This framework includes a behavioral model to de-
scribe the weekly decision process of a participant, a surrogate maximum likelihood
estimation model for estimating model parameters, and an algorithm to optimize
personalized financial incentives with limited budget. Under deterministic incen-
tive policy, we show our estimated incentives converge to the optimal incentives
which can be computed assuming we have full knowledge of each participant.
Furthermore, we evaluate the performance of our personalized incentive design.
The results show our approach outperforms existing machine learning methods
in predicting weight loss success, and increases weight loss success with signifi-
cantly less budget. In terms of healthcare practices, our framework can be applied
to design personalized financial incentives, and it can be implemented with any

deterministic or stochastic incentive policy for clinical weight loss programs.
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4  APPLYING MACHINE LEARNING TO IDENTIFY PATTERNS OF
ADHERENCE IN A BEHAVIORAL WEIGHT MANAGEMENT

INTERVENTION WITH FINANCIAL INCENTIVES

41 Introduction

Obesity

Obesity, defined as a body mass index of at least 30 kg/m2, increases risk for
health conditions such as type 2 diabetes, sleep apnea, arthritis, gallstones, and
gallbladder disease (Bhaskaran et al. 2014, Ebbert et al. 2014). Data from the Centers
for Disease Control and Prevention (CDC) indicates that the prevalence of obesity
was 41.9% during the period of 2017-2020, with severe obesity (BMI of at least
35 kg/m?) affecting 9.2% of the population (Stierman et al. 2021). The impact
of obesity led to escalated costs across all categories of care, including inpatient,
outpatient, and prescription drugs. In 2016, the cumulative obesity-related medical
expenses among U.S. adults reached $260.6 billion (Cawley et al. 2021). Behavioral
interventions apply behavior change techniques to help participants reduce caloric
intake and increase physical activity. They usually start with a goal of achieving
5%-10% weight loss in 6 months (Kushner 2014). A behavioral intervention usually
involves multiple behavior change techniques, including self-monitoring of weight,
diet, and physical activity. Mobile-based applications can facilitate self-monitoring
and have been found effective for stimulating behavior changes (Zhou et al. 2018).

Adherence Subtypes

Considering the availability, safety, and efficacy, behavioral intervention is the
first-line treatment for obesity. Many studies have focused on increasing the effec-
tiveness of such interventions, finding that adherence is strongly associated with
participants” weight loss outcomes (Acharya et al. 2009). Most existing studies use

a statistical approach to analyze the impact of different factors (e.g., social support)
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on participants” adherence levels (Lemstra et al. 2016, Gibson and Sainsbury 2017).
While these studies are capable of pinpointing certain crucial factors linked to ad-
herence, the effects of these factors can greatly differ among individuals. Hence, we
propose a data-driven, three-step framework to identify adherence subtypes based
on individuals’ responses and to predict adherence subtypes at the early stages of
an intervention. This approach can help researchers identify participants who are
more/less responsive to the intervention and adjust the intervention components,
such as by adjusting sequential treatment options in a sequenced treatment to

maximize the final weight outcomes.

Designing Sequenced Treatment for Weight Loss Intervention

Sequenced treatment is an approach in which multiple types of interventions
or therapies are administered. Customizing treatment choices and levels for each
individual is essential to optimize the potential effects of a sequenced treatment. We
propose a framework to facilitate the design of sequenced treatments derived from
an existing RCT for financial incentive-based weight loss programs. The approach
consists of 3 steps. First, we define adherence based on participants” behavioral
consistency. Then, after identifying the adherence subtypes, we proceed to analyze
the correlation between adherence subtypes and the study’s primary outcome (in
most cases, the primary outcome would be weight loss). To predict adherence
subtypes, potential features are chosen from treatment options (such as financial
incentives) as well as demographic or clinical data provided by participants.

Financial Incentive-based Weight Loss Intervention

In this paper, we provide an application of our framework to the Log2Lose study, a
randomized and single-blinded weight loss intervention that incorporates weekly
financial incentives. The use of financial incentives has been shown to be effective for
improving short-term weight outcomes (Volpp et al. 2008). The common approach
is to distribute the same incentives to everyone who achieves the same criteria (e.g.,

lose weight by the end of some time period). We suggest that tailoring personalized
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incentives based on individual differences will optimize weight loss outcomes while

minimizing the intervention cost.

4.2 Methodology

In this section, we detail a three-step, data-driven framework for predicting an
individual’s long-term adherence to a financial incentives intervention for weight
loss. Step 1: define weight loss intervention adherence; Step 2: identify adherence
subtypes; and Step 3: predict each participant’s adherence subtype. We explain
each of these steps in Section 4.1 and then demonstrate how to apply them to the
Log2Lose study in Section 4.2.

Overview

Since there are potentially multiple ways to define adherence to an intervention
study, the first step is to provide a clear definition. In general, adherence can be
defined as the behavioral consistency during the program, operationalized as the
fraction of completed program components. In terms of the participant’s behavioral
consistency, we need to clarify the time interval and the behaviors that count.
Once we have clearly defined adherence to the study, the next step is to identify
the adherence subtypes. We can achieve this by dividing participants into different
clusters such that participants with similar adherence-related feature values will
fall in the same cluster. Some of the common clustering methods include K-Means
Clustering and Hierarchical Clustering (Burkardt 2009, Nielsen 2016). To determine
the appropriate number of clusters, we can use the Elbow method for K-Means
Clustering or plot the dendrogram for Hierarchical Clustering. However, these tests
do not always guarantee the resulting clusters are the desired adherence subtypes.
Further analysis may be necessary to assess whether there exist clear variances
among adherence subtypes concerning financial incentives, response to incentives

earned, and outcomes related to weight loss or weight maintenance.



71

The last step is to pick the best model for predicting an individual’s adherence
subtype. This selection process includes model training, feature selection, and
evaluation of the model’s performance with respect to some loss functions or
performance metrics. Specifically, some of the interesting questions to look at
during the evaluation include: Which subtypes are easier to predict? Which two
subtypes are more likely to be mislabeled by each other? What's the tradeoff
between the feature size and the prediction performance? Is there any correlation
between the identified subtypes and individuals” weight outcomes?

Application: Log2Lose Case Study

Log2Lose is an ongoing randomized controlled trial at University of Wisconsin-
Madison and Duke University. This single-blinded study involves 4 arms, where
the difference across them is the presence and type of financial incentive. These 4
arms are labeled as Calorie Logging in which participants receive incentives for
weekly calorie recording; Weight Loss in which participants receive incentives for
weekly weight loss; Both in which participants receive incentives for self-monitory
dietary and weight loss; and Neither in which participants receive no incentives.
The duration of the study is 18 months, and it is divided into 3 phases. In Phase 1
(months 1-6), participants may receive weekly incentives if the last weight of the
week is lower than the first weight of the week and/or if they record a sufficient
number of calories on a sufficient number of days of the week (1000 for women,
1200 for men, at least 5 days of the week including one weekend day). In Phase
2 (months 7-12), participants may receive incentives if their weight by the end of
each week is no more than 3 lbs compared to the weight achieved at the end of
Phase I or if they log calories at least three days per week including a weekend
day. In Phase III (months 13-18), participants cannot earn incentives for weight
maintenance. For this case study, we used data from cohort 1 of Log2Lose. Cohort
1 involves 205 participants, and we only considered the records in Phase I and
Phase II because participants can earn incentives (the variable in the 2x2 design)

during these two phases. For the rest of this section, we explained how to apply
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our proposed data-driven approach to identify and predict adherence subtypes in
cohort 1 of Log2Lose.

First, we defined adherence as the number of weekly weight records and daily
calorie logging records in Phase 1 and Phase 2. Next, we used the K-Means Clus-
tering algorithm to identify the adherence subtypes. To do this, each time we take
1 data point (participant) as the holdout set, implement K-Means Clustering to
classify the rest of participants, run the elbow test to determine the appropriate
number of clusters, and then use the finalized cluster to find the subtype for the
holdout participant. We repeat this process for all participants and check if there
is any difference across the resulting clusters. If the resulting clusters are not the
same, we may choose the clusters that are most frequently occurring as the most ap-
propriate clustering. Otherwise, we can proceed to analyze the adherence subtypes
using statistical tests.

To better understand the adherence subtypes, we first calculated the mean of
each adherence-related feature (number of weekly weight records and daily calorie
logging records) and plotted the trajectory of each feature for each of 4 adherence
subtypes from week 0 to week 52. We compared the trajectories for weight records,
calorie logging records, and financial incentives to identify the characteristics of
each subtype. The plots can be found in Section 5.1. In addition, before analyzing
the relationship between adherence subtypes and weight outcomes, we checked
the percent of each arm included in each subtype to ensure there is no correlation
between the subtypes and the study arms (Table 2). If there is any correlation
between them, then the main difference across the resulting clusters from step 2
would be the study arms, and we could no longer establish the relationship between
the predefined adherence and weight outcomes. If this happens, we need to go
back to step 1 and update the definition for adherence. Next, we perform statistical
analysis to determine the correlation between participants” adherence on weight
loss and weight maintenance.

Lastly, we compared the performances of a set of Machine Learning models
on predicting adherence subtypes. Our goal is to find the model and the set of
features that provides the highest accuracy. We included a variety of linear, tree-
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based, ensemble learning, and simple deep learning methods, including Logistic
Regression, Random Forest, XGBoost, Linear SVM, and Neural Network. The set of
feature candidates include study arms, weekly features (average weight per week,

incentives received per week) and the following demographic features:

1.

2.

10.

11.

12.

AGE: Patient Age

BP_MED: Do you have high blood pressure or are you on medications to
control your blood pressure?

. CPAP: Do you have sleep apnea or do you wear a CPAP at night to sleep?

. DEPRESS: Have you ever been told by a healthcare provider that you have

depression?

. DIABETES: Do you have Type 2 Diabetes?
. EDUCATION: What is the highest level of education that you have completed?

. FINANCIAL: Which of the following categories best describes your financial

situation?

. RACE: Patient Race

. SEX: Please set the sex listed on your original birth certificate.

TRY_LOSE_WEIGHT: Have you ever tried to lose weight before?
WEIGHT_ATTEMPT: How many serious attempts have you made?

WORK_STATUS: Which of the following best describes your current work

status?

Next, we evaluated the performances of these ML algorithms using leave-one-

out cross validation (LOOCV) and selected accuracy as the performance metric.

For feature selection, our goal is to select a small set of features that are comparable

to using the complete set of features. In addition, this process also helps remove
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highly correlated features, which alleviate the concerns about correlation when
selecting the set of feature candidates (e.g., WEIGHT_ATTEMPT is dependent
on the condition of TRY_LOSE_WEIGHT). We started with training each type of
ML model with the entire set of features and removed the one with least feature
importance. Then, we trained each model again with the rest of features and
removed the least important feature. We repeated these steps until removing any
existing feature in the current set resulted in significant decrease in accuracy. The
results can be found in Section 5.4.

4.3 Case Study Results

Adherence Subtypes

Following the procedures in Section 4.2, we found the same set of clusters for each
training round, and the optimal number of adherence subtypes is k = 4. Next, we
plotted the trajectories of the average number of calories, weight records per week,
and the average amount of incentives received per week per cluster for Phase I and
IT (first 52 weeks) of the study. The trajectory of each cluster is colored in blue,
orange, green, or red. Notice in Figure 1a there was a significant decline for one
day, and when we examined it, it turned out to be the day after Thanksgiving day.
This is potentially caused by the fact that most people chose not to restrict their
caloric intake during the holiday. It will not affect the accuracy of our proposed
adherence subtypes.

Figure 4.1a and 4.1c show the blue and orange subtypes are more consistent
in submitting weight and calorie recording records while the green subtype are
less adherent, and the red subtype barely adhere to the intervention. Next, we
identified the difference between the blue and orange subtypes using financial
incentives. In Figure 4.1b, we noticed the blue subtype received more incentives on
average compared to the orange subtype, which rarely received incentives through-
out the program. Therefore, we concluded both the blue and orange subtypes
have relatively high adherence, but the blue subtype may be more motivated by
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incentives, while the orange subtype is less so. Based on our observations, we
named the orange subtype as the Self-motivated group and the blue one as the
Reward-motivated group. On the other hand, the green subtype also received
relatively high incentives, but the adherence level is significantly lower than the
blue and orange subtypes, so we labeled the green subtype as the Low-adherent
group. Lastly, since the red subtype failed to adhere to the intervention after the
first 10 weeks and received minimal incentives across all weeks, we labeled it as
the Non-adherent group.

Table 4.1 shows the number of participants in each adherence group and the
percent of participants in each group that belong to each of the four arms (Calo-
rie Logging, Weight Loss, Both, Neither). Participants in reward-motivated and
low-adherence groups qualified to receive at least 1 type of incentives; 27 out of
28 participants in self-motivated group received neither incentive; and the non-
adherent group includes participants from all 4 arms.

Neither Calorie Weight Both Total
Logging Loss

Reward- 0 (0%) 21 (46.7%) 20 (44.4%) 4 (8.9%) 45
motivated
Self- 27 (96.4%) 0 (0%) 1 (3.6%) 0 (0%) 28
motivated
Low- 0 (0%) 11 (19%) 16 (27.6%) 31 (53.5%) 58
adherent
Non- 22 (29.7%) 19 (25.7%) 15 (20.3%) 18 (24.3%) 74
adherent
Total 49 51 52 53 205

Table 4.1: Statistical Summary of Adherence Subtypes and Study Arms

Relationship between Adherence and Weight Outcomes

Next, we perform statistical analysis to determine the associations between partici-
pants” adherence on weight loss and weight maintenance. As shown in Table 4.2,
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Figure 4.1: For the first 52 weeks: (a) Average number of calorie records per week per adherence subtype. (b)
Average number of weight records per week per adherence subtype. (c) Average amount of incentives per
week per adherence subtype.
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there are significant differences in participants” weight loss and ability to maintain
weight among the four adherence groups. Our results show that a larger percent of
participants who are reward-motivated achieve clinically significant weight loss (>
5%) at 6 months compared to the other adherence subtypes. As time progresses,
we see an increasing number of participants achieve 5% weight loss in the self-
motivated group, while around 9% of participants in the reward-motivated group
who achieved 5% at 6 months fail to maintain it through 12 months. When com-
paring the average percent of weight loss achieved at the end of weight loss and
maintenance periods, reward-motivated participants lose more weight on average

compared to self-motivated participants.

Relationship between Adherence and Demographics

As shown in Table 4.3, we generally find no notable demographic differences among
the adherence subtypes, except for AGE and DIABETES. However, there is a signifi-
cant disparity in the number of serious weight loss attempts (WEIGHT_ATTEMPT)
between the reward-motivated and self-motivated groups. The presence of sig-
nificant differences in weight loss outcomes, coupled with the absence of distinct
demographic variations across the adherence subtypes, suggests that one’s adher-
ence subtype is not solely associated with demographic factors.

Reward- Self- Low- Non- p-
motivated motivated adherent adherent value
AGE (n =+ o) 51.5 + 11.5™* | 52.4 + 11.59* | 43.7 £ 122"V | 43.5 + 10.4** | < 0.01
BP_MED(%) | 28.9% 28.6% 24.1% 29.7% 0.9
Yes 71.1% 71.4% 75.9% 70.3%
No
CPAP (%) 20% 25% 13.8% 23.0% 0.5
Yes 80% 75% 86.2% 75.7%
No 0% 0% 0% 1.4%
Other




78

DEPRESS(%) | 35.6% 25% 34.5% 32.4% 0.9
Yes 64.4% 75% 63.8% 63.5%
No 0% 0% 1.7% 4.1%
Other
DIABETES(%) | 2.2% 10.7% 6.9% 4.1% <0.01
Yes 97.8%% 89.3%P 93.1%® 95.9% B¢
No
EDUCATION (% 0% 7.1% 1.7% 2.8% 0.3
High school 20% 3.6% 17.3 % 13.5 %
Trade/technical | 31.1% 35.7% 29.3% 43.2%
Bachelor 48.9% 53.6% 51.7% 40.5%
Graduate
FINANCIAL(%) 0% 0% 3.4% 2.8% 0.1
1-4:Worst-Best | 2.3% 17.8% 12.1% 10.8%

24.4% 78.6% 82.8% 25.7%

73.3% 3.6% 1.7% 60.8%
RACE (%) 84.4% 71.4% 72.4% 71.6% 04
White 11.1% 14.4% 13.8% 21.6%
Black 0% 7.1% 6.9% 5.4%
Asian 4.5% 7.1% 6.9% 1.4%
Others
SEX (%) 82.2% 78.6% 72.4% 85.1% 0.3
Female 17.8% 21.4% 27.6% 14.9%
Male
TRY_LOSE_ 89.9% 96.4% 91.4% 89.2% 0.7
WEIGHT (%) | 8.9% 3.6% 6.9% 5.4%
Yes 2.2% 0% 1.7% 5.4%
No

Other
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WEIGHT_ 3.0 +£2.5Y 4.6 +2.4Y 54+ 11.7 74 +17.3 0.28
ATTEMPT

(n+ o)

WORK _ 75.6% 71.4% 79.3% 75.4% 0.4
STATUS(%) 6.7% 3.6% 3.4% 10.8%

Full-time 4.4% 10.7% 3.4% 4.1%

Part-time 13.3% 14.3% 5.2% 4.1%

Unemployed | 0% 0% 0% 1.4%

Retired 0% 0% 8.7% 2.8%

Disabled 0% 0% 0% 1.4%

Student

Other

Table 4.3: Statistical summary of demographic characteristics among adherence subtypes. Pairwise p-val:

v =0.01,w,x,y,z 3, ¢ < 0.01.

Model Performance on Adherence Prediction

Figure 4.2a shows the accuracy of each ML model with the following features:
average weight per week, incentives received per week, study arm, DEPRESS, CPAP,
EDUCATION, WORK STATUS, and DIABETES. We found the Random Forest
model to be the best option in this study, yielding 61.95% accuracy using the first 8
weeks of data, 70.24% accuracy using the first 20 weeks of data, and 80% accuracy
using the first 28 weeks of data. This means we could predict each participant’s
long-term adherence with high accuracy by the end of Phase II using data from
Phase I only.

When analyzing the average area under the curve (AUC), the Random Forest
model demonstrates the following results: using the first 8 weeks of data, it yields
a 95% confidence interval (CI) ranging from 0.76 to 0.89, with a mean of 0.83; using
the first 20 weeks, the CI ranges from 0.88 to 0.95, with a mean of 0.91; and using
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the first 28 weeks, the CI ranges from 0.91 to 0.97, with a mean of 0.94. Table 4.4
shows the one-vs-ALL AUC and average AUC for each ML model using the first 28
weeks of data as the training set. While the XGBoost and Random Forest models are
similar in AUC performance, the Random Forest model achieves greater accuracy
than the XGBoost model, with scores of 80% versus 77%, respectively.

Next, we assessed the predictive accuracy of machine learning models using
the chosen features against those trained with the complete set of features plus two
additional weekly variables (number of weight records per week, number of calorie
records per week). The result can be found in Figure 4.2b. Since these two variables
were also used to define adherence, we expected the performance of the models
using these features to achieve the highest accuracy across all potential model
candidates. Therefore, if the performance of our selected model is comparable to
them, we further validated the prediction performance of our proposed model.
Figure 4.2b shows the highest accuracy achieved is around 90% using the first 24
weeks of data. Our selected model achieves 76% accuracy using the same weeks of
data. With a reduction of 14% in accuracy, the feature size is much smaller, and the
model does not require the use of adherence features. In addition, by adding only
4 weeks of training data, our model’s performance reached 80% accuracy, which is
only 10% lower than the model with the complex feature set.

Last, but not least, we analyzed the prediction performance of our selected
model for each adherence subtype. Tables 4.5-4.7 show the confusion matrices for
8, 20, and 28 training weeks. A confusion matrix is a performance measurement for
binary or multi-classification problems. It is a 2x2 matrix for a binary classification
problem, and a kxk matrix for a multi-classification problem where k is the number
of classes. In our case study, the confusion matrix is a 4x4 matrix. The columns
represent the predicted labels, and the rows represent the true labels. Each entry
(ij) represents the percent of total population in subtype i predicted as subtype
j. The entries on the diagonal line of each matrix are the true positives. From
Tables 4.5-4.7, we find the reward-motivated and non-adherent groups are easier to
predict. However, the low-adherent and self-motivated groups are more likely to be

mislabeled when the number of training weeks is small. It is important to correctly
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Figure 4.2: (a) The accuracy rate of five ML models (Logistic Regression, Random Forest, XGBoost, Linear
SVM, Neural Network) in predicting adherence subtypes using the selected features only. (b) The accuracy rate
of five ML models (Logistic Regression, Random Forest, XGBoost, Linear SVM, Neural Network) in predicting
adherence subtypes using the complete feature set plus the adherence-related variables.
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identify participants in these subtypes because we want to avoid spending incentives
on participants who are self-motivated and focus on distributing incentives to low-
adherent participants who need significantly more incentives to achieve 5% weight
loss. As we increase the number of training weeks to 28, the model achieves high
accuracy in identifying the low-adherent and self-motivated groups. For example,
for a participant whose true subtype is low-adherent, we can correctly identify the

subtype with a probability of around 0.88.

4.4 Discussion

Empirical Results from the Case Study

Applying our general framework to the Log2Lose case study, we identified 4
adherence subtypes (reward-motivated, self-motivated, low-adherent, and non-
adherent) that reflect participants’ different responses to financial incentives. The
reward-motivated group responded to financial incentives and achieved the high-
est adherence level; the self-motivated group did not require financial incentives
and achieved the second highest adherence level; the low-adherent group also re-
sponded to financial incentives but had a low adherence level; and the non-adherent
group did not respond to financial incentives and had the lowest adherence level.
Our results are consistent with findings from existing studies that higher levels
of adherence contribute to better weight outcomes. Our proposed ML model is
able to predict participants” adherence subtypes with high accuracy. Specifically,
the model excels at predicting reward-motivated and non-adherent groups. It is
more challenging to distinguish self-motivated and low-adherent groups early in
the program, but the model can predict these subtypes accurately with more train-
ing weeks. The correct identification of these subtypes could prevent researchers
from distributing additional incentives to non-adherent participants who are not
responsive to the intervention and distribute more incentives to reward-motivated
participants to improve weight outcomes. Based on the predetermined intervention

schedule, participants are eligible for a weekly incentive ranging from $0 to $10 if
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they meet the criteria for dietary self-monitoring and/or weekly weight loss. By
utilizing prediction results from the initial 8, 20, or 28 weeks of data, researchers
could potentially save $782, $874, or $740 respectively across all participants in the
study by withholding incentives from non-adherent participants identified as true
positives. Alternatively, reallocating these funds to low-adherent participants could
potentially enhance their weight loss outcomes with supplementary incentives.
Moreover, this approach suggests that researchers could enroll more participants
into the program within the existing budget. Through this case study, we demon-
strated that the overarching framework effectively identifies and predicts adherence

subtypes, offering valuable insights for designing cost-efficient interventions.

Implications for Designing Sequenced Treatments

To design an effective sequenced treatment, we propose to combine our framework
with our incentive design algorithm developed for the Log2Lose pilot study Li
et al. (2023). First, we proceed with the existing RCT and use the three-step frame-
work to build the best ML model for predicting adherence subtypes. For the initial
stage, participants can be randomly assigned to different arms. We propose an
intervention that lasts eight weeks or longer. This extended time frame ensures
the availability of adequate data for making reliable predictions regarding one’s
adherence subtype, allowing for appropriate treatment adjustments. It should be
noted that the number of adherence subtypes may vary depending on the specific
financial incentive-based intervention. Here, we elaborate on how to modify incen-
tives based on the four subtypes identified in the Log2Lose study. If a participant is
categorized as self-motivated, researchers should consider moving the participant
to the control group. If a participant is non-adherent, researchers can reassign or
randomize the participant to the control group or a group that receives different
types of financial incentives. Participants, whether driven by rewards or exhibiting
low adherence, should remain eligible for incentives. Our proposed incentive algo-
rithm can then be used to customize the incentives for each individual accordingly.
Using this approach offers the advantage of providing personalized incentives to
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each participant. Additionally, the proposed incentive design can help participants
achieve clinical weight loss success or improved weight outcomes, even with limited

budget and resources.

Strengths and Limitations

Our approach can identify the adherence subtypes for any financial incentive
based RCT, and it provides actionable results about how to adjust the financial
incentives according to participants” adherence subtypes when designing sequenced
treatments. For instance, one could assign self-motivated participants to the control
group and non-adherent participants to a different treatment option. Another
benefit of our approach is that it is easy to implement, and the prediction models
can be built from existing classifier packages (e.g., scikit-learn). One limit of our
approach is that it is not a causal framework. Additionally, our method depends
on identifying adherence subtypes from at least one RCT, making it challenging to
apply in the absence of prior RCTs. However, an alternative approach could involve
leveraging existing RCTs with similar treatment and incentive structures. In such
instances, we propose utilizing multiple RCTs to ensure the efficacy of the resulting

subtypes and prediction model.

4,5 Conclusion

The study proposed a data-driven framework for predicting participants” adher-
ence subtypes in financial incentive-based weight loss interventions. It revealed a
strong correlation between adherence subtypes and participants” weight loss and
maintenance outcomes, and it also demonstrated the proposed ML model’s ability
to predict adherence subtypes accurately. These findings validated the importance
of identifying adherence subtypes for effective financial incentive interventions,
and suggested that our approach is well-suited for designing sequenced treatments
derived from weight loss RCTs. Our framework extends beyond weight loss inter-

ventions and can be applied to design sequenced treatments for various intervention
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settings, such as Just-In-Time intervention (JITAI) for addictive behaviors and con-
tingency management for substance use disorder (Yang et al. 2023, Petry 2011,
Bolivar et al. 2021).Whether an intervention involves financial incentives or not,
the framework can be utilized to identify the corresponding adherence subtypes
within the context of the intervention and help researchers more effectively detect
the key treatments and the appropriate levels of treatment for each participant.
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x>/ ANOVA

Weight Outcome

Reward-
motivated

Self-
motivated

Low-
adherent

Non-
adherent

p-value

Percent of participants
who achieve 5% weight
loss by the end of the 6-
month weight loss pe-
riod

Percent of participants
who achieve 5% weight
loss by the end of the
12-month weight main-
tenance period
Average percent of
weight loss by the end
of the 6-month weight
loss period

Average percent of
weight loss by the end
of the 12-month weight
maintenance period
Average number of
weeks  participants
maintain their weight
(weight achieved by
the end of weight
loss period) during
the 6-month weight
maintenance period
(months 7-12)

60%°*

51.11%¢f

6.25%"1)

7.19%™™

20.77¢

32.14%%4

42.86%9

4.70%"*

4.79%°P

21.0t+

13.79%°

20.69%*

2.28%""

2.25%™°

17.37tY

4.05%¢4

8.12%"9

0.13%)*t

0.29%™P-4

8.75

< 0.01

< 0.01

< 0.01

< 0.01

< 0.01

Table 4.2: Statistical summary of the impacts of participants” adherence on weight loss and weight maintenance.
Pairwise p-value: a,i,m,q,7,t <0.04,b—h,j—Ln—p,s,u,v < 0.0
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Reward- Self- Low- Non- Average
motivated | motivated | adherent adherent AUC
Random 0.97 0.95 0.90 0.94 0.94
Forest [0.95,0.99] | [0.92,0.98] | [0.86,0.94] | [0.91,0.98] | [0.91, 0.97]
Logistic 0.89 0.86 0.81 0.78 0.94
Regression | [0.84,0.94] | [0.80,0.93] | [0.74,0.88] | [0.70,0.85] | [0.77,0.90]
XGBoost 0.95 0.95 0.91 0.93 0.94
[0.93,0.98] | [0.92,0.98] | [0.88,0.95] | [0.89,0.97] | [0.90, 0.97]
Linear 0.85 0.84 0.72 0.85 0.82
SVM [0.79,0.92] | [0.77,0.90] | [0.65,0.79] | [0.79,0.91] | [0.75, 0.88]
Neural Net- | 0.61 0.62 0.62 0.75 0.65
work [0.52,0.71] | [0.54,0.70] | [0.54,0.70] | [0.67,0.83] | [0.57,0.73]

Table 4.4: One-vs-All AUC for Random Forest, Logistic Regression, XGBoost, Linear SVM, and Neural Network
models using the first 28 training weeks. The entries for each subtype contain the mean AUC and the 95%

confidence interval of AUC.

Col: Predicted Labels | Reward- Self- Low- Non-
Row: Ground Truth motivated | motivated | adherent adherent
Reward-motivated 10.2% 0% 0% 3.4%
Self-motivated 0% 9.3% 10.2% 2.4%
Low-adherent 0% 6.3% 18.5% 3.4%
Non-adherent 4.4% 2.4% 5.4% 23.9%

Table 4.5: Confusion matrix of the Random Forest Model with 8 training weeks.

Col: Predicted Labels | Reward- Self- Low- Non-
Row: Ground Truth motivated | motivated | adherent adherent
Reward-motivated 10.7% 0% 0.5% 2.4%
Self-motivated 0% 13.7% 8.3% 0%
Low-adherent 0% 7.8% 18.0% 2.4%
Non-adherent 4.4% 0.5% 3.4% 27.8%

Table 4.6: Confusion matrix of the Random Forest Model with 20 training weeks.
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Col: Predicted Labels | Reward- Self- Low- Non-
Row: Ground Truth motivated | motivated | adherent adherent
Reward-motivated 11.7% 0% 0.5% 1.5%
Self-motivated 0% 15.1% 6.8% 0%
Low-adherent 0% 3.4% 23.4% 0%
Non-adherent 4.4% 0.5% 1.5% 29.8%

Table 4.7: Confusion matrix of the Random Forest Model with 28 training weeks.
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5 CONCLUSION

Patient-centered care, an approach aimed at delivering care that respects patient
needs and values, is crucial for enhancing care quality and increasing patient satis-
faction. Given the knowledge gap between patients and healthcare professionals,
our work can enhance the comprehension of medical diagnoses and encourage
patients’” engagement.

We start with designing near-global aggregate explainers for complex diseases,
which often go undiagnosed and untreated in developing countries. Our method-
ology helps improve diagnosis and awareness of such diseases, and it also allows
direct trade-off among explainer coverage, fidelity, and interpretability. This trade-
off can help health providers achieve a balance between transparency and the
black box predictions. Then, we propose a behavioral framework which designs
personalized financial incentives for enhancing clinical weight loss success among
participants. The framework involves weekly decision-making, parameter estima-
tion using a surrogate maximum likelihood estimation model, and an algorithm
for incentive design. We demonstrate that our framework can contribute to cus-
tomizing financial incentives with less budget, and it can accommodate different
incentive policies. In particular, our work shows the potential of incorporating
stochastic incentive policy to maximize individual’s weight loss outcome. Next,
we proceed to propose a framework to predict different adherence patterns among
participants in incentive-based weight loss programs. We find a strong correlation
between adherence subtypes and participants” success in losing and maintaining
weight. We also suggest that by combining our proposed incentive algorithm and
the identified adherence subtypes, healthcare researchers can design more efficient

and effective sequenced treatments.
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A ADDITIONAL PROOFS, EXPERIMENT RESULTS, AND

ALGORITHM DETAILS IN CHAPTER TWO

A.1 Ethical Implications and Societal Impacts

Our aggregate explainer methodology provides explicit parameters that allow prac-
titioners to clearly trade off among explainer coverage, fidelity, and interpretability.
We note that in this trade off, low fidelity also results in low transparency, because
the explanations offered by the explainer diverge significantly from the black box
predictions that are meant to be explained. For example, explainers used for di-
agnostics might want to weigh more towards coverage, while explainers used for
prediction transparency might want to weigh more towards fidelity. Navigating this
tradeoff efficiently is critical to ensure that practitioners can correctly inform users
or patients of the ML predictions. These contributions are particularly valuable in
medical applications or other settings where informed consent is required.

Our methodology also contributes to providing better patient-centered care,
which would be of particular value to low-income patients or patients in medically-
underserved communities. Patient-centered care is an approach to provide care
that is respectful of patient needs and values, and it has been found to be crucial
for improving the quality of care and patient satisfaction. Since patients often
have lower access to knowledge and understanding than their doctors, applying
our work in the medical context will help them understand the complex medical
diagnoses and take an active role in their health care. Complex diseases, such as
Parkinson’s disease and Alzheimer’s disease, are often undiagnosed and untreated
in developing countries. One major contributing factor is a lack of high quality
diagnostic tests available for such diseases in low-income countries. Since these
health problems usually require a multi-class classification setting, the fact that our
methodology is well-suited for explaining multi-class predictions makes it valuable

for improving the diagnosis and raising awareness among the general population.
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A.2 Omitted Proofs

Proof of Prop 2. The first two constraints ensure proper local behavior of the local
explainer as in Proposition 1. Thus we will focus the derivation of the final con-
straint. Using the definition of Fid(y, D) in Equation (2.2) and directly substituting

variables for indicators, we can express the lower bound constraint as,

. 1
min
{i:gir €Y} |ng|

> 1lgon(x) = fx)lzy > 0.

X]'GD

Note that if the minimum over all explainers g;,, must have fidelity of at least
@, then every local explainer must also have fidelity at least ¢. This allows us to
disaggregate this constraint across all i € [n]. Consider the constraint for a single
local explainer g;r, € y. Using the definition of z;;, note that [X; ;.| = ZX], e Zij-
Thus the new lower bound fidelity constraint for a single explainer can be written
as:

2 im1 Hgur (%) = f(x))zi5

0 > . (A1)
21 Zij

Note that the denominator of the left hand side can only be zero when the numerator

is also zero because ) ", zij > 3 ;e Llgir, (¥j) = f(x;)]zi;. This means that we can
multiply both sides of the inequality by the sum } ", zi; while still maintining its
validity. Distributing ¢ and combining like terms gives us with the form of the

constraint presented in the proposition statement. O

A.3 Clustering Methodology and PPMI Dataset

PD is a complex disorder, and is often expressed differently by different patients,
which has motivated the need to create PD sub-types to better direct treatment.
While many existing data-driven methods focus on clustering patients based on
their baseline measurements (Fereshtehnejad and Postuma 2017), we propose
clustering patients using the trajectory of how their symptoms progress.

We will use data collected in the PPMI study (Marek et al. 2011), which is a
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long run observational clinical study designed to verify progression markers for
PD. To achieve this aim, the study collected data from multiple sites and includes
lab test data, imaging data, genetic data, among other potentially relevant features
for tracking PD progression. The study includes measurements of all these var-
ious values for the participants across 8 years at regularly scheduled follow up
appointments. The complete data set contains information on 779 patients, and
included 548 patients diagnosed with PD or some other kind of Parkinsonism and
231 healthy individuals as a control group.

Determination of Criterion and Cluster Analysis

Since there is significant heterogeneity in how PD symptoms are expressed, there
also is no agreement on a single severity score or measurement that can be used
as a surrogate for PD progression. Thus instead of considering a single score,
we will model the severity of the disease as a multivariate vector, and the disease
progression as the trajectory of this vector through a multidimensional space. Using
the PPMI data (Marek et al. 2011) and other previous literature on PD progression
(Rao et al. 2006, Martinez-Martin et al. 2017, Bhat et al. 2018), we considered the

following measures of severity to model disease progression:

e Unified Parkinson’s Disease Rating Scale (UPDRS) II & III (Martinez-Martin
et al. 1994): The UPDRS is a questionnaire assessment that is commonly used
to track symptoms of PD by an observer. It consists of four major sections,
each meant to measure a different aspect of the disease. These sections are: (I)
Mentation Behavior and Mood, which includes questions related to depres-
sion and cognitive impairment; (II) Activities for Daily Living, which includes
questions related to simple daily actions such as hygiene and using tools; (III)
Motor Examination, which includes questions related to tremors and other
physical ticks; and (IV) Complications of Therapy, which attempts to assess
any adverse affects of receiving treatment. For our analysis we focused on
the aggregate scores of sections II and III of the UPDRS to track physical

symptoms of the disease.
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e Montreal Cognitive Assessment (MoCA) (Nasreddine et al. 2005): Although
not exclusively used for PD, the MoCA is a commonly used assessment for
determining cognitive impairment and includes sections related to attention,
executive functions, visual reasoning, and language. For our analysis, we used
the MoCA scores of the individual patients as surrogates for their cognitive
symptoms.

e Modified Schwab and England Activities of Daily Living Scale (MSES) (Siderowf
2010): The MSES is a metric used to measure the difficulties that individuals
face when trying to complete daily chores due to motor deficiencies. This
assessment is generally administered at the same time as the UPDRS and is
often appended as a section V or VI. We used this score as a measure of how
much autonomy the patients experience based on their symptoms.

We formed the empirical trajectory of these scores for each patient using the
values measured during the patients’ participation in the PPMI study (Marek et al.
2011). For our cluster analysis we used longitudinal measurements that were
taken across the first seven visits of the study corresponding to a period of 21
months, where the first measurement formed the patient’s baseline, and the next
five measurements were taken at follow up visits at regular three month intervals;
the final measurements were taken after six months. We chose this timeline for
our analysis because participation was high among all participants in the study
during this period, so we did not have to exclude any patients, and visits were
more frequent to better capture disease progression over time. After these seven
measurements, follow-up visits were scheduled too infrequently to provide useful
trajectory modeling information.

We used these trajectories to cluster the patients together into progression sub-
types. The main motivation for this approach is that if patients’ severity scores
progress in a similar way, then it may identify a useful sub-type for treatment
design. Only patients diagnosed with PD were included in the cluster analysis,
since we are interested in finding useful sub-types of disease progression. Each
trajectory was then flattened out as a 28 dimensional vector, with the first four
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entries corresponding the measurements at baseline, the next four for the 3 month
follow up, and so on. Using scikit-learn and Python 3.7, we performed k-means
clustering on these trajectories to define our sub-types (Pedregosa et al. 2011b,
Friedman et al. 2001). Using cross validation and the elbow method (as seen in
Figure A.8 in the appendix), we determined that there are four potential sub-types
of disease progressions for the PPMI participants. We label these as: moderate
physical symptoms cognitive decline cluster (Group 0), stagnant motor symptoms
autonomy decline cluster (Group 1), motor symptom dominant cluster (Group
2), and moderate symptoms cluster (Group 3). The names we assigned to each
individual cluster were given by the observed mean trajectories of the relevant

scores for individuals that were classified into a particular cluster as shown in

Figure A.1.
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Figure A.1: Mean trajectory progression for given score by cluster. Blue corresponds to Group
0, orange corresponds to Group 1, green corresponds to Group 2, and red corresponds
to Group 3. The y-axis of each plot the is numerical value of the corresponding disease
severity measure.

In Figure A.2 we show two 2-dimensional projections of the different cluster
groups. The plot on the top shows the projection onto the first two principal compo-
nents of the data using PCA (Friedman et al. 2001); this projection method is meant

to preserve linear relationships among data points as well as distances between data
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points that are far apart. The projection shown in the bottom plot corresponds to
the tSNE projection of the data onto a two-dimensional space (Maaten and Hinton
2008), this projection method was designed with manifolds in mind and is meant
to preserve close distances (i.e., data points close in the tSNE projection should
be also close in the higher dimensional space). Note that in both projections our
resulting clusters are distinct and do not significantly overlap.
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Figure A.2: PCA (top) and tSNE (bottom) 2-dimensional projections for visualizing trajectory clusters. Purple
corresponds to Group 0, blue corresponds to Group 1, green corresponds to Group 2, and yellow corresponds
to Group 3.
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Validation of Clusters

To test whether these clustered sub-types provide additional insight into the health
of the patients, we performed several statistical comparisons of each patients’ char-
acteristics at baseline across all four sub-types plus healthy patients, to determine
if there were any statistically significant differences. The results and values of these

comparisons are presented in Table A.1 below.

Group0 Groupl Group2 Group3 Healthy p value

Lymphocytes 1.643™  1.749 1.642™ 1.7047  1.850m™P  0.01
REM Sleep Score 5.5494¢  1.8924f9h 5969 50879t 3.247¢Mk  <0.001
UPDRS part II 6.594 6.482 7.981 3.272 N/A <0.001
UPDRS part III 23.654 21.277 26.503 15.382 N/A <0.001
Schwab & England Score | 92.256  91.506 91.321 96.214  N/A <0.001
Age 58.925¢  60.446 62.912¢b¢  58387° 59.571¢  0.02

Anosmia 46 10 57 41 6 <0.001
Olfactory Hyposmia 68 11 91 98 68

Normosmia 19 5 11 34 122
Race White 95.49%  93.98%  94.34% 94.22%  94.37%  0.99
Gender Male 67.67%  57.83%  65.41% 63.01%  65.80%  0.63
Geriatric Depression Score | 5.391 5.069 5.270 5.231 5.168 0.68

Table A.1: Comparison of baseline and screening measurements between clusters. p-values labeled in the table
represent difference between all groups, and significant pairwise comparisons using a two sample T-test are
marked by superscripts with p-values a-0.008; b-0.001; ¢-0.02;d,e,f,g,h,i,j,k-<0.001, m-0.003;n-0.004;p-0.04

Asseenin Table A.1, many of the key screening measurements of the populations
from the different clusters are significantly different, implying our clusters are
informative about the health of individuals. In particular, we note that Group
O0—which corresponds to moderate physical symptoms with cognitive decline—
tends to be younger on average then the other groups, indicating this group may
contain many more individuals with early onset PD. Moreover, the sub-types
vary substantially in their sleep score and olfactory evaluation, which are both
measures that have previously been shown to be strong indicators of PD (Rao et al.
2006) indicating that these progression sub-types are sensitive to these important

predictors.
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Overall, the comparisons shown in Table A.1 show that our data driven clusters
are not only informative when comparing different forms of disease progression,
but also correspond to variations in screening measurements. Based on this analysis,
we believe that using screening data to predict these clusters could lead to clinically
significant insights that can help with treatment.

A.4 Local Explainer Algorithm

After identifying the four disease progression sub-types, we would like to predict
which kind of disease progression an individual might experience, given mea-
surements collected during a screening visit. As we will show in our experiments
in Section A.5, this task is best performed by complex black box models such as
artificial neural networks (ANN) and bagged forests. This means that while the
prediction may be accurate, it will not be easily explained, which make such models
difficult to use for diagnosis recommendations. Our goal is to instead develop
a method that trains simple auxiliary explainer models, and can still accurately
describe the relationship between the data and the model output within a small
region of a given prediction.

This methodology is known as training local explainer models and has been shown
to be useful in understanding black box predictions (Ribeiro et al. 2016, 2018). One
of the key tradeoffs in generating model explanations is that of fidelity—how well
the explainer approximates the black box model—and interpretability—how easy it
is for a practitioner to trace the predictions of the model. In contrast to previous
literature which has proposed the use of regularization to achieve this goal, we
propose directly computing locally significant features using an information filter.
Generally, computing such filters can be computationally expensive and requires
the use of numerical integration; however, one of our main contributions in this
paper is to introduce an efficient algorithm for filtering out less significant features.
This methodology will allow us to train local explainers that are significantly less
complex then those that use regularization, with better fidelity.
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Local Explainer Notation

Before proceeding to our discussion on the local explainer method, we will first
establish some technical notation. We assume that for each patienti =1, ..., n we
have an ordered pair (x;,yi), where x; € X C R™ are the feature values of the
patient and y; € £ C Z is the corresponding class label generated by a black box
model f. Through our analysis we will also refer to this set of points through matrix
notation where X € X™ C R™*" is the feature value matrixandy € £™ C Z"
is the vector of class labels, where each row in these matrices corresponds to a
single patient’s data. For our analysis we assume that X is a compact set. Let
® = {1, ..., m} be the set of features, and it may also be used to denote the index set
of the features. This set can be partitioned into two sets ®., @, C ® that represent
the set of continuous and binary features respectively.

Furthermore we define the set-valued function ®* : X — ® as the function
which extracts the minimum set of necessary features to accurately predict the class
of a point x. Namely,

O*(x) =pco {lo|: plylx) = p(ylxlel)}, (A2)

where x[¢] is an indexing operation that maintains the values of x but only for the
features in ¢, and p is the conditional probability mass function of the labels y given
the observation of some features. Specifically, if a feature index is not included
®*(x), then it is not required to understand the particular label of x. In addition,
we will denote the ball around a point x of radius r with respect to a metric d as
B(x,r,d).

Finally, a key feature of the explainer training method we propose includes the
use of mutual information. In information theory, mutual information is a quantity
that measures how correlated two random variables are with one another. If X,Y

are two random variables with joint density p and marginal densities py, p,, then
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the mutual information between X and Y is denoted I(X;Y) and calculated as:

p(X,Y) J J p(xy)
I(x;y) =Elog ————— = (x,y) log ——————dxdy. A3

Y = R85 pe ) ), PO o, i Y (A
If X and Y are independent then I(X;Y) = 0; otherwise I(X;Y) > 0, meaning that X
contains some information about Y. A similar quantity can be computed using a
conditional distribution on another random variable Z, known as the conditional
mutual information and denoted I(X; Y|Z).

Local Explainer Algorithm Description

Our main local explainer algorithm extends previous local explainer methods
such as LIME (Ribeiro et al. 2016) by restricting the sampling region around the
prediction, and including an information filter to ensure that fewer features are
included in the final explainer mode.

Our general local explainer is formally presented in Algorithm 1, but we will give
a brief overview of its operations here. The algorithm takes in hyper-parameters
including number of points N to be sampled for training the explainer, a distance
metric d, and a radius r around the point X being explained. First the algorithm
samples N points uniformly from within a r radius of x; we call this set of points
T(x). Depending on the distance metric being used this can often be done quite
efficiently, especially if the features are binary valued or an €7 metric is used (Barthe
et al. 2005). Then using the sampled points, the algorithm uses the Fast Forward
Feature Selection (FFFS) algorithm as a subroutine (formally presented in Section
A.4 and Appendix A.7), which uses an information filter to remove unnecessary
features and reduce the complexity of the explainer model. The FFFS algorithm
uses an estimate of the joint empirical distribution of (T(x), f(T(k)) to select the most
important features for explaining the model’s predictions in the given neighborhood.
We denote this set of features ®. Then, using these features and the selected points,
the explainer model g is trained by minimizing an appropriate loss function that
attempts to match its predictions to those of the black box model. In principle
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a regularization term can be added to the training loss of explainer g. However,
through our empirical experiments in Section A.5 we found that FFFS typically
selected at most five features, so even the unregularized models were not overly

complex.

Fast Forward Selection Information Filter

A key step in our algorithm is the use of a mutual information filter to reduce
the number of features that will be included in the training of the local explainer.
Mutual information filters are commonly used in various signal processing and
machine learning applications to assist in feature selection (Brown et al. 2012).
However, these filters can be quite challenging to compute depending on the struc-
ture of the joint density function of the features and labels, and can require the
use of (computationally expensive) numerical integration. We counteract this by
considering an approximation of the density function, using histograms to calculate
continuous features. When multiple combinations of features need to be considered
as in our setting, the problem of finding the maximum-information minimum-sized
feature set is known to be computationally infeasible (Brown et al. 2012). As such,
our proposed method for computing the filter includes a common heuristic known
as forward selection, which essentially chooses the next best feature to be included in
the selected feature pool in a greedy manner. Using this method alone would still
require recomputing the conditional distribution of the data based on previously
selected features, which can result in long run times for large N. However, using
some prepossessing techniques, we can show that these quantities can be stored
efficiently using a tree structure, which allows quick computation of the filter.
The general idea of the FFFS algorithm is to consider the feature selection process
as a tree construction. Part of this construction relies on an estimate of the empirical
density of the features as a histogram with at most B bins and preprocessed sum-

mary tensor M € {0, 1}B*I®IxN

which indicates which bin of the histogram a feature
value for a particular data point lays in. For each entry, M[b, ¢, x] = 1 if the value

of feature ¢ at point x falls in the bin b. Otherwise, M[b, @, x] = 0. The depth of the
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tree represents the number of selected features and each node of the tree is a subset
of T(x). For instance, at the beginning of the selection process, we have a tree with
exactly one node R where R = T(k). Assume binary feature ¢ is selected in the
first round. Then two nodes a, b are added under R, where a = {x; : M[1, ¢4,j] =1}
and b = {x; : M(2, @1,j) = 1}. In the second round, we use the partition sets a, b to
compute the mutual information instead of the complete set R. The set a is used
for computing p(@le; = 1), p(yle; =1), and p(¢;yle, = 1), while b is used when
the condition is ¢ = 2. In each round the leaves £ of the current tree represent the
set of partition sets corresponding to all random permutation of selected features
information. Therefore, £ provides us sufficient information for calculating the
desired mutual information. As shown in Algorithm 5, the algorithm only outputs
the leaves £, not the entire tree. The main algorithmic challenge is to efficiently
calculate the marginal distributions (p(@|S), p(ylS) and joint distribution p(¢;ylS),
which we are able to do using the tree structure.

The detailed structure of the FFFS algorithm used to compute the filtered feature
set ® requires several subroutines, and the formal algorithmic construction for
computing the filter is presented across Algorithms 3, 4, 5, and 6. The main FFFS
algorithm is Algorithm 3, and it calls the subroutines for recursion (Algorithm 4),
selecting features (Algorithm 5), and partitions (Algorithms 6). Formal presenta-
tion of these algorithms, as well as detailed descriptions, are given in Appendix
A7.

A.5 Experimental Validation of Local Explainer

In this section we empirically evaluate the quality of our local explainer methodol-
ogy by first showing that accurate sub-type predictions of our PD sub-type clusters
(as described in Section A.3) can be achieved using black-box methods applied to
the data of individuals measured during the screening visit. We then apply our
local explainer methodology developed in Section A.4 to explain the predictions
given by these black-box models.

Our clusters were derived from longitudinal measurements of the four metrics
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of disease severity described in Section A.3, measured across the first seven visits
in the study over a period of 21 months. Treating these cluster (and the healthy
patients) as our ground truth class labels, we first train black box machine learning
models to predict which of these progression sub-types an individual will most
likely experience given her screening data. This is meant to model the data avail-
able to a physician when she must make treatment decisions for a new patient.
From screening data in the PPMI data set, we included the following 31 features:
PTT, Lymphocytes, Hematocrit, Eyes, Psychiatric, Head-Neck-Lymphatic, Muscu-
loskeletal, Sleep Score, Education Years, Geriatric Depression Score, Left Handed,
Right Handed, Gender Male, Female Childbearing, Race White, Race Hispanic,
Race American Indian, Race Asian, Race Black, Race PI, Anosmia, Hyponosmia,
Normosmia, MRI Normal, MRI Abnormal Insignificant, MRI Abnormal Signifi-
cant, BL/SC UPDRSII, BL/SC UPDRSIII, BL/SC MOCA, BL/SC MSES, and BL/SC
Age. Among these 31 features, 20 features are binary variables and 11 features are
continuous variables.

For accurate sub-type predictions using this data, in Section A.5 we trained three
machine learning prediction models: one interpretable model (logistic regression)
and two complex black box models (a feed forward ANN and a bagged forest). Our
results indicate that the black box models outperform the simpler model, which
necessitates the use of a local explainer method for this application to achieve both
accurate classification and explainability.

In Section A.5 we computed local explanations based on the random forest model
predictions (which was the model with the highest accuracy) using our proposed
FFFS method with the information filter and a local explainer method. This is
analogous to LIME (Ribeiro et al. 2016) which does not contain an information
filter. Our results show that given a requirement of high explainer fidelity, the use of
the information filter will result in less complex explainer models. All experiments
described in this section were run on a laptop computer with a 1.2GHz Intel Core
m3-7Y32 processor and MATLAB version R2019a with the machine learning and
deep learning tool kits (MATLAB 2010).
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Machine Learning Models for Cluster Prediction

We considered three different kinds of machine learning models for the task of
predicting the progression cluster: logistic regression, feed forward ANN, and
a bagged forest model. The patient data was split into training, validation, and
testing sets with 70% of the data used for training, 15% for validation, and 15%
for testing. Among 779 patients, 545 patients were selected for training, and 117
patients were selected for validation and testing.

Since bagged forests and ANNSs are sensitive to hyperparamter settings, we
used cross-validation to set their respective hyperparamters. Using cross validation
and MATLAB’s hyperparemeter optimization methods we found that the most
effective ANN architecture for our task was with a single hidden layer containing
one hundred hidden ReLu units. For the random forest model, we found that an
ensemble of 50 bagged trees gave the best results compared to other forest sizes.

Figures A.3 and A.4 show the performance of the models on the same training,
validation, and testing sets. In both figures, the classes 1-4 correspond to Groups
0-3, and class 5 corresponds to healthy patients (which we will also call Group 4).
Figure A.3 contains the confusion matrix for each model. The rows of the matrix are
the output class, which represents the predicted class, and the columns of the matrix
are the target class, which is the true class. The cells on the diagonal of the matrix
count accurate predictions. Each cell in the rightmost column has two values: the
top number is the percentage of patients that are correctly predicted to each class,
and the bottom number is the percentage of patients that are incorrectly predicted
to each class. For each cell on the bottom row, the top number is the percentage of
patients that belong to each class and is correctly predicted, and the bottom number
is the percentage of patients that are incorrectly predicted. For the rest of cells in
the matrix, the number in each cell counts for the number of patients that fall in
this observation. The cell at the bottom right corner of each matrix shows the total
percentage of patients that were correctly and incorrectly predicted.

As shown in Figures A.3 and A .4, the logistic regression model under-performs
relative to the ANN and bagged forest models. Even though the bagged forest
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model has a lower prediction rate for Group 0 compared to the ANN, it has equal
or higher rates of accurate prediction for the other classes. Additionally, the bagged
forest model consistently performed better than the ANN and logistic regression
models in our experiments. We concluded from these results that the bagged forest
classification model is the most effective for our prediction task, and we chose to

consider its predictions when evaluating our local explainer method.

Local Explainer Validation

Since the main difference between our local explainer training algorithm and those
in the literature is our use of the FFFS information filter, our experiments on the
local explainer are focused on validating the effectiveness of using this information
filter. We compare the performance of our local explainer training algorithm to
a similar algorithm without a filtering step. We then compare the performance
of these methods in terms of explainer complexity and fidelity, across different
sampling radii and across all patients.

For the sampling parameters of our algorithm, we sampled N = 10, 000 points
centered around each patient within a radius r of either 3, 7, 11, or 15. The distance
metric for computing this radius was a combination of the {, norm for the continu-
ous features and the {; norm for the binary features. The continuous value feature of
each of the points was sampled uniformly using standard techniques (Barthe et al.
(2005)). For binary valued features, we randomly chose at most r binary features
and flipped their values. We first randomly generated an integer k between 0 and r,
and randomly selected k binary features which we then flipped from their current
value (that is, values of 1 were set to 0 and vice versa). To compute probability
density estimates, we found that the method performed well with histograms with
only three bins for continuous features and two bins for binary features. Intuitively
three bins allows us to categorize feature values as low, medium, or high relative to
their range.

For both training methods, we chose to train decision trees as our the local

explainer class because these have been shown to be ergonomically suitable for
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explaining black box models in healthcare contexts (Bastani et al. 2018). Then we
computed the corresponding fidelity score, defined as the percentage of data where
the prediction of the decision tree matched the prediction of the random forest
model. We used the number of leaves on the decision tree as a measure of the
explainer complexity.

In Figure A.5, we compare the explainer complexity and fidelity level of the
explainers generated by the two different training methodology across the four
different tested sampling radii. Unsurprisingly, when the sampling radius is small
(i.e., v = 3), there is not much advantage to using the information filter in terms of
reducing model complexity for a given fidelity level. Since all points are sampled so
closely together, the relevant features are easily learned in explainer training. Con-
versely, when the sampling radius is large (r = 15), the addition of the information
filter only helps slightly. With such a large radius, sampling feature values that are
far from the point that is meant to be explained may not give useful information for
that prediction. However, when considering the medium radius ranges, for high
levels of fidelity, the inclusion of the information filter provides simpler models
across the board. In particular, consider the plots corresponding for local explainer
radius of r =7 and r = 11 in Figure A.5. Note that in both of these figures, when
considering high fidelity explainers generated by both methods (fidelity > 0.6),
the explainers generated by the information filter method are less complex then
those generated without the filter. This would indicate that using our information
filter, we can obtain high fidelity local explainers that are on average less complex
then those generated without this filter. When considering low fidelity explainers,
the no filter method creates less complex models then the filter method. This is
because our filter method is better equipped to find relevant features even in more
complex regions of the black box model, while the no filter method is unable to
learn these regions effectively with a fixed sample size. This is significant since this
would indicate that our proposed methodology is able to explain a larger portion of
the feature space using less complex models while still finding meaningful features
for explanations, relative to existing methodologies.

Overall, the plots in Figure A.5 show that incorporating an information filter
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into local explainer training can be more effective in extracting relevant features
then using regularization, and can generate less complex models with high fidelity.
In addition, these results indicate that using an information filter allows for local
explainers with information filters to obtain higher fidelity over a larger radius
with relatively less complex models. This is particularly significant since less
complex models can be me more easily interpreted by domain experts, making it
easier for them to translate the clinical significance of the black box model outputs.
while larger explanation radii are useful for model validation and generalization of
explanations. Moreover, even in complex decision regions generated by the black
box model, using an information filter in conjunction with local explainers is better
at extracting relevant features for predictions which again can be useful for model

validation and providing clinical insights.

A.6 Comparison of Local Explainer Performance in
Aggregate

To evaluate the performance of our proposed local explainer methodology in the
context of explainer aggregation, we considered the impact on aggregate fidelity and
coverage of our aggregate explainer using different base local explainers. For this
experiment we used our IP methodology as the mode of aggregation and evaluated
the difference between using our proposed information filter based local explainer
(labeled in the plots as “filtered”) and LIME (labeled in the plots as “unfiltered”)
as the base local explainers to be aggregated. For these experiments, we fixed the
lower bound on fidelity of the IP at 70% and plotted both the coverage and fidelity
of the aggregate with different explainer budgets for both binary prediction and
multi-class prediction.

Figures A.6 shows the coverage and fidelity comparisons for the binary pre-
diction class. We see that the use of our information-filter-based local explainer
provides a better coverage and roughly 4% higher fidelity score then those ob-
tained by our aggregation method in conjunction with LIME across all budget
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levels. These results indicate that our proposed local explainer methodology leads
to aggregate explainers that include both simpler component explainers, and can
achieve improved coverage and fidelity in the binary classification case.

Figure A.7 shows the coverage and fidelity comparisons for the multi class
prediction task. In this setting we again see that our proposed local explainer
provides improved coverage and fidelity across all potential aggregate budgets.
The advantage in the multi-class setting is less pronounced than in the binary
prediction case, but our method still provides on average 5% improvement in

coverage over LIME for the resulting aggregate explainer.

A.7 FFFS Algorithmic Details

In this appendix, we present and discuss the FFFS algorithm used in our local ex-
plainer method. The main algorithm is presented in Algorithm 3, and the required
subroutines are presented in Algorithms 4, 5, and 6.

Since the main structure of the algorithm requires a recursive tree traversal,
Algorithm 3 includes a general prepossessing wrapper algorithm that starts the re-
cursion. In this part of the algorithm, the sampled data points are used to compute
the empirical densities of their feature values. These densities are approximated
using histograms which can vary in the number of bins. For simplicity of presenta-
tion, we assume each histogram has the same bin size, but of course this detail can
be modified in implementation. The key addition here is the computation of tensor
M, which tracks the inclusion of each data point’s features into their respective
histogram bin.

Algorithm 4 contains the main recursion of the filter computation, and it outputs
the selected features when it terminates. The recursion of Algorithm 4 requires a set
of selected features S, a set of unselected features U, the binary tensor M, the black
box model predictions Y, and £, which is a set of partition sets of points in T(X).
Since no features are selected prior to the first call to Algorithm 4, we initialize the
inputs S =0, U= ®,Y = f(T(x)) and £ = T(x;) when it is first called in Algorithm

3. The recursion terminates and outputs the current set of selected features when
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either all features are selected or £ becomes empty. If the termination condition
is not met, Algorithm 4 calls Algorithm 5, which updates S, U, and £ using a bin
expansion. Then Algorithm 4 makes a recursive call with updated inputs and
repeat the previous steps.

Algorithm 5 is used to select one feature from the set of unselected features
that maximizes the mutual information I(; Y|U), and to update £ given the cur-
rent selected feature. We apply forward selection in Algorithm 5. In order to find
@ =pcu I(@;Y|U), we compute I(p;y|S) for each unselected feature ¢. The ap-
proximated mutual information I(¢;ylS) is computed using the following equation
(Brown et al. 2012):

Ple;ylS)
7 S NI 7 S ].O
I(@;ylS) = I(p;ylS) , § 8 = oAl ooy (p|5 B5(@lS)’

If I(@*;ylS) is not positive, then we do not select any new features. If no new
feature is selected, we terminate the process by setting U = (), which satisfies
the termination condition of Algorithm 4, and the feature selection process will
be complete. If I(¢*;ylS) > 0, then we can obtain additional information on the
prediction by adding ¢* to the set of selected features S and removing it from
the set of unselected features U. Algorithm 5 then calls Algorithm 6 to update
L to L', Algorithm 6 is used to partition each set in £ given current selected
feature ¢*. Using the binary tensor M, we can collect the set of bins for ¢*. As an
illustrative example of this process, let B+ = {b1, by} and £ = T(X) = {x1, X2, ..., Xp }.
Assume x¥" € by fori < 5and x¢" € b, otherwise. Then we can partition the set
{x1,%2, ..., xp} into 2 sets €, €, s.t. {1 = {x1, ..., x4} and &, = {xs, ..., X, }. Next we add
sets {1, {, to £L'. Since £ contains exactly one set, we finish the partition process, and
Algorithm 6 outputs £’ = {{x1, ..., X4}, {X5, ..., Xp }}.

Proposition 12. The time complexity of the FFFS algorithm for a fixed maximum dis-
cretization bin size is O(N|D]).

Proof. Note that the size of the generated points is given by the input parameter

N, and the set of all features is denoted by ®. First, since the bin sized is fixed as
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Algorithm 3 Fast Forward Feature Selection (FFFS)

Require: T(k), ®,f
1: for ¢ € O®. do
Form histogram with bin set B, and frequencies P,
end for
set M € |B,| x |®| x N as a zero tensor
for x € T(x) do
for ¢ € ® do
forb € B, do
if x[@] € b then
Set M[b, ,x] =1
end if
end for
end for
: end for
: return RecursionFFS((), ®, M, f(T(x)), T(x))

e e S g
B I N vl

Algorithm 4 Recursion FFS

Require: S,U,M,Y, L
1: if U =0 or L = () then

2: return S

3: else

4: [S/,U’, L] = SelectFeature(S,U, M, Y, L)
5: return RecursionFFS(S’, U, M, Y, L)

6: end if

a constant, and the preprocessing step requires a nested for loop, the total time
complexity of the preprocessing is O(N|®|). The FFFS algorithm operates as a tree
traversal, where the depth of the tree at the final stage corresponds to the number
of selected features. In each level of the tree, the mutual information of all points is
evaluated using Algorithm 5 and the sets of generated points are partitioned into
smaller sets using Algorithm 6, which combined require O(N) operations. Next,
since in the worst case, all features contain positive mutual information on the
prediction value of the black box model, the maximum possible tree depth is given
by |®|. Combining these two facts gives the desired result. O
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Algorithm 5 Select Feature

Require: S,U,M,Y, L
L =eu 1(f;YIU)
2: if I(f*;Y|U) > 0 then
3: u=u\r*
4 S=SuUf*
5: L'= BinPartition (M, £, f*)
6 return S, U, £’
7: else
8: u==0
9: return S, U, £
10: end if

Algorithm 6 Bin Partition

Require: M, £, f*
1: Use M to find B¢ s.t. Bg« = {by, by, ..., by} is the set of bins for feature *
2. L' =)
3: for{ € L do
4 Partition { into smaller sets {{1, {5, ..l } wr.t B2 4 ={t € 1:tF € biVi €
{1,...,k}
£ =L Ul . L}
end for
7: return £’

AN
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A.8 Additional figures

700

600 -

500 A

w 400 A

MS

300 -

200 A

L 2

Al 2
Al 2
e decdeh &
Lz 2.2 2 ¥ WA
FRRRINeAeAetededededededod
nw

100 A

0 10 20 30 40 50
Cluster Count

Figure A.8: Elbow plot for determining number of clusters to use for k-means clustering. Red marked value is
located at 4 clusters and roughly corresponds to the bend in the elbow. The x-axis describes the total number
of clusters used in k-means clustering, and the y-axis represents the MSE loss associated with the resulting
clusters.
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Figure A.5: Comparison of local explainer algorithm with the information filter (solid line) and without the the

information filter (dashed line) for various different radius settings for the algorithms. The x-axis corresponds
to the given fidelity score of the model and the y-axis measures the complexity of the decision tree explainer
by the number of leaves. For a small radius (r = 3) and large radius (r = 15), the addition of an information
filter does not lead to a significant difference in model complexity across all levels of fidelity. However, using
the information filter in explainer training for moderate sized radii (r =7 and r = 11) results in less complex

models at higher levels of fidelity (> 0.6).
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constituent local explainers that are used by the aggregation methods.
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B FORMULATION AND PROPOSITIONS IN CHAPTER THREE

B.1 Proofs of propositions in text

Proof of Proposition 4

To formulate this MLE problem recall that W 4 = Wy q + €1,q4, Where € 4 arei.i.d.
€t,a ~ Laplace(0, 0). Recalling from Section 3.2 that g, ~ Bernoulli(p;), and letting
T be the index set of all weeks in the study and D, be the set of days during week
t € T that have weight observations, we can expand the joint likelihood function as

follows:

H (P(gelpe)P(fo,clfo,e—1,{ct,ataen)Placlasi—1, arp, ki, 5, e {we,a)%—o, B)

teT
Plazlazt—1, azp, ko, T?'{Wt,d}?i:o)P(PJPt—l,Pb, Kp, 9e—1)
P(W 0w P(Wiolwi—16, Cto)P(Crowi—16, a1t, a2, fo e, ﬂv))

H P(Wi,alwt,a) H (P(w,alwe,a—1, ct,a)Peralwea—1, a1t aze, foe 7))

teT,deDy (t,d)eTx|[0,...,6]

(B.1)
Note that many of the terms in the joint likelihood function are in fact degenerate
distributions by the assumptions of the model in Section 3.2. Thus by taking the log
of the above expression and expressing degenerate distributions as deterministic

constraints we get the desired formulation.

Proof of Proposition 5

To prove the proposition we will solve the in week problem explicitly with dynamic
programming. Let Vi ¢(wy ;) be the value function of a sub-problem maximizing
the utility function from day j € {0, .., 5} to the end of day 6 (Sunday) of week t. We
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want to show that:

6—j 6 6—d 6 6—d
Vie(wij) = max—aj, ((Z b wyi + () () ebYey) + (O (O bﬂk))

Ct,j

- 5—j 6 6—d 6 6—d
b g Yea T b Iweg — 3 (eb e a) = 3 (b0 YK) + A
2,t
¢ 2A

6
— Y (¢} q—2crafo +EIEL o] + 13 )
d=j

(B.2)
Because, if (B.2) is the correct structure, then the sub problems of the in-week
model can be written as a sequence of convex optimization problems. First consider
the base case j = 5:
Vis(Wis) =max El—ay,:(bwys + c(cee + &) + k) 4 @y I{weg — Wi > 0} — (Cp + £ — (o))
t,6

=max —allt(bwt,5 + CCp + Ck) + azltf'{vP(tho — Wie > O)
Ct,6

— (e} g —2ci6fo + E[EZ (] + 3 )
(B.3)

Since P(wyg — Wy > 0) = P(E5 < Mw=0Ms=ceu®)y and g o U(—A, A),

P& < WMLl _ Wi bW e KA [ gubgtituting this into (B.3):

aw W0 — bwis —ccg —k+ A
Vie(Wis) =max — age(bwis + cce + ck) + az, )Y —= t’52/\ :
Ct6

—(cts — 2cefue + EIET (]l + 17 )
(B4)
This proves the base case since (B.4) follows the desired form. Note, that this is
a concave quadratic optimization problem, so a stationary point will be a global
optimal solution. Next we take the derivative of the equation with respect to c

and set it equal to 0, we find the optimal solution c} ; = fy  — 2L — G2TEe

Next we make the following inductive hypothesis for some 0 < j < 6:
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6—j—1 6 6—d ) 6 6—d .
Vi(Wy;) = max—ay, (( > b w4+ () () ebeg) () (O bm)

o
as i=0 d=j+1 i=0 d=j+1 i=0

e 2A

6
— > (clqa—2cyafor +EIEL ]+ 13,),

d=j+1
(B.5)
Then the Vi 4(w;;—1) can be computed as:
Vie(Wej—1) = max — a1,tWej — (coj+ & — foi)* + Viws(wy;)
t,j
= max — are(bwyj_1 +ccyj + k) — (C%,j —2¢jfv + Ef + f%,,t)
L
6—j—1 6 6-d 6 6-d
Ca, (( 5 b g (3 (3 ebeaen) +( 3 (zbwk))
i=0 d=j+1 i=0 d=j+1 i=0
o Weo — D T (bwe g +ceny + k) — Y g (eb® ey a) — Y5, (00K
+ (lzrtrt 2A
6
- Z (C%,d — 2¢¢,afp,e + a%,d + f%),t)
d=j+1
6—i 6 6-d 6 6-d
— (( S 05 w1 (3 eben) + (3 (S bwk)>
) i=0 d=j i=0 d=j i=0
Wi — B Twy g — Y5 (eb® ey ) — Y5 (b0 Yk) + A
+ azltTt

2A

6
— Y (c}a—2ciafor+ &g+,
d=j

(B.6)
Which proves our claim that the structure of (B.2) holds for all days of the week
as desired. To complete the proof and show that c}; has the desired form, we can
take the derivative of (B.6) with respect to c;; and set it equal to 0, which yields
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6 : .
ajtCy ;¢ bt a ¥ cb®I :
o —=— - S as desired.

Proof of Proposition 6

First we define two sets of binary variables {1}, and {1, (}22 ;. Using the Big-M
technique Wolsey and Nemhauser (1999), let I, = 1if wy g < wgand l; =0
if weg > wyy. Similarly, let 1,y = 1if p, > B and 1, = 0 if p, < B. Constraint
3.8 enforces l; = 1if wyy < wygand ;¢ = 0if wyy > wye. Similarly, Constraint
3.9 enforces I, = 1if py > B and 1, = 0 if p; < B. Constraint 3.10-3.12 is the
reformulation of r{1{p,, —B > 0}. If l, =0, thenz, =0. If l,; =1, z; = 7§ since
Constraint 3.11 is a tighter upper bound for z; ; than Constraint 3.10, and Constraint
3.12 ensures z;  must be greater than or equal to r{. Similarly, Constraint 3.13-3.16
ensures z3; = 0if l;; = 0 and z31 = k; if L1+ = 1. Then in Constraint 3.17 we

replace the nonlinear terms with z; ¢ and z3.

Proof of Proposition 7

Similar to the proof of Proposition 6, we use the Big-M technique Wolsey and
Nembhauser (1999) to reformulate nonlinear constraints as linear ones. First we
introduce the binary variables 1y, 1, z1,1, and z; . Constraint (3.18) enforces
Ly = lifweg < wegand Ly = 0if weg > wyp. Constraint (3.19)-(3.22) are
the reformulation of ky1{(w¢o — wye) > 0}, which indicates z,, = 0if 1 = 0
and z; = kp if I = 1. Constraint 3.19-3.20 ensures z,: < k;, and Constraint
3.21 ensures z; must be greater than or equal to r{. Lastly, in Constraint 3.23 the
product of the binary and the continuous variables is replaced with z; .

Proof of Proposition 8

We prove the inequalities hold for g, = 0 and g, = 1 separately.

If g = 0, then the log-likelihood function —log(P(g: = Olp.)) = —log(p?* (1 —
po)'79) = —gclog(pe) — (1—gi) log(1—pi) = —log(1—p¢) and |g—pe = [0—p¢| =
pt.- Letf:[e,1 — €] — Rbe: f(x) = Mpt + log(1 — p¢). Note, f(p¢) = 0.

X
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1= Hlog(1—x)
X2

Computing the first derivative of f yields 4& = . Note that 4f > 0,
meaning f is monotonically increasing in x, and thus f(e) < f(p¢) < f(1 — €) which
gives the desired inequalities.

If g = 1, then log(P(g¢ = 1lp¢)) = —log(p:) and |gr — pt| = 1 — p. Define
h:[e,1—¢€] — Rash(x) = %{({X)(l —pt) + log(pt), note h(p:) = 0. We can
% and note that g—;‘ <0
meaning h is monotonically decreasmg Therefore h(1 —¢€) < h(pt) < h(e) which

compute the first derivative of h as @ =

provides the desired result.

Proof of Proposition 9

Let (wg, 05) be the true initial conditions. Then for any possible initial conditions

(Wo,0,00) # (W5, 05) we can express the surrogate posterior as follows:

log( P (WO 0, GOHW’E a, 9t, r‘t/vl C})) log( (WO 0rs e0 |{Wt dr 9t, rt ;T }))

P(Wi,a — We,a) P(wo,, 60)
+ + gt — Pl —lge —p !)—log—
tE‘TZdEDt Pwya —Wia) ;r ' P(Wg,05)
(B.7)
Using the results of Proposition 8, we can bound } , +(Ig¢ — pil — [ge — P«l) <
€max D_teT %% , where €, = max{logl—e), k}g € 1. Thus we see:
(B.7) < log(PP (wz;o, 051(Wa, 9o, 1, 1)))
+ Z Wt d _Wt d) +e € Z lOg ]P)(gth_)t)) . 10 P(WS'O’ 92) (BS)
teT,deDy Wt a— Wy, a) teT log(P(gtlpt)) P(Wg,oz eo)
P(wo,0,00)

Since Pwi o)) is a constant and log(ﬁ”(wao, O5{We,a, i, 71", 1)) € [0, 1] by defini-

tion, then combined with Assumption ?? this implies maxs s) log( (Wo0, Ool{ Wi a, g, 7, 75H)) —

—oo V6 > 0. This implies maxgs) ]f”(wo,o, Ool{W+ a, gt, 11", 15} — 0.
To complete the proof consider the probability mass placed on S(8) given
by ]@)(S(én{wt,d/ Jt, T.}[/V, IS WO 0rs 60|{Wt dr 9t/ rt ,T }) dWO,OdeO < VOI(W X
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C) maxss) ]@’(Wo,o, Ool{Wi,a, g¢, 117, 7¢}) — 0. Thus our surrogate posterior meets the
definition as desired.

Proof of Corollary 3.2

Since the event { (W){"P, OMAP) ¢ B((wpo, 05),8)) } is a subset of the event
{ maxss) P(woo, 0o[{Wia, ge, ¥, 7)) > MaXyy,00€B (W] ,05),5) P(woo, B0l{W,a, g, 7, 7$H },
which implies P((W)A?, MAP) ¢ B((Wg,05),8)) < P(maxss) P(wo, 80l{We,a, g, 1V, 1€}) >
maXW0,0r90€B((Wg,ores)fé) P(woo, B0l Wi a, s, 7, 1¢})). By Proposition 9,
P(maxss) P(wo, Oo{Wr,a, g¢, 71", 7¢})) — 0 as T — oo and hence the result of the

corollary follows.

Proof of Proposition 10

Propositions 6 and 7 indicate the problem described in (3.33) can be reformulated
with a set of linear constraints which are affine in (w00, Ow0{T, 75, Hoo)Vu € U.
This implies the function {({wy,0,0, 01,0, {1}, TS, ¢ H X hueu) is lower semi-continuous

to each argument by applying results from Hassanzadeh and Ralphs (2014).

Proof of Proposition 11

Corollary 3.2 implies the surrogate posterior estimates ]P’(wu 0,0r O ol{ W t,a, gu LT, )
are statistically consistent and Proposition 10 implies 1 ({wx, 0,0, 810, {124, 7 3t “g hueu)

is lower semi-continuous in all of its arguments. Hence by Proposition 2.1.ii of
Lachout et al. (2005) P ({W/ 5, Gu o AT o T8 i ohueu) is a lower semi-continuous
approximation of the function \({w} o, 07 o, (Tl TS, Jitolueu) with respect to the

true initial conditions.

Proof of Theorem 3.3

Since Corollary 3.2 implies (WiF, 6}A%) B (w;, 65) and Proposition 11 implies

ll)(WITL,O,O’ oo T8 it ohueu) is a lower semi-continuous approximation to the
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function P({wi, o0, 0% o {Ti e, TS 1 Jitohueu), the result follows Theorem 4.3 of (La-

w,DIA

chout et al. (2005)) which 1mp11es any solution {r;; ", 1y DIA}ueu returned by

Algorithm 2 are asymptotically optimal.

Rellich’s identity

Standard developments of Pohozaev’s identity used an identity by Rellich ?, repro-
duced here.

Lemma B.1 (Rellich). Given L in divergence form and a, d defined above, w € C*(Q),

we have

JQ(—Lu)Vu- (x —%) dx = (1 — %)J

a(Vu, Vu) dx — %J d(Vu, Vu) dx (B.9)
Q

Q

+1J a(Vu, Vu)(x —x) - vdS —J a(Vu,v)Vu - (x —x) dS.
2 Jao 20

Proof:
There is no loss in generality to take X = 0. First rewrite L:

—%[Z;%( ”ax)+ZZ (”ax)]

Switching the order of summation on the second term and relabeling subscripts,
j = iand i — j, then using the fact that a;;(x) is a symmetric matrix, gives the

symmetric form needed to derive Rellich’s identity.

T2 Z {axl ( 3 ax]> + a% (aj%u)] : (B.10)

Multiplying —Lu by 2+ 2. Xk and integrating over (), yields

ou 1 0 (,du), 3 ( du)]ou
- == e ) Tac (G )| a0 X d
JQ( Lu)a ka dx ZJQiZj |:aXi (a]an> " 0x; (a]axi)} anXk *
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Integrating by parts gives

_1J Za du *u +au %u - dx
B 2 o Y an anaXi aXi anan K

1)

1 ou ou ou
_ i _6i — 39 -
+2 J.O_ ; ¢ ) |:6X] kT aX;L )k‘| an dx

1 ou ou ou
_5 JaQ Z aij |:a—xj\/i + a_XiV]} axk dx

ij

= I; + I, + I3, where the unit normal vector is v. One may rewrite I; as

1 0 ou ou
I = — 65— - d
! 2Liz,ja]axk (axiaxj)x" X

Integrating the first term by parts again yields

1 ou Ju 1 ou Ju
= —= E gl=—=—14d - E i =—=— ds
b 2JQ — a)(axiaxj> X+2Ja(2 — a](axiaxi>Xkyk
1) 1)

Summing over k gives

n ou ou
ij

1 du ou 1 du ou
Sz (o) cmas—a 2 (e ) v vanes

i,j
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1 ou ou
—E Jaﬂ 1Z] Clij [a—xj\/i + a_XiVj:| (VLL . X) ds.

Combining the first and fourth term on the right-hand side simplifies the expression

n ou ou
JQ(—Lu)(Vu x)dx=(1-7) L) Z} o (567;) o

1 ou ou 1 ou ou
- == cv)dS — = fdad Vag)d
+2LQZGJ (axiax,-)(x V) 2JQZ(axiaxj)(x Vay) dx

ij i)

ou ou
—E JaQ Z aij |:a—xj\/i + a—XiV]‘:| (Vu . X) ds.

Using the notation defined above, the result follows.
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B.2 Complete MILP formulation of SMLE problem

min o Z We,a — Weal + B Z [Pe — gel.

t€T,deD, teT
st. Wyapr =bwyg+cfiam t+k,

fia = dc,qa + &q,

6
fo 01 = Yefor + (1 —v¢) Z t,ds
d—0

a € Zi:6—d bt _ ap,F7'cb 4

Cta=Tor— 2 1A
Pi+1 = Yp (Pt — Pv) +Po + Kp gy,

Wio— Wi < My(1—1y,¢),

Pt — B < Myiloy,

Mz1bo,

N
—_
<
-+

LN

A Y /AN AN VAR \VAR/AN/AN
—g
+0 &0

N
N
p
S

N
@
-+
N
w

—
S
-+
~

I\
W
P
=~ =
<

1— Mzs(1—1;,4),

I\
W
N
-

N
W
p
~

=vila —aip) + ap + 210 + 23,
Moy,

k2,

k2 — My (1 — 1),

0
Q1 =Yalaze — aap) + @b + 122,

11,‘(/ l'Z,t S {O/ 1}

S8y e
v W /A /A L

~

S
©

tG{O,"',
tE{O,"’,

tE{O,"',

23},
23},

23},

de{0,---,6}

de{0,---,6}
te{0,---,23)

de{0,---,6}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
tef{0,---,23}
tef{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}
te{0,---,23}

(B.11)
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