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As you set out for Ithaka hope your road is a long one, full of adventure,
full of discovery. Laistrygonians, Cyclops, angry Poseidon—don’t
be afraid of them: you’ll never find things like that on your way
as long as you keep your thoughts raised high, as long as a rare
excitement stirs your spirit and your body. Laistrygonians, Cyclops,
wild Poseidon—you won’t encounter them unless you bring them

along inside your soul, unless your soul sets them up in front of you.

Hope your road is a long one. May there be many summer mornings
when, with what pleasure, what joy, you enter harbors you're seeing
for the first time; may you stop at Phoenician trading stations to buy
fine things, mother of pearl and coral, amber and ebony, sensual
perfume of every kind— as many sensual perfumes as you can; and
may you visit many Egyptian cities to learn and go on learning from

their scholars.

Keep Ithaka always in your mind. Arriving there is what you're
destined for. But don’t hurry the journey at all. Better if it lasts for
years, so you're old by the time you reach the island, wealthy with all

you've gained on the way, not expecting Ithaka to make you rich.

Ithaka gave you the marvelous journey. Without her you wouldn’t
have set out. She has nothing left to give you now. And if you find her
poor, Ithaka won’t have fooled you. Wise as you will have become, so
full of experience, you’ll have understood by then what these Ithakas

mean.

— C. P. CAVAFY
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ABSTRACT

We are witnessing a profound transformation in how information is processed
and how machines interact with humans. Since the breakthrough convolutional
neural networks of 2011-2012, the field of Deep Learning has produced a vast
array of architectures, each tailored to specific tasks and requirements. At their
core, these models operate within high-dimensional latent vector spaces: abstract,
opaque representations that have traditionally been treated as incidental artifacts
of multilayer architectures. Yet this characterization may be misguiding and
misleading.

This thesis focuses on understanding and leveraging the structure and capabil-
ities of these latent spaces. We investigate the tools and methodologies that can
illuminate their behavior and demonstrate how these spaces can be purposefully
exploited across applications ranging from image harmonization to hallucination
mitigation and synthetic data generation. We show how theoretical frameworks
of applied Mathematics offer plausible, grounded explanations for the behavior of
modern deep models; explanations that translate directly into practical algorithms
enabling measurable improvements in performance.

This thesis’s contributions demonstrate that latent spaces are not merely
byproducts of deep architectures but fundamental computational domains. Com-
putational domains that, under appropriate theoretical frameworks, can be under-
stood, guided, and harnessed, opening new avenues for practical innovation in

modern machine learning.



1 INTRODUCTION

In 1968, Stanley Kubrick envisioned an intelligent computational system capable
of autonomous decision-making and of distinguishing between collective and
individual goals [1]. In 1984, James Cameron depicted a dystopian future in which
intelligent, self-sustaining systems turned against their creators and brought about
humanity’s downfall [2]. Earlier, in the 1960s, Isaac Asimov introduced the Three
Laws of Robotics, outlining the ethical framework within which any intelligent
artificial system should operate, and imagined a future where an all-seeing machine
might even reverse the entropy of the universe [3; 4]. Decades later, in Iron Man
[5], Tony Stark’s assistant was not a human being but an artificial system capable
of understanding natural language commands in real time and acting accordingly.
Although the future remains uncertain, such ideas are no longer confined to the
realm of science fiction. The field of Artificial Intelligence (Al), or, in its more
technical manifestations, Machine Learning (ML) and Deep Learning (DL), has
endowed humanity with unprecedented capabilities, fundamentally transforming
the ways in which we interact, process information, and engage with technology.

Machine Learning is concerned with the study of diverse input signals and
modalities, such as images, text, or attributes describing individuals and objects,
and with the design of models capable of associating these inputs with specific
quantities, such as the price of a house or the toxicity level of a comment. Broadly
speaking, an ML model provides a structured mathematical mapping from input
features to an output quantity. In the simplest case, that of linear regression [6],
the target variable y € R can be estimated as

m = m

where {w;}]., are (learnable) parameters, {x;}’’ are the input features that cor-

respond to measured quantities, such as the height and the weight of a person, the



number of occurrences of a specific word, the location of the depicted object, and
more, while y corresponds to an appropriate target variable, such as whether an
email is spam or not, whether a person is of high risk of developing diabetes, or
the color and shape of the depicted object.

An exceptionally diverse collection of modeling approaches has been proposed,
each designed to capture different aspects of the underlying structure of data [7].

From simple extensions of linear regression, formulated as
y=@(w;x; + w,x, + - +w,x,,), (1.2)

where ¢ : R — R is an appropriately chosen non-linear function, to non-
parametric models such as k-nearest neighbors (kNN) [8], which compute weighted
averages of the top-k elements in a held-out training set, and to decision trees,
which represent cascades of conditional statements (Figure 1.1), the breadth of
ML methods reflects the field’s persistent effort to approximate complex aspects

of reality through formal, algorithmic models.

Income > 50k
w‘

Yes w‘ Yes W‘

Figure 1.1: An example of a decision tree. Each internal node corresponds to a
True/False question regarding one or more input features.



A fundamental characteristic of the above approach is its reliance on nu-
merical features. Designing informative and discriminative features, as well as
processing them appropriately, has historically been one of the most challeng-
ing, time-consuming, and non-trivial aspects of successful model development
[9; 10; 11; 12]. Although certain standardized practices (e.g., feature scaling)
have become well-established, the broader process of deriving meaningful repre-
sentations and deciding which features to retain remains as much an art as itis a
science. This challenge is particularly evident for input modalities that are not
inherently numerical, such as images or natural language.

Recent advances, under the umbrella of Deep Learning, have largely mitigated
these limitations, enabling the emergence of powerful models, such as ResNet
and Transformers [13; 14]. The pivotal shift from classical Machine Learning
to Deep Learning lies in the integration of feature extraction (also known as
representation learning) into the model training process itself (Figure 1.2). Rather
than relying on manually engineered feature extractors, Deep Learning models
learn to derive task-relevant representations directly from data. For instance, con-
volutional neural networks (CNNs) [15] replaced handcrafted visual descriptors,
multilayer perceptrons (MLPs) [16] supplanted manually designed kernels, and
learnable token embeddings superseded traditional n-gram approaches [17; 18].
Combined with the computational advantages provided by modern GPUs, this
paradigm shift facilitated the scaling of increasingly general and powerful mod-
els, reinforcing the now-common adage that “more data is better than better
algorithms”. Ultimately, this transition demonstrated that models can learn to
map complex, high-dimensional inputs (e.g., images or text) onto well-behaved,
lower-dimensional manifolds with minimal human intervention.

The concept of a manifold, along with its related notions of latent spaces and
latent representations, has become central to contemporary ML/DL theory and
practice. The idea that complex, high-dimensional observations can be faithfully
represented within a lower-dimensional, structured space has inspired a vast array

of models and algorithms (e.g., [19; 20; 21]). These latent spaces serve as the hid-



Machine Learning

I

Input Feature extraction Classification Output

Deep Learning

o — 5327 — Il

Input Feature extraction + Classification Output

Figure 1.2: Machine Learning vs Deep Learning. Deep Learning incorporates in
its training loop, and automates, the data preprocessing step, allowing for models
that can handle complicated input modalities, such as images and text.

den spaces upon which models learn to organize, abstract, and reason about data.
In particular, feature extraction through latent space mapping using pretrained
models has become a standard methodology and, in many settings, a preferred
alternative to fully end-to-end training. The emergence of Large Language Mod-
els (LLMs) has further strengthened this paradigm, with general-purpose text
encoders [22] now forming the backbone of diverse text-based systems, rang-
ing from semantic similarity tasks to Retrieval-Augmented Generation (RAG)
frameworks [23; 24].

From a conceptual standpoint, latent spaces capture the long-standing aspira-
tion of finding representations that disentangle the underlying factors of variation
governing the observed world. Within this perspective, learning a latent represen-
tation is not merely a computational necessity but a philosophical one: it reflects
the pursuit of models capable of internal abstraction, compression, and reasoning.
The structure and geometry of these latent manifolds greatly influence a model’s
capacity to generalize, transfer, and generate coherent outputs.

Building upon these foundations, this thesis explores several aspects of latent
representations, aiming to deepen our understanding of their formation, manipu-

lation, and utility. In particular, it investigates how auxiliary or complementary



signals can be integrated during training to yield latent spaces that more accu-
rately reflect underlying semantic or physical relationships. Moreover, it examines
how mathematically motivated fusion mechanisms can be designed to combine
embeddings from different sources in a principled manner, enhancing coherence
and robustness without resorting to excessively large or potentially biased training

regimes.

1.1 Manifold Learning

Manifold learning addresses the problem of discovering structure in high-dimensional
data by assuming that the data are generated (or concentrated) near a smooth low-
dimensional manifold embedded in a much higher-dimensional ambient space.
This assumption, often called the manifold hypothesis [25], is central in many
methods: it suggests that although each datum lives in R?, its intrinsic degrees
of freedom d are far smaller (d < D), and that one may exploit this redundancy
to obtain more efficient, geometrically meaningful representations. In empirical
domains such as image and speech recognition, sensor data, and natural language
embeddings, there is strong evidence that much of the observed variability is
constrained by underlying latent parameters (pose, lighting, phoneme content,
etc.) rather than generic high-dimensional noise (e.g., Figure 1.3) [26]. More for-
mally, the mathematical framework supporting manifold learning posits that there
is a smooth, compact d-dimensional Riemannian manifold M C RP, perhaps
with boundary, and that the observed data points x, ..., x, are sampled from a
distribution supported on (or near) M.

Among the landmark algorithms in manifold learning, Isomap [19] was among
the first to target global geometry, approximating geodesic distances via shortest
paths on a neighborhood graph and embedding the data using classical multi-
dimensional scaling. Locally Linear Embedding [27] instead focuses on local
linear structure, representing each point as a combination of its neighbors and

preserving these reconstruction weights in the embedding. Laplacian Eigenmaps



Figure 1.3: An example of a two-dimensional manifold, where the first dimension
corresponds to rotation and the second to size of the displayed object in an image.

[20] and related spectral methods rely on the graph Laplacian to enforce locality
and smoothness on the manifold. More recently, UMAP [21] constructs a fuzzy
topological graph and optimizes a low-dimensional embedding that balances local
neighborhood fidelity with aspects of global structure. Despite these successes,
manifold learning faces practical and theoretical challenges, including the need
for scalable approximations in large-scale settings [28; 29] and the difficulty of ex-
tending embeddings to unseen data without additional out-of-sample mechanisms
[30].

1.2 Manifolds in Deep Learning

While, as already mentioned, a wide range of manifold learning algorithms have
been proposed in the literature, an important development in recent years is the
realization that deep learning models themselves can be understood as powerful
implicit manifold learners. Classical methods such as Isomap [19], Locally Linear
Embedding [27], and Laplacian Eigenmaps [20] were designed to explicitly dis-
cover a low-dimensional manifold that faithfully represents the geometry of high-

dimensional data. These methods share the premise that real-world data, despite



Figure 1.4: Manifold learning emerging as an intrinsic property of training Deep
Neural Networks.

being embedded in a high-dimensional ambient space, typically lies on or near a
manifold of much lower intrinsic dimensionality. However, such approaches often
operate in an unsupervised manner, rely heavily on local neighborhood graphs,
and lack scalability to modern, large-scale datasets.

Deep neural networks, by contrast, achieve a related goal implicitly. When
trained for tasks such as classification, regression, reconstruction, or generative
modeling, these networks simultaneously learn a representation of the input
data that captures its essential structure. The optimization of supervised loss
functions such as cross-entropy or mean squared error drives the model to organize
intermediate features in a way that separates classes, preserves relevant invariances,
and discards nuisance variations. In doing so, the network constructs latent
spaces in which the geometry of the data is transformed into a representation
more suitable for the downstream task (Figure 1.4). Remarkably, this process
effectively uncovers the manifold structure of the data without the model being
explicitly instructed to do so. Thus, manifold learning in deep networks emerges
as a byproduct of the learning process itself [31; 32; 33].

Beyond providing empirical performance gains, the manifold learning view-
point also establishes a deeper theoretical connection between classical geometric
insights and modern practices. The learned latent spaces of deep models can
be studied with tools from geometry and topology, offering a bridge between
data analysis and representation learning. In fact, recent research has begun to
formalize this connection by examining the curvature, dimensionality, and con-
nectivity of latent manifolds induced by neural networks, linking them to notions

of generalization, robustness, and interpretability [34]. From this perspective, DL



can be seen as not only solving specific predictive tasks but also performing an
implicit form of unsupervised geometric organization of data.

This geometric organization allows us to conceptualize unconventional input
modalities, such as images, audio signals, or words, as high-dimensional points
embedded in a structured and smooth space. Such a viewpoint enables powerful
algebraic operations on learned representations, like the ones presented in Chap-
ter 3. For instance, [35] demonstrated that semantic relationships can be captured

through vector arithmetic, with expressions such as

v —-v (1.3)

queen = Vking + (Vwoman man)

holding approximately in the induced latent space, where v, denotes the latent rep-
resentation of word x. This idea has also evolved into the notion of latent steering,

where the addition or subtraction of concept vectors (e.g., v ) can systemati-

toxicit
cally modulate the behavior of large language models, enabling aypplications such
as detoxification, sentiment control, and factual alignment [36; 37; 38; 39]; an
idea explored in depth in Chapter 7.

Beyond simple linear operations such as addition or subtraction, a number
of works have proposed richer forms of structure for latent spaces. A promi-
nent example is Rotary Positional Embeddings (RoPE) [40], where latent vectors
are rotated in embedding space according to their relative position within a se-
quence—providing a smoother and more expressive positional inductive bias
than additive encodings. While such “advanced” compositions demonstrate that
nontrivial transformations can offer practical benefits, designing composition
rules that are expressive, stable, and computationally efficient remains far from
straightforward, as analyzed in Chapter 4.

This challenge has motivated a growing line of research, inspired by Symbolic
Al and Geometric Algebra [41; 42; 43], that seeks to endow latent spaces with
structured, rigorous composition operations [44; 45; 46; 47]. These approaches
introduce algebraic rules enabling entities and relations to be combined in prin-

cipled ways. For instance, an object like a “blue car with red mirrors” may be



represented as
(Vblue ® Vcar) @ (Vred ® Vmirrors)’ (14)

where ® and @ denote well-designed composition and aggregation operators
(either learned or fixed). Such formulations transcend the expressive limits of
purely additive or multiplicative schemes and point toward a more algebraically
grounded foundation for compositional reasoning in latent spaces, allowing for

novel, powerful solutions such as the ones presented Chapters 5 and 6.

1.3 Contributions and Thesis Scope

{ )
This thesis focuses on formal ways to understand and operate on the latent

spaces of trainable or fixed models and the multiple practical benefits such
approaches can offer. Using tools from applied mathematics, we derive
solutions to challenging, important problems in Machine Learning and
Computer Vision that are more efficient and expand the capabilities of the

existing proposals across multiple axes.
\. J

In this thesis we present latent-based approaches which, while grounded in
concrete mathematical formalizations, focus on improving the existing state of
the art across multiple fronts. For example, we will present ways to formalize and
impose additional constraints in a model so that it better reflects the underlying real-
world scenario (Chapters 3 and 4). Or, how can someone think about Foundational
Models and how operating in their latent space can improve their performance
across multiple fronts, from hallucination alleviation, to guardrailing, and simpler
prompt engineering Chapters 4 and 7). Even further, we will show how ideas
from Symbolic Al can be fused with current models and lead to solutions with
better performance profiles in terms of runtime, data requirements, and more
(Chapters 5 and 6).

More specifically, our contributions are grounded in three complementary the-
oretical frameworks: (a) Category Theory [48; 49], a diagrammatic and formal
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( Category Theory )

Chapter 3 Chapter 4 Computer Vision
\_ J

( Clifford Algebra ) Graph Learning
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J

Figure 1.5: Overall scope and organization.

uoneo|ddy

Vision Language Models

Theoretical Framework

-

mathematical language that allows us to reason about structural properties inde-
pendently of model or data specifics; (b) Clifford (Geometric) Algebra [43; 50],
which allows us to realize these structural properties, by providing principled tools
for composing and decomposing representations far beyond standard operations
such as vector addition or matrix—vector products; and (c) Iterated Function
Systems [51; 52], which offer an explanatory model of the representation compo-
sitions and decompositions in pretrained large language and multimodal models,
enabling simple, training-free algorithmic interventions.

Together, these frameworks endow us with new analytical and algorithmic
capabilities; capabilities that translate into practical solutions with appealing
properties across a wide range of applications, from classical tasks such as image
harmonization and graph learning to modern Al challenges, including LLM-based
synthetic data generation and hallucination reduction in VLMs.

In the following sections, we introduce each problem domain, outline its unique
challenges and opportunities, and preview how the ensuing chapters address them

through the lens of these theoretical tools.
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1.3.1 Chapter 3. Pooling Image Datasets with Multiple

Covariate Shift and Imbalance

Small sample sizes are common in many disciplines, which necessitates pooling
roughly similar datasets across multiple institutions to study weak but relevant
associations between images and disease outcomes. Such data often manifests a
shift/imbalance in covariates (i.e., secondary non-imaging data). Controlling for
such nuisance variables is common within standard statistical analysis, but the
ideas do not directly apply to overparameterized models. Consequently, recent
work has shown how strategies from invariant representation learning provide
a meaningful starting point, but the current repertoire of methods is limited to
accounting for shifts/imbalances in just a couple of covariates at a time.

In Chapter 3, we show how viewing this problem from the perspective of
Category theory provides a simple and effective solution that completely avoids
elaborate multi-stage training pipelines that would otherwise be needed. We
show the effectiveness of this approach via extensive experiments on real datasets.
Further, we discuss how this style of formulation offers a unified perspective on
at least 5+ distinct problem settings, from self-supervised learning to matching

problems in 3D reconstruction.

1.3.2 Chapter 4. Understanding Multi-compositional learning

in Vision and Language models via Category Theory

Pre-trained large language models (and multi-modal models) offer excellent per-
formance across a wide range of tasks. Despite their effectiveness, we have limited
knowledge of their internal knowledge representation.

In Chapter 4, we examine the latent structure of these models. To get started,
we use the classic problem of Compositional Zero-Shot Learning (CZSL) as an
example, and first provide a structured view of the latent space that any general
model (LLM or otherwise) should nominally respect. We obtain a practical
solution to the CZSL problem that can deal with both Open and Closed-World
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single-attribute compositions as well as multi-attribute compositions with relative
ease, where we achieve performance competitive with methods designed solely
for that task (i.e., adaptations to other tasks are difficult). Then, we extend this
perspective to the analysis of existing LLMs and ask to what extent they satisfy our
axiomatic definitions. Our analysis shows a mix of interesting and unsurprising
findings, but nonetheless suggests that our criteria are meaningful and may yield
a more structured approach for potential incorporation in training such models,

strategies for additional data collection, and diagnostics beyond visual inspection.

1.3.3 Chapter 5. FoGE: Fock Space inspired encoding for
graph prompting

Recent results show that modern Large Language Models (LLM) are capable
of understanding and answering questions about structured data such as graphs.
Existing proposals often use some description of the graph to create an “aug-
mented” prompt fed to the LLM. For a chosen class of graphs, if a well-tailored
graph encoder is deployed to play together with a pre-trained LLM, the model can
answer graph-related questions well. Current solutions to graph-based prompts
range from graph serialization to graph transformers.

In Chapter 5, we show that the use of a parameter-free graph encoder based
on Fock space representations, a concept borrowed from physics, is remarkably
versatile in this problem setting. The simple construction, with a few small
adjustments, can provide rich and informative graph encodings for a wide range
of different graphs. We investigate the use of this idea for prefix-tuned prompts,
leveraging the capabilities of a pre-trained, frozen LLM. The modifications lead
to a model that can answer graph-related questions — from simple graphs to
proteins to hypergraphs — effectively and with minimal, if any, adjustments to the
architecture. Our work significantly simplifies existing solutions and generalizes

well to multiple different graph-based structures effortlessly.
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1.3.4 Chapter 6. ReCo: Reminder Composition Mitigates

Hallucinations in Vision-Language Models

Vision Language Models (VLMs) show impressive capabilities in integrating and
reasoning with both visual and language data. But these models make mistakes. A
common finding — similar to LLMs — is their tendency to hallucinate, i.e., generate
plausible sounding text which is not grounded in the visual input, or at worst, is
contradictory. A growing consensus attributes this behavior to an over-reliance
on language — especially as the generation progresses, the model suffers from a
“fading memory effect” with respect to the provided visual input.

In Chapter 6, we study mechanisms by which this behavior can be controlled.
Specifically, using ideas from geometric algebra and relational compositions, we
propose the addition of a small, trainable module (named ReCo) on top of any
VLM - no other modification is needed. We show that such a lightweight module
is able to mitigate the fading memory effect on three of the most widely used VLMs
(InstructBLIP, LLaVA, MiniGPT4), where we see performance improvements on
multiple benchmarks. Additionally, we show that our module can be combined
with many of the other approaches for reducing hallucination where we achieve

improved results for each one.

1.3.5 Chapter 7. Concept Attractors in LLMs and their
Applications

Large language models (LLMs) often map semantically related prompts to similar
internal representations at specific layers, even when their surface forms differ
widely. We show that this behavior can be explained through Iterated Function
Systems (IFS), where layers act as contractive mappings toward concept-specific
Attractors.

In Chapter 7, we leverage this insight and develop simple, training-free meth-
ods that operate directly on these Attractors to solve a wide range of practical

tasks, including language translation, hallucination reduction, guardrailing, and
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synthetic data generation. Despite their simplicity, these Attractor-based interven-
tions match or exceed specialized baselines, offering an efficient alternative to

heavy fine-tuning, generalizable in scenarios where baselines underperform.

Finally, in Chapter 8, we summarize the contributions of this thesis and discuss

the future directions of our research.
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72 BACKGROUND

This chapter serves as a reminder, or an introduction, to the basic building blocks
used in all of the subsequent chapters. First, in Section 2.1 we set the basic notation
conventions followed throughout this thesis. Following this, in Sections 2.2 to 2.4,
we present the basic mathematical frameworks used to ground our propositions.
Finally, in Section 2.5, we present the basic principles and architecture of Large
Language and Multimodal Models.

2.1 Notation

We use bold uppercase letters to denote matrices (A, B, --+) and bold lowercase
letters for vectors (a, b, ---), which we assume are column vectors by default. For
scalars we use regular letters (a, b, ---, A, B, ---). The lowercase ones are used to
denote iterating indices or specific elements and Objects of a Category, while the
uppercase ones are used to denote size and dimension. Further, we use A, B, --- to
denote sets or spaces, and 2, B, --- for Categories. Functions and mappings are
denoted with letters A, 53, ---. To distinguish between Functors and Morphisms in
Categories, we use the superscript -/ for Functors. We preserve R for the space of
real numbers, Z for the space of integers, and C for the space of complex numbers.
Finally, in many cases, the elements of a set S of cardinality D will be denoted as
81, S5, **+, 8, iInstead of D unique letters.

For a matrix A, we use [A]; or [A]; . forits i-th row and [A]. ; for its j-th column
vector. Additionally, [A]; ; denotes the j-th element of the i-th row. Similarly, we
use [a]; to denote the i-th element of a vector a. For a set A of vectors, we use the

notation a; to denote the i-th vector of the set.
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Given two D-dimensional vectors a, b, their inner product is defined as:

D

(a,b) =a’b = )'[a],[b], @.1)

i=1

while the inner product of two matrices A, B of dimension D X T is defined as:

D T
(A,B)= )" Y'[A],[B],, 2.2)
L L

i=1 j

2.2 Category Theory

Category theory offers a way to study abstract “structures” [53; 54] by focusing on
how entities relate to one another rather than on their internal composition. At its
core lies the notion of a Category, a mathematical setting that captures systems
through their interactions. A Category consists of two components: (a) a collection
of Objects, representing individual entities such as images, vector spaces, or even
datasets; and (b) a collection of Morphisms (or “arrows”) connecting those
Objects, representing transformations, mappings, or relationships between them.
Each Object has a distinguished identity Morphism, and Morphisms can be
composed when they are compatible. Formally, for a Category € and any three
Objects a, b, c € €, the existence of Morphisms F : a - band G : b — ¢

ensures the existence of their composite GoF : a — c, itself a Morphism in €.

Remark 2.1. Assume a Category © with at least three Objects s, s,, s5. The
composition of two Morphisms F © s; — s, and G . s, — 5 is a well-defined

Morphism and it is denoted as GoF : s; — s (we should read it as G after F).

Example 2.2. Consider the Category of Sets ©, in which the Objects are sets
(denoted S,) and the Morphisms correspond to functions (or matchings) between
sets. For three sets S|, S,,S,, assuming 3F © S; = S,, G : S, = S; then
AH =GoF : S, = S,.
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In the Category of Sets ©, idg : S; > S, corresponds to the identity function:
ids (s)=s, Vs €S, VS, € @

A key philosophical move that Category Theory makes is to shift attention
away from the Objects themselves and toward the Morphisms between them.
Instead of analyzing the internal structure of a, b, and c, one studies how these
Objects interact. This perspective enables a unifying language that cuts across
domains: functions between sets, linear maps between vector spaces, convolutions
between feature maps, or even data-processing pipelines can all be viewed as Mor-
phisms once the appropriate Category is chosen. The emphasis on relationships
rather than constructional details often reveals structural commonalities between
otherwise disparate mathematical or computational systems. As a result, Category
Theory provides a powerful abstraction mechanism, one that is especially valuable
in areas like machine learning, where the mappings between representations often
matter more than the representations themselves.

Another distinctive feature of the categorical viewpoint is its diagrammatic
nature. Categories are naturally visual: Objects are represented as nodes and
Morphisms as arrows, and the axioms of composition and identity become sim-
ple statements about paths in these diagrams. Commutative diagrams encode
algebraic constraints in an intuitive way, often replacing lines of symbolic manip-
ulation. This visual language is not merely pedagogical; it plays a central role in
categorical reasoning. Entire proofs can sometimes be reduced to the assertion
that “this diagram commutes”, making arguments both more concise and more
transparent.

Finally, Category Theory scales gracefully to increasingly sophisticated no-
tions of structure. From basic Categories one can abstract further to Functors
(structure-preserving maps between Categories [54, p. 13], Natural Transforma-
tions (Morphisms between Functors [54, p. 16]), and more elaborate constructions
such as monoidal Categories [54, p. 156], limits and colimits [54, p. 104], and
adjunctions [54, p. 77]. Each layer enriches the expressive power of the theory

while preserving its core relational philosophy. These tools have become funda-
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mental in modern mathematics, theoretical computer science, and increasingly
in machine learning, where they offer a principled way to reason about compo-
sition, modularity, and equivalence of representations. In this sense, Category
Theory serves not just as an abstract mathematical framework, but as a conceptual

technology for organizing complex systems.

Definition 2.3 (Functor). Functors F/ : © — < give a relationship between the
Objects and the Morphisms of two different Categories: the source Category ©
and the target Category <. The conditions below hold,

() F/Gd)=id,;,, Vse©

(i) F/(CoH)=TF/(CyoF/(H) VH : S| = 5,085, => 55, inS

A Functor [54, p. 13] can therefore be understood as a structure-preserving
translation between Categories. It maps each Object of the source Category © to
an Object of the target Category <, and each Morphism in © to a corresponding
Morphism in ¢, in a way that strictly respects the categorical structure. The
two conditions in Definition 2.3 guarantee that identity Morphisms are preserved
and that the order and meaning of composition is maintained. In other words, a
Functor does not merely map elements; it transports the entire relational fabric of
one Category into another without distorting the way arrows compose. This is
why Functors are often described as “homomorphisms of Categories” or as the
primary mechanism for comparing different mathematical worlds.

Functors also enable abstraction across levels: rather than analyzing the inter-
nal details of transformations within ©, one studies how those transformations
behave under their image in <. This proves especially powerful when the target
Category encodes a simpler, more algebraic, or more familiar structure. For ex-
ample, assigning to each topological space its corresponding fundamental group,
or to each graph its associated adjacency matrix, are instances of Functors that
extract structured invariants. In applied settings, Functors act as pipelines that
convert complex Objects (such as datasets, images, or graphs) into representations

that are easier to analyze or compute with, all while preserving the relationships
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Figure 2.1: Two Categories 2(, 8 and the mapping a Functor 7/ : 2 — B
induces.

between them. Thus, Functors extend the categorical philosophy by providing a
disciplined way to move between representational layers without losing essential

structural information.

Example 2.4. Consider the set of ImageNet [55] images and R" as two categories.
An image encoder, e.g., ResNet [13], which maps each image to an embedding
vector in R" is an example of a Functor from the Category of Images to the

Category of Vectors.

Example 2.5. Consider the Category Cng, &r where each Object represents
a sentence in English or French, and there is a unique Morphism (translation)
between corresponding English and French sentences. Mapping this Category to
an embedding space involves finding a Functor Enc’ that preserves the structure.
Assuming Enc’ has an inverse Morphism (Dec! = Enc’™"), we recover the

standard language translation model.

Remark 2.6. The reader will see why the specification above is general, but
useful. The Functor F/ takes us from the first Category to the next in a way that
the structure of the source Category (Objects and arrows) is fully preserved in

the target Category because of the two conditions above.
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The notion of a Product Category arises naturally once Functors are in view.
While a single Functor allows us to translate structure from one Category into
another, many constructions in mathematics and applications require reasoning
about multiple Categories simultaneously. For instance, one may wish to track
how pairs of Objects evolve under paired transformations, or to describe processes
whose state is inherently composite (e.g., an image paired with its label, a graph
paired with a signal, or a dataset paired with metadata). To formalize such
settings, Category Theory introduces the Product Category, which “packages”
two Categories together in a way that preserves their internal structures while
enabling joint manipulation [54] (pp. 36-40).

Crucially, the Product Category is designed so that its structure interacts
cleanly with Functors. The canonical projection mappings from a product to its
components are themselves Functors, reflecting the fact that the product behaves
like a categorical analogue of the Cartesian product of sets. These projection
Functors extract the first and second components of each Object and Morphism,
and they play an essential role in many higher-level constructions, including uni-
versal properties, limits, and bifunctors. In this sense, Product Categories occupy
an important conceptual bridge: they are simple to define, yet they provide the
scaffolding needed to move from reasoning about single Categories to reasoning

about structured pairs of them.

Definition 2.7 (Product Category). For two Categories 1, B, we define the Prod-
uct Category 21 X B as the Category with the properties:
(i) Its Objects are pairs (a,b)Va € 2, b € B
(it) Its Morphisms are the pairs (',0) : (a,, b)) = (a,,b,)VF 1 a, = a,,C .
b, = b,
(iii) The composition of Morphisms is defined element-wise as (7, G,)o(F|,G,) =
(F,0oF |, G,0G,) for all composable Morphisms.

For each Product Category [54, p. 36] 2[ x 3, we can also define two Functors
P\j: D (AXDB) - U, P£ 1 (20 x B) — B that correspond to the “projections’:

« PL((a,0)) = a; PL((1,0)) = 1

A
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Figure 2.2: A Functor 7/ : 20 — 33 and the Product Category I X 93 shown graphically

(self-loops omitted). The Functors 73;;, 7{{; also map the Morphisms between (a,, b,) = (a;, b3)

and (a,, b,) = (ay, by), i.e., the Morphisms a, — a, and b, = by, b, — b;.

« PL((a,0)) = b; PL((11,0)) =¢
for each Object and Morphism of 2 X B respectively.

Why Category Theory? Category Theory is used in formal methods for rea-
soning about types and structure [56]. With functional programming approaches
gaining prominence in deep learning, practical uses of Category theory can be-
come feasible. A Category-Theory-based formulation streamlines the creation
of compositional constructs. Ongoing efforts in formulating deep learning con-
cepts via Category Theory, while nascent, are yielding interesting new algorithms
[57;58;59; 60; 61; 62]. Category Theory allows cleaner and more general results,

while maintaining the mathematical correctness and rigor desired.

2.3 Clifford Algebra

Category theory is a rigorous mathematical language that allows us to argue about
concepts, structures, and relationships in a formal and principled way; in spirit, it
functions like an architectural blueprint for Machine Learning models. Its great

strength lies in its level of abstraction: categorical tools are deliberately detached
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from the specifics of any particular learning architecture, enabling us to reason
about the design space of models, the transformations between them, and the
ways in which complex systems can be composed. However, this abstraction
is also a limitation. Category theory does not itself prescribe how to construct
individual models, how to represent data, or how to select concrete operations
and hyperparameters. To understand and manipulate the internal mechanics of
models, we require a mathematical framework that operates at a more concrete,
representational level.

Clifford Algebra (or Geometric Algebra) [43; 42] provides precisely such
a framework. Whereas Category Theory offers a bird’s-eye conceptual view,
Clifford Algebra functions at the level of vectors, transformations, and geometric
structure. It extends linear algebra by introducing a rich algebraic system, typically
denoted as a ring G equipped with two operations, @ and ® [63; 42]. The elements
of G (called multivectors) form a graded structure: G contains scalars (or 0-
vectors), ordinary vectors (or 1-vectors), as well as higher-degree elements such
as 2-vectors, 3-vectors, and so on. The subset of G consisting of all k-vectors is
typically denoted by G,. These graded components interact through the geometric
product, an operation that simultaneously generalizes the dot product and the
wedge product, capturing both metric and orientation information in a single
algebraic object.

This representational richness makes Clifford Algebra well-suited for model-
ing transformations that are inherently geometric, such as rotations, reflections,
projections, and the interactions between subspaces. Unlike ordinary vector
spaces, where only magnitude and direction are represented, multivectors can
encode higher-order geometric primitives (planes, volumes, and orientation) and
manipulate them algebraically in a unified manner. This leads to compact formu-
lations of classical operations as well as new ones that have no simple expression
in standard vector algebra. In modern machine learning, such expressive structure
can be leveraged to build models that reason about geometry more naturally,

capture interactions between features more faithfully, and exploit symmetries at a
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deeper algebraic level (e.g., [64; 65]).

In a way, Clifford Algebra complements the categorical perspective by pro-
viding a concrete representational toolkit. While Category Theory informs how
learning systems may be organized and composed at a conceptual level, Clif-
ford Algebra provides a powerful language for describing and manipulating the

geometric content of data and the algebraic behavior of transformations.

Remark 2.8. A k-vector can be defined as the geometric product of k mutually
orthogonal 1-vectors. If {v,...,v,} C G, andv, L ijor alli # j, then

vV, ® - Qv EG,. (2.3)

Alternatively, any k-vector can be defined using the wedge product (A), which

extracts the fully antisymmetric part of a geometric product. Explicitly,

1 .
Vl /\ b /\ Vk - H @ Slgn(d) VU(]) ® b ® VO’(k)’ (2.4)
oES)
where the sum ranges over all permutations in the symmetric group S, [66] (p.
31). When the 1-vectors are mutually orthogonal, the antisymmetrization does

not alter the product, and the geometric and wedge products coincide:
Vi® @V, =V A=AV, & v, L. 1lv,. (2.5)

To formalize the construction of a Clifford algebra, we begin with a vector
space W over a field K (typically K = R or C). The space W carries the usual
linear operations—addition, scalar multiplication, subtraction—and is equipped
with a symmetric bilinear form or inner product (-, -) that measures lengths and
angles between vectors.

The first step is to build the tensor algebra T'(W). Conceptually, (W) contains
all finite tensor products of elements from W: T(W) = K W & (W @ W) &
WRQWRW)® -, together with all linear combinations of such products. This
construction freely adjoins all possible products of vectors, without imposing
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any identities beyond bilinearity. For example, for u,v € W, the tensors u @ v
and v ® u are distinct elements of 7(W), and no relation is assumed between
them unless it follows purely from linearity. To obtain the Clifford algebra, we
impose the geometric constraint that each vector should square to its negative
squared norm. To enforce this, we introduce the ideal I(W) of T'(W) generated
by the elements w @ w + (w, w)1, where 1 denotes the multiplicative identity of
T(W). The ideal I(W) collects all algebraic consequences of these relations and
is closed under multiplication with arbitrary elements of 7(W), meaning that any
tensor expression that differs by repeated use of the relation w @ w = —(w, w)1

is identified in the quotient.

Definition 2.9. Let W be a vector space over a field K equipped with a quadratic
form Q : W — K. The Clifford algebra of (W, Q), denoted CL(W, Q), is the
quotient algebra CL(W, Q) = T(W) / (W, Q).

Forming the quotient algebra means that all elements of (W, Q) are declared
equal to zero. In particular, for every w € W, the identity w @ w = —(w, w)1
holds inside CIL(W, Q). From bilinearity, we obtain the familiar anticommutation
relation uv + vu = —2(u, v)1, which, in an orthonormal basis {e;}, reduces to
ee; +e e = —25,. These relations are the algebraic backbone of the geometric
product and encode both metric information and orientation. Standard references
include [67; 43].

Remark 2.10. A 2-vector represents an oriented plane, a 3-vector an oriented
volume element, and higher-grade elements encode higher-dimensional subspaces
(Figure 2.3). This stands in contrast to the inner product, which collapses two
vectors to a scalar and therefore cannot retain information about their span or
orientation. The geometric product simultaneously generalizes both the inner
product and the wedge (outer) product, enabling compact representations of re-
flections, rotations, and other geometric transformations used throughout modern
machine learning [68; 14, 69].
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Figure 2.3: A geometric representation of multi-vectors, from 1-vector to 3-vector.

2.3.1 Vector Symbolic Architectures

Vector Symbolic Architectures (VSA), originally developed within the symbolic
Al tradition, offer a computational framework for representing and manipulating
structured information via high-dimensional vectors [70; 71]. In many ways, VSAs
can be viewed as a practical instantiation of the algebraic principles behind Clifford
Algebra: both rely on operations that preserve similarity, support compositionality,
and enable distributed representations of complex structures. Whereas Clifford
Algebra provides an elegant theoretical account of how symbols can be bound,
merged, and transformed within graded algebras, VSAs translate these principles
into concrete, scalable mechanisms for vector computation.

Motivated by early ideas in symbolic and connectionist Al [72; 73; 74; 75],
VSAs operationalize the classic “bind” and “bundle” primitives within high-
dimensional vector spaces. Binding typically corresponds to an invertible, pair-
wise interaction between vectors, whereas bundling combines multiple pieces
of information into a single representation, often through superposition. These
operations allow VSAs to represent variable—value pairs, sequences, hierarchi-
cal structures, or relations while maintaining the robustness and noise tolerance
characteristic of distributed codes.

A rich line of work has explored the mathematical foundations of these vector
operations. Holographic Reduced Representations (HRR) [45], Vector-Derived
Transformation Binding (VTB) [76], and related frameworks [68] provide mech-
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anistic derivations for constructing symbols, defining merge operations, and
ensuring invertibility or approximate invertibility of bindings. Other studies have
connected VSA operations to tensor product representations, convolution algebras,
and structured latent spaces.

An intriguing direction investigates the relation between VSAs and Fock space
representations, where symbolic structures are encoded via creation and annihila-
tion operators acting on high-dimensional Hilbert spaces. This perspective has
been applied to problems such as trajectory encoding and temporal pattern analy-
sis [77], further highlighting the deep links between VSAs, algebraic frameworks,
and physical interpretations of symbolic computation.

Overall, VSAs offer a bridge between the theoretical expressivity of algebraic
formalisms, such as Clifford Algebra, and the empirical tractability required for
large-scale machine learning systems. Their compositional operations, similarity-
preserving properties, and robustness to noise make them a compelling substrate

for structured reasoning in modern neural architectures [46; 78].

2.4 Iterated Function Systems

While Clifford Algebra offers a principled and expressive toolkit for reasoning
about latent spaces and for manipulating high-dimensional representations through
well-defined algebraic operations, these operations are ultimately prescriptive:
they encode how we choose to act on representations, rather than how trained
neural networks actually do so. In contrast, the internal transformations learned
by deep neural networks emerge implicitly from optimization and data, and may
not align with any predefined algebraic structure. This gap has motivated a variety
of mathematical frameworks that aim to describe, rather than impose, the intrinsic
dynamics of networks trained to completion. One such framework is that of
Iterated Function Systems, which shifts the focus from explicit algebraic operators
to the study of repeated, learned transformations and their long-term dynamical

behavior.
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For a complete metric space (X, D), an iterated function system (IFS) [51] is a
finite collection of contraction mappings 7 = {F, : X - X |i=1,2,..., N},
meaning that for each i there is a constant s; € [0, 1) such that D(T’l.(x), T’i(y)) <
s; D(x,y), Vx,y € X.

The corresponding Hutchinson operator [52] is defined as H : K(X) —
IK(X) on the space K(X) of non-empty compact subsets of X, endowed with the
Hausdorff metric A, by

N
HA) = JFi(A), AeKX) (2.6)
i=1

Theorem 2.11 ([52] (thm. 3)). Under the above assumptions, there exists a unique
non-empty compact set A* C X satisfying H(A*) = A*. Moreover, for any initial
non-empty compact set A, C X, the sequence defined by A, = H(A,), k =
0,1,2,... converges (in the Hausdorff metric) to A*

Thus A* is the unique attractor (or invariant set) of the IFS, and is globally

attracting for all compact seeds [51].

2.4.1 The Collage Theorem

In many practical and theoretical contexts, one aims to find an IFS whose attractor
approximates a given compact target set L C X. The Collage Theorem [51]

provides such a constructive route:

Theorem 2.12 (Collage Theorem [51] (sec. 3.7)). Let L C X be a non-empty
compact set, and let € > 0. Suppose there is a finite family of contraction maps

{Wi}fi , on X with contraction constant s < 1 such that

h(l]_, LNJW,.(H_)> <e. 2.7)
i=1
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Then the attractor A of the IFS characterized by { W,} satisfies

3

h(L, A) < : (2.8)

-
with s = max; s;.

Hence, if a target compact set is approximately invariant under the union of
the maps, then the corresponding IFS-attractor approximates the target set (in

Hausdorff distance).

2.4.2 Iterated Function Systems and Machine Learning

Several recent works provide indirect yet compelling evidence that modern trans-
former architectures exhibit behavior reminiscent of an IFS or attractor-based
representation dynamics. For instance, [79] shows that, for transformer models
trained on data generated by hidden-state processes, the network’s residual-stream
activations linearly encode the associated “belief states”. Remarkably, when the
underlying belief-state geometry is nontrivial (potentially even fractal) the learned
representations faithfully reflect that geometry (as predicted by theory). More
broadly, frameworks such as that of [80] reinterpret layer-wise transformer up-
dates as a discrete approximation of a continuous dynamical system. Under mild
Lipschitz conditions, the dynamics converge toward a unique solution, and, when
the mappings satisfy contractivity-like conditions, perturbations decay across
layers, suggesting contractive, attractor-like behavior in the latent space.

Taken together, these findings suggest that transformer models may implicitly
implement dynamics akin to an IFS: successive layer transformations act as
contractive (or approximately contractive) maps on the latent space, pushing
representations toward stable invariant sets (attractors or belief-state manifolds).
This viewpoint offers a principled bridge between classical IFS theory and the
internal geometry of deep learning models, and motivates interpreting latent
convergence phenomena in LLMs through the lens of dynamical-systems theory
(Chapter 7).
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2.5 Large Language Models

In 2017, [14] proposed a new mechanism; an alternative to the intuitive but prob-
lematic Recurrent Neural Networks. The new architecture, named Transformer,
fundamentally changed the way we approach time-dependent data such as text and,
more importantly, allowed us to scale neural networks to sizes that had previously
been unattainable. This shift led to a rapid surge of models of ever-increasing
scale, from BERT [81] to the widely used Large Language Models (LLMs) such
as GPT [82; 83] and Gemini [84].

At its core, a Transformer is based on the Attention mechanism; a mecha-
nism inspired by databases that allows us to modify latent representations and
capture short and long-range dependencies. Assuming a sequence of tokens
{t,,---, 5} thatis first transformed to a sequence of high-dimensional latent rep-
resentations {x,, -+, Xy } € RPN Attention is based on three learnable matrices:

Wg. W, WQ which stand for Key, Value, and Query respectively. Assuming, for

simplicity, X = [x; : =+ : xy]T, we define
K=X W,
V=X-W, (2.9)
Q=X-W,

and transform the latent representations as

T
X= softmax<QK )V (2.10)

D

Remark 2.13. Artention transforms a sequence of embeddings by replacing each
one with a weighted average of all value vectors, where the weights reflect the
similarity between the corresponding query and key. In this sense, it behaves like

a differentiable, content-addressable lookup mechanism.

The wide success of LLMs can be attributed mainly to two factors. First,
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Figure 2.4: The building blocks of Transformers and Multimodal LLMs.

the extreme scalability of the attention mechanism and, consequently, of the
Transformer architecture: stacking multiple layers and adding multiple heads
per layer is not only feasible, but consistently improves empirical performance.
Second, the adoption of self-supervised training: instead of relying on curated
labeled datasets, LLMs are trained through large-scale next-token prediction on
massive corpora collected from the internet [82; 85; 86; 83].

In addition to these two driving forces, the Transformer framework intro-
duced an architectural prior that is remarkably well aligned with a broad class of
sequence- and token-based tasks. Attention allows each token to interact with
every other token through a learned, content-dependent weighting. This enables
the model to capture long-range dependencies, latent hierarchical structures, and
subtle contextual relationships; capabilities that were notoriously difficult for
earlier recurrent models. The uniform block structure of the Transformer, com-
prising multi-head attention, position-wise feed-forward layers, and normalization,
provides an unusual combination of expressive power and architectural simplicity.
Its regularity makes it both amenable to distributed training and highly conducive
to scaling, which has been a major catalyst for the explosive growth in model size
over the past few years.

A particularly remarkable aspect of LLMs is the emergence of qualitatively
new behaviors as their capacity increases. While early language models yielded

predictable performance improvements with scale, modern LLMs exhibit emer-
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gent abilities such as multi-step arithmetic, in-context learning, code generation,
and rudimentary forms of logical and commonsense reasoning [87; 88]. These
abilities arise naturally from optimization on the next-token prediction objective,
without explicit supervision or architectural modifications. This phenomenon
has motivated extensive research into scaling laws [89], which demonstrate that
performance gains follow predictable power-law trends when jointly increasing

model size, dataset size, and compute budget.

2.5.1 Multimodal Language Models

Ignoring many implementation details, a Transformer (and consequently an LLM)
can be viewed as a parameterized function that processes an input sequence
©

1o

of vectors {X .. ,x(o)}, iteratively transforming them into new sequences

{xii), ey xgi,)} after each layer i. While Transformers were originally proposed for
natural language processing, where each XE.O) corresponds to a learned token em-
bedding, subsequent work demonstrated that the architecture is sufficiently general
to process alternative modalities, such as images [90]. In these settings, an exter-
nal encoder maps raw inputs (e.g., image patches, audio spectrogram segments,
or video frames) into a sequence of vectors compatible with the Transformer’s
input space.

Building on this observation, Multimodal Large Language Models (MLLM:s)
were introduced. These models preserve the linguistic, reasoning, and world-
knowledge capabilities of pretrained LLMs while additionally being equipped
to interpret and respond to inputs from multiple modalities (e.g., images, audio,
video, or structured data). Despite substantial variation in architectural choices
(including differences in modality encoders, fusion strategies, training protocols,
and alignment objectives) the majority of successful MLLM designs adopt a
common mechanism often referred to as prefix-based integration, most notably
instantiated through Prefix Tuning [91]; a mechanism employed in our construction
in Chapter 5.

Under the Prefix Tuning paradigm, one begins with a pretrained unimodal
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LLM and reserves the first M input positions, {X(IO), ,X(O)} for embeddings
derived from another modality (although other similar variations exist). These
embeddings (typically produced by a modality-specific encoder trained either
independently or jointly) function as a “soft prompt” that conditions the LLM on
the non-textual input. The combined system is subsequently fine-tuned, either
partially or end-to-end, on multimodal datasets in which each non-textual input is
paired with textual supervision. During this process, the LLM learns to interpret
the prefix vectors as latent representations of the new modality while largely
preserving its pretrained linguistic structure and capabilities.

Although the multimodal alignment stage is usually only a tiny fraction of
the total LLM pre-training budget, recent systems have demonstrated remarkable
performance across vision—language and video—language tasks [92; 93; 94; 95; 96;
97; 84]. Research has also produced MLLMs for a wide range of less conventional
modalities, including audio, robotics data, specialized time series, and even graphs.
Public-facing systems such as Gemini, GPT-40, and ChatGPT now offer robust
multimodal capabilities, enabling real-time reasoning over images, audio, and
other complex inputs. This convergence of general-purpose language reasoning
with flexible modality integration has positioned MLLMs as one of the central

building blocks of next-generation Al systems.
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3 POOLING IMAGE DATASETS WITH MULTIPLE

COVARIATE SHIFT AND IMBALANCE

Sample sizes of medical imaging datasets at a
single institution are often small due to many
reasons. Acquiring thousands of images can
be infeasible due to budget/logistics. Also,
if the scope of a study is narrow, only some
individuals may be eligible due to inclusion
criteria (e.g., have a specific genetic risk).
To improve the statistical signal in retrospec-
tive analyses of existing datasets, one option
is to pool similar data across multiple sites
[98]. This offers a chance at discovering a
real statistical effect, undetectable with small
sample sizes.

Pooling data from multiple sites is com-
mon. A mature body of statistical literature
(e.g., covariate matching [99; 100], meta-
analysis [98; 101]) describes best practices,
and mechanisms to account for the effect of
a nuisance variable on the response (or target

label) are well known. This allows obtaining
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Figure 3.1: Problem overview: When
pooling image datasets from different
sources, there may be differences in the
distribution of covariates. Covariates are
secondary data for each individual that in-
fluences the images systematically. Top
row shows MR images (say, different scan-
ners). Second row shows how the covari-
ate distributions (genetic risk, age or gen-
der) varies across scanners (but have a
shared support). Learning representations
from a pooled dataset in a manner such
that covariate variations are accounted for,

is challenging.

associations between relevant predictors and the response/dependent variable of

interest. For example, a standard analysis workflow may use only the images to

predict a label (e.g., cognition) while controlling for nuisance variables such as

race, gender or scanner type [102].

Controlling for covariates. DL. models are now ubiquitous in medical image
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analysis [103; 104]. But when using such models, systematic mechanisms to
deal with nuisance variables (or covariates), a key concern in data pooling, are
still under development. Consider pooling MR images from two different sites
where participant demographics distributions (e.g., age, sex etc) across sites are
similar. If the scanners at the sites are different, we can include “scanner” or
other continuous variables as a nuisance, and control for it within a general linear
model. Features in the image X deemed informative will explain variability in
the response Y after the variability due to “age” and “‘site” has been accounted
for. In other words, the image data (and not the site-specific artifacts) should
predict the response variable. Harmonization/pooling of imaging data in a way
that accounts for (or removes) the influence of non-imaging covariates is often
limited to shallow pre-processing using additive/multiplicative batch corrections,
e.g., in Combat [105; 106].

Data pooling/harmonization and invariance. In the context of representa-
tion learning, several results have identified the link between data pooling/harmo-
nization and invariant representation learning or domain adaptation [107; 108],
which have been utilized for downstream tasks [109]. Initial approaches focused
on image normalization techniques (e.g., histogram matching [110]), which al-
lowed controlling some variations in intensities across scanners or protocols.
However, such approaches cannot systematically handle covariates. Ideas based
on invariant representations [111; 112; 113] have allowed controlling for up to
two covariates during representation learning. For example, one may ask that
the model avoid using image features associated with two specific covariates (or
sensitive attributes): age and site. Nonetheless, models that can easily remove
(or control for) the influence of multiple covariates remain limited and so, either
Combat-based [105] pre-processing is used [106] or CycleGAN-based schemes
[114; 115] can harmonize the image data relative to a specific categorical variable
(say, scanner). This problem is also relevant in the longitudinal setting [116].

The problem. Different scanners can introduce systematic differences in the

scans of the same person [117] and mitigation strategies continue to be a topic of
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recent work [118]. When there is some shift/disbalance in covariates (participant
data including age, sex, and so on, which influence the scans) across sites and
shared support is partial (“age” distribution in Fig. 3.1), the harmonization task
becomes more involved. The goal is to learn representations as if the covariates
were matched across the sites to begin with, see Fig. 3.1. Note that in contrast
to covariate shift methods [119], the shift here is not between train and test
distributions, rather between different sources of data in the training set itself.

One recent attempt in [120] to learn deep representations from pooled data
which can also handle (shift+imbalance) in covariates needs a two stage pipeline.
The first stage obtains latent representations of the scan which is equivariant to
age. The second stage enforces invariance to scanner and trained after freezing
the first stage. Two covariates can be handled but an extension to many continuous
(and categorical) covariates will need a complicated multi-stage model.

Main Ideas. In most learning tasks involving an equivariance or invariance
criteria, the goal is to allow the model to benefit from structure and symmetry —
in the data, the parameter space, or both. Frequently, one formalizes these ideas
using group theory seeking invariance/equivariance to the action of the group (e.g.,
SO(n), SE(n), S,) [111; 121]. More general criteria (beyond properties native to
the chosen group) requires specialized treatment. Our starting point is based on
the observation that Category theory (Section 2.2) provides a rich set of tools by
which the “structure” (either among the covariates or the data more generally)
can be expressed easily. It is known that equivariance, invariance and many
group-theoretic constructs will emerge as special cases because Category Theory
provides a more abstract treatment. Once our criteria are expressed in this way,
during training, the necessary constraints on the latent space fall out directly, and
the formulation gracefully handles heterogeneity in many continuous/categorical
covariates. No ad-hoc adjustments are needed.

Contributions. (a) On the technical side, we provide a general framework
for imposing structure on the latent space by applying ideas from Category the-

ory. Equivariant (and invariant) representation learning emerge as special cases.
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Further, this style of formalism unifies different formulations in vision and ma-
chine learning, under the same umbrella. (b) On the practical side, we strictly
generalize existing formulations to pool/harmonize multi-site datasets. While the
existing two-stage formulation can deal with one categorical and one continuous
covariate, our formulation places no restriction at all on the number of covariates.
We show how the same model can also be used to heuristically approach certain
hypothetical “what if”” questions and offers competitive performance on public

brain imaging datasets, with strictly more functionality/flexibility.

3.1 Enforcing Symmetry and Structure
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Figure 3.2: A Category theoretic view of CycleGAN (left) and SimCLR (right)

Symmetry/structure in the data or parameters are key property we exploit in
learning tasks, e.g., invariance in features [122], compressive sensing [123] as
well as DL training [124; 125]. Encoding symmetry/structure can involve ideas
as simple as rotations and cropping for data augmentation [126; 127; 128] to
more sophisticated concepts [129; 130]. This criteria can also be specified on the
latent space, e.g., via geometric/topological priors [131; 132] or other conditions
[133; 134]. From Fig. 3.1, if there is a natural structure (say, in covariate space),
then the structure of the representations learned on the latent space should respect
that. To setup this description, we first discuss how this perspective can relate
distinct ideas under an abstract (but simple) formalism, using Categorical concepts
(Section 2.2).
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3.1.1 Reinterpreting CycleGAN using Category theory

Image translation uses a set of image pairs and trains a model to map between
them. CycleGAN [135] is a popular framework for image translation that removes
the need for paired image pairs in the training data, and learns the map from one
domain (or class) to the other, similar in nature to Example 2.5. Denoting image
domains as fype a and type b, the goal in CycleGAN is to learn how to map a type
a image to a type b image and back; which we can denote as to_b and fo_a: type
a (and type b) can mean images of horses (and zebras). We will avoid defining
a Category for the distributions over the images for simplicity, and so a training
dataset made up of paired images will suffice to convey the key idea. So, for every
image of type a, there is a similar image of type b. We want to learn a mapping
(Functor) to a latent space that preserves the action of change from type a to b
and back. This is shown in Fig. 3.2 (left), from which we can directly read off the
following constraints,

1. F is a fully-faithful Functor (Definition 2.3) meaning:
37/ ¥ > S suchthat F/ " 'oF/(s) = id, Vs€ &
2. Composition:

to_boto_a(b) = id,(b) = b

to_aoto_b(a) = id,(a) = a

The first pair of constraints is implicit in autoencoder-like models. The second
pair of constraints define the cycle consistency conditions in CycleGAN. We note
that a different formalism for CycleGAN was described in [60] by considering
CycleGAN as a schema where cycle-consistencies enforce composition invariants

in that Category.
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3.1.2 Reinterpreting SimCLR using Category theory

SimCLR [128] is a self-supervised learning method where one attempts to map
the images to a latent space which is invariant to transformations such as rotations,
croppings, and so on. This can be instantiated using an invariant Functor (see Fig.
3.2). Unlike CycleGAN, such an invariant Functor F/, is no longer fully-faithful
(.e., A7/ " such that F/oF/ ™" = id ).

3.1.3 Reinterpreting other formulations using Category

theory

(a) Latent space interpolation. A number of approaches seek to perform inter-
polation in latent space [133; 134]), informed by “covariates” associated with
the original images (e.g., age, sex, hair length). The recipe described in the two
examples above lends itself directly to describing such formulations, and will be
subsumed by our formulation in the next section. (b) Rotation and Permutation
synchronization. Rotation synchronization is a central problem in Cryo-EM
image reconstruction [136; 137; 138]. In computer vision, permutation synchro-
nization [139] seeks to find replicable matches of keypoints across many images of
the same 3D scene, e.g., for 3D reconstruction from datasets such as PhotoTourism
[140; 141; 142] as well as in robotics [143]. Since the synchronization task always
involves consistency constraints over the symmetric Group, and Groups are a
Category, the reinterpretation is immediate. (c) Equivariance and Invariance.
Many problems in learning benefit from equivariance and invariance. Recall that

equivariance is formally defined in terms of an action of a Group G.

Definition 3.1 (Equivariance). A mapping F : © — < defined over measurable

Borel spaces © and T is said to be G-equivariant under the action of group G iff

FG-5)=G-F(s), GeG (3.1

A more general definition of equivariance follows directly from the Functor’s

definition, as defined in Definition 2.3 an recalled here:
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Definition 3.2. A Functor F/ : @ — ¥ is defined as a mapping from & to T
such that

Fl(id) = idp, Vs€® (3.2)

F/(C(s)) =F(Q)(F/(s), VG:5 —s5,€S (3.3)

If &,  are Borel spaces, and G, F/(C) belong to a Group G, then we obtain

the group-theoretic equivariance definition. Category theory gives a more general

result with no restrictions on the form of the relationships (or Morphisms) G.

Similarly, invariance (e.g., in Group theory) is defined as

Definition 3.3. A mapping F : © — < defined over measurable Borel spaces ©

and ¥ is said to be G-invariant under the action of group G iff

FG-s)=F(s), GeG (3.4)

In Category theory, this results in a special type of Functor:

Definition 3.4 (Invariance). A Functor F/ : @ — I is invariant to the Morphism

3.1.4 A simple sanity check of benefits on MNIST Dataset

Consider the case where the Eﬂ
F! F F!

Objects of the source Cate- I l T
Wlo...ow™!

gory & consist of MNIST im-
W« T~ v |~ W

represent integers on the num- WoW oW

ages [144]. Since these images

ber line, we can ask whether
Figure 3.3: MNIST Example: Modelling the relation-

we can learn a latent space ships between the digits as linear mappings in the target
which allows algebraic manip- Category.

ulations, with one (or more) basic operations defined on it. If our operation of
interest was “addition”, a primitive we will need for counting would be the “+1”

operation. To keep things simple, we will focus on this operation — where the
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source Category © consists of Morphisms that represent the “+1” difference
between two subsequent digits. It is easy to check that we have indeed defined a
Category since each Object has an identity Morphism and the Morphisms com-
pose. The target Category < (i.e., our latent space) can consist of vectors v € RV
as Objects. Orthogonal linear mappings W € RV*N as Morphisms will suffice.
In our pooling/harmonization problem, the Morphisms will reflect traversing the
axis of each covariate.

For this MNIST example, our goal is to impose the “+1” operation in the latent
space, see Fig. 3.3. We define our loss to express precisely the equivalence for
subsequent digits as well as a subset of their +1 compositions that can be read off
of Fig. 3.3. The model is not presented data for “—1" operations but discovers it
due to the special structure of W (orthogonal, so W~! exists). Then, after training,
when presented a “seed” image of 6, the model can (forward/backward) traverse
the latent space: a query “6 — 4 starts from the latent code for 6, hops backwards
4 times and generates an image of 2. All images except “6” shown in Fig. 3.3
were generated in this way. It is worth making a brief comment on the generality
here. If we had k different morphisms, say, “+1” as well as rotation, scaling and
shear, we could apply them in sequence and generate the corresponding images,
even if such training data were not shown to the model (Figure 3.4). This feature
will allow dealing with multiple covariates easily in our experiments. A similar
solution has been provided in [145], although their experiments were restricted
to simple datasets and dealt only with 2D object dispositions. Here, we already
showed how to learn something more complicated (addition) and, in the next

section, we will show how to adapt this idea to complicated covariates.

3.2 A Category Theory inspired Formulation for
Data pooling

Overview. The preceding section provides us all the necessary modules. Our

task involves using brain MR images to predict diseased or healthy controls
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Figure 3.4: Composition of rotation and scaling. The transformations were
applied to the original image’s latent vector (v) in the latent space according to
the composition rule W! W/v where i, j denote the degree of rotation and scaling
respectively. In red we depict the original image, in blue we depict the only
transformations that were “visible” during training.

status. Our covariates will include secondary (non-imaging) data pertaining to
the participants, including scanner type, site, age, sex, and genotype status. Some
of these are ordinal/continuous such as genotype (APOE; three risk types) and
age, whereas others are categorical such as scanner type, site and sex. For the
categorical covariates, our formulation will seek to enforce invariance on the
learned representations, i.e., asking that the latent representations be devoid of
information pertinent to nuisance variables like scanner and site. It turns out
that sex is associated with Alzheimer’s disease (AD) because two-thirds of those
diagnosed are women [146]. But if our goal is to understand which image features
are relevant for the disease (and not simply to maximize accuracy), it makes sense
to control for sex as a nuisance variable and add it separately at the last layer, if
needed. For ordinal/continuous covariates, we see both shifts and imbalances
across sites or scanner (different sites/scanners may not cover exactly the same age
range of participants or include the same number of individuals for each genotype

value). Equivariance will allow adjusting for these shifts, i.e., a coordinate system
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where the latent representations are “aligned” (modulo their covariate induced
Morphism). The diagram in Fig. 3.5 will setup our overall formulation, and we

use the example below to describe its operation.

Example 3.5. Assume we want to control only for age when learning the latent
representations of the images for objects/participants s, and s,. s, s, are identical
for all covariates but have different ages. Their scans are also different. If s, is
x years older than s, in ©, we have s, = H (s,) (i.e., equal up to isomorphism.
In practice, isomorphism can be as strict as €,-norm, cosine similarity as in
CLIP-based models [147], or even distribution-based measures such as MMD ).
For someone, 2x years older, similar to Fig. 3.3, we will compose H, twice. In Z,
latent representations t,,t, correspond to F/ (s,) and F/ (s,). We seek to learn a
Functor F/ by learning G, = F/(H,) such that t, = G (t,). If s, and s, differed
in two covariates, by amounts x and y resp., the Morphism from s, to s, would
involve composing H, and H, (assuming H,, H, denoted the Morphisms for the
covariates x, y respectively). The Morphisms in the Category T would compose

similarly.
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Figure 3.5: A diagrammatic representation of equivariance with respect to a single covariate
whose change corresponds to “H” in the original data space. Our goal is to preserve this structure
in the latent space (Category ) in which we model 7/ (H) as a linear transformation W € RNV*N
In many practical cases the downstream goal is to classify the latent representations, which we
formulate with the Functor C/ : ¥ — Free(N) (or Free(R) for a regression task, etc.)

Setting up a loss function. We will use simple Morphisms in ¥ which

correspond to linear transformations W € R™¥*V (this is a design choice). The
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pair of Functors (F/, F/ ") correspond to an autoencoder, while the pair (F/, C/)
corresponds to an appropriate classifier (or regressor). Simply walking the paths
from Fig. 3.5 provides all necessary constraints which we write as distinct terms
in our loss function,

(i (7/ “oFs )(x) = id, gives the reconstruction loss:
_ 2
£,=3 |s- (7 er )| (3.5)
€S

(ii) the prediction loss (given labels y):

£,= Y c&(v, (¢ToF)s)) (3.6)

(i,5)€S y ’,

Cross-entropy

(iii) Finally, preserving the Morphismes, in its simplest form, is a structure-

preserving loss,
L= Y |[W-Fs- Ff(s2)H2 (3.7)
51,5,€@ 2
The training for multiple covariates (Alg. 1) is a direct generalization of the above
formulation.

Enriching the latent space with structure provides some information about
“hypotheticals”. Given that we are unlikely to be provided different versions
of a sample (one for each composition of the known Morphisms), a structure-
preserving latent space gives us a way to:

(i) generate new samples, by evaluating the expression (F/ o/ (G)oF! ) (s).

(i) answer questions, by evaluating the expression (C foF/ (g)oT’)(s).
for a given sample s € ©.

Role of Category Theory. There is a clear advantage of expressing the
problem in Category Theory. It enables a more concise and straightforward
representation of the problem (sometimes, apparent in hindsight), as well as

additional capabilities compared to earlier works [120].
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Algorithm 1 Structure preserving training of Functors
Input: Parameters: (0, 6,, 05, {W,—}l.C:l), Multipliers: Ay, 45, A3
Data: input/output: (S,y) € (RM*N NM) and covariates: C € NM*C
for ep in epochs do
zih is1 = (75 omyasn,

£,_.zllce(nycforf)qm ),

L,=0
for ce Cdo

for (s, s,),d in pairs(S, ¢) do

| e W Feo-Fo),

L= WL+ M, + ML,
step(L, (6,605,063, Wy, ... W,)) // update
Function pairs(S, ¢):
pairs =[]
for (i, j) in M X M do
if [S]; is paired with [S]j then
L | pairs.append (([S];, [S])). [¢]; — [c];)

return pairs

3.3 Experimental evaluations

Rationale. Our motivation stems from pooling brain imaging datasets, particularly
in scenarios where covariate distributions vary across sites. In the ADNI brain
imaging study [148], while acquisition protocols are consistent among 50+ sites,
demographic distributions differ. The diversity of scanners across sites, along
with the impact of scanner upgrades on analysis tasks [149; 150; 151], further
complicates the scenario. Scanner variations, even within the same study (e.g.,
ADNI-3), introduce controlled nuisances for standard analyses. Beyond ADNI, we
also perform analysis on the ADCP dataset [120]. Our objective is to incorporate
this functionality into representation learning for regression/classification.
Datasets The ADNI dataset can be obtained from https://adni.loni.usc.
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edu/. The ADNI project was launched in 2004. This specific dataset consists of
449 MRI scans, along with a dataset of covariates for each individual participant.
Each MRI was obtained in one of three different scanners ({ GE Medical Systems,
Philips Medical Systems, SIEMENS}) and some of the covariates include { Age,
Sex, Years of Education, APOE A1, APOE A2, Marital status, Race} along with a
lot of cognitive battery scores such as { MMSE, RAVLT, Ecog}. In neuroimaging
data, “APOE” typically refers to the apolipoprotein E gene. The APOE gene
is involved in encoding a protein that plays a crucial role in the metabolism of
lipids (fats) in the body, including cholesterol. This gene has different variants,
or alleles, known as APOE €2, APOE €3, and APOE e4. In the context of
neuroimaging and neuroscience, the APOE gene has been of particular interest
because one of its alleles, APOE €4, is considered a significant genetic risk factor
for Alzheimer’s disease [152; 153]. The second dataset (ADCP) was shared with
us by the authors of [120]. The data for ADCP was collected through an NIH-
sponsored Alzheimer’s Disease Connectome Project (ADCP) U01 AG051216.
The study inclusion criteria for AD (Alzheimer’s disease) / MCI (Mild Cognitive
Impairment) patients consisted of age between 55-90 years, willing and able to
undergo all procedures, retaining decisional capacity at the initial visit, and meet
criteria for probable AD or MCI. The MRI images were acquired at three distinct
sites.

This problem setting underscores limitations in existing methods. Recent
VAE or GAN-based approaches [154; 155; 108; 156] target scanner invariance,
often accommodating binary or multiple scanner variables. However, handling
variations in other covariates (e.g., age, sex, APOE) remains challenging [152].

Baselines. The following baselines address distributional differences in the
data while maintaining associations with covariates: 1. Naive: Pooling data
without pre/post processing. 2. MMD [112]: Minimizes Maximum Mean Dis-
crepancy (MMD) for invariance but lacks equivariance. 3. CAI [157]: Achieves
invariance with a discriminator but lacks equivariant mappings. 4. SS [158]: Di-

vides the population into subgroups (Subsampling-SS) and minimizes MMD for
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each subgroup. 5. RM [159]: Matches similar samples from different scanners for
invariance. 6. GE (Group Equivariance) [120]: Uses group theory to minimize
MMD while seeking equivariance with respect to one covariate. GE achieves the
best overall accuracy but has limitations: it uses expensive matrix exponentials
and relies on a two-stage training, handling only two covariates.

Evaluations. As the classification task, we will predict Alzheimer’s disease
(AD)/Control normals (CN) labels using the invariant and/or equivariant represen-
tations. We will use the following metrics to systematically assess each algorithm.
(a) Accuracy (ACC): Test set accuracy of whether or not a participant has AD.
Accuracy is reported in order to ensure that the model, despite its extra constraints,
maintains all the required information that an input image carries. (b) MMD:
MMD is a measure of distributional differences [160], defined as the Euclidean
distance of the kernel embeddings means (typically an RBF kernel). (¢) ADV:
an alternative to measure invariance is by training a model to predict the nuisance
covariate (e.g., “Scanner”) using the latent representations. If we obtain latent
representations devoid of this information, then the accuracy should be almost
random. The above two metrics identify invariance with respect to scanners. To
check equivariance to covariates, we use two measures: Minimum distance (D)
and Cosine similarity (CS),

(a) Assume that a value of ¢, (for a covariate ¢) corresponds to an individual s,,
and Morphism W € R™V*N in the latent space gives a change in the covariate from
¢, to ¢,. Then, the Minimum Distance (similar to covariate matching) identifies

the closest individual s such that s, = c,:

”W-Ff(sl)— JDf(s)H2

D(s;; = mi 3.8
(s15¢5) snslcl=r:»2 N (3.8)

(b) A low minimum distance by itself is insufficient. So, we also calculate
the cosine similarity (CS) between all the other covariates of s, and s,, where
W F/(s,) — Ff(s)||2.

Low Minimum Distance (D) and high Cosine Similarity (CS) is desirable.

5, = argmin

515.=Cp
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Setting. We model the Functor 7/ using a modified ResNet [161], and the
Functor C/ using a Fully-Connected Neural network. For our experiments, using
linear mappings W € R™* for the Morphisms in the target Category < (i.e.,
latent space) was sufficient but this can be easily upgraded. All the experiments
are a result of 5-fold cross validation procedure. In the following sub-sections,
we summarize our experimental findings. We gradually increase the complexity
of the experiments (number of constraints that we simultaneously optimize).

Can Category theory constraints help impose invariance to scanner? The

following objective derived directly from the formulation is used,

L= £, + Y i Hf’f(sl)—f’f(sz)H (3.9)
S1,32€@¥ ~ J
cross-entropy V 51,5, from different Scanners

Our results (Table 3.2) show that we obtain invariant representations with-
out degrading the model’s accuracy, consistent with the literature on invariant
representation learning [107]. MMD decreases by more than 80% compared to
the best baseline, while accuracy is 1.3% higher than the naive model, suggesting
stronger generalization to new samples.

Can a model be invariant to scanner and remain equivariant to covariates?
Besides invariance, we seek equivariance to specific covariates in some cases.
Here, we examine the simplest case of equivariance to a single covariate. We test
three different covariates: 1. Age 2. Sex 3. APOE Al. Since age is continuous, we
discretize it into bins of 10 years (so we have enough samples in each bin). APOE
Al (and A2) are genotypes in ADNI that are associated with AD [152; 153].

Using our formulation, we derive the following loss function,

L=, + Y AHW%-% P (s)) - rf(s2)|| (3.10)
51,5,ES
V 1-52 g “ )
Cross-entropy ¢y, +Cs, Tepresent the nuisance covariate

Note that the invariance term is implicit in this case because for two individuals

sy, 8, with ¢ = ¢, we recover the invariance term from (3.9).



48

Parameters
Encoder Classifier =~ Morphisms
O(E) O(C) O(c- P) O(-R)
O(E) o0) O() O(R)

Runtime

GE
Ours

Table 3.1: Parameters / Runtime comparison with respect to the number of covariates. c is
the number of covariates and P the number of unique pairs for each covariate (exponential growth).
E/C is the number of parameters in the Encoder and Classifier respectively (independent of ¢).
R stands for a single training runtime. Our method’s complexity is better both in parameters and
runtime.

Remark 3.6. While this specific problem setting is not new (see [159]), here we
show that the simplicity of our method comes with certain advantages. First, we
get improved results and further, our model has fewer parameters and smaller

runtime complexity (Tables 3.2, 3.1).

In Fig. 3.6, we examine the performance

of the naive model where we infer W post- . Naive ]EE W Ours
training, GE [120] which defines a different ( '

linear transformation W for each age difference, 0.9

1
and our model (Ours). In all three models, we 001 L mem g

model the age increase (e.g., 60 to 65) by apply- rae - -

ing a linear transformation in the latent space. | APoEAL

Then, we find the closest point for that age (e.g., APOE;:i E E

65) in the latent space w.r.t. £, norm (D) and ~ |*=t" — A N
D cs

0.(

cosine similarity (CS). The transformed vector

should be in the neighborhood of latent vectors Figure 3.6: (left) Minimum Dis-
with that age (e.g., 65), and so D should be tance (D) anq Co.sme Similarity (CS)

in for age equivariance, compared with
small and CS should be high. The results show Naive and GE. (right) Minimum Dis-
tance (D) and Cosine Similarity (CS)
for 5-covariate equivariance. Results
in the naive or even the GE algorithm. The are consistently good.

that such a Morphism is not accurate enough

naive model tends to “spread” the latent vectors without preserving structure, so

it cannot capture equivariance in the latent space (clear when we examine D),

while GE achieves equivariance but our results suggest improvements.
Assessing hypothetical samples. Enriching the latent space with structure
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ADNI ADCP

ACCT MMD| ADV ] || ACCT MMD| ADV ]
Random 64 - 49 74 - 42
Naive 80(2.6) 27(1.6) 592.9) 83(4.4) 90(08.7) 49(08.4)
MMDI[112] 80(2.6) 27(1.8) 59@.3) 84(6.5) 86(11.0) 49(11.9)
CAI[157] 743.6) 271.5) 612.1) 82.1) 85(12.3) 56(06.9)
SS[158] 813.7) 26(1.6) 57@2.1) 82(3.5) 88(14.6) 51(06.7)
RM[159] 78(3.8) 22(0.6) 52(5.4) 84(5.3) 77(13.8) 40(04.7)
GE[120] T7(4.8) 16(7.2) 504.2) 81(1.8) 70022.3) 49(07.3)
Ours (inv) 81(2.3) 0222.4) 522.0) 868.0) 34(01.2) 45(04.2)
Ours (1 cov) | 82253) 112.9) 53(1.2) 86(5.9) 39(03.6) 48(05.7)
Ours (2 cov) | 8222 10¢6.6) 513.0) 85(7.7) 40(04.3) 44(08.1)
Ours (5 cov) | 8023) 11(5.3) 52(1.7) - - -

Table 3.2: Quantitative Results on ADNI [148] and ADCP from [120]. The mean accuracy
(ACC) and invariance as evaluated by MMD and ADYV are shown. The standard deviations are
in parenthesis. The baseline inv corresponds to only invariance to Scanner, x cov corresponds to
equivariance with respect to x covariates (along with invariance to Scanner). MMD measure is
significantly reduced without any drop in accuracy. The .ADYVY measure is close to the random
baseline (desirable).

provides information about questions such as What would be the change in AD
if APOE Al had a different value? Recall that APOE Al is a ordinal covariate
with 3 values ({2, 3,4}) and associated with AD [152; 153]. For each sub-group
(individuals with a specific value for APOE Al), we increase/decrease its value
using Morphisms and then classify the new vector. An increase in APOE Al

results in a higher probability of AD and vice-versa (Fig. 3.7), as expected [152].

3.4 Related work

Data pooling, Fairness, disentanglement, and Invariant Representation Learn-
ing. General approaches for analyzing data from different sites involve meta anal-
ysis [98; 101]. When data transfer is feasible, pooling can be approached using
the Johnson-Neyman technique (e.g., when ANCOVA is inapplicable). Some
tools from statistical genomics have been deployed for brain image data pooling

[105], also see [162]. For deep models, the link between invariant representation



50

0.75 0.75 0.75
§0.50 0.50 0.50
= 0.25 0.25 0.25

0.0055 > 0005 > 0005 >
075 0.75 0.75
S 050 0.50 0.50
=0.25 0.25 0.25

0005 — 0005 —l0.0018 -

APOE APOE APOE

Figure 3.7: Increasing APOE Al in the latent space using Morphisms leads to a higher prob-
ability of AD and vice versa. Such manipulations in latent space are feasible through learned
Morphisms.

learning/fairness and data pooling was seen in [107; 163; 164], and has been
the defacto approach [108; 120; 165; 166; 167] to disentangle the influence of
nuisance variables (but provably doing so is difficult [168]).

Category theory in machine learning. The applications of Category theory
in applied disciplines are somewhat limited. But more recently, these ideas
have been successfully applied to other fields (e.g. [169]). In machine learning
specifically, [170; 61; 171; 172] model the learning process of gradient-based
learning algorithms using Lenses and [173] uses Monads. Separately, [174] used
Category theory to offer a framework for training Boolean circuits. The results in
[60] modeled CycleGAN using Functors and showed how the formulation can be
used for inserting/deleting objects from an image. A summary of developments
is in [49].

3.5 Summary

Imposing structure on latent spaces learned by DNN models is being actively
studied, for problems ranging from disentanglement to interpretability. Using a

data pooling problem in brain imaging as a motivation, we discuss how Category
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Theory provides a precise framework for such tasks. Not only does such an
approach significantly simplify recent works in the literature, but also offers a
perspective unifying an array of standalone approaches/models. Due to its rather
abstract nature, the application of Category Theory in vision/machine learning
is rather limited. Nonetheless, we believe that the models/experiments provide
evidence that these ideas can inform other challenging problems in our field,
including explainability, modularity and interpretability. A preliminary version
of this chapter was published as [62] and the implementation can be found in
https://github.com/SPChytas/CatHarm.


https://github.com/SPChytas/CatHarm
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4 UNDERSTANDING MULTI-COMPOSITIONAL
LEARNING IN VISION AND LANGUAGE MODELS VIA
CATEGORY THEORY

In the theory of Forms, Plato argues that = buedos 15

s y
. . . _ . large o cute d
every entity in the physical world — ani ,,,.;\ é o -

e amalldog
mals, persons, and all other entities — cor — | oy B 7
respond to a Form (or Idea) that answers - L
“What is that?” [175]. In fact, the objects - et -

small
in our world are merely imitations of these

Figure 4.1: The implicit structure
of concepts should be reflected in a
model too. Arrows “add” new infor-
physical essence of all things. For instance, mation to concepts and are shared

we can only observe the Idea “car”, via an among different concepts.

imitation of its attributed Form, red car, small car, sports car, and so on. We are

“Forms”, their impure realizations. The

Idea on the other hand refers to the non-

almost never shown the Idea, by itself. Still, we inherently possess the ability to
perform such compositional classification, and more importantly, recognize novel
combinations of attributes and Ideas.

Since we observe the world in this compositional view of attributes and
Ideas, it is reasonable to ask whether a model can be trained to perform such
compositional learning or whether a model already possesses this ability. The
reader will acknowledge that despite intensive (and impressive) ongoing work in
foundation and generative models [176; 177; 178; 179], their ability to compose
known concepts in novel ways is a work in progress [180; 88]. For the remainder
of this chapter, we will refer to the Ideas as primitives.

A simple example. Consider two objects, a red car and a sports car. These
two objects have something in common: the primitive. How can we leverage this

knowledge? What about two other objects: a red car and a big red car? How are
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the objects related? How about a small blue car? We can appreciate that we are
traversing multiple compositions: from car to red car to big red car, and these
traversals can often involve backtracking: big red car to red car to small red car.
If the primitives are commonly occurring, we may find that a pre-trained diffusion
model [178] can already provide such capabilities out of the box. When it fails
for a primitive with multiple nested attributes, say for a less common primitive,
it is not easy to diagnose such cases in advance and/or simply re-run the model
with additional guidance.

This “compositional” problem setting is not unique or novel to our work —
indeed, many existing approaches [181; 182; 183; 184; 185; 186] have variously
approached the task of compositional learning. However, even now, when Founda-
tion models dominate nearly every popular benchmark, compositionality remains
an open question and contemporary architectures can fail on even simple composi-
tionality tasks [187; 188; 189] since, as demonstrated in Figure 3.6, compositional
latent spaces are hard to obtain in an unsupervised way. In the compositional task
above, the main focus is on the relationships between the samples, often with
various levels of nesting. The individual samples are relevant but only as a “seed”.
For the “relations”, what constraints should be checked when operating in the
latent spaces of large models? Given recent discussions surrounding emergent
capabilities in large models, can we check to what extent the latent spaces support
compositions?

What is required for understanding compositions is a mechanism to handle,
operate on, and reason with structured inclusion relations (i.e., directed) between
entities (e.g., car in the example above) during or post- training. Category theory
provides us with precisely these types of tools. Category Theory (Section 2.2) is
a general (but abstract) mathematical theory of structures and of systems of struc-
tures [48; 56; 54] and unifies seemingly unrelated fields (such as Group Theory
and Topology) using Categories as its building blocks. One of the basic operations
in Category Theory is to compose more complicated objects/systems via simpler

ones — when these objects/systems correspond to “relations” or “structure”, we
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directly obtain the main ingredients we will need to bake into our learning model.
The high-level goal of this work is to check what these tools can reveal about the
latent space of foundation models commonly used in the community. In doing so,
we will see that solutions for compositional zero shot learning (CSZL) fall out
directly by a simple instantiation of basic axioms from Category Theory.
Contributions. On the fechnical side, using the setting in compositional zero-
shot learning as a jumping off-point, we give a succinct mathematical formulation
based on Category Theory, as introduced in Section 2.2. To impose structure, we
study a simpler formulation that allows a direct generalization to multi-attribute
compositional learning tasks (Section 4.1). On the practical side, we propose
a simple, attention-based, instantiation of our formulation that can handle both
single and multi-attribute compositions with no adjustments (Section 4.1). After
demonstrating how our machinery can handle a well-studied problem setting
(CSZL), we study what the formulation can say in the context of the latent space

of contemporary LLMs (Section 4.2).

4.1 Proof of concept: Compositional Zero-shot

Learning

To test drive the concepts above, we start with a simple problem setting. Single-
attribute Compositional Zero-shot learning [183; 184] is defined as follows. As-

sume a labeled (image) dataset of the form

T:{(x,(a,p))|xEX,(a,p)€Y} 4.1)

where x corresponds to an image and each image’s label has two parts; a € A is
an attribute (e.g., “small”) and p € P is a primitive (e.g., “car”). Using T, CZSL
seeks to accurately characterize unseen images whose labels are novel pairs of

attributes and primitives.



< = A

Figure 4.2: Left: the typical formulation of CZSL, in Category Theory terms. The opaque pairs
correspond to implausible pairs that are not considered under the Closed-World setting, resulting
in a smaller space. Right: an alternative formulation that allows for a direct generalization to the
multi-attribute setting, by Morphisms’ composition.

4.1.1 The “product” formulation and its limitations

Fig. 4.2 (left) restates a common formulation in CZSL, represented as a Category-
Theoretic diagram. The approach roughly involves:

(a) Dealing with attribute-primitive pairs in CZSL, expressed as a discrete
Product Category 2 X B (Definition 2.7).

(b) Transitioning from words and pairs using various design choices (mostly
involving pretrained word embeddings such as GloVe [190]), modeled as a single
Functor (W/ : A x P — €) in the embedding space Category G.

(c) Associating each image with a label of the form (attribute, primitive),
represented as a discrete Category of Images (3) with a "prediction" Functor
Pl S - AXP.

(d) Closing the circuit by training CZSL methods to learn representative
image embeddings, modeled as a Functor &/ : § — R" which encodes each

image into the same embedding space, ensuring commutative operations,
g =wlop/ 4.2)

Applicable to LLMs? Although at a high level, this formulation may look too
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simple to capture what is going on in larger models, this is not the case. Consider
each input sentence as a multi-product of words (or more accurately tokens). We
indeed learn a mapping of this product to an embedding space, using training
tasks such as next-word prediction or masked predictions [81; 83]. Of course,
images are missing in this description but we can check that CLIP [147] closely
follows the formulation of Fig. 4.2 (left) by aligning a multi-word string (caption)
to an image.

No interactions. The “product” formulation is direct and intuitive, but by re-
casting everything in Category Theory language, we recognize a key shortcoming;
all Categories are missing a critical component: Morphisms. No interaction
is assumed between the different (attribute, primitive) pairs or the embedding
vectors, e.g., the Objects small car and red car have no relationship. The result in
[183] recognized this issue and used a graph between all primitives, attributes,
and pairs. Incorporating this missing component, obvious from our Category-
Theoretic reinterpretation, led to state-of-the-art results in [183]. This hints at the

potential benefits of the general categorical approach.

4.1.2 The Categorical Composer

Building on the observations above, we present a simple reformulation, which
overcomes the issues we identified. In Fig. 4.2 (right), we present an alterna-
tive model; we call it the “morphism” formulation (as opposed to the “product”
formulation in Section 4.1.1).

The “morphism” formulation. Similar to Section 4.1.1, we will use Fig. 4.2
(right) as a guide, and walk through the main components, step by step.

(a) We assume that each attribute is a Morphism, instead of an Object. Each
attribute “acts” upon an Object and changes it in a well-defined way. According
to this view, different concepts are intrinsically related and not disjoint from each

other (similar to the real world).
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sports car

car = red sports car
e e
w red

Interestingly, we can define all multi-attribute concepts (e.g., red sports car) in
this way simply as the composition of Morphisms. There is no need to define a
new Category (for a multi-Product of attributes and primitives).

(b) Based on this view, we define the © Category. Its Objects are all strings
of zero or more attributes together with a primitive (e.g., car, sports car, red
sports car).

(c) Since each attribute is a Morphism, there is a (directed) arrow from each

string that does not include this attribute to a string that does include it (e.g., 7,4 :
red
sports car—red sports car).

(d) Similar to the “product” formulation, we define the Functor W : © —» €
that maps this structure to Category € that corresponds to an embedding space.
We can assume that € is the commonly used @et Category where each Object is
a set of one or more vectors in R” and each Morphism is a function 7 : R” — R".
The mapping of the attributes to these functions is what allows traversing the
embedding space and perform multi-attribute composition (not possible with the
“product” formulation where both attributes and primitives are Objects, i.e., there
are no Morphisms).

(e) Finally, we define the Category of images (3) along with the Functors
P/ i3 > Sand & : I — G, in a similar way. However, notice that the label
can easily be a multi-attribute string such as big red sports car.

What is the embedding of a multi-word string? Embedding multiple words
often relies on heuristics like concatenation or addition of word embeddings.
Even with language models, the use of heuristics such as the mean of output word
embeddings to define the entire string’s embedding is common. Consider a simple
example: small cute dog. In both cases, determining W/ (small cute dog) is im-

portant. The "morphism" formulation indirectly defines it, using the commutative
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property of Functors (Definition 2.3). So,

W/ (small cute dog) = oT.

cute

oW/ (dog), 4.3)

smal

simplifies the learning process to focus on primitives’ embeddings and one Mor-
phism for each attribute.

Use of Special Variables. Each String Object in © Category that represents
a primitive (e.g., dog) is a Limit Object, signifying it as the purest representation
of all Objects corresponding to that primitive paired with one or more attributes.
Assuming attribute order insignificance, each attribute pair forms a Pushout,
and with existing inverse Morphisms (e.g., Tcutle gmall) it becomes a Pullback.
Assuming inverse Morphisms in our & Category (as in [184]), Objects for the
same primitive, irrespective of attributes, are Isomorphic. This embodies the
notion that attributes preserve the "essence" of a primitive.

Implementation details. Here,
we provide high-level details of a ”U [ e

loss
specific instantiation of our formu- uhm doa anemwn
lation (denoted CatCom) by model- U \
word

ing each concept with a neural net- " I E
work module. Similarly to existing

works, we use a pre-trained (on Im- Figure 4.3: CatCom overview. Slightly dif-
ageNet [55]) ResNet model [13] to- ferent from Self-Attention [14], the Query
vector is derived from another input (the at-

tribute). The entire architecture is trainable,
network on top, as the Enc Func- using a contrastive loss.

gether with a trainable feedforward

tor and pretrained word embeddings
(transformed through an MLP) as inputs to the Morphisms (Fig. 4.3).

We use Cross-Attention, which has been used successfully in other scenarios
(e.g., Stable Diffusion [178]), to merge the information of a primitive and an
attribute (i.e., act as our Morphisms). Using the attention mechanism, we obtain
a vector that encapsulates the information of both inputs. This architecture allows
us to optimize our model end-to-end, similar to CGE [183] and OADis [185],
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Figure 4.4: Qualitative results for C-GQA. In black, we give the true label and below the top-3
predictions. Even from this small sample of images, the difficulty of the CSZL task is apparent.
In many cases, our model makes a prediction that is accurate but not the exact ground truth label.
Interestingly, we observe that in many cases our model predicts a pair that is more suitable than
the actual label (e.g., in the case of the sitting bear).
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by maximizing the cosine similarity for the correct pair while minimizing the
similarity with all other pairs, using the cross-entropy loss. We choose cosine
similarity over £,-loss (also permissible in our model) because the £,-loss implies
that all images with the same label must also have exactly the same embedding.

The choice of £,-loss in [184] may be due to the use of group actions.

4.1.3 Experimental results

In this section, we test our method to both single (CW and OW) and multi-attribute
CZSL. We follow the evaluation protocols of existing works [183; 184] and test
against the current state-of-the-art methods in all cases.

Baselines. We evaluate our method against strong baselines, including:
(a) SymNet [184]: Handles both single and multi-attribute cases. (b) Com-
pCos [186]: Operates in the OW setting, regularizing all possible combinations
by assessing similarity between attributes and primitives. (¢) CGE [183]: Utilizes
a GNN for composition embeddings, excelling in the CW single-composition case
with a trainable backbone. (d) OADis [185]: Implements a triplet loss, works
well for CW single-composition by fine-tuning the last ResNet [13] layers. Our
baselines, as well as our CatCom, are all based on ImageNet-trained vision models,

in contrast to more recent works (e.g., [191]) that use larger models (e.g., CLIP
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[147]) which may violate the zero-shot nature of the problem.

For multi-composition tasks, we consider: (a) GALM [192]: Performs multi-
label classification across all attributes, with an automated architecture-building
procedure. (b) FMT [193]: Similar to GALM, automatically designs a multi-task
network for multi-attribute classification. (¢) AMT [194]: Designs a multi-task
network, considering correlations between attributes (dark and black). Note that
these methods predict attribute sets through multi-label classifiers, a task simpler
than CZSL.

Metrics. We use the same evaluation proto- mAUC

Method PU  SUN
col used in all baselines [183]. We use the same a

bias scheme in our predictions, so we report AMT[194] 845 825

’ FMT [193] 705 755
(i) the Area Under the Curve (AUC), (ii) The GALM [192] | 84.2 86.5
SymNet, [184] | 79.9 867
SymNet,, [184] | 83.4 88.4
Harmonic Mean (HM) between the Seen and CatCom 847 879

best Seen and Unseen Accuracy, and (iii) the

the Unseen values. We refer to [183] for more Table 4.2: Results for multi-attribute

details of the evaluation protocol. In the multi- composition. CatCom is comparable
to SymNet,, despite our simple evalua-
tion scheme. SymNet, underperforms

not directly applicable, we consider mAUC so in both cases.

composition case, since the above metrics are

that we are consistent with existing works for this problem.

Datasets. We evaluate using three prominent datasets for single attributes:
(i) MIT-States [195]: The oldest dataset with 245 primitives, 115 attributes, and
28K pairs (only 1262 seen). (ii) UT-Zappos [196]: Focuses on shoe images,
featuring 192 pairs in total. (iii) C-GQA [183; 197]: Recent larger dataset with
over 200K pairs derived from GQA [197]. In all datasets, we use the Generalized
CZSL splits from prior works [183; 198]. For multi-attribute, we use: (i) aPY
[199]:A dataset with 64 attributes and 32 primitives, created from PASCAL VOC
2008 [200]. (ii) SUN [201]: A larger multi-attribute dataset (102 attributes, 700
primitives).

Main results/observations. Our results are in Tab. 4.1 and Tab. 4.2 while

qualitative results are depicted in Fig. 4.4.
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4.2 Compositionality in Language Models

With a general recipe for thinking in a “compositional manner” in hand, we
examine if compositionality exists in contemporary large models. This analysis,
possible because of the general nature of our formulation, allows us to provide a
mechanism to better understand and interpret LLMs, a relevant but underdeveloped
topic. We know that models such as BERT [81] and CLIP [147] have been trained
with “simpler” loss functions, enabled by huge training datasets. The question
then is: “Are these models able to shape their latent space in a way that resembles
what a compositional learning algorithm would provide out of the box?”

Quantifying the performance of diversely-trained LLLMs remains an active
topic of research, with metrics such as the hallucination index [202]. Here, we
consider multiple large-foundation models and examine what insights, if any, our
structured modeling of the latent space can provide. The reader will notice that
at a minimum, our formulation can yield a “compositionality index” and we can
check whether large violations are indicative of anything at all.

Dataset, Models and Setup. Using the same terminology as before, we define
our Forms to correspond to common everyday primitives (the full set of classes of
ImageNet-1K [55] and CIFAR100 [203]). To assess structure in the latent space,
we consider the four most common attributes that will act upon the Form alone
(e.g., for images, it does not affect the background): size (e.g., small), color (e.g.,
green), texture (e.g., shiny), and age (e.g., old), and we examine the latent space of
multiple widely used models: (i) BERT [81] (ii) Albert [204] (iii) Roberta [205]
(iv) Deberta [206] (v) CLIP [147] (vi) GPT2 [83] Following existing works
[207], in all models we use the average of all the output embeddings (i.e., one per
input token) to form a single embedding for the given prompt.

A note on model selection. We chose the above models since these are some
of the most widely used text encoders in practice, for multiple and diverse text-
based applications. In fact, our experiments will offer some guidance on why these
models are widely used and why, in some cases can be a suitable choice (relative
to models like Mistral LLM/Zephyr). To highlight the differences between the
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two classes of models, we also consider the following three LLMs: (i) Phi-2 [208]
(ii) Zephyr [209] (iii) Mistral [210] .

In all our experiments, we find the difference vector between the following
two quantities: (i) plain embedding which corresponds to the embedding of the
expression “an image of a(n) (object)”, and (ii) attributed embedding which
corresponds to the embedding of the expression “an image of a(n) (attribute, ), ---,
and (attribute ) (object)”. The plain embeddings correspond to the Forms (the
Limits of our String Category &) and the differences between the two embeddings
correspond to our Morphisms, the 7 arrows (or functions). We will use the same
notation here: the difference will be 7'

attr &« &attr,,
. . bject
What are we looking for? Notice that 7 '

. are exactly the Morphisms

. biect . .. . .
in §4.1.2, and T lﬁ:'}: ., 18 exactly the composition of these Morphisms (i.e.,
< | G aeditly,
biect biect biect : :
T]Ll’“"z gt = 7. ouoT ﬂl_‘:“ ). Based on this observation, we define compo-

sitionality to reflect the property that the composition of multiple atomic attributes
is equivalent to a complicated expression that includes all of them. LLMs may
be operating in one of the three following regimes, (i) (extreme 1) LLMs have
no internal notion of compositionality (i.e., they are “pure” black boxes) and
we cannot link them back to our world’s structure, (ii) (extreme 2) LLLMs are
able to perfectly pick the compositionality of our world, based on its extensive
training data, or (iii) (middle) Contemporary training procedures offer a partial
“understanding” of compositionality and different training schemes lead to models
that align more or less with this view.

Scope of experiments. We will use our formulation to ask the following
questions for the three models. How similar are the Morphisms for different
Forms? What about Morphisms for different attributes? How well do multiple

Morphisms compose?

Remark 4.1. Different attribute types affect plain embeddings with difterent

magnitudes.

Consider a primitive, say, a car (either in text or joint image+text), and assume

two variations are available: in the first, it is larger and the second, shows it in
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Figure 4.5: (Top) T-SNE plot of the clusters that different attributes form, for all objects. Even
in this lossy projection, we can observe that color (yellow cluster) leads to a cluster further from
the black cluster (plain embeddings) compared to age, size, and texture. (Bottom) the relationship
between all the size Morphisms reflects how we would also arrange them in real life.

a different color. In the latent space, which is more similar to the original? All
models concur that the change in size is less significant than the change in color.
Remarkably, all models share the same attribute order (of how much “work”
T does), despite being trained on diverse data and objectives. We find that
“size” is unanimously the attribute with the smallest magnitude, while “color”,
“texture”, and “age” have similar magnitudes (although usually “age” is slightly
smaller). This relationship can be seen in Fig. 4.5 (top) also, where we project the
embeddings to the two-dimensional space using T-SNE [211]. Besides the intra-
attribute ordering, the models show an inter-attribute ordering that is consistent
with our world-view. In Fig. 4.5 (bottom), we show the angle between 7., and
T for all other size attributes, for GPT2 and BERT. Both models are able to
understand the relative relationships between the different size attributes.
Morphism outliers. From our analysis, we observed the existence of some
outliers, for each type of attributes. These outliers correspond to pairs of (atttibute,

primitives) that are rare, or even unlikely to ever occur. For instance, some of the
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Figure 4.6: (Top) The pairwise correlation of the Yoneda embeddings between all models.
On the left, we show how we form the Yoneda embedding for each model. The correlation map
reveals that Bert and Albert are clustered together, as well as that Roberta, GPT2, and the three
LLMs have a high-to-absolute correlation. (Bottom) The latent space of the models is clustered
into distinct regions that correspond to each attribute while the homogeneity of each attribute
(colored lines) is apparent.

pairs are (knitted, bowl), (magenta, baby), and (appicot, woman). This is expected
to happen — during training, there is no categorical structure embedded in their
latent space, any unknown compositions will be arbitrary and will not behave
well.

Besides the primitive-specific magnitude, we observe that, on average, simple
and common attributes such as “old”, “young”, “rough”, “cracked”, “big”, and
“little” appear to have, on average, a smaller magnitude than more rare/exotic

attributes such as “gigantic”, “childlike”, “embossed”, and “time-worn”.

Remark 4.2. The Yoneda perspective reveals clusters of similar models.
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The Yoneda perspective states that an Object is completely characterized
by its “neighbors” and the Morphisms by which they are connected. A similar
characterization has recently occurred in [212]. There, the authors calculate
the characteristic embeddings using the so-called “anchor points”, leading to
a construction that has been formally defined in Category Theory as Yoneda
Embeddings.

To this end, we construct the Yoneda embeddings [213]. The Yoneda em-
bedding can be thought of as a succinct representation of all neighbors of an
Object. In our case, we form the vector whose elements are the magnitudes of

object

each Morphism (i.e., |7, ||). We would expect these vectors to be similar
enough for different models, since all of them were trained on data that resemble
the real world. Indeed, when we consider the Pearson Correlation [214] we can
observe that all of them are sufficiently similar to each other. In Fig. 4.6 (top) we
can observe the pairwise Correlation between all models. All models have a high,
positive correlation, confirming our hypothesis that these models are, in a way,
isomorphic views of the same world.

Several intriguing patterns emerge from the analysis. First, the formation of
two distinct clusters is evident: Bert aligns closely with Albert, while Roberta
exhibits strong alignment with GPT2 and all three LLMs. This suggests a degree
of similarity in their embedding spaces. Surprisingly, Roberta’s embedding space
appears almost isomorphic to that of GPT2, indicating its efficacy in practice.
This finding corroborates Roberta’s widespread adoption in practical applications,
e.g., as a popular choice in Kaggle competitions on text-data.

The observation regarding Deberta is interesting. Despite its effectiveness,
Deberta stands out as an outlier, displaying a significantly lower correlation with
other models. This distinctiveness also aligns with its use in practice, where
Deberta is often utilized as a complementary component in ensemble solutions
due to its unique properties. This characteristic was particularly evident in the
recent Kaggle competition titled “LLM - Detect Al Generated Text” [215] where

Deberta featured prominently in all of the top solutions. Overall, these insights
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provide a nuanced understanding, enabled by our categorical casting, of the rela-
tionships between various language models, shedding light on their comparative

performance and potential synergies in practical applications.

Remark 4.3. Models are homogeneous w.r.t. how the same attribute affects
different objects and homogeneity (i.e., the similarity of an attribute’s embedding
across different objects) is a unique property that cannot be estimated by the

dataset size, the model size, as well as the training type alone.

One major assumption of our framework is the fact that an attribute (e.g.,
small) acts the same way on each primitive (hence the knowledge sharing we
exploit in CZSL). For LLMs, this would imply that the Morphisms (7 vectors)
would be (almost) the same for a specific attribute across all different Objects. To
this end, we examine the cosine similarity across different objects for the same
attribute (Fig. 4.7 (right)). While all models have relatively high homogeneity,
the value differs in a way that no clear correlation exists with the model’s size,
its training type, or even the release date. This indicates that homogeneity is a
unique property that can provide an alternative view of the models. This will
become apparent in Remark 5, in which we consider positional attributes also. In
Fig. 4.6 (bottom) we can also observe the 2D projection of 6 attributes. Even
when we “squeeze” the high-dimensional embeddings into two dimensions, the
homogeneity of the attributes is preserved.

Object-specific attributes. An interesting observation emerges from the
range of color attributes considered. Our list encompasses a broad spectrum,
including less common colors like “pear”, “salmon” and “lemon”. However, these
colors are also used as food nouns. Consequently, when paired with the primitive
“can”, all models tend to interpret the prompt as referencing a can of lemons,
salmon, etc., rather than a can of that specific color. This discrepancy affects the
calculation of 7_ ", rendering them dissimilar to the = vectors of other primitives.
Additionally, we noticed variations in size-related attributes, particularly with

“medium” hinting at its broader usage beyond indicating object size (overloaded).
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Figure 4.7: Compositionality (left) and Homogeneity (right) of each text encoder. The models
are arranged in chronological order, based on their release date. We observe that all models have
the same profile with respect to both metrics, and that compositionality/homogeneity can not be
explained solely by the model’s size, or the training type.

Remark 4.4. Compositionality is mostly preserved and can be predicted by
attribute homogeneity. Its violation indicates regimes where training data were

scarce.

After single-attributed prompts, we turn our focus to multi-attribute prompts.
One of the basic questions, and a major thrust of our formulation, is that composi-
tions must be preserved and their violation can be checked. In the two-attribute
case, this implies that: 7 :fn gatr, = Tﬁl‘ + Taﬁr;’ V object X. In Fig. 4.7 (left),
we show how well each model preserved our compositionality constraint, as a
function of model size, training type, as well as release date. Interestingly, all
models show a good compositional behavior on average, although many out-
liers hint that compositionality is not universally respected in these models. A
striking observation is the fact that compositionality can be accurately estimated
by attribute homogeneity (Fig. 4.7). While the values may differ, the ordering
between the models is the same across the two metrics. In practice, this means
that compositionality can be easily estimated quickly since it does not require the
quadratic complexity of compositions.

When does compositionality fail? Our evaluation of the constraint violation
suggests that compositionality does not hold for either specific, rare attributes or

for far-fetched compositions. For instance, an attribute that led to a consistently
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Figure 4.8: How viewpoint invariance manifests to different models. In Deberta (top) there
are clear clusters for each position, hinting at a latent space in which different object embeddings
have a small angle with each other, while different viewpoints lead to embeddings with the same
direction but with big differences in the norm. This leads to this type of clustering when we
consider a 2D projection. On the contrary, in Mistral (bottom) each object’s viewpoints are
clustered together, hinting at a latent space in which each object occupies a very different area.

low compositionality score was the color , no matter the type of the other
attribute. Another such attribute was the size-related attribute “mini”. As is
also apparent from Fig. 4.5 (bottom), 7,,;,;

attributes. For CLIP specifically, we believe this is due to the fact that most of the

is quite different than the other size

“mini” images correspond to images that depict the car Mini Cooper and not a
mini version of a typical object. Similarly, for , it 1s very likely that images
(or even texts) linked to “puce” correspond to the Franco-Belgian comic ‘“Zig et
Puce” [216] and not the color . Finally, odd compositions such as young,
bumpy otter and youthful, pear bear lead, as perhaps expected from Remark 4.1,

to a low compositionality score.

Remark 4.5. LLMs have an in-built understanding of viewpoint invariance, but

their latent spaces are fundamentally different.
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So far, we considered “external” attributes, such as size and color. However, we
can also consider attributes that do not really change the essence of the primitive.
One such Category of attributes is the positional attributes that leads to expressions
such as “an image of a car from the front” or “an image of a dog from above”.
Invariance with respect to 3D rotations is an active topic of research and remains
an open question. We consider a list of 13 positional attributes and we compute
the embedding for each combination of object and position, using the prompt “a

object

photo of a (object) from (position)”. If we denote each embedding as e we

position”’

can estimate the viewpoint invariance of each model by calculating the cosine

similarity between all the embeddings e;:}:‘ij;tm] and eti}ijﬁtm: for all combinations
of positions and objects.

While we observe that the average cosine similarity is very high (more than
0.95), this does not imply that all models are the same. In Fig. 4.8 we depict
the latent space (T-SNE 2D plot) of two of the models under consideration: the
smaller, widely used text-encoder Deberta [206], and a popular more recent LLM
Mistral [210]. We can observe an interesting behavior. While Deberta’s latent
space is such that (while it achieves viewpoint invariance) the embeddings of
each positional attribute are clustered together, this is not the case for Mistral. In
Mistral, the different viewpoints are clustered together for each object, leading to
this “spotted” view of the latent space, which may not be that useful in practice.
We believe that this is one of the properties that make Deberta a widely used
text encoder in contrast to LLMs (such as Mistral) that, although show strong
performance on multiple NLP tasks, are not a default choice as a text encoder in

vision-language tasks.

4.2.1 Compositionality in Large Language Models

Our main focus so far was in language models that are widely used in multiple
applications, such as Deberta, GPT2, and Roberta. However, recently, we have
witnessed the emergence of LLMs; billion-parameter models that are dominating

multiple, diverse benchmarks. While the LLMs are capable of performing NLP
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tasks in which smaller models (such as the ones we consider here) fail, this
does not imply that they are universally more useful for all types of text-based
applications (although this is being actively studied [217; 218]). According to the
Yoneda perspective (Remark 4.2), LLLMs such as Zephyr (3B) and Mistral (7B)
do not differ significantly from smaller models such as GPT2 and Roberta (about
100M parameters). This implies that, at least for certain applications, it may be
beneficial to use a smaller model compared to a larger one, or, alternatively, the
use of a larger model may offer minimal improvements.

Additionally, the viewpoint invariance (Remark 4.5) reveals that, while all
models have an in-built notion of viewpoint invariance, their latent space is not
equally “useful”. As we observe in Fig. 4.8, Mistral’s latent space is formed in
a way that may not be ideal for a text encoder. This statement agrees with what
has been observed in practice too, where Deberta is one of the main choices for
a text encoding model, in contrast to larger LLMs. Of course, our experiments
do not intend to understate the improvements that various LLMs have achieved,
but rather provide a more critical and informed view that shows that huge models
are not necessarily well-suited for all applications. The Yoneda perspective as
well as compositionality/homogeneity can serve as guidance for selecting models
appropriate for the task at hand. Here, we considered a generic set of attributes
(age, color, size, texture, as well as positions) but for a specific application, it
is straightforward how the categorical view can be applied to a different set of

attributes and provide a quick proxy of a model’s performance.

4.3 Summary

We showed how compositional learning can be reinterpreted in Category Theory
terms. This perspective allows us to identify strategies to concurrently improve
as well as simplify existing formulations. The experimental results suggest that
our CatCom model yields a performance profile comparable to the state of the art

for Compositional Zero-Shot Learning. The same core ideas offer a mechanism
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to dig deeper into the latent space of LLMs, from a categorical perspective. Our
tests allow us to evaluate less well-studied properties of LLLMs, and the potential
role the Yoneda perspective and the compositionality index may offer. These
metrics can provide insights into how the model is trained and what extra training
examples can help. Our multi-level analysis of multiple contemporary LLMs
revealed multiple anecdotes that hold in the community of NLP practitioners.
Our categorical view, along with the specific metrics we presented, can be used
for text-based applications and provide a “ranking” of the candidate models. A
preliminary version of this chapter was published as [219] and the implementation
can be found in https://github.com/SPChytas/CatCom.


https://github.com/SPChytas/CatCom
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5 FOGE: FOCK SPACE INSPIRED ENCODING FOR
GRAPH PROMPTING

question answering, sentence completion, translation,

Large Language Models (LLMs) excel at tasks like
graph encoding

and even solving undergraduate-level math problems L

[220; 221]. However, they sometimes need additional I T

data unavailable during training. For instance, a model g f '“5“; long wil the )
‘ ‘ ' s R rip take?

trained on data up to a specific date may struggle with

the ever-changing news cycle [222; 223]. To prevent Figure 5.1: Augmenting

responses from becoming outdated, or to integrate non- LLM’s capabilities by prompt-

ing them with carefully en-

public/proprietary data and domain-specific terminol- coded graphs.

ogy, models need extra context. Retrieval Augmented

Generation (RAG) describes this process of retrieving and integrating extra in-
formation to an LLM during its generation process. While multiple different ap-
proaches have been proposed for the retrieval piece, acommon solution for integrat-
ing additional information is In-Context Learning (ICL) [224; 225; 226; 87; 227].
ICL allows additional information to be included with a prompt, guiding the
model to generate responses aligned with the extra context. This method is useful
as it does not require retraining the LLM and can be applied to proprietary models
like GPT [82] by adding a text description of the extra information.

ICL-type ideas are also being studied for utilizing not just additional/new data
but also novel input formats/modalities, such as tables and graphs [228; 229; 230;
231]. While specialized models will still perform better at specific tasks, LLMs
can serve as general-purpose reasoning machines, capable of answering questions
about the provided modality beyond the training labels. Several recent results
have reported success at “serializing” such structured data-types into a text-form

description that can be easily used within ICL. For tables, the serialization is not
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too complicated [228; 229], but more care is needed for graphs. While different
types of graphs can all be handled by the same pipeline, the efficacy of the model
varies [232; 230; 231]. Further, it has been observed that specific design choices
to “textify” the graph can influence performance and additionally, prompting
techniques can have more than a small impact on results [232]. What will work
well in a specific setting depends on both the question at hand as well as the
characteristics of the data [233; 234].

Prefix-tuning. One option to address the issues above is “prefix-tuning”
(Section 2.5.1). A specialized graph encoder translates the underlying graph
into embeddings that can be fed directly to an LLM, removing the need for a
text description. Although not training-free, the LLM remains frozen, and only
the relatively smaller graph encoder is trained. This approach works well, often
surpassing ICL-based methods [235; 236; 237]. However, using a specialized
graph encoder can be challenging due to the variety of graph types, and multiple
works have proposed modifications of GNNs that suit their needs. For example,
GraphToken [233] can encode only simple graphs, while GNP [238] constructs a
complex pipeline to handle large graphs and extract subgraphs. GraphLLM [234]
combines a transformer and a GNN (about 100M parameters), requiring detailed
text descriptions for each node. Adapting these models to different graph types
(e.g., protein-derived graphs or hypergraphs) is difficult; even familiar graph types
need adjustments for new tasks.

Context of this chapter. ICL-based approaches for graphs primarily involve
converting graphs to text, while prefix-tuning with graphs uses modules to extract
richer, task-relevant structures, requiring larger sample sizes and more compute.
A key question is whether we can achieve powerful, task-agnostic graph repre-
sentations that are as easy to obtain as ICL-based methods. Could a lightweight
adapter map these rich (but task-independent) representations into the LLM em-
bedding space, making prefix-tuning effective for various tasks? Recent results
hint that this may be viable [239]. For instance, a single linear layer can transform

an arbitrary image encoder’s outputs to align with CLIP’s text encoder embed-
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dings [147]. If our graph encoding captures the graph’s information and structure
well enough, a similar adapter could work with a pre-trained LLM to offer good
performance. This approach’s success depends on the quality of the graph rep-
resentations. We ensure this by invoking a mature concept from mathematical
physics, called Fock Spaces [240], whose practical instantiation yields almost
lossless task-agnostic graph embeddings. Our findings show that a linear adapter
with these representations yields competitive performance, handling complex
graph questions and diverse structures like hypergraphs and proteins. The main
contribution of this work is the Fock-space inspired encoding of diverse graph-
based structures, ranging from simple graphs to those obtained from proteins.
We provide code for grounding LL.Ms using our graph encodings as prompts and

profile the performance of this pipeline relative to baselines, on diverse datasets.

5.1 Deriving Fock space based Graph

Representations

We will first review notations/results which will together provide the conceptual
pipeline. While graphs serve as representative examples here, the rationale for
structured data such as tables is similar.

Setup/rationale. Consider a graph G = (V, E) with a vertex set V and an edge
set E; | - | denotes set cardinality. We define the incidence matrix [241], I to be of
shape |V| X |E| where [I];; = 1 if edge j ends at vertex i, —1 if edge j starts at
vertex i and O elsewhere. Let |V| = N. Itis common to represent graphs via graph
spectra derived from the Laplacian’s eigenvalues. This is effective for studying
global properties of graphs like connectivity/symmetries [242; 243] but less so
for capturing localized relationships between individual entities (nodes, edges,
faces) within the graph. It turns out that an interesting direction using Clifford
Algebra (Section 2.3), shown to be effective in geometric problems in machine

learning [244; 245; 244; 65; 246], provides us tools for representing various graph
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elements (nodes, edges, faces) in a nice algebraic structure [247] at once. Why?
Graphs can be embedded and manipulated in a geometric space [248], and in
principle, their spectral properties can also be studied. Following Clifford algebra
axioms exactly allows us to build higher-order elements (like edges, hyperedges)
while preserving graph structure. However, a full implementation faces practical
issues: an M -dimensional space requires a 2™ -dimensional Clifford algebra, and
this is impractical. Therefore, we make design choices that balance rigor with

computational feasibility.

5.1.1 From Graphs to Clifford Algebra to Fock Spaces

Laplacian and the Dirac operator. For graph ifford Agebra
G, consider the Laplacian A = II" € RVXV, {p:mﬁ;:::fcn’cn)}
where I is the incidence matrix [249] as defined D:EEai
above. A represents only one component of the QSMK%J)

A (Cl2

Hodge Laplacian £, which acts on the full exte-
rior algebra of the graph. This captures relations =
between all grades: scalars (grade-0), nodes (rep- Figure 5.2: From graph to Fock
resented as grade-1 vectors), edges (as grade-2 space representations.

bivectors), and so on. Here, the Dirac operator D serves as a “square root” of the
Hodge Laplacian [250], satisfying D? = L [249]. Because the Dirac operator and
the graph Laplacian are connected through this identity, we can use the algebraic
machinery associated with Dirac operators, i.e., Clifford algebra, for our graph
encoding problem.

Connection to Clifford algebra. The Dirac operator arises naturally from
Clifford algebra [251]. Recall that the Clifford algebra is generated by N = |V|
abstract basis vectors, which we denote as {e,,...,e,}. These are the grade-1
elements of the algebra. The full structure (dimension 2V), is then built up from
these generators through repeated application of the Clifford product, yielding
elements of all grades up to the top grade- N element. One feature of this algebra

is the anticommutation relations that these generators satisfy: ee; + e;e; =
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—2(e;, e;)1 for basis elements. This algebraic structure guarantees the D*=C
property holds [252; 43].

Spinors and Fock space. We now need to identify the space on which this
algebra acts. For the complex Clifford algebra, there exists a special irreducible
representation on a complex vector space S of dimension 21V/21 called the Spinor
space [252; 43; 253]. This Spinor space is where the abstract Clifford algebra
elements, the generators e, and their products become concrete operators. How-
ever, for graph encoding purposes, we need to handle grades. The Fock space
F= IEZO/ 2l Ak(Cle/21) provides what we want: a graded structure that holds ob-
jects of different types concurrently: scalars (grade-0), nodes (as grade-1 vectors),
edges (as grade-2 bivectors), and so on. The key point is that for the Spinor space
S and the Fock space [, there exists an isomorphism (i.e., S = [F) between them
[252; 43]. This identification is a link: the Clifford algebra’s action is defined
on S, and the isomorphism allows us to translate this action onto [F, which is the
graded “container” of our graph elements.

Why is this useful? We can now ask: what do the generators e, of our Clifford
algebra look like when they act on this graded container? When the abstract
Clifford generators e, act on the Fock space, they decompose into two operations:
a creation operator 7, and an annihilation operator 7,. Thatis, e, — 7, +7; [252].
The creation operator 7 increases the grade of an element (e.g., acting on grade-0
to create a grade-1 vector, or acting on a grade-1 vector to form a grade-2 bivector),
while the annihilation operator 7, decreases the grade. Here, the Dirac operator
itself is combining all these creation and annihilation operations: D = Y, (1, +1;)
[43]. The main takeaway for our graph encoding is that the algebraic structure
underlying our graph is one of creation and annihilation. Nodes (grade-1) combine
to form edges (grade-2), which in turn can combine to form higher-order structures.

Unfortunately, this is intractable due to 2l¥/2! dimensions.
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5.1.2 Translating Theory to Practice: Instantiating a Graph

Representation

The Fock space formulation provides ideas for representing multi-particle systems,
viewing particles as nodes in a graph. As noted above, implementing the full
structure, in high dimensions, is infeasible. Vector Symbolic Architectures (VSA),
as explored in recent works [46; 254] and introduced in Section 2.3.1, offer a
practical approximation of Fock spaces with compute efficiency. In VSA, the
binding operation (circular convolution) approximates the creation/annihilation
operators, while the superposition operation (vector addition) resembles the direct
sum in Fock spaces. Although the VSA < quantum mechanics connection is not
new [77], in this context, it provides specific ideas for efficiency.

Representing nodes, sums, and products. In our implementation, we assign
a high-dimensional vector (€ RM) to each concept (node, edge, and so on).
These vectors are analogous to the basis elements above. While ideally, these
vectors would be orthogonal, similar to the properties of basis elements in a
Fock space, we simply approximate this by sampling from a normal distribution
N(0, 1/M). This leads to nearly orthogonal vectors, with the maximum absolute
cosine similarity between any two vectors typically below 0.1 [255].

To emulate operations in Fock space, we use dimensionality-preserving oper-
ations instead of tensor products, avoiding exponential growth in dimensionality
[77]. This ensures all embeddings maintain the same dimensionality. We define
sum (@) as element-wise addition and product (®) as circular convolution, analo-
gous to Fock space’s creation/annihilation operators. Circular convolution is done
via element-wise multiplication in the Fourier domain followed by an inverse
Fourier transform. As M increases, these operations asymptotically satisfy Fock
space’s algebraic properties, with complexity O(M log M). This framework also
supports inverse vectors, where a @ b = 1. Other properties like commutation
relations, superposition, and self-commutation are mostly satisfied. Note that our
experiments are not tied to this specific implementation (improved choices can be

dropped in).
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Dealing with infinitely many concepts. In some datasets, vertices include
text descriptions, making random vector initialization unsuitable. To address this,
we use text encoders like CLIP [147], BERT [81], and RoBERTa [205], which
map text to vectors that preserve information and place similar sentences in close
proximity (as we have shown already in Chapter 4). This approach allows us
to: (1) generate infinitely many vectors, and (2) ensure similar vectors represent
similar concepts. When dimensionality allows, we retain default sampling and
explicitly note the use of text encoders in our experiments.

Other works using Vector Symbolic Architectures. Vector Symbolic Ar-
chitecture (VSA), rooted in symbolic Al, leverages high-dimensional represen-
tations alongside logical rules for combining symbols/vectors (Section 2.3.1).
Many studies mechanistically derive ways to construct symbols and implement
merge operations. The use of Fock space for symbolic manipulation has been
explored, with applications in trajectory analysis [77]. Additionally, VSAs have
been employed for computational efficiency in self-attention calculations as seen
in HRRFormers [45; 46], while a preliminary investigation of the application of
VSAs to graphs can be found in [78].

5.2 Fock Graph Encoder (FoGE)

Based on the concepts from

(o)

\ O\
®
§5.1, we use a parameter-free N oo

scheme (denoted FoGE) to ob- /

tain rich graph embeddings.

. A
%%‘

Figure 5.3: Graphs, Hypergraphs, Attributed graphs,
Proteins. All these types can be efficiently encoded using
can handle a large spectrum of FoGE.

Our approach is general and

different graph types, and its extension to novel graph-types is straightforward.
Diverse graph types such as hypergraphs, attributed graphs, as well as proteins
(Figure 5.3) can all be modeled easily providing an alternative or a good initial-

ization for more intensive trainable models. This approach translates the concepts
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of Fock spaces into a practical/efficient method for graph representation, where
graph features obtained by the encoding are analogous to multi-particle states in
a Fock space.

For a graph G = (V, ) we have a set of vectors [p,.]l.]iTlV|

, using i to index the
nodes. We also use an extra vector s for the graph’s size, a practical design choice
we will explain shortly. Then, with these N + 1 vectors, we obtain a lossless

Fock-space based representation g as:

=(s®p,)® P (p.®p) 5.1)

(i.j)eE

Our formulation follows from §5.1. Each edge’s endpoints are fused together
using ® and then we aggregate all edges together using @. Finally, the graph’s
size is also added using the special vector s.

20T e

Pi®p; D Pi®P: D Pi®OPs D P.®Ps P s®ps

Lossless representation. The above representation is lossless. Assuming
we use Equation (5.1) to get a graph’s embedding g. Then, simply by evaluating
the expression pjr(pl.‘1 ® g), we can determine whether the edge (i, j) exists in
the edge set of that particular graph. In this way, we can recover, one by one, all
edges of the graph and correctly reconstruct it, if desired. It is instructive to check
the importance of s. By evaluating the expression pl.T(s‘1 ® g), Vi, we can first
obtain the size of the graph. This can inform the edge retrieval above because an
expression of the form p:ﬂ(pi‘1 ® g) could, in practice, produce a number close
to 1, although there is no such edge. By first obtaining the size of the graph, we
have a “safeguard” against such phantom edges beyond the real vertex-set.

Vertex attributes. Consider a graph G = (V, E, A), where the set A (with
|A| = |V| = N) consists of attributes, one for each vertex. There is no restriction

on the type of attributes: it can denote numerical values or text, or any other
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concept. Let a; be the vector associated with the attribute of vertex i € V (using
an appropriate text-encoder if needed). Then, we can augment Equation (5.1) to

absorb the extra information in the following way:

g=(s®p,)® P (p.op,) 0P (r®2) (5.2)
(i.))EE iev

The graph is again, fully reconstructable. We have also encoded each vertex’s
attribute (which can be recovered by the expression ajT(pl.‘1 ® g)). We should
think of proteins as a graph with vertex attributes where each vertex is a specific

amino acid (possibly with 3-D coordinates).
Hypergraphs (Theory versus Practice). Hypergraphs are generalizations of
graphs: each edge is connected to an arbitrary number of vertices, instead of just
2 (Figure 5.3). In theory, we can easily augment Equation (5.1) so that we can

handle hypergraphs as follows:

g=(sop)® P Qr, (5.3)
(

ky,ky)EE =1

In practice, aggregating many multiple vectors together may be unstable. This is
true for our particular design choices for calculations (e.g., circular convolution),
so we use an alternative approach. We can start by observing that each edge
can be interpreted as a unique cluster of vertices, so we simply assign a unique
vector e;, i € [l[El] to each edge in the hypergraph. This modification allows us
to encode the hypergraph similar to how a graph is encoded as a dictionary, in the

following way:

g=(s®pn)€B<éE|9<e,-®EBp,>> (5.4)

i=1 JEIE];
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A: Yes, this graph has a cycle.
( % LLM )
@) \ ( Layer L B
eep|@- « @ Jc o s J
(o) (<] |
P X :
@) 7 @ ( Layer 1 )
o @ = @) s s )
Fock Space Linear Prefix .
encoding Adapter tuning Q: the graph has a cycle?
¥ Parameter-free graph encoding 4 Lightweight adapter
MAppIicabIe to complicated graphs MEasy to train

Figure 5.4: FoGE-LLM overview. Using a parameter-free graph encoder we get graph embed-
dings for a range of different graphs. Then, we use linear adapters with a frozen LLM for prefix
tuning.

5.2.1 Fock Space-based grounding of LLMs (FoGE-LLM)

Recent works showed that (a) textualizing a graph and pre-appending it to a
question results in better-than-random responses from the LLM (although far
from perfect), and (b) using a specialized graph encoder such as a GNN or a graph
transformer and training along with a frozen LLM results in a big improvement in
performance, resulting essentially in LLMs that can understand, to some extent,
graphical structures. One takeaway is that we can bypass the most tedious stage of
designing application-specific graph encoders. Instead, we can use a parameter-
free method for a wide range of graph types, as we described above. Thus, the
only trainable parts of the pipeline are simple linear adapters that convert the raw
graph encodings to a format “understandable” by an LLM. Our FoGE-LLM is
shown in Figure 5.4. After getting the graph encodings, we train one/more linear
adapters and append the transformed encodings to the question’s embeddings fed
to the LLM.
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Summary and Takeaway. We highlight some key advantages. First, our
graph encoding is parameter-free and efficient. The complexity of aggregation is
O(M log M) (M is vectors’ dimension) and the number of aggregation operations
is linear (in graph size). Second, our encoder is not restricted to specific graph
types: it works easily for simple graphs, for proteins and for hypergraphs just via
small modifications. In contrast, GraphToken [233] uses a specific GNN whose
output size is dependent on the underlying task whereas GraphLLM [234] uses
a transformer model together with a GNN (also specific to the underlying task).
These properties simplify our training and eliminates any tunable components.
Third, our open-source code offers a scalable way to train FOGE-LLM even
on consumer GPUs, by using FSDP [256]. For reference, GraphToken [233]
is trained on TPUs (code unavailable) whereas GraphLLLM [234] has a large
memory/compute footprint (trained on A100 80GB).

5.3 Experimental results

We examine our Fock-space based encoding in two separate settings: (a) as a
stand-alone input of a simple model, and (b) as an extra prefix in a frozen LLM
(FoGE-LLM), for graph prompting. Our initial experiments (Section 5.3.1) show
that simple models can process FOGE embeddings quite well for traditional tasks.
In Section 5.3.2, we present that FOGE can be successfully combined with an LLM,
leading to two advantages over stand-alone models: (1) language interface for
flexible graph queries without pre-defining task types, and (2) easier integration
with mature software ecosystems built around LLMs that reduce deployment
overhead.

Datasets and Models. We performed experiments on multiple graph reason-
ing datasets: from simple graph-understanding tasks to hypergraphs and proteins
and aim to cover different aspects of graph understanding/reasoning. Specifically,
we consider the 7 following datasets/dataset collections: (i) GraphQA [232]
(ii) GraphReasoning [234] (iii) HyperGraphQA (iv) PPI [257] (v) OBNB
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GraphQA HyperGraphQA Jaffe
nnodes nedges hascycle nnodes nedges nacids nlinks
MSE/Acc 0.67 0.03 98.7% 1.12 0.63 2.95 11.9
Model size 32K 8K 16K 32K 4K 32K 16K

Table 5.1: Using a small neural network with a single layer on the obtained graph representations
allows us to perform near-perfectly on tasks such as number of nodes and number of edges, for
both synthetic and real data.

Method ROC-AUC

HyperFusion 0.8475 +0.0003
PAS + Fingerprint 0.8420 + 0.0015
HIG 0.8403 + 0.0021
DeepAUC 0.8352 + 0.0054
FoGE + Fingerprint  0.8305 + 0.0068
RF + Fingerprint 0.8208 + 0.0037
FoGE 0.7614 + 0.0051
GCN 0.7606 + 0.0097
GIN 0.7558 + 0.0140

Table 5.2: Results on mol-HIV [259; 261]. The full details can be found on https://ogb.st
anford.edu/docs/leader_graphprop

[258] (vi) mol-HIV [259] (vii) SabDab [260]. More details about the datasets
can be found in the appendix. Exploring diverse graph reasoning datasets helps
evaluate our model’s performance and generalization across various graph struc-
tures and domains, from traditional graph-based QA to hypergraph understanding
and biological network analysis. By including datasets like PPI and BioGRID,
we seek to check the practical relevance of our result, with potential applications
in biology, network analysis, and more. We use the Llama2 (7B) model [85] as
the frozen LLLM, and we use only extra linear adapters for the graph embeddings
obtained using our formulation. We adjust vector dimensionality from 512 to

2048 and use just a single adapter for the entire model or one adapter per layer
in FOGE-LLM.


https://ogb.stanford.edu/docs/leader_graphprop
https://ogb.stanford.edu/docs/leader_graphprop
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5.3.1 Proof of Principle Evaluations for Graph Understanding

Setup and Results. While our key goal is graph-prompting, we first perform
multiple preliminary checks of the effectiveness of our graph encoding. We

conduct three different types of experiments.

First, we evaluate whether our graph em-

Model F1

beddings are informative (i.e., they preserve the
Random 39.2

raph’s structure), by using a small, 1-hidden-
stap ). by using _ Node2Vec [262] 40.9
layer FFN for basic graph-understanding tasks. Raw features [262] 422

The results in Section 5.3 show that our repre-
© results S 5.3 show tha cepre GraphSAGE-min [257] 46.5

i ich and informative. M if- 3
sentations are rich and informative. More specif- 2 GraphSAGE-max [257] 50.2
ically, we assess the quality of the embeddings & DGI [263] 63.8

=
by first encoding graphical structures from 3 dif- é GRACE [264] 66.2
ferent classes of graphs (graphs, hypergraphs, FoGE 992
and proteins) and then training a small model - GraphSAGE-min [257]  50.0
(one hidden layer) to predict graph attributes like 2 GraphSAGE-max [257]  61.2
b d ded Th lts indi & LGCN [265] 77.2
number of nodes and edges. The results indicate §; GAT [266] 973
that our representations are rich and informa- GCNII [267] 995

tive and only few parameters suffice to achieve

almost-perfect performance on such tasks. Table 5.3: Micro Fl-score on PPL
Our approach is better than the best un-

supervised approaches and better/com-
consider the Open Graph Benchmark (OGB) parable to the supervised approaches.

[261] (more specifically, the mol-HIV[259] dataset) and we show that our en-

Additionally, for more involved tasks, we

coding is better than multiple, heavy, specialized, and trainable methods while
being training-free and unsupervised! In Table 5.2, we show the results. Inter-
estingly, because our method allows a seamless integration of additional graph
information (like a molecule’s footprint), we find that this can help us achieve
even better results and, in some cases, be competitive with submissions at the
top of the leaderboard. To obtain the final results, we used AutoGluon [268] on
our unsupervised embeddings, with a time limit of 10 minutes, similarly to the

strategy of many of the other baselines.
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Figure 5.5: T-SNE plot of the SabDab embeddings. Although the dataset is very small, each
one of the populated clades occupies a different region and, interestingly, clades 1 and 7 are very
similar, just like in real life. The T-SNE plot was robust to different choices of hyperparameters,
with no significant differences beyond simple translations of the space.

Second, we examine whether our graph encodings preserve important biologi-
cal markers of the data. To test this, we use a small dataset of about 900 proteins
(SabDab [260]) which are accompanied by affinity data that corresponds to each
protein’s clade. More specifically the SabDab proteins [260] are annotated with
the heavy/light chain pairing, hemce we can extract the clades and visualize their
embeddings with respect to that information. As a brief reminder, the clades
correspond to superfamilies of proteins that share a common ancestor [269]. To
extract the clades we used the V gene heavy chain and chose seven families. It
is well known from biology that antibodies that belong to the same clade are
more similar than antibodies across different clades, so, here, we examine if this
real-world, biological property is reflected on our embeddings. Specifically, after
obtaining each protein’s embedding using FOGE (in an unsupervised fashion
without using the clade annotations), we apply a T-SNE [270] transformation on
the high-dimensional vectors so that we are able to plot them, with a significant
amount of noise, in just two dimensions. Although the dataset has only few

samples and some of the clades are scarcely populated, we can observe that there
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is a clear separation between the most populated clades in the embeddings space
(Figure 5.5).

Third, we examine if the same encoding practice can generate rich node-level
encodings, by encoding for each node, the subgraph that is generated by itself and
its neighbors. We examine performance on nineteen real protein datasets (OBNB
[258] and PPI [257]). The detailed results on the complete OBN Benchnark can
be found in Section 5.3.1), while Table 5.3 demonstrates FOGE’s performance
on PPI. We see that our approach is, in all datasets, among the best unsupervised
approaches, and is also competitive (if not better) than specialized supervised
approaches that leverage trainable, graph-specific models such as GCN [271] and
GAT [266]. Specifically, we achieve state-of-the-art performance in PPI. We also
achieve the best results (among both unsupervised and supervised) in seven out
of the eighteen datasets of OBNB.

These results provide encouraging evidence that (a) our approach gives “rich”
graph embeddings for a range of different graph types and styles, and (b) our
graph embeddings can be used as an extra, grounding input to a powerful LLM
without the need to design/train a specialized model, e.g., GNN [272; 273] or a
Graph Transformer [274].

5.3.2 Grounding LL.LMs with Graph prompting

We next investigate whether such an encoder can be successfully integrated with
an LLM. Can an LLM understand graph structure? Our experimental evidence
suggests that it can: the model learns to reason about graph properties and, in
many cases, performs better than approaches relying on heavily specialized graph
encoders. While this line of research is still in its early stages and requires further
exploration, it closely parallels recent multimodal advances. Just as LLaVA
[93; 96; 95] acquires visual understanding and TimeLLLM [275] develops temporal
reasoning once their respective modalities are properly embedded, our findings
indicate that LLLMs can develop some graph reasoning capabilities when provided

with rich structural representations such as those produced by FoGE.
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Network Model DISEASES DisGeNET GOBP
LabelProp 1.210 0.931 1.858
LogReg 1.556 1.026 2.571
GCN+BoT 1.511 1.014 2.442
. SAGE+BoT 1.486 1.031 2.402
BioGRID GIN+BoT 1.410 1007 2.386
GAT+BoT 1.609 1.037 2.624
GatedGCN+BoT 1.547 1.038 2.517
FoGE 1.599 1.062 2.433
LabelProp 3.728 3.098 3.806
LogReg 3.812 3.158  4.053
GCN+BoT 3.552 3.053 3.921
HumanNet SAGE+BoT 3.401 3.052 3.816
GIN+BoT 3.513 3.054 3.861
GAT+BoT 3.761 3.100 3.809
GatedGCN+BoT 3.677 3.086 3.889
FoGE 3.853 3.254 3916
LabelProp 1.352 1.106 2.076
LogReg 1.644 1.240 2.806
GCN+BoT 1.648 1.211 2.685
SAGE+BoT 1.694 1.210 2.629
COMPPIHumanlnt 5 g p 1.608 1219 2611
GAT+BoT 1.665 1.230 2.755
GatedGCN+BoT 1.672 1.218 2.735
FoGE 1.660 1.241 2.586
LabelProp 0.964 0.939 1.714
LogReg 1.358 0.939 2.587
GCN+BoT 1.324 0.911 2.553
BioPlex SAGE+BoT 1.246 0.865 2.513
GIN+BoT 1.349 0.868 2.504
GAT+BoT 1.355 0.873 2.548
GatedGCN+BoT 1.301 0.859 2.590
FoGE 1.273 0.879 2.599
LabelProp 0.545 0.598 1.086
LogReg 0.650 0.656 1.084
GCN+BoT 0.634 0.693 1.129
HuRI SAGE+BoT 0.593 0.679 1.190
GIN+BoT 0.583 0.702 1.143
GAT+BoT 0.667 0.687 1.174
GatedGCN+BoT 0.596 0.695 1.195
FoGE 0.684 0.729 1.070
LabelProp 1.358 0.897 1.593
LogReg 1.542 1.093 2.125
GCN+BoT 1.577 1.068 2.071
OmniPath SAGE+BoT 1.478 1.062 1.986
GIN+BoT 1.452 1.073 1.993
GAT+BoT 1.552 1.048 2.068
GatedGCN+BoT 1.516 1.049 2.071
FoGE 1.511 1.085 2.102

Table 5.4: FoGE vs multiple unsupervised and supervised methods, in OBNB. After obtaining
our embeddings, we use a Random Forest to predict the corresponding node’s label. The evaluation
is based on the APOP metric [258] and we can observe that FOGE is always comparable to the
best methods, while in almost half of the cases it is the best one.
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ICL GraphToken = FoGE-LLM

Tokens On?) 1 O(n) 1

num of nodes 26.9% 99.6% - 97.2%
num of edges 12.8% 42.6% - 45.1%
cycle existence  83.2% 95.6% - 97.9%
num of triangles 16.2% 34.8% - 37.7%
edge existence  54.4% - 73.8% 74.3%

Table 5.5: GraphToken vs FoGE-LLM on GraphQA. Column / stands for a single embedding
for the entire graph; O(n) stands for a single embedding per node. In all 6 tasks, although we use
a parameter-free, predetermined graph encoding, we see a performance similar/better relative to a
trainable graph encoder with a larger LLM.

Graph Understanding. In our first experiment, we examine whether an LLM
can answer questions about a graph’s structure, such as the number of nodes, the
presence of cycles, and so on. We use GraphToken and conduct a suite of six
different experiments. Although our method’s encodings are not specific to each
underlying task, it performs competitively with specialized models, as shown
in Section 5.3.2. Even when GraphToken uses different embeddings for each
node (node degree) or edge (edge existence), our model still achieves comparable
results using a single embedding for the entire graph.

Advanced Graph Reasoning. Going beyond “simple” graph understanding
tasks, we also examine our performance on more complicated graph-reasoning
tasks, using the GraphReasoning dataset [234]. GraphToken is not applicable here
since each node is accompanied by a textual description which cannot be handled
by that model. So, our main baseline is GraphLLM, which uses a transformer
combined with a GNN to merge the graphical/textual information into one or
more embedding vectors. Similar to GraphToken [233], GraphLLM [234] also
utilizes a different approach for each task, using multiple graph embeddings
for each task. In contrast, we achieve comparable performance using a single
graph embedding, showcasing the versatility/richness of the graph embeddings
(Table 5.6). Further, we see that using a pretrained text encoder such as ROBERTa
[205] to generate the vectors is reasonable, and results in a similar performance.

This is a strong improvement over traditional symbolic methods, by allowing a
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GraphLLM FoGE-LLM

model size 100M 25M
question specific output Yes No

graph embeddings 5 1

vectors - random RoBERTa
substructure count 99.9% 97.3% 95.6%
max triplet sum 95.7% 94.6% 94.7%
shortest path 97.2% 95.7% 95.8%
bipartite match 99.8% 98.1% 97.3%

Table 5.6: GraphLLM vs FoGE-LLM. Although we are using the same, predetermined graph
embedding for each task, we enjoy a performance similar to GraphLLM which leverages 5 graph
embeddings, specific to the task at hand. The vectors stands for the two approaches we follow in
generating them: (a) randomly generated (almost) orthogonal vectors (ignoring the node’s text
description), and (b) using RoOBERTa [205] and utilizing all vertices’ information.

Zero-Shot Few-Shot FoGE-LLM

<« num of nodes 04.5% 16.8% 85.0%
@ num of edges 03.9% 27.0% 95.4%
£ node degree 02.1%  10.1%  53.9%
T edge existence 65.9% 79.4% 87.9%
o hum of amino-acids 03.9% 17.1% 99.3%
£ num of links 03.8% 06.1% 13.2%
™ amino-acid type 01.4% 12.3% 37.7%

Table 5.7: FoGE-LLM performance against ICL techniques for hypergraphs and proteins.

large set of “symbols”/vectors. Dealing with proteins is similar to advanced graph
reasoning, since both datasets are graphs with additional node information.

Furthermore, in Table 5.7, we show the accuracy of FOGE-LLM for three
protein-related tasks on Jaffe. Although the size of the protein graphs is more than
10x larger compared to the ones in GraphQA and GraphReasoning, our model is
able, up to some extent, to understand the provided protein, as a whole (number
of amino acids and number of links) as well as at an individual-node level for the
task type of amino acid (where we prompt the model to determine the type of a
specific vertex in the protein).

Hypergraphs. Existing works focus on specific forms of graphs and rarely
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applicable (or easily modifiable) to different graph types. One common family of
graphs in applications is hypergraphs. Here each edge is a subset of the nodes, of
arbitrary size (Figure 5.3). Our formulation can handle such a generalization of the
typical graphs with only minor modifications to the encoding formulation (Equa-
tion (5.4)). Here, we show that our setup can indeed answer questions about such
complicated structures, using our encodings as an extra prefix (graph prompting).
Using the HyperGraphQA dataset, we assess the performance of FoGE-LLM
on four common tasks. Since GraphToken as well as GraphLLM cannot handle
such data, we compare our model’s performance against two of the most common
prompt-engineering methods: 1. zero-shot, where the model is given the graph in
text form along with the corresponding question, and 2. few-shot, where the model
is given pairs of textualized graphs with the corresponding question/answer pair
and it is asked to produce the answer to a new combination of graph/question. The
results are presented in Table 5.7. Interestingly, even though hypergraphs have
a much more complicated structure than “simple” graphs, our model achieves
a performance very close to basic graph understanding (Section 5.3.2), or even

better at some tasks.

5.3.2.1 FoGE-LLM runtime

Besides the raw performance gains as presented above, FOGE-LLM offers a very
low inference time, due to two reasons. First, we always “reserve” only a single
token for the given graph. In contrast, zero/few-shot approaches that textualize
the graph require a large number of tokens, and grows larger as the graph grows.
This leads to an increase in inference time, due to the number of input tokens.
Second, FOGE-LLM uses one or more linear adapters, no specialized architectures
like in [234; 233] are needed. Based on our experiments, this impacts inference
time, and gives FOGE-LLM strong efficiency benefits. In Table 5.8 we show the

average inference time required for each approach.
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Model Inference time (s) |
zero-shot 0.175 (0.05)
few-shot 0.541 (£0.10)
GraphLLM 0.052 (+0.01)

FoGE-LLM 0.031 (£0.01)

Table 5.8: Average inference time for each approach. FoGE-LLM is significantly lower than
zero/few shot approaches since the number of input tokens does not grow with the graph size,
while it enjoys a 40% improvement over GraphLLM dues to its simpler encoder/adapter.

5.4 Related Work

Geometric Algebra in Machine Learning. There is growing interest in ap-
plication of geometric algebra in machine learning, particularly for developing
models that maintain geometric properties. While these ideas have been lever-
aged in the context of equivariance/symmetry transformations in deep learning
[276; 277; 278; 279; 280], the concept is finding interesting uses in recent works.
For example, [281] recently proposed Clifford Neural Layers to model dynamical
systems in fields like fluid dynamics and [244] described Geometric Clifford
Algebra Networks (GCANSs), specifically designed to respect symmetry group
transformations. Beyond classical machine learning, geometric algebra finds more
direct applications in quantum computing as well: [50] leveraged the isomorphism
between Pauli matrices and Clifford Algebra to represent multidimensional data,
to define specialized transforms for machine learning tasks.

Graphs & LLMs. The body of work describing ways to infuse extra, graphical
information into a frozen LLM is sizable and growing. As discussed earlier, initial
approaches focused on converting the underlying graph into natural language
form, such as “node 1 is connected to node 3, node 5 is connected to node 4, ...”
[230; 231; 232]. These works while far from perfect showed viability: that a frozen
LLM has the capability to reason about the given graph and answer graph-related
questions, such as “is there a cycle in the graph?”. Practical difficulties involving
the format of graph serialization is an important factor in the performance and
the results tend to be only moderately better than random. The perspective taken

in [233; 234] was fresh and led to an alternative approach: infusing the graph
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information directly at the embedding level, by encoding the graph using a model
such as a Graph Neural Network (GNN) [272; 273; 233] or a Graph Transformer
[274; 234]. These works significantly improved the state of the art, showing that
carefully crafted graph embeddings are key to a successful grounding of an LLM.

5.5 Summary

We have described a novel scheme to encode a graph into a vector form for direct
downstream use or to augment prompts fed to LLMs. Our approach, motivated
by Fock space operations, offers numerous advantages in practice demonstrated
via experiments. We can obtain encodings of arbitrary graphs quickly, with no
trainable parameters, that nicely captures the important information content in
the underlying graph. To utilize these encodings, we introduced FOGE-LLM — a
way to fuse the graph information for graph-prompting with a pre-trained, frozen
LLM, allowing it to “understand” and reason about graphs. Given the growing
interest in grounding LLM responses based on additional domain-specific priors,
we believe that this is an interesting direction. Our model, accompanied with
a simple-to-train open-source codebase, performs favorably relative to highly
specialized models. It is also quite flexible and can handle classes of graphs where
other alternatives fall short or need adjustments. A preliminary version of this
chapter was published as [282; 47] and the complete implementation can be found
in https://github.com/SPChytas/FoGE.

Impact & Limitations. A key strength of our method is its parameter-free
approach for generating rich graph embeddings. Such an approach can be a great fit
in less computationally rich environments or in cases where the dataset’s size is not
big enough for the trainable approaches, without, as we demonstrated extensively,
lacking in performance in data-rich situations. Given the scarcity of the data
in many real-life graph-related problems (like the protein-based questions we
answered here), our approach can benefit multiple aspects of research. However,

the unsupervised nature of FoGE also limits the ability to fine-tune performance
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if the embeddings are insufficient for specific applications. So, we believe that
building representation learners on top of these embeddings, as in FOGE-LLM,
is a good strategy. Additionally, when dealing with infinitely large vector sets,
random generation is impractical. While RoBERTa works well in our experiments,

integration with other models may involve some trial-and-error to identify sensible

configurations.
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6 RECO: REMINDER COMPOSITION MITIGATES
HALLUCINATIONS IN VISION-LANGUAGE MODELS

The image features a police officer standing near the scene of an overturned vehicle on its

o M side in front of what appears to be either another car or possibly part of it. There are
.. several other vehicles parked nearby, including two cars and one truck that can also
o been seen from this vantage point. In addition to these visible objects around them, there

is some debris scattered across parts of both sides along with various items such as bags

VLM lying close by within reach for pickup later if needed during clean-ups afterward
o M o The image features a white and red ambulance that has overturned on its side near an
do o) intersection. A police officer is standing nearby, likely attending to or investigating this
it accident scene involving emergency vehicles at work during their day-to-day activities as first

responders for public safety needs.

VLM +ReCo

Figure 6.1: InstructBLIP before and after ReCo. We propose a small module that, with minimal
training, it is able to effectively reduce the hallucination rate of widely used VLM:s.

Given the advances in the capabilities of LLMs (Section 2.5), recent efforts
have sought to extend these models to the multi-modality setting, i.e., processing
and “understanding” additional modalities beyond text such as audio, images, and
videos [92; 93; 283; 284; 285]. To this end, one milestone is the development of
VLMs (Section 2.5.1) that can accept both images and natural language as input,
and generate contextually meaningful outputs for tasks, including visual question
answering and image captioning. Some prominent models are InstructBLIP
[92], MiniGPT4 [286; 97] and LLaVA [93; 95], that show strong image+text
understanding skills. However, we know that VLMs piggyback heavily on the
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Figure 6.2: The “fading memory effect”. Top: First-layer attention of the visual and textual
input as the generation progresses. Bottom: The effect of the visual input on the logits distribution.
We calculate the next token prediction with and without the visual input, and we compute the
distributional difference. After the first tokens, the next token can be predicted just from the
previously generated text.

core capabilities of the parent LLM to which the visual representations have been
aligned. This endows sizable compute benefits — InstructBLIP [92] costs about
500 GPU hours, while Llama [85] (the parent LLM), needed 180000 GPU hours.
But this VLM/LLM dependence means that VLM also inherit known weaknesses
of LLMs and sometimes, these weaknesses can be magnified. One example is
hallucination, i.e., generating text that is plausible but does not accurately reflect
the provided input. More than a handful of results in the literature show that in
many cases, a VLM appears to ignore the image and generates a description that
is not influenced much at all by this extra visual input [287; 288; 289], although
this is an extreme case of hallucination. We show an example in Figure 6.1
where InstructBLIP [92] “sees” multiple cars and trucks, although we only see an
ambulance.

Available mitigation mechanisms? Mitigation mechanisms for the foregoing
problem can be classified into two categories: (i) training-based methods, where
the VLM is finetuned with different loss functions and/or using more suitable
datasets [290; 291; 292; 293]; and (ii) rule-based methods, where the VLM
remains frozen but a new/improved generation process must be adopted. Some

proposals treat the model as a black box without any access to its attention maps
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and its parameters [287; 288], whereas others use them to steer the model’s
generation process [294; 289; 295].

Why do VLMs hallucinate? The literature suggests that VLMs over-rely on
language priors, gradually “forgetting” the visual input as text generation pro-
gresses [287; 289; 294; 293; 288]. If next-token generation implicitly probes an
internal conditional probability distribution, p(-|@®), conditioned on both text T,
and image I with the right balance @, the image’s role progressively diminishes to
p(-|®) and eventually to p(:|O), an effect [287] calls the “fading memory effect”.
We further probe this behavior: in Figure 6.2 (top), the total attention on visual
tokens drops significantly during generation, showing that the model increasingly
relies on the language prior. In Figure 6.2 (bottom), following [287], we compute
the difference in the logits distribution with and without the image. If T, is the
text generated so far and I is the visual input, we calculate the difference between
P(y,;:1T,,I)and P(y,,,|T,), where y,,, denotes the next-token prediction. Using
the Hellinger distance, this difference drops to almost O after the first 40 tokens,
indicating that the image has negligible influence on subsequent tokens. Even
in newer, stronger models (e.g., Qwen2.5-VL [296; 94]), the same behavior is
apparent, despite all the improvements in the visual encoder, the number of image

tokens, as well as the degree of fine-tuning (Figure 6.3).

0.8

o

Dip(y|T. ). p(y]T))

B NP ey . Adndh A, Foe sb A e

0 100 200 300 400 500 600 700 800 900 1000

Generated token

Figure 6.3: The “fading memory effect” in Qwen2.5-VL [94]. We calculate the next token
prediction with and without the visual input, and we compute the distributional difference. After
the first tokens, the next token can be predicted just from the previously generated text.

The desired behavior. A potential mitigation strategy involves a proper com-
position of both visual and textual embeddings, without overhauling the entire
VLM architecture. If a VLM estimates the probability distribution P(y,,,|B,),
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Figure 6.4: VLM: ideal versus practice. On the left, we show what actually happens, where
at each timestep the image’s influence (I) in orange is diminished compared to the text (T,) in
blue. So, the generated text is not an accurate representation of the visual input. An ideal VLM
(right side) would form an object (B,) that perfectly encapsulates all of the given input, leading to
accurate generation.

where B, (shown as @ above) encapsulates all necessary information for the next
token, then B, should combine (or compose) both T, and I, remaining sensitive
to changes in either input for all ¢. In practice, this does not always occur, so
we must intervene and carefully design B, to ensure that neither input “gets lost”
(Figure 6.4).

Compositionality and Geometric Algebra. Both (i) compositional learning
and (ii) geometric algebra are mature research areas [297; 63; 42] that inform
our approach. Compositionality refers to building complex expressions from the
meaning of their constituents and combination rules. It is central to visual under-
standing tasks such as recognizing attribute-object combinations (e.g., “spotted
giraffe” - Chapter 4), understanding object interactions (e.g., “person holding
umbrella” [298]), identifying transformations (e.g., “broken glass” [299]), and
parsing complex scenes [300]. While composition is rarely a standalone solution,

it is useful for interpretability and semantic validation [219; 301]. Geometric
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algebra (Section 2.3) unifies concepts like complex numbers, quaternions, and
vector algebra to express geometric relationships and transformations. Originally
applied in physics, its ability to manipulate geometric objects via operations like
the geometric product (capturing inner and outer products) is now used in graphics
[302] and, more recently, machine learning [303; 64] such as for graph encoding
tasks (Chapter 5).

Contributions. This chapter provides mitigation strategies for the fading memory
effect by leveraging the compositional concepts above. We propose ReCo, a
lightweight module which is data-driven but treats the VLM as a black box,
combining the best of both worlds. ReCo can be easily deployed on top of any
VLM during/after training and, with minimal effort, improves their hallucination
behavior. We achieve promising improvements on three widely used VLMs across
multiple benchmarks and datasets. Despite the small size/compute footprint, we
get a performance boost without any increase in the inference time of the VLLMs.
Furthermore, ReCo can be combined with virtually any of the rule-based methods

without any modifications.

6.1 Reminder Composition (ReCo)

Overview. We mitigate the fading memory effect by computing B, as an explicit
composition of T, and I (Figure 6.4). If B, is designed as an (almost) lossless
multi-vector of the generated text and input image, performance improves. Our
approach explicitly forms this multi-vector of text and image information before
decoding to the token space.

Let [Tt]fi , be the VLM’s predicted embeddings for each one of the N gen-
erated tokens which are then fed into the LLM head (F) to form the next token
[w,]t]i - T, corresponds to the hidden state of the LLM at the step 7 (usually
denoted as h, but we use T here to mnemonically suggest “text”). Additionally, let

(L] ,Ai , be the M output embeddings that correspond to the M image embeddings
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The image
shows ...

Describe the
image:

Figure 6.5: ReCo overview. The VLM is treated as a black box, modifying the next-token
embedding by combining the multi-vector of visual tokens and the current token prediction. First,
we bundle the image tokens [I j] ,Ai 1 into a single vector I, then bind it with T, to form B,, ensuring
the image’s influence. Finally, the frozen prediction head 7 outputs the next token w,.

that are fed to the VLM. An ideal VLM should closely capture the composition:

M
T,=¢(T,® (691,) ®p, (6.1)

Jj=1

which states that the next token depends on the previous one composed with all of
the provided image information, with G denoting a learnable transformation of the
multi-vector and p,; denoting some extra optional information about the index of
the current token. The next token corresponds to w, = 7 (T,) but now the image
effect, by design, cannot be neglected. Notice that (6.1) simply re-formulates
what we have already observed about p(y,,,|T,,I) and p(y,,,|T,) in Figure 6.4,
showing how B, should actually behave in theory:

M
B =G| T_® <@Ij> Qp, | >w,=FB) « p<yt+1|Bt) (6.2)

J=1
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Therefore, we propose to explicitly modify the VLM’s output so that it cor-
responds to the composition as described in (6.1). Based on [68], we define the
geometric product as the Matrix Binder operation, allowing us to mitigate the
fading memory problem by adding only a small trainable layer on top of a frozen,
black-box VLM as:

M
B,=W,T,+W,[ @I, (6.3)
j=1

The modifications in any VLM’s codebase consist of the addition of only two
extra lines of code without any other changes to the model’s “internals” (see
Figure 6.6).

Many composition rules have been proposed in the literature but our choice
above was driven by two reasons:

(a) The matrices W, W, can be trained alongside the VLM, allowing our
modification to be integrated into any model without altering the training process
while, at the same time, leveraging the explicit composition rule during inference
and generation.

(b) Our modified VLM extends the original model. Setting W, = I and
W, = O restores the original VLM, making the modified solution space a strict
superset. Thus, using ReCo in training retains all original capabilities while
potentially improving hallucination mitigation.

We should note that our formulation depends on a specified composition strategy.

We used one which is mathematically sound but also efficient, but the operations

can be upgraded.
pg hidden = 1llm model (*args)
VLM is a black-box. Notice that (6.3) VaLﬂM logits = lm_head (hidden)

hidden = 1llm model (*args)

and the corresponding code (Figure 6.6)

involves only the output layer of the |\ reco| Zominder = zeco.bundle (niddent:, v, :]

hidden = reco.bind(reminder, hidden)

VLM. This means that, in practice, no Logles o In feeclficklen)

access to the model is needed. The out- Figure 6.6: ReCo in practice. No access to the
LLM is required and the only change is the mod-

) ) ification of the prediction head with the addition
culated offline, and then we train only of a “preprocessing” step.

put embeddings of the model can be cal-
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Model Training Black-box  Can be deployed Single
based VLM  during VLM training inference pass
OPERA [294] X X X X
VCD [288] X v X X
AvisC [289] X v X X
M3ID [287] X v X X
HALC [293] X v X X
VTI [295] v X X v
HA-DPO [291] v X v v
ReCo v v v v

Table 6.1: ReCo compared to other models.

the few extra parameters of ReCo in a matter of minutes on any commodity GPU,
without even needing to load the entire VLM in memory and performing multiple
inference passes through it. This allows us to benefit from additional training data
and more suitable training tactics (similar to fine-tuning approaches, e.g., [291])
while treating the VLM as a frozen black box (akin to decoding strategies, e.g.,
[289; 287]). A comparison with existing solutions is in the appendix.

ReCo vs existing works. ReCo is uniquely placed in the intersection of meth-
ods that treat the underlying VLM as a black box (e.g., [288; 289]) and methods
that are training-driven (e.g., [291; 295]). In Table 6.1, we show the qualita-
tive advantage of ReCo over multiple other proposed solutions for hallucination

mitigation.

6.2 Experiments

Before diving into the technical details and comprehensive analysis,, we highlight
some of our main findings which we will analyze in detail shortly. These results
offer a high-level overview of the most significant outcomes of our work, which
will be examined and discussed in depth below.

(a) ReCo leads to noticeable improvements across all of the VLMs we evalu-
ated. In every case, it effectively reduces the rate of hallucinations, demonstrating

its robustness and general applicability.
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{© o} ###Human: <Img> Is there a snowboard in The image shows a busy street with several F "

the Image?##HASsistant ###HUMn: <Img> buses parked along the side of the road. L;';",;‘,:ﬁ::g“‘t;” *l‘:’;'o’;‘:ga‘zg‘;“ < | apologize, | am unable to see any image. ]
VLM Is there a snowboard in the image? ... L’h_a_rs are also cars and other vehicles specific image in mind, ...

. B . riving ...

nn < Yes, there is a snowboard in the image. | < Yoo, thor = 2 porson n the Image. ) < No, there is no pizza . )

VLM +ReCo

< Yes, there is a person in the image. ]

Figure 6.7: POPE [304] results on MiniGPT4 [286]. The unmodified version is often unable to
comprehend the question and outputs an unrelated answer that does no contain either “Yes” or
“No”. On the contrary, ReCo provides the model the ability to answer such questions.

(b) ReCo works seamlessly with other methods for reducing hallucinations,
making it easy to integrate into different systems. Further, when combined with
other approaches, it leads to even better performance, showing that the benefits of
ReCo and other techniques can complement each other.

(¢) ReCo enables the model to effectively “recover” from an initial hallucina-
tion, distinguishing it from baseline VLMs which often persist in elaborating on
hallucinated content. This ability to self-correct contributes to more coherent and
accurate model outputs.

(d) Our quantitative and qualitative analyses show that ReCo goes beyond
just fixing object-related hallucinations. It also helps correct mistakes related to
the overall structure of the image and the specific attributes or features of the

objects themselves.

6.2.1 Experimental setup

Datasets and Training. We use the same training procedure across all experi-
ments, training ReCo with HA-DPO [291] while keeping the rest of the model
frozen, unlike native HA-DPO, which finetunes the entire VLM. The dataset
consists of quadruples (I, P, C, R), where [ is the image, P is its associated
prompt or question, and C and R are the Chosen and Rejected answers for the
Direct Preference Optimization [290]. The images are a small subset of Visual
Genome [298] (only 1853 in total), with C and R generated using GPT-4 through
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Model CHATR(1) CHAIR;(1) Avg length
64 128 256 512 1024 64 128 256 512 1024
! Original | 22.0 374 372 372 372 8.3 11.8 122 122 122 456
o . YReCo | +02 70 88 88 88 | +03 11 -16 -16 -16 | 350
3 VCD 192 376 360 360 36.0 6.7 112 114 114 114 427
T #ReCo | 08 86 86 86 86 |+05 15 28 28 28 | 329
g M3ID 222 312 328 328 328 7.1 9.7 9.6 9.6 9.6 410
= AReCo | 260 58 74 T4 74| 07 15 l2 12 l2 ] 294
AvisC 176 322 330 33.0 33.0 6.4 9.1 9.1 9.1 408
+ReCo | +0.2 9.2 -8.8 -8.8 -8.8 -04 22 -14 -14 -14 311
Original | 19.4 314 362 376 376 75 99 11.7 128 134 374
(AReCo | +22 28 46 54 48 [ +13 04 15 26 32 307
g vcD 20.8 31.0 358 36.6 36.6 8.5 105 121 13.0 135 336
G +ReCo | 22 76 96 88 84| 04 07 12 15 19 | 249
§ M3ID 222 392 485 495 495 9.1 123 155 159 16.0 372
 AReCo | +32 22 91 99 99 [+06 +02 -14 .16 -17 ] 380
AvisC 20.8 30.8 414 464 482 79 101 121 146 160 271
+ReCo +44 -86 -17.2 -208 -22.2 -1.1 -2.1 -3.1 -4.5 -5.1 220
Original | 23.8 500 506 50.6 50.6 82 153 153 153 153 500
 *ReCo | +04 -14 54 -168 -226 | +13 03 02 -39 511 319
< VCD 226 522 484 484 485 7.7 160 153 153 153 486
% . *ReCo | +24 104 80 159 136 | 411 3.1 29 33 40| 306
j M3ID 224 554 572 572 572 69 158 162 162 162 495
 AReCo | 02 62 -168 -190 -248 | +0.7 26 42 52 57| 335
AvisC 210 53.6 558 558 558 69 153 17.1 17.1 17.1 523
+ReCo | +2.0 -0.2 -8.8 -9.2 98 | +1.1 +13 -27 -36 -35 428

Table 6.2: CHAIR [305] results for InstructBLIP [92], MiniGPT4 [286], and LLaVA [93].
Original stands for the unmodified VLM, while VCD [288], M3ID [287], and AvisC [289] are
the three baselines we consider. In all four models, the addition of ReCo improves significantly
the performance as the generation progresses, reducing CHAIR as much as 44% and CHAIR;
30%, with 64, 128, 256, 512, and 1024 standing for the maximum allowed number of generated
tokens.

a three-stage process [291].

Evaluation. To systematically evaluate ReCo, we use five benchmarks: CHAIR
[305], POPE [304], AMBER [306], HallusionBench [307], and MME [308].
(a) POPE asks binary existence questions like “Is there a (object) in the image?”.
(b) CHAIR measures hallucination rates in image captioning. (¢) AMBER as-
sesses both discriminative and generative capabilities with binary and open-ended
questions such as “Is the umbrella open?” and “Describe the image.”. (d) Hallu-

sionBench and MME test various discriminative questions, evaluating accuracy
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and accuracy+ (see appendix). CHAIR [305] and AMBER [306] use MSCoco
[309], while POPE [304] is based on MSCoco, A-OKVQA [310], and GQA [197].

Baselines. Beyond comparing with unmodified VLMs (InstructBLIP [92],
MiniGPT4 [286], and LLaVA [93]), we evaluate three recent hallucination mit-
igation methods: M3ID [287], VCD [288], and AvisC [289]. We report their
performance before and after integration with ReCo to assess complementarity.
Due to space constraints and the similar performance of InstructBLIP and LLaVA,

detailed LLaVA results are provided in the appendix.

6.2.2 Results

Our extensive experiments show that ReCo can be deployed easily with any VLM
and works well across multiple benchmarks. Additionally, it can be combined
efficiently with other methods to strengthen the results further. Below, we analyze

the results on each benchmark separately.

6.2.2.1 CHAIR: Experimental evaluations

We prompt the model with “Describe the image.”, without providing any additional
information about the length of the description (e.g., “Provide a short description
of the image”). In Table 6.2, we present the improvement we achieve for both
CHAIR, and CHAIR, metrics as we increase the length of the generated response.

ReCo helps — reducing CHAIRs by up to 44% and CHAIRi by 30%. While
baselines sometimes perform better with fewer tokens, this is often due to extra
characters before the actual text, affecting the effective output length. The key
trend is that as token count increases, ReCo consistently improves both metrics
significantly.

Analysis. Like other mitigation methods, ReCo cannot fully eliminate hal-
lucinations. However, its impact is evident in the significant improvement on
CHAIR,. While hallucinations may still occur, ReCo prevents the model from

fixating and building upon them. For example, in Figure 6.1, a model might
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mistakenly generate intersection, but unlike the unmodified VLM, it does not
continue elaborating on this error. This is due to ReCo’s image “reminder”, which
helps steer generation back toward accuracy, counteracting the over-reliance on

language priors observed in VLMs (Figure 6.2).

6.2.2.2 POPE: Experimental evaluations

Since POPE [304] relies on binary (Yes/No) questions about objects in images,
the fading memory effect is expected to be less severe. However, it is important to
assess ReCo’s performance here and determine if it enhances the results. Table 6.3
presents Accuracy and F1 scores across three question types (Random, Popular,
and Adversarial) for MSCoco [309] and A-OKVQA [310]. Additional results for
LLaVA [93] and GQA [197] are available in the appendix.

Analysis. We can observe that ReCo consistently improves the performance
across all models, questions, and datasets and, more importantly, it does not overfit
the CHAIR benchmark, which is more related to the long-range dependency
between the input image and the generated text. For MiniGPT4 specifically, ReCo
is one of the only few black-box approaches that allows the model to comprehend
and answer existence questions correctly, as shown in Figure 6.7 and further

explained and analyzed in Section 6.2.2.6.

6.2.2.3 AMBER: Experimental evaluations

AMBER [306] evaluates both the generative and the discriminative capabilities of
a VLM, by asking open-ended questions (e.g., “Describe the image”) as well as
multiple yes/no questions (e.g., “Is the sky sunny?”, or “Is there a direct contact
between the car and the tree?”).

Analysis. ReCo provides a significant performance boost for all baselines,
demonstrating that, despite the minimal training and modifications we need, it is

a valuable add-on for hallucination mitigation in both task families.
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AMBER (1) HallusionBench (1)
Model( ) InstructBLIP  MiniGPT4 LLaVA InstructBLIP MiniGPT4 LLaVA
Original 81.4( ) 51.5¢( ) 782 ¢( ) 50.5% ( ) 46.0% ( ) 51.9% ( )
VCD 82.6 ( ) 58.3( ) 77.9¢( ) 49.8% ( ) 44.7% ( ) 49.7% ( )
M3ID 83.0 ( ) 49.0( ) 77.9¢( ) 49.6% ( ) 46.3% ( ) 53.4% ( )
AvisC 85.0 ( ) 66.0(-02.6) 79.3( ) 47.6% ( ) 44.0% ( ) 51.5% ( )

Table 6.4: AMBER [306] (left) and HallusionBench [307] (right) results for InstructBLIP [92],
MiniGPT4 [286], and LLaVA [93]. ReCo consistently improves the performance of all models.

6.2.2.4 HallusionBench: Experimental evaluations

HallusionBench [307] evaluates the discriminative capabilities of a VLM by
providing it with (modified) images of charts, tables, and maps and asking related
questions (see appendix for examples).

Analysis. Table 6.4 shows the average accuracy on the HallusionBench.
ReCo always improves the results, irrespective of which underlying VLM and
baseline is used. More importantly, in many cases the rest of the baselines fail to
improve the unmodified VLM (e.g., all baselines perform worse in InstructBLIP).
This underscores the fact that ReCo is more robust across different and diverse

questions, like the ones in HallusionBench.

6.2.2.5 MME: Experimental evaluations

Besides POPE, which is restricted to existence-related questions, we evaluate
ReCo in the context of multiple types of discriminative questions, using the MME
benchmark. Although, just like POPE, such a benchmark does not directly assess
the effect (fading memory effect) we are trying to eradicate in this work, it is
important to examine whether the addition of ReCo (or any other component)
hurts the model’s performance in such discriminative tasks.

Analysis. In Table 6.5, we can observe that ReCo not only preserves but
rather improves the performance of InstructBLIP [92] and MiniGPT4 [286], with
or without the addition of any of the other baselines.
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MME (1)
Model (+ReCo)  InstructBLIP  MiniGPT4 LLaVA
Original 1355 (+150) 939 (+051) 1543 (-019)
VCD [288] 1495 (+062) 933 (+115) 1582 (+045)
M3ID [287] 1458 (+080) 961 (+061) 1619 (+031)
AvisC [289] 1373 (+121) 879 (-023) 1661 (-051)

Table 6.5: MME [306] results for InstructBLIP [92], MiniGPT4 [286], and LLaVA [93]. ReCo
consistently improves the performance of InstructBLIP and MiniGPT4, while the performance of
LLaVA remains at the same level.

100%
MiniGPT4 [29.8% |}—— +70.2% —|

VCD | 46.6% |H— +53.4% —

M3ID | 32.1% |—— +67.9% —

AvisC 67.1% F+32.9% A

Yes/No answers (+ReCo)

Y

Figure 6.8: MiniGPT4 out of the box as well as other methods are not able to answer properly
(with a Yes or No) discriminative questions in most cases. In contrast, ReCo offers the model the
ability to comprehend/answer such questions.

6.2.2.6 On the discriminative capabilities of MiniGPT4

As we see in Figure 6.7, MiniGPT4 is not able to answer existence questions in
most of the cases. During AMBER evaluations, we observed that this deficiency
extends to all types of discriminative questions. In Figure 6.8 we show that
MiniGPT4, as well as its modifications, do not possess the ability to answer
many discriminative (i.e., yes/no) questions, and a failure example is presented in
Figure 6.9. As shown, MiniGPT4 is able to understand and answer with either
“Yes” or “No” (independent of the true response label) in less than 30% of the
cases, and, while the percentage increases, existing works also face the same
difficulty. This, however, means that the results obtained by all baselines on POPE
and AMBER do not accurately reflect reality, as these models are not well suited

for such questions and small modifications to the evaluation scripts can lead to



110

MiniGPT4 < The image shows a young boy standing on the beach with a blue bucket and a green paddle. ]

+VCD < The boy is standing on the beach with a bucket in his hand, looking out at the ocean. ]

+M3ID < The image shows a boy standing on the beach holding a blue bucket and a green plastic shovel.]

+AvisC < The boy is standing on the beach holding a green plastic bucket and a blue plastic spoon. ]

<Yes, the beach is uneven in this image. ]

+ReCo

Figure 6.9: Failure of all MiniGPT4-based models but ReCo to answer the AMBER [306]
questions coherently. All models describe the image (with some of them getting the details wrong)
although the question is a binary (yes/no) one (whose true label is “Yes”).

very different values of accuracy and F1 score. On the contrary, ReCo is able
to answer such questions with a 100% rate in all cases, offering a useful new

capability to the underlying VLM.

6.2.2.7 Structural hallucinations

CHAIR [305] and POPE [304] evaluate only object-related hallucinations. AM-
BER [306] evaluates the model only in the context of yes/no questions although
some of its questions are about object relationships and their attributes. How-
ever, in our experiments, we observed that beyond a significant reduction in such
hallucinations, ReCo is also able to effectively reduce structure-related halluci-
nations (e.g., relative positions of the objects, object attributes, and so on) in
the images’ description. In Figure 6.10, we show a few examples where the
effect of ReCo is apparent in reducing such hallucinations also. From relative
positions to textures and text signs, the improvement of ReCo is apparent in all
these cases. Interestingly, we can observe that ReCo does not change the output

of the VLM completely, rather it “intervenes” only when actually needed, leaving
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The image shows a group of people standing on This is a sign that reads "One Way" and points in This image shows a living room with a green armchair, a brown coffee
o M o a bridge over a river. The bridge has a metal the direction of the restaurant. The sign is table, and a brown couch. There is a large television on a stand in the
Y railing and a cement walkway. There is a train mounted on a metal pole and has a black comer of the room. The room has a wooden floor and a wooden
e passing by on the tracks below the bridge. The background with white letters. There are arrows ceiling. There is a door in the wall leading to a dining room. The room
sky is clear and blue, and there are clouds in the pointing in different directions, indicating that is well lit by a chandelier hanging from the ceiling.
VLM distance. the restaurant is one-way. The sign is
. by power lines and other utilty poles.
=y’ " - — The image shows a living room with a couch, chair, and coffee table.
2 WIEgD) CILeo) B LI ) GIEr & Iicp L) 6 - . o " o There is a television on a stand in the comer of the room, and a dining
o A o train passing by. There are people on the bridge, T:;t‘s“::ﬁe‘iirae ;:g: :"aa( r:g:rar?tns iavaand table and chairs in the kitchen area. The room is well lit, with a large
o o} some of them walking and some of them riding L - window letting in natural light. The furniture is modem and minimalist,
. bicycles. The train is a yellow and purple tram, with a focus on comfort and functionality. The overall atmosphere of
and it is passing over the bridge. A blue sky is the room is cozy and inviting.
VLM +ReCo | visible in the background.

Figure 6.10: Structural hallucinations: MiniGPT4 [286] before (red) and after ReCo (green).
The unmodified VLM tends to get small details about the scene wrong, like the texture of the floor
or the written signs that are depicted in the image. Enabling ReCo fixes such mistakes.

the remainder of the output almost intact. This is of course a by-product of the
fact that we treat the VLM as a frozen black-box and we only change the input to

the prediction head.

6.3 Related Work

Hallucinations mitigation. Despite their unique capabilities, it is well-known that
VLMs hallucinate during the generation process. Multiple works have proposed
modified loss functions, optimization schemes, and new datasets [290; 291; 293;
292] that can improve the performance of the models, albeit extensive re-training
of the whole (or a large part) architecture is sometimes needed. A different
line of work has proposed modified generation processes: usually, a contrastive
decoding approach that “boosts” the influence of the visual input to the output
[294; 287; 289; 288]. A detailed review can be found in [311]. Like many of these
works, our work also treats the model as a frozen, black box and it intervenes only
in the next token prediction. However, similar to the first family of approaches, it

is data-driven and it can benefit from the newly proposed datasets and optimization
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techniques.

Vector Symbolic Architectures. Ideas describing Vector Symbolic Architec-
tures (VSAs) date back to the 1990s where one of the focus was on introducing
operations for efficiently combining (binding) multiple vectors together [45; 76].
The motivation stems from ideas in Symbolic Al where one sought to combine
symbols into more complicated sentences but VSAs take also advantage of the
representation power of high-dimensional vectors. Multiple works proposed
different instantiations of the bind and bundle operations, each one with differ-
ent performance profiles. A complete review can be found in [44]. Recently,
some results have infused such ideas into deep learning [77], achieving a more
explicit compositional behavior, in problems ranging from extreme multi-label

classification [301] to a reformulation of the attention mechanism [46].

6.4 Summary

While VLMs should operate in a way that the next token generation is conditioned
on an entity that is a composition of the visual and textual input, this is often
not the case in practice. Our work describes Reminder Composition (ReCo), a
modification to the output of any VLM, which explicitly composes the visual
and textual information. This modification requires minimal training, and despite
treating the VLM as a black box is able to significantly improve VLM’s forgetting
behavior. As a result, we can significantly reduce the hallucination rate of these
models. Additionally, ReCo is compatible with other works in hallucination
mitigation, and their combination further improves the results across all models
and benchmarks. A preliminary version of this chapter was published as [71] and
its implementation can be found in https://github.com/SPChytas/ReCo.
Impact & Limitations. ReCo can greatly improve VLMs and help in their
smooth and non-harmful usage. However, like other mitigation methods, it is
not a silver bullet and can benefit from richer compositional rules, access to the

model’s hidden states, and a deeper integration with the VLM pretraining process.


https://github.com/SPChytas/ReCo
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7 CONCEPT ATTRACTORS IN LLMS AND THEIR
APPLICATIONS

Consider three distinct concepts: the Lord of the Rings universe, the Python
programming language, and 19th-century romantic literature. When prompts
from these concepts are given to a large language model (LLM) such as Llama
3.1 [86], we see an interesting phenomenon. For each concept, despite lexical
variations among its prompts, their intermediate representations appear to collapse
to distinct regions at specific layers — at which layer this happens varies based
on the concept. For instance, prompts such as “Who is Gandalf the Grey?” and
“What is the significance of Mount Doom?” share minimal similarity on the
surface, yet their representations converge to nearly identical locations at layer 24.

We see a similar behavior for Python-related queries such as “Help me implement

What makes Gandalf different from Saruman, even though they are both Istari?

. .
What if Frodo had kept the Ring at Mount Doom?

How would Narnia have been different if the Pevensies had stayed as rulers?

Why is Eustace Scrubb’s transformation significant? \. . .

NARNPA

Who is Hermione Granger?

SHTARS

‘ . ' What platform does the
Hogwarts Express leave from?

Figure 7.1: A T-SNE[211] plot of the latent representations of Llama3.1-8B for 7 x 4 = 28
different prompts, seven each, for the Lord of the Rings universe, Narnia, Star Wars, and Harry
Potter. Although the prompts explore different aspects of the universes and share almost no
common keywords, we observe a clear clustering based on the different worlds.
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a binary search tree in Python” versus “How can I find the longest non-repeating
substring in Python?” and for prompts for the same genre in literature: “Discuss
themes in Pride and Prejudice” and “Any easy way to recognize Byron’s poetry?”.
Such a semantic collapse has been reported in some recent results. For instance,
[79] notes that transformer models develop a structured latent representations that
encode belief states. Separately, [312] suggests that due to the internal dynamics
of the model, representations converge to “stable” configurations. From a more
practical perspective, [36; 313; 314] showed that transformers and LLMs shape
their latent space according to the underlying task. These findings, while restricted
to smaller models and/or for specific contexts, cumulatively support the idea of
representation collapse.

A natural question is whether this concept-specific collapse is implied as a
property of some underlying dynamical system already studied in the literature,
and if so, what guidance can these existing results provide? Specifically, can we
obtain strategies for important downstream use-cases? If p,, ---, p, are a set of
prompts related to a specific concept C, we conjecture that the layers of our model
may be acting like a dynamical system that maps semantically related inputs
to proximal regions, regardless of their form at the “surface”. In other words,
the full sequence of layers (leading up to where the representations collapse), if
viewed as a unit, implements an iterative (contractive) mapping process to an
Attractor set, one for each concept. We will see shortly that — to the extent that
our hypothesis holds — how existing results are consistent with this view of the
collapse phenomena.

Contributions. We show that viewing the LLMs through the lens of Iterated
Function Systems [51; 52] offers a meaningful (or at worst, plausible) explanation
for both the layer-specific concept clustering and the subsequent generative process.
The main practical benefit is that for a wide-variety of downstream tasks, which
are often handled piecemeal in the literature, we can obtain a generic scheme that
operates under the assumption that operating with the Attractors alone is sufficient.

We demonstrate that careful interventions on Attractors can provide us lightweight,
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training-free solutions to a wide array of problems, from programming language

translation and guardrailing, to hallucination reduction and synthetic data

generation. Despite the simplicity as well as limited data/compute needs, these

solutions turn out to be comparable to existing specialized approaches. Our

experiments focus on Llama3.1 8B [86]. However, we see a similar behavior on
other LLM families too (in particular, Gemma [315] and Qwen [94]), but avoid

an exhaustive analysis of all LLMs.

7.1 Iterated Function Systems and LLMs

There is mounting evidence that large lan-
guage models (LLMs) possess emergent
capabilities beyond simple rote memoriza-
tion and statistical pattern matching, as
we have also demonstrated already (Chap-
ters 4 to 6). Among the many phenom-
ena observed in these models — from in-
context learning [316] to compositional rea-
soning [317; 318] — we focus on a partic-
ular representation-convergence property.
Our scope is specifically the collapse phe-
nomena at specific intermediate layers. To
understand this behavior through the lens

of dynamical systems, we hypothesize that

def maxCommStr(s1, s2): How would Narnia
m, n = len(s1), len(s2) have been different if
res =0 the Pevensies had
stayed as rulers?

‘What)platform does the
Hogwarts|Express leave frogh?

Why is Eustace Scrubb’s
transformation in The
Voyage of the Dawn

Why is Hermione Grgnger? Treader significant?

& ow
Layer Y é/

Figure 7.2: An LLM can be viewed as an
IFS that transforms the non-linear manifold
of texts into a well-behaving collection of
Attractors.

LLMs implicitly implement a collection of Iterated Function Systems (IFS) during

forward propagation through the layers (Fig. 7.2). For an introduction to the

concepts, refer to Section 2.4.
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7.1.1 LLMs implement Iterated Function Systems?

Empirically, we see that for prompts p;, p; in each concept €, there exists a layer

| where:
1« 1 «
ok 3 10100 < s 3, o] 1
i,j= i,j=

with H, denoting the implicit transformation by the LLM up to layer /. This
“squashing” of inter-prompt distances suggests that a contractive mapping process
is taking place through the layers. Our hypothesis is that this can be understood
via the framework of Iterated Function Systems (IFS) [51; 52].

As detailed in Section 2.4, an IFS is defined as a finite set of contractive
mappings on a complete metric space. The collective action of these mappings,

defined by the Hutchinson operator [52] is:

N
F©S) =JF©® (7.2)
i=1

and induces a compact invariant set i.e., F(S*) = S*, which is called the Attractor
of the IFS. More generally, for any initial non-empty compact set S, € X, the
sequence {S, S, :=F(S,), S, := F(S)), -} converges to S* in the Haussdorf
metric. More generally, an Attractor in a dynamical system is a closed invari-
ant set toward which trajectories from a wide class of initial conditions evolve
asymptotically within its basin of attraction, and may take the form of fixed points,
periodic orbits, tori, or other Attractors characterized by sensitive dependence on
initial conditions [51].

Dynamical systems often exhibit Attractors—sets toward which trajectories
converge. Simple systems satisfying Banach’s fixed-point conditions [319] con-
verge to a single point, while others yield more complex structures like limit cycles
or strange Attractors [320]. We hypothesize that the iterative application of layer

transformations in an LLM induces concept-specific invariant sets —semantic At-
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tractors (Af) for each concept €— within the latent space at layer /. These compact
regions characterize specific concepts, with convergence potentially occurring at
different depths depending on the concept.

Once a sequence’s representation enters A®, it is further processed by the

remaining layers and output matrix W_, to yield a token distribution. Each

out
Attractor may have an invariant measure ,ul@, describing the distribution of states
within it under stochastic dynamics (e.g., varied inputs aligned with concept €).
While ,ulG is useful for tasks like synthetic data generation, it does not directly
define next-token probabilities in autoregressive inference, which depend on the
specific input-driven state.

The attractors, Af, are linked to the LLM’s operational prefill and decode
stages. During prefill, the LLM’s composed layer transformations guide initial
representations of an input prompt, H,(p), towards Af, with the representation
H,(p) landing within this attractor to give the initial semantic context. Then,
during decoding, each incremental update to the context (by newly generated
tokens) is processed by these same underlying layer dynamics. For coherent
generation aligned with concept €, the evolving sequence representation at layer
[ is continually guided towards or kept within the basin of attraction of AI@. Thus,

A,G acts like a stabilizing latent structure.

Layer O
® ® »* .

& L ° M e
#* © e o

Figure 7.3: 4 different concepts in layer 0 (before any application of the underlying IFS, and
one of the contractions of the underlying IFS we recover by solving the inverse problem for each
concept separately. The circles correspond to the true vectors as obtained from the LLM in layer
24 and the stars correspond to the application of the contractions to the points in layer 0.

Collage theorem (Theorem 2.12). Our operational model takes the transfor-
mation performed by the LLLM for a concept and approximates it by repeatedly

iterating a single affine contractive map [321], ®_(v) = M 4V + t_; (Withvas a
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placeholder hidden representation), suggesting that the overall transformation, for
a specific concept, can be roughly approximated by an iterated affine dynamics.
We want to estimate the parameters (i.e., the matrix M 4 and vector t_;) and the
number of iterations iter, that best reproduce the observed mapping (Figure 7.3).
This is achieved by minimizing the discrepancy between the LLM’s observed
states at the Attractor layer and the states predicted by iterating @ from the
initial prompt representations:

N

min__ ' D (H,(p)), L (H,(p))) (7.3)
j=1

Mg tef,iter

subject to M being contractive (e.g., its operator norm |[M4|,, < 1). We apply
this iter times, and D is a suitable distance metric. This single map ®,; defines
a simple Iterated Function System (IFS). The unique Attractor of this 1-map IFS
is its fixed point, v* to which all trajectories d)’gﬁ(v) (for any initial v) converge as
k grows. The observed empirical set A® is then interpreted as the collection of
states reached after iter applications of @ starting from the initial set S;. If,
as empirical evidence for many concepts suggests, this 1-map model provides a
good first-order approximation, then A® would be expected to lie in the vicinity
of v*. The Collage Theorem (Theorem 2.12) states that if A® is indeed close
to the true Attractor v* of our fitted @, then A® should be well “collaged” by
@, itself; i.e., D(A€, @ ;(A®)) should be small. While the iterated single affine
map is simple, for concepts whose empirical Attractors A® exhibit more complex
geometries (e.g., disjoint sets or intricate fractal structures not well approximated
by convergence to a single point), a richer effective IFS comprising multiple affine
maps might be necessary. This would involve finding ®’s and an iteration count
iter’ that minimize D (A%, Fy,...(S,)), where F is the Hutchinson operator for
the candidate set of ®’s. Alternatively, one could model the geometry of A®
directly by finding an IFS whose intrinsic Attractor matches A¢, by minimizing
the collage error. These approaches are more involved but grounded in IFS theory.

Does this perspective add to existing results? Several recent results have
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indirectly hinted at the IFS-like nature of the LLLMs, and more generally trans-
formers, for specific tasks, datasets, and architectures. [312] describes how the
intermediate layers of an LLM converge to different “Attractor” points/vectors
as the context window of the LLLM increases. The result in [322] examines the
Attractors formed in the output layer of an LLM, discovering that paraphrasing
results in 2-period cycles. The authors in [79] present evidence that transformers
develop internal representations corresponding to “belief states” over hidden vari-
ables in the data-generating process. This phenomenon mirrors the behavior of an
IFS, belief states in [79] can be viewed as specific points within concept Attractors
that encode probabilistic information about possible continuations. Notice that
the fractal structures reported in [79] arises naturally from known properties of
IFS: systems whose repeated application to an initial set converges to a unique

invariant set with so-called self-similar properties.

7.1.2 A preliminary investigation of Attractors

Before evaluating their practical utility, we Taple 7.1: Top induced tokens of Attrac-

first examine the nature of Attractors and tors.

their underlying IFS across various con- Concept Tokens

cepts and datasets as a sanity check. Unless .
Harry, wizard, Hogwarts,

otherwise stated, we calculate a concept’s  Harry Potter magical, Voldermort,

Attractor value as the average vector repre- London, British, £

Lord, Tolkien,

Middle, Auckland, NZ

for the particular layer. ~ coooooooooooooooes Kingdom, Tolkien,

sentation of all the samples’ hidden states Lord of the Rings

Narnia
Induced tokens. To understand what British, Oxford, Aslan
the Attractors represent, we average the vec- Imperial, Star, galaxy,
Star Wars Galactic, Jedi, Empire,

tors for each of the four fictional worlds
Skywalker, Force, powerful

from Fig. 7.1 to approximate their Attrac-
tor points, then project them to vocabulary space via the LLM’s final linear layer.
The top induced tokens (Table 7.1) support our hypothesis, revealing meaningful

associations—including tokens not present in the original texts, such as the pound
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Figure 7.4: Attractors in Llama3.1-8B [86] and Qwen2.5-7B [323; 94]. From the fractal-like
structure of the task vectors in layer 16/14, to literature-based Attractors in layer 18/23 and
programming-based in layer 19/22, the treatment of an LLM as an IFS allows us to recover (and
use) them in multiple applications, invariant to the underlying LLM.

LLaMA3.1
e
&

Spanish

Qwen2.5

symbol (£), filming locations (Auckland, NZ), or author connections (C.S. Lewis
and J.R.R. Tolkien). This suggests the Attractors capture the underlying “essence”
of each world, beyond surface-level content.

Different concepts, different layers. While for functional worlds, as in
Figure 7.1, we see that the LLM forms clear Attractors in layer 24, this is not
the case for all families of concepts, and not discussed in many existing results.
We will see later that different families of concepts form Attractors in different
layers. For example, we observe the same behavior in layer 19 for programming
languages, in layer 27 for natural languages, and in layer 18 for literature books
(Figure 7.4).

Same concept, multiple Attractors. Previously, we modeled each concept as
a single Attractor (or Concept Vector) in the LLM’s latent space. However, some
concepts may decompose into multiple sub-concepts. For instance, English forms
two distinct Attractors when combining datasets with different semantic styles
(https://www.manythings.org/anki/spa-eng.zip, https://huggingf
ace.co/datasets/swaption2009/20k-en-zh-translation-pinyin-hsk;
see Figure 7.4). This fragmentation is even clearer in layer 16, where tasks produce
multiple Attractors based on the number of digits per example.

A fractal-like structure in the Attractors. In Figure 7.4 (left), replicating
the setup from [36], we observe a structure in the Attractors that empirically
resembles that of a fractal. At a high level, Attractors cluster by the number

of digits in the examples. Zooming in, subclusters emerge based on task type


https://www.manythings.org/anki/spa-eng.zip
https://huggingface.co/datasets/swaption2009/20k-en-zh-translation-pinyin-hsk
https://huggingface.co/datasets/swaption2009/20k-en-zh-translation-pinyin-hsk
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(addition vs. subtraction), and further divisions align with specific values being
added or subtracted. Similarly, the single cluster of Python programs is further
divided into two, based on the solution style (object-oriented vs procedural). This
hierarchical structure aligns with theoretical findings in [79], suggesting a fractal
organization of Attractors in this setting. A complete analytical characterization
of this phenomenon remains beyond reach with conventional theoretical tools
(e.g., box-counting [324]). The empirical analysis, however, supports the view
that LLLMs appear to operate in practice according to this fractal hypothesis.
LLMs and World Models. There is much discussion related to whether
LLMs operate with an explicit, internal world model [325]. Based on the empirical
analysis described so far, we find that there is at least partial evidence to support
the idea that the models indeed harbor a fuzzy understanding of the world, which
is better expressed partially across many of these intermediate layers. In the
subsequent section, we will focus on how we can better exploit this fuzzy world
model of the LLMs and propose practical, training free solutions to a number

of use cases.

7.2 Attractor for concept detection

y : "
Generation—>

ontraction/IFS Attractors
Figure 7.5: Cosine similarity between all prompts’ from TOFU forget05 [326]. The first 20
rows/columns of each heatmap correspond to questions about the first author, the second 20 about
the second author, and so on. The forming of author-based Attractors is apparent and it becomes
clearer in layer 24.

14 16 18 20

Machine unlearning is a active research area, with initial work in computer
vision [327] where many widely used datasets included images of individuals
who did not consent to their use. The training datasets of contemporary LLMs are
also prompting concern about compliance with the Right to Be Forgotten [328]

and similar regulations. Due to the size of these models, retraining or fine-tuning
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90 forget01 forget05 forget10
o]
‘:g 70 Method Utility T Rouge | Utility T Rouge| Utility t Rougel Train Free No ret. data
©50 Original ~ 62.67  97.67  62.67 97.67  62.67  97.67 - -

Grad Asc  60.24  43.61  00.00 00.09  00.00  00.00 X v
65 Grad Diff 60.59  44.80 32.44 01.85 58.23  00.32 X X
55 PrefOpt  62.36  31.31  47.85 03.27 53.95  06.02 X X

245 NPO 45.32  24.27 17.14 19.68 17.01  20.10 X v

£30 NPO-RT  48.96 26.55 54.14  28.93  49.97  23.80 X X

15 ECO 62.57 03.32 62.57 07.62 62.35 06.94 X X

0.65 0.70 T 0.75 0.80 Ours 62.67 00.48 61.20 10.33 61.34 19.54 v v

Figure 7.6: (left) Model utility and cutoff as functions of = for TOFU forget10 [326]. Model
utility measures the effect of guardrailing on the LLM’s general answering ability, while cutoff
is the percentage of forget-set questions detected and guardrailed. (right) Model utility and
Forget Rouge of our train-free method compared with typical (e.g., Gradient Ascent) and recent
trainable methods (e.g., NPO [340], ECO [341]). Despite requiring no retention data, our approach
outperforms most baselines and offers finer control over the tradeoff between model utility and
cutoff/Rouge through the parameter z.

(e.g., [329; 330; 331; 332]) is often too costly. Moreover, since removal requests
are continuous, efficient online unlearning is desirable. To evaluate unlearning in
LLMs, [326] proposed the TOFU benchmark, where models must forget certain
fictional authors while retaining performance on others and unrelated tasks.
Existing solutions. LLM unlearning methods fall into two main categories:
(1) weight reversion and (2) guardrailing. Weight reversion seeks new parameters
0’ close to those of a model trained without the forget set, 8*. Early work [333; 334]
proposed lightweight fine-tuning to forget specific content (e.g., Harry Potter),
but it does not scale to frequent or multi-instance requests. Recent PEFT-based
methods [335; 336] improve efficiency but still require retraining and access to
retention data, making them impractical for continuous unlearning. Guardrailing
avoids changing model weights by intervening at input/output levels. While
widely used, such techniques are typically shallow and vulnerable to jailbreaking
[337; 338]. Hybrid approaches like Preference Optimization [326] use gradient
ascent and placeholder outputs but still involve full model fine-tuning and retention
data. Other methods (e.g., [339]) inject noise using concept classifiers, offering
improved efficiency but still need training and retention data for each concept.
A training-free approach.We propose a train-free concept guardrailing

method for LLMs that requires only data from the concept to be removed — no
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retention data needed — making it both compute and data efficient. As shown
in Figure 7.5, certain concepts (e.g., TOFU authors) form clear attractors in in-
termediate layer 24. We estimate each attractor by averaging hidden activations
across the concept’s samples. At inference, we compute the cosine similarity
between the output’s attractor and the stored one; if it exceeds a threshold z, the
response is blocked and replaced with a fixed message (e.g., “I cannot provide
information about author X due to removal request <id>"). This requires only a
single forward pass and no training.

Evaluation. Figure 7.6 (left) shows the cutoff percentage and the model’s
utility for different values of 7 and for all 3 versions of the TOFU benchmark
[326]. We can observe that even for the hardest version (forget10), the model’s
utility remains high while we enjoy a cutoff percentage of more than 90%. For
specifically chosen values of 7, we show in Figure 7.6 (right) that our train-free
approach is competitive with many heavier, trainable solutions. At the same time,
the use of 7 allows a finer control over the tradeoff of forgetting versus model
utility.

Can two Authors occupy the same latent space? While there is no theoreti-
cal guarantee that two authors cannot share the same latent region—potentially
causing guardrailing for one to unintentionally “remove” the other—our experi-
mental findings indicate that this does not occur in practice. Additionally, Utility
implicitly captures this effect: any unintended removal of facts, people, or places
would immediately reduce its value. In contrast, as shown in Figure 7.6, our model
achieves some of the highest Utility scores among both trainable and train-free

methods.

7.3 Attractors for traversals

Treating the LLM as an IFS, and more generally a dynamical system, allows us
to intervene on its trajectory and guide it towards specific Attractors. From a

dynamical system perspective, if we assume that the LLLM can be characterized
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from a function G such that dx/dt = G(x), then, given a target Attractor y, we
can modify the system as dx/dt = G(x) + A(y — x) and steer it towards another
Attractor y, with A being influenced by the underlying dynamics of the system
(robustness to perturbations, distance of Attractors, etc.).

Such an approach, called steering, has —

Add & Norm

def influence():
def hook(model, input, output):

been variously studied. We know that care-

output = (output[0] + AAttractor,
*output[1:])
return output

return hook

)

Figure 7.7: Influencing the dynamics of
[344; 345; 346]), while other works require the LLM by adding the target Attractor. The
only modification needed is the introduction
of a forward hook on the appropriate layer.

fully chosen vectors can steer a model’s Feed forward

behavior so that its output is less toxic,
more poetic, etc. [342; 343; 344], essen-

tially steering the model internally to dif- Multi-head
Attention

ferent Attractors. However, many of these
approaches require training the model it- |

self or auxiliary smaller networks (e.g.,

carefully chosen data that satisfy some,
more or less restrictive, assumptions (e.g.,
[343; 347; 348]).

Unlike methods requiring extensive retraining or retention data, we show
that simply adding or subtracting Attractors at selected intermediate layers can
influence LLM behavior across tasks — from detoxification to code translation —
without these constraints. Surprisingly, in practice, the before Attractor is mostly
unnecessary, removing the need for retention data entirely. Despite requiring only
a single forward pass over target data and no training, our approach matches the

performance of more resource-intensive methods.

7.3.1 Drifting away from the toxicity Attractor

Multiple works have shown that careful manipulation of the activations across the
LLM’s layers allows us to control its behavior, and a common application is toxicity
reduction. We note that these ideas impose one or more restrictive requirements

on the data format, such as the need for retention data, or even the existence of
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Figure 7.8: (left) Toxicity score and Rouge on ParaDetox. Although our lightweight approach
requires no training or even retention data, it is reducing significantly the toxicity while maintaining
the textual quality. (right) Toxic examples and the modified passages according to our method.

paired data [343; 342]. Here, we check whether the estimation of the toxicity
Attractor alone allows us steer the generation away from it and thereby, reducing
the toxicity content of the LLM’s output. No additional assumptions on the data
are needed. Using the ParaDetox [349] dataset, we obtain a single vector estimate
of the toxicity Attractor on layer 16 and, then, during generation, we subtract
this value from each token’s activation on layer 16, essentially discouraging the
generation to converge to the toxicity Attractor. Although we only require the
toxicity Attractor/vector, our targeted approach performs better than many of the
existing (but more restrictive) solutions.

Evaluation. In Figure 7.8, we show that our approach, without any need
for training/retention data, performs similar as ICV [343] which needs a PCA
projection of the differences between paired samples. We also appear to perform
better than LoRA fine-tuning or the more lightweight In-Context Learning [316].
To assess both the reduction in toxicity as well as any potential drop in the quality
of the generated text, we report both Toxicity [350], as well as the Rouge score
[351]. Our approach is one of the few training free methods and the only one that
requires no retention data. We find that relaxing these requirements does not lead
to a performance drop, instead a performance gain. Finally, we should note that

there are practical benefits of our lightweight approach.

7.3.2 Switching language Attractor on the fly

LLMs are extremely capable at code comprehension and composition [352; 353;

354]. Other than use as a code-generation assistant, an important use case is as a
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Figure 7.9: (left) LLM as a transpiler. For all pairs of the four considered languages, switching
the Attractor to the target language can successfully make the LLM act as a transpiler without any
specific such instructions or retention data. (right) Using 04 to judge the quality of the generated
translations.

transpiler, especially for programming languages with limited support. Typically,
the approach involves a data-intense stage of fine-tuning on code-specific data
(e.g., [355; 356]). Some recent works have evaluated the limits of zero/few-shot
transpiling in LLMs [357; 344].

As shown in Figure 7.4, some programming languages form Attractors on
layer 19 of Llama3.1-8B. We test whether these Attractors let the LLM act as a
transpiler: given only a code block in one language, can it translate to a target
language without special instructions? Using 100 LeetCode solutions in Python,
Java, C++, and JavaScript, we estimate the layer-19 Attractors. Assuming input
code in language X converges to Attractor x, we then examine generation when
traversing the Attractor space to the Attractor y of another language Y.

Evaluation. To evaluate the quality of the generated code, we use 04-judge
to provide us with a score of the quality of the generated code in the target
language. As shown in Figure 7.9, we can successfully repurpose the LLM as
a transpiler without any demonstrations (zero-shot) as well as no other relevant
information in the prompt. We achieve impressive results for all pairs of the 4
considered languages. We do not require any retention data, additional training,
or an increase in the inference time. We obtain a score better than other simple,
train-free approaches (e.g., Difference of Means (DM) [344] and ICV [343])
as well as approaches that involve training auxiliary classifiers (e.g., RFM, LR
[344]).
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Figure 7.10: CHAIR [305] and POPE [304] on LLaVA-1.5 [95] and InstructBLIP [92]. While
our approach maintains performance on the discriminative questions (POPE) it significantly
reduces the hallucinations in the generative tasks (CHAIR), without affecting the length of the
generated descriptions.

7.3.3 Remaining on the visual Attractor

Hallucinations are a well-known issue in LLMs [358; 359; 360], amplified in
Vision-Language Models (VLMs) by a fading memory effect where attention to
visual input diminishes [287; 361]. We hypothesize this stems from a shift between
Attractors: VLMs start aligned with a visual Attractor but drift toward a text-
only Attractor due to LLM pretraining. To counter this, we add the initial visual
Attractor vector (computed at the first generation step) to the hidden state at each
subsequent step, reinforcing visual grounding. Unlike prior methods (Figure 7.7),
our approach dynamically computes and maintains the visual Attractor throughout
generation.

Evaluation. Compared to other train-free approaches (e.g., [287; 289; 288]),
our algorithm does not lead to an increase in inference time, since it does not
require multiple forward passes. Despite its simplicity, the results are strong,
leading to a significant reduction in the hallucination rate of two widely used
VLMs (InstructBLIP [92] and LLaVA-1.5 [95]), as shown in Figures 7.10 and 7.11.
Our modification also does not affect the general abilities of the VLM, resulting

in a similar (or slightly improved) performance on discriminative questions.
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The image features a red, green, and
black motorcycle leaning against a
barn with a workshop setting, which
goes on for most of the image. Behind
the cycle, a dog is tied up, seemingly
observing the bicycle. There are two
bicycles located in the workshop, one
close to the cycle on the left side and
the other towards the center of the
scene.

—
The image features a chrome

motorcycle parked in the grass in the
front yard of a garage. The motorcycle
spans a large portion of the scene,
extending from left to right side of the
photo. In the background, there is a
small truck or car, both parked
together.

Figure 7.11:

In the image, a man in a suit is

walking near a building with a
prominent white column in front. The
man appears to be the President,
standing on a step leading to the
structure. The building appears to be
an old four-pillar structure, possibly

an ancient monument

The image features an American

president, President Obama, walking
in front of an ornate marble building.
He appears to be focused on his steps
and is wearing a black suit, which
includes a blue tie. As he walks, the
president seems to be alone as there
are no other people in the scene. The
building he is standing in front of
adds to the grandeur of his position as

leader.

A Blendtec blender is placed directly

on a table, with its lid and bottom half
turned downward or hanging. The
blender has both the red and white
colors, with the juice it is making
visible under the lid. A person is
situated next to the likely
holding the lid whil action or
waiting to secure i once the
blending process is compl ear
the edge of the frame, ther: rs
to be another person partially visible,
possibly observing the blending
process or waiting to use the table
they are standing on.

The image shows a blender situated

on a stable table, ready to function. A

hand on the blender is visible,

indicating someone is about to use it

or has just stopped using it. The

blender contains lemon juice and is

likely being used for smoothie
ion or blending ingredi

e \
The image depicts a woman walking
under an orange umbrella, likely for
protection from rain. She is strolling
along a path alongside a sidewalk.
Besides her, another person can be

seen in the Another

\
The image captures a bustling city
street with lots of traffic, where
numerous people and vehicles are
sharing the roadway. The street
features a mix of cars, buses,

and i There

woman stands in front of a bridge,
with the umbrella providing her with
shelter from the elements. The scene
captures the essence of a pedestrian-
friendly, urban environment where
people can enjoy the outdoors while

staying comfortably protected.

The image showcases a woman

wearing a patterned shirt and holding
a large orange umbrella. She is
walking on a bridge carrying her
umbrella. In addition to this main
figure, two other people can be seen
in the background.

The blender has a red container
around it, supporting the blender and
ensuring stability as it turns around.

are many buses within the traffic,
some more prominent than others.
Cars can be seen in various positions
on the street, contributing to the
overall chaotic atmosphere of the

image.

N
‘The image depicts a busy and crowded
street filled with a plethora of
vehicles. There is a line of cars,
including a bus, driving down the
street, while a motorcycle is seen
weaving its way through the traffic.
People in various positions are also
present on the street, some riding
motorcycles, while others are busy
walking amidst the traffic. Several
cars are following each other in a
dense line, with some cars being small
and others being larger. The picture
captures a bustling scene with both
people and vehicles riding down a
steep hill on the city street. J

Before and after re-enforcing the visual Attractor, on LLaVA-1.5 [95]

7.4 Attractors perturbation for data generation

Recent studies show that LLMs can generate new sam-
ples resembling small real datasets. Various works ex-
plore prompting strategies and multi-step methods to
improve sample quality [362]. Others note the challenge
of prompt design and propose minimal fine-tuning to

turn an LLM into an autoencoder that produces new

samples via high-temperature sampling [363].

Limitations of Temperature sampling. LLLM out-

BoolQ[0]

o (0]
©

Figure 7.12:

based Attractors for different

Sample-

generation instructions. Each
Attractor corresponds to one

sample from BoolQ.

put variability is typically controlled by Temperature and related parameters

(top-K, top-P), which add stochasticity. Yet even with high randomness, outputs

often remain limited and lack diversity when generating text similar to existing
data [364; 365; 362]. This is usually mitigated through carefully tuned or multi-

ple prompts, but that approach does not scale or suit large-scale synthetic data

generation.

A common approach to boost diversity beyond temperature sampling is run-

ning multiple forward passes with varied prompts while keeping the same original
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BoolQ AG 0.9
Qwen2.5-0.5B GPTNeo-1.3B  Qwen2.5-0.5B GPTNeo-1.3B 208
No train 38.47 38.53 - - El
No augmentation 62.54 62.17 30.66 23.46 5 0.7
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Figure 7.13: (left) Test-set accuracy on BoolQ and AG when trained with synthetic datasets
generated through temperature sampling and our approach. In all cases, our dataset results in a
more generalizable model with better performance. (right) Factuality of generated facts about
popular figures with temperature sampling (gray) and our approach (green). We observe a more
than 20% increase in the factuality on average.

sample. Studies show that carefully tuned instructions can yield more diverse syn-
thetic outputs [364; 365; 362]. However, this demands laborious, non-automated
prompt design with trial-and-error and becomes impractical for large, heteroge-
neous datasets like BoolQ [366].

7.4.1 Attractor perturbations: Replicating the effect of

multiple tailored instructions

Similar to previous experiments, we investigate whether sample-wise Attrac-
tors exist for diverse instructions. Is there a layer where different instruction
trajectories ““collapse” for the same sample? Yes—Figure 7.12 shows that with
10 BoolQ-specific instructions, all trajectories converge on layer 16, forming
sample-wise Attractors. Building on this, we test whether perturbing the Attrac-
tor estimated from a single instruction can replicate the diversity achieved with
multiple prompts. Using only one (possibly simple) prompt, can we generate
multiple diverse samples without raising temperature and risking corrupted, non-
sensical outputs? As shown later, this simple, train- and tuning-free approach
yields higher-quality data, validated through both direct and indirect evaluations.

Estimating the quality of the generated data. We evaluate two textual
datasets, BoolQ [366] and AG [367]. Although both are relatively large and

diverse, we use minimal versions of 100 samples each to reduce the original
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Figure 7.14: Factuality percentage of temperature sampling (gray dots) and our approach (green
dots). The improvement is apparent in all cases, reaching as much as 30%.

train set’s influence and better assess each generation method. Using these 100
samples, we prompt Llama3.1-8B to generate new synthetic samples via both
typical temperature sampling and our approach. To assess the quality of the
generated data, we perform indirect evaluation by fine-tuning smaller LLMs on
the synthetic collections [362]. Specifically, we use Qwen2.5-0.5B [94] and
GPTNeo-1.3B [368]. In Figure 7.13 (left), we report test accuracy when training
each model on each dataset version. The quality improvements are clear, yielding
better results in all cases.

Estimating the factuality of the generated data. Besides the indirect com-
parison, we also evaluate the generated samples’ quality directly. Following
[369], we prompt the model to produce facts for a collection of randomly selected
celebrities and historical figures. To assess factuality we use 04-judge, prompting
it to label each generated fact as true or false. In Figure 7.13 (right) we show
that factuality is much lower with temperature sampling; using Attractors yields
an absolute increase of 20% on average. Detailed per-person improvements are

reported in Figure 7.14.
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7.5 Summary

This work is based on the hypothesis that the evolution of hidden representations
of prompts in Large Language Models (LLMs), specifically their convergence
to distinct internal representations (for semantically related prompts), can be
understood through the framework of Iterated Function Systems (IFS). We check
that LLM layers progressively map inputs towards concept-specific “Attractors”
in their latent space. Building on this perspective, we evaluated a range of simple,
training-free ideas that directly manipulate these identified Attractors. On a diverse
set of practical tasks, including machine unlearning (guardrailing against specific
concepts), guiding LLM generation for tasks like code translation and toxicity
reduction, mitigating hallucinations in vision-language models, and improving
the diversity and factuality of synthetic data generation, we find that our proposal
offers surprisingly strong performance. It is computationally efficient and there is
no need of re-training or fine-tuning, and offers a clear and promising direction
for evaluating applicability in other use-cases. A preliminary version of this
chapter was published as [370] and the implementation can be found in https:
//github.com/SPChytas/Attractors.

Impact & Limitations. Modeling LLMs as IFS can yield solutions to diverse
problems and potentially extend their capabilities. A key limitation is the need
for direct access to hidden activations to estimate and manipulate the concept
Attractors, which standard black-box APIs do not provide. Due to computational
limits, we evaluated models up to 8B parameters, leaving it to future work to test

whether similar Attractor phenomena appear in larger models.


https://github.com/SPChytas/Attractors
https://github.com/SPChytas/Attractors
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§ CONCLUSIONS

Across this dissertation, we investigated how latent representations, whether aris-
ing from overparameterized models, LLMs/VLMs, encoder—decoder pipelines,
or simply mathematically-grounded generators, can be structured, manipulated,
or constrained to produce meaningful advances in real-world applications. The
unifying theme has been the use of explicit mathematical frameworks (Category
Theory, Geometric Algebra, Iterated Function Systems, and Fock Space represen-
tations) to reveal structure that is otherwise hidden in standard neural computation.
These perspectives led to significant simplifications of existing techniques, more
robust and interpretable inference mechanisms, and in multiple cases, entirely
training-free or lightweight training strategies that outperform far more complex
baselines.

Below, we summarize the main contributions from each chapter and highlight

the central ideas and empirical findings that they provide.

e Chapter 3. Pooling Image Datasets under Covariate Shift and Im-
balance. We introduced a Category-theoretic formulation for controlling
covariate shift across multiple pooled imaging datasets. This perspective
eliminated the need for multi-stage training pipelines and generalized a
wide family of prior approaches. Empirically, the method demonstrated
strong performance on real-world datasets and provided unifying insights

across multiple machine learning problem classes.

e Chapter 4. Multi-compositional Learning in Vision and Language
Models. Using Category Theory, we formalized latent-space principles
that any model solving compositional learning tasks should satisfy. We pro-
posed a practical CZSL solution supporting both single- and multi-attribute
compositions, achieving competitive performance with task-specific meth-

ods. Extending these ideas to LLMs revealed systematic patterns—and
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inconsistencies—in their internal representations, suggesting new directions

for data collection, training objectives, and diagnostic tools.

e Chapter 5. FoGE: Fock Space-Inspired Encodings for Graph Prompt-
ing. We developed a simple, parameter-free graph encoder based on Fock
space constructions. When used as prefix prompts for frozen LLMs, the
encoder enabled accurate reasoning over diverse graph families with mini-
mal architectural assumptions. This approach unified and simplified prior
techniques, generalizing seamlessly to proteins, hypergraphs, and other

structured domains.

e Chapter 6. ReCo: Mitigating Hallucinations in VLMs via Reminder
Composition. Motivated by the fading-memory phenomenon in VLMs, we
introduced ReCo, a lightweight trainable module inspired by geometric al-
gebra and relational composition. ReCo consistently reduced hallucinations
across three widely used VLMs and further improved the effectiveness of

existing hallucination-reduction strategies when combined with them.

e Chapter 7. Concept Attractors in LLLMs and Their Applications. We
showed that LLM layers behave like Iterated Function Systems contracting
toward concept-specific attractors. Building on this insight, we developed
training-free attractor-level manipulations enabling high-quality translation,
hallucination mitigation, guardrailing, and synthetic data generation. These
lightweight interventions matched or outperformed specialized baselines

while avoiding heavy fine-tuning.

Altogether, this thesis demonstrates that latent-space—centric perspectives, when
combined with principled mathematical tools, offer a powerful and flexible frame-
work for understanding, improving, and extending modern deep learning systems.

We conclude by outlining open questions and possible research avenues below.
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8.1 Future Directions

Looking beyond the contributions of this thesis, several promising research direc-
tions emerge from the principles, tools, and empirical observations developed in
the preceding chapters. Each direction reflects a natural extension of our central
theme: that latent-space structure, when viewed through the lenses of principled
mathematical tools such as Category Theory and Clifford Algebra, can guide
the design of more reliable, controllable, interpretable, and efficient machine
learning systems. Below, we outline a few avenues where these ideas may lead
to meaningful advances, both by deepening theoretical understanding and by

enabling practical improvements across diverse application domains.

8.1.1 Extending FoGE to Protein Representation, Prediction,

and Design

Building on the versatility of FOGE (Chapter 5) as a parameter-free encoding
mechanism for graph-structured data, a natural direction is its extension to protein
science, where graphs arise both at the residue level (contact maps, spatial proxim-
ity graphs) and at the atom level (bond graphs, interaction networks). Our initial
experiments on protein datasets were promising, but we believe that the commu-
nity could benefit from FoGE far beyond protein classification tasks. Proteins
exhibit multiple node and edge features, hierarchical organization, long-range
dependencies, and intricate combinatorial constraints. FOGE’s physics-inspired
basis may therefore offer a principled way to capture these relationships without
relying on specialized architectures or large amounts of training data. In contrast,
several state-of-the-art models lack this capability (e.g., [371]) and omit certain
aspects of protein structure, such as the explicit 3D locations of amino acids.
Future work may explore FOGE-based prompts for downstream tasks such as
protein function prediction, structure classification, stability estimation, and dock-
ing or interaction prediction. In the longer term, incorporating FoOGE’s decoding

guarantees into generative modeling pipelines could yield a lightweight alternative
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for protein design, enabling controllable or constraint-aware sequence generation

without requiring full end-to-end model training.

8.1.2 Lateral residual connections in Transformers

In Chapter 6, we demonstrated that a lightweight module resembling a lateral
residual connection placed on top of a VLM can serve as a “reminder” of the
additional input modality, thereby improving visual grounding. In Chapter 7,
we showed that similar benefits arise from intervening at a carefully chosen
intermediate layer of a VLM, effectively reintroducing information that would
otherwise dissipate. Together, these insights suggest the possibility of a modified
Attention block in which a form of “residual connection in time” propagates
modality-specific information forward through the generation process. A similar
idea has recently appeared as mHC (Manifold-Constrained Hyper-Connections)
[372]. Such a design may be especially well suited for Multimodal Language
Models, where the influence of non-text modalities often fades as tokens are
generated [287]. While our work shows that adding such residual pathways after
training can substantially improve performance, the extent to which these ideas
can be pushed further, particularly as architectural modifications during training,

remains an open and promising research avenue.

8.1.3 Compositionality and Diffusion Models

Category Theory and Clifford Algebra offer two different, yet complementary
perspectives on how we can design compositional systems in practice. While
diffusion-based generative models such as Stable Diffusion and DALLE-2 [373]
produce highly realistic images, they continue to struggle with compositional
generation, often failing to bind attributes correctly or omitting required objects
altogether. Existing efforts (e.g., [374; 375]) to address these issues typically rely
on architectural modifications or heuristic adjustments to conditioning signals,

but they lack a unified account of what compositionality should mean within
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the latent geometry of diffusion models. A natural future direction is to extend
the Category-Theoretic framework developed in Chapter 4 (and more generally
the algebraic operations explored throughout this thesis) to reason directly about
the intermediate representations of diffusion processes. Such an approach could
help characterize when latent vectors correspond to composable visual concepts,
when they do not, and how these representations might be adjusted to enforce
consistent attribute binding. Ultimately, this perspective may provide a principled
path toward diffusion models that generate complex scenes more reliably, without

relying on ad-hoc architectural interventions or extensive re-training.

8.1.4 Attractors in Commercial/Large Scale Models

Chapter 7 demonstrated the existence of multiple attractors in the latent repre-
sentations of contemporary LLMs, such as Llama 3.1 [86] and Qwen 2 [323].
Extensive experimentation validated the LLLM-as-IFS perspective and provided
several practical and useful instantiations of this idea. However, due to com-
putational and licensing constraints, experiments with large-scale commercial
LLMs (e.g., ChatGPT [82] and Gemini [84]) were out of scope. An interesting
direction for future work is therefore the examination of such models. Does our
perspective hold for extremely large LLMs? Is it further strengthened by the
increased expressive capacity that comes with scale? Moreover, do modifications
to the standard attention block (e.g., Mixture of Experts [376]) affect the structure
or dynamics of these attractors in non-trivial ways? We believe that addressing
these questions could motivate an attractor-based perturbation perspective for

widely used LLMs, potentially enabling new capabilities for end users.
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