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Abstract

This thesis contains results of the author from [12], [13], [14], and [15]. In the first part of
the thesis, we will prove a characterization of restricted strong type (p,p) boundedness
of multiplier operators whose multiplier is a radial function on R? supported compactly
away from the origin, in the range 1 < p < 13/12. This result complements a result of

Heo, Nazarov, and Seeger, who obtained a characterization of radial Fourier multiplier

2d—2

operators bounded on LP(R?) in dimensions d > 4 for the range 1 < p < 2=2.

In the second part of the thesis, we introduce and define Bochner-Riesz multipliers
associated with convex planar domains. Such multipliers were first studied by Seeger
and Ziesler, and we discuss their results as background. We then discuss new results
addressing the question of sharpness of Seeger and Ziesler’'s theorem. We introduce

Y

the additive combinatorial notion of “additive energy” of the boundary of a convex do-
main which we will show gives a sufficient criteria for obtaining improved L? bounds for
Bochner-Riesz multipliers.

In the third part of the thesis, we will introduce general Fourier multipliers associated
with convex planar domains and prove a criterion for LP boundedness of the correspond-
ing multiplier operators. The methods used to obtain multiplier theorems in this section
will involve analysis of “half-wave” operators associated with convex domains.

In the fourth part of the thesis, we will discuss a related square function result and
obtain new multiplier theorems as a corollary, which we will interpolate with our re-

sults from the third part of the thesis to obtain our most general quasiradial multiplier

theorem.
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Chapter 1

Overview

Fourier multiplier operators are a basic object of study in harmonic analysis. These
are translation-invariant operators defined by multiplication on the Fourier side by a
bounded, measurable function which is referred to as the “symbol” or “multiplier” of
the transformation. More precisely, Given m € L>®(R?), we may define an operator T,

acting on Schwartz functions f € S(R?) by

FILn 1(6) = m(E) F(E).

These may also be viewed as convolution operators, where the convolution kernel is the
distribution K = m.

One is typically interested in the mapping properties of multiplier operators between
various function spaces. The most basic question one may ask is for a given p whether
a multiplier operator extends to a continuous mapping on LP(R?). One may easily
show using Plancherel’s theorem that for any multiplier m € L>®(R?), T}, extends to a
bounded operator on L?(R?). Moreover, for 1 < p < oo, one may show using duality
that if T}, extends to a bounded operator on LP(IR?), then it also extends to a bounded
operator on LP (R?), where p’ denotes the Holder conjugate of p. Thus one is typically
interested in the smallest (or largest) value of p for which 7,, extends to a bounded
operator on LP(R?).

A very difficult open question in harmonic analysis is whether there exists some kind



of reasonable characterization of all multipliers m € L®(R¢) for which T, extends to
a bounded operator on LP(RY). That is, one may ask for a given p whether there is
some kind of straightforward and useful criterion for m that determines the LP-mapping
properties of T},,. As already mentioned, if p = 2, T}, is always bounded on LP since
m € L. If p=1, it is not difficult to show that 7}, is bounded on L? if and only if the
convolution kernel K = m is a finite Borel measure. However, in the case p # 1,2, it is
widely believed that no such criterion exists for general multipliers.

It was then rather surprising that Garrigés and Seeger were able to obtain in [23] a
very simple characterization of all radial multiplier operators acting on the space L? |
of radial L? functions. Their characterization was quite general, since the class of radial
Fourier multipliers is rather large and contains many well-studied examples, such as the

Bochner-Riesz multipliers, which we will discuss later. In particular, Garrigds and Seeger

2d

showed that in the range 1 < p < 75

for d > 2, if m is radial and compactly supported
away from the origin, then 7, is bounded on L? ; if and only if the kernel K = m is in
LP. This range of p is the largest possible range for which their result can hold, since
for p > 2d/(d + 1) there exist radial kernels in L? that have Fourier transforms which
are compactly supported away from the origin, but are also unbounded.

In light of Garrigés and Seeger’s result, is then natural to ask whether this charac-
terization also applies to compactly supported radial multipliers on L? rather than L? ;.
Heo, Nazarov, and Seeger answered this question in the affirmative, in a breakthrough

paper [28] that established that the condition K = m € LP(R?) is both necessary and

sufficient for T}, to be bounded on LP(R?) for m radial and supported compactly away

2d—2

i for d > 4. Heo, Nazarov, and

from the origin, in the smaller range 1 < p <

Seeger’s result for compactly supported radial multipliers may be rephrased as follows.



For a fixed p, we have that for all radial m € L>®°(R?) supported compactly away from
the origin, T}, is bounded on LP(R?) if and only if K = m € LP(RY), as long as d > %.
Thus their characterization becomes better in higher dimensions. It remains a very dif-

ficult open question as to whether the characterization extends to dimensions d > 2 and

. 2d
the best possible range 1 < p < Z5.
Conjecture 1.0.1. Let 1 <p < dZ—Jfl. If m : R? — R is radial and supported compactly

away from the origin, then T, is bounded on LP(R?) if and only if K = m is in LP(RY).

In Chapter 2, we will discuss a new result to apear in [15] that gives a character-
ization of restricted strong type (p,p) estimates for operators corresponding to radial
Fourier multipliers supported compactly away from the origin in three dimensions, in
the range 1 < p < 13/12. This complements Heo, Nazarov, and Seeger’s result. It is also
expected that this new result can be improved to a characterization of LP boundedness
for radial multipliers in three dimensions.

In studying general radial Fourier multipliers, one makes absolutely no assumptions
about the smoothness of the multiplier. However, a great deal of information can typ-
ically be deduced from the regularity of a multiplier. As a general principle, there is
a positive relationship between the LP-mapping properties of a multiplier operator and
the smoothness of its symbol. Regularity of a multiplier implies decay of the convolution
kernel K = m, which is one reason that one would expect better LP-mapping properties.
It is natural to ask if one may quantify this relationship, and the Bochner-Riesz mul-
tipliers are a model case for studying this relationship in the case of radial multipliers.

They are radial multipliers defined as

m,\(f) = (1 - ‘f’)i



for A > 0. Note that the regularity of m, increases as A increases, and that m, converges
to the characteristic function of the ball pointwise as A — 0.

The Bochner-Riesz Conjecture, which is one of the most well-studied open problems
in harmonic analysis, is a conjecture regarding exactly how large A needs to be in order

for T,,,, to be bounded on LP(R?) for a given p.

Conjecture 1.0.2. For A > 0, T, is bounded on LP(RY) if and only if X > A(p) =

max(d% — 1 -10).

Since ﬁdl is the critical index for the Bochner-Riesz multipliers in d dimensions, the
Bochner-Riesz conjecture would in fact follow immediately from the more difficult Con-
jecture 1.0.1. The Bochner-Riesz Conjecture is also closely connected with a number of
other important conjectures in harmonic analysis, including the celebrated Restriction,
Kakeya, and Local Smoothing Conjectures. For a hierarchy of implications between
these and other related conjectures, see [54]. The Bochner-Riesz conjecture was first
completely solved in dimension d = 2 by Fefferman in [22], and then later clarified by
Cérdoba in [18]. The problem remains open in dimensions d > 3, although partial
progress has been made; for recent progress see for example [33] and [6].

As already mentioned, studying LP-mapping properties of Bochner-Riesz multipliers
are a means of studying the general relationship between regularity of a radial multiplier
and its LP mapping properties. Another way one may view Bochner-Riesz operators are
as multiplier operators whose symbol is a “smoothed-out” characteristic function. It
was proven by Fefferman that the “ball multiplier” operator T,,,, where m is the charac-

teristic function of the unit ball, is unbounded on LP(R?) for every p # 2 when d > 2.

The Bochner-Riesz multipliers are essentially equivalent to smoothed out versions of the



characteristic function of the ball, and thus the LP-mapping properties of Bochner-Riesz
multipliers quantify the failure of the corresponding characteristic function multiplier
to be bounded on LP, in that they provide a means to measure how much additional
regularity is required for LP-boundedness.

One may also study a generalization of Bochner-Riesz multipliers where the char-
acteristic function of a more general set plays the role of the characteristic function of
the ball. Given ) C R? a bounded, open, convex set containing the origin, define the

associated Bochner-Riesz multipliers as

ma(§) = (1= p()1,

where p denotes the Minkowski functional of ), i.e. the unique function which is iden-
tically 1 on 02 and homogeneous of degree one. Of particular interest is when the
boundary of € is not smooth (in terms of regularity, the requirement that €2 be convex
only implies that the boundary is Lipschitz). The Bochner-Riesz multipliers were first
studied in this generality by Seeger and Ziesler in [48], who obtained a result depending
on a parameter ko similar to a notion of Minkowski dimension of the affine arclength
measure of J€2. Interestingly, their result implies that Bochner-Riesz multipliers associ-
ated with domains with rough boundary may actually satisfy improved L” bounds over
the classical radial Bochner-Riesz multipliers. In Chapter 3, we will discuss some new
results that have been posted in the preprint [13] addressing the sharpness of Seeger and
Ziesler’s result.

Some interesting special cases of {2 are those where 02 has fractal-type structure.

For example, one may consider domains whose boundary is locally parametrized by a



function v : R — R, defined by

V(t):/o g(s)ds +C,

where C' is an appropriate constant and g is a standard Cantor function, or more gen-
erally we may let g denote the distribution density of a fractal measure. In general, the
study of harmonic analysis on fractals is an area of harmonic analysis which has recently
attracted a great deal of attention, largely through the study of Fourier restriction phe-
nomena to fractal measures in R. For Fourier restriction to fractals, arithmetic structure
and additive combinatorial notions such as additive energy play an important role. In
Chapter 3, we introduce a notion of the “additive energy” of the boundary of a convex
domain, which we will see along with Seeger and Ziesler’s parameter kg also plays a role
in determining LP-boundedness of generalized Bochner-Riesz multipliers.

Since the Bochner-Riesz multipliers serve as a model case for understanding the re-
lationship between regularity and LP bounds for radial multipliers, one might try to
extend theorems involving Bochner-Riesz multipliers to multiplier theorems for general
radial multipliers. Indeed, proving certain estimates involving specific radial multipliers,
such as the Bochner-Riesz multipliers or the “half-wave” multipliers €€/, can lead to
general multiplier theorems for radial multipliers. This is accomplished by means of
using an appropriate “subordination formula.” In the case of Bochner-Riesz multipliers,

the formula to consider would be

1\ poo
e = Ty [t - K (L)

which may be obtained by integration by parts. In the case of the half-wave multipliers,



the formula to consider woud be

m(|&]) = % /T?L(T)e”ﬂ dr, (1.2)

which is simply the Fourier inversion formula. It turns out that the latter formula is far
more “efficient”, and hence to obtain stronger general multiplier theorems it is better to
study the half-wave multipliers than the Bochner-Riesz multipliers.

The discussion in the previous paragraph generalizes to the case of “quasiradial”
multipliers where |£| can be replaced by a more general distance function p(§). In
Chapter 4, we will consider quasiradial multipliers where, as in the case of the generalized
Bochner-Riesz multipliers, p is the Minkowski functional of a convex domain in R2. In
view of the discussion in the previous paragraph, this will involve an analysis of the
generalized half-wave multipliers ¢*©). By studying the half-wave multipliers, we will
prove a criterion for the Fourier transform of a quasiradial multiplier of the form mop to
be an L' kernel, which implies that 7},,,, bounded on L for 1 < p < co. In the special
case of domains with kg = 1/2, we will further refine this to an endpoint estimate which
will give us a criterion for T}, to be bounded from H* to L'. The results in this chapter
are published in [12].

One may also obtain multiplier theorems for radial multipliers through an alternate
route by proving LP estimates for square functions associated with Bochner-Riesz means.

The Bochner-Riesz square function is defined as

6 o) = [T RAP @>/

0 t

where

A
R(@) = o /Ig y (1—'57') Fle)een de.



To study the maximal Bochner-Riesz operators, Carbery proved in [8] a critical L*(R?)
estimate for the Bochner-Riesz square function in two dimensions. The later work of
Carbery, Gasper, and Trebels in [10] was to show by means of the subordination formula
(1.1) that Carbery’s L*(R?) estimate for the Bochner-Riesz square function implied a
sharp multiplier theorem for radial multipliers in R? in the range 4/3 < p < 4.

By an argument similar to that of [10], we may obtain multiplier theorems for quasir-
adial multipliers in two dimensions by proving an L*(R?) estimate for a generalized
Bochner-Riesz square function, where |£| is replaced with a generalized distance func-
tion p(§), which is what we will do in Chapter 5. However, the class of distance functions
p that we will consider will be more general than those considered in Chapter 4. Namely,
we will consider p such that the level set {¢ : p(¢) = 1} is the boundary of a convex
domain {2 containing the origin and such that p is homogeneous with respect to a non-
isotropic dilation group which is compatible in a certain sense with 2. A nonisotropic
dilation group is a one-parameter family {t* : ¢ > 0} where t* = exp(log(t)A) and A
is a 2 X 2 matrix whose eigenvalues have positive real part. Nonisotropic dilations arise
naturally in many settings in harmonic analysis, and so quasiradial multipliers of the
form m o p where p is homogeneous with respect to a nonisotropic dilation group are
a very natural generalization of radial Fourier multipliers to consider. In Chapter 4,
we interpolate this result with our previous multiplier theorem to obtain a more gen-
eral quasiradial multiplier theorem. The results in this chapter have been posted in the

preprint [14].



Chapter 2

Radial Fourier Multipliers

2.1 Introduction and statement of results

In this chapter we study radial multiplier transformations whose symbol is compactly
supported away from the origin. These are operators T}, defined via the Fourier trans-

form by

~

FILn1(E) = m(E)F(E),

where m : R? — C is a bounded, measurable, radial function supported in a compact
subset of {£:1/2 < [£| < 2}.

In the cases p # 1,2, it is generally believed that is is impossible to give a reasonable
characterization of all multiplier operators which are bounded on LP. However, for
radial Fourier multipliers, a characterization can be obtained for an appropriate range

of p. In [28], Heo, Nazarov, and Seeger prove a strikingly simple characterization of

2d—2

radial multipliers that are bounded on LP(R?) in dimensions d > 4 for 1 <p < % -

Theorem A. If m : RY — C is radial and supported in a compact subset of {£:1/2 <

€| < 2}, the multiplier operator Ty, is bounded on LP(R?) if and only if the kernel K = i

2d—2

is in LP(R?), in the range 1 < p < %=L,

The characterization in [28] was motivated by the earlier work [23] of Garrigds and
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Seeger, where the authors obtained a similar characterization of all convolution operators

with radial kernels acting on the space L? ; of radial L? functions, in the larger range

2d
d+1°

l<p<
Theorem B. If m : R? — C is radial and supported in a compact subset of {£:1/2 <

€| < 2}, the multiplier operator T, is bounded on LP (R?) if and only if the kernel

rad

K =m is in LP(RY), in the range 1 < p < ﬁdl.

This range 1 < p < % is the optimal range for their result to hold, since for
p = 2d/(d 4+ 1) one may construct radial kernels in LP that have Fourier transforms
which are supported compactly away from the origin but which are also unbounded. By
the same reasoning, the range 1 < p < j—fl is also the largest possible range in which
one could hope for the characterization from Theorem A to hold.

The argument of [28] did not yield any results about radial Fourier multipliers in R?.
In this chapter, we will improve a key lemma of [28] in three dimensions to very nearly

obtain a characterization of compactly supported radial Fourier multipliers m bounded

on LP(R?), in the range 1 < p < 2.
Theorem 2.1.1. Let m be a radial Fourier multiplier in R3 supported in {1/2 < |£] < 2}
and let K = F~'[m]. Then for 1 < p < 13/12, if K € LP(R?), then the multiplier
operator T, is restricted strong type (p,p), and moreover

[ f||LP(R3) Sp ||K||LP(]R3) ||f||LP71(R3) :
Remark 2.1.2. Our proof will also show that |K * f|;, Sp [[K|lpen | fll 10, and we

expect that || K||;,. could be improved to ||K||,,.

Our proof of Theorem 2.1.1 refines the arguments of [28] while simultaneously incor-

porating new geometric input. A key divergence of the proof of 2.1.1 from the arguments
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of [28] is the exploitation of the underlying “tensor product structure” inherent in the
problem, a notion which will become clearer later. This, combined with a geometric
argument involving sizes of multiple intersections of three-dimensional annuli, allows
one to take advantage of improved scalar product estimates which were noted but not
used in [28]. However, since we exploit the tensor product structure of the problem, we
are currently not able to deduce any local smoothing results for the wave equation as

corollaries, as was able to be done in [28].

2.2 Preliminaries and reductions

In this section we will collect some necessary preliminary results and reductions. Versions
of these results can be found in [28], but we reproduce them here for completeness. In
general, this section of the chapter will very closely follow [28], and for convenience we

choose to adopt similar notation.

Discretization and density decomposition of sets

The first step will be to discretize our problem, and in preparation for this we will first
need to introduce some notation. Let ) be a 1-separated set of points in R? and let R
be a 1-separated set of radii > 1. Let £ C Y X R be a finite set that is also a product,
ie. £ =E&y x Eg where & C Y and Eg C R. (The assumption that £ is a product was
not used in [28], but will be crucial for our argument.)

Let

weld ={2"v=0,1,2,...}
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be a collection of dyadic indices. For each k, let By denote the collection of all 4-
dimensional balls of radius < 2*. For a ball B, let rad(B) denote the radius of B.

Following [28], define:

Ry = RN [2F 2M1),

gk :zé’ﬂ()) XRk),

~

Ex(u) == {(y,r) € & : IB € By, such that #(& N B) > urad(B)},

Ex(u) = E(u) \ | & ).

u' eU
u' >u

We will refer to u as the density of the set £ (u). Note that we have the decomposition

&= &r(u).

ueld

Let o, denote the surface measure on rS?, the 2-sphere centered at the origin of radius
r. Now fix a smooth, radial function 1)y which is supported in the ball centered at the
origin of radius 1/10 such that % vanishes to order 40 at the origin. Let @ = g * ¢)y.

For y € Y and r € R, define

Fyr =0, %9 —y).

For a given function ¢ : Y x R — C, further define

Gu,k = Z c(y, T)Fy,ra

(y,r) €€, (u)

Gu = Z Gu,kza

k=0

Gk = Z Gu,k-

ueU
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An interpolation lemma
As a preliminary tool, we will need the following dyadic interpolation lemma.

Lemma 2.2.1. Let 0 < pg < p1 < 00. Let {F}};ez be a sequence of measurable functions
on a measure space {Q, pu}, and let {s;} be a sequence of nonnegative numbers. Assume

that for all j, the inequality
|| < 2 aes, (2.1

holds for v =0 and v = 1. Then for all p € (po,p1), there is a constant C' = C(po, p1,p)

such that

S F
J

J

p
< CPMPY 2P, (2.2)
p

The discretized L” inequality

Our goal is to prove the following proposition, which we will see implies our main result

for compactly supported multipliers.

Proposition 2.2.2. Let £ and & be as above (recall that € has product structure). Let

c: & — C be a function satisfying |c(y, )| < 1 for all (y,r) € E. Then for1 < p < 13/12,

p

Z C(ya T)Fy,r Sp Z 22k#€k-
(y,r)EE » k
Using the dyadic interpolation lemma (Lemma 2.2.1), we obtain the following corol-

lary.

Corollary 2.2.3. Let E be any measurable set of finite measure, and x g its character-

istic function. Suppose that f is a measurable function satisfying |f| < xg. Then for
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1 < p<13/12, we have

1/p
3 w<r>xE<y>rpr2) . (2.3

y,r)EVYXR

S AiWE,| < (
(

(y,r)€EYXR

’/R3/ Fyrdrdy (/Rs/ y)[r drdy)l/p. (2.4)

Proof that Proposition 2.2.2 implies Corollary 2.2.3. For j € 7, define the level sets

p

Also

E={ly,r) e YxR: 271 < y(r)xe(y)| < 27}

Notice that £7 has product structure, so Proposition 2.2.2 implies that for 1 < p < 13/12,

p

AW F.| S22 Y

(y,'r)egj P (yzr)e'gj

Now apply Lemma 2.2.1 with Fjj =37, co; v(r) f(y)Fyry M =1, and s; =37 e 7?
to obtain (2.3).
Now we prove (2.4). Let y =z +w for z € Z  and w € Qo :=[0,1)> and r = n + 7

for n € N and 0 < 7 < 1. By Minkowski’s inequality and (2.3),

R3
//C;ox[o 1)
p

/ /Q[ ) ( Z ’h<n+T>XE<z+w>|P<n+T>2)1/p dw dr

2€73 n=1
1/p
(/ / |”7’ drdy) ,
]Rd

where in the last step we have used Holder’s inequality. O

dwdt

Z Z hin+7)f(z + W) Fotwnir

2€73 n=1
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Support size estimates vs. L? inequalities

As in [28], we will show that the functions G, either have relatively small support size
or satisfy relatively good L? bounds. We begin with a support size bound from [28] that

improves as the density u increases.
Lemma C. For all u € U, the Lebesque measure of the support of G is S u 12248,

We will prove the following L? inequality which is in some sense an improved version
of Lemma 3.6 from [28], although the hypotheses are different since it is crucial that we
assume that the underlying set £ has product structure. This inequality improves as

the density u decreases. In [28], the analogous L? inequality proved is

IGully S um log(2 +u) Y 250V, (2.5)
k

and when d = 3 the term ua-1 is equal to u. One may check that combining (2.5) with
Lemma C as in the proof of Lemma 2.2.5 below yields no result in three dimensions.

We use geometric methods to improve on (2.5) in three dimensions.

Lemma 2.2.4. Let £, &, and G, be as above (recall that £ has product structure).

Assume |c(y,r)| < 1 for (y,r) € ¥ x R. Then for every e > 0,
IG5 Seutit > 2%,
k
Combining Lemma C and Lemma 2.2.4, we obtain the following L” bound.
Lemma 2.2.5. For p < 2, for every e > 0,

||Gu||p S€ u—(l/p—lZ/l?;—s)(Z 22k#5k)1/p.
k



16

Proof of Lemma 2.2.5 given Lemma C and Lemma 2.2.4. By Holder’s inequality,

IGull, < (meas(supp(Gi))) /P~ | Gull,

56 u—l/p+1/2u11/26+6(z 22k#gk)1/p
k
<, u12/13—1/p+6(z 22/6#5]6)1/}7.
k

]

Summing over u € U, we obtain Proposition 2.2.2. Thus to prove Proposition 2.2.2

it suffices to prove Lemma 2.2.4.

Compactly supported multipliers

Following [28], we now show how one may deduce Theorem 2.1.1 from Corollary 2.2.3.
Suppose that m : R® — C is a bounded, measurable, radial function with compact
support inside {£ : 1/2 < |¢| < 2}. Then K = F ![m] is radial, and so we may
write K(-) = k(| - |) for some x : R — C. Fix a radial Schwartz function 7, such
that 79(¢) = 1 on supp(m) and such that ny has Fourier support in {1/4 < [{| < 4}.
Set n = FH(4) o). We have K % f = nx ¢« K = f. Let Ko = KX{a:|z)<1y and
write K = Ko + K. Since |[Koll;, < [[K]],, it suffices to show that the operator
f = mxapx Ko * f is restricted strong type (p, p) with operator norm 3, || K[|,. Let E

be a measurable set of finite measure, and suppose that |f| < xg. We may write

vikaxf= [ ool -y ) dydr
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By Corollary 2.2.3, we have

|7 % Y * Koo  fl],
1/p 1/p
< Ir Ko £l S, ( [ dr) ( / |><E<y>|f°dy) ,

which implies the result of Theorem 2.1.1.

2.3 Proof of the L? inequality

We have shown in the Section 2.2 that to prove our main result Theorem 2.1.1 it remains
to prove Lemma 2.2.4, and this section is dedicated to the proof of that lemma. The proof
will rely on a geometric lemma about sizes of multiple intersections of three-dimensional

annuli, which is stated and proved in Section 2.4.

Estimates for scalar products

In order to obtain the desired L? estimate, we need to examine pairwise interactions

—

of the form (F,,, F,y,/). By applying Plancherel’s Theorem and writing F),, and fyl\w

y,r
as expressions involving Bessel functions, the authors of [28] obtained the following

estimates for | (£, Fyy ) |-

Lemma 2.3.1. For any choice of r,7’ > 1 and y,y € R3

(rr')
| (Fys Fya) | < .
Y Y H (1+\y—y’]+|r—r’|)

The proof of this lemma used only the decay and not the oscillation of the Bessel

functions. The authors of [28] noted that by also exploiting the oscillation of the Bessel
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functions one may obtain the following improved bounds, which are crucial for our

purposes. The following lemma was noted but not used in [28].

Lemma 2.3.2. For any choice of r,7" > 1 and y,y € R? and any N > 0,

[{(Fyrs Fyo) | SONG) (U Jy = o[+ e =) Y (U fr e/ £y = /|7,
+,+

Another preliminary reduction

Recall that our goal is to estimate the L? norm of G, = > ks0 Guk- Let N(u) be a
sufficiently large number to be chosen later (it will be some harmless constant depending
on u that is essentially O(log(24u))). As in [28], we split the sum in k as 35,y ) Gup+

Y s N(u) G, and apply Cauchy-Schwarz to obtain

We may thus separately estimate ), HGukH; and > s vy | {Gugrs Gug) |, which di-

2
S G 5N<u>[2|reu,kui+ S [(Guir G| (2.6)
k 2 k

ke>k'> N (u)

vides the proof of the L? estimate into two cases, the first being the case of “comparable

radii” and the second being the case of “incomparable radii.”

Comparable radii

We will first estimate 3, || G.x||5. Our goal will be to prove the following lemma.

Lemma 2.3.3. For every e > 0,

1Guklly Se 2% (#EJuM 13t (2.7)
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Fix k and u. As in [28], we first observe that for (y,r), (v/,r") € &k(u), we have
(F,,, Fy ) =0 unless |(y,r) — (v/,r")] < 2F. To estimate ||Guk,||§ for a fixed k, we
would thus like to bound

> [ (Eyrs Eyrrr) |

(yv,r)v(ylvrl)egk (u)

forall0 <m < k+ 4.
Now fix m < k+ 4. Let Q,km be a collection of almost disjoint cubes @) C R*
of sidelength 2™"° such that &,(u) C UQEQ” .. @ and so that every @) has nonempty

intersection with & (u). Let Q* denote the 2°-dilate of @ and Q the corresponding

*
u,k,m

collection of dilated cubes. Observe that

Gults X (X HAeE+ X IR

o<m<k+4 (y,r), (¥ ") EE (u) (y,r)EEK(u)
2 <|(y,r)— (' ) [<2m

s (X (% Eena)+ X IRdE) e

OSmsk+4 2 QEQukm ~ (y,m),(y' ) E(E (u)NQ™) (y,r)EEK(u)
2 <y )= (' ) l<2m

Now we introduce some terminology that will be useful. For a subset S C Y x R,

define its Y- and R-projections by
Sy={yecy:3y,r)eS}
and
Sp={reR:3(y,r) €S}

Also define the product-extension S of S C Y x R to be the set Sy x Sg. We also

define some parameters associated with a fixed Q) € Q, 1. Let Ng o be the cardinality
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of the R-projection of & N Q*, i.e.

Nro =#((&ENQ )r) =#{r: Ay, r) € ENQ"}.

Similarly define

Nyqg =#((&ENQ")y) =#{y: Iy, 7) €& NQ}.

We also note the following important observation which we will use repeatedly. Using
the definition of the sets & (u) and the fact that & has product structure, one may see

that if Q) € Qy k.m is such that (& (u) N Q*) is nonempty, then
‘NY,Q . NR’Q| S |£k N Q*| 5 u2™. (29)
Now with (2.8) in mind, we will prove the following lemma.

Lemma 2.3.4. For each Q) € Qy m, we have the estimates

> | (Fyors By} |
(v,r), (') E(ER (W)NQ™)
2m<‘(y77,,)_(y/7r/)‘<2m+l

< Nro(#(E N Q)22 (mlog(u)) max(u®/62°™/¢ 4u2™/2)  (2.10)
and

| <Fy7rv Fy’7r’> | 5 22(k_m/2)(#(5k N Q*»UQm(NR,Q)_l- (2-11)

(y,r),(y' ") E(Ex (u)NQ™)

2 < (y,r)— (' )| <2m
We will then choose the better estimate from Lemma 2.3.4 depending on Ng ¢ and
sum over all @ € Q, rm and then over all m > u® where a is a number to be chosen

later. We will then use other methods to deal with the case m < u“, from which we will

then obtain Lemma 2.3.3.
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Proof of Lemma 2.3.4. We will first prove (2.10). By incurring a factor of N3, to

estimate (y,r),(y ") E(ER (W)NQ™) | (Fy.r, Fyy ) | it suffices to estimate for a fixed pair rq,ro
2m<|(y,r) = (' )| <2m

[ (Eyrs By o) |,

(y,r1), (¥ r2) €(Ek (W)X NQ*)
2 < (y,r1)— (Y r2) [ <2

*

i.e. torestrict (y,r) and (¥/,7’) to lie in fixed rows of the product-extension of & (u)NQ*.
(Our estimates will not depend on the particular choice of 71 and rs.)

Now, referring to the estimate in Lemma 2.3.2, we see that for a fixed y,ry,rs we
have that | (£}, Fy ) | decays rapidly as ¢y’ moves away from the set {y/ : |y — ¢/| =
|r1 — ro| or |y — y'| = r1 + o}, which is contained in a union of two annuli of thickness
2 and radii |r; — ro| and 7y + 7o centered at y.

Let s > 0, fix t < 2™ and define K;(Q,s,t) to be the number of points y €
(Ek(u) N Q*)y such that there are > 2° many points 3’ € (£, N Q*)y such that ¢ lies in

the annulus of inner radius ¢ and thickness 3 centered at y. That is, define

Ki(Q, s,t) :== #{y € (E(u) N Q")y : there exists at least 2° many points

Y € (£ N Q")y such that ||y’ — y| — (t + 1.5)] < 1.5}.

In view of the observation in the previous paragraph, for a given s and a fixed number
t < 2™H10 we would like to prove a bound on K;(Q, s,t). Our bound will depend on
s and m but be independent of the choice of t+ < 2™*19. For this reason, we define the

quantity

K (Q,s) = max Ki(Q,s,t),

0<t<2m+10

and we will see that K} (Q,s) satisfies the same bound we prove for Ki(Q,s,t). Our

bound for Kj(Q,s,t) will decay as 2° gets larger and closer to Ny,; in other words,
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“most” of the points y in (Ex(u) N Q*)y cannot have a large proportion of other points
in (& NQ*)y lie in the annulus of inner radius ¢ and thickness 3 centered at y. If we
take t = |ry — ra| or t = ry + ry, we see that this implies that “most” of the F,, with
(y,7) € (E(u) NQ*)y x {r1} do not “interact badly” (where by badly we mean to the
worst possible extent allowed by Lemma 2.3.2, i.e. tangencies of annuli) with most of
the other F, ,» where (y',7") € (& N Q*)y x {r2}. This will allow us to obtain (2.10),
which is a good estimate in the case that Ny g is small.

More precisely, we will prove
K (Q, s) S max[u2™ Ny/g27%, u2™? Ny,g27°). (2.12)
Combining this with the trivial bound K} (Q, s) < Ny yields
K;(Q, s) < max[min(u2™ Ny/327%, Ny,g), min(u2™/?Ny, 2%, Ny0)]. (2.13)

Note that (2.12) gives decay in the number of points K} (@, s) (i.e. K;(Q,s) < Nyg) if

we have that
1. N35/7/(32*25u2m < Nyg, ie. if 28 > N;{5u1/22m/2, and also

2. Ny g2 *u2™? < Ny g, i.e. if 2° > u2m/2.
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Using Lemma 2.3.2, we may bound

> [ (Eyrs By ) |

(v,r), (¥, ) €(E (W)NQ™)

2m<(y,r) = (' )| <2m !

D SN G IRy 1)

r1,m2€(E (WNQ*) R y,y €(EL(W)NQ*)y
2™ |(y,r1)— (¥ r2)|[<2m !

<poma Y ( 3 <y€( > > 2aN))

r1,r2€(E(WNQ*) R 0<a<m+10 Er(W)NQ")y Y E(E (u)NQ )y :
ming + (14+|r1£rot|y—y'||)~=2*

speen S (% (X ko))

r1,r2€(E (W)NQ* ) R 0<a<m+10 520:25<2Ny g

SeERANG L Ny KR(Q,9)2. (2.14)

520:25<2Ny

Assuming (2.13) holds, we have

> | (Fyors By ) |
(v,r), (¥, ") E(E (W)NQ™)
2m<‘(y77,,)_(y/7r/)‘<2m+l

S N2 37 maxfmin(u2"NYG20, Ny o2?),

520:25SNy g
min(uQm/QNy,Q, NY,QQS)]

< Nj 22 m/? maX{ 2. min(u2" Ny/p2 ™, Nyg2);

520:25SNy. g

> min(u2m/2Ny7Q,Ny7Q25)} (2.15)

S}O:QSSJNny
Now, note that u2mN3{52*3 > Ny2° if and only if 2° < u1/22m/2N}1,7/5. Thus choosing
the better estimate in the term min(UQmN;/gQ_s, Ny 2°) depending on s yields that

Z min(u2le5/,/527s, Ny2") S “1/22m/2N{4’,/5'

520:2°<Ny, o
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Note that u2™2Ny g > Nyg2® if and only if 2° < u2™/2. Thus choosing the better
estimate in the term min(u2™/2Ny. g, Ny 2°) depending on s yields that

Z min(u2m/2Ny,Q, NY,Q2S) SJ IOg(NKQ)NKQ U2m/2

520:25<Ny,

It follows that the left hand side of (2.15) is bounded by

NIQ%,QQ%k_m/z)NKQ log(Ny) max(N;(5u1/22m/2, u2™?)
< Né’QQQ(k_m/Q)NYVQ (mlog(u)) max(u®/02°™/6 y2m/2)

S Neo(#(E:N Q*))22(k_m/2) (mlog(u)) max(u5/625m/6, u2m/2), (2.16)

which proves (2.10). This will be a good estimate when Ng ¢ is small.

Thus to prove (2.10) it remains to prove (2.12). We will in fact prove (2.12) with
K;(Q, s) replaced by Ki(Q,s,t), uniformly in ¢ < 210 Fix ¢t < 2™7% and let j =
[log,(t)] and cover (Ex(u) N Q*)y by < 23(m=1) many 3-dimensional almost disjoint
balls of radius 2/75; denote this collection of balls as B = {B;}. For each i, we define a
collection of “special” points A ;(Q, s,t) to be the set of all points y € (E(u)NQ*)y NB;
such that there are > 2° many points ¢y’ € (£, N Q*)y such that y' lies in the annulus of

radius ¢ and thickness 3 centered at y. That is, we define

Aki(Q,s,t) == {y € (E(u) NQ")y N B; : there exist at least 2° many points

y' € (£, NQ")y such that ||y —y| — (¢t + 1.5)] < 1.5}.

Let Kj:(Q, s, t) denote the cardinality of Ay ;(Q,s,t). Now cover each B; with < 23(—D)
many almost disjoint 3-dimensional balls B;; of radius 2' for some I < j. Each such
ball contains at most u2' many points of A ;(Q, s,t), so for a fixed i there must be at

least > Kj;(Q, s, t)(u2') ™! many balls B; ; that contain at least one point in Ay, ;(Q, s,t).
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Thus there must be at least > K;;(Q, s,t)(u2')~! many such points in B; N A ;(Q, s, 1)
spaced apart by > 2'; call this set Dy ;(Q,s,t). But by Lemma 2.4.1, which we prove
later in Section 2.4 of the chapter, the size of three-fold intersections of annuli of radius
t ~ 27 and thickness 3 spaced apart by ~ 2! with centers lying a ball of radius 2/7° is
bounded above by 23070 provided that [ > j/2 + 20.

It follows that if I > j/2 + 20, then for each of these ~ K} ;(Q,s,t)(u2!)~! many

points p € Dy ;(Q, s,t), there can be at most
< Kia(Q, 5,1)% (u2') 7223070

points lying inside the t-annulus centered at p that are simultaneously contained in at
least two other different ¢-annuli centered at points in Dy ;(Q, s,t). This implies that if

Ny, g denotes the cardinality of (& N Q*)y N B; where B = 10B;, then we have
NY,QJ 2/ Kk,i(Q7 S, t) (U2Z)_1287 (217)

which is essentially 2° times the number of points in Dy ;(Q, s, t), provided that 2° is
much bigger than the total number of points lying inside a t-annulus centered at p that
are simultaneously contained in at least two other different t-annuli centered at points

in Dy;(Q, s, t), i.e. provided that
Kpi(Q,s,t)2(u2))722°07D « 2 (2.18)
and
[ >7/2+ 20.
Solving for 2! in (2.18) yields

2> K(Q, s,)%/5230/5y72/5975/5, (2.19)
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Thus choosing a minimal [ such that
2! > max(Ky,;(Q, s,t)%/°2%/5q=2/5973/5 91/2)
for a sufficiently large implied constant and substituting into (2.17) yields
Kpi(Q, 5,1) < max[u2™Ny/g 272, u2™? Ny, g,27°], (2.20)
and summing over all ¢ and using the almost-disjointness of the B} gives
K(Q, 5,t) < max[u2™Ny/g27% u2™/? Ny, 527°]. (2.21)
Taking the maximum over all 0 < ¢ < 219 proves (2.12) and hence also (2.10).

It remains to prove (2.11), which will be a good estimate in the case that Ngg is
large. For a fixed (y,r) € Q* and a fixed v’ € (Ex(u) N Q%)y, there are at most two
values of 7’ away from which (F),,, Fs ) decays rapidly. Thus using Lemma 2.3.2 we
may estimate

> | (Fyors Fyr ) |

(v,r), (¥, ") €(E (W)NQ™)

2m < (y) — (") |<2m

<505 (B s )

Osasm+10 2 (y,r)e(Ex(wNQ*) * y'€(Er(u)NQ*)y r'e(&(wW)NQ™)r
27 < (y,r) = (¢! ) |<2m
miny + (1+|rtr'£|ly—y'||)~2°

5 22(k_m/2)(#(8k(lb) N Q*))NYQ < 92(k— m/2)(#(5k(u) N Q*))uzm(NQ,R)_l, (2.22)

and the proof of (2.11) is complete. O
We will now use Lemma 2.3.4 to prove Lemma 2.3.3.

Proof of Lemma 2.3.3. Fix an a > 0 to be determined later. As in [28], we split G, =

> i G'ukp, Where for each positive integer p we set

D= 28 + (= Du”, 2 + pu),
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Erpu(u) = Ex(u) N (Y X Tk ),

Gu,k,,u = Z C(y7 T)Fyﬂ"’

(y’r)egk,,u(u)

and
Gu,k,,u,r = Z C(y, T>Fy,r-
y: (y,7) E€EK ()
We have
2
2 2
1Guklly S D Gurnl| D NGurls+ D (G Guks) | (2.23)
Iz 2 I H'>p+10

By Cauchy-Schwarz,

IGusulls Su® D> NGuprls-

T‘EI}C’NQR

Write

Gurar = [ 3 el ) o, ).

yar)egk,,u(u)

By the Fourier decay of o, and the order of vanishing of ¢y at the origin, we have

Since the square of the L? norm of 3~ (7)€ () c(y, M- —y)isSH#HyeY: (y,r) €

a1y S .
oo

Ekpu(u)}, we have

S NGuruly Su> " > NGukprlly S w2 HE (2.24)
17

" TEI}C’“QR
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By (2.23), it remains to estimate >\ 10 | (Gugps Gupp) |-
Fix € > 0. We will use (2.10) when Ny o < 2™ min(u!/*2+%/12 42/} and (2.11) when

Nprg = 2™ min(u!/12+/12 49/%) We write

> | (Eyrs By o) |
(y}r),(y’,’r’)egk (u)
|(y77n) - (y/77,,/)|>ua

<> (T 3 [ (Fys )

m:2m >yl (y,r),(y',;r")EEL (w) QEQu k,m
|(y’7.)7(y/77,/) ‘sz NR,Q<2m€ min(u1/12+a/12,u1/4)

+ 3 (F ) ).

QEQu,k,m
NR,Q>2mE min(ul/12+a/12’u1/4)

One sees that
Z | (Fyrs Fy o) | ST+ 1T, (2.25)
(y,m),(y' ;") EEK (u)
[(y,r)— (¥ ;") | >u®
where using (2.10) when Nggo < 2™ min(u!/1*t%/12 4%/*) and summing over all Q €

Qukm and over all m such that 2™ > u® we have

[ = 22F(#&,) log(u)

% Z uemax{2m/6+emin<u11/12+a/12’u5/6+a/4)7

m:2Mm>u®

9—m/2+e min(u13/12+“/12 u1+a/4)}
< 22k(#5k)ue max {ua/ﬁ min(u11/12+a/12’ u5/6+a/4)’

u—a/Q min(u13/12+a/127u1+a/4)}, <226)

and using (2.11) when Np¢o > 2™ min(u/1?7%/12 4%/*) and summing over all @ and
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over all m such that 2™ > u* we have

I = 22k(#8k)ue Z g—me maX(ull/IQ—aﬂZ’ ul—a/4)

m:2Mm>u®

56 22k(#gk)ue maX(ull/mfa/lQ’ ulfa/4)_ (2'27)

Combining (2.23), (2.24) and (2.25), we thus have the estimate

HGchHZ 56 22k(#5k) |:ua + u€ max {u—a/fi min(u11/12+a/12’ u5/6+a/4)’

w92 min(13/12+a/12 u1+a/4)} o max(ul/12-0/12 y1-a/y |
Choose a = 11/13 to obtain
||Gu,kH§ ,Se 22k(#5k)u11/13+e

for every e > 0, which is (2.7). O

Incomparable radii

We now want to estimate >y n) | (Gupr, Gug) |- Our estimate will be much better

than in the comparable radii case. In view of (2.6), we will in fact prove the following.

Lemma 2.3.5. Let ¢ > 0. For the choice N(u) = 100e!log,(2 + u), we have
S {Guw, Gur) | S 2% 46k (2.28)
k>k'>N (u) k
Fix v and k. Similar to the case of comparable radii, the first step is to cover E(u) by
a collection Q,, ;. of almost-disjoint cubes @ of sidelength 2*75. By the almost-disjointness
of the cubes, is enough to estimate | (G, Gy k) | when we restrict our points in & (u)

and & (u) to points in a fixed @Q* and get an estimate in terms of # (&, NQ*), after which
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we may sum in ) € Q, . So fix such a cube ), and let N ¢ denote the cardinality of
(&N Q*)r and for a fixed k', let Ng g denote the cardinality of (& NQ*)g. Similarly,
let Ny g denote the cardinality of (£ N Q*)y and for a fixed ', let Ny g denote the
cardinality of (& N Q*)y. Next, we prove a lemma that plays a role similar to Lemma

2.3.4 in the comparable radii case.

Lemma 2.3.6. For each Q) € Q, , we have the estimates

> Yo P F) | S RP#HEN Q) u(Nrgw) ™! (2.29)

(Y,R)e&, (u)NQ* (y,r) €€, (u)NQ*

and
> > {FrFy)l
(Y,R)€EL (w)NQ* (y,7)€E (u)NQ*

< Nrow (#(E N Q*))2% (klog(u)) max(u/625%/6 42%/2) (2.30)

Proof of Lemma 2.3.6. We will first prove (2.29), which will be a good estimate in the
case that Ng g is large. For each (Y, R) € (&x(u) N Q*) we need only consider y €
(& (u) N Q*)y lying in an annulus of width 2¥*5 built upon the sphere of radius R
centered at Y in R3. Cover the intersection of this annulus with (& (u) N Q*)y by a
collection C of < R?27%¥" 3-dimensional cubes C' of sidelength 2¥*3 in R? such that each
C N (Ew(u) N Q*)y is nonempty. For each C' € C, let C' denote the 4-dimensional cube
C =C x[2F —2V+2 9K 4 9¥+2] and let C denote the corresponding collection of cubes
C. Now note that CN(Ew (1) NQ*)y nonempty implies that (CNEYNQ* )z = (ExNQ*) g,

and also that #(C’ N &Ey) < u2¥, and hence by the product structure of CNé&EwNQ*,

H#(CNENQ)yY) SHOCNENFHCNENQR)R) T Su2¥ (Npow)™t.  (2.31)
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Next, note that for a fixed Y € (& N Q*)y, a fixed R € (& N Q*)g, and a fixed

y € (Ew NQ*)y, Lemma 2.3.2 gives rapid decay for | (Fy g, F,,)| as r moves away from
two possible values of 7/, that is, when r moves far away from " = R — |Y — y| and
= |Y — y| — R. For these values of ' we have | (Fy.g, F, /)| < 2¥. Using (2.31) and

our bound on the size of the collection C, we thus have

> S [(Fer Fy)l

(Y,R)€EL (w)NQ* (y,r) €€ (u)NQ*

< Y (Z( X imena))

(Y,R)EELNQ* ~CelC ~ (y,r)e€nQ*nC
(YR egka* ( ( Ska*ﬂC) (aEZ,a>0
( > )
TE(gk/ﬁQ*)R

max (| —r+[Y =y’ ||| +r—[Y —y[[)~2°

S R#(ENQY) (Nrow) u,

which is (2.29).

Now we prove (2.30), which is the estimate that we will use in the case that Ng g
is small. This estimate is similar to (2.10), and the proof is very similar with only minor
modifications, but we give all the details anyways.

By incurring a factor of Ng g i - Nr,gk, to estimate

> > {Fva Fy)l,
(Y, R)EEL(W)NQ* (y,r)EE (u)NQ*
it suffices to estimate for a fixed pair r; € (& N Q*)r and 15 € (Ep N Q*)r

Z Z |<FY,T17FZ/,T2>|'

(Yir1)e&unQ* (y,r2)€€,NQ*
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Similar to the proof of (2.10), for s > 0, let Ny, = 2° < Ny be a given dyadic
number. Fix ¢ < 2810 and define Ky 1/(@Q, s,t) to be the number of points y € (&.(u) N
Q")y such that there are > Ny, = 2° many points y’ € (& N Q*)y such that y' lies in

the annulus of inner radius ¢ and thickness 3 centered at y. That is, define
K (Q,s,t) == #{y € (E(u) NQ")y : there exists at least 2° many points
v € (Ew NQ%)y such that ||y —y| — (¢t + 1.5)] < 1.5}.

Also define

l:,k’(Q?S) = Inax Kk,k’(@? S,t).

0<t<2k+10

Note that the product structure of £ implies that if both & N Q* and &, N Q* are

nonempty, then their Y-projections are equal, and so (2.13) implies the bound
th/(Q, S, t) S max { IHiIl(UQkN;/S,kQ_%, NY,Q,k); min(u2k/2Ny7Q7k2_s, NY,Q,k) } .

(2.32)

Using Lemma 2.3.2, we may bound

> | (Fyr, Fyr) |

(Y, R)€(Ek(u)NQ™)
(y,r)€(Exr (u)NQ™)

s ¥ (X i)

m€(E(w)NQ*)r ~YE(&L(u)NQ*)y
r2€(E (WNR*) R YE(ENQ™ )y

< Y (¥ (% > )
r €€ (wWNQ*)r N 0<asm+10 MY e(E(u)NQ*)y ye(&yNQ*)y:
r2€(E (W)NQ™)R ming g (1+|r1£ra£|y—y'|[)~=2*

A (Z 2—“N( > K;k,(Q,s)T))

r1€(f(w)NQ*)r 0<as<m+10 520:25<2Ny,q
r2€(Ep (W)NQ* )

< 2"NpoiuNrow Z K;i w0 (Q,5)2°. (2.33)

520:25<2NY,Q,I€
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Applying (2.32), we have

Yo (Fvr Byl

(Y, R)€(&x (u)NQ™)
(y,r)€(Exr (w)NQ™)

S NR7Q’kNR,Q7k/2k Z max { min(quN;/g’kQ_s, NY’QJCQS),

SZO:QSsNyﬂka

min(uszy,Q,k,Ny,Q,kzs)}. (2.34)

Now, note that u2kN35,{52_s > Ny 2° if and only if 2° < u1/22k/2N)1/7/5. Also note that
u2*2 Ny o = Ny x2® if and only if 2° < u2%/2. Thus choosing the better estimate in
the term min(uQmN;/STS, Ny 2°) depending on s and the better estimate in the term

min(u2*2 Ny g 1, Ny,gx2°) vields that the left hand side of (5.20) is bounded by
Nr.oiNrow2" Ny.gu log(Ny,g) max(Ny/5 jul/22/2 w24/2), (2.35)
Using Ny g < u2F, (2.35) is bounded by
NR,QVkNRVQWQkNy’Q,k(k log(u)) max(u5/625k/6, u2k/2)
< Nrow(#(E N Q) 2% (klog(u)) max(u®/62°%/6 4,2k/2),
which completes the proof of (2.30). O

Proof of Lemma 2.3.5. Fix € > 0, and set N(u) = 100e ! logy(2 + u). We apply (2.29)
when Ng o = 28€ and (2.30) when Ng g < 25, and then we sum over N(u) < k' < k
for k fixed to obtain

Z Z Z | <FY7R7 Fy’m’) |

N(u)<k'<k (Y,R)€E,(w)NQ* (y,r)EEL (u)NQ*
k fixed

<. R*#(&: N Q%) max(1, log(u)u® 2%/ log(u)u2=*/*¢). (2.36)



34

Next we sum over Q) € Q, and k > N(u) to obtain

DD > S HFvr Byl

k- QEQui N(u)<k'<k (Y,R)EEL(WNQ* (y.r)EEy (WNQ*

k fixed

Se Y 2MHE. (2.37)
k

We have thus shown that for the choice N(u) = 100e ! log,(2 + u), we have

Yo {Gup Gur) | S Y 2244

k>k'>N(u) k
[
Putting it together
Combining (2.6), (2.7) and (2.28), we have that for every e > 0,
2
IG5 = ‘ D Gug| Seloga(2+u) ) 2% (#E)ul /1T, (2.38)
k 2 k

This completes the proof of Lemma 2.2.4 and hence the proof of Proposition 2.2.2.

2.4 A geometric lemma

In this section we prove the geometric lemma used in the previous section.

Lemma 2.4.1. Fiz integers 5,1 with | < j. Let 271 <t < 2L, Then the size of the
intersection of three annuli in R?® of thickness 4 and inner radius t such that the distance
between the centers of any pair is at least 2' and no greater than 27/10 is < 230=0,

provided that | > j/2 4 10.
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We will use the following basic lemma which gives an estimate on the size of in-

tersections of two-dimensional annuli. This is an immediate corollary of Lemma 3.1

in [57].

Lemma D. Let A; and Ay be two annuli in R? of thickness 1 built upon circles C,
and Cy of radius R, and let d denote the distance between the centers of Cy and Cy. If

d < R/5, then Ay N Ay is contained in the 10-neighborhood of two arcs of Cy of length

Figure 1
The circles Cy,Cy, Cs, and C% in the plane P, from the proof of Lemma 2.4.1. The shaded-in circle is

C1, the thick circle is Co, the dashed circle is C3, and the remaining circle is C3.

Proof of Lemma 2.4.1. Let Ay, Ag, A3 denote the three annuli. Let ¢; o denote the line
through the centers of A; and A,, and let ¢; 3 denote the line through the centers of A;
and As. Let P be any plane containing both ¢, and ¢; 5. Then A; N Ay is the three
dimensional solid formed by rotating the intersection of the two (circular) annuli A; NP
and A; N P about the line ¢; 5. Similarly, A; N Ajs is the three dimensional solid formed

by rotating the intersection of the two (circular) annuli A; N P and A3 N P about the
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line ¢4 3.

Now, by Lemma D, A; N Ay N P is contained in the 10-neighborhood of two arcs
of length < 297! of the circle that A; N P is built upon. Rotating A; N A, N P about
the line /15 to get A; N Ao, this implies that A; N Ay is the union of < 271 many
10-neighborhoods of circles of radius < 27 lying in planes normal to the line ;5. The
same holds for A; N A3 with ¢, 5 replaced by ¢; 3. Suppose first that the angle between
(15 and £y 3 is > 27773 in radians. Then |A; N Ay N A3 is bounded by < 2207 times
the largest possible size of the intersection of two 10-neighborhoods of circular annuli,
where the first lies in a plane normal to ¢; » and the second lies in a plane normal to ¢; 3.
One computes that the largest possible size of such an intersection is < 2777,

It remains to consider the case when the angle between ¢, 5 and ¢, 3 is < 20=3=3 'in
radians. We now define the following coordinates associated to the lines ¢; o and /; 3.
Let x1, %9, 3 denote the centers of A;, Ay, As respectively. For x € R3, we define the

{1 o-coordinate

<$13 — T1,T2 — $1>

(:E)LQ = ’xz o .1'1‘

Similarly define the ¢; 3-coordinate

(r —x1, 23 — 21)

(x)1,3 = ’133 _ .',U1|

By interchanging the order of Ay, Ay, A3, we may assume without loss of generality that
(3)12 = (22)12 = 1. We will show that [ > j/2 + 10 implies that A; N Ay and A; N As
are actually disjoint. Observe that since the angle between ¢ 5 and 43 is < 2l=i=3
we have that (z3 — x2)12 = 271, Now, let x4 be the closest point on the line /5

whose distance from z; is the same as the distance from z; to x3. Clearly, we also have
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(25 —x2)12 = 2171, Let Cj be the circle in P with center at z3 and radius ¢ and let C be
the circle in P with center at 23 and radius ¢. Then if ¢} 5 denotes either of the two points
in C; N C% and y; o either of the two points in C; N Cy, then (25 — x2)12 = 271 implies
that (yi73 —y12)1.2 = 2172 This is because with respect to the ¢; o-coordinate, Y 3 lies at
the midpoint of z; and 2% and y; » lies at the midpoint of z; and z,. Note that C; N Cy
is the rotation within P of C; NC% by an angle of < 2/7773 where the rotation is based at
x1. This implies that if ; 3 is either of the two points in C1 N Cs, then [y 3 —y13] < 21=3,
It follows that (y13 — y12)12 = (Y13 — Y12)12 — Y13 — yua| =277 =272 = 2173,

But by Lemma D, A; N A, is the rotation in R?® of a 10-neighborhood of an arc
of C; of length < 27! that contains Y12 about {5, and so A; N Ay lives in the slab

< 27741 Similarly, A; N As is the rotation in R? of a 10-

{z € R [(z — yi2)12
neighborhood of an arc of C; of length < 277! that contains y1,3 about ¢; 3, and so
Ay N Az lives in the half-infinite slab {z € R® : (2 — y13)12 = —2/7"} and since
[ > j/2+ 10 we have j — [ +4 < [ —10. Since (y13 — y12)12 = 2173, it follows that

A; N Ay and Ay N Az are disjoint.
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Chapter 3

Bochner Riesz Means associated

with Rough Planar Domains

3.1 Introduction

The Bochner-Riesz operators Ry are defined via the Fourier transform by

FIRAIE) = A — DY FE),  A>0,

~

]:[Rof](g) = XBo(l)(f)f(f)y

where xp,(1) denotes the characteristic function of the ball of radius 1 centered at the
origin. In two dimensions the LP” mapping properties of Ry are completely known. As
first shown by Fefferman in [22] and later clarified by Cérdoba in [18], if A > 0 then
Ry is bounded on LP(R?) if and only if A\ > max((|1% — 1] = 1),0). It was also shown
by Fefferman in [21] that Ry is bounded on LP(R?) if and only if p = 2. One may also
consider the following generalization of the two-dimensional Bochner-Riesz operators.
Let 2 C R? be a bounded, open convex set containing the origin, and let p be its

Minkowski functional, defined as

p(&) =inf{t >0:t ¢ €O}
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Define the generalized Bochner-Riesz operators T associated to 2 by

FITAf(€) = 1= pO)) F(E).,  A>0,

-~

FITof1(§) = xa(§)f(8),

where xq denotes the characteristic function of 2. Note that in the special case that
Q is the unit disk, T} is simply R,. We emphasize that no further regularity of 0f is
assumed, and for general convex domains ) the boundary 02 need only be Lipschitz.

For domains with smooth boundary, the LP mapping properties of T were shown by
Sjolin in [50] to be identical to those of R). However, for certain convex domains with
rough boundary the L? mapping properties of Ty may be improved. In [43], Podkorytov
showed that in the case that € is a polyhedron in R¢, Ty is bounded on LP for 1 <
p < oo and for all A > 0. In [48], Seeger and Ziesler proved a sufficient criterion for L”
boundedness of Bochner-Riesz multipliers associated to general convex domains in R2.
Their results depended on a parameter similar to the upper Minkowski dimension of 0f2,
defined by a family of “balls”, or caps, and we give a definition below. This parameter
may be thought of as measuring how “curved” the boundary of €2 is.

For any p € 092, we say that a line ¢ is a supporting line for € at p if ¢ contains p
and € is contained in the half plane containing the origin with boundary ¢. Let 7 (€2, p)
denote the set of supporting lines for 2 at p. Note that if 9Q is C1, then T(Q,p) has
exactly one element, the tangent line to 02 at p. For any p € 99, ¢ € T(£,p), and

0 > 0, define

B(p,£,0) = {xz € 09 : dist(x, ) < d}. (3.1)
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Let
B(S = {B(pa 67 5) pe aQ,f € T(Q7p)}7 (32)

and let N(€2,0) be the minimum number of balls B € B; needed to cover 0f2. Let

, log N(€,6)
ko = limsup ———=.
5—0 logd—*

(3.3)
It is easy to show using Cauchy-Schwarz that for any convex domain €2, 0 < kg < % It
02 is smooth, then ko = 1/2. This can be seen by noting that there is a point where 02

has nonvanishing curvature, and near this point the contribution to N(,6) is ~ §=1/2.

We now state the main result from [48], due to Seeger and Ziesler.

Theorem A ( [48]). Suppose that 1 < p < oo, A > 0 and A > kq(4|1/p —1/2] — 1).

Then Ty is bounded on LP(R?).

Note that as kg gets smaller, the range of p for which T} is bounded improves, so
for rough domains it is possible to do much better than the optimal result for domains
with smooth boundary. The authors of [48] also showed that for each x € (0,1/2) there

is a convex domain {2 with kg = k for which Theorem A is sharp.

Theorem B ( [48]). Let 0 < k < 1/2. Then there exists a convexr domain 0 with
chm boundary satisfying ko = k so that for 1 < p < 4/3 the operator Ty associated

to Q is bounded on LP(R?) if and only if X > rq(4/p — 3).

We will show that for every x € (0,1/2) sufficiently small there exists a convex

domain €2 with ko = k for which Theorem A is not sharp.

Theorem 3.1.1. Let m > 2 be an integer. Let k € (0, ——]. Then there ezists a

? 4m—2

conver domain Q with kg = k so that for 1 < p < 522 Ty is bounded on LP(R?) if

2m—1’
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A > fo(mTH —m —1), and for 4/3 < p < 4, T is bounded on LP(R?) if and only if

A > 0.

Note that the case m = 2 above corresponds to Theorem A, and that if m > 3

Theorem 3.1.1 gives an improvement over Theorem A in the range 1 < p < 272)1@1 (and
of course, in the dual range as well). Theorem 3.1.1 demonstrates that how “curved”
the boundary of a convex planar domain is, as measured by the parameter kg, does not
alone determine the L” mapping properties of the associated Bochner-Riesz operators,
but rather there must be other properties of {2 that play a role. Theorem 3.1.1 also
shows that there exist domains with kg > 0 such that pei < 4/3.

In the proof of Theorem B, a crucial property of the domains constructed was that
their boundaries contained long arithmetic progressions at every scale, in the sense
that for every 6 > 0 the boundary could be covered by essentially disjoint balls in
Bs such that a large sequence of consecutive balls were essentially equally spaced in a
single coordinate direction. We now describe a simplified version of their construction,
removing the requirement that {2 has Cl’% boundary in the statement of Theorem B,
as well as sharpness at the endpoint A\ = /{Q(% — 3). Choose a sequence of consecutive
intervals Iy, I, ... in [0,1] such that I; has length 27%(1/2=%2) " For each k, let E} be a
set of 2#%9 essentially equally spaced points in I, at a distance ~ 27%/2 apart. Now for
each k, let ;. denote the convex polygon with vertices

{(=1,1);(=1,-2); (0, )} U{(z1, 2] =2) s ;€ | B}

1<j<k

Let ©Q be the uniform limit of {0} as k& — oo. Then one may show using similar
arguments to those presented in [48] in the proof of Theorem B that whenever 1 < p <

4/3, Ty is bounded on LP(R?) only if A > /{g(% —3).
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The domains we construct to prove Theorem 3.1.1 will differ from those constructed
in [48] to prove Theorem B in in that they will exhibit “low n-additive energy” at
every scale for some n > 2. To produce such domains will require a particular kind of
“fast-branching” Cantor-type construction. We define the n-additive energy of 02 as

follows.

Definition 3.1.2. Let n > 2 be an integer, and let  be a bounded, conver domain
in R*. Let Bs = {By, Bo, ... . Bn(s)} be a collection of balls in Bs covering 0). Let
Egsn be the smallest integer such that Zg,, = MZ" - My and we may write B as a
unton of My subcollections By ..., Bsm, such that for each 1 < k < My, no point of
R? is contained in more than M, of the sets By, + -+ + B; where B;, € By, for all j.
Let Z5,, = ming, (2w,,,), where the minimum is taken over all collections of balls in Bj

covering 02 with card(Bs) = N(2,d). We define the n-additive energy of 052 to be

As a consequence of a lemma proven in [48], we have &(9€2) = 0 for all convex
domains €. However, general convex domains fail to satisfy &,(9€2) = 0 for some n > 2,
but the domains we construct will have this property.

To discuss a second important property that leads to improved LP bounds for gen-
eralized Bochner-Riesz multipliers, we first need to associate a set of directions to €.
Given = € 09, let 6,, 6. be the slopes of two supporting lines at  with maximum dif-
ference in angle (note there is a unique choice of two lines). We will allow slopes to be
infinite to include the possibility of vertical lines. Note that if we choose x so that 0f2

may be parametrized near = by («,y(«)), then 6, and @/, are simply the left and right
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derivatives of v evaluated at z. Let
©=0(Q)={6,0,: z€ 00} CRU{o0}.
Define a sequence of Nikodym-type maximal operators { Mg s} by

Mesf(z) = sup |—]1%’/Rf(y)dy>

reRERs

where R; denotes the set of all rectangles of eccentricity < d~! with long side having
slope in ©. We will be interested in how ||Me s, ,;, behaves as 6 — 0. It was shown
by Bateman in [2] that if Mg denotes the directional maximal operator corresponding
to ©, then Mg is unbounded on LP for all p such that 1 < p < oo unless © is a union
of finitely many lacunary sets of finite order, and it is easy to show that any domain €2
with ©(£2) a union of finitely many lacunary sets of finite order satisfies kg = 0. Thus

for all domains with kg > 0 we must necessarily have that ||Me | ;, .;, — o0 as d — 0.

Definition 3.1.3. We say that © is p-sparse if

HM@76’|LP—>LP = 0(676)

for every e > 0.

It follows immediately by a theorem of Cérdoba (see [16]) regarding the L? bounds
for the Nikodym maximal function in R? that every © is p-sparse for 2 < p < co. We will
see that if ©(Q2) is p-sparse for some p < 2, then T) satisfies improved L” bounds over
those stated in Theorem A. However, it is unclear whether the domains we construct are
p-sparse for some p < 2; hence construction of domains with kg > 0 that are p-sparse

for some p < 2 remains an interesting open question.
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N= 4
SR

Figure 2

Here we sketch A(p) as a function of % for certain convex domains, where T} is bounded on L? for all
A > A(p). In this diagram, it is assumed that kg < 11—0 The thin solid lines correspond to the domains
constructed in [48] in the proof of Theorem B; these domains exhibit long arithmetic progressions at
every scale. The thick solid lines correspond to the domains that we construct to prove Theorem 3.1.1

using a fast-branching Cantor-type construction; these lines as drawn are only valid if kg = Alvn% for

2

m > 3 an integer. The dashed lines represent lower bounds for general convex domains. That is, for

any convex domain, 7 is unbounded on L? if (%, A) lies below the dashed lines.

We now formulate a general theorem on LP mapping properties of Bochner-Riesz

means in terms of the n-additive energy of 92 and the L?-mapping properties of Mg ;.

Theorem 3.1.4. Let Q be a convex domain in R? containing the origin and let © be its

associated set of directions. Let n > 2 be an integer. Suppose that E,(0Q) = a for some
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integer 0 < a < nkq and that

1Mo ]l < Co7"

L7oT (R2)— [ 7T (R2)

for some 0 < 8 < K/Q(nT_2) and every € > 0. Then for 1 < p < 2n 7, T 1s bounded on

Lp for)\>/<cg( —2n + )+(a/2n+5/2)(@).

Note that if n = 2 we recover Theorem A. One may check that if n > 2, a = 0 and

B = ko(®2) (i.e. J is obtained by interpolating Cérdoba’s estimate || Mg ||,

—L2 —
O(67¢) with the trivial L' estimate | Me||,;1_,;1 = O(67"?)), then Theorem 3.1.4 gives

2n

57 Fix a

improved bounds over those stated in Theorem A in the range 1 < p <

convex domain €2, and define

Perit := inf{p : T\ bounded on L? for all A > 0}.

To achieve pei < 4/3 using Theorem 3.1.4 would require the construction of domains
that simultaneously satisfy both o = 0 and § = 0 for some n > 2.
Finally, in Section 3.5 we will prove the following lower bounds for T for general

convex domains.

Theorem 3.1.5. Let 1 < p < 2. Let Q C R? be a conver domain containing the origin,

and let T\ denote the generalized Bochner-Riesz operator with exponent \ associated to

Q. Then Ty is unbounded on LP(R2) ifA<1—"5— %. In particular, peri = 5—

2—kq”

The proof will involve testing the operator on randomly defined functions, using
Khinchine’s inequality and Plancherel to estimate the L' and L? operator norms, re-
spectively, and then interpolating.

We now give an overview of the layout of this chapter. In Section 3.2 we give useful
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preliminaries about convex domains in R? and state some background results from [48].
In Section 3.3, we construct the convex domains which we will later prove satisfy the
statement of Theorem 3.1.1, and prove some results about the n-additive energy of their
boundaries. In Section 3.4 we prove Theorem 3.1.4, which gives LP bounds for T) as
a consequence of certain conditions on the n-additive energy of 02 and range of ¢ for
which ©(2) is g-sparse. We also prove Theorem 3.1.1 as a consequence of Theorem 3.1.4.
In Section 3.5 we prove Theorem 3.1.5, which gives lower L? bounds on T} for general
convex domains with a given value of kq. In Section 3.6 we discuss some open questions

which follow naturally from the results of this chapter.

Remark 3.1.6. All logarithms in this chapter will be assumed to be base 2, unless

otherwise noted.

3.2 Preliminaries on convex domains in R?

In this section we give some useful background about convex domains in R?. All results
in this section can be found in [48], but we include them here for the sake of completeness.
However, we will omit all proofs in this section, and the reader is encouraged to refer
to [48] for proofs.

Let Q C R? be a bounded, open convex set containing the origin. Assume that Q
contains the ball of radius 4 centered at the origin. Since (2 is bounded, there is an

integer M > 0 such that

{6l <4y cQcQc{¢: |¢ <2M) (3.4)
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The following lemma is straightforward and can be proved using only elementary facts

about convex functions.

Lemma C ( [48]). Suppose that 2 is a convex domain satisfying (3.4). Then 0Q N {x :

—1< 2 <1, 29 <0} can be parametrized by
t— (t,v(t)), —1<t<1, (3.5)

where

1 <A(t) < 2M, —1<t< 1. (3.6)

2. v is a convex function on [—1,1], so that the left and right derivatives v, and vy

exist everywhere in (—1,1) and
—2MTE () <) <2 (3.7)

fort € [-1,1]. The functions v, and v are decreasing functions; vy and vy are

right continuous in [—1,1].

3. Let ¢ be a supporting line through & € 02 and let n be an outward normal vector.

Then
[ (€. n) | = 27¢]. (38)
Decomposition of 0f)
As another preliminary ingredient, we need the decomposition of 92 N{z: —1 < x; <

1, zo < 0} introduced in [48]. This decomposition allows us to write 02 as a disjoint
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union of pieces on which 0f2 is sufficiently “flat”, where the number of pieces in the
decomposition is closely related to the covering numbers N (€2, ). We inductively define

a finite sequence of increasing numbers
2A(8) = {ag,...,aq}
as follows. Let ag = —1, and suppose ao, ..., a;_1 are already defined. If
(t = a;0) (43 (8) — plaj_1)) < 6 for all ¢ € (a;1,1]) (3.9)

and a;_y; < 1 —27M§, then let a; = 1. If (3.9) holds and a;_; > 1 —27M§, then let

a; = aj_1 +27M4. If (3.9) does not hold, define

aj = inf{t € (a1, 1]+ (¢ = ;) (7,(t) = Yilay1)) > 6.

Now note that (3.9) must occur after a finite number of steps, since we have |77 |, [vz] <
2M=1 which implies that |t —s||v} (t) —vk(s)| < 0 if |[t—s| < §27M. Therefore this process
must end at some finite stage 7 = @), and so it gives a sequence ag < a; < -+ < ag SO

that for j =0,...,Q — 1
(a1 — a;) (VL (aj11) — Vr(ay)) <6, (3.10)
and for 0 <7 <@ — 1,
(t = a) (5 (t) = Vla) > 6 > ags. (3.11)
For a given 0 > 0, this gives a decomposition of

oNN{z: —1< 2 <125 <0}
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into pieces

|_| {r €90 : 1 € [an, ans1]}

n=0,1,...,Q—1

The number @ in (3.10) and (3.11) is also denoted by Q(£2, ). Let Ry denote rotation by
6 radians. The following lemma relates the numbers Q(Ry€2, d) to the covering numbers

N(Q,9).

Lemma D ( [48]). There exists a positive constant Cyy so that the following statements

hold.
1. Q(,6) < Cpo~ V2,

3. For any 6,

Q(ReQ, 5) < CarN(Q, ) log(2 + 671,

4. Forv=1,...,22M et §, = Z%. Then

Cot N(2.0) < 3 Q(Ro,2,0) < CarN(2,5) log(2 + 7).

Finally, we state two results from [48] that we will need later in our proof of Theorem
3.1.1. The former is an L' estimate for the kernels of generalized Bochner-Riesz multi-
pliers using a decomposition analogous to the standard decomposition of the (spherical)
Bochner-Riesz multipliers into annuli. The latter is an L' kernel estimate corresponding
to a finer decomposition of the generalized Bochner-Riesz multipliers associated with the
decomposition of 0f) introduced above, as well as a pointwise majorization of a max-
imal function associated with this decomposition by a related Nikodym-type maximal

function.
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Proposition E ( [48]). Let Q be a convex domain containing the origin. Let 3 be a C*

function supported on (—1/2,1/2) so that
1B85()] < 1, k=0,... 4.

Let

maal€) = (%5 (1 - pl€).

Then there is some ¢ > 0 such that for every 6 > 0 sufficiently small,

H}—_l[ma,xﬂ H S 6Mog(67) N (2, 0) (1 f1l 11 ey -

L1(R2)
Proposition F ( [48]). Let Q be a conver domain satisfying (3.4) and let b € C§°
be supported in the sector S = {& : |&] < 271M|&)], & < 0}, Let a — (a,v(a))
be the parametrization of 02 NS as a graph, as in Lemma C. For any subinterval
I of [-1/2,1/2] denote by I* the interval with the same center and with length 5|1|.

For 6 < 1/2 let Js be the set of open subintervals I of [—1,1] with the property that

\I| > 27°M§ and
(t — 8) (VL (t) — Vr(s)) < 2°0 for s <t, s, t,€ I*. (3.12)
Let B be the set of C? functions 8 supported on (—1/2,1/2) so that
1B® ()] < 1, k=0,...,4.
Suppose I = (c; — |11/2,¢cr + |1|/2) € Js. Let

5—1

Mg, ,,1(€) = V&) P (1 = p(©))) BT (&1 = 1) (3.13)



where 31, B € B. Then for any 1, P2 € B and I € Js,

Let

and let

where

Then

| F~Hmp, g,.1l|], S log(67h).

Msf(x) = sup sup ||F " [mp, g,.1]] + f(2)]

B1,826B I€Js

Msf(z) = sup ﬁ /R )l dy,

r€RECs

Cs ={R: R is a rectangle of dimensions 6 X (a;41 — a;)

with longer side of slope vy (a;), where aj, a1 € A(9)}.

M f(x) S log(6~")Ms f(2).

ol

(3.14)

(3.15)

3.3 Construction of () and some algebraic disjoint-

ness lemmas

We will now construct domains which we will show satisfy the statement of Theorem

3.1.1. The idea is to construct a convex domain {2 such that the kernels of the pieces

of the multiplier obtained by decomposing the multiplier as in Proposition F exhibit

a high degree of cancellation with each other. In [48], it was shown that for abitrary

convex domains that the supports of the convolution of pairs of pieces of the multiplier
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were more or less disjoint. This was used to prove the endpoint p = 4/3 estimate using
duality and an L* argument similar to Cérdoba’s treatment of the (spherical) Bochner-
Riesz means in R? (see [18]). Here, we construct a domain so that the supports of the
m-fold convolution of m-tuples of pieces of the mutiplier are more or less disjoint, which
we will use to prove an L*™ estimate in the same vein as in [18] and [48].

Before constructing €2, we will need the following basic lemma.

Lemma 3.3.1. For any integer N > 10 and any integer m > 1, there exists a collection

T of N disjoint subintervals of [—3, 3] each of size % so that
{Lh+ L+ -+ 1L} 1.ez

18 a pairwise disjoint collection.

Proof of Lemma 3.53.1. Let M be an integer strictly less than N. We will show that if

% satisfying the

_11

5 5) each of size

Ty is a collection of M disjoint subintervals of |

algebraic disjointness condition of the lemma, then there is a collection Zy; 1 of M + 1

N—(2m—1
3m

1

3] of size ) satisfying the same condition.

disjoint subintervals of [—%,
Indeed, suppose that such a collection Z), exists. Suppose Iy,..., 1, € Zp. Then

given any collection of m—1 intervals Iy, 41, ... Ioy—1 € Iy, thereis aninterval I(y, . 1, ) C

— 1 11 of width no larger than 2Y~2""" uch that
[ 27 9 g 3

(]1 + 4 ]m) - (Im+1 + -+ IQm—l) C I(Il,-~-7[2m—l)'
Now define
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Then since card((Zy,)*™ ™) = M?™~!, we have |E| < 2. (5)?*""!. Since M < N, we

have |[—3, %]\ E| > 1. Since E is a union of no more than M*™~! disjoint intervals, the
average gap length between consecutive disjoint intervals in E' is at least %M > %N -,

Thus there exists an interval I of length ¥X——

;:'_1) such that I C [—%, %] \ E. Now set

Tryiv1 = Iy U{I}. Then Zy4q is a collection of M + 1 disjoint subintervals of [—%, %]

N—(@m—

each of size 3
m

= satisfying the algebraic disjointness condition of the lemma. By

induction on M, the proof is complete. O

Construction of

We now proceed to construct the convex domain €2 which we will show satisfies the

statement of Theorem 3.1.1 with ko = 4ml_2. It will then be easy to explain how to

modify the construction to produce a domain which satisfies the statement of Theorem

3.1.1 with kg € [0, ).

For each integer k£ > 0, we inductively define a collection Z;, of disjoint subintervals
of [—3,3]. We set Zy = {[—3, 3]}. For each k > 0, we define Zy4; to be a collection of
2F+4 . card(Zy) subintervals of intervals in Z, obtained by applying Lemma 3.3.1 with

N = 2%+ to each interval of Z,. More precisely, if we let Z; be a collection of N disjoint

N—(2m-1
3m

subintervals of [—3, 3] each of size ! given by Lemma 3.3.1 with N = 2%+4 then
for each I € Ty, let ik,l be the rescaling of 7, to I, that is, if the endpoints of I are a
and b with a < b, set Z.; = a + (b — a)Z;. Then set

Toy1 = U L1

I€Ty,
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For each k, define S;, to be the set of endpoints of intervals in Z, and define €23 to be

the convex polygon with vertices at

((z— %,ﬁ —8): w e Si}U{(=8,0): (—8,8): (8,0): (8,8)).

Let © be the convex domain so that 0f2 is the uniform limit of {0€} as k — co. Note

that Q satisfies (3.4) with M = 10.

Lemma 3.3.2. Let Q be constructed as described previously. For every § > 0, there
exist integer constants C1(9), Co(d) with C1(5) = O(6~°) and C2(d) = O(5~°) for every
e > 0 so that if Js denotes the collection of Q(£2, ) essentially disjoint intervals obtained

from the decomposition of [—1,1] as described in Section 3.2, then we can write
C1(9)
Js = U s,
=1
such that for each [, no point of R is contained in more than Cy(0) of the sets

{]1 +eeet Im}h ----- Im€Js,-
In particular, this implies that £,,(0) = 0.

Proof of Lemma 3.3.2. Given § > 0, let K(J) be the largest integer such that each
interval in Zg s has size > §'/2. For each integer k > 0, let Z;. denote the set of
essentially disjoint subintervals corresponding to the decomposition of [—1/2,1/2] given
by the partition Sy of [—1/2,1/2]. Then for every § > 0, each element of J5 intersects
no more than 10 elements of I}(( 5 and each element of I}(( 5) intersects no more than
10 elements of Js5. Moreover, all but at most 10 elements of Js are covered by a union
of elements of I}{( 5)- It thus suffices to prove the lemma with J;5 replaced by Z}(( 5)-

It is easy to compute that K(§) < (log(07!)V2 = O(67°) for every ¢ > 0. We
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organize Zj 5 into K'(5) + 1 disjoint subcollections as follows. Set (Zj¢4))o0 = Zx(5)- Set

(Zi(sy)1 =Z1 \ Z1 and for 1 <k < K(6) — 1 inductively define

(Zr)rt1 = L\ (T U (Zs)k)-

Then

K(5)

I}((a) = |_| (I}((é))k-
k=0

It is also easy to see that for k > 1, every element of (Z. 5 )& is a subset of an element of
Zi—1. In fact, we can think of (I}{( 5)>k for k > 0 as the “gaps” leftover after subdividing
Ty 1.

We now show that for any & > 0, no point of R is contained in more than (m!)* of the

sets {I1 + -+ + L }1,...1,,ez,- We prove this by induction on k. The base case is trivial.

Suppose that this is true for a given k. Fix z € R, and suppose there are intervals
L,..., I, € Zj,y such that x € (I; +---+ I,,). Then there are intervals I,,, 41, ..., o, €
Ty such that Iy C L,11, Is C Lyyo, ..., Iy C Ioy. Let us count how many m-tuples
(I1,...,1),) there are satisfying v € I +---+1, and I{ C Ippy1, I5 C 1)y I C 1o,
After applying an appropriate translation and dilation, this is the same as the number
of ordered m-tuples of intervals whose sum contains a given point, where the intervals
are restricted to a collection that satisfy the properties stated in Lemma 3.3.1 for some
N. But for such a collection the number of ordered m-tuples is simply m!. By the
inductive hypothesis, the number of choices of intervals I, 1, ..., Iom € Iy is < (m!)*,
and therefore the number of choices of intervals Iy, . .., I, is < (m!)*1.

The above argument shows that no point of R is contained in more than (m!)%X©®) of

the sets {[; +--- + [m}h,...,lme(l;( . Moreover, for every 0 < k < K(4) no point of

(80
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R is contained in more than (m!)%X©) of the sets {I; + -+ + Ln}5...1ez,- Fix k > 0,
and also fix x € R. Given [y,...,1,, € Iy with x € ([} + --- + I,,,), there are
at most 28719 choices of intervals I,,,1,...,Iom € (Zi(s))k such that Iy C Iy, 12 C
Imi2, .-, I C Iy, It follows that o is contained in no more than 2K)+10. (N K@) of
the sets {]1 + -+ [m}jl ..... Ine( I;(((;))k'

As noted previously, K(0) < (log(671))"2, so 2K@O+10. (mNK©) = O(§7) for every
¢ > 0. Thus we have proven the lemma with C1(6§) = K(6) + 1 and Cy(8) = 2K@+10..

24K(9) O

Lemma 3.3.3. Let ) be constructed as described previously. Then kg = 4m172.

Proof of Lemma 3.3.3. Let K(§) be defined as in the proof of Lemma 3.3.2. K () is the

greatest integer such that

K(5)

H2 (2m—1)(n+4) (51/2'

It follows that

K(6)+
C&I‘d IK H n+4) > 6—1/(4m—2)’

n=1

and hence
5—1/(4m—2)2—K(6)—4 < Card(IK((;)) < 6—1/(4m—2)‘

As noted previously, 275©) = O(67) for every € > 0, and hence by Lemma C,

RO = 1im sup w = lim sup M
50 log(6—1) s log(0—1)
3 Card(j(;) . Card(IK(5)) 1
= limsup = lim sup

— T = u = .
50 log(6—1) 50 log(o—1) 4m — 2
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Remark 3.3.4. Let k € [0, ﬁ) We now describe how we may modify the construction
of 1 so that it still satisfies the hypotheses of Lemma 3.3.2, but kg = k. Obviously, we
may replace Lemma 3.3.1 with the weaker statement that there exists N¢ (instead of
N) disjoint subintervals satisfying the hypotheses of Lemma 3.5.1 with 0 < ¢ < 1. If
we repeat the same construction of ) described previously except applying this weaker
version of Lemma 3.3.1 instead, we will produce a domain Q with ko = k if we choose

c appropriately. Verification of the details is left to the reader.

3.4 Proof of Theorem 3.1.4

To prove Theorem 3.1.4 in the case that A > 0, it only remains to prove the following

proposition.

Proposition 3.4.1. Let Q be a convexr domain in R? containing the origin and let ©
be its associated set of directions. Let n > 2 be an integer. Suppose that &,(02) =

o < C.O~P=¢ for some

for some integer 0 < a < nkq and that [[Me || = ®2) LT (®2)

0 < B < ko(® 2) and every € > 0. Then if ms is as in the statement of Proposition F,

there is a constant C(0) = O(6~°) for every € > 0 such that

_a_B
|77 tmaa 1|y oy S PCEOTET N2, (3.16)

) (R2)

Interpolating Proposition 3.4.1 with Proposition E gives the result of Theorem 3.1.4

for A > 0.

Proof of Proposition 3.4.1. By duality, to prove (3.16) it suffices to prove

[t

<O |l o (3.17)

~

n(R2)



o8

Using an appropriate partition of unity and rotation invariance, it in fact suffices to

show that if b € C§° is as in the statement of Proposition F, then

_ N _a_ B
|77 msafl|| . S PCE6 5l (3.18)

~Y

L2n(R?)
Let Js denote the collection of Q(£2,6) essentially disjoint intervals obtained from the
decomposition of [—1, 1] as described in Section 3.2. For each I = (ag, 1) € Js, set B(I)
to be a rectangle that has one side parallel to (1,+'(c)), contains supp(b - msx) N {z :
xy € I}, and such that its 1/2-dilate is contained in supp(b- ms ) N{z : z; € I}. Since
E,(09) = a, there are constants C1(d) and Cy(d) such that C1(8)*"Co(8) = O(5*7°)
for every € > 0, and such that we may write Js; = Ulcz(f) Js, so that for each [, no point

of R? is contained in more than C5(d) of the sets
{B(L) + -+ B(In)} e,

Now let Js be defined as in the statement of Proposition F, and let {/3;} be a partition

of unity of [—1, 1] satisfying
1. >, B; is supported in (—%7 %)’

2. Every f3; is of the form B(|I|~!(-—¢;)) for some 3 € B and for some interval I € Js

with center ¢y,
3. Each interval in J; intersects the support of at most (log(d71))? of the f3;’s,

4. If the support of 3; intersects some I € Js then the support of 3; is contained in

101, where the dilation is taken from the center of I.
Set m; (&) = Bi(&1)b(§)msa(§), and define an operator T; by

Tif(z) = 6 F i f](2).
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Set
3 = {i :supp(B;) N (UTs1) # 0},
and for [ =2,...,Cy(6), set
3= {i : supp(B;) N (UTsp-1) = 0 and supp(s;) N (UT5:) # 0}

We write

C1(9)

D Tiflw) =3 3 Tif(@).

=1 €7,

We now proceed with an argument similar to the familiar one from [18]. Using the

triangle inequality, Holder’s inequality and Plancherel, we have

2n C1(9) 2n C1(9) 2n
‘zm (S |sn] ) seermy S
i n =1 |lie7, omn =1 1li€7, mn
C1(6) 2n
< on=l(g / T, f(x)| dx
sy [ | X

2

C1(9)
sary. [
=1 i1yeensin€T;
C1(9)
<Gy /
=1

Now note that no point of R? is contained in more than Cy(d) of the sets

d¢. (3.19)

Tof* Tuf % < T, F(©)

Ulyenny in€J;

{7 e Top e T}

.....

Set C3(8) = C1(8)*" 1 Cy(5)(log(671))3. Tt follows that the right hand side of (3.19) is

bounded by a constant times

U1yeeey in€J;

C1(9) - - -
GOy, [ X T T e T IOR b (3.20)
=1
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and by Plancherel, (3.20) is equal to

C1(9)
GOy [ 3 @ Tfe) T @) da

115y in €Ty
C1(9)

<o) S / S [T f ()T f(@) - T f2) da
=1 B genes in€J;

< C5(9) CXZ(%)/ (ZlTif(:v)IQ)ndx.

1€

(3.21)

Let ¢ : [-2,2] — R be a smooth function identically 1 on [—1,1]. For each i, write

Bi = BUII7'(- — ¢;)) for some f € B and set ¥;(&) = ¢(|I|71 (& — ¢;)). Define a

multiplier operator S; by
Sif = F ' (i),

If K; denotes the convolution kernel of the operator T;, let TZ be the operator with

convolution kernel |K;|. By duality, the right hand side of (3.21) is bounded by

03(5)01_(?( sup /Z!Tif(w)\zw(w)dx)n

1= ||w||n%1<1 i€d;

scgwé)(l s Z\Sif(x)\z(sgp!Tiw(flf)Ddx)n

ol <1d 55
C1(9) 1/2||2 . n
sa® Y |(Tiss@p) | sl . G2
=1 i3, lwll_n <11l @ n
2n n—1 n—1
By (3.14) and the assumption ||M@(Q)’6||L%(Rd)aLﬁ(Rd) = O.(67P), we have
sup |T; f| S CE)O NIl a (3.23)

n—1
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where C'(d) = O(67°) for every ¢ > 0. Moreover, since the supports of the 1; are
< log(d~1)-disjoint, by Rubio de Francia’s theorem on square functions for arbitrary
collections of intervals [45], we have

H (Tlsser) "

1€y

< 1og(07) [1 £l - (3.24)

2n

Set C4(0) = C(8)*"C1(6)C5() log(671)*5=A". By (3.22), (3.23) and (3.24), we have

ZTJ

and since Cy(0) <. C1(8)2"Cy(8)6Pm¢ <. 677Pn=¢ for every e > 0, this proves (3.18)

e 07(Cal@) " 1 £l (3.25)

2n

and thus completes the proof of Proposition 3.4.1. n

It only remains to prove Theorem 3.1.1 in the case that A = 0. This will follow
fairly easily from Bateman’s characterization in [2] of all planar sets of directions which
admit Kakeya sets and Fefferman’s proof in [21] that the ball multiplier is unbounded

on LP(R?) for p # 2.

Proof of Theorem 3.1.1 in the case that A = 0. Let © denote the set of all directions
associated to 2. We claim that if © is a union of finitely many lacunary sets of finite
order, then ko = 0. Indeed, suppose that © is a union of /Ny lacunary sets of order Nj.
Then it is easy to see that there is a subset of ©5 C © of cardinality < N;(log(671))™
such that every element of © is contained in a 6 neighborhood of an element of ©4. It
follows that N(€,d) < Ny(log(61))*2, and hence kg = 0.

We say that © admits Kakeya sets if for each postive integer N there is a collection
Rgv) of rectangles with longest side parallel to a direction in © so that

‘UR‘g%’UR

RerYY RerYY

Y
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where R denotes the rectangle with the same center and width as R but with three times

the length. In [2], the following theorem was proved.

Theorem G (Bateman, [2]). Fiz 1 < p < co. The following are equivalent:
1. Mg is bounded on LP(R?);
2. © does not admit Kakeya sets;
3. there exist N1, Ny < 0o such that © is covered by Ny lacunary sets of order Ns.

It follows from Theorem G that if kg > 0, then © admits Kakeya sets. We will
now show that if kg > 0, then Tj is unbounded on LP for all p # 2. Assume that Tj
is bounded on LP for some p > 2. Let {v;} be a sequence of unit vectors parallel to
directions in ©, and let H; denote the half-plane {z € R* : z-v; > 0}. For each j,

define an operator 7} by

FITfIE) = xn, (§)S(E)-

Then arguing as in [21], there is an absolute constant C' (independent of the choice of

the sequence {v;}) such that

l

Since © admits Kakeya sets, for each v > 0 we may choose a sequence of unit vectors

O 82

YIRS

<C
P

p

{v;} parallel to directions in © such that there is a collection of rectangles {R;} with

the longest side of R; parallel to v; and so that

U
i

URil<v
j
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Let £ :=J; R; and let E' := J; R;. Then arguing as in [22], we have

[ St @Pde 2 S 1EN R 2 B
By j

but by Holder’s inequality

[Ez Tyxr; (@) da S |E|®2/P(Y 7 R|)P < o277 | B,
- .

J

Letting v — 0 gives a contradiction. O]

3.5 Lower bounds using Khinchine’s inequality

In this section, we will prove Theorem 3.1.5, which gives lower bounds on the range
of A for which T) is bounded on LP for general convex domains with a given value
of kg. To prove Theorem 3.1.5, we first show that boundedness of Ty on LP implies
(3.27), where T7 is defined below. We then test 7% on randomly defined functions and
apply Khinchine’s inequality to estimate the L' norm of these functions. After applying
T?, the randomness of these test functions will effectively “disappear” due to the test
functions being essentially constant on a sequence of disjoint caps in Bs. The L? mapping
properties of T? acting on these functions will be easy to quantify using Plancherel. The

last step is simply to interpolate between L' and L2.

Proof of Theorem 3.1.5. Suppose that T is bounded on LP. Let ¢ € C§°(R) be sup-

ported in [—2,2] and identically 1 on [—1,1]. Let
ms(s) = (67" (1 - s))
and let Tf be the operator defined by

FITLF1(6) = ms(p(€)) F(£).
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We will use the well-known subordination formula

(_1)L>\j+1

o) = o /0 T AmO () (1 = L) ds, (3.26)

where

—

mO) (1) = (=) (—ir) (7).
See [56] for a proof of (3.26). Together, (3.26) and the LP-boundedness of Ty imply that

[ <o (3.27)

HLPHLP ~

Let J5 denote the collection of Q(£2,4) < log(2+571)N (£, ) essentially disjoint intervals
obtained from the decomposition of [—1,1] into intervals with endpoints in A(d) =
{ao, - ..,ag} as described in Section 3.2. By rotation invariance, we may assume without
loss of generality that Q(€2,0) 2 N(Q,6). Foreach 0 < j < Q —1, let ¢; = aﬁgﬂ
Now observe that for ¢ sufficiently small there must be = N(£,4) indices j such that
ajy1 —aj < N(Q,6) tlog(6~1). Thus by the pigeonhole principle there is an integer
r = [log(N(€,0)log(67) 71| such that there are > N(,4)(log(6~1))~" indices j such
that 277! < a;j41 — a; < 27", Enumerate these indices as j; < ja < -+ < jor.

Let xo € CP(R) with x > 0, x = 1 on [—1,1] and x supported in [—2,2]. Set
X(61:62) = xo(§1)x0(&2). Then [FlxJ(z)] S (1 + |2)7* and |F[x](z)| > 1/2 for 2 €

Bﬁ(O). Let {¢;} be iid. random variables with P(e; = £1) = £ for every 4. Let

bs(w) = Fl > ex(2(- = (¢, (e5)))] ().

i=0 mod ([log(6—1)])

By Plancherel,

1/2
sl < (N(Q,fs)z”) (3.28)
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and
1/2
T35, 2 (N(Q,é)(log(é‘l))_IZ_T(S) : (3.29)
By Khinchine’s inequality,
) 1/2
Bllvall) ~ @ 5 (log2+07)N(@)) (3.30)

Interpolating (3.28) and (3.30) yields

< = 1/29-r(*52)
lsll, S log(6~1) 5 N(©,8)/2277C5), 1<p<2. (3.31)

uniformly in the realization of the random

We now prove a lower bound for HT/‘\Si/J(;HI

variables {¢;}. Using homogeneous coordinates, i.e. polar coordinates associated to €2,
we write

Ti0s(e) = o 1//¢ (1= o2 (s~ ¢5))

i=0 mod ( Llog

s(ay/ (o) — y(a))e*@etz21() g s,
Now note that for each 7 and for a in the support of xo(2"(sa — ¢;,)) we have

eis(am atz2y(a))

em(<mq+qu»+wm—%xﬁ+@¢@m)+oww>

and
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It follows that

1 T
Tis(e) = o / [ o610 = 9l a - )

i=0 mod ( Llog

X S(Cjﬁ,(cji) - 7(%))eis(ml%+$27(%))Hs(a—%)(331“’27/(01&)) dads

+0@2778) + 0276 ).

Rearranging this, we have

Tf%@:(gip 2 o / s¢<6-1<1—s>>( [l sa-c)

=0 mod (|log(6—
X (le,"}//(Cji) — fy(cji))eisa(x1+zz’yl(cji)) dOé)

x eimeiten(ea) @) da ds + O(2778) + 0(278|).

Set f; = ¢;,7'(cj;) — v(cj,). Note that 5; ~ 1 for all i. We may rewrite this as

Tigs(x) = > a2 Xa(—27 (o + 1 (c)

i=0 mod ([log(6—1)])

X 8- (6(x1c; + ay(cy,)))el @) 4 O2728) + 027762 z)).

It follows that there is a constant C' > 0 (independent of §) such that for each i in the

sum,
T3¢s(2)] = 27771
whenever
|2+ (e v(es))| < OO, - (1,9/(e5))| < €27
It follows that

[ Ths]], 2 @ = log(6~") ' N(Q,6) (3.32)
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for 6 > 0 sufficiently small. Interpolating (3.29) and (3.32) gives that
T3], 2 (log(6~1)PN(Q,8)7(278) 7, 1<p<2 (3.33)
for some 5 € R. Together (3.31) and (3.33) imply that

[ieas (log(6~1)P N (€, 8)36"7 (3.34)

HLP—>LP ~

for some ' € R. By (3.27), it follows that A > 1 — %2 —

SRl

3.6 Concluding remarks

There are many further questions that arise naturally from the results of this chapter; we
now discuss a few of them. As previously mentioned, Theorem 3.1.1 demonstrates that
how “curved” the boundary of a convex planar domain is, as measured by the parameter
kq, does not alone determine the LP mapping properties of the associated Bochner-Riesz
operators, but rather there must be other properties of ) that play a role. We have seen
that domains that satisfy &,(0€2) = 0 for some n > 2 can be shown to satisfy L mapping
properties better than those proved in [48]. It would be very interesting to construct
domains for which &,(02) = 0 for some n > 2 as well as having an associated set of
directions which is g-sparse for ¢ = ~"5; for such domains Theorem 3.1.4 would imply
that periy < 4/3. As a simpler preliminary question, it would be already very interesting
to construct non-lacunary sets of directions that are g-sparse for some ¢ < 2.

Another question one might also is if for any x € (0,1/2) (not just for x suffi-
ciently small) we can construct domains for which p.i < 4/3. At the very least, we

believe that the upper bound on kg in Theorem 3.1.1 could be significantly improved
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with more sophisticated algebraic disjointness constructions than the one used in the
proof of Lemma 3.3.1. In particular, the domains constructed to prove Theorem 3.1.1
only exploited algebraic disjointness in one dimension, and it is quite likely that a two-
dimensional approach will yield much better results. Finally, it would be interesting
if one could determine whether one may prove improved LP bounds for other certain
specific examples of convex domains, such as those with associated directions lying in a

standard Cantor set.
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Chapter 4

Quasiradial Multiplier Thorems

4.1 Introduction

Let © C R? be a bounded, open convex set such that 0 € Q, and let p be its Minkowski

functional, given by
p(§) = inf{t > 0t7'¢ € Q}.

Since  is convex, p : R? — R* U {0} is the unique function that is homogeneous of
degree one and identically 1 on 9. We are interested in multipliers of the form m o p,
where m : R — C is a bounded, measurable function. We refer to this class of multi-
pliers as quasiradial multipliers. The class of quasiradial multipliers generalizes radial
multipliers on R?, which would correspond to the special case that Q is the unit disc
and p(§) = [¢].

As a model case for quasiradial multipliers, one can study the generalized Bochner-
Riesz multipliers (1 — p(£))} for A > 0. We define the generalized Bochner-Riesz opera-

tors T\ for A > 0 by

FITAfI(E) = (1= p(€)))F(€).

These operators were introduced in Chapter 3, and we now review some essential back-

ground information, most of which was already discussed in Chapter 3.
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When 992 is smooth, the problem of LP(R?) boundedness of the generalized Bochner-
Riesz operators is well understood. The problem was first completely solved in the special
case that € is the unit disk by Fefferman in [22] and later clarified by Cérdoba in [18],

where it was proven that T) is bounded on LP(R?) if and only if A > \(p) := |2 — 1| — 1.

2
p
This result was then generalized to domains with smooth boundary by Sjélin in [50] and
Hormander in [30].

However, for certain convex domains with rough boundary, the critical index Ay(p)
can be improved. In [43], Podkorytov considered Bochner-Riesz means associated to
polyhedra in R? and showed that if p is the Minkowski functional of a polyhedron, then
F@M = p(-))}] € L' for X > 0. In [48], Seeger and Ziesler considered Bochner-Riesz
means associated to general convex domains in R%. They obtained a result involving a
parameter similar to the Minkowski dimension of 0€), defined by a family of “balls”, or
caps, and we state the definition below.

For any p € 092, we say that a line ¢, is a supporting line for Q at p if £ contains p
and €2 is contained in the half plane containing the origin with boundary ¢. Let 7 (2, p)
denote the set of supporting lines for € at p. Note that if 9Q is C', then T(£,p) has

exactly one element, the tangent line to 92 at p. For any p € 99, ¢ € T(£,p), and

0 > 0, define
B(p,0,0) = {x € 0Q : dist(x, () < 6}. (4.1)
Let

Bs ={B(p,¢,6) : pe 0L T(Qp)}, (4.2)
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and let N(€2,9) be the minimum number of balls B € Bs needed to cover 0f2. Let

. log N(£2,9)
ko = limsup ——
6—0 log o1

(4.3)

The parameter kg defined in (4.3) is similar to the upper Minkowski dimension of
0. It is easy to show that for any convex domain Q, 0 < ko < 1/2 (see [48] for details).
We now mention a few examples of convex domains with particular values of kq. Clearly,
if {2 is a polygon, then kg = 0. For domains with smooth boundary, kg = 1/2. This
can be seen by noting that there is a point where 9€) has nonvanishing curvature, and
near this point the contribution to N(€,6) is ~ §~'/2. One may obtain domains with
intermediate values of kg by considering Lebesgue functions associated to Cantor sets
with appropriate ratios of dissection. For example, let ¢ : [0, 1] — [0, 1] be the Lebesgue

function associated to the standard middle-thirds Cantor set, commonly referred to as

the Cantor function. Define 7 : [0, 1] — [-1,—1/2] by

A1) = / gls)ds — 1.

Let €2 be the convex domain bounded by the graph of v and the line segments connecting

consecutive vertices in the set

{(17 _1/2); (17 1); <_17 1); (_17 _1); (Ou _1)}'

Then kg = ( log(2)

o ()11 One may similarly obtain a convex domain () with kg = k for

any k € (0,1/2) by a similar construction using a Lebesgue function corresponding to a

Cantor set of an appropriate ratio of dissection.
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Figure 3
As an example, here 2 is a region bounded by two lines and a portion of a parabola. If we assume all
rectangles have shorter sidelength equal to d, then N(£2,d) < 8. Since a portion of 9 is smooth with

nonvanishing curvature, we have ko = 1/2.

It was shown in [48] that Ty is bounded on LP(R?) if X\ > HQ(‘% — 2| —1). In this
chapter we would like to consider more general multiplier transformations. The following

subordination formula from [56]

1\ [\ J+1 S
mlp(e) = Sy [ - Ky as (4.4

combined with the result from [48] mentioned previously immediately gives that mop €

MP(R?) if for some \ > /19(|% —2|—-1),
/ HMmAMY(s)] ds < oo.
0

However, this is not satisfactory as can be seen by analyzing the “localized wave mul-
tiplier” €. Sharp L? estimates for this multiplier in the smooth case can be found
in [4], [36], [41] and [47]. For general convex domains in R?  we prove the theorem below.
First we make a few brief remarks regarding normalization of the domain 2. Let €2 be
a bounded, open convex set containing the origin, as above. Then () contains some ball

centered at the origin and is also contained in some larger ball centered at the origin.
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Since all results in this chapter regarding LP boundedness of multipliers will be dilation
invariant, we will assume without loss of generality that €2 contains the ball of radius 8

centered at the origin. Let M > 0 be an integer such that
{€:961<8YcQCcQcC{¢: ¢ <2M) (4.5)
We will prove

Theorem 4.1.1. Let Q be a convexr domain satisfying (4.5) and p its Minkowski func-

tional. Let a : R — C be a smooth function supported outside

[—272M 272M] gych that a is a symbol of order —kq — € for some € > 0, that is, for every
integer B =0,

|D%a(€)] Sp (1+ €))7,
Then

F ' alp(-)e"] € L'(R?),

where H]—"_l[a(p(-))em(' ) depends only on M, €, and the quantitative estimates for

Mo

a as a symbol of order —rkqo — €.
The Fourier inversion formula
L [ = eime©
m(p(©) = 5 [ M) dr (16)
which is a more efficient subordination formula than (4.4), gives the following corollary.

Corollary 4.1.2. Let () and p be as in the statement of Theorem 4.1.1. For e > 0,

define

wmm@:/wmm+mw“w



74
If m is a bounded, measurable function supported in (1/2,2), then
[FTm o plll gy Ser 11l e
for every e > 0.

Proof that Theorem 4.1.1 implies Corollary 4.1.2. Since m is supported in (1/2,2), there

is a smooth cutoff x : R? — R supported compactly away from the origin such that

m(p(& / m(T &) dr.
27r

We then have

H‘/—-.il[m cp HLI (R2) \ ’ H‘F ”p HLl (R2) dr

dr.

|7(7)] H]—" ' )eip(')]‘
L1(R?)

T

Now, for any ¢« > 0 and for every € > 0,
( 5 KkQte —KkQ—€—1i
[DeX G Sier (L [T (14 [€]) 77,
and thus Theorem 4.1.1 implies that

Seur (L+|r[)rete.
L1(R2)

H]:—l X(;)eip(‘)]‘

T

It follows that
772000 Al gy Sear [ 1L+ [y
for every € > 0. [

In the special case that ko = 1/2, we are able to obtain the following improvement

to Theorem 4.1.1.
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Theorem 4.1.3. Let Q be a convexr domain satisfying (4.5) with kg = 1/2 and p

its Minkowski functional. Let a : R* — C be a smooth function supported outside

[—272M 2=2M] sych that a is a symbol of order —1/2, that is, for every integer 3 > 0,

|Dal€)] Sp (14 1€~
Then the operator T defined on Schwartz functions f by

FITFI€) = alp(£)e O FIf1(€)

extends to a bounded linear operator from the Hardy space H'(R?) to L'(R?), where the
operator norm depends only on M and the quantitative estimates for a as a symbol of

order —1/2.
Using (4.6) gives the following corollary.

Corollary 4.1.4. Let 2 and p be as in the statement of Theorem 4.1.3. Letm : R — C
be a bounded, measurable function supported in (1/2,2). Then for 1 < p < oo, the

operator T' defined on Schwartz functions f by

FITf] = m(p(€))Ff]

extends to a bounded operator on LP(R?), and

||T||H1(R2)—>L1(R2) SJM ||m||B1/2,0'

The proof that Theorem 4.1.3 implies Corollary 4.1.4 is similar to the proof that
Theorem 4.1.1 implies Corollary 4.1.2, and is left to the reader.

Finally, we would like to remark that while the proof of Theorem 4.1.1 draws heavily
on ideas from [48] and [47], the proof of Theorem 4.1.3 requires the introduction of new

techniques.
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Generalizations of Theorem 4.1.1

Theorem 4.1.1 applies only to multipliers supported compactly away from the origin.
Using Calderén-Zygmund theory, we may generalize the result of Theorem 4.1.1 to

multipliers with non-compact support.

Theorem 4.1.5. Fix a smooth function ¢ supported compactly away from the origin.
Let m be a measurable function on R with |m||, < 1. Let T be the operator defined on

Schwartz functions f by

FITF1(E) = m(p(€)) FLf1(E)-

Then for every e >0 and 1 < p < o0,

lm o pllare Sep sup l6()m(t)llp, . -
t>0

Theorem 4.1.5 follows immediately from Theorem 4.1.1 and the following result from

[46], which we state without proof.

Proposition A (Seeger, [46]). Suppose that sup,, ||¢(m(t-))]» < 00, for some p €

(1,00). If for some € > 0, sup,.q ||¢(m(t:))[|,, < oo, then m € M,, |1/r —1/2| <

11/p—1/2|.

We will also see in Section 4.6 that L*(R?) estimates for a generalized Bochner-Riesz
square function leads to a multiplier theorem for quasiradial multipliers in the range
4/3 < p < 4. In Section 4.7, we interpolate this with the result of Theorem 4.1.5 to

obtain our final, most general version of Theorem 4.1.1.

Theorem 4.1.6. Fix a smooth function ¢ supported compactly away from the origin.

Let m be a measurable function on R with |m| < 1. Let T be the operator defined on
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Schwartz functions f by

FITF1(E) = m(p(€)) FLf1(E).

Let 0 <6< 1. Thenforeverye>0andﬁ<p<%,

[lm o pll s

Sewsup ([ IBlolmie ] o) 0+ ) 570 ar)

Notation

We now introduce some notation that will be used throughout the rest of the chapter.
Given a function f : X — R and subsets A C B C X, we will write A < f < B to
indicate that f is identically 1 on A and supported in B. Many of our estimates will have
constants that depend on the quantity M associated with 2 given in (4.5). For the sake
of convenience, we will often choose to supress this dependence in our notation. Thus
we will use the symbols < and &~ to denote an inequality where the implied constant

possibly depends on M.

4.2 Preliminaries on convex domains in R?

In this section we state some useful facts about convex domains in R?. Most of these
can be found in [48] as well as in Chapter 3, but we include them here for the sake of
completeness and convenience. Let 2 C R? be a bounded, open convex set containing
the origin and satisfying (4.5). The proof of the following lemma is straightforward and

uses only elementary facts about convex functions; for more details see [48].



78

Lemma B (Seeger and Ziesler, [48]). 0Q N {z : —1 < z; < 1,29 < 0} can be

parametrized by

t= (t,7(1)), -1<t<1, (4.7)

where

1<) <2M, —-1<t< 1. (4.8)

2. v is a convex function on [—1,1], so that the left and right derivatives v, and vy

exist everywhere in (—1,1) and
L9V () <) < 2V (19)

fort € [=1,1]. The functions ; and v are decreasing functions; ; and vy are

right continuous in [—1,1].

3. Let ¢ be a supporting line through & € 02 and let n be an outward normal vector.

Then

[ (&m) | = 27Y[¢]. (4.10)

Decomposition of 0f)

As another preliminary ingredient, we need the decomposition of 92 N{z: —1 < x; <

1, zo < 0} introduced in [48]. This decomposition allows us to write 02 as a disjoint

union of pieces on which 0N is sufficiently “flat”, where the number of pieces in the
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decomposition is closely related to the covering numbers N(£2, ). We inductively define

a finite sequence of increasing numbers
2A(0) ={ao,..., a0}
as follows. Let ap = —1, and suppose ao, ..., a;_; are already defined. If
(t = a;1) (7 (8) = Yhlaj1)) < 6 for all ¢ € (a;1, 1) (4.11)

and a;_; < 1 —27M§, then let a; = 1. If (4.11) holds and a;_; > 1 — 274, then let

aj = aj—1+27M4. If (4.11) does not hold, define

aj = inf{t € (a1, 1] = (¢ = a;) (74(8) = Vilaj1)) > 6.

Now note that (4.11) must occur after a finite number of steps, since we have |77 |, [v5| <
2M=1 which implies that |t —s||v} (t) —vk(s)| < 0 if |[t—s| < §27M. Therefore this process
must end at some finite stage 7 = ), and so it gives a sequence ag < a; < --- < ag so

that for j =0,...,Q — 1
(ajr1 — a;) (v (aj11) — Vr(a;)) <0, (4.12)
and for 0 <7 <@ — 1,
(t —a)(vp(t) = vg(ay)) >0 ift > a4, (4.13)
For a given § > 0, this gives a decomposition of
NN{z: —1< 2 <125 <0}
into pieces

|_| {z €00 : x1 € [an, ani1]}

n=0,1,...,Q—1
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The number @ in (4.12) and (4.13) is also denoted by Q(£2,6). Let Ry denote rotation by
0 radians. The following lemma relates the numbers Q(Ry€2, §) to the covering numbers

N(Q,5).

Lemma C (Seeger and Ziesler, [48]). There exists a positive constant Cy so that the

following statements hold.
1. Q(Q,0) < Cyd™1/2.
2. 0< kg < 1/2.
3. For any 0,

Q(Ro9,6) < CoyN (9, 6) log(2 + 671).

4. Forv=1,...,22M et §, = Z%. Then
Cof N(9,6) <) Q(Ry,0,6) < CyN(,6)log(2+67).
We may think of A(J) as a partition of [—1,1] into intervals. For the purpose of
defining a partition of unity, we wish to refine this partition so that consecutive intervals
have comparable length, and we construct such a refinement in the proof of the lemma

below. Note the improvement to (4.15) in the special case that kg = 1/2; this will be

used later when we prove Theorem 4.1.3.

Lemma 4.2.1. Suppose that Q is a convex domain satisfying (4.5). Let § > 0, and let

2A(0) = {agp,a1,...a0}
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be the decomposition of [—1, 1] constructed previously, where ag = —1 and a; = 1. There

exists a refinement
A(8) = {bo, by, ... b5} (4.14)

of A(6) with by = —1 and b =1, and satisfying the following properties:

card(A(27%)) < E2N(Q,275). (4.15)

2. Set I; = [bj,bj1]. For every 1 < j < Q,

(' (b;) =+ (bj—) | 1| < 27% (4.16)
3. For every 1 < j <Q,
T-11/8 < |T] < 815, (4.17)
4.
> st S (4.18)
j

In the special case that kg = 1/2, we also have

card(A(9)) < 07", (4.19)

Proof of Lemma 4.2.1. We construct ﬁl(é) as follows. For each 0 < j < Q — 1, let a; be

the midpoint between a; and a;41, and consider the set

A= {ao,do,&l,&l, c. ,del,CLQ}.
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For z € A, let 7 :=max{y € A: y < 2} and 2% := min{y € A: y > z}. For
every x € A, we define a set of points B, as follows. If x satisfies 27 —x = 2 — 27,
set B, = {z}. If z satisfies x* — 2 > x — 27, then iteratively define B, to be the set
of < log(1/6) many points B, = {yo,v1,-..,yn} where yo is the midpoint between x
and zt, and for every k > 0 set yx,1 to be the midpoint between y; and x, and stop at
the first stage N such that yy — x < z — z~. Similarly, if x satisfies 27 — 2 < 2 — 27,
then iteratively define B, to be the set of < log(1/d) many points B, = {yo, y1,---,Yn}
where 1y is the midpoint between x and z~, and for every & > 0 set yri1 to be the

+

midpoint between y; and x, and stop at the first stage N such that z — yy < 2™ — x.

Now let

= JB..

z€A

Clearly, 2(0) satisfies (4.16), since any refinement of 2(8) automatically satisfies (4.16).

It is also obvious that 2(8) satisfies (4.17). Since () satisfies (4.13), we have
22_k|1j|_1 S ZQ‘k(ajH —a;)" S Z Y(ajr1) —9'(a;)) S 1,
J J
so 2A(0) satisfies (4.18). By Lemma C, we have
card@A(27%) = Q + 1 < k - card(A(27%)) < B2N(Q, 275). (4.20)

and so 2A(0) satisfies (4.15).

In the case that ko = 1/2, we note that (4.13) implies that for any L > 0, the number
of intervals [a;, a;11] such that (aj41 —a;) ~ L is < min(Ld~ !, L™1). Thus for any r > 0
the number of pairs
([aj, aji]; [aj41, aj1o]) with

Aj+2 — Uj+1 G541 — Q4
max( J J J I )~

Y
j+1 — a5 Gj+2 — Gj+1
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is < r~19~1/2 It follows that the number of points z € A with

zt—z x—1a"
max , ~r
r—x xt —=x

is < 7716~1/2. For such points z we have card(B,) < log(r), and so summing over all

dyadic r = 2¥ we have that

Zk_2—k5—1/2 5 (5_1/2,

k>0

and hence 21(6) satisfies (4.19). O

Approximating () by convex domains with smooth boundary

It will be necessary to approximate {2 by a sequence of convex domains with smooth
boundaries. In [48], this was done by approximating € by a sequence of convex polygons
with sufficiently many vertices and smoothing out the boundary near the vertices. We

state the following lemma from [48] without proof.

Lemma D (Seeger and Ziesler, [48]). Let Q C R? be an open convexr domain containing
the origin. There is a sequence of conver domains {€),} containing the origin, with

Minkowski functionals p,(§) = inf{t > 0| £/t € Q,}, so that the following holds:

1. Q, C Q1 CQand Y, 2, =0

2. pu(§) Z pur1(§) = p(§) and

in particular im,,_,o p, (&) = p(&), with uniform convergence on compact sets.

3. Qp has C* boundary.



4. If 6 > 272 then

N(Qn,26) < N(,6).

Computing Vp

84

Assuming that p € C*(R?\ {0}), we would like to compute Vp(a,y(a)) for a € [—1,1].

Since Vp is homogeneous of degree 0, this will actually give us Vp(§) for any £ in a

sector of R?\ {0} bounded by rays passing through (—1,~v(—1)) and (1,7(1)). Note that

Vp(a,v(@)) - (1,7/(@)) =0,

(4.21)

and thus Vp(a, y(«)) is parallel to (—'(«), 1). Differentiating the homogeneity relation

p(t(a,v(a))) = tp(a, (@)

with respect to t and setting ¢t = 1 yields

(Vpla, (@) - (@, y(@)) = L.

It follows that

Vel = M@ (=@ oy T

Note that (4.5) implies that

[ (e, ¥()); (=7'(a), 1)) | = 27

Together (4.21) and (4.23) imply that

Note that (4.5) and (4.25) implies that

Ve, y(a))] < 274

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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4.3 ! kernel estimates

The goal of this section is to prove Theorem 4.1.1. Let €2, p and a be as in the statement
of Theorem 4.1.1. Motivated by [47], we would like to perform a dyadic decomposition

of the multiplier a(p(¢))e®). Let {0 }r=0 be a smooth dyadic partition of unity of R,

so that 6 is supported in [—273M 273M] and @}, is supported in an annulus |¢] ~ 28—3M
for £ > 0. We write
K(z) == F ' a(p(-))eV)(x) =Y Ki(w),
k>0
where
Ki(z) := Fa(p(-))e" 0, (p(-))] (). (4.27)

It is easy to see that Theorem 4.1.1 is a consequence of the following.

Proposition 4.3.1. Let ), p and a be as in the statement of Theorem J.1.1. Define K,

as in (4.27). Then for k > 0 and for every e > 0,

1Bkl s ey Se 272

In order to obtain kernel estimates using techniques similar to those in [48], we want
to work with domains with smooth boundaries, rather than arbitrary convex domains
for which the boundary need only be Lipschitz. Thus we will use Lemma D to reduce

Proposition 4.3.1 to the following.

Proposition 4.3.2. Let ), p and a be as in the statement of Theorem 4.1.1. Fiz an

integer k > 0. Let Q be a convex domain with smooth boundary such that

(€: <4y cQcQa{e: g <2,
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and such that

N(Q,27%) < N(Q,27%71). (4.28)

Then for every e > 0,

55 27166/2.

|
L1(R2)

Proof that Proposition 4.3.2 implies Proposition 4.3.1. Let {p,} be a sequence of Minkowski

functionals approximating p as in Lemma D, and for each n set

K (@) := Fla(pa())e™ 0u(pa ()] (@).

Since p,, — p uniformly on compact sets, Ky, (z) — K (z) pointwise almost everywhere,

and so Fatou’s lemma yields

1Kl ey < limnt | Kl o ey Se 275

where in the second to last step we have applied Proposition 4.3.2. O

Now that we have reduced Proposition 4.3.1 to Proposition 4.3.2 we may now work
with distance functions p that are smooth away from the origin, and so we may express
the kernels in homogeneous coordinates (polar coordinates associated to Q) and integrate
by parts. This is the general approach used in [48] to handle the generalized Bochner-
Riesz multipliers. We emphasize that we must take care to ensure that our estimates

ultimately depend only on the C' norm of 99, which is bounded by 2 (and not,
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for instance, the C? norm). That this is necessary can be seen in the statements of
Theorem 4.1.1, Proposition 4.3.1 and Proposition 4.3.2, where none of the constants
in the estimates to be proven depend on the C2? norm of 9. However, if we recall
the remarks made about notation in the introduction, each of the constants in these

estimates implicitly depend on M.

Proof of Proposition 4.3.2. We first note that after employing an appropriate angular
partition of unity and using rotational invariance it suffices to consider K, multiplied

by a smooth angular cutoff on the Fourier side. Thus in what follows we will instead let

Ki(x) = F Ha(p()e™ 01 (p())x ()] () (4.29)

where y (&) = Xl(%)xg(ﬁ(f)) for smooth functions 1, x2 : R — R so that [—272M~1 272M=1] <
x1 < [-272M 272M] "and so that Y is identically 1 on the support of @ and 0 in a suffi-
ciently small ball centered at the origin. Let v be a parametrization of 9Q N {z:-1<

1 < 1, 5 < 0} as in Lemma B. We introduce homogeneous coordinates

(s,a) = &(s, ) = (say, sy(a)). (4.30)
In this coordinate system, {(s,a) : s = 1} C {€ : p(§) = 1}. The map (4.30) has
Jacobian
dot (e ) = star(@) = 2 (),

Note that there is a smooth function y; : R — R so that Xl(%) in homogeneous

coordinates is given by x1(«). Using (4.30), we thus have

Ru(z) = / £ a(H(€))B0(H(E))x (€)™ de

:/OOO/eis(a:m-l—’v(a)acz-‘rl)a(s)ek(3>)21(a)s<o¢7,<o¢)—’}/(a))dads. (431)
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Kernel estimates far away from the singular set

Considering the phase iz-£+ip(€) as a function of the variable £, we see that its gradient
vanishes on the singular set z € {—=Vp(§) : £ € R?}. Since |Vp| < 2° as noted in
(4.26), we choose to separately estimate the L' norm of K}, away from a sufficiently large
ball (say, of radius 25M) centered at the origin. We would expect that after localization
on the Fourier side, the multiplier €””(¢) acts like translation by V(&) for some &, and
hence we might expect any pointwise kernel estimates we obtain off of the ball of radius
26M centered at the origin to be robust under perturbations by V(). Thus we will
not further decompose the multiplier F[K}] when estimating the L' norm of K}, off of
this ball.

Throughout the rest of this chapter, ¢y : R — R will be a smooth function satisfying

[—1/2,1/2] < ¢ < [—1,1]. We set ¢ = ¢(, €) = L max(kg,€). We will show that
[ 1Rala)1 = énf2 Mal] do 527+ (1.32)
To do this we will first prove
/ | Kr(2)(d0(27 M |2]) — go(27M|a]))| d S 27 (4.33)
and then prove
[ 1Bata)(1 = ooz de S 2+ (1.31)

Let  : R — R be a smooth function satisfying [—273M~1 273M=1] < p < [—273M 9=3M]

We decompose

Ki()(¢o(27* M |z]) — ¢o(27M[2])) = K (2) + Kia(2),
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where

Kia(x) = (6027 M|z]) — ¢o(27Ma]))

/ / is(am+y(a)za+1) ()n(ﬂfﬁr’»’;z‘v( ))

X Op(s)x1()s(ay' () — y(a)) dads (4.35)
and

Kia() = (60(27Ma]) — ¢o(27M|a]))

00 /
> / /eis(aler'y(a)szrl)a(s) (1 o <IL’1 + E;P/ (Oé) ))
0

X Ox(s)x1()s(ay' (o) — y(a)) dads. (4.36)

&2

&1

Vp(a, v())

u2

Figure 4

The coordinate system from (4.37).
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Note that the coordinate system given by the change of coordinates
(21, 29) = (ur, ug) := (21 + 227 (@), 1 + azy + y(@)z2), (4.37)

has Jacobian with absolute value |ay/(a) — ()| & 1. It is also helpful to note that

r1 + 227 (@) = [(21,22) — Vp(a, v(a))] - (1,7 (a))

and

1+ oz + y(a)zs = [(x1,22) — Vp(a, y(@))] - (a, (),

and hence our coordinate system is centered at Vp(a, y(«r)) with one coordinate direction
parallel to (a,y(a)) and the other coordinate direction parallel to the tangent vector to
0 at (o, y(a)); see Figure 4. Thus by our choice of the angular cutoff x and our choice

of n, it follows that on the support of

(Go(27*]al) - ¢0<2—6M|x|>>n<w)

|

we have |z| ~ |1 + axy + y(a)xz|. Similarly, on the support of

(on(2 ) = anf2 el (1= o 22 ))

|z]

we have |z| =~ |z; + z27/(@)].
Integrating (4.35) by parts three times with respect to s and using the above obser-

vations yields

~ 22k
/ | Ky (2)] do S 27 M0t / / Xl(a)( 5 dada

14+ 251 + axy + y(a)xs])

22k
< 9 klkate) / — = dr<27F  (4.38
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Integrating by parts (4.36) once with respect to «, we have

aa eZS(aml (Q)IQ 1) 9 d d / 3!)

where

Xi(a) (' (@) = y(e)(1 — ﬁ(%ﬁl(a)))
1 + x97y () '

gk(xv Oé) =

Integrating by parts (4.39) twice with respect to s, we have

| Kia(2)] S 27004 (g (2725 [a]) — g (27 |a]))

< [ 1ougn(z.)

2k
(1+ 2oy +y(a)ws + 1)

5 da.

Note that on the support of gx(x, a),

Dagi(z, )] < L@+

. 4.40
S 1ty (@) (4.40)

We apply the change of coordinates (4.37). Using (4.40), this yields

/ Ra(z)] da

—k(ka+te) 1 2k
S2 ° - 5 du
Byaisoar (0\B1(0) (1] (1 + 2¥[uz])

< ("(@)] + 1)x1(e)do

k

< Q—k(m+e)/ 1 2
By3zkt10n (0)\B1(0) ’u1| (1 + 2k|u2‘)2

which together with (4.38) proves (4.33).

du S k2 Hrate < g=hke

Now we prove (4.34). We will need the following lemma from [48], which we state

without proof.
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Lemma E (Seeger and Ziesler, [48]). Let h be an absolutely continuous function on

[0, 00) and suppose that lim;_,, h(t) = 0. Suppose that s — sh'(s) defines an L' function

on [0,00) and let

Suppose that > 0 and that
|F(T)[+ [F'(7)| < B+ |7])™".

Let B(0, R) be the ball with radius R and center 0, and define A; = B(0,2')\ B(0,2!71),

forl1 >0, and Ay = B(0,1). Then

Fho pl(x)| dx <) B o~ tk=1) 4 1971,
| Y
A

We will apply the lemma with h(s) = e®a(s)0(27%s). Then for every N > 0,
[F(r)] + [F/(r)] < 2" (1 4 7)),
and so we conclude that

F ' ho pl(x)] do S 123 re9,
Ay

Summing over [ > 10k, we obtain (4.34) and therefore (4.32).

Remark 4.3.3. We note that our proof of (4.32) is also valid when € =0 and kg > 0,
which implies ¢ = kq/2. We will use this later when we prove an H' — L' endpoint

estimate.
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Kernel estimates near the singular set

It remains to estimate

[ 1Ratz)on(z e de

Here we will further decompose the mutiplier F[K}] using the decomposition of 9
from Section 4.2. Let 2(27%) be the increasing sequence of numbers associated to 9€2 as
defined in Section 4.2 with 6 = 2%, and let A(27%) be the refinement of A(27*) as given
by Lemma 4.2.1 and let {I,} be the corresponding partition of [—1, 1] into subintervals.
We emphasize that although our collection of intervals {/;} is indexed only by j, it
implicitly depends on k as well. Now for each such interval I}, let I7 be its 25/24-dilate
(dilated from the center of I;), and let {3, } be a smooth partition of unity subordinate

to {1} such that for each i > 0,
DBy, (2) < 11,7
The constant 25/24 is chosen so that {17} is an almost-disjoint collection. We decompose
Kk = Z [N(k,j7
J
where
K () = / / elent@ntD g ()0 (s)a(s)s(ar (@) — y(a)) da ds,
o Jrz

that is, K, is like K}, with Br;(a) inserted into the integral. We may think of this
decomposition on the Fourier side as a decomposition of the multiplier F[K}] into smooth
functions adapted to sectors bounded by rays originating at the origin and passing

through points (o, y(a)) where a € A(27%). To estimate [ |Kj j(x)¢po(2- |2|)| d, we



will further decompose

K (@) - ¢o(2" M) = Y Kijnl()

n=0
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where we define K} ;, as follows. Recall that ¢ is a smooth function such that

[—1/2,1/2] < ¢9 < [—1,1], and let
Prjo(, @) = do(|1|2" (21 + 227 (@)))
and for n > 0 let
Oy jin(@, @) = do(| ;1257 (21 + 227 (@) — do(|;]2°7 (21 + 227 ().
Set
St = o [ [
Dy i o(x, @)lk(s)a(s)s(ay (o) — y(a)) dads
and for n > 0 set
Riojn(@) = do(2-M2)) / OO / gislarr@rtg
0 Ji
P in(x, @)0k(s)a(s)s(ay (o) — v(a)) da ds,

that is, f(k’j’n is like f(;w- with @ ; ,(x, o) inserted into the integral.

To estimate [ |Kj jo(z)|dr, we integrate by parts in s twice to obtain

[ 1Resotaldo g 20 [ "
i |z1+z2y (o) |<|L;| 12—k

x (1 + 2%az; +y(a)zy + 1))

(4.41)

(4.42)

2 dx da.
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Applying the change of coordinates (4.37) yields
/’f(k,j,o(x)] dr < ok(1—ra—e)

x// 28 (1 + 2%|ug|) 72 duy duy da
I3 <[ 12k

< 2—](}(/194—6)‘
By (4.15) and (4.28), we may sum in j to obtain
S [ Vusalo)] de 5 27 (4.43)
J

Now we estimate [ |Ky;,(z)|dr for n > 0. Observe that Ky ;,(z) is identically zero
when n > k, so we only need consider the case n < k. We integrate by parts once with
respect to a and then twice with respect to s. Integrating by parts with respect to «

yields

f(k’j’n(x) - ¢0(26M‘x’)/ / OaGh,jn (T, a)e"s(“f”lﬂ(a)xzﬂ)
o Jr
a(s)0(27"s) ds da,

where

Dy (2, @) B, () (v(a) — o/ (@))
1 + 297y () '

gk,j,n<x) Oé) =
Integrating by parts twice with respect to s yields

Riinl@)] £ 2002l [ 1009150 (z.0)
J

2k
X
(14 2¥axy +y()z2 +1)])?

da.
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Observe that on the support of K, (z), |z| < 1, so

|28 el + 1) + 1]
|21 4 227/ (@)

agign(, )] < L

< D@L + D) + |5~
~ |71+ 227/ ()]

Thus applying the change of coordinates (4.37), we have

[ 1Bl de 52450 [ (@)l + 1) + 1517
J

1 ok
X - 5 du da
2,1 || (1 + 25 ugl)

S22 [ (@B + 1) + 151 da
By (4.16), if we let b7 and b}, denote the endpoints of I7, then we have
i [V (@)|11;] do S (4 (0540) = ' O))IT;] S 27,
and thus
/ | Ko jon ()] dae < 2F(ra=0),

Summing in j and n, using (4.15) and (4.28) and recalling that we only need sum over

n < k, we obtain

ZZ/V{W )| de < k27Fe < 97ke/2, (4.44)

n=0

Combining this with our previous estimates (4.43) and (4.32), we have
[ 1Rata)do 5. 27

as desired, completing the proof of Proposition 4.3.2 and hence Theorem 4.1.1. n
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4.4 The H' — L' endpoint estimate: preliminaries
and estimate on the exceptional set

In this section, we begin the proof of Theorem 4.1.3. Throughout this section kg = 1/2.
We note that we will often continue to write kg instead of subsituting 1/2 simply to
indicate how certain quantities in our estimates arise. As in the proof of Theorem 4.1.1,
the first step is to reduce Theorem 4.1.3 to a statement about convex domains with

smooth boundary.

Reduction to the case of smooth boundary

We invoke Lemma D to show that it suffices to prove Theorem 4.1.3 in the special case
that 9Q is C*. For any cube ) C R?, recall that an atom associated to ag is a bounded,

measurable function supported in () such that

lagll., < 1QI7",

/QaQ(x) dz = 0.

Let ¢ > 0 be a Schwartz function with compactly supported Fourier transform such that
|9l;: =1, and for each m > 0 let ¢, (z) = 2°™¢(2™x). Then there is N = N(M) > 0

sufficiently large so that

2N

O * (ZKk*aQ)
k=0

Y

Ll

IT (@)l = lim |6, (Tag)) 0 = lim

where Ki(z) = F~'a(p(-))e”0,(p(-)](z). Let {p,} be a sequence of Minkowski func-
tionals approximating p as in Lemma D, and let K ,,(z) = F[a(pn(-))e? 0 (pn ()] (2).

Now, assuming that Theorem 4.1.3 holds in the special case that 92 is smooth, for each
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m we have

where in the first step above we have used the fact that p, — p uniformly on compact

2MmN

k=0

2MmN

¢m * ( Z Kk,n * CLQ)
k=0

< liminf
n—oo

L L
oo
< lim inf g Kinxagll <1,
n—oo
k=0 1

sets. Thus we have shown it suffices to prove Theorem 4.1.3 in the special case that 02

is C.
Reduction to the case of cubes with small sidelength
We assume 0€2 is C*°. We need to prove that for any atom ag,

HT<aQ)HL1(R2) < C, (4.45)

where C' is a constant independent of the choice of () or ag.

First suppose @ has sidelength > 1. Let K(z) = F a(p(-))e*V](x). Recall that
do is a smooth function such that [—1/2,1/2] < ¢o < [—1,1]. Let ¢(x) = ¢o(27M|z]).
Then (K¢) * ag is supported in 26M+1Q, where the dilation is taken from the center of

Q. Since K € L™, ||(K¢) * ag|l, < |lagll,- By Cauchy-Schwarz,
I(K @) * agll . S 1QI"2(K¢) * aqll 2 < 1QIY lagll 2 S 1. (4.46)
As stated in Remark 4.3.3, we have already shown in Section 4.3 that
(K1 = 0))*aqll, S 1,

which proves (4.45) if the sidelength of @ is > 1.

Thus we have reduced Theorem 4.1.3 to the following proposition.



99

Proposition 4.4.1. Let Q be a conver domain with smooth boundary satisfying (4.5),
and let p be its Minkowski functional. Let a and T be as in the statement of Theorem
4.1.3. Then for every cube @) of sidelength < 1 and for every atom ag associated to @,

we have
IT(aQ)l 1 ey < C-

where the constant C' depends only on M and the quantitative estimates for a as a symbol

of order —1/2.

We now make the same observation made at the beginning of the proof of Proposition
4.3.2 and note that it is enough to prove Proposition 4.4.1 with the kernel K of the

operator T redefined as

K(z) = F a(p()e*0:(p(-)x()](), (4.47)

where y is the same smooth angular cutoff as in (4.29). Thus in what follows we will

take (4.47) to be our definition of K.

Estimate on the exceptional set

In what follows we assume that @ is a cube of sidelength 27! for some [ > 0, and ag an
atom associated to ). To prove Proposition 4.4.1, we will define an exceptional set of
sufficiently small measure off of which T'(ag) decays. Let X, be the smooth closed curve

given by
¥, ={6: &= =Vp(¢) for some ¢ € R*}.

Since Vp is homogeneous of degree 0, this indeed corresponds to a smooth closed curve.

As noted previously, the gradient of the phase ix - £ 4+ ip(£) vanishes on the singular set
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¥,. We would like to associate to @) an exceptional set Ng. A natural choice for Mg

might be
{zeR} |z -3, <C27)

for some choice of constant C. However, for technical reasons we will choose N to be
a slightly larger set. Let {I;} be the partition of [—1, 1] into subintervals corresponding
to the subset 2A(27!) of [—1,1], as given by Lemma 4.2.1. We emphasize that although
the collection of intervals {I,} is indexed only by j, it implicitly depends on [ as well.

(Recall that @ has sidelength 27'.) For each j, choose some «; € I;. Define

E.. ={z: oz + v(aj)ze + 1] < 9-IH+15M

J

|21+ 227 (ag)] < 27FPMLTH,
and define
NQ = U Eaj.
J
Then by (4.18),
Wol S 27217 27
J
We follow [47] to estimate T'(ag) on Ng. By the Hardy-Littlewood-Sobolev inequality,

12 = 2)"agl], < llaglly s -

Since a is a symbol of order —1/2 and p is homogeneous of degree one, the operator

T(I — A)~"*is bounded on L2, and so after using Holder’s inequality twice we have

1T (@)l 1 ny S 2772 1T (aQ)ll, S 2777 | (1 = A) g

S22 HGQH4/3 S L
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Thus to prove Proposition 4.4.1, It remains to show

“T(aQ>HL1(R2\NQ) 5 1. (4.48)

As noted in Remark 4.3.3, we have already shown that

/ K (2)(1 — do(2~M|a))| dar < 1.

Thus if we let S denote the operator with kernel K (z)(¢o(275|x]), (4.48) reduces to

proving

HS(GQ)||L1(R2\NQ) S 1. (4.49)

We now proceed to decompose S as a sum of operators, some of which map ag to a
function supported inside the exceptional set Np; these operators will not contribute to
the left hand side of (4.49). Let S;, denote the operator with kernel Kj(z)do (27 |z|),

where

Ki(z) = Fa(p())e™ 01 (p())x ()](2).

As before, we let {I;} be the collection of intervals corresponding to the partition of
[—1,1] given by 2(277), as defined in Section 4.2.

For each j, define

By jo(x, @) = ¢o(|1]2' (21 + 229/(a))).
For each j, k and for each n > 0, define

P, ) = Po(| 12" (21 + 227/ (@) — G| ;1257 (21 + 227/(a))).
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For each k, j,n > 0, we consider the operators Sy jn, Sik,; and Sj, ; with kernels Ly, j 5,

I~/Z7k7j and L;,k,j, respectively, given by

Ll,k,j,n — ¢0(2—6M’x|)//eis(azl+7(a)x2+l)ﬁj_j(a)

X Dy, )0 ()a(s)s(ay' (@) — y(@))x(a) dads, (4.50)

El,k,j — ¢0(2GM‘xD//eis(ax1+'y(a)x2+1)ﬂlj (Oé)
X @y 50(z, @) (1 — ¢o(2' (a1 +v(a)rs +1)))

X Ox(s)a(s)s(ay' (o) — y(a))x(a) dads (4.51)
and
L;,k,j - ¢0(2—6M|x|)//ez‘S(Oém-&-W(a)xz—&-l)ﬁIj(a)

x @0z, ) (2 (az) + v(a)zy + 1))

X O (s)a(s)s(ay' () — y(a))x(a) dads. (4.52)
Note that Ly () is like Ky(z)po(275M|z|) with
Br(a) - Py jn(z, @)
inserted into the integral, L; () is like Ky(2)¢o(27M|x|) with
Bry(a) - @0 - (1= do(2'(azy +y(a)zs +1)))
inserted into the integral, and Lj, ;(x) is like Kj(x)¢o(27%M|z[) with

Br, () - @y - ¢o(2'(axy + y(@)zy + 1))
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inserted into the integral. These kernels are most easily visualized using the coordinate

system of (4.37); see Figure 5.

52 X2

\ \
\ \
\ \
\
\) . s
AN
\ (\
51 \\ ur
\
\ AY
\ \\
(bj4+1,7(bj+1)) V(o y(a)h
v ug \

(b, 7(b;)) (e (@) \ .
Y \\ A

Figure 5

The domain  is depicted on the left, where for a fixed j a point («,(«)) is chosen so that o €
I;. On the right, up to dilation by a constant, the shaded parallelogram represents the support of
oz, ) - po(2'(axr + y(a)z2 + 1)), and up to dilation by a constant the region between the two
dashed lines represents the support of ®; ;o(z, ) - (1 — ¢o(2!(ax1 + v(a)z2 + 1)). The region outside
the two dashed lines represents the support of . _, ;@ j.(z,a). Note that the long side of the
shaded parallelogram is orthogonal to us, and the dashed lines are orthogonal to u;. The short side of

the parallelogram has length ~ 27!, and the long side has length ~ 2_l|Ij|_1.

We can write
S = ZSk+Z > Zslk,]n+225lm+slk]) (4.53)
k: k<l kik>lnin>k—l j kik>l j
If we fix some k > [ and freeze all sums in k in (4.53), then we may interpret (4.53) as
follows. The term ) ., ;> Sikjn may be thought of as the portion of the kernel of
Sk supported away in the wu;-direction from the exceptional set Ny, with the distance

from N increasing as n increases. The term ) ; gl,k,j may be thought of as the portion
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of the kernel of Sj, supported away in the wuy-direction from Ng. We will see that the

kernel of the term ) ; Sik. ; 1s supported in Ng. We prove the following lemma.

Lemma 4.4.2. The support of

!
2 DStk
k>l j

is contained in Ng.

Proof of Lemma 4.4.2. Since ag is supported in a cube of sidelength 27!, it suffices to

show that the kernel of ), Zj S} x.; 18 supported in
Ny = U E,,.
J
where

Ea- = {:L‘ . |@jx1 + 'Y(Oéj>$2 + 1| < 2—l+14M’

J

|21+ 227 (a)| < 27

Observe that if we set
and

then

axy + "}/(06)372 +1= (&77(05)) ' ('Tl + Ca, T2 + da)a
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and moreover

(s da) - (1,7'()) = 0.

In fact, (4.25) states that (ca, do) = Vp(a, v(a)). Now, for any a, o’ € I, (4.22) implies

that we have

(,v(@)) - (Car = Caydar — da) = (Car, dor) - (0, 7(a)) — 1

@), D) (ar(a)
= @), D) (o 4

By (4.12), we have that
(7/(), =1) - (o = &,y (0) = y(@))] <2774 (4.55)

Indeed, (4.55) is equivalent to the statement that («,y(«)) is contained in a rectangle
of width < 27"** containing (o/,v(a’)) with short side parallel to the normal to 9Q at
(o/,7(a/)). That is, (o, v(ev)) and (o, y(a’)) are contained in a single “Minkowski cap”
of width § < 271+,

As mentioned in (4.24), |(v/(a/),=1) - (¢/,y(c'))] = 27 and so it follows from
(4.54) and (4.55) that

(Y(@), =1) - (&' — a,v(a") —7(a))
(Y(a'), =1) - (e, 7(a))

(@, 7(@)) - (Car = Cas dor = da)| <

< 27HM 1 (4.56)

We also note that for any o, o’ € Iz,

[(ar = Cay dar = da)| < 2 max(]y/(a) — /(o) [7(@) = ()])

< 2" max (27 1|7 270 < 27 HHOMI T (4.5T)
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where in the second step we have used (4.12). It follows from (4.56) and (4.57) that for
any o, € I7,

Supp (¢0(|Ij|21<x1 +a27'()))do(2' (01 + ()2 + 1))>
CH{a (@ + (cada)) - (1,9/()) < 2772 L 17,

(2 + (car da)) - (0, 7(@)) < 27F2M30 (4.58)

Next, we note that (4.5) implies that for any o, o’ € I3, the angle between (a,y(a)) and

(o/,7v(a’)) is < |[;], and this combined with (4.58) implies that for any o, o’ € I7,
supp (¢0(|[j|21(x1 + 127 (0)))po(2' (a'z1 + (0 )y + 1)))
C Ey={z:|az, +y(@)zy + 1] < 27FHM gy 4 209/ (@)] < 271171, (4.59)
and taking o = a; completes the proof. O

We have thus reduced Proposition 4.4.1, and hence also Theorem 4.1.3, to the fol-

lowing proposition.

Proposition 4.4.3. Let §l7k7j, Sikjn and Sy be as defined previously. Then

‘ (DD (Siksi+ D Sikym))(aq) <1 (4.60)
k:k>l g nn>k—I L1(R2)
and
> Silag) <1 (4.61)
k:k<l Ll(R2)
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4.5 The H' — L' endpoint estimate: estimate off the
exceptional set

As in the previous section, throughout this section kg = 1/2. We again note that we
will often continue to write kg instead of subsituting 1/2 simply to indicate how certain
quantities in our estimates arise. We have shown that to prove that the operator S maps
ag into L', we may ignore the term »5, ., > S}, ; in (4.53). All other terms in (4.53)
map ag to a function that is supported off the exceptional set. In summary, we have
shown that Theorem 4.1.3 reduces to proving Proposition 4.4.3, and so this section will

be devoted to proving Proposition 4.4.3.

The case k > [

To prove (4.60), we will first prove the following lemma.

Lemma 4.5.1. Let ihk,j be as defined previously. Then

S5 [s@lde 51, (4.62)

k>l g

Proof of Lemma 4.5.1. Integrating by parts (4.51) three times with respect to s yields

[ i@l da 5

2k
gk(l=ra) / / dz do.
 Jlorary @1<in =2 (T 2Faay + y(@)a + 1)

|y +y(a)xa+1]>27
Applying the change of coordinates (4.37) yields
# k(1—ko) 2
Ligi(x)|de < 2807re ———————duy duy d
/| l,k?,](l')| T ~ /;F /‘L1|<Ij|1l2l (1 + 2k|u2|)3 ul UQ «
’ lua|227

S 217]627]6&9 ]
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By (4.19), there are < 22 intervals I;, so we may sum in j and then in k to obtain

(4.62). O
To prove (4.60), it remains to prove

Lemma 4.5.2. Let Sjy ;. be as defined previously. Then

(2220 > Suwnlao)

k:k>l j nn>k—I

<1 (4.63)

L' (®2)

Recall our treatment of the kernels Kj ;, in Section 4.3. In order to achieve suffi-
cient decay in n for [ |Kj ;. ()| dz to prove an endpoint estimate, we would have had to
integrate by parts twice in the o variable. However, doing so would make our estimates
for [ |Ky jn(z)| dz ultimately depend on the C? norm of the graph of Q. Thus in our
analysis of the kernels of the operators S; ;, we will instead opt to approximate 02 by
a smooth curve whose curvature is essentially constant on “Minkowski caps” of width
27% allowing us to perform the necessary integration by parts.

Recall that {I;} = {[bj, bj+1]} is the partition of [—1, 1] into subintervals with end-
points in A(271), where 2(27) is the refinement of A(27%) given by Lemma 4.2.1. Fix
k > 1, and let {J,} = {[cm,cm+1]} be the partition of [—1,1] into subintervals with

endpoints in 2((27%). We will prove the following approximation lemma.

Lemma 4.5.3. Fiz integers [,k > 0 with k > [, and define {I;} and {J,,} as above.

Then there exists a smooth function v, : [—1,1] — R such that for every x € A(27F),

(x) = (2), (4.64)

(@) =+ (2), (4.65)
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and for every a € J,,

(@) S (7 (emir) =7 ()| Tl = < 278 | Tl (4.66)

and

/ ()] dav < 27| 2. (4.67)

Moreover, for every j,

[ mlpi@lda 2 (4.68)
I
and for any o € I7,

(@) = ()| S 2717 (4.69)

Remark 4.5.4. Note that (4.65) and (4.66) imply that for every o € J,,,

@) = @] 5 [ (@) (e da

m

S /Jm /C:(Iv”(t)l + @) dtda S (Y (emgr) — ¥ (em))| ] S 277, (4.70)

[V (a) = ()] S /J (V" ()| + [k (@)]) dex
S (eme1) =7 (em) S 2_k|‘]m‘_1- (4.71)

Proof of Lemma 4.5.53. The idea of the construction is to first define v, near each point
x € A(27%) so that its graph is a line segment with slope 7/(z), to connect these line
segments with curves of constant curvature, and then to smooth things out using an

appropriate mollifier. We now proceed to give the details.
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We first define 74 in a neighborhood of each = € 2[(2"‘“). For each such z, let Jy,)

be the element of {.J,,,} whose right endpoint is z. Let O, be the interval [z — IJ;'E)(S )l , T+

%]. Define a function v, on O, so that {(o,1.(a)) : @ € O,} is the graph of a

line segment satisfying v;.(z) = 7(x) and v ,(z) = 7'(z). Let ™ be the successor of

: ~ J J :
rin z € A(27%). We now extend 4, to O, := [z — | ;’6(6”)‘ ot — %] by connecting

the points

|Jm(m)+1| |Jm(m)+1| + |Jm(:p)+1| + |Jm(x)+1|
[miz)+1] [Im@tly ) (g - m@] _ m) ] 4.72
(”TJr TURACR T A 0 @ 00 ) (4.72)

by the unique curve of constant curvature that has slope 7/(x) at the point

|Jm(x)+1‘ |Jm(z)+1|

Note that for o between the two points (4.72),

e (@] S (F (Cmr1) =7 ()Tl S 27 ey |72 (4.73)
Now define a piecewise smooth curve 7, : [~1,1] = R by 7[5, = Ve

For each x € A(27%), let U, = [z + %,x* - %]. Let 1, be a smooth

positive bump function supported in

. |Jm(x)+1| |Jm(z)+1|
800 800

with [, =1 and satisfying
D%, <p [Ty 771, B = 0 an integer. (4.74)

Define a smooth curve 7 : [=1,1] = R by v|v, = & * ¥, and 'Yk‘(Um Un)e = V-
By construction, -, satisfies (4.64) and (4.65). On (|J,U,)¢, v, is identically 0.

Let 4} denote the a.e. defined pointwise second derivative of 4. Let ¥; ; and ¥ p
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denote the (everywhere defined) left and right derivatives of 4y, respectively. Then for
OAS Ux C Jm(x)Jrla
J | B |
" < (=N ~! + | m(x)+1ly  ~ +  Um(z)+1]
@] S 1 9)(@)| + Whla = ) 5 (g Iy )

< sup |3 (@)] + (Y (emr) — 7 (em)) [ Im] 7

acU,;

S (7 (emr) =7 () [Tl ™ S 27 i@y 7% (4.75)
where in the second to last inequality we have used (4.73). Thus ~, satisfies (4.66). By
(4.73) and (4.74), we also have

| hi@ida s [ 1G] do

J’m(z)+1

~ |<]mx 1| ~ |J 1|
(et = ) = A @ = D g | e

,S / 2_k|<]m(ac)—i-l|_3 da + 2_k|Jm(:w)—s-1|_2 5 2_k|Jm(oc)+1|_27

Jm(z)+1

and so 7y satisfies (4.67).

Now we show that ~ satisfies (4.68). Note that (4.66) implies that for each m,

[ hi@)lda S Gnin) = (o). (4.7

m

Given I; = [b;, bj41], choose m, m’ to the the greatest and least integers, respectively, so
that I C [c,, cov]. Let b and b7, denote the left and right endpoints of I7, respectively.

If b} — ¢, < [1;]/100, then by (4.17) we have bj_1 < ¢, 50 by (4.76) we have
I h/l/c/(a)’ do S./ VI(Cm’) - ’)/(Cm) 5 7/(Cm’) - Vl(bj—l)'
Otherwise, b5 — ¢,, > |I;|/100, and so (4.16) implies that

Y (05) = (em) S 278|117
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and hence

(@) da S ' (emr) = (em) S (emr) — A (b)) + 275|171
5

In either case, we have
Vi (@) dar S 5/ (emr) =~ (bj—a) + 2781
I
J
Arguing similarly with ¢, and b7, in place of ¢,, and b}, we may obtain

[ bi@lda £ 7/ @0) =¥ b + 2 ML
g

By (4.16) and (4.17), 7/(bj1+1) — 7' (bj—1) S 27Y1;|7", and since k > [ it follows that

/ Ll (e) da < 27
I*

J

Thus ~, satisfies (4.68).
Finally, we show that 7, satisfies (4.69). Suppose we are given some j and some
o € I7. If there exists m such that c,, € I}, then by (4.64) and (4.68),

e =)l S [ (@] + (@) da S 271517,

J
Otherwise, choose m so that the distance of ¢, from [ is minimal. Without loss of
generality, suppose ¢,, < b5. Then ¢y 1 — ¢ 2 |1], so by (4.66) and (4.68),

(@) =7 ()] S / (e (@)l + " (a)]) dex

[Cmvcm-‘rl]UI;

S 27N 2 LI S 27l

and hence ~; satisfies (4.69). O
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The error estimate

Define
Bigjn(z) = </50(26M]x|)/ / eis(azi+yp(@)za+1)
o Jrr
J

B (@)@ jin(w, a)0k(s)als)s(ari(a) = i(a)) dads.

Note that By ;. is like L;y, j,, with every occurrence of « in the integral replaced by ;.

We will prove

Lemma 4.5.5. If k> 1 andn > k — [, then
HLl,k,j,n - Bhk,j,nHLl(R?) S 2_knﬂ<2n_k|]j|_1)' (4.77)

Remark 4.5.6. We now state a consequence of Lemma (4.5.5). By (4.19), there are
< 2% yntervals I;. Moreover, the presence of ¢o(27M|z|) implies that all terms with

2R ;171 > 1 are identically 0, so (5.17) implies that

Z HLl,kJ,n - Bl,k,j,nHLl(ﬂ@) SL (4.78)
kik>l,

‘77
nm>k—l

Then (4.78) implies that it suffices to prove (4.63) with Sy ;. replaced by the operator

with kernel By jn.-
Proof of Lemma 4.5.5. The first step is to write
Likjn(x) = Bigjn(x) = Hi(x) + Ha(x),

where

Hl(gj') _ ¢0(2_6M|ZL‘|)/ / eis(ax1+'y(a)z2+1)(1 . eis('yk(a)xg—'y(a)xz))
O *

J

B, ()P jn(, 2)0i(s)a(s)s(ay () — y(a)) dads
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and

Ha(w) = o(2a) [ [ e on@nin g @by (o.0)
0 *

J

Or(s)a(s)s(a(y'(a) = n(a)) — (v(a) = w(a))) dads.

Note that the only places where the kernels By, and Ly ;, differ are in the complex
exponential factor and the Jacobian factor in their integral representations. Here the
term H; represents the difference in the complex exponential factor and the term Hs
represents the difference in the Jacobian factor. The estimation of [ |H;(z)|dz and
[ |Hy(x)| dz will share some similarities with the estimation of [ |Kj ;. (x)|dz from

Section 3.

Estimation of [ |H,(z)|dx

We observe that (4.70) implies that for s, z, a in the support of ¢0(2*6M|x|)0k(s)ﬁ1j(a)

and for every integer N > 0,

070 (1 — e 0@ (@) | <y 97BN ) (o) — (@), (4.79)

SN

~Y

‘3533(1 _ eis(vk(a)mz—v(a)rz))|
2o (22’“|%2(04) — Q)P + 25 ()] + |7”(oz)\)) (4.80)
and

|a£\[(1 . 6is(7k(a)$2—7(a)z2))| ,SN Q_kN|g;|‘ (481)
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Integrating by parts H; once in « yields

Hl(:L‘) — ¢0(2—6M|x|)/(x’/ eis(azl+7(a)12+1)
0 Ix
J

aagl,k,j,n (ZE, S, Oz)@k(S)CL(S) ds

where

(1 _ eis(’Yk(a)afz—’Y(a)J?Z))ﬁIj (@)(I)k%n(x, Oé) (ory’(oz) — ’Y(CY))
r1 + x27y () .

gl,k,j,n ('x; S, 05) =

Now if 0, hits the term (1 — e?*(%(@)z2=7(@)22)) "then we may integrate by parts again in

«, since no higher derivatives of v or 7, will appear. Thus we will further decompose

Hi(z) = Hi1(x) + Hy2(2),

where
Hyi(z) = ¢0(26M\xl)/ / eis(axlﬂ(a)““)hl,k,j,ml(:r;,s,a)@k(s)a(s) ds
o Jrr
His(x) = ¢0(2_6M|x|)/ / eis(azlﬂ("‘)zﬁl)hlﬁkﬁjmﬂg(ac,s,oz)@k(s)a(s) ds,
o Jrr
and

hl,k:,j,n,l(xv S, Oé) =

(1 — eis(“/k(a)arg—v(a)m))aa[ﬁfj (a)q)k7j7;§x_;_i?2(32;()a) - V(O‘))],

hl,k,j,n,Q(xa S, Oé) =

g [Oall — ePOr@r20R2)] 5; (@) Dy 5 (1, ) (0 (@) — y(a))

“ s(xy + xoy'(a))? ’
Here we may think of H;; as representing the case when 0, does not hit the term
(1 — esOn(@z2=7()22)) when we integrate H, by parts with respect to a, and H;, may

be thought of as representing the case when 9, does hit (1 — e?(v(@)z2=v(e)z2))
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Estimation of [|H;;(z)|dx

Observe that (4.81) with N = 0 implies that

(@512 ] + 1) + 5]
|21 + 227/ ()]

.

P g (7,8, 0)] S

Thus integrating by parts in s three times and using (4.81) and the change of coordinates

(4.37) yields

[ i@l g2 [ (@2 - + 15

J

x/ L dud
ulau ax
fur|m2n—kig -1 |wa] (1 + 2F|ug|)?

52'“’“‘“2"’“\%!1/] (7" (@127 + 1) + || ™) do

*

By (4.16) and (4.17), we have

(@)1 do S 27,
I
J

and so when n > k — [,

Hyq(2)|de < 27kragn=k| 1 |=1(ok=l=n 4 1) < g=kragn=Fk =1 4.82
s ~ J ~ J

Estimation of [ |H; ()| dx

Note that (4.79) and (4.80) with N = 0 implies that

Ihl,k,j,n,Q (JZ, S, Oé>| 5

Y (@512 ] + 1) + 5]
|21 + 227/ ()|
]

ol (2l k() ~ (@]
(it - v @P)

|$1 + IQ’Y'(Q
|z]

+ ka_"\fjl(!'yZ(a)\ T (a)]). (4.83)
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Using (4.79), (4.81), (4.83) and the change of coordinates (4.37), we have

[ @) ds 5

(2—’““” [ 2Rk @) = S @I (@I + 1)+ 1517

1 2k
X - 5 |u| duda
a2y -1 ] (1 + 28 ugl)

+(20 [ Pl - v @

IJ

« / L2 dud >
ulau ac
jun jrzn—k -1 || (1 + 25 |ug|)?

+ <2_M /I 27| LI (I ()] + [ (@)])

1 2k
X - slulduda ),
junzn— - ] (1 + 25|usl)

and hence proceeding as in the estimation of [ |H ;(x)|dz we have

JEEETE
(2t [ A rlnge) = o @I @2+ 1)+ 1) da)
b (el [ 2 b)) da
5
# (2o [ 2@+ e da ).
Note that since {I;} satisfies (4.16) and (4.17), we have

[ ik @lda sz
g

As stated in (4.68), we also have

/ L) da < 27
I*

J
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Thus we have

/ |Hy (o) de <

(22 [ 27k — @I @I + 1+ 1517) da)

J

# (2o [ 22w - (@ da

J

4 szlig 2117]6‘]’] |7127n+(k7l) )

Now we bound the integrals over I by a sum of integrals over all the J, such that

Jim N IF # 0 and use (4.71). We have

/ |Hyo(o)| do <
].
ykmagnk 11§ ( / @ L @02 + 1) + 111) da

mi J (L0 | il

- ‘Ij| —k —k| 71 |—1o—n+(k—I
+ 2 n do | + 27 Fregn=k| 1 |—lo=nt(k-1)
/m ‘Jm‘Q ‘ J|

Using (4.16) gives

-

[ (@i ¢ 1) das 2 e

|1

m

Therefore

/ (Hy ()| de <

27]€KQ2H7’€|I"*1 Z 27271 |I]’2 4 g—n + 9—n ‘I]|
’ | S ? | Jim]
m: Jmﬁf}f;éw

4 2 hragn=k| [ =lg=nt(k=l) (4 84)
We now proceed to bound (4.84). We will first show that for any 7,

card({m : J, NI; #0}) S 1+card({m: J,, C I7}) S o(k=0/2, (4.85)
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By Cauchy-Schwarz, (4.13) and (4.12),

card({m: Jn, C I;}) < Z 2% (i1 — ) (7 (emir) = 7 (cm)) 2
{m: JmCI;}

<2k/2< > }cm+1 —cm)l/z( >, 7/(cm+1)—7’(cm))1/2

{m: ImCI} {m:ImCI;}

< 262(bjq — b)) (bjr) — 7/ (b)) ? < 2D/

)

which proves (4.85). Using (4.85), we have

I. 2 I
S () s )
m: Jmﬁlj’f;é@,\JmP% " "
and
So2rg (4.87)
m: Jmﬂl;yﬁ(ﬁ
If Jo NI} # 0 and [ Jn| < 15, then J,, € ;- UL U Ty, We will write Ay (') in place

of v/(bj12) —7'(bj—1). Similarly define Aj, (v') = ¥ (¢ms1) — 7 (cm). By (4.16), we have
LS 27 (AL ()
By (4.12) and (4.13), we also have
[Tl 2 275 (A, (V)7

We thus have

1 !fI)
9 2n ’ J +2 n 177
2 ( | ? |Jom]

m: T L5 A0, | Jm | <|1;]/100

/ 2 /
S Z (22n22(kl) <AAJm (’Yl ) ) + 2771 (2Jm (7 > )
m: Jn (A0, | T | <|1;]/100 1, (7) 5(Y)

< 2Rl <] (4.88)




Together, (4.84), (4.86), (4.87) and (4.88) imply that when n > k — [ we have
Together (4.82) and (4.89) imply that
/|H1(£E)| dx < 27 FRagn=h|[|-1,

completing the estimation of [ |H;(z)|dx.

Estimation of [ |H(z)|dx

Integrating by parts Hs once in « and twice in s yields

[t dr s 2 [onz ) [ 10ugsinlo o)
5
2k

X dadr,
(1 + 2"z + v(@)za + D20

where

Dy (T, @) B, () [y (@) = 7)) = (v(a) — k()]
Ty + 22y (@) ‘

gl7k7j7n(aj7 a) -

By (4.69) and (4.70), for o in the support of 37, (a) we have

(7 (@) = i) = (v(@) = ()| S 27|11

It is easy to see that (4.91) implies

. [awa) @) — (1a) - mc«))} \ <L+ ()] + i)

By (4.91) and (4.92), for x in the support of Hy we have

(" (@) + e ()D(L128 + 1) + |1

Oalinin(z, )| < 27|71
‘ 9i.k,j, ( )’ ~ | J’ |a:1—0—x2fy’(04)|

?
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(4.89)

(4.90)

(4.91)

(4.92)
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and so applying the change of coordinates (4.37) and estimating the integral using (4.16)
and (4.17) as we did above in the estimation of | |H;(z)|dx, we obtain for k > [ and

n>k—I,
/|H2(a;)| do < 27Feg ™l ;|71 < 2 hmagnk 17t (4.93)

Together (4.90) and (4.93) imply that (5.17) holds whenever n > k — [, completing the

proof of the lemma. O

Estimation of the main term
We have thus shown that to prove Lemma (4.5.2), it suffices to prove

Lemma 4.5.7. Let By jn be as defined previously. Then

‘(ZZ > Bikjnlag)

k:k>l j nin>k—I1
Proof of Lemma 4.5.7. We have

~Y

L1 (R2)

<1 (4.94)

Bl,k,j,n(x) — ¢0(26M’l’|)/ / eis(OéIlJr’yk(a)ngrl)
o Ji
X B (@) B0, )i (s)a(s)s(a} () = (@) dov ds.

We integrate by parts twice in « to obtain

Bl,k,j,n(m) — ¢0(26M’J]‘)/ / eis(axl+%(a)m+1)gl,k,j,n(Q;,05)
0 I;
x s 0,(s)a(s) dads.

where

oL g a0 @rh(a) — ()
9.k, 5\, — Ua CL'1+$2’Y]I€(CY) « 1'1+I2’y;€(a/)

II-
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Integrating by parts twice in s yields

/ | B jin(@)] da S 27H00FD / do(27|]) / |91, (5 )]
I*
J

2k
X
(1 + 2¥|oxy + y(o)ze + 1))

5 dadz.

Observe that for z in the support of ¢o(27¥|z|),

L)+ 2R L) P +
|gl,k,j,n<x7a)| ~ 4 2 ‘
|21 + 2273, ()|

Thus using the change of coordinates
(1, m2) = (ug, ug) := (x1 + 22 (@), 1 + axy + yi(@)z2),

we have

/ Bugo ()] di < 27K D) / (251 (@)

g

22(k—n) I 2| M 2 I -2 1 2k
+ L5 e (@) + 11177)

du do
a1 | |? (1 + 28 |ug|)?

2y [ @ @) + 26 PR + 1)) da.
U
Since
g klratlg=ntk I | . 1I;| 2 da S 27 ka2,
we have

[ 1Busn(allde 5 (20 [ @iy
J

+ PP () )da ) + 2702
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Now for each m, choose j(m) so that Ly NI # 0 and I, has maximal length. Then

using (4.19), we have

Z/ |Bigjn ()| de < 27" 4 272 kne Z /1* 2571 L2y (o) | de
J J J

e 3 [P da
: I*
J J

['m 2
<o oy j2—”’|f]( |)2’ 2l (@) da
—no—kkg 72n|Ij(m)|3 2k 31.n 2
+27"2 E 2 T 2% TP |y (@) |7 dax.

Using (4.66) and (4.67), we have

Lo |? Lo |?
5 [1Brasao)lds S 270 2orrton Tl g pranloin
j m m m
and hence using that n > k — [,

> [ 1Busota)lde
J
|3

Ligm|? |2
9 | 92(k—l-n)g—krq 2—2(k—l)| j(m) 9—3(k—1) j(m) ‘
+ p3 AT )

m

Since there are at most < 2%¢ intervals .J,, such that for some j, .J,, N I # () and
| Jm| = 11;]/100, we have

92(k—1—n)g—krq Z (272(1@71) |-’j(m) |2 9—3(k—1) |]j(m) |3)
| S| | S [?

m: | T | 2|1 ()| /100

< 2=krag=n (4.95)

~J

Note that if |J,,| < |1;|/100, then Ju, C Ljm)—1 U Ljgm) U Ligmy+1. We will write Az, (7;,)

in place of [y, (bj42) — 7;(bj-1)|. Similarly define Ay, () = [(cms1) — Yi(em)|. By
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(4.16), (4.17) and (4.69), for every j we have
LIS 27 (A ()
Moreover, (4.12) and (4.13) also imply that for every m
| Ton| = 27D, (7)) 7

It follows that

[ Zjm)| < okl A (k)
’Jm| ~ A[j(m>(")/]/€)

and hence
92(k—1-n)g—krq Z (272(k7l)|lj(m)|2 +273(k71)|]j(m)|3)
2 3
m: | T | <| L (my | /100 | il [Jim]
/
5 22(k—l—n)2—klig Z AJm (fyk) < 2([—]{:)/1922(]{?—1—71)' (496)

Ag AN
102 [ | <| Ly /100 Ljm) (%)

Together (4.95) and (4.96) imply that
> / |Brij(7)| dar < 27 4 20-PRagh—i=n), (4.97)
J

Summing over n > k — [ and k > [ yields (4.63).

The case k < [

To prove Proposition 4.4.3, it remains to prove the following lemma.

Lemma 4.5.8. Let Sy be defined as previously. Then

> Sk(ag)

k: k<l

<1

L(R2)
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Proof of Lemma 4.5.8. We will need to exploit the cancellation of the atom. Since

[ ag =0, we only need prove that for k < [,

sup |Ki(z —y) — Ki(z — )| do < 281 (4.98)
¥y’ €Q JR2

Now,

swp [ |Kile —y) — Kula — ) dz < / sup |Ku(x — y) — Kile — o) de
¥,y €Q JR2 ¥,y €Q

27 [sup|VE(z ~ )| da,
yeQ

so to prove (4.98) it suffices to show that

/sup VK (z —y)|dz < 2. (4.99)

YeQ

Since k < [ and since (VK})(x) = (Ki(-) * 23*¢(2%-))(x) for some Schwartz function ¢,

it is easy to see that

/sup|VKk(x—y)|d:B,§2’“/|Kk(:r)|d:v.
yeQ

But by the proof of (4.60) in the case that & = [ and the estimation of the term Kj ;o

from Section 4.3, we have

/|Kk<x>|dxs 1

which implies (4.99) and finishes the proof. O

4.6 Estimates for a generalized Bochner-Riesz square
function

In [10], Carbery, Gasper and Trebels showed that one may use the sharp L* estimates

for the two-dimensional Bochner-Riesz square function, first obtained by Carbery in [8],
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to prove multiplier theorems for radial Fourier multipliers in R?. We are thus motivated

to consider the generalized Bochner-Riesz square function

1/2
tdt) .

In the same vein as in [10], L* estimates for G* yield a multiplier theorem for quasiradial

G f(x ( ‘—RO‘ z)

multipliers in the range 4/3 < p < 4, which we will then interpolate with Theorem 4.1.5.
In [14], the following L* estimate for G* is obtained, which will also be discussed in

Chapter 5.

Proposition 4.6.1. For a > —1/2,

G flly e 1714

Following [10], one may then obtain the following corollary.

Corollary 4.6.2. If o > 1/2, then for 4/3 < p < 4,

[[m 0 pll pro(re) Sstgg (/|~7:R[¢<')m(t‘)](7)|2]7'\2a dT) 1/2.

4.7 An interpolation argument

We now prove Theorem 4.1.6 by interpolating Corollary 4.6.2 and Theorem 4.1.5.

Proof of Theorem 4.1.6. Let S(R) denote the space of Schwartz functions on R with
support in the annulus {z : 1/2 < |z| < 2}. For s > 0 and 1 < r < 2 define norms ||-||”

by

1/r
191 = ([t ar)
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and let L? denote the space of all measurable functions f with || f||> < co. Let L3(R)
denote the closure of S(R) in L(R). For each integer N > 0, let Cy v denote the space

of sequences with support in [—N, N], and let ¢3¢ denote the closure of Cj y in ¢*°. For

N € N, define a bilinear operator Ty where Ty : S(R?) x Cyn(S(R)) — S(R?) by

N

FITn(f Am e ) O1E) = > me(27%p(£) £(9).

k=—N

Then Theorem 4.1.5 implies that for s > kg and for every N and 1 < p < oo, Ty extends
to a bounded bilinear operator from LP(R?) x £3(L5(R)) to LP(R?) with operator norm
HTNHLP(RQ)XEJOVO(Zf(R))HLP(RQ) = Cpss (4.100)

for some constant C, > 0 depending only on p and s and not on N. Corollary 4.6.2
implies that for every o« > 1/2 and for every N, Ty extends to a bounded bilinear

operator from L*3(R?) x (32(L3(R)) to L*/3(R?) with operator norm

HTNHL4/3(]R2)><Z]°V°([~/§(R))HL4/3(R2) =C, (4.101)

for some constant C! > 0 depending only on « and not on N. Applying bilinear

real interpolation methods (see for example [5]) to (4.100) and (4.101), we obtain for

0<60<1,
HTNHL[IO(RQ)Xéﬁ(ﬂz(l)&)(ﬂ{))—)[,qo(ﬂ{?) Se,p,a 1, (4102)
where
1 1-46 0 1 0 0
— =t —=1-7, =(1-0kra+ s +e 4.103
©  p 43 o 5 so(€) = (1 —0O)ra+ 5 +e (4.103)

Define a bilinear operator T': S(R?) x (>°(LI(R)) — L*(R?) by

FIT(f A3z )OI = Y miu(27%p() F(©).
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Using (4.102) and letting N — oo, we obtain

I o1,

L90 (R2) x£2° (L3919 (R))— L0 (R2) Sew,

for qo, q1, so(€) as in (4.103). Set s(kgq,0) = (1 — 0)kq + 2. Since 1 < p < oo, we have

Tl )1, (4.104)

L90 (R2) x¢° (L° 40 F (R)) 5 Lo (R2) Seao,
2— 0

for any 145 < qo < 3. It is straightforward to see that (4.104) implies the result. O
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Chapter 5

A Generalized Bochner-Riesz

Square Function

5.1 Introduction

As discussed in Chapter 1, the characterization of Fourier multiplier operators that are
bounded on LP when p # 1,2 is a difficult open problem that has a long and rich
history in harmonic analysis. A particular special case that has been especially studied
is the class of radial Fourier multipliers, for which the Bochner-Riesz multipliers are
prototypical examples. In [10], Carbery, Gasper and Trebels proved sufficient conditions
for a radial function on R? to be a Fourier multiplier on LP(IR?). Their theorem can be

stated as follows.

Theorem A ( [10]). Let m : (0,00) — C be bounded and measurable. Then for 4/3 <

p<4anda>1/2,

1/2
] Dl s ([ 1Zslo0mieN@Frar )

Theorem A is sharp, as can be verified by comparing with the known sharp L? bounds
for Bochner-Riesz multipliers in R? (see [22]). Theorem A was obtained as a consequence

of a critical L* estimate for the Bochner-Riesz square function in R?, proved by Carbery
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in [8].

In this chapter, we extend the result of Theorem A to a class of quasiradial multipli-
ers of the form mop, where p belongs to a class of rough distance functions homogeneous
with respect to a nonisotropic dilation group. Here we may view p(£) as generalizing the
function |£|, which corresponds to the special case of radial multipliers. Our considera-
tion of such a class of distance functions is in part motivated by the work of Seeger and
Ziesler in [48], where the authors consider Bochner-Riesz means of the form (1 — p(£))}
where p is the Minkowski functional of a bounded convex domain in R? containing the
origin. However, the class of distance functions we work with is more general than what
is considered in [48], since it also includes distance functions p that have nonisotropic
homogeneity.

As motivated by [48], let © C R? be a bounded, open convex set containing the
origin. Since the results in this chapter are dilation invariant, we will assume that €2

contains the ball of radius 8 centered at the origin. Let M > 0 be the smallest positive

integer such that
{¢:1¢1<8cQcQc{e: ¢ <2V} (5.1)

This quantity M associated to such a convex domain €2 is an important parameter on
which our results will depend. One may note that it determines the Lipschitz norm of
parametrizations of 0f2.

We now introduce the notion of a nonisotropic dilation group. Let A be a 2 x 2
matrix with eigenvalues A;, Ay (not necessarily distinct) such that Re(A;), Re(A2) > 0.
A nonisotropic dilation group associated to A is a one-parameter family {t* : ¢t > 0},

where t4 = exp(log(t)A). We say that a pair (Q, A) is compatible if it satisfies the
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following;:
1. For any & € R?\ {0} the orbit {t¢ : t > 0} intersects 99 exactly once,

2. If ©(£, A) denotes the infimum of all angles between the tangent vector to an orbit

{tA¢ . t > 0} at & and a supporting line at ¢ for any ¢ € 9Q, then ©(Q, A) > 0.

We associate to a compatible pair (€2, A) a norm function p € C'(R?), defined by setting
p(0) = 0 and setting p(¢) to be the unique t such that t=4¢ € 99 if € # 0. If 99 is
smooth, then p € C°(R? \ {0}). To see this, apply the implicit function theorem to
F(x,t) = dist(t*z, 00). Moreover, we also have ||p||00,1(K) SKMRe(M),Re(As),0(0,4) 1 for
any compact K C R?\ {0}.

Note that in the special case that A is the identity, (£2, A) is a compatible pair for
any bounded, open convex set ) satisfying (5.1), and we have ©(Q2, A) 2y 1. It was
noted in [53] that for every A there exists a compatible pair (€2, A) obtained by taking
Q to be the region bounded by {£ € R? : (B¢, €) = 1}, where B is the positive definite

symmetric matrix given by

B:/ exp(—tA*) exp(—tA) dt.
0

See [53] for more details. In this particular case 0€2 is smooth; however as already noted
in this chapter we consider general convex domains, with special emphasis on the case

when 0f) is rough.

Notation

Throughout the rest of the chapter, in every situation where it is clear that we have

fixed a compatible pair (€2, A), we will write <, 2 and & to denote inequalities where

~) o~y
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the implied constant possibly depends on M, Re(A;), Re(\2), and ©(£2, A). We will also
assume that all explicit constants that appear possibly depend on M, Re(\;), Re(\s),
and O(, A).

Given a compatible pair (2, A), define the Bochner-Riesz means R} f associated

with (€, A) for Schwartz functions f € S(R?) by

Af(g) = 1 _& " i)
R = s [ (1= 22) oo ae

Define the Bochner-Riesz square function G* f associated with (€2, A) for Schwartz func-

tions f € S(R?) by

1o = ( [T R %)/

Our main result is the following critical L* estimate for the Bochner-Riesz square func-

tion.

Theorem 5.1.1. Let (2, A) be a compatible pair, and let G*f denote the Bochner-Riesz

square function associated to (Q, A). For A > —1/2,

||G>\fHL4(]R2) 5 ||f||L4(]R)2
for f € S(R?).

Following [10], we obtain the subsequent corollary, which is an extension of the result

of Theorem A to quasiradial multipliers of the form m o p.

Corollary 5.1.2. Let (2, A) be a compatible pair with associated norm function p. Let

m : R — C be measurable function with [|m|| g < 1. Then for 4/3 < p < 4 and
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a>1/2,

1m0 pll o 2y < sup (/IFR[¢(~)m(t~)](T)|2|T|2“ dT) 1/2-

To prove Theorem 5.1.1, we will first decompose the multiplier (1 — p(£))} in a
standard fashion into smooth functions supported on “annuli” of thickness comparable
to the distance from 0 (for example, see [18], [8]). Theorem 5.1.1 then reduces to

proving the following proposition.

Proposition 5.1.3. Let (2, A) be a compatible pair. Fiz a Schwartz function ® : R — R

supported in [—1,1] with |®| < 1. There is a constant C > 0 such that for every ¢ > 0

H (/ooo |the * f (@) 2%)1/2

and every 0 < < C,

S Ve 1Ly
4

where

The overall structure of the proof of Proposition 5.1.3 will follow [8] and [48], and will
draw heavily on the techniques therein. However, the presence of nonisotropic dilations
and the roughness of 02 introduces new difficulties to the proof since the underlying
geometry becomes more complicated, requiring more intricate decompositions on the

Fourier side as well as a more sophisticated use of Littlewood-Paley inequalities.
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5.2 Preliminaries on convex domains in R?

Elementary facts about convex functions in R?

We note for later use the following lemma, which can be found in [48], and is also
included in Chapters 3 and 4 but which we restate here for convenience. The proof is
straightforward and we omit it here, and the reader is encouraged to refer to [48] for a

proof.

Lemma 5.2.1 ( [48]). 02N {z: —1 < zy < 1} can be parametrized by
t— (t,7(t)), —1<t<1, (5.2)

where

1 <A(t) < 2M, —-1<t< 1. (5.3)

2. v is a convex function on [—1,1], so that the left and right derivatives v} and vy

exist everywhere in (—1,1) and
=2 () <t <2 (5-4)

fort € [-1,1]. The functions v, and v are decreasing functions; vy and vy are

right continuous in [—1,1].

3. Let ¢ be a supporting line through & € 02 and let n be an outward normal vector.

Then

[ (&m) | = 27Y[¢]. (5.5)
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Reduction to the case when 0f) is smooth.

Motivated by [48], Lemma 2.2, we will show that it suffices to prove Proposition 5.1.3
with the implied constant depending only on M (and not, for instance, the C? norm of
local parametrizations of 0f2) in the special case that 0f) is smooth. The first step is to
approximate {2 by a sequence of convex domains with smooth boundaries satisfying the

same quantitative estimates as 2.

Lemma 5.2.2. Let (Q, A) be a compatible pair. There is a sequence of convex domains

{Q,.} satisfying the following:
1. 08, is C*,
2. For n sufficiently large, (Q,, A) is a compatible pair and ©(Q,, A) > O(, A)/2,
3. For each n we have

{€: €] <4} € C O C{E: g <2,

4. im0 pn(&) = p(§) with uniform convergence on compact sets.

Proof. We adopt the same approach as in [48], namely, approximating €2 by convex
polygons and smoothing out the vertices. For each n, let P, be the polygon with
vertices {vy,...,v,}, where v; is the unique point on 92 making an angle of 27i/n
with the &-axis. Then P, is convex and P, C €. Choose intervals I, = [Z,,0,%n1] C
I, = (o, Zn1) C R centered at 0 such that 9P, N {(&1,&) @ & € I,,,& > 0} can be
parametrized as {(a,9,()) : a € I,}, and also so that {(a,4,(c) : « € I,,} does not

contain any vertices of P, except v;.
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Now let n € C§°(R) be an even nonnegative function supported in (—1/2,1/2) so

that [n(t)dt = 1. Let C,, = 100 max{(xn0 — Zno) ', (Tn1 — Tn1) '}, and set

Yolor) = /C’nn(Cnt)%(a—t) dt, acl,.

By the choice of C,,, we have that {(a,v,(a)) : a € I,} coincides with P, near the
endpoints of I,,. We may thus obtain a smooth convex curve 052,, by replacing 0P, near
vy with {(a,y.(a)) : a € I}, and then repeating the same procedure near the other
vertices vs, ..., v, after performing appropriate rotations.

It is clear that {€,} satisfies (1), (3), and (4), so it remains to show (2). Let ¢y > 0
be sufficiently small so that for any £ € 02 and sy, 59 € [1 — €y, 1 + €], the difference in
slope between the tangent lines to the orbit {t¢ : ¢ > 0} at si'¢ and the tangent line

at s5'¢ is less than ©(9, A)/10. Now choose 0 < ¢; < ¢y sufficiently small so that
{t:t>0,t ¢ [1—ep, 14 €], & €00}
N{t¢:tec[l—e,14+6¢],6€00=0. (5.6)
Next, choose N > 0 sufficiently large so that whenever n > N, the following holds:
1.0, C{e: 1—€e <p(&) <146},

2. The difference in slope between the tangent line at any point = € 02, and some

supporting line of 002 at the vertex of P, nearest to x is less than ©(€2, A)/10,

3. For any £ € 09, the difference in slope between the tangent vector to the orbit
{tA¢ . t > 0} at £ and the tangent vector to the orbit {t4v;} at v;, where v; is the

vertex of P, nearest to &, is less than ©(£2, A)/10.
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To see that we may choose N so that (1) and (3) are satisfied is fairly obvious, and to see
that we may choose N so that (2) holds requires only a straightforward application of (2)
from Lemma 5.2.1. It is easy to see that (2) and (3) imply that ©(Q,, A) > ©(2, A)/2.
(1) and (5.6) imply that {t2¢ : t > 0,t € [1 — €y, 1 + €],& € 9N} does not intersect
O,. Given £ € 99, let t(£) > 0 be the smallest value of ¢ such that t=4¢ € 9€2,,. Then
t(€) € [1—e€o, 1+¢€]. But by the choice of ¢, any tangent line to {t1¢ : ¢ € [1—eg, 1 +¢€o]}
makes an angle of at least ©(f2, A)/4 with the tangent line to 99, at t~¢, and by
convexity of 99, there can be no t > t(£) such that t~4¢ € 9Q,. Thus (Q,,4) is a
compatible pair for n > N.

]

Lemma 5.2.3. Suppose that Proposition 5.1.3 holds in the special case when 0S) is
smooth, with a constant depending only on M, €, Re(\1), Re(X2), and ©(S2, A). Then

Proposition 5.1.3 holds in the full stated generality.

Proof of Lemma 5.2.3. Let {€,} be a sequence of convex domains approximating €2 as
in Lemma 5.2.2, and suppose the statement of Proposition 5.1.3 holds in the special
case of convex domains with smooth boundaries, with a constant depending only on the
quantities listed in Lemma 5.2.3. Fix a Schwartz function f € S(R?). Then for every

e > 0 and every 0 < § < C, for n sufficiently large we have

o d 1/2
([ )
0

< CeptRe(n) ke 0@)0 2 Il
4

where
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Since ¢(22) — $(22) uniformly as n — oo, we have that ¢, * f(z) — ¥ * f(z)

t t

pointwise as n — oo. By Fatou’s lemma applied twice,

>0 , dt\ ' > , dt\ '
|(A oo F0P ) ([ s s )

< Ce,M,Re(M),Re()\z),@(Q,A)51/2_6 £l
as desired.

< liminf
n

4 4

5.3 An L? maximal function estimate

In [16], Cérdoba proved L? bounds for the Nikodym maximal function in R?. These

bounds were an important ingredient in [8] to prove Proposition 5.1.3 for the special

case of the classical (radial) Bochner-Riesz means. To prove Proposition 5.1.3 in the full

stated generality, we need a nonisotropic version of Cérdoba’s result. To this end, we

will closely follow [16] to prove the following proposition.

Proposition 5.3.1. Let N, A > 0 be real numbers, and let C be the collection of all

rectangles in R? with dimensions X and NX. Let
Co={(2"*R: RecC, keZ}
Define a mazimal operator My n by

1
My f (z) = w%ﬁémmw

z€ReJ,

Then there is a constant S(Re(\1), Re(A2)) > 0 such that for every Schwartz function

fe SR,

IMon flly SRe(h),Re(rg) log(IV)PFEADRQD) | £
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Proof. In what follows, for any rectangle R and any integer k, we will let ((2¥)4R)*
(25)A(R*). Here R* denotes the double dilate of R, where the dilation is taken from the
center of R. Similarly, if R denotes any collection of nonisotropic dilates of rectangles,
then R* .= {R*: R € R}.

For each k € Z, define a maximal operator M) y, on Schwartz functions f € S(R?)
by

My nif(z) = sup / |f(y)] dy. (5.7)
werec, | R

It follows from rescaling the corresponding result from [16] that for every f € S(R?),

I Myngflly S log(BN)Y2 | £, - (5.8)

Now we combine the estimates for the M, to prove an L? estimate for M. For each (i, k)

where 1 <i < N and k € Z, define a maximal operator T%* by
T (@)= sup / )l dy
(2=k)Az€RER, AR'

where R, denotes the collection of all rectangles with direction 7iN~! and dimensions
A x NX. Fix a Schwartz function f € S(R?), and apply a standard covering lemma to

obtain for each (i, k) a sequence of rectangles { R:¥} C R; pairwise disjoint such that
B ={z: T f(z) > a} C U (29 (R,

1

_ dy > a.
AT s 10

Then

E,={x: Mynf(z) >4a} C LJE&IC
ik
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Let

1= J" R

i,k,n

Let H' be a subcollection of H such that

1. There are no R, R’ € ‘H' such that R’ C R*.

2. If R e H\ H', then there is R’ € H' such that R C (R')*.

(To see that such a subcollection exists, we simply enumerate the rectangles in H as
Ri, R,, ..., and at step i we add R; to H' if R; is not contained in R; for any j < i such
that R; € H', and in this case if R; C R} for any j < i such that R; € H', we remove
R; from H'.) Then

E,c |J Rr™ (5.9)
ReH/’

Let Hy = H' NC. Fix an integer a > 0 such that B(0,2) C (22)2B(0,1), where B(0,7)
denotes the (Euclidean) ball of radius r centered at the origin. Let ng = max{k : H; #
0}. For every j > 0, let

A= U e

no—(j+1) (log N)®
<k<no—j(log N)*

For each j let A; = Jpea, B- Then the family of sets {A;} is “almost disjoint”, i.e.
A; NAj, = 0if |j; — ja] > 2. To see this, suppose that R € A;, and R' € Aj, with
j1 < jo—2and RN R # 0. Choose k such that R € C;. Then (27%)AR C B(z, N)) for
some z € (27F)AR". But ((27%)AR)* > B(z, N)), and so R C R, a contradiction.

Now, by (5.9) we have

E, c | JAr. (5.10)
J
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Let f; = f - xa,. Define a maximal function S; for g € S(R?) b

Sig(x) = sup % /R 9(y) dy

2€REUy, 12— (j+1)(log N)a Ck
<k<nop+2—j(log N)*

It follows from (5.8) that S; is bounded on L?(R?) with operator norm < (log N)*+1/2.

Now if z € A}, then there is R € A; such that z € R™. Then,

Thus A3* C {z: S;fj(z) > {5}, and so

2
ok 2a 1HfjH2
| AT < (log N ==22.

a2
It follows that

If1

|Ea| < Z\A** logNZ““ ZHfJHQN(logN)?““ (5.11)

To obtain a strong type L? estimate for M) y from (5.11), we will need to first prove a
weak (1, 1) estimate for M, y and interpolate. By comparison with the Hardy-Littlewood

maximal function and rescaling, we have for every k,

o Mywa(1)(@) > o] £ I

(5.12)

We now repeat the above argument, using (5.12) in place of (5.8) and obtain the weak

(1,1) estimate

1711y
1,

Hx: Mynf(x) >4a} SN (5.13)

The result now follows by interpolation of (5.13), (5.11) and the trivial L> estimate for

My n. OJ



142

5.4 A decomposition of R?

In this section, we will introduce a decomposition of R? that plays a similar role as
the decomposition of R? provided in [8]. The decomposition from [8] can be viewed
more or less as a decomposition of the annulus [{ — 1| < ¢ into 0-thickened caps that
can be approximated by §'/2 x § rectangles, and dilated at different scales to cover the
plane in an almost-disjoint fashion. Here we employ a different decomposition of the set
|p(€) — 1| < § into rectangles of width § and length essentially between ¢ and 1, so that
on each rectangle, 0€2 may be viewed as sufficiently “flat” at scale 6. This decomposition
was introduced by [48] to prove L” bounds for Bochner-Riesz multipliers associated to
convex domains. We then dilate these rectangles nonisotropically at different scales to

cover the plane in an almost-disjoint fashion.

Decomposition of 0f)

Before we describe the decomposition of R?, we first need to introduce a decomposition
of 99 from [48]. This decomposition allows us to write 92 as a disjoint union of pieces
on which 012 is sufficiently “flat”. Here, the pieces in the decomposition will play the
role that the §'/2-caps play in the radial case.

We inductively define a finite sequence of increasing numbers

2A(6) = {ao, . .. ,aQ}

as follows. Let ag = —1, and suppose ag, ..., a;_1 are already defined. If

(t —ai1) (V5 (t) — Yr(ai_1)) < 6 for all t € (a;_1,1]) (5.14)
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and a;_y < 1 —27M¢, then let a; = 1. If (5.14) holds and a;_; > 1 — 27§, then let

a;p = a;_1 +27M¢. If (5.14) does not hold, define

ap = inf{t € (a-1,1] : (t — a-1)(7L(t) — Vr(a-1)) > o}

Now note that (5.14) must occur after a finite number of steps, since we have |77 |, [v5] <
2M=1 which implies that |t —s||v} (t) —vk(s)| < 0 if |[t—s| < §27M. Therefore this process
must end at some finite stage [ = (), and so it gives a sequence ap < a; < --- < ag SO

that for [ =0,...,Q — 1

(a1 — a))(Vp(ar1) — vr(@)) <6, (5.15)

and for 0 < j <@ —1,
(t—a)(vp(t) —vr(a)) >d  ift > apy1. (5.16)
For a given § > 0, this gives a decomposition of
oNN{xr: —1<x; <1,z <0}
into pieces

I_l {r €0Q: zy € [a, a111]}-

1=0,1,...,Q—1

Now let {ig,1,...,aq} be a refinement of {ag,ay,...,aq} corresponding to a partition
of [-1, 1] into intervals {I; } with I; = [i;, b;+1] such that each interval [a;, a;41] is a union
of < log(67') of the intervals [;, and so that |;|/2 < |bj1] < 2|I;]. We then have a
decomposition

ONN{xr: —1<xr; <Lz, <0} = |_| {x € 0Q: z € I},
5=0,1,...,Q’

where Q' < log(671HQ.
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Decomposition of R?

With the previous decomposition of J€2 in mind, we proceed to give a decomposition of
R2. To begin, we define a nonisotropic sector to be a region bounded by the origin and
two orbits {tA¢ : ¢ > 0} and {tA¢': ¢ > 0} for any £,&" € R%\ {0}. Observe there is an

integer Nj; > 0 such that

1. We can write R? = |, S;, where each S; is a nonisotropic sector and the S; are

essentially disjoint.

2. For every i, there is a rotation R, such that R;(0QNS;) C {z: —1/2 <z < 1/2},

R,(0QNnS;)N{x: —1/2 <z <1/2} =0 for i # j, and Ry is the identity map.

For each 4, define S; to be the nonisotropic sector bounded by the orbits {t4¢; : t > 0}
and {t4¢ : t > 0} where & = (&1, &) is the unique point in R;0Q with & = —1 and & >
0, and & = (£, &}) is the unique point in R;0Q with & = 1 and & > 0. Clearly, S; C S..
Let {(a,7i()) : a € [-1,1]} be a parametrization of R;(dQNS;). For 0 < i < Ny, let
R; denote the region of R? bounded by the level sets {z : p(z) = 1/2} and {z : p(z) = 2}
and the nonisotropic sector S;. Similarly, let R! denote the region of R? bounded by
the level sets {z : p(z) = 1/4} and {z : p(z) = 4} and the nonisotropic sector S;. Fix
d > 0. Let R;s denote the region bounded by the level sets {z : p(z) =1 — 20} and
{z: p(r) =1+ 26} and S;. Note that [JN R; s contains the support of F[¢], where
1 is as in Proposition 5.1.3.

Recall the previous decomposition of [—1, 1] into intervals {/;}. Let B; ;oo denote
the region bounded by R; s and the orbits {t4R;" (i,

’)/1(2])) > 0} and {tAR,Zl(ijrl,’}/i(ijrl)) Tt > O}7 so that Ri,g = Uj Bi,j,O,O- For each
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integer m, let B;jmo = (F2)™4B; j00. Now let Ns, Nj be integers such that

/
Ri C U Bi,j,m,O C Rz
]7N6<m<N(/;

We are now ready to state our decomposition of R?. For each integer n, let B jmn =

(22n)A(Bi7j7m70) . Then

S C U B; jmmn,

J,Ns <m<Njg,neZ

2
R? = U Bijmn,

0<i<Nr,5,Ns<m<N§,neZ
and there is an integer N}, depending only on M such that every point of R? lies in at

most Ny, many elements of the collection {B; ;. }-

Some important properties of the decomposition.

We now prove some essential geometric facts regarding our decomposition; these may be
viewed as analogs of Proposition 3 parts (i) — (ii) from [8]. The following proposition
is a key fact regarding the almost disjointness of algebraic sums of the pieces in our

decomposition.

Proposition 5.4.1. For a constant C(M, Re(\1), Re(A2)) > 0 depending only on M and

the eigenvalues of A, let

To=A{¢: 1/4<p() <4, 16| < C(M, Re(A), Re(A2))},

7= J@"Am).

k€EZ
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For 0 <t < o0, let

Ay = {B € {Bijman} : 3¢ € B with p(¢) = 1/t

and & € T }.

Fiz positive real numbers u and t satisfying 1/2 < u/t < 2 with u € |J,,[2*71, 2%+1],

and let B, denote the collection of all sets of the form {A + B}aca, pea,. Then if
C(M, Re(\1), Re(Xq)) is chosen sufficiently small, there ezists a constant C'(M, Re(A1), Re(As)) >
0 (depending only on M and the eigenvalues of A and independent of 6 and the choice

of u and t) such that every point of R? is contained in at most
C'(M, Re(\1), Re(A2))(log(671))?
elements of By.

Proof. Without loss of generality, assume that v = 1. Foranyv € A € A, andw € B €
Ay, let o7 (v, w) denote the minimum nonnegative difference in slope between supporting

lines to the convex curve

Yy = A& p(§) = p(v), £ € Th}

at v and supporting lines to the convex curve

Y =& p(&) = p(w), £ € Th}

at w, and o (v,w) := 400 if no nonnegative difference exists. Let o~ (v, w) denote
the maximum nonpositive difference in slope between supporting lines to ¥, at v and
supporting lines to ¥, at w, and o~ (v,w) := —oo if no nonpositive difference ex-

ists. Note that for every (v,w) at least one of o™ (v,w) and o~ (v,w) is finite, and
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if C(M,Re(A1),Re(A2)) is sufficiently small, then the slope of any supporting line is

between —22 and 2*. Given z € B.+, we have one of three cases:

1. Thereisv € A€ A and w € B € A, with v +w = =z and ot (v, w) finite, but

o~ (v,w) is infinite for every pair (v,w’) with v € A" € A, w € B' € A,, and

2. Thereisv € A€ A and w € B € A, with v +w = z and 0~ (v, w) finite, but

0" (v,w) is infinite for every pair (v, w’) with v € A" € A, w € B' € A,, and

3. Thereisv € A€ A and w € B € A, with v +w = x and o (v, w) finite, and

thereis v’ € A" € Ay and v’ € B’ € A, with v' +w' =z and ¢~ (v, w) finite.

Let us assume we have case 1. Given z € R?, choose v = (v1,v3) € A € A; and
w = (wy,wq) € B € A, with v + w = 2 minimizing o™ (v, w). Now suppose there is
0= (01,09) € Ae A and v = (w1,103) € B € B, such that © + @ = x. Since ¥, and

Y, are convex, we have

{11 < v + C”(M, Re()\l), Re()\g))d,

U~Jl 2 w, — C”(M, Re()\l), Re(&))&

where C”(M,Re(A1), Re(A2)) > 0 is a constant that depends only on M and the eigen-

values of A. Thus
V1 — ’Dl = ’Lbl — W1 2 —C//(M, Re()\l), Re()\g))é (517)

Lo gy
Choose indices i, jo, mo, no and g, jo, Mg, 1y such that Big jo mgme 2 v and By s mr n 3

w. (There are Sprre(r,),Re(rs) POssible choices of indices.) Also choose indices iy, ji,m;
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and 4y, j3, m} such that Bj, j, myny D U and By j1 m1 ., D W. Note that we must necessarily
have m; = my and m} = mj, and also that —10 < ny,n} < 10. We next observe that

for some sufficiently large constant C”" (M, Re(A1), Re(A2)) we must have

jo — C"(M,Re(\1), Re(M2)) log(67 )2 < j3

< jo+ C"(M,Re()\),Re(Xa)) log(671)?,

Jo = C""(M,Re(M1), Re(A2)) log(6™")* < jy

< ]6 + C”/(Mv Re()‘1>7 Re()‘Q)) log(éil)a

since otherwise (5.16) and (5.17) would imply that Oo+wy < ve+we—C"" (M, Re(A1), Re(A2))d.
This completes the proof for case 1, since we have shown that for some constant
C(M,Re()\;),Re(\2)) sufficiently large there are fewer than C(M, Re()\;), Re(A\2)) log(671)?
possible choices of indices i1, ji,m1,n1 and 7}, 51, m},n} such that B;, j, . 2 0 and

Bi/

¢ j1.mn, 2 W. The proof for case 2 is similar.

Now let us assume we have case 3. Suppose there is 0 = (01,02) € A e A and
W = (iy,10,) € B € By such that © 4+ @ = z. Then if o+ (2, @) is finite, then there is a

constant C'(M,Re(A;1), Re(A2)) > 0 such that

0y < vy + C'(M,Re(M), Re(X2))0, wy = wy — C'(b; M, Re(\1), Re(A2))d,
and if o~ (0,w) is finite, then

0 < vy + C'(M,Re(M\), Re(X2))d, wy = wy — C'(M,Re(A\1), Re(A\2))d.

In either case, the previous argument shows there is a constant C' = C (M,

Re(A1), Re(A2)) > 0 such that there are fewer than C'log(d~1)? possible choices of indices
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. g
i1, J1,m1,ny and 47, 71, my, ng such that B; j min,
> v and lelvji’mll’”/l S w.

]

Proposition 5.4.2. Let N(M, Re(\1), Re(X2)) be a positive integer and let 6 > 0, and fix
positive real numbers u and t satisfying 6 M:ReO).Re2))g > o Then if N(M, Re(\;), Re(\2))
is sufficiently large, there exists a constant C(M, Re(A1), Re(A\y)) > 0 (independent
of & and the choice of u and t) such that no point of R?* is contained in more than
C(M, Re(M\1), Re(N2)) of the sets {A + B,(0,2/t)}aca,, where B,(0,r) = {z € R? :

p(z) <ri.

Proof. Without loss of generality, suppose that u = 1. Fix A € A,, and let x € A and
let y € B,(0,2/t). Choose N(M,Re(\1),Re(\2)) large enough to make B,(0,2/t) C
B(0,6%), where B(0, %) denotes the (Euclidean) ball of radius §* centered at the origin.
Assume 6 < C'(M,Re(\1), Re(Ny), 0(Q2, A)), where C'(M, Re(A1),Re(A2),0(2, A)) > 0
is chosen sufficiently small so that the minimum angle between the tangent line to £ € 92
and any tangent line to the curve {t4¢ : 1 —100 < t < 14 106} is at least 6'/2. Now for

any £ € 090, 1 — 100 <t <1+ 104, we have

d -
a(tAf)‘ = [t AtYE] 20 Re(0) Re(r) 1
and it follows that if C'(M, Re(A1), Re(A2), ©(Q2, A)) is sufficiently small, the (Euclidean)
distance between t¢ and the tangent line to 9Q at ¢ is at least 1062, Since € is convex,
we conclude that the distance between 9Q and (1 + 6)499Q is at least 1052, Similarly,
the distance between 92 and (1 — §)19€ is at least 1062, It follows there is an absolute

constant C' such that for any given ¢ € R?, there are fewer than C possible values of

m (and clearly also fewer than C' possible values of n) such that B; .. + B(0,0%) 3 &
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for some B; j . € A;. It remains to obtain an upper bound for the number of possible
values of j. But it is clear that dist(B; jmn, Bij/mn) = 0/10 for |j — j'| > 2, and this
finishes the proof.

]

Proposition 5.4.3. There exists an absolute constant C' > 0 such that for each fixed
quadruple (i,j,m,n), the logarithmic measure of {t : Bj jmn N supp Flh] # 0} is less

than or equal to C9.

Proof. Immediate. O

5.5 Kernel estimates and another ? maximal func-
tion estimate

We note that in both [18] and [8], it was important that regarding the decomposition of
the multiplier ¢(61(1 — |£|) where ¢ was a smooth bump function into pieces supported
on 6%/2 x § rectangles, each piece of the multiplier had L' norm essentially 1. This was
also true of the decomposition of [p(§) — 1| < 0 introduced in [48]. In this section we
prove that after the introduction of nonisotropic dilations, the same holds true.

The argument presented in [8] also used L? bounds for maximal functions given by
the supremum of convolutions by smooth bumps supported on finitely many essentially
disjoint pieces of the decomposition of R? given in [8]. Since these smooth bumps could
be dominated by Schwartz functions adapted to rectangles, such a maximal function
could be dominated by a Nikodym maximal function. Here, as well as in [48], we do

not have domination of the functions in our partition of unity by Schwartz functions
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adapted to rectangles, and the proof of L' kernel estimates is more delicate. As in [48],
this also implies that the associated maximal function that we use is not simply a
nonisotropic Nikodym maximal function. However, we will show that the L? bounds
for the nonisotropic Nikodym maximal function proved earlier imply L? bounds for the

maximal function that we are interested in, with a similar constant.

A partition of unity associated to the decomposition of R?

First, we need to define a partition of unity of R?, and as mentioned above one goal of
this section is to show that each function in our partition of unity has bounded L' norm.

Recall the decomposition

R? = U Bijmn.

2,3,1,1

We now introduce a partition of unity {o; jm..} such that
1. 0ijmn € C®(R?) for every (i,j,m,n),
2. Zijmnai,j,m,n(x) =1 for every x € R?,

3. There is a constant Cy; such that for every (ig, jo, M0, 10), Tig.jo.mono 1S SUpported

n U|j|,|m|<cM Big.jo+j.mo-+m.no-

Let ¢ € C*(]—1,1]) be nonnegative and identically 1 on [—1/2,1/2], and for n € Z set

() = p(27"71) — @(27™). For each m, let 1, € C°°(1 — (2m + 10)d,1 + (2m + 10)4)

such that > 1), is identically 1 on the support of ¢y, and for every k, D*v,, <p 67F.
For each i, let S; be the isotropic sector bounded by |¢| = 2,|¢| = 2M+2 and the

rays through the origin and the points £ and &', where £ = (&1, &) is the unique point
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in R;00Q with & = —1/4 and & > 0, and & = (£, &) is the unique point in R;00 with
£ = 1/4 and & > 0. Let S; be the isotropic sector bounded by [¢| = 1,|¢] = 2M+3,
and the rays through the origin and the points £ and &', where £ = (£, &2) is the unique
point in R;0Q with & = —3/4 and & > 0, and &' = (&, &) is the unique point in R;0€
with & = 3/4 and & > 0. For each i, let ¥; be a smooth function supported in S; and
identically 1 on S;, such that D*W¥; <;/¢ 1 for all k and >.; U, is identically 1 on the
region bounded by [¢| = 2 and |¢| = 2M+2,
Fix 4, and for each j, let ¢;_y, ¢;, and ;41 be the lines through (b;_1,;

(bj—1)), (35,7:(3;)), and (bj41,7:(bj41)), respectively, with slopes orthogonal to the tan-
gent vectors (1,7:(bj—1), (1,7i(¢;)), and (1,7/(b;j1+1)), respectively. Let e; be a unit vec-
tor orthogonal to ¢;. Let a be a C*°(R) function such that 0 < o < 1, a(z) = 1 for

€ [-1,1] and a(x) = 0 for ¢ [— 155, 105], and set o;(€) = a(|L;| (€ — (i5,7(45))) - €5).

We are now ready to define the functions o; ;. Let

— 26

715mo(€) = Gulp ()T (§ g™ €W (0(6))
X (Rl o) ™61 — g (Ri(y 8™ 0), (518)
and
T (€) = T (277)46). (5.19)

For every ¢ and every m, we have

1 — 25 1-20
Z% i(5 " 25 )" A (1 — aj+1(Ri(m)mAf))

is identically 1 on the support of

1—26

)" p(€)),

Po(p(€))W4((
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and since

33 oulo DT o)™ (4(6)

+ 20
=D 0o(p(€)¥m(p(6)) = du(p(€)),

m

it follows that for every & € R?,

Z Oijmn(§) = 1.

©,7,m,n
Introduction of a maximal function associated with the partition
of unity
Let
Ki jmn () = Fl0ijmn(-)](2)-
We define a maximal function M on f € S(R?) by

Mf(z) = sup sup Ve % K jmn * f()].

i,j,m,n 2n—10<t<2n+10

We will prove the following L? bounds for M.
Proposition 5.5.1. Let € > 0. There is a constant C = C(M, Re(\;), Re(Xq),
O(Q, A)) such that if 0 < § < C, then for f € S(R?),

||MfHL2(R2) SE,M,Re()q),Re(Ag),@(Q,A) 6° ||f||L2(]R2) .

Proof. The proof will follow [48]. First note that without loss of generality we may drop
the “sup” in the i index in the definition of M and assume i = 0, and so in what follows

we drop all i-indices. Set [ = [log(d~!)]. We decompose M = M; + M,, where

M f(x) = sup sup [V % (Kjmm - Xjas210m1) * [ ()],

j,m,n on—10 <t§2”+10
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M f(z) = sup sup |9t % (Kjmn » Xjea<groma) * f(z)].

Jym,n 2n—10L ¢ on+10
We will first prove Proposition 5.5.1 with M replaced by M. Let o;(&) = F1 1K 0.0())(&).

Note that

a;(§) = ¢o(p(&))tho(p(§))m;(E), (5.20)

where

m;(§) = Po(§)do(272M)ay () (1 — a6 — 2 15[ (1, 75(1))))

(1= aja(€))(aga (€ + 2" PILI(1, 95 (bj40)))- - (5.21)

Now let 3 € C* be supported in [—1,1], and let h;(s) = B(2'(1 — s)). Note that
(5.20) says that o; is of the form h;(p(-))m;(-). We claim that to prove Proposition 5.5.1

with M; in place of M, it in fact suffices to prove Proposition 5.5.1 with M f replaced

by

sup | (xpea zosnrs - F - [hu(tp(4)]) * f(x)]-

te(0,00)
This will follow immediately from the observation that 2M19| ;|71 << 219M and that

for any annulus Ay,

/A F A hu(p())(x) dz S 1, (5.22)

which will be proven later.
We now prove pointwise estimates for F~![h;(p(-))](z), which we write as an integral

over 0f2 as follows:

@n )2 F u(p()))(z) = / ha(p(€))e=9) dg = — /

Q
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S / hi(s) / @) d¢ ds = — / Rl () / o) | det 54| de da
0 p()<s 0 p(6)<1

= /Ooi\sA*x\_2hE(s)/ ei{s k) (s z,n(€)) do(&)| det 5| ds.
0 o9
In the above computation, we used the divergence theorem applied to the vector field
£ (z'|5A*.1:|2)_13A*a:ei<sA*z’5>. For each i, let ¢; € C*(R) be supported in [—4/5,4/5]
and identically 1 on [—1/3,1/3] such that >, G;((R;

(1/p(€))4€),) = 1. Tt suffices to estimate

o *
/ i|s? _th(s)/ BUCHED
0 G

<SA*ZB, n(£)> Co((€)1)do(€)| det s ds.  (5.23)
We introduce homogeneous coordinates
(5,0) = &(s,0) = 52 (a, 70()). (5.24)
The Jacobian of the map (5.24) is
<5A(1, v5()), s 1 As a, Yo(a))) -
Using homogeneous coordinates, (5.23) can be written as

i [t [

21 ()¢ (7 @0(@)

x {z, s (—yp(a), 1) (1 + (76(04))2)71/2>

x (s4(1,9()), s Ast(a, v0())) | det s | ds da.  (5.25)
Let n : R — R be a smooth function supported in [—¢, €|, where

e = O(Q, A) - min(|\], [Aa])/(100 - 2M+2). (5.26)
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Then (5.25) can be written as K;(x) + Ky(x), where

Rilz) = i/Co(a) /OOO i

« n(<$,A(a,70(a))>) <:L’, SA(_'Y(I)(OC), 1)<1 + (76(a>>2)—1/2>

]

72]1; (S)€i<a:,sA (047’70((1)))

x {s*(1,7h(a)), s As? (@, () | det s ds da,

Ky(z) = ’i/(o(a) /OO |sA*x|*Qh;(s)ei@fasf‘(aﬂo(a)))
0

« (1= (im0l A a), 1)1+ ()2 )

]

X <3A(1, To()), s_lASA(oz, 70(04))> | det SA\ ds dcv.

To estimate Ko (), we integrate by parts with respect to s twice. This yields

f(g(:z:) _ i/Co(Oz)(l _ n((x,A(a,%(a)»))

2]

| s st o) asda,
0

where

d

d ( (z,s7 1 As (e, yo(oz))>_1 o ( (z,57 1 As (e, *yo(oz))>_1

g2(x, 8, ) = Ts
x 5% 2| 2 hi(s) (, 5™ (—p(), V(1 + (3(a))?)~/2)

x (s*(1,79()), s As™ (a, v0(e))) | det SA|)).

Note that if 0 < ¢ < C for a sufficiently small constant C' > 0, then for s in

(z,A(a70(a)))

] ), we have

the support of hy(s) and for x in the the support of 1 — 77(

(x, s sA Ao, yo())) = || - €/2. Thus

|92, 5, 0)| < J2] 2|y ()]
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This implies that

| (z)| < p:ﬁ/go /|h ()| ds da < 2'|a| 2. (5.27)

To estimate K (x), we integrate by parts with respect to a once and then with respect

B / /gl (‘T7 5, a>ei<I,SA(a7’YO(a))> do dS,
0

gi(z.5,0) = _di(@; A (o)) S (<x A (@ 70(a))

S

Xi(@s o)) oo (mmewm

dov |z
“2hy(s)| det 5A|>)).

By the choice of €, we have that for s in the support of h;(s) and for x in the the

to s twice, which yields

where

x i (@, 5™ (=7p(), (1 + (5(a))®) %)

x (54(1,7 (), 57 As™ (@, 30(0))) |5

support of U(W), if # denotes the angle between x and A(a,7(«)), then

cos(f) < (O, A)/100. Since A(a,vo(a)) is tangent to the orbit {s*(a,vo(a)) : s > 0}

at (a,v()), if 0 < § < C for a sufficiently small constant C', we have
[ (2,58 (1,75(a))) 71 = (8(Q, 4)/27%) - Ja.
It follows that
91, 5, )] S 2| 72| (2, 57 As (@, 70())) |21 (5)[Go(@) (1 + |7 (@)]),
and hence
@) S [ [ 1ol 0+ o At n0(a)) |2

x|y (s)|o(@)|(L + [y (e)]) devds.  (5.28)
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It follows from (5.27) that

/ Ro(z)| < 2F, (5.29)
Ag,

and it follows from (5.28) that

/ Ky(w)] < 2, (5.30)
Ay

and (5.29) and (5.30) imply (5.22).

Now, (5.27) implies that for 0 < § < C' we have that | K - Xt |>25m-1| is bounded
above by a radial, decreasing function with L' norm < 1. It follows that there is a
sequence {a,} with a, >0 and > 7 a, < 1 such that for 0 <6 < C,

sup [(Xjeamomaet - det(t4) Ko(¢4)) * f ()]
te(0,00

L2(R2)

Z aanfmf

n=0

S SO N oz > (5:31)

where we have applied Proposition 5.3.1.
We now prove a similar estimate for K,. Observe that (5.28) implies that if 0 < § <
C,

sup | (xppasosnee - det(E) Ko (¢4)) * f(2)] S
te(0,00)

//Z2_"/4M2n/4,2n/4f(:v)Ihi'(iv)|§o(a)l(1+Iv”(a)ldads,
n=0

and hence by Proposition 5.3.1,

sup | (x)ea. 2501 det(t) K (t1) * f(2)]

SO NSl e ey - (5.32)
te(0,00)

L2(R2)
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Together (5.31) and (5.32) prove the result with M replaced by M.

It remains to prove the result with M replaced by M,. Observe that

7;(6) = do(27)a; () (1 — (€ — 20| (1, %(i)))))

X (1= azia(€))(agpa (€ + 20| (1,76(b540)))) - 1725 (8),

where

m;(€) = Wo(€)vo(p(€))r;(((1/p(€)" ),

for some C* function v; supported in an interval I} of width 10|J;| satisfying
D'y S |1

for every integer ¢ > 0. The kernel of the multiplier /m; can be easily written as an
integral in homogeneous coordinates. If we can prove that for every annulus A; with

k>0,

/ F iy () (@) e S 1 (5.33)
Ay

then it would follow that the desired result reduces to proving the result of the propo-

sition with M f(z) replaced by

(Xjea-jczonre  F g (874)]) # f (). (5.34)

sup |
te(0,00)

We now proceed to prove (5.33). As before, let n be smooth and supported in [—¢, €],
where € is given by (5.26). Also, as before let ¢ € C*([—1,1]) be nonnegative and

identically 1 on [—1/2,1/2], and for n € Z set ¢,,(-) = ¢(27""1) — ¢(27™). Define

z, s4(1, 76(04))>)
]

(I>U($7 S’O‘) = ¢0(’[j‘ <$, SA(1a76<a))>)77(< ) (5'35)
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@ (,5,0) = (60211 (.5 (1.74(0)))
(150}

- duf2 7" I o A (L) (s (5.36)
We decompose the kernel as
FHms 0l = Gl + 3 Konto)) (5.37)
where /
Kinl@) = [ 13(0) [ i(s) (o, 5,a)et et ente))
X <3A(1,76(a)), s_lAsA(a,vo(a)» ds do
and

/

x, s a A
f(](x) :/Vj<a) (1_7I(< ;87 (1, % ( ))>))/hl<8)ez<z,s (@0(@)))

]

x (s*(1,99(ax)), s T As? (ar, vo(ev)) ) ds da.

Note that the sum in (5.37) has only < log(1 + |[;||z]) terms, since Kj,(z) = 0 if
2719 |71 > €|z|. In particular if x € Ay, Nsup(Kj,,) then 2" << 2F|1;].
For Kj, we simply estimate [, |Kjo(z)|dz. For a given («,s), we introduce coor-

dinates
(1, ug) = &(un, ug) = wrs™ (1, 79(@)) + ugs ™ As(1,75(a)). (5.38)

The Jacobian of the map (5.38) is & 1. Integrating by parts three times in s yields

|Kj,o($)| S

/ / acl* (1+27" (z, s Asta, vo(a)) [) P dsda, (5.39)
si)s—1|m2-! y

(52 (1 (@) ) <@L ) !
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and thus using the change of coordinates (5.38)

/ K o(o)] do <
]R2

/ // "1+ 27 u)) ™ duy dug dae < 1. (5.40)
o Sl

For n > 0, we integrate by parts with respect to o once and then with respect to s twice,

which yields

:E)://hz(S)gn(w,S,a)6i<””’sA(a”°(“”> dovds,

where

d 1 d !
gu(,5,0) = ds < (z, s 1AsA(a, () ds ( (7,57t AsA(a, v0(@)))

d 1 ) (o), =1 AsAl e i
@(<x7SA(L,}/(/)(a)»Vj(a)q)n(ZE,S,CY) (s™M(1,v9()), s As™ (a, ol ))>)'

On the support of hy(s) we have

[9n (2,5, 0)] S (L + =27 D g ()] + 4]
n\Z) S, ~ 2-2 (x, 57 AsA(L, v () 2] (, sA(1, 7 ())) |’

and so
()] < / /
st]s—1|~2-1 |<x,8A(1,’yé(a))>|
~2n || 7L
(1 + |z]27" L)V ()| + 1|71 1
dads. (5.41
Tost (L@ (52T s AL (@) 2 (541)

Using the change of coordinates (5.38), it follows that

/ K)o < / 2 / (1 + 2" LD )] + 1)
Ay, s:i|s—1|~2-! a€ly

2—l
St d
1+ 22

S [ @)1+ 2Ll + 151 ) da

J
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By (5.15) we have [, |I;||7¢ ()| da < 27!, and so
/ ()] d S min{281, 2R} (28710 1 1),
A

Since K, is identically 0 on Ay if n > k, summing in n and also using (5.40) yields

3 / Ky ()| da < k21, (5.42)
Ay

n=0

Now we estimate K. ;. Integrating by parts once in « and then once in s yields

- (51 + (@) -
Oy . / 0+ 27 o5 As (o, o) 0 O

and so using the change of coordinates (5.38) we get

/ |K(2) do S 1. (5.44)
Ay

Combining (5.42) and (5.44) gives (5.33). We now proceed to examine

sup |(Xjpa.<cgzonrs + F [ (874)]) * f ().

|
te(0,00)
By (5.39), for 0 < § < C' we have

sup | (Xjpa.jcozonrt - Kjo(th)) % f(z)| S
te(0,00)

Ch-l

l -1
/ 2 / |]j| Z Muj|71721+n/3|1j|f(1’) dOé dS,
s |s—1|~2—1 a€|l;|* n=0

and hence by Proposition 5.3.1,

sup | (xjea oot - Ko(th)) * f(2)] Se 0 N f 2 ge) - (5.45)
te(0,00) L2(R2)
Similarly examining (5.41) and (5.43) leads to
sup | (xjea <zt - K (84)) * f () Se 0Nl 2 g2y (5.46)
te(0,00) L2(R2)
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for n > 0 and

sup |(X|tA-|<220M-l 'Kj(tA'» * f(l’)|
te(0,00)

Se 0 Ml - (5.47)

L2(R?)
Combining (5.45), (5.46) and (5.47) proves the result with M f(x) replaced by (5.34),

and the proof of the proposition is complete. O

Finally, we note that the proof of Proposition 5.5.1 implies the following L' kernel

estimate.

Proposition 5.5.2. There exists a constant C' = C(M, Re(\y), Re(X2), ©(Q2, A)) such

that for 0 < § < C, for every e > 0 and for every quadruple (i,j,m,n),

. Se, M, Re(A1), Re(Aa),0(2,4) 1.
LR

sup Wft * Ki,j,m,n‘

tre2m

The above estimate without the supremum follows immediately from the proof of
Proposition 5.5.1. We then simply note that all L' kernel estimates in the proof of
Proposition 5.5.1 follow from pointwise estimates, which still hold uniformly in ¢ when

the kernel is convolved with ;.

5.6 Littlewood-Paley Inequalities

The goal of this section is to prove the following proposition, which is an analog of Propo-
sition 4 from [8]. As noted in the introduction, the presence of nonisotropic dilations
requires a more complicated application of square function estimates than those used
in [8], where Proposition 4 is proved by iteratively applying square function estimates

with respect to Fourier projections to parallel strips in R2.
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Proposition 5.6.1. Let € > 0. There is C' = C(M, Re(A\1), Re(X2), 0(£2, A), €)

> 0 such that if 0 < § < C, then the following holds. Let {0; ;mn} be the partition of
unity constructed in section 5.5 for the given value of . There are smooth functions
{Pijmmn} such that ¢; ;m, is identically 1 on the support of 0;jmn and so that if we
define pwmn to be the convolution operator whose multiplier is @; jmn, then

( 3 |é,j7m7nf|2)

Z7]7m7n

1/2
< Al (5.48)

4

To prove Proposition 5.6.1, we will need the following lemma, which was originally
due to Carleson. A proof can be found in [34] (Lemma 4.4). We state the lemma in full

generality, although we will only need the special case d = 2.

Lemma 5.6.2. Let A be an invertible linear transformation on R? and A its transpose.
Suppose that {my}ren are bounded, measurable functions on R with disjoint supports.

Let w be a bounded, measurable function on R%. Then for s > 0 and f € S(RY),

/ S 1F i (AL) F) () () da

det(A
< Csup e [ [ Tl e = ) dyute) do

We state an immediate corollary of this lemma, which we will apply repeatedly in

the proof of Proposition 5.6.1.

Corollary 5.6.3. Suppose that {my}rez are disjoint translates of a smooth compactly
supported function adapted to the unit cube in R?, with the distance between the supports
of the my, at least O(1). Let Ry be the matrixz of rotation by 0 degrees, and for n € 7

put Ang = (22 Re(3 % ))". Then for any n, 0 and for any s > 0,

/ S F (AL ) fl () o / F(@)PMayw(z) de
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where My n == > 5002 " Maiy v

Proof of Proposition 5.6.1. Without loss of generality, we may restrict the sum in (5.48)
to 7 = 0, and so in what follows we will assume ¢ = 0 and drop the i-index. Also, in what
follows we will say a collection R of subsets of R? is almost disjoint if there is a constant
C = C(M,Re()\),Re(N2),0(92, A)) > 0 such that every point of R? is contained in at
most C' elements of R.

The main difficulty here introduced by nonisotropic dilations is that unlike the
isotropic case, the orbits {t4¢ : + > 0} need not be straight lines, and thus for fixed
J the supports of the o;,,9 may only be approximated by rectangles with axes whose
directions change as m varies. To deal with this difficulty, we group the supports of the
0j.m,0 into nested subcollections each of which can be approximated by rectangles with
long axes in a single direction, and iteratively apply Corollary 5.6.3.

Note that since [§] < |[;| < 1, there are < log(1/d) dyadic intervals [27,291]
with @ < 0 and @ € Z such that 2 < |I;| < 2°*! for some j, and so if we let
Jo = {j ¢ ;] € [2%,2*1]}, we may restrict the sum in j in (5.48) to J, for a single
fixed value of a, as long as all our estimates are uniform in a. By incurring a factor of
0~¢, we may assume that 2% < §7°.

Having fixed a, we are now ready to construct for each fixed j our nested subcollec-
tions of indices m. The idea is that for a fixed j and a fixed m, the support of o,
is essentially a 2* x ¢ rectangle, and the support of ;o for m’ for [m' —m| < 27 is
contained in a 2% x § rectangle whose direction differs by at most < 27%9. Thus the sup-
ports of the functions {;m0}m—m/|<2-« are contained in almost disjoint parallel strips
of width ~ §. For such a collection of rectangles, Corollary 5.6.3 may be applied. The

union of such rectangles is essentially a 2 x 27?9 rectangle. We now iterate this process,
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grouping together successive 24 x 27%§ rectangles whose direction does not change too
much to obtain a rectangle of smaller eccentricity. We continue this process until we
obtain a 2% x 2% square, and then we may apply Corollary 5.6.3.

The nested subcollection of indices m will be constructed “backwards” with respect
to the process described in the previous paragraph. The number of stages required by
the process is N, where N is the least integer such that 24V < §. Foreach 1 < k < N, we
will define a collection of indices m denoted by 9i;,

so that 9, Cc M, ..., and

BN '7ik+1

so that 9, ;, contains at most one element. For each (i1,...,4;) € ZF . inductively

define

M, = {m: |29 <m < (iy +1)[2%5 |},

mil,...,ik - mil,...,ik_l N {m : Z Z.l L2al5_1J < m

1<I<k
<O a2t + 200}
1<I<k
Then for every N-tuple (iy,...,in), M;, i, contains at most one element.

Now let C' = C(M,Re(\1),Re(A2),0(£2, A) > 0 be sufficiently large. There is a

collection {@Q);;, } of almost-disjoint cubes of sidelength C2* such that if m € 9,

7iN
then the support of 0,0 is contained in Q;;,. Since sup,<s |Vp(€)| S 1, there is a
constant C' > 0 such that for every j,7; we may cover @, with almost disjoint parallel

rectangles R;;, ;, of width C'2** and length 1 so that for every iy,

U SUPP(Uj,m,o) C U(Rj,fh,iz N Qjﬂd)‘
meﬁmilh T

Repeating this process, for every 2 < k < N and every k-tuple (i1, ...,4x_1) we obtain

almost disjoint parallel rectangles R;;, _; of width C2*® and length 1 so that for every

1k
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ik?
U Supp(O'j’m’()) - (Rj,il,---,ik n...N Rj7i1,i2 N Qj,il)'

As noted previously, in the case k = N, |J supp(o;m,0) contains at most one
k

meMy, ,...i
element.

Let ¢ : R? — [0,1] be a smooth function that is identically 1 on the unit cube
centered at the origin and supported in its double dilate. If R is any nonisotropic dilate
of a rectangle, let Li be the affine transformation taking R to the unit cube centered at

the origin. It follows that if m € 91, then

eI N Y

=

Supp(aj,m,o) - {(If : (b(LQj,ilx) ¢(LR1,¢1 ,,,,, ilx) = 1}7

~
[l
N

and so

N

Supp(o-j,m,n) - {ZE : ¢(LQj,il (2—n)Ax) H¢(LRj,il ,,,,, il(2—n)Ax> - 1}

1=2
Now for each j, i1 let ¢q,, be a smooth function supported in 4@Q);;, and identically 1
on (,,, so that for each 7,
Vg, (r) =1, x € U supp(;.m,0)-
mEmil

For each (j,m,n), let (i1,...,iy) be the unique N-tuple such that m € 9;, and let

AN
Gsman = V0, (27 ) [ [ 0Ly, (7))
1=2
Let Pj,., denote the convolution operator with multiplier ¢;,,,. Let ¢ : R — [0,1]
be a smooth function supported in (1/4,4) that is identically 1 on [1/2,2], and let P,

denote the convolution operator with multiplier ¢(27"p(-)). Given an N-tuple of indices



(i1,...,iN), let m(iy,...,in) denote the unique value of m such that m € 9M,;, ., and
let m(iy,...,in) be undefined otherwise. Let S;;, denote the convolution operator with
multiplier

Vo, (27M4).
For 2 <k < N, let Sj;,, . i.n denote the convolution operator with multiplier
1/JQM1 ((Q_n)ALj,il,r')¢(LRj,i1 ,,,,, if (2—n)A>

Then since each index m is contained in at most one N-tuple (iy, ..., iy), it follows that

| X 1Pt 0 wte) s =
/Z Z Z 1Sjirin (o (S (Puf (@) w(z) d.
" )

J o (B1,ein
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Repeatedly applying Corollary 5.6.3, we have

[ 3 1Bt @) (o) do
SE/ZZ Z |iji1 ~~~~~ iN71<'"(Sjﬂ‘l(Pnf(x)))...”?

noj i1,niN-1

X My negney-1w(z) d
’SE /Z Z Z ‘Sj,ih(Pnf(Qi))F Ml,(22a52e)_1<~ ..
noj u
(ML(QNadNe)flw(x)) e ) dx
se /Z |Pnf(flf)|2 MQ—“é_E,l(Ml,(22a52e)f1(- .
(ML(QNa(;Ne)_lw(aj)) e )) dx
1/2||?
(Zire)

X HM27G(50671(M17(220,56)71(' . (M17(2Na51ve)71w) e ))H2 . (549)

Seof

4

By Proposition 5.3.1, we have

HMz—aaﬂe,l(Ml,@?aée)—l(' o (Ml,(QN“cSN‘)—lw) T ))Hg

Se 07 Jwll, . (5.50)

~E€

1/2
Since the operator f < Yo lPuf |2) corresponds to a vector-valued singular integral
on the space of homogeneous type given by nonisotropic balls and Lebesgue measure with

all associated constants < 1, we have

()

Sl - (5.51)

4
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Combining (5.49), (5.50) and (5.51), we have

/ S 1Bt ()P () d S 5 [F12 [l (5.52)

J,m,n

and the result follows by duality. O

5.7 Proof of the main theorem

In this section, we combine the ingredients developed in previous sections to prove
Proposition 5.1.3. The argument will closely follow [8]. As noted previously, we only
need prove Proposition 5.1.3 in the case that {2 has smooth boundary, with a constant

depending only on M, Re(A;),Re(Aq), O(2, A), €

Proof of Propostion 5.1.3. Let Sf(z) = ([, |y * )\th)1/2. Let & be the non-
isotropic sector bounded by the orbits {tA§ ¢ >0} and {tA¢ : t > 0}, where £ = (&1,&)
is the unique point in 9Q with & = —1/8 and & > 0 and &' = (£, &) is the unique point
in 02 with & = 1/8 and & > 0. Assume without loss of generality that f is supported
in &. By incurring a factor of log(1/¢V(:Re().Re(h2))) e may restrict the domain of

integration in ¢ to the set

E = U (2”7 2n+1]’

n=0 mod
]Og(l/(;N(M,Re(Al),Re()\g)))
where N (M, Re(\1), Re(Aq)) is as in Proposition 5.4.2. Now, if u,t € E with u < ¢, then

either u, t are contained in the same dyadic interval and w/t > 1/2, or u,t are contained
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in distinct dyadic intervals, and u/t < 1/§NVM:Re(h).Re(2)) - Uging Plancherel, we have

HSin:/\/Omm*fx 2L do
[ s sio = st do -
/o / / I ‘“%)f(‘»*w(% FO)E >|2ds@d_“.
Restricting the integration in ¢ and u to E, we have
[ [ 1o« oiener et <
<///2<t/u<2 ///t<5 N(M.Re(Aq) R(Az))>/|(¢(§)'}g('))

x (0(=2) F()) ()] de.

Using Propositions 5.4.1 and 5.4.2, for every € > 0 we can essentially bound this by

([ ] Z 1ensmatret i)

jmn
i’m'n/

(00 n/<->¢<% FOeRae L L

]2 el O,j,,m,,n,c)gb(% NPT ),

3’ m/n!

Let

- 2 00 wj0rerd )

Then the above implies that

IS 113 Se (T Al + ISFUITALD),

which implies

1S Flly Se 07 NT Sy - (5.53)
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Using Proposition 5.4.3, we have

= f| [ 2 [Flonina()0 FGLYOB
= ([ Z [ 10 Koo+ Brimaii
<o)

2 z1/4
dx)
2 ) 1/4
2 1/4
dx)

|2dt

2 sl # Kosma) » (Posmal 0P

t~2"

— 61/2

Now let w € S(R?) with w722y = 1. We have

/ Z Sup [¢; * Ko jmn * Pojmnf()?w(z) do

t2n
j,m,n

IPoJmnf( )| sup [ty % Ko jmn * w(z)|| da

tRe2m

/Z | Pogmn (@) P FFao(z) dt

jmymn

(X 1smat@P) "

‘77m7n

2

HM?UHQ 56 676 Hf”i?
4

~v€

where in the second inequality we have used Proposition 5.5.2 and in the last inequality
we have used Propositions 5.5.1 and 5.6.1. Using (5.53) and taking the supremum over

all such weights w, we have

ISFlly Se 0~ NTflly Se 62 UIf Iy -
O

Proof that Proposition 5.1.3 implies Theorem 5.1.1. Let C' be as in the statement of

Proposition 5.1.3. We will now decompose the Bochner-Riesz multipliers in a standard
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fashion. Let ¢ : R — R be a smooth function identically 1 on [—1,1] and supported in
[—2,2] so that ¢o(| - |) is a radial, decreasing function on R?. Tt is easy to see that we

can find smooth functions ¢; : R — R and ¢, : R — R satisfying the following:

1. For each k£ > 0,
|D*é1 ()| Si 1,
| D ()] i 1,
2. There is a constant C’ > 0 such that ¢; is supported in [C’, 1],

3. We can write

(1= () = o (22MIE]) + (G0 (27*M[€]) — o (22M€])) 1 (p(€))
+ ) 27 (251 - p(9))).

k=[log(C)]

By the triangle inequality,

TR ————r
- </OOO ‘}"1[(¢0(22Mt1| ) = G0 (22ME )i (7 p())] * fla) 2 %>1/2 |
i 22“ </ooo ‘f (L= )]+ S| %)m |

The first term is clearly < || f]|,- By Proposition 5.1.3, the third term is also < || f]|, if

A > —1/2. By vector-valued singular integrals, the second term is bounded by

(/Ooo ‘f‘l[qbl(t‘lp(.))] . f(x) ? %)1/2 |

and it is straightforward to adapt the proof of Proposition 5.1.3 to show that this is

S Il O
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