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SAMPLE - BASED MATERIAL STRUCTURE MODELING

Xingchen Liu

Under the supervision of Professor Vadim Shapiro

At the University of Wisconsin-Madison

The paradigm of Sample - based Material Structure Modeling is proposed to facilitate the design and

manufacturing of material structures towards desired mechanical properties. By modeling material

structure samples via a Markov random field, the proposed paradigm views material structure as

a collection of neighborhoods. The abstraction facilitates the reconstruction of both periodic and

stochastic material structures and extends to the reconstruction and design of spatially varying

material structures, a principal mechanism for creating and controlling spatially varying material

properties in nature and engineering. The spatially varying material properties are represented and

controlled using the notion of material descriptors which include common geometric, statistical,

and topological measures such as correlation functions and Minkowski functionals. The proposed

method is of particular advantage in preserving the microscopic geometry and related properties

of the material structure sample while achieving target macroscopic property distributions during

the design of material structures. For material structures that exhibit anisotropy, properly oriented

neighborhoods could greatly enhance the efficiency of the material. The expansion of the design

space to include the rotation of neighborhoods is appropriate when the properties that need to be

preserved can be safely regarded as rotation invariant. With the assumption of orthotropic symmetry,

an automatic way to determine the principal axes of neighborhoods for material structure samples

with stochastic orientations is proposed.

A Green’s function based homogenization method is investigated for the efficient evaluation

of the mechanical properties of neighborhoods. The formulated integral equation is converted

into a system of linear equations which is shown to be symmetric and positive definite with the

appropriate reference material properties and can be solved efficiently using the conjugate gradient



xiv

method. The method is verified against physical test results on additively manufactured structures

whose material properties are both spatially varying (heterogeneous) and direction dependent

(anisotropic). The same formulation also allows the fast estimation of mechanical properties through

correlation functions to circumvent the expensive solution of boundary value problems.
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Chapter 1

Introduction

1.1 Motivation

Heterogeneous materials, also known as composite materials, are ubiquitous both in nature and

among engineering materials. The material heterogeneity stems from the presence of at least two

distinct interacting phases (solid, liquid, gas, or void) within the same material volume. Computer

models of heterogeneous materials are becoming increasingly important in order to support the

latest advances in material science, biomedical applications, and manufacturing. In all cases, the

ability to represent the geometry of material phase, often called a material structure, is critical to

the ability to visualize, simulate, design, and manufacture natural and man-made objects made of

heterogeneous materials.

A variety of methods have been proposed to model heterogeneous material at different scales.

On the macroscopic scale, the spatial distribution of material composition has been a major research

issue in the field of solid modeling. The research laid the foundation of the CAD system to allow

the design of mechanical part with a heterogeneous interior. The formulation assumes that volume

fractions suffice to represent the heterogeneous object and different material properties are achieved

by the direct composition of the material phases within the same geometric domain. The modeled
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material compositions are usually represented by a collection of scalar or vector fields defined over

a geometric domain and therefore geometry of material phase are not realized in such models.

At the microscopic scale, the material structure of a heterogeneous material may be param-

eterized as a typical “unit cell” located at a “location” in space, which is usually referred as a

grain - germ model. Both shape and location of the unit cell are governed by some physically

justified stochastic process. The advantage of this approach includes the ability to explicitly control,

vary, parameterize, and synthesize the material structure procedurally. Unfortunately, only limited

classes of materials with simple unit cell geometry and distributions can be accurately modeled

since the modeling process requires complete understanding and parameterization of the generative

process underlying material – a challenging task even for most common materials such as sandstone

[72, 90].

The limited heterogeneous materials that the grain - germ model can model lead to the belief

that heterogeneous materials are too complex to model other ways but statistically. In statistics -

based models, heterogeneous materials are abstracted by their low-order statistics, such as volume

fraction and two-point correlation functions [174, 173]. To generate a material structure from the

model, a large-scale stochastic optimization problem is often solved by iteratively matching the

statistics. One advantage of the statistics - based approach is its applicability to a broad range of

random heterogeneous materials because it does not depend on the stochastic process by which

a material structure is formed [157]. However, once the material structure is abstracted by its

low-order statistics, important geometric and topological details of the material are usually lost.

As a result, different material structures with similar two-point correlation functions may lead to

similar models. The stationarity of the material is often assumed since correlation functions are

usually measured through the entire material sample and not equipped to parameterize information

across different scales.

Texture synthesis in the field of computer graphics and computer vision has matured during the

last decade. Texture synthesis aims to create large non-repetitive images from a small input texture.
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The term “texture” generally refers to images containing repeated patterns with a certain amount

of randomness. During the synthesis process, the new texture is synthesized based on an existing

sample such that the resulting pattern and existing sample appear to be generated by the same

underlying stochastic process [166]. The texture synthesis process has been proposed for modeling

bone scaffold [47] given its applicability to a broad spectrum of textures. The most successful model

for graphic application to date is based on the Markov Random Field (MRF), which requires the

input texture to be a realization of local and stationary random process.

So far we have only examined the modeling of a single material sample. However, a computer

model of the heterogeneous material goes beyond the representation of a single sample: it must

account for all possible material samples in the ensemble, which comprises all material structures

generated with the same formation process. In other words, computer models of a material should

be capable of modeling the ensemble, given more and more material samples from the ensemble.

Defining a model for an ensemble of material and designing a process capable of generating material

samples in that ensemble is the subject of this thesis.

Among the proposed and implemented modeling schemes, the texture synthesis is the only

scheme models the detailed geometry of material structures. The model is suited for a broad

range of structures without the knowledge of the underlying generative process. In particular,

texture synthesis may take multiple material samples as input while other models may require some

statistical abstraction of the abstraction they already have. For example, the statistical distribution

of the control parameters in the grain - germ model may be used to capture the variation within the

ensemble.

Texture synthesis appears to provide the natural machinery to model material structure. Despite

the extensive studies of texture synthesis, the study of MRF towards the modeling of two and

three-dimensional material structures in the engineering design setting is rather limited. In the

present study, we extend this approach to model and design material structures both in 2D and

3D. Note that texture synthesis is an algorithm to sample from the underlying MRF model. It
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is important to study properties of both MRF and its sampling algorithm so that it is clear what

material properties are being preserved, what information of material structure is lost, and how

design constraints are enforced during the design of new material structures with respect to both

the MRF model and its sampling algorithm. In order to model a material structure with MRF in a

more formal engineering design setting, we intend to investigate the following questions:

• What is MRF and how to model a heterogeneous material by MRF? As computer models

are simplification and abstraction of the real physical objects or phenomenon, what are the

properties of the sample material persevered by MRF model and what information is lost?

• MRF generalizes Ising model by extending interactions between the nearest neighbors to the

interactions within a neighborhood window. The question follows immediately is how to

choose the optimal neighborhood size for MRF model.

• Material structures are generated by sampling the MRF model. What are the methods available

to sample from the MRF? Even though texture synthesis can generate visually similar results,

what, if any, material properties are preserved in the texture synthesis process? What is the

limitation of the texture synthesis process?

• What is the design space enabled by the MRF model for a given material sample / ensemble?

How to modify the design space so that different material structure can be generated?

• Non-stationary heterogeneous material sample enables a design space with spatially varying

material structure and subsequently functionally graded macroscopic material properties. As

MRF is inherently non-parametric, how to enable the parametric control of spatially varying

material properties? How does such control affect the design space?

• Evaluation of mechanical and structural performance is essential in the design of functional

material structures. Such process generally involves solving boundary value problem, which

is computationally intensive for heterogeneous materials. The successful application of
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the proposed method hinges on the question: how to represent and evaluate the material

properties efficiently and accurately?

• To serve different design objectives, such as a more efficient use of the material, how to expand

the design space defined by the sample material structure? Which material properties are

preserved under the expansion?

1.2 Proposed approach

In the present study, the paradigm of Sample - based Material Structure Modeling is proposed to

facilitate the design and manufacturing of material structures towards desired structural and

mechanical properties while persevering microscopic geometry of the sample material structure.

By modeling material structure sample via a Markov random field, the proposed paradigm views a

material structure as a collection of neighborhoods. The design space enabled by the MRF model for

a given material sample includes all the material structures that share the same set of neighborhoods.

When the stationarity of the sample material structure can be safely assumed, the design space can

be efficiently sampled by Wei - Levoy algorithm with the properly chosen neighborhoods.

Spatial variation of material structures is a principal mechanism for creating and controlling

spatially varying material properties in nature and engineering. While the spatially varying homog-

enized properties can be represented by scalar and vector fields on the macroscopic scale, explicit

microscopic structures of constituent phases are required to facilitate the visualization, analysis and

manufacturing of functionally graded material (FGM). The challenge of FGM structure modeling

lies in the integration of these two scales. As MRF is inherently non-parametric comparing with

other microscopic models, the spatial variation of material structures cannot be controlled within

the MRF. In addition, Wei - Levoy algorithm no longer samples the design space correctly when the

sample material is not stationary on the macroscopic scale. Given the design objective of the present

study, we propose to model the spatial variation of material structure on the macroscopic scale
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by material properties while preserving the material structure geometry on the microscopic scale

with MRF. Such formulation reduces the difficult inverse homogenization problem to a problem of

filtering and leads to the modification of Wei - Levoy algorithm immediately: only neighborhoods

with desired material properties will be selected for use in the designed material structure.

In addition to being functionally graded, many natural and man-made materials are also

anisotropic. Whereas the above formulation only controls the position of neighborhoods, properly

oriented material structures could greatly enhance not only the efficiency of the material but also

the target performance of the designed structure. For material samples with non-uniform orienta-

tions, an automatic way to determine the orientations of neighborhoods directly from the target

material properties is proposed. Since simply selecting neighborhoods with desired orientations

eliminates too many suitable neighborhoods, we expand the design space to include the rotation

of neighborhoods. The expansion is enabled by the modification of sampling process rather than

preparing multiple samples of rotated neighborhoods to minimize the impact on the computational

efficiency of the sampling process. Such expansion of the design space is appropriate when the

properties that need to be preserved can be safely regarded as rotational invariant.

Given the extensive researches on relating material descriptors with physical properties, we

propose to represent and control spatially varying material properties using the notion of material

descriptors which include common geometric, statistical, and topological measures such as correla-

tion functions and Minkowski functionals. Associating material properties with descriptors is also

independent of the artificial connections between control parameters and the material structure in

a procedural model. To circumvent the expensive solution of boundary value problem, a Green’s

function based homogenization method is investigated for the efficient evaluation of the mechanical

properties.

Given a sample of material, its material structure may be digitized using a variety of imaging

techniques producing a 3D image (bitmap, gray-scale, or color), which can be used for a number of

diagnostic or simulation purposes [86, 71]. Three-dimensional images can be acquired by micro
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computer tomography (µCT) and magnetic resonance imaging (MRI). We rely on the sampling with

a regularly spaced lattice, i.e. pixels and voxels, as the primary representation in the present work.

1.3 Contributions

This thesis introduces the paradigm of the sample - based material structure modeling, a unified

model to represent both microscopic scale material geometry and macroscopic material properties.

The thesis is constituted by four major contributions:

1. Material structure modeling by neighborhoods, in which we show Wei - Levoy algorithm

preserves material descriptors and therefore properties of the sample material. In addition,

we propose and verify a systematic approach to determine the optimal size of neighborhoods

based on the two-point correlation function.

2. Functionally graded material structure design by material descriptors, in which we use

material descriptors to represent and evaluation the spatially varying material properties. We

also propose a hybrid approach to integrate the material descriptors into the MRF sampling

process.

3. Efficient material property estimations by FFT-based homogenization, in which we show

that the integral equation formulated by the Green’s function is symmetric and positive

definite therefore can be solved efficiently through conjugate gradient method. In addition,

a geometry - material model is proposed for structures manufactured by Fused Deposition

Modeling process.

4. Material structure design with varying neighborhood orientations, in which we propose

an automatic way to determine the orientations of anisotropic materials. We show that

the proposed method enhance the efficiency of material by sampling MRF with rotated

neighborhoods.
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1.4 Outline

In Chapter 2, we start with a detailed exposition of heterogeneous material modeling approaches,

including material composition models on the macroscopic scale, statistical models, grain - germ

model, and texture synthesis on the microscopic scale, and proceed to a brief introduction of

Markov random field model for heterogeneous material modeling and different sampling process,

including Wei - Levoy algorithm [166], the most fundamental algorithm in textures synthesis. We

then review the material descriptors that are geometric, statistical, and topological measures of

the material structure. We limit our focus on correlation functions and Minkowski functional for

their well-established relationships with various physical properties. Related work on material

anisotropy characterization is also reviewed in preparation for Chapter 6. We finish up with a brief

review of the effective material property and previous results on homogenization.

In Chapter 3, we investigate the modeling of stationary material structures by defining the design

space enabled by sample - based material structure modeling as material structures that shares

the same set of neighborhoods with the given material sample. Building on the results by Levina

and Bickel [76], we show that, inside a predefined neighborhood window, Wei - Levoy algorithm

sample the design space while preserving any material described in the reconstruction result. This

set of material descriptors includes not only two-point correlation functions, but also higher order

correlation functions; not only Minkowski functionals densities but also the cumulative distribution

of Minkowski functionals. In addition, we measure and find good agreements on the effective

elasticity tensor between the sample and reconstructed result. Assuming the existence of a germ-

grain model of the material sample, we propose and verify a systematic approach to determine the

optimal neighborhood size, a key parameter in the MRF model, based on the two-point correlation

function. Our implementation employs the Gaussian pyramid to make the Wei-Levoy algorithm

parallelable and suitable for the integration into the existing CAD system as a query-based method.

Examples show the abstraction facilitates the reconstruction of both periodic and stochastic material
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structures.

In Chapter 4, we generalize the model proposed in Chapter 3 to facilitate the design and

reconstruction of non-stationary material structures. We propose to formulate the spatial variation

of material structures on the macroscopic scale by material properties directly. Such formulation

results in two different ways to modify the Wei - Levoy algorithm: use the difference in material

properties between neighborhoods and target properties field as a penalty term in the neighborhood

selection process or use the difference as a filter to remove neighborhoods without the target

material properties. The former is favorable in computer graphics applications while the latter

has a clearer meaning of the design space which is the intersection of design space defined by

the MRF and by the material properties. The design space defined by the material properties

includes all material structures share the same macroscopic material property distribution. We

compare the two approaches and find that due to the intersection, the latter approach may not have

a non-empty design space to sample from. A hybrid approach is proposed by adding a tolerance to

the target properties field and using the difference in material properties as a penalty term to select

the neighborhoods. The hybrid approach not only increases the efficiency of the sampling algorithm

but also has a well-defined design space. To circumvent the expensive solution of boundary value

problem, the spatially varying material properties are represented and controlled using the notion

of material descriptors which include common geometric, statistical, and topological measures such

as correlation functions and Minkowski functionals.

In Chapter 5, a Green’s function based homogenization method is investigated for the efficient

evaluation of the mechanical properties of the neighborhoods. The formulated integral equation is

converted into a system of linear equations which is shown to be symmetric and positive definite

with the appropriate reference material property and therefore can be solved efficiently using

the conjugate gradient method. The method is verified against physical test results on additively

manufactured structures whose the material properties are both spatially varying (heterogeneity)

and direction dependent (anisotropy). The same formulation also allows the fast estimation of
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mechanical properties through correlation functions and therefore allows the proposed model to

be independent of the artificial connections between control parameters and the material structure

in a procedural model.

A vast majority of natural or synthetic materials are characterized by their anisotropic prop-

erties, such as stiffness. Such anisotropy is effected by the spatial distribution of the fine-scale

structure and/or anisotropy of the constituent phases at a finer scale. In design, proper control

of the anisotropy may greatly enhance the efficiency and performance of synthesized structures.

In Chapter 6, we propose a sample-based two-scale structure synthesis approach that explicitly

controls anisotropic effective material properties of the structure on the coarse scale by orienting

sampled material neighborhoods at the fine scale. We first characterize the non-uniform orientations

distribution of the sample structure by showing that the principal axes of an orthotropic material

may be determined by the eigenvalue decomposition of its effective stiffness tensor. Such effective

stiffness tensors can be efficiently estimated based on the two-point correlation functions of the fine-

scale structures. Then we synthesize the two-scale structure by rotating fine-scale structures from

the sample to follow a given target orientation field. The effectiveness of the proposed approach is

demonstrated through examples in both 2D and 3D.

In Chapter 7, we summarize the contributions of this thesis and discuss extensions and open

issue in the sample - based material structure modeling. Formulating material structure as Markov

Random Fields leads to a number of advantages over the traditional modeling approaches, including

improved computational efficiency, the direct extension to anisotropic and multiphase materials,

preservation of material descriptors and material properties yet flexible enough to model the

macroscopic properties variations.

Last but not least, we note that the concept of “material” is relative because the challenge of

modeling and representing the geometry of a material phase transcends the scales: it arises in the

modeling of nano-materials [175], mineral formations [72, 90], manufactured composites structures

[156, 24], and galaxies [92, 148].
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Chapter 2

Related work

In this chapter, we start with a detailed exposition of heterogeneous material modeling approaches,

including material composition models on the macroscopic scale, statistical models, grain - germ

model, and texture synthesis on the microscopic scale in Section 1. In Section 2, we proceed with

the review of material descriptors that are geometric, statistical, and topological measures of the

material structure. We limit our focus on correlation functions and Minkowski functional for their

well-established relationships with various physical properties. Related work on material anisotropy

characterization is also review in preparation for Chapter 6. We finish up with a brief review of the

effective material property and previous results on homogenization in Section 3.

2.1 Heterogeneous material modeling

2.1.1 Material composition modeling

Modeling of material composition has been a major research issue in solid modeling. The function-

ally graded material properties are usually represented compositionally by a collection of scalar or

vector fields defined over a geometric domain (Figure 2.1). Without trying to be exhaustive, the

following is a small sample of work in this area. Park et al. [115] use a volumetric multi-texturing
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Figure 2.1: Functionally graded material properties design. Left: “Source-base” heterogeneous
solid modeling. Right: Heterogeneous material modeling with distance fields. Image courtesy of
[138] and [13].

method representing a three-dimensional density gradient. Siu and Tan [138] model both the

distribution and the orientations of composite laminates through a source based scheme. Biswas

et al. [13] formulate the material function as an interpolation of properties associated with given

material features by inverse distance weighting. Other representations of material function are

largely consistent with different ways to represent solids, including explicit functions [77, 50], im-

plicit representations [116] and spline tensor products [121, 50], to cite a few. Readers may refer [65]

for a survey. In addition, the iterative updating of material composition allows to optimize some

material property functions for thermal stress [49], displacement [23] and structural weight [178].

Material composition modeling essentially imposes no constraints on the design space of mi-

croscopic material geometry since the ability to generate material structures from the designed

material composition is generally assumed [65]. However, a blend of the constituent phases by their

volume fractions cannot accurately represent the required spatially varying properties, as it does

not carry geometry or topology information about the material structure [114, 157, 72]. Even though

material composition models are unable to directly produce the material structure, they are useful

in modeling and design of the target descriptor and property fields in the proposed paradigm.
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Figure 2.2: The framework of optimization - based reconstruction method. r is the distance in pixels,
S2 is two-point correlation, and C2 is two-point cluster correlation, “target” refers to the correlations
of the digitized medium, “actual” are the correlations of the reconstructed material. Image courtesy
of [84].

2.1.2 Statistical modeling

At the microscopic scale, the material structure has been modeled statistically through material

descriptors, such as volume fraction and correlation functions [174, 173]. The design space defined

by such model includes an ensemble of material structures that share the given set of material

descriptors. The process of sampling design space to generate a material structure is commonly

referred as reconstruction. Reconstruction seeks to generate material structures directly from the

given descriptors (see Figure 2.2). The most common approach focuses on matching material

descriptors, especially two-point correlation functions between a given reference material and the

desired reconstruction result, by solving a large-scale stochastic optimization problem [174, 57].

Popular optimization algorithms include simulated annealing [174, 28, 56] and termite algorithm

[130]. One advantage of the optimization-based approach is its applicability to a broad range of

random heterogeneous materials because it does not depend on the stochastic process by which a

material structure is formed [157].



14

Since the objective function is optimized globally (everywhere in reconstruction result), the

convergence speed for stochastic optimization is generally very slow, making this approach com-

putationally expensive. This is a major shortcoming of all optimization-based approaches. When

the reference structure is abstracted by its descriptors, important structural details of the reference

material are often lost. Efforts to address this accuracy issue include using higher order correlation

functions [39], incorporating two-point cluster function into the target function of the optimization

as a hybrid method [58], and implementing a dilation-erosion scheme [40]. Instead of updating

the reconstructed structure directly, Koutsourelakis and Deodatis iteratively updated two-point

correlation functions from intermediate Gaussian random fields [68]. While their method cannot

include material descriptors other than two-point correlation functions, it converges faster than

other optimization-based methods as a much smaller material structure space is explored. However,

once the geometric and topological information about the structure is lost, it cannot be fully recov-

ered. Thus, different material structures with similar descriptors may lead to similar reconstruction

results.

The statistical models are also limited in their ability to capture more complex material geometry,

for example for anisotropic materials and those based on grayscale image samples. More complexed

material descriptors need to be involved when structure morphologies can not be captured by

the simple material descriptors, e.g. isotropic two-point correlation function, which could be

prohibitively expensive in computation. The functional gradation of macroscopic material properties

is also limited by such model.

2.1.3 Grain - germ model

The structure of a random heterogeneous material may be parameterized as a typical “unit” cell

located at a “location” in space. Both shape and location of the unit cell are governed by some

physically justified stochastic process. Such models have been studied extensively in stochastic

geometry [62, 142], statistical physics [97, 89], and spatial statistics [148, 141, 97] and have numerous
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Figure 2.3: Boolean models of porous media. (a) Overlapping solid spheres, (b) spherical pores and
(c) oblate spheroidal pores (aspect ratio four). Image courtesy of [125].

applications ranging from stereology [152], to geostatistics [149] and cosmology [92, 148], to name

a few.

Using the standard terminology [141], we will refer to the shape of the unit cell as grain and

its location as germ. A material model is generated by placing grains at germs and composing

them into a material structure, for example, using Boolean set operations [130, 143] (see Figure

2.3), packing subject to non-interference (random sequential adsorption model) [157] or minimum

distance constraints [122]. Typically, a grain is a random compact subset of Euclidean space, while

a germ may be a sequence of locations governed by a stochastic (for example, Poisson) process.

More generally, germs may be used to specify locations (positions and orientations) of more general

unit cells that may include Voronoi cells, hyperplane arrangements, periodic lattice and cellular

structures, and so on. For example, a masonry wall can be modeled by two stochastic processes:

one to generate locations of stones (germs) and another one to generate the shapes of the stones

(grains) [139]. The advantages of the generative approach include the ability to explicitly control,

vary, parameterize, and synthesize the resulting material structures in the material ensemble.

Unfortunately, this also requires complete understanding and parameterization of the generative

process underlying the ensemble – a challenging task even for most common materials such as

sandstone [72, 90].

Most of the researches in grain - germ models may be classified in terms of the proposed model

for germ, grain, and the process by which they are composed to form the material structure. Reviews
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Figure 2.4: A procedural porous structure model. (a) The control polygons used for B-Spline curve
fitting. (b) The pore geometries represented by B-Spline curves. (c) Boolean subtraction of the pores
from the external geometry and the resultant 2D representation of the irregular porous structure.
Image courtesy of [66].

of various stationary stochastic models used for generating random heterogeneous materials may

be found in [141] and [157]. Numerous advances in computer-aided design and manufacturing

are based on similar ideas. Without trying to be exhaustive, the following is a small sample of

recent work in this area. Kou and Tan [66, 67] proposed using random Voronoi tessellation, with

grains bounded by B-Splines to design irregular porous artifacts with controllable pore shapes

and distributions without requiring any existing objects as prerequisites (Figure 2.4). Redenbach

[122, 123] showed that Laguerre tessellations outperform Voronoi tessellations in the modeling

of ceramic and aluminum foams. Pasko et al. [117] employed FRep to model both regular lattice

and irregular porous material by combining generative and reconstructive approaches through

the global optimization in the parameter space of a pseudo-random model. FRep uses an analytic

function to define the boundary of the material structure hence its representation is very compact.

Multi-scale material structures modeled by FRep can be found in [36]. Significant emphasis has also

been placed on designing unit cells with desired mechanical properties that can be used in random

or periodic material structures. For example, Chen [21] developed a texture mapping design system

to add internal structures into solids, which allows designers to select a material structure from a

library. Sigmund [135, 136] used a topology optimization approach to synthesize unit cells with

desired or novel material properties in a material structure, for example, materials with negative

Poisson’s ratio. As shown in [1], constructing a procedural model of random heterogeneous material



17

(a) Texture synthesis of stationary texture. (b) Controlled texture synthesis of graded texture.

Figure 2.5: Texture synthesis. Image courtesy of [165] and [2].

with material descriptors matching a given sample is generally difficult.

The material structure with target material properties may be generated iteratively by updating

the model parameters to match the target properties / descriptor fields. However, these models

usually limited to certain types of material structures. Even for stationary material structure

modeling, grain - germ models require a complete understanding and parameterization of the

generative process. To model the FGM compatible with target properties, additional knowledge of

the mapping between control variables and material properties is also required. These disadvantages

make grain - germ models unattractive for a general approach to modeling heterogeneous material.

2.1.4 Texture synthesis

In computer graphics, the term “texture” generally refers to images containing repeating patterns

with a certain amount of randomness [76, 164]. The amount of randomness can vary from regular

(a tiled floor) to stochastic (a sand beach), which contribute to a wide spectrum of textures [164, 83].

Texture synthesis techniques are widely used in computer graphics and can be categorized into

procedural and example-based based. Procedural methods generate the texture as a function of image

element coordinates based on a set of user-specified parameters. We will not consider procedural

texture synthesis methods here because they suffer from the same limitations as the grain - germ

modeling approaches.
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Figure 2.6: Texture synthesis with orientation control. (a) Homogeneous texture sample. (b) Field
distortion synthesis. (c) Synthesis result. The green blobs are made progressively smaller towards
the right. Image courtesy of [177].

Example-based texture synthesis aims to create large non-repetitive images from small sample

image (Figure 2.5(a)). During the synthesis process, new images are synthesized based on an

existing sample such that the resulting pattern and existing sample appear to be generated by the

same underlying stochastic process [166]. Early uses of MRF focused on identification of parametric

texture models, which rely on user-estimated parameters and have limited use to users in the

presence of complex textures [113, 31]. More recently, MRF model proved to be highly successful as

a basis for non-parametric texture synthesis.

The classical texture synthesis can reconstruct only stationary material structures that remain

(statistically) invariant under translation. Such structures cannot be graded in a controlled fashion.

Researches in the computer graphics community have developed useful techniques for controlling

texture synthesis in non-stationary situations. In chronological order, Ashikhmin [2] use a user-

painted color map to control the placement of purple flowers and green grass (Figure 2.5(b)). The

same technique is used by Efros and Freeman [34] to transfer Picasso’s drawing onto a picture

of Richard Feynman. Zhang et al. [177] employ a scalar field together with a vector field to

control both size (scale) and direction of textures. For feature size control, the idea of texton

mask is introduced to create varying textures from stationary inputs, which may also be used
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to smoothly blend two different textures. This idea was extended into a warp field in [93], so

that the texture may be seamlessly morphed from one to another. For a complete review, readers

may refer to Section 9 of [165]. All these methods follow the same basic idea, also adapted in our

approach: an external control field can be used to influence and to guide placement of the next

pixel (patch or material element). This relaxes the requirement of global stationarity in texture

synthesis process and makes it controllable. Texture synthesis techniques have recently been used

for material reconstruction by several researchers [47, 79, 15, 70]. In particular, Liu and Shapiro [79]

demonstrated that Markov random field texture synthesis can be used to reconstruct a variety of

periodic and random heterogeneous structures while preserving their geometric, topological, and

physical properties. We will show more details of the texture synthesis algorithm as well as the

underlying Markov random field model in the following section.

2.2 Material descriptors

In view of the complexity of the geometry, material descriptors have been employed to statistically

characterize the material structures. One apparent material descriptor is the volume fraction φ

occupied by a certain phase inside the material sample, such as material phase for porous material

or particle phase for composite material. The Voigt-Reuss bound and tighter Hashin-Shtrikman

bounds for modulus of isotropic material structure have been developed based on this first order

statistic (see next section). However, as discussed in the previous section, volume fraction is a

very weak material descriptor. It is widely accepted that the physical properties of heterogeneous

material are highly correlated with its material structure [72, 86, 157, 114]. So it is crucial to have

descriptors that are able to quantify the spatial arrangement as well as the connectivity and the

geometry of phases inside heterogeneous material.
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2.2.1 Correlation functions

Correlation functions have been developed specifically to quantitatively ascertain the distribution

of distances between phases and are used widely in stochastic geometry [62, 142] and stereology

[142]. An n-point correlation function can be defined as a probability that all vertices of a randomly

tossed n-vertex polyhedron fall into the same phase of a material structure.

For a heterogeneous material, the indicator function I(i)(x) is defined as:

I(i)(x) =

 1, if x lies in phase i,

0, otherwise.

With the assumption that the material is statistically homogeneous (also called spatially stationary),

i.e. the stochastic process is translationally invariant, n-point correlation of phase i can be formulated

mathematically as:

S
(i)
n (r1, r2, . . . , rn) = S

(i)
n (x2 − x1, x3 − x1, . . . , xn − x1) = 〈I(i)(x1)I

(i)(x2) . . . I(i)(xn)〉

where 〈. . .〉 denote the expectation (ensemble average) of a function. The first momentum of n-point

correlation function

S
(i)
1 = 〈I(i)(x)〉

is just the volume fraction φ. The second momentum is two-point correlation function

S
(i)
2 (r) = 〈I(i)(x1)I

(i)(x2)〉

which can be described as the probability that a randomly tossed line having both of its ends fall

into phase i (either material phase or void phase for a porous material). The two-point correlation

function can also be written as S(i)2 (r, θ,φ), where r is decomposed into three components: r gives

the length while θ and φ give the direction of the vector. If the material is also isotropic, i.e., the
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material is rotation invariant, the two-point correlation function becomes S(i)2 (r). For isotropic

media, S(i)2 (r) would degenerate into S(i)1 (r) = φi as r → 0 and converge to φ2
i, since that two

points fall into phase i at the same time becomes independent events if the distance between them

is outside the correlation range.

Based on the above properties, one can deduce lower order correlation functions from higher

order correlation functions, simply by shrinking the distances between sample points to zero. This

conceptual shrinking process reveals the lower order correlation information that is already captured

by the higher order correlation functions. Thus, the class of material structures sharing the same

higher order correlation function is a proper subset of the one defined by lower order correlation

function.

Generally speaking, higher order correlation functions yield more information about the material;

and the ability of lower order correlation functions to predict many material properties, e.g. those

that depend on connectivity, is still undetermined [109]. However, higher order correlation functions

are defined over a large configuration space of parameters. First non-trivial instance is the three-

point correlation function, which depends on 9 parameters in three dimensional space. And even

with the assumption of stationarity and isotropy, an n-point correlation function still needs
(
n
2
)

parameters to be fully defined. As a result, practical use of correlation function beyond order two is

rare.

2.2.2 Minkowski functionals

Minkowski functionals are a set of topological and geometrical descriptors of material structure

encompassing standard additive measures such as volume, area, mean width and the Euler char-

acteristic [95]. There are precisely d + 1 of them in d-dimensional space, i.e. a two dimensional

material structure is characterized by three Minkowski functionals, while a three dimensional

material structure is characterized by four Minkowski functionals.

One way to approach Minkowski functionals is through Steiner’s formula. In three dimensions,
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let K be a compact convex body in R3, with regular boundary ∂K ∈ C2. Consider the convex body

Kε parallel to K at a distance ε, i.e.:

Kε =
⋃
x∈K

Bε(x)

where Bε(x) is a ball with radius ε. Steiner’s formula shows that the volume Vε of Kε

Vε = V + Fε+Hε2 +
4π
3 ε

3 (2.1)

where V , F and H denote the volume, surface area and integral mean curvature of K.

More generally, Steiner’s formula for convex bodies in d-dimensional Euclidean space may be

written as

Vε(K) =

d∑
α=0

(
d

α

)
Wα(K)ε

α

whereby the d+ 1 Minkowski functionalsWα are defined. For d = 3 we find by comparison

W0(K) = V(K), 3W1(K) = F(K), 3W2(K) = H(K), W3(K) = G(K) = 4πχ(K),

One important property the Minskowski functionals have is additivity. Let K denote the class

of closed bounded convex set in Rd. For K1,K2 ∈ K

Wα(K1 ∪ K2) =Wα(K1) +Wα(K2) −Wα(K1 ∩ K2)

By induction,

Wα(

n⋃
i=1

Ki) =

n∑
i=1

Wα(Ki) −

n−1∑
i=1

n∑
j=i+1

Wα(Ki ∩ Kj) + . . . + (−1)n+1Wα

( n⋂
i=1

Ki

)
(2.2)

Equation (2.2) suggests a way to compute non-convex set if such set can be represented as a finite

union of Ki ∈ K. Any material structures represented on lattices (images) fall into this category
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since every pixel (voxel) is convex and constitutes the material structure.

What worth to note is that the Hadwiger’s theorem of integral geometry characterizes the

completeness of the Minkowski functionals. The theorem asserts that any additive, continuous, and

motion invariant valuation can be represented as the linear combination of Minkowski functionals.

Minkowski functionals have been proposed as a means to compare or assess the quality of

generated or reconstructed material models. For example, it has been shown in [1] that neither

particle-based model, model based on level cuts of Gaussian random fields nor models based on

Voronoi tesselations of Poisson-distributed points are able to accurately reproduce the Minkowski

functionals of the sandstone. Minkowski functionals have also been studied in many other fields,

ranging from cosmology [96, 95] to medical image processing and diagnostics (for example, [104]

correlates Minkowski functionals with bone diseases such as osteoporosis).

2.2.3 Material anisotropy Characterization

The term anisotropy is overloaded in the context of material structures. Depending on how it is

measured, it could refer to structural anisotropy, where the statistics of the structural geometry is

anisotropic; it could also refer to property anisotropy, where the effective properties of the material

structure are anisotropic. It is widely accepted that the latter is the result of the former combined

with the third type of anisotropy: the material anisotropy of the constituent phases materials, which

can be regarded as the structure anisotropy from a lower scale.

One common way to characterize the structural anisotropy is measuring the directional variations

of average chord lengths, where a chord is a segment of an infinite straight line fully contained in

a single phase (see Figure 5.4a). The method is often referred as mean intercept lengths (MIL) in

the literature. Such characterization has been widely adopted for the studies of trabecular bones

[168, 41, 53, 63]. The distribution of cord lengths is found to have the shapes of ellipses (ellipsoidal

in three dimensions) indication the trabecular bones are orthotropic according to these measures.

Minkowski tensors, which are the tensorial generalization of Minkowski functionals, has also
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(a) Polar diagram of the Mean Intercept
Length function of a cancellous bone.

(b) Two planar figures with identical
boundary orientation distributions, which
can not be detected by FFT and other
boundary based approaches.

Figure 2.7: Existing methods to characterize anisotropy. Image courtesy of [119] and [111].

been used to characterize the structural anisotropy. Measures of anisotropy have been proposed

based on eigenvalue ratios of Minkowski tensors [128, 129]. Minkowski tensors have been used in

the anisotropy analysis of the shape of neuronal cells [5] and galaxies [6].

In Fourier transform, major structural direction lines in the spatial domain image correspond to

high values of frequency components in the frequency domain [160]. As an alternative, Fourier

transforms have been applied to characterize the structural anisotropy of electrodeposited patterns

[127], trabecular bone [19], and fiber systems [160]. The wavelet transform has also been used to

characterize the anisotropy in paper structure [145].

One problem of Fourier transform and wavelet transform is that they measure the boundaries

of the phases rather than phases themselves, which may lead to the loss of important anisotropic

information, as shown in Figure 5.4(b). Another drawback, which is shared by chord lengths and

Minkowski tensors based measures, is that they are not directly related to the physical properties.

In view of the descriptor - property relationship, Huber and Gibson [51] associate anisotropy

of chord lengths with anisotropy of Young’s modulus through an axisymmetric unit cell model

proposed in [37]. Good agreements are found between experimental results and proposed formula

for polyurethane foams. However, the model is tailored for low-density axisymmetric foams and
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cannot be generalized to other material structures. The fabric tensor has been introduced to associate

the geometric measurement with the elasticity tensor of heterogeneous material [27]. However,

the isotropy of the constituent phases of the heterogeneous material needs to be assumed by the

method. Such assumption will be violated when modeling heterogeneous material with anisotropic

constituent phases, such as material structures prepared by additive manufacturing [80].

2.3 Effective material properties and homogenization

Tensors are commonly used to represent the constitutive relation in computer simulations of physical

problems. Constitutive relation approximates the response of a material to external stimuli and is

specific to that material. When the physical problem is one-dimensional, constitutive relation is

frequently expressed as a simple proportionality, in the form of a scalar, such as the spring constant.

When the physical problem is three-dimensional, the scalar parameter is generalized to a tensor to

account for the directional dependence of the material properties.

Being specific to a material, material property tensors are usually constructed from measured

material properties or constants. Depending on the physics, fourth-rank tensors and second-rank

tensors are commonly used. For example, a fourth rank tensor can be constructed from one or more

material properties such as Young’s modulus, bulk modulus, shear modulus, Poisson’s ratio, Lame

parameters, and P-wave modulus that are measured from a single or multiple experiments.

A second rank tensor can be constructed from one or more material properties such as (elec-

trical and thermal) resistivity, (electrical and thermal) conductivity, dielectric constant, magnetic

permeability, and diffusion coefficient that are measured from a single or multiple experiments.
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2.3.1 Effective material properties

In linear elasticity, the Cauchy stress tensor σ, with components σij, and strain tensor ε, with

components εij is related via

σ = Cε, or in index notation, σij = Cijklεkl. (2.3)

The elasticity tensorC is determined by a set of six experiments, where six independent components

of strain are prescribed while the components of the stress are measured. Alternatively, if the six

independent components of stress were prescribed, while the strain components were measured,

this leads to a relation based on the compliances tensor S:

ε = Sσ, or in index notation, εij = Sijklσkl. (2.4)

S is the inverse of C

SC = CS = I, or in index notation, SijklCklmn = CklmnSijkl =
1
2(δimδjn + δinδjm). (2.5)

Let ε and σ be the mean value of stress ε and strain σ in the material, their values may be

measured or imposed through mean value theorem:

εij :=
1
|Ω|

∫
Ω

εij(x) dx = 1
|Ω|

∫
∂Ω

1
2(uinj + ujni) dS (2.6)

and

σij :=
1
|Ω|

∫
Ω

σij(x) dx = 1
|Ω|

∫
∂Ω

1
2(tixj + tjxi) dS (2.7)

whereΩ is the material domain and ∂Ω is its boundary.

In the spirit of Equation (2.3), the effective tensor of elastic moduli Ceff,u of a heterogeneous
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material is defined:

σ = Ceff,uε. (2.8)

In the spirit of Equation (2.4), the effective tensor of compliances Seff,t of a heterogeneous material

is defined:

ε = Seff,tσ. (2.9)

In general, Ceff,u and Seff,t are not inverse to each other. However, it is expected that the two

becomes inverse to one another if the material is stationary and large enough relative to the material

structure. In this case, the superscripts u and t are dropped. Due to the symmetry of the strain and

stress tensor, to measure Ceff, a set of experiments measuring stress components with six indepen-

dent components of strain prescribed is performed. Alternatively, measuring strain components

with six independent components of stress prescribed determines Seff. The stresses and strains are

prescribed and measured by Equation 2.6 and 2.7. The common choices for the six independent

loads are [181]:

u = Ex or t = Ln (2.10)

with

E or L =


a 0 0

0 0 0

0 0 0

 ,


0 0 0

0 a 0

0 0 0

 ,


0 0 0

0 0 0

0 0 a

 ,


0 a 0

a 0 0

0 0 0

 ,


0 0 0

0 0 a

0 a 0

 ,


0 0 a

0 0 0

a 0 0

 , (2.11)

where a is a constant load parameter.

2.3.2 Homogenization

Generally speaking, homogenization refers to the process of calculating effective material properties

of a material structure [48, 61]. After decades of development, homogenization methods have
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reached a high level of refinement and sophistication. 1960s to 1980s is the golden age for analytical

homogenization methods, which can be categorized as rigorous bounds and direct estimations.

Methods evaluating rigorous bounds include the well-known first order Voigt - Reuss bounds

and second order Hashin - Shtrikman’s bounds for isotropic distribution phase, which will be

discussed in detail in the next section. Third order bounds are later developed by Beran [11], Milton

[102] and Torquato [159]. Kroner [69] develops a hierarchy of bounds by incorporating higher order

statistical information from the material structure. For material structures with a high contrast of

phase properties, such as porous materials, the rigorous bounds are usually too slack to give a good

estimate of the effective properties.

Direct estimations of the effective properties include Gibson and Ashby’s model for cellular

structures [38], self-consistent method [46], Mori - Tanaka method [105], to cite a few. Readers may

refer [48, 61, 170] for a review. Most direct estimation methods only work on specific morphologies

of material structures.

An alternative way to solve effective material properties is to use numerical techniques on

samples of material structures. Almost all numerical homogenization methods are based on the

concept of a Representative Volume Element (RVE). The RVE is often assumed to be small enough

compared with the macroscopic structure so that the analysis on macroscopic level can use the

effective properties of the equivalent homogeneous material. Finite element method (FEM) is

the most common method to solve the six independent linear elasticity problems discussed in

the previous section. However, there are several drawbacks to this approach, including the need

to generate a volumetric mesh of the microscopic geometry and the large number of degrees of

freedom required by the analysis. Due to these limitations, the complexity of the material structures

is limited by FEM. A more recent approach for homogenization is to solve Lippmann-Schwinger

equation through Fourier transform and will be discussed in the next section.
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2.3.3 Effective stiffness via volume fractions

Voigt - Reuss bounds

The Voigt and Reuss averages (see Figure 2.8) assume that the generated strain and stress fields

are constant in the material structure and later shown to be the bounds of the effective material

properties by Hill [45]:
1
2ε(S)

−1ε 6
1
2εC

effε 6
1
2εCε (2.12)

where C = φC1 + (1 − φ)C2 and S−1
= φS1 + (1 − φ)S2.

Figure 2.8: A comparison of Voigt - Reuss bounds, Hashin - Strikhman bounds, SIMP models, and
the Reuss-Voigt interpolation of two materials with equal Poisson’s ratio ν = 1/3, and Young’s
moduli E1 = 1 and E2 = 0.1. Image courtesy of [9].

Hashin - Shtrikman bounds

Hashin - Shtrikman bounds (see Figure 2.8) are derived from Hashin - Shtrikman variational
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principle, for positive- (negative-) definite C−C0:

1
2εC

effε 6 (>)

∫
Ω

{1
2ε0C0ε0 + τε0 −

1
2τ(C−C0)

−1τ−
1
2τΓτ

}
dx (2.13)

where C0 is the constant reference material property, τ and Γ are stress polarization tensor and

linear operation involving the second derivative of Green’s function as defined in Appendix A. To

achieve the bounds, the integrand should be stationary:

(C−C0)
−1τ+ Γτ = ε0 (2.14)

which is the Lippmann - Schwinger equation (Equation 6.3). The variational principle (Equation

2.13) is elegantly derived in [169].

The second - order terms in Equation (2.13) involve the correlation of two spatial locations,

which can be represented by two - point correlation functions. If we assume the structural isotropy

(in terms of two-point correlation function) of the material structure and approximate Γ with its

infinite-body form Γ̃, Equation (2.13) becomes:

1
2εC

effε 6
1
2εC

HSε (2.15)

where

CHS =
〈
[I+ (C−C0)P]−1

〉−1〈
[I+ (C−C0)P]−1C

〉
(2.16)

P =
1

4π

∫
|ξ|=1

Γ̃(ξ)dS (2.17)

CHS depends solely on the volume fractions of the constituent phases. Some authors may refer

Hashin - Shtrikman bounds as a second order bounds as the isotropy in two-point correlation

function is assumed.

Power law



31

Power law (see Figure 2.8) is a popular material interpolation scheme in topology optimization,

SIMP in particular:

C = φpC0 (2.18)

where p is the penalty factor. For SIMP, in order to obtain the ‘0 - 1’ designs, p > 3 is usually

required [9]. However, as shown in Figure (2.8), the power law with p = 3 violates the Voigt - Reuss

bounds.
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Chapter 3

Material structure modeling by

neighborhoods

Whereas the equivalence between solids depends on the similarity between their exterior dimen-

sions, the equivalence between material structures is based on the equivalence of their characteristics.

Material structure reconstruction is the process of generating material structures that are equivalent

to the sample material, involving both modeling of the material structure and generating material

structures from the constructed model. Different reconstruction methods can be compared in

terms of the amount of characteristic they preserved, how well they are preserved, their abilities to

generate equivalent material structures, as well as the number of types of material structures they

are applicable to.

In this chapter, we investigate the modeling of material structures by defining the design space

as material structures that share the same set of neighborhoods with the given material sample. We

start with a brief introduction of Markov random field in the context of heterogeneous material

modeling and different ways to sample the MRF model, including Wei - Levoy algorithm [166]

– the most fundamental algorithm in textures synthesis. Building on the results by Levina and

Bickel [76], we show that, inside a predefined neighborhood window, Wei - Levoy algorithm
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Figure 3.1: The reconstruction of a material structure of coarse pearlite in a matrix of ferrite. The
reconstruction result shares similar microstructure descriptors, such as correlation functions and
Minkowski functions, with the sample material after thresholding. The relative errors for volume
fraction, two-point correlation function, density of perimeter and density of Euler characteristic are
1.6%, 3.8%, 1.3% and 1.7%, respectively. The sample image is reproduced from [30] by courtesy of
TMS.

sample the design space while preserving any material descriptors in the reconstruction result.

This set of material descriptors includes not only two-point correlation functions, but also higher

order correlation functions; not only Minkowski functionals densities but also the cumulative

distribution of Minkowski functionals. Based on the homogenization theory discussed in Chapter 5,

the perservation of correlation function is equivalent to the perservation of mechanical properties.

To verify this result, we measure and find good agreements on the effective elasticity tensor between

the sample materials and reconstructed results. In addition, we propose and verify a systematic

approach to determine the optimal size of neighborhoods based on the two-point correlation

function. Our implementation employs the Gaussian pyramid to make the Wei-Levoy algorithm

parallelable and suitable for the integration into the existing CAD system as a query-based method.

Examples show the abstraction facilitates the reconstruction of both periodic and stochastic material

structures. Some results in this chapter has been reported in [79].
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(a) A s = 2ω+ 1 neighborhood
window Np located at pixel p;
hereω = 2.

(b) Examples of neighborhoods of a trabecular bone structure. Neighbor-
hoods are allowed to overlap.

Figure 3.2: Illustration of neighborhoods.

3.1 Markov random field model and its sampling algorithm

The Markov random field (MRF) contains a set of random variables with the Markov property

described by an undirected graph. Markov property assumes that a variable is conditionally inde-

pendent of all other variables given its neighbors. MRF generalizes the Ising model in the following

two ways. First, random variables may take more than binary states. Also, the neighborhood of a

random variable is not limited to its immediate neighbors.

Let the heterogeneous material X be a binary image on a d-dimensional lattice (d=2,3). Let t be

a d - tuple indexing sites in X: Xt represent the value of X at site t. This notation extends naturally

from sites to neighborhoods of sites. Let

N(t) = {s : ||t− s||∞ 6 ω, s 6= t} (3.1)

be a (2ω+ 1)d window centered at site t, then

XN(t) = {Xs : ||t− s||∞ 6 ω, s 6= t} (3.2)

is the neighborhood of Xt. For the convenience of comparing the neighborhoods to each other, we
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X N(X)

Y N(Y)

MRF

R s

MRF

Figure 3.3: Reconstruction of material structures. X is the sample material structure and Y is the
reconstruction of X. N(X) and N(Y) represent the ordered set of neighborhoods from the MRF
model ofX and Y, respectively. Material structure Y is reconstructed by sampling fromN(X) through
algorithm s.

will also assume that the elements in XN(t) are ordered lexicographically. We acknowledge that the

neighborhoods may take shapes other than a square depending on sample heterogeneous material.

With the Markov assumption, the probability of Xt depends on and only on XN(t). Therefore, the

heterogeneous material can be described completely by the joint probability distribution within

the neighborhood window when the stationarity of sample heterogeneous can be safely assumed.

The major advantage of the MRF is that it models a global material structure by specifying local

properties of neighborhoods.

When modeled by MRF, we say Y is equivalent to X if and only if Y and X share the same set of

neighborhoods. The concept of reconstruction is summarized in Figure 3.3, where N(X) and N(Y)

represent the ordered set of neighborhoods from the MRF model of X and Y, respectively. Material

structure Y is reconstructed by sampling the MRF model of X. The successfulness of reconstruction

hinges on the capability to sampling algorithm s.

Due to the complexity of direct sampling the joint probability distribution modeled by MRF,

different ways have been proposed to approximate the joint probability indirectly. Feature-based

algorithms have long been used to sample MRF by matching the statistics of a common set of

underlying features. For example, Heeger and Bergen [43] sample the MRF by matching marginal

histograms of steerable pyramids. Cang and Ren [20] extend this approach by replacing the

histogram with a deep network learning model. Even though their method significantly improves

the quality of sampling, the algorithm still tends to lose local geometric details of the sample
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heterogeneous material. This is a common drawback shared by feature-based approaches since

only limited information (usually lower order statistics) can be captured by a finite set of features.

Gibbs sampling has also been used to approximate the joint probabilities with conditional

probabilities [179, 16]. Consistent estimation of joint probabilities is usually generated by Gibbs

sampling for stationary MRF. However, the iterative approach is computationally expensive: even a

small sample of material structures may take days to generate.

Wei and Levoy proposed the first non-parametric sampling algorithmic for MRF. Wei - Levoy

algorithm is summarized as follows:

1. Select a random start value s, let Y0 = Xs.

2. Suppose next site needing to be synthesized in raster (lexicographic) order is n. let

d0 = min
t
dN
(
XN∗(t), YN∗(n)

)
where dN

(
XN∗(t), YN∗(n)

)
= ‖XN∗(t) − YN∗(n)‖ calculates the site-wise difference between

available neighborhood and N∗(n) = {s : s ∈ N(n), Ys 6= ∅} denotes the subset of the neigh-

borhood where the value of Y has already been assigned.

3. Choose t randomly from

{
t : dN

(
XN∗(t), YN∗(n)

)
6 (1 + ε)d0

}
,

Set Yn = Xt.

Inspired by Wei - Levoy algorithm, numerous sampling algorithms in the field of texture

synthesis have been proposed to increase the speed of the algorithm and to enhance the quality of

synthesis results. For example, Wei and Levoy implemented the tree-structured vector quantization

(TSVQ) to reduce the linear dimension of the neighborhood. Other notable dimension reduction
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methods include using a subset of the neighborhood [74] and Principal Component Analysis

(PCA) [73]. More recent acceleration schemes include PatchMatch [3], Image melding [29], and

PatchTable [4], whose core idea is to perform an approximate nearest neighborhood (ANN) search

over N(X). However, the reduction of information from neighborhoods inevitably decreases the

quality of synthesis results. An alternative approach is to reduce the number of neighborhoods

to search from in every synthesis step. The most effective methods are based on the notion of

coherence. First introduced by Ashikhmin [2] to avoid the computationally expensive exhaustive

search, the method has been extended to k-coherence in [155] which requires the preprocessing

of input sample structure. The supervised learning method proposed by Bostanabad et al. can

be seen as the combination of the two approaches as the learning model creates the classification

tree while automatically reduce the dimension of the neighborhood. In our implementation, we

refrain ourselves from some of the speedup techniques since such techniques inevitable limit the

neighborhoods to select from. Therefore the modified algorithm may no longer share the important

properties of the original algorithm we discussed in the next section.

3.2 Material structure reconstruction by Wei - Levoy algorithm

Whereas texture synthesis focuses on generating visually pleasant images, modeling the heteroge-

neous material requires preservation of material descriptors and properties during the modeling

and sampling process. Hence, in order to utilize Wei - Levoy algorithm as a sampling method

for material MRF model, we must first answer the fundamental question: which, if any, material

descriptors are preserved by Wei - Levoy algorithm? The answer to this question determines whether it is

reasonable to expect the equvilence between the sampled material and the original material sample.

We now show that the answer to this question is affirmative, not only when n-point correlation

functions are chosen as material descriptors, but also a larger set of material descriptors includ-

ing Minkowski functionals, line path function, nearest neighbor function, and other reasonably
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well-behaved properties of the material structure.

Intuitively, the method holds the property that the spatial neighborhood of each site is similar

to at least one neighborhood from the sample heterogeneous material. More formally, consider

a quarter of the neighborhood window Qt = [t−ω+ 1, t]d, in which the space of all possible

configurations isΩ = 2wd . Denote the corresponding vector of values on sampling result lattice

sites as Qt = YQt . Let FQ be the cumulative distribution function of lattice sites’ values over all

possibleωn neighborhood in the original sample X. The cumulative distribution function of Qt is

defined as

FQt(q) = P(Qt 6 q)

Levina and Bickel [76] proved that for all t ∈ Zn:

sup
q∈Ω

|FQt(q) − FQ(q)|→ 0 a.s. as T →∞ (3.3)

under technical assumptions which include strict stationarity, short range dependence, and mild

regularity conditions. The proof in [76] assumes d = 2, but it extends to d = 3 in a straightforward

manner. This result implies that, in most reasonable situations, the Wei - Levoy algorithm provides

consistent estimates of the joint distribution in a predefined neighborhood window.

Based on the proof of Levina and Bickel, we may postulate that Wei - Levoy algorithm also

consistently estimates all material descriptors and material properties inside such neighborhood

window:

sup
q∈Ω

|FDt(D(q)) − FD(D(q))|→ 0 a.s. as T →∞ (3.4)

This formal statement is obtained by a syntactic substitution in Equation 3.3 , where the random

local configuration Q of material structure is replaced by a function D(Q) of Q. Thus, if Q(t) is

the local configurations from sampling result (input material structure), then Dt ≡ D(Q(t)),Ω is

the space of all possible configurations in a quarter of the neighborhood window. With an order
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properly defined, FD(t)
= P(D(t) 6 d) is the cumulative distribution function of D(t), T is the size

of input sample. Informally, a sampling method that preserves (in the limit) the joint distribution

of random variables of material structure in a neighborhood will also preserve (in the limit) any

reasonable function of the material structure in that neighborhood.

In particular, the n-point correlation functions Sn(q), Minkowski functionalsWα(q) and the

stiffness tensor of the material structure are instances of such function that are consistently estimated

by Wei - Levoy algorithm within any neighborhood window. Notice that this implies consistent esti-

mation of the expectation of Minkowski functionals, as well as of Minkowski functionals densities:

‖Wα(X)
V(X)

−
Wα(Y)

V(Y)
‖ → 0 a.s. as T →∞ (3.5)

where V is the macroscopic volume of material structure. The same argument extends to other

commonly used material descriptors, such as line path function, nearest neighbor function as well

as physical properties that are integrals of functions over material structure. The experimental

validations are shown in the following two sections.

3.3 Parallelable algorithm for implicit representation

Wei - Levoy algorithm samples the MRF models of heterogeneous material persevering the material

descriptors and material properties of the sample material. However, as a serial algorithm that

samples the sites following a space filling curve, it suffers drawbacks such as the using of causal

neighborhoods and sensitive to the sampling order. In particular, the Wei - Levoy algorithm is not

parallelable and answering point membership queries requires the evaluation of the whole sampling

domain. These drawbacks make Wei - Levoy algorithm unsuitable for the modeling heterogeneous

material and the integration into the existing CAD system. In addition, large neighborhoods may

be required for heterogeneous materials with long range correlations (see Chapter 3.4).

To address these drawbacks and make the algorithm parallelable, our implementation of the
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Figure 3.4: Parallelable sampling algorithm with Gaussian pyramid and correction subpasses.

algorithm engages Gaussian pyramid and correction subpasses (Figure 6.5), similar to the imple-

mentation in [167, 73]. Gaussian pyramid is a stack of series of images which are smoothed (blurred)

by a Gaussian kernel and then down-sampled. After finishing the sampling at the lower resolution,

the result will be up-sampled to be the template of sampling at the higher resolution. The sampling

will be determined by sites sampled at the lower resolution. The benefit of using Gaussian Pyramid

is twofold: firstly, it alleviates the computational burden without jeopardizing the actual size of the

neighborhood by using a much smaller window size for comparison at different levels of resolution.

Secondly, lower level Gaussian Pyramid can be seen as a good initial guess to guide the sampling

and therefore eliminate the dependency on sampling order. In this process, closer sites gain more

weight than sites further apart. We shall see that use of Gaussian Pyramid does not affect the

consistency of estimation (of the joint probability distribution or of dependent material descriptors

and properties), because the Gaussian kernel, which emphasizes the impact of close neighbors, is

also incorporated in Levina and Bickel’s proof [76].

Since the material structures are sampled basing on the neighborhoods up-sampled from a

lower level of the image pyramid, the sampled material does not accurately represent the material
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modeled by MRF at the current level of the MRF. Additional passes of sampling are required by

using the neighborhoods from the current level of resolution. However, if we re-sample all the

sites concurrently, the neighbors a site conditionally depends on are also updating, leading to

slow convergence or even cyclic changes. To address this issue, we perform multiple resampling

subpasses where only one site within a neighborhood is resampled in a single subpass.

3.4 Optimal neighborhood size

We ran the Wei - Levoy algorithm on six different material structure samples with different neigh-

borhood size, from 5×5 to 15×15 (Table 3.1). These experiments serve the dual purpose: to confirm

that the Wei - Levoy algorithm in fact preserves the correlation functions and to study the effect of

neighborhood size on the quality of sampling. To reduce the sampling errors, 11 more samples are

generated in addition to the ones in Table 3.1. For each sample, the relative errors (averaged from

12 independent samples) of two-point correlation function at different window size are plotted in

Figure 3.5 (Refer Section 3.5 for more details). It is clear that the choice of neighborhood window

size impacts the quality of sampling, which immediately raises the question: what is the optimal

window size?

Even though MRF-based texture synthesis has been an active research area for more than a

decade, there is not a consensus on a systematic approach to choosing the size of the neighborhood

window [76]. It is generally believed that structured textures require a larger window. And it is not

difficult to observe that a smaller neighborhood window tends to create more randomness on a

structured input. In this section, we propose a rational procedure for choosing a smallest window

size that is likely to preserve many widely used material descriptors. Our arguments are supported

both theoretically and experimentally.

Informally, thinking of material structure as a spatial signal, the window should be large enough

to cover the lowest frequency that affects the chosen material descriptor. Put another way, the very
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Table 3.1: Material microstructure and their reconstruction with different window size.

Sample 5× 5 7 × 7 9× 9 11× 11 13× 13 15× 15

1

2

3

4

5

6

formulation of the material modeling problem rests on the assumption of stationarity: the material

samples must remain in the same material class as the reference location moves throughout the

sample. This implies that the window of optimal size should be large enough to capture meaningful

material structure, but not larger than that. Below, we propose a method to determine an optimal

window size based on the commonly assumed grain-germ model of material structure.

3.4.1 Grain-germ characterization of two-point correlation function

Recall that geometry of material structure may be conveniently conceptualized in terms of the

usual grain-germ model discussed in Chapter 2. Grains refer to particles, fibers, Voronoi cells, truss
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Figure 3.5: Relative errors on two–point correlation functions of reconstructions with different
neighborhood sizes. Each sampling point in the graph is averaged from 12 reconstruction results to
reduce sampling errors.

Figure 3.6: The period of the high-frequency oscillation and the length of the steepest slope drop in
the correlation function.

units, pores, beams, plates, and other compact sets modeling basic repeating material elements in a

material structure, while germs refer to their distribution (locations) within the material structure.

Thus bone may be conceptualized as a spatial distribution of beam and plate elements [154], and

metal foams may be viewed as a random allocation of truss cells positions on a randomly generated

Voronoi diagram [38].

With this conceptualization, the lower order correlation functions measure the lower frequencies

in material structure: the size of grains and distribution of germs, while the higher order correlation
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Figure 3.7: Two-point correlation functions of images of random noises, the left image has the pixels
as grains while the right image has circular grains with diameter equal to 10 pixels. The left one
yields a length of steepest drop of 1 pixel and the right one gives this length about 10 pixels.

Figure 3.8: Two-point correlation functions of images of two regular patterns, both images has
circular grains with diameter equal to 10 pixels. The distance between the germs in the left image is
18 pixels while the one in the right image is 24 pixels. It shows that the period of high-frequency
oscillations correspond to the distance between the germs in the material structure.

functions are more sensitive to (high-frequency changes in) the shape of grains [148]. Since lower

frequencies usually have longer correlation ranges, we will choose the window size based on

two-point correlation function. If we ignore the high-frequency oscillations, a change in slope is

observable as the correlation range increases (Figure 3.6). Hence we make our first assumption:

The length of the steepest drop in slope (measured along the distance axis) of the two-point

correlation function measures the size of the grain.

To be more precise, this length measures roughly the diameter of the grain.
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If we subtract this low-frequency component from original two-point correlation function,

we get a damped periodic function with decreasing amplitude whose period indicates the most

frequent distance to the nearest neighbor grains (not to be confused with neighbors of image

representation). The sharp wave crests and troughs (local maximum and minimum) suggest that

the nearest neighbors locate at relatively uniform distances. In other words, we can also assume

that:

The period of high-frequency oscillations in the two-point correlation function roughly measures

the distance between the germs in the material structure.

The decrease in amplitude is the result of more incorporated germs turning relatively uniform

distances into uniformly distributed distances with growing correlation range. To further explain

the concept, Figure 3.7 shows two images of random noises. Since the germs are randomly generated

in both images, the corresponding two-point correlation functions do not exhibit high frequency

oscillations after the steepest drops. Figure 3.8 shows two images with different inter-grain distances

that are consistently estimated by the corresponding periods of high-frequency oscillations in the

respective two-point correlation functions.

3.4.2 Optimal window size from estimated two-point correlation function

Based on the above assumptions, we conjecture that a minimally required size of neighborhood

window (with respect to the assumed grain-germ model) is implied by the properties of the material

sample’s two-point correlation function:

the period of the high-frequency oscillation plus the length of the steepest slope drop in the

correlation function.

Mathematically, we propose a new analytic expression for two-point correlation function,

S2(r) = C2(r) +W(r)
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Table 3.2: Fitting parameters of Corson’s formula and damped periodic function.

Sample φ c n A λ θ h l1 l2 l1 + l2 s
1 0.5872 0.0316 2.2042 -0.1035 0.0481 -0.3222 -0.6158 7.0029 19.5001 26.503 7
2 0.3927 0.0175 2.077 0.0666 0.026 0.2039 0.8981 10.4699 30.8113 41.2813 11
3 0.5233 0.0227 1.8518 0.1272 0.0518 0.1322 1.2015 12.1164 47.5279 59.6443 15
4 0.6118 0.0617 1.9775 -0.0505 0.041 0.2741 -2.0109 6.2345 22.9191 29.1536 9
5 0.25 0.0346 2.0964 0.0419 0.011 0.2572 0.9925 7.4107 24.4309 31.8416 9
6 0.67 0.0308 2.1903 0.1147 0.0514 0.3092 0.6781 7.1729 20.3177 27.4905 7

which combines Corson’s formula [26]:

C2(r) = φ
2 + φ(1 − φ)e−cr

n (3.6)

and damped wave function:

W(r) = Ae−λrcos(θr+ h) (3.7)

In Corson’s formula (Equation 3.6), φ is volume fraction, c and n are empirical constants and

can be determined by a least square curve fit. This formulation satisfies the constraints on two-

point correlation function: C2(0) = φ and C2(∞) = φ2. Corson’s formula has been shown to be

appropriate for random material structure [126], however, it does not account for the high frequency

oscillation after the steepest drop. This difference can be modeled by a damped wave function

since the oscillation fades out due to the average effect at long correlation range. In damped wave

function (Equation 3.7), A, λ, ω and h are maximum amplitude, decay constant, frequency and

phase of the wave that can be determined by least square curve fit as well.

The curve fitting is done in two steps: first, Corson’s formula is fitted onto two-point correlation

function to obtain C2(r). As shown in Figure 3.6, this fitting will screen out the oscillations from

the structured part (grains) of the material structure. Then, the oscillatory component of the two-

point correlation function is obtained by subtracting the fitted Corson’s function from the original

correlation function asW(r) = S2(r) − C2(r) and is fitted by damped periodic function (Figure 3.9).

A parameterization of two-point correlation functions that account for the oscillatory behavior
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Examplar 1 Examplar 2

Examplar 3 Examplar 4

Examplar 5 Examplar 6

Figure 3.9: Parameterization of two-point correlation functions. The red dots are the sampled
two-point correlation functions, blue solid lines plot fitted C2(r) and the black solid lines are fitted
W(r), green dashed lines are fitting results of [28]. The relative errors of our parameterization and
method in [28] are shown on the corner of each plot.

has also been proposed in [28]. Our parameterization not only fits all six correlation functions

better, but it also accounts for the two different length scales: the length of the steepest slope drop

and the period of the high-frequency oscillation. Rewriting C2(r) = φ
2 + a(φ − φ2), we see that

parameter a gives a rough estimate of the drop in value of C2(r) as a function of distance r. In fact,
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from Equation 3.6, we can then estimate the value l1 of r corresponding to any particular fraction a

as

l1 =
n

√
−
ln(a)

c
.

For example, setting a = 0.1 corresponds to an empirical observation that the length of the steepest

slope drop is roughly 10% of the difference (φ− φ2) between long range and short range values of

C2(r). It is also easy to see that the period of the high-frequency oscillation:

l2 =
2π
θ

.

Based on the above observations, the neighborhood window size 2ω+ 1 should be no smaller

than l1 + l2. Fitting parameters of Corson’s formula and damped periodic function for all sample

materials are reported in Table 3.2 and the optimal window size 2ω+ 1 is determined based on a

three-level Gaussian pyramid (see next section) implementation and calculated by the next odd

number larger than (l1 + l2)/4.

We also observed that the error in correlation function may also increase when the window

size is increased beyond minimally required one, for example, in the sampling results for input

material sample 1 and 2. The most likely explanation for this behavior is that these input material

samples are not truly homogeneous and the assumption of stationarity does not hold. In this case,

a larger neighborhood window will suppress the non-homogeneous regions of the input material

structure.
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Table 3.3: Relative errors of reconstructed material structures in Table 3.1 at optimal window size.

Correlation functions Minkowski functionals densities
Sample 1st order 2nd order 3rd order 4th order Perimeter (mm−1) Euler characteristic (mm−2)

1 0.96% 2.05% 2.5% 1.48% 3.24% 23.89%
2 0.95% 4.18% 6.7% 11.35% 0.6% 5.88%
3 4.07% 7.79% 9.15% 15.99% 9.38% 13.98%
4 1.25% 2.58% 2.95% 4.90% 0.08% 0.35%
5 0% 4.07% 5.4% 2.76% 0% 0%
6 1% 2.05% 0.91% 1.12% 4.12% 7.06%

3.5 Reconstructions of 2D heterogeneous materials

To compare the correlation functions of the sampled material structures to the input heterogeneous

material, we measured the relative error computed in L2 norm:

‖Sn(Y) − Sn(X)‖2
‖Sn(X)‖2

Though the definition of correlation functions is straightforward, the computation of such functions

is not a trivial task. As mentioned in Chapter 2, even with the assumption on stationarity and

isotropy, an n-point correlation function needs
(
n
2
)

pairwise distance to fully specify, and direct

estimation of n–point correlation function is O
(
Nn
)

for N sites. Clearly, brute-force estimation of

higher order correlation functions is impractical. We implemented an FFT-based method [148] to

compute two-point correlation functions in MATLAB. Third and higher order correlation functions

are estimated using software packages relying on KD-trees [91]. We emphasize that these correlation

functions are compared at a much longer range than the optimal neighborhood window size, with

the longest pairwise distance equal to 150, 100 and 60 pixels for two-point, three-point and four-point

correlation functions, respectively.

Table 3.3 shows the relative errors in correlation functions and Minkowski functionals between

the original sample and reconstructed material structures using optimal neighborhood window size.

The results indicate a good agreement in first four orders of correlation functions for reconstructed
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Table 3.4: Relative errors on Minkowski functionals densities of the reconstructed material structures
for all neighborhood window sizes. Each error in the table is averaged from 12 reconstruction
results to reduce sampling error.

5× 5 7 × 7 9× 9
Sample Perimeter Area Euler Perimeter Area Euler Perimeter Area Euler

1 6.98% 1.49% 60.47% 4.18% 0.77% 25.21% 3.06% 0.62% 26.28%
2 4.54% 6.26% 40.69% 2.16% 1.63% 58.33% 2.33% 3.55% 50.98%
3 9.46% 13.56% 9.68% 11.33% 7.98% 12.90% 6.20% 4.99% 10.75%
4 8.69% 2.96% 7.21% 2.23% 1.91% 3.63% 0.83% 2.08% 3.87%
5 2.11% 2.49% 2.31% 0.00% 1.06% 0.00% 0.00% 0.73% 0.00%
6 10.93% 10.65% 9.14% 8.70% 4.71% 8.62% 7.63% 4.58% 10.67%

11× 11 13× 13 15× 15
Sample Perimeter Area Euler Perimeter Area Euler Perimeter Area Euler

1 1.99% 0.91% 34.62% 1.88% 0.71% 36.11% 1.83% 0.99% 77.35%
2 1.79% 2.22% 59.31% 2.36% 3.54% 100.00% 2.86% 3.66% 100.98%
3 6.43% 5.00% 7.17% 8.69% 7.06% 8.78% 8.49% 5.47% 11.29%
4 2.24% 1.04% 4.08% 3.26% 1.24% 5.79% 4.30% 0.90% 6.32%
5 0.00% 1.23% 0.00% 0.00% 0.79% 0.00% 0.00% 0.97% 0.00%
6 9.61% 5.31% 14.21% 8.45% 5.70% 12.76% 8.05% 7.32% 13.16%

material structures with an exception for sample 3, as predicted by the theory. sample 3 does not

fully satisfy the stationarity assumption due to the limited size of the input.

To estimate values of Minkwoski functionals, we used the software package developed by

Legland et al. [75]. The error on Minkowski functionals are compared in two different ways: the

cumulative frequency of Minkowski functionals estimated at optimal window size is compared in

Figure 3.10; and the Minkowski functional densities (per Equation 3.5) between the input samples

and reconstruction results are compared in Table 3.3. Note that the “density of area” coincides with

first order correlation function and is therefore has been omitted as redundant.

The statistics of Minkowski functionals agree well between input sample and reconstruction

result, except for sample 3 and Euler characteristic of sample 1. We already conjectured that the

sample 3 is too small and fails the stationarity assumption. The behavior of sample 1 may be

explained by the apparent lack of “grains” in the image; in this case, the parameter l1 and l2 are

likely to be dominated by the widths of the material(black) and void(white) paths respectively in

the image. The resulting window is too small because connectivity of the image within the window
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Sample 1 Sample 2 Sample 3

Sample 4 Sample 5 Sample 6

Figure 3.10: Cumulative frequency polygon of sample material and reconstruction result. The
measurements from input samples are represented in solid blue line while the measurements from
reconstruction results are represented in dashed black line.
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Table 3.5: Timing statistics for reconstructions in different neighborhood window sizes (in seconds).

Sample 5× 5 7 × 7 9× 9 11× 11 13× 13 15× 15
1 169.96 201.62 237.26 282.61 319.13 363.33
2 171.42 200.54 234.18 279.62 315.95 358.70
3 173.34 203.99 236.51 283.00 319.32 363.19
4 173.42 204.70 240.67 287.88 323.54 368.71
5 167.45 195.72 227.76 270.88 302.40 339.73
6 169.75 201.13 236.39 282.60 318.48 365.10

will vary widely under small perturbations. Table 3.5 shows timing statistics for reconstructions in

different neighborhood window sizes.

To verify the effectiveness of our method for selecting the optimal neighborhood window size,

we computed the relative errors in Minkowski functionals between the sample and reconstructed

material structures at different window sizes. These are shown in Table 3.4. The relative errors

for the selected neighborhood window size are shown in bold. The results suggest that in all

cases the selected window sizes are either optimal or nearly optimal. A notable exception is the

behavior of the Euler characteristics for samples 1 to 3. Because the Euler characteristic is quite

small in all samples, even mildest violations of the stationarity conditions can lead to large relative

errors in the reconstructed results. This phenomenon is exhibited clearly for sample 2, where the

Euler characteristic is 4, but even the reconstruction with largest window size does not capture

the topology of the sample, which is not stationary. By contrast, the sample 5 is stationary, and its

topology measures (including the Euler characteristic value of 64) are properly accounted for.

To further demonstrate the effectiveness of the proposed method, we compare the effective

stiffness between the sample material structures and the reconstructed ones with the smallest

errors on Minkowski functionals densities in Table 3.6. Their relative difference in Frobenius norm

is shown in the last column. The effective stiffness is calculated by the Green’s function based

homogenization discussed in Chapter 5.
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Table 3.6: Comparison between the effective stiffness of the sample material structures CS and the
effective stiffness of reconstructed material structures CR and their relative difference in Frobenius
norm. The effective stiffness are calculated by Green’s function based homogenization discussed in
Chapter 5.

Sample
material CS Reconstruction CR

Relative
error 0.3920 0.1575 0.0101

0.1575 0.3938 0.0019
0.0101 0.0019 0.2380

  0.4059 0.1562 0.0051
0.1562 0.3829 −0.0043
0.0051 −0.0043 0.2415

 3.31 %

 0.2666 0.1129 0.0016
0.1129 0.2678 0.0005
0.0016 0.0005 0.1545

  0.2674 0.1148 −0.0048
0.1148 0.2618 0.0004

−0.0049 0.0004 0.1592

 2.78 %

 0.2981 0.1207 −0.0002
0.1208 0.3109 −0.0027

−0.0002 −0.0027 0.1843

  0.2808 0.1166 −0.005
0.1167 0.3004 −0.0022
−0.005 −0.0022 0.1767

 4.70 %

 0.367 0.1411 −0.0018
0.1411 0.3681 0.0008

−0.0018 0.0008 0.227

  0.3582 0.141 −0.0025
0.141 0.3638 0.001

−0.0025 0.001 0.225

 1.67 %

 0.1952 0.0737 0
0.0737 0.1952 0

0 0 0.1044

  0.1952 0.0737 0
0.0737 0.1952 0

0 0 0.1044

 0.00 %

 0.6210 0.2555 −0.0032
0.2555 0.6316 0.0082

−0.0032 0.0082 0.3738

  0.6358 0.2646 0.0008
0.2646 0.6469 0.0041
0.0008 0.0041 0.3857

 2.80 %

3.6 Reconstructions of 3D heterogeneous materials

The 3D micro-CT image measured at the pore-scale modeling research group at Imperial College

London [103] served as the sample material for the reconstruction (Figure 3.11 a). The diameter

of grain in sandstone is estimated to be at least 5 based on the steepest drop in the two-point

correlation function, as described in Section 3.4. The flat tail of the correlation function indicates an

even distribution of distances between germs, which suggests that the distance between germs in

the sandstone cannot be estimated from a two-point correlation function. In this case, we pick this
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(a)
(b)

(c)

Figure 3.11: Reconstruction of three dimensional Berea sandstone. The sample material (128×128×
128) is on the left, the reconstruction result (154× 154× 154) is on the right. Two-point correlation
function of the Berea sandstone. The flat tail indicates an even distribution of distances between the
germs.

Table 3.7: Relative errors of Berea sandstone reconstruction.

Descriptors Relative errors
Two-point correlation function 6.31%

Volume fraction 3.26%
Density of surface area (mm−1) 2.23%
Density of Mean width(mm−2) 1.71%

Density of Euler characteristic(mm−3) 1.04%

distance manually to be 25, five times of the diameter of the grain, a distance that is expected to

cover most of the neighboring grains. Figure 3.11 (b) shows the reconstruction of the sandstone

sample (a) using 30× 30× 30 window size. The relative errors in Table 3.7 suggest good agreement

in Minkowski functionals and two-point correlation function with the sample. The reconstruction

takes about 2.5 hours on an Intel Core i7 3.4GHz CPU computer with 16 gigabytes memory.
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Figure 3.12: Reconstruction of an anisotropic material with neighborhood window size 5× 9 on a
three–level Gaussian pyramid.

3.7 Reconstructions of anisotropic and multiphase materials

3.7.1 Reconstruction of anisotropic materials

As explained in Chapter 2, the two-point correlation function is able to represent material anisotropy

in principle; however, in practice, isotropy is usually assumed so that two-point correlation function

becomes a function of a single parameter, distance. Additional non-trivial computations are required

to incorporate the directional parameters into the two-point correlation function. The same MRF

model and sampling procedure reconstructs anisotropic material without extra cost. If the material

structure is strongly anisotropic, we can also adapt the shape of the neighborhood window to

capture the anisotropy as shown in Figure 3.12.

3.7.2 Reconstruction of multiphase materials

It is worth noting that material structure sample images are usually acquired from microscopy,

µCT and MRI in a form of gray–scale images. The gray value represents the variation inside

material sample, which usually carries much more information than its binary counterpart. The

optimization-based material reconstruction, requires the grayscale images to be thresholded before

sampling two–point correlation function, resulting in significant loss of information in the sample

and in the reconstructed material structure. The MRF and sampling algorithm extends to grayscale
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Figure 3.13: Reconstruction of a three-phase material.

image directly. Materials with more than two phases can also be represented by grayscale model

and be reconstructed through the proposed method accordingly (Figure 3.13).

3.7.3 Composition of lower-dimensional models

When the acquisition of three dimensional images becomes prohibitive, two dimensional images

can be acquired by optical microscope, scanning electron microscope (SEM) and transmission

electron microscopy (TEM). Three dimensional information can be often extrapolated from two

dimensional images [152]. A useful extension of proposed material structure modeling method

allows to compose material structure models from different sources. The original idea is proposed in

[164]. Instead of matching full neighborhood at full dimension, cross-sections of full neighborhoods

are matched to three orthogonal views – that may come from the same material or from different

materials (Figure 3.14). Reconstruction in each cross-sections will inherit the material properties

from that section. The final value of a three-dimensional material structure is a composition (for

example, average or maximum) of the three two-dimensional values. This technique may be used

to construct a 3D material structure from a 2D sample.
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(a)

(b)
(c) (d) (e)

(f) (g) (h)

Figure 3.14: 3D material structures reconstructed from 2D samples. (c) and (d) are reconstructions
from single inputs (a) and (b), respectively. (e) is a material structure reconstructed from multiple
2D samples, (a) for top and front view and (b) for left view. (f-h) are the 78th, 128th and 128th
sections from top, front and side, respectively.

3.8 Discussion

The main advantage of the MRF approach to stationary material structure modeling is that, with

a proper choice of neighborhood window, it automatically preserves all correlation functions, as

well as other material descriptors and stiffness of materials, with nominal computational effort. The

proposed algorithm accomplishes this task efficiently and does not require explicit representation

or computation of material descriptors. The computational cost is non-trivial but is manageable and

scales linearly with the size of neighborhood and the size of the reconstructed material structure.

We rely on the grain-germ model of materials to develop a novel approach for choosing the
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Sample 5× 5 7 × 7 9× 9

11× 11 13× 13 15× 15

Figure 3.15: Reconstruction of a Jordan curve with different window size.

optimal size of neighborhood window and demonstrated experimentally that, with properly chosen

neighborhood size, the second and higher order correlation function are preserved both inside and

outside the neighborhood window. The proposed approach is validated by the empirical studies

using synthetic samples in Table 1, as well as reconstruction using real materials (for example, see

Figure 3.1 and Figure 3.11). We also demonstrated several extensions of the method to reconstruct

material anisotropy, grayscale models, and combined lower-dimensional models.

The reconstructions of stationary material structures with such paradigm leads to a number

of advantages over the traditional optimization-based approaches. These include improved com-

putational efficiency, preservation of many material descriptors, including correlation functions

and Minkowski functionals, the ability to reconstruct anisotropic materials, and direct use of the

grayscale material images and two-dimensional cross-sections.

On the other hand, the proposed method is “data-driven” and cannot accept an experimentally

determined or specified correlation function as the target input. The cost of the algorithm for

reconstruction of material structure with long-range correlation function becomes prohibitive. Both

the power and the limitations of the approach are based on assumptions of locality and stationarity

of the material structure.

The method cannot be used when these assumptions do not hold. For example, consider

reconstructions of the sample in the Figure 3.15. While all reconstructed structures appear similar
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to the sample, none of them are able to reconstruct the essential topological property of the Jordan

curve. This is not surprising because this condition does not satisfy the stationarity assumption. It

is also easy to show that correlation functions are not sensitive to topological changes in material

structure. The assumption on the stationarity will be relaxed to enable the reconstruction and

design the functionally graded material structures in the next chapter.
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Chapter 4

Functionally graded material structure

design by material descriptors

Functionally graded materials (FGMs) are heterogeneous materials made of two or more constituent

phases with properties changing gradually with position [12]. The spatial variation (gradation) of

properties is determined by changes in the geometric configuration of the constituent phases that

serve particular mechanical (or more generally, physical) function. FGMs are ubiquitous in nature

due to their abilities to satisfy multifold functional constraints and adapt to conflicting requirements;

this also explains why FGMs are a popular candidate as engineering materials. FGMs may be

found in a broad spectrum of applications, including filters [87], wear resistant coatings [124], bone

and dental implants [180, 98, 153], and cutting tools [13, 54]. Teeth [180], bones [98] and bamboos

[137, 110] are a few examples of FGM in nature.

Traditionally, the modeling of FGM focuses on the level of macroscopic properties [115, 138, 13].

However, it is the underlying spatial variation of material structures that create and control the

spatially varying properties. Recent advances in additive manufacturing [12, 112, 161, 32] and

exponentially growing computing power enables the shift of engineering design from the classic

material selection paradigm into a simultaneous design of material composition and structure
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[132, 25]. Systematic modeling and design of graded structures with desired mechanical properties

is a key ingredient of this paradigm shift.

In this chapter, we study the synthesis of two-phase functionally graded structures, such as

porous structures, from a reference material sample. The challenge lies in the integration of the two

scales. To circumvent the expensive solution of boundary value problem, we propose to represent

and control material properties of FGM at the macroscale using the notion of material descriptors

which include common geometric, statistical, and topological measures, such as volume fraction,

correlation functions and Minkowski functionals. At the microscale, the material structures are

modeled as Markov random fields: we formulate the problem of design and (re) construction

of the FGM structure as a process of selecting neighborhoods from a reference FGM, based on

target material descriptors fields. Such formulation results in two different ways to modify the

sampling process: use the difference in material descriptors between neighborhoods and target

descriptor fields as a penalty term in the neighborhood selection process or use the difference as a

filter to remove neighborhoods without the target material descriptors. The former is favorable in

computer graphics application while the latter has a clearer meaning of the design space which is the

intersection of design space defined by the MRF and by the material properties. The design space

defined by the material descriptors includes all material structures shares the same macroscopic

material property distribution. We compare the two approaches and find that due to the intersection,

the latter approach may not have a non-empty design space to sample from. A hybrid approach is

therefore proposed by adding a tolerance to the target descriptor fields and using the weighted sum

of differences to select the neighborhoods. The hybrid approach not only increase the efficiency

of the sampling algorithm but also has a well defined design space. We identify the necessary

conditions on the target descriptor field to be compatible with the material sample, and discuss

how this condition can be verified and enforced. The effectiveness of the proposed framework

(see Figure 4.3) in generating a smooth and continuously varying FGM structure with guaranteed

properties is demonstrated by two examples: design of a graded bone structure and generating
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functionally graded lattice structures with target volume fraction fields. Some results in this chapter

has been reported in [81].

In the present study, the length scale of inhomogeneities is assumed to be much larger than the

atomic scale but are statistically homogeneous at macroscopic, or some intermediate length scales.

The former allows us to study the material structure with the equations of classical physics and

the latter enables us to apply the effective properties of the material structures for the purpose of

applications. A great variety of materials display this character, including metals, woods, bones,

sandstone, ceramics, to list a few.

4.1 Construction problems in FGM modeling

The basic construction problem of material structure modeling is illustrated in a commutative

diagram as shown in Figure 4.1. We are typically given a reference material structure sample

X ⊂ R3 whose effective material properties P(X) can be evaluated via map h: one of many known

homogenization methods. For example, effective Young’s modulus can be homogenized through

various homogenization theories, including the Gibson model for cellular materials [38], Voigt -

Ruess bounds, Hashin - Strikman bounds [42], Green’s function based method [107, 80], and power

law [9] which is frequently used in SIMP-based topology optimization [8]. Note that P(X) may be

evaluated at any point of p ∈ R3 whether it belongs to X or not, because homogenization h typically

requires integrating and averaging of the mechanical properties in some neighborhood of p. We

will denote the property evaluated at a point p as P(p) when there is no ambiguity. Note that the

neighborhoods for effective material property evaluation and the neighborhoods in MRF are related,

but not necessarily the same. The effect of different neighborhood sizes will be discussed in more

details in Chapter 6.

The target property fields P(Y) can be designed by various gradation techniques (map g), such

as interpolation schemes in solid modeling [13] and Solid Isotropic Material with Penalization
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Structure X Property P(X)

Structure Y Property P(Y)

h

f=h−1gh g

h

h−1

Figure 4.1: Sample-based FGM structure modeling: construct a material structure Y with material
properties P(Y), given a material structure X with properties P(X). Map g represents various
gradation techniques to design the varying properties fields.

(SIMP) [8] in topology optimization. Given the target macroscopic property distribution, the result

structure Y can either be calculated from X by updating the parameters of the microscopic model

or from P(Y) directly through inverse homogenization [134]. It appears that the solutions to both

construction problems require knowledge of the inverse homogenization map h−1. Unfortunately,

the relationship between the effective material properties and the corresponding material structures

that produce them are known only for some periodic and cellular structures but not in general [37].

When such a relationship is not known, an iterative approach is often adopted: the structure Y is

repeatedly updated and the properties h(Y) evaluated until they match the target P(Y). There are at

least two problems with this approach. The homogenization procedure itself is a computationally

expensive process that may require additional material samples and is difficult to automate. Fur-

thermore, while the inverse homogenization approach completely disregards the input structure X,

the microscopic model requires a complete understanding and parameterization of the generative

process for the desired class of material structures which is not readily available for many natural

and synthetic materials.

Following the discussions in Chapter 3, we propose to model the material structures via Markov

random fields, with the assumption of locality of the material structure. Locality requires the

constituent phase at any point depends only on the neighboring point. The range of influence of a

point becomes the neighborhood of such point (see Figure 3.2). A refined version of the commutative

diagram in Figure 4.1 is shown in Figure 4.2. It acknowledges explicitly that the reference material
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X N(X) P(X)

Y N(Y) P(Y)

MRF

f

h

s|g g

MRF h

h−1

Figure 4.2: Sample - based FGM structure modeling is reformulated in terms of neighboroods N.
s|g represents that sampling s is conditioned by g.

structure X and the target structure Y are collections of neighborhoods N(X) and N(Y) respectively.

A neighborhood in X about any particular point x ∈ R3 will be denoted by NX(x) ≡ XN3(x), where

N3(x) is a neighborhood of point x in R3. The superscript is dropped for simplicity when there is

no confusion. Map s mitigates f through rearranging the neighborhoods N. s|g represents that

sampling s is conditioned by g.

We can now restate the generic material structure construction problem more concretely in terms

of neighborhoods: given a material structure X with properties P(X), construct material structure Y

with properties P(Y), such that ∀y ∈ Y, satisfying the following two conditions:

∃x ∈ X, N(y) = N(x) and h(N(y)) = P(y) (4.1)

The two conditions are related but not redundant. The matching of the neighborhoods simply

reflects the requirement that the geometry and properties of material structure Y originates from

the reference structure X. The second condition acknowledges that the approximate similarity of

neighborhoods may not be sufficient to guarantee the desired target properties P(Y). The conditions

are not always independent, because neighborhoods with similar geometric and topological proper-

ties may indeed possess similar material properties, and it is conceivable that neighborhoods with

many matching properties may indeed be very similar geometric properties. From the modeling

point of view, the first condition delineates the design space as all material structures whose neigh-

borhoods are subsets of neighborhoods of X and the second condition defines the design space
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as all material structures share the same macroscopic material properties P(Y). We modify the

Wei-Levoy algorithm in Section 4.3 and discuss the effect of different modifications on the design

space. In all cases, the material structure construction problem has been reduced to the problem

of matching and selecting neighborhoods in the reference structure X and reassembling them in

the target structure Y by a map t shown as a dashed arrow in Figure 4.2. We also observe that the

reformulation in terms of neighborhoods reduces the difficult inverse homogenization problem

to a problem of filtering: only those neighborhoods in N(X) that have desired material properties

g(P(X)) will be selected for use in the target material structure N(Y).

4.2 Effective material properties via descriptors

The last remaining obstacle to solving the material structure construction problem is the need to

evaluate material property P on any neighborhood in both reference and target materials. This

is a non-trivial task that usually involves solving multiple boundary value problems, making the

design procedure inefficient and impractical.

Instead, we propose to replace material properties P(X) by their proxies: a collection of geo-

metric, topological, and statistical material descriptors D(X) that are easily computable for a given

neighborhood N(x) of the material structure. Specific examples of D(X) include correlation func-

tions [157] and Minkowski functionals [59]. Numerous studies [42, 104, 60, 172] focus on relating

the material properties with material descriptors because the latter can be measured directly.

Using material descriptors allows us to transform the commutative diagram in Figure 4.2 into

the one shown in Figure 4.3. The map a represents the relationship between material properties

P(X) and their material descriptors D(X). Just like material properties, material descriptors D(X)

are spatially varying fields that are computed on neighborhoods in X and can be evaluated at

any point x ∈ R3 yielding D(x). When map a is invertible, there is a one-to-one correspondence

between properties P(X) and descriptors D(X). With this assumption, selecting neighborhoods
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X N(X) D(X) P(X)

Y N(Y) D(Y) P(Y)

MRF

f

d

s|gD

a

gD=a−1◦g◦a

a−1

g

MRF d a

a−1

Figure 4.3: FGM structure modeling. Problem formulation via material descriptors.

N(Y) possessing properties P(Y) becomes equivalent to matching material descriptors D(Y). The

latter task is much simpler because it involves only geometric computations.

4.3 Hybrid sampling algorithm for non-stationary MRF

In Chapter 3, we have shown that the Wei - Levoy algorithm is able to duplicate a stationary material

structure with a guaranteed accuracy of consistently estimating the joint distribution as well as

material descriptors on a predefined neighborhood window. The practical implication of this result

is twofold: (1) any neighborhood N(y) in the duplicated structure Y almost surely exists in its

counterpart reference structure X, i.e. we expect that N(Y) ⊂ N(X); (2) the probability distributions

of such neighborhoods with regards to both structures are also the same, as a direct consequence of

the stationarity assumption. We seek to extend these results to the case when X and Y are graded

material structures, through guiding the neighborhoods selection by the material descriptor fields

D(Y). Suppose we are looking to select a neighborhood N(x) that best matches the neighborhood

N(y) at a location y. Just like in the stationary case, the measure dN of neighborhood match is

determined by the voxel-wise (or pixel-wise in 2D) difference:

dN(x,y) = ‖XN(x) − YN(y)‖. (4.2)

However, we are only interested in those neighborhoods that also satisfy the second condition

of Equation 4.1, with D(Y) playing the role of the target material property P(Y). Accordingly, we
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define an additional measure dD to account for differences in the descriptor fields D(x) and D(y)

at the same locations using a weighted L1 norm:

dD(x) =
∑

i=1,2...k
wi|Di(x) −Di(y)| (4.3)

where Di is the i-th material descriptor in D, and user-assigned weights are subject to wi ∈

[0, 1],
∑
iwi = 1.

The final selection of the neighborhood N(x) for construction of a graded material structure

Y must be determined by a best match, determined by some combination of dN and dD. There

are two ways in which dD may be used to modify the sampling process: as a hard constraint or a

soft constraint on the neighborhood selection procedure. As a hard constraint, for each synthesis

step, neighborhoods N(x) measuring large deviations from the target descriptors D(Y) will not

be used in the neighborhood selection process. Using the dD as a filter to remove neighborhoods

without the target material properties effectively guarantees that all synthesized neighborhoods

will conform to the descriptor fields. However, eliminating too many candidate neighborhoods in

could result in the intersection of two design space become empty and therefore leads to geometric

discontinuities, which may in turn lead to undesirable physical defects (e.g. stress concentrations)

in the synthesized structure Y. This is generally not an issue in a reconstruction, when the target

field D(Y) is (approximately) identical to the reference field D(X), but it could easily happen in

design where the target field D(Y) is specified by a user or another application.

The alternative soft constraint use dD as a penalty term in the neighborhood selection process. A

total measure dtotal of mismatch is defined between the two neighborhoods as a weighted (convex)

combination of dN and dN :

dtotal = (1 − α)dN + αdD, (4.4)

where α ∈ [0, 1] allows to control the relative influence of geometry and material descriptors in the

selection process. At each step of the synthesis process, a neighborhoodN(x) with minimum dtotal
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is selected and laid onto Y. This approach is favored in computer graphics application while the

hard constraint has a clearer meaning of the design space which is the intersection of design space

defined by the MRF and by the material properties, which includes all material structures share the

same macroscopic material property distribution.

We hereby propose a hybrid approach which adds a tolerance to the target properties field and

still use the sum of the weighted difference (Equation 4.4) to select the neighborhoods. The hybrid

approach not only increase the efficiency of the sampling algorithm by filtering out the unfitted

neighborhoods but also has a well defined design space.

Recall that Wei-Levoy algorithm guarantees the quality of reconstruction Y only under the

assumption of strict stationarity of X [76]. In contrast, the quality of the constructed graded material

is determined by how well the target descriptors fieldsD(Y) are able to adapt to the input structure

X. This in turn depends on the compatibility condition which will be discussed in the next section.

4.4 The quality of the design result

In a typical design problem, target fields D(Y) may be created directly as a scalar or vector field via

a map g that could be a combination of various gradation techniques. It is not reasonable to expect

that every such property D(Y) can be realized by selecting neighborhoods in N(X). For example,

the system of Equations 4.1 may become “over constrained” when a target property does not exist in

the reference material or there are no adjacent neighborhoods in the reference structure satisfying

the properties of the adjacent neighborhood in the target field. If there exists Y satisfying both

conditions in Equation 4.1, we say that the target fields D(Y) are compatible with given reference

material X and neighborhood size s. When D(Y) is compatible, the sampling result is the exact

solution of Equation (4.1); when the D(Y) is incompatible, the sample result yields an approximate

solution based on the weight α.

The “binary” definition above is often too restrictive to be true except for a few special cases,
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such as reconstructing a stationary periodic structure or when target descriptor fields D(Y) is

exactly the same as D(X) (see bone reconstruction example in Section 4.5.1). Nonetheless, it gives

some theoretical backgrounds on what to expect for the quality of the synthesized result Y: in

real design scenarios, a perfect solution usually does not exist due to the lack of compatibility

between the inputs. To quantitatively assess the quality of the result Y, we introduce the notion of

(N,D) - compatible, where N measures the maximum mismatch between neighborhoods (dN) and

Dmeasures the maximum deviation from target descriptors (dD). It is noted that the same notion

may extend to quantify the degree of compatibility between X, s, and D(Y) by the quality of the

optimal solution of Equation 4.1. Design problems satisfying the original compatibility definition

are (0,0) - compatible with this new notion.

4.5 Bone structure design and reconstruction

4.5.1 Femur bone reconstruction

In this section, we demonstrate the effectiveness of the proposed approach for reconstruction of

a 2D (image of) femur bone structure (Figure 4.4(a)). Minkowski functionals are the preferred

material descriptors in that they are standard measurements for bone structure characterization

[55]. There are exactly d+ 1 for a d-dimensional material structure: volume, surface area, average

mean curvature, and Euler characteristic for d = 3, and area, perimeter, and Euler characteristics

for d = 2. Regions of different properties in bone structures can be differentiated by Minkowski

functionals.

For ease of comparisons, both dN and dD in Equation 4.4 are normalized into range [0, 1].

Three Minkowski functionals are equally weighted and α is chosen as 0.9. Both the reference and

reconstruction results are discretized on a lattice of 399 by 343 pixels, with a fixed size neighborhood

of 25 by 25 pixels. Figure 4.4 (b)-(d) show the fields of Minkowski functionalsD(X) for the reference

bone structure X: area, perimeter and Euler characteristic. Since this is a reconstruction problem,



70

(a) Two-phase femur bone structure (b) Perimeter field (c) Area field

(d) Euler characteristic field (e) Reconstruction without
Minkowski functionals fields

(f) Reconstruction with Minkowski
functionals fields

Figure 4.4: Femur bone structure reconstruction. (a) shows a cross-section of a two-phase femur
bone structure, (b) - (d) are Minkowski functionals fields of (a), (e) and (f) are reconstruction results
without and with Minkowski functionals as descriptors fields.

the target descriptors fields D(Y) are identical to D(X). The inputs are (0,0) - compatible because X

itself is the (0,0) - compatible solution we seek. Figure 4.4 (e) and (f) are reconstructions with and

without the control of Minkowski functionals fields. As expected, reconstructions with Minkowski

functionals fields are noticeably better than reconstructions without it. We successfully recovered

the X since we are only selecting the neighborhoods in Figure 4.4 (a) targeting its own Minkowski

functionals fields. It took 3.4s for a relatively inefficient MATLAB implementation to reconstruct

Figure 4.4 (f) on an Intel Core i7 3.4 GHz CPU.
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(a) Femur bone with the deterio-
rated region removed

(b) Interpolated perimeter field (c) Interpolated area field

(d) Interpolated Euler characteristic
field

(e) Design of missing bone struc-
ture with Minkowski functionals
field from original bone sample
(Figure 4.4(c)).

(f) Design of missing bone structure
with Minkowski functionals field
interpolated from existing struc-
tures.

Figure 4.5: Design of missing femur bone structures. (a) shows the Femur bone with missing
bone structures. (b) - (d) are target Minkowski functionals fields designed by inverse distance
interpolation from the healthy bone regions. (e) and (f) show the synthesized bone structures
different target descriptors fields.

Table 4.1: Maximum and mean difference of Minkowski functionals between designed structures
and original bone structures over designed region. Minkowski functionals are rescaled to [0, 1].

Area Perimeter Euler characteristic
max mean max mean max mean

Figure 4.5 (e) 0.2342 0.0178 0.1958 0.0121 0.3878 0.0467
Figure 4.5 (f) 0.3562 0.0236 0.2167 0.0177 0.4286 0.052
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4.5.2 Bone structure design

Bone structures are vulnerable: diseases, physical injuries, and corticosteroids are among various

reasons leading to their degradation. In rare cases, the deteriorated region needs to be removed and

a bone scaffold may be implanted to stimulate the bone to regenerate itself as well as to bear loads.

An ideal design of scaffold should mimic the bone structure in terms of mechanical properties,

porosity and should be bio-compatible, bio-active or bio-resorbable to enhance tissue growth [52, 14].

With the assumption that a more natural shape would be more stimulating to bone regeneration

process, it is possible to design the scaffold as the complement of the synthesized bone structure.

Figure 4.5 (a) shows a femur bone with deteriorated region removed. To design the target

Minkowski functionals fields, we interpolate Minkowski functionals values of the existing bone

structure weighted by the inverse distance [13] . In other words, Minkowski properties at any point

are represented as the weighted sum of the properties known at some locations (typically points

or boundaries), where the weights are inversely proportional to the powers of distances to these

locations:

D(y) =


∑N
i=1

D(yi)
d(y,yi)p /

∑N
i=1

1
d(y,yi)p , ∀i,d(y,yi) 6= 0

D(yi), ∃i,d(y,yi) = 0
(4.5)

where d is the Euclidean distance between two points and each yi represents the center of an

existing neighborhood in Figure 4.5 (a). Figure 4.5 (b) - (d) show the interpolated target descriptors

fields with the power of distance equals 4. For non-convex domains, interpolation with interior

distances may be advantageous [35].

Figure 4.5 (e) and (f) are generated bone structures from the 25 by 25 neighborhoods available in

Figure 4.5 (a): with the target Minkowski functional fields calculated from the original intact bone

(Figure 4.4 c) in (e), and with interpolated target Minkowski functional fields in (f). Note also that

the proposed procedure connects the designed bone structures to the healthy part of (a) seamlessly.

Mean and maximum differences between Minkowski functional values of the constructed results
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and those computed from the original bone sample in Figure 4.5 (a) are summarized in Table 4.1.

The results suggest that using inverse-distance interpolated fields as target descriptor fields is a

viable alternative to replacing the original descriptor fields (which are likely to be unknown). We

expect that the construction results can be improved further when additional reference materials

may be available for neighborhood selection, for example, additional healthy bone samples from

other sources.

4.6 Functionally graded lattice structure

One obvious way to design the property distributions of a functionally graded material is through

optimization. We use the Solid Isotropic Material with Penalization (SIMP), a popular method for

topology optimization, to design the distribution of stiffness inside the design domain [78]. SIMP

iteratively updates the volume fraction (relative density) distribution inside the design domain

to optimize the design objective, such compliances, while meeting a set of constraints, such as a

constraint on the total volume of the part. The power law is used as the homogenization model

to establish the relationship between material descriptor (volume fraction) and material property

(stiffness) while penalizing the intermediate densities. After the iteration converges, the continuous

volume fraction field is often thresholded to achieve a ‘0-1’ design, but this is not necessary for

our application. Instead, with the proposed method, we can fill the design space with any given

material structures – random or periodic – according to the volume fraction field designed by the

SIMP. Here, we show that the proposed method performs equally well on periodic lattices.

Table 4.2: Errors and compatibility of the 3D synthesis results.

Volume fraction Neighborhood
max mean max mean

Figure 4.6 (d) 0.1004 0.0128 0.1450 0.0334
Figure 4.7 (b) 0.1700 0.0163 0.1253 0.0416
Figure 4.7 (d) 0.1378 0.0247 0.1327 0.0402
Figure 4.8 (d) 0.1481 0.0152 0.1791 0.0391
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(a) Target volume fraction distribution from
0.3 to 0.85, 30× 16× 8.

(b) FGM structure synthesized by the proposed framework, 300×
160× 80.

(c) Reference material, 80× 80× 80.

(d) FGM structure generated by procedural method, 300× 160× 80.

Figure 4.6: Design of graded material structure that is functionally a cantilever beam with fixtures
on the top and bottom left edges and downward loads on the bottom right edge. The target volume
fraction field ranging from 0.3 to 0.85 is designed by SIMP with penalty factor equals 1.
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Figure 4.6 demonstrates the design of a graded material structure that is functionally a cantilever

beam with fixtures on the top and bottom left edges and downward loads on the bottom right

edge. The target volume fraction distribution (Figure 4.6 a) is designed by SIMP with an overall

volume fraction of 0.5. The lower and upper bounds of the volume fraction are 0.3 and 0.85. We

set the penalty factor as one for a gradually varying volume fraction field. Figure 4.6 (c) shows the

reference material: a procedurally generated spatially varying lattice. The synthesized structure is

shown in Figure 4.6 (b) with a neighborhood size s of 14× 14× 14 and 4 being the size of overlap

along every direction. In some applications, such as 3D printing, the connectivity of the structure

is very important: the generated structure is required to be a single connected piece. We enforce

the connectivity by requiring every new neighborhood added to the synthesized structure to be a

single connected one and connects to the existing neighborhoods. Other desirable properties such

as smallest feature size can be guaranteed the same way by the construction. It is noted that not all

volume fractions in the target fields are realized in the reference lattice. As a result, some of the

target volume fractions are achieved approximately. The compatibility of the result is summarized

in Table 4.2. For comparison, Figure 4.6 (d) shows the graded lattice generated using the same

procedural method as the reference structure.

We observe that the reference lattice can be constructed by two types of unit cells (Figure 4.7 a

and c) that are dual to each other. The two types can be differentiated by their Euler characteristics χ:

χ = 1 for type 1 and χ = −4 or 2 for type 2. The Euler characteristic of type 2 unit cell switches from

-4 to 2 with increasing volume fractions. χ = −4 is calculated by gluing two triple torus (χ = −2)

together over a two-dimensional circle (χ = 0): −4 = −2× 2 − 0. With the Euler characteristics, we

control the synthesis of the lattice structures by selecting neighborhoods of type 1 or type 2 unit

cells only. The results are illustrated in Figure 4.7 (b) and (d), respectively.

Summarized in Table 4.2, the difference in neighborhoods is calculated as the ratio of the

mismatched voxel to the volume of the overlap region. The errors of Figure 4.6 (d) are smaller

than Figure 4.6 (b) and (d). This is because that in Figure 4.6 (d) the Euler characteristics are not
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(a) Type 1 unit cell.

(b) FGM structure with type 1 unit cell.

(c) Type 2 unit cell.

(d) FGM structure with type 2 unit cell.

Figure 4.7: Functionally graded lattice structures for a cantilever beam with different unit cells.
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constrained and there are more neighborhoods to choose from. Figure 4.8 shows an additional

example of a wheel design with fixtures on four lower corners and load on the center of the

bottom surface. The connectivity of the neighborhood is not enforced for this example and small

disconnected pieces can be seen near the edges. The neighborhoods with disconnected pieces are

hardly mistakes as they do exist in the reference material. The computation time of each example

takes about 90 minutes, which is significantly longer than the two-dimensional cases. This is because

the algorithm is linear in time to not only the number of neighborhoods to generate in Y, but also the

number of neighborhoods to search for in X and the size of overlap and all of them are significantly

larger in 3D. Possible acceleration schemes are discussed in Section 4.7.

4.7 Discussion

We formulated the problems of design and reconstruction of functionally graded material structures

as a process of selecting neighborhoods in a reference material sample. The new formulation allows

to effectively bypass the difficult problem of inverse homogenization. We also introduced the notion

of material descriptors, and Minkowski functionals in particular, to guide the construction of graded

material structures, without the need to perform numeric homogenization or to solve boundary

value problems. The fully implemented algorithm supports reconstruction and design of FGM

structures by combining the influence of adjacent neighborhoods and target material descriptor

fields with a clearing definition of the design space. We demonstrated the effectiveness of the

proposed approach to reconstruction and design of graded bone structures as well as generating

functionally graded lattice structures.

To speed up without compromising the quality of the result, we may compute dN only for those

neighborhoods with small dD. Obviously, searching for such a subset of N(X) will not jeopardize

the quality of Y if D(Y) and X are (0,0) – compatible. However, if not fully compatible, eliminating

too many candidate neighborhoods in N(X) could result in more geometric discontinuities, which
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(a) Volume fraction distribution, 20×
20× 10: view from top.

(b) Volume fraction distribution: view
from bottom.

(c) Reference functionally
graded lattice, 100×100×
100.

(d) FGM designed by the proposed framework:
top. Resolution: 200× 200× 100

(e) Functionally graded structure designed by the
proposed framework: bottom.

Figure 4.8: Design of graded material structure that is functionally a wheel structure with fixtures
on four lower corners and load on the center of bottom surface. The target volume fraction field
ranging from 0.3 to 0.85 is designed by SIMP with penalty factor equals 1.

may in turn lead to undesirable physical defects (e.g. stress concentrations) in the designed structure

Y. This is the main reason a hybrid scheme is adopted in our implementation. To conclude, filtering

N(X) by D(Y) should depend on the degree of compatibility and requires further studies.

An apparent limitation of the proposed method is that it cannot guarantee that the specified

distribution of FGM properties is achieved, because this explicitly requires compatibility between

the reference material structure and the target properties field. We note, however, that the notion of

(N,D)-compatibility allows fine tuning the tradeoffs between the neighborhood and the descriptor
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incompatibilities. Methods for evaluating the compatibilities a priori appear to be a useful direction

for future explorations. Remedies for large incompatibilities include modifying the target property

fields, enriching or modifying the reference material structure, or both. For example, the reference

material structure may be modified using morphological operations to increase compatibility,

but such modifications could also alter the properties of the reference material. New reference

material structures could also be designed by other methods reviewed in Chapter 2, when the target

properties are beyond the reach of the direct modification of the reference material structure.
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Chapter 5

Efficient material property estimations

by FFT-based homogenization

Relating the macroscopic properties to material structure is a long-standing problem, attracting

the attention of Poisson, Faraday, Maxwell, Rayleigh, and Einstein [101]. Numerous studies have

been conducted to relate material properties with material descriptors given the latter can be

measured directly. For example, transport processes are sensitive to the distances between particles

in particulate materials [158]. Minkowski functionals is known to correlate with some of the bone

diseases, such as osteoporosis, as discussed in Chapter 4.

In the current Chapter, we study the efficient evaluation of mechanical property of heterogeneous

material as well as its prediction through correlation functions. We limit our focus on linear

elasticity but the formulation lays the foundation for non-linear problems and extends to the

determination of thermal and electrical conductivity, diffusion coefficient, dielectric constant, and

magnetic permeability tensors as they share the same linear form as linear elasticity. We first

introduce the Lippmann-Schwinger equation, which is an intrgral equation forming the basis of

the both our algorithms of effective material properties homogenization and effective material

properties estimation through correlation function. Then we convert the integral equation into a



81

system of linear equations that is symmetric and positive definite and can be solved efficiently using

the conjugate gradient method and Fourier transform. We conclude this chapter with an application

of the method to homogenize a mesoscale structure fabricated by additive manufacturing. Some

results in this chapter has been reported in [80].

5.1 Homogenization via Lippmann-Schwinger equation

As discussed in Chapter 2, Finite Element Method (FEM) is the most common method to homogenize

heterogeneous material computationally by solving the six independent linear elasticity problems.

In the present work, we discuss an alternative approach to homogenization formulated using

Green’s function. Although the development of the method dates back to 1970s [171, 64, 150, 69],

its further application is limited by a major computational difficulty in the formulated integral

equation: computing the convolution of the Green’s function. As a result, the formulation was only

used to predict effective properties or estimate their bounds based on the statistics of microscopic

material structures [33]. It is only recently an efficient solution of the integral equation was proposed,

allowing the application of the approach to the detailed models of material structures.

Evaluating the convolution using Fourier transform was first proposed by Moulinec and Suquet

[107]: by the convolution theorem, the convolution in real domain becomes multiplication in the

frequency domain. Just as in FEM-based homogenization, the periodic boundary conditions are

usually assumed for the material [61]. Fourier transform also assumes the periodicity of the function

implicitly. The first attempt [107], often referred as the basic scheme, solves the problem through

the fixed-point iteration which is equivalent to the Neumann series solution of the integral equation.

In this approach, the number of iterations needed for convergence grows linearly with the contrast

in material coefficients between different phases. The contrast here refers to the magnitude of

difference between the coefficients in the respective material tensors. As a result, the iteration may

not converge for phases with infinite contrast, e.g. porous materials. It was later discovered that
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the lack of convergence is due to the Neumann series expansion rather than the formulation of the

problem and will be corrected if other iterative linear solvers are applied [18]. The basic scheme

inspired many follow-up results, mainly focusing on improving the convergence speed and the

convergence with arbitrary phase contrast [100, 162, 17, 176]. The Fourier transform of the problem

was later shown to be mathematically equivalent to Galerkin approximation with trigonometric

polynomials [163]. Our efficient solution described in Section 3 relies on the combination of FFT

and conjugate gradient methods, exploiting the fact that the resulting system of linear equation is

symmetric and positive definite.

For a heterogeneous material with elasticity tensor C subject to the displacement boundary

condition, the displacement u, stress σ, strain ε, and body force bmust conform to the following

equilibrium equations:

divσ+ b = 0, x ∈ Ω

σ = Cε, ε =
1
2 [∇u+ (∇u)T ],

u(x) = u0(x), x ∈ ∂Ω.

(5.1)

Given a homogeneous reference comparison material with the constant elasticity C0, the stress

polarization tensor τmay be defined:

τ = σ− C0ε = (C− C0)ε. (5.2)

Substituting Equation (5.2) into Equation (5.1) gives

(C0
ijkluk,l),j + τij,j + bi = 0. (5.3)

Since equations (5.3) is linear, its solution can be separated as u = u0 + u1, where u0 is the solution
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of the real body force b and u1 is the solution of additional body force divτ:

(C0
ijklu

0
k,l),j + bi = 0, (5.4)

(C0
ijklu

1
k,l),j + τij,j = 0. (5.5)

Introducing the Green’s function (Equation A.8) into Equation (5.5) for the comparison material,

the stress polarization tensor τ becomes the “body force”, from Equation (A.9)

u1
i(x) =

∫
Ω

Gip(x, x ′)τpq,q(x
′) dx ′, (5.6)

by integrating by parts and combining with u0

ui(x) = u
0
i(x) −

∫
Ω

∂Gip(x, x ′)
∂x ′q

τpq(x
′) dx ′, (5.7)

by differentiation and the symmetry of strain tensor

εij(x) = ε
0
ij(x) −

∫
Ω

Γijpq(x, x ′)τpq(x ′) dx ′, (5.8)

where

Γijpq(x, x ′) =
∂2Gip(x, x ′)
∂xj∂x ′q

∣∣∣∣
(ij),(pq)

. (5.9)

The bracketed subscripts imply symmetry, which is the results of symmetries in the elasticity tensor.

G is the Green’s function of an infinite size material:

[Cijkl(x)Gkp,l(x, x ′)],j + δipδ(x− x ′) = 0. (5.10)

The close form expressions of Γ and G is explicitly known in the frequency domain, as summarized

in the next section. Let δC = C− C0, and substitute in Equation (5.2), Equation (5.8) leads to the
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solution of ε, also known as the Lippmann-Schwinger equation:

ε(x) = −

∫
Ω

Γ(x, x ′)δC(x ′)ε(x ′)dx ′ + ε0(x), (5.11)

This derivation follows the classical results of Korringa [64] and Kroner [69].

The solution of Equation (6.3) is the strain tensor distribution ε(x) within the material domain.

The stress tensor field is subsequently computed as the point-wise multiplication of the modeled

material elasticity tensor field by the strain tensor distribution: σ(x) = C(x)ε(x). Our implemen-

tation follows Mandel’s notation, where the 2nd-rank strain and stress tensors are mapped to

six-dimensional vectors and the 4th-rank elasticity and compliance tensors are mapped to 6× 6

matrices. After repeating this process six times independently, the effective elasticity tensor can be

computed as:

Ceff =

 ...
...

...
...

...
...

σ1 σ2 σ3 σ4 σ5 σ6
...

...
...

...
...

...

 ...
...

...
...

...
...

ε1 ε2 ε3 ε4 ε5 ε6
...

...
...

...
...

...

−1

(5.12)

If the input strain vector is of unit length and parallel to the axes, the strain matrix in Equation (5.12)

will be an identity matrix so that the inversion is not required. This is because the averaged strain

always equals to the prescribed constant strain per Equation (2.6). This identity can also be used to

verify the implementation of the algorithm.

As a Fredholm integral equation of the second type, the classical solution of Equation (6.3)

requires Neumann series expansion [120] which coincides with the fixed-point iteration used in the

basic scheme:

εi+1(x) = εi(x) − F−1[Γ̂F(δCεi(x))] (5.13)

where F and F−1 represents the forward and inverse Fourier transform and Γ̂ is the Green’s operator

in the frequency domain. One drawback of the Neumann series expansion is that it suffers slow

convergence when the contrast of material properties increases, which is undesirable for porous

materials. In the next section, we show that the relationship between correlation functions and
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effective elasticity tensor is a direct result of Neumann series expansion of Lippmann - Schwinger

equation.

5.2 Solve Lippmann-Schwinger equation as a symmetric and positive

definite linear system

As discussed in Section 1, one drawback of the Neumann series expansion solution is its slow

convergence. We now describe a method to solve the Equation (6.3) by the conjugate gradient

method after converting it into a system of linear equations. Though the integration kernel Γ

is inseparable in the continuous domain, it can be separated approximately with the following

piecewise linear approximation:

Γ(x, x ′)δC(x ′) ≈
N∑
j=1

uj(x)vj(x
′),

uj(x) = Γ(x, j)δC(j), vj(x
′) =


1, if x ′ = j

0, if x ′ 6= j
.

(5.14)

Substitute Equation (5.14) into Equation (6.3):

ε(x) = −

∫
Ω

[ N∑
j=1

uj(x)vj(x
′)
]
ε(x ′)dx ′ − ε0(x)

= −

N∑
j=1

[
uj(x)

∫
Ω

vj(x
′)ε(x ′)dx ′

]
+ ε0(x),

(5.15)

Since
∫
Ω vj(x

′)ε(x ′)dx ′ is the sampling of continuous ε overΩ, let

∫
Ω

vj(x
′)ε(x ′)dx ′ = εj. (5.16)
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Substitute Equation (5.16) into Equation (5.15):

ε(x) = −

N∑
j=1

uj(x)εj + ε
0(x). (5.17)

Substitute Equation (5.17) back into Equation (5.16), we have

εi = −

∫
Ω

vi(x
′)
[
−

N∑
j=1

uj(x
′)εj + ε

0(x ′)
]
dx ′

= −

N∑
j=1

εj

∫
Ω

vi(x
′)uj(x

′)dx ′ +
∫
Ω

vi(x
′)ε0(x ′)dx ′

= −

N∑
j=1

Γ(i, j)δC(j)εj + ε0
i

ε0
i =

[
δij +

N∑
j=1

Γ(i, j)δC(j)
]
εj =

[
δij +

N∑
j=1

ΓijδCj

]
εj.

(5.18)

Or in matrix form:

Aε = ε0,

A =



I+ Γ11δC1 Γ12δC2 . . . Γ1NδCN

Γ21δC1 I+ Γ22δC2 . . . Γ2NδCN
...

... . . . ...

ΓN1δC1 ΓN2δC2 . . . I+ ΓNNδCN


,

(5.19)
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where Γij = Γi−j = F−1(Γ̂(ξ)). Note that every block in A is a 6× 6 matrix representing a 4th rank

tensor. Apparently, A is not symmetric in general. However, by letting

B = AδC−1

=



δC−1
1 + Γ11 Γ12 . . . Γ1N

Γ21 δC−1
2 + Γ22 . . . Γ2N

...
... . . . ...

ΓN1 ΓN2 . . . δC−1
N + ΓNN


,

(5.20)

the linear system transforms into:

BδC(δC−1τ) = ε0. (5.21)

δC can be seen as the right preconditioner for the linear system with τ as the unknown. Since only ε

is required for homogenization, we just need to solve the preconditioned system BδCε = ε0. Γ is

symmetric in that Γ̂ is an even function by definition (Equation A.15). Given δC is also symmetric

as a elasticity tensor, B is symmetric.

In order to solve this preconditioned linear system by the conjugate gradient (CG) method, B

also needs to be positive definite [133]. It has been proved that the definiteness of B and δC are

consistent [169]. We first give an intuitive explanation of the proof. First, Γ is positive definite

because it has positive diagonal entries and is diagonally dominant as Γ decays rapidly with the

increasing distance between x and x ′. WhenC0 is smaller than all the phases inΩ, δC is also positive

definite. B is therefore positive definite.

The formal proof follows the proof given in [169], which requires virtual work equality:

σ1ε2 = 0, (5.22)

for any divergence free stress σ1 and strain ε2 derived from a displacement that is 0 over the
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boundary. First, we show that Γ is positive definite. Since

τ1Γτ2 = −τ1ε2 = −δCε1ε2 = ε1C0ε2, (5.23)

Γ is seen to be positive definite after setting ε1 = ε2, as C0 is positive definite.

When δC is positive definite, the positive definiteness of B is straightforward. Here we show

the case when δC is negative definite. It is convenient to introduce strain polarization tensor η:

τ = C0η, η = S0τ = S0(C− C0)ε = S0σ− ε (5.24)

Using Equation (5.22) again,

τ1Γτ2 = −τ1ε2 = η1C0(η2 − S0σ2)

= η1C0η2 − η1σ2 = η1C0η2 − σ1S0σ2,
(5.25)

Since (C− C0)
−1C0 = S0(S0 − S)

−1 − I,

τ(C− C0)
−1τ = ηL0(C− C0)

−1L0η

= η(S0 − S)
−1η− ηC0η.

(5.26)

Then δC−1 + Γ = η(S0 − S)
−1η − σ1S0σ2 is negative definite when δC is negative definite. Then

BδC becomes positive definite as both B and δC are symmetric.

Given the usually large N, constructing A can be prohibitively expensive. Fortunately, for

every iteration, CG only needs the results of Aε for any vector ε and there is no need to represent

A explicitly. Since Aε = ε + Γ ∗ (δCε), where ∗ represents convolution, the vector is efficiently

computed in the frequency domain. Note that the combination of Fourier transforms and CG has

been explored before in [176], despite the authors’ belief that the linear system is not symmetric. Our

analysis of the integral equation and explicit derivation of the corresponding linear system above
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Figure 5.1: The shape of the minimum manufacturing volume and a single road. w, l, and h,
represent the width, length of the road and layer height, respectively.

justifies the use of CG even though the corresponding linear system appears to be non-symmetric.

5.3 Experiment validation with FEM and physical tests

To demonstrate the effectiveness of the proposed approach, we compare the computed homogeniza-

tion results with those predicted by the finite element method, and validate the predicted effective

macro scale material properties by the known results of physical tests. Both of these comparisons

are based on the parts that are additive manufactured. Therefore, we first review the effective

geometry - material model introduced in [80].

5.3.1 Effective geometry - material model of additively manufactured structures

Intuitively, we would like to simulate the FDM printing process as a deposition of filament along the

specified toolpath. At any given instant, the printer’s head deposits some minimum manufacturing

volume (MMV), whose shape may be approximated in terms of simple quadratic and/or superel-

liptic primitives with dimensions determined by the road width and layer height (see Figure 5.1

left). The shape of the road may be represented as the sweep of MMV along the toolpath specified

by the instructions in the G-code, as shown on the right. Sweeping MMV over all toolpaths in the

G-code yields a first approximation of the geometry discretized by the printing process. Figure 5.2

shows the design model, toolpath, and the reconstructed printed shape of a two-dimensional infill
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pattern generated through Customizer by MakerBot [106]. Such an idealized geometry model was

proposed in [94] and can be used to reason about stair-stepping, surface roughness, air gaps, and

other small geometric differences between the designed and printed model.

We will adopt this idealized geometric model as a first approximation of the mesoscale geometry-

material model, based on the assumption that most of the differences between the mechanical

performance of the designed and printed structures originate in the process planning stage. This is

reasonable because the air gaps and the bonding interface between the roads, which are modeled by

the idealized geometry model, impact the mechanical performance of the printed structure far more

significantly than dimension inaccuracy and printing imperfections due to gravity and random

events such as inconsistent polymer flow. Global deformations such as warping due to thermally

induced stress are not modeled since they cannot be predicted without first solving the effective

material problem under consideration in this chapter. Another limitation of the idealized geometry

model is that the union of the roads is not volume conservative. The model will underestimate the

total volume of the base material when the distance between the parallel toolpath is smaller than

the road width. We expect that such problem is less likely to happen with a proper toolpath.

A standard method for modeling a multi-phase material structure is to partition the overall

domain into regions with distinct but known material properties. Thus, idealized geometry model

distinguishes the space occupied the roads from the voids. However, the elastic properties of the

roads themselves vary significantly over the roads and are not generally known. Firstly, it is very

difficult to predict the properties of the solidified road base material that is remelted from the

filament and extruded through the nozzle during the deposition process. Furthermore, the elasticity

tensor of the filament itself is likely to be incomplete since only the stiffness in the direction of filament

extrusion can be tested in most scenarios. Secondly, the stiffness of the deposited material changes

significantly in the areas where adjacent roads are bonded together and is also difficult to predict.

The quality of the bonds between the roads depend not only on the neck (contact area) formed

between the adjacent roads, but also the molecular diffusion and randomization at the interface
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(a) Design model represented by tri-
angle tessellation.

(b) Toolpath as a collection of line seg-
ments.

(c) Printed model reconstructed from
the toolpath (b) with road width w =
0.3.

(d) Reconstructed printed model with
w = 0.25.

(e) Detailed view of (c). (f) Detailed view of (d).

Figure 5.2: Printed geometry model for a two-dimensional infill pattern.

[7]. Heat transfer and thermal history models, such as the ones proposed in [144, 7], are required

to predict the strength and stiffness of the bond. The compound complexity of these physical

phenomena casts serious doubts on the feasibility of being able to predict material properties of the

idealized geometry model either computationally or experimentally.

In contrast, the measured material properties published by various manufacturers estimate not

material properties of the constituent phases, but the effective material properties of the specimen

formed by uniform patterns of parallel roads (Figure 5.3) (top). These measurements determine the

compounded effects of the stiffness of the roads, air gaps and the bonding between the roads; the

properties are averaged over an effective domain, shown as the blue rectangular region in Figure
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Figure 5.3: The material properties of printed structure are measured on a specimen formed by a
uniform pattern of parallel roads. Left: tensile tests are performed along X and Y directions. Right
top: the cross-section of the specimen. The blue rectangle indicates an effective domain of the
measurement. The red rectangle indicates an effective cross-section of a road that is compatible
with the assumptions in the measurement. Right bottom: reinterpreted geometry of a single road.

5.3 (middle) where they are assumed to be constant. Clearly, these measured properties cannot be

applied directly to the idealized geometry model constructed from a number of roads with arbitrary

orientation and spacing.

It should now be clear that the effective geometry and material models of the FDM structures

are interdependent and cannot be treated separately. The difficulty is that this interdependence

is implicit in the (inconsistent) assumptions underlying the geometric model and material mea-

surement procedures, but it cannot be used explicitly to express either model in terms of the other.

Hence, we propose to simultaneously modify both models of geometry and of material, in order to

bring them into the agreement and construct a consistent effective geometry-material model.

First, the idealized road shown in Figure 5.1 is reinterpreted with a rectangular cross-section

shown at the bottom of Figure 5.3. This reinterpretation is consistent with the material measurement

process that assumes the effective rectangular cross-section of the specimen shown in Figure 5.3

does not have any voids. Secondly, because the measurement specimen is a periodic arrangement of
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parallel roads, the measurement procedure implies that the measured material properties remain

constant and are identical on the cross-section of each individual road. This means that the measured

anisotropic material properties can now be assigned based on the reinterpreted geometry and the

direction of the road, while eliminating the need to model air gaps and bonding stiffness.1

Next, we transform the measured material properties to be consistent with the direction of

individual roads. The material properties are measured in a coordinate system with z axis pointing

in the build direction and x axis aligned with the (stiffest) direction of the roads in the specimen.

The measurement results are generally represented by the following transverse isotropic compliance

tensor:

S =



1
Ex

−
νxp
Ex

−
νxp
Ex

0 0 0

−
νxp
Ex

1
Ep

−
νp
Ep

0 0 0

−
νxp
Ex

−
νp
Ep

1
Ep

0 0 0

0 0 0 1+νp
Ep

0 0

0 0 0 0 1
2Gxp 0

0 0 0 0 0 1
2Gxp


, (5.27)

where Ep,νp and Ex,νx are Young’s moduli and Poisson ratios in the y− z symmetry plane and

x-direction, respectively. Gxp is the shear modulus in the x-direction. The elasticity tensor C is

calculated as the inverse of the compliance tensor S. Note that y− z is the symmetry plane, which

is different from the usual convention that x− y is the symmetry plane.

The roads can be printed along any direction within the layer while remaining perpendicular to

the build direction. To align the x axis of measurement with the road direction, this fourth-order

elasticity tensor must be rotated within the layer [131]:

C ′mnop = RmiRnjRokRplCijkl, (5.28)
1 Printing defects such as imperfect bonding must be treated separately with thermal history models, which is outside

the scope of the current discussion.
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(a) Discretized first layer. The number
of roads each query point belongs to
is color coded. The averaged material
property is returned if the query point
belongs to more than one road.

(b) The stiffest direction of material
tensor for each query point.

(c) The zoomed in view of
(b).

Figure 5.4: Material distribution of printed model for a two-dimensional infill pattern.

where Rij is the ij-th component of R:

R =


cosθ −sinθ 0

sinθ cosθ 0

0 0 1

 , (5.29)

and θ is the angle between the x axis and the road direction. Figure 5.4 shows the result of aligning

the material tensor with the directions of the roads within a single layer. Here, the stiffest direction

of the elasticity tensor is sampled at different locations and is plotted as a vector field.

One final modification of material model is required to account for areas where multiple roads

overlap. In such cases, the elasticity tensor is simply averaged over all overlapping roads. For

example, if the overlap is between two parallel roads, the elasticity tensor remains the same as in

both roads. If two roads form a T-section, the returned elasticity tensor becomes isotropic in the

plane of the layer after averaging from the two roads.

The mesoscale geometry-material model is conveniently represented by extending the implicit
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sweep-based representation of the idealized printed geometry. The point membership of a given

query point against such a representation is determined by its point membership against the MMV

centered at its nearest point on the toolpath.

The same implicit representation is adapted and reinterpreted to be consistent with the proposed

effective geometry - material model. A transformed material tensor is associated with every road.

When a material tensor is queried at a point, both the point and the relevant roads are simply

projected onto the horizontal x− y plane of the layer (perpendicular to the build direction). The

two-dimensional point membership classification against the projected road effectively eliminates

the air gaps between the adjacent bonded roads, while other voids within the layers can still be

recovered. This implicit representation of the effective mesoscale geometry-material model is

sufficient for many downstream applications; in particular, it forms the input for the macro scale

homogenization stage discussed in the next section.

5.3.2 Comparison with finite element method

A voxelized finite element mesh of the mesoscale geometry-material printed model is created by

every query point within the effective material domain as a linear element with 8 nodes. The output

of FEA analysis is the nodal displacement field. The strain field can be derived by differentiating the

displacement field numerically. Numerical differentiation is sensitive to the noise and may generate

erroneous results. Instead, we compute the averaged strain and stress through the displacement

and traction on the boundary of the material domain directly based on the following equations:

εij :=
1
|Ω|

∫
Ω

εij(x) dx = 1
|Ω|

∫
∂Ω

1
2(uinj + ujni) dS,

σij :=
1
|Ω|

∫
Ω

σij(x) dx = 1
|Ω|

∫
∂Ω

1
2(tixj + tjxi) dS,

whereΩ is the material domain and ∂Ω is its boundary. Equation (2.6) follows immediately from

the divergence theorem.
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A fictitious isotropic material with Young’s modulus E = 1 GPa and Poisson’s ratio ν = 0.3 is

assigned to the 2D infill pattern shown in Figure 5.2. The input material elasticity tensor field has a

resolution of 296× 296× 16 and is generated from the printed mesoscale model proposed in Section

5.3.1. A soft material (E = 0.01 GPa) is assigned to the void phase as the stiffness matrix in FEM

becomes ill-conditioned with elements of zero stiffness. The reference material for the proposed

homogenization method has Young’s modulus E = 1.5 GPa and Poisson’s ratio ν = 0.3 so that

the linear system remains positive definite. The effective elasticity tensors Ceff and Cfem computed

respectively by the proposed homogenization method and the FEM-based method are:

Ceff =

 0.0327 0.0150 0.0139 0 0 0
0.0150 0.0327 0.0139 0 0 0
0.0139 0.0139 0.3335 0 0 0

0 0 0 0.0338 0 0
0 0 0 0 0.0338 0
0 0 0 0 0 0.0254


Cfem =

 0.0330 0.0141 0.0132 0 0 0
0.0138 0.0330 0.0129 0 0 0
0.0151 0.0151 0.4234 0 0 0

0 0 0 0.0227 0.0005 0
0 0 0 0.0005 0.0227 0
0 0 0 0 0 0.0235


(5.30)

The in-plane symmetry of the structure is reflected in the simulated result as Ceff
11 = Ceff

22 and

Ceff
13 = Ceff

23 . The homogenization also captures the in-plane spring-like behavior, which is about

10 times less stiff in the x and y directions than the z direction. We attribute the small difference

between Ceff and Cfem to the different boundary conditions used. In FEM, a simple uniform

displacement boundary condition is used since the Lagrange multipliers are required to apply the

periodic boundary condition in FEM [146]. Both the proposed homogenization method and FEM

are implemented in MATLAB. To homogenize the example in Figure 5.2, homogenization using

Green’s function took less than 3 hours to converge while the FEM required more than 24 hours on

an Intel i7 computer with 16 gigabytes memory.

5.3.3 Comparison with physical tests

We also compare the predicted homogenization results with the physically measured effective

tensile modulus reported in [140]. The samples for the physical testing are shown in Figure 5.5.
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Figure 5.5: The FDM printed tensile test specimens. Left: from left to right, infill pattern A, infill
pattern B and linear infill pattern. Right: the G-codes for the first two layers. Images of printed
parts courtesy of [140].

During the tensile test, only displacements in the central neck region are measured for the evaluation

of the effective tensile modulus of specimen. For comparison with the results of physical testing,

the neck regions were reconstructed from the G-code and homogenized by the proposed approach.

The filament used for the FDM printing is ABS plastic made by Airwolf3D with measured

diameter 2.82 mm and tensile modulus 2.25 GPa. The layer height is explicitly known from the G-

code. However, the road width still needs to be computed from the G-code based on the conservation

of volume if such information is not explicitly given. We estimate that the road width is roughly

0.6 mm. With the distance between parallel roads being 0.4 mm, this results in an overfill that

eliminates most of the air gaps in regions of solid infills, such as the contour regions close to the

boundary the specimen. Based on this observation, the axial stiffness Ex is estimated as almost

identical to the stiffness of the filament and the transverse stiffness Ep is about 80% to 90% of the

filament stiffness. Based on the experiment results in [88], the Poisson’s ratio νxp and νp in the

transverse isotropic elasticity tensor (Equation 5.27) are both set to be 0.39 and Gxp is set to be 1.6
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Infill A Infill B Infill linear

Figure 5.6: The strain and stress distributions in first layer of the homogenized regions with the
displacement boundary condition along the vertical direction (x axis) of the specimen. Top row:
absolute value of εx. Bottom row: absolute value of σx.

GPa.

The homogenized effective elasticity tensor is not directly comparable to the tensile testing result.

For example, the homogenized elasticity tensor of Infill B with Ex = 2.25 GPa and Ep = 1.8 GPa is


2.4166 1.1825 1.0978 −0.0000 −0.0001 0.0003
1.1826 2.2511 1.0561 −0.0001 −0.0000 0.0005
1.0977 1.0559 2.0888 −0.0001 −0.0001 0.0001
−0.0000 −0.0001 −0.0001 0.9174 −0.0003 −0.0000
−0.0001 −0.0000 −0.0001 −0.0003 0.9977 −0.0000
0.0003 0.0005 0.0001 −0.0000 −0.0000 1.2634

 (5.31)

To compute the tensile modulus along the x, y, and z directions, we assume that the homogenized

structures are orthotropic. In this particular set of examples, such assumption is reasonable given

the normal and shear components in the homogenized effective elasticity tensor are essentially

not coupled. The tensile modulus along the axial directions can be computed with the orthotropic
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compliance tensor S:

S =



1
Ex

−
νyx
Ey

−νzxEz 0 0 0

−
νxy
Ex

1
Ey

−
νzy
Ez

0 0 0

−νxzEx −
νyz
Ey

1
Ez

0 0 0

0 0 0 1
2Gyz 0 0

0 0 0 0 1
2Gzx 0

0 0 0 0 0 1
2Gxy


.

It is clear that Ex = 1
S11

, Ey = 1
S22

, and Ez = 1
S33

.

The measured and homogenized tensile moduli are reported in Table 5.1 with different stiffness

in the transverse directions. The stress - strain curves for physical tests on different specimens

are shown in Figure 5.7. We observe that the homogenized tensile moduli are smaller than the

measured ones for Infill B and the linear infill. We believe this is due to the distance between the

parallel roads being less than the road width. For example, the thickness of the vertical walls on

the side of the infill pattern is reconstructed as 1 mm gives the 0.6 mm road width and 0.4 mm

distance between the parallel toolpathes. However, the actual thickness of the walls of the printed

parts is about 1.2 mm. The proposed printed model does not preserve the volume of the filament

and underestimate the volume of the material in the printed part with overfills. Since the G-code

generator used in [140] is custom-built to study the effects of different infill patterns, the overfill is

less likely to happen in most of the established process planning procedures. We also observed that

the measured modulus of Infill A is around the midpoint of Infill B and linear infill. Even though

our predicted modulus for infill A is higher than the measured result, it agrees with the stress -

strain curve shown in Figure 5.7, in which the tensile moduli for Infill A and B are much closer.
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Table 5.1: The measured and homogenized tensile modulus by the proposed method. The first row
shows the measured modulus (GPa) in [140]. The rest of the rows show the simulated modulus with
Ex = 2.25 GPa and different stiffness in the transverse direction. Ep and Ex are material coefficients
of the transverse isotropic material tensor (Equation 5.27).

Infill A Infill B Linear
Measured modulus [140] 1.24 1.71 0.79

Ep/Ex = 1 1.4201 1.6769 0.7245
Ep/Ex = 0.9 1.3904 1.6396 0.7142
Ep/Ex = 0.8 1.3674 1.6103 0.7059
Ep/Ex = 0.7 1.3422 1.5784 0.6968

Figure 5.7: The stress - strain curve of physical testing result. Image courtesy of [140].

5.4 Discussion

In the current chapter, we showed the estimation of mechanical properties through correlation

functions. We adopted and significantly improved the homogenization method using Green’s

function, showing that the corresponding linear system is symmetric and positive definite, and can

be efficiently solved by the conjugate gradient method with matrix-vector multiplication evaluated in

the frequency domain. To compare the computational results with physical tests, we we formulated

and constructed an implicit representation of an effective mesoscale geometry-material model of

the printed structure that captures the heterogeneity and anisotropy resulting from the printing
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Figure 5.8: The change of effective Young’s modulus with different sampling resolutions. Lower
resolutions lead to the approximation errors on the Green’s operator Γ .

process. We then showed how this implicit representation of the mesoscale model may be queried

and homogenized at macro scale in order to predict the effective material properties of the printed

structure that accounts for build orientation, directional changes, infill patterns and other mesoscale

details of 3D printing. The predicted effective material properties are in good agreement with

known experimental results and with the homogenization results predicted by the finite element

method.

The proposed method to estimating effective material properties is not limited to linear elasticity:

similar homogenization technique applies to thermal and electrical conductivity, dielectric constant,

permeability, and other material properties that share the same general form as the linear elasticity

tensor.

Numerical properties of the proposed homogenization method deserve further investigation. For

example, the behavior of the preconditioner δC is not fully understood, and the condition number

of the linear system has not yet been studied. Furthermore, homogenization process involves

discretization errors in the implicit representation of printed roads, requires setting tolerances for

convergence, and introduces discretization error of the Green’s operator. Among these sources of
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errors, the last one in particular deserves further study. Since the Green’s operator is derived and

evaluated in the frequency domain, higher frequencies are lost at a low sampling resolution. Figure

5.8 plots the effective Young’s modulus (of the same structure) at different sampling resolutions.
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Chapter 6

Material structure design with varying

neighborhood orientations

Anisotropy of material refers to the dependence of material’s properties on direction. Anisotropy

should not be confused with heterogeneity, which is the property of being location dependent. A

material can be homogeneous on the coarse scale and have its fine-scale structures being anisotropic

at the same time, as is the case, for example, with carbon fiber sheets in composite manufacturing.

Similar to heterogeneity, anisotropy is a property of scales, depending on the effective material

property of the associated neighborhood. Many nature and man-made materials exhibit various

degrees of anisotropy. For example, crystalline materials are generally anisotropic, as many of

their physical properties depend on the direction of the crystal. Wood is anisotropic with a high

percentage of grains parallel to the tree trunk. The fine scale structures of bones are anisotropic

with internal architecture of the trabeculae adapting to the loads, making bones more efficient given

the competing constraints in nature.

The term anisotropy is overloaded in the context of material structures. Depending on how it is

measured, it could refer to geometry anisotropy, where the statistics of the structural geometry is

anisotropic; it could also refer to property anisotropy, where the physical properties of the material
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are anisotropic. It is widely accepted that the latter is the result of the former combined with the

third type of anisotropy: the material anisotropy of the constituent phases of the fine scale material

structure, which can be regarded as the property anisotropy from a finer scale. This also suggests

that property anisotropy at the course scale can be controlled locally by rotation of the fine-scale

structure, which is the orientation control mechanism adopted in the present work.

Mankind has relied on and benefited from material anisotropy for many centuries, from using

the ancient combination of straw and mud to form brick for building construction to modern day

prestressed concrete and fibrous composites [108]. Even though the mechanism is straightforward,

most of the fine-scale structures controlling the property anisotropy of the man-made materials

to date can be reasonably characterized as one-dimensional, e.g. rebar in the concrete, fiber in

the composite. This is partly due to the difficulties involved in the characterization of property

anisotropy of 3D material structures, and partly due to inherent complexity of the design and

manufacturing of three-dimensional multiscale structures [147]. The rapid advancement of additive

manufacturing technologies eliminates many of the geometric restrictions in traditional subtractive

manufacturing processes, enabling the fabrication of three-dimensional multiscale structures in

place of traditional solid parts. The goal of this chapter is to propose a computational framework

that facilitates the design of two-scale material structures with anisotropic properties at coarse scale

controlled by geometric synthesis at the fine scale.

We propose a sample-based approach to synthesis of two-scale structures while controlling

the spatial orientation of the anisotropic material properties at the coarse scale (see Figure 6.1). In

Section 6.1.4, an automatic way to determine the orientation of the material property anisotropy

directly from the elasticity tensor of an orthotropic material is proposed (Figure 6.1c). This is

done by first converting the 4th-rank elasticity tensor into the 6 by 6 matrix form with Mandel

notation and calculating the eigenvalues and eigenvectors of the matrix with the commonly available

tools. We then compute the principal strains of the dominant strain vector with another eigenvalue

decomposition after converting the strain vector back into the tensor form. We prove that resultant
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Figure 6.1: The pipeline of the proposed two-scale structure synthesis method. (a) is the input
sample structure. (b) is the field of effective elasticity tensor of fine-scale structures in (a). (c) is the
field of principal axes of the effective elasticity tensor with the assumption of orthography. (d) is the
collection of fine-scale structures in (a) which are rotated to align with the lattice grid of the image.
(e) is the input target orientation field that may be defined by the user or from an optimization
routine. (f) is the final result of the synthesized two-scale structure. (b) and (d) are for illustrations
purpose only.

directions of principal strains are the principal axes of the orthotropic material.

For sample structures with non-uniform orientations, multiple boundary value problems may

need to be solved for the coarse scale effective material properties to characterize the spatial ori-

entation distribution of material anisotropy. In Section 6.2, we efficiently estimate the effective

elasticity tensors of fine-scale structures based on their two-point correlation functions (Figure

6.1b). A significant speed-up is observed without sacrificing the accuracy of the spatial orientation

distribution of the fine-scale structures.

In Section 6.3, we develop and implement texture synthesis techniques to generate the two-scale

structures whose material anisotropies follow target orientation fields prescribed on the coarse

scale. First, the principal axes of the fine-scale structures in the sample are aligned with directions
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of the image lattice grid (Figure 6.1d). This step is a necessary addition to the traditional texture

synthesis algorithms where the orientation of the sample structure is often assumed to be constant.

Then the new two-scale structure is synthesized by rotating these fine-scale structures to align with

the target orientation field (Figure 6.1e). Gaussian pyramid and correction subpasses are engaged

to parallelize the algorithm. The effectiveness of the proposed approach is demonstrated through

examples. Some results in this chapter has been reported in [82].

6.1 Orientation of an anisotropic material

Various existing ways to characterize the anisotropy of material structures have been reviewed

in Chapter 2. One common drawback they share is the lack of direct connection to the physical

properties of interest. In this section, we identify the orientation of a material directly from its

elasticity tensor - the material property of interest in the present chapter. We note that the proposed

method also applies to other tensorial properties, such as thermal and electrical conductivity. We

define the orientation of a material by the directions of its principal axes. For orthotropic material,

principal axes of material are defined as the three orthogonal directions where three planes of

symmetry meet [44]. We generalize the definition of principal axes to other anisotropic materials in

Section 6.1.4. To find the principal axes of a material, the following conjecture is made:

The principal axes of an orthotropic material coincide with the principal directions of the strain,

which is the dominant eigentensor (eigentensor associated with the largest eigenvalue) of the

material’s elasticity tensor if such principal directions are uniquely defined.

The eigentensor of a fourth-rank tensor is defined by Mehrabadi and Cowin [99]: “The eigenvectors

of the 3-dimensional fourth-rank anisotropic elasticity tensor, considered as a second-rank tensor in

a 6-dimensional space, are called eigentensor when projected back into the 3-dimensional space.”

We say the principal directions of a strain tensor are uniquely defined when the strain is not

isotropic or transverse isotropic, i.e. the three principal strains all have different numeric values.
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We choose Mandel notation as 6 × 6 matrix representation of the fourth-rank elasticity tensor.

The advantage of Mandel notation over Voigt notation is explained in [118]. We include a brief

discussion on the Eigen decomposition of the elasticity tensor before proving the conjecture in

2D. The discussion may be obvious to some researchers and unknown to others, and therefore is

included.

6.1.1 Eigen decomposition of the elasticity tensor

Eigen decomposition of elasticity tensor was first studied by Lord Kelvin [85], who determined the

eigentensor of a fourth-rank tensor in 3-dimensional space by the eigenvectors of the second-rank

tensor in 6-dimensional space. Since the eigenvectors of elasticity tensor in Mandel notation are

strains, we refer to them as strain eigentensor and to corresponding stress vector as stress eigenten-

sor. The properties of strain and stress eigentensors follow the general properties of eigenvectors

regardless of the material symmetry. For example, the stress and strain can be decomposed into a

sum of six or fewer eigentensors. And the stress eigentensor is proportional to its strain eigentensor.

We also note that dominant strain eigentensor is the unit strain that maximize the strain energy,

hence the efficiency, of the material.

Kelvin determined the eigenstrains for many material symmetries and summarized his results

in Encyclopaedia Britannica. We give a brief summary of his results here. Readers may refer [99] for

a detailed review. For materials with isotropic and cubic symmetries, only two and three distinct

eigenvalues were found, respectively. Four different eigenvalues were found for materials with

transverse isotropic and hexagonal symmetries. Five different eigenvalues exist for materials with

tetragonal symmetry. Only materials with orthotropic symmetry and no general symmetries have

all six different eigenvalues. We observe that the largest eigenvalue of the elasticity tensor always has

the multiplicity of one, meaning the eigentensor maximizing the strain energy is uniquely defined

unless the strain is isotropic or transverse isotropic. In the latter case, the number of strains to

maximize the strain energy is infinite. Next, we will discuss how to predict the principal orientation
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of the material based on the largest eigenvalue and corresponding strain eigentensor with the

assumption of orthotropic symmetry.

6.1.2 Proof of the conjecture in 2D

The proof of the conjecture consists of two steps. In the first step, we study the optimal orientation

of the material for a given unit strain. We first calculate the strain energy which is a function of the

relative orientation between the material and the given strain. We then show that the alignment

of the principal orientation of material and principal directions of the given strain is one of the

potential stationary points when maximizing or minimizing the strain energy. This first step is

inspired by the work of Cheng and Pedersen [22].

In the second step, we show that other potential stationary points will not become actual

stationary points when the given strain eigentensor has the potential to maximizes the strain energy

among all possible unit strains. Therefore the principal orientation of the material is aligned with

the principal directions of the dominant eigentensor.

The following is the detailed proof of the conjecture in 2D. The elasticity tensor of 2D orthotropic

material, when its principal orientation coincides with the reference coordinate system, takes the

form:

C =


C11 C12 0

C12 C22 0

0 0 C33


For a given strain ε, let θ be the angle between the principal orientation of the orthotropic

material and the principal directions of the strain. The rotation matrix in Mandel notation is:

R =


c2 −s2 −

√
2cs

s2 c2 √
2cs

√
2cs −

√
2cs −2s2


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where c = cos(θ) and s = sin(θ). For different relative orientations θ, the strain energy is calculated:

U =εTRCRTε

=(ε1c
2 + ε2s

2)2C11 + (ε2c
2 + ε1s

2)2C22+

2(ε2c
2 + ε1s

2)(ε1c
2 + ε2s

2)C12 + 2c2s2(ε1 − ε2)
2C33

where ε = [ε1, ε2, 0]T is the given strain in its principal directions.

To maximize or minimize the strain energy, we shall evaluate its derivatives. The partial

derivative of U for a given strain with respect to θ is:

∂U

∂θ
= εT

∂R

∂θ
CRTε+ εTRC

∂R

θ

T

ε = 2εT ∂R
θ
CRTε

= −2sin(2θ)(ε1 − ε2)[cos(2θ)(ε1 − ε2)(C11 − 2C12

+ C22 − 2C33) + C11(ε1 + ε2) − C22(ε1 − ε2)]

Let ∂U/∂θ = 0, we have the following solutions:

θ = 0◦ or 90◦ (6.1)

θ = ±1
2arccos[

C11(ε1 + ε2) − C22(ε1 − ε2)

(ε1 − ε2)(C11 − 2C12 + C22 − 2C33)
] (6.2)

where the first solution (Equation 6.1) implies alignment of the principal strain and the principal

orientation of orthotropic material, the second solution (Equation 6.2) is a non-trivial high shear

case and is not always feasible [22]. It is straightforward to show that the 0◦ alignment renders

a higher strain energy than the 90◦ alignment. However, it is less straightforward to show the

existence of the second solution and when it maximize or minimize the strain energy. Of course,

none of these would matter if the given strain were isotropic and the derivative of U were always 0.

Nonetheless, to prove our conjecture, we only need to show that the second solution is not
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Figure 6.2: The principal axes of the effective elasticity tensors of 2D sample material structures.
Red and blue arrows represent the major and minor axes, respectively. The median axes are
represented in blude arrows. Young’s modulus and Poisson’s ratio, E = 1 MPa, ν = 0.3 and
E = 0.02 MPa, ν = 0.3 are assigned to the white and black phases, respectively.

feasible when the given strain is the dominant strain eigentensor of the material’s elasticity tensor.

Recall that the largest eigenvalue of the elasticity tensor does not repeat itself, meaning that the unit

strain to maximize the strain energy is always uniquely defined (except for the isotropic strain, as

shown both in the third solution and in Table 6.1). Since U is an even function of θ, the two results

in the second solution inevitably lead to the same strain energy, which contradicts the uniqueness

of the largest eigenvalue. As a result, the second solution is not feasible when the given strain is the

dominant eigentensor and therefore the principal orientation of an orthotropic material coincides

with the principal directions of the given strain. This concludes the proof in 2D.
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6.1.3 Discussion for 3D cases

Due to the number of terms involved, we were not able to give a close form solution of the relative

orientation to maximize or minimize the strain energy in 3D as we did in 2D. However, we were

able to verify that α , β , γ ∈ {0◦, 90◦}, Tait - Bryan angles representing the relative orientations

between the principal directions of the given strain and principal axes of the orthotropic material,

are stationary points for the strain energy.

The elasticity tensor of 3D orthotropic material, when its principal orientation coincides with

the reference coordinate system, takes the form:



C11 C12 C13 0 0 0

C12 C22 C23 0 0 0

C13 C23 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66


Just like in 2D case, the strain energy may be calculated for different relative orientations:

U = εTRCRTε

where R is the rotation matrix in Mandel notation mapped from the tensor notation with the form:


1 0 0

0 cos(γ) −sin(γ)

0 sin(γ) cos(γ)



cos(β) 0 sin(β)

0 1 0

−sin(β) 0 cos(β)



cos(α) −sin(α) 0

sin(α) cos(α) 0

0 0 1


It is easy to verify in MATLAB that α , β , γ ∈ {0◦, 90◦} are indeed stationary points for the strain

energy. These observations, together with the proof in 2D, lead us to conjecture that the proposed
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Figure 6.3: The principal axes of the effective elasticity tensors of 3D sample material structures. Red
and blue arrows represent the major and minor axes, respectively. Young’s modulus and Poisson’s
ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned to the white and black phases,
respectively.

method is also applicable in 3D.

6.1.4 Principal axes of an anisotropic material

Most anisotropic materials are not perfectly orthotropic: some materials are only approximately

orthotropic while others may share other type of material symmetry, e.g. triclinic, or no symmetry

at all. Yet the proposed method to identify the three orthogonal axes still applies as the Eigen

decomposition of the elasticity tensor does not assume any material symmetries. We define these

three orthogonal axes as the principal axes of the material, which represents the principal directions

of the unit strain maximizing the strain energy. This generalization allows us to define the orientation

of anisotropic materials.

Figure 6.2 shows the principal axes of the effective elasticity tensors of the sample materials.

Young’s modulus and Poisson’s ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned
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to the white and black phases, respectively. Our efficient method of estimating effective elasticity

tensors will be discussed in the next section. What’s worth to note is that the orientation of Figure

6.2 (c) does not correspond to the pattern in the structure by direct visual examination. However,

the pattern becomes clear if lines parallel to the predicted major axis are drawn over the sample

material.

Figure 6.3 shows two examples of the algorithm in 3D. Same as the 2D examples, Young’s

modulus and Poisson’s ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned to the

white and black phases, respectively. In the first example, the major and minor axes align with

the directions with most and least cross-section areas, therefore the stiffest and softest directions,

respectively. In the second example, the major axis aligns with the direction of the pore and the

directions of the minor and median axes capture the shape of the pore.

6.1.5 Limitation

One limitation of the algorithm is that the principal axes of the material cannot be completely

determined if the directions of the principal strain or stress are not fully determined, i.e. two or

more of the principal strains or stresses are identical. Table 6.1 shows effective stiffness, its largest

eigenvalue and dominant eigenvector of the same material structure rotated at 0, 30, and 45 degrees.

Ignoring the discretization errors, every strain tensor maximizing the strain energy having identical

principal strains in X-Y plane demonstrates that the proposed algorithm can not detect the principal

axes for this particular material structure. In addition, the three material structures sharing the

same eigenvectors further reflects this limitation. We believe this usually happens when the material

structure is isotropic or shows certain symmetries and expect this scenario less likely to happen

with random heterogeneous materials.
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Table 6.1: Effective stiffness, its largest eigenvalue and associated eigenvector of the same material
structure rotated at 0, 30, and 45 degrees. Ignoring the discretization errors, every strain tensor
maximizing the strain energy having identical principal strains in X-Y plane demonstrates that the
proposed algorithm can not detect the principal axes for this particular material structure. Young’s
modulus and Poisson’s ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned to the
white and black phases, respectively.

Material structure Effective stiffness tensor Largest
eigenvalue Eigenvector

0.1982 0.0706 0.0806 0 0 0
0.0706 0.1982 0.0806 0 0 0
0.0806 0.0806 0.2421 0 0 0

0 0 0 0.1200 0 0
0 0 0 0 0.1200 0
0 0 0 0 0 0.0958

 0.3703


0.5283
0.5281
0.6648

0
0
0




0.1874 0.0814 0.0806 0 0 −0.0087
0.0814 0.1873 0.0806 0 0 0.0087
0.0806 0.0806 0.2421 0 0 0

0 0 0 0.1199 0 0
0 0 0 0 0.1200 0

−0.0087 0.0087 0 0 0 0.1174

 0.3703


0.5282
0.5282
0.6648

0
0
0




0.1832 0.0848 0.0804 0 0 0
0.0848 0.1832 0.0804 0 0 0
0.0804 0.0804 0.2412 0 0 0

0 0 0 0.1196 0 0
0 0 0 0 0.1196 0
0 0 0 0 0 0.1242

 0.3691


0.5285
0.5285
0.6644

0
0
0



6.2 Spatial orientation of the sample material structure

The orientation of material properties can, and often will, vary from point to point. To characterize

the coarse scale orientation field of the sample structure, we first need to evaluate the effective

material properties of neighborhoods in the sample material at the fine scale. The process to calculate

the effective material property is commonly referred as homogenization [48]. One popular strategy

for homogenizing a material structure numerically is through Finite Element Method (FEM) where

six independent periodic boundary conditions are imposed [151]. Though being effective, the FEM

approach may become computationally too expensive to evaluate multiple fine-scale structures in

the sample.
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Facing this challenge, the effective material properties are often estimated through various

homogenization theories, including the Gibson model for cellular materials [38], Voigt - Ruess

bounds, Hashin - Strikman bounds [42], Green’s function based method [107, 80], and power law [9]

which is frequently used in SIMP-based topology optimization [8]. Many of these homogenization

theories rely on the rotation invariant volume fraction as the sole characterization of the material

structure, therefore, failing to capture the important anisotropic structural information of the

material.

Instead, we propose to use the two-point correlation function of the material structure to

efficiently estimate the effective property of the material. We start from the Lippmann-Schwinger

equation:

ε(x) = ε0 −

∫
Ω

Γ(x, x ′)δC(x ′)ε(x ′)dx ′, (6.3)

where ε is the strain distribution of material structure under the constant strain ε0 on the coarse

scale, Γ is the second derivative of Green’s function which is the impulse response of homogeneous

reference materialC0, and δC is the difference between the elasticity tensors of the fine scale material

structure and the reference homogenization material. The effective elasticity tensor may be derived

by eliminating ε and ε0 (see Appendix C for details):

Ceff = C0 + 〈δC(x)〉− 〈
∫
Ω

δC(x)Γ(x, x ′)δC(x ′) dx ′〉+

〈
∫
Ω

∫
Ω

δC(x)Γ(x, x ′)δC(x ′) Γ(x, x ′′)δC(x ′′) dx ′′dx ′〉− · · ·
(6.4)

where 〈. . .〉 is the expectation of a function. Clearly, the integrands bear the form of correlation

functions. We estimate the effective elasticity tensor of the material by truncating after the first line

of this equation, which is informationally equivalent to the two-point correlation function of the

material.

To make this more explicit, let’s assume heterogeneous material has two phases and C0 = C1

is the material property of phases 1 in a two-phase material, so that δC(x) = I(1)(x)(C2 − C1).
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Figure 6.4: The principal directions of neighborhoods in the sample material structures. The
first column shows the sample material structure. The second column shows the principal axes
calculated from the fully homogenized elasticity tensors and the third column shows the principal
axes calculated from elasticity tensors estimated by two-point correlation functions. Red arrows
represent the major axes and blue arrows represent the minor axes. Young’s modulus and Poisson’s
ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned to the white and black phases,
respectively.
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Table 6.2: Comparison of computation time between full field homogenization and the proposed
two-point correlation function based method. Time is in seconds

Material Full field Correlation Speed-up (times)
Figure 6.2 (a) 542.25 54.62 9.93×
Figure 6.2 (b) 6028 53.43 112.82×
Figure 6.4 (a) 51.20 2.07 24.73×
Figure 6.4 (b) 80.91 5.48 14.76×
Figure 6.4 (c) 31.68 2.69 11.78×
Figure 6.4 (d) 106.27 6.73 15.79×

Equation 6.4 becomes

Ceff =C1 + (C2 − C1)〈S
(1)
1 (x)〉− (C2 − C1)

2〈
∫
Ω

Γ(x, x ′)S(1)
2 (x, x ′) dx ′〉+

(C2 − C1)
3〈
∫
Ω

∫
Ω

Γ(x, x ′) Γ(x, x ′′)S(1)
3 (x, x ′, x ′′) dx ′′dx ′〉− · · ·

(6.5)

which represents the elasticity tensor by a series expansion of all orders of correlation functions.

The assumption may be relaxed for material to have more than two phases, but the equation will

have significantly more terms.

Equation 6.4 and 6.5 allow the proposed method to take two different forms of inputs: (1) we

may be given the detailed image of the material structure and our method only using information

that is equivalent to the two-point correlation function, (2) or we may be given the correlation

function of the material structure as the input to Equation 6.5. The two different types of the input

will result in the same estimation of the effective elasticity tensor.

Figure 6.4 shows the spatial variation of principal axes within sample materials. The second and

third column of Figure 6.4 compare the principal axes calculated from the effective elasticity tensors

estimated from all terms (therefore, full field estimation) in Equation 6.4 and terms equivalent to two-

point correlation functions, respectively. Each set of principal axes is calculated from the effective

elasticity tensor of a neighborhood in the sample material. The effects of different neighborhood

sizes are discussed in the conclusion section.

The computation time and the relative speed-ups are reported in Table 6.2. An average of
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Figure 6.5: Parallel synthesis algorithm with Gaussian pyramid and correction subpasses.

16 times decrease in computation time is observed for 2D materials. The time to estimate each

individual neighborhood by the correlation function based method depends only on the size of

the neighborhood. As a result, the time to estimate effective elasticity tensors of the two material

structures in Figure 6.2 are nearly identical since they are decretized with the same resolution.

6.3 Synthesis with rotated neighborhoods

Texture synthesis techniques are used to generate structures with non-uniform orientations from

the sample material. Our implementation is inspired by results in [177, 73] with the difference that

our sample material may have non-uniform orientations predicted by the method proposed in the

previous section. To address this issue, we first rotate its neighborhoods to align their principal

axes with the lattice grid of the image. During the synthesis, we may rotate every neighborhood in

the sample material to align with the target orientation field; or equivalently, we may rotate the

neighborhood window of the synthesized structure and leave the input material sample intact. The

latter approach is adopted in our implementation given its computational efficiency.
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Gaussian pyramid and correction subpasses are used to make the algorithm parallel (Figure 6.5).

The Gaussian pyramid is a stack of series of images which are smoothed (blurred) by a Gaussian

kernel and then down-sampled. After finishing the sampling at the lower resolution, the result

will be up-sampled to be the template of sampling at the higher resolution. The sampling will be

determined by sites sampled at the lower resolution. The benefit of using Gaussian Pyramid is

twofold: firstly, it alleviates the computational burden without jeopardizing the actual size of the

neighborhood by using a much smaller window size for comparison at different levels of resolution.

Secondly, lower level Gaussian Pyramid can be seen as a good initial guess to guide the sampling

and therefore eliminate the dependency on sampling order. In this process, closer sites gain more

weight than sites further apart.

Since the material structures are synthesized with neighborhoods upsampled from a lower level

of the image pyramid, these neighborhoods do not accurately represent the material at the current

level of the MRF. Additional passes of sampling are required by using the neighborhoods from

the current level of resolution. However, the concurrent resampling of all sites may lead to slow

convergence or even cyclic changes because the neighbors of a site are also updating. To address

this issue, we perform multiple resampling subpasses where only one site within a neighborhood

is resampled in a single subpass.

Figure 6.6 shows the design of two-scale structures with Figure 6.4(d) as the sample input. The

top row of the Figure 6.6 shows the relative density distribution of cantilever beams designed by

SIMP - based topology optimization [78, 10] with fixtures at the left edge and downward loads at

the lower right corner. The objective of the optimization is to minimize the structure’s compliance

(total strain energy, a measure of global deformation). SIMP employs power law as the material

interpolation scheme to relate the relative density ρ and Young’s modulus of the material:

E = Emin + ρp(E0 − Emin), ρ ∈ [0, 1] (6.6)
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(a) Density distribution by SIMP with penalty factor
equals 3.

(b) Density distribution by SIMP with penalty factor
equals 1.

(c) Principal stress field of (a). (d) Principal stress field of (b).

(e) Structure sampled without rotation of neighbor-
hoods.

(f) Structure sampled without rotation of neighbor-
hoods.

(g) Sampling result with neighborhood orientations
following the direction of major principal strain of (c).

(h) Sampling result with neighborhood orientations
following the direction of major principal strain of (d).

Figure 6.6: Two-scale structures synthesis with sample material of non-uniform orientations.
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Table 6.3: Overall volume fractions and compliances of the structures in Figure 6.6 after refinement.
Young’s modulus and Poisson’s ratio, E = 1 MPa, ν = 0.3 and E = 0.02 MPa, ν = 0.3 are assigned
to the white and black phases, respectively.

Structure Volume fraction Compliance Relative difference
e 0.240 5280.3557 60.51 %g 0.231 2085.2674

f 0.438 2378.2289 39.80 %h 0.412 1431.6915

(a) 23× 23 (b) 33× 33 (c) 45× 45

Figure 6.7: Principal axes of different sizes of neighborhoods. Only directions of major principal
axes are shown for better clarity.

where E0 and Emin are Young’s moduli of the solid and void materials, respectively. Emin is

non-zero to avoid singularity of the finite element stiffness matrix. Power p penalizes intermediate

relative density and driving the structure towards a black-and-white design on the coarse scale.

The top row images on the left and right are optimization results with penalty factors p equal

3 and 1, respectively. Images on the second row represent the principal stress field inside the

cantilever beams under the same boundary conditions as the optimization. The target orientation

of the material structure is generated to follow the direction of major principal stress. Images on

the third row show the sampling of design space without any rotation of the neighborhoods. These

structures are generated to contrast with structures on the last row, which are designed material

structures whose orientations follow the directions of major principal stress. The compliance of the
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structures generated with and without the rotation of the neighborhoods is reported in Table 6.3.

Stress concentrations near the boundary conditions may cloud the significance of the results. To

remove such effects, we refine the generated structure by making the area near boundary conditions

solid. Volume fractions and compliance of the refined structure, as well as their relative difference,

are also reported in Table 6.3. The results clearly demonstrate the effectiveness of the proposed

method by decreasing the total compliances of the synthesized structures by roughly 60% and 40%,

respectively. It is also worth noting that the Figure 6.6(g) results in a smaller compliance than Figure

6.6(f) with only about the half of its volume fraction.

6.4 Discussion

We proposed a sample-based two-scale structures synthesis approach that explicitly controls the

spatial orientations of the anisotropic effective properties on the coarse scale. An automatic way to

characterize the material anisotropy is proposed by directly determining the principal axes of the fine

scale structure from its effective elasticity tensor. The expensive numerical homogenization process

for the effective elasticity tensor is replaced by a much more efficient two-point correlation function

based method with minimum impacts on accuracy. The proposed method extends naturally other

tensorial material properties, including electrical and thermal conductivity.

The current implementation infers the target orientation field from the principal stress field of a

cantilever beam designed by SIMP-based topology optimization method. This is heuristics for two

reasons. Firstly, the material is assumed isotropic during the SIMP iteration and therefore does not

provide the optimal material property distribution for the beam that will subsequently be made from

anisotropic two-scale structures. For a better integration of the two scales, the constraints imposed

by the sample materials could be included in the optimization iterations to concurrently update

both isotropic and anisotropic aspects of the coarse scale effective material properties. Secondly, the

alignment of the principal axes of material and the principal direction of the stress only guarantee
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to maximize the strain energy only when the material is orthotropic and the stress is not high shear

(see Equation 6.1). The direction to maximize the efficiency of a general anisotropic material is still

an open issue for a given arbitrary stress.

Another open issue in the present work is the size of the neighborhood for the evaluation of

material properties. Figure 6.7 shows the effects of different neighborhood size on orientations

of neighborhoods. It is evident that orientations from larger neighborhood render smoother and

more continuous variation while ones from the smaller neighborhood are more sensitive to local

variations of the material structures. In our implementation, we opt for the larger neighborhood

size to capture the general trend within the sample material structure. Albeit requiring a longer

time to evaluate, a larger neighborhood can potentially improve the computational efficiency by

interpolating the distribution of principal axes from a few sampling neighborhoods due to the

relative smoothness of the field.
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Chapter 7

Conclusions and open issues

In this thesis, we proposed and developed sample-based material structure modeling via a Markov

random field. By interpreting a material structure as a collection of neighborhoods, the proposed

method facilitates the design and manufacturing of material structures towards desired structural

and mechanical properties while preserving the microscopic geometry of the sample material

structure. We investigated the reconstruction of stationary material, design and reconstruction of

functionally graded material, and design with neighborhood orientations to not only demonstrate

the effectiveness of the proposed method but also further our own understanding. Efficient ho-

mogenization methods based on the Green’s function and FFT are also explored to facilitate the

design of material structure towards target mechanical properties. The contribution of the thesis is

summarized as follows:

In Chapter 3, we proposed the reconstruction of stationary material structures by sampling the

Markov random field of the sample material with the Wei-Levoy algorithm. We demonstrate that the

proposed method is not only compatible with the classic optimization - based reconstruction method

by preserving lower order correlation functions, but also exceeds it by preserving higher - order

correlation functions, Minkowski functionals, and mechanical properties of the sample material.

Assuming the existence of a germ-grain model of the material sample, we propose and verify a
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systematic approach to determine the optimal neighborhood size, a key parameter in the MRF

model, based on the two-point correlation function. With Gaussian pyramid, our implementation

is fully parallelable and suitable for the integration into the existing CAD system as a query-based

method.

In Chapter 4, the model proposed in Chapter 3 is generalized to facilitate the design and

reconstruction of non-stationary material structures. As MRF is inherently non-parametric, the

spatial variation of material structures on the macroscopic scale is formulated and controlled directly

by material properties. A hybrid sampling algorithm is proposed to efficiently sample the MRF

model with a well-defined design space. To circumvent the expensive solution of boundary value

problem, the spatially varying material properties are represented and controlled using the notion

of material descriptors which include common geometric, statistical, and topological measures

such as correlation functions and Minkowski functionals. The issue of compatibility between the

reference material structure and the target properties field is identified.

In Chapter 5, we explored the homogenization of material structure to better facilitate the design

of functionally graded materials. We showed an explicit relationship between the effective elasticity

tensor and the correlation functions of the material structure. A Green’s function and FFT - based

homogenization method is investigated for the efficient evaluation of the mechanical properties of

the neighborhoods. We show that the formulated integral equation can be converted into a system

of linear equations which is symmetric and positive definite with the appropriate reference material

property and therefore can be solved efficiently using the conjugate gradient method. To compare

the proposed homogenization method with physical test results, an effective geometry - material

model is proposed to evaluate the mechanical performance of additively manufactured structures.

In Chapter 6, we further expanded the design space of material structures by controlling the

orientation of neighborhoods during the sampling process. Since simply selecting neighborhoods

with desired orientations eliminates too many suitable neighborhoods, we expand the design space

to include the rotation of neighborhoods. Such expansion of the design space may be implemented
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when the properties that need to be preserved can be safely regarded as rotational invariant. With

the assumption of orthotropic symmetry, we proposed an automatic way to determine the principal

axes of a neighborhood directly from its elasticity tensor. Experiment results show the effectiveness

the proposed methods.

One apparent limitation of the proposed method is that it cannot guarantee that the specified

distribution of material properties is achieved, because this explicitly requires compatibility between

the reference material structure and the target properties field, as identified in Chapter 4. We note,

however, that the notion of (N,D)-compatibility allows fine tuning the tradeoffs between the

neighborhood and the descriptor incompatibilities. Methods for evaluating the compatibilities a

priori appear to be a useful direction for future explorations.

Remedies for large incompatibilities include modifying the target property fields, enriching or

modifying the reference material structure, or both. For example, the reference material structure

may be modified using morphological operations to increase compatibility, but such modifications

could also alter the properties of the reference material. New reference material structures could

also be designed by other methods reviewed in Chapter 2, when the target properties are beyond

the reach of the direct modification of the reference material structure.

The sensitivity of different material descriptors under morphological change is also worth

exploring. With the understanding of structure - physical property relationship, the sensitivity can

provide insightful predictions on the physical properties of material structure under perturbations.

This may facilitate the development of novel random heterogeneous material.

Currently, the generation of material structure and the design of material property distribution

are treated as separated processes. The knowledge of target material property distribution is

always assumed. However, the change of material structure does affect the optimal solution of the

macroscopic property distribution. A better integration of the two scales is desired in the future.

The link to the manufacturing parameters and constraint of the manufacturing process also plays

an important role in the design of material structure. Additive manufacturing is especially suitable
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to fabricate the complex structure designed by the proposed method. Discussions in Chapter 5

related manufacturing process to the mechanical performance of the printed structure. However,

other aspects of manufacturability, such as the connectivity of the structure, the requirement of the

support, should also be studied in the future.
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Appendix A

Green’s function for elasticity

The elastic Green’s function Gij(x, x ′) is defined as the displacement in the i - direction at x due to

a point force in the j - direction at x ′. It is the solution ui(x) of Equation (5.1) when the body force

bj is a delta function, i.e. bk(x) = δ(x− x ′)δjk The Equation (5.1) and the symmetry of strain tensor

directly gives

[Cijkluk,l],j + bi = 0, (A.1)

Consider a constant point force F acting at x ′ inΩ, the displacement field caused by F is

uk(x) = Gkp(x, x ′)Fp. (A.2)

The displacement gradient and stress field are

uk,l(x) = Gkp,l(x, x ′)Fp,

σij(x) = Cijkl(x)Gkp,l(x, x ′)Fp.
(A.3)
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If force F is acting on point x ′ ∈ Ω, then Fmust be balanced by the tractions on the boundary ∂Ω:

Fi +

∫
∂Ω

σij(x)nj(x) dS = 0,

Fi +

∫
∂Ω

Cijkl(x)Gkp,l(x, x ′)nj(x)Fp dx = 0.
(A.4)

By divergence theorem

Fi +

∫
Ω

[Cijkl(x)Gkp,l(x, x ′)],jFp dx = 0. (A.5)

Fi can be moved into the volume integral by the Dirac delta function

∫
Ω

{[Cijkl(x)Gkp,l(x, x ′)],jFp + Fiδ(x− x
′)} dx = 0. (A.6)

Factoring Fp out using Kronecker delta function

∫
Ω

{[Cijkl(x)Gkp,lj(x, x ′)],j + δipδ(x− x ′)}Fp dx = 0. (A.7)

Since this holds for any arbitraryΩ and any arbitrary constant point force F, it must holds for every

point:

[Cijkl(x)Gkp,l(x, x ′)],j + δipδ(x− x ′) = 0. (A.8)

Since Equation (A.1) is linear in b, for arbitrary b, by superposition:

uk(x) =

∫
Ω

Gkp(x, x ′)bp(x ′) dx ′. (A.9)

For an infinite and uniform material,Cijkl is constant andG(x, x ′) = G(x−x ′) = G(x) by setting

x ′ = 0. Then Equation (A.8) becomes:

CijklGkp,jl(x) + δipδ(x) = 0. (A.10)
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Let the forward and inverse Fourier transform of G(x) be

Ĝij(ξ) =

∫∞
−∞Gij(x)e−iξxdx,

Gij(x) =

∫∞
−∞ Ĝij(ξ)eiξxdξ.

(A.11)

Note that index i should not be confused with complex number i =
√
−1. With δ(x) =

∫∞
−∞ eiξxdξ,

substitute Equation (A.11) into Equation (A.10):

∫∞
−∞
[
i2ξjξlCijklĜkp(ξ) + δip

]
eiξxdξ = 0. (A.12)

For this to be true at all x, we must have:

−ξjξlCijklĜkp(ξ) + δip = 0,

Ĝki(ξ) = (Cijklξjξl)
−1.

(A.13)

The Green’s operator is the second order derivative of the Green’s function:

Γmnpq = −
1
4

[ ∂2Gmp
∂xn∂xq

+
∂2Gnp
∂xm∂xq

+
∂2Gmq
∂xn∂xp

+
∂2Gnq
∂xm∂xp

]
. (A.14)

In frequency domain:

Γ̂mnpq =
1
4

[
(Cpjmlξjξl)

−1ξnξq + (Cpjnlξjξl)
−1ξmξq+

(Cqjmlξjξl)
−1ξnξp + (Cqjnlξjξl)

−1ξmξp

]
.

(A.15)
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For isotropic material with Lame coefficients λ and µ:

Cijkl =λδijδkl + µ(δikδjl + δilδjk),

Cikjlξkξl =(λ+ µ)ξiξj + µ|ξ|
2δij,

Γ̂ijkl =
1

4µ|ξ|2 (δikξlξj + δilξkξj + δjkξlξi + δljξiξk)

−
λ+ µ

µ(λ+ 2µ)
ξiξjξkξl

|ξ|4
.

(A.16)
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Appendix B

Three notations for the constitutive

equation

B.1 Tensor notation

The constitutive relation for linear elasticity is described by the fourth-rank tensor Cijkl, defined

according to

σij = Cijklεkl (B.1)

Independent of material symmetry, there are three important symmetry restrictions on the elasticity

tensor Cijkl:

Cijkl = Cjikl, Cijkl = Cijlk, Cijkl = Cklij (B.2)

The first two are minor symmetries and follow from the symmetries of stress and strain tensor, the

last one is major symmetry and is the result of the thermodynamic requirement that no work be

produced by the elastic material in a closed loading cycle [99]. The following equation is used to
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transform between coordinate systems:

C ′mnop = RmiRnjRokRplCijkl, (B.3)

where R factors are direction cosines.

The tensor notation is good for mathematical deduction, but it is less straightforward for

computation on some simple tasks, such as eigenvalue and inversion. For this reason, matrix

notations is often adopted for these tasks.

B.2 Voigt notation

Given the symmetry of the fourth - rank tensor, it is easy to see that Equation B.1 can be written in ma-

trix notation with the mappingσV = {σ11,σ22,σ33,σ23,σ13,σ12} and εV = {ε11, ε22, ε33, 2ε23, 2ε13, 2ε12} =

{ε11, ε22, ε33,γ23,γ13,γ12}:



σ11

σ22

σ33

σ23

σ13

σ12


=



C1111 C1122 C1133 C1123 C1113 C1112

C2211 C2222 C2233 C2223 C2213 C2212

C3311 C3322 C3333 C3323 C3313 C3312

C2311 C2322 C2333 C2323 C2313 C2312

C1311 C1322 C1333 C1323 C1313 C1312

C1211 C1222 C1233 C1223 C1213 C1212





ε11

ε22

ε33

γ23

γ13

γ12


(B.4)

where γ23 = 2ε23, γ13 = 2ε13 and γ12 = 2ε12 are engineering shear strains. The factor of 2 is used to

preserve the elastic energy.

There are several difficulties associated with Voigt notation. Firstly, different baseis are used for

σ and ε and therefore different transformation matrix is used for strain and stress during coordinate

system transformation. Secondly, these transformation matrices are not orthonormal and thus

characteristics such as norm and eigenvalues of σ, ε and C are no longer rotation invariant and not
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preserved.

B.3 Mandel notation

Mandel notation, also known as the Kelvin notation, is different from the Voigt notation in the

mapping of strain and stress. The same mapping is used for both stress and strain:

σM = {σ11,σ22,σ33,
√

2σ23,
√

2σ13,
√

2σ12} (B.5)

and

εM = {ε11, ε22, ε33,
√

2ε23,
√

2ε13,
√

2ε12} (B.6)

The constitutive equation under Mandel notation is defined as follows:



σ11

σ22

σ33
√

2σ23
√

2σ13
√

2σ12


=



C1111 C1122 C1133
√

2C1123
√

2C1113
√

2C1112

C2211 C2222 C2233
√

2C2223
√

2C2213
√

2C2212

C3311 C3322 C3333
√

2C3323
√

2C3313
√

2C3312
√

2C2311
√

2C2322
√

2C2333 2C2323 2C2313 2C2312
√

2C1311
√

2C1322
√

2C1333 2C1323 2C1313 2C1312
√

2C1211
√

2C1222
√

2C1233 2C1223 2C1213 2C1212





ε11

ε22

ε33
√

2ε23
√

2ε13
√

2ε12


(B.7)

Same as the Voigt notation, the Mandel notation preserves the elastic energy. In addition, the Mandel

notation has many advantages over the Voigt notation. Most importantly, the strain and stress vector

are under the same basis and therefore using the same transformation matrix during coordinate

system transformation. Such transformation matrix is orthonormal and therefore characteristics

such as norm and eigenvalues of σ, ε and C are rotation invariant and preserved. The tensorial

equivalents between 4-th rank tensor notation and the Mandel notation is shown in [99]. We use

Mandel notation based on its invariant property.
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The transformation matrix for Mendal notation can be constructed from the transformation of

strain in tensor notation:

ε ′ = RεRT =


R11 R12 R13

R21 R22 R23

R31 R32 R33



ε11 ε12 ε13

ε21 ε22 ε23

ε31 ε32 ε33



R11 R21 R31

R12 R22 R32

R13 R23 R33

 (B.8)

In Mandel notation, εM ′
= RMεM, where

RM =



R2
11 R2

12 R2
13

√
2R12R13

√
2R11R13

√
2R11R12

R2
21 R2

22 R2
23

√
2R22R23

√
2R21R23

√
2R22R21

R2
31 R2

32 R2
33

√
2R33R32

√
2R33R31

√
2R31R32

√
2R21R31

√
2R22R32

√
2R23R33 R22R32 + R23R32 R21R33 + R31R23 R21R32 + R31R22

√
2R11R31

√
2R12R32

√
2R13R23 R12R23 + R32R13 R11R33 + R13R31 R11R32 + R31R12

√
2R11R21

√
2R12R22

√
2R13R23 R12R23 + R22R13 R11R23 + R21R13 R11R22 + R21R12


(B.9)

For example,

R =


1 0 0

0 c −s

0 s c

 (B.10)

is the rotation around the x axis, where c = cos(θ) and s = sin(θ). The associated rotation in the

Mendal notation is:

RM =



1 0 0 0 0 0

0 c2 s2 −
√

2sc 0 0

0 s2 c2 √
2sc 0 0

0
√

2sc −
√

2sc c2 − s2 0 0

0 0 0 0 c s

0 0 0 0 −s c


(B.11)
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Rotations around other axes can be easily derived.
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Appendix C

Effective elasticity tensor by correlation

functions

In this section, we derive relationship between correlation functions and effective elasticity tensor

from Neumann series expansion of the Lippmann - Schwinger equation. We first eliminate strain ε

from Equation 6.3. Rearrange ε and ε0 and multiple C on the both sides of the Equation 6.3:

ε = [I+ ΓδC]−1ε0 (C.1)

σ = (C0 + δC)[I+ ΓδC]−1ε0 (C.2)

Take the average on both side of Equation (C.1) and Equation (C.2)

ε = 〈[I+ ΓδC]−1〉ε0 (C.3)

σ = 〈(C0 + δC)[I+ ΓδC]−1〉ε0 (C.4)
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Combine Equation (C.3) and Equation (C.4) to eliminate ε0

σ = 〈(C0 + δC)[I+ ΓδC]−1〉〈[I+ ΓδC]−1〉−1ε

By the definition of effective elastic tensor

Ceff = 〈(C0 + δC)[I+ ΓδC]−1〉〈[I+ ΓδC]−1〉−1

= C0 + 〈δC[I+ ΓδC]−1〉〈[I+ ΓδC]−1〉−1
(C.5)

If two bodies of the same domain are subject to the same displacement boundary condition, they

share the same mean strain, i.e. ε0 = ε. Equation (C.1) becomes

ε = 〈[I+ ΓδC]−1〉ε (C.6)

Multiply Equation (C.6) on both side of Equation (C.5)

σ = Ceffε = C0ε+ 〈δC[I+ ΓδC]−1〉ε

Ceff = C0 + 〈δC[I+ ΓδC]−1〉
(C.7)

Use Neumann series (generalized geometric series) to expand the right side of Equation (C.7)

Ceff = C0 + 〈δC〉− 〈δCΓδC〉+ 〈δCΓδCΓδC〉− · · ·

= C0 + 〈δC(x)〉− 〈δC(x)
∫
Ω

Γ(x, x ′)δC(x ′) dx ′〉

+ 〈δC(x)
∫
Ω

Γ(x, x ′)δC(x ′) dx ′
∫
Ω

Γ(x, x ′′)δC(x ′′) dx ′′〉 · · ·
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where C0 is the constant reference material property and δC(x) = C(x) −C0. Combine the integrals

and move δC(x) inside:

Ceff = C0 + 〈δC(x)〉− 〈
∫
Ω

δC(x)Γ(x, x ′)δC(x ′) dx ′〉+

〈
∫
Ω

∫
Ω

δC(x)Γ(x, x ′)δC(x ′) Γ(x, x ′′)δC(x ′′) dx ′′dx ′〉− · · ·
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