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Abstract

The dynamics and relaxation of magnetic flux ropes produced during non-inductive

startup of the Pegasus Toroidal Experiment are simulated with nonlinear magnetohy-

drodynamic and two-fluid plasma models. A current filament is produced by a single

injector and directed along multiple passes by toroidal and vertical vacuummagnetic field

components. Adjacent passes of the current filament merge and reconnect, releasing an

axisymmetric current ring from the driven channel. Squashing degree analysis indicates

the presence of a quasi-separatrix layer (QSL) during ring formation, but the QSL does

not solely correspond to magnetic reconnection. Chaotic scattering is also apparent from

the distribution of magnetic field-line lengths. The merging of adjacent passes constitutes

coherent dynamo action that affects the toroidally-averaged magnetic-field distribution.

The MHD dynamo–primarily from the vertical displacement of the current channel–

concentrates symmetric poloidal flux and transfers significant energy to the forming

flux-rope ring. Accumulation of poloidal flux over many reconnection events contributes

to the development of a poloidal magnetic field null near the central column that redirects

the driven current filament, such that its path traces a toroidal surface. After cessation

of the simulated current drive, temperature and current profiles broaden and closed flux

surfaces form rapidly and encompass a large plasma volume. High toroidal-mode number

harmonics of the magnetic energy decay preferentially, leaving a tokamak-like plasma
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suitable for transition to other forms of current drive. Computations with the two-

fluid terms in Ohm’s Law produce qualitatively similar plasma evolution to the MHD

computations. However, for the computations with the two-fluid plasma model, the

ion fluid significantly decouples from the electron fluid, weakening the dynamics during

magnetic reconnection. This effect is quantified by comparing global and local plasma

parameters in both sets of calculations. Synthetic Mirnov coils at the locations used

in the experiment observe magnetic fluctuation amplitudes of order 5 % and significant

activity in the 10-20 kHz range in agreement with experimental measurements. Based

on the cross-power spectrograms, the two-fluid calculation more accurately reproduces

the frequency response of the experimental dynamics.
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Chapter 1

Introduction and Motivation

In this chapter, several methods of active and passive non-inductive current drive for

spherical tokamak startup are discussed. Through this review, reasons why most forms

of non-inductive drive are not suitable for spherical tokamak startup are noted to

motivate study of one DC helicity injection scheme, which has potential. Then, the

Pegasus Toroidal Experiment device and its operation are outlined, including a detailed

description of the startup method using localized DC helicity injection from plasma guns.

Some experimental results are presented. Finally, a detailed motivation for numerical

simulation is given along with an overview of the relaxation phenomenology during

localized DC helicity injection in the Pegasus computations.

1.1 Non-Inductive Current Drive

Most magnetic confinement devices require current drive to maintain a plasma current

that produces the poloidal magnetic fields necessary for stable confinement. One notable

exception is the stellarator. The most basic form of current drive is ohmic induction,

where a time-varying magnetic field produces an electric field which drives plasma

current via Faraday’s Law of Induction, given in integral form in Equation 1.1. Ohmic
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induction is limited not only in terms of the amount of current that can be driven, but

also in the amount of heating that can be provided as a result of the inverse temperature

dependency of plasma resistivity, Equation 1.2. [1] Small aspect ratio tokamaks have

particularly limited capacity for ohmic induction due to the size restrictions on the

central solenoid.

∮
∂S

E · dl = − ∂

∂t

∫
S

B · dS (1.1)

η‖ = 0.51
me

nee2τe
∝ T−3/2e (1.2)

1.1.1 Passive Current Drive

Ideally, most, if not all, of the plasma current would be provided by passive current

drive methods that utilize some physical mechanism to generate plasma current without

requiring significant energy input to be effective. One of the most well-known means of

passive current drive is the bootstrap current, which is considered essential for steady-

state tokamak reactor operation.

Bootstrap Current

The bootstrap current is a neoclassical (i.e. toroidal geometry) effect and arises due to

anisotropy in the electron pressure tensor. [2] The anisotropy results from differences in

the diffusion of trapped and passing electrons in weakly collisional regimes (banana or

plateau). The bootstrap current arises from the balance of momentum transfer between

trapped and passing electrons with the momentum transfer between passing electrons

and ions.

Particle trapping occurs as a result of the spatial variation of the magnetic field.
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Particles with low v‖ become trapped in local magnetic wells, which are located on the

outboard side of a tokamak. [3, Chap. 3] The projection of these trapped particle orbits

on the poloidal plane has a characteristic banana shape, hence the moniker “banana

orbits.” The toroidal procession of the trapped particle orbits is small relative to the

bounce motion.

The collisionality regime is given by the normalized bounce frequency ν∗ (Equa-

tion 1.3) of a trapped particle, where ε = r/R is the inverse aspect ratio, q is the safety

factor, R is the major radius, vth is the thermal speed, and τ90 is the 90◦ deflection time

(i.e. the time for effective 90◦ scattering) for a given flux surface.

ν∗ =
qR

vthτ90ε3/2
(1.3)

The three main neoclassical collisionality regimes are the banana (collisionless, ν∗ �

1), plateau (transitional, 1 ≤ ν∗ ≤ 1/ε3/2), and Pfirsch-Schlüter (collisional, ν∗ � 1)

regimes. The full expression for the trapping fraction ft is given by Equation 1.4, where

λ = 1/B. In the large aspect ratio limit, ft ' 1.46
√
ε.

ft = 1− 3

4
〈B2〉

∫ 1
Bmax

0

λ dλ

〈
√

1− λB〉
(1.4)

The three main models for the bootstrap current are (1) the multi-ion-species

collisional regime “Hirshman-Sigmar” model; (2) the single ion-species, collisionless

regime “Hirshman” model; and (3) the single ion-species, collisional regime “Harris”

model. In general, the Hirshman-Sigmar model is considered the most accurate method

for thermal species. Unlike the collisionless Hirschman model, the collisional models

never predict plasma current near the edge. Specific details of the three models are

given in Reference [2].
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The total toroidal bootstrap current is given by Equation 1.5, where the details of

〈J ·B〉bs are determined by the selected model. In the large aspect ratio and low pressure

limit in the collisionless regime, the parallel bootstrap current density reduces to the

form in Equation 1.6. Temperature gradient effects can cause the bootstrap current to

become larger locally in the plateau collisionality regime than in the banana collisionality

regime. The ratio of bootstrap current to plasma current can be expressed in the form

given by Equation 1.7, where Cbs is a function of density, temperature, current profile,

ion charge, collisionality, trapped particle fraction, and aspect ratio. The poloidal beta,

βp, is the ratio of the volume-averaged plasma pressure, 〈p〉, to the poloidal magnetic

field pressure at the last closed flux surface, B2
p (a) /2µ0.

Ibsφ = 2π

∫
dψ

q(ψ)

〈B2〉
〈J ·B〉bs (1.5)

J bs‖ ' −
√
εR

(
2.4T

dn

dψ
+ 0.1n

dT

dψ

)
(1.6)

Ibs
Ip

= Cbs
√
εβp (1.7)

The bootstrap current is always hollow, meaning that in the absence of an on-axis

current source, the safety factor profile will have an off-axis minimum. Temperature

in experiments typically decreases from the plasma center outward, meaning that the

bootstrap current typically appears at the plasma edge first and develops inward. At

equilibrium, broad pressure profiles cause the bootstrap current to peak near the plasma

edge, while peaked pressure profiles cause the bootstrap current to peak closer toz the

magnetic axis.

A large bootstrap current fraction is desirable, but imposes additional constraints

on plasma configurations. [2] The pressure profile must be properly aligned such that
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the resulting bootstrap current profile is locally less than the equilibrium current profile,

i.e. 〈J · B〉bs ≤ 〈J · B〉eq. Additionally, βp must be constrained, such that Ibs ≤ Ip,

which can be more restrictive in limiting β than MHD stability. The bootstrap current

can negatively impact plasma stability if large edge currents are produced, which are

destabilizing to external kink modes.

Other Passive Methods

Other theoretical means of passive non-inductive current drive include asymmetric

reflection of radiated electromagnetic energy from the plasma, synchrotron radiation

in particular, and the thermoelectric effect. The asymmetric reflection method requires

the vacuum vessel walls to preferentially reflect radiation in an asymmetric manner,

such that the reflected radiation will sustain a current. [4] Though a completely passive

current drive method, extremely high electron temperatures are required to generate

significant plasma current. To sustain the plasma current in a tokamak reactor, electron

temperatures Te ' 50 keV are required, which are significantly higher than temperatures

expected for a D-T reactor.

(a) Asymmetric Reflection (b) Thermoelectric Effect

Figure 1.1: Other passive methods of current drive [4]
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In the thermoelectric method, frozen fuel pellets are injected into the plasma while

the plasma is being heated on one side (with reference to magnetic field-lines). [4] The

energetic electrons produced from heating stream in both directions along magnetic field

lines, until impacting the fuel pellet, resulting in a net current from the electron deficit

in the heated region and electron surplus in the pellet region. In principle, the pellets

are injected in a phased manner to create a preferential current direction, in analogue

to phased traffic lights on a single street favoring cars heading one direction versus the

opposite. However, this method is not practical for high temperature plasmas as the

fuel pellets will rapidly vaporize, requiring an exceedingly large amount of fuel to be

injected into the plasma to generate plasma current. Such a large fuel input will result

in a dramatic drop in plasma temperature.

1.1.2 Active Current Drive

To supplement passive current drive methods, a variety of active non-inductive current

drive methods may be employed. The three most common forms of active current drive

are neutral beam injection, radio frequency induction, and helicity injection.

Neutral Beam Injection

For current drive through neutral beam injection (NBI), beams of fast neutral atoms

are injected into a plasma, as shown in Figure 1.2. The neutrals colliding with the

plasma ionize and form an ion beam that toroidally circles the device. [4] To produce

net toroidal current, disparate charge states are required between the plasma and beam

ions. Otherwise, the frictional force will cause the electrons to rotate with the ions,

canceling the ion current. The net current Inet from neutral beam injection is given by

Equation 1.8, where If is the total ion current, Zf is the beam ion charge, Zeff is the
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effective plasma charge, ve is the electron thermal speed, vb is the beam velocity, and ε

is the inverse aspect ratio of the torus. [5] Values of f , the ratio of the net current to the

fast ion current, and A, a dimensionless coefficient defined in terms of the ratio of the

trapped electron current to the current for no trapping, are computed in Reference [6].

The second and third terms on the right-hand side of Equation 1.8 correspond to the

back electron current and electron trapping effects, respectively. In addition to current

drive, beams also impart significant momentum into the plasma. For asymmetric beam

injection, the imparted momentum gives rise to a radial electric field and causes the

plasma to rotate toroidally.

Inet = If

{
1− Zf

Zeff

[
f

(
ve
vb

)
− A(Zeff )ε

1/2

]}
(1.8)

An optimum beam energy will result in the deposition of as much power (and

therefore current) as possible in the center of the plasma. Too much power will result

in most of the neutral atoms passing through the plasma without ionizing. Too little

power will result in most of the ionization and current drive at the plasma edge. Beams of

energetic neutrals are typically produced by charge-exchange collisions between a beam

of energetic ions (from an accelerator) and a neutral gas. The fraction of neutral atoms

in the beam is determined by a balance between the charge-exchange and re-ionization

interactions. As the beam particles will not efficiently collide with the plasma unless the

plasma possesses sufficient density, i.e. an established plasma, neutral beam injection is

not suitable for startup.

Radio Frequency Induction

All forms of radio-frequency (RF) induction couple wave energy to a specific resonance

in the plasma, e.g. the ion cyclotron resonance, so that the wave energy is absorbed
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Figure 1.2: Neutral Beam Injection [3]

efficiently by either the ions or electrons. [3, Chaps. 3 & 5] As each resonance has

dependency upon the magnetic field strength and/or plasma parameters, such as density

and temperature, the energy deposition can be targeted toward specific locations within

the plasma. Depending on the nature of the wave-particle interactions, the energy

deposition leads to varying degrees of current drive and plasma heating, and though the

current drive and heating are inseparable phenomena, the focus of this section will be

on current drive.

As numerous normal modes exist within a plasma, particularly plasmas operating

at reactor conditions, RF induction encompasses an expansive class of phenomena. In

practice, the implementation of RF induction methods can vary significantly from class

to class, with each method possessing its own advantages and disadvantages. The three

most common types of RF current drive in tokamaks are ion cyclotron, lower hybrid,

and electron cyclotron RF induction.

In ion cyclotron current drive (ICCD), fast magnetosonic waves are launched from

the plasma edge. [7] Shear Alfvén waves are resonant at the ion cyclotron frequency, but

are not suitable for current drive, as they cannot propagate when the wave frequency

exceeds the local ion cyclotron frequency, ωci = ZieB/mi. Shear Alfvèn waves can
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be launched from the high magnetic-field side of the device, but will not penetrate

the plasma edge, as they will mode convert into electrostatic waves. Therefore, the

fast magnetosonic wave (also called the compressional Alfvén wave) must be used for

effective ion cyclotron current drive. Damping of the wave at the fundamental resonance

is weak as the electric field of the wave has opposite polarization relative to the wave

gyromotion. However, damping at the second or higher harmonics is possible in a single

species plasma with finite parallel wavenumber k‖ or finite ion temperature Ti. Effects

from the presence of a second ion species also allows wave damping.

For a minority ion concentration η . 0.10% where η = nmin/nmaj, the fast

magnetosonic wave has weak damping at the minority fundamental resonance. [3,

Chap. 5] When the minority concentration exceeds some critical value, a hybrid

resonance occurs in the plasma. For a heavier minority species, a fast wave launched

from the low field side will strongly reflect at the hybrid cutoff present on the low

field side of the hybrid resonance. If the separation between the cutoff and resonance

is small, the wave can tunnel through the evanescent region and mode convert into an

electrostatic ion Bernstein wave (IBW) with a maximum conversion efficiency of 25%. [8]

For a lighter minority species, the minority resonance is still accessible from the low field

side. A fast wave launched from the high magnetic-field side will mode convert at the

hybrid resonance frequency into an ion Bernstein wave. Ion Bernstein waves damp on

electrons due to transit-time magnetic pumping (for sufficiently high βe) and/or electron

Landau damping. For high β plasmas, the damping remains very close to the hybrid

layer.

As ion cyclotron waves possess large free-space wavelengths, an inductive loop

antenna is often required for wave excitation, as opposed to rectangular waveguides. [7]

The fast wave can only propagate at ω < ωpe, meaning that the fast wave is evanescent
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in the plasma edge. Therefore, for efficient coupling, the antenna must be placed within

a few centimeters of the cut-off electron density ne.

For the lower hybrid current drive (LHCD) method, slow electromagnetic waves in the

regime ωci � ω � ωce are launched from the plasma edge. [7] After tunneling through

an evanescent layer at the plasma edge, the waves will propagate until encountering a

lower hybrid resonance, ω−2LH = (ωciωce)
−1 + ω−2pi . At the lower hybrid resonance, the

wave energy is imparted to electrons through electron Landau damping.

The ability of a slow wave to reach the lower hybrid resonance is subject to the Stix-

Gallant accessibility condition, given by Equation 1.9. If the parallel index of refraction

n‖ drops below the critical value by even a few tenths of a percent, the slow wave will

undergo total mode conversion into a fast wave. As the slow wave is a backward wave,

i.e. the group and phase velocities have opposite signs, and the fast wave is a forward

wave, mode conversion causes wave energy to reflect back out of the plasma. As the fast

wave does not possess a resonance, it is not an effective means of current drive.

n2
‖ > 1 + 2

ω2
pe

ω2
ce

− 2
ω2
pi

ω2
+ 2

ωpe
ωce

(
1 +

ω2
pe

ω2
ce

−
ω2
pi

ω2

)1/2

(1.9)

Slow electromagnetic waves may be generated by a rectangular waveguide operating

in an appropriate transverse electric field (TE) mode, often the fundamental mode. [3,

Chap. 5] Like fast magnetosonic waves, slow electromagnetic waves are evanescent at

the plasma edge, as slow waves also can only propagate at ω < ωpe. As for ion cyclotron

current drive, the antenna must be placed close to the plasma edge for efficient coupling.

Electron cyclotron current drive (ECCD) can be achieved through either the ordinary

(O) or extraordinary (X) plasma modes. Without hot particle effects, the O-mode does

not possess a resonance and the X-mode only possesses a resonance at the upper hybrid

frequency, ω2
UH = ω2

pe+ω2
ce. With the inclusion of hot particle and finite electron Larmor
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radius effects, resonances for both the O-mode and X-mode appear at ω ≈ lωce, with

the cutoff conditions of ω2
pe/ω

2
ce = l2 for the O-mode and ω2

pe/ω
2
ce = l(l ± 1)(1 − n2

‖) for

the X-mode. [3, Chap. 5]

Fundamental X-modes are not able to effectively produce current drive, as a

fundamental X-mode launched from the low field side will encounter a low density

cutoff and reflect. Though the wave may be able to tunnel and reach the upper

hybrid resonance, wave transmission (for large tokamaks in particular) is often negligible.

Fundamental X-modes launched from the high field side are able to reach the

fundamental electron cyclotron and upper hybrid resonances. However, the placement of

an antenna array on the inboard side of a tokamak (i.e. the high-field side) is problematic,

especially for spherical tokamaks. Additionally, fundamental X-modes have the incorrect

polarization to damp on electrons, though some damping occurs through finite parallel

wavenumber k‖ and ion temperature Ti effects. [7]

A second harmonic X-mode launched from the low field side is able to reach the

second harmonic resonance, but not the upper hybrid resonance. Provided the density

exceeds cutoff values, the fundamental O-mode is able to penetrate freely. Both the

fundamental O-mode and second harmonic X-mode are strongly damped in the electron

cyclotron region from relativistic variation of electron mass with speed, even for electrons

with temperatures as low as 1 keV. [3, Chap. 5] Higher electron temperatures produce

stronger wave absorption. The relativistic effects prevent reflection of incident waves

launched from the low field side.

For devices with over-dense plasmas (ω2
pe � ω2

ce), e.g. spherical tokamaks, the

fundamental O-mode and second harmonic X-mode are not able to penetrate to the

center of the discharge. Higher harmonics are still accessible to the center, but are only

weakly damped. Therefore, devices with ω2
pe � ω2

ce must often rely on conversion into
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electrostatic electron Bernstein waves (EBWs) to provide effective current drive.

Electron Bernstein waves do not have density limits and all harmonics are strongly

damped. Two distinct schemes are available for current drive through electron Bernstein

waves: O-X-EBW and X-EBW. In the O-X-EWB scheme, a launched O-mode undergoes

mode conversion into an X-mode when the parallel wave index n‖ has the critical value nc,

where n2
c = ωce/(ω+ωce). The X-mode then propagates into a lower density region, and

upon encountering the upper hybrid resonance, mode converts into an electron Bernstein

wave. The electron Bernstein wave undergoes total absorption at the first encountered

electron cyclotron resonance. Near total mode conversion from O-mode to slow X-mode

is possible when the O-mode and low density X-mode cutoffs are degenerate within

the plasma core, where weaker plasma density gradients cause the degenerate cutoffs

to be close to the high density X-mode cutoff. However, near the plasma edge, where

density gradients are larger, the separation between the degenerate cutoffs (O-mode and

low density X-mode) and high density X-mode cutoff increases rapidly, reducing mode

conversion efficiency.

The X-EBW scheme requires two ion species and sufficiently steep edge density

gradients, such that the X-mode low density cutoff, upper hybrid resonance, and X-

mode high density cutoff form a triplet of critical points. [9] Upon encountering the

triplet, an X-mode undergoes total mode conversion into an electron Bernstein wave

and is totally absorbed at the first encountered electron cyclotron resonance.

For electron cyclotron current drive, a waveguide operating in the hybrid electric

(HE) mode is frequently used to launch waves into the plasma. [3, Chap. 5] The hybrid

electric mode, which only exists in a corrugated waveguide, is almost ideally suited for

coupling to the plasma. The mode has an exact linear polarization; and the plane of

polarization can be set to that of either the O-mode or X-mode. Unlike the waves
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used for ion cyclotron or low hybrid current drive, the waves used for electron cyclotron

current drive are not evanescent between the antenna and plasma. Therefore, ECCD is

suitable for pre-ionization and startup. [3, 10]

To summarize, the drawbacks possessed by the ICCD and LHCD prevent either from

being an effective current drive scheme on the Pegasus Toroidal Experiment. The waves

used for both ICCD and LHCD are evanescent at the plasma edge, meaning that neither

method is effective for startup. For an established plasma, the antenna must be placed

within a few centimeters of the cutoff electron density for efficient coupling. Passing

through even a small evanescent region results in significant loss of transmitted power.

Also, positioning the antenna in close proximity to the plasma edge will expose it to

higher thermal, radiative, and mechanical stresses, significantly reducing its operational

lifetime and potentially hindering overall device operation as contact between with

energetic particles in a plasma results in antenna material sputtering into the vacuum

vessel. The waves used for ECCD are not evanescent near the plasma edge, so ECCD is

a suitable method for pre-ionization and startup.

Helicity Injection

Helicity injection is the application of a voltage across electrodes that are linked by

magnetic flux. The resulting current flows along the magnetic field lines connecting the

anode and cathode. Schemes that use helicity injection for sustainment of a plasma

rely on the tendency of plasmas to relax into configurations with less overall transport

than the direct parallel losses present in the original open field-line configuration. One

of the most well-known theories of plasma relaxation is Taylor relaxation, in which the

total magnetic energy is minimized given the constraint of the total magnetic helicity

(Equation 1.10) being conserved.
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K =

∫
V

A ·B dx (1.10)

Evaluating the temporal derivative of helicity provides an evolution equation with

physically identifiable contributions. As the injected helicity from the third term of

Equation 1.11 can be expressed as 2VloopΦT , where Vloop is the toroidal loop voltage

and ΦT is the toroidal magnetic flux, ohmic induction can be viewed as a method of

AC helicity injection. Other methods of AC helicity injection have been proposed that

include both an oscillatory toroidal loop voltage and an oscillatory toroidal magnetic

flux that are phased such that the time averaged product is non-zero. [11] The Steady

Induction Helicity Injection Torus (HIT-SI) experiment at the University of Washington–

shown in Figure 1.3–is a spheromak formed and sustained using non-axisymmetric AC

helicity injection. [12] [13]

Figure 1.3: The HIT-SI experiment. [13] The left figure shows the electrical connections
to the machine. The green wires drive the primary of the injector loop voltage Vinj
driving the plasma secondary current Iinj. The brown wires supply the injector flux
ψinj. The right figure shows a cutaway of the vacuum vessel.

∂K

∂t
+

∮
∂V

dS · (φelB + E×A) = −2η

∫
V

J ·B dx (1.11)
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For the DC Helicity Injection method, a voltage bias is applied across open magnetic

field-lines, which effectively drives plasma current along those field lines. DC helicity

injection schemes are generally classified by the localization of the electrodes: the most

common being toroidally symmetric electrodes. One example of a DC helicity injection

scheme with toroidally symmetric electrodes is coaxial helicity injection (CHI) on the

National Spherical Tokamak eXperiment (NSTX). CHI operates by driving current

across vacuum magnetic fields that connect the inner and outer divertor plates through

the application of a voltage bias, as shown in Figure 1.4. [14] The upper and lower gaps

serve respectively as absorber and injector. The direction of the E × B plasma drift

is away from the injector and toward the absorber. As the Lorentz force exceeds the

restraining force from the injector field lines, the injected field is pulled into the vessel.

With transient CHI, axisymmetric flux expands into the vessel, and when the applied

current drive is reduced, reconnects near the injector region, producing a closed flux

region inside the vessel. This approach has also been explored on the Helicity Injected

Torus (HIT [15] and HIT-II [16]) and the Helicity Injected Spherical Torus (HIST [17]).

An alternative method of helicity injection is being investigated on the Pega-

sus Toroidal Experiment, where plasma guns serve as localized electrodes. Non-

axisymmetric DC helicity injection has been previously explored on the Current

Drive Experiment (CDX) and the Continuous Current Tokamak (CCT) using emissive

lanthanum hexaboride (LaB6) electrodes as the cathode, shown in Figure 1.5. [18] CDX

achieved plasmas currents Ip = 100 − 300 A with injected current Iinj = 50 − 200 A

solely from helicity injection as CDX lacked an ohmic transformer. Without utilizing

its ohmic transformer, CCT achieved plasma currents Ip = 100 − 6000 A with injected

current Iinj = 20− 400 A.

The radial profiles of the poloidal magnetic field in CDX discharges–antisymmetric
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Figure 1.4: A cross-section of the CHI system on NSTX [14] A bias voltage drives
current along the magnetic field lines connecting the inner and outer electrodes in the
lower divertor region. When the Jpol ×Btor force from the injected current exceeds the
restraining force from the injector field lines, the injected field is pulled into the vessel.

in proximity to a field null–are consistent with tokamak equilibria. [19] As the cathode

provides edge current drive, centrally peaked current profiles in the relaxed plasma

suggest a strong current transport mechanism. [18] Centrally peaked radial electron

temperature profiles (Te,0 ' 25eV) in CDX discharges indicate good thermal confinement

properties in the relaxed plasma state.

The Pegasus experiment and its implementation of non-axisymmetric DC helicity

injection current drive are described in greater detail in the next section. Plasma

relaxation and magnetic helicity are discussed in greater detail in Chapter 4.
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Figure 1.5: The CDX and CCT Experiments. [18] For both experiments, the cathodes
are at a single toroidal location and emit in only one toroidal direction.
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1.2 The Pegasus Toroidal Experiment

The Pegasus Toroidal Experiment is a spherical tokamak at the University of Wisconsin–

Madison. The vacuum vessel (approximately 1.5m-diameter by 1.5m-height) is

constructed of 0.64 cm-thickness stainless steel with no toroidal or poloidal electric

breaks, and has twelve 46 cm-diameter ports encircling the midplane and six 20 cm

diagnostic ports each on the top and bottom. [20] Neutral gas fueling is provided at

an outboard midplane (Z = −5.5 cm) port and/or an inboard injector near the central

column (Z = −30 cm). [21] Piezoelectric valves control the gas flow rate. Only outboard

fueling was available for the experimental discharges discussed in this paper. Parameters

typical of many Pegasus discharges are listed in Table 1.1.

The vacuum vessel is surrounded by 8 poloidal field (PF) coils, 12 ohmic trim coils,

and 2 divertor coils, shown in Figure 1.6. [20] The ohmic trim coils are connected

in series with the ohmic solenoid to exclude penetration of the fringe magnetic field

from the solenoid into the plasma. The central solenoid of Pegasus was constructed by

the National High Magnetic Field Laboratory. [23] The 10 cm-diameter center column

consists of a central water cooling channel surrounded by twelve toroidal field (TF)

conductors and the ohmic solenoid (OH). The twelve-turn, low-inductance (0.35mH)

toroidal field coil set is designed to carry up to 365 kA. The ohmic solenoid has

a maximum current of 85 kA (magnetic field of 20T) corresponding to a maximum

inductive drive of approximately 154mV · s. The poloidal field coils are grouped into

three independently driven sets: PF1-3, PF4-5, and PF6-8, shown in Figure 1.7. The

poloidal field, toroidal field, and ohmic solenoid coil currents are programmed prior

to a discharge, with pulse-width-modulated controllers and H-bridge power supplies

providing real-time current feedback control. [20]
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Figure 1.6: A cutaway view of the Pegasus Toroidal Experiment.

Figure 1.7: A cross-sectional view of the Pegasus Toroidal Experiment.
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Table 1.1: Typical Pegasus discharge parameters

Parameter Units Achieved Goal

Ar - 1.15-1.3 1.12-1.3

R m 0.2-0.45 0.2-0.45

Ip MA ≤ 0.23 ≤ 0.30

IN MA/T-m 6-14 6-20

RBφ T-m ≤ 0.06 ≤ 0.10

κ - 1.4-3.7 1.4-3.7

τshot s ≤ 0.025 ≤ 0.05

βt % ≤ 25 > 40

Achievements and goals current as of November 2013. [22]

Pegasus has multiple diagnostics for measuring the magnetic field and flux within

the vacuum vessel. [24] Poloidally encircling the vacuum vessel are two Rogowski coils

for measuring the total plasma current and two diamagnetic flux loops. Toroidally

encircling the vacuum vessel are 26 internal and 6 external flux loops. Local magnetic

field measurements are taken by 56 Mirnov coils. Some of the magnetic diagnostics are

attached to the center column, but shielded from the plasma by a stainless steel shell.

The magnetic measurements and the Grad-Shafranov solver KFIT have been used to

produce reconstructions of plasma equilibria in Pegasus. [25]

Properties of the plasmas in Pegasus are characterized with additional diagnostics.
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Line-integrated electron density and temperature are measured using a millimeter-wave

heterodyne interferometer and soft x-ray pulse height analysis. The relative impurity

content of the plasma relative to other discharges is measured using a vacuum ultraviolet

spectrometer. Two Dα filterscopes qualitatively measure the deuterium fueling rate.

Finally, a fast-frame (5140 fps) camera diagnostic is used to visualize the shape and

location of a discharge plasma within the vacuum vessel.

1.2.1 Localized DC Helicity Injection

The small cross-section of the central solenoid limits the available inductive “ohmic” drive

of toroidal plasma current. Therefore, non-inductive current drive is necessary to expand

the available operational regime. On the Pegasus Toroidal Experiment, DC washer-gun

plasma sources are being tested as a means of non-inductive current drive. [26] The

washer-gun plasma sources are designed to be mounted through diagnostic ports, making

installation, maintenance, removal, and reconfiguration relatively simple compared to

other helicity injection schemes, e.g. Coaxial Helicity Injection.

Each plasma gun consists of a stack of alternating conducting and insulating washers,

shown in Figure 1.8, which separate a molybdenum cathode cup from a molybdenum

anode. Deuterium gas is puffed into the cathode cup from a 6.4mm-diameter copper

tube with the flow rate being controlled by a solenoidal gas valve. The copper tube also

serves as the electrical connection for the cathode, and is electrically insulated from the

gas supply system. A voltage bias (Varc) is applied across the molybdenum anode and

cathode and results in the formation of plasma within the plasma gun, which flows out

of the gun. Another voltage bias (Vinj) is applied between the cathode and the anode

external to the plasma gun and results in net current flowing into the gun.

The washer stack stabilizes the plasma arc and reduces the surface area of the gun
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Figure 3.3 Illustration of a gas-injected washer-stack plasma gun.

Figure 1.8: Schematic of a washer-gun plasma source [20]

material in contact with the plasma. As the current flows into plasma guns, most high-

Z impurity ions, which produce significant radiative heat losses, will remained trapped

within the gun aperture. The gun is encased in a boron nitride sleeve with a stainless steel

tube connecting to the mounting structure within the vacuum vessel and a diagnostic

port. The gun aperture and sleeve are approximately 0.625 in and 1.25 in in diameter,

respectively. Test stand measurements in an expanding axial field reported electron

density and temperatures of ne = (1–3) × 1019 m−3 and Te = 10–20 eV, respectively, at

the aperture of the plasma guns. [27] The initial diameter of an injected current filament

was also observed to be comparable to the diameter of the aperture.

The plasma guns in the experiment have been operated in two primary configurations,

which are shown in Figure 1.9. In the first configuration, the plasma guns are mounted

in the lower divertor region at R = 0.16 m. [28] Experiments were run with either
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a single plasma gun or two guns mounted 180◦ apart. In the second configuration,

an array of three plasma guns is mounted at the outboard side of the vacuum vessel,

approximately 20–40 cm below the midplane and at a major radial position of R =

70 cm. [20] Each gun has a separate arc and bias circuit, and therefore, can be operated

somewhat independently. However, all three guns in the array share a common valve for

fueling. Both the position of the array below the midplane and its alignment with flux

surfaces predicted by equilibrium reconstruction have been varied to improve discharge

performance. [29] As the distance between the plasma gun and anode position limits the

overall plasma size, a larger span between outboard injector and anode is being explored.

46

Figure 2.10 Schematic of two plasma guns mounted near the lower divertor of Pegasus.(a) Divertor guns [28] (b) Outboard guns [20]

Figure 1.9: Plasma gun configurations

For the outboard midplane configuration, a variety of anode configurations have been

tested. These include a spherical anode and 2 in-diameter stainless steel pipe inserted a

diagnostic port on the top of the vacuum vessel. The stainless steel pipe is bent such that

it is roughly tangential to the reconstructed equilibrium flux surface shape. The design of

the plasma guns has also been refined from early designs, in particular the cathode. [30]

The objective is to increase the area of the cathode utilized for injecting current into the
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plasma and minimize deleterious plasma-material interaction: the formation of cathode

spots reduces the utilized area and interaction of the cathode spots with the boron-nitride

sleeve causes sputtering of impurity ions into the plasma, reducing overall discharge

performance. Gas effused electrodes are being investigated that rely on the hollow

cathode effect instead of an active arc circuit to provide greater injection area than

currently possible with plasma guns.

The current filaments from the plasma guns undergo relaxation into a “tokamak-

like” plasma, i.e. a plasma where the toroidally-averaged magnetic fields produce nested

poloidal flux contours, like those for traditional tokamak equilibria, but the full three-

dimensional magnetic field likely contains significant stochasticity. The evolution of

plasma discharges for guns mounted in the lower divertor region has been captured

across several discharges using a fast-frame camera, shown in Figure 1.10. Discrete

current channels seen in Figure 1.10a coalesce into a current sheet that spans the height

of the device, Figure 1.10b&c. Later, the plasma expands to fill much of the vacuum

vessel and has a traditional spherical tokamak shape, as shown in Figure 1.10d.

During the relaxation process, the plasma current increases beyond that resulting

from the geometric winding of the vacuum magnetic field, Figure 1.11. The center

column poloidal flux also reverses in sign at the onset of relaxation. Solenoidal induction

can be applied on the relaxing plasma to provide additional current drive. For the

outboard midplane plasma gun configuration, poloidal flux compression of the relaxed

plasma results in additional current amplification.
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(a) (b)

(c) (d)

Figure 1.10: Visible light images showing the relaxation of divertor gun plasma filaments
into a “tokamak-like” plasma [28]



26

49

Figure 2.12 Evolution of a discharge formed using two plasma guns mounted near the
inboard lower divertor [59].

Figure 1.11: Diagnostic traces during the relaxation of divertor gun plasma filaments [28]
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1.3 Numerical Simulation

Numerical computation has already proven itself a valuable tool for gaining insight

into the plasma relaxation process in multiple devices and helicity injection schemes.

Relaxation and flux amplification have been numerically investigated for the HIT experi-

ment, which suggests incomplete relaxation and robust flux amplification and agrees with

experiment observations of hollow current profiles. [31] Numerical computation has been

used to explain how magnetic helicity can be transported through anti-dynamo electric

fields from the open magnetic field lines connected to the electrodes to the amplified flux

region during coaxial helicity injection on NSTX. [32] Numerical computation has also

been used to investigate the entire evolution of spheromak plasma–including formation,

current profile relaxation, and decay–using similar transport modeling to that used in

this paper. [33–35]

While the initial helical plasma state and the final relaxed plasma state are well

diagnosed in the experiment, the dynamics of the relaxation process have not been

directly observed. Diagnostics that provide multidimensional information, such as the

visible light Phantom camera, have yet to temporally resolve the interactions between the

helical filaments. To date, ringlets have only been directly observable in experimental

discharges operating near the relaxation threshold, thus slowing down the relaxation

process. The vessel mounted magnetic diagnostics resolve fluctuations temporally, but

are incapable of spatially resolving the fine-scale structure of the current filaments. A

proposed insertable array of magnetic diagnostics may be able to overcome some of these

limitations, as it can be placed in proximity to the location where the reconnection events

occur. However, the array is still limited to a relative small poloidal region and cannot be

placed too close to the filament without risking damage. Here, numerical computation is

applied to investigate the details and provide a greater phenomenological understanding
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of the relaxation process that occurs in the Pegasus spherical tokamak. The temporal

evolution of a three-dimensional current filament is modeled with the NIMROD code,

starting from vacuum magnetic fields and progressing through relaxation into a tokamak-

like state.

During formation with active helicity injection, the plasma evolves through a number

of characteristic phases. The evolution is briefly described in this section with a more

complete description given in Chapter 6. The plasma plasma current over the formation

phase phase is displayed in Figure 1.12. The formation of a global poloidal magnetic

field null near the central at Ip ' 15 kA causes a dramatic change in magnetic topology

and overall plasma evolution. During the interval 15 ≤ Ip ≤ 40 kA, the plasma current

increases much more rapidly than prior to the formation of the poloidal field null. The

rate at which the plasma current increases is reduced for Ip ≥ 40 kA.
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Figure 1.12: Plasma current during formation with localized helicity injection during
the 2-fluid computation. The formation of a global poloidal magnetic field null near the
central column is indicated by the dashed vertical line.

Early in the formation phase, the vacuum magnetic field directs the flux rope along

several helical passes, as shown in Figure 1.13, and a helical current channel forms

spanning the entire vertical extent of the domain. The initial formation of a current

filament from the injector sources is described in Section 5.3.1.
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After the self-induced magnetic field locally exceeds the vacuum magnetic field

around the current channel, the attractive Lorentz force between adjacent passes of

the current channel will periodically bring them into contact and drive reconnection.

Eventually, with sufficient injected current, adjacent passes will fully reconnect and

release axisymmetric current rings, shown in Figure 1.14 that form inboard of the

driven current channel and slowly propagate vertically away from the location of helicity

injection.

The formation of the current rings leads to the concentration of poloidal flux that

accumulates over many reconnection events in the computation. The accumulation of

poloidal flux contributes, in part, to the formation of a global poloidal magnetic field

null forms near the central column. The poloidal field null redirects the current channel

path so that it returns down the inboard side of the plasma. Initially, the current on

the inboard side of the amplified flux region is diffuse, but coalesces at higher plasma

current into a coherent channel that connects to the outboard driven current channel,

and reconnection intermittently occurs between adjacent passes of the inboard portion

of the current channel as it has for the outboard passes.

Reconnection and the formation of axisymmetric current rings continues after the

poloidal field null forms, but as the plasma current increases, the rate at which adjacent

passes of the outboard current channel reconnection decreases. This behavior continues

until the eventual effective cessation of reconnection between adjacent passes of the

outboard channel around Ip ' 40 kA, i.e. approximately the same time at which the

rate at which the plasma current increases is reduced. The outboard portion of the

current channel only makes a small number of toroidal transits for the entire vertical

span, shown in Figure 1.15.

After the formation phase, the plasma is allowed to freely decay or an alternate form
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of current drive is applied, e.g. poloidal flux compression. For the computations modeled

in Chapter 6, the plasma rapidly relaxes toward an convention, largely axisymmetric

tokamak state, as shown in Figure 1.16. For computations where the plasma is allow

to freely decay, closed flux surfaces form rapidly and encompass a significant plasma

volume within a few milliseconds.

1.4 Outline of Dissertation

This dissertation is organized as follows:

In Chapter 2, the concept of magnetic helicity is introduced in order to provide a

framework for the discussion on flux-rope interactions in Chapter 3 and plasma relaxation

in Chapter 4. A number of different definitions for magnetic helicity are described in

detail, along with a discussion on their respective properties. In particular, the conditions

for gauge invariance are noted.

In Chapter 3, magnetic flux ropes are introduced in order to provide a framework

for the interactions between adjacent passes of the current filament. One-dimensional

flux tube models are described, including the properties for both generic and specific

models. A primer is given on magnetic reconnection, particularly focused on Sweet-

Parker reconnection and Hall-reconnection. The different types of interactions typically

occur between pairs of interacting flux ropes and the conditions under which they

typically occur is also presented.

In Chapter 4, the concept of plasma relaxation is introduced as a framework for

understanding the evolution of the current filament. A number of relaxation theories

are presented, each of which is characterized by the quantities conserved during plasma

motions and/or the minimization/maximization principles describing the final state.
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Comparisons to experimental and computational results are provided where available

to show the successes and limitations of the theories. The mechanisms through which

magnetic helicity evolution and transport occur and factors that limit the range of

accessible plasma states are also detailed.

In Chapter 5, the primary tool of the computational study, the Nimrod code, is

introduced. First, the physics model is presented, including the equations evolved by

the code and optional closure models. Nimrod possesses a two-dimensional finite

element mesh and finite Fourier series in the periodic direction. Each method of

spatial discretization and its convergence properties are listed. Equations are also listed

for the implicit-leapfrog temporal advance, along with its convergence and stability

properties. Finally, the modifications to the code necessary for the computational study

are described.

In Chapter 6, the results of this computational study are presented and discussed.

The different phases of current filament evolution are listed and characterized: from

initial formation of the helical filament to relaxation into a tokamak-like plasma

configuration. The merger and reconnection of adjacent passes of the current filament is

observed to release current rings from the driven current filament. The evolution of the

magnetic topology is characterized over such reconnection events using the trajectory,

length, and squashing factor produced by many field-line traces. Significant poloidal flux

is observed to accumulate over many reconnection events. After the formation of a large-

scale poloidal magnetic field null near the central column, a hollow current profile forms,

which later relaxes into a tokamak-like plasma state after current injection has ceased.

Measurements made with a synthetic Mirnov coil array are in quantitative agreement

with magnetic fluctuation amplitude and frequency spectra observed in the experiment.

Comparisons to similar or related phenomena are interspersed among the computational
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results.
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Figure 1.13: Early winding of the current filament along the helical vacuum magnetic
field lines. The half-max shown of the injector shape function is shown in in blue. The
isosurface λ = 1.0 m−1 is shown in translucent red for the resulting current filament at
t = 0.6 ms in the 2-fluid computation, when Ip = 1.1 kA . The central column is shown
in gray for clarity.
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Figure 1.14: Reconnection releases an axisymmetric current ring (shown near the center
of the figure) from the driven current channel plasma. Isosurfaces of λ = ±6 m−1 are
shown at t = 2.95 ms in the 2-fluid computation, when Ip ' 7 kA. The central column
is shown for reference.
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Figure 1.15: Late in the formation phase, the current channel forms a return path
winding down the inboard side of the plasma near the central column. Isosurfaces of
λ = ±7 m−1 are shown t = 8.51 ms in the 2-fluid computation, when Ip ' 45 kA. The
central column is shown for reference.
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Figure 1.16: During free decay of the plasma after the formation phase, the plasma
rapidly relaxes toward a conventional tokamak state. Contours of 1 ≤ λ ≤ 2 [m]−1 are
shown at 2 ms into the decay phase.
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Chapter 2

Magnetic Helicity

Magnetic helicity is a measure of the extent to which magnetic field-lines within a volume

wrap around themselves. The direction of writhe determines the sign of magnetic helicity,

where right- and left-handed magnetic flux tubes have positive and negative magnetic

helicity, respectively. Magnetic helicity is a generalization of the topological concept of

linking number and essentially represents a flux-weighted sum of the linking numbers of

pairs of magnetic field lines.

For a discrete set of flux tubes, magnetic helicity can be expressed as a linkage of

magnetic fluxes. [36, 37] The total magnetic helicity for the set is the sum of all the

contributions over all flux tubes as in Equation 2.1, where Lij is the (integer) linking

number between two flux tubes and ψi is the magnetic flux of an individual flux tube.

The self (i = j) and mutual (i 6= j) helicity terms in Equation 2.1 are analogous to the

magnetic energy from self and mutual inductance, respectively.

H =
N∑
i

N∑
j

Lijψiψj (2.1)

Idealized flux tube linkages in Figures 2.1 & 2.2 independently illustrate the concept
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of self- and mutual-helicity. Self-helicity (or internal helicity) is the linking of magnetic

flux with itself through a series of twists and kinks of the magnetic field. [36] Although the

magnetic field line of the figure-8 knot in Figure 2.1a appears to be kinked but untwisted,

the figure-8 knot is topologically equivalent to the twisted but unkinked magnetic field

in the torus in Figure 2.1b. Both configurations have a magnetic helicity Hself = +ψ2

In general, kinks and twists are not topologically equivalent operations. Therefore,

the self-helicity contributions from kinks and twists must be considered independently.

For example, a trefoil knot (not shown) with an untwisted magnetic field on the surface

cannot be made topologically equivalent to a torus, but still possesses magnetic helicity

Hself = ±3ψ2. As only a single flux tube is present in each example in Figure 2.1, the

mutual-helicity contribution is identically zero.

(a) Lemniscate (b) Torus

Figure 2.1: Two flux-tube configurations with Hself = +ψ2 demonstrate self-helicity
through (a) kinks and (b) twists. A typical field line is traced on the surface of the flux
tubes. The torus in (b) is translucent to show the full path of the magnetic field line.

Mutual-helicity is the linking of the magnetic flux of different flux tubes through non-

topologically-trivial knots. The simplest example is a single linkage between two flux

rings, as shown in Figure 2.2a. The mutual magnetic helicity of the rings (arbitrarily

assigned labels 1 & 2) Hmutual = +2ψ1ψ2 from the symmetry of the linking number,

i.e. L1,2 = L2,1 = +1. Although the Borromean rings in Figure 2.2b form a non-trivial

magnetic topology, the mutual helicity contribution is identically zero. This can be
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demonstrated by ignoring any of the flux tubes: the remaining two flux tubes are not

linked. As the examples in Figure 2.2 have unkinked and untwisted magnetic field lines,

the self-helicity contribution is identically zero.

(a) Linked Rings (b) Borromean Rings

Figure 2.2: Two flux-tube configurations demonstrate mutual-helicity through linking.
For the two linked flux-tube rings in figure (a), Hmutual = +2ψ1ψ2. For the Borromean
rings in figure (b), Hmutual = 0 as no pair of flux tubes is linked. A typical field line is
traced on the surface of the flux tubes.

Higher-order linking integrals can distinguish between linked and unlinked config-

urations with zero net magnetic helicity, such as the Borromean rings in Figure 2.2b

and three unlinked rings. However, these higher-order integrals are only defined for a

finite number of discrete, non-intersecting flux tubes, and not continuum fields. For

example, the third-order linking integral described in [38, 39] is only defined for three

discrete flux tubes. The fourth-order linking integral described in [40] is defined for

any arbitrary number of pairs of flux tubes. As both higher-order linking integrals are

functions of the magnetic vector potential, any generalization to continuum fields would

likely possess similar limitations on being well-defined and gauge invariant as those for
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magnetic helicity discussed later in this chapter.

The linking number Lij is calculated for every pair of magnetic field lines, and

therefore every pair of non-intersecting flux tubes, using the Gauss linking integral

in Equation 2.2. [41] The positions along two field lines are parametrized such that

x = x(τ), x′ = x′(τ ′), and r = x′ − x.

Lij = − 1

4π

∮
τ

∮
τ ′

dx

dτ
· r

r3
× dx′

dτ ′
dτ ′dτ (2.2)

2.1 Classical Helicity

In the limit of infinitely many differential flux tubes (ψi → 0), the total magnetic

helicity reduces to the classical magnetic helicity formulation given by Equation 2.4.

The Coulomb gauge vector potential A is given by Equation 2.3. For a given domain

where magnetic helicity is well-defined, it is defined on every arbitrarily small flux tube–

and therefore, closed magnetic field-line and surface–within a plasma.

A(x) = − 1

4π

∫
r

r3
×B (x′) dx′3 (2.3)

HC =

∫
V

A ·B d3x (2.4)

The gauge invariance for magnetic helicity is tested by defining a gauge transforma-

tion for vector potential, such that A′ = A +∇χ. As B = ∇ ×A, the magnetic field

remains unchanged by this gauge transformation, i.e. B′ = B. The resulting difference

in magnetic helicity from the gauge transformation is given by Equation 2.5.

∆H ≡
∫
V

(A′ ·B′ −A ·B) d3x =

∮
∂V

χB · dS (2.5)
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In a simply connected domain V , χ is single-valued on the domain boundary ∂V . By

letting ∂V be a magnetic surface, i.e. B · n̂|∂V = 0, no change in magnetic helicity occurs

as a result of the gauge transformation for a magnetic surface in a simply connected

domain, i.e. ∆H = 0. Therefore, the magnetic helicity of a closed field-line region is

gauge invariant in a simply connected domain. Magnetic helicity is also well defined for

toroidal geometries with continuous poloidal and toroidal flux across magnetic surfaces.

[42]

2.2 Relative and Generalized Helicity Content

For open field-line configurations, the magnetic helicity can be defined relative to some

reference region. [36] Relative helicity is illustrated in Figure 2.3, where a space V

is subdivided into two simply connected regions Va and Vb, which are separated by a

boundary surface S. The magnetic field is represented by an ordered pair, B ≡ (Ba,Bb).

To satisfy the divergence-free condition, the magnetic field defined in Equation 2.6 must

satisfy Ba · n̂|S = Bb · n̂|S where n̂ ≡ n̂a = −n̂b. Relative helicity ∆H is considered for

two magnetic fields that only vary in region Va, i.e. B1 = (Ba1,Bb) and B2 = (Ba2,Bb).

B(x) =


Ba(x) if x ∈ Va

Bb(x) if x ∈ Vb
(2.6)

∆H ≡
∫
V

(A1 ·B1 −A2 ·B2) d
3x (2.7a)

=

∫
Va

(A1 −A2) · (Ba1 + Ba2) d
3x−

∮
S

χ (Ba1 + Ba2) · dS (2.7b)

The total magnetic helicity of a system with open field-lines (i.e. B · n̂ 6= 0 on the
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Figure 2.3: The difference in total helicity of these two configurations is independent of
the field in region Vb. [36]

domain boundary) can be expressed in terms of self and mutual helicity contributions

in an analogue to magnetic inductance, as shown in Equation 2.8, where the different

components are integrated over the same spatial domain. [41] The magnetic field is

decomposed into an open magnetic field (Bvac) and closed magnetic field (Bcl = B−Bvac)

components. The closed magnetic field satisfies Bcl · n̂ = 0 on the domain boundary.

The corresponding vector potential Acl = A−Avac, such that Bcl = ∇×Acl, satisfies

Acl × n̂ = 0 on the domain boundary. The vacuum magnetic field Bvac is assumed to

possess no self helicity contribution as its magnetic helicity is ill-defined.

Hself (Bcl) =

∫
Acl ·Bcl d

3x (2.8a)

Hmutual (Bcl,Bvac) = 2

∫
Avac ·Bcl d

3x (2.8b)

Hself (Bvac) = 0 (2.8c)

The combination of the terms in Equation 2.8 yields the Finn-Antonsen relation,
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Equation 2.9, which is equivalent to the previously defined relative helicity in Equa-

tion 2.7 with the surface term neglected. This expression is applicable for any simply

connected or toroidal geometry containing a closed-flux region V , under the same

applicability conditions as classical helicity presented at the end of Section 2.1.

HR =

∫
(A + Avac) · (B−Bvac) d

3x (2.9)

A generalized helicity content H0, given in Equation 2.10, can be defined for an

arbitrary, time-dependent, bounded region of space. [43] The first term of Equation 2.10

is the original classical helicity, and the second term is a product of a poloidal and

toroidal loop integral of the vector potential of the bounding surface. For regions not

bounded by a magnetic surface, helicity content and magnetic fluxes are still well-defined,

but not gauge invariant. The generalized helicity content can be rewritten as a single

volume integral of the poloidal (χ) and toroidal (ψ) fluxes, given Equation 2.11, where

χB is the toroidal flux on the bounding surface. [44].

H0 =

∫
V

A ·B dV −
∮

A · dxθ
∮

A · dxφ (2.10)

H0 = 2

∫
V

(χB − χ)

(
∂ψ

∂ρ

)
dV (2.11)

2.3 Helicity in Periodic Domains

Despite the utility of domains with a periodic poloidal plane to analytical and/or

computational analysis, classical magnetic helicity is ill-defined in such domains. [45–47]

For a configuration with a periodic mean field, such as the 2-torus in Figure 2.4, an

ambiguity exists as how to define linking, as there is no longer a distinction between the
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inside and outside of a flux tube. As the sense of twist is positive about one area and

negative about the other, summing over the entire domain can yield a trivial result for

a nontrivial magnetic topology.

Figure 2.4: A periodic mean field configuration, where two periodic lines divide the
poloidal plane into two pieces. [46]

Mapping the periodic poloidal plane to a topologically equivalent torus, Figure 2.5,

demonstrates the out-of-plane component of the magnetic field in Figure 2.4 is equivalent

to the magnetic field produced by a ring of magnetic monopole charges. [45] Magnetic

vector potential, and therefore, classical magnetic helicity are only definite in divergence-

free magnetic fields, i.e. in the absence of magnetic monopoles.

A helicity-like measure H can be defined for doubly periodic domains when the

bounding box is a magnetic field line, Equation 2.12. [46] The periodic H does not in

general reduce to the relative helicity HR form in Equation 2.13: H and HR are only

equal when the flux on the bounding surface ψB = (ψmax − ψmin)/2. [47] While H

does not represent a true helicity and may differ in both sign and value from the relative

helicity (if defined), it is an ideal invariant, and therefore, must be related to the topology

of the field. The helicity-like measure H can detect changes in the polarization or mirror
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Figure 2.5: The topology of a periodic mean-field configuration is topologically
equivalent to a torus with mean field lines pointing in the radial direction either toward
or away from the axis of the torus. [45].

symmetry of the field.

H = B0

∫
V

(
2ψ − ψmax − ψmin

)
dV (2.12)

HR = 2B0

∫
V

(ψ − ψB) dV (2.13)

Unlike confined or infinite geometries, magnetic flux tubes in doubly periodic

domains–at least those of comparable size to the periodic lengths of the system–

can convert right- or left-handed flux tube into its opposite. [45] This conversion is

demonstrated by a flux tube reconnecting with itself in Figure 2.6. Note that while

classical helicity is undefined in Figures 2.6 (c-e), both the starting (a & b) and ending

(f) points have defined and oppositely signed magnetic helicities.
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Figure 2.6: A sequence of reconnections which reverses the twist of a flux tube. [45]
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Chapter 3

Flux Rope Reconnection

A flux rope is a topologically cylindrical region of space mapped out by a bundle of

magnetic field lines that twist around a central magnetic axis. Surrounding the magnetic

axis is a set of concentric surfaces defined by B · n̂ = 0, where n̂ is the unit normal vector

on a given surface. The outermost of these bounding surface typically determines the

radial extent of the flux rope. Flux ropes also typically have a separation of scales, such

that the axial length is much larger than the radial extent. Though the cross-sectional

area, shape, and magnetic field of a flux rope may vary along its length, the magnetic

flux Φ is constant through any surface normal to the magnetic axis.

Φ =

∫
S

B · dS (3.1)

Flux ropes are often classified by the direction of magnetic field-line twist, as

indicated by the sign of the field-line twist parameter τ for a given magnetic field

configuration, where φ is the azimuthal angle, z is the axial coordinate, and 〈 〉 indicates

averaging over a field-line trajectory.

τ ≡ 〈dφ
dz
〉 (3.2)
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Flux ropes with τ > 0 have a right-handed field-line twist relative to the direction of

the axial magnetic field and are therefore called right-handed flux ropes. The axial

current density Jz in a right-handed flux rope is parallel to the axial magnetic field Bz

near the magnetic axis. Similarly, flux ropes with τ < 0 are called left-handed flux

ropes and have axial current density that is anti-parallel to the axial magnetic field near

the magnetic axis. Magnetic flux ropes can possess either zero or non-zero net axial

current Iz. Except for flux ropes sustained by external transform, non-zero axial current

density Jz is required to produce field-line twist. While a flux rope with zero net axial

current has reversed axial current density in its outer region, the field-line twist doesn’t

necessarily change sign in this region.

Magnetic flux ropes also have a defined magnetic helicity, a measure of the degree

to which magnetic field lines wrap around themselves. The classical formulation of

magnetic helicity is given in Equation 3.3, where A is the vector potential that satisfies

B = ∇×A.

H =

∫
V

A ·B dV (3.3)

As described in Chapter 2, classical helicity is not well-defined and gauge-invariant

for all possible magnetic configurations, including open magnetic field configurations in

particular. Therefore, relative magnetic helicity is often used as the metric of the helicity

content of the system. As with the field-line twist parameter, right- and left-handed flux

ropes possess positive and negative magnetic helicity content, respectively.

Interactions between multiple flux ropes are often characterized as co- or counter-

helicity, corresponding to the relative sign of magnetic helicity between the interacting

flux ropes. This classification is independent of the relative magnitude of the helicity

content between flux ropes. For co-helicity interactions between two flux ropes, both
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flux ropes either have positive helicity content or both flux ropes have negative helicity

content. For counter-helicity interactions between two flux ropes, one flux rope has

positive helicity content, while the other has negative helicity content.

3.1 One-dimensional Flux Rope Models

In this section, a number of straight cylindrical flux rope models are presented that have

a one-dimensional dependence on radius r. The magnetic field of these flux ropes has

the general form

B (r) = Bφ (r) φ̂+Bz (r) ẑ (3.4)

For cylindrically symmetric flux ropes, the field-line twist parameter has the form

τ =
Bφ

rBz

(3.5)

In order to satisfy ∇·B = 0, the radial component of the magnetic field must necessarily

be zero. This magnetic field configuration is open as axial magnetic field penetrates any

closed surface that surrounds a finite volume. By defining a reference magnetic field Bref

such that the helicity content of that field is zero, a relative magnetic helicity parameter

is constructed using the Finn-Antonsen relation below. [41]

HR =

∫
V

(A + Aref ) · (B−Bref ) dV (3.6)

By choosing the reference magnetic field Bref (r) = Bz (r) ẑ with a corresponding

reference vector potential Aref (r) = Aφ (r) φ̂ that satisfies Bref = ∇×Aref and satisfies

A× n̂ = Aref × n̂ on the domain boundary, the expression for relative magnetic helicity
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per unit length reduces to the form

HR

L
= 4π

∫ a

0

AφBφr dr (3.7)

The expression for magnetic energy per unit length has the form

EM
L

=
π

µ0

∫ a

0

[
B2
φ +B2

z

]
r dr (3.8)

Parameters for three flux rope models are presented in Table 3.1. The first model

presented is the linear force-free configuration, which satisfies the the force-free condition

in Equation 3.9 with a uniform α. Taking the curl of Equation 3.9 and applying the

condition ∇ ·B = 0 results in the Helmholtz equation in Equation 3.10.

µ0J = ∇×B = αB (3.9)

(
∇2 + α2

)
B = 0 (3.10)

The force-free condition can be satisfied by the constant-α Chandrasekhar-Kendall

modes in Reference [48]. However, in general, these solutions have variation in the

azimuthal and axial directions. The special case solution in Equation 3.11 satisfies the

force-free condition and has a one-dimensional dependence on radius.

B = B0J1 (αr) φ̂+B0J0 (αr) ẑ (3.11)

The second model presented is the Gold-Hoyle flux rope, which is a nonlinear force free

configuration with a constant twist parameter τ0. [49] The final model presented has a

constant current density J = Jφφ̂+ Jz ẑ. [50] The constant current density model is not

a force-free configuration. Although the constant current density profile is used as an
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analytical flux rope model, it fails to satisfy mathematical regularity as Bφ is non-zero

as r approaches zero.

3.2 Magnetic Reconnection

Magnetic reconnection is a physical process by which the magnetic topology is rearranged

in a highly conducting plasma. It is often conceptualized as the breaking of magnetic

field-lines in the reconnection layer and rejoining them with a different connectivity. The

process efficiently converts magnetic field energy into into kinetic energy, thermal energy,

and particle acceleration. Magnetic reconnection occurs on an intermediate timescale

between the magnetic diffusion (or resistive) timescale τR ≡ µ0L
2/η and the Alfvén

wave transit time τA ≡ L/vA, where η is the plasma resistivity, L is the characteristic

length scale of the reconnection layer, and vA ≡ B/
√
µ0ρ is the Alfvén speed. Magnetic

reconnection is loosely defined as any process that is not globally diffusive and that

drives a parallel electric field at a location that has an X-type topology in the magnetic

field in a plane normal to that field-line, i.e. at a location with a local maximum in

the magnetic shear. [51] This section includes select models of magnetic reconnection,

focusing primarily on resistive and two-fluid reconnection models.

Sweet-Parker reconnection is the two-dimension, steady state reconnection of

an incompressible, inviscid, resistive plasma. [52, 53] As shown in Figure 3.1, the

reconnecting magnetic field Bin is anti-parallel about that reconnection layer. Resistivity

is assumed to only affect plasma evolution within the shaded reconnection layer. Outside

the reconnection layer, the plasma is assumed to be perfectly conducting. The derivation

procedure for the reconnection rate in Reference [52] is repeated here.

From Ampere’s law, the steady-state current density in the reconnection layer is Jy ∼
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rẑ
)

B
0

(r
/a

)
(a
/2
−
r/

3)
φ̂

−
B

0
τ 0

(r
2
/2

)
ẑ
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Figure 3.1: A Sweet-Parker reconnection layer of length 2L and thickness 2δ

Bin/µ0δ, where Bin is the reconnecting field and δ is the reconnection layer half-thickness.

From the ideal MHD Ohm’s law (E + v×B = 0), the out-of-plane electric field Ey just

outside the reconnection region is Ey = vinBin, where vin is the inflow speed. Matching

the out-of-plane electric field in the ideal outer region to that in the reconnection layer

(Ey = ηJy) yields the inflow speed vin ∼ η/µ0δ. Steady-state conditions and mass

conservation yields a relation between inflow and outflow speeds, vinL = voutδ, where

vout is the outflow speed and L is the reconnection layer half-length. Equating the

magnetic energy flux into the reconnection layer with the kinetic energy flux out of the

layer in Equation 3.12 yields the outflow rate vout ∼ vA.

vinL

(
B2
in

2µ0

)
∼ voutδ

(
ρv2out

2

)
(3.12)

Thus, the dimensionless reconnection rate is vin/vout ∼ S−1/2, where S ≡ µ0LvA/η is

the Lundquist number.

The Sweet-Parker model predicts a reconnection rate much slower than that observed

in many laboratory and astrophysical plasmas, e.g. reconnection in Earth’s magnetotail.
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[54] Hence, reconnection occurring at the rate predicted by the Sweet-Parker model

is referred to as slow reconnection. Theoretical models that predict an enhanced

reconnection rate relative to the Sweet-Parker model, “fast reconnection” models, have

been the focus of much research. One of the earliest models attempting to resolve the

discrepancy in the observed and predicted reconnection rates is the Petschek model,

which introduces stationary slow mode shocks near the X-point. [55] While the Petschek

model produces a much faster reconnection rate than the Sweet-Parker model, Petschek

did not propose a mechanism for the origin of these shocks. In two-dimensional

computational studies with resistivity enhanced around the central X-point of the current

layer, shocks emerge at the point where resistivity is varying most rapidly. [56–58] With

uniform plasma resistivity, shocks either do not appear at all [59], or when imposed [60],

dissipate rapidly until the reconnection rate equilibrates with the value predicted by the

Sweet-Parker model.

In many applications, the current layer thickness is smaller the the ion inertial length

c/ωpi. [54] The MHD model is not applicable as the electron and ion fluids decouple and

behave as two separate fluids. In the two-fluid regime, whistler-wave physics allows

the electron flow to deviate from the ion flow at small spatial scales. [61] Similarly, a

combination of whistler and kinetic Alfvén waves drives reconnection in the two-fluid

regime at large plasma-β. [62, 63]

Other fast reconnection models seek to enhance resistivity through plasma micro-

instabilities and turbulence that occur when the relative electron flow velocity through

the ions exceeds the sound velocity. [54] The limit on the relative drift speed of the

electrons implies a lower limit to the current density, and therefore, an upper limit (of

the ion skin depth) on the current layer thickness. A computational study predicts that

when the current layer thickness is smaller than the ion inertial length the Hall effect still
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dominates even with localized enhancement of the resistivity through electron scattering

and ion acoustic turbulence. [64] An enhanced resistivity with a strong dependence on the

current density provides conditions favorable for the emergence of Petschek shocks. [65]

Reference [54] provides a review of experimental observations of magnetic reconnection

in many laboratory and astrophysical plasmas.

Magnetic reconnection can be verified using field-line trajectories. During reconnec-

tion in a two-dimensional system, the separatrix divides the domain into topologically

distinct regions, such that the mapping of magnetic field-line trajectories is discontinuous

across the separatrix curve. [66] When generalized to a three dimensional system, the

separatrix forms a surface that also divides the domain into a number of topologically

distinct regions defined by magnetic field-line connectivity: All field-lines originating

within one source region, and only those field-lines, will all terminate within the same

corresponding sink region. However, unlike two-dimensional reconnection, the mapping

is generally continuous across the surface. Regions where reconnection occurs in three-

dimensional and open field-line systems are identified by locating a quasi-separatrix layer

(QSL), which is defined as a region of unusually large mapping distortion as quantified by

the squashing degree Q. [66,67] For example, Reference [68] identifies QSLs in extensive

probe data from LaPD to confirm and locate reconnection among flux ropes. The

squashing degree Q is a measure of the gradients of the field-line mapping from the

launch (r0) to the terminating (r1) positions, where J is the Jacobian matrix of the

mapping r0 7→ r1.

Q = (det J)−1
∑
ij

J2
ij (3.13)

Conservation of magnetic flux along a field-line element connecting entry surface S0
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and exit surface S1 implies that B1dS1 = B0dS0, where B0 and B1 are the magnetic field

components normal to the entry and exit surfaces, respectively. As the surface element

dS0 in S0 transforms to a surface element dS1 = det J dS0 in S1, det J = B0/B1. In

Section 6.2, Q is computed from Pegasus simulation results to assess the relevance of

quasi-separatrix layers with respect to current-ring formation.

3.3 Flux rope Interactions

Generalizing to three dimensional systems, the magnetic field configuration between

colliding flux ropes in Pegasus often produces conditions conductive for reconnection.

To relate the Pegasus application with the referenced computational results, [69,70] this

section considers pairs of Gold-Hoyle flux ropes with a contact angle φ between the

vertical reference flux rope and the rotated flux rope, as indicated in Figure 3.2. The

flux ropes possess identical magnetic field strength, such that only the direction of the

field line twist and not its magnitude differs between right- and left-handed flux ropes.

These flux ropes do not contain net current, unlike the flux ropes in Pegasus.

With two types of flux-ropes (right-handed and left-handed), there are nominally

four possible flux-rope pairs for each contact angle φ. A left-right pair (with the left-

hand rope at the reference position) is equivalent to a right-left pair (with the right-hand

rope at the reference position) through a coordinate rotation: rotating a left-right pair π

about the z-axis and φ about the x-axis produces a right-left pair with the same contact

angle φ as the original left-right pair. In an inertial frame as is assumed here, coordinate

rotation has no effect on the interaction physics. The magnetic field of a left-left pair

with a contact angle φ is mirror symmetric (about x = 0 in Figure 3.2) to the magnetic

field of a right-right pair with a contact angle −φ. The currents for a mirror-symmetric
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Figure 3.2: Contact angle between two identical interacting flux ropes. A pair of right-
handed flux ropes are shown with a contact angle φ = π/4 in a periodic cube of edge
length 2π. [69]

magnetic field configuration are not mirror symmetric, but the resulting forces during

flux-rope interaction are mirror symmetric. Therefore, the co-helicity right-right and

counter-helicity right-left flux-rope pairs can capture the interaction dynamics of all

four possible flux-rope pairs.

The vertical flux rope in the reference position is denoted by the subscript ‘1’ and

is always a right-handed flux rope. The rotated flux rope is denoted by the subscript

‘2’ and may be either a right- or left-handed flux rope. The magnetic field for each flux

rope is given below, where s ≡ sgnτ = 1 for a right-handed flux rope and s = −1 for a

left-handed flux rope.

B1 (r1) = −ẑBz (r1)− ŷτr1Bz (r1) (3.14)
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B2 (r2) = −Bz (r2) (ẑ cosφ+ ŷ sinφ) + sτr2Bz (r2) (−ẑ sinφ+ ŷ cosφ) (3.15)

The angle θ at which the magnetic field-lines meet at the contact site r ≡ r1 = r2 is

given below for a generic magnetic field configuration.

cos θ =
B1 (r) ·B2 (r)

|B1 (r)||B2 (r)|
(3.16)

For a right-left flux-rope interaction, the magnetic field-lines meet at the contact site

at the same angle as the colliding flux ropes themselves, i.e. θ = φ. For a right-right

flux-rope interaction, the field-line contact angle is given by the expression below.

cos θ =
(1− τ 2r2) cosφ+ 2τr sinφ

1 + τ 2r2
(3.17)

Except for the case where the the magnetic fields are perfectly aligned (θ = 0), there

exists some plane where the in-plane component of the magnetic field forms an X-type

topology between two colliding flux ropes. However, depending on the contact angle φ,

the magnetic field in that plane may be very weak compared to the total magnetic field

strength, and therefore, the capacity for magnetic reconnection may be limited. The

plane occurs at the angle α+ (π + θ) /2 with the magnetic axis of the vertical flux rope,

where α = tan−1 [τr] is the angle that the magnetic field lines of the vertical flux rope

forms with its magnetic axis at the contact site.

There are four fundamental types of flux rope interactions: merging, bouncing,

tunneling, and slingshot. As reconnection progresses between a pair of flux ropes, the

distance between the flux ropes decreases and magnetic field lines at smaller radii come

into contact. The interaction type first depends on the contact angle θ of the magnetic

field lines at the edge of the colliding flux ropes. Assuming that significant reconnection

occurs at initial edge, the radial profile of the contact angle θ–particularly the angle φ
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between the magnetic axes of the colliding flux ropes–determines the interaction type.

For a co-helicity flux-rope pair, the magnetic field-line contact angle θ, and therefore,

the capacity for the magnetic reconnection is a function of radius. As a consequence,

all four interaction types are possible for co-helicity flux-rope pairs, depending on the

parameter regime. Deformation of the flux ropes from one interaction can change the

contact angle θ of the magnetic field and allows multiple interactions to occur for a

single co-helicity flux-rope configuration. For example, flux ropes can first bounce and

then merge, [69] tunnel and then merge, or slingshot then tunnel then merge. [70] For

a counter-helicity flux-rope pair, the magnetic field-line contact angle θ is independent

of radius, such that the field-lines at the magnetic axes have the same capacity for

magnetic reconnection as the magnetic field-lines at the initial edge of the colliding flux

ropes. Therefore, only two interaction types are possible: bouncing when the flux ropes

can only weakly reconnect and slingshot when they can strongly reconnect.

During a merger interaction, two separate flux ropes combine starting at the contact

site. Reconnection proceeds along the length of the flux ropes forming a single flux rope,

as visualized in Figure 3.3. Merger occurs when magnetic field are nearly anti-parallel

in the outer shells of the colliding flux ropes, such that the magnetic field lines strongly

reconnect at the edge of the flux ropes, but the field lines in the core are nearly parallel,

and therefore, amenable to merger. Merger is only predicted for co-helicity flux rope

interactions.

During a bounce interaction, two flux ropes come into contact at the reconnection

site, but rather than merging, the flux ropes deflect away from each other, as visualized

in Figure 3.4. Bouncing occurs when the magnetic field lines are nearly parallel in

the outer shells of the colliding flux ropes. The magnetic field lines can, at best, only

weakly reconnect and pile up in the interaction region, impeding further reconnection.
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Figure 3.3: A merger interaction between a right-right flux rope pair with a contact
angle φ = π/4. Isosurfaces of Bmax/3 and magnetic field lines are shown at (a-d)
tvA/a = 0, 34, 51, & 163. [69]

As reconnection does not proceed past the outer shells of the flux ropes, the angle φ

between the magnetic axes is irrelevant: bouncing occurs in a nearly identical manner

for both anti-parallel right-right (φ = π) pairs and parallel (φ = 0) right-left pairs.

Bouncing also occurs between two flux ropes that would otherwise merge when the

approach speed is outside some range critical for merger, i.e. the approach speed is

either too low or too high. [71, 72] If the approach speed is too slow, the system is not

driven hard enough for significant reconnection to occur. If the approach speed is too
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fast, magnetic flux builds up in the interaction region faster than it can can reconnect,

slowing down the approach speed until the accumulated magnetic pressure causes them

to move apart. The computations discussed in this section have an approach speed of

0.025vA. [69, 70]

Figure 3.4: A bounce interaction between a right-left flux rope pair with a contact angle
φ = 0 at (a,b) tvA/a = 17, &56, and a bounce interaction between a right-right flux
rope pair with a contact angle φ = π at (c,d) tvA/a = 17, 56. Isosurfaces of Bmax/3 and
magnetic field lines are shown. [69]

During a slingshot interaction, reconnection occurring at the contact site changes the

connectivity of the entire flux ropes, as visualized in Figure 3.5, much as reconnection
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does to pairs of magnetic field-lines. As θ is independent of contact radius for a counter-

helicity flux-rope pair, any configuration that results in significant reconnection at the

edge will inevitably result in significant annihilation of magnetic flux in the core of

the flux ropes as well. This annihilation of magnetic flux facilitates the slingshot

reaction. The slingshot interaction also occurs for co-helicity flux-rope interactions,

but as discussed later, over a much more limited parameter regime.

Figure 3.5: A slingshot interaction between a right-right flux rope pair with a contact
angle φ = 3π/4 and 2πτ0L/2π = 7. Magnetic field line trajectories are shown at (a-f)
tva/a = 0, 7, 32, 81, 125, & 248. [70]

During a tunneling interaction, the magnetic field-lines undergo two reconnections

each allowing the flux ropes to pass through each other, as visualized in Figure 3.6.

Tunnel is predicted to only occur during co-helicity flux rope interactions.
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Figure 3.6: A tunneling interaction between a right-right flux rope pair with a contact
angle φ = 3π/4 and τ0L/2π = 7.5. Magnetic field line trajectories are shown at (a-f)
tva/a = 0, 7, 32, 79, 106, & 261. [69]

As previously stated, the interaction type for co-helicity flux-rope interactions

depends on the radial profile of the contact angle θ between magnetic field lines.

This contact angle is a function the field-line twist parameter τ , and indeed, multiple

interaction types are observed for otherwise identical flux rope configurations with

different values of τ . With a contact angle φ = π/4 between a right-right pair, a

slingshot interaction occurs when τ0L/pi = 7, shown Figure 3.5, where τ0L/2π is the

number of times a field line winds about the flux rope axis over an axial distance L and

L is the edge length of the periodic cubic domain. A tunneling interaction occurs for

the same configuration when τ0π/L = 7.5, shown in Figure 3.6. [70]
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As indicated in Reference [70], the interaction type can change with resistivity. The

computations in Reference [69] are globally more resistive but locally less so in the

interaction region with a uniform S = 2880 than the computations in Reference [70],

which have spatially varying resistive diffusion with S = 57, 600 globally and S = 567 in

the interaction region. For a right-right interaction with φ = 3π/4, bouncing is observed

with the uniform resistivity in Reference [69], but tunneling is observed with the resistive

profile in Reference [70].
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Chapter 4

Plasma Relaxation

Relaxation is the process by which a plasma undergoes rapid changes in magnetic

topology in order to reach a more stable equilibrium configuration. One of the most well-

known theories of relaxation–proposed by J.B. Taylor–postulates that the total magnetic

energy of system is minimized subject to the constraint that the total magnetic helicity

of the system is conserved. The magnetic energy and helicity of equilibria decay on

the resistive timescale τR = L2µ0/η, where L is some characteristic length scale of the

system. Relaxation occurs on a relatively fast timescale, often many times faster than the

resistive timescale. Taylor’s theory, which is described in greater detail in Section 4.1,

produces a final force-free plasma state, i.e. J × B = 0, as a result of minimization

of magnetic energy. Theories of MHD relaxation generally produce a final equilibrium

state.

Early work on plasma relaxation in astrophysical plasmas by S. Chandrasekhar and

L. Woltjer considers the maximum total magnetic energy for a given mean-squared

current density,
∫
V
|J|2d3x. [73] The solutions satisfy Equation 4.1 and include–but are

not exclusive to–force-free configurations with constant α. By considering the Coulomb-

gauge magnetic vector potential A in a simply connected domain, Woltjer demonstrates

that force-free configurations with a constant α produce maximum magnetic energy for
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a given mean-square current density. [74]

∇×∇×B = α2B (4.1)

Chandrasekhar and Woltjer postulate that a non-force-free plasma will evolve until a

force-free equilibrium is reached through dissipative mechanisms. However, the existence

of force-free solutions to Equation 4.1 does not indicate whether a given plasma can reach

those states. As this theory does not include conservation of magnetic flux, minimization

of magnetic energy yields the trivial solution.

Woltjer proposed four invariants for plasma evolution in the absence of dissipative

processes: total mass, angular momentum, cross-helicity (Equation 4.2), and magnetic

helicity (Equation 4.3). [75] Later work by M.D. Kruskal and R.M. Kuslrud includes the

conservation of toroidal and poloidal flux between every pair of flux surfaces during the

minimization of magnetic energy for an ideal toroidal plasma with closed, nested flux

surfaces, resulting in a infinite number of topological constraints. [76] The total toroidal

current is not necessarily conserved under these conditions, and J⊥ may be nonzero for

non-uniform pressure profiles.

HC =

∫
V

v ·B dV (4.2)

HM =

∫
V

A ·B dV (4.3)

4.1 Taylor Relaxation

Taylor considered plasma evolution in the ZETA toroidal pinch, which was operated from

1954-1958 in the United Kingdom. An initially, violently unstable plasma evolves to a
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“quiescent,” largely stable configuration, which is characterized by the pinch parameter

(θ ≡ 2I/aB0) of the unrelaxed plasma. [77] When the pinch parameter exceeds some

critical value θc the relaxed plasma exhibits reversal in toroidal magnetic field Bφ near

the edge.

As described in Chapter 2, magnetic helicity can be defined for each flux tube of

plasma, indicated by Equation 4.4. Similarly, the parallel current density λ ≡ µ0J‖/B,

which describes a particular force-free plasma configuration, can be a function of field

lines and satisfies ∇ · J = 0. λ in Equation 4.5 is defined for each field-line, where a, b

are field-line labels.

Ki =

∫
Vi

A ·Bd3x (4.4)

∇×B = λ(a, b)B (4.5)

When considering an ideal plasma (E‖ = 0), all topological properties of the

magnetic field are invariant, referred to as the frozen-flux condition. The integrands in

Equation 4.6 must vanish on each field line and magnetic surface, respectively, resulting

in an infinite number of topological constraints on plasma evolution. These constraints

result from the condition of no net E · dl on field-lines for an ideal plasma.

∮
dl

B
B · ∂A

∂t
and

∮
dS

|∇Ψ|
B · ∂A

∂t
(4.6)

For a non-ideal plasma (E‖ 6= 0), the topological properties of the magnetic field-

lines are not preserved as the plasma relaxes. Therefore, only the total magnetic helicity

of the system K0 is used to characterize the system. Like Chandrasekhar and Woltjer,

Taylor hypothesizes that a system relaxes to a single-valued λ0, satisfying ∇×B = λ0B.

The value of λ0 for the relaxed plasma is given by the ratio K0/Φ
2, where the quantity
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K0/Φ is proportional to the ratio of net poloidal flux to net toroidal flux (Ψ/Φ). Thus,

Taylor predicts the final state is unique, depending only on K0/Φ
2, or equivalently, θ.

Using the cylindrical approximation (ε ≡ a/R0 � 1, where a and R0 and the minor

and major radii, respectively) and assuming an axisymmetric solution, the magnetic

field of the relaxed plasma has the following form: Bφ = B0J0(λ0r), Bθ = B0J1(λ0r).

By this expression, reversal occurs when λ0a > 2.402 or when the pinch parameter

θ > 1.202. A helical relaxed plasma occurs when λ0a > 3.11 or when the pinch parameter

θ > 1.6, which corresponds to the boundary for a resistive instability of the axisymmetric,

uniform-λ state. The structure of the relaxed plasma is then set by external mode helicity

and is not axisymmetric.

A more general treatment is given by Taylor in his 1986 review article, including

non-axisymmetric fields and the corresponding necessary boundary conditions. [78]

Relaxation is considered in additional devices, including OHTE, ETA-BETA, and

HBTX. Experimental results for plasma relaxation yields non-uniform λ profiles, which

Taylor hypothesized was the result of incomplete relaxation. At the plasma edge, the

(toroidal) inductive electric field is not aligned with the (poloidal) magnetic field, which

does not allow for relaxation to a single-valued λ state.

4.2 Other Relaxation Principles

A system with symmetries that are maintained throughout all motions of the plasma

possess additional invariants that characterize its evolution beyond those defined by

Woltjer, Kruskal, and Kulsrud. A new class of invariants were formulated for the

evolution of a single-helicity qs = m/n tearing mode, while maintaining the magnetic

energy minimization principle postulated by Taylor. [79,80] Consistent with Kruskal and
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Kulsrud, an infinite number of topological invariants (Equation 4.7) exist in an ideal

MHD plasma, where ω (Ψ,Φ) is an arbitrary function and V is any volume bounded by

magnetic surfaces. [81,82] With a small amount of resistive dissipation, the hierarchy of

invariants in Equation 4.8 is still permitted, where α ∈ Z+ and the helical flux function

χ = qsΨ− Φ.

K [ω] =

∫
V

dτ ω (Ψ,Φ)
A ·B

2
(4.7)

Kα =

∫
V0

χα
A ·B

2
(4.8)

Taylor’s relaxation theorem considers neither a dynamical nor thermodynamical

description of the relaxation process, and therefore, cannot address the accessibility

of the plasma states. A relaxation principle wherein the entropy production rate of the

plasma is minimized (locally) addresses this limitation, as such a state is not only a

steady state but also attracts neighboring states and brings about their relaxation as

well. [83, 84] The entropy production integral is given by Equation 4.9, keeping only

terms up to second order in δB, where E = (v1 × B1)0 is the mean dynamo emf and

Ea is an applied electric field at r = a. The analysis only holds for small deviations

from a steady state solution, and therefore, a multiplicity of relaxed states are allowed

in principle.

J ≡
∫
dτ
[
1
2
ηJ2 − 1

2
E · J− Ea · J + 1

2
(E · J0 − E0 · J)

]
(4.9)

A typical form of the turbulent dissipation is given in Equation 4.10, where α and β

are positive constants and K2 and L2 are positive functions of x and B. If either α or

β is large, minimization of the entropy production integral produces a state such that
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|∇λ| or |∇p| is small. Therefore, the limit of α, β → ∞, such that ∇λ, ∇p → 0 i.e. a

highly dissipative system, must be a Taylor state.

−
∫
E · J dτ =

∫ (
αK2|∇λ|2 + βL2|∇p|2

)
dτ (4.10)

Numerical calculations suggest that either higher-order magnetic invariants (briefly

discussed in Chapter 2) or local helicity content affect the decay rate of helical and non-

helical magnetic knots. [85] Both the IUCAA knot (a quatrefoil knot) and Borromean

rings decay more slowly than expected for configurations with zero net linking-number,

as shown in Figure 4.1. Both configurations decay more slowly than the non-helical

triple rings and faster than the helical triple rings, both of which contain non-zero net

helicity content. While the total helicity content remains at or near zero in the IUCAA

knot and the Borromean rings, regions of net helicity (often antisymmetric) form during

decay.

4.3 Helicity Transport and Evolution

The evolution of total magnetic helicity and total magnetic energy are described by

Equation 4.11 and Equation 4.12, respectively, where Φ is an applied electrostatic

potential and ψ and χ are the poloidal and toroidal flux on the last closed flux surface,

respectively. The first, second, and third terms on the right-hand side of Equation 4.11

are, respectively, the mechanisms for helicity dissipation, AC helicity injection, and

DC helicity injection. Examples of AC helicity injection include the application of a

toroidal loop voltage and the scheme used on the HIT-SI experiment. Examples of DC

helicity injection include Coaxial Helicity Injection (CHI), such as that implemented

on the National Spherical Torus eXperiment (NSTX), and Localized Helicity Injection
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Figure 4.1: The rate of magnetic energy decay is displayed for different initial field
configurations. [85] The IUCAA knot is a zero-linking-number 5-foil knot in the shape
of the logo for the Inter-University Center for Astronomy and Astrophysics in Pune,
India.

(LHI), which has been explored on the Current Drive Experiment (CDX), the Continuous

Current Tokamak (CCT), and the Pegasus Toroidal Experiment. These helicity injection

scheme were described in Chapter 1.

dK0

dt
= −2

∫
V

E ·B dV − 2
∂ψ

∂t
χ+ 2

∫
∂V

ΦB · dS (4.11)

dWB

dt
= −

∫
V

J · E−
∫
∂V

E×B

µ0

· dS (4.12)

The presence of open magnetic field-lines, i.e. magnetic field-lines where B · dS 6= 0

on the domain boundary, permits the transport of magnetic helicity into a plasma. [86]

Some mechanism is required to transport magnetic energy and helicity from the open



72

magnetic field lines where they are injected to a region of closed magnetic flux. Two

computational studies of steady state DC helicity injection in resistive, pressure-less

plasmas show relaxation through the MHD dynamo mechanism. [31, 32] In the first

computational study of DC helicity injection, a hollow current profile is driven by a

stead state, externally applied electrostatic potential, shown in Figure 4.2a. [31] The

parallel current profile partially relaxes through the MHD dynamo effect to a state with

closed poloidal flux contours and significant flux amplification.

Similarly, a later computational study of steady state CHI on NSTX shows formation

and sustainment of an amplified magnetic flux region through the MHD dynamo effect.

[32] For clarity the NSTX CHI system is shown again in Figure 4.2b. The injector current

forms a hollow current profile as the injector flux expands into the vacuum vessel. In

the computations, the peaked edge current profile drives a primary line-tied kink on the

open magnetic field-line, which acts to reduce the current gradient. As such, the kink

generates an anti-dynamo loop voltage on its originating flux surface, but generates a

dynamo loop voltage as it penetrates into the high-q interior of the injector flux. The

open field line kink with the largest saturation amplitude typically has the toroidal

mode number n = 1. The dynamo electric field from the primarily open field-link kink

mode drives parallel current, exciting secondary non-axisymmetric instabilities. These

secondary modes then relax the current toward the magnetic axis. The secondary modes

also have a different rotation speed from the open field-link kink.

Theoretical and computational turbulence models have been used to characterize the

transfer of helicity between different length scales. Simulations of non-ideal turbulence

in a cylindrical RFP have demonstrated an inverse cascade of magnetic helicity. [87,88]

The system relaxes toward a force-free state, i.e. the contribution of the dynamical

pressure to the force balance is negligible, but not towards a single-valued λ Taylor



73

(a) A generalized DC Helicity Injection
scheme for tokamaks [31]

(b) A cross-section of the CHI system on
NSTX [14]

Figure 4.2: DC Helicity Injection Schemes

state. Thermal pressure is not evolved in the computations. Similarly, simulations of

non-ideal, incompressible turbulence in a periodic cube have demonstrated an inverse

cascade of magnetic helicity in both the presence and absence of a guide-field. [89]

Helicity conservation differs slightly in that classical magnetic helicity is the conserved

quantity in computations without a guide-field, while the generalized helicity content

defined in Section 2.2 is the conserved quantity in computations with a guide-field. In

both cases, however, helicity is non-dissipatively transferred to long wavelengths.

Closure theories indicate that for helicity-containing wavelengths, the kinetic and

magnetic helicities will be brought into equipartition in a timescale on order of the Alfvén

crossing time. [90–92] This is consistent with predictions and observations of significant

magnetic relaxation occurring on dynamical timescales of the system. Computations of

a driven dynamo also show that growing magnetic helicity fluctuations as the plasma

relaxes produce a back reaction that suppresses, rather than driving, large-scale magnetic
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helicity growth. [92] While large-scale magnetic helicity reaches approximately half the

strength of the injection-scale helicity in a dynamical timescale, the saturation values

and timescale are determined by the magnetic Prandtl number and ratio of global and

dissipation spatial scales.

The dissipation timescales have been computed for arbitrary power-law spectra of

magnetic energy and magnetic helicity. [93] The magnetic energy Mk and magnetic

helicity Hk spectra are given by Equations 4.13 & 4.14, respectively, where Ωk is the

solid angle in wave number space. The magnetic helicity spectrum is cast in terms of the

magnetic energy spectrum via f(k) ∝ k−s, the assumed form of the fractional magnetic

helicity as a function of k.

Mk ≡
∫
|B̃ (k)|2k2 dΩk ∝ k−q (4.13)

Hk ≡ 1
2

∫ [
Ã (k) · B̃∗ (k) + Ã∗ (k) · B̃ (k)

]
k2 dΩk

= f (k) k−1Mk ∝ k−(q+s+1)

(4.14)

The magnetic energy decay timescale τM (assuming resistive decay) and the magnetic

helicity decay timescale τH are then given by Equations 4.15 & 4.16, respectively. The

power-law coefficients q and s for Mk and Hk are assumed to be independent of the

wavenumber k for kL ≤ k ≤ kλ, where kλ and kL are the resistive wavenumber and the

inverse of the system size, respectively.

τM =
−M
∂tM

=

∫ kλ
kL
Mk dk

2 (η/µ0)
∫ kλ
kL
k2Mk dk

(4.15)

τH =
−H
∂tH

=

∫ kλ
kL
f (k) k−1Mk dk

2 (η/µ0)
∫ kλ
kL
f (k) kMk dk

(4.16)
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When q 6= 1, 3 and q+s 6= 0, 2, τM and τH reduce to the expressions in Equations 4.17

& 4.18, respectively. The regime q > 1 and 0 < q+s < 2 corresponds to magnetic helicity

decaying more slowly than magnetic energy, i.e. R ≡ τH/τM < 1, as is typically assumed

for most relaxing plasmas.

τH =
(2− q − s)

[
k−(q+s)

]kλ
kL

2 (η/µ0) (q + s) [k(2−q−s)]
kλ
kL

(4.17)

τM =
(3− q) [k1−q]

kλ
kL

2 (η/µ0) (1− q) [k3−q]kλkL
(4.18)

4.4 Helicity Limit

A limit for magnetic helicity is determined by considering a Taylor state plasma with

an inhomogeneous magnetic field, i.e. B · n̂ 6= 0 along the surface. [86] The requirement

for a force-free equilibrium is given in Equation 4.19, where λ = µ0J‖/B. The vector

potential A is decomposed into homogeneous and inhomogenous parts, Equation 4.20.

The inhomogeneous part of A, AI , must satisfy ∇×∇×AI = 0 in the domain V and

AI = A on ∂V . The solution satisfied by the eigenfunction aν for the homogeneous

part of the magnetic vector potential has the eigenvalue λν for the parallel current

density, shown in Equation 4.21. The relationship between total magnetic helicity Kc

and the system eigenvalues is given by Equation 4.22, where Iν is the coupling integral

Iν ≡
∫

aν · ∇ ×A dV . The equation for total magnetic helicity possesses resonances at

λ = λν . While the boundary condition inhomogeneity imposes λ, the singularities arise

from trying to relax the system to a single-value λ. The resonances being eigenvalues of

the system are dependent upon the domain geometry.
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∇×∇×A + λ∇×A = 0 (4.19)

A = AI +
∑
ν

ανaν (4.20)

∇×∇× aν + λν∇× aν = 0 (4.21)

Kc =
∑
ν

I2ν
λν
|λν |

(
1− λ2ν

(λ− λν)2

)
(4.22)

Resonances in the total magnetic helicity Kc can act as effective barriers on the

obtainable λ. This limit of λ does not preclude an increase in net current; but without

crossing a resonance, net current cannot increase indefinitely without a simultaneous

increase in the magnetic field. All relaxed states past the first resonance (λ2 > λ21)

also have greater magnetic energy than those up to the first resonance (λ2 < λ21).

Without resolving the singularities, Equation 4.22 implies that the necessary input power

approaches infinite as λ2 → λ21.

By allowing λ to be a function of poloidal flux ψ, the problem becomes nonlinear.

This nonlinearity then allows for the regularization of the Jensen-Chu singularities,

shown in Figure 4.3, which permits access to new branches of the relaxed state. [94]

These states include doublets and the flipped spheromak configuration. The change

to the eigenfuctions of the “Taylor state” resulting from regularization can be seen in

Figure 4.5, where the original eigenfunctions are shown in Figure 4.4.
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Shafranov equation,

!!!"G
dG
d!

# 0; (2)

with k # $dG=d! and !! % R @
@R

1
R

@
@R" @2

@Z2 .
For a singly connected domain, Fig. 1(a), one has

G&!' # $k! and both ! and G vanish at the geometric
axis due to the regularity condition. In a doubly connected
torus, Fig. 1(b), this is no longer the case. First, there might
be poloidal flux trapped inside the center column, so
!j@" ! 0, at least locally on the inner boundary. The
general expression for G is G&!' # G0 $ k&!$ !0' with
!0 the poloidal flux trapped inside the center stack. The
other free parameter G0 # G&!0' is set by the net toroidal
flux inside the torus,  t %

R
B ( ’̂dS # R

"
G
R dS % hGi,

where h( ( (i % 1
2"

R
" ( ( ( 1

R2 d3x.
For convenience, a variable transformation !0 # !$ !0

will be adopted for the rest of the Letter. Dropping the
prime, one has G&!' # G0 $ k!. Equation (2) takes the
form

!!!$ k&G0 $ k!' # 0; (3)

with G0 set by an integral constraint of finite net toroidal
flux  t,

G0 #
 t "

R k!
R dSR

1
R dS

: (4)

The coupled Eqs. (3) and (4) are solved numerically for a
prescribed normal field at the boundary. The total magnetic
energy of the numerical solutions are plotted as a function
of k in Fig. 2.

These computational results can be understood by a
simple analysis that begins by separating out the vacuum
field contribution,

! # !v "
X
i
#i!i; (5)

where !v is a vacuum field reproducing the normal flux
through the boundary

!!!v # 0; !vj@" # !j@": (6)

The expansion bases !is are orthonormal eigenfunctions.
Since R$2!! is a full divergence, h!i!ji # $ij, with

!!!i " k2i!i # 0; !ij@" # 0: (7)

Inserting Eq. (5) into Eq. (3) and integrating over the
domain upon weighting by a trial basis !j, one finds

&k2 $ k2j '#j " k2h!v!ji$ khG0!ji # 0: (8)

Before going further, let us examine at the special case
that G0 # 0. As we recall, this is exactly the case for a
singly connected domain, for which the Jensen-Chu theory
[7] predicts singular response in magnetic energy and
helicity at resonances k2 # k2j , #j # k2

k2j$k2
h!v!ji. The

quadratic singularities in magnetic energy are shown for
the first six eigenfrequencies k1–k6 in Fig. 2 (black line). In
a doubly connected torus, maintaining G0 a constant im-
plies the absence of a toroidal flux conserver and that the
toroidal field coil circuits have infinite inductance [18].

If the toroidal flux  t is fixed by a toroidal flux con-
server, the resonance phenomenon is qualitatively
changed. Inserting Eq. (5) into Eq. (4), one has

G0 #
 t
hR0i"

k
hR0i

!
h!vi"

X
i
#ih!ii

"
:

Let us define

#G 0 %
 t
hR0i ; #!v %

h!vi
hR0i ; #!i %

h!ii
hR0i : (9)

Equation (8) can be written as

&k2$k2j '#j$
X
i

k2 #!ih!ji#i#k #G0h!ji"k2 #!vh!ji

$k2h!v!ji: (10)

The complication comes about because in general,
h!ji ! 0 and #!j ! 0. Physically h!ji ! 0 corresponds to
the fact that axisymmetric CK modes typically have fi-
nite net toroidal magnetic flux (kh!ji) and plasma cur-
rent (k2h!ji). In the rare case that additional symmetry
leads to vanishing h!ji and #!j, the original Jensen-Chu
resonance are retained for these so-called flux-free eigen-
modes. In the case shown in Fig. 2, these are antisymmetric
CK modes along the z direction in a finite length cylinder,
!2;4 at k2;4 in Fig. 3. In more generic geometries, axisym-
metric CK modes with identically vanishing h!ji do not
exist. We wish to note that in the original Jensen-Chu [7]
and Taylor [8] formulation, the vector potential Aj@" # 0
is used in place of B ( n̂j@" # 0 in defining the boundary
condition for Chandrasekhar-Kendall modes. As the result,
Jensen-Chu-Taylor theory restricts its discussion to pure
flux-free CK modes [18].

FIG. 2 (color). hR2B2i is plotted as a function of k. Black line
is for the Jensen-Chu curve (G0 # 0). The red line is for fixed
toroidal flux and !v ! 0. The green line is for fixed toroidal flux,
but !v # 0. The inner (outer) radius of the torus is 0.2 (1.2). The
elongation is 1.2.

PRL 95, 155002 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
7 OCTOBER 2005

155002-2

Figure 4.3: Resonances in λ. [95] The black line is for the Jensen-Chu curve, i.e. toroidal
flux is not fixed. The red line is for fixed toroidal flux with the vacuum field producing
normal flux through the boundary. The green line is for fixed toroidal flux without the
vacuum field producing normal flux through the boundary. The torus has inner and
outer radii of 0.2 and 1.2, respectively, and an elongation of 1.2.
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Figure 4.4: Axisymmetric Chandrasekar-Kendall modes for the first six Jensen-Chu
resonances in λ. [95] The second and fourth are antisymmetric in the z direction, and
therefore carry no net toroidal flux. Red and blue indicate opposite sign.

Figure 4.5: New resonant modes for resonances in λ. [95] The first, third, and fifth
new resonant modes with the integral constraint of finite net toroidal flux. As the
extra symmetry produces no net toroidal flux, the second and fourth fall on Jensen-Chu
resonances.
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Chapter 5

The Nimrod Code

The Non-Ideal Magnetohydrodynamics with Rotation, Open Discussion code (Nimrod)

evolves the nonlinear, visco-resistive MHD equations in a finite domain with optional

extensions to non-MHD effects through the closure relations. [96, 97] The three-

dimensional spatial representation consists of two-dimensional Lagrange-type finite

elements with a finite Fourier spectrum in the third dimension, which is assumed to be

periodic and symmetric. This spatial representation encompasses toroidal, cylindrical,

and periodic linear configurations with arbitrarily shaped cross-sections. An implicit

leapfrog advance is implemented in Nimrod, which is stable for arbitrarily large time-

steps and free of numerical dissipation when the advection and magnetic diffusion

terms are time-centered. [98] The block-based preconditioning—to enhance convergence

rate of the iterative linear solver—uses the SuperLU libraries of direct solvers. [99]

The resulting matrices are then solved iteratively with the general minimum residual

(GMRES) method. [98,100]
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5.1 Physics Model

Nimrod evolves number density n, center-of-mass flow velocity v, magnetic field B,

and either a single temperature or separate electron and ion temperatures. [33,101] The

physics model assumes charge neutrality throughout the domain, i.e. n ≡ ne ' niZeff ,

resulting in divergence-free currents and a displacement-current-free or low frequency

Ampere’s Law, Equation 5.6. The bracketed terms in the magnetic field evolution

equation, Equation 5.4, correspond to the electric field from an extended-MHD Ohm’s

Law. The two-fluid contributions from the Hall effect, electron pressure, and electron

inertia are indicated. The ion and electron velocities used in the energy evolution

equation (Eq. 5.3) are given by Equations 5.8 & 5.7, where ν ≡ Zeffme/mi. The

injector sources indicated in Equations 5.5 & 5.10 are described later in Section 5.3.1.

∂n

∂t
+∇ · (nv) = ∇ ·Dn∇n−∇ ·Dh∇∇2n (5.1)

ρ

(
∂v

∂t
+ v · ∇v

)
= J×B−∇p+∇ ·Π (5.2)

n

γ − 1

(
∂Tα
∂t

+ vα · ∇Tα
)

= −nTα∇ · vα −∇ · qα +Qα (5.3)

∂B

∂t
+∇× E = κ∇·B∇∇ ·B (5.4)

E =

[
ηJ− v ×B− ηλinjB

µ0︸ ︷︷ ︸
injector

+
J×B

nee
− ∇pe
nee

+
me

nee2
∂J

∂t︸ ︷︷ ︸
2-fluid

]
(5.5)

µ0J = ∇×B (5.6)

ve = v − (ne)−1 J/ (ν + 1) (5.7)
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vi = v + (ne)−1 Jν/ (ν + 1) (5.8)

For numerical stability, an artificial number diffusivity Dn, number hyper-diffusivity

Dh, and magnetic-divergence conductivity κ∇·B are included in the model. The

artificial number diffusivity and hyper-diffusivity are included to limit mesh-scale density

perturbations, e.g. the formation of shocks, which cannot be handled by traditional

finite element methods. [102] Additionally, being the lowest-order fluid moment, number

density evolution greatly impacts the evolution of the other fluid equations. Magnetic-

divergence cleaning is required, as ∇ ·B = 0 is not strictly enforced in Nimrod. When

κ∇·B 6= 0, magnetic-divergence diffuses out of the computational domain, as evident from

the divergence of Equation 5.4 with the boundary conditions satisfying
∮

B · dS = 0.

Expressions for the heat flux qα, heat source Qα, and stress tensor Π are given below,

where W is the symmetric, traceless rate of strain tensor. Multiple closure relations are

available in Nimrod, meaning that some or all of the contributions to qα, Qα, and Π

may be neglected.

qα = ∇ · n
[(
χ‖,α − χ⊥,α

)
bb + χ⊥,αI

]
· ∇Tα (5.9)

Qi = nekB(Te − Ti)
νT,eq
γ − 1

−Π : ∇v + Qinj︸︷︷︸
injector

(5.10)

Qe = ηJ2 − nekB(Te − Ti)
νT,eq
γ − 1

(5.11)

W = ∇v + (∇v)T − 2
3
I (∇ · v) (5.12)

Π =− ρ
[
νkin∇v + νisoW + 3

2
νpar (b ·W · b)

(
bb− 1

3
I
)]

+ (nTi/4ωci) [(b×W) · (I + 3bb)− (I + 3bb) · (W × b)]

(5.13)
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Modifications to the perpendicular thermal conduction are described in Section 5.3.2.

The electron and ion heat sources (Qe and Qi) include contributions from ohmic heating,

temperature equilibration between ions and electrons, and viscous heating. If a single

fluid temperature model is used, Q = Qi +Qe. The temperature equilibration rate νT,eq

may be treated as a constant for the entire plasma or locally computed, as described

in Section 5.3.2. The last term of the stress tensor is the gyro-viscous contribution

and is equivalent to the ηi3 and ηi4 terms in the high-magnetization limit (ωciτi � 1) of

Braginskii’s formulation. [1].

5.2 Numerical Representation

5.2.1 Spatial Discretization

The finite element method (FEM) is a numerical technique for solving systems of partial

differential or integral equations. This method is applied to systems where computation

of the analytic solution is intractable, e.g. systems with irregularly shaped domains

and non-uniform boundary conditions. In the finite-element method, the domain is

discretized, with the goal that increasing spatial and temporal resolution will not only

cause convergence on a particular solution, but that the solution converged upon is the

continuum solution. The evolution of the finite element method from mathematical

techniques and previous numerical methods is described in Chapter 1 of [103].

For a one-dimensional element containing nodes xi, the basis functions of a Lagrange-

type finite element are given in Equation 5.14, where φi(xj) = δij, i.e. the expansion

coefficients ai for a Langrange-type finite element basis function are the values at

the corresponding node. [104, Chap. 8] Fields within each element are described by

the expansion coefficients and the finite element basis functions themselves, such that
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the numerical approximation u(x, t) of the solution in the element is then given by

Equation 5.15, where u(xi, t) = ai(t).

φi(x) =
∏
j 6=i

xj − x
xj − xi

(5.14)

u(x, t) =
∑
i

ai(t)φi(xi) (5.15)

In general, a finite element method is characterized by how the residual R(x) =

Du− f is handled, where u(x) is numerical approximation to the equation Dv− f = 0,

where v(x) is the continuum solution. The three primary types of finite element methods

are the collocation, least squares, and Galerkin methods. [104, Chap. 8] In the colocation

method, R(xi) = 0, which is straightforward but does not address the error away from

the nodes directly. For a sufficiently smooth solution, the error away from the nodes will

decrease with resolution. In the least squares method, ∂ai
∫
R2(x)dx = 0, where ai are

the expansion coefficients. In the Galerkin method,
∫
R(x)wi(x)dx = 0, where wi(x)

are weighting functions used in evaluating the residual and are a basis for the space of

functions used for the solution space. Thus, the Galerkin method is a weak formulation

of the system.

The Galerkin method is analogous—but not always equivant—to a variational

principle. In a variational principle such as the Rayleigh-Ritz method, some conserved

integral quantity is formed, e.g. the strain energy Π(u) for a series of beams. The

solution of the continuum problem is the value of the function u that minimizes Π.

When a natural variational principle exists, the Galerkin method must necessarily yield

the same result as the variational method. [103, Chap. 3] However, the Galerkin method

is more flexible as it does not require the existence of a natural variational principle.
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Numeric quadrature is used to perform the volume integrals required by the weak form

of the equations. [33]

The finite element mesh in Nimrod is logically rectangular and uses isoparametric

mapping to real-space coordinates (Figure 5.1), i.e the same order polynomials are used

for both the dependent variables and the mapping itself. [103, Chap. 5] For a parametric

mapping x(ξ, η) and y(ξ, η), where ξ and η are logical-space coordinates and x and y are

real-space coordinates, the derivatives are recast in terms of the real-space variables. For

the first-order derivatives, the chain-rule is applied to find the logical-space derivatives

in terms of the real-space variables, Equation 5.16, where the matrix is the Jacobian

of the mapping. The inverse of the Jacobian matrix casts the real-space derivatives in

terms of the logical-space derivatives. Therefore, the finite element method provides a

reliable way to achieve high-order convergence in domains with non-uniform shape.

Figure 5.1: Isoparametric mapping of biquartic elements from logical coordinates ξ and
η to real-space coordinates x(ξ, η) and y(ξ, η). Lines show constant values of either ξ or
η.
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 ∂
∂ξ

∂
∂η

 =

 ∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η


 ∂

∂x

∂
∂y

 (5.16)

An advantage of the finite element method is its ability to reproduce a higher-order

solution with relatively few elements and/or nodes. The spatial convergence rate for the

sth derivative of the numerical solution is given by Equation 5.17, where the mesh spacing

is given by h, the degree of the differential equations is 2m, and the polynomial degree

of the basis functions is k − 1. [102] For m ≥ k, the finite element method identically

reproduces the continuum solution v. For m ≥ 2, the finite element method has faster

spatial convergence than a second-order finite difference method, which has the spatial

convergence rate of ‖u−uh‖0 ∼ O(h2). Higher-order finite difference methods exist, but

are difficult to apply to non-uniform domains. Convergence studies have shown that, in

general, basis functions of polynomial degree p ≥ 3 are required to accurately reproduce

thermal conduction in Nimrod, including thermal conduction with a realistic degree

of anisotropy (χ⊥/χ‖ � 1) and without requiring alignment between the finite element

mesh and the magnetic field. [101]

‖v − uh‖s ∼ O(hk−s + h2(k−m)) (5.17)

The number of cells in the periodic direction is given by M = 2p, where p ∈ [Z ≥ 0]

is specified by the user. For a toroidal geometry with dealiasing, the total number of

modes N represented by the finite Fourier series is bM/3c + 1, inclusive of the non-

harmonic n = 0 mode. Otherwise, the total number of modes is bM/2c + 1. The fast

Fourier transform (FFT) and the inverse fast Fourier transform (IFFT) are given by

Equations 5.18 & 5.19, respectively. Rj ∈ R are the coefficients at the discrete spectral

dimension locations, e.g. discrete toroidal angles for a toroidal geometry. Cm ∈ C,
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∀m 6= 0 are the spectral mode amplitudes, with the non-harmonic mode amplitude

C0 ∈ R.

Cn =
M−1∑
j=0

Rj exp

(
−2πijn

Nφ

)
(5.18)

Rj = C0 +
N−1∑
m=1

[
Cn exp

(
2πijn

Nφ

)
+ C∗n exp

(
−2πijn

Nφ

)]
(5.19)

The coefficients Ds
n for the sth derivate along the spectral dimension are given by

Equation 5.20, where Lφ is the length of the periodic dimension. Thus, the wave number

for the nth spectral mode is given by kn = 2π/Lφ, which reduces to the familiar kn = n/R

for toroidal geometries.

Ds
n =

(
−2πin

Lφ

)s
Cn (5.20)

The converge of a spectral method depends upon discontinuities in the continuum

solution. [105] For a continuum solution that is discontinuous in the sth derivative, the

max-norm (or ∞-norm) of the errors in the numerical solution will be O(N−s) near

the irregularity and O(N−(s+1)) away from the irregularity, where N is the number of

spectral modes. For an analytic solution without discontinuities, the max-norm of the

errors in the numerical solution is e−cN , where the coefficient c > 0.

5.2.2 Implicit Leapfrog Temporal Advance

All computations described in this paper use the implicit leapfrog temporal advance. The

flow velocity v is staggered 1/2 time-step from n, B, and Tα. The notation used is such

that v is at integer time-steps, while the other fields are at half-integer time-steps. The

∆ operator indicates the difference between successive timesteps, e.g. ∆v = vj+1 − vj
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and ∆n = nj+3/2 − nj+1/2. The bar operator indicates averaging over successive time-

steps, e.g. n̄ = 1
2

(
nj+3/2 + nj+1/2

)
. The semi-discrete equations are given below, where

Lj+1/2(∆v) contains the ideal MHD force operator, which has a coefficient of C0. [98] C1

is a coefficient for the Laplacian part with pnl the ‘nonlinear’ pressure, which is typically

orders of magnitude smaller than the total pressure.

mnj+1/2

(
∆v

∆t
+

1

2
vj · ∇∆v +

1

2
∆v · ∇vj +

1

4
∆v · ∇∆v

)
−∆tLj+1/2(∆v) +∇ ·Πj+1/2(∆v) = Jj+1/2 ×Bj+1/2

−mnj+1/2vj · ∇vj −∇pj+1/2 −∇ ·Πj+1/2(vj)

(5.21)

∆n

∆t
+

1

2
∇ ·
(
vj+1∆n

)
− 1

2
∇ ·Dn∇∆n− 1

2
∇ ·Dh∇∇2∆n =

−∇ ·
(
vj+1nj+1/2

)
+∇ ·Dn∇nj+1/2 +∇ ·Dh∇∇2∆nj+1/2

(5.22)

n̄

γ − 1

(
∆Tα
∆t

+
1

2
vj+1 · ∇∆Tα

)
+

1

2
n̄∆Tα∇ · vj+1 +

1

2
∇ · [qα(∆Tα)] =

− n̄

γ − 1
vj+1 · ∇T j+1/2

α − n̄T j+1/2
α ∇ · vj+1 −∇ ·

[
qα(T j+1/2

α )
]

+Qj+1/2
α

(5.23)

∆B

∆t
− 1

2
∇×

(
vj+1 ×∆B

)
+

1

2
∇× η∆J +∇×

(
me

µ0n̄e2
∇× ∆B

∆t

)
+∇× 1

n̄e

(
1

2
Jj+1/2 ×∆B +

1

2
∆J×Bj+1/2 +

1

4
∆J×∆B

)
− 1

2
κ∇·B∇∇ ·∆B = κ∇·B∇∇ ·Bj+1/2

−∇×
[
ηJj+1/2 − vj+1/2 ×Bj+1/2 +

1

n̄e

(
Jj+1/2 ×Bj+1/2 − T̄e∇n̄

)]
(5.24)
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Lj+1/2(∆v) = C0

{
1
µ0

[
∇×∇×

(
∆v ×Bj+1/2

)]
×Bj+1/2

+ Jj+1/2 ×∇×
(
∆v ×Bj+1/2

)
+∇

(
∆v · ∇pj+1/2 + γpj+1/2∇ ·∆v

)}
+ C1p

j+1/2
nl ∇2∆v

(5.25)

All temporal centering coefficients for advection and resistivity are 1/2 in the semi-

discrete equations shown, which, as stated previously, is required for numerical stability

at arbitrarily large time-steps. Further, C0 > 1/4 is also required for numerical stability

at arbitrarily large time-steps. The only nonlinear implicit terms are in Equation 5.21

& 5.24. The terms are quadratic in terms of ∆v and ∆B, respectively, which makes

Newton iteration straightforward. Electron inertia—a symmetric contribution to the B-

advance—can increase numeric convergence rates by limiting the frequency spectrum at

large wave-numbers, i.e. the ωce resonance. [98] With the previously given constraints, the

convergence rate for the implicit leapfrog advance is the same as for the Crank-Nicolson

method (Equation 5.26), where k is the time-step and v is the continuum solution.

‖v − uk‖0 ∼ O(k2) (5.26)

5.3 Code Development

This section describes a number of modifications made to the Nimrod code for this

computational study. The motivation for and a description of each modification are

described, though without the inclusion of source code.
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5.3.1 Helicity Injector

As it is not computationally tractable to model the helicity injector in detail within

a global-scale computation of relaxation, the injector is modeled as a combination of

localized, volumetric current and ion heating sources. The source terms are indicated in

the model equations in Section 5.1. The shape function (Γ) for both the injector current

and heating sources is given in Equation 5.27, where Zinj is defined in Equation 5.28

for φ ∈ [−π, π). The computations in Chapter 6 use parameters of Rinj = 0.35 m,

Zinj = −0.70 m, and ninj = 4. The corresponding shape function is plotted in Figure 5.2.

Γ = exp

[
−
(
R−Rinj

winj

)2

−
(
Z − Zinj (φ)

winj

)2

−
(
ninjφ

π

)2
]

(5.27)

Zinj (φ) = Zinj,0 + φ
RBZ,vac

Bφ,vac

∣∣∣∣
R=Rinj

(5.28)

The injector electric field is defined in Equation 5.29, where η is the electric resistivity.

The amplitude λ0 (t) is increased linearly in time at a constant rate of 200 m−1/ms,

allowing a more gradual current development than the sudden application of injector

voltage in the experiment. This is done to avoid Alfvénic transients in the simulations,

which would require extremely small time-steps to resolve: the sudden application of a

high-amplitude injector electric field causes local density evacuation, which causes the

Alfvén speed to become very large locally. As the purpose of this paper is to characterize

the evolution and relaxation of the current filaments and not their initial formation,

this should be an acceptable departure from experimental procedure. Additionally,

without a precise match between the helicity injection rates in the experiment and in

the computations, the plasma current evolution will necessarily differ.
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Figure 5.2: The helicity injector shape function is displayed at R = Rinj. A vacuum
magnetic field trajectory that passes through the center of the injector is traced in white.
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Einj = ηµ−10 λinj (t) BΓ (5.29)

The volumetric injector ion heat source is defined in Equation 5.30. The amplitude

Q0 (t) is increased linearly in time from 8.3 kW/m3 at t = 0 to 50 kW/m3 at t ≥ 5 ms.

The ion heating source precedes the injector electric field to establish a conducting

path for the current. Even though the heating source is strictly on the ions, the high

rate (νT,eq = 2.0 × 106 s−1) of thermal equilibration at the initial plasma temperature

will rapidly warm the electrons. Anisotropic conduction of the electron thermal energy

then forms the electrically conducting helical path. Later, both ohmic heating from

the injector current and the ion heating source contribute to lengthening the current-

conducting path of the filament until it spans the entire vertical extent of the domain.

Qinj = Q0 (t) Γ (5.30)

The current source is a localized force density acting on the electrons, expressed here

as the injector electric field Einj. From Faraday’s Law, the application of a localized

electric field source directly induces a ring of azimuthal magnetic flux around the source

region. The azimuthal magnetic field (Bθ) adds a twist to the magnetic field lines in the

injector region. Associated with the azimuthal magnetic field is a current toroid that

loops around the azimuthal magnetic field. The Lorentz force between the azimuthal

magnetic field and the radial current density at the ends of the toroid excite propagation

of torsional Alfvén waves, which act to redistribute the helical twisting along the length

of the magnetic field lines. Perpendicular resistive diffusion of the unsupported reverse

current results in net current. The formation of a current filament from the injector

electric field is visualized in Figure 5.3. In the computations, the unsupported reversed
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current quickly diffuses through the cold regions surrounding the modeled helical current

filament, leaving a flux rope with net current.

B
z

B
θ

E
inj

(a) Einj induces Bθ (b) Bθ adds a twist to magnetic field

B
θ

J

(c) The Jr × Bz Lorentz force at the ends
launches torsional Alfvén waves

(d) With diffusion, a flux tube with net
current forms

Figure 5.3: The formation of a current filament from Einj

5.3.2 Thermal Transport

In this section, a brief description is given of modifications to the thermal transport

routines, as well as the motivation for the modifications. In particular, the perpendicular

thermal diffusivity and thermal equilibration between ions and electrons have been
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updated to now include locally computed, temperature-dependent coefficients. All

transport coefficients are computed from the Braginskii closure model in Reference [1].

For the rest of this section, the following characteristic times are used:

τi =
√

2τii (5.31)

τe = τei (5.32)

where ταβ is the scattering time of a test particle α off a field particle β, given in

Equation 5.33. The Coulomb logarithm (log Λαβ) in Equation 5.33 may be treated as

a constant for the entire plasma or locally computed using the plasma parameter Λαβ

and Debye length λD in Equations 5.34 & 5.35, respectively. As the predicted value

of the Coulomb logarithm does not vary greatly over the expected temperature range–

log Λ ' 8–12 from T = 1–10 eV, respectively–a constant value of log Λ = 10 is used in

the computations presented in Chapter 6.

ταβ =
6
√

2π3/2ε20
√
mα (kBTα)3/2

nβq2αq
2
β log Λαβ

(5.33)

Λαβ =
12πε0kB
qαqβ

mβTα +mαTβ
mα +mβ

λD (5.34)

λD =

[
nee

2

ε0kB

(
1

Te
+
Zeff
Ti

)]−1/2
(5.35)

The original perpendicular thermal diffusivity χ⊥ implemented in Nimrod was the

high-magnetization limit (xs = ωcsτs � 1) of the Braginskii closure model for thermal

conduction. [1] In regions of low temperature where xs < 1, the high magnetization

formulation over-predicts perpendicular thermal transport, Figure 5.4, leading to an
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artificial loss of thermal confinement. The computations presented in Chapter 6,

which are initialized with a low, uniform plasma temperature, are susceptible to this

issue. At the initial temperature, the ions are effectively unmagnetized with an

ion magnetization parameter (xi) of 0.0345, resulting in nearly isotropic ion thermal

conductivity κ⊥,i/κ‖,i = 0.996. The electrons are moderately magnetized with an

electron magnetization parameter (xe) of 1.48, resulting in significant anisotropization

(κ⊥,e/κ‖,e = 0.171) of the electron thermal conductivity. Therefore, the full Braginskii

formulation [1] was implemented into Nimrod to reproduce realistic thermal transport

across a wide range of values for the magnetization parameter xs.

xs = ωcsτs (5.36)

κ‖,s =
nsTsτs
ms

γ0,s
δ0,s

(5.37)

κ⊥,s =
nsTsτs
ms

γ1,sx
2
s + γ0,s

x4s + δ1,sx2s + δ0,s
(5.38)

lim
x�1

κ⊥,s = κ‖,s ∝ T 5/2
s (5.39)

lim
x�1

κ⊥,s =
nsTsτs
ms

γ1,s
x2s
∝ T−1/2s B−2 (5.40)

The new implementation of the full Braginksii perpendicular thermal conduction

in Nimrod is benchmarked in Appendix A by investigating sound and compressional

Alfvén wave damping with finite thermal conduction. The typical dispersion relations

for these two types of waves are purely oscillatory for both the adiabatic (γ =

5/3) and isothermal (γ = 1) limits. By introducing finite thermal conduction, the
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Figure 5.4: Scaling of the ratio of perpendicular-to-parallel thermal diffusivity with
magnetization parameter ωcsτs for a Z = 1 plasma.
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modified dispersion relations have strong damping at intermediate values of thermal

conduction, while capturing both the adiabatic and isothermal oscillation frequencies in

the appropriate limits.

Nimrod also previously utilized a toroidally symmetric perpendicular thermal

diffusivity computed from toroidally averaged values of the density, temperatures, and

magnetic field. However, the plasma temperature during the early, helical phase of

current filament evolution has a strong toroidal dependence, meaning that locally-

computed, temperature-dependent transport coefficients should also have a strong

toroidal dependence. Therefore, Nimrod was updated to include a three-dimensional

implementation of χ⊥.

In Nimrod, thermal equilibration between ions and electrons is applied at the end of

the thermal advance in each time-step, applying a numerical time-splitting approach. In

the separate step, simplified versions of the energy equation are solved (Equations 5.41

& 5.42), containing only the contribution from thermal equilibration between species.

The rate of thermal equilibration, νT,eq, may be treated as a constant for the entire

plasma or locally computed from Equation 5.43.

ni
∂Ti
∂t

+ . . . = νT,eq (Te − Ti) (5.41)

ne
∂Te
∂t

+ . . . = νT,eq (Ti − Te) (5.42)

νT,eq =
3me

τemi

(5.43)

Casting the continuum equations above in terms of a discrete time-step ∆t yields the

discrete thermal equilibration equations below, where T ∗s is the temperature after the

contributions of thermal conduction, ohmic and viscous heating, etc. have been applied,
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and T n+1
s is the temperature at the end of the time-step after thermal equilibration.

(∆t)−1
(
T n+1
i − T ∗i

)
= ZeffνT,eq

(
T n+1
e − T n+1

i

)
(5.44)

(∆t)−1
(
T n+1
e − T ∗e

)
= νT,eq

(
T n+1
i − T n+1

e

)
(5.45)

Energy conservation and the quasi-neutrality condition, ne ≈ Zeftni, yield a relation

between the ion and electron temperatures, given by Equation 5.46. Inserting the

relation into the evolution equations above yields the ion and electron temperatures

after thermal equilibration. The ion temperature is computed first, overwriting the

original values. Then, electron temperature is computed using the T n+1
i instead of T ∗i .

T n+1
e − T ∗e = Z−1eff

(
T n+1
i − T ∗i

)
(5.46)

T n+1
i =

(
1 + νT,eq∆t

1 + νT,eq∆t (Zeff + 1)

)
T ∗i +

(
ZeffνT,eq∆t

1 + νT,eq∆t (Zeff + 1)

)
T ∗e (5.47)

T n+1
e =

(
1

1 + νT,eq∆t

)
T ∗e +

(
νT,eq∆t

1 + νT,eq∆t

)
T n+1
i (5.48)

By construction, this implementation of thermal equilibration is both implicit and

energy conserving, and it is a strictly local computation for each point in space. The

time-splitting implies O (∆t1) truncation errors, however. The computations described

in Chapter 6 use locally computed, temperature-dependent coefficients of νT,eq. At the

initial temperature of Te = Ti = 0.24 eV, the ions and electrons undergo rapid thermal

equilibration with νT,eq = 2.0 × 106 s−1. For Te & Ti ≈ 10 eV, thermal equilibration

between ions and electrons is still significant at νT,eq = 7.5× 103 s−1. However, this rate
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falls within the range of significant MHD activity (f ' 3–20 kHz) observed during the

computations presented in Chapter 6, so other processes may have comparable or even

greater impact on thermal transport.

5.3.3 Boundary Conditions

The helical conducting current filament forms part of the overall electrical circuit

through which the injected current flows. In order for the plasma current to reach

the surface and complete the circuit, the region at the ends of the current filament must

possess sufficient electrical conductivity. With uniform, fixed boundary conditions on

temperature, current forms an annular return path through the plasma that surrounds

the driven current in the filament, as shown in Figure 5.5. The return current is anti-

parallel to the current in the filament, partially shielding the attractive Lorentz force

between adjacent passes of the current filament and delaying their eventual merger.

The surface at the ends of the current filament corresponds to the electrode surfaces

in the experiment. Increasing the temperature in this region to be comparable to that

in the current filament itself creates sufficient electrical conductivity for current to reach

the surface. However, the remainder of the domain boundary corresponds to the vacuum

vessel, and should therefore possess significantly lower temperature (and consequently,

higher resistivity) than the electrode region. The ends of the current filament are also

not restricted and–the upper end of the current filament, in particular–move during the

computations. Rather than specifying a temperature profile on the domain boundary

consistent with the movements of the current filament, a thermally insulating boundary

condition is applied with a linear relaxation term. The thermal relaxation is expressed

as differential equation below:
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Figure 5.5: The plasma current forms a return path through the plasma with fixed
boundary conditions on temperature. The temperature on the entire domain boundary
is fixed at the initial temperature Te = Ti = 0.24 eV.
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∂Ts
∂t

= −αT,s (Ts − Ts,0) (5.49)

where values of the relaxation rates αT,i = (1−−1.5)× 104 s−1 and αT,e = (1−−2.5)×

105 s−1 are used in the computations.

The Pegasus vessel allows magnetic diffusion on the time-scale of the discharges.

Modeling the chamber with an ideally conducting wall leads to an unphysical outward

shift of toroidal flux that impedes the development of axial current. Alternatively,

holding the toroidal magnetic field on the inboard and outboard surfaces fixed leads to

a series of Alfvénic transients that are also unphysical. Instead, by relaxing the toroidal

magnetic field along the inboard and outboard surfaces, the computations avoids the

unphysical shift and represents a resistive-wall in a very approximate way. The relaxation

of the toroidal magnetic field is expressed as a differential equation below:

∂Bφ

∂t
= −αη (Bφ −Bφ,vac) (5.50)

where values of the relaxation rates αη = (1–10)× 109 s−1 are used in the computations.

Generally, αη is chosen to be as large as possible but to still satisfy αη∆t � 1 for

numerical stability.

Minor modifications must also be made to the magnetic field boundary conditions

to model the poloidal flux compression phase. During the formation phase and prior

to poloidal flux compression, the computations use the typical conducting boundary

conditions, i.e. B̃ · n̂ = 0, where B̃ is the evolving part of the magnetic field. The

tangential component of the magnetic field evolves consistently with the evolution

equation in Section 5.1. During poloidal flux compression, the value of B̃Z on the

surfaces Z = Zmin, Zmax is specified by the piecewise linear function in Equation 5.51.
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The conditions on other components of the magnetic field and other surfaces remain

unchanged.

B̃Z (t) =


0 t < t0

ḂZ (t− t0) t0 ≤ t < t1

ḂZ (t1 − t0) t ≥ t1

(5.51)

For the resulting tangential electric field to be consistent with a conducting center column

like in the experiment, Eφ = 0 at R = Rmin. This produces a toroidal electric field of

the form:

Eφ = ḂZ

(
R2 −R2

min

2R

)
(5.52)

During the poloidal flux compression phase, a uniform rate of poloidal flux compression

(ḂZ = 1 mT/ms) is specified in the computations presented in Chapter 6.

5.3.4 Synthetic Mirnov Diagnostic

The experiment relies heavily on a set of magnetic diagnostics to characterize plasma

evolution during localized helicity injection. [20, 28] In order to make quantitative

comparisons with the experimental measurements, an array of synthetic Mirnov coils

has been implemented into Nimrod. First, a list of coil positions is read into Nimrod

and the logical positions are found in an inversion of mapping done in Section 5.2.1.

Then, the logical positions are used to solve for the magnetic field at each coil position

and write it to a file at a user-specified stride in the number of time-steps. The analysis in

Chapter 6 focuses on the Mirnov coils at the inboard and outboard midplane, rather than

the entire set of Mirnov coils listed in Reference [106]. Those coil positions are listed
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in Table 5.1. The experimental and synthetic Mirnov coils possess identical poloidal

positions and the same toroidal spacing relative to each other.

Spectrograms (Chapter 6) are produced from the ‘raw’ synthetic outer toroidal

Mirnov coil signals through a multi-step analysis method. NIMROD uses an adaptive

time-stepping algorithm, resulting in a non-uniform sampling of the synthetic Mirnov

coil signals. To simplify analysis, each ‘raw’ signal is interpolated using a cubic

spine onto an oversampled uniform time-step domain with a total number of samples

N1 = 2 ∧ (blog2b∆tsim/min (dt0)cc+ 1), where min(dt0) is the smallest time-step from

the original dataset and ∆tsim is the total length of time for the data being analyzed.

The uniform time-step of the interpolated data is therefore dt1 = ∆tsim/(N1 − 1). The

peak frequency (50 kHz) of the spectrogram is well below the frequency corresponding

to the maximum time-step in the simulations (1/max (dt0) ∼ 10 MHz). Therefore,

the error introduced by interpolation of the original signals would be far outside the

frequency range of interest.

To isolate the sinusoidal part (ỹ) of each signal, a running average is computed for a

nominal window width ∆twin = 0.5 ms and subtracted from the original part (y) of the

signal, as in Equation 5.53, where Nwin = b∆twin/dt1 + 0.5c is the number of samples

in each window and y [n] = 0 for n < 1 and n > N1. The final analysis only considers

the valid sample of ỹ, i.e. 1 + b(N1 −Nwin) /2c ≤ n ≤ N1 − b(N1 −Nwin) /2 + 0.5c.

The sinusoidal part of each signal is then divided into a series of overlapping windows

of width ∆twin = 0.5 ms with a stride of 0.1 ms. A Hann window (Eq. 5.54) is applied

to reduce edge effects, as the signal at the ends of any given window is not necessarily

periodic.

ỹ [n] = y [n]−
Nwin∑
m=1

y [n−m]

Nwin

(5.53)
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Table 5.1: Mirnov coil positions

name R (cm) Z (cm) Φ (degrees)

OT1 88.2 -17.00 301.7

OT2 90.5 -16.25 329.8

OT3 89.2 -34.75 344.9

OT4 88.2 -17.25 31.5

OT5 91.2 -16.70 122.3

OT6 90.2 -16.9 210.7

CT1 5.445 0 293.1

CT2 5.445 0 344.5

CT3 5.445 0 36.0

CT4 5.445 0 87.4

CT5 5.445 0 241.7

HR11 5.445 0 138.82

Positions are list for a selected set of Mirnov coils in the Pegasus Toroidal Experiment.
[106] The first set is designated the outboard toroidal (OT) array, while the second set is
designated the inboard toroid (CT) array. The toroidal angle Φ is relative to the inboard
limiter in the experiment and relative to the center of the injector in the computations.
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w (n) = 0.5

[
1− cos

(
2πn

N − 1

)]
(5.54)

For each unique pair of Mirnov signals x and y, the cross-power spectral density

is computed using the Welch’s averaged, modified periodogram method of spectral

estimation, Equation 5.55, where Rxy is the cross correlation sequence (Eq. 5.56) and

E {.} is the expected value operator. The root-mean-square average is taken of the cross-

power spectral density for all unique pairs of outboard toroidal Mirnov array signals.

Frequencies of a few kilohertz are filtered from the experimental diagnostics. Therefore,

the average amplitude is attenuated by (f/10 kHz) for f ≤ 10 kHz to diminish, but not

entirely eliminate, the contribution of lower-frequency dynamics.

Pxy (ω) =
∞∑

m=−∞

Rxy (m) e−jωm (5.55)

Rxy (m) = E {xn+my∗n} = E
{
xny

∗
n−m

}
(5.56)
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Chapter 6

Results and Discussion

In this chapter, the results of two sets of computations are presented and discussed:

one that evolves the MHD Ohm’s law and another that evolves the two-fluid Ohm’s

law defined in Chapter 5. A large Hall parameter (δi/rc) indicates that the electron

fluid can significantly decouple from the ion fluid, affecting current-filament motion and

interaction. The experimentally measured electron density ne ' 5 × 1018 m−3 during a

typical plasma produced by localized helicity injection [107] produces a Hall parameter

of 3.6 for a channel width (rc) of 4 cm, where δi is the ion skin depth. Therefore, two-

fluid effects were anticipated, and now confirmed, to significantly affect current filament

evolution. Through the use of separate calculations with and without the two-fluid terms

in Ohm’s Law, the effect of those terms is to some degree quantified. As both sets of

computations exhibit the same qualitative behavior throughout much of the evolution,

only one set of results (usually those with the two-fluid effects) is discussed, unless

making specific comparisons.

The computations start from vacuum magnetic fields and progress through relaxation

into a tokamak-like state. The vacuum magnetic field has the form

Bvac = (I/R) φ̂+BZẐ (6.1)
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with a uniform I ≡ RBφ of 0.007 m · T and axial magnetic field (BZ) of 3.69 mT.

The vacuum toroidal magnetic field corresponds to axial current through the central

column of 35 kA. At the injection radius, R = 35 cm, the geometric winding number

(Equation 6.2) of the vacuum field is 3.96.

G ≡ I∆Z

2πR2BZ

(6.2)

The initial condition of the computations is treated as plasma with respect to transport

properties, abeit at an unphysically low, uniform temperature Ti = Te = 0.24 eV.

The initial electron number density (ne) is set uniformly to 1 × 1019m−3. Ionization,

recombination, and neutral particle evolution are not considered in the modeling.

However, transitions from unmagnetized transport properties to magnetized properties

over the profile are important. Therefore, the Braginskii closure model for thermal

conduction is used to reproduce the transition from unmagnetized (xi � 1) to

magnetized (xi � 1) thermal conduction as the local plasma pressure increases, where

xi ≡ ωciτi is the ion magnetization parameter. The physics model for these computations

is discussed in greater detail in Chapter 5.

The computations have only one source region producing a single current filament,

which is shown in Figure 6.1. The sources comprising the helicity injector are described

in Section 5.3.1, including the initial formation of a current filament from those sources.

The vacuum magnetic field, which is required for relaxation of the current filament into

a tokamak-like configuration, directs the flux rope along several helical passes. [28] The

current filament pierces each constant toroidal-angle plane in multiple locations. As the

current crossing each plane is necessarily parallel, adjacent passes of the current filament

will attract each other.

The self-induced magnetic field from the flux rope reduces the vertical field on the
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Figure 6.1: The spatial distribution of the injector sources and the resulting helical
current filament. The half-max shown of the injector shape function is shown in in blue.
The isosurface λ = 1.0 m−1 is shown in translucent red for the resulting current filament
at t = 0.6 ms in the 2-fluid computation, when Ip = 1.1 kA . The central column is
shown in gray for clarity.

inboard side of the rope and reinforces it on the outboard side. At low injected current,

Ip . 2 kA, the self-induced magnetic-field from the flux rope is less than the axial vacuum

magnetic field, and the current filament winds along the vacuum field as observed during

the filamentary phase described in Reference [28]. With additional injected current, the

magnetic field associated with the current filament locally exceeds the axial vacuum

magnetic field, producing a local vertical magnetic field null inboard of the flux rope

axis. With the local field null, the attractive Lorentz force between adjacent passes of

the current filament then excites vertical oscillations in the helical channel.
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6.1 Current Filament Merger and Reconnection

Interaction among adjacent passes intensifies over time with increasing channel current

until they collide and merge via magnetic reconnection. When Ip > 3 kA, the localized

merger releases a ring of net current that surrounds the central column. As shown in

Figure 6.2, the merger geometry is nearly parallel, and adjacent passes are oriented in

the co-helicity sense. The separated current rings form slightly inboard of the current-

channel near the midplane and slowly propagate vertically away from the injector.

Reconnection along the rope is, therefore, restricted by the source region, just as

reconnection is restricted by the electrostatic plasma gun injectors in the Reconnection

Scaling Experiment (RSX) [108] and the Large Plasma Device (LaPD) [109]. However,

unlike Pegasus, the current filaments in RSX and LaPD are injected along straight axial

magnetic fields.

When focusing on the region near the reconnection site, the two segments of the

current filament that pass through this region can be considered as separate flux ropes.

The parallel merger geometry between these segments appears similar to the RR0

configuration in Reference [69], in which two straight, parallel co-helicity flux tubes

merge. Here, however, one of the ends of each segment curves away vertically to the

ends of the current filament path. Unlike results for parallel co-helicity flux tubes,

the current-channel passes in our simulations do not remain merged, but separate

with a changed connectivity that severs an axisymmetric current loop, as shown in

Figure 6.2, from a shortened driven current-channel path. An oblique contact angle

between adjacent passes of the Pegasus current channel is insufficient to explain the

eventual separation, as Reference [69] predicts coalescence over a significant range of

contact angle between co-helicity flux tubes, ∆φ ' π/4 for merging only and ∆φ ' π

when allowing for other phenomena such as tunneling in addition to merging. Rather, the
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formation of the current ring resembles the slingshot interaction discussed in Chapter 3.

The strong toroidal magnetic field, or more precisely, the relatively small field-line

winding parameter for the current filament facilitates the slingshot interaction, as in

Reference [70]. After reconnection and separation in the computations, only the helical

path contains drive, while the symmetric ring freely decays.

Figure 6.3 shows that the cross-section of the reversed current density that is

associated with reconnection has the characteristic S-shape for flux-rope merger, also

reported in References [68, 110]. The periodic creation and spreading of flux-rope

rings accumulate net axisymmetric poloidal flux as part of the magnetic relaxation

process, [111] which is described later in the chapter. An early numerical study of

the interaction of flux-ropes also finds conditions that produce a flux-rope ring [112]. In

that case, the two distinct ropes carry net current but are driven by field-lines tied to

foot-point motion, and a ring is produced in the attracting case with opposite helicity.

Closed loops in the study of ropes without net current also form in cases of opposite

helicity only. [69]

To characterize both the formation of the current loops and how they affect the

global system, segments containing multiple successive reconnection events are examined

in both the MHD and 2-fluid computations. These segments (Figures 6.4 & 6.5) are

entirely prior to the formation of a global poloidal magnetic field null, when reconnection

events occur frequently and the current filament dynamics dominate the system. In

addition to the evolution of global quantities over the overlapping 0.8 ms segment from

2.4 ≤ t ≤ 3.2 ms, comparisons are made between two merger events that occur at

similar times in the MHD and 2-fluid computations. The time at which the greatest

reconnection, i.e. reversed, current density occurs over the course of one such merger

event–henceforth referred to as peak reconnection–occurs at t = 2.97 ms into the MHD
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(a) t = 2.91 ms (b) t = 2.93 ms

(c) t = 2.94 ms (d) t = 2.95 ms

Figure 6.2: The formation and release of a current ring. Isosurfaces of λ in units
of m−1 are shown at different times in the 2-fluid computation. The positive-valued
(red) isosurface shows current flowing from the source, and the negative-valued (blue)
isosurface shows reversed current associated with reconnection.
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computation and at t = 2.93 ms into the 2-fluid computation.

Both the MHD and 2-fluid computations exhibit similar plasma properties at

peak reconnection. The qualitative similarities between parallel current density and

temperatures profiles are displayed in Figures 6.6 & 6.7. Quantitatively, peak values

of these parameters vary by at most 6 % between the computations, as indicated in

Table 6.1. However, global parameters exhibit significantly different evolution over the

segment, indicated in Table 6.2. While the plasma current varies by a maximum of

7.6 % between the MHD and 2-fluid computation, it exhibits a much slow rate of

increase in the 2-fluid computation, only approximately two-thirds of that in the MHD

computation. Similarly, the rate of increase for both the electron and ion internal

energies is approximately one-quarter slower in the 2-fluid computation. While the

electron and ion internal energies vary by 20.8 % and 21.3 %, respectively, over the

entire segment, they vary by only 2.0 % and 2.8 %, respectively, at the time of peak

reconnection. The contention, here, is that the conditions between the computations

are similar enough to allow for comparison, while simultaneously acknowledging that

only exaggerated differences should be considered significant, as the computations have

evolved from the beginning to these merger events either entirely with or without the

2-fluid terms in Ohm’s law which would have some contribution to the plasma conditions

at the time of the merger.

Figures 6.4 & 6.5 display diagnostic traces over three successive reconnection events

for the MHD and 2-fluid computations, respectively. The inboard toroidal (CT) and

outboard toroidal (OT) synthetic Mirnov arrays display qualitatively different behavior

in the magnetic fluctuations prior to the formation of a poloidal magnetic field null near

the central column. The outboard array consistently shows rotating mode behavior,

indicated by the temporal phasing between the individual Mirnov signals. The inboard
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Table 6.1: Plasma properties at peak reconnection

Quantity MHD 2-fluid Ratio

maxλ [m−1] 21.6 22.9 1.06

minλ [m−1] -21.3 -22.6 1.06

maxTe [eV ] 5.5 5.5 1.00

maxTi [eV ] 3.9 4.1 1.04

Local plasma properties near the reconnection region at t = 2.97 ms in the MHD
computation and at t = 2.93 ms in the 2-fluid computation.

array, however, indicates a symmetric burst of MHD activity that correlates with the

presence of the reversed current sheet during filament merger. The forward current in

the driven current channel depresses the vertical vacuum magnetic field on the inboard

side, so the reversed current sheet acts to oppose that depression. The forming current

ring is in closer proximity to the central column than the outboard array. As each signal

represents the superposition of the magnetic field contribution from current over the

entire domain, the ability of the inboard array to directly infer current ring formation–

while the outboard array is unable to–is unsurprising. As shown in Table 6.3, both

the inboard toroidal synthetic Mirnov arrays display significantly smaller fluctuation

amplitudes in the 2-fluid computation, indicating that the 2-fluid effects in Ohm’s law

are effectively weakening the dynamic response from reconnection.

Neither the electron nor the ion internal energy fluctuates significantly during a

reconnection event, as indicated in Figures 6.4b & 6.5b. This result suggests that

while active reconnection drives significant ohmic heating as a result of the high current
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Table 6.2: Plasma properties in the overlapping segments

Quantity MHD 2-fluid Ratio

İp [kA/ms] 3.18 2.13 0.67

˙Eint,e [J/ms] 17.1 12.8 0.74

˙Eint,i [J/ms] 16.6 12.5 0.75

Plasma properties obtained through linear regression over the segment 2.4 ≤ t ≤ 3.2 ms
in both the MHD and 2-fluid computations.

density in the reconnection current sheet, the ohmic heating is sufficiently balanced by

thermal conduction to minimally affect the plasma temperature. Reconnection does

not significantly alter the conditions or the length of the driven current channel over a

reconnection event, and shortly after its creation, the current ring has similar properties

to the driven channel, as confirmed in Figures 6.6 & 6.7 for both the MHD and 2-

fluid computations. A significant drop in the temperature of either the driven current

channel or the current ring would alter both its thermal conduction and ohmic heating

properties, but this is not observed. Therefore, current filament merger redistributes

thermal energy only insomuch as it separates a portion of the driven current channel

that then decays freely, not through reconnective outflows or substantial loss of thermal

confinement due to changing magnetic topology.

The fluctuations of the n = 1 harmonic of the magnetic energy spectrum is well

correlated with the reconnection events, as shown in Figures 6.4e & 6.5e. The drop

in n = 1 magnetic energy corresponding to the reconnection events may result from

the tilting of a transit of the current filament into the horizontal plane that effectively
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Table 6.3: Fluctuation amplitudes over successive reconnection events

Quantity Calculation MAX Amplitude RMS Amplitude

EK,0 [J ] MHD 2.79e-01 9.64e-02
2-fluid 1.57e-01 5.09e-02
Ratio 0.56 0.53

EK,1 [J ] MHD 8.43e-02 3.03e-03
2-fluid 8.74e-02 4.39e-02
Ratio 1.04 1.45

EM,0 [J ] MHD 3.16e-01 1.43e-01
2-fluid 5.39e-01 2.07e-01
Ratio 1.71 1.45

EM,1 [J ] MHD 6.16e-01 2.46e-01
2-fluid 4.86e-01 2.76e-01
Ratio 0.79 1.12

OT BZ [mT ] MHD 2.88e-01 1.20e-01
2-fluid 1.91e-01 8.96e-02
Ratio 0.66 0.75

CT BZ [mT ] MHD 2.42e+00 7.93e-01
2-fluid 1.81e+00 5.31e-01
Ratio 0.75 0.67

Both the maximum and root-mean-squared temporal average fluctuation amplitudes are
computed relative to a linear fit over the segment from 2.4 ≤ t ≤ 3.2 ms in both the
MHD and 2-fluid computations. The fluctuation amplitude for the outboard toroidal
(OT) and inboard toroidal (CT) synthetic Mirnov array signals is computed for the
root-mean-square average of the individual signals in each array.
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(a)

(b)

(c)

Figure 6.6: Plasma evolution over a reconnection event in the MHD computation.
Contours of (a) λ in units of m−1 and (b) Te & (c) Ti in units of eV at t = 2.95
(left), t = 2.97 (center), and t = 2.99 ms (right) for φ = π/6.
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(a)

(b)

(c)

Figure 6.7: Plasma evolution over a reconnection event in the 2-fluid computation.
Contours of (a) λ in units of m−1 and (b) Te & (c) Ti in units of eV at t = 2.91 (left),
t = 2.93 (center), and t = 2.95 ms (right) for φ = 0.



120

converts the helical magnetic flux in the driven filament into poloidal magnetic flux

in the current ring. A drop in the total magnetic energy suggests that conversion of

magnetic energy to kinetic energy through reconnection is occurring at a faster rate

than dynamo electric field (Section 6.3) is transferring energy to the mean field. While

resistive dissipation also converts significant magnetic energy to thermal energy, the

energy transfer rate is smaller than that for the dynamo electric fields. The fluctuations

in magnetic energy are small relative to the vacuum magnetic field energy, EM,vac =

613.979 J. The fluctuation amplitude of n = 0 magnetic energy (Table 6.3) is smaller

in the 2-fluid computation, which is consistent with the observation later of a smaller

MHD dynamo electric field than in the MHD computation. Note that the n = 0 magnetic

energy includes contributions from the vacuum magnetic field. The effect of the 2-fluid

terms on the n = 1 magnetic energy fluctuation amplitudes is ambiguous: while the

maximum amplitude is larger in the MHD computation, the root-mean-square temporal

average amplitude is larger in the two-fluid computation.

Local minima in the n = 1 kinetic energy shortly precede local maxima in the

n = 0 kinetic energy, Figures 6.4c & 6.5c. The minima correspond to the stagnation

of the adjacent current filament passes as they merge. The current channel rotates

very rapidly (v > 20 km/s) about its helical axis. The tilting of the current filament

does not inherently alter this rotation, but changes its projection onto the different

toroidal harmonics. The fluctuation amplitude of the n = 0 kinetic energy (Table 6.3) is

much smaller in the 2-fluid computation than in the MHD computation. The root-

mean-squared temporal average fluctuation amplitude of the n = 1 kinetic energy

is significantly larger (45 % larger) in the 2-fluid computation, but the maximum

fluctuation amplitude is comparable (only 4 % larger) to the MHD computation.

Prior to the formation of a global poloidal magnetic field null, significant thermal
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energy is transported to the bottom surface of the domain, which corresponds to the

vacuum vessel in the experiment. This transport is particularly evident in Figures 6.9–

6.12, in which maxima are located on the bottom surface for parallel electron, parallel

ion, perpendicular electron, and perpendicular ion heat fluxes. While the electron and

ion convective heat fluxes (Figures 6.13 & 6.14) are large just a few centimeters above

the bottom surface, no-slip boundary condition causes the flux at the boundary to be

identically zero and produces the resulting steep gradient. Formulas for the toroidally

averaged parallel, perpendicular, and convective heat fluxes are given in Equations 6.3,

6.4, & 6.5, respectively, where the species velocity vs is defined in Section 5.1.

〈q‖,s〉 = 1
2π

∫ π

−π
dφ nχ‖,sbb · ∇Ts (6.3)

〈q⊥,s〉 = 1
2π

∫ π

−π
dφ nχ⊥,s (I− bb) · ∇Ts (6.4)

〈qv,s〉 = 1
2π

∫ π

−π
dφ nvsTs (6.5)

The parallel ion heat flux (Figure 6.10) is typically more than an order of magnitude

larger than the parallel electron heat flux (Figure 6.9), which likely results from heat

leaking onto adjacent field lines through perpendicular thermal conduction. At a given

temperature, ions have a much larger perpendicular thermal diffusivity than electrons, so

heat is transferred across magnetic field lines at a much faster rate for ions (Figure 6.12)

than for electrons (Figure 6.11). Parallel thermal conduction then redistributes the

thermal energy along the magnetic field lines. As parallel thermal diffusivities are at

least as large as the perpendicular thermal diffusivities and typically much larger, the

rate at which perpendicular thermal conduction leaks energy effectively limits the rate of

parallel thermal conduction, so both the parallel and perpendicular thermal conduction



122

rates are larger for ions than electrons.

The convective heat fluxes are also typically much larger than the parallel and

perpendicular heat fluxes. The greatest contribution to the convective heat flux is the

high speed rotation of the current filament about its helical axis, as shown in Figures 6.8.

Despite its magnitude, the convective heat flux only has a small contribution to the

overall temperature evolution, as the temperature variation is small along the direction

of flow, i.e. vi/e · ∇Ti/e/|vi/e||∇Ti/e| � 1. Note that a flow speed on the order of tens

of km/s represents a significant fraction of the Alfvén speed, which is on the order of

100 km/s at the injector radius.

During peak reconnection, significant enhancement of all components of both the

electron and ion heat fluxes is observed (Figures 6.9–6.14), as gauged by comparing

the heat fluxes at 50 µs prior to peak reconnection–corresponding to t = 2.92 ms in

the MHD computation and to t = 2.88 ms in the 2-fluid computation–to the heat

fluxes at peak reconnection. The parallel electron, parallel ion, convective electron, and

convective ion heat fluxes are all comparable (at most an 8 % variation) between the

MHD and 2-fluid computations at 50 µs prior to peak reconnection, as indicated in

Table 6.4. The perpendicular electron and perpendicular ion heat fluxes prior to peak

reconnection are, respectively, somewhat smaller and larger in the 2-fluid computation

than the MHD computation. However, during peak reconnection the perpendicular heat

fluxes are comparable with a less than 1 % variation in the perpendicular electron and

12 % variation in the perpendicular ion heat fluxes. The parallel electron and parallel ion

heat fluxes display significantly larger enhancement in the 2-fluid computation than the

MHD computation with the parallel ion heat flux reaching a maximum nearly triple that

in the MHD computation. This results from the effect that the 2-fluid terms in Ohm’s

law have on the magnetic field-line topology, which are characterized fully in the next
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(a)

(b)

Figure 6.8: Contours of the magnitude of the plasma flow velocity, |v|, in units of m/s for
φ = 0 (a) in the MHD computation at t = 2.95 (left), t = 2.97 (center), and t = 2.99 ms
(right) and (b) in the 2-fluid computation at t = 2.91 (left), t = 2.93 (center), and
t = 2.95 ms (right) in the MHD computation. Overlaid arrows indicate the direction of
the flow velocity.
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section. To preview here though, the magnetic field-lines experience greater deformation

in the 2-fluid computations, but that deformation is limited to smaller spatial scale, as

evidenced by larger values of the squashing factor and magnetic field-line lengths over

smaller spatial scales. Both the toroidally-averaged electron and ion convective heat

fluxes are smaller in the 2-fluid computation, which is consistent with observations of

smaller n = 0 kinetic energy fluctuations over a reconnection event.
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Table 6.4: Toroidally-averaged heat fluxes over a reconnection event

Quantity Calculation Off-Peak Peak Peak/Off-Peak

∣∣〈q‖,e〉∣∣ MHD 5.03e+01 9.23e+01 1.83
2-fluid 5.43e+01 1.27e+02 2.33
Ratio 1.08 1.37∣∣〈q‖,i〉∣∣ MHD 6.46e+02 1.51e+03 2.34
2-fluid 6.25e+02 4.33e+03 6.93
Ratio 0.97 2.86

|〈q⊥,e〉| MHD 5.91e+02 1.07e+03 1.81
2-fluid 4.98e+02 1.08e+03 2.16
Ratio 0.84 1.00

|〈q⊥,i〉| MHD 2.38e+03 7.01e+03 2.95
2-fluid 2.87e+03 7.92e+03 2.76
Ratio 1.21 1.12

|〈qv,e〉| MHD 7.02e+04 1.19e+05 1.69
2-fluid 7.43e+04 9.89e+04 1.33
Ratio 1.06 0.83

|〈qv,i〉| MHD 6.09e+04 1.00e+05 1.64
2-fluid 6.09e+04 8.90e+04 1.46
Ratio 1.00 0.89

The magnitude of the toroidally averaged heat fluxes is displayed in units W/m2. The
column “Off-peak” refers to the heat fluxes 50 µs prior to peak reconnection.
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(a) (b)

(c) (d)

Figure 6.9: The magnitude of the toroidally-averaged parallel electron heat flux in units
of W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms and for
the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.
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(a) (b)

(c) (d)

Figure 6.10: The magnitude of the toroidally-averaged parallel ion heat flux in units of
W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms and for
the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.
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(a) (b)

(c) (d)

Figure 6.11: The magnitude of the toroidally-averaged perpendicular electron heat flux
in units of W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms
and for the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.
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(a) (b)

(c) (d)

Figure 6.12: The magnitude of the toroidally-averaged perpendicular ion heat flux in
units of W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms
and for the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.



130

(a) (b)

(c) (d)

Figure 6.13: The magnitude of the toroidally-averaged convective electron heat flux in
units of W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms
and for the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.
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(a) (b)

(c) (d)

Figure 6.14: The magnitude of the toroidally-averaged convective ion heat flux in units
of W/m2 is plotted for the MHD computation at (a) t = 2.92 & (b) t = 2.97 ms and for
the 2-fluid computation at (c) t = 2.88 & (d) t = 2.93 ms.
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6.2 Characterization of Magnetic Topology Evolution

The formation of a current ring represents a distinct change in the magnetic field-line

topology. In this section, the magnetic field-line topology is characterized through a

number of techniques rooted in field-line integration. Magnetic field-line trajectories are

launched from an initial position (r0) and integrated to a terminal position (r1) where

the magnetic field-line intersects the domain boundary.

r1 = r0 +

∫ L

0

ds b̂ (6.6)

In general, the length of the field-line trajectory (L) is not known a prior, and therefore,

must also computed through field-line integration. The radial magnetic field specified

(BR = 0) on the inboard and outboard surfaces causes both ends of all open magnetic

field-line trajectories to intersect the top and bottom surfaces of the domain. Figure 6.15

shows one such trajectory entering the domain through the bottom (Z = −0.8 m) surface

and exiting through the top (Z = +0.8 m). Magnetic field-line integration is performed

numerically using the Nimfl diagnostic included with the Nimrod code.

Figure 6.17 shows parallel and anti-parallel trajectories launched from a grid of points

(Figure 6.16) that covers the source region. Magnetic field-lines are traced in both

directions from the injector, and then, the parallel and anti-parallel trajectories are

combined into a single trajectory spanning from −0.8 ≤ Z ≤ 0.8 m. The two times

shown in the figure represent a small fraction of the ring formation in Figure 6.2. At

the earlier time in Figure 6.17a, the traces are topologically unchanged from conditions

before the start of the reconnection event: the trajectories make at most a single pass

around the forming current ring. Only a few field-line trajectories at this time bypass

the forming flux-rope ring, while most pass through it.
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Figure 6.15: Field-line mapping. A magnetic field-line trajectory is launched from the
position (X0, Y0) on the plane Z0 = −0.8 m and traced to the position (X1, Y1) on the
plane Z1 = +0.8 m.

Shortly thereafter (∆t = 10 µs), one of the trajectories makes multiple passes around

the ring region before progressing to the top of the domain, as evident in Figure 6.17b.

Only a single trajectory now passes through the forming flux-rope ring, indicating a

decoupling of the forming flux-rope ring from the injector. As reconnection continues,

the ring completely separates from the driven flux rope.

As discussed in Chapter 3, the location of magnetic reconnection in a three-

dimensional system can be identified by finding a surface of large squashing degree

(Q). As all magnetic field-line trajectories in the computations intersect both the top

and bottom surfaces of the domain, the squashing degree analysis is readily applied to

the simulation data. A 5000×256 (radial x azimuthal) mesh of launch points provides a

discrete representation of the field-line mapping functions, X1 (X0, Y0) and Y1 (X0, Y0),
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Figure 6.16: Launch points for field-line trajectories that cover the source region. The
launch positions are relative to the center of the injector Rinj = 35 cm and Zinj,0 =
−70 cm at φ = 0.

where X and Y are Cartesian coordinates in the constant Z-planes of the bottom (“0”

subscript) and top (“1” subscript) surfaces. Thus, the squashing degree has the form

Q =
1

J

[(
∂X1

∂X0

)2

+

(
∂Y1
∂Y0

)2

+

(
∂Y1
∂X0

)2

+

(
∂X1

∂Y0

)2
]

(6.7)

where J is the Jacobian determinant. In the computations, B · n̂ is uniform on the top

and bottom surfaces, so the Jacobian determinant reduces to J = 1 and Q is identically

the square of the norm of the mapping.

The launch points have R0 > 0.1 m to avoid the large values of Q near the

central column from the externally sourced vacuum field. Uniform values of I = RBφ

and BZ in the vacuum magnetic field produce a mapping (Equation 6.8) with a one-

dimensional dependency on the major radial coordinate of the launch position (R0).

The corresponding squashing degree (Q ∝ R−40 ) becomes exceedingly large near the
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(a) t = 2.925 µs (b) t = 2.935 µs

Figure 6.17: Field-line trajectories launched from a grid of 13 positions covering the
source region pass through the forming flux-rope ring in the two-fluid computation. The
darkened trace accentuates a trajectory that makes more than one pass through the
forming ring.

central column, up to Q = 5.88 × 106 at R0 = 0.05 m. The length of the vacuum

magnetic field-lines (L) also becomes large near the central column, up to L = 60.6 m

at R0 = 0.05 m.

R1 = R0 (6.8a)

φ1 = φ0 + I∆Z/R2
0BZ (6.8b)

Q = 2 + 4
(
I∆Z/R2

0BZ

)2 (6.9)

L = ∆Z

√
1 + (I/R0BZ)2 (6.10)

Contours of the squashing factor,
√
Q, are computed from finite differences of

the discrete mapping information at peak reconnection in both the MHD and 2-fluid

computations, and are plotted with respect to launch positions in Figures 6.18 a & b.

During the simulated flux-rope merging, large Q-values appear as rolled surfaces, as
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indicated by their projection onto the Z0 plane. The existence of a quasi-separatrix

layer along these surfaces is inferred. Corresponding rolled surfaces are observed for the

magnetic field-line length plotted as function of launch position, Figures 6.18 c & d,

where the largest field-line lengths correlate with the largest values of squashing factor

for R0 > 0.15 m. Like the squashing factor, the magnetic field-line lengths become large

near the center column as a results of the externally applied vacuum field structure. The

maximum values of the squashing factor and magnetic field-line length are 2958.7 and

83.4 m, respectively for the MHD computation and 2769.1 and 98.5 m, respectively, for

the 2-fluid computation. In general, the 2-fluid computation experiences finer spatial

scale variation in the two quantities and larger values of both quantities occupy a greater

fraction of the domain than in the MHD computations.

To determine whether the rolled surfaces of large-Q indicate the formation of a QSL

related to magnetic reconnection, the location where the large-Q trajectories intercept

the φ = 0 plane is considered relative to the location of the reversed current sheet.

Figures 6.19 a & b shows this information with Poincaré plots for trajectories with large

values of Q and R0 > 0.2 m overlaid on contours of the parallel current parameter λ in

the MHD and 2-fluid computations, respectively. As these trajectories progress upward

from the launch positions, they track along the inboard side of the next pass of the

current channel and then bifurcate at Z ≈ −0.5 m. Some of the trajectories continue

along the inboard side of the next current channel pass, while other trajectories continue

along its outboard side. The trajectories on the inboard side bifurcate a second time at

Z ≈ −0.05 m, which is the reconnection site, as indicated by the large negative values of

λ. This second bifurcation is consistent with the relation between QSLs and magnetic

reconnection presented in References [68,112].

The first bifurcation is caused by a X-point like behavior between the adjacent
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(a) (b)

(c) (d)

Figure 6.18: Squashing factor and magnetic field-line length as a function of launch
position. The squashing factor is plotted at (a) t = 2.97 ms in the MHD computation
and (b) t = 2.93 ms in the 2-fluid computation. The corresponding magnetic field-line
lengths are plotted in Figures (c) for the MHD computation and (d) for the 2-fluid
computation.
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passes, but not from magnetic reconnection reconnection. [113] As the magnetic

field-distribution during merger resembles the classic description of island-coalescence

instability in Reference [114], an analogy can be drawn between the first bifurcation

and the X-point away from the merger location during island coalescence instability.

Magnetic island chains from tearing can form in magnetically sheared periodic systems

along a resonant surface, where B · k = 0 with k being the helical wavenumber vector.

During island coalescence instability, the distance between some adjacent O-points

decreases, while the distance between others increases.

For small-amplitude, helically symmetric perturbations, the X-points of the magnetic

separatrix remain on the resonant surface, and both X- and O-points can be identified

by nulls of the helical field Bh = BRR̂ + B · k̂k̂. The analogy considers the cylindrical

surface R = Rinj in Pegasus to be similar to the resonant surface in a periodic system,

where k = 2πG∆z−1ẑ− R−1injφ̂ with G = 3.96 for the geometric winding of the vacuum

field at the injector location. The magnitude of this Bh is plotted in Figures 6.19 c

& d for the MHD and 2-fluid computations with the same magnetic punctures shown in

Figures 6.19 a & b. The overlays show that the first bifurcation is near the minimum

in |Bh| between the lowest two passes of the flux rope, and the second bifurcation is

near the minimum in |Bh| between the second and third passes, where reconnection is

occurring. Unlike the magnetic field-distribution for the island-coalescence instability,

the loose-solenoid equilibrium in the computations is neither sinusoidal nor periodic, and

the source ties the structure near one end.

Large Q-values can be expected more generally from chaotic scattering of trajectories

around the forming ring, and chaotic scattering is evident from the plots of field-line

length in Figure 6.20. With chaotic scattering, regions where long trajectories rise above

a background with the longest values appearing at the edge of each region. i.e. castle-like
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structures, appear across different spatial scales in R. These castle structures indicate

chaotic scattering around magnetic structures and have been identified previously in

both the flux-rope simulations of Reference [112] and in weakly driven conditions

for spheromaks in Reference [115]. Chaotic field-line scattering also occurs between

reconnection events, Figures 6.20 a & b, but has a less pronounced effect than during a

reconnection event, Figure 6.20c.
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(a) (b)

(c) (d)

Figure 6.19: Puncture plots of magnetic field-lines with large squashing degree. Puncture
plots for magnetic field-lines with logQ ≥ 15 and R0 ≥ 20 cm are overlaid (a-b) on
contours of λ in units of m−1 and (c-d) on contours of |Bh| in units of mT at (a,c)
t = 2.97 ms in the MHD computation and (b,d) t = 2.93 ms in the 2-fluid computation.
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(c) t = 2.93 ms

0.24 0.245 0.25 0.255 0.26 0.265 0.27

10

20

30

40

50

60

70

80

R
0
 [m]

L
 [

m
]

(d) t = 2.93 ms

Figure 6.20: Field-line length as a function of launch position. 50,000 field-line
trajectories are launched at the times indicated in the two-fluid computation along a
radial chord, 0.1 m ≤ R ≤ 0.5m, with Z = −0.8 m and φ = 0. Figure (d) is zoomed
in to highlight a castle-like structure in the boxed region of (c). Figures (b) & (c)
correspond to the times shown in Figures 6.2 (a) & (b), respectively.
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6.3 Development of Poloidal Magnetic Flux

While the helicity source in our simulations directly induces poloidal magnetic flux, as∮
Einj ·φ̂ dφ 6= 0, wave propagation and macroscopic dynamics are required of the system

to develop a tokamak-like current distribution. During the merger process, a transit of

the current filament tilts into a horizontal plane–visualized in Figure 6.21, where the

images shown correspond to the same times as the images in Figure 6.2. While the

driven current filament is only constrained by the source region, the endpoints of the

filament are essentially unchanged on the time-scale of the current filament merger and

reconnection.

The tilting of a transit of the current filament into the horizontal plane constitutes

coherent dynamo action that affects the global distribution. The evolution of the mean-

field magnetic field energy, 〈B〉2/2µ0, is described by the mean-field Poynting’s theorem

in Equation 6.11, where 〈 〉 indicates toroidal averaging. The mean-field Poynting’s

theorem is constructed by taking the scalar product of the toroidally averaged magnetic

field with the toroidally averaged Maxwell-Faraday equation and using µ0〈J〉 = ∇×〈B〉

1

2µ0

∂〈B〉2

∂t
+∇ ·

[
〈E〉 × 〈B〉

µ0

]
= −〈E〉 · 〈J〉 (6.11)

Energy is transferred to the mean-field fluctuations when 〈J〉 · 〈E〉 < 0. Correlations of

asymmetric fluctuations of velocity ṽ and current density J̃ with fluctuations of magnetic

field B̃, drive mean toroidal electric fields through both the MHD contribution, −〈ṽ ×

B̃〉φ, and the Hall contribution, 〈J̃× B̃〉φ/ne.

Significant magnetic energy is dissipated through ohmic heating, as shown in

Figure 6.22. However, significant energy is transferred to the mean-field magnetic field

energy through the MHD and Hall dynamo electric fields. The MHD dynamo electric
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(a) t = 2.91 ms (b) t = 2.93 ms

(c) t = 2.94 ms (d) t = 2.95 ms

Figure 6.21: A winding of the current filament tilts into the horizontal plane and is
released. An isosurface of λ in units of m−1 with a horizontal view at the midplane
(Z = 0 m) in the 2-fluid computation. A winding of the current channel is rotated into
the horizontal plane (c) and released (d) from the driven current channel.
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field energy transfer rate, −〈ṽ×B̃〉·〈J〉–displayed in Figures 6.23a & 6.24a for the MHD

and 2-fluid computations, respectively–exceeds the energy dissipation rate by ohmic

heating at the location where the current ring forms. The Hall dynamo electric field

energy transfer rate, 〈J̃ × B̃〉/ne · 〈J〉–displayed in Figure 6.25a–is also larger than the

ohmic dissipation rate.

(a) (b)

Figure 6.22: Color contours of the toroidally averaged ohmic heating, 〈ηJ2〉, in units
of W/m3 (a) t = 2.97 ms in the MHD computation and (b) t = 2.91 ms in the 2-fluid
computation. The black contours show the toroidally averaged parallel current density,
〈λ〉 > 0.

Figures 6.23 & 6.24 display the toroidal MHD dynamo electric field expressed as an

effective loop voltage, −2πR〈ṽ×B̃〉φ, in the MHD and 2-fluid computations, respectively.

In both computations, the largest contribution to the total toroidal MHD dynamo

electric field, Figures 6.23b & 6.24b, at the location of current filament merger, is driven

by the vertical displacement of the current filament, Figures 6.23d & 6.24d. The radial

flows, Figures 6.23c & 6.24c, do not provide as much of a contribution to current ring
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formation. The MHD dynamo effect is responsible for the significant transfer of energy

to the current ring, as −2πR〈ṽ × B̃〉φ < 0 and 〈λ〉 > 0 at the location of current ring

formation, where λ > 0 necessarily implies Jφ > 0.

The toroidal MHD dynamo electric field is qualitatively similar in both the MHD and

2-fluid computations. However, the MHD dynamo electric field has a significantly greater

contribution in the MHD computation with minimum loop voltage of approximately

−17.4 V than in the 2-fluid computation with a minimum loop voltage of approximately

−10.3 V. This result is consistent with observations above that the two-fluid effects

in Ohm’s law weakens the dynamic response from reconnection. In the two-fluid

computations, the ion fluid decouples from the electron fluid. Therefore, the ion fluid–

which is the dominant contribution to the center-of-mass flow velocity–is not driven to

as small spatial scale during reconnection as in the MHD computation, producing a

smaller MHD dynamo electric field. Summing the MHD and Hall dynamo electric fields

in the two-fluid computation results in a smaller total dynamo electric field than in the

MHD computation.

Figure 6.25 displays the toroidal Hall dynamo electric field expressed as an effective

loop voltage, +2πR〈J̃ × B̃〉φ/ne, in the two-fluid computation. The vertical current

fluctuations have the largest contribution to the total toroidal Hall dynamo electric

field, Figure 6.25d, at the location of current filament merger. The Hall dynamo effect

acts over a much smaller region than the MHD dynamo and is antisymmetric about the

forming flux-rope ring. Therefore, the Hall dynamo primarily contributes to the shaping

of the current ring.

Figure 6.26 demonstrates the conversion of helical flux in the driven current channel

to poloidal flux as a transit of the current filament rotates in the horizontal plane. As

the current ring decays, the amplified flux then diffuses into the surrounding plasma.
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(a) −〈ṽ × B̃〉 · 〈J〉 (b) −2πR〈ṽ × B̃〉φ

(c) −2πR〈ṽRB̃Z〉φ (d) +2πR〈ṽZB̃R〉φ

Figure 6.23: MHD dynamo electric field in the MHD computation. Color contours of
(a) the energy transfer rate of the MHD dynamo electric field in units of W/m3 and
(b-d) the toroidal MHD dynamo electric field (total and its components) are expressed
as an effective loop voltage in units of V at t = 2.97 ms in the MHD computation. The
black contours show positive values of the toroidally averaged parallel current density,
i.e. 〈λ〉 > 0.
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(a) −〈ṽ × B̃〉 · 〈J〉 (b) −2πR〈ṽ × B̃〉φ

(c) −2πR〈ṽRB̃Z〉φ (d) +2πR〈ṽZB̃R〉φ

Figure 6.24: MHD dynamo electric field in the 2-fluid computation. Color contours of
(a) the energy transfer rate of the MHD dynamo electric field in units of W/m3 and
(b-d) the toroidal MHD dynamo electric field (total and its components) are expressed
as an effective loop voltage in units of V at t = 2.93 ms in the 2-fluid computation. The
black contours show positive values of the toroidally averaged parallel current density,
i.e. 〈λ〉 > 0.
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(a) 〈J̃× B̃〉/ne · 〈J〉 (b) +2πR〈J̃× B̃〉φ/ne

(c) +2πR〈J̃RB̃Z〉φ/ne (d) −2πR〈J̃ZB̃R〉φ/ne

Figure 6.25: Hall dynamo electric field in the 2-fluid computation. Color contours of (a)
the energy transfer rate of the Hall dynamo electric field in units of W/m3 and (b-d)
the toroidal Hall dynamo electric field (total and its components) are expressed as an
effective loop voltage in units of V at t = 2.93 ms in the 2-fluid computation. The
black contours show positive values of the toroidally averaged parallel current density,
i.e. 〈λ〉 > 0.
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While local poloidal flux amplification occurs, the flux amplification resulting from

a single reconnection event is small, even with significant channel current, shown in

Figure 6.26d. Therefore, significant poloidal flux amplification must accumulate over

multiple reconnection events.
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(a) t = 2.91 ms (b) t = 2.93 ms

(c) t = 2.95 ms (d) t = 2.93 ms

Figure 6.26: Conversion of helical flux to poloidal flux. (a-c) Color contours of λ at
φ = 0 in units of m−1 and (d) color contours of toroidally-averaged poloidal flux in units
of mWb are overlaid with logarithmic contours of toroidally-averaged poloidal flux in
the two-fluid computation. The darker poloidal flux contours indicate values of poloidal
flux that exceed that maximum value of the vacuum poloidal flux.
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6.4 Global Evolution of the Plasma during the Forma-

tion Phase

Each computation evolves from vacuum fields either entirely with or entirely without

the two-fluid terms in Ohm’s law. Just as poloidal magnetic flux accumulates over many

reconnection events, the contribution of the two-fluid effects accumulates over the plasma

evolution, affecting not only local plasma conditions, but the global plasma evolution as

well. Thus, comparisons between the evolution of global quantities provide information

that is complementary to the single-event comparisons of the previous sections from the

MHD and 2-fluid computations. Figures 6.27 & 6.28 display diagnostic traces over the

entire formation phase for the MHD and 2-fluid computations, respectively.

As stated previously, a global-scale poloidal magnetic field null forms near the central

column when Ip ' 15 kA in both the experiment and the computations. The formation

of the poloidal magnetic field null represents a dramatic change in the magnetic topology

and global plasma evolution. It occurs at τnull = 4.26 ms into the MHD computation

and τnull = 4.85 ms into the 2-fluid computation. Prior to the formation of the poloidal

field null, between 1 ≤ t ≤ τnull − 1 ms, the plasma experiences exponential growth

for the internal energies, magnetic energy spectrum (except for the n = 0 component),

and the kinetic energy spectrum. As indicated in Table 6.6 and Figure 6.29, the global

parameters evolve at significantly different rates for this phase in the MHD and two-fluid

computations.

Consistent with the results in Section 6.1, the configuration develops faster in the

MHD computation than in the two-fluid computation. In particular, the rate at which

the n = 0 magnetic energy grows and the growth rate for the ion and electron internal

energies in the MHD computations are triple of those in the two-fluid computation. The
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Figure 6.27: Diagnostic traces over the entire formation phase in the MHD computation,
including a) the plasma current, b) the ion and electron internal energies, c) the n = 0
magnetic energy, d) the n = 1 – 10 magnetic energy spectrum, and e) the kinetic energy
spectrum. The magnetic and kinetic energy spectra are colored according to the color
bar at the lower right. The vertical dotted line indicates the time at which the poloidal
magnetic field null forms.
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Figure 6.28: Diagnostic traces over the entire formation phase in the 2-fluid computation,
including a) the plasma current, b) the ion and electron internal energies, c) the n = 0
magnetic energy, d) the n = 1 – 10 magnetic energy spectrum, and e) the kinetic energy
spectrum. The magnetic and kinetic energy spectra are colored according to the color
bar at the lower right. The vertical dotted line indicates the time at which the poloidal
magnetic field null forms.
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growth rates for both the magnetic and kinetic energy spectra follow the same general

trend in the MHD and 2-fluid computations. However, for the n ≥ 5 toroidal mode

number components, the kinetic energy spectrum in the MHD computation consistently

grows at roughly double the rate in the 2-fluid computation. Faster growth in the higher

toroidal mode number components of the flow is consistent with a larger MHD dynamo

electric field being observed in the MHD computation than in the 2-fluid computation,

as discussed in Section 6.3.

Table 6.5: Plasma properties in the growth phase

Quantity MHD 2-fluid Ratio

İp [kA/ms] 2.91 2.28 0.78

∂t logEint,e [ms−1] 1.08 0.36 0.34

∂t logEint,i [ms−1] 1.12 0.38 0.34

˙EM0 [J/ms] -1.90 -0.61 0.32

Plasma properties over the segment 1 ≤ t ≤ τnull − 1 ms, where τnull = 4.26 ms for the
MHD computation and τnull = 4.85 ms for the 2-fluid computation.

After the formation of the poloidal field null, the plasma current rapidly increases

and the plasma undergoes a rapid change in magnetic topology. The current filament

path is redirected down the inboard side of the plasma near the central column. Shortly

after the formation of the poloidal field null, the inboard current is diffuse, as shown

in Figure 6.30a. As the plasma current increases, the inboard current coalesces into

a coherent channel that connects to the driven outboard current filament, as shown

in Figure 6.30b. As long as helicity injection remains active, the plasma retains its
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Figure 6.29: The (a) magnetic and (b) kinetic energy spectra growth rates during the
growth phase as a function of toroidal mode number n.

three-dimensional filamentary structure, even late in the formation phase. However,

a significant portion of the plasma current can flow outside the main current filament

structure, as shown by the translucent green contours of normalized parallel current in

Figure 6.31.

Prior to the formation of the poloidal field null, much of the thermal energy is

transported to the vacuum vessel, as shown at the end of Section 6.1. After the formation

of the poloidal field null, a significant fraction of the thermal energy recirculates in the

amplified flux region, as shown in Figure 6.32. The formation of many current rings over

many reconnection events leads to the redistribution of thermal energy from the driven
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(a)

(b)

Figure 6.30: Hollow current profiles after the formation of a poloidal magnetic-field null.
Color contours of λ in units of m−1 with overlaid logarithmic contours of poloidal flux in
the two-fluid computation. The current on the inboard side is (a) diffuse at t = 5.50 ms
when Ip ' 29 kA and (b) forms a coherent channel at t = 8.51 ms when Ip ' 46 kA. The
darker poloidal flux contours indicate values of poloidal flux that exceed that maximum
value of the vacuum poloidal flux.
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Figure 6.31: The plasma retains its three-dimensional filamentary structure late in the
formation phase. Isosurfaces of the parallel current parameter λ in units of m−1 at
t = 8.51 ms in the 2-fluid computation.

current channel into the amplified flux region.

A few milliseconds after the formation of the poloidal field null, the plasma current

still increases with time, but the rate at which it increases stagnates compared to

immediately after the formation of the poloidal field null. To compute the time at

which the plasma current stagnates, the plasma current is fit to a line for a segment

where the plasma current rises most rapidly (20 ≤ Ip ≤ 35 kA) and for a segment well

into the stagnation phase (7 ≤ t ≤ 9 ms). The extrapolated intercept between the

linear fits is taken as the stagnation time, which occurs at τstag = 5.53 ms into the MHD

computation and τstag = 6.65 ms into the 2-fluid computation.
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(a) |〈q‖,e〉| (b) |〈q⊥,e〉| (c) |〈qv,e〉|

(d) |〈q‖,i〉| (e) |〈q⊥,i〉| (f) |〈qv,i〉|

Figure 6.32: Toroidally averaged heat fluxes in units of W/m2 at t = 8.51 m/s in the
2-fluid computation, after the formation of a poloidal field null.

Tables 6.6 lists the rates for a number of global parameter in the MHD and two-fluid

computations. The plasma current is still increasing during this saturated growth phase,

but the rate at which it increases is less than half that during the exponential growth

phase. The ion and electron internal energies are assumed to approach some value via

the form in Equation 6.12, where cn are fitting parameters. Consistent with previous

results, the saturation values of the ion and electron internal energies are smaller and

the n = 0 magnetic energy increases at a slower rate in the two-fluid computation than

in the MHD computation. However, the ion and electron internal energies equilibrate

much more rapidly in the two-fluid computation than in the MHD computation, and
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the plasma currents now rise at comparable rates. The magnitude of the rate of change

of the n = 0 magnetic energy is also much greater in the saturated growth phase than

in the growth phase, and is now positive.

y = c0 + c1 [1− exp (−c2t)] (6.12)

Table 6.6: Plasma properties late in the formation phase

Quantity MHD 2-fluid Ratio

İp [kA/ms] 1.36 1.39 1.03

∂t logEint,e [ms−1] 0.316 0.757 2.45

∂t logEint,i [ms−1] 0.378 0.747 1.97

saturation Eint,e [J] 91.1 81.8 0.90

saturation Eint,i [J] 8.53 7.47 0.92

˙EM0 [J/ms] 30.2 26.2 0.87

Plasma properties late in the formation phase, over the segment t > τstag + 1 ms, where
τstag = 5.53 ms in the MHD computation and τstag = 6.65 ms in the 2-fluid computation.

The magnetic (except the n = 0 component) and kinetic energy spectra experience

little, if any, growth late in the formation phase. The maximum and mean amplitudes

for the spectra are similar between the MHD and two-fluid computations, as shown in

Figure 6.33. The amplitudes are generally somewhat larger for the MHD computation

than for the two-fluid computation.

To test this predicted model of filament relaxation, synthetic Mirnov array signals in
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Figure 6.33: Fluctuation amplitudes of the (a) maximum and (b) mean magnetic energy
spectrum and the (c) maximum and (b) mean kinetic energy spectrum as function of
toroidal mode number n late in the formation phase, over the segment t > τstag + 1 ms,
where τstag = 5.53 ms in the MHD computation and τstag = 6.65 ms in the 2-fluid
computation.
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the computations are compared to laboratory observations for a experimental discharges

described in Reference [28]. The synthetic Mirnov diagnostic signal are analyzed using

the procedure outlined in Section 5.3.4. As the computations have a more gradual

rate of helicity injection than the experiment, comparisons focus on after the formation

of a global poloidal magnetic field null, which is indicated by the vertical red lines

in Figure 6.34. The plasma current is shown in the top panels of Figures 6.34 (a-c)

for reference and reaches comparable values after the poloidal field null forms in the

experimental discharge and in the MHD and 2-fluid computations.

The experimental outboard toroidal Mirnov array observed normalized magnetic

fluctuation amplitudes of order 5 %, shown in the middle panel of Figure 6.34a.

The synthetic outboard toroidal Mirnov diagnostic also observes normalized magnetic

fluctuation amplitudes of order 5 % in both the MHD and two-fluid computations, shown

in the middle panels of Figures 6.34 b & c, respectively.

The spectrogram of the cross-spectral power for the experimental Mirnov array in the

lower panel of Figure 6.34a shows significant activity in the f ' 3 – 20 kHz range. Both

the MHD and 2-fluid computations also have significant activity for f ∼ 10 kHz, shown

in the bottom panels of Figures 6.34 b &c. In the computations, the MHD activity at

f ∼ 10 kHz corresponds the reconnection event causing abrupt changes in the current

channel winding, described in Section 6.1. The frequency f ∼ 10 kHz is also significant

as it corresponds to the time for an Alfvén wave to propagate along the helical current

filament path. The computational spectrograms also show significant MHD activity at

lower frequencies, f ∼ 3 kHz, which corresponds to the slower timescale recovery of a

winding of the driven current filament shed during after the formation and release of a

current ring.

The spectrogram for the MHD computation shows significant MHD activity at
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higher frequencies up to 50 kHz that is not present in the spectrograms for the

experimental discharge or the two-fluid computations. Therefore, in addition to damping

the amplitude of magnetic fluctuations, as discussed in Section 6.1, two-fluid effects are

also avoid higher frequency activity. In the experiment, the cross-spectral power density

is filtered for frequencies below a few kilohertz.
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6.5 Symmetrization of the Plasma Toward a Tokamak

Equilibrium State

Plasmas formed through localized helicity injection are intended to transition to other

forms of current drive. Therefore, the ability of said plasmas to relax into a configuration

with closed flux surfaces–and therefore, good confinement–is critical. As discussed in the

previous section, the global parameters evolve at different rates in the saturated growth

phase in the MHD and 2-fluid computations. Therefore, to compare free decay during the

MHD and 2-fluid computations, the helicity injector sources are instantaneously turned

off for plasma configurations with the same plasma current (Ip ' 55 kA) in both the

MHD and 2-fluid computations. Despite having approximately the same plasma plasma

current, the plasmas have different ion and electron internal energies in the MHD and

2-fluid computations. The electron internal energy at the end of the formation phase is

93 J in the MHD computation and 79 J in the 2-fluid computation. Likewise, the ion

internal energy at the end of the formation phase is 89 J in the MHD computation and

75 J in the 2-fluid computation.

After cessation of current drive in the computations, closed flux surfaces form

rapidly and encompass a large plasma volume through decay toward a conventional,

axisymmetric tokamak equilibrium state, as shown in Figures 6.35 & 6.36. Closed

surfaces enclose a larger plasma volume in the 2-fluid computation, which likely results

from the faster decay of higher toroidal mode number harmonics of magnetic energy

in the 2-fluid computation than in the MHD computation. The current profile of the

relaxing plasma remains hollow, but the pressure profile relaxes to a centrally peaked

configuration. The hollow current profile is consistent with the off-axis peaked current

profile observed in equilibrium reconstructions of experimental discharges. [28]
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Figures 6.37 & 6.38 show diagnostic traces over the free-decay phase in the MHD and

2-fluid computations, respectively. The plasma current and internal energies decay more

rapidly in the 2-fluid computation than in the MHD computation. At ∆t = 2 ms into

the free-decay phase, Ip = 39 kA in the MHD computation and Ip = 33 kA in the 2-fluid

computation. The decay rate of the magnetic and kinetic energy spectra depends on the

toroidal mode number, such that the highest toroidal mode number harmonics decay

the most rapidly. In both the MHD and 2-fluid computations, the magnetic energy of a

given toroidal mode number harmonic is comparable to the kinetic energy of the same

toroidal mode number harmonic, i.e. EM,n ∼ EK,n. The magnetic energy and kinetic

energy spectra also decay more rapidly in the 2-fluid computation than in the MHD

computation. For example, the n = 10 harmonic of magnetic and kinetic energy reaches

1 eV at ∆t ≈ 5 ms into the MHD and ∆t ≈ 3 ms into the 2-fluid computation.
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(a) (b) (c)

(d) (e) (f)

Figure 6.35: Plasma evolution during free-decay phase in the MHD computation.
Contours of (a,d) λ in units of m−1 and (b,e) Te & (c,f) Ti in units of eV for φ = 0
at (a-c) the end of the formation phase and (d-f) 2 ms into the free decay phase. Figures
a & d are overlaid with magnetic field-line punctures.
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(a) (b) (c)

(d) (e) (f)

Figure 6.36: Plasma evolution during the free-decay phase in the 2-fluid computation.
Contours of (a,d) λ in units of m−1 and (b,e) Te & (c,f) Ti in units of eV for φ = 0 at
(a-c) the end of the formation phase and (d-f) 2 ms into the free decay phase. Figures
a & d are overlaid with magnetic field-line punctures.
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Figure 6.37: Diagnostic traces during free-decay in the MHD computation, including a)
the plasma current, b) the ion and electron internal energies, c) the magnetic energy
spectrum and d) the kinetic energy spectrum. The magnetic and kinetic energy spectra
are colored according to the color bar at the lower right. The time indicated by the
vertical dotted line corresponds contours in Figure 6.35.
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Figure 6.38: Diagnostic traces during free-decay in the MHD computation, including a)
the plasma current, b) the ion and electron internal energies, c) the magnetic energy
spectrum and d) the kinetic energy spectrum. The magnetic and kinetic energy spectra
are colored according to the color bar at the lower right. The time indicated by the
vertical dotted line corresponds to the contours in Figure 6.36.
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Chapter 7

Summary and Conclusions

Spherical tokamaks have limited capacity for ohmic induction due to geometric

constraints on the central solenoid, which motivates the use of non-inductive current

drive technique to expand their operational regimes. Experiments on Pegasus have

investigated non-inductive startup with localized helicity injectors in the form of

electrostatic plasma guns. [107, 116] The injectors generate current-carrying magnetic

flux ropes, which are directed along multiple passes by the toroidal and axial vacuum

magnetic field components. With sufficient plasma current, Ip ' 15 kA, a global poloidal

magnetic field null forms and the flux ropes relax towards an axisymmetric tokamak

equilibrium state. While the initial helical plasma state and final relaxed state are well

diagnosed in the experiment, the dynamics of the relaxation process have yet to be

directly observed. Therefore, numerical computation has been applied in this thesis

to investigate the details and provide a greater phenomenological understanding of the

unique relaxation process that occurs during startup with localized helicity injection in

the Pegasus spherical tokamak.

The numerical simulations provide a detailed self-consistent description of the

evolution. The entire evolution of a single three-dimensional current filament has been

modeled with the NIMROD code, starting from vacuum magnetic fields and progressing
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through relaxation toward a conventional tokamak equilibrium. Only the localized

helicity injector current and heat sources are prescribed in the computations: the

plasma dynamics follow self-consistently from the physics model. The computations

are initialized with a uniform density and temperature, ‘cold’ fluid and rely on realistic,

evolving, and locally-computed transport to form a conducting path for the current

filament.

The injector electric field induces a twist in the magnetic field lines in the injector

region. Torsional Alfvén waves redistribute the helical twisting along the length of the

magnetic field lines, and perpendicular resistive diffusion of the unsupported reverse

current results in net current. At low injected current, the current filament winds along

the vacuum magnetic field lines.

7.1 Summary of Numerical Results

The attractive Lorentz force between adjacent passes of current filament excites vertical

oscillations in the flux rope. With sufficient injected current, adjacent passes of the

driven channel repeatedly merge and reconnect, releasing axisymmetric current rings

that then freely decay. As reconnection progresses through a single reconnection

event, magnetic field-line trajectories show the decoupling of the forming flux-rope

ring from the injector and the change in magnetic topology. Prior to the formation

of a poloidal magnetic field null, reconnection events occur frequently and the current

filament dynamics dominate the system. Poloidal magnetic flux accumulates over many

reconnection events in the computations and contributes to the formation of a poloidal

magnetic-field null near the central column.

The poloidal magnetic field null redirects the current filament path, so that current
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flows down the inboard side of the amplified flux region. The current on the inboard side

is initially diffuse, but coalesces into a coherent channel as the plasma current increases.

The plasma current increases much more rapidly after the formation of the poloidal field

null. The rate at which reconnection events occur decreases, and eventually adjacent

passes of the outboard part of the current channel cease to merge. The plasma current

still increases late into the formation phase, but the rate at which it increases is even

lower than during the early growth phase. Even late into the formation phase, the

simulated plasma retains its filamentary structure as long as helicity injection remains

active. When current injection ceases, high toroidal mode number harmonics of magnetic

energy preferentially decay leaving good flux surfaces that encompass a large volume of

the decaying plasma.

The tilting of a transit of the current filament into the horizontal plane as adjacent

passes merge and reconnect constitutes coherent dynamo action that contributes to the

evolution of the toroidally-averaged magnetic field. At the location where the current

ring forms, the MHD and Hall dynamo electric fields transfer energy to the toroidally-

averaged magnetic field at a faster rate than ohmic heating dissipates energy from

it. The MHD dynamo acts on a scale comparable to that of the forming flux-rope

ring, where the largest contribution to the MHD dynamo electric field is the toroidally

asymmetric vertical flow from the tilting motion. The Hall dynamo acts on a smaller

spatial scale than the MHD dynamo and is anti-symmetric about the forming flux-rope

ring. The dynamo action concentrates poloidal magnetic flux at the location of current

ring formation, which then diffuses into the surrounding plasma.

The squashing degree, which is computed from field-line trajectories launched from

a grid on the bottom surface of the domain, shows evidence of quasi-separatrix layers
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that appear as rolled surfaces when plotted as a function of launch position. The quasi-

separatrix layers in the computations show separatrix-like behavior that does not solely

correspond to magnetic reconnection: Field-line trajectories with large values of the

squashing degree bifurcate between both the reconnecting and non-reconnecting passes of

the current filament. Large values of the squashing degree result from chaotic scattering

of field-line trajectories around the forming current ring, where the largest values of

the squashing degree correlate well with the longest values of magnetic field-line length.

Chaotic field-line scattering also occurs between reconnection events, but it is less a

pronounced effect than during a reconnection event.

The width of the current channel is larger than the ion skin depth, which indicates

that the electron fluid significantly decouples from the ion fluid, even for small gyro-radii.

Therefore, the Hall term provides a significant contribution to Ohm’s Law, and two-fluid

terms are expected to significantly affect current channel evolution. During reconnection,

flows are not driven to as small spatial scale, producing smaller fluctuation amplitudes

in the kinetic energy. The reduced flow activity during reconnection translates into

the smaller observed MHD dynamo electric field during the two-fluid computation than

during the MHD computation. As a result, less energy is transferred to the toroidally-

averaged magnetic field, which corresponds to smaller fluctuations in the magnetic

energy and smaller magnetic fluctuations being observed by the synthetic Mirnov array.

The effect of the two-fluid terms on the flow is inferred, as the high speed rotational flow

of the current channel about its helical axis obscures the flows resulting from magnetic

reconnection.

While the two-fluid terms in Ohm’s law provide a significant quantitative contribution

to the evolution of the current filaments, the evolution computed with these terms

is qualitatively similar to the evolution in computations without them. The small
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quantitative contributions accumulate over the formation phase, much as poloidal

flux accumulates over multiple reconnection events. Even though the evolution is

qualitatively similar, there are significant differences between the plasma states late in

the formation phase and during the decay phase in the MHD and two-fluid computations.

Synthetic Mirnov coils at the locations used in the experiment are used to test this

model of filament relaxation. Magnetic fluctuation amplitudes of order 5 % are observed

by both the experimental and computational outboard toroidal Mirnov arrays. Based

on the cross-power spectrograms, the two-fluid calculation more accurately reproduces

the frequency response of the experimental dynamics.

7.2 Outstanding Questions and Future Direction

Several possible avenues for future research into this non-inductive startup method exist:

First, computations could be used to verify whether this model of filament relaxation

reproduces the plasma current (Ip) scaling relations observed in the experiment: Ip ∼√
IinjITF/R in Reference [20], where ITF is the toroidal field current through the central

column, Iinj is the injector current, and R is the radial position of the plasma centroid.

With the current implementation of the injector in the computations, current is not

driven through an electrostatic potential difference, but rather through an applied,

inductive source that couples to the MHD electric field (−v × B) and drives torsional

Alfvén waves. As a result, varying the drive parameter λinj for the injector electric field

(Einj ∼ ηµ−10 λinjB) does not produce the same effect on injector current as varying the

bias voltage for plasma guns in the experiment. Even though the injector electric field

drive is linearly increased throughout the entire formation phase, the injected current

rapidly asymptotes to some value. Therefore, the computations would likely focus on
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scaling the toroidal magnetic field and the radial position of the plasma by varying the

injector position.

In this thesis, the relaxation phenomenology has been studied using a single current

filament. In the experiment, multiple helicity injectors are often used. Computations

could be used to characterize the effect of having multiple injectors. Qualitatively

similar behavior is anticipated with multiple current filaments, such as poloidal flux

amplification through the formation of current rings and preferential decay of high

toroidal mode number harmonics of magnetic energy during decay. However, multiple

current carrying plasma filaments could result in braiding of the magnetic field lines,

which could significantly impact reconnection during a merger event. Even if the effect

of having multiple injectors is small over the course of a single reconnection event, the

contribution could aggregate over longer timescales, much as poloidal flux accumulates

over multiple reconnection events.

Further improvements could be made to the modeling to improve the predictive

capability of the computations. In the experiment, the plasma guns themselves are a

source of fueling in the experiment, as well as the outboard and inboard neutral gas

injectors. Therefore, density sources and sinks could be added to the computations

to approximate fueling in the experiment. Additionally, neutral particle effects (e.g.

ionization and recombination) could be added to the physics model. These effects would

be significant during the initial formation of the helical current filament path, as well

as in the scrape off layer for the entire plasma evolution, and could provide a significant

modification to the density and thermal transport.
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7.3 Conclusions

The primary objective of this work has been to improve understanding of how current

filaments relax into a tokamak-like discharge. The simulations show that the release of

current rings from helical current filaments is the mechanism through which significant

poloidal flux amplification occurs. The accumulation of poloidal flux from the rings

contributes to the formation of a global poloidal magnetic field null near the central

column and the (in a toroidally-averaged sense) hollow current profile surrounding

the amplified flux region. As such, the current rings provide a new phenomenological

understanding for filament relaxation in Pegasus.

The computations also provide physical intuition into what limits the plasma current

with this non-inductive startup method. Late in the formation phase, the outboard part

of the current channel only makes a few toroidal transits around the central column, so

the distance between adjacent passes has significantly increased from the initial vacuum

magnetic field winding. Adjacent passes of the outboard current channel cease to merge,

and the plasma current increases at a much lower rate than shortly after the formation of

the poloidal field null. Therefore, current injection is most effective after the formation

of the poloidal magnetic field null, while outboard passes of the current channel are still

merging.

A diffuse tokamak equilibrium with good flux surfaces forms rapidly after cessation

of current drive, indicating that plasmas formed through this method of non-inductive

startup should be able to effectively couple to other forms of current drive for

sustainment. The preferential decay of high toroidal mode number harmonics of

magnetic energy during decay occurs through MHD dynamics and is also observed

in spheromak computations with a similar transport model as the one used in this

thesis. [33–35].
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Non-magnetohydrodynamic effects have been shown to quantitatively impact the

current channel evolution, though the qualitative evolution remains the same. In fact,

this model of filament relaxation in Pegasus has shown to be quite robust to additional

contributions to the physics model. Computations with a single fluid temperature model

and the MHD Ohm’s law [111], with two fluid temperatures (ion and electron) and the

MHD Ohm’s law [113], and with two fluid temperatures and the 2-fluid Ohm’s law all

exhibit the same general evolution throughout the entire formation and decay phases.



Appendices

178



179

Appendix A

Benchmarking Thermal Diffusivity

In this section, the new implementation of the full Braginksii perpendicular thermal

conduction (Section 5.3.2) is benchmarked by investigating sound and compressional

Alfvén wave damping with finite thermal conduction. The typical dispersion relation

for these two types of waves are purely oscillatory for both the adiabatic (γ =

5/3) and isothermal (γ = 1) limits. By introducing finite thermal conduction, the

modified dispersion relations have strong damping at intermediate values of thermal

conduction, while capturing both the adiabatic and isothermal oscillation frequencies in

the appropriate limits.

To derive the dispersion relations, the fluid equations (and Ampere’s Law for the

compressional Alfvén waves) are linearized for plane waves in an infinite homogeneous

plasma using the form shown in Equation A.1. Quantities denoted with subscript ‘0’

are constant, uniform equilibrium fields, while a subscript of ‘1’ denotes a perturbation

amplitude of the indicated periodic form. Nonlinear terms and the equilibrium flow

velocity v0 are neglected. For simplicity, the wave vector is solely parallel to the magnetic

field (k ‖ B) for sound waves and solely perpendicular to the magnetic field (k ⊥ B)

for compressional Alfvén waves. The sound and compressional Alfvén wave dispersion

relations are given by Equations A.2 & A.3, respectively.
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v(x, t) = v1 expi(k·x−ωt) (A.1)

ω2 =
k2C2

s

γ

[
1 +

γ − 1

1 + ik2 (γ − 1)χ‖/ω

]
(A.2)

ω2 = k2V 2
A+

k2C2
s

γ

[
1 +

γ − 1

1 + ik2 (γ − 1)χ⊥/ω

]
(A.3)

Both dispersion relations are cubic with respect to frequency ω, resulting in three

possible solutions for each type of wave. Two solutions of the dispersion relation are

damped, counter-propagating waves. The third solution is purely damped with no flow

(v1 = 0), and is charactered by the expression n1T0 + n0T1 = 0. This third solution is

not modeled computationally for this benchmarking procedure.

To benchmark the new thermal conductivity implementation with the traveling wave

solutions, the initial conditions for number density and temperature–in addition to flow

velocity–must be accurately represented for the tests using the perturbation amplitudes

given by Equations A.4 & A.5. By combining the two traveling solutions with the same

perturbation amplitude Equations A.6 & A.7, a standing wave solution is produced. The

initial conditions for number density and temperature have the same form for both types

of waves, though with different frequencies. Sample initial conditions for the standing

wave are shown in Figure A.1 for number density, flow, and ion temperature for χ = 1,

i.e. at the thermal diffusivity with the greatest damping ramp. In both the adiabatic

(χ→ 0) and isothermal (χ→∞) limits, the initial perturbation amplitude limits to zero

for both number density and temperature, i.e. Re n1, T1 → 0. This assumes negligible

damping, which is shown to be true.
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n1

n0

=
k · v1

ω
(A.4)

T1
T0

=
(γ − 1)k · v1

ω + i(γ − 1)k2χ
(A.5)

n1

n0

∣∣∣∣
standing

=
1

2

(
n1

n0

∣∣∣∣
ω

+
n1

n0

∣∣∣∣
−ω∗

)
= −ik · v1

ωI
ω2
R + ω2

I

(A.6)

T1
T0

∣∣∣∣
standing

=
1

2

(
T1
T0

∣∣∣∣
ω

+
T1
T0

∣∣∣∣
−ω∗

)
= −i(γ − 1)k · v1

ωI + (γ − 1)k2χ

ω2
R + (ωI + (γ − 1)k2χ)2

(A.7)

χ ≡ (γ − 1)k2χ/ω0 (A.8)

For simplicity, a normalized thermal diffusivity is defined in Equation A.8, where

ω0 is the adiabatic oscillation frequency. For sound and compressional Alfvén waves,

the thermal diffusivity χ refers to the parallel (χ‖) and perpendicular (χ⊥) thermal

diffusivities, respectively. At low thermal diffusivity (χ � 1), the modified dispersion

relations limit to the adiabatic dispersion relations. At large thermal diffusivity (χ� 1),

the modified dispersion relations limit to the isothermal dispersion relations. In both

the adiabatic and isothermal limits, minimal damping is observed. This behavior

is illustrated in Figure A.2 for both sound and compressional Alfvén waves. The

intermediate region (χ ∼ 1) is where the transition between adiabatic and isothermal

oscillation frequencies occur, as well as the region of peak damping.

For the benchmarking procedure, the magnetization xi ≡ ωciτi is varied logarithmi-

cally from 10−1 to 101. The value of parallel thermal diffusivity is set to produce the

peak damping rate in the low magnetization limit (xi � 1), i.e. limxi�1 χ = 1. For these

computations, the sound speed cs and Alfvén speed vA are constant, i.e. Ti and the ratio

B2/n are constant. The plots in Figure A.3 indicate a good agreement between the
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(a) velocity

(b) density

(c) ion temperature

Figure A.1: Sample initial conditions for testing a sound wave with perturbation
amplitude v1/cs = 10−3 and χ = 1
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implemented full Braginskii perpendicular thermal conduction and analytic predictions.

The figure also demonstrates the magnitude of error produced by inaccurately applying

the high-magnetization formulation of perpendicular thermal diffusivity.

As sound waves depend upon parallel and not perpendicular thermal transport, the

behavior of sound waves is independent of perpendicular thermal diffusivity. However,

when χ⊥ exceeds χ‖ in Nimrod, the default thermal transport model becomes isotropic

with χiso = χ⊥, which causes the magnetization scan results for sound waves in

Figure A.3 to depart from the analytic prediction.
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(a) Sound Wave, Re ω (b) Compressional Alfvén Waves, Re ω

(c) Sound Wave, Im ω (d) Compressional Alfvén Waves, Im ω

Figure A.2: Numerical reproduction of sound and compressional Alfvén wave dispersion
with isotropic thermal condition
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(a) Sound Wave, Re ω (b) Compressional Alfvén Waves, Re ω

(c) Sound Wave, Im ω (d) Compressional Alfvén Waves, Im ω

Figure A.3: Sound and compressional Alfvén wave dispersion with varying magnetization
ωciτi
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