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Abstract

Title : Stochastically modeled reaction networks: positive recurrence and
mixing times.

For mathematical models of chemical reaction networks, randomness within molecu-
lar bonding may significantly affect the dynamical behavior of the associated system. In
this case, we generally model the dynamics as a continuous-time Markov jump process
with specific kinetics. One of major mathematical approaches for study of stochastically
modeled reaction networks is to characterize network structure for qualitative behavior
of the stochastic dynamics.

This type of mathematical approaches has been originally considered for long time for
the deterministic system dynamics in which randomness is neglected by averaging out.
In the literature of the deterministically modeled reaction networks, the relationships be-
tween network structural conditions and long-time behavior of the system dynamics have
been considered as one of the most classical and challenging problems. Since the char-
acterizations of network structures with respect to behaviors of system dynamics have
tended to be made independently on system parameters which often remain unknown,
this problem has attracted attentions of biologists, chemists and system bioengineers as
well as mathematicians.

In a similar scheme, people in the literature of stochastically modeled reaction net-
works have studied network conditions independent on system parameters describing
long time behavior of the associated Markov processes such as recurrence, existence of

stationary distribution, explosion, mixing times and so on. In this thesis we provide
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several network conditions for positive recurrence of the associated stochastic processes.
We also provide results pertaining to mixing times of certain classes of reaction net-
works. The main tool is a generalization of the ‘tier’ style analysis which was originally

introduced in [3, 1].
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Chapter 1

Introduction

A reaction network is a graphical configuration that models interaction systems with
constituent species, complexes and reactions. These graphical configurations are
used to model broad classes of interaction systems including signaling systems, viral
infections, metabolism, neuronal networks, population models, etc. The figures below

give several examples in which reaction networks are utilized.

S+E=SE—S+P

Figure 1: Substrate-Enzyme kinetics

S+1— 21, I - R

Figure 2: Susceptible, Infectious and Recovered epidemic model

A—2A, A+B—2B+ A
B—0, A+B-—B

Figure 3: Lotka-Volterra population model

If the counts of the constituent species in a system associated with a reaction network

are high, then their concentrations are typically modeled deterministically by a system



of ordinary differential equation. However, if the abundances are low, then the random-
ness inherent in the molecular interactions is important to the system dynamics, and
the abundances are modeled stochastically as a discrete-space, continuous-time Markov
chain.

One of the most challenging issues facing researchers who study biological systems
is the often extraordinarily complicated structure of their interaction networks such as

the network in Figure 4.

24 A+ B£E B, B+E& A+ DEZ AL E
2 K16
2D £ A£L 20 5 B+ C, I ris } r1o
e F = B+F 24 2F
2B 5 ) £ D ££ 2F, 1 o 1 ras
K10 K12
p . B+DZ22 A+ FES D4 F
CE5 A+C 25 C+EF, roa

Figure 4: An example of a large network

Thus, how to characterize network structures that induce emergent phenotypes (char-
acteristic behaviors) of the systems’ dynamics is one of the major open questions in
systems biology.

The work presented in this thesis falls into the broad research area known as chemical
reaction network theory, which dates back to at least [32, 33] where graphical character-
istics of networks were shown to ensure uniqueness and local asymptotic stability of the
steady states for deterministically modeled complex-balanced systems. Since that time,
much of the focus of chemical reaction network theory has been related to discovering

how the qualitative properties of deterministic models relate to their reaction networks

[3, 4, 8, 11, 13, 15, 16, 21, 23, 22, 24, 29, 35, 40, 43]. However, with the advent of



new technologies — most notably fluorescent proteins — there is now a large literature
demonstrating that the fluctuations arising from the effective randomness of individual
interactions in cellular systems can have significant consequences on the emergent behav-
ior of the system [9, 12, 19, 34, 38, 44, 15]. Hence, analytic results related to stochastic
models are essential if these systems are to be well understood, and attention is shifting
in their direction.

In the deterministic modeling regime there are a number of network conditions that
guarantee some sort of stability for the model. These conditions include weak reversibil-
ity and deficiency zero [21, 22, 23], weak reversibility and a single linkage class [3, 1],
endotactic [17], strongly endotactic [29], tropically endotactic [14], etc. However, to the
best of the author’s knowledge, in the stochastic context there is only one such result:
in [5] a model whose reaction network is weakly reversible and has a deficiency of zero
is shown to be positive recurrent, and the stationary distribution is characterized as a
product of Poissons. The paper [30] provides sufficient conditions for positive recurrence,
but the provided conditions are analytic in nature and do not explicitly relate to the
network structure of the model.

This thesis provides network conditions guaranteeing positive recurrence for stochas-
tic processes associated to reaction networks. Positive recurrence is an equivalent con-
dition for the existence of stationary distribution. Therefore this dynamical behavior
for stochastic dynamics can be considered as an analogy of steady states for determin-
istic dynamics. In this thesis reaction networks we are interested in are restricted to
be binary. Binary reaction networks only contain complexes consisting of at most two
individual molecules, or species. Since three molecules rarely come together in the right

configuration, the class of binary reaction networks broadly covers reaction networks in



the literature. The network characterizations contained in this thesis for positive recur-
rence of stochastic dynamics associated to binary reaction networks are the followings:
(i) models that are weakly reversible, have a single linkage class, and have in-flows and
out-flows, (ii) a new category of networks we term “double-full”, and (iii) models that are
weakly reversible and have a single linkage class in which each species appears by itself.
Our main analytic tools are Lyapunov functions and ideas related to “tier structures”
as introduced in [3, 4], and also utilized in [29].

We also provide mixing times of the associated continuous-time Markov processes
for the classes of reaction networks mentioned above. Mixing times of positive recurrent
Markov processes indicate convergence rate of the distribution of the Markov process to
its stationary distribution.

The outline of this thesis is as follows. In Chapter 2, we provide the relevant math-
ematical models, including the required terminology from chemical reaction network
theory. In Chapter 3, we introduce our main analytic tool: “tiers” which were devel-
oped in [3, 1] for deterministic models associated with reaction networks and generalized
for stochastic models in this thesis. In Chapter 4, we provide general results relating the
tiers of a reaction network to positive recurrence of the Markov models. In Chapter 5,
we introduce four main network conditions which guarantee positive recurrence of the
associated Markov processes. In Chapter 6, we state results related to mixing times for
the network classes introduced in Chapter 5. We provide basic probability knowledge
for Markov chains and related theorems in Appendix A.1. We also show proofs of fun-
damental theorems used in this thesis in Appendices A.2 and A.3. Appendix A.4 shows

the coupling inequality which will be used to estimate mixing times.



Chapter 2

Background: reaction networks and

associated dynamical systems

In this chapter we will provide definitions for reaction networks and the associated
dynamical models. In Section 2.1 the key definitions of reaction network and fundamen-
tal terminologies will be introduced. Furthermore, several important graph-topological
properties of reaction networks are given along with a number of examples. In Section
2.2 we introduce dynamical systems used to model the behavior of reaction networks:
stochastic dynamics and deterministic dynamics. In Section 2.3, we introduce the embed-
ded discrete-time Markov chains for the associated continuous-time stochastic dynamics,
which will be utilized for a network condition of reaction networks with a single linkage

class in Section 5.4.

2.1 Reaction networks

A reaction network is a graphical construct that describes the set of possible interactions

among the constituent species.

Definition 1 A reaction network is given by a triple of finite sets (S,C, R) where:

1. The species setS = {51, Ss, - ,Sq} contains the species of the reaction network.



2. The reaction set R = {Ry, Ry, -+, R.} consists of ordered pairs (y,y') € R

where

d d
y = Z viS; and Y = Z i S, (2.1)
i=1 i=1
and where the values y;,y; € Z>o are the stoichtometric coefficients. We will

often write reactions (y,y') asy — y'.

3. The complex set C consists of the linear combinations of the species in (2.1).
Specifically, C ={y |y = v € R}U{Y' |y — v € R}. For the reactiony — ', the
complezes y and y' are termed the source and product complex of the reaction,

respectively.

Allowing for a slight abuse of notation, we will let y denote both the linear combination
in (2.1) and the vector whose ith component is y;, i.e. y = (y1, 2, ,ya)" € Z%,. For
example, when S = {51, 5,,..., 54}, 251 + 53 is associated with (2,1,0,0,...,0) € ZZ,,.
Note that it is perfectly valid to have a linear combination of the form (2.1) with
y; = 0 for each 7. In this case, we denote the complex by (.
It is most common to present a reaction network with a directed reaction graph in
which the nodes are the complexes and the directed edges are given by the reactions.

We present an example to solidify notation.
Example 2.1 Consider the reaction network with associated reaction graph
S+FE=SE— FE+P,

which is a usual model for substrate-enzyme kinetics. For this reaction network, & =
{S,E,SE,P},C={S+E,SE,E+P}and R={S+F — SE,SE — S+ E,SE —

E + P}. JAN



Definition 2 Let (S,C,R) be a reaction network. The connected components of the
associated reaction graph are termed linkage classes. We call a linkage class is weakly
reversible if it is strongly connected, i.e. there is a directed path (reaction) for all pairs
of complexes in the linkage class. If all linkage classes in a reaction network are weakly

reversible, then the reaction network is said to be weakly reversible.

Example 2.2 Consider the reaction network with associated reaction graph

2A - B=A+C, ) — 2B, A+ B — 2C.

N
D

This network has three linkage classes. The right-most linkage class is weakly reversible,

whereas the other two are not. YA

We will denote by S(£),C(L), and R(L) the sets of species, complexes, and reactions
involved in linkage class L, respectively.
The following definitions related to possible network structures are required to state

the main results in this thesis.
Definition 3 A reaction network (S,C,R) is called binary if Z?zl Y <2 forally €C.

Definition 4 Let (S,C,R) be a reaction network with S = {Sy,Sa,--+ ,Sq}. The com-
plex () is termed the zero complex. Complezes of the form S; are termed unary
complexes and complexes of the form S; + S; are termed binary complexes. DBi-

nary complexes of the form 2S; are termed double complexes. If 2S; € C for each

i=1,2,...,d, then the reaction network (S,C,R) is double-full.



Definition 5 We call the reactions ) — S and S — 0 the in-flow and out-flow of S,
respectively. We say a reaction network has all in-flows and out-flows if ) - S € R

and S — 0 € R for each S € S.

2.2 Dynamical systems

In this section, we introduce two dynamical models for reaction networks. We begin with

the usual Markov process model, and then present the deterministic model. Appendix

A.1 contains probability background pertaining to the associated Markov processes.
We first introduce the invariant manifolds which are called stoichiometric compati-

bility classes on which the system dynamics is defined.

Definition 6 Let (S,C,R) be a reaction network. Let |S| = d. For a state x € R%,

the stoichiometric compatibility class is (x4 span{y —y:y =y € R}) NRYL,.

For the usual Markov model associated to (S,C,R), the vector X (t) € Z%, = {z =
(21,22,...,24) € Z : z > 0 for each i} gives the counts of the constituent species at
time ¢, and the transitions are determined by the reactions in R. In particular, for
appropriate state-dependent intensity (or rate) functions A\, : Z‘éo — R we assume

that for each y — ¢ € R,
PX(t+At)=a+y —y | X(t) =2) = Ny (x) AL + o(Al). (2.2)

Note that the Markov process associated to a reaction network (S,C, R) only jumps by
n(y" — y) with a reaction y — ¢ € R and a positive integer n, hence its state space
S is a subset of the stoichiometric compatibility classes for (S,C,R). Moreover X (t) is

actually a non-negative integer valued vector, thus S C Z%O.



The generator A of the associated Markov process is [20]

AV(z)= Y Aoy @) (V(z+y —y) = V(x), (2.3)

y—y €ER

for a function V : Z%o — R. See Appendix A.1 for the general definition and derivation
of the generator.

The usual choice of intensity is given by stochastic mass-action kinetics

d |

;!

A /(iL‘) =K / . 1 >y (2.4)
y—y y—y E (z: — ;). {zizyi}s

where the positive constant x,_,,s is the reaction rate constant. For example, letting

X = (X1, Xs,...,Xy) be a count vector for species Sy, S, ..., Sy,

)‘51—>53 (X) = KS 55 X1
)‘51+5’2—>®(X) = "151+52—>(2)X1X2

A285+351-51 (X) = Kasy4as,-8 X3(Xz — 1) Xa(Xy — 1)(Xy — 2).

Note that the intensity function for a reaction y — 1’ only depends on the source complex
Y.

We typically incorporate the rate constants into the reaction graphs by placing them
next to the reaction arrow as in y — y’. Trajectories of this model are typically sim-
ulated via the Gillespie algorithm [26, 27] or the next reaction method [I, 25], or are
approximated via tau-leaping [2, 28].

For the deterministic model, we let the vector z(t) € Réo solve

%x(t) = Rysyz(t)(y — y), (2.5)

y—y
d ) . .
where for two vectors u,v € R%,, we define u? = [Ti—, v, with the convention 0° = 1.

The vector z(t) then models the concentrations of the constituent species at time t.
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See [0, 7, 30] for the connection between the stochastic and deterministic models. The
choice of rate function, i.e. £y, 2z(t)?, is termed deterministic mass-action kinetics and
the function x(t)Y is called a deterministic rate function.

Recalling the discussion below Definition 1, we will sometimes write g2 viSi for

d Yi 2S81+Sy _ .2
[T, «}*. For example, we have z = T1{%9.

2.3 Embedded Markov chains for the associated stochas-
tic dynamics

The main idea for the network condition introduced in Section 5.4 is to utilize relations
between the associated continuous-time Markov process and its embedded discrete-time
Markov chain. In this section we provide theorems and lemmas stating relations between

the associated Markov process and the embedded Markov chain.

Definition 7 Let X be a continuous-time Markov process and T, be the first time of
n-th jump of X forn =1,2,.... Then the discrete time Markov chain {X,} = {X(7.)}

is the embedded discrete time Markov chain of X.

For any states ¢ and j, let A;; be the intensity of transition from state i to j of a

continuous-time Markov process X. That is,
P(X(t+At) =7 | X(t) =1) = \jjAt + o(At).

Then transition probabilities of the embedded discrete-time Markov chain X are given



11

as

_ ~ ] 0 lf ZE )\Z'g — O
Pi(X1=j) = , (2.6)
)\ij

otherwise
Z[ )‘ié

where P is the probability measure of X.

The following theorem shows that positive recurrence of the continuous-time Markov
process can be guaranteed by positive recurrence of the embedded discrete-time Markov
chain if we assume intensities of transitions for the continuous-time Markov process have

a uniform lower bound away from zero.

Theorem 2.3.1 Let X be a non-explosive continuous-time Markov process on discrete
state space and X be the embedded discrete time Markov chain of X. Let S be the state
space of X. Furthermore, let \;; be the rate of transition from state i to j of X. In other

words,

P(X(t+ At) = j|X(t) = 1) = N\ijAt + o(At).
Suppose inf; Zj Aij > 0. Then positive recurrence of X implies positive recurrence of X .

Proof. Positive recurrence of X implies that there exists a stationary distribution of

X. Let 7 be a stationary distribution of X. Then

ZZ@ J€~ ZZ@ Aid -0

JES

(See Definition 43). Thus if we put n(i) = gl(g)_e for each i € S, then 7 satisfies

D () = > Aim(j) =0

1€S €S
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for each i € S. Since inf; > ;A > 0 and >, 7(i) = 1, we conclude that >, (i) < oo.
Thus by normalizing 7, we obtain a stationary distribution of X (See Definition 42).
Thus X is positive recurrent by Theorem A.2. 0

The following lemmas shows the intensity function defined with mass-action kinetics
(2.4) is uniformly bounded away from zero unless X (0) = x is an absorbing state (i.e.

Ay—sy (x) = 0 for all reactions y — ¢’ € R).

Lemma 8 Let (S,C,R) be a weakly reversible reaction network with |S| = d and X
be the associated continuous-time Markov process with state space S. Let A\, be the
intensity function associated with reaction y — vy defined with mass-action kinetics
(2.4) and Xo(2) = X2, er Aysy (2) for each z € S. Suppose that X(0) = z for a
non-absorbing state x. Then

inf A\g(2) > 0.

z€S

Proof. We show first that every state z in S is non-absorbing state. That is, we show
for each state z, Ay, (2) > 0 for some reaction y, — .. To do that, we will actaully
show any state acheived by a single jump from a non-absorbing state is non-absorbing.
Suppose w is a non-absorbing state and X (t) = w for some ¢. Let y,, — 3., € R be such
that Ay, (w) > 0. By the definition of the stochastic mass-action kinetics, w; > (yw);

forall j =1,2,...,d. Thus

Wi + (Yo)i — Ww)s = ()

By weak reversibility, there is a reaction y,, — y” € R for some complex y"” € C.

Therefore for z = w+ vy, — y.

)\y;ﬂﬁyl«z) >0
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because z; = w;+ (y.,); — (Yw); > (y,); for each j = 1,2,...,d. Thus z is non-absorbing
since the reaction y,, — y” has strictly positive intensity at z. We showed that any state
achieved by a single jump from a non-absorbing state is non-absorbing. Since the initial
point x is non-absorbing, every state of X is non-absorbing.

This fact implies for each state z, we have Ag(z) > A,y (2) > 0 for some y. — ¥, €

R. Note that Ay is a polynomial in z € S C Zéo, so that it is increasing function, i.e.
Mo(2') > No(2) if 2l >z forall 4.

Therefore there exists a finite set K in Z‘éo such that inf,es A\g(2) > inf,cxns Ao(2) > 0.

This completes the proof. 0
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Chapter 3

The main analytic tools: Tier

structures

In this chapter, the main analytic tool: tiers is introduced. This idea is a generalization of
the tier structures for deterministically modeled reaction networks to stochastic models.

The tier idea for deterministic models of reaction networks was originally introduced
in [3, 4] which was utilized to verify boundedness and persistence of deterministic dy-
namics for a weakly reversible reaction network that has a single linkage class. The next
example briefly demonstrate the basic idea of tier structures and the motivation of two

different types of tiers for stochastic models.

Example 3.1 Consider the reaction network in Figure 5. For a sequence z,, = (n, 1)
1.1
A+2B=0=3B
11
Figure 5: An example for the basic idea of tier structures.

for large n, we can think of the order of the size for the deterministic rate function x¥ for

each complex y. First, we compute all deterministic rate functions for complexes along
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the sequence {z,}.
xﬁ“B =n'1?=n

3P =n"13 =1

xﬁ =n1" = 1.

That is, 22728 > 238 > 29 Therefore along the sequence {z,}, the reaction vector
(—1,—2)" associated to the reaction A + 2B — () will be a dominating direction for
the deterministic dynamics associated to the reaction network. We term the complex
A+2B as tier-1 complex along the sequence {x, }. However, for a sequence z, = (1,n)7,
we have 238 > 24428 > 20 In this case, the reaction 3B — () will be a dominating
reaction of the deterministic dynamics. We term the complex 3B as tier-1 complex along
the sequence {z,}. Note that with this idea of the tier structures, the behavior of the
deterministic dynamics associated to the model can be understood at each region in the
stoichiometric compatibility class of the reaction network.

However, the stochastic rate functions, A,_,,/, for each reaction y — y' may have a
different tier structures from that of the deterministic rate functions. By the definition

of the stochastic rate functions (2.4), we have

Xoarp(xy)=nn—1)-1=n(n—-1)
Asp(,) =0 since 3>1=wx,,

No(z,) = 1.
Along the sequence x,, = (n, 1), therefore, we obtain

Mo—38(Tn) < Aavopoo(Tn) = Aspop(Tn).
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As demonstrated in Example 3.1, the general key difference between deterministic
and stochastic dynamics is the following: deterministic dynamics does not touch the
boundary as long as the initial point is located in the strict positive orthant, but the
associated stochastic process can hit the boundary of the state space, where intensity
functions can be zero.

This difference between deterministic rates and stochastic rates motivates us to think
of the needs for a different type of tier structures with respect to stochastic rates and
deterministic rates along a given sequence. In this thesis, therefore, we generalize the
original tier structures introduced in [3, 1] by defining two different types of tier struc-
tures: D-type and S-type tiers.

We introduce some useful terminology.

1. For x € Z% we write (z V 1) for the vector in Z% with jth component (z V 1); =

x; V1 =max{z;, 1}.

2. We will use the the phrase “for large n” for “for all n greater than some fixed

constant N”.

3. For each complex y € C, we define the stochastic rate function A\,(z) for each
complex y as following,
d
A (z) = nl g f 7
y(7) = H (o — gy Moz for @ € 25
Note that for a reaction y — 3y’ € R, we have A\, (z) = Ky Ay(z). That is,
Ay(z) is the portion of the stochastic mass-action term that depends upon the

source complex y.
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3.1 Two types of tier structures

In this section we define D-type tiers and S-type tiers. We also provide some important

lemmas pertaining to tiers that will be applied many times throughout this thesis.

Definition 9 Let (S,C,R) be a reaction network and let {x,} be a sequence in RZL,.
We say that C has a D-type partition along {x,} if there exist a finite number of

nonempty mutually disjoint subsets TD’i} C C such that UiT{[;&’j} =C, and

{$n

1. ify,y € TD’i}, then there exists a C' € (0,00) such that

{zn
i e = ©
2. ify € T{Zf} and y' € Tg’f} with i < k then
lim M =0.

n—oo (X, V 1)¥

The mutually disjoint subsets T{Z’j} are called D-type tiers along {x,}. We will say
that y is in a higher tier than y' in the D-type partition along {x,} if y € T@’Z} and
Yy € T{gf} with i < j. In this case, we will denote y =p y'. If y and 3y are in the same
D-type tier, then we will denote this by y ~p y'.

Note that C is well-ordered set with »=p and ~p.

The terminology of saying tier T{lz ’nl} is higher than the other tiers comes from point

2. in Definition 9.

Definition 10 Let (S,C,R) be a reaction network and let {z,} be a sequence in R‘éo.
We say that C has an S-type partition along {x,} if there exist a finite number

of monempty mutually disjoint subsets T

{xn

y C C, with i € {1,...,P, o0}, such that

Tgi} U--- UT{*Z;RP} uT{ifj; =C, and
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1yeTy” Zf and only if \y(x,) =0 for all n,

2.\ (xn);éOforanynznyT }forze{l P},
3. ify,y € T{Sl , with 1 € {1,..., P}, then there exists a C' € (0,00) such that
A
lim (@) =C,
n—>oo/\ ( n)

4. ifyeT, }andye { y with 1 <@ <k <P, then

lim —)\yl ()

n—o0 )\y(ajn) =0

The mutually disjoint subsets T{Sm’i} are called S-type tiers along {z,}. We will say
that y is in a higher tier than y' in the S-type partition along {x,} if y € T{iz} and

Tf’]} with i < j.

These two tier structures make hierarchies for the complexes with respect to the sizes
of (x,V1)Y and \,(z,) along a sequence {z, }. In particular, S-type tiers are defined with
asymptotic size of the intensity of each reaction along a sequence. Since the intensity of
each reaction means how much likely the associated reaction is to be fired, we are able
to know which reaction is the most likely reaction to be fired by the highest S-type tier

along a sequence.

Definition 11 Let (S,C,R) be a reaction network and suppose that {T{Z’z}} are the D-
type tiers along a sequence {x,}. We will call y — 3y € R a descending reaction

along {x,} ify € TD 1} and y' € T } ' for some i > 1. We denote

Dy ={y€C | y—vy is a descending reaction along {x,}}.
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We demonstrate the D-type tiers, the S-type tiers and descending reactions with the

following example.

Example 3.2 Consider the reaction network (S,C,R) in Figure 6.

A—-A+B—-A+C

N v
B +— C

Figure 6: An example of the D-type, S-type tier structures and descending reactions.

Let {z,} = (n,1,0)T. Then we have the following tier structures.
1T ={A A+ B, A+ C} and T, = {B,C}.

2. Tol, ={A, A+ B}, Tl = {B} and T = {C}

3. A+ C — C is the only descending reaction. Hence Dy, = {A+ C}. JAN

Weak reversibility of a reaction network implies existence of a descending reaction

for any D-type partitions unless all reactions are in a single tier.

Lemma 12 Let (S,C,R) be a reaction network and suppose that C has a D-type parti-
tion along a sequence {x,}. Suppose there are two complexes y € T{Z’nl} and y & Tg’nl}
such that there is a directed path within the reaction graph beginning with y and ending

with y'. Then there is a descending reaction yo — yg along {x,} within the directed path.

Proof. Let

Y=Y oy oy =y



20

be the directed path from y to ¢/. If ¢} ¢ Tl;’nl}, y — v is a descending reaction. If
Y1 € T{Z ’nl}, either g, € T]Zjnl} or y, & TDx;l}. In the latter case, y; — 5 is a descending
reaction. Otherwise we keep seeking a descending reaction by checking whether y} €

T{g’nl} or y; & T{Z’nl}. If y) € T{Z’nl} foralll =1,--- k&, then y;, — ¢ must be a descending

reaction because 3’ ¢ T{[;: ’nl}. U

Definition 13 Let (S,C,R) be a reaction network with |S| = d. Let X be the Markov
process associated to (S,C,R) and let S be the state space of X. Then a sequence {x,}

1s called a proper tier-sequence of X if
1. {z,} CS,

2. limy, 00 Tp; € [0,00] foralli =1,2,--- ,d and lim,,_,o ©,,; = 00 for at least one 1,

and

3. C has both a D-type partition and an S-type partition along {x,}.

If a sequence {x,} only satisfies the conditions 2 and 3 in Definition 13, we call {z,} is
a tier-sequence.
The following lemma shows that for any sequence {x,}, we can find a further subse-

quence that is a proper tier-sequence.

Lemma 14 Let (S,C,R) be a reaction network with |S| = d. Let X be the Markov
process associated to (S,C,R) and S be the state space of X. For a sequence {x,} C S
such that lim,,_, |x,| = oo, there exists a subsequence of {x,} which is a proper tier-

sequence.
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Proof. We can pick a subsequence {z,,} of {z,} such that limy .z, ; € [0,00]
for any ¢ = 1,2,--- ,d. We first consider a further subsequence along which a D-type
partition of C is defined. For the sake of brevity, we denote all subsequences as {x,, }
in this proof . Pick any two complexes y1,y2 € C and find a subsequence {z,, } so

that limy_, % = (3 for some C15 € [0,00]. For another complex y3 € C, we
nE

find a further subsequence {z,, } so that the limits limy_, % Cas € [0, 00] and
limy oo g"’“w) = C13 € [0, ¢]. Since there are finitely many complexes, we can repeat

the same procedure for all complexes and finally find a subsequence z,, of {z,} for

which the limit

1 Yi
lim M — CZ.].
k—o0 (xnk V 1)%
exists for some Cj; € [0,00] for all i,j = 1,2,--- ,|C|. Therefore we can define a D-type

partition on C. In the same way, we can find a further subsequence of {x,, } along which
an S-type partition is defined on C. O
The next lemma shows that for any tier-sequence {z,}, the deterministic rate func-

tion associated with a complex belonging to T{ } goes infinity as n — oo.

Lemma 15 Let {x,} be a tier-sequence of a reaction network (S,C,R). If yo € T{Dx 1},

then lim,, oo (x, V 1)% = co.

Proof. Let I = {i | lim, oo ®,; = o0} and let y € C be such that y; # 0 for some

1 € I. By definition, if y, € T then

nV1)Y
lim —(:c )

=C
n—oo (X, V 1)

for some constant C' > 0. Since lim,, (2, V 1)¥ = 0o, the result follows. O
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In the next lemma, we provide a relationship between D-type partitions and S-type

partitions.

Lemma 16 Let {x,} be a tier-sequence of a reaction network (S,C,R) and let y € C.
Then
0 if yeT
Ay(Tn) Y {zn}

lim ————~% =
nl—>nc}o (:L‘n V 1)y

. S,00
1 if yé& T{wn}.

Proof. If y € T, then Ay (w,) = 0 for all n. If y & T, then Ay (w,) and (z, v 1)"
are polynomials with the same degree and the same leading coefficient (of 1). O
The following corollary is used throughout this thesis and shows that for a complex

y, if y is belonging to the highest D-type tier, then y is also belonging to the highest

S-type tier as long as y ¢ T{‘iji} for any tier-sequence {x,}.

Corollary 17 Let {x,} be a tier-sequence of a reaction network (S,C,R). Suppose

y & T{i:i and y € T{%nl}. Then y € T{Sagi} and lim,,_,o Ay (z,) = o0o.

Proof. Lety ¢ T{i:ﬁ Note that

Ay(@n) _ Ay(n)  (znV DY (z, V1Y

M) (@ VDY (VI A ()

By Lemma 16, as n — oo the first and third terms on the right of the above equation

converge to 1. Therefore,

! y/
lim Ay (zn) = lim —(xn v

n—00 /\y(l‘n) n—00 ({L‘n V ]_)y )

Because y € T{Dx ’nl}, the last limit is either 0 (if ' & T{Z ;1}) or some C' > 0 (if ¢ € le;l}).

Thus, ¢ cannot be in a higher tier than y in the S-type partition. Hence, y € Tg’i}.
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Moreover, since y & T{Sx’:?, by Lemma 15 and Lemma 16, we have lim,,_,o A,(x,) = oo.

O

3.2 Tier structure for embedded Markov chains

Some network conditions for positive recurrence of the associated stochastic dynamics
introduced in Section 5.4 will be derived from analyzing behavior of certain time points
of the embedded Markov chain. More precisely speaking, for some positive integer k,
we observe the discrete-time Markov chain X;m obtained from the embedded Markov
chain X,, at every k th time point. This leads us to consider tier structure of set of
multiple complexes and reactions along a proper tier-sequence {z,}. In this section we
state important lemmas and definition of tier structures of multiple source complexes.
The following lemma states that for each proper tier-sequence, there exists at least

one reaction whose source and product complex are not in a same D-type tier.

Lemma 18 Let (S,C,R) be a reaction network with |S| = d. Let X be the Markov
process associated to (S,C,R) with X(0) = z. For a proper tier-sequence {x,} of X,

there exists a reaction y — y' € R such that y € TD’i} and y' € Tg’j} for some i # 7.

{zn
Note that if {x,} is just a tier-sequence, this lemma no longer holds. For example,
consider the following reaction network

A= B.

Then along a tier-sequence x,, = (n,n), both complexes A and B are belonging to 7, {Ig)ﬁ :}
because (z, V1)4 =n = (z, V1)?. However the tier-sequence {z,} is not a proper tier-

sequence because for any initial point x of the associated Markov process X, the state
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space S is a subset of the stoichiometric compatibility class, (x4 span{(—1,1)"}) NRZ,
which is a finite set, so that {z,} Z€ S. Thus the condition 1 in Definition 13 is crucial

for the proof of Lemma 18.

Proof. By Theorem 3.9 in [3], there is a vector w € R? such that (i) w; < 0 if
(x, V1); = 00, as n — oo, (ii) w; = 0 if (z, V1); < 0o and (ii) (w,y’ —y) = 0 for
complexes y and 3’ such that y,y € T{Z f} for some i, where (-,-) is the usual inner
product in R

Now suppose all complexes y € C are in the same D-type tier along {x,}. Then the
vector w is orthogonal to all reaction vectors. Since x, € S C (z + span{y’ —yly = ¢ €

R}) for all n,

lim (w, z,,) = (w,z) > —o0.
n—oo

However, {z,} is a proper sequence and hence z,; — 0o, as n — oo for at least one

i€ {1,2,...,d}. This implies

lim (w, z,,) < lim w;z,,; = —oc0.
n—00 n—00 ’

This contradiction implies that there must exist at least one reaction whose source
complex and product complex are in different D-type tiers along {x,}. 0]

We need to observe how tier structures will change after £ th jumps by reactions
in order to handle the embedded Markov chain X;m. The lemmas below describe how
tier structures will be after shifting a proper tier-sequence by a reaction. In particular,

Lemma 19 shows that the D-type partitions are preserved after shifting.

Lemma 19 Let (S,C,R) be a reaction network and let y — y' € R. Assume that

{z,} and {x, + vy — y} are proper tier-sequences of the associated Markov process. Let
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C= UleT{lg)cf}. Then there are also P D-type tiers along the sequence {x, +vy' —y} and

Tﬁf} — Tgfw_y} foreach 7 =1,2,... P.

Proof. The limits defined at 2 in Definition 9 do not change if we replace {x,} by
{z, +y —y} because ' — y is a constant vector and (z,, + y'y — V1); > 1 for each i and
for all n. Therefore two D-type structures along {z,} and {z, +y — y} are equal. [0

The next technical lemma is utilized in Section 5.4.

Lemma 20 Let (S,C,R) be a reaction network and let y — y' € R. Assume that {z,}

and {z, +vy' —y} are proper tier-sequences of the associated Markov process and assume

also that y & Tgﬂ:? Then the followings hold.

. S,00

0 TS

.. D, 5,1
(i) If y' € T{xnl}, theny €T, ) h-

s,
(111) T{Ziﬂ_y} ).

Proof. LetS = {51,5,...,54}. Since y ¢ T{S’C>O Tn; > yjforall j=1,2,...,d. This

Tn}’

implies @, ; +y; —y; > y;. Thus y’ ¢ 75>

{zn+y —y}-
For (ii), suppose 3/ € T{L;’nl}. Then y' € Tg’nlﬂ,_y} by Lemma 19. Thus part (i) above

. / S,1
and Corollary 17 imply ¢y’ € T oty —y}

We now show (iii). By weak reversibility, there is a reaction y' — 3" € R for some
complex 3y’ € C. That is ¢ is a source complex for some reaction. Thus by (i) we

showed above, ¢ & Tgt’:iy_y}. Since C # T, i’ﬁy,fy}, at least one complex must belong

5,1
to T{In+y,_y}. O
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Before we introduce the definitions for tier structures of multiple source complexes

in Definition 21, we demonstrate its motivation with the following example.

Example 3.3 Let X be the associated Markov process for the reaction network in
Figure 7. Consider a sequence z,, = (n,0)T. This sequence is a proper tier-sequence for

X with X(0) = (1,0)” by the following reasons.

l=A+B=A

Figure 7: An example for the motivation of Definition 21.

(i) The state space of X contain (n,0)7 for all n because the counts of A can be
infinitely increased with maintaining the counts of B by the reactions ) — A+B —

A firing in that order.
(ii) zp1 =mn — 00, as n — oo, and

(iii) it is easy to check

for all pairs of complexes y,y’ € C.

Note that for the reaction A + B < A, the source complex A is belonging to Tgc’i}.
This reaction is the most likely reaction to be fired because the probability of firing the
reaction ) — A+ B is much smaller than the probability of firing the reaction A+B <+ A

at (n,0)T and other two reactions cannot be fired since Aayp(n,0) = 0. After jumping
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by the reaction, z,, = (n,0)7 is shifted to (n, 1), then ) +~ A + B is one of the most
likely reactions because A + B € T(i”ll)T.

Positive recurrence of a Markov chain is achieved when the Markov chain returns a
finite set in its state space within finite amount of time in average. Thus we need to
observe where the Markov chain jumps to by most likely reactions to be fired. Now let us
describe how the Markov process will jumps by the two most likely reactions A+ B + A
and () + A + B subsequently. First by the reaction A + B < A, the associated Markov
process jumps to (n,1)?. Note that by this jump, the Markov process does not get
closer to a compact set around the origin. However, after the second jump () < A + B,
the Markov process reaches at (n — 1,1)7 so it eventually gets closer to a compact set
around the origin.

Thus we conclude that the associated Markov chain need to have multiple most likely

jumps in order to approach to the origin. A

As shown in Example 3.3, we characterize a set of most likely reactions and their

jump directions with tier structures for a set of source complexes.

Definition 21 Let (S,C,R) be a reaction network and R = {y1 — Y1, Y2 = Yo, ..., Yp —
Y} C R be an ordered set of reactions where we allow some of reactions to be same. Let

{z,} be a sequence such that each of {x, + Z;;ll( i — i)} is a proper tier-sequence of

X foreachi=1,2,... k.

. ) D1 .
(i) We denote {y1, Y2, ..., yr} € Diw.1.r ifyi € T{zn+Zj;11(y§—yj)} foreachi=1,2,...,k

and y, & T{Z:+ T for some £ € {1,2,... k}.

=15

g S s1 ;
(ii)) We denote{y1,ya,...,Yr} € Ty vk ify; € T{xn+23;11(y;—yj)} foreachi=1,2,... k.
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Chapter 4

Main analytic theorems

In this section, we will introduce the main analytic theorems that provide sufficient
conditions for positive recurrence of stochastic models associated to reaction networks
with D-type and S-type tiers.

We first begin with the Foster-Lyapunov criteria which was introduced by Meyn
and Tweedie [39]. Theorem 4.0.1 below is a version of a more general statement of the

Foster-Lyapunov criteria that can be found at Theorem 4.2 in [39].

Theorem 4.0.1 (Foster-Lyapunov criteria) Let X be a non-explosive continuous-
time Markov process on a countable state space S with generator A. Suppose there exists

a finite set K C S and a positive function V' on S such that
AV (z) < -1 (4.1)
for all x € S\ K. Then the continuous-time Markov chain is positive recurrent.

One of the condition in Theorem 4.0.1 is non-explosion of the continuous-time Markov
process. In Appendix A.3 we show that if the condition (4.1) holds with our main
Lyapunov function that will be introduced at (4.2), then the associated Markov process
X is non-explosive. Hence, in this chapter we mainly provide some tier structures

guaranteeing that the condition (4.1) holds.
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Theorem 4.2 in [39] assumes the Markov process X is non-explosive. However, on
a countable state space, the condition (4.1) also implies non-explosion of the Markov
process (See Appendix A.2). Thus we do not assume non-explosion in Theorem 4.0.1.

The statement of the Foster-Lyapunov criteria involves the Markov generator A (2.3)
and a positive function V. As the definition of A with a positive function V in (2.3), AV
is the averge of the directional derivative of X at x. Thus, as the Lyapunov function
describes dynamical behavior of ordinary differential equations, the quantity AV (x)
at each state x describes where the associated Markov process will jump to along the
level sets of the function V' at each state x. Therefore, if the Foster-Lyapunov criteria
holds, then the strictly negative upper bound of AV (z) implies that the associated
Markov process mainly jumps toward lower level sets of V' which are finite sets, and thus
positive recurrence of the associated Markov process follows. To find network conditions
for positive recurrence, therefore, we will combine the tier structures we constructed in
Chapter 3 and the Foster-Lyapunov criteria with our main Lyapunov function that will
be introduced from (4.2).

In this thesis, our main Lyapunov function will be V' (z) = Z?Zl v(z;) where

r(lnx—1)+1, ifzeZs
v(x) = (4.2)

0, otherwise,
with the convention 0In 0 = 0. This function has been used widely to verify the stability
of deterministic models of reaction networks. In particular, it played a significant role in

the proof of the Deficiency Zero Theorem of chemical reaction network theory [21, 22

, 33].
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4.1 Main theorem 1

We begin with a crucial lemma for an upper bound of AV (z,,) for a tier-sequence {x,}

where A is the Markov generator introduced in (2.3).

Lemma 22 Let A be the Markov generator (2.3) of the continuous-time Markov process
associated to a reaction network (S,C, R) with mass-action kinetics (2.4) and rate con-
stants Ky, . Let V be the function defined in and around (4.2). For each tier sequence
{z,} there is a constant C' > 0 for which

< Z Ry—sy Ay(Tn (ln(((xxz\\//llé )+C). (4.3)

y—y ER

Proof. Let I = {i | x,; — oo, as n — oo}. Note that I # 0 because {x,} is a

tier-sequence. Then for a reaction y — y' € R, there exists C,_,,» > 0 such that

Vizn +y' —y) = Vizn)
= Z[(%,i + 4 =y (In (2ni + 5 — 4i) = 1) — @ni(In (2) = 1)]

i€lc

< Z[(wn,z + i —y)(In (@ng + v — 9i) — 1) — @pi(In (2n) — 1] + Cysy

iel

= Z Tpiln (1 + ) +yi—y +In(zn; + Y, — yz‘)yg_yi] + Cysys

el

where for the inequality in the middle, we simply grouped the second summation into
the constant because each term in the summation is uniformly bounded. Using the fact

that limy oo (1 4+ )" = e* for any «, we have that

xn,iln(l—k yz)—l—yZ Y, — 0, as n— oo,

T
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for each i € I. Hence, there are C}_, , > 0 for which

V(zn+y —y) = Vi) <D W —yi) (2 + 3, — yi) + Cy,y  for cach n.  (4.4)
icl
Note that for i € I,

! . / B ]
lim (ln(xn,i oyl — yi)yéfyi _ ln(ng,i_%)) = (y; —yi)In (1 + lim Y; yz) =0.

n—00 n—00 Ty,
b

This combined with (4.4) implies the existence of a positive constant C , , for which

Vienty —y) = Vi) < 37 (e + 5 — g =@l ") + 3 (#5) + Cpy
i€l

iel
Yi—Yi 1
< E In (a:m )—i— Yy
el

Since x,,; is uniformly bounded for each ¢ € ¢, we have

2, (@i V 1% 1 (s V 1) (s V 1)
1 n.,z <1 n,t n,. -1 n,t '
" <H m ) = (H (T V 1)¥ 11 (@na V1w )~ 0 H (T V 1)¥

iel Tt iel ielc

Thus we have a positive constant C}’, , such that

d / /
ni VvV 1)Y nV1)Y
V(zn+y —y) — V(zn) < In (H u> + ;/;y/ =In ((z ) ) +C;/L>y"

el CORA L (2 vV 1)¥
Hence,
AV (z,) = Z Ky Ay (20) (V (20 + 4 = y) = V(24))
y—y ER
(z, vV 1)Y
< Z Ky—)y’)\y(l‘n) (hl (m + @//”—ﬂ/ .

y—y' €ER

The proof is completed by taking C' = max, ,,er{C,", }. d

Note the on the right hand side of (4.3), the sign of each term can be determined

by the ratio of the deterministic rate functions (z, V 1)? and the size of each term can
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be determined by the stochastic rate function \,(z,) for each complex y. Therefore the
following main analytic theorem of this thesis relates D-type and S-type partitions and

the upper bound of AV

Theorem 4.1.1 Let (S,C,R) be a reaction network. Suppose that

Toh N Dpy # 0. (4.5)

{xn

for any proper tier-sequence {x,}, where T{é;’i} are the S-type tiers and Dy, is the set of
source complezes for the descending reactions along {x,}. Then for any choice of rate
constants the Markov process with intensity functions (2.4) associated to the reaction

network (S,C, R) is positive recurrent.

Note that the result in Theorem 4.1.1 holds whenever the tier condition is satisfied
regardless of choice of rate constants. In practical experiments related to reaction net-
works, rate parameters often remain unknown. Thus such conditions depending solely

network structures will be worth for practical problems.

Proof. Let S be the state space of the associated Markov process X. We will show
there exists a finite set K C S such that AV (z) < —1 for all z € S\ K. An application of
Theorem 4.0.1 then completes the proof. We proceed with an argument by contradiction.
For ease of notation, the positive constant C' appearing in different lines may vary.
Suppose, in order to find a contradiction, that there exists a sequence {z,} with
lim, , |z,| = 00 and AV (z,,) > —1 for all n. By Lemma 14, there exists a subsequence
which is a proper tier-sequence. For simplicity, we also denote this proper tier-sequence
by {z,}. Denote the S-type tiers, D-type tiers, and source complexes for the descending

reactions for this particular proper tier-sequence by T{Sx’i}, T{Z Z}’ and Dy,,y, respectively.
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Our main hypothesis (4.5) implies that there exists a reaction yo — y; such that y, €
T{g ’nl} N T{Slji} and y|, € T{[g)C i} for some ¢ > 1. Starting with an application of Lemma 22,

we have the existence of a C > 0 for which

AV (x,) < Z /iy%y/)\y(xn)<ln <M> + C’)

J/

y—=y' ER (Z‘n v 1)2!
Ky Ay (1) (2, V1)Y Ry Ay (Z1) (2, V1)Y
= Ay () L In ( + vy In
" (_ZR e )T 2 TN vy
Yoy oy
T ]
Ky Ay(Tn) (z, V1)V Ky Ay ()
+ YV I In ( + IO . (4.6)
yéR Ago (Tn) T V1) ywzlen Ayo (@)
y~py’ N .
i1 v

First note that by Corollary 17, we know Ay (z,) — oo as n — oo. To conclude the
proof, we will show that term 1 will converge to —oo, as n — 0o, and that all the other
terms remain uniformly bounded in n. One fact we will use repeatedly is the following:
because yq € Tli’nl} N T{iji}, there exists a constant C’ > 0 such that for all complexes

y € C and all n large enough

' (mn \ 1>y
C d -—
Npo(a) R CAVAVT

<C". (4.7)

Note that (4.7) immediately implies that terms 11 and IV are uniformly bounded in

n.
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We turn to term /. By adding and subtracting appropriate log terms,

Ky Ay (T (xn, V1) Ky—sy Ay (Tr) (2o V1)V
J = § Y=y Ny hl( 4 § Y=y Ny In
y—=y'€R Ayo (n) (zn V 1)¥ y—y' €R Ayo () (zn V 1)w0
y'=py ¥ =py

3 (fcyﬁy/Ay(azn) (a0 V 1)”) (@ V1) ((l’n v 1)y°> (4.8)

e Ayo (n)  (nV1)Y ) (2, V1)w0 (@, vV 1)v
y' =Dy
Ky—sy Ay (T) (z, vV 1)Y
In 4.9
" _273 Ayo (Tn) ((xn V1) (4.9)
y—y
y'=py

By Lemma 16, a part of term (4.8) can be shown to be bounded:

Soo
lim I{y—>y//\y($n) (xn \V 1)740 _ Ky—y/ s if y ¢ T
oo Ay, () (x, V1)

. S,00
0, 1fy€T{m 1

In addition, since y, € T{ yand y & T{Z 1},

lim (x, V1)V In ((a:n v 1)y0) o,

n—oo (x, V 1)v0 (xn, V1)

where we are utilizing lim, o+ £ In(1/¢) = 0. We conclude that the term (4.8) converges
to zero as n — oo. Finally, (4.7) shows that the term (4.9) is uniformly bounded in n.
We now turn to showing that term I/ converges to —oo, as n — co. We have
Il = Z I{y;y’Ay(l}J In <(£L’n \\//11)1;/)
yy €R vo(Tn) (z, V1)
y>=py’

_’iyOA)y())\ ( ) lIl ((l’n \ 1)y6) + Z ’{y—w’)‘y(fvn) ln <(5Un \ 1)?/)7
( ) (l‘n V 1)y0 y—>y’€’R\{yO—>y6} >‘y0 (l‘n) (xn \% ]‘)y
y=py’

(4.10)

where we recall that y, is the product complex of the descending reaction yo — ;. Note

that the first term on the right of (4.10), converges to —oo since ry, ,,, > 0 and

y/
lim In ((x,l\/—l)O) = —00.

n—00 (:L’n \J 1)yo
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The second term on the right of (4.10) may be an empty sum. However, if there are any
terms in the sum, they must be less than or equal to zero for n large enough. Indeed,

this follows because

y/
lim In (M) = —00,

n—o0 (xn \J 1)y
and A, (z,) > 0. Therefore, we conclude that the term /I converges to —oo, as n — oo.
Hence, we must conclude that lim,_,., AV (x,) = —oo. However, this is in contra-
diction to the assumption that we made at the beginning of this proof, and the result is
shown. O

We have following corollary of the Theorem 4.1.1.
Corollary 23 Let (S,C,R) be a reaction network. Suppose that

D1 _ 751
D{xn} 7& @ cmd T{xn} = T{xn},

for any proper tier-sequence {x,}. Then for any choice of rate constants the Markov
process with intensity functions (2.4) associated to the reaction network (S,C,R) is

positive recurrent.

Proof. Note that Dy, ) C Tg;l} by the definitions. Since D,y # 0, T‘iﬁi} N Dy =

T {i)ﬁ ’nl} N D¢,y #. Therefore by Theorem 4.1.1, the result follows. 0

4.2 Main theorem 2

In this section we consider the analogous theorem of Theorem 4.1.1 pertaining to tier

structures of the embedded Markov chain associated to our models. This theorem will
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be utilized to imply positive recurrence of the original continuous-time Markov processes
associated to reaction networks.

Before we provide the key lemmas required for the proof of our theorem, we introduce
some new notations. For an initial state 2 of the embedded Markov chain X and a set
of k reactions {y1 — y1,...,yx — ¥}, we denote the event {Xl =z+y) — U1, Xo =
T vk — Yoo K= 2+ X () — i)} by @ AT T4+ (Y — ).
We also use the convention 70, a; = 0 € Z¢ for any sequence {a,} C Z.

In the section, we use the tier structures T?:i}, r and the notion Dy, y r for source
complexes from a set of k reactions R = {y; — vi,...,yr — y;} defined in Section 3.2.
Moreover, note that reactions in the set R are not necessarily distinct.

In the following Lemma 24, we consider probabilities of jumps of X by k reactions
whose source complexes are belonging to the highest S-type tiers. This is motivated
from the following two observations. First, in order to establish the network conditions
for positive recurrence which will be introduced in Section 5.4, we will observe { X, }
for some fixed positive integer k, i.e. we will observe every k£ th jump of the associated
Markov process X (or the embedded Markov chain X). Second, we mainly consider k
reactions whose sources are belonging to the highest S-type tier for our analysis as we

showed in the proof of Theorem 4.1.1.

Lemma 24 Let (S,C,R) be a reaction network and let X be the associated continuous-
time Markov process. Further let X be the embedded discrete-time Markov chain of X
and let P be the probability measure of X. For an ordered set of k reactions R = {yi —
YiY2 = Yoy oo Uk — Ykt C R, let {x,} be a sequence such that {x, + Zf;i} is a proper

tier-sequence of X for each ¢ =1,2,... k. Then
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(i) if {yno v i} €T o

k

. ~ YL —Y1,Y5— Y2, Y), —Y

lim Pxn <xn 17 Y1,Y2—Y2 N a:n—l—Z(y; —yj)> > 0, and
=1

(ZZ) Zf {yl; Y2, .- ;yk} g T?iz}vR7

k
i (5, 22 ) o

n—oo
j=1

We can simply think of the results in (i) and (ii) with the definition of S-type partitions.
First note that by the definition of S-type tiers and the transition probabilities of X

given at (2.6),

. S,1

~ Ay () 1, if ye T{xn},

1 = /— —= 1 Y n —=
Tim P,y (Xy =2 +y' —y) = lim Mo (2

: S,1
0, if ye& T{xn},
where Ao(z) = >_,  icr Ay—y (). Similarly, if all source complexes of reactions in R are

belonging to the highest tiers, then the result in (i) holds. Otherwise, the result in (ii)

will follow.

Proof. For each n, we denote 2,(m) =z, +> 7" (y; —y;) form =1,2,...,k—1 and

2,(0) = z,,. By the Markov property of X,

k
/ / /
~ Y17Y1,Y Y2, Y~ Yk /
P, (mn > T, + E (y; — yj)>

- ﬁ ~Zn(m_1) (Xm = zn(m)> : (4.11)

For each m =1,2,... k — 1,

Pem-) (Xm = 2n(m) = zn(m — 1)+, — ym) =
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by (2.6), where Ao(z) =2, icr Ayy ().

S,1

Suppose first that {y1,y2,..., 9k} € T 3 & That is, y,, € sz’i(mfl)} for each

m =1,2,...,k. Then by the definition of S-type tiers

lim )‘ym—>y£n (2n(m — 1)) — lim Ry —yl,

n—oo Ao(zp(m — 1)) 1N ke Ay (za(m = 1)) /Ay, (2a(m — 1))

y—y' €ER

> 0.

for each m = 1,2,..., k. Therefore statement (i) holds.
. S, S,00
For (ii), suppose vy, ¢ T{Zi(e_l)} for some ¢ € {1,2,... k}. Ity € T, ), for all
reactions y — ¢’ € R, the result follows because \g(z,(¢ — 1)) = 0 so that one of term
in (4.11) is zero by (2.6). Thus we assume y € T{b;i(e—l)} for some y — y" € R. Then
k

lim Py, (an SR g Sy — ) (412)

J=1

< JLI{:O pzn(ffl) <XZ = Zn<€)>
A1)
n—oo Nz, (¢ — 1))

< lim “ye%yz)‘ye('znw —1))
T n—oo /@yﬁy/)\y(zn(ﬁ — 1))

. (4.13)

where the first inequality comes from (4.11), the equality in the middle is by the tran-
sition probabilities of X given at (2.6) and the last inequality is by the definition of
() = X2, L yer Aysy (). Since y, & T{%i(é—l)}’ the limit on (4.13) is zero. Thus
statement (ii) follows. O

Before we move on Lemma 25 and our second main theorem, Theorem 4.2.1, we
consider a reaction network in Example 4.1 where (i) for a proper tier sequence {x,}
no reaction is in fo’i} N Dy,,y, however, (ii) there is an ordered set of k reactions

R={y1 = y\,...,yx — y,.} for some k such that {y1,ve,... .y} € T{ngn}ﬁ NDis,1R-
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A—-A+B—->A+C

N v
B «— C

Figure 8: An example of tier structures for the embedded Markov chain.

Example 4.1 Consider the reaction network (S,C,R) in Figure 8. Let X be the as-
sociated Markov process with X (0) = (1,1,0)". Then a sequence x, = (n,1,0)7 is a

proper tier-sequence because

(i) species A can be infinitely produced with maintaining same counts of B and C' by
the reactions A -+ A+ B — A+ C and C — B — A, hence (n,1,0)T is in the

state space of X for any n,
(i) zp1 =mn — 00, as n — 00, and
(ili) it is easy to check

Ay (T,
€ [0,00] and limM

A (o) € [0, <]

for all pairs of complexes y,y’ € C.

Note that As(x,) = n and Aayp(z,) = n are the biggest stochastic rate functions
among \,(z,)'s for all complexes y, and A+ C — C is the only descending reaction.
Thus there is no reaction belonging to fo’i} N Dy,,y because T{i’i} = {A, A+ B}, and
D¢,y = {A+ C}. Therefore the conditions in Theorem 4.1.1 are not fulfilled.

However, we will show that there are two most likely reactions by which the associ-
ated Markov chain started at (n,1,0)7 can get closer to a compact set near the origin

subsequently. For an ordered set of reactions R = {A+ B — A+ C, A+ C — C} where
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the associated reaction vector (0, —1,1)7 for the first reaction A+ B — A+ C, we have

S,1 D,1 S,1 D1 D1
A+ B e T{xn} N T{xn}, A+C e T{xn+(0,—1,1)T} N T{xn+(0,—1,1)T} and C ¢ T{mn—i-((),—l,l)T}’

Therefore {A+ B, A+ C} € ']ngi} r N Dy..y,r- Note that the associated Markov chain
stated at (n,1,0)7 is shifted to (n — 1,0,1)T by two reactions A + B —+ A + C and

A+ C — C which are in both highest S-type and D-type tiers. A

As we showed in Example 4.1, the associated Markov process X moves towards
a compact set around the origin after two jumps. This will lead us to think of the
embedded Markov chain Z,, = X,, which is obtained from the state of X after 2n-th
jump for n = 1,2, .... The positive recurrence of Z will imply positive recurrence of X
and positive recurrence of X will finally imply positive recurrence of X as we discussed
in Section 2.3.

We will think of generalization of the idea above. For some fixed positive integer k,

let Z be a discrete-time Markov chain such that
Z, = Xgn for all n.

Based on Theorem 4.0.1 with the main Lyapunov function V' defined as (4.2), the goal
for showing positive recurrence of the discrete-time Markov chain Z is to characterize

tier structures which guarantee
E.(V(Z1)) —V(z) <—=1 forall = but finitely many. (4.14)

The next lemma is required to find the asymptotic upper bound of the left hand side

of (4.14) along a proper tier-sequence.
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Lemma 25 Let (S,C,R) be a weakly reversible reaction network and X be the associated

Markov process with X (0) = x for some non-absorbing state x. Suppose

e (4.15)

for any proper tier-sequence {z,} of X. Let X be the embedded discrete-time Markov

chain of X and P be its probability measure. For an ordered set of k reactions R = {y —

Y1,Y2 = Yoy oo Uk — Yt C R, let {x,} be a fized sequence such that {xn—i-zj 1(y] vi)}

is a proper tier-sequence of X for each i =1,2,... k. Then, for the function V defined
s (4.2)

(1) there is a constant K > 0 such that

k
nh_{go P, (mn L e L LN Z(y] ) (20 + Z yi —y;)) — Vizn)) < K,

J=1

and

(ii) if {y1, 92, e} € Ty 5 N Doy i

k

nll_{lolo Pxn (l’n Y17 Y1,Y2—Y2,5--, yk—yk> T, + Z(yj ) «rn + Z y] — yj ( n)) = —OQ.

j=1

Proof. Tor each i = 1,2,...,k denote 2,(m) = z, + 37", (y; — y;) for all n. As we

showed in the proof of Lemma 22, there is a constant C' > 0 such that

Vi(wn + Z Yi = ¥5)) = Vi(zn) = V(za(k)) = V(2a(0))

(H ann v)j)ym> e (4.16)
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for large n.
Suppose {y1, Y2, ..., Yk} € T?:i}R N Dz, ,r- Let yy & T{i)ﬁ’nl} for some /. Lemma 19

implies D-type tiers are invariant with respect to shifting the tier-sequence by finitely

D1

many reactions. Thus {y;,vs,...,yx} € Ti’i}R N Dyg,y,r implies y; € T 7, ), for

i=1,2,...,kand y, & T{Dz;l(éfl)}' Hence we have

lim In (ﬁ ((za(2) v 1)% > +C =—-00

o\ G - ) v e

This result combined with Lemma 24 completes (ii).
We now show part (i). Let Ao(x) = >_, , er Ay—y (). Suppose y, € T{Sz’:‘&_l)} for

some ¢, then

k

~ YL —Y1,Y5— Y2, Y}, — Yk ,

P:):n(xn fxn_'_E (yj_yj) =0
Jj=1

thus the result (i) follows.

Now we suppose y; & T>°° . for all i. Note that A\g(z) > 0 for all z € S by Lemma

zn(i—1)

8. That is, there is at least one complex y € Tzsn’%i_l) for each i. From both (4.11) and

(4.16), we have

k k
P, (mn T Z(y; - yﬂ) (V(z, + Z(y; —y;)) — V(zy))

s > 71{ zn(t — 1 v1yii
Sngn(m—l) (Xm = zn(m)> (ln (H EEZnEZ — 13% v 1;% + (J)
_ Eyon =y Ay (Zn(m — 1)) u . ((2n(i — 1)) V 1)%
g Ao(2n(m)) (1 (11 ((zn(i—1))v1)yi> +C> (4.17)

for large n. We denote

k ~ k : /
Ty (Gati—y vy (i = 1) V)
o=l Ao(2n (i — 1)) o 11 Ao(za (i — 1))

=1
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Note that Lemma 16 implies that if y € T{il(z iy C le:(i_l)} for each i = 1,2,....k,

then for any complex 3 € C,

o o= DV Gl = 1) V1)
oo Ay(an(i—1)) T nee Ay(z(i = 1))
1; (za(i — 1)V 1)?/' (zn(z—l)\/1)y

Ll (zn(i = 1)V 1)y Ay(2,(i — 1))

!

(4.18)

for each i and hypothesis (4.15)

The fact that there is at least one complex y € T (Z 1

implies (4.18) holds for any complexes. Therefore there is a constant C” > 0 such that
0<v,<C” and 0<¢,<C” forall n (4.19)

Since y; & T °° for all 7, by applying Lemma 16 again and (4.17), we have

k
pa:n (mn AL R ykiyk\ Tp + Z Y ) .Z'n + Z y] ( n))
Jj=
K (2 i ' v 1)¥%
< Ym =Y ym n l C
I ( (H w-) ’

_JE{; H mymey;n)\ym 21;(\/ o % (111 <%> +Ino, + C)

g(irllaxk K;) h_>r101o Uy, (ln (i) +1In¢, + C’) ) (4.20)

where the last inequality in (4.20) follows from the fact A\ (x) < (zV 1) for any complex
y and state x.
By (4.19) and the fact that ¢1n (1/t) is bounded above when ¢ is bounded above, we
complete part (i). O
The following theorem is our main theorem for applying the embedded Markov chain

to show positive recurrence of the associated continuous-time Markov process.
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Theorem 4.2.1 Let (S,C,R) be a reaction network and let X be the associated continuous-
time Markov process with X (0) = = and state space S. Suppose for any proper tier

sequence {x,},

1. T{i’i} C T{Z’nl}, and

2. there is an ordered set of k reactions R = {y1 = v}, ...,y — Y.} C R satisfying

the following conditions.

(i) {x, + Z;;ll(y; —y;)} is a proper tier-sequence for each i =1,2,... k, and

(ZZ) {yb Ya, - - ayk} S Tféln},R N D{CEn},R'

Then the associated continuous-time Markov process X is positive recurrent.

Proof. If x is an absorbing state, then positive recurrence of X is obvious. Thus we
suppose z is not an absorbing state.

For each i = 1,2,...,k, denote z,(i) = x, + Z;;ll (Y —y;). Let X be the embedded
discrete-time Markov chain of X. Let Z be a discrete time Markov chain such that
Zyn = Xp, for all n. We denote by E and P for the expectation and the probability
distribution of Z, respectively. By the definition of Z and X, for returning times 7, =

inf{n >0 : X, =2} and T, = inf{n > 0 : Z, = x} for any state z,
P(T, <T,) =1.

This is just because when Z hits x first, either X hits z at the same time or X already

hit . Hence

Eo(T) < Eo(T2).
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Therefore positive recurrence of Z implies positive recurrence of X. This fact and

Theorem 2.3.1 ensure that it is suffice to show positive recurrence of Z for the result.
We will apply Theorem 4.0.1 to Z with the main Lyapunov function V defined in

(4.2). Let Az be the generator of Z (See Definition 45 for the generator of a discrete-time

Markov chain). That is,
AzV(z) =Ex(V(Z)) — V(z).

Suppose that there is no finite set K such that AzV(z) < —1 for all x € K°. Then,
there exists a sequence {z,} € Z%, such that lim, . |z,| = co and AzV (z,) > —1 for
all n. By Lemma 14, there is a subsequence of {x,} which is a proper tier-sequence.
We denote this proper tier-sequence by {z,} for simplicity. By the hypotheses, there is
a set of k reactions R = {y1 — ¥1,...,yx — ¥} C R for which conditions (i) and (ii)

hold. Thus

A2V(l‘n)

K, (V(Z)) = V(22)

T1=T1 5 T — T},
= E P, (:vn e 1 +

{n =04, Jx—7,}CR

Mpr

@~ ) <v<xn+2<g; ~5) —v<xn>> .

Note that for all k reactions {g; — ¥i,...,0x — U.} C R, there exists a constant K

such that

n—oo

k
lim P, (z, 22V P n+2 7 7)) (xn+2(gg—gj))—V(xn))gK, and

lim B, (1, LY, n+z 7)) asﬁzyj V() = —oc

n—oo

by Lemma 25. Thus Az(z,) — —oo, as n — oo. This is a contradiction to the
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assumption Az (x,) > —1 for all n. Therefore Z is positive recurrent by Theorem 4.0.1.

O
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Chapter 5

Network conditions guaranteeing

positive recurrence

In this chapter we provide network conditions of binary reaction networks which imply
that the associated Markov processes are positive recurrence so that stationary dis-
tributions exist. We introduce four classes of binary reaction networks for which the
associated Markov process is guaranteed to be positive recurrent: 1) a network that has
a single linkage class and all in-flows and out flows, 2) a double-full network with a path
condition for each double complex, 3) a double-full networks with the path condition
replaced by other conditions on unary complexes or double complexes , and 4) a network
that has a single linkage class with each species appearing as a complex by itself.

One of the remarkable facts is that all the network conditions given in this thesis
do not depend on rate constants i.e. system parameters which often remain unknown
in practical experiments. Therefore we can predict dynamical behavior of the reaction
networks in the long run as long as the network conditions provided in this chapter hold.

The main theorems provided in this chapter for positive recurrent will be several

steps towards one of our goals that is proving ‘Positive Recurrence Conjecture’.

Conjecture (Positive Recurrence Conjecture). Let (S,C, R) be a weakly reversible reac-

tion network. Then, for any choice of rate constants, the Markov process with intensity
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function (2.4) associated to the reaction network (S,C, R) is positive recurrent.

5.1 Single linkage class case

In this section we provide analogous results for stochastic dynamics pertaining to a
network class considered in the papers [3, 4]. In those papers, it was shown that de-
terministic models of reaction networks with a single, weakly reversible linkage class
were persistent (the dynamics does not touch the boundary of the positive orthant) and
bounded. The principal ideas utilized in [3, 4] are tier structures on the set of complexes
C by rates z¥ along a sequence {z,} and the Lyapunov function style analysis with the
main Lyapunov function V introduced in Equation 4.2. However the same approach does
not always allow for the analysis of stochastically modeled systems. We demonstrate

this with the following example.

Example 5.1 The reaction network in Figure 9 consists of a single, weakly reversible
linkage class.

A+B202B

K2 K3

Figure 9: An example of weakly reversible single linkage class for which the main Lya-
punov function approach does not work.

Consider the tier-sequence x, = (n,0)? which is exactly on the boundary of the
stoichiometric compatibility class of the reaction network. Then AV (z,) = ko(In(n +

1) +nin("t) — 2) — ky — 00, as n — o0.
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For the deterministic model, however, the system dynamics never touches the bound-
ary exactly. Therefore, instead of the sequence {x,}, we will consider z, = (n,¢)’ for
some small € > 0. That is, the sequence {z,} is near the boundary of the stoichiometric
compatibility class and the sequence {z,} lies on exactly the boundary of the stoichio-
metric compatibility class. Even though two sequences are very close each other, the
deterministic dynamics and the stochastic dynamics associated to this reaction network
behave very differently because along the sequence {z,}, the reaction A+ B — () offers
the degradation of A in the deterministic model, but it was not fired along {x,} in the

stochastic model since Ay g_9(z,) = 0 for all n. A

As we mentioned at the beginning of Chapter 3 a key difference between behavior
of deterministically modeled reaction networks and stochastically modeled reaction net-
works usually occur at the boundary of the state space. Stochastic intensity function
Ay for a reaction y — y' can be exactly zero along a proper tier-sequence on the
boundary but deterministic intensity (z, V 1)Y is always strictly positive.

To get around this issue, we add the out-flow of each species defined in Definition
5. The out-flows will play a role of degradation of some species on the boundary. We

begin with a lemma.

Lemma 26 Let (S,C,R) be a reaction network with S = {Si,Ss, -+ ,S4}. Suppose

S; — 0 € R for some species S;. Let {x,,} be a proper tier-sequence. If S; € T{?C’nl} , then

S; € TS’I} N D{In}. (51)

{zn

Proof. Note that Lemma 15 implies () ¢ T{Z’j}. Hence, S; € Dy,,y. Because Ag, () #

0, Corollary 17 implies S; € T{ii}. O
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We now introduce our first result providing a network condition that guarantees

positive recurrence of the associated continuous-time Markov model.

Theorem 5.1.1 Let (S,C,R) be a weakly reversible, binary reaction network that has
a single linkage class. Let C = CU{D}U{S | S € S} and R = R Uges {0 — S, 5 — 0}.
Then, for any choice of rate constants, the Markov process with intensity functions (2.4)

associated to the reaction network (8,5, ﬁ) 18 positive recurrent.

Proof. For concreteness, order the species as S = {S1,...,S4}.

First suppose C consists of either only binary complexes or only unary complexes.
Then (f —y)-1 =0forall y — ¢ € R, where I = (1,1,...,1) € Z% Let A be a
generator of the Markov process associated to the reaction network (S, C. , ﬁ) Then for

the function W (zx) = x1 + 29 + - - - + x4, we have
d d
AW (z) = — Z RS, —0T; + Z K-S,
i=1 i=1
Thus, for an arbitrary sequence {x,} € Z<, such that |z,| — oo, as n — oo,
AW () — —o0.

This implies AW (z) < —1 for all x but finitely many. An application of Theorem 4.0.1
would then finish the proof.

Now we suppose C does not contain only binary complexes or only unary complexes.
Let {z,} be a proper tier-sequence. We will show that (4.5) holds for the expanded
network (S .C, ﬁ), in which case an application of Theorem 4.1.1 will complete the
proof.

There are three cases to consider.
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Case 1. Assume that all complexes in C are in T {Z ’nl}.

If there is no unary complex in C, then we must have () € C (since not all complexes
are binary). However, by Lemma 15 we know 0 ¢ T {lg)c 71} Since this would contradict

that all complexes in C are in Tg ;1}, it must be that at least one unary complex is in C.

Since a unary complex is in T{Ji ’nl}, Lemma 26 implies Dy, 3 N Ti’i} £ 0.

Case 2. Assume that some of the complexes in C are not in 7, {Z ’nl}, and one complex in

Dy, is binary.

Since (i) not all complexes in C are in T{lg)c ;1}7 and (i) (S,C,R) is weakly reversible,

there is a reaction yo — ¥, such that y, € T{Z ’nl} and v, ¢ T[;:’nl}. We assume that

yo = S; + 5; for some i,j € {1,2,...,d} (where we allow ¢ = j).

If yo € T, {ﬁ}? then we may conclude the proof by an application of Theorem 4.1.1.
Hence, we assume that yo & ngi}, and must demonstrate the existence of a descending
reaction y — 3’ such that y € T{iji}.

By Corollary 17, we must have yqy € T{Sxo‘i This means ¢ # j, and, without loss of
generality, x,,; = 0 for all n. We further conclude from Lemma 15 that z,; — 0o as
n — oo. Also, since S; + 5, € T{z;j}, it must be that S; € T{Z:} since when z, ; = 0, we

have

(@0 V)% =25 = @ - (20 V 1) = (2, V 1)5F5,
An application of Lemma 26 then completes the argument.

Case 3. Assume that some of the complexes in C are not in 7, {Z ’nl}, and one complex in

Dy,,y is unary.
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An application of Lemma 26 completes the argument. [l

The example given below is one of applications of Theorem 5.1.1.

Example 5.2 Consider the reaction network in Figure 10.

S+EZ SEL E+P,

K1 K3
K6 K8 K10 K12
K5 K7 K9 K11

Figure 10: Substrate-Enzyme kinetics with in-flows and out-flows for all species.

This reaction network consists of a single linkage class which is weakly reversible (the
top linkage class), and in-flows and out-flows for all species. Therefore the associated
Markov process for this reaction network is positive recurrent for any choice of rate

constants ki, kg, ..., Kia. A

5.2 Double-full binary reaction networks

In this section, we drop the weak reversibility and a single linkage class assumption which
is rarely seen in biology. However we add the ‘double-full’ condition for binary reaction
networks. For this class of reaction network, we assume a path condition at each double
complex for positive recurrence instead of weak reversibility of networks. We begin with

a necessary lemma that captures the usefulness of the double-full assumption.

Lemma 27 Let (S,C,R) be a double-full, binary reaction network with S = {S1, Sa, ..., Sa}.

Let {x,} be a proper tier-sequence of (S,C,R). Then the following holds:

D1 . ' D,1 . (x’n,,i \ 1)
L f 8+ 8; € Ty, then 25;,25; € Ty Thus, lim (2, V1)

constant C' > 0.

= C for some
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Q.T{I}C{S+S|2j—12 ., d} and 28; € T} }f0r50m62—12 ,d . That

18, T{x:} consists of only binary complezes and always contains at least one double

complez.

D1 _ mS,1
3. T{xn} T{xn}

Proof. Let I = {i | lim, o x,; = 00}.
For the first claim, if © = j, then the result is trivial. Thus, let ¢ # j. Suppose
25; ¢ T{,",. Then

n Vv 1)2% ni V1
fim AT YDy S VD g
n—00 (gj’n V 1)SZ+SJ n—00 (zn,j V 1)
Hence,
n vV 1)% S niV1
n—00 ([L’n V ]_)QSJ n—00 (J]mj V 1)

This implies 25; >p S; 4+ .S; which is in contradiction to the assumption S; +5; € TDx;l}.

Therefore, 25, € T{ - In same way, we can show 2S; € T{D 1}
We turn to the second claim. We will show that unary complexes and the zero

complex cannot be in T{ } First () ¢ T{[;: ’nl} follows by Lemma 15. Suppose now that

S € TD for some m. Then either 25, >=p S,, or 25, =p S,, for some k € I, because

oV 1)%m 1

i VD —0 if mel and,
n—00 (In V ]_)257" n—00 Ly m

(@ V1) T

o v Rz, 0 I mEl

Thus S,, ¢ TD1 Part 1 shows that there is at least one ¢ for which 25, € T{IJC 1}

For the last claim, we will first show that T{i’l} C T{D 1} Let y € T{ ne By result 2,

25; € T for some ¢. Note that, by Corollary 17, 25; € T } since Lemma 15 implies
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that A\og, (z,) # 0 for large n. Applying Lemma 16, we have

lim (1, V 1)%% o Aos, (75)
n—00 (;Un \VJ 1)?! n—00 )\y(xn)

= (C for some constant C' > 0.

This means that y ~p 25;. Therefore y € T{g . and we conclude that T{S 1} c T }

Now we will show T{L;’nl} C Tf 1} Let y € T{D 1} It is sufficient to show that y ¢ T Soo

by Corollary 17. By result 2, y = S; + S; for some i and j (where we allow i # j),

and 2S5; € TD 1 and 25; € Tl;)c’nl}. By Lemma 15, x,; — oo and z,; — 00, as n — oo.

Therefore A (xn) # 0 for large n and hence y ¢ TSoo O
Lemma 27 concludes that T{ } and T{I’"} are always equal and consist of binary

complexes for a double-full, binary reaction network. Now we show our second main

network conditions for positive recurrence.

Theorem 5.2.1 Let (S,C,R) be a binary reaction network satisfying the following two

conditions:

1. the reaction network is double-full, and

2. for each double complex (of the form 2S;) there is a directed path within the reaction
graph beginning with the double complex itself and ending with either a unary

complex (of the form S;) or the zero complex.

Then, for any choice of rate constants, the Markov process with intensity functions (2.4)

associated to the reaction network (S,C,R) is positive recurrent.

Before we show the proof of Theorem 5.2.1, we provide here one of simple examples
of reaction networks satisfying the conditions in Theorem 5.2.1. Consider a reaction

network

2B =(C + A« 20 + 2A.
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It is easy to check that it is binary and all double complexes 2A,2B and 2C appear in
this reaction network. Also each double complex has a directed path of reactions ending

with the unary complex C. (i.e. 24 — 2C — C,2C — C and 2B — C) .

Proof. Let {x,} be a proper tier-sequence. Result 3 in Lemma 27 shows T{Z ’nl} = T{Slji}.

Thus, so long as a descending reaction can be shown to exist, an application of Corollary
23 will complete the proof.

By result 2 in Lemma 27, there exists a double complex 2S; € T{L;)C ’nl} for some 7. By
our hypothesis, there exists a directed path from 25; to a unary or the zero complex
y' in the reaction graph. According to result 2 in Lemma 27, 3/ & T{Z ’nl}. Therefore a
descending reaction exists within the directed path from 25S; to ¥/’ U

We demonstrate Theorem 5.2.1 with an example.

Example 5.3 The reaction network in Figure 11 contains 5 species, 14 complexes and
14 reactions. This binary reaction network is double-full. Moreover, for each double

245 A+BE£ B

K2

2D AL 20 B B

K4 K6
K9 K11 K13

2B 2 ) = D = 2F
K10 K12

C=25 A+C 25 C+E.
Figure 11: An example of double-full network satisfying the directed path conditions
complex (2A, 2B, 2C, 2D, 2E and 2F), there is a directed path within the reaction

graph beginning with the double complex itself and ending with either a unary complex or

the zero complex. Therefore the conditions in Theorem 5.2.1 hold. Thus, the associated
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continuous time Markov chain is positive recurrence regardless of choice of the rate

constants ki, ..., Kia. A

5.3 More results on double-full, binary reaction net-
works

In this section, we provide classes of double-full, binary reaction networks for which
condition 2 of Theorem 5.2.1 (the path condition) does not hold, but for which positive
recurrence is still guaranteed.

We begin with a technical lemma.

Lemma 28 Let (S,C,R) be a double-full, binary reaction network. Suppose the follow-

mg:

1. L is a weakly reversible linkage class with S,S € S(L) (where we allow S = S)

such that S+ S € C.

2. There is a directed path within the reaction graph beginning with S+ S and ending

with a unary or the zero complez.

Then for any proper tier-sequence {x,} the following holds: if there is a complex y in

the linkage class L (i.e. y € C(L)) that is in T{Z’j}, then D,y # 0.
We demonstrate the lemma with an example.

Example 5.4 Consider the reaction network in Figure 12.
Let £ be the middle linkage class (i.e., A+ C = B + C) in this reaction network.

Then A, B € S§(L), and there is a directed path from A+ B to (), showing that conditions
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2A = 2B = 2C = 2D
A+C=B+C
A+ B=2F = () — 2E.

Figure 12: An example of a reaction network satisfying conditions in Lemma 28.

1 and 2 are met. Hence, we conclude that if {z,} is a proper tier-sequence and either
A+ C or B+ C are in T{l:c ’nl}, then we necessarily have that Dy, ; # 0. In this case,

the descending reaction could be in any of the three linkage classes (depending upon the

particular sequence {z,}). A

Proof. Let S ={51,S,...,5:}. Assume that {z,} is a proper tier-sequence and that

there is a y € C(L) such that y € T{?C:}. We must show that Dy, # 0.

Case 1. If there is a complex y' € C(L£) that is not in T’ {?c ’nl}, then there necessarily exits

a descending reaction along {x,} by the weak reversibility of L.

Case 2. Now suppose that all complexes in C'(£) are in T{Z ’nl}. We will show S+ S €
T{Z ’nl}. We assume S = S; and S = S; for some i and j (where, again, we could
have i = j). By result 2 in Lemma 27, C(L) contains only binary complexes. Thus
S; + Sy, € C(L) for some m. Indices ¢, j and m are not necessarily all distinct. By result

1 in Lemma 27, {25;,25,,,25;} C T{Z:}' Therefore

P (o VDT = A2 (V1) |k (g v )z — C T some &> 0

(2, V)5S (2, V1) \/ (@, V1)

Therefore S; + S; € T{L;)C’nl}. By hypothesis 2, there exists a directed path from S; 4 .S;

to a unary complex or the zero complex within the reaction graph. Since only binary

complexes can be in T{g :} in a double-full reaction network, there exists a descending



o8
reaction along {x,} within the directed path. O

Theorem 5.3.1 Let (S,C,R) be a double-full, binary reaction network with linkage

classes Ly, Lo, ..., Ly. Suppose there is an integer m € {1,2,... 0 — 1} such that:

1. Fori <m, L; is weakly reversible and C(L;) contains only binary complezes.
2. For each i < m, there exists S,S € S(L;) (where we allow S # S) such that

(i) S+Sec,
(ii) there is a directed path within the reaction graph beginning with S + S and

ending with a unary or the zero complex.

3. For each double complex 2S, either 25 € C(L;) for some i < m or there is a
directed path within the reaction graph beginning with 2S5 and ending with a unary

complex or the zero complex.

Then, for any choice of rate constants, the Markov process with intensity function (2.4)

associated to the reaction network (S,C,R) is positive recurrent.

Remark that the path condition for each double complex as mentioned in Theorem
5.2.1 is not assumed in Theorem 5.3.1. The path condition is actually replaced by

another conditions on species in a linkage class that contains only double complexes.

Proof. Let {z,} be a proper tier-sequence. Result 3 in Lemma 27 shows T{Z ’nl} = T{i’i}.
Thus, so long as a descending reaction can be shown to exist, an application of Corollary
23 will complete the proof.

By result 2 in Lemma 27, 25; € T{Z ’nl} for some j. If there is a directed path beginning

with 25, and ending with a unary complex or the zero complex within the reaction
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graph, we have a descending reaction along {z,} within the directed path. Otherwise,
25; € C(L;) for some ¢ < m by the hypothesis, and hence Dy, ; # 0 by Lemma 28. [

We demonstrate Theorem 5.3.1 with an example.

Example 5.5 The reaction network in Figure 13 is a double-full, binary reaction net-

work for which the conditions in the Theorem 5.3.1 hold.

A+B=2B=A+B
2D=2C=A+D
2A—-B+C=A
C+D—0=D.

Figure 13: An application of Theorem 5.3.1.

Note that Theorem 5.2.1 stands silent on this model as there is no reaction path
beginning with 2B and ending with a unary complex or ().

Let L1, Ly, L3 and L4 be the linkage classes of this reaction network in order from
top to bottom. We demonstrate that the assumptions of Theorem 5.3.1 are fulfilled with

m = 2.

1. The linkage classes £, and L, contain only binary complexes and are weakly

reversible.

2. (i) For linkage class £, we take S = S = A, and note the path from 24 to A in

Ls.

(ii) For linkage class Ly, we take S = C and S = D, and note the reaction

C’+D—>(7)1n£4

3. We note 2B € L and 2C,2D € L,. Also, there is a path from 24 to A in £L3. A



60

Since weak reversibility guarantees the existence of a directed path between two

complexes within any linkage class, we can modify the conditions in Theorem 5.3.1.

Corollary 29 Let (S,C,R) be a weakly reversible, double-full, binary reaction network

with linkage classes Lq,La, ..., Lo. Let m € {1,...,£ — 1} and suppose the following:

1. C(L;) contains only binary complexes for each i < m and C(L;) contains at least

one non-binary complex for each i > m.

2. For each i < m, there exist species S, S € C(L;) such that S+ S € C(L;) for some

J>m.

Then, for any choice of rate constants, the Markov process with intensity function

(2.4) associated to the reaction network (S,C, R) is positive recurrent.

Now we will provide another class of double-full, binary reaction networks in which

we will assume the existence of out-flows.

Theorem 5.3.2 Let (S,C,R) be a double-full, binary reaction network with linkage
classes L1, Lo, ..., L. Suppose there is an m € {1,...,{ — 1} such that the following

three conditions hold:
1. For each i < 'm, L; is weakly reversible and C(L;) contains only binary complezes.
2. For each i > m, C(L;) contains no binary comple.
3. For each it < m, there exists an S € S(L;) such that S — 0 € R.

Then, for any choice of rate constants, the Markov process with intensity functions (2.4)

associated to the reaction network (S,C,R) is positive recurrent.
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Proof. Let S = {51,952,...,54} and for some 0 < § < 1 let
T(x) = (21 + 204 +x9)70 = (1 2)*,

where I = (1,1,--- , 1)T € Z%,. Let {x,,} be a proper tier-sequence of (S,C, R). We will
show that

lim A(V + T)(z,) = —.

n—oo
Then by Theorem 4.0.1, the associated Markov process is positive recurrence.
We begin by finding relevant upper bounds for AT'(z,,) in a similar fashion as Lemma

22. First, we define

I={i| limxz,;, =00}, U={i|Si—=0eR}, and V={i|0—S eR}

n—o0

Since (1+h)?*° =1+ (2+0)h+o(h) < 1+ 3h for h small enough, there is a positive

constant K such that, for large n

—

AT(za) = Y Aoy @) (T2 + T (¢ = )™ = (T ,)*")

y—y ER
- 246
- 1. (¢ —
=T 2)™ D Aoy(wn) (1 + M) ~1
y—y' €ER L- Tn

<302 Y Ay () (M)

y—y' €ER L- Tn

=31 2)"" > Ay T (0 — )

y—=y €R
= 3(T-a,) " (Z Asi0(n) (=1) + D X, (fcn)>
1eU eV

< 3(T - 2,)' ™ (— > kgm0t + K) (5.2)

ieUnl
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Therefore, if there is £ € U N I such that

nk V1 . . e V1
lim M exists and Lim M

>0
n—00 (l‘mi V ]_) n—00 (:L‘mi V ]_)

for all i € {1,2,3,...,d}, then there is a constant K’ > 0 such that
AT (z,) < —K'22 % (5.3)

for large n. Hence, we have found our bound on AT, and we turn to A(T + V).
Note that by result 2 in Lemma 27 there is an 4 for which 2S5, € TD 1 . Without loss
of generality, we assume ¢ = 1 and 25} € C(L;). There are two cases to consider: (i)

C(Ly) C T{Z’nl} and (ii) there is a complex ¢’ € C(L;) such that 3/ & TD1

Case 1. Suppose C(L;) C T{Z ’nl}. Then by hypothesis 3, there exists a species, say Sk,

such that S, € S(£1) and S, — 0 € R . Note that S, + S5; € C(Ly) C { } for some

J (where we allow k = j) because C'(L£;) only contains binary complexes. By result 1 in

D,1

Lemma 27, 25, € T{?E’} and hence k € U NI by Lemma 15. Since 25, € T, () and the
network is double-full, for all i =1,2,3,...,d we have
nk V1 nk V1
lim M exists and lim M > 0.
n—00 (xn,i V 1) n—o00 (xn,i \V4 1)
Hence, by (5.3) there is a constant K’ > 0 such that for large n,
AT (z,) < =K'z (5.4)

We now turn to AV. Note that T{D 1} = T{Sx } by result 3 in Lemma 27. Since

25, € TD 1} = T{Sl} there is a constant K” > 0 such that

y
lim Ay(Tn) < K" and lim M < K"
n—o0 Aag, () n—oo (X, V 1)k
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for any complex y € C. Now applying Lemma 22 and (5.5), we may conclude that there

are positive constants C' and C” such that

2 V1Y
Vz,) < Z Ky Ay () <ln% + C'> < C'\gs, (w) In (22 )
y—y ER n

for large n. Hence, combining our estimates for AT and AV,

AV 4+ T)(z,) < C' g, (w,) In (27 ) — K'miﬁf — —00, as n — oo.

Case 2. We now suppose that there is a complex 3’ € C(L£;) such that ¢y & T{IZ« :}. Since
L, is weakly reversible, there exists a directed path beginning with 257 and ending
with ¢/. Thus there is a descending reaction yo — y;, along {x,} within the directed
path. Note that yo € T{iji} because Tg’} = T{il} by result 3 in Lemma 27 and, hence,
Yo € Tg’,i} N Dy, Since terms I, 11, IV in (4.6) are uniformly bounded in n and term

11 converges to —o0, as n — 00,
AV (x,) < =Ny (x,) for large n. (5.6)

By Lemma 16 and the fact that yo € T TS 1}, there is a constant C' > 0 such

I}_ {z
that for any k € I,

y (e V1) xnk V1)25k (2, V 1w
Im ———=— lim {/——F—— =C.
n—oo , / \ n—00 /\yo (xn) n—mo :L’n \ 1 )‘yo (‘7;”)

Ayo xn

Therefore, there is a constant C’ > 0 such that

—

(1 . :L’n)l—Hs (xn 1+ Tn,2 + -+ l’n,d)l—M S C//)‘yo (xn)(1+6)/2. (57)

Note that Ay, (z¢) — 00, as n — oo by Corollary 17. Then by (5.2),(5.6) and (5.7), there

are constants C"” > 0 such that

AV +T)(22) € =Ago (1) + C" Ny (2,) 12 = 00, as n — oo,
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because § < 1. O

We demonstrate Theorem 5.3.2 with an example.

Example 5.6 Consider the following double-full, binary reaction network in Figure 14

with 16 reactions.

QA A+ BZE92D

K2 K4

B2 A+D<=(C+B
K6 K8

C+D29028 A4 C
K10 K12

B K13 @ K14 C

K15

AZS D

Figure 14: An application of Theorem 5.3.2

Let Lq,..., L5 be the linkage classes of this reaction network in order from top to

bottom. We verify the conditions of Theorem 5.3.2 with m = 3.
1. L1, L5, and L3 are weakly reversible and contain only binary complexes.
2. L4 and L5 do not contain binary complexes.

3. Note that species B € S(L1), B € S(L2) and C € S(L3) satisfy the third condition

of the theorem.

Therefore the associate continuous-time Markov chain for this reaction network is posi-

tive recurrence for any choice of rate constants k1, ks, .. ., K16 A
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5.4 Another network condition for single linkage class
cases: An application of the embedded Markov
chains

In this section, we introduce another network condition for binary reaction networks with
a single linkage class implying positive recurrence of the associated Markov process.
As we stated in Section 2.3 and Section 3.2, we apply the embedded Markov chain
introduced in Section 2.3 to derive positive recurrence of the associated continuous-time
Markov processes. We begin with necessary lemmas. Two followup lemmas show that
the two conditions in Theorem 4.2.1 hold for a binary reaction network that has a single
linkage class and each species appears as either a unary complex or a double complex in
the network.

The next lemma first shows that for the class of reaction networks mentioned above,
the condition TS’l} C TD’I} holds for any proper tier-sequence {z,} which we assumed

{zn {zn

in Theorem 4.2.1.

Lemma 30 Let (S,C,R) be a weakly reversible, binary reaction network that has a
single linkage class and X be the associated Markov process with X (0) = = for a non-
absorbing state x. Suppose for each S € S, either S € C or 25 € C. Let {z,} be a

proper tier-sequence of X . Then Ts’l} C Tlif},

{mn

Proof. Let & = {51,5s,...,S54}. Since z is a non-absorbing state, Lemma 8 implies
for each state z, there is a reaction y — ' such that A\,_,,/(z) > 0. Therefore T{Sz’i} # 0

for any proper tier-sequence {z,} of X.
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Let y € T{S ) and y € T{ } We will show that y ~p ¢y and hence y € T{ } There

are two cases to consider : (i) § & T‘iﬁ and (ii) g T{xoo}
Case 1. Suppose ¢y ¢ Ti:? Then gy € T {i:i} by Corollary 17. We will show following
limit is equal to some positive constant to show y ~p v,

]
lim —(x" VDY iy M (x”) fim 2 YDy, Auloa)

(5.8)

The second and third limit on the right hand side is equal to 1 by Lemma 16. The first
limit is equal to some positive constant because y,y € T{Sa;i}. Since y ~p 1y, we have

D.,1
yeTyy

Case 2. Suppose that y € Tf;ﬁ:o} This implies that g = S, + S, for some m # ¢ and
Zn = 0 for all n without loss of generality. Furthermore, by Lemma 15, z,,,, — 00, as
n — oo. By the hypothesis, either S,, € C or 25, € C.

First suppose S,, € C. Since Ag,, (z,,) = Zpm = (2, V 1)Y for large n and y € T{Szl},
then the fact that y € T{S } implies

where the second limit on the right hand side is equal to 1 by Lemma 16. Thus we have
either y >=p y or y ~p y. However gy € T{ }, hence we finally get y ~p 7.

Now, suppose 25, € C. Remind that z, ,, — oo, as n — oo and z,,, = 0 for all n.

Then
n \/ 1 g . n,m
tim o VDY Tnn
n—00 (xn V 1)2Sm n—00 {L’% m
Therefore 25, >4 y. This is a contradiction to the assumption y € TZ:}. O

The next lemma shows for a weakly reversible reaction network consisting of a single

linkage class, if T } C T{ } for any proper tier-sequence, the the second condition in
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Theorem 4.2.1 holds.

Lemma 31 Let (S,C,R) be a weakly reversible reaction network that has a single link-
age class. Let r = |R| and let X be the associated Markov process with X (0) = x for

some non-absorbing state x. Suppose

e (5.9)

for any proper tier-sequence {z,} of X. Let {z,} be a fized proper tier-sequence of X.
Then there ezists a sub-sequence of {x,}, denote {x,} for simplicity, for which there is
an ordered set of reactions R = {y1 — ¥\, y2 = Yb,...,yx — Y.} C R satisfying the

following conditions.
(i) For eachi=1,2,...,r, {z,+ Z] Yyl — i)} is a proper tier-sequence of X, and

(i) {y1, 92, ., ur} € Tf;t}ﬁ N Dye,y.5-

Proof. As we showed in the proof of Lemma 30, since x is a non-absorbing state,
Lemma 8 implies for each state z, there is a reaction y — v’ such that \,_,,(z) > 0.
Therefore T } # () for any proper tier-sequence {z,} of X. Then by the assumption of
T{il} C T{ }, we can pick y; € T{ } N TSI} We can also pick § € T, } by Lemma 18.

By the weak reversibility of the reaction network, there is a sequence of reactions
Y1 =Y ==

In the path of directed edge from y; to g, we can find the first complex yx11 not belonging

to T{ ! for some k. That is, we consider a path of directed edge

Y1 —> Y2 — = = Yk = Ykt1-
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such that y; € T{l; nl} forall i = 1,2,...,k and ygi1 & Tl;;l}. We denote each reaction
Yi = Yiy1 by y; = i for i = 1,2,... k. Note that k¥ < r. Since there are finitely many
reaction vectors, as we showed in the proof of Lemma 14 we can find a sub-sequence of
{z,}, denote {x,} for simplicity, for which {z,, + Z;Zl(yg —y;)} is a proper tier-sequence
of X foreachi=1,2,... k.

Since y; € T{lg)c ’nl} for i = 2,3,...,k and since D-type tiers are preserved after jumps

as shown in Lemma 19,

. D,1 -
Yi="Y;—1 € T{:vn+Z§;21(y;—yj)} for 1=2,3,... k.

Then (ii) in Lemma 20 combined with hypothesis (5.9), for i =2,3,... k

D1 S,1
Yi € T{xn+2§;11(y;—yj)} 4 T{wn+Z§;11(y§—yj)}'

Furthermore, since D-type tiers are preserved after jumps as shown in Lemma 19,

7 D,1
Y = Y & T sty

If k = r, then the proof is complete with R = {y1 = v}, %2 = ¥, .-, Y — Ui}
Now, suppose k < r. Remind that T{Sz’i} # () for any proper tier-sequence {z,}.

Hypothesis (5.9) allows us to choose a reaction y,41 — ¥, such that

DA 5.1 .
Yot € i it | (et S )

We can also find a further sub-sequence of {z,} for which {z, + Zle(y; —y;)} is a
proper tier-sequence. By iterating this, we can find reactions yp4¢ — ¥, such that

{z, + Zf:f(yg —y;)} is a proper tier-sequence of X and

D,1 S,1
c T o ’ .
Ukt S L at S -y} ot )
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for ¢ =1,2,...,r — j. Note that for the set of reactions {y1 — v},...,y = Y.},

S,1 D,1
T7 )

Yi € it T et Sici -y

foreachi=1,2,...,r and y;, &€ T5;1+Z§;11(y;7yj)}. Thus the proof is completed. 0
Now we show that Lemma 30, Lemma 31 and Theorem 4.2.1 imply positive recurrence
of the continuous-time Markov process associated to a weakly reversible, binary reaction

network that has single linkage class and in which each species appearing as either a

unary complex or a double complex.

Theorem 5.4.1 Let (S,C,R) be a weakly reversible, binary reaction network that has
a single linkage class. Suppose for each S € S, either S € C or 25 € C. Let X be the
associated Markov process with mass-action (2.4) kinetics for which X (0) = x for some

non-absorbing state x. Then, for any choice of rate constants, X is positive recurrent.

Proof. By Lemma 30, we have

TS T

(om . (5.10)

for any proper tier-sequence {x,}. Note that (5.10) is the first condition in Theorem
4.2.1. Moreover, since the reaction network consists of only a weakly reversible single
linkage class, (5.10) implies the second condition in Theorem 4.2.1 by Lemma 31. Be-
cause both conditions in Theorem 4.2.1 hold, the associated Markov process is positive
recurrent. U

The following example demonstrates Theorem 5.4.1.

Example 5.7 Consider a weakly reversible, binary reaction network with a single link-

age class below.
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P2pDBAarc ™ c+D2B

K1 K5

T ke 1 s
CE&E A+DEL24

Figure 15: An application of Theorem 5.4.1.

We can observe that there are four species, A, B,C, and D. We can also observe
that 2A, B,C, D € C. That is, each species appears as a unary or a double complex in
this reaction network. Therefore, by Theorem 5.4.1, for any choice of system parameters
K1, Ko, ..., K10, the associated Markov process for the reaction network in Figure 15 is

positive recurrent. AN
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Chapter 6

Mixing Times

When stochastically modeled reaction networks admit a stationary distribution for the
associcated Markov processes, one of the natural followup questions is how fast the
distribution of the Markov processes converges to the stationary distribution. In this
thesis, we are particularly interested in how the rate of convergence varies with respect
to initial states of the associated Markov processes. The rate of convergence regarding
to initial counts of species can be described by mixing times of Markov processes. In
this chapter we state two theorems pertaining to Lyapunov functions for mixing times of
Markov processes. Using these theorems we will compute mixing times for two network
classes introduced in Theorem 5.1.1 and Theorem 5.3.1

Mixing times indicate how fast the distribution of a positive recurrent Markov process
converges to its stationary distribution. In many discrete stochastic models, one can
be interested in dependence of the number of states for mixing times. In this thesis,
however, we are interested in dependence of mixing times on initial counts of Markov
processes associated to reaction networks. Therefore, for reaction networks, we define a
mixing time of the associated Markov process X with a stationary distribution 7 as the

following. For a small positive number € < 1 and a state =,
o=inf{t >0:||P'(z,) — 7()|lte < €} (6.1)

where P'(z, A) = P(X(t) € A|X(0) = z) and || - || is the total variation norm defined
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as ||pl|tw = supaer{|p(A)|} for a signed measure p on a o-algebra F.

Mixing time and convergence rate of distribution of the associated Markov model
may have many applications. For example, certain types of estimation methods for
stationary distributions, such as the stationary Finite State Projection method [31], re-
quire the distribution of the associated Markov process to be converging to its stationary
distribution exponentially fast.

We use the ‘big O’ notation in this chapter: f(z) = O(g(z)) if and only if there are

positive constants xy and M such that |f(z)| < Mg(z) for all || > z.

6.1 Exponential ergodicty and mixing times for sin-
gle linkage class cas

In this section we introduce the theorem of stronger Foster-Lyapunov criteria which
guarantees exponential ergodicty introduced in Definition 32. Then, applying that the-
orem, we prove that mixing time 75 = O(ln|z|) for reaction networks satisfying the
conditions in Theorem 5.1.1: a single linkage class with the in-flow and the out-flow for

each species. We begin with the definition of exponential ergodicity.
Definition 32 A continuous-time Markov process X is exponentially ergodic if
1. X admits a unique stationary distribution and

2. for any x in its state space there exist positive constant 1 and positive function B

such that

1P (2, ) = 7 ()| < Bla)e™
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where P'(z,:) = P'(x,A) = P(X(t) € A|X(0) = z) and 7 is the stationary

distribution of X.

The next theorem is a version of Theorem 6.1 in [39] stating sufficient conditions for

exponential ergodicity.

Theorem 6.1 Let X be a continuous-time Markov chain on a countable state space
S with generator A. Suppose there exists a positive function V on S satisfying the

followings.
1. V(z) = o0 as |z| — oo, and
2. There are positive constants a and b such that

AV (z) < —aV(z)+b forall xz €S. (6.2)

Then X is exponentially ergodic. Moreover for all x in its state space, there exists

positive constants n and C' such that
1P () = 7 (e < C(V(2) + 1) ™.

Note that if a continuous-time Markov process X satisfies the conditions in The-
orem 6.1 with the main Lyapunov function V' defined from (4.2), mixing time 75 <
C(V(z)+1
;n (%) = O(In |z|). Thus 75 = O(In |z|).
In the next theorem, we show the Markov processes associated to the class of reaction

networks introduced in Theorem 5.1.1 satisfies the conditions in Theorem 6.1.

Theorem 6.2 Let (S,C,R) be a weakly reversible, binary reaction network that has a

single linkage class. Let C =CU{0}U{S | S € 8} and R = R Uges {0 — 5,5 — 0}.
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Then, for any choice of rate constants, the Markov process X with intensity functions
(2.4) associated to the reaction network (S,C,R) is exponentially ergodic. Moreover for

all x in its state space, there exist positive constants n and C' such that
1Pz, ) = 7()lew < C(V(2) + 1)e™™

where P'(x,-) = P'(x,A) = P(X(t) € A|X(0) = x), 7 is a stationary distribution of
X and V(x) is the main Lyapunov function defined in (4.2). Therefore the mixing time

7¢ = O(In|z|).

The basic idea of the proof of Theorem 6.2 is to utilize the upper bound of AV (x,,)
shown in the proof of Theorem 4.1.1 for a tier-sequence {x,}. The leading term of the
upper bound of AV (x,,) is the term I1 in the proof for large n. Thus we show the right

hand side of (6.2) can be obtained from the term I1.

Proof. Let |S| = d and S be the state space of X. We will claim first that there exists

a finite set K C S such that for some positive constant a,
AV (z) < —aV(zx) forall z €S\ K (6.3)

If this claim holds, then we take b = (a + 1) mingex V' (x) so that the result follows as
(6.2) holds with a and b. We prove the claim by contradiction. Suppose the claim does

not hold. Then there exists a sequence {z,,} C S such that

1
lim |z,| =00 and AV(x,) > _EV(%) for all n. (6.4)

n—oo

By Lemma 14, we let {z,} be a proper tier-sequence. We also can assume that there

is a maximal coordinate of x, by considering a further subsequence. Without loss of



75

generality, we assume x,,; be a maximal coordinate of x,,. That is, there exists a positive

constant C” such that for each i =1,2,...,d
Tpi < C'w,q  for large n.

Note that for a proper tier-sequence {z, }, we showed in Theorem 5.1.1 that the reaction
network with conditions in Theorem 6.2 admits a reaction yo — y;, € T{ii} N Dy

As we have shown in the proof of Theorem 4.1.1, for all n
AV (z,) < adyy(xn) 11

for some positive constant «, where

He Y (o) ln((xnm)y’)

Ayo (2n) (@ vV 1)¥

y—y' €ER
y=pYy’

Note that for the out-flow S; — 0, it is true that ) <p S; and each term in I7 is

negative for large n. Thus we have
AV (x,) < adyy(z0)1] < —akg,9As, (Tn) Inay, 1.

However, since we assumed x,; is a maximal coordinate of z,, and lim,_ o z,1 = 00
by the definition of a tier-sequence, we can find some positive constant § such that

V(z,) < Banilnwx,; for large n. Therefore for large n,

AV () < ady, (@)1

< —akg,pAs, (T7) Inay, 4

—ak
< ) V(xy).

B

This is contraction to (6.4). Thus the claim (6.3) holds, so the result follows. O
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6.2 Uniform ergodicity and mixing times for double-
full binary reaction networks

In this section we introduce the ‘super Lyapunov function’ condition originally provided
in [10] for uniform ergodicity of Markov processes. We begin with the definition of

uniform ergodicity and the theorem related to the super Lyapunov condition.
Definition 33 For a continuous-time Markov process X, X is uniformly ergodic if
1. X admits a unique stationary distribution and
2. for any x in its state space there exist positive constants n and B such that
1P (@, ) = 7()llew < Be ™

where P'(z,:) = P'(x,A) = P(X(t) € A|X(0) = z) and 7 is the stationary

distribution of X.

The next theorem is a version of Theorem 3.2 in [10].

Theorem 6.3 Let X be a continuous-time Markov chain on a countable state space
S with generator A. Suppose there exists a positive function V on S satisfying the

followings.
1. V(x) = o0 as |x| = oo, and
2. There are positive constants a, b and 0 such that

AV (z) < —aV'™(2)+b forall x €S. (6.5)

Then X is uniformly ergodic.
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The positive function V satisfying the conditions in Theorem 6.3 is called super Lya-
punov function. Note that if continuous time Markov process X is uniformly ergodic,

the mixing time 7¢ < %ln% = O(1). Thus 75 = O(1).

In the following theorem, we will show that it can be shown that the main Lyapunov
function defined at (4.2) for double-full, binary reaction networks with the path con-
dition provided in Theorem 5.2.1 is a super Lyapunov function. Then the associated
Markov process for the class of reaction networks is uniformly ergodic and its mixing
time 75 = O(1) for any initial state x. This uniform boundedness of the mixing time
means very interesting property of the associated Markov process: wherever it starts at,

the time taken for the distribution of the stochastic process to converge to its stationary

distribution is uniformly bounded.

Theorem 6.4 Let (S,C,R) be a binary reaction network satisfying the following two

conditions:
1. the reaction network is double-full, and

2. for each double complex (of the form 25S;) there is a directed path within the reaction
graph beginning with the double complex itself and ending with either a unary

complez (of the form S;) or the zero complex.

Then, for any choice of rate constants, the Markov process with intensity functions (2.4)
associated to the reaction network (S,C,R) is uniformly ergodic. Therefore its mizing

time 75t = O(1).

Proof. We will mimic the proof of Theorem 6.2, but the double-full condition of the

reaction network enables us to obtain the stronger upper bound from the term I7 in the
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proof of Theorem 6.2. Let |S| = d and let S be the state space of the associated Markov
process X. We will claim first that there exists a finite set K C S such that for some

positive constant a,
AV (z) < —aV'?(x) forall x € S\ K, (6.6)

where V' is the main Lyapunov function defined at (4.2). If this claim holds, then we take
b= (a+ 1)min,cx V(x) so that the result follows as (6.5) holds with a,b and § = 1/2.
We prove the claim by contradiction. Suppose the claim does not hold. Then there

exists a sequence {x,} C S such that

1
lim |z, =00 and AV(z,)> —EVHl/z(:Un) for all n. (6.7)

n=yc0
By Lemma 14, we let {z,} be a proper tier-sequence. We also can assume that there
is a maximal coordinate of x, by considering a further subsequence. Without loss of
generality, we assume x,,; be a maximal coordinate of z,,. That is, there exists a positive

constant C” such that for each ¢ =1,2,...,d
Tpi < C'xpy  for large n.

Note that for a proper tier-sequence {z,}, we showed in Theorem 5.1.1 that the
reaction network with conditions in Theorem 6.2 admits a reaction yo — y;, € Tsx’i} N

Dy,,y. Note also the followings

i) yo =S; +S; for some i and j (not necessarily ¢ # j) by part 1 in Lemma 27, and

ii) since the reaction network is double-full, 25; € C. Thus

S,1
because yo € T, o}
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Therefore there exists a positive constant C” such that
Aas, () < C" Ay (). (6.8)
As we have shown in the proof of Theorem 4.1.1, for all n
AV (z,) < ady,(xn) 11
for some positive constant «, where
)

y—y' €R
y=py’

Since every term in /1 is negative for large n, we have for large n

AV () < ay, (@)1
(xn V 1)96)

S aﬁyoﬁy(l))\yo (.17”) In ((SE \V 1)yo

(2, V 1)%
< Oé:‘iyo_>y(’)C”)\ZS1 (gj‘n) In (m (69)

(:cn\/l)yé
(znV1)¥o

The third inequality above holds because of (6.8) and In < 0 for large n.

However, there exists a positive constant C"” such that for large n,
V5 (2,) < C"(xpa Inw, )2 < C" Mg, (1) = C" gy (w00 — 1), (6.10)

since x, is a maximal coordinate of x, and lim,_,. 2,1 = 00 by the definition of a

tier-sequence. Lastly note that for large n we have

y/
o @ VD® (6.11)
(@, V 1)wo

Therefore from (6.9), (6.10) and (6.11), for large n

(zn V 1>y6 < _a’{yo%yéo//

AV(iL‘n) < aﬁyg_}yécﬂ)\gsl ($n) In —(Z'n v 1>y0 o

Vi (z,).
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This contradicts to (6.7). Thus the claim (6.6) holds, so the desired result follows. [
We demonstrate Theorem 6.4 with the following reaction network and the graph of

its stochastic dynamics.

Example 6.5 For the binary, double-full reaction network in Figure 16, there is a di-
rected path of reaction from each double complex to a single complex or the zero complex.
ie. 2A — A+ B — B, A+ 2C and 2B — (). Therefore the network satisfies all con-
ditions in Theorem 6.4. Let 7 be the stationary distribution of the associated Markov

X.

9AY A+BZLB
1

AL 205 Bt C
1
OB 50

cha+C

Figure 16: An example of reaction works admiting uniformly bounded mixing times
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Figure 17: Estimation of mixing times (Left) and graph of mean for species A for different
initial counts (Right) for the reaction network in Figure 16.
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We simulate two Markov processes, X and Y, associated to the reaction network in
Figure 16 for which X (0) = z and P(Y(0) = y) = n(y) for each y. That is, Y is the
associated Markov process associated with its initial distribution being the stationary
distribution 7. Let T, be the coupling time of X and Y as described in Appendix A .4.
By the coupling inequality in Theorem A.5, we have 77 < inf{t > 0: P(T, > t) < €¢}.
The left graph in Figure 17 shows uniform boundedness of 7* for the reaction network
by simulating inf{¢ > 0: P(T, > t) < €} versus various initial points = of X.

The right graph in Figure 17 shows average counts E(X4(¢)) of A in time with
initial counts X4(0) = 10,100 and 1000 for the reaction network in Figure 16. See
E(Xa()) = 22 (21.00.25) 17 (2) Where  is the stationary distribution. All three graphs

converge to » x17(x) by t = 20. This is because the mixing time is uniformly

x=(x1,72,73)

bounded in initial state X (0). A



82

Appendix A

Appendix

A.1 Appendix A.1: Probability background

Definitions in this section come from [18] and [12].

Definition 34 A probability space is a triple, {Q, F, P}, such that Q) is a set, F is a
o-algebra of Q0 and P is a positive measure on F such that P(Q2) = 1. For a topological
space ), B is called a Borel og-algebra of Q) if B is smallest o-algebra of Q0 containing

all open sets.

Definition 35 A random variable is a measurable function X : {Q, F} — {S,S}.

{Q, F} is called the sample space and {S,S} is called the state space.

In this thesis we consider the state space {S, B} where S C Zéo for some d.

Definition 36 A stochastic process, {X(t) : t € I}, is a collection of random variables

from a sample space to a state space. I is an index set.

In this thesis the index set Z will typically be Ry = {t € R|t > 0} or Zso = {n €

Z|n > 0}. Thus we assume that Z is an ordered index set.

Definition 37 A stochastic process { X }ier is called Markov process if for any 0 < so <
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S < -8, < S,
P(X(t+s)=y|X(s) =z,X(sp) =xn,...,X(s0) =) = P(X(t) =y|X(s) = ).

If T = Rsy, we call X a continuous-time Markov process. If T = Zso, we call X a

discrete-time Markov chain and we typically denote X (n) = X, for eachn € L>.

Definition 38 Let X be a continuous-time Markov process on a discrete state space S

such that for any x,y € S
P(X(t+ At) =y|X(t) = x) = A\ At + 0(A)
for some A\yy > 0. Then a state x is termed an absorbing state if
Azy =0 forall yeS.
A state x is termed a non-absorbing state if it is not an absorbing state.

Definition 39 Let X be a continuous time Markov chain on a discrete state space S.
Let {On}5°_ be a family of finite sets such that Op,—y C Oy, for allm = 1,2,--- and
U*_,0,, =S. Let P, be a probability distribution of the Markov process X with initial
state x. For T, = inf{t > 0 | X; € O}, if limy, oo Ty = 00 Py - a.s. for all x, then

X 1s non-explosive.
Definition 40 For a Markov process X, its state space S is irreducible if for any x,y € S
P(X(t) =y|X(0)=x)>0 for some t.

Let E, denote expectation of random variable X with X (0) = x.
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Definition 41 A Markov process X with its irreducible state space S is positive re-

current if for each x € S,

where T, = inf{t > 0| X () = z}.

Definition 42 Let X be a continuous-time Markov process on a discrete state space S

such that for any x,y € S
P(X(t+ At) =y|X(t) = x) = A\ At + o(A)

for some Ay > 0. Then probability measure 7 is a stationary distribution if for each
yES
Z AzyT(T) — Z Ay (y) = 0.
€S €S
Definition 43 Let X be a discrete-time Markov process on a discrete state space S.
Then probability measure 7 is a stationary distribution if for each y € S
Z P(Xn+1 = y’Xn = x)7(z) — Z P<Xn+1 = 5L‘|Xn =y)7(y) = 0.
T€S z€S
The following theorem says stationary distribution of Markov process X is the lim-

iting distribution.

Theorem A.1 Let X be a non-explosive continuous-time Markov process on an irre-

ducible discrete state space S. If w is a stationary distribution of X, then

lim P(X(t) =y|X(0) =) =n(y) forall yeS.

n—o0
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The next theorem comes from Theorem 3.5.3 (for continuous-time case) and Theorem

1.7.7 (for discrete-time case) in [11].

Theorem A.2 Let X be a non-explosive continuous-time Markov process (discrete-time
Markov chain) on an irreducible state space S. Then X is positive recurrent if and only

if a stationary distribution 7 exists.

We now introduce the definition of the Markov generator A which is used in main
analytic theorems of this thesis. We first introduce the generator of a continuous-time

Markov process.

Definition 44 Let X be a continuous-time Markov process on a discrete state space S

such that for each pair of states x,y € S
P(X(t+ At) = y| X (t) = z) = Ay At + 0(A)

for some Ay, > 0. Then the Markov generator A is an operator such that for a

function f S — R,

h—0 h

V=@ S~ () - f@)),

YyeS

when Af(x) is well defined for each x € S.

We also introduce the generator of a discrete-time Markov chain.

Definition 45 Let X be a discrete-time Markov process on a discrete state space S.

Then the Markov generator A is an operator such that for a function f:S — R,

Af(z) = Eo(f(X1)) — =,

when Af(x) is well defined for each x € S.
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The following theorem states the Dynkin’s formula (Theorem 7.4.1 in [12]) which

will be employed in Appendix A.3.

Theorem A.3 (Dynkin’s formula) Let X be a continuous-time Markov process. Let
f € C3(RY), ie. f is compactly supported function whose second derivative is continu-

ous. Suppose T is a stopping time such that E.(1) < co. Then

E(f(X,) = f(2) + E., ( / ' Af(X(s))ds) |

A.2 Appendix A.2: Non-explosion of X

The main analytic theorem of this thesis, Theorem 4.1.1, shows that some tier condi-
tions of reaction networks imply that the associated Markov process fulfills the Foster-
Lyapunov criteria introduced in Theorem 4.0.1. Omne of conditions in Theorem 4.0.1
is non-explosion of the Markov process. In this section we show that if the condition
(4.1) holds with a positive function V' (z) such that V(z) — oo, as |z| — oo, then the
corresponding continuous-time Markov process on discrete state space is non-explosive.

Indeed, a weaker condition is required for non-explosion by Theorem 2.1 in [39]. We
first introduce a truncated Markov process and its generator. Let X be a continuous-
time Markov process on its state space S. Let {O,,}5°_, be a family of finite sets such
that UX_,0,,, =S and 7,,, = inf{t > 0 | X; € O} be a first time of X to hit Of, for

each m. We define truncated Markov process X,,(t) of X(t) as below,
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where ¢, is to be chosen at any state in Of,. We will denote A,,, for the Markov generator
of X,,.
The next theorem, Theorem 2.1 in [39], states the Foster-Lyapunov criteria for non-

explosion of Markov processes.

Theorem A.2.1 Let X be a continuous-time Markov process on a countable state space
S. Let X, be the truncated Markov process defined from (A.1) and A, be its Markov

generator. Suppose there exists a positive function V' on S satisfying the followings.
1. V(z) = o0 as |z| = o0

2. There are positive constants a and b such that A,V (z) < aV(x)+b for all x and

forallm=1,2,---
Then X is non-explosive.

Proposition A.4 Let X be a continuous time Markov process on discrete state space
S. Suppose that there ezist a positive function V(x) defined on' S and a finite set K C S

such that
1. V(z) = o0 as |z| — o0
2. AV(z) < —1 forallz € S\ K.

Then, for some constant M >0, A,V (x) < M1ery — Lges\iy for all m and x € S.

Moreover, the continuous-time Markov chain X is non-explosive.

Proof. Let X, be the truncated Markov process defined from (A.1). We choose ¢,

to be equal to a minimizing state for V on Of,. That is, V(¢,,) = mingeoe V' (x). This
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¢ always exists for each m because the state space S is discrete and V(z) — oo as
|z| — oo. Note that, since X (t) is a continuous-time Markov process, its jump time is
distributed exponentially. Let T3 be the first time for the second jump of X (¢). Then,
P(h > T3] X(0) = z) = o(h) for h small enough and = € S. From this, we can drive
relations of jump probabilities between X,,,(h) and X (h) with A small enough as the

followings.

P(X(h) = cm|Xm(0) = z) = P(T < h|X(0) = )
= P(Tp < h < To|X(0) = 2) + P(Ts, < h,h > T5|X(0) = z)
< P(X(h) € O%,|X(0) = ) + o(h)

= > P(X(h) =y|X(0) = z) + o(h)

yeoy,

and for y € O,,,

P(Xn(h) = y[Xm(0) = ) = P(Xi(h) = y, h < Tn| X(0) = )
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Then
AV ()
i BV () ~ V(@)
h—0 h
— i 1 (V6 PG () = €)X, 0) =) + 3 V() P(Xiu(h) = 41X, 0) = ) - v<x>>
YyEOm,
<tim g | 32 V() PX() = yIX0) = 2)+ 3 Viy = yIX(0) = 2) = V()
yeos, yEOm
—tim & (S V() POX(R) = 91X (0) = >—v<x>>
y€eS

=AV(x) < (ma}?{ AV (2))1izery — Ligexey  forall m and z €S
TE
Letting M := max,cx AV (z), we have
AnV(x) < M1ery — izes\ky

for all m and = € S. This means that the conditions in the Theorem A.2.1 hold. Hence,

X is non-explosive. U

A.3 Appendix A.3: Proof of Theorem 4.0.1

In this section we provide a short version of proof of Theorem 4.0.1 for especially the
case that the state space of the coninuous-time Markov process is discrete. For general
topological state space, the proof of Foster-Lyapunov criteria (4.1) is very long. For
discrete state space, however, we can simply prove Theorem 4.0.1 using Ergodic Theorem

(Theorem 3.8.1 [11]).
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Theorem A.3.1 (Ergodic Theorem) Let X be a continuous time Markov process on

a discrete state space S such that for each pair of states i, j
P(X(t+ At) = j|X(t) = i) = N\jjAt + o(t) (A.2)
for some Aij > 0. Let Ai(z) :== ;¢ Nij(w). Then

1 t
P(—/ ]—{X(s):i} ds —
t 0

where q; = Ey(T;) and T; = inf{t > 0|X(t) = i}. For the case of ¢; = 0o, we use the

ast — oo) =1 (A.3)

17\

convention + = 0.

Now we prove Theorem 4.0.1.

Proof of Theorem 4.0.1. We suppose X (0) = z for some x in an irreducible state
space S. Assume that X is not positive recurrent. Then ¢; = E;(7};) = oo for any i € S.
Let X,,, T and A,, be a truncated continuous time Markov chain of X (¢), first hitting

time into O, and generator of X,,, respectively as introduced around (A.1). Note that

lim X,,(t) = lim X(tAT,)=X(t) as.

m—00 m— 00

for each t since X is non-explosive, i.e. lim,,_,o, 7,, = 00 a.s.. Then, for the finite set K,

e 1
lim lim Ex<¥ / Lx,(ek) ds) = Jim Tim Ex<¥ / L=y ds)  (A4)
0 0

t—00 m—o0 t—o00 m—o0
€K

R B b
= Bl fim g ) Towoma d5) - (A9)
€K

1 t
- 3E(im 7 [ toxo-0)
11<3:¢

=> —=0 (A.6)
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by the Theorem A.3.1, where \; = Y. < A;;. Note that sup, | fg 1eky| < 1 so that

jes
(A.4) and (A.5) follow from the Dominated Convergence Theorem. By Proposition A.4,

there exists M > 0 such that
AmV(l’> < _1{x€KC} + Ml{xEK}
= -1+ (M + 1)1{a:EK}

for all x € S. Since the state space of X, is finite, the Dynkin’s formula in Theorem

A.3 holds for the positive function V(z)1p,, (z). Therefore
t
0 < Eo(V(Xpn(t)) = V() +]EI</ AV (X (s)) ds)
Ot
<V(x)+ E$</ -1+ (M + 1)1{Xm(s)€K}>
° t
=V(z)—t+ (M+ 1)EE</ (M + 1)]—{X+m(s)6K})
0

After simple algebra, dividing both sides by ¢ and taking limits over m and ¢, we have

1 . t=V(z) L 1/t
_— m m —— < m 1Y — —
M+1 tliow{:oo (M + 1)t — t11>oo %LOOEIQ /0 1{Xm(s)ex}> 0

where the last equality follows by (A.6). Since it is a contradiction, the continuous time

Markov chain X (¢) must be positive recurrent. O

A.4 Appendix A.4: The coupling inequality

In this section we introduce the coupling inequality which will be utilized for estimating
mixing times of Markov processes. The following terms and theorems related to the
coupling inequality come from [37]. Let X : Q — SR20 and YV : Q — S¥20 be Markov
processes on probability spaces (2, F, PX) and (92, F, PY). Then we defined a joint

probability measure P for (X,Y) : Q — SE20 x S¥>0 a5 following,
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L. P((X,Y) € A x SF20) = PX(A) and P((X,Y) € SFz0 x A) = PY(A) for each
A€ F, and

2. for the coupling time T'=inf{t > 0: X(t) =Y ()},

PX(t)=z,Yt)=y|t<T)= P (X(t)=2)P"(Y(t) =y) for each z,y € S

and P(X(t)=Y(t)|t>T)=1. (A7)

This definition means that X and Y move independently before the coupling time 7" and
stay together after T when they encounter at a state. In the case PY (Y (0) = y) = 7(y)
for each y € S where 7 is a stationary distribution of Y, we denote T, = T for a coupling
time for (X,Y) such that X(0) = .

For this coupling we have the coupling inequality. In the next theorem, we introduce

a version of the coupling inequality provided from Theorem 5.2 in [37].

Theorem A.5 Let X : Q — S*>0 and Y : Q — S¥>0 be Markov processes in probability
spaces (Q, F, PX) and (Q, F, PY). Suppose X(0) = z and PT(Y(0) = y) = 7(y) for
each y € S where m is a stationary distribution of Y. Let (X,Y) be a pair of X and Y

satisfying (A.7) with the coupling time T,. Then

IP¥(X(t) € ) = 7(ew < P(T: > t).
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