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Chapter 1

Introduction

Most who have any training in the realm of statistics have heard the mantra: “correlation
is not causation!” Causal Inference is the study of assumptions and methods that can help
us move from observed data and correlation to causal statements. It is at the core of any
scientific question that aims at answering questions related to how the change in one variable

might affect another.

We will not go through the vast literature on causal inference and causal methods here
(see instead, for example, Hernan and Robins (2023) for a soft but thorough introduction).
However, we will introduce just enough ideas to set the stage for an introduction of the two

specific problems considered in Chapter 2 and Chapter 3.

Consider the question of whether a drug has an effect on a specific health outcome. To make
any progress towards an answer to this question, we find a group of individuals indexed by
i = 1,...,n that are at risk of having the disease. We then record two things on each

individual:

1. Y; the health outcome. This could be an indicator (did individual i get sick or not) or
a measurement of kind (the blood pressure of individual 7)
2. W, the treatment indicator. This indicates whether individual i received treatment

(in this example, the drug) or not.



To get to a statement about a causal effect of the treatment on the outcome, we first have
to specify what is meant by a causal effect. To do so, we introduce the notion of “potential

»1

outcomes.”” We assume each individual has two potential outcomes. Y,

2(1) is the outcome

we would have seen if individual 4 would have been treated, and Y;(0) is the outcome we
would have seen if individual ¢ would not have been treated. This allows us to clearly define
a causal effect of the treatment on the outcome of individual i as the difference between
what would have been the outcome had the individual been treated, and what would have
been the outcome had the individual not been treated: Y;(1) — Y;(0). In reality, we only
ever observe one scenario for each individual, since individual ¢ either received the treatment
or did not receive the treatment, and therefore we only observe either Y;(1) or Y;(0). This

means the difference above is never observed for any individual, and therein lies the problem.

While knowing Y;(1) — Y;(0) for every individual would be extremely useful, we have to
settle for less. From here one, our main focus will be on the Average Treatment Effect,

T=L[Y,

K2

(1) -,

2

(0)] = EY;(1)] —E[Y;(0)]. This quantity can be estimated under three core

7

assumptions:

i. the Stable Unit Treatment Assumption (SUTVA): Y, = W,Y,(1) + (1 — W,)Y;(0)
ii. no unmeasured confounding (also known as exchangeability): (Y;(1),Y;(0)) L W;

iii. positivity (also known as overlap): 0 < P(W, =1) < 1 for all 4

A simple application of conditional probabilities, law of large numbers, and Slutsky’s theo-

rem shows that under (i)-(iii), E[Y;

(w)] = E[Y;|W,; = w], which we can estimate using the
Zizl W’LYL _ Zizl(liwi))/i

211:1 Wi Zflel 17Wi

average of the outcomes in our data where W; = w. Therefore, 7 =

is a consistent estimator of the ATE.

Chapter 2 and Chapter 3 consider scenarios where either (i) or (ii) above does not seem like

a reasonable assumption.

IThe potential outcomes framework was first proposed by Neyman (1923), and later extended by Rubin
(1974). It is also refered to as the Rubin Causal Model or Neyman-Rubin Causal Model.



1.1 Nonparametric IV Bounds in Mendelian Random-

ization Studies

For now, assume that SUTVA holds. One way of ensuring assumptions (ii) and (iii) hold is
by performing a Randomized Controlled Trial. That is, observe data from an experiment
where the researcher randomly assigns the individuals to receive the treatment or not. This
randomization ensures, by definition, that each individual has a chance of receiving treat-
ment (i.e. positivity holds), and that the treatment assignment is completely independent of
the potential outcomes (i.e. exchangeability). However, there are a wide array of questions
one might ask where performing an RCT is not possible. For example, we cannot conduct an
RCT exploring the effects of smoking on pregnancy, since we have strong evidence suggest-
ing smoking leads to negative outcomes (Abraham et al., 2017). Therefore, asking pregnant
people to smoke is highly unethical. Also, RCTs are often expensive and hard to perform
in practice. In such cases, we seek to use observational data to gather evidence of causal
effects. However, this introduces a number of problems, one of which is the possibility of

unmeasured confounding.

As summarized by Davey Smith and Ebrahim (2003), observational epidemiology through-
out the 1990s produced a variety of interesting findings, but most were dismissed after rig-
orous testing through randomized clinical trials. Davey Smith and Ebrahim (2003) suggest
the most likely culprit for this discrepancy is confounding in the observational studies. The
use of instrumental variables (IVs) can help alleviate this problem (see Angrist and Krueger
(2001) for an overview). In essence, an instrumental variable is a variable that influences
the exposure status, influences the outcome only through the exposure, and is independent
of other potential confounders. If such a variable is available, the treatment effect can be
estimated, even in the presence of unmeasured confounding, but good instruments are hard
to come by. While IVs come with many challenges, two stand out: finding a strong instru-
ment, and finding an instrument that is in fact independent of unmeasured confounders. As

mentioned by Bound et al. (1995), using an instrument that is only weakly associated with



the treatment of interest could lead to finite-sample bias of a non-trivial magnitude. Luckily,
this can to some extend be mitigated by assessing the correlation between the instrument
and the exposure, often through an F-test. However, it is hard in practice to assess the in-
dependence of confounders. The use of genetic variants as instruments somewhat mitigates

this issue.

In recent years, genetic variants, often in the form of single nucleotide polymorphisms
(SNPs), have been used as IVs to estimate causal effects in epidemiological studies, often
referred to as Mendelian randomization (MR) studies. The validity of this approach relies
on a consequence of Mendel’s second law, namely that the inheritance of genetic markers is
in essence a random assignment. This makes genetic markers great candidates for instru-
mental variables when studying causal effects of certain exposures on some disease statuses,
though not without limits. As mentioned by Lawlor et al. (2008), finding genetic markers
that are strong instruments might be challenging, as is making sure seemingly strong as-
sociations are reliable. Many genetic associations have proven hard to replicate suggesting
the associations might be spurious. None the less, in situations where a strong, reliable
association between genetic marker and exposure is present, an MR analysis is a powerful

tool.

Another practical challenge, as pointed out by Burgess, Scott, et al. (2015), is that of obtain-
ing individual level data for MR analyses. However, there is a large number of databases
containing summary statistics from Genome Wide Association Studies (GWAS) readily
available. By gathering results from two independent GWAS results, one providing in-
formation about the genes-exposure associations and the other about the genes-outcome
associations, the causal effect of the exposure on the outcome can be estimated. This ap-
proach is often refered to as a two-sample MR study. Under such a design, parametric
methods are popular. For independent genetic instruments, Burgess, Scott, et al. (2015)
suggest the Inverse Variance Weighted (IVW) method to combine information from multi-
ple genetic instruments. The estimated causal effect of W on Y is found using the genetic

instruments separately, and then a weighted average is created using the inverse variance of



each estimate weights. The delta method gives an approximate standard error for the IVW
estimator. If the instruments are correlated, a likelihood-based method can be used, as-
suming the separate data sources are non-overlapping. Bowden, Davey Smith, et al. (2016)
suggests the Weighted Median Estimator as an improvement over the IVW estimator that

is more robust towards the inclusion of invalid instruments.

MR-Egger is another method robust to invalid instruments. Bowden, Del Greco M, et al.
(2016) suggest this adaption of Egger regression to address potential violations of IV agsump-
tions. By viewing MR analyses using multiple instruments as a meta-analysis, they show
that bias induced by pleiotropy? can be viewed as small-sample bias, and show how Egger
regression can be used to produce valid estimates of the causal effect of interest. Verbanck

et al. (2018) introduced MR-PRESSO as another method for dealing with pleiotropy.

Q. Zhao et al. (2020) show that a linear model is a good approximation when pleiotropy is
not an issue, but also find that in real datasets, both systematic and idiosyncratic pleiotropy
is common. They use a random effects model to account for this, and propose a consistent
and asymptotically normal estimator, even in the scenario where no genetic marker satisfies

the IV assumptions exactly.

All of the above mentioned methods rely on relatively strong parametric assumptions which
are hard to empirically verify. As an alternative, nonparametric IV bounds put aside the
goal of point estimation of the causal effect and instead consider partial identification.
In the following we will consider binary exposure (or treatment) W, binary outcome Y,
binary instrument Z, and an arbitrary unmeasured confounder C. Based on nothing more
than the standard IV assumptions, we are able to construct firm bounds on the Average
Treatment Effect (ATE). Note that in this case, 7 = E[Y' (1) — Y (0)] is by definition confined
to the interval [—1,1]. Typically, nonparametric IV bounds are used when the outcome, the
exposure, and the instrument are all binary and simultaneously observed. In this setting,

one can bound the ATE such that the width of the bounds is 1/2, which means half the

2Pleiotropy is the genetic concept of a single genetic marker influencing multiple phenotypes. This opens
up the possibility of the genetic marker to be associated with the outcome through other means than its
influence on the exposure.



possible values can be ruled out without any furter assumptions. Robins (1989) derived
a set of bounds on the ATE of AZT treatment on the time to clinical AIDS among HIV-
infected subjects, and Manski (1990) presents similar bounds in a more general context.
These bounds have since been referred to as the “natural” or “Robins-Manski” bounds, and
rely only on one additional assumption. Assuming that the instrument Z is independent
of the potential outcomes Y (w) for all w, the “Robins-Manski” bounds are such that the
width of the bounds is no more than P(W = 1|Z = 0)+ P(W = 0|Z = 1). This was pointed
out by Balke and Pearl (1997), who also show that under the assumption of monotonicity,
that is P(W = 1|1Z = 1,C) > P(W = 1|Z = 0,C), the width of the bounds is exactly
P(W =1]|Z =0)+ P(W = 0]|Z = 1), which is equivalent to 1 — (P(W = 1|Z =1)— P(W =
1|1Z = 0)). This shows that the width of the bounds is decreasing as a function of the
strength of the instrument, where by “strength” we refer to how influential the instrument
is on the probability of being exposed. T. S. Richardson and Robins (2014) derive the same
bounds as Balke and Pearl (1997), but under a slightly stronger assumption. However,
they also extend the bounds to categorical instruments with more than two levels, which is
a more general version of the bounds for three-leveled instruments derived by Cheng and
Small (2006). This is an important result in the context of MR studies, since genetic markers

used as instruments are three-leveled.

Balke and Pearl (1997) derive bounds on the ATE by the use of linear programming to
solve a system of linear constraints derived from the laws of probability. The result is
not only bounds on the ATE, but also a set of constraints on other quantities of the form
P(Y = y,W = w|Z = z) in the shape of a set of inequalities. These can be used to falsify the
IV assumptions. That is, while we cannot test if the IV assumptions hold, we can conclude

that one or more of them do not if any of the aforementioned inequalities are violated.

While the bounds that can be derived when (W,Y, Z) is observed simultaneously have been
extensively studied, not much has been done to extend the nonparametric IV bounds to
two-sample designs. Ramsahai (2012) shows that bounds can be derived when (W,Y") and

(Z,Y) are observed separately, but only for binary instruments. They follow the lead of



Balke and Pearl (1997) and use linear programming. We follow up on the work by Ramsahai
(2012), extend it to allow for categorical instruments with more than two levels, and explore
its utility in MR studies based on two-sample data. Despite IV bounds being an attractive
alternative to the parametric models for studying exposure effects in MR studies (Didelez
and Sheehan, 2007; Swanson, 2017), there is little work on actually using these bounds in
the very common two-sample MR settings, i.e. two-sample designs with summary statistics,
nor any practical guidance on when the bounds would be informative. The overall goal of

Chapter 2 is to offer some practical guidance on using IV bounds in two-sample MR studies.

1.2 Covariate Adjustments in Randomized Controlled

Trials under General Interference

When considering nonparametric IV bounds in Chapter 2, we assume that SUTVA holds.
However, this is not always the case. In fact, more than a century ago, Ross (1916) wrote
about the idea of “dependent happenings” to illustrate scenarios where the rate at which
certain outcomes occur depends on the prevalence of the outcome, such as “infectious dis-
eases, membership of societies and sects with propagandas, trade-unions, political parties,
etc., due to propagation from within, that is, from individual to individual.”(Ross, 1916)
Later, Cox (1958) defined “interference between different units” as it is now most commonly
referred to, i.e. two units interfere if the treatment status of one unit affects the outcome of
the other unit. A common example of when this is the case is that of evaluating the effect of
vaccination. Here, my outcome is dependent on whether or not the people I surround myself
with are vaccinated. This constitues a violation of SUTVA in that the outcome observed
when treated is not uniquely defined, but could vary depending on how many peers are

treated.

Even though it was well established that SUTVA might be violated in a wide variety of
practical settings, most work in causal inference over the last half of the 20th century built

on SUTVA. Only recently has significant progress been made on analyzing data where



SUTVA is violated due to interference. Manski (1993) discussed the identification problem
of endogenous social effects, a class of effects that had already long been discussed in soci-
ology and social psychology as “peer influences”, “neighborhood effects”, “herd behavior”,
etc. Manski (1993) considered the identification of what is often referred to as the spillover
or indirect effect, showed that this is identifiable when potential outcomes follow a linear
model, and presented the negative result of non-identifiability in certain general nonpara-
metric settings, but never touched on the notion of a direct treatment effect in the presence
of interference nor the identifiability or estimation thereof. Halloran and Struchiner (1995)
connected the progress made in the previous decades to the notion of “dependent happen-
ings” in that they specifically considered estimation of treatment effects in infectious disease
studies, which was one of the examples of “dependent happenings” in Ross (1916). They
discussed the extension of the Rubin Causal Model (Rubin, 1974) to allow for interference
(as suggested by Rubin (1990)), introduced individual level causal effects, and discussed
various estimands. Sobel (2006) considered the “Moving to Opportunity” (MTO) data set,
which is based on a housing mobility experiment in five cities. Residents in certain ghettos
were randomly assigned to receive relocation assistance. It is claimed that the estimates
presented in previous literature do not exactly correspond to traditional causal estimands
because of interference. Sobel (2006) proceeded to define average causal effects in treatment
groups, both direct and spillover effects, and discussed how these are linked to the estimates
presented in other work dealing with this specific data set. Assuming a finite population
and considering randomization inference, they showed that the standard difference-in-means
estimator is unbiased under a complete randomization allocation scheme, and link various
noncausal parameters to differences of causal estimands. However, all results are presented
in the very specific context of the MTO data set. Rosenbaum (2007) tackled random-
ization inference when interference is present in a more general setting. It is shown that
randomization inference is still possible without any restrictions on the interference, and
that distribution-free randomization tests can be inverted to confidence statements about
the magnitude of the effects. This approach, however, is limited in that it cannot distin-

guish between the null hypothesis of no primary effect, and the null hypothesis of no effect



at all. The former states that both treated and untreated units benefit equally from the
fact that treatment has been given. This means it does not matter which units receive the
treatment, as long as it is given. The latter null hypothesis states that there is no effect
of the treatment at all, that is the outcome would be the same had no unit been treated.
These two null hypotheses are, in practice, very different, and the fact that we cannot tell

them apart illustrates the challenges of drawing any inference when interference is present.

1.2.1 Partial Interference

As mentioned above, Halloran and Struchiner (1995) introduced both individual level causal
effects, and some causal estimands that might be of interest, but they stopped short of ex-
tending the ATE to the general interference setting. The complexity of allowing for general
interference, they argued, means that there is little to no hope of this being of practical
use. This argument, unsurprisingly, still largely rings true, and simplifying assumptions are
necessary to make meaningful progress if one is to move beyond simple point estimation
to inference. Hudgens and Halloran (2008) considered a two-stage randomized study as
a means to estimate direct, indirect, total, and overall causal effects in the presences of
interference. They assume a partial interference structure. That is, they assume that the
study population consists of independent groups, where individuals within groups might in-
terfere with each other, but individuals between groups do not. The treatment assignment
is then performed in two-stages: first, each group is assigned to one of two allocation strate-
gies, then each individual within each group is assigned treatment using the group assigned
allocation strategy. They introduced estimands that have since been studied extensively,
including the estimand for the direct effect that we consider estimating in Chapter 3. They
considered the estimation of these under partial interference and a two-stage randomization
design. But even under partial interference, variance estimation is a lost cause, as pointed
out in Section 4.2.1 of Hudgens and Halloran (2008). This means that while identification
of the causal estimands is possible under the two-stage design assuming partial interference,

inference about these causal estimands is unobtainable.
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It is important to note that “dependent happenings” is not exactly equivalent to interfer-
ence as defined by Cox (1958), since the definition of interference in Cox (1958) allows for a
number of different causal structures. Ogburn and VanderWeele (2014) explore the identi-
fication of causal effects under what they refer to as different “types of interference.” They
review the identification of causal estimands in the partial interference setting, and then dis-
cuss three types of interference. First, direct interference arise when the treatment assigned
to individual i might directly influence the outcome of a peer j. Second, interference by
contagion is the idea that the outcome of individual ¢ is only influenced by a peer j’s treat-
ment assignment through its effect on j’s outcome. This is the case in the infectious disease
setting and is what Ross (1916) originally described as “dependent happenings.” Finally,
allocational interference happens when the outcome of individual ¢ is affected by the group
that that it happens to be allocated to. As an example, Ogburn and VanderWeele (2014)
mention the random assignment to dorms, which happens within a block (college). While
the distinction between the structure of the dependence between the observed outcomes is
important, and might be useful when trying to improve on estimation techniques, it is one

we will not explore further here.

Since Hudgens and Halloran (2008), different strategies to make further simplifications to
the general setup have been studied. These strategies have generally seeked to impose re-
strictions on the structure of the interference graph (that is, limit who can interfere with
whom), and restrictions on the structure of the potential outcomes (for example, assume
a parametric relationship between outcome and treatment, or limit the dependencies be-
tween outcomes). Hudgens and Halloran (2008) restrict the structure of the interference
graph through the partial interference assumption, and then restrict the dependency be-
tween outcomes by introducing the stratified interference assumption, which states that the
dependency on peers’ treatment status is only through the number of peers who are treated
while it is irrelevant which peers are treated. They then proceed to present a mix of un-
biased and conservative variance estimators for the causal estimands under the two-stage

randomization study design.
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Tchetgen and VanderWeele (2012) present further work on this same setting. They show
that, even without the stratified interference assumption, conservative estimation of the
variance is possible, and construct finite sample confidence intervals for binary outcome.
The binary nature of the outcomes makes it possible to make progress without the stratified
interference assumption. Finally, Tchetgen and VanderWeele (2012) discuss the use of obser-
vational studies in lieu of two-stage randomized studies. This idea was further expanded on
by Liu, Hudgens, and Becker-Dreps (2016). They first consider Inverse Probability Weighted
(IPW) estimators under general interference, but where an interference graph is observed.
That is, we know exactly which units might interfere with each other. In this scenario,
when the treatment assignment mechanism is known, the IPW estimator is unbiased with-
out any further assumptions on the potential outcomes. However, for inference, they also
impose the partial interference assumption, and further assume that the groups are a ran-
dom sample from a super-population of groups. This induces independence between groups,
and allows Liu, Hudgens, and Becker-Dreps (2016) to establish asymptotic normality of the
IPW estimator as the number of groups grows, a result that is extended to a scenario where
the treatment assignment mechanism is unknown, but a correctly specified propensity score
model is available. It is important to note that the propensity score model in this case
models the joint probability of an individuals treatment status and the treatments of all
peers of the individual. Later, this was expanded to a doubly robust (DR) estimator by Liu,
Hudgens, Saul, et al. (2019), still assuming partial interference with groups being a random
sample from an infinite super-population of groups. They show that their DR estimator is
asymptotically normal if either the propensity score model or outcome model is correctly

specified.

1.2.2 General Interference

Others have tried to impose different restrictions on the interference graph and the potential
outcomes. Aronow and Samii (2017) relax both the partial interference and stratified inter-

ference assumptions. They put no restrictions on the network, but require the researcher
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to have knowledge of an exposure mapping, which maps the treatment vector W to an
exposure value. They then consider estimating contrasts between different exposure values
when randomness is entirely due to the randomization of the treatment, and conclude that
such contrasts can be estimated using the Horvitz-Thompson estimator for which they de-
rive a conservative variance estimator. Note that the stratified interference assumption is
a specific kind of exposure mapping that maps the treatment vector to an exposure value
given by the number of peers who are treated. While this assumption enables a wide range
of results, it comes up short when considering asymptotic behavior. To get consistency
and asymptotically valid confidence intervals, Aronow and Samii (2017) must also impose
a restriction on the growth of the interference graph, such that the total number of peers in

the graph is o(n?).

Chin (2019a) also considers the Horvitz-Thompson estimator, but for estimating the direct
effect in randomized experiments. As Aronow and Samii (2017), they consider a finite
population regime, but do not impose the exposure mapping assumption on the potential
outcomes. They find that the Horvitz-Thompson estimator is asymptotically normal under
a “local interference” assumption. This assumption restricts the growth of the network in a
way that the largest number of peers max; N; is o(n'/4). They also consider the difference-
in-means estimator, and show that this is asymptotically normal in an “approximate local
interference” setting, that is there exist neighborhoods with high interference within, but
low interference between neighborhoods. This is both an assumption on how dependent

potential outcomes are on each other, and that the largest number of peers is o(nl/ 3).

A more general exploration of the difference-in-means estimator for estimating the direct
effect is performed by Séavje et al. (2021). They also consider asymptotic behavior in a
finite sample regime when treatment is randomly assigned, and show that the difference-in-
means estimator is consistent under a number of different assumptions on the growth of the
network. They focus on convergence rates of the difference-in-means estimator and illustrate
how this varies with the depenency structure induced by the network, but do not arrive at

asymptotic normality. They do, however, discuss an asymptotically conservative variance
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estimator. Similarly, Ogburn, Sofrygin, et al. (2022) consider finite sample asymptotics with
very limited assumptions on the potential outcomes. They consider the use of observational
studies, and assume a Structural Equations Model (SEM) for the potential outcomes. They
then proceed to use semiparametric theory for asymptotic results, and find that estimators
based on the semiparametric influence function are asymptotically normal if max; N, =
o(y/n). Similarly to Sivje et al. (2021), they find that the rate of convergence depends on

the growth of the network.

While most of the work discussed above has mainly focused on direct effect estimation,
others have explored the estimation of indirect or peer causal effects. As already mentioned,
the identification of such effects was the main purpose of Manski (1993), who considered a
linear model for the potential outcomes and the estimation of contagion effects. McFowland
IIT and Shalizi (2021) further explore this under different network restrictions. They assume
that the network is a realization of a random process driven by latent variables. That is,
each observational unit ¢ is associated with a latent variable U,, and units ¢ and j are peers
with some probability. This is similar to the graphon model that we consider in Chapter 3.
Of the outcomes, they assume a time series model where the outcome at time ¢ is a linear
combination of the outcome at time ¢ — 1, the average of peers’ outcomes, and potentially
the latent positions. They propose to estimate the contagion effect using the Ordinary Least
Squares (OLS) estimator and show that the OLS estimator is unbiased and consistent if we

can recover latent positions with some degree of success.

A different approach to the same problem is presented by Egami and Tchetgen (2021).
Rather than assuming the linear model and that the graph is a realization of a random pro-
cess, they utilize the existence of Negative Control Outcomes (NCO) and Negative Control
Exposures (NCE), and apply a Central Limit Theorem based on the idea of 1-dependence
presented by Kojevnikov et al. (2021). In its purest form, the ¢-dependence result restricts
the dependence between potential outcomes such that potential outcomes for units far from
one another in the interference graph exhibit smaller degree of dependence than potential

outcomes for units close to each other. While Kojevnikov et al. (2021) present their work
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in a general network setting, Egami and Tchetgen (2021) apply their results to a specific
causal setting. In particular, they present Assumption 3 which offers a tradeoff between
graph denseness and dependency between potential outcomes. If the dependence between
potential outcomes decays fast as the distance between units increases, denser graphs can
be accommodated. On the other hand, if potential outcomes are strongly dependent even
for units far from one another in the interference graph, a sparser graph is needed. This
perfectly encapsulates the tradeoffs made in the interference litterature. Using negative
controls, Egami and Tchetgen (2021) propose an estimator based on a Generalized Method
of Moments approach. They consider a setup where observations are available at two time-
points, baseline and follow-up, and are interested in the estimation of the effect of peers’
outcomes at baseline on the outcomes observed at follow-up. They show that their proposed

estimator is consistent and asymptotically normal with a convergence rate of /n.

Leung (2020) considers a somewhat similar setup to McFowland IIT and Shalizi (2021), but
with the focus on treatment effects rather than contagion. The linear model is replaced by
a more general nonparametric model, which assumes that the potential outcomes for unit

i are given as a function of treatment status W,

79

number of peers treated M;, number of
peers N;, and an unobserved variable ¢,. They show that identification is possible under
very mild assumptions, but need a weak-dependence assumption to get asymptotic results.
In particular, they show that a difference-in-means style estimator is consistent and asymp-
totically normal if, in addition to other regularity conditions, third moments of the number
of peers is bounded in probability. More over, they show that this is achievable even when

the network is not completely observed.

Li and Wager (2022) combine aspects of Leung (2020) and McFowland IIT and Shalizi (2021).
They consider interference graphs as randomly generated from a graphon model, and restrict
the potential outcomes to be functions of treatment status, proportion of peers who are
treated, the latent position, and an unobserved variable. Under smoothness conditions of
the potential outcomes in their dependence on the proportion of peers who are treated, they

show that both the Horvitz-Thompson and Hajek estimators are consistent for the direct
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effect and asymptotically normal with convergence rate v/n. They present their asymptotic
results for a sequence of finite populations connected by a graph that is the result of a
random draw from the graphon model. This randomness from the graphon model makes it
possible to handle both sparse and dense graphs, and achieve \/n convergence regardless of
the growth rate of the network. It is worth noting that the graphon model itself imposes
some restrictions on the growth of the network, but in general these are relatively weak. On
the other hand, the smoothness assumptions on the potential outcomes are stronger than
those made by Leung (2020) or Chin (2019a). Also, while the estimators can be calculated
without any knowledge of the graphon, the asymptotic variance is not in general estimable,
as it depends on both the graphon and the derivatives of the potential outcomes functions.
Li and Wager (2022) illustrate how their results can be used in tandem with various other

assumptions one might be willing to make to get conservative variance estimators.

Other aspects of causal inference in the presence of interference have also been explored.
Athey et al. (2018) consider randomization inference for various network types, and in par-
ticular consider testing various non-sharp null-hypotheses. Among these, they consider the
calculation of exact p-values for testing hypotheses of no spillover effects, no higher order
peer effects, and competing network specifications. Choi (2017) considers estimation of
the “attributable effect of treatment” assuming monotonicity. That is, the estimation of
A= Z?:l Y, —Y;(W) under the assumption that Y;(W) > Y;(0). Rather than point estima-
tion of A, interval estimation is considered, and they show how conservative upper bounds
can be derived by solving an optimization problem when it is assumed that Y;(0) € Z for
all 4. They also derive finite sample one-sided confidence intervals for » . Y;(W) when the
outcome is binary. Later, these ideas were further explored assuming binary outcomes. Choi
(2023) shows that asymptotically conservative confidence intervals for otherwise unidentifi-
able estimands can be obtained with no further assumptions other than randomization of
the treatment assignment. This work differs significantly from most of the work discussed

previously in that no restrictions on the interference are necessary.
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1.2.3 Covariate Adjustments

As already mentioned, variance estimation is the main challenge in dealing with interference.
In much of the work done in the area, even deriving an expression for the asymptotic variance
of an estimator is not straightforward. When this is done, the conclusion is often that more
likely than not, the asymptotic variance of estimators under interference is larger than we

would expect if no interference is present (Chin, 2019a; Li and Wager, 2022).

Adjusting for covariates can be a powerful tool to improve precision of estimators when an-
alyzing randomized experiments, such as randomized clinical trials (RCTs). When consid-
ering the classic setting where SUTVA holds, Herndndez et al. (2006), for example, showed
that adjusting for covariates could lead to a 25% reduction in the required sample size.
There is a vast literature dedicated to whether one should perform such adjustments, and
if so, how this should be done. One popular method, the linear regression model, is often
used due to its simplicity and being widely taught across disciplines. However, the validity
of such adjustments are not universially accepted. Freedman (2008) critiqued the use of
linear models saying that randomization alone does not offer any justification for the lin-
earity assumption, and that an incorrectly specified linear model might lead to biased and
asymptotically inefficient estimators. However, as pointed out by Lin (2013), the short-
comings brought up by Freedman (2008) are easily remedied. In fact, Tsiatis et al. (2008)
showed that fitting a linear model using Ordinary Least Square (OLS) will always perform
asymptotically at least as well as an unadjusted Hajek estimator if all interaction terms be-
tween treatment indicator and covariates are included, regardless of the correctness of the
model. They take this one step further, and show that the resulting estimator is asymptot-
ically equivalent to an Augmented Inverse Probability Weighted (AIPW) estimator, which
is known to be locally efficient, a fact that is obtained using semiparametric theory (see,
for example, Robins and Rotnitzky (1995)). While more complex AIPW estimators might
be more efficient, the simplicity of the linear regression model and the computationally
effectiveness of the OLS method makes it a popular choice. To that end, the U.S. Food

and Drug Administration recently published an updated set of guidelines suggesting that
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covariate adjustments should always be performed when analyzing RCTs, and that a linear
regression model is an acceptable choice (U.S. Food and Drug Administration. Center for

Drug Evaluation and Research, 2023).

As already mentioned, most of previous research in the area of covariate adjustment in
the analysis of RCTs has focused on the traditional setting where trial subjects do not
interfere with each other. The work presented in Chapter 3 builds directly on the work by
Li and Wager (2022), and considers the potential for variance reduction through covariance
adjustments. We will explore the behavior of the general AIPW estimator when analyzing
RCTs under general interference, and establish its asymptotic behavior when the interference
graph is the result of a graphon model. Others have considered the AIPW estimator in the
context of interference. Emmenegger et al. (2023) considers the general AIPW estimator
in a general interference setting. They show that using sample splitting to evaluate the
estimator, one can achieve both a central limit theorem with /n convergence rate, and a
consistent estimator for the variance. Especially the latter is noteworthy. To achieve this
result, however, the growth of dependencies between units has to be limited. In contrast,
the random graph asymptotic framework allows us to achieve y/n convergence rate even for

dense networks, and an interpretable expression for the asymptotic variance.

One of the main results is the application to the OLS estimator. The results of Tsiatis et al.
(2008) are replicated in the presence of interference. This in particular means that the OLS
estimator, as long as interaction terms between covariates and the treatment assignment
are included, will always perform better than an unadjusted difference-in-means estimator,
regardless of the correctness of the linear model. The OLS estimator has also previously been
studied in the setting of interference. Chin (2019b) consider adjusting for covariates when
the potential outcomes follow a linear-in-means model, but focuses on features engineered
from the graph rather than pretreatment covariates. While the linear-in-means model is
of interest, we aim at investigating the behavior of the OLS estimator when the linearity
assumption is not assumed to hold both to preemptively address concerns similar to those

raised by Freedman (2008), and to consider the usefulness of the OLS estimator in practice



where the linearity assumption is often hard to justify.
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Chapter 2

Nonparametric Bounds in
Two-Sample Summary-Data
Mendelian Randomization:
Some Cautionary Tales for
Practice

2.1 Introduction

In recent years, genetic variants, often in the form of single nucleotide polymorphisms
(SNPs), have been used as instrumental variables (IV) to estimate causal effects in epi-
demiological studies, often referred to as Mendelian randomization (MR) studies (Davey
Smith and Ebrahim, 2003; Lawlor et al., 2008; Burgess and Thompson, 2015). Typically,
MR studies are based on a two-sample design where published summary statistics from
two independent genome wide association studies (GWAS), with one providing information
about the exposure and the other about the outcome, are used (Burgess, Butterworth, et
al., 2013; Burgess, Scott, et al., 2015; Davies et al., 2018). Under a two-sample design,
investigators frequently use parametric methods to study exposure effects, for instance the
IVW estimator (Burgess, Butterworth, et al., 2013), MR-Egger regression (Bowden, Del

Greco M, et al., 2016), the weighted median estimator (Bowden, Davey Smith, et al., 2016),
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MR-PRESSO (Verbanck et al., 2018) and MR-RAPS (Q. Zhao et al., 2020); see Burgess
and Thompson (2015), Burgess, Small, et al. (2017), and Slob and Burgess (2020) for recent

reviews.

An alternative approach to study exposure effects using instrumental variables without
parametric assumptions is through nonparametric IV bounds (Balke and Pearl, 1997; Cheng
and Small, 2006; Manski, 1990; T. S. Richardson and Robins, 2014; Robins, 1989). Briefly,
nonparametric IV bounds use a minimum set of assumptions to provide a range of plausible
values for the exposure effect. They are typically used when the outcome, the exposure,
and the instrument are all binary and are simultaneously observed; we refer to this setting
as the one-sample setting to contrast it from the two-sample setting. Arguably, the most
well-known IV bound is the Balke-Pearl bound (Balke and Pearl, 1997) for the average
treatment effect. The Balke-Pearl bound has been extended to allow for a non-binary
instrument (Cheng and Small, 2006; T. S. Richardson and Robins, 2014) and two-sample
designs (Ramsahai, 2012); see Swanson et al. (2018) and references therein for a recent

summary of IV bounds.

Using IV bounds can be an attractive alternative to study exposure effects in MR studies
given the strong parametric assumptions accompanying most MR analyses (Didelez and
Sheehan, 2007; Swanson, 2017). However, to the best of our knowledge and compared
to parametric methods, there is little work on actually using these bounds in typical MR
settings, i.e. two-sample designs with summary statistics, nor any practical guidance on
when the bounds would be informative. For example, what kind of genetic variants provide
the most informative conclusions about the exposure effect in terms of the bounds not
containing the null effect? Can combining multiple variants lead to shorter and tighter
bounds? How do the bounds change if many instruments are weak, which is typical in MR
studies? The overall goal of this paper is to offer some practical guidance on using IV bounds
in two-sample MR studies. We focus on two aspects of bounds that will better inform MR
investigators about the exposure effect: (1) the length of the bounds and (2) whether the

bounds cover the null effect of zero (i.e. direction/sign of the effect).
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The paper is organized as follows. Section 2 reviews notation, definition, and methods for
studying the exposure effect with parametric models and nonparametric bounds. Section 3
presents our results where we show the behavior of the bounds in two-sample settings when
we have one or multiple instruments, and when some of the core assumptions are violated.
Section 4 quantifies how bounds from two-sample data is more conservative than bounds
from one-sample data. Section 5 presents the data analysis and Section 6 lays out some

concrete practical recommendations for using bounds in two-sample MR studies.

2.2 Methods

2.2.1 Review: Notation, Definitions, and Assumptions

Let X and Y be binary exposure and outcome variables, respectively, Z be a categorical
instrumental variable taking values in {0, 1,2}, and U be an unmeasured confounder for the
effect of X on Y. We consider trivariate instruments due to the trivariate nature of SNPs
that are typically used as instruments in MR studies. Also, following prior literature on
bounds (Balke and Pearl, 1997; Manski, 1990; T. S. Richardson and Robins, 2014; Swanson
et al., 2018), we consider the binary exposure and binary outcome setting. In Section 2.3.4
and Appendix 2.H, we discuss how to use the bounds to detect the sign of the effect when the
exposure is continuous and the outcome is binary under some an additional assumptions.
In general, non-trivial bounds (e.g. bounds that do not cover the entire support of the
outcome) under “standard” IV assumptions stated below are impossible when the exposure
or outcome is continuous. This limitation is well-known for bound-based analyses of causal
effects and investigators who wish to obtain an effect estimate with a continuous exposure
or outcome may have to make untestable, parametric modeling assumptions on top of the
standard IV assumptions; see Swanson(Swanson et al., 2018) and Burgess and Labrecque

(Burgess and Labrecque, 2018) for further discussions.

Let Y*% be the potential outcome (Rubin, 1974; Splawa-Neyman, 1923) had the sub-

ject received exposure value X = z and instrument value Z = z. We assume the sta-
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ble unit treatment value assumption (SUTVA) (Cox, 1958; Rubin, 1980), formalized as

Y =5 I[Z=2X=2x]Y"? where I[] is the indicator function.

We make the following set of assumptions about X,Y, 7, and U that are found in MR
studies (Didelez and Sheehan, 2007; Wang and Tchetgen Tchetgen, 2018):

A1) (Relevance): Z | X

(A1)

(A2) (Independent instrument): Z 1 U

(A3) (Exclusion restriction): Y% =Y?* =Y? for all x, z, 2/
(A4)

A4) (Conditional ignorability of X, Z given U): Y*»* L Z  X|U

Briefly, (A1) can be satisfied by finding a SNP that has been consistently associated with
the exposure. (A2) and (A3) are justified by scientific theory and can be violated if the SNP
(i) is in linkage disequilibrium with an unmeasured SNP that affects the exposure and the
outcome or (ii) has multiple functions beyond affecting the exposure (i.e. pleiotropic), to
name a few. Pleiotropy is often a great concern in MR studies; we will consider violations
of (A3) in Section 2.3.3. Finally, (A4) states that if U is observed, then it is sufficient to
unconfound the relationship between X and Y. For much of the paper, we will assume
(A1)-(A4) hold to focus on the behavior of the bounds, even though these assumptions are

important to assess in practice.

We make some additional remarks about assumptions (A1)-(A4). First, in practice, most
MR studies only explicitly state assumptions (A1)-(A3) along with some parametric mod-
eling assumptions (Burgess and Thompson, 2015); see Section 2.2.2 below. Second, one can
remove (A4) and strengthen (A2) with Z L U,Y*?® without consequence on the IV bounds
(T. S. Richardson and Robins, 2014). Third, under SUTVA and assumptions (A3)-(A4),
we have Y L Z|X,U, which is another common way to express the exclusion restriction in
MR studies (Swanson et al., 2018; Didelez and Sheehan, 2007). Fourth, for simplicity, we

do not assume the existence of a potential treatment X?=.
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We define instrument strength ST as
ST:H;a),(|P(X:1|Z:z)—P(X: 11Z = 2)| (2.1)

ST reduces to the definition of instrument strength in Balke and Pearl’s bounds when the
instrument is binary. ST plays a critical role in determining the length of Balke and Pearl’s
IV bounds(Balke and Pearl, 1997). Also, (2.1) differs from other definitions of instrument
strength based on a parametric model between the exposure and the outcome, such as
the concentration parameter p? (Stock, Wright, et al., 2002); the concentration parameter
is roughly proportional to the observed first-stage F-statistic commonly used in linear IV
models to assess instrument strength. But, under some assumptions, notably that the

instrument is fixed, y? and ST are related by the following formula.

2 7
,_ ST® &

2/ 2
1 zi o,

I
i=1

Here 2, ..., 2, are observed values of the instrument, and o2 is the variance of the errors

in the linear, first-stage reduced model; see Appendix 2.A for more details. The important

take-away from the formula is that stronger instruments as measured by ST lead to larger

values of the concentration parameter p2.

2.2.2 Review: Parametric Models in Two-Sample Studies

To better contrast the bound-based approaches we discuss below, we briefly review para-
metric models used to estimate exposure effects. Formally, in two-sample MR studies, a
popular parametric model for a binary exposure (Lawlor et al., 2008; Burgess, 2014; Burgess

and Thompson, 2012; Millard et al., 2019) is

logit(P(X =1|Z) = 2y, ..., Z, = 2, U = u)) =7 + Z'yizi +u, (2.2)
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and for a binary outcome (Burgess, 2014; Burgess and Thompson, 2012) is

logit(P(Y = 1|X =2, U =u)) = B, + Bxx + Byu, (2.3)

where logit(a) = log(a/(1—a)). The parameter v, corresponds to the effect that instrument
7 has on the exposure. The summary statistic reported in GWAS is the coefficient from a
simple logistic regression model, i.e. the model above where p = 1. This summary statistic
is also approximately equal to the coefficient 7, in equation (2.2) if the instruments are
independent of each other and the coefficients vy, ..., 7, are small, which is the case in most
two-sample MR studies(Manolio, 2010). The parameter Sy corresponds to the effect that
the exposure has on the outcome in the logit scale; one can compute a numerical integral to
compute the effect of the exposure on the outcome in the risk difference scale; see Section
2.2.3. The parameters v;; and [ correspond to the magnitudes that the unmeasured
confounder U has on the exposure and outcome, respectively. Typically in the analysis of
two-sample MR studies, U follows a parametric distribution and each SNP is often assumed
to be in Hardy-Weinberg equilibrium. In our exposition below, we will relate the analysis

from nonparametric bounds to these parametric models.

2.2.3 1V Bounds Under Two-Sample Designs and Goals of Paper

The most popular design in MR studies is a two-sample design which has two separate
data sources, one providing information about (X,Z) in the form of P(X = 1|Z = z),
z € {0, 1,2}, and another providing information about (Y, Z) in the form of P(Y = 1|Z = z),
z €{0,1,2}. A two-sample design differs from a more traditional one-sample design which
has a single data source providing information on all observed variables (X,Y,Z) in the
form of P(Y = y,X =2|Z = 2) or P(X = z,Y = y,Z = z). IV bounds have been well-
studied in one-sample designs and there is a rich array of guidance on how to use them in
practice (Balke and Pearl, 1997; T. S. Richardson and Robins, 2014; Swanson et al., 2018).
However, as noted in the introduction, not much is known about the behavior of IV bounds

under a two-sample design.
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The goal of this paper is to offer useful practical advice on using IV bounds to study the

average treatment effect (ATE), defined as

ATE = E[Y! — Y]

:/P(Y:1|X:1,U:u)P(U:u)du—/P(Y:1|X:0,U:u)P(U:u)du

using P(Y = 1|Z = 2) and P(X = 1|Z = z), z € {0,1,2} obtained from a two-sample
design. Specifically, under a two-sample design and assumptions (Al)-(A4), (Ramsahai,
2012) derived the following sharp bounds for the ATE:

max,,,, PY =1Z=2)-2-PY=1Z=2)-2-P(X=1Z="2)
max,,,, PY =1Z=2z2)+P(X=1|Z=2)
—PY=1Z=2)-PX=1Z=7%)—1

e max,,, 2-PY=1Z=2)+2-P(X=1Z=2)-PY=1Z=2)-3
max, —PY=1Z=2)—P(X=1Z=2)
max, PY=1Z=2)+PX=1Z=2 -2
<ATE < (2.4)
min,, P(Y=1Z=2)—2-PY=1Z2=2)+2-P(X=1|Z=2)+1
min,, P(Y=1Z=2)+2-PY=1Z2=2)-2-P(X=1|Z=2)+1
L min POY=1Z=2)- P(X=1]Z=2)

+P(X=1|Z=2)—PY =1|Z=2)+1

min PX=1Z=2)—-PY=1Z=2)+1

min PY=1Z=2)—-PX=1Z=2)+1

Furthermore, the assumptions imply the following checkable constraints, which are also
referred to as IV inequalities (Balke and Pearl, 1997; Diemer et al., 2020), on the observed

data.
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min,,,, PY =1Z=2)-PX=1|Z=2z)
—PY=1Z=2)—PX=1Z=2)+2
min,,,, PY =1Z=2)+P(X=1Z=2z)
—PY=1Z=)+P(X=1Z=2)
min >0 (2.5)
min P(X=1Z=2)
min PY=1Z=>2)
min 1-P(X=1Z=2)

min 1-PY =1|Z=2)

In equation (2.5), we see that the constraints from the law of probability are recovered (the
last four expressions in equation (2.5)) along with 12 non-trivial constraints (the first two
lines in equation (2.5)). Appendix 2.B provides additional discussion on equations (2.4) and

(2.5) in two-sample MR studies.

We study two properties of the above bounds that can better guide practice: (1) the length
of the bounds and (2) whether the bounds cover the null effect of zero. To better understand
bound-specific characteristics not due to sampling errors, we will assume we have population-
level quantities of P(Y = 1|Z = z) and P(X = 1|Z = z). In practice, these are estimated
summary GWAS statistics from marginal logistic models. Specifically, the marginal propor-
tions of the outcome, exposure, and allele frequencies are used to find the intercepts inside
a logistic regression model by solving P(X = 1) = Ej:o expit(yy +7; - 2)P(Z; = z) and
PY=1)= Zzzo expit(Ty + fj -2)P(Z; = z) for 7 and Iy, respectively; here, 7, and fj
are the estimated log odds ratio of the (marginal) associations from GWAS, and expit is the
inverse of the logit function. This allows us to obtain estimates of P(Y = 1|Z; = 2) and
P(X =1|Z; = 2) for every j and 2 =0, 1,2.

Finally, we remark that the population-level bounds do not depend on P(Z = 2),2 =0, 1, 2.
In particular, whether a variant is rare or common has no influence on the bounds. However,
rare variants may make it difficult to estimate the conditional probabilities which make up

these bounds. Since we are only examining population-level characteristics of the bounds,
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we will assume P(Z;, = 0) = P(Z, = 2) = 0.25 and P(Z; = 1) = 0.5 when we numerically

(2

illustrate our results below.

2.3 Properties of IV Bounds

2.3.1 Length of Bounds and Coverage of Null Effect

Theorem 2.1 characterizes the length of the IV bound in equation (2.4) under a two-sample

design and assumptions (Al)-(A4).

Theorem 2.1. Under assumptions (A1)-(A4) and a two-sample design, a sharp upper
bound on the length of the bound in equation (2.4) is 2 —2- ST, i.e. there exists a data

generating process satisfying (A1)-(A4) and has length equal to 2 —2 - ST.

See Appendix 2.C for the proof, which extends Theorem 2.1 to instruments with 2, 3, or 4
categories. Compared to the Balke-Pearl IV bounds under a one-sample design where the
length is 1 —ST for a binary or three-leveled IV(Balke and Pearl, 1997; T. S. Richardson and
Robins, 2014), the length of two-sample IV bounds can be twice as long. Also, the length
of two-sample IV bounds is only guaranteed to be less than 1 if the instrument strength ST
is greater than 0.5; note that this does not imply that instruments with ST less than 0.5
has length greater than 1. In contrast, one-sample IV bounds always have length less than
1 unless ST is zero. In short, there is a cost of using a two-sample MR design instead of a

one-sample MR design when performing a bound-based analysis of the ATE.

Figure 2.1a numerically illustrates the consequences of Theorem 2.1 by calculating the
bounds in equation (2.4) from 10,000 randomly generated sets of values of P(X = 1|Z = z)
and P(Y = 1|Z = z) that satisfy the IV inequalities and assumptions (A1)-(A4). We also
use two real-world data examples where the causal effects are known to exist: the effect
of high cholesterol on incidence of heart attacks (Cholesterol Treatment Trialists’ (CTT)
Collaborators, 2012), and the effect of smoking on incidence of lung cancer (Cornfield et al.,

1959). We see that the length of the bounds often exceed 1 as the instrument strength
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decreases. Also, the two real-world studies generally do not lead to bounds with length less

than 1.

Figure 2.1b further illustrates this point by characterizing the relationship between ST and
the summary statistic coefficient v, from the logistic exposure model in Section 2.2.2 when
p = 1 and U following a standard Normal. Specifically, v;; was set to 0.1,0.5,1 and 2,
v, varied between 0.2 and 6, and v, = —7v;. We see that instrument strength ST of 0.5
corresponds to a coefficient v, of approximately 1.1,1.16,1.4 and 1.8 if v;; is 0.1,0.5,1 and
2, respectively. Coefficients with such magnitudes are rare in GWAS where genetic variants
often explain a small amount of variation in the exposure. More broadly, these values of
v, correspond to odds ratios between 3 and 6 and exceed some well-known magnitudes of
causal effects in cancer studies, say the effect of exposure to ultraviolet radiation on the
incidence of skin cancer where the odds ratios are estimated to be in the range from 1.4 to

2.22 (Schmitt et al., 2011).

Next, we examine what kind of v, is needed in order for the two-sample IV bounds to
exclude the null effect of zero for a specified effect size of the ATE. This question is akin to
computing the power of bounds but with population-level quantities. We reuse the setup
for the exposure model described above and the logistic outcome model specified in Section
2.2.2. Specifically, the coefficients for the exposure model are the same as before. For the
outcome model, we vary Sy from 0.25 to 6 and set 5, = —fSx/2. Then, for each parameter
specification in the outcome model, we compute the corresponding ATE. Afterwards, we
find the smallest 7, that leads to a bound that does not cover 0, but covers the ATE; see
Appendix 2.D for more details. Figure 2.2 shows that even for a moderate effect size of
0.4, the corresponding v; must be around 2, a tall order for most GWAS. Also, as the
effect of unmeasured confounding increases via 7, a larger v, is needed to exclude the null
effect. In short, analyzing the ATE using bounds in a two-sample MR study is unlikely to
be informative; the bounds will often have length greater than 1 and rarely exclude the null

effect unless very strong genetic variants are used.
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Figure 2.1: Illustration of the relationship between instrument strength, length of bounds,
and coefficients from logistic regression model in two-sample MR settings. A: Relationship
between instrument strength (ST) and length of the IV bounds. Black line is the upper
bound on the two-sample IV bounds from Theorem 1. Black dots indicate one of the
10,000 IV bounds. Colored dots indicate bounds from real data; see Section 2.5 for details.
B: Coeflicients from logistic regression model and instrument strength (ST). Each color
represents different magnitudes of unmeasured confounding.
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Figure 2.2: Relationship between the smallest v; needed for a two-sample IV bound to
exclude 0 and the average treatment effect (ATE). Each color corresponds to different
levels of unmeasured confounding.

2.3.2 Would Multiple Instruments Help?

Based on the results above with a single instrument, a natural question from investiga-
tors is whether using multiple instruments can lead to more informative bounds for the
ATE(Swanson, 2017). For example, suppose we aggregate two-sample IV bounds across
multiple instruments by taking intersections of individual IV bounds; we refer to this as
intersection bounds. This approach may be inferior to another alternative where we expand
the levels of Z to accommodate multiple instruments(Swanson, 2017), but has the benefit
of being applicable to most two-sample MR studies with summary statistics from GWAS.
In particular, with typical summary-level data from two-sample MR studies where only
marginal associations are reported, it is not possible to expand the levels of Z to accommo-
date multiple instruments. As we show here, the strongest instrument often determines the
length of the intersection bound because the bounds from each instrument exhibit a nesting

property. That is, using one bound with the strongest instrument often provides the same
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amount of information about the ATE as the intersection of several bounds from multiple
instruments. We will illustrate this numerically in this section; Appendix 2.E provides the

exact technical conditions that lead to the nesting property.

Suppose for a moment that the true model for the data follows the models in Section 2.2.2.

We consider either p = 10 instruments or p = 50 instruments with the following ~, values:

1. Many weak instruments: ~y; are spread out evenly on the interval 0 to 0.2.
2. Many strong instruments: ; are spread out evenly on the interval 1 to 4.

3. Many very weak instruments, one medium strength instrument: v;, 1 =1,2,...,p — 1,

are evenly spread out on the interval 0 to 0.01, and v, = 0.2.

4. Many medium strong instruments, one strong instrument: v;, ¢+ = 1,2,...,p — 1, are

evenly spread out on the interval 1 to 1.2, and v, = 4.

The first scenario mimics typical magnitudes of v, seen in MR studies where many genetic
traits weakly contribute to the expression of complex traits (Loh et al., 2015; Shi et al.,
2016; Nj et al., 2017). The third scenario represents a genetic architecture where only few
genetic variants have strong effects on the exposure and the rest have weak effects (Yang
et al., 2010). Scenarios 2 and 4 are similar to scenarios 1 and 3, but with larger coefficients.
We don’t expect to observe scenarios 2 and 4 in practice, but the magnitudes of «ys in these

scenarios were shown from Section 2.3.1 to produce informative bounds when p = 1.

For each scenario, we use monte carlo integration to obtain P(X = 1|Z; = 2;) and P(Y =
1\Zj = zj) from the data generating model. We then use these quantities to obtain two-
sample IV bounds for each of the p instruments. Figure 2.3 shows the results for 8y = 0.25
and By = 1, but similar trends are observed for 8y = 0.5, fx = 1.5, or Bx = 2; see
Appendix 2.F. In all scenarios, the bounds are nested within each other. Thus, if we were to
aggregate bounds by taking intersections, the length of the intersection bounds will only be

as strong as the bounds from the strongest instrument. Also, all bounds are non-informative,

except for scenario 4 when p = 10 and Sy = 1.
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Figure 2.3: Two-sample bounds with p = 10 or p = 50 instruments. Bounds from strongest
instruments are highlighted in red. Blue lines denote the true average treatment effects
(ATEs). Columns represent effect size of the exposure and the unmeasured confounder on
the outcome on the logit scale. Rows represents different scenarios of multiple instruments.
The y-axis represents instrument strength measured by v, and the x-axis represents the
average treatment effect.
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Our results also have dire implications when some instruments turn out to be invalid. If,
as suggested by Swanson (2017), we take the union of IV bounds instead of intersections so
that the union bound is guaranteed to cover the true ATE so long as there is at least one
valid instrument, the union bound will likely be non-informative because there was at least
one IV bound in our scenario that was non-informative. Without making some assumptions
about the nature of the invalid IVs when multiple IVs are used, a bound-based analysis will

likely not reveal any useful information about the ATE.

Overall, combining our results in Section 2.3.1, our conclusion about using nonparametric
IV bounds in two-sample MR studies is grim. A useful bound-based analysis would require
very strong instruments and/or effect sizes; relatedly, the instruments must be stronger
than those from one-sample studies. Also, multiple instruments are no better than having

a single, strong instrument.

2.3.3 Pleiotropy

A major concern in MR studies is pleiotropy, which is a violation of the exclusion restriction
(A3). In particular, a practical concern is that when (A3) is violated, the two-sample IV
bounds may still produce bounds about the ATE, say in terms of length or detecting the
sign of the effect, and mislead investigators about the magnitude or direction of the ATE.
Or, the verifiable constraints that are part of the bounds may fail to detect the violation
of (A3) and again, mislead investigators about the presence of an invalid instrument. To
this end, we reuse the exposure model specified in (2.2) with p = 1, and use the following

outcome model:

logit(P(Y =1|X =2,Z = 2,U =u)) = B, + Bxx + Bz + Byu. (2.6)

We set the coefficients Sy € {—2,—1,0,1,2}, 8, € {—0.5,—-0.25,—0.1,0,0.1,0.25,0.5}, 5, =
—Bx/2,7, € {—0.5,—0.25,-0.1,0,0.1,0.25,0.5}, and =, = —y; while v, = ; = 1. Figure

2.4 shows the results. In every single scenario, the bounds do in fact cover the ATE. That
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is, weak instruments effectively dominate the behavior of the bounds, including any biases
that may be incurred from a pleiotropic instrument, and produce wide bounds. Also, the
verifiable constraints in equation (2.5) are never violated, suggesting that they are limited
in their ability to detect violations of the assumptions when instruments are weak and in
general, subject-matter knowledge may be a more powerful argument for (or against) the
validity of an instrument. Appendix 2.G provides additional results concerning the effect of

pleiotropy on the bounds.

2.3.4 Dichotomizing a Continuous Exposure and Effect on Two-

Sample Bounds

In many MR studies, the exposure is often a continuous variable and using a bound-based
analysis on such studies require dichotomizing the exposure variable. For example, in Sec-
tion 2.5 where we study the effect of cholesterol on heart disease, we use a dichotomized
exposure variable in order to use a bound-based analysis. Dichotomizing the exposure
variable raises many important questions ranging from the interpretability of the estima-
tor for the exposure effect to whether the estimator is actually estimating a causal quan-
tity(Burgess and Labrecque, 2018). In this section, we show the effect of dichotomization on
two-sample bounds by showing that if the exposure has a monotonic effect on the outcome,
the two-sample bounds using a dichotomized exposure can be used to detect the sign of the

underlying causal effect.

Let X be a continuous exposure, and Y? be a potential outcome under the continuous
exposure Z. We define the dichotomization of the exposure as X = 1[% > ¢] for some ¢, and
link the potential outcome under a binary exposure and the continuous exposure as Y! = yé
for # > c and YO = Y? for # < ¢. Without loss of generality, under the monotonicity
assumption where the outcome increases as the exposure increases, i.e. P(’)}/i < ,}\;j*é) =1
for all Z and € > 0, we have for any &’ > Z, sign (E[’}\;i/ —?i]) =sign (E[Y!'—=YY)) =1,

see Appendix 2.H for a formal argument.

We numerically illustrate the result through a simulation study. We use a linear model for
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Figure 2.4: Two-sample bounds (horizontal lines) and average treatment effects (vertical
blue lines) under pleiotropy. Columns represent the effect size of the exposure on the logit
scale, rows represent the magnitude of violation of assumption (A3). The x-axis shows
average treatment effect (ATE), and the y-axis represents instrument strength as
measured by ;.
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the continuous exposure with v, = 0, and a logistic model for the outcome. We generate a
data set with 10,000, 000 observations, dichotomize the exposure using the observed median
of the exposure, and then calculate the nonparametric two-sample IV bounds. Figure 2.5
show parts of the results; the full set of results can be found in Appendix 2.H. We see that
whenever the two-sample IV bounds based on the dichotomized exposure allow us to make
conclusions about the direction of the exposure effect, the inferred direction is the same as

the direction of the effect of the continuous exposure.

2.3.5 Finite-Sample Behavior of Bounds With Estimated Probabil-

ities

The nonparametric bounds discussed above are all derived assuming population level prob-
abilities are available. In practice, we estimate the probabilities from a sample using logistic
regression; see Section 2.2.3, Section 2.5, Appendix 2.J, and Appendix 2.H.3. In particular,
in Appendix 2.H.3, we show numerically that for all practical values of instrument strength
in MR, incorporating additional uncertainty from estimation leads to bounds with 100%
empirical confidence levels. Only when the instruments are implausibly strong do we see
loss in coverage. This result is not surprising since we have shown above that two-sample
IV bounds without accounting for estimation error are often wide and non-informative and
adding additional uncertainty from estimation will inevitably enlarge these bounds; see

Section 7 in Swanson et al. (2018) for a similar observation.

2.4 Characterizing the Loss of Information in Two-

Sample MR Studies

As hinted in Theorem 2.1, the increase in the bound’s length is an inevitable “cost” of using
two-sample designs instead of one-sample designs in MR studies. This section examines this

loss of information by creating a plausible range of the joint distribution of the outcome and
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Figure 2.5: Nonparametric bounds based on a dichotomized exposure. Columns represent
the effect size of the exposure on the logit scale. Rows represent different values of the
intercept ;. The y-axis shows the effect of the instrument on the continuous exposure,
and the x-axis shows the average treatment effect.
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the exposure given the instrument, P(X = z,Y = y|Z = z), based on the observed data
from two-sample MR studies; as mentioned before, this joint distribution determines the IV
bounds in one-sample designs and seeing how much of it can be inferred from two-sample
designs provide us with a way to characterize the loss of information from using two-sample

designs.

Formally, the joint conditional distribution P(X = z,Y = y|Z = z) can be written as a
function of the marginal conditional distributions P(X = x|Z = z) and P(Y = y|Z = 2)
from two-sample MR studies and the conditional covariance of the exposure X and outcome

Y given the instrument Z, i.e. Cov(X,Y|Z = z), via the following formula

PX=zY=ylZ=2=PX=u|Z=2PY =y|Z =2)+(2I[xr = y|-1)Cov(X,Y|Z = z).

(2.7)
Because Cov(X,Y|Z = z) is impossible to estimate from two-sample MR studies, we take
a random sample from —1 to 1, akin to placing a flat, uniform prior on —1 to 1. The
sampled value of Cov(X,Y|Z = z) must not only produce a proper probability distribution
of (X,Y]Z), but also satisfy the verifiable constraints from the IV assumptions. Specifically,
Cov(X,Y|Z = z) must satisty

—P(X=1|Z=2)P(Y =1|Z = 2)
—P(X =0|Z=2)P(Y =0|Z = z)

Ea P(X=1|Z=2)P(Y =0Z=z2)—1
P(X=0|Z=2)P(Y =1|Z=2)—1

< Cov(XY|Z =2) <

1-P(X=1Z=2)P(Y =1|Z =z2)
| 1-P(X=0/Z=2)P(Y =0|Z = 2)
min

? P(X=1Z=2)P(Y =0|Z = 2z)
P(X=0|Z=2)P(Y =1|Z = 2)

Also, for any pair of (z,2") € {0,1,2} x {0,1,2}, the values of Cov(X,Y|Z = z) and
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Cov(X,Y|Z = 2’) must satisfy

—P(X=0|Z=2)P(Y =0[Z=2)—P(X=0/Z=2)P(Y=1|Z=2)
P(X=1Z=2)PY =01Z=2)+P(X=1|Z=2)P(Y =1|Z=2)—1
max

PX=01Z=2)P(Y=0[Z=2)+P(X=01Z=2)PY =1|Z=2)—1
—P(X=1Z=2)P(Y=0|Z=2)—P(X=1|Z=2)PY =1|Z = 2)

< Cov(X,Y|Z =2)—Cov(X,Y|Z=2")<

1-P(X=0[Z=2)P(Y =0[Z=2)—P(X=0[Z=2)P(Y =1Z=2)
P(X=1|Z=2)P(Y =0Z=2)+P(X=1Z=2)PY =1|Z =7
P(X=0|Z=2)P(Y =0[Z=2)+P(X=0Z=2)P(Y =1|Z = 2)
1-P(X=1Z=2)P(Y =01Z=2')—P(X =1|Z = 2)P(Y = 1|Z = z)

We sequentially sample values of Cov(X,Y|Z = 0),Cov(X,Y|Z = 1),Cov(X,Y|Z = 2),
such that the above inequalities are satisfied. Among such samples, we calculate the joint
distribution of P(X = z,Y = y|Z = z) using (2.7), leading us to a plausible set of values

for the joint distribution P(X = z,Y = y|Z = 2).

For each plausible joint distribution P(X = z,Y = y|Z = 2), we use the one-sample IV
bounds (Balke and Pearl, 1997; T. S. Richardson and Robins, 2014) to obtain a bound
for the ATE. If a large number of one-sample IV bounds obtained from this procedure
does not cover zero, then there is some evidence for a non-zero exposure effect and a one-
sample MR study may yield informative bounds on the ATE. However, if a large number of
the one-sample IV bounds covers zero, there is little hope of obtaining information about
the ATE if we used a one-sample MR design; in other words, the one-sample IV bounds
are equally likely to be conservative as the two-sample IV bounds. This approach can
be extended to intersection bounds based on multiple instruments; see Appendix 2.I. For
convenience, the approach is implemented as a Shiny web application for investigators to

use at https://rtrane.shinyapps.io/potential-one-sample-bounds.

Table 2.1 presents nine different sets of values of the marginal distributions P(Y|Z) and

P(X|Z) that investigators could theoretically obtain from hypothetical two-sample MR



40

studies. Figure 2.6 shows the one-sample IV bounds from the procedure we illustrated

above.
[l Two-Sample Bounds [ll] Overlaps Zero [ Does not Overlap Zero
1 2 3
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Figure 2.6: One-sample bounds (horizontal lines) and two-sample bounds (vertical dotted

lines). Red color represents one-sample bounds that do not cover zero and gray color
represents one-sample bounds that do cover zero.

Row A of Figure 2.6 shows three scenarios where the two-sample bounds are all centered

close to zero with similar length. But, the conclusions from the one-sample bound analysis

are rather different. Column 1 shows no one-sample bounds would allow us to determine

the presence of a non-zero exposure effect. Column 2 indicates that about 26.3% of the
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one-sample IV bounds do not contain 0 while for column 3 that number is approximately

35.9%. However, the latter includes one-sample bounds entirely above and below 0.

Row B illustrates three scenarios where the two-sample bounds are centered well above zero
and have large length. We see one case where we have no hope of determining direction
of the ATE from the one-sample bounds (column 1), one case where we are most likely to
determine the ATE’s direction (column 2), and one case where we are unlikely to determine

the ATE’s direction (column 3).

Row C is similar to row A in that all the two-sample bounds are centered around 0, but the
lengths of the two-sample bounds are narrow. The three columns indicate similar conclusions
as row A, showing that even with rather narrow two-sample bounds centered around 0,
the one-sample bounds may not reveal information about presence or the direction of the

exposure effect.

Overall, the proposed procedure and the examples above show that a bound-based analysis
could have been useful had we used a one-sample design compared to a two-sample design.
Nevertheless, we mention a word of caution when interpreting the results above, especially
concerning the sampling of the covariance values. For example, a scenario like the one
resulting in the bounds presented in row B, column 2 only provides information about the
plausibility of different one-sample bounds; it does not provide the probability of each bound
not covering zero. However, if the true ATE is in fact negative, the proposed procedure does
rule out the possibility of one-sample bounds being able to ascertain this because all one-

sample bounds covering a negative ATE also covers 0.

2.5 Using Bound-Based Analysis in Two Positive Con-

trol Examples

We demonstrate our findings about the behavior of two-sample IV bounds on two real MR

studies. Our first study examines the effect of smoking on incidence of lung cancer and our
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second study examines the effect of self-reported high cholesterol status on incidence of heart
attack. The effect of smoking on lung cancer is known to be strong and positive (Smoking
and Health, 1964). Also, while the exact mechanism between high cholesterol and heart
disease is still being discussed (Holmes et al., 2015; T. G. Richardson et al., 2020), some
meta-analyses of randomized clinical trials on the effect of cholesterol-lowering medication
suggest a strong causal relationship (Cholesterol Treatment Trialists’ (CTT) Collaborators,
2012; Cholesterol Treatment Trialists’ (CTT) Collaborators, 2005). In both cases, we assess
what conclusions can be obtained by using bound-based analyses in studies where the causal

effects are strong and positive.

The study data were obtained from the UK Biobank data stored in the Integrative Epi-
demiology Unit (IEU) GWAS database. We use the TwoSampleMR R package (Hemani et
al., 2018) with the recommended defaults to extract and clean the data. For more details,

see Appendix 2.J.

For the effect of smoking on lung cancer, we used 84 genetic instruments, and for the effect
of cholesterol on heart attack, we used 54 genetic instruments. The average instrument
strengths were 0.0042 (range: 0.0032 to 0.0091) for smoking and 0.0005 (range: 0.0002 to
0.0022) for cholesterol; these values are much smaller than the ST = 0.5 needed to guarantee
bounds with length less than 1. As such, the two-sample bounds in Figure 2.7 are wide;
all of them have length greater than 1 and they convey no information about the causal
effects of interest. Additionally, using our method from Section 2.4, the direction of the ATE
would not have been detectable had we used a one-sample design; see Figure 2.8. Appendix
2.J contains additional analysis, notably demonstrating that aggregating multiple bounds

through intersections are also non-informative.

Overall, while nonparametric bounds allow us to not make parametric assumptions frequent
in two-sample MR analyses, they may provide little, if any, information about the exposure
effects, even if the exposure effect is known to be positive and strong. Additionally, since
many two-sample MR studies involve weak instruments, we believe bound-based approaches

will likely have limited practical value to uncover causal effects.



43

A B
rs7948789 4 I I rs799157 q }—{
rs71550128 } I rs7213086 4 }—‘
rs4957528 4 I I rs56299331 }—{
rs1565735 I I rs3127580 }—‘
rs12608052 I I rs1883711 4 }—{
rs11646575 - I I rs12740374 4 }—‘
rs1029986 4 } I rs10804330 }—’
rs10193706 I I rs10260606 - }—{
-TI.O —OI.S 0?0 0f5 170 -1IAO -OI.5 0:0 075 1?0
ATE ATE

Figure 2.7: Two-sample IV bounds for the two real data examples with 8 SNPs from each
data set. A: Two-sample IV bounds for the ATE of smoking on the incidence of lung
cancer. B: Two-sample IV bounds for the ATE of high cholesterol on the incidence of
heart attack.

2.6 Discussion

Nonparametric bounds are without a doubt an attractive concept. With a minimal set of
assumptions, they let investigators obtain bounds on the average treatment effect. However,
as we have seen above, in typical MR studies with two-sample summary data, a bound-based
analysis may generally be uninformative for two reasons. First, while IV bounds in one-
sample settings have length always less than 1, in two-sample settings, this is not always
the case, and the bounds are often more conservative. Second, many genetic variants in
MR studies are too weakly associated with the exposure to produce bounds with length less
than 1 or bounds that exclude 0. Indeed, our two real data examples showed that despite

having strong causal effects, bound-based analyses were unable to detect these effects.

We also outlined an approach to roughly quantify the information loss going from one-
sample designs to two-sample designs and to assess the range of conclusions that can be
drawn if we had one-sample data. We demonstrate our method to a few different settings of
two-sample data and showed the range of conclusions that can be drawn about the plausible

one-sample nonparametric bounds. Investigators can also use our Shiny web application to
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Figure 2.8: Potential one-sample IV bounds for the two real data examples using the
method described in Section 2.4. A: One-sample IV bounds for the ATE of smoking on the
incidence of lung cancer from 500 potential one-sample distributions for each SNP. B:
One-sample IV bounds for the ATE of high cholesterol on the incidence of heart attack
from 500 potential one-sample distributions for each SNP.



45

compare one-sample and two-sample designs for bound-based analysis.

Overall, our general recommendation for practice is that unless investigators have a very
strong instrument, ideally exceeding ST > 0.5, bounds will unlikely be useful as a nonpara-
metric analysis of the ATE, even with multiple instruments. Even if ST > 0.5, one would
need strong IVs and/or strong effect sizes to make sure that the bounds do not cover 0.
Finally, investigators can use our procedure above to assess whether it is worthwhile to use
a one-sample MR design over a more typical (and arguably easier) two-sample MR design
as the bounds under a one-sample design is generally less conservative than bounds from a

two-sample design.

Nevertheless, there may be few limited, but meaningful use cases for using bounds to study
the ATE in two-sample MR studies; see Diemer et al. (2020) for one example based on IV
inequalities. First, when one has prior knowledge about the direction of the effect, but wish
to get a better sense of its magnitude, nonparametric bounds can provide an upper limit
on this magnitude. For example, when the exposure is known to cause harm or benefit, say
in our smoking example, an upper bound on this effect would tell investigators about the
maximum possible effect that smoking could have on increasing the incidence of lung cancer.
Second, two-sample IV bounds can be used to check estimates from parametric methods
to see if they lie inside of the bounds; if the estimates lie outside of the bounds, then the

parametric models underlying the estimates are likely mis-specified.

We also note that as part of our study into two-sample bounds, we encountered bounds where
the upper bound is smaller than the lower bound in the two-sample IV bounds above as well
as existing formula for one-sample IV bounds with multi-level instruments; see Appendix
2.B for more details. In particular, we never see this behavior when the instrument is
binary for both one- and two-sample data. Also, when the instrument takes on three values,
we never encounter this scenario in one-sample bounds. But, when the instruments take
on three values and we have two-sample data, we do see it in 0.84% of the 10,000,000
unique probability distributions we tried. When the instrument takes on four categories,

this behavior occurs in 0.04% of 10,000, 000 unique probability distributions for one-sample
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data and 1.27% of 10,000,000 unique probability distributions for two-sample data. Note
that all of these bounds passed the existing falsification constraints (equation (2.5)). Our
conjecture is that existing works on one-sample and two-sample bounds are correct, but the
existing falsification inequalities derived from these bounds may not be tight enough under
non-binary instruments to detect potential violations of the the IV assumptions. That is,
both the one-sample and two-sample bounds can be computed irrespective of whether the
IV assumptions are satisfied or not. But, the current falsification inequalities under non-
binary IV settings may not leverage all parts of the observed data to detect violations of
the IV assumptions and it may be possible to use this behavior in the resulting bounds as
another falsification test in non-binary IV settings. We leave this interesting topic as future

research.
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Table 2.1: Values of P(X =1|Z = z) and P(Y = 1|Z = z) used to illustrate our approach.
For each cell (e.g. row A, column 1), we have
{P(X=1|Z=0),P(X=1|Z=1),P(X =1|Z = 2)} on the first row and
{P(Y=1|Z=0),P(Y =1|Z =1),P(Y = 1|Z = 2)} on the second row.

Column 1

Column 2

Column 3

Row A

Row B

Row C

{0.125, 0.399, 0.080}
{0.699, 0.840, 0.742}
{0.886, 0.968, 0.874}
{0.805, 0.822, 0.951}
{0.175, 0.079, 0.365}
{0.599, 0.358, 0.087}

{0.244, 0.275, 0.185}
{0.238, 0.089, 0.146}
{0.139, 0.441, 0.334}
{0.179, 0.359, 0.559}
{0.493, 0.911, 0.085}
{0.360, 0.480, 0.441}

{0.603, 0.469, 0.310}
{0.638, 0.346, 0.719}
{0.901, 0.909, 0.935}
{0.821, 0.810, 0.905}
{0.434, 0.045, 0.733}
{0.747, 0.370, 0.169}
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Appendices

This is the Appendix to our paper “Non-parametric Bounds in Two-Sample Summary-Data
Mendelian Randomization: Some Cautionary Tales for Practice”. This includes additional
details on how the ST measure relates to the concentration parameter; how we obtain bounds
on the Average Treatment Effect; proof of Theorem 2.1; additional details and results for the
simulation behind the “power” analysis presented in Section 2.3.1; the technical conditions
that lead to the nesting property of bounds discussed in Section 2.3.2; more results support-
ing our comments made in Section 2.3.2 in regards to the usefulness of multiple instruments;
the full set of results illustrating the effect of pleiotropy on the coverage of nonparametric
bounds from two-sample MR studies; full details on the effect of using a dichotomized expo-
sure variable; simulations showing the finite-sample behavior of the nonparametric bounds
from two-sample MR data; details on extending the reconstruction of one-sample distribu-
tions introduced in Section 2.4 to intersection bounds; summary statistics, and complete
results for the two example analyses presented in Section 2.5. For convenience, we include
a table of contents below.

2.A Relating ST to the Concentration Parameter

2.B Bounds on Average Treatment Effect

2.C Proof of Theorem

2.D Simulation Setup and Results

2.E Nestedness of Nonparametric Bounds under Monotonicity

2.F Would Multiple Instruments Help? Additional Figures

2.G Coverage Under Pleiotropic Genetic Markers

2.H Dichotomized Exposure Variable

2.H.3 Finite-Sample Behavior of Bounds With Estimated Probabilities
2.1 Sampling of Intersection Bounds From Two Instruments

2.J Additional Summary Statistics and Figures for Analyses
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2.A Relating ST to the Concentration Parameter

Stock et al. (Stock, Wright, et al., 2002) present a different measure of the strength of an
instrument called the concentration parameter. We will here see how our measure of strength
ST = max, ., |[P(X = 1|Z = 2z) — P(X = 1|Z = 2’)| can be related to the concentration
parameter.

The concentration parameter is defined based on a linear model of the relationship between
the exposure and the instrument. Here, we will consider the model with an intercept (Stock
and Yogo, 2005)

E[X | Z] = +mZ +e¢,

where 7,,7, are real-valued parameters and Z is the vector of values of the instrument,
ie. z; € {0,1,2}. Note that we treat the above model as a working model and not a
true model in roder to define the concentration parameter under a binary exposure. The
concentration parameter is then defined as

n
p2 =32 2y [0* =}y #2/0”
=1

Notice that in this model, P(X = 1|Z = z) = 7, + 7,2, meaning that ST = 2|v;|. Hence,
larger values of ST coincides with larger values of 2.

2.B Bounds on Average Treatment Effect

We briefly review the method presented by (Ramsahai, 2012) to bound the average treatment
effect using two-sample summary data. Let 7% = (P(Y =1X =0,U),PY = 1|X =

LU),P(X =1|Z=0,U),...,P(X =1|Z =k — 1,U)) € [0,1)2* and ¥* = (P(Y =0|Z =
0,U),...,P(Y =1|1Z=k—1,U),P(X =0|Z =0,U),...,P(X =1|Z = k—1, U),a*) where

ot =P =1X=1U)—P(Y =1/X =0,U).

Since U L Z, Ey|P(X =2|Z = 2,U)] = P(X =z|Z = z) and Ey[P(Y =y|Z = 2,U)] =
P(Y = y|Z = 2). Let ¥ = B[] = (P(Y =01Z=0),...P(Y =1|Z =k—1),P(X =

01Z=0), . ,P(X=1Z=Fk— 1),a>, where

a=Ey[PY=1X=1,U)—P(Y =1X =0,U)]
— E[Y!] — E[Y?] = ATE.

Note that while 7% and ¥* are both entirely unobervable, ¥ consists of k& observable values,
and one unobservable value, the ATE.
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By the exclusion restriction, we have

PX=zY=ylZ=2U)=PY =1X=2,U)P(X =2|Z =27TU),

which means we can define a mapping f : [0,1]?*% i+ ¥ such that f(7*) = v* as

(I—yo) (1 —zo) + (1 —y1) 2
Yo - (1 —20) + 41 - 7
f<y07y17x0’x17“'7xk71) = E
(1—=yo) (A —2pq) + (1 —yy) 744
Yo (1= 1) +y1 - Ty

We define ¥V = £([0,1]2"%).

Since ¥ = Ey[0*], ¥ must be a convex combination of #*. Let H be the convex hull of V.
Then ¢ will be in .

Now, let 7 be the set of extreme vertices of [0,1]2%, 7V = f(7), and # be the convex hull
of V. By Theorem 1 in Appendix B of (Ramsahai, 2012), H = 7. This means that ¢ € H.
Utilizing a program such as Polymake, we can describe K with a set of inequalities, which
give us constraints that ¥ must satisfy.

This means that we can obtain inequalities that the components of ¥ must satisfy by describ-
ing the extreme vertices of [0, 1]>**, map them to V using the relatively simple function f,
and then use polymake to find inequalities that characterize the convex hull of £([0,1]2*%).
This gives us a set of inequalities involving the components of ¥. Some of these will be
verifiable, as they will not include the only unobservable quantity «. Others will not be
verifiable, but will allow us to obtain bounds on the unobservable quantity « using the
observable entries of v.

Following the approach from Ramsahai (2012) as outlined above, we obtain bounds on the
average treatment effect from the quantities P(X = 1|Z = z) and P(Y = 1|Z = 2), z =
0,1,2. To do so, we first write down the most extreme values of each of P(Y = 1|X = z,U)
and P(X = z|Z = z,U) for all x = 0,1, z = 0,1,2. Since these are probabilities, the
extreme values are 0 and 1.

Table 2.2: Most extreme values of P(Y = 1|X = z,U) and P(X = 1|Z = z,U). Here,
PY1XxU = P(Y = 1|X = z,U) and PX1Z2U = P(X = 1|Z = z,U).

PY1X0U PY1X1U PY1Z20U PX1Z1U  PX1Z2U

0 0 0 0 0
0 0 0 0 1
0 0 0 1 0
0 0 0 1 1
0 0 1 0 0
0 0 1 0 1
0 0 1 1 0
0 0 1 1 1
0 1 0 0 0
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PY0ZOPY0Z1PYO0Z2PY1Z0PY1Z1PY1Z2PX0Z0PX0Z1PX0Z2PX1Z0PX1Z1PX1Z2 «
-1

—
—_
(@)
ja]
(@)
=
(@)
ja]
[
=
[
o

0 0 1 1 1 0 0 0 1 1 1 0 1
0 0 0 1 1 1 0 0 1 1 1 0 0
1 1 1 0 0 0 1 1 0 0 0 1 0
0 0 1 1 1 0 1 1 0 0 0 1 -1
1 1 0 0 0 1 1 1 0 0 0 1 1
0 0 0 1 1 1 1 1 0 0 0 1 0
1 1 1 0 0 0 0 1 0 1 0 1 0
1 0 1 0 1 0 0 1 0 1 0 1 -1
0 1 0 1 0 1 0 1 0 1 0 1 1
0 0 0 1 1 1 0 1 0 1 0 1 0
1 1 1 0 0 0 1 0 0 0 1 1 0
0 1 1 1 0 0 1 0 0 0 1 1 -1
1 0 0 0 1 1 1 0 0 0 1 1 1
0 0 0 1 1 1 1 0 0 0 1 1 0
1 1 1 0 0 0 0 0 0 1 1 1 0
1 1 1 0 0 0 0 0 0 1 1 1 -1
0 0 0 1 1 1 0 0 0 1 1 1 1
0 0 0 1 1 1 0 0 0 1 1 1 0

Theorem 1 of Ramsahai (2012) tells us that the values of P(X = 1|Z = 2), P(Y = 1|Z =
z), z = 0,1,2 must lie in the convex hull of the vertices given by the rows in Table 2.3.
This means that the vector of these values must be a convex combination of the rows in said
table. Using this with the fact that they must sum to 1 is what enables us to use polymake
to find inequalities that the values of P(X = 1|Z = z), P(Y = 1|Z = z), and a must satisfy.
In this particular case, these are as presented below. This table should be read as rows of
coefficients for which it holds that Zz:o ¢x1z.  P(X =1Z = 2) + Zzzo Cyoz. - P(Y =
01 Z=2)+cyi150 - PY =1Z=0)+c,a>0.

Table 2.4: Results from polymake. Columns with all zeroes have been removed.

Cy 020 Cyoz1 Cyoz2 Cy120 Cx1z0 Cx121 Cx122 Ca
2 0 -1 0 2 0 0 -1
1 0 -1 1 0 0 0 0
1 -1 0 1 0 0 0 0
1 -1 0 0 1 1 0 0
1 0 -1 0 1 0 1 0
2 0 -1 1 1 0 -1 -1
2 -1 0 1 1 -1 0 -1
2 0 -2 1 0 0 2 1
2 -1 0 1 -1 1 0 1
4 0 -2 3 0 0 -2 -1
2 -2 0 1 0 2 0 1
4 -1 0 2 -2 0 0 1
4 0 -1 2 -2 0 0 1
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Cyoz1 Cyo0z2 Cy120 Cx1Z20 Cx171 Cx172

€y 020




o4

Cyo0z0 Cyoz1 Cy02z2 Cy1zo0 Cx120 Cx1z1 Cx1z2 Ca
1 0 0 0 1 0 0 -1
-1 0 2 0 0 0 2 -1
1 2 0 2 0 -2 0 1
1 1 -2 1 0 0 2 1
-1 1 0 0 1 1 0 0
0 1 0 0 0 1 0 -1
0 0 1 0 0 0 1 -1
1 0 0 2 -1 0 0 -1
-1 1 0 1 2 0 0 1
3 1 -2 3 0 0 -2 -1
0 -1 2 0 0 0 2 -1
1 0 1 2 -1 0 -1 0
1 0 0 0 0 0 0 0

The matrix presented in the table above simplifies to the following set of bounds on the
average treatment effect. These are obtained by considering the rows above where ¢, # 0.

PY=1Z=i—2-P(Y=1Z=4)—2 P(X =1|Z =)
PY=1Z=0)+PX=1Z=i))—PY =1Z=j)—P(X=1Z=j)—1
2.P(Y=1Z=i)42-P(X=1Z=i)—P(Y=1|Z=7j)—3

maxi#
max#j

max maxi# j

max; —PY =1Z=i)—P(X=1|Z=1)
max, PY=1Z=i)+PX=1Z=i)—2
<a< (2.8)
ming; P(Y=1Z=i)—2-P(Y =1|Z=j)+2-P(X=1|Z=j)+1
ming; PY=1Z=i)+2-P(Y=1Z=j)—-2-P(X=1[Z=j)+1
min¢ min;; PY =1Z=i)-PX=1Z=i)+P(X=1Z=j)-PY =1Z=j)+1

min,; PX=1Z=i)—PY=1Z=i)+1
min,; PY=1Z=i)—-PX=1Z=i)+1

(2.9)

Furthermore, we obtain the following checkable constraints from the rows where a = 0:

ming,; P(Y =1Z=i)—P(X =1|Z =i)— P(Y = 1|Z = j) = P(X = 1|Z = j) +2
min;,; PY =1|Z=i)+P(X=1|Z=1i)—P(Y =1|Z =j)+ P(X =1]|Z = j)
. min, P(X=1|Z=1)
v >
MY min,  P(Y =12 =) 20

min, 1-P(X=11Z=1)

min; 1-PY =11Z =1)
(2.10)
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We notice that the constraints from the law of probability are recovered (the last four
expressions above) along with 12 non-trivial constraints.

These bounds involve 24 different expressions on both the lower and upper end, making an
algebraic exploration of the bounds very challenging. However, by imposing two additional
monotonicity assumptions, the bounds reduce to just three expressions on the lower end
and three expressions on the upper end. This is done by removing rows in the matrix of
extreme vertices where the monotonicity assumptions are violated before using Polymake
to get the inequalities. The additinal assumptions are

(A5) (Monotonicity between Z and X) P(X = 1|Z = 2,U) < P(X = 1|Z = z+ 1,U) for
z=0,1,2

(A6) (Monotonicity between Z and Y) P(Y = 1|Z = 2,U) < P(Y = 1|1Z = 2+ 1,U) for
2=0,1,2

and the resulting bounds are

PY=1Z=k—2-P(Y=1Z=0)—P(X=1/Z=0)
max{P(Y:1Z:k)—P(Y:1|Z:O)+P(X:1|Z:2)—P(X:1|Z:0)—1}
2.P(Y=1Z=k —PY=1Z=0)+P(X=1Z=k) —2
< ATE <
P(X=1Z=0—-PY =1Z=0)+1
min{P(Y:1Z:k)—P(Y:1|Z:0)+P(X:1|Z:0)—P(X:1|Z:k)+1}
PY=1Z=k—-P(X=1Z=k +1

It should be noted that imposing these additional assumptions do not tighten the bounds,
it only simplifies the expressions.

We encountered one surprise when studying the behavior of the bounds in (2.8). Of 10,123
randomly generated sets of values for P(X = 1|Z = 2),P(Y = 1|Z = z), 2 =0,1,2, 123
resulted in bounds where the upper limit is smaller than the lower limit without violating any
of the verifiable constraints presented in (2.10). Table 2.5 gives the values of the marginal
conditional distributions with the strength of the IV, the corresponding bounds, and the
length. It is notable that the I'Vs are rather strong in all cases where we see the bounds flip,
but the bounds themselves and the length vary quite a bit.

We first attributed this to the transition from one-sample to two-sample bounds, but later
realized similar scenarios arise when dealing with one-sample bounds from four category
IVs. We present some of these in Table 2.6, where we include the one-sample distributions
with the strengths of the IVs, and the length of the resulting bounds. Again, it is interesting
to see the large span of lengths and strengths present.

To further explore this, we randomly generated 10,000, 000 distributions of both P(X,Y|Z)
and P(X|Z),P(Y|Z) for an instrument Z with k = 2,3,4 categories. In Table 2.7, we
tabulate the one-sample distributions based on whether or not they violate the verifiable
constraints, and whether the bounds are flipped. Table 2.8 is the equivalent table for two-
sample distributions. We note that we do not see any flipped bounds for one-sample bounds
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when the instrument is binary or with three categories that meet the verifiable constraints,
but we do see this when the instrument has four categories, albeit very rarely. For two-
sample bounds, we see flipped bounds that are not caught by the verifiable constraints even
when the instrument has three categories, and in more than one percent of the distributions
when the instrument has four categories.

We have been unable to unearth a reason for why we see this phenomenon. One possible
explanation is that the distributions that result in flipped bounds violate some uncheckable
assumption.
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Table 2.6: Lower and Upper limits of bounds where the upper limit is less than the lower
limit for trivariate distributions with four category instruments.

Lower Upper  Strength Length
0.1796920  0.0395535 0.0853119 -0.1401385
-0.0038326  -0.1264492 0.1539099 -0.1226166
-0.0169573 -0.1304422 0.2235469 -0.1134849
-0.0620851 -0.1743916 0.0805434 -0.1123066
0.0996764 -0.0065497 0.2112420 -0.1062260
-0.0348047 -0.1393748 0.1884223 -0.1045701
-0.0097177  -0.1102060 0.0874967 -0.1004882
-0.0470850 -0.1435686 0.1458296 -0.0964835
-0.1052398 -0.1993785 0.2667633 -0.0941387
0.1097975  0.0268471 0.1774704 -0.0829504
0.1884781  0.1110487 0.3297432 -0.0774293
0.0174359 -0.0580424 0.2058740 -0.0754784
-0.0530855 -0.1187770 0.2521754 -0.0656915
0.0534080 -0.0107149 0.1509847 -0.0641230
-0.0660707 -0.1258819 0.2831483 -0.0598112
0.3495840  0.2945716 0.3633999 -0.0550124
0.1665198  0.1136389 0.2131245 -0.0528809
-0.0356540 -0.0879713 0.2476628 -0.0523173
0.1089847  0.0575836  0.1941017 -0.0514012
0.0086756 -0.0338341 0.2340061 -0.0425097
0.1335166  0.0930974 0.4555966 -0.0404192
0.1163970  0.0761754 0.1573917 -0.0402216
-0.1249197  -0.1611461 0.1712798 -0.0362264
-0.1252239 -0.1581375 0.1035529 -0.0329136
-0.2954311  -0.3273509 0.3077593 -0.0319199
0.0274287 -0.0007244 0.0813449 -0.0281530
-0.1317444 -0.1586467 0.3469784 -0.0269023
0.1050533  0.0818064 0.2388595 -0.0232469
-0.1980031 -0.2156885 0.2205149 -0.0176854
0.0408272  0.0265662 0.1314643 -0.0142609
0.1255375  0.1131666  0.0426523 -0.0123709
-0.1421790 -0.1523644 0.1409053 -0.0101854
-0.0997312  -0.1083943 0.3816466 -0.0086630
-0.0304169 -0.0353880 0.1323408 -0.0049711
0.0094786  0.0046709 0.2838685 -0.0048077
-0.0217285 -0.0245811 0.3531008 -0.0028526
-0.0563955 -0.0583218 0.4092683 -0.0019263




Table 2.7: For each category, 10,000,000 distributions of P(X,Y|Z) were randomly
generated.

k  Verifiable Constraints Violated upper < lower n Proportion

FALSE FALSE 9611081 0.9611

TRUE FALSE 291802 0.0292

TRUE TRUE 97117 0.0097

3 FALSE FALSE 8822427 0.8822

TRUE FALSE 682620 0.0683

TRUE TRUE 494953 0.0495

4 FALSE FALSE 7802425 0.7802

FALSE TRUE 3797 0.0004

TRUE FALSE 1013534 0.1014

TRUE TRUE 1180244 0.1180

Table 2.8: For each category, 10,000,000 distributions of P(X|Z) and P(Y|Z) were

randomly generated.

k  Verifiable Constraints Violated upper < lower n Proportion
2 FALSE FALSE 8333580 0.8334
TRUE FALSE 925808 0.0926
TRUE TRUE 740612 0.0741
3 FALSE FALSE 6000482 0.6000
FALSE TRUE 83565 0.0084
TRUE FALSE 1513834 0.1514
TRUE TRUE 2402119 0.2402
4 FALSE FALSE 3951817 0.3952
FALSE TRUE 127177 0.0127
TRUE FALSE 1567644 0.1568
TRUE TRUE 4353362 0.4353
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2.C Proof of Theorem

We present the proof of Theorem 2.1.

First of all, recall that the nonparametric bounds for instruments with & = 2,3,4 can be
written as

max,,,, PY =1Z=2)-2-PY=1Z=2)-2-PX=1Z=7%)
max,,,, PY=1Z=2)+P(X=1Z=2)-PY=1Z=2)-PX=1Z=2)-1
max<{ max,,, 2-P(Y=1Z=2)+2-P(X=1|Z=2)-PY =1Z=2)-3

max, —PY=1Z=2)—-P(X=1Z=%)
max, PY=1Z=2)+PX=1Z=2) -2
< ATE < (2.11)

min,,,, PY =1Z=2)-2-PY =1Z=2)+2-P(X=1Z=2)+1

min,,, PY =1Z=2)+2-PY=1Z=2)-2-PX=1Z=2)+1

ming min,,,, PY =1Z=2)-PX=1Z=2)+PX=1Z=2)-PY =1Z=2)+1

min, P(X=1Z= ) PY=1Z=2)+1

min, PY=1Z=2)—-PX=1Z=2)+1

By definition, ST = max, ,[P(X =1|Z=2)-P(X =1|Z=2")]. Le. ST = P(X =
11Z = z,,,.) — P(X = 1|1Z = = where z,,,, = argmax, P(X = 1|Z = z) and
Ziin = argmin, P(X = 1|7 = z).

min

Next, for the second expression in the lower bound,

H;aXP(Y =11Z=2)—PY=1Z=2)+PX=1Z=2)—PX=1Z=2)—-1
z#z

>PY=1Z==z
=PY=1Z==z

PY=1Z=z
PY=1Z=z

+P(X=1Z==z
+ST—1

PX=1Z==z 1

ma:r) mzn) maw) mzn)

maa:) mzn)

and therefore the lower bound is bounded below by LB > P(Y = 1|Z = =z
11Z = z,;,) + ST — 1.

min

Similarly, for the third expression in the upper bound,

H;ir/lP(Y =11Z=2)—PY=1Z=2)—PX=1Z=2)+P(X=1Z=2)+1

<PY=1Z==
—P(Y=1Z==

PY =1Z=z
—P(Y=1Z==z

—P(X=1Z=2,,,) + P(X=1Z =2, +1
—ST+1

max) min)

maa:) min)

and so the upper bound is bounded above by UB < P(Y = 1|Z = z,,,.,) — P(Y = 1|Z =
z —ST+1.

min)

This leads us to conclude that the length can be bounded from above:



length=UB—-LB<PY =1|Z =z,,,,)
—(PY=1Z==
=2-—2-ST.

—P(Y=1Z==z

maz)

—ST+1

—P(Y=1Z=2,,)+ST—1)
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2.D Simulation Setup and Results

Here we provide details on the simulation used to obtain the results presented in Sec-
tion 2.3.1.

Since GWAS results are most often reported as summary statistics and coefficients from
a logistic model, we use monte carlo integration to show the relationship between ST and
coefficients in a logistic model. We use the model introduced in Section 2.2.2 with p = 1.
Throughout, we set v, = —y; and S, = —fx/2. This is done to maximize the differences
between probabilities P(X = 1|Z = z), 2 = 0,1,2, and P(Y = 1|Z = z), z = 0,1,2. For
simplicity, we also keep By = vy

For each combination of values of the coefficients v, v, Bx listed below, 10,000,000 real-
izations of the unmeasured confounder U are drawn from a standard normal distribution.
For each realization, a value of Z is drawn such that P(Z = 0) = P(Z = 2) = 0.25, and
P(Z = 1) = 0.5. Next, values of X and Y are generated using these values such that
logit(P(X = 1|1Z = 2,U = u)) = vy + 712 + ypu and logit(P(Y = 1|1X = 2,U = u)) =
By + Bxx + Byu. This results in 10,000,000 realizations of (X,Y,Z,U). From these, we
find the marginal probabilities P(X = 1|Z = z) and P(Y = 1|Z = z), z = 0,1, 2, the values
of ST = max,,,/ [P(X = 1|Z = z) — P(X = 1|Z = /)| and the ATE = P(Y = 1|X =
1)—P(Y =1|X =0).

Table 2.9: The monte carlo integration was performed for all combinations of values of the
coeflicients v, v, and By presented below.

B "1 Tu
0.25,0.5,1,1.5,2,4,6 0.2,0.4, 0.6, 0.8, 1, 1.2, 0.1,0.5, 1, 2
14,16, 18,2, 2.2, 24,
2.6, 2.8, 3, 3.2, 3.4, 3.6,
3.8,4,4.2,4.4, 4.6, 4.8,
5,5.2,5.4,5.6,5.8, 6

Each set of marginal probabilities leads us to a set of non-parametric bounds from two-
sample data. These are shown on Figure 2.9 together with the ATE, while Figure 2.1b
shows the values of v, plotted against ST.

To find the smallest value of v, that results in bounds excluding 0, we fit a loess curve to
the lower bounds in Figure 2.9, and find the value where this curve crosses 0. This results
in the values depicted on Figure 2.2.
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Figure 2.9: Bounds based on simulations as described. Upper and lower bounds are connected by a curve (dotted lines) based on a

loess extrapolation. This curve is used to find the smallest coefficients needed to detect direction as plotted on Figure 2.2.
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2.E Nestedness of Nonparametric Bounds under Mono-
tonicity

Here we will show that the nonparametric bounds are nested as instrument strength increases
when the logistic regression model holds for both exposure and outcome, and the instruments
are independent and identically distributed. In particular, we assume that

14
loglt(P(X = 1|Z1 = Zl, ""Zp = Z;D?U = u)) = ')/0 + nyjzj + ')/Uu7
Jj=1

and
logit(P(Y = 1|X =2, U =u)) = B, + Bxx + Byu.

Finally, we assume that P(Z;, = z) = p, for z =0, 1,2 for any i.

Under the exposure and outcome models specified, assumptions (A5) and (A6) hold. We
note that the bounds under (A5) and (A6) can be written as

PY=1Z=k)—P(Y =1|Z=0)+P(X =1|Z=k) — P(X =1|Z = 0) — 1Y (L1)
max{ 2.P(Y=1Z=k) —P(Y =1|Z=0)+P(X =1|Z = k) —2 }(L2)
PY=1Z=k—2-P(Y=1Z=0)—P(X=1|Z=0) (L3)

< ATE <
1—P(Y=1Z=0)+P(X=1|Z =0) (U1)
min{P(Y:1|Z:k)—P(Y:1Z:O)—P(X:1Z:k)+P(X:1|Z:O)+1}(U2)
PY=1Z=k—-P(X=1Z=k) +1 (U3)

when k = 2,3,4. We can rewrite P(Y = 1|Z = z) as a function of P(X = 1|Z = z) as
follows:

PY=1Z=2)=) PY=1X=22=2PX=z|Z=2z)

Y=1X=0,Z=2){1—-P(X=1Z=2)}+PY =1|X=1,Z = 2)P(X =1|Z = k)
X=1Z=2)-(PY=1X=1,Z=2—-PY =1X=0Z=2)+PY =1X=0,7=2)
X=1Z=2)-(Ey[ElY|X =1,U =u]] — By [E[Y|X =0,U = u]]) + Ey [E[Y]|X = 0,U = u]]
X =1Z=2) ATE + Ey [E[Y|X = 0,U = u]]

Assumptions (A5) and (A6) imply that ATE > 0. Now, we can rewrite the bounds as a
function of P(X =1|Z = k), P(X =1|Z =0) and ATE:
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(1+ATE)(P(X =1|Z=k) —P(X=1|Z=0)) —1 (L1)
max {(2 ATE+ 1)P(X =1|Z = k) + E, [E[Y|X =0,U = u]] — ATE- P(X = 1|Z = 0) — 2} (L2)
P(X=1Z=k)-ATE—P(X=1|Z=0)-(2-ATE+ 1) — E, [E[Y|X =0,U =u]] J (L3)

< ATE <
14+ P(X =1|Z=0)-(1—ATE) — B, [E[Y|X =0,U =u]] Y (U1)
min {P(X =1|Z=0)(1—ATE)— P(X =1|Z = k) - (1 — ATE) + 1} (U2)
—P(X=1|Z=k) (1—ATE) + E, [E[Y|X =0,U = u]] + 1 ) (U3)

This means that the lower bound is non-decreasing as a function of P(X = 1|Z = k) and
non-increasing as a function of P(X = 1|Z = 0). Since 1 — ATE > 0, the upper bound
is non-increasing as a function of P(X = 1|Z = k) and non-decreasing as a function of
P(X=1/Z=0).

In a logistic model where all instruments Z;, ..., Z, are independent and have the same
distribution, i.e. P(Z, = z) = p, for i = 1,...,p and z = 0, 1,2, the rank of the coefficients
Y155 Yp gives the rank of P(X = 1|Z; = 2) and —P(X = 1|Z; = 0), i.e. the instrument
with the largest coefficient has the largest value of P(X = 1|Z; = 2) and the smallest value
of P(X =1|Z; = 0). To see this, assume without loss of generality v; > v; for any j. Then

PX=1|Z,=2,Zy = 23,...., Z, = 2, U = u)

p
= expit (’yo +2-y + Z’yjzj + ’yUu>
j=2

P
> expit (70 + vz 29+ Z V%5 + 'yUu>

JE{1,3}
=P(X =172y =2,2;=2,Zy = 29,...., Z, = 2, U = u).

By the law of total expectation,

PX=1|Z,=2,2y = 2y,..., Z, = 2,)
=E[X|Z,=2,Z0 = 29,..., Z, = 2

= Ey[E[X|Z, = 2,7y = 23y, Zp = 2, U = 1]

— Ey[P(X = 1|12, = 2,7y = 29,, Z, = 2, U = u)]

> EylP(X =112y = 2,2, =2,Zy = 29, ..., Z, = 2, U = u)]
— P(X =12, = 2, 2 = 2, Zy = 2y, Dy = 2,).

Using Bayes’ Theorem, the laws of probability, and the independence of the instruments,
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P(X =12 =2)

P(X=1|Z,=2) =

P(Z,=2)
N ZZZV~'7ZP P(X = 17Z1 == 2, 22 = Z2, “'7ZP = Zp)
- P(Z, =2)
= Z P(X =112, =2,Z, = 2y, ey Ly = zp)P(Z2 = 22)"'P(Zp _ Zp)
ZoyeerZp

S P(X=112,=2,2y = 2y,..., Z, = 2,)p., D

P

“p

ZoyeensZ

29, Zp
> Y P(X =112, =2,Z; =27y = 23,0, Zy = 2,)D., D
P

=P(X =1]Z, =2)

where the inequality follows from the inequality illustrated above. Similarly, it can be seen
that P(X = 1|Z; = 0) < P(X = 1|Z; = 0) for all j. Therefore, Z; gives the largest lower
bound and smallest upper bound of any instrument. Under (A5) and (A6), instrument
strength simplifies to

ST = max |P(X =117 = 2) = P(X =117 = )| = P(X = 1]Z = k) = P(X = 1|2 = 0).

which means Z; is also the strongest instrument. So, under the conditions specified, the
strongest instrument will give bounds that are nested in the bounds based on weaker in-
struments.

2.F Would Multiple Instruments Help? Additional Fig-
ures

The following figures provide the full results described in Section 2.3.2. Figure 2.10 illustrate
how similarly sized ~; coefficients lead to weaker instruments when p is increased. Figures
2.11, 2.12, 2.13, and 2.14 show the full results for all four scenarios.
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Figure 2.10: Figure showing the dilution effect described in Section 2.3.2 in each of the
four scenarios. When p is larger, similar sized coefficients lead to lower strength. The
effect is smaller when we are in a scenario where one coefficient is relatively much larger
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than the rest, rather than when the coefficients are evenly spread out. A: Scenarios 1 and
3. B: Scenarios 2 and 4.
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2.G Coverage Under Pleiotropic Genetic Markers

A common concern in MR studies is the possibility of using a genetic marker that is
pleiotropic, i.e. that affects the likelihood of both exposure and outcome, and thereby violate
the exclusion restriction assumption (A3). To assess the potential damage such a violation
might bring, we simulate 10,000,000 observation from the set of exposure and outcome
models described in Section 2.3.3 with varying values of the coefficients v, 3,, and By.
The results are presented on Figures 2.15 and 2.16. These figures show the nonparametric
bounds (horizontal lines) and actual Average Treatment Effects (solid dots). Blue lines
indicate that the bounds do in fact cover the true ATE, while red lines indicate that the
bounds do not. Finally, the lines are dotted if any of the verifiable constraints are violated
in the given scenario.

These two figures reveal a few noteworthy observations. For coefficients in line with what
we see in MR studies (Figure 2.15), there are two important points to make. First, we see
that the ATE is always covered by the bounds. In other words, pleiotropy on the scale we
would expect to see in MR analyses do not cause bounds to not cover the ATE. Second, the
verifiable constraints are not powerful enough to detect violation of the exclusion restriction
in most MR studies.

For Figure 2.16, we pushed the size of the coeflicients to a scale that would provide more
information about the power of the verifiable constraints, and the power of the nonparamet-
ric bounds. We see that either the effect of the instrument on the outcome or the ATE has
to be very large for the bounds to not cover the ATE. Likewise, the effect of the instrument
on the outcome has to be large for the verfiable constraints to be violated.
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Figure 2.15: Two-sample bounds (horizontal lines) and average treatment effects (vertical
blue lines) under pleiotropy. Columns represent effect size of the exposure on the logit
scale, rows represent the magnitude of the violation of assumption (A3). X-axis show
average treatment effect, and Y-axis represent instrument strength.
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Figure 2.16: Two-sample bounds (horizontal lines) and average treatment effects (vertical
blue lines) under pleiotropy. Columns represent effect size of the exposure on the logit
scale, rows represent the magnitude of the violation of assumption (A3). X-axis show
average treatment effect, and Y-axis represent instrument strength. Cases where any of
the verifiable constraints were violated are denoted by an asterix to the left.
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2.H Dichotomized Exposure Variable

In many MR studies, the exposure and/or the outcome is dichotomization of a continuous
variable. For example, in Section 2.5 we explore the effect of having high cholesterol on the
incidence of heart attack. The exposure variable in this example is a dichotomization of the
continuous measure of cholesterol.

In this section, we will explore the effect of using a dichotomized version of a continuous
variable in nonparametric bounds with a focus on detection of the direction of the causal
effect. The main takeaway is that if the analysis using the dichotomized version is able
to conclude the direction of the causal effect, the detected direction is the same as the
direction of the causal effect of the underlying continuous variable. There are other concerns
one should be aware of when using a dichotomization of a continuous variable as a binary
exposure (Burgess and Labrecque, 2018).

2.H.1 Theoretical Setup

Let X be a continuous exposure, and Y?* the binary potential outcome. For simplicity, we
will work under the monotonicity assumption that P(Y* < Y*%€¢) = 1 for all x and all
€ > 0. This assumption simplifies the math, and it is often implicitly made in mendelian
randomization studies that rely on regression frameworks. Also note that this assumption
gives us the direction of the causal effect of X on Y. In this case, it is positive. Next, let X

~

be a dichotomization of the exposure, that is X = 1[X > ¢] for some c.

Now, we define the potential outcomes under the dichotomized exposure as being one of
the potential outcomes under the continuous exposure. Le. Y! = Y? for some > ¢, and
Y% = Y7 for some z < c.

If we consider the average treatment effect under the dichotomized exposure, we see that

EY'-Y% = Y k- PEY'-Y°=k)
ke{—1,0,1}

=PY'-Y'=1)—PY'-Y"=—1)

Note that if Y! — Y0 = —1, then Y! < Y°. Since Y = Y*' for some 2’ > ¢, and S
for some 2" < ¢,
PY' <Y =PY" <Y®")=0

since P(Y* < Y*t€) =1 for all z, and all ¢ > 0. Therefore, P(Y! —Y? = —1) = 0, which
leads us to conclude that

EY'—Y = P(Y!=Y°=1)>0
and therefore the sign of the causal effect is preserved.

Similar calculations show that if we instead assume P(Y* > Y*%¢) = 1, then

~,  ~ ~

EY'-Y% =—PY'-Y'=-1)<0
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2.H.2 Simulation Results

To investigate what behavior we can expect in our logistic regression framework, we carried
out a simulation study. We use a very similar framework as what is introduced in Section
2.2.2. In particular, we let the exposure follow

X =9 +mZ+U +ex,

where Z is the instrument taking values in {0, 1,2}, U is a binary unmeasured confounder,
and ey is the error term following the standard normal distribution. The outcome follows
the logistic model

logit(P(Y = 1|X = 2,U = u)) = f, + Bxr +u+ €y

where €y is the error term following the standard normal distribution.

Based on these two models, we simulate 10,000,000 observations for each combination of
parameters given in Table 2.10 based on which we find P(Y =1|Z = z), and P(X =1|Z =

z), where X = 1[X < M|, where My is the median of X.

The resulting bounds can be found in Figures 2.17-2.21. We notice that when we are able
to detect a direction of the ATE, it is consistently the correct direction.

Table 2.10: Parameters used in simulation to explore the behavior of the bounds when
using an exposure that is a dichotomization of an underlying continuous variable.

Yo T Bo 5)7
-2,-1,0,1,2 -2,-1,0,1,2 -2,-1,0,1,2 -2,-1,0,1, 2
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Figure 2.17: Nonparametric bounds based on a dichotomized exposure; here vy, = —2.

Columns represent the effect size of the exposure on the logit scale. Rows represent
different values of the intercept 5,. The y-axis shows the effect of the instrument on the
continuous exposure, and the x-axis shows the average treatment effect.



Y1

DA o =N
S

T S O
NS

NOA o 2N
NS T

S TC S O
S

O S
NS

— Bounds that do not cover 0

Bounds that do cover 0

81

H

H

H i 1 1
l_i?
|_| o
H g ! H
H ' I '
— — |
| ! ! |
! 1 1 i
] — |
H ! ! H
H I g H
— =
— iR
H ! ! !
T T r H
|_| S

H

—
H

Q%Q%QQ%B%QQ%Q‘OQQ%B%QQ%Q‘OQ

NTQT O O

NTNT QT Q7 O

NTNT QT Q7 O
ATE

ANTNT QT Q7 Q7 N

Q°

Figure 2.18: Nonparametric bounds based on a dichotomized exposure; here vy, = —1.
Columns represent the effect size of the exposure on the logit scale. Rows represent
different values of the intercept 5,. The y-axis shows the effect of the instrument on the

continuous exposure, and the x-axis shows the average treatment effect.
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Figure 2.19: Nonparametric bounds based on a dichotomized exposure; here 7y, = 0.
Columns represent the effect size of the exposure on the logit scale. Rows represent
different values of the intercept 5,. The y-axis shows the effect of the instrument on the

continuous exposure, and the x-axis shows the average treatment effect.
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Figure 2.20: Nonparametric bounds based on a dichotomized exposure; here v, = 1.
Columns represent the effect size of the exposure on the logit scale. Rows represent
different values of the intercept 5,. The y-axis shows the effect of the instrument on the

continuous exposure, and the x-axis shows the average treatment effect.
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Columns represent the effect size of the exposure on the logit scale. Rows represent
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2.H.3 Finite-Sample Behavior of Bounds With Estimated Proba-
bilities

We use the same exposure and outcome models as presented in Section 2.2.3. In particular,
we let the exposure X be binary with

and the outcome Y be binary with

logit(P(Y =1|X =2,U =u)) =5y + Bx -« + u.

We vary v, € {-4,-2,—-1 — 0.5,-0.25,—0.1,0,0.1,0.25,0.5,1,2,4} and Sy €
{—4,-2,—-1,1,2,4}, while we set 75 = —v;, By = —Bx/2 and let U follow a stan-
dard Normal. We then generate 5000 data sets with 2000 observations in each. The
resulting coverages are presented in Tables 2.11 and 2.12. We see that coverage is
essentially 100% unless the coefficients are very extreme. In particular, for any values
that we might realistically encounter in a two-sample MR study, we would expect 100%
coverage.



Table 2.11: Coverage of bounds with sample size 2000 based on 5000 simulated data sets.

v Bx ATE ST  Coverage
-2 -0.393  0.205 1
-1 -0.204 0.204 1

1 0.204 0.204 1
2 0394 0.204 1
-2 -0.393  0.103 1
-1 -0.204 0.103 1
1 0.204 0.103 1
2 0393 0.104 1
-2 -0.393  0.041 1
-1 -0.204 0.042 1
1 0204 0.041 1
2 0393 0.042 1
-2 -0.393 0.001 1
-1 -0.204 0.001 1
1 0.204 0.001 1
2 0393 0.001 1
-2 -0.393  0.042 1
-1 -0.204 0.041 1
1 0.204 0.041 1
2 0393 0.041 1
-2 -0.393  0.103 1
-1 -0.204 0.103 1
1 0204 0.103 1
2 0393 0.103 1
-2 -0.393  0.204 1
-1 -0.204 0.204 1
1 0.204 0.204 1
2 0393 0.204 1
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Table 2.12: Coverage of bounds with sample size 2000 based on 5000 simulated data sets.

v Bx ATE ST  Coverage
-4 -0.689 0.944 0.8086
-2 -0.393  0.944 0.8862
-1 -0.204 0.944 0.8952

1 0.204 0.944 0.9056
2 0394 0944 0.8682
4 0.689 0.944 0.8236
-4 -0.689 0.689 1.0000
-2 -0.393 0.689 1.0000
-1 -0.204 0.689 1.0000
1 0.204 0.689 1.0000
2 0394 0.689 1.0000
4 0.689 0.689 1.0000
-4 -0.689 0.394 1.0000
-2 -0.393  0.394 1.0000
-1 -0.204 0.393 1.0000
1 0204 0.394 1.0000
2 0393 0.393 1.0000
4 0.689 0.394 1.0000
-4 -0.689 0.393 1.0000
-2 -0.393  0.393 1.0000
-1 -0.204 0.393 1.0000
1 0.204 0.393 1.0000
2 0393 0.394 1.0000
4 0.689 0.394 1.0000
-4 -0.689 0.690 1.0000
-2 -0.393 0.689 1.0000
-1 -0.204 0.689 1.0000
1 0.204 0.689 1.0000
2 0393 0.690 1.0000
4 0.689 0.689 1.0000
-4 -0.689 0.944 0.8086
-2 -0.393  0.944 0.8798
-1 -0.204 0.944 0.8992
1 0.204 0.944 0.8952
2 0394 0.944 0.8758
4 0.689 0.944 0.8188
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2.1 Sampling of Intersection Bounds From Two Instru-
ments

To extend our method for sampling plausible joint distributions of P(X = z,Y = y|Z = 2)
to the scenario where we have multiple instruments available, we simply repeat the one
instrument sampling for each instrument. This is equivalent to assuming that the covariances
of X and Y given Z; are independent of the covariances of X and Y given Z,. Once we
have obtained bounds for each instrument, we take the intersection to get the intersection
bounds.

Specifically, say we get bounds (LB;;,UBj;),i = 1,2,..,m by sampling m trivariate
distributions based on the information we have on (X,Z;) and (Y,Z;), and bounds
(LBy;,UB,,;),i = 1,2,...,m by sampling m trivariate distributions based on the in-
formation we have on (X,Z,) and (Y,Z,). We then create the intersection bounds
as (maxzel,z LB,;,min,; 5 UBzi),i = 1,2,...,m. This, under the assumption that
Cov(X,Y|Z; = z) and Cov(X,Y|Z, = z) are independent of each other, gives us a sample
from the posterior distribution of intersection bounds. We can use this to assess the
potential usefulness of aggregating information from two sets of trivariate data, (X,Y, Z;)
and (X,Y, Z,), using intersection bounds.

2.J Additional Summary Statistics and Figures for
Analyses

We present expanded results to complement the analyses in Section 2.5.

We use the TwoSampleMR R package (Hemani et al., 2018) to extract and preprocess the data
for our analyses. For preprocessing, we followed the defaults of the R pacakge where linkage
disequilibrium based clumping (r? > 0.001 within a 10,000 kb window using p < 5 x 107%
as the level of significance) were performed such that only independent instruments with
significant associations were used in the analysis. Afterwards, we obtain the estimated
coeflicients corresponding to the effects of the SNPs on the exposure and the outcome from
a logistic model. Since estimates of the intercept are not included in these reported results,
but the marginal proportions of the outcome, exposure, and allele frequencies are known,

we find the intercepts by solving P(X = 1) = 23:0 logit(yy + 7, - 2) - P(Z; = z) and
Py=1= Zi:o logit(T'y, + fj -2) - P(Z; = z) for I'y and T'y, respectively. This allows us

to obtain estimates of P(Y = 1|Z; = 2) and P(X = 1|Z; = 2) for every j and z =0, 1,2.

Data on smoking was obtained from the data entry ID ukb-d-20116_ 0, data on lung cancer
was from data entry ID ukb-d-40001__C349, data on cholesterol was from data entry ID
ukb-a-108, and data on heart attack was from data entry ID ukb-a-434.

2.J.1 Effect of Smoking on Lung Cancer
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Figure 2.22: Histograms of the marginal distribution of instruments, P(Z = z),2 =0, 1,2,
estimated after preprocessing.

Table 2.14: Coefficients from GWAS results of logistic regression of the SNPs on smoking
status and lung cancer status. Intercepts (8, and ~,) are inferred, while slopes (8 and
;) are as reported.

SNP Bx Bo " Yo

rs10173733  -0.0065148 0.1773766  0.0033363 -1.987122
rs10193706  -0.0117667 0.1807753 -0.0015310 -1.981684
rs10233018  -0.0076551 0.1771914  0.0050495 -1.988150
rs10274594 0.0078326 0.1617046 -0.0015364 -1.981589
rs1029986 -0.0070208 0.1754303  0.0035498 -1.986088

rs10774625 0.0074868 0.1621777 -0.0084158 -1.974806
rs10813628  -0.0068761 0.1762662  0.0051706 -1.988156
rs10897561  -0.0066917 0.1782117  0.0066835 -1.991747
rs10905461 0.0072731 0.1658787 -0.0058844 -1.980131
rs10914684 0.0077356  0.1591408 -0.0026047 -1.979616

rs10956808 0.0076247 0.1607905 -0.0063546 -1.975802
rs11103667  -0.0086047 0.1835048  0.0063118 -1.993343
rs11127913 0.0081801 0.1596256 -0.0033969 -1.978997
rs11429972 0.0083148 0.1640148 -0.0096129 -1.976695
rs11611651  -0.0119868 0.1914724  0.0013059 -1.985521

rs11631530  -0.0099863 0.1872160 -0.0047887 -1.974691
rs11646575  -0.0082446 0.1788545  0.0012319 -1.984521
rs11693702  -0.0080254 0.1781679  0.0046224 -1.988077
rs117435980 -0.0092037 0.1849986 -0.0054804 -1.973970
rs12042107 0.0071759 0.1631404 -0.0020557 -1.981288

rs12244388  -0.0104344 0.1834505  0.0019355 -1.985707
rs12450028  -0.0070626 0.1788556 -0.0024536 -1.979923
rs12479064  -0.0080362 0.1823251 -0.0088600 -1.969116
rs12487411 0.0075048 0.1616745 -0.0077980 -1.974913
rs12608052 0.0067542 0.1631129 -0.0048100 -1.978521

rs12725407 0.0081386 0.1564297 -0.0067998 -1.972138




90

Table 2.14: Coefficients from GWAS results of logistic regression of the SNPs on smoking

status and lung cancer status. Intercepts (8, and ;) are inferred, while slopes (8 and

;) are as reported. (continued)

SNP Bx Bo 71 Yo
rs12886628  -0.0071010 0.1743626 -0.0018595 -1.981891
rs12910916  -0.0090138 0.1838027  0.0026458 -1.987308
rs13100688 0.0072663 0.1604864 -0.0055464 -1.976186
rs1492546 -0.0068801 0.1757890  0.0040638 -1.986797
rs1499982 -0.0114648 0.1730098  0.0024892 -1.983878
rs1549213 0.0085270 0.1634849  0.0056335 -1.987184
rs1561195 -0.0078947 0.1771393  0.0072232 -1.990046
rs1565735 0.0115901 0.1510915 -0.0072487 -1.971566
rs16951001 -0.0066035 0.1772784  0.0070226 -1.991313
rs17003752 0.0098606 0.1526117 -0.0055424 -1.973591
rs17151637 0.0075112 0.1588020 -0.0027771 -1.979146
rs1899896 -0.0079928 0.1808293  0.0047935 -1.989876
rs2240294 0.0069566 0.1618616 -0.0078381 -1.974429
rs2416770 -0.0064888 0.1756858 -0.0035668 -1.979794
rs264974 0.0093111 0.1600323 -0.0047198 -1.978291
rs2675609 0.0081586 0.1635228 -0.0069708 -1.977953
rs2797116 0.0079136 0.1580011 -0.0039635 -1.977330
rs2867749 0.0069446 0.1601396 -0.0032894 -1.978658
rs299688 -0.0072721 0.1737306 -0.0019058 -1.982055
rs326341 0.0065809 0.1627032  0.0031753 -1.986468
rs35891966 0.0147752 0.1421811 -0.0122161 -1.960473
rs379525 -0.0064906 0.1763327 -0.0018594 -1.981209
rs42417 -0.0070331 0.1739582  0.0003829 -1.983375
rs4566215 0.0066219 0.1634100 -0.0035546 -1.979817
rs4910656 0.0068438 0.1605890 -0.0006962 -1.982221
rs4957528 -0.0084750 0.1731252  0.0036288 -1.984649
rs523528 0.0080708 0.1629116  0.0029251 -1.985564
rs528301 -0.0086008 0.1773068  0.0124616 -1.994333
rsb5921136 0.0085950 0.1559000 -0.0069653 -1.972040
rs568599 -0.0067027 0.1757286  0.0043346 -1.987105
rs5850689 0.0119733 0.1608296 -0.0038879 -1.980291
rs60745548 0.0071946 0.1656670  0.0062353 -1.986552
rs6141314 -0.0080616 0.1818108  0.0010534 -1.984733
rs6265 0.0101598 0.1531146 -0.0043806 -1.976031
rs6433897 -0.0072353 0.1734104 -0.0011588 -1.982527
rs6676022 0.0115926 0.1492373 -0.0153059 -1.956268
rs6690680 0.0088409 0.1547067 -0.0050219 -1.974679
rs6828849 0.0067122 0.1617773  0.0008050 -1.984076
rs71550128  -0.0073950 0.1762278  0.0034139 -1.986200
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Table 2.14: Coefficients from GWAS results of logistic regression of the SNPs on smoking

status and lung cancer status. Intercepts (8, and ;) are inferred, while slopes (8 and

;) are as reported. (continued)

SNP Bx Bo 71 Yo
rs72505558 0.0067437 0.1614885 -0.0009876 -1.981950
rs72678864 0.0097538 0.1534836  -0.0034394 -1.977455
rs7333559 0.0080523 0.1662222 -0.0183846 -1.975467
rs7451586 -0.0066732 0.1775422  0.0027432 -1.986404
rs748828 0.0086213 0.1572389 -0.0047229 -1.976368
rs7528604 0.0068658 0.1618157 -0.0001820 -1.982931
rs7567570 -0.0091324 0.1727617 -0.0002451 -1.983053
rs763053 0.0080618 0.1570972 -0.0069210 -1.972409
rs76608582 0.0182891 0.1347646 -0.0048192 -1.973958
rs772921 0.0072725 0.1600453 -0.0054837 -1.975937
rs77878475 0.0125950 0.1465726  0.0010985 -1.985146
rs7870475 -0.0071900 0.1771594  0.0082598 -1.991835
rs7948789 -0.0161713 0.1894568  0.0009336 -1.984284
rs883403 0.0094240 0.1536556 -0.0014726 -1.980646
rs9375371 -0.0073963 0.1804155 -0.0069852 -1.972929
rs9381917 0.0112569 0.1493838 -0.0155636 -1.955201
rs9423279 0.0076695 0.1643324  0.0046716 -1.986350
rs9487626 0.0131029 0.1648247 -0.0136868 -1.978168
rs9835772 -0.0078024 0.1814198 -0.0031275 -1.978401
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Figure 2.23: Histograms of the coefficients from GWAS results of logistic regression of the
SNPs on smoking status and lung cancer status. Intercepts (8, and ~,) are inferred, while
slopes (8 and ;) are as reported.
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Figure 2.24: Histogram of strengths of IVs on the exposure. Here, SNPs are IVs, and

smoking status (ever/never) is exposure. We see that all IVs are very weak, with the
largest value just below 0.01.



Table 2.13: Table of the marginal distribution of instruments, P(Z = z),z = 0,1, 2,
estimated after preprocessing for analysis.
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SNP P(Z=2) P(Z=1) P(Z=0)SNP P(Z=2) PZ=1) P(Z=0)
rs10173733  0.3562119  0.4812460 0.1625421 rs2797116  0.5370791  0.3915554  0.0713655
rs10193706  0.2254196  0.4987283  0.2758521 rs2867749  0.4639468  0.4343792  0.1016740
rs10233018  0.2458307 0.4999649 0.2542044 rs299688  0.0806544 0.4066855 0.5126601
rs10274594  0.2540510 0.4999674 0.2459816 rs326341  0.2745833  0.4988473  0.2265693
rs1020986  0.1723980 0.4856208 0.3419813 rs35891966  0.8609698 0.1338295  0.0052006
rs10774625  0.2457332  0.4999633  0.2543035 rs379525  0.2690001  0.4993042  0.2316957
rs10813628  0.2349574  0.4995333  0.2655093 rsd2417 0.0959979  0.4276747 0.4763274
rs10807561  0.4140371 0.4588401 0.1271228 rsd566215  0.2184561 0.4978736  0.2836703
rs10905461  0.0654474 0.3807590 0.5537936 rs4910656  0.4334112  0.4498570 0.1167317
rs10914684  0.4570550 0.4380069 0.1049382 rs4957528  0.0432505 0.3294341  0.6273153
rs10956808  0.3337643 0.4879181 0.1783175 rs523528  0.1717181 0.4853414  0.3429405
rs11103667  0.6528207 0.3103050 0.0368743 rs528301  0.2006916  0.4945891  0.3047192
rs11127913  0.3717426  0.4759287  0.1523286 rs55921136  0.6351822  0.3236020  0.0412158
rs11420972  0.1128192  0.4461330 0.4410478 rs568599  0.2090011  0.4963306  0.2946684
rs11611651  0.8323808  0.1599365 0.0076827 rs5850689  0.1341980  0.4642649  0.4015371
rs11631530  0.7779345 0.2081429 0.0139226 rs60745548 0.0747101  0.3972427  0.5280472
rs11646575  0.3149600 0.4925059 0.1925340 rs6141314  0.5735637 0.3675524  0.0588839
rs11693702  0.2849095 0.4977193  0.2173712 rs6265 0.6582586  0.3061456  0.0355959
rs117435980  0.6998026 0.2734789  0.0267185 rs6433897  0.0693372  0.3879647  0.5426982
rs12042107  0.2025948  0.4950210  0.3023842 rs6676022  0.7713790 0.2138057  0.0148153
rs12244388  0.4404143  0.4464457 0.1131399 rs6690680  0.7094689  0.2656618  0.0248694
rs12450028  0.4293549 0.4517938  0.1188513 rs6828849  0.3395694  0.4863129  0.1741177
rs12479064  0.6268375 0.3297864 0.0433761 rs71550128  0.2008017  0.4946147  0.3045837
rs12487411  0.2788384  0.4984262  0.2227354 rs72505558 0.3617072  0.4794276  0.1588652
rs12608052  0.2306302 0.4992191 0.2701507 rs72678864 0.6825787  0.2872090  0.0302123
rs12725407  0.6546836  0.3088794  0.0364320 rs7333559  0.0439935 0.3315056  0.6245008
rs12886628  0.1124522 0.4457734  0.4417744 rs7451586  0.3541182  0.4819202  0.1639616
rs129010916  0.6206505 0.3343265  0.0450230 rs748828  0.5139770 0.4058898  0.0801332
rs13100688  0.3932914 0.4676762 0.1390324 rs7528604  0.3213716  0.4910497 0.1875787
rs1492546  0.20228904 0.4949531 0.3027575 rs7567570  0.0299625 0.2862686  0.6837689
rs1499982  0.0221071 0.2531548  0.7247382 1s763053  0.6013164  0.3482591  0.0504245
rs1549213  0.1285982  0.4600154 0.4113864 rs76608582 0.9070039 0.0907272  0.0022689
rs1561195  0.2279701 0.4989841 0.2730458 rs772921  0.4315416  0.4507533  0.1177051
rs1565735  0.6376078  0.3217914  0.0406009 rs77878475 0.8356836 0.1569474  0.0073690
rs16951001  0.3380123 0.4867519  0.1752358 rs7870475  0.2763346  0.4986816  0.2249839
rs17003752  0.7420669 0.2387323  0.0192008 rs7948789  0.3767706 0.4740916 0.1491378
rs17151637  0.5166809 0.4042486 0.0790705 rs883403  0.7156415 0.2606289  0.0237296
rs1899806  0.4934387 0.4180265 0.0885349 rs9375371  0.5345687 0.3931467  0.0722846
rs22402904  0.3093641 0.4936820 0.1969539 rs9381917  0.8063218  0.1832649  0.0104133
rs2416770  0.2199058  0.4980707  0.2820235 rs9423279  0.1179428  0.4509704  0.4310869
rs264974 0.2640248 0.4996173 0.2363579 rs9487626  0.0332246 0.2981030  0.6686724
rs2675609  0.1387352 0.4674731 0.3937917 rs9835772  0.5737177 0.3674477  0.0588346
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Figure 2.25: Nonparametric two-sample IV bounds on the average treatment effect of
smoking on the incidence of lung cancer.
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Figure 2.27: Intersection bounds of the average treatment effect of smoking on lung cancer
based on randomly sampled trivariate distributions from pairs of SNPs. These 8 pairs were

randomly chosen from all possible pairs.

2.J.2 Effect of High Cholesterol on Heart Attack

Table 2.16: Coefficients from GWAS results of logistic regression of the SNPs on high

cholesterol and heart attack status. Intercepts (5, and ~,) are inferred, while slopes (Sx

and ;) are as reported.

SNP Bx Bo M1 Yo
rs10096633 -0.0089830 -3.727152 -0.0012995 -1.966860
rs10260606 0.0076950 -3.755485  0.0007029 -1.970288
rs10410835 0.0071078  -3.749661  0.0007948 -1.969894
rs10504255 -0.0056764 -3.739063 -0.0000742 -1.969088
rs10804330 -0.0050169 -3.737181 -0.0012539 -1.967709
rs112019714  0.0251675 -3.791824  0.0025525 -1.974100
rs11580878 -0.0051399 -3.737725 -0.0006621 -1.968472
rs11591147  -0.0476105 -3.649365 -0.0054389 -1.958449
rs117733303  0.0311528 -3.804047  0.0116909 -1.992088



Table 2.16: Coefficients from GWAS results of logistic regression of the SNPs on high
cholesterol and heart attack status. Intercepts (5, and ~,) are inferred, while slopes (5x
and ;) are as reported. (continued)

SNP Bx Bo 71 Yo
rs12471811 0.0084776 -3.758037  0.0000048 -1.969147

rs1260326 -0.0102312  -3.734879 -0.0003941 -1.968828
rs12740374  -0.0183231 -3.714419 -0.0025251 -1.965207
rs12916 0.0104793 -3.755479  0.0006700 -1.969941
rs1367117 0.0155585 -3.763513  0.0011495 -1.970658
rs1601935 -0.0061378 -3.738671 -0.0007014 -1.968655

rs1883025 -0.0069826 -3.732469 -0.0013153 -1.967173
rs1883711 0.0241076 -3.789616  0.0026734 -1.974319
rs2125345 -0.0056374 -3.734933 -0.0009408 -1.967809
rs2237107 -0.0070166 -3.731732 -0.0007194 -1.967993
rs2244608 0.0070205 -3.752512  0.0010406 -1.970563

rs2618567 -0.0047485 -3.739660 -0.0007455 -1.968630
rs2738447 0.0081671 -3.749563  0.0016947 -1.970520
rs28601761  -0.0140739 -3.726664 -0.0011169 -1.967847
rs28807203  -0.0106943 -3.722554 -0.0002164 -1.968726
rs3127580 0.0076693 -3.755804  0.0022978 -1.973006

rs34042070 0.0094413 -3.758272  0.0002698 -1.969577
rs34707604 0.0058521 -3.751591  0.0002016 -1.969438
rs3918226 0.0081783 -3.757916  0.0028105 -1.974301
154299376 -0.0111342 -3.735719 -0.0012431 -1.968335
rs4470903 0.0067035 -3.753387  0.0014579 -1.971420

rs456598 0.0065720 -3.754166  0.0005768 -1.970127
rs4704727 0.0074887 -3.747988  0.0007432 -1.969643
rs472495 0.0064154 -3.747379  0.0004743 -1.969469

rs56299331 0.0057258 -3.752033  0.0001068 -1.969308
rs57180587 0.0081592 -3.756830  0.0013685 -1.971475

rsb8542926  -0.0146353 -3.715853 -0.0013536 -1.966636
rs58691354 0.0074756 -3.755521  0.0000196 -1.969171
rs59950280 0.0058286 -3.750690  0.0004805 -1.969780
rs6090040 -0.0055812  -3.737545 -0.0007168 -1.968450
rs622871 0.0065093 -3.746991  0.0013161 -1.969966

15635634 0.0098788  -3.758987  0.0014151 -1.971442
rs6458349 0.0056558 -3.746031  0.0007529 -1.969556
rs6511720 -0.0261322 -3.696906 -0.0030216 -1.963813
rs7012637 0.0047984 -3.747932  0.0002456 -1.969396
rs7213086 0.0047773  -3.747169  0.0007846 -1.969840

1573534263 0.0071810 -3.755717  0.0000767 -1.969275
rs7412 -0.0374088  -3.674234 -0.0038000 -1.962153
rs74617384 0.0190473 -3.777927  0.0069894 -1.981990



Table 2.16: Coefficients from GWAS results of logistic regression of the SNPs on high
cholesterol and heart attack status. Intercepts (5, and ~,) are inferred, while slopes (5x
and ;) are as reported. (continued)

SNP Bx Bo 71 Yo

rs7534572 0.0081187 -3.748658  0.0005830 -1.969551
rs7707394 0.0061511 -3.750841  0.0000817 -1.969243

rs77542162 0.0253674 -3.792474  0.0020548 -1.973154
rs799157 -0.0108031 -3.741956 -0.0003979 -1.969103
rs9376091 -0.0053004 -3.735070 -0.0005561 -1.968317
rs964184 -0.0215630 -3.737246 -0.0013629 -1.968778
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Figure 2.28: Histograms of the marginal distribution of instruments, P(Z = z),z =0, 1,2,
estimated after preprocessing.

Table 2.15: Table of the marginal distribution of instruments, P(Z = z),z = 0,1, 2,
estimated after preprocessing for analysis.

SNP P(Z=2) P(Z=1) P(Z=0)SNP P(Z=2) P(Z=1) PZ=0)
rs10096633  0.7682873  0.2164654 0.0152473 rs3918226  0.8434773  0.1498658  0.0066569
rs10260606  0.6689457 0.2978906  0.0331637 rs4299376  0.1044835 0.4375111  0.4580055
rs10410835  0.2261041  0.4987999  0.2750961 rs4470903  0.6122421  0.3404338  0.0473241
rs10504255  0.1141345  0.4474070  0.4384585 rsd56598  0.7353800 0.2443260  0.0202940
rs10804330  0.3246447  0.4902626  0.1850927 rs4704727  0.1153479  0.4485623  0.4360899
rs112019714  0.9445278  0.0546808  0.0007914 rsd472495  0.1219232  0.4545036  0.4235732
rs11580878  0.2532012  0.4999796  0.2468192 rs56299331  0.6368870 0.3223300  0.0407830
rs11591147  0.9653935 0.0343018  0.0003047 rs57180587 0.7289642 0.2496596  0.0213762
rs117733303  0.9629825 0.0366685 0.0003491 rs58542926 0.8541959  0.1400626  0.0057415
rs12471811  0.7974669 0.1910863 0.0114469 rs58691354 0.7129641  0.2628159  0.0242201
rs1260326  0.1542518  0.4769944  0.3687538 rs59950280 0.4469685 0.4431771  0.1098545
rs12740374  0.6060342 0.3448956  0.0490702 rs6090040  0.2300488  0.4991705  0.2707808
rs12916 0.3593703  0.4802094  0.1604203 rs622871  0.0988228 0.4310763  0.4701008
rs1367117  0.4370916  0.4480749  0.1148336 rs635634  0.6627002 0.3027276  0.0345722
rs1601935  0.1186871  0.4516457 0.4296671 rs6458349  0.0768498 0.4007364  0.5224138
rs1883025  0.5579089 0.3780482 0.0640429 rs6511720  0.7764852  0.2093975 0.0141172
rs1883711  0.9385769  0.0604497 0.0009733 rs7012637  0.2755284  0.4987592  0.2257124
rs2125345  0.4990744  0.4147551 0.0861704 rs7213086  0.2001050 0.4944520  0.3054430
rs2237107  0.6333104  0.3249953  0.0416944 rs73534263 0.7971401  0.1913739  0.0114861
rs2244608  0.4686429 0.4318641  0.0994929 rs7412 0.8445834  0.1488576  0.0065590
rs2618567  0.1161249  0.4492923  0.4345829 rs74617384 0.8447171 0.1487357  0.0065473
rs2738447  0.1661712  0.4829396  0.3508892 rs7534572  0.1255675 0.4575751  0.4168575
rs28601761  0.3342690  0.4877820  0.1779490 rs7707394  0.4169078 0.4575523  0.1255398
rs28807203  0.9046336  0.0929773  0.0023890 rs77542162 0.9546715  0.0448029  0.0005257
rs3127580  0.7081492 0.2667336 0.0251172 rs799157  0.0018869  0.0831041  0.9150089
rs34042070  0.6625016  0.3028808  0.0346176 rs9376091  0.5451282  0.3863995  0.0684722
rs34707604  0.5518930  0.3820040 0.0661030 rs964184  0.0174433 0.2292594  0.7532973
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Figure 2.29: Histograms of the marginal conditional probabilities
P(X=1Z=2),2=0,1,2and P(Y =1|Z =2),2=0,1,2.
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Figure 2.30: Histograms of the coefficients from GWAS results of logistic regression of the

SNPs on high cholesterol and heart attack, respectively. Intercepts (5, and ~,) are

inferred, while slopes (8 and ~,) are as reported.
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Figure 2.31: Histogram of strengths of IVs on the exposure. Here, SNPs are IVs, and high

cholesterol is the exposure. We see that all IVs are very weak, with the largest value below
0.003.
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Figure 2.32: Nonparametric two-sample IV bounds on the average treatment effect of high

cholesterol on the incidence of heart attack.
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Figure 2.34: Intersection bounds of the average treatment effect of high cholesterol on
heart attack based on randomly sampled trivariate distributions from pairs of SNPs.
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Chapter 3

Covariate Adjustments in
Randomized Controlled Trials
under Network Interference

3.1 Introduction

Covariate adjustment methods are popular in randomized experiments, such as randomized
clinical trials (RCTs), when trying to improve precision of estimators of the Average Treat-
ment Effect (ATE). There is a vast literature dedicated to whether one should perform such
adjustments, and if so, how this should be done. Tsiatis et al. (2008) provide a flexible and
principled approach that address most arguments against covariate adjustment. However,
most of previous research has focused on the traditional setting where trial subjects do not
interfere with each other. While this assumption has long been known to be unrealistic in
many settings (Cox, 1958), there is still much to learn about the behavior of even simple

estimators of the ATE when this assumption is relaxed.

In the case where interference between experimental units is negligible, semiparametric the-
ory helps derive a locally efficient estimator (Robins and Rotnitzky, 1995). This leads to the
well-known Augmented Inverse Probability Weighted (AIPW) estimator, which besides be-

ing locally efficient also possess the doubly-robust characteristic (Kurz, 2022) meaning even
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under misspecification of either the propensity score or the outcome model, the estimator
is still well-behaved. This is a very flexible estimator that can be used with a plethora of
models for estimating the potential outcomes, both modern machine learning and classical

statistical methods.

In practice, the classical Analysis of Covariance (ANCOVA) is a popular choice to estimate
the ATE while adjusting for baseline covariates. While it is simple in nature, Tsiatis et
al. (2008) showed how the resulting estimator for the ATE is asymptotically equivalent
to an ATPW estimator, and therefore suggest the ANCOVA estimator is a suitable choice
for covariate adjustment in randomized experiments. Among the benefits of ANCOVA is
its computational efficiency as it can be estimated using Ordinary Least Squares (OLS)
estimation. Also, since ANCOVA methods are taught to a wide audience from a wide array

of disciplines, it is familiar to most researchers, and as such often used.

While both the ATPW estimator and the OLS estimator have been studied extensively in the
classical setting where interference is negligible, their properties under general interference
are still relatively unknown. We aim to characterize the asymptotic behavior of both of these
estimators under a somewhat general interference scheme, when the interference network
can be explained as a graphon model and the spillover effect is determined solely through
the proportion of neighbors who receive treatment. These two assumptions are not novel:
Li and Wager (2022) applied the random graph asymptotic paradigm to the estimation of
the ATE under general interference, and Hudgens and Halloran (2008) considered what they
refer to as stratified interference. Later, Sévje et al. (2021) generalized this concept to the
idea of exposure mappings as a way to allow for a more general interference network but

still have an interference mechanism that allows for asymptotic analyses of estimators.

Our main contributions to this area are two-fold: first, we show that the AIPW estimator is
asymptotically normal and provide an exact expression for the asymptotic variance. Though
this does not lead to a variance estimator, it does provide insights into the asymptotic
behavior of the AIPW estimator. Second, we extend the result of Tsiatis et al. (2008) to

show that the ANCOVA estimator is still asymptotically equivalent to an AIPW estimator
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under the general interference setup considered here, which implies it is also asymptotically
normal. The practical consequences are substantial: any analysis performed under the
assumption of no interference using an AIPW estimator, including the ANCOVA estimator,
lead to unbiased and consistent results, even if the no interference assumption is invalid.
Also, going forward, the well-known and widely used ANCOVA estimator can still play a
role when analyzing data from randomized experiments on networks. However, there is a
caveat: the OLS variance estimator is not reliable, and as such any inference should be

considered with skepticism.

The rest of this chapter is organized as follows. Section 3.2 sets up the randomized experi-
ment scenario we consider, introduces the estimand of interest, and necessary assumptions
related to the potential outcomes and the random graph model. Section 3.3 introduces the
Augmented Inverse Probability Weighting estimators, conditions needed to establish consis-
tency and asymptotic normality, and shows that the ANCOVA estimator is asymptotically
equivalent to an AIPW style estimator and therefore asymptotically normal. Section 3.4
goes beyond the theoretical results, and tries to illustrate some of the challenges that are
still unsolved, such as standard error estimation, testing of a sharp null hypothesis, how to
improve precision of the AIPW estimator, and the potential costs and benefits of the use
of sample splitting as suggested by Emmenegger et al. (2023). Finally, Section 3.5 presents

results of analyzing the Cai et al. (2015b) study using the ATPW estimator.

3.2 Setup, Estimands, and Graphon Asymptotics

We consider collecting data on n € N units indexed by 7 = 1, ...,n. Each unit is randomized
according to a binary treatment W, € {0, 1} such that W, ~ Bernoulli(r) for a 7 € (0,1) cho-
sen by the researcher. For each unit, we observe pretreatment covariates X,; € RP along with
an outcome Y; € R. For the covariates, we assume X is i.i.d. and each of the p covariates
have finite variance. We assume the existence of potential outcomes Y;(w) for w € {0,1}",

in line with the Neyman-Rubin causal model (Neyman, 1923; Rubin, 1974), such that the
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observed outcome is exactly the potential outcome of the observed treatment allocation vec-
7

tor W = [Wl Wn] ,le. Y, =Y,(W). We also introduce the notation Y;(w;, w_

i ;) for
the potential outcome of unit ¢ when unit ¢ receives treatment w, and the remaining units

. . _ —1
receive treatments according to the vector w_; = (wy, ..., w; 1, w; 1, ...,w,) € {0,1}"1.

Following Cox (1958), we say two units ¢ and j interfere with each other if the potential
outcome of unit ¢ is affected by the treatment of unit j. That is, Y;(w) # Y;(w’) for
w,w’ € {0,1}" with w, = wy, for all k¥ # j and w; # w}. Also, following Li and Wager
(2022), we use an interference graph G with n nodes and adjacency matrix E € {0,1}™*"
to denote the interference between all n units in the study. Specifically, each node in G
represents an observational unit and for a pair of units ¢ and j, E;; = 1 if units 7 and j

interfere, and E;; = 0 otherwise. Two units 7 and j are neighbors if E,;; = 1. We adopt the

convention E;; = 0.

We focus our efforts on the estimation of the direct effect,

n

Form = - O E V(L W) = Y0, W) ¥i()] (31)

i=1

In words, Tpr is the average, over the n experimental units, of the expected difference
between being treated and not being treated. The inner expectation is taken over the
random variable W_,. This estimand has become the de facto extension of the Average
Treatment Effect when interference is present in recent years (Hudgens and Halloran, 2008;
Tchetgen and VanderWeele, 2012; Savje et al., 2021; Hu et al., 2022). This is often referred
to as the Global Average Treatment Effect (GATE) or the Expected Average Treatment
Effect (EATE). When no interference is present, i.e. when Y, (w;, w_;) =Y,

K2

{0,171 E[Y; (1L, W) = Y;(0, W_)|Y;(-)] = Y;(1) = Y;(0), and 7y = 5 3277, ¥i(1) = Y;(0)

(w;) forallw_, €

is the classic Average Treatment Effect. If the potential outcomes Y;(-) are sampled according

to certain sampling models, one can consider the limiting population estimand R =

lim,, , E [%DIR}'

Following the work of Li and Wager (2022), we introduce a few assumptions on the graph
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and the potential outcomes.

Assumption 3.1 (Undirected Relationships). The interference graph § is undirected,
ie E;; = E; foralli#j.

Assumption 3.2 (Random Graph). § follows a random graphon model: each unit is
associated with a latent variable U, id Uniform[0, 1], and the probability that units 4
and j are connected in the graph G is G, (U;,U;) for a symmetric measureable function

G, : 0,12 = [0,1]. Te. E;,

;; ~ Bernoulli(G,,(U;,U;)) independently for all i < j. The

function G,, is referred to as the graphon.

Random graphon models are inspired by work on partially exchangeable arrays (Aldous,
1981; Lovasz and Szegedy, 2006). Note that the graphon in the assumption above could
depend on n. The next assumption describes this dependency, which allows us to consider

asymptotic behaviors.

Assumption 3.3 (Graphon Sequence). The graphon G,, from Assumption 3.2 is assumed
to be of the form

G, (U;, Uj) = min {LPnG(Um Uj)}

for some symmetric function G : [0,1]2 - [0, 00), and a sequence 0 < p,, < 1. The sequence
py, is either such that p, — 0 with np,, = oo as n — oo, in which case G, is a sparse

graphon, or p,, = 1, in which case G,, is a dense graphon.

Assuming that the interference graph is a realization of a stochastic process is different than
the assumption that the interference graph is non-random often made in the early work on
estimation of causal effects under interference (Hudgens and Halloran, 2008; Liu, Hudgens,
and Becker-Dreps, 2016). Asymptotic behavior in a fixed graph setting can be derived.
Sévje et al. (2021) shows that the Horvitz-Thompson and Hajek estimators are consistent
for Thp, but with a rate of convergence that depends on the denseness of the graph, which
is assumed to be relatively sparse, and without any asymptotic normality results. As is

evident by Assumption 3.3, the random graph asymptotic framework considered by Li and
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Wager (2022) and in this work, allows for both sparse and dense graphs. Similar to Li
and Wager (2022), we view this random interference graph as a useful, technical device to
gain insights about the statistical properties of estimators under general interference, most

notably y/n consistency and asymptotic normality.

The following additional assumptions on the graphon are requried for the central limit

theorem derived by Li and Wager (2022), and the central limit theorem we will derive later.

Assumption 3.4 (Additional Graphon Assumptions).

i. There exists some ¢; > 0 such that ¢; < g, (u) = fol min{1, G(u,t)}dt for any u € [0, 1].
ii. The graphon has finite second moment, i.e. E [G(Uy, Uy)¥| < ck k=1, 2.

iii. The sparsity controlling sequence p,, satisfies liminflogp,,/logn > —1.

In addition to the stochastic behavior of the graph, we also introduce the following assump-

tions on the behavior of the observed and potential outcomes.

Assumption 3.5 (Causal Identifying Assumptions). We assume the following about the

observed outcomes Y, potential outcomes Y (w) and treatment assignments W:

a. Consistency: Y; = Y;(W)
b. Complete Ignorability: W L Y (w)

c. Positivity: 0 <7 < 1

Assumption 3.6 (Anonymous Interference). The potential outcomes of unit ¢ only de-

B W,
pends on the treatments of its neighbors through the quantity %, that is, only the

j#FL

proportion of peers who are treated is relevant to the potential outcomes of unit ¢. More
formally,

Yi(w, w_;) = Yi(w;, w’y)

1) H—q 19 H—g

for all w_, and w’ ; with
2 Bwy 20, B
LB X By

s BisWy 0.

In the case Z#, Ej; =0, we define <&=—
v i i
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Assumption 3.7 (Class of Potential Outcomes Functions). The potential outcomes follow
a potential outcome function f : {0,1} x [0,1] x R? x [0,1] = R x R such that
2z Bigw;

Y (w;, w_;) = f (wia ﬁvxian;Q) )

i i

where ¢; is iid that allows for random error. Furthermore,

|f(w7p7m7 u; E)| S B7
d'”'L
dp™

J(w,p,z,us€)| < Bform=1,2,3.

uniformly for (w,p,z,u;¢e) € {0,1} x [0,1] x R x [0,1] x R.

Assumption 3.5 provides extensions of often-used assumptions in traditional causal inference
literature on the relationship between the observed outcomes, the potential outcomes, and
the treatment assignment mechanism. Assumption 3.6 characterizes the structure of the
interference between units. Specifically, it only allows for interference through the number
of neighbors who are treated with no effect of which neighbors are treated. Under partial
interference, Hudgens and Halloran (2008) called this “stratified interference”. This can also
be viewed as a special case of an exposure mapping as defined by Aronow and Samii (2017).
Assumption 3.7 states that the potential outcomes function is three times differentiable, and
the first three derivatives along with the function itself are bounded. This is, in essence, a
smoothness assumption which assures that the potential outcomes behave nicely with small

variations of the proportion of peers who have received treatment.

We want to emphasize a small deviation from Li and Wager (2022). In Assumption 3.7,
we do not allow the functional form of the potential outcomes to be different between
individuals. This simplification is made solely to ease notation, intuition and remove a layer
of complexity — all results still hold if one sticks to the Li and Wager (2022) assumption
that potential outcomes functions are drawn from a class of functions. Nonetheless, we find
it conceptually easier to consider a setting where the potential outcomes of all experimental

units follow the same function of individual level characteristics.
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3.3 Estimating the direct effect

The classic Horvitz-Thompson estimator is often used for estimation of the average treat-

ment effect under no interference

SHT _ %i (Wiyi _a-= Wi)Yi) . (3.2)

e ™ 1—m7m

Under no interference, this simple estimator is asymptotically Normal, but is less efficient

than the Hajek estimator, also known as the difference in means estimator (Rosenbaum,

a_ ¥ (1w,
Zl<zzuw ST >>
1 & (1—W,)Y;
5 (o

where 7 = % Z?:l W, would be a natural estimator of 7 if this were unknown.

1987),

(3.3)

?

It is well known that 7H7T is unbiased for our estimand in (3.1) if we condition on the graph
G and the potential outcomes, i.e. consider G and Y(+) fixed (see, for example, Section 2
of Li and Wager (2022)). Under Assumptions 3.1, 3.5, 3.6, and 3.7, both 71T and 7HA
are consistent, and if we further include Assumptions 3.2, 3.3, and 3.4, 70T and 7HA are
asymptotically normal without conditioning on the graph and potential outcomes (Li and
Wager, 2022). However, when interference is present, it is no longer true that 7HA g

universally at least as efficient as 717.

As mentioned by Li and Wager (2022), interference effects are expected to inflate the asymp-
totic variances of both the Horvitz-Thompson and the Héjek estimators in most settings.
This makes it particularly interesting to consider covariate adjustments in the estimation of
the direct effect as a way to reduce the asymptotic variance, and ensure higher efficiency.

We consider two classes of augmented inverse probability weighting (AIPW) estimators.
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The first class arise from augmenting the Horvitz-Thompson estimator,

~HT

TAIPW —
% (Lw—i)
l - W’ <Y; —Yn ) + }7(1{‘1’4)
P - " (3.4)
1 ds (L= (Y, = 90wy
I Z ( ) < ) + Y»,EO’ULJ,
n 4 1—m

and the second class from augmenting the Héjek estimator,

~HA
TAIPW —

o-(Lw_;)

L W (YY) e
;; i\ - +Yi7n

1 Z”: (1-Ww,) (132; f?‘(,?{w*i)) n g;;%w,i)’
i=1

i)

In general, f’l(:w are simply random variables that behave nicely, but typically these will

be estimates of the potential outcomes Y;(w,w_;).

The estimators in Equation 3.4 and Equation 3.5 are the same as have been used in the
classical setting (Robins, Rotnitzky, and L. P. Zhao, 1995; Rotnitzky et al., 2012). It has
long been known that in the classical setting of no interference, %Ef%w is locally semipara-
metric efficient if )Afi(,z)’w*"'> is estimated using a flexible model (Robins and Rotnitzky, 1995;
Rotnitzky et al., 2012), which makes it a natural choice to consider when trying to reduce

variance.

Both ?EITPW and %Ef%w are consistent estimators of Ty, conditionally on the graph and

the potential outcomes, if the random variables }A/;iq;:’w”) are asymptotically well-behaved.

Proposition 3.1 (Consistency). Suppose Assumptions 3.1, 3.6 and 3.7 hold. If the random
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SZ”W*") are such that

variables 171

l - ]_ — % )}(17W77) — 0
ni= m ) P

1 W, — 7~

_ 2 ™ i((r);wﬂ) - 0
n& 1—-m " p

and

?(w,W,j) _ Op(l)

for w € {0,1}, then the estimators TiL, .. and 7HA, . are consistent for Tpp, i.e. THE . —

Tpir —p 0 and e w — Toir —, 0, conditional on the graph and the potential outcomes.

See proof in Appendix 3.C.

In practice, }72-(’::’1”’1') is often a model fitted to the data. But notice that no assumptions
are made regarding the correctness of the models. Similar to the no interference case, the
ATPW estimator is robust towards model misspecification, i.e. the random variables ff;%’w’i)
could be completely unrelated to the potential outcomes Y;(w), and we would still end up

with a consistent estimator, as long as the assumptions of Proposition 3.1 hold. This can

be assured by choosing specific models for f’i(ﬁ’w’i). For example, if one chooses to use an
estimate of E[Y (1, W_,)|X,] for f’i%”w’i) that is estimated using a well-behaved estimator,
the estimators ?EITPW and ?Eé)w are consistent; see Lemma 3.1 and the subsequent discussion

for more.

With consistency established, we will now consider a set of sufficient conditions that guaran-
tee asymptotic normality of both ?Eﬁ;w and ?Eé,w. Theorem 3.1 also provides an explicit
expression for the asymptotic variance. Later, this will help us compare the asymptotic
efficiency of ?}fﬁaw compared to its unadjusted sibling 7HA under a set of specific functions

for f, G,,, and specific predictive model for f’isg’w*”.

Theorem 3.1 (Central Limit Theorem). Suppose Assumptions 3.1, 3.2, 3.3, 3.4, 8.5, 3.6

and 3.7 hold, and further assume the existence of random variables f}i(w),w € {0,1}, such
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that (Wi,Xi,Ui,fﬁ(O),?i(l);ei) are tid. Also, assume

P (- )

(3.6)
= op(l/\/ﬁ)
and .
1 Wlf T (70w _0)
i T (3.7)
= 0,(1/v/).
Then
Vi (R — o) —a NO,7(1 = mE [(R, — 4, + Q))°]), .
Vo (T ew —Tpir) =4 N (0,7(1 —7) (VarlR, — A; + Q;] + (E[Q;])?)) ,
where 1, XU 0,X.,,U
Ri:f<, 1) i77r76i)+f(7 3 iaﬂ-aei),
T 1—m
(1) 377(0)
R L ¢
T 1—m
Q‘ - G<Uz U])(f/(la ﬂ-vXja Uja e]) - f/(077r7 X_]a U]7 6])) U.
' E [G(Ui, Uj)|Uj] ¢
If \/np,, — o0, then with 03 = Var[f(1,7, X;,U;;€;) — f(0,m, X, Uy €;)],
Vi (Fiipw — Tpir) —a N(0,08 + m(1 —m)E [(Rz —A; + Qi>2] ) (3.9)

Vi (T few = Tpir) —a N (0,05 + (1 —m) (VarlR; — A; + Q;] + (E[Q;)?))

See proof in Appendix 3.C.

Lunceford and Davidian (2004) consider the asymptotic behavior of the estimator 7iipyw
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(w)

under no interference when Y, = E[Y;(w)|X;], and show that the asymptotic variance is

2
E

™ 1—m

(YU -EFL)° |, (¥(0)—E [Y(0>])2]
(3.10)

(e[ @ e + = FO-Evon))

When no units interfere with one another, f(w, ,x,u;e) = f(w, 7', x,u;¢) for all 7,7’ €
(0,1), and therefore @, = 0, in which case it can be shown that the asymptotic variance in

Equation 3.9 is equivalent to the expression in Equation 3.10.

The practical implications of this result are mixed. First, this means any analysis performed
using an augmented IPW estimator under the assumption of no interference will still yield a
consistent estimate of the direct effect, and the estimator is asymptotically normal. Second,
and on a more negative note, any consistent estimator of the variance of %Eg)w or ?Ef;w
would be hard to come by. Even a conservative estimator of the variance in Equation 3.9
would be useful, but the search for such is complicated by the fact that @, is entirely un-
known, and its correlation with the observed outcomes could be in either direction. Further
restrictions of the graphon G and/or the potential outcomes function f would help in this
quest, but we leave this as a topic for future research. One can also use this result to perform

an ad hoc assessment similar to that of Section 3 of Li and Wager (2022).

Third, the asymptotic variances of Theorem 3.1 does provide some guidance for how to
create }72-(’:5’1”’”. To reduce variance, choosing f’;ﬁ”wﬁ) such that A, is similar to R; +
@, is the goal, but doing so is not an easy feat. For example, consider the hypothetical
situation where the functional form of f is known to be linear in its arguments. In this case,
f(Lm, X;,U;) = f/(0,m,X,;,U;) = 0 and therefore @; = 0. Intuitively, we would like to use
an estimate of f(w,m, X;,U;;¢;) for z%’w’i)7 but since U, is unobservable, its effect on the
potential outcome cannot be corrected for in our estimate. If the latent position U, is very

influential on the potential outcomes, the difference 571“:) — f(w, 7, X;,U;; €) could be very

large. We consider this case in greater detail in Section 3.3.1.1.

Despite the challenges one might have in estimating f(w,w, X;,U;;€,;) even in the most
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optimistic hypothetical, it is nonetheless the most straight forward strategy in improving
precision of the estimator ?E{%,W. In the more general case where @, # 0, the easiest way

of minimizing the difference R; + Q; — A; would be to use f(w,n, X,;,U;

;1€;) as a target

for 371“:"”) First, this can be consistently estimated. Second, since @, is a function of
the latent position U; which depends on the edge probabilities G(U;, U j) and the difference
f(Lm X, U e;) — (0,7, X;,U;s€;), targeting @; would be a much more daunting task.
While this might be possible in certain instances, for example with large amounts of data
to inform the estimation of the difference in derivatives, or the ability to observe multiple
networks that one has reason to believe are drawn from similar graphon models, targeting
flw, 7, X,,U;;€;) is a more feasible approach that can be accomplished using traditional

€

statistical methods or modern machine learning tools.

From a practical perspective, targeting f(w,m, X, U;;¢,;) would often be approached by es-
timating some conditional expectation of Y, given treatment status and covariates. Here,
the challenge lies in the fact that the observed data {Y;, X, W} are not independent, since
Y, L W; it E;; = 1. However, for n large enough the data will behave as if they are ap-
proximately i.i.d., and therefore it is our belief that many methods will perform quite well,
even without adjusting for the dependency between observational units. It is important to
keep in mind that the rate of convergence is driven by the number of neighbors. In a large,
dense network, each observational unit will have a larger number of neighbors, and since the
treatment is given randomly, the observed proportion of peers who are treated M, /N, will
be closer to the limit 7, and so variation due to interference will be more neglible than in a
smaller, sparse network. This point, that data from more connected networks would behave
more like independent data, does seem counterintuitive. It is a result of the anonymous
interference assumption (Assumption 3.6) and the assumption that the potential outcomes
are smooth (Assumption 3.7). This combination implies that when M;/N; ~ =, the po-

tential outcomes Y;(w, W_;) = f(w, M;/N,, X,,U,

€) ~ f(w,m X,,U;;¢€;), which means

i €
the observed data are approximately independent and identically distributed. Also, while
the latent positions U; are unobservable, they can be estimated with some nice asymptotic

guarantees, at least for the special cases where the graphon is a random dot product graph



118

(Sussman et al., 2014). This might be useful in improving precision. Though we do not have

any theoretical results to back this up, we do explore this idea numerically in Section 3.4.3.

The two additional assumptions introduced in Theorem 3.1 (Equation 3.6 and Equation 3.7)
are high level assumptions that provide little insight to which models can be used. The fol-
lowing lemma presents more manageable conditions that are sufficient to guarantee Equa-

tion 3.6 and Equation 3.7.

Lemma 3.1. Assume ﬁgﬁ”w’i) = ;L;W(Xi,MZ—/NﬂUi), where WY are random functions

such that there exists a P-Donsker class I with P(iLSU) € F) — 1. We assume there exists
~ (w 2

W) € Ly(P),w € {0,1} with [ (hsl )(x,w,u) —h(w>(x,7r7u)) dPx, v,)(@,u) =, 0. Then

Equation 3.6 and Equation 3.7 hold with ’}714(“)) = WX, 7, U,) if one of the following is

true:

a. ﬁ%w)(Xi’Mi/NivUz‘) = ?l(nw)(Xi»Ui)
b. B%w)(Xi’Mi/Nin) = fn(sz Uz) + BMZ/N’L with fn —>p f and /én —>p ﬁ €R

See proof in Appendix 3.C.

Lemma 3.1 first introduces a set of general assumptions on the predictive models B%w).
These guarantee that the predictive models are asymptotically well-behaved and converge
to functions A(*). Second, Lemma 3.1 provides two choices that the researcher is free to make
that guarantees that ?EE,W and ?Ef%w are both asymptotically normal. The first choice is
to only use the i.i.d. covariates X, along with latent positions (in practice, estimated latent
positions), but exclude the observed proportion of peers who are treated in our predictive
models. This immediately implies that if data were analyzed as if there were no interference,
i.e. we only adjust for i.i.d. covariates, the resulting estimator is asymptotically normal. The
second choice is to include the observed proportion of peers who are treated as a predictor,
but include it in a partial linear model. This might not be the most flexible of models, but it
is nonetheless a proof of concept. Recall, these are sufficient, but not necessary, conditions

for asymptotic normality. There are possibly many more models in which we can include
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the observed proportion of peers who are treated as a covariate, and achieve an estimator

that is asymptotically normal.

3.3.1 ANCOVA Estimator as a Hajek Style AIPW Estimator

Under the classical SUTVA assumption, estimating the average treatment effect using an
Analysis of Covariance (ANCOVA) model is asymptotically equivalent to an AIPW estima-
tor (Tsiatis et al., 2008). The simplicity of the ANCOVA model makes it a widely taught
and used statistical method, and so being able to give similar theoretical guarantees for the
ANCOVA model as those given for a more complex AIPW estimator is of practical signif-
icance. Here, we expand the work of Tsiatis et al. (2008) to show that similar results hold

in the general interference setup considered throughout this paper.

Consider the ANCOVA model postulating a linear relationship between outcome, covariates,
and treatment,

E[Y;|X;, Wi] = 7o + 7% X + Bu W, (3.11)

An estimator for 7 is given by the estimate for Sy using ordinary least squares. We will
refer to this estimator as ﬂAANCOVA. As mentioned by Tsiatis et al. (2008), this estimator

can be written as

BANCOVA

:{1_ i (nldl)Tixlx(nldl)} (3.12)

n
=1

where ny = Z?zl Wing=n—ny,dy =% (W, —7)X,, iJXX = %Z:l:l(Xz - X)(Xz -
X)T and Sxy = 1 Z?:l(Xi — X)(Y; —Y).! In the absence of interference, this estimator

is asymptotically equivalent to an estimator of the same form as %Ef%w — Tsiatis et al.

'We use X for the p dimensional vector with i’th entry % Z;lzl X, that is the average value of the j’th

13
. v n
covariate, and Y = % Zi:l Y; for the average observed outcome.
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(2008) arrive at this conclusion by showing that the first factor in Equation 3.12 goes to 1 in
probability, and the second factor is exactly of the desired form with )A’f;l)) = iﬁyi‘}lXXi.

Here, we will show that the ANCOVA estimator is consistent and asymptotically Normal,

even in the presence of interference.

Proposition 3.2. Under Assumptions 5.1, 3.2, 5.3, 3.4, 8.5, 3.6 and 3.7, BANCOVA g

consistent for Tprp, and asymptotically normal in that

vn (BANCOVA - ?DIR) —4 N (0,7(1 —m) (Var [774] + Var[A,] — 2Cov[A;, R}])),

where
Var [F74] = Var[R; + Q] + (E[Q,])*,
R, = f(L, X, U, mse;) + f(0, X, Ui,mei)’
s 1—m
1 1 T yv—1
A= (; + m) Yx i xx X
Q.= F G(Ui,Uj)(f’(177r7Xj7Uj) —f’(O,w,Xj,Uj)) U
! E [G(UZ-,UJ-)|U]-] ¢

with

EXf =LE[X, f(W,m X, Uz e,)] = E[XGE[f(W;, 7, X, Ui €;)]

1)

Yxx =L [(Xz -t [Xi])(Xi -k [Xz])T]

See proof in Appendix 3.C.

This result carries some implications for practitioners. For one, it illustrates that if a
researcher analyze data under the assumption of no interference using an ANCOVA model
to adjust for covariates, the estimator is still consistent and asymptotically normal. Again,
notice the robustness to model misspecification. Unfortunately, any inference made about
the direct effect comes with much uncertainty as variance estimation is not feasible in the

general setting, and conclusions should therefore be taken with some skepticism.

One immediate consequence of the result above is that the estimator BANCOVA

is asymp-
totically more efficient than 7HA if and only if Var[A4,] — 2Cov [R;, 4;] < 0. Due to the

exact form of the ANCOVA estimator BAANCOVA, we can further simplify this expression.
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The corollary below does that for a univariate model, but the result can be extended to

multivariate models.

Corollary 3.1. Consider the ANCOVA model in Equation 3.11 where X; € R. Let py, =
Cov [f(W'u T, Xiv Ui)7 Xi]7 Po = Cov [f(oa T, X’iv Uz)v XL]7 and Po = Cov [f(07 , Xi7 Ui)? X’L]

We can characterize the relationship between Var [BANCOVA] and Var [?HA] as follows:

i. Var [BANCOVA] < Var [THA] if py, # 0 and uﬂ?f% > 1
ii. Var [BANCOVA] > Var [TH4] if py, # 0 and uﬂ?f% < i
wwi. Var [BANCOVA] = Var [?HA] if either X; and f are uncorrelated, i.e. py, = 0,
ori=meitmee 1
Pw; 2

See proof in Appendix 3.C.

Proposition 3.2 reveals that if the covariate X, has a similar effect on potential outcomes
when treated as it does on potential outcomes when not treated, then the BANCOVA is
always more efficient than 714, and the adjusting for covariates using the ANCOVA model
is recommendable. As we will see in the next section, this is not always the case, and hence

A

BANCOVA g Jess efficient than the simpler 7HA.

there are situations where

One way to mitigate this is by including an interaction term between the treatment and
covariate in the ANCOVA model. As mentioned by Tsiatis et al. (2008), this model can be

expressed in terms of centered versions of the outcome, treatment, and control as

E[Y; — E[Y}] [W;, X
= 8% (X; —E[X,]) + By (W, — E[W,]) (3.13)

+ Bkw (X; —E[X;) (W, —E[W;])

This model is fitted by ordinary least squares regression of Y, — Y on X, — X,
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—7), and W, — 7 since # = W. This estimator can be written as

BANCOVAQ

n’ 1 \TPy-1(—1
= 1_n0n1<n dy)' D7 (n1dy)

(3.14)

T
n ~ T n ~ S = n
where dy = ((lel(Wl -TX;) . (W, —7)* (X, — Xf)) s Sxyw = > (X —

X)(Y, — V)(W, - #), and

Bl (X = X)X - X)T Bl (W =X - X)X, - X)T

D =

Sl (W= (X - X)X, - X)T LY (W - D)X

n i %

- X)(X,

K2

_ X)T

Proposition 3.3 shows that this estimator is also consistent for 7z and asymptotically

normal.

Proposition 3.3. Under Assumptions 3.1, 3.2, 3.3, 3.4, 3.5, 3.6 and 3.7, BANCOVM 18

consistent for Tpp, and asymptotically normal in that
vn (BANCOVAQ — %DIR) —¢ N (0,7(1 =) (Var [774] + Var[A4;] —2Cov[4;, R;))),

where
Var [%HA] = Var[R; + Q;] + (E[Q;])%,

R. = f(laXi7Uia7T;€i) + f(OaXianvﬂ-;ei)

1 T 1— m ’
(1 1 (0) MW 17 1
A; = (% * ﬁ) 75 + (=] X,
o _ | CUU (Lm X, U) = £1(0,m X, U
i E[G(U;, U,)|U}] Z

See proof in Appendix 3.C.

Similar to Corollary 3.1, we here characterize the relationship between the variance of the

Hajek estimator and the variance of ANCOVAZ,
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Corollary 3.2. If the ANCOVA model in Equation 3.13 includes a single covariate, then
Var [BANCOVM] < Var [7H4] with equality if and only if # Cov[f (0,7, X;, U €;), X;] + (1 —
m) Cov[f(1,m, X;,U;;€;), X;] = 0.

27 71

See proof in Appendix 3.C.

Corollary 3.2 shows us that if we fit an ANCOVA model and include the interaction between
the covariate and the treatment indicator, the resulting estimator will always be at least

HA " This behavior is similar to the behavior

as efficient as the unadjusted estimator 7
of the ANCOVA estimators when no interference is present (Tsiatis et al., 2008). This
means we can always improve precision in randomized clinical trials by adjusting for baseline

covariates.

In the following two subsections, we consider two specific potential outcomes functions, and
show how we can use the results above to gain insights into the efficiency of the BANCOVA

BANCOVAQ

and estimators.

3.3.1.1 Example: Linear Potential Outcome Function

Consider using BANCOVA to estimate the ATE in a scenario where the potential outcomes
for an individual with treatment assignment w, proportion p of neighbors are treated, pre-

treatment covariate z, and latent position wu, is
f(w,p,z,u;€) = Py -w+ Bx - +ptute

In this scenario, f'(w,p,x,u;e) = 1 for all (w,p, x, u;€), and therefore ); = 0. This means

that the graphon does not influence the asymptotic variance. Under these assumptions, the

asymptotic variances of 7HA and gANCOVA are

Var [%HA] _ (% 4 m) (8% Var [X;] + Var [U;] + Var[¢;])

Var [BANCOVA] — (% + 77r> (Var [U,] + Varg;]) .
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It is clear that Var [BANCOVA] < Var [?HA] with equality when % = 0. We also im-
mediately see that the relative efficiency of the ANCOVA estimator relative to the Hajek

estimator is quadratic in the coefficient 5. See Appendix 3.D.1 for a detailed derivation.

One final note on this specific setup: a consistent estimator for the variance of BANCOVA

can be obtained if one is able to consistently estimate the variance of €;. While we do not
present a formal proof, under the assumptions presented here, this is a much less daunting

task than a general estimator for the asymptotic variance in Proposition 3.2.

3.3.1.2 Example: Quadratic Outcome Function

Next, a quadratic potential outcomes function,

f(w,p,x,u;e) = % (ﬂww+ﬂx$ +pu)2+e/5

Here, the @; term is not constantly equal to 0, and the graphon therefore influences the

and BANCOVAZ  Wo will consider the

asymptotic behavior of the estimators FANCOVA
graphon model G;; see Appendix 3.A for details. The expressions for the variances are
much more complex here than what we derived under the linear potential outcomes func-

tion above; the detailed derivations are included in the Appendix (specifically Appendix
3.D.2).

Under this potential outcomes function, it can be verified that Cov [f(w, m, X;,U;;€;), X;] =

BwBx - w+ Bx5. We can characterize the difference Var [BANCOVA] — Var [?HA] using
Corollary 3.1. Interestingly, under this particular potential outcomes function, the differ-
ence Var [BANCOVA] — Var [?HA] does not depend on By with the exception of Sy = 0,
which implies the variances are the same. Figure 3.1(a) shows the sign of the difference
Var [BANCOVA] — Var [?HA] for (Byy,m) in [—2,2] x (0.01,0.99) for any Sy # 0; that is, we
see when Var [BANCOVA] < Var [?HA], Var [BANCOVA] > Var [?HA], and Var [BANCOVA] =

Var [?HA]. We see that for certain values of By, for example fy, = 0.25, the ANCOVA

estimator is more efficient for any value of 7. However, there are values of 3y, where the
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ANCOVA estimator is less efficient than the H&ajek estimator for a number of values of
. If, for example, the researcher decided to run an experiment assigning treatments with
probability # = 2/3, and it happened to be that 8y, = —1, then the Héjek estimator would

be the more efficient estimator. It is also worth noting that for the commonly used = = 1/2,

BANCOVA g at least as efficient as the unadjusted estimator 774,
More Efficient Estimator Relative Efficiency (ANCOVA vs. Hajek)
. ANCOVA . Equal . Hajek — 05 10 20 —

Bx=01 px=0.25
1.00 - <

0.754 — S—
0.50 4 _n N

\ N
0.254
0.00

1.00
0.75 e —

0.50 L M
025
0004

-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

Pw Pw
(a) Dichotomized picture of the difference (b) The relative efficiency
between Var [7H4] and Var BANCOVA]. This Var [5ANCOVA] /Var [FHA]. Note how each of the
picture is identical for all By # 0. four panels mirror the trend shown in (a).

Figure 3.1: Heatmaps indicating when Var [7H4] < Var [BANCOVAL
Var [HA] = Var [BANCOVA]v Var [7HA] > Var [BANCOVA] as a function of 7 and By .

While it is somewhat simple to characterize when the ANCOVA estimator is more efficient
than the Hajek estimator, it is more complicated to describe the relative efficiency. This

not only depends on 7 and Sy, but also 8.

Figure 3.1(b) shows heatmaps of the relative efficiency of the ANCOVA estimator relative
to the Hajek estimator for four different values of Sy across values of §y, and 7. While
each of the four panels reiterate the main points of Figure 3.1, there are many areas where
the estimators are not exactly equally efficient, but the relative efficiency is very close to
1. Also, in the scenarios where one is more efficient than the other, the magnitude of the

relative efficiency varies dramatically depending on the value of Bx.

A

BANCOVAZ yelative to 7HA,

Figure 3.2 recreates Figure 3.1(b) for the relative efficiency of
The most striking difference is that the relative efficiency is never above 1, as we expected

per Corollary 3.2. Again, the relative efficiency is highly dependend on the coefficients 5
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and By, and the chosen propensity 7.

Relative Efficiency (ANCOVA vs. Hajek)

0.25 0.50 0.75 1.00

1.00

0754

0.50

0.25

.

0.00

Figure 3.2: Relative efficiency (as Var [BANCOVM] /Var [7HA]) for combinations of Sy, m,

and Sx. Dashed lines show the values where Var [,@ANCOVAQ] = Var [?HA], and indicate
where the relative efficiency is exactly equal to 1.

This example shows that if one wants to use the popular and well known ANCOVA model
to adjust for covariates when estimating Trp, an interaction term between covariates and

treatment assignment is crucial to guarantee variance reduction.
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3.4 Numerical Results

In this section, we present important observations regarding the asymptotic behavior of the
ATPW estimators based on simulation results. This section is split into four subsections:
first, we consider the standard error of the ANCOVA estimator. Second, we look at testing
a sharp null hypothesis of no treatment effect. Third, we will consider the use of more
flexible predictive models for the AIPW estimator. Finally, we consider the estimation of
the AIPW estimator using the sample splitting algorithm proposed by Emmenegger et al.
(2023).

All the simulations performed in this section are done in a super-population setting. That
is, the potential outcomes are not kept fixed between simulations, but new values of co-
variates and error terms drawn for each simulation. This means the target estimand in the

simulations is Tpg-

3.4.1 1Is the OLS variance estimator of any use?

In Section 3.3.1, we saw that the OLS estimator BANCOVM is a reasonable choice for esti-
mating Tpr and Tr. We also derived the asymptotic variance, but did not provide an
estimator. To the best of our knowledge, a consistent variance estimator Though not theo-
retically proven to be consistent, it seems natural to ask if the OLS variance estimator can

be useful in practice. Here, we will explore the behavior of the OLS variance estimator.

We perform a simulation study to gain some insights to the behavior of the OLS variance
estimator. For various potential outcomes functions and various graphon models, we simu-
late 3000 data sets of sample size 1000. For each data set, we estimate 7z using ANCOVA
for various working models, and calculate the estimate standard error using the square root
of classic OLS variance estiamtor. We compare the 3000 standard error estimates to the
standard deviation of the 3000 ANCOVA estimates to get a sense of the bias and variability

of the OLS variance estimator.

For simplicity, we present a few of the scenarios considered. We restrict ourselves to one



128

—1/3 = 0.1, but note that the results were similar across

graphon model (G;) and use p,, = n
various graphon models and p,, sequences. We present results for potential outcomes func-
tions f1, f5, and f, (see Appendix 3.A.2 for details) for By € {0.5,5}, and for propensities
m € {0.3,0.5,0.9}. We consider BANCOVA 41 q BANCOVA2 a1 variants thereof which include
the observed proportion of peers treated as a covariate. Note that we do not have theoretical
results for the estimators including network summaries, but this is common practice, and

as such we found it to be of interest to include these here. For each of the four estimators,

we get the corresponding SE estimates based on the OLS variance estimator.

Figure 3.3 shows the results. First of all, we see that the accuracy of the OLS variance
estimator is highly dependend on the true potential outcomes function, and how the co-
variate X, influences the potential outcomes (here, through the coefficient 8y ). This is to
be expected. It is also worth noting that the OLS variance estimator is not biased in a
consistent way. In some scenarios, it is too liberal, in others too conservative. This makes

it hard to rely on this estimator in practice, since the direction of the bias will be unknown.

There are many variance estimators that improve on the OLS variance estimator. Two such
examples are the so-called “sandwich” estimator and the bootstrap variance estimator. In
our experience, the sandwich estimator provides results very similar to the OLS variance
estimator. Estimating the variance using a bootstrap approach is tempting in this situation,
since the outcomes behave as if i.i.d. asymptotically, which is an assumption required for the
bootstrap. Figure 3.4 replicates Figure 3.3, but using the bootstrap to estimate the variance
rather than the OLS variance estimator. The overall picture is similar in that the bootstrap
variance estimator is sometimes liberal, sometimes conservative. Also, when compared to
the OLS variance estimator, it sometimes performs better (as seems to be the case in the

third column) and sometimes worse (see the fourth column).

A more interesting observation from Figures 3.3 and 3.4 is how decisions made by the
researcher affects the performance of the OLS and bootstrap variance estimators. For the
OLS variance estimator, choosing an extreme value for the propensity 7 of 0.9 can help you

get a less biased estimator (see the last two columns of Figure 3.3), but it might also lead
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to a more biased estimator (see the first column of Figure 3.3). Also, choosing to include
the observed proportion of peers treated as an extra covariate in the working model might
increase bias (column 5 of Figure 3.3) or have little to no effect on the bias of the OLS
variance estimator. Most interestingly, the OLS variance estimator often performs better
when the interaction term is not included, but choosing to not include the interaction
term is ill-advised, as discussed in the previous section. The bootstrap variance estimator
seems to be less sensitive to the working model. It performs similarly regardless of whether

interactions and/or observed proportion of peers are included or not.

The observations made above do not bode well for the use of the classic OLS variance es-
timator or the naive bootstrap estimator in general. In particular, it is problematic that
the direction of the bias is not consistent. We have not been able to uncover any pattern in
the direction of the bias, but suspect heterogeneity of the treatment effect is of importance.
As mentioned above, we also considered other variance estimators related to the OLS vari-
ance estimator, such as the sandwich estimator using heteroscedastic and autocorrelation
consistent and clustered covariance estimators, but these did not seem to improve on the
overall performance. We do think this is an area that is worth exploring in the future, as
a conservative variance estimator would be of great benefit for practical applications. The
bootstrap’s robustness towards the chosen working model seems promising, and there might

be an adjustment to be made to get more consistent behavior.
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3.4.2 Testing of No Direct Effect

BANCOVAQ

While the variance of cannot be estimated in general, we can consistently estimate

the asymptotic variance under a sharp null hypothesis of no direct treatment effect.

For notational simplicity, consider testing the null hypothesis that f(1,7, X, U;;¢;) =
f(0,m, X;,U;;€;) when a single covariate is available. Under this null hypothesis, the deriva-

tives f'(1,7, X, U,

1)

¢;) and f'(0,m, X,,U;;¢,;), both taken with respect to m, are equal,

? ? (2

and therefore @; = 0. Also, since f(1,7,X,;,U;;¢;,) = f(0,m X,,U;;¢;

;) for all i, 02 =

Var [f(1,n, X,,U,;

K2

€,) — f(0,m,X;,U;;€;)] = 0. So, in this case,

Var [ANCOVA2] = 7(1 — m)Var [R, — By].

Since f(1,m, X;,U;;¢;) = f(0, 7, X;,Uy; €;),

1) 71 27 71

1 1
i (*"" 7) f(L,m, X, Use;)
T l—m

and

2y =25 = Cov [f(1,m, X, U,

z;e')aXi}

K2

1 1 1
Ri - Bi - (; + m) {f(lﬂra Xi7 Uiaei) — Cov [f(177T>Xia U; 6'>7Xi] Var [Xz] Xz}a

1

and therefore

2

Var [R;, — B;] = (l-&- ! )

T 1—m

{Var [f(1,m, X;,U;;€,)] — Cov [f(1,7,X;,U,; e»),Xi]2 Var [X}_l} .

1) -1 17 71
This means we can estimate the variance of fANCOVA2 54

Var [BANCOVAQ] —x(1—7) (l n 1
Y

) (Ve - Gov (v, X0 Var (X}, (3.15)
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since the variance of the observed outcomes converges to the variance of the potential out-
comes function f, and the covariance of the observed outcomes and the covariates converges
to the covariance of the potential outcomes function and the covariates (see proof of Propo-
sition 3.3 in Appendix 3.C). While this estimator is consistent, it seems that it is biased in

finite samples. We illustrate this through a few simulations.

We consider two potential outcomes functions: f(w, 7w, z,u;e) = (1 +u)?- (1 +0.5- ) -
exp(m)/5 + ¢/5 and f(w, 7, z,u;e) = exp(n) + cos(0.5 - ) + e¢/5. In either case, Tpp =
0 and therefore 7 = 0. For each combination of potential outcomes function, n €
{1000, 3000, 5000, 10000}, and p,, = {n"1/3,n"1/5 1}, we simulate 1000 data sets, get esti-

mates of myp using BANCOVAQ, and estimate the variance using Equation 3.15.

Figure 3.5 presents the results histograms of the estimates of g using BANCOVM with

density curves for three normal distributions with different variances: the asymptotic vari-
ance, evaluated using a monte carlo simulation scheme; the average of the 1000 variance
estimates found using Equation 3.15; and the variance of the 1000 estimates obtained
using BANCOVAQ. Each panel also shows the false positive rate of testing the null hy-
pothesis with @ = 0.05. Figure 3.5(a) shows that for the potential outcomes function
flw,m,z,use) = (1+u)?- (14 0.5-2) - exp(n)/5 + e/5, the variance estimator seems to
be fairly unbiased, and close to the asymptotic variance. This is not exactly the case for
the potential outcomes function f(w,n,x,u;e) = exp(mw) + cos(0.5 - z) + e¢/5. Figure 3.5(b)
indicates that the variance estimator generally is too liberal resulting in a larger than ex-
pected false positive rate. We notice that for the dense case, i.e. when p,, = 1, the increasing

sample size does seem to lead to better performance of the variance estimator, but for the

sparse case where p,, — 0, the convergence rate seems to influence the performance.

Figure 3.5(b) also provides a suggestion to why the variance estimator based on Equa-
tion 3.15 does not perform well. In the sparse settings, we still see a clear separation
between the asymptotic variance and the variance of the estimates, even for n = 10000,
suggesting that larger sample size is necessary for the estimator to behave as its asymp-

totic limit. This is further reinforced by Figure 3.6, which shows the distributions of the
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(a) Potential outcomes function f(w,w,z,u;e) = (1+u)?- (1 +0.5-z) exp(r)/5+¢e/5
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(b) Potential outcomes function f(w,m,z,u;e) = exp(w) + cos(0.5 - z) + e/5

Figure 3.5: Histograms of BANCOVM from various combinations of sample size, p,,, and
potential outcomes function. Each histogram is based on 1000 simulated data sets.
Overlaid are three normal curves with varying variances: the asymptotic variance, the
average of the 1000 variance estimates, and the variance of the 1000 estimates. FPR =

False Positive Rate of testing the null hypothesis with o = 0.05. FPR = False Positive
Rate of testing the null hypothesis with o = 0.05.
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standard errors across the 1000 simulated data sets for the potential outcomes function
flw,m,z,u;e) = exp(nm) + cos(0.5 - z) + ¢/5 along with the asymptotic standard error and
the standard error of the 1000 estimates from BAANCOVM. We see that while the standard
error of the 1000 estimates does seem to converge towards the asymptotic standard error
in all scenarios, this convergence happens at a slower rate when p, — 0. This is not sur-

prising. The asymptotic normality of FANCOVA2

is derived using a Taylor expansion, where
the contribution from higher order terms converge to 0 at a rate determined by np,,. More
interestingly, we notice that the estimated standard errors are almost entirely underesti-

mating the standard deviation, suggesting a finite sample correction might be possible. We

leave this as an area for further exploration in future research.

Asymp. SE | SD(Estimates)
n = 1000 n =3000 n=5000 n = 10000
154 FPR =0.108 FPR=0.123 FPR =0.129 FPR=0.1
=l
1.04 T
=]
= 05+ B
o
é 0.01
'g 1.5 FPR =0.138 FPR=0.124 FPR =0.099 FPR =0.101
E el
© 10+ T
e e
E 0.5 e
[0
8004
>
"é 1.5 FPR =0.099 FPR =0.086 FPR = 0.054 FPR =0.064
8 104 s
L}
0.5 a
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0.2 04 06 02 04 06 02 04 06 0.2 0.4 06
Jn xSE

Figure 3.6: Distributions of Standard Error estimates across 1000 simulated data sets for
various values of sample size n and p,, with potential outcomes function
flw, 7,2, u;e) = exp(m) + cos(0.5 - x) + €/5.

3.4.3 Extra flexibility: improvement, or unnecessary complexity?

So far, we have considered asymptotic properties of the ANCOVA estimator. We saw

how it is possible to derive explicit expressions for this estimator for specific graphon and
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potential outcomes functions. This is possible because of the nice asymptotic behavior of
the ANCOVA estimator where limiting functions of h;‘” are somewhat simple to derive.
Here, we will consider more complex functions with the goal of bigger variance reduction
than what the ANCOVA estimator can provide. Due to the nature of these estimators, the
assumptions of Theorem 3.1 cannot be verified. In particular, explicit expressions of h(*)
are not obtained. We will validate the normality of the estimators through simulations, but
do not have the opportunity to validate the asymptotic variance expression, and will instead

compare estimated values of asymptotic variances based on simulation results.

We want to illustrate different approaches to reduce variance of the estimator ?Bf%w through
choices one can make in building the models hﬁ;"). To do so, we seek to compare the
distributions of 774 and ?Ef%w for various combinations of potential outcomes functions f,
graphons, sequences for p,,, and propensities 7. We generate 3000 data sets of sample size
1000 for each setting and obtain 3000 estimates using the estimators of interest. The main
concern is the estimated variances as it is well understood that the estimators are consistent

and asymptotically normal.

For ?Eﬁ;w, we use a non-parametric regression model for 715? ) and 7153 ). For each generated
data set, these are fitted using the two subsets of the data where W; = 0 and W, = 1.
Specifically, hﬁ:‘” is fitted using the npreg function from the R-package np with the observed

outcome Y as the dependent variable, and the covariate X; as the independent variable.
The main points of this section are three fold.
1. A more flexible model can lead to significant efficiency gains.

Using a more flexible model for ?L%w) can lead to significant efficiency gains. Consider compar-
ing the unadjusted estimator 774, the ANCOVA based estimators BANCOVA and BANCOVAQ,
and the AIPW-style estimator ?}f{;w using the non-parametric regression models for 715;”).
Figure 3.7 shows ridgeline plots of the four estimators for the linear and quadratic mod-
els considered in the previous section, and the graphon G, also considered in the previous

section. Here, By, = By = 1, 7 = 0.9, and p,, = n~'/3. Vertical lines indicate mpg.
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From Figure 3.7, the observations made in Section 3.3.1.1 and Section 3.3.1.2 once again
surface. For the quadratic potential outcomes function (left panel), we see that the variance
of ﬂAANCOVA is slightly larger than the variance of Héjek. The inclusion of an interaction
term, which results in the estimator BANCOVAQ, results in smaller variance than the Hajek
estimator. For the linear potential outcomes function (right panel), we see that the Hajek

and BANCOVM, as is expected. Figure 3.7 also

estimator has larger variance than BANCOVA
shows the ridgeline plot of %Ef%w with the non-parametric models used for ?Lﬁf”). We see
that this added flexibility results in smaller variance with little to no additional bias when

the potential outcomes function is of the quadratic form, while ?Ef%w performs very similar

to BANCOVA BANCOVAZ

and when the potential outcomes function is linear, i.e. when the

model fitted using ANCOVA is the true model.

Figure 3.7 is summarized in Table 3.1 as estimates of the bias and the variances of the
estimators. Here, the effect of the more flexible model is very noticeable. When the potential
outcomes function is of the quadratic form, the relative efficiency gain of using the more
flexible model for B£§“> over the BANCOVAQ is similar to the efficiency gain when adjusting

for covariates in the first place.

Table 3.1: Bias (Asymptotic Variance Estimate x10%) of 7HA, BAANCOVA, BAQANCOVA7 and

ATPW Estimator using non-parametric regression of Y on X for ?155”). Bias estimated as

average deviation from 7Ty across 3000 simulations of sample size 1000. Variance is the
empirical variance of the estimates across 3000 simulations of sample size 1000. = = 0.9

and p, = n~1/53,

Bias (Variance x103)

Y, =05 By« W, +Bx * X, + U, *7,)% +¢;/5

Héjek 0.00035(11.395)
ANCOVA (Y ~ W + X) ~0.00486(14.937)
ANCOVA (Y ~ W * X) 0.00713(7.984)
NP Regression (Y ~ X) 0.01596(2.448)
Yi=W;+Bx* X;+7+ U +¢
Hajek 0.00262(13.161)
ANCOVA (Y ~ W + X) —0.00130(1.925)
ANCOVA (Y ~ W * X) ~—0.00120(1.935)
NP Regression (Y ~ X) —0.00105(2.084)
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Figure 3.7: “Empirical” distributions of the Héjek estimator, ANCOVA estimator, and an
ATPW style estimator using a non-parametric regression for the functions h%w) for graphon

model G;. Columns indicate potential outcomes functions.
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2. Eigenvectors can help reduce variation due to the effect of the latent positions.

Including eigenvectors in the predictive models ?z%w) might help reduce variance if the latent
positions U, influence the potential outcomes through f. The motivation behind this move
is simple: by assumption, the potential outcomes functions f are functions of the treatment
status W, the proportion of peers treated, the covariate X, and the latent position U,;. The
latent positions are unfortunately unobservable, but we might be able to capture some of

the variation due to the latent positions using the eigenvectors.

Figure 3.8 depicts the distributions of 3000 estimates using the Héjek estimator, the AN-
COVA estimator BANCOVAQ, an ANCOVA estimator where 30 eigenvectors are included as
predictors in the model, ?Eﬁ;w with ?ngw as above, and ?Ef}w where three eigenvectors
were included alongside X, as predictors in the nonparametric regression models iz(nw). We

—1/7

consider a scenario where 7 = 0.9, p,, = n~ /7, and two graphon models, G; and G, (see

Appendix 3.A.1 for details on the graphon models).

The panels on the left of Figure 3.8 show the results when the potential outcomes function
is the quadratic model considered earlier with 8y, = 1 and Bx = 0.5. As expected, the AN-
COVA estimator is less efficient than the Hajek estimator, and including eigenvectors does
not change that. The use of the more flexible nonparametric regression for the predictive
models improves efficiency, and the further inclusion of the eigenvectors lead to a similar

reduction (see Table 3.2(a) for numeric values).

The panels in the middle of Figure 3.8 show a scenario where the potential outcomes function
is

flw,p,x,u;€) = %(1 +u)?-(14+w+0.5-2)-exp(p) + €/5.

For this potential outcomes function, including eigenvectors lead to improvements for both
the ANCOVA and nonparametric regression estimators. Interestingly, the nonparametric
regression based estimator does not perform noticeably better than the ANCOVA estimator
when only the covariate is used in the regression, but when the eigenvectors are included, the

efficiency gains for the nonparametric regression based estimator are much better than those
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obtained by the ANCOVA estimator. This is not surprising. In this particular potential
outcomes function, the effect of the covariate is linear, and the ANCOVA estimator there-
fore is sufficient when trying to correct for variation in the covariate. The latent variable,
however, influences the potential outcomes in a nonlinear fashion, and the nonparametric
regression is therefore more equipped to capture any variation that can be attributed to the

latent variable.

The panels on the right of Figure 3.8 show the results for a third potential outcomes function,
namely

f(w,p,x,u;e) :COS(3wp+05x)+€/5

Here, the potential outcomes do not depend on the latent positions directly. From the figure
and Table 3.2 we see that the inclusion of the eigenvectors do not seem to negatively affect
the efficiency of the estimators. This is comforting as in practice we would not know whether

the latent positions would have any direct effect on the potential outcomes.

Table 3.2: Bias (Asymptotic Variance Estimate x103) of ANCOVA estimator, AIPW
Estimator using non-parametric regression of Y on X for ?L;U’), and ATPW Estimator using
non-parametric regression of Y on X and three eigenvectors for ?LS”) . Bias estimated as
average deviation from 7y across 3000 simulations of sample size 1000. Variance

calculated as the empirical variance of the estimates across 3000 simulations of sample size
1000. = 0.9 and p,, = n~ /7.

Bias (Variance x10?)

Gy Gy

Y, =05 (Byy * W, + Bx * X, + U, % 7,)% 4+ ¢,/5

Hajek
ANCOVA (Y ~ X x W)

ANCOVA (Y ~ X x W + Y2 PC))

NP Regression(Y ~ X)

NP Regression(Y ~ X + 1561 + F@z + 1363)

—0.00061(2.001
0.00112(1.209

0.00332(0.872

0.00814

(2.001)
(1.209)
0.00175(1.388)
(0.872)
(0.512)

—0.00165(2.100
0.00112(1.250

0.00300(0.950

(2.100)

(1.250)
—0.00236(1.327)
(0.950)
0.00762(0.577)

}/l.:Cos(?)*ﬂW*Wi*ﬁi+ﬂX*Xi)+Ei/5




Hajek

ANCOVA (Y ~ X x W)

ANCOVA (Y ~ X x W + 32 PCy)

NP Regression(Y ~ X)

NP Regression(Y ~ X + PC, + PC, + PC,)

0.00263(0.475
0.00071(0.482

(0.475)
(0.482)
0.00087(0.497)
—0.00096(0.304)

(0.310)

—0.00126(0.310

0.00335(0.481
0.00135(0.484

(

(

0.00074(0.491

—0.00015(0.330
(

—0.00047(0.335
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)
)
)
)
)

Y, =(1+U;)? « (1+ W, + Bx * X;) *exp(7;) /5 + €;/5

Hajek
ANCOVA (Y ~ X x W)

ANCOVA (Y ~ X x W+ 32° PC))
NP Regression(Y ~ X)

—0.00046(7.070
—0.00126(3.355

—0.00163(3.500

—0.00364(7.849
—0.00236(3.884

—0.00277(4.108

(7.070) (7.849)
(3.355) (3.884)
—0.00015(2.359)  —0.00694(2.274)
(3.500) (4.108)
(0.880) (1.318)

NP Regression(Y ~ X + PC, + PC, + PC,) | —0.00189(0.880) —0.00122(1.318

3. The observed proportion of peers treated may help finite sample efficiency.

Including the observed proportion of peers treated M,/N; as a predictor in the predictive
models 71511”) might lead to finite sample efficiency gains, though we do not expect to see
any reduction in the asymptotic variance. From Theorem 3.1, we note that the asymptotic

variance does not depend on M, /N,, and asymptotically M,/N, = = with probability 1.

Figure 3.9 shows a scenario where including the proportion of peers treated as a covariate
leads to some variance reduction. We consider the linear outcomes function along side the

potential outcomes function

flw,p,z,u;€) = (1 4+ w)eP 4 cos(z) +€/5 (3.16)

and graphon models G5 and Gy (see Appendix 3.A.1). We consider four estimators:

BANCOVAQ as already discussed in detail, an ANCOVA estimator where the observed

proportion of peers who are treated is included as an additional covariate along side

the interaction term, ?}f{}w with ﬁst) being a non-parametric regression of the observed

HA

outcomes Y; on X, and finally 7,{pyw

f where the observed proportion of peers treated



Estimator

. Hajek - ANCOVA w/ interaction and eigenvectors - ANCOVA w/ interaction . NP w/ eigenvectors D NP
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cos(3Wir + 0.5X;) + /5
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Figure 3.8: “Empirical” distributions of the ANCOVA estimator, and two AIPW style
estimator using non-parametric regression for the functions 77,5;”) for graphon model G; and
G,. ANCOVA w/ interaction and eigenvectors includes 30 eigen vectors. AIPW using
non-parametric regresion with eigenvectors include three eigenvectors of the observed
adjacency matrix. Columns indicate potential outcomes functions.

-1/7
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is included in addition to X, as a predictor in the non-parametric regression model.
Figure 3.9 illustrates how the effect of including 7; as a covariate highly depends on the
potential outcomes function. For the linear potential outcomes function, the benefit is
small. However, for the model in Equation 3.16, there is significant variance reduction
in going from the ANCOVA estimator to the AIPW style estimator, and an even greater
reduction when including the proportion of peers treated as a predictor. There is also
some degree of variance reduction when the observed proportion of peers who are treated
is included in the ANCOVA model, though it is not as significant. Table 3.3 give bias and

variance of the scenarios shown in Figure 3.9.

Table 3.3: Bias (Asymptotic Variance Estimate x10%) of ANCOVA estimator, AIPW
Estimator using non-parametric regression of Y on X for 71%“’), and ATPW Estimator using
non-parametric regression of Y on X and 7, for ?LSZ”). Bias estimated as average deviation
from T across 3000 simulations of sample size 1000. Variance calculated as the
empirical variance of the estimates across 3000 simulations of sample size 1000. = = 0.3
and p, = n~1/3,

Bias (Variance x103)

Gs G

Y, = (14 By * W;) x exp(7r;) + cos(Bx x X;) + €,;/5

ANCOVA (Y ~ X x W) 0.00632(1.932 0.01109(2.276

(
ANCOVA (Y ~ X xW+7) 0.00835(1.446
NP Regression (Y ~ X ) 0.00608(1.005 0.01166(1.348
(

) (2.276)
) 0.01270(1.532)
) (1.348)
NP Regression (Y ~ X +7) | 0.00990(0.526)  0.01450(0.586)

Vi=W;+Bx*X;+m+ U +¢

ANCOVA (Y ~ X x W) —0.00037(0.901) —0.00060(1.002

(
ANCOVA (Y ~ X xW+17) 0.00081(0.813
NP Regression (Y ~ X ) —0.00045(0.928)  —0.00060(1.022
(

0.00205(0.858

) (1.002)
) 0.00039(0.849)
) (1.022)
) (0.858)

NP Regression (Y ~ X +7) | —0.00158(0.845
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Figure 3.9: “Empirical” distributions of the ANCOVA estimator, and two AIPW style

estimator using non-parametric regression for the functions ?z;“’) for graphon model G;.
One AIPW only include the covariate X;, while the other also include the observed
proportion of peers who are treated as a predictor. Columns indicate potential outcomes

functions.
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3.4.4 Does Sample Splitting Help?

Emmenegger et al. (2023) suggests the use of sample splitting when estimating the AIPW
estimator. Sample splitting typically relies on the independence of experimental units to
create two separate data sets, one used to fit your predictive model, and another used
to estimate the ATE. When interference is present, this is not generally possible, as the
outcomes can be arbitrarily linked. However, Emmenegger et al. (2023) suggest we avoid
this problem by fitting the nuisance functions needed for prediction on the complement of

each split; see Algorithm 1 of Emmenegger et al. (2023) for details.

We wanted to assess the benefits of this flavor of sample splitting in a simulation setup
similar to that in Section 3.4.3. However, due to the sample splitting method, the estimation
procedure suggested by Emmenegger et al. (2023) was often not feasible. For more dense
graphons with a more extreme propensity, the chances of having the complement of a given
split be null is rather large. Therefore, we narrowed the scope of the comparison of the
ATPW estimator as we have presented it here, and the estimation procedure suggested by
Emmenegger et al. (2023). We consider two graphons (G5 and Gg; see Appendix 3.A.1
for details), three potential outcomes functions (models 1, 2, and 3; see Appendix 3.A.2
for details), four values of Sy (0.5, 1, 2, and 5), three propensities (0.3, 0.5, 0.9), and
p,, = n~ /3. However, for G5 with 7 = 0.9, we often have a null set for the complement, and

as such cannot consistently estimate the direct effect using the sample splitting algorithm.

As we see from Table 3.4, for the graphon G4, using sample splitting leads to very similar
biases and asymptotic variances as if sample splitting was not used when estimating the

direct effect.

Table 3.5 shows similar results for the graphon G. However, for a more extreme propen-
sity of 0.9, sample splitting seem to introduce some finite sample bias and result in larger
variance. Figure 3.10 illustrates this across different potential outcomes functions, and for

different values of (.

The sample splitting algorithm presented by Emmenegger et al. (2023) does not seem to
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improve on the AIPW estimator, introduces finite sample bias and variance inflation in
certain settings, and at times might not be a feasible approach at all. However, the sample
splitting algorithm is not without merit, the biggest being the ability to estimate the variance

of the estimator, something that is not possible in general.

Table 3.4: Bias and variance comparison for AIPW estimator. We compare using sample
splitting and not. Overall, bias and variance are similar for the G4 graphon when the
propensity is either 0.3 or 0.5 across various values of Sx.

Bias (Variance)
Bx 7T n AIPW AIPW w/ SS algorithm
Y =05 By + W, + B+ X; +U; +7,)* +€,/5

05 0.3 3000 -0.0016 (0.39) -0.0095 (0.59)
05 0.5 3000  0.0002 (0.48) ~0.0085 (0.49)
1.0 0.3 3000 -0.0045 (1.23) -0.0116 (2.04)
1.0 0.5 3000 0.0004 (1.29) -0.0118 (1.30)
20 0.3 3000 -0.0156 (4.92) ~0.0126 (8.04)
20 0.5 3000 -0.0018 (4.79) -0.0161 (4.84)
50 0.3 3000 -0.0975 (40.29) -0.0118 (58.77)
5.0 0.5 3000 0.0003 (38.69) -0.0160 (36.60)
Y, =cos(3 x By, « W, x 7, + By x X,) + €,/5

0.5 0.3 3000 -0.0123 (1.21) -0.0100 (1.27)
05 0.5 3000 -0.0021 (2.07) 0.0039 (2.06)
1.0 0.3 3000  -0.0086 (0.87) -0.0086 (1.06)
1.0 05 3000 -0.0010 (1.52) 0.0000 (1.52)
2.0 0.3 3000 -0.0025 (0.50) -0.0020 (0.76)
2.0 0.5 3000 -0.0000 (1.04) -0.0016 (1.05)
5.0 0.3 3000 0.0000 (0.50) 0.0002 (0.88)
50 0.5 3000  -0.0000 (1.00) 0.0006 (1.05)
Y, = —exp(U;) * (1 + W,) xcos(3% W, x7,) + Bx * cos(X;) + ¢€;/5
0.5 0.3 3000 0.0479 (15.79) 0.0494 (15.66

0.5 0.5 3000 0.0045
1.0 0.3 3000 0.0474 (16.01 0.0492 (15.90
1.0 0.5 3000 -0.0007 (27.96 -0.0125 (27.69

)
(27.18) )
(16.01) )
(27.96) )
2.0 0.3 3000 0.0484 (15.26) 0.0518 (15.05)
(28.59) )
(15.43) )
(27.16) )

-0.0032 (26.96

2.0 0.5 3000 0.0046 (28.59 -0.0137 (28.06
5.0 0.3 3000 0.0514 (15.43 0.0551 (15.06
5.0 0.5 3000 0.0011 (27.16 -0.0298 (26.37
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Table 3.5: Bias and variance comparison for AIPW estimator. We compare using sample

splitting and not. Overall, bias and variance are similar for the G4 graphon for various

values of m and Sy, but with some cases of sample splitting hurting overall performance.

Bias (Variance)

AIPW w/ SS algorithm

-0.0101 (0.64)
-0.0097 (0.57)
-0.0119 (1.97)
-0.0137 (1.95)
-0.0154 (1.36)
-0.0148 (7.81)
-0.0171 (7.48)
-0.0190 (4.85)

-0.0201 (31.07)

-0.0149 (43.79)

-0.0175 (29.37)

)

-0.0392 (199.70

-0.0371 (1.61)
0.0014 (2.54)
0.0405 (1.22)
-0.0272 (1.25)
-0.0025 (1.65)
0.0200 (6.05)
-0.0067 (0.90)
-0.0016 (1.04)

0.0008 (13.94)
-0.0005 (0.83)
0.0002 (1.10)

0.0007 (12.76)

Y, = —exp(U,) * (1 + W,) xcos(3+ W, *7,) + By * cos(X;) +¢;/5

By m n AIPW
Y, =0.5% By * W, + By # X; + U, +7,)° +¢,/5
0.5 0.3 3000 -0.0012 (0.45)
0.5 0.5 3000 0.0002 (0.56)
0.5 0.9 3000 0.0038 (0.96)
1.0 0.3 3000  -0.0044 (1.23)
1.0 0.5 3000 -0.0005 (1.38)
1.0 0.9 3000 0.0161 (2.53)
2.0 0.3 3000 -0.0158 (4.89)
20 05 3000  -0.0001 (5.01)
2.0 0.9 3000 0.0692 (10.67)
50 0.3 3000 -0.0964 (42.68)
5.0 0.5 3000 0.0057 (38.01)
50 0.9 3000 0.4244 (147.18)
Y, = cos(3x By « W 7, + By + X;) +€,/5
0.5 0.3 3000 -0.0392 (1.55)
0.5 0.5 3000 -0.0053 (2.58)
0.5 0.9 3000 0.0225 (0.40)
1.0 0.3 3000 -0.0260 (1.06)
1.0 0.5 3000 -0.0026 (1.66)
1.0 0.9 3000 0.0119 (0.97)
2.0 0.3 3000 -0.0072 (0.66)
2.0 0.5 3000 -0.0004 (1.04)
2.0 0.9 3000 0.0108 (1.90)
5.0 0.3 3000 -0.0004 (0.67)
5.0 0.5 3000 -0.0006 (1.09)
50 0.9 3000  0.0012 (2.22)
0.5 0.3 3000 0.1333 (17.64)
0.5 0.5 3000 0.0150 (32.64)
0.5 0.9 3000 -0.0917 (4.84)
1.0 0.3 3000 0.1299 (17.70)
1.0 0.5 3000 0.0109 (30.76)
1.0 0.9 3000 -0.0922 (5.03)
2.0 0.3 3000 0.1357 (18.62)
2.0 0.5 3000 0.0099 (32.16)
2.0 0.9 3000 -0.0994 (4.81)
5.0 0.3 3000 0.1359 (17.29)
5.0 0.5 3000 0.0134 (30.92)
5.0 0.9 3000 -0.1176 (5.29)

0.1339 (17.48)
0.0067 (32.26)
-0.1134 (5.04)
0.1307 (17.48)
-0.0015 (30.27)
-0.1266 (5.37)
0.1367 (18.29)
-0.0082 (31.36)
-0.1432 (5.22)
0.1354 (16.74)
-0.0143 (29.79)
-0.1769 (5.65)
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Estimator
a AIPW a AIPW w/ SS Algorithm

Y~ 0.5(W; + BxX;+ Ugt)? + &;/5 Y; ~ cos(8Wt + BxX;) +€i/5 exp(U;)(1 +W;)cos(3Wir) + pxcos(X;)
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Figure 3.10: Density curves for estimates based on the AIPW estimator evaluating the use
of sample-splitting. Here, we consider the graphon Gy with propensity = = 0.9 across
different potential outcomes functions and for various values of By. p, = n~/2.
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3.5 Data Application

We consider the field experiment presented by Cai et al. (2015b). This experiment was
designed as a randomized experiment based on the introduction of a new weather insurance
policy specifically aimed at rice farmers in China. During the roll out of this new policy, two
rounds of information sessions were held across 185 villages in rural China. The households
were randomized to attend either a simple 20 minute long session, or an intensive 45 minute
long session, and to either attend the first or second round of sessions. This randomization
scheme allows Cai et al. (2015b) to estimate both direct effects and indirect treatment effects
due to knowledge sharing across social bonds. For our purposes, we simplify the treatment
to a binary “intensive session” status indicator, and discard the timing of the session. The

data is freely available; see Cai et al. (2015a).

To prepare the data for analysis, we construct the adjacency matrix from the network
data given following Chin (2019b). We did see duplicated network edges in the data, which
results in a non-binary adjacency matrix. We fixed the adjacency matrix to be binary, which
results in slightly different estimates using the Hajek estimator than what is presented by

Chin (2019b).

It is important to note that these data do not satisfy the assumptions underlying our the-
oretical results. In particular, since the outcome considered here is binary, i.e. whether or
not participants signed up for the insurance policy, the smoothness assumption in Assump-
tion 3.7 is violated. However, due to a lack of available data from randomized experiments

on networks, our options are limited, and therefore we proceed with the analysis.

The estimated direct effects are presented in Table 3.6. We present estimates using a number
of estimators. First, the Hajek and Horvitz-Thompson estimators. Second, two ANCOVA
models were fit to the data. For both, we included only the covariates that seemed most
correlated with the outcome; these were educational level, risk aversion (on a scale from
0 to 1), an indicator for whether any disaster had happened in the previous year, loss in

yield due to distasters last year (as a percentage), and area of rice production. The first
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ANCOVA model only included the covariates and interactions with the treatment indicator,

while the second also added the observed proportion of peers treated as an extra covariate.

Finally, estimates using the AIPW estimator with a non-parametric regression model are
presented. The same set of covariates were included as for the ANCOVA models. Again, we
include the results of this estimator both with and without the observed proportion of peers
treated as a covariate. We include the result of the sample-splitting approach suggested by

Emmenegger et al. (2023).

We also present a variety of standard error estimates. For the Hajek estimator, we present
the naive variance estimator, that is the sum of the variance of treated outcomes and the
variance of control outcomes. For all but the sample splitting approach, we include naive
bootstrap standard errors, i.e. a bootstrap is performed as if the data were independent.
For the sample splitting approach, the standard error estimator presented by Emmenegger
et al. (2023) is used. It is important to note that the standard error estimate based on
Emmenegger et al. (2023) is the only one of these that have some theoretical guarantees;
as noted in Section 3.4.1, the OLS and naive bootstrap standard error estimates are most

likely biased, and we have no way of knowing in which direction.

We note that all point estimates are of similar magnitudes. This is unsurprising; all of these

methods offer unbiased point estimates.

For the standard error estimates, we note that the naive estimate of the standard error for
the Hajek estimator is the smallest, the OLS based estimates the largest, and the sample
splitting based estimator somewhere in between. The bootstrap standard error estimates
for the Hajek and ANCOVA estimators are very similar to the naive and OLS standard
error estimates, respectively. For the AIPW estimator, the naive bootstrap standard error

estimate is similar to the Emmenegger standard error, but is slightly smaller.
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Table 3.6: Estimates of the Direct Effect using the various estimators considered
previously. Here, “w/ ppt” indicates the use of proportion of peers treated as a covariate.
“using SS” indicates the AIPW estimate was obtained using the sample splitting
procedure proposed by Emmenegger et al., 2023.

Estimator Direct Effect Estimate SE Estimator SE
Horvitz-Thompson 0.07262 Naive Bootstrap 0.01890
Hajek 0.07335 Naive 0.01416
Héjek 0.07335 Naive Bootstrap 0.01440
ANCOVA 0.06237 Naive Bootstrap 0.04256
ANCOVA 0.06237 OLS 0.04316
ANCOVA w/ ppt 0.05655 Naive Bootstrap 0.04247
ANCOVA w/ ppt 0.05655 OLS 0.04321
AIPW 0.07154 Naive Bootstrap 0.02077
ATPW w/ ppt 0.07117 Naive Bootstrap 0.02149
ATPW using SS 0.06903 Emmennegger 0.02454
AIPW w/ ppt using SS 0.06748 Emmennegger 0.02452

3.6 Conclusions

The asymptotic behavior of estimators of the Average Treatment Effect when general in-
terference is allowed is still largely unknown. Often, interference will inflate the variance
of estimators, and therefore variance reduction techniques are of interest. We show how
the random graph framework proposed by Li and Wager (2022) can be used to get asymp-
totic results for the Augmented Inverse Probability Estimator, and use this to evaluate
the efficiency of one of the most popular covariate adjustment techniques, the ANCOVA,
when analyzing randomized experiments. We illustrate the use of the studied estimator by

analyzing the Cai et al. (2015b) study.

Our main conclusions are two fold. First, ANCOVA still provides a consistent and asymp-
totically normal estimator for the ATE, even when misspecified. Furthermore, as long as
interactions between the treatment indicator and covariates are included in the working
model, the ANCOVA estimator is at least as efficient as the Héjek estimator. This im-
plies that using the ANCOVA method to adjust for covariates in randomized experiments is

sensible, even when interference is present. From a practical perspective, this is encouraging.
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Second, we see that estimating the standard error of the AIPW estimator in general, and the
ANCOVA estimator in particular, is still an unsolved problem. We show through simulations
that both the OLS and the bootstrap standard error estimators perform poorly, but more
importantly, inconsistently. This means that inference based on the AIPW or the ANCOVA

estimator is, as of now, not possible in practice.

While the direct practical implications of our work are mixed, we are able to exactly char-
acterize the asymptotic behavior of widely used estimators in a general interference setting.
This can help up better understand the challenges still to be solved when the goal is to ob-
tain statistical inference from randomized experiments where experimental units interfere

with each other.
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Appendices

3.A Simulation Details

3.A.1 Graphons

The six graphons considered are included below. While we have not considered results for
all of the graphons, they are all included here for future reference. The expressions for
G(U;,U;) and g(U;) = E [G(U;,U,)|U;] are given, and both are presented visually. The
former is presented as a heat map, the latter as a plot of g(u) as a function of u. The
relationship between the two: g(u) is the average of all values along the vertical line U, = u
on the heatmap.

Graphon 1:
1
Gl(Uiv U]) = g+
3 1 1
(U <3]-1[U; <]+
13 <U <3 1[3<U; <3|+
L[U;>3]-1[U; > §])
91(Uz') =L [G(UivUj)|Ui]
2
5
1.004 1.004
0.754 0.754
3 050 éj 0.50
(o]
0.254 0.254
0.00 4 0.00 4
O.E)O O.'25 O.ISO O.I75 ’I.E)O 0460 0.I25 0.I50 0.I75 ’I.E)O
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Graphon 2:
27
Gy (U, Up) = (U,-U;—2-U2- U2+ U} U?)
27 (U. vz U
Uy=2L(Zi 9. Zi 4“0
GZ(Ui’ U])
0.00 0.25 0.50 0.75 1.00
1.00
0.751
" 0.50 1
0.251
0.00-
000 025 050 075  1.00 000 025 050 075 100
Ui Ui
Graphon 3:
1 |3-min(U,,U;)|
1 1 ] 5 1 9
G3(U, Uy)
o2 [ oso [ o5 [ 1o
1.00
0.751
> 0.50 1

0.25 A

0.00

0.50
Ui

0.00 0.25

0.75 1.00

0.50
Ui

0.75 1.00 0.00 0.25

Note: G3(1,1)=1
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Graphon 4:
3 3 1 3 3 1
G4(U1'7Uj) = (E + 5]1 [Uz > 5]) : (E + g]]. [Uj > 5])
3 3 3
U)=|—+=1]U. l)._
94( 2) (10+5 [l>2] 5
G4(U,, U)
oo [l oz [ os
100
0.754
D 0504
0.251
0.004
0.00 0.25 0.50 0.75 1.00 0.00 025 0.50 0.75 1.00
U; U;
Graphon 5:
3 . 1 3 . 1
G5(U;,U;) = (E sin(2-m-U;) + 5) : (1—0 csin (2.7 Uj) + 5)
3 . 1
95(U) = (55 sin (27U + 5 )
Gs(U;, U))

0.00 0.25 0.50 0.75 1.00

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00



156

Graphon 6:
1 1 1 1
Ge(U,U) == - (U, +1)* 7)(7, U, +1)* 7)
s = (55 Wt U+ 55) (55 @+ D+ 5
1 1 41
== . (U +1)4 7>7
96(0) = (55 W+ D*+ 15) 105
Ge(U;, Uy)
0.00 0.25 0.50 0.75 1.00
1.00 4
0.754
3" 0.50 1

0.25 1

0.00
000 025 050 075 1.0 000 025 050 075 100
U Ui
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3.A.2 Potential Outcomes Functions

These are the potential outcomes functions we considered. Again, we did not consider result
for all functions here, but these are all included for future reference.

Potential Outcomes Function 1:

1 €:
f(w,p,x,u,e)zi(w—i—ﬁx:E+up)2+é

f’(w,p,x,u;e) :U(w—FﬁXm—f—up)

Potential Outcomes Function 2:
E.
flw,p,z,us€) = cos(3-w-p+ By )+ =

)
f’(w,p,x,u;e) :—3wsm(3wp+ﬁxx)

Potential Outcomes Function 3:

)

flw,p,z,u;€) = —exp(u) - (1 +w) - cos(3-w-p) + By *cos(x) + gl

f(w,p,z,use) =3 - w-exp(u) - (14+w)-cos(3-w-p)
Potential Outcomes Function 4:

flw,p,z,u;€) = (1 +w) - exp(p) + cos(Bx - x) + %

f(w,p,,u;€) = (1+w) - exp(p)

Potential Outcomes Function 5:

)

)

flw,p,z,u€) = £ (14 (1wt By o) - explp) + 5

Fwp i) = S0+ 0 (4w Gy 0) - explp)

Potential Outcomes Function 6:
flw,p,z,us€) =w+ By -x+p+ute
f/(wapaxau;€> =1

Potential Outcomes Function 7:

f(wapaxvu;e):w+ﬁx'x+p2+u+6i
f/(w7pax7u;6) :2p
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3.B Additional Results Needed

Proposition 3.4. If Equation 3.6 and Equation 3.7 hold, then

1 & W, S(1,W, =~
S (1) (T =T = o,V (3.17)
i=1
and
LGWi=7 sow,) 50y _
n 2 Tog (T = TY) = 0,1V (318)

Proof. We will show that Equation 3.17 holds. Let € > 0 and n > 0 be given. We want to
show that there exists an integer N € N such that for all n > N,

RN Wi\ (w0
P(\/ﬁ;(l—ﬁ)(yﬁm -vY) <e> >1—1.

Let g, : (0,1) = R be the function

i) =7 D0 (1) (T =),

Since g,, is continuous in a neighborhood around =, there exists some § > 0 such that
|g,,(x) — g, (7)] < €/2 for all x with |z — 7| <.

Since T —, m, there is some N; € N such that for all n > Ny, P(|7 — x| <d) > 1—1n/2.

Since, by assumption, g, (7) = 0,(1), there also exists some N, € N such that for all n > N,
P(lgn(m)| < €/2) = 1—n/2.

Now, let N = max{N;, N,}. Then for any n > N,

P(|g,(T)| <€) = P(|g,(7) — g, (m)| + |9, ()] <€)
> P({g,(7) — g, (m)| < €/2} N {|g,(m)] < €/2})
=1—P{g,(T) — g,(m)| = €/2} U{[g,, ()| > €/2})
> 1—[P(g,(T) — g,,(m)| = €/2) + P(|g,,(7)| = €/2)]
>1—(n/2+n/2)
=1—n.

Therefore, g, (r) = 0,(1), and so Equation 3.17 holds.



Proposition 3.5. Under the assumptions and conditions stated in Proposition 3.4,

" SLW.,) 0w,
LS { B T
n 4 ¢ 7 1—7

| o TO_E[FY] TO-€[7Y)
_ 2 Z(WZ - 71_) { 2 [ + 2 7 }
n

— T 1—m

+o,(1/).

Proof. We will show that

S(1,W_,) 77(1) 77(1)
D L e M e D
and o-(0,W_;) 57(0) [ (0)]
1 n R Z‘,n’ —i 1 n YZ _ IE f
w2 W M= = 00 (W m) == o, (1/ V).
First, note that
n o-(1L,W_;) n (1) n
1 Y 1 Y 1 W, S(1LW.,) (1)
- W— in W— ZA - 1_%) Y(a —i _Y(
DIUE DB +n§_;( =) (V) z

The second term in the above decomposition is 0,(1//n) by Proposition 3.4.
For the first term,

159

1 (1)
~2 Wi=m=
n T
1<& vy T—71 (1)
/A R M AL
n ;( =) 7 T n ; !
Since {:}\/;(D}?:l is a sequence of i.i.d. random variables, Z?Zl ’}};(1) =L [’3‘/;(1>] +0,(1/y/n).
Since "= = 0,,(1), we have

~ 11 n_
™ ™ Y(]_)

@ n = '
lznf (Wz_ﬂ—) ~ ™ —T
= =R VY] 4 S20,0/vi)
(1)
1 E [
= 7Z(Wz7ﬂ-) I:A ] +0p(1/\/ﬁ)7
n T
and therefore
=~ (1) (1)
1 R Yi(l) 1™ YW —_E Y.
L SR & ol s BV
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Continuing with the sum on the right,

1 i};(l) _E [i‘/’i(l)]
P W
n W _ g [0
gyt B[
n =1 T
1 1\ 1 ~ ~
(5 7) n o -m (7Y £ [71)).

Since % Z?ZI(WZ. -7 (37;1) —E [372-(1)]) is an average of mean-zero i.i.d. random variables,

)
it is O,(1/y/n). + —1 =0,(1), and therefore

1 n R ?(U
. Z(Wl - 7T) L
n =1 s
L& T —E 7]
= DW= M= o (1Y)

Proposition 3.6. Under Assumptions 3.1, 3.2, 3.3, 3.4 and 3.7,

Sxy == 32X~ X)(¥; ) = 0,(1/vi)
and
- 1 & _ _

D (X = X)W, = )Y, —Y) = 0,(1/Vn)

Proof. We will show that 3 xy = 0,(1/y/n), and leave the proof of the second result to
the reader. We want to show that ﬁ Zzn:l (X, - X)(Y;-Y) = O,(1). First, note that

L3 (X =X)(Y,-Y) = LY (X, - X)Y,— = ) (X, — X). For the second term,

n

Y = O,(1) since Y —p Ef(W;,m, X;, U5 ¢;)] (see proof of Proposition 3.2 for details), and

17

£ 37 (X — X) = 0,(1) since X, are iid., so =37 (X, — X) = 0,(1),
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For the first term, we use the Taylor expansion of Y; that is possible by Assumption 3.7.
This implies

1 n n
(X, - X)Y, (X, — X)f(W,,m, X, Usic,)
Vi & X
1 & M,
+%i:1(XZ-—X)f (W, mf, X,;, U €;) (M—W>.

The first sum can be spht into two. f 27 L Xif (W, m, X, Uyse;) = O,(1) since this is

R
a sum of iid terms. \F Zz LW, X, U e) = Op(l) since X = O,(1) and the terms
in the sum are iid, so \in:1 f (W, m, X;,Us¢;) = O,(1). Therefore, ﬁZ?:l(X
X)f(W;, 7, X,;, Uy ¢;) = O,(1).

1)

To see that the second sum is also O,(1), we will consider each element of the vector

separately. Let X, ; be the value of the kth covariate for observational unit 7 and X, the
average of the kth covariate. We first see that all elements of the vector have mean zero:

E [(Xi — X)f (W7, X, Uss ;) (% — w>]

i

_E {[E [(Xi = X)f' (W, 77, X, Ui ;) (Az\{ - W) |g”

3

=E[(X;,—X)f (W, 7}, X;,U;;¢,)] E {[[(%w) 9”

3

=0,

where the last equality follows from E [E [( % ) |§H = 0. So, if we can show the second

moment is bounded, then we have the de51red result.

KWZ P (Wan, X, Usie,) (%tz]

:E[(Xi,k— W F Woomh X, Uss ) (J\J\{i_ﬂz}

i

N;, N,

? J

_ M. _ M,
+ (TL— 1)[E |:(Xi,k _Xk)f/(Wzvﬂ—z’X Uz’ez) (l _71—) (Xj,k _Xk)f (W]77T]7X vaﬁj) ( —77):|

By Assumption 3.7, f'(W;, 7}, X;,Us; €;)* < B2, Since X, ;. has finite second moment by as-

sumption, E [(X; ;, — X;)?] < co. By Lemma 15 of Li and Wager (2022), E [(M,/N, — )] <
¢ So,

np, "

[El(XM X2 (W, wh, X, Uy €;)? (%w)zl

i

< BE [(X;y, — X3.)] o
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Next, note that

)

M.
2 (Xz,k_ )f (Wz’ﬂ-wX Uz761) (]\;-w)

J g J* 5 N]

(X, — X' (W, m5, X, U e)(M—w>|E —o}_o

since % = 0. So, since P(E;; =
1) = [E[ [ ZJ|U Ujl] = [Gn(UZ,UJ)] < ppC, by Assumptlon 3.4 and |f’| < B, we can
use Holder’s mequahty to get

2 (Xik_ )f (WZ77TZ’X Uz’ez) (M_ﬂ-> (Xjk_ )f (Wjaﬂ-]vX Ujve_]) (ij—ﬂ')]
) N , Nj

%

- B P
S IE (X’Lak_Xk)f/(WZ’T‘—Z7'X UZ7€Z) (JVZ_ )

(Xj7k7 >f (WJ77TJ’X UJ’6] <_ ) - :| Cu
<t <Xi’k o ) ‘f (W“Trl’X Uu 61 ( ) ] PnCy

2
_ M,
< B%p,c,E[(X; ) —X)?| E KN — w) B, = 1] :

g

.. Mi _ El#i Eil(Wlfﬂ-)
By definition, S e

2
Mi

For any I, +# I, E[E E (W, —m)(W,—m)|E;=1N,] = 0 since W, L

, and therefore

i

ZZ [ Elzj(VVll _7T>(W12 _W)|Eij = 17Ni] |Eij
ly#iloFi



163

J(EE

1
=t lNz;[E [By(W, —m)?| By = 1L N;] | Ey; = 11
i T#

13’

=7(l—n)E NE;[E Eu|E;; = 1,N,] |E,; 1]
=r(1—7)E _E|Eij = 1}
(1—7)E _ ! B, =1
=7(l —7m — |k =
_1 + Zlilﬁj Eil !
(1 —mE |E L 1B, =1
=T — T _—m—m—m—m— 7;.:
L 1+Zl#m il ’
(1—m)E ¢ L wliE =1
=m(l—m ——\U; =11
L L 2 Ea ’
Given U, ZZ#J E; ~ Binomial(n — 2,g,(U;)), so E [WWZ} < m <

1
(n_2>pnc
for exanllple, Cribari-Neto et al. (2000)) and the second follows from (i) of Assumption 3.4.

So,
2
M, w(l—m)
— L= < _
- [( Nz ﬂ—) |EU 1‘| N (Tl - 2)pncl

This leads us to conclude that

where the first inequality follows from properties of the binomial distribution (see,

(n—DE|(x,,— X >fanm“X'mm»(Mf—ﬁ<Xm— OF (W, X, %&ﬂ(j

N,

< (n—1)B2p,c,E [(X,,, — X,)?] E [(%l - 71') |E,; = 1]
< (0= DB, E [(Xop = K07] 7o
— 0(1).

l

Therefore,

2
n M.
Z (W’L’F'UX U’L767,) <]\/_7T)>

i

Elk

I
—
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and so

1 - 14 / * MZ
i (= XOr W X, e (= 7) = 0,0

This concludes the proof that ¥y = O,(1/y/n).
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3.C Proofs

Proposition 3.1 (Consistency). Suppose Assumptions 3.1, 3.6 and 3.7 hold. If the random

\ (w>W—i>

variables Y; are such that

and
1 Sn oo
=Ny = o,
ni=

for w € {0,1}, then the estimators 7T, and 71, are consistent for Tpg, i.e. THE L —
Tpir —p 0 and e w — Toir —, 0, conditional on the graph and the potential outcomes.

Proof of 8.1. Consider 7 TAIPW Note,

. w,) I Wi—moow,
b =704 130 (1= B2 T - LS R (3.19)

By assumption, the two sums are 0, (1). By Li and Wager (2022), 77 is consistent for 7y,
and therefore is 7iLy, consistent.

Now we turn our attention to 7ipyw. We can express this as 75440 p(1). Let = 1 Zi:l W;.

Then
. . gaw, 1 Wi —Tow,
Thpw = 74 + = Z ( ) A - > ﬁyfm ). (3.20)
i=1
We will prove %Z ( )Yﬁbw i) = 0,(1) and leave the second sum to the reader.

We start with a small rewrlte

l Y (1 _ %) Fawy
=1

n ~ in
1y (1_2) Az%’Wﬂ)Jrl - (g_%) Paw.)
n < Vs n < s ™
=1 =1
™ 1 <& S(1,W_,) Tl & ( 1) 1,W_,)
= lfj)f - - — 1—-—1Y.
(-T)ESosamo Tl (1o

)ﬁ{27W,i) =o0 (1) Since 7/ — 1 as n — oo, the second

By assumption, = Z (

term is 0,(1). For the first sum, (1 — Z) = 0,(1). By assumption, - Zl Y W) = 0,(1),
and so the first sum is o0, (1). This completes the proof.

O
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Theorem 3.1 (Central Limit Theorem). Suppose Assumptions 3.1, 3.2, 3.3, 3.4, 3.5, 3.6
and 3.7 hold, and further assume the existence of random variables z(w),w € {0,1}, such
that (Wi,XZ-,Ui,r)Zm),’}\/;(l)'e-) are iid. Also, assume

72 (1, 7) (TW-) )

(3.6)
= 0,(1/v/n)
and
2z Z (Y(O W) ?(0)>
l—m ‘ (3.7)
— 0,(1/V).
Then
. 2
Vi (#ipw — Tpir) —a N0, (1 —m)E [(Ri -4+ Q) ])a (3.8)
Vn (%ﬁlﬁJW TDIR) a NV (0,7(1 =) (VarlR; — A; + Q] + (E [QJ)QD )
where XU x
Rz’ — f( s “X9 i?ﬂvei) + f(O, i?Uz"Trvei),
s 1—m
1) 570
PR
) s 1—m
o — £ |G U (Lm X, Usey) = /(0.7 X, Ui ;) U‘] |
[G( 5 Up)IU;]
If \/np,, — o0, then with o3 = Var[f(1,7, X;,U;;€;) — f(0,m, X;,Uj; €;)],
Vi (i ow = Tom) —a N(0,0% + (1 = mE [(R; — A, + Q)] 39)
Vi (T fpw = Tpir) —a N (0,05 +7(1 =) (VarlR; — A; + Q;] + (E[Q;])?)),
Proof of Theorem 3.1. First, recall the rewrite of the estimator in Equation 3.19
_ a,w_ I G W, —7Tsow,
TAIPW_ gll;t"' Z( ) in J EZ 1_7TYi<,n g (3.21)
i=1

Li and Wager (2022) showed that the Horvitz-Thompson estimator can be written as

THiR = TpIR + ZR + Q) (W; —m) +0,(1/v/n)

(f (1,7, X;,U0;)—f (0,m,X;,U;)) .
[E[éM’U“Uj)‘Uj] £—221U, | which converges to Q.

where Q,, ; = E |G, (U;,U;)
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Note we can write

1< WA - _ 1 & W, ~ _ 1< w.
S (1= )T =y (1 ) (T ST > (1) T
n = T ' n = T ' n = T
and
1 & W-*TI'A(OW ) 1 & W, —mn S (0,W_,) (0) 1 L Wv*ﬂ'fv(o)
— ! Y o = — ! Yo Y — L Y.
n; l—m »7 n; 1—m (”” ‘ >+n; 1—m °

We plug these three expressions into Equation 3.21 to get

n

b~ Tom = = D (Ri+ Qo) (W, — ) 4 0,(1/v/)

i=1 i=1
1 n
= - (Rz + Qn,z)(Wz - 7T)
nz:l
Lol (P O
_Z( : : (Wl_ﬂ—)
n ‘= ™ 1—m
1 & Wi\ roa,w.,) <)
S5 (1= B (paw Uy
Fu 3 (1= ) =T
LG W=7 sow.,) 0
. yOW) _ ¥
n; 1—m <1’" ¢ )
+0,(1/v/n)
1 n
= (Rz’*AiJFQn,i)(Wi*W)JFOp(l/\/E)a
i=1

where the last equality follows from Equation 3.6 and Equation 3.7. {(R; — A, +Q,, ;)(W; —
™)}, is a sequence of i.i.d. random variables, and so the central limit theorem tells us that

Vi(Tibw — Tor) =4 N(0, Var [(Rz —A;+Q, ) (W; — 7")] )-
Since E [(R; — A; + Q,, ;) (W; — )] =0,

Var [(R; — A; + Q,, ) (W; — )]
=E[(R; — A; + Q) 2(W, — m)?]
=m(1-mE[(R, — A, +@Q,.)?]

which by the dominated convergence theorem converges to m(1 — m)E [(R, — A; + Q;)?].
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For 714, Li and Wager (2022) showed that we can rewrite this as

b = Torm + - (B~ E[R]+ Q) (W, — ) + 0,(1/v/).
i=1

7HA can be rewritten as in Equation 3.20. Using these two rewrites and Proposition 3.5, we

see that

n

~ _ 1
TAbw — TDIR = o Z(Ri —E[R]+Q, ;) (W; —m)
=1
aw) I Wi=Tsow,)
e () L R
+0,(1/vn)

n

= (R~ E[R]+ Q) (W, — )

n A(LW—i) A(O’W—z‘)
1 Y. Y.
T W, — ~ z,nA i,n _
n ; (W; —7) { T + 1—7 }
+0,(1/v/n)

= LSRR - 4]+ QW

=1

+0,(1/y/).

Since {(R; — A; —E[R, — A;] + Q,, ;) (W, — m)}i; is a sequence of i.i.d. random variables,
the Central Limit Theorem tells us

\/ﬁ(%}x{ﬁgw —Tpir) —>a N(0, Jggo o),

where

= Var((R; — 4, —E[R, — A,] + Q,, ) (W, — 7))
[(Ri — A, —E[R, - Al +Q,,) ] [(W; —m)?]
=n(l—m) (Var(Ri — A, —E[R, - A]+Q,,;) +(E [Ri — A, —E[R, — Al + Qn,i])2)
=m(l—m) (Var(Ri —A;+Q,,;) +(E [an])2) )

Taking the limit of this expression gives the desired result.

For the limiting population estimands, note that T = Z:L:l f,m X, U €;) —

f(o T, X Uzvez) + Op(l/\/ﬁ) and T™DIR — [E[f(l T, X Uzvez)_f< ) T X Uzv€z>] if

c 3=
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V/np,, — 00, and so

~HT
Tatpw — TDIR

= TAibw — TDIr + TDIR — TDIR
1 n
= Z (R, —A; + Qi) Wy —m)+ f(1,m, X, U 6;) — f(0,m, X;, Ups €;) — TDIR
=1
+0,(1/v/n).

This is a sum of iid random variables with mean 0, and therefore the central limit theorem
gives us that
Vi (Thipw — o) —a N(0,0%),

where

03 = lim E [((Ri — A+ Q)W —m) + f(1,m, X, Uz ;) — f(0,m, X3, Uy €;) — TDIR>2}

n—0o0

Since W; is assigned independently,

£ [(Ri —A; + Qn,i)<Wi - 7T)(f<1>7T7Xia U;; €¢> — f(0,7, X;, U5 €;) — TDIR)] =0,

1) 71

and so
2 [(Rz = A+ Qu )Wy —m) + f(1,m, X, Ui ;) — f(0,m, X5, Uy €;) — TDIR)z]
=L [(Ri — A, + Qn,i)Z(Wi - 77)2] +LE [(f(l, T, X, Us ;) — f(0,7, X;,Uss €;) — TDIR)2]
= 1(1—mE [(R, — 4, + Q,..)%] + 03

Taking the limit gives the desired result. An analogue argument gives the result for ?Eﬁ‘,w.

O

Lemma 3.1. Assume }}i(’;v,wfi) = iLilw>(Xi,Mi/Ni7Ui), where 7151“’) are random functions
such that there exists a P-Donsker class & with P(iz(nm € F)— 1. We assume there exists
W) € Ly(P),w € {0,1} with [ (izslw(x,w,u) —h<w>(x,7r7u))2dP(X“U”(x,u) —p 0. Then
Equation 3.6 and Equation 3.7 hold with ’}\/;(w) = WX, 7, U,) if one of the following is
true:
a. ﬁs;w>(XiaMi/Ni,Ui) = ?lglw)<Xi7Ui)

(X, My /N, U, = [o(X3,U) + BM; /N, with f, —, f and B, —, B € R

Proof of 3.1. Here, we show that Equation 3.6 follows as postulated; Equation 3.7 also
follows by parallel arguments.
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First, note we can rewrite Equation 3.6 as

1 N (5
1 (1 _ E) (hh) (X, M/ N, U) — hO(X;,7,U) )
ni3 g
L& W\ ) = (1)
= — 1—— hn X)Mz Ni7 7 _hn Xi’ » i

+ — (1 — %> (Egnl) (Xia T, Uz) - h(l)(Xi7 T, Uz)) .
1

1=

(a) and (b) both imply that the first of these two averages is 0,(1//n); we will provide
details below. First, we will show that the second average is 0,(1/y/n) by results from
empirical process theory. This follows directly from applying Theorem 6.15 of Bolthausen
et al. (2002). We include a detailed “translation” of our specific situation to the notation
used by Bolthausen et al. (2002).

Let fn be the random function (1 — %) iz%l)(x, m,u) (note: the randomness comes from the

estimation of 71511), which implicitly is a function of the observed data (Y, W, E, X)), and
fo be the function (1 — %) hV(z,m, u). We see that

an / (1 — E) ﬁg)(x,w,u)dP(W‘ x,v,) (W, ,u)
7'[' (2 17 k3

:/<1—E) dPW,(w)/?zS)(x,w,u)dP(X,U,)(m,u)
= f Ui
0,

since Py, x, v,) is the joint measure of (W;, X;,U;), and W; L (X;,U;). We want to show
VNG ( W.> =) -
7§: 1——) (b (X, 7m,U) — (X, 7,U;)) =G - 0
n & T < ( i 1) ( T 1)) n(fn fO)_>

in probability. This holds by Theorem 6.15 of Bolthausen et al. (2002) if P(fn —f)2 =0
in probability. Since Py x, v\ (w,z,u) = Py, (0)P x, (2, u),

P =12 = [ (1= 2) ) — (1= 2) A0 m)) Py, (2,0)

™

= // (1 — %)2 (Bﬁ,”(:c,w,u) — hW (2, T, u)>2 Py (w)Px, v,)(x,u)

= {(1 — 71r>2 T+ (1— 71')} / (izg)(x, T,U) — h(D(gv,ﬂ',u))2 Pix, vy, u)

which by assumption converges to 0 in probability. Therefore, by Theorem 6.15 of

Bolthausen et al. (2002), we can conclude that = S (1 — %) (izg) (X;,mU;) —hV(X,,, Ui)> =

i=1 ™

0p(1/\/M).
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We now show that (a) implies
1 zn: (1 — %) (i (X, M, /N, U) = b (X, 7, Uy) ) = 0, (1/v/n)
n — T (2 K3 7 1 7 I (] 4

Since by (a), A" (X,,M,/N,,U,) = (X, U,), we see that h\" (X,, M,/N,,U,) —
MZU)(XZ., m,U;) =0, and so

1 n W ~ ~
g ( B 71) (h%l) (Xi> Mi/Ni’ Uz) - hng(Xi’ﬂ-’ Ul)) =0.
i=1 T

Finally, assume (b). Since iLglw)(Xi,Mi/Ni, U) = f.(X,;,mU)+ 3 (% — 7T>, we see that
the difference is A\ (X;, M;/N,,U;) — hi"\(X,, 7, U,) = B (1\]\/{ - 7r). Therefore,

LS (1= ) (1) 00, 0) = ) (. 0)
=1

=y (1 ) ()

i=1 i

By assumption, Bn —, B. Therefore, if we can show %Z?:l (1— %) (1\]\/[[, —7r) =
0,(1/y/n), the result follows from Slutsky’s Theorem.

We need to show —— Z?:l (1 — W) (% — 7r> —, 0, ie.

n us i

. 1 & W\ (M,
e (| (-5 (3 )

Since each term in the sum has mean zero by the independence of W, and M,;/N;, Cheby-
shev’s inequality tells us that it is sufficient to show that the second moment converges to

0 as n — oo. Therefore, consider the second moment,

26) =0 for any € > 0.

[(E30-2) )]

where i #£ j.



M, _ 2 BiW; .
L= =4t 22 the first term is
Ni Z]‘#i Eij ’

J(ENCTONRI

Since

(2022)), this term converges to 0 as n — oo.
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el G- ] -G ]

2
Since E {(% —7r> ] = 0,(1/(p,n)?) (see Lemma 15 in Appendix B of Li and Wager

Now, consider the second term. To ease notation, let Wi =1—W,/m. Then,

e[ (22 (s

=)

]

[ Zk# Ey(Wy —m) El:/:j Ejl(Wl — )
W. N

_Zk# Zl#j WiEik(Wk - 7T>WjEjl(Wl —)
N;N;

NN,

Zk# Zl%j W, E (W), — 7T>WjEjl(Wz — ) NN } ]

g

J

— (n—1)E |, ¥, N
=(n-1E

=(n—1E|E [

=(n-1E

-Zk# > E [WiEik<Wk —m)W,E, (W, — 77)‘ N, N'] }

NN,

Notice that W, L B, (W), — W)WjEﬂ(VVl —7)|N;, N; for all [ # i (since i # j). So,

E [W,Ey (W), — m)W, B (W, — m)| N, N;| = E [W,] E [Ey (W), — m)W, B, (W, — )| N;, Ny] = 0.

The same holds for all k # j. Therefore,

(n—1)

ity

J

- Zk# Zl#j E [WEzk(Wk - W)WjEﬂ(Wz - W)‘ N, N'] }

NN,

J

NN,

[ E[W,E,;(W, — m)W,E;,(W, — )| N;, N, ]

J

=mn-1E

7T2NiNj

where the second to last equality follows since W, =

(2

'E [Ezg(W - 7)2(W¢ - 7T>2| N;, Nj]
NZ-]\TJ-W2

[ B,(W, —m)*(W, ﬂ |

=L(W, — 7). By the law of total

™
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expectation,
By (W, —m)*(W, — ) E, (W, —7m)2(W, —m)?
. — 7T2NiNj - 1;1 E — 7T2NiNj ig = T P(Ez’j =x)
£ [(W — 7r)2] 1
Lo {NiNj By =1|E (5
1
=(1-7)?2E [NiNj B = 1] E [E;;]
Now, [ [E,;] E[E[E,U,U;]] = E[G,(U,U;)] = E[min{p,GU;U;),1}] <

poE [G(U;, Uj)] < p,,C., Where the last inequality follows by (ii) of Assumption 3.4.

IN

Next, we consider [E {ﬁ‘Ew = 1}. By Holder’s inequality, [E {ﬁ’EU = 1}

2 2
\/[E (3| B =1 3By =1] = £ || By =1], since By = Bj;. So,
1 1
[E[NiNj Eij:1]:[E[N2 Eijzl}

U.

?

1
E
l(l + Zk#i,j Eik)2

1
=t lﬂz l(l + Zk#i,j Eik‘)2

Note that Zk#_j Ey|U; ~ Binomial(n — 2,E [G,,(U;,U;)|U;]). Therefore, by properties
of the binomial distribution (see, for example, Cribari-Neto et al. (2000)) and the fact

that E [Gn(Ui,Uj)|Ui] > p,¢ (by (i) of Assumption 3.4), E [[E {W UZH <
k#i,5 ik
M

— M :
TR A AL LT for an appropriate constant M > 0.

Finally, this let us conclude that for an appropriate constant M > 0

e -2 () () (-]

J

<(n—1)(1-7)’E[E;] E []éz Ew]
<(n-1(- ”>2f’ncu(n—2j\>€p2c%’

which converges to 0 as n — oo. This implies E [(\% Z?Zl (1 — VZ) (Mi — w))Q} — 0, and
therefore %Zz;l (1 - )B" (%: — 7r> =0,(1/y/n).

i
™

Proposition 3.2. Under Assumptions 3.1, 3.2, 3.3, 5.4, 8.5, 3.6 and 3.7, BANCOVA g
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consistent for Tprr, and asymptotically normal in that

Vvn (BANCOVA — ?DIR) —4 N (0,7(1 — ) (Var [774] 4+ Var[A,] — 2Cov[A;, R}))),

where
Var [%HA] = Var[R; + Q;] + (E[Q;])%,
_ f(laXi7Uia7T;€i) + f(OaXivUi77r;€i>
i T 1—m ’
1 1 T w1
A= (; + m) YxpixxXis
Q.= F G(Ui,Uj)(f’(l,ﬂ,Xj,Uj) —f’(O,w,Xj,Uj)) 7.
‘ E [G(Ui,Uj)|Uj] ’
with

2Xf =X, f(W,m X, Uz e,)] = E[XGIE[f(Wy, 7, X, Ui ;)]

1

Yxx =L [(Xz —L [Xi])<Xi —L [Xz])T]

Proof of 3.2. We show that BANCOVA is asymptotically equivalent to an estimator of the
form 714, with
f/i%w%) = EEZ’J)(Xi) = iq}éyi}lxxi
which converge to
’Y\:i<w> = h<w><Xi) = Eq);fES(lXXi'

We then rewoke the result in Lemma 3.1(a) to arrive at the desired conclusion.

As shown by Tsiatis et al. (2008), the estimator FANCOVA can be written as

BANCOVA

-1

n? ~
={1— 71d Tzfl 71d
{ nomy (n™dy)" Xxx(n 1)}

_ N e e
{THA - Z(Wz - W)zj);YzXlXXi} .

nony 4=

Note that the second factor of BANCOVA ig exactly of the wanted form, so we simply need

n2

(n~1d))TS%x (n1dy) =, 0.

nonl

First, since the covariates are i.i.d. with finite variance by assumption, ¥xx —, Xxx-
Second, since {(W;, X))}, is a sequence of i.i.d. random variables,

LSS, — #)X, =, E[(W; — #)X,] = E[W, — 7] E[X,] = 0.
ni=
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Finally, ™. — 7 and %2 — 1 — 7. Therefore,

2

n —1 g \T$=1_ (-1 1
d)'s dy) —

o, (ndy)" Exx(n™dy) =, (1 —n)

(E[(W, — 7)X,))° Sy = 0.

Next, we aim to establish convergence in probability of A"’ (X;) = SxySxx to hW(X;) =
EXfE}lXXZ-. This entails making sure that ¥ x x —, ¥ xx and ¥ xy —, X x . The former
is well-known, since {X;} are i.i.d. For the latter, by definition

~ 1 & _ _
YXxy = g (Xi_X>(Yi—Y)
i=1
iy (1) (A5
_nzzl o nz:l ' nz:l ’

Consider the average of the outcomes. By Assumption 3.7, we can write the observed
outcome Y, using the Taylor expansion around 7 as

1

= f(W,, 7, X;,Uys €;)

+ f (W, mi, X, Uss €) (i - 77)

for some 7} between 7w and M, /N,.

First, by Holder’s inequality and Lemma 15 of Li and Wager (2022)

2
M. M.
£ f/(WwﬁaXnUﬂei) -7 S[E[f’(Wi,w;‘,Xi,Ui;ei)q[E L
) P A N;
<B2i.
- np,c

Next, consider the second moment:

2
E KlZf/(Wi,w;,Xi,Ui;ei) (% _77)) }
ni= f

2
1 , y M,
= EE {f (Wi77ri7Xian;ei)2 (N —7") ]
M
+

n—1

2 2
Since |f'| < B, [E[f’(Wi,mXi,Ui;e»?(%% —w)] < B {(%—w)} < PG py

i M.
E f, Wi’ :7Xi7Ui; i (l - >f/ ij ﬁXjan; i (] - >:| ) ).
[ (W,,m €;) N7 (W, i €i) N p- (i )
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Holder’s Inequality,

’ * Mi ’ * Mj
E|f(W;,n5, X;, Ui €;) N7 Wy, m5, X;,U;) ~

i J

2
M.
<t f,(Wi’ﬂzvxian;ei)Q( : _7"> 1
N;
npncl.

SO,
zn J’( 29 ’X7[Z7S> C (1/\/ lc’!l) C (1)
n i [ (3 : (3 N P n P

since np,, — 00 as n — co. lL.e.

1 & 1 & 1N, . M,
E;Y; = n ;f(wia’/T,XivUi;ei) + n 2 fr (Wi, mi, X5, Uss€;) (M W)
1 n
== W, m, X,,U.; €. 1).
n;f( ir Ty gy laez)—'_op()
and therefore % 2?21 Y, —, % :L:l fW,, 7, X,;,U;;€;), which is an average of iid. random
variables, and hence + ?:1 Y, =, E[f(W;,m, X;, Uss ;)]

The last piece of the puzzle is to show that %2?21 X,Y, converges in probability to
E[X,f(W,, 7, X,;,U;;¢;)]. We will use the same approach as above, and consider each co-
variate separately, since convergence in probability of the vector %Z?;l XY, to a limit is
equivalent to element-wise convergence. In the following, let X; ; be the value of the k’th

covariate for the ¢’th individual. We rewrite the sample average as

1 n
2 Ko,

1 n
- ZXi wf (Wi M /Ny, X, Uy ;)
ni=

1 n

7ZX1' wfWim X, Uss€;)

n=

1 & , ) M,
T ;Xi’kf (Wi, 3, X, Ui &) (N _W) .

Once again by Holder’s inequality,

M.
. [Xi’kf/(wi’ﬂr’xw Uis€;) (NZ - 71-)}

< B%E [X2,| E l(% w>21

C

y
np ¢

2
< By,
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and

1 & M 2
E {(n;Xi,kf’(Wi,ﬂj,Xi,Ui;ei) <NZ _W)> ]

1 M 2

— CFE| X2 (W, 75 X, U-e)2 | == —
n l i Wimh, X3, Uss ;) (Ni 7r> ]
n—1 , Mz ) M.
i : [Xi’kf (Wi, mi, X, Ui i) ( ”) X' Wy, 5, X5, U;) (NJ w)]

N; f
< B?*y,C, Lo 1 B%v,C,
nppc n npnc

= 0(1/(np,))

where v, > 0 such that E [Xf k] < v, (which is guaranteed to exist by the assumption of
finite variance of the covariates). So,

%

1< M.
— E X. "W om X U €. _
n - z,kf ( ir Ty X5 1761) (N 7T>

E {XM P OWom X Use) (% —w)} +0,(1/(np,)

p(1)-

I
S

This completes the proof that the k’th element of by xy converges in probability to
£ [Xi,kf(WmT, X, Uy 6»)]7 and therefore

1) 71

Sxy —p E[X f(Wi,m, X5, U )] — E[XGE[f (W, m, X, U )] -

1 17 71

Since f’i(’:’w’” = ﬁ;w)(Xl) and z(w) = h®)(X,) are functions of only X, (a) of Lemma 3.1
holds. Note that A\ and h(®) belong to the parametric class of functions D = {f,(x) =
0Tz : 6 € RP}, which is Lipschitz in 6 since

\fo, (@) = fo, (@) <167 — 03| - || X]-

E [||X;|?] < oo since Var [X;] < oo, and therefore 2 is P-Donsker (see, for example, Exam-
ple 19.7 of van der Vaart (1998)).

Finally, we see
w . 2 o - 2
/ (h% (z) - h(u)(ﬂc)) dPx, (z) = / ([E§YEX1X - Zg(fZXlX] Xi) dPx, (x)
<1155y S — S Bkl [ 11Xl PaPx, (@)

Var(X;) < oo implies [ [||X,]|?] < oo, and since Sk S3lx — Y% Exx —p 0, we conclude

- 2
J (hil” (x) — h<w>(z)> dPx () —, 0. Le. the conditions of Lemma 3.1 are satisfied, and
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therefore
vn (BANCOVA - '?DIR> ¢ NV (0,7(1 =) (Var [R; + Q; — A;] + (E[Q;])?)) -

Since A; 1 U;, we can write Var [R, + @, — A;] = Var[R, + Q,] + Var [4,] — 2Cov [R,, 4,],
which gives us the desired result.

Corollary 3.1. Consider the ANCOVA model in Equation 3.11 where X, € R. Let pW =
CO’U[f(WZ T, Xz Uz) Xi]7 Po = OO’U[f(O T Xz Uz) Xi]f and Po = CO’U[f(O ™ Xz Uz) ]
We can characterize the relationship between Var [BANCOVA] and Var[ HA] as follows:

i Var [ﬂANCOVA] < Var[ HA] prW +0 and (1— ﬂgpﬁrﬂ'f)o >

ii. Var [ﬁANCOVA] > Var [7H74] if py. - # 0 and u”pp% <

i

NI= N

1. Var [BANCOVA] = Var [?HA] if ezther X, and f are uncorrelated, i.e. pw, = 0,

(A—m)pi+mpy _ 1

or 5
Pw,

no

i

Proof of 3.1. When only a single covariate is included,

]2

1 1 >QCov[f(W ™, X, U;€), X
1—m7

Var [4;] = (; + Var [X]

Cov[A,, R,] = <1+ 1 )COV[f( 1 Xi U e)), Xi]

1—m Var [X;]
Cov[f(1,7,X;,U;;¢€,), X;] n Cov [f (0,7, X;,Uy;€;), X;]
T 1—7 ’
This immediately gives us (iii) of the result: if Cov[f(W,, 7, X;,U;;¢€;),X;] = 0, then
Var [4;] — 2Cov [4;, R;] = 0, and therefore Var [714] — Var [5ANCOVA] =0.

Now, assume Cov [f(W;, 7, X,,U;;€;),X;] # 0. Then Var[A4,] > 0. We know from Proposi-

(R

tion 3.2 that Var [ﬁANCOVA] Var [7H4] = Var [4,] — 2Cov [4;, R;]. So, Var [BANCOVA] <

Var [7H4] if and only if Var [4;] — 2Cov [A;, R;] < 0, which is equivalent to %ﬁ?i] > 1
when Var[A;] > 0. Similarly, Var [BANCOVA] > Var [?HA] if and only if %ﬁ?"] < %

when Var [4,] > 0.
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3 3 COV[Aini]
So, consider the ratio a4,

-1

(W = (% + ﬁ) Cov [f(WiaﬂaXi»Uiéﬁi)aXirl
<COV [f(lvﬂinvUi;ei),Xi] 4 Cov [f(O,TF,Xi, Ui;€i>’Xi])
s 1—m
(1 — W)COV [f(la ﬂ-’Xzﬁ Ui; €i>7Xi] + mCov [f<077T7Xi7 Ui; 61‘)’ Xi]

=l =) m(1 —m)Cov [f(W;, 7, X;, Ujs €;), X
(1 — 7T)COV [f(la T, Xiv Uy 6’)7Xi] + mCov [f(oa 7TaXzﬁ Uw ei)aXi]

— 1) 1

B mCov [f(la '/T,Xia Ui; Ei)aXi] + (1 - ’/T)COV [f(oa ’/Tsz'a Ui; ei)aXi]

O

Proposition 3.3. Under Assumptions 3.1, 3.2, 3.3, 8.4, 8.5, 3.6 and 3.7, BANCOVAQ 18
consistent for Tprp, and asymptotically normal in that

vn (ﬂAANCOVAz — ?DIR) —q N (0,7(1 —7) (Var [774] + Var[A;] — 2Cov[A;, R}]))
where
Var [%HA] = Var[R; + Q;] + (E [Qi])27
f(leivUivﬂ—;ez'> f(OaXmUiJT;Ei)
+
™ 1—m

1 1 T
A; = (* + 7) [WZ()(pf +(1- W)Zglc)f] Sxx X,

T 1l—m
G(U7,7 U])(f/(177T7X]7U]) - f/(077Tan7Uj)>

@k E[G(U;, U]

:

Proof of 3.3. This proof is similar to the proof of Proposition 3.2. We will show that
BANCOVAZ 5 asymptotically equivalent to %}fﬁ)w with

T
-2me  17e
mEXYW EX1XXZ'

i,m

)}(w,w,i) — |:§XY +

which converges to
T(w 0 1 T —
v = [n2%) + 1 -m5Y)] Sk X,

2

Again, we use Lemma 3.1 to get the desired result.
First, recall that we can rewrite BANCOVAZ as

BANCOVAQ

-1

:{1_ " (nldg)TDl(nldQ)}

N1y

R n 5
THA _ ng71 ZXY ,
NNy Yxyw
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where
dy= (0, (W, =) X,) (W, - #)%(X, — XT))
Sxy =3 Y (X - X)X~ )
Sxvw = + (X~ X)(¥ ~ V)W, ~7)
=1
D ( LYK - X)X - XTI (W )X, - X)X, - X)T >
P (W =X - X)X, - X)T DY (W -7 (X - X)X - X)T

-1
The first step in this proof is to show {1 — n”—Q(n’ldQ)TDfl(n’ldz)} —, 1. To this end,

0”1
first note that D converges to a diagonal matrix since the off diagonal elements converge to

0 in probability:
% > (W= )X = X)(X; = X)T = E[(W; —m)(X, — E[X;])(X, —E[X,])"],

This follows by independence of W, and the covariates X;. Also by independence of W;
and the covariates, 3" (W, — 7)%(X, — X)(X; — X)" —, 7(1 — 7)Sxx, and since

’n ‘=1

LY (X = X)(X; = X)T =, Txx, we see that
B (Xxx 0
D=, D= ( 0 W(l—W)EXX)'

-1
Since 1d, = 0, ny/n —, 7 and ng/n —, 1 —m, {1 - (n’ldQ)TD’l(n’ldQ)} =, L.

NNy

Now, note that each element of D converges to its limit at a rate of 1/y/n. Le. D — D=
0,(1/y/n). This implies D~ — D~ = O,(1//n).

A]SO, ﬁ = Op(l)v %d2 = Op(l/\/ﬁ)7 and i])(Y = Op(l/\/ﬁ> and i]}(YVV = Op(l/\/ﬁ) by
Proposition 3.6. So,

n dI' D! xy
oMy Yxyw

__n dID (AEXY ) + " dl(D — D) ( Xxy )

Nony XYW Ty Exyw

no o= ( S
= grp (i xy ) +0,(1/y/n)

NNy XYW
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Since Y. (W, —7)(X, — X)T ="

dZTﬁA AZXY
Yxyw

n ~ n ~ ~ P 0 b
= (Zin (W =X L, (Wi = HXT(1-27)) ( 0 (r(1— W))_lz}lx) (A o )

(W = )X (1 —27), we see that

Yxyw
& . -~ 1-27 -
= ZZl(Wz —m)X; ¥xx (EXY + (1 )EXYW)
n ~ T
N 1—27
= 2 (W; —7) (EXY + g EXYW) Sxx X
TLe.
BANCOVAQ
n2 -
=41— “1dy)'DH(nd
{1- a0y |
no& 1—27 g
~HA S AT -1
{T T nony ;(Wi —7) (EXY + ﬂ_(l_ﬂ_)EXYW> EXXXi}
+0,(1/vn),
T
Note that 7H4 — T ZZL:I(W ) (EXY + (1 ﬂ) EXYW) Y% X is exactly of the form

of the estimator 7i{by-

Since we already know that 3 xy —p Sxy, the result follows if S xyw =y Yxpw =
E[(X; —E[XD)W, —m)(f(W,;,7, X, U ;) — E[f(W;,m, X;, Ui €;)])], since Xy, = (1 —

1 ) 71

TSy + 8%y and Sy = (1 — 1) (B — B ), and so

1 —2nm (0) M

To show that f]XYW —, Ux pw, note that

. 1 & _ R 1 & _ -
Yxyw = n Z(Xz - X)(W; —7m)Y; — n Z(Xz - X)W, —m)Y.
i=1 i=1
We have previously shown that Y = f+o0,(1), where f = LS f(Wi,m X, Uy €;). Since
we can use a Taylor expansion to get

Y, = f(W;,m, X, Use;) + (%—w)f(Ww X, Use,),

AR AR
%
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we see that the first average is

1

%f}(xi—fc)(vv- A F(Wom, X, U )

+%z”: W, —#) (%_ )f(W X, Use,).

%

Using Holder’s inequality, we see that the expected value of the second average above is
0,(1). Considering the second moment of the same average, and once again applying Holder’s
inequality, we also note that the second moment i op(l), and therefore

Y- X (= 7) OV XU = 0,0,

So,

n

Sxvw = 5 3K = X)W, = AW m, X Vs = )+ 0,(1)
=y E[X, ~ E[X]) (W, = m)(f (Wi, X, Uy ) — E[FOW,, 7, X, U )]

p RN AR

O

Corollary 3.2. If the ANCOVA model in Equation 3.13 includes a single covariate, then
Var [ﬁANCOVAQ] < Var [?'HA] with equality if and only if wCov[f (0,7, X;,U;;€;), X;] + (1 —
m)Cov[f(1,m, X,,U;;¢€;), X;] = 0.

17 71

Proof of 3.2. When only a single covariate and its interaction with treatment assignment
are included in the ANCOVA model,

(1 1 \? (xCov[f(0,m,X;,Use€), X;] + (1 —m)Cov [f(1,m, X;,Use), X ])2
Var[4;] = (;Jr 1—7r> Var [X;]
1 1 wCov [f(0,7, X;,U;s€,), X;] + (1 —m)Cov [f(1, 7, X,,U;; €;), X;]
Cov[A, R, = ( +1_7T> Vo[
Cov[f(1,m X,,U;e), X;]  Cov[f(0,m,X,;,U;e), X;]
( T * 1—m )
B (1+ 1 ) (7Cov [£(0,7, X, Usse;), X,] + (1 — 7)Cov [f(1,m, X,, Us;¢,), X))
N l1—m (1 — m)Var [X;]
_ (1+ 1 ) (Cov [£(0,7, X, Uy e,), X, + (1 — m)Cov [f(1, 7, X,, Uy ¢,), X,))°
N 1—m Var [X]
The result follows immediately: since Var[A;,] = Cov[4,;, R;], Var[A4,;] = 2Cov [4,, R,] if
and only if Var[4,] = 0, which happens exactly when wCov [f(0, 7, X;,U;;€;), X;] + (1 —
m)Cov [f(1,7,X;,U;€;),X;] = 0. When this is not the case, Var [A] < 2Cov [4;, R;], and

so Var [BANCOVM] < Var [7bw]-



183



184

3.D Asymptotic Variances

In general, the variance of the ANCOVA estimator when X, € R satisfy

Var [ IB‘ANCOVA] 9
BT =Var[R, + Q;, — A;] + E[Q,]
= Var [R;] 4 Var [Q;] + Var [A,]

+2Cov [R;, Q;] —2Cov [R;, A;] + E [Qi]2
= Var [R,] 4+ Var [4,]
+2Cov [R;,Q;] — 2Cov [R;, A;] + E [Q?]

since A; L @;. We can further expand this to

Var [BANCOVA] )

= Var [R,] + Var [4,;] + 2Cov [R;, Q;] — 2Cov [R,, 4,;] + E[Q,]

m(l—m)
~ Var[f;(1)] | Var[f;(0)] | Cov[fi(1),;(0)]
=T (=7 )
11\’ (Cov[fi(1), X;] 7 + Cov[£(0), X;] (1 — m))°
+<7+1—7r) Var [X]
) <COV Qi fi(D)] | Cov[@;, £i(0 >]>
T 1—m
1 1\ Cov[f;(1), X;]m + Cov [£;(0), X;] (1 — )
‘2(*14) Var[X,]
) (COV [fi(D?Xi] Cov [f;(0), X1]>
T 1—m
+E[Q?],

where we use the shorthand notation f;(w) = f(w,n, X;,U,;€;). We can similarly write the
asymptotic variance of the Hajek estimator as

Vi AANCOVA
M = Var [R;] + 2Cov [R;, Q;] + E Q]

m(l—m)
_ Var[fi(1)] | Var[f;(0)] _Cov[fi(1),f;(0)]
=T T a—ae T2 1_77)
2 (COV [Qz’fz(l)] COV waz
T 1—nm

+E[Q7],

While both of these expressions are long, they are useful when calculating the variance for
specific graphon models and potential outcomes functions, as we will do below. We will
throughout assume the covariace follows a standard normal distribution, i.e. X; ~ N(0, 1),
which in particular means E[X,] = E [X?] =0, E[X?] = Var [X;] = 1, and E [X}] = 3.
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3.D.1 Asymptotic Variances under Linear Potential Outcomes
Function

Consider the potential outcomes function f(w,p,z,u;€) = fypw + Bxx +p + fyu + €. In
this case, Q; = 0 since f'(1,p,z,u;¢) — f(0,p,x,u;e) = 0. Also,

Var [f(w,m, X;,U;;€;)] = B% Var [X;] + 84 Var [U;] + Var[¢]  for w € {0,1},

Cov [f(1,m X,;,U;€), [;(0,m, X;,Uys ;)] = B% Var [ X;] + 87 Var [U;] + Var [¢]

71 7 (2N

COV [f(wa T Xi7 U

A

€), X;] = BxVar[X;] forwe {0,1}.

7

When this is plugged into the equations above, we see

Var [BANCOVA]

=n(l—m) [ﬁg(Var [Xi] ;(ﬁfjva;)g]z} + Var [€]
2
() Averx

-2 (% + 1iﬂ>25§(\/ar [XJ}

_ (l + L) (B% Var [U;] + Var [¢;])

T l—m
and
Var [7HA] = (1 — ) (732 + i jﬂ)g + 27r(1 17 W)) (8% Var [X;] + 8% Var [U;] + Var [€])
_ (% + ﬁ) (8% Var [X,] + B3 Var [U,] + Var[¢])

3.D.2 Asymptotic Variances under Quadratic Potential Outcomes
Function

Consider the potential outcomes function f(w,p,x,u;e) = % Byw+ Bxx+p- u)2 +¢;/5,
and the graphon G(U;,U;) = G1(U;,U;). To get to the asymptotic variances, we start by
considering some relevant quantities involving Q. Since f/(1,p,x,u) — f/(0,p, z,u) = Byu



and g(Uj) = %,

f(Lm X, Usse5) — f/(0,m, X, Ujs €5)

Q,=E [G(Ui,U]—) 7 Jg(Uj) A Ul}
= 2BwE [U; - Gy (U, U))IU]
= %W[E [U;1U;] +
s (5110 < 31 EU 2 [0 < )]+
SIs<U < E 1 <U <)+

1 1
:5w<§1[Uz'<%}+§1[%§Ui§%]+*1[Ui>%])~

186

We can now find E [@Q?]. Since any product of indicator functions in @, will be constantly

0,
£l = (sE[u v <3]] +qERB <v <2+ Srnw >
(b
_ 296
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Next, let us consider the quantities Var [f;(0)], Var [f;(1)], Cov [f;(0), f;(1)].

Remember,
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X, L U;, and therefore Cov [X;,U,] = 0.
1
Var [f;(1)] = ZVar (B X7 + 2By Bx X; + m2U? + 2By 7U; + 285 X;7U;] + Var [¢]

= iﬁ}l(\/ar [X?] + B3, 8% Var [X;] + 71;Valr [UZ] + B3, m*Var [U;] + f%m*Var [ X,U,]
+ 8% By Cov [ X2, X;] + BxmCov [X?, X,U;]
+ 2 By BEmCov [X;, X,U,]
+ 73 By, Cov [UE, U] + 73 B Cov [UE, X, U;]
+ 2 By BxmCov [U,;, U, X;]
+ Var[¢;] /25.

Since, by assumptions, E[X;] = E[X?] =0, E [X}] = 3, U; ~ Uniform[0, 1], and X; L U, a
lot of these covariances are 0:

Var [X7] = E[X}] ~E[X}]" =2
1 1 4
2 _FUY —F[U2]° = = — - —
Var [U7] = E U] ~E[U2)° = £ — 5 = &
1
Var [X,U}] = E[X?] E[U7] —E[X, E[U;]" =
Cov X2, X;| =E[X}] —E[X?]E[X,] =0,
1
Cov [X;, X;U;] = E [Xzz] E[U;] - E[XEU;] = 9
1 1 1
2 Ul =FE|U3 —E[UAE g
Cov (U2, U] = E [U3] ~E[U2]EU] = § — 55 = 5
Cov [UZ, X;U;] = E[UP| E[X,] — E[UZ] E[X,]E[U] = 0.
We plug these results into the expression above to get
1 mt 72 2
Var [f;(1)] = 5531( + B 8% + 5 + 51%1/@ + 5%(3
+ B B
3
s
+ ﬁwE
+ Var [¢;] /25.

The variance of f(0,, X, U,

77

expression where Sy, = 0. Le.

€;) can be obtained similarly, or by realizing it is the same

1 4 2
Var [£,(0)] = 58% + =+ B T

T2
+ Var[¢;] /25.
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Now, we turn our attention to Cov [f;(1), X;] and Cov [f;(0), X;]:
1
Cov [fi(1),X;] = 500" (B3 X7 + 28w Bx X; + m°U7 + 2BynU; + 28x X;mU;, X
1
= 553((]0‘/ [XZ, X,;] 4+ BwBx Var [X,] + BxmCov [X,U;, X;]

= BwBx + 5Xg

1

Cov [f,(0), X,] = 5Cov (B3 X2 + m2UZ + 28 X,;7U,;, X,]
1

= iﬁggCov (X2, X;] 4+ BxmCov [X,U;, X,]

Vs
—ﬂxg

Next, consider the covariance of f(1,m, X;,U;;¢;) and f(0,7, X,,U,;¢,):
Cov [£;(1), £:(0)]
1
= Cov | 5 (Bl + B X7 + 28w Bx X + 72 - UP + 2By + Bx Xi)nU;) + €,/5,

1
9 (B%X7 + 72 - U + 285 X;7U;) + € /5
1 1
= Zﬁé}\/ar [X?] + 5b’g’(wCov [(XZ, X,U}]

1

+ 5 BBk Cov [X,, X2 + By FynCov [X,, X, U]
1 1

+ Zw‘*Var [U?] + 5735XCOV U2, X,U;]
1 1

+ §ﬂ§(ﬂ'COV [X,U,, X?] + §BX7T3COV [X,;U;, U] + %2 Var [ X,U;]

+ Var [¢] /25

2
+ Var [¢] /25

_1 4 0 T wt 0 T
f§5x+ﬂwﬁxg+£+5xg

Finally, we turn to the covariance of ); and f;(1) and f;(0). Consider the former first:

Cov [Q;, f;(1)] = Cov |:Qia % (Bl + BX X7 + 28w Bx X, + - UZ +2(By + Bx X;)wU;) +€,/5
= Cov {Qi, % (72 - U2 +2(By + BxX;)7U;)
= %chov [Q;, UZ] + BymCov [Q;,U;] + BxmCov [Q;, X,U;] .

The latter term is 0: Cov[Q,, X,;U;] = E[Q,U;]E[X;] — E[Q,]E[U;]E[X,] = 0. We will
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tackle Cov [Q;, U;] next:

Cov[Q,, U] = P Cov [, < 3],U1]

8
O oo fu [t <0, < 31,0
2
+ 2% cov a [, > 3,01
_Pw 1

Y (Ea (v <))
1

+ 2 (fwaly <v, <) - )
+ B (Elwaw, >3 -3)

Final term needed for Cov [Q;, f;(1)] is Cov [Q;, U?]. For this, note

E[UfL]a <U; <b]] =E[Uf|a <U; <b] (b—a)

=E [&2] (b—a) where U, ~ Uniform[a, b]
2 2
_a +ab+b (b—a).
3
With this,
Cov (@, U2) = W Cov [1 [V, < 3] .U2)
+ D covut < v < 2,03

2
23
+ TWCOV [L[U;, > 2],U2
B ( 1 1)
T3 \3 9
Tt 317y
2By (19 1)
T 5y
8By By | 208y
T3 34 T3S
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So,
Cov [Q,, f;(1)] = 17"200" [Qia UZQ] + By mCov [Q;, U] + BxmCov [Q;, X;U;]
2

*5W54 +ﬂw27

Similar calculations lead us to

2

Cov [Qi, £:(0)] = B -

Putting all this together, we arrive at

Var [BANCOVA]
(1l —m)
3B BRBR + B BT + BT + BwBkm + B s + Var[e] /25
2
N 2,6’X—|— +6 +Var[ei]/25
(1 *W)Q
+2%5§<+ﬂwﬁxz + 5 +6X 3 F o+
m(1 —7T>
2

oty e (e )

71'2 T 7T2
Lo <BW54 + B3z n 5W54>

Vdr[e]

2

T 1—m

2

—2(24 =) G (Bwt ) Bwll—m+7/2)

+298,,/108,

We can characterize the relationship between Var [BANCOVA] and Var [?HA] using Corol-
lary 3.1. The result is as follows:

1. Var [?HA] = Var [BAANCOVA] if one of the following hold:

i. fx=0
ii. By =—0.5,
iii. By # § and T = G50y

2. Var [?HA] > Var [BANCOVA] if By # 0 and one of the following hold:

i. By < —0.5and 7 < 6;’@‘”

ii. By € (—0.5,0) and 7 > oy
iii. By > 0.5 and 7 < oW

6By —1
iv. By € (0,0.5]
3. Var [#11A] < Var [BANCOVA] if 8+ 0 and one of the following hold:
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i By < —0.5and 7w > gy

ii. By € (—0.5,0) and 7 < G2y

iii. By > 0.5 and 7 > 6;*5;31

We can do a_similar analysis for BANCOVAQ following Corollary 3.2, and get that
Var [ﬁANCOVM] = Var [fHA] if By = 0 or ™ = 2;6‘/7“’71 Otherwise, Var [ﬁANCOVA] <
Var [7H4].
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Chapter 4

Conclusions

We have studied two examples of causal methods from two different areas of research that
have very similar aims, but apply to very different scenarios and are at different levels of

maturity.

In Chapter 2, we tackled the problem of partial identification of average treatment ef-
fects from two-sample Mendelian randomization studies. While the area of nonparametric
bounds is relatively well studied, the application to MR studies is still relatively new, and
the application to two-sample MR studies completely unexplored. Chapter 2 illustrated the
usefulness of such bounds in the two-sample setting, and in particular highlighted their lim-
itations. Because of the two-sample study design, crucial information linking the exposure
and the outcome is missing, which results in that the bounds can be up to twice as wide as
is the case in one-sample studies. The width of the bounds is still upper bounded by the
strength of the instrumental variable, but when using genetic markers for instruments, the
strength is often very low. In general, we see that nonparametric bounds from two-sample
MR data are very wide, and therefore not very informative. This is not to say that bounds
do not have a role to play in two-sample MR studies. The falsification inequalities can be
used as a minimal check of the IV assumptions, and if prior knowledge about the effect of
the exposure on the outcome is available, this might inform further constraints that could

lead to narrower bounds.
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The research area of causal effect estimation when interference is not negligible considered in
Chapter 3 is still rapidly developing. While much of the early work imposed the assumption
of partial interference, more recent work has shifted to various flavors of general interference.
The assumption of observations being partitioned into independent groups has been replaced
by various assumptions on the generation and/or growth of the interference graph which
often has lead to asymptotic results. We considered asymptotic theory based on random
graphon models, which allowed us to get a somewhat simple and interpretable expression

for the asymptotic variance of the popular AIPW and ANCOVA estimators.

The conclusions drawn from the work in Chapter 3 are best framed in a practical setting.
In a broader perspective, we have started to tackle the question of covariate adjustment as a
way to improve precision when general interference is present. As has been noted by others,
the presence of interference tends to inflate the variance of estimators. Therefore variance
reduction techniques will play a crucial role in the analysis of data where interference is not
negligible. While we in Chapter 3 considered the simpler case of a randomized controlled
trial, it seems likely that most results can be extended to observational studies. This suggests

that the AIPW and ANCOVA estimators are still suitable for the estimation of causal effects.

A more immediate consequence of this work is that analyzes already performed using an
ATPW or ANCOVA estimator where interference was wrongfully assumed negligible still
yields unbiased and consistent estimates assuming that the covariates adjusted for are in
fact independent. However, inference based on these analyzes should be treated with skep-
ticism as the traditional approaches to variance estimation, whether that be OLS based or
bootstrap based, yield inconsistent results. In fact, the problem of variance estimation when
interference is strong is still largely an unsolved problem. We do take one step in the right
direction here, as we see how the problem simplifies under the sharp null hypothesis of no
direct effect. In this scenario, we find an asymptotically consistent variance estimator, but
show that this performs rather poorly in finite samples. The poor performance is consis-
tent in the sense that it largely underestimates the variance. There seems to be room for

improvement here, and a finite sample correction might be possible. Other non-sharp null
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hypotehses might also be testable. We leave this as an area for future research.
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